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Abstract – In this paper, we present a novel data-based method for simulta-
neous Maximum Likelihood (ML) symbol and carrier-frequency offset estimation
in Orthogonal frequency-division multiplexing (OFDM) systems. Statistical prop-
erties introduced by the cyclic prefix, a guard space between OFDM symbols,
provide sufficient information about the unknown parameters. It is shown that the
redundancy introduced by this cyclic prefix allows the estimation to be performed
without additional pilots. Simulations show that the performance of the frequency
estimator is applicable in a tracking mode while the timing estimation can be used
in an acquisition mode.

1 Introduction

Multi-carrier, or Orthogonal frequency-division multiplexing (OFDM), systems have gain-
ed an increased interest during the last years [1]. It is used in the European digital
broadcast radio system [2] and its use in wireless applications such as digital broadcast
television [3] and mobile communication systems [4] is currently being investigated. By
the name of discrete multitone (DMT) modulation, OFDM is also being examined for
broadband digital communication on existing copper networks. The OFDM technique
has been proposed both for high bit-rate digital subscriber lines (HDSL) and asymmetric
digital subscriber lines (ADSL) [5, 6].

In this paper we address two problems in the design of OFDM receivers. One problem
is the unknown time instant to start sampling a new OFDM symbol. Sensitivity to a
timing offset is higher in multi-carrier systems than in single-carrier systems and has been
discussed in [7, 8]. A second problem is the mismatch of the oscillators in the transmitter
and receiver. The demodulation of a signal with an offset in the carrier frequency can
cause large bit errors and may degrade the performance of a symbol synchronizer [7, 9].
It is therefore important to estimate this offset and minimize its impact.

A symbol clock and a frequency offset estimate may be generated at the receiver with
the aid of pilot symbols known to the receiver [10, 11], or, as in [12], by maximizing the
average log-likelihood function. However, the structure of the transmitted OFDM signal
itself offers the opportunity for synchronization. Such an approach is found in [11, 13] for
a timing offset and in [14, 15] for a frequency offset. In this paper we present and evaluate
the joint Maximum Likelihood (ML) estimation of the timing and carrier-frequency offset
in OFDM systems. The key element that will rule the entire discussion is the idea that the
OFDM data symbols contain sufficient information to perform synchronization [16]. The



     

16 Part I: ML Estimation of Timing and Frequency Offset in Multicarrier Systems

Channel
ID

F
T

D
F
T

S
e
ri

a
l/

P
a
ra

ll
e
l

P
a
ra

ll
e
l/

S
e
ri

a
l

x0

xk

xN¡1

s0

sk

sN+L¡1

s(k) r(k)

rN+L¡1

r0

y0

rk yk

yN¡1

Figure 1: An OFDM system.

algorithm we present exploits the cyclic prefix preceding the OFDM symbols, commonly
accepted as a means to mitigate inter-symbol interference (ISI) in OFDM systems [1, 17].
The need for pilots is thus reduced.

2 The OFDM system model

2.1 The signal model

Consider the transmission of complex numbers xk, taken from some signal constellation
(e.g., PSK, QAM). Figure 1 illustrates the baseband, discrete-time OFDM system model
we will use in the sequel.

The data xk are modulated on N subcarriers by an inverse discrete Fourier transform
(IDFT) and the last L samples are copied and put as a preamble (cyclic prefix) to form the
OFDM symbol sk. This data vector is serially transmitted over a discrete-time channel,
whose impulse response is typically shorter than L samples. The cyclic prefix is removed
at the receiver and the signal rk is demodulated with a discrete Fourier transform (DFT).
The insertion of a cyclic prefix avoids ISI and preserves the orthogonality between the
tones, resulting in the simple input-output relation [1]

yk = hkxk + nk, k = 0, . . . , N − 1, (1)

where hk is the channel attenuation at the kth subcarrier (See Figure 2) and nk is additive
white Gaussian noise. In spite of the loss of transmission power and bandwidth associated
with the prefix, the simple channel equalization for the subchannel structure (1) generally
motivates the use of the cyclic prefix [1].

In the following analysis, we assume that the channel is non-dispersive and that
the transmitted signal s(k) is only affected by complex, additive, white Gaussian noise
(AWGN) n(k) (i.e., hk = 1, ∀k ∈ {0, . . . , N − 1}). In Section 5 we also evaluate the
estimator performance for a time-dispersive channel.

We now consider two uncertainties in the receiver of this OFDM symbol. The un-
certainty in the arrival time of the OFDM symbol is modelled as a delay in the channel
impulse response, i.e., δ(k − θ), where θ is the integer-valued unknown arrival time of a



    

17

Figure 2: Equivalent model of the OFDM system.

symbol. The uncertainty in carrier frequency, which is due to a difference in the local
oscillators in the transmitter and receiver, gives rise to a shift in the frequency domain.
Such behaviour is modelled as a complex multiplicative distortion in the time domain,
ej2πεk/N , of the received data, where ε denotes the difference in the transmitter and
receiver oscillators as a fraction of the inter-carrier spacing. Hence, the received data is

r(k) = s(k − θ)ej2πεk/N + n(k). (2)

Now consider the transmitted signal s(k). This is the DFT of the data xk, which we
assume constitutes a white process. Hence, s(k) is a linear combination of independent,
identically distributed random variables. If the number of subcarriers is sufficiently large,
we know from the central limit theorem that s(k) approximates a complex Gaussian
process whose real and imaginary parts are independent. This process, however, is not
white, since the appearance of a cyclic prefix yields a correlation between some pairs
of samples, spaced N samples apart. Hence, r(k) is not a white process, either, but
because of its probabilistic structure, it contains information about the timing offset θ
and carrier frequency offset ε. This is the crucial observation that offers the opportunity
for simultaneous estimation of these parameters based on r(k). In the following sections,
this idea is formally shaped and elaborated.

2.2 Sensitivity for timing and frequency offset

A synchronizer cannot distinguish between phase shifts introduced by the channel and
those introduced by symbol timing delays [8]. Depending on the application, this inter-
changeability affects the requirements with respect to timing synchronization differently.
In wireless applications, where channel estimation is performed continuously in order to
track a time-varying channel, timing errors can be corrected by the equalizer. In these
cases, it may be sufficient that the accuracy of the timing synchronizer is in the order of
one sample. In, e.g., HDSL, however, the channel is static and essentially estimated only
during start-up. Any timing error gives rise to a phase shift of the channel attenuations
hk. If the constellation size of the transmitted symbols xk is large, the demands can be
rather high.
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Figure 3: Structure of OFDM signal with cyclicly extended symbols, s(k).

The frequency response of each subchannel is zero at all other subcarrier frequencies;
i.e., the subchannels don’t interfere with each other [1]. The effect of a frequency offset
is a translation of these frequency responses resulting in a loss of orthogonality between
the tones. This inter-carrier interference (ICI) has been investigated in [14]. The signal-
to-interference ratio (SIR) is shown to be lower bounded by

SIR ≥ 1

0.5947π2ε2
. (3)

Notice that additive noise is not incorporated in this analysis. To obtain a SIR of 30 dB
or higher, the frequency offset must satisfy

ε ≤ 1.3 · 10−2. (4)

This result agrees well with the analysis of multi-user OFDM systems in [7], which states
that a frequency accuracy of 1%–2% of the inter-carrier spacing is necessary.

2.3 Correlation properties

Assume that we observe 2N+L consecutive samples of r(k), cf. Figure 3, and that these
samples contain one complete (N + L) -sample OFDM symbol. The position of this
symbol within the observed block of samples, however, is unknown because the channel
delay θ is unknown to the receiver. Define the index sets I ≡ {θ, . . . , θ + L − 1} and
I ′ ≡ {θ +N, . . . , θ +N + L− 1} , see Figure 3. The set I ′ thus contains the indexes of
the data samples that are copied into the cyclic prefix, and the set I contains the indexes
of this prefix. Collect the observed samples in the (2N + L)× 1-vector

r ≡ [r(1) . . . r(2N + L)]T . (5)

Notice that the samples in the cyclic prefix and their copies, r(k), k ∈ I ∪I ′ are pairwise
correlated, i.e., ∀k ∈ I:

E {r(k)r∗(k +m)} =


σ2
s + σ2

n m = 0
σ2
se
j2πε m = N

0 otherwise,
(6)
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where σ2
s ≡ E

{
|s(k)|2

}
and σ2

n ≡ E
{
|n(k)|2

}
, while the remaining samples r(k), k /∈

I∪I ′ are mutually uncorrelated. In the next Section we explicitly exploit this correlation
property and derive the ML estimates of θ and ε.

3 Maximum Likelihood estimation

3.1 The likelihood function

The log-likelihood function for θ and ε, Λ (θ, ε), is the logarithm of the probability density
function f (r|θ, ε) of the 2N + L observed samples in r given the arrival time θ and the
carrier frequency offset ε, i.e.,

Λ (θ, ε) = log f (r |θ, ε) . (7)

In the following, we will drop all additive and (positive) multiplicative constants
that show up in the expression of the log-likelihood function, since they don’t affect the
maximizing argument. Any such scaling of Λ (θ, ε) will be referred to with the same
notation. Moreover, we drop the conditioning on (θ, ε) for clarity and use the correlation
properties of the observations r. As in [18], the log-likelihood function (7) can be written
as

Λ (θ, ε) = log

∏
k∈I

f (r(k), r(k +N))
∏

k/∈I∪I′
f (r(k))


= log

∏
k∈I

f (r(k), r(k +N))

f (r(k)) f (r(k +N))

∏
k

f (r(k))

 , (8)

where f (·) denotes the probability density function of the variables in the argument.
Notice that it is used for both one- and two-dimensional distributions. The last factor
in (8) is independent of θ (since the product is over all k) and ε (since the real and
imaginary parts of r(k) are independent). The maximum likelihood (ML) estimation of
θ and ε is the argument maximizing Λ (θ, ε). Hence, we may omit this factor and write
the log-likelihood function as

Λ (θ, ε) = log

(
θ+L−1∏
k=θ

f (r(k), r(k +N))

f (r(k)) f (r(k +N))

)
. (9)

Under the assumption that r is a jointly Gaussian vector, this function is shown in the
first Appendix to be

Λ (θ, ε) = |γ (θ)| cos (2πε+ 6 γ (θ))− ρE (θ) , (10)

where 6 denotes the argument of a complex number,

γ (m) ≡
m+L−1∑
k=m

r(k)r∗(k +N), (11)
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E (m) ≡ 1

2

m+L−1∑
k=m

|r(k)|2 + |r(k +N)|2 , (12)

and

ρ ≡ σ2
s

σ2
s + σ2

n

=
SNR

SNR + 1
(13)

is the magnitude of the correlation coefficient between r(k) and r(k +N). SNR denotes
the Signal-to-Noise Ratio and is defined as σ2

s/σ
2
n. The first term in (10) is the weighted

magnitude of the sum of the correlation between L consecutive pairs of samples. It
contributes positively to the log-likelihood function. This contribution is weighted by a
factor depending on the frequency offset. The term E (θ) is an energy term, independent
of the frequency offset ε, and contributes negatively to the log-likelihood function. Notice
that this contribution is SNR-dependent (by the weighting-factor ρ).

