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Abstract

This thesis is a collection of seven independent papers dealing with different
topics in the analysis and control of nonlinear systems, mainly discussed using
differential geometric methods and mainly inspired by applications to Robotics.

Paper A proposes a geometric framework for the study of certain redundant
robotic chains. Interpreting the forward kinematic map from joint space to the
workspace of the end-effector as a Riemannian submersion allows to give clear
geometric characterizations of several properties of redundant robots, for exam-
ple of the Moore-Penrose pseudoinverse as the horizontal lift of the Riemannian
submersion. Furthermore, it enables to pull back to joint space the motion con-
trol algorithms designed in workspace, all respecting the different structures of
the two model spaces.

The generation of motion in a geometric setting continues in Paper B, where
the reduction by groups invariance of first and second order variational problems
is discussed for a configuration space which is a semidirect product of a Lie group
and a vector space, endowed with the Riemannian connection of a positive
definite metric tensor instead of the natural affine connection.

Paper C treats motion on Lie groups in presence of constraints that are not
invariant: for a kinematic control system on the Lie group, the combination
of inputs that satisfies the constraints is computed in coordinates via the Wei-
Norman formula and in a coordinate-free setting by finding the annihilator of
the coadjoint orbit of the constraint one form at the point of interest.

For a class of linear switching systems with controllable logic, an interpre-
tation is proposed in Paper D in terms of bilinear control systems. The main
consequence is the characterization of the reachable set of the switching system
as having only the structure of a semigroup since, in general, the logic inputs
cannot reverse the direction of the flow.

Paper E considers the nilpotent, filiform Lie group of transformations cor-
responding to a control system in chained form and shows how to obtain an
abelian left coset out of it by factoring out the characteristic line field. The con-
trol theoretic interpretation is the arclength reparameterization normally used
in differential flatness methods.

Paper F investigates the so-called general n-trailer i.e. a variant of the multi-
body wheeled vehicle discussed in the literature. Properties like controllability,
singular locus and existence of canonical forms are analyzed.

The last paper presents practical experiments on backward driving for a
particular multibody vehicle in the class of general n-trailers. For the situation
under investigation, the system behaves like an unstable, saturated nonlinear
system. The proposed hybrid control scheme is able to avoid jack-knife satura-
tions on line by driving forward and realigning the bodies of the system when
needed.
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Introduction

This thesis deals with a few topics in the area of geometric control theory for
nonlinear systems. It is organized as a collection of seven separate papers whose
common denominator (at least for the first six) is in the use of differential ge-
ometric techniques for modeling and control purposes. Mainly, the class of
systems under investigation is motivated by robotic applications like robotic
manipulators (Paper A), simple actuated rigid bodies (Paper C) multibody
wheeled vehicles (Papers F and G); the control systems are modeled as simple
mechanical control systems (Papers A and B) or as input-parameterized dis-
tributions (remaining Papers). A different type of application is a switching
system (Papers D and G), i.e. a family of plants plus a logic that allows to
select the active mode at each time. The systems treated have a configuration
space which is a Lie group (Papers A, B and C), a homogeneous space of some
Lie group (Papers D and E) or simply a smooth manifold without extra struc-
ture (Papers F and G), and the problems discussed cover different topics like
modeling issues (Papers A, B, D and E), trajectory generation (Papers A and
B), optimal control (Paper B), motion in presence of constraints (Papers C and
F) and of group symmetries (Paper B), controllability analysis (Papers D and
F), canonical forms (Papers E and F), feedback stabilization (Papers A and
G), hybrid control (Paper G). The last paper singles out for different keywords
like open loop instability, state and input saturation and is more driven by the
practical experiments than the rest of the thesis.

This introductory chapter continues with a brief overview of the models used
for the control systems in the rest of the thesis and then with a summary of the
contributions of the seven papers.

1 Overview of mathematical modeling for non-
linear control systems

The use of geometric methods in the modeling and conceptualization of non-
linear phenomena for control purposes has already thirty years of history, as it
is documented in the monographes on nonlinear control systems [Isi95, Jur96,
NvS90, Sas99, Zel99], or on the many, old and new, volumes of papers like
[BW99, BMS83, Fer99, JR98, LMS87, MB73], or in the books about robot con-
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trol [Lau98, LC93, MLS94, Sel96]. We refer to the above literature for the
details of the mathematical tools partially overviewed in this introduction and
used in the rest of the thesis.

According to the problem analyzed, the control systems treated in this the-
sis are formulated as collections of first order input-parameterized differential
equations or of second order ones. In the first case a control system is normally
defined as a distribution with a drift term that does not have to obey any special
law beside smoothness, while in the second case the extra structure that has to
be added to the tangent bundle of the configuration space manifests itself in a
distinguished drift term and in input vector fields with special properties. For
the robotic applications discussed in the thesis, at physical level the distinction
is quite clear: the systems of the first class are called kinematic and have inputs
that correspond to velocities, while those of the second class are called mechan-
ical and are characterized by inputs that represent forces or torques. Only very
simple mechanical systems will be discussed in the papers of this thesis, namely
invariant Lagrangian systems equal to kinetic energy and therefore completely
defined by an invariant metric on the Lie algebra.

In the following, ordinary nonlinear control systems on smooth manifolds are
introduced. After that, the particular case of a configuration space which is a
group manifold is treated, followed by the (related) case in which the Lie group
is the group of transformations of a manifold, and therefore one can consider
either the system on the Lie group or the corresponding system generated by
the natural group action on the manifold. Finally, it is shown how second order
systems arise from a metric on the tangent bundle. Concerning Lie groups, both
points of view are used in this thesis: the first in the papers A, B and C the
second in the papers D and E. The notes at the end of each paragraph provide
pointers to the parts of the thesis where the formalism described is being used.

1.1 Nonlinear control systems

Here we follow standard references like [Isi95, NvS90]. A control system on
a smooth n-dimensional manifold M is a collection F of smooth vector fields
depending on independent parameters u = [u1, . . . , um] called control inputs
and belonging to a suitable class of real valued functions U . At a point p ∈M,
choose a local cover x = x1, . . . , xn defined in a neighborhood D ⊂M, p ∈ D.
Then, if f0, f1, . . . , fm : D → Rn are vector fields of F , the simplest type of
local representation for a nonlinear control system is the control affine form

ẋ = f0(x) +
m∑

i=1

fi(x)ui x ∈ D ⊆M (1)

where f0 is called the drift and the fi, i = 1, . . . ,m are the input vector fields.
The distribution F

F(x) = span {f0(x), f1(x), . . . fm(x)}
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belongs to D(M), the collection of smooth sections of the tangent bundle TM,
and at each point x ∈ M it gives a vector subspace of TxM depending on the
input parameters u ∈ U .

The first instance of the use of geometric methods in the study of nonlin-
ear control systems is the accessibility problem, that can be formulated as the
task of finding the reachable set from x0, RF (x0), for the system of equations
(1) when the admissible inputs are in the class of bounded measurable func-
tions. The answer is given by testing the involutivity of F at x0 (Frobenius
theorem): if the vector fields do not commute, then new independent directions
of motion at x0 can be constructed by flow composition or, infinitesimally, by
the Lie bracket operation [ · , · ] : D(M)×D(M) → D(M). Repeated applica-
tions of the commutator [ · , · ] allows to construct a filtration of distributions
F0, F1, . . .Fk where F0 = F , Fi+1 = span {Fi + [Fi, Fi]}. The process con-
tinues as long as Fi ⊂ Fi+1; when Fk = Fk+1 we have an involutive distri-
bution. A classical theorem by Chow admits an important interpretation for
control systems: if at x0 ∈ M the distribution is maximally nonintegrable i.e.
if rankFk(x0) = n, then the system (1) is locally accessible at x0. For drift
free systems (i.e. with f0 = 0) such condition is also coincident with local con-
trollability, as the locally reachable set contains a full neighborhood of x0, i.e.
x0 ∈ intRF (x0). In general however, this is not true, since the drift term can
flow only in the forward time direction. In this case x0 may lie on the boundary
of RF (x0), therefore the system may have “forbidden” directions of motion.
The accessibility property is then only a necessary condition and it is normally
referred to as Lie algebra rank condition (LARC). In fact, since the closure F̄k is
invariant with respect to the Lie bracket operation, its vector fields define a Lie
algebra, i.e. a vector space with the commutator as bilinear operation satisfying
skew-symmetry and the Jacobi identity. Such Lie algebra, indicated as Lie(F),
is obviously called the accessibility (or reachability) Lie algebra and it is the
smallest Lie algebra containing f0, . . . , fm.

The LARC condition will be used in Paper F to prove controllability for a class of multibody

wheeled vehicles, together with a similar condition computed on the dual of the control system

(1). It is used also in Paper D to study the reachability properties of a bilinear system in

conjunction with a special type of drift. The chained form [MS93] of Paper E is a canonical

form for maximally nonintegrable rank 2 distributions.

1.2 Control Systems on Lie groups

Control systems having Lie groups as configuration spaces have been studied
since the seventies [Bro72, Bro73, JS72]. Essentially, all types of concatenations
of rigid bodies, constrained or not, are often modeled with a Lie group as con-
figuration space. Most used examples are spacecrafts, aircrafts, vehicles and
robotic manipulators. Often working with the Lie group, instead of some suit-
able set of coordinates, allows to study the properties of interest from a global
and intrinsic perspective.

A Lie group G is a smooth manifold with the extra algebraic structure of
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group, i.e. it is endowed with the two smooth operations of multiplication

G×G → G

(g, h) 7→ gh

and inverse

G → G

g 7→ g−1

The prototype of Lie group in use in this thesis is the General linear group
GLn(R), i.e. the set of all nonsingular linear transformations of an n-dimensional
real vector space, together with its subgroups. GLn(R) is isomorphic to the set
of invertible real valued n× n matrices.

For any g ∈ G, a left translation on G is an action of the group on itself

Lg : G → G (2)
h 7→ Lg(h) = gh h ∈ G

Since G is a Lie Group, Lg is a diffeomorphism of G for each g with respect to
the identity element I of the group:

Lg : G → G (3)
I 7→ Lg(I) = g

In fact Lg◦Lh = gh⇒ (Lg)
−1 = Lg−1 . Similar things hold for a right translation

Rg.
For any Lie group, the tangent space at the identity g = TIG is called the

Lie algebra of G. In order to show its algebraic structure, one can consider left
invariant vector fields, which are defined from the left translations above. A
vector field X is left invariant if

Lg∗X(I) = X(g) (4)

where Lg∗ : TIG → TgG is the push forward of Lg. Lg∗ represents the Jacobian
of the transformation (3) and it is isomorphic to an n × n invertible matrix
∀ g ∈ G. If X, Y ∈ D(G) are left-invariant, also their commutator is left
invariant

[
Lg∗X, Lg∗Y

]
= Lg∗ [X, Y ] (5)

Therefore, the set of left invariant vector fields, XL(G), is endowed with the
structure of Lie algebra and, from (4), also g ' XL(G) is. If the matrices
{A1, A2, . . . An} form a basis of g, then

{
Lg∗A1, Lg∗A2, . . . Lg∗An

}
constitutes

a basis of the vector space TgG isomorphic to g. Therefore the inverse map
Lg

∗ =
(
Lg∗

)−1 = Lg−1∗ ∈ Gln(R) can be used to pull TgG back to g. In par-
ticular, if we start from a matrix representation of g and confuse g ∈ G with its
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matrix representation with respect to I according to (3), then Lg, Lg∗, Lg
∗ are

simply g, g, g−1, respectively.
From (4), a vector field applied at the identity gives an element of g, say Vl,

while applied at g it gives ġ ∈ TgG:

Vl = Lg
∗ġ = g−1ġ (6)

So the left invariant representation associates to any velocity vector of a point
g a corresponding one on the Lie algebra. Rewriting (6) as

ġ = gVl

we obtain the left invariant representation of the kinematic equations of motion.
Similarly, the right invariant representation gives another matrix representation
on g:

Vr = ġRg
∗ = ġg−1 (7)

and leads to a right invariant system of kinematic equations ġ = Vrg. The
inner automorphism between Vl and Vr corresponds to a change of basis on the
Lie algebra g and it is the composition of left and right invariant maps: from
Lg∗Vl = VrRg∗ one has

Vr = Lg∗VlRg
∗ = Lg∗VlRg−1∗ = L−1

g
∗
VlRg

∗ = gVlg
−1 = AdgVl

where Adg : g → g is called the adjoint map.
Given the left invariant vector field X ∈ g, call φX : R → G the integral

curve of X passing through I at t = 0: φX(0) = I, d
dtφX(t) = X(φX(t)). φX(t)

is called a one-parameter subgroup of G. The exponential map exp is defined
as the value of the one-parameter subgroup at time one: expX = φX(1) and it
is used to map X to the corresponding φX . In fact, by rescaling time, we can
consider the map

exp : R× g → G

(t, X) 7→ φX(t)

which is a local diffeomorphism from a neighborhood of 0 ∈ g to a neighborhood
of I ∈ G. If G is compact, we have surjectivity of exp; if G is a matrix Lie
group, exp coincides with the ordinary matrix exponential.

From the local diffeomorphism of the exponential map in a ball B(I, ρ)
around the identity, we can define the coordinate mapping for g(t) ∈ G

g(t) = eψ1(t)A1+ψ2(t)A2+...+ψn(t)An (8)

where ψi, i = 1, 2, . . . , n are called local coordinates of the first kind for G
around the identity, relative to the basis A1, A2, . . . An. Using the left transla-
tion, we can construct an entire atlas for all G. If instead we write:

g(t) = eθ1(t)A1eθ2(t)A2 . . . eθn(t)An g(t) ∈ B(I, ρ) (9)
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then θi, i = 1, 2, . . . , n are called canonical coordinates of the second kind on
G.

Considering a control system on G with left invariant actuators, then out
of (8) it is easy to obtain a left invariant representation of a (control-affine)
kinematic control system on G:

ġ(t) = g(t)

(
A0 +

m∑

i=1

Aiui(t)

)
(10)

where A1, A2, . . . Am (as the notation suggests) are typically a subset of a basis
of g. The term u(t) =

∑m
i=1 ui(t)Ai is a curve on g depending on m parameters

(the controls). If m < n, the system is said underactuated. As said above, the
term kinematic refers to the fact that only first order structures are considered.
Therefore the inputs are to be considered as velocities for the system and the
drift term gA0 is not supposed to obey any specific law, opposed to what happens
for example for the mechanical control systems described below.

The bracket [·, ·] can be given the interpretation of terms of degree 2 of the
Taylor expansion of the flow commutation. For linear vector fields Ai, Aj , this
is nothing but the usual commutator of matrices:

[Ai, Aj ] = AiAj −AjAi =
∂2

∂t∂s

(
etAiesAj e−tAie−sAj

)∣∣∣∣
(t=0,s=0)

(11)

and, just like described in Section 1.1, it gives a computational tool to check
controllability in the underactuated cases.

It is convenient to make now a short digression on structure theory for Lie
algebras.

A Lie algebra g is nilpotent if the descending central series

g1 = [g, g] g2 = [g, g1] . . . gi = [g, gi−1] i = 1, 2, . . .

stabilizes at 0 for some i ∈ N; it is solvable if the derived series

g(1) = [g, g] g(2) = [g(1), g(1)] . . . g(i) = [g(i−1), g(i−1)] i = 1, 2, . . .

is such that g(i) = 0 for some i ∈ N. Given a Lie algebra g, call r the radical, i.e.
the (unique) maximally solvable ideal in g. A Lie algebra is said semisimple if
r = 0, i.e. if it contains no abelian ideals other than 0. The Levi decomposition
theorem says that every finite dimensional Lie algebra g is the semidirect sum
of its radical and a semisimple Lie algebra:

g = ssr (12)

Every family F of vector fields can be decomposed accordingly. Semidirect
means that s is acting on r (but r cannot act on s since it is an ideal). In
practice, semisimple Lie algebras are those admitting diagonal representations
(over algebraic closed fields). They are classified according to the eigenvalues
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of the Killing form, i.e. the symmetric bilinear form K(A,B) = tr(adA · adB).
K(·, ·) is nondegenerate on a semisimple Lie algebra; if all its eigenvalues are
negative, then the Lie algebra is compact.

The literature on geometric controllability of nonlinear systems is based es-
sentially on the decomposition above and it is adequately surveyed in [Jur96,
Sac99].

A particular nilpotent Lie algebra, called filiform, is used on Paper E to describe the properties

of the driftless control system in chained form. Also the Lie algebra of the control system in

Paper F is (locally) solvable, although it is not a matrix algebra.

The semisimple compact Lie algebra of interest in this thesis is so(n), the Lie algebra of the

Special Orthogonal group SOn(R). Its semidirect product with Rn gives the Special Euclidean

group SEn(R) = SOn(R)sRn. SEn(R) maps orthonormal frames in Rn to orthonormal

frames (with the same orientation) i.e. the transformations it induces are isometries. SE(3)

represents the rigid body rotations and translations in 3-dimensional space and is central to

the robotic applications considered in this thesis. For example, the robotic chains of Paper A

are evolving on subgroups of SE(3) and so does the end-effector of the robot. Also the example

considered in Paper C is SE(3): in that case it is supposed to describe a simple model of an

aircraft or of an underwater vehicle. If we consider SE(3), the left and right representations

(6) and (7) have an appealing physical meaning: the left invariant representation gives the

body velocity, while the right invariant representation expresses the spatial velocity i.e. with

respect to an inertial frame. In this case, the canonical coordinates of the first and second

kind (8) and (9) provide typical local charts, respectively in body and inertial frames. The

relation between them is given by the Wei-Norman formula used in Paper C.

1.3 Control systems subordinated to a group action

The other way in which Lie groups arise in control theory is as groups of trans-
formations of manifolds. For example, matrix Lie groups are groups of state
space diffeomorphisms of bilinear systems on Rn [Jur96]. The two points of
view are obviously very close: roughly speaking, bilinear systems can be lifted
from Rn to the corresponding matrix group by keeping the same set of vector
fields (at least in the transitive case), and the Lie groups can be intended as
transformation groups of some model space, for example the Lie groups for the
rigid bodies can be intended as groups of motions of some Euclidean space.

Under the assumption of boundedness and measurability of the inputs, one
is allowed to approximate the flow of (1) with the flow of the same system but
driven by piecewise constant controls. Roughly speaking, if, by fixing a constant
control input u = uc, the vector field Xc(x) = f0(x) +

∑m
i=1 fi(x)uci ∈ F is

obtained, the flow of the system along Xc from x0 can be computed as the one-
parameter group of diffeomorphisms exp(tXc)x0, where exp(tXc) represents the
flow of Xc. If we consider complete vector fields, the union of the one-parameter
subgroups is a (pseudo) group G(F) = {exp(tX), t ∈ R, X ∈ F} giving all the
possible ways to move from x0, i.e. all the x ∈ M such that x ∈ G(F)x0, the
orbit of x0. This is formalized by the concept of action of a group on a manifold.
A Lie group G is said to act smoothly on a manifold M if there exists a C∞
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map Φ : G×M→M such that:

1) Φ(g2g1, x) = Φ(g2, Φ(g1, x)) for any g1, g2 ∈ G and x ∈M
2) Φ(I, x) = x for all x ∈M

The map Φ(g, ·) = Φg(·) is called the action of G on M and it corresponds to a
diffeomorphism on the state space M. So for each A ∈ g, the Lie algebra of G,
t 7→ Φexp(At) gives a one-parameter group of diffeomorphisms of M. The group
action induces a continuous linear mapping from g to Dcpl(M) ⊆ D(M), the
set of complete vector fields on M, given by the infinitesimal generator ΛΦ of
the Φexp(At):

ΛΦ(A)(x) =
d

dt

∣∣∣∣
t=0

Φexp(At)(x) x ∈M, A ∈ g

A system F is called subordinated to a group action if there exists an action Φ
from a group G such that ΛΦ(Υ) = F for some subset Υ of g. In such a case,
our control system can be thought of as being induced by Υ and it can be lifted
from M to G.

A Lie group is said to act transitively onM if each orbit Gx = {Φg(x) | g ∈ G}
coincides withM∀ x ∈M. Manifolds admitting transitive actions of Lie groups
are called homogeneous spaces and correspond to quotients of Lie groups: if
H = {g ∈ G | Φg(x) = x} is the isotropy subgroup at a given point x, then M
is diffeomorphic to the left coset space G/H through the map G/H → M,
gH 7→ Φg(x). If Lie(F) is the Lie algebra generated by the vector fields of the
system, then transitivity corresponds to the following condition:

rankx Lie(F) = dim Gx ∀ x ∈M

In fact, M coincides with the disjoint union of its orbits under Φ and transitivity
assures that {Φg(x) | g ∈ G} = M for all x. This gives the Lie algebra rank
condition for an F subordinated to a group action: a necessary condition for
the controllability of F on M is that Lie(Υ) = g. In fact, if Lie(Υ) = g then
RΥ = G, i.e. the reachable set is made of complete vector fields. Hence, by the
transitivity of Φ:

RF (x) = ΦRΥ(x) = {Φg(x) | g ∈ RΥ} = {Φg(x) | g ∈ G} = M

In particular, the class of bilinear systems (and more in general of affine in
control systems [JS84]) leaves on homogeneous spaces that are subordinated to
a matrix Lie group action. If M = Rn

0 = Rn \ {0} (we consider the punctured
Euclidean space as the origin is an isolated equilibrium point), the group of
automorphisms of Rn, GL+

n (R) (the connected component of GLn(R) containing
the origin) defines a linear action on it:

Φg(x) = gx g ∈ GL+
n (R), x ∈ Rn

0
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The vector fields ΛΦ(Ai)(x) = Aix, Ai ∈ gln can be lifted for example to left
invariant vector fields Ai on G (i.e. gAi ∈ TgGLn(R) for each g ∈ GL+

n (R)), so
that to a bilinear system like

ẋ = A0x +
m∑

i=1

ui(t)Aix x ∈ Rn
0 u ∈ U (13)

x(0) = x0

we can associate a matrix bilinear system having the left invariant representation
(10), with initial condition g(0) = I. The matrix g ∈ GL+

n (R) is normally called
the transition matrix of x and it represents the evolution of the system (13) from
n independent initial conditions: x(t) = g(t)x0. Obviously, if Lie(F) is a proper
subgroup of gln, the isotropy subgroup H is nontrivial and F can be lifted to
GLn/H. In the following, we normally consider G = GLn/H and g = Lie(G).
Since for the bilinear system on GLn we consider a left (or right) invariant
representation, the infinitesimal generators in g are always the Ai themselves
and the LARC test is the same for Υ and for F : it reads more familiarly as

rank (Lie(Ai)) = n x ∈ Rn
0

Like in Section 1.1, for a driftless system, rankx (Lie(Ai)) = dimGx = n is both
necessary and sufficient.

The point of view described in this paragraph is exploited in Paper D to study the reachable

set of a switching system, seen as a particular drifting bilinear system. Likewise in Paper

E, a bilinear system in chained form can be lifted to the corresponding matrix group of

transformations. This facilitates the understanding of what differential flatness [FLMR95]

means for such a system.

1.4 Mechanical control systems

Since SEn(R) ( GLn(R), even in the bilinear case considered above, not all
diffeomorphisms are metric preserving. Talking about isometries implies hav-
ing defined an inner product on the space of interest. On Euclidean spaces
there is a natural choice, but for generic manifolds this requires some ex-
tra structure to be assigned to the tangent bundle TM, rather that on the
manifold itself. The point of view taken in this paragraph is that of Rie-
mannian geometry [CP86, dC92], borrowing some elementary ideas from ge-
ometric mechanics [AM78, Arn89]. For the simple mechanical systems con-
sidered in this thesis, the extra structure is provided by a Lagrangian func-
tion corresponding to kinetic energy and it is defined by fixing a metric on
TM, i.e. a symmetric positive definite 2-tensor field I that defines an inner
product on each tangent space TxM: 〈X, Y 〉 = I(X, Y ) for X, Y ∈ TxM.
I defines also a Riemannian connection, i.e. a particular affine connection
∇ : D(M)×D(M) → D(M); (X,Y ) 7→ ∇XY such that, for f ∈ C∞(M) and
X, Y, Z ∈ D(M):
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1. ∇XY is bilinear in X and Y

2. ∇fXY = f∇XY

3. ∇X (fY ) = f∇XY + (Xf)Y

4. ∇XY −∇Y X = [X, Y ]

5. Z〈X, Y 〉 = 〈∇ZX, Y 〉+ 〈X, ∇ZY 〉
Condition 5 implies that, along a curve γ : R ⊇ [0, t] →M, the parallel trans-
port operator P

P(0,t) : Tγ(0)M→ Tγ(t)M
X0 7→ Xt = P(0,t)X0

is a linear isometry between tangent spaces. If we choose a coordinate chart
x1, . . . , xn, defined in D ⊆M and such that γ(0) ∈ D, the coordinate expression
for the covariant derivative is (∇XY )k = ∂Y k

∂xi Xi + Γk
ijX

iY j , where X = Xi ∂
∂xi ,

Y = Y i ∂
∂xi and ∇XY = (∇XY )k ∂

∂xk . The Christoffel symbols Γk
ij are given

by ∇ ∂
∂xi

(
∂

∂xj

)
= Γk

ij
∂

∂xk and the condition for parallel transport of Y becomes
dY k

dt + Γk
ij ẋ

iY j = 0. Parallel transport of a vector field along itself gives geodesic
motion

ẍk + Γk
ij ẋ

iẋj = 0 (14)

i.e. a system of second order equations whose integral curves are trajectories of
constant velocity. If v ∈ TvM is a tangent vector, its coordinates description is
naturally given by v = vi ∂

∂xi . If τ : TM →M is the tangent bundle projec-
tion, (x1, . . . , xn, v1, . . . , vn) are called induced coordinates on τ−1(D) and they
provide a basis of tangent vectors of T(x,v)TM:

(
∂

∂x1 , . . . , ∂
∂xn , ∂

∂v1 , . . . , ∂
∂vn

)
.

Eq. (14) written as a system of first order equations is:

ẋk = vk

v̇k = −Γk
ijv

ivj

For a curve γ ∈ M which is a geodesic, (γ, γ̇) is called the natural lift. If
x = γ(0), v = γ̇(0), the vector field Γ on TM such that Γ(x,v) is the tangent
vector to (γ, γ̇) at t = 0 is called the geodesic spray of the connection:

Γ(x,v) = vk ∂

∂xk
− Γi

jkvjvk ∂

∂vi
(15)

Adding a forcing term to the geodesic equations (14), we obtain a so-called
simple mechanical control system [LM97] (without potential):

ẍk + Γk
ij ẋ

iẋj = F k (16)
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where F = (F1, . . . , Fm) is the control input distribution ofM. The vector fields
Fi = Fi(γ) are obtained by lowering the indices of the covectors F̃i, physically
representing the forces or torques applied to the system: Fi = I−1F̃i. If m < n,
then we have an underactuated mechanical control system. The system of first
order differential equations corresponding to (16) was shown in [LM97] to be

ẋk = vk

v̇k = −Γk
ijv

ivj + F k
(17)

From a control theory point of view, Γ is the drift of the system of first order
differential equations and F v =

(
0 ∂

∂xk + F k ∂
∂vk

)
is the corresponding input

vector field (F v is called a vertical lift of F as will be explained in Paper B).

Mechanical control systems are commonly used in the dynamical modeling of robotic mech-

anisms [SV89]. Here they will be used for such purposes in Paper A. When M is a Lie

group, the affine connection can be chosen to be invariant by left/right translations and the

formulation (17) simplifies: this is the subject of Paper B.

2 Summary of the Papers

Paper A: Redundant robotic chains on Riemannian mani-
folds

A geometric framework for the study of redundant robotic chains is proposed.
Once a suitable metric for the workspace of the end-effector is chosen, the for-
ward kinematic map from joint space to workspace can be described in terms
of Riemannian submersions. Consequently, the inverse kinematics admits an
interpretation in terms of horizontal lift of the Riemannian submersion. It is
shown that for the most common class of robotic manipulators, those composed
of one degree of freedom lower-pair joints, the commonly used Moore-Penrose
pseudoinversion corresponds exactly to the horizontal lift of vector fields from
workspace to joint space. Therefore, the ordinary control design for redundant
manipulators can be given a coordinate independent formulation.

The example treated in this study is a holonomic mobile manipulator com-
posed of a 6-degree of freedom robot arm mounted on the top of a holonomic
mobile platform. Since all joints/links have only one degree of freedom, the mo-
bile manipulator can be modeled in joint space as a mechanical control system
on an Euclidean space. The motion of the end effector of the mobile manipulator
can be viewed as a rigid body transformation in the Special Euclidean Group
SE(3). Using the formalism of the product of exponentials formula [Bro90],
the evolution of each link or joint of the mobile manipulator corresponds to
a one-parameter subgroup of SE(3), so that the total transformation can be
seen as a product of exponentials. Redundancy allows to consider the forward
kinematic map from joint space to workspace as a surjective map in SE(3), so
that the “effective” dynamical system of the robotic chain, i.e. the mechanical
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system as seen from the workspace, is fully actuated. This enables us to use the
geometric techniques for smooth motion generation on Riemannian manifolds
and Lie groups, as well as the recently developed studies on tracking control for
fully actuated Lagrangian and Euler-Poincaré control systems for the synthesis
of new feedforward and feedback schemes for the robotic chain. The trajec-
tory planner makes use of geometric splines from both iterative procedures like
the De Casteljau algorithm and optimal acceleration problems. The geometric
properties of the end-effector space need to be investigated, in order to generate
feasible and reasonable trajectories. Examples of the different kinds of geomet-
ric splines that are obtained via the De Casteljau algorithm in correspondence
of different metric structures in SE(3) are reported. The feedback module, in-
stead, consists of a Lyapunov based PD controller defined from a suitable notion
of error distance on the Lie group.

Submitted to Transactions on Automatic Control; part of the material also appearing in the

Proceeding of the IEEE International Conference on Robotics and Automation, Seoul, Korea,

May 2001.

Paper B: Reduction by group symmetry of variational prob-
lems on a semidirect product of Lie groups with positive
definite Riemannian metric

A Lie group G which is the semidirect product of a group and a vector space
without fixed points has “natural” invariant connection that is only pseudo-
Riemannian, i.e. its representative quadratic form is nondegenerate but not
positive definite [Nom54]. Consequently, if an invariant Lagrangian equal to
(positive definite) kinetic energy on G is to be studied, the Riemannian con-
nection one obtains has exponential map which does not coincide with the Lie
group exponential map and therefore geodesics which do not correspond to one-
parameter subgroups.

Following [MR99], the reduction procedure for a mechanical system consists
in simplifying its formulation by factoring out all its symmetries. In the case
of a configuration space which is a Lie group, this essentially means using the
“absolute parallelism” induced by left or right invariance to work only on the Lie
algebra, instead of the full tangent bundle. The reduction by group invariance
of a couple of variational problems for an invariant Lagrangian corresponding
to the kinetic energy of a mechanical system having a semidirect product of
Lie groups as configuration space is discussed. When the Hamilton principle
(or equivalently, if the Lagrangian is only kinetic energy, the first variational
formula of the Riemannian structure) is considered, the procedure for reduction
is well-known and allows to pass from Euler-Lagrange type of systems on the
tangent bundle to Euler-Poincaré (in the language of [MR99]) in the direct prod-
uct of the group and its Lie algebra. The choice of the Riemannian connection
simplifies the reduction of the variations, but complicates the reduction of the
covariant derivative. In fact, the parallelism due to the group invariance can
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be seen as a G-structure (at least for matrix groups), i.e. as a principal fiber
bundle structure for TG ' G× g, alternative to the ordinary one of vector bun-
dle TG =

⋃
g∈G TgG. Vector fields on TG which are horizontal with respect to

the Riemannian connection will not be horizontal in the fiber bundle structure.
A well-known manifestation of this fact is the extra term that appears in the
Euler-Poincaré equations in this case (as compared to the Euler-Poincaré equa-
tions for a group with biinvariant metric). The situation gets more complicated
when the reduction of a second order variational problem is attempted. Such
problem is used in control theory to generate spline curves on a Riemannian
manifold. Here, the semidirect structure implies that several extra terms are
produced by the reduction. In this context, reduction is particularly useful when
the mechanical system is fully actuated and the actuators are also invariant. For
a rigid body, this is the case for example when we have body fixed actuators.
In fact, in this situation the solution of the problem provides the corresponding
optimal control in a straightforward manner.

Submitted to SIAM Journal on Control and Optimization.

Paper C: Motion on submanifolds of noninvariant holonomic
constraints for a kinematic control system evolving on a
matrix Lie group

Consider the case of a kinematic control system on the Special Euclidean group
SE(3) with body fixed actuators like in (10) and assume that the task is to
plan a motion while respecting some inertial configuration constraints. Assume
further that, when mapped to body frame, the constraints are not left invariant,
i.e. they cannot be confined to a subgroup of codimension equal to the dimen-
sion of the constraint because the noncommutative part, SO(3), is involved in a
nontrivial manner. In this case, the constraints cannot be eliminated by passing
to a homogeneous space which is also a Lie group, but have to be kept in the
problem and the corresponding one forms will look different in different points
of the group. The task is to characterize all the possible inputs that satisfy the
constraints at each point. Two different methods, one coordinate-dependent
and the other coordinate-free, are proposed for the analysis. The first is based
on the Wei-Norman formula; the second on the calculation of the annihilator
of the coadjoint action of the constraint one-form at each point of the group
manifold. While the argument based on the Wei-Norman formula is able to
capture only a “slice” of the annihilator space at a time, depending on the path
chosen for the system (or, equivalently, on the ordering of the basis elements
in the corresponding product of exponentials), considering the annihilator of
the coadjoint action of the one forms allows to describe the entire subspace of
input combinations that satisfies the constraints at each point. The example
on SE(3) shows all the difference in compactness and elegance between the two
methods.
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Joint work with Ruggero Frezza, Dipartimento di Elettronica ed Informatica, Università di

Padova, Italy.

Appearing in the Proceeding of the 5th IFAC Symposium “Nonlinear Control Systems”,

Saint-Petersburg, Russia, July 2001.

Paper D: The reachable set of a linear endogenous switching
system

Switching systems have integral curves that are continuous but only piecewise
smooth. There are close connections between switching systems and ordinary
control systems driven by piecewise constant controls, although they are not the
same thing. Such a relation can be used to study the reachability properties
of certain classes of linear switching systems, called in this work endogenous,
meaning with this term that their switching pattern is completely controllable.
Linear endogenous switching systems can be considered as a particular class of
driftless bilinear control systems. The key idea is that both types of systems
are equivalent to polysystems i.e. to systems whose flow is piecewise smooth.
The reachable set of a linear endogenous switching system can be studied conse-
quently. The main result is that, in general, it has the structure of a semigroup,
even when the Lie algebra rank condition is satisfied. In fact, although control-
lable, the switching variables cannot “reverse” the direction of the flow (except
for the homogeneous case, i.e. the case in which for each mode in the family of
possible linear plants that constitutes the switching system there exists another
mode of opposite sign). Roughly speaking, the switching system behaves like a
bilinear system with many different drift terms and the possibility of jumping
freely from one to another at any time.

Submitted to Systems and Control Letters.

Paper E: A matrix Lie group of Carnot type for filiform
sub-Riemannian structures and its application to control
systems in chained form

The chained form is a canonical form for driftless bilinear control systems char-
acterized by nonholonomic velocity constraints. Its 3-dimensional version is the
Heisenberg system (also known as Brockett integrator). According to the math-
ematical formalism used, it can be interpreted as a higher order contact form, a
Goursat normal form, a rank 2 sub-Riemannian distribution or a differentially
flat system. The structure of its Lie algebra (nilpotent, filiform) and of the cor-
responding Lie group of diffeomorphisms, called a Carnot group, are analyzed.
A Carnot group G is a simply connected graded nilpotent Lie group endowed
with a left-invariant distribution generating the Lie algebra g of G. Here we
show that the quotient manifold of a filiform Carnot group by the subgroup
generated by its characteristic line field is projectively abelian. The result is
used to show how the class of control systems in chained form, although bilin-
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ear, have an intrinsic linear behavior along smooth trajectories.

In Proc. of the Summer School on Differential Geometry, p.59-66, Coimbra, September 1999.

Paper F: Some properties of the general n-trailer

The standard n-trailer system [MS93] is feedback equivalent to the chained form
mentioned above. This paper deals with a generalization of the n-trailer con-
figuration, needed in order to admit more realistic off-axle hitching between
trailers. The kinematic model of the system is more complicated that in the
standard case: a possible physical interpretation of the extra terms appearing
in the equations is provided in terms of virtual steering wheels placed on the off-
axle joints, with steering angle which is a nonlinear feedback from the original
configuration state. Quite remarkably, the extra singularities of the system have
an explanation in terms of these virtual steering wheels. Furthermore, this is
also sufficient to assert that the general n-trailer problem can be embedded into
the corresponding multisteering n-trailer system. Also other properties of the
general n-trailer, like controllability and existence of canonical forms, are de-
scribed in the paper. Local controllability can be shown via the Lie algebra rank
condition or, dually, by checking the derived flag of the corresponding Pfaffian
system: it turns out that the proof is much simpler and “clean” via the second
method than the first. The multi-chained form, available for the multisteering
n-trailer, can be recovered also for the general n-trailer if we replace the extra
steering inputs with the aforementioned feedback loops.

The main motivation behind this study is perhaps not motion control for this
class of vehicles but the modeling itself, as a contribution to the classification
of certain sub-Riemannian structures or, rather, to the physical interpretation
of some of the obstructions to such classification.

In International Journal of Control, vol. 74, n. 4, p. 409-424, March 2001.

Paper G: A feedback control scheme for reversing a truck
and trailer vehicle

A multibody wheeled vehicle in the class of n-trailer studied above behaves
very differently according to whether it is driven in the forward direction or
in the backward one. In particular, a multibody vehicle moving backward is
an unstable system and the practical manifestation of this instability are the
so-called jack-knife configurations in which the different bodies of the vehicle
tend to collide with each other. This situation can be modeled as a saturation
in the state variables. Since also the steering angle (input of the system) has an
hard bound, then also the input saturation cannot be neglected in the modeling
of the system. The control of unstable nonlinear systems with state and input
saturations is very challenging and, except for the trivial cases, does not admit
analytic solutions.
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In this paper, a control scheme is proposed for the stabilization of back-
ward driving along simple reference trajectories for a vehicle composed of an
actuated truck and a two-axle trailer. The paths chosen are straight lines and
arcs of circles. The simplified goal of stabilizing along a trajectory (instead of
a point) allows to consider a system with controllable linearization. Still, the
combination of instability and saturations makes the task impossible with a
single controller. In fact, the system cannot be driven backward from all initial
states because of the jack-knife effects between the parts of the multibody ve-
hicle; sometimes it is necessary to drive forward in order to enter in a specific
region of attraction. This leads to the use of hybrid systems models and switch-
ing control. The scheme proposed here consists of a switching controller with a
logic variable (the sign of the longitudinal velocity input) that allows switching
between backward (open loop unstable) motion and forward (open loop stable)
motion, each of them governed by linear feedback designed on the correspond-
ing Jacobian linearization. The switching occurs on crossing of hypersurfaces in
state space. The availability of full state information allows to perform such a
check on-line and enables us to design the logic controller as an extra feedback
loop around the local controllers for backward and forward motion. Results of
experimental tests on a (1:16) scale vehicle are reported for a couple of different
logic controllers.

Joint work with Alberto Speranzon and Bo Wahlberg, Signals, Sensors and Systems, Royal

Institute of Technology, Stockholm, Sweden.

Submitted to Transactions on Robotics and Automation; a short version also to appear in the

Proceeding of the IEEE International Conference on Robotics and Automation, Seoul, Korea,

May 2001.
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Redundant robotic chains on

Riemannian manifolds

C. Altafini

Abstract
For redundant robotic chains composed of simple one-degree of freedom joints
or links, a geometric interpretation of the forward kinematic map in terms of
Riemannian submersions is proposed. Several properties of redundant robots
then admit clear geometric characterizations, the most remarkable being that
the Moore-Penrose pseudoinverse normally used in Robotics coincides with the
horizontal lift of the Riemannian submersion. Furthermore, this enables us to
use all the techniques for motion control of rigid bodies on Riemannian manifolds
(and Lie groups in particular) to design workspace control algorithms for the
end-effector of the robotic chain and then to pull them back to joint space, all
respecting the different geometric structures of the two underlying model spaces.
The application to the control of a holonomic mobile manipulator is described.
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Keywords: redundant robotic chains, Riemannian submersions, product of
exponentials formula, pseudoinverse, motion control, holonomic mobile robot.

1 Introduction

From a mathematical viewpoint, a robotic chain can be seen as a mechanical
control system having as configuration space the manifold in which the joint
variables i.e. the parameters describing the angles of rotation (respectively, the
lengths) of each of the joints (resp. links) are living, and control inputs that
are the torques (resp. the forces) applied at the same joint/link. See any of
the many books on modeling and control of robotic manipulators, for example
[Cra89, MLS94, SS96, Sel96, SV89] or the collections [CSB97, VS98] for a survey
of the theoretical aspects of robot modeling and control. For a relevant class of
robotic chains, the relative displacement between two consecutive links or joints
can be described by a single variable. Only open chains of such pairing will be
considered in this study. Most of the real robot manipulators belong to such
category. By specifying the inertia property of each joint/link, a set of forced
Euler-Lagrange equations can be obtained for the chain. If we neglect friction
phenomena and potential energy, such a mechanical system has an Euclidean
space as model space. In fact, it was shown by Bedrossian and Spong [BS95]
that the invariant that characterizes such space, the Riemannian curvature, is
locally vanishing for this class of robotic manipulators. This is the theoretical
justification of the sometimes observed fact that such system of Euler-Lagrange
equations could be linearized not only by means of computed torque methods
(i.e. feedback linearized) but also via a state space transformation [Bed90, GL88,
Kod85]. The change of variable needed has a Jacobian which corresponds to
the factorization of the total inertia matrix of the Euler-Lagrange equations
and it is a basic fact in differential geometry [KN63] that such a transformation
can be chosen to be an isometry. The new inertia tensor after the application
of the isometry is the identity; furthermore, the Christoffel symbols are all
zero. Therefore the Euler-Lagrange equations are reduced to a system of double
integrators.

The motions of the single joints sum up to give the rotation and translation
of the end-effector of the kinematic chain. In order to emphasize the intrinsic
properties of the geometry of the system and to reduce to a minimum the
number of frames of which to keep track, we use the formalism of the product of
exponentials proposed as first by Brockett [Bro84]. This is an alternative way
to describe the kinematics of a robot, that relies on the observation that every
simple joint/link of a kinematic chain can be represented as a one-parameter
subgroup of the Special Euclidean group SE(3), the Lie group of rigid body
motions in 3-dimensional space. Any rigid body transformation, in fact, can be
represented as an element of SE(3) or one of its subgroups. In particular then,
the concatenation of rigid body transformations typical of a kinematic chain
can be intended as a product of exponentials. For a detailed treatment of the
underlying mathematics and an introduction to the Lie group formalism in the
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context of Robotics, we refer the reader to the book [MLS94].
Also the workspace, i.e. the space in which the end-effector lives, is SE(3).

Since the dimension of SE(3) is 6, if the robotic chain has more than 6 de-
grees of freedom, then (in the generic case) the system is redundant i.e. a given
end-effector movement can be accomplished via infinitely many different com-
binations of the joins space variables. This is the case treated here thereafter.
Obviously, this is one of the situations in which we can assume that the forward
kinematic map (from joint space to workspace) is surjective and we can use the
same map to push the Euler-Lagrange equations from joint space to workspace.
In order to do that, one needs to fix a metric structure on SE(3). Such a choice
is not unique as SE(3) lacks a positive definite biinvariant metric, but there
are some choices of preference. One is to use a biinvariant pseudo-Riemannian
metric, the other to consider separately Riemannian structures for the rotations
and the translations. Both are well-known in Robotic kinematics, see for ex-
ample [Bro90, Par95, PB94, ZKC99], and are reviewed here. If the workspace
has to be compatible with the mechanical system, then the recommended choice
is the last of the two metrics. If the corresponding metric tensor is chosen to
be the identity, then the whole forward kinematics becomes a Riemannian sub-
mersion between an abelian group and a noncommutative group. Furthermore,
the forward kinematics can be shown to be the projection map of a locally
trivial fiber bundle over SE(3). Then, many well-known facts of redundant
robotic chains can be given a geometric interpretation. For example, at each
point, the space of internal motions (i.e. the joint movements not affecting the
end-effector) is the fiber over the same point; the repeatability (or cyclicity) of
motion [BW88, SY88] corresponds to the integrability of the horizontal distribu-
tion of the submersion or, equivalently, to the lack of “geometric phase” on the
fiber variables. Any Riemannian submersion gives a preferred “geometric” way
to pull back vectors to the (larger) source manifold, called the horizontal lift.
For the case at hand here, the pullback is from workspace to the joint space and
it is obviously the inverse kinematics. Perhaps the most interesting observation
of this work is that for abelian joint spaces the horizontal lift of vector fields
coincides with the Moore-Penrose pseudoinverse commonly used in Robotics
[KH83]. The result is guessable by observing that both procedures preserve
energy, i.e. are partial isometries between spaces of different dimensions and as
such they must be unique. In our knowledge, a pseudoinverse based method to
calculate horizontal lifts in Riemannian submersions (or, more generally, in fiber
bundles) does not appear not even in the literature on differential geometry. It
is worth emphasizing that the exact correspondence holds only for the abelian
case.

The main advantage of the geometric formulation carried out in this work is
that it enables to use the geometric methods for trajectory generation [Alt00,
CS95, GR94, NHP89, PR95, ZKC98] and tracking [BM99, Kod88, WKD91]
to design more effective motion control algorithms for robotic manipulators
directly in workspace. In this sense, the choice of redundant manipulators is not
casual: when more degrees of freedom than needed are available, it is reasonable
trying to generate the best possible trajectory for the end-effector. Furthermore,
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while the model space for the joint space is essentially the Euclidean space,
the workspace is intrinsically a Lie group so that coordinate based methods
fail to satisfy any intrinsic criterion of optimality (beside having other well-
known problems, like singularities, which are not intrinsic but induced by the
parameterization chosen). The tools described in the following are meant to
enable to perform motion control in a way coherent with the geometry of the
Lie group.

