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Abstract

The understanding of flow problems, and finding their solution,
has been important for most of human history, from the design of
aqueducts to boats and airplanes. The use of physical miniature
models and wind tunnels were, and still are, useful tools for
design, but with the development of computers, an increasingly
large part of the design process is assisted by computational fluid
dynamics (CFD).

Many industrial CFD codes have their origins in the 1980s and
1990s, when the low order finite volume method (FVM) was pre-
valent. Discontinuous Galerkin methods (DGM) have, since the
turn of the century, been seen as the successor of these methods,
since it is potentially of arbitrarily high order. In its lowest or-
der form DGM is equivalent to FVM. However, many existing
codes are not compatible with standard DGM and would need a
complete rewrite to obtain the advantages of the higher order.

This thesis shows how to extend existing vertex-centered and
edge-based FVM codes to higher order, using a special kind of
DGM discretization, which is di↵erent from the standard cell-
centered type. Two model problems are examined to show the
necessary data structures that need to be constructed, the order
of accuracy for the method, and the use of an hp-adaptation
scheme to resolve a developing shock. Then the method is further
developed to solve the steady Euler equations, within the existing
industrial Edge code, using acceleration techniques such as local
time stepping and multigrid.

With the ever increasing need for more e�cient and accurate
solvers and algorithms in CFD, the modified DGM presented in
this thesis could be used to help and accelerate the adoption of
high order methods in industry.
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Chapter 1

Computational Fluid
Dynamics

1.1 History of Fluid Dynamics

The study of how fluids, both gases and liquids, behave and interact with
their surroundings is ancient and closely associated to the advances of hu-
man civilization. In pre-historic eras, the extent of practical and engineering
knowledge of the behavior of fluids could make or break empires. For ex-
ample, how should boats be constructed for trade and warfare? How should
aqueducts for irrigation and water supply be constructed? This knowledge
evolved empirically and slowly over time [27].

Archimedes of Syracuse’s (c. 287– c. 212 b.c.e.) seminal work from
around 250 b.c.e., Per» t¿n ‚pipleÏntwn swmàtwn (On Floating Bodies), is
considered to be the first book on hydrostatics, dealing with how objects
will act when floating in water.

A central concept in fluid dynamics is the conservation of mass, mo-
mentum, and energy, and this realization was developed over several cen-
turies, resulting in the mathematical description given in terms of a set of
conservation laws.

Leonardo da Vinci (1452–1519) studied flow phenomena extensively and
advanced the field of fluid dynamics in many ways. In 1502 he described the
conservation of mass of incompressible flows in a river as follows [5]:

. . . that a river in each part of its length in an equal time gives passage
to an equal quantity of water, whatever the width, the depth, the slope,
the roughness, the tortuosity . . . a river of uniform depth will have a
more rapid flow at the narrower section than at the wider, to the extent
that the greater width surpasses the lesser . . .

In his famous sketches, he also depicts turbulent flows [2] and observed many
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4 Chapter 1. Computational Fluid Dynamics

of this type of flow’s features, long before they were theoretically formulated,
such as Reynolds turbulence decomposition and Richardson’s cascade [27].

Isaac Newton’s (1642–1727) second law of motion, first presented in
Philosophiæ Naturalis Principia Mathematica (Mathematical Principles of
Natural Philosophy) from 1687, describes the conservation of momentum:

. . . the net external (unbalanced) force acting on a material body is
directly and linearly proportional to, and in the same direction as, its
acceleration . . .

Daniel Bernoulli (1700–1782) formulated the conservation of energy in 1748,
and Leonhard Euler (1707–1783) could thus generalize these ideas concern-
ing conserved quantities in what is today known as the Euler equations,
first published in 1757 in the article Principes généraux du mouvement des
fluides (General Principles of the Motion of Fluids). The Euler equations
describe both compressible and incompressible flows of inviscid fluids, that
is, the viscosity is zero. Viscosity is a measure of the inner friction of a
fluid. For example, water has a low viscosity compared to the high viscosity
of syrup. Euler expressed the equations in the form of a partial di↵erential
equation (PDE), which is in the form that we view these models today.

The Navier–Stokes equations for viscous fluids were formulated with con-
tributions from Claude-Louis Navier (1785–1836), Augustin-Louis Cauchy
(1789–1857), Siméon Denis Poisson (1781–1840), Adhémar Jean Claude
Barré de Saint-Venant (1797–1886), and George Gabriel Stokes (1819–1903).
By making problem-specific physical assumptions, linearization, and other
simplifications of the Navier–Stokes equations, the Euler equations and other
models of fluid flow, can be derived. Simplified models are often necessary
to attain understanding of the flow field, since analytical solutions of the
Navier–Stokes equations are only found for some specialized model prob-
lems.

Parallel to the advances in the theoretical understanding of fluid dy-
namics, experimental studies have had an important role in the design of for
example ships since the 1600s. In the middle of the 18th century, the theor-
etical advances helped push the experimental work into a more structured
and formalized direction [29]. A Swedish example of these experimental-
ists is Fredric Henric af Chapman (1721–1808), a prominent contributor in
Swedish ship design. In his work Tractat om skepps-byggeriet (Tract on ship
building) from 1775 he states the necessity of formalizing the design process.

Det plägar s̊a tillg̊a uti skeppsbyggnad at man bjuder til den ena g̊angen
efter den andra, hvar och en efter den insigt han äger, at förbättra
Skeppens Skapnad: nemligen, d̊a man bygt et Skepp, och sedan det
blifvit försökt och befunnit äga en eller annan elak qualitet, har man
vid byggandet af et annat, efter bästa begrep s̊a ändrat skapnaden, at
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det icke skulle f̊a et dylikt fel; men det har som oftast, eller nästan
merendels, icke bättre lyckats, än at det nya Skeppet därigenom f̊att
et annat fel; ja det har äfven hänt, at det senare Skeppet f̊att samma
fel i högre grad, än det förra Skeppet, och man har icke med visshet
vetat om dessa fel härrörde utaf Skeppets Skapnad, eller n̊agon annan
obekant omständighet. [...] Man kan häraf finna, at Skepp byggas med
bättre, eller sämre qualiteter, mer utaf en slump, än genom en säker
föresats; och at i följe häraf, s̊a länge man icke äger annan grund i
kunskapen at bygga Skepp efter, än blotta försök och ärfarenhet, s̊a
kunna Skepp i allmänhet icke f̊a en tillbörlig fullkomlighet utöfver den
de nu för tiden äga. [...] Det blifver fördenskull nödigt at utröna vad
det är, som skal bringa denna kundskap til mera fullkomlighet.

Scaled down physical models were used by af Chapman in his studies to
make predictions on how real life ships would act and behave [47].

This kind of work predates, and resembles, the wind tunnels used in the
design of airplanes in the 20th century. The first wind tunnel was designed
by Frank H. Wenham (1824–1908) in 1871 [3], some thirty years before the
Wright brothers made their first flight on 17 december 1903. The success
of the first flight can to a large extent be attributed to wind tunnel experi-
ments devised by the Wright brothers themselves [20]. Since the theoretical
knowledge could only be used to solve small model problems, and not for
the design of airplanes, the importance of wind tunnels and experimental
results was fundamental in the advent of human flight.

Osborne Reynolds (1842–1912) showed in 1883 [55] that the viscous flow
would be similar on a model as the real sized object, as long as a specific
parameter, today known as the Reynolds number [3], stayed the same.

1.2 History of Computational Fluid Dynamics

Wind tunnels and rough theoretical estimates were in essence the only design
tools of airplanes and other vessels for a long time, until the field of compu-
tational fluid dynamics (CFD) was born. CFD, which combines numerical
analysis, theoretical physics, and computer science in order to study fluid
flows, has become more and more important with the emergence of increas-
ingly powerful computers and improved algorithms. For the design of vessels,
such as airplanes, boats, cars, or missiles, CFD is nowadays a versatile tool,
but practical experiments in wind and water tunnels are needed, for instance
to validate the models and to verify the software and output design.

One of the first examples of what can be considered to be CFD was de-
scribed in the book Weather Prediction by Numerical Process [56] in 1922
by Lewis Fry Richardson (1881–1953). In this early context “computers”
were humans. It was not until 1950 that the first weather forecast was com-
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puted on an electronic computer, ENIAC [45], with finite di↵erence methods
(FDM) similar to those described by Richardson.

In a fundamental paper on the existence of solutions to PDE from 1928
by Richard Courant (1888-1972), Kurt Otto Friedrichs (1901–1982), and
Hans Lewy (1904–1988) [18], the authors defined many central aspects of
numerical analysis and consequently CFD, such as the CFL-condition and
finite di↵erence approximations of various classes of PDE.

The first simulations using the Navier–Stokes equations were made at
Los Alamos National Laboratory by the T-3 group, formed in 1958 [10] and
led by Harlow [37]. Until the end of the 1960s, the T-3 group developed
a number of important methods for the advancement of the field of CFD,
such as the Particle-in-Cell (PIC), Fluid-in-Cell (FLIC), Marker-and-Cell
(MAC) methods [37], and Arbitrary Lagrangian-Eulerian (ALE) methods.
The so-called k-" turbulence model was also developed at this time.

The first three-dimensional simulation, all previous ones were one- or
two-dimensional, was made by Hess and Smith [10, 32] in 1967, using a
so-called Panel Method for potential flow. These types of codes, for ex-
ample NASA’s CMARC [51], are still used today, particularly for conceptual
studies. Hess and Smith worked at the Douglas Aircraft Company, and the
aeronautics industry became very important in the development of CFD in
the 1970s. In 1970, Murman and Cole presented full potential methods [17],
which could compute flows in the transonic region. This type of codes are
still in use, for example TranAir [60].

In 1973, the first AIAA CFD conference was held in Seattle, and the fol-
lowing conferences since then have been very important for the development
of CFD solvers. Spalding et al. at Imperial college developed, among other
things, the SIMPLE [49] method, and in 1981 they commercially released
PHOENICS [59], the world’s first general purpose CFD code.

These earlier methods were all using the FDM to discretize in space. In
the 1980s, the finite element methods (FEM) and finite volume methods
(FVM) emerged as important alternatives [10].

The next step was to develop codes to solve the full Navier–Stokes equa-
tions. Early examples are NASA’s ARC2D and subsequently ARC3D [52]. In
the beginning of the 1980s, much research was focused on the compressible
Euler equations, and Jameson was very influential across the industry with
his code FLO57 [34]. Patankar’s book Numerical Heat Transfer and Fluid
Flow [48] from 1980 was also very influential in the development of many
CFD codes.

Harten, Engquist, and Osher were some of the most important con-
tributors to the so-called high-resolution shock capturing methods such as
essentially non-oscillatory (ENO) and weighted ENO (WENO), specifically
developed for high speed flows with shocks. For FVM, the development in-
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cludes many variants, such as the Monotonic Upstream-Centered Scheme for
Conservation Laws (MUSCL) by van Leer 1979 [67], and many approximate
Riemann solvers such as the Roe scheme [58]. For a good introduction to
various aspects of finite volume methods, see the books by LeVeque [43] and
Blazek [9].

Discontinuous Galerkin methods (DGM) were initially introduced by
Reed and Hill in 1973 [54], but gained general popularity in the 1990s fol-
lowing the papers by Cockburn, Shu et al. [11, 13, 14, 15, 16]. See Section 2
for further information on the development of DGM.

Edge [24, 25] is an industrial CFD code, developed mainly by Swedish
Defence Research Agency (FOI) and KTH Royal Institute of Technology
(KTH). The development began in 1997 by Flygtekniska försöksanstalten
(FFA), and the code is used both for military and civil applications. Edge
is a so-called vertex-centered and edge-based FVM code that is used in this
thesis to show the feasibility of extending a low-order FVM code to higher
order using DGM.

John von Neumann (1903–1957) predicted in the 1940s in his The Neu-
mann Compendium [68] that in the future “automatic computing machines”
would replace analytical solutions with numerical solutions of problems in
fluid dynamics. This goal is partly realized today for many practical applica-
tions, but far from reached for complex geometries and coupled multiphysics
systems. CFD is now an indispensable tool in many areas of industry, but
much work is still needed to develop more e�cient and accurate methods in
the e↵ort to fulfill von Neumann’s prediction.

1.3 Physics and Modeling

There are many di↵erent types of flow phenomena and characteristics, and
many of them are visualized and described in Album of fluid motion [66]
from 1982 by Milton van Dyke. Central to CFD is the discretization and
solution of the Navier–Stokes equations and di↵erent simplifications of these
equations. In the following, we present some models of relevance for this
thesis.

General Notation

We can summarize the types of problems we consider in this thesis in the
following partial di↵erential equation

@U

@t
+r · F

I

(U) +r · F
V

(U) + �U = F, in ⌦. (1.1)
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The first term in (1.1), @U/@t, is the time derivative of the unknown solu-
tion vector U. In cases of a steady-state solution, where the solution does
not change in time, this term is zero. The second term, r · F

I

(U), is the
divergence of the inviscid flux function, F

I

, which is a linear or nonlinear
function of U, whose Jacobian is diagonalizable with real eigenvalues. Ex-
amples of such a term are the convective term in the transport equation and
Burgers’ equation, or the flux function of the Euler equations. The third
term, r · F

V

(U), is the divergence of the viscous flux function, for example
present in the Navier–Stokes equations but not in the Euler equations. The
fourth term, �U, where � � 0, describes a degenerative term present in
many model problems for DGM analysis ever since Reed and Hill [54] in-
troduced the DGM for modeling neutron transport in 1973. The right hand
side, F, is a source vector, representing for example gravity. The equation
(1.1) is defined on a domain ⌦ 2 Rd with boundary �, with the outward
normal n.

Various boundary conditions need to be imposed on di↵erent parts of
the boundary �. These boundary conditions can be imposed strongly, that
is, the solution on the boundary is explicitly constrained to the prescribed
value, or weakly, that is, the solution on the boundary is set implicitly by
the extra flux function in the equation. The latter naturally appears in the
case of a discontinuous Galerkin discretization, as shown in Section 2.

Steady Linear Transport Equation

A steady linear hyperbolic equation was used by Reed and Hill [54] in 1973
as a model for neutron transport. This paper is considered to be the first
description of a discontinuous Galerkin method for hyperbolic problems.
LeSaint and Raviart used this model problem for analysis of the method in
1974 [42], and Johnson and Pitkäranta [36] in 1986, and subsequently it is
often used as a model problem for DGM analysis. The equation is

r · (�u) + u = 0, in ⌦, (1.2)

u = g, on ��. (1.3)

The transient term @U/@t in (1.1) is here zero, the solution vector U is
a scalar u, F

I

(U) = �u, where � = (�
1

, �
2

) in 2D is a constant vector.
The viscous term F

V

(U) = 0, the degenerative term � = 1, and F is zero.
There is a Dirichlet boundary condition on the inflow boundary ��, where
n · � < 0, such that u = g(x, y). In Paper I in this thesis, the 2D domain is
⌦ = [0, 1]⇥ [0, 1], � = [cos 2⇡

9

, sin 2⇡

9

]T, and as a boundary condition on ��,
we have

g(x, y) =

(
sin 2⇡x, for x 2 [0, 1], y = 0,

�e��y/�

2 sin 2⇡�
f

y, for x = 0, y 2 [0, 1],
(1.4)
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Figure 1.1: Solution of (1.2) subject to boundary condition (1.3), where
g(x, y) is defined by (1.4).

where �
f

= �
1

/�
2

. The expression for g(x, y) is chosen such that the exact
solution u for the whole domain ⌦, including its boundary, is

u(x, y) = sin (2⇡(x� �
f

y)) e��y/�

2 , (1.5)

which is visualized in Figure 1.1.

Inviscid Burgers’ Equation

We use Burgers’ equation with a developing shock as a non-linear model
problem to test a basic hp-adaptation, that is, to change the mesh size h
and the element orders p to attain a more accurate approximation of

1

2
(u2)

x

+ u
y

= 0, in ⌦, (1.6)

u = g, on ��. (1.7)

Here the first term @U/@t in (1.1) is zero, the solution vector U is a scalar
u, and the inviscid flux term F

I

(U) = 1

2

[u2, 2u]T. The viscous flux term
F

V

(U), the degenerative term �, and the source F in (1.1) are all zero.
A Dirichlet boundary condition is used, with inflow boundary data g(x, y)
given on the inflow boundary, ��, defined as the part of the outer boundary
of the domain ⌦ = [0, 1] ⇥ [0, 1] where n · F 0(u) < 0, that is, n · [u, 2] < 0.
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Figure 1.2: Left: Characteristic lines of the analytical solution of (1.6) in
the (x, y) plane subject to boundary conditions defined by (1.7) and (1.9).
A shock develops on the bold line. Right: Numerical solution, using hp-
adaptation.

In Paper I, g(x, y) is defined as

g(x, y) =

8
>>><

>>>:

1� 2x, for x  2/3, y = 0,

�1/3, for x > 2/3, y = 0,

1, for x = 0,

�1/3, for x = 1.

