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Abstract

In this thesis, inference of biological networks from in vivo data generated by
perturbation experiments is considered, i.e. deduction of causal interactions that
exist among the observed variables. Knowledge of such regulatory influences is
essential in biology.

A system property–interampatteness–is introduced that explains why the varia-
tion in existing gene expression data is concentrated to a few “characteristic modes”
or “eigengenes”, and why previously inferred models have a large number of false
positive and false negative links. An interampatte system is characterized by strong
INTERactions enabling simultaneous AMPlification and ATTEnuation of different
signals and we show that perturbation of individual state variables, e.g. genes,
typically leads to ill-conditioned data with both characteristic and weak modes. The
weak modes are typically dominated by measurement noise due to poor excitation
and their existence hampers network reconstruction.

The excitation problem is solved by iterative design of correlated multi-gene
perturbation experiments that counteract the intrinsic signal attenuation of the
system. The next perturbation should be designed such that the expected response
practically spans an additional dimension of the state space. The proposed design is
numerically demonstrated for the Snf1 signalling pathway in S. cerevisiae.

The impact of unperturbed and unobserved latent state variables, that exist in any
real biological system, on the inferred network and required set-up of the experiments
for network inference is analysed. Their existence implies that a subnetwork of
pseudo-direct causal regulatory influences, accounting for all environmental effects,
in general is inferred. In principle, the number of latent states and different paths
between the nodes of the network can be estimated, but their identity cannot be
determined unless they are observed or perturbed directly.

Network inference is recognized as a variable/model selection problem and solved
by considering all possible models of a specified class that can explain the data
at a desired significance level, and by classifying only the links present in all of
these models as existing. As shown, these links can be determined without any
parameter estimation by reformulating the variable selection problem as a robust
rank problem. Solution of the rank problem enable assignment of confidence to
individual interactions, without resorting to any approximation or asymptotic results.
This is demonstrated by reverse engineering of the synthetic IRMA gene regulatory
network from published data. A previously unknown activation of transcription of
SWI5 by CBF1 in the IRMA strain of S. cerevisiae is proven to exist, which serves to
illustrate that even the accumulated knowledge of well studied genes is incomplete.
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Chapter 1

Introduction

“Wir müssen wissen,
wir werden wissen.”

David Hilbert, in an address to the Society of German
Scientists and Physicians, Königsberg, 1930.

1.1 Motivation and purpose

Within a living cell thousands of different molecules interact. The genetic code–DNA–
is transcribed into messenger RNA (mRNA), which either is translated into proteins
or performs some regulatory functions (Lander, 2011). Proteins are folded, phospho-
rylated, and form complexes while they interact with DNA, RNA, lipids, metabolites,
and other molecules found in a cell. Together they form a dynamic system that
integrates both genomic information and environmental cues (Wolkenhauer et al.,
2005b; Sontag, 2005; Csete and Doyle, 2002). This integration is essential for regula-
tion and performance of all processes and functions in the cell. Knowledge of the
genetic code per se only provides the blueprint for the system components (Benfey
and Mitchell-Olds, 2008). Depending on the level of abstraction different graphical
network representations are commonly used to describe this system, e.g. gene regu-
latory networks (GRNs) capture the regulatory interactions resulting from changes
in gene expression (He et al., 2009; Hecker et al., 2009; Karlebach and Shamir, 2008;
Christensen et al., 2007; Brazhnik et al., 2002). The structure of these networks
reveals the feedback loops, feedforward loops and cascades that are fundamental for
normal function and behaviour of the system–and life itself. The system, and its
network structure, is altered by disease, e.g. cancer arises from multiple spontaneous
and/or inherited mutations of the DNA that affects the control of cell growth and
division (Hood et al., 2004; Roukos, 2010a). Some diseases, such as Huntington’s
disease (Walker, 2007) or sickle-cell anaemia (Olowoyeye and Okwundu, 2010; Orkin
and Higgs, 2010), are due to a mutation in a single gene, leading to a defect protein,
and could at least in theory be cured by repairing the gene, but most diseases
depend on many factors. The molecular interactions therefore need to be studied
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2 Introduction

from a system perspective to understand how genetic information and environmental
cues give rise to function and to enable development of predictive, personalized,
preventive, and participatory (P4) medicine (Barabási et al., 2011; Hood and Friend,
2011; Roukos, 2011, 2010b; Wolkenhauer et al., 2009; Ideker and Sharan, 2008). The
World health organization estimated that 1.3 billion disability-adjusted life years
were lost to disease in 2004 (World Health Organization, 2008), so new cures can
have a tremendous impact.

Molecular biologists have since the discovery of DNA by Watson and Crick (1953)
investigated which protein activates or represses transcription of which protein
coding gene. They have in other words mapped out parts of the GRN–component by
component and interaction by interaction–a very time consuming task that mainly
yields qualitative information. Network inference offers the ability to automate
this task by reverse engineering network models based on in vivo measurements
of changes in gene expression, copy numbers, metabolite concentrations, protein
abundance and phosphorylation, etc. (Tegnér and Björkegren, 2007; Cho et al., 2007;
Crampin, 2006; Gardner and Faith, 2005; Goncalves and Warnick, 2008). Considering
the large number of components, possible interactions, and dynamical modes in any
given cell, it is clear that automated knowledge discovery is essential to speed up this
task and gain new insight. In addition, both qualitative and quantitative models can
be inferred from the quantitative data that today can be generated by perturbation
experiments. This data is enabled by measurement techniques, such as whole genome
shotgun sequencing (Fleischmann et al., 1995), real-time RT-PCR (Higuchi et al.,
1992), DNA microarrays (Schena et al., 1995), chromatin immunoprecipitation
(ChIP-chip) technique (Ren et al., 2000; Iyer et al., 2001; Lieb et al., 2001), protein
arrays (MacBeath and Schreiber, 2000; Zhu et al., 2001), and single molecule imaging
in living cells (Schütz et al., 2000; Sako et al., 2000), that despite their introduction
during the last two decades already have revolutionized biology. In particular, the
advances in genome sequencing, which enabled the completion of the human genome
project faster than expected (Venter et al., 2001; IHGSC, 2001, 2004), have already
changed biology forever (Lander, 2011; Butler, 2010). But the long term impact of the
other techniques and their future refinements should be equally important since they
already have changed the way biologists do experiments and enabled quantitative
modelling of intracellular processes (Thellin et al., 2009; Sako, 2006; Sauro and
Kholodenko, 2004). The invention of high-throughput measurement techniques has
already led to the emergence of computational/systems biology (Ideker et al., 2001;
Kitano, 2002; Chuang et al., 2010). In systems biology it is recognized that the
system contains so many interacting components that mathematical models are
needed to analyse and comprehend it and in particular its dynamics (Kritikou
et al., 2006; Way and Silver, 2007; Kholodenko, 2006; Mogilner et al., 2006). In
other words, both the complexity of the system and the large amounts of data that
already is coming out of labs make mathematical modelling key to advance biological
knowledge and cure diseases. Even though many of the problems encountered in
analysis of genetic data and modelling of biological systems fall within established
fields, such as statistics, system identification, and pattern recognition, the vast
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amount of data in terms of measured variables and scarcity in terms of number of
data points make them unconventional (Wang et al., 2008). Improved and alternative
methods for almost every aspect of mathematical modelling and network inference,
in particular, are therefore needed.

Network inference has been intensively studied for the past decade, but many
open problems remain (Hendrickx et al., 2011; He et al., 2009; Hecker et al., 2009).
The accumulated biological knowledge is always represented by models–explicitly
or implicitly. Our ability to connect different observations and findings, analyse
them, and use them depends on the models that we construct. One should, however,
remember that all models are approximations of the “true” system and the art of
modelling is largely in finding useful levels of approximation. To stress this, Box
and Draper (1987) have stated that “all models are wrong, but some are useful.”
According to Kolch (2008), “there is a widespread misconception in the wet scientists
camp that models just reproduce known behaviour”, and he stresses that models
do not even need to be accurate to be useful in systems biology. Indeed, there are
good reasons to believe that modelling of the molecular details of a whole organism,
organ, or even cell is beyond the current technical capability and not even needed
to cure complex diseases, like cancer. This work will therefore focus on inference of
causal network models of subsystems responsible for some well defined biological
functions or behaviours.

To model the subsystem that generates a function of interest, three basic problems
must be solved: First, one needs to determine the components of the system that
are essential for generation of the function. Second, one needs to design experiments
that yield informative data for network inference. Finally, one needs to infer a
model with the correct structure of the subnetwork based on observed data. Aspects
of the first and third problems have been widely studied, while the second one
largely has been neglected, but none of them have been satisfactorily solved as is
evident e.g. from the reviews by Hecker et al. (2009); Karlebach and Shamir (2008);
Bonneau (2008); Tegnér and Björkegren (2007); Styczynski and Stephanopoulos
(2005); Filkov (2005); D’haeseleer et al. (2000). The purpose of this work is to solve
the later two of these basic problems for the case with steady-state data recorded
from perturbation experiments and thereby get a step closer to a technique for
automated knowledge discovery and mathematical modelling, directly applicable
in biological research. In this thesis four crucial issues are studied: properties of
biological systems, robust variable selection and network inference, inference of
subnetworks, and design of perturbation experiments. This work is largely based
on the long tradition in automatic control of identifying system models, analysing
models, and synthesizing control strategies for engineered systems.

A detailed background, describing the state of the art prior to this work, on
network inference and variable selection, experiment design, and properties of
biological systems is provided in the following three sections, in order to motivate
this thesis. Contributions in terms of scientific publications that this thesis, in part,
is based on is listed in Section 1.5. An outline of the thesis is provided in Section 1.6.
Eager readers may however jump directly to the chapter of their greatest interest,
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because the presentation in each chapter is largely self contained.

1.2 Network inference and variable selection

Interacting genes, proteins and metabolites form dynamical systems controlling
cellular processes (Wolkenhauer et al., 2005b; Sontag, 2005; Csete and Doyle, 2002).
The architecture of these systems varies among organisms, cell types, developmental
phases, and environmental and epigenetic conditions (Szalay et al., 2007; Huang
et al., 2009). Development of high-throughput technologies has during the last
decade enabled a systems approach, which is necessary to gain a better understand-
ing of the complex global behaviour of biological processes (Hecker et al., 2009).
While the genetic code provides the blueprint for the system components, it is the
context dependent and largely unknown interactions that generate specific biological
functions (Benfey and Mitchell-Olds, 2008). Inference of direct causal interactions
underlying a function is hence a key problem in systems biology (Brazhnik et al.,
2002; Wolkenhauer et al., 2009; Hecker et al., 2009).

Network inference, which is also known as reverse engineering or network recon-
struction, has attracted significant interest, with more than 800 articles published
and indexed in Pubmed (www.pubmed.org) during the past decade. Several of these
studies claim to have demonstrated how the interactions existing in, in particular,
gene regulatory networks and transcriptional networks can be inferred based on
gene expression data. This claim is only in a minority of the studies based on data
obtained from in vivo experiments in which all genes of interest are systematically
perturbed and the resulting expression changes in all of them are measured, see e.g.
Lorenz et al. (2009); Cantone et al. (2009); Gardner et al. (2003). In a majority of
the studies the claim is based on data sets with fewer observations than variables
and using methods that do not explicitly utilize information about the perturba-
tions, see e.g. Faith et al. (2007); Bonneau et al. (2006); Schäfer and Strimmer
(2005) and the recent reviews Emmert-Streib et al. (2012); Hecker et al. (2009);
Bonneau (2008); Tegnér and Björkegren (2007); Cho et al. (2007). The quality of
the obtained models are, however, questionable–if not in fact shown to be poor by
the authors themselves. For instance, Lorenz et al. (2009) reported a mere 62%
sensitivity and 69% precision with 24% of the predicted interactions having the
opposite sign in their model of the Snf1 network in S. cerevisiae. Sensitivity measures
the percentage of known interactions that are successfully inferred, while precision
measures the percentage of inferred interactions that are consistent with known
interactions. Moreover, benchmarking studies, such as the Dialogue for Reverse
Engineering Assessments and Methods (DREAM), have shown that inference of
gene regulatory networks usually results in a large fraction of false positives, i.e.
inferred interactions absent in the “true” network, and false negatives, i.e. missed
interactions present in the “true” network (Marbach et al., 2010; Stolovitzky et al.,
2009). The consensus of the published works is nonetheless that network inference
has potential, even though it is in general not clear what the necessary conditions for

www.pubmed.org
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correct reconstruction of the network of interest are and e.g. Krishnan et al. (2007)
fairly recently conclude that reverse engineering of GRNs from expression data is an
indeterminate problem. Poor performance on in vivo data is, however, at least partly
explained by incomplete information and significant uncertainty. These are two of
the following five characteristics of existing data sets used for reverse engineering of
GRNs (see e.g. Holter et al., 2000; Alter et al., 2000; Tegnér and Björkegren, 2007;
Faith et al., 2007; Cosgrove et al., 2010; Wu and Wu, 2010): The data points are few
compared to the number of genes and possible interactions, i.e. the dimensionality
is high in terms of variables but low in samples. The measurement uncertainty is
large both in the perturbations and responses, i.e. the signal to noise ratio (SNR)
is low and the data is described by a so called errors-in-variables model (see e.g.
Söderström, 2007). The variables are nearly collinear, i.e. the response matrices are
ill-conditioned.

The primary objective in network inference is to determine which interactions
exist and which do not. The secondary objective is to determine if existing inter-
actions correspond to activations or repressions. Determination of the strength of
the interactions is subordinate and typically neglected. The major focus in network
inference has so far been on development of methods for selection of a single sparse
network model, i.e. a model containing only a fraction of all possible interactions,
that fit to available data when fewer data points than the number of nodes in the
network are available. A multitude of traditional estimation and variable selection
methods, as well as novel inference algorithms have been adopted and developed; see
e.g. the review articles Emmert-Streib et al. (2012); De Smet and Marchal (2010);
He et al. (2009); Hecker et al. (2009); Karlebach and Shamir (2008); Li et al. (2008b);
Bonneau (2008); Tegnér and Björkegren (2007); Goutsias and Lee (2007); Markowetz
and Spang (2007); Cho et al. (2007); Styczynski and Stephanopoulos (2005); Doyle
and Lauffenburger (2005); Filkov (2005); van Someren et al. (2002); de Jong (2002);
D’haeseleer et al. (2000). Fundamental differences in the theoretical motivation and
principle of these algorithms make evaluation and comparison of them essential but
at the same time difficult. The performance of inference algorithms has therefore
mainly been investigated through benchmarking on simulated data (Penfold and
Wild, 2011; Marbach et al., 2010; Stolovitzky et al., 2009; Hache et al., 2009; Bansal
et al., 2007). Different algorithms were found to perform well in each of these studies
and the winning algorithm appears to largely depend on the data set, but it is
worth noting that only a small subset of all algorithms that have been proposed
was investigated in each of these studies. It is however clear that most algorithms
perform rather poorly, e.g. Hache et al. (2009) conclude that the performance of
the tested methods is not good enough for inference of large GRNs in practice and
their set of evaluated algorithms–ARACNe (Basso et al., 2005), ParCorA (de la
Fuente et al., 2004), GNRevealer (Hache et al., 2007), Banjo (Yu et al., 2004),
LDST (Rangel et al., 2004), and GeneNet (Schäfer and Strimmer, 2005)–represents
the major model formalisms in this area.

Theoretical limitations of inference based on perturbation data have also been
discussed in a few articles, most notably in Margolin and Califano (2007); Goncalves
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and Warnick (2008); He et al. (2009); Hendrickx et al. (2011). Necessary and sufficient
conditions for dynamical structure reconstruction of linear time invariant (LTI)
systems from knowledge of the transfer function from input to output have been
established in Goncalves and Warnick (2008). The dynamical structure function was
introduced in Goncalves et al. (2007) and differs from all other model formalisms
used in inference of GRNs, so the implications of these conditions on inference are
not clear. Implications of latent states on inference based on mutual information are
discussed in Margolin and Califano (2007). They use a simple co-regulation model
in which two genes are regulated by a single transcription factor (TF) to show that
an edge erroneously will be inferred between the co-regulated genes instead of the
edges between the TF and the genes, unless the unobserved latent protein state of
the TF correlates strongly enough with the TF mRNA. They conclude that it is
important to characterize the necessary correlation strength for correct inference,
because the evidence for relatively weak correlation between the mRNA and protein
of TFs is increasing. The most common model formalisms together with several
underlying biological assumptions are discussed in He et al. (2009), who conclude
that these assumptions in general are not valid. In a critical assessment of inference
of metabolic networks from time-series data, Hendrickx et al. (2011) show that
the fastest and/or slowest interactions sometimes cannot be inferred with current
techniques and conclude that the required sampling frequency for inference of large
metabolic networks is not met today.

Different inference algorithms, model formalisms, and data types typically yield
different types of networks, so the interpretation of an interaction varies. E.g.
inference of physical interactions versus regulatory influences are discussed in Gardner
and Faith (2005). They point out that the physical approach seeks the regulatory
protein factors that physically bind to the promoter of the regulated transcript,
while the influence approach seeks transcripts whose concentration changes can
explain the changes of a considered transcript.

Many different model formalisms, such as Boolean networks, Bayesian networks,
generalized logical networks, ordinary differential equations (ODEs), and stochastic
master equations, see e.g. Karlebach and Shamir (2008); de Jong (2002), are used
to describe GRNs, but “all models can be interpreted as networks of interacting
nodes” as Hecker et al. (2009) phrase it. A fully connected network with n nodes
has n2 interactions, including self-loops, but according to the dominating view only
a fraction of these interactions exist in biological networks and even fewer are active
in a particular mode of the system. Biological networks are thus assumed to be
sparsely connected. Most genes are regulated by a small number of other genes via
transcription factors that binds to the promoter sequence; 2-4 in bacteria (McAdams
and Arkin, 1998; Thieffry et al., 1998) and 5-10 in eukaryotes (Arnone and Davidson,
1997), implying that transcriptional networks typically are highly sparse. Also
evaluation of the degree distribution, i.e. number of nodes with each number
of links, of existing gene, metabolic, and protein networks show that they are
sparse (Jeong et al., 2000, 2001; Lima-Mendez and van Helden, 2009). On the
other hand, Brazhnik et al. (2002) consider the influence of the proteome and
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metabolome level on GRNs and give the following three arguments against sparse
connections: All genes encoding enzymes that control a metabolite will also influence
the transcription of all genes that depend on the metabolite. Transcription depends
on metabolic energy and the expression of each gene is therefore affected by all genes
that encode enzymes of the energy metabolism. If the availability of RNA polymerase
is low, then competition between the polymerase binding sites for polymerase would
introduce interactions between genes. In principle any two molecules interact when
they collide, but if the behaviour of the system was affected then it would be as
random as the collisions. Another argument against full connectivity in large GRNs
is that from a systems perspective it would be difficult to ensure robust function.
Small changes of the interactions are known to make the overall system unstable
even though all the local control loops are stable, unless the system is diagonally
dominant (see e.g. Skogestad and Postlethwaite, 1996, ch. 10). Even though the
degree of sparsity is debated, biological networks are in general considered sparse.
The essence of the network inference problem is therefore selection of the active
interactions based on experimental data, which is a problem known as feature
selection, feature reduction, attribute selection, subset selection, variable selection
or model selection in the machine learning, statistics and system identification
literature (Guyon and Elisseeff, 2003; Fan and Lv, 2010; Hara and Sillanp, 2009;
George, 2000; Hong et al., 2008; Stoica and Selen, 2004). The term variable selection
is mainly used here, because the features in biological data sets typically correspond
to observed variables. From a parameter estimation perspective the following three
reasons imply that network inference is not a parameter estimation problem, even
though many variable selection methods require estimation of model parameters
for evaluation of the fit to data, e.g. use of the Akaike information criterion and
Bayesian information criterion (Cedersund and Roll, 2009; Stoica and Selen, 2004;
Akaike, 1973; Schwarz, 1978), and some implicitly select the variables during the
parameter estimation, e.g. LASSO (Tibshirani, 1996; Candès and Plan, 2009). First,
in general, model and variable selection precedes parameter estimation and hence
parameter estimates, as well as estimates of their variance and significance, are
only valid for a selected model structure (Burnham and Anderson, 2002, p. 14).
Second, only parameters corresponding to active interactions are nonzero and need
to be estimated. The parameter estimator needs the correct degrees of freedom,
i.e. number of parameters, in order to efficiently use the data, since e.g. the total
parameter variance grows with the degrees of freedom (Kay, 1993, p. 34,42-43).
Third, if the number of parameters exceeds the number of data points, then some
parameters are structurally/a priori unidentifiable and no unique solution exists
to the parameter estimation problem (Ashyraliyev et al., 2009; Faller et al., 2003;
Bellman and Åström, 1970). The distinction between variable selection and parameter
estimation is particularly important in network inference, since the number of
possible interactions, i.e. unknown parameters, typically exceeds the number of
measurements and the networks are known to be sparse. This renders any formulation
as a parameter estimation problem underdetermined, which in general leads to
indeterminate parameters, over-fitting, i.e. incorporation of noise specific to the data
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set in the parameter estimates, and a large set of models with different structure
that fits equally well to the data.

Many different solutions to the variable selection problem have been developed
and employed in diverse fields, such as machine learning (Liu et al., 2010; Guyon
and Elisseeff, 2003), statistics (Fan and Lv, 2010; Fan and Li, 2006; George, 2000;
Hara and Sillanp, 2009; Fu and Desmarais, 2010), signal processing (Candes and
Wakin, 2008), system identification (Hong et al., 2008; Stoica and Selen, 2004), spec-
troscopy (Xiaobo et al., 2010; Koljonen et al., 2008), intrusion detection (You et al.,
2006), econometrics (Owen, 2003), pharmacology (Li et al., 2008a), bioinformatics
and systems biology (Zeng et al., 2009; Hecker et al., 2009; Schwender et al., 2008;
Smit et al., 2008; Saeys et al., 2007), so one also needs to look at works outside of
systems biology. The importance of variable selection has increased over the past
decade due to high-throughput measurement techniques, such as DNA sequencing
and microarrays, and digitalization of information, see e.g. Fan and Li (2006); Kohavi
and Provost (2001). The number of considered variables has grown by a factor 1000
since 1997 when few domains explored more than 40 variables (Guyon and Elisseeff,
2003). This has spurred a tremendous ongoing research effort, in particular in the
bioinformatics and statistics community. The following conclusions taken from recent
reviews and overviews clearly show that variable selection is still largely an unsolved
fundamental problem of science. First note that brute-force search for an optimal
variable subset is an NP-hard problem and thus in general not feasible (Yusta,
2009; Cotta et al., 2004; Kohavi, 1995; Cover and Van Campenhout, 1977). Current
selection methods are “either computationally feasible but far from optimal, or they
are optimal or almost optimal but cannot cope with the computational complexity
of feature selection problems of realistic size” (Yusta, 2009). The most relevant
variables are often suboptimal for prediction, while seemingly irrelevant variables
taken together can provide good prediction (Fu and Desmarais, 2010; Guyon and
Elisseeff, 2003; Kohavi and John, 1997). On the other hand, Freedman’s paradox
states that if the number of explanatory variables is large relative to the number of
data points, then a highly significant subset for prediction of any target variable
can be selected, even if the target variable is unrelated (Burnham and Anderson
2002, p. 17;Lukacs et al. 2009; Freedman 1983). Fan and Fan (2008) have recently
demonstrated that classification using any linear discriminants can perform as poorly
as random guessing due to noise accumulation in population centroids estimated in a
high-dimensional variable space and that selection of a subset of important variables
is necessary for correct classification. High dimensional statistical learning requires
development of robust and user-friendly algorithms and analysis of them and existing
techniques, solving issues such as selection of data-driven penalty functions and
algorithm parameters, group variable selection, incorporation of information on co-
variates, characterization of optimality properties, and lack of confidence in selected
models and estimated parameters (Fan and Lv, 2010). Collinearity of variables
causes over-fitting and selection of non-informative variables, in particular in high
dimensions where the number of variables exceeds the number of observations (Fan
and Lv, 2010). Many methods for selection of subsets of variables are sensitive
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to noise or small perturbations in the data (Guyon and Elisseeff, 2003). Current
variable selection algorithms for human promoter recognition identifies less than half
of the existing transcription start sites accurately and provide more false than true
positives, partly due to poorly selected features and computational problems (Zeng
et al., 2009). From the above it is clear that, in particular, low signal to noise ratios,
errors-in-variables, near collinearity, high dimensionality, and few data points, i.e.
common properties of current biological data sets, are problematic and no current
theory or method can cope with the combination of these in a robust manner.

In summary, both inference of biological networks and variable selection are in
general unsolved problems of great importance. A robust solution of both problems,
which guarantees desired confidence even for data with the common limitations
of current biological data sets, is proposed in Chapter 4 of this thesis, while the
theoretical foundation is established in Chapter 5. Conditions for correct inference
of pseudo-direct causal interactions, i.e. directed regulatory influences that are not
mediated by any included node, are established in Chapter 6.

1.3 Experiment design

The potential of network inference to reveal interactions among genes based on gene
expression data obtained from in vivo experiments has been established in numerous
studies (see e.g. Hecker et al., 2009; Bonneau, 2008; Tegnér and Björkegren, 2007;
Cho et al., 2007; Crampin, 2006; Gardner and Faith, 2005). Realization of this
potential is, however, hampered by poor quality of available in vivo data, i.e. lack
of information. Current data sets typically suffer from few data points compared to
the high number of genes and possible interactions, i.e. high dimensionality but few
samples, large measurement uncertainty both in the perturbations and responses,
i.e. low signal to noise ratio and errors-in-variables, and redundant nearly collinear
variables, i.e. ill-conditioned response matrices in which most of the variation can
be explained by a few linear combinations of the variables (Holter et al., 2000;
Alter et al., 2000; Tegnér and Björkegren, 2007; Faith et al., 2007; Cosgrove et al.,
2010; Nordling and Jacobsen, 2009a; Wu and Wu, 2010). Biological experiments
and data collection are in general so expensive that the available budget typically
determines both the number of experiments and collected data points, instead of the
information requirements for successful inference. It is therefore essential to obtain
as much information as possible from the experiments, but perturbation of the genes
one-by-one without any optimisation is still standard (see e.g. Lorenz et al., 2009;
Cantone et al., 2009; Gardner et al., 2003). Improved design of the experiments is
clearly needed, but has, with a few notable exceptions that are discussed later on,
largely been neglected in the literature on inference of biological networks.

Design of experiments (DoE) is used in statistics to obtain more relevant in-
formation in fewer experiments by tailoring the experiments to the purpose of the
study (Pronzato, 2008; Chaloner and Verdinelli, 1995; Steinberg and Hunter, 1984;
Ljung, 1999; Fisher, 1935). The idea is to plan the experiment such that when
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a mathematical model is fitted to or trained on the recorded data it provides a
sufficiently good approximation of the properties of interest, while minimising the
experimental effort. Model construction can in general be divided into two steps:
selection of the model structure, and estimation of parameters (Ljung, 1999). From a
modelling perspective network inference is model selection, since the primal concern
is which interactions to include in the model, while determination of the strength
of the interactions is parameter estimation. It is tradition to differentiate between
DoE for parameter estimation, which is used to decrease parameter uncertainty for
a chosen model structure, and model/variable selection, which is used to distinguish
among a set of alternative model structures, because the two tasks typically require
different data (Schwaab et al., 2008). In particular, experiments designed to minimise
parameter covariance should not be used for model selection, since measures of
parameter uncertainty are only meaningful for the selected model structure. The
recent reviews of DoE related to systems biology (Kreutz and Timmer, 2009; Banga
and Balsa-Canto, 2008; Franceschini and Macchietto, 2008) provide a good overview
of DoE for parameter estimation and, in particular, model based optimal experimen-
tal design (OED) for parameter estimation, but only a brief introduction to DoE
for model selection. The two introductions of Schwaab et al. (2008) and Michalik
et al. (2010) provide an excellent overview of OED for model selection, which next
is complemented by other DoE works related to systems biology that have been
published within the last decade. These works are analysed below from a network
inference perspective and their benefits and disadvantages are highlighted.

Michalik et al. (2010) derived an objective function based on Akaike weights and
prior model probabilities for design of optimal experiments that allow discrimination
among a whole set of models in one experiment. Skanda and Lebiedz (2010) devel-
oped a method for designing optimal initial conditions and perturbations, as well as
the number and location of sampling time points, using a Kullback-Leibler objective
function to discriminate between two models, and implemented it in a software pack-
age. Mélykúti et al. (2010) considered OED and maximized the L2 distance between
the outputs of two rival models by finding the best initial condition, stimulus profile
of unit L2-norm, or structural changes. Donckels et al. (2009) modified the objective
function proposed by Buzzi Ferraris et al. (1984) to include the expected information
of the designed experiment and designed optimal pulse inputs for maximizing the
weighted difference between outputs. Schwaab and coworkers (Schwaab et al., 2008,
2006) proposed inclusion of model probabilities and the posterior covariance matrix
of the difference between model predictions in an objective function, originating
from Buzzi Ferraris et al. (1984), which they used for iterative design of optimal
experiments to discriminate among a set of alternative models. Kremling et al.
(2004) compared three different OED approaches for discriminating between two
models on a test case: step inputs for maximizing the difference of the largest
outputs, sinusoidal inputs for maximizing the difference between phase shifts of
linear approximations of the two models, and input profiles for bringing the weighted
states as apart as possible. The third approach is a simplification of the optimal
control formulation proposed by Chen and Asprey (2003). Maiwald et al. (2007)
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used statistical hypothesis testing to generate a list of required experiments for
discrimination between two alternative models by simulating the response to each
feasible experiment on one of the models, calculating the chi-square goodness of fit
value of the other model, and iteratively removing the experiment with the highest
value from the feasible set to the list. All these works are concerned with optimal
discrimination of alternative nonlinear dynamical models, i.e. hypothesis testing,
and require a priori knowledge or data both for constructing the alternative models
and estimation of their parameters. This implies that the proposed methods are
unsuitable for generation of interaction hypotheses, which network inference so far
mainly has been used for. In addition, the model and parameter errors may have
a large impact on the designed experiments and discriminatory power provided
by the obtained data. The current research theme is to account for model and
parameter uncertainty through modified objective functions–an approach which
further increases the demand on a priori information and data.

Ideker et al. (2000) proposed a perturbation “chooser” for maximizing the number
of models that can be discriminated based on the fraction of network models reach-
ing the same Boolean state for each possible perturbation, i.e. high or low level of
expression of any gene. Their approach is limited to Boolean network representations
of the system, is computationally expensive if the sets of alternative models and
possible perturbations are large, and does not account for noise in the data, but it is
suitable for generating and testing interaction hypotheses. Steinke et al. (2007) de-
rived an approximation of the Bayesian posterior distribution over all linear network
models based on expectation propagation and used it to calculate the maximum
information gain over a set of possible step perturbations. They demonstrated the
method by iteratively designing single gene perturbation experiments and recovering
all significant interactions of a Drosophila segment polarity network in silico. Their
method was developed for decreasing the uncertainty of inferred interactions in
reverse engineering of GRNs in consecutive perturbation experiments, starting from
no knowledge about the network except the sparsity prior, so it is suitable both for
hypothesis generation and testing. They however assumed noise-free measurements
of the steady-state response, while the applied perturbations were assumed to be
corrupted by white noise. The former assumption is questionable considering that
the noise level of current gene expression data sets is high. Yoo and Cooper (2003)
developed a computer system called GEEVE for recommending which microarray
experiment to conduct. GEEVE infers a causal Bayesian network and generates
a decision tree where each possible experiment is scored. GEEVE is limited to
causal Bayesian network representations and pair-wise relationships between genes.
It involves heuristic methods and approximations to decrease the computational
complexity, which are not described in detail, but generation of interaction hypothe-
ses should be possible. Tegnér et al. (2003) suggested two heuristic rules for selecting
which gene to perturb using a genetic toggle switch: perturb without repetition
the gene whose activity has changed the least in all previous experiments until all
genes achieve an activity threshold, then perturb without repetition the gene with
most uncertain connections. They considered the set of linear mappings in which
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each gene is influenced by a maximum of kmax other genes and used two in silico
examples to demonstrate iterative design of perturbations until only one model was
consistent with recorded data. Experiments generated by their rules are suitable for
both hypothesis generation and testing, but it may be computationally expensive
to determine all models consistent with data, as needed to apply the second rule.
Feng and co-workers developed a technique called optimal identification to recover
the full distribution of parameters of a nonlinear model consistent with data (Feng
et al., 2004; Feng and Rabitz, 2004; Feng et al., 2006). Their technique combines
DoE with parameter identification and can, in principle at least, be used for model
selection, because the design is based on a set of alternative models consistent with
data. However, they employ genetic algorithms for parameter identification and
design of perturbations, which is computationally expensive and does not guarantee
an optimal solution. They also require initial estimates of the model, steady-state
concentrations, and dynamic rate of each rate constant, which makes the method
unsuitable for generation of interaction hypotheses. Apgar et al. (2008) used model
based controllers to design dynamical stimuli for driving candidate models through
a target trajectory so that the models can be distinguished. They selected the target
trajectory based on suitability for the available measurement methods and did not
explicitly optimize the discriminatory power. Their method is made for discrimi-
nation among a few candidate models and it therefore requires a priori knowledge
or data, implying that it is not suitable for generation of interaction hypotheses.
It is important to note that the authors of the last four design approaches (Yoo
and Cooper, 2003; Tegnér et al., 2003; Feng et al., 2006; Apgar et al., 2008) have
not provided any proof that their design yields sufficiently informative data for
distinguishing among all models in the considered sets. This in contrast to the other
designs, which per construction should yield informative data or indicate that the
models are indistinguishable for all allowed perturbations. Roberts et al. (2009) tried
to distinguish between two alternative chemotaxis models for R. sphaeroides based
on a sinusoidal ligand stimuli with frequency selected based on linearisation of the
models fitted to wild type time series data, but simulations proved it infeasible, so
in the end they used over-expression of CheY4 to successfully discriminate between
the models.

Considering the typical characteristics of biological data sets–high dimensionality
combined with relatively few samples, low SNR, errors-in-variables, and redun-
dant nearly collinear variables (Holter et al., 2000; Alter et al., 2000; Tegnér and
Björkegren, 2007; Faith et al., 2007; Cosgrove et al., 2010; Nordling and Jacobsen,
2009a; Wu and Wu, 2010)–none of the proposed methods for DoE is suitable for
inference of biological networks. Moreover, it is known in process control that correct
identification of the weak gains of the system, corresponding to signal attenuation,
is essential for capturing the multivariable properties of the system (Bruwer and
MacGregor, 2006; Jacobsen, 1994), but none of the methods targets the weak gain,
which is needed to avoid near collinearity in the data.

To summarize, lack of a design of experiments that targets the weak gain currently
hampers network inference. A strategy for iterative design of perturbation experi-
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ments for network inference based on available data with the typical characteristics
of current data sets is proposed in Chapter 7.

1.4 Properties of biological systems

Knowledge of generic system properties is important when considering modelling,
analysis and synthetic construction of biological networks. A fact clearly visible
already in the classical book General system theory (von Bertalanffy, 2006) from
the 1960s, where von Bertalanffy defines and discusses a number of general system
properties. One recently introduced system property is scaling in random net-
works (Barabási and Albert, 1999), which already has had a profound impact on the
way complex networks are viewed, modeled, analysed and constructed (Boccaletti,
2006). This property has for instance helped to explain why human immunodeficiency
virus (HIV) is spreading so fast and how to slow down the acquired immunodefi-
ciency syndrome (AIDS) pandemic, since the distribution of the number of different
sexual partners in one year decays as a scale-free power law (Liljeros et al., 2001).
Another property that has been observed in many different biological systems is
robustness; many biological functions have been shown to be robust even to removal
of components participating in the generation of the function (Kitano, 2004; Barkai
and Leibler, 1997; Little et al., 1999; Alon et al., 1999; Eissing et al., 2005; Kim
et al., 2006; Kitano, 2007b). Robustness of biological function has e.g. been used
to explain why certain drugs have proven to be ineffective or have unexpected
side-effects (Kitano, 2007a). Together these two properties illustrate the importance
of searching and accounting for system properties.