The example treated in this work, a mobile manipulator, amplifies the draw-
back of the coordinate based workspace control methodologies, with respect to
a static redundant manipulator, because its workspace volume is not bounded
in theory and realistic motions might span a very large space also in practice
(basically the main advantage of a mobile manipulator over a static one is its
higher mobility).

The basic task that is required to the system is to be able to move the
end-effector (both rotate and translate) from two given points belonging to the
reachable workspace. For an open kinematic chain, the problem of planning a
motion is composed of two parts: the first is to find a suitable trajectory for
the end effector, the second is to translate this trajectory into a corresponding
trajectory for the joints of the manipulator, to be used as reference input to
the system via the Euler-Lagrange equations. This is the inverse kinematics
in joint space. Alternatively, one could consider the workspace Euler-Lagrange
equations (or their reduced version, the Euler-Poincaré equations obtained by
“factorizing out” the group symmetry), compute the corresponding workspace
generalized torques and map those back to joint space. This last scheme is the
one examined in detail. Since a mechanical system is a second order system,
its nominal trajectory, in order to be feasible for a control input in the class of
piecewise continuous signals, has to be at least C1. The trajectories considered
here for the nominal path of the end-effector are C1 geometric splines that can
be generated either from optimal control or from closed form algorithms. In
particular one such closed form methods, called the De Casteljau algorithm,
is analyzed in detail expanding previous work [CSK99, PR95] in which the
algorithm was investigated for generic Riemannian manifolds and compact Lie
groups, for which a natural (i.e. biinvariant) Riemannian structure exists. On
the obtained trajectory in SE(3), a feedforward workspace generalized torque
and a Lyapunov based PD controller are calculated using the tools developed in
[BM99]. The controllers are pulled back to joint space using the horizontal lift.
Problems of excessive magnitude of the joint torques, connected with passages
of the joint variables in proximity of a singularity of the robotic chain, can be
taken care of in standard ways.

As mentioned above, the motivating application for this work is a holo-
nomic mobile manipulator, i.e. a robotic arm mounted on the top of a wheeled
mobile platform, which provides extra reachability to the end-effector and for
which we would like to design a classical two degree of freedom control struc-
ture in geometric terms. Compared to the arm, a mobile base is usually slower,
coarser and its odometry is subject to drift that obviously propagates through
the arm when doing end-effector pose estimate. Furthermore, a mobile manip-
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ulator is normally meant to be used for less repetitive and more diverse tasks
than a static one. The consequence is that the widely used open loop control
schemes based only on inverse kinematics/dynamics and relying only on the
joints measurements are usually not enough, and one needs to integrate extra
sensor information which is naturally available in workspace. Hence providing
extra motivation for workspace control schemes.

2 Elements of Riemannian geometry

A Riemannian metric M on a smooth manifold is a 2-tensor field that is sym-
metric and positive definite. A Riemannian metric determines an inner product
〈 · , · 〉 on each tangent space. The (pseudo) Riemannian connection ∇ associ-
ated with the metric tensor M is a map taking each pair of vector fields X and
Y to another vector field ∇XY (called covariant derivative of Y along X) such
that for all smooth functions f

1. ∇XY is bilinear in X and Y

2. ∇fXY = f∇XY

3. ∇X (fY ) = f∇XY + (LXf)Y

4. ∇ is torsion free:

∇XY −∇Y X = [X, Y ] (1)

5. ∇ is a metric connection

Z〈X, Y 〉 = 〈∇ZX, Y 〉+ 〈X, ∇ZY 〉 (2)

for all vector fields X, Y, Z on the manifold. In coordinate x1, . . . xn, the affine
connection defines the n3 Christoffel symbols Γk

ij : ∇ ∂

∂xi

(
∂

∂xj

)
= Γk

ij
∂

∂xk , where
the summation convention is being used.

An affine connection is used to describe how a vector field is transported
between different tangent spaces along a given curve. Its coordinate expression
is

(∇XY )k =
∂Y k

∂xi
Xi + Γk

ijX
iY j (3)

where X = Xi ∂
∂xi , Y = Y i ∂

∂xi and ∇XY = (∇XY )k ∂
∂xk . Given a curve γ(t)

and a vector field X, the covariant derivative of X along γ is DX
dt = ∇γ̇(t)X.

For a generic smooth curve γ(t), the quantity ∇γ̇(t)γ̇(t) = D
dt

(
dγ
dt

)
represents

the acceleration. It reduces to the standard notion of Euclidean acceleration
if the manifold is Rn and we choose the so-called the Euclidean connection
∇XY = XY k ∂

∂xk =
(
Xi ∂Y k

∂xi

)
∂

∂xk , i.e. the vector field whose components are



26 Paper A: Redundant robotic chains on Riemannian manifolds

the directional derivatives of the components of Y along X. Geodesic motion
corresponds to constant velocity and it gives an extremum of the kinetic energy
integral

∫ t1
t0
〈γ̇(t), γ̇(t)〉dt, expressing the fact that the acceleration is normal to

the direction of motion γ̇:

D

dt

(
dγ

dt

)
= ∇γ̇(t)γ̇(t) = 0 (4)

From (3), the geodesic equations look like Ẋk + Γk
ijX

iXj = ẍk + Γk
ij ẋ

iẋj = 0.
The “measure” of the failure of the second covariant derivative to commute
is expressed by the notion of curvature. The Riemannian curvature R is a
(3, 1)-tensor defined by

R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X, Y ]Z (5)

3 Riemannian geometry on SE(3)

The Special Euclidean Group SE(3) is the Lie group of isometric transformations
of R3, i.e. its left (or right) action on R3

SE(3)× R3 → R3

(g, x) 7→ Lgx = gx

has push forward

SE(3)× TxR3 = R3 → TgxR3 = R3

(g, v) 7→ Lg∗v = gv

which is an isometry and takes R3-geodesics to geodesics.
Using homogeneous coordinates,

SE(3) =
{

g ∈ Gl4(R), g =
[

R p
0 1

]
s.t. R ∈ SO(3) and p ∈ R3

}

with SO(3) =
{
R ∈ Gl3(R) | RRT = I3 and det R = +1

}
. The Lie algebra of

SE(3) is

se(3) =
{

X ∈ M4(R), s.t. X =
[

ω̂ v
0 0

]
with ω̂ ∈ so(3) and v ∈ R3

}

with so(3) =
{
ω̂ ∈ M3(R) s.t. ω̂T = −ω̂

}
and ·̂ : R3 → so(3) such that

ω̂σ = ω × σ, ∀ σ ∈ R3.
The elements of se(3) have the physical interpretation of velocities with

respect to a choice of frame. In particular, deriving g ∈ SE(3), the kinematic
equations can assume two useful forms:

ġ = Xs g and ġ = g Xb Xs, Xb ∈ se(3) (6)
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called respectively right and left invariant representations. In the right invariant
representation, the infinitesimal generator Xs is called the spatial velocity

Xs =
[

ω̂s vs

0 0

]

because it represents the velocity of g translated to the identity and expressed
in an inertial frame. Invariance here is with respect to a matrix multiplication
from the right and means invariance to the choice of the body fixed frame.
Considering the rotation and translation components of the kinematic equations,
the right invariant representation looks like

{
Ṙ = ω̂s R
ṗ = ω̂s p + vs

Similarly, the left invariant representation expresses invariance to change of the
inertial frame and Xb ∈ se(3)

Xb =
[

ω̂b vb

0 0

]

is called body velocity. The first order kinematic equations are then:
{

Ṙ = R ω̂b

ṗ = R vb (7)

The relation between spatial and body velocity at g ∈ SE(3) is expressed
by the adjoint map Adg(Y ) = gY g−1 ∀ Y ∈ se(3) that gives the change of
basis on the Lie algebra: Xs = Adg(Xb) = gXbg−1 and Xb = Adg−1(Xs).
The derivation of the adjoint map with respect to g = etX , X ∈ se(3), at the
identity of the group

adX =
d

dt
(AdetX )

∣∣∣∣
t=0

gives the Lie bracket adX(Y ) = [X, Y ] = X Y − Y X, i.e. the bilinear form
defining the Lie algebra. The Lie brackets of the basis elements A1, . . . , A6 of
se(3) are expressed in terms of the structural constants ck

ij : [Ai, Aj ] = ck
ijAk.

The linear representations of the operators Adg(·) and adX(·) is:

Adg =
[

R 0
p̂R R

]
adX =

[
ω̂ 0
v̂ ω̂

]
(8)

For a vector Y ∈ se(3), if Y ' (Y )∨ = ξY ∈ R6, then Adg(Y ) = AdgξY and
adX(Y ) = adXξY , from which it is clear that Adg is an algebra homomorphism:

Adg[X, Y ] = [AdgX, AdgY ] and Adgh = AdgAdh
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3.1 Metric properties of SE(3).

The Levi decomposition gives the semidirect product SE(3) = SO(3)sR3 with
SO(3) compact semisimple and R3 abelian. Semidirect product means that
SE(3), as a manifold, can be considered the direct product SO(3) × R3, but
its group structure includes the action of SO(3) on R3 by isometries. For a Lie
group, a metric is defined on the Lie algebra and then translated to the whole
tangent bundle by left/right translation. Therefore it is automatically left or
right invariant, but not necessarily both. Given two left invariant vector fields
X, Y ∈ se(3) and g ∈ SE(3), 〈gX, gY 〉 = 〈X, Y 〉, which means that the metric
coefficients Mij are constant with respect to left invariant frames.

On SO(3), by Cartan 2nd criterion, the Killing form

K : so(3)× so(3) → R
(X, Y ) 7→ K(X, Y ) = tr(adX , adY )

is symmetric, negative definite and Ad-invariant (or bi-invariant):

K(X, Y ) = K (AdgX ·AdgY ) ∀ g ∈ SO(3)

Therefore, 〈·, ·〉 = −αK(·, ·) is a Riemannian metric.
The inner product in R3 characterizes SE(3) as its uniquely defined group

of motions, but does not determines univocally its metric structure. In fact,
it is known that in SE(3) there is no Ad-invariant Riemannian metric, which
implies that there is no natural way of transporting vector fields between points
of SE(3) and that there is no natural concept of distance on SE(3). The two
most common approaches to tackle this obstruction are:

1. Ad-invariant pseudo-Riemannian structure

2. double geodesic.

The first consists in choosing an inner product which is nondegenerate but
that can assume both negative and positive values. This corresponds to having
curves with both negative and positive energy and gives as geodesics the so-
called screw motions. In the second case, instead, the group structure of SE(3)
is disregarded in favor of a cartesian product of two distinct groups (rotations
and translations). Either choice has advantages and disadvantages, according
to the task in mind.

Both metric structures are characterized by a quadratic symmetric matrix
so that if X, Y ∈ se(3)

〈X, Y 〉 =
(
(X)∨

)T
M (Y )∨ (9)

From now on, we will often omit the “∨” when considering the R6-representation
of a vector field in se(3). The Ad-invariant pseudo-Riemannian structure con-
sists in insisting on the notion of one-parameter subgroups by using the quadratic
form in SE(3)(combination of Killing form and Klein form)

MAd =
[

αI βI
βI 0

]
(10)
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whose eigenvalues are nondegenerate but can be either positive or negative ac-
cording to the values of α and β. Its geodesics are the screw motions. The
double geodesic approach is based on discarding the group structure of SE(3)
and consider separately the bi-invariant metric of SO(3) and the Euclidean
metric of R3. The corresponding quadratic form is

Mdg =
[

αI 0
0 βI

]
(11)

Although a representation of se(3) based on disregarding the group structure
is neither right nor left invariant, the right (or left) invariance of the metric is
preserved. Consider for example the left-invariant representation of the system.
Discarding the group structure, we have that the left-invariant equation for
g = (R, p) are:

{
Ṙ = Rω̂b

ṗ = vb (12)

Changing body frame from g to g0g, where g0 = (R0, p0) we get

g0g = (R0R, R0p + p0)

Deriving the two components,

d

dt
(R0R, R0p + p0) = R0(Ṙ, ṗ) = (R0Rω̂b, R0v

b)

we reobtain (12). Applying the same change of body frame in the group struc-
ture, left invariance gives

d

dt
(g0g) = g0gXb

or eq. (7) in components. The only difference between (12) and (7) is the left
action SO(3) → Aut(R3) given by the rotation R in R3 which does not modify
lengths.

3.2 Riemannian connection on SE(3)

The natural affine connection that can be associated to an Ad-invariant non-
degenerate symmetric (0, 2)-tensor is called the (0)-connection and is studied
by Cartan in [Car53]. However, since the quadratic form MAd is nondegenerate
but not positive definite, it is not compatible with the standard definition of
kinetic energy of a rigid body in SE(3) because of the negative energy that can
be associated to MAd along certain trajectories. Therefore we neglect it and
concentrate instead on Mdg. Because of the lack of bi-invariance of Mdg, its
Riemannian connection is not among the “canonical” ones studied in the classi-
cal literature [Car53, Eis66], but rather it can be seen as the torsion-free metric
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connection of a trivially reductive homogeneous space with respect to the left
action on itself and studied accordingly (see for example [Nom54], §13).

The Riemannian connection
dg

∇, being defined from a left-invariant metric,
can be extended to left invariant vector fields on TSE(3) in such a way that it
retains the left-invariant property along the coordinate directions of an invariant
basis. Calling Ai the elements of an orthonormal basis of left invariant vector
fields:

dg

∇gAi (gAj) = g
dg

∇Ai Aj = Γk
ijgAk (13)

for all g ∈ SE(3). Since the Γk
ij are not tensorial, in general left invariance of

the connection has to be intended with respect to affine transformations, i.e.
if X is an infinitesimal affine transformation and φX the corresponding local
one-parameter group of local transformations in SE(3) generated by X (see
Prop. 1.4, Ch. VI of [KN63]):

φX

(
dg

∇Y Z

)
=

dg

∇φX(Y ) φX(Z) ∀ Y, Z ∈ se(3)

For the left invariant basis, the Christoffel symbols can be expressed as:

Γk
ij =

1
2
Mkl

(
cm
lj Mmi + cm

li Mmj + cm
ij Mml

)

From (9), a constant metric quadratic form like Mdg, interpreted as an inertia
tensor, is a map Mdg : se(3) → se∗(3) the dual of se(3). Using ad∗X , the dual
of adX , defined as (adXZ; η) = (Z; ad∗Xη), where X,Z ∈ se(3) , η ∈ se∗(3) and
( · ; · ) indicates the R-valued standard pairing between a Lie algebra and its
dual, we get

〈adXZ, Y 〉 = (adXZ;MdgY ) = (Z; ad∗XMdgY ) = 〈Z,M−1
dg ad∗XMdgY 〉 (14)

Proposition 3.1 The left-invariant covariant derivative for (SE(3), Mdg) can
be expressed as

dg

∇X Y =
1
2

(
[X, Y ]−M−1

dg (ad∗XMdgY + ad∗Y MdgX)
)

(15)

Proof: Adapting Theorem 3.3, Chapter X of [KN63] to the case of trivially
reductive homogeneous spaces given by the left action of a Lie group on itself,
the Riemannian connection for Mdg is expressed as

∇XY =
1
2
[X, Y ] + U(X, Y )

where U(X, Y ) is the symmetric bilinear mapping se(3)× se(3) → se(3) defined
by

〈U(X, Y ), Z〉 =
1
2

(〈adZX, Y 〉+ 〈X, adZY 〉) (16)
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for all X, Y, Z ∈ se(3). Using (14) to extract Z on both terms on the right
hand side expression (16) the result follows (see also [Arn89] Appendix 2). 2

From (8), the expressions for the coadjoint and infinitesimal coadjoint actions
Ad∗g−1 and ad∗X are:

Ad∗g−1 = (Adg)
−T =

[
R p̂R
0 R

]

ad∗X = − d

dt
Ad∗e−tX

∣∣∣∣
t=0

= − (adX)T =
[−ω̂ −v̂

0 −ω̂

] (17)

In (15), when we compute the covariant derivative of X along itself, due to the
semidirect action of SO(3) on R3 the terms ad∗XMdgX are nonnull, even when
the inertia tensor is diagonal with α = β. In this case, Mdg can be pulled out
and (with abuse of notation)

ad∗XMdgX = αad∗XX = α

[
0

−ω̂v

]
= α

[
0

v × ω

]
6= 0

Using (13), we can reduce the transport equation from TSE(3) to the Lie alge-
bra se(3). The equations we obtain are the so-called Euler-Poincaré equations
[MR99]. Consider the left-invariant trajectory γ̇(t) = γ(t)X(t). In the basis
A1, . . . , A6, the infinitesimal generator X ∈ se(3) is expressed as X(t) = αi(t)Ai

and its derivative as Ẋ(t) = α̇(t)iAi.

Proposition 3.2 In SE(3), the Euler-Poincaré equations corresponding to the
metric Mdg are

γ̇ = γX

Ẋ = M−1
dg ad∗XMdgX

Proof: Call Bi = Lγ∗Ai = γAi, i = 1, . . . , 6 the basis of TγSE(3) obtained by
left translation of A1, . . . , A6. Since X = X(t) is time varying, (13) cannot be
applied directly. The expression (4) for the transport equation along γ(t) is

0 =
D

dt
(γ̇) =

dg

∇γ̇(t) γ̇(t) =
dg

∇γX(t) γX(t) =
dg

∇αi(t)Bi
αj(t)Bj

=
(Lγ̇αj

)
Bj + αiαj

dg

∇Bi Bj = α̇jBj + αiαjγ
dg

∇Ai Aj by (13)

= γα̇jAj +
1
2
γαiαj

(
[Ai, Aj ]−M−1

dg ad∗Ai
MdgAj −M−1

dg ad∗Aj
MdgAi

)
by (15)

= γα̇jAj +
1
2
γ

(
[αiAi, α

jAj ]−M−1
dg ad∗αiAi

Mdgα
jAj −M−1

dg ad∗αjAj
Mdgα

iAi

)

Therefore
dg

∇γ̇(t) γ̇(t) = γ

(
Ẋ+

dg

∇X X

)
= 0 (18)

Expression (18) is well-known in the literature, see ex. Hermann [Her68] p.429.
The result follows from it. 2
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4 Robotic chains and Riemannian manifolds

The description of a robotic kinematic chain as a product of exponentials was
initiated by Brockett [Bro84] and explored in detail in the book [MLS94]. It
expands on the so-called normal neighborhood lemma of Riemannian geometry:
an orthogonal set of coordinates on the tangent space at a point induces a
well-defined reference frame on the manifold itself via the exponential map.
Since in SE(3) the exponential map is surjective, the normal coordinates cover
the whole group. Each rigid body transformation generates a one-parameter
subgroup of SE(3) or a translation of it out the identity, i.e. an exponential
function mapping from an initial condition to a final one (another element of
the group) and depending on a parameter which can represent time or, as in
our case, the parameterization of the joint (joint angle or link length). The
infinitesimal generator of the one-parameter motion is determined by the axis
of the rotation/translation with respect to the initial pose of the rigid body.
The forward kinematics of the robotic chain, i.e. the description of the motion
of the end-effector in terms of the joints/links, can be intended as the product
of the exponentials of the single degree of freedom rigid body transformations
of the kinematic chain.

4.1 Forward kinematics as a product of exponentials.

The forward kinematics of a robotic arm is represented by the smooth map

ρ : Q → SE(3) (19)
q = [q1 . . .qn] 7→ g = ρ(q)

The type of joints/link we consider in this work are a special type of lower-
pair joints, characterized by having a single degree of freedom each. For open
chains of one degree of freedom joints/links, Q is an abelian group. In fact, each
joint variable leaves on S or on R and therefore lies in the left/right invariant
translation of a one-dimensional subgroup of SE(3). Hence their direct product
Q is automatically an n-dimensional abelian group. The movements of the
end-effector are the resulting of the composition of rototranslations of the n
one-parameter joints. Following Brockett [Bro84], this can be represented as a
product of exponentials of the single one-degree of freedom screw motions. The
(left invariant version of the) product of exponentials formula

g(q) = g(0)eV1q
1
. . . eVnqn

(20)

is obtained by transforming a description of the kinematic chain that makes use
of a frame on the center of mass of each of the joints

g(q) = g1(q1) . . . gn(qn)

= g1(0)eV1q
1
. . . gn(0)eVnqn

into (20), by recursively applying the matrix identity geVg−1 = egVg−1
= eAdg (V).

All the intermediate frames can therefore be eliminated, their initial conditions
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“shifted” to g(0) = g1(0) . . . gn(0) and the infinitesimal generators Vi expressed
all in the same frame, in (20) the end-effector frame, using the Adjoint operator:

V b
1 = Ad(g2(0)...gn(0))−1V1

...

V b
n−2 = Ad(gn−1(0)gn(0))−1Vn−2

V b
n−1 = Adgn(0)−1Vn−1

V b
n = Vn

(21)

Similar formulae hold also for the right invariant representation. Such a way
of representing the forward kinematics resembles the zero reference position
description of [Gup86], as it corresponds to fixing a g(0) and a zero joint con-
figuration q = 0 and describing the g(t) through the evolution of some integral
curve in the q. The interpretation is the following: we fix a coordinate sys-
tem on Q and one on SE(3) and identify them through ρ. The directions
V b

1 , . . . V b
m ∈ se(3) are fixed by the chosen reference pose ρ(0) = g(0) and remain

fixed thereafter during the motion (the joint variables being the q).
Differentiate (19), we obtain

ρB
∗ : TQ → TSE(3) (22)

(q, q̇) 7→ (g, ġ) =
(
g, gXρ(q)

)
=

(
g, gJb(q)q̇

)

where q̇ corresponds to the usual notion of velocity in coordinates q̇ = q̇i ∂
∂qi .

The superscript B stands for “tangent bundle” evaluated map (as opposed to
Lie algebra evaluated). Using the natural parallelism of an abelian group, i.e.
TqQ = TpQ ∀q,p ∈ Q, and the left invariance of TSE(3) for each q ∈ Q,
instead of the tangent bundle map (22) one can consider the map between
tangent spaces ρ∗, which we call the differential forward kinematics

ρ∗ : TqQ → se(3) (23)
q̇ 7→ Xρ(q) = Jb(q)q̇

The Jacobian of the product of exponentials Jb(q) = g−1(q) ∂g
∂q has the explicit

expression:

Jb(q) =
[
Ad−1

g(0)eV1q1
...eV9q9 ξ1 . . . Ad−1

g(0)eV9q9 ξ9

]
(24)

where R6 3 ξi =
(
V b

i

)∨ ' V b
i ∈ se(3). In the inertial frame, instead of (24), we

have

Js(q) = [ξ1 Ad
eV1q1 ξ2 . . . Ad

eV1q1
...eV8q8 ξ9] (25)

Unlike the Vi which are univocally fixed by the initial conditions, the infinites-
imal generator Xρ(q) of the end-effector trajectory varies during the motion.
The product of exponentials (20) formula and its Jacobians are the coordinate-
dependent expression of the abstract map ρ between groups and of its push
forward ρ∗. They are needed for practical calculations.



34 Paper A: Redundant robotic chains on Riemannian manifolds

4.2 Joint space dynamic equations

In joint space Q, the Lagrangian of the manipulator is

L(q, q̇) = T (q, q̇)− V (q)

The kinetic energy is the sum of the joints kinetic energies T (q, q̇) =
∑9

i=1 Ti(q, q̇)
and defines an inner product in TQ:

T (q, q̇) = 〈q̇, q̇〉 =
1
2
q̇T M(q)q̇

where M(q) is the manipulator generalized inertia matrix. The configuration-
dependent matrix M(q) is defined as

M(q) =
9∑

i=1

JT
i (q)MiJi(q) (26)

Mi being the quadratic form representing the generalized inertia tensor of the
i-th link/joint

Mi =
[Ii 0

0 miI3

]

(Ii the moment of inertia, mi the mass). The “partial” Jacobian Ji(q) is

Ji(q) =
[
Ad−1

eV1q1
...eViqi

gi(0)
ξ1 . . . Ad−1

eViqi
gi(0)

ξi 0 . . . 0
]

i.e. the R6-velocity of the j-th link (j ≤ i) is referred to the i-th link (compare
with (24)). From (26), M(q) is positive definite and symmetric, therefore it con-
stitutes a well-defined metric tensor for the joint space and gives to Q the struc-
ture of a Riemannian manifold. The potential energy is V (q) =

∑9
i=1 gmihi(q)

where hi(q) is the height of the i-th center of mass and g is the gravitational
constant. Calling τ the external generalized forces, the Lagrange equations

d

dt

∂L

∂q̇
− ∂L

∂q
= τ

admit the usual expression for a robotic chain

M(q)q̈ + C(q, q̇)q̇ + dV (q) = τ (27)

where the Coriolis matrix can be expressed in terms of the Christoffel symbols
associated to the metric tensor M(q): Cij(q, q̇) = 1

2MkiΓk
jlq̇

l. If M ij =
(
M−1

)
ij

is used to raise the indexes, then the covariant Euler-Lagrange equation (27) can
be transformed into the contravariant one. By premultiplication with M−1(q),
we obtain

q̈ + M−1(q)C(q, q̇)q̇ = M−1(q) (τ − dV (q)) (28)
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which in coordinates reads:

q̈k + Γk
ij q̇

iq̇j = Mkj (τj − dVj) (29)

The Γk
ij define the affine connection ∇ so that (28) can be rewritten as

∇q̇q̇ = M−1 (τ − dV (q)) (30)

In Euclidean local coordinates q1, . . . ,qn, the torsion-free property (1) can be
expressed in terms of symmetry in the Christoffel symbols: Γk

ij = Γk
ji. Neglect-

ing V (·), in [Par97] the tensor M(q) is viewed as the pull-back to joint space
of the direct tensor product of the n inertia tensors Mi, each of them defining
a Levi-Civita connection on a copy of TSE(3). The torsion-freeness property
of each Mi is maintained in the inertia matrix (26). Therefore we can conclude
that Γk

ij = Γk
ji and that also the joint space affine connection ∇ induced by the

Christoffel symbols is torsion-free. Furthermore, ∇ is also locally flat, i.e. the
curvature tensor vanishes. This is proven in [Bed90] in terms of isometric trans-
formations. Recall that an isometry ϕ is a bijective map between Riemannian
manifolds that preserves the inner product

〈X,Y 〉x = 〈ϕ∗X, ϕ∗Y 〉ϕ(x) (31)

where X and Y are vector fields on the source manifold. For flat manifolds,
there exists an isometry (see for example [Lee97] Prop. 5.6)

ϕ : (Q, M(q)) → (Q̃, I) (32)

with connection ∇̃ defined as the push-forward of ∇
∇̃ϕ∗X (ϕ∗Y ) = ϕ∗ (∇XY ) (33)

and such that the Γ̃k
ij of ∇̃ are all equally 0. Finding ϕ means normally solv-

ing the system of equations for the factorization of M and then integrating
them. This is obtained as follow: since M(q) is symmetric, we can write it as
M(q) = N(q)T N(q), with N(q) the Jacobian of an isometry ∀ q. From the
spectral theorem for symmetric matrices, all the eigenvalues of M , λ1, . . . , λn

(counted with multiplicity), are real and M admits the factorization

M = PT diag(λ1, . . . , λn)P

where P is an orthogonal matrix having as rows the (normalized) eigenvectors.
Furthermore, positive definiteness of M implies that λi > 0, therefore

N = diag
(√

λ1, . . .
√

λn

)
P = D1P P ∈ O(n)

Call q̃ the new state, q̃ = ϕ(q), such that differentiating: ˙̃q = ϕ∗(q) = N(q)q̇.
N(q) is the Jacobian of a diffeomorphism, therefore N−1(ϕ−1(q̃)) is well-defined
and nonsingular. The isometry is easily verified:

〈 ˙̃q, ˙̃q〉Q̃ = ϕT
∗ (q)ϕ∗(q) = q̇T NT (q)N(q)q̇ = 〈q̇, q̇〉Q (34)
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In [BS95], ϕ is interpreted in terms of Hamiltonian preserving canonical trans-
formation. Without entering into the details (see also [Bed90, Kod85] for a
thorough treatment), in the velocity phase space TQ this can be expressed as
follows: if q and v are configuration and velocity coordinates in TQ and q̃, ṽ in
T Q̃ then the full transformation is

q̃ = ϕ(q)
ṽ = Nv

τ̃ = N−T τ

For a fully actuated control system, the same result can be obtained in a different
way if, instead of the change of state, we use the change of input corresponding
to feedback linearization of the system. Without potential, from (28), such a
feedback is

τ = C(q, q̇)q̇ + M(q)τ̃

and is commonly known as computed torque method. Since ∇̃ is Euclidean, the
acceleration is simply ∇̃ ˙̃q

˙̃q = ¨̃q. The model space (Q, M(q)) is the n-dimensional
Euclidean space and the isometry ϕ linearizes the Euler-Lagrange equations. In
both methods, in fact, the Euler-Lagrange equations now look like a double
integrator

∇̃ ˙̃q
˙̃q = ¨̃q = τ̃ (35)

As it is expressed in (35), τ̃ ∈ Tq̃Q̃. However, since the new inertia tensor is
the identity, τ̃ can be equally thought of as leaving on the cotangent space.

In the new local connection, the system is Euclidean and, if there are both
rotational and prismatic joints, it is and Euclidean cylinder. It is an Euclidean
torus if there are only revolute joins. In both cases, the holonomy group (giving
the “wrapping” of the joint space with respect to Rn ) is discrete ([KN63]
Theorem V.4.1).

4.3 Forward kinematics as a Riemannian submersion

We assume in the following to consider only the points q ∈ Q in which the
smooth map ρ is locally surjective in SE(3), i.e. ρ∗ has full row rank.

A1 Assume that at q ∈ Q rank (ρ∗(q)) = 6.

By the open mapping theorem, then, ρ is locally surjective on a full neighbor-
hood of ρ(q). When assumption A1 is verified, we say that ρ : Q → SE(3) is
a locally surjective submersion. Necessary condition is that the dimension of Q
is at least 6, i.e. that we have a 6 degree-of-freedom manipulator.

In the following, for SE(3) we will consider only the double geodesic metric
structure given by (11), with α = β = 1.

For any g ∈ SE(3) the fiber over g, ρ−1(g), is a closed embedded submanifold
of Q of dimension n− 6 by the implicit function theorem. In Robotics, ρ−1(g)
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is normally called the space of internal motions, i.e. the set of joint movements
that do not affect the end effector. Since Q is a Riemannian manifold, at each
q ∈ Q, TqQ can be decomposed into an orthogonal direct sum:

TqQ = Hq ⊕ Vq (36)

where Vq is the tangent space to the fiber

Vq = ker ρ∗|q = Tqρ−1 (ρ(q))

andHq = V⊥q is the horizontal space. The submersion is said a local Riemannian
submersion if it preserves the length of the horizontal vectors

〈q̇h
X , q̇h

Y 〉Q = 〈ρ∗q̇h
X , ρ∗q̇h

Y 〉SE(3) ∀ q̇h
X , q̇h

Y ∈ Hq

In other words, a Riemannian submersion is such that, for any X ∈ se(3), there
is a unique q̇h

X ∈ TqQ that is (faithfully) ρ-related to X: ρ∗q̇h
X = Xρ(q) ∀q ∈ Q.

q̇h
X is called the horizontal lift of X at q. From (36) then, each vector q̇ of TqQ

admits the decomposition q̇ = q̇h
X + q̇v

X where q̇h
X ∈ Hq and q̇v

X ∈ Vq.
Assumption A1 alone does not guarantee that a submersion is Riemannian,

because of the presence of singularities in the robotic chain. We therefore need
to consider the stronger condition:

A2 Assume that at q ∈ Q dimHq = 6 and dimVq = n− 6.

The set of points in which A2 is satisfied is open and dense in Q. The second
part of A2 will be needed in order to consider isomorphic fibers. In Robotics, the
singularities that occur when dimVq < n− 6 are called algorithmic singularities
[BM90].

The forward kinematic map ρ takes an Euclidean space to a noncommutative
group. In fact, while the joint space is flat, SE(3) has a nonnull curvature (see
[ZKC99] for complete discussion on the curvature associated with MAd and
Mdg). The following proposition says that it does so respecting the lengths of
vectors, whenever the horizontal vectors do not degenerate.

Proposition 4.1 Under the assumption A2, the forward kinematic map ρ is a
Riemannian submersion.

Proof: The result is a consequence of the observation above that SE(3) is the
group of motions of R3 and (provided we choose the metric (11) with α = β = 1)
that the linearization ϕ can reduce the metric of Q to the identity.

Consider R6 endowed with the
dg

∇ connection instead of its Riemannian (Eu-

clidean) connection.
dg

∇ is metric ([Lee97] p. 112) but not symmetric (the torsion
tensor T (X, Y ) = ∇XY − ∇Y X is nonnull since [X, Y ] = 0). Therefore, for
horizontal vectors q̇X , q̇Y ∈ Hq

〈q̇X , q̇Y 〉Q = 〈ρ∗(q̇X), ρ∗(q̇Y )〉R6
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i.e. Q → (R6,
dg

∇) is an isometric submersion. For the orthogonal subalgebra
of se(3) = so(3)sR3, we have the isomorphism so(3) ' (R3, ×). The cross
product induces a Lie algebra structure on R3 which is compatible with the
Euclidean inner product: x, y ∈ R3 implies 〈x, y〉R3 = 〈x̂, ŷ〉so(3). Endowing R3

with cross product and keeping
dg

∇ preserves lengths and makes
dg

∇ symmetric.
Therefore, for q̇X , q̇Y ∈ Hq

〈q̇X , q̇Y 〉Q = 〈ρ∗(q̇X), ρ∗(q̇Y )〉se(3) = q̇T
XJbT

(qX)MdgJ
b(qY )q̇Y

Such property is preserved through ϕ (as well as through the feedback linearizing
transformation) as it is straightforward to verify from (34). 2

Alternatively, one could prove the proposition above by considering the “ab-
solute parallelism” of the Lie group, obtained by regarding it as a trivial re-
ductive reductive homogeneous space with respect to the left action on itself,
i.e. endowing SE(3) with the so-called (−)-connection (the flat connection with

torsion tensor T (X, Y ) = −[X, Y ], see [Car53]) and then transforming to
dg

∇.
A nonnull curvature on a Riemannian manifold is a measure of the nonintegra-
bility of the horizontal distribution. The crucial step of the whole reasoning
here is that the curvature of SE(3) can be canceled by a change of connec-
tion which does not modify the length of the vectors and the angles between
them. The fact that the Riemannian submersion is between manifolds of dif-
ferent curvatures implies however that ρ introduces a distortion. Concepts like
the quantification of such a distortion are helpful in the dexterity analysis and
in the optimization of the design of robotic mechanisms [PB94] and will not be
considered here.

4.4 Horizontal lift for a robotic chain

In the following we call ρ∗h the pullback map, i.e. the linear map between
tangent spaces se(3) → TqQ giving the horizontal lift of X ∈ se(3) at each
q ∈ Q:

ρ∗h
(
Xρ(q)

)
= ρ∗hXρ(q) = q̇h

X (37)

In a Riemannian submersion, just like a vector field admits a horizontal lift, so
does any curve in SE(3). Given a path γ(t) ∈ C1(SE(3)), the horizontal lift of
γ is any path c(t) ∈ Q such that ċ(t) is horizontal for all t and ρ(c(t)) = γ(t).

Unlike an embedding, a Riemannian submersion is normally described by two
tensors (see [O’N66]) one representing the second fundamental form on each fiber
and the other the obstruction to integrability of the horizontal distribution. In
our case however, the situation simplifies a lot since Q is abelian (and therefore
complete as a metric space). We can use the following theorem by R. Hermann
[Her60]. Call H and V the horizontal and vertical distributions (i.e. H =

⋃
qHq

and V =
⋃

q Vq for q ∈ Q satisfying A2 ).
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Theorem 4.1 (Q, M(q)) complete and ρ a Riemannian submersion imply that
H is complete and that ρ is the projection map of a locally trivial fiber bundle
over SE(3)

ρ : Q → SE(3) (38)

with fibers locally isomorphic to Rn−6. Furthermore the Ehresmann connection
is complete.

For our purposes, the last sentence implies the following important fact:

Corollary 4.1 For all paths γ(t) ∈ SE(3) starting at γ0 and any q0 ∈ ρ−1(γ0),
there exists a unique horizontal lift c(t) ∈ Q of γ(t) starting at q0.

Notice that the local triviality statement of Theorem 4.1 is implicit in the defini-
tion of the fiber bundle and, due to assumption A2, none of our considerations
can be given a global character.

Equation (38) has to be intended as the existence of a locally isometric
diffeomorphism between SE(3) and R6 (given for example by choosing Euler
angles on SO(3) and Cartesian coordinates on R3), i.e. the two horizontal maps
of the diagram are local isometries.

R6 × R3 ←→ Q
↓ ↓ ρ
R6 ←→ SE(3)

The isometry follows from Proposition 4.1. The local triviality of the fiber
bundle induces a direct product splitting also on the tangent bundle.

Corollary 4.2 H and V are both locally integrable distributions.

While integrability of V is trivial, the integrability of H holds only because Q is
abelian. In this case in fact, closed paths onH do not give any “geometric phase”
on V. In the literature, this phenomenon is normally called repeatability [SY88]
or cyclicity of tracking [BW88], since it corresponds to the fact that applying
a closed loop trajectory γ(t) ∈ SE(3) (contained in a simply connected open
set that satisfies A1) the inverse kinematics produces closed loops that “do not
drift”.

The integrability of H allows to obtain a relation similar to (33) between
dg

∇
and ∇.

Proposition 4.2 Consider (Q, M(q)) and (SE(3),Mdg).

∇q̇h
X
q̇h

Y = (∇q̇X q̇Y )h = ρ∗h
(

dg

∇Xρ(q) Yρ(q)

)
(39)

where q̇h
X and q̇h

Y ∈ TqQ are the horizontal lifts of Xρ(q) and Yρ(q), and
q̇X |Hq

= q̇h
X , q̇Y |Hq

= q̇h
Y .
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Proof: For a generic Riemannian submersion one has (see [dC92], p.185):

∇q̇h
X
q̇h

Y = ∇ρ∗h(Xρ(q))ρ
∗h(Yρ(q))

= ρ∗h
(

dg

∇Xρ(q) Yρ(q)

)
+

1
2

[
ρ∗h

(
Xρ(q)

)
, ρ∗h

(
Yρ(q)

)]v

but, since H is integrable,
[
ρ∗h

(
Xρ(q)

)
, ρ∗h

(
Yρ(q)

)]
is horizontal and the last

term disappears. 2

Corollary 4.3 With the same notation as Proposition 4.2:

dg

∇Xρ(q) Yρ(q) = Jb(q)∇q̇X
q̇Y (40)

Proof: Because of the integrability of H, pushing (39) to se(3) we have:

dg

∇Xρ(q) Yρ(q) = ρ∗
(
∇q̇h

X
q̇h

Y

)
= ρ∗ (∇q̇X

q̇Y ) = Jb(q)∇q̇X
q̇Y

which gives us the expression of
dg

∇ in terms of the joint space connection. 2

4.5 Workspace dynamical equations

The effective Euler-Lagrange equations are the dynamic equations of the robotic
chain as “seen” from the end-effector.

Proposition 4.3 Under the assumption A2, if γ(t) = ρ(q(t)), dγ
dt

∣∣∣
ρ(q)

= γXρ(q)

and Mdg = I the effective forced Euler-Lagrange equations are

γ̇ = γXρ(q)

Ẋρ(q) = ad∗Xρ(q)
Xρ(q) + Jb(q)M−1(q)τ

(41)

Proof: From (40)

dg

∇Xρ(q) Xρ(q) = Jb(q)M−1(q)τ

Adding the forcing term to (18)

dg

∇γ̇(t) γ̇(t) = γ

(
Ẋρ(q)−

dg

∇Xρ(q) Xρ(q)

)

= γ
(
Ẋρ(q) −M−1

dg ad∗Xρ(q)
MdgXρ(q)

)
= γJb(q)M−1(q)τ

and the result follows by writing it as a system of first order equations. 2

Calling f = Jb(q)M−1(q)τ the external forces, equations (41) become the
forced Euler-Poincaré equations of a mechanical system on SE(3). Notice that
just like with τ̃ in joint space, since Mdg = I, f can be intended both as
leaving on se(3) or as one forms on se∗(3). For the coordinate expression of
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such result, consider the left invariant basis A1, . . . , A6 ∈ se(3). Since SE(3) is
parallelizable, such basis is defined along any curve of SE(3) and at γ it induces
a left invariant basis B1, . . . B6 so that Bi = γAi ∈ TγSE(3). If Xρ(q) = aiAi,
then for the coordinates x1, . . . , xn of γ we can write ẋiBi = γaiAi = aiBi.

Each of the second order differential equation ẍk +
( dg

Γ
)k

ij
ẋiẋj = fk splits into

the pair of first order differential equations:

ẋk = ak

ȧk = −( dg

Γ
)k

ij
aiaj + fk

(42)

where the symbols
( dg

Γ
)k

ij
corresponding to Mdg = I are listed in [ZKC99].

4.6 Pseudoinverse and horizontal lift

From (23), the pull back map (37) corresponds to a “pseudoinverse” of Jb(q),
i.e.

ρ∗
(
ρ∗h

(
Xρ(q)

))
= Xρ(q)

We need few facts from the theory of generalized inverse of rectangular ma-
trices, see for example [BIG74]. For a given m×n real matrix A, a pseudoinverse
is a matrix B characterized by one or more of the four defining properties

ABA = A (I)
BAB = B (II)

(AB)T = AB (III)

(BA)T = BA (IV )

Each of the properties (I) − (IV ) defines a particular type of pseudoinverse of
A. The “weakest” pseudoinverse will satisfy only the first property (each such
B is indicated as B{I}); on the other end of the scale the “strongest” inverse is
the Moore-Penrose pseudoinverse B† = B{I, II, III, IV }, i.e. the unique matrix
satisfying all the four properties above. The properties of the “intermediate”
inverses are easily seen if one consider the matrix A as a map between two vector
spaces equipped with the ordinary Euclidean norm ‖ · ‖

A : Vx → Vb

x 7→ b = Ax

A vector x is called a least-squares solution of the linear system of equations

Ax = b (43)

if it minimizes ‖Ax − b‖. The following proposition characterizes the inverses
corresponding to least-squares solutions and to solutions minimizing the norm
of x (in the generic case and assuming that (43) admits solutions).
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Proposition 4.4 For the linear system (43):

i) (Theorem 4.1 of [BIG73]: least squares solution)

min
x
‖Ax− b‖ ⇐⇒ x = B{I, III}b

ii) (Theorem 4.2 of [BIG73]: minimum norm solution)

min ‖x‖ such that Ax = b ⇐⇒ x = B{I, IV }b

iii) (Corollary 4.3 of [BIG73]) the matrix B{I, IV }AB{I, III} is the Moore-
Penrose pseudoinverse A† of A.

In Robotics, the inverse kinematics of a redundant manipulator is usually
based on the Moore-Penrose pseudoinverse

q̇′X = Jb†(q)Xρ(q) (44)

In order to relate the Riemannian submersion ρ with the theory of generalized
inverses, we need also the concept of partial isometry. A linear transformation
between vector spaces equipped with Euclidean norms A : Vx → Vb is called a
partial isometry if it is norm preserving on the orthogonal complement of its null
space N (A), i.e. if ‖Ax‖ = ‖x‖ ∀x ∈ N (A)⊥ or, equivalently, if it is distance
preserving ‖Ax1 −Ax2‖ = ‖x1 − x2‖ ∀x1, x2 ∈ N (A)⊥. So a partial isometry
is basically an isometry maintained through embeddings or submersions. For
partial isometries we have the following characterization:

Proposition 4.5 (Theorem 4, Ch.6 of [BIG74]) The following statements are
equivalent:

i) A ∈ Rm×n is a partial isometry

ii) AT is a partial isometry

iii) AAT A = A and AT AAT = AT

iv) A† = AT

A consequence is that all the nonzero eigenvalues of the symmetric matrix AT A
are unitary (equal to 1 if we limit to orientation preserving maps).

The concepts above can be extended from Euclidean norms to more general
convex metric tensors and therefore to positive definite Riemannian metrics. In
our case, since Mdg = I this is not necessary, Euclidean norm on se(3) and
isometric linearization ϕ of the joint space equations are enough to conclude
the main theorem below.

Call ρ̃ : (Q̃, I) → (
R6, I

)
. Since Tq̃Q̃ ' Q̃ and ρ̃ is also a Riemannian sub-

mersion, the tangent map ρ̃∗|q̃ : Q̃ → R6 is a metric preserving map between
vector spaces of different dimensions both with Euclidean norm and therefore
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a partial isometry in the language above. Therefore ρ̃∗h
∣∣
q̃

=
(

ρ̃∗|q̃
)T

is both
the pullback map giving the horizontal lift of the Riemannian submersion ρ̃ (by
definition) and the Moore-Penrose pseudoinverse of the Jacobian map ρ̃∗ by
Proposition 4.5.

