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Simulations of turbulent boundary layers
with suction and pressure gradients

Alexandra Bobke

Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstract

The focus of the present licentiate thesis is on the effect of suction and
pressure gradients on turbulent boundary-layer flows, which are investigated
separately through performing numerical simulations.

The first part aims at assessing history and development effects on adverse
pressure-gradient (APG) turbulent boundary layers (TBL). A suitable set-up was
developed to study near-equilibrium conditions for a boundary layer developing
on a flat plate by setting the free-stream velocity at the top of the domain
following a power law. The computational box size and the correct definition
of the top-boundary condition were systematically tested. Well-resolved large-
eddy simulations were performed to keep computational costs low. By varying
the free-stream velocity distribution parameters, e.g. power-law exponent and
virtual origin, pressure gradients of different strength and development were
obtained. The magnitude of the pressure gradient is quantified in terms of
the Clauser pressure-gradient parameter β . The effect of the APG is closely
related to its streamwise development, hence, TBLs with non-constant and
constant β were investigated. The effect was manifested in the mean flow
through a much more pronounced wake region and in the Reynolds stresses
through the existence of an outer peak. The terms of the turbulent kinetic
energy budgets indicate the influence of the APG on the distribution of the
transfer mechanism across the boundary layer. Stronger and more energetic
structures were identified in boundary layers with relatively stronger pressure
gradients in their development history. Due to the difficulty of determining the
boundary-layer thickness in flows with strong pressure gradients or over a curved
surface, a new method based on the diagnostic-plot concept was introduced to
obtain a robust estimation of the edge of a turbulent boundary layer.

In the second part, large-eddy simulations were performed on temporally
developing turbulent asymptotic suction boundary layers (TASBLs). Findings
from previous studies about the effect of suction could be confirmed, e.g. the
reduction of the fluctuation levels and Reynolds shear stresses. Furthermore, the
importance of the size of the computational domain and the time development
were investigated. Both parameters were found to have a large impact on the
results even on low-order statistics. While the mean velocity profile collapses in
the inner layer irrespective of box size and development time, a wake region
occurs for too small box sizes or early development time and vanishes once
sufficiently large domains and/or integration times are chosen. The asymptotic
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state is charactersized by surprisingly thick boundary layers even for moderate
Reynolds numbers Re (based on free-stream velocity and laminar displacement
thickness); for instance, Re = 333 gives rise to a friction Reynolds number
Reτ = 2000. Similarly, the flow gives rise to very large structures in the outer
region. These findings have important ramifications for experiments, since very
large facilities are required to reach the asymptotic state even for low Reynolds
numbers.

Key words: Boundary layers, near-wall turbulence, history effects, asymptotic
suction boundary layers, large-eddy simulation.
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Simuleringar av turbulenta gränsskikt
med sugning och tryckgradienter

Alexandra Bobke

Linné FLOW Centre, KTH Mekanik, Kungliga Tekniska Högskolan
SE-100 44 Stockholm, Sverige

Sammanfattning

Den här avhandlingen fokuserar p̊a effekten av sugning och tryckgradienter
p̊a turbulenta gränsskiktsströmningar, som har undersökts separat genom att
använda numeriska simuleringar.

Den första delen har till syfte att bedöma uppström- och utvecklingseffek-
ter p̊a turbulenta gränsskikt (turbulent boundary layers, TBL) med negativ
tryckgradient (adverse pressure gradient, APG). En lämplig set-up har ska-
pas för att studeras gränsskikt nära jämviktisläge p̊a en plan platta, i vilken
friströmshastighetsprofilen vid toppen av domänen följer en potenslag. Storle-
ken av beräkningsdomänen och den korrekta definitionen av topprandvillkoret
har provats fram systematiskt. Högupplösta storvirvelsimuleringar (large-eddy
simulations) genomfördes för att h̊alla nere beräkningskostnaderna. Genom att
variera friströmshastighetsprofilens parametrar, t.ex. potenslagsexponenten eller
den virtuella utg̊angspunkten, åstadkoms tryckgradienter med olika styrka och
utveckling. Kraften av tryckgradienten kvantifieras i termer av Clausers tryck-
gradientsparameter β . Effekten av APG:n är nära relaterad till dess strömvisa
utveckling, därav testades TBL med b̊ade konstanta och icke-konstanta β . Effek-
ten kom till uttryck i det medelvärdetsbildade flödet genom ett mycket större
vakomr̊ade och i Reynoldsspänningen genom förekomsten av en yttre topp.
Delar av de turbulenta kinetiska energibilans indikerar p̊averkan av APG om
fördelningen av överföringsmekanismen genom gränsskiktet. Starkare och mer
energirika strukturer märktes i gränsskikt med relativt starka tryckgradienter i
deras utvecklingshistoria. Eftersom det är sv̊art att bestämma tjocklecken av
gränsskiktet in flöden med starka tryckgradienter eller över krökta ytor, intro-
ducerades en ny metod, baserad p̊a diagnostic-plot-konceptet, med vilken en
robust uppskattning av tjockleken av ett turbulent gränsskikt kan åstadkommas.

I den andra delen har storvirvelsimuleringar p̊a tidsutvecklande turbulenta
asymptotiska sugningsgränsskikt (turbulent asymptotic suction boundary layers,
TASBLs). Resultaten fr̊an tidigare studier om effekten av sugning kunde be-
kräftas, t.ex. minskningen av de fluktuationsniv̊aer och Reynoldsskjuvspänning.
Betydelsen av storleken p̊a beräkningsdomänen och utvecklingstiden undersöktes.
B̊ada parametrarna har befunnits att ha en stor inverkan p̊a resultaten, även
för lägre ordningens statistikor. Medan medelhastighetsprofilen kollapsar i
det inre lagret oavsett domänstorleken och utvecklingstiden, ett vakomr̊ade
uppträder för alltför småstorlekar av beräkningsdomänen eller korta utveck-
lingstider, vilken minskar när tillräckligt stora beräknings domäner och/eller

vii



utvecklingstider väljs. Det asymptotiska tillst̊andet karaketeriseras av oväntat
tjocka gränsskikt, även för m̊attiga Reynoldstal (baserad p̊a friströmshastigheten
och laminära förträningstjockleken); t.ex. Re = 333 resulterar i friktions Rey-
noldstalet Reτ = 2000. Flödet ger ocks̊a upphov till väldigt stora strukturer i
den yttre regionen. Dessa fynd har viktiga konsekvenser för experiment, eftersom
mycket stora anläggningar krävs för att n̊a det asymptotiska tillst̊andet även
för l̊aga Reynolds tal.

Nyckelord: gränskkikt, väggturbulens, uppströmseffekter, asymptotiska sug-
ningsgränsskikt, storvirvelsimuleringar.
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Preface

This Licentiate thesis within the area of fluid mechanics concerns a numerical
study of turbulent wall-bounded flows. The thesis is divided into two parts. The
introductory part is a general discussion about the relevance of the research,
the numerical methodology and the underlying fluid mechanics. A summary
of the work contained in the four papers included, is presented together with
the conclusions. The second part consists of the following articles, adjusted to
comply with the present thesis format for consistency.

Paper 1. A. Bobke, R. Örlü & P. Schlatter, 2016. Simulations of
turbulent asymptotic suction boundary layers. J. Turbul. 17, 157–180.

Paper 2. R. Vinuesa, A. Bobke, R. Örlü & P. Schlatter, 2016. On
determining characteristic length scales in pressure gradient turbulent boundary
layers. To appear in Phys. Fluids.

Paper 3. A. Bobke, R. Vinuesa, R. Örlü & P. Schlatter, 2016.
Large-eddy simulations of adverse pressure gradient turbulent boundary layers.
Technical Report.

Paper 4. A. Bobke, R. Vinuesa, R. Örlü & P. Schlatter, 2016. History
effects and near-equilibrium in adverse-pressure-gradient turbulent boundary
layers. Technical Report.

April 2016, Stockholm

Alexandra Bobke
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Part I

Overview and summary





Chapter 1

Introduction

1.1. Background

It is commonly known fact, that flows all around us in everyday life are turbulent.
For instance when riding a bicycle to work, the flow passing over the frame
of the bicycle and around the body is turbulent. Also the smell, coming from
the bakery you are passing by, is transported by turbulent diffusion, which
is a part of turbulent flow. There are external flows such as the flow around
airplanes or cars and internal flows such as the flow through pipelines, that
are all turbulent. So, we must ask ourselves, what are the characteristics of
turbulence? In turbulent flows eddies and swirling motions are present, that
are chaotic in space and time (Richter 1970). These are characterised by a
wide spectrum of length scales. The smallest scales, the so-called Kolmogorov
scales, are only dependent on the viscosity and the viscous dissipation, while
the largest scales are referred to as the integral length scales (e.g. Schlichting
& Gersten 2006). Looking back to the example of riding the bicycle: here the
smallest scales are defined by the Kolmogorov scales. Since the person on the
bicycle acts as a bluff body, the largest scales are of the size of the largest
diameter. Usually this is the distance between the shoulders of the person
riding a bicycle. Thus, here too we observe a range of length scales common to
turbulent flows. Another characteristic is high diffusivity (Schlichting & Gersten
2006), which is the reason why we quickly notice the smell of the fresh bread,
when passing by the bakery. An important quantity in fluid dynamics is the
Reynolds number (Pope 2000). The Reynolds number quantifies the relation
between inertial and viscous forces as Re = UL/ν, where U is the characteristic
large scale velocity, L the characteristic largest scale and ν the viscosity. As the
span between largest and smallest scales is wide in turbulent flows the resulting
Reynolds numbers are usually high. The large structures break down in smaller
eddies, which is known as the spectral energy cascade (Kolmogorov 1941). The
enhanced energy transfer and exchange of momentum leads to kinetic energy
dissipating into heat.