Several authors have noted that the variation seen in gene expression data often
is confined to a subspace of lower dimension than the gene space and that most
of the variation can be explained by a relatively small number of variables (Holter
et al., 2000; Alter et al., 2000; Kuruvilla et al., 2002; Wu and Dewey, 2006). A few
orthogonal directions, in other words, capture almost all of the biological signal, even
though hundreds of arrays have been recorded, each measuring the expression change
of thousands of genes. In short, the corresponding data matrix is ill-conditioned.
The observation that microarray data is ill-conditioned has led others to introduce
linear combinations of observed genes, so called “characteristic modes” (Holter et al.,
2000, 2001) and “eigengenes” (Alter et al., 2000; Nielsen et al., 2002; Alter and
Golub, 2006; Omberg et al., 2007), in an attempt to explain this observation and
connect it to properties of the system. They have shown that the dominating modes
contain essentially all information and thus capture the essential features of the
expression data. The data set can therefore be compressed or reduced into a few
simple patterns given by the dominating modes. These modes have further been
connected to biological signals such as cell cycle oscillations and release of pheromone
α-factor synchronisation (Alter, 2007). On the other hand, both the characteristic
modes and eigengenes are based on a singular value decomposition which is guided
by an a priori assumption of the latent factors being orthogonal, rather than any
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physical property of the system. The resulting modes or latent factors are therefore
features of the data set and do not necessarily reflect any biological property of the
system; a fact that e.g. is pointed out by Liao et al. (2003). Further investigation is
needed.

From a systems perspective the characteristic modes only reflect one side of the
coin, i.e. signals that are amplified by the system. The other side of the coin, i.e.
signals that are attenuated by the system, is neglected. Since most biological networks
should amplify some variations, e.g. in signal transduction, while attenuating other
variations, e.g. in order to maintain homeostasis, it is trivial to realize that both are
equally important for the system. One example of the importance of weak modes
is seen in bacterial chemotaxis. Perfect adaptation is used in bacterial chemotaxis
to reset the response to a change in the nutrition concentration to its initial value,
so that the bacterium can maintain its sensitivity to concentration changes and
track the nutrition gradient (Yi et al., 2000). In other words, attenuation of the
signal generated by a prolonged change in the nutrition concentration enables
strong amplification of small changes. If we only looked at the dominating modes,
then we would miss the core mechanism–the integral feedback that enables the
perfect adaptation. Attenuation of signals correspond to weak gains and correct
identification of them has in process control been shown to be essential for capturing
the multivariable properties of the system (Bruwer and MacGregor, 2006; Jacobsen,
1994). Ill-conditioned data with correlated regressors is known in statistics to cause
instability of estimators, large uncertainty in the estimated parameters, sign errors
even in statistically significant parameters, and good fit to data despite statistically
insignificant parameters (see e.g. Belsley, 1991; Rao and Toutenburg, 1999; Larose,
2005). Ill-conditioning of current data sets is, in other words, hampering network
inference and to avoid it, e.g. through design of perturbation experiments, one first
needs to understand its cause. It is therefore essential to find the underlying system
property.

To summarize, an unknown system property needs to be accounted for in
experiment design to obtain informative data for network inference. Interampatteness
is introduced in Chapter 3, shown to explain previous observations, and postulated
as the system property that causes the ill-conditioning in existing gene expression
data sets.

1.5 Publications

Parts of the work described in this thesis has previously been presented in the
following publications and at the following international conferences.

T. E. M. Nordling and E. W. Jacobsen. Interampatteness–a generic property of
biochemical networks. IET Syst Biol, 3(5): 388–403 (2009a)

In this article a generic system property–interampatteness–is defined. It explains
previous observations of the variation in expression data sets being concentrated
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in a few “characteristic modes” or “eigengenes”, and highlights their previously
neglected counterpart, the “weak modes”. An interampatte network is characterised
by strong INTERactions enabling simultaneous AMPlification and ATTEnuation
of different signals. It is postulated that bio-networks are interampatte, based on
published experimental data and theoretical considerations. Existence of multiple
time-scales and feedback loops are shown to increase the degree of interampatteness.
Interampatteness is also shown to have strong implications for the dynamics and
hamper reverse engineering of the network. Chapter 3 is with the exception of some
minor corrections and modifications identical to this article. Parts of these results
have also been presented at the following conferences:

T. E. M. Nordling and E. W. Jacobsen. Invalidating models of gene regulatory
networks - the implications of characteristic and weak modes for network inference.
Engineering Principles in Biological systems conference, Hinxton (UK) (2009b)

T. E. M. Nordling and E. W. Jacobsen. Inference of interampatte gene regulatory
networks - with application to apoptosis signalling. The 9th International Conference
on Systems Biology (ICSB-2008), Gothenburg (Sweden) (2008b)

T. E. M. Nordling and E. W. Jacobsen. Ill-conditioning - a property of bio-networks.
The 2nd annual q-bio conference on cellular information, Santa Fe (U.S.A.) (2008a)

T. E. M. Nordling and E. W. Jacobsen. On Sparsity As a Criterion in Recon-
structing Biochemical Networks. In B. Sergio, A. Cenedese, and S. Zampieri, editors,
Proceedings of the 18th International Federation of Automatic Control (IFAC) World
Congress, 2011, 11672–11678. The International Federation of Automatic Control,
Milano, Italy (2011)

This article begins with a brief review of some network reconstruction algorithms
based on subset selection and regularization techniques, and a discussion on their
suitability for inferring the structure of bio-networks. A particular problem is the fact
that these methods provide little or no information on the uncertainty of individual
edges, combined with the fact that the identified networks usually have a large frac-
tion of false positives and negatives. To partly overcome these problems, conditions
are considered that can be used to classify edges into those that can be uniquely
determined based on a given incomplete data set, those that cannot be uniquely
determined due to collinearity in the data, and those for which no information is
available. This classification can be used to improve the reconstruction by employing
standard unbiased identification methods to the identifiable edges while employing
sparse approximation methods for the remaining network. An effective rank based
method is demonstrated through application to a synthetic network in yeast which
has recently been proposed for in vivo assessment of network identification methods.
The robust variable selection and network inference in Chapter 4 and 5 stem from
the classification of noise-free regressors that was introduced in this article. This
classification has also been presented at ICSB-2010.



16 Introduction

T. E. M. Nordling and E. W. Jacobsen. Sparsity is a means and not an aim in
inference of gene regulatory networks. In The 11th International Conference on Sys-
tems Biology (ICSB-2010) in Edinburgh (UK): Abstract book. Edinburgh, UK (2010b)

T. E. M. Nordling and E. W. Jacobsen. Experiment Design for Proper Excitation
of Gene Regulatory Networks. In Proceedings of Foundations of Systems Biology in
Engineering (FOSBE), 2nd Conference. Fraunhofer IRB Verlag, Postfach 800469,
70504 Stuttgart, Germany (2007)

Ill-conditioned data in general hampers network inference. In this article a system-
atic iterative experiment design that ensures sufficient excitations of all network
interactions is proposed. The design counteracts the intrinsic signal attenuation of
the system via correlated perturbations that lift the small singular values of the
response matrix. The method leads to combinatorial perturbation experiments, in
which a number of genes are perturbed simultaneously. The effectiveness of the
method is demonstrated by application to an in silico gene regulatory network. The
iterative design proposed in Chapter 7 is based on ideas originating from this article
and also utilizes correlated perturbations to lift singular values. Parts of this work
has also been presented at the following conferences:

T. E. M. Nordling and E. W. Jacobsen. Design of perturbations is the key to
inference of tumour specific gene regulation. MGH-KI-Cell press Days of Molecular
Medicine, Stockholm (Sweden) (2010a)

T. E. M. Nordling and E. W. Jacobsen. Experiment design for optimal excitation of
gene regulatory networks. In The 7th International Conference on Systems Biology
(ICSB-2006) in Yokohama (Japan): Abstract book. The Systems Biology Institute
(SBI) (2006a)

T. E. M. Nordling and E. W. Jacobsen. Experiment design for systematic excita-
tion of gene regulatory networks. International Workshop on Systems Biology in
Maynooth (Ireland) (2006b)

E. W. Jacobsen and T. E. M. Nordling. On identification of genetic and metabolic
networks. 15th ERNSI Workshop on System Identification in Linköping (Sweden)
(2006)

1.5.1 Other publications

I have as a part of my work scientific training at KTH Royal Institute of Technology
also contributed to the following publications and conference presentations, which
are not part of this thesis.
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A. Tjärnberg, T. E. M. Nordling, M. Studham, and E. L. L. Sonnhammer. Optimal
sparsity criteria for network inference. Journal of Computational Biology, 20(5)
(2013)

R. Jörnsten, T. Abenius, T. Kling, L. Schmidt, E. Johansson, T. E. M. Nordling,
B. Nordlander, C. Sander, P. Gennemark, K. Funa, B. Nilsson, L. Lindahl, and
S. Nelander. Network modeling of the transcriptional effects of copy number aberra-
tions in glioblastoma. Molecular systems biology, 7(1): 486 (2011)

M. Hellgren, T. E. M. Nordling, E. W. Jacobsen, and J. O. Höög. Multi-level
modelling of the parallell metabolism of ethanol and retinol, with implications for
foetal alcohol syndrome. In The 9th International Conference on Systems Biology
(ICSB-2008) in Gothenburg (Sweden): Abstract book. University Of Gothenburg,
Curran Associates, Inc., Gothenburg, Sweden (2008)

1.6 Outline

I have made the presentation in each chapter independent so that the chapters can
be read in any order. The remainder of this thesis contains work done under the
supervision of Prof. Elling Jacobsen and is organized in the following way.

We give an introduction to the prerequisites and objectives of inference/reverse
engineering of gene regulatory networks in Chapter 2. The idea of the chapter is to
introduce familiar knowledge, such as a network of well studied genes in S. cerevisiae
for molecular biologists and linear ODE models for control engineers, and relate it
to the other parts required for modelling of gene regulatory networks. The chapter
contains a presentation of an S. cerevisiae network, perturbation experiments for
its inference, how to measure gene expression changes by quantitative real-time
RT-PCR, how GRNs can be described as a system of linear ordinary differential
equations, and its relation to the network inference problem. The yeast network is
used as an example in the following chapters.

In Chapter 3 we introduce a system property–interampatteness. It explains why
the variation in existing gene expression data is concentrated to a few “characteristic
modes” or “eigengenes”, and why previously inferred models have a large number
of false positive and negative links. An interampatte system is characterized by
strong INTERactions enabling simultaneous AMPlification and ATTEnuation of
different signals. We show that perturbation of individual state variables typically
yield ill-conditioned data with both characteristic and weak modes that hamper
network inference.

The network inference problem is a variable/model selection problem. In Section 4,
we propose a solution to it by considering all possible models of a specified class
that can explain the data at a desired significance level and classifying only the
links present in all of these models as existing. This is done in order to get a robust
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solution and assign confidence to individual interactions. We find these links without
estimating a single parameter or fitting any model to the data by reformulating the
variable selection problem as a rank problem, which we solve by using the structured
singular value. The proposed method is demonstrated by reverse engineering of a
synthetic GRN in S. cerevisiae which has been proposed for in vivo assessment of
network identification methods. We also show that when the number of variables
exceeds the number of observations alternative models with different structure that
explain noisy data always exist. Consequently no reliable measure of confidence of
individual interactions exists.

In Chapter 5 we establish a theory for robust variable selection and network
inference based on introduction of uncertainty sets and extension of standard
concepts from linear algebra. It enables us to state both sufficient and necessary data
conditions both for when a variable must be selected to explain data, and for when a
variable always can be excluded while explaining data. The former implies that the
corresponding interaction exists and the latter that the corresponding interaction
is non-existing. In layman terms all variables and interactions are classified as
present/existing, absent/non-existing, alternative, or non-evidential, based on the
information available in the data. We also prove that the rank problem and solution
by the structured singular value are correct and that the selected interactions are
true positives under mild assumptions.

We analyse how unperturbed and unobserved latent state variables that exist in
the real system affect the inferred subnetwork in Chapter 6. The existence of latent
states implies that a subnetwork of pseudo-direct causal influences, accounting for
all environmental effects, is in general inferred. We show that it is necessary to know
a linearly independent subset of as many relations between the states of interest and
responses or perturbations as there are states of interest. In steady-state experiments
it is necessary to both observe and perturb each state of interest independently,
which implies that at least as many experiments as variables of interest are needed.
We also show that bounds on the number of latent states as well as the number of
different paths between the states of interest, in principle, can be determined from
time-series data. However, the physical quantities corresponding to the latent states
cannot be determined from perturbation experiments alone, unless they are directly
perturbed or observed.

Iterative design of correlated multi-gene perturbation experiments that counteract
the intrinsic signal attenuation of the system is shown in Chapter 7 to be necessary
to obtain informative data for network inference. We also propose and numerically
demonstrate a practical design of steady-state experiments that requires no a priori
information, but explores the gains of the system and provides informative data
about the Snf1 signalling pathway in S. cerevisiae.

In Chapter 8 all results are summarized and connected to give a picture of our
contribution to inference of GRNs. We also make recommendations for future work.

Additional material that is necessary to prove or reproduce our results is in-
cluded in Appendices A-C. References are given throughout this thesis in order of
importance, instead of by increasing or decreasing year of publication.



Chapter 2

From data to linear models of gene
regulatory networks

“I think that it is a relatively good approximation to truth
–which is much too complicated to allow anything but
approximations–that mathematical ideas originate in empirics”

John von Neumann, The Mathematician,
The works of the mind, 1947.

To provide a context for our scientific contribution in Chapter 3-7 and to explain its
role in modelling of gene regulatory networks (GRNs), we here give an introduction
to the prerequisites and objectives of inference or reverse engineering of GRNs. We
first present a network of well studied genes in yeast together with perturbation
experiments for its inference in Section 2.1. Then we describe how to measure gene
expression changes using quantitative real-time RT-PCR in Section 2.2. Finally, we
show how GRNs can be approximated as a system of linear ordinary differential
equations (ODEs) and relate this model formalism to the basic network inference
problem in Section 2.3. The idea is to include knowledge familiar to the reader, such
as the network of well studied genes in yeast for molecular biologists and linear
ODE models for control engineers, and to relate it to the other parts required for
modelling of gene regulatory networks. To construct a dynamic model of a specific
GRN based on quantitative data one, in general, needs to perform the following
tasks:

1. Perform perturbation experiments in which the expression of the genes are
altered.

2. Collect quantitative data by at least measuring the change in gene expression
resulting from each perturbation.

3. Specify a data model, including an error model, that connects the data to the
interaction matrix of the GRN.

19
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4. Infer the structure of the interaction matrix from the collected data.

5. Estimate the nonzero parameters of the model.

To set the stage for our contribution we address in this chapter the prerequisites
and objectives of network inference (Tasks 1-3). How to infer the structure of the
interaction matrix (Task 4), i.e. the causal interactions that exist among the genes
in the network, is the main topic of this thesis and it is addressed in Chapter 4-6.
Once the structure of the network is determined, then existing statistically and
computationally efficient parameter estimators can be used to estimate the non-
zero parameters of the model structure employed here (Task 5). We e.g. later in
Appendix A-C estimate the strength of inferred interactions when needed by using
convex optimization to minimize the weighted residual sum of squares subject to
structural constraints.

2.1 A gene regulatory network–the IRMA example

As an example of a gene regulatory network and perturbation experiments for its
inference, we present here the synthetic GRN engineered in S. cerevisiae by Cantone
et al. (2009) for the purpose of in vivo reverse-engineering and modelling assessment
(IRMA). This network was created specifically for evaluation of network inference
algorithms. It is also small enough to be comprehended by the human mind, and is
per design negligibly affected by endogenous genes. Cantone et al. performed in vivo
perturbation experiments for inference of this network and made their steady-state
and time-series data publicly available (Cantone et al., 2009). Taken together these
facts make it suitable for our illustrations. We next briefly explain how Cantone and
co-workers engineered the synthetic network, what the engineered network looks
like, how they performed the steady-state perturbation experiments, and measured
the resulting expression changes.

The IRMA network consists of the following five genes: CBF1, GAL4, SWI5, ASH1,
and GAL80. Cantone et al. selected these genes because they are well characterized
and can be knocked out viably in wild type yeast. They used the swi5AAA mutant of
Swi5 with the three phosphorylated Serine residues (Ser-522, Ser-646, and Ser-664)
substituted by Alanines to avoid cell cycle control mediated by Cdk8 phosphorylation
of Swi5. To obtain the desired structure of their synthetic network, Cantone et al.
placed different promoters upstream of the genes in vectors containing different
markers, which were inserted in the genome of gal4∆542 gal80∆538 yeast strain
YM4271, whose GAL4 and GAL80 loci were deleted. The SHE2, ACE2, and endogenous
counterparts of the selected genes were also deleted. They cloned a green fluorescence
protein (GFP) tag at the 3’ end of the CBF1 open reading frame, in order to in the
microscope visually verify the operation of the network. This resulted in the following
transcriptional units: HO promoter/CBF1-GFP, MET16 promoter/GAL4, GAL1-10
promoter/SWI5-MYC9, ASH1 promoter/ASH1-2XHA, and ASH1 promoter/GAL80-
3XFLAG. For further details, see their original article with supplemental. The
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Figure 2.1: The engineered IRMA network. The structure of the synthetic gene
regulatory network created by the designed transcriptional units (rectangles), each
consisting of a promoter (red) and gene (blue) tagged with the specified sequences
(green). An arrow shaped head on the link indicates up-regulation or activation, while
a bar shaped head indicates down-regulation or repression. Reprinted from Cantone
et al. (2009) with permission from Elsevier.

structure of the the IRMA network together with the constructed transcriptional
units is shown in Figure 2.1. The interaction matrix, representing the designed
regulation between the genes of the engineered IRMA network, is

Ǎ =


−1 0 1 −1 0
1 −1 0 0 −1
0 1 −1 0 0
0 0 1 −1 0
0 −1 1 0 −1

 . (2.1.1)

More precisely, this is the signed adjacency matrix in which the unknown strength
of each interaction is replaced by one, which we discuss in depth in Section 2.3.2.
It is an approximation of the system in which only the mRNA abundance of each
gene is explicitly included as state variables and we will in Section 2.3.1 make the
connection to a system of linear ODEs. This network per design contains both
positive and negative feedback loops and one known protein-protein interaction
between GAL4 and GAL80.

Transcription of GAL4 depends on the growth medium of the cells. In absence of
Galactose the Gal80 repressor prevents transcription which takes place in Galactose.
The IRMA system therefore has two different dynamical modes, termed off and
on by Cantone et al., and the expression of the genes in the network depends on
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whether the cells are grown in a medium containing Glucose (off) or a mixture of
Galactose and Raffinose (on). We therefore refer to the mode and data recorded with
the network in a particular mode as Glucose or Galactose for simplicity. Cantone
et al. perturbed the system by over-expressing each of the five genes one at a
time in separate experiments by inserting a plasmid containing a copy of the gene
under control of the strong constitutive GPD promoter. This is in other words an
example of the use of exogenous perturbations that alter the copy number of a
gene. They grew the transformed cells at 30℃ in synthetic complete medium lacking
Histidine with 2% Glucose or 2% Galactose and 2% Raffinose. They then measured
the change in expression of each gene when the network reached steady-state, i.e.
after a sufficiently long time so that the expression of each gene had stabilized,
relative to unperturbed control experiments, i.e. transformation by an empty vector.
We later use their steady-state perturbation data to demonstrate our method for
robust network inference in Section 4.6 and Section A.6. The gene perturbed in each
experiment is known and we assume that the strength of the perturbation is equal
to one in each experiment, matching the approach taken by Cantone et al. when
they inferred the network using the NIR algorithm. This however implies that the
interaction strengths that we estimate in Sections A.6 and B.1 are relative to the
actual strength of the perturbations.

To measure the change in mRNA abundance of the five genes in the perturbation
experiments, Cantone et al. used quantitative real-time reverse transcription poly-
merase chain reaction (qRT-PCR), which we discuss in more detail in Section 2.2.
They used Platinum SYBR Green qPCR SuperMix-UDG with ROX (Invitrogen)
for the qRT-PCR reactions. The cycle threshold (CT ) values, i.e. the fractional
number of cycles at which the fluorecense intensity threshold is reached, were ob-
tained from the Applied Biosystems SDS software version 1.2.3. The average CT
values and standard errors reported by Cantone et al. for each measured transcript,
including the housekeeping gene ACT1, are based on two technical replicates of each
reverse transcription polymerase chain reaction (RT-PCR) reaction (Cantone et al.,
2009, supplemental). They then used the comparative CT method to obtain the
relative expression change of each gene; see Cikos and Koppel (2009) for a review
of how fluorescence readings from RT-PCR are converted into gene expression and
Schmittgen and Livak (2008) for a current comparative CT protocol. More precisely,
they use the 2−∆∆CT method, since the amplification efficiency is assumed to be
optimal, i.e. a doubling of the complementary DNA (cDNA) in each cycle. Their
reported ∆CT values are the difference between the average CT of the measured
gene of interest and the average CT of the housekeeping gene ACT1 for all clones.
And their ∆∆CT , which we later denote by yi in (2.2.4), is the logarithm of the
fold change of the expression of the gene of interest in the perturbed sample relative
to the unperturbed control sample.
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2.2 Gene expression data–real-time RT-PCR for mRNA
quantification

The IRMA data used in this work has been generated by quantitative real-time
RT-PCR, which has certain characteristics that one needs to know when analyzing or
working with such data. We therefore here give a short introduction to quantitative
real-time RT-PCR data. When using the data for network inference, a data model,
including an error model, must be assumed and we therefore focus on how to model
the data generating process. In general, a data model describes our assumptions
about how the measurements are obtained, i.e. the process generating the data. It
also specifies how the observed quantity is related to quantities of interest and the
errors or noise, which is assumed to have certain properties specified in an error
model. The importance of using an appropriate data and error model was recently
demonstrated for immunoblotting (Kreutz et al., 2007), where the signal to noise
ratio (SNR) was improved by more than a factor 10 relative to raw background
subtracted intensities.

Invention of the polymerase chain reaction (PCR) in 1983, for which Kary Mullis
was awarded the Nobel prize in Chemisty 1993, enabled cyclic amplification of essen-
tially any sequence of nucleic acids (Saiki et al., 1985; Bartlett and Stirling, 2003).
Real-time PCR is a refinement of the original PCR, first published in 1992 (Higuchi
et al., 1992), in which the amount of product formed in each amplification cycle
is monitored in order to enable quantification of the initial amount of a sequence
of nucleic acids of interest. In qRT-PCR, real-time monitoring of the PCR is com-
bined with initial reverse transcription (RT) of the mRNA, i.e. copying of the
messenger RNA in the sample to complementary DNA, such that the abundance
of an mRNA sequence of interest can be quantified, either relative to an internal
standard or in absolute terms. See Kubista et al. (2006) for a general overview of
the RT-PCR technique and Schmittgen and Livak (2008) for a current qRT-PCR
protocol using the comparative CT method. The popularity of real-time RT-PCR for
mRNA quantification has increased over the past decade so that in 2008 it was used
in approximately 88% of the published studies that quantify mRNA, as opposed
to a mere 8% in 1999 (Thellin et al., 2009). To measure the mRNA abundance
using qRT-PCR, the following steps are required to get from a sample to data: (i)
extraction of RNA from the biological sample, (ii) reverse transcription of the mRNA
to generate cDNA, (iii) measurement of fluorescence intensity in each amplification
cycle of the cDNA using real-time PCR, (iv) conversion of measured intensities to
relative or absolute mRNA quantities. We next focus on the fourth step, because it
determines the data model, while merely commenting on errors introduced by the
first three steps.

The RT-PCR is in general considered to consist of four phases: a lag phase with
exponential amplification but no detectable fluorescence signal, a log phase with
exponential amplification and detectable changes in fluorescence between each cycle,
a retardation phase when the reaction decelerates, and a stationary phase when no
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further amplification takes place (Schefe et al., 2006). The detected fluorescence
intensity after each amplification cycle of the RT-PCR reaction during exponential
amplification in the log phase is commonly described by

Fk = F0(1 + E)k, (2.2.1)

with Fk and F0 being the fluorescence intensity. The intensity is assumed to be pro-
portional to the amount of DNA amplicons, after k and 0 cycles, respectively (Schefe
et al., 2006; Cikos and Koppel, 2009). The amount of DNA amplicons at 0 cycles is
assumed to be proportional to the abundance of mRNA of the gene of interest in
the sample. The amplification efficiency of the reaction is in this model assumed to
be constant and described by E. Alternatively the detected fluorescence intensity
can be described by a sigmoidal equation (Rutledge and Stewart, 2008)

Fk = Fmax

1 +
(
Fmax
F0
− 1
)

(1 + Emax)k
, (2.2.2)

with
Ek = ∆E Fk + Emax, Fmax = Emax

−∆E . (2.2.3)

Here Fmax is the maximal fluorescence intensity, Emax is the maximal amplification
efficiency, i.e. the efficiency at the beginning of the first cycle, Ek is the amplification
efficiency in cycle k, and ∆E is the rate of loss in amplification efficiency. The
retardation phase of the PCR begins immediately, since the efficiency in cycle k is
assumed to decrease linearly with fluorescence intensity. The sigmoidal equation
avoids the issue of determining which cycle points that belong to the log phase, and
has recently been shown to improve the accuracy, in particular when determining
absolute quantities (Rutledge and Stewart, 2008, 2010). Older comparisons of
methods have, on the other hand, shown better accuracy and reproducibility of
those based on the exponential model than those on the sigmoidal model (Karlen
et al., 2007; Cikos et al., 2007). We however note that the sigmoidal model used
in Karlen et al. (2007) and Cikos et al. (2007) differs from that used in Rutledge
and Stewart (2008, 2010). In general, no consensus exists in the literature on
which method to use for converting fluorescence readings to relative or absolute
quantification of gene expression, and essentially all published methods have been
shown to have advantages and weaknesses, see e.g. Schefe et al. (2006); Karlen
et al. (2007); Cikos et al. (2007); Rutledge and Stewart (2008); Cikos and Koppel
(2009). The most common method for relative quantification is the comparative
CT method (Cikos and Koppel, 2009; Schmittgen and Livak, 2008), which is a
benchmark based method according to the classification used by Cikos and Koppel
(2009) into (i) benchmark based, (ii) regression based, and (iii) combined methods.
It has been shown to yield reproducible albeit fairly inaccurate results (Karlen et al.,
2007) and it was used by Cantone et al. (2009) to produce the IRMA data set that
we use in this work. More precisely, they used the 2−∆∆CT method to obtain the
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logarithm of the fold change in expression of the gene of interest

yit , log2

(
xit
xiC

)
= −∆∆CT

= CiC − CrC︸ ︷︷ ︸
,∆CTiC

− (Cit − Crt)︸ ︷︷ ︸
,∆CTit

. (2.2.4)

Here xit denotes the abundance of mRNA of gene i in the experiment marked by
t, with Cit being the mean CT value for gene i in the clones of the experiment in
which gene t is perturbed and CiC in the unperturbed control sample, and Crt
being the mean CT value for the housekeeping gene in the clones of the experiment
in which gene t is perturbed and CrC in the unperturbed control sample. The
abundance of mRNA of gene i is denoted by xit for the experiment in which gene t
is perturbed and xiC in the unperturbed control experiment. Cantone et al. assumed
the amplification efficiency to be optimal, i.e. a doubling of the cDNA in each cycle,
and used the housekeeping gene ACT1 for normalization. We do not have access to
the raw fluorescence readings, so we must assume the exponential model that was
used by the authors recording the data.

The next question is which error model to assume, i.e. how is the error in
the estimated expression changes distributed? We have only found two studies
focusing specifically on this issue: A theoretical study where the branching process
theory was used to compute the probability distribution of the offspring of a single
molecule during the PCR (Peccoud and Jacob, 1996). An empirical study where a
phenomenological model, distinguishing between RT, PCR, and dilution noise, was
constructed based on 24 qRT-PCR replicates of diluting total RNA 4 to 6 times,
and 30 replicates of diluting cDNA 5 times and measuring the Gfap, Rps29, ChgB,
Nes, Sox2, and Ins2 genes in mouse endocrine cells (Bengtsson et al., 2008). Both
studies addressed absolute quantification by RT-PCR based on the exponential
model and found that the error is largest for genes with few mRNA copies, i.e.
weakly expressed genes, and then decreases rapidly so that the relative error is
around 10-30% at 100 copies depending on the gene and amplification efficiency. The
empirical study reports that the error is log-normally distributed, i.e. the logarithm
of the expression is normally distributed, based on quantile-quantile plots of the CT
values. These plots in our opinion, however, contain some fairly large outliers, calling
for more precise testing of the hypothesis that the errors are normally distributed.
The logarithm of the expression is assumed to be normally distributed also in
Steibel et al. (2009). Steibel et al. list a few other works using this assumption, but
no investigation of it is performed. The theoretical study by Peccoud and Jacob
(1996), on the other hand, reports that the shape of the distribution depends on
the amplification efficiency and initial copy number. It has several maxima for high
efficiencies and only tends towards a normal distribution as the initial copy number
goes to infinity. We tested the null hypothesis that the data comes from a normally
distributed population using a Lilliefors test (Lilliefors, 1967) on the fold changes
of the IRMA data generated by Cantone et al. (2009). The null hypothesis was
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rejected with p-values smaller than 0.001 for both the S. cerevisiae cells cultured
in Glucose and Galactose. For copy numbers < 10, Rutledge and Stewart (2010)
show that the errors can be explained by a Poisson distribution and present a
dilution based strategy for accurate quantification of weakly expressed genes, which
in our opinion should be used instead of quantification based on the exponential
model in order to avoid the poor SNR for low copy numbers. In the empirical study
the RT efficiency was found to vary from 99% to below 30% depending on the
gene and the RT error to dominate over the PCR error for copy numbers > 1000,
which is in agreement with an earlier study where the RT was found to contribute
most to the variation (Kubista et al., 2006). For copy numbers > 1000, a single
measurement was shown to be accurate to within a factor of two and the total RT,
PCR, and dilution errors were negligible compared to the biological variation in
the empirical study. In addition to noise stemming from the RT, PCR, and sample
dilution, qRT-PCR data suffers from many other error sources, such as pipetting
errors, contamination by DNA, varying RNA quality, varying specificity of primers,
bad normalization, and varying amplification efficiency. These are in general difficult
to quantify and depend on the generating model that is assumed, but the effect of
the latter two has been investigated in several studies and we briefly summarize the
findings. The use of a single housekeeping gene for normalization may introduce
large errors if its expression varies among the samples (Huggett et al., 2005; Kubista
et al., 2006; Vandesompele et al., 2002), but no method for quantifying the actual
error has been presented. Use of several housekeeping genes that are validated to
be constantly expressed in all experimental conditions of the study is currently the
recommended internal standard for quantitative RT-PCR (Thellin et al., 2009).
Investigations of the amplification efficiency E of the RT-PCR reaction has shown
that it is typically between 0.65 and 0.95, but values down to 0.4 and up to 1.15 have
been reported (Rutledge and Stewart, 2008; Karlen et al., 2007; Kubista et al., 2006;
Tichopad et al., 2003). It is fairly well established that the efficiency is normally
distributed (Ruijter et al., 2009; Karlen et al., 2007). The efficiency depends on
the primer sequence, transcript, sample, and model (Rutledge and Stewart, 2008;
Karlen et al., 2007; Kubista et al., 2006; Suslov and Steindler, 2005), and use of
the wrong efficiency leads to large errors in the measurements of relative change of
gene expression (Schefe et al., 2006). Also the baseline or background fluorescence
estimates has been shown to strongly influence the estimated amplification efficiency
and thereby the measurements (Ruijter et al., 2009). In conclusion, we can say for
absolute quantification based on the exponential model that the SNR increases with
the initial number of mRNA copies and that the PCR error dominates at low copy
numbers, but the actual distribution is largely unknown and more research is needed.
Based on this the uncertainty of relative quantifications should, in general, also
decrease with increasing copy numbers, but it has not been studied systematically. In
summary, the potential error sources are many and hard to quantify. We therefore,
later, in Section A.4, develop a deterministic error model, based on the largest
deviation from the mean for each gene in the IRMA data set, and use this for robust
inference of the IRMA network.
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2.3 Linear models of gene regulatory networks

The primary objective in inference of GRNs is determination of the interactions
that exist among a set of genes. The genes are commonly seen as nodes and the
interactions as links in a network graph that often is represented as a matrix, which
we call the interaction matrix. We here derive the linear data model, used in this
thesis to connect the perturbations and responses of the genes to the interaction
matrix of interest, based on the assumption that the GRN is a dynamical system
that can be described by a system of linear ODEs. This assumption has previously
been used when inferring GRNs from quantitative data in e.g. Yuan et al. (2011);
Nadadoor et al. (2011); Wildenhain and Crampin (2006); Bansal et al. (2006);
Gardner et al. (2003); Yeung et al. (2002), just to mention a few. Note, however,
that this is only one out of many model formalisms that have been used in network
inference and several other formalisms also lead to a linear data model. For an
overview of different formalisms and their use in network inference see e.g. Hecker
et al. (2009); Karlebach and Shamir (2008); de Jong (2002).

2.3.1 The linear ODE model of gene regulatory networks
Dynamical models are needed to describe the changes that occur over time in living
organisms. We will therefore over the next sections derive a linear data model, which
we later in Section 4.6 use for robust inference of the IRMA network, starting from
a dynamical model of the system.

Like many others, we assume that the system responsible for the gene regulation
can be described by a system of linear ordinary differential equations

dx̌

dt
(t) = Ǎx̌(t) + B̌ (p(t)− f(t)) (2.3.1a)

y(t) = Čx̌(t) + e(t). (2.3.1b)

This assumption should at least hold for sufficiently small changes in the state vari-
ables near the systems native steady-state in a dynamical mode, such as the Glucose
or Galactose mode of the IRMA strain. The state vector x(t) , [x1(t), ..., xn(t)]T is
commonly restricted to only include mRNA abundances of the considered genes,
and we therefore sometimes use the term gene space to refer to what in dynamic
systems theory is known as the state space (Wolkenhauer et al., 2005b). This type
of model is in systems theory commonly known as a linear state-space model. The
designed input, or perturbation vector, p(t) , [p1(t), ..., pl(t)]T contains all external
factors used to perturb the system by changing the experimental conditions, and is
possibly corrupted by unknown perturbations or process errors represented by a
random vector f(t) , [f1(t), . . . , fl(t)]T . The observed output or response vector
y(t) , [y1(t), . . . , yo(t)]T contains the measurement of the dependent variables, cor-
rupted by random measurement errors e(t) , [e1(t), . . . , eo(t)]T . Mechanistic insight
is commonly desired and the primary objective in network inference is therefore to
determine which of the interactions among the states, represented in the interaction
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matrix Ǎ, that exist in the real GRN based on observations of the perturbations
p(t) and corresponding responses y(t). Here the accentˇis used to distinguish mean
variables or deterministic “true” variables that are free from measurement errors
from observed variables, which always contain errors. The B̌ matrix contains the
relation between the perturbation and state derivatives. Similarly, the Č matrix
contains the relation between the state and response vector. This model formalism
can be motivated either based on a Taylor approximation of a system of nonlinear
ODEs or based on taking the logarithm of an S-system and it is for sufficiently
small deviations an acceptable approximation for a biological system in a particular
dynamical mode/physiological state (Crampin et al., 2004; de Jong, 2002; Voit, 2000;
Brazhnik, 2005; Nordling et al., 2007b). For more information on the use of ODEs
in modelling of biological systems see e.g. Wolkenhauer et al. (2005b). Note that
the real biological system contains many additional state variables, e.g. proteins,
metabolites, and microRNAs, which at the abstraction level represented by this
model are excluded. Their influence is however implicitly included when the model
parameters are estimated based on data from perturbation experiments, as we later
show in Section 6.6, and the interactions are therefore in general so called regulatory
influences (Gardner and Faith, 2005).