Under the assumption A2, for orientation preserving maps ρ̃, the singular
value decomposition gives ρ̃∗ = P̃T

6 D̃P̃n where P̃6 ∈ SO(6), P̃n ∈ SO(n) and
D̃ is a 6 × n matrix with D̃ii = 1, i = 1, . . . 6, and zero otherwise. Therefore
ρ̃∗h = P̃T

n D̃T P̃6 and

ρ̃∗hρ̃∗ = P̃T
n D̃T 6P̃6 6P̃6

T
D̃P̃n = P̃T

n

[
I6

0n−6

]
P̃n (45)

In our case, after the linearization, the velocity phase space equations and the
forward kinematic (considered as output map, g ∈ SE(3)) are

¨̃q = τ̃

g = ρ̃(q̃)

At each point q̃, the horizontal and vertical distributions H̃ and Ṽ of the Rie-
mannian submersion in the Q̃ basis give orthogonally complementary subspaces
of Tq̃Q̃ corresponding respectively to N (ρ̃∗)⊥ and N (ρ̃∗). Furthermore, since
H̃ and Ṽ are both involutive, the orthogonal matrix P̃n has to have a block-
diagonal structure

P̃n =
[
P̃6

P̃n−6

]
P̃6 ∈ SO(6), P̃n−6 ∈ SO(n− 6) (46)

Therefore (45) becomes simply

ρ̃∗hρ̃∗ =
[
I6

0n−6

]
(47)

From ρ = ϕ ◦ ρ̃, the chain rule gives:

Jb(q) = ρ∗|q = ρ̃∗|q̃=ϕ(q) ϕ∗|q = ρ̃∗|q̃ N(q)

The horizontal lift of the robotic chain ρ is then

ρ∗h
∣∣
q

= N−1(q̃) ρ̃∗h
∣∣
q̃=ϕ(q)

Theorem 4.2 Consider the robotic chain ρ : (Q, M(q)) → (SE(3), I). Un-
der the assumption A2, the pullback map ρ∗h is given by the Moore-Penrose
pseudoinverse

ρ∗h
∣∣
q

= Jb†(q) (48)

i.e. for the Riemannian submersion ρ the horizontal lift of any X ∈ se(3) is
given by q̇h

X = Jb†(q)Xρ(q) ∀q ∈ Q.
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Proof: Consider the Riemannian manifold (Q̃, I) obtained by applying the
isometry (32) to (Q, M(q)). Like in the proof of Proposition 4.1, we can replace
se(3) with R6 keeping the same metric tensor I.

In the following, the point of application will be omitted when no confusion
arises. The passage (se(3), I) → (

R6, I
)
, although it changes torsion and curva-

ture, is metric preserving and therefore makes no harm to the partial isometry
property. We use the same symbol ρ̃ for the forward kinematics having Jacobian
onto R6 and onto se(3).

We claim that N−1ρ̃∗h is the Moore-Penrose inverse for the forward kine-
matic map ρ : (Q, M(q)) → (SE(3), I). To prove the claim, we need to verify
the four properties (I)− (IV ), using the fact that analogous properties hold for
ρ̃∗h and knowing the structure of N = D1P .

(I) ρ̃∗ 6N 6N−1ρ̃∗hρ̃∗N = ρ̃∗N since ρ̃∗ρ̃∗hρ̃∗ = ρ̃∗

(II) N−1ρ̃∗hρ̃∗ 6N 6N−1ρ̃∗h = N−1ρ̃∗h since ρ̃∗hρ̃∗ρ̃∗h = ρ̃∗h

(III)
(
ρ̃∗ 6N 6N−1ρ̃∗h

)T
= ρ̃∗ρ̃∗h = ρ̃∗NN−1ρ̃∗h since

(
ρ̃∗ρ̃∗h

)T
= ρ̃∗ρ̃∗h

(IV )
(
N−1ρ̃∗hρ̃∗N

)T
= NT

(
ρ̃∗hρ̃∗

)T
N−T

= NT ρ̃∗hρ̃∗N−T since
(
ρ̃∗hρ̃∗

)T
= ρ̃∗hρ̃∗

In order to complete the proof of item (IV ) above, we have to show that
NT ρ̃∗hρ̃∗N−T = N−1ρ̃∗hρ̃∗N . From (47) and N = D1P (i.e. N−1 = PT D−1

1

and N−T = D1P )

NT ρ̃∗hρ̃∗N−T = PT D1

[
I6

0n−6

]
D−1

1 P = PT

[
I6

0n−6

]
P

= PT D−1
1

[
I6

0n−6

]
D1P = N−1ρ̃∗hρ̃∗N

Therefore, from the uniqueness of the Moore-Penrose pseudoinverse,

Jb†(q) = ρ∗h
∣∣
q

= N−1(q) ρ̃∗h
∣∣
q̃

= N−1(q)
(

ρ̃h|q̃
)

2

Notice that the integrability of H is crucial to complete the proof of the
item (IV ) above. In fact if H is not integrable, P̃n does not admit the block
factorization (46) and therefore ρ̃∗hρ̃∗ cannot be expressed as (47), since the
eigenvalues λi of N remain “trapped” between two orthogonal matrices P and
P̃n. D1P̃

T
n D̃T D̃PnD−1

1 is then not anymore symmetric, so that N−1ρ̃∗h does
not satisfy the property (IV ) and it is not possible to reobtain the singular
value decomposition of Jb. From Proposition 4.4, in this case N−1ρ̃∗h is the
least squares solution but not the one of minimum norm in joint space Q̃.

It is interesting to remark that the result of Corollary 4.2 is valid for any
pseudoinverse Jb#. In [SY88] (Theorem 2.1), it is shown that a joint space path
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is repeatable if and only if all the Lie brackets of vectors formed by the columns
of Jb# belong to span(Jb#). In other words, the 6-dimensional surface spanned
by the distribution generated by the columns of Jb# is involutive. Since Q is
abelian and we work under assumption A2, this is always true in our case. In-
cluding passages through singular points may lead to leaving the 6-dimensional
surface. Therefore it is important to stress the nonglobal character of the whole
reasoning.

The pseudoinverse Jb† allows to express the workspace coordinate version of
the Euler-Poincaré equations in terms of the joint space dynamic parameters Γk

ij

and τj (instead of the parameters
( dg

Γ
)k

ij
and fk used in (42)). At q ∈ Q, using

the Jacobian (24), Jb(q) = (J)j
i and Jb†(q) = (J†)j

i , the relation between joint
space and workspace coordinates is ai = (J)i

j q̇j
X . Deriving and substituting in

(29), the second row of (42) can be written as

(J†)k
l ȧl + (J̇†)k

l al + Γk
ij(J

†)i
mam(J†)j

pa
p = Mkjτj

or, after premultiplication by Jb

ȧl + (J)l
k(J̇†)k

i ai + (J)l
kΓk

ij(J
†)i

mam(J†)j
pa

p = (J)l
kMkjτj

Notice that premultiplying by (Jb†)T , instead, would have given a nondiagonal
inertia matrix in task space, so that to recover Mdg = I one should apply yet
another isometry.

Practical problems of the pseudoinverse scheme in dealing with joint space
singularities are well-known. In order to cope with them, one way is to use the
general least squares solution, obtained by relaxing the minimum norm property,
via the addition of an homogeneous term belonging to N (Jb)

q̇X = Jb†(q)Xρ(q) +
(
I − Jb†(q)Jb(q)

)
q̇Z (49)

where q̇Z is computed as the gradψ = M(q)−1dψ. For ψ : Q → R, different
functions have been proposed like measure of manipulability, condition num-
ber, distance from mechanical joint limits, etc. The other popular way to deal
with singularities is to use a damped least squares inverse, but it will not be
considered here.

5 Motion generation in SE(3)

The assumption of surjectivity of the forward kinematics implies that the forced
Euler-Poincaré equations (41) are fully actuated, i.e. that 6 independent control
inputs are available for such 6-dimensional second order system. This simplifies
considerably the trajectory generation problem, as any smooth enough trajec-
tory is feasible for the system and the equation (41) gives almost directly the
corresponding nominal input fFF (see below).
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Here we review two methods used to generate C1 trajectories on SE(3). The
typical situation is as follows: given a number of waypoints in TSE(3), we would
like to generate a feasible curve in TSE(3) that interpolates them. The class of
admissible inputs considered here is piecewise continuous, bounded measurable
signals. Consequently, the minimal requirement for a feasible trajectory is to
be globally C1 (C0 in the velocity phase space) and piecewise smooth. The loss
of smoothness occurs only at the junction points. Let us concentrate on the
trajectory generation between two consecutive waypoints characterized by the
boundary data g0, gf ∈ SE(3) and ġ0 ∈ Tg0SE(3), ġf ∈ Tgf

SE(3).

5.1 Optimal control approach

The optimal control approach to such problem is to consider a second order
variational problem with cost functional the square of the L2 norm of the ac-
celeration:

J =
∫ T

0

〈dg

∇γ̇ γ̇,
dg

∇γ̇ γ̇〉 dt

The use of variational techniques for trajectory generation on matrix Lie groups
is investigated for example in [CSC96, NHP89, ZKC98]. The main result for
generic Riemannian manifolds is the following theorem

Theorem 5.1 ([CS95, NHP89]) A necessary condition for a C1 curve γ(t) ∈ SE(3),
t ∈ [0, T ], interpolating the data above to be an extremum of J is that

dg

∇γ̇

dg

∇γ̇

dg

∇γ̇ γ̇ + R(γ̇,
dg

∇γ̇ γ̇)γ̇ = 0

. In the above mentioned literature, it is shown how to construct optimal
trajectories from this necessary condition. See also the next paper of this thesis
for related material.

5.2 The De Casteljau algorithm on SE(3)

Working in Rn, the resulting optimal curves obtained from Theorem 5.1 corre-
spond to polynomial splines. The same trajectories can also be generated in an
analytic way by considering the polygonal support of the curve, using construc-
tions like the Bézier polynomials or schemes like the De Casteljau algorithm
[Far97]. When one tries to extend such methods from Rn to a noncommutative
Lie group, the situation becomes more complicated, as the different construc-
tions no longer coincide.

In [PR95, CSK99], the generalization of closed form methods like the De
Casteljau algorithm is investigated for compact Lie groups, for which a “natural”
(i.e. completely frame-independent) Riemannian structure exists. The lack of
a biinvariant metric on SE(3) complicates things further, as the choice of the
metric tensor is task (or designer) biased.
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The scope of this subsection is to extend to the two structures of SE(3)
introduced in Section 3, Ad-invariant pseudo-Riemannian and double-geodesic,
the De Casteljau method. The algorithm used here is taken from [Alt00] and
produces a smooth curve connecting two poses in SE(3) with given boundary
velocities. The advantage of such an algorithm with respect to the variational
approach is that it gives a curve in closed form, function only of the bound-
ary data (and of the metric structure), so that it can be useful in applica-
tions in which a (noncausal) trajectory exactly matching the data is required.
On the other hand, the obtained trajectories do not seem to be the optimum
of any variational problem [CSK99]. The idea is to find a closed form curve
γr(·) : [0, 1] 7→ SE(3) satisfying the boundary conditions:

γr(0) = g0,
dγr

dt

∣∣∣∣
t=0

= ġ0, γr(1) = gf ,
dγr

dt

∣∣∣∣
t=1

= ġf (50)

Here, choosing T = 1 as final time is meant to simplify the calculations. If
T 6= 1, the time axis can be rescaled appropriately afterwards. The basic idea
in Rn is to transform the boundary conditions on the velocity into intermediate
points (called “control points”). The combination of the straight line segments
connecting the extreme points to the control points gives the desired polynomial.
The generalization to a Riemannian manifold consists in substituting the line
segments, used for the construction in the Euclidean version, with geodesic
arcs. Likewise, a couple of iterated combinations of the geodesics gives a C∞

curve, which shares the same boundary conditions with the original patching of
geodesic arcs.

A sketch of the (left-invariant version of the) algorithm is as follows:

• transform the 1st order boundary values in infinitesimal generators V 1
0 and

V 1
2 (see [CSK99] for the details)

dγr

dt

∣∣∣∣
t=0

= 3g0V
1
0 and

dγr

dt

∣∣∣∣
t=1

= 3gfV 1
2

• get the “control points”

g1 = g0e
V 1
0

g2 = gfe−V 1
2

i.e. the points reached by the time-one one-parameter arcs from the ex-
tremes.

• using the logarithmic map, find the velocity V 1
1 s.t.

g2 = g1e
V 1

1

The three velocities obtained so far V 1
0 , V 1

1 , V 1
2 ∈ se(3) are constant.

Their combination (through the exponential) gives rise to curves which
not anymore correspond to one-parameter subgroups, but keep the same
boundary values as the C0 patch of geodesic arcs.
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• construct V 2
0 (t) and V 2

1 (t) s.t.

eV 2
0 (t) = e(1−t)V 1

0 etV 1
1 t ∈ [0, 1]

eV 2
1 (t) = e(1−t)V 1

1 etV 1
2

• construct and V 3
0 (t) s.t.

eV 3
0 (t) = e(1−t)V 2

0 (t)etV 2
1 (t)

The velocities V 2
0 (t), V 2

1 (t), V 3
0 (t) are not constant but correspond to

“polynomial” generators

• the interpolating curve is

γr(t) = g0e
tV 1

0 (t)etV 2
0 (t)etV 3

0

As in SO(3) and SE(3) the exponential and logarithmic maps have closed form
expressions, and as long as the data are given in a symmetric fashion (i.e. we do
not have to compute covariant derivatives), the procedure above requires only
linear algebra tools plus exp and log maps.

By repeating the procedure, C1 (piecewise smooth) trajectories can be gen-
erated from a sequence of waypoints in SE(3).

6 Workspace controller

While geometric formulations of joint space control of rigid robotic manipulators
are quite common, task space equivalent ones seem to be much more rare. An
emblematic example is the book [MLS94]: when it comes to workspace control
(Section 5.4) it falls short of all the remarkable geometric methods employed up
to that point and develops only a coordinate-based approach. In fact, intrinsic
workspace control requires some extra tools from Riemannian geometry and the
theory of Lie group to be utilized.

The problem of constructing a controller for a fully actuated system on
a Riemannian manifold is treated in [BM99]. We recall in this Section the
main concepts needed and then do the calculations in detail for our case. The
resulting controller is composed of a feedforward term corresponding to the
reference trajectory (γr, γ̇r) ∈ SE(3), as seen from the true one, plus a feedback
term constructed from a suitably defined symmetric positive definite function
φ(γ, γr) : SE(3)× SE(3) → R, which plays the rôle of the Lyapunov function.
If (γ, γ̇) is the real trajectory followed by the end-effector, the “error distance”
φ induces a class of maps T between sections of the tangent bundle, named
“transport maps” in [BM99]

T(γ, γr) : TγSE(3) → TγrSE(3)



6. Workspace controller 49

that allow to map vector fields between TγSE(3) and Tγr
SE(3) in a manner

compatible with the one form induced by φ on γ and on γr

dφ(γ, γr)|γ = −T ∗(γ, γr) d(γ, γr)|γr

where T ∗ is the dual of T . By raising the indexes on both sides, the transport
map T is used to transform the total derivative of φ into derivative w.r.t. the
first factor

d

dt
φ(γ, γr) = dφ(γ, γr)|γ γ̇ + d(γ, γr)|γr

γ̇r

= dφ(γ, γr)|γ
(
γ̇ − T(γ, γr)γ̇r

)
= dφ(γ, γr)|γ ė

where ė ∈ TγSE(3) is called (body frame) velocity error. The feedforward
controller is then given by the covariant derivative along γ

fB
FF =

D

dt

(T(γ, γr)γ̇r

)
= Mdg

(
dg

∇γ̇ T(γ, γr)γ̇r

∣∣∣∣
γr fixed

+
d

dt

(T(γ, γr)γ̇r

)∣∣∣∣
γ fixed

)

(51)

where the first term is the usual covariant derivative for a vector field (depending
on γ) and the second term expresses how the change in γr is viewed along γ. A
Lyapunov based PD controller for the feedback part is

fB
PD = − dφ(γ, γr)|γ −KD

(
γ̇ − T(γ, γr)γ̇r

)
(52)

6.1 Tracking control on SE(3)

The formulation above for the controller does not take advantage of the Lie
group structure of the workspace SE(3). In Section 4.5, we saw that when the
configuration space is a Lie group, the Euler-Lagrange equations take the left
invariant reduced form (41). One can always assume that also the reference
trajectory γr is left invariant: γ̇r = γrXr for some Xr ∈ se(3) (obtained, tau-
tologically, by writing Xr = γ−1

r γ̇r). Due to the semidirect product structure
of SE(3), it is not straightforward to express directly the Lie algebra evaluated
infinitesimal generators from the motion generation methods illustred in Section
5. For the optimal control method, such a reduction is obtained in the next pa-
per of this thesis, while for the De Casteljau algorithm the question has not been
treated at all in the literature. Given left invariant reference trajectory and true
trajectory γr(t), γ(t) ∈ C∞(SE(3)), the right group error [Kod88, WKD91] can
be defined as the curve

γe(t)
4
= γ−1

r (t)γ(t) (53)

The problem of comparing the derivatives of left invariant curves γ̇r = γrXr

and γ̇ = γX is simpler that the Riemannian treatment above and is discussed
in [Kod88] for compact groups and in [BM99] for the SE(3) case. It can be
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formulated as follows: γ̇r and γ̇ leave in Tγr
SE(3) and TγSE(3) respectively.

Through left invariance they are both pulled back to the Lie algebra. However,
this does not allow to compare them directly. In order to do that, one has to use
the adjoint map (8) of γe which expresses the change of basis in the Lie algebra,
i.e. how one infinitesimal generator Xr “looks like” when the corresponding
derivative is parallel transported to γ and then Lie algebra evaluated. For a
generic Riemannian manifold, this condition corresponds to the existence of the
transport map T . Deriving (53)

γ̇e =
d

dt

(
γ−1

r

)
γ + γr

d

dt
(γr) = γ−1

r γX − γ−1
r γ̇rγ

−1
r γ =

= γ−1
r γ

(
X −Ad(γ−1

r γ)−1Xr

)
= γe

(
X −Adγ−1

e
Xr

) 4
= γeXe (54)

i.e. also the trajectory for the right error is left invariant with respect to a
suitable infinitesimal generator Xe ∈ se(3). Using the adjoint map as in (54) to
transport vectors is, for example, compatible with the following quadratic error
function

φ(γ, γr) = φ(γe, 0)
4
=

1
2
tr (K1 (I3 −Re)) +

1
2
pT

e K2pe (55)

where γe = (Re, pe) =
(
RrR, RT

r (p− pr)
)
. The eigenvalues ki of K1 = KT

1 are
chosen such that ki + kj > 0 for i 6= j and K2 > 0.

Although like most of the material of this Section the expression for the
controller could be obtained from [BM99], for sake of clarity and continuity of
exposition we rather reobtain such result. For a matrix A, call skew(A) = A−AT

(see [Kod88] or formula (35) and Appendix of [BM99]).

Proposition 6.1 For the Riemannian manifold (SE(3), I) the se(3) evaluated
controller (51)-(52) corresponding to the right group error (53) and the error
function (55) can be expressed as:

fFF =−1
2

(
adXAdγ−1

e
Xr + ad∗XAdγ−1

e
Xr + ad∗Ad

γ
−1
e

Xr
X

)
+ Adγ−1

e
Ẋr (56)

fPD = −
[
skew(K1Re)T RT

r K2pe

0(1×3) 0

]
−KDXe (57)

Proof: While γ̇e ∈ TγeSE(3), the transport map has to be evaluated along
the γ curve: ė = γ̇ − T(γ, γr)γ̇r = γXe = γrγ̇e ∈ TγSE(3). Therefore, from (54),
T γ̇r = γAdγ−1

e
Xr and

dg

∇γ̇ T γ̇r

∣∣∣∣
γr fixed

=
dg

∇γX γAdγ−1
e

Xr

Calling Yr = Adγ−1
e

Xr ∈ se(3) the infinitesimal generator Xr as seen from γ
and considering the left invariant basis A1, . . . , A6 of se(3), X and Yr admit the
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coordinate expressions X = aiAi and Yr = biAi or, in the basis B1, . . . B6 of
TγSE(3), γX = γaiAi = aiBi and γYr = γbiAi = biBi.

dg

∇γ̇ T γ̇r

∣∣∣∣
γr fixed

=
(Lγ̇bk + aibjΓk

ij

)
Bk

= γ

(
dbk

dt
Ak+

dg

∇X Yr

)
= γ

(
Ẏr+

dg

∇X Yr

)

= γ

(
d

dt

(
Adγ−1

r γXr

)
+

dg

∇X Adγ−1
r γXr

)∣∣∣∣
γr fixed

Using formula (9.3.6) of [MR99]

d

dt

(
Adγ−1

r γXr

)∣∣∣∣
γr fixed

= Adγ−1 (−[AdγX, Adγr
Xr] + 0) = −adXAdγ−1

e
Xr

and using (15)

dg

∇X Adγ−1
r γXr

∣∣∣∣
γr fixed

=

=
1
2

(
adXAdγ−1

e
Xr −M−1

dg ad∗XMdgAdγ−1
e

Xr −M−1
dg ad∗Ad

γ
−1
e

MdgXr
X

)

The second term in (51) is

d

dt
(T γ̇r)

∣∣∣∣
γ fixed

=
d

dt
(γ̇rγe) =

d

dt

(
γAdγ−1

e
Xr

)
= γAdγ−1

e
Ẋr

from (9.3.4) of [MR99]. Concerning the feedback controller, using left invariance
of ė = γXe, the real valued total derivative d

dtφ uniquely defines the covector
η ∈ se∗(3) ' R6 corresponding to dφ|γ as η = dφ|γ γ so that

d

dt
φ = dφ|γ ė = ηXe =

1
2
Lγ̇

(
tr

(
K1(I3 −RT

r R)
)

+ (p− pr)T RrK2R
T
r (p− pr)

)

= skew
(
K1R

T
r R

)T
ω̂e + pT

e K2Rrve =
[(

skew
(
K1R

T
r R

)T
)∨

pT
e K2Rr

]
X∨

e

From (52), the derivative part of the controller KD ė = γKDXe is already left
invariant. Since Mdg = I, and fB

FF is left invariant the expression (56) follows.
Furthermore, lowering indices on η leaves η invariant therefore also (57) follows.
2

The necessary condition for the existence of such controller is that the sys-
tem is fully actuated on se(3)∗, so that there exists a one-parameter subgroup
corresponding to γe for all γ and γr in SE(3).

6.2 Horizontal lift of the controller to joint space

When considering ρ as a map between Riemannian manifolds, the Jacobian
Jb(q) has the interpretation of velocity gain from the joint space velocity q̇



52 Paper A: Redundant robotic chains on Riemannian manifolds

to the workspace velocities Xρ(q). Similarly, the differential inverse kinema-
tics can be thought of as the gain from end-effector generalized forces to joint
torques/forces. Pulling back the obtained controller using the horizontal lift,
the energy along a workspace trajectory is preserved along its horizontal lift in
joint space. Since Mdg = I, from (37) and Theorem 4.2 we have:

τh
q = ρ∗h

∣∣
q

(fFF + fPD) = Jb†(q) (fFF + fPD) (58)

Similarly to (49), generalized inverse types of solutions allows to deal with large
forces exerted in proximity of a singularity. The resulting joint space controller
is then

τq = τh
q +

(
I − Jb†(q)Jb(q)

)
τ ′q (59)

with τ ′q also attained from an auxiliary function like ψ. Since the inverse ki-
nematics is an immersion map, problems of instability of the joint space zero
dynamics can arise in correspondence of functions ψ that take into account only
the joint/link variables but not their velocities [HHS89]. One standard solution
is then to add an extra damping term in τ ′q function of the error of the joint
space velocities, with respect to a reference joint velocity profile [DeL91].

7 Joint space controller

Alternatively to the scheme above, a controller can be synthesized directly in
joint space. Since Q is abelian, the derivation of a joint space controller is more
intuitive and is well-know in the literature. In this case, the reference trajectory
(γr, γ̇r) ∈ TSE(3) can be pulled back to joint space through the differential in-
verse kinematics (49), so that a reference trajectory (qr, q̇r) ∈ TQ is obtained.
The joint space acceleration is ∇q̇r q̇r and the corresponding feedforward con-
troller

τqr = M(q)∇q̇r q̇r (60)

or, in coordinates, (τr)l = Mlkq̇k
r +Γk

ij q̇
i
rq̇

j
r. By considering the joint space error

q−qr, a feedback controller is easily constructed. Check the existing literature
for the feedback schemes normally adopted in this cases. This design is more
suited to control methods that rely exclusively on the joint space measurements.

8 Application to a mobile manipulator

The motivating application for this work is a holonomic mobile manipulator,
see for example the special issue of the Journal of Robotic Systems, November
1996 or the papers [Kha95, Ser98, YY94, WSIK99] for a survey of the state
of art on mobile manipulation. The use of a mobile base extends considerably
the workspace volume employable in ordinary operations, but it worsens its
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precision of execution with respect to a static manipulator. Furthermore, if non
repetitive tasks are to be performed, it is much more conjecturable that extra
sensors for the measurement of workspace quantities have to be available. These
facts, together with the practical considerations that mobile manipulators are
more likely to have redundant degrees of freedom than their static cousins, make
the development of workspace control algorithms more desirable than before.

The mobile manipulator under examination in this work is composed of a
6 degree of freedom robotic arm (Puma 560) mounted on the top of a Nomad
XR4000 holonomic mobile base, see Fig. 1. Normally, a wheeled platform and
a robotic arm have different bandwidths and different degree of accuracy in the
execution of the movements: while it is normal for an arm to have fast and
highly accurate actuators working at a bandwidth of a few kHz, a wheeled base
most likely will be slower of one or two orders of magnitude and much less
accurate. Moreover, the platform Nomad XR4000 has four independently con-

Figure 1: The mobile manipulator under investigation: Puma 560 arm and
Nomad XR4000 mobile platform.

trolled castor wheels that allow holonomic movements like following a straight
line while rotating and, as it is often the case with the existing mobile platforms,
the low level control of the wheels (each of them has two actuators) as well as
their coordination is not accessible to the user. The overall consequence is that
the dynamics are less accurate than in the arm. Also this fact calls for extra
sensors to be integrated in the motion control algorithms and the natural place
to do this is the workspace. The control structure that we want to use for the
system is the two degree of freedom scheme composed of an open loop module
and a tracking controller. The module for the trajectory generation of the whole
coordinated system has to work at the lower frequency, as at higher bandwidth
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only the 6 joints of the arm are accessible. When generating input trajectories
for the joints, in order to have a feasible trajectory for the joint forces/torques
and not to excite the structural vibrations of the composed system it is im-
portant to have smooth enough trajectories for the end-effector, along which
to apply inverse kinematic/dynamic schemes. This is accomplished here by us-
ing geometric splines on SE(3). The curve is produced by applying the De
Casteljau algorithm studied in Section 5.2 which gives a smooth combination of
exponentials on the group that is C1 at the junctions and admits a closed form
expression. In order to show how the splines look like, we first construct the
simpler joint space controller of Section 7 (or, rather, only its feedforward com-
ponent (60)). Here the main point is to explain how the geometric splines can be
mapped through a differential inverse kinematic map. In fact, the inverse kine-
matics of a redundant manipulator has to be solved by numerically integrating
the equation (49). While the geometric spline is meant to represent the “macro-
scopic” motion, in order to perform the numerical integration it is convenient
to transform it into a composition of piecewise screw motions at the sampling
frequency of the controller. In fact, while the spine itself corresponds to a time-
varying infinitesimal generator, screw motions represent one-parameter curves,
i.e. integral curves of constant vector fields from given initial conditions and
are more suited for straightforward numerical integration. Indeed, this is the
situation in which the formalism of exponential coordinates fits naturally, since
it is based on representing any motion as an (explicit) integral of some linear
differential equation from a specified initial condition. Using a similar type of
discretization, also the workspace controller can be synthesized in a numerical
scheme. This is done in Section 8.3.

8.1 Kinematic structure of the mobile manipulator

Kinematically, a mobile manipulator is an open chain. If the base is holonomic,
the motion of the end effector can be easily factorized into the product of rigid
body transformations of one degree of freedom joints or links. The base of a
holonomic mobile robot can be modeled as two prismatic links plus a rotational
joint and the arm with 6 joints. The forward kinematics of a robotic arm is
represented by the map

ρ : Q = (R)2 × (T)7 → SE(3) (61)
q = [q1 . . . q9] 7→ g = ρ(q)

where the seven dimensional torus T7 is composed of seven rotational joints.
The first joint of the arm and the rotational joint of the platform are coaxial,
therefore, at the kinematic level, only the difference of the two joint variables is
considered. Overall, the joint space of the system has 8 independent degrees of
freedom. Notice, however, that as the two coaxial joints belong to different com-
ponents, for control purposes it is sometimes necessary to keep them separate
(when, for example, the arm and base are controlled at different bandwidths,
not in this study).
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Since dimQ > dimSE(3) = 6, in a generic pose the requirement A1 is not a
restriction. Furthermore, since the metric Mdg splits rotations from translations,
it is also possible to define a manifold with boundary, contained in SE(3), in
which ρ is always onto. The boundaries concern the vertical directions of R3,
upper and lower limited by the extendibility of the arm.

Due also to the different bandwidths of the two components, for practical
purposes it is interesting to know where the internal motions occur in this robotic
chain.

Proposition 8.1 For the mobile manipulator, both H and V have to include at
least one of the degrees of freedom of the mobile platform.

Proof: The proof is quite intuitive and relies on the fact that the arm has 6
degree of freedom so it does not admit redundant motions per se. In order to
show that H has to contain one of the degrees of freedom of the base, assume
the contrary. If, at q ∈ Q, all 3 variables of the base are in Vq, it means that
moving the base alone the end-effector has to stand still. This is obviously not
true for the two prismatic links, but it is false also for the rotational joint: if
the base is rotated also the end-effector is affected. Hence Hq has to contain
at least one of base variables by dimension counting. Similarly for the second
part: assume that the base belong all to Hq. Then internal motions must be
performed by the arm alone. But this is like saying that without moving the base
it is possible to change (continuously) the joint configuration without modifying
the end effector pose which is also false for a 6 degree of freedom arm. 2

8.2 Joint space controller along a geometric spline

Given the boundary data (50), we want to produce a vector of joint torques that
steers the manipulator from g0 to gf respecting the desired velocity conditions
ġ0 and ġf , in case of perfect tracking and of no model error. The algorithm used
is then:

1. by means of the De Casteljau algorithm, compute a closed form smooth
trajectory for the end-effector in SE(3) from the boundary conditions;

2. interpolate the global trajectory according to a given sampling rate 1/T ;

3. on each sampling interval, compute the corresponding screw motion and
the constant velocity that produces it;

4. invert the system along each screw motion.

5. compute the feedforward generalized torques from (60).

8.2.1 Trajectory generation with the De Casteljau algorithm

Simulations results for the SE(3) trajectory resulting from the variational prob-
lem of Section 5.1 are extensively treated in [ZKC98, ZKC99] and will not be
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repeated here. Instead, we show some examples of trajectories that can be ob-
tained with the De Casteljau algorithm. The two cases above for the metric
of SE(3) lead to different curves because the geodesics are different. In the
pseudo-Riemannian case, the velocities V 1

0 , V 1
1 and V 1

2 correspond to twists
in se(3) and are obtained through the exponential and logarithmic maps. In
the double-geodesic case, instead, we need to split all the data gi ∈ SE(3)
into (Ri, pi) ∈ SO(3) × R3, use the metrics in SO(3) and R3 to construct the
various ω̂i

j ∈ so(3) and vi
j ∈ R3, and then recombine them in homogeneous

representations

(
ω̂i

j , vi
j

) 7→
[
ω̂i

j vi
j

0 0

]
∈ se(3)

The curves one obtain in the two cases are different. In particular, in the double
geodesic case, it is possible to maintain the idea of straight line independent of
the amount of the rotation, provided that the difference of the two end positions
p0 and pf is aligned with the direction of both boundary tangent vectors of the
translational part, see Fig. 2 (a). The price to pay is that the curve is not left-
invariant with respect to a coordinate transformation, since we “forget” about
a rotation in the Euclidean part. In general, the more consistent is the rotation
component of the desired motion (with respect to the translational part), the
more the two curves will look different (compare Fig. 3 and Fig. 4).
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Figure 2: The two curve generated by the De Casteljau algorithm in the special
situation in which the translational components of the boundary data lie on the
same direction of the translational boundary velocities.
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Figure 3: The two curves generated by the De Casteljau algorithm in a generic
case.
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Figure 4: The two curves generated by the De Casteljau algorithm in another
generic case.

8.2.2 Sample and Hold in SE(3): piecewise screw motion curve

The inverse kinematic and dynamic maps between joint space and workspace
need to be solved numerically for redundant manipulators. The question of how
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to discretize a geometric structure requires special care and is treated for ex-
ample in the papers [MPS99, MW97] for mechanical structures on Lie groups.
Here we discuss briefly only the simplest case, the discretization of the dif-
ferential inverse kinematics (49). Sampling the kinematics with frequency 1

T
means setting a tangent vector at the sampling time kT and maintaining it
constant until (k + 1)T . The “macroscopic” trajectory γr(t) has to be decom-
posed accordingly, taking into account the group structure of SE(3). At kT ,
the reference end-effector pose γr(kT ) is known from the previous iteration and
the desired pose at (k + 1)T , γr(kT + T ), can be calculated from the closed
form trajectory generator algorithm. The constant infinitesimal generator of
the one-parameter curve connecting γr(kT ) and γr(kT + T ) can be obtained
through the logarithmic map:

V b
k = logSE(3)

(
γ−1

r (kT )γr(kT + T )
)

(62)

so that, parameterizing the screw motion by θ ∈ [0, 1] we get (see Figure 5):

γr(kT + θT ) = γr(kT )eV b
k θT θ ∈ [0, 1] (63)

Unlike the infinitesimal generator of γr(·), the constant velocity V b
k can be used

in the differential inverse kinematic in order to obtain the corresponding joint
velocity vector. V b

k can be thought of as a Lie algebra evaluated discrete deriva-
tive operator and the “sampling” scheme applied here resembles a first order
sample and hold. The main difference, however, with respect to the classical
first order sample and hold is that as γr(kT +T ) is given, the “prediction” step
is not open loop but it is controlled by the desired reference trajectory. The tra-
jectory resulting after the sampling is a composition of parts of one-parameter
curves i.e. a continuous piecewise screw motion trajectory.

θ [0, 1]

(kT)γ (kT+T)γ
r

γ log(  ).

γ

TeV θk γ(kT)

clock

(kT)γ

θ. T(       )exp

r

V
k
b

b

-1

Figure 5: First order sample and hold on the Lie group generating a piecewise
screw motion.

8.2.3 Numerical algorithm for the joint space feedforward

Once the initial conditions γ(0) and the corresponding zeros of the joint angle
vector q are fixed, the joint coordinates can be obtained by numerical integra-
tion, after the sampling of the SE(3) reference trajectory reduces the infinitesi-
mal generator to a piecewise constant signal. The recursive integration formula
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is

qk+1 = qk +
(
Jb(q)

)†
V b

k T (64)

An extra weight can be added to the joints: the resulting weighted pseudoinverse
solution can for example reflect the different inertia of the two parts of the
system. All the well-known redundancy resolution methods can be used to
deal with the rectangular Jacobian. In the general least square solution (49),
the (secondary) objective function ψ can be chosen depending on the task to
accomplish. Some (standard) selections are (see [Nak91, SS96]):

• measure of manipulability ψ(q) =
√

det (Jb(q) (Jb(q))) = σ1σ2 · · ·σm, where
σi = singular values of Jb;

• condition number ψ(q) = f
(

σ1
σm

)
with σ1 = min singular value of Js and

σm = max singular value of Js;

• distance from mechanical joint limits ψ(q) = − 1
2n

∑n
i=1

(
qi−qim

qimax−qimin

)2

,
where qim is the mid-range value of the i-th joint variable

• distance from obstacle points ψ(q) = minp∈P, o∈O ‖p(q)− o‖, where P is
a set of points on the manipulator (representing the “shape” of the ma-
nipulator) and O is a set of obstacle points.

The joint velocity corresponding to V b
k is q̇k =

(
Jb(q

)†
V b

k and the correspond-
ing acceleration can be obtained by a further discretization (this time on the
vector space TqQ) and the reference torques then from (60). For a joint space
controller the error is linear, therefore the feedback schemes around the refer-
ence trajectory are those commonly in use, see for example [CSB97, SV89] for
an overview.

8.2.4 Simulations

We saw above that the different metric structures result in different splines
curves. A similar example to the one of Fig. 2 of the different γr obtained for the
same boundary data in the two cases is shown in Figure 7 and Figure 8. Both
inverse kinematics are computed considering the general least square version
of (64), with the condition number as ψ. Notice the difference in the base
trajectories between Figure 7 and Figure 8.

8.3 Workspace control

In this Section we want to show how the workspace controller of Proposition 6.1
behaves for the mobile manipulator. Using the same type of spline of Sec-
tion 8.2.1, Figure 9 gives the pictorial representation of the group error (53)
and of why we need to use the transport map. In order to transform (56) and
(57) into a numerical algorithm, the same type of discretization explained in
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Figure 6: Initial configuration.
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Figure 7: Nominal motion corresponding to the double geodesic metric (11).

Section 8.2.2 can be used for the vector fields on SE(3). Formulae (62) and
(63) give already the Lie algebra evaluated infinitesimal generators. the com-
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Figure 8: Nominal motion corresponding to the Ad-invariant metric (10).

putation of Ẋr in (56) requires the second order discretization to be carried
out on the “Lie group side” of the forward kinematics. Since se(3) is a vector
space, then a naive discretization is possible and this is what we use here. How-
ever, having a mechanical system on a Lie group, a more geometric numerical
algorithm should be used, like those described in [MPS99, MW97]. Once fFF

and fPD are discretized, they can be mapped back to joint space via (58)-(59)
without extra complications.

8.3.1 Simulations

In Figure 10, the combined effect of fFF and fPD is shown along the same type
of spline used in Figure 7. Notice that the high gain chosen here makes the
error to be recovered very promptly with quite an abrupt movement of the end-
effector that propagates down to the platform. Afterwards, only the feedforward
controller essentially drives the system and in fact also the trajectory of the base
becomes smooth as it is desirable. While the reaction of the feedback component
can be reduced on the end-effector by tuning K1, K2 and KD, its effect on the
base can be independently reduced or eliminated by changing the weights on
the pseudoinversion.
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Reduction by group symmetry of

variational problems on a semidirect

product of Lie groups with positive

definite Riemannian metric

C. Altafini

Abstract
For an invariant Lagrangian equal to kinetic energy and defined on a semidirect
product of Lie groups, the variational problems can be reduced using the group
symmetry. Choosing the Riemannian connection of a positive definite metric
tensor, instead of any of the canonical connections for the Lie group, simplifies
the reduction of the variations but complicates the expression for the Lie algebra
valued covariant derivatives. The origin of the discrepancy is due to the semidi-
rect product structure, which implies that the Riemannian exponential map
and the Lie group exponential map do not coincide. The consequence is that
the reduced equations contain more terms than the original ones. The reduced
Euler-Lagrange equations are well-known under the name of Euler-Poincaré
equations. We treat in a similar way the reduction of second order variational
problems corresponding to geometric splines on the Lie group. Here the prob-
lems connected with the semidirect structure are emphasized and a number of
extra terms is appearing in the reduction. If the Lagrangian corresponds to a
fully actuated mechanical system, then the resulting necessary condition can be
expressed directly in terms of the control input. As an application, the case of
a rigid body on the Special Euclidean group is considered.



70 Paper B: Reduction by symmetry for a semidirect product of Lie groups

Keywords: Lie group, semidirect product, second order variational problems,
reduction, group symmetry, optimal control.

1 Introduction

The use of group symmetry to simplify the formulation of Euler-Lagrange equa-
tions defined on the tangent bundle of a Lie group G is well-known in the
literature on geometric mechanics, see [MR99]. The reduction is based on fac-
toring out the dependence from G in a G-invariant Lagrangian i.e. in studying
a variational problem on g ' TG/G rather than on the whole of TG. Instead of
Euler-Lagrange equations on TG, one obtains the Euler-Poincaré equations on
G×g. If the Lagrangian is constituted by kinetic energy only, then the Rieman-
nian counterpart of this formulation corresponds to the reduction of the first
variational formula. Assume that G is a semidirect product of a Lie group and
a vector space, without nontrivial fixed points, and that the metric tensor I is
positive definite. Due to the semidirect product structure, such a metric cannot
be biinvariant and therefore the Riemannian connection induced by I is (in the
language of [KN63], Ch.X) neither natural nor canonical. In this case, in fact,
the natural connection is pseudo-Riemannian i.e. the corresponding quadratic
form has to have both positive and negative eigenvalues.

The advantage of choosing I positive definite (beside being compatible with
simple mechanical systems having G as configuration space) is that the reduction
of the variations of curves can be carried out quite easily. In fact, for families
of proper variations the symmetry lemma, expressing the commutativity of the
variational fields along the main and transverse curves, still holds after the
reduction since all the vector fields involved admit invariant expressions. What
gets more complicated is the reduction of the covariant derivatives, as the notion
of parallel transport given by the Riemannian connection does not fit with
the reduction process. This is due to the difference between the Riemannian
exponential map associated with I and the Lie group exponential map, and the
consequent mismatch between the two types of one-parameter subgroups. So,
for example, geodesics of I do not correspond to one-parameter subgroups of
G. In spite of this complication, the reduction of the first order variational
formula (i.e. the Euler-Poincaré equations) is still quite easy to obtain and its
advantage in practical applications over the full Euler-Lagrange equations well-
documented (for their exploitation in Robotic applications see [BLL00, BM99]).
The scope of this paper is to treat in a similar way the reduction of second order
variational problems on G that can be associated with I.

The reduction process can be seen as the projection map π : TG → g of a
globally trivial principal fiber bundle with base manifold g and structure group
G. For matrix groups, such a construction resembles closely a G-structure ob-
tained from the frame bundle i.e. the collection of all the linear changes of basis
on the tangent bundle, but in general it has to be intended as induced by left (or
right) invariance of G. The mismatch between Lie group exponential map and
Riemannian exponential map implies that the horizontal vectors determined by
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the Riemannian connection on TG are not anymore horizontal in the fiber bun-
dle (i.e. they do not reduce “exactly” as in Lie groups with biinvariant metric).
The component which becomes vertical after the reduction belongs to the vector
space (in the semidirect decomposition of G) and gives an extra drift term to
the Euler-Poincaré equations with respect to the full Euler-Lagrange equations.

The motivation behind this work is generating smooth trajectories for (fully
actuated) mechanical control systems composed of kinetic energy alone and that
can be modeled as actuated rigid bodies evolving on the Special Euclidean group
SE(3). The presence of control inputs allows to force the mechanical system
along any suitable (feasible) trajectory, not necessarily those satisfying Hamilton
principle of least action but rather a user or task defined cost functional. If
the actuators are body fixed, then they form a left-invariant codistribution in
the cotangent bundle which fits in with (and motivates further) the reduction
procedure.

It is an elementary fact in calculus of variations that extremals of the en-
ergy functional give geodesic motion through the first variational formula. This
leads to Euler-Lagrange equations or to Euler-Poincaré after the reduction. The
corresponding necessary conditions for a cost function which is the L2 norm of
the acceleration were obtained in [CS95, NHP89] for Riemannian manifolds and
compact semisimple Lie groups. They resemble the equations for the Jacobi
fields associated with the connection and they generalize to Riemannian mani-
folds the standard procedures to generate cubic splines in Rn. While the reduc-
tion for compact Lie groups is quite straightforward (see [CS95]), in semidirect
products of Lie groups like SE(3) the extra difficulties mentioned above all arise.
In particular, for the same reason that a drift term appear in the Euler-Poincaré
equations, several extra components arise in the reduced necessary conditions
for optimality of the new cost functional. Their explicit calculation is the main
contribution of this paper.

2 Mathematical preliminaries

A Riemannian metric on a smooth manifold M is a 2-tensor field I that is
symmetric and positive definite. I determines an inner product 〈 · , · 〉 on each
tangent space TxM, 〈X, Y 〉 = I(X, Y ), for X, Y ∈ TxM. One important
property of Riemannian metrics is that they allow to convert vectors to covectors
and viceversa. In particular, at each x ∈ M this allows to view the metric
tensor as a map I : TxM → T ∗xM. When I is positive definite, it also admits
the interpretation of inertia tensor and in general it may depend on the point
of application x ∈M.

Call D(M) the space of smooth sections of TM. Elements of D(M) are
smooth vector fields on M. An affine connection ∇ is a map taking each pair of
vector fields X and Y to another vector field ∇XY , called covariant derivative
of Y along X, such that for f ∈ C∞(M)

1. ∇XY is bilinear in X and Y
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2. ∇fXY = f∇XY

3. ∇X (fY ) = f∇XY + (LX)Y

where LXf is the Lie derivative of f along X.
Given a curve γ(t) and a vector field X, the covariant derivative of X along

γ is DX
dt = ∇γ̇(t)X. In coordinate x1, . . . , xn, the covariant derivative is

(∇XY )k =
∂Y k

∂xi
Xi + Γk

ijX
iY j (1)

where X = Xi ∂
∂xi , Y = Y i ∂

∂xi , ∇XY = (∇XY )k ∂
∂xk and the n3 quantities Γk

ij

are called Christoffel symbols and are given in by ∇ ∂

∂xi

(
∂

∂xj

)
= Γk

ij
∂

∂xk . For a

generic smooth curve γ(t) ∈ M the quantity ∇γ̇(t)γ̇(t) = D
dt

(
dγ
dt

)
represents

the acceleration and in fact it reduces to the standard notion of Euclidean
acceleration if M = Rn and we choose the so-called the Euclidean connection
∇XY = XY k ∂

∂xk =
(
Xi ∂Y k

∂xi

)
∂

∂xk , i.e. the vector field whose components are
the directional derivatives of the components of Y along X. The length of the
smooth curve γ is measured by the functional

`(γ) =
∫ tf

t0

〈γ̇(t), γ̇(t)〉 1
2 dt (2)

A vector field Y is said parallel transported along γ if DY
dt = 0. In particular, if

γ̇ is parallel along γ, then γ is called a geodesic:

D

dt

(
dγ

dt

)
= ∇γ̇(t)γ̇(t) = 0 (3)

Geodesic motion corresponds to constant velocity and it gives an extremum of
the length functional (2), as well as of the kinetic energy integral

∫ tf

t0
〈γ̇(t), γ̇(t)〉dt.