(1.8)

This specific boundary condition gives a solution with a shock in order to
test hp-adaptation. The inflow boundary �� is all of the outer domain
boundary except for when y = 1. The analytical solution, given by the
method of characteristics and the Rankine–Hugoniot condition, is

u(x, y) =

8
>>>>>>>><

>>>>>>>>:

g(x
0

, 0), x  1/2, y  x,

g(0, y), x  1/2, x < y,

g(0, y), 1/2 < x, (6x� 1)/4 < y,

g(x
0

, 0), 1/2 < x  2/3, y  2� 3x,

g(1, y), 1/2 < x  2/3, 2� 3x < y  (6x� 1)/4,

g(1, y), 2/3 < x, y  (6x� 1)/4,

(1.9)

where

x
0

=
x� y

1� 2y
. (1.10)

The shock develops along y = (6x � 1)/4 from (1/2, 1/2) to (5/6, 1). Note
that this model problem can be viewed as the unsteady one-dimensional
inviscid Burgers’ equation where the y dimension represents the time t. In
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the left panel of Figure 1.2, the characteristic lines of the analytical solution
is shown, and in the right panel a numerical solution using hp-adaption is
shown.

Steady Euler Equations

The unsteady Euler equations can be written, with the notation from (1.1),
as

@U

@t
+r · F

I

(U) = F. (1.11)

In the steady case we have @U/@t = 0, and the solution vector is the con-
servative variables U = (⇢, ⇢u, ⇢E); where ⇢ is the mass density; ⇢u =
(⇢u, ⇢v, ⇢w) the momentum density in R3 and u, v, w the velocities in co-
ordinate directions x, y, and z; ⇢E is the total energy density; ⇢H = ⇢E + p
is the total enthalpy density; and the pressure p is defined by the ideal gas
law

p = (� � 1)

✓
⇢E � |⇢u|2

2⇢

◆
, (1.12)

where |⇢u|2 = (⇢u) · (⇢u). The inviscid flux function F
I

(U) is defined by

F
I

(U) =

0

@
⇢u
⇢u⌦ u + Ip
⇢uH

1

A , (1.13)

where the dyadic product ⌦ is defined as

0

@
a

1

a
2

a
3

1

A⌦

0

@
b
1

b
2

b
3

1

A =

0

@
a

1

b
1

a
1

b
2

a
1

b
3

a
2

b
1

a
2

b
2

a
2

b
3

a
3

b
1

a
3

b
2

a
3

b
3

1

A , (1.14)

and I is the identity matrix. The source term F can for example model
gravity, but in this thesis it is assumed to be zero.

It is sometimes convenient to use the primitive variables Ũ = (⇢,u, p),
as opposed to the conservative variables noted above. The speed of sound
is c =

p
�p/⇢, and for standard atmospheric conditions the ratio of specific

heats is � = 7/5 = 1.4.
As a boundary condition when computing the external flow over an air-

foil, used in Paper II and Paper III, we use a far field characteristic boundary
condition on the outer free stream domain boundary �1. This condition is
straightforward to implement through the use of an appropriate numerical
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flux function, as described in Section 2.2. To reduce the e↵ects of reflections
from the free stream boundary, compared to an infinite domain, the domain
should be large enough, typically about twenty chord lengths in diameter.

On the boundary of the airfoil, �
W

, we have an Euler wall boundary
condition. This is defined by the normal velocity being zero at the wall, or
n · u = 0 on �

W

. This condition is also implemented through the use of an
appropriate numerical flux function, as described in Section 2.2.

Navier–Stokes Equations

For reference, the transient Navier–Stokes equations can be written as (1.1)
with � = 0,

@U

@t
+r · F

I

(U) +r · F
V

(U) = F. (1.15)

As for the Euler equations, U = (⇢, ⇢u, ⇢E) is the solution vector of conser-
vative variables, and F

I

(U) is defined as in (1.13). Assuming a Newtonian
fluid,

F
V

(U) =
1

Re

0

@
0
⌧

⌧u + q

1

A , (1.16)

where Re = ⇢u
c

l
c

/µ is the Reynolds number, µ is the dynamic viscosity
coe�cient and u

c

and l
c

are respectively a characteristic velocity and length.
Note that for Re ! 1 the viscous term of the Navier–Stokes equations
vanishes and we obtain the Euler equations. The stress tensor is

⌧ = µ(ru + (ru)T) + �Ir · u, (1.17)

where the first coe�cient of viscosity µ is defined by Sutherland’s law, and
the second coe�cient of viscosity � is usually taken to be � = �2µ/3. The
vector of heat conduction q is defined by Fourier’s law

q = �µc
p

Pr
rT, (1.18)

where the Prandtl number Pr = µcp

k

, the specific heat at constant pressure
c
p

, the temperature T , and the thermal conductivity k = k(T ). Assuming
a calorically perfect gas, the relations between the constants are

� =
c
p

c
v

, p = ⇢(c
p

� c
v

)T, e = c
v

T,

where c
v

is the specific heat with constant volume, e is the internal energy,
and the total energy per unit mass is E = e + u · u/2.
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For many applications, when the speed of the flow is much less than the
speed of sound, one can ignore the compressible e↵ects and use the so-called
incompressible Navier–Stokes, or Euler, equations. The continuity equation
@⇢/@t + r · ⇢u = 0 becomes r · u = 0. However, when sound waves and
shocks are important, the solution of the compressible Navier–Stokes, or
Euler, equations is required to attain physically relevant solutions. Shock
waves appear when the body moves faster than the speed of sound, and are
characterized by sharp changes and discontinuities in flow quantities such
as pressure, temperature, and density.

An important concept in fluid dynamics is laminar as opposed to tur-
bulent flow. Laminar flow is a “smooth” flow, usually at very low speed.
In contrast, turbulent flow is a “chaotic” flow, exhibiting a time-dependent
chaotic behavior. Turbulent flow usually develops for high Reynolds num-
bers, depending on the problem. Turbulent flow can be di�cult and expens-
ive to model in CFD, because of the di↵erent length and time scales involved.
In the case of Direct Numerical Simulation (DNS), all scales are resolved,
but DNS can only be used for problems with low to moderate Reynolds
numbers. For problems with high Reynolds numbers, the turbulence is usu-
ally modeled by using for example Large Eddy Simulations (LES) or the
Reynolds–Averaged Navier–Stokes (RANS) equations. In RANS, the most
common form of model used in industrial CFD, the Navier–Stokes equations
are averaged using the so-called Reynolds decomposition.





Chapter 2

Discontinuous Galerkin
Methods

2.1 Background

Finite volume methods (FVM) were developed for di↵erential equations in
divergence form, typically hyperbolic problems such as the Euler equations.
Later, the FVM was generalized also to other problem types. The finite
element method (FEM), or continuous Galerkin method (CGM), was first
developed for elliptic problems, particularly for the equations of structural
mechanics, but is nowadays also used for hyperbolic and parabolic problems.
Discontinuous Galerkin methods (DGM) combines ideas from the FVM and
FEM to devise a general framework to treat all kinds of PDE.

2.2 Cell-Centered Discontinuous Galerkin Method

The DGM has evolved gradually since 1973, when Reed and Hill [54] pro-
posed the first DGM to discretize a model of hyperbolic neutron transport.
An advantage of the DGM is that there are few parameters to choose com-
pared to other higher order methods such as WENO. DGM can be viewed
as a generalization to higher orders of FVM, but it is more complex to im-
plement and use than the classical FVM. In 1978 Jamet [12, 35] used the
discontinuous Galerkin method to solve a parabolic equation, and for elliptic
or parabolic problems there are several ways to use the DGM, for example
the independently developed interior penalty schemes [1]. For a comparison
of these methods, see [33, 57].

There is still a need for further development in order to create robust
industrial CFD discontinuous Galerkin codes. Curved boundary mesh gen-
eration, finding the optimal mix of element orders, types, and sizes, hp-

15
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multigrid, and the treatment of shocks are some aspects of interest [69].
Some of the most important advantages of DGM are

– the treatment of complex geometries and the possibility to use hanging nodes,

– the data communication is local, only between adjacent control volumes,

– the mass matrix is block diagonal,

– the spatial part is highly parallelizable and scalable for large scale computations,

– the order of accuracy is almost optimal or optimal, at least for model problems,

– the support for hp-adaptivity,

– the solid mathematical theory and analysis of the method.

In the review article by Wang et al. [69], the current state in high-order CFD
in 2012 is summarized after the 1st International Workshop on High-Order
CFD Methods. The authors stress the same concerns and hurdles for general
industrial adoption of high-order methods as after the ADIGMA project.

First they debunk two commonly held beliefs regarding high-order (third
order or more) methods, namely that they are expensive (not necessarily per
node) and that they are not needed for engineering purposes (many import-
ant problems need higher resolution than possible today). Then the authors
list the major obstacles for adoption of high-order methods in industry: they
are more complicated than low-order methods, they are less robust to at-
tain a steady solution because of less numerical dissipation, they need more
memory if implicit time-stepping is used, and no robust high-order mesh
generators are available.

The standard DGM is a so-called cell-centered scheme, meaning that the
computational control volumes on which the solution is computed are the
same as the cells in the computational mesh. In this thesis an alternative,
the vertex-centered DGM, has been developed and studied, see Section 3.
Below we first derive a standard cell-centered DGM formulation for a model
problem.

General Derivation

The derivation of DGM for di↵erent problems can be found, with slightly
di↵erent notation and approaches, in for example Hesthaven and Warburton
[33], Feistauer et al. [26], Karniadakis and Sherwin [38], and Di Pietro and
Ern [19]. Here we consider a simple steady scalar hyperbolic problem

r · F(u) + �u = f, in ⌦, (2.1)

u = g, on ��, (2.2)

where u is the unknown scalar function, � � 0, and F is the flux function,
which can be linear or nonlinear, with some examples given in Section 1.3.
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The problem domain is ⌦ ⇢ R2 with boundary � = @⌦, and �� is defined
as the inflow part of the boundary, that is n̂ · F 0(u) < 0 on ��, and n̂ is the
outward unit normal. Assume that v is a smooth function, referred to as a
test function. Multiply v with equation (2.1), and integrate over the open
subset K ⇢ ⌦, Z

K

v (r · F(u) + �u) =

Z

K

vf. (2.3)

Green’s theorem on the flux term yields
Z

@K

vn̂ · F(u)�
Z

K

rv · F(u) + �

Z

K

vu =

Z

K

vf, (2.4)

where n̂ is the outward unit normal of @K of K.
Now we approximate the domain ⌦ with the polygonal domain ⌦

h

. We
divide ⌦

h

into M non-overlapping open control volumes K
m

, with the clos-
ure K

m

. These are usually triangles or quadrilaterals in R2 or tetrahedra or
hexahedra in R3. The set of control volumes T

h

is called the triangulation
of ⌦

h

, and it holds that ⌦
h

= [M

m=1

K
m

.
The finite-dimensional space V

h

of numerical solutions of (2.1) consists
of functions that are continuous on all control volumes K

m

, but may possess
jumps at the boundaries between control volumes. For standard DGM, the
restriction of functions on each K

m

in V
h

are polynomials. All v
h

2 V
h

can
be expanded as

v
h

(x) =
MX

m=1

NmX

i=1

vm

i

�m

i

(x), (2.5)

where N
m

is the number of local degrees of freedom in the control volume
K

m

, and {�m

i

}Nm
i=1

is the set of basis functions associated with control volume
K

m

. For a so-called Lagrange triangle, where the set of basis functions is
defined by a Lagrange interpolation polynomial, the number of degrees of
freedom depends on the polynomial order p such that N

m

= (p+1)(p+2)/2.
Using the triangulation T

h

of ⌦
h

and K = K
m

, we insert in (2.4) a test
function v

h

2 V
h

instead of v, the discrete solution u
h

2 V
h

instead of u,
and sum over all K

m

,

MX

m=1

✓Z

@Km

v
h

n̂ · F(u
h

)�
Z

Km

rv
h

· F(u
h

) + �

Z

Km

v
h

u
h

◆
=

MX

m=1

Z

Km

v
h

f. (2.6)

To impose values of u
h

on the boundaries @K
m

of each K
m

, we introduce a
so-called numerical flux function F⇤(u

L

, u
R

, n̂), where L denotes local (left)
and R denotes remote (right) value of u

h

along the boundary @K
m

, and n̂

is the outwards normal from local to remote. The required properties of a
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suitable flux function is further discussed later in this chapter. Introducing
the numerical flux function in (2.6), choosing v

h

with support in K
m

, yields
for each control volume K

mZ

@Km

v
h

F⇤(u
L

, u
R

, n̂)�
Z

Km

rv
h

· F(u
h

) + �

Z

Km

v
h

u
h

=

Z

Km

v
h

f. (2.7)

Note that at the lowest order, that is, if the solution is constant on each
control volume K

m

, then the term
Z

Km

rv
h

· F(u
h

) = 0, (2.8)

and (2.7) becomes the standard cell-centered finite volume discretization [43].
To introduce the boundary condition (2.2), we split split @K

m

into three
parts: the interior faces @K

m

\ �, where u
R

in the flux function is given
by the solution in the adjacent control volume; the faces on the outflow
boundary @K

m

\ �+, where u
R

in the flux function is given by u
L

; and the
faces on the inflow boundary @K

m

\ ��, where u
R

in the flux function is
given by the boundary Dirichlet data g. Reordering the subsequent integrals
of (2.7) gives

Z

@Km\�

v
h

F⇤(u
L

, u
R

, n̂) +

Z

@Km\�

+

v
h

ˆ

n·F(u

L

)

z }| {
F⇤(u

L

, u
L

, n̂)�

�
Z

Km

(rv
h

· F(u
h

)� �v
h

u
h

) =

Z

Km

v
h

f �
Z

@Km\�

�
v
h

ˆ

n·F(g)

z }| {
F⇤(u

L

, g, n̂) .

(2.9)

Remote data on the outflow faces is the data extrapolated from the interior
u

L

, and on the inflow faces g according to (2.2). From (2.9) we can, for each
control volume K

m

, define a bilinear form a
m

(·, ·) and linear form L
m

(·),
depending on data f and g, as

a
m

(u
h

, v
h

) =

Z

@Km\�

v
h

F⇤(u
L

, u
R

, n̂) +

Z

@Km\�

+

v
h

n̂ · F(u
L

)�

�
Z

Km

(rv
h

· F(u
h

)� �v
h

u
h

) , (2.10)

L
m

(v
h

) =

Z

Km

v
h

f �
Z

@Km\�

�
v
h

n̂ · F(g). (2.11)

Thus a discontinuous Galerkin formulation of (2.1) is to find u
h

2 V
h

such
that

a
m

(u
h

, v
h

) = L
m

(v
h

), 8K
m

2 T
h

, 8v
h

2 V
h

, (2.12)

or, when summed up over all K
m

, m = 1, 2, . . . , M ,

a(u
h

, v
h

) = L(v
h

), 8v
h

2 V
h

. (2.13)



2.2. Cell-Centered Discontinuous Galerkin Method 19

Numerical Flux Function

The numerical flux is in general used to solve the Riemann problem of the
local value, u

L

, and remote value, u
R

, of the discrete solution u
h

on the
boundaries of the control volumes K

m

. There are many possible numerical
flux functions, with di↵erent advantages and disadvantages such as cost
of computation and accuracy, for di↵erent equations and situations. The
numerical flux should be consistent, that is, F⇤(v, v, n̂) = n̂ · F(v) for all
smooth v, and conservative, that is, F⇤(u

L

, u
R

, n̂) = �F⇤(u
R

, u
L

,�n̂). For
the DGM to be stable, we need for two constants C

1

and C
2

,

C
1

ku
h

k2  a(u
h

, u
h

)| {z }
coercivity

= L(u
h

)  C
2

ku
h

k| {z }
boundedness

, u
h

2 V
h

, (2.14)

to be true for the chosen numerical flux, where k · k is a norm on V
h

and
a(·, ·), and L(·) defined in (2.13). For example, for the central flux, often
used in FVM,

F⇤(u
L

, u
R

, n̂) =
1

2
[n̂ · F(u

L

) + n̂ · F(u
R

)] , (2.15)

the relation (2.14) is not always satisfied, and thus the central flux is not
always stable for DGM, or FVM, without artificial di↵usion. The basic
Lax–Friedrichs flux is stable for DGM and FVM, and is defined as

F⇤(u
L

, u
R

, n̂) =
1

2
[n̂ · F(u

L

) + n̂ · F(u
R

)� ↵(u
R

� u
L

)] , (2.16)

where ↵ = max
u

|(F 0(u))|. If we instead set ↵ = max
u2[u

L

,u

R

]

|(F 0(u))| we
get the so-called the Local Lax–Friedrichs flux. The Local Lax–Friedrichs
flux is simple to implement and extensively used and studied by Cockburn
and Shu [14]. In our implementations we have most often used the Roe flux,
defined by setting

↵ = |n̂ · F 0(u)|, (2.17)

in (2.16), where u is the Roe average satisfying, for each u
R

6= u
L

,

n̂ · F 0(u) =
n̂ · F(u

R

)� n̂ · F(u
L

)

u
R

� u
L

. (2.18)

This means that for the Roe flux,

F⇤(u
L

, u
R

, n̂) =

(
n̂ · F(u

L

), if n̂ · F 0(u) � 0,

n̂ · F(u
R

), if n̂ · F 0(u) < 0.
(2.19)
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The Roe flux is one of the most widely used numerical fluxes in finite volume
CFD computations and was hence a natural choice as the default numerical
flux in this thesis. To satisfy the entropy condition, a so-called entropy fix
is sometimes necessary, such as for the use of the Roe numerical flux for the
Euler equations [30].

Hesthaven and Warburton [33] discuss the choice of numerical flux for
di↵erent types of problems with many references for further information. An
extensive study on di↵erent numerical fluxes by Qui et al. [53] recommends
the HLL [31] and HLLC [65] fluxes as the best choice of numerical flux
for the Euler equations with more complex wave structures, assuming the
Riemann problem is dominated by three states separated by two waves for
HLL or three waves for HLLC.