3.2 Simultaneous estimation

The calculation of the ML-estimates, i.e., the maximization of the log-likelihood function,
can be performed in two steps:

max
(θ,ε)

Λ (θ, ε) = max
θ

max
ε

Λ (θ, ε) = max
θ

Λ (θ, ε̂ML (θ)) . (14)

The maximum with respect to the frequency offset ε is obtained when the cosine-term
in (10) equals one, i.e., when

2πε+ 6 γ (θ) = n · 2π, (15)

where n is an integer. This yields

ε̂ML(θ) = − 1

2π
6 γ (θ) + n. (16)

A similar frequency offset estimator has been derived in [14] under different assumptions.
Notice that by the periodicity of the cosine function, several maxima are found. We
assume that an acquisition, or rough estimate, of the frequency offset has been performed
and that |ε| < 1/2. Since

cos (2πε̂ML (θ) + 6 γ (θ)) = 1, (17)

the log-likelihood function of θ (the compressed log-likelihood function with respect to
ε) becomes

Λ (θ, ε̂ML (θ)) = |γ (θ)| − ρE (θ) (18)

and the simultaneous ML-estimation of θ and ε becomes

θ̂ML = arg max
θ
{|γ (θ)| − ρE (θ)} (19)

ε̂ML = − 1

2π
6 γ
(
θ̂ML

)
. (20)
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Figure 4: Block scheme of the ML estimator.

Notice that only two quantities affect the shape of the log-likelihood function (and
thus the performance of the estimator): the number of samples in the cyclic prefix, L,
and the correlation coefficient ρ given by the signal-to-noise ratio. Consequently, these
parameters are assumed to be known at the receiver. This is no constraining assumption
for the parameter L which always is known. The SNR, however, is usually not known at
the receiver and must be fixed or estimated. Basically, the quantity γ (θ) provides the
estimates of θ and ε. Its phase is proportional to ε, while its magnitude, compensated
by an energy term, peaks at time instant θ. If ε is a priori known to be zero, i.e., we
only estimate θ, the log-likelihood function for θ becomes Λ(θ) = Re{γ(θ)} − ρE(θ) and
θ̂ML is its maximizing argument. This estimator and a low-complex variant is analyzed
in [13].

4 Synchronization

A block scheme of the ML timing and frequency estimator is shown in Figure 4. 2N +L
samples of the received signal r(k) are stored in a buffer and γ(θ), defined in (11), is
calculated on-line. Figure 5 shows Λ(θ, ε̂ML(θ)), defined in (18), and whose maximizing
arguments are the timing estimates θ̂ML and −(1/2π)6 γ(θ), whose values at the time
instants θ̂ML yield the frequency estimates. Notice that Figure 4 depicts an open-loop
structure. Closed-loop implementations based on (10) and (18) may also be considered.
In such structures the signal Λ(θ, ε̂ML(θ)) is typically input to a Phase Locked Loop (PLL),
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Figure 5: The signals that generate the ML-estimates (N = 1024, L = 128, ε = 0.25
and SNR= 15 dB): a) The maximums of Λ(θ, ε̂ML(θ)) give the timing estimate θ̂ML. b) At
these time instants the argument of γ(θ) gives ε̂ML.

generating a stable clock.
The estimation can be improved if the parameters θ and ε can be considered constant

over several OFDM symbols. Assume that the observation containingM complete OFDM
symbols consists of M(N + L) + N samples. In the second Appendix it is shown that
the log-likelihood function of this observation is

Λ (θ, ε) =
M−1∑
m=0

Λm (θ, ε) , (21)

where Λm (θ, ε) is the log-likelihood function of symbol m as described in (7). Thus,
to obtain the log-likelihood function we may sum the log-likelihood functions of the



    

23

individual symbols. Notice that this result is the same as in the situation where the
individual observation intervals are independent. Since the observation intervals overlap,
they are not independent, but this does not affect the optimal estimation.

Two considerations affect the choice of M , and thus the number of received samples
to process simultaneously. First, the allowed complexity in the receiver may bound the
choice of M . Second, the nature of the physical channel determines how long the arrival
time θ and the frequency offset ε can be assumed to be constant. Estimator (21) is not the
optimal ML-estimation if this assumption is violated. Simply averaging the estimations
themselves, for instance, may yield better estimates in terms of error variance.

5 Simulations

We have performed Monte Carlo simulations to evaluate the performances of the sug-
gested synchronization algorithms. First, the performance for the AWGN channel is
presented. These results show the potential of the estimation methods and give a lower
bound on the performance of the methods applied to dispersive channels. Moreover, they
illustrate and provide insight about some basic properties of non-linear estimators.

Furthermore, an outdoor fading radio channel environment for OFDM is simulated.
Since this environment suffers from time dispersion, the estimators are not optimal.
Moreover, fading radio channels introduce a time-variant arrival time. This arrival time
varies depending on the relative Doppler. This readily limits the usefulness of the aver-
aging estimator. We present simulations of a slowly fading radio channel, allowing for
moderate averaging

In the fading channel the definition of θ is not obvious. In this case the variance of the
estimator is a more suitable performance measure than the mean-squared error. Since
simulations show that the estimators are unbiased for the AWGN channel, i.e., estimator
variance equals mean-squared error, we evaluate the performance of the estimators in
both environments, using the estimator variance. Practically, this performance measure
shows the ability of the estimators to track variations of the parameters.

5.1 AWGN channel

As mentioned in Section 3, the log-likelihood function depends on the length of the
cyclic prefix, L, and the system SNR. In order to investigate how these parameters affect
the estimator performance, we consider an OFDM system with 256 subcarriers and an
additive white, complex Gaussian noise channel.

First, the estimator error variance as a function of L, is estimated. For each value
of L, 50,000 symbols are simulated. Results, not shown in the Figures, show that the
error variances of θ̂ and ε̂ are independent of the actual values of θ and ε. Figure 6
shows the estimator performance for SNR values of 4 dB, 10 dB and 16 dB. Notice that
the timing estimator performance is independent of L, provided that the cyclic prefix is
longer than a certain threshold value. This value decreases with the SNR. Thus, for the
AWGN channel and from a time synchronization viewpoint, there is no need to increase
the length of the cyclic prefix beyond this threshold value. A similar threshold appears
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Figure 6: Performance of the timing (top) and frequency (bottom) estimators for the
AWGN channel for 4 dB, 10 dB, and 16 dB. The number of subcarriers is N = 256.

for the frequency estimator, but above this threshold the error variance still decreases.
We will discuss this property in Section 6.

Furthermore, the estimator variances as a function of SNR for L = 4, L = 6, and
L = 8 are shown in Figure 7. These curves show the potential of the estimators and
give insight into some of their properties. Notice, for example, that a similar threshold
phenomenon as in Figure 6 occurs even in these plots. This phenomenon is a property
of time delay estimation and is documented in, e.g., [19].

5.2 Fading channel

The results in the previous Section show the estimator performance for the AWGN
channel, which does not introduce inter-symbol interference, and consequently does not
prompt for a cyclic prefix. Although the results for this channel provide insight into the
estimation methods, they do not directly apply to dispersive channels. We now consider
the performance of the estimators in a time dispersive channel environment.

A wireless system operating at 2 GHz with a bandwidth of 5 MHz is simulated. In
these simulations, an OFDM symbol consists of 256 subcarriers. An outdoor fading
environment with additive white Gaussian noise and micro-cell characteristics is chosen:
the channel has an exponentially decaying power delay spread with rms-value equal to 0.4
µs (corresponding to 2 samples) and a maximum delay spread of 2–3 µs (corresponding
to 10–15 samples). It is modelled to consist of 15 independent Rayleigh-fading taps [20].



  

25

0 5 10 15 20 25

10
-2

10
-1

10
0

10
1

10
2

Timing Offset Estimation

SNR (dB)

R
el

at
iv

e 
E

rr
or

 V
ar

ia
nc

e

L=4
L=6
L=8

0 5 10 15 20 25
10

-5

10
-4

10
-3

10
-2

10
-1

Frequency Offset Estimation

SNR (dB)

R
el

at
iv

e 
E

rr
or

 V
ar

ia
nc

e

L=4
L=6
L=8

Figure 7: Performance of the timing (top) and frequency (bottom) estimators for the
AWGN channel for L = 4, L = 6, and L = 8. The number of subcarriers is N = 256.

We choose the cyclic prefix to consist of 15 samples. This choice avoids ISI, while the
loss of power and bandwidth due to the cyclic prefix (L/(N + L)) is about 5%.

The mobile is assumed to be moving at a maximum speed of 50 km/h, resulting in
a maximum Doppler frequency of 100 Hz (0.5% maximum Doppler, normalized to the
intercarrier spacing). This Doppler frequency is small enough to motivate the averaging
of 8 symbols in the synchronization algorithm, since the channel impulse response does
not change significantly during this interval. This system transmits about 18,000 OFDM
symbols per second, each containing 256 complex information symbols.

Figure 8 clearly shows the performance degradation caused by the dispersive channel
as compared to the corresponding curves for the AWGN channel (Figure 7). The estima-
tors operate in an environment for which they are not designed and consequently are not
optimal. The fading channel introduces an error floor which is reached at approximately
15 dB. It is noteworthy that the averaging effect is lower here than for the AWGN chan-
nel, actually less than a factor 8 for some SNR values. Hence, it may be better to average
after peak detection, i.e., the actual estimation values, which, as a beneficial side effect,
decreases the complexity of the estimators.

As was discussed in Section 2, a time delay is interchangeable with the channel phase.
Depending on the application and the presence of a high performance channel estima-
tor/equalizer, the performance of the timing estimate, as seen in Figure 8 (standard
deviation of 1–2 samples) may be good enough to generate a stable clock. In most situa-
tions this performance will suffice in an acquisition mode. The frequency offset estimator
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Figure 8: Performance of the timing estimator (top) and the frequency estimator (bot-
tom) for the fading channel. The upper curves are without averaging and the lower are
with 8 symbols averaging. The number of subcarriers is N = 256

shows an error standard deviation of less than 1% of the inter-tone spacing, see Figure 8.
This is below the requirements found in [7] for multi-user OFDM systems.

6 Discussion

In this paper we have presented a simultaneous estimator of timing and frequency offset in
OFDM systems. This estimator does not need pilots, but uses the redundancy introduced
by the cyclic prefix. It is derived under the assumption that the channel only consists of
additive noise but simulations show that it can perform well with a dispersive channel.
An ML estimator for the latter case may be derived, but it will not have the same simple
structure as the proposed estimator. For the AWGN channel, only samples in the cyclic
prefix and their copies will be correlated, but signals passed through a dispersive channel
will not have this structure.

The reason for the superior performance of the frequency estimator over the timing
estimator, is an implicit averaging. As seen in (16) and (11), the estimate is the argument
of a sum of complex numbers. With no additive noise n(k), each term r(k)r∗(k + N)
has the same argument, −2πε. Hence, they contribute coherently to the sum, while the
additive noise contributes incoherently. This implies that the performance will be better
with increasing size of the cyclic prefix.
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In a wireless system, pilots are needed for channel estimation. These known symbols
can be used by the timing estimator in the synchronizer and hence further increase the
performance. Resulting synchronizers may be hybrid structures using both pilots and
the redundancy of the cyclic prefix. How to incorporate pilot symbols in such timing and
frequency estimators is not straightforward and needs further research.
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The log-likelihood function

For all k ∈ {θ, . . . , θ + L− 1}, define the complex-valued vector

x =

[
x1

x2

]
≡
[

r(k)
r(k +N)

]
. (22)

With the signal model described in Section 2, we have, since x1 = r(k) belongs to the
cyclic prefix,

E {x1x
∗
1} = E {x2x

∗
2} = σ2

s + σ2
n,

E {x1x
∗
2} = E {x∗1x2}∗ = σ2

se
−j2πε,

where σ2
s ≡ E

{
|s(k)|2

}
and σ2

n ≡ E
{
|n(k)|2

}
are the variances of s and n, respectively.

