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Abstract

The world-wide development of new high-speed rail lines has led to more
stringent design requirements for railway bridges. This is mainly due to the
fact that a train at high speeds can cause resonance in the bridge super-
structure. In order to avoid problems of this kind, it has become essential
to perform dynamic simulations, which are usually carried out in a time con-
suming finite element program. The main reason for not using an analytical
solution is that this type of solution only exists for simple bridges, e.g., simply
supported bridges.

The aim of this thesis, is therefore the development of a simplified analyt-
ical model for preliminary dynamic analyses of railway bridges. The model
is then used in several studies, both parametric and probabilistic ones, to de-
termine the dynamic response of various railway bridges under moving loads.
Special attention is paid to acceleration levels in the bridge superstructure,
because previous studies have shown that these are often decisive. In the
design, both the model and the numerical simulations can be used with con-
siderable effectiveness to help engineers to define their structural systems.

All bridges, throughout this thesis, have been modelled with elastically
supported multi-span Bernoulli–Euler beams. The amount of dissipated en-
ergy is modelled using modal damping. The train load is modelled by con-
centrated loads, which implies that the vehicle-bridge interaction is not con-
sidered. A model with these characteristics can be used to analyse simply
supported concrete bridges as well as multi-span steel bridges. Another ad-
vantage of the proposed method is that the solution is exact, because the
equation of motion has been solved using a Laplace transform. A lot of effort
has been made to have a model both as simple as possible and flexible enough
to be able to study a wide variety of structures.

The results of the case studies have shown that concrete bridges are more
suitable than steel and composite bridges for use in the new high-speed lines.
The simulations have also shown that short-span railway bridges have prob-
lems in meeting the design requirements. This confirms the high acceleration
levels that were recorded in France, just after the inauguration of the new
high-speed line between Lyon and Paris, on several short-span bridges. Fur-
thermore, it was found that a multi-span bridge has a reduction in its dynamic
response of up to 60% compared to a similar simply supported bridge.
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Sammanfattning

Utbyggnaden av nya höghastighetsbanor i världen har resulterat i strik-
tare krav vid dimensionering av järnvägsbroar. Orsaken är främst att tåg vid
höga hastigheter kan orsaka resonans i brons överbyggnad. För att kontrolle-
ra dessa effekter krävs omfattande dynamiska simuleringar, vilket ofta utförs
med tidskrävande FE-analyser. Med analytiska metoder kan beräkningstiden
minskas dramatiskt, dessa är dock ofta begränsade till enkla elementarfall,
t.ex. fritt upplagda balkar.

Syftet med föreliggande avhandling är att utveckla flexibla hjälpmedel för
dynamiska kontroller av järnvägsbroar. Avhandlingen fokuserar på accelera-
tioner i brons överbyggnad eftersom tidigare studier har visat att det är den
som ofta är dimensionerande. Utöver detta görs det också ett flertal fallstudier
och probabilistiska analyser.

Ett stort fokus i arbetet har varit att modellen ska vara tillräckligt flex-
ibel för att kunna analysera olika brotyper, samtidigt som mängden inda-
ta är begränsad. Följaktligen består modellen av en serie visköst dämpade
Bernoulli-Euler balkar som vilar på elastiska upplag. Tåglasten beskrivs med
rörliga punktlaster som appliceras direkt på brons överbyggnad utan att in-
teraktion mellan tåg-spår-bro beaktas. Med dessa egenskaper kan modellen
användas till att analysera alltifrån fritt upplagda betongbalkbroar till kon-
tinuerliga samverkansbroar. En annan fördel med den föreslagna modellen är
att lösningen är exakt eftersom rörelseekvationen har lösts med en Laplace-
transform.

Resultaten från fallstudierna visar att betongbroar har lägre dynamisk
respons om man jämför med stål- och samverkansbroar. Simuleringarna be-
kräftar också resultat från tidigare studier som visar att broar med korta
spann har svårt att uppfylla accelerationskravet. Detta är något som man
också har erfarit i Frankrike, där man efter invigningen av höghastighetslin-
jen mellan Lyon och Paris uppmätte höga accelerationer hos ett flertal korta
broar. Vidare visar också analyserna att en kontinuerlig balkbro har upp till
60 % lägre accelerationer jämfört med om samma bro hade utförts som fritt
upplagd.
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Chapter 1

Introduction

The development of European high-speed lines started in 1981, when France in-
augurated its first line between Paris and Lyon, with trains running at a speed of
270 km/h. After this, there have been large investments by several countries to
develop new high-speed lines. A study conducted by the European Commission
(2009) shows that the kilometrage of High-Speed rail in Europe has increased from
700 km to 6200 km in the last 25 years (see Fig. 1.1).
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Figure 1.1: Kilometers of high-speed rail in Europe since 1985, reproduced from
(European Commission, 2009)

In contrast to the rest of Europe, in Sweden the high-speed lines are still in their
initial stage. Although there exist hundreds of kilometers of track ready for 250
km/h, there are still no trains operating at this speed. However, the Bothnia Line,
a newly built high-speed line in the northeast part of Sweden, will hopefully within
the near future begin its service at this speed. At the time of writing, there is
also an ongoing project (the European Corridor) to build high-speed lines between
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4 CHAPTER 1. INTRODUCTION

Stockholm, Gothenburg, and Malmö. This project would not only increase the
capacity of the Swedish railway lines, but also create a high-speed gateway between
Sweden and the rest of Europe (see Fig. 1.2).

Figure 1.2: High-Speed lines in Europe (Wikipedia, 2012).

The development of high-speed lines also posed new challenges for structural engi-
neers and researchers within this field. For instance, the problem with high-speed
trains on bridges is that the train can induce large vibrations in the bridge super-
structure. At these high speeds, it is also possible that the train frequency coincides
with one of the natural frequencies of the bridge, causing resonance in the bridge
superstructure. Therefore, to avoid excessive vibrations and ensure the safety of the
train, it is important to have reliable models that are able to simulate the response
during train passages.

1.1 Outline of the thesis

This thesis summarizes the research that the author has conducted over a time
period of three years. Along with his academic career, the author was also employed
by ELU Konsult, thus devoting only half of his time to research. During these
years, four journal papers, two technical reports, and a conference paper have been
produced, of which all deal with 2D beam models.
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The present licentiate thesis is organized as follows. A literature review is presented
in Chapter 2. Based on the literature review, the author presents two simplified
methods for determining the dynamic response in Chapter 3.1 (Paper I) and 3.2
(Paper II). These methods are then used for a case study which involves bridges on
an existing railway network (Chapter 3.3 - Papers III & IV). Finally, in Chapter 4,
a general discussion and conclusions are presented.