The Finite Element and Boundaries

4
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Figure 2.1: The discontinuous Galerkin triangular Lagrange finite element.
Left: Triangular mesh, with interior control volume in gray. Middle: Gray
Lagrange triangle element of order p = 2 in real space x. Right: Lagrange
triangle element of order p = 2 in reference space ⇠.

Di↵erent types of elements can be used in DGM [26, 28, 33, 44]. In Fig-
ure 2.1, an example is shown with a standard triangular Lagrange quadratic
element, that is, of order p = 2. The left panel shows an unstructured trian-
gular mesh with the control volume of interest being highlighted in gray. In
the middle panel the element is shown in real space x = (x, y) with its six
degrees of freedom, using the standard p = 2 Lagrange polynomials over the
triangle. In the right panel the same element is shown in reference space,
⇠ = (⇠, ⌘).

For curved boundaries, it is necessary to modify straight-sided element
treatment into some kind of high-order representation of the boundaries.
Otherwise spurious non-physical solutions may develop, reducing the ac-
curacy [39]. An example is the NACA0012 airfoil used for experiments in
Paper II and Paper III of this thesis. This high-order representation can
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be chosen in a number of ways. One example is the approach to handle
curved solid wall boundaries developed by Krivodonova and Berger [39],
where straight-sided elements are kept, but the corrected normals derived
from the true boundary are constructed for each quadrature point on the
straight-sided element boundary. Another approach, described for example
by Dumbser et al. [21], is to approximate the curved boundary by a polyno-
mial of order p

b

. As far as the author knows, the most flexible and robust
open-source high-order mesh generator suitable for curved boundaries is the
Gmsh software by Geuzaine and Remacle [28]. For production of meshes with
curved boundaries in this thesis, both Gmsh and mesh generators developed
by the author were used.

When approximating the curved boundary by a polynomial, we have a
mapping � from reference space ⇠ to real space x, and the inverse ��1 from
real space to reference space

�(⇠, ⌘) =

✓
x
y

◆
, �(x, y)�1 =

✓
⇠
⌘

◆
, (2.20)

and

x(⇠, ⌘) =
pbX

m=0

pb�mX

n=0

�
mn

⇠m⌘n, y(⇠, ⌘) =
pbX

m=0

pb�mX

n=0

�
mn

⇠m⌘n, (2.21)

where p
b

is the polynomial order of the boundary, and �
mn

and �
mn

are
constants. A function f in real space is denoted f̂ = f � � in reference
space. The Jacobian J(⇠) of mapping � is defined as

J(⇠, ⌘) = r⇠�(⇠, ⌘) =
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◆
. (2.22)

We then have for a triangle T in real space x, corresponding reference tri-
angle T̂ defined by the three corners (0, 0), (0, 1), and (1, 0) in reference space
⇠, and a function f(x), that

Z

T

f(x)dx =

Z

ˆ

T

|J(⇠)|f̂(⇠)d⇠, (2.23)

where |J | is the Jacobian determinant. Note that for a straight-sided tri-
angle, that is p

b

= 1, we have |J | = 2|T | where |T | is the area of the triangle
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T . Thus, we have for the degenerative part in (2.7),

�

Z

T

�
i

u
h

dx = �

Z

ˆ

T

|J(⇠)|�̂
i

(⇠)û
h

(⇠)d⇠. (2.24)

The gradient of a function g(x) in real space, transforms in reference space
to

r
x

g(x) = (r
x

��1)Tr⇠ĝ(⇠) = J(⇠)�Tr⇠ĝ(⇠), (2.25)

where

J(⇠, ⌘)�T =
1

|J(⇠)|
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!
. (2.26)

Thus,
Z

T

r�
i

F(u
h

)dx =

Z

T

r
x

�
i

(x)F(u
h

(x))dx =

=

Z

ˆ

T

J(⇠)�Tr⇠�̂i

(⇠)|J(⇠)|F(û
h

(⇠))d⇠. (2.27)

If we parametrize the three sides of the reference triangle {(0, 0), (1, 0), (0, 1)}
with � 2 [0, 1], we have,
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◆
. (2.28)

For the flux evaluation, we then have
Z

@Tj

�
i

F⇤(u
L

, u
R

, n̂)dx =

Z

@

ˆ

Tj

|J(⇠
j

(�))|�̂
i

(⇠
j

(�))F⇤(û
L

, û
R

, n̂
j

)d�, (2.29)

where @T
j

is the side j of triangle T and @T̂
j

is the side j of the reference
triangle T̂ , parametrized by � 2 [0, 1] as defined in (2.28). On curved
boundaries, the normal n̂

j

for side j of the reference triangle is not constant
and is defined by

n̂

j

(�) = J(⇠
j

(�), ⌘
j

(�))
@

@�

✓
⌘

j

(�)
�⇠

j

(�)

◆
. (2.30)

Note again that the Jacobian J(⇠, ⌘) is constant for linear straight-sided
elements, but not for high-order curved elements.

To compute the integrals of the DGM discretization, we use quadrat-
ure in reference space. The Gaussian quadrature rules used in this thesis
are tabulated in for example [64]. For integration on the reference tri-
angle {(0, 0), (0, 1), (1, 0)} denote, for a given quadrature rule, the weights
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by {w
k

}N

T
qp

k=1

and the quadrature points by {⇠
k

}N

T
qp

k=1

, where NT

qp

is the number
of quadrature points. For (2.24), the approximation is
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and for (2.27)
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For the boundary integration of the flux, denote, for a given quadrature rule

on the reference parametrization � 2 [0, 1], the weights by {w
k

}N
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the quadrature points by {�
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is the number of quadrature
points. For (2.29), the approximation is
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Depending on the choice of polynomial order of the boundary representa-
tion, p

b

, and the polynomial order of the elements, p, we call the elements
subparametric for p

b

< p, isoparametric for p
b

= p, and superparametric
for p

b

> p. It was shown in [4] that for linear elements, p = 1, a bound-
ary polynomial order p

b

= 2 or higher is required. In the experiments of
Paper II and Paper III of this thesis, where the order of Lagrange elements
was p = 0, 1, 2, 3, the curved boundary approximation was typically chosen
to be p

b

= 3 to minimize the e↵ects of the boundary approximation on the
accuracy of the solution.

Boundary Conditions

In order to impose boundary conditions, there is a vector containing the
boundary data (steady, periodic, or time dependent). This data is given as
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U

R

in the numerical flux computation of the corresponding control volume
that intersects the boundary. Hence, for U = G on ��, we impose the weak
boundary condition by setting U

R

= G and use the numerical flux function

F⇤(U
L

,G, n̂), (2.34)

on ��. For the far field boundary condition, for example used for com-
putations around an airfoil, the boundary condition is imposed by setting
U

R

= U1 in the flux function, where U1 is the free stream solution vector,
and the numerical flux will stably impose the boundary condition on �1.
For a so-called Euler wall boundary condition in the Euler equations, we
have n · u = 0. To satisfy this condition, we can define U

R

in conservative
variables as follows,

⇢
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, (2.35)
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The weak boundary condition on the wall �
W

is then imposed using U

R

from above in the numerical flux function

F⇤(U
L

,U
R

, n̂), (2.38)

on �
W

. Note that this data, U
R

, is updated in each time step.

Time Discretization

There are several ways to introduce a time discretization. A standard
Runge–Kutta method, as in the first RKDG introduced by Cockburn and
Shu [12], can be implemented as follows. First we define the residual r(U) =
L(V)� a(U,V), where L(·) and a(·, ·) are the linear and bilinear forms, re-
spectively, defined for example as in (2.11). Let N

dof

denote the number
of degrees of freedom. Then the residual vector r, of length N

dof

, for each
variable of the solution vector U is defined. For each degree of freedom i
we have r
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= L(V
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) � a(U,V
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). For example, in the case of (2.1) with the
DGM discretization given by (2.9), we have

r

i

(u
h

) =
MX

m=1

Z

Km

�
i

f +

Z

Km

(r�
i

· F(u
h

)� ��
i

u
h

)

�
�

�
MX

m=1

"Z

@Km\�

�
i

F⇤(u
L

, u
R

, n̂) +

Z

@Km\�

+

�
i

n̂ · F(u
L

) +

Z

@Km\�

�
�

i

n̂ · F(g)

#
, (2.39)



2.2. Cell-Centered Discontinuous Galerkin Method 25

for the test functions �
i

, i = 1, . . . , N
dof

. Note that for the true solution u,
the residual is zero, r(u) = 0. For the case of time dependence in (2.1),
there would be a term @u/@t on the left hand side, and instead of (2.13),
we would get for the DGM

Z

⌦h

v
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h

@t
= r(u

h

). (2.40)

Now define a time step �t su�ciently small to satisfy the CFL condition [18].
The time step is chosen globally the same for time accurate computations
Let n be the current time step at time tn, and un

h

the solution at this time
step. Then the solution at the next time step, tn+1 = tn+�t, is un+1

h

, which
may be computed by

u(1) = un
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), (2.41)
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For steady-state problems, where there is no time derivative, such as in (2.1),
a virtual time can be used to attain the steady solution. The advantage of
this approach is that it avoids large matrix computations and yields a matrix
free solver. The solution is progressed in virtual time, and when the residual
is zero, or rather below a certain threshold, the steady solution is assumed
to have been found. For faster convergence to steady state, so-called local
time-stepping can be used, by taking a local time �t

m

for each control
volume K

m

based on its characteristic size h
m

.





Chapter 3

A Vertex-Centered
Discontinuous Galerkin
Method

The vertex-centered and edge-based discontinuous Galerkin method, which
is described below, was first introduced by Berggren in 2006 [6] as a variation
of the standard cell-centered DGM. This development was motivated by
the need for a high-order method compatible with existing finite volume
codes. The author of this thesis continued the development of this work
in a masters thesis commenced in 2005, and subsequently begun graduate
PhD studies on the subject in 2006. At this time the project was performed
within the EU project ADIGMA. Paper I [7] of this thesis was presented
at the ICOSAHOM conference in Beijing 2007 and was published 2009. In
2010, Paper II [23] and Paper III [22] of this thesis were published in the
concluding book of the ADIGMA project [41].

3.1 Introduction and Motivation

There is a popular choice of control volumes for FVM, di↵erent from the
standard triangles and quadrilaterals in 2D or tetrahedra and hexahedra
in 3D, which is based on the use of a so-called dual mesh. From a given
tessellation, the primal mesh, a dual mesh can be defined and constructed.
When using the primal mesh cells as control volumes, the method is called
cell centered, whereas when using the dual mesh cells as control volumes,
the method is called vertex centered. The di↵erence is presented visually in
Figure 3.1.

The left panel of Figure 3.1 shows the primal mesh with one cell-centered
control volume in gray. Here the element is of order p = 0, that is, the

27
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solution variable U is constant over the whole control volume. This is the
case for the cell-centered finite volume method. There is only one degree of
freedom per element, which is illustrated in the figure as the white point.

Figure 3.1: Two types of control volumes, highlighted in gray. Left: Cell-
centered control volume on the primal mesh. Right: Vertex-centred control
volume on the dual mesh.

The right panel of Figure 3.1 shows the primal mesh in thin lines and a
dual mesh in bold lines. To construct a dual mesh in 2D, the centroid of
each primal cell is connected with the midpoint of each boundary of the cell
of the primal mesh. The center of the dual control volumes are located in
the original vertices of the primal mesh, hence the name vertex-centered.
In the right panel, the gray element is of order p = 0, with one degree of
freedom placed in the original vertex of the primal mesh, which yields the
common vertex-centered finite volume method. Note that the construction
of the dual mesh works for all convex control volume types. Hanging nodes,
where a cell boundary is shared with more than one other element, can be
handled as well but needs extra care. The extension to three dimensions
can be done in a similar fashion.

Vertex-centered FVM is a popular form of method in the CFD com-
munity for several reasons. One advantage of these methods is that the
boundary condition data is supplied on the boundary and can be imposed
directly in the numerical flux without extrapolation [9, 46]. Also, any type
of primal mesh generates the same type of edge-based data structures, ex-
plained later in this section, giving high parallel computational e�ciency
and a robustness regarding stretched and distorted meshes [9, 46].

The disadvantages of a vertex-centered discretization are mainly that
more computational work is required to generate the dual mesh, and re-
meshing and h-adaptivity is more complicated, as is the treatment of hanging
nodes, than for cell-centered methods.

Morton and Sonar discuss in their review article regarding finite volume
methods [46] cell-vertex, what we call vertex-centered, versus cell-centered
schemes, and conclude that
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The jury was out for a long time in the judgement between cell-centre
and cell-vertex methods; but it now seems that node-centered schemes
have acquired an edge over either.

Some important industrial codes using the vertex-centered control volumes
are DLR-Tau [61], Edge [24, 25], Premo [63], Fun3D [8].

There is a need for high-order methods for industrial CFD simulations.
Today’s FVM codes are at most second order accurate, but in general the
accuracy is lower. Second order accuracy means that the error decreases
as h2, where h is the mesh size. High-order methods, such as DGM, may
potentially be of order p+1, where p is the maximal order of the polynomial
basis used. Increasing the order allows, in regions of smooth solutions,
the use of larger elements with a lower total number of degrees of freedom
for the whole computation to attain a desired error bound, compared to a
lower order method. However, these new methods are more complicated to
implement and use, since for example more complex data structures and
high-order meshing for curved boundaries can be required.

A disadvantage with standard cell-centered DGM is that it is not com-
patible with the many vertex-centered finite volume codes already in exist-
ence. An implementation would in principle require a full rewrite, which
may be an unfeasible task due to the large investment in the existing code
base. An important motivation for the development of the vertex-centered
DGM has been to bridge this gap between existing codes and high-order
computations.

In our applications, we use a definition of the dual mesh, illustrated in
the left panel of Figure 3.2, that is di↵erent from the one in the right panel
of Figure 3.1. The boundaries of the dual control volumes are here given
by connecting all the centroids of the primal mesh cells located around each
primal vertex. Again a dual control volume is shown, highlighted in gray,
for the FVM or the DGM of order p = 0.

To distribute the additional nodes associated with the high order DGM,
as compared to the single node of the FVM, the dual control volumes are tri-
angulated, e↵ectively creating a macro element in the dual control volume.
In the middle panel of Figure 3.2, the dual mesh is shown in bold lines and
the triangulation in thin lines. The dual control volume is triangulated by
connecting the primal vertex, or central point, with all the corners of the
control volume. On each dual control volume, continuous functions, whose
restriction on each triangle is a polynomial of degree p, are defined; that is,
each macro element can be seen as a standard, triangular continuous FEM
domain, using Lagrange triangles. However, the functions are discontinu-
ous on the boundaries between the macro elements. An example of this is
presented in the right panel of Figure 3.2, where the central macro element
is of order p = 2 and all the other macro elements are of order p = 1. On
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Figure 3.2: Vertex-centered and edge-based DGM. Left: Vertex-centered
control volume, constructed by connecting centroids of primal cells. Middle:
Triangulated dual mesh. Right: DGM macro elements, five linear and one
quadratic. An edge data structure highlighted in gray, with one triangle
from each of two adjacent macro elements sharing one boundary.

the boundary between macro elements there can thus be several nodes on
the same point in space belonging to the di↵erent macro elements adjacent
to the point. In Figure 3.2 this is visualized by attracting the nodes towards
the macro element centers, but in reality the nodes are located at the same
point in space.

The data structures are often arranged in “edges”, thus these CFD codes
are called edge based. Highlighted in gray in the right panel of Figure 3.2 is
one of these edges, containing the information of two triangles, each asso-
ciated with di↵erent macro elements. The name “edge-based” comes from
the fact that this “double triangle” covers an edge between two vertices of
the primal mesh. The union of all double triangles covers the whole compu-
tational domain.

Figure 3.3 illustrates the construction of a dual mesh from the primal
mesh, with macro elements, and also how the dual mesh is stored in the
edge-based data structure. In the top left panel of Figure 3.3, we have the
triangular primal mesh, with the primal vertices in gray points and the outer
domain boundary in bold lines. The top right panel of Figure 3.3 shows the
dual mesh, constructed by connecting the centroids of the triangles of the
primal mesh and thus defining a dual control volume for each primal vertex.
In the bottom left panel of Figure 3.3, the dual mesh has been triangulated so
that each dual control volume is a collection of triangles. The gray “double
triangles” define two edges. The lower one lies at the domain boundary, and
thus a boundary edge is defined on the bottom of this edge, as a separate
data structure. The bottom right panel of Figure 3.3 illustrates the macro
elements when the order of each element on the control volumes have been
defined. All macro elements, except three, are of order zero, corresponding
to the standard FVM discretization for which there is only one degree of
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Figure 3.3: Construction of macro elements. Top left: Triangular primal
mesh. Top right: Dual mesh. Bottom left: The dual mesh is triangulated.
Two edges are shown in gray, the lower one adjacent to the domain boundary,
and thus a boundary edge is defined on the bottom region of the double
triangle. Bottom right: Macro elements of di↵erent orders. Two edges are
shown in gray.

freedom for the solution variable U in each control volume. The central
hexagonal macro element is of order one and has seven degrees of freedom
in total. The macro element to the right of this macro element is of order
two and has 19 degrees of freedom. These two internal elements share one
boundary, and an edge data structure is thus constructed here, comprising
the two gray triangles sharing this boundary. This edge data structure is
further discussed in Figure 3.4 and Table 3.1. The second gray edge consists
of a standard edge data structure and also a boundary edge data structure
on the bottom part of the double triangle, which intersects the domain
boundary. The boundary data structure is further discussed in Figure 3.5
and Table 3.2.