The motions of the flow can be described in a mathematical way using the
Navier–Stokes equations. However, it is unfeasible to find analytical solution
to the Navier–Stokes equations in turbulent flows. For instance, numerical
simulations are performed from which the relevant physics can be extracted and

1



2 1. Introduction

analysed. Complex flows can then be reduced to canonical cases, which give the
possibility to formulate general statements and laws. The aforementioned pipe
flow is such a canonical case, which is close to industrial applications. Another
example is the zero pressure-gradient (ZPG) turbulent boundary layer (TBL,
Schlatter et al. 2009). The TBL can be identified very close to the surface of an
object (Schlichting & Gersten 1979), for instance the bicycle, where the speed
of the air is reduced compared to the flow far away and is slowed down to the
speed of the surface (bicycle). The simplification to a TBL over a flat plate
does not represent the flow case directly. However, the configuration provides
a deeper understanding of some particular flow features, that are believed to
be characteristic for turbulent wall-bounded flows in general. While the zero
pressure-gradient turbulent boundary layer has been investigated widely, the
TBL with pressure gradient (PG) is still poorly understood. This type of TBL
is observed in both external (such as the flow around an airfoil) and internal (as
is the case of a diffuser) configurations. Since skin friction and drag reduction
are directly related to the fuel consumption in the case of an airplane or a
car (e.g. McLean 2012), a deep knowledge about the exact processes in wall
turbulence is necessary. Therefore, in the first part of the present work TBLs
with PGs are investigated numerically assessing history effects and gaining an
understanding about the exact mechanism of the energy transport.

Beside this, another focus of current research is the question of how to better
control the flow over the wing of an airplane. To this end different methods
were applied to make the flow turbulent and hence keep the flow attached to the
surface. One possibility is to apply suction (Schlichting 1942), since transition
and separation can then be delayed or even avoided. When applying uniform
suction in the wall-normal direction, the boundary layer developing over the
wing will be influenced and in case of a generic geometry, such as the flat plate,
the boundary layer will eventually approach a constant thickness and will not
grow further (Dutton 1958). Many studies focus on laminar asymptotic suction
boundary layers, but only few deal with the asymptotic state for turbulent
boundary layers (TASBL). Therefore, the subject of the second part of this thesis
is to study the dependence of TASBLs on the domain size and the temporal
development length required to approach the asymptotic state and analyse the
turbulence statistics.

1.2. Contributions and importance of this study

Canonical cases such as the ZPG TBL (e.g. Spalart 1988) or the channel
flow (e.g. Kim et al. 1987) were studied intensively during the last decades
and a deep understanding was developed for these flow cases. With the flow
developing over a flat plate with PGs (e.g. Spalart & Watmuff 1993), one has the
possibility to study a flow case, which is more applied and closer to the reality.
Hence, in this study we are leaving ZPG flows and gaining new knowledge
about PG TBLs. Unlike in other studies of numerical or experimental nature,
this study focuses not only on the influence of the PG, but assesses the effect
of the streamwise development of the PG. The flow around an airfoil can be



1.2. Contributions and importance of this study 3

investigated by studying the TBL developing over a flat plate imposing the
exact pressure distribution occurring around a wing section. Figure 1.1 sketches
the flow over a flat plate and around a wing. The free-stream velocity U∞ is
directly connected to the external pressure through Bernoulli’s principle. It can
be seen, that small changes in the free-stream velocity over the flat plate exhibit
different streamwise developments of the PG. In one case the PG decreases over
the plate, while in the other case the PG remains constant. The differences
are more apparent in the flow over the suction side of a wing. The suction
side of the airfoil is the upper surface assuming that the wing is positioned
horizontally and is lifting upwards (McLean 2012). Compared to the lower
surface (pressure side), the pressure is lower on the suction side, while the
flow travels faster over the surface. The PG increases from zero at the leading
edge and reaches very large values in the end of the wing (in comparison to
the flat-plate cases). Even though the history of the PG varies a lot in the
mentioned cases, similar strengths can be attained. Nevertheless, the streamwise
evolution of the pressure gradient leads to diverse distributions of the local
characteristics of the TBL, which has not been studied in detail before. By
comparing constant pressure-gradient cases with non-constant cases over a flat
plate and with non-constant cases over a curved surface, the effect on the local
statistics and the distribution of the energy were investigated in the present
thesis with the goal of setting up canonical PG TBLs.

The TASBL is a flow case, which was previously not investigated intensively
due to the difficulty in sustaining a constant value for the boundary-layer
thickness. Due to more powerful computers and the possibility to reduce required
resources by performing temporally developing flows, we are able to study this
case in more detail. The present thesis contributes with the information about
required computational domain sizes and temporal development length. This
gives an understanding about the ramifications regarding experiments. Besides
the documentation of the set-up, an insight into the turbulence statistics and
different proposed scaling laws is given.

The thesis has the following structure. The used numerical methods are
outlined in Chapter 2. Chapter 3 deals with boundary layers with pressure
gradients in general before introducing the reader to the special cases considered
in Papers 3 and 4. Also a method to determine the edge of the boundary layer is
introduced, which is further discussed in Paper 2. Chapter 4 is about boundary
layers exposed to suction. A short summary of the papers included in the thesis
is given in Chapter 5. Finally, conclusions to the analysed flow cases are drawn
and an outlook to future work is given in Chapter 6.



4 1. Introduction

500 1000 1500 2000

x

1

1.5

β

U∞

500 1000 1500 2000

x

1

1.5

β

U∞

500 750 1000

x

1

20

50

80

β

Figure 1.1: The sketches visualise the flow over a flat plate with different free-
stream velocities U∞ and the flow over the suction side of a wing-section together
with the associated non-constant and constant pressure gradient distribution
(in terms of the Clauser pressure-gradient parameter).



Chapter 2

Numerical method

For the computations throughout the thesis the pseudo-spectral solver SIMSON
(Chevalier et al. 2007) has been used, which is an in-house code that is contin-
uously further developed at KTH Mechanics. The code is written in Fortran
77/90 and solves the Navier–Stokes equations in velocity-vorticity formulation
for incompressible channel and boundary-layer flows. Spectral methods are
in general characterised by their high accuracy compared to finite-element or
finite-difference discretisation methods but they are limited to simple geome-
tries. Similar to the algorithm for channel flows by Kim et al. (1987), the
streamwise and spanwise directions are discretised by Fourier series, while the
wall-normal discretisation is based on an expansion in Chebyshev polynomials.
Aliasing errors are removed using the 3/2 rule in wall-parallel directions. A
third-order four-step Runge–Kutta method is used for the time advancement of
the non-linear terms and a second-order Crank–Nicolson method is used for the
linear terms. The first method is explicit and is therefore suitable for solving
the advective, rotation and forcing terms. Using the implicit Crank–Nicolson
method for those non-linear terms would have meant solving a non-linear equa-
tion system, instead an explicit scheme is used for simplicity. However, the
diffusion terms can be discretised with an implicit method, since an explicit
scheme would limit the time step severely.

This code allows to perform either direct numerical simulations (DNS)
or large-eddy simulations (LES). In DNS all time and length scales are fully
resolved, which leads to high computational costs in turbulent flows due to
the large range of excited scales. In LES only the largest scales are fully
resolved, while the smallest unresolved length and times scales are described by
different sub-grid scale (SGS) models. Throughout this thesis the approximate
deconvolution relaxation-term model (ADM-RT, see Schlatter et al. 2004) was
used when performing LES. In this model the SGS force acts directly on the
resolved velocity components ui,

∂τij
∂xj

= χHN ∗ ui, (2.1)

where χ = 0.2 is the model coefficient and is related to the time step of
integration 1/Δt. HN is a high-order filter with a cut-off frequency of ωc ≈ 0.86π.
Consequently the large, energy-carrying scales are not influenced, while only

5



6 2. Numerical method

the small scales are affected by the model. The symbol ∗ denotes a convolution
and the overbar (·) the implicit grid filter due to the lower resolution in the
LES. Note that throughout the thesis the streamwise, wall-normal and spanwise
directions are denoted with x, y, and z and the velocity components in the
respective directions with u, v, and w. Small letters denote the instantaneous
quantities, while capital letters describe the mean quantities averaged over
the sampling time of the statistics. The ADM-RT model has been found to
provide very good estimations of the drain of kinetic energy due to the smallest
unresolved scales. In the studies by Schlatter et al. (2010), Eitel-Amor et al.
(2014) and Bobke et al. (2016a), Paper 1, it has been shown that the resulting
mean flow, Reynolds stresses and even the various terms of the turbulent kinetic
energy (TKE) budget are very well described by the LES using the ADM-RT
model in comparison to the fully-resolved statistics from the DNS. There is
the possibility of speeding-up the computations when running the code with
distributed memory (MPI) or shared memory (OpenMP). Both parallelisation
techniques were applied in the present thesis. Using MPI, one can choose
between 1D and 2D parallelisation. In 1D parallelisation the main storage is
distributed only in z direction, while the whole field is distributed in both x
and z direction among the different processors in 2D parallelisation (Li et al.
2009). The latter gives the possibility to use more processors than just the same
amount as the number of collocation points in z direction.