The condition for parallel transport of the vector Y along γ in coordinates be-
comes dY k

dt + Γk
ij ẋ

iY j = 0 and the one for geodesic motion

ẍk + Γk
ij ẋ

iẋj = 0 (4)

Along γ : (t0, tf ) → M, for t0 ≤ t1 ≤ t2 ≤ tf , parallel transport defines an
operator

P(t1,t2) : Tγ(t1)M→ Tγ(t2)M
X1 7→ X2 = P(t1,t2)X1

(5)

which is a linear isomorphism between tangent spaces.
The fundamental theorem of Riemannian geometry says that given an inertia

tensor I on a manifold M there exists a unique affine connection ∇ on M such
that
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1. ∇ is torsion free:

∇XY −∇Y X = [X, Y ] (6)

2. the parallel transport is an isometry

Z〈X, Y 〉 = 〈∇ZX, Y 〉+ 〈X, ∇ZY 〉 (7)

for all X, Y, Z ∈ D(M). Such a connection is called the Levi-Civita or Rieman-
nian connection. From (7), we get the useful expression:

〈Z, ∇XY 〉 =
1
2

(Y 〈X, Z〉+ X〈Z, Y 〉 − Z〈X, Y 〉 − 〈[Y, Z], X〉+
+〈[Z, X], Y 〉+ 〈[X, Y ], Z〉) (8)

Condition 2. alone means that ∇ is a metric connection i.e. ∇I = 0. The “mea-
sure” of the failure of the second covariant derivative to commute is expressed
geometrically by the notion of curvature. The Riemannian curvature is a map
R : D(M)×D(M)×D(M) → D(M) defined by

R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X, Y ]Z (9)

In coordinates, the coefficient R l
ijk of R

(
∂

∂xi ,
∂

∂xj

)
∂

∂xk = R l
ijk

∂
∂xl are given by

R l
ijk =

(
∂Γl

jk

∂xi
− ∂Γl

ik

∂xj

)
+

(
Γm

jkΓl
im − Γm

ikΓl
jm

)

2.1 The variational principle of Hamilton

The geodesic equation (3) can be obtained from standard calculus of variation
on the Riemannian manifold (M, I), see for example [dC92]. Given the curve
γ : [t0, tf ] → M consider proper variations of γ i.e. the family of fixed end-
point curves G : (−ε, ε)× [t0, tf ] →M such that

G0(t) = G(s, t)|s=0 = γ(t) ∀ t ∈ [t0, tf ]

and

Gs(t0) = G(s, t0)|s=const = γ(t0), Gs(tf ) = G(s, tf )|s=const = γ(tf ) ∀ s ∈ (−ε, ε).

In the family of curves G, the curves with fixed s, Gs(t) = G(s, t)|s=const, are
called main curves and those with fixed t, G(t)(s) = G(s, t)|t=const, transverse
curves. At infinitesimal level, we call a variation field δγ the tangent vector with
respect to a transverse variation taken for a fixed t ∈ [t0, tf ] and computed at
s = 0:

δγ(t) =
d

ds
G(t)(s)

∣∣∣∣
s=0
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The variation field is proper if δγ(t0) = δγ(tf ) = 0. If G is proper, then δγ is also
proper. It is a standard result that any C2 vector field along γ is the variation
field of some variation of γ, and that if δγ is proper so is the corresponding
variation. This is proven via the Riemannian exponential map Exp associated
with the Levi-Civita connection ∇: the variation corresponding to a vector field
V (t) based at γ(t) will be of the type G(s, t) = Exp (sV (t)). In fact, for a fixed
t̄ ∈ [t0, tf ], if we have G(t̄)(s) = Exp (sV (t̄)) then

δγ(t̄) =
d

ds
Exp (sV (t̄))

∣∣∣∣
s=0

= V (t̄)

Another standard result is the symmetry lemma, that allows to exchange the
order of the mixed second order derivatives along main and transverse curves.
Calling

S(s, t) =
d

ds
G(t)(s) and T (s, t) =

d

dt
Gs(t) (10)

(so that S(0, t) = δγ(t) and T (0, t) = γ̇(t) ), we have

∇ST = ∇T S

For a torsion-free connection, this implies from (6), that the vector fields T and
S commute [T, S] = 0. Furthermore, since the Riemannian connection is an
isometry, from (7) we have

d

dt
〈S, T 〉 = T 〈S, T 〉 = 〈∇T S, T 〉+ 〈S, ∇T T 〉 (11)

The Hamilton principle for the functional `(γ) gives the curve γ(t) for which
` is stationary under proper variations. Considering, for sake of simplicity, in
place of ` the energy functional

E(γ) =
∫ tf

t0

〈γ̇, γ̇〉dt

we have

d

ds
E (Gs(t))

∣∣∣∣
s=0

=
d

ds

∫ tf

t0

〈T (s, t), T (s, t)〉dt

∣∣∣∣
s=0

=
∫ tf

t0

〈∇ST, T 〉dt

∣∣∣∣
s=0

=
∫ tf

t0

〈∇δγ γ̇, γ̇〉dt =
∫ tf

t0

〈∇γ̇δγ, γ̇〉dt by the symmetry lemma

=
∫ tf

t0

(
d

dt
〈δγ, γ̇〉 − 〈∇γ̇ γ̇, δγ〉

)
dt by (11)

= 〈δγ, γ̇〉|tf

t0
−

∫ tf

t0

〈∇γ̇ γ̇, δγ〉dt



2. Mathematical preliminaries 75

Since δγ(t0) = δγ(tf ) = 0, we obtain the first variation formula

d

ds
E (Gs(t))

∣∣∣∣
s=0

= 0 ⇐⇒ ∇γ̇(t)γ̇(t) = 0 (12)

which corresponds to the Euler-Lagrange equations for a Lagrangian equal to
kinetic energy only.

Considering only variations through geodesics, i.e. families G(s, t) such that
all the main curves Gs(t) are geodesics, a Jacobi field V is a vector field along γ
satisfying the Jacobi equation

∇2
γ̇V + R(V, γ̇)γ̇ = 0 (13)

A vector field is a Jacobi field if and only if it is the variation field of some
variations of γ.

The Jacobi equation is essentially a linear system of second order differ-
ential equations in V along γ. If properly initialized (its initial values be-
ing γ(t0), V (t0) and ∇γ̇V (t0)), then in the “variations through geodesics”
case it has a unique solution for all t. This implies by (5) that the value of
V (tf ) = P(t0,tf )V (t0) is uniquely defined from the triple of initial data.

2.2 Second order structures on a Riemannian manifold

Assume that the coordinate chart x1, . . . , xn is valid in a neighborhood U of
x ∈ M. If v ∈ TvM is a tangent vector, its coordinates description is nat-
urally given by v = vi ∂

∂xi . If τ : TM → M is the tangent bundle projec-
tion, (x1, . . . , xn, v1, . . . , vn) are called induced coordinates on τ−1(U) and they
provide a basis of tangent vectors of T(x,v)TM:

(
∂

∂x1 , . . . , ∂
∂xn , ∂

∂v1 , . . . , ∂
∂vn

)
.

By taking the tangent map τ∗ of the projection τ at the point (x, v) of TM,
τ∗ : T(x,v)TM→ Tx=τ(v)M = τ−1(x), one can define the vertical subspace of
the tangent bundle at (x, v)

V(x,v) = ker τ∗ =
{
w ∈ T(x,v)TM s.t. τ∗(w) = 0 ∈ TxM

}

The vertical subspace is the subspace of T(x,v)TM whose vectors are tangent
to the fiber τ−1(x) = TxM. Such vectors are called vertical lifts and can be
computed as follows: given the tangent vector u ∈ TxM the vertical lift uh of
u from Tτ(v)M to T(x,v)TM is

uv =
d

dt
(v + tu)

∣∣∣∣
t=0

So, for example,
(

∂
∂xi

)v
=

(
∂

∂vi

)
and a basis for V(x,v) is given by

(
0, ∂

∂vi

)
.

The complementary subspace to V(x,v) in T(x,v)TM, in order to be iden-
tified, requires a notion of parallelism to be defined, for example through the
Riemannian connection ∇. The horizontal lift of u ∈ TxM to a tangent vec-
tor on T(x,v)TM, in fact, is defined via the parallel transport of a vector field
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V ∈ D(M) such that V (0) = v along a curve σ(t) ∈M such that σ(0) = x and
σ̇(0) = u (see [CP86] Ch. 13). In fact, calling σh = (σ, V ) the horizontal lift of
the curve σ through (x, v) (a curve being horizontal when it projects down to
its base), the condition ∇uV = 0 (in coordinates V̇ i + Γi

jkV juk = 0) provides
an expression for the derivative of V at t = 0 and the horizontal lift uh of u
from TxM to T(x,v)TM can be defined as the tangent vector to σh at t = 0:

dσh

dt
= uh s. t. σh(0) = (σ(0), V (0))

If u = ui ∂
∂xi , its expression in coordinates

σ̇ = u

v̇i = −Γi
jkvjuk

or

uh = uk ∂

∂xk
− Γi

jkvjuk ∂

∂vi
(14)

Since τ∗(uh) = u, horizontal lifts are indeed complementary to the vertical
subspace and in this sense they form the horizontal subspace H(x,v) of T(x,v)TM
whose basis is given by the lifting of the ∂

∂xk :
(

∂

∂xk

)h

=
∂

∂xk
− Γi

jkvj ∂

∂vi

Equivalently, H(x,v) can be defined in terms of sections of the tangent bundle,
i.e. of smooth maps ς : M→ TM such that τ(ς(x)) = x ∀x ∈ M, by taking
the push forward at u ∈ Tτ(v)M of the sections that are parallel transported
along the vector u

H(x,v) = {ς∗u s.t. ∇uς = 0} (15)

For a curve γ ∈ M which is a geodesic, the horizontal lift (γ, γ̇) is also called
the natural lift. In this case u coincides with v and therefore the tangent vector
to (γ, γ̇) at (x = γ(0), v = γ̇(0)) is the horizontal lift vh ∈ T(x,v)TM of v. The
vector field Γ on TM such that Γ(x,v) = vh is called the geodesic spray of the
connection. From (14), by using the same coordinate notation as above for γ(t)

Γ(x,v) = vk ∂

∂xk
− Γi

jkvjvk ∂

∂vi
(16)

Γ is characterized by integral curves that are natural lifts of geodesics. Written
as a system of first order equations, the integral curves of Γ are (compare with
(4))

ẋk = vk

v̇k = −Γk
ijv

ivj

From (16), both components are homogeneous of degree one in the fiber coor-
dinate vi.



3. A second order variational problem 77

2.3 Simple mechanical control systems

If we add a forcing term to the geodesic equations (3), we obtain a so-called
simple mechanical control system [LM97a] (without potential):

∇γ̇ γ̇ = F (γ) (17)

where F = (F1, . . . , Fn) is the control input distribution ofM. The vector fields
Fi = Fi(γ) are obtained by lowering the indices of the covectors F̃i physically
representing the forces or torques applied to the system: Fi = I−1F̃i. Assuming
F1, . . . , Fn to be linearly independent on M, then we have a fully actuated me-
chanical system. The system of first order differential equations corresponding
to (17) was shown in [LM97b] to be given by the second order vector field on
TM obtained from geodesic spray plus vertical lifts of the input distribution:

Γ + F v (18)

having integral curves

ẋk = vk

v̇k = −Γk
ijv

ivj + F k

From a control theory point of view, Γ is the drift of the system of first order
differential equations and F v =

(
0 ∂

∂xk + F k ∂
∂vk

)
is the corresponding input

vector field.

3 A second order variational problem

Following [NHP89, CSC96, ZKC98], the problem of constructing trajectories
between given initial and final position and velocity data on M can be for-
mulated as an optimization problem on a Riemannian manifold, taking as cost
functional the square of the L2 norm of the acceleration:

J =
∫ tf

t0

〈∇γ̇ γ̇, ∇γ̇ γ̇〉 dt (19)

J has extremals that are generalizations to Riemannian manifolds of Euclidean
cubic splines. Its first variation gives the necessary conditions for curves to be
extremals.

Theorem 3.1 ([CS95, NHP89]) A necessary condition for a smooth curve γ(t) ∈M
, t ∈ [t0, tf ], such that γ(t0) = g0, γ(tf ) = gf , dγ

dt

∣∣∣
t=t0

= v0 and dγ
dt

∣∣∣
t=tf

= vf ,

to be an extremum of J is that

∇γ̇∇γ̇∇γ̇ γ̇ + R(∇γ̇ γ̇, γ̇)γ̇ = 0 (20)
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Proof: The proof has already appeared in the above mentioned references. It is
repeated here only for sake of completeness. It follows the same arguments used
in finding the critical curves of the energy functional. Furthermore, it makes
use of the following symmetry of the curvature tensor:

〈R(V, W )Z, U〉 = 〈R(U, Z)W, V 〉 (21)

d

ds
J (Gs(t))

∣∣∣∣
s=0

=
∫ tf

t0

〈∇S∇T T, ∇T T 〉dt

∣∣∣∣
s=0

=
∫ tf

t0

〈∇T∇ST + R(S, T )T, ∇T T 〉dt

∣∣∣∣
s=0

by (9)

=
∫ tf

t0

〈∇γ̇∇δγ γ̇ + R(δγ, γ̇)γ̇, ∇γ̇ γ̇〉dt

=
∫ tf

t0

(
d

dt
〈∇δγ γ̇, ∇γ̇ γ̇〉 − 〈∇2

γ̇ γ̇, ∇δγ γ̇〉+ 〈R(δγ, γ̇)γ̇, ∇γ̇ γ̇〉
)

dt by (11)

= 〈∇δγ γ̇, ∇γ̇ γ̇〉|tf

t0
+

+
∫ tf

t0

(
− d

dt
〈∇2

γ̇ γ̇, δγ〉+ 〈∇3
γ̇ γ̇, δγ〉+ 〈R(δγ, γ̇)γ̇, ∇γ̇ γ̇〉

)
dt by (11)

=
(〈∇δγ γ̇, ∇γ̇ γ̇〉 − 〈∇2

γ̇ γ̇, δγ〉)∣∣tf

t0
+

+
∫ tf

t0

(〈∇3
γ̇ γ̇, δγ〉+ 〈R(∇γ̇ γ̇, γ̇)γ̇, δγ〉) dt by (21)

Since the variation is assumed proper, δγ and ∇δγ γ̇ both vanish at the end
points and the result follows. 2

The condition (20) replaces the geodesic condition (3) in the sense that it
superimposes a minimum acceleration motion to the “natural” geodesic motion
associated with I.

The resulting trajectory is C∞ on M and furthermore, by matching initial
conditions of a new interval with the terminal data of the previous one, C1 piece-
wise smooth trajectories onM can be obtained. These are particularly useful for
second order control systems as they represent the simplest curves feasible un-
der the ordinary assumption of piecewise continuous, measurable control inputs,
generalization to a Riemannian manifold of Euclidean cubic splines. Eq. (17)
provides the expression for the control corresponding to a solution of (20). The
full actuation of the mechanical control systems is a sufficient condition for free
feasibility of the trajectories of (20).

In the extra smoothness assumption that also the control input is continuous
between different intervals, we can obtain directly an expression for the con-
troller out of (20). In order to set up the problem correctly, one needs an initial
value for F i.e. F (t0) = ∇v0v0|γ=g0

which can replace the final data vf . This
type of problems can be referred to as “C2 dynamical interpolation problem”
(see [CS95]). If F (t0) is used in conjunction with vf and F (tf ) = ∇vf

vf

∣∣
γ=gf
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then one can obtains a C3 curve in the patching of intervals. Using (17) to insert
the control input F into (20), one obtains an equation that looks exactly like
the Jacobi equation for F . However, the curve γ in this case is not a geodesic,
instead it has to be computed together with the control action. Hence, what is
used in the Proposition below is not the Jacobi equation for ∇. If we assume
that the unknown variables are γ̇ and F then the equivalent of Theorem 3.1 is:

Proposition 3.1 If the control input is assumed to be in the class of continuous
functions over M, then the extremals of the cost function J can be obtained by
the solutions of the following system of differential equations in the unknowns
γ̇ and F :

∇2
γ̇F + R(F, γ̇)γ̇ = 0 subject to ∇γ̇ γ̇ = F (22)

with the boundary conditions γ(t0) = g0, γ̇(t0) = v0, F (t0) = ∇v0v0|γ=g0
and

γ(tf ) = gf .

Indeed the solution γ̇ of the problem is not a constant velocity vector (i.e. the
tangent vector of a geodesic curve). The trajectory γ itself, if needed, can be
recovered by integration of γ̇ from the initial condition g0.

From (17), instead of the acceleration, the cost functional (19) could be for-
mulated in terms of the input covector forces without substantial modification:
J̃ =

∫ T

0
〈F̃ , F̃ 〉 dt =

∫ T

0
〈I∇γ̇ γ̇, I∇γ̇ γ̇〉 dt.

4 Riemannian connection on a semidirect prod-
uct of Lie groups

For any g ∈ G, a left translation on G is a transitive and free action of the group
on itself

Lg : G → G (23)
h 7→ Lg(h) = gh h ∈ G

Since G is a Lie Group, Lg is a diffeomorphism of G for each g with respect to
the identity element e of the group:

Lg : G → G (24)
e 7→ Lg(e) = g

In fact Lg◦Lh = gh⇒ (Lg)
−1 = Lg−1 . Similar things hold for a right translation

Rg. By deriving the left translation (23), we obtain left invariant vector fields.
A vector field X on G is called left invariant if for every g ∈ G we have L∗gX = X

i.e. (ThLg)X(h) = X(gh) ∀ h ∈ G. The set XL(G) of left invariant vectors on
G is isomorphic to the Lie algebra g = TeG.

The Lie group is made in a Riemannian manifold by defining an inner prod-
uct on TeG = g and propagating it on TG by left translation. This makes G
automatically into a complete homogeneous Riemannian manifold.
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We are interested in the case in which the metric tensor I is compatible
with the kinetic energy of a simple mechanical system having G as configuration
space, and therefore we restrict to symmetric positive definite I. In this case, the
geodesics of the Levi-Civita connection are the solutions of the Euler-Lagrange
equations for an invariant Lagrangian function corresponding to the kinematic
energy.

The class of Lie groups we consider here has the structure of a semidirect
product of a Lie group K and a vector space V :

G = KsV

As a manifold, G is the Cartesian product of K and V , but the Lie group
multiplication includes the linear action of K on V , K → Aut(V ), so that the
group multiplication looks like

(k1, u1) (k2, u2) = (k1k2, u1 + k1u2) k1, k2 ∈ K, u1, u2 ∈ V

Consequently, the Lie algebra g of G includes the induced action k → End(V )
and is therefore the semidirect sum of k and V with Lie bracket

[(K1, v1), (K2, v2)] = ([K1, K2], K1v2 −K2v1) K1, K2 ∈ k, v1, v2 ∈ V

Since V is abelian, it forms an ideal in G and therefore [K, v] ∈ V for all K ∈ k
and v ∈ V .

We assume that V has no nonzero fixed points under K.
Since K acts linearly on the vector space V , the whole Lie group G acts

affinely on V :

(k, u1)u2 = ku2 + u1 ∀ (k, u1) ∈ G u2 ∈ V

Hence, if Y = (K, v) ∈ g and u ∈ V , the infinitesimal generator of the one-
parameter subgroup on V , φY (t)u = etYu, is the affine vector field YG(u) = Ku + v.

The Riemannian connection ∇, being defined from a left-invariant metric,
can be extended to left invariant vector fields on TG in such a way that it retains
the left-invariant property along the coordinate directions of an invariant basis.
Calling Ai the elements of an orthonormal basis of left invariant vector fields:

∇gAi (gAj) = g∇AiAj = Γk
ijgAk (25)

for all g ∈ G. From (1), since the Γk
ij are not tensorial, left invariance of the

connection has to be intended with respect to affine transformations, i.e. if X
is an infinitesimal affine transformation and φX the corresponding local one-
parameter group of local transformations in G generated by X (see Prop. 1.4,
Ch. VI of [KN63]): (φX)∗ (∇Y Z) = ∇(φX)∗(Y ) (φX)∗ (Z) ∀ Y, Z ∈ D(G) The
infinitesimal generator above YG(u) is an example of how one-parameter sub-
groups affinely generated emerge in a semidirect product.

In correspondence of left invariant vector fields Y and Z, the equation (7)
for the parallel transport simplifies to

〈∇XY, Z〉+ 〈Y, ∇XZ〉 = 0 (26)
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since 〈Y, Z〉 is a constant.
Substituting into (8) the left invariant basis elements, the Christoffel symbols

can be expressed as:

Γk
ij =

1
2
Ikl

(
cm
lj Imi + cm

li Imj + cm
ij Iml

)

A constant metric quadratic form like I, interpreted as an inertia tensor, is
a map I : g → g∗ the dual of g. Using ad∗X, the dual of adX, defined as
(adXZ; ψ) = (Z; ad∗Xψ), X, Z ∈ g , ψ ∈ g∗ and ( · ; · ) indicating the R-valued
standard pairing between a Lie algebra and its dual, we get

〈adXZ,Y〉 = (adXZ; IY) = (Z; ad∗XIY) = 〈Z, I−1ad∗XIY〉 (27)

A vector field X on a Riemannian manifold is called a Killing vector field
(or an infinitesimal isometry) if the local one-parameter subgroup of transfor-
mations generated by X via the exponential map of the Riemannian connection
(but not of the Lie group exponential map in the case we are considering, see
below) in a neighborhood of each point consists of isometries. We have the
following equivalent characterizations:

Proposition 4.1 ([KN63] Prop. 3.2 Ch. VI) Given a vector field X on a
Riemannian manifold, the following are equivalent:

i) X is a Killing vector field

ii) LXI = 0

iii) the Killing equation holds:

X〈Y, Z〉 = 〈[X, Y ], Z〉+ 〈Y, [X, Z]〉 ∀ Y, Z ∈ D(G) (28)

or similarly

〈∇Y X, Z〉+ 〈Y, ∇ZX〉 = 0 ∀ Y, Z ∈ D(G) (29)

iv) the linear map AX given by AXY = −∇Y X, Y ∈ D(G) is skew symmetric
with respect to 〈 · , · 〉 everywhere in G, i.e. 〈AXY, Z〉+ 〈Y, AXZ〉 = 0
∀ Y, Z ∈ D(G).

From (26), for left invariant vector fields Y, Z ∈ g (28) reduces to

X〈Y, Z〉 = 〈[X, Y], Z〉+ 〈Y, [X, Z]〉 = 0

We need to adapt to the case of trivially reductive homogeneous spaces given by
the left action of a Lie group on itself the Theorem 3.3, Chapter X of [KN63]:

Theorem 4.1 Given (G, I), the Riemannian connection for I is expressed as

∇XY =
1
2
[X, Y] + U(X, Y) (30)
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where U(X, Y) is the symmetric bilinear mapping g× g → g defined by

〈U(X, Y), Z〉 =
1
2

(〈adZX, Y〉+ 〈X, adZY〉) (31)

for all X, Y, Z ∈ g.

Corollary 4.1 If K has no nontrivial ideal, then U(X, Y) ∈ V for all X, Y ∈ g.

Applying the pairing (27) to U(X, Y) then we have:

Proposition 4.2 The left-invariant covariant derivative (25) can be expressed
as

∇XY =
1
2

(
[X, Y]− I−1 (ad∗XIY + ad∗YIX)

)
(32)

Proof: Using (27) to extract Z on both terms on the right hand side expression
(31) the result follows. 2

A consequence is that the exponential map of the Lie group does not agree
with the Riemannian exponential map corresponding to I:

Proposition 4.3 The one-parameter subgroups of G do not coincide with the
geodesics of I.

Proof: The one-parameter subgroups of a Lie group like G correspond to the
autotransported curves through the identity of an affine connection if and only
if ∇XX = 0 for all the Lie algebra valued vectors X ([KN63] Prop.2.9 Ch.X). 2

In fact, using the language of [KN63], ∇XX = 0 means that the natural
torsion-free and canonical connections can be made to have the same geodesics.
The coincidence holds only when the bilinear map U(X, Y) above is compatible
with the metric in the following way:

Proposition 4.4 Given a positive definite Riemannian metric on a group man-
ifold G:

∇XX = 0 ∀ X ∈ g ⇐⇒ 〈U(X, Y), Z〉 = 0 ∀ X, Y, Z ∈ g

Proof: The proof can be obtained from part 2 of Theorem 3.3 Ch.X in [KN63].
To see it directly use (30): assuming the right hand side expression holds true, if
∇XX 6= 0 it has to be U(X, X) 6= 0 but then it is enough to choose a suitable Z

to obtain 〈U(X, Y), Z〉 6= 0 for some X, Y, Z therefore getting into contradiction.
Similarly, on the other direction, assume∇XX = 0. If 〈U(X, Y), Z〉 6= 0 for some
X, Y, Z then U(X, Y) 6= 0 and therefore also U(X̃, X̃) 6= 0 for some X̃ because
U is a symmetric bilinear map, which is again a contradiction. 2

The condition 〈U(X, Y), Z〉 = 0 for all X, Y, Z ∈ g holds for the so-called
naturally reductive homogeneous spaces. This is the case for example of a com-
pact Lie groups with bi-invariant metric: its covariant derivative is well-known
to be simply ∇XY = 1

2 [X, Y].
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It is perhaps worth to make a further comment on the relation between adX ,
left invariance and isometry. Since ∇XY = adXY −AXY , rewriting (7) as

X〈Y, Z〉︸ ︷︷ ︸
(∗)

= 〈adXY, Z〉+ 〈Y, adXZ〉+ 〈AXY, Z〉+ 〈Y, AXZ〉︸ ︷︷ ︸
(∗∗)

(33)

we have:

• if Y, Z are left invariant, then (∗) = 0

• if X is a Killing vector, (∗∗) = 0

• if Y, Z are left invariant and X is a Killing vector, then adX is skew-
symmetric with respect to 〈 · , · 〉, i.e. the following equivalent quantities

〈adXY, Z〉+ 〈Y, adXZ〉 = 2〈U(Y, Z), X〉 = −〈I−1 (ad∗Y IZ + ad∗ZIY ) , X〉
(34)

are all vanishing.

A Lie group admits a bi-invariant metric if and only if adX is skew-symmetric
with respect to 〈 · , · 〉 for all X ∈ g ([Mil76], Lemma 7.2). In our case, even
considering left invariant vector fields, this is not the case as can be deduced
from the expression of U(Y, Z) calculated in Proposition 4.2.

Given a vector field X ∈ g, X = aiAi call Ẋ = ∂ai

∂t Ai. The local coordinate
chart at γ ∈ G is given by left translating the time-1 Lie group exponential
map of A1, . . . , An: xi = γeAi (so that a basis of tangent vectors at γ is indeed

∂
∂xi = Bi = γAi). Such coordinates are not Riemannian normal coordinates
since the Christoffel symbols are nonnull. The covariant derivative of Y = γY,
Y = biAi, in the direction of X = γX = γaiAi becomes:

∇XY = (∇XY )k
Bk =

(
ai ∂bk

∂xi
+ aibjΓk

ij

)
Bk

=
((LXbk

)
+ aibjΓk

ij

)
γAk = γ

(LXβk
)
Ak + γaibj∇AiAj by (25)

= γ
((LXbk

)
Ak +∇XY

)
(35)

Left invariance allows to express vector fields on G and vector fields on TG by
means of their pull-back to g with respect to the same basis i.e. ∂

∂xi = γAi

and ∂
∂vi = γAi, i = 1, . . . , n. The parallel transport of any Y = γbiAi along γ

gives rise to a horizontal lift of the curve γ̇ = γX to the tangent bundle curve
γh = (γ, Y ) having as tangent vector

Xh =
dγh

dt
= γXh =

(
γakAk ; −γΓk

ija
ibjAk

)

(the first component living on TγG, the second on T(γ,γY)TG). For matrix
groups, ∇γ̇Y = 0 corresponds to a linear frame being parallel transported along
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γ, see (15). Calling Ẋ = ∂bi

∂t Ai, in general, from (30), the covariant derivative
is decomposed in the three parts:

γ

(
Ẏ +

1
2
[X, Y] + U(X, Y)

)
= 0

Therefore a coordinate independent expression for Xh is

Xh =
(

γX ; −γ(
1
2
[X, Y] + U(X, Y))

)
(36)

whose integral curves are

γ̇ = γX

γẎ = −γ∇XY = −γ(
1
2
[X, Y] + U(X, Y))

5 The fiber bundle picture for group symmetries

Consider the tangent bundle TG of the n-dimensional Lie group G. For each
g ∈ G, the fiber τ−1(g) of this tangent bundle is the tangent space at g, TgG,
isomorphic to Rn.

Left invariance gives to the tangent bundle the structure of principal fiber
bundle with structure group G and base manifold g, by using the isomorphism
between TgG and TeG = g that left (or right) translation implies. The three
properties of a principal fiber bundle (see [KN63] Ch. II, p. 50) are trivial to
verify for TG(g, G). In fact, g is the quotient space of TG by the equivalence
relation induced by G, the projection π : TG → g is the left translation itself
and the fibers π−1(X), X ∈ g, are isomorphic to G since the left invariant action
is free and transitive. Furthermore, by considering left invariant vector fields,
TG is made into a globally trivial fiber bundle via the map TgG → G × g,
(g, vg) 7→ (g, Lg−1∗vg). For a generic smooth manifold, there always exists a
principal fiber bundle similar to the one considered here and it is the frame
bundle GLn(R) obtained by all possible linear changes of basis of the tangent
space (isomorphic to Rn) at any point of the manifold. If the smooth manifold is
a matrix group G, then the fiber bundle we are considering is normally referred
to as G-structure (of G itself) and it is obtained by “reducing” GLn(R) to its
subgroup G.

From (15), the condition ∇γ̇Y = 0 allows to describe vectors fields of D(G)
that are horizontal in the tangent bundle with respect to ∇ and the lifting
procedure described in Section 2.2. From Propositions 4.3 and 4.4, the compat-
ibility condition between horizontal curves of I and horizontal curves of the fiber
bundle structure of G (i.e. the “G-structure” of G itself) is that ∇ invariant to
left translations and that ∇XX = 0. In fact, invariance plus ∇XX = 0 means
that the parallel displacement can be carried out by left translations regardless
of the path to follow.

The appearing of a nonvanishing term U(X, Y) implies that the reduction
process produces a “geometric phase”, i.e. out of horizontal vector fields (in the
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tangent bundle) one also obtains a vertical vector field (in the fiber bundle).
From (30), this happens whenever ∇XY is not completely skew symmetric.

So for the horizontal lift (36) the T(γ,γY)TG term splits into the horizontal
component (in the fiber bundle) −γ 1

2 [X, Y] and the vertical one −γU(X, Y).

6 Reduction of Hamilton principle by group in-
variance

The variational principle as stated in Section 2.1 holds for generic Rieman-
nian manifolds and does not take advantage of the group structure of G. In
particular, the left invariance properties of a Lie group allow to reduce the in-
finitesimal variations from the tangent bundle to the corresponding Lie algebra:
this subject is treated extensively in the book [MR99]. Also the semidirect
product structure of G can be exploited explicitly in what is called reduction
by stages, especially when V has nonzero fixed points under K and the corre-
sponding isotropy subgroup is of particular interest, like in the heavy top case
[CHMR98].

Left invariance allows to express the vector field γ̇ ∈ TG in terms of its
pullback to the identity: Lγ

∗γ̇ = γ−1γ̇ ∈ g. Consider proper variations G(s, t)
of γ(t) with tangent bundle infinitesimal variations S(s, t) = d

dsG(t)(s) and
T (s, t) = d

dtGs(t), along the main and transverse curves respectively. Call T(t)
and S(t) the g-valued infinitesimal variations corresponding to γ̇ and δγ. Since
G0(t) = γ(t), they are uniquely defined by the two relations:

T (0, t) = γ̇(t) = G0(t)T(t) = γ(t)T(t)
S(0, t) = δγ(t) = G0(t)S(t) = γ(t)S(t)

(37)

We need to compute the covariant derivatives ∇δγ γ̇ and ∇γ̇δγ in terms of T

and S. Considering the basis A1, . . . , An of g, in coordinates T(t) = αi(t)Ai

and S(t) = βi(t)Ai. Call Ṫ = ∂αi

∂t Ai and T′ = ∂αi

∂s Ai and similarly for S. The
coordinate functions αi and βi are defined along the family of curves G. In
particular, from (10), along the main and transverse curves Gs(t) and G(t)(s)
the Lie derivatives LT · and LS · becomes derivatives in t and s respectively.
Therefore Lγ̇αk = ∂αk

∂t and Lδγαk = ∂αk

∂s and similarly for βk. Therefore (35)
becomes the following:

Proposition 6.1 Consider the Lie group G with left-invariant Riemannian
connection ∇. For the proper variations G(s, t), the covariant derivatives ∇γ̇δγ
and ∇δγ γ̇ have the following left-invariant expressions:

∇γ̇δγ = γ
(
Ṡ +∇TS

)

∇δγ γ̇ = γ (T′ +∇ST)
(38)



86 Paper B: Reduction by symmetry for a semidirect product of Lie groups

Proof:

∇γ̇δγ = ∇γT(t)γS(t) = ∇αi(t)Bi
βj(t)Bj

=
(Lγ̇βj

)
Bj + αiβj∇Bi

Bj =
∂βj

∂t
Bj + γαiβj∇Ai

Aj by (25)

= γ
∂βj

∂t
Aj +

1
2
γαiβj

(
[Ai, Aj ]− I−1ad∗Ai

IAj − I−1ad∗Aj
IAi

)

= γ
∂βj

∂t
Aj +

1
2
γ

(
[T, S]− I−1ad∗TIS− I−1ad∗SIT

)
= γ

(
Ṡ +∇TS

)

and similarly

∇δγ γ̇ = ∇γS(t)γT(t)

= γ
∂αi

∂s
Ai +

1
2
γ

(
[S, T]− I−1ad∗SIT − I−1ad∗TIS

)
= γ (T′ +∇ST)

2

The presence of two terms in both the covariant derivatives (38) is due to the
affine nature of the connection. The terms T′ or Ṡ appear when the covariant
derivative is calculated out of the identity of the group. Here and in the following
the covariant derivatives involving T or S are always calculated in the identity
element of the group.

Lemma 6.1 (Symmetry lemma for reduction by group invariance in
the Riemannian case) In the case of group manifold with Riemannian con-
nection, the Lie algebra valued mixed derivatives are related by

T′ = Ṡ (39)

where T and S are respectively the Lie algebra valued infinitesimal variations for
γ̇ and δγ defined in (37). Furthermore

∇TS = ∇ST (40)

Proof: From ∇γ̇δγ = ∇δγ γ̇ and the expression (38) for the two covariant
derivatives:

T′ = Ṡ + [T, S] (41)

But using left invariance: [T, S] = γ−1[γT, γS] = γ−1[γ̇, δγ] = 0 by the symme-
try lemma. Consequently also (40) follows. 2

Notice that this is true only because we have chosen a torsion-free connec-
tion. In general when a non-Riemannian connection is chosen on the Lie group
(for example the (+) or (−) canonical connections of Cartan), the “covariant
infinitesimal variations” for the reduced principle have the more general expres-
sion (41), see [Mar92] and references therein.

In general, it is not possible to conclude on T and S being Killing vector fields
without knowing the metric tensor I. By definition of Levi-Civita connection,
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the parallel transport along γ leaves the inner product invariant. The isometry
(26) which correspond to parallel transport for∇ along γ for left invariant vector
fields splits after the reduction into two types of Lie algebra valued infinitesimal
covariant variations, those indicated by “ ˙ “ (or “ ′ “ ) and those by the covariant
derivative symbol. For left invariant vector fields Y, Z ∈ g along the curve γ of
tangent vector γ̇ = γT, abusing notation one could write:

d

dt
〈Y, Z〉 = ˙〈Y, Z〉+∇T〈Y, Z〉 = 0

where ˙〈Y, Z〉 = 〈Ẏ, Z〉+ 〈Y, Ż〉 and ∇T〈Y, Z〉 = 〈∇TY, Z〉+ 〈Y, ∇TZ〉 are, re-
spectively, the affine part and the linear part of the parallel transported inner
product along γ. This complicates the expression for the reduced equations
as none of the infinitesimal variations alone is Killing. However, the following
proposition shows that each of them respects (26).

Proposition 6.2 Given the left invariant vector fields T, Y, Z ∈ g, the equation
(26) for parallel transport of the inner product along a curve γ ∈ G with tangent
vector T = γT splits into the two relations:

〈Ẏ, Z〉 = −〈Y, Ż〉 (42)
〈∇TY, Z〉 = −〈Y, ∇TZ〉 (43)

Proof: Straightforward calculation from (11):

d

dt
〈γY, γZ〉 = 〈∇γTγY, γZ〉+ 〈γY, ∇γTγZ〉

= 〈γ
(
Ẏ +∇TY

)
, γZ〉+ 〈γY, γ

(
Ż +∇TZ

)
〉

i.e.

d

dt
〈Y, Z〉 = 〈Ẏ, Z〉+ 〈Y, Ż〉+ 〈∇TY, Z〉+ 〈Y, ∇TZ〉

0 = 〈Ẏ, Z〉+ 〈Y, Ż〉
from left invariance of the metric and (26). 2

Corollary 6.1 For the family of variations G(s, t) of γ, with the notation above,

〈Ṡ, T〉 = −〈S, Ṫ〉 (44)
〈∇TS, T〉 = −〈∇TT, S〉 (45)
〈∇SS, T〉 = −〈S, ∇ST〉 (46)

When the homogeneous space is naturally reductive, ∇TT = 0 implies in (45)
that also 〈∇TS, T〉 = 0 and therefore the situation is much simpler.

Remark 6.1 ∇TS = ∇ST is symmetric and belongs to V . In fact, from (32)
and [T, S] = 0

∇TS = ∇ST = U(S, T) = −1
2
I−1 (ad∗SIT + ad∗TIS)
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Another consequence of [T, S] = 0 is the following:

Remark 6.2 For the reduced infinitesimal variations of G(s, t), the covariant
derivatives are vertical in the fiber bundle.

From the reduced symmetry lemma we obtain the Euler-Poincaré equations.
The result is well-known (see [MR99]) although it is normally not obtained using
exclusively the tools from Riemannian geometry as we do here.

Theorem 6.1 (Reduced Hamilton principle) For (G, I), the critical curves
of the left invariant energy functional E =

∫ tf

t0
〈T, T〉dt, where T = γ−1(t)γ̇(t), in

correspondence of proper variations G(s, t) (and of their “covariant infinitesimal
variations” ), are given by the Euler-Poincaré equations

Ṫ = −∇TT = I−1ad∗TIT (47)

Proof: The proof can be obtained directly by inserting into the first variation
formula (12) the value of the covariant derivative (38). Likewise, going through
the reduction of the functional E :

d

ds
E (Gs(t))

∣∣∣∣
s=0

=
∫ tf

t0

〈∇ST, T 〉dt

∣∣∣∣
s=0

=
∫ tf

t0

〈T′ +∇ST, T〉dt

= −
∫ tf

t0

〈Ṫ, S〉dt−
∫ tf

t0

〈∇TT, S〉dt by (44) and (45)

= −
∫ tf

t0

〈Ṫ +∇TT, S〉dt

2

The geodesic spray whose integral curves are the Euler-Poincaré equations
(47) is

Γ = γG = γ (T ; −U(T, T))

The component in T(γ,γT)TG is purely symmetric and therefore it is vertical
in the fiber bundle. In fact, it disappears on naturally reductive homogeneous
spaces, where the reduced Euler-Lagrange equations (47) have only a left hand
side: γ̇ = γT, Ṫ = 0.

If the mechanical system has body fixed actuators, the input vector fields
are already left invariant F = γF. Therefore the reduction process under in-
vestigation comes as natural simplification also for the control problems. For
example, the forced second order vector field (18) reduces to

Γ + F v = γ (T ; −U(T, T) + F)

A nonnull ∇TT implies that the systems of 2n reduced first order differential
equations has a drift term also on T(γ,γT)TG. This is an important factor in
the controllability analysis of underactuated mechanical systems (see [BLL00,
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LM97a]), as the second order vector fields belonging to a input (sub)distribution
on TG can generate new independent directions also in TTG, in the same spirit
as the Lie bracket does for first order vector fields. Incidentally, notice that
the condition which is relied upon in the above mentioned literature, called
“symmetric product”, is nothing more than the symmetric term U(X, Y) used
here. In fact, the property of “geodesic invariance”, i.e. U(X, Y) = 1

2 (∇XY +
∇YX) being involutive for all X, Y ∈ g and belonging to the distribution formed
by the input vector fields plus the geodesic spray, means that the second order
vector fields are integrable at least once and therefore the horizontal lifts do
not add anything to the usual Lie algebraic controllability tests. In the other
cases, the symmetric product is able to capture the new directions generated in
T(γ,γT)TG.

7 Reduction of the second order variational prob-
lem

When reducing higher order covariant derivatives, the two components of the
covariant derivative mentioned in the previous Section mix up. For example,
the “ ˙ ” part, applied to ∇XY results into:

˙(∇XY) =
∂aibj

∂t
∇AiAj =

(
∂ai

∂t
bj + ai ∂bj

∂t

)
∇AiAj = ∇ẊY +∇XẎ (48)

A few useful relations are:

Proposition 7.1 For the family of variations G(s, t) on (G, I):

∇δγ∇γ̇ γ̇ = γ
(
(Ṫ)′ +∇SṪ +∇ṠT +∇T Ṡ +∇S∇TT

)
(49)

∇γ̇∇δγ γ̇ = γ
(

˙(T′) +∇SṪ +∇ṠT +∇T Ṡ +∇T∇ST
)

(50)

∇2
γ̇ γ̇ = γ

(
T̈ + 2∇TṪ +∇ṪT +∇2

TT
)

(51)

∇3
γ̇ γ̇ = γ

(...
T + 3∇TT̈ + 3∇ṪṪ +∇T̈T + 3∇2

TṪ+ (52)

+2∇T∇ṪT +∇Ṫ∇TT +∇3
TT

)

R (S, T)T = ∇S∇TT −∇T∇ST = [∇S, ∇T]T (53)

Proof: We only prove (49), the other calculations being similar.

∇δγ∇γ̇ γ̇ = ∇δγ

(
γ

(
Ṫ +∇TT

))

= Lδγ

(
∂αj

∂t

)
γAj + βi ∂αj

∂t
γ∇AiAj + Lδγ

(
αiαj

)∇AiAj + γαiαjβk∇Ak
∇AiAj

= γ

(
∂2αj

∂s∂t
Aj +

(
βi ∂αj

∂t
+

∂αi

∂t
αj + αi ∂αj

∂t

)
∇AiAj + βk∇Ak

∇TT

)

= γ
(
(Ṫ)′ +∇SṪ +∇ṠT +∇T Ṡ +∇S∇TT

)
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Concerning (53), from (9) with [δγ, γ̇] = [S, T] = 0, from (49) and (50)

R(δγ, γ̇)γ̇ = ∇δγ∇γ̇ γ̇ −∇γ̇∇δγ γ̇

R (γS, γT) γT = γ
(
(Ṫ)′ +∇SṪ +∇ṠT +∇T Ṡ +∇S∇TT−

− ˙(T′)−∇SṪ −∇ṠT −∇T Ṡ−∇T∇ST
)

Since R is a tensor it is left invariant; furthermore, the order of the mixed second
derivative with respect to s and t commutes also in g

˙(T′) =
∂2αj

∂s∂t
Aj =

∂2αj

∂t∂s
Aj = (Ṫ)′ (54)

Hence, the result. 2

The left invariance of the curvature tensor R means that the curvature term
of (20) is:

R(∇γ̇ γ̇, γ̇)γ̇ = R(Ṫ +∇TT, T)γT = γ
(
R(Ṫ, T)T + R(∇TT, T)T

)
(55)

The expressions (52) and (55) allows to write down directly the reduced
expression for (20) in terms of left invariant vector fields. However, it is quite
instructive to see the genesis of this formula, going through the reduction of the
cost functional J .

We compute first the following equalities:

Proposition 7.2 For the family of variations G(s, t) on (G, I):

〈(Ṫ)′, Ṫ〉 = 〈S,
...
T 〉 (56)

〈(Ṫ)′, ∇TT〉 = 〈S, ∇T̈T + 2∇ṪṪ +∇TT̈〉 (57)

〈∇S∇TT, Ṫ〉 = 〈S, ∇2
TṪ + R(Ṫ, T)T〉 (58)

〈∇S∇TT, ∇TT〉 = 〈S, ∇3
TT + R(∇TT, T)T〉 (59)

〈∇T Ṡ, Ṫ〉 = 〈S, ∇ṪṪ +∇TT̈〉 (60)

〈∇T Ṡ, ∇TT〉 = 〈S, ∇Ṫ∇TT +∇T∇ṪT +∇2
TṪ〉 (61)

〈∇SṪ, Ṫ〉 = 0 (62)
〈∇SṪ, ∇TT〉 = −〈Ṫ, ∇S∇TT〉 (63)

〈∇ṠT, Ṫ〉 = 〈S, ∇TT̈〉 (64)

〈∇ṠT, ∇TT〉 = 〈S, ∇T∇ṪT + 2∇2
TṪ + R(Ṫ, T)T〉 (65)

Proof: All the expressions are based on the equations (42) and (43). We see
some of the significant calculations:

• Eq. (56):

〈(Ṫ)′, Ṫ〉 = 〈 ˙(T′), Ṫ〉 = −〈T′, T̈〉 = −〈Ṡ, T̈〉 = 〈S,
...
T 〉 by (54)
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• Eq. (57):

〈(Ṫ)′, ∇TT〉 = 〈S, ¨(∇TT)〉 = 〈S,
∂2αiαj

∂t2
∇AiAj〉

= 〈S,

(
∂2αi

∂t2
αj + 2

∂αi

∂t

∂αj

∂t
+ αi ∂

2αj

∂t2

)
∇Ai

Aj〉

= 〈S, ∇T̈T + 2∇ṪṪ +∇TT̈〉

• Eq. (58):

〈∇S∇TT, Ṫ〉 = 〈∇T∇ST + R(S, T)T, Ṫ〉
= −〈∇ST, ∇TṪ〉+ 〈R(S, T)T, Ṫ〉 by (53)

= −〈∇TS, ∇TṪ〉+ 〈R(Ṫ, T)T, S〉 by (40) and (21)

= 〈S, ∇2
TṪ〉+ 〈R(Ṫ, T)T, S〉

• Eq. (64):

〈∇ṠT, Ṫ〉 = 〈 ˙(∇ST)−∇SṪ, Ṫ〉 = −〈∇ST, T̈〉 − 〈∇SṪ, Ṫ〉 by (48)

= −〈∇TS, T̈〉 = 〈S, ∇TT̈〉 by (40) and (62)

The other relations are obtained using similar arguments. 2

Theorem 7.1 A necessary condition for a smooth curve γ(t) ∈ G of tan-
gent vector field T ∈ g and interpolating γ(t0) = g0, γ(tf ) = gf , V0 = g−1

0 v0,
Vf = g−1

f vf to be an extremum of J is that

...
T + 3∇TT̈ + 3∇ṪṪ +∇T̈T + 3∇2

TṪ + 2∇T∇ṪT

+∇Ṫ∇TT +∇3
TT + R(Ṫ, T)T + R(∇TT, T)T = 0 (66)

Proof: From (52) and (55) we have already (66) by brute force. To see it di-
rectly, expand the expression for J and use the computations of Proposition 7.2.

d

ds
J (Gs(t))

∣∣∣∣
s=0

=
∫ tf

t0

〈∇δγ∇γ̇ γ̇, ∇γ̇ γ̇〉dt

=
∫ tf

t0

〈γ
(
(Ṫ)′ +∇SṪ +∇ṠT +∇T Ṡ +∇S∇TT

)
, γ

(
Ṫ +∇TT

)
〉dt by (49)

The ten inner products under the sign of integral are given in (56)-(65). The
result follows by considering extremals of J i.e. d

dsJ (Gs(t))
∣∣
s=0

= 0. 2

Notice that, except for pulling back the velocities v0 and vf to g, the bound-
ary data on the curve itself g0, gf are not anymore entering into the problem,
just like in the Euler-Poincaré equations.
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8 Optimal control for the reduced second order
variational problem

Assume that the left invariant input distribution F has the coordinate expression
F = f iAi.