Below is a brief description of each journal paper:

Paper I developed a closed-form solution to determine the maximum bridge deck
response caused by high-speed trains in multi-span beam bridges. The governing
differential equation is solved for each normal mode in the frequency domain after
a Laplace transformation. This method gives the exact solution of the response for
a multi-span Euler–Bernoulli beam under a moving load.

Paper II developed design curves for preliminary dynamic assessments of railway
bridges at higher speeds. The design curves are based on more than 58 million
train passages which were carried out on 73 440 beams with the closed-form model
developed in Paper I. It is the author’s opinion that the design curves provide a
great deal of understanding of the problem at hand, as they show how the span
length, fundamental frequency, damping, and number of spans influence the dy-
namic response.

Papers III presents a probabilistic method for assessing a network of bridges. The
co-authors contribution to the paper are primarily to construct the framework of
the proposed method, help with artwork and review the paper before submission.

Papers IV applying the method proposed in papers III for assessing a network
of bridges. The efficiency of the method is demonstrated in a project initiated by
the Swedish government. In total, more than 800 bridges were analysed for high-
speed trains. The results from the simulations could then be used to facilitate a
cost estimation of upgrading the maximum allowed speed to 250 km/h from the
existing 200 km/h.

1.2 Aims and scope

The main objective of the present research is to develop a simplified method that
can be used to analyse the dynamic response of railway bridges to high-speed traffic.
A simple model is preferable, as the model is meant to be used at an early stage
when there is limited knowledge of both the structure and the construction site.
This preliminary analysis will support the engineer in choosing a suitable bridge
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type before a more detailed analysis is performed with a finite element program.
In order to achieve this goal, a lot of effort was put into developing analytical
solutions. It is then trivial to perform parametric studies and sensitivity analyses
to investigate how various parameters affect the dynamic response.

Another aim of the project is to analyse existing beam-type of railway bridges and
determine whether or not they are suitable to build on high-speed lines. To achieve
this objective, data was collected from existing bridges and compared with the
results from the parametric study.

1.3 Research contribution

The research was focused on developing simplified methods of analysis for bridges
subjected to moving loads and performing simulations on simple models to get a
better understanding of the effects of certain parameters deemed relevant for the
problem at hand. The research contribution can be summarized in the following
points:

- A closed-form solution that can be used to investigate the dynamic response
of a multi-span beam bridge was developed. The model can consider section
variations, damping, and elastic boundary conditions.

- Design curves to calculate the maximum displacement, acceleration, and an-
gular rotation were developed and the results are presented in graphs.

- Parametric studies to investigate the influence of the span length, fundamental
frequency, mass, elastic boundary conditions, and integrated back walls were
carried out and the results are presented in this thesis.

- The author helped to develop a probabilistic method that can be used for the
preliminary evaluation of an existing railway line.



Chapter 2

Literature Review

This chapter presents a brief literature review of the most important aspects related
to the dynamical behaviour of railway bridges under moving loads. This includes
the formulation of the equation of motion, code requirements, and more detailed
topics such as the train–track–bridge interaction, the soil–structure interaction, and
damping. The findings from this chapter will serve as input to Chapter 3, when
the dynamical system is defined.

2.1 Formulation of the equation of motion

The forthcoming pages present a complete derivation to the equation of motion.
Even though there is nothing new in the derivation, it is included in the text in
order to clarify the notations and keep the presentation of the developed procedures
as self-contained as possible. Further details of the theories underlying this section
can be found in Rao (2007), Fryba (1999), Humar (2012) and Karoumi (1998).

As the starting point, consider an Euler–Bernoulli beam with j spans, as shown
in Fig. 2.1. The beam is subjected to a distributed load p(x, t). Each span i is
assigned an individual length Li. In order to simplify the derivation, it is assumed
that the mass per unit length m, Young’s modulus E, and moment of inertia I are
constant within each span and only varied at intermediate supports. From the free
body diagram in Fig. 2.2, it follows that the sum of vertical forces, see Eq. (2.1),
and the sum of moments about the left-hand face, see Eq. (2.2), should be zero:

↑: m(x)∂
2w(x, t)
∂t2

+ c(x)∂w(x, t)
∂t

− ∂V

∂x
= p(x, t) (2.1)
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�:V + ∂V

∂x
dx+ ∂M

∂x
+ p(x, t)dx2 −m(x)∂

2w(x, t)
∂t2

dx

2

− c(x)∂w(x, t)
∂t

dx

2 = 0 (2.2)

Note that the equations are only valid for Euler–Bernoulli beams, because shear
deformation is not taken into account. By neglecting higher order terms, Eq. (2.2)
becomes:

V = −∂M
∂x

(2.3)

p(x,t)

c(x)

w(x,t)w

x

dx

Figure 2.1: Viscously damped beam.
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∂
∂

2
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c x w
t

( ) ∂
∂

Figure 2.2: Free body diagram of a segment dx.

Elementary beam theory further gives:

∂M

∂x
= ∂

∂x

(
E(x)I(x)∂

2w(x, t)
∂x2

)
(2.4)
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The governing differential equation is obtained by substituting Eq. (2.4) into Eq. (2.3)
and differentiating, and then substituting the result into Eq. (2.1):

m(x)∂
2w(x, t)
∂t2

+ c(x)∂w(x, t)
∂t

+ ∂2

∂x2

(
E(x)I(x)∂

2w(x, t)
∂x2

)
= p(x, t) (2.5)

The transverse displacement w(x, t) within a segment is obtained by solving Eq. (2.5).

The expansion theorem is then used to separate the general differential equation into
a linear combination of normal modes φn(x). In Eq. (2.6) qn(t) are the generalized
coordinates of the nth mode.

w(x, t) =
∞∑
n=1

φn(x)qn(t) (2.6)

Substituting w(x, t) into Eq. (2.5) and describing the moving concentrated load by
means of the Dirac delta function δ (p = Pδ(x− vt)) results in:

∞∑
n=1

(
m(x)d

2qn(t)
dt2

φn(x) + c(x)dqn(t)
dt

φn(x)

+ d2

dx2

(
E(x)I(x)d

2φn(x)
dx2

)
qn(t)

)
= Pδ(x− vt) (2.7)

In Eq. (2.7) t is the time elapsed from the time at which the moving concentrated
load P entered the span. The load is traveling at a speed v. Eq. (2.7) includes a
fourth order term that can be simplified by applying undamped and free vibration
conditions to Eq. (2.5) and using the method of separation of variables to obtain
an ordinary differential equation (ODE):

d2

dx2

(
E(x)I(x)d

2φn(x)
dx2

)
= m(x)ω2

nφn(x) (2.8)