In this thesis LESs of turbulent boundary layers developing over a flat plate
were performed at high Reynolds numbers. High Reynolds numbers lead to
the appearance of large structures, which need space to develop without being
constraint. Large structures require also long sampling times for convergence.
LESs were chosen to keep the computational costs low, which are caused by
large domain sizes and long computational times. The largest computed domain
size was 3000× 180× 320 (based on the displacement thickness δ∗) in x, y and
z, respectively, for the APG TBL discussed in §3 and 1620 × 703 × 810 for
the TASBL in §4. General resolutions for LES were reported by Choi & Moin
(2012) to be in the range of Δx+ = 50− 130, z+ = 15− 30 and 10− 30 points
below y+ < 100. The Reynolds number of boundary layer flows is defined as
Re = U∞δ∗/ν, where U∞ is the undisturbed streamwise free-stream velocity,
δ∗ the displacement thickness of the undisturbed streamwise velocity and ν the
kinematic viscosity. All simulation parameters are based on U∞ and δ∗ taken
at x = 0 and t = 0.

The code can solve for spatial and temporal developing boundary layers.
In the first case, the boundary layer develops and grows in the streamwise
direction, while in the latter the flow field is homogeneous in streamwise and
spanwise directions, and the boundary layer develops in time until it is fully
developed and the flow is statistically stationary. Spatially developing boundary
layers are investigated in §3 and temporally developing boundary layers are the
subject of §4.
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Figure 2.1: Sketch of the boundary-layer thickness δ99 (solid) growing down-
stream in the physical domain Lx×Ly. The start of the fringe region is denoted
with the vertical line. By forcing within the fringe region, δ99 is reduced and
the flow profile is returned to the desired inflow profile.

In order to satisfy periodic boundary conditions in x and z even for spatially
developing boundary layers, which is necessary for the Fourier discretisation, a
fringe region was introduced at the end of the computational domain (Figure 2.1).
Within the fringe region the flow is forced back to the initial inflow condition. In
the case of the flow discussed in §3 this means that the fully-turbulent outflow
is forced back to a laminar Blasius inflow profile. An extended explanation of
the details of the forcing procedure is given in Nordström et al. (1999) and
Chevalier et al. (2007). In temporally developing boundary layers this fringe
region is not needed, since the domain is periodic in x and z.

All the simulations are initiated by considering a laminar profile as initial
condition. In the flow case in §3 the inflow profile is a laminar Blasius profile at
x = 0. The flow is tripped (Schlatter & Örlü 2012) at x = 10 and transitions
thereafter into turbulent flow. In the flow case in §4 the initial laminar suction
profile at t = 0 undergoes transition to turbulence, forced by means of localised
perturbations, which are small at the beginning of the simulation and are
growing fast once the computations have been started. Another method to
generate the inflow conditions, would be to use the Lund recycling method
(Lund et al. 1998).

In both flow cases (§3, §4) no-slip conditions were applied at the wall, while
different boundary conditions were described at the top of the computational
domain. A Dirichlet boundary condition was chosen for the turbulent asymptotic
suction boundary layer flow discussed in §4. The velocity vector at the upper
boundary was directly set to

(u, v, w)

����
y=Ly

= (U∞,−V0, 0). (2.2)

The wall-normal velocity is set to be equal to the suction velocity V0 at the wall,
even though only the mean wall-normal velocity has to be the same to preserve
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mass flux. In turbulent boundary layers with streamwise pressure gradients, as
in §3, a Neuman boundary condition was applied. In this case the wall-normal
velocity gradients of the streamwise and spanwise components were set to

∂u

∂y

����
y=Ly

=
∂w

∂y

����
y=Ly

= 0. (2.3)

The wall-normal derivative was then obtained from the continuity equation and
expressed as:

∂v

∂y

����
y=Ly

= −∂U∞
∂x

. (2.4)

A more detailed description and details about the implementation of the men-
tioned boundary conditions can be found in Chevalier et al. (2007). In the
following chapters the two different boundary layer flows are described, in which
the aforementioned conditions were applied.



Chapter 3

Boundary layers with pressure gradients

Zero-pressure-gradient turbulent boundary layers have been studied extensively
and a great understanding about the turbulent structures and transports has
been gained during the years. Another canonical case is the TBL with a non-
uniform free-stream velocity distribution U∞(x), e.g. pressure-gradient TBLs.
These flows are of great importance in a wide range of industrial applications,
such as the flow around an airfoil or inside a diffuser. The flow around an airfoil
can be investigated by imposing the respective pressure gradient distribution
on the flow developing over a flat plate. Due to its complexity this case is still
inconclusive, even though it was subject of studies already in the beginning
of the 20th century. In order to understand the latest advances presented in
this thesis, the flow case is introduced with the governing equations and the
significant parameters in the following chapter starting from the laminar flow.

3.1. Laminar boundary layers with pressure gradients

For the case of a steady two-dimensional laminar boundary layer that forms on a
semi-infinite plate the boundary-layer equations can be obtained by simplifying
the Navier–Stokes equations. In a scaling analysis that was proposed by Prandtl
(1904), one term in the streamwise momentum equation can be neglected in
boundary-layer flows by keeping the terms up to the order of (δ/L)2, where δ
and L are the boundary-layer length scales in the wall-normal and streamwise
directions, respectively. In the wall-normal momentum equation only the
pressure term remains. The wall-normal boundary-layer scale δ(x) =

�
xν/U∞

is obtained from the scaling analysis and is proportional to the boundary-layer
thickness for a given streamwise location. Consequently, a steady incompressible
boundary-layer flow can be described by the reduced continuity and momentum
equations as follows,

∂u

∂x
+

∂v

∂y
= 0, (3.1a)

u
∂u

∂y
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

∂2u

∂y2
, (3.1b)

0 =
∂p

∂y
. (3.1c)

9



10 3. Boundary layers with pressure gradients

The solution to this set of equations depends on the external pressure
gradient in the streamwise direction dp/dx, which is directly connected to
the free-stream velocity distribution U∞(x) through Bernoulli’s principle. In
boundary-layer flows the pressure distribution is constant in wall-normal direc-
tion (see equation (3.1c)), hence the streamwise pressure distribution is only
described by the pressure on the surface of the plate. According to the no-slip
conditions, the velocity components become zero on the surface of the flat plate
and the streamwise pressure gradient can be obtained from equation (3.1b) as
the second derivative of the streamwise velocity component at the wall position
as

µ
∂2u

∂y2

����
y=0

=
dp

dx
. (3.2)

For the case of a ZPG boundary layer with dp/dx = 0 the second derivative
of the streamwise velocity component is equal to zero. However, in the presence
of external pressure gradient along the streamwise direction the velocity distri-
bution is altered correspondingly. In the case of a pressure gradient larger than
zero dp/dx > 0, the second wall-normal derivate of the streamwise velocity is
positive close to the wall and the flow close to the surface decelerates by facing
higher pressure flow when progressing downstream. The velocity profile appears
less full and a thicker boundary layer is formed compared to the case without
a pressure gradient. This case is called the adverse pressure gradient (APG),
since the pressure distribution is acting in the adverse direction compared to the
development of the boundary-layer flow. For high adverse pressure gradients,
the strong deceleration of the flow close to the surface forces the flow direction to
turn around, and as the wall shear stress becomes zero the flow separates from
the wall. On the other hand, when the flow close to the surface is accelerated,
the pressure gradient is found to be lower than zero, dp/dx < 0, and the second
wall-normal derivative of the streamwise velocity is negative. Consequently
a fuller velocity profile is obtained compared to the ZPG case resulting in a
thinner boundary-layer thickness. This case is denoted as the favorable pressure
gradient (FPG), since the pressure distribution is in favor of the flow direction.