If we directly measure the mRNA level of all genes in the network, then the
matrix Č is diagonal. Similarly, if we directly perturb the rate of transcription of all
genes independently, then also the matrix B̌ is diagonal. In this case we can without
restrictions scale our perturbations and responses such that B̌ and Č are identity
matrices I and o = l = n, which enables us to simplify the system model (2.3.1).
This scaling leaves the state variables and sought interaction matrix Ǎ unaffected.

We next define the objective of network reconstruction and discuss the interaction
matrix in general. We then show that the linear ODE model (2.3.1) reduces to a
linear mapping in the case of steady-state experiments, which motivates the linear
data model that we later assume in our work on robust variable selection and
network inference in Chapters 4 and 5.

2.3.2 The interaction matrix–the objective of network
reconstruction

The primary objective of network inference/reconstruction is to determine the
interactions/influences that exist in the network and the secondary objective is to
determine the sign of the existing interactions. Estimation of the strength of the
interactions, on the other hand, is typically not considered to be part of the network
reconstruction, even though some algorithms used for reverse engineering, such
as LASSO (Tibshirani, 1996; Bonneau et al., 2006), also estimate these strengths.
The goal is, in other words to, based on recorded perturbations and response data,
infer the signed structure of the interaction matrix A, corresponding to the signed
adjacency matrix of the network represented as a directed graph, with each node
corresponding to a state variable. We henceforth use the term interaction matrix
when the sign and strength of all interactions are of interest, i.e. aij ∈ R, signed
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adjacency matrix when the sign of the interactions are of interest, aij ∈ {−1, 0, 1},
and adjacency matrix when only the existence of the interactions are of interest, i.e.
aij ∈ {0, 1}, in order to be stringent. We however denote all three byA and call it the
interaction matrix, since the latter two are simplifications of the interaction matrix
and the precise meaning typically is clear from the context. The term adjacency
matrix is used to denote the structure, since each state variable, or in general each
component of the regulatory system, can be seen as a node or vertex of a directed
graph in which the regulatory influences form links or edges (Gardner and Faith,
2005) and the structure or topology of the network per definition is given by the
adjacency matrix of the graph (Gross and Yellen, 1999). If element aij is zero then
no direct causal influence exists from node/state j to i among the states included in
the network. If aij < 0 then an increase in state variable j leads to a decrease in
state variable i, i.e. gene j down-regulates or represses/inhibits gene i. If aij > 0
then an increase in state variable j leads to a increase in state variable i, i.e. gene j
up-regulates or activates gene i. The magnitude of an element, |aij |, is the strength
of the influence. Here an interaction is direct if it is not mediated by any other
node/state that is explicitly included in the network, which means that it still may
be mediated by some latent states of the system that are not explicitly included in
the network. Note that inferred interactions only are direct physical relations if the
two molecules represented by the states bind to each other, implying that inferred
iterations are not in general direct physical relations. Instead they are so called
regulatory influences that in general are mediated through non-modelled states, as
discussed in Gardner and Faith (2005).

2.3.3 Steady-state perturbation experiments
Let us now consider the use of steady-state data, i.e. data recorded after applying a
linear combination of constant step perturbations and measuring the response of the
system when it has reached a new steady-state. Note that the following results can
easily be extended to the case with time-series data, e.g. if one considers a discrete
time model as demonstrated e.g. in Schmidt et al. (2005), which under certain
conditions allow relaxation of the assumption that we directly perturb and measure
each gene independently. At steady-state the rate of change is zero dx̌/dt(t) = 0,
which together with the scaling of the perturbations and responses, enable us to
express the system model (2.3.1) as

Ǎx̌r = −I (pr − fr) (2.3.2a)
yr = Ix̌r + er. (2.3.2b)

Here we have replaced the time dependence marker by the subindex r to mark that
the state variables represent the change between the new and original steady-state
in experiment r, since it is the only accessible quantity of interest in steady-state
measurements, and the error variables denote the aggregated error in experiment r.
Let Y , [y1, . . . ,ym] ∈ Rn×m denote the matrix of all measured responses to the m
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combinations of perturbations stored in the column vectors of P , [p1, . . . ,pm] ∈
Rn×m and similarly E,F ∈ Rn×m be the unknown noise realizations, then we obtain
the data model

Y = −Ǎ
−1
P + Ǎ

−1
F +E = ǦP − ǦF +E. (2.3.3)

Here Ǧ = −Ǎ
−1

is the static gain matrix, i.e. the matrix of steady-state gains,
corresponding to the inverse of the interaction matrix. Near a particular stable
physiological state the GRN is hence assumed to act as a linear mapping from the
space of all possible perturbations to the corresponding responses of the measured
state variables, Ǧ : Rn 7→ Rn.

The static gain matrix can be said to reflect the cumulative long-term, low
frequency influences, while the interaction matrix contains the direct causal interac-
tions, i.e. short-term, high frequency influences. If a directed path exists from node j
to i, then typically gij 6= 0, but the influence mediated by this path may in principle
be cancelled by some other path implying that gij = 0 (Gilbert, 1994; Huckle,
1999). They emphasize different sides of the same coin, because small terms in Ǎ
are large in Ǧ and vice versa. This is seen when the singular value decomposition
(SVD) (Horn and Johnson, 1990, p. 414-415) is used to express Ǎ as a sum of rank
one matrices ukvTk , with norm one, in a dyadic expansion

Ǎ =
min(m,n)∑
k=1

σkukv
T
k (2.3.4)

and Ǧ is expressed as a sum of these

Ǧ = −
min(m,n)∑
k=1

1
σk
vku

T
k . (2.3.5)

A term with a small singular value σk in Ǎ is large in Ǧ, due to the reciprocal 1/σk
and vice versa. Even though one is the matrix inverse of the other, their estimates
are affected differently by noise, in particular if Y or P is ill-conditioned, i.e. have
singular values of different orders of magnitude. This is seen e.g. by considering the
ordinary least-squares estimates

Â = −PY † and (2.3.6)
Ĝ = Y P †, (2.3.7)

expressed using the Moore-Penrose generalized inverse of the matrix (Friedberg
et al., 2003, p. 398-400), which based on the SVD of Y is defined as

Y † ,
min(m,n)∑
k=1

1
σk
vku

T
k . (2.3.8)
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The smallest singular value of Y will have a large impact on the estimate of the
interaction matrix, since the reciprocal of the smallest singular values has the largest
impact on the generalized inverse Y †, but minor impact on the estimate of the
static gain matrix. The opposite holds for the smallest singular value of P . The
effect of errors is typically largest on the smallest singular value, so the output error
E has in general a larger impact on Â, while the input error F has a larger impact
on Ĝ. If e.g. the input error is zero, then a better estimate of G than A is in general
obtained. The estimator typically filters out noise by averaging or cancelling small
terms and Ĝ will thus for certain estimators be different from the inverse of Â. The
inverse of a good estimate of G can therefore yield an even poorer estimate of A
than the poor estimate obtained by using the estimator directly and vice versa.
Depending on the purpose of the study and the error model one or the other is thus
more suitable and should then be inferred directly from data, for an example see
Jörnsten et al. (2011). The static gain G is needed for prediction of the response of
the system, while the interaction matrix A reveals the interactions among the states.
In the following presentation one just needs to swap place between the perturbations
and responses and correct the sign if the static gain matrix is sought instead of the
interaction matrix.

The data model (2.3.3), which we derived above based on assuming a linear ODE
model of the system and steady-state perturbation experiments, is one representative
example of when the system can be described as a linear map. In general the data
model of a linear mapping can on matrix form be expressed as

Y = Y̌ +E, P = P̌ + F , ǍY̌ = −P̌ , (2.3.9)

where the latent variables Y̌ , P̌ correspond to the mean or deterministic “true”
signal of the responses and perturbations that can be explained by the linear map
Ǎ ∈ Rn×n, which one seeks to infer. From a parameter estimation perspective, this is
a linear regression problem in which the parameters of the linear system of equations
is sought. By taking the transpose of the variables and “true” network model, and
introducing the notation used for regressors Φ , [φ1, . . . ,φj , . . . ,φn] = Y T , regres-
sands Ξ , [ξ1, . . . , ξi, . . . , ξn] = −P T , regressor errors Υ , [υ1, . . . ,υj , . . .υn] =
ET , and regressand errors Π , [ε1, . . . , εi, . . . εn] = −F T , we obtain the matrix form
of the standard linear data model used in errors-in-variables regression problems

Φ = Φ̌ + Υ, Ξ = Ξ̌ + Π, (2.3.10a)

Φ̌Ǎ
T

= Ξ̌ Φ,Ξ ∈ Rm×n. (2.3.10b)

Here m is the number of experiments, i.e. data points, and n is the number of
states/nodes, i.e. variables. We later use this data model as the starting point for
solving the robust variable selection and network inference problem in (5.3.2).

Real measurement data is corrupted by noise, but it is nonetheless worth noting
that if the data was noise-free, then the “true” network could be obtained by simply
solving the linear system of equations specified by (2.3.10b). Current gene expression
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data sets are characterized by following properties (see e.g. Holter et al., 2000; Alter
et al., 2000; Tegnér and Björkegren, 2007; Faith et al., 2007; Cosgrove et al., 2010;
Nordling and Jacobsen, 2009a; Wu and Wu, 2010): They contain few data points
compared to the high number of genes and possible interactions, i.e. they are of
high dimensionality but contain few samples. The measurement uncertainty is large
both in the perturbations and responses, i.e. the signal to noise ratio is low and
errors-in-variables are present. The variables are redundant and nearly collinear, i.e.
the response matrices are ill-conditioned and most of the variation can be explained
by a few linear combinations of the variables. We will in the following chapters
of this thesis study how to perform robust inference based on data with these
characteristics and how to design additional perturbation experiments when the
data is poor.



Chapter 3

Interampatteness–a property of biological
networks

“If you’re not prepared to be wrong,
you’ll never come up with anything original.”

Sir Kenneth Robinson, in his TED talk: Do schools kill creativity?,
Monterey, California, 2006.

Analysis of gene expression data sets reveals that the variation in expression
is concentrated to significantly fewer “characteristic modes” or “eigengenes”
than the number of both recorded assays and measured genes. Previous works

have stressed the importance of these characteristic modes, but neglected the equally
important weak modes. Herein a generic system property–interampatteness–is de-
fined that explains the previous feature, and assigns equal weight to the characteristic
and weak modes. An interampatte network is characterised by strong INTERactions
enabling simultaneous AMPlification and ATTEnuation of different signals. It is
postulated that biological networks are interampatte, based on published experi-
mental data and theoretical considerations. Existence of multiple time-scales and
feedback loops is shown to increase the degree of interampatteness. Interampatteness
has strong implications for the dynamics and reverse engineering of the network.
One consequence is highly correlated changes in gene expression in response to
external perturbations, even in the absence of common transcription factors, im-
plying that interampatte gene regulatory networks may be erroneously assumed to
have co-expressed/co-regulated genes. Data compression or reduction of the system
dimensionality using clustering, singular value decomposition, principal component
analysis or some other data mining technique results in a loss of information that
will obstruct reconstruction of the underlying network.

33
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3.1 Introduction

Genes interact within complex networks to provide robust biological function. As
a consequence of these interactions genes respond to internal and external cues
in a correlated fashion, implying that the variation in gene expression is often
confined to a subspace of lower dimension than the gene space. Indeed, several
authors (Holter et al., 2000; Alter et al., 2000; Kuruvilla et al., 2002; Wu and Dewey,
2006) have observed that most of the variation in the measured response matrix of
gene expression changes can be explained by a relatively small number of variables.
A few orthogonal directions capture almost all of the biological signal, even though
hundreds of arrays have been recorded, each measuring the expression change of
thousands of genes. In short, the data matrix is ill-conditioned. A simple example
of an ill-conditioned gene response matrix taken from the literature is given in
Figure 3.1. The observation that gene response data are ill-conditioned is common,
suggesting that it reflects some fundamental property of biological networks.

The observation that microarray data are ill-conditioned has led others to
introduce “characteristic modes” (Holter et al., 2000, 2001) and “eigengenes” (Alter
et al., 2000; Nielsen et al., 2002; Alter and Golub, 2006; Omberg et al., 2007) in
an attempt to explain the observation and connect it to properties of the system.
It has been shown that only the dominating modes are required to capture the
essential features of the expression data, since they contain essentially all information.
In other words, the data set can be compressed or reduced into a few simple
patterns given by the dominating modes. These modes have further been connected
to biological signals such as cell cycle oscillations and release of pheromone α-
factor synchronisation (Alter, 2007). The collectively conveyed message is that the
characteristic modes capture all essential patterns produced by the biological system.

From a systems perspective, however, the characteristic modes only reflect one
side of the coin, i.e. signals that are amplified by the system. The other side of
the coin, i.e. signals that are attenuated by the system, is neglected. Since most
biological networks should amplify some variations, e.g. in signal transduction, while
attenuating other variations, e.g. in order to maintain homeostasis, it is trivial to
realize that both are equally important for the system. For example, in bacterial
chemotaxis perfect adaptation is used to reset the response to a change in the
nutrition concentration to its initial value, so that the bacterium can maintain its
sensitivity to concentration changes and track the nutrition gradient (Yi et al.,
2000). In other words, attenuation of the signal generated by a prolonged change
in the nutrition concentration enables strong amplification of small changes. If we
only looked at the dominating modes then we would miss the core mechanism–the
integral feedback that enables the perfect adaptation. Another example is disturbance
rejection, or attenuation, of internal build-up of toxic chemicals.

We here introduce a generic system property–interampatteness–that captures
both signal amplification and attenuation in gene regulatory networks. It is a prop-
erty with a simple quantitative measure; essentially the ratio between the ability
of the system to amplify and attenuate different signals. The term “interampatte”
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Figure 3.1: Ill-conditioned gene response data. Fold change in two selected genes from
300 cDNA microarray assays recorded for diverse mutations and chemical treatments
in S. cerevisiae Hughes et al. (2000). This example illustrates that the data matrix,
Y ∈ R2×300, is ill-conditioned and that the data samples are correlated, i.e. all the
data points fall more or less on the dashed line ending with a plus. All data points fit
within an ellipsoid with a tall and a short principal axis. In this example, the variance
in the direction of the tall principal axis is 24 times higher than the variance in the
direction of the short principal axis. A more common way to illustrate that the data is
ill-conditioned is to show that a few eigenvalues of Y TY are significantly larger than
the rest, since it also works for data of higher dimension than two. This is illustrated
in the right corner of the figure and in Figure 3.8. The eigenvalues reflect the squared
spread of the data points, measured from the origin.

(Int@r"æmp@­te) is derived from INTERactions enabling AMPlification and ATTEn-
uation of signals. An introductory in silico example of an interampatte system,
illustrating interampatteness and some of its biologcially important consequences, is
given in Box 1. As we show in this work, interampatteness is a property resulting
from long cascades of amplification steps or from positive and negative feedback
loops. It is thus partly hard wired in the structure of the network. We also show
that any network containing subprocesses operating at different time-scales will be
interampatte. Interampatteness is a system property that explains why expression
data typically only contain a few dominating modes; the system is designed to am-
plify some signals while attenuating others. Finally, we show that interampatteness
makes reverse engineering of the network a challenging task since the attenuated
signals are prone to be hidden in measurement noise.

Knowledge of generic properties of networks is of outmost importance in mod-
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elling, analysis and synthetic construction of biological networks. A fact clearly
visible in, for example, the classical book General system theory (von Bertalanffy,
2006), where von Bertalanffy defines and discusses a number of general system prop-
erties. One recently introduced property is scaling in random networks (Barabási
and Albert, 1999), which already has had a profound impact on the way we view,
model, analyse and construct complex networks (Boccaletti, 2006). We will here
show that interampatteness is another network property of significant importance
for how biological networks should be conceived. Furthermore, we postulate that in-
terampatteness is a generic property of biological networks, based on both published
experimental data and theoretical considerations.

Throughout this work three levels of network abstraction will be employed: (i) a
general systems perspective characterized by considering the network as a mapping
between two signal spaces, (ii) an intermediate level in which we assume that the
mapping can be represented by a set of linear ordinary differential equations (ODEs),
and (iii) specific in vivo and in silico examples to illustrate, motivate or support
our claims. In this way we hope to convey the results to readers with any of the
diverse backgrounds seen in systems biology. The outline of this chapter is as follows.
Interampatteness and how it relates to correlation and common transcription factors
(TFs) is illustrated in Box 1, in a setting that we believe most readers with a biological
background will be familiar with. We employ a small gene regulatory network (GRN)
involving only two genes to illustrate interampatteness in a comprehensive way.
Next, the signals and systems perspective is briefly introduced, enabling us to
rigorously define interampatteness as a system property. This is followed by a
discussion on key features of interampatte systems, largely based on the results
presented in Box 1. We then analyse how the degree of interampatteness depends on
three fundamental network motifs: cascade, feedback and feedforward, and on the
existence of subprocesses with different time-scales. This is followed by a discussion
on the implications of interampatteness for network inference, model reduction
and data compression. Finally, we postulate that biological networks are inherently
interampatte and present experimental and theoretical evidence in support of this
claim.
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Box 1: Correlated gene response of an interampatte gene regulatory network. The
degree of interampatteness is a measure of the ability of a system to simultaneously
amplify and attenuate different perturbations. To illustrate this, consider a gene
regulatory network involving two genes A and B (top, middle). The interactions
are for simplicity here described using a linear model. An arrow shaped head on
the link indicates up-regulation or activation, while a bar shaped head indicates
down-regulation or repression. If we for example perform three steady-state
experiments where we apply the external perturbations P1, P2 and P3 (top,
left), respectively, then we obtain the responses shown top, right. All external
perturbations are relayed to the two genes through different signal pathways, here
denoted by the dashed lines. To concretize, let us assume that genes A and B
regulate two alternative metabolic pathways yielding the same product but based
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on different nutrients, then P1 can be viewed as an increase in the concentration
of one of the nutrients, which through a signal cascade up-regulates gene A. After
some time, when the system reaches steady-state, the expression of gene A is
increased, while that of gene B is decreased, and the production has adapted
to the change of nutrients. We are not interested in the signal cascades of the
perturbations here, so we could instead represent each external perturbation by
its direct effect on the two genes (middle, left: circle, square, triangle). Similarly,
we can study the response of the system directly in the gene space (middle, right).
An advantage of the gene space is that the magnitude and direction of each
perturbation and response is directly visible as the length and direction of the
corresponding vector. Here perturbation P2 is amplified 1.3 times, such that the
expression of gene B is increased, while that of gene A is decreased. Perturbation
P3 is attenuated 9 times, i.e. the magnitude of the response is 1/9th of the applied
perturbation.

A system with a high degree of interampatteness responds in a correlated
fashion to perturbations. If we perform many steady-state perturbation exper-
iments with unit magnitude, denoted by the dashed circle (middle, left), then
the response of the system will always lay on the dashed ellipsoid (middle, right).
Thus, the response of the system depends on the direction of the perturbation, but
they all fall almost on the dashed line with slope -0.75 and are therefore strongly
correlated. Similarly, a time-series experiment where we measure the expression
once every minute shows that the level of expression of one of the genes increases,
while it decreases for the second one (bottom, left). If we plot the five samples in
the gene space (bottom, right) then they again roughly fall on the same dashed
line and are highly correlated, i.e. the data are ill-conditioned. The correlation
coefficient between the response in the two genes for all samples is -0.97. The two
genes appear to be co-expressed or co-regulated, even though they do not have
any transcription factor in common. As a matter of fact, the correlation between
the response in the two genes is caused by the positive feedback loop that they
form. They are mutually down-regulating each other, thereby creating an effect
similar to that seen if gene A was up-regulated and gene B down-regulated by a
common transcription factor that all external perturbations acted upon.

3.2 A signals and systems perspective on biological
networks

The concepts of characteristic modes and eigengenes are based on data mining
procedures involving singular value decomposition (SVD) or principal component
analysis (PCA), in which one attempts to describe variations in gene expression
with as few variables as possible. A low effective dimensionality of the data set
does, however, not necessarily reflect any property of the network, but can be a
result of the specific perturbations used in the experiments. In order to be a able
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to distinguish between data properties, as considered in data mining, and system
properties, as considered here, we introduce a systems perspective as employed in
systems and control theory.

In a systems perspective, a network is simply a system that maps an input signal
to an output signal, see Figure 3.2. Here a signal is a function that represents the time
variation of a physical variable, or a set of variables arranged into a vector (Lindner,
1999, p. 69). In the case of gene regulatory networks a typical input signal is the
applied perturbation, e.g. addition of silencing RNA (siRNA), and the output signal
is the vector of mRNA levels of a certain set of genes. Both the perturbation and
mRNA levels are functions of time, connected through the GRN. A signal space
is the set of all possible signals considered, e.g. steps, impulses, sinusoids, and a
measurement is simply an estimate of a signal at a given time instant. In steady-state
experiments a measurement is made only once, when the system has reached its
steady-state, while in time-series experiments measurements are collected at several
time points.

Definition 3.2.1. A system is a mapping between two signal spaces, from the
input space to the output space (Green and Limebeer, 1995, p. 79):

G : P 7→ Y. (3.2.1)

If the perturbation or input is p(t) ∈ P, then the response or output will be
y(t) = G(p(t)) ∈ Y. For example, if we are growing Saccharomyces cerevisiae (S.
cerevisiae) in a culture, then the input could be the composition of the growth
medium over time, such as galactose and glucose concentration. The output could
be fluorescence measurements of Gal3 protein, given that green fluorescent protein
has been fused to the GAL3 gene. Gal3 is involved in the induction of a set of genes
that encode galactose metabolizing enzymes and its expression is dependent on the
galactose concentration (Suzuki-Fujimoto et al., 1996a). An illustrative example of
a signals and systems description of a biological network is the mitogen-activated
protein kinase (MAPK) signalling pathway considered in (Wolkenhauer et al., 2005a).

The above definitions of signals and systems are general in the sense that they
hold for both deterministic and stochastic systems, i.e. they are not restricted

System

G
P Y

Responses

Output

Perturbations

Input

Figure 3.2: Signals and systems perspective. A system is a mapping between
two signal spaces G : P 7→ Y. We denote the two signal spaces for the input or
perturbation space and output or response space, respectively.
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to a certain model formalism. The freedom to choose among commonly used for-
malisms to describe a given system–graphs, rule-based formalisms, boolean networks,
bayesian networks, ordinary and partial differential equations, stochastic master
equations (de Jong, 2002)–is essential, since they all have their own advantages,
making them better suited for some application.

3.2.1 Gene regulatory networks on state-space form
A specific model structure, or formalism, frequently employed for describing gene
regulatory networks is the linear state-space model (Gardner et al., 2003; Bansal
et al., 2007). The fact that a linear state-space model represents a linear mapping
from input signals to output signals simplifies the analysis significantly, and we
utilize this when analyzing interampatteness below.

Let us consider a biological system in a particular physiological state (Nordling
et al., 2007b), e.g. the lytic or lysogenic state of a phage λ infected Escherichia coli
(E. coli). Then it is reasonable to approximate the gene regulatory network using a
system of linear first order ODEs, i.e. a linear state-space model

dx

dt
(t) = Ax(t) +Bp(t) (3.2.2a)

y(t) = Cx(t). (3.2.2b)

The state vector x(t) = [x1(t), ..., xn(t)]T contains the value of each state variable
at time t, defined relative to the corresponding steady-state value, and corresponds
to the set of variables needed to completely describe the state of the system at
any given time. For a gene regulatory network this would include concentrations of
all mRNAs and transcription factors. However, it is common to restrict the state
vector to only include mRNA abundances of the considered genes. The perturbation
vector p(t) = [p1(t), ..., pm(t)]T contains all external factors of interest that influence
the system and that are used to perturb it. It could for example be the Galactose
concentration in the growth medium, injection of siRNA fragments (Elbashir et al.,
2001) or plasmids containing an extra copy of one or several of the genes. The
output y(t) = [y1(t), . . . , yo(t)]T contains all the variables that are measured, i.e. it
may only be possible to measure the abundance change for a subset of the genes.
For instance, it is common to only measure the abundance of a few genes with
the quantitative real-time polymerase chain reaction (qPCR) technique (Higuchi
et al., 1992), while the microarray technology (Schena et al., 1995) normally is used
to measure the expression change of all genes. Note that if we directly measure
the mRNA level of all genes in the GRN network of interest then the matrix C
is diagonal. Similarly, if we directly perturb the rate of transcription, i.e. change
in mRNA level, of all genes independently in the network then also the matrix B
is diagonal. In this case we can without restrictions scale our perturbations and
responses such that B and C are equal to the identity matrix, I.

The Jacobian matrixA, also called interaction, network, connectivity or weighted
adjacency matrix, contains the interactions among the states, i.e. direct causal
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Figure 3.3: Illustration of how a gene regulatory network can be described
using a linear state-space model. This network consists of two genes, A and
B, connected in a feedback loop with mutual down-regulation. Each element of the
interaction matrix, i.e. weighted adjacency matrix, is indicated on the corresponding
edge in the network graph.

influences between the state variables. If element aij is zero then no direct causal
influence exists from state j to i. If aij < 0 then an increase in state variable j leads
to a decrease in state variable i, i.e. gene j down-regulates or inhibits gene i. If
aij > 0 then an increase in state variable j leads to a increase in state variable i, i.e.
gene j up-regulates or activates gene i. The size of element aij is the strength of the
influence. This is illustrated in Figure 3.3. The Jacobian hence contains information
about the structure of the network, i.e. it is the adjacency matrix of a directed graph
with the sign and weight of each edge as its elements (Gross and Yellen, 1999).

For steady-state data, i.e. data recorded after applying a linear combination of
constant perturbations pt and measuring the response of the system yt when it has
reached a new steady-state, equation (3.2.2) gives

yt = −CA−1Bpt = Gpt. (3.2.3)

Let Y [t] ∈ Ro×t denote the matrix of all measured responses to the t combinations
of perturbations stored in the column vectors of P [t] ∈ Rm×t, then the data model
is

Y [t] = −CA−1BP [t] = GP [t]. (3.2.4)

Near a particular stable physiological state the GRN hence acts as a linear mapping
from the space of all possible perturbations to corresponding responses of the
measured state variables, G : Rm 7→ Ro. See Box 1 for an illustration of steady-state
experiments.
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3.2.2 Interampatteness
Having defined a gene regulatory network as a system that maps external pertur-
bations into gene responses, we next consider the relationship between properties
of the response data matrix and properties of the system. In particular, we relate
the presence of relatively few characteristic modes and eigengenes in the response
data to interampatteness of the system, i.e. the ability of the system to amplify
some signals while attenuating others. In order to do this, we first introduce matrix
measures of variation and correlation, which under certain conditions can be applied
also to the system. Based on this, we define a general measure of the degree of
interampatteness of a system. We thereby highlight the distinction between data
properties and system properties.

As stated above, a data matrix with a small number of characteristic modes
corresponds to an ill-conditioned matrix. We saw in Figure 3.1 that an ill-conditioned
data matrix is characterised by a larger variation in some directions of the gene
space and that this can be measured by the eigenvalues of the squared data matrix,
λi(Y TY ). These eigenvalues measure the squared spread of the data, so if we take
the square root of the eigenvalues then we get a measure similar to the standard
Euclidean 2-norm, ‖y‖2 =

√
y2

1 + . . .+ y2
o , called the singular values

σi(Y ) ,
√
λi(Y TY ). (3.2.5)

The singular value decomposition provides a measure of the variation within the
data matrix in each orthogonal direction of the gene space. The maximum variation
is given by the largest singular value of Y (Horn and Johnson, 1990, p. 420)

σ(Y ) ,
√
λ(Y TY ), (3.2.6)

where λ̄ is the largest eigenvalue. Similarly, the minimum variation is given by the
smallest singular value of Y

σ(Y ) ,
√
λ(Y TY ), (3.2.7)

where λ denotes the smallest eigenvalue. If we take the ratio of the largest and smallest
singular values, corresponding to the condition number of the data matrix (Horn
and Johnson, 1990, p. 336,442)

κ(Y ) , σ(Y )
σ(Y ) (3.2.8)

we obtain a measure of the non-uniformity of the spread of data in the gene space.
This was in Figure 3.1 seen as the ratio between the tall and short principal axis of
the ellipsoid. A large condition number is an indication of strong correlations within
the data set. Correlation is often taken as a token of a physical relationship between
variables, i.e. a reflection of a system property. Data mining based on SVD tries to
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find such underlying physical relationship and reduce the complexity of the data by
removing the directions with a small variation, i.e. the small singular values, since
they contribute little to the gene response data. But as discussed in Box 1, data
mining can be misleading and it is therefore important to distinguish between data
properties and system properties.

Assume now that the system acts as a linear mapping G from the space of all
possible perturbations to the corresponding responses in gene expressions, according
to (3.2.4). Then the ill-conditiong of the response data matrix Y can be due to a non-
uniform set of perturbations, reflected by a high condition number of the perturbation
matrix P , or due to a property of the system G that serves to amplify certain
perturbations while attenuating others. For the case of steady-state experiments, the
linear mappingG is a constant matrix and the ratio between maximum amplification
and maximum attenuation excerted by the system can be computed using the
condition number and we then have (Skogestad and Postlethwaite, 1996, p. 525)

κ(Y ) ≤ κ(G)κ(P ) (3.2.9)

which shows that if Y is ill-conditioned, then either G must be interampatte or P
ill-conditioned.

For more general systems, including dynamic and nonlinear systems, it is more
instructive to consider the maximum and minimum gains of the system in terms
of induced norms. For the case of a linear static mapping G, the induced 2-norm
happens to be equivalent to the maximum singular value

max
‖v‖2=1

‖Gv‖2 = σ(G), (3.2.10)

and is obtained for the input signal, i.e. perturbation, that is amplified the most by
the system. Similarly, the minimum gain corresponds to the minimum singular value

min
‖v‖2=1

‖Gv‖2 = σ(G), (3.2.11)

and is obtained for the input signal, i.e. perturbation, that is attenuated the most
by the system. Here the input signal v is a vector of unit length pointing in a
certain direction of the gene space, and in principle the induced norm searches
through all directions to identify the one amplified the most and least by the system,
respectively. Associated with the singular values are hence specific directions of the
input vector and corresponding output directions for the obtained responses. These
directions can be obtained from the singular value decomposition (Skogestad and
Postlethwaite, 1996, p. 76-77)

G = UΣV H . (3.2.12)

where the columns of the matrices U and V correspond to the output and input
directions, respectively, for each of the singular values in the diagonal matrix
Σ = diag(σ, . . . , σ). If the ratio between the strongest and weakest gain is large, i.e.
if the condition number of G is large, then we say that the system is interampatte.
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This is similar to the data case in which we say that the data matrix is ill-conditioned,
or that the data are strongly correlated. The reason for introducing the term
interampatte is to make a clear distinction between system properties and data
properties, and to be able to generalize the degree of interampatteness to more
general dynamic and nonlinear systems.

Note again that an interampatte G implies that the network will amplify certain
directions of the perturbation matrix significantly more than other directions, and
hence typically result in an ill-conditioned response matrix Y . However, the opposite
is in general not true, that is, an ill-conditioned response matrix Y may be the result
of an ill-conditioned perturbation matrix P , e.g. perturbations of very different
magnitude. The presence of characteristic modes in Y may thus be a result of the
choice of perturbation matrix P , and characteristic modes are hence not properties
of the system per se.

To generalize the concept of interampatteness to dynamic and nonlinear systems,
we employ an induced norm based on the input and output signal spaces defined in
(3.2.1)

Definition 3.2.2. We define the degree of interampatteness as

κ(G) , sup
‖r(t)‖α=‖s(t)‖α

‖G(r(t))‖β
‖G(s(t))‖β

, r(t), s(t) ∈ P, G : P 7→ Y. (3.2.13)

Here ‖·‖α denotes some norm on the input space P and ‖·‖β denotes some norm on
the output space Y. Both the input and output spaces are required to be normed
vector spaces.

This definition of interampatteness is valid for any system, including nonlinear ones,
since it is based directly on the definitions of a signal and a system. We only require
the signal spaces to be normed vector spaces, which is a necessary condition to
properly quantify the signals. Selection of which norm to use is left to the user,
since it will depend on the application and formalism used to model the system. We
have already seen that the Euclidean norm works well for systems acting as linear
mappings, e.g. steady-state experiments, and that the degree of interampatteness
then is given by the condition number of G. For time-varying signals the L2-norm
‖y(t)‖L2

=
∫∞
−∞ ‖y(t)‖22 dt, which measures the total energy of a signal, is often a

suitable choice.
As discussed above, the degree of interampatteness can be seen as the ratio

between the systems ability to amplify and attenuate signals, which was illustrated
in Box 1. From an energy perspective it can be interpreted as a measure of the
ability of a system to channel energy into different subspaces.

Note that in many cases a complete model of the GRN is not available, and then
a lower bound on the degree of interampatteness can be useful
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Definition 3.2.3. The degree of interampatteness is at least κ̃(G) for G : P 7→ Y if

∃ some r(t), s(t) ∈ P \ {0} such that
κ̃(G) = ‖G(r(t))‖β

‖G(s(t))‖β
‖s(t)‖α
‖r(t)‖α

.
(3.2.14)

Here ‖·‖α denotes some norm on the input space P and ‖·‖β denotes some norm on
the output space Y. Both the input and output spaces are required to be normed
vector spaces.

For systems acting as linear mappings, a straight forward lower bound κ̃(G) based
on the Euclidean norm is

κ̃(G) = κ(Y [t])
κ(P [t]) , (3.2.15)

where κ(Y [t]) and κ(P [t]) are the condition numbers of the response and perturba-
tion matrix, respectively. Note that any reasonably smooth nonlinear system can be
approximated locally by a linear model and the degree of interampatteness of the
linear approximation hence serves as a lower bound for the nonlinear system.

In conclusion, networks with a large κ(G) or κ̃(G), are strongly interampatte
implying that the network will have a highly uneven amplification of different pertur-
bations. The response data of interampatte systems will in general be characterized
by few characteristic modes relative to the number of genes and recorded assays.

3.3 Features of strongly interampatte systems

The degree of interampatteness was defined in the previous section for general
systems. Here we consider how interampatteness manifests itself in gene response
experiments and discuss some important implications. The discussion here further
generalises and deepens the picture provided in Box 1 and is hence centred around
the same two gene in silico GRN.

The fact that a system with a high degree of interampatteness will amplify some
input signals, while attenuating other signals, implies that random perturbations
typically will yield strongly correlated responses. This is illustrated in Box 1 and
Figure 3.1. In particular, if the system is linear and the perturbations are uniform
on the perturbation space, then the condition number of the steady-state response
matrix will be equal to the interampatte number of the system. In the literature,
genes displaying a strong correlation in their responses are usually said to be co-
expressed or co-regulated and often assumed to have a common TF. However, as
shown in Box 1, no common TF is needed for a strongly correlated response. Albeit
the response data will be similar for co-regulated genes and interampatte networks,
the cause of the correlation is crucial for understanding the functional working of
the gene network. Indeed, it is reasonable to assume that strong correlations in gene
response data often are caused by network interactions rather than common TFs.

Clustering is a popular method for analysing microarray data (D’haeseleer et al.,
2000; Quackenbush, 2001; Slonim, 2002; Knudsen, 2004; Quackenbush, 2006). The
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basic idea of clustering is to group things that are close according to some distance
metric or similarity measure (Do and Choi, 2008), i.e. the correlations within the
data set are utilized. In Box 1 the expression of one gene is consistently increased
while that of the other is decreased in response to all perturbations, implying
that all samples fall approximately on the same line. The responses of the two
genes are strongly correlated both in the steady-state and time-series experiments,
and the genes would therefore be assigned to the same cluster based on either
experiment. For our small example it would imply that the feedback loop responsible
for the regulation of the circuit and the interampatteness of the system is neglected.
Important mechanistic insight is thereby lost. On the other hand, if the purpose of
the model is to predict the response of the system to random perturbations, then
the grouping of the genes into a cluster can be beneficial, since the complexity of
the model is reduced while the predictive strength is maintained.