Inserting Eqs. (2.8) into Eq. (2.7) gives:
∞∑
n=1

(
d2qn(t)
dt2

m(x)φn(x)

+c(x)dqn(t)
dt

φn(x) +m(x)ω2
nφn(x)qn(t)

)
= Pδ(x− vt) (2.9)

Multiplying by an arbitrary normal mode φr(x) and integrating over x gives:
∞∑
n=1

(
d2qn(t)
dt2

∫ L

0
m(x)φn(x)φr(x)dx+ dqn(t)

dt

∫ L

0
c(x)φn(x)φr(x)dx

+ω2
nqn(t)

∫ L

0
m(x)φn(x)φr(x)dx

)
=
∫ L

0
Pδ(x− vt)φr(x)dx (2.10)
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Since the normal modes are orthogonal Eq. (2.10) reduces to n equations:

d2qn(t)
dt2

∫ L

0
m(x)φ2

n(x)dx+ dqn(t)
dt

∫ L

0
c(x)φ2

n(x)dx

+ω2
nqn(t)

∫ L

0
m(x)φ2

n(x)dx =
∫ L

0
Pδ(x− vt)φn(x)dx (2.11)

The modal damping cn is related to the modal damping ratio ζn by:

cn =
∫ L

0
c(x)φ2

n(x)dx = 2ωnζn
∫ L

0
m(x)φ2

n(x)dx (2.12)

In Eq. (2.12) ωn is the natural angular frequency of vibration of the nth mode. Note
that ωn is related to the natural frequency fn by: ωn = 2πfn. Inserting Eqs. (2.12)
into Eq. (2.11) gives:

d2qn(t)
dt2

∫ L

0
m(x)φ2

n(x)dx+ 2ωnζn
dqn(t)
dt

∫ L

0
m(x)φ2

n(x)dx

+ω2
nqn(t)

∫ L

0
m(x)φ2

n(x)dx =
∫ L

0
Pδ(x− vt)φn(x)dx (2.13)

Using the property of the Dirac delta function, see Eq. (2.14),∫ ∞
−∞

δ(x− vt)f(x)dx = f(vt) (2.14)

and assuming that the normal modes are mass-normalized, Eq. (2.13) can finally
be simplified to:

d2qn(t)
dt2

+ 2ωnζn
dqn(t)
dt

+ ω2
nqn(t) = Pφn(xv) n = 1, . . . ,∞. (2.15)

where xv is the position of the concentrated load at time t.
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2.2 Code requirements

The Swedish code requirements for the design of bridges under high-speed trains
were first introduced in BV-Bro (7th edn.) in 2004. BV-Bro was later, in 2010,
replaced by EN1991-2 as a part of the implementation of the Eurocodes. However,
within this field, the transition was fairly straightforward as both BV-Bro and
Eurocode adopted the procedure suggested by the European Rail Research Institute
as a part of the D214 project (Bucknall, 2003). The following criteria for traffic
safety are given in EN 1990 (2002):

- Vertical acceleration of deck

- Deck twist

- Vertical deformation of the deck

- Transverse deformation and vibration of the deck

- Longitudinal displacement of the deck

However, a number of studies have shown that the first point is almost always
governing the design. Therefore, from now on, more focus will be placed on this
design criterion.

According to ERRI D-214 (1999b), the maximum acceleration is limited to 1.0 g
for direct fastened decks and 0.7 g for ballasted tracks. Applying a safety factor
of 2 reduces these values to 0.5 g and 0.35 g, respectively. It is obvious that the
maximum acceleration should be below 1.0 g, both for direct fastened decks and
ballasted tracks, to ensure contact between the wheel and rail. There is, however,
an additional issue for ballasted tracks.

Shake-table tests carried out by Baeßler (2008) and the SNCF (ERRI D-214, 1999a),
see also Fig. 2.3, showed that the ballast start to loose its stability at around 0.7–
0.8 g. They explain this phenomenon by reduced interlocking at high acceleration
levels. One should, however, be aware of that there exist no distinct value for ballast
instability. Instead, it rather seems that the displacement gradually increase with
the acceleration amplitude.

The current design code specifies that frequencies up to max(30Hz, 1.5f0, f3) should
be included in the analysis. The variable f3 is the third frequency of the structure.
Unlike Eurocode, it is sufficient, according to the old Swedish regulation, to only
consider frequencies up to 30 Hz. Both these limits were motivated by the fact
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that very high frequency accelerations do not cause ballast instability (ERRI D-
214, 1999b). These frequency limits should however not be regarded as fixed and
it is likely that they will be revised in the near future. In this context, there is, for
example, an ongoing debate as to whether the frequency limit should be increased
from the existing 30 Hz to 60 Hz (Zacher and Baeßler, 2008).

Excitation u

Displacement sh
Fh = 0.5 kN
Static force
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Figure 2.3: Lateral displacements of the sleeper sh after 500 cycles. Reproduced
from (Zacher and Baeßler, 2008).
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2.3 Train–track–bridge interaction

Train–bridge models have been studied by various researchers over the years. By
far the simplest model, and perhaps the most common, is known as the moving load
model. As the name says, the train is described by concentrated moving loads. It
was not until 1905 that Krylov (1905) found a satisfying solution. Another simple
model, which was first solved by Saller (1921), is the moving mass model. In this
model the governing equation of motion is given by:

m
∂2w

∂t2
+ c

∂w

∂t
+ ∂2

∂x2

(
EI

∂2w

∂x2

)
= δ(x− vt)

[
P −mv

∂2w

∂t2

]
(2.16)

where the right-hand side considers the load and its inertial effects. Note that both
the beam and the moving mass uses the same w. However, the first model that
properly resembled a vehicle was the sprung mass model developed by Hillerborg
(1951). The simplest sprung mass model consist of two degrees of freedom, one for
the bridge and one for the vehicle. According to Yang and Lin (2005), an undamped
sprung mass system should satisfy the following equations:

m
∂2w

∂t2
+ ∂2

∂x2

(
EI

∂2w

∂x2

)
= δ(x− vt) [−mvg + kv(wv − w|x=vt)] (2.17)

mv
∂2wv

∂t2
+ kvwv = kvw|x=vt (2.18)

where Eq. (2.17) represents the bridge and Eq. (2.18) represents the sprung mass.
The rapid development of computer technology in recent years has opened the way
for even more complex train–track–bridge models. Today, it is not uncommon to
see train models that include: (1) the primary suspension of each axle, (2) the
secondary suspension of the bogies, (3) the unsprung mass of the wheels, (4) the
bogies, (5) the vehicle coach, and (6) the interactions between the vehicle coaches.

All the above mentioned models are also shown in Fig. 2.4. The reader is referred
to Yang and Yau (2004) and Fryba (1999) for further details and a comprehensive
description of the models.

