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To the burried voices of the river. I can hear you. Keep singing and you will break
free.

iv

Gör mig till liv. Gör mig till anspänning. Gör mig till skärande smärta.
Maskinen skakar. Kraften dunkar i vibrerande blad.
Herrar byggde en maskin. Herrar byggde en katedral. Ämnad för vattnet.
Jag är vattnet som sugs ner i hålet. Utsatt för ett kraftfält. En upprättad potential
mellan högt och lågt. Jag är vattnet tvingad in emellan ledskenorna. Jag är vattnet
kastad fram i en virvlande spiral ned mot löphjulet.
Du kan inte fånga mig. Jag får inte plats emellan dina väggar. Jag ryms inte i din
katedral.
Jag är vattnet som tar en annan väg. Jag är vattnet som slinker undan. Jag är vattnet
som gör mig till kropp och blockerar vägen för din framkomst. Jag är vattnet som tar,
tar din kraft och gör den till någonting annat. Någonting du aldrig kan fånga.
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Abstract
This thesis pinpoints the intertwined nature of inertia. A vibrant body of a swirling
ﬂow is neither just a ﬂow nor just a body. It is both. The overall aim is to foresee and
visualize vibrant motion and unsteady ﬂow phenomena that follow with the release of
power, addressed in the following two research problems:
1. How are unsteady ﬂow phenomena during the start-up sequence of a Kaplan turbine
manifested as a vibratory twisting and heaving motion of its rotating system?
2. How does inertia come into play in the vibrant motion of a cylindrical interface
adjacent to a solid core and a swirling ﬂow conﬁned by a concentric ﬁxed cylinder?
Dynamic measurements of axial and torsional strain on the middle shaft of a Kaplanunit are represented by their energy intensity as a function of the orthogonal coordinates
time and frequency. High energy intensities during adverse ﬂow conditions are identiﬁed
associated with coherent structures and their decay of turbulent ﬂow in the draft tube and
the swirl chamber above the runner. Previously non-identiﬁed self-sustained vibrations
are detected during the loading of the generator, proposed to be induced by interaction
of a resonator in the electrical system with an eigenmode of the hydraulic circuit. A
strategy is developed to identify the dynamic behaviour of the rigid body mode of a
swirling ﬂow in a ﬁxed cylindrical container with a solid core. The rigid body mode
deﬁnes the ﬂuid motion that follows by a motion of the rigid interface of the solid core to
the swirling ﬂuid. Interplay between ﬁctitious forces yields rotating waves in the swirling
ﬂow and a vibrant motion of the solid core. The equation of motion of the rigid interface
is analogous to a point mass subjected to external motion-induced forces. The vibratory
motion of the rigid interface follows by a departure from a merged homogenous state, in
which the solid core and ﬂuid are of equal density and the ﬂuid rotates as a solid body.
As the rigid interface moves with a constant velocity, the constant vorticity of the ﬂuid
induces a ﬁctitious force that opposes the ﬁctitious Coriolis force induced by the solid
body. If the angular velocity of the ﬂuid is not constant, these forces do not cancel out
each other, which implies that a swirling ﬂow can withhold a solid core denser than the
ﬂuid in a concentric position.
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Part I
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Chapter 1
Thesis Introduction
Up from the hills of a valley, ﬂowing water takes oﬀ from a ridge falling freely in the air.
Pulled by gravity it gains momentum, accelerates and splashes into a creek meandering
in between spaces of rocks.
Suddenly, the water is hindered on its way down into the valley by a solid rock. The water
takes oﬀ again as the rock spits it out and lets it rise against gravity. With the rock as
a springboard, it swirls towards the sky encircling a ﬁsh-like slippery body. Intertwined,
the ﬁsh and the water are fused into a wave. A wave that is neither water nor ﬁsh. It is
both.
The wave propels the ﬁsh as it jumps into the air and catches a cliﬀ on the slope of the
other side of the valley, where two living beings strive up the hill. They are holding each
other’s hands as they ﬁght against the force of gravity. They glisten with sweat pouring
like rain on their cheeks. As they gain height, their faces grin of acid burning in their
legs. The fused wave manifests itself as pulsating blood in the living beings. The pulsating
blood materializes their dreams and propels their will to strive up the hill.

1.1

A thrilling thought

The potential energy of the water in the gravity ﬁeld is released as it sets oﬀ from the
cliﬀ. The living beings work against the force of gravity and gain potential energy. Can
the momentum of the jumping water in the creek propel the living beings as they strive
up the hill? Can we transform energy that is constantly released around us into power
that propels our dreams? And if so, how? At the heart of this troubling issue that
makes out the underlying problem of this thesis is an urge to gain physical work. The
vibrant living beings’ ﬁght against gravity up the hill illustrates a bodily experience of
physical meaningful work. Still, it thrills us to imagine the new horizons and unforeseen
possibilities that open up in front of us, if we could fuse our will into the ﬂowing water
and let it materialize our dreams. Could we climb even higher? Could we get even
3

4
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farther? But the unforeseen possibilities give rise to new questions. What paths will we
now follow? Who has the power to direct it?
The ﬁsh-like body and the swirling water illustrate a transition from ﬂowing water
to bodily motion. A ﬁsh swimming in the water can in certain conditions propel itself
forward without energy expense. But it has to live with that it cannot solely control its
way forward and must adapt itself to the conditions of the sea. Let us now imagine how
the ﬁsh-like slippery body turns into a massive cylindrical body of steel. It starts to spin
as the swirling water presses itself against a skirt of leave-shaped blades ﬁxed to the body.
At the other end of the body, windings are holding it so tight that electric currents start
to ﬂow in its threads. The rotating body transforms hydraulic power into electric power.
This is the heart and the fundamental process of a conventional hydropower machine.
Opposite to the ﬁsh that has to adapt itself to the conditions of the sea, the hydropower
machine is propelled by a swirling ﬂow regulated by valves and driven by an established
ﬁxed potential. Such a design oﬀers a powerful tool to control and regulate the amount
of released power. But with the release of power, it always follows a risk of undesired
consequences.

1.2

The problem formulation

In Porjus, a village next to the river Stora Lule älv in the northern part of Sweden, in
the machine hall inaugurated in 1915, cheek to cheek with a runner blade, this work
takes oﬀ as the steel body starts to spin. By mounting pressure sensors on a runner
blade intended to estimate the ﬂuid force experienced by the runner blades, this thesis
originally aimed at capturing the dynamic behaviour of the rotating system. Visualizing
the problem formulation as a tree, this original aim forms the stem out from which two
branches have grown. How we can foresee and explain vibrations and unsteady ﬂow
phenomena that follow with release of power is at heart of this tree. These branches
form the two following research problems:
1. How are unsteady ﬂow phenomena during the start-up sequence of a Kaplan turbine
manifested as a vibratory twisting and heaving motion of its rotating system?
2. How does inertia come into play in the vibrant motion of a cylindrical interface
adjacent to a solid core and a swirling ﬂow conﬁned by a concentric ﬁxed cylinder?
How can the swirling ﬂuid hold a denser solid core into a concentric position without
it being slung towards the wall?
The rotating system of a Kaplan turbine includes not only the rotating body of steel, but
also the water adjacent to the blades. A vibratory motion of the interface of the runner to
the water constitutes both the motion of the ﬂuid boundary as well as the motion of the
boundary of the runner body. This motion is examined by strain gauge measurements
of axial and torsional strain on the steel body on a research and development Kaplan
prototype of the Porjus Hydropower centre. The energy intensity of the acquired signals
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is localized in ﬁnite areas of a space spanned by the orthogonal coordinates time and
frequency.
The second branch has grown out from an urge to understand how the ﬂowing water in
the turbine inﬂuence the dynamic behaviour of the lateral mode of the rotating system.
The problem was ﬁrst stated as a two-degree of freedom ﬂuid-rotor model presented
in Paper B. The model consists of a compliant rotor surrounded by a swirling inviscid
irrotational ﬂuid ﬂow conﬁned by a cylindrical surface. The ﬁrst model intends to capture
how the wall of the runner chamber and the angular momentum change the dynamic
behaviour of the rotating system of a Kaplan turbine. In Paper C, the ﬂuid model is
extended to include a swirling ﬂuid ﬂow with constant vorticity and is stated in a rotating
frame of reference. Paper C extends the Bently/Muszynska (B/M) model to be valid for
annular ﬂow with a gap that cannot be approximated as thin. The paper highlights how
inertial eﬀects of the curvature of the swirling ﬂow change the ﬂuid-induced force acting
on the rotor. In Paper D, the problem is extended to a hydrodynamic stability problem
with respect to two-dimensional disturbances of a swirling ﬂuid in a ﬁxed cylinder with
a solid core. We here study if rotational disturbances change the dynamic behaviour of
the interface and how the ﬁctitious forces in a rotating frame of reference of the swirling
ﬂow and the solid core come into play.

1.3

Plan of work

The problem formulation of this thesis is visualized as a tree with two branches enclosing
a heart. The two branches form two research problems addressed in four appended papers
in the second part of the thesis. These studies are visualized as buildings and bridges,
built in and of the tree. The ﬁrst part of the thesis intends to give us a glimpse of
the building process, since the ﬁnal buildings do not reveal neither the stem out from
which the branches have grown nor the tools that have shaped them into buildings.
During the building process, the tree both functioned as a framework and as supportive
scaﬀolding. Being fundamental to the growth of those branches, Chapter 2 departs from
the hydropower machine and its speciﬁc features. No buildings can be realized without
hands and tools. The essential tools and frameworks at hand during the building process
are presented in Chapter 3. Chapter 4 presents the buildings and bridges and how they
are related to the appended papers. These buildings and bridges are intertwined by the
branches and lead us to a number of open issues that are discussed in the Future outlook
of Chapter 5.
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Figure 1.1: The problem formulation visualized as a tree. The original aim forms the stem out
from which the two research problems have grown.

Chapter 2
The starting point - A hydropower
machine
Nyfödda skuggor
dansar obekymrat
i månsken
som solsken
att de skulle vara styrda aldrig!
Carina Bergström

2.1

The power of the Water cycle

Hydropower is an invention that transforms power of the Water cycle at earth. Propelled
by the sun, water evaporates and takes oﬀ as vapour into the sky. As it cools oﬀ up in
the clouds, it turns into droplets and precipitates as rain. On its way back into the big
oceans, the water travels in the topography of the landscape. Let us now explain the
way the water moves in its cycle upon the assumption of a force ﬁeld of gravity. Rays
of sunshine vaporize water and lifts it into the sky. The air performs a mechanical work
on the vapour fused with energy from the sun and lets the vapour gain potential energy
as it travels into the sky. As the vapour turns into droplets, the air cannot withhold it
up in the sky anymore. The force of gravity catches the droplets and powers them with
momentum in free fall towards the ground. The droplets reach a constant speed as the
resistive force of the air balances the force of gravity. Now, it is the droplets’ turn to
perform a work on the air. As the water has reached the ground, the topography of the
landscape oﬀers it a new chance of a thrill in play with gravity. Up from the hills, the
water let go again travelling in the force ﬁeld of gravity seeking its way forward in the
shape of the landscape. The ﬂowing water performs a work again. It carries particles of
sand and nutrients out into the oceans. It lets stones whirl drilling holes into solid rock.
7
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2.2

The starting point - A hydropower machine

A cathedral for the water

Let us now illustrate how a conventional hydropower plant is powered by the energy of
the Water cycle by turning our eyes to Luleälven moving back in time to the beginning
of the 20th century. Up high in the Swedish mountains, smaller creeks collect into one
of the arms of Luleälven, “Stora Lule älv”. The river meanders in between mountains,
takes a rest in a larger lake, before it ﬁnally reaches the falls of Porjus. In 1910, the
Swedish government approved a proposition by the state-owned company today known
as Vattenfall to build a hydropower plant to harness the ﬂowing water of the falls of
Porjus. Four years later, the ﬁrst hydropower machine started to spin 50 meters down
into the ground (Forsgren, 1982). At that time, the building of the plant was a giant
project and it demanded not only physical tough work and drops of sweat, but also tears
of suﬀer and pain. To capture the potential energy of the ﬂowing water, a dam was built
at the end of the lakes before the falls. New paths to lead the water into and space for
a machine hall were blasted out in the ground. The new path of the water was now
underground in closed tunnels and tubes exiting about two kilometres downstream in
the river with a height of the water surface about 60 meters lower than the upstream
lake. A water circuit was formed driven by the diﬀerence in height by the upstream
and downstream water surface. Such a circuit oﬀered the engineers a tool to control
and make use of the available energy of the water with new possibilities. By horizontal
rotating axles, the water circuit was connected to an electric circuit that powered the
railway, “Malmbanan”, that transported ore mined by the state-owned company LKAB
to the coastal lines of Norway and Sweden. The water circuit of the hydropower plant
resembled the electric circuit in several ways. The ﬂow in the new closed water paths was
driven by a ﬁxed potential and the rotating shaft could transform almost all of the released
power. Besides, the engineers could control the amount of released power by regulating
the valves of the water circuit. In a hydropower machine, a rotating system transforms
the released power of the water into electrical power. The ﬂowing water passing through
the circuit presses itself against the runner blade and imposes a torque on the shaft. At
the other end of the shaft, the generator imposes an opposite, and equal in magnitude
torque to the shaft so that it rotates with a constant angular velocity. Before letting the
machine starts to spin, we will discuss an early example of hydropower, the water wheel,
to clarify the slippery nature of water. The slippery nature of the water is essential to
understand how the released power in a hydropower machine is manifested as a transient
periodic behaviour of the rotating system, the object of research of the ﬁrst branch of
this thesis.

2.3

The slippery nature of water

A water wheel transforms the kinetic energy of the ﬂowing water to rotational energy of
the wheel opposite to a conventional hydropower plant that is powered by the potential
energy of the ﬂowing water. A water wheel in a free stream can only hinder the ﬂowing
water partially on its way down into the ocean. Even though the water slows down and
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looses a part of its kinetic energy, the wheel cannot catch all its energy. The water is
slippery and it travels around the hinder.
The reverse action takes place paddling in the river. As the paddler grips the water
with the paddle blades and untwist her torso, she and her kayak gain momentum relative
to the velocity of the water. The water oﬀers resistance against which the paddler can
propel herself forward in the river. Still, the slippery nature of the water makes it possible
to slice the paddle into the water and for the kayak to glide through the water with not
much resistance. Slicing the paddle through the water, the disturbance of the water
ﬂow is limited to a thin boundary layer in the vicinity of the paddle. Viscous action,
i.e. shear forces in the ﬂow dissipating momentum into heat, only takes place in this
boundary layer. However, the existence of a solid boundary with a relative velocity to
the ﬂow ﬁeld implies the creation of vorticity that is convected downstream of the paddle.
Vortices that shed oﬀ from the boundary induce forces on the paddle. If we take a stroke
and let the paddle grip the water, vortices peel oﬀ the edges and a backﬂow region forms
behind the paddle. This region of backﬂow oﬀers resistance to the paddle. When the
paddle is sliced through the water, it could be regarded as a streamlined body and when
stroking it through the water, a bluﬀ body. Apparently, it is not only how slippery the
water is, but also the shape of the object moving through the water that matters to how
much resistance it oﬀers.
The water wheel and the paddler are both two examples where it is the resistive force,
the drag force that propels the mechanical power transformation. Most modern turbines
are equipped with hydrofoils powered by a lift force. The hydrofoil is a streamlined
body similar to the paddle sliced in the water. Letting the incoming ﬂow hit the foil
with an angle of attack relative to its chord induces a force acting perpendicular to the
velocity of the incoming ﬂow opposed to a drag force acting in the opposite direction
of the velocity. The ﬂow still imparts momentum to the foil, even though the resistive
force is minimized, the ﬂow being attached to the foil. There are also recent examples of
devices that transform kinetic energy of a free stream to electric energy by a vibratory
transverse motion. This will be further discussed in Chapter 5.
Let us imagine that the water come to rest as it hit the shovels as a cue ball hitting
its target. If it is a perfectly elastic collision, the water wheel captures all of the kinetic
energy of the water that hit the shovels. For devices that harness the kinetic energy
of ﬂowing water or ﬂowing air, the available energy is deﬁned as the kinetic energy of
the mass ﬂowing through the surface per unit time of the device perpendicular to the
direction of the ﬂow. But the water is not a cue ball. In view of the slippery nature of
water, there is no such device that would be even close to capture this available amount.
This does not mean that the shovel passes without notice in the water. It induces vorticity
into the ﬂow ﬁeld that changes its ﬂow pattern. The viscosity of a ﬂuid is a measure of
how slippery it. The slippery water has low viscosity. The paddle is easily sliced through
the water. Slicing a paddle through heavy oil would demand a larger force. Bodily ﬂuids
such as blood and saliva are examples of ﬂuids that have a dual nature. They can change
their behaviour depending on the circumstances.

10

The starting point - A hydropower machine

Betz’ law states that a turbine cannot capture more than 59.3 % of the kinetic energy
of a free stream. This limit is obtained from a two-dimensional approach and by continuity considerations. There is no such limit for a conventional hydropower plant driven
by a ﬁxed potential diﬀerence where the water has no choice and must follow the path
deﬁned by the circuit. The slippery nature of the water should now only be to a comfort,
since it would make it glide easily through the excavated water paths. But we will see
following the machine during a start-up sequence that the water ﬁnds other ways of not
following straight lines.

2.4

As the runner blades start to spin...

To transform power at its best-eﬃciency point, the machine must go trough transient
processes unfavourable to its health. First of all, the rotating system must gain angular momentum. The hydrofoils of the runner are designed for transforming power at
the nominal speed of the machine and not for letting the rotating system gain angular
momentum itself. During acceleration, mainly a resistive force propels the power transformation. The runner blades do not function as streamlined hydrofoils loaded by a lift
force. Thereafter, another transient process follows when the pressure drop, the potential
diﬀerence of the water circuit is distributed over the runner. This process diﬀers between
double-regulated machines and single-regulated ones. Not until the machine has gone
through these transient conditions, it can start to produce electric power according to its
design.
A double-regulated machine has two regulating devices, the guide vanes and the
runner blades. The guide vanes direct the incoming ﬂow of the runner and the runner
blades extract power. For a certain angle of the guide vanes, the runner blades have
a certain angle of attack hitting the hydrofoils that is optimal. This implies that the
runner blades can be adjusted to extract the available incoming angular momentum of
the ﬂow. A large amount of angular momentum exiting the runner compared to the
axial momentum, could otherwise lead to vortex breakdown, a phenomenon that occurs
in spiralling ﬂow which will be further discussed in Chapter 3.
We will now go into some more details on the start-up sequence of an individual
hydropower machine, the U9-unit. The U9-unit is a prototype of a Kaplan turbine and
is intended for research and development. The unit is installed in the old machine hall
in Porjus and is the object of experimental investigation presented in Paper A. The
paper discusses the transient periodic behaviour of a heaving and twisting motion of the
rotating system based on measurements of the axial and torsional strain experienced by
the shaft.
The regulation during the start-up scheme of the U9-unit is managed both by the
runner blades and the guide vanes. By using the electric circuit as an analogy, the guide
vanes and runner blades could be seen as resistors. The resistance or impedance, which
is commonly the notation used in hydraulic circuits, determines the ﬂow rate. To make a
simpliﬁed picture, we assume that the guide vanes and runner blades are the only resistors
in the circuit. The total head of the hydraulic machine must therefore be distributed
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over the runner and the guide vanes.
In a ﬁrst stage, denoted as the acceleration phase in Paper A, the guide vanes
and the runner blades release power to accelerate the rotating system so that it attains
nominal speed by opening both the runner blades and the guide vanes. The rotating
system includes not only the rotating shaft with the runner at one end and the generator
at the other end, but also the water in the turbine. Acceleration of the interface of the
runner to the water implies a change of momentum of both the water and the body of
steel, a fact that we discuss further at the end of this chapter. In this ﬁrst stage, the
runner operates outside its design conditions. The ﬂow is not attached to the runner
blades and it is mainly the resistive force of the ﬂow that accelerates the rotating system.
How much power that is consumed by the guide vanes and the runner could be inferred
from their pressure drop. The question is now, what happens to this consumed power?
If the power only could be dissipated into heat by viscous action in the boundary layers
against the foils, not much power would be consumed. What can we then learn from
studying the energy content of the transient periodic behaviour of the rotating system
localized in ﬁnite areas of time and frequency? The transient periodic behaviour has
its largest energy content in the time span when the runner blades are opened during
the acceleration phase. The release of power hence not only accelerates the rotating
shaft, it induces vibrations and unsteady ﬂow phenomena. A proposed explanation is as
follows. Localized coherent ﬂow structures of turbulent ﬂow in the draft tube propagate
as longitudinal pressure waves in the hydraulic circuit. The pressure pulsations lead to an
oscillating force on the runner and a transient periodic behaviour of the rotating system.
When the runner blades are opened, the ﬂow exits the runner with a large amount of
angular momentum, which favours development of turbulent ﬂow in the draft tube, the
area below the runner. To conclude, in the ﬁrst stage, the released power accelerates
the rotating system, but it also leads to development of turbulent ﬂow with most of its
energy contained in coherent ﬂow structures in the draft tube that dissipate heat.
The next stage is deﬁned in Paper A as no load operation. This is only an in between
stage. There is no power that is transformed to the rotating system during this stage.
Most of the pressure drop during this stage is distributed over the guide vanes. This
implies that the guide vanes consume power. The highest intensities of the transient
periodic behaviour of the heaving motion here seems to be induced by a “dead core
region” with coherent ﬂow structures of turbulent ﬂow in the vaneless space between the
guide vanes and the runner. The consumed power of the guide vanes is hence manifested
as turbulent ﬂow.
The ﬁnal stage, the loading phase, is subdivided into two stages. As was stated earlier,
during no load operation, most of the pressure drop is distributed over the guide vanes.
At an initial stage, the guide vanes are opened and their impedance decreases to distribute
the pressure drop over the runner. The generator is connected to the system and makes
the shaft rotate at nominal speed. The generator counteracts the increasing torque as
the ﬂow rate is increased. However, the runner blades are still closed, which implies
that they do not function yet as streamlined hydrofoils. It is mainly the resistive force
that yields a torque balanced by the generator. This initial stage reveals a transient
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periodic behaviour ampliﬁed in a frequency range of the eigen frequency of the ﬁrst
torsion mode of the rotating system. The ampliﬁed frequency range associated with
the “dead core region” increases as the pressure drop is redistributed and coincides with
the ampliﬁed frequency range close the ﬁrst torsion mode of the rotating system. The
rotating system hence seems to amplify the longitudinal pressure pulsations induced by
the localized ﬂow phenomena belonging to the “dead core region” region. As the loading
of the generator starts and the runner blades function properly, this transient periodic
behaviour is supressed. But the opening of the runner blades yields a large impact force on
the runner. This impact force is suggested in Paper A to excite self-sustained vibrations
of the rotating system, visible as a twisting and heaving motion and large electrical power
swings. Characteristic for self-sustained vibrations is that the amplitude grows without
any periodic excitation. Finally, the machine reaches its best-eﬃciency point. Now,
the transient periodic behaviour of the rotating system contains a very low amount of
energy compared to the amount of energy that that the rotating system transforms to
the generator. The machine runs smoothly and there is hardly no sound. But every time
the machine starts, the violent transient periodic behaviour of the rotating system will
put marks on the runner blades. They will not forget.

2.5

Swirling water playing with steel

In Paper A, the twisting and heaving motion of the rotating system are estimated
by strain gauge measurements of axial and torsional strain of the shaft. The dynamic
behaviour of the twisting and heaving motion is related to the inertia of both the body
of steel and the swirling water. We will here discuss this intertwined nature of inertia
in terms of a simpliﬁed model, which is the object of research of the second study.
The simpliﬁed model captures the dynamic behaviour a ﬁxed cylinder of swirling ﬂow
enclosing a solid core. The dynamic behaviour of their common interface follows by
conservation of momentum of the solid body and the swirling ﬂow. The interplay of
inertial eﬀects of the swirling ﬂow yields a vibratory behaviour of their common interface.
Let us now consider the dynamic behaviour in a frame of reference that rotates with
the angular velocity of the ﬂuid at its interface to the solid body. An object at rest
in a rotating frame of reference experiences a circular motion in the inertial frame of
reference. A circular motion implies that the object accelerates. This acceleration is in
classical Mechanics denoted the centripetal acceleration. If an object moves at constant
speed in the rotating frame of reference, it accelerates. A constant speed in the rotating
frame of reference is here equal to a constant velocity relative to a constant circular
motion. Coriolis acceleration denotes the acceleration an object experiences moving at a
constant velocity relative to a circular path.
It is now a matter of course to determine the inertial eﬀects of the solid body in the
rotating frame of reference. The determination of the inertial eﬀects of the swirling ﬂow
demands some more considerations. Let us start with the situation in which the ﬂuid is
at rest. What now happens if its interface to the solid body accelerates? Stokes (1843)
refers to the acceleration that follows in the ﬂuid as an elastic property of a ﬂuid. Even
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though the water is slippery it must obey the law of conservation of momentum. In
incompressible ﬂow, the acceleration that follows could be approximated as immediate
even if it is transmitted at the speed of sound. We contain mostly ﬂuids, but if we jump
into a lake, we can consider ourselves as solid bodies. Our bodily ﬂuids will in that
case move as a solid body. It doesn’t matter that the blood swirls in our vessels. But
the water we jump into does not move as a solid body. Let us now approximate our
body as a cylinder and let it be so long that we can approximate it as inﬁnitely long.
If this cylinder accelerates in water perpendicular to its axis, the change of momentum
of the water yields an additional pressure build-up. This pressure build-up leads to a
ﬂuid-induced force acting on the cylinder equal to and opposite in sign to the inertia
force of the displaced mass of the ﬂuid. This could be inferred from the fact that the
water comes to rest at large distances away from the cylinder. But what happens if we
ﬁx another cylinder to the bottom with a larger diameter around the smaller one? Now,
the water has to come to rest when it reaches the cylinder with an angle perpendicular
to its surface. This ampliﬁes the ﬂuid-induced force. Stokes derived this ampliﬁed force
as early as 1843.
If we now let the water swirl in the cylinder, and follow a frame of reference having
the angular velocity of the water adjacent to the cylinder, what is the ﬂuid-induced force
in this frame of reference as the cylinder accelerates? An additional pressure-build-up
sustains the circular motion of the water. This pressure build-up induces a force on a
slightly displaced cylinder opposite to the ﬁctitious centrifugal force of the displaced mass
of the ﬂuid. What is now the eﬀect of a constant velocity of the interface in the rotating
frame of reference? This force depends on the velocity proﬁle of the swirling ﬂow. Being
slippery, the ﬂuid is free to move, as it likes in concentric shells around the cylinder.
The vorticity of the velocity proﬁle determines the additional pressure build-up and the
corresponding ﬁctitious force acting on the body induced by a constant velocity their
common interface. The vorticity here replaces the angular velocity of the rotating frame
of reference of the ﬁctitious Coriolis force of the displaced mass. If the solid body has the
same density as the ﬂuid, the displaced mass is equal to the mass of the solid core. The
ﬁctitious centrifugal force is in that case cancelled out by the additional pressure-build-up
by the circular motion of the ﬂuid. An unbalance between the vorticity of the ﬂow and
the angular velocity of the ﬂuid adjacent to the body results in an interplay between the
inertial eﬀects. The interplay leads to pressure waves in the swirling ﬂow manifested as a
vibratory motion of the interface and also implies that a denser solid core can maintain
a centred position without being slung towards the wall.
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Figure 2.1: Interplay between inertial eﬀects of a ﬁxed body of a swirling ﬂow with a solid core.
Their common interface has the position β(t) seen from a rotating frame of reference following
the angular velocity of the ﬂuid adjacent to the solid core, Ωa . The displaced mass of the ﬂuid
is equal to the mass of the solid core and the swirling ﬂow has a constant angular momentum.