The log-likelihood function (9) can now be written as

Λ(θ, ε) =
θ+L−1∑
k=θ

log

(
f (x)

f (x1) f (x2)

)
. (23)

The nominator is a two-dimensional complex-valued Gaussian distribution

f (x) =
exp

(
− |x1|2−2ρRe{ej2πεx1x∗2}+|x1|2

(σ2
s+σ

2
n)(1−ρ2)

)
π2 (σ2

s + σ2
n)

2 (1− ρ2)
, (24)

where

ρ ≡

∣∣∣∣∣∣∣∣
E {r(k)r∗(k +N)}√

E
{
|r(k)|2

}
E
{
|r(k +N)|2

}
∣∣∣∣∣∣∣∣ =

σ2
s

σ2
s + σ2

n

(25)

is the magnitude of the correlation coefficient between r(k) and r(k + N). The denom-
inator of (23) consists of two one-dimensional complex Gaussian distributions and the
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log-likelihood function (23) becomes

Λ(θ, ε) =

=
θ∑

k=θ−L+1

log

exp
(
− |x1|2−2ρRe{ej2πεx1x∗2}+|x2|2

(σ2
s+σ

2
n)(1−ρ2)

)
π2 (σ2

s + σ2
n)

2 (1− ρ2)

π (σ2
s + σ2

n)

exp
(
− |x1|2
σ2
s+σ

2
n

) π (σ2
s + σ2

n)

exp
(
− |x2|2
σ2
s+σ

2
n

)


= c1 + c2
θ+L−1∑
k=θ

(
Re

{
ej2πεx1x

∗
2

}
− ρ

(
|x1|2 + |x2|2

))
= c1 + c2 (|γ (θ)| cos (2πε+ 6 γ (θ))− ρE (θ)) ,

where

γ (θ) =
θ+L−1∑
k=θ

x1x
∗
2, (26)

E (θ) =
1

2

θ+L−1∑
k=θ

(
|x1|2 + |x2|2

)
, (27)

and c1 and c2 are complex constants, independent of θ and ε. Since the maximizing
argument of Λ (θ, ε) is independent of the constants c1 and c2, the ML-estimate

(
θ̂ML, ε̂ML

)
also maximizes (10).

Averaging log-likelihood functions

Assume that the observation interval consists of M(N + L) + N samples and that it
contains M complete OFDM symbols. The arrival time θ is, as before, the index of the
first sample of the first complete symbol, modelling the unknown channel delay. Consider
the cyclic prefixes Im and their copies I ′m for each symbol m = 0, . . . ,M − 1:

Im ≡ {m(N + L) + θ, . . . ,m(N + L) + θ + L− 1} ,
I ′m ≡ {m(N + L) + θ +N, . . . ,m(N + L) + θ +N + L− 1} ,

see Figure 9.

Define the union of all these indexes

I ≡
M−1⋃
m=0

Im,

I ′ ≡
M−1⋃
m=0

I ′m.

The observation samples r(k), k = 1, 2, . . . ,M(N + L) + N can now be divided into
the samples r(k), k ∈ I ∪ I ′, which are pairwise dependent, and the remaining samples
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Frame 1 Frame 2 Frame M

I1 I2 IMI1
' I2

' IM
'

s(k)

k

Observation interval

1 θ M(N+L)+N

Figure 9: Observed signal s(k) when averaging over several symbols.

r(k), k /∈ I ∪ I ′ which are independent. Using these properties, the probability density
function of the observation can be written as

f (r) =
∏
k∈I

f (r(k), r(k +N))
∏
k/∈I

f (r(k)) =

∏
k∈I

f (r(k), r(k +N))

f (r(k)) f (r(k +N))

∏
k

f (r(k)) .

The last factor is independent of θ and ε and can thus be omitted. The remaining part
can be rewritten due to the independence of samples from different symbols

∏
k∈I

f (r(k), r(k +N))

f (r(k)) f (r(k +N))
=

M−1∏
m=0

 ∏
k∈Im

f (r(k), r(k +N))

f (r(k)) f (r(k +N))

 . (28)

Since the innermost product is the likelihood function of symbolm, the likelihood function
given the observation of M symbols is

Λ (θ, ε) = log f (r |θ, ε) = C +
M−1∑
m=0

Λm (θ, ε) , (29)

where the constant C corresponds to the part that is independent of θ and ε.
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Abstract

This thesis deals with the estimation of synchronization parameters in Orthogonal
Frequency Division Multiplexing (OFDM) communication systems and in active ultra-
sonic measuring systems. Estimation methods for the timing and frequency offset and for
the attenuation taps of the frequency selective channel are presented and investigated.

In OFDM communication systems the estimation of the timing offset of the trans-
mitted data frame is one important parameter. This offset provides the receiver with a
means of synchronizing its sampling clock to that of the transmitter. A second important
parameter is the offset in the carrier frequency used by the receiver to demodulate the
received signal.

For OFDM systems using a cyclic prefix, the joint Maximum Likelihood (ML) estima-
tion of the timing and carrier frequency offset is introduced. The redundancy introduced
by the prefix is exploited optimally. This novel method is derived for a non-dispersive
channel. Its performance, however, is also evaluated for a frequency-selective Rayleigh-
fading radio channel. Time dispersion causes an irreducible error floor in this estimator’s
performance. This error floor is the limiting factor for the applicability of the timing
estimator. Depending on the requirements, it may be used in either an acquisition or
a tracking mode. For the frequency estimator the error floor is low enough to allow for
stable frequency tracking.

A low-complex variant of the timing offset estimator is presented allowing a simple
implementation. This is the ML estimator, given a 2-bit representation of the received
signal as the sufficient statistics. Its performance is evaluated for a frequency-selective
Rayleigh-fading radio channel and for a twisted-pair copper channel. Simulations show
this estimator to have a similar error floor as the full resolution ML estimator.

The problem of estimating the propagation time of a signal is also of interest in active
pulse echo systems, such as are used in, e.g., radar, medical imaging, and geophysics.
The Minimum Mean Squared Error (MMSE) estimator of arrival time is derived and
investigated for an active airborne ultrasound measurement system. Besides performing
better than the conventional Maximum a Posteriori (MAP) estimator, this method can
be used to develop different estimators in situations where the system Signal to Noise
Ratio (SNR) is unknown.

Coherent multi-amplitude OFDM receivers generally need to compensate for a fre-
quency selective channel in order to detect transmitted data symbols reliably. For this
purpose, a channel equalizer needs to be fed estimates of the subchannel attenuations.

The linear MMSE estimator of these attenuations is presented. Of all linear esti-
mators, this estimator optimally makes use of the frequency correlation between the
subchannel attenuations. Low-complex modified estimators are proposed and investi-
gated. The proposed modifications cause an irreducible error floor for this estimator’s
performance, but simulations show that for SNR values up to 20 dB, the improvement
of a modified estimator compared to the Least Squares (LS) estimator is at least 3 dB.
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Introduction: Synchronization Parameters and

Signal Models

J.J. van de Beek

Division of Signal Processing
Lule̊a University of Technology

S–971 87 Lule̊a, Sweden

1 Introduction

In a digital radio communication system, information symbols are transmitted by means
of suitably chosen waveforms and symbol rate and modulated by a carrier signal with
a suitably chosen frequency. Variable factors in the radio environment, however, may
generate fluctuations in how these symbols are actually received. These fluctuations
comprise alterations in the received signal’s waveform (shape), symbol rate, and carrier
frequency. Multipath propagation in combination with variable propagation times is the
main cause of these fluctuations [9].

Because of these fluctuations, the receiver’s knowledge of the symbol rate, the carrier
frequency, and the constellation of transmitted waveforms is not always enough to assure
reliable detection. In order to demodulate the received waveform coherently and to
detect the information symbols properly, the receiver needs to counteract these channel
uncertainties: it must be synchronized to the remote transmitter [9, 34].

Synchronization, as discussed in this thesis, covers all operations applied to the re-
ceived signal to deal with channel uncertainties. Typically, in a coherent receiver, the
receiver needs to regenerate a coherent replica of the carrier, generate a properly syn-
chronized sample-clock, and counteract channel dispersion. We call these three opera-
tions, each of which compensates for some channel uncertainty, carrier-synchronization,
symbol-synchronization and channel-synchronization. Channel synchronization is usually
referred to as equalization.

Reliable communication over a time varying channel necessitates synchronization of
the receiver. Depending on the data rate and the type of modulation, the demands on
one or more of the synchronization tasks may be rather high. In order to perform these
tasks adequately, the carrier phase, symbol timing, and channel dispersion must all be
estimated and tracked by the receiver.

This thesis deals with the estimation of synchronization parameters in an Orthogo-
nal Frequency Division Multiplexing (OFDM) system and in an active ultrasound mea-
surement system. It is based on [1]–[6]. The actual synchronization process, i.e., the
estimate-aided compensation for the channel impairments, is beyond the scope of this
thesis.

Figure 1 shows the discrete time model we adopt to illustrate the estimation problem.
The transmitted signal s(k) is transmitted over a time varying frequency selective chan-
nel and distorted by white Gaussian noise n(k). In addition to this white Gaussian noise,
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channel
s(k) r(k)

n(k)

Figure 1: General system model.

the corruption of s(k) will in this thesis be characterized by a few additional parameters:
A delay, or timing offset θ, a frequency offset ε, and the frequency attenuation taps of
the linear dispersive channel. These parameters are considered as synchronization pa-
rameters. Depending on the particular synchronization problem, the channel is modelled
differently.

The estimation of these synchronization parameters may be interpreted as a mea-
surement of the channel. In order to perform this measurement, the receiver must have
some knowledge about the transmitted signal. In a digital communication system the
receiver always has some a priori information. The finite waveform constellation and
the data rate used by the transmitter are, for example, known. But there may be more
information at hand. In particular, a known pilot signal may be transmitted periodically,
entirely for channel measurement purposes.

When the communication system provides additional a priori knowledge about the
transmitted signal, the receiver can better measure the channel characteristics. Channel
measurement, however, only serves the purpose of making the transmission of information
more efficient. Too much knowledge about the transmitted signal, although allowing for
excellent channel measurement, may reduce the rate of information transmission and
violate this higher purpose.

In the next sections we describe the parameter estimation problems in OFDM systems.
The knowledge that the receiver has about the transmitted signal is explicitly formulated
and the different channel models are introduced.

2 Ultrasound Signal Model

In this section, we start with a simple channel model. Of the parameters identified in
the previous section only the timing uncertainty is taken into account.

In Part 3 of this thesis we consider an active ultrasound measurement system. The
purpose of this system is to measure the profile of 3-dimensional surfaces. An air-adapted
focused ultrasonic transducer is used for the transmission of a short ultrasound pulse
and for the reception of the reflected echo from the surface. Figure 2 shows a particular
ultrasound echo from a surface perpendicular to the transducer. The pulse’s propagation
time θ is assumed to be proportional to the distance between the transducer and the
surface. The system generates a relief picture of a surface structure by estimating this
propagation time for different reflection points on the surface.

The transmitted pulse s(k) is a known, bandlimited signal. We assume that the
signal energy outside the observation interval is approximately zero. The propagation
time θ is the value taken by an integer valued stochastic variable Θ with a known a
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Figure 2: Received sample ultrasound echo from the ultrasonic system used.

priori probability density function fΘ(θ) having finite support and variance σ2
θ . If the

transmitted signal is disturbed by additive white Gaussian noise, the received signal r(k)
is given by

r(k) = s(k − θ) + n(k), k = 0, . . . , N − 1. (1)

This measuring system is shown in Figure 3. This model is a special case of the signal
model as shown in Figure 1. The problem is to estimate the time delay θ from the
observed samples r(k).

δ(k-θ)
s(k) r(k)

n(k)

Figure 3: Ultrasound system model.