In 2009, Liu et al. (2009) investigated the effect of the train–bridge interaction on
simply supported bridges. The cited paper considered four train models with vary-
ing complexity. However, track irregularities were not considered in the analysis.
To summarize, the results showed that the moving load model is conservative. It
was further found that the differences between the models are negligible when ei-
ther: (a) The natural frequency of the train (fv) is much smaller than the natural
frequency of the bridge (fn); (b) The mass of the train is smaller than the mass
of the bridge; or (c) The train is not moving at the critical speed. As an exam-
ple, Fig. 2.5 shows a comparison of the maximum acceleration for fv/fn = 1.01.
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Moving massMoving load 2-DOF Sprung mass Suspended rigid beam1-DOF Sprung mass
Train model:

Track model:
Central Finite Rail (CFR). For 
details, see Yang and Yau (2004).

None Track irregularities Rail on continuous 
elastic foundation

Rail on discrete 
supports

Figure 2.4: Train-Track-Bridge model alternatives

One can immediately see from the figure that both models predict similar behavior
except when α = v/vcr = 1.
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Figure 2.5: Maximum acceleration at mid-span for various train models. Repro-
duced from Liu et al. (2009). Moving load; Vehicle model.
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2.4 Soil-structure interaction

The role of the soil–structure interaction (SSI) in the field of railway bridge dynam-
ics is a relatively unexplored topic. One reason for this could be that researchers
within the field of bridges have limited knowledge of soil materials. However, in the
last decade, the interest in SSI has increased due to the development of new high-
speed lines. From these studies, it has become clear that it is a rough approximation
to represent the soil strata by static springs at the base of the foundation.

In a detailed dynamical analysis, it is common to model the soil strata as an infinite
elastic medium. Two popular solution methods for this problem are the Finite
Element Method (FEM) and the Boundary Element Method (BEM). The most
important advantage of BEM is that only the boundary of the reduced domain
need to be discretized, which substantially reduces the system matrices. Another
advantage with BEM is that it is straightforward to consider an infinite domain.
FEM on the other hand is restricted to only modeling a finite domain. The model
must therefore be truncated at some distance from the considered structure. One
must, therefore, use special techniques at artificial boundaries to prevent spurious
wave reflections (Toseckỳ, 2005).

It is well known that ground borne vibrations are transmitted trough soil material
as compression (p), shear (s), and Rayleigh (r) waves whose propagation velocities
are, according to Bachmann et al. (1997), given by:

vp =

√
E(1− ν)

ρ(1 + ν)(1− 2ν) (2.19)

vs =

√
G

ρ
(2.20)

vr ≈
vs(0.86 + 1.14ν)

1 + ν
(2.21)

where the modulus of elasticity E, density ρ, Poisson’s ratio ν, and the shear
modulus G, are assumed to be known. From Eqs (2.19)–(2.21) it is easy to show
that vr < vs < vp.

Recently, Yang and Yau (2011) performed a dynamic analysis of the maglev train–
guideway/foundation–soil system. From their simulations, they found that the
maximum acceleration in the guideway is dependent on the ratio of the traveling
speed of the maglev train and the Rayleigh wave velocity. For harder soils, with
Rayleigh velocities above the train speed, the soil–bridge interaction is less im-
portant. Ülker-Kaustell et al. (2010; 2012) studied SSI by introducing frequency-
dependent springs and dashpots at the supports. By doing so, the problem becomes
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much more difficult to solve because both the eigenvalue problem and the equation
of motion become non-linear. However, a satisfactory solution for this problem
was obtained by applying a Fourier transform to the equation of motion. Newton’s
method was used to solve the non-linear eigenvalue problem associated with the nat-
ural frequencies and mode shapes. Based on simulations on a portal frame railway
bridge, the authors concluded that SSI cannot be disregarded in the design as the
maximum acceleration increased with decreased soil stiffness. Another important
contribution within SSI is the work by Romero et al. (2012) who also investigated
the soil–bridge interaction in high-speed lines. In their model, the bridge was mod-
elled by coupling FEM (bridge) and BEM (soil), see Fig. 2.6. For this particular
bridge and train model, the result showed that the maximum acceleration increases
with increased soil stiffness. Fig. 2.7 summarizes the results that they obtained.
Note that these results are not consistent with the results of Ülker-Kaustell. It is
therefore important that more studies be conducted within this field.

Figure 2.6: Model studied by Romero et al. (2012)
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Figure 2.7: Maximum vertical acceleration, reproduced from (Romero et al., 2012).
vs =∞ m/s; vs = 400 m/s; vs = 250 m/s; vs = 150 m/s.
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2.5 Damping

The energy that is dissipated in a dynamical system can be divided into viscous
damping, Coulomb damping, structural damping, also known as hysteretic damping
or rate-independent damping, and inelastic deformations. These can either be
discrete or distributed along the member. Viscous damping, which is widely used in
practical applications, is characterized by the fact that the damping is proportional
to the velocity (fd = cdwdt ). This is also the reason why the damping force is
frequency-dependent. However, observation has shown that there exist practical
applications, e.g., the internal friction of the material, where the damping force is
independent of the frequency. Therefore, if this is the case, it is more convenient
to use structural damping or Coulomb damping, since both are proportional to
the displacement (fd = hxi) and, therefore, frequency independent. According to
ERRI D-214 (1999b) and Neild (2001), the damping in railway bridges is caused
by:

- Bending of materials

- Opening and closing of cracks

- Friction at supports and bearings

- Ballast

- Train–structure interaction

- Soil–structure interaction

However, due to the complex nature of the damping mechanisms, it is more conve-
nient to model the energy dissipation by distributed viscous dampers. In doing so,
the damping ratio ζ can be determined from:

ζ = 1
2πj ln( ẅ1

ẅj+1
) (2.22)

where ẅ is the acceleration amplitude and j is the number of cycles (Chopra,
1995). Obviously, Eq. (2.22) is not suitable in the design. Instead, the design
codes, such as Eurocode, are based on empirical damping ratios obtained from
measurements on different bridges (ERRI D-214, 1999c). From the measurements,
it was found that the structural material, span length, and fundamental frequency
show a strong correlation with the damping. Despite this fact, it was decided to
disregard the influence of the fundamental frequency in the final equations. Fig. 2.8
show the damping ratios obtained from free-vibration tests. The lines represent the
recommended damping values, see Table 2.1.
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Table 2.1: Recommended lower bound damping values ζ according to European
Committee for Standardization (2002).