In laminar flows, where the boundary-layer approximation is valid, a simi-
larity solution to the boundary-layer equations was proposed by Blasius (1907)
for ZPG conditions, which was later generalised for PG cases by Falkner & Skan
(1931). They demonstrated, that the solutions to the boundary-layer equations
are self-similar, when the free-stream velocity is following the power law

U∞ = Cxm, (3.3)

where C is a constant and m the power-law exponent, which is also often
denoted as the Falkner–Skan acceleration coefficient. Here m = 0 corresponds
to the ZPG case, and m < 0 and m > 0 to APG and FPG cases, respectively.
The similarity solutions can be written as

f
���
+

m+ 1

2
ff

�� −mf
�2 +m = 0, (3.4)
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Figure 3.1: Falkner–Skan solution for different values of the exponent m. In
the direction of the arrow: m = −0.08, −0.04, 0, 0.08, 0.16.

with the unknown dimensionless function f(η) and its derivatives with respect to
the similarity parameter η = y/δ(x). The wall-normal profile of the streamwise
velocity is obtained as U = U∞(x)(df/dη). Equation (3.4) can be solved
numerically using no-slip and free-stream conditions defined respectively as
f(0) = f

�
(0) = 0 and f

�
= 1 for η → ∞. Figure 3.1 shows the Falkner–

Skan similarity solution for a range of Falkner–Skan acceleration coefficient m
covering APG, ZPG and FPG cases. For m = −0.0904, where the solution to
equation (3.4) gives f

��
(0) = 0, the wall shear stress vanishes and the boundary

layer separates from the surface. Although a solution to the self-similarity
equation still exists for m = −0.0904, the boundary layer approximations are
no longer valid and the resulting solutions are not representing the boundary
layer.

The Falkner–Skan similarity solutions can also be expressed in terms of
the Hartree parameter β H with m = β H/(2− β H) (Hartree 1937). With values
0 < β H < 1 the solutions correspond to the flow around a wedge. The relation
between β H and m can be determined from the potential flow solution of such
a flow. Based on the Falkner–Skan similarity solution, Clauser (1956) defined
the self-similarity parameter

β = δ ∗(dp/dx)/τw, (3.5)

where τw the wall shear stress and dp/dx the streamwise pressure gradient.
The dimensionless velocity profiles U/U∞ are identical and Reynolds-number
independent, when β is held constant. This parameter is widely used and
referred to as the Clauser parameter.
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3.2. Turbulent boundary layers with pressure gradients

For turbulent flows the velocity field can be written as u = U + u
�
by using the

Reynolds decomposition, where U is the mean velocity and u
�
the fluctuating ve-

locity. By employing this decomposition technique the Navier–Stokes equations
for the turbulent boundary layer can be written as Reynolds-averaged Navier–
Stokes equations, which can be reduced by scaling analysis to the turbulent
boundary layer approximation:

U
∂U

∂y
+ V

∂U

∂y
= −1

ρ

∂P

∂x
+ ν

∂2U

∂y2
− ∂

∂y
�u�

v
��, (3.6a)

0 =
∂P

∂y
, (3.6b)

with �u�
v

�� being the Reynolds stress and �·� denoting the average over time and

in homogeneous direction. From now on (·)� will be omitted in the Reynolds-
stress tensor for notation simplicity. The averaged equation system (3.6) contains
more unknowns (U , V , P , �uv�) than the number of equations to solve them.
This is known as the turbulence closure problem. Note, that the turbulence
closure problem appears not only in the approximated turbulent boundary layer
equations, but also in the Reynolds-averaged Navier–Stokes equations.

3.2.1. The near-equilibrium

A strict definition of equilibrium in turbulent boundary layers is given by
Townsend (1956). This definition requires the mean flow field and the Reynolds-
stress tensor to be independent of the streamwise position, when scaled with the
local velocity and length scales. However, only in the sink flow this condition
was shown to be satisfied (Townsend 1956). A less restrictive near-equilibrium
condition was defined by supposing the greater part of the equilibrium layer to
be satisfied. The near-equilibrium condition is fulfilled when the mean velocity
defect U∞ − U is self-similar in the outer region. Townsend (1956) and Mellor
& Gibson (1966) claimed that near-equilibrium can be obtained, when the
streamwise free-stream velocity distribution is following the power law of the
form

U∞(x) = C(x− x0)
m, (3.7)

with C being a constant, m the power-law exponent and x0 the origin of the
near-equilibrium region. The near-equilibrium condition was found to be limited
by the strength of the pressure gradient (Townsend 1956). While all FPG TBLs
are in near-equilibrium, when the U∞ distribution is described by the power law,
the condition is only satisfied for power-law exponents of values −1/3 < m < 0
in decelerating TBLs. In the study by Skote (2001) the power law is formulated
in a slightly different way, but equation (3.7) can be obtained easily from it:

U∞(x) = U∞,0

�
1− x

x0

�m

. (3.8)
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While the Hartee parameter β H , based on the Falkner–Skan equations,
is only valid in laminar flows, the Clauser parameter β , equation (3.5), can
also be applied in turbulent flows to describe the pressure distribution. A
correlation between the exponent m and the Clauser parameter β in turbulent
flows was obtained through the linear analysis by Tennekes & Lumley (1972) on
self-similar boundary layers, i.e. β ≈ constant . There the integral momentum
equation was linearised by assuming the velocity defect to be of the order of
the friction velocity uτ , which becomes the same as assuming the shape factor
H12 = δ∗/θ equal to unity (where θ is the momentum-loss thickness) with
uτ/U → 0. The exponent m is expressed by β as

m = − β

1 + 3β
. (3.9)

Since a shape factor equal to unity is an unrealistic approximation, a non-linear
analysis was performed in Skote et al. (1998). The investigation was motivated
by finding a correlation, which is not restricted by asymptotically high Reynolds
numbers as it has been shown for equation (3.9). The logarithmic friction law
U∞/uτ = 1

κ lnReδ∗ + C (with the Kármán constant κ, the Reynolds number
based on the displacement thickness Reδ∗ and C the additive constant) grows
very slowly, when the argument is large. Hence, the logarithmic function is
kept constant uτ/U ≈ constant for moderately high Reδ∗ , instead of converging
towards zero uτ/U → 0. The correlation between m and β can then be obtained
as

m = − β

H12(1 + β) + 2β
, (3.10)

where equation (3.9) is obtained by setting H12 to unity.

3.2.2. General features and history effects

In the first part of the thesis the focus is on adverse pressure gradients imposed
on a turbulent boundary layer. The impact of the APG was the subject in
many experimental and numerical studies (see e.g. Spalart & Watmuff 1993;
Sk̊are & Krogstad 1994; Na & Moin 1998; Skote 2001; Lee & Sung 2008; Harun
et al. 2013; Gungor et al. 2014, to mention a few). In APG TBLs the flow
becomes more unstable and turbulence intensity is enhanced. Along with the
deceleration of the mean velocity field, the boundary-layer thickness increases
and the wall-shear stress is reduced.

History effects play an important role in the development of TBLs. In
this thesis (Bobke et al. 2016b, Paper 3, and Paper 4) the impact of the
development history on the stage of the boundary layer flows were investigated.
Only by considering this, the effect of the APG on the TBLs can be assessed
properly to facilitate the search for adequate scaling laws. The latter is the
subject of future investigations.

Well-resolved large-eddy simulations were performed in a TBL developing
over a flat plate. At the top of the domain a decelerating velocity profile U∞(x)
was imposed to describe the APG according to equations (3.7) and (3.8). The
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Case Reynolds number range m β
m13 700 < Reθ < 3515 -0.13 [0.86; 1.49]
m16 710 < Reθ < 4000 -0.16 [1.55; 2.55]
m18 710 < Reθ < 4320 -0.18 [2.15; 4.07]
b1 670 < Reθ < 3360 -0.14 1
b2 685 < Reθ < 4000 -0.18 2

Table 3.1: List of APG datasets obtained in the present thesis, including
their Reynolds-number range (based on θ), power-law exponent and Clauser
parameter.

full description of the set-up is given in Paper 3. Five near-equilibrium APG
TBLs were studied, defined by different power-law exponents m and virtual
origins x0 as listed in Table 3.1. The cases are divided into non-constant β
(m13, m16, m18) and constant β cases (b1, b2). The constant β cases allow
to characterise Re-effects in a certain pressure-gradient configuration. The
streamwise distribution of the skin-friction parameter cf = 2(uτ/U∞)2 and β
of the different APG TBL cases are shown in Figure 3.2. Additionally, the cf
evolution of a ZPG TBLs (Schlatter et al. 2009) is shown for comparison. As
observed in Figure 3.2(a), the values of cf are lower in APG TBLs than in the
ZPG TBL, due to the reduced velocity gradient at the wall. Note, that in this
study the power law was applied for streamwise positions x > 350 following a
region of ZPG, denoted by the dashed line. Consequently, cf is the same in
all cases for x < 350. In the range 350 < x < 500 similar cf distributions are
reached for the various APG cases, whereas for larger downstream positions the
evolution is strongly influenced by the strength of the pressure gradient. The
similar behaviour in 350 < x < 500 implies, that the boundary layer needs a
certain streamwise distance to adapt to the imposed APG conditions. Hence,
when the APG is imposed in the free-stream, its effect in cf is reflected at the
wall further downstream. Stronger APGs are associated with lower skin friction
in the TBL. The influence of the fringe in the form of increasing cf can be
observed for x > 2300 in case m13 and b1, whereas for the stronger PG cases
(b2, m16) the upstream effect of the fringe region can be noticed at x = 2200
and even before for m18 at x = 2000. The region, influenced by the fringe,
is non-physical and is therefore discarded from the analysis. The value of β
tends to decrease over the box length for cases m13, m16 and m18 Figure (see
3.2(b)). The region of constant β extends over 37δ99 in case b1 and over 28δ99
in case b2. The overbar denotes the average of the boundary-layer thickness δ99
over the constant region. Compared to the constant region of β presented in
Kitsios et al. (2015), the constant region here is 2 to 3 times larger, however,
the Reynolds-number range is lower in b1.