Chapter 3
Essential tools and frameworks
Do I contradict myself?
Very well then, I do contradict myself,
(I am large. I contain multitudes.)
Walt Whitman
This chapter presents the essential tools at hand in the becoming of the buildings
and bridges of this thesis. The buildings and bridges are the outcome of the problem
formulation presented in the appended papers. The buildings and bridges are built in
and of a tree that constitutes the problem formulation of the thesis. The tree is in
that sense a framework that makes the buildings and bridges stable to withstand the
wind and vibrate. The tree also gives support as scaﬀolding during the building process.
It is both a tool and a framework. This also counts for the research ﬁeld of Classical
Mechanics, being essential in the becoming of the buildings and bridges. Time-frequency
analysis is the foremost important tool in the building presented in Paper A and is
here discussed based on a paper by Gabor (1946). Previous studies provide a means to
interpret and analyse the pictures from the time-frequency analysis. Section 3.2 discusses
earlier research related to the ﬁrst branch of the tree. The section 3.3 discusses earlier
research on vibrant bodies in ﬂuid ﬂow, the stability of both a ﬂuid and a solid body
and hydrodynamic stability theory applied to swirling ﬂow. These areas of research have
connections to the second branch.

3.1

Time frequency analysis

Gabor (1946) sets out in his paper “A theory of communication” to deﬁne elementary
signals that convey a minimum amount of information. He shows that the deﬁnition of
the limit of this minimum amount of information, a “quantum of information” follows
from the same mathematical proof as the “the uncertainty principle” in Quantum Mechanics. The principle states that position and momentum of a particle are mutually
exclusive variables. Gabor as an electrical engineer is concerned with the practical prob15
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lem of transmission of data. He intends to clarify the mathematical basis of the general
principle in his ﬁeld at that time, “the fundamental law of communication theory” and
its connections to the theory of Quantum Mechanics, which according to Gabor “appears
to have passed unnoticed”. He concretizes the problem of conveying a minimum amount
of information by deﬁning a continuous function s(t) in the time interval T . This might
seem to be a misleading start, since it is based on the assumption of an exact time.
Gabor does never explicitly discuss what his assumption on the signal s(t) is based on.
To make this consistent with his analysis, this continuous function should be viewed as
a mathematical representation that helps the reader to understand the fundamental law
of communication theory that Gabor aims at stating in rigorous mathematical terms.
Gabor views pure time and frequency representations as idealizations. He argues that we
lack mathematical representations that capture our physical experience. He emphasizes
this by referring to our “subjective interpretation of aural sensations”. Let us start with
the proof of the fundamental law of communication as explained by Gabor (1946). The
proof is based on a representation of the continuous function s(t) by an inﬁnite sequence
of Fourier series. If the signal s(t) is expanded in an inﬁnite set of orthogonal harmonic
cosine and sine functions, we have a Fourier series deﬁned on the arbitrary time interval
− T2 < t < T2 as




∞ 
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nπt
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+ bn sin
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2 n=1
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T

(3.1)

The series of functions are deﬁned by ωn = 2π
= 2πfn for n = 1, 2.., ∞. The frequency
T
interval between each sequence in the series is Δf = T1 . This means that as the time
interval T approaches inﬁnity, the inﬁnite sequence approaches a continuous function of
f . Given a frequency range, (f2 − f1 ) there are (f2 − f1 ) T series with two coeﬃcients
belonging to each sequence. If we wish to approximate the function s(t) by a Fourier
series expansion of N coeﬃcients, the frequency range of the Fourier series will be limited
N
to (f2 − f1 ) = 2T
. Localizing the information of one datum in time and frequency yields a
1
minimum area equal to Δf Δt = 2T
× T = 12 . This restricts the size of the minimum area
1
to 2 . This is the fundemental law of communication theory. If a communication engineer
at that time possessed a means to transmit a signal that imposed a certain frequency
resolution, the time resolution of the transmitted signal followed immediately from the
fundamental law of communication theory. Today’s engineers of communication theory
are familiar with the numeric algorithm and powerful tool the Fast Fourier Transform
(FFT). The FFT evaluates the discrete Fourier transform deﬁned as
Xk =

N
−1


n

xn e−i2πk N .

(3.2)

n=0

If the signal of a ﬁnite duration is divided into time segments, and the FFT is applied
to each individual segments, we have a windowed Fast Fourier Transform. Its power
spectrum is deﬁned as a spectrogram, an algorithm that is applied to the acquired signals
in Paper A.
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The Fourier transform is deﬁned as the integral transform
 ∞
S(f ) =
e−i2πf dt.

(3.3)

−∞

of the continuous function s(t) deﬁned for an inﬁnite time interval. This transform makes
time and frequency into two mutually exclusive variables. Gabor writes “Though mathematical this theorem is beyond reproach, even experts could not at times conceal an
uneasy feeling when it came to the physical interpretation of results obtained by the
Fourier method.” Neither a pure time representation nor a frequency representation is
coherent with our physical experience of sound. Speech and music both have a time
pattern as well as a frequency pattern. Gabor means that time and frequency are complementary rather than mutually exclusive variables. For this purpose, he inquires how
the time signal s(t) should be deﬁned as a function of the two orthogonal coordinates
time and frequency. Gabor (1946) writes “In order to give this question a precise meaning
we must consider what physical eﬀects can be produced by the signal s(t). The physical
meaning of the signal s(t) [...] is that it is the response given by an ideal oscillograph
with a uniform response over an inﬁnite frequency range”. There is no ideal oscillograph
with a unit response for an inﬁnite frequency range and so a continuous function of time
has no physical meaning. However, Gabor still assumes the existence of the continuous
function in his discussion on the physical eﬀects it could produce localized in a “timefrequency diagram”. The physical meaning of the assumed signal now corresponds to the
physical eﬀects a real oscillograph and a bank of tuned reeds produce by the signal s(t).
He states that “physical instruments analyse the time-frequency diagram into rectangles
which have shapes dependent on the nature of the instrument and areas of the order unity,
but not less than one-half”. The physical eﬀects produced by the signal s(t) must so be
a function of two variables, time and frequency. Gabor writes “This might be considered
as a somewhat artiﬁcial process, but it must be remembered that it corresponds very
closely to our subjective interpretation of aural sensations”. A time-frequency diagram
could hence be “considered as a rough plan of analysis of the ear; rather rough, as the
ear is too complicated an instrument to be replaced by a bank of tuned reeds, yet much
closer than either the oscillogram or the Fourier spectrum”.
We will here not go into details of the proof of the uncertainty principle nor the deﬁnition of the elementary function occupying the least possible area in the time-frequency
diagram. However, it is worth mentioning how Gabor ﬁnalizes his discussion on the deﬁnition of an elementary signal. He now states “The principle of causality requires that any
quantity at an epoch t can depend only on data belonging to epochs earlier than t. But
we have seen that we could not carry out the expansion into elementary signals exactly
without taking into consideration also the “overlap of future”. In fact, strict causality
exists only in the “time language” [..] rigorous time-analysis is possible only with ideal
oscillographs, not with any real physical instrument; hence strict causality never applies
in practice. ”
Gabor calls for mathematical methods that correspond to our physical experience of
sound. Gabor puts us right into our physical environment, visualizing our ears as measuring instruments. The ear captures the sound of longitudinal pressure waves travelling
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in air. To be of any help for an engineer dealing with practical problems, a theory must
be coherent with our lived experience.This should be of equal concern to engineers dealing with our physical experience of other events, such as vibrant rotating systems for
example.

3.2

Vibrations of the rotating system

During the last decades, a growing awareness of dynamic problems due to unsteady ﬂow
phenomena in water turbines has led to eﬀorts both in industry and the academic research
community to resolve these problems. With the release of power it always follows a risk of
undesired vibrations and pressure pulsations that not only reduce the eﬃciency but also
put the health of the machine at stake. To anticipate undesired vibrations, the designer
must take appropriate measures to ensure that stress levels and pressure pulsations are
within admissible levels. Most attention of the research has been put on Francis turbines,
but several recent publications are concerned with numerical and experimental studies
of Kaplan turbines (see for example Puolakka et al. (2013) Houde et al. (2012), Rivetti
et al. (2012), Luo et al. (2013), Wu et al. (2012). To make a proper risk assessment, the
study of pressure pulsations must be combined with a structural dynamic analysis of the
system. The general practice is to include the runner and guide vanes in the mechanical
assessment in experimental investigations of ﬂuid-induced vibrations. The measurement
campaign of Paper A draws on earlier experience from research on Rotor Dynamics of
hydropower units conducted in collaboration with the Swedish plant operator company,
Vattenfall R & D, and Luleå Technical University. Experienced rotor vibration problems
of Swedish hydropower units initiated this previously quite unexplored area. The ﬁrst
eﬀorts were put on developing a new experimental techniques (Gustavsson et al., 2005).
By integrating strain gauges in the guide bearings, the radial load acting on the shaft was
measured on several hydropower units with encountered problems. The R & D group
has also performed strain gauge measurements of the axial and torsional strain on the
shaft of several units.
It is customary to include surrounding water at rest in dynamic analysis of runners.
However, in a dynamic analysis of a Francis runner, Rodriguez et al. (2006) claims that
rotors of hydropower are stiﬀ structures with long bearings and that this justiﬁes a dynamic analysis of the runner where it is assumed to be rigidly attached at the runner
crown. This is probably a valid assumption in a dynamic analysis of the runner. However,
his argument is a truth with modiﬁcation and does not necessarily imply that rotor vibrations cannot cause trouble in hydropower applications. Hydropower units are designed
to operate below their ﬁrst critical speed, which means that periodic excitation of mass
unbalance during the acceleration phase is not likely to induce resonant synchronous
lateral rotor vibrations. This does not exclude resonance of other excitation sources
and the presence of feedback mechanisms that may induce self-excited rotor vibrations.
On the contrary, it makes it important to anticipate and detect rotor vibrations in hydropower units according to their individual features. An early documented evidence of
ﬂuid-induced self-excited vibrations caused by leakage variations in a vertical Francis tur-

3.2. Vibrations of the rotating system

19

bine is reported by Den Hartog (1984), even though “extremely rare in turbine practice”.
Another recent example of self-excited vibrations of a Swedish hydropower unit not yet
fully understood is reported by Nässelqvist et al. (2008). In the following, the dynamic
behaviour of the twisting and heaving motion of the rotating system including localized
unsteady ﬂow phenomena will be discussed.

3.2.1

Torsional vibrations

Muszynska (2005) states that torsional mechanical shaft vibrations are “quit”. They do
not propagate to the support structure of the machine and can neither be heard nor
detected with regular vibration equipment. Most of the attention of the engineering
community has also been put on the lateral mode of rotor vibrations. However, this
does not make the torsional mode harmless. One reason for this is the lack of inherent
damping in most rotating systems since this would also prevent the rotating motion.
Internal material damping of the shaft and viscous damping by the water in the turbine
are the main sources of damping of hydropower units. The water in the turbine also
oscillates in phase with the twisting of the runner and an estimation of the torsional
eigenfrequencies must include the inertial eﬀects of the surrounding water. The shaft is
exposed to unsteady phenomena originating both from the electrical and the hydraulic
system. Network faults leading to subsynchronous resonances (SSR) on the electrical
grid can interact with the mechanical system of large turbogenerators and induce selfsustained torsional shaft vibrations. SSR was accounted the ﬁrst time by large shaft
failure in Mohave (Walker et al., 1975). Ahlgren et al. (1978) state that hydropower
machines are insensitive to interaction with SSR and therefore also increase the safety
levels in their analysis. Andersson et al. (1984) aimed at ﬁnding out why hydropower
units are insensitive to interaction with SSR based on a study of existing data of Swedish
hydropower plants and concluded that the inertia ratio of the generator and the turbine
yielded a value of the modal damping suﬃciently high to counteract the negative damping
induced by the electrical grid. Simply speaking, the amplitude of the torsional twist at
the location of the runner is large compared to the amplitude at the other end of the
shaft. The viscous dissipation in the turbine is therefore large compared to the energy
that is fed into the vibrations by the resonator on the grid. There are few experimental
studies on the estimation of the viscous damping of the turbine. Bladh (2012) estimated
the viscous turbine damping based on strain gage measurements on the shaft of torsional
vibrations induced by load rejection for two diﬀerent operation points and concluded
that the damping increased with higher load. A twisting motion of the runner not only
results in a viscous damping force. The experimental results of Paper A indicates
that the hydrofoils couple the axial and torsional strain of the shaft. A twisting motion
leads to a heaving motion by the induced pressure build-up in the surrounding water.
This should imply that self-sustained vibrations could be induced by interaction with a
resonator in the electric circuit with a resonator in the water circuit.
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Axial vibrations and longitudinal pressure waves

The axial dynamics of the rotating system depends on the features of the thrust bearings,
the shaft and the turbine. The ﬁrst eigenfrequency of the axial mode of rotor vibrations
is usually much higher than the nominal speed. Dörﬂer et al. (2013) mentions that
the eigenfrequency of the axial mode sometimes may coincide with the frequency of the
passages of the stationary wakes behind the guide vanes seen from the rotating system.
The transient periodic behaviour of the axial strain of the shaft can reveal localized ﬂow
phenomena since the ﬂuid propagates compact sources as longitudinal axial pressure
waves. This implies that the dynamic behaviour of the water circuit also comes into play
in the axial dynamics of the rotating system. Dörﬂer et al. (2013) states that the dynamic
response of the hydraulic system is important to localized unsteady ﬂow phenomena that
propagates with a wavelength of the same order of magnitude as the penstock length.
Moreover, the impedance of the turbine governs the transmission of pressure pulsations
into the spiral casing and penstock. For low frequencies we might disregard the eﬀect
of compressibility of the ﬂuid on the value of the impedance of the turbine. During
the start-up sequence, when the runner blades are almost closed, the impedance of the
turbine is large. A high impedance of the turbine eﬀectively damps out any pressure
pulsations. When the runner blades open, consequently its impedance decreases and
pressure pulsations originating from the draft tube are transmitted upstream the runner.

3.2.3

Coupling of the axial and torsional strain by the runner

The time-frequency analysis presented in Paper A reveals a similar pattern of the axial
and torsional strain. Longitudinal pressure pulsations in the water circuit yield an oscillating torque as well as oscillating axial loads acting at the runner. This does however
not explain why excitation of the torsional mode of the rotating system is visible in the
axial vibrations. A twisting and a heaving motion of the runner yield ﬂuid-induced forces
acting on the hydrofoils. Münch et al. (2010) investigated the ﬂuid-induced coeﬃcients
of a of a heaving and pitching hydrofoil by numerical simulations. Puolakka et al. (2013)
recently presented a method to estimate the ﬂuid-induced coeﬃcients of a Kaplan turbine
of the axial and torsional mode of the rotor. The hydrofoil has an angle relative to a
heaving and a twisting motion, which implies that oscillations in one direction lead to
an oscillating force in the other direction. From this we can conclude that the hydrofoils
couple the torsion and axial mode of the rotating system.

3.2.4

Vortex breakdown in turbines

Vortex breakdown is a phenomenon that may occur in helical swirling ﬂows (see for example Escudier (1988) for a thoroughly review). The excessive swirl leaving the runner
at part load operation in Francis runners leads to a transition to a helical vortex breakdown in the draft tube downstream the runner (see for example Resiga for a short review
on prediction, experimental ﬁndings and suggested mitigation of the precessing vortex
rope in Francis runners). Simply speaking the vortex breakdown is an energy dissipa-
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tor that consumes energy with similarities to a hydraulic jump. Upstream the vortex
breakdown the ﬂuid ﬂow is supercritical with respect to transverse inertial waves that
propagate in rotating ﬂuids. In this region, there is an inner viscous core and an outer
region of irrotational ﬂow. The breakdown leads to a redistribution of axial and angular
momentum so that the ﬂow becomes subcritical and turbulent. The amount of angular
momentum compared to the axial momentum deﬁnes the swirl ratio, an important dimensionless number for predicting vortex breakdown. The guide vane opening is decisive
for both the ﬂow rate and the angular momentum of the ﬂuid ﬂow entering the runner.
The region between the guide vanes and the runner where the transition from radial to
axial ﬂow takes place in the Kaplan turbine is susceptible of vortex breakdown at low
guide vane angles. This region, called the swirl chamber or vaneless space, is absent in
Francis runners. The tangential velocity determines the amount of angular momentum
that propels the turbine. There is some evidence of vortex breakdown in the vaneless
space of Kaplan turbines at low ﬂow rates where the ﬂux of angular momentum is large
compared to the ﬂux of axial momentum. Rivetti et al. (2012) and Luo et al. (2013)
both predicted regions of recirculating ﬂow in the vaneless space at low loads in Kaplan
turbines.

3.3

Fluid ﬂow with solid boundaries

What can we learn from generalized theories on ﬂuid forces acting on solid bodies moving
forward or oscillating in an inviscid ﬂuid? What does inviscid linear hydrodynamic
stability theory tells us about swirling ﬂows? And can the hydrodynamic stability theory
be extended to including both solid and ﬂuid bodies?
Historically, there is a rich literature on problems of the dynamics of bodies moving in
an inviscid steady ﬂow. This area had its break-through in the late 19th century among
Scientists as Lord Kelvin and Kirchhoﬀ. They could avoid troublesome integration of
the pressure along the boundary of the body by treating the body and the ﬂuid as
one dynamical system. Kirchhoﬀ equations expresses the force on a body moving in an
inviscid unbounded ﬂuid in terms of added masses (Lamb, 1932). Kirchhoﬀ equations
were extended by Taylor (1928) who derived an expression of the added masses in terms
of singularities within the body. However, the assumption of irrotational ﬂow presumes
that boundary layer separation at the surface of the bodies does not occur, which is most
often the case for bluﬀ bodies as was discussed in Chapter 2. But as Batchelor (1967)
remarks, if a solid boundary has a purely periodic motion, it is reasonable to assume that
there will be no net vorticity generated since alternating layers of positive and negative
vorticity will cancel out each other. However, this only applies to bodies not having sharp
edges since vortices peel oﬀ the edge almost immediately such a body moves. Keulegan
and Carpenter (1956) discussed cylinders and plates in an oscillating stream and the
dependency of the periodicity of the oscillating motion on the inertia and drag ﬂuid force
acting on the objects.
A solid cylinder that moves in an inviscid unbounded ﬂuid experience a force that is
equal to the inertia of the displaced mass of the ﬂuid. A physical interpretation of the
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notion of an added mass is discussed in Chapter 2. If the ﬂuid is conﬁned by a cylindrical
wall, this added mass increases by a factor
α=

1 + γ2
,
1 − γ2

a
where γ = ,
b

is the ratio of the radius of the inner and outer cylinder. This factor was ﬁrst derived by
Stokes (1843). The same result was obtained by Brennen (1976) and Chen et al. (1974) by
calculating the ﬂuid force exerted on a cylinder in a whirling orbit of constant amplitude
in annular ﬂow. Brennen (1976) also discussed the “Bernoulli eﬀect” in which a slight
displacement pushes the inner cylinder towards the wall. Milne-Thomson (1968) deduced
an exact expression of the force on an eccentric cylinder surrounded by an annulus with
a constant circulation. He used coaxial coordinates to deﬁne the complex potential of
an irrotational ﬂuid motion and Blasius theorem to deduce the ﬂuid force acting on the
cylinder.
Academic publications on the stability of a rigid body in ﬂuid ﬂow are scarce, according to Vladimirov and Ilin (1999). They extended Arnold’s technique of stability
analysis to be valid for systems of both a solid and a ﬂuid body. Arnold’s second variation is indeﬁnite in sign of a general three-dimensional motion of such as system and
cannot yield any linear stability criterion. They applied Arnold’s technique to three particular stability problems with the ﬂuid ﬂow restricted to constant or zero vorticity. In
the last of these problems, they stated that a rigid body placed in a rotating ﬂuid inside
an axisymmetric domain is linearly stable if the body is heavier than the displaced ﬂuid
mass and if the axis of rotation corresponds to the smallest moment of inertia of the
body. Those criteria were deduced from Arnold’s second variation.
A rotor partially ﬁlled with an inviscid ﬂuid sets up a ﬂuid ﬂow equal to a solid body
rotation. Miles and Troesch (1961) considered the free oscillations of a inviscid ﬂuid
annulus in solid body rotation with a free inner boundary. Wolf (1968) included the
eﬀect of such oscillations in the dynamics of a rotating shaft.
The linear stability with respect to axisymmetric disturbances of a swirling ﬂow contained between two concentric cylinders is a well-known problem in the ﬁeld of hydrodynamic stability theory that has shown to yield fruitful results. The experimental setup
of such a problem consists of two independently rotating cylinders with diﬀerent radii
that drag the ﬂuid kept in between into motion. Lord Rayleigh and G. I. Taylor are two
main contributors that set the scene of this problem. Rayleigh stated in 1916 a suﬃcient
inviscid criterion for instability of ﬂow of circular stream lines (Drazin and Reid, 2004).
An interchange of two cylindrical ﬂuid shells with diﬀerent radii results in a change of the
kinetic energy, that is positive or negative dependent on if the square of the circulation
of the ﬂuid shells decreases or increases outwards in the radial direction. He based his
argument on the fact that the angular momentum about the axis of rotation of a ﬂuid
element remains constant, if the disturbance is assumed to be axisymmetric. A release
of kinetic energy implies instability. G.I. Taylor showed 1921 with an apparatus of independently rotating cylinders that Rayleigh’s inviscid criterion was valid, but not for
counter rotating cylinders. The predicted instability also turned out to be an axisymmetric ﬂow ﬁeld. In his ground-breaking paper, he also took into account viscous eﬀects
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in his mathematical analysis of the stability of circular Couette ﬂow of a viscous ﬂuid
with respect to axisymmetric disturbances (Taylor, 1923).
A normal mode hydrodynamic stability analysis of swirling ﬂow with respect to threedimensional disturbances does not yield any general stability criterion. Krueger and
DiPrima (1962) investigated the stability of circular Couette ﬂow in the narrow-gap approximation with co-rotating cylinders and with respect non-axisymmetric disturbances.
They concluded that the growth rate for various values of the azimuthal wave number
was less than the growth rate for an azimuthal wavenumber equal to zero, i. e. axisymmetric disturbances. Billant et al. (2005) generalized the Rayleigh criterion and
found a suﬃcient condition for a free axisymmetric vortex to be unstable to disturbances
of any azimuthal wavenumber by means of large-axial-wavenumber WKB asymptotics.
Another approach is to assume that there is no axial dependency and the disturbances
are considered as two-dimensional. A normal mode analysis of the linear stability of an
inviscid ﬂuid with respect to two-dimensional disturbances of a basic ﬂow with circular stream lines does not yield any suﬃcient criterion for instability (Drazin and Reid,
2004). Rayleigh’s inﬂexion criterion states that a necessary condition for instability of
an inviscid ﬂuid with respect to two-dimensional disturbances is that the vorticity of the
basic ﬂow must change sign at least once in the interval of the domain. Rayleigh (1879)
derived his criterion for parallel stream lines but concluded that it also could be extended
to a basic motion of circular stream lines. A normal mode analysis of basic ﬂow with
constant vorticity with respect to two-dimensional disturbances does not yield a discrete
spectrum, but a continuous one. The discrete spectrum is empty, since it is only the
zero-solution that satisﬁes the boundary conditions. Only rotational disturbances can
survive with the assumption of ﬁxed boundaries.
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Chapter 4
Vibrant buildings and bridges

Buildings and bridges
are made to bend in the wind
to withstand the wind
Ani DiFranco

4.1

Swirling ﬂow pressed against rotating blades

Paper A rests on the ﬁrst branch of the tree and comprises the ﬁrst study. The paper
discusses the transient periodic behaviour during a regular start-up sequence of a Kaplan
prototype at the Porjus Hydropower centre. The vibratory twisting and heaving motion
of its rotating system is examined by strain gauge measurements of the axial and torsional strain of the middle shaft. Time and frequency analysis is the foremost essential
tool that shaped this building. Pure time and frequency representations are according
to Gabor (1946) mere mathematical idealisations without physical meaning. Transient
periodic behaviour, i.e. an event with a periodicity that varies with time is more suitably described as a function of both time and frequency. The modulated probability
function was proved by Gabor (1946) to have the least possible minimum time-frequency
resolution. This function was chosen as the wavelet mother function of the wavelet integral transform applied to the acquired signals of the strain gauge measurements. The
continuous wavelet integral transform has an adaptive linear time-frequency resolution.
However, the transient periodic behaviour of the rotating system consists of several simultaneously occurring events and a linear time-frequency resolution does not provide
the best adaptive grid. Still, the resolution is shown to be good enough to capture the essential features of the prevailing events. The analysis of the transient periodic behaviour
of the rotating system is divided into three diﬀerent stages of the start-up sequence.
Individual patterns in the time-frequency planes attributed to each stage illustrate the
transition between diﬀerent ﬂow regimes. Coherent ﬂow structures and their decay associated with turbulent ﬂow in the draft tube and the vaneless space are identiﬁed during
25
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unfavourable ﬂow conditions. A large opening of the runner blade implies that a large
amount of angular momentum relative of the axial momentum leaves the runner. This
destabilizes a swirling ﬂuid ﬂow in the draft tube and is suggested to explain the transient periodic behaviour associated with turbulent ﬂow in the draft tube. This behaviour
prevails during the acceleration of the rotating system a short time interval when the
runner blades are opened. The transient periodic behaviour of the axial and torsional
strain of the shaft are shown to be strongly correlated, suggested to be induced by the
coupling of a twisting and heaving motion of the hydrofoils. Self-sustained vibrations
are identiﬁed in the transient periodic behaviour of the electric power output, axial and
torsional strain during the loading of the generator. Interaction with a resonator in the
electrical system with an eigenmode of the water circuit is proposed as an explanation.