This problem and the signal model (1) describe many different measuring systems.
It is used in, e.g., sonar, radar, medical imaging, and geophysics. A lot of research has
been done to understand and solve this problem, see for example [10, 11, 14, 21, 22, 23,
26, 28, 31, 36, 45]. Research related to the performance of the proposed estimators is
reported in, for example, [12, 24, 27, 40, 41, 42, 46].

In the measuring system the synchronization parameter θ describes the distance to
the surface of the measuring object. Unlike the transmitted signal in communication
systems, the signal s(k) is not used to carry information for communication purposes,
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and the resulting estimates of θ are not fed back for compensation (synchronization)
purposes. Rather, they are further processed to accurately present the surface structure.

3 OFDM Signal Models

In Parts 1, 2, and 4 of this thesis we consider an OFDM communication system. The
OFDM modulation technique has gained an increased interest during the last years.
It has been adapted as the European standard for digital broadcast radio [7, 19] and
is being studied for the use in broadcast television [16, 29, 37], and mobile personal
communication systems [15]. Moreover, it has been proposed for digital subscriber lines
[13, 35]. An OFDM system is modelled as shown in Figure 4.

Channel
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rk yk
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Figure 4: An OFDM system.

The complex data symbols xk are modulated on N subcarriers by an inverse discrete
Fourier transform (IDFT) and the last L samples are copied and put as a preamble (cyclic
prefix) to form the OFDM symbol [s0 . . . sN+L−1]. This data vector is serially transmitted
over a discrete-time channel, whose impulse response is shorter than L samples. At the
receiver, the cyclic prefix is removed and the signal rk is demodulated with a discrete
Fourier transform (DFT).

The insertion of a cyclic prefix avoids ISI and preserves the orthogonality between
the tones, resulting in the simple input-output relation [8]

yk = hkxk + nk, k = 0, . . . , N − 1, (2)

where hk is the complex valued channel attenuation at the kth subcarrier and nk is a
sample from an additive complex white Gaussian noise process. In spite of the loss of
transmission power and bandwidth associated with the cyclic prefix, the simple channel
equalization for the multi-channel structure (2) generally motivates the use of the cyclic
prefix [8]. An equivalent model of an OFDM system according to (2) is shown in Fig-
ure 5. The uncertainty in the dispersion by the channel thus shows up as a multiplicative
distortion for each subcarrier. The estimation of the subchannel attenuations hk has
been examined in, e.g., [25, 43, 44].

With the aid of pilot symbols, this problem is addressed in Part 4 and the signal
model (2) is adopted. The transmitted signal s(k) now consists of complex, known data
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Figure 5: Equivalent OFDM system model.

symbols. Typically, the receiver transmits known OFDM symbols on a periodic basis,
especially for channel measurement purposes. The N subchannel attenuations hk are
stochastic and correlated. The correlations between the attenuations can be exploited
by a linear estimator, as described in Part 4.

The uncertainty in the arrival time of the OFDM symbol is modelled as a delay in the
channel impulse response, i.e., δ(k − θ), where θ is the integer-valued unknown arrival
time of a symbol. The uncertainty in carrier frequency due to a difference in the local
oscillators in the transmitter and receiver gives rise to a shift in the frequency domain.
Such behaviour is modelled as a complex multiplicative distortion of the received data,
with a factor ej2πεk/N , where ε denotes the difference in the frequency of the transmitter
and receiver oscillators as a fraction of the inter-carrier spacing. Hence, the received
signal is

r(k) = s(k − θ)ej2πεk/N + n(k). (3)

This channel model is shown in Figure 6. This system model is also a special case of the
signal model shown in Figure 1. The goal is to estimate θ and ε from the observation

n(k)

r(k)
δ(k-θ)

s(k)

ej2πεk/N

Figure 6: OFDM system model.

signal r(k). Time and frequency synchronization problems in OFDM have been examined
in, e.g., [17, 18, 30, 32, 33, 38, 39]

In Parts 1 and 2 of this thesis, the problem of estimating the time and frequency
offset is addressed and the signal model (3) is adopted. The transmitted signal s(k), which
is a sum of weighted complex exponentials is modelled as a stochastic signal. It can be
shown that s(k) is close to a complex Gaussian process when the number of subchannels
is large [20]. Due to the redundancy of the cyclic prefix, however, this Gaussian process
is not white. The receiver, knowing the probability structure of s(t), can exploit the
correlation for the estimation of θ and ε.
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4 Thesis Organization

This thesis comprises 4 parts that have been written independently and with a view
to publish them as research reports, scientific articles, or conference proceedings. The
organization of the individual parts, perhaps seeming repetitive in the context of this
thesis, should be seen in this light. The problems, identified in this introductary chapter
are discussed in detail in these parts. They are also followed by a summary of important
results.

Part 1 describes the joint estimation of the timing and carrier frequency offset in
OFDM systems. It has been published as a Research Report [5] and presented in part
at the 1995 International Symposium on Synchronization, Essen, Germany [4]. How
the timing offset estimator can be modified in order to achieve an estimator with low
complexity is discussed in Part 2. These results were presented at the 4th International
Conference on Universal Personal Communications, Tokyo, Japan (ICUPC’95) [3].

Part 3 describes the related problem of the estimation of the propagation time in an
ultrasound measurement system. This has been published as a Research Report [1].

Finally, Part 4 discusses the frequency correlation between channel attenuations in
an OFDM system and methods to exploit this correlation in the channel estimator. It has
been published at the 1995 IEEE 45th International Vehicular Technology Conference
(VTC’95), Chicago, USA [2]. Related results will be published at the 1996 IEEE 46th
International Vehicular Technology Conference (VTC’96), Atlanta, USA [6].
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Abstract – In this paper a novel data-based frame synchronization method
for OFDM-systems is presented. OFDM frames are shown to contain sufficient
information to synchronize a system without the use of pilots. The cyclic extension,
preceding OFDM frames, is of decisive importance for this method. Based on
only the sign bits of the in-phase and the quadrature components of the received
OFDM signal, the maximum likelihood solution is derived. This solution basically
consists of a correlator, a moving sum and a peak detector. The stability of the
generated frame- clock is improved significantly by averaging over a few number of
frames. Simulations show that this low- complex, averaging method can be used
to synchronize an OFDM system on twisted pair copper wires and in slowly fading
radio channels.

1 Introduction

Orthogonal frequency-division multiplexing (OFDM) systems have gained an increased
interest during the last years [1]. Their use in wireless applications such as digital broad-
cast radio [2] and television [3], as well as mobile communication systems [4], is currently
investigated.

By the name of discrete multitone (DMT) modulation, OFDM is also examined for
broadband digital communication on the existing copper network. The OFDM technique
has been proposed both for high bit-rate digital subscriber lines (HDSL) and asymmetric
digital subscriber lines (ADSL) [5, 6].

A problem in the design of OFDM receivers and receivers for block transmission
systems in general, is the unknown time instant to start sampling a new frame. Such a
frame clock may be generated with the aid of pilot symbols known to the receiver [7]. The
structure of the transmitted OFDM signal, however, offers the opportunity to generate
a frame clock that works without the aid of such pilots.

In this paper we present and evaluate a novel method of synchronizing frames in
OFDM systems. Two key elements will rule the entire discussion. The first element is
the idea that the data itself contains sufficient information to perform satisfactory syn-
chronization. This concept is also discussed in [8], and, for the estimation of a frequency
offset, in [9]. The frame synchronization methods we present exploit the cyclic extension
preceding the symbol frames, commonly accepted as a means to mitigate inter-symbol
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interference (ISI) in OFDM systems [1, 2]. The use of pilots is thus avoided. The second
element is the demand that the methods must be low-complex and hence attractive to
implement. We present methods, that only use the in-phase and quadrature sign bits of
the OFDM data.

In Section 2, the OFDM transmission model is described. The synchronization prob-
lem is formulated, and optimal solutions are presented in Section 3. Finally, in Section 4,
simulation results are given for transmission over typical copper wire channels and slowly
fading radio channels.

2 The OFDM Model

Consider the transmission of complex numbers xk, taken from some signal constellation
(e.g., PSK, QAM). Fig. 1 illustrates the discrete-time OFDM system model we will use
in the sequel. The data xk are modulated on N subcarriers by an inverse discrete Fourier
transform (IDFT) and the last L samples are copied and put as a preamble (cyclic prefix)
to form the OFDM frame sk.

The channel impulse response h(k) is, for now, assumed to affect the signal s(k) only
by complex, additive white Gaussian noise (AWGN), n(k), i.e., h(k) = δ(k). In Section 4
we consider other channel impulse responses. Thus, the received signal, r(k), is given by

r(k) = s(k) + n(k). (1)

The data yk are obtained by discarding the first L samples (cyclic prefix) of r(k) and
demodulating the N remaining samples of each frame by means of a DFT.

The structure of the transmitted signal s(k) is illustrated in Fig. 2. We assume
that the data xk constitute a white process. Further, if the number of subcarriers is
sufficiently large, then s(k) is approximately a complex Gaussian process, whose real
and imaginary parts are independent [10]. This process, however, is not white, since the
appearance of a cyclic extension yields a non-zero correlation between pairs of samples,
part of the cyclic extension, spaced N samples apart. Thus, r(k) is not a white process
either. On the contrary, r(k) contains information about when a new frame starts by
its probabilistic structure. This is the crucial observation that offers the opportunity for
frame synchronization based on r(k). In the next section, this idea is formally shaped
and elaborated.

x1

xk

xN

IDFT P/S

sN+L

s1

sk

r1

rN+L

rk

yN

y1

yk
DFTS/P

r(k)s(k)

n(k)

h(k)

Figure 1: OFDM system.
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Figure 2: Structure of OFDM signal with cyclicly extended frames, s(k).
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3 Synchronization Methods

3.1 Optimal Synchronization

Assume that we observe 2N+L consecutive samples of r(k), cf. Fig. 2, and that these
samples contain one complete (N + L)-sample OFDM frame. Notice that the other N
samples in this observation interval are independent.

The position of this frame within the observed block of samples, however, is unknown.
Define the integer time instant θ as the time index of the last sample of this frame, and

the index sets I 4= [θ−L+1, θ] and I ′ 4= [θ−N−L+1, θ−N ], see Fig. 2. The set I thus
contains the indices of the data samples that are copied into the cyclic prefix, and the
set I ′ contains the indices of this prefix.

In [11] it is shown that the log-likelihood function for the time instant θ given the
observations r(k), k=1, . . . , 2N+L is

Λr(θ) = (2)

=
θ∑

k=θ−L+1

2(1−ρ)Re{r(k)r∗(k−N)} − ρ · |r(k)− r(k−N)|2

where

ρ =
E{|s(k)|2}

E{|s(k)|2}+ E{|n(k)|2} =
SNR

SNR + 1
(3)

is the correlation coefficient of a sample r(k), k∈I and the sample r(k−N) in the cyclic
prefix. The signal-to-noise ratio (SNR) is defined as E{|s(k)|2}/E{|n(k)|2}.

The maximum likelihood (ML) estimation of θ given r(k), θ̂r, is the argument maxi-
mizing (2). Thus, depending on SNR, the correlation and the squared difference between
received data samples spaced N samples apart are weighted in an optimal way, the cor-
relation term positively and the squared difference term negatively. This estimate, θ̂r,
whose implementation may be complex, will be used as a reference in Section 4.