The influence of the development history is discussed in Paper 4 comparing
the recently introduced cases (Table 3.1). To extend the investigation on the flat
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Figure 3.2: (a) Streamwise distribution of the skin-friction coefficient cf for
non-constant β -cases (m = −0.13: green, m = −0.16: blue, m = −0.18: purple;
Bobke et al. 2016b, Paper 3), constant β -cases (β = 1: orange, β = 2:
brown, Paper 4) and one ZPG TBL (Schlatter et al. 2009, black). (b) Clauser
parameter β as a function of the streamwise position x for non-constant β -
cases and constant β -cases. The red curve is the data on the suction side of a
wing (Hosseini et al. 2016).

plate, the influence of the curved surface is also studied by taking into account the
data of the flow on the suction side of a NACA4412 wing section (Hosseini et al.
2016). Figure 3.3 shows the mean velocity profile and the single components of
the Reynolds-stress tensor scaled by the friction velocity uτ and the local length
scale l∗ = ν/uτ of case m18 and the wing at matched friction Reynolds number
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Figure 3.3: (a) Inner-scaled mean velocity profile and (b) variation of the
Reynolds stresses �uu�+ (solid), �vv�+ (dashed), �ww�+ (dot-dashed) and �uv�+
(dotted) of the flat-plate case m18 (purple), wing (red, Hosseini et al. 2016)
and ZPG TBLs (black, Schlatter et al. 2009) at Reτ = 367 and β = 2.9.
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Reτ = 367 and matched β = 2.9. Additionally, the ZPG case by Schlatter et al.
(2009) is shown at matched Reτ . The comparisons are performed at matched
Reτ , since it was observed that the Reynolds numbers based on integral length
scales, such as Reδ∗ or Reθ, are strongly influenced by the pressure gradients.
The friction Reynolds number is determined by the ratio of the outer to the
inner length scales and has therefore found to be suitable for the comparison.
The viscous sublayer seems to be independent of the pressure gradient. In the
mean velocity profile a difference in the slope of the logarithmic region can be
noticed in the APG cases compared to the ZPG. This was also reported by
Nagib & Chauhan (2008), and might be due to the larger scales dominating in
the logarithmic region. The impact of the APG in the outer region is obvious
with a more dominant wake than in ZPG. This was also reported by Monty et al.
(2011) and was associated with the stronger energetic structures in the outer
region. The effect of the APG is more pronounced in the case with the β -history
from the flat-plate (m18), as compared to the wing. As mentioned before and
clearly shown in Figure 3.3(b), the variance of the Reynolds stresses increases
in APG flows. The position of the inner peak in the streamwise component is
invariant around y+ = 15. In the outer region a second peak appears (Sk̊are
& Krogstad 1994; Monty et al. 2011) emerging in all the components of the
Reynolds-stress tensor. The amplitude of the Reynolds stresses is higher in the
flow over the flat plate than in the wing case, which is again connected with the
more energetic outer region. It is interesting to note that the inner peak in the
streamwise fluctuations is around the same value for both APG TBLs, despite
the large difference in the outer region. In Eitel-Amor et al. (2014) the effect of
the LES on the resolved Reynolds-stress tensor was reported to be around 4%
in ZPG TBLs. It can be argued, that the inner-peak would be higher for m18
than in the wing if a DNS had been performed.

The importance of the β (x) history was shown. In m18, β increases from 2
up to 2.9 and increases further up to values around 4 before it decreases towards
the end of the box. Over the curved surface case β is initial zero and rises
quickly up to 2.9. The effect is significant as shown above. In m18 the most
energetic structures in the outer region have been exposed to a stronger APG
throughout the boundary-layer development resulting in the more pronounced
wake region in the mean velocity profile and outer peak in the Reynolds stresses.

In Paper 4 another interesting fact was found, when comparing the non-
constant β case m16 to the constant β case b2 at matched β and Reτ values. In
that comparison the mean velocity and Reynolds-stress profiles were collapsing
and a similar distribution of the kinetic energy was reported. It is suggested,
that in this particular configuration the APG TBL becomes independent of
its initial upstream development, and converges towards a certain state. This
canonical APG state is characterised by β and Reτ . To finally prove this
point, further analysis at higher Reynolds numbers and wider range of pressure
gradients has to be performed.
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3.3. Determination of the boundary-layer edge

In internal flows, as the channel flow, the outer length scale is determined by
the geometry, however, the determination of these scales is known to be more
difficult in external flows, as the flow over a flat plate or over a wing (Rotta
1953). For these flows, a classical method to determine the edge of the boundary
layer is to define it as the wall-normal location where the velocity gradient
vanishes. The problem with this method is that, unlike the ZPG cases, the
velocity gradient is not necessarily vanishing in the free-stream for boundary
layers with PG.

An alternative approach to determine the boundary-layer edge is the method
of using the concept of the composite velocity profile, which is essentially a
linear combination of the law of the wall and the law of the wake. This method
can also be applied when near-wall parameters are not available as it is often
the case for experimental data, where it is difficult to measure in the region
very close to the wall in order to determine the near-wall parameters. In the
recent studies by Nickels (2004) and Chauhan et al. (2009), two new composite
profiles are proposed. The one proposed by Nickels (2004) was developed in
particular for PG TBLs, and the one by Chauhan et al. (2009) was applied
to several canonical wall-bounded turbulent flows. The problem with using
the composite profiles is that they often assume the classical law to be valid
and a two layer structure of the boundary layer exists (Vinuesa et al. 2016,
Paper 2). However, for low-Reynolds-number cases or in the presence of strong
pressure gradients it has been shown that a pre-preparation, including initial
estimations of fitting parameters and data truncation, is needed to apply the
composite-profile method.

In order to overcome the difficulties with the aforementioned methods,
an alternative method was suggested by Vinuesa et al. (2016), Paper 2, for
the determination of the boundary-layer edge, which can be applied on both
experimental and numerical data. This method is based on the concept of the
diagnostic plot proposed by Alfredsson et al. (2011) and has been shown by
Vinuesa et al. (2016), Paper 2, to be a robust technique. In the diagnostic plot
the streamwise Reynolds stress component normalized by the mean velocity U is
plotted against the mean velocity normalized by U∞. A good scaling was found
in ZPG TBLs over a wide range of Reynolds numbers (Alfredsson et al. 2011),
which can be extended to PG TBLs as shown in Figure 3.4(a), when accounting
for the shape factor H12. The turbulence intensities vanish in the free-stream, in
terms of

�
�uu�/(U√

H12) → 0 for y/δ → ∞. Since the boundary-layer edge δ99
is defined as the location where U/U∞ = 0.99, one can read the corresponding
conditions for the turbulence intensities directly from Figure 3.4(a). For all
streamwise locations and all strengths of PGs (including ZPG), it can be seen
that the edge of the boundary layer corresponds to the location, where the
turbulence intensities reach a value of

�
�uu�/(U√

H12) = 0.02 (Vinuesa et al.
2016, Paper 2).
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Figure 3.4: APG data β = 1 presented in Paper 3 covering a range of 685 <
Reθ < 4000. (a) Streamwise Reynolds stress non-dimensionalised by the mean
velocity U and the shape factor H12 over the mean velocity non-dimensionalised
by the edge velocity U∞. The dashed lines correspond to U/U∞ = 0.99 and�
�uu�/(U√

H12) = 0.02. (b) Inner-scaled mean velocity profiles at three
different downstream positions Reτ ≈ 450, 600, 725. The cross symbols depict
the edge of the boundary layer using the methods based on the composite
profiles by Chauhan et al. (2009) (green) and Nickels (2004) (red) and on the
diagnostic-plot concept (blue).

In Figure 3.4(b) mean velocity profiles of a APG TBL with β = 1 are
shown at different streamwise positions corresponding to Reτ ≈ 450, 600, 725
(Bobke et al. 2016b, Paper 3). The cross symbols in Figure 3.4(b) depict
the boundary-layer thickness for each case according to the composite profiles
by Nickels (2004) and Chauhan et al. (2009), and the method based on the
diagnostic-plot concept by Vinuesa et al. (2016), Paper 2. A good agreement
between the methods was found.

Without a pre-preparation the composite profiles would not result in smooth
mean velocity profiles and the corresponding boundary-layer thickness would
differ, in particular for stronger pressure gradient cases as well as for very low
Re cases. Due to the particular formulation of the wake function, which is not
general enough to describe the wake in flows with strong pressure gradients,
the velocity profiles are not fully represented. The diagnostic-plot concept
leads to consistent results in mild and strong pressure gradients as discussed in
Vinuesa et al. (2016), Paper 2. It can be concluded, that the new method is a
robust and practical method, which can easily be applied also on experimental
data, since only the streamwise mean velocity and its turbulence intensity
are necessary to determine the boundary-layer edge. An additional advantage
is, that the diagnostic-plot method determines the location where the mean
streamwise velocity reaches 99% of U∞ directly, while the composite profiles
determine the locations δ95 and δ100 and have first to be extrapolated to δ99
which is the most common value when comparing boundary-layer thicknesses.