Proposition 8.1 The covariant derivatives of the input vector distribution F

are:

∇γ̇γF = ∇2
γ̇ γ̇ = γ

(
Ḟ +∇TF

)
(67)

∇2
γ̇γF = ∇3

γ̇ γ̇ = γ
(
F̈ + 2∇TḞ +∇ṪF +∇2

TF
)

(68)

Proof: Equation (68) is shown in the same way as (38). For (68), it can be
obtained from computations of the same type as in Proposition 7.1.

∇2
γ̇γF = ∇γ̇

(
γ

(
Ḟ +∇TF

))

= Lγ̇

(
∂f j

∂t

)
γAj + Lγ̇

(
αif j

)∇AiAj + αi ∂f j

∂t
γ∇AiAj + γαkαif j∇Ak

∇AiAj

= γ

(
∂2f j

∂t2
Aj +

(
αi ∂f j

∂t
+

∂αi

∂t
f j + αi ∂f j

∂t

)
∇AiAj + αkαkαif j∇Ak

∇AiAj

)

= γ
(
T̈ +∇ṪF + 2∇TḞ +∇2

TF
)

2

Therefore, the expression for the control F is obtained from (22). Resuming
the “C2 dynamic interpolation problem” of Section 3:

Proposition 8.2 Under the same assumptions of Proposition 3.1, the left in-
variant control input F that generates a smooth trajectory which is an extremal
of J is given by the solution of

F̈ + 2∇TḞ +∇ṪF +∇2
TF + R(F, T)T = 0 subject to Ṫ +∇TT = F

(69)

from the boundary conditions γ(t0) = g0, γ(tf ) = gf , V0 = g−1
0 v0 and F0 = ∇V0V0.

Proof: Since R is a left invariant tensor, this is the straightforward substitution
in (22) of equation (68). 2

9 Application to SE(3)

The Special Euclidean Group SE(3) is the Lie group of isometric transformations
of R3 i.e. its left (or right) action on R3

SE(3)× R3 → R3

(g, x) 7→ Lgx = gx
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has push forward

SE(3)× TxR3 = R3 → TgxR3 = R3

(g, v) 7→ Lg∗v = gv

which is an isometry and takes straight lines to straight lines in R3.
Using homogeneous coordinates,

SE(3) =
{

g ∈ Gl4(R), g =
[

R p
0 1

]
s.t. R ∈ SO(3) and p ∈ R3

}

with SO(3) =
{
R ∈ Gl3(R) | RRT = I3 and det R = +1

}
. The Lie algebra of

SE(3) is

se(3) =
{

X ∈ M4(R), s.t. X =
[

ω̂X vX

0 0

]
with ω̂X ∈ so(3) and vX ∈ R3

}

with so(3) =
{
ω̂X ∈ M3(R) s.t. ω̂T

X = −ω̂X

}
and ·̂ : R3 → so(3) such that

ω̂Xσ = ωX × σ ∀ σ ∈ R3.
The Lie group exponential map gives the one-parameter curves correspond-

ing to constant generators in se(3) i.e. to the orbits of (complete) constant
vector fields and their left/right translations.

For SO(3) and SE(3), the Lie group exponential map corresponds to the
ordinary matrix exponential and closed form formulae are available. In SO(3)
one can use the so-called Rodriguez’ formula:

ebωX = I +
sin ‖ωX‖
‖ωX‖ ω̂X +

1− cos ‖ωX‖
‖ωX‖2 ω̂2

X

while in SE(3):

e : se(3) → SE(3) (70)

X =
[

ω̂X vX

03×1 0

]
7→

[
ebωX A(ω̂X)vX

0 1

]

where

A(ω̂X) = I +
1− cos ‖ωX‖
‖ωX‖2 ω̂X +

‖ωX‖ − sin ‖ωX‖
‖ωX‖3 ω̂2

X

In SE(3), the exponential map being onto means that every two elements can
be connected by a one-parameter curve called screw. Its (normalized) constant
infinitesimal generator is called twist and corresponds to the axis of the rigid
body rototranslation.

The derivation of the adjoint map Adg(Y) = Lg∗Rg−1∗Y = gYg−1 with
respect to g = etX, X ∈ se(3), at the identity of the group

adX =
d

dt
(AdetX)

∣∣∣∣
t=0
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gives the Lie bracket adX(Y) = [X, Y] = X Y− Y X, i.e. the bilinear form defin-
ing the Lie algebra. The Lie brackets basis elements A1, . . . , A6 of se(3) are
expressed in terms of the structural constants ck

ij : [Ai, Aj ] = ck
ijAk. The linear

representations of the operators Adg(·) and adX(·) is:

Adg =
[

R 0
p̂R R

]
adX =

[
ω̂X 0
v̂X ω̂X

]
(71)

The natural affine connection that can be associated to a biinvariant non-
degenerate symmetric (0, 2)-tensor is called the (0)-connection and is studied
by Cartan in [Car53]. However, since the corresponding quadratic form is non-
degenerate but not positive definite, it is not compatible with the standard
definition of kinetic energy of a rigid body in G because of the negative energy
that can be associated along certain trajectories. Therefore we neglect it and
concentrate instead on a positive definite I. Because of the lack of bi-invariance
of I, its natural connection is not among the “canonical” ones studied in the
classical literature [Car53, Eis66], but rather it can be seen as the torsion-free
metric connection of a trivially reductive homogeneous space with respect to
the left action on itself and studied accordingly (see for example [Nom54] §13).

For the metric structure we are adopting, the Riemannian exponential map
Exp differs from the Lie group exponential map (70). In fact, disregarding the
action SO(3) → End(R3) means dropping the A(ω̂) term:

Exp : se(3) → SE(3) (72)

X =
[

ω̂X vX

03×1 0

]
7→

[
ebωX vX

0 1

]

This corresponds to the exponential map for the direct product of Lie groups
SO(3)⊗ R3 which pairs the geodesics of SO(3) and the straight lines of R3.

From (71), the expressions for the coadjoint and infinitesimal coadjoint ac-
tions Ad∗g−1 and ad∗X are:

Ad∗g−1 = (Adg)
−T =

[
R p̂R
0 R

]
,

ad∗X = − d

dt
Ad∗e−tX

∣∣∣∣
t=0

= − (adX)T =
[−ω̂X −v̂X

0 −ω̂X

]

In (32), when we compute the covariant derivative of Y along X, due to the
semidirect action of SO(3) on R3, the terms ad∗XIY are nonnull, even when the
inertia tensor is diagonal, I = I. In this case I can be pulled out and (with
abuse of notation)

ad∗XIY = ad∗XY =
[

0
−ω̂XvY

]
=

[
0

vY × ωX

]
6= 0

In particular then

U(X, Y) = −1
2

(ad∗XY + ad∗YX) =
1
2

[
0

ω̂XvY + ω̂YvX

]
∈ R3 (73)



9. Application to SE(3) 95

Since adXY =
[

ω̂XωY

ω̂XvY − ω̂YvX

]
, the covariant derivative is

∇XY =
1
2
adXY + U(X, Y) =

[
1
2 ω̂XωY

ω̂XvY

]
(74)

The linear map AY of Proposition 4.1 is

AY =
[

1
2 ω̂Y 0
v̂Y 0

]

which is skew-symmetric with respect to 〈 · , · 〉 for all X if and only if Y ∈ so(3).
Therefore Y 6 ∈so(3) is not an infinitesimal isometry for I = I i.e. all left invariant

Killing vector fields of (SE(3), I) are of the form Y =
[
ωY

0

]
. In fact, Y ∈ so(3)

implies that eY = Exp(Y) and therefore one parameter subgroups generated by
Y coincide with geodesics of I. Notice from (73) that this does not imply U = 0,
only that for all X, Z ∈ se(3) the contribution of U(X,Z) ∈ R3 along Y is zero:

〈adYX, Z〉+ 〈X, adYZ〉 = 2〈U(X, Z), Y〉 = 0

However, this holds true only in virtue of the choice of a diagonal metric tensor.
If X = Y one finds the usual Euler equations for rigid bodies (see (47))

Ẋ =
[
ω̇X

v̇X

]
= −∇XX =

[
0

−ω̂XvX

]

with geodesic spray

Γ = γXh = (γX ; −γU(X, X)) =
(

γ

[
ωX

vX

]
; γ

[
0

ω̂XvX

])

Similarly to (74), we have

∇ẊY =
[

1
2
̂̇ωXωY

̂̇ωXvY

]
, ∇XẎ =

[
1
2 ω̂Xω̇Y

ω̂Xv̇Y

]
, ∇X∇YZ =

1
4

[
ω̂Xω̂YωZ

4ω̂Xω̂YvZ

]
(75)

and

∇W∇X∇YZ =
1
8

[
ω̂Wω̂Xω̂YωZ

8ω̂Wω̂Xω̂YvZ

]

From (9), using some vector algebra with the convention that a × b × c =
a× (b× c), after a few calculations, the values of the curvature tensor are given
by∗

R(X, Y)Z =
[
(ωX × ωY)× ωZ

r2

]

∗Warning: in [ZKC98] a wrong expression is reported
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where r2 ∈ R3 is

r2 = 3
4ωX × ωY × vZ + 3

4ωY × ωX × vZ + 1
4 (ωX × ωY)× vZ

+ 1
4ωX × ωZ × vY + 3

4ωZ × ωX × vY − 1
4 (ωX × ωZ)× vY

+ 1
4ωY × ωZ × vX − 3

4ωZ × ωY × vX − 1
4 (ωY × ωZ)× vX

In our case, since U(X, Y) is null if X, Y are both in so(3) or in R3, the values
of the curvature are given by

• if X, Y ∈ so(3)

R(X,Y)Z = −1
4
[[X,Y],Z]

= −1
4

[
(ωX × ωY)× ωZ

(ωX × ωY)× vZ − ωZ × ωX × vY + ωZ × ωY × vX

]

• if X, Y ∈ R3 R = 0

• if X ∈ so(3), Y ∈ R3

R(X,Y)Z =
[

0
1
4ωX × ωZ × vY + 3

4ωZ × ωX × vY − 1
4 (ωX × ωZ)× vY

]

Notice, furthermore, it is easy to compute the sectional curvatures of (SE(3), I)

K(X, Y) =
〈R(X, Y)X, Y〉

|X|2|Y|2 − 〈X, Y〉2

In fact, from [Arn89, Ber78], the general expression for the (nonnormalized)
two-plane curvature for a semidirect product is given by:

〈R(X, Y)X, Y〉 = −3
4
〈[X, Y], [X, Y]〉 − 1

2
〈[X, [X,Y]], Y〉 − 1

2
〈[Y, [Y, X]], X〉

+ 〈U(X, Y), U(X, Y)〉 − 〈U(X, X), U(Y, Y)〉

therefore

• if X, Y ∈ so(3)

〈R(X, Y)X, Y〉 =
1
4
〈[X,Y], [X,Y]〉 =

1
4
|ωX × ωY|2

• if X, Y ∈ R3 R ≡ 0

• if X ∈ so(3), Y ∈ R3 then 〈[X, [X, Y]],Y〉 = 〈[Y, [Y, X]], X〉 = 0 and

〈R(X, Y)X, Y〉 = −3
4
〈adXY, adXY〉+ 〈U(X,Y), U(X,Y)〉 = −1

2
|ωX × vY|2
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If we consider the curve γ of g-valued tangent vector field T =
[
ωT

vT

]
, then

the necessary condition (66) corresponds to the system:

...
ωT +

3
2
ωT × ω̈T +

1
2
ωT × ωT × ω̇T +

1
2
ωT × ω̇T × ωT + (ω̇T × ωT)× ωT = 0

...
v T + 3ωT × v̈T + 3ω̇T × v̇T + ω̈T × vT +

5
2
ωT × ωT × v̇T+

+
7
2
ωT × ω̇T × vT + 2ω̇T × ωT × vT +

1
2
ωT × ωT × ωT × vT = 0

Substituting Ṫ+∇TT with the control input F =
[
ωF

vF

]
of the mechanical system

(17), eq. (69) becomes the system of ordinary differential equations which are
linear and second order in F, quadratic and first order in T:

ω̈F + ωT × ω̇F +
1
2
ω̇T × ωF +

1
4
ωT × ωT × ωF + (ωF × ωT)× ωT = 0

v̈F + 2ωT × v̇F + ω̇T × vF − 1
4
ωT × ωT × vF+

+ωF × ωT × vT +
3
2
ωT × ωF × vT = 0
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Motion on submanifolds of noninvariant

holonomic constraints for a kinematic

control system evolving on a matrix Lie

group

C. Altafini and R. Frezza

Abstract
For a control system on a matrix Lie group with one or more configuration con-
straints that are not left/right invariant, finding the combinations of (kinematic)
control inputs satisfying the motion constraints is not a trivial problem. Two
methods, one coordinate-dependent and the other coordinate-free are suggested.
The first is based on the Wei-Norman formula; the second on the calculation of
the annihilator of the coadjoint action of the constraint one-form at each point
of the group manifold. The results are applied to a control system on SE(3)
with a holonomic inertial constraint involving the noncommutative part in a
nontrivial way. The difference in terms of compactness of the result between
the two methods is considerable.
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Keywords: matrix Lie groups, constrained motion, Wei-Norman formula,
noninvariant one-forms, coadjoint action.

1 Introduction

The purpose of this paper is to describe the kinematic equations of a control
system whose configuration space is a Lie group with one or more holonomic
constraints. Unlike the usual first order nonholonomic constraints that originate
from underactuation in kinematic control systems with body-fixed actuators, the
constraints we treat here can, for example, describe a particular control task or a
requirement that has to be fulfilled when doing motion planning. In particular,
we are interested in constraints which are neither left nor right invariant, so
that they cannot be confined to invariant subgroups of codimension equal to
the dimension of the constraint because of the noncommutativity of the group.

Consider an actuated rigid body. If the configuration constraints are inertial,
i.e. admit a natural description in an inertial frame for all times, the sponta-
neous way to represent it is to consider canonical coordinates of the second kind,
i.e. based on the product of exponentials formula [Var84]. In fact, in this case,
provided a suitable basis is chosen, a constraint can be directly inserted in place
of the corresponding state, without locally affecting the remaining configura-
tion variables. On the other hand, when the actuators of a kinematic control
system are fixed on the body, the allowed input functions are better described
in terms of single exponential representation, i.e. of one-parameter flow of a
single time-varying vector field. In order to map the constraint into the space
of inputs, the Wei-Norman formula [WN64] can be used. Such formula is a
local diffeomorphism, which is global for solvable groups like SE(2), but not for
more complicated groups like SE(3). Furthermore, the problem with this type
of formulae is that it is coordinate-dependent and, for nonabelian groups (and
nonabelian constrained submanifolds), the representation of the constraint in
the single exponential is not unique but at each point of the group depends on
the path chosen to leave that point. So it does not give a clear idea of what
the constraints look like in the input space. In other words, while locally the
first order contribution is clear in both systems of canonical coordinates, due
to the noncommutativity, the Wei-Norman formula gives only a “slice” of the
admissible input combinations that satisfy the constraints to the higher order
terms.

In order to describe the entire annihilator space of the constraint at a point
g of the group, we compute all the directions that satisfy the constraint by
evaluating the corresponding vector fields at the identity. In fact, the one form
describing the constraint is not left invariant, so it will look different on different
points of the group. Since we have body fixed actuators, it is reasonable to pull
it back at the identity, pairing it with the adjoint of the tangent directions at g.
For this case we will work under the assumption of full actuation, although even
the weaker assumption of controllability would have sufficed. The adjoint map
allows us to Lie algebra evaluate the vector fields at any g in the reachable space
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and give all possible tangent velocities, independently of the integral curve they
are producing on the group. Using standard pairing, the problem of finding
the orthogonal subspace to the constraint at g is transformed into a problem of
annihilating the coadjoint action on the one-form representing the constraint.
All the combinations of inputs that satisfy the constraint at g can then be pa-
rameterized in terms of the components of (the matrix representation) of g. We
would like to emphasize that these components are still coordinate-independent.
Obviously, the explicit calculation of the input functions has to pass through a
coordinatization of the group manifold, but, unlike in the Wei-Norman case, the
independence from the path followed by the flow of the system is retained. The
main advantage is that, no matter how complicated the constraint may look, at
each point it is transformed into an algebraic equation linear in the inputs.

The example used throughout the paper is a system in SE(3). The constraint
here is that the roll in spatial coordinates must be kept constantly equal to zero.
This corresponds locally to a one-from on the 3-dimensional space of rotations.
Due to the noncommutativity of SO(3), the one-form cannot be quotiented out
i.e. cannot be globally expressed as a one-parameter curve in SE(3) (nor in
SO(3)).

2 Motion in presence of constraints

Consider a drift-free left-invariant kinematic control system evolving on a matrix
Lie group G

ġ = g

m∑

i=1

Aiui g(0) = g0 g ∈ G (1)

Given a basis A1, . . . , An of the Lie algebra g, the associate structure constants
ck
ij are defined by

[Ai, Aj ] =
n∑

k=1

ck
ijAk i, j = 1, . . . , n (2)

where, because of the skew-symmetry of the Lie bracket ck
ij = −ck

ji.
Here we follow [MLS94], Appendix A. Assume we have a constraint on the

trajectories allowed for our system:

φ(g) = 0 (3)

where φ : G → R and g ∈ G. Such a constraint is holonomic as it is imposed on
the configuration space of the manifold. Differentiating, the constraint can be
described in terms of 1-form as

〈dφ(g), ġ〉 = 0 (4)
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with dφ(g) ∈ T ∗g G, ġ ∈ TgG and 〈· , ·〉 is a standard nondegenerate pairing
T ∗G× TG → R. Using left invariance, we obtain a Lie algebra evaluated pair

〈· , ·〉 : g∗, g → R (5)
A[

j , Ai 7→ 〈A[
j , Ai〉 = δj

i

that allows us to identify a basis
{
A[

1, A[
2, . . . A

[
n

}
of g∗. If, as is often the case,

a (pseudo) Riemannian metric structure is chosen, then the pairing is given by a
symmetric nondegenerate bilinear form, for example corresponding, for compact
matrix groups, to the Killing form, i.e. to the trace of the matrix product of
the adjoint representation:

〈A[
j , Ai〉 = kj

i tr(adAj
adAi

) = δj
i

where ki
i 6= 0. The A[

j , j = 1, . . . , n, provide a basis
{
Lg−1∗A

[
1, . . . , Lg−1∗A

[
1

}
on T ∗g G via the push forward map.

A constraint dφ is said left-invariant if

Lg
∗dφ(g) = dφ(I), I = identity of G

i.e. if the pull-back of the constraint to the identity corresponds to the constraint
at the identity. This is the case when the “path” followed by the constraint
from the identity to g can be expressed as a one-parameter subgroup of G. In
particular, φ(g) = 0 is left/right invariant if and only if φ−1(0) is a subgroup H of
G (see Loncaric [Lon85] for a formulation on SE(3)). In other words, for a left-
invariant constraint, there exists a left-invariant distribution of feasible velocities
(the free velocities) that corresponds to the annihilator of the constraint at each
point and that constitutes a subgroup. In this case, H is left-invariant with
respect to the constraint and it can be factored out; the system on G/H is not
anymore constrained. Here however, we are interested in more complicated one-
forms than the left-invariant (or, specularly, right-invariant) ones, i.e. we want
to consider constraints whose pull-back to the Lie algebra Lg

∗dφ(g) depends on
g.

3 A coordinate-dependent formulation: the Wei-
Norman formula

A coordinate-dependent way to describe the orthogonal space of a constraint
is to use the Wei-Norman lemma. There are two types of local representations
of the solution of the system (1), called canonical coordinates of the first and
second kind. They rely respectively on the single exponential representation
(due to Magnus [Mag54]) and on the product of exponentials formulation (due
to Wei-Noman [WN64]). The understanding of the relation between the two
formulations for a control system is first due to Brockett [Bro72]. See also
[LK95, Str98] for recent uses of this idea for motion planning of underactuated
systems on matrix Lie groups.
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The following proposition for the product of exponential of a system of
control-linear differential equation is taken from [WN64].

Lemma 3.1 (Wei-Norman) Let g(t) ∈ G be the solution of the system (1)
starting with initial condition g(0) = g0. Then there exists a neighborhood of
t = 0 in which g(t) can be expressed as a product of exponentials

g(t) = g0e
γ1(t)A1eγ2(t)A2 . . . eγn(t)An (6)

The Wei-Norman coordinate functions γi(t), i = 1, . . . , n, are scalar functions
of t and evolve according to the set of differential equations on Rn:




γ̇1(t)
...

γ̇n(t)


 = Ξ(γ1(t), . . . , γn(t))−1




u1(t)
...

un(t)


 (7)

where γi(0) = 0 and the matrix Ξ(·) is a real analytic function of the γi.

The explicit calculation of Ξ(γ(t)) can be done in the following way (see [Bro73]):
compare the expression

ġ = g

n∑

i=1

Aiui (8)

obtained from (1) adding null controls um+1 = . . . = un = 0, with the derivative
of g with respect to the product of exponentials (6).

ġ(t) = g0

(
γ̇1(t)A1e

γ1(t)A1eγ2(t)A2 . . . eγn(t)An + γ̇2(t)eγ1(t)A1A2e
γ2(t)A2 . . . eγn(t)An+

+ . . . + γ̇n(t)eγ1(t)A1 . . . eγn−1(t)An−1Aneγn(t)An

)

Inserting the identity terms eγi(t)Aie−γi(t)Ai where needed, we can extract g(t)
on the left

ġ(t) = g0e
γ1A1eγ2A2 . . . eγnAn

(
e−γnAn . . . e−γ1A1 γ̇1A1e

γ1A1 . . . eγnAn+
+ e−γnAn . . . e−γ2A2 γ̇2A2e

γ2A2 . . . eγnAn + . . . + e−γnAnγnAneγnAn
)

Using the adjoint map

Adg : g → g (9)
A 7→ AdgA = gAg−1

we get

ġ(t) = g(t)
(
γ̇1(t)Ad(Q1

i=n e−γi(t)Ai)A1 + γ̇2(t)Ad(Q2
i=n e−γi(t)Ai)A2 + . . . +

+ γ̇1(t)Ad(e−γn(t)An)An

)
(10)
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Next, we need to compare (8) and (10) along each of the basis elements of g,
i.e. we need to compute the contribution of the adjoint operators

Ad(Qj
i=n e−γi(t)Ai)Aj =

j∏

i=n

(
e−adAjγ(t)

)
Aj (11)

in terms of the Ai using the formula

e−BγAeBγ =
∞∑

k=0

(−1)kadk
BA

k!
γk

where ad0
BA = A, ad1

BA = [B, A] and adk
BA =

[
B, adk−1

B A
]
. Iterating this

procedure j times, it is possible to write explicitly (11) in terms of the structure
constants of the Lie algebra and therefore to obtain an explicit expression for the
Ξ(γ(t)). The complete calculation can be found in the original paper [WN64]
or in the book [Sas99]. Since they do not add any significant insight, we omit
them. Notice the compatibility of the initial conditions in the two expressions
for ġ(t), which implies that Ξ(γ(0)) = I and therefore Ξ(·) locally invertible.
Notice moreover that, by the left invariance, the initial state g0 of the system
does not appear in Ξ(γ(t)). If g is solvable, then there exist coordinate functions
γi that are globally valid, while this is not true for semisimple Lie algebras. In
this case, the nonsingularity of Ξ has to be checked at the point of application.
Using the expression (7), the constraint relation at g in terms of its coordinates
γ = (γ1, . . . , γn) becomes

dφ(γ(t))γ̇(t) = dφ(γ)Ξ(γ(t))−1u(t) = 0 (12)

which is linear in the inputs and can be solved locally using the implicit function
theorem. Ξ(·) changes according to the order chosen for the basis elements
and therefore also the input combination solution of (12) looks different with
different basis ordering. Only one possible combination of inputs that satisfies
the constraints is captured at a time by the method just presented. This hides
the geometric structure of the annihilator of dφ(g).

4 A coordinate free formulation

The Wei-Norman types of formulae are intrinsically coordinate-dependent. In
fact, as we saw above the configuration space admits different sets of canonical
coordinates of the second kind, with equivalent properties. In particular, the
different parameterizations represent different paths composed of one-parameter
subgroups that allow to reach the same end-point g while satisfying (3). What
we really want to compute is the set of velocities that satisfies the constraint,
i.e. that leave the constraint invariant at a given point. As we have body fixed
actuators, it is natural to work in body fixed frame considering the one-form dφ
as applied at g ∈ G, and pull it back to the identity. The Lie algebra evaluated
constraint dφg = L∗gdφ(g) is then living on g∗, the dual of the Lie algebra g.
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For a fixed g ∈ G, g 6= I, we want to compute all the vector fields X such
that X(g) = ġ = gX(I) satisfies the constraint. However, pairing directly dφg

and X(I) (or, similarly, dφ(g) and X(g)) just gives us the one-parameter solu-
tions corresponding to the first order terms of the Taylor expansion, neglecting
those due to noncommutativity. Therefore, the methods we use here consists
in “forgetting” about the way g is reached and considering only how much
η = X(g) ∈ TgG differs from ζ = X(I) ∈ g. In formulae this is done by means
of the adjoint map (11). The task is then to look for all ζ ∈ g such that

〈dφg, Adg−1ζ〉 = 0 (13)

Adg−1 gives an inner automorphism of the Lie algebra, i.e. a change of basis
in g corresponding to the composition of left and right invariant maps and (13)
gives the subspace of g annihilated by dφg for a fixed g. The formulation above
implicitely implies that the system (1) is controllable in G. We assume for sake
of simplicity that it is fully actuated.

For a generic transformation connecting I to g (referred to I), the coadjoint
action Ad∗g−1 : g∗ → g∗ is defined through the pairing (see [MR99])

〈Ad∗g−1µ, ζ〉 = 〈µ, Adg−1ζ〉 µ ∈ g∗, ζ ∈ g (14)

In our case, we can use (14) to reformulate the problem (13) in the following
way:

For a fixed g ∈ G, find all ζ ∈ g such that 〈Ad∗g−1dφg, ζ〉 = 0 (15)

In the assumption of transitivity, g can assume any value in G. At g ∈ G,
left invariance of the control system means that (1) can be rewritten as ġ = gζ
where ζ =

∑m
i=1 Aiui (here m = n). Equation (15) then gives a linear system

of algebraic equations with the inputs as unknowns and Ad∗g−1dφg as coeffi-
cients. Its solution gives all the combinations of control inputs belonging to the
annihilator of the constraint.

One may wonder what kind of structure such a space has. In order to see
this, consider the constraint at the identity of G: dφ(I) = dφI . We can choose
a basis {A1, A2, . . . An} of g adapted to the constraint, such that the constraint
can be described in g∗ simply as

〈dφ(I), ·〉 = 〈A[
i , ·〉 = 0

The submanifold Orb(A[
i ) =

{
Ad∗g−1A[

i , g ∈ G
}

is called the coadjoint orbit of
G on A[

i , it has a symplectic structure and it is diffeomorphic to G/GA[
i
, where

GA[
i

is the closed isotropy subgroup of the coadjoint action at A[
i :

GA[
i

=
{

g ∈ G | Ad∗gA
[
i = A[

i

}
(16)

Deriving the pairing (14) with respect to g, at the identity

〈ad∗ξµ, ζ〉 = 〈µ, adξζ〉 µ ∈ g∗, ζ ∈ g (17)
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where ξ = d
dtg(t)

∣∣
t=0

, the Lie algebra to GA[
i

is

gA[
i

=
{

Aj ∈ g | ad∗Aj
A[

i = 0
}

From (16), both the isotropy subgroup and its Lie algebra have dimension equal
to the number of constraints and do not admit a left/right invariant represen-
tation. So the tangent algebra of the coadjoint orbit is the annihilator of gA[

i
in

g∗:

g◦
A[

i
=

{
η ∈ g∗ | 〈η, Aj〉 = 0 ∀Aj ∈ gA[

i

}

From the coadjoint orbit theorem (see [MR99] Thm.14.3.1), the symplectic
2-form on Orb(A[

i ) is given by

ω(ν)
(
ad∗ζ(ν), ad∗ρ(ν)

)
= 〈ν, [ζ, ρ]〉 ν ∈ Orb(A[

i), ζ, ρ ∈ g

5 Example on SE(3)

For sake of simplicity, we consider a constraint φ(g) = 0 that corresponds to one
of the coordinate directions, for example γi, being constant. If the constraint
is linear, this does not imply a loss of generality, as a basis “adapted” to the
constraint can always be chosen. So the constraint (4) can be expressed in terms
of canonical coordinates of the second kind (6) along the flow of the system as
γ̇i = 0. By considering the corresponding row in (7), this gives a constraint in
the input space, i.e. a combination of inputs living in the annihilator of dφ(g).

The example we investigate here is a system on the Special Euclidean group
of rototranslations SE(3). Such a group is the semidirect product of rotations
and translations in 3-dimensional space i.e. SE(3) = SO(3) sR3. The task
could be, for example, to move an autonomous vehicle (like a submarine vehicle
[LM97] or an aerial vehicle [KS98]) keeping it “upright”.

Choosing a body fixed frame on the system, the left invariant representation
of the kinematic equations of motion is simply

ġ = gVb g(0) = g0 (18)

where g ∈ SE(3) and Vb ∈ se(3), the Lie algebra of SE(3). In the homogeneous
representation, a left invariant basis of se(3) is given by the 6 matrices

A1 =




0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0


 , A2 =




0 0 1 0
0 0 0 0
−1 0 0 0
0 0 0 0


 , A3 =




0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0


 ,

A4 =




0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0


 , A5 =




0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0


 , A6 =




0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
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we can interpret A1 as the infinitesimal generator of the roll angle (around the
x axis), A2 as the pitch generator and A3 as the yaw generator (axis in the z
direction). With such basis, the kinematic of the system (18) can be rewritten as
in equation (1), where ui are control signals produced by body-fixed actuators.

The most reasonable mathematical formulation of “upright”, in the chosen
basis, is in terms of a pair of constraints that leave only one rotational degree of
freedom (yaw angle). When u1 = u2 = 0, the motion occurs around the vertical
axis of rotation so that roll and pitch angles are kept constant. In this case, as
SO(3) is reduced to the 1-dimensional subgroup S1 (i.e. the two-form constrain
is left-invariant), the configuration space of the system reduces to the solvable
group SE(2) × R, which is non commutative because of the semidirect action
in SE(2) but has trivial rotation part. As we are interested in what happens
for noncommutative rotations, we do not consider this situation further.

The next best thing that a passenger on board of a vehicle can interpret
as (noncommutative) upright ego-motion is probably to allow pitch motion but
not roll rotation with respect to the body frame. In the canonical coordinates
of the second kind, this situation is univoquely described by the (holonomic)
constraint

γ̇1(t) = 0 (19)

5.1 Coordinate-dependent solution

Our task is now to characterize the motion on the submanifold that describes the
constraint, more explicitly to transform the constraint (19) into constraints in
the space of inputs of the system using the Wei-Norman formula. All the motion
planning and/or stabilization will then have to be performed on the constrained
input space. Once an ordering of the basis of se(3) is chosen, the Wei-Norman
formula (7) can be computed explicitly. For example, keeping the order given by
the cardinality of the basis index, after long and tedious calculations we obtain
the following formula:




u1(t)
...
...

u6(t)



=




cos γ2 cos γ3 sin γ3 0 0 0 0
− cos γ2 sin γ3 cos γ3 0 0 0 0

sin γ2 0 1 0 0 0
−γ6 cos γ2 sin γ3 − γ5 sin γ2 γ6 cos γ3 −γ5 1 0 0
−γ6 cos γ2 cos γ3 + γ4 sin γ2 −γ6 sin γ3 γ4 0 1 0

γ5 cos γ2 cos γ3 + γ4 cos γ2 sin γ3 −γ5 cos γ3 + γ5 sin γ3 0 0 0 1







γ̇1(t)
...
...

γ̇6(t)




whose inverse around γ(0) = 0 is (compare with eg. [LK95])




γ̇1(t)
...
...

γ̇6(t)




=




sec γ2 cos γ3 − sec γ2 sin γ3 0 0 0 0
sin γ3 cos γ3 0 0 0 0

− tan γ2 cos γ3 tan γ2 sin γ3 1 0 0 0
0 −γ6 γ5 1 0 0
γ6 0 −γ4 0 1 0
−γ5 γ4 0 0 0 1







u1(t)
...
...

u6(t)




(20)
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The condition (19) reformulated in the input space is then:

u1 = tan γ3u2 (21)

A coordinate representation like the canonical coordinates of the second kind
used here for the SO(3) part makes use of a set of Euler angles. Beside being not
global, (as can be seen in (20)), such local parameterization is also well-known
for being non-unique because of the noncommutativity of the group. This fact
reflects here in the non-uniqueness of the constraint we obtain in input space.
In fact, restricting ourself to Euler parameter cases, the Wei-Norman formula
depends on the order on which the basis elements are chosen. We can think
of the computations above as corresponding to the triple ZYX of angles, i.e.
rotation along A1 followed by A2 and then A3. Had we instead chosen the
opposite order XYZ, the first line of the Wei-Norman formula would have look
like

[
γ̇1(t)

]
=

[
1 sin γ1 tan γ2 cos γ1 tan γ2 0 0 0

]



u1(t)
...

u6(t)




so that the constraint γ̇1(t) = 0 would be transformed to

u1 + sin γ1 tan γ2u2 + cos γ1 tan γ2u3 = 0 (22)

Notice, in particular, that the control authority involved in the constraint varies
in the two sets of local coordinates.

5.2 Coordinate-free solution

As before, we consider the constraint of zero roll angle (19). A point g ∈ SE(3)
is isomorphic to the pair (R, p) ∈ SO(3) × R3. The adjoint map at g can be
expressed as the 6× 6 matrix

Adg =
[

R 0
p̂R R

]
(23)

where p̂R = p × R. If we identify se(3) with R6 and the basis Ai with the
standard Euclidean basis ei, then also se(3)∗ ' R6, A[

i = ei and the matrix
expression for the coadjoint Ad∗g−1 is the transpose of Adg−1

Ad∗g−1 =
[
R p̂R
0 R

]
(24)

so that the coadjoint action on A[
1 ' e1 is

Ad∗g−1A[
1 =

[
R p̂R
0 R

]




1
0
0
0
0
0




=




r11

r21

r31

0
0
0
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Using the inner product pairing in R6, the relation (15) reduces to:

r11u1 + r21u2 + r31u3 = 0 (25)
r2
11 + r2

21 + r2
31 = 1 (26)

where u = {u1, . . . , u6} ∈ R6 ' se(3) (or, in (15), ζ =
∑6

i=1 Aiui). As noticed
above, only the orthogonal part of SE(3) is involved in the constraint. The
submanifold described by (25)-(26) is a two-sphere at each point R ∈ SO(3),
expressed in terms of the components of R, i.e. it depends on how the point
R looks like in the group manifold (but still it is independent of any choice of
local coordinates). Inserting (26) into (25):

r11u1 + r21u2 + u3

√
1− r2

11 − r2
21 = 0 (27)

While it is not so obvious to realize that (21) and (22) live in the same two-
sphere, it is straightforward to check that indeed they satisfy (27) (up to a scale
factor).

This two-sphere moves around on TgSO(3) according to the symplectic 2-
form induced by the coadjoint orbit.

6 Conclusion

A coordinate-dependent and a coordinate-free description of noninvariant iner-
tial configuration constraints for a kinematic control system on a matrix Lie
groups are discussed in this paper. The use of the coadjoint action allows to
transform the constraints at each point into algebraic equations which are linear
in the inputs and are valid globally, while the solution based on the Wei-Norman
formula is more cumbersome and might be affected by singularities.
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Paper D





The reachable set of a linear endogenous

switching system

C. Altafini

Abstract
In this work, switching systems are named endogenous when their switching
pattern is controllable. Linear endogenous switching systems can be considered
as a particular class of driftless bilinear control systems. The key idea is that
both types of systems are equivalent to polysystems, i.e. to systems whose flow
is piecewise smooth. The reachable set of a linear endogenous switching system
can be studied consequently. The main result is that, in general, it has the
structure of a semigroup, even when the Lie algebra rank condition is satisfied,
since in general the logic inputs cannot reverse the direction of the flow.
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Keywords: linear switching systems, bilinear control systems, polysystems,
reachable sets, reachability semigroups.

1 Introduction

Motivated by the need of dealing with physical systems that exhibit a more
complicated behavior than those normally described by classical continuous and
discrete time domains, hybrid systems are getting very popular nowadays. In
particular, there has been a relevant interest in the analysis and synthesis of
so-called switching systems [LM99], intended as the simplest class of hybrid
systems, as the integral curves of such systems retain continuity although not
global smoothness. They can be modeled as a family of plants, all defined in
the same domain and such that at each time instant one and only one of them is
active, together with a mechanism to govern the switching. This is equivalent to
say that the vector field that drives the flow of the system is allowed to change
in a prescribed family according to a given switching strategy. We concentrate
here on a particular class of switching systems: we assume that all modes are
linear and that we have complete control over the switching mechanism. We
call this class of systems linear endogenous switching systems. The assumption
of “endogenousness” is crucial, as it allows to consider the switching mechanism
as a particular control mechanism. Having control parameters is a prerequisite
condition to obtain density properties of the trajectories [SJ72] in the reachable
set and is not verified when the switching between modes is governed by switch-
ing surfaces (we call these exogenous switching systems). In this last case, the
flow is simply a piecewise smooth ODE, not a control system.

Most of the literature on switching systems has focused on stability problems
[Bra98, DM99, LA99] for the exogenous switching case. Our intention here is
to give a characterization of the reachable set of linear endogenous switching
systems, by relating them to some “classical” work concerning bilinear systems.
The key notion is that of polysystem, a term used since the seventies [Lob73]
to indicate the piecewise smooth approximation of a bilinear system. The sug-
gestion is that switching systems behave like particular types of polysystems
and therefore the analogy polysystems - bilinear systems can be used to study
controllability properties of switching systems. The polysystem obtained from
the linear endogenous switching system is called SPC polysystem i.e. scalar
positive polysystem. It looks like a driftless bilinear control system with control
inputs ui ∈ {0, 1} (positive) such that for all times

∑m
i=1 ui = 1 (scalar). As a

consequence, the trajectories of each mode of the family can flow only along its
forward semiorbit. Therefore, unlike driftless bilinear systems, the reachable set
of an endogenous switching system has generally only a semigroup structure and
the Lie algebra rank condition guarantees only accessibility, not controllability.
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2 Control systems, polysystems and switching
systems

In this Section, we review the concept of polysystem and use it to relate driftless
bilinear control systems to switching systems with controllable logic.

2.1 Bilinear control systems and polysystems

A driftless bilinear control system evolving on a manifold M is expressed as:

ẋ = F(x, u) =
m∑

i=1

uiAix x ∈ M (1)

where Aix are smooth vector fields, Ai ∈ Mn(R), u = (u1, . . . , um) is a control
input belonging to the space U of all bounded measurable maps defined on any
finite interval of the real line of the form [0, T ], T ≥ 0.

u : [0, T ] → U ⊆ Rm

The term polysystem has been used since the seventies [Lob73] to indicate
a control system whose inputs are piecewise-constant.

Definition 2.1 A dynamical polysystem on a manifold M is a family

Fpc = {F(·, u)|u ∈ Upc} (2)

of smooth vector fields depending on a piecewise constant parameter u called
input.

Upc is a subclass of the admissible functions Upc ⊂ U such that u : [0, T ] → U is
piecewise constant. The trajectories of a polysystem are piecewise smooth curves
γ : [0, T ] → M such that, for some partitioning 0 = θ0 ≤ θ1 ≤ . . . ≤ θk = T
of [0, T ], the restriction of γ to any [θi, θi+1] is a trajectory of some vector
field from Fpc. Under some technical assumptions, a control system like (1)
can be identified with a polysystem Fpc. The technicalities regard the Lebesgue
measurability and the local boundedness of the input functions u(·) ∈ U and
are formalized by Sussmann [Sus83] as:

1. smoothness of the vector fields of Fpc

2. U being a metric space.

3. continuity in both x and u of the components of the vector fields together
with their derivatives of all orders in x.

If one restricts the set of admissible control inputs U to the space of piecewise
constant functions Upc, then the trajectories of a polysystem coincide with the
trajectories of a control system [Lob73]. Actually, the measurability properties
of the input u hold if u ∈ U is the limit almost everywhere of a sequence of
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piecewise constant functions. This is, in words, what is normally called the Ap-
proximation lemma that expands the results on local existence and uniqueness
of the solution of ordinary differential equations to more general differential
equations depending on parameters, like the control system (1), see [Jur96].
Therefore, all the controllability/accessibility criteria that hold for control sys-
tems have an equivalent formulation in terms of polysystems with piecewise
constant inputs.

The space of pairs (ui, ti) ∈ U ×R+ can be considered as a semigroup under
the operation of concatenation “∗”. If u1, u2 ∈ U , ui(·) : [0, ti] → U and ti ≥ 0,
then the concatenation

u1 ∗ u2(·) : [0, t1 + t2] → U such that (3)

u1 ∗ u2(t) = (u1, t1) ∗ (u2, t2) =
{

u2(t) t ∈ [0, t2)
u1(t) t ∈ [t2, t1 + t2]

is also in U . Call U∗ the concatenation semigroup (or Upc∗ for concatenations
of piecewise constant input functions). U∗ is also called control semigroup. The
concatenation rule ∗ constitutes the multiplicative operation of the semigroup.
The “semi” property derives here from the limitation to positive time intervals.
This implies that the resulting subset is closed with respect to the multiplication
rule, but does not admit an inverse. Under some regularity assumptions, like
finite number of switching in finite time, the set of piecewise constant inputs
Upc∗ is then a subsemigroup of U∗.

Call (u, t)∗ the concatenated sequence of (u1, t1), (u2, t2), . . . , (uk, tk):

(u, t)∗ = (u1, t1) ∗ (u2, t2) ∗ . . . ∗ (uk, tk),
u = (u1, u2, . . . , uk)
t = (t1, t2, . . . , tk)

An autonomous control system is an action Φ of the semigroup U∗ (or Upc∗) on
M giving the integral curves of the system. In fact, the action

Φ : U∗ ×M → M (4)
((u, t)∗, x0) 7→ Φ((u, t)∗, x0)

maps U∗ into the semigroup Tn of one-to-one continuous homomorphisms from
M to M , having flow composition as semigroup operation:

Φ((u, t)∗, x0) = Φ((u1, t1), Φ((u2, t2), Φ(. . . Φ((uk, tk), x0))))

The image of U∗ under the map Φ is in general a subsemigroup of Tn. For a
generic nonlinear system, Φ(·) does not have a closed form expression. However,
it has for a bilinear system like (1) when ui ∈ Upc, and it is expressed by means
of a product of exponentials.

2.2 SPC polysystem

The rule ∗ will be used in the following to decompose the flow of a polysystem
depending on an m-dimensional input vector u into the concatenation of m
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“elementary” flows depending on a single parameter ui. If the original nonlinear
system is linear in the controls, in Upc∗ the concatenation idea can be pushed
further: ui(t) ∈ Upc is defined in [0, ti] and has (constant) value νi ∈ U if and
only if ui(t) ∈ {0, 1} and the (time) support is [0, νi ti]. Since in general νi ≷ 0,
then νiti ∈ R, which is not satisfactory if our aim is to have trajectories on R+

with a proper order relation on it. To fix this, we can apply a “cut-off” map
before the concatenation operation, limiting the restrained set U to the positive
quadrant of Rm. These requirements are described in the following in terms of
a cascade of maps in input space.

Consider an interval, without loss of generality [0, τ ], in which the input
u ∈ Upc remains constant. Since U ∈ Rm, call ei the i-th element of the stan-
dard basis of Rm. In [0, τ ], the first map we apply “ ± ” is meant to decompose
u = [u1 u2 . . . ui . . . um]T , ui = 〈u, ei〉, into the sequence of m inputs νi depend-
ing on a single parameter: νi = [0 0 . . . ui . . . 0]T .

• sequentialization ± : transforms an m-dimensional input into a sequence
of m scalar inputs along each element ei of the standard basis of Rm

± : Upc→ Upc1 × Upc2 × . . .× Upcm (5)

u =




u1

u2

...
um


 7→




u1 0 0
0 u2 0
...

. . .
...