L < 20 m L ≥ 20 m
Steel and composite 0.5 + 0.125(20− L) 0.5
Prestressed concrete 1.0 + 0.07(20− L) 1.0
Reinforced concrete 1.5 + 0.07(20− L) 1.5

It is evident from the figure that short-span bridges (L < 20m) have more damping,
independently of the bridge type. Furthermore, it is also readily seen that concrete
bridges have a higher damping than steel bridges. What is surprising though,
especially for the reinforced and prestressed design values, is the recommended
damping values for L < 20m (see Fig. 2.8). It would perhaps be more natural, if
they in this region, had a similar slope as the steel bridges. In the author’s opinion,
this could perhaps be one of the reasons why it is almost impossible to fulfill the
code requirements for very short-span concrete railway bridges (L < 10m).



Chapter 3

The research work

The main objective of this Licentiate thesis is to develop a method for the assess-
ment of a large number of railway bridges along a high-speed line with respect to
their dynamical behaviour. To be able to achieve this, the following objectives are
defined:

1. Define the dynamical system.

2. Develop a general model to predict the dynamic response of railway bridges
under moving loads (Paper I). The model should be able to consider the
parameters defined in (1).

3. Construct design curves by doing simulations on a number of ‘fictitious’
bridges (Paper II).

4. Develop a method that can be used to assess the dynamic response of bridges
on an entire railway line (Paper III).

5. Use the methods developed in (2), (3) and (4) to perform dynamic simulations
on existing railway lines (Paper IV).

The remainder of this chapter is dedicated to presenting (1)–(5) in more detail.

19
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3.1 Parameters to consider in the model

There exist a number of factors that can influence the response of a bridge to
the passage of high-speed trains. From the literature review (see Chapter 2), it
is obvious that damping, train–track–bridge interaction and soil–bridge interaction
are among these factors. It is therefore of great importance to decide whether the
effect should be considered, neglected, or simplified. As Albert Einstein once said:

Everything should be made as simple as possible, but not simpler.

Of course, the ideal solution would be to consider all parameters as they appear
in the ‘real world’. This is, however, not possible due to the lack of information
during the early stage of the design. Therefore, the author’s interpretation of
Albert Einstein’s statement is transformed into a question: what factors must be
considered in order to capture the overall behaviour?

As a starting point consider train–track–bridge interaction. Based on the literature
review in Chapter 2.3, it seems that it is conservative to model the train by mov-
ing loads. The effect from the train–track–bridge interaction can then be accounted
for, both favourable (damping from vehicle and load distribution) and unfavourable
(track irregularities), using alternative methods. For example, the Eurocode (2002)
considers these effects by: (1) allowing the engineer to increase the damping to take
into account the train–bridge interaction; (2) allowing the distribution of concen-
trated axle load over three adjacent sleepers; and (3) introducing an amplification
factor ϕ′′ to take into account track irregularities.

Unlike the train–track–bridge interaction, there are few publications that deal with
the soil–bridge interaction. However, in the last few years, researchers have started
to study this problem and, hopefully, within a couple of years there will be a
better understanding of how the surrounding soil material influences the dynamic
response. Based, for instance, on Ülker-Kaustell et al. (2010; 2012), it seems that
modeling the surrounding material by static springs is conservative. Nevertheless,
the reader should be reminded that this is a rough simplification of the problem (see
Chapter 2.4) and, by doing so, it is likely that the accelerations are overestimated.

The remaining assumptions can be summarized as follows:

1. Energy dissipation is modeled by distributed viscous dampers.

2. The beam behaves as a 2D Bernoulli–Euler beam. This basically means that
shear deformations and torsional/plate modes are neglected.
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3. The equation of motion is linear.

These assumptions are also summarized in Fig. 3.1.

kr

kv kv

kr, cr

cr kv(ω) cr(ω)

Damping: 
a) Viscous damping
b) Hysteretic damping
c) Coulomb damping

Train-track interaction: 
a) Moving load
b) Moving mass
c) 1-DOF Sprung mass
d) 2-DOF Sprung mass
e) Suspended rigid beam

Support conditions:
a) Static springs
b) Static springs and dampers
c) Frequency dependent springs and dampers
d) Elastic half-space

System:
a) Simply supported
b) Multi-span

Track-bridge interaction: 
a) None
b) Track irregularities
c) Rail on continuous elastic foundation
d) Rail on discrete supports
e) Central Finite Rail (CFR)

a) b) c) d)

a) b) c) d) e)

a) b) c) d) e)

a) b)

k

F=c

k

F= ηk
fn

w

k

F=ηN

a) b) c)

Beam formulation:
a) Bernoulli-Euler beam
b) Timoshenko beam

dw
dt

a)

b)

Flexural deformation

Flexural and shear deformation

Figure 3.1: Summary of parameters to include in the model. C shows the assumed
model.
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3.2 Development of the dynamical model

Consider the general multi-span Bernoulli–Euler beam in Fig. 3.2. The uncoupled
modal equation was previously derived in Chapter 2.1 as:

d2qn(t)
dt2

+ 2ωnζn
dqn(t)
dt

+ ω2qn(t) = Pφn(xv) n = 1, . . . ,∞. (3.1)

where the exact solution of the normal mode φ(x) for a Bernoulli–Euler beam can
be found as (Rao, 2007):
φn,i(xi) = An,iC(βn,ixi) +Bn,iS(βn,ixi) +Cn,iCh(βn,ixi) +Dn,iSh(βn,i, xi) (3.2)

β4
n,i = ω2

n

mi

EIi
(3.3)

The variables An,i, Bn,i, Cn,i, Dn,i and βn,i are obtained by first substituting

Figure 3.2: Multi-span bridge divided into j spans.

the boundary conditions into Eq. (3.2), and than computing the corresponding
eigenvalues and eigenvectors. Once this is achieved, it is possible to tackle Eq. (3.1).