Chapter 4

Asymptotic suction boundary layers

In the previous chapter the family of self-similar Falkner–Skan profiles was
discussed. A special case of this family of profiles is the Blasius boundary layer.
In this case the exponent m in equation (3.3) is zero, consequently several
terms can be omitted. This flow is a zero-pressure-gradient (ZPG) boundary
layers since there is no streamwise pressure gradient accelerating/decelerating
the boundary layer. A modification of the boundary layer is e.g. possible
by applying suction through small holes uniformly distributed over the flat
plate. The following chapter introduces ZPG boundary layers developing over
a permeable surface both under laminar and turbulent conditions. A more
detailed discussion of the turbulent flow case is given by Bobke et al. (2016a),
Paper 1.

4.1. Laminar asymptotic suction boundary layer

Flow control is subject of a large number of studies since many decades, e.g.
those aiming for the extension of the laminar region to reduce the skin-friction
drag (e.g. Griffith & Meredith 1936). One way of preventing the growth of
a boundary layer and delaying transition is to remove mass such as through
suction. Besides suction through individual slots, uniform suction is a common
method to oppose the evolution of the boundary layer as in the studies by
Trip & Fransson (2014) and Khapko et al. (2016). While the boundary layer
is developing over the flat plate, the mass flow is reduced by removing flow
uniformly in wall-normal direction, where the wall-normal velocity is constant
V = −V0. In the boundary layer two controversial mechanism are occurring:
one is the increase of the boundary-layer thickness over the streamwise direction,
due to friction, and the other one the reduction of the boundary-layer thickness
due to removing fluid in wall-normal direction. These two mechanism (growing
and reducing thickness) are working against each other and can lead to a state in
which the boundary layer is prevented from further growing and the boundary-
layer thickness remains constant traveling downstream. This is the so-called
asymptotic state. Figure 4.1 shows a sketch of the boundary layer approaching
the asymptotic state over a flat plate. The boundary layer is growing as usual
along the streamwise direction. When reaching the asymptotic state further
downstream, the boundary-layer thickness stays constant and the streamwise
velocity U is no longer a function of the streamwise position. Through the

19
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continuity equation (equation (3.1a)) also the wall-normal velocity is set to
be constant and the streamwise component of the Navier–Stokes equation
(equation (3.1b)) can then be rewritten to

− V0
dU

dy
= ν

d2U

dy2
, (4.1)

with U(x, 0) = 0, U(x,∞) = U∞ and the non-zero wall-normal velocity
V (x, 0) = −V0. An analytical solution can be found for the streamwise velocity,
which is only dependent on the wall-normal position. This is the equation
for the asymptotic suction boundary layer (ASBL), first shown by Griffith &
Meredith (1936),

U(y) = U∞

�
1− exp

�−yV0

ν

��
. (4.2)

With this definition of the streamwise velocity, the displacement thickness can
then be derived as

δ∗ =

� ∞

0

�
1− U(y)

U∞

�
dx = − ν

V0
(4.3)

and the momentum-loss thickness as

θ =

� ∞

0

U(y)

U∞

�
1− U(y)

U∞

�
dx = − ν

2V0
. (4.4)

The shape factor of the laminar asymptotic suction boundary layer is conse-
quently H12,ASBL = 2. Utilizing the relation for the displacement thickness,
the Reynolds number Re can be given as the ratio between the free-stream
velocity and the suction velocity

Re =
U∞δ∗0
ν

=
U∞
V0

. (4.5)
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Figure 4.1: Sketch of a boundary layer developing over a flat plate with suction
showing its coordinate system and notation. The asymptotic state is established
at the end of the domain. The arrow indicates the flow direction.
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From this point onwards the laminar displacement thickness is referred
to as δ∗0 . In the present study U∞ is used as a characteristic velocity scale,
therefore Re is also called the inverse of the suction rate.

In an ASBL the skin friction is fixed by the suction rate. This property
can be found from solving the integral momentum equation. The skin friction
coefficient cf is independent from the viscosity and can be written as

cf =
τw

1/2ρU2∞
= 2

�
uτ

U∞

�2

=
2

Re
. (4.6)

The exact solution of the boundary layer with suction goes back to Griffith
& Meredith (1936) and Iglisch (1944). The existence of an asymptotic state
and consequently the experimental confirmation of the theory was shown by
Kay (1953). With uniform suction applied over the whole surface of a flat plate,
the boundary-layer thickness remained constant in the laminar boundary layer.

Rheinboldt (1956) studied the suction/blowing boundary layer when suc-
tion/blowing was applied over a finite length of the plate. He discovered
that the boundary layer separates beyond a specific downstream length x =
0.7456 U∞ν/V 2

0 , when blowing is applied. For strong blowing, the boundary
layer separates earlier than for small blowing velocities.

In the last decades several studies were performed to investigate the effect of
suction on the flow structures. It was shown experimentally and numerically, that
in the presence of wall suction, the growth of large disturbances is suppressed
and the transition from laminar to turbulent flow is delayed or even prevented
(among others, see Fransson & Alfredsson 2003; Khapko et al. 2014, 2016).

4.2. Turbulent asymptotic suction boundary layer

While the previous section introduced the asymptotic state in a laminar bound-
ary layer exposed to suction, the present section focuses on the turbulent case.
While Kay (1953) was the first one to show the existence of an asymptotic state
in laminar boundary layers, he was not able to prove the same for the turbulent
case. A few years later, Dutton (1958) could find a streamwise-invariant value of
Reynolds number, based on the momentum-loss thickness, Reθ for one specific
suction rate and attributed this to the existence of a turbulent asymptotic
suction boundary layer. However, no general asymptotic solution could be
established as for the laminar boundary layer. For the turbulent asymptotic
suction boundary (TASBL) the same definitions based on the laminar integral
quantities, as in equations (4.5–4.6), are valid. There have been experimental
and numerical studies (cf. Antonia et al. 1994; Chung & Sung 2001; Mariani
et al. 1993) about the influence of suction on the turbulent structures. It was
Antonia et al. (1994), that found a clear reduction of the fluctuation amplitudes
in the near-wall region. They also stated that suction has not only a strong
effect on the structures close to the wall but also on the structures that reside
farther out in the boundary layer. The studies by Chung & Sung (2001) and
Chung et al. (2002) could confirm these results numerically. Note that none
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of these studies reached an asymptotic state under turbulent conditions. The
first numerically established TASBL was published by Mariani et al. (1993) at
one specific suction rate, giving further inside into higher–order statistics. A
recent experimental study by Yoshioka & Alfredsson (2006) reported a constant
momentum thickness θ. The small number of published studies circumstancing
the existence of an asymptotic state for TBLs, underlines the difficulty to sustain
a constant boundary layer and highlights the need for a detailed documentation
of the exact set-up and boundary conditions to establish such an asymptotic
state.

First simulations of a TASBL studying the influence of the size of the
computational box were performed by Schlatter & Örlü (2011). This study was
extended in Bobke et al. (2016a), Paper 1, by additionally considering the
temporal development length required to obtain a TASBL and the importance
of the correct choice of the box size was pointed out. Well-resolved large-eddy
simulations were performed using SIMSON in a periodic domain of a TBL
over a flat plate with uniform suction. Starting from an initial laminar profile
with displacement thickness δ∗0 , the BL undergoes transition and becomes
turbulent. The transition location is fixed through a localised vortex pair being
insignificantly small in the initial flow but growing quickly for t > 0. A sketch
of the coordinate system and the notation of the case is shown in Figure 4.2.
The flow field is homogeneous in streamwise and spanwise direction and the
TBL is developing in time. Turbulence statistics were investigated at different
suction rates in order to assess the effect of domain size and computational time
on the turbulent asymptotic state.

It is found that in the mean velocity profile (Figure 4.3) the near-wall region
up to the buffer region appears to scale irrespective of the domain size. While
the parameters of the logarithmic law decrease with decreasing suction rate
(increasing Re), the wake strength decreases with increasing spanwise domain
size and vanishes entirely once the spanwise domain size exceeds approximately

V0

z

y
x

*99
U 8

Figure 4.2: Sketch of a temporally developing asymptotic suction boundary
layer with its coordinate system and notation. The arrow is denoting the flow
direction.
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two boundary-layer thicknesses irrespective of Re. A similar decrease of the
wake has also been observed with increasing simulation time.

Besides the fact that the flow equilibrates in the presence of suction, i.e.
the boundary-layer thickness converges to a constant value, the appropriate
boundary-layer thickness becomes much thicker even for moderate Re, e.g. Re ≈
333, in comparison to the cases without suction. Therefore the computational
domain has to be chosen comparably larger in height to obtain an independent
wake region. For smaller Re, leading to thinner boundary layers, the flow will
relaminise as reported in Khapko et al. (2016) for Reynolds numbers below
Re = 270.