0 0 um


 =

[〈u, e1〉e1 . . . 〈u, em〉em

]
=

[
ν1 . . . νm

]

where 〈·, ·〉 is the inner product in Rm. The need of moving only along the
positive direction of the orbit of each vector field means we have to use only
positive controls, which are selected by the “cut-off” map “ y ”

• truncation y : to each νi, apply the following:

y : Upci → U+
pci

=
{
νi : [0, ti] → U+ = U ∩ Rm+

}

νi = 〈u, ei〉ei = uiei 7→ = 〈u(ui > 0), ei〉ei = ui(ui > 0)ei

If the system is linear in the control and u = const, then its integral is linear
in both u and time. Restricting the input to take values in {0, 1}, the same
integral curve is obtained by altering the time support. Call “ [ ” such a map
(that “flattens” all the inputs to 1 by modulating with respect to the time
support):

• modulation in the time support [ : call Vi = {0, ei}

[ : U+
pci
× R+ → Vi × R+

(νi(ui > 0), t) = (ui(ui > 0)ei, t) 7→ (ei, ui(ui > 0)t)

To the sequence obtained by the previous maps we can apply the pairwise
operation of Section 2.1:
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• concatenation ∗ :

∗ :
(Vi × R+

)× (Vj × R+
) → (Vi × Vj)× R+ = {0, ei, ej} × R+

(ei, ui(ui > 0)ti), (ej , uj(uj > 0)tj) 7→





ej t ∈ [0, uj(uj > 0)tj)
ei t ∈ [uj(uj > 0)tj ,

uj(uj > 0)tj + ui(ui > 0)ti)

For sake of conciseness, we call the composition of the four maps above (trans-
forming the control in scalar and positive unitary) the SPC map “~”

~ , ± ◦y ◦ [ ◦ ∗
Calling V , {0, e1, e2, . . . , em}, in correspondence of a control input u ∈ Upc of
constant value in [0, τ ], we have the following piecewise constant input (u, τ)~
in [0,

∑m
i=1 ui(ui > 0)τ ]:

~ : Upc × R+ → V × R+ (6)

(u, τ) 7→





em t ∈ [0, um(um > 0)τ)
em−1 t ∈ [um(um > 0)τ,

um(um > 0)τ + um−1(um−1 > 0)τ)
...
e1 t ∈ [

∑m
i=2 ui(ui > 0)τ,

∑m
i=1 ui(ui > 0)τ ]

= (e1, , u1(u1 > 0)τ) ∗ . . . ∗ (em, , um(um > 0)τ)
= (u, τ)~

The order in which the inputs νi appear depend on the sequentialization (5).
However, since the underlying space Rm commutes, any order is equivalent in
~. This is true only in the input space, when the flow action (4) is applied, the
commutativity depends on the vector fields of F .

In exactly the same way as in Section 2.1, the map ∗ can be used to con-
catenate pieces of SPC inputs.

Proposition 2.1 The map ~ preserves the structure of semigroup of the con-
catenated input space Upc∗.

Proof: Associativity of the concatenation ∗ is maintained by ~, as can be
verified by the straightforward computation:

(
(u1, τ1)~ ∗ (u2, τ2)~

) ∗ (u3, τ3)~ = (u1, τ1)~ ∗
(
(u2, τ2)~ ∗ (u3, τ3)~

)

2

The space of admissible inputs is

Vsp =

{
u = (u1, u2, . . . , um) | ui ∈ {0, 1} and

m∑

i=1

ui = 1

}
(7)
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The difference with respect to a control set of bang-bang type like

Vs =

{
u = (u1, u2, . . . , um) | ui ∈ {−1, 0, 1} and

m∑

i=1

|ui| = 1

}
(8)

is that the negative values of the input are missing, because of the truncation
map mentioned above. The most immediate consequence is that, since the time
span is R+, the integral curve of the polysystem

Φ : Vsp ×M → M (9)
((u, τ)~, x0) 7→ Φ((u, τ)~, x0)

are forced to move only in the “positive direction” of the vector fields. Each
piece of flow corresponding to some negative input disappears, i.e. it is mapped
by Φ to the neutral element of the flow composition:

Φ((0, t), x0) = Φ((1, 0), x0) = x0

We call the polysystem under the concatenation action “~” an SPC polysystem,
i.e. polysystem with scalar positive (unitary) controls.

Definition 2.2 The SPC polysystem Fsp associated with the bilinear system
(1) is a dynamical polysystem, whose input u takes values in Vsp:

Fsp = {F(·, u)|u ∈ Vsp} (10)

2.3 Switching systems

Unlike hybrid systems, where the trajectories are allowed to have discontinuous
jumps due to some change in either the continuous or the discrete dynamics
of the system, the term switching system is used to describe systems in which
the change of some operative mode maintains the continuity of the flow of the
solution even though not its smoothness. A number of different multi-modal sys-
tems can be classified as switching systems. See [DM99, Bra98, TPS98, ZB98]
for some examples of formulations. The bottom line of all the different formu-
lations is that a switching system is composed of a family of different (smooth)
dynamic modes such that the switching pattern gives continuous, piecewise
smooth trajectories. Moreover, we assume that one and only one mode is active
at each time instant.

The different switching schemes can be classified in the two categories: en-
dogenous switching (or controlled switching or switching-on-time) and exogenous
switching (or autonomous switching or switching-on-state). The endogenous
switching is the simplest of the two, because it involves only changes in the
tangent space (the switching from one element to another one of the family
of vector fields can be decided arbitrarily as well as the instant of switching),
without need to check what happens on the flow of the solution. The exogenous
switching is more complicated: in fact it requires to know exactly the integral
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curves of the system in order to decide when to pass from a dynamic mode to
another one and can be thought of as a feedback loop in which the switching
logic is governed by a partition of the configuration space. Similarly, the en-
dogenous scheme can be thought of as the open loop version of the same system
for a special class of control inputs.

The following definition is on the integral curves of a switching system and
holds regardless of the switching scheme used.

Definition 2.3 A switching system on M is a collection of smooth vector fields
Fsw = {Xi|i ∈ K}, with K some index set, characterized by integral curves
γ : [0, T ] → M that are continuous and piecewise smooth, i.e. they admit a
partition 0 = θ0 ≤ θ1 ≤ . . . ≤ θk = T of [0, T ] such that the restriction of γ to
the open interval (θi, θi+1) is differentiable and γ̇ = Xi(γ(t)) for some i ∈ K.

In the following, we will consider only endogenous switching systems.

2.4 Transition matrix Lie group of a bilinear systems on
Rn \ {0}

This paragraph is only meant to enable us to use the terminology of group (of
diffeomorphisms) for the reachable set of a bilinear system with inputs in Upc

or in Vs (as opposite to the weaker structure of semigroup mentioned above).
The class of bilinear systems (and more in general of affine in control systems

[JS84]) leaves on homogeneous spaces that are subordinated to a Lie group
action. In particular, if M = Rn

0 = Rn\{0} (we consider the punctured euclidean
space as the origin is an isolated equilibrium point), the group of automorphisms
of Rn, GL+

n (R) (the connected component of GLn(R) containing the origin)
defines a linear action on it:

θg(x) = gx g ∈ GL+
n (R), x ∈ Rn

0

The vector fields of F , Aix, Ai ∈ gln, can be lifted for example to right in-
variant vector fields Aig on TgGLn(R), for each g ∈ GL+

n (R). For the bilin-
ear system (1), a necessary and sufficient condition for controllability in Rn

0 is
the transitivity of the action of the group of automorphisms for all x0 ∈ Rn

0 ,
see [CTE74]. If Lie(F) is a proper subgroup of gln, the isotropy subgroup
H = {g ∈ G | θg(x) = x} is nontrivial and F can be lifted to GLn/H. In the
following we consider G = GLn/H and g the Lie algebra of G. The infinitesimal
generators of the matrix representation of g are the Ai. The transitivity prop-
erty can be formulated in terms of the well-known Lie algebraic rank condition
(LARC)

rank (Lie(Ai)) = dimGx = n x ∈ Rn
0

Call Γ the family of vector fields of F lifted to G. To the bilinear system (1) we
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can associate a matrix bilinear system having the right invariant representation:

ġ(t) =
m∑

i=1

ui(t)Aig(t) g ∈ G u ∈ U (11)

g(0) = e

The matrix g is normally called the transition matrix of x and it represents the
evolution of the system (1) from n independent initial conditions.

If the system has a drift, the LARC is only a necessary condition for con-
trollability.

2.5 The SPC polysystem of a bilinear system

Consider the bilinear system (1). Locally, its solution can be expressed via the
polysystem in terms of a single exponential. In [0, τ ], applying the constant
input u = [u1 . . . um] = [〈u, e1〉 . . . 〈u, em〉]:

x(τ) = Φ ((u, τ), x0) = e
Pm

i=1 Aiuiτx0 (12)

The limitation to positive unitary controls is such that for each ui = 〈u, ei〉,
i = 1, . . . , m, only 〈u(ui > 0), ei〉 is considered. Associating each element ei of
the standard basis of Rm with the infinitesimal generator Ai ∈ g, the exponential
map from g to G induces a transition matrix corresponding to a one-parameter
flow along Ai

Φ((ui, τ), e) = Φ ((ei, 〈u(ui > 0), ei〉τ), e) : R+ → G

t 7→ eAit = eAiui(ui>0)τ

which is a one-parameter subsemigroup of G (“half”orbit). The truncated single
exponential (12) is then

x(τ) = e
Pm

i=1 Aitix0 (13)

where ti = ui(ui > 0)τ ≥ 0, i = 1, . . . ,m. When the input concatenation
operation ~ is applied to (1)

x(t) = Φ ((u, τ)~, x0) (14)

= Φ ((e1, t1), Φ((e2, t2), . . . Φ((em, tm))))x0 , t =
m∑

i=1

ui(ui > 0)τ

The flow concatenation (14) admits an explicit expression in terms of product
of exponentials:

x(t) = eA1t1eA2t2 . . . eAmtmx0 (15)

For the matrix system (11), both the exponentials (12) and (15) represent inte-
gral curves of (11) starting from the origin of G, called canonical coordinates of
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the first and second kind respectively. In practice, the concatenation is nothing
but a way to transform any smooth trajectory into an arcwise connected one
(which is “more evidently” accessible) having the same endpoint. For trajec-
tories that span the whole g, the corresponding concatenation gives a so-called
normally accessible trajectory. The order of application here follows the rule
(3), but such choice is completely arbitrary, unless a switching pattern is pre-
specified. The change of order in the product of exponentials can be obtained
by repeated application of the Campbell-Baker-Hausdorff formula (expressing
how much the brackets fail to commute over the exponential), see [Bro73].

2.6 Linear endogenous switching systems and SPC polysys-
tems

Recall that in the endogenous switching case one assumes to have complete
control over:

1. time of switch

2. switching pattern

After all of the previous discussion, the following theorem is almost a tautology.

Theorem 2.1 Consider an endogenous switching system Fsw on M given by
the same family of linear vector fields of the drift-free bilinear system (1):
Xi(x) = Aix, i = 1, . . . ,m, Ai ∈ Mn(R). The trajectories of such switch-
ing system coincide with those of the SPC polysystem Fsp obtained from (1).

Proof: The trajectories of the linear switching system with
{

switching pattern k1 → k2 → . . . → kp

switches at times tk1 , tk2 , . . . , tkp ∈ R+
(16)

initialized at x0 ∈ M look like composition of exponentials:

x(t) = eAk1 tk1 eAk2 tk2 . . . eAkp tkp x0 t = tk1 + tk2 + . . . tkp
≥ 0

Since the switching system and the SPC polysystem have the same family of
generators, any of the sequences (16) can be replied by the SPC polysystem via a
suitable sequence of ∗ and ~ operations. The converse implication follows from
the same argument, as both sequences k1 → k2 → . . . → kp and tk1 , tk2 , . . . , tkp

are controllable and can be chosen so as to match a given input concatenation
pattern in the bilinear system. 2

3 Reachability semigroups for an SPC polysys-
tem

Given x0 ∈ M , let us call RF (x0, T ) the reachable set from x0 at time T > 0
for the system F :
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RF (x0, T ) = {x ∈ M s.t. ∃ an input in U u : [0, T ] → U such that the
evolution of (1) satisfies x(0) = x0 and x(T ) = x}

and the reachable set from x0 in time not greater than T

RF (x0, ≤ T ) = ∪0≤t≤TRF (x0, t)

The system F is small-time locally controllable at x0 if RF (x0, ≤ T ) contains a
non-empty open subset of M for all T ≥ 0 and for all neighborhoods of x0 and
x0 belongs to the interior of this subset. The existence of a nonempty interior
in M is referred to as accessibility property and only for drift-free systems it
corresponds to controllability.

Global controllability from x0 is equivalent to have

RF (x0) = ∪0≤t≤∞RF (x0, t) = M

The system is said globally controllable if it is globally controllable from each
x0 ∈ M .

For a system F , unlike the reachable set RF (x0) which accounts only for
the positive time evolution of the trajectories of F , an orbit OF (x0) requires to
consider complete vector fields, i.e. defined on the whole time axis:

OF (x0) = ∪t∈R {x ∈ M s.t. ∃ an input in U such that the evolution of (1)
satisfies x(0) = x0 and x(t) = x}

For both R and O, right invariance of (11) implies RF (x0) = RΓ(e)x0 and
OF (x0) = OΓ(e)x0 and thus we can talk indifferently of attainable sets from e
of Γ on G and of attainable sets of F from any x0 ∈ M, x0 6= 0, see [PF89]. Call
RFpc and RFsp the attainable sets of the polysystem and of the SPC polysystem
associated with (1).

When considering right invariant systems on G, an elementary basic neces-
sary condition for controllability of any switching scheme is that the Lie group
to which the system F can be lifted has to be connected. For example if we
have F ∈ gln(R) then we have to consider only the component GL+

n (R) of the
general linear group.

For the system (1), collecting together the main (well-known) results on
controllability we have:

Theorem 3.1 The bilinear driftless system (1)

(a) is controllable from a point x0 ∈ Rn
0 if and only if any of the three equiv-

alent properties holds:

1. G transitive

2. rank(Lie(F)) = n

3. x0 ∈ int(RF ).

(b) Under the assumption (a), RΓ(e) = OΓ(e) is a group and the associated
polysystem retains the same attainable set: RFpc = RF .
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Proof: All three items of (a) are classical results, see for example [Jur96,
CTE74, PF89]. The first two were already used above; here we comment only
on the item 3. Since RF (x0) = RΓ(e)x0, it is enough to show that Γ is con-
trollable on a connected G if and only if e is contained in an interior of RΓ(e),
which is a classical result for control systems on Lie groups (see [Jur96] p. 154
or [Sac99] p. 9). Roughly speaking, if e lies on the boundary of the reachable
set, then there exists “forbidden” directions from e and therefore the reachable
set is not a group. On the other hand, controllability implies that the orbit from
e is the entire group. Also item (b) is one of the basic results in control theory,
deriving from the orbit theorem. See for example the book [Jur96], Chapter 2.
Its extension to the polysystem is done via the approximation lemma mentioned
in Section 2.1. 2

In the more general case of a system with a drift term, OF (x0) is a subgroup
but RF (x0) is only a subsemigroup. The conditions in part (a) of Theorem
3.1 become necessary and sufficient conditions for accessibility. Necessary and
sufficient conditions for controllability are in general not known; for example
the small time local controllability mentioned above provides a sufficient but
not necessary condition for controllability.

The final point reached by the original polysystem and by the SPC polysys-
tem after the concatenation action are in general different. For the polysystem
Fpc with a noncompact transition matrix Lie group, the limitation to a control
set like (7) normally forbids to get a reachable set which is a group, while a
symmetric control set like (8) allows to span the entire orbits achieving control-
lability via some form of bang-bang control, when the LARC is satisfied. This
is equivalent to say that the reachable sets of the polysystem and of the SPC
polysystem obtained from it are different. In fact, excluding the compact case,
it is not in general possible to give a group structure to RFsp , not even if the
system is driftless and the LARC is satisfied. Consider the convex hull ”co” of
the family F of control vector fields:

co (F(x0, Vsp)) = F ((x0, co(Vsp))

Since the convex hull of the control set is not a neighborhood of x0, the input
vector fields are not complete. Therefore, unlike for the original polysystem,
the accessibility problem for the SPC polysystem obtained by concatenation is
a semigroup problem also in the drift-free case.

Theorem 3.2 Given the bilinear driftless system (1), the reachable set RFsp

of the associated SPC polysystem Fsp is a subsemigroup of RF : RFsp ⊆ RF .

Proof: By Proposition 2.1, the map ~ does not spoil the semigroup structure of
the concatenation. Furthermore, associativity with respect to the flow operation
for the SPC polysystem can be checked directly:

Φ
((

(u1, τ1)~ ∗ (u2, τ2)~
) ∗ (u3, τ3)~

)
= Φ

(
(u1, τ1)~ ∗

(
(u2, τ2)~ ∗ (u3, τ3)~

))

Both sides are ordinary products of exponentials, some of which might have zero
exponent. 2
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Corollary 3.1 An endogenous switching system Fsw being a SPC polysystem,
its reachable set RFsw is a semigroup equal to RFsp .

The following comment highlights the difference between the bilinear system
(1) and the corresponding switching system:
Remark: The Lie algebraic properties of the endogenous switching system are
uniquely defined by the vector fields Ai and not by the control parameters.
This is clear if the control set is Vs: ui ∈ {−1, 0, 1} are all is needed to have
complete input vector fields and span {Xi(ui, t), Xi ∈ F , ui ∈ Vs, t ∈ R+} is
equivalent to Lie(F). Admitting any larger control set does not increase the
dimension of the linear span of the Xi. When the control set is Vsp, we have
to consider a tangent object which is a convex cone in the vector space g. The
Lie algebraic properties of the family of vector fields are untouched (although
there is a lot to say concerning the relation between the convex cone and the
Lie algebra that contains it, see the book [HHL89] for an overview).

Since for all times at most one of the vector fields is active, the SPC polysys-
tem is always driven by a scalar control, therefore properties like exact-time
controllability or strong controllability differ from their counterparts on the
corresponding bilinear system and will not be considered here.

In summary then, the main result of the paper can be stated as follows:

Theorem 3.3 If the driftless system (1) satisfies the LARC condition, then

1. as a bilinear system (with space of admissible input functions either U or
Upc or Vs)

RF = RFpc = M

2. as a switching system (with space of admissible input functions Vsp)

RFsw ⊆ M

A trivial case in which RFsw = M is when g is compact. In fact, a com-
pact Lie algebra does not admit semigroups [HHL89]. In general however, the
equality will not be true and the LARC will only guarantee RΓsw such that
RFsw = RΓswx0 to be a maximal semigroup, i.e. a semigroup of G which is not
properly contained in any other proper semigroup of G.

4 Homogeneous switching systems

For vector fields leaving on a noncompact Lie algebra, even with the control
set Vsp, the vector space structure can be recovered with a double number of
infinitesimal generators. For analogy with the ordinary control systems, we will
call such a case homogeneous switching system.

Definition 4.1 If the index set K of a linear switching system is such that
∀κ ∈ K there exists a µ ∈ K such that Aµ = −Aκ, then the switching system is
said homogeneous.
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In the case of a homogeneous family of linear vector fields, the trajecto-
ries of the switching system are exactly those of the scalar polysystem of the
corresponding bilinear system.

Proposition 4.1 The reachable set RΓsp
of an endogenous homogeneous switch-

ing system is a group.

Proof: According to Definition 4.1, all vector fields are complete, therefore the
reachable set is a union of orbits. 2

Corollary 4.1 An endogenous homogeneous switching system Fsp is control-
lable if and only if it satisfies the LARC condition.

5 An elementary result on abelian Lie algebras

A case in which the exponential map provides us with a global diffeomorphism
is when the g is abelian. A Lie algebra is said abelian if all the elements of
g commute with respect to the Lie bracket operation. For an homogeneous
endogenous switching system with abelian Lie algebra, controllability is never
an issue: if the set K contains an entire basis of the Lie algebra, then global
controllability is assured; if not, there is no way to move along the missing
directions.

Exogenous switching systems have preassigned switching rules, for example
in the form of switching surfaces on the state space. No free control parameter
is left in this case, therefore the trajectory of the system is uniquely determined
by the initial condition and the reachability analysis above does not make sense.
However, at least for the abelian case, one can always find the unique switching-
on-time pattern that matches a given switching-on-state one.

Proposition 5.1 For a switching system with vector fields belonging to an
abelian Lie algebra, any path given by an exogenous switching pattern has a
unique corresponding path with endogenous switching pattern.

Proof: For an abelian Lie algebra [Ai, Aj ] = 0 implies eAiti+Ajtj = eAitieAjtj

i.e. the canonical coordinates of the first and second kind coincide and the
exponential map is a global diffeomorphism. 2

This does not imply any form of accessibility property on M , as the switching
surfaces are normally fixed hypersurfaces in M .

6 Conclusion

A switching system can be seen as a collection of systems of differential equations
plus a logic mechanism that allows to switch between them. For endogenous
switching systems, the reachability problem is well-posed and a characteriza-
tion of the reachable set can be done by using the analogy endogenous switch-
ing system - polysystem - control system. Since linear endogenous switching
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systems correspond to driftless bilinear control systems with positive controls,
well-known controllability conditions of the bilinear systems can be reframed to
our situation. The main result is that the reachable set is normally only a semi-
group, since the switching logic allows to pass from a vector field to another, but
not to revers the direction of motion. Therefore the Lie algebra rank condition
does not assure controllability of the system, but only the weaker accessibility
property.
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A matrix Lie group of Carnot type for

filiform sub-Riemannian structures and

its application to control systems in

chained form

C. Altafini

Abstract
A Carnot group G is a simply connected graded nilpotent Lie group endowed a
left-invariant distribution generating the Lie algebra g of G. Here we show that
the quotient manifold of a filiform Carnot group by the subgroup generated by
its characteristic line field is projectively abelian. The result is used to show
how a class of bilinear control systems have an intrinsic linear behavior.
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Keywords: Carnot group, graded filiform Lie algebra, characteristic line field,
rank 2 distribution, chained form.

1 Introduction and motivation

The kinematic model of an n-trailer, i.e. a car-like vehicle pulling an arbi-
trary number of trailers, is a typical example of a control system evolving on
the mixed bundle, as the vector fields corresponding to the control inputs of
the system coexist with one forms corresponding to nonholonomic constraints
that describe the assumption of rolling without slipping of the wheels, see
[BJR98, LSL98]. Systems like the n-trailer can be thought of as rank 2 distri-
butions in n-dimensional space. Assume that the n-dimensional configuration
space of the system is a smooth manifold M and that the two inputs of the
system take values in the space U(R) of smooth functions over R. Such a sys-
tem is controllable and its Lie algebra is solvable. In [FLMR95] it was shown
that it is also differentially flat, in the language of differential algebra [Kol85].
Roughly speaking, a differentially flat system is “equivalent” to a linear system.
Understanding this equivalence is the scope of this paper. Using the Lie-Palais
theorem, we consider the Lie group of diffeomorphisms generated by the flows of
the distribution and construct on it a suitable homogeneous space. The system
induced on this homogeneous space is linear and the corresponding projection
can be thought of as time elimination.

2 Chained form and rank 2 sub-Riemannian struc-
tures

In order to characterize the algebraic properties of a system which is differen-
tially flat it is convenient to transform it into a form in which it looks sim-
pler, although not linear. The canonical form used for rank 2 distributions in
n-dimensional space is a bilinear form called chained form [MS93]

ẋ1 = u1

ẋ2 = u2

ẋ3 = x2u1 (1)
...

ẋn = xn−1u1

The distribution generated by the two input vector fields is then

D = span








1
0
x2

...
xn−1




,




0
1
0
...
0
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It is possible to calculate explicitly the diffeomorphic transformation that, to-
gether with a static invertible change of feedback, transforms the n-trailer sys-
tem mentioned above into (1), see [Sør93].

The chained form can be considered as a sub-Riemannian structure i.e. as
a triple

(M, D, 〈·, ·〉) (2)

where M is a smooth n dimensional manifold, D is a rank 2 left-invariant distri-
bution on M (generating the Lie algebra g of M) and 〈·, ·〉 is an inner product
on D inducing a left-invariant Riemannian metric on g. We consider here only
regular points in p ∈ M , i.e. such that the growth vector is constant in a neigh-
borhood of p, and the minimal growth vector case. This is equivalent to say
that there exists a canonical flag of distributions

D ⊂ D3 ⊂ D4 ⊂ . . . ⊂ Dn (3)

having at p growth vector

η(p, D) = {2, 3, 4 . . . n− 1, n}
The filtration of Di is calculated as

Di+1 = Di +
[D, Di

]

D2 = D
A Lie algebra with such a structure is n − 1 step graded nilpotent and is

called filiform Lie algebra in [GOV94]. It can also be characterized by its lower
(or descending) central series:

g1 ⊃ g3 ⊃ g4 ⊃ . . . ⊃ gn ⊃ gn+1 = 0 (4)

where

g1 = g

g3 = [g, g]
gi+1 = [g, gi] i = 3, 4, . . . n

and the position of subindex 2 is intentionally left empty, as will be clarified
below. The unconventional notation for the descending central series is meant
to help keeping track of the dimensions of the corresponding subspaces. Since
the level of bracketing needed to span the whole tangent space is maximal
for given n, the minimal growth vector case can be intended as the maximal
nonabelian situation one can encounter [Bel96].

Such a sub-Riemannian system represents an higher order contact manifold
and has been studied in different contexts, leading to canonical structures that
are called Goursat normal form [BCG+91] in the theory of exterior differential
system or to their dual, the above described chained forms in the control theory
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literature. Classification results for these systems are reported in [CMPLR98,
Zhi95].

A graded nilpotent Lie algebra admits as a vector space the following de-
composition:

g = V ⊕ V3 ⊕ V4 ⊕ . . .⊕ Vr

where the generating subspace V is equipped with the operation:

[V Vi] = Vi+1

The Vi can be expressed as Vi = Di(p)/Di−1(p).

2.1 Characteristic line field

A system in Goursat normal form admits a line distribution [BH93]. Similarly
to the Engel case, [MSS97], for filiform distributions at a regular point p we can
consider the map

ϕ : D(p) → gl ([g, g])
v 7→ adv|[g,g]

Such map is onto but not 1-1; ker(ϕ) = {v ∈ D | advξ = 0 ∀ξ ∈ [g, g]} gives a
one-dimensional subspace at each point p. Call g2 the n− 1 dimensional union
of ker(ϕ) and [g, g] at g. Its complementary subspace is called the characteristic
line field L ⊂ D of the graded sub-Riemannian structure and it is defined up to a
group automorphism. Such a construction will be clear once we have introduced
a matrix representation of g. In other words, we can prolong the flag (4) of a
extra element g2 of dimension n− 1

g1 ⊃ g2 ⊃ g3 ⊃ . . . ⊃ gn

such that, together with the generating condition D ⊕ g3 = g, we have also the
other semi-direct sum L⊕π g2 = g (the function π is given below). If we take a
basis {e1, e2, . . . en} that respects the gradings, i.e. Vi = span {ei} i ≥ 3 and
D = span {e1, e2}, then we have that [e1, ei] = k ei+1, i = 2, 3, . . . n. As the
gi = Vi ⊕ . . . ⊕ Vn, are all ideals, the basis {e1, e2, . . . en} is a strong Malcev
basis.

3 A unipotent matrix Lie group for the minimal
growth vector case

By the Lie-Palais theorem, the Lie algebra g gives the infinitesimal generators of
a Lie group G. Such a group has to be also graded nilpotent. By Ado’s theorem
there exists a faithful unipotent representation η : G → GL(W ) (over the field
R), which is a linear algebraic group. The reason for looking for a linear group
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is obviously that the exponential map g → G becomes the ordinary exponential
and the adjoint map becomes the similarity transformation A → gAg−1, A ∈ g
and g ∈ G. A matrix unipotent representation of this abstract group was
introduced recently in the control community by H. Struemper [Str98]∗.

X ∈ G has the following structure:

X =




1 x2 x3 x4 x5 . . . xn

0 1 x1
x2
1
2

x3
1
6 . . .

xn−2
1

(n−2)!

...
. . . 1 x1

x2
1
2

. . .
...

1 x1
. . . x3

1
6

1
. . . x2

1
2

...
. . . . . . x1

0 . . . . . . 0 1




, x = (x1, x2, . . . , xn)T ∈ Rn

and a basis of a left-invariant representation of its Lie algebra g is:

A1 =




0 0 0 . . . 0
0 1 . . . 0

...
. . . 0

1
0 . . . 0




, A2 =




0 1 0 . . . 0
0 0 . . . 0

...
. . .

...
0

0 . . . 0




A3 =




0 0 1 . . . 0
0 0 . . . 0

...
. . .

...
0

0 . . . 0




, . . . , An =




0 0 0 . . . 1
0 0 . . . 0

...
. . .

...
0

0 . . . 0




For n = 3, this group coincides with the Heisenberg group.
The main feature of G is that only n − 2 brackets are different form 0 i.e.

only the minimal number required to satisfy the Raschevskii-Chow theorem.
The matrix commutators are in fact

[A1, Ai] = A1Ai −AiA1 = −AiA1 = (−1)i−1
A2A

i−1
1 = (−1)i−1

Ai+1

As in all nilpotent graded Lie algebras, the bracket reduces to a (noncommu-
tative, nonassociative) multiplication. Moreover, we have that the only nonnull
structure constants give exactly (up to the sign) the remaining basis elements
of g.

∗Struemper “baptized” it SUP (n), the Special Unipotent group of dimension n. Notice
that such a group is well-known in representation theory of nilpotent Lie groups. In [CG90]
it is called just Kn. Here, following Gromov [Gro96], we call it a Carnot group.
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If g is nilpotent, the exponential map exp : g → G is a global diffeomorphism
and both the canonical coordinates of the first kind

(t1, . . . tn) 7→ exp(t1 e1 + . . . + tn en)

and the canonical coordinates of the second kind

(t1, . . . tn) 7→ exp(t1 e1) . . . exp(tn en)

define global diffeomorphisms.
A control system with the filiform sub-Riemannian structure (2) has the

following left-invariant representation on the group G:

Ẋ = X (u1A1 + u2A2) X ∈ G (5)

where the parameters ui ∈ R are called control inputs.
Considering the system (5) in the strong Malcev basis given by the canonical

coordinates of the second kind and applying the Wei-Norman formula to the
resulting product of exponentials [WN64], we obtain the chained form (1).

4 Semidirect sum in g

The series (4) is a succession of central extensions of abelian Lie algebras i.e.
Z (g/gi+1) = gi/gi+1 i ≥ 2. The same consideration holds also for g2 so that
all the terms gi, i = 2, 3, n are nilpotent ideals. Moreover, since AiAj = 0
∀ i, j > 1, they are abelian ideals and g2, the maximal abelian ideal of g, has
codimension 1. The characteristic line field L is generated by A1: L = span {A1}
and looking at the brackets, we have that the homomorphism

π : L → DerRg2 (6)

of the semidirect sum g = L ⊕π g2 is a matrix multiplication which gives a
“shift” in the Ai (up to sign):

π (A1) (Ai) = (−1) Ai+1

Correspondingly, it is possible to define a lower central series also on the
group G and a semidirect product G = GL⊗πG2 with both GL and G2 (abelian)
subgroups of dimension respectively 1 and n− 1 and with G2 normal in G.

5 A homogeneous space for G preserving the
graded structure

Consider L = span {A1} and g2 = span {A2 . . . An}. As a consequence of the
graded structure, g2 is the maximal abelian ideal in g and L is an abelian Lie
subalgebra because of its dimension. On the corresponding subgroups GL and
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G2 we can form the homogeneous space G/GL, i.e. the left cosets of GL in G
defining the equivalence relation on G

g1 ≡ g2 (mod GL) if g−1
1 g2 ∈ GL

Similarly, if we take A, B ∈ g, we can define A + L as the equivalence class of
A under the equivalence relation

A ≡ B(modL) if A−B ∈ L

As L is not an ideal we cannot talk about quotient algebra, but we can at least
speak about quotient vector space. We have the following:

Proposition 5.1 The graded structure is preserved under the projection

ψ : g → g/L (7)

Proof: In fact, A and B ∈ g belonging to the same left coset means that
A, B ∈ span {A1, Ai} for some i. The map (6) can be rewritten as:

π : L ⊗ Vi → Vi+1

(A1, Ai) 7→ Ai+1

so the composed map π = ψ ◦ π is

π : Vi → Vi+1

Ai 7→ Ai+1

2

One could argue that the statement above is trivial because, by construction,
the kernel of ψ has a trivial intersection with gi, i ≥ 2. Since ψ(g) = ψ(g2),
g/L is isomorphic to g2 as a vector space. When the component along A1 is
zero the projection (7) is identically zero.

The chained form in the projective space looks particularly nice: in the
canonical coordinates of the second kind (1) the projection corresponds to the
quotient of all the coordinates by ẋ1 = u1. Calling v = u2/u1 and rearranging
the order we obtain:

d

ds




xn

...
x3

x2


 =




0 1 . . . 0
...

. . .
...
1

0 0 0 0







xn

...
x3

x2


 +




0
...
0
1


 v (8)

where ds = ẋ1dt. The system is linear and already in the classical controllability
canonical form, see [Kai80]. It is obtained by eliminating the time dependence
and considering instead a moving frame parameterized by the arclength of the
path followed by the point p ∈ M .
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Some properties of the general n-trailer

C. Altafini

Abstract
If some of the trailers of the so-called n-trailer system are connected via a king-
pin hitch, the kinematic model of the system is more complicated that in the
standard case. However, something can still be said about its structural prop-
erties, like controllability. The more complicated equations can be interpreted
in terms of virtual steering wheels placed on the off-axle joints, with steering
angle which is a nonlinear feedback from the original configuration state. Quite
remarkably, the extra singularities of the system have an explanation in terms
of these virtual steering wheels. This is also sufficient to assert that the gen-
eral n-trailer problem can be embedded into the corresponding multisteering
n-trailer system. The multi-chained form available for this last system can be
recovered also for the general n-trailer if we replace the extra steering inputs
with the aforementioned feedback loops.
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Keywords: mobile robots, nonholonomic constraints, nonlinear systems, Pfaf-
fian systems, controllability, singularity, embedded system, chained form.

1 Introduction

The n-trailer system, i.e. a mobile robot pulling an arbitrary number of trailers
is a typical example of system in which the nonholonomic kinematic constraints,
due to the assumption of rolling without slipping of the wheels, play a determi-
nant role. The configuration of the system is given by two position coordinates
and n + 1 angles and, normally, two are the available inputs, representing the
steering and translational actuators of the pulling cart, even though systems
with more steering inputs have been studied in [BTS93b] and [TSBS95]. The
number of trailers can be increased at will: adding a trailer simply means adding
a nonholonomic constraint to the system or, equivalently, an orientation angle
to the configuration space.

The usual model for the pulling cart and for the trailers consists of a single
axle with two wheels that are assumed parallel, neglecting, in the steering pair,
the difference due to the fact that rotations must occur around a single center
of rotation, see [AM88]. Each axle is hitched to the preceding trailer by means
of a rigid bar. In the case extensively treated in the literature, starting from
Laumond [Lau90], every axle is hitched exactly in the middle of the axle in
front of it, i.e. only axle-to-axle connections are considered. We will call this
the standard n-trailer problem. A rich literature has grown for the standard
n-trailer problem dealing with controllability [Lau90], open loop motion gener-
ation [MS93], [RFLM93], closed loop control strategies [BRM92], [Sør93b] and
many others (see [KM95] for a survey) for different control problems like point
stabilization, point tracking or path following. The peculiarity of this kind of
system is that its nonholonomic structure, which ‘permits’ controllability even
if the system is underactuated, is directly visible in the model formulation as
a collection of nonholonomic constraints on the velocity. In geometric terms,
the n-trailer can be seen as an higher order contact manifold whose defining
functions are the set of non-integrable one forms corresponding to the velocity
constraints on the wheels. In particular, it was shown in [Sør93a] and [TMS95]
that the resulting system can be converted into a particular canonical form,
called chained form, for which the handling of the above mentioned problems
result simplified. The chained form was first introduced by [MS93] as a par-
ticular class of equations for driftless systems. Although nonlinear, it has an
underlying linear structure, reminiscent of the Brunovsky normal form. Since
it was introduced, the chained form has been extensively used to treat all of
the relevant control problems of the nonholonomic systems, see [Sam95], [SE95]
for instance. In [TMS95], a connection was made with its dual, the so-called
Goursat normal form in the language of the exterior differential systems. The
2-input chained form was extended to multi chained form (intended as multi-
input single generator chained form) in [TSBS95], to take into account more
complex systems with more that one steering input. An application of 3-input
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chained form was the fire-truck example presented in [BTS93b].
In many practical situations, the standard n-trailer is not a realistic config-

uration: in fact, to improve maneuverability or due to the cumbersome shape
of the trailer body, it happens that a trailer can be attached not exactly in
the middle of the preceding axle but at a positive distance from it. When one
or more trailers present off-hitching, we will name the system general n-trailer.
Examples of such systems are the truck and trailers that we normally see on our
highways or a real car pulling a trailer, or special articulated vehicles, like the so-
called LHD (Load-Haul-Dump), a two-axle truck used for mining applications,
[Alt99].

Including kingpin hitches into the kinematics of the n-trailer results into an
extra number of terms that need to be added to the basic dynamic equations.
This suggests that some of the techniques for the standard n-trailer can be
generalized to our system. In particular, results on controllability obtained by
[Lau90, MS93] can be extended quite directly. We will check local controlla-
bility in two different ways: first via the rank of the control Lie algebra, as it
is normally done; then in the dual way, calculating the derivative flag of the
Pfaffian system which is obtained from the dual representation of the general
n-trailer. The comparison of the two procedures is quite interesting: as it is
often the case, the local maximal nonintegrability condition is much easier to
check on the dual system.

The above mentioned extra terms in the kinematics corresponds to irreg-
ularities that ‘break the chain’ that constitute the ‘backbone’ of the n-trailer
system, so that the global 2-input chained form is lost. We will show, how-
ever, that this breaking points (the off-hitching joints) can be substituted by
‘virtual’ passive steering wheels, whose steering angle is uniquely determined by
the configuration state by means of nonlinear feedback. Each virtual steering
wheel corresponds to an internal feedback loop from the configuration state of
the system. Opening all these feedback loops, we have a multisteering n-trailer
system, for which a multi-input chained form exists [TSBS95]. All the chains
admit the same generator and this generator is the ‘classical’ one used for the
2-input chained form for the standard n-trailer. Since the general n trailer has
only two degrees of freedom (i.e. two inputs), the feedback of the virtual steer-
ing wheels will take the place of the exogenous input used in [TSBS95] and will
link two consecutive chains. This is equivalent to consider only a particular
submanifold of the multisteering n-trailer system, and it corresponds to think
of the general n-trailer as an embedding into the multisteering n-trailer. More-
over, our chained form results simplified with respect to [TSBS95] in the sense
that no dynamic extension of the system is needed.

The more complex nature of the system reflects in an higher number of
singularities when compared to the standard case, see [Jea96]. We give a physical
interpretation of these extra singularities in terms of the steering angles of the
above mentioned virtual wheels.

Whenever possible, we carry out explicit calculations for the cartesian frame
we choose. In fact, one of the main advantages of the n-trailer configuration
is that it has a state space description which is simple enough to allow writing
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down and manipulate exact formulas in the original coordinate setting for both
the primal and the dual representations of the system, even for a generic number
of trailers. The resulting formulae we get are somewhat lengthy, but we do not
think that this is obscuring their geometric properties.

2 Mathematical preliminaries

The material in the present Section is largely taken from standard textbooks
in Nonlinear Control like [Isi95, Nv90] and from [AMR83, BCG+91] for the
basic facts about exterior systems and differential forms. A more thorough
presentation of this material in the same context of Mobile Robotics can also
be found in [PLTS98, TSBS95].

2.1 Underactuated drift-free nonlinear systems

Definition 2.1 An underactuated drift-free control-affine nonlinear control sys-
tem is a collection of r differential equations in the variables x and ui, i = 1, . . . r

ẋ =
r∑

i=1

gi(x)ui (1)

where x ∈ D ⊂ Rq, with q > r, and gi are input vector fields gi : D → Rq. We
assume that D contains the point x0 of Rq.

The expression (1) can be intended as a representation in a local cover (D, x),
x = (x1, . . . xq), of a point p leaving on an abstract manifold M . The tangent
space at p ∈ M is indicated with TpM and its expression in the local coordinate
chart x as TxM . The tangent space TpM has the same dimension of the manifold
M .

Definition 2.2 The distribution ∆ associated with the control system (1) is a
collection of independent vector fields gi. On each point x ∈ D, the distribution
∆ gives a vector subspace of TxM :

∆(x) = span {g1(x), . . . gr(x)} x ∈ D (2)

We assume gi to be C∞(D) and x0 to be a regular point of ∆, i.e. dim∆(x) = r
∀x ∈ D.

For the particular kind of system studied in this paper, the dual point of view
of the distribution is particularly interesting because, as we will show below, it
corresponds to highlight the nonholonomic constraints of the system. If we call
T ∗p M (T ∗x M in coordinates) the cotangent space, dual to TpM , then we have:

Definition 2.3 A codistribution I associated with the control system (1) is a
collection of s = q − r smooth and linearly independent (over the ring of smooth
functions) covector fields αj that annihilate ∆ on each point x ∈ D:

I(x) = span
{
α1(x), . . . , αs(x)

}
j = 1, . . . , s (3)

=
{
αj(x) ∈ T ∗x M s.t. < αj(x), gi(x) >= 0 ∀ j = 1, . . . , s, i = 1, . . . , r

}
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We assume to work in a domain D in which the one-forms αj(x) are C∞ sections
of the exterior algebra over T ∗x M and the codistribution I is a smooth assignment
(and therefore, at each point x , a vector subspace of T ∗x M), both with respect
to the wedge product, i.e. the alternating (normalized) tensor product. What
(3) says is that, in coordinates, the one-forms αj(x) can be written as a s × r
matrix such that the gi(x) constitute a basis for the right null space of this
matrix. Then, if we want to be able to use the machinery of exterior differential
systems, we have to endow the codistribution I with some extra structure, in
order to make sure that the solution of our collection of one-forms is indeed an
integrable distribution. This property correspond to the regularity assumption
of a point in the distribution case. Such a special case of codistribution is called
a Pfaffian system.

Definition 2.4 The codistribution formed by the smooth and independent one-
forms I =

{
α1, . . . , αs

}
is said a Pfaffian system if it generates an ideal I which

is closed under exterior differentiation.

The ideal generated by I is

I =
{
αi ∧ θ s.t. αi ∈ I, θ ∈ Ω(M)

}

where Ω(M) is the module of smooth exterior differential forms of all orders on
M .

2.2 Local controllability for underactuated systems

A fundamental (and well-studied) issue to deal with for underactuated systems
is controllability, see [Nv90] or, for example, the classical survey paper [HK77].
In what follows we are interested only in the local properties around a regular
point x0.

Definition 2.5 The system (1) is said small-time locally controllable at x0 ∈ D
if we can reach nearby points in arbitrarily small amounts of time remaining in
D.

It is well-known that the notion of local controllability (which coincides with lo-
cal strong accessibility for drift-free systems) can be checked in geometric terms
by considering the span of the commutators of the vector fields that generate
the system. This idea is strictly connected with that of involutive distribution
via the Frobenius theorem, that gives necessary and sufficient condition for (lo-
cal) complete integrability of a distribution. This is essentially equivalent to say
that the annihilator space of ∆ has to be spanned by exact differentials, at least
locally.

The fundamental tool to test local controllability is the Chow theorem, which
asserts that a system is locally controllable if and only if it is maximally nonin-
tegrable.

The vector fields of ∆, together with their commutators, form an algebra,
called the control Lie algebra. In order to construct it, one has to build a
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filtration, patching together the vector fields of ∆ and all the new independent
commutators produced at each level of Lie bracketing

∆0 = ∆, ∆i = span {∆i−1 + [∆i−1, ∆i−1]}
such that

∆0 ⊂ ∆1 ⊂ . . . ⊂ ∆k (4)

for some finite k. Different rules for building the above filtration are given
in [Lau93b, Lau93a, MS93]. In a regular point, the dimension of the filtration
(called the growth vector) stabilizes in correspondence of the control Lie algebra.
We have local controllability when the rank of the control Lie algebra is equal
to the dimension of the tangent space.

A dual characterization can be carried out for the Pfaffian system corre-
sponding to (1). In particular, dually to the filtration (4), we can construct a
descending chains of Pfaffian systems called derivative flag

I(0) ⊃ I(1) ⊃ . . . ⊃ I(k) (5)

where I(0) = I and I(j+1) =
{
αi =∈ I(j) s.t. dαi ≡ 0 mod I(j)

}
is the derived

Pfaffian system of I(j). The expression dαi ≡ 0 mod I(j) is called a congruence
and means that the exterior derivative of αi is a linear combination of the one-
forms of I(j) (over the ideal I(j)), i.e. dαi ∧ α1j ∧ . . . ∧ αsj = 0 ∀αlj ∈ I(j).

Similarly to the filtration, also the derivative flag stops at a certain k for
regular points. The maximally nonholonomy condition can therefore be restated
in terms of the derivative flag, saying that local controllability is equivalent
to the existence of an integer k at which the derivative flag becomes empty:
I(k) = 0.

To have controllability, the bottom system of the derivative flag, which is
always integrable by the Frobenius theorem, has to be empty. This implies
that there is no integrable subsystem of the original system, i.e. the solution
trajectories of I are not constraints to lie on a leave of a (nontrivial) foliation
of M .

2.3 Singularities

Regularity of x0 means that the distribution ∆ does not loose rank in the
neighborhood D of x0. A similar condition is of interest for the filtration (4).
If the dimension of the entire sequence (4) is constant in D, then we call x0

regular with respect to the filtration, in order to distinguish from the regularity
with respect to ∆ only.

Definition 2.6 A point x0 which is not regular with respect to the filtration is
said singular.