4.2

The intertwined nature of inertia

The interplay of inertial eﬀects of a swirling ﬂow conﬁned to a ﬁxed cylinder with a
solid concentric core is the object of research of the second study. The dynamic behaviour of the rigid interface between the solid core and the ﬂow is described following
the Bently/Muszynska (B/M) model (Muszynska, 1986, 2005). The B/M model comprises a rotor and a surrounding ﬂuid-ﬁlled gap and pinpoints the intertwined nature of
ﬂuid-induced self-excited vibrations occurring in rotating machinery. The B/M model
captures the eﬀect of a rotating damping force. In this study, inertial eﬀects of the
swirling ﬂow are highlighted. Paper B outlines the strategy used in the subsequent
analysis. One ordinary diﬀerential equation stated in complex coordinates captures the
dynamics of a two-degree of freedom ﬂuid-rotor model. The ﬂuid-rotor model consists of
a compliant rotor surrounded by a swirling inviscid irrotational ﬂuid ﬂow conﬁned by a
cylindrical surface. The aim of Paper B is to gain physical understanding on how the
wall of the runner chamber and the angular momentum change the dynamic behaviour
of the rotating system of a Kaplan turbine. By the assumption of irrotational cyclic ﬂow,
the ﬂuid ﬂow is described by a complex potential function. The ﬂuid force acting on the
rotor is calculated in an inertial frame of reference from Bernoulli’s equation by complex
contour integrals. The derived ﬂuid-induced forces are identiﬁed as the hydrodynamic
mass of a ﬂuid annulus of a large gap at rest, a lift force acting perpendicular to the
velocity of the rotor and a destabilizing force previously identiﬁed by Brennen (1976)
and denoted as the Bernoulli eﬀect. Brennen (1994) states that inertial eﬀects of the
ﬂuid destabilizes a centred position of the rotor and explains this from continuity considerations and Bernoulli’s equation. This explanation holds in bulk-ﬂow models where the
eﬀect of the curvature of the swirling ﬂow is neglected, an assumption that is valid if the
gap of the annulus is small compared to its inner radius. It can explain the negative stiﬀness that follows by transforming the hydrodynamic mass in a rotating frame of reference
to an inertial frame of reference as is done in the B/M model. However, the Bernoulli
eﬀect Brennen (1976) obtains for an annulus of a large gap does not correspond to the
destabilizing force obtained by Muszynska. This force Brennen determines for a large gap
also includes a stabilizing ﬂuid force. A swirling ﬂow accelerates as it follows a circular
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path. The additional pressure build-up in the ﬂuid yields a restoring elastic force acting
on the rotor. This eﬀect is highlighted in Paper C that compares the ﬂuid force included
in the B/M model valid for a thin swirling ﬂuid annulus. The strategy of Paper B is
here slightly modiﬁed. Following Muszynska’s strategy, the ﬂuid force is now calculated
in a rotating frame of reference and also includes a basic ﬂuid ﬂow equal to a rigid body
rotation. This highlights how the swirling ﬂow yields an additional pressure build-up in
the ﬂuid that results in ﬁctitious ﬂuid forces acting on the runner stated in the rotating
frame of reference. Muszynska’s model predicts the transition to two stable states of
motions associated with two modes shapes of which one is the rigid body mode of the
ﬂuid. The additional eﬀects that arise in the case of a large gap change the dynamics of
the rigid body mode of the ﬂuid. This eﬀect does not induce any self-excited vibrations,
but it changes the imaginary eigenvalue at the onset of instability and consequently the
transition to and the behaviour of the stable limit cycle.
Paper D presents a general solution of the linear inviscid hydrodynamic stability
problem with respect to two-dimensional disturbances. The constraint by the rigid interface only yields one spatial mode corresponding to an azimuthal wavenumber equal
to one, which is denoted the rigid body mode. The general linearized solution of the
stability problem can be decomposed into a solution with respect to rotational disturbances with homogeneous boundary conditions and a solution with respect to irrotational
disturbances with inhomogeneous boundary conditions. This implies that the solution
governing rotational disturbances does not change the linear dynamic behaviour of the
rigid interface. Further more, the linear solution governing rotational disturbances with
respect to ﬁxed boundaries is still valid, governed by a continuous stable spectrum. Solutions of two special cases of an initial vorticity distribution are presented, both being
stable for large values of t. Irrotational two-dimensional disturbances of the ﬂuid ﬂow can
only be induced by a rigid motion of the interface. The hydrodynamic stability problem
with respect to irrotational disturbances is hence governed by the dynamic behaviour of
the interface of the solid core to the swirling ﬂow. The dynamic behaviour of the interface is solely governed by inertial eﬀects of the solid and ﬂuid respectively. Its solution is
presented following the same procedure as in Paper C. The dynamic behaviour of the
interface yields an equation of motion analogous to a point mass subjected to external
motion-induced forces. The vibratory motion of the rigid interface follows from a departure of a merged homogenous state in which the solid core and ﬂuid are of equal density
and the ﬂuid rotates as a solid body. In the merged homogenous state, the ﬁctitious
forces of the solid and the ﬂuid cancel out each other and the equation of motion reduces
to a point mass in the rotating frame of reference. In the merged homogeneous state,
an irrotational disturbance rotates with the ﬂuid ﬂow. The centrifugal force of the solid
core is balanced by the additional pressure-build up by the basic swirling ﬂow if their
density ratio is equal to one. As the rigid interface moves with a constant velocity, the
constant vorticity of the ﬂuid induces a ﬁctitious force that opposes the ﬁctitious Coriolis
force induced by the solid body. If the angular velocity of the ﬂuid is not constant, these
forces do not cancel out each other, which implies that a swirling ﬂow can withhold a
solid core denser than the ﬂuid in a concentric position.
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Chapter 5
Future outlook
We can’t ﬁght gravity on a planet that insists
that love is like falling
and falling is like this
Ani DiFranco

To conclude, let us now return to the underlying problem of this thesis. How can
we transform energy that is constantly released around us into power that propels our
dreams? The urge to solve this problem propelled the undertaken work. What can we
then learn from the outcome of the studies in this thesis? And what insights did we
gain in the becoming of these buildings and bridges? Both the two studies deal with
rotating systems and swirling conﬁned ﬂow. Those concepts are essential to mechanical
power transformation at work in a conventional hydropower machine. The release of
power of the Water cycle is regulated by means of a water circuit analogous to an electric
circuit. A rotating body of steel transforms the released power of the water into an
electric current driven by an electric potential diﬀerence. The turbine extracts power
based on the same principle that makes airplanes ﬂy. Guide vanes direct the incoming
ﬂow to hit the hydrofoils of the runner with an angle of attack relative to its chord.
The constructed water circuit makes it possible to withhold the release of power. On
the electrical grid, there must be a balance of produced power and consumed power to
maintain the frequency. The built dam is in that sense a kind of giant battery. However,
there is no empty land where those giant batteries could be placed without conﬂicting
other people’s needs. The choice of a start-up sequence as case in the ﬁrst study was
based mainly on two reasons. During regulation of the ﬂow rate, i.e. as the amount of the
release of power changes, and during operation at oﬀ-design points, transient conditions
prevail, even though being always present during operation to a more or less extent. To
study vibratory motion and unsteady ﬂow phenomena, the start-up sequence is for this
reason a good choice. The other reason has to do with the choice of the operational
scheme of a hydropower machine. The start-up sequence yields large stresses on the
29
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machine and reduces its life length. Those stresses demand quantiﬁcation in order to
make a sound operational scheme that balances between the gain of regulation and the
increased cost in terms of a reduced life length.
At heart of this thesis is the presence of vibratory motion and unsteady ﬂow phenomena following with the release of power. In the hydropower machine, transient conditions
are parasitic both to its survival and its function as a powertransformer. This follows from
how the machine transforms power. Design based on such a way of transforming power
hence risks reinforcing the view that transient periodic behaviour is always equal to undesired consequences. Fluid-induced self-excited vibrations and a vibratory twisting and
heaving motion of hydrofoils are two examples of unsteady phenomena discussed in this
thesis that are malicious to the functioning of a hydropower machine and other similar
rotating power transforming systems. Literature reviews of both these two phenomena
during the studies led into recent research and development of new technical innovations
in which the vibratory motion itself transforms mechanical power. I will here discuss two
examples to show how the vibratory motion or the unsteady ﬂow phenomenon inducing
the motion could both be a means as well as a threat to harvest energy.
Muszynska’s model on ﬂuid-induced self-excited vibrations is based on a rotating
damping force that acts on a rotor. Such a model is appropriate to explain ﬂuid-whirl
and ﬂuid-whip that are induced by hydrodynamic bearings, seals and other ﬂuid-ﬁlled
gaps with small clearances. A number of other ﬂuid-induced self-excited vibrations have
also been identiﬁed in rotating machinery of which one is aeroelastic ﬂutter of hydrofoils. Another source of vibration of hydrofoils is vortex-shedding. Vortex shedding and
aeroelastic ﬂutter are both examples induced by instabilities although of diﬀerent nature.
Vortex-shedding can be explained as follows. As vortices peel oﬀ the trailing edge of a
hydrofoil, an alternating force acts on the hydrofoil. This alternating force depends on
the formation of the vortices that are independent on the vibratory motion of the hydrofoil. Aeroelastic ﬂutter is an example of instability of the interface of the hydrofoil
to the ﬂow. A motion of the hydrofoil perpendicular to the incoming ﬂow yields a lift
force that counteracts the viscous damping and sustains a transverse oscillatory motion.
Barrero-Gil et al. (2010) purposes transverse galloping as a way of harness energy from
a free stream. Transverse galloping (TG) is a phenomenon similar to ﬂutter, but where
the solid body has a more or less circular cross-section. The self-sustained vibration is
manifested as a transverse oscillatory motion perpendicular to a uniform incoming ﬂow.
Barrero-Gil et al. (2010) discusses the advantages of TG compared to vibratory motion
induced by vortex-shedding as a way of harvesting energy. The VIVACE converter is
a technical device that harvests energy from a vibrating circular cylinder induced by
vortex-shedding. To obtain large amplitudes, the cylinder should be tuned to amplify
the external periodic excitation that varies with the incoming ﬂow speed. Contrary to
these vibrations that only occurs in a limited range of the incoming ﬂow speed, TG is
always present above the threshold of instability deﬁned in terms of the incoming ﬂow
speed. Self-sustained vibrations are driven by a feedback mechanism of the motion itself
and demand no external excitation force. Necessary though is a source of energy that
feeds the vibrations.
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Biomimetic foils are an example of how the coupling of a twisting and a heaving motion
of a hydrofoil can increase the eﬃciency of a foil. If an airplane wing stalls, the ﬂow is no
longer attached to the wing and vortices peel oﬀ at the leading edge. This implies that the
wing looses its ability to ﬂy. Stall may also occur in rotating machinery. During operation
at oﬀ-design points of pump-turbines recent experimental ﬁndings show evidence of stall.
Hasmatuchi et al. (2010) detected by visualization techniques the propagation of vortices
in the vaneless space between the guide vanes and the runner of a radial pump-turbine,
which they concluded were most likely induced by vortices peeled oﬀ the leading edge of
the hydrofoils of the runner. The rotating stall-cells induce dynamic radial forces on the
runner with increased stresses as consequence. Biomimetic foils are mainly developed for
propulsion, i.e. the reverse action to energy harvesting of a free stream. The concept
is based on observations of how ﬁsh and insects increase their propulsive eﬃciency by
a ﬂapping motion. Leading edge separation could in this case increase the propulsive
performance. Zhu and Peng (2009) discusses how external activation of a vibratory
motion of one mode of a foil can active other modes of a foil that harvest energy from
an incoming free stream. The energy of the leading edge vortices was shown be partially
recovered in the vibratory motion harvesting energy.
Both two above examples transform the kinetic energy of a uniform stream to kinetic
energy of a vibratory transverse or pitching motion of a body, contrary to a turbine device
that transforms energy by a constant rotating motion. The concept of a turbine builds on
the existence of a synchronous generator that transforms the rotational energy to electric
energy. With the existing technology at hand, a rotating device makes conversion to
electric energy simple. If not the hydraulic and electric power transformation builds on
the same kind of motion, the device risks to involve too many steps. An example of
a simple solution based on a generator that utilizes a transverse oscillating motion is a
wave energy-harvesting device developed in a research group at Uppsala University and
commercialized in the company Seabased AB. Although alternative concepts to harvest
renewable energy is a growing ﬁeld of research and development, there are still few
examples being employed on a commercial scale. A survey conducted by Khan et al.
(2009) on available concepts to harvest kinetic energy of a free stream, showed that the
dominant concepts were based on rotating systems. In these systems transient periodic
behaviour threatens mechanical power transformation.
The above comparison shows how the same physical phenomena can have diﬀerent
meanings depending on the nature of the motion that transforms mechanical power. My
point with this comparison is to highlight that our conceptions of physical phenomena
matter. It was not the discovery of stall in ﬂight that led to development of biomimetic
foils used for propulsion. It was not until the discovery of what makes insects ﬂy and
ﬁsh swim that it was noticed that leading edge separation could increase the propulsive
eﬃciency.
Conventional hydropower is a very powerful tool to transform released power to electric power. Opposed to harvesting energy of a free stream by a vibratory motion that
by no means could utilize all released power, the hydropower machine harnesses practically all released power of a certain elevation drop of a river. Turbulent ﬂow is a very
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powerful tool to transform released power into heat. Formation of vortical coherent ﬂow
structures is a very eﬀective way to dissipate kinetic energy. During optimal operation
of a hydropower machine, these processes are minimized. During start-up however, we
have seen that unsteady ﬂow phenomena, resonant torsional vibrations and self-excited
vibrations prevail.
But what if we could mimic the water and how the water itself spontaneously transforms power? Can we fuse our will into the cheeky water? Can we let vortices propel
our dreams? And if so, whose dreams will they propel? It is thrilling to imagine what
is yet not conceived and the unforeseen possibilities that lay at hand if we dare to take
new paths. There is no such path that is safe and reliable. But let us try. Let us take
oﬀ from the cliﬀ in free fall.
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Time-frequency analysis of torsional and axial strain of
the rotating shaft of a Kaplan turbine
Ida Jansson, J-O Aidanpää, M. Cervantes, R. Gustavsson and T. S. Lundström

Abstract
In this paper, unsteady ﬂow phenomena during a start-up sequence of a Kaplan turbine
are identiﬁed by time-frequency analysis of strain gauge measurements of the axial and
torsional strain of the rotating shaft. Coherent structures and their decay are identiﬁed
being associated with the turbulent ﬂow in the draft tube and the vaneless space. A
torsion mode is excited by random noise during adverse ﬂow conditions. The axial and
torsional strain are coupled by a twisting and heaving motion of the hydrofoils. Selfsustained vibrations are excited at the moment of the opening of the runner blades as
the loading of the generator starts. Interaction with a resonator in the electrical system
with an eigen mode of the ﬂuid is proposed as an explanation.

1

Introduction

The emergence of new computational tools has pushed design of ﬂow machinery to new
limits and increased their performance in terms of both hydraulic eﬃciency and material
costs. Still, with the release of power it always follows a risk of undesired vibrations and
pressure pulsations that not only reduce the eﬃciency, but also put the health of the
machine at stake. To anticipate undesired vibrations, the designer must take appropriate
measures to ensure that stress levels and pressure pulsations are within admissible levels.
During the last decades, a growing awareness of dynamic problems due to unsteady
ﬂow phenomena in water turbines has led to eﬀorts both in industry and the academic
research community to resolve those issues. A review on this subject is beyond the scope
of this work and the interested reader is referred to, for example, Dörﬂer et al. (2013)
who provides a thoroughly review of the current methods to predict various unsteady
ﬂow phenomena and the subsequent dynamic load on structural parts. Most attention
has been put on Francis turbines, but several recent publications are concerned with
numerical and experimental studies of Kaplan turines (see for example (Puolakka et al.,
2013) (Houde et al., 2012), (Rivetti et al., 2012), (Luo et al., 2013), (Wu et al., 2012).
Signals with a periodicity that does not change with time are suitably transformed to the
frequency domain by a Fourier transform. A transient periodic behavior has a periodicity
that changes with time, and if we wish to capture the time-dependence on the periodicity
frequency, the signal must be localized both in time and frequency. Feng et al. (2013)
reviews the recent advances of time-frequency analysis applied to vibrations of rotating
machinery and also discuss its use in hydropower applications. Time-frequency analysis
41
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Figure 1: Mounted strain gauges measuring axial and torsional strain of campaign A. Two other
gauges measuring the axial strain are mounted at the opposite side of the shaft. Rosette gauges
are used to measure the torsional strain.

of rotor vibrations detected by shaft displacement signals of hydropower units are found
in a number of recent publications applied to transient speed varying conditions such
as start-up, shutdown and load rejection (Roberts and Brandon, 2003; Li et al., 2009;
Feng et al., 2003). Feng and Chu (2007) performed a time-frequency analysis based on
adaptive chirplet decomposition of vibrations of a hydropower unit based on signals of
the radial displacement of the shaft. The adaptive chirplet decomposition is suitable to
capture events that are dependent on the rotational speed. However, many unsteady
ﬂow phenomena present in hydropower units are not directly correlated to the rotational
speed.
This paper discusses unsteady ﬂow phenomena during a regular start-up scheme of a
Kaplan prototype based on strain gage measurements of the transient periodic behavior
of the axial and torsional strain of the rotating shaft. We transform the acquired onedimensional signals to a time-frequency plane by a windowed Fourier transform with a
ﬁxed time-frequency resolution and a continuous wavelet transform with a an adaptive
time-frequency resolution. The outline of the paper is as follows. Firstly, we present the
experimental set-up and signal processing of the acquired signals. Secondly, we present a
description of the behavior at a time-scale illustrating mechanical power transformation
of the rotating system during the start-up scheme. This picture is essential to identify the
source of the transient periodic behavior localized in time and frequency presented in the
following section covering the analysis. The analysis is sub-divided into three diﬀerent
stages of the start-up sequence and the transient periodic behavior of the vibratory
twisting and straining motion of the rotating system is discussed from the time-frequency
analyses with a resolution that captures the signiﬁcant events of each stage. Finally, we
discuss pros and cons of the analysis method as a tool in risk assessment of hydropower
units and identiﬁcation of unsteady ﬂow phenomena.

2. Strain gauge measurements on the rotating shaft
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Strain gauge measurements on the rotating shaft

The measurements are performed on the U9-unit, a prototype intended for research and
development. The U9-unit belongs to the test rig at the Porjus Hydropower center, a
quite unique research facility inaugurated in 1998 in the old machine hall of one of the ﬁrst
hydropower plants in Sweden that also functions as a museum. The unit was intended
for testing of several new features and it was equipped with an advanced measurement
system at that time. For example, it was the ﬁrst time a Powerformer generator and an
oil-free runner hub was commissioned (Wollström and Leonsson, 1998; Dettmer, 1998).
The analysis in this paper are based on two independent measurements campaigns, which
we will refer to as campaign A and campaign B. Campaign A was part of a larger
test campaign of a joint project at Luleå University of Technology (Cervantes et al.,
2008). Campaign B was performed 6 months later by Vattenfall R & D with overall
aim to capture the force and moments acting on the turbine. The axial and torsional
strain of the shaft are measured with four active gauges that compensate for thermal
expansion and bending of the shaft, mounted by experienced personnel at Vattenfall R
& D (see Figure 1). The acquisition system diﬀers at the following points in the two
campaigns. The analog signals are ampliﬁed in Campaign B and excited by an external
voltage while in Campaign A, the signals are excited by the digital acquisition system and
sampled without analog ampliﬁcation. The digital sampling rate is 2.5 kHz in Campaign
A compared to 600 Hz in Campaign B. The signals of Campaign B are ﬁltered by a
hardware low-pass ﬁlter with a cut-oﬀ frequency of 100 Hz.

3

Time-frequency analysis

Time-frequency analysis was formalized in the pioneering work of Gabor (1946) where
he used mathematical methods from quantum mechanics to prove the minimum timefrequency resolution a function could have. Gabor’s view is that pure time or frequency
representations are mathematical idealizations without physical meaning. An acquired
measured signal must be localized in both time and frequency. The modulated probability
function was shown by Gabor (1946) to be the function with the minimum time-frequency
resolution and is today sometimes referred to as a Gabor atom. This function makes out
the kernel of a Short time Fourier transform with the probability Gaussian function as
window function. The bandwidth of the probability function regulates the localization of
the Gabor atom in time and frequency. If the bandwidth goes to inﬁnity the function has
no localization in time but has an exact frequency and as the bandwidth approaches zero,
the opposite holds. Since the minimum time-frequency resolution cannot be violated, the
main task in signal processing becomes to ﬁnd a sparse representation with a dictionary
of functions or atoms localized in time and frequency that suits the signal at hand.
In this work, we apply the Gabor transform with a ﬁxed time-frequency resolution to
the signals to capture the signiﬁcant features of each phase during the start-up. The
complex Morlet transform with an adaptive time-frequency resolution is used to study
some features in more detail. By using the notions of Mallat (1999), we deﬁne a windowed
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Fourier transform as the inner product of the function f (t) and the atom φγ (t)
 ∞
Sf (u, ξ) =
f (t)φ∗γ dt,

(1)

−∞

where the windowed Fourier atom is constructed by a real and symmetric window g(t)
translated by u and modulated by the frequency ξ according to
φγ (t) = gu,ξ (t) = g(t − u)eiξt .

(2)

Wavelet transforms are based on the construction of dictionary of normalized atoms by
translating a mother wavelet function ψ(t) and scaling it by s as


1
t−u
ψu,t (t) = √ ψ
.
(3)
s
s
By replacing the atom φγ in (1) by (3) we have the wavelet integral transform


 ∞
t−u
1
dt.
f (t) √ ψ ∗
W f (u, s) =
s
s
−∞

(4)

A Gabor atom is a windowed Fourier transform with the probability density function
centered at t = 0 with variance σ 2 as window function deﬁned as
g(t) =

1
(σ 2 π)

t2

1
4

e− 2σ2 .

(5)

The Gabor wavelet mother function is deﬁned as a Gabor atom with its Fourier transform
centered at η according to
2
1
− t 2 iηt
2σ e
ψ(t) =
(6)
1 e
(σ 2 π) 4
centered at t = 0 having the variance σ 2 .
A spectrogram and scalogram are deﬁned as the energy densities of the windowed
Fourier transform and the wavelet transform respectively according to


η 2
Ps f (u, ξ) = |Sf (u, ξ)|2 , Pw f (u, ξ) = |W f (u, s)|2 = |W f u,
|.
(7)
ξ

4

Signal processing

The time signals of the strain gauge measurements and the electric power were divided
into two parts according to
x(t) = x(t) + x̃(t) , y(t) = y(t) + ỹ(t) and z(t) = z(t) + z̃(t)

(8)

where x(t) represents the signal of the axial strain and y(t) the torsional strain. x(t)
is a time-averaged value obtained by ﬁltering the signals by a moving average ﬁlter
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Figure 2: Comparison between measurement campaign A and B. Spectrograms presented in a
decibel scale as 10 log10 (Ps ).

with a time-period of three seconds. The time-frequency analysis was applied to the
remaining ﬂuctuating part x̃(t). Noise was removed by applying a Savitzky-Golay ﬁlter
to the signal x(t). The torsional strain is normalized by a mean value obtained when
the machine operates at its best eﬃciency point (BEP). The axial strain is normalized
by its peak value during the start-up sequence, which is obtained during the loading
of the generator. The scalograms and spectrograms are obtained by applying built-in
algorithms of the Wavelet tool box of Matlab to the ﬂuctuating part of the signal x̃(t).
Figure 2 shows spectrograms of the overall transient periodic behavior of the axial and
torsional strain for both campaign A and B. In campaign A, there is a region of high
intensity related to twice the rotational speed of the machine not visible in Campaign
B. This was not examined further since the experimental set-up is susceptible to be the
source of the event. Scalograms illustrate transient periodic behavior associated with the
individual stages of the start-up sequence. A Gabor atom was chosen as mother wavelet
function with variance σ and center-frequency η that suit the prevailing events.
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5

Description of the diﬀerent stages during start-up

We here discuss the regular start-up scheme of the U9-prototype presented in Figure
3 with the time-averaged value x(t) and y(t) from (8). From this we can study the
main power transformation processes during the start-up sequence. The shaft signals are
presented together with the rotational speed, the guide vane angle and the runner blade
angle. The rotational speed is normalized by the nominal speed of the machine which is
10 Hz. The angles of the hydrofoils is a measure of the impedance or the resistance of
the runner blades and the guide vanes respectively that together control the ﬂow rate,
but also the amount of swirl, i.e. the angular momentum of the water that propels the
runner.
We divide the start-up sequence into the three diﬀerent stages. The time intervals
are only approximates and are deﬁned to facilitate the reading of the text together with
the ﬁgure.
1. Acceleration phase, 8 s < t < 40 s
2. No load operation, 40 s < t < 80 s
3. Loading of the generator, 80 s < t < 160 s

6. Identification of transient periodic behavior
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In the acceleration phase, the rotating system gains angular momentum until the
shaft attains the nominal speed of the machine. In this interval of Figure 3, there are two
visible peaks in the signal of the axial strain, but only one in the signal of the torsional
strain. The reason for this will be clear, if we study how the angles of the guide vanes
and runner blades vary during the acceleration phase. At an initial stage, the runner
blades are quickly set to an angle corresponding to approximately 50 % of its value at
BEP, whereas the guide vanes are opened not as fast and set to an angle of approximately
10 % of its value at BEP. As long as the guide vane angle is ﬁxed, the axial strain is
proportional to the pressure diﬀerence across the runner. Such a large opening of the
runner blades implies that there is a large amount of power released into the water that is
not transformed to the rotating system, which will be clear later, studying the transient
periodic behavior. As the runner blade angle is set to −17◦ , the ﬂow rate decreases and
less power is available.