In Figure 4.4 the entire domain of the three-dimensional TBL is visualised
for two different instances in time. The blue and red coloured isosurfaces of
λ2 correspond to the negative and positive streamwise disturbance velocity,
respectively. The streamwise velocity u is projected on the sides in yellow-red
contours. In the left figure the TBL is shown at a time where the boundary
layer is still growing, while in the right figure the asymptotic state has been
established. The differences in boundary-layer thicknesses are obvious, which
is denoted by the black line and can also be seen in Figure 4.3(b). While flow
properties as Reτ or the shape of the mean velocity profile adapted fast to the
turbulent state, the statistical asymptotic boundary-layer thickness is reached
only after approximately 140 eddy turnover times. The eddy turnover time
is the time scale of the large eddies (vortical structures) defined by the ratio
of the boundary-layer thickness to the friction velocity ETT = δ99/uτ . The
visualisation of the asymptotic state discloses the large outer-scale structures
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Figure 4.3: a) Box-size dependence of mean streamwise velocity in inner scaling
U+. Grey lines indicate the linear and logarithmic profiles for turbulent bound-
ary layers with suction (Simpson 1967) with modified parameters and the arrow
indicates the growing box sizes. b) Boundary-layer thickness δ99 along time
with dashed lines indicating time instances for which the flow visualisations are
shown in Fig. 4.4.
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(a) (b)

Figure 4.4: Three-dimensional flow visualizations of the turbulent boundary
layer with uniform suction. Isosurfaces of the λ2 are depicted coloured in blue
and red corresponding to negative and positive streamwise disturbance velocity,
respectively. The white line is showing the boundary-layer thickness. (left)
Non-asymptotic TBL at a time corresponding to the red line in Fig 4.3(b);
(right) Asymptotic TBL corresponding to the green line.

compared to the ones in the still developing BL. At the same time small-scale
turbulent streaks can be noticed close to the wall, which have found to be less
influenced by the weakened large outer-scale streaks than it is the case without
suction.

Additionally, a spatial simulation was performed, in order to relate the
simulation results to wind-tunnel experiments, which indicate, that a truly
TASBL is practically impossible to achieve if suction is applied over the whole
plate including laminar and transition region. To what extent that situation
would change if suction is applied in the turbulent region is unclear, however it
is unlikely to shorten the adaptation length significantly as the final growth is
very slow.

A general description of the velocity profiles for a TASBL specifiably was
suggested by some studies (e.g. Rotta 1970; Piomelli et al. 1989): Rotta was
assuming, that the turbulent production and the viscous dissipation are in
equilibrium. The Prandtl mixing length, including a damping function, could
then be applied to the streamwise momentum. The mean momentum transport
near the wall is the integral of the boundary-layer equation for the streamwise
momentum

ν
dU

dy
− �uv� = τw

ρ
+ V0U (4.7)

with the wall shear stress
τw
ρ

= ν

�
dU

dy

�

W

. (4.8)

The Reynolds shear stress was approximated with reference to Van Driest (1956)
and a damping function was introduced to the mixing length as

− �uv� = (κy)2(1− exp(−y
�
u2
τ + V0U/(νA)))2

�
dU

dy

�2

. (4.9)
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Substituting equation (4.9) in equation (4.7), one can solve for dU/dy according
to

−b±
√
b2 − 4ac

2c
(4.10)

with a = −κ2y2(− exp(−y
�

u2
τ + V0U/(νA)))2, b = ν and c = u2

τ + V0U . The
gradient of the velocity profile is then

dU

dy
=

2(u2
τ + V0U)

ν +
�
ν2 + 4κ2y2[1− exp (−y

�
u2
τ + V0U/(νA))]2(u2

τ + V0U)
(4.11)

The parameters are chosen as κ = 0.4, A = 26 according to Van Driest (1956).

Piomelli et al. (1989) compared channel flows with and without suction
performing large-eddy simulations, where a new approximate boundary condition
was applied. Modified linear and logarithmic laws were derived for the mean
velocity profile according to Simpson (1967): The mean streamwise momentum
equation can be written as

(1 + �+T )
dU+

dy+
= 1 + U+V +

0 + p+y+, (4.12)

in case of suction and applying an eddy-viscosity model. (·)+ denotes the
dimensionless property scaled in plus units. �+T = −Reτ �uv�/(dU/dy) represents
the eddy diffusivity and p+ = (Δpδ)/(ReτρL1u

2
τ ) the pressure gradient. In

the zero-pressure gradient boundary layer the pressure gradient is negligible.
The first order differential equation (4.12) can be solved easily. First the
homogeneous part (dU+/dy+ − U+V +

0 = 0) was solved with the exponential
ansatz function Uhom = eλy. The particular solution can be found by the ansatz
variation of the constant Up = C(y)eλy. This results in the modified law close
to the wall, where the mean velocity profile can be described as

U+ = (1/V +
0 )(eV

+
0 y+ − 1) for y+ ≤ y+0 , (4.13)

and the modified log law farther away from the wall, where the mean velocity
is following

U+ = U+
0 +

�
1 + U+

0 V +
0

κ
log(

y+

y+0
) +

V +
0

4
[
1

κ
log(

y+

y+0
)]2 for y+ � y+0 . (4.14)

The velocity at the edge of the inner layer (y+0 = 11) is U+
0 = 11.

In Figure 4.5 the scaling laws for the mean velocity distribution obtained
by Rotta (1970) and Piomelli et al. (1989) are compared with the data of the
LES (together with the empirical log law with modified parameters). None
of the suggested profiles was able to describe the mean velocity distribution
throughout the whole boundary layer. However the near-wall region appeared
to scale irrespective to suction rate when using the modified linear law (Simpson
1967).
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Figure 4.5: Scaling laws for mean velocity distribution U+: comparison to the
LES data (solid black) at Re = 333, empirical log law with modified parameters
κ = 0.82, B = 9.2 (thick dark grey), Piomelli et al. (1989) (grey dashed), Rotta
(1970) (grey solid).



Chapter 5

Summary of papers

Paper 1

Simulations of turbulent asymptotic suction boundary layers

Turbulent asymptotic suction boundary layers have been studied numerically
focusing on the required domain size and development time. It is found that the
flow adapts quickly to the turbulent flow conditions, while the asymptotic state
(constant boundary-layer thickness) is only reached for very long integration
times. Clear marks of the non-asymptotic boundary layer, have been noticed
even in the first-order statistics as the mean velocity profiles and the single
components of the Reynolds stress tensor. A similar behaviour, was observed if
too small computational boxes were used. Surprisingly large friction Reynolds
numbers and inherited features of wall turbulence at numerically high Re are
also reported. Different scaling laws were discussed to describe the mean velocity
profile. The near-wall region appears to scale irrespectively of the choice of the
box, when using the modified linear and logarithmic law. However, the von
Kármán parameter and the log-law intercept were found to be dependent on
the Reynolds number. There is still a need for a better theoretical description
of the mean velocity profile and turbulence fluctuations in the suction boundary
layer.

Paper 2

On determining characteristic length scales in pressure gradient turbulent bound-
ary layers

Determining the edge of the boundary layer is problematic with the commonly
used methods, when the boundary layer is developing over a curved surface or is
exposed to large pressure gradients. This study compares three commonly used
methods. Two are based on composite profiles, whereas the third one on the
condition of vanishing mean velocity gradient. This was achieved using the data
of the flow around a NACA4412 wing section and also a zero-pressure gradient
boundary layer. An additional method is proposed based on the diagnostic plot
concept. While the commonly used methods lead to inconsistent results with
mild or moderate pressure gradients, the diagnostic plot was found to be a robust
method in a large range of pressure-gradient conditions. Moreover, this method
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is applicable to experimental and numerical data, since the boundary-layer edge
can be determined only with the data of the mean velocity and the streamwise
component of Reynolds-stress tensor.

Paper 3

Large-eddy simulations of adverse pressure gradient turbulent boundary layers

Turbulent boundary layers with adverse pressure gradients are studied numeri-
cally. An extended description of the exact set-up, including a comparison of
different inflow conditions and box sizes, for near-equilibrium boundary layers
is available. Different boundary conditions for the top boundary describing
the free-stream were tested and discussed. The impact of adverse pressure
gradients on turbulent boundary layers were shown in first-order statistics, e.g.
a more prominent wake region in the mean velocity profile or the occurrence
of a dominant second peak in the components of the Reynolds stress tensor.
Information about the energy transport are given by pre-multiplied energy
budget terms.

Paper 4

History effects and near-equilibrium in adverse-pressure-gradient turbulent bound-
ary layers

Near-equilibrium boundary layers with adverse pressure gradients are numer-
ically investigated. History effects are assessed comparing non-constant and
constant pressure-gradient conditions. The constant pressure gradient cases
allowed to characterise Reynolds-number effects. The study is extended by the
data of the flow around a NACA4412 wing section. This gave the possibility to
study the influence of a curved surface. Comparing first-order statistics and the
terms of the kinetic energy budgets gave an insight into the difference of stream-
wise development and transfer mechanism. The importance of the streamwise
development was pointed out. The wake region in the mean velocity profile
and the outer peak in the Reynolds stresses was found to be more pronounced
when the history is marked by stronger APGs. This results in more enhanced
energetic structures in the outer region. Besides this fact, the attention has been
raised to a canonical APG state. It was shown, that the boundary layer exposed
to a non-constant pressure gradient, converges to a certain state, which can be
characterised by the Clauser parameter and the friction Reynolds number. A
scaling for self-similarity was tested on the constant pressure-gradient cases,
but could not be confirmed.