3.2 Data Structures

Extending the vertex-centered and edge-based finite volume data structures
to higher orders requires some extra work for the preprocessor and data
stored during computation, but the general idea is the same as in the FVM
setting. The two main data structures in the finite volume case is a list
of edges and a list of boundary edges. The list of edges comprises all data
needed to compute fluxes between internal control volume boundaries. The
edge data structure for FVM is presented in the left panel of Figure 3.4
and in Table 3.1. The list of boundary edges is either a list of boundaries



32 Chapter 3. A Vertex-Centered Discontinuous Galerkin Method

around primal vertices or between primal vertices. The boundary edge list
is used to compute the flux contribution to and from control volumes with
a boundary on the domain boundary from the boundary conditions. The
boundary edge data structure for FVM is presented in the right panel of
Figure 3.5, ignoring the node j

3

, and in Table 3.2.
These two lists of edges are slightly modified and extended in the discon-

tinuous Galerkin discretization. This extension is shown in the right panel
of Figure 3.4 and in Figure 3.5 and in Tables 3.1 and 3.2. For this thesis, a
boundary edges is defined as a boundary segment between two primal ver-
tices, to keep the computation consistent with the internal edges, and also
the boundary condition of one boundary edge can then always be assumed
to be the same, since the change of boundary condition is assumed to co-
incide with a primal vertex. In the case of di↵erent boundary conditions
within a boundary edge, it is in practice a simple extension of the boundary
edge data structure to handle this.

When a high-order representation of the boundary is necessary, a list of
curved boundary edges is needed. The curved boundary edge data structure
for DGM is presented in Figure 3.8 and Table 3.3.

Hence, three di↵erent lists of data structures are needed to perform the
computations of the vertex-centered and edge-based DGM, that is, a list
of edges, boundary edges, and curved boundary edges, which are discussed
below, together with their respective FVM counterpart.

We also need to globally store the constant precomputed Jacobian and
the chosen quadrature rules for all straight-sided elements. For a computa-
tion with multiple element orders, the corresponding data has to be com-
puted for each order. For curved boundary edges, the Jacobian has to be
computed explicitly for all quadrature points, internal and on the boundary,
and also a normal for each boundary quadrature point.

Edge

The central gray edge data structure shown in the bottom right panel of
Figure 3.3, is visualized in the right panel of Figure 3.4. If this would have
been a finite volume method, the edge would have looked like the left panel
of Figure 3.4. The stored information, both for FVM and DGM, is listed in
Table 3.1.

The edge data structure consists of the information for two triangles
T

i

and T
j

of the domain, which are sections of the two adjacent macro
elements i and j. The left panel of Figure 3.4 shows the information for the
finite volume discretization, one node, i

1

and j
1

, for each triangle, T
i

and
T

j

j, respectively where the solutions U

i

h

and U

j

h

are defined. The normal
n

ij

= |@T
ij

|n̂
ij

, where |@T
ij

| is the length of the boundary shared by T
i

and
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Figure 3.4: Edges in 2D. Left: Vertex-centered edge-based FVM, or DGM of
order zero. Right: Vertex-centered edge-based DGM, seen in gray in bottom
right panel of Figurer 3.3.

T
j

. For local time-stepping scaling and agglomerated multigrid, the areas of
the two triangles, |T

i

| and |T
j

|, are also stored.
The edge structure of the vertex-centered and edge-based DGM is shown

in the right panel of Figure 3.4. The left element i is a Lagrange element of
order p = 1, and this element is thus a standard linear Lagrange triangle,
having three nodes, or degrees of freedom. The right element j is a Lagrange
element of order p = 2. This element is thus a standard quadratic Lagrange
triangle for which there are six nodes, or degrees of freedom.

The data stored at each edge for both FVM and DGM is presented
in Table 3.1. The global data structures, that is, the solution vector U,
residual vector r, the coordinates X, and the Jacobian and quadrature rules
for the di↵erent element order, together with the list of edges is su�cient
to represent and compute the contribution of the DGM for the interior of
the domain. The four points in space that define the two triangles’ corners
are stored for the DGM edge. Hence the scaled normals, n

ij

, and the areas
of triangles |T

i

| and |T
j

| can be computed on the fly to save computational
memory. To retain backwards compatibility with existing FVM codes, this
data is stored also for DGM.

FVM DGM Figure 3.4 Description
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Coordinates of corner points of

triangles Ti and Tj , stored in X

nij n

⇤
ij n

⇤
ij Normal of length |@Tij |

Table 3.1: Data structures needed to represent an edge, for FVM and DGM.
⇤: For backwards compatibility.

The number of nodes for a standard Lagrange triangular element is N
p

=



34 Chapter 3. A Vertex-Centered Discontinuous Galerkin Method

(p + 1)(p + 2)/2, where p is the order. Hence, the number of indices i and
j for two triangles in an edge can be di↵erent, such as in the right panel
of Figure 3.4, where triangle T

i

has three degrees of freedom and triangle
T

j

has six degrees of freedom. There is a local numbering for each macro
element and a mapping to a global numbering of data in the solution vector
U and the residual r.

Boundary Edge

The bottom gray double triangle in the bottom right panel of Figure 3.3,
is visualized in the left panel of Figure 3.5. The bottom part of the double
triangle is the boundary edge shown in the right panel of Figure 3.5. The
stored information for a straight-sided boundary edge, both for FVM and
DGM, is listed in Table 3.2.
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Figure 3.5: Boundary edge in 2D. Left: The bottom gray double triangle
from bottom right panel of Figure 3.4. Gray part is stored in edge list, like
any other internal edge. Right: A straight-sided boundary edge for DGM,
between primal vertices i

1

and j
1

. Ignoring node j
3

gives the equivalent
boundary edge for FVM.

FVM DGM Figure 3.5 Description
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nib + njb n

⇤
ib Normals of length |@Tib| = |@Tjb|

Table 3.2: Data structures needed to represent a boundary edge, for FVM
and DGM. ⇤: For backwards compatibility.

Note that the boundary edge is the part of the boundaries of the two triangles
T

i

and T
j

which intersects the domain boundary. The rest of the double
triangle is handled in the list of edges.

In the right panel of Figure 3.5, boundary condition data is provided by
U

BC

, which might be constant, such as for a boundary condition, imposed
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as in (2.34), or change as each time step, such as for the Euler wall boundary
condition, imposed as in (2.38). The left element i is here a constant element,
with one degree of freedom on the boundary, and the right element is a linear
element with two degrees of freedom on the boundary. The normals are
equal, n

ib

= |@T
ib

|n̂
ib

= |@T
jb

|n̂
jb

= n

jb

. For each boundary edge we store
the data shown in Table 3.2, where the number of nodes for each boundary
edge, part of a Lagrange triangle element, is N

p

= p + 1.

Curved Boundary Edge

When the physical and computational domains do not coincide, for example
when using a straight-sided polygonal mesh on a curved geometry like an
airfoil, the accuracy is lowered for high-order methods such as DGM [4, 12,
39]. Hence, some kind of high-order treatment of these curved boundaries
is required, as mentioned in Section 2.2. The di↵erence between a curved
boundary edge and a standard boundary edge is that it is necessary also to
include the internal edge part in the computations. Additional information
has also to be precomputed and stored for each curved boundary edge, such
as the Jacobian for each quadrature point, internal and on the boundary,
and a normal for each quadrature point along the curved boundary. The
required information is presented visually in Figure 3.8 and in Table 3.3.
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Figure 3.6: Krivodonova and Berger high-order boundary treatment for
the vertex-centered and edge-based DGM. Normals, orthogonal to the true
curved boundary, which passes through quadrature points, three on each
boundary segment, are constructed.

The approach to handle curved boundaries proposed by Krivodonova and
Berger [39] is illustrated in the modified vertex-centered and edge-based
setting in Figure 3.6. The procedure to define the edge data structures is
as before, but the true geometry definition is used to generate a normal
along the curved boundaries for each quadrature point, which has to be
stored and used in the computations. These normals are orthogonal to the
true boundary and pass through the quadrature points on the straight-sided
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element. These normals can quickly be found by bisection, and are generated
in the preprocessor.

Figure 3.7: Construction of a dual mesh with a curved boundary. Top
left: Linear primal mesh with the curved boundary in bold. Top middle:
Dual control volume in gray generated from the primal mesh. Note that the
control volume extends outside the true domain. Top right: Refined primal
mesh, from the original mesh. Bottom left: Combining original and refined
primal meshes. Bottom middle: The dual mesh with five control volumes.
Bottom right: The triangulated dual mesh. An edge adjacent to the curved
boundary is shown in gray.

ˆ

nij

i

1

i

2

i

3

j

1

j

2

j

3

j

4

j

5

j

6

ˆ

n

1

i

ˆ

n

2

i
ˆ

n

3

i
ˆ

n

1

j

ˆ

n

2

j
ˆ

n

3

j
U

BC

U

i
h U

j
h

@Tij

@Tib @Tjb

Ti Tj

Figure 3.8: Curved boundary edge in 2D. Both the edge and the boundary
edge is stored in the curved boundary edge data structure.

The other route to handle curved boundaries is to use a high-order poly-
nomial approximation of the curved boundary, as described in Section 2.2.
The lack of commercial robust high-order mesh generators is one of the big
hurdles in adopting DGM for more advanced problems. For this thesis, the
author developed his own mesh generators and also used Gmsh [28] to gen-
erate high-order meshes. A special procedure has to be adopted to generate
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the dual mesh with curved element. Figure 3.7 shows the steps used by the
author. By refinement two consecutive primal meshes are created in a mesh
generator. These two meshes are then combined, as visualized in Figure 3.7.

DGM Figure 3.8 Description
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nij nij Normal of length |@Tij |
ˆ

n

1

i . . . ˆn
Ni
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n

1

i , ˆn
2
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i Normals for each quadrature point along @Tib

ˆ

n

1

j . . . ˆn
Nj

qp
j ˆ

n

1

j , ˆn
2

j , ˆn
3

j Normals for each quadrature point along @Tjb

{Ji}, {Jj} {Ji}, {Jj} Jacobian evaluated in internal and boundary

quadrature points

Table 3.3: Data structures needed to represent a curved boundary edge for
DGM.

.

3.3 Shocks and hp-Adaptation

Shocks are a typical and interesting part of many high-speed flow problems,
and it is important to capture these correctly in the numerical solution. The
numerical scheme has to be adapted to treat shocks accurately. To resolve
them in an accurate way, several di↵erent techniques are used, in general
based on hp-adaptation. The a↵ected control volumes in which the shock is
located need to be identified. In Paper I of this thesis the detector described
by Krivodonova and Berger [40] was used for Burgers’ equation. The mesh is
refined around the shock, called h-adaptation. This can be done in several
stages. Subsequently, when the macro elements near the shock are small
enough, the order, p, of these macro elements is reduced to order p = 0.

An alternative, not evaluated in the vertex-centered context of this thesis,
is shock capturing based on artificial viscosity [26, 50, 62].

3.4 Convergence Acceleration

To reach a steady-state solution as fast as possible in an industrial setting,
various convergence acceleration techniques need to be employed. Several
of these were implemented, as described below.

For steady-state calculations, local time-stepping is used by scaling the
time step with the area in each element. Agglomerated multigrid is also
applied, which is an integral part of the Edge code [24, 25]. The link between
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the high order DGM part and an existing low-order FVM multigrid method
is through a standard restriction from polynomial order p to 0, that is, the
simplest form of p-multigrid with only one step, and then back from order
0 to p through prolongation.

For a two-level p-multigrid scheme, where p an q are polynomial orders
and p > q, we have two representations of the solution vector, Up 2 �p and
U

q 2 �q. Here �p and �q represent the two piecewise continuous solution
spaces of order p and q. For the Euler equations, we have for order p.

@Up

@t
+ Ep(Up) = 0, (3.1)

where Ep is the discretization of the Euler equations for order p. For order
q, we have

@Uq

@t
+ Eq(Uq) = F

q, (3.2)

with an initial value U

q = Jq

p

U

p where Jq

p

is a restriction operator from p
to q. A forcing term is defined as

F

q = Eq(Jq

p

U

p)� Ĵq

p

(Ep(Up)), (3.3)

where Ĵq

p

is the restrictor of the residual Ep(Up) from p to q. Here so-called
smoothing is performed using time-stepping for a couple of “time steps”
with a standard Runge–Kutta method. If more levels are desired, q can
be restricted to an order r, with q > r, and so on. When lowest order is
reached, prolongation of the solution U

q is performed to attain the solution
U

p.

U

p  U

p + Jp

q

(Uq � Jq

p

U

p) (3.4)

where Jp

q

is the prolongation operator. Recursively, if q is the lowest and p
is the highest order, let m = q, . . . , p and determine each F

m by

F

m = Em(Jm

m+1

U

m+1 + Ĵm

m+1

(Fm+1 � Em+1(Um+1)), (3.5)

where F

p = 0. All restriction and prolongation operators are defined in
Paper III. In the experiments of Paper III only a two-level p-multigrid was
tested, with p = 1, 2, 3 and q = 0. There was a projection onto the finest
mesh level, where the standard highly e�cient finite volume agglomerated
multigrid, also known as a form of h-multigrid, was used.
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3.5 Pseudo Code

The following pseudo code shows the main steps in the residual computation,
see definition in (2.39), for the vertex-centered and edge-based DGM, with
Lagrange elements and both polygonal and curved boundaries. Edges are
stored in E , boundary edges in B, and curved boundary edges in CB.

1: r = 0

2: for all edges e 2 E do

3: i, j,nij  GetEdgeInfo(e)
4: for all m 2 dof(Ti) \ dof(@Tij) and n 2 dof(Tj) \ dof(@Tij) do

5: rm rm+ CompFluxDG(ui
h, u

j
h, nij ,�m)

6: rn  rn + CompFluxDG(uj
h, u

i
h,�nij ,�n)

7: end for

8: for all m 2 dof(Ti) and n 2 dof(Tj) do

9: rm rm+ CompVolumeDG(|Ti|, ui
h,�m)

10: rn  rn + CompVolumeDG(|Tj |, uj
h,�n)

11: end for

12: end for

13: for all boundary edges e 2 B do

14: i, j,nib,njb, boundaryID GetBoundaryEdgeInfo(e)
15: u

i
BC

 SetBCData(ui
h,nib, boundaryID)

16: u

j
BC

 SetBCData(uj
h,njb, boundaryID)

17: for all m 2 dof(@Tib) and n 2 dof(@Tjb) do

18: rm rm+ CompFluxDG(ui
h, u

i
BC

,nib,�m)

19: rn  rn + CompFluxDG(uj
h, u

j
BC

,njb,�n)

20: end for

21: end for

22: for all curved boundary edges e 2 CB do

23: i, j,nij , {ni}, {nj}, {Ji}, {Jj}, boundaryID GetBoundaryEdgeInfo(e)
24: for all m 2 dof(Ti) \ dof(@Tij) and n 2 dof(Tj) \ dof(@Tij) do

25: rm rm+ CompHOFluxDG(ui
h, u

j
h, nij , {Ji},�m)

26: rn  rn + CompHOFluxDG(uj
h, u

i
h,�nij , {Jj},�n)

27: end for

28: for all m 2 dof(Ti) and n 2 dof(Tj) do

29: rm rm+ CompHOVolumeDG({Ji}, ui
h,�m)

30: rn  rn + CompHOVolumeDG({Jj}, uj
h,�n)

31: end for

32: u

i
BC

 SetBCData(ui
h, {ni}, boundaryID)

33: u

j
BC

 SetBCData(uj
h, {nj}, boundaryID)

34: for all m 2 dof(@Tib) and n 2 dof(@Tjb) do

35: rm rm+ CompHOFluxDG(ui
h, u

i
BC

, {ni}, {Ji},�m)

36: rn  rn + CompHOFluxDG(uj
h, u

j
BC

, {nj}, {Jj},�n)

37: end for

38: end for
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1: Set residual vector r, of length N
dof

, to zero.

2–12: Loop over all edges e in the set of edges E.

3: Get data for current edge e. Indices i and j gives indices of nodes in triangles

i and j, and their coordinates. The normal nij = |@Tij |ˆnij .

4–7: Loop over all degrees of freedom on edge @Tij between triangles Ti and Tj .

5: Residual contribution of flux to degrees of freedom of triangle Ti.

6: Residual contribution of flux to degrees of freedom of triangle Tj . If same type of element

as Ti, just reverse the sign of the flux contribution of corresponding node in Ti.

8–11: Loop over all degrees of freedom of Ti and Tj
9: Residual contribution of volume integral of degrees of freedom of triangle Ti.

10: Residual contribution of volume integral of degrees of freedom of triangle Tj .

13–21: Loop over all boundary edges e in the set of boundary edges B.

14: Get data for current boundary edge e. Indices i and j gives indices of nodes in triangles

i and j, and their coordinates. The normals nib = njb = |@Tib|ˆnib.

boundaryID gives information on what boundary the boundary edge coincides with.

15: Set boundary condition ghost cell data ui
BC

for boundary @Tib.

16: Set boundary condition ghost cell data uj
BC

for boundary @Tjb.

17–20: Loop over all degrees of freedom on boundary edge @Tib [ @Tjb.