The second peak in the axial strain occurs as the runner blades close at a time of
approximately 20 s. The closing of the runner blades implies that the available head is
redistributed since the impedance of the runner now is larger. The axial strain hence
increases due to a larger pressure diﬀerence across the runner and a larger projected area
of the runner blades due to the closing of the blades. As the runner accelerates, the axial
strain decreases for a ﬁxed runner blade angle. This implies that the pressure drop is
redistributed.

Finally, the ﬂow rate is reduced by the guide vanes so that the runner operates at
nominal speed at no load, i.e. no power is extracted by the rotating system. A change
of the guide vane angle also implies a redistribution of the pressure drop. The axial load
of the runner is reduced and approximately 80 % of the pressure drop is located over
the guide vanes. During no load operation, practically no power is transformed to the
rotating system and the torsional strain is close to zero.

Throughout the loading of the generator, the rotating system transforms hydraulic
power into electrical power. As the ﬂow rate increases and a torque is applied to the
runner, the generator balances this torque to keep it running at the nominal speed 10
Hz. Initially, the guide vanes are opened so that the whole pressure drop is located over
the runner. In this regime, the runner functions mainly as a valve reducing the ﬂow rate.
As the inrease of the signal of the axial strain reaches towards it peak value where the
whole pressure drop is located over the runner, the increase of the signal of the torsional
strain slows down. The relative amount of hydraulic losses must hence increase. As the
guide vane angle has reached a value where the axial strain attains its maximum value,
the proper loading of the generator can start. The runner blades open and now function
according to their design, which is clearly visible in the signal of the torsional strain that
increases linearly, after a time of 110 s when the runner blade angle starts to increase.
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Figure 4: Campaign B, Acceleration phase. In (a) the guide vane and runner blade angle are
plotted. In (b) the time domain-values x̃(t) of the axial strain and its scalogram log10 (Pw ) with
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Identiﬁcation of transient periodic behavior
Acceleration phase

All spectrograms in Figure 2 show high levels of the energy density covering the frequency
range in the acceleration phase when the runner blade angle is set to a value corresponding
to approximately 50 % load. There is a quit sharp edge cutting through the planes of
the spectrograms in Figure 4 as the runner blades are closed after a short time interval
at t = 16s. An explanation to the origin of the broadband noise and why is it suppressed
as the runner blades are closed is as follows. During the acceleration stage, the shaft
has not reached its nominal speed and the runner operates outside its design conditions.
The runner blades are not aligned to the ﬂow, which leads to turbulent ﬂow with large
hydraulic losses as consequence (Dörﬂer et al., 2013). Large hydraulic losses could oﬀer
an explanation of the high levels of energy density covering the whole frequency spectrum
in the spectrograms of Figure 2 in the time interval associated with the opening of the
runner blades. In turbulent ﬂow, The energy cascade illustrates the process of energy
dissipation. The idea is that turbulent ﬂow transfers energy from the largest scales of the
ﬂow down to smaller scales down until the smallest scale where the energy is dissipated
as heat (Pope, 2000). Most energy of the ﬂow is contained in the largest scales. The size
of the largest eddies is limited by the characteristic dimension and velocity of the ﬂuid
ﬂow. The ﬂuid ﬂow entering the draft tube has the largest dimensions and hence also
the largest time scale. With a characteristic velocity scale uT ≈ 2 m/s as the mean axial
velocity and the diameter of the runner lT ≈ 1.55m as characteristic length scale, the
time scale is tT = lT /uT corresponding to the frequency 1.4 Hz. The velocity ﬂuctuations
localized to the size of the eddies give rise to longitudinal pressure waves travelling in the
axial direction. Axial pressure waves that propagate through the runner should be visible
in the signals of the axial and torsional strain of the shaft. In Figure 4, a scalogram is
presented in a logarithmic scale covering frequencies up to 15 Hz. The highest intensities
are located at spots centered at frequencies of approximately 2 and 4 Hz with duration
of a few seconds, in agreement with the above calculations. The frequencies are of the
same order of magnitude as the frequency of a rotating vortex rope that was detected
by displacement sensors located at the turbine bearing after a sudden load rejection at
50 % load. It seems reasonable that the spots could be attributed to coherent structures
containing the largest kinetic energy of the turbulent ﬂow. When the runner blades
are closed, the ﬂuid that exits the runner has less amount of angular momentum than
for the larger blade opening and theer is less energy to feed the turbulent ﬂow and the
coherent structures do not prevail any more. During no load, no power is transmitted
to the shaft, and all hydraulic power is dissipated as heat. The main hydraulic losses
could be attributed to the guide vanes and the runner. From Figure 3, we can conclude
that approximately 20 % of the head is located over the runner. Consequently, the guide
vanes are responsible for the main hydraulic losses. An appropriate lengthscale of the
turbulent structures that contain the most energy should be equal to the projected area
of the guide vanes perpendicular to the radial incoming velocity. This is consistent with
reported evidence by Eichler (1980) of a recirculation region, ”a dead water core” in the
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Figure 5: Campaign B. Axial strain during no load operation. The color of the time-frequency
plane denotes absolute values of a scalogram Pw of the complex Morlet transform with σ = 20
and η = 1. The color map shows a region with peaks centered about 20 Hz. The source of the
energy is proposed to be vortical structures of the ﬂuid ﬂow in the vaneless space.

vaneless space with a size that scales with the guide vane opening (Dörﬂer et al., 2013).
For more details, see recent numerical and experimental studies on this phenomenon
(Rivetti et al., 2012; Luo et al., 2013). In terms of the energy cascade of turbulence,
such recirculation regions cause a strong shear ﬂow that generates new unstable vortical
structures that break down into smaller scales. The peaks centered at a frequency of 20 Hz
that are visible in Figure 5 are hence likely to be attributed to such recirculation regions.
Another fact that supports this hypothesis is that the frequency of the peaks increases
as the guide vane angle increases during the next stage of the start-up visible in the
scalogram of Figure 6. This is also consistent with a length scale equal to the projected
area of the guide vanes perpendicular to the radial incoming velocity. However, the
frequency stops to increase as the peaks coincide with the eigen frequency of the torsion
mode.

6. Identification of transient periodic behavior
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Loading of the generator

In Figure 6, scalograms without logarthmic scaling are presented for the signals of the
axial and torsional strain during the loading of the generator. This region contains the
largest amount of energy compared to the other stages. In time, the highest amplitudes
of vibration of both the axial and torsional mode are found at an initial stage before
the loading, when the generator is connected to the grid and the head is redistributed
over the runner by opening the guide vanes, i.e. in the approximate time interval of
80 < t < 110 s. The generator here withholds the hydraulic thrust and sustains the
high impedance of the runner. A large amount of hydraulic power feeds the turbulent
ﬂow that leads to random longitudinal pressure pulsations exciting axial and torsional
vibrations. In the scalogram of the signal of the torsional strain in Figure 6, the region
containing the most energy is centered about a frequency of 45 Hz, which is most likely
due to the ampliﬁcation by the rotating system having its ﬁrst torsion mode close to this
value. High impact forces acting on the runner excite the impulse response of the torsion
mode. The same pattern occurs, although with lower amplitudes, in the axial mode.
This could be explained by the coupling of the hydrofoils’ heaving and twisting motion.
This is apparent zooming in the frequency range of the ampliﬁed torsional vibrations (see
Figure 7), where the same pattern in the time-frequency plane occurs in both signals.
The ridge that cuts through both planes at 110 s in Figure 6 could be attributed to the
point where the runner blade angle starts to increase. After this point, the broadband
noise and the torsional vibrations are suppressed. The time signal of the axial strain here
gets a visible periodic motion, which is also seen in the time-frequency plane of Figure 6
as a straight line of constant frequency. The frequency lies in the range of the rotating
vortex rope detected at a sudden load rejection in the displacement sensors of the shaft
at the turbine bearing location, but the displacement sensors do not show any evidence
of whirling motion, which indicates that a rotating vortex rope is not the cause of the
heaving motion of the runner. The transient periodic behaviour of the electric power
signal from the generator revealed a similar pattern. At the moment when the generator
is connected to the grid, the elctrical power signal oscillates with a frequency equal to the
same frequency identiﬁed in the axial strain at the time 110 s. This event is not visible
in the signals of the axial and torsional strain. Let us now study Figure 8, with the
scalograms in decibel scale of all three signals. At the moment of 110 s, when the runner
blade angle starts to increase, there are two peaks present in all three signals located at 1
Hz and approximately 1.7 Hz. Out from those peaks follows an ampliﬁed ridge in all three
signals with highest amplitude in the axial strain and electrical power centered at 1.7 Hz.
There is a slight tendency of damping of the vibration but after approximately 5 seconds,
the amplitudes grow in all signals. The ridge falls oﬀ in the signal of the axial strain
before the two other signals that have their highest two peaks at about 150 seconds. It is
clear that it is the motion of the runner blades that initiates the phenomenon, but how
come that the electrical power swings grow and are not damped out? Let us assume that
electrical power signal is associated with a quite lightly damped resonator at a center
frequency of 1.8 Hz. The time-frequency-plane of the electrical power signal for t < 110
reveals a number of bursts, which could be found in the two other scalograms as well. The
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Figure 6: Scalograms and time signals illustrating loading of the generator of the axial strain (a)
and the torsional strain (b). The runner blade angle starts to increase at 110 s.
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turbulent ﬂow works as random noise exciting the electric resonator in a similar way as
the excitation of the torsional mode. The adverse ﬂow conditions disappear as the runner
blades starts to open. However, there could still be large-scale vortical structures that
persist in the ﬂow. In that case, the electrical power swings and torsional strain should
follow the appearance of the ridge in the axial strain since this signal responds strongest
to longitudinal pressure pulsations. Suppose now that there is a feed-back mechanism.
An impact force acting on the runner excites the electric resonator. The power swings are
imposed on the frequency of the generator and the rotational speed of the shaft. Since
the inertia of the generator rotor is larger than the runner, those power swings result in
a larger twist in the runner than at the other end of the shaft. The twisting motion of
the runner induces longitudinal pressure pulsations that are ampliﬁed by the hydraulic
system. Again, the pressure pulsations yield a heaving motion of the foils and in its turn
a twisting motion. The twisting motion of the generator now feeds more energy into the
vibrations. The coupling of the twisting motion to the heaving motion should be related
to the opening of the runner blades. The axial force induced by the twisting motion
should be proportional to the projected area in the axial direction that decreases as the
runner blade angle increase, which explains why the ridge falls oﬀ in the plane of the
axial strain whereas it attains the same level in the torsional strain and electrical power.

7

Final discussion and concluding remarks

In this paper, we applied time-frequency analysis to strain gauge measurements on the
rotating shaft during the regular start-up scheme of a Kaplan turbine. The start-up sequence was discussed with respect to the three diﬀerent stages deﬁned as the acceleration
phase, the no load phase and the loading phase. In the acceleration phase, the energy of
the signals has the largest spread in frequency. The most energy during the acceleration
phase was located at peaks of 2 and 4 Hz with a time duration of a few seconds, which
was explained as coherent structures associated with the turbulent ﬂow in the draft tube.
Coherent ﬂow structures in the swirl chamber were also suspected to be the source of
a ridge of peaks centered at about a frequency of approximately 20 Hz during the next
stage of no load operation. The ridge changes its location in frequency as the guide
vane angle increases in the loading phase, which is consistent with that the characteristic
length scale of the ﬂow in the swirl chamber is the projected area perpendicular to the
radial incoming ﬂow. The stages during the start-up with adverse ﬂow conditions are accompanied by bursts of torsion and axial vibrations in a frequency range in the vicinity of
the eigen frequency of the torsion mode. The highest amplitudes are reached as the ridge
of of peaks with increasing frequency coincides with this frequency range. The rotating
system hence ampliﬁes the unsteady hydraulic load. That this region of peaks is visible
in the signal of the axial strain is explained by the coupling of the hydrofoils’ twisting
and a heaving motion. This coupling is also proposed as an explanation of self-sustained
vibrations detected in the signal of the electric power output of the generator initiated at
the moment of the opening of the runner blades during the loading phase. The signal of

54

Paper A

f requency/Hz

50

Axial strain acceleration

48

48

46

46

44

44

42

42

40

34

f requency/Hz

50

36
38
Strain

40

40

48

46

46

44

44

42

42
132

134 136 138
time/seconds

34

50

48

40
130

Torsion acceleration

50

140

40
130

132

36
38
Torsion

134 136 138
time/seconds

40

140

Figure 7: Campaign A. Scalograms of torsion and axial strain during the acceleration phase and
loading of the generator. The eigen frequency of the torsion mode is excited by random noise

the electric power reveals the existence of a resonator with an eigen frequency of about
1.7 Hz. The self-sustained vibrations are explained by a feedback mechanism by the
coupling of the twisting and heaving motion of the runner.
The method shows promising features as a tool in risk assessment of hydropower
units. The analysis provides simultaneous information of various unsteady phenomena
of diﬀerent physical origin. The signals of the axial and torsional strain measured at
the middle shaft are here viewed as output signals of a rotating dynamic system where
both inertia of the solid shaft and the ﬂuid in the turbine play important roles. The
input signal of this mechanical ﬁlter is localized unsteady phenomenon in the ﬂuid ﬂow
and the electrical circuits. Valuable information of both features of the rotating system
itself and its input signals could be withdrawn. An analysis of the axial and torsional
strain of shaft reveals information not only about the torsional and axial vibrations, it
also provides information about global features of the ﬂow regime in the swirl chamber
and the draft tube. The method is however accompanied by several uncertainties. The
strain gauge measurement are studied together with parameters such as the electric
power, guide vane and runner blade angle that provides information about the hydraulic
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and electric power. The lack of pressure measurements however weakens the analysis.
Pressure measurements from the spiral casing, the swirl chamber and the draft tube
would be indispensible to conﬁrm the hypotheses of various unsteady phenomena in the
ﬂuid ﬂow.
It must be emphasized that the measurements are performed on a Kaplan turbine
that is not representative for the majority of the installed Kaplan turbine units in Sweden
so pre care must be taken in drawing any general conclusions from the analysis of the
start-up sequence. The identiﬁed phenomena deserve more attention and the proposed
explanations need to be scrutinized by more precise measurements. In particular, the
self-sustained vibrations present in the electrical power, axial and torsiona strain and
what role the twisting and heaving motion of the runner play in this phenomenon should
be of interest to study in more detail. To the authors’ knowledge, such a phenomenon
has not been reported previously in the literature.
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An extensive amount of work exists on experimental and theoretical analysis of
unsteady ﬂow phenomena in hydraulic turbines. Still, resonance phenomena and selfexcited vibrations of the rotor of hydropower machines are not considered as a major
problem during normal operation conditions. Nevertheless, in development and
research it is not sufﬁcient to rely on earlier experience. An accurate predictive rotor
model is crucial in risk assessment of rotor vibrations of hydraulic generator units. This
paper discusses the effects of inertia and the rotational energy of the ﬂuid in the turbine
on lateral transversal shaft vibrations of hydraulic generator units. There is a lack of
agreement among engineers upon how ﬂuid inertia of the turbine should be included in
rotor models. The rotational energy of the ﬂuid has a potential risk of feeding selfexcited vibrations. A ﬂuid-rotor model is presented that captures the effect of inertia
and angular momentum of a ﬂuid annulus on vibrations of an inner rigid cylinder. The
purpose of the model is to gain physical understanding of the phenomena at work and it
is not applicable to speciﬁc turbines. The linearized equation of motion of the cylinder
surrounded by a ﬂuid annulus is solved for by one single complex equation. The
constrained cylinder has two degrees of freedom in the plane perpendicular to its axis.
By the assumption of irrotational cyclic ﬂow, the ﬂuid motion is described by a complex
potential function. The motion of the cylinder is described by three parameters. Two
surfaces are deﬁned that splits the parameter space into regions with different
qualitative behaviour. One surface deﬁnes the limit of stability whereas the other
deﬁnes a limit when the eigenvalues have opposite signs or are both positive. The
response to an external periodic rotating force is visualized by the magnitude of the
inverse of the complex dynamic stiffness.
& 2011 Elsevier Ltd. All rights reserved.

Keywords:
Rotordynamics
Hydraulic turbines
Inertial effects
Fluid angular momentum
Stability

1. Introduction
In design of hydraulic turbines, the trend has gone towards smaller units and lighter material that transfer the same
amount of torque. Operational schemes of hydraulic turbines reﬂect not only technical aspects but also ﬂuctuations of
prices at the power market. More starts and stops and operation at off-design points increase wear and put the health of
the machine at stake. During the last decade, hydraulic turbine manufacturers and operating companies have put attention
on dynamic loads of hydraulic origin (Sick et al., 2009). An extensive amount of work exists on experimental and
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theoretical analysis of unsteady ﬂow phenomena in hydraulic turbines. Numerical simulations are today easily
accomplished to resolve unsteady features formed in the ﬂuid, such as vortex shedding and the well-documented
counterrotating vortex rope in the draft tube, and time-dependent phenomena due to interaction between static and
rotating parts. The dynamic response of an unsteady hydraulic load on the hydraulic system and the turbine was
investigated by several scientists and engineers, e.g. Sick et al. (2009) and Blommaert (2000). Rodriguez et al. (2007)
conducted experiments on the effect of the surrounding ﬂuid on the natural frequencies and mode shapes of a Francis
runner that was compared with numerical simulations (Liang et al., 2007). Münch et al. (2010) estimated the linearized
ﬂuid-induced force on a 2D-hydrofoil in pitching motion surrounded by turbulent ﬂow based on unsteady computational
simulations and validated by experiments.
The dynamic behaviour of rotors of hydraulic turbine generator (HTG) units has not received the same amount of
attention. Much of the framework of rotordynamic analysis are built on criteria of horizontal supercritical turbomachinery
such as compressors and steam turbines. The dynamics of such units differ at several points from HTG units. HTG units do
not have ﬂexible couplings which implies that the dynamics of the rotor must be modelled as one single unit including the
generator, the bearings and the turbine. HTG units operate in subcritical regimes and therefore self-excited vibrations and
resonance phenomena are not considered as a major problem (Round, 2004; Rodriguez et al., 2007). In spite of that the
ﬂuid ﬂow in the turbine is more susceptible to vibration problems than the rotating shaft, a proper dynamic analysis of the
rotor is still necessary in new designs and also in diagnosis of faulty behaviour of hydraulic turbines. Documented evidence
of vibratory problems of HTG units could be found in a number of publications. Cases of self-excited vibrations of Francis
turbines are reported by Den Hartog (1984) in 1956 and in Toshiba Review in 1965 according to Song et al. (2010). The
self-excited whirling motion was explained by a destabilizing ﬂuid force in the seal opposite to the direction of the
damping force. Another documented case is reported by Nässelqvist et al. (2008). In 2005 after recommissioning, violent
vibrations of a 42 MW Kaplan vertical hydropower unit emanated at a frequency of 2.4 times the rotational speed. The
frequency was identiﬁed as a natural frequency with low damping of the unit by rotordynamic calculations. The vibrations
could not be traced to any present excitation frequency in the system. Hofstad (2004) reports on some of the peculiarities
of rotordynamic analysis of HTG units. He claims that shroud forces in Francis turbines could excite self-sustained
nonsynchronous vibrations at a frequency of 1.8–2.5 times the rotational speed. Vibratory problems have been reported in
a number of recent publications on signal analysis of experimental data of HTG units operated at transient conditions.
Roberts and Brandon (2003) studied the motion of the shaft at a location beneath the generator during transient conditions
of a large Francis-type pump-turbine. The frequency spectra were visualized as a function of the rotation speed at start-up.
The motion of the shaft and the static pressure variations at the turbine bottom cover pressure were acquired
simultaneously during load rejection. During start-up, acoustic noise from the turbine could be detected as perturbations
of the motion of the shaft. Feng and Chu (2007) stress the importance of signal analysis during transient conditions of
hydropower units. They apply Adaptive Chirplet Decomposition to identify the characteristic frequency components
during start-up, shutdown and load rejection. Feng et al. (2003) estimate the life damage by signal analysis and Li et al.
(2009) determine a parameter deﬁned as frequency reliability of hydraulic generator units which aims at avoiding
resonance. Bettig and Han (1998) developed a rotordynamic model of a HTG unit including the turbine and the generator
that could be used for predictive maintenance. The model of the turbine included Alford forces.
The Rotordynamics of turbomachinery depends largely on physical phenomena taking place in surrounding ﬂuids.
In various kinds of turbomachinery, ﬂuids are present in ﬂuid-ﬁlled bearings, seals and in the turbine/impeller. In fact,
those ﬂuids are part of the rotating system. Common for the surrounding ﬂuids is the rotating character of the ﬂow ﬁeld
imposed by the rotation of the shaft or the external ﬂow ﬁeld. The motion of the ﬂuids depends on the motion of the shaft
and vice versa. In ﬂuidlubricated bearings, in seals and shrouded leakage paths, the ﬂuids are contained in annular gaps.
The ﬂuid ﬂow varies in those gaps ranging from laminar shear ﬂow in hydrodynamic bearings to fully developed turbulent
ﬂow in seals and clearances. The effect on turbulent annular ﬂow on rotor vibrations was treated by Fritz (1970). Childs
(1983) studied the inﬂuence of annular seals on rotor vibrations by using the bulk-ﬂow model developed by Hirs (1973).
Antunes et al. (1996) extended Fritz’ analytical model to account for the eccentricity of the rotor as well as the inﬂuence of
rotor spinning velocity. The results were compared and validated by experiments (Grunenwald et al., 1996).
Perhaps the most discussed problem associated with the ﬂuids is excitation of self-sustained vibrations (Ehrich and
Childs, 1984). The rotational energy in the tangential velocity component induces a destabilizing ﬂuid force on the shaft.
Muszynska (1986) explained ﬂuid-induced self-excited vibrations in her ﬂuid model as the effect of ﬂuid damping rotating
at an average velocity lO, where O is the rotational speed of the shaft and l denotes the ﬂuid circumferential average
velocity ratio. She claims that her model correctly predicts self-excitation induced by ﬂuid-ﬁlled clearances in bearings,
seals and leakage paths in the impeller/turbine. Apart from an asymmetric pressure ﬁeld in narrow annular gaps, selfexcited vibrations could arise in turbines/impellers due to




Uneven distribution of torque.
Impeller/turbine–volute/guide vanes interaction.