As discussed above, correlation within the data set is also the basis for identifying
signal patterns such as “characteristic modes” (Holter et al., 2000, 2001) and
“eigengenes” (Alter et al., 2000; Nielsen et al., 2002; Alter and Golub, 2006; Omberg
et al., 2007) using clustering, SVD, PCA or some other data mining technique. The
characteristic modes and eigengenes are signal patterns that depend on both the set
of perturbations and the system, and they are therefore features of the response
data set and do not necessarily reflect any properties of the system. A necessary
requirement to connect them to properties of the system is knowledge about the
input signals, i.e. the magnitude and direction of the perturbations in the case of
steady-state experiments. Measuring and reporting the perturbations used in an
experiment is thus as important as measuring and reporting the response of the
system.

Interampatteness is an inherent property of a biological network, while ill-
conditioning of a response matrix also depends on the perturbations used to excite
the network. The latter implies that the perturbations in principle can be chosen
such that a well conditioned response matrix is obtained even for strongly inter-
ampatte systems. For steady-state experiments, the relation between the response,
perturbations and system is given by equation (3.2.4). Consider again the two gene
example in Box 1 and change the magnitude of the three external perturbations by
scaling them by a factor 1, 0.75 and 9, respectively. This yields the perturbations
and responses shown in Figure 3.4. As seen, the response in all three perturbation
experiments now has magnitude one, i.e. we have obtained an uncorrelated response
from the same interampatte GRN that in Box 1 gave a strongly correlated response.
Instead, the perturbations are now strongly correlated and close to the dashed line
with slope 0.75, which corresponds closely to the input direction of the weak mode
of the system. We have hence moved the correlation from the output signal to the
input signal and demonstrated that either the perturbations or the responses of an
interampatte system must be correlated. Note that the strong modes of the system
are visible in the response to uniform perturbations, while the weak modes are
visible in the perturbations yielding a uniform response, an observation that we will
utilize when studying reverse engineering below.
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Figure 3.4: Uncorrelated gene response data. Correlated perturbations (middle,
left) yield a uniform excitation of the gene space (middle, right) for the gene regulatory
network in Figure 3.3. The plus denotes the input direction corresponding to maximum
amplification, i.e. the strong mode of the system. Similarly, the hexagram denotes the
direction of maximum attenuation. The bottom left figure shows the corresponding
responses observed in the time-series experiments using the same perturbations as
above. The bottom right figure shows the maximum and minimum singular values of
the two gene network as a function of frequency, illustrating that the amplification
and interampatteness of a system depends on the frequency of the perturbation.

In Figure 3.4 the perturbations are chosen such that they counteract the intrinsic
interampatteness of the system. The degree of interampatteness of the two gene
system is cond(A) = 15, implying that a perturbation in the direction of maximum
amplification, i.e. exciting the strong mode, will yield a response that is 15 times
stronger than that of a perturbation in the direction of maximum attenuation,
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i.e. the weak mode. This implies that a uniform excitation of the gene space will
require very specific sets of perturbations with widely different magnitudes. Random
perturbations will therefore typically yield a strongly correlated response. To connect
the characteristic modes seen in a data set to the strong modes of the system it
is hence in general sufficient to make sure that the perturbations are reasonably
uniform on the perturbation space.

Considering time-series experiments, the sampled expression profiles will typically
be almost linearly dependent (Crampin et al., 2004) and hence not provide a more
uniform excitation of the gene space compared to steady-state experiments. This is
illustrated in Figure 3.4, where the samples in a time-series experiments following a
specific perturbation are all in essentially the same direction of the gene space. The
linear dependence of samples has indirectly been noted by Faith et al. (2007) who
observed that they could obtain the same predictions with 60 well-chosen arrays as
with all 445 microarrays. Note that if we instead had sampled the response during
the initial transient, i.e. the first 30 seconds, then we would have obtained a strong
signal in the direction of the weak mode. In Figure 3.4 the response to P3 grows
rapidly in magnitude, while the response of P1 and P2 still is small. The weak
mode is connected to the fast time-scale of the system, i.e. smallest time-constant,
while the strong mode is connected to the slow time-scale of the system. In general,
dynamic lags in the network connections cause a delay before the interactions
take full effect. A response in a direction different from that of the strong mode,
which dominates the steady-state response, is therefore likely to be obtained in
samples taken during the initial transient of a system. This time dependence is best
visualised as a function of frequency, and is illustrated for the two gene network
in Figure 3.4. For high frequencies, corresponding to a rapid measurement during
the initial transient, all singular values are equal leading to a uniform excitation
of the gene space in response to uniform perturbations. However, we also note
that all singular values are small at high frequencies, implying strong attenuation
independent of the direction of the perturbation.

To conclude this section, the degree of interampatteness is a measure of the
ability of a system to amplify some signals while attenuating other signals. The
response data depends on both the system and the applied perturbations, but
for an interampatte system either the perturbations or the responses need to be
correlated. Correlation of the response data enables data compression and reduction
of the system complexity using clustering, SVD or some other data mining technique.
However, this should be performed with care as it may effectively hide the mechanism
generating the correlations.

3.4 Interampatteness depends on network motifs

Interampatteness is a system property that results in correlated gene responses to
internal and external cues as a result of gene-to-gene interactions within the network.
Indeed, we have already seen in the two-gene example in Box 1 how feedback
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Figure 3.5: Three fundamental network motifs: cascade (top), feedforward
(middle) and feedback (bottom).

interactions can cause strongly correlated responses corresponding to a high degree
of interampatteness. The purpose of this section is to further explore the impact of
fundamental interconnections of genes within networks, i.e. basic network motifs,
on the degree of interampatteness. We here only consider examples using randomly
generated networks. Analytical results on the impact of various fundamental types
of interconnections on interampatteness are provided in Nordling and Jacobsen
(2009a, Supplementary Section S3).

For linear systems, there exist three fundamentally different interconnections of
subsystems, or genes; cascade (series), feedforward (parallel) and feedback. These
three basic motifs are illustrated in Figure 3.5.

Consider first the case of a cascade of n genes in which the product of one gene
acts as a transcription factor for the next gene. Denote the steady-state amplification
of gene i by Gi. Then, as shown in Nordling and Jacobsen (2009a, Supplementary
Section S3), the following bounds apply for the minimum and maximum steady-state
amplification of the overall network

σ(G) ≥ min
i

1
1 + 1

|Gi|
, σ̄(G) ≤ max

i,j
n

j∏
k=i
|Gk| (3.4.1)

Note that the lower bound for the minimum amplification is related to the amplifi-
cation of a single gene, while the upper bound is the maximum product of single
gene amplifications scaled by the number of genes. These bounds indicate that
the interampatteness should scale with the total number of genes n in the cascade.
Indeed, this is supported by the results in Figure 3.6 which show the degree of inter-
ampatteness as a function of the number of genes n in the cascade. For each value
of n we generated 100 random cascades with each gene having normally distributed
gains with mean 1 and standard deviation 0.2. As seen, the mean interampatte
number increases more than linearly with the number of genes. This suggests that
large networks are likely to have a higher degree of interampatteness than smaller
networks.

Consider next a network consisting of n genes connected in a cascade and with
feedback regulation from gene n to gene 1, corresponding to a single feedback loop.
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Figure 3.6: Degree of interampatteness depends on the network motif. The
degree of interampatteness κ as a function of the number of genes n in a cascade
pathway (left). For each n, 100 random networks were generated and the figure shows
the mean κ. The degree of interampatteness κ as a function of the feedback loop-gain
L in a feedback loop involving 3 genes with feedback regulation of gene 1 by gene 3
(right). A positive L corresponds to positive feedback while a negative L corresponds
to negative feedback.

Denote the product of the amplification of the individual genes the loop-gain

L = G1G2 . . . Gn. (3.4.2)

Now L > 0 corresponds to positive feedback, L = 0 to no feedback and L < 0
to negative feedback. As shown in Nordling and Jacobsen (2009a, Supplementary
Section S3), negative feedback will make the minimum gain of the network decrease
to zero as the loop-gain L→ −∞, while positive feedback will make the maximum
gain approach infinity as the loop-gain L → 1. In both cases, the interampatte
number κ will approach infinity in the limit. We should therefore expect both positive
and negative feedback to cause interampatteness which, furthermore, increases with
the magnitude of the loop-gain. Note that an infinite negative loop-gain corresponds
to integral action, as seen for instance in bacterial chemotaxis, while a positive
loop-gain of one corresponds to a singularity in the network, as seen e.g. in bistable
switches. A positive loop-gain exceeding one makes the system unstable. Figure 3.6
shows the interampatte number as a function of the loop-gain for a feedback network
with three genes. The results are based on 500 randomly generated networks with
normally distributed gains for the individual genes. The Monte-Carlo simulation
supports the analytical results, i.e. the degree of interampatteness increases as a
function of the loop-gain both for positive and negative feedback.

For the case of feedforward, or parallel, interconnections we simply note from the
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derivation in Nordling and Jacobsen (2009a, Supplementary Section S3) that they
have little or no impact on the interampateness of the network, and we therefore do
not show any results here. In summary, we conclude that long cascades of genes as
well as feedback connections tend to increase the interampatteness of GRNs.

3.5 Interampatteness related to time-scale separation

Biochemical reactions are known to occur at widely different time-scales (Crampin
et al., 2004; Heinrich and Schuster, 1996). Time scale separation has direct implica-
tions for the degree of interampatteness of a network. In particular, consider the
case with a linear network on the state-space form (3.2.2) with B = C = I. We
then have that the mapping from inputs to outputs is G = −A−1 where A is the
interaction matrix of the network. The time-scales of the network are given by the
real part of the eigenvalues of A, or more precisely, the time-constants of the system
are defined as τi = 1/ |<(λi(A))|. The smallest and largest eigenvalues of A provide
upper and lower bounds for the minimum and maximum singular values (Skogestad
and Postlethwaite, 1996, p. 522)

σ(A) ≤ |λ(A)| �
∣∣λ(A)

∣∣ ≤ σ(A), (3.5.1)

and the degree of interampatteness is given by the condition number of G

κ(G) = σ(G)
σ(G) = σ(A)

σ(A) . (3.5.2)

Thus, an increasing difference between the smallest and largest eigenvalue of A,
corresponding to increasing time-scale separation, increases the degree of interam-
patteness of a system.

3.6 Implications of interampatteness for reverse
engineering of GRNs

Reverse engineering, or network inference, is an important subject that has received
considerable attention but shown only limited success in practice (Li et al., 2008b; Cho
et al., 2007; Christensen et al., 2007). The aim of network inference is to determine
the structure of the network, i.e. the signed directed graph, based on measurements
of expression changes following known perturbations of the system. Typically several
different perturbations are applied to the system and a few microarrays are recorded
in each experiment. The presence of weak modes in the network will imply that
the collected response matrix can be ill-conditioned, i.e. the data set is nearly rank
deficient. For strongly interampatte systems this is likely to be the case even after
recording significantly more samples than the number of measured genes. As an
example we here consider an interampatte four gene network, shown in the middle
of Figure 3.7, and perform as many steady-state perturbation experiments as there
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Figure 3.7: Two proposed models (left, right) for the true gene regulatory
network shown in the middle. The steady-state responses of all three networks
are almost identical when the genes are perturbed one-by-one using perturbations
of unit magnitude, implying that the network structure is practically unidentifiable.
This unidentifiably is due to the high degree of interampatteness of the true network,
which causes the response matrix to be ill-condtioned with the weak modes hidden
in measurement noise. Here every link represents a direct causal effect. An arrow
shaped head on the link from A to B indicates that gene A upregulates (activates)
gene B, while a bar (T) shaped head from D to A indicates that gene D downregulates
(represses) gene A. The figure was generated in Cytoscape (Shannon et al., 2003).

are genes in the network. As we show, the ill-conditioning of the response matrix
may lead to inference of grossly erroneous network structures. We consider standard
steady-state perturbation experiments of the type performed for example in Gardner
et al. (2003). We do not have any real biological model system to perform experiments
on here, but we simulate the experiments in silico using the interampatte system
shown in the middle of Figure 3.7. The four genes are perturbed one-by-one in four
separate experiments using perturbations of magnitude one. These represent the
direct effect on the genes of exogenous perturbations similar to P1 and P2 in Box 1.
The measured response of the system, in terms of change of expression of the four
genes, is simulated as

Y = −A−1P +E. (3.6.1)

Here A is the interaction matrix of the true network, see Nordling and Jacobsen
(2009a, Supplementary Table S1), P contains the four perturbations, i.e. P = I
with condition number 1, and E represents the measurement noise. In our case, E
is a random matrix constructed by drawing each element from a normal distribution
with zero mean and standard deviation 0.1. We hence assume independent and
identically distributed measurement noise, E ∼ N(0, 0.01I). The selected noise level,
i.e. standard deviation, is unrealistically low for biological data obtained through
microarray or qPCR experiments, but as we will show it is still too high in the
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sense that it causes practical unidentifiability of the network structure. The degree
of interampatteness of the true GRN is κ = 319 and the condition number of the
collected response data matrix is approximately 300, i.e. slightly lower due to the
added measurement noise.

A common way of evaluating the fit of a model to a data set is by calculating
the prediction error according to (Ljung, 1999)

εi =
∥∥∥−Â−1

i P − Y
∥∥∥

2
. (3.6.2)

Here Âi denotes the interaction matrix of the model being evaluated, P is the em-
ployed perturbations, and Y is the simulated response of the true network. Typically,
most inference algorithms aim at finding a model that minimises the prediction
error in some sense, given certain constraints, e.g. sparsity requirements (Tegnér
and Björkegren, 2007). The most widespread method is ordinary least squares. The
main purpose here is to illustrate that near rank deficiency of the response matrix
leads to practical unidentifiability of the network structure of interampatte systems,
and hence it is sufficient to show that there exists some model with an erroneous
structure that yields a prediction error comparable to that of the true network. The
models in the left and right of Figure 3.7 yield almost the same prediction error:
0.28 and 0.27, respectively. This should be compared to the prediction error of the
true network model: 0.31. The prediction errors are similar, so they all predict the
network response approximately equally well, which shows that the data set does
not contain the necessary information to uniquely determine the network structure.
In fact, the prediction error of the two incorrect models is slightly lower, so most
inference algorithms would prefer them over the true model. Note that we have
only performed four experiments, so the standard regression problem has a unique
solution that yields zero prediction error. The unique solution, shown in Nordling
and Jacobsen (2009a, Supplementary (S54)), differs significantly from the true
network and is overfitted, i.e. it compensates for the stochastic measurement noise.
The details of the three models and this simulated experiment are given in Nordling
and Jacobsen (2009a, Supplementary Section S4).

The structure of the two models and the true network differ significantly, as can
be seen from Figure 3.7. As a matter of fact, the structures, i.e. signed directed
graph, of the left and right models are completely different. They do not have a
single link in common, except for the downregulating self-loops, which account
for the self-degradation of each mRNA. The left model shares two links with the
true network, but one of them is an up-regulation in the left model while it is a
down-regulation in the true network. The closest network structures are the right
model and the true network, having three links in common. Note that not only
the structure differs between the three networks, but also the strength of the links
differ, see Nordling and Jacobsen (2009a, Supplementary Tables S1, S2, and S3).
In particular, the three links that the right model and the true network share have
highly different strengths. Also note that the two erroneous structures are more
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sparse than the true network, and hence assuming sparseness as suggested in (Tegnér
and Björkegren, 2007) is of no help in this case.

The example considered here serves to illustrate that interampatte systems yield
gene response data that are ill-conditioned, implying that the weak modes are largely
hidden in the measurement noise, thereby hampering the inference of the correct
network structure. On the other hand, if the only objective is to obtain a model that
can predict the response of the network, then in fact all three models in Figure 3.7
serve the purpose well, as can be seen by performing validation experiments. For
validation purposes, we simulated 16 experiments with random perturbations of an
average magnitude of one and tested how well the three models could predict the
response data. The relatively small prediction errors of 0.44, 0.40 and 0.42 for the
left, right and true models, respectively, show that all three models are good for
prediction. The perturbations and responses are presented in Nordling and Jacobsen
(2009a, Supplementary Section S4).

The only way to overcome the inference problems related to ill-conditioned
response data is to design experiments with the aim of obtaining a more uniform
excitation of the gene space. Equation (3.2.4) tells us that the data recorded in t
steady-state perturbation experiments will be ill-conditioned, unless P [t] is designed
such that it counteracts the interampatteness of G. Such a design was illustrated
in Figure 3.4. The design of correlated perturbation experiments yielding uniform
excitation of the gene space require knowledge of the interaction matrix A, hence
pointing to the need for designing the perturbation experiments in an iterative
fashion.

3.7 Evidence of strongly interampatte bio-networks

As stated above, there are frequent reports of strong correlation between gene
responses in the literature. Some reported data sets that are ill-conditioned are
shown in Figure 3.8 showing that essentially all variation is concentrated to a few
directions, corresponding to the dominating singular values. Strong correlation
between the responses of different genes is often taken as evidence for co-expression
or co-regulation, see e.g. Eisen et al. (1998); Spellman et al. (1998) and Aoki et al.
(2007). However, as we have seen in this paper, strong correlation between genes
may also be a consequence of specific network structures such as negative or positive
feedback loops. The probability that randomly chosen perturbations of the same
magnitude yield a similar response increases with the interampatteness of the system.

To conclude that reported ill-conditioned expression data are caused by inter-
ampatte systems requires knowledge of the perturbations applied, something that
unfortunately usually is not reported in the literature. We have however identified
two biological systems with a high degree of interampatteness: a ten gene network
of the Snf1 signalling pathway in S. cerevisiae (Lorenz et al., 2009), and a nine gene
subnetwork of the SOS pathway in E. coli (Gardner et al., 2003). The lower bounds
on the degree of interampatteness for the two networks, calculated using equation
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Figure 3.8: Ill-conditioned response matrices, characterised by a few dom-
inating singular values or eigenvalues, have in particular been observed
when analysing microarray data. Here we have reproduced some published data:
(a) S. cerevisiae cell cycle data synchronised by elutriation (Alter et al., 2000) (Copy-
right 2000 National Academy of Sciences, U.S.A.), (b) α-factor synchronised yeast
cell-cycle time-series data (Wu and Dewey, 2006) (originally published by Springer), (c)
S. cerevisiae deletion mutant steady-state data and (d) S. cerevisiae perturbed through
environmental stress time-series data (Kuruvilla et al., 2002) (originally published by
BioMed Central).

(3.2.15), are κ̃(G) = 98 and κ̃(G) = 19, respectively. In this case a better estimate
of the degree of interampatteness is however obtained by estimating the interaction
matrix A using ordinary least squares and then calculating its condition number,
which is equal to the degree of interampatteness of the system, yielding κ(G) = 253
and κ(G) = 54, respectively. This estimate accounts for alignment between the
perturbations and responses, and is hence less conservative than the lower bound.
The singular values of both the perturbation matrix and response matrix for both
systems are shown in Figure 3.9. Both networks have one characteristic mode in
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Figure 3.9: Experimental evidence of interampatte gene regulatory net-
works. Two biological systems with a high degree of interampatteness: a ten gene
network of the Snf1 signalling pathway in S. cerevisiae (Lorenz et al., 2009) (top), and
a nine gene subnetwork of the SOS pathway in E. coli (Gardner et al., 2003) (bottom).
Both systems have one characteristic mode in which the perturbations are strongly
amplified.

which the perturbations are amplified strongly. For the network in (Lorenz et al.,
2009) the characteristic mode of the system is seen directly in the responses, since the
perturbations are orthogonal and of similar magnitude. For the network in (Gardner
et al., 2003) the existence of one characteristic mode is verified by performing a
singular value decomposition (3.2.12) of the least squares estimate of the system
matrix G.

Every cell needs to maintain homeostasis, characterised by an internal environ-
ment far from thermodynamic equilibrium with the surrounding environment. This
requires mechanisms for sensing, signalling, adaptation, active transport, process-
ing, etc. Amplification in signaling pathways, like MAPK, epidermal growth factor
(EGF), transforming growth factor beta (TGF-β) and Integrin, constitute strong gain
directions. Simultaneously, toxic substances must be maintained at low levels, inde-
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pendent of environmental perturbations, thus their production must constitute weak
gain directions. A good example is bacterial chemotaxis, where perfect adaptation
is used to reset the response to a change in the nutrition concentration to its initial
value. The bacterium can thereby maintain its sensitivity to concentration changes
and track the nutrition gradient (Yi et al., 2000). In other words, attenuation of
the signal generated by a prolonged change in the nutrition concentration enables
strong amplification of small changes. From our perspective the biochemical control
system is operating in closed-loop, containing intrinsic feedback loops designed by
the evolutionary pressure. In Csete and Doyle (2004) the large scale organisation of
metabolism is described as a bow-tie, where a wide range of nutrients are converted
into a large variety of products using relatively few intermediates. In such a system,
signals must be amplified and attenuated in a fashion dependent on the current
needs of the cell, i.e. the system must be strongly interampatte so that it is able to
channel energy through the bow-tie.

Based on the discussion above and the presented experimental evidence we pos-
tulate that biological networks are likely to have a high degree of interampatteness.

3.8 Conclusions

We have defined a generic system property–interampatteness–and postulated that
biological networks are inherently interampatte. The degree of interampatteness
is a measure of the ability of the system to simultaneously amplify and attenuate
different signals. It is primarily caused by intrinsic feedback loops embedded in the
network. The existence of biochemical subprocesses with different time-scales also
makes a system interampatte. The main motivation for introducing interampatteness
as a system property is that it can serve to explain earlier observations by other
researchers on characteristic modes in response data from GRNs. Furthermore, as
we have shown, it is a system property with significant implications for the inference
of the network structure. An iterative approach to experiment design is needed to
construct correlated perturbations, such that all modes of the system are sufficiently
excited.

It has previously been observed by several authors (Holter et al., 2000; Alter
et al., 2000; Kuruvilla et al., 2002; Wu and Dewey, 2006) that most of the variation
in the measured response matrix of gene expression changes can be explained by a
few variables. Signal patterns such as “characteristic modes” (Holter et al., 2000,
2001) and “eigengenes” (Alter et al., 2000; Nielsen et al., 2002; Alter and Golub,
2006; Omberg et al., 2007) have been introduced to explain the observation and
utilize it for data reduction and feature prediction, but their opposite–the weak
modes–have been completely neglected. However, both strong and weak modes are
of importance for the very function and survival of organisms, and the concept of
interampatteness assigns equal weight to all modes. Experimental evidence from
a ten gene network of the Snf1 signalling pathway in S. cerevisiae (Lorenz et al.,
2009), and a nine gene subnetwork of the SOS pathway in E. coli (Gardner et al.,
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2003), as well as theoretical considerations support the postulation that biological
networks are likely to have a high degree of interampatteness.

Interampatte systems will respond in a correlated fashion to a wide variety of
perturbations and recorded response data will commonly be nearly rank deficient or
ill-conditioned. The notion of co-expressed/co-regulated genes (Eisen et al., 1998;
Spellman et al., 1998; Aoki et al., 2007) is therefore potentially also a consequence
of interampatteness, and hence not necessarily caused by common transcription
factors.



Chapter 4

Robust variable selection for network
inference

“Tortured data confess to anything.”
Fredric M. Menger, J. Chem Soc. Perkin II Trans., 1988.

Inference or reverse engineering of gene regulatory networks from expression
changes has the potential to reveal thousands of regulatory interactions from a
series of perturbation experiments. The methods proposed for this purpose share

two essential shortcomings. First, the inferred networks are largely determined by
algorithm specific details, resulting in many false positives and negatives. Second, the
employed measures of confidence of inferred interactions are in general misleading
because they are based on the assumption that the correct network structure has
been inferred. Herein we stress that network inference is a variable/model selection
problem and prove that no reliable measure of confidence can be assigned to any
inferred link for data sets with fewer observations than variables. By considering all
possible linear models that can explain available data in the presence of uncertainty,
we show that individual interactions can, based on data, be classified as existing,
non-existing, non-evidential, and alternative. The data cannot be explained without
links that are present in all models within the uncertainty set, so they are under
mild assumptions true positives and we achieve truly robust inference by classifying
only these as existing. These links can be determined without explicit determination
of the model set by reformulating the variable selection as a robust rank problem for
a set of uncertain data matrices. We present a method for solving the rank problem
that enables us to assign confidence to individual interactions in a reliable way. We
demonstrate the proposed method through an in silico example and by inferring a
synthetic gene regulatory network from published in vivo data. In the latter case,
the resulting model proves under mild assumptions, that a previously unknown
activation of transcription of SWI5 by CBF1 exists in yeast. This serves to illustrate
how the proposed robust inference method can reveal novel biological knowledge
with confidence.

59
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4.1 Introduction

Genes, proteins and metabolites do not function in isolation but rather interact
within complex networks to generate biological functions and properties such as
robustness. The insight that knowledge of the causal interactions that take place
among the various molecular components of the cell is fundamental to understand
biological functions and malfunctions has spurred the area of systems biology. A
key problem in systems biology is the inference of causal interactions based on
experimental observations.

Network inference, reverse engineering, or network reconstruction–“a dear child
has many names” (Swedish proverb)–has attracted significant interest in the past
decade, with more than 800 articles published and indexed in Pubmed (www.pubmed.
org). The invention of measurement techniques, such as real-time RT-PCR (Higuchi
et al., 1992), DNA microarrays (Schena et al., 1995), chromatin immunoprecipitation
(ChIP-chip) technique (Ren et al., 2000; Iyer et al., 2001; Lieb et al., 2001), and
protein arrays (MacBeath and Schreiber, 2000; Zhu et al., 2001), has enabled high-
throughput quantification of gene expression changes and molecular interactions.
This offers an effective means to establish causal interactions between a large number
of molecules, or rather, to generate hypotheses on regulatory interactions which
can be verified in additional perturbation experiments. Indeed, several studies on
network inference claim to have demonstrated how the structure of, in particular,
gene regulatory networks (GRNs) and transcriptional networks can be inferred based
on gene expression data obtained from biological experiments in which the system
is systematically perturbed and the resulting expression changes are measured, see
e.g. Lorenz et al. (2009); Cantone et al. (2009); Gardner et al. (2003). By structure
we here refer to the signed adjacency matrix of the graph of the network, i.e. a map
of the direct causal influences that exist between the considered genes.

Inference problems in biology are often underdetermined due to the fact that
the number of available observations typically is less than the number of variables.
This again is explained by the large scale of intracellular networks combined with
relatively costly experiments, and the problem may thus become less relevant as
experimental and measurement techniques become more cost effective. Also, as
discussed elsewhere in this thesis, it may often be more relevant to infer interactions
between a smaller subset of genes which again reduces the problems related to
underdeterminism. Nonetheless, underdetermined inference problems have received
significant attention within bioinformatics and systems biology over the past decade.
In order to determine a unique solution to a problem with less observations, or
samples, than variables, some a priori knowledge or assumptions are required. Since
gene regulatory networks typically are known to be sparsely connected, i.e. every
gene interacts directly only with a few other genes, the focus in this area has been
on methods for sparse inference aiming at identifying the biologically most relevant
interactions. A large number of inference algorithms, based on ideas or methods from
the fields of statistics, machine learning, signal processing, system identification,
and related fields, have been proposed and tested on various data (Emmert-Streib

www.pubmed.org
www.pubmed.org
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et al., 2012; Hecker et al., 2009; Gardner and Faith, 2005). Using these methods,
a number of authors claim to have successfully inferred the underlying network
structure also for underdetermined gene network problems, see e.g. Faith et al.
(2007); Bonneau et al. (2006); Schäfer and Strimmer (2005) and the recent reviews
Emmert-Streib et al. (2012); Hecker et al. (2009); Bonneau (2008); Tegnér and
Björkegren (2007); Cho et al. (2007). In addition to considering the case with
less observation than variables, several of these works do not utilize information
about the applied perturbations. Furthermore, all sparse inference methods rely on
regularization, variable selection, or thresholding techniques and they consequently
yield different models for different choices of the regularization and thresholding
parameters. This implies that, in particular for data sets with fewer observations
than variables, the inferred network models largely are determined by algorithmic
specific details such as parameter choices. We illustrate this below on an example
involving inference of a regulatory network synthesized in yeast. Sensitivity to
algorithmic details and noise has also been observed in e.g. Marbach et al. (2010);
Tjärnberg et al. (2013).

While many authors claim success with their proposed algorithms, benchmarking
studies have shown that inference of gene regulatory networks usually results in
a large fraction of false positives, i.e. interactions identified that do not exist in
the underlying network, and false negatives, i.e. interactions deemed absent that
do exist in the underlying network (Marbach et al., 2010; Penfold and Wild, 2011;
Bansal et al., 2007). Thus, how successful inference algorithms are is very much a
relative concept. For instance, Lorenz et al. (2009) report successful inference of a
gene regulatory network in budding yeast involving 10 genes despite considering 38%
of the missing interactions as false negatives and 31% of the inferred interactions
as false positives. In addition, 24% of the inferred interactions had the wrong
sign, e.g. an interaction was identified as repressing while the true interaction was
activating. Owing to the high uncertainty typically assosciated with every identified
interaction, it is important to provide some label of confidence together with the
inferred interactions, including those determined to be absent. Indeed, ranking of
inferred interactions based on confidence measures has for instance been required
to participate in the DREAM challenge for benchmarking of network inference
methods (Marbach et al., 2010). The main problem with essentially all reported
confidence measures, however, are that they are obtained in the context of a fitted
model, implying that they are only valid for the selected model structure. If an
inconsistent set of variables has been chosen, the confidence measures essentially
only reflect the degree to which a specific variable explains the experimental data in
the context of the fitted model.

In this work we stress that network inference is a variable selection problem, and
that confidence measures should reflect the confidence with which a specific variable,
i.e. interaction, has been correctly chosen or left out. As we show, no reliable measure
of confidence can be assigned to any inferred interactions for data sets with fewer
samples than variables. Furthermore, while most proposed algorithms consider the
variable selection problem as an implicit part of the parameter estimation problem,
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we propose that the two problems should be solved separately. We state the variable
selection problem in the framework of solution of systems of linear equations and use
algebraic and geometric approaches to derive conditions for when a given interaction
should be included. An important feature of the proposed method is that the decision
for a given variable is made independent of the decision made for the other variables
in the viable set. In principle, the method amounts to searching over all models
consistent with the data in the uncertainty set and determining interactions that
are present or absent in all feasible models. While this is a deterministic approach
to model uncertainty, also probabilistic descriptions can be incorporated by e.g.
considering all realizations with a given cumulative probability. To select variables
in the presence of uncertainty we formulate the problem as a robust rank problem
which can be solved efficiently using tools from robust control theory. The size of
the uncertainty set for which a variable is robustly selected then also serves as a
confidence measure for the corresponding interaction.

We start the chapter by formulating the network inference problem as a system
of linear equations and derive necessary and sufficient conditions for determining
interactions that must be selected to explain available data in the absence of
uncertainty. For illustration, we consider inference of the IRMA network that was
recently engineered in S. cerevisiae by Cantone et al. (2009) for the very purpose of
evaluating network inference algorithms. We then motivate why network inference
should be considered a variable selection problem and discuss variable selection in
the presence of uncertainty. For data sets with fewer observations than variables
no reliable measure of confidence can be assigned to any inferred interaction, even
though resent results have suggested that correct variable selection, parameter
estimation, and network inference is possible in this case (Candès and Plan, 2009;
Fan and Lv, 2010; Candes and Wakin, 2008; Zhao and Yu, 2006; Filkov, 2005).
We prove this mathematically and also show that existing measures of confidence
of inferred interactions are misleading by demonstrating that alternative models,
lacking many of the links deemed most significant by Lorenz et al. (2009), can
explain the available data equally well as the model they inferred. Finally, we
present the method for robust variable selection and illustrate it on an in silico
example and through application to the steady-state data recorded by Cantone et
al. Unexpectedly, we find that the data cannot be explained without a previously
unknown activation of transcription of SWI5 by CBF1 in the absence of Galactose.
Existence of this interaction implies that the actual network differs from the network
they intended to engineer.

The main purpose of this chapter is to present the principle idea of robust
variable selection and most proofs are therefore omitted. A more comprehensive
presentation, including a theory for robust network inference, is given in Chapter 5.
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4.2 Problem formulation and introductory example

We here introduce and define the network inference problem, relate it to variable
selection problems, and consider classification of interactions as existing, non-existing,
alternative, and non-evidential. The 5-gene network called IRMA that was recently
engineered in S. cerevisiae by Cantone et al. (2009) is used for illustration. The
IRMA network was created specifically for evaluation of network inference algorithms
and the small scale makes it relatively easy to comprehend.

The primary objective in network inference is to determine the subset of interac-
tions that exists among a set of variables based on observed changes in the variables.
In gene regulatory networks each variable corresponds to the abundance of mRNA
of a gene of interest and the interactions describe regulatory influences between
the genes. The inference problem, for several commonly used model formalisms,
boils down to solution of a system of linear equations in close resemblance to linear
regression

ΦA = Ξ, (4.2.1)

see e.g. Bansal et al. (2006); Gardner et al. (2003); Yeung et al. (2002); Hecker et al.
(2009); Karlebach and Shamir (2008); de Jong (2002). Here the regressor matrix Φ
contains observed responses to the perturbations in the regressand matrix Ξ and
the objective boils down to determination of the structure of the interaction matrix
A. Each element aij corresponds to a direct causal influence from gene j to gene i.
The inference problem corresponds to n ×m equations in n × n unknowns in A,
and hence we need at least m = n experiments to have a unique solution. The fact
that one often is faced with less data in inference of gene regulatory networks, i.e.
m < n, implies that the problem is underdetermined and additional information
needs to be added to make the solution unique. As discussed in the introduction,
a frequent assumption is that the genes are sparsely connected and based on this
various sparse inference algorithms have been employed. However, as demonstrated
for the IRMA example below, fulfilling some sparsity conditions is of course no
guarantee for inferring the correct network even though the latter in fact is sparse.
The aim of the work presented here is therefore to determine what interactions can
be determined with confidence from data with limited and uncertain information,
rather than focusing on inferring a complete network.

Before proceeding with the IRMA example, note that the overall inference
problem in (4.2.1) can be split into n separate subproblems, one for each row of the
interaction matrix A to obtain

Φθ = ξ (4.2.2)

The columns of Φ are here called the regressors, ξ the regressand, and the inference
problem corresponds to finding a linear combination of the former that can explain
the latter. For an introduction to linear regression, from a parameter estimation
perspective, see e.g. Rao and Toutenburg (1999); Bingham and Fry (2010); Jaqaman
and Danuser (2006).
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Figure 4.1: The engineered IRMA network. The structure of the network with
the corresponding element of the interaction matrix A marked on each edge. An arrow
shaped head on the link indicates up-regulation or activation, while a bar shaped
head indicates down-regulation or repression. This network graph was generated in
Cytoscape (Shannon et al., 2003).

The IRMA network is a 5-gene network engineered in S. cerevisiae by Cantone
et al. (2009). The engineered structure of the network is

Ǎ =


−1 0 1 −1 0
1 −1 0 0 −1
0 1 −1 0 0
0 0 1 −1 0
0 −1 1 0 −1

 , (4.2.3)

which is illustrated in Figure 4.1. We consider unit strength of all interactions here
because no strengths were specified for the engineered structure and it simplifies this
introductory example. For the illustration here it is sufficient to consider inference
of the active interactions in the third row of the interaction matrix, corresponding
to edges affecting the 3rd gene (SWI5), based on perturbation of the 2nd, 3rd and
5th gene (GAL4, SWI5, GAL80) in three independent transcriptional perturbation
experiments and observed steady-state responses in the expression of all 5 genes.
We perform these in silico perturbation experiments on the engineered interaction
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matrix and obtain the following data set

Φ̌ =

 0 1 1 1 0
0 −1 0 0 1
0 −1 −1 −1 1

 ξ̌3 =

 0
−1
0

 , (4.2.4)

with the first column φ̌1 corresponding to expression changes in the 1st gene (CBF1),
the second column φ̌2 to the 2nd gene (GAL4), and so forth, while the first row
corresponds to the experiment in which the 2nd gene (GAL4) is perturbed, the
second row to the experiment in which the 3rd gene (SWI5) is perturbed, and the
third row to the last experiment with perturbation of the 5th gene (GAL80). The
rows of ξ̌3 contain the perturbation of the 3rd gene (SWI5) in each experiment,
but with opposite sign. Note that we here assume noise-free variables. Later on,
noisy measurement data recorded by Cantone et al. from corresponding in vivo
experiments will be used. Further details are given in Section 2.3 on modelling of
GRNs and in Section 2.1 on the engineered IRMA example.