18: Residual contribution of flux to degrees of freedom of boundary @Tib.

19: Residual contribution of flux to degrees of freedom of boundary @Tjb.

22–38: Loop over all curved boundary edges e in the set of curved boundary edges CB.

23: Get data for current curved boundary edge e. Indices i and j gives indices of nodes in triangles

24–27: Loop over all degrees of freedom on edge @Tij between triangles Ti and Tj .

25: Residual contribution of flux to degrees of freedom of triangle Ti.

26: Residual contribution of flux to degrees of freedom of triangle Tj . If same type of element

as Ti, just reverse the sign of the flux contribution of corresponding node in Ti.

28–31: Loop over all degrees of freedom of Ti and Tj
29: Residual contribution of volume integral of degrees of freedom of triangle Ti.

30: Residual contribution of volume integral of degrees of freedom of triangle Tj .

32: Set boundary condition ghost cell data ui
BC

for boundary @Tib.

33: Set boundary condition ghost cell data uj
BC

for boundary @Tjb.

34–37: Loop over all degrees of freedom on curved boundary edge @Tib [ @Tjb.

35: Residual contribution of flux to degrees of freedom of curved boundary @Tib.

36: Residual contribution of flux to degrees of freedom of curved boundary @Tjb.



Chapter 4

Conclusions

This thesis tackles the problem of extending existing low-order vertex-centered
and edge-based type CFD codes to higher orders of accuracy.

In Paper I we show, through numerical experiments, that the method
is of optimal order of accuracy for a standard model problem. A basic
treatment of shocks using hp-adaptation in combination with a shock de-
tector is also presented in Paper I. Paper II we show the applicability of
the method for the Euler equation in the industrial CFD finite volume code
Edge through various experiments. High-order curved elements, necessary
for non-polygonal boundaries, is also developed and presented. In Paper III,
an agglomerated multigrid approach for convergence acceleration is presen-
ted, using the existing multigrid of the Edge code in combination with a
simple one-step p-multigrid.

In this thesis we have shown how to extend an existing low order vertex-
centered and edge-based finite volume flow solver to higher order of accuracy
using a novel discontinuous Galerkin discretization. The relative low amount
of development time, and the backwards compatibility of existing code and
data structures, indicates great promise for real world use.
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Chapter 5

Summary of Papers

5.1 Paper I

A Discontinuous Galerkin Extension of the Vertex-Centered Edge-Based Fi-
nite Volume Method. The prevalent method of discretizing flow problems,
using the Euler or Navier–Stokes equations, in the CFD industry today is
the vertex-centered and edge-based finite volume method (FVM). The dis-
continuous Galerkin method (DGM) can be viewed as a high-order extension
of the FVM, but the standard version is cell-centered, and thus not com-
patible with existing codes and data structures. We present an alternative
vertex-centered DGM discretization that can be applied as an extension to
existing codes. For a smooth model problem the method shows optimal
convergence, and we also show the capacity for shock detection and shock
handling by hp-adaptation.

5.2 Paper II

Incorporating a Discontinuous Galerkin Method into the Existing Vertex-
Centered Edge-Based Finite Volume Solver Edge. The method developed
in Paper I is here implemented in the CFD code Edge, developed by the
Swedish Defence Research Agency (FOI). A solver is developed for the Euler
equations in two dimensions, with Lagrange macro elements up to order
p = 3 and with curved high-order boundaries. The results show that the
method works well and as expected from theory.

5.3 Paper III

Agglomeration Multigrid for the Vertex-Centered Dual Discontinuous Galer-
kin Method. To reduce the solution time, most CFD codes use the multigrid
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method as a convergence accelerator. A vertex-centered and edge-based
DGM agglomeration multigrid algorithm is tested and leads to a signific-
ant convergence acceleration. The methodology and suggestions for how to
use an arbitrary number of agglomerated levels (h-multigrid) of an existing
framework in the Edge code, developed for FVM, in conjunction with a
one-step p-multigrid is presented.
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Abstract. The finite volume (FV) method is the dominating discretization technique
for computational fluid dynamics (CFD), particularly in the case of compressible flu-
ids. The discontinuous Galerkin (DG) method has emerged as a promising high-
accuracy alternative. The standard DG method reduces to a cell-centered FV method at
lowest order. However, many of today’s CFD codes use a vertex-centered FV method
in which the data structures are edge based. We develop a new DG method that re-
duces to the vertex-centered FV method at lowest order, and examine here the new
scheme for scalar hyperbolic problems. Numerically, the method shows optimal-order
accuracy for a smooth linear problem. By applying a basic hp-adaption strategy, the
method successfully handles shocks. We also discuss how to extend the FV edge-based
data structure to support the new scheme. In this way, it will in principle be possible to
extend an existing code employing the vertex-centered and edge-based FV discretiza-
tion to encompass higher accuracy through the new DG method.

AMS subject classifications: 65N22, 65N30 , 65N50

Key words: Discontinuous Galerkin methods, finite volume methods, dual mesh, vertex-centered,
edge-based, CFD.

1 Introduction

The finite volume (FV) method is currently the most widely used approach to discretize
the equations of aerodynamics. The method balances exactly—with respect to the cho-
sen numerical flux—the discrete values of mass, momentum, and energy between each
control volume. The type of control volumes together with the choice of numerical flux
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determines which particular flavor of the FV method that is employed. Unstructured
meshes are supported naturally by these methods, which allows for the treatment of
flows around geometrically complex bodies.

The accuracy of FV methods is typically limited to first or second order. Efforts to
increase the accuracy of the basic method include the so-called high-resolution schemes
(MUSCL, ENO, WENO), which attain better flux approximations through extrapolation
from directions where the solution is smooth. These schemes modestly increase the mem-
ory requirements, but the computational complexity grows with the order, since the im-
proved accuracy relies on enlarging the width of the computational stencil. The regu-
larity requirements on the mesh are thus likely to be high in order to obtain improved
results.

A different approach to increase the accuracy is the discontinuous Galerkin (DG)
method. It is a finite element method that does not explicitly enforce continuity be-
tween the elements as in a classic finite element method, but instead imposes a coupling
between the solution at different elements with the use of numerical fluxes, as in the
FV method. The DG method reduces to a FV method at lowest order, and can thus be
viewed as a generalization of the FV method to higher orders. The increased order is
not the result of an extrapolation procedure, as in the high-resolution schemes, but stems
from a local approximation of the differential operator. The computational stencil of DG
methods thus remains local regardless of order, and the quality of approximation can be
expected not to depend as much on the mesh regularity as for the high-resolution FV
schemes. On the other hand, the computational complexity and memory requirements
increase sharply with order for the DG methods. Nevertheless, since a coarser mesh can
be used, a higher-order DG method requires considerably less degrees of freedom to at-
tain a solution with a given error bound, compared with a FV method.

There has been a strong development of the original DG method (Reed & Hill [24])
since the early nineties; Cockburn et al. [9] review the state of the art at the turn of the
century. Hesthaven and Warburton give a thorough introduction to DG methods in their
recent book [19]. Currently there is a coordinated effort in Europe, in which we par-
ticipate, through the EU research project ADIGMA [3], which involves the development
and assessment of different higher order methods such as DG and residual distribution
schemes [2, 10] for the next generation of CFD software aimed at the aeronautical indus-
try.

Since DG is a generalization of the FV method, it is tempting to extend existing FV
codes to encompass a DG method, in order to avoid a complete rewrite of large and
sophisticated software systems. A serious hurdle for such a strategy is that the standard
DG method is a higher-order version of the cell-centered FV method in which the control
volumes coincide with the mesh cells (Fig. 1a), whereas many of today’s codes are vertex-
centered where the control volumes are constructed from a dual mesh, consisting in two
dimensions of polygons surrounding each vertex in the original primal mesh (Fig. 1b).
Some examples of vertex-centered FV codes are DLR-Tau [25], Edge [12], Eugenie [15],
Fun3D [17], and Premo [26].
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Km

(a) Cell-centered.

Km

(b) Vertex-centered.

Figure 1: Control volume schemes for finite volume methods. The computational node (white circle) is either
associated with mesh cell center (a) or the mesh vertex (b). The solution value in the node is the average over
the control volume Km.

The vertex-centered approach has a number of particular features that may help to
explain its current popularity. Comparing a cell-centered and a vertex-centered scheme
on the same mesh, the latter has fewer degrees of freedom—about half the total memory
foot-print—and more fluxes per unknown, as mentioned by Blazek [6]. Abgrall [1] ar-
gues that reconstruction schemes are more easily formulated for vertex-centered control
volumes. Moreover, as opposed to cell-centered schemes, treatment of boundary con-
ditions are facilitated by the fact that control volume centers are located precisely on the
boundary. The main computational effort in a typical FV code concerns the residual com-
putations. A solver using the vertex-centered schemes may be implemented to support
what Haselbacher et al. [18] call grid transparency: the solver loops over all edges in the
mesh to assemble the residual, regardless of the space dimension or the choice of mesh
cell type (triangles, quadrilaterals, tetrahedrons, prisms, hexahedrons). Note, however,
that an analogous construction is also possible for cell-centered methods, by looping over
a list of cell surfaces. For a detailed discussion on cell-centered versus vertex-centered
FV methods, we refer to Blazek’s book [6] and the recent review by Morton & Sonar [23].
Also other schemes than FV use a vertex-centered control volume or loop over edges.
Some examples are residual distribution schemes [2, 10], edge-based finite elements [22],
and edge-based SUPG [8].

In the context of a linear first-order hyperbolic model problem, Berggren [5] intro-
duced a vertex-centered and edge-based DG method. Below, we further explore the
properties of this DG method for higher-order elements, and for a nonlinear problem
with a shock.

2 The discontinuous Galerkin method

The target application for the proposed scheme is aeronautical CFD, where computa-
tions of steady states are particularly prominent. Therefore we here consider the steady
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hyperbolic model problem

ráF(u)+�u= f in �,

u= g on ��,
(2.1)

where u is the scalar unknown quantity, F is a flux function, �� 0 is a constant, f is a
source term in the computational domain �⇢R2, and g defines u on the inflow bound-
ary ��. We divide the domain, �, into a set of non-overlapping control volumes Km such
that � =

�M
m=1Km. The finite-dimensional space Vh of numerical solutions to Eq. (2.1)

comprises functions that are continuous on each Km but in general contain jump discon-
tinuities at the boundaries between control volumes. The restriction on each Km of func-
tions in Vh are polynomials for the standard DG method. Here we consider a different
choice of functions, as described in Section 3. Each vh2Vh can be expanded as

vh(x)=
M

�
m=1

Nm

�
i=1

vm
i �m

i (x)=
Ndof

�
i=1

vi�i(x),

where Nm is the number of local degrees of freedom in control volume Km, { �m
i } Nm

i=1 is
the set of basis functions associated with control volume Km, Ndof is the total number of
degrees of freedom, and �i are the basis functions globally numbered.

The DG method is obtained by multiplying Eq. (2.1) by a test function vh 2Vh, inte-
grating over each control volume, integrating by parts, and introducing the numerical
flux F � on the boundaries. This yields that uh2Vh solves the variational problem
Z

�Km

vLF �(uL,uR,n̂)ds�
Z

Km

rvháF(uh)dV+�
Z

Km

vhuhdV=
Z

Km

vh f dV, 8vh2Vh, 8Km⇢�,

where subscripts L and R denote local (“left”) and remote (“right”) values on the bound-
ary �Km of control volume Km, and n̂ is the outward unit normal. The remote values are
either taken from the neighboring control volume’s boundary or, when �Km intersects
the domain boundary, from the supplied boundary condition data. Thus, the boundary
condition is imposed weakly through the numerical flux. In our implementation we use
the Roe numerical flux,

F �(uL,uR,n̂)=
1

2

�
n̂áF(uL)+n̂áF(uR)�

��n̂áF�(ū)
��(uR�uL)

�
, (2.2)

where ū is the so called Roe average, a quantity that satisfies the mean-value property

n̂áF(uR)= n̂áF(uL)+n̂áF�(ū)(uR�uL),

which makes the Roe flux a nonlinear generalization of upwinding.
The stability of the above scheme for linear advection problems relies on the upwind

flux, which generates a positive definite matrix representation of the operator, including
boundary conditions [5], [14, pp. 359-360].
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3 The vertex-centered macro element

The finite elements of the standard (cell-centered) DG method consist of polynomials
defined separately on each mesh cell, which means that the control volumes Km discussed
in Section 2 coincide with the mesh cells, typically triangles or quadrilaterals in two space
dimensions. In our method we use another choice of control volumes Km, defined on a
so-called dual mesh.

(a) Primal mesh. (b) Dual mesh.

(c) Triangulated dual mesh. (d) Macro elements.

Figure 2: Preprocessing stages for generating macro elements on the dual mesh. From the primal mesh (a) the
preprocessor constructs a dual mesh (b) that contains as many polygonal dual cells Km as the number of mesh
vertices in the primal mesh. We triangulate each dual cell (c) and define a macro element on each dual cell
(d), where the white circles are the computational nodes.

A preprocessor constructs the dual mesh and necessary data structures; Fig. 2 illus-
trates the procedure. From the primal mesh, Fig. 2a, the preprocessor constructs the dual
mesh shown in Fig. 2b. A dual mesh can be constructed in several ways, as discussed
by Barth [4]; here we choose just to connect the centroids of adjacent triangles to each
other with a new edge. Although Fig. 2 shows a uniform mesh, dual meshes can be con-
structed for any nondegenerate mesh. Next we triangulate the dual mesh, Fig. 2c, and
define our finite element on each dual cell as the macro element consisting of standard
triangular Lagrange elements of order p. That is, the functions are continuous on each
Km, and piecewise polynomials of degree p on each sub triangle of Km.

Note that we allow discontinuities in the solution between adjacent dual cells, but that
the solution within each dual cell is continuous. Thus, no flux evaluations are necessary
at the internal edges between the sub triangles in the dual cells. Indeed, any internal
flux contribution would vanish since the left and right states are identical due to the
continuity of the approximating functions across such edges. Note also that the element
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(a) An generic edge .

n̂ib n̂jb

i1 j1
�Tib �Tjbui

h u
j
h

uBC

(b) A boundary edge.

Figure 3: Edge data structures with geometric data and spatial placement of the computational nodes. (a) The
triangles Ti and Tj share the boundary �Tij, and the outward unit normal ofTi on �Tij is n̂ij. Restrictions of the

function uh2Vh onto Ti and Tj are denoted ui
h and u

j
h. (b) The boundary edge is the union of �Tib and �Tjb,

and the domain boundary outward unit normals are n̂ib and n̂jb. The domain boundary data, which is given by
the boundary condition, is denoted uBC.

type and order may be different on different dual cells.
Fig. 2d shows an example where all boundary macro elements and the leftmost of

the three inner macro elements are of constant type (p = 0), which corresponds to the
vertex-centered FV method, whereas the center and right interior macro elements are
linear (p=1) and quadratic (p=2), respectively. Note the multiple nodes, associated with
the possibility of jump discontinuities occurring at boundaries of the dual cells.

A common method to solve a problem such as the discrete version of Eq. (2.1) is to
march an unsteady version of the equation to steady state using an explicit Runge-Kutta
scheme. This strategy is often combined with convergence acceleration strategies such as
local time stepping and multigrid. The crucial step in such an algorithm is the compu-
tation of the residual, which is a vector of dimension equal to the number of degrees of
freedom for Vh. The ith component of the residual is

ri(uh)=
Z

�Km

�iF �(uL,uR,n̂)ds�
Z

Km

r�iáF(uh)dV,

where Km is the macro element containing the support of �i. Here we assume � =0 and
f =0 for simplicity.

Pointers to the degrees of freedom for Vh as well as geometric information are stored
in a list associated with the edges in the primal mesh. An additional list associated with
the domain boundary edges is also required to set boundary conditions.

For each edge in the primal mesh, we associate the two primal mesh vertices i and j
connected by the edge, and the normal vector nij (with

��nij

�� =
���Tij

��) to the intersection
of the boundaries of control volumes Ki and Kj. This information is all that is needed for
p = 0 (the finite volume case). For higher orders, we also associate two sub triangles, Ti

and Tj, of control volumes Ki and Kj, and a larger set of nodes indices (i1, i2,ááá; j1, j2,ááá)
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associated with the added degrees of freedom (Fig. 3a). Nodes i1 and j1 coincide with
primal mesh vertices i and j of the FV method.

To set boundary conditions, we utilize a list of boundary edges. For each such edge,
as illustrated in Fig. 3b, we associate boundary vertices i and j connected by the edge
and boundary normals nib and njb associated with the intersection of the boundaries of
control volumes Ki and Kj with the domain boundary. For higher orders, more nodes are
needed along the boundary. Additional information needs to be supplied for a curved
boundary, a case that is beyond the scope of the current discussion.

The pseudo-codes for a standard edge-based FV residual computation, and the new
extended edge-based DG version, are presented in Algorithms 3.1 and 3.2 respectively,
with common line numbering. The necessary computational quantities are defined in
Fig. 3, and in Algorithm 3.2 we use dof(D) = { k | D ⇢ supp(�k)} to denote the degrees
of freedom for a basis function with support in the region D . The residual contribution
functions are

CompFluxFV(�T,uL,uR,n̂)=
Z

�T
F �(uL,uR,n̂)ds,

CompFluxDG(�T,uL,uR,n̂,v)=
Z

�T
vF �(uL,uR,n̂)ds,

CompVolumeDG(T,u,v)=�
Z

T
rváF(u)dV.