An eccentric turbine results in an uneven torque distribution. This effect is commonly referred to as Alford forces. The
mechanism was identiﬁed by Alford (1965) in compressors. The German scientist explained the same phenomenon
applied to steam turbines in his paper Instabile Eigenschwingung von Turbinlaufen, Angefacht durch die Spaltstromnungen in
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Stopfbuchen und Beschauchﬂug in 1958. Black (1974) investigated the effect of diffuser–impeller interaction on the stability
of a single mass rotor system. Subsynchronous self-excited vibrations encountered in the main shuttle space engine in the
United States brought NASA to initiate research on instabilities induced by the process ﬂuid of high-speed turbopumps
(Brennen and Acosta, 2006). Experiments were conducted at a Rotor Force Test Facility to estimate the ﬂuid-induced
rotordynamic coefﬁcients on several pump impellers. Adkins and Brennen (1988) and Fongang et al. (1998) performed
theoretical analyses of interaction between the volute and the impeller.
Even though the tangential velocity of surrounding ﬂuids could threaten the stability of the rotor, the ﬂuids are vital for
the functioning of the machine. The ﬂuidﬁlm in hydrodynamic bearings provides essential damping and loadcarrying
capacity. Annular ﬂow in seals in multistage centrifugal pumps stiffens the shaft and increase the critical speed of the
machine. The effect was explained by Lomakin in 1958 (Childs, 1993). Besides, in the ﬂuid ﬂow in seals and in the turbine/
impeller where inertia cannot be neglected, the ﬂuid increases the mass of the rotating system. Muszynska (1986)
included the effect of rotation of the added mass in her model. The rotation yields a contribution to the force equivalent to
a Coriolis force and a centrifugal force.
Several manufacturers and operational companies include the effect of inertia of the ﬂuid in the turbine in
rotordynamic models of HTG-units. The inertial hydrodynamic force is commonly referred to as the added mass of the
runner. However, there is a lack of agreement on a standard procedure of the inclusion of the turbine in rotor models.
Hofstad (2004) claims that a good approximation of the added mass of hydraulic turbines is 25% of its original mass. This
measure is based on calculations of hydrodynamic forces acting on propellers. Such an estimation is however misleading
since the ﬂuid is conﬁned in reaction turbines which increases the added mass. If the ﬂuid ﬂow is cavitating the density of
the ﬂuid decreases and so does the motion-induced force. Karlsson et al. (2009) estimated the hydrodynamic forces acting
on a Kaplan runner induced by a perturbation of the runner in the direction of rotation of the shaft.
The paper deals with the hydrodynamic inviscid force the ﬂuid in the turbine imparts to the shaft that is linearly
dependent on the motion of the shaft due to a perturbation of a centred position in the lateral direction. The aim of the
paper is to present a simple ﬂuid-rotor model that grasps the physical phenomena at work. To the authors’ knowledge,
there exist no published results on this topic. The angular momentum of the ﬂuid that delivers power to the generator is
expected to inﬂuence the hydrodynamic inviscid force. Ideally, the angular momentum of the ﬂuid entering the runner is
constant in the radial direction which implies irrotational ﬂow. The runner chamber of the turbine conﬁnes the motion of
the ﬂuid induced by a perturbation of the runner in the lateral direction hereby affecting the induced hydrodynamic force.
The ﬂuid-rotor model includes the effect of ﬂuid inertia, angular momentum and conﬁnement on the dynamics of the
rotor. The ﬂuid-rotor model consists of a rigid cylinder surrounded by a ﬂuid annulus in cyclic irrotational motion. The
motion of the inner cylinder is constrained by springs and its equilibrium point is in the centre of the outer cylinder. The
ﬂuid ﬂow is assumed to be two-dimensional and inviscid. The motion of the ﬂuid is solved by unsteady potential ﬂow
theory. We solve the linearized equations of motion of the inner cylinder around its equilibrium point due to a small
perturbation of its position. We study the free whirling of the cylinder and the forced response to an arbitrary external
periodic force. A discussion follows on how the turbine should be included in rotor models that are used in risk assessment
of lateral rotor vibrations of Kaplan turbines.
2. Choice of ﬂuid-rotor model
The aim of the ﬂuid-rotor model is to capture the effect of ﬂuid angular momentum, ﬂuid inertia and conﬁnement on
the hydrodynamic inviscid force acting on a Kaplan runner induced by a perturbation of the position of the rotor in the
lateral direction. The projected area normal to the lateral direction of the hub and the hub cone is much larger than the
corresponding projected area of the blades. Therefore, the present analysis deals only with the lateral force exerted on
the areas of the hub and hub cone and the blades are not included. It thus seems reasonable that some of the phenomena
at work may be captured by a ﬂuid model of an annulus even though three-dimensional effects are not investigated in
such a model. Three-dimensional effects are expected to be prominent at the end of the hub cone. The geometry of the
ﬂuid model consists of a ﬂuid contained between an inner cylinder and an outer cylinder (Fig. 1).
Energy is present in the ﬂuid that enters the runner as angular momentum. This energy has a potential risk of feeding
vibrations of the shaft. The radial distribution of angular momentum in the ﬂuid does also affect the stability of the ﬂow
ﬁeld. The purpose of the current model is to investigate how angular momentum affects the dynamic properties of the
runner. The shape of the blades determines the distribution of the angular momentum. The function of the blades is to
extract the angular momentum of the ﬂuid and ideally, at the exit of the blades, the angular momentum of the ﬂuid should
be zero. By assuming that the ﬂuid has no angular momentum leaving the blades, the Turbine Euler Equation states that
the distribution of the angular momentum of the ﬂuid should be constant entering the blades (Euler, 1756) and equal to
free vortex ﬂow. However, experimental results from a model of a Kaplan turbine shows that this condition is not always
fulﬁlled in reality. Measurements of the angular velocity of the ﬂuid at sections downstream the hub cone reveals two
zones depending on the radial distance from the axis (Mulu, 2009). Following a line from the centre to the wall of the draft
tube, the tangential velocity decreases in a zone with a radius that is less than the radius of the hub. In the other zone with
radius larger than the hub, there is a slight increase of the tangential velocity. We conclude that the tangential velocity in
the latter zone is dependent on the blade angles and the inlet boundary conditions whereas the tangential velocity in the
former zone is induced by the rotational velocity of the hub cone. In the ﬂuid model, we set the radial distribution of the
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angular momentum of the ﬂuid as constant which also implies zero vorticity. The unperturbed ﬂow ﬁeld in the ﬂuid model
is hence equal to free vortex ﬂow. The axial distribution of the angular momentum is constant in the model. This is a
simpliﬁcation and the blades in a turbine decreases the angular momentum along the axial direction. The axial velocity is
set to zero. This choice is justiﬁed since the axial velocity does not inﬂuence the perturbed velocity ﬁeld.
The rotor model should be consistent with the ﬂuid model. Therefore, we have chosen a rotor model of rigid cylinder
with the mass M constrained by equally stiff bearings at each end having the overall stiffness K. The model has only
two degrees of freedom in the plane perpendicular to the rotational axis and describes the ﬂexural behaviour of a rotor.
The rotor model thus consists of an undamped Jeffcott rotor. Notice that an overhung rotor model would be more
similar to a runner constrained by bearings, but is not consistent with an annulus since the overhung rotor has four
degrees of freedom. A ﬂuid model that is consistent with the overhung rotor model has to take three dimensional effects
into account.
The result is thus a simple ﬂuid-rotor model allowing us to use powerful solution methods. The model captures the
effects of some of the main features of a the ﬂuid ﬂow in an axial hydropower turbine. The purpose of the model is to grasp
some of the phenomena at work rather than to provide a model for detailed calculations of speciﬁc turbines. The model
should explain the fundamental forces that arise and how those depend on the parameters in the model. The blades are
not included in the model and this means that forces that arise in the ﬂuid ﬂow in the leakage paths are not treated. The
area of the blade tips on a Kaplan runner is rather small compared to the total area. An uneven angular distribution of the
leakage ﬂow does affect the distribution of the torque. This effect is not treated in the model.

3. The ﬂuid model
3.1. Features of the unperturbed ﬂow ﬁeld
The ﬂuid model consists of an annulus with constant angular momentum in the radial direction and no axial velocity.
The ﬂuid is contained between two concentric inﬁnitely long rotating cylinders. The solution of the Laplace equation
governing an inviscid irrotational ﬂuid yields the no-slip condition of the tangential ﬂuid velocity at the boundaries
unnecessary. But, there could be no steady boundary layer where the gradient of the tangential velocity is large in the
normal direction, since the radial diffusion of the vorticity generated in the boundary layer cannot be counterbalanced by
convection in the axial direction. Therefore, the rotational velocities of the cylinders must fulﬁll the no-slip boundary
condition. The tangential motion of the ﬂuid is set up by the rotation of the cylinders. The width of the annulus and the
radius of the inner cylinders are of the same order of magnitude. The derivation of the steady motion of circular
streamlines between two concentric rotating cylinders may be found in various textbooks, see for example Batchelor
(1967). The tangential velocity, v, does only depend on the radial position, r, the rotational speed of the cylinders, Oa and
Ob and their radius, a and b, where the subscript a denotes the inner cylinder and subscript b the outer cylinder (Fig. 1),
according to
vðrÞ ¼ Ar þ

B
,
r

Fig. 1. Long rotating cylinder surrounded by a ﬂuid annulus.
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with


A ¼ a2 Oa

1m
1g2




and

B ¼ Oa



mg2
,
1g2

a
b
where m and g denote the ratios m ¼ O
Oa and g ¼ b. If the velocity of the outer cylinder is set to zero, the ﬂuid ﬂow is unstable
for all values of Oa to axisymmetric disturbances, according to Rayleigh’s inviscid stability criterion. However, viscous
forces affect the stability and Taylor (1923) could in his ground-breaking work deduce a stability criterion based on the
viscosity of the ﬂuid. The conditions of ﬂuid stability from the Navier–Stokes equations were derived theoretically which
agreed with experimental observations. At a critical rotational speed the ﬂuid go through a transition to a new stable
three-dimensional ﬂow regime called Taylor–Couette ﬂow with vortices in the meridional plane. To override the stability
problem the rotational speeds of the outer and the inner cylinders are chosen so the velocity ﬁeld becomes irrotational, i.e.
m¼g2, which is a neutral stable ﬂow ﬁeld according to the inviscid stability criterion. The unperturbed tangential velocity is
then given by

vðrÞ ¼

a2 O a
:
r

3.2. Features of the perturbed ﬂow ﬁeld
The unsteady motion of the ﬂuid is induced by a perturbation of the position and velocity of the inner cylinder in the radial
direction. By adopting the theory of oscillatory boundary layer stated by Batchelor (1967), we conclude that if the perturbation is
a purely period motion the generation of vorticity is alternately negative and positive. The net generation of vorticity during one
cycle is thus zero. The vorticity is conﬁned to the boundary layer generated by the perturbation of the ﬂow ﬁeld.
The boundary layer hypothesis is only valid if separation does not occur. But since the perturbation is small and
backﬂow does not occur until the cylinder has moved about a third of its length separation is unlikely to happen.
The perturbed ﬂow ﬁeld could be described by unsteady potential ﬂow theory.
3.3. Geometry
To specify the boundary conditions, we need an expression of a complex number pointing in the direction normal to the
boundaries of the circles. The complex number
za zc
ð1Þ
na ¼
a
fulﬁlls this criterion and has the length of unity. za denote a point on the boundary of the inner circle and zc the position of
the centre of the inner cylinder. If we assume that 9zc 9 5a, the magnitude of the complex number za is
!
za
1
ðzc z þzc zÞ:
9za 9 ¼
ð2Þ
, zc ¼ a þ
2a
9za 9
The second term on the right-hand side of (2) corresponds to the scalar product of the complex number za of unit length
and the position of the cylinder zc .
The complex number normal to the outer circle is simply
z
ð3Þ
nb ¼ b ,
b
where zb represents a point on the boundary of the circle of radius b.
3.4. The complex potential function
The ﬂow motion is predicted by unsteady potential ﬂow theory. A unique solution of the Laplace equation exists if the
boundary conditions and the constant circulation is speciﬁed for an inviscid ﬂuid in a doubly connected region (see any
textbook on the matter, for example Milne-Thomson, 1996). The unperturbed ﬂuid motion is fully determined by the
constant circulation. The perturbed ﬂuid motion is induced by a small perturbation of the body (the inner cylinder) from
its equilibrium point and the analysis is hence limited only to linear effects. The ﬂuid motion is two-dimensional.
The complex potential function of the ﬂuid, w, is then given in the form
w ¼ f ðzÞ ¼ f þ ic,

ð4Þ

where w is the holomorphic function of the complex variable z ¼ x þ iy. The real and imaginary part of any holomorphic
function are harmonic functions that satisfy the Laplace equation. Let u and v denote the ﬂuid velocities in the x and y
directions. The complex velocity is then deﬁned as
u ¼ uiv ¼ 

dw
,
dz

ð5Þ
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by using the same notation as Milne-Thomson (1996). The complex velocity is the reﬂection of the actual velocity of the
line through the point considered parallel to the x-axis. We decompose the complex velocity and the complex potential
function into an unperturbed and a perturbed part according to
~
w ¼ w0 þ w:

u ¼ u0 þ u~ ,

ð6Þ

The unperturbed complex velocity u0 and potential function are
u0 ¼ 

iG
2pz

and

w0 ¼ i

G
2p

ð7Þ

lnðzÞ:

The boundary conditions state that the velocity of the ﬂuid must be zero normal to the ﬁxed boundary and equal to the
velocity of the cylinder, z_ c , on the inner boundary. Using the notations deﬁned in Section 3.3, the conditions are
ðna ,u9z ¼ za Þ ¼ ðna , z_ c Þ

and

ðnb ,u9z ¼ z Þ ¼ 0,
b

ð8Þ

where na and nb denote the normal vector at the boundaries of the inner and outer cylinder respectively. A ﬁrst order
approximation is

 



za 
za 
zc

, u~ 
, z_ c þ
,u 0 
¼
,
ð9Þ
a
a
a
z ¼ za
z ¼ za

 

za 
za 
za 
, u~ 
, z_ c O0 izc ,
,
¼
a
a
a
z ¼ za

ð10Þ



zb 
, u~ 
¼ 0:
b
z ¼ zb

ð11Þ

In the second step, we make use of the fact that the velocity of the unperturbed ﬂow ﬁeld, u 0 , at the inner boundary is
equal to

G
iG 
¼ O0 a, u 0 ¼
¼ iO0 za
ð12Þ
v0 ¼
2pa
2pz 
z ¼ za

and the angular velocity

O0 ¼

G
2pa2

:

ð13Þ

We assume that the perturbed complex potential function has the form


A
~ ¼
þ Bz ,
w
z

ð14Þ

where A and B are complex constant coefﬁcients determined by the boundary conditions. The boundary condition on the
outer cylinder (11) states that A and B must be related by
 

zb A
,
B
¼ 0,
b b2
2

ð15Þ

A ¼ b B:
The boundary condition on the inner cylinder then states that

z

z
 z
a
a
a
,A ¼
, z_ c O0
,izc ,
a
a
a

ð16Þ

2

where g ¼ a2 =b and Ac is the area of the cylinder per unit length. The complex constant coefﬁcient A could then be equated to
A¼

Ac

1

p 1g2

ðz_ c iO0 zc Þ:

ð17Þ

A ﬁrst order approximation of the perturbed complex potential is
~
wðzÞ
¼A

1
z
þA 2
z
b

ð18Þ

and the perturbed complex velocity
u~ ðzÞ ¼ A

1
1
A 2 :
z2
b

ð19Þ

3.5. Force on the cylinder
To deduce an expression of the ﬂuid force from the above derived complex potential, we may use the unsteady
Bernoulli’s equation to relate the pressure to the complex potential and the magnitude of the velocity of the ﬂow ﬁeld.
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The pressure equation is
p

r

1
@f
,
¼ c v2 þ
2
@t

where v is the speed of the ﬂuid. Following the notation in Milne-Thomson, the force on the moving cylinder is
dX ¼ p dy,

dY ¼ p dx,

dðXiYÞ ¼ ip dz:

Let us now evaluate the integral along the contour of the cylinder. The complex conjugate of the ﬂuid force is
Z
Z
1
@
1
~ þw
~ Þ dz:
ðw
F fluid ¼ ir
v2 dzir
2 C
@t 2
The ﬁrst term yields
!
Z
Z
Z
Z
~
~ dw 0
1
1
dw0 dw 0
dw0 dw
dw
ir
v2 dz ¼ ir
dz þ
dz þ
dz :
2 Ca
2
dz
C dz
C dz dz
C dz dz
The ﬁrst term of (22) depends on the radius of the position along the contour of the cylinder according to
Z
Z
dw0 dw 0
1
dz ¼ O0 a2
dz:
2
dz dz
9z9

ð20Þ

ð21Þ

ð22Þ

ð23Þ

The radius of the position at the boundary of the cylinder is equal to 9za 9 ¼ a þ E, where E is a function of the perturbed
position of the cylinder according to

E¼

1
ðzc z þ z c zÞ:
2a

ð24Þ

Inserted in (23) and evaluated to the ﬁrst order the integral of the ﬁrst term is
Z
Z 2
1
a ðzc z þz c zÞ
O20 a4
dz ¼ O20 a4
dz ¼ i2Ac O20 z c ,
2
a4
9z9

ð25Þ

where the last step follows by the Area theorem. The contribution of the two last terms is
Z
Z
Z
Z
~
~ dw 0
dw0 dw
dw
1
1 þ g2
dz ¼ 2O0 Ac
dz þ
dz ¼ iO0 A z dziO0 g2 A
ðz_ c þ iO0 z c Þ
dz
dz
z
dz
dz
1g2
C
C
¼

1 þ g2
ð2O0 Ac z_ c þi2O20 Ac z c Þ:
1g2

The total contribution of the steady part in the pressure equation is
Z
1
1 þ g2
2g2 2
ir v2 dz ¼ i
O0 Md z_ c þ
O M zc ,
2
1g2
1g2 0 d

ð26Þ

ð27Þ

where Md is the displaced mass per unit length of the inner rigid cylinder.
The complex potential does not have an explicit dependence of time, however, since the velocity and the position of the
cylinder is a function of t, the time-dependent part of the pressure equation yields the following contribution:
Z

Z
1 @
~ dz þ
~ dz :
w
w
ð28Þ
i r
2 @t
Using the Area theorem and Cauchy’s integral formula, we get
Z
Z
~
dw
~ dz ¼ 2i
dS ¼ 2pig2 A,
w
dz
Z

~
wdz
¼ 2pi  A,

1 @
i r
2 @t

Z

~ þw
~ Þ dz ¼ M d
ðw

1þ g2
ðz€ c þ iO0 z_ c Þ:
1g2

ð29Þ

The total ﬂuid force is hence
F fluid ¼

1þ g2
1þ g2
1 þ g2
2g2
2g2
M z€ c i
M 2O0 z_ c 
M
O2 zc ¼ Mf z€ c i2O0 Mf z_ c 
O2 M zc :
1g2 d
1g2 d
1g2 d ð1 þ g2 Þ 0
ð1 þ g2 Þ 0 f

Mf is the regular hydrodynamic mass of a cylinder in an inviscid ﬂuid annulus. The same result was obtained by Brennen
(1976) and Chen et al. (1974). The second term is perpendicular to the velocity vector. This force tends to sustain a circular
orbit of the cylinder acting in the direction towards the centre. This term could be interpreted as a gyroscopic force.
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It could be compared to the lift force on a cylinder in an unbounded irrotational cyclic ﬂow ﬁeld. The last term yields a
destabilizing force. This effect was equally found by Brennen (1976), who refers to it as the Bernoulli effect. Milne-Thomson
(1996) used conformal mapping to deduce an expression of the exact nonlinear force due to the Bernoulli effect.
4. Dynamic behaviour of the cylinder
The rotor model is equivalent to a rotating rigid cylinder constrained by isotropic bearings. Following the notation by
Muszynska (2005), the equation of motion governing the lowest complex mode of a isotropic rotor is
M z€ þ Kz ¼ Feðiot þ dÞ :

ð30Þ

The coefﬁcients M and K are modal mass and stiffness of the ﬁrst lateral mode.
If the ﬂuid force is added to the equation of motion of the lateral isotropic rotor model, the following equation is obtained:
!


1þ g2
1 þ g2
LG2 g2
2
_ þ Krw
€ i
z
r
a
p
L
z
r
L
G
ð31Þ
Mþ
z ¼ Feiðot þ dÞ :
w
w
1g2
1g2
2pa2 1g2
To discuss the effect of the ﬂuid force we identify some parameters. First of all, the eigenfrequency of the Jeffcott rotor
neglecting the ﬂuid force is
rﬃﬃﬃﬃﬃ
K
on ¼
:
M
Another frequency is identiﬁed by neglecting the wall effects and putting the stiffness and mass of the cylinder equal to zero.
Then (31) reduces to the equation of motion of an unrestrained massless cylinder in an unbounded ﬂuid with density rw

rw a2 pLz€ irw LGz_ ¼ 0:

ð32Þ

The solution of (32) may be found in Milne-Thomson (1996)
zðtÞ ¼ AeiððG=pa

2

Þt þ BÞ

þ C ¼ AeiðOG t þ BÞ þC,

where A and B are real and C complex constant coefﬁcients. The cylinder hence whirls in a circular orbit with the
frequency

oG ¼

G

pa2

:

Ac represents the volume of the cylinder per unit length. Let us now identify the ratio

ar ¼

pa2 Lrw
M

¼

Md
:
M

To relate the eigenfrequency on to this ratio, we deﬁne a frequency based on the displaced mass of the ﬂuid, M d ¼ V 0 rw as
o2f ¼ K=Md . We may now introduce a ratio of this frequency and the eigenfrequency of the cylinder as ar ¼ o2n =o2f and the ratio
of the frequency oG and on as b ¼ o2n =o2G . The equation of motion is
!

z€ i





ar ð1 þ g2 Þ
1
o2n
1 o2n 2
1g2
F ðiðot þ dÞÞ
e
oG z_ þ
o2
ð1g2 Þ
g z¼
:
2 o2f
1g2 þ ar ð1 þ g2 Þ G o2G
1g2 þ ð1þ g2 Þar M
ð1g2 þ ar ð1þ g2 ÞÞ

ð33Þ

4.1. Rotor free response
If the right-hand side of (33) is equal to zero, the characteristic equation of (33) is
s2 i

bð1g2 Þg2 12 ar
ar ð1 þ g2 Þ
¼ 0,
oG s þ o2G
1g2 þ ar ð1þ g2 Þ
ð1g2 þ ar ð1 þ g2 ÞÞ

ð34Þ

which has the roots
s1;2 ¼ i

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
bð1g2 Þg2 12 ar
ar ð1 þ g2 Þ
ar ð1þ g2 Þ
1
1
:
o
7
o
i
þ
G
G
2 ð1g2 þ ar ð1 þ g2 ÞÞ
4 ð1g2 þ ar ð1 þ g2 ÞÞ
1g2 þ ar ð1 þ g2 Þ

ð35Þ

The total homogeneous solution is
zðtÞ ¼ Aes1 t þ Bes2 t :

ð36Þ

The solution of the eigenvalue problem depends on three parameters. The behaviour of the cylinder could be divided into
different regions in the parameter space. The Bernoulli effect yields a negative restoring force in the direction of the
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Fig. 2. Limit of stability deﬁned by the surface F.

Fig. 3. Unconditionally stable.

displacement. This force destabilizes the cylinder motion. If the expression in the square root becomes negative, one of the
eigenvalues have a positive real part and hence the equilibrium point of the cylinder is unstable. We deﬁne a surface F that
divides the parameter space into an unstable and stable area according to


a2r þ ar 4b2

g2
1 þ g2


þ4b

1g2
¼0
1 þ g2

that is plotted in Fig. 2. The surface could be expressed as a function

b ¼ Fðar , gÞ ¼

1 ar ð2g2 ar ð1 þ g2 ÞÞ
:
4 ar ð1 þ g2 Þ þ1g2

If 1 5 b, the stability does not depend on the circulation G. The solution is thus inherently stable independent of the
values of ar and g. The Bernoulli effect does not have any effect on the solution. If there is no restoring stiffness force b 51.
The g2a-plane, when b is equal to zero, could be divided into a stable and an unstable area by the line deﬁned by the
equation

ar ð1 þ g2 Þ2g2 ¼ 0,
that is plotted in Fig. 3.
The stable area may be divided into regions in the parameter space depending on the behaviour of the free response of
the cylinder. We deﬁne three limiting cases when the Bernoulli effect and the gyroscopic effect do not have any effect on
the eigenvalues. The eigenvalues then appear as pure imaginary complex conjugates. If the displaced mass of the ﬂuid is
much smaller than the mass of the cylinder, i.e. of 5 on , the force that stems from the ﬂuid model is negligible, even
though the tangential ﬂuid velocity is not equal to zero. The eigenvalues reduce to the eigenfrequencies of the isotropic
lateral rotor model
s1;2 ¼ 7 ion :

ð37Þ
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If the wall effect, i.e. if g tends to zero, the eigenvalues become
1
s1;2 ¼ 7i pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ on
1 þ ar

ð38Þ

or simply expressed in terms of masses
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K
:
s1;2 ¼ 7i
Md þ M

ð39Þ

The only contribution from the ﬂuid model is the hydrodynamic mass of a cylinder in an unbounded ﬂuid. The
hydrodynamic mass is in this case equal to the displaced mass of the ﬂuid.
If oG is equal to zero, there is no gyroscopic effect or Bernoulli effect. In the three-dimensional parameter space,
this happens when b tends to inﬁnity. The eigenvalues become
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1g2
s1;2 ¼ 7i qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ on :
ð40Þ
1g2 þ ar ð1 þ g2 Þ
Notice that the ﬁrst limiting case are independent of the values of the other parameters. If ar tends to zero the
eigenvalues do not depend on the values of the other parameters. The second case does depend on ar . It reduces to the ﬁrst
case if ar tends to zero. The third case depends on both ar and g. If g tends to zero the third case reduces to the second case
and if ar tends to zero, it reduces to the ﬁrst case.
Let us now consider how the gyroscopic effect and the Bernoulli effect enter into the solution. If none of the parameters
tends to inﬁnity, the eigenvalues depend on the steady tangential ﬂuid velocity. If the eigenvalues are normalized with
respect to on , the roots of the characteristic equation are
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
bð1g2 Þg2 12 ar
ar ð1þ g2 Þ
ar ð1 þ g2 Þ
s1;2
1
1
11
ﬃﬃﬃ
p
7
i
:
ð41Þ
¼i
þ
2 ð1g2 þ ar ð1þ g2 ÞÞ b
on
b 4 ð1g2 þ ar ð1 þ g2 ÞÞ
bð1g2 þ ar ð1 þ g2 ÞÞ
As the value of b increases the eigenvalues do not remain as pure imaginary complex conjugates. For large values of b, the
eigenvalues have opposite signs. The value in the square root depends on three effects, the restoring stiffness force, the
destabilizing Bernoulli effect and the gyroscopic effect. The destabilizing Bernoulli effect decreases the value in the square
root while the other two terms have an opposite effect. We deﬁne a surface G in the parameter space when one of the
eigenvalues becomes zero that is plotted in Fig. 4. This happens when the second term in the square root bracket is equal
to zero. The equation of the surface is

b ¼ Gðg, ar Þ ¼

1
g2
ar
:
2 1g2

ð42Þ

Depending on the values of g and ar , the surface lies in the unstable region. In the area above this surface, the
eigenvalues appear as one positive and one negative imaginary number. In the area below the surface both eigenvalues are
positive and imaginary. When b is equal to zero, the eigenvalues attain the values
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
ar ð1 þ g2 Þ
ar ð1þ g2 Þ
g2 ar
1
1
1
:
ð43Þ
o
7
o
i

s1;2 ¼ i
G
G
2 ð1g2 þ ar ð1 þ g2 ÞÞ
4 ð1g2 þ ar ð1 þ g2 ÞÞ
2 1 þ ar ð1 þ g2 Þ
The total solution is the sum of two vectors, each vector rotating with the same frequency as the eigenvalues.
The complex constant coefﬁcients of the vectors are determined from the initial conditions according to
r c ðt ¼ 0Þ ¼ r c0 ¼ A þ B,

r_ c ðt ¼ 0Þ ¼ s1 A þs2 B

Fig. 4. The surfaces F (lower) and G (upper).
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and
B¼

r_ c0 r c0 s1
r x o1 vy
r y o1 þ vx
¼
þi
,
s2 s1
o2 o1
o2 o1

A ¼ r c0 



r x o1 vy
r y o1 þ vx
r_ c0 r c0 s1
:
¼ rx 
þ i ry 
s2 s1
o2 o1
o2 o1

In the stable area, the eigenvalues appear as
1.
2.
3.
4.