We next perform network inference based on the regressor matrix and regressand
assuming that we do not know the engineered interaction matrix. The data model
for the 3rd row of the interaction matrix,

5∑
j=1

φ̌ja3j = ξ̌3, (4.2.5)

connects the regressors to the regressand through the unknown parameters a3j .
As mentioned above, no unique solution exists since m < n and there are more
parameters than equations. Utilizing the knowledge that the network is sparse, i.e.
that some parameters are identically zero, implies that we should perform variable
selection, i.e. selecting which parameters to include in the model. Most approaches
to sparse inference consider variable selection as an inherent part of the parameter
estimation method, and typically employ minimization of some norm of the fitted
parameter vector.

Inference of the third row boils down to selection of a subset S of the regressors,
such that this system of linear equations has a solution, i.e.∑

j∈S
φ̌ja3j = ξ̌3. (4.2.6)

If only one such subset exist, then the selection is unique and identical to the “true”
selection Š = {2, 3}. This is however not the case for partly informative data and
makes it interesting to ask if any of the regressors must be selected or excluded, as
the corresponding interactions are true positives and negatives, respectively. We call
a data set partly informative if it contains some information, but is not informative
enough for inference of all interactions that exist in the “true” network.
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From linear algebra it is known that a system of equations only has a solution if
the regressand lies in the subspace spanned by the regressors and that the solution
only is unique if the regressors are linearly independent, see e.g. Anton and Rorres
(2000); Friedberg et al. (2003); Horn and Johnson (1990). Here the regressand lies
in the subspace spanned by the regressors, since

ξ̌3 ∈ span Φ̌ =
{ 5∑
j=1

θjφ̌j

∣∣∣ θj ∈ R
}

= R3, (4.2.7)

but they are linearly dependent, since

5∑
j=1

θjφ̌j = 0 with some θj 6= 0. (4.2.8)

Hence many solutions of (4.2.5) and alternative selections S exist. To answer which
variables that must be in all sets, and which are in none, we can make a simple
geometric argument. If some regressor φj spans a unique direction, i.e. can not
be expressed as a linear combination of the other regressors, and this direction is
present in the regressand ξ3 then the regressor φj is needed to explain ξ3. Hence,
in this case a3j must be selected, i.e. be in all alternative selections S. Following
the same line of arguments, a3j must be deselected, i.e. not be in any alternative
selections S, if φj spans a unqiue direction and this direction is not present in ξ3.
Based on this we find from the partly informative data for the IRMA example that
the 2nd regressor must be included in every set while the 5th regressor must be
excluded in all sets. Also, either the 3rd or 4th regressor must be included in every
set of regressors, while the 1st regressor is identically zero. In other words, φ̌2 and
φ̌3 or φ̌4 must be selected, while φ̌5 should be excluded and φ̌1 always can be
excluded. We therefore classify the interaction a32 as existing, a35 as non-existing,
a33 and a34 as alternative, and a31 as non-evidential. The data is not informative
enough for discrimination between models containing a33 and a34, because the set
consisting of only φ̌3 and φ̌4 is linearly dependent, i.e. these regressors are collinear.
Selection of φ̌1, on the other hand, never contribute nor harm explanation of the
regressand, i.e. it does not improve nor decrease the fit; the data therefore contains
no evidence about a31 and one should based on the principle of parsimony assume
a31 = 0. In summary, one can in general based on partly informative noise-free data
classify the possible network interactions into four groups, as shown in Nordling and
Jacobsen (2011):

(a) existing edges (true positives)
if (I − T j 6=k)φ̌k 6= 0 and (I − T j 6=k)ξ̌ 6= 0, (4.2.9a)

(b) non-existing edges (true negatives)
if (I − T j 6=k)φ̌k 6= 0 and (I − T j 6=k)ξ̌ = 0, (4.2.9b)
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(c) non-evidential edges (no information)
if φ̌k = 0. (4.2.9c)

(d) alternative edges (partial information)
if (I − T j 6=k)φ̌k = 0, (4.2.9d)

Here the projection matrix T j 6=k = Φj 6=kΦ†j 6=k projects any vector in Rm onto the
subspace spanned by the n − 1 regressors in the matrix Φj 6=k = [φ̌1, . . . , φ̌k−1,

φ̌k+1, . . . , φ̌n], and Φ†j 6=k denotes the Moore-Penrose generalized inverse of the
matrix (Friedberg et al., 2003, p. 398-400). This classification may seem trivial, but
is important as it provides knowledge on which interactions that can be inferred
with certainty based on partly informative data. It also distinguishes between links
that should be left out based on information and lack of information, respectively.

Our in silico data above only has one of the two common characteristics of
biological data, namely fewer observations than variables, i.e. m < n. To consider
the effect of the other characteristic, uncertainty or noise, we next add uncertainty
to the IRMA data and consider how this hampers network inference in the sense of
variable selection. For illustration, we introduce a simple deterministic error model
in the measurement data and consider the observed regressor matrix

Φ =

 0 1 1 + υ 1 0
0 −1 0 0 1
0 −1 −1 −1 1

 . (4.2.10)

Here υ 6= 0 denotes a small measurement error in a single element with bounded
magnitude |υ| ≤ 0.1, i.e. all other elements are still assumed noise-free. This error
model is deterministic because no probability distribution is given. Any subset
containing at least three of the observed regressors 2 to 5 now spans R3 and they
are therefore classified as alternative based on the rules for noise-free data above.
Regressors 2 and 5 hence no longer span unique directions, implying that we cannot
say that a32 exists and a35 does not exist. As a matter of fact, selection based on this
data set is sensitive to infinitesimal small errors in any element, and so illustrates
how uncertainty hampers variable selection for network inference. Note that the
corresponding estimation problem is underdetermined and averaging can therefore
not be used to reduce the effect of the noise, as customary in statistics, system
identification, signal processing, and econometrics.

If we do a brute force search for the sparsest solution, i.e. we make the common
assumption that the solution with fewest nonzero elements is correct, under the
wrong assumption of (4.2.10) being noise-free, then we find a32 = 1, a34 = −1, and
all other elements zero, i.e. we obtain the wrong solution and selection. If we instead
do the same search under the correct assumption that the 3rd regressor is uncertain
and lies in the set Uφ3 = {φ̃3|φ̃31 = φ31 − υ, φ̃32 = φ32, φ̃33 = φ33, |υ| ≤ 0.1}, then
we find two alternative solutions, a32 = 1 and a34 = −1, or a32 = 1 and a33 = −1,
with all other elements zero. This illustrates that we for partly informative and
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Figure 4.2: Dependence on the regularization coefficient, illustrated by infer-
ence of the 3rd row of the engineered IRMA network in (4.2.3). The solid lines cover
the ζ range for which the interaction a3j , marked to the left, is present in the inferred
network model, corresponding to selection of regressor φj . The “true” interactions are
marked by + (blue) for up-regulations and x (red) for down-regulations. The vertical
solid (purple) line marks one of the inferred networks that are most similar to the
“true” one based on the signed adjacency matrix.

uncertain data in general obtain several selections that are indistinguishable based
on the data, i.e. we need additional data or assumptions.

If we instead employ the ordinary least squares estimator, see e.g. Rao and
Toutenburg (1999, p. 24-27), then we find a different solution for each φ̃3 ∈ Uφ3 ,
but most of them correspond to the selection Sols = {2, 3, 4, 5}. Note that the
ordinary least squares estimator in general does not give sparse solutions, so we also
use Glmnet that incorporates an l1 penalty on the parameter vector as described
above (Friedman et al., 2010)

aij = arg min
aij ,ai0∈R

1
2m

∥∥∥∥∥∥ξi −
n∑
j=1

φjaij − ai01

∥∥∥∥∥∥
2

2

+ ζ

n∑
j=1
|aij | , (4.2.11)

Glmnet is an implementation of the popular LASSO regularization, which penalizes
models with small nonzero parameters (Tibshirani, 1996). With Glmnet the resulting
variable selection depends on the regularization coefficient ζ, as shown in Figure 4.2,
as well as the actual noise realization υ. The noise realization, however, essentially
only affects the ζ-value at which φ3 is selected (data not shown). The results in
Figure 4.2 serve to show that if we infer a single model from partly informative and
uncertain data, then the noise realization together with algorithm specific details
determine the variable selection, since as shown above, even for the noise-free data
is it impossible to distinguish between Sa = {2, 3} and Sb = {2, 4} based on the
data as shown above. This simple example thus, in part, explains why inference of
gene regulatory networks has been shown to usually result in a large fraction of
false positives and false negatives in benchmarking studies, such as the DREAM
challenge (Marbach et al., 2010; Stolovitzky et al., 2009).

In conclusion, the introductory example has demonstrated how network interac-
tions can be classified as existing, non-existing, alternative and non-evidential for
noise-free data. Real data however contains uncertainty, or noise, which hampers
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the inference, and below we therefore establish a method for doing robust variable
selection for network inference based on partly informative and uncertain data and
derive necessary conditions for assigning confidence to the existence of individual
interactions.

4.3 Network inference is variable selection

From our introductory example it should be clear that the essence of the network
inference problem is the selection of the active interactions based on experimental
data, which is a problem known as feature selection, feature reduction, attribute
selection, subset selection, variable selection, and model selection in the machine
learning, statistics, and system identification literature (Guyon and Elisseeff, 2003;
Fan and Lv, 2010; Hara and Sillanp, 2009; George, 2000; Hong et al., 2008; Stoica and
Selen, 2004). Here we will mainly use the term variable selection, since our features
correspond to observed variables, represented by the regressors in (4.2.5). Many
variable selection methods require estimation of model parameters and evaluation of
the resulting fit to data, e.g. use of the Akaike information criterion and Bayesian
information criterion (Cedersund and Roll, 2009; Stoica and Selen, 2004; Akaike,
1973; Schwarz, 1978), and others implicitly select the variables as part of the
parameter estimation, e.g. LASSO (Tibshirani, 1996; Candès and Plan, 2009).
In most algorithms employed for inference of gene regulatory networks variable
selection and estimation of model parameters are implicit and combined, see e.g.
Glmnet (4.2.11). When using such implicit methods, parametric hypothesis tests
like the t-test employed in Lorenz et al. (2009), can not be used to determine
the significance/confidence level of the inferred interactions although this is often
assumed in the literature.

The distinction between variable selection and parameter estimation is usually
not clear in the literature on network inference, even though obviously essential when
inferring gene regulatory interactions. We believe there are at least three important
reasons why network inference should be considered foremost a variable selection
problem, while the parameter estimation problem should follow the variable selection.
First, parameter estimates as well as the estimates of their variance and significance
are only valid for a selected model structure and set of variables (Burnham and
Anderson, 2002, p. 14). For instance, the t-test is based on the ratio between
estimates of the parameters and their variance and if the erroneous set of variables
have been chosen the resulting confidences provide no information on the confidence
of the inferred interactions whatsoever. Thus, a correct variable selection must
be made before the estimated parameters and confidences make any sense. We
demonstrate below the consequences of erroneous variable selection by considering
the gene response data recorded by Lorenz et al. (2009). Second, only parameters
corresponding to active interactions, i.e. interactions that takes place in the biological
system when it exhibits the behaviour of interest, are nonzero and need to be
estimated. The parameter estimator should have the correct number of degrees of
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freedom, i.e. number of parameters, in order to efficiently use the data, since e.g. the
total parameter variance grows with the number of degrees of freedom (Kay, 1993,
p. 34,42-43). Third, if the number of parameters exceeds the number of data points,
then some parameters are structurally/a priori unidentifiable and no unique solution
exists to the parameter estimation problem (Ashyraliyev et al., 2009; Faller et al.,
2003; Bellman and Åström, 1970). The distinction between variable selection and
parameter estimation is particularly important in gene regulatory network inference,
since the networks are assumed to be sparse and the number of possible interactions,
i.e. unknown parameters, often by far exceeds the number of data points. This
renders any formulation as a parameter estimation problem underdetermined, which
in general for uncertain data leads to a set of models with different structure that
can explain the data, i.e. different selections of regressors as demonstrated in the
introductory example.

In summary, only interactions corresponding to variables that must be selected
to explain available data can be shown to exist at a selected significance level, so
for robust network inference it is both necessary and sufficient to do robust variable
selection prior to parameter estimation. The remainder of this chapter builds on
this observation.

4.4 As many samples as variables are needed to infer sparse
networks

We here show that no confidence can be assigned to individual inferred interactions
when the available data contains fewer observations than variables by showing that
alternative models with a different structure that can explain the data always exist.
To demonstrate this, we show that alternative models exist that explain the data
recorded by Lorenz et al. (2009) equally well as the model they inferred, despite
lacking many of the links found to be the most significant by Lorenz et al.

Consider first the introductory IRMA example and the data in (4.2.4) again and
assume that each observation contains uncertainty, measurement errors, or noise of
some sort, denoted by υkj and εki for the responses and perturbations, respectively.

Φ =

 0 + υ11 1 + υ12 1 + υ13 1 + υ14 0 + υ15

0 + υ21 −1 + υ22 0 + υ23 0 + υ24 1 + υ25

0 + υ31 −1 + υ32 −1 + υ33 −1 + υ34 1 + υ35

 ξ3 =

 0 + ε13

−1 + ε23

0 + ε33

.
(4.4.1)

By assigning arbitrarily small values to the coefficients representing uncertainty we
can ensure that any subset consisting of three regressors spans the data space, whose
dimension is equal to three, and any one of the five regressors can therefore be left
out of the model used to explain the data, implying that many alternative models
with different structure always exist. Indeed, it is trivial to prove that random
errors almost always imply that any combination of m regressors spans a space of
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dimension m in observed data, since specific combinations of values are required to
make a subset of regressors collinear or linearly dependent.

The observation above holds in general, i.e. for every possible interaction there
always exist an alternative network model excluding it that can explain noisy data
if the number of observations m is smaller than the number of variables n. This
implies that no confidence can be assigned to any inferred interaction, as formally
proved in Theorem A.3.2. In other words, m ≥ n is a necessary condition on data
to assign any reliable measure of confidence to individual interactions. This should
come as no surprise, and simply corresponds to the well known fact that at least
n equations are needed to uniquely determine n unknown parameters in a linear
system of equations. Everyone familiar with recent work on network inference and
regularization, however, now probably has two objections in mind which we address
next.

First, the observation above appears to be in conflict with recent observations
and results suggesting that less than n observations is sufficient for correct variable
selection, estimation of a parameter vector, or inference of a network, see e.g.
Candès and Plan (2009); Fan and Lv (2010); Candes and Wakin (2008); Zhao and
Yu (2006); Filkov (2005). The apparent discrepancy between our observation and
these observations is explained by the fact that there is a fundamental difference
between actually inferring the correct structure of a network on the one hand, and
on the other hand proving that it with some chosen level of confidence is the correct
structure. For instance, even results based on the strong irrepresentability condition
(SIC) only ensures that the LASSO estimator

aij = arg min
aij∈R

∥∥∥ξi −∑
j

aijφj

∥∥∥2

2
+ ζ

∑
j

|aij | (4.4.2)

is sign consistent with a probability that goes to one as the number of samples goes
to infinity (Zhao and Yu, 2006). Some of the inferred interactions could thus be
false positives, in particular for the low number of samples seen in biological data
sets. Considering that from many studies, such as the DREAM challenges (Marbach
et al., 2010), aimed at benchmarking different inference algorithms it is evident
that inference of GRNs usually result in a large fraction of false positives and
negatives (Stolovitzky et al., 2009), we claim that knowledge of the confidence level
of each inferred interaction is as important as inferring a model in the first place.

Second, significance levels have indeed been reported for individual interac-
tions (Lorenz et al., 2009) and ranking of the inferred interactions based on confi-
dence has in fact been required to participate in the DREAM challenge (Marbach
et al., 2010), so clearly it is possible to assign measures of confidence to individual
interactions independent of the number of observations. However, as discussed above,
those significance measures and rankings are in general not reliable, simply because
they fail to account for alternative selections of the variables, i.e. models with
alternative structures, that can explain the data. That is, the computed confidence
of each chosen variable is based on the assumption that all other variables have
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been correctly selected.
To illustrate the consequences of the above discussion, we consider the steady-

state data recorded from perturbation experiments in yeast by Lorenz et al. (2009),
in which each of the ten Snf1 signalling pathway genes in S. cerevisiae were over-
expressed in independent experiments and the resulting expression changes measured,
and show that the applied two tailed t-test does not provide reliable estimates of the
confidence of the inferred interactions. Since the number of independent experiments
and observations in this case equals the number of variables, this example also
illustrates that alternative models may exist and confidence tests may be unreliable
despite fulfilment of our necessary condition, i.e. m ≥ n.

In Figure 4.3 we show the final network model inferred by Lorenz et al. (2009)
(top), taken from their supplementary Table S9, and two alternative models (bottom),
selected from the large set of models that can explain their data. The two latter
models were chosen partly because they are sparse. An interesting observation is
that 51 out of the 60 links deemed most significant by Lorenz et al. are missing or
have opposite sign (2 cases) in at least one of the two alternative models. Note that
only 3 of the 10 most significant links are missing in the alternative models, since 7
self-loops are among the top 10. Self-loops represent degradation of the mRNA and
correspond to parameters on the diagonal of the interaction matrix, which makes
them abundant in models and biologically uninteresting. Both alternative models
fit the data in Lorenz well when judged based on commonly used measures such
as the unweighted and weighted residual sum of squares (Ashyraliyev et al., 2009),
prediction error (Ljung, 1999), and cannot be rejected based on a χ2 goodness of fit
test (Jaqaman and Danuser, 2006; Cedersund and Roll, 2009) at significance level
0.5. By testing at significance level 0.5 we ensure that they cannot be rejected at any
commonly used significance level, such as 0.05. For details see Section C.1. Existence
of alternative models with different structure is a characteristic of partly informative
data and implies that the data does not contain sufficient information to determine
if certain interactions exist or not. In this case the lack of information is due to
poor excitation of the weak directions of the underlying system, which we earlier
have shown to be interampatte, see Chapter 3. The t-test is but one parametric
hypothesis test that fails to account for the existence of alternative variable selections,
since the parameters and their variance estimates are calculated under the implicit
assumption that the variable selection is correct. Any hypothesis test or confidence
measure that makes this assumption will be misleading in particular for data with
fewer observations than variables. This partly explains why false positives exists
among the inferred interactions deemed most significant even by the best performing
methods in the DREAM challenge (Marbach et al., 2010).

The fact that existing confidence measures can be misleading calls for caution
when dealing with inferred networks. We next propose a method for determining the
interactions that are present in all alternative models that can explain available data
at a selected confidence level. The proposed method can also be used to calculate the
confidence score of every possible interaction in a manner that correctly accounts
for the existence of alternative variable selections.
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Figure 4.3: Alternative models lacking links deemed most significant by
Lorenz et al. (2009) that fit well to their in vivo data, based on commonly used
measures such as the unweighted and weighted residual sum of squares (Ashyraliyev
et al., 2009), prediction error (Ljung, 1999), and cannot be rejected based on a χ2

goodness of fit test (Jaqaman and Danuser, 2006; Cedersund and Roll, 2009). Here
we show the final model inferred by Lorenz et al. (top) and two alternative models
(bottom), selected from the large set of models that can explain their data because
they are sparse and 51 out of the 60 links inferred by Lorenz et al. are missing or
even have opposite sign (2 cases) in at least one of them. Note that these models are
not intended to represent current biological knowledge. Here every link represents an
inferred causal influence (Gardner and Faith, 2005). An arrow shaped head on the link
from SNF1 to SIP2 (top) indicates that SNF1 upregulates (activates) the SIP2 gene,
while a bar (T) shaped head from SIP2 to SIP4 indicates that SIP2 downregulates
(represses) the SIP4 gene. The thickness of each link decreases with increasing p-value
as calculated by Lorenz et al. based on a two tailed t-test for the links they inferred,
here reported on each link in their model, i.e. the thickest link is the most significant
one in their model. These network graphs were generated in Cytoscape (Shannon et al.,
2003).
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4.5 Inference of existing interactions with confidence

Here we propose a method for robust variable selection and network inference, based
on reformulating the inference problem as a robust rank problem. We define a
measure of robust rank in terms of a distance to rank deficiency under structured
uncertainty, show how it can be computed using tools from robust control theory and
apply it to inference of the IRMA network considered in the introductory example.
Note that the focus in this section mainly is on presenting the principle idea and
main results on robust variable selection, while formal proofs together with a more
complete theory for robust variable selection are given in Chapter 5.

In the introductory example, we demonstrated that an interaction can be shown
to exist based on noise-free data if selection of the corresponding regressor is
necessary to explain the regressand in (4.2.6). This is equivalent to requiring that
the corresponding regressor φk and regressand ξi cannot be written as a linear
combination of the other regressors, i.e. condition (4.2.9a). This corresponds to
linear independence of the set of columns in the two matrices

Φ , [φ1, . . . ,φk, . . . ,φn] ; Ψki , [φ1, . . . ,φk−1,φk+1, . . . ,φn, ξi]. (4.5.1)

Full column rank of these two matrices is hence sufficient to conclude existence
of the aik interaction corresponding to regressor φk when the data are noise-free.
Real biological data, however, contains measurement errors and noise that introduce
uncertainty in each data point (4.4.1). To describe this uncertainty an error model
must be added to the considered data model. Here we model the uncertainty by
assuming that the “true” response, or perturbation, lies within a norm-bounded set
centred at the nominal measurement. Mathematically, we describe this by adding a
norm-bounded perturbation to each regressor and regressand

φj = φ̌j + υj , ‖υj‖ ≤ %j (4.5.2a)

ξi = ξ̌i + εi , ‖εi‖ < $i. (4.5.2b)

These bounded uncertainty sets are schematically illustrated in Figure 4.4 (right)
by ellipses around the nominal regressors and regressand in a two dimensional
data space. In higher dimensions, the uncertainty sets correspond to hyperellipsoids
around the measurement points in the m-dimensional data space. Note that (4.5.2)
as such give hyperspherical uncertainty sets, and that hyperellipsoids are obtained
by scaling the individual measurements points in φj and ξi accordingly.

Each combination of realizations within the uncertainty sets that fulfils the
assumed data model gives rise to a model that cannot be invalidated or rejected
based on the available data, implying that we in general have an infinite set of
practically indistinguishable models that are all in agreement with the available
response data. Thus, the set of data points within the uncertain data model is
translated into a set of network models. We have in Figure 4.4 (right) marked two
realizations, a and b, that give rise to two different models Ma and Mb, in this
case containing the same interactions. While all models within the uncertainty set
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Figure 4.4: Graphical representation of variables and their uncertainty
sets for an example with two regressors in a two dimensional data space.
Observed data is represented by plotting the value in each experiment on a different
coordinate axis and viewing these points as vectors in what we call the data space
(left). The regressors are depicted by the solid cyan or magenta coloured vectors ending
by a star or diamond and tagged by φ1 or φ2, while the solid teal coloured vector
ending by an x and tagged by ξ1 depicts the regressand. The uncertainty set of each
regressor φj and regressand ξ1 is depicted by the solid coloured ellipses drawn around
the tip of each vector (right). The three realizations corresponding to the feasible
model Ma = {−0.5φ̃a

1 − 0.5φ̃a
2 = ξ̃

a
1} and Mb = {−φ̃b

1 − φ̃
b
2 = ξ̃

b
1} are marked by

a and b (right), respectively. Robust variable selection is for this case illustrated in
Figure 4.5.

are good for prediction of the response to perturbation experiments similar to the
ones from which the data were obtained, simply because they cannot be rejected,
they may include interactions not present (false positives) or leave out interactions
present (false negatives) in the true network as illustrated in Figure 4.3. This again
highlights the fact that one in general should distinguish between identification of
predictive models and inference of mechanistic models.

If a deterministic uncertainty model is employed, then the uncertainty sets will by
assumption contain the “true” realizations, and hence interactions that are present
in all models within the set correspond to true positives that must exist in the
underlying GRN. This means that robust variable selection and network inference
are achieved by determining the regressors that are selected in all of these models
and thus necessary to explain the data, as well as the corresponding interactions
that are also present in all of these models. Note that bounded uncertainty sets that
contain the “true” realizations with a probability greater or equal to 1− α can in
general be generated for probabilistic error models at any selected significance level
α > 0, as we demonstrate in Section 5.4, and so the method proposed here is not
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limited to deterministic error models.
In principle, we could show that an interaction exists based on noisy data by

showing that it is present in all models that cannot be rejected based on the data.
Similarly, we could show that an interaction is absent if it is not included in any of
the models within the set. This however involves checking an infinite set, which is
not computationally feasible, so we next reformulate our robust variable selection
problem as a robust rank problem, i.e. using a measure of distance to rank deficiency
under structured uncertainty for the observed Ψki matrix. If the set of columns in
Ψki are linearly independent, or equivalently the rank(Ψki) = n, for all realizations
that are consistent with the error model, then the regressor φk must be selected
since none of the regressand realizations can be written as a linear combination
of any realization of the other regressors alone. This is a sufficient condition for
showing that the regressor φk must be selected and is the robust analogous to
the conditions for variable selection with noise-free data above. The condition on
linear independence of the set of columns in Φ is not needed, since no solution
exists to the equivalence of (4.2.6) for any set of linearly dependent realizations.
This is illustrated in Figure 4.5 where both regressors must be selected to explain
the regressand. Only if a realization such that Ψki is rank deficient exists within
the uncertainty sets is it possible to exclude φk and find a model in which the
regressand is a linear combination of the other regressors. We can hence show that
φk is selected in all practically indistinguishable models by showing that no Ψki

within (4.5.2) is rank deficient.
To check whether a rank deficient Ψki exists within the uncertainty set given by

(4.5.2), we employ the structured singular value µ (Doyle, 1982; Safonov, 1982; Zhou
and Doyle, 1998, p. 189). and define the confidence score γ(Ψki) as the reciprocal
of µ

γ(Ψki) ,
1

µ(Ψki)
, min

∆s

{
σ(∆s)

∣∣det(I −Ψ†kiSki∆
s) = 0 for structured ∆s

}
.

(4.5.3)

Here ∆s is an mn×n block-diagonal matrix with n blocks of dimension m×1, repre-
senting the uncertainties in the columns of Ψki, and Ski =

[
%1Im×m, . . . , %k−1Im×m,

%k+1Im×m, . . . , %nIm×m, $iIm×m
]
is a scaling matrix taking into account the size

of the uncertainty of the individual regressors and regressand in Ψki. If the struc-
tured singular value µ(Ψki) is larger than 1, corresponding to γ < 1, then there exist
some Ψki within the uncertainty set which is rank deficient. Similarily, if µ(Ψki) < 1,
or γ(Ψki) > 1, then no Ψki within the uncertainty set is rank deficient and we can
conclude that an influence from gene k to gene i is included in all models within
the uncertainty set. Thus, γ provides a robustness margin, or confidence score.

The structured singular value is by now a classical tool in robust control and
efficient methods for calculating upper and lower bounds on µ exist, see e.g. Skogestad
and Postlethwaite (1996); Zhou and Doyle (1998). These bounds are used in practice
because exact calculation of the structured singular value in general is NP-hard.
In this work we use the mussv implementation in Matlab (www.mathworks.com) to

www.mathworks.com
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Figure 4.5: Schematic illustration of robust variable selection using uncer-
tainty sets for an example with two regressors in a two dimensional data
space. The ellipses around each variable–the same two regressors φ1 and φ2, and
regressand ξ1 as in Figure 4.4–depict the uncertainty set of the variable, which contains
all realizations that are consistent with the error model, and define the uncertainty
cone of each variable. Both regressors are selected in all feasible models, since the un-
certainty cone of the regressand only intersects the uncertainty cones of the regressors
in the origin. No realization of the regressand can be written as a linear combination
of the two realizations marked by c, since they are parallel.

calculate the structured singular value bounds, and we report only the lower bound
on γ, since no rank deficient realization is included in the uncertainty sets that result
from scaling by any smaller value than this one, implying that the regressor φk is
selected in all feasible models up to this size of the uncertainty set. The structured
singular value method proposed here therefore provides a reliable way to calculate a
lower bound on the confidence score of every possible interaction. It ensures that no
model with an alternative structure lacking the aik interaction exists within the set
of all practically indistinguishable models up to the significance level that γ(Ψki)
corresponds to.

4.6 Concluding examples

In order to illustrate the proposed method for robust network inference, we first
consider simulated data from a simple known in silico 4-gene network and then
proceed to analyse published response data for the engineered IRMA network in
yeast. The first example serves to verify that the method is able to identify existing
interactions with confidence, while the second example shows how the method can
be used to verify new interaction hypotheses based on available response data.
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4.6.1 Example 1: Robust inference of a known 4-gene network
Consider a simple 4-gene network with the interaction matrix

A =


−1 1 0 1
1 −1 0 0
0 −1 −1 0
0 0 1 −1

 (4.6.1)

corresponding to a cascade connection through all genes with feedback both from
gene 2 and 4 to gene 1. We perform 4 simulations in which every gene in turn is
perturbed and measure the steady-state responses of all genes. We assume that both
the perturbations and measurements are hampered by uniformly distributed noise
in the interval [−0.1, 0.1], yielding an signal to noise ratio (SNR) of approximately
9. The resulting regressor matrix is

Ψ =


0.94 0.908 −1.08 −1.09
−0.0816 0.924 −1.06 −1.1

0.99 0.994 −0.0509 −0.0511
0.934 0.99 −1.06 −0.0889

 (4.6.2)

and the regressand matrix is

Ξ =


−0.952 −0.06 0.0137 −0.0821
0.0636 −0.953 0.0709 0.0728
−0.0739 −0.0159 −1.01 0.071
−0.0706 −0.0244 0.0298 −1

 . (4.6.3)

Using these matrices, we employ (4.5.3) to compute the confidence score for each
individual interaction shown in Table 4.1, allowing for an uncertainty of 0.2 in the
2-norm of each regressor and regressand. This guarantees that each uncertainty
set contains the “true” variable even for the worst realization of the noise, e.g.
υj = [0.1 0.1 0.1 0.1]T . With this uncertainty, we see that we can guarantee the
existence of 5 out of a total of 9 interactions in the network, i.e. all interactions
with a confidence score γ > 1. We have in Table 4.1 marked these links by blue
colour when the interaction is activating and red colour when it is repressing. We
also see from Table 4.1 that the confidence score is fairly close to 1 for the other
four interactions (marked by yellow colour), while it is significantly smaller for all
non-existing interactions. In other words, a clear distinction between existing and
non-existing interactions in terms of confidence score exists, which could be utilized
in cases when the correct uncertainty model is not known. In general, the confidence
scores can be increased by performing additional perturbation experiments that
make the data set more informative and increases the SNR.
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Table 4.1: Confidence scores for the 4 gene in silico example with simu-
lated data. More precisely, lower bounds on the confidence score γ for each possible
interaction aij , calculated by the structured singular value method using the upper
bound 0.2 on the radius of the uncertainty sphere of each variable. In practice, the
higher the γ value is the more likely is the aij interaction to exist.

Gene i \ j 1 2 3 4
1 1.4 0.99 0.017 0.85
2 1.3 1.2 0.05 0.14
3 0.1 0.88 1.1 0.13
4 0.14 0.19 1.2 0.95

4.6.2 Example 2: robust inference of IRMA from in vivo data
Here we perform robust inference of the IRMA network from the in vivo steady-state
data set recorded by Cantone et al. (2009) when growing the S. cerevisiae strain
in Galactose free medium, see Section 2.1. Thus, we consider inference of the same
network as in the introductory example, but this time from real uncertain in vivo
data instead of noise-free in silico data. The example serves to demonstrate both the
feasibility of robust inference as such and more specifically the use of the method
for robust inference proposed above.

To perform robust inference one needs a data model, including an error model
that contains a description of the measurement errors, noise, and other sources of
uncertainty in the data. Following Cantone et al. (2009), we assume that the log-fold
changes, obtained by the commonly used 2−∆∆CT method (Cikos and Koppel, 2009;
Schmittgen and Livak, 2008), can be explained by a linear data model

n∑
j=1

φ̌j ǎij = ξ̌i, φj = φ̌j + υj , ξi = ξ̌i + εi. (4.6.4)

In other words, this is the same data model as in the introductory example, Sec-
tion 4.2, but now each observation is assumed to contain uncertainty, represented by
υj and εi. Since conflicting results on the error distribution of quantitative real-time
RT-PCR (qRT-PCR) have been reported (Peccoud and Jacob, 1996; Bengtsson
et al., 2008), we analysed the biological replicates of Cantone et al. (2009) and found
that the log-fold change of the data was not normally distributed, see Section A.5.
We were unable to estimate the distribution due to the low number of replicates, but
note that histograms of the data contains multiple peaks, Figure A.3 and Figure A.4,
which indicate a multimodal distribution in agreement with the theoretical study
by (Peccoud and Jacob, 1996). To prioritize robustness of the results, we therefore
decide to use an additive deterministic error model in which the absolute error of
each data point is assumed to be bounded by the maximum absolute error calculated
separately for each gene and perturbation experiment in Table A.2. For the pertur-
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Table 4.2: Confidence scores for the IRMA Glucose data. More precisely, lower
bounds on the confidence score γ for each possible interaction aij , calculated by the
structured singular value method using the upper bounds in Table A.2 and Table A.4
to bound the uncertainty ellipsoid of each variable for the Glucose steady-state data
recorded by Cantone et al. (2009). In practice, the higher the γ value is the more likely
is the aij interaction to exist.

Gene i \ j CBF1 GAL4 SWI5 ASH1 GAL80
CBF1 1.6 0.61 0.89 0.14 0.26
GAL4 0.27 1.6 0.11 0.2 0.0083
SWI5 1.2 0.89 1.7 0.039 0.37
ASH1 0.59 0.24 0.23 1.8 0.38
GAL80 0.33 0.14 0.42 0.11 1.5

bations we also assumed an additive deterministic error model with the absolute
error of each data point being bounded by 0.1 for unperturbed genes and 0.2 for the
perturbed genes, see Table A.4. This error model is in general conservative so we
assume that the uncertainty set of each variable is ellipsoidal, with semi-principal
axes of length equal to the bounds on the absolute errors, when calculating the
confidence score of each interaction, since all errors are unlikely to be equal to the
upper bound at the same time.