All the singular points of the system form the so-called singular locus of the
system. The knowledge of the singular locus is important when checking con-
trollability: in fact in correspondence of such a zero dimensional submanifold,
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the number of Lie bracketing operations needed to span the whole tangent space
is different from the points which are regular with respect to the filtration. The
complexity of such a check (which is proportional to the complexity of a steering
algorithm for the system) obviously increases in the singular points.

2.4 Embedding map

The next concept we need is that of embedding map of a manifold.

Definition 2.7 Given two smooth manifolds M1 and M2 with dim(M1) = q1

and dim(M2) = q2, q1 ≤ q2, the C∞ map f : M1 → M2 is called a local
immersion of x ∈ M1 if there exists a neighborhood D ∈ M1 of x0 such that
rankf(x) = q1 ∀x ∈ D.

So a map between manifolds is an immersion if it has the same rank as the
domain. Obviously the rank is independent of the local chart used.

When an immersion is ‘well-behaved’ it is called an embedding. For well-
behaved we mean that it has to be an isomorphism onto its image, with respect
to the topology induced from the corresponding Rq1 by the local chart used
[Spi79].

Definition 2.8 The C∞ map f : M1 → M2 is an embedding if it is an
immersion and it is an homomorphism onto its image.

Moreover, we have the following definition:

Definition 2.9 Suppose M1 ⊂ M2. M1 is a submanifold of M2 if the identity
map id : M1 → M2 is embedding.

3 Kinematic model for the general n-trailer

Suppose we have a generalized n-trailer system with m (m ≤ n) of the trailers
not directly attached at the center of the previous axle but at a positive distance
Mi from this point. Assume that each body is composed of one single axle,
this being equivalent to the case where 2-axis bodies are present, modulo a
state feedback (see [TMS95]). The assumption of rolling without slipping of
the wheels can be formulated in terms of nonholonomic kinematic constraints
deciding the instantaneous direction of the velocity vector of each axle. Let θi

be the orientation angle of the i− th axle and vi the translational velocity of the
midpoint of the i-th axle, i ∈ {0, 1, . . . , n}. If xi and yi are the corresponding
cartesian coordinates, then the one-forms can be expressed as:

αi = dxi sin θi − dyi cos θi = 0 (6)

If Li is the distance between the i-th axle and the hitching point of the same
trailer and Mi is the distance between the i-th axle and the kingpin hitching



152 Paper F: Some Properties of the general n-trailer

Ln
Ln-1

θn-1 nj+1θ
θnj-1

Ln
j
+1 Mnj

Lnj

θnj

θ1

0θ

θn

Figure 1: The general n-trailer system.

point of the following trailer, we can use the (holonomic) relations between two
consecutive nodes i− th and i + 1− th (see Fig. 1)

{
xi+1 = xi − Li+1 cos θi+1 −Mi cos θi

yi+1 = yi − Li+1 sin θi+1 −Mi sin θi
(7)

and the one-forms (6) to obtain a recursive equation for the orientation angle
θi+1 as a function of θi and vi, i ∈ {1, . . . , n− 1} :

θ̇i+1 =
vi sin(θi − θi+1)

Li+1
− Mi cos(θi − θi+1)θ̇i

Li+1
(8)

Also the calculation of the velocity of the axle i+1 is slightly more complicated
than in the standard n-trailer problem:

vi+1 = vi cos(θi − θi+1) + Mi sin(θi − θi+1)θ̇i (9)

This accounts for the intuitive phenomenon that, in presence of off-hitching, a
trailer can have a (small) positive velocity and the following trailer a negative
one, when the angle between the two trailers θi − θi+1 is changing with high
rate. Obviously, both eq. (8) and eq. (9) reduce to the well-known equations
for the standard n-trailer problem when no off-hitching is present, namely when
Mi = 0.

The n-trailer system has two physical inputs, corresponding to translational
and steering actions of the car pulling the trailers. Calling β1 , θ0 − θ1, at
the kinematic level we can consider these two inputs to be the steering speed
ω0 = β̇1 = θ̇0 − θ̇1 and the translational speed v0 of the driving cart. Alterna-
tively, as steering input we can consider the following:

ω0 = θ̇0 =
v0 sin β1 + L1β̇1

L1 + M0 cos β1

To complete the state space model of the general n-trailer system, we need
the cartesian coordinates of one of the middle points of the axles: for the pur-
poses of proving controllability it is convenient to choose (x0, y0) of the driving
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cart,

ẋ0 = v0 cos θ0 (10)
ẏ0 = v0 sin θ0 (11)

whereas it has been shown in [Sør93a] for the standard n-trailer problem, that
choosing the ones of the last trailer is particularly significant when the task is to
transform the system into chained form, because it is connected to differential
flatness [FLMR95].

ẋn = vn cos θn (12)
ẏn = vn sin θn (13)

In fact, the coordinates xn and yn correspond to the so-called flat outputs for the
standard n-trailer. In both cases, an ad hoc selection of the cartesian coordinates
greatly simplifies the calculations.

The relation between v0 and vn will be derived in Section 9.

4 The virtual steering wheels

The basic idea is that the n-trailer system with m off-hitching joints can be
converted into an n + m-trailer system with m + 1 steering axles, adding a
steerable wheel at each of the aforementioned joints not directly hitched on the
preceding axle. These m virtual steering wheels are passive, in the sense that
their steering angles are (uniquely) determined by the configuration and by the
dynamic equations of the system. This is equivalent to say that their inputs are
obtained by means of feedback from the configuration of the system and only
the driving unit has exogenous input.

γ

θγ

θ

L

M
+1i

i+1

α i

i

iL

θi

i

θ

i-1

i

Figure 2: The virtual steering wheel.

First we prove that a passive steering wheel is indeed admissible by the
system and then, in Section 6, we show that these virtual steering wheels provide
physical insight into the extra singularities of the system due to the kingpin
hitching.
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Proposition 4.1 Consider the 2-trailer off-hitching connection between the trail-
ers i and i+1. This subsystem is equivalent to a standard 3-trailer system with
a steering wheel in the middle (Fig. 2). If θγi

is the orientation angle of the
steering wheel and its steering angle is defined as γi , θγi

− θi+1, then it must
be:

γi = θi − θi+1 + arctan
(
−Mi

vi
θ̇i

)
(14)

Proof: Consider the sketch in Fig. 2. If such a virtual wheel exist, then, due
to the rigidity of the connection between Mi and Li, the dynamic equation for
the i-th orientation angle θi, obtained in general from eq. (8), must also be
expressible as a function of the angle αi (representing the steering angle of the
virtual wheel with respect to the preceding trailer):

θ̇i = − vi

Mi
tanαi

where the minus sign reflects the fact that the wheel is following and not pre-
ceding the axle. At the same time, the steering angle of the virtual wheel with
respect to the following trailer i + 1, γi, must be such that

θ̇i+1 =
vi+1

Li+1
tan γi (15)

Therefore, a physical solution exists (i.e. the wheel is admissible) iff

γi = θi − θi+1 + αi

Substituting into eq. (8), we get:

vi+1 tan γi

Li+1
=

vi+1 tan(θi − θi+1)
Li+1

+
Mivi tanαi

MiLi+1 cos(θi − θi+1)

using eq. (9):

[
vi cos(θi − θi+1) + Mi sin(θi − θi+1)

(
− vi

Mi
tan αi

)]
(tan γi − tan(θi − θi+1)) =

=
vi tan αi

cos(θi − θi+1)

i.e.

tan γi =
tan(θi − θi+1) + tan αi

1− tan(θi − θi+1) tan αi
= tan(θi − θi+1 + αi)

2



5. Comparison between standard and general n-trailer systems 155

5 Comparison between standard and general n-
trailer systems

In what follows it is convenient to use the following notation: we call n1, . . . , nm,
nj <nj+1, nm <n the indices of the axles having nonnull off-hitching (Mnj

6= 0).
We can group together the axles between two consecutive steering wheels:
{0, 1, . . . , n1} , . . . , {nj−1 + 1, . . . , nj − 1, nj} , . . . , {nm + 1, . . . , n− 1, n}. Each
of the groups of axles, together with the steering wheel in front of it, will con-
stitute a steering train. In case of two consecutive axles having off-hitching,
then a steering train is reduced to a single axle. We call this a degenerate
steering train. With this notation we can rewrite the dynamic equations of the
orientation angles of the general n-trailer problem as:

θ̇nj+1 =
vnj+1 tan(θnj − θnj+1)

Lnj+1
− Mnj θ̇nj

Lnj+1 cos(θnj
− θnj+1)

(16)

vnj+1 = vnj cos(θnj − θnj+1) + Mnj sin(θnj − θnj+1)θ̇nj (17)
j ∈ {1, . . . , m}

θ̇nj−i =
vnj−i tan(θnj−i−1 − θnj−i)

Lnj−i
(18)

vnj−i = vnj−i−1 cos(θnj−i−1 − θnj−i) (19)

with j ∈ {1, . . . , m + 1} , i ∈ {0, 1, . . . , nj − nj−1 − 2} and nm+1 = n .
We assume, in what follows, that the steering trains are not degenerate.
In order to highlight the similarities of the dynamic eq. (16)-(19) with those

of the standard n-trailer, it is convenient to rewrite them in terms of the relative
orientation angles βi , θi−1 − θi, i ∈ {1, . . . , n}, expressing all vi as functions
of v0 and using the cartesian coordinates (x0, y0). The system becomes:

ẋ0 = v0 cos θ0 (20)
ẏ0 = v0 sin θ0 (21)
θ̇0 = ω0 (22)

β̇1 = −v0 sin β1

L1
+ ω0 (23)

β̇nj+1 = v0

(
nj∏

k=1

cosβk

)
j−1∏

k=1

(
1 +

Mnk

Lnk

tan βnk
tanβnk+1

)
(24)

·
(

tan βnj

Lnj

− sin βnj+1

Lnj+1
+

Mnj

Lnj Lnj+1
tan βnj cos βnj+1

)

β̇nj−i = v0




nj−i−1∏

k=1

cos βk




j−1∏

k=1

(
1 +

Mnk

Lnk

tanβnk
tan βnk+1

)
(25)

·
(

tan βnj−i−1

Lnj−i−1
− sin βnj−i

Lnj−i

)
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j ∈ {1, . . . ,m}, i ∈ {0, 1, . . . , nj − nj−1 − 2}.
Notice that equations (20)-(25) are everywhere well defined.

Clearly, each of the components due to the kingpin hitching enters linearly
into the system as an extra term added to the basic dynamic equations of the
standard n-trailer, which are reobtained choosing Mnj

= 0:

ẋ0 = v0 cos θ0 (26)
ẏ0 = v0 sin θ0 (27)
θ̇0 = ω0 (28)

β̇1 = −v0 sin β1

L1
+ ω0 (29)

β̇i+1 = v0

(
i∏

k=1

cos βk

)(
tan βi

Li
− sin βi+1

Li+1

)
(30)

i ∈ {1, . . . , n− 1}.
In the rest of the paper we will pass indifferently form the coordinate system

in the absolute angles θi, i = 1, . . . , n, to the other one in the relative orientation
angles βi, i = 1, . . . , n, according to convenience.

The Pfaffian system associated with (16)-(19) is simply the collection of
one-forms (6) plus the equations between pairs of cartesian coordinates of two
adjacent nodes (7). So the irregularities enter only into the holonomic relations
linking two consecutive one-forms via a kingpin hitch and propagate to their
exterior derivatives:

dxnj = dxnj+1 − Lnj+1 sin θnj+1dθnj+1 −Mnj sin θnj dθnj

dynj = dynj+1 + Lnj+1 cos θnj+1dθnj+1 + Mnj cos θnj dθnj

j ∈ {1, . . . ,m}. When off-hitching is missing instead we have:

dxnj−i−1 = dxnj−i − Lnj−i sin θnj−idθnj−i

dynj−i−1 = dynj−i + Lnj−i cos θnj−idθnj−i

j ∈ {1, . . . ,m + 1}, i ∈ {0, 1, . . . , nj − nj−1 − 2}. In order to recover the
original configuration space dimension, we have to substitute into (6) the carte-
sian coordinates as functions of one single axle. In a proper domain of definition
(see below), we can rewrite the one-forms (6) in terms of congruences:

dyi ≡ tan θi dxi mod αi i ∈ {0, 1, . . . , n} (31)

meaning with this expression that the congruence is satisfied up to an element
of the ideal generated by αi i.e. dyi = tan θi dxi + γ ∧ αi for some γ ∈ Ω(M)
also satisfies it. In [PLTS98] it is shown how to use the congruence to obtain
a relation between the exterior derivatives of the cartesian coordinates of two
adjacent standard trailers. This is basically what we need in order to eliminate
the holonomic constraints on the Pfaffian system. In the standard case, see
Fig. 3 (a), at the node nj − i the congruence between the exterior derivatives of
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n

θ

θ

n
j

θn j

j-i-2

-i-1

-i

(a) standard hitching:
Mnj−i−2 = Mnj−i−1 = 0

nθ

θn j

j

θn
j

−1

+1

(b) off-axle hitching:
Mnj−1 = 0, Mnj 6= 0

Figure 3: The two different kinds of hitching.

the orientation angle θnj−i and that of the corresponding cartesian coordinate
xnj−i is modulo the two one-forms αnj−i−1 and αnj−i. We get in the case
Mnj−i−2 = Mnj−i−1 = 0:

dθnj−i ≡
tan

(
θnj−i−1 − θnj−i

)

Lnj−i cos θnj−i
dxnj−i mod αnj−i−1, αnj−i (32)

which gives the recursive relation

dxnj−i−1 ≡
(
1− tan θnj−i tan

(
θnj−i−1 − θnj−i

))
dxnj−i mod αnj−i−1, αnj−i

When, instead, a joint with kingpin hitch is involved, Fig. 3 (b), the formulae
for the congruences gets more complicated:

dθnj+1 ≡
tan

(
θnj − θnj+1

)− Mnj

Lnj
tan

(
θnj−1 − θnj

)

Lnj+1 cos θnj+1

(
1 +

Mnj

Lnj
tan

(
θnj−1 − θnj

)
tan

(
θnj − θnj+1

)) dxnj+1

mod αnj−1, αnj , αnj+1 (33)

which says that the congruence following a kingpin hitch involves three (instead
of two) consecutive one-forms. This also appears in the recursive calculation of
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the dxi:

dxnj
≡

1− tan θnj+1 tan
(
θnj − θnj+1

)
+

+
Mnj

Lnj
tan

(
θnj−1 − θnj

) (
tan

(
θnj − θnj+1

)− tan θnj+1

)
(
1 +

Mnj

Lnj
tan θnj

tan
(
θnj

− θnj+1

))

·
(
1 +

Mnj

Lnj
tan

(
θnj−1 − θnj

)
tan

(
θnj − θnj+1

))
dxnj+1

mod αnj−1, αnj , αnj+1 (34)

What these complicated formulae tell us, as well as their vector field counterpart
(24)-(25), is the (intuitively clear) fact that the presence of off-hitching implies
that a motion with nonnull steering propagates more ‘in depth’ in the chain of
trailers than in the standard configuration, i.e. the change of the orientation
angle in the trailer that follows the off-axle hitch is influenced not only by the
orientation angle of the trailer in front of it as in the standard case, but also
by the one of second trailer ahead. When the system has degenerate steering
trains (i.e. it has two or more consecutive axles with kingpin hitching), the
number of one-forms involved into a relation like (34) is higher than three. We
will see in Section 7 that this argument, in particular its formulation on the
dual system, can help in understanding the local controllability property of the
general n-trailer.

Putting together all equations for adjacent axles we get that the following
proposition still holds true also for the general n-trailer.

Proposition 5.1 ([PLTS98], Lemma 42) The exterior derivatives of any of the
x variables are congruent modulo the Pfaffian system I:

dxi ≡ fxi,j dxj mod I.

All the above reasoning has value only locally, in a (usually large enough)
interval containing the origin. The set of points in which the model formulation
is undefined is larger in the general n-trailer that in the standard n-trailer. Its
physical meaning is explained in next Section.

6 Singular locus

The index at which the filtration stops at a point x0 is called the degree of
nonholonomy of the system at x0. When x0 satisfies the Lie algebra rank con-
dition, the system is said maximally nonholonomic at x0. Singular points for
the standard n-trailer system have the physical meaning of orthogonal angles
between consecutive trailers and they lead to a different degree of nonholonomy,
see [Jea96] for a complete discussion.

For the general n-trailer, Proposition 4.1 affirms that a virtual steering wheel
can be placed on the kingpin hitching nodes and gives a value for its steering
angle. Furthermore, from eq. (15) we see that the tangent of the virtual steering
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angle enters into the dynamic equation of the heading of the following trailer.
Therefore one can ask whether the ‘virtual’ singularity introduced by tan γj

must be considered in the analysis of the controllability of the model or less.
The corresponding singular points can be rewritten using the formula:

αj = arctan
(
−Mnj

vnj

θ̇nj

)
= γj − βnj+1

as

θ̇nj = − vnj

Mnj

tan(γj − βnj+1) =
vnj

Lnj

tan βnj

or, after some manipulations,

tan γj =
tan βnj+1 − Mnj

Lnj
tan βnj

1 +
Mnj

Lnj
tan βnj+1 tan βnj

(35)

The singular point

γj → π

2
mod π

is then equivalent to

1 +
Mnj

Lnj

tanβnj+1 tan βnj → 0. (36)

With eq. (36), the question posed above can now easily be answered looking at
eq. (24)-(25): the ‘virtual’ singularities are indeed singular points of the control
Lie algebra, since

(
1 +

Mnj

Lnj
tan βnj+1 tanβnj

)
= 0 implies that the vector field

associated with the input v0 has the last n − nj − 1 components that are null.
From eq. (24)-(25), also the cos βk have the same effect of annulling the last
n − k terms of the input vector field associated to v0. The consequence is
that the Lie bracket cannot generate a full rank distribution with the same
growth vector as in the nearby points. Similarly to the standard case, the proof
should pass through the computation of the filtration (4). However, an informal
argument can be given by looking at the two vector fields in (23)-(25): the vector
field associated with the input ω0 has only the first component different from
zero and it is a constant, while the vector field relative to v0 has a triangular
structure. Therefore, whenever there are null components due to cos βk or to(
1 +

Mnj

Lnj
tan βnj+1 tanβnj

)
all the remaining Lie brackets will be zero. These

last extra singularities, which are not present in the standard n-trailer system,
have then the ‘nice’ physical interpretation of one of the virtual wheels being
orthogonal to the velocity vector of the following trailer.

To summarize: in the standard n-trailer we have that the singular locus is
given by (see [Jea96])

SS =
{

βi =
π

2
mod π

}
; i ∈ {1, . . . , n}
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whereas, in the general n-trailer, it is larger:

SG =
{

βi =
π

2
mod π

} ⋃ {
γj =

π

2
mod π

}
(37)

i ∈ {1, . . . , n}, j ∈ {1, . . . ,m} .

β
n

j-i-1

j
nβ -i

(a) standard n-trailer

β
n

j

j
nβ +1

(b) general n-trailer

Figure 4: Singular locus and connected component containing the origin in
which the system is regular with respect to the filtration (grey areas) of the
standard and general n-trailers.

Like SS , SG is a set of measure zero in the configuration space of the system.
For the standard n-trailer, there exist techniques that allow to calculate the

exact value of the degree of nonholonomy in the singular locus [Jea96]. Also
for the general n-trailer it should be possible to obtain a similar procedure,
although the basis of vector fields at the singular points might result even more
complicated that the one proposed in [Jea96].

6.1 Singular locus and domain of definition

The singularity analysis mentioned above is not invariant to the selection of
coordinates for the system. In particular, it can be noticed that the singular
locus is related to the domain of definition of the kinematic model when we
change the velocity input by means of a (locally) invertible transformation.

In our case, if we assume to take as longitudinal input vn instead of v0,
then the velocities of all the other trailers can be calculated consequently. For
a generic axle n− i-th on the last steering train we get the usual formula:

vn−i =
vn∏n−1

l=n−i cos(θl − θl+1)

whereas for the last trailer of the second-to-last steering train we have, if the
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m-th steering train is not degenerate,

vnm
=

vn(
1 + Mnm

Lnm
tan(θnm−1 − θnm) tan(θnm − θnm+1)

) ∏n−1
l=nm

cos(θl − θl+1)

The case of degenerate steering trains leads to a different (more complicated)
expression, according to the number of consecutive degenerate trains. For a
generic axle nj − i ( i+1-th rearmost trailer of the j-th steering train) we have:

vnj−i =
vn∏m

k=j

(
1 + Mnk

Lnk
tan(θnk−1 − θnk

) tan(θnk
− θnk+1)

) ∏n−1
l=nj−i cos(θl − θl+1)

(38)

and for the pulling cart:

v0 =
vn∏m

k=1

(
1 + Mnk

Lnk
tan(θnk−1 − θnk

) tan(θnk
− θnk+1)

) ∏n−1
l=0 cos(θl − θl+1)

−M0 tan(θ0 − θ1)ω0 (39)

For sake of simplicity, we assume that vn can be expressed as a homogeneous
linear function of v0. This is equivalent to say that we do not want off-hitching
on the leading car (M0 = 0).

So SG is now the set of points in which the equations (20)-(25) of the system,
rewritten as functions of vn are not defined. We would like to remark that this
observation is true also for the standard n-trailer, as can be easily deducted
rewriting the equations (26)-(30) as functions of vn (with all Mi = 0). What is
interesting to notice is that in both cases the region inside the singular locus,
depicted in Fig. 4, corresponds to the domain of definition (again connected
component containing the origin of the domain of definition) of the formulation
that takes vn as velocity input.

7 Controllability of the general n-trailer

One of the major features of the nonholonomic wheeled systems is that they con-
stitute a class of systems for which the analysis on the Jacobian linearization
often fails to give the right result, which can be instead obtained using nonlin-
ear techniques. This is the case for the controllability property: the standard
n-trailer is not linearly controllable (it is a drift-free system and it is underactu-
ated) but it was shown to be controllable by Laumond (see for example [Lau90])
using the methods described in Section 2. For this system, the main problem is
to verify the rank condition for a generic value of n, which means the need of
having an iterative procedure like the one proposed by Laumond [Lau93a], and
to cope with singularities. Out of the singularity locus it is possible to state a
similar local property for the general n-trailer configuration.

Theorem 7.1 The general n-trailer system (20)-(25) is locally controllable out
of the singular locus SG.
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Proof: In our point of view, it is interesting to see both the ways of checking
local controllability, given by the two dual versions of the Chow theorem re-
ported in Section 2, via the two practical iterative tests illustrated in the same
Section. Therefore we show below both proofs in order to be able to make a
comparison.

Version 1: vector field formulation.
Since the rigorous mathematical formulation requires a lot of bookkeeping with-
out adding anything significant to the discussion, we provide only a somewhat
informal argument.

Basically the proof is a direct consequence of the bilinearity of the Lie bracket
operation:

[X1 + X2, Y ] = [X1, Y ] + [X2, Y ]

In fact, from eq. (20)-(25) we have that the vector fields that form the distribu-
tion for the general n-trailer, ∆G = span {g1G , g2G}, can be written as the sum
of the corresponding g1S

, g2S
of the standard n-trailer, plus an extra component

on the vector field associated with the tangential speed input v0:

g1G = g1S + g1H

g2G = g2S

The first n1 + 3 components of g1H
are equal to 0. If we call:

pj ,
Mnj

Lnj

tan βnj tan βnj+1 j ∈ {1, . . . , m}

then the generic nj + i + 3 element of the vector g1H
is:

g1H
[nj − i + 3] =




nj−i−1∏

k=1

cosβk




j−1∑

k=1


 ∑

l(k)∈C(k,j−1)

(
pl(1) · ... · pl(k)

)



·
(

tan βnj−i−1

Lnj−i−1
− sinβnj−i

Lnj−i

)

where C(k, j − 1) is the set of possible combinations of k numbers in the first
j − 1 integers. The component nj + 4, representing the equation of the axle
immediately after the kingpin hitching, has a slightly different expression:

g1H
[nj + 4] =

(
nj∏

k=1

cos βk

)
Mnj tanβnj cos βnj+1

Lnj Lnj+1

+

(
nj∏

k=1

cos βk

)
j−1∑

k=1


 ∑

l(k)∈C(k)

(
pl(1) · . . . · pl(k)

)



·
(

tanβnj

Lnj

− sin βnj+1

Lnj+1
+

Mnj tan βnj cos βnj+1

Lnj Lnj+1

)
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Now, we can use the result of Laumond for the standard n-trailer. In [Lau93a] a
family of vector fields is proposed that generates the control Lie algebra for the
standard n-trailer. The family is composed of n + 3 vector fields for any value
of n. Out of the singular locus SG, the result still holds also for our ∆G, in the
sense that the vector fields of the family remain independent as in the standard
case. The rank condition being satisfied, the system is locally controllable in
any regular point. In the case of [Lau93a], the controllability property was
verified everywhere. Here, due to the more complicated formulae, it is not easy
to understand how to proceed at the singular points.

Version 2: derivative flag analysis.
We saw that the system is not controllable if the ideal generated by the Pfaffian
system or by a nonempty subset of it satisfies the Frobenius theorem. So we
use the derivative flag to calculate the largest integrable subsystem of the codis-
tribution I. In order to compute the derivative flag I(j), we need to calculate
the exterior derivative of the constraints and to determine the set of one-forms
that each of those derivatives requires in order to be congruent to 0. When
calculating the exterior derivative of one of the constraints αi, i ∈ {0, 1, . . . , n},
we obtain:

dαi ≡ dθi ∧ dxi

cos θi
mod αi

where we have used the fact that the two-form d2xi is equal to 0 by definition of
exterior derivative. If we now substitute dθi with the corresponding expressions
(32) or (33) according to whether the axle is connected without or with kingpin
hitch to the trailer in front of it, then we obtain congruences to 0 in both cases,
but modulo a different set of constraints:

dαnj−i ≡ 0 mod αnj−i, αnj−i−1 j ∈ {1, . . . ,m + 1} ,
i ∈ {0, 1, . . . , nj − nj−1 − 2}

for the standard connection, and

dαnj+1 ≡ 0 mod αnj−1, αnj , αnj+1, j ∈ {1, . . . ,m}

for the off-axle hitches. So in the first case the exterior derivative is a linear
combination of two one-forms (via coefficient that are forms in Ω(M) and wedge
product), whereas in the second case the linear combination has to be done over
three consecutive one-forms. This spoils the regularity of the derivative flag, in
the sense that any time you hit a kingpin hitch the next derived Pfaffian system
will loose two elements instead of one as in the standard case. The derivative
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flag goes as follows:

I(0) = { α0 α1 α2 . . . αn1−1 αn1 αn1+1 αn1+2 . . . αn }
I(1) = { α1 α2 . . . αn1−1 αn1 αn1+1 αn1+2 . . . αn }
I(2) = { α2 . . . αn1−1 αn1 αn1+1 αn1+2 . . . αn }

...
I(n1−1) = { αn1−1 αn1 αn1+1 αn1+2 . . . αn }
I(n1) = { αn1 αn1+1 αn1+2 . . . αn }

I(n1+1) = { αn1+2 . . . αn }
...

I(n−m) = { αn }
I(n−m+1) = { 0 }

(40)

So the derivative flag ends (i.e. becomes empty) quicker than in the standard
case (see [PLTS98]). Therefore, by the Chow theorem for Pfaffian systems, the
system is locally controllable. 2

Obviously, the verification of controllability in a global sense requires more
effort and a technique like the one proposed by [Jea96] should be exploited, in
order to deal with singularity analysis.

8 The general n-trailer as an embedding

In Section 4, we showed that a passive steering wheel is indeed admissible by
the system in any of the off-axle joints. With the m virtual steering wheels, the
system is ‘similar’ (in a sense to be defined) to a standard m+n- trailer system
with m + 1 steering inputs, with the peculiarity that m of the m + 1 steering
inputs are not controls because they are fixed by the feedback law (14). In fact,
a fundamental property of a control is that it is a free parameter, independent
of the configuration state. The m virtual angles can be interpreted as feedback
loops, where the feedback law is not chosen by the user but uniquely determined
by the geometry of the problem. If we open those m loops, we get a true n+m-
trailer system with m + 1 steering control inputs. Such a system lives on a
manifold MM of dimension n + 2m + 5 characterized by n + m + 3 states (2
cartesian coordinates, the usual n + 1 orientation angles of the nonsteerable
trailers plus other m orientation angles for the steerable carts, called θγi in Fig.
2) and m + 2 inputs (a longitudinal velocity and m + 1 steering inputs), see
[TSBS95] for the details. If we now close the m loops for the extra steering
wheels according to the state feedback (14), we reobtain the general n-trailer
(20)-(25) that can be considered as evolving on a manifold MG of dimension
n + 5 ( n + 3 states plus 2 inputs). So the virtual loops locally reduce the
dimension of the manifold of 2m, as the steering feedback channels are used
to ‘annihilate’ the states corresponding to the angles of the steerable virtual
carts with the effect of rigidly relate the θγi to the preceding steering angles θnj
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(θγi
= θnj

after closing the loop). The following proposition states that applying
the feedback law (14) to the multisteering n-trailer corresponds to embedding
the general n-trailer into the multisteering structure.

Proposition 8.1 The general n-trailer (20)-(25) is an embedding of the mul-
tisteering n-trailer via the virtual feedback law (14).

Proof: As seen above, the general n-trailer is evolving on the manifold MG of
dimension n+5 and the multisteering n-trailer on MM of dimension n+5+2m.
Around the origin we are using a minimal representation for both systems, i.e.
locally the two manifolds are diffeomorphic to euclidean spaces of the same
dimension. Moreover, Proposition 4.1 establishes a locally well-defined map
from MM to MG through the idea of virtual feedback loops. Therefore, by
dimension counting this is an immersion map from MG to MM . As the virtual
feedback defined by (14) is smooth and bounded in the sense that it uniformly
tends to zero when the state of the multisteering n-trailer tends to zero, then
locally the immersion map does not introduce any strange phenomenon and it
is a nice topological isomorphism onto its image and therefore an embedding.
2

The message here is the following: the application of feedback (14) to a mul-
tisteering n-trailer restricts the system to a submanifold of its original manifold
MM . This submanifold is nothing but MG, the manifold on which the general
n-trailer is living. As usual, everything that happens on a proper submanifold
has ‘measure zero’ on the original manifold, but what is really important here
is that it is compatible with the bigger structure.

It is important to remark that the virtual steering wheels introduced here
are not dynamic prolongations of the system. In fact the general n-trailer and
the multisteering n-trailer with the m feedback loops considered here live in the
same manifold so they have the same dimension. Indeed opening the feedback
loops around the virtual steering wheels something else is obtained, namely the
true multisteering n-trailer.

9 Conversion into chained form

The chained form for driftless nonlinear control systems is important because it
corresponds to a particularly nice diffeomorphic representation of the original
system with important regularity properties.

It has been shown in [TSBS95] that a standard multisteering n + m-trailer
system can be put into a multi-input chained form. The transformation consists,
in practice, in considering each subsystem of trailers between two consecutive
steering wheels as a chain with the last trailer of the train as bottom of the
chain. The solution proposed by [TSBS95] holds for m + 1 generic exogenous
steering inputs, so it will continue to hold also under state feedback for the m
new steering inputs.

Transforming a system into chained form means applying a static change
of input and a state diffeomorphism in order for the original system to appear
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“nicer”, i.e. to have some extra properties that simplify dealing with problems
like motion planning, trajectory tracking, stabilization, etc. If the multisteering
n-trailer can be converted into multiinput chained form, what happens when
we apply the virtual feedback (14)? Such a feedback is a smooth map

ω : D → Rm

x 7→ ω(x)

If we apply a diffeomorphism to the state x:

ψ : D → D
x 7→ z = ψ(x)

then the feedback can be rewritten in terms of the new basis using the chain
rule as

ω : D → Rm (41)
ψ−1(z) 7→ ω(ψ−1(z))

As ψ(·) is a diffeomorphism, all the properties of the virtual feedback are pre-
served, therefore also the embedding property and the identification of MG with
a submanifold of MM also in the z coordinate chart. So it makes sense to con-
vert the multisteering n-trailer into chained form as in [TSBS95] and then apply
the state feedback (14) transformed into the new basis as in (41).

Unlike [TSBS95], the resulting system does not need any dynamic prolon-
gation, the reason being that the bottom of each steering train is independent
from the trailers following behind.

As mentioned above, the transformation to chained form is greatly simplified
when the coordinates of the last trailer are considered, instead of the pulling car.
In particular, the velocity of the last trailer (rescaled by cos θn) results being the
generator of the whole multi-input chain. The system can be split into m + 1
steering trains. Our aim is to transform these m + 1 subsystems into m + 1
2-input chained forms, all with the same generator, only through differentiation.
The generating input will be proportional to vn. It is convenient to choose as
generating input v , vn cos θn because this give immediately ẋn = v, so that we
can choose the state of the short chain as zg , xn. The corresponding bottoms
of the chains will be the other cartesian coordinate for the last chain and the
θnj , j ∈ {1, . . . , m}, i.e. the orientation angles of the trailers off-hitched, for
the first m chains. According to eq. (15), and to eq. (38), the dynamic equation
for the orientation angle immediately following the j-th virtual wheel can be



9. Conversion into chained form 167

written as:

θ̇nj+1 =
vnj+1

Lnj+1
tan γj (42)

=
v tan

�
θnj

−θnj+1+arctan

�
−Mnj

Lnj
tan(θnj−1−θnj

)

��
Lnj+1

Qm
k=j+1

�
1+

Mnk
Lnk

tan(θnk−1−θnk
) tan(θnk

−θnk+1)
�Qn

l=nj+1 cos(θl−θl+1)

=
v

�
tan(θnj

−θnj+1)−
Mnj
Lnj

tan(θnj−1−θnj
)

�
Lnj+1

Qm
k=j

�
1+

Mnk
Lnk

tan(θnk−1−θnk
) tan(θnk

−θnk+1)
�Qn

l=nj+1 cos(θl−θl+1)

j ∈ {1, . . . , m}
where θn+1 = 0 and the generating input v has been put into evidence. It is
convenient to define the input of the j-th virtual wheel as

ωnj
, θ̇nj+1 (43)

so that the right side of eq. (42) will give the nonlinear state feedback that de-
cides the steering angle of the j-th passive steering wheel. Clearly, this feedback
constitutes the link between consecutive trains.

Using eq. (38), also the dynamic equation of all the orientation angles can
be expressed as a linear homogeneous function of the generating input v:

θ̇nj−i =
v tan(θnj−i−1−θnj−i)

Lnj−1
Qm

k=j

�
1+

Mnk
Lnk

tan(θnk−1−θnk
) tan(θnk

−θnk+1)
�Qn

l=nj−i cos(θl−θl+1)

, vfnj−i

(
θnj−i−1

)

j ∈ {1, . . . , m + 1} , i ∈ {0, 1, . . . , nj − nj+1 − 2} , nm+1 = n.

where

θi , [θi, θi+1, . . . , θn]

With these notations the dynamic of the general n-trailer system becomes:

ẋn = v

θ̇nj−i = vfnj−i

(
θnj−i−1

)
(44)

θ̇nj−1+1 = ωj−1

ẏn = vfn+1 (θn)

j ∈ {1, . . . , m + 1}, i ∈ {0, 1, . . . , nj − nj+1 − 2}, with the ωj obtained via
feedback from the state as in eq. (42). The configuration space is then:

q = [xn θ0 θ1 . . . θn yn]

and we will consider the following domain for the change of coordinates:

D = { q ∈ R× (S1)n+1 ×R : |θn| < π

2
,

∣∣θnj−i−1 − θnj−i

∣∣ <
π

2
,

∣∣∣∣θnj − θnj+1 + arctan
(
−Mnj

Lnj

tan(θnj−1 − θnj )
)∣∣∣∣ <

π

2
,

j ∈ {1, . . . ,m + 1} , i ∈ {0, 1, . . . , nj − nj+1 − 2} }
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Basically, Prop. 4.1 is sufficient to cast the general n-trailer problem into an
m+2 multi-chained form with m+1 chains corresponding to the m+1 steering
trains identified above, all having the same generator. However, the solution
proposed by [TSBS95], due to the more generality of the problem (all exogenous
inputs), requires to consider virtual trailers to be attached in front of each of the
existing steering trains in order to ‘decouple’ the dynamics of each train from
the preceding ones, through a dynamic feedback from the state. In our case this
virtual extensions are not needed, because the dynamics of the steering trains
are already decoupled one from the other, i.e. each of the orientation angles
θi depends only on what happens in front of it, except for the passive steering
wheels that create a connection between two consecutive chains. Therefore, in
the following, we will transform each of the steering trains into a 2-input chained
form, all with the same generator.

Theorem 9.1 There exists a local diffeomorphism that converts the system (44)
into the multi-chained form:

żg = v ż0 = u0

ż1 = vz0

...
żn1 = vzn1−1

żn1+1 = u1

żn1+2 = vzn1+1

...
żn2 = vzn2−1

. . . żnm+1 = um

żnm+2 = vznm+1

...
żn = vzn−1

żn+1 = vzn

(45)

where v and u0 are exogenous inputs, while the m functions ui, i = 1, . . . m, are
obtained via (nonlinear) feedback from the state.

Proof: We can apply the algorithm of [Sør93a] to each of the m + 1 steering
chains. For the last train, the chain will have an extra state (that will be called
zn+1) with respect to the other steering trains of the same length. The bottom
of the chain is the second cartesian coordinate of the last trailer

zn+1 , yn

Differentiating with respect to time, we get:

ẏn = v tan θn = vfn+1 (θn) , v zn

and, differentiating again,

żn = v
tan(θn−1 − θn)

Ln cos3 θn
= vLf

n
fn+1 , v zn−1

where we define:

f
i
, [fi fi+1 . . . fn]

and Lfh is the Lie derivative of h along the vector f .
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For the first m steering trains, we take as bottom of the corresponding chain
the orientation angle of the trailer with off-hitching (the last of each steering
train):

znj
, θnj

j ∈ {1, 2, . . . ,m}

Using the generator v, the chained form is obtained from the bottom variables
defined above using the relation

żnj−i+1 = żgznj−i ⇒ znj−i =
żnj−i+1

żg

j ∈ {1, 2, . . . , m + 1} ;
i ∈ {1, 2, . . . , nj − nj−1 − 1}

by means of a sequence of time differentiations. To have the same structure in
all the m+1 chains despite the extra variable present in the last chain, we need
to apply a ‘cosmetic’ change of index, calling nm+1 = n + 1 (remember that,
instead, we had defined before nm+1 = n). Now, for all the m + 1 chains we
have:

znj−1 = fnj

(
θnj−1

)

znj−2 = Lf
nj−1

fnj

...
znj−i = Lf

nj−i+1
Lf

nj−i+2
. . . Lf

nj−1
fnj

...
znj−1+1 = Lf

nj−1+2
Lf

nj−1+3
. . . Lf

nj−2
Lf

nj−1
fnj

with j ∈ {1, 2, . . . , m + 1} and i ∈ {1, 2, . . . , nj − nj−1 − 1}. The first variable

of each chain is znj−1+1 = znj−1+1

(
θnj−1+1

)
so, when we derive, also the input

ωj−1 will appear into the expression. Therefore we define the new input uj−1

as:

uj−1 , żnj−1+1 = Lf
nj−1+1

Lf
nj−1+2

. . . Lf
nj−2

Lf
nj−1

fnj (46)

where

f
nj−1+1

=
[
ωj−1 fnj−1+2 . . . fnm ωm fnm+2 . . . fn+1

]
j ∈ {1, . . .m + 1}

This marks the end of the chain and holds also for the first chain, the one
depending on the real steering input ω0. So, for example, for the second-to-last
(m-th) chain, we will have

znm = θnm

znm−1 = fnm

znm−2 = Lf
nm−1

fnm
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where

f
nm−1

= [fnm−1 ωm fnm+2 . . . fn+1]

We know that, from the feedback law (43), the input is

ωm = ωm

(
θnm−1

)

and it bridges between the m + 1-th and m-th chains. On the other hand, ωm

does not enter into the definition of the immediately following state znm
(the

bottom of the next chain), but only on the third one znm−2. So the ‘anomaly’
introduced by the feedback in ωm does not spoil the triangular structure of the
change of base, since θnm−1 is already present also in fnm

, i.e. in the second
state of the new chain. This holds for all chains and we can write:

f
nj−i

= f
nj−i

(
θnj−i−1

)

for j ∈ {1, . . .m + 1} and i ∈ {0, 1, . . . nj − nj−1 − 1}.
If we call z , [zg z0 z1 . . . zn+1]

T the new state vector in the chained form,
then the transformation above calculated,

z = Ψ(q) (47)

is a diffeomorphism in D. In fact, it is easily proven that the Jacobian ∂Ψ
∂q is

nonsingular in D, since it is upper diagonal with nonnull diagonal elements in D.
The upper diagonal form of the Jacobian is a consequence of the aforementioned
argument that each of the zi depends only on the orientation angles of the
trailers up to the i-th one, not to what happens in front of it:

zi = zi (θi) i ∈ {0, 1, . . . n}
which implies that

∂zi

∂θi−k
= 0 ifk > 0

All the elements of the diagonal:

∂zg

∂xn
,
∂z0

∂θ0
,
∂z1

∂θ1
, . . . ,

∂znj

∂θnj

,
∂znj+1

∂θnj+1
. . .

∂zn+1

∂yn

are certainly nonzero. In particular, for the last state znj j ∈ {1, . . . m + 1} of
each chain and for the generator zg, the corresponding diagonal element will be
1, while for the remaining states znj−i j ∈ {1, . . . m + 1} i ∈ {1, . . . nj − nj−1 − 1}
it will be proportional to the term 1

cos2(θnj−i−θnj−i+1)
that corresponds to the

derivative of a tangent function. This assures the nonsingularity of the Jacobian
matrix in the domain D.

Also the m + 2 input transformation can be easily shown to be well-defined
in D. We saw in eq. (39) that the generating input v (for M0 = 0) can be
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obtained from v0. With regard to the virtual and real steering inputs, eq. (46)
says that the corresponding input in the chained form uj , j ∈ {1, . . .m}, is a
function of the original inputs up to the j-th:

uj = uj

(
ωj , ωj+1, . . . , ωm, θnj−1

)
.

Therefore also the input transformation is a local diffeomorphism.
According to eq. (43), the input uj−1 can be thought of as state feedback

from the existing state:

uj−1 = g
(
wj−1, θnj−1+1

)
= g

(
θnj−1

)

where now ωj and θj can be considered as obtained from the inverse diffeo-
morphism of the above described state and input transformations in a domain
containing the origin. 2

Unlike the standard n-trailer case, this transformation is not very much
useful in practice: in fact, trying to squeeze down to ‘euclidean’ the system along
the regular parts of the chains results into an ‘explosion’ of the expression of the
nonlinear feedback for the virtual wheels which becomes dependent on partial
derivatives of the whole state. Attaining an explicit expression for the feedback
in the new basis is quite prohibitive also for low-dimensional cases, because it
requires to have an explicit expression for the inverse of the diffeomorphism
(47).

The chained form is known to be the dual canonical form of the so-called
Goursat normal form for higher order contact manifolds, see [BCG+91]. The
fact that kingpin hitches spoils the transformation can be seen also from the
derivative flag (40). The double loss of rank of the derived codistribution in cor-
respondence to each off-axle hooking implies that the basis used in the Goursat
normal form theorem is not adapted to the derivative flag of I because one
has to look for m integrable functions orthogonal to I (other that the usual
π 6= 0 mod I) one for each kingpin hitch. In the same spirit as [TSBS95],
it is possible to add virtual one-forms, corresponding to the virtual steering
wheels, i.e. first order prolongations to the system. The constraint ωj on the
j-th virtual steering wheel has the expression:

ωj = sin θγj dxγj − cos θγj dyγj = 0

where (xγj , yγj ) are the cartesian coordinates of the kingpin hitch point and
θγj is the orientation angle of the virtual wheel. The corresponding dynamic
equations can be easily calculated from the geometry (see Fig. 2) and from
the expression for the virtual feedback calculated in this Section. It can be
seen that, although the virtual constraints ‘regularize’ the derivative flag of the
original system, the augmented system is still not regular. Adding sufficient
many dynamic prolongations (which have the meaning of other virtual trailers
added in front of the virtual steering wheels, see [TSBS95]), it is probably
possible to achieve a derivative flag with towers that decrease regularly (see
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[BTS93a] for details). However, the bottom line is that the new virtual steering
angle, which is now the derivative of some order of the virtual steering angle
γj , is still going to have an expression which is a function of the original state.
In this augmented basis, (not yet transformed into chained form) prolonging
the virtual inputs means ‘prolonging the feedback law’ i.e. adding terms to
the virtual feedback (43) such that its new expression is a function of all the
orientation angles of the real system standing in front of the corresponding
kingpin hitch from which the prolongation originates (and not a simple one....).

10 Conclusion

The kinematic analysis of the so-called n-trailer system is usually limited to the
special case of axle-to-axle hitching between trailers. This is done not only for
sake of simplicity, but also because such a model presents a number of interesting
properties which are (relatively) easy to verify, like nonlinear controllability,
conversion into chained form or differential flatness, all due to the nonholonomic
nature of the system. For the more general configuration considered in this
paper, which includes also more realistic off-axle connections between trailers,
it is shown how to verify or interpret some of these properties normally used in
the standard configuration.
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A feedback control scheme for reversing

a truck and trailer vehicle

C. Altafini, A. Speranzon and B. Wahlberg

Abstract
A control scheme is proposed for stabilization of backward driving along simple
paths for a miniaturized vehicle composed of a truck and a two-axle trailer. The
paths chosen are straight lines and arcs of circles. When reversing, the truck
and trailer under exam can be modeled as an unstable nonlinear system with
state and input saturations. The simplified goal of stabilizing along a trajectory
(instead of a point) allows to consider a system with controllable linearization.
Still, the combination of instability and saturations makes the task impossible
with a single controller. In fact, the system cannot be driven backward from all
initial states because of the jack-knife effects between the parts of the multibody
vehicle, sometimes it is necessary to drive forward to enter in a specific region
of attraction. This leads to the use of hybrid systems models and switching
control. The scheme proposed here consists of a switching controller with a
logic variable (the sign of the longitudinal velocity input) that allows switching
between backward (open loop unstable) motion and forward (open loop stable)
motion, each of them governed by linear feedback designed on the correspond-
ing Jacobian linearization. A suitable choice of the switching surfaces gives to
the desired trajectory the character of global attractor. The scheme has been
implemented and successfully used to reverse the radio-controlled vehicle.
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Keywords: multibody wheeled vehicle, backward driving, jack knife, state
and input saturation, swiching controller, hybrid automata.