Imaginary numbers of equal magnitude and opposite signs.
Imaginary numbers of different magnitude and opposite signs.
One zero root and one positive imaginary number.
Positive imaginary numbers of different magnitudes.

Examples of those cases are plotted in Fig. 5. If one of the complex constants is equal to zero, the cylinder whirls in a
circular orbit, this is also the behaviour of case 3. In case 1, the vectors rotate in opposite directions but with the same
speed. The length of the vectors determines the orbit of the cylinder. If the complex constants A and B are of different
magnitude, the cylinder whirls in an elliptical orbit. If 9A9 ¼ 9B9, the cylinder vibrates back and forth along a straight line.
In case 2, the vectors rotate at opposite directions, but do not have the same speed any more. If 9A9 ¼ 9B9 the total
solution behaves similar to a polar rose with the polar equation r ¼ a sin ky. The number of petals increases as the ratio
between the speed of the vectors increases. The time it takes for the cylinder to return to its original position is
tp ¼

n2p
m2p
¼
,
s1
s2

where s1 is the positive root and s2 the negative root. m and n denote two integers of which n 4 m. tp denotes the total
period of the cylinder motion. The fastest vector completes n laps during one period.
In case 4, the vectors rotate in the same direction, but do not have the same speed. The shape of the path does now look
a bit different. The petals of the ﬂower differ in shape.

4.2. Response to an external rotating force
Let us now consider the response to an external force. The external force is expressed as two rotating vectors in
opposite directions. The forced solution has the form
zðtÞ ¼ Beiðot þ wÞ :
Substituting this expression in the equation of motion yields
KB ¼

F iðdwÞ
e
,
CDS

Fig. 5. 9A9 ¼ 9B9 and r c ð0Þ ¼ 0:5 þ i0:5.
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where the complex dynamic stiffness is
"
!   #
ar ð1 þ g2 Þ o ar g2
o 2
pﬃﬃﬃ
CDS ¼ 1 þF

E
,
on
2b
b on

E¼

1g2 þ ar ð1 þ g2 Þ
,
1g2

F¼

1
:
1g2

ð44Þ

Since there is no damping the vector of the response motion has the same direction as the external force vector or is
directed in the opposite direction depending on the sign of the dynamic stiffness which in our case is always real since
damping is neglected. The magnitude of the response motion as a function of the frequency of the external rotating force.
B¼

F 1
:
K CDS

When the complex dynamic stiffness approaches zero, the magnitude of the response motion goes to inﬁnity. When the
frequency of the external rotating force attains the value of one of the eigenfrequencies, the complex dynamic stiffness is
equal to zero. Let us now return to discussion about the eigenfrequencies appearance in the parameter space. For values of
g, ar and b in the parameter space that are adjacent to the surface that deﬁnes the limit when one of the eigenvalues is
zero, the cylinder has a resonance frequency close to zero. A rotating force at a low frequency may thus excite a whirling
motion of the cylinder of high amplitude and the linear model is no longer valid. The direction of the rotor motion lags the
rotating force with 1801 if the frequency of the external rotating force pass the value of the highest eigenfrequency.
Otherwise, they have the same phase. In Figs. 6–8, the magnitude of the response motion is plotted as a function of the
frequency of the rotating external force.

Fig. 6. Normalized frequency response, a ¼ 0:5, g ¼ 0:8.

Fig. 7. Normalized frequency response, a ¼ 0:5, b ¼ 1.
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Fig. 8. Normalized frequency response, g ¼ 0:8, b ¼ 1.

5. Discussion and conclusions
In this paper a lateral ﬂuid-rotor model was presented that captures the effects of inertia and angular momentum of a
ﬂuid annulus on lateral transversal rotor vibrations. The ﬂuid model consists of an annulus with cyclic irrotational ﬂow.
The steady ﬂow ﬁeld is set up by rotation of the inner and outer cylinder. The angular momentum distribution is constant
in the ﬂuid. The ﬂuid is assumed to be inviscid. A perturbation of the equilibrium position of the inner cylinder induces the
linearized force
F fluid ¼ M f z€ c iGf z_ c K f zc :

ð45Þ

As expected, the hydrodynamic mass, Mf, is greater in a bounded ﬂuid than in an unbounded ﬂuid. The second term, Gf, is
perpendicular to the velocity vector. This force tends to sustain a circular orbit of the cylinder in the same sense as the
constant circulation of the unperturbed ﬂow ﬁeld. It is slightly magniﬁed compared to the lift force on a cylinder in an
unbounded irrotational cyclic ﬂow ﬁeld. The negative stiffness Kf results from the conﬁnement of the ﬂuid. As the cylinder
deviates from its equilibrium position, the circular stream lines are squeezed together and the pressure decreases. At the
same time the pressure increases at the opposite side where the stream lines are spread out. The effect of those forces on
transversal vibrations of a constrained cylinder was evaluated using a lateral isotropic rotor model by Muszynska (2005).
The free response motion and the response motion to an external harmonic excitation force were studied. Three
nondimensional parameters were deﬁned that governs the behaviour of the cylinder motion. A surface was deﬁned that
cuts the parameter space into a stability and an instability region. The gyroscopic force stabilizes the solution while the
negative stiffness has an opposite effect. The stability region was split into two regions by a surface where the solution of
the homogeneous equation has a zero root. In one of the regions, both eigenvalues are positive while in the other region
the eigenvalues have opposite signs. If the ﬂuid is at rest, depending on the initial conditions, the cylinder may oscillate
along one path, but as the tangential ﬂuid velocity increases the orbit of the cylinder becomes more circular. The response
motion of an external harmonic force was determined by the complex dynamic stiffness vector. It was shown that a
rotating force at low frequency may excite the cylinder into resonance in areas in the parameter space adjacent to the
surface when one of the eigenvalues is equal to zero.
The presented model is not applicable to any speciﬁc turbine. Each unit has individual properties and needs its own
proper evaluation. Nevertheless, the results from the model are helpful in a discussion of how the inviscid hydrodynamic
force induced by a lateral motion could change the dynamical behaviour of the rotating shaft of a Kaplan turbine. The ﬁrst
force term, the added mass, Mf, must be compared to the mass of the runner. The weight of the runner depends on its
material and whether the hub is ﬁlled with oil, water or air. Those two forces, the inertia of the runner and the added mass
of the ﬂuid are of the same order of magnitude as long as cavitation does not decrease the density of the ﬂuid signiﬁcantly.
The last two ﬂuid forces are the result of inertia and rotational energy of the ﬂuid. The ﬂuid that enters the runner has
angular momentum that generates the driving torque of the turbine. Here, the ﬂuid angular velocity is slightly less than
the angular velocity of the rotor. At the hub cone, the rotational energy of the hub which spreads out radially in the ﬂuid as
angular momentum should also yield an angular velocity of the same order of magnitude. The gyroscopic force is hence
comparable to the added mass depending on the frequency of the vibrations. If the frequency of the vibrations is above the
rotational frequency of the rotor, the gyroscopic force and the negative stiffness are both less than the force proportional to
the acceleration vector. But if the frequency is below the rotational frequency the relationship is the opposite on the
assumption that the angular velocity of the ﬂuid is equal to the angular velocity of the rotor which is a simpliﬁcation.
The gyroscopic force stabilizes the motion of the rotor since it is directed towards the centre. The negative stiffness and the
added mass do lower the eigenfrequencies and should hence be included in an accurate rotor model of a HGT-unit.
The angular momentum is however unlikely to cause a centred position of the runner to be unstable. The restoring force of
the turbine guide bearing is greater than the outward directed force due to the Bernoulli effect. If the runner operates at an
eccentric position, the Bernoulli effect induces a static force at the runner. This could change the operational point of the
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turbine guide bearing. If the runner whirls in a circular orbit, the Bernoulli effect yields a rotating force at the same
frequency as the rotational speed. A precise estimate of the motion-induced hydrodynamic force of any speciﬁc turbine is
best accomplished by numerical simulations even though time-consuming.
We should also mention some other phenomena that were not discussed in this paper, but with possible implications
for the dynamic properties of Kaplan runners. A pitching and a yawing motion of the runner also results in ﬂuid-induced
forces. In such an analysis, the blades should dominate the effect of the runner. The results should yield elements in the
added mass matrix that change the torsional and bending moments of the runner. An asymmetric distribution of the
clearance between the blade tips and the shroud could induce Alford forces. If cavitation occurs, the properties of the ﬂuid
change dramatically. The vapor bubbles decrease the density of the ﬂuid and the ﬂuid-induced forces hence become
smaller.
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Abstract
The Bently/Muszynska (B/M) model shows that oil-whirl and oil-whip are both selfsustained vibrations associated with two unstable modes of a rotor/bearings/seals system.
Each of these modes is associated with the rigid body mode of the ﬂuid and of the ﬁrst
bending mode of the rotor. The unstable growth is attributed to a rotating damping
force. The notion of a rotating ﬂuid force is based on bulk-ﬂow models of clearances
that could be approximated as thin. This paper scrutinizes the assumption of a rotating
ﬂuid force and shows that the assumption is not valid if the ﬂuid annulus has a large
gap and the curvature of the ﬂuid ﬂow yields additional inertial eﬀects. These eﬀects
are clarifed by deriving the ﬂuid force in a rotating frame of reference following the ﬂuid
motion adjacent to the inner boundary of the annulus. The curvature of the ﬂuid ﬂow
induces an additional pressure build-up in the ﬂuid that opposes the ﬁctitious Coriolis
and centrifugal force of the rotor. The inclusion of the ﬁctitious ﬂuid forces makes the
ﬂuid support waves opposite to the ﬂuid in the B/M model, which does not yield any
oscillatory motion following the ﬂuid motion adjacent to the boundary.

1

Introduction

The Bently/Muszynska (B/M) model was introduced the ﬁrst time by Muszynska (1986)
to illustrate the dynamics of a rotor/bearings/seals system. The model is based on a
simpliﬁed representation of a swirling ﬂuid ﬂow in a bearing/seal as a rotating force.
The simpliﬁed treatment reveals the character of ﬂuid-induced self-excited vibrations as
a stable state of motion of one dynamical system. The B/M model shows that oil-whirl
and oil-whip are both self-sustained vibrations associated with two unstable modes of a
concentric conﬁguration of the rotor. Each of those modes is closely related to the rigid
body mode of the ﬂuid and the ﬁrst bending mode of the rotor system. One of the main
points of the B/M model is to give a uniﬁed treatment of instabilities associated with
a rotating ﬂuid damping force arising in both lubricated bearings and other ﬂuid-ﬁlled
gaps. In later writings, Muszynska (2005) introduces the terms ﬂuid whirl and ﬂuid whip
instead of oil whirl/whip that are speciﬁc to hydrodynamic bearing instability problems to
stress that instabilities induced by the process ﬂuid are very similar in their mathematical
description. Fluid-induced self-excited vibrations in rotating machinery cover a vast area
of research. Since Muszynska’s model is based on ﬂuid ﬂows in clearances with a small gap
such as bearings and seals, let us ﬁrst brieﬂy review ﬂuid-induced self-excited vibrations
associated with such ﬂows. Den Hartog (1984) devotes a whole chapter to self-excited
79
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vibrations in his famous fundamental textbook on mechanical vibrations and discuss
both “oil whip [..] caused by certain properties of the oil ﬁlm” that occurs mainly in
lightly-loaded machines running at above twice its critical speed and two examples of selfexcited vibrations related to pressure variations in a labyrinth seal and a leakage passage.
Hori (2006) accredits Newkirk and Taylor (1925) for having identiﬁed experimentally
the relevant features of oil-whip induced by hydrodynamic bearings the ﬁrst time in
1925. They also noted that oil-whirl or half-speed whirl of a rigid body mode of the
rotor sometimes occurs. Their heuristic explanation is based on the assumption that the
circumferential ﬂuid velocity could be regarded as constant equal to half the speed of
the surface velocity of the rotor. Out from this and by continuity considerations, they
concluded that the rotor must whirl at a speed of half the rotor speed. Still, Newkirk
and Taylor (1925) mistakes oil-whip as a resonant vibration. However, as Lund (1964)
notes, the introduction of tilting-bad bearings eliminated any force component in the
direction of a whirling motion, since the restoring force must pass through the journal
center due to the pads. Even though oil-whip during the 60’s could be regarded as a
solved problem, ﬂuid-induced self-excited vibrations were still troubling the engineering
community. According to Brennen (1994), the rotordynamic implications of turbulent
annular seals were ﬁrst highlighted by Black in 1969. Black (1974) presented a simple
ﬂuid-rotor model that included the hybrid bearing properties of turbulent seals based on
his previously presented model. Black’s ﬂuid model was based on a bulk-ﬂow model in
which the velocities in the axial and circumferential direction are assumed to be constant.
Hsu and Brennen (2002) reviews bulk-ﬂow models of seals and leakage paths based on
the model by Hirs (1973) of turbulent bearings, further developed by Childs (1983). A
similar bulk-ﬂow model was published by Fritz (1970) but with axial velocity set to zero,
intended for applications to induction motors and without any connections to centrifugal
pumps.
Muszynska claims that her ﬂuid model ”adequately represents the ﬂuid forces in
all rotor-to-stationary part clearance cases for rotors operating at low and medium eccentricity” (Muszynska, 2005) and discusses some cases of ﬂuid ﬂows where it is not the
rotor surface velocity that induces the self-excited vibrations. For example, Muszynska
believes that self-excited vibrations induced by an uneven distribution of the torque, referred to as ”Alford forces” after the publication by Alford (1965) on the subject, could
be explained by her model (for a phenomenological description see for example Ehrich
(1992)). She states that the ﬂuid torque acting on the machine “could be directly related
to the resulting rotational speed and consequently to the ﬂuid circumferential ﬂow”. By
making use of the Turbine Euler equation and with the assumption that the circumferential velocity of the ﬂuid is equal to zero leaving the runner, the torque is proportional
to the circumferential velocity but inversely proportional to the rotational speed of the
runner. The only obvious similarity between self-excited vibrations induced by Alford
forces and self-excited vibrations induced by tangential ﬂow in ﬂuid-ﬁlled clearances is
the existence of a force acting at left angles to a radial displacement of the rotor that
opposes the damping force if the rotor whirls in a circular orbit. Even though the gap
of the clearance may be approximated as small between the impeller and the wall, the
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cross-coupled stiﬀness does not stem from a rotating damping in this gap. To the author’s
knowledge, there are no publications that explain Alford forces as a rotating damping.
Muszynska also mentions diﬀuser-impeller interaction that is included in the ﬂuid-rotor
model by Black (1974). Diﬀuser-impeller interaction at part loads yields a destabilizing
force due to a local change of the mean outﬂow angle as the rotor is deﬂected. Stating
his expression of the destabilizing force in a frame of reference that rotates with the rotor
speed ω yields
− (Fﬂuid )rot =

λc
(zs )rot .
ω

(1)

In this case, the cross-coupled stiﬀness force could be deduced by a transformation of a
force proportional to the velocity of the rotor in a frame of reference rotating with the
rotor. There is no connection to any average circumferential ﬂow. Lastly, Muszynska
makes a note about large radial low-frequency forces that can occur in malfunctioning
pumps due to rotating stall and calls the response of the rotor to such forces for ﬂuid
whirl. This phenomenon is also discussed by Black (1974), who meant that rotating
stall imposes a risk of increased wear of clearances and hence an increased risk of ﬂuidinduced self-excited vibrations. During stall conditions, large rotating radial forces arise
as vortices shed oﬀ the leading edge of the hydrofoils and travel in the clearance between
the diﬀuser and the runner during to reverse ﬂow conditions. However, those vortices
form at the hydrofoils even though the impeller does not oscillate. Nevertheless, an
oscillatory motion of the hydrofoils may aﬀect the formation of vortices.
The ﬂuid ﬂow in the above discussed examples are hence not captured by the rotating
ﬂuid force deﬁned in the B/M model. This paper deals with inertial eﬀects of the rigid
body mode of a ﬂuid annulus where the small gap approximation no longer holds. The
B/M model includes a rotating inertia force, but since the inertia of a thin annulus
could be neglected compared to the inertia of the rotor, the ﬂuid inertia has no eﬀect
on the solution of the total system. The ﬂuid ﬂow models of a thin annulus are built
on the assumption that the curvature of the ﬂow could be neglected and this makes it
possible to represent the inertia force as a rotating hydrodynamic mass. Neglecting the
curvature of the ﬂow makes it possible to derive the inviscid ﬂuid force in a rotating
frame of reference without taking into account the centripetal and Coriolis acceleration
of the ﬂuid. As the width of the gap increases, this assumption is not valid any more.
This paper shows how the ﬂuid force of an inviscid ﬂuid annulus varies with the width
of the gap and what consequences this has on the rigid body mode of the ﬂuid. Before
deriving the ﬂuid force a ﬂuid annulus with a large gap, the rotating ﬂuid force deﬁned
in the B/M model is discussed as well as the bulk-ﬂow models it is based on. This is
followed by a brief description of the derivation of the two unstable modes that belong to
ﬂuid whirl and ﬂuid-whip respectively associated with the rigid body mode of the ﬂuid
and the ﬁrst bending mode of the rotor system. By deriving the ﬂuid force in a rotating
frame of reference, the additional inertial eﬀects that must be included in a rotating
frame of reference are highlighted. Those additional eﬀects make a ﬂuid annulus with a
large gap support waves opposite to a thin ﬂuid annulus. The speed of the two rotating
waves that yields the temporal dependence of the rigid body mode are presented in a
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frame of reference rotating with the angular velocity of the ﬂuid at its inner boundary
as a function of the width of the gap. Two special cases of a ﬂuid annulus in rigid body
rotation and a free vortex ﬂow are discussed. As the width of the gap approaches zero,
the two wave speeds both approach zero, i.e. a disturbance of the boundary will rotate
with the velocity of the ﬂuid at the inner boundary.

2

The assumption of a rotating ﬂuid force in the B/M
model

Muszynska (2005) refers to a ﬂuid force model developed by von Pragenau (1982), which
in its turn is based on a bulk-ﬂow model developed by Black to account for so called
”hybrid bearing forces” of annular clearance seals. Black (1974) also presents a ﬂuid-rotor
model of high speed centrifugal pump rotors that is quite similar to Muszynska’s model
with two equations of motion of the complex coordinates r1 and r2 . Black includes ﬂuid
forces of circular hydrodynamic bearings and annular clearance seals and stresses their
diﬀerences based on his previously developed bulk-ﬂow model. Both ﬂuid force models
yields a rotating damping force at half the speed of the rotor, 12 ω. Muszynska introduces
a new factor dependent on the eccentricity of the rotor, λ(|z|), which she calls the ﬂuid
circumferential average velocity ratio that hence yields a rotating damping force at λω
(Muszynska, 2005). She compares this with a ”Couette Factor” that was introduced by
von Pragenau (1982) but misquotes the deﬁnition as ”a ratio of the average ﬂow rotation
to the rotor surface velocity”. Von Pragenau deﬁnes the Couette Factor as a ratio of
the rotor surface velocity and the Couette ﬂow velocity. The reference to Couette ﬂow
in this context should not be confused with the radial velocity proﬁle of viscous circular
Couette ﬂow. The Couette ﬂow velocity is equal to the circumferential velocity of the
ﬂuid that is assumed to be constant along the gap. Muszynska’s confusion between the
circumferential velocity and angular velocity does not yield any erroneous results, since
bulk-ﬂow models rest on the assumption that the eﬀect of the curvature of the ﬂuid ﬂow
is negligible.
Let us now brieﬂy review how the motion-induced ﬂuid force could be obtained with a
bulk-ﬂow model. Even though not intended for applications to turbulent seals, the model
by Fritz (1970) is simple and good enough to capture the basic features of a bulk-ﬂow
approach. Fritz’ objective is to determine the hydrodynamic mass and ﬂuid damping of
a ﬂuid annulus surrounding a rotating cylinder at speeds where laminar Couette ﬂow is
unstable. The radius of the rotor, R, is much larger than the width of the gap, h. In the
basic state of motion, the circumferential ﬂuid velocity is assumed to be uniform across
the gap and equal to R ω2 , which he strengthens by previously experimental results of
vortex and turbulent ﬂow. When the rotor is deﬂected, by continuity, the circumferential
velocity must change. The momentum equation governing ﬂuid ﬂow in bulk-ﬂow models
neglects inertial eﬀects of the curvature of the ﬂow, i.e. the ﬂow is assumed to follow
straight lines. Fritz obtains the motion-induced linear ﬂuid force by integrating the
pressure derived from the momentum equation governing the ﬂuid ﬂow and by continuity
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considerations. Following Muszynska’s notation, let the complex vector zs = x+i y denote
the position of the shaft in a plane perpendicular to its axis of rotation. In a rotating
frame of reference, the ﬂuid force of Fritz’ model is then equal to
− (Fﬂuid )rot = (mH z̈s )rot + (F żs )rot ,

(2)

where F is a damping parameter that varies with the ﬂow regime and mH is equal to
the hydrodynamic mass that was obtained by Stokes (1843) for a basic circumferential
velocity equal to zero. Let us now compare the results from Fritz’ model with the ﬂuid
force model in the B/M model. In a rotating frame of reference, the ﬂuid force is given
by
− (FFluid )rot = Mf (z̈s )rot + [D + ψ1 (|zs |)] (żs )rot + [K0 + ψ2 (|zs |)] (zs )rot ,

(3)

where the linear coeﬃcients K0 , D, and Mf are ﬂuid ﬁlm radial stiﬀness, damping and inertia coeﬃcients of a linear rotordynamic system and ψ1,2 represents non-linear functions
that must be included if |z| grows large enough so the linearized model ceases to be valid
(Muszynska, 2005). The values of those coeﬃcients vary depending on the application. If
the coeﬃcients were independent on the circumferential velocity, it would be suﬃcient to
calculate the hydrodynamic mass and damping of a ﬂuid at rest and estimate the average
ﬂuid velocity. In Fritz’ model, this is obviously the character of the hydrodynamic mass
mH , but since the rotational speed determines if the ﬂuid ﬂow is in a laminar, vortex or
turbulent ﬂow regime, the circumferential velocity also aﬀects the damping parameter F .
This is also stressed in the ﬂuid-rotor model by Black (1974), where he points out that
the damping coeﬃcient of annular clearance seals is dependent on the rotational speed
whereas it is not for circular hydrodynamic bearings. In Fritz’ model, there is no axial
ﬂuid velocity, and it does hence not yield a restoring elastic force opposite to bulk-ﬂow
models of annular clearance seals. The axial velocity in seals and leakage paths leads to
a radial stiﬀness, ﬁrst explained by Lomakin in 1958 according to Childs (1993).
Let us now transform the ﬂuid force to a ﬁxed frame of reference. The transformation
from a rotating coordinate frame to a ﬁxed coordinate frame is in terms of the position
of the shaft zs
(zs )rot = (zs )in e− i λωR t .

(4)

Deriving (4) with respect to time yields

(z̈s )rot

(żs )rot = ((żs )in − i λωR (zs )in ) e− i λωR t ,


= (z̈s )in − 2 i λωR (żs )in − λ2 ωR2 (zs )in e− i λωR t .

(5)
(6)

The ﬁrst expression simply means that the relative velocity of the rotor must be equal to
the absolute velocity minus the velocity of the rotor in the rotating frame of reference.
The second expression shows how the absolute acceleration could be decomposed into the
acceleration in a rotating frame of reference and the Coriolis and centripetal acceleration.
The centripetal acceleration is the acceleration of a point moving in a circular orbit of
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constant speed and the Coriolis acceleration is the acceleration a point experiences moving
at a constant velocity in a rotating frame of reference. Inserting (5) and (6) into (3) and
multiplying both sides with ei λωR t yield
− (Fﬂuid )rot ei λωR t = − (Fﬂuid )in =


Mf (z̈s )in − 2 i λωR (żs )in − λ2 ωR2 (zs )in

(7)

+ [D + ψ1 (|zs |)] ((żs )in − i λωR (zs )in ) + [K0 + ψ2 (|zs |)] (zs )in .
The additional terms obtained in the ﬁxed frame of reference are ﬁctitious forces. They
are not external forces acting on the rotor. The ﬁctitious forces attributed to the rotating
ﬂuid inertia force are mistakenly denoted by Muzynska as a Coriolis and a centrifugal
inertia ﬂuid force (Muszynska, 2005). The ﬁctitious Coriolis and centrifugal inertia force
are commonly referred to as the additional forces that must be included in a rotating
frame of reference. Muszynska’s deﬁnition risk to confuse the additional ﬁctitious forces
of (7) with the additional ﬁctitious ﬂuid forces due to the curvature of the ﬂuid ﬂow.
In section 5, we will see what happens as those eﬀects are included in the derivation of
the ﬂuid force. The transformation of the rotating damping force to a ﬁxed frame of
reference yields a ﬁctitious force acting at left angles to the displacement of the rotor in
(7). If the rotor whirls in a circular orbit, this force opposes the damping. In a stable
limit cycle, those two forces are in equilibrium and the rotor whirls in a circular orbit.