We use the structured singular value method described in the previous section to
calculate the confidence score for each possible interaction up to which it is present in
all models explaining the steady-state data recorded by Cantone et al. (2009) when
growing their IRMA strain in medium without Galactose. For details see Section A.6,
where we also infer a model for IRMA grown in Galactose. Based on the results in
Table 4.2, we note that only one interaction, a31 (marked by blue colour), besides
the self-loops on the diagonal (marked by red colour) have a γ value above one. The
γ value corresponds to the factor by which the uncertainty set of each variable must
be scaled in order for the interaction in question to be present in all feasible models.
We have here reported it in favor of the significance level, since the uncertainty sets
are based on our error model that, as every model, is an approximation that only
holds under certain assumptions. It is therefore informative to know by how much
we need to have underestimated the actual uncertainty in order for an interaction
to not exist in all feasible models. E.g. the a31 interaction has γ = 1.2, meaning
that it is guaranteed to exist even if the actual uncertainty level was 20% larger
than predicted by our error model. This interaction should not exist according to
Cantone et al. (2009), since it is not present in the engineered network in Figure 4.1.
In fact, this implies that the method invalidates the engineered network based on its
inability to explain the recorded data under the error model assumed here. We have
not found any evidence for this link in the literature, so it constitutes a previously
unknown activation of transcription of SWI5 by CBF1 and it illustrates that even the
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knowledge of intensively studied genes and organisms is incomplete. The data is not
informative enough to show that any interaction with γ < 1 exists, but we selected
the 11 interactions that are most likely to exist based on our confidence scores
and fitted a model with this structure to the data using constrained optimisation
to minimise the residuals. The reason for including more than the six interaction
with confidence score γ > 1 is that our error model is likely to be conservative and
the “true” network is unlikely to only have six interactions. However, an important
outcome of the method is still that we can provide a confidence level for every fitted
interaction which is independent of the other variables chosen and the specific data
fit obtained. The resulting model of the IRMA GRN, with interaction matrix

ÂGlu =


−0.143 0.043 0.073 0 0

0 −0.183 0 0 0
0.103 0.091 −0.219 0 0
0.036 0 0 −0.177 0

0 0 0.009 0 −0.152

 , (4.6.5)

explains the data well and is a trade-off between regressor and regressand errors, see
Section A.6. This model has 8 links in common with the engineered model, three
additional links not found in the engineered one, and it lacks 5 links present in
the engineered one. Two of the lacking interactions correspond to the Gal4-Gal80
protein interactions (Bhat and Murthy, 2001; Sellick et al., 2008), which strictly
speaking should not have been included in the engineered model in the first place,
since these protein interactions do not affect transcription of the GAL4 or GAL80
gene. Note that it is only one of several alternative models with different selections
of links having γ < 1 that can explain the data, see e.g. (A.6.5) and (A.6.4), and
additional experiments are needed to discriminate among them. Cantone et al.
(2009) also recorded steady-state data for IRMA grown in Galactose and two time-
series when changing growth medium, but the system has two different dynamical
modes (Nordling et al., 2007b), reflected in different interactions being active in the
two growth mediums, so these do not provide the needed additional information.

Finally, we would like to stress that all alternative network models of IRMA
grown in Galactose free medium contain the transcriptional activation of SWI5 by
CBF1, since we have proven that every linear model that lacks it is rejected based
on the error model associated with the data and that a linear model explains the
data well. It is worth noting that our regressors are logarithmic functions of the
states of the underlying system, because we used the log-fold changes obtained by
the 2−∆∆CT method. Implying that the underlying biological system is assumed to
be nonlinear, even though we use a linear data model. In general, existing feature
construction techniques can be used to represent nonlinear functions in the linear
framework of our robust inference method. This regulatory interaction/influence is
thus hereby proven to exist in the “true” network. It does not necessarily, however,
imply that a physical binding of the CBF1 mRNA or protein to the promoter
sequence of SWI5 occurs, nor that CBF1 is a transcription factor of SWI5 in the
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traditional sense, because inference based on perturbation experiments only reveals
regulatory influences–a type of information flow (see e.g. Gardner and Faith, 2005).

4.7 Conclusions

Inference of gene regulatory networks from perturbation data is limited partly by
the lack of information in the data, partly by the presence of uncertainty that
hampers correct information extraction. For the case where the number of variables
exceeds the number of observations, corresponding to lack of information, alternative
models with different network structures that explain the available data always exist.
This implies that commonly used confidence measures for individual intractions
are misleading since the measures depend on the specific network model that is
chosen. As we showed, many of the inferred interactions in S. cerevesia deemed
most significant by Lorenz et al. (2009) are in fact not needed to explain their data.
This partly explains why false positives have been observed among the inferred
interactions deemed most significant even by the best performing methods in the
DREAM challenge (Marbach et al., 2010). Similar problems exist when inferring
networks from data that in principle are sufficiently informative, but where there is
significant uncertainty in the data.

Considering the fact that algorithmic details of current inference methods together
with noise have been observed to largely determine the structure of inferred models,
both herein and elsewhere (Marbach et al., 2010; Tjärnberg et al., 2013), caution is
advised when dealing with inferred networks. Indeed, benchmarking studies have
shown that inference of gene regulatory networks usually result in a large fraction
of false positives and false negatives (Marbach et al., 2010; Stolovitzky et al., 2009).
The current focus of network inference should therefore be shifted to determining
the interactions that can be shown to exist at the significance level desired by the
biologist designing the study, instead of merely inferring a network model containing
all observed variables as nodes. To foster such a development we proposed a robust
network inference method based on classification of all possible interactions as
either existing, non-existing, alternative, or non-evidential. The method finds the
interactions that are present in all linear models that can explain data at a desired
significance level, as we here demonstrated by inferring the IRMA network that
recently was engineered in S. cerevisiae by Cantone et al. (2009) for evaluation of
network inference algorithms. The proposed method enables us to obtain a robust
solution and assign confidence to individual interactions, without resorting to any
approximation or asymptotic results, or having to tune any regularization coefficients.
Applying the method to the in vivo steady-state data recorded by Cantone et al.
(2009) we found, to our surprise, that the data cannot be explained without a
previously unknown activation of transcription of SWI5 by CBF1 in the absence of
Galactose. Existence of this interaction implies that the “true” network differs from
the network they intended to engineer and illustrates that even the accumulated
knowledge of well studied genes and organisms is incomplete. In fact, we find that the
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recorded steady-state data only is informative enough to show that six interactions
exist, implying that the “true” network is largely unknown and method assessments
that include any other interactions are in general both unfair and misleading. These
facts partly explain the multitude of different networks that have been inferred (see
e.g. Penfold and Wild, 2011; Cantone et al., 2009) and must be accounted for when
the data recorded by Cantone et al. is used.





Chapter 5

Theory of robust variable selection and
network inference

“Whether you can observe a thing or not depends on the theory
which you use. It is the theory which decides what can be observed.”

Albert Einstein, objection to Werner Heisenberg’s
talk on quantum mechanics, Berlin, 1926.

The desire to infer existing causal interactions with confidence directly from
observed changes in variables within systems biology and bioinformatics calls
for a theory for robust variable selection and network inference. Inference of

causal interactions from response data is an open variable/feature/subset/model
selection problem under active investigation. No current theory can cope with the
combination of low signal to noise ratios, errors-in-variables, near collinearity, and
few data points–seen in current gene expression data sets. We therefore here develop
a theory for robust variable selection that can handle these issues by classifying
all variables and interactions as either present/existing, absent/non-existing, non-
evidential, or alternative. We define new concepts with necessary and/or sufficient
conditions for each case, and use them in tests that only require the observed data as
input and implicitly checks all models within a chosen class that cannot be rejected
based on the observed data and assumed error model. The conditions enable, with
desired confidence/significance, determination of all variables and interactions that
must be included in or always can be excluded from all models within the set. Thus,
allowing a robust classification of variables and interactions as true positives or true
negatives under mild assumptions. This is achieved without estimating any model
parameters. Our variable selection is therefore decoupled from parameter estimation,
contrary to existing methods, such as the likelihood ratio test, F-test, and Akaike
and Bayesian information criteria. The decoupling removes all interdependencies
between selection and estimation that, in general, weaken the conclusions that can
be drawn.

85
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5.1 Introduction

Inference of causal interactions between variables based on quantitative measure-
ments of changes caused by genetic perturbations is an important problem in the
post genomic era that has received considerable attention in the systems biology
and bioinformatics community (Brazhnik et al., 2002; Wolkenhauer et al., 2009;
Hecker et al., 2009). The focus has in particular been on reverse engineering of
gene regulatory networks from microarray and quantitative RT-PCR data, see e.g.
Cantone et al. (2009); Gardner et al. (2003); Faith et al. (2007); Bonneau et al.
(2006). Many genes have been shown to be regulated by a small number of other
genes (McAdams and Arkin, 1998; Arnone and Davidson, 1997; Jeong et al., 2000;
Lima-Mendez and van Helden, 2009), implying that these networks are sparsely
connected and one needs to determine which of the possible interactions that ac-
tually exist. The observed data, however, is not fully informative and contains
measurement uncertainty and can therefore in general be explained by different
models containing different interactions–highlighting that network inference is a
variable/model selection problem, where one aims to find a model containing the
interactions that exist in the real system. To perform robust network inference and
assign a reliable measure of confidence to individual interactions, we showed in
Chapter 4 that it is necessary to check the set of all models that can explain the
data. Only interactions present in all of these models, i.e. models consistent with
the uncertainty model associated with the data at a desired significance level, can
be guaranteed to exist with desired confidence. Checking every model in an infinite
set is, of course, computationally infeasible, but we have reformulated the problem
to do this by solving a robust rank problem based on the data matrices. Due to the
close connection between variable selection and network inference, we here outline
the beginning of a theory for both robust variable selection and network inference
to formally prove and extend these results. It enables us to determine with desired
confidence the variables and interactions that must be included or always can be
excluded from the model, in other words, the true positives and negatives under mild
assumptions. The data lacks information for determination of the remaining ones.
We also clarify the connection and distinction between variable selection, network
inference, and parameter identifiability.

Despite the fact that variable and model selection is a prerequisite of mathe-
matical modelling, variable selection is still largely an unsolved problem. Variable
selection is also known as feature selection, feature reduction, attribute selection, sub-
set selection, and model selection (Guyon and Elisseeff, 2003; Fan and Lv, 2010; Hara
and Sillanp, 2009; George, 2000; Hong et al., 2008; Stoica and Selen, 2004). We here
mainly use the term variable selection, since we do not address feature construction,
and the features in our examples correspond to observed variables. The increase in
the amount of collected data and number of observed variables in many fields makes
variable selection crucial for knowledge discovery (Fan and Li, 2006; Kohavi and
Provost, 2001; Guyon and Elisseeff, 2003). Many different solutions to the variable
selection problem have therefore been and are being developed and used in diverse
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fields. Several recent reviews and overviews, however, show that variable selection
largely is an unsolved fundamental problem. Let us first note that brute-force search
for an optimal subset of variables is an NP-hard problem and thus in general not
feasible even when the data is informative enough (Yusta, 2009; Cotta et al., 2004;
Kohavi, 1995; Cover and Van Campenhout, 1977). Current selection methods are
“either computationally feasible but far from optimal, or they are optimal or almost
optimal but cannot cope with the computational complexity of feature selection
problems of realistic size” (Yusta, 2009). The most relevant variables are often
suboptimal for prediction, while seemingly irrelevant variables taken together can
provide good prediction (Fu and Desmarais, 2010; Guyon and Elisseeff, 2003; Kohavi
and John, 1997). Fan and Fan (2008) have recently demonstrated that classification
using any linear discriminants can perform as poorly as random guessing due to
noise accumulation in population centroids estimated in high-dimensional variable
spaces, and that selection of a subset of important variables is necessary for correct
classification. Many methods for selection of subsets of variables are sensitive to
noise or small perturbations in the data (Guyon and Elisseeff, 2003). In particular,
low signal to noise ratios, errors-in-variables, near collinearity, and few data points
are problematic and no current theory or method copes with the combination of
these in a robust manner. We therefore here develop the beginning of a theory
of data based robust variable selection that can cope with these characteristics,
which are common in gene expression data sets (Holter et al., 2000; Tegnér and
Björkegren, 2007; Cosgrove et al., 2010; Nordling and Jacobsen, 2009a). By robust
we mean that a desired level of confidence can be assigned to the selection of a given
variable, i.e. that the selected subset of variables is present in all models that are
consistent with a specified uncertainty model at the desired significance level. It
is essential to distinguish between robust and non-robust variable selection, since
they are conceptually different. The objective of the former is to determine the
variables that must be included in or always can be excluded from models explaining
data at a desired confidence level, while selection of the variables that optimize
some quantity, e.g. maximize the likelihood of the observed data or minimize the
prediction or classification error, typically is the objective of the latter. Methods for
non-robust variable selection strive to finding the best subset of variables in some
sense, while variables present in all subsets yielding a non-rejectable model are found
by methods performing truly robust variable selection. Philosophically, non-robust
methods can only generate alternative hypotheses, while robust methods perform
hypothesis testing of implicitly generated hypotheses. The method presented here
therefore offers automated discovery, i.e. hypothesis generation and testing, of the
type sought in systems biology (see e.g. Ideker et al., 2001). The term robust is used
in the literature in general in many different meanings, see e.g. Aelst et al. (2008),
while we here strictly use it to mark that a property holds for all models in a set–in
accordance with the tradition in robust control. In fact, we have not yet found any
other line of works that would accomplish truly robust variable selection except
ours. Robust variable selection is important when mechanistic insight and causal
relations are sought, since good prediction, in general, does not imply that the “true”
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variables or interactions have been found. This fact is illustrated in Section 4.4
by three networks with different structure that explain the data by Lorenz et al.
(2009) well, and in model selection by the inability to combine the consistency of
the Bayesian information criterion (BIC) with the near optimality of the Akaike
information criterion (AIC) in prediction (Yang, 2005, 2007; Grünwald and De Rooij,
2011).

We here restrict ourselves to developing a theory for robust variable selection
and network inference for linear data models. We assume, in other words, that
the data has been preprocessed/transformed such that some feature is a linear
function of the features that we select among, and we do not address this feature
construction. From an estimation theoretical perspective our data model corresponds
to linear regression. This resemblance of the variable selection problem to linear
regression and the solution of systems of linear equations, for which there is a well
established theory in statistics and linear algebra, makes it imperative to motivate
why we here develop a theory for data based robust variable selection and not merely
a method. We therefore next complement the discussion above by pointing out
several reasons from a statistical perspective with the characteristics of biological
data in mind: few data points, high dimensionality, large uncertainty, errors-in-
variables, and ill-conditioned data. In linear regression the focus has traditionally
been on finding an efficient minimum variance unbiased estimator under various
assumptions–a theme that is recurrent in all general texts on parameter estimation,
see e.g. Rao and Toutenburg (1999); Bingham and Fry (2010); Kay (1993); Ljung
(1999); Casella and Berger (2001); Young and Smith (2005). Linear regression per
se is not a variable selection method, but it is logical to say that only variables
corresponding to nonzero parameters are selected. Typically a large number of data
points, additive errors only in the regressand with known probability distribution,
and a given model structure with a well conditioned regressor matrix are assumed.
These conditions are rarely fulfilled in the biological cases that interests us, so
the results are of little use. Strictly speaking only nonzero parameters should be
estimated to utilize the data optimally, because model structure selection ideally
should precede parameter estimation. Variable selection can be seen as a subproblem
in model structure selection, which traditionally in statistics has been addressed
though hypothesis testing, such as the F-test or likelihood ratio test (Cedersund
and Roll, 2009; Casella and Berger, 2001), or information criteria, such as AIC
and BIC (Stoica and Selen, 2004; Akaike, 1973; Schwarz, 1978). During the past
decade a theory for regularization of linear regression, which combines variable
selection with parameter estimation and deals with low numbers of data points, has
emerged. In particular, the penalized likelihood framework (Fan and Lv, 2010; Fan
and Li, 2001) is a nice extension of traditional theory, but it is restricted to errors
in the regressand and does not provide any reliable measure of confidence for the
selection, i.e. the selection is not robust. The variance of the parameter estimates
cannot be calculated for underdetermined problems, unless one assumes that the
selection is fixed. Actually, Leeb and Pötcher have shown that it is impossible to
estimate the distribution of post-model-selection estimators (Leeb and Pötscher,
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2006, 2008). Moreover, a well conditioned regressor matrix is crucial for correct
selection and estimation (Candès and Plan, 2009). Errors-in-variables problems,
i.e. problems with errors in the regressors, are in general harder to solve than
estimation problems with errors only in the regressand and they have been studied,
in particular, in econometrics and system identification (Griliches and Hausman,
1986; Söderström, 2007). Established solutions exist for cases with a large number of
data points and certain assumptions on the probability distribution of the errors. Of
these the total least squares solution, which minimizes the Frobenius norm of small
correction matrices applied to both the regressor matrix and regressand (Markovsky
and Van Huffel, 2007; de Groen, 1998), is the most well known technique. All
methods we are aware of yield a single model without information about alternative
models containing different subsets of the variables that can explain data, so they
cannot be used for robust variable selection. A solution of a system of equations
cannot be unique if the regressors are collinear, i.e. linearly dependent (see e.g.
Anton and Rorres, 2005; Friedberg et al., 2003). For noise free data only exact
collinearity matters, but for noisy data ill-conditioning may have adverse effects
on the solution. Near collinearity or weak multicollinearity has been introduced
to detect and quantify these adverse effects of ill-conditioned data with correlated
regressors in estimation, such as instability of estimators, large uncertainty in the
estimated parameters, sign errors even in statistically significant parameters, and
good fit to data despite statistically insignificant parameters, and if possible to
avoid them, see e.g. Belsley (1991); Liao (2010); Rao and Toutenburg (1999); Larose
(2005). In variable selection collinearity causes selection of non-informative variables,
in particular in high dimensions where the number of variables exceeds the number
of observations (Fan and Lv, 2010). Many indicators of near collinearity have been
developed, e.g. Belsley (1991) lists no less than 10 methods for diagnosing collinearity,
but even the notion of near collinearity is vaguely defined and rules of thumb are
the state of the art. In our opinion this makes collinearity diagnostics an unsolved
problem. In theory, standard methods from perturbation theory for calculating
and constraining the effect of errors in numerical analysis, see e.g. Higham (1996),
could be used to combat near collinearity and obtain confidence. However, they
are not applicable in practice, because the errors in observed data are orders of
magnitude larger than round off errors and these methods in general become too
conservative (Stewart, 1987). To summarize, we have been unable to find any theory
suitable for robust variable selection for network inference that is applicable to
data with the previously mentioned characteristics, based on extensive search of
the literature on systems biology, bioinformatics, statistics, system identification,
econometrics, machine learning, numerical analysis, robust control, and linear algebra.
Linear algebra provides deep-rooted and useful methods for noise free data, but
they cannot handle uncertainty. We therefore build our theory on the extension
of concepts of linear algebra to uncertainty sets. Introduction of uncertainty sets
and the corresponding uncertainty cones enables us to graphically explain how
robustness is achieved, which fosters understanding. As a side result we also, to the
best of our knowledge, give the first exact solution of the conditioning problem.
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The remainder of this chapter is structured in the following way. We start by
presenting the variable selection problem in Section 5.2 followed by the network
inference problem in Section 5.3. In Section 5.4 we introduce uncertainty sets
to describe the errors in the variables, and explain how to construct them. In
Section 5.5 we develop tools for the analysis of the robust variable selection and
network inference problem that are needed to classify the variables and interactions
as present/existing, absent/non-existing, non-evidential, and alternative. Our first
goal in this section is to present the ideas and reasoning that lead up to the key
concept in robust variable selection, namely practical selectability. A practically
selectable variable must be selected to explain the data and the corresponding
interaction therefore exists. The second goal is to extend classical concepts of linear
algebra to account for errors and uncertainty, which we use to establish our theory.
We then in Section 5.6 use these tools to make a general definition of practical
selectability and establish both sufficient and necessary conditions on data for
practical selectability. Since the sign of the interactions often also are of interest,
we also establish data conditions for when the sign can be determined with a
desired confidence, corresponding to practical assignability of the regressor. The
counter part of practical selectability–practical excludability–is defined in Section 5.7.
These variables can always be excluded while explaining available data and the
corresponding interactions are non-existing. We establish sufficient and necessary
data conditions also for this classification. Definitions and data conditions for the
final two cases–non-evidential and alternative variables and interactions–that exist
due to lack of information are presented in Section 5.8. All essential definitions
and conditions for the classification are summarized in Table 5.1. In Section 5.9 we
geometrically interpret the practical independence and collinearity requirements for
practical selectability and excludability in terms of uncertainty sets and cones using
a two gene example. To perform robust variable selection and network inference in
practice one needs to determine if an uncertain matrix has full column rank, so we
end by showing how the singular value decomposition and structured singular value
can be utilized for this in Section 5.10. Our presentation of the theory is intended
for computational biologists or engineers working on network inference or variable
selection. The proofs of the presented results are given in Section 5.12, in order to
make the presentation of the results more concise.

5.2 The variable selection problem

Variable selection has been studied in many fields from various perspectives. We
therefore start here by discussing common formulations of the variable selection
problem, before introducing our own robust formulation, and end with a discussion
on how it fits into the big picture.

Selection of a subset of variables is, of course, at the core of every formulation
of the variable selection problem, but the objectives differ so much that it is hard
to give a general definition. We therefore refer the interested reader to Dash and
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Liu (1997); Peng et al. (2005); Molina et al. (2002), where no less than six different
definitions of variable selection are given. All these formulations concern selection
of a subset such that some quantity or measure is constrained or optimized. None
of the formulations aim at the determination of the subset that always is present
and the subset that always can be excluded in models that are consistent with a
specified uncertainty model at a desired significance level, which is our aim with
robust variable selection. Thus, none of these six formulations covers robust variable
selection, and we therefore give our own definition of robust variable selection.

Definition 5.2.1. Robust variable selection. Given a function f of the n vari-
ables φj , indexed by V, and a target variable ξ, find the variables that, for all
realizations ξ̃ ∈ Uξ, either must be selected, or always can be excluded, for some
realizations φ̃j ∈ Uφj , in

f(φ̃j , j ∈ V) = ξ̃. (5.2.1)

Here U for each variable denotes the uncertainty set containing all realizations of it
that are consistent with a specified error/noise/uncertainty model at the desired
confidence/significance level.

The two main differences between our robust definition and the ones found in
the literature are the way in which we account for uncertainty and the fact that we
seek two subsets–the variables that must be selected and those which always can
be excluded. We explicitly account for existence of many different realizations of
each variable that are consistent with a specified uncertainty model at the desired
significance level through introduction of the uncertainty set U of each variable,
which we later explain in detail. All variables/features constructed from measurement
data contain measurement errors and one therefore in general has variables that
actually represent a set of realizations. These realizations are indistinguishable in the
sense that none of them can be rejected based on the data model used to describe
the measurement process and error caused by it. The idea behind robust variable
selection is to achieve correct selection by checking all realizations, and thereby
utilize the fact that the “true” realization belongs to the uncertainty sets when
the correct uncertainty model is used. To make the selection robust, one needs to
account for the measurement errors and the indistinguishable realizations of each
variable that they give rise to. The relation f(φ̃j , j ∈ V) = ξ̃ is in general fulfilled
for many different combinations of realizations of the variables. This implies that
four possibilities exist for each variable φj , i.e. it is either

(a) present in every combination,

(b) absent in some combination of variables for all realizations of the target
variable,

(c) without any impact on the ability to explain the target variable, or
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(d) present in some combination and absent in some other combination.

In the first case, the variable must always be selected to explain data, since it is
present in every combination, while in the second case it always can be excluded
when explaining data, since it is absent in some combination for all realizations
of the target variable. In the third case, the variable is non-evidential, since it
does not affect the ability to explain data whatsoever. Equation (5.2.1) is for every
combination of realizations of the other variables fulfilled independent of if this
variable is present or absent, implying that the data does not contain any information
about it. In the fourth case, the variable is alternative, since for some combination
it is needed to explain data while it is not for some other combination. We will
later say that the variable is either practically selectable, excludable, negligible,
or alternative depending on which case it belongs to, and give precise definitions
of these cases. We presented the interaction analogue of these cases–existing, non-
existing, non-evidential, or alternative–already in (4.2.9) in the previous chapter.
In particular the first and second cases are of interest, since they correspond to
variables that must be selected and always can be excluded, respectively. The former
variables are present in the “true” system that generated the data when its relations
are approximated using the function f , assuming that the “true” and observed
variables belongs to the uncertainty sets. In other words, we not only select the
correct subset of variables but we also “know” that this subset is correct. This is in
our opinion a major advantage over non-robust variable selection methods that give
the most likely subset, because then even when the subset is correct we have no
way of knowing that it is correct. Due to the existence of the fourth case, the subset
of variables that must be selected is in general different from the subset obtained
if one e.g. would minimize J(φj , j ∈ S) =

∥∥f(φ̃j , j ∈ V)− ξ̃
∥∥ for any realizations

φ̃j ∈ Uφj and ξ̃ ∈ Uξ, which commonly is done when the most likely selection is
sought. Our definition, in other words, provides two subsets–the variables that must
be selected and those which always can be excluded–and knowledge that in general
cannot be obtained using any non-robust method.

The solution of this robust variable selection problem enables us to gain mech-
anistic insight, since observed data when accounting for uncertainty and desired
confidence only can be explained using the function f if the variables that must be
selected are used, while the variables that always can be excluded are not needed.
Robust variable selection therefore provides a way to do automated systematic
data based hypothesis generation and testing, while existing methods only can be
used for hypothesis generation. We therefore believe that robust variable selection
opens up a new research direction within statistical inference and complements
the optimal subsets for prediction, classification, and approximation provided by
existing variable selection methods.
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5.3 The network inference problem

We here first discuss the objective of network inference, based on work within
systems biology and bioinformatics, to motivate the commonly used definition and
introduce our definition of robust network inference. We then discuss the limitations
and assumptions made on the data model and underlying system dynamics. Finally
we make the connection between our robust network inference problem and the
robust variable selection problem in the previous section, as well as comment on
our strategy for solving them.

The objective of network inference is to discover interactions/relations among
variables based on observations of the variables. Together these variables and
interactions form a network that can be represented by a graph having the variables
as nodes and the interactions as edges. The structure/topology of the network is
typically inferred from observations of changes in the variables following a set of
perturbations of the system, e.g. changes in mRNA abundance following insertion
of a plasmid with an extra copy of one gene. We therefore favour the name network
inference over the alternatives–network reconstruction and reverse engineering–that
also are used in the literature.

Many different inference algorithms that are based on different model formalisms
and assumptions exist, see e.g. the reviews Emmert-Streib et al. (2012); Hecker et al.
(2009); Bonneau (2008); Gardner and Faith (2005). Different types of interactions
and networks are discovered by using them, implying that different formulations
of the network inference problem are used. The recurring objective is, however,
to determine the edges that exist between the nodes under some condition of
interest based on quantitative observations of variables representing the nodes. All
of the published inference algorithms that we have analysed return the most likely
network in some algorithm dependent sense, including the works claiming to do
robust inference, such as Yuan et al. (2011); Nadadoor et al. (2011). One can thus
define network inference as prediction of edges between nodes based on quantitative
observations of variables representing the nodes. Many attempts to assign confidence
measures to the inferred edges exist, but all measures that we have analysed fail
to account for the existence of alternative network models with different structure
that can also explain the observed data. We mathematically prove that no reliable
measure of confidence can be assigned to an inferred interaction for data sets with
fewer observations than variables in Chapter 4.

Biologists often want to test and prove that an interaction of regulatory impor-
tance exists between two genes, but current inference methods can in principle only
predict interactions, i.e. generate hypotheses. We have earlier shown that possible
network interactions based on partly informative noise-free data in general can be
classified as (Nordling and Jacobsen, 2011, or Section 4.2):

(a) existing,

(b) non-existing,
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(c) non-evidential, or

(d) alternative.

We here show that this classification also can be done for noisy or uncertain data
and later give precise definitions of these four cases. Ideally we would like to have all
possible interactions belonging to either of the first two cases, i.e. they must either
be included or always can be excluded from the network model. We therefore define
robust network inference in the following manner.

Definition 5.3.1. Robust network inference. Find the interactions aij that, for
all realizations ξ̃i ∈ Uξi , either must exist, i.e. aij 6= 0, or always can be excluded,
i.e. aij = 0, for some realizations φ̃j ∈ Uφj , such that∑

j∈V
φ̃jaij = ξ̃i (5.3.1)

holds separately for each i ∈ V. Here U for each variable denotes the uncer-
tainty set containing all realizations of it that are consistent with a specified
error/noise/uncertainty model at the desired confidence/significance level. Typically,
each regressor φj represents the responses of node j, while each regressand ξi
represents the perturbations of node i.

By making this definition of robust network inference, we restrict ourselves to
inference of a linear map or transformation A, consisting of the elements aij , and
assume that the data has been generated by the following data model

φj = φ̌j + υj , ξi = ξ̌i + εi, φj , ξi ∈ Rm, (5.3.2a)
n∑
j=1

φ̌j ǎij = ξ̌i, ǎij ∈ R, ∀ i, j ∈ V = {1, 2, . . . , n}. (5.3.2b)

In this data model the observed regressors (regressands) φj (ξi) are equal to the
latent “true” variables, marked by ,̌ plus additive errors υj (εi), and the “true”
regressors and regressands have been generated by a system of linear equations
defined by the “true” interaction matrix Ǎ, i.e. the “true” map representing the
network model including the observed states of the system. We here refer to (5.3.2b)
as the network model, because it specifies the considered set of models of the
network, and (5.3.2a) together with an assumption on υj and εi as the error model.
Our assumption on the errors υj and εi is given in the following section, where
we discuss construction of the uncertainty sets U and give examples both for a
deterministic and stochastic error model. From a parameter estimation perspective
this is an errors-in-variables regression problem, which is why we henceforth call
the variables regressors and regressands. Depending on the context and field, the
regressors are also known as independent variables, explanatory variables, predictor
variables, controlled variables, manipulated variables, exposure variables, or input
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variables, while the corresponding term for the regressands are dependent variables,
responding variables, response variables, measured variables, observed variables,
explained variables, or output variables. By using the pair regressor-regressand we
also hope to avoid confusion with the system concept of input-output variables
and common assumption of noise-free explanatory variables. Strictly speaking the
regressors and regressands are often features, because they typically are functions
of the state variables of the system, e.g. logarithmic transformations as used in
Jörnsten et al. (2011). The term “feature” is used to distinguish functions of observed
variables from the observed variables (see e.g. Guyon and Elisseeff, 2003), but we
do not address feature construction here. However, it implies that the dynamics of
the underlying system may be nonlinear and use of our definition of robust network
inference is thus not limited to linear systems, even though it may seem so at first
sight. Many model formalisms for representing biological networks lead to inference
of linear maps, and inference of linear maps is therefore an important problem
tackled in numerous studies, such as Gardner et al. (2003); Cosentino et al. (2007);
Cosgrove et al. (2008); Julius et al. (2009); Lähdesmäki and Shmulevich (2008). One
such formalism is the linear ODE model of GRNs, for which we have included a
detailed derivation in Section 2.3. It is also worth noting that the variables observed
in gene expression data sets typically are logarithmic transformations of the state
variables of the underlying system, see e.g. (2.2.4) in Section 2.2, which originally
motivated us to not make any distinction between features and variables.

The connection between the robust network inference problem in Definition 5.3.1
and the robust variable selection problem in Definition 5.2.1 may at first sight not
be obvious and we therefore explain it. First, note that, for each i, i.e. row of the
interaction matrix, we have a separate problem and we therefore henceforth study∑

j∈V
θjφ̃j︸ ︷︷ ︸

=f(φ̃j ,j∈V)

= ξ̃, (5.3.3)

where we have renamed the parameter aij as θj and dropped the index of the
regressand ξ̃i. On the left hand side we recognize f , a parametrized function of
the variables φj . This equation is identical to (5.2.1), except for the fact that we
instead of one function have a class of functions–all linear functions of φj . In a
system identification context this class of functions would be called a model set,
i.e. the set of all linear models of φj , see e.g. Ljung (1999, p. 107). Note that
this is a system of linear equations for each combination of realizations φ̃j and ξ̃.
Second, when an interaction can be excluded, then θj = 0 and the corresponding
regressor φj is excluded. On the contrary, when an interaction exists, then θj 6= 0
and the corresponding regressor φj is selected. In other words, each robust network
inference problem consists of n robust variable selection problems, and the ability
to solve the latter for all linear functions of φj is both sufficient and necessary to
solve the former. Variable selection is at large an unsolved problem and solution
of the robust variable selection problem for all linear functions is a prerequisite to
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solve the nonlinear case. Moreover, all continuous nonlinear functions are locally
approximately linear, as long as the linear term of the Taylor expansion dominates,
and solution of linear problems are in general easier than nonlinear problems. Each
regressor and regressand is in general a feature, which can be a nonlinear function
of a state of the underlying system, e.g. an expression given by the reaction kinetics.
In other words, assumption of the linear data model (5.3.2) does not imply that the
underlying system is assumed to be linear. We in the remainder of this work restrict
ourselves to showing how to solve the robust variable selection problem for linear
functions.

We next lay the foundation for a theory of robust variable selection by developing
concepts and building tools. The data enters the variable selection through the
system of linear equations in (5.3.3) and it is clear from the noise free case with
only one realization of each variable that one should select a set of regressors
that is necessary for spanning the subspace of the regressand, as demonstrated in
Section 4.2. Standard concepts of linear algebra that have been used for analysis of
systems of linear equations, such as subspace, span, linear independence, and linear
dependence, are independent of the number of data points, incorporate collinearity,
and are essential for understanding, explaining, and performing variable selection.
But these concepts must be extend to the case with uncertain data. We therefore
next introduce uncertainty sets and define extensions of these concepts based on
ideas picked from robust control, statistics, set membership identification, and
optimization theory, among others. The idea is to introduce the necessary definitions
and theorems so that we can establish necessary conditions on data for robust
variable selection and determine what can be inferred from a given data set both
qualitatively and quantitatively.

5.4 Introduction of uncertainty sets

To represent errors, noise, and uncertainty of observed data, we introduced uncer-
tainty sets, denoted by U , in the definition of our robust variable selection problem.
Despite being standard in robust control, see e.g. Skogestad and Postlethwaite
(1996), uncertainty sets used in few other fields, so we here first motivate why we
use them and the idea behind them. We then state the assumptions that we make
on the errors by using the uncertainty sets and explain our notation. Finally we
explain how to construct uncertainty sets from both commonly used stochastic and
deterministic error models through a few examples.

We decided to use uncertainty sets to represent the error, noise, and uncertainty
present in observed variables, because they capture the essential consequence of
these errors, i.e. that more than one realization exists for each variable, in a simple
and robust way. Today different error models are used and selection methods are
often tailored to specific models. We need a flexible way to describe the uncertainty,
which enables us to extend the concepts of linear algebra to uncertain data in a
way that is independent of the assumed error model and that can be used to find
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the variables that must be selected or always can be excluded. Uncertainty sets
can in many cases even be constructed for a mixture of error models, which allows
us to deal with a combination of both stochastic noise, i.e. random variables with
known probability distributions, and unknown deterministic errors bounded by some
known function. The former uncertainty description is standard in statistics, signal
processing and system identification (Casella and Berger, 2001; Kay, 1993; Ljung,
1999), while the latter is used in numerical analysis, robust control, and bounded
error/set membership identification (Higham, 1996; Skogestad and Postlethwaite,
1996; Reinelt et al., 2002). For a discussion on relative merits of stochastic versus
deterministic error models we refer to Ninness and Goodwin (1995); Reinelt et al.
(2002). By introducing flexible uncertainty sets, we hope to refrain users from
neglecting error sources. Currently, the error model is too often selected to fit
the inference method, instead of being based on the measurement technique and
experiment set-up. In the extreme case, no error is assumed; e.g. Steinke et al.
(2007) assumes no errors in the measured gene expression profiles. Traditionally,
normally distributed errors are assumed, but the number of data points is typically
low, so the central limit theorem, see e.g. Casella and Berger (2001, p. 236-238),
cannot be used to motivate this assumption in general. We have taken the concept
of uncertainty sets from robust control, where sets are used to describe uncertainty
about the model and analyse how it affects stability and performance of a system,
as well as design controllers that provide robust stability and performance despite
the uncertainty, see e.g. Skogestad and Postlethwaite (1996).