As mentioned in the introduction, implementations of the residual calculation for
vertex-centered FV methods are typically edge-based, and we now shortly indicate how to
extend this approach to the current DG method.

The computation of the residual consists of three stages,

1. a loop over all edges in the mesh to compute residual contributions from the equa-
tion (lines 2-12),

2. a loop over all boundary edges to set boundary condition data (lines 13-19),

3. a loop over all boundary edges to compute residual contributions from the bound-
ary conditions (lines 20-28).

Again note that the DG method reduces to the FV method for constant ba-
sis functions, that is, Algorithm 3.2 is then equivalent to Algorithm 3.1 since
the DG flux integral computation CompFluxDG(�T,uL,uR,n̂,1) is equal to its FV
counterpart CompFluxFV(�T,uL,uR,n̂), and the DG volume integral computation
CompVolumeDG(T,u,1) is equal to zero. We use Gauss quadrature to evaluate all inte-
grals. The evaluation of the basis functions in the integration points is done once, in the
preprocessor, on a reference element. When coding the algorithm, several performance-
enhancing modifications can be done, for example at lines 5-6 of Algorithm 3.1. Since

CompFluxFV(�Tij,u
i
h,u

j
h,n̂ij) is equal to �CompFluxFV(�Tij,u

j
h,ui

h,�n̂ij), the numerical flux
only has to be computed once. At the corresponding lines of Algorithm 3.2, a similar
simplification can be done since the F �(uL,uR,n̂) part of the CompFluxDG integral has the
same property for all nodes of the two triangles at a given quadrature point. Another
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Algorithm 3.1: Edge-Based FV Residual.

1: r=0
2: for all edges e do
3: i, j,n̂ij,�Tij GetEdgeInfo(e)
4:

5: ri ri+CompFluxFV(�Tij,u
i
h,u

j
h,n̂ij)

6: rj rj+CompFluxFV(�Tij,u
j
h,ui

h,�n̂ij)
7:
8:

9:

10:
11:
12: end for
13: for all boundaries B do
14: for all boundary edges e2B do
15: i, j,n̂ib,n̂jb,�Tib,�Tjb GetEdgeInfo(e)

16: uBC SetBCData(�Tib,ui
h,n̂ib)

17: uBC SetBCData(�Tjb,u
j
h,n̂jb)

18: end for
19: end for
20: for all boundaries B do
21: for all boundary edges e2B do
22: i, j,n̂ib,n̂jb,�Tib,�Tjb GetEdgeInfo(e)
23:

24: ri ri+CompFluxFV(�Tib,ui
h,uBC,n̂ib)

25: rj rj+CompFluxFV(�Tjb,u
j
h,uBC,n̂jb)

26:
27: end for
28: end for

Algorithm 3.2: Edge-Based DG Residual.

1: r=0
2: for all edges e do
3: i, j,n̂ij,�Tij,Ti,Tj GetEdgeInfo(e)
4: for all m2dof(Ti)\dof(�Tij) and

n2dof(Tj)\dof(�Tij) do

5: rm rm+CompFluxDG(�Tij,u
i
h,u

j
h,n̂ij,�m)

6: rn rn+CompFluxDG(�Tij,u
j
h,ui

h,�n̂ij,�n)
7: end for
8: for all m2dof(Ti) and n2dof(Tj) do

9: rm rm+CompVolumeDG(Ti,u
i
h,�m)

10: rn rn+CompVolumeDG(Tj,u
j
h,�n)

11: end for
12: end for
13: for all boundaries B do
14: for all boundary edges e2B do
15: i, j,n̂ib,n̂jb,�Tib,�Tjb GetEdgeInfo(e)

16: uBC SetBCData(�Tib,ui
h,n̂ib)

17: uBC SetBCData(�Tjb,u
j
h,n̂jb)

18: end for
19: end for
20: for all boundaries B do
21: for all boundary edges e2B do
22: i, j,n̂ib,n̂jb,�Tib,�Tjb GetEdgeInfo(e)
23: for all m2dof(�Tib) and n2dof(�Tjb) do

24: rm rm+CompFluxDG(�Tib,ui
h,uBC,n̂ib,�m)

25: rn rn+CompFluxDG(�Tjb,u
j
h,uBC,n̂jb,�n)

26: end for
27: end for
28: end for

note is that some codes, for example Edge, loop over boundary nodes and not boundary
edges, but to keep a consistency with the interior treatment of edges, we choose to loop
over boundary edges.

4 Numerical results

We study a linear and a nonlinear model problem of the form (2.1). In both cases, the
exact solution is known explicitly. The linear model problem is used to numerically de-
termine the convergence rate and compare the number of degrees of freedom required
to reach a certain error level, for the different orders of approximation. To demonstrate
the method’s ability to handle shocks, we consider Burgers’ equation and apply a simple
hp-adaption strategy to handle the shock region.



464 M. Berggren et al. / Commun. Comput. Phys., 5 (2009), pp. 456-468

Table 1: The L2(�)-error, ku�uhkL2(�), numerical order of convergence, s, and the number of degrees of
freedom Ndof, for the linear model problem, for each mesh in a sequence of six successively refined meshes,
using macro elements based on Lagrange triangles of di�erent orders p.

constant, p=0 linear, p=1

hmax ku�uhkL2(�) s Ndof ku�uhkL2(�) s Ndof

h0 1.8558⇥10�1 � 185 3.5491⇥10�3 � 1249
2�1h0 1.1685⇥10�1 0.67 697 8.5294⇥10�4 2.06 4793
2�2h0 6.8506⇥10�2 0.77 2705 2.0608⇥10�4 2.05 18769
2�3h0 3.8030⇥10�2 0.85 10657 5.0122⇥10�5 2.04 74273
2�4h0 2.0356⇥10�2 0.90 42305 1.2322⇥10�5 2.02 295489
2�5h0 1.0660⇥10�2 0.93 168577 3.0512⇥10�6 2.01 1178753

quadratic, p=2 cubic, p=3

hmax ku�uhkL2(�) s Ndof ku�uhkL2(�) s Ndof

h0 2.9501⇥10�4 � 3337 5.8787⇥10�6 � 6449
2�1h0 4.3033⇥10�5 2.78 12905 3.3308⇥10�7 4.14 25033
2�2h0 5.8880⇥10�6 2.87 50737 1.9522⇥10�8 4.09 98609
2�3h0 7.7203⇥10�7 2.93 201185 1.1674⇥10�9 4.06 391393
2�4h0 1.0202⇥10�7 2.92 801217 7.0708⇥10�11 4.05 1559489
2�5h0 1.3564⇥10�8 2.91 3197825 4.3273⇥10�12 4.03 6225793

The linear model problem

The linear model problem of advection-reaction type is given by setting, in Eq. (2.1),

F (u)=�u, with �=
�
cos 2�

9 ,sin 2�
9

�T
, �=1, and f =0. The boundary conditions are given

by

g(x,y)=

8
<

:

sin2�x, x2 [0,1], y=0,

�exp
�
��y

�
�2

f +1
�

sin2�� f y, x=0, y2 (0,1],

where � f =�1/�2. The expression above for x=0, y2(0,1] is derived so that the solution
in (0,1)⇥(0,1) coincides with the one obtained by solving the same equation in the upper
half plane subject to the inflow boundary condition sin2�x on the x-axis. Note that the
Roe average ū in (2.2) does not have to be evaluated since F �(ū)= �.

Table 1 presents the results of the convergence study. To solve the resulting linear
system, the sparse direct solver SuperLU [11] was used. The problem is solved on each
mesh of a sequence of six successively refined meshes, and for each implemented type of
macro element. The numerically observed convergence rate s in ku�uhkL2(�)Chs is of

optimal order, that is, s= p+1. Fig. 4 depicts the L2(�)-error as a function of the number
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Figure 4: The L2(�)-error, ku�uhkL2(�), depending on the number of degrees of freedom, Ndof, for macro
elements based on Lagrange triangles of di�erent orders p.

of degrees of freedom Ndof. The figure shows that an increase of the order of the method
substantially reduces the number of degrees of freedom needed to compute a solution
with a given error.

The nonlinear model problem

This model problem is chosen to assess the method’s performance for a nonlinear case
that develops a shock, and to demonstrate how hp-adaption can be utilized in the
method. We consider the classic inviscid Burgers’ equation in one dimension, in which
the time t is viewed as a second space variable y:

1

2
(u2)x+uy =0 in �.

Thus in Eq. (2.1), F (u)= 1
2

�
u2,2u

�T
,� =0, and f =0. The boundary conditions are given

by

g(x,y)=

8
>>><

>>>:

1�2x, x2 (0,2/3], y=0,

�1/3, x2 (2/3,1), y=0,

1, x=0, y2 (0,1],

�1/3, x=1, y2 (0,1].

The Roe average ū in (2.2) is ū=(uL+uR)/2 and F �(ū)= [ū,1]T.
Fig. 5 presents the different stages of the solution process, using hp-adaption. The nu-

merical solution using linear macro elements and the mesh of Fig. 5a is shown in Fig. 5b.
Artificial oscillations are clearly visible locally on the elements covering the shock. The
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(d) Solution on dual mesh after two h-
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(e) Close-up of the shock. Edges
marked by the shock detector (black)
and exact shock location (gray line).
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(f) Solution on dual mesh after hp-
adaption.

Figure 5: Process of solving the nonlinear model problem with initially linear macro elements, using hp-adaption.
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shock detector by Krivodonova et al. [21] was then used to mark the elements in the vicin-
ity of the shock. The marked elements are then h-refined, by refining the corresponding
cells of the primal mesh, and then updating the dual mesh accordingly.

Next, a new solution is computed on the new mesh and the h-adaption is performed
once more, resulting in the mesh shown in Fig. 5c. The solution on this twice refined
mesh is shown in Fig. 5d. Fig. 5e shows a close-up of the shock region with the marked
edges that were found by the shock detector shown in black. The gray straight line marks
the exact location of the shock.

Finally, the orders of the macro elements marked in Fig. 5e are reduced to constants,
and the solver is iterated to steady state. This effectively removes the artificial oscilla-
tions, as illustrated by Fig. 5f. The presented shock handling, by hp-adaption, is easy to
implement and reduces the adverse effects of the reduced order on elements covering
the shock. As with other numerical methods, lowering the order in the vicinity of the
shocks, to avoid oscillations, provides a pollution effect in general (a rare exception is
found in [20]). Thus for the Euler equations, for instance, we cannot expect better than
first-order accuracy downstream of a shock, see [7, 13]. Alternative approaches for shock
capturing, such as the use of limiters or artificial viscosity, are out of the scope of this
article but will be studied in the future.

5 Conclusions

The new vertex-centered edge-based DG method shows great promise; besides sharing
the advantages of the standard DG, the method admits previously incompatible FV soft-
ware to be extended using higher-order DG. The numerical convergence rate is optimal
for the chosen smooth linear model problem. Artificial oscillations have been shown
to stay localized around discontinuities. Moreover, the oscillations can successfully be
treated by using a shock detector and hp-adaption.

Acknowledgments

The authors were supported in part by the ADIGMA project [3] and the Graduate School
in Mathematics and Computing, FMB [16].

References

[1] R. Abgrall. On essentially non-oscillatory schemes on unstructured meshes: analysis and
implementation. J. Comput. Phys., 114(1):45–58, 1994.

[2] R. Abgrall. Toward the ultimate conservative scheme: following the quest. J. Comput. Phys.,
167(2):277–315, 2001.

[3] ADIGMA. A European project on the development of adaptive higher order variational
methods for aerospace applications. http://www.dlr.de/.



468 M. Berggren et al. / Commun. Comput. Phys., 5 (2009), pp. 456-468

[4] T. J. Barth and D. C. Jespersen. The design and application of upwind schemes on unstruc-
tured meshes. In 27th Aerospace Sciences Meeting, AIAA 89-0366, Reno, Nevada, 1989.

[5] M. Berggren. A vertex-centered, dual discontinuous Galerkin method. J. Comput. Appl.
Math., 192(1):175–181, 2006.

[6] J. Blazek. Computational Fluid Dynamics. Elsevier, Amsterdam, second edition, 2005.
[7] J. Casper and M. H. Carpenter. Computational Considerations for the Simulation of Shock-

Induced Sound. SIAM J. Sci. Comput., 19(3):813–828, 1998.
[8] L. Catabriga and A. Coutinho. Implicit SUPG solution of Euler equations using edge-based

data structures. Comput. Meth. Appl. Mech. Eng., 191(32):3477–3490, 2002.
[9] B. Cockburn, G. Karniadakis, and C.-W. Shu, editors. Discontinuous Galerkin Methods: Theory,

Computation and Applications, volume 11 of Lect. Notes in Comput. Sc. and Eng., Berlin, 2000.
Springer.

[10] A. Csk, M. Ricchiuto, and H. Deconinck. A Conservative Formulation of the Multidimen-
sional Upwind Residual Distribution Schemes for General Nonlinear Conservation Laws. J.
Comput. Phys., 179(1):286–312, 2002.

[11] J. W. Demmel, J. R. Gilbert, and S. X. Xiaoye. SuperLU users’ guide. Technical Report LBNL-
44289, Ernest Orlando Lawrence Berkeley National Laboratory, 1999.

[12] P. Eliasson. EDGE, a Navier–Stokes solver, for unstructured grids. Technical Report FOI-R-
0298-SE, Swedish Defence Research Agency, 2001.

[13] B. Engquist and B. Sjgreen. The Convergence Rate of Finite Difference Schemes in the Pres-
ence of Shocks. SIAM J. Numer. Anal., 35(6):2464–2485, 1998.
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Chapter 4
Incorporating a Discontinuous Galerkin Method
into the Existing Vertex-Centered Edge-Based
Finite Volume Solver Edge

Sven-Erik Ekström and Martin Berggren

Abstract The discontinuous Galerkin (DG) method can be viewed as a general-
ization to higher orders of the finite volume method. At lowest order, the standard
DG method reduces to the cell-centered finite volume method. We introduce for the
Euler equations an alternative DG formulation that reduces to the vertex-centered
version of the finite volume method at lowest order. The method has been success-
fully implemented for the Euler equations in two space dimensions, allowing a local
polynomial order up to p = 3 and supporting curved elements at the airfoil boundary.
The implementation has been done as an extension within the existing edge-based
vertex-centered finite-volume code Edge.

1 Introduction

The finite volume (FV) method is presently the most widely used approach to dis-
cretize the Euler and Navier–Stokes equations of aerodynamics. A basic choice
when implementing a finite volume method is whether to employ a cell-centered or
vertex-centered approach. The control volumes coincide with the mesh cells in the
cell-centered approach (left in Figure 1), whereas in the vertex-centered approach,
the control volumes are constructed from a dual mesh, consisting in two dimensions
of polygons surrounding each vertex in the original primal mesh (right in Figure 1).
The vertex-centered approach has a number of features that helps to explain its
current popularity. A vertex-centered scheme has about half the memory footprint
on the same mesh as a cell-centered scheme, and has more fluxes per unknown,
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Km K m

Fig. 1 Control volume choices for finite volume methods. A computational node (white circle) is
either associated with a mesh cell center (left) or a mesh vertex (right), giving a cell-centered or a
vertex-centered control volume respectively.

as discussed by Blazek [7]. Also, for instance Abgrall [1] argues that reconstruction
schemes are more easily formulated for vertex-centered control volumes. Moreover,
as opposed to cell-centered schemes, the treatment of boundary conditions are facil-
itated by the fact that control volume centers are located precisely on the boundary.
The main computational effort in a typical finite volume code concerns the resid-
ual computations. A solver using a vertex-centered scheme may be implemented to
support what Haselbacher et al. [16] call grid transparency: to assemble the resid-
ual, the solver loops over all edges in the mesh, regardless of the space dimension
or the choice of mesh cell type (triangles, quadrilaterals, tetrahedrons, prisms, hex-
ahedrons). Note, however, that an analogous construction is also possible for cell-
centered methods, by looping over a list of cell surfaces. For a detailed discussion on
cell-centered versus vertex-centered methods, we refer to Blazek’s book [7] and the
review by Morton and Sonar [20]. Also, there are other numerical schemes, besides
finite volumes, that use vertex-centered control volumes or loop over edges. Some
examples are residual distribution schemes [2, 10], edge-based finite elements [19],
and edge-based SUPG [8].

Since the discontinuous Galerkin (DG) method constitutes a higher-order gen-
eralization of the finite volume method, it is tempting to reuse and extend existing
finite volume codes to higher orders to avoid a costly rewrite of a complex and famil-
iar software system. A hurdle for such an approach is that the standard discontinuous
Galerkin method is a higher-order version of the cell-centered finite-volume method
whereas many of today’s codes, such as DLR-Tau [22], Edge [12, 14], Eugenie [13],
Fun3D [15], and Premo [23], are vertex-centered.

The contribution of Uppsala University to the ADIGMA project consists of a
case study in which a vertex-centered version of the discontinuous Galerkin method
is implemented within the Edge system [12, 14] so the user, depending on the
need for accuracy, can choose whether to use a classical finite volume scheme or a
discontinuous Galerkin discretization. The vertex-centered discontinuous Galerkin
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method we use was first introduced by Berggren [5] in the context of a linear first-
order hyperbolic model problem. A further analysis of the method was presented by
Berggren, Ekström, and Nordström [6] for higher-order elements and for a nonlin-
ear problem with a shock. Here, we present for the first time the use of the scheme
for the Euler equations. We first introduce the basic scheme of the method and then
further discuss the method as developed within the Edge system.