3

The two unstable modes of the B/M model

A mathematical model that captures the transition from ﬂuid-whirl to ﬂuid-whip must
include two lateral modes of the rotor. This section gives a review of the stability analysis presented in the original paper from 1986 in which Muszynska (1986) presents a
mathematical model of a symmetric ﬂexible rotor mounted on a rigid bearing at one end
and a ﬂuid-lubricated bearing at the other end. Balance of forces yields two equations
of motions of the complex coordinates zi and includes the generalized modal masses and
stiﬀness coeﬃcients, Mi and Ki with i = 1, 2. The modal mass Mi is associated with
the lateral motion of the position z1 and M2 with the location of the journal bearing z2 .
The shaft is assumed to rotate in a concentric conﬁguration in the journal bearing. In
later writings, the bearing is extended to represent either a bearing or a seal. The modal
mass associated with the bearing M2 is neglected in the calculations since M2  M1 .
The
 natural frequency of the ﬁrst lateral bending mode of the rotor model is equal to
K1 +K2
. The concentric conﬁguration is a necessary assumption for a circumferential
M1
velocity of the ﬂuid ﬂow that yields a non-negligible value of λ and for a symmetric
character of the ﬂuid force. The paper from 1986 includes a linear stability analysis for
prediction of the stability threshold, a stability analysis of synchronous vibrations with
inclusion of the non-linear function ψ1,2 , a solution of the forced synchronous vibrations
and determination of the whirl and whip amplitudes of the stable limit cycles constituting the self-excited vibrations. For the subsequent analysis of the rigid body mode of the
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ﬂuid annulus of a large gap, let us now discuss the threshold of instability obtained in the
linear stability analysis of the values of the unstable modes derived from the two-lateral
mode model. Since the rotor model is stated in complex coordinates, the solution is composed of physical rotating complex vectors esi t where si are the eigenvalues obtained by
assuming a solution on the form est . Muszynska presents three approximate eigenvalues
of which the ﬁrst has an imaginary value equal to λωR . This is equal to the imaginary
value obtained by setting (7) equal to zero. Note that this value is independent of the
ﬂuid inertia and is equal to the double eigenvalue that yields the physical rotating vector
of the rigid body mode of a thin ﬂuid annulus. The second and third eigenvalue both have
an imaginary value that is close to the value of the natural frequency of the ﬁrst bending
mode of the rotor system. The stability threshold is determined from the real value of
the ﬁrst eigenvalue associated with the rigid body mode of the ﬂuid. It is approximated
as
 
K1
1
(ST )
ωR ≈
.
(8)
λ
M1
Muszynska states in her discussion that the result (8) was noted in the ﬁfties, but since
then “seems to have been forgotten for 30 years” (Muszynska, 1986). However, the results
is obtained from the linear stability analysis by Black (1974) of principally the same
symmetric rotor model, which apart from its presentation in a nondimensional form and
a value of λ = 12 seems to yield identical results.
Muszynska (2005) gives a very thoroughly phenomenological description of the transition from ﬂuid-whirl to ﬂuid-whip from experiment results of a start-up sequences of a
rotor system that represents her two lateral mode model. At the onset of instability, as
the unstable mode associated with rigid body mode of the ﬂuid grows, nonlinear forces
come into play and stabilize the motion that leads to a stable limit cycle. In this regime,
the rotor behaves as a rigid body and whirls in a forward circular motion with an angular
velocity equal to λωR , the angular velocity corresponding to the rigid body mode of the
thin ﬂuid annulus. The amplitude of the circular motion is larger at the location of the
bearing than the local of the modal mass M1 . If the amount of mass unbalance is large
enough, the ﬂuid-whirl is suppressed as the rotational speed approaches the natural frequency of the ﬁrst bending mode of the rotor. This is explained by the fact that as the
eccentricity increases, the circumferential velocity decreases, which leads to an increase
of the stiﬀness coeﬃcient of the bearing/seal. Above the speed of the natural frequency,
the amplitude of the resonant vibrations decay and ﬂuid-whirl sets in again. When the
frequency of the orbiting motion of the ﬂuid-whirl coincides with the natural frequency of
the ﬁrst bending mode of rotor, ﬂuid-whip sets in. The rotor exhibits a forward whirling
orbit with a frequency equal to the natural frequency of the rotor. The ﬂuid-whip prevails
above the rotational speed of its onset. The amplitude of the ﬂuid-whip is larger at the
location z1 and its mode shape resembles the ﬁrst bending mode. Muszynska determines
the range of the rotational speed where ﬂuid-whip prevails from expressions of the whirl
and whip amplitudes. But the determination of those ranges does not give a satisfying
answer to why ﬂuid-whirl is replaced by ﬂuid-whip when the imaginary eigenvalues of
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Figure 1: A swirling ﬂuid annulus with a large gap and circumferential velocity rΩ(r) in the
inertial frame of reference. Adjacent to the inner boundary in the unperturbed state, the ﬂuid
rotates with the angular velocity Ωa . In a frame of reference rotating with angular velocity Ωa ,
the relative velocity of the boundary is β̇(t).

their two corresponding modes coincide as the rotational speed increases. Why does the
frequency of the self-excited vibrations “lock-in” at the natural frequency of the bending
mode of the rotor as natural frequency of the rigid body mode of the ﬂuid coincide with
this value? To answer this, it is necessary to consider how fast those two unstable modes
grow, since it is the fastest growing unstable mode that will prevail.

4

The rigid body mode of a ﬂuid annulus of an arbitrary gap width

Let us consider a ﬂuid annulus of an outer ﬁxed boundary with radius b and an inner
unconstrained rigid boundary with radius a depicted in Figure 1. There is no restriction
on the ratio between the radii γ and the model hence accounts for cases where the small
gap approximation no longer holds.
We deﬁne the rigid body mode as the irrotational ﬂuid motion that follows from a
perturbation motion of the inner rigid boundary. In terms of a complex potential function
it could be written as the sum of a complex function f dependent on the position vector
ﬁxed in space, zf and the relative perturbation velocity of the ﬂuid at the inner boundary
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β̇(t) according to


w̃(zf , β̇(t)) = f (zf , β̇(t)) + f


b2
, β̇(t) ,
zf

(9)

where
f (zf , β̇(t)) =

a2 β̇(t)
.
2
1 − ab2 zf

(10)

The ﬁxity of the boundary introduces the second term in (9). This is equal to the
perturbed complex potential function obtained by (Jansson et al., 2012), with β̇(t) =
żc (t) − i Ωa zc (t), where zc (t) corresponds to the position of the inner boundary in an
inertial frame of reference and Ωa is equal to the angular velocity of the ﬂuid at the inner
boundary in its unperturbed centred position. If the ﬂuid is at rest, the real part of the
complex potential function ω̃ reduces to the potential function obtained by Stokes (1843)
considering the inviscid motion of a ﬂuid at rest between two cylindrical surfaces having
a common axis. In terms of a normal mode analysis of a linear hydrodynamic stability
analysis following Chandrasekhar (1961) with an expansion of the disturbance as
A(r, z, θ, t) =

+∞ 

m=−∞

+∞
−∞

Am,k (r, t)ei(kz+mθ) dk,

(11)

with the z-axis as an axis of symmetry, the rigid body mode is obtained by setting k = 0
and m = 1. Other choices of m yield a wavy motion of the inner boundary.

5

The rigid body mode

If the ﬂuid annulus is hollow, the diﬀerential equation governing the relative position of
the boundary β(t) is obtained by setting the ﬂuid force acting on the inner boundary to
zero. The solution of the diﬀerential equation is determined from the initial conditions of
the disturbance of the inner boundary, β(t = 0) and β̇(t = 0) as the sum of two physical
vectors according to
β(t) = Aes1 t + Bes2 t ,
(12)
We denote those two physical vectors as the temporal modes associated with the ﬂuid
motion that follows from a rigid body perturbation motion of its inner boundary.
The ﬂuid force induced by the perturbation of the relative position β(t) and the
relative velocity β̇(t) is derived by a similar procedure used by Jansson et al. (2012)
concerned with inertial eﬀects of a ﬂuid annulus on transverse rotor vibrations. They
obtained the inviscid ﬂuid force by stating it as a complex contour integral of the pressure
from Bernoulli’s equation of an irrotational ﬂow ﬁeld. In this work, we make use of
Bernoulli’s equation with constant vorticity in a rotating frame of reference following
the motion of the swirling ﬂow at the inner boundary. By stating the ﬂuid force in
a rotating frame of reference, the additional eﬀects that are neglected in a narrow-gap
approximation are highlighted. Those additional eﬀects arise from the ﬁctitious ﬂuid
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forces attributed to the centripetal and Coriolis acceleration of Bernoulli’s equation in a
rotating frame of reference. They should not be confused with the additional terms that
appear in (7) by transforming the rotating ﬂuid inertia force to a ﬁxed frame of reference
denoted by Muszynska as a centripetal and Coriolis ﬂuid inertia force (Muszynska, 2005).

5.1

Bernoulli’s equation of a two-dimensional ﬂow with constant
vorticity

Bernoulli’s equation of a two-dimensional ﬂow with constant vorticity Z stated in complex
coordinates in an inertial frame of reference is given by

 

1 ∂υ
p
1
∂
− Zψ + υυ
=−
,
(13)
2 ∂t in
∂z f ρ
2
in
where zf denotes the position vector in space, i.e. it is not ﬁxed to the ﬂuid body,
υ = u − i v the complex velocity, Z the constant vorticity and ψ the stream function. In
a frame of reference rotating with the angular velocity Ωa , (13) becomes

 

1 ∂υ
p
∂
1
1
− (Z + 2Ωa ) ψ − Ω2a zf z f + υυ
=−
.
(14)
2 ∂t rot
∂z f ρ
2
2
rot
Decomposing (14) into a zeroth-order equation of p0 and a ﬁrst-order equation of p̃ yields


1 2
∂ p0
− (Z + 2Ωa ) ψ0 − Ω zf z f
(15)
0=−
∂z ρ
2
rot
and
0=−

∂
∂z

p̃
∂ φ̃
− (Z + 2Ωa ) ψ̃ +
ρ
∂t

.

(16)

rot

Since the ﬂuid motion associated with rigid body mode is irrotational, the time-dependent
part could be expressed as a partial derivate with respect to z f with the relationship
υ = −∇φ̃ = −2

∂ φ̃
.
∂z f

(17)

Note that the term that involves the stream function ψ̃ of the rigid body mode is equal
in an inertial and rotating frame of reference since
(Z)in = (Z + 2Ωa )rot ,
and also that



∂
∂t




=
rot

∂
− i Ωa
∂t

(18)


.
in

(19)
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5.2

Derivation of the ﬂuid force

The complex conjugate of the ﬂuid force acting on the inner boundary is equal to the
complex contour integral taken along the contour Ca of the inner boundary of the ﬂuid
according to (Milne-Thomson, 1968)




F p,Fluid rot = − i
pdz f
.
(20)
Ca

rot

The integral of the zeroth-order equation must be evaluated at the disturbed relative
position of the boundary β(t) whereas the ﬁrst-order equation could be evaluated at the
unperturbed centred position of the boundary. The former integral is simply




F p0 ,Fluid rot = − i
p0 dz f
= −Ω2a Md β(t),
(21)
Ca

rot

which results from the pressure build-up that sustains the circular motion of the ﬂuid.
This ﬂuid force must hence be opposite to the ﬁctitious centrifugal force acting on the
displaced ﬂuid mass Md at the position β(t). The linear contribution only depends on the
circumferential velocity of the ﬂuid at the boundary Ωa and must hence be independent
of the radial variation of the circumferential velocity along the width of the gap. The
ﬂuid force that stems from the perturbation pressure p̃ could be obtained from the same
calculations as in (Jansson et al., 2012) with an additional term due to the Coriolis force
and the vorticity of the basic ﬂow stated in the rotating frame of reference. The two necessary complex contour integrals evaluated along the inner boundary in an unperturbed
position are hence




1
ψ̃dz f = i
(22)
ω̃ − ω̃ dz f = πa2 β̇(t),
2
zf =za



1 
1 + γ2 2
φ̃dz f =
(23)
ω̃ + ω̃ dz f = − i
πa β̇(t).
2
1 − γ2
zf =za
The linear inviscid ﬂuid force acting on the relative position β(t) of the inner boundary
in a rotating frame of reference is hence
(FFluid )rot =

5.3

1 + γ2
Md β̈(t) − i (Z + 2Ωa )rot Md β̇(t) + Ω2a Md β(t).
1 − γ2

(24)

The rigid body mode of the thin ﬂuid annulus by Fritz

Let us now ﬁrst derive the temporal modes associated with a rigid body motion of the
thin ﬂuid annulus of Fritz’ model. Setting the rotating ﬂuid force (29) equal to zero
yields the dynamic equation governing the position (zs )rot of a point mass equal to the
hydrodynamic mass subjected to a damping force. Let us denote the relative position
of the point mass (zs )rot in a frame of reference rotating with the angular velocity Ωa
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for β(t), which yields the dynamic equation and its corresponding eigenvalue relation
governing β(t)


F
F
F
β̈(t) +
= 0 → s1 = 0, s2 = −
.
β̇(t) = 0, s s +
mH
mH
mH
In an inertial frame of reference, the solution is hence composed of two physical rotating
vectors of the angular speed Ωa of which one has a constant ampitude and the other
decreases with time.
In the following, we visualize the temporal modes that belongs to the rigid body mode
of a swirling ﬂuid annulus with the special cases
1. Solid body rotation, (Z)in = 2Ωa .
2. Free vortex ﬂow, (Z)in = 0.

5.4

The rigid body mode of a ﬂuid annulus in solid body rotation

The ordinary diﬀerential equation governing the position of the inner boundary β(t) as
β̈(t) − 2 i

2
1 − γ2
21 − γ
β̇(t)
+
Ω
Ω
β(t) = 0.
a
a
1 + γ2
1 + γ2

(25)

The rigid body mode is here solely determined by inertial eﬀects. The ﬁrst term stems
from the acceleration in the rotating frame of reference equal to the hydrodynamic mass
of a ﬂuid annulus with no circumferential velocity. The two additional terms stem from
the centripetal and coriolis acceleration of the ﬂuid. Seen from the rotating frame of
reference, the ﬁctitious centrifugal force yields a restoring elastic force and the ﬁctitious
coriolis force acting at left angles to the velocity of the relative velocity β̇(t) yields a force
that retains the motion of the core inwards towards its original position. The position of
the hollow core is described by (12) with the eigenvalue relation
s2 − 2 i Ω a

1 − γ2
1 − γ2
s + Ω2a
= 0.
2
1+γ
1 + γ2

s1,2 = i Ωa

1 − γ2
1 + γ2

The eigenvalues are


1±

2
1 − γ2

(26)


.

(27)

We see in Figure 3 that for γ = 0, i.e. if the ﬂuid is unbounded, the hydrodynamic mass
is equal to the displaced mass of the ﬂuid and the vectors esi t rotate with the same speeed
but in opposite directions. Both eigenvalues tend towards zero as the ﬁlm thickness goes
to zero an the solution coincides with solution of Fritz’ model excluding the eﬀect of the
damping. Let us now compare this case with a basic state of motion of a free vortex ﬂow.
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Figure 2: Rotating waves in a rotating frame of reference

5.5

The rigid body mode of ﬂuid annulus with free vortex ﬂow

Since ((Z + 2λωR ))rot = (Z)in , and the vorticity of a free vortex motion is zero, there is no
additonal pressure build-up due to the coriolis acceleration and the ordinary diﬀerential
equation (25) reduces to the spring-mass system
β̈(t) + Ω2a

1 − γ2
β(t) = 0,
1 + γ2

(28)

with the eigenvalues (27)
s1,2 = ± i Ωa

1 − γ2
.
1 + γ2

(29)

We see in Figure 3 that the angular velocities have equal magnitude but opposite signs. If
γ → 0, the solution reduces to the case described by Milne-Thomson (1968) of a cylinder
in an unbounded ﬂuid with constant circulation.

6

Fictitious forces of a solid core in a rotating frame of
reference

The rigid body mode of the ﬂuid annulus with circular motion was in the above two cases
described by a diﬀerential equation of a point mass subjected to external motion-induced
forces. But those forces are not external forces acting on a point mass, rather they stem
from inertial eﬀects of the circular motion of the ﬂuid annulus. Let us now see what
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happens if we add a rigid body to each of those two special cases. The ﬂuid enclosed by
the cylindrical container is now pierced by a solid core with density ρs . The inertia force
of the solid core stated in a rotating frame of reference following the motion of the ﬂuid
adjacent to the inner boundary is hence
Finertia,solid = ρs πa2 (z̈s (t) + 2 i żs (t) − Ωa zs (t))rot .

(30)

The ﬁrst term is the inertia force of the relative acceleration in the rotating frame of
reference whereas the two other terms are attributed to the Coriolis and centripetal
acceleration respectively. By including the ﬂuid force acting on the interface due to its
inertia and assuming that (zs (t))rot = β(t), the ﬂuid-solid system is governed by
(ρ + α) β̈(t) − 2 i (1 − ρ ) Ωa β̇(t) + (1 − ρ ) Ω2a β(t) = 0,

with α =

1 + γ2
ρs
and ρ = ,
2
1−γ
ρf
(31)

and the eigenvalue relation with its roots
s2 − 2 i
s1,2 = i

ρ

Ωa
+α

(1 − ρ )
(1 − ρ ) 2
Ω
Ω = 0,
s
+
a
(ρ + α)
(ρ + α) a


(1 − ρ ) ± (1 − ρ ) (1 + α) ,

(32)
(33)

in the case of solid body motion and
(ρ + α) β̈(t) + 2 i ρ Ωa β̇(t) + (1 − ρ ) Ω2a β(t) = 0,

(34)

with
ρ
(1 − ρ ) 2
Ωa s + 
Ω = 0,
(ρ + α)
(ρ + α) a


Ωa
= −i 
ρ ± ρ + α − ρ α ,
ρ +α

s2 + 2 i
s1,2

(35)
(36)

in the case of a free vortex ﬂow. Let us make a few comments on the special case when
ρs = ρf . In (23), the additional pressure build-up now cancels out the ﬁctitious body
forces of the solid body in the rotating frame of reference. The dynamic system hence
consists of a rotating inertia force that corresponds to the hydrodynamic mass and the
mass of the solid body and the eigenvalue relation yields a double root of an imaginary
number equal to the angular velocity of the ﬂuid at the inner boundary. The solid mass
hence whirls with the ﬂuid. From this we could also conclude that if ρs > ρf , the pressure
of the ﬂuid cannot counteract the ﬁctitious body forces of the solid body and the mass
will be slung towards the wall in a spiraling outward motion. This could be realized since
one of the eigenvalues will have a positive real part. In (1), there is no additional force due
to the coriolis acceleration of the ﬂuid, since the vorticity of the basic ﬂow in the rotating
frame of reference cancels out this term, i.e. (Z + 2Ωa )rot = 0. The diﬀerential equation
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governing the motion hence includes ﬁctitious external forces that yield an oscillatory
motion when ρs = ρf . The eigenvalues are in that case
s2 + i

Ωa
s=0
1 − γ2

→

s1 = 0, s2 = − i

Ω
,
1 − γ2

(37)

and the solution is composed of two rotating vectors of which one rotates at the angular
velocity Ωa and one is a backward rotating vector in the inertial frame of reference.
Another peculiar eﬀect of this is that even if the ﬂuid is denser than the ﬂuid, the pressure
build-up can still maintain the solid cylinder in a centred position. This could be realized
by studying the expression in the square root bracket of (36). If this expression becomes
negative, a centred position is no longer stable. The condition for stability is
ρ α < ρ + α,

(38)

which was also derived in (Jansson et al., 2012) in a ﬁxed frame of reference.

6.1

Fritz’ model with ﬁctitious rotor inertia forces

Transforming the rotating inertia force to a ﬁxed frame of reference yield two terms that
Muszynska mistakes for a Coriolis and centrifugal ﬂuid inertia force. By deriving the
rigid body mode of a ﬂuid annulus of a large gap, we have seen that the centripetal and
Coriolis acceleration of the ﬂuid give inertial eﬀects that are not included in the B/M
model. Further more, Fritz’ model of a thin ﬂuid annulus yielded a damped wave opposite
to the growing waves of the two unstable modes in the two-lateral model of Muszynska
discussed in section 3. The rotating damping force only yields unstable modes if it acts
on a rotor. We show this by deriving the diﬀerential equation of a rotor subjected to a
rotating damping force. In a frame of reference rotating with the angular velocity λωR
following the damping force, the diﬀerential equation governing the motion of the rotor
is


z̈s (t) + (F  + 2 i ωR ) żs (t) − ωR2 rot = 0,
(39)
where F  is deﬁned as the ratio between the damping coeﬃcient and the hydrodynamic
mass, F  = mFH . This leads us to the eigenvalue relation
s2 + (F  + 2 i ωR ) s − ωR2 = 0,

(40)

with the roots
s1,2 = −

F
2

1±


1 √
A+1
2

+ i ωR ±

F
2


1 √
A−1
,
2

A = 1 + 42

ωR2
.
F 2
(41)

√
Since A is always larger than 1 so that A + 1 > 2, one of the eigenvalues will always
have a positive real part and yields an unstable temporal mode of a growing vector
rotating with an angular velocity equal to the imaginary part of the eigenvalue. The
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imaginary part is equal to ωR minus the term in the square bracket. The departure from
ωR increases the larger A gets.
A point mass subjected to a rotating force is thus inherently unstable. A restoring
elastic force could oppose this eﬀect. A ﬁctitious restoring elastic force is also obtained
by transforming a damping force deﬁned in a ﬁxed frame of reference to the rotating
frame of reference. An external restoring elastic force and an external frictional force
acting on the rotor in the ﬁxed frame of reference hence stabilize the motion.

7

Concluding discussion

Most commonly, ﬂuid-induced self-excited vibrations are treated according to the nature
of the ﬂuid ﬂow rather than the nature of the ﬂuid-induced vibrations. This might seem
like a natural choice, if the aim is an estimation of the ﬂuid-induced linear rotordynamic
coeﬃcients. The B/M model is not concerned with the determination of those coeﬃcients,
but instead highlights the rotating character of the ﬂuid force and how it is related to the
average circumferential ﬂuid ﬂow. From this viewpoint, the model reveals some important
similarities between a bearing/rotor and seal/rotor system even though the nature of the
ﬂuid ﬂow is not comparable, where viscous forces are dominant and the ﬂow is laminar in
the former case whereas in the latter, inertia forces dominate and the ﬂow is turbulent.
Muszynska (1986) states that there is a “a big gap between theory and practice”. Her
model could be seen as an attempt to close a gap between engineers and researchers.
This could be a reason why the model had gained quit a lot of attention even though it
does not explain a new phenomenon. She oﬀered a simple model to the rotordynamic
community in agreement with experimental results that gave a sound explanation of
troublesome vibrations. Unfortunately, a lack of awareness of the assumptions behind
bulk-ﬂow models that makes it possible to represent the swirling ﬂuid ﬂow as a rotating
force tempts Muszynska (2005) to explain a number of vibrational problems related to
the process ﬂuid in rotating machine with her model that has nothing to do with rotating
damping.
The notion of a rotating ﬂuid inertia force equal to the hydrodynamic mass of a
ﬂuid annulus with no circular motion is built on the assumption that the inertia ﬂuid
force could be derived in a rotating frame of reference without taking into account the
additional centripetal and Coriolis acceleration of the ﬂuid. This assumption is valid only
if the radius of the ﬂuid annulus is much larger than its gap. In most cases, this also
implies that the ﬂuid inertia compared to the inertia of the rotor is negligible.
To extend Muszynska’s model, we derived eigenvalues of the rigid body mode of an
inviscid ﬂuid annulus in circular ﬂow without any restriction on the gap width. in a
frame of reference rotating with the angular velocity of the ﬂuid adjacent to the inner
boundary, Ωa . The additional eﬀects arise due to the counteracting pressure sustaining
the circular ﬂuid ﬂow. However, if we include a solid cylinder with a weight equal to the
displaced ﬂuid mass into the diﬀerential equation governing the rigid body mode of the
ﬂuid annulus, the ﬁctitious forces of the solid cylinder in the rotating frame of reference
are cancelled out by the additional ﬂuid forces that counteract the ﬁctitious body forces
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of the ﬂuid. This holds if the ﬂuid rotates as a solid body. However, in the case of an
irrotational ﬂuid ﬂow with constant circulation, the vorticity in the rotating frame of
reference cancels out the additional term due to the Coriolis acceleration. In the former
case, there is no motion of the inner rigid boundary relative to the ﬂuid motion adjacent
to the boundary. This corresponds to the rigid body mode of Muszynska’s ﬂuid model
with an imaginary eigenvalue equal to λωR which is the angular velocity of her rotating
frame of reference. In the latter case, the ﬁctious Coriolis force of the solid cylinder
yields a solution of an additional eigenvalue. The rigid body mode of the ﬂuid annulus
together with the solid cylinder of equal density hence allows for an oscillatory motion
of the interface between the ﬂuid and the solid body.
Further more, it was shown that the rotating damping force only is destabilizing if
it acts on a point mass deﬁned in a ﬁxed frame of reference. Deriving the rigid body
mode in a frame of reference rotating with the damping force, the instability could be
attributed to the ﬁctitious forces of the inertia force of the point mass in the rotating
frame of reference. In a ﬁxed frame of refeference, it is the ﬁctitious force of the rotating
damping force that induces the instability. We could conclude that is it the mismatch of
frame of reference of the damping force and the inertia force that induces the instability.
Muszynska states that the ﬂuid inertia does not change the qualitative picture of the
self-excited vibrations and can therefore be neglected in the calculations of the ﬂuidrotor model. Neither the generalized rotor mass associated with the location of the ﬂuid
force nor the ﬂuid-induced inertia force are included in the calculations of the ﬂuid-rotor
model. One could then ask why those terms were included in the ﬁrst place. It seems
sound to neglect the inertia of a thin ﬂuid shell surrounding a larger rotor. If the ﬂuid
no longer can be approximated as a shell, it is no longer a matter of course to make such
an assumption. The inertial eﬀects change the eigenvalue of the rigid body mode of the
ﬂuid and is determinant for the whirling speed of ﬂuid-induced self-excited vibrations
associated with the rigid body mode of the ﬂuid.
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The rigid body mode of a swirling ﬂuid with a solid
core
Ida Jansson and Hans O. Åkerstedt

Abstract
In this work, we consider the dynamics of a ﬁxed cylinder that contains an inviscid
swirling ﬂuid with a solid cylindrical core constrained to transverse motion. The general linearized solution can be decomposed into a solution with respect to rotational
disturbances with homogeneous boundary conditions and a solution with respect to irrotational disturbances with inhomogeneous boundary conditions. The motion of the rigid
interface constrains the solution to a spatial mode of an azimuthal wavenumber equal
to one, which we denote the rigid body mode. Irrotational disturbances are governed
by the dynamic behaviour of the rigid interface solely governed by inertial eﬀects. Two
physical vectors yields the dynamic behaviour of the interface. In a stable conﬁguration,
the rotating vectors are manifested as rotating waves in the ﬂuid travelling in opposite
directions seen from a frame of reference following the tangential ﬂuid motion adjacent
to the interface. The value of the density ratio of the solid core and the ﬂuid at the
onset of instability is deﬁned as a function of the dimensionless vorticity and the ratio
of the radii of the cylindrical surfaces.The vibratory motion of the rigid interface follows
by a departure from a merged homogenous state, i.e. when the solid core and ﬂuid are
of equal density and the ﬂuid rotates as a solid body. In the merged homogenous state,
the ﬁctitious forces of the solid core are cancelled out by the pressure build-up induced
by the ﬁctitious ﬂuid forces and the equation of motion of the rigid interface reduces
to a single point mass in the rotating frame of reference. As the rigid interface moves
with a constant velocity, the constant vorticity of the ﬂuid induces a ﬁctitious force that
opposes the ﬁctitious Coriolis force induced by the solid body. If the angular velocity of
the ﬂuid is not constant, these forces does not cancel out each other, which implies that
a swirling ﬂow can withhold a solid core denser than the ﬂuid in a concentric position.
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Introduction

Let us imagine a cylinder ﬁxed in space that contains an inviscid ﬂuid with a solid
cylindrical core concentric with the ﬁxed cylinder. In the cylinder, the ﬂuid and the
solid core are constrained to move only in the transverse plane perpendicular to the axis.
The ﬂuid moves in concentric shells with an angular velocity proﬁle of constant vorticity,
Ω(r), that varies with the radial distance according to
Ω(r) =

A
+ B.
r2

This work is concerned with the linear inviscid stability of this dynamic system with
respect to two-dimensional disturbances. Irrotational two-dimensional disturbances of
the ﬂuid ﬂow can only be induced by a rigid body motion of the interface of the solid
core to the ﬂuid. The hydrodynamic stability problem with respect to irrotational disturbances is hence governed by the dynamic behaviour of the interface of the solid core
to the swirling ﬂow. The dynamic behaviour of the rigid interface is solely governed
by inertial eﬀects of the solid and ﬂuid respectively. In this paper, we investigate how
the additional inertial eﬀects of the curvature of the swirling ﬂow come into play in the
dynamic behaviour of the interface and makes the ﬂuid support waves. Furthermore, we
discuss how rotational disturbances are manifested in the ﬂuid ﬂow and if they could
change the dynamic behaviour of the rigid interface.
The general solution of the stability problem is stated by the use of a Green’s function following the work of Case (1960). By the principle of superposition, the solution is
decomposed into a solution governing rotational disturbances with homogeneous boundary conditions and a solution governing irrotational disturbances with inhomogeneous
boundary conditions. Two special cases of an initial vorticity distribution of the disturbance are studied. The solution governed by the irrotational disturbances is derived
following a similar procedure as in an paper by Jansson et al. (2012), who carried out
a theoretical analysis on the eﬀect of inertia and the rotational energy of an inviscid
ﬂuid annulus on lateral transversal rotor vibrations. Their work is extended to a basic
ﬂow with a constant vorticity and the calculations are performed in a rotating frame of
reference following the tangential ﬂuid motion adjacent to the rigid interface. Stating the
equation of motion governing the rigid interface in a rotating frame of reference, reveals
how the ﬁctitious forces of the the solid core and the ﬂuid come into play.