Several techniques can then be used to solve the second-order nonhomogeneous
differential equations. It is well known from elementary mathematics that the
general solution for this type of problems consists of a complementary solution and
a particular solution. While it is trivial to find the complementary solution, it
is not obvious how to find the particular solution. One could, however, use the
method of undetermined coefficients or the method of variation of parameters to
obtain a particular solution. Other methods, such as Green’s functions, the Fourier
transform, and the Laplace transform, are also applicable to the problem. In this
paper, it was decided to use the Laplace transformation due to the fact that it
reduces a differential equation in the time domain to an algebraic equation in the
frequency domain, see Eq. (3.4). For further details of the Laplace transformation,
see Rao (2007).

qn,i(sn,i) =(sn,i + 2ωnζn)qn,i(0) + q̇n,i(0)
Y n,i1

+An,iP
sn,i

Y n,i1 Y n,i2

+Bn,iP
βn,iv

Y n,i1 Y n,i2
+ Cn,iP

sn,i

Y n,i1 Y n,i3
+Dn,iP

βn,iv

Y n,i1 Y n,i3
(3.4)
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The response in the time-domain is further obtained by the inverse Laplace trans-
formation of Eq. (3.4):

qn,i(ti) = e−ωnζnti

(
qn,i(0)C(ωdti) + q̇n,i(0) + ωnζnqn,i(0)

ωd
S(ωdti)

)
+ An,iP

(Y n,i4 )2 + (Y n,i6 )2

[
e−ωnζnti

(
Y n,i23 − ωnζn

Y n,i5
ωd

S(ωdti)
)
− Y n,i20 + Y n,i15

]

+ Bn,iP

(Y n,i4 )2 + (Y n,i6 )2

[
βn,iv

ωd
e−ωnζnti

(
Y n,i27 + Y n,i28

)
− Y n,i16 − Y

n,i
19

]
+ Cn,iP

(Y n,i5 )2 − (Y n,i6 )2

[
−e−ωnζnti

(
Y n,i24 − ωnζn

Y n,i4
ωd

S(ωdti)
)

+ Y n,i22 − Y
n,i

17

]

+ Dn,iP

(Y n,i5 )2 − (Y n,i6 )2

[
βn,iv

ωd
e−ωnζnti

(
Y n,i27 − Y

n,i
29

)
− Y n,i18 + Y n,i21

]
(3.5)

The variables in Eqs (3.4)–(3.5) are defined in the Appendix of Paper I. Finally,
the displacements, velocities, and accelerations are obtained by substituting the
solution of Eq. (3.5) into Eq. (2.6) and differentiating with respect to time. For a
complete treatment of the problem, the reader is referred to Paper I.
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3.3 Parametric studies

A closed-form solution for the moving load problem was previously developed in
Section 3.2. Even though the method is fast and exact, it does not provide any
new insights for deciding which bridges are suitable for a high-speed line. It is
therefore of interest to carry out several parametric studies on ‘fictitious’ bridges,
to investigate the topic.

All the simulations are performed for the Eurocode trains, HSLM A1-A10, running
at speeds of 100–300 km/h, with a speed increment of 2.5 km/h. A time step of
1/10fmax, where fmax = max(30Hz, f3), is adopted throughout this thesis.

Parametric study 1—Development of design curves

In the first parametric study, the combined effect of the span length, fundamental
frequency, damping, number of spans, and train speeds were investigated for 73 440
railway bridges.

Based on the simulations, the following empirical equations were constructed:

Xj span = Γ(f0, L)X1 span (3.6)

X1 span = χ(ζ)Ψ(f0, L, ζ)
Ω (3.7)

where X is either the displacement, angular rotation, or acceleration. If Eq. (3.7)
is used to evaluate the displacements or angular rotations, then Ω represents the
bending stiffness EI. If instead the accelerations are to be evaluated, then Ω
represents the mass per unit length m. The empirical variables χ(ζ), Ψ(f0, L, ζ),
and Γ(f0, L) consider the effects from damping, span length, fundamental frequency,
and number of spans, respectively. For a more detailed description of the topic the
interested reader is referred to Paper II. The interesting feature of this paper is
that it reveals the way in which some of the most fundamental variables affect the
dynamic response. Consider for instance Fig. 3.3. One can see simply by looking
at the diagram that short-span bridges with a low fundamental frequency have
higher accelerations than do long bridges with high fundamental frequencies, if
all other variables are similar. The problem with short span railway bridges has
previously been pointed out by Museros et al. (2002); Rocha et al. (2012); Goicolea
et al. (2002), who all performed dynamic simulations on short span railway bridges.
However, as far as the author knows, this is the first time that this kind of systematic
graph has been presented in the literature.
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Figure 3.3: 3D-graph of Ψa [-] with ζ = 3.0 %. f0,min and f0,max are the recom-
mended limits for f0 according to EN-1991-2.

Parametric study 2—Comparison between steel and concrete
bridges

In this section, a parametric study is performed to investigate whether steel or
concrete bridges are suitable for high-speed lines. This is of special importance
for the project managers, since they usually provide the structural engineer with
a conceptual design. The study is limited to beam type bridges, because of the
limitations imposed by the dynamical model (see Section 3.2). The bridges are
categorized into steel and composite bridges, concrete bridges, and pre-stressed
concrete bridges.

The simulations were performed on simply supported beams with a span length
between 8 to 60 m, and a fundamental frequency between 1.5 to 30 Hz. A mass per
unit length of 10000 kg/m was used for all simulations. The damping ratio varied
depending on the bridge type and span length according to Table 2.1. From New-
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ton’s Second Law, it is well known that the acceleration is inversely proportional
to the mass. It is therefore possible, using Eq. (3.8), to calculate the mass per unit
length required in order to limit the accelerations at 3.5 m/s2.

mamax=3.5 m/s2 = 10000 kg× amax

3.5m/s2 (3.8)

As can be seen in Figs 3.4–3.5, this result has proven to be quite useful. It could for
example be used to check whether a 40 m long steel and composite bridge would
satisfy the acceleration criteria. The bridge is assumed to have a fundamental fre-
quency of 4 Hz. By using Fig. 3.4, we can directly determine that the required mass
per unit length should be greater than or equal to 40 tonne/m. The corresponding
value for an concrete bridge is 13 tonne/m. The large difference between these two
types of bridges can be explained by the fact that steel bridges have a much lower
damping than concrete bridges.
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Figure 3.4: The required mass per unit length [tonne/m] for steel and composite
bridges to obtain amax = 3.5m/s2.

However, in order to draw conclusions, more bridge-specific information must be
obtained. Therefore, a lot of effort has been devoted to collecting the mass per unit
length from 38 steel and 23 concrete bridges (see Fig. 3.6). Drawings, publications,
reports, and master theses were used as source material. Then, for each category
of bridges, the prediction interval (mmin and mmax) was determined by assuming a
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linear regression. Both single track and double track railway bridges were consid-
ered in the figures, which is also one of the reasons for the wide fluctuations around
the mean value. It is, however, obvious that the concrete bridges have much larger
mass than steel bridges. It should also be emphasized that the same prediction
interval is used for both concrete bridges and pre-stressed concrete bridges.