2 The Discontinuous Galerkin Method

The target application for the proposed scheme is aeronautical CFD with the Euler
and Navier–Stokes equations, where computations of steady states are particularly
prominent. We here present the scheme for the steady Euler equations, written in
the compact form

� ·F (U) = 0 in � , (1)

where U = [�,�u,�E]T is the solution vector of conservative variables (mass den-
sity � , momentum density �u, and total energy density �E), F is the Euler flux
function, and � the computational domain. We also need to impose appropriate
boundary conditions in the far field and at solid walls. The flux function for the
Euler equations is

F (U) =

!

"
�u
�u ! u+ I p
�uH

#

$ , (2)

where �H = (�E + p) is the total enthalpy density, and the pressure p satisfies the
equation of state

p = (� " 1)

%
�E "

|�u|2

2�

&
, (3)

in which � = 1.4 for air.
We divide the domain, � , into a set of non-overlapping control volumes Km

such that � =
' M

m=1Km. Denote by V d+2
h , where d is the space dimension, the

space of numerical solutions to equation (1). Each component of a vector function in
V d+2

h belongs to the space Vh, which comprises functions that are continuous inside
each Km but in general discontinuous across boundaries between control volumes.
The restriction on each Km of functions in Vh are polynomials for the standard DG
method. Here we consider a different choice of functions, as described in Secion 3.
Each Vh # V d+2

h can be expanded as

Vh(x) =
M

�
m=1

Nm

�
i=1

V m
i � m

i (x) =
Ndof

�
i=1

Vi�i(x), (4)

where M is the number of control volumes, Nm is the number of local degrees of
freedom in control volume Km, {� m

i }Nm
i=1 is the set of basis functions associated

with control volume Km, Ndof is the total number of degrees of freedom, and �i are
the basis functions in a global numbering.
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The DG method is obtained by multiplying equation (1) by a test function Vh #
V d+2

h , integrating over each control volume, integrating by parts, and introducing
the numerical flux F $ on the boundaries. This procedure yields that Uh # V d+2

h
solves the variational problem
(

�Km
Vh · F $(UL,UR, n̂)ds "

(

Km
�Vh ·F (Uh)dV = 0, %Km & � , %Vh # V d+2

h , (5)

where subscripts L and R denote local (“left”) and remote (“right”) values on the
boundary �Km of control volume Km, and n̂ is the outward unit normal. The remote
values are either taken from the neighboring control volume’s boundary or, when
�Km intersects the domain boundary, from the supplied boundary condition data.
Thus, the boundary conditions are imposed weakly through the numerical flux.

In our implementation, we use the Roe numerical flux by default,

F $
ROE(UL,UR, n̂) =

1
2

n̂ ·
)
F (UL)+F (UR)

*
"

1
2

R̄|�̄ $|L̄" 1(WR " WL), (6)

where the last term in expression (6) is a dissipation term whose factors are de-
scribed in the following. Let matrices � and R be the diagonal eigenvalue matrix
and the right eigenvector matrix in the eigendecomposition of the Jacobian with
respect to the conservative variables, that is,

� (n̂ ·F )

�U
= R�R" 1. (7)

Moreover, let W = [�,u, p]T be the primitive variables vector, and let matrix L sat-
isfy

L" 1(WR " WL) = R" 1(UR " UL). (8)

Explicit expressions of L, R, and � can for example be found in the books by
Blazek [7] and Hirsch [17]. The elements of matrices R̄, �̄ $, and L̄" 1 in expres-
sion (6) are evaluated using the Roe averages

�̄ =
'

�L�R, ū =
uL

' �L +uR
' �R

' �L +
' �R

,

H̄ =
HL

' �L +HR
' �R

' �L +
' �R

, c̄ =
+

(� " 1) [H̄ " |ū|2].
(9)

Also, to prevent the eigenvalues to vanish, we utilize a standard entropy fix

|�̄ $
i | =

,
-

.

�̄ 2
i " � 2

2�
, |�̄i| ( � ,

|�̄i|2, |�̄i| > � .
(10)
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Also available in our implementation is the much simpler Local Lax–Friedrichs flux

F $
LLF(UL,UR, n̂) =

1
2

n̂ ·
)
F (UL)+F (UR)

*
"

C
2

(UR " UL), (11)

where C is an upper bound for the absolute values of the eigenvalues of the Jacobian,
� (n̂ ·F (U))/ �U . We use

C = max(|n̂ ·uL|+ cL, |n̂ ·uR|+ cR) , (12)

where c =
/

� p/ � is the speed of sound. The choice of Roe or Local Lax–Friedrichs
numerical flux appears not to cause any significant differences performance wise,
neither regarding computational effort nor accuracy.

Boundary conditions are usually imposed simply by appropriate modifications
of the remote condition UR. At the outer free stream, we apply UR = U� where U�
is the free stream values of the solution vector. To impose the solid wall boundary
condition, we have implemented two options: the first imposes symmetry and the
second uses an explicitly modified flux to enforce non penetration. Both give similar
results, both with respect to computational effort and accuracy.

The first option uses the the same Roe or Local Lax–Friedrichs flux at the wall
as everywhere else, but imposes symmetry by defining UR from UL using a reflected
momentum vector:

�R = �L, (�u)R = (�u)L " 2(n̂ · (�u)L)n̂, (�E)R = (�E)L. (13)

The second option uses the numerical flux

F $
W(U, n̂) =

!

"
0
pn̂
0

#

$ , (14)

that is, F $
W(U, n̂) = n̂ · F (U)|n̂·u=0 at the wall, instead of the Roe or Local Lax–

Friedrichs flux.
The discussion above covers both the usual cell-centered formulation of the DG

method and our vertex-centered scheme. In the next sections, we introduce the par-
ticularities with our approach: the construction of a macro element on the dual mesh
and the use of curved boundaries for these elements.

3 The Vertex-Centered Macro Element

The finite elements of the standard (cell-centered) DG method use polynomials de-
fined separately on each mesh cell, which means that the control volumes Km dis-
cussed in Section 2 coincide with the mesh cells, typically triangles or quadrilaterals
in two space dimensions. In our vertex-centered DG method we use another choice
of control volumes Km, defined on a so-called dual mesh.
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A preprocessor constructs the dual mesh and necessary data structures; Figure 2
illustrates the procedure. From the primal mesh, top left in Figure 2, the prepro-
cessor constructs the dual mesh shown in top right in Figure 2. A dual mesh can
be constructed in several ways, as discussed by Barth [3]; here we choose just to
connect the centroids of adjacent triangles to each other with a new edge. Although
Figure 2 shows a uniform mesh, dual meshes can be constructed for any nondegen-
erate mesh. Next we triangulate the dual mesh (bottom left in Figure 2) and define
our finite element on each dual cell as the macro element consisting of standard
triangular Lagrange elements of order p. That is, the functions are continuous on
each Km, and piecewise polynomials of degree p on each sub triangle of Km. Note
that we allow discontinuities in the solution between adjacent dual cells, but that
the solution within each dual cell is continuous. Thus, no flux evaluations are nec-
essary at the internal edges between the sub triangles in the dual cells. Indeed, any
internal flux contribution would vanish since the left and right states are identical
due to the continuity of the approximating functions across such edges. Note also
that the element type and order may be different on different dual cells. At the bot-
tom right in Figure 2, we see an example where all boundary macro elements and
the leftmost of the three inner macro elements are of constant type (p = 0), which
corresponds to the vertex-centered FV method, whereas the center and right inte-
rior macro elements are linear (p = 1) and quadratic (p = 2), respectively. Note the
multiple nodes, associated with the possibility of jump discontinuities, occurring at
boundaries of the dual cells.

A common method to solve a problem such as the discrete version of equation (1)
is to march an unsteady version of the equation to steady state using an explicit

Fig. 2 Preprocessing stages for generating macro elements on the dual mesh. From the primal
mesh (top left) the preprocessor constructs a dual mesh (top right) that contains as many polygonal
dual cells Km as the number of mesh vertices in the primal mesh. We triangulate each dual cell
(bottom left) and define a macro element on each dual cell (bottom right), where the white circles
are the computational nodes.
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Runge–Kutta scheme. This strategy is often combined with convergence acceler-
ation strategies such as local time stepping and multigrid; both have been imple-
mented and the multigrid approach is discussed in our other contribution to this
volume [11]. A crucial step in such an algorithm is the computation of the residual,
which is a vector of dimension equal to the number of degrees of freedom for Vh for
each equation that is solved.

As mentioned in the introduction, implementations of the residual calculation for
vertex-centered FV methods are typically edge-based, and we now shortly indicate
how to extend this approach to the current DG method.

Pointers to the degrees of freedom for V d+2
h as well as geometric information

are stored in a list associated with the edges in the primal mesh. An additional
list associated with the domain boundary edges is also required to set boundary
conditions.

For each edge in the primal mesh, we associate the two primal mesh vertices
i and j connected by the edge, and the normal vector ni j (with

0
0ni j

0
0=

0
0�Ti j

0
0) to

the intersection of the boundaries of control volumes Ki and Kj. To compute the
contribution to the residual associated with this edge, the values of the unknowns
at nodes i and j, and the normal ni j constitute all the information that is needed for
p = 0 (the finite volume case). For higher orders, we also associate two sub triangles,
Ti and Tj, of control volumes Ki and Kj, and a larger set of nodes indices (i1, i2, . . . ;
j1, j2, . . . ) associated with the added degrees of freedom (left in Figure 3). Nodes i1
and j1 coincide with primal mesh vertices i and j of the FV method.

To impose boundary conditions, we utilize a list of boundary edges. For each
such edge that is not curved, as illustrated to the right in Figure 3, we associate
boundary vertices i and j connected by the edge and boundary normals nib and n jb
(of equal length, so stored as one normal ni jb = nib +n jb) associated with the inter-
section of the boundaries of control volumes Ki and Kj with the domain boundary.
For curved boundaries, more nodes are needed along the boundary together with
miscellaneous additional information, as discussed in Section 4.

i 1

i 3 j 3

U i
h Uj

h

i 2 j 2

j 1

Ti Tj

@Tij
ˆ

nij

j 6

j 5

j 4

ˆ

nib ˆ

njb

i1 j1
! Tib ! TjbU

i
h U

j
h

UBC

Fig. 3 Edge data structures with geometric data and spatial placement of the computational nodes.
Left: The triangles Ti and Tj share the boundary �Ti j , and the outward unit normal ofTi on �Ti j

is n̂i j . Restrictions of the function Uh # V d+2
h onto Ti and Tj are denoted Ui

h and U j
h . Right: The

boundary edge is the union of �Tib and �Tjb, and the domain boundary outward unit normals are
n̂ib and n̂ jb. The domain boundary data, which is given by the boundary condition, is denoted uBC.
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A pseudo-code version of the algorithm can be found in the the article by
Berggren et al. [6]; in essence, it is the same loops as for the FV code plus the
volume integral of the DG scheme. Standard tabulated Gauss quadrature rules, as
given, for example, in the book by Solin et al. [24], are used to evaluate the integrals,
and the evaluation of the basis functions at these points are done once and for all in
the beginning of the computation.

The numerically observed convergence rate s in ) u " uh) L2(�) ( Chs for the
model problem investigated in [6] is of optimal order for the vertex-centered
scheme, that is, s = p + 1. Also, as expected, the number of degrees of freedom
necessary to attain a given error bound is substantially decreased by increasing the
order of the method.

4 Curved Geometries

A higher order scheme, such as DG, also needs a higher-order representation of
the geometry, and curved elements have to be introduced when curved objects, for
example airfoils, are present in the computations. Bassi and Rebay [4] and Cock-
burn et al. [9], for example, has showed that a piecewise-linear approximation of the
boundary does not yield satisfactory results. We also observed strong oscillatory so-
lutions in our scheme when using piecewise-linear approximations of the boundary
in combination with orders p * 1.

To account for the curved boundaries, we use a common finite-element strat-
egy, namely polynomial approximations of the curved element edges combined with
evaluations of the integrals on reference elements using coordinate transformations.
The nodes marked a, b, and c to the left in Figure 4 are vertices in the primal mesh.

1

2

3

4 5

a

b

c

Fig. 4 Boundary elements. Left: The piecewise-linear boundary as obtained by constructing the
dual mesh similarly as in the interior. Points a,b, and c are vertices on primal mesh. Triangle 1
is associated to macro element a and triangles 2,3,4, and 5 are associated to macro element b. A
boundary edge is marked in gray together with its associated normal. Right: The same part of the
boundary as in the left image but taking into account the curvature of the boundary. Now a specific
normal, each precomputed, is associated with each quadrature point on the boundary.
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If dual meshes are constructed at the boundary in the same way as in the interior,
the result will be as depicted to the left in Figure 4. This piecewise-linear boundary
generated massive spurious oscillations at the boundary for p * 1. A simple strategy
that yields a somewhat more accurate approximation of the boundary is to move the
nodes on the dual mesh that are located between primal nodes (for instance the dou-
ble nodes located in between nodes a and b in the left of Figure 4) so that they lie at
the underlying curved boundary. This change did not significantly reduce the oscil-
lations. Krivodonova’s [18] simplified approach to represent a curved boundary was
not successful either. However, a polynomial approximation of the boundary and
associated normals at a sufficiently high order, as visualized in the right of Figure 4
and as shortly outlined below, worked well.

There will be at most one side that is curved in any sub triangle, since the other
two triangle sides are located inside the domain. Now consider a boundary edge
and the two associated curved triangles, Ti and Tj (for instance the gray triangles
to the right in Figure 4). Denote by T̂ the reference triangle with corners at (0,0),
(1,0), and (0,1). If we use the polynomial order pb to approximate the boundary
shape, and we use the polynomial order p for the basis functions of the elements, we
will have subparametric elements if pb < p, isoparametric elements if pb = p, and
superparametric elements if pb > p. Our mesh generator is implemented such that
any order pb can be chosen, regardless of element order p. Numerical experiments
indicate that a pb * 2 is qualitatively sufficient for the calculations we have made
for p = 0,1,2,3.

Denote by � the mapping from reference triangle T̂ to any curved triangle T (Ti
or Tj) and by � " 1 the inverse mapping,

�(� ,�) =

1
x
y

2
, � " 1(x,y) =

1
�
�

2
. (15)

Points (� ,�) # T̂ are transformed into points (x,y) # T according to

x =
pb

�
m=0

pb" m

�
n=0

�mn� m�n, y =
pb

�
m=0

pb" m

�
n=0

�mn� m�n, (16)

where pb is the polynomial order of the boundary and �mn,�mn are constants that are
computed in the preprocessor. The Jacobian J of � ,

J(� ,�) = ��(� ,�)

=
pb

�
m=0

pb" m

�
n=0

3 �
�� �mn� m�n �

�� �mn� m�n

�
�� �mn� m�n �

�� �mn� m�n

4

=
pb

�
m=0

pb" m

�
n=0

1
�mnm� m" 1�n �mnn� m�n" 1

�mnm� m" 1�n �mnn� m�n" 1

2
,

(17)
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will not be constant for pb > 1. The Jacobians are precomputed at each quadrature
point, and are stored and used during computations. For a function F on a curved
triangle T , we have

(

T
F dV =

(

T̂
F +� |J|dV, (18)

where |J| denotes the determinant of J. The gradient of a function g on T is trans-
formed to corresponding function ĝ = g +� on T̂ according to

�g = J" T �ĝ, (19)

where the left- and right-hand sides are evaluated at corresponding points related by
mapping � . Finite element basis functions �i on the curved triangle T are defined
by the mapping �i = �̂i +� , where �̂i are the standard Lagrangian basis functions
on the reference triangle T̂ . Let Fm be row m (m = 1, 2, or 3) of flux function (2)1.
By expressions (18) and (19), it follows that row m of the second term (the volume
integral term) in equation (5) can be written

(

T
��i ·Fm(Uh)dV =

(

T̂
J" T ��̂i ·Fm(Uh +�)|J|dV

,
NT

ep

�
k=1

wkJ(�k,�k)
" T ��̂i(�k,�k) ·Fm(Uh +�(�k,�k)) |J(�k,�k)|

(20)

where wk, (�k,�k), and NT
ep are the weights, coordinates in T̂ , and number of evalu-

ation points for some appropriate integration rule for triangles.
Let the curved side �T - �� be the image of the restriction of the map � to

Î = (0,1) . {0} (the intersection of T̂ with the x-axis). Also, let F $
m(UL,UR, n̂) be

row m in the numerical flux function. The curved-boundary contribution from the
first term in equation (5) can then be written

(

�T - ��
�i F

$
m(UL,UR, n̂)ds =

(

Î
�̂i F

$
m(UL +� ,UR +� ,J" T n̂)|J|ds

,
NI

ep

�
k=1

zk�̂i(�k,0) |J(�k,0)|F $
m(UL +�(�k,0),UR +�(�k,0),J(�k,0)" T n̂k)

(21)

where NI
ep is the number of evaluation points for the chosen integration rule on the

unit interval, and zk, �k are the corresponding weights and coordinates. Note that a
specific normal nk = |J(�k,0)|J(�k,0)" T n̂k is used for each evaluation point, and
that all normals are precomputed in the preprocessor. Since the curved boundary
part of the domain is typically much smaller than the rest of the domain, this extra
storage and computational work is mostly negligible.