1 Introduction

This paper describes a feedback control scheme used to stabilize the backward
motion of the radio-controlled truck and trailer shown in Figure 1. The minia-

Figure 1: The radio-controlled truck and trailer

turized vehicle is a (1:16) scale of a real commercial vehicle and reproduces
in detail the geometry of the full-scale one; it has four axles, actuated front
steering and actuated second axle to govern the longitudinal motion. Like the
real one, it presents saturations on the steering angle and on the two relative
angles between the bodies. It is equipped with potentiometers and differential
encoders so that full state feedback is possible. Our control task is to drive the
system backward along a preassigned straight line, avoiding jack-knive effects
on the angles.

For any wheeled vehicle with more than one axle and front steering, the
direction of motion discriminates between different types of open-loop equilibria
for the corresponding system of differential equations: forward motion is stable
and backward motion unstable. The information on the direction of motion is
contained in the parameter v which describes the longitudinal velocity of the
vehicle, so that the entire vector field changes sign when v changes sign.

There is a moderate literature on backward steering control of wheeled mul-
tiple vehicles reporting on experimental results achieved with different control
techniques and with different kinds of vehicles, mainly expecially built labora-
tory mobile robots, see for example [KO99, LL98, LTY99, NEC00, TTW99].
Numerous papers treat the backing problem with tools spanning from neural
network [NW90], fuzzy control [HRG94, KK92, TTW99], learning, genetic al-
gorithms and expert systems [Che98, HGS97, Koz92, PC95]. Alongside, there
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is a quite vast more theoretical literature on control of kinematic vehicles (car-
like, cars with trailers, n-trailer systems etc) dealing with different kinds of
control problems like point stabilization, trajectory tracking, path following,
motion planning, obstacle avoidance, etc. Surveys are available for example on
the books and book chapters [CSB97, Can98, Lau98]. According to such tech-
niques, our system is a general 3-trailer, general because of the kingpin hitching
between the second axle and the dolly (see the previous paper of this thesis).
The off-axle connection is important here because it indicates that the system
is not differentially flat [RFLM93] neither feedback linearizable, and so simple
motion planning techniques, like those based on algebraic tools [vM98] cannot
be applied. See also [STKS95] for reverse control of a truck with trailer via
feedback linearization in the simpler case of no off-axle hitching. When lin-
earized along a trajectory, the lack of differential flatness is explained in terms
of existence of a zero dynamics with respect to the natural candidate for the
output. For backward motion such zero dynamics is minimum phase while it is
unstable for forward motion.

From a system theory point of view, the control problem is quite challeng-
ing: it is an unstable nonlinear system with state and input constraints. The
“reduced” control goal of stabilization along a line (instead of a point) allows
to consider a system with controllable linearization, so that local asymptotic
stability can be achieved via Jacobian linearization. Still, the combination of
instability and saturations results in so-called jack-knife effects on the two rel-
ative angles between the truck and the dolly and between the dolly and the
semitrailer. This makes the task of backward driving impossible to solve with
a single controller. The scheme we use here is based on the observation that
the system of equations is homogeneous in one of the inputs (the longitudinal
velocity). Homogeneity here means that the sign of the longitudinal velocity
input alone discriminates between forward and backward motion. The former,
unlike reversing, is open loop stable, which implies that we can use it in order
to get close enough to the equilibrium before switching to backward motion.
The scheme is formalized in a switching controller with a logic variable that
allows switching between the two different modes (forward and backward), each
of them governed by a linear state feedback designed via linear quadratic tech-
niques on the Jacobian linearizations. Switching in the logic variable occurs
when the integral curve of the closed loop system hits suitably defined switch-
ing surfaces. There is a certain freedom in the design of the two switching
surfaces, the important condition is that they do not touch each other. The
criterion we follow here is that the reversing mode can be activated only when
the system is entered inside the region of attraction of the local stabilizing con-
troller. Since the nonlinear system is subject to saturations, very little can be
said analytically about the region of convergence of a controller. However, an
ellipsoid playing the role of invariant set for the closed loop saturated system
can be identified by numerical methods. The second switching surface is meant
to “inform” the controller that backward motion is going unstable and that a
reallignement of the relative angles is needed (accomplished by moving forward).
In the nominal system this second switching surface is never in use; however it
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is sometimes usefull in practice in order to reject disturbances and sensor errors.
Furthermore, since the equilibrium occurs along a trajectory instead of a rest
point, the (possibly destabilizing) perturbations affecting the system have to
be considered as nonvanishing. In synthesis, the switching can be seen as an
extra feedback loop around the two different closed loop modes. The switching
surfaces and the switching logic are designed in such a way that the desired
equilibrium inside the backward motion regime is given the character of global
attractor from all the initial conditions in a prespecified domain. This switch-
ing scheme is described in Section 4. Once the local controllers for the different
regimes of motion are available (linear feedback design in presence of saturation
for forward/backward motion along lines/arcs is treated in Section 3), there is
a certain freedom in designing the logic loop. The choice above corresponds to
the most elementary case of hybrid automaton (two states, two trasition rules)
for the logic loop. As an example, in Section 5 we describe another simple
enough scheme based on combinations of three different finite states. Both logic
designs were implemented and successfully used to reverse the real vehicle. A
few experimental tests are described in Section 6.

2 Kinematic equations and linearization

2.1 Kinematic model

Call (x3, y3) the cartesian coordinates of the midpoint of the rearmost axle, θ3 its
absolute orientation angle, β3 and β2 the relative orientation angles respectively
between the rearmost trailer body and the dolly, and between the dolly and
the truck body. L3, L2, M1, L1 are the lenghts of the different parts of the
body as indicated in Figure 2. The inputs are the steering angle α and the
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Figure 2: The kinematic model of the truck and trailer

longitudinal velocity at the second axle v. The differential equations describing
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the kinematics can be found for example in [Alt99]:

ẋ3 = v cosβ3 cos β2

(
1 +

M1

L1
tanβ2 tan α

)
cos θ3 (1)

ẏ3 = v cosβ3 cos β2

(
1 +

M1

L1
tanβ2 tan α

)
sin θ3 (2)

θ̇3 = v
sin β3 cos β2

L3

(
1 +

M1

L1
tan β2 tanα

)
(3)

β̇3 = v cosβ2

(
1
L2

(
tan β2 − M1

L1
tanα

)
(4)

− sin β3

L3

(
1 +

M1

L1
tan β2 tanα

))

β̇2 = v

(
tan α

L1
− sin β2

L2
+

M1

L1L2
cos β2 tan α

)
(5)

Call p = [y3 θ3 β3 β2]
T the configuration state obtained neglecting the lon-

gitudinal component x3.
In a compact way, the state equations are written as:

ṗ = v
(A(p) + B(p, α)

)
(6)

The sign of v decides the direction of motion. v < 0 corresponds to backward
motion.

Notice that, using an input prolongation like α̇ = ω, one can pass to a
control-affine augmented system having steering velocity as input. In order to
maintain the direct correspondance with our experimental platform, we prefer
to avoid that and to keep considering the steering angle as input of the model.

2.1.1 State and input saturations

Both the relative angles β2 and β3 present hard constrains:

|β2| ≤ β2s = 0.6 rad (7)
|β3| ≤ β3s = 1.3 rad (8)

These limitations are due to the front and rear body touching each other and to
the dolly touching the wheels. They are particularly important since for back-
up manoevres the equilibrium point is unstable and jack-knife effects appear
on both angles. The other two states do not present saturations, however, for
practical reasons of limited space when manoeuvering, it is convenient to assume
the following

|y3| ≤ y3s = 75 cm

|θ3| ≤ θ3s =
π

2
rad
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Figure 3: The two relative angles close to saturation.

Summarizing, the domain of definition of p is

D = (−y3s
, y3s

)× (−θ3s
, θ3s

)× (−β3s
, β3s

)× (−β2s
, β2s

) (9)

Also the input has a saturation:

|α| ≤ αs = 0.43 rad (10)

The steering driver tollerates very quick variations, so we do not assume any
slew rate limitation in the steering signal.

2.1.2 Sensor equipment

The entire state is measured via two potenziometers on the relative angles β2

and β3, and a pair of optical encoders on the two wheels of the rearmost axle.
The two encodes provide the information on x3 and θ3 via odometry: the

average of the two values gives the length covered by the axle and their difference
the increment in the θ3 angle.

Calling nr and nl the number of pulses counted by the two encoders on a
fixed interval of time δt, then in the first order approximation we have

δθ3 = λ (nr − nl) /d

where d is the distance between the wheels and λ is a constant depending on
the radius of the wheel ρ and on κ, the number of pulses per wheel revolution
of the encoder: λ = 2πρ/κ. The increment in the x3 and y3 coordinates are

δx3 = λ
(nr + nl)

2
cos (θ3 + δθ3)

δy3 = λ
(nr + nl)

2
sin (θ3 + δθ3)

Well-known drift problems of incremental schemes like the one above are not
crucial for the realtively short maneuvres we are interested in.
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2.2 Jacobian linearization along trajectories

The system (6) is homogeneous in the longitudinal input v. Fixing v as a given
nonnull function means having a drift component, which gives a nonvanishing
term to the differential equations of the system. The steering angle α can be used
to give asymptotic stability to the system along a trajectory. The trajectories
which admit a constant equilibrium point in this way are those corresponding
to straight lines or arcs of circles. The first type of equilibrium involves 4 of the
5 states of (1)-(5), for example the vector p, while for the circular trajectories
only the relative posture p̄ = [β3, β2]

T has a constant equilibrium point in the
system (6) (or a different basis, like that corresponding to a Frenet frame must
be chosen, see [Can98, Sam95] for details). Since the system (6) is not control-
affine, we have to use extended linearization around an equilibrium point of
both state and input.

ṗ = v

((
∂A(p)

∂p

∣∣∣∣
(pe)

+
∂B(p, α)

∂p

∣∣∣∣
(pe, αe)

)
(p− pe) +

∂B(p, α)
∂α

∣∣∣∣
(pe, αe)

(α− αe)

)

= v
(
A(p− pe) + B(α− αe)

)

2.2.1 Straight line linearization

The equilibrium point of p is the origin pe = 0 and it corresponds to a nominal
value of the steering input αe = 0. The linearized system is

ṗ = v (Ap + Bα) (11)

where

A =
∂A(p)

∂p

∣∣∣∣
(0)

=




0 1 0 0
0 0 1

L3
0

0 0 − 1
L3

1
L2

0 0 0 − 1
L2


 , B =

∂B(p, α)
∂p

∣∣∣∣
(0, 0)

=




0
0

− M1
L1L2

L2+M1
L1L2




(12)

2.2.2 Linearization along a circular trajectory

Consider the subsystem of (6) relative to p̄:

˙̄p = v
(Ā(p̄) + B̄(p̄, α)

)
(13)

Proposition 2.1 The equilibrium point of (13) corresponding to a steering an-
gle αe is given by

β2e = arctan
(

M1

r1

)
+ arctan

(
L2

r2

)
(14)

β3e = arctan
(

r3

L3

)
(15)
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where r1 = L1
tan αe

, r2 =
√

r2
1 + M2

1 − L2
2 and r3 =

√
r2
2 − L2

3 are the radii of the
circlular trajectories followed by the midpoints P1, P2 and P3 of the axles.

Proof: At steady state, with nominal steering angle αe, all the axles follow
concentric circular trajectories. Look at Figure 4. All the calculations are

r

r

β
β

2

3

α

0

3

α
β

3

r1
r2

β2e

e

e

e

e

e

Figure 4: Equilibrium point along an arc of circle.

straightforward from trigonometry, starting from a fixed αe. 2

The linearization of (13) around p̄e = [β3e β2e ]
T and αe is now given by

˙̄p = v
(
Ā(p̄− p̄e) + B̄(α− αe)

)
(16)

where

Ā =




cos β2e cos β3e

L3

cos β2e

L2
+ sin β2e sin β3e

L3
+ M1

L1

(
sin β2e

L2
− cos β2e sin β3e

L3

)
tan αe

0 − cos β2e

L2

(
1 + M1

L1
tanβ2e tan αe

)



and

B̄ =


−

M1
L1

(
cos β2e

L2
+ sin β2e sin β3e

L3

) (
1 + tan2 αe

)

1
L1

(
1 + M1

L2
cosβ2e

) (
1 + tan2 αe

)



2.3 Input-output relation, differential flatness and zero
dynamics

A standard kinematic chain of trailers (i.e. in which there is no kingpin hitching)
is known to be differentially flat, i.e. it is possible to find a pair of outpus, called
flat outputs, such that the entire state as weel as the inputs can be univocally
expressed in terms of the flat outputs and of algebraic combinations of their
derivatives. This is not anymore true when some of the trailers are hooked off
the axle like in our case (M1 6= 0), see [RFLM93].
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The linearization along a trajectory provides a physical explanation of what
is the difference between the two situations. The flat outputs of the standard
n-trailer case correspond to the coordinates of the midpoint of the last axle; in
our case it would be (x3, y3) of Figure 2. Consider the Jacobian linearization
(12). One of the two coordinates is left free to vary (x3) and we consider the
other as output of the system. Calling C =

[
1 0 0 0

]
the output matrix,

the transfer function of (12) from α to y3 is

C (sI − vA)−1
vB = v3

M1

(
v

M1
− s

)

L1L2L3s2
(
s + v

L2

)(
s + v

L3

) (17)

So the effect of the kingpin hitching is to introduce a zero dynamics in the
system. In fact, when M1 = 0, the zero disappear and the system can be
transformed into a chain of integrators by a suitable prefeedback (i.e. the
original system can be transformed into chained form by feedback equivalence
[Sør93, TMS95]).

3 Local controllers for backward and forward
motion

In this Section, we describe the local controllers to be used in the different
regimes of motion: drive forward or backward and linearize along a straight line
or an arc of circle.

3.1 Reversing along a straight line for the Jacobian lin-
earization

Assume v is a given negative constant.

3.1.1 The linear quadratic controller

Consider the straight line backing case. The linearization (11) is open-loop
unstable: the characteristic polynomial of the uncontrolled system is

det (sI − vA) = s2

(
s +

v

L2

)(
s +

v

L3

)
(18)

Since (11) is controllable, the origin of the nonlinear system (6) can be made
an asymptotically stable equilibrium by linear state feedback. Treating it as a
linear quadratic optimization problem, the cost functional to minimize is

JB =
∫ ∞

0

(
pT QBp + α2

)
dt QB = QT

B > 0 (19)

The heuristic we have adopted in the selection of the matrix QB is to have
weights of 2 orders of magnitude higher in the relative angles then in the θ3
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because of the saturations. The weight on the y3 state is lower of one further
order of magnitude with respect to θ3, so that the transient induced by an error
on y3 is longer and its excursion limited.

Intuitively one could say that this way of assigning weights reflects the rule
of thumb of trying to have decreasing closed-loop bandwidths when moving
from the inner loop to the outer one in a nested loopshaping design. In fact,
the relative displacement y3 comes after a cascade of two integrators from the
relative angles as can be seen on the linearization (12) or on the transfer function
(17). It turns out that such a heuristic reasoning is very important in the
practical implementation in order to avoid saturations.

Calling KB the gain proposed by the solution of the LQ problem

KB = BPB (20)

where PB is the solution of the Lyapunov equation:

PB (A−BKB) + (A−BKB)T
PB −QB = 0

the closed loop linear system

ṗ = v (A−BKB)p (21)

has two real and two complex conjugated eigenvalues; all three real components
are distinct. This is enough to say that the unconstrained linear closed-loop
system (21) forms a contraction map for positive times:

max
t≥0

‖e(A−BKB)t‖ = 1 (22)

where ‖ · ‖ is the operator norm. In other words, the ellippsoids of initial con-
ditions containing the origin are positively invariant sets [Bla99] for the closed
loop linear system. Such ellipsoids are level surfaces of the quadratic Lyapunov
function VB = pT PBp.

3.1.2 Qualitative analysis of the basin of attraction

It is in general difficult to draw conclusions on the invariance properties of the
flow of a nonlinear system. If in addition one takes into account the state
and input constraints (7)-(10), then an analytic description becomes almost
impossible. Therefore, in order to obtain estimates of the region of attraction
of the linear controller

α = −KBp KB = [kB1 . . . kB4 ] (23)

and of the contractivity of the resulting integral curves, we rely on the numeri-
cal simulation of the closed-loop behavior of the original nonlinear system (6),
paired with the linear controller (23)

ṗ = FB(p) = v
(A(p) + B(p, −KBp)

)
(24)
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In order to obtain a graphical representation of the results, in the following we
neglect the y3 component of the state space, which is by far the less critical one
with the LQ controller in use. This is only meant to simplify the presentation
of the qualitative analysis proposed below. The only precaution is to consider
initial conditions in y3 that are not too far from the straight line to track (for
example the limitation we have introduced above y3(0) ≤ y3s). This limitation
does not influence the analysis on the other 3 state variables since y3 is not
entering into the differential equations (3)-(5).

The cloud of initial conditions that represents the region of attraction closely
resembles an ellipsoid in p̂ = [θ3 β3 β2]T space. The fitting of an ellipsoid Ê
strictly contained in the set of succesfull initial conditions can be done by direct
investigation, see Figure 5. The principal axes q̂ = [q1 q2 q3]T of the ellipsoid
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Figure 5: The succesful initial condition and the fitted ellipsoid Ê .

are related to p̂ by an orthogonal transformation:

p̂ = R̂E q̂ R̂E ∈ SO(3)

Calling ε1, ε2 and ε3 the semiaxes of Ê , the ellipsoid is given by the algebraic
equation

Ê =
{

q2
1

ε2
1

+
q2
2

ε2
2

+
q2
3

ε2
3

= 1
}

(25)

Ê gives a level set of the quadratic form having eigenvalues νi = 1
εi

, i = 1, 2, 3:

V̂E = q̂T diag (ν1 ν2 ν3) q̂ = p̂T P̂E p̂ (26)
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where P̂E = R̂Ediag (ν1 ν2 ν3) R̂T
E is a symmetric positive definite matrix.

Taking into account also the y3 component of the initial conditions, the
ellipsoid E ∈ R4 is given by

E =
{

q2
1

ε2
1

+
q2
2

ε2
2

+
q2
3

ε2
3

+
q2
4

ε2
4

= 1
}

(27)

with ε4 À εi, i = 1, 2, 3. In D the difference with respect to Figure 5 can
hardly be appreciated. Similarly to V̂E , define

VE
4
= pT PEp = pT REdiag (ν1 ν2 ν3 ν4)RT

E p (28)
νi = 1

εi
, i = 1, . . . , 4

where RE is an orthogonal matrix in R4.
Adding to the ellipsoid the constraint representing the input saturation, from

(10) and the linear feedback (23) (neglecting again the y3 component) we have
that the input constraint is satisfied in the part of R3 contained between the
two parallel planes:

∂Σ̂ =
{
−K̂Bp̂ = ±αs

}
=

{
θ3 =

±αs − kB3β3 − kB4β2

kB2

}
(29)

Call Σ̂ =
{
p̂ ∈ R3 | − αs ≤ −K̂Bp̂ ≤ αs

}
and, in the same spirit as above, use

∂Σ and Σ ⊂ R4 when also the y3 component is considered.
Plotting some of the integral curves corresponding to initial conditions inside

Ê , the entire trajectory of the positive time evolution seems contained inside the
ellipsoid, see Figure 6. This allows to draw the qualitative conclusion that also
for the closed-loop nonlinear system Ê is a positively invariant set. A similar
conclusion seems to hold also for the contractivity property. Notice (Figure 7)
that the shape of Ê is quite different from the level surfaces of the quadratic
function V̂B and, in fact, VE is not a Lyapunov function for the linearized system
as PE (A−BKB) + (A−BKB)T

PE is not negative (semi)definite.
For the constrained system, it would be easy to draw an analytic conclusion

about stability if we could find a stabilizing controller such that VE is a Lya-
punov function for the unconstrained closed-loop. The simplest way would be to
solve the corresponding inverse linear optimal control problem [Kal64, AM89].
However this is not the case:

Proposition 3.1 For the backward linearized system (11), the inverse linear
optimal control problem does not have a solution corresponding to the quadratic
function VE of (28).

Proof: From linear quadratic theory for time-invariant systems, the linear
quadratic optimal controller corresponding to a closed-loop system quadratic
function like VE is expressed as α = −BT PE . But such a controller is not a
stabilizer for the pair v(A, B). 2
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Figure 6: Some trajectories of the closed loop system starting inside Ê and lying
in the section θ3 = 0 of Figure 5.

In E ∩Σ contractivity of the closed-loop trajectories is a consequence of (22)
while in (E ∩ Σ)⊥ we have qualitatively deducted it from the analysis of the
numerical data.

In summary in the rest of the paper we make the following assumptions,
obtained by the qualitative analysis of the closed loop system:

A1 E is a positively invariant set for the backward motion the closed-loop
nonlinear system (24) with the saturations (7)-(8) and (10)

p(0) ∈ E ⇒ p(t) ∈ E ∀ t ≥ 0

A2 In E the integral curves of the closed-loop nonlinear system (24) with the
saturations (7)-(8) and (10) form a contraction map:

‖p(t)‖2 < ‖p(0)‖2 ∀ t ≥ 0

From the previous construction, one can easily obtain a piecewise quadratic
function by patching together the level surfaces of VE with those of VB :

{
VB(p) for p ∈ E ∩ Σ
VE(p) for p ∈ (E ∩ Σ)⊥

(30)

While we acknowledge that there are plenty of academic examples showing that
the combination of quadratically stable systems is not stable [Bra98, LM99],
we will not address this complication here due to the “rigorously” non-analytic
method used in obtained the region of attraction. The problem is notoriously



190 Paper G: A feedback control scheme for reversing a truck and trailer

−10
0

10

−20

0

20−60

−40

−20

0

20

40

60

beta3

beta2

th
et

a3

Figure 7: The ellipsoid Ê (white) and a level set of V̂B (gray).

due to the different shape of the level surfaces of VE and VB which cannot be
avoided as we saw in Proposition 3.1.

From Figure 8, it is worth noticing that the planes ∂Σ̂ intersect Ê in a
consistent way, which gives us an idea of how conservative a control design
aiming at completely avoiding the input saturation would be [DeD00].

Call Eρ = {VB(p) = ρ} and Êρ =
{

V̂B(p) = ρ
}

, 0 < ρ ≤ 1, the level surfaces

of VE and V̂E . Then Eρ ∩ Σ 6= 0 (and Êρ ∩ Σ̂ 6= 0) for approximately 1
2 ≤ ρ ≤ 1.

3.2 Stabilization for forward motion

When v > 0, in (18) the two unstable poles move on the open left half of
the complex plane. Considering the subsystem p̂ means neglecting one of the
two poles in the origin. The origin of p̂ is asymptotically stabilizable by linear
feedback and this time convergence for the nonlinear system in

(−π
2 , π

2

) ×
(−1.3, 1.3)× (−0.6, 0.6) is a less critical problem. The reason for neglecting y3

when moving forward is again the same: the closed loop mode relative to y3 has
a natural time constant higher of several orders of magnitude when compared
to the other states.

Assume for example v = 1. Extracting from (12) the three dimensional
system (Â, B̂), linearization around the origin of (3)-(5), it is possible to choose
a gain K̂F such that the closed loop system ˙̂p = v(Â−B̂K̂F )p̂ is asymptotically
stable and has three distinct real modes. The practical rule here for the selection
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Figure 8: The same ellipsoids of Fig. 7 from a different viewpoint plus the input
saturation planes (29) (the viewpoint is parallel to the planes).

of the eigenvalues is to try to have all 3 closed-loop poles of the same order of
magnitude. The unavoidable input saturation will not destroy stability anyway.
The chosen weight matrix Q̂F = Q̂T

F > 0 gives an optimal LQ gain

K̂F = B̂P̂F (31)

where P̂F is the solution of the algebraic Riccati equation:

−ÂP̂F − P̂F Â + P̂F B̂B̂T P̂F − Q̂F = 0

and a Lyapunov function V̂F for the closed loop system Â− B̂B̂T P̂F is given by
the quadratic form

V̂F = p̂T P̂F p̂ (32)

whose level sets are also ellipsoid centered at the origin of R3. Notice that, like
in Proposition 3.1, VE cannot be a Lyapunov function not even for the forward
closed-loop system as a controller like K̂F = B̂P̂E in place of (31) does not
stabilize the system.

A forward feedback on y3 is of no practical interest because of the long time
constant of the y3 mode. Assuming no control on y3, the variation in y3 due to
the forward closed-loop is hard to compute explicitely, but a worst case analysis
can give an upper bound on it.
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Proposition 3.2 Assume the task of the forward controller (31) is to steer the
system (Â, B̂) inside the ellipsoid Eρ. The variation on y3 starting from any
admissible initial condition p0 = [y30 θ30 β30 β20 ]

T is bounded by

|∆y3| ≤
µ

∣∣cos θ3ρ − cos θ30

∣∣
∣∣∣θ30λmin(Â− B̂K̂F )

∣∣∣
(33)

with µ =
∣∣∣1 + M1

L1
tan β2s

tanαs

∣∣∣ and θ3ρ
=
√

ρε̂max.

Proof: From (2), if µ =
∣∣∣1 + M1

L1
tan β2s

tanαs

∣∣∣ then

|ẏ3| ≤ µ |sin θ3(t)| (34)

We need a bound on the value of θ3(t) and to quantify the settling time ts of
the θ3 mode from θ30 to its entering into the ellipsoid Eρ. Since for the forward
motion stability is not a problem not even in presence of saturations, deriving
a bound on the settling time of θ3 we consider only the linearized system. The
stable closed loop system ˙̂p = (Â− B̂K̂F )p̂ has three distinct real modes. Its
integral curves

p̂(t) = e(Â−B̂K̂F )tp̂0

can be bounded as follows:

‖e−|λmax(Â−B̂K̂F )|I3tp̂0‖2 ≤ ‖p̂(t)‖2 ≤ ‖e−|λmin(Â−B̂K̂F )|I3tp̂0‖2
with I3 the 3-dimensional identity matrix. Since there are no multiple closed
loop eigenvalues, also the θ3 mode alone is bounded by the slowest mode of the
closed loop

|θ3(t)| ≤
∣∣∣e−|λmin(Â−B̂K̂F )|tθ30

∣∣∣

In order to compute ts, a value of θ3(t) which is certainly inside the ellipsoid Êρ :{
p̂T P̂E p̂ = ρ

}
is needed. The circle λmin(P̂E)‖p̂‖22 = mini=1, 2, 3(νi)‖p̂‖22 = ρ

(do not count ν4) is contained inside Êρ, therefore calling ν̂min = mini=1, 2, 3(νi) =
1

maxi=1, 2, 3(εi)
= 1

ε̂max
, for the θ3 variable alone

θ3ρ =
√

ρ

ν̂min
=

√
ρε̂max

does the job. The desired bound on the settling time is then

ts =

∣∣∣∣ln
θ3ρ

|θ30 |
∣∣∣∣

∣∣∣λmin

(
Â− B̂K̂F

)∣∣∣
(35)
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Integrating (34) from 0 to ts:

|y3(t)− y30 | ≤ µ

∫ t

0

∣∣∣sin
(
e−|λmin(Â−B̂K̂F )|τθ30

)∣∣∣ dτ

i.e.

|∆y3| ≤
µ

∣∣∣cos
(
e−|λmin(Â−B̂K̂F )|τθ30

)
− cos θ30

∣∣∣
∣∣∣θ30λmin(Â− B̂K̂F )

∣∣∣

≤ µ
∣∣cos θ3ρ

− cos θ30

∣∣
∣∣∣θ30λmin(Â− B̂K̂F )

∣∣∣
2

Since ts is inversely proportional to the smallest eigenvalue of the closed
loop, the more the slowest mode (i.e. θ3) is “speeded up” by K̂F the sooner p̂
enters inside Eρ. Obviously, moving eigenvalues deeper in the left half of the
complex plane implies more problems with the input saturation.

The bound (33) can be used to characterize the region of attraction in D
for an ellipsoid like Êρ as attractor set for the forward motion case. Neglecting
the input saturation, it basically coincides with D except for a cut in the y3

direction.

Corollary 3.1 In D, the region of attraction to an ellipsoid Êρ of the controller
(31) is given by

Dρ = (−y3s + ∆y3s , y3s −∆y3s)× (−θ3s , θ3s)× (−β3s , β3s)× (−β2s , β2s)
(36)

where

∆y3s = ∆y3s(ρ) =

∣∣∣1 + M1
L1

tanβ2s tan αs

∣∣∣
∣∣cos θ3ρ − cos θ3s

∣∣
∣∣∣θ3s λmin(Â− B̂K̂F )

∣∣∣

Such a restriction is not really drastic; in numbers, with our choice of K̂F , it
amounts to about 30 cm. Furthermore, one can add that ∆y3s is a worst case
bound and that the choice of y3s = 75 cm is purely arbitrary.

3.3 Reversing along an arc of circle (alignement control)

If instead of p or p̂ only the backward stabilization of the relative angles
p̄ = [β3 β2] is required, then a linearization like (16) can be used and the desired
equilibrium point p̄e can be indifferently the origin or a pair of constant angles
like in (14)-(15). In this case, the truck and trailer will be stabilized along a
circular trajectory as computed in Proposition 2.1. We can consider the circu-
lar trajectories corresponding to e.g. |αe| ≤ αes = 4

5αs (see Proposition 2.1 for
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the corresponding radii), for which the equilibrium point is compatible with the
system constraints and a certain margin is left around it before reaching the
steering actuator saturation. The controller

u = −K̄Bp̄ (37)

can be computed like in Section 3.1 by another LQ problem. The functional to
minimize is

J̄B =
∫ ∞

0

(
(p̄− p̄e)T Q̄B(p̄− p̄e) + (α− αe)2

)
dt

The region of attraction of the equilibrium is an ellips in the p̄ plane, for each
value of αe in |αe| ≤ αes .

3.4 A note on the zero dynamics of the straight line lin-
earization

We saw in Sections 3.1 and 3.2 that the poles of the open loop transfer function
(17) are respectively on the (closed) right half and on the (closed) left half of
the complex plane. The zero of (17), instead, is minimum phase for reverse
motion and nonminimum phase for forward motion. As an aside, one can give
an intuitive explanation of this phenomenon by looking at what the system
inversion would correspond with the chosen output y3. For forward motion it
would correspond to “pushing” the multibody vehicle from behind: in this case
the off axle connection acts as an extra complication to the motion transmission
from y3 to α since jack knife can occur around it. Therefore we conclude that the
zero is unstable. On the other hand, backward motion from the point of view of
system inversion from y3 corresponds to pulling the whole chain, and the kingpin
hitching in this case does not deteriorate the situation. A more formal discussion
can be carried out introducing some of the concepts concerning general n-trailer
configurations, see [Alt99] for details.

4 Switching controller

The region of attraction of the backward controller is only a subset E of the
entire domain D. Starting from outside E , it is necessary to first drive forward,
for example with a controller like (31), until the system enters inside E and
only then switch to backward motion. When inside E one would like to have
at least a totally stable system [Han67], i.e. a feedback scheme which is robust
enough to cope with the disturbances, uncertainties and sensor measurement
errors that affect the radio-controlled vehicle. In fact, due to the unstable open-
loop equilibrium point, the main manifestation of a destabilizing perturbation
is a jack-knife effect on the relative angles. Just like on a full-scale truck and
trailer vehicle, the only way to recover from such a situation is to move forward
and try again. So, in order to guarantee stability of the backward motion in D
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and not only inside the ellipsoid E for the nominal model and in order to cope
with the perturbations, one single controller is not enough.

As we saw above, the moving forward case is governed by a different con-
troller from the backward movements. The discriminating variable (or switch-
ing variable) is the longitudinal velocity v. For example we can assume that
v ∈ {−1, +1} , I. The backward regime is selected by v = −1 and the forward
one by v = +1.

The choice of v as switching variable admits also the following physical
interpretation. From (6), the entire system of differential equations is linear
in v. Introducing an arclength parameterization s ∈ R in terms of the midpoint
of the axle P1 (where v is applied), from v = ds

dt we can choose s as new
independent variable eliminating time from (6):

dp
ds

=
v

|v|A(p) + B(p, α) (38)

Changing sign of v means reversing direction of integration in (38). Such a
property of “reversing time” (i.e. the independent variable s of the reduced sys-
tem (38)) is due to the homogeneity of (6) in v and facilitates the treatement of
the feedback problem. The asymptotic stability requirement of (6) in backward
motion traduces into asymptotic stability of (38) and s → −∞.

Since the longitudinal input v is a control input, if we assume that v ∈ I
then v becomes a controlled logic variable. Moreover, if the selection of the
logic value of v is made according to a partition of the state space, the overall
system with multiple controllers becomes a feedback controlled system. This is
feasible in our case, since we have on-line full state information available. The
total feedback scheme, including the logic part, is depicted in Figure 9.

( (p) - (p,KA B ))F(p)F
F

p. ==
Forward closed loop

( (p) - (p,KA B B))(p)FBp
.

-==
Backward closed loop

automaton
Hybrid 

v

Figure 9: The full feedback scheme.

4.1 Selection of the two switching surfaces

Two are the switching surfaces that delimit the partition of the state space, and
their crossing in a prescribed direction by the flow of the system induces a sign
change in v. This, in its turn, causes the inversion of the direction of motion
and induces the activation of the corresponding linear state feedback controller.
These switching surfaces, call them S−+ and S+−, have to be chosen such that
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they give to the point p = 0 of the backward motion the character of global
attractor (in D).

Since in both regimes the origin is the closed-loop local asymptotically stable
equilibrium point, we choose both S−+ and S+− as closed hypersurfaces in R4

containing the origin in their interior.

4.1.1 The switching surface from forward to backward motion: S+−

From Section 3.1, S+− has to be contained inside E . The simplest choice is
to consider S+− = Eρ for some ρ such that 1

2 < ρ < 1. The trade-off is the
following:

• if S+− is large (ρ → 1), the system will be sensitive to disturbances and
more easily destabilized by perturbations (meaning more switches can
occur);

• if S+− is small (ρ → 1
2 ), the forward regime will be very long, which is

often unaccepteble for practical implementations.

Ellipsoids smaller that E 1
2

are also not recommandable for other reasons, like the
possibility of being completely “jumped over” in case of relevant sensor error.

4.1.2 The switching surface from backward to forward motion: S−+

Such a switching surface has to “tell” the system that backing is not going well
and the trailers need to be realigned. The choice is quite flexible, the only
constraint is that S+−, S−+ and the sides of D must not intersect. For the two
choices of S−+ proposed below this can be formulated in terms of the following
inequalities:

λmax (S+−) > min
i=1,... ,4

{max {pi ∈ S−+}}

and

max
i=1,... ,4

{max {pi ∈ S−+}} < di

where pi is one of y3, θ3, β3 or β2 and di the corresponding one in y3s −∆y3s ,
θ3s , β3s or β2s .

In particular the set distance between S+− and S−+ gives the hysteresis
between the two regimes. If this distance is positive, problems like chattering
will be avoided. One simple choice for S−+ is for example to use a cube in R4

which is a rescaling of D by a factor less than 1:

S−+ = ϕD where max
i=1,... ,4

{
max {pi ∈ S−+}

di

}
< ϕ < 1

Alternatively one can rescale in large the ellipsoid E :

S−+ = Eϕ where 1 < ϕ < min
i=1,... ,4

{
di

max {pi ∈ S−+}
}
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Figure 10: The switching surfaces (in R3).

4.2 Control logic for v

D is divided into three nonintersecting regions:

• C− = region inside S+− where v = −1;

• C = region between S−+ and S+− where v can be either +1 or −1;

• C+ = region outside S−+ (C+ = D ∩ (C ∪ C−)⊥) where v = +1.

Changes on v occur only at crossing with the rules of Table 1: The switching

Table 1: Switching rules for v

change in v switching surface crossing direction
+1 → −1 S+− C → C−
−1 → +1 S−+ C → C+

logic can also be described by a so-called hybrid automaton, i.e. a finite state
machine with nodes representing the different regimes and arcs connecting them
representing the possible transitions. The expressions associated with the arcs
are the guards i.e. the logic conditions enabling the transitions to occur. The
scheme is shown in Figure 11.

4.3 Convergence for the nominal and perturbed system

For the nominal system we can assert the following:
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Figure 11: The hybrid automaton associated with the control logic of Table 1.

Theorem 4.1 Under the assumptions A1 and A2, the system (6) with the two
controllers (20) and (31), respectively for the cases v = −1 and v = +1, and
with the feedback rule of Table 1 for v ∈ I, asymptotically coverges to the origin
in backward motion from any inital condition in Dρ.

Proof: From the analysis of Section 3 and looking at the switching rules of
Table 1, the following order relation is the only possible one for the system:

C+ → C → C−
v = +1 v = +1 v = −1

In fact, from any p0 ∈ Dρ, the controller (31) steers the system inside S+− and
S+− is a positively invariant set for the controller (20). In the two regions C+

and C the controller (31) stabilizes only p̂. Once S+− is fixed so is Dρ, and in
Dρ the corresponding excursion on y3 cannot exit D by Corollary 3.1. 2

So for the nominal system the switching surface S−+ is never in use. Further-
more, once the system enters in S+−, v becomes −1 and the arclength variable s
of (38) converges to −∞ as required. In this case at most one switching occurs.

Due to the unstable equilibrium point, the effect of perturbations is critical
in C−. Since the whole stabilization developed here occurs along a trajectory,
we cannot expect the perturbations affecting the system to be vanishing at the
equilibrium point of (24). For example, the two potentiometers for the measure
of the relative angles β2 and β3 introduce an error of ±4◦ also at steady state.
Similarly, all the disturbances affecting the real system can be considered non-
vanishing. When a perturbation is large enough to pull the state out of E the
system diverges. Trying to quantify the amplitude of the destabilizing pertu-
bations and, consequently, trying to inferr total stability for a class of bounded
perturbations is very hard in our situation because of the input saturation in-
volved. The destabilized system keeps driving backwards until it hits the S−+

surface. After that, it inverts the direction of motion and try again to converge
inside S+− with the forward controller. In this part, stability is not undermined
by the pertubations because the system is open-loop stable, but perhaps the
convergence rate (and therefore the settling time ts and ∆y3) can be.

As said above, if the S−+ and S+− do not touch each other, degenerate
switching phenomena (normally referred to as Zeno chattering) do not occur.
Furthermore, also the different pole placement philosophy adopted in the two
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controllers (20) and (31) (in one the critical mode, the θ3 mode, is slow, in the
other it is instead faster) is meant to avoid a chattering type of behavior (like
keep moving the system back and forth between the same points on S−+ and
S+−) which can happen if the two closed-loops resemble each other.

5 Another switching scheme

At the switching C S+−−→ C−, if |θ3| is large, instead of the controller (31) one can
think of using a different strategy, based on realligning only the β2 and β3 angles
leaving θ3 free, and then recover θ3 if needed by reversing along an arc of circle
with (37). Neglecting θ3 in the forward motion means reducing considerably its
duration, as the θ3 mode is the slowest of the three. This strategy is particularly
useful if also y3 is out of the equilibrium point and θ3 and y3 have the same sign,
as it allows to greatly increase the convergence rate while it is more complicated
to implement in the mixed sign case. A typical situation is shown in Figure 12.

y

θ
3

3

Figure 12: Jack knife with θ3 and y3 of the same sign.

The goal of the arc is to bring P3 back near the straight line to track. After
a suitable lentgh has been covered along such an arc, the system has to resume
the reversing along straight line mode used in the previous Section. So here the
modes in use are three:

1. forward control of β2 and β3;

2. reverse along arc of circle;

3. reverse along straight line.

5.1 Calculation of the arc of circle

Assume v = −1, θ3 > 0 and y3 > 0 (Figure 13). Call p̃ the state on the
switching surface S̄+− and x̃3 the corresponding coordinate on the reference
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Figure 13: Calculation of the arc of circle for reverse motion.

line. Whenever (θ3 · y3) > 0 there exists a unique arc of circle tangent to both
the line through P3 of orientation θ̃3 and to the straight line y3 = 0. From
Figure 13, the radius of such an arc is r̃3 = ỹ3

sin θ̃3 tan
θ̃3
2

. The center of rotation

of the arc in the (x3, y3) plane is at
(

x̃3 − ỹ3(1+cos θ̃3)
sin θ̃3

, ỹ3

sin θ̃3 tan
θ̃3
2

)
and the

length of the arc from P3 to the axis y3 = 0 is r̃3 · θ̃3. The equilibrium point p̄ec

corresponding to exact reversing on the desired arc is obtained from the same
calculations done in Proposition 2.1 with r3 = r̃3. If the system is exactly on
p̄ec and backs with velocity v = −1 the point P3 will meet the reference straight
line y3 = 0 after r̃3 · θ̃3 seconds. Since there will normally be a transient, such
a value will only give an indication of P3 closed enough to the straight line. In
the following we take r̃3 · θ̃3 as duration of the reversing along arc of circle mode
i.e. as time between the switch v : +1 → −1 and the switch from reversing
along arc of circle to reversing along straight line.

5.2 Control logic

Unlike in Section 4, the value of v ∈ I alone is not enough to characterize the
logic part of the composite controller for this switching scheme. The S−+ switch-
ing surface remains in use while for the switching v : +1 → −1 we consider
only the β2, β3 angles:

S̄+− =
{

β2
2

ε̄2
1

+
β2

2

ε̄2
1

= 1
}

(39)

with ε̄1 and ε̄2 of the same order of magnitude. The forward controller then is
a reduced version of (31) with only two nonnull gains:

K̄F = [k̄F1 k̄F2 ] (40)
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The reduced system (13) with v = +1, p̄e = [0 0]T and the controller (40) is
asymptotically stable and the duration of the forward motion between S−+ and
S̄+− is normally quite short compared to that of Section 4. When the flow of
the system hits S̄+−, call t̃ the current time and p̃ the current state. In the
backward regime v = −1, two are the possible alternatives:

• reverse along arc of circle

• reverse along straight line.

The first choice implies both the modes are used in sequence as the stabilization
to the circular trajectory lasts only r̃3 · |θ̃3| seconds. This “timed” condition
cannot be described by v alone. It could be obtained from the state vector of
the system but this would complicate the switching logic futher, increasing the
risk of undesired switching. We rather treat it as an “open loop” switching,
governed only by the clock of the system.

A brief description of the algorithm, without a detailed analysis of the con-
vergence of the overall scheme, is presented in Table 2.

Table 2: Pseudocode for the switching scheme # 2

if (θ3 · y3) > 0
if p /∈ C−

calculate r̃3 and p̄ec , αec

while t ≤ t̃ + r̃3 · |θ̃3|
revers along arc of cicle with (16) and (37)

reverse along straight line with (20)
else reverse along straight line with (20)

else if p ∈ C−
reverse along straight line with (20)
else move forward with the controller (31)

6 Practical implementation and experimental re-
sults

The controller for the truck and trailer shown in Figure 1 was implemented
using a commercial version of PC/104 with an AMD586 processor and with an
acquisition board for the sensor readings. The signals from the potentiometers
for the relative angles β2 and β3 were measured via the AD Converter provided
with the acquisition board while for the two encoders (characterized by κ = 500
pulses per revolution for a radius of 11 mm) we used a Digital Input/Output
Port. These inputs were read by a Interrupt Service Routine called at a fre-
quency of 2kHz. This frequency and the 500 pulse shaft ensured a maximum
speed of about 0.2 m/s which was sufficient for this application.
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Figure 14: The hybrid automaton associated with the control logic of Table 2.
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Figure 15: Implementation of the feedback scheme.

The error on the relative angles is about 3-4 degrees, due to a very high
resistance of the potentiometers with respect the voltage applied (5V). To reduce
it the values of the angles were averaged over 5 measures. The error on the angle
of the trailer, due to the encoders, is given by the resolution of the encoder itself
and it is less than 0.7 degrees while the error on the linear distance (along x3

and y3) is about 0.4 mm. Obviously these are incremental errors. The controller
was written in C and used at a frequency of about 10Hz since the velocity of
the system was very low.

Figg. 16-18 present the result of a simple real manouvre. The switching
scheme used is the two-state automaton described in Section 4. The states
and input are plotted versus the distance travelled. The manouvre is shown in
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Fig. 19 using the experimental data. The vehicle starts with saturated relative
angles and first drives forward in order to realigne itself, then reverse along the
reference line. The transient in y3 is very long and only a part of it is shown.
Notice that, since the θ3 mode is slower than those of the relative angles, most
of the forward motion is needed to get θ3 inside the ellipsoid S+−. As explained
in Section 3.2 the growth of the y3 variable in the forward part does not enter
into the switching surface. Finally, in Figure 18 it is instructive to compare the
activity of the feedback input when the open loop system is stable (upper plot)
and when it is unstable (lower plot).
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Figure 16: Experiment # 1: y3 displacement and θ3 angle.
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Figure 17: Experiment # 1: relative angles β3 and β2.

The second experiment (Figg. 20-23) shows part of the switching scheme
described in Section 5. Starting from a jack-knife position, the vehicle moves
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Figure 18: Experiment # 1: steering input α (forward and backward are plotted
separately to avoid confusion as they consistently overlay).
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Figure 19: Experiment # 1: schetch of the motion of the vehicle for the data of
Figg. 16-18. The dotted line represents the path followed by the (x3, y3) point.

forward, realignes the relative angles and then reverses along an arc of circle
until hitting the desired reference line. At this point the third state (reversing
along the straight line) takes over (not shown in the experiment). Notice how
the forward part of the motion is shorter than in the first experiment as only
the two relative angles are considered in the realignement.
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Figure 20: Experiment # 2: y3 displacement and θ3 angle.
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Figure 21: Experiment # 2: relative angles β3 and β2.
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