The lines (mmin and mmax) are then projected onto the mamax=3.5 m/s2 surface in
Figs 3.4–3.5 (red lines). Then also, according to the Eurocode, when designing
a railway bridge, the fundamental frequency should be within the region defined
by f0,min and f0,max (blue lines). By looking at the diagrams it is obvious that a
solution giving a < 3.5m/s2 cannot exist if f0(mmax(L)) > f0,max(L) (Condition
1), i.e., when the red line (mmax) is above the blue line (f0,max). In a similar way,
one could see that all bridges will satisfy a < 3.5m/s2 whenever f0(mmin(L)) ≤
f0,min(L) (Condition 3). In the intermediate range (Condition 2), it is not possible
to draw any general conclusions. Based on the figures, one can draw the following
conclusions:

1. Steel and composite bridges satisfy condition 1 for L ≤ 30 m. Thus, if one
plans to build short-span steel bridges on high-speed lines, one should consider
installing dampers. For L > 30 m (Condition 2), one should try to obtain
a high fundamental frequency and mass to reduce the excessive vibration
amplitudes.

2. Both concrete and pre-stressed concrete bridges provide feasible solutions for
all span lengths, i.e., condition 1 is never satisfied. Condition 3 is satisfied
whenever L ≥ 45 m and L ≥ 50 m for concrete bridges and pre-stressed
concrete bridges, respectively.



28 CHAPTER 3. THE RESEARCH WORK

8 10 12 14 16 18 20 22 24 26 28 30 35 40 45 50 60

2

3

4

5
6

8

10

15

20

25
30

f0,max

f0,min

1

510

20

1

5

15

1

10

60

25

50

40

30
20

5

L [m]

mmin

15

mmax

10

5

25304060
50

10
15

f 0 [
H

z]

(a) Concrete bridges.

8 10 12 14 16 18 20 22 24 26 28 30 35 40 45 50 60

2

3

4

5
6

8

10

15

20

25
30

f0,max

f0,min

1

5

10

15

15 5

1

10

1

20
15

60
50

40
30

5

25

L [m]

10

mmin

20

mmax

5

10

60

25
50

3040
15

20

f 0 [
H

z]

(b) Prestressed concrete bridges.

Figure 3.5: The required mass per unit length [tonne/m] to obtain amax = 3.5m/s2.
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Figure 3.6: Mass per unit length length m for various bridge types. mmin = 95%
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Parametric study 3—Effect of elastic supports

The soil–structure interaction, previously discussed in Section 2.4, can be considered
(in a conservative way) by introducing elastic springs at the supports. Although the
author is well aware that this model is too simple, as the entire energy is conserved
in the system, it is still interesting to study the effects of the elastic spring in more
detail, as these types of models are commonly used by bridge engineers.

Consider the beam shown in Fig. 3.7. The beam is supported by two vertical
springs (kv), with a stiffness between 0.5 GN/m and 500 GN/m, where the first
value represents a small foundation on a soft soil and the second value represent
a large foundation on a hard soil. The maximum accelerations are calculated for
bridges with a span length between 8 and 60 m, and a fundamental frequency
between 1.5 and 30 Hz, using a procedure similar to parametric studies 1 and 2. A
damping value of 1% is adopted for all modes.

L

EI, m
P(x,t)

kvkv

Figure 3.7: Elastically supported beam.

A spring amplification factor ηspring is introduced, see Eq. (3.9), to study the effect
of the springs.

ηspring = amax(kv)
amax(kv =∞) (3.9)

The results from four different kv are plotted in in Fig. 3.8. In the diagram it can
easily be seen that ηspring → 1 when both L→ 0 and f0 → 0. This is the regime in
which the train axles induce resonance on short-span bridges. The points marked
in the figure show the threshold value below which the response is not affected by
the springs.

Finally, two more figures are shown below to be able to separate the effect of span
length and fundamental frequency. First, Fig 3.9 with a vertical spring stiffness of
1010 kN/m and then Fig 3.10 with a vertical spring stiffness of 109 kN/m, respec-
tively.
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Figure 3.8: The spring amplification factor ηspring for various bridge stiffnesses.
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Figure 3.9: The spring amplification factor ηspring calculated with kv = 1010N/m.
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Parametric study 4—Effect of the load distribution

The existing design codes and guidelines allow an engineer to take into account
the load distribution by distributing a concentrated axle load over three adjacent
sleepers, see Fig. 3.11. The advantage of using a load distribution of this type
lies in reducing the acceleration predicted for short-span railway bridges. Even if
there are publications on this topic (ERRI D-214, 1999b), the author has not been
able to find any research that, in a systematic way, quantifies the effect of the load
distribution. A parametric study was, therefore, conducted. The simulations were
carried out on simply supported bridges with a span length between 8 and 60 m,
a fundamental frequency between 1.5 and 120 Hz, and a damping value of 1%, to
determine in more detail how the response is affected by the load distribution.

P

(a) Without load distribution.

P/2

P/4 P/4

(b) With load distribution.

Figure 3.11: Two load models that are allowed in the design of bridges under
dynamic loading.

The variable ηld introduced to quantify the effect of the load distribution is defined
as:

ηld = ald
max
amax

(3.10)

where ald
max and amax are the maximum acceleration obtained with and without

the load distribution, respectively. The results from the analysis, see Fig. 3.12-
3.13, show that the values of ηld are dependent on f0. As one can see in the
diagrams presented here, the amplification factor tends to decrease with f0 as long
as f0 ≤ 50 Hz. In the opposite case, i.e. f0 > 50 Hz, the amplification factor
tends to increase with f0. It is remarkable that the acceleration can be reduced
to 20% of the initial value for a certain bridge configuration, simply by assuming
another load distribution. Note also that ηld is almost unaffected by L. Although
the results show that ηld is not affected by the span length, there still exists a
spurious relationship. It is well known that a short-span bridge tends to have a
high fundamental frequency compared to a long-span bridge. It is therefore natural
that the effect from the load distribution will be more pronounced for short-span
railway bridges.
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Parametric study 5—Simply supported bridges with integrated
back walls

This section investigates the dynamic response of railway bridges with integrated
back walls (ändskärmsbro), see Fig. 3.14. The advantages of this design are that
no restraining forces arise in the foundation from temperature and shrinkage, and
that expansion joints can be avoided. The combination of these features has made
this bridge type popular in Sweden.

Figure 3.14: Three-span bridge with integrated back walls.

In the parametric study, the weight of the back walls was neglected, so that the
bridge can be modeled as a simply supported bridge with cantilevers on both sides.
This is also shown in Fig. 3.15. The cantilever length L2 has been varied from 1 to
2m.

L

EI, m
P(x,t)

1L 2 L 2

Figure 3.15: Simply supported bridges with cantilevers on both sides.