3.2 Low-Complex Synchronization

In the discussion that follows, we will comply with the objective that the synchronization
must be low-complex, and we quantize the in-phase and quadrature components of r(k)
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Figure 3: Geometric representation of the signal set A and the quadrants Qi, i = 0, 1, 2, 3
of the complex plane.
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Q3Q2

Q1

to form the complex sequence c(k) = Q[r(k)], k = 1, . . . , 2N+L where Q[·] denotes the
complex quantizer

Q[x]
4
= sign (Re {x}) + jsign (Im {x}) , (4)

sign(x)
4
=

{
+1, x ≥ 0,
−1, x < 0.

(5)

The signal c(k) is a complex bitstream, i.e., c(k) can only take one of four different values
in the alphabet

A = {a0, a1, a2, a3} , {1 + j,−1 + j,−1− j, 1− j} , (6)

see Fig. 3. The sequence c(k) can thus be represented by 2 bits, one for its real and one
for its imaginary part. In spite of this quantization, c(k) still contains information about
θ. A sample c(k), k ∈ I, is correlated with c(k −N), while all samples c(k), k /∈ I ∪ I ′,
are independent.

The probability for all 2N+L samples of c(k) to be observed simultaneously, given
a certain value of θ, can be separated in the marginal probabilities for its samples to
be observed, except for those samples c(k), k ∈ I ∪ I ′, which are pairwise correlated.
Denote the joint probability density function for c(k) and c(k−N), k ∈ I, by p1(·), and
the probability density function for c(k), k /∈ I ∪ I ′, by p2(·). Then, the log-likelihood
function of θ given c(k) becomes

Λc(θ) = log pθ(c) =

log

∏
k∈I

p1 (c(k), c(k−N)) ·
∏

k/∈I∪I′
p2 (c(k))

 . (7)

The ML estimator of θ given c(k), θ̂c, maximizes this function with respect to θ. For
k /∈ I ∪ I ′, p2(c(k)) = 1

4
, since r(k) is a zero-mean complex Gaussian process with

independent real and imaginary parts. Hence, the second product in the maximization
of (7) is a constant, which can be omitted. The ML estimate θ̂c becomes

θ̂c = arg max
θ

Λc(θ)

= arg max
θ

∑
k∈I

log p1(c(k), c(k−N))
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delay
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θ̂c

Figure 4: Look-up table implementation of the ML estimator.

= arg max
θ

θ∑
k=θ−L+1

log p1(c(k), c(k−N))

= arg max
θ

(g ∗ h)(θ), (8)

where

g(k) = log p1(c(k), c(k−N)), (9)

h(k) =

{
1, 0 ≤ k < L− 1,
0, otherwise,

(10)

and ∗ denotes convolution. To obtain the log-likelihood function we thus feed the se-
quence c(k) through a nonlinearity g(·) and process the resulting sequence by means of
a moving sum of length L, see Fig. 4. The ML estimation of θ selects the peaks of this
function.

Fig. 4 suggests that the OFDM signal can be processed continuously. The sequence
out of the moving sum is a concatenation of log-likelihood functions Λc(θ) for consecutive
OFDM frames. In Fig. 5 such a sequence is shown.

In the appendix, the ML estimator based on c(k) is determined by calculating the
probability density p1(·). Moreover, it is shown that taking the real part of the correlation
between c(k) and c(k−N), instead of applying the non-linearity g(k) yields an equivalent
and attractive structure for the ML estimator, as illustrated in Figure 6. The estimate
θ̂c feeds a phase-locked loop (PLL) in order to generate a frame clock.

3.3 Averaging the Log-Likelihood Function

In most applications the arrival time θ is approximately constant over several, say M ,
received frames. This essentially means that instead of just one frame r(k), M frames
are observed simultaneously containing information about the unknown θ. Generalizing
the discussion preceding (7), it can be shown that the log-likelihood function for θ given
ci(k), i=1, . . . ,M becomes

Λa(θ) ∼
M∑
i=1

Λi
c(θ) (11)

where Λi
c(θ) represents the log-likelihood function (7) of θ given frame ci(k). The ML

estimate θ̂a given ci(k), i=1, . . . ,M , is the argument maximizing (11).
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Figure 5: Concatenated log-likelihood functions whose peaks generate estimates of θ.
SNR=15 dB.
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Figure 6: Equivalent implementation of the ML estimator.

4 Simulations

We have performed Monte Carlo simulations to evaluate the performances of the
suggested synchronization algorithms. First, the estimator performance for the AWGN
channel is presented. Furthermore, two possible channel environments for OFDM, static
and fading, are simulated. These environments both suffer from time dispersion, which
makes the definition of the arrival time θ a delicate matter. In some sense, this arrival
time and the influence of the channel on the data are interchangeable. In the following
we will define the arrival time θ as the center of energy of the channel impulse response.
We evaluate the performance of the estimator using the variance of the estimation error
E{(θ̂ − θ)2}.

Moreover, fading radio channels introduce a time-variant arrival time. This arrival
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Figure 7: Error variance for AWGN channel of three estimators: The ML estimator, θ̂r,
based on r(k); the ML estimator, θ̂c, based on the quantized data c(k); and the averaging
estimator, θ̂a.

time varies depending on the relative Doppler. This readily limits the usefulness of the
averaging estimator. We present simulations of a slowly fading radio channel, allowing
for moderate averaging.

4.1 AWGN Channel

An OFDM system consisting of 1024 subcarriers and a guardspace of 128 samples, i.e.,
1/8 of the frame length is considered. White, complex Gaussian noise is added and the
error variance as a function of SNR is estimated. For each SNR value, 10,000 frames
are simulated. Estimation error variance curves for the estimators θ̂c and θ̂a, i.e., the
arguments maximizing (7) and (11), respectively, are compared to the ML estimator θ̂r
that works on the unquantized OFDM-signal (2).

The simulations indicate that the estimators are approximately unbiased and the
error variances E{(θ̂ − θ)2} are shown in Fig. 7. For practical channel environments,
the assumption of infinite bandwidth is not realistic. The curves in Fig. 7 illustrate
the performance of the derived estimators under ideal conditions. Notice the relative
performances of the estimators. The estimator performance is degraded by regarding only
the sign bits in the received signal r(k). However, by averaging over only 8 consecutive
frames before peak detection, the estimator performance is improved by a factor that is
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Figure 8: Error variance for twisted pair channel of three estimators: The ML estimator,
θ̂r, based on r(k); the ML estimator, θ̂c, based on the quantized data c(k); and the
averaging estimator, θ̂a.

significantly larger than 64 (the improvement of averaging the estimates after the peak
detection).

4.2 Twisted Pair Channel

A broadband OFDM system for HDSL with the following specifications is simulated.
The impulse response of the channel, which is normalized to have unit energy, is obtained
from measurements by Telia Research AB on a 503 meter copper wire and has a duration
of approximately 2 µs. The sample frequency is 12.5 MHz, and the guardspace has a
length of 128 samples, i.e., 10.24 µs. The system uses 1024 subcarriers. Noise with
a power spectral density proportional to f3/2 is added to simulate near-end crosstalk
(NEXT) [5, 12]. The SNR in this case is defined as before, i.e. the quotient between
signal and noise power at the receiver and again 10,000 frames are simulated for each
SNR value.

The error variances are shown in Fig. 8. The estimators behave in approximately the
same way as they do in a AWGN channel environment. The error variance, however,
has increased, due to the channel impulse response of the copper wire, which bounds the
error variance. Notice that the estimators are derived under the assumption that c(k) are
independent for k /∈ I ∪ I ′. This assumption is violated as a consequence of the channel
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Figure 9: Error variance for fading radio channel of three estimators: The ML estimator,
θ̂r, based on r(k); the ML estimator, θ̂c, based on the quantized data c(k); and the
averaging estimator, θ̂a.

impulse response. However, the error variance of the estimator θ̂a is still small and may
be used to feed a PLL.

4.3 Fading Radio Channel

Finally, we evaluate a slowly fading channel environment. A wireless system operating at
2 GHz with a bandwidth of 5 MHz is simulated. In these simulations, an OFDM frame
consists of 64 subcarriers with an additional 5 sample guardspace. A fading environment
with additive white Gaussian noise and large-room characteristics is chosen: the channel
impulse response has a maximum length of 0.35 µs [13], corresponding to 2 samples. The
channel impulse response is modelled to consist of two independent Rayleigh-fading taps
with equal average power. The mobile is assumed to be moving at a maximum speed of
5 km/h resulting in a maximum Doppler frequency of 10 Hz. This Doppler frequency is
low enough to motivate the averaging of 8 frames in the synchronization algorithm, since
the channel impulse response does not change significantly during this interval. In this
simulation, 300,000 frames are used for each SNR value.

The same effects as in the copper wire experiments can be observed from Fig. 9,
i.e., the proportions of the error variances resemble each other, but the absolute values
have increased. Again, the channel bounds the error variance and the curves level out at
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ca. 15 dB. An increase of SNR beyond this threshold does not improve the estimators
significantly.

5 Conclusions

In this paper we have shown how the cyclic extension of OFDM frames can be used
to generate a frame clock at the receiver. The ML estimator θ̂r, based on the received
data, though optimal, may not be appropriate for use in practical systems, due to its
complexity. The ML estimation based on only the sign bits of the data is given for the
AWGN channel model and an averaging over several OFDM frames is proposed. Sim-
ulations suggest that this averaging significantly improves synchronization performance.
For practical systems on copper wires and slowly fading channels the error variance of
θ̂c is significantly improved. It can be used to feed a PLL, generating the system frame
clock.

Appendix
Notice first that

c(k) = Q[r(k)] = al ⇔ r(k) ∈ Ql (12)

where Ql, l=0, 1, 2, 3 are the quadrants of the complex plane as depicted in Fig. 3. Since
the real and imaginary part of r(k) are independent, we can write the probability

Pr(r(k)∈Ql)=Pr(Re {r(k)}∈Hl)Pr(Im {r(k)}∈H′l) (13)

(see Fig. 3), where Hl and H′l are the half-planes

Hl =

{
IR+, l = 0, 3
IR−, l = 1, 2

, H′l =

{
IR+, l = 0, 1
IR−, l = 2, 3

. (14)

The joint probability p1(·) in (7) can be written as

Pr (c(k) = al, c(k−N) = an) =

Pr (r(k)∈Ql, r(k−N)∈Qn) =

Pr (Re {r(k)}∈Hl,Re {r(k−N)}∈Hn)×
Pr (Im {r(k)}∈H′l, Im {r(k−N)}∈H′n) .

(15)

By applying the symmetry expressions for two real, zero-mean, jointly Gaussian variables
x and y with correlation coefficient ρ, [14, pp. 137-138],

P+ 4= Pr((x, y) ∈ IR+× IR+)=Pr((x, y) ∈ IR−× IR−) (16)

P−
4
= Pr((x, y) ∈ IR−× IR+)=Pr((x, y) ∈ IR+× IR−) ,
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the look-up table in Fig. 4 becomes

c(k−N) a0 a1 a2 a3

c(k)
a0 logP+P+ logP−P+ logP−P− logP+P−

a1 logP+P− logP+P+ logP−P+ logP−P−

a2 logP−P− logP+P− logP+P+ logP−P+

a3 logP−P+ logP−P− logP+P− logP+P+

The ML estimate (8) that uses this look-up table is not affected by an affine scaling
f(x) = ax+b, (a>0) of the values in the table, since it is a convex mapping. If we choose

f(x) =
x− logP+P−

logP+P+ − logP+P−
(17)

the non-linearity f [g(l, n)] becomes

c(k−N) a0 a1 a2 a3

c(k)
a0 1 0 −1 0
a1 0 1 0 −1
a2 −1 0 1 0
a3 0 −1 0 1

Since

Entry(an, al) =
1

2
Re{ana∗l }, (18)

the look-up table may be implemented by taking the real part of c(k)c∗(k−N).
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Abstract - This paper deals with arrival time estimation of a narrow-band signal
disturbed by white gaussian noise. In order to estimate the distance between a
transmitting source and a reflecting target an estimator, based on the criterion
of minimum mean square error (MMSE), is investigated. The MMSE-estimator
is implemented in an experimental ultrasound pulse-echo system, and results of
comparative simulations between the MAP-estimator and the MMSE-estimator
are given. The results are compared to the theoretical Weiss-Weinstein lower
bound. As expected, the MMSE-estimator has smaller mean square error than
the MAP-estimator. For high SNRs, however, the mean square error obtained
by the MAP-estimator manages to approach that of the MMSE-estimator. Other
differences between the two estimators are revealed in additional experiments in
which the range estimates are used to generate 3-dimensional surface pictures.