Philosophically the introduction of uncertainty sets can be motivated from
either a model invalidation or robustness perspective; the former being standard
in statistics and descriptive science, the latter in robust control and design science.
To make a long story short one can say that models in descriptive science are
used to describe and test inferred relations, while they in design science are used
to design, construct or modify systems. Invalidation is in the former case used to
reject false models based on data, while robustness in the latter is used to ensure
functioning despite errors in the model, i.e. obtain confidence. Today biological
networks are mainly inferred to gain insight but we expect the models to soon be
used for design of drugs and synthetic pathways, so both perspectives are relevant in
biology. By constructing the uncertainty sets such that they contain all realizations
of the variables that are consistent, i.e. in agreement with the assumed error model
at a desired significance level, the type of robustness that we seek is guaranteed. Any
model predicting or containing a realization that does not belong to the uncertainty
set of the corresponding variable is rejected from an invalidation perspective, as well
as any a model for which functioning is not guaranteed from a robustness perspective.
All models that cannot be rejected and for which functioning needs to be guaranteed,
on the other hand, predict or contain realizations that belong to the uncertainty set
of the corresponding variable. In principle each combination of one realization from
the uncertainty set of each variable gives rise to one model, so by taking all consistent
combinations we get the set of models that cannot be rejected based on the data. By
considering the set of all non-rejectable models, robustness against errors and desired
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confidence is achieved. The error model itself is often uncertain and estimated from
data and it is therefore of interest to assess how sensitive the inferred relations are
to changes in the size of the uncertainty sets. This can be done either by using
different significance levels α to generate uncertainty sets, such that the cumulative
probability of observing a combination of variable realizations belonging to the
uncertainty sets is 1− α based on the assumed error model, or different scaling of
the uncertainty sets, which can be interpreted as different significance levels. From
an invalidation perspective the significance level determines the probability of type
I errors (false positives), corresponding to rejection of a model that is true. The
required quality of the model, i.e. level of approximation, is determined by the
application the network model is constructed for, and the significance level can also
be seen as a measure of how poor an approximation of the underlying biological
network that the set of non-rejectable models contain, implying that it should be
selected based on the application. We recommend that the variable selection is
evaluated for different choices of the significance level, in particular if the error
model is poorly motivated or the significance level required by the application is
unclear. Alternatively, the theory that we develop later on can be used to assess the
level of uncertainty at which a specific variable and interaction can be classified as
existing or non-existing.

Having motivated the choice of uncertainty sets, it is time to specify the assump-
tions that we make on the additive errors υj and εi of the data model in (5.3.2).
We henceforth assume that the errors belong to uncertainty sets, i.e. υj ∈ Uυj and
εi ∈ Uεi , and that υj = εi = 0 is included in these uncertainty sets. The shape and
size of the uncertainty sets depend on the measurement technique, the system under
study, etc., and they should therefore be specified by the scientists conducting the
study. We will later use φ̃j ∈ Uφj as shorthand notation both for φ̃j = φ̌j + υj and
φ̃j = φj − υj , with υj ∈ Uυj . The former case is used for analysis when the “true”
regressor φ̌j is known, e.g. when analyzing or comparing selection algorithms based
on numerical examples, while the latter is used when the observed regressor φj is
obtained from data, e.g. to analyse how informative the data is or to classify the
interactions. The theory that we develop later on is useful in both cases and it is
usually obvious if the former or latter case is in question, so this ambiguity should
not cause any confusion. Note that φj is used to denote both the observed regressor
and the variable in general, while φ̌j always denote the “true” regressor, and φ̃j a
realization of the variable.

Traditionally a single stochastic or deterministic error model is used and we
therefore next explain how to construct uncertainty sets from these, including an
illustrative example in the next paragraph. The basis for construction of uncertainty
sets based on traditional stochastic or deterministic error models is the selection
of an application specific significance level α or confidence level 1 − α. For each
significance level α one can based on the assumed error model calculate uncertainty
sets Uαυj and Uαεi that contain the error realizations with cumulative probability
1− α in order of decreasing probability density. Many different sets with the same
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cumulative probability exist, but in general different content of error realizations
and varying size. Sets with different content in general provide different power when
used in hypothesis tests, see e.g. Casella and Berger (2001, p. 387-402);Young and
Smith (2005, p. 67-68). By constructing the uncertainty sets such that they contain
realizations in order of decreasing probability density, we minimize the size of the
sets and maximize the power from a model rejection perspective. We therefore
henceforth assume that the power is maximized and that the size of the uncertainty
sets increases with decreasing α. In order for the uncertainty sets to contain exactly
the error realizations that are consistent with the assumed error model for all types of
error models, we can in general only allow consistent combinations of the regressors
and regressand errors, which for some uncertainty descriptions are a subset of all
possible combinations. Henceforth, when we use the term “consistent” in conjunction
with the uncertainty sets then it implies that we only consider combinations of
the regressors and regressand errors that are in agreement with the assumed error
model when the power of a test is maximised. If the assumed error model is stated
in terms of the uncertainty sets or is deterministic, then all possible combinations
are in agreement with the error model and consequently considered, but for certain
stochastic error models only a subset of the possible combinations are in agreement
with the error model and hence considered.

The uncertainty sets are typically easy to calculate for deterministic error
models, while for stochastic error models we have to in general resort to Monte Carlo
simulations and conservative uncertainty sets. To demonstrate how the uncertainty
sets are calculated we provide two examples, using a deterministic and a stochastic
error model, both illustrated in Figure 5.1. The illustration is done using data from
the TwO gene ExampLe (TOEL) network, which is described in detail in Section A.7.
The example and values are selected to get a simple and clear illustration, which is
biologically plausible, despite being numerical. In the first example we assume the
deterministic error model ‖υ1‖2 ≤ 0.3 for φ1, which is the regressor corresponding
to expression changes in gene A, and ‖υ2‖2 ≤ 0.08 for φ2, which is the regressor
corresponding to expression changes in gene B. In other words, the sum of the errors
in the measurements of each gene is bounded and the accuracy of the measurements
of each gene is the same in each experiment but it differs for each gene. We call this
column uncertainty. For the errors in the first regressand we assume |ε11| ≤ 0.6 and
|ε21| ≤ 0.5, and for the second regressand |ε12| ≤ 0.5 and |ε22| ≤ 0.6, i.e. element-wise
errors where the uncertainty of the perturbation is larger in the experiment when
the corresponding gene is perturbed. The nominal uncertainty sets corresponding to
significance level α = 0 are

Uυj ={υj | ‖υj‖2 ≤ %j}, (5.4.1)

with %1 = 0.3 and %2 = 0.08, and

Uεi ={εi | εi , [ε1i, . . . , εki, . . . , εmi]T ,
with |εki| ≤ $ki, k ∈ {1, 2, . . . ,m}}, (5.4.2)
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Figure 5.1: Illustration of uncertainty sets derived from a deterministic
error model (left) and a stochastic error model (right). The two steady-state
perturbation experiments (P1 and P2) that yielded the data for the TOEL network
(top) are illustrated in Figure A.7. The regressors are depicted by the solid cyan
or magenta coloured vectors ending by a star or diamond and tagged by φ1 or φ2,
while the solid teal coloured vector ending by an x and tagged by ξ1 depicts the
regressand. The uncertainty set of each regressor φj and regressand ξ1 is depicted by
the solid coloured circles or rectangles drawn around the tip of the respective vector.
In the deterministic case (left), every vector within the uncertainty set is an equally
likely realization of the corresponding regressor or regressand. In the stochastic case
(right), the likelihood and probability density decreases with the distance from the
observed regressor. The gradual decrease in intensity of the colour in the uncertainty
circles is proportional to the probability density, until the circle, which marks the
set containing all realizations that cannot be rejected based on the assumed normal
distribution of the errors in each regressor at significance α = 0.05. On the other hand,
the probability density is constant within the rectangle based on the assumed uniform
distribution. The rectangle marks the set containing all realizations that cannot be
rejected based on the distribution at significance α = 0. In both cases, we have a set
of vectors–realizations of each variable–and properties that hold for all vectors are
robust at the selected significance level. This example is further used to illustrate
robust variable selection in Figures 5.2 and A.8.
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with $11 = $22 = 0.6 and $21 = $12 = 0.5. The two regressors with their uncer-
tainty circles and the first regressand with its uncertainty rectangle are illustrated in
Figure 5.1 (left). In this case all possible combinations are consistent with the error
model, meaning that any combination of one vector picked out of each uncertainty
set agrees with the error model.

In the second example we instead assume a stochastic error model, in which the
regressor errors are independent of the regressand errors. The regressor errors are
distributed according to a multivariate normal distribution as ~Υ ∼ N(0,ΛΥ), with
Υ , [υ1, . . . ,υn],~ denoting vectorization column by column, i.e. ~Υ = [υT1 , . . . ,υTn ]T ,
and ΛΥ being the covariance matrix. The regressand errors are distributed according
to a multivariate uniform distribution as ~Π ∼ U(~Qs, ~Qe), with Π , [ε1, . . . , εn],
Qs , [qs1, . . . , qsn] being a matrix with the start values and Qe , [qe1, . . . , qen]
a matrix with the end values of the interval in which each realization lies. The
uncertainty sets are in this case

Uαυj =
{
υj
∣∣ ~ΥT

Λ−1
Υ
~Υ ≤ χ-2(α, nm),

with Υ = [υ1, . . . ,υj , . . . ,υn]
for some υk ∈ Rm

∀ k ∈ {1, . . . , j − 1, j + 1, . . . , n}
}

(5.4.3)

and

Uεi =
{
εi
∣∣ qsi ≤ εi ≤ qei}. (5.4.4)

Here χ-2(α, nm) is the inverse of the chi-square cumulative distribution with nm
degrees of freedom, such that P[χ2(nm) > χ-2(α, nm)] = α, see e.g. Chew (1966).
We here use the covariance matrix of the regressors ΛΥ = diag([0.0095, 0.0095,
0.00067, 0.00067]), such that the uncertainty sets, which contains all error vectors
υj that cannot be rejected by a χ2 hypothesis test at significance level α = 0.05,
are almost identical to the ones in the deterministic case above. Note that we
selected α = 0.05, since it is the most commonly used significance level in statistical
textbooks and the uncertainty sets in this case would contain the whole space if we
had used the unreasonable significance level α = 0. We also use the start and end
values of the multivariate uniform distribution

Qs =
[
−0.6 −0.5
−0.5 −0.6

]
Qe =

[
0.6 0.5
0.5 0.6

]
, (5.4.5)

such that the regressand uncertainty sets at significance level α = 0 are identical in
size and shape to the deterministic example above. This selection is made to make
the similarities and differences between uncertainty sets derived from deterministic
and stochastic error models clear. The two regressors with their uncertainty circles
and the first regressand with its uncertainty rectangle are illustrated in Figure 5.1
(right). The only difference, besides the significance level, is that not all possible
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combinations of regressor realizations are consistent with the error model in the
stochastic case, while they are in the deterministic case. In the stochastic case the
uncertainty sets in (5.4.3) must be complemented with the additional constraint
that only combinations of realizations Υ̃ such that

~̃ΥTΛ−1
Υ
~̃Υ ≤ χ-2(α, nm) (5.4.6)

are consistent. This implies that the consistent realizations of υj depend on the
realization of the other regressors. We later on use the word “consistent” as short
hand notation for any additional constraints. The uncertainty sets are in other words
conservative for this stochastic error model. The conditions that we derive later on,
e.g. for proving existence of an interaction, are hence sufficient if we for this error
model consider all possible combinations, but necessary only if we restrict ourselves
to the consistent combinations within the uncertainty sets. The uncertainty sets
contain combinations that are rejected based on the stochastic error model that we
assumed due to ~Υ

T
Λ−1

Υ
~Υ > χ-2(α, nm). One such example is

Φ̃ =
[

1 −0.5
−1.2 0.9

]
, (5.4.7)

for which ~̃ΥTΛ−1
Υ
~̃Υ = 9.9 > 9.5 = χ-2(0.05, 4), which should be rejected but belongs

to the uncertainty circles in Figure 5.1 (right). At least for jointly normally distributed
errors with the same variance in each regressor for independent experiments it is
possible to account for the constraint in (5.4.6) and obtain necessary conditions,
as we show in Section A.8. The essential thing is however, that uncertainty in our
framework implies that we have for each variable a set of vectors instead of just the
observed one, independent of how it is derived. We henceforth use the deterministic
example to illustrate our results.

5.5 Robust tools for analysis of variable selection

Here tools for analysis of the robust variable selection problem (Definition 5.2.1)
and network inference problem (Definition 5.3.1) are introduced. These tools are
needed to classify the variables and interactions and thereby solve the two problems,
as well as to prove that the solution is correct. We recommend impatient readers
to have a look at Table 5.1, where the essential definitions and conditions for the
classification are summarized. Our first goal in this section is to present the ideas
and reasoning that lead up to the key concept in robust variable selection–practical
selectability. A practically selectable variable must be selected to explain the data
and the corresponding interaction therefore exists. The second goal is to extend
classical concepts of linear algebra that are needed later on. We start from a solution
of systems of linear equations perspective and make connections to optimisation
theory, parameter identifiability, parameter estimation, model selection, and analysis
of multicollinearity.
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To solve the robust variable selection and network inference problems we need,
based on (5.3.3), to study the following systems of linear equations∑

j∈V
θjφ̃j = ξ̃, ∀ consistent φ̃j ∈ Uαφj ⊆ Rm

and ξ̃ ∈ Uαξ ⊆ Rm. (5.5.1)

In principle, we get one system of linear equations for each consistent combination
of realizations of the variables that cannot be rejected based on the observed data
and assumed error model. We therefore need to determine which regressors and
interactions are present in all of these systems, absent for all realizations of the
regressand, without any impact on the ability to explain the regressand, and present
in some system while absent in some other system. For continuous variables the
number of systems is always infinite and checking all of them is computationally
infeasible. We therefore next develop tools that allow us to do this classification of
regressors and interactions without checking or knowing the solution to any of these
systems of linear equations. These tools form the beginning of a theory of robust
variable selection and network inference.

Robust variable selection and network inference are, based on (5.5.1), a question
of solution of systems of linear equations and we therefore begin our analysis of
the problem from this perspective. In general, a linear system of equations has
no, one, or infinitely many solutions, see e.g. Anton and Rorres (2000); Friedberg
et al. (2003); Horn and Johnson (1990). The system is said to be consistent if a
solution exists and if it is the only solution, then it is unique and the selection
of regressors needed for it is unique. Noise however complicates the situation, as
illustrated in Section 4.2. One can say that for noisy data we have one system of
equations for each consistent combination of regressors and regressand, and each of
these systems has no, one, or infinitely many solutions. Note that we above used the
term “consistent” in two different ways. When used about a system of equations,
then it implies that at least one solution exist, as customary in linear algebra, see
e.g. Anton and Rorres (2000); Friedberg et al. (2003). When used about uncertainty
it implies that the combination of regressors and regressand agrees with the assumed
error model. For noisy data, common numbers of data points in published biological
data sets, and commonly used significance levels there is almost never only one
unique solution that cannot be rejected; at the same time one unique solution is not
necessary for variable selection, so we next introduce practical uniqueness. The term
“practical” is borrowed from identifiability analysis, where it is used to indicate that
the noise/error model is accounted for and we use it in the same manner–for reasons
that we explain in detail later. On the other hand, it is rare that the observed
regressand lies in the subspace spanned by the observed regressors for noisy data
when the number of data points significantly exceeds the number of variables, so we
also introduce practical existence.

In parameter estimation the least squares solution, which minimizes the sum
of squared residuals, or some other solution based on minimizing or constraining
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the residuals is typically used when a system of equations lack a solution, see e.g.
Rao and Toutenburg (1999); Bingham and Fry (2010); Kay (1993); Ljung (1999).
However, we do not consider solutions with nonzero residual, since each variable is
represented by the set of realizations that are consistent with the error model and
all parameter vectors except exact solutions to some combination of realizations
are rejected based on the error model. Instead of searching for one solution, we
are interested in the set of all solutions corresponding to a consistent combination
of realizations, which we term “the set of feasible solutions”. The term “feasible”
is borrowed from optimization theory, where it is used to denote all points that
fulfil the constraints of the optimization problem, see e.g. Nash and Sofer (1996,
p. 16). Assuming that both the observed and “true” variables are in the uncertainty
sets, variables and interactions present in all models derived from the set of feasible
solutions exist and are correct. Therefore we here formally introduce the notion of a
feasible parameter vector, i.e. solution, of systems of linear equations with uncertain
regressors and regressand and the set of feasible parameters/solutions for further
analysis below.

Definition 5.5.1. Feasible parameters/solutions.
A parameter vector θ , [θ1, . . . , θj , . . . , θn]T is feasible if∑

j∈V
θjφ̃j = ξ̃ for some consistent φ̃j ∈ Uαφj ⊆ Rm

and ξ̃ ∈ Uαξ ⊆ Rm, (5.5.2)

i.e. if it is a solution to any of the systems of equations formed by the variables in
the considered set V = {1, 2, . . . , n} that are consistent with the error model at a
selected significance level α. The set of feasible parameters/solutions F of (5.5.2)
consists of all feasible parameter vectors θ at a selected significance level α.

If no feasible solution exists, then the data model (5.3.2) is rejected based on the
observed regressors and regressand at the selected significance level α, implying
that either the demanded significance level is too low (α too large), or the assumed
error model, i.e. (5.3.2a) combined with the uncertainty sets, or network model, i.e.
(5.3.2b), is wrong. The set of feasible parameters specifies the set of models that
cannot be rejected

MC ,
{∑
j∈V

θjφj = ξ
∣∣∣θ ∈ F}. (5.5.3)

We say that these models are practically indistinguishable, since they generate input-
output data, i.e. a regressor matrix and regressand, that is consistent with the error
model. Classically two models are indistinguishable if the output is identical for every
input, see e.g. Vajda (1981); Zhang et al. (1991); Chapman and Godfrey (1996) and
references within. The purpose of the following paragraphs is to introduce concepts
that enables us to determine if a variable must be selected and the corresponding
interaction exists from the set of feasible solutions.



5.5. Robust tools for analysis of variable selection 105

Existence of a feasible solution is clearly a necessary requirement for variable
selection and network inference to be meaningful, since the data model otherwise is
rejected, but the actual system of equations given by the observed regressors and
regressand does not necessarily have a solution. We therefore introduce practical
existence.

Definition 5.5.2. Practical existence.
A solution of (5.5.1) practically exists if F 6= ∅, i.e. if some feasible parameter
vector exists.

When a feasible solution exists then we also say that the system of equations is
practically consistent, since at least one consistent system of equations that consists
of a combination of regressors and regressand in agreement with the assumed error
model exists. Practical existence therefore implies that the observed data can be
explained within the considered model set, which in our case is the set of all linear
models of the considered variables.

Let us next consider an extension of the uniqueness concept. If any system of
equations has infinitely many solutions, then at least one parameter can take any
value, including zero in some solution. This hampers variable selection and network
inference, since no unique selection of regressors exists. We desire a unique selection,
since it is equal to the “true” selection when both the observed and “true” variables
are in the uncertainty sets. In general a unique selection of all regressors can only
exist if each consistent system of equations has exactly one solution. Some parameter
may however take the same value in all of the infinitely many solutions of a system
of equations and hence be unique, despite the fact that some other parameter
can take any value. Selection of a regressor corresponding to a unique parameter
may be necessary to explain data even though a consistent system of equations
with infinitely many solutions exists, so it is from a variable selection perspective
beneficial to speak about uniqueness of parameters. We therefore next introduce
practical uniqueness on a parameter basis and define a solution as practically unique
if all parameters are practically unique. We here give the least restrictive definition
that we can think of based on the feasible set of solutions, which ensures that a
parameter cannot take every possible value.

Definition 5.5.3. Practical uniqueness.
A parameter θk is with F 6= ∅ practically unique if there exists a constant c ∈ R,
such that {θ |θ = [θ1, . . . , θk, . . . , θn]T , θk = c}∩F = ∅, i.e. if no parameter vector
θ with element k equal to c exists in a non-empty set of feasible solutions. A solution
of (5.5.1) is practically unique if all parameters in it are practically unique.

This definition has the advantage that it is based directly on the parameter and
set of feasible solutions, which makes it conceptually simple, but restricts its use
to cases with a non-empty set of feasible solutions. We later give a more general
definition after having developed necessary concepts. Practical uniqueness of a
solution is equivalent to each consistent system of equations generated by the
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uncertain regressors and regressand having exactly one solution, since if any system
has infinitely many solutions then at least one of its parameters can take every
possible value. Some parameter may, however, be practically unique even when the
solution is not.

Practical uniqueness is closely related to practical, or a posteriori, identifiability,
which previously has been used in parameter estimation to indicate that the uncer-
tainty of the estimated parameters is within an application specific bound, see e.g.
Ashyraliyev et al. (2009); Cedersund and Roll (2009); Gadkar et al. (2005); Faller
et al. (2003); Zak et al. (2003), and we therefore include a definition of practical
identifiability. Practical identifiability is a case specific noisy data analog to the
more well known and more precisely defined structural, or a priori, identifiability
defined in e.g. Ljung (1999); Bellman and Åström (1970). In our setting practical
identifiability is defined based on the following bounds on the set of feasible solutions.

Definition 5.5.4. Practical identifiability.
A parameter θk is for cases when F 6= ∅ practically identifiable if

∣∣θk − θ̃k∣∣ <
rk ∀θ, θ̃ ∈ F , with θ = [θ1, . . . , θk, . . . , θn]T , and 0 < rk <∞ being an application
specific constant, otherwise it is practically unidentifiable. The parameter vector θ
in (5.5.1) is practically identifiable if all parameters in it are practically identifiable.

When all parameters are practically identifiable then the set of feasible solutions
is bounded and it is customary to say that the model is practically identifiable.
For more information on bounded sets, see e.g. Khuri (2003, p. 9). The concepts
that we develop later on could be used to give a more general definition, but
practical identifiability is not needed for variable selection and we therefore leave it
to future work on parameter estimation. Clearly practical uniqueness is necessary,
but in general insufficient, for practical identifiability. The relation between practical
uniqueness and identifiability is, however, the reason for why we have borrowed the
term “practical”, and one may therefore use the term a posteriori instead of practical
in any of our definitions. From a robust control perspective the term robust could
be used instead of practical, since our usage is similar to that of robust stability
and robust performance in e.g. Skogestad and Postlethwaite (1996).

Unfortunately neither practical uniqueness nor practical identifiability of systems
of linear equations with uncertain regressors and regressand do in general imply that
only one unique selection of regressors exist. This is easily understood if we, e.g.,
assume that one parameter is zero in the “true” system model, i.e. some interaction
does not exist in the “true” network, then the feasible set contain solutions with both
positive, zero, and negative values for this parameter due to the uncertainty–given
that the correct data model is assumed such that both the observed and “true”
variables are in the uncertainty sets. Biological networks are sparse, i.e. lack some
interactions, so actually this example implies that we in general cannot find a unique
selection of the regressors or network model. From an invalidation perspective, it
is for a finite number of experiments impossible to reject the existence of a very
weak interaction. On the other hand, if all models lacking a certain interaction are



5.5. Robust tools for analysis of variable selection 107

rejected, then the interaction is sufficiently strong to be inferred based on the given
data set and the corresponding regressor is selected in all subsets of regressors for
which the system of equations has a feasible solution. To distinguish between the
regressors that must be selected for a system of equations with uncertain regressors
and regressand to explain data and regressors that are not required, we introduce
practical selectability.

Definition 5.5.5. Practical selectability.
A regressor φk is for cases when F 6= ∅ practically selectable if θk 6= 0 in θ =
[θ1, . . . , θk, . . . , θn]T ∀θ ∈ F , i.e. the corresponding parameter θk is nonzero in every
feasible solution, otherwise it is not practically selectable. The set of regressors in
(5.5.1) is practically selectable if each regressor is practically selectable.

We later give a more general definition, since this one only can be used when the
set of feasible solutions is non-empty, but we start with this one because it relates
practical selectability to the values of the corresponding parameter in all feasible
solutions and it can be stated based on existing concepts. We classify interactions
corresponding to practically selectable regressors as existing if a solution practically
exists, since they are present in all models that cannot be rejected and therefore
exist at the selected confidence level.

Definition 5.5.6. Existing interaction.
An interaction exists if the corresponding regressor is practically selectable (Definition
5.5.5 or 5.6.1) and a solution of (5.5.1) practically exists (Definition 5.5.2).

If a regressor is practically selectable, then the corresponding parameter is clearly
practically unique, since no parameter vector with θk = 0 belongs to the set of
feasible solutions, but it is possible that the parameter is not practically identifiable.
On the other hand, the corresponding parameter must clearly be practically unique
for the regressor to be practically selectable, but this is not in general sufficient.
We can for the assumed data model (5.3.2) at the selected significance level only
be certain that interactions with practically selectable regressors exist. Practical
selectability is thus the key to robust variable selection and robust network inference.
In addition to characterizing parameters based on uniqueness, we also introduce the
following classification. Note that the first class corresponds to practically selectable
regressors and contains the second and third classes.

Definition 5.5.7. Parameter classification.
A parameter θk in θ = [θ1, . . . , θk, . . . , θn]T is for cases when F 6= ∅

(a) practically nonzero if θk 6= 0 ∀θ ∈ F ,

(b) practically positive if θk > 0 ∀θ ∈ F ,

(c) practically negative if θk < 0 ∀θ ∈ F ,

(d) practically zero if θk = 0 for some θ ∈ F .
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Parameters corresponding to practically selectable regressors are practically nonzero
and the interaction is classified as existing if a solution of (5.5.1) practically exists,
but it is often also of interest in network inference to determine if the interaction is
activating or repressing, i.e. the signed structure of the network. This can only be
done for cases when the parameter is practically positive or negative. To distinguish
the regressors for which the sign of the corresponding parameter can be inferred
from those for which it cannot we introduce practical assignability.

Definition 5.5.8. Practical assignability.
A regressor φk is for cases when F 6= ∅ practically assignable if either θk > 0 ∀θ ∈ F
or θk < 0 ∀θ ∈ F , with θ = [θ1, . . . , θk, . . . , θn]T , i.e. the corresponding parameter
θk is either practically positive or negative. The set of regressors in (5.5.1) is
practically assignable if each regressor is practically assignable.

Every regressor that is practically assignable is also practically selectable, but the
opposite is in general not true. If and only if a regressor is practically assignable,
then we can classify the corresponding interaction as activating or repressing based
on the sign of the corresponding parameter in any solution. In other words, if
θj > 0 ∀θ ∈ F , then the parameter is practically positive and we classify the
corresponding interaction as activating, else if θj < 0 ∀θ ∈ F , then the parameter
is practically negative and we classify the corresponding interaction as repressing.

Definition 5.5.9. Activating interaction.
An interaction is activating if the corresponding regressor is practically assignable
(Definition 5.5.8) and the parameter is shown to be positive in at least one feasible
solution of (5.5.1) (Definition 5.5.1), i.e. the corresponding parameter is practically
positive (Definition 5.5.7b).

Definition 5.5.10. Repressing interaction.
An interaction is repressing if the corresponding regressor is practically assignable
(Definition 5.5.8) and the parameter is shown to be negative in at least one feasible
solution of (5.5.1) (Definition 5.5.1), i.e. the corresponding parameter is practically
negative (Definition 5.5.7c).

We say that the parameter is practically zero if it is zero in some solution, i.e.
if neither of the first three conditions in Definition 5.5.7 apply. It might at first
thought seem strange to say that a parameter is practically zero even though it
e.g. may be positive in almost all solutions and even take relatively large values,
but from a model rejection and robustness perspective the essential issue is that
it is zero in one solution. Zero in one solution immediately implies that we cannot
reject all network models lacking the corresponding interaction and hence not prove
that it exists at the selected significance level. The parameter corresponding to a
regressor that is not practically selectable is thus practically zero; we will later look
at classification of these as practically excludable, alternative, or negligible and
the corresponding interactions as non-existing, alternative or non-evidential. We
will also give general definitions, that allow the parameters and regressors to be
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classified as practically unique and selectable, respectively, even if no solution of
(5.5.1) practically exists, in order to facilitate comparison of different data models
at different significance levels. Practical assignability, on the other hand, is tightly
linked to the sign of the corresponding parameter, so conditions that are both
necessary and sufficient for practical assignability cannot be stated for all kinds of
uncertainty sets unless a feasible solution exists and no extension of Definition 5.5.8
is attempted. To state these general definitions and establish conditions on the data
for classification we first need to extend the notions of span, linear independence,
and rank to uncertain data, which we do in the following section. These extensions
will also enable us to rephrase the above definitions in terms of data conditions
that actually can be calculated or checked. All definitions in this section are namely
based on the set of feasible solutions, which in general cannot be calculated since it
would require the solution of an infinite number of systems of equations. Use of the
set of feasible solutions in these definitions however makes the concepts well defined,
conceptually simple and easy to understand, and it connects them to established
theory, in particular within parameter estimation. We next also derive conditions
for practical existence and uniqueness, while conditions for practical selectability
and assignability are left to the following section on practically selectable regressors
(Section 5.6), and the treatment of regressors that are not practically selectable to
the sections on practically excludable, negligible, and alternative regressors (Sections
5.7 and 5.8).

5.5.1 Extension of concepts from linear algebra
In the noise free case a solution to the linear system of equations in (5.5.1) only
exists if the regressand lies in the subspace spanned by the regressors, and it is
only unique if the regressors are linearly independent, see e.g. Anton and Rorres
(2000); Friedberg et al. (2003); Horn and Johnson (1990). The concepts of span
and linear independence provide insight and allow us to use simple tools such
as rank and dimension to establish existence and uniqueness of a solution in the
noise free case, so we extend them to noisy and uncertain data in this and the
following three paragraphs. Several extensions, such as different measures of near
collinearity (Belsley, 1991) and effective rank (Konstantinides and Yao, 1988; Roy
and Vetterli, 2007; Aksasse et al., 2006), already exist in the literature. We relate to
them, but they only apply to certain error models and they are inadequate for robust
variable selection and network inference, see Section A.1. We typically analyse a set
of regressors and have therefore used φ for vectors or Φ for matrices in the following
formulas, even when the definition or theorem applies to vectors in general. When
the term regressor or regressand is used or we refer to (5.5.1) then the definition or
result applies to them only. To simplify the notation and introduce the extended
concepts, let us first define the set of all combinations of realizations of vectors that
are consistent with the error model

VC ,
{

Φ̃
∣∣∣Φ̃ , [φ̃1, . . . , φ̃j , . . . , φ̃n], for consistent φ̃j ∈ Uαφj ⊆ Rm

}
. (5.5.4)
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The span of a set of vectors in the matrix Φ̃ is defined as (Friedberg et al., 2003,
p. 30)

span Φ̃ ,
{ n∑
j=1

θjφ̃j

∣∣∣ θj ∈ R, φ̃j ∈ Φ̃
}
. (5.5.5)

Existence of a solution to at least one of the systems of equations in (5.5.1) that are
consistent with the error model is necessary and sufficient for practical existence,
so we introduce practical span in the following way to make its implications as
analogous to ordinary span as possible. Practical span enables us to express exact
conditions in a concise manner below and we use it extensively in our proofs later
on.

Definition 5.5.11. Practical span.
The practical span of the set of uncertain vectors in the matrix Φ = [φ1, . . . ,φj , . . . ,
φn] is

pspan Φ ,
{ n∑
j=1

θjφ̃j

∣∣∣ θj ∈ R, φ̃j ∈ Φ̃, Φ̃ ∈ VC
}
, (5.5.6)

i.e. the set consisting of all linear combinations of all consistent combinations of
vectors in the uncertainty sets.

This definition of practical span is equivalent to the union of the span for all
realizations.

Corollary 5.5.1.

pspan Φ =
⋃

Φ̃∈VC

span Φ̃. (5.5.7)

Note that pspan(Φ) in general is not a subspace of Rm nor a vector space, even
though span(Φ̃) is a subspace of Rm for each Φ̃ ∈ VC , because pspan(Φ) is a union
of subspaces, which in general is not closed under addition, see e.g. Friedberg et al.
(2003, p. 19). Many standard concepts of linear algebra are only defined for vector
spaces, and pspan(Φ) does e.g. not have a dimension in the ordinary sense. Despite
this we can now state the condition for practical existence in terms of the practical
span of the regressors in the matrix Φ.

Theorem 5.5.2. A solution of (5.5.1) practically exist (Definition 5.5.2) if and
only if

ξ̃ ∈ pspan Φ for some consistent ξ̃ ∈ Uαξ ⊆ Rm. (5.5.8)

Some consistent regressand must, in other words, lie in the subspace spanned
by some consistent combination of regressors in order for a solution of (5.5.1) to
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practically exist, but the observed regressand need not lie in the subspace of the
observed regressors. The essence of this condition is, as we expected, the same as
the previously mentioned condition for the noise free case. Practical span is also
the concept we need in order to make a general definition of practical uniqueness,
which is equivalent to Definition 5.5.3 for the cases covered by the latter, but it also
applies to cases when no feasible solution exists.

Definition 5.5.12. Practical uniqueness.
A parameter θk corresponding to regressor φk in (5.5.1) is practically unique if,

∀ consistent ξ̃ ∈ Uαξ ⊆ Rm such that ξ̃ ∈ pspan Φj 6=k, (5.5.9)

φ̃k 6∈ pspan Φj 6=k ∀ consistent φ̃k ∈ Uαφk ⊆ Rm, (5.5.10)

with Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn].

Theorem 5.5.3. Definition 5.5.12 is equivalent to Definition 5.5.3 when a solution
of (5.5.1) practically exists (Definition 5.5.2) and a constant 0 < rξ < ∞ exists,
such that ∥∥∥ξ̀ − ξ́∥∥∥ ≤rξ ∀ consistent ξ̀, ξ́ ∈ Uαξ ⊆ Rm. (5.5.11)

Definition 5.5.12 guarantees that regressor φk is not, for any of the realizations that
are consistent with the error model and span a subspace that contains a realization
of the regressand, a linear combination of the other regressors. Not even when no
feasible solution of (5.5.1) exists. Because φk is not a linear combination of the
other regressors, none of them can replace it and the corresponding parameter θk
is unique for all realizations such that the system of equations has a solution. On
the other hand, it allows φk to be a linear combination of the other regressors
for all cases when no solution can exist, so the condition is necessary for what we
understand as uniqueness of a parameter in a solution of a system of equations.
This definition disconnects practical existence from practical uniqueness and has
the advantage that a parameter that is practically unique at a selected significance
α also is practically unique at any significance α̃ ≥ α, which simplifies comparison
of different data models, data sets, etc.

Let us now extend linear independence, since it is necessary and sufficient for
uniqueness of a solution of a system of equations in the noise free case and hence
it should give us more insight on practical uniqueness. We introduce practical
independence and use it to find the regressors that are practically selectable based
on observed data. A set of vectors in the matrix Φ = [φ1, . . . ,φj , . . . ,φn] is defined
as linearly independent, see e.g. Friedberg et al. (2003, p. 36-37), if the trivial solution
θ = [θ1, . . . , θj , . . . , θn]T = 0 is the only solution of the homogeneous system of
linear equations

n∑
j=1

θjφj = 0. (5.5.12)
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We introduce practical independence as an extension of linear independence by
requiring this to hold for every combination of vector realizations that are consistent
with the error model.

Definition 5.5.13. Practical independence.
The set of uncertain vectors in the matrix Φ = [φ1, . . . ,φj , . . . ,φn] is practically
(linearly) independent, if, for all consistent φ̃j ∈ Uαφj ⊆ Rm, the trivial solution
θ = [θ1, . . . , θj , . . . , θn]T = 0 is the only solution of

n∑
j=1

θjφ̃j = 0. (5.5.13)

We say that a vector is practically independent if it cannot be expressed as a linear
combination of the other vectors in the set for any consistent realization. Practical
independence can also be expressed in terms of the span of all consistent realizations.

Corollary 5.5.4. Practical independence.
The set of uncertain vectors in the matrix Φ is practically (linearly) independent, if
and only if

dim span Φ̃ = n ∀ Φ̃ ∈ VC (5.5.14)

or equivalently

φ̃k 6∈ pspan Φj 6=k ∀ consistent φ̃k ∈ Uαφk ⊆ Rm

and k ∈ {1, 2, . . . , n}, (5.5.15)

with Φj 6=k , [φ1, . . . ,φk−1,φk+1, . . . ,φn].

Practical independence of a set of regressors implies that no regressor in the set
can be expressed as a linear combination of the other regressors for any consistent
realization and it is therefore straightforward to show that practical independence
is sufficient for practical uniqueness, as formalized in the following theorem.

Theorem 5.5.5. All parameters θj in (5.5.1) are practically unique (Definition
5.5.12) if the regressors are practically independent (Definition 5.5.13).