1 The rows correspond to the mass, momentum, and energy equations, respectively. Note that the
first and third rows are scalar equations, whereas the second row is a system of d equations.
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5 Results

In Figure 5 we present results from one of the Mandatory Test Cases (MTC) of
the ADIGMA project, MTC1. The figures depict the pressure coefficients using
successively higher order elements, p = 0,1,2,3, on the same mesh. The element
sizes around the airfoil are visible in the p = 0 solution at the top left in Figure 5.
Some overshoots are visible for the linear element solution, p = 1 (top right of
Figure 5). At the bottom left of Figure 5, the p = 2 solution, small kinks are visible
in the element on the leading edge, which vanish for the p = 3 solution at the bottom
right of Figure 5.
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Fig. 5 MTC1 of the ADIGMA project: Pressure coefficients, 2D Euler, NACA0012, M = 0.5,
� = 2.0+. The actual discontinuous functions, of order p = 0,1,2,3, are plotted without any post-
processing or smoothing.

In Figure 6 we show two solutions for MTC2 on the same mesh, but with dif-
ferent order elements. The left picture of Figure 6 depicts the pressure coefficient
for constant, p = 0 elements, solved with a second order central flux, i.e. a standard
finite volume solution provided by Edge. Both shocks are rather poorly resolved and
a finer mesh would be required. The right picture of Figure 6 depicts the pressure
coefficient for linear, p = 1, elements. Note that the oscillations due to shocks are lo-
calized to elements adjacent to the shock, and that the oscillations do not spread out
into the domain. No shock capturing technique is used. An hp-adaption along the
lines previously developed for model problems [6] could be used to better resolve
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Fig. 6 MTC2 of the ADIGMA project: Pressure coefficients, 2D Euler, NACA0012, M = 0.8,
� = 1.25+. Left: p = 0, central flux (2nd order). Right: p = 1, upwind flux (2nd order). The actual
discontinuous functions, of order p = 0,1, are plotted without any postprocessing or smoothing.

the shock; another strategy would be to use the sub-cell shock capturing with arti-
ficial viscosity by Persson and Peraire [21]. The use of higher orders, p = 2,3, for
this transonic case and on this mesh appears to require a shock capturing technique;
the solution blows up when approaching a steady-state solution.

6 Conclusions

The effort reported here constitutes a pioneering, first-ever implementation for the
Euler equations of the current vertex-centered DG scheme. To the best of our knowl-
edge, this is also the first time that a DG scheme has been implemented within the
framework of an edge-based FV code of the type very common in the aeronautical
industry.

Acceleration techniques such as local time stepping and agglomerated multigrid
has been implemented successfully; the latter is further discussed in our other con-
tribution to this volume [11].

The data structures needed for the current scheme are complex, but compact
and memory efficient. The local polynomial approximations take place on the sub
elements within the macro elements. Thus, the appropriate grid-size parameter h is
the size of the sub elements, and not the size of the primal mesh elements. Since
no fluxes need to be computed at the boundaries occurring strictly inside the macro
elements, the current implementation will be significantly more memory efficient
compared to a standard DG based on a mesh with comparable interpolation bound.

Artificial oscillations have been shown to stay localized around shocks. Never-
theless, shock handling will still need to be implemented in order to stabilize higher
order approximations and improve the convergence properties of the solver. Another
research issue is h-adaption in the current context, which may be more complicated
to implement compared to the case for the standard DG scheme.
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Although our results are encouraging, more research is needed to decisively de-
termine the benefit of the vertex-centered DG approach. In particular, the method
needs to be evaluated on viscous, 3D and turbulent calculations. In addition, par-
ticular effort should be guided towards unsteady and aeroacoustic calculation, since
the need for high accuracy everywhere in the computational domain may be even
more crucial in such cases, compared to steady aerodynamic calculations.
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Chapter 21
Agglomeration Multigrid for the
Vertex-Centered Dual Discontinuous Galerkin
Method

Sven-Erik Ekstr¬om and Martin Berggren

Abstract Agglomoration multigrid is used in many Þnite-volume codes for aero-
dynamic computations in order to reduce solution times. We show that an existing
agglomeration multigrid solver developed for equations discretized with a vertex-
centered, edge-based Þnite-volume scheme can be extended to accelerate conver-
gence also for a vertex-centered discontinuous Galerkin method. Preliminary re-
sults for a subsonic as well as a transonic test case for the Euler equations in two
space dimensions show a signiÞcant convergence acceleration for the discontinuous
Galerkin equations using the agglomoration multigrid strategy.

1 Introduction

The particular discontinuous Galerkin (DG) method studied and implemented by
Uppsala University within the ADIGMA project is vertex centered, in contrast to
the standard cell-centered DG method. The method was introduced by Berggrenet
al. [1, 2] for model problems and for the Euler equation in our other contribution
to this volume [4]. The method is designed to constitute a generalization to higher
order of the edge-based, vertex-centered Þnite volume (FV) discretization that is
particularly popular in many of the codes in engineering practice. Our implementa-
tion is done within a software system of this type, Edge [5, 6].

The use of multigrid is a common and often successful strategy for conver-
gence acceleration in FV solvers. We here describe how an existing agglomerated
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multigrid facility in Edge is adapted to support multigrid also for the DG discretiza-
tion. To explain the multigrid approach, we adopt a notation similar to the one used
in the Edge documentation [6].

We want to solve the steady state problem

! ·F (U) = 0 in ! , (1)

whereF is the standard ßux function for the Euler equations [3, 4], andU =
[" , " u, " E]T of dimensiond + 2 (d is the space dimension) is the vector of conser-
vative variables. Let each components ofUh, the numerical solution to equation (1),
belong to the spaceVh speciÞed in [4]. The DG method is obtained by multiplying
equation (1) by a test function vectorVh ! V d+ 2

h , integrating over each control vol-
ume, integrating by parts, and introducing the numerical ßuxF " on the boundaries.
This procedure yields thatUh ! V d+ 2

h solves the variational problem
!

#Km

Vh · F " (UL,UR, ön) ds#
!

Km

! Vh ·F (Uh) dV = 0, $Km %! , $Vh ! V d+ 2
h , (2)

where subscriptsL andR denote local (ÒleftÓ) and remote (ÒrightÓ) values on the
boundary#Km of control volumeKm, andön is the outward unit normal.

Variational expression (2) deÞnes a nonlinear equationN (Uh) = 0. To solve this
equation, a common approach in the the CFD community is to time march equation

#Uh

#t
+ N (Uh) = 0 (3)

to steady state using RungeÐKutta time stepping. For efÞciency, this procedure
needs to be accelerated by for example local time-stepping and multigrid, the lat-
ter which is the subject of this chapter. We start in Section 2 with a brief descrip-
tion of the existing agglomeration multigrid method as implemented in Edge. In
Section 3, we explain how the method has been extended to encompass also the
vertex-centered DG discretization. Sections 4 presents preliminary results of our
DG agglomoration multigrid approach, and we end with some concluding remarks
in Section 5.

2 Existing Finite Volume Agglomeration Multigrid in Edge

For use in the agglomoration multigrid process, the preprocessor of Edge generates
a sequence ofL coarser and coarser dual meshes. First, a dual mesh (top right in
Figure 1) is generated from the primal mesh (top left in Figure 1). The data structures
needed to represent the dual mesh is a list of edges connecting adjacent vertices in
the primal mesh and a list, associated with these edges, of normals to the dual control
volumes. (Additional boundary information is also required [4], but for simplicity
not considered here).
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The meshes are indexed coarse to Þne by 1, . . . ,L, where meshL refers to the
dual mesh generated from the supplied primal mesh. To generate a coarser mesh, a
set of adjacent dual cells are agglomerated into bigger cells, as shown in the bot-
tom left of Figure 1; this mesh would be numberL # 1. The number of degrees of
freedom is equal to the number of cells, hence less for the coarser mesh, and the
location of each new node is computed by a weighted average of the nodes in the
dual cells (of the Þner mesh) that constitute the agglomerated cell. A new list of
edges connecting nodes in the agglomerated mesh is generated, and new normals
are constructed by vectorially adding normals from the Þner mesh. In the bottom
right of Figure 1, yet another agglomeration is shown, with even fewer elements,
using the same procedure to generate a new list of edges and normals; this mesh
would be numberedL # 2.

Fig. 1 The preprocessor stages to generate computational meshes. Top left: The primal mesh.
Vertices are marked with gray circles. Top right: The dual mesh. The degrees of freedom for the
unknowns are associated with the nodes (located at the primal mesh vertices) marked with white
circles. The data structures involve lists, associated with the edges of the primal mesh, of (pair
of) node numbers and the normals of the dual cells. This is levelL in the agglomerated multigrid
cascade ofL meshes. Bottom left: Agglomeration one step, combining adjacent dual cells to bigger
cells. The (white) node in each agglomerated cell is weighted together from the (gray) nodes in the
Þner cells constituting the agglomerated cell. A single normal for each edge in the agglomerated
mesh is constructed by vectorially adding normals from the associated part of the cell boundary.
This level would beL # 1. Bottom right: Agglomeration one more level with even bigger cells, at
levelL # 2.
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The discrete Euler or NavierÐStokes equations on the Þnest mesh can be written

#UL

#t
+ N L(UL) = 0, (4)

whereN L(UL) is the spatial discretization of the equations on the Þnest mesh, here
the FV discretization (or lowest order DG,p = 0). At each coarser mesh levell < L,
we have

#Ul

#t
+ N l (U

l ) = Fl , (5)

with initial valueUl = I l
l+ 1U

l+ 1, whereI l
l+ 1 is the restriction operator for the un-

knowns, andFl is a forcing function, deÞned recursively as

Fl = N l (I
l
l+ 1U

l+ 1)+ öI l
l+ 1

"
Fl+ 1 # N l+ 1(Ul+ 1)

#
, (6)

with FL = 0. Moreover,I l
l+ 1 and öI l

l+ 1 are restriction operators of respectively the
unknowns and the residuals from Þner meshl + 1 to coarser meshl . These are
deÞned cell by cell by summing contributions from the subcells on mesh levell + 1
that constitute the cell on mesh levell . The restriction oföI l

l+ 1 to cell Km at mesh
level l is given by

öI l
l+ 1|mRl+ 1 = "

n
Rl+ 1

n , (7)

whereRl+ 1 is the vector of residuals with componentsRl+ 1
n associated with cellKm.

The restriction ofI l
l+ 1 to cellKm is similarly deÞned, but with a weighting involving

the cell volumes:

I l
l+ 1|mUl+ 1 =

" nV l+ 1
n Ul+ 1

n

" nV l+ 1
n

(8)

in whichV l+ 1
n is the cell volume of a subcell toKm.

Smoothing is accomplished at each level by integrating (4) and (5) with a few
RungeÐKutta steps, typically with local time stepping. When the solution has been
smoothed on coarsest mesh,l = 1, the following prolongation scheme successively
provides updated solutionsøUl , for l > 1:

øUl = Ul + I l
l# 1(Ul# 1 # I l# 1

l Ul ). (9)

OperatorI l
l# 1 is the prologation operator (a simple injection operator), from mesh

level l # 1 to mesh levell . For the standardV, W, andF cycle schemes, smoothing
is performed on the updated solutionøUl before proceeding to even Þner meshes.

Different choices of ßuxes can be chosen by the user on coarser meshes to reduce
the computational complexity for each multigrid sweep.

Full multigrid is also available within Edge. The calculations then start at the
coarsest mesh and continue until convergence, that is, until the residual is lower
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than a user-supplied threshold. After this, the solution is prolonged to the next Þner
mesh level. Two-grid cycles are now used until convergence is attained again. Then
the solution is prolonged to the third mesh level and a three-grid cycle is used until
convergence. This procedure is repeated until all meshes are involved and solution
is given on the Þnest mesh. User-deÞned variables control the behavior of the solver,
for example the maximum number of cycles spent in each stage of the full multigrid.

3 Discontinuous Galerkin Agglomeration Multigrid

In this section, we discuss how we adapted the Edge code to support multigrid also
for the DG discretization.

The equation to solve at the Þnest mesh levelL and for orderp is

#UL
p

#t
+ N p

L (UL
p) = 0, (10)

whereN p
L is the spatial discretization operator deÞned by equation (2). The multi-

grid process acts through repeated smoothing, that is, by applying a few RungeÐ
Kutta iteration steps on equation (10), with successively modiÞed initial conditions.
These initial conditions are obtained recursively by similar smoothing procedures
on lower-order approximations and on cruder meshes.

Assume now thatøUL
p is the result of applying a few RungeÐKutta iteration steps

to equation (10). At next multigrid level, we integrate on the same mesh, but at
lowest orderp = 0:

#UL
0

#t
+ N L(UL

0 ) = F0
L , (11)

where
F0

L = N 0
L (J0

p
øUL

p) # öJ0
p
$
N p

L ( øUL
p)

%
, (12)

and whereJ0
p and öJ0

p are the restriction operators for the solution and the residual,
respectively, as deÞned below. Sincep = 0 is nothing else but an vertex-centered
Þnite-volume scheme, equation (11) can be integrated using the agglomeration
multigrid scheme in Edge outlined in section 2. LetøUL

0 be the result of such an
integration. Then we may deÞne

øøUL
p = øUL

p + Jp
0

&
øUL
0 # J0

p
øUL

p
'

(13)

and useøøUL
p as a new initial condition for equation (10). The prolongation operator

Jp
0 is speciÞed below. For ordersp > 1, it may also be advantageous to add a level

of p-multigrid instead of projecting directly onp = 0 as described above. We have
not yet implemented or tested such a generalp multigrid strategy.
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In order to specify the restriction and prolongation operators, let

UL
q |m =

(

)
)
)
*

" m
1 (" u)m

1 (" E)m
1

" m
2 (" u)m

2 (" E)m
2

...
...

...
" m

Nm
(" u)m

Nm
(" E)m

Nm

+

,
,
,
-

. /0 1
[Nm&d+ 2]

, (14)

be the piece, associated with macro elementKm, of the solution vectorUL
q of order

q at the Þnest mesh levelL. The number of degrees of freedomNm depends on the
order;Nm = 1 for q = 0, for instance. The restriction operatorJ0

p for the solution is
block diagonal on each pieceUL

p |m. The diagonal blocksJ0
p|m are deÞned by

UL
0 |m = ( M00)# 1M0p

. /0 1
J0

p|m

UL
p |m (15)

whereM00 andM0p are the mass matrices

M00 =
!

Km

dV, (16)

M0p =
2 !

Km

$1dV, . . . ,
!

Km

$Nm dV
3

. /0 1
[1&Nm]

. (17)

The restriction operator for the residuals,öJ0
p, is also block diagonal. The diagonal

blocks öJ0
p|m are deÞned by

öJ0
p|m = M0p (Mpp)# 1 , (18)

where

Mpp =

(

)
)
)
)
*

!

Km

$1$1dV . . .
!

Km

$1$Nm dV

...
...!

Km

$Nm$1dV . . .
!

Km

$Nm$Nm dV

+

,
,
,
,
-

. /0 1
[Nm&Nm]

. (19)

Finally, each diagonal block of the prolongation operatorJp
0 , is given by

Jp
0 = ( Mpp)# 1 Mp0, (20)

whereMp0 =
&
M0p

' T .
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4 First Results

In Figures 2 and 3, we show results for two Mandatory Test Cases of the ADIGMA
project, MTC1 and MTC2. The left displays in Figures 2 and 3 depict the pressure
coefÞcient for linear elements for the respective test cases. (The oscillations in the
pressure coefÞcient at the leading edge for the subsonic case vanish when using
higher-order elements, as shown in our other contribution to this volume [4].) The
right displays in Figures 2 and 3 show the iteration histories, in terms of the mass
conservation residuals, when solving MTC1 and MTC2 without and with multigrid.
The multigrid computations are initiated with FV solutions obtained with full multi-
grid, and two grid levels are used in addition to the projection fromp = 1 to p = 0.
A clear reduction of number of iteration is attained in both test cases, although the
code has not yet been tuned and optimized in any way.
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Fig. 2 MTC1 of the ADIGMA project. Left: Pressure coefÞcient,p = 1, 2D Euler, NACA0012,
M = 0.5, %= 2.0' . Right: Mass conservation (Ò" Ó) residual reduction without multigrid and with
initial full FV multigrid followed by DG with agglomeration multigrid.
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Fig. 3 MTC2 of the ADIGMA project. Left: Pressure coefÞcient,p = 1, 2D Euler, NACA0012,
M = 0.8,%= 1.25' . Right: Mass conservation (Ò" Ó) residual reduction without multigrid and with
initial full FV multigrid followed by DG with agglomeration multigrid.
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5 Conclusions

Agglomeration multigrid is a common strategy to accelerate convergence in vertex-
centered Þnite-volume schemes. The implementation of a robust and effective ag-
glomeration multigrid algorithm requires a substantial man-power investment. The
availability of agglomeration multigrid in Edge was an important motivation to im-
plement of our vertex-centered DG scheme inside Edge instead of attempting an
implementation from scratch. To the best of our knowledge, this is the Þrst time that
such an extension effort has been attempted.

A central issue has been positively resolved: agglomeration multigrid, as devel-
oped for vertex-centered Þnite-volume schemes, is indeed effective as a converge
acceleration also for the vertex-centered DG method. These Þrst results certainly
motivate further study of the method. First, the implementation needs to be com-
pleted to accept arbitrary number of mesh levels and ordersp > 1. Also, for p > 1,
it should be investigated whether ap-multigrid layer should be included before ag-
glomoration multigrid is activated.
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