1 Introduction

In various medical as well as seismic applications, man-made acoustic pulse-echo systems
can be of great value. Many of these applications require the time interval between the
transmission of a sound pulse and the reception of the corresponding echo to be estimated
accurately.

A well-known method for the estimation of arrival time is the correlation method
[1, 2, 3]. If the received echo is disturbed by white gaussian noise, the correlation method
turns out to be a Maximum a Posteriori (MAP) estimator [4].

In many applications a strong sinusoidal component is present in the transmitted
signal, and, since this sinusoid will also turn up in the correlator output, the MAP-
estimator will encounter problems in selecting the peak corresponding to the time delay.
The effect of a strong spectral peak in the signal on the estimator performance has
been recognized and examined in e.g. [5, 6]. Although this peak ambiguity problem is
rather an intrinsic feature of non-linear estimation than a property of the MAP-estimator,
the question arises whether other estimation methods could better cope with this. In
[7], this problem is treated by using an estimation method based on the criterion of
minimum mean square error (MMSE). Although the presented results were promising,
to our knowledge not much attention has been paid to the MMSE-estimation method
since [8, 9, 10].
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In this paper the MMSE-estimator of arrival time is reconsidered. A thorough deriva-
tion of the MMSE-estimator of the arrival time of a deterministic signal disturbed by zero
mean, white gaussian noise is given and implementation problems are solved in chapter
2. In chapter 3 the Cramér-Rao and the Weiss-Weinstein lower bounds on the mean
square error of arrival time estimates are summarized. In chapter 4 an implementation
of an ultrasound system is described. In order to compare the MAP- and the MMSE-
estimators, results from Monte Carlo simulations are presented and compared with the
Weiss-Weinstein lower bound. Moreover, 3-dimensional ultrasonic pictures generated
using the arrival time estimators are shown.

2 Analysis

The received signal r(·) is mathematically modelled by

r(k) = s(k − θ) + n(k), k = 0, . . . , N − 1 (1)

where s(·) is the transmitted signal, n(·) is the disturbing noise and θ is the time delay
to be estimated.

Assume that s(·) is a known, bandlimited signal and that n(·) is a realization of a
stationary, zero mean, white gaussian random process with variance σ2. Furthermore,
assume that the time delay θ is the value taken by a continuously valued stochastic
variable Θ with a known a priori probability density function, fΘ(θ), having finite support
and the variance σ2

θ .
From (1) it follows thatr(k)is the value taken by a stochastic variableR(k), for every k.

In the following R denotes the N -dimensional stochastic variable [R(0), R(1), . . . , R(N −
1)], while r is the value taken by this variable.

A measure of an estimator’s performance is E[|Θ− θ̂(R)|2], where θ̂(R) is an estimator
of θ. The function θ̂(r) minimizing this quantity, and henceforth referred to as the MMSE-
estimator of θ, is obtained by calculating [4]

θ̂MMSE(r) = E[Θ|R = r]. (2)

In the following an expression for this expectation is derived, cf. [7] where a slightly
different derivation is given. Since we deal with zero mean white gaussian noise, the
conditional probability density function of R(k) given Θ = θ will be gaussian too, with
mean value s(k − θ) and variance σ2. Hence, for the conditional probability density
function pR|Θ(r|θ),

pR|Θ(r|θ) = (
√

2πσ2)−Ne−
1

2σ2

∑
(r(k)−s(k−θ))2 , (3)

where the sum is taken over all sample values (k = 0, . . . , N − 1). Expanding the square,
using Baye’s rule and expression (3), it follows that the conditional probability density
function fΘ|R(θ|r) is

fΘ|R(θ|r) =
1

K
· fΘ(θ)e

1
σ2C(θ) (4)
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where

C(θ) =
N−1∑
k=0

r(k)s(k − θ) +
1

2
ε(θ), (5)

K is a normalizing constant and ε(θ) is a function of θ which can only assume very
small values1. The last expression is approximately the correlator output. The value of θ
corresponding to the maximum of (4) provides the MAP-estimate of the time delay [4].
Using expression (4), (2) becomes

θ̂MMSE =
∫
θfΘ|R(θ|r)dθ

=
1

K

∫
θfΘ(θ)e

1
σ2C(θ)dθ. (6)

Since
∫
fΘ|R(θ|r)dθ = 1, the constant K becomes K =

∫
e

1
σ2C(θ)fΘ(θ)dθ, and (6) can now

be written as

θ̂MMSE =

∫
θe

1
σ2C(θ)fΘ(θ)dθ∫

e
1
σ2C(θ)fΘ(θ)dθ

. (7)

This expression is the basic appearance of the MMSE-estimator of arrival time. Imple-
menting this form of the estimator may require the hardware to be able to deal with large
numbers. In particular when the noise variance σ2 is small, the exponent in (7) may be
too large for accurate estimates to be calculated. For most SNRs, the value of 1

σ2C(θ)
can still be handled. In order to address this numerical problem, (7) can be rewritten as

θ̂MMSE =

∫
θe

1
σ2 [C(θ)−p]fΘ(θ)dθ∫

e
1
σ2 [C(θ)−p]fΘ(θ)dθ

, (8)

where p = max
θ
{C(θ)} −M0σ

2, and where M0 is chosen to match the hardware capabil-

ities.
Notice that the estimation can be interpreted as a weighted average of the exponential

function values. Notice further that the variance of the corrupting noise must be known or
estimated before applying expression (7). It is therefore convenient to make a distinction
between the true noise variance σ2 and the variance used to design the MMSE-estimator,
σ2

D. The influence of the choice of σ2
D on the performance of the MMSE-estimator will

be discussed in chapter 4.

3 Error Bounds

An experimental comparison of the estimation error of the MMSE- and the MAP-
estimators provides insight in the relative performance of the two methods. However,

1 It is presupposed that θ and N can only assume values where ε(θ) =
∑

k 6∈[0,N−1]

s2(k − θ) ≈ 0. That

is, the signal energy outside the observation interval, ε(θ), is approximately zero, or equivalently, for all
θ almost the whole signal energy is inside the observation interval.
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some additional insight in the estimator performance can be gained by comparing the
experimental mean square estimation error σ2

θ̂
to theoretical bounds as the Cramér-Rao

Lower Bound (CRLB) or the Weiss-Weinstein Lower Bound (WWLB).
Define the signal to noise ratio (SNR) as

SNR =
E

σ2
, E =

∫
s2(t)dt =

∫
|S(f)|2df, (9)

where S(f) is the fourier transform of the signal s(·) and E is the signal energy. Provided
that certain regularity conditions are fulfilled, the CRLB can be written as [4, 11]

σ2
θ̂
≥ 1

4π2f̄ 2SNR + A/σ2
, (10)

where A is a constant depending on the shape of fΘ(θ) but independent of σ2
θ and E{θ},

(f̄2)1/2 denotes the Gabor-bandwidth (or the rms-bandwidth) of the signal s(·) and is
defined as

f̄2 =

∫
f 2|S(f)|2df∫ |S(f)|2df . (11)

The CRLB does not take into account the well-known threshold effect of time delay
estimators, emphatically present in narrowband systems [12, 13, 14]. For SNR-values
below a certain threshold the mean square error increases rapidly as the SNR decreases.
When the bandwidth of the transmitted signal becomes narrower, this property becomes
more pronounced. The SNR-region where the mean square error exceeds the CRLB,
mainly due to the peak ambiguity error, is known as the peak ambiguous region. Several
bounds incorporating this feature have been developed [14, 15, 16, 17, 18]. In chapter 4
the simulation results will be compared with the WWLB presented in [17, 18]. This
bound applies explicitly to deterministic signals, it is easy to calculate, and assumes a
uniform a priori distribution of Θ.

By assuming that Θ is uniformly distributed between 0 and D the WWLB can be
written as [18]

σ2
θ̂
≥ max

0≤h≤D
J(h), (12)

where

J(h) =



1
2h

2(1− h
D )2e−

SNR
2 [1−ρ(h)]

1− h
D−(1−2h

D )e−
SNR

4 [1−ρ(2h)] , 0 ≤ h < D
2

1
2
h2(1− h

D
)e−

SNR
2

[1−ρ(h)] , D
2
≤ h < D

(13)

and where ρ(·) denotes the normalized autocorrelation function of the transmitted signal
s(·).

The WWLB provides a tight lower bound on time delay estimates for a wide range
of signal to noise ratios [18]. The WWLB takes into account the phenomenon of peak
ambiguity. Notice that, except for the SNR, the WWLB only depends on the values of
the signal autocorrelation function and on the a priori interval length.
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4 Simulations & Experiments

This chapter provides performance results obtained by simulations and by using the
experimental ultrasonic system described in detail in [19]. The system characteristics
answer to those of a narrowband system, thus yielding the problem of detecting the
correct peak of the correlation function at low SNRs.

An air-adapted focused ultrasonic transducer, designed by Persson for the purpose of
the investigation presented in [19], with a centre frequency of 1 MHz and a focal distance
of 45 mm is used for the transmission of a short ultrasound pulse and for the reception
of the reflected echo. The echoes received are sampled with a sampling frequency of
10 MHz. Figure 1 shows a particular ultrasound echo from a surface perpendicular to
the transducer. A sample conditional probability density function of Θ given R = r is
shown in figure 2. In the experiments the time delay Θ is assumed to have a uniform
a priori distribution over the interval [0, D]. The MMSE-estimator can be calculated
by (8) with the integrals taken over the a priori interval of Θ, thus accounting for the
probability density function fΘ(θ). The MMSE-estimator is approximated by

θ̂MMSE =

D/Ts∑
k=0

Tske
1

σ2
D

[C(Tsk)−p]

D/Ts∑
k=0

e
1

σ2
D

[C(Tsk)−p]
, (14)

with Ts as a step length and σ2
D, the design variance, as described in chapter 2. In order

to speed up the calculation of the θ̂MMSE, consider the function

Z(x) =


0 , e

1

σ2
D

[C(x)−p]
< M1

e
1

σ2
D

[C(x)−p]
, e

1

σ2
D

[C(x)−p]
≥M1.

(15)

The delay estimate is now calculated by replacing the exponential terms in (14) by the
function Z(Tsk). The value of M1 is chosen to take only the significant terms in the sums
of (14) into account. The exponential expression in (15) is evaluated considerably faster
by choosing M2 = p+ σ2

D logM1 and comparing the correlator output with M2.
In the simulations a Monte Carlo technique is used to estimate the mean square error

for a range of noise levels. The a priori density of Θ is chosen to be uniform between 0
and 255 samples, the parameter M1 = 0 and the step length Ts = 1

55
. In these simulations

the echo from a point on the surface of a piece of perspex is chosen to be the transmitted
signal s(·) in (1), shown in figure 1. This signal is then randomly shifted in time with an
artificial delay according to the a priori density of Θ, and subsequently disturbed by zero
mean, white gaussian noise in order to obtain a specific SNR-level. The MMSE-estimator
is adapted to each particular noise level by adjusting the value of σ2

D, i.e. σ2
D = σ2.