2

The general solution

For a basic ﬂow proﬁle with constant vorticity, the linearized vorticity equation governing
the linear inviscid stability of a ﬂuid with respect to two-dimensional disturbances reduces
to


∂
∂
+ Ω(r)
ω̃z = 0,
(1)
∂t
∂θ
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where ω̃z denotes the vorticity of the disturbance (Drazin and Reid, 2004). This problem
is equivalent to the stability problem of plane Couette ﬂow with a unidirectional linear
ﬂow proﬁle
Rayleigh
 ∂U (y) that
was ﬁrst treated by
 (1879), except that the diﬀerential
∂
∂
∂
operator ∂t
is replaced by ∂t
. If the motion takes place between
+ Ω(r) ∂θ
+ U ∂x
ﬁxed walls, i.e. with homogeneous boundary conditions, no irrotational disturbances are
possible. However, there is no restriction on rotational disturbances as long as the local
rate of change is balanced by the convective rate of change. Rayleigh showed that with
the assumption that the disturbance is proportional to ei(κx+nt) any value n = −κU
admits a solution. This implies the existence of a continous spectrum of the temporal
modes.
Applying the same methods as Case (1960) for circular Couette ﬂow, and the use of
Green’s functions we now state the general solution of (1) in terms of the stream function
of the ﬂuid ﬂow ψ̃ that includes both irrotational and rotational disturbances. We assume
that the stream function of the perturbation velocity is the real part of
ψ̃(r, t) = φn (r, t)ei nθ .

(2)

Inserting (2) together with the deﬁnition of the vorticity, ω̃z = ∇2 ψ̃, in (1) yields


∂
+ i nΩ(r) ∇2 φn (r, t) = 0.
∂t

(3)

Applying the Laplacetransform to (3) yields
∇2 φ̂n (r, s) =


1

∇2 φn  ,
(s + i nΩ(r))
t=0

(4)

where L (φn ) = φ̂n . The invert Laplacetransform of (4) together with the appropriate
boundary conditions then give us the initial value problem


(5)
∇2 φn = e− i nΩ(r)t ∇2 φn  ,
t=0

φn (a, t) = fn (a, t),

φn (b, t) = 0,

where we deﬁne the initial vorticity distribution as






ω̃z  = ω̃z,n  ei nθ = ∇2 φn 
t=0

t=0

ei nθ .
t=0

(6)

(7)

Since the initial-value problem is linear, the general solution of the problem could be
stated as a superposition of a solution of the inhomogeneous equation with homogenous boundary conditions and the solution of the homogenous equation with the initial

vorticity distribution ω̃z,n 
(Stakgold, 1979) according to
t=0



b

φn (r, t) =
a




e− i nΩ(r )t Gn (r, r )ω̃z,n 

t=0

dr − a

dGn 
 φn (a, t),
dr r=a

(8)
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where the Green function with a discontinuity at r = r is speciﬁed by
⎧


2n
2n
⎪
rn − brn
rn − brn
⎪
⎪
⎪
⎪
if r < r ,
⎪
⎪
2n (b2n − a2n )
⎨
Gn (r, r ) =


⎪
⎪
2n
2n
⎪
⎪
rn − brn
rn − brn
⎪
⎪
⎪
if r > r .
⎩
2n (b2n − a2n )

(9)

This then ensures us that the evolution in time of rotational disturbances equal to the
ﬁrst part of (8) are independent of the boundary conditions and that the ﬂuid motion
induced by a disturbance of the boundary equal to the second part must be irrotational.
The restriction by the solid core on the motion of the inner boundary demands that
fn (a, t) = 0 for n = 1. If the general solution includes the rigid body mode of the
irrotational disturbance we have that fn (a, t) = f1 (a, t), i.e. only disturbances belonging
to the ﬁrst azimuthal wavenumber n = 1 are possible.

3

Two special cases of rotational disturbances

In the following section, we consider two special cases of the rotational disturbances. If
the basic ﬂow ﬁeld is irrotational apart from a discontinuous jump at r = r0 , the initial
vorticity distribution could be written as


(10)
ω̃1,z  = ω0 δ (r − r0 ) ,
t=0

and the solution governing the rotational disturbance with n = 1 can be written as


b




e− i Ω(r )t G1 (r, r )ω̃z,1 

a

t=0

dr = ω0 e− i Ω(r0 )t G1 (r, r0 ).

(11)

This implies that the rotational disturbance at r = r0 rotates with the ﬂow. For a
continuous initial vorticity distribution satifying the homogeneous boundary conditions



π (r − a)

ω̃z,n  = ωz,0 sin
,
(12)
b−a
t=0
the long time behavior as t → ∞ for n = 1 is


b
a




e− i Ω(r )t G1 (r, r )ω̃z,1 

t=0

dr = −ω0

e− i Ωt
sin
rt2 Ω (r)



π (r − a)
b−a


,

(13)

where Ω is the derivate of the angular velocity distribution of the ﬂuid. The initial
vorticity distribution is hence damped out since the expression goes to zero as 1/t2 .
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We denote the ﬂuid motion following by a rigid body motion the rigid body mode of the
ﬂuid, which in terms of the complex potential function w̃ = φ̃ + i ψ̃ was stated by Jansson
et al. (2012) as
w̃(z, β̇(t)) = C

β̇(t) β̇(t)
+ 2 z
z
b

,

with C =

a2
2 .
1 − ab2

(14)

where β̇(t) = żs −i Ωa zs denotes the relative velocity of the rigid interface of the solid core
to the ﬂuid with respect to a rotating frame of reference following the angular velocity of
the ﬂuid at the inner boundary, Ωa . The rigid body mode of of an inviscid ﬂuid at rest
bounded by two cylindrical surfaces was determined by Stokes (1843) in 1843. From the
supposition that the ﬂuid motion is produced directly by impact, he derived the potential
function φ of the ﬂow ﬁeld out from the normal motion of the ﬂuid forming the surfaces
of the cylinders. The function φ is equal to the real part of (14) with the velocity of the
boundary equal to β̇(t). We here derive the ordinary diﬀerential equation in complex
coordinates governing the relative position β(t) of the rigid interface. The equation of
motion of the position of the interface is analogous to a point mass subjected to motioninduced forces. However, the external forces are ﬁctitious forces and the dynamics is solely
governed by the inertial eﬀects of the solid core and the ﬂuid together. The solution is
composed of two physical vectors esi t , where si corresponds to the eigenvalues of the
ODE. We denote these vectors the temporal modes belonging to the rigid body mode of
the ﬂuid.

4.1

Inertial eﬀects of the ﬂuid and the solid core

We deduce the inviscid linear ﬂuid force acting on the interface between the ﬂuid and
the solid core by complex integration of the pressure equation in complex coordinates
deduced from Bernoulli’s equation with constant vorticity stated in the rotating frame of
reference following the tangential basic ﬂuid motion adjacent to the boundary. In a frame
of reference rotating with angular velocity Ωa for a ﬂuid ﬂow with constant vorticity equal
to Z, Bernoulli’s equation in complex coordinates is equal to
 


∂υ
∂ p
1 2
1
− (Z + 2Ωa ) ψ − Ωa zz + υυ
= −2
.
(15)
∂t rot
∂z ρ
2
2
rot
The two additional terms arising in the rotating frame of reference are due to the Coriolis
and centripetal acceleration respectively. However, since Zrot +2Ωa = Z, the second term
of the right-hand side of (15) is unchanged by the transformation. This relationship was
clariﬁed by Lighthill (1966), who discussed eﬀects arising in rotating ﬂows in terms of
the vorticity in an inertial frame of reference.
Dividing into a zeroth- and a ﬁrst-order equation and making use of the fact that the
disturbance ﬂuid motion is irrotational, we state the zeroth-order pressure induced by
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Figure 1: A swirling ﬂuid annulus with a large gap and circumferential velocity rΩ(r) in the
inertial frame of reference. Adjacent to the inner boundary in the unperturbed state, the ﬂuid
rotates with the angular velocity Ωa . In a frame of reference rotating with angular velocity Ωa ,
the relative perturbation velocity of the boundary is β̇(t) = żs (t) − i Ωa zs .

the basic ﬂow as

 
1 2
1
Ω zz + (Z + 2Ωa ) ψ0 − υ0 υ 0
p0 = ρ
2 a
2
rot

(16)

and the ﬁrst order pressure that stems from the ﬂuid motion of the rigid body mode of
an irrotational disturbance as
p̃ =

ρ


∂ φ̃
1
+ (Z + 2Ωa ) ψ̃ −
υ̃υ 0 + υ̃υ0
∂t
2

.

(17)

rot

The complex conjugate of the linear ﬂuid force acting on the solid core is equal to a
complex contour integral taken along the rigid interface of the solid to the ﬂuid denoted
by C according to



F ﬂuid = − i
p0 dz +
p̃ dz .
(18)
C̃

C0

Including only linear eﬀects, makes it possible to evaluate the pressure build-up p̃ that
stems from the perturbation motion of the ﬂuid at the the contour, C0 , of a centred
unperturbed position, whereas the pressure p0 must be evaluated at the contour, C̃,
equal to the interface at the perturbed relative position β(t).
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It can be shown that with the assumption of a small displacement β(t), only the ﬁrst
term corresponding to the ﬁctitious centrifugal force yields a contribution since υ0,rot = 0
at C0 . The circular motion of the basic ﬂow yields a number of additional eﬀects on
the induced ﬂuid force compared to the rigid body mode of a ﬂuid annulus at rest. The
additional pressure build-up in the basic state of the circular motion yields a ﬂuid force
acting on the solid core that must cancel out the ﬁctitious centrifugal force acting on the
displaced ﬂuid mass at the displaced position, β(t), equal to


2
F p0 = − i p0 dz = i ρΩa
zzdz = −Ω2a Md z s .
(19)
C̃

C̃

The pressure build-up induced by the irrotational disturbance ﬂuid motion governed by
the motion of the interface β̇(t) yields two terms according to

1 + γ2
¨ + i ZM β(t),
˙
F p̃ = − i
p̃ dz =
Md β(t)
(20)
d
2
1
−
γ
C0
where Z denotes the vorticity in the inertial frame of reference, which could be deduced
from the contour integrals




1
ω̃ − ω̃ dz f = πa2 β̇(t),
ψ̃ dz f = i
(21)
2
C0



1 
1 + γ2 2
φ̃ dz f =
ω̃ + ω̃ dz f = − i
πa β̇(t).
(22)
2
1 − γ2
C0
The ﬁrst term of (20) yields the hydrodynamic mass in a frame of reference rotating at
∂
the angular velocity of the ﬂuid at its inner boundary Ωa , since ∂t
− i Ωa is equal to the
partial time derivate in a frame of reference rotating with angular velocity Ωa . Let us
now compare this ﬁctitious force resulting from the vorticity of the basic ﬂow and the
perturbation stream function ψ̃ with the ﬁctitious Coriolis force. In the rotating frame
of reference, the pressure build-up counteracts the ﬁctitious Coriolis body force acting
on the displaced ﬂuid moving with the relative velocity β̇(t). Opposite to the pressure
build-up that counteracts the ﬁctitious centrifugal body force that is independent on the
radial proﬁle of the angular velocity, the pressure build-up that counteracts the inertia
force due to acceleration of the displaced ﬂuid mass induced by the perturbation velocity
of the boundary β̇(t) depends on the radial proﬁle of Ω, which we will see has eﬀects on
the dynamics of the rigid body mode.
To obtain the diﬀerential equation governing the motion of β(t), we must include the
inertia force of the solid core. Equally as for the ﬂuid, we must take into account the
centripetal and Coriolis acceleration of the solid core in the rotating frame of reference
expressing its inertia force. Equilibrium between the inertia force of the solid core and
the ﬂuid inertia force yields the diﬀerential equation governing the rigid body mode of
the ﬂuid and its solid core according to
(ρ + α) β̈(t) − 2 i (Z  − ρ ) Ωa β̇(t) + (1 − ρ ) Ω2a β(t) = 0,

(23)
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with the dimensionless parameters deﬁned as
α=

1 + γ2
,
1 − γ2

ρ =

ρs
Z
and Z  =
,
ρf
2Ωa

(24)

where α is the ratio between the hydrodynamic mass in the rotating frame of reference
and the displaced ﬂuid mass, ρ is the density ratio between the ﬂuid and the solid body
and Z  is the ratio between the vorticity and the vorticity of a basic ﬂow with the constant
angular velocity Ωa .

4.2

The dynamic behaviour of the rigid interface

We here derive the general solution govering the position of the rigid interface β(t) in a
rotating frame of reference following the angular ﬂuid velocity Ωa adjacent to the inner
boundary. The Laplace transform of (23) yields

 
(ρ + α) s2 − 2 i (Z  − ρ ) Ωa s + (1 − ρ ) Ω2a β̂(s)
(25)
= ((ρ + α) s − 2 i (Z  − ρ )) β(0) + (ρ + α) β̇(0),
where L (β(t)) = β̂(s) is the Laplacetransform of the relative disturbed position. By
dividing by the coeﬃcient of s2 , we get

 −ρ
s − 2 i Ωa Zρ +α
β(0) + β̇(0)
.
(26)
β̂(s) =



−ρ
s2 − 2 i Ωa Zρ +α
s + Ω2a ρ1−ρ
 +α
We compute the inverse Laplacetransform by partial fraction and complex integration,
which results in two physical vectors according to
β(t) = Aes1 t + Bes2 t ,
where s1,2 corresponds to the singular points of s in the denominator according to
√ 
Z  − ρ
(1 − ρ ) (ρ + α)
+ 1,
1± D , D =
s1,2 = i Ωa 
(27)
ρ +α
(Z  − ρ )2
if Z  = ρ and with the complex coeﬃcients
β(0)
A= √
2 D

1+

β(0)
ρ + α β̇(0) √
+ D , B=− √
Z  − ρ β(0)
2 D

1+

ρ + α β̇(0) √
− D
Z  − ρ β(0)

determined out from the inital values of β(t) and β̇(t). If D is equal to zero or positive,
the solution is stable and consists of two rotating vectors that induce rotating waves in
the ﬂuid with angular velocities equal to
√ 
√ 
Z  − ρ
Z  − ρ
ω1 = Ωa 
1 + D and ω2 = Ωa 
1− D .
ρ +α
ρ +α
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Figure 2: Angular velocities of the rotating waves as a function of Z  and three diﬀerent values
of γ with ρ = 0, i.e. the core is hollow.

4.3

The support of wave motion in the stable states

Let us now make a few statements about the dynamics of the rigid interface governed by
the ordinary diﬀerential equation (23). First of all, we note that if the solid core has a
mass equal to the displaced mass of the ﬂuid, the pressure build-up that counteracts the
centrifugal force of the displaced ﬂuid is cancelled out by the centrifugal force acting on
the solid core in the rotating frame of reference. But, the ﬁctitious Coriolis force of the
solid core is cancelled out by the pressure build-up that stems from the constant vorticity
only if Z  = 1, i.e. if the ﬂuid rotates as a solid body. This means that if Z  = 1, the
pressure build-up in the circulating ﬂow counteracts the ﬁcitious forces of the solid core
in the rotating reference frame, and seen from the rotating reference frame, a disturbance
of the rigid interface only follows with the ﬂuid motion adjacent to the rigid interface
and the ﬂuid does not support waves. In an inertial frame of reference, the eigenvalue
relation yields a double root equal to s = i Ωa . The irrotational disturbances induced by
the rigid body motion are simply convected by the ﬂuid. For the remaining cases, the
stable states yield one forward and one backward rotating vector in the rotating reference
frame. If ρ is equal to zero and Z  = 1, the core is hollow. This case corresponds to wave
propagation in partially ﬂuid-ﬁlled rotating cylinders and agrees with earlier obtained
results (see for example Genta (2005)).
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The onset of instability

If one of the roots of (27), its corresponding rotating vector grows exponentially in time
and the linearized assumption is no longer valid. The onset of instability is deﬁned as
2

(ρ − 1) (ρ + α) = (Z  − ρ ) .

(28)

If ρ < 1, the conﬁguration is always stable since the right-hand side cannot attain a
negative value. The onset of instability is deﬁned as ρ = Z  = 1. This simply means that
if Z  = 1 and the solid core weighs more than the displaced ﬂuid mass so that (1 − ρ )
becomes negative, the ﬂuid is unable to support a whirling motion of the solid core and
it will be slung outwards towards the ﬁxed container. This is consistent with the limit
of stability of a ﬂuid that rotates as a solid body enclosing a solid body obtained by
Vladimirov and Ilin (1999). Their results are based on Arnold’s technique of stability
analysis which they extended to by valid for systems of both a solid and a ﬂuid body.
When Z  = ρ , the left-hand side of (28) is positive. This means that ρ can attain a
larger value than one and the swirling ﬂuid can still support a whirling motion of the
solid core in a concentric conﬁguration. This could be realized by studying the equation
of motion (23). A force perpendicular to the velocity of the interface stabilizes the system
both for Z  > ρ and Z  < ρ since it is included in D in quadrature. To illustrate this,
we deﬁne the limiting value of the density ratio ρ , as a function of the dimensionless
vorticity and hydrodynamic mass α as
ρ =

Z 2 + α
.
2Z  + α − 1

(29)

The onset of instability for three diﬀerent choices of γ is plotted in Figure 3. The
density ratio goes towards inﬁnity when the denominator of (29) is equal to zero. This
happens when Zl = 12 (1 − α). For values Z  < Zf , a concentric conﬁguration is stable
for all values of ρ . If the radius of the ﬁxed container goes towards inﬁnity, Zl is equal
to zero, which is the largest value it can attain. As the ratio γ increases, the limit Zl
decreases towards more negative values. We equally see that the ratio γ lowers the onset
of instability for values Z  > Zl and Z  = 1. If the onset of instability happens at
Z  = ρ = 1, the eigenvalues collapse to zero in the rotating frame of reference and the
solid core whirls outwards towards the wall with the angular velocity Ωa . But if the onset
of instability happens for Z  = ρ , the roots yield an imaginary double root with a value
equal to
ωl = Ωa

Z  − ρ
,
ρ + α

and the solid core whirls outwards towards the wall with the angular velocity ωl in the
rotating reference frame. As an example of a swirling ﬂuid ﬂow with constant vorticity,
let us consider circular Couette ﬂow set up by a rotating motion of the solid boundaries
spread into the ﬂuid by viscous action. The nondimensionless vorticity Z  of such a ﬂow
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Figure 3: Maximum allowed value of ρ for a stable conﬁguration as a function of Z  for three
diﬀerent choices of γ.

proﬁle is equal to
Z =

μ − γ2
,
1 − γ2

μ=

Ωb
,
Ωa

(30)

where μ denotes the ratio o the angular velocity of the ﬁxed container to the solid core.
If μ = 1, the dimensionless vorticity is equal to the limiting value Zl , which implies that
circular Couette ﬂow in which the outer cylinder does not rotate can withhold a solid
core in a concentric conﬁguration for all choices of ρ .

5

Discussion

In this paper, we discussed the stability with respect to two-dimensional disturbances
of a swirling cylindrical inviscid ﬂuid with constant vorticity pierced by a concentric
cylindrical solid core. By the principle of superposition, we decomposed the general
solution governing the linearized vorticity equation into a solution governing rotational
and irrotational disturbances respectively. Opposite to the stability problem of a swirling
ﬂuid ﬂow with ﬁxed boundaries that yields no discrete spatial modes, the lack of ﬁxity of
the solid core yields a discrete mode with an azimuthal wave number equal to one that
we in the current work denoted as the rigid body mode. An initial vorticity distribution
of the disturbance deﬁned as a discontinuous jump located at a certain radial distance is
simply convected by the basic ﬂuid ﬂow.
Irrotational disturbances can only be induced by a motion of the rigid interface and
are governed by a complex potential function denoted as the rigid body mode. The
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motion of the boundary is solely governed by inertial eﬀects of the swirling ﬂuid and the
solid core. The dynamics of the rigid body interface is hence neither correctly pictured
as the dynamics of the solid body subjected to an external force neither as the dynamics
of the rigid body mode of the ﬂuid subjected to an external force. The dynamics of
the rigid interface was here stated in a rotating frame of reference following the ﬂuid
motion adjacent to the rigid interface by an ordinary diﬀerential equation in complex
coordinates. The ODE is equivalent to the equation of motion of a point mass subjected
to external motion-induced forces. In a stable conﬁguration, the two physical vectors
that make out the solution of the ODE manifest themselves in the ﬂuid as two waves
travelling in opposite directions except when the density ratio of the solid core and the
ﬂuid is equal to one and the ﬂuid rotates as a solid body. In this case, the ﬁctitious forces
of the solid core are cancelled out by the pressure build-up induced by the ﬁctitious ﬂuid
forces and the equation of motion of the rigid interface reduces to a single point mass.
A conﬁguration of the ﬂuid in concentric rotating ﬂuid shells, which keeps the solid core
in a concentric conﬁguration is stable, if the density of the solid core is less than or
equal to the density of the ﬂuid and the ﬂuid and the solid core rotates as one single
body. But if the angular velocity of the ﬂuid is not constant, the ﬁctitious ﬂuid force
induced by the vorticity does not cancel out the Coriolis force of the solid core which
makes the ﬂuid support waves. This fact also delays the onset of instability. If Z  = 1,
the circulating ﬂuid ﬂow can withhold a vibrating solid core denser than the ﬂuid in a
concentric conﬁguration.
It must be stressed that the inertial eﬀects of the ﬂuid and the solid together that
yield an unstable temporal mode belonging to the rigid body mode cannot induce any
self-excited vibrations. Common for ﬂuid-induced self-excited vibrations in rotating machinery is the existence of a ﬂuid force acting at left angles to the displacement of the
rotor (see for example Ehrich (1992)). If such a force is strong enough to counteract the
damping force, equilibrium between these two forces yields a stable cycle manifested as
a whirling orbit. However, if the dynamics of an interface of a solid body to a swirling
ﬂuid body includes external eﬀects that induce self-excited vibrations associated with the
rigid body mode of the ﬂuid, the inertial eﬀects of the swirling ﬂow change the whirling
speed of the stable limit cycle governing self-excited vibrations. This is due to the fact
that the swirling motion yields ﬁctitious forces that makes the ﬂuid support waves.
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