Chapter 6

Conclusions and outlook

In this thesis, numerical methods were used to study two different types of
boundary layers. The first case scenario was the turbulent boundary layer
developing over a flat plate with varying free-stream velocity. The other type
also under analysis was the turbulent boundary layer exposed to uniform
suction leading to a constant boundary-layer thickness. Well-resolved LES were
performed for all simulations in the present work, using the fully spectral code
SIMSON (Chevalier et al. 2007).

In the first part of this work history effects in turbulent boundary layers
with adverse pressure gradients were investigated. A complete set-up was
presented for near-equilibrium boundary layers developing over a flat plate.
Besides accessing the required size of the computational box, the domain of
interest is composed of a zero-pressure gradient region in the beginning of the
box, to guarantee independence of the upstream conditions and tripping, and
to provide clear initial conditions for the pressure-gradient part. The latter is
imposed by variation of the streamwise free-stream velocity following a power
law U∞ = C(x−x0)

m, which is a condition for near-equilibrium. The boundary
conditions at the top of the domain were systematically tested. The main
simulations were performed using a Neuman-type boundary condition. Here
the wall-normal derivation of the streamwise velocity is forced to zero, which is
in conflict with the conditions found over an airfoil, where instead the spanwise
vorticity vanishes. It has been found that this artificial forcing is restricted to a
very narrow region, which has no impact on the boundary layer. By varying the
parameters in the power law describing the free-stream distribution, turbulent
boundary layers with different strengths and development histories of pressure
gradient were simulated. Constant and non-constant pressure distributions were
investigated, quantifying the strength of the respective pressure gradient by the
Clauser parameter β . The study was extended by the flow around an airfoil.
Here the pressure distribution on the suction side of a NACA4412 wing section
was explored. The development history has shown to be crucial when comparing
different pressure-gradient boundary layers, whether constant/non-constant
β (x) or developing over a flat plate/curved surface. Larger and more energetic
structures were noticed for stronger pressure gradients and for boundary layers
with stronger pressure gradients in their history. An interesting observation
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was made for the cases with varying pressure gradient over the flat plate. For
a sufficiently long development length the boundary layer seems to converge
towards a certain state. This stage is defined uniquely by the canonical case at
a certain Clauser parameter β and friction Reynolds number.

In future work the study can be extended by stronger streamwise constant
pressure gradients with the ultimate goal of providing a full map of canonical
adverse pressure gradient cases. Also the range of Reynolds number should
be extended to higher values in order to be closer to practical applications.
Therefore the computational domain has to be extended in all three directions,
such that the large structures occurring in high-Reynolds number flows can be
captured. Although the performed LES are well-resolved, a direct numerical
simulation would be a future goal to quantify the modelling effect in LES also
in APG TBLs. Other aspects as for instance the amplitude modulation, would
give more information about the exact mechanism in this kind of flows and
should therefore be included in future investigations. A great challenge will
be to find a proper scaling for the mean velocity and Reynolds stresses being
valid for different strengths of pressure gradients and independent of Reynolds
numbers. Currently experiments are performed in the Minimum Turbulence
Level (MTL) wind tunnel at KTH Royal Institute of Technology studying
desired pressure-gradient conditions and histories by means of wall inserts. A
natural step is to compare the results at matched and higher Reynolds numbers
obtained during this experiment with the results presented in this thesis.

In addition to the study of the history effects in APG TBLs, a new method
for determining the edge of the boundary layer was introduced. It is known,
that it is difficult to define the boundary-layer thickness for flows with strong
pressure gradients or developing over curved surfaces. Where commonly used
methods, such as composite profiles by Chauhan et al. (2009) and Nickels
(2004), lead to inconsistent results, the new introduced method was found to
provide the robust estimates for the layer thickness. This method is based
on the diagnostic-plot concept by Alfredsson et al. (2011) and the boundary-
layer edge corresponds to the location where the turbulence intensities reach
a value of

�
�uu�/(U√

H12) = 0.02. One advantage of this method is that
no data preparation, including initial estimations of fitting parameters and
data truncation, is needed as it is the case for the composite profiles for low
Reynolds numbers or strong pressure gradients. Furthermore the method is
based on data, which is usually available also in experiments, namely the mean
velocity and streamwise turbulence intensity data. Therefore this method can
find application in a wide range of studies.

In the second part of the thesis turbulent asymptotic suction boundary layers
were simulated in temporal framework. This flow case becomes an interesting
case for control applications, especially since less expensive calculations can be
performed by using periodic conditions in streamwise and spanwise direction.
Uniform suction is applied over a flat plate, preventing the further growth of
the boundary layer on top of it and approaching a constant boundary-layer
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thickness, the so-called asymptotic state. Different domain sizes were tested by
extending the box in spanwise direction to determine the minimum width for
the boundary layer to develop independent of the computational domain. Also
the dependence of the time development was investigated. Different Reynolds
numbers were considered Re = 333, 400, 500, defining the suction rate. The
development time and the size of the computational domain were shown to be
important factors when studying this kind of flow. Apart from the initial study
by Schlatter & Örlü (2011), these factors and their influence on the flow were
studied here for the first time in the literature. Considerable foot-prints in the
first-order statistics were reported, as for instance a prominent wake region
in the mean velocity profile, which vanishes with longer development times
and wider boxes. Comparing our results with the cases without suction, large
structures have been found in turbulent asymptotic suction boundary layers due
to the surprisingly large friction Reynolds number. Therefore the simulation
requires large box sizes and long times to fully develop. The minimum spanwise
domain width of Lz > 2δ99 was deducted to achieve an independent wake region.
A simulation time of 2.8× 105, corresponding to 140 eddy turnover times, is
sufficiently long for the structures to grow to their full size and approach the
asymptotic state.

Future simulations are planned on zero-pressure-gradient boundary layers,
on which suction is applied once the flow is fully turbulent. Such a setup is
similar to wind-tunnel experiments, and thus allows interesting comparisons
on development length and asymptotic states. One possibility is to perform
spatial simulations starting from a laminar Blasius profile. After the flow is
tripped to turbulence, suction is applied. From the findings of this thesis large
computational box sizes would be required in order to approach the asymptotic
state. The development length might be shorter, since suction is applied on the
already turbulent profile, nevertheless it was shown that the length for transition
to turbulent state is short in comparison to the length needed to remain at
constant boundary-layer thickness. However, if not studying the asymptotic
state, it might be still possible to draw some conclusions in comparison to
experiments when slowly converging to the final state. Another suggestion is
to perform temporal boundary layer simulations as done in this thesis, but
starting from fully turbulent zero-pressure gradient profile instead, and applying
suction uniformly. With this set-up we would have the possibility to be closer
to the experimental set-up and test the influence of different initial profiles.
The periodic conditions in streamwise and spanwise condition enable to study
the asymptotic state at high Reynolds number by reducing the computational
domain compared to the spatial simulations as discussed in this thesis. The
present study provides the information about the correct set-up of temporally
developing boundary layers.
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Bobke, A., Vinuesa, R., Örlü, R. & Schlatter, P. 2016b Large-eddy simulations
of adverse pressure gradient turbulent boundary layers. J. Phys.: Conf. Ser., In
Print (Paper 3).

Chauhan, K. A., Monkewitz, P. A. & Nagib, H. M. 2009 Criteria for assessing
experiments in zero pressure gradient boundary layers. Fluid Dyn. Res. 41,
021404.

Chevalier, M., Schlatter, P., Lundbladh, A. & Henningson, D. S. 2007
SIMSON–A pseudo-spectral solver for incompressible boundary layer flow. Tech.
Rep. TRITA-MEK 2007:07. KTH Mechanics.

Choi, H. & Moin, P. 2012 Grid-point requirements for large eddy simulation:
Chapman’s estimates revisited. Phys. Fluids 24, 011702.

Chung, Y. M. & Sung, H. J. 2001 Initial relaxation of spatially evolving turbulent
channel flow with blowing and suction. AIAA J. 39, 2091–2099.

Chung, Y. M., Sung, H. J. & Krogstad, P.-Å. 2002 Modulation of near-wall
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canonical flows. Phys. Fluids 20, 101518.

Nickels, T. B. 2004 Inner scaling for wall-bounded flows subject to large pressure
gradients. J. Fluid Mech. 521, 217–239.

Nordström, J., Nordin, N. & Henningson, D. S. 1999 The fringe region technique
and the Fourier method used in the direct numerical simulation of spatially
evolving viscous flows. SIAM J. Sci. Comp. 20, 1365–1393.

Piomelli, U., Ferziger, J., Moin, P. & Kim, J. 1989 New approximate boundary
conditions for large eddy simulations of wall-bounded flows. Phys. Fluids 1,
1061–1068.

Pope, S. 2000 Turbulent Flows. Cambridge University Press, Cambridge, UK.

Prandtl, L. 1904 Über Flüssigkeitsbewegung bei sehr kleiner Reibung. Verhandl.
III. Int. Math. Kongr. pp. 484–491.

Rheinboldt, W. 1956 Zur Berechnung stationärer Grenzschichten bei kontinuierlicher
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