Figure 3 shows the results of the simulations as well as the WWLB. The right hand
side of (10) assuming that fΘ(θ) is such that A is finite and σ2

θ is infinite is also shown
in the figure, i.e. the CRLB with no a priori information about Θ. As expected, the
MMSE-estimator shows a smaller mean square error than the MAP-estimator over the



    

54 Part III: MMSE Estimation of Arrival Time with Application to Ultrasonic Signals

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

0 50 100 150 200 250 300 350 400 450 500

k [samples]

[V]

r(·)

Figure 1: Received sample ultrasound echo from the ultrasonic system used.
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Figure 2: Sample density function for SNR = 10 dB.



     

55

10-3

10-2

10-1

100

101

102

103

104

105

-5 0 5 10 15 20 25 30

SNR [dB]
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Figure 3: The sample mean square error of θ̂ plotted versus SNR, based on 10,000
simulations, together with the lower bounds presented in chapter 3.

entire range of SNRs. For high SNRs the mean square error of the MAP- estimator
converges to the results of the implemented MMSE- estimator, since only the peak value
of the correlator output (5) remains in the calculation of the MMSE-estimate after the
modifications given in (14)–(15).

In the case of an extremely high noise level the received signal cannot be recovered
anymore and the MMSE-estimate is set to the a priori mean delay. The threshold effect,
appearing at moderate SNR can be observed readily. An examination of the correlator
output for different SNRs shows that the signal under consideration causes two regions
of peak ambiguity. For SNRs between approximately 15 dB and 25 dB, the ambiguity
error is caused only by the two peaks adjacent to the peak corresponding to the true
arrival time. Below approximately 15 dB SNR other peaks become ambiguous as well,
and a second threshold occurs. The Weiss-Weinstein lower bound readily predicts this
behaviour. Notice that in [18] a similar stepwise curve is derived for a trapezoidal pulse.

In order to gain insight in the practical differences between the MMSE- and MAP-
estimators experiments have been carried out using the above mentioned equipment and
the MMSE-estimator of (14) and by using (15). The observation interval is sufficiently
long to contain the received signal2, and the a priori density of Θ is chosen to be uniform
between 0 and 255 samples, which corresponds to a distance span of approximately 4
mm.

The ultrasound system is used to generate a relief picture of a surface structure
by estimating the arrival time of echoes from different surface points. In figure 4 –7

2See footnote 1 on page 51



    

56 Part III: MMSE Estimation of Arrival Time with Application to Ultrasonic Signals

surface pictures of a Swedish five-crown coin are shown, obtained by the MMSE arrival
time estimator for four different values of σ2

D in (14). Figure 8 shows the corresponding
picture obtained with the MAP-estimator. Each picture is obtained by scanning the coin
surface in 100 by 100 points with a distance of 0.3 mm between adjacent points. The
sampling frequency is 10 MHz and the value of σ2

D in (14) is kept constant for all surface
points.

The interpretation of the experimental results is a difficult problem. Still some valu-
able observations can be made and typical effects can be observed:

1. For small design variances, σ2
D, the resolution of the surface picture approaches that

of the picture produced by the MAP-estimator. In accordance with the simulations
when the true noise variance is low figure 4 and figure 8 are almost identical.

2. For σ2
D large, the generated surface picture is smoothed by the estimator. The esti-

mator assumes a high noise level, while the received echoes are hardly disturbed by
noise. Arrival times corresponding to neighbouring peaks of the correlator output
will be considered as having a relatively high a posteriori probability of occurrence.

3. Deformations of the pulse shape turn out to be an important feature. Although a
high axial resolution can be obtained, some limitations of the model under consid-
eration are visible. The deformations of the pulseshape and a reduced amount of
energy are often found in reflections from regions on the coin where the coin does
not have a plane and perpendicular surface. Such surfaces are e.g. slopes, edges
and unevennesses, and the effects of this can be observed e.g. in fig 7 as the deep
grooves. The model in (1) seems to lose its validity. By interpreting the change of
the signal shape as coloured noise in (1), choosing a larger design variance σ2

D may
be motivated.

4. Although figure 7 seems to be a bad reproduction of the real coin, there are details
of the coin that are visible only in this figure. The small dents marked by arrows
are not visible on the other generated surfaces, whereas they exist on the true coin
surface.

With respect to the fourth item, it is emphasized that special caution is required when
evaluating the estimators used to generate figure 4–8.

5 Discussion

This paper deals with arrival time estimation of a narrow-band signal disturbed by white
gaussian noise. An estimation method, based on the minimum mean square error cri-
terion, has been examined. Numerical problems with the need of large dynamics in
the calculations that showed up have been solved leading to an attractive form of the
estimator.

Simulations show that the MMSE-estimator yields, as expected, a smaller mean
square error than the MAP-estimator for a wide range of SNRs. For high SNRs the
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Figure 4: 3D-structure of a coin surface using the MMSE-estimator with σ2
D = 228 [mV]2

Figure 5: 3D-structure of a coin surface using the MMSE-estimator with σ2
D = 6870 [mV]2
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Figure 6: 3D-structure of a coin surface using the MMSE-estimator with
σ2

D = 68700 [mV]2

J
J
J
J
Ĵ

?

Figure 7: 3D-structure of a coin surface using the MMSE-estimator with
σ2

D = 687000 [mV]2
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Figure 8: 3D-structure of a coin surface using the MAP-estimator.

MMSE-estimates and the MAP-estimates coincide. Below a critical SNR the MMSE-
estimator addresses the peak ambiguity problem by taking into account information
contained in adjacent peaks of the correlator output. This is done by averaging over all
important correlation peaks which smooths the estimate, thus reducing the peak ambi-
guity error.

Since the MMSE-estimates and the MAP-estimates almost coincide for high SNRs and
the MMSE-estimator deals with the peak ambiguity problem of time delay estimation
in situations where the signal to noise ratio does not exceed the threshold SNR, the
MMSE-estimator is an attractive alternative to the MAP-estimator. Since the threshold
SNR increases as the signal bandwidth decreases, the MMSE-estimator can be of great
value in applications dealing with narrow-band systems. Moreover the MMSE-estimator
can be used to develop different estimators without knowing the true noise variance.
Experiments show that the MMSE-estimator designed for different noise levels can be
valuable depending on the particular application requirements.
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Abstract – The use of multi-amplitude signaling schemes in wireless OFDM
systems requires the tracking of the fading radio channel. This paper addresses
channel estimation based on time-domain channel statistics. Using a general model
for a slowly fading channel, we present the MMSE and LS estimators and a method
for modifications compromising between complexity and performance. The sym-
bol error rate for a 16-QAM system is presented by means of simulation results.
Depending upon estimator complexity, up to 4 dB in SNR can be gained over the
LS estimator.

1 Introduction

Currently, orthogonal frequency-division multiplexing (OFDM) systems [1] are subject
to significant investigation. Since this technique has been adopted in the European digital
audio broadcasting (DAB) system [2], OFDM signaling in fading channel environments
has gained a broad interest. For instance, its applicability to digital TV broadcasting is
currently being investigated [3].

The use of differential phase-shift keying (DPSK) in OFDM systems avoids the track-
ing of a time varying channel. However, this will limit the number of bits per symbol
and results in a 3 dB loss in signal-to-noise ratio (SNR) [4]. If the receiver contains a
channel estimator, multi-amplitude signaling schemes can be used.

In [5] and [6], 16-QAM modulation in an OFDM system has been investigated.
A decision-directed channel-tracking method, which allows the use of multi-amplitude
schemes in a slow Rayleigh-fading environment is analysed in [5].

In the design of wireless OFDM systems, the channel is usually assumed to have a
finite-length impulse response. A cyclic extension, longer than this impulse response, is
put between consecutive blocks in order to avoid inter-block interference and preserve
orthogonality of the tones [7]. Generally, the OFDM system is designed so that the cyclic
extension is a small percentage of the total symbol length. This paper discusses channel
estimation techniques in wireless OFDM systems, that use this property of the channel
impulse response. Hoeher [6] and Cioffi [8] have also addressed this property.

In Section 2, we describe the system model. Section 3 discusses the minimum mean-
square error (MMSE) and least-squares (LS) channel estimators. The MMSE estimator
has good performance but high complexity. The LS estimator has low complexity, but
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its performance is not as good as that of the MMSE estimator. We present modifications
to both MMSE and LS estimators that use the assumption of a finite length impulse
response. In Section 4 we evaluate the estimators by simulating a 16-QAM signaling
scheme. The performance is presented both in terms of mean-square error (MSE) and
symbol error rate (SER).

2 System Description

We will consider the system shown in Fig. 1, where xk are the transmitted symbols, g(t)
is the channel impulse response, ñ(t) is the white complex Gaussian channel noise and yk
are the received symbols. The transmitted symbols xk are taken from a multi-amplitude
signal constellation. The D/A and A/D converters contain ideal low-pass filters with
bandwidth 1/Ts, where Ts is the sampling interval. A cyclic extension of time length TG
(not shown in Fig. 1 for reasons of simplicity) is used to eliminate inter-block interference
and preserve the orthogonality of the tones.

We treat the channel impulse response g(t) as a time-limited pulse train of the form

g(t) =
∑
m

αmδ(t− τmTs), (1)

where the amplitudes αm are complex valued and 0 ≤ τmTs ≤ TG, i.e., the entire impulse
response lies inside the guard space. The system is then modelled using the N -point
discrete-time Fourier transform (DFTN) as

y = DFTN

(
IDFTN(x) ∗̄ g√

N
+ ñ

)
(2)

where ∗̄ denotes cyclic convolution, x = [x0 x1 . . . xN−1]
T , y = [y0 y1 . . . yN−1]

T , ñ =
[ñ0 ñ1 . . . ñN−1]

T is a vector of i.i.d. complex Gaussian variables, and g=[g0 g1 . . . gN−1]
T

is determined by the cyclic equivalent of sinc-functions. The vector g/
√
N is the observed

channel impulse response after sampling the frequency response of g(t), and

gk =
1√
N

∑
m

αme
−jπ

N
(k+(N−1)τm) sin (πτm)

sin
(
π
N

(τm−k)
) . (3)

The validity of the cyclic model described by (2) and (3) depends on how well the objective
of the guardspace is met, i.e., how well it eliminates inter-block interference.

If the delay τm is an integer, then all the energy from αm is mapped to tap gτm .
However, for a non-T -spaced pulse, i.e., if τm is not an integer, its energy will leak to all

Figure 1: Base-band OFDM system.
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Figure 2: Leakage between taps for the continuous channel g(t) = δ(t − 0.5Ts) + δ(t −
3.5Ts).

Figure 3: Parallel Gaussian channels.

taps gk. Fig. 2 illustrates this leakage for a special case. Notice that most of the energy
is kept in the neighbourhood of the original pulse locations.

The system described by (2) can be written as a set of N independent Gaussian
channels, see Fig. 3,

yk = hkxk + nk, k = 0 . . . N−1, (4)

where hk is the complex channel attenuation given by h=[h0 h1 . . . hN−1]
T=DFTN(g) and

n=[n0 n1 . . . nN−1]
T=DFTN(ñ) is an i.i.d. complex zero-mean Gaussian noise vector.

As a matter of convenience, we write (4) in matrix notation

y = XFg + n, (5)

where X is a matrix with the elements of x on its diagonal and

F =


W 00
N · · · W

0(N−1)
N

...
. . .

...

W
(N−1)0
N · · · W

(N−1)(N−1)
N

 (6)

is the DFT-matrix with

W nk
N =

1√
N
e−j2π

nk
N . (7)
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Figure 4: General estimator structure.