The simulations were conducted with the same set of variables as for parametric
study 3. Both the mass per unit length and the bending stiffness are constant over
the entire bridge. Very similar to the previous investigations an amplification factor
ηback wall is defined according to:

ηback wall(L2) = amax(L2 > 0)
amax(L2 = 0) (3.11)
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where ηback wall determines how much the maximum acceleration increases by in-
troducing integrated back walls instead of using more conventional abutments, i.e.
L2 = 0m. Figs 3.16 and 3.17 summarize the results from the simulations with
L2 = 1 m and L2 = 2 m, respectively. The results clearly show that the maximum
accelerations increase with L2. If one compares Fig. 3.16 with Fig. 3.17, it can easily
be seen that the response increases with the length of the cantilever. For example,
ηback wall(2m) = 4.5 whereas ηback wall(1m) = 1.3, for a 10 m long bridge with a
fundamental frequency of 10 Hz. Another observation that can be made from the
diagrams is that the amplification factor tends to increase with the fundamental
frequency.
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3.4 Assessment of existing railway bridges

Over the last several years, globalisation has accelerated the development of new
high-speed lines. From an economical point of view, however, it would perhaps be
better to upgrade an existing railway line for high-speed trains than to build new
lines. Together with several other colleagues in the department, the author has,
therefore, developed a probabilistic method for assessing a network of bridges. For
a complete presentation of the method, and the names of the contributing authors,
the reader is referred to Paper III and Paper IV. The remaining part of this
section is devoted to a short summary of the proposed approach. This consists of
four parts: (a) inventory, (b) statistical evaluation, (c) structural evaluation, and
(d) cost estimation.

In part (a), the bridges are categorized into groups/blocks with similar properties,
e.g., bridge type. To be able to perform any type of statistical evaluation, it is
then necessary to collect data from a number of drawings to be able to construct
prediction bounds. This is perhaps not the most exciting part of the job, but
nevertheless, the most important, because it is essential to obtain good data to
feed into the model.

The basic idea in part (b) is first to collect information about all known determin-
istic variables (e.g., span lengths, number of spans, and structural material) for
bridge number r. This information could, for example, be obtained from a national
database. All of the remaining variables, which could not be determined from
the database (e.g., the mass, fundamental frequency, and foundation stiffness), are
generated from the data gathered in part (a). The number of samples s that are
generated are determined from convergence criteria in part (c).

Once all the variables are known, one can continue with the structural evaluation
in part (c). In this part, it is up to the engineer to select a suitable analytical or
numerical model to analyse the bridges. It is, however, recommended to use a quick
and efficient algorithm due to the large number of simulations that are required for
each bridge. After each simulation, the probability of failure pf is updated according
to Eq. (3.12), and the convergence criteria are checked by plotting s against pf. The
variable n(amax > 3.5m/s2) is the number of times that the limit state function is
exceeded. Parts (b) and (c) are repeated until all bridges have been analysed.

pf = n(amax > 3.5m/s2)
s

(3.12)

Finally, in part (d), the cost of upgrading the bridge network is estimated.

A detailed explanation of the procedure can be found in Paper III and Paper
IV.
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Figure 3.18: Flowchart for assessment of existing railway bridges.





Chapter 4

Discussion and conclusions

4.1 Theoretical models and numerical simulations

This project aimed at developing simplified methods for the dynamic analysis of
railway bridges under high-speed trains.

The project started with a literature survey which revealed that most of the meth-
ods are either oversimplified or the equations of motion are solved in a recursive
or approximate manner. The author then derived a closed-form solution for the
vibration of a multi-span beam bridge under a moving load. The model has proven
to be very useful for studying simple structures with a beam type behaviour. There
are, however, circumstances in which the proposed model is not applicable. First of
all, the model is linear, and can therefore not be used to study any non-linear dy-
namical problems. Another assumption in the model is that the beam is described
by Bernoulli–Euler beam theory, which is something that can only be motivated
if the movement is dominated by flexural deformations. If these assumptions are
acceptable, the model may be used with high accuracy to calculate the dynamic
response.

The work in this project has also resulted in design curves for preliminary dy-
namic assessments. The design curves are empirical and are constructed using the
closed-form model presented above. It is, therefore, obvious that all the assump-
tions associated with the closed-form model also apply to the design curves. One
disadvantage when using the design curves is that these can only be used for equally
spaced multi-span beam bridges with hinged boundary conditions. However, the
advantage lies in the fact that the influence of the governing variables can be visu-

41
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alized in diagram form.

Finally, the author also helped to develop a probabilistic approach for the dynamic
analysis of existing railway bridges for high-speed traffic. One should, however, be
aware that this approach requires many analyses and quickly becomes computa-
tionally prohibitive. It is therefore recommended that this approach be combined
with efficient simulation algoritms, e.g. closed-form solutions.

4.2 Practical conclusions

Besides the theoretical part of this work, much effort was put into evaluating bridges
on the existing high-speed lines. Below are some practical conclusions that have
been identified during the project:

- Multi-span continuous beam bridges have a response lower by up to 60% than
a similar simply supported bridge (see parametric study 1 and Paper II).

- Concrete bridges are, due to their high mass and damping, suitable for high-
speed lines, regardless of the span length (see Parametric study 2).

- Steel and steel-concrete composite bridges should only be adopted for span
lengths over 30 m (see Parametric study 2).

- An elastically supported beam has larger accelerations than a similar simply
supported beam (see Parametric study 3).

- The response is reduced by up to 80% if load distribution is considered in the
design (see Parametric study 4).

- Bridges with integrated back walls should be avoided on high-speed lines (see
Parametric study 5).

It should, however, be emphasized that all the results in this thesis are based on
numerical simulations and, as with all models, the output is no better than the
underlying assumptions. An experienced engineer or researcher within the same
field could therefore argue that there are key elements missing in the model. It is
therefore important to improve the dynamical models by performing measurements
on real bridges. This would also provide data to calibrate the models and, if it is
required, suggest a retrofitting strategy.
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4.3 Further research

This project was initiated to increase the overall understanding of the resonance
phenomenon in high-speed railway bridges. Already from the beginning of the
project, it was to some extent decided that the main objective should be to sim-
plify an already established design procedure. During the last years, a closed-form
solution has been derived, design-curves have been constructed, and various other
aspects have been analysed. It would of course be natural to continue on this path
and extend the analytical model to also take into account torsional vibration or
even obtain an analytical solution for plates.

However, during the course of the present research it has also been shown that
bridges with flexible supports or integrated back walls are vulnerable with respect
to their dynamic response. It is rather this area that the author finds very appealing
and thus plans to study the above mentioned effects in more detail, not only from a
theoretical point of view but also through field measurements. In order to archive
this goal, the author’s immediate plan is to develop an FEM/BEM platform to get
an efficient tool to study these types of structures.

Hopefully, during the course of the work involved, the author will succeed in com-
plying with Albert Einstein’s wise words:

Any intelligent fool can make things bigger, more complex, and more
violent. It takes a touch of genius—and a lot of courage—to move in
the opposite direction.
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