3 Channel Estimation

We will derive several estimators based on the system model in the previous section.
These estimation techniques all have the general structure presented in Fig. 4. The trans-
mitted symbols xk, appearing in the estimator expressions, are either training symbols
or quantized decision variables in a decision-directed estimator. Error propagation in the
decision-directed case is not treated in this paper.

3.1 MMSE and LS Estimators

If the channel vector g is Gaussian and uncorrelated with the channel noise n, the
MMSE estimate of g becomes [9]

ĝ
MMSE

= RgyR
−1

yyy (8)

where

Rgy= E {gyH} = RggF
HXH

Ryy= E {yyH} = XFRggF
HXH + σ2

nIN

are the cross covariance matrix between g and y and the auto-covariance matrix of
y. Further, Rgg is the auto-covariance matrix of g and σ2

n denotes the noise variance
E{|nk|2}. These two quantities are assumed to be known. Since the columns in F are
orthonormal, ĝ

MMSE
generates the frequency-domain MMSE estimate ĥ

MMSE
by

ĥ
MMSE

= Fĝ
MMSE

= FQ
MMSE

FHXHy, (9)

where Q
MMSE

can be shown to be

Q
MMSE

=Rgg

[
(FHXHXF)−1σ2

n+Rgg

]−1

(FHXHXF)−1. (10)

This MMSE channel estimator (9) has the form shown in Fig. 4. If g is not Gaussian,
ĥ

MMSE
is not necessarily a minimum mean-square error estimator. It is however the best

linear estimator in the mean-square error sense. In either case (g, Gaussian or not) we
will denote the channel estimate as ĥ

MMSE
.

The LS estimator for the cyclic impulse response g minimizes (y−XFg)H(y−XFg)
and generates

ĥ
LS

= FQ
LS

FHXHy, (11)
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Figure 5: Modified estimator structure.

where

Q
LS

= (FHXHXF)−1 (12)

Note that ĥ
LS

also corresponds to the estimator structure in Fig. 4. Since (11) reduces
to

ĥ
LS

= X
−1

y, (13)

the LS estimator is equivalent to what is also referred to as the zero-forcing estimator.
Both estimators (9) and (13) have their drawbacks. The MMSE estimator suffers

from a high complexity, whereas the LS estimate has a high mean-square error. In the
next section, we will address these drawbacks and modify both estimators.

3.2 Modified MMSE and LS Estimators

The MMSE estimator requires the calculation of an N × N matrix Q
MMSE

, which
implies a high complexity when N is large. A straightforward way of decreasing the
complexity is to reduce the size of Q

MMSE
. As indicated in Fig. 2, most of the energy in

g is contained in, or near, the first L = dTG
Ts
e taps. Therefore we study a modification of

the MMSE estimator, where only the taps with significant energy are considered. The
elements in Rgg corresponding to low energy taps in g are approximated by zero.

If we take into account the first L taps of g, and set Rgg(r, s) = 0 for r, s /∈ [0, L−1],
then Q

MMSE
is effectively reduced to an L× L matrix. If the matrix T denotes the first

L columns of the DFT-matrix F and R′gg denotes the upper left L × L corner of Rgg,
the modified MMSE estimator becomes

ĥ
MMSE

= TQ′
MMSE

THXHy (14)

where

Q′
MMSE

=R′gg

[
(THXHXT)−1σ2

n+R′gg

]−1

(THXHXT)−1. (15)

This modification is illustrated in Fig. 5. As mentioned in Section 1, an OFDM system is
usually designed so that L is a small fraction of N . Thus, the complexity of the MMSE
estimator will decrease considerably.
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Although the complexity of the LS estimator does not prompt for modifications,
its performance in terms of mean-square error can be improved for a range of SNRs
by following the same general concept as above. The LS estimator does not use the
statistics of the channel. Intuitively, excluding low energy taps of g will to some extent
compensate for this shortcoming since the energy of g decreases rapidly outside the first
L taps, whilst the noise energy is assumed to be constant over the entire range [6, 8].

Taking only the first L taps of g into account, thus implicitly using channel statistics,
the modified LS estimator becomes

ĥ
LS

= TQ′
LS

THXHy (16)

where

Q′
LS

= (THXHXT)−1 . (17)

The modified LS estimator also has the structure as shown in Fig. 5.

3.3 Estimator Complexity

The complexity of the modified LS estimator (16) will be larger than that of the full
LS estimator, since a simplification as in (13) cannot be performed. Notice that while
the full LS estimator (13) has much lower complexity than the full MMSE estimator (9),
the respective modified versions (16) and (14) are equally complex.

It should be noted that the MMSE estimators have been derived under the assumption
of known channel correlation and noise variance. In practice these quantities, Rgg and
σ2
n, are either taken fixed or estimated, possibly in an adaptive way. This will increase

the estimator complexity and reduce the performance slightly.
In the special case where the channel (1) is T -spaced, i.e., where τm are integers,

no leakage of energy to taps outside the interval [0, L] will occur and the two modified
estimators (14) and (16) will not lose any information about the channel. Thus, the
modified MMSE estimator (14) is equivalent to the MMSE estimator (9). The modified
LS estimator (16) in this case will outperform the LS estimator (13) for all SNRs, since
the excluded taps contain only noise.

More generally, for non-T -spaced channels, any subset of the taps in g may be taken
into account when modifying the MMSE and the LS estimator. The size of this subset
determines the complexity for both types of modified estimators.

In Section 4 we consider the case where this subset consists of the taps g0 . . . gL+K−1

and gN−K . . . gN−1, i.e., the first L taps as well as K extra taps on each side.

4 Simulations

4.1 Simulated Channels

In the simulations we consider a system operating with a bandwidth of 500 kHz,
divided into 64 tones with a total symbol period of 138 µs, of which 10 µs is a cyclic
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prefix. Sampling is performed with a 500 kHz rate. A symbol thus consists of 69 sam-
ples, five of which are contained in the cyclic prefix (i.e. L = 5). 50,000 channels are
randomized per average SNR, each consisting of five pulses, of which four have uniformly
distributed delays over the interval 0–10 µs, while one tap is always assumed to have
a zero delay, corresponding to a perfect time synchronisation of the sampling instants.
The multipath intensity profile is assumed to be φ(τ) ∼ e−τ/τrms , where τrms is 1/4 of
the cyclic extension. We have used Monte-Carlo simulations to generate the Rgg for this
channel model. This covariance matrix together with the true noise variance σ2

n is used
in the MMSE estimations to follow. The average SNR per symbol in Fig. 3 is defined as
E{|hk|2}/E{|nk|2}, since E{|xk|2} is normalised to unity.

The following estimators are used:

Estimator Notation Taps used Size Q′

MMSE MMSE 0...63 64× 64
LS LS 0...63 N.A.
Modified MMSE-0 0...4 5× 5
MMSE MMSE-5 0...9, 59...63 15× 15

MMSE-10 0...14, 54..63 25× 25
Modified LS-0 0...4 5× 5
LS LS-5 0...9, 59...63 15× 15

LS-10 0...14, 54..63 25× 25

4.2 Mean-square Error

Fig. 6 shows the mean-square error versus SNR for the MMSE, LS, MMSE-0, MMSE-5
and MMSE-10 estimators. The difference between the modified MMSE estimators and
the MMSE estimator is due to the fact that parts of the channel statistics are not taken
into account in the former. For low SNRs, this approximation effect is small compared
to the channel noise, while it becomes dominant for large SNRs. The curves level out to
a value determined by the energy in the excluded taps. Larger dimensions of Q′

M
will

give lower mean-square error for all SNRs.

Fig. 7 shows the mean-square error versus average SNR for the MMSE, LS, LS-0,
LS-5 and LS-10 estimators. Contrary to the modification of the MMSE estimator, the
modification of the LS estimator reduces the mean-square error for a range of SNRs.
However, the same approximation effect as in the modified MMSE estimators shows up
at high SNRs. An interesting observation is, that for every SNR there exists an optimal
size of Q′

LS
, which gives the smallest mean-square error compared to the other modified

LS estimators.

4.3 Symbol-error Rate

The symbol-error rate (SER) curves presented in this section are based on the mean-
square errors of the channel estimations presented in the previous section. For the cal-
culation of SER, we have used the formulae presented in [10]. These formulae find the
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Figure 6: Mean-square error for three modified MMSE estimators.

Figure 7: Mean-square error for three LS estimators.

symbol error rate of a 16-QAM system given a noisy estimate of the channel. We consider
decision-directed estimation, without error propagation.

As seen in Fig. 8, a gain in SNR up to 4 dB can be obtained for certain SNRs when
using a modified MMSE estimator instead of the LS estimator, depending on admissible
complexity. The same behaviour can be observed for modified LS estimators in Fig. 9.
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Figure 8: Symbol error rate for three modified MMSE estimators.

However, the gain in SNR is not as large as for the modified MMSE estimators with the
same size of the matrix Q. This is explicitly shown for MMSE-10 and LS-10 in Fig. 10.
The difference in SNR between these two estimators is about 2 dB.

5 Conclusions

The estimators in this study can be used to efficiently estimate the channel in an
OFDM system given a certain knowledge about the channel statistics. The MMSE
estimator assumes a priori knowledge of noise variance and channel covariance. Moreover,
its complexity is large compared to the LS estimator. For high SNRs the LS estimator
is both simple and adequate. However, for low SNRs, the presented modifications of the
MMSE and LS estimators will allow a compromise between estimator complexity and
performance. For a 16-QAM signaling constellation, up to 4 dB gain in SNR over the LS
estimator was obtained, depending on estimator complexity. Even relatively low-complex
modified estimators, however, perform significantly better than the LS estimator for a
range of SNRs.
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Figure 9: Symbol error rate for three modified LS estimators.
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Summary

The previous 4 parts were written independently, each addressing a particular prob-
lem. The following items summarize and restate the more important results and conclu-
sions in this thesis:

• The simultaneous ML estimator of timing and frequency offset in OFDM systems
basically consists of a complex correlator and a moving sum, generating a signal
γ(·). The estimate of the timing offset is the argument maximizing the (energy-
compensated) magnitude of γ(·). The estimate of the frequency offset is propor-
tional to the phase of γ(·) at this time instant.

• When considering only the sign bits of the in-phase and quadrature components
of the received OFDM signal, the ML estimator for the timing offset consists of a
complex correlator and a moving sum, followed by a peak detector. The complexity
of this estimator is small compared to the ML estimator based on the received signal
represented with full resolution.

• Simulations show that the performance of the frequency estimator is applicable in a
tracking mode while the timing estimation can be used in an acquisition mode. The
low-complex method, combined with an averaging step, may be used in a tracking
mode, depending on the system requirements

• The MMSE estimator of time delay, where the transmitted signal is deterministic
and known, is more robust to the peak ambiguity problem than the MAP estimator.
Numerical problems concerning the necessity for large dynamics in the calculations
can be solved, leading to an implementationally attractive form of the estimator.

• In an airborne ultrasound measuring system, the MMSE-estimator of time delay
can be used to develop different modified estimators without knowing the true
noise variance. These modified estimators, designed for different noise levels, may
be valuable depending on the particular application.

• In OFDM systems with up to 20 dB in signal-to-noise ratio, the complexity of the
linear MMSE and LS channel estimators (in terms of number of multiplications) can
be decreased considerably without losing much in performance. When considering
the symbol error rate in an uncoded, 16-QAM OFDM system, up to 4 dB in SNR
can be gained over the LS estimator, depending on estimator complexity. No more
than 1 dB loss in SNR compared to the linear MMSE channel estimator needs to
be sacrificed.