In short, we can now say that the parameters are unique if the corresponding
regressors are practically independent. Note that practical independence of the
regressors is strictly speaking not necessary for practical uniqueness, because a
solution may not exist for all combinations of regressors and regressand and the
existing solutions can be unique even though some of these regressor combinations
are not linearly independent. Practical independence of the regressors is however
necessary for the set of regressor combinations for which the system of equations
has a solution. In principle, we could have defined practical independence such that
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only this set of regressor realizations is required to be linearly independent, but
then we would first need to determine them, which is as difficult as determining
the set of feasible solutions or practical uniqueness directly using Definition 5.5.12.
In other words, it would not be as useful nor would it be a simple extension of
linear independence. If the set of regressors for any of these realizations is linearly
dependent, then at least one of the parameters can take any value and hence lack a
unique solution.

Regression instability is often experienced when solving a regression problem
with some linearly dependent set of regressors in VC , i.e. a small change in the
data can lead to a large change in the estimated model, and these inverse problems
are then referred to as ill-posed or ill-conditioned, see e.g. Aster et al. (2005). Ill-
conditioning, strong correlation, multicollinearity, and near collinearity have been
extensively studied in order to avoid or at least detect sets of regressors that are
collinear, i.e. linearly dependent, see e.g. Belsley (1991); Stewart (1987); Liao (2010);
Alin (2010). However, at best rules of thumb are given for some measure of the
degree of near collinearity that may cause instability, or, in our terminology, a
solution that is not practically unique, so the conditioning problem remains open.
This ambiguity is resolved by practical independence as introduced above and
the following introduction of practical collinearity, because near collinearity of the
regressors cannot affect the solution at the selected significance level if the regressors
are practically independent, while it affects the solution when the regressors are
practically collinear.

Definition 5.5.14. Practical collinearity.
The set of uncertain vectors in the matrix Φ = [φ1, . . . ,φk, . . . ,φn] is practically
collinear, or practically (linearly) dependent, if for all consistent φ̃k ∈ Uαφk of some
regressor φk with k ∈ {1, 2, . . . , n}, one can find consistent φ̃j ∈ Uαφj ⊆ Rm for all
j 6= k such that a non-trivial solution θ = [θ1, . . . , θk, . . . , θn]T 6= 0 of

n∑
j=1

θjφ̃j = 0 (5.5.16)

exists.

This definition is equivalent to every realization of one of the vectors being in the
practical span of the other vectors.

Corollary 5.5.6. Practical collinearity.
The set of uncertain vectors in the matrix Φ is practically collinear if and only if

φ̃k ∈ pspan Φj 6=k ∀ consistent φ̃k ∈ Uαφj (5.5.17)

for some regressor φk with Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn].

We say that a vector is practically collinear if every consistent realization of it can be
expressed as a linear combination of the other vectors for some consistent combination
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of realizations. Practical collinearity is the opposite of practical independence in the
sense that linearly dependent realizations exist for each consistent realization of one
of the vectors in the former, while every realization is linearly independent in the
latter. In general, sets of vectors that are neither practically collinear nor practically
independent exist, but the set of practically collinear vectors is always a subset of
the set of vectors that is not practically independent. Practical collinearity of the
set of regressors is sufficient for regression instability of the solution of a system of
equations at a selected significance level, while near collinearity merely indicates
that instability may occur, as evident in Belsley (1991). Practical independence,
on the other hand, is sufficient for stable solution, despite small changes in the
data, and ensures robustness in both variable selection and network inference as
we show later, as well as in parameter estimation. Many feasible solutions with
different sign would exist if a consistent realization such that the set of regressors
is linearly dependent exists. In this case, the regressors are clearly not practically
assignable nor practically selectable and the corresponding parameters can take
any value. Moreover, the absolute value of these parameters is large in many of the
feasible solutions due to near collinearity, and the common belief that an interaction
is significant if its parameter estimate has a large absolute value is misleading.
For a set of regressors that is not practically independent, no relation in general
exists between the absolute value of a parameter estimate and existence of the
corresponding interaction, and statistical hypothesis tests based on the absolute
value of the parameter estimate should not be used, because they in general do not
hold due to neglection of practical collinearity.

In the noise free case, the rank of a matrix rank(Φ) is defined as the largest
number of columns of Φ ∈ Rm×n that constitute a linearly independent set (Horn
and Johnson, 1990, p. 12). This number is equal to the dimension of the subspace
generated or spanned by the columns (Friedberg et al., 2003, p. 67-70,153). Conse-
quently, if rank(Φ) = m or rank([Φ ξ]) = rank(Φ), then a solution of Φθ = ξ exists,
and if rank(Φ) = n, then any existing solution is unique, see Friedberg et al. (2003,
p. 153,174) and Horn and Johnson (1990, p. 13-14). This makes rank a useful tool for
calculation that provides insight and we therefore here extend the concept of rank to
noisy data by introducing practical rank to complete our extensions of basic concepts
in linear algebra, even though it is not necessary for the classification of regressors
and interactions. When a set of uncertain vectors is practically independent then
each realization of the matrix has rank n and we define this to be the practical
rank, but otherwise the situation is more complicated. The only foreseeable way to
always obtain robust results is to implicitly account for the set of feasible solutions
by introducing practical rank in the following manner, which also implies that it
can be used to assess both practical existence and uniqueness.

Definition 5.5.15. Practical rank.
The practical rank of the uncertain matrix Φ = [φ1, . . . ,φj , . . . ,φn] is the set

prank Φ ,
{
p
∣∣ rank Φ̃ = p for some Φ̃ ∈ VC

}
. (5.5.18)
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The practical rank is, in other words, a set containing the rank of all realizations
that are consistent with the error model. The rank of the “true” matrix is therefore
in this set if the “true” vectors are consistent with the error model, as formalized in
the following theorem.

Theorem 5.5.7.

rank Φ̌ ∈ prank Φ if Φ̌ ∈ VC . (5.5.19)

Practical independence of a set of vectors is equivalent to having a minimal practical
rank equal to the number of vectors.

Corollary 5.5.8. The set of uncertain vectors in the matrix Φ is practically (lin-
early) independent, if and only if

prank Φ = {n}. (5.5.20)

We will also use the notion robust rank when the practical rank is equal to the
number of columns.

The concept of rank has previously been extended to noisy data by introduction
of the so called effective rank (Konstantinides and Yao, 1988; Roy and Vetterli,
2007). The idea behind effective rank is to determine the rank of the latent “true”
matrix Φ̌ from the observed matrix Φ. The latter is assumed to contain additive
errors Φ = Φ̌ + Υ, with Υ denoting the errors, as in our data model (5.3.2a). We
have previously used effective rank for network inference and found it useful in
some cases (Nordling and Jacobsen, 2011). It is, however, in general unsuitable for
network inference, because the use of effective rank depends critically on a sufficient
separation between the singular values of Φ̌ and Υ, see Section A.1, which typically
does not hold for biological data. The effective rank differs in general from the “true”
rank unless the singular values of Φ̌ are all larger than the largest singular value of
Υ. Even if one succeeded in determining the rank of the latent matrix, the result
would in general be sensitive to small changes in the data and the robustness that
we strive towards would be lacking. Contrary to the effective rank, the practical rank
always contains the “true” rank. The practical rank is a set and thus conceptually
different from the effective rank, which enables robust results even when the effective
rank is influenced by noise.

We have hereby extended the necessary concepts of linear algebra to noisy data
and established a set of tools that we next use for classification of the regressors
and interactions. The practical span is mainly used to state and prove conditions
that are both necessary and sufficient; while practical independence and collinearity
are mainly used to establish sufficient conditions and gain insight. How to check
practical independence based on observed data is presented later in the section on
testing of practical independence (Section 5.10).



116 Theory of robust variable selection and network inference

5.6 Practically selectable regressors

We say that a regressor is practically selectable if and only if it must be selected
to explain data, which makes it the key concept in robust variable selection. Only
interactions corresponding to practically selectable regressors can be proven to exist,
so it is also the key concept in robust network inference. We here use the tools
developed in the previous section to first make a general definition of practical
selectability and then establish both sufficient and necessary conditions on data for
practical selectability. Since the sign of the interactions often also are of interest, we
finally establish data conditions for when the sign can be determined with desired
confidence, corresponding to practical assignability of the regressor.

We introduced practical selectability based on the set of feasible solutions in
Definition 5.5.5, but use of that definition requires knowledge of the feasible set and
is restricted to cases in which the feasible set is non-empty. We therefore start by
giving a definition of practical selectability based directly on data, using the concept
of practical span that we introduced in the previous section. The two definitions
are equivalent when a feasible solution exists, as we show below, but the one based
on practical span can also be used when no feasible solution exists. It is hence a
generalization of the previous one. It also ensures that a regressor proven to be
practically selectable at significance level α is practically selectable for all α̃ ≥ α
and we therefore use it henceforth.

Definition 5.6.1. Practical selectability.
A regressor φk in (5.5.1) is practically selectable if

ξ̃ 6∈ pspan Φj 6=k ∀ consistent ξ̃ ∈ Uαξ ⊆ Rm (5.6.1)

with Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn], otherwise it is not practically selectable.
The set of regressors in (5.5.1) is practically selectable if each regressor is practically
selectable.

Theorem 5.6.1. Definition 5.6.1 is equivalent to Definition 5.5.5 when a solution
of (5.5.1) practically exists (Definition 5.5.2).

A practically selectable regressor and the corresponding interaction must be present
to explain data within a considered model set. Intuitively the number of interactions
that can be proven to exist should decrease with increasing uncertainty. We here
classify interactions corresponding to practically selectable regressors as existing
so let us consider how selectability is affected by increasing uncertainty. If the
size of the uncertainty set of the regressand is increased, then (5.6.1) is in general
fulfilled in fewer cases. Similarly, if the size of any of the uncertainty sets of the
regressors in Φj 6=k is increased, then the set given by pspan(Φj 6=k) is increased
and (5.6.1) is in general fulfilled in fewer cases, i.e. some ξ̃ is more likely to be in
pspan. This implies that our definition of practical selectability in general leads to
a decrease in the number of existing interactions with increasing uncertainty and
decreasing significance α, assuming that the size of the uncertainty sets increases
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with decreasing α. This also implies that if a regressor is not practically selectable
when no solution practically exists, then it is for sure not practically selectable
when one exists, since the error model or significance level must be changed so
that the uncertainty sets are increased to enable a feasible solution of (5.5.1). Note
that we do not need any explicit condition on the regressor φk, since a solution of
(5.5.1) only exists for realizations such that φ̃k 6∈ span(Φ̃j 6=k) and ξ̃ ∈ span(Φ̃), so
(5.6.1) is sufficient. This is also why a regressor is classified as practically selectable
based on Definition 5.6.1 even if no feasible solution exists. The condition in (5.6.1)
provides a simple definition of practical selectability for all imaginable uncertainty
sets and error models, including discrete sets. Evaluation of the practical span is
however in general hard, so we provide the following sufficient condition, which in
our opinion also provides more insight.

Theorem 5.6.2. Practical selectability.
A regressor φk in (5.5.1) is practically selectable (Definition 5.6.1) if the set of
vectors in the matrix Ψk , [φ1, . . . ,φk−1,φk+1, . . . ,φn, ξ] is practically independent
(Definition 5.5.13).

Practical independence implies that none of the vectors is in the practical span
of the other vectors, but in (5.6.1) only the regressand is required not to be, so
this condition is in general conservative. However, for data that contain uncertain
measurements of continuous variables it is in practice necessary, as shown in the
following theorem.

Theorem 5.6.3. Assume that each element of the regressors and regressand is
uncertain such that

Bρ(φj) ⊆ Uαφj ⊆ Rm, ∀j ∈ V = {1, 2, . . . , n}, (5.6.2)

Bρ(ξ) ⊆ Uαξ ⊆ Rm, (5.6.3)

i.e. some neighbourhood of each observed variable is contained in its uncertainty
set, that all possible combinations within the neighbourhoods are consistent with the
error model, and that

ξ̃ ∈ span Φ̃ for some ξ̃ ∈ Bρ(ξ) and Φ̃ ∈ Bρ(Φ) ⊆
⋃
j∈V
Bρ(φj), (5.6.4)

i.e. a solution practically exists within the neighbourhood. Then a regressor φk in
(5.5.1) can only be practically selectable (Definition 5.6.1) if the set of vectors in
the matrix Ψk = [φ1, . . . ,φk−1,φk+1, . . . ,φn, ξ] is practically independent for all
realizations within the neighbourhoods. Here the neighbourhood of a vector φj is
defined as

Bρ(φj) ,
{
φ̃j
∣∣ ∥∥φ̃j − φj∥∥ < ρ, ρ > 0, ρ ∈ R

}
, (5.6.5)
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and the neighbourhood of a matrix Φ, using the corresponding induced matrix
norm (Horn and Johnson, 1990, p. 290-295), is defined as

Bρ(Φ) ,
{
Φ̃
∣∣ ∥∥Φ̃−Φ

∥∥ < ρ, ρ > 0, ρ ∈ R
}
. (5.6.6)

All biological data sets relevant for network inference that we are aware of contain
uncertainty in each element of the regressors and regressand so that at least all
combinations of values within a small ball or neighbourhood of the observed values
are consistent with the error model. Therefore the set of all vectors in Ψk in practice
needs to be practically independent in order for the kth regressor to be practically
selectable. It is trivial to prove that non-rejectable models with and without the
interaction corresponding to the kth regressor, as well as with different signs of
the corresponding parameter, can only exist if a realization of Ψk with collinear
columns exists.

Theorem 5.6.4. Collinearity affects selectability.
A parameter θk can only have opposite sign in two different non-rejectable models
if a consistent realization of Ψk = [φ1, . . . ,φk−1, φk+1, . . . ,φn, ξ] with collinear
columns exists.

The sufficient condition for practical selectability in Theorem 5.6.2 guarantees that
we avoid this ambiguity of selection and inference. In other words, in practice we can
only be sure that a variable must be selected and that the corresponding interaction
exists if no matrix Ψk with collinear columns is consistent with the error model. This
is something that can be checked without knowing the set of feasible solutions, as we
show later in Section 5.10. Note that practical independence of Ψk implies that any
connected uncertainty set of the included variables is bounded in some directions,
because the uncertainty sets otherwise would overlap and some linearly dependent
realization would exist. We next state the condition in Theorem 5.6.2 in terms of
the practical rank, since it highlights that practical selectability is qualitatively a
question of rank.

Corollary 5.6.5. A regressor φk in (5.5.1) is practically selectable (Definition
5.6.1) if

prank Ψk = {n}, with
Ψk = [φ1, . . . ,φk−1,φk+1, . . . ,φn, ξ]. (5.6.7)

The rank of a matrix can never exceed the number of columns or rows, so at least
as many data points as variables are in practice required for any regressor to be
practically selectable and for the assignment of confidence to any inferred interaction,
as shown in Theorem A.3.2. This coincides with the well known requirement of
m ≥ n for a unique solution of a system of m equations and n unknown parameters
to even be possible, see e.g. Ashyraliyev et al. (2009). At first sight this appears to
be in conflict with recent observations and results suggesting that less than n data
points are required for correct variable selection, estimation of a parameter vector, or
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inference of a network, see e.g. Candès and Plan (2009); Fan and Lv (2010); Candes
and Wakin (2008); Zhao and Yu (2006); Filkov (2005). But no conflict actually
exists, since it is one thing to find the correct model and another to show that it is
correct, i.e. to assign confidence, as discussed in more detail in Section 4.4.

5.6.1 Practically assignable regressors
In network inference the sign of the interaction is often also of interest, so here
we present data conditions for a parameter to be practically positive or negative
so that the corresponding interaction can be classified as activating or repressing,
respectively. This classification is only possible if the corresponding regressor is
practically assignable–a concept that we introduced in Definition 5.5.8 based on
the set of feasible solutions. The idea here is to derive data conditions for practical
assignability that can be checked without knowledge of the set of feasible solutions,
since the set in general cannot be calculated and calculation of a single solution
is sufficient to determine the sign of the interaction if we have established that
the regressor is practically assignable. To simplify the presentation of the following
results we first introduce the projection matrix, which is defined as (Friedberg et al.,
2003, p. 398-400)

T j 6=k ,ΦS
(
ΦT
SΦS

)−1ΦT
S = Φj 6=kΦ†j 6=k ∈ Rm×m. (5.6.8)

This matrix projects any vector in Rm onto the subspace spanned by the n −
1 regressors in the matrix Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn] along a vector
orthogonal to the subspace. To ensure that the matrix inverse exists, the matrix
ΦS only consists of a subset S of the regressors in Φj 6=k, which form a basis
for this subspace; alternatively the Moore-Penrose generalized inverse Φ†j 6=k can
be used (Horn and Johnson, 1990, p. 421). The columns of ΦS are thus linearly
independent, while the use of all n− 1 regressors in general may lead to a matrix
with linearly dependent columns. Further on we use the projection matrix to define
hyperplanes that separate the regressand realizations that could lead to a positive
parameter, i.e. the positive halfspace, from those that could lead to a negative
parameter, i.e. the negative halfspace. For information on hyperplanes, separation of
sets, and halfspaces see e.g. Boyd and Vandenberghe (2004, p. 27-29, 46-49). For the
moment, we start by using the projection matrix to state necessary and sufficient
conditions for practical assignability in a manner that does not require knowledge
of the set of feasible solutions.

Theorem 5.6.6. A regressor φk is practically assignable (Definition 5.5.8) if and
only if either

h̃
T

k ξ̃ > 0 ∀ consistent ξ̃ ∈ pspan Φ (5.6.9a)
or

h̃
T

k ξ̃ < 0 ∀ consistent ξ̃ ∈ pspan Φ (5.6.9b)
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and a solution of (5.5.1) practically exists (Definition 5.5.2). The normal of the
hyperplane of the other regressors, corresponding to the realization ξ̃, is defined as

h̃k , (I − T̃ j 6=k)φ̃k for any Φ̃ ∈ VC such that Φ̃θ = ξ̃ has a solution, (5.6.10)

and T̃ j 6=k is the projection matrix defined in (5.6.8).

The conditions in Theorem 5.6.6 ensures that the parameter corresponding to
regressor φk is either practically positive or negative in all feasible solutions. To
check these necessary conditions we, however, still have to know the regressand
realizations for which a feasible solution exists, hence we next provide sufficient
conditions for a regressor to be practically assignable, which only require us to
prove existence of one feasible solution and fulfilment of (5.6.9) for all consistent
realizations. In other words, we do not need any more to know which combinations
of realizations yield a feasible solution.

Theorem 5.6.7. A regressor φk is practically assignable (Definition 5.5.8) if a
solution of (5.5.1) practically exists (Definition 5.5.2) and

(a) for all consistent ξ̃ ∈ Uαξ ⊆ Rm and φ̃j ∈ Uαφj ⊆ Rm, either h̃Tk ξ̃ > 0 or

h̃
T

k ξ̃ < 0, with the normal of the hyperplane of the other regressors defined in
(5.6.10), or

(b) the uncertainty set of the regressand Uαξ ⊆ Rm lies in either the intersection
of all positive halfspaces

H+ ,
⋂

h̃kfor consistent φ̃j∈U
α
φj

{
z̃
∣∣ z̃T h̃k > 0, z̃ ∈ Rm

}
(5.6.11)

or of all negative halfspaces

H− ,
⋂

h̃kfor consistent φ̃j∈U
α
φj

{
z̃
∣∣ z̃T h̃k < 0, z̃ ∈ Rm

}
(5.6.12)

with h̃k defined in (5.6.10).

The sets H+ in (5.6.11) and H− in (5.6.12) are convex cones, because every halfspace
is a convex set and the intersection of convex sets is a convex set (Boyd and
Vandenberghe, 2004, p. 23,25,36). In other words, a parameter is practically positive
or negative if the uncertainty set of the regressand is contained in either of the two
convex cones. If the uncertainty sets are discrete, then condition (a) is preferable,
because it is less conservative than (b), while condition (b) is preferable for continuous
variables, because convex optimization techniques can be used. The development of
techniques for calculation of these convex sets and checking of practical assignability
based on them is however left to future work. For cases when the variables are
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continuous and the uncertainty set of each variable is connected then sufficient
conditions can be stated in a manner similar to the ones for practical selectability
in Theorem 5.6.2. For information on connected sets see e.g. Khuri (2003, p. 12).

Theorem 5.6.8. A regressor φk in (5.5.1) is practically assignable (Definition
5.5.8) if the set of uncertain regressors in the matrix Φ = [φ1, . . . ,φk, . . . ,φn] is
practically independent, the set of all regressors except φk, which is replaced by
the regressand ξ, in the matrix Ψk , [φ1, . . . ,φk−1,φk+1, . . . ,φn, ξ] is practically
independent, and one of the following holds:

(a) The uncertainty sets are connected and m = n.

(b) The set of regressand realizations ξ̃ for which a solution of Φ̃θ = ξ̃ exists for
some consistent ξ̃ ∈ Uαξ ⊆ Rm and Φ̃ ∈ VC is a non-empty connected subset
of Rm.

A practically assignable regressor must always be practically selectable. We know
from Theorem 5.6.2 that practical independence of Ψk is sufficient for practical
selectability, so the additional conditions are only needed to prove that θk has the
same sign in all feasible solutions. From (a) above we learn that the additional
requirement of practical independence of Φ is sufficient when the number of experi-
ments equals the number of variables and the uncertainty sets are connected. When
m > n then this is not in general sufficient because the kth regressor or regressand
can figuratively speaking encircle the subspace spanned by the other regressors.
Many different conditions can be constructed that ensure that no such encircling
takes place, and the condition given in (b) is just one example that is sufficient
for certain cases. Others should be constructed, but we leave it for future work.
We can argue based on Theorem 5.6.3 that the practical independence conditions
in practice are also necessary for continuous variables, so the conservativeness is
essentially determined by the additional conditions.

In conclusion, we now have the necessary results for showing that a variable must
be selected to explain data, and for the classification of an interaction as existing
and activating or repressing, at least for certain cases.

5.7 Practically excludable regressors

So far the focus has been on determining existing interactions and selecting variables
that are necessary to explain data, i.e. determining when a regressor is practically
selectable. Now we will instead look at the determination of non-existing interactions
and variables that always can be excluded while explaining data, i.e. when a regressor
is practically excludable. In other words, the regressors that previously were classified
as not being practically selectable are now further analysed and a subset of them
are classified as practically excludable. Naturally, we also establish sufficient and
necessary data conditions for this classification.
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We previously introduced practical selectability of a regressor based on the
corresponding parameter being nonzero in every feasible solution of (5.5.1), and
it might seem logical to introduce practical excludability based on the parameter
being zero in every feasible solution. Such a definition would however be almost
useless, because no parameter is in practice zero in every feasible solution due
to uncertainty. It is impossible to prove, based on a finite data set of continuous
variables, that an interaction does not exist because either the whole data model is
rejected or then some model with a weak interaction cannot be rejected. A model
with a weak interaction is practically indistinguishable from the model without the
interaction. Moreover, when the wrong error model is used or the error model is
not properly accounted for in parameter estimation then parameters that should
be zero are typically assigned nonzero values in the estimation. This is known as
over-fitting, because the parameters are fitted to the specific noise realization of the
given data (Cedersund and Roll, 2009; Ljung, 1999, p. 501). On the other hand,
the simplest model that can explain data is in general preferable in science and, in
particular, in engineering, since it is easier to analyse, comprehend, and use than
more complex models, while still being good enough as an approximation to explain
data. Typically the accuracy of estimated parameters and predictions is also better,
because a simple model in general is less flexible than a more complex model and
thereby has fewer unidentifiable parameters and is less prone to over-fitting. A
more complex model can sometimes be motivated based on a priori knowledge and
assumptions, but never based on given data. Preference of the simplest model is
also known as the principle of parsimony or Occam’s razor, see e.g. Cedersund and
Roll (2009); Ljung (1999, p. 492). The idea of variable selection is to find variables
that are necessary or important for the explanation of data, and the complement
can be phrased as finding variables that are unnecessary or unimportant for the
explanation of data. The important variables should be included in the model, while
the unimportant should be excluded in order to keep it simple. So even though
we never can prove that a variable should not be selected, we need to recognize
unimportant variables and exclude them. At the same time we should only exclude
variables that always can be excluded while explaining available data. The essence
of network inference is to separate between variables that are needed to explain data
and those that are not needed, since the former correspond to existing interactions
and the later to non-exiting. We therefore here first introduce practical omissibility
and then, based on the former, practical excludability, which captures exactly the
variables that can always be excluded while explaining data.

Definition 5.7.1. Practical omissibility.
A regressor φk is practically omissible if

ξ̃ ∈ pspan Φj 6=k ∀ consistent ξ̃ ∈ Uαξ ⊆ Rm (5.7.1)

with Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn]. The set of regressors in (5.5.1) is practi-
cally omissible if each regressor is practically omissible.
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A practically omissible regressor is not needed to explain the data, since every
consistent realization of the regressand can be explained by some realization of
the other regressors. The difference between a practically omissible and selectable
regressor is that here each consistent realization of the regressand must be in
pspan(Φj 6=k), while selectability requires that no realization is in pspan(Φj 6=k)
according to Definition 5.6.1. The set of practically omissible regressors is hence
a subset of the set of regressors that are not practically selectable. It is however
possible that the regressor can be expressed as a linear combination of the other
regressors for some consistent realization and then this regressor might be needed
to explain the data if some other regressor is excluded. We therefore introduce
practical excludability by requiring practical omissibility and practical independence
to ensure that the regressor is not needed to explain the data even if some other
regressor is excluded.

Definition 5.7.2. Practical excludability.
A regressor φk is practically excludable if

φ̃k 6∈ pspan Φj 6=k ∀ consistent φ̃k ∈ Uαφk ⊆ Rm (5.7.2)

and
ξ̃ ∈ pspan Φj 6=k ∀ consistent ξ̃ ∈ Uαξ ⊆ Rm (5.7.3)

with Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn]. The set of regressors in (5.5.1) is practi-
cally excludable if each regressor is practically excludable.

Here condition (5.7.3) is the same as (5.7.1), so every regressor that is practically
excludable is also practically omissible. Condition (5.7.2), on the other hand, implies
that the regressor can never be written as a linear combination of the other regressors
and therefore it can not replace any of the other regressors. This condition also implies
that the corresponding parameter θk is practically unique based on Definition 5.5.12.
Inversely, if the regressor is practically omissible and the corresponding parameter
is practically unique, then the regressor is practically excludable. If the regressor
is practically excludable, then a solution practically exists and we classify the
corresponding interaction as non-existing, since this regressor cannot replace any
other regressor and it is not needed to explain the data.

Definition 5.7.3. Non-existing interaction.
An interaction is non-existing if the corresponding regressor is practically excludable
(Definition 5.7.2).

Our classification of interactions as non-existing based on the corresponding regressor
being practically excludable is not only intuitive in the sense that these regressors
are not needed to explain data, but the number of non-existing interactions also
in general decreases with increasing uncertainty. If the size of the uncertainty set
of the regressand is increased, then (5.7.3) is in general fulfilled in fewer cases.
Similarly, if the size of any of the uncertainty sets of the regressors is increased,
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then (5.7.2) is in general fulfilled in fewer cases. This implies that the number of
practically excludable regressors and non-existing interactions in general decreases
with increasing uncertainty and decreasing significance α. However, note that non-
existing here does not necessarily imply that the interaction does not exist, it
merely imply that the interaction is so weak that it is not needed to explain data.
The necessary and sufficient data conditions in Definition 5.7.2 are in general
difficult to check and we therefore provide the following sufficient conditions for
practical excludability, which are sufficient for the classification of the corresponding
interaction as non-existing.

Theorem 5.7.1. Practical excludability.
A regressor φk in (5.5.1) is practically excludable (Definition 5.7.2) if the set of un-
certain regressors in the matrix Φ = [φ1, . . . ,φk, . . . ,φn] is practically independent
(Definition 5.5.13) and the set of vectors in the matrix Ψk = [φ1, . . . ,φk−1,φk+1, . . . ,
φn, ξ] is practically collinear (Definition 5.5.14).

In general these conditions are conservative for practical excludability, but we can
again argue based on Theorem 5.6.3 that they in practice are necessary for data
that contain measurements of continuous variables. Compared to the condition for
practical selectability in Theorem 5.6.2 Ψk is here practically collinear instead of
independent. Ideally we would like all regressors to be either practically selectable
or excludable so that we can classify all interactions as either existing or non-
existing in order to avoid false positives and false negatives. Note however that
when more data becomes available then it may be possible to show that interactions
that previously were classified as non-existing actually exist, since our definition
of practical excludability implies that sufficiently weak interactions are classified
as non-existing. This is an unavoidable consequence of classification of interactions
as non-existing despite the fact that we can never prove based on finite data with
uncertainty that an interaction does not exist. We could for a given data set, in
principle at least, calculate an interaction specific detection limit, i.e. the strength
required for a “true” interaction to not be classified as non-existing. If the detection
limit of each interaction classified as non-existing is below a chosen threshold, then
we can be sure that all interactions with strength equal or above the selected
threshold are correctly inferred and no false negatives exist. This also implies that
all interactions corresponding to practically excludable regressors only are true
negatives under the assumption that weak interactions should be excluded. This
issue arises in all variable selection methods that we know.

5.8 Practically negligible and alternative regressors

The determination of variables that must be selected or always can be excluded and
the classification of the corresponding interactions as existing or non-existing has
been addressed above. Next we address classification of variables and interactions
as non-evidential and alternative. This classification is based on lack of information
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and we here separate the former practically negligible variables, which cannot be
distinguished from the zero vector and hence no information is available about, from
the latter practically alternative ones. For this we need to analyse the regressors
that previously were found to be not practically selectable nor practically excludable
and introduce the concept of practically negligible and alternative regressors.

The idea behind classification of some interactions as non-evidential stems from
noise-free data. If a regressor is zero in the noise-free case, then nothing can be
said about the existence of the corresponding interaction, since the corresponding
parameter can take any value while still being a solution of the system of equations,
as shown in Section 4.2. The data contains no information or evidence about the
regressor and corresponding interaction and we therefore call it non-evidential.
Exclusion of regressors corresponding to non-evidential interactions is based purely
on lack of information and it is therefore important in network inference to distinguish
these regressors and interactions from practically excludable regressors and non-
existing interactions, which are excluded because they are not needed to explain the
data despite presence of information. No regressor or regressand is however exactly
zero for all consistent realizations when uncertainty is present, so we introduce the
notion of a practical zero vector.

Definition 5.8.1. Practical zero vector.
A vector φk is practically zero if a consistent φ̃k = 0 ∈ Uαφk ⊆ Rm exists, i.e. if the
zero vector is consistent with the error model.

To ensure that the regressor is never needed to explain the data, while it always
can be included without affecting the other regressors and their corresponding
parameters, i.e. that no evidence about it exists in the data, it must be both
practically omissible and zero. In such a case, we say that it is practically negligible.

Definition 5.8.2. Practical negligibility.
A regressor φk is practically negligible if a

consistent φ̃k = 0 ∈ Uαφk ⊆ Rm exists (5.8.1)

and
ξ̃ ∈ pspan Φj 6=k ∀ consistent ξ̃ ∈ Uαξ ⊆ Rm (5.8.2)

with Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn]. The set of regressors in (5.5.1) is practi-
cally negligible if each regressor is practically negligible.

Practical omissibility of a regressor implies that all consistent regressands can be
explained by some consistent realizations of the other regressors and a solution of
(5.5.1) thus practically exists. A practically negligible regressor is not needed to
explain the data and it cannot be distinguished from zero, implying that it typically
can replace any of the other regressors. A practically excludable regressor is also not
needed to explain the data, but it is distinguishable from zero and cannot replace any
of the other regressors. An interesting case occurs when the zero vector is included
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in the uncertainty set of the regressand, because the trivial parameter vector θ = 0
is then a feasible solution and no regressor can consequently be practically selectable.
This implies that unsupervised variable selection (see e.g. Handl and Knowles, 2006;
Jain et al., 2000), i.e. selection without a target variable, never can be robust in our
sense. Nonetheless, some regressors can still be practically excludable or necessary
to explain some of the nonzero realizations of the regressand, implying that the data
still may contain useful information from a variable selection perspective. Definition
5.8.2 still correctly captures the case when no information about selection of the
regressor exists. From a network inference perspective the lack of information is,
however, so severe when the regressand is practically zero that we choose to classify
all interactions as non-evidential, since we cannot show that any interaction exists
on the selected significance level. We hence classify an interaction as non-evidential
in the following cases.

Definition 5.8.3. Non-evidential interaction.
An interaction is non-evidential if the corresponding regressor is practically negligible
(Definition 5.8.2) or alternatively the regressand is practically zero (Definition 5.8.1)
and the regressor is not practically excludable (Definition 5.7.2).

The introduction of the class of non-evidential interactions enables us to distinguish
between links that are left out due to lack of information and links left out based on
information in the data, i.e. interactions classified as non-existing. Inclusion of the
zero vector in the uncertainty set implies that we have not received a sufficient signal
relative to the uncertainty of the variable and therefore typically lack necessary
information.

Even if a regressor is practically zero this does not imply that it is practically
negligible, because it might be required to take a nonzero value in order for a solution
to practically exist, i.e. to explain the data. Therefore, we actually need to check
that it also is practically omissible. To foster this check we provide the following
two theorems. The first theorem gives sufficient and necessary conditions, while the
second theorem provide sufficient but simpler conditions on the data.

Theorem 5.8.1. A regressor φk in (5.5.1) is practically negligible (Definition 5.8.2)
if and only if (5.8.1) holds and a subset S of the regressors exists, such that k 6∈ S,

ξ̃ ∈ pspan ΦS ∀ consistent ξ̃ ∈ Uαξ ⊆ Rm, (5.8.3)

and

ξ̃ 6∈ pspan ΦS\l for some consistent ξ̃ ∈ Uαξ ⊆ Rm

and l ∈ S, (5.8.4)

with ΦS consisting of the subset of regressors specified by S and ΦS\l of the subset
of regressors specified by S except φl. The latter condition ensures that S is the
minimal set for which the former condition is fulfilled.
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Theorem 5.8.2. A regressor φk in (5.5.1) is practically negligible (Definition 5.8.2)
if (5.8.1) holds and a practically independent (Definition 5.5.13) subset S of the
regressors exists, such that k 6∈ S and the union of this subset of regressors and the
regressand is practically collinear (Definition 5.5.14).

Note that these conditions are not necessary for practical negligibility, since cases
when no practically independent subset of the regressors exist such that (5.5.1) has
a solution, but they are sufficient. The previous two theorems imply that if we know
that a subset S of the regressors always can explain the data, then every regressor
that is practically zero and does not belong to the subset is practically negligible,
which potentially saves us some calculations.

5.8.1 Practically alternative
We now introduce practically alternative regressors and alternative interactions in a
straight forward manner.

Definition 5.8.4. Practical alternative.
A regressor φk is practically alternative if it is not practically selectable (Definition
5.6.1), excludable (Definition 5.7.2), nor negligible (Definition 5.8.2). The set of
regressors in (5.5.1) is practically alternative if each regressor is practically alterna-
tive.

An alternative regressor is needed to explain data for some consistent realization,
while it is not needed for some other consistent realization, and therefore it cannot
be practically selectable nor excludable. The following corollary summarizes the
conditions for when a regressor is practically alternative.

Corollary 5.8.3. A regressor φk is practically alternative (Definition 5.8.4) if and
only if either

ξ̃ ∈ pspan(Φj 6=k) ∀ consistent ξ̃ ∈ Uαξ ⊆ Rm, (5.8.5a)
φ̃k ∈ pspan(Φj 6=k) for some consistent φ̃k ∈ Uαφk ⊆ Rm, and (5.8.5b)

φ̃k = 0 6∈ Uαφk , (5.8.5c)

i.e. the regressor is practically omissible but not excludable nor negligible, or

ξ̃ ∈ pspan(Φj 6=k) for some consistent
ξ̃ ∈ Uαξ ⊆ Rm, and (5.8.6a)

ξ̃ 6∈ pspan(Φj 6=k) for some consistent
ξ̃ ∈ Uαξ ⊆ Rm, (5.8.6b)

i.e. the regressor is not practically selectable nor omissible, with Φj 6=k = [φ1, . . . ,
φk−1, φk+1, . . . ,φn].
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The definition of practically alternative strictly speaking implies that a regressor
is practically alternative only when the conditions in the previous corollary hold.
But we for convenience use the term practically alternative for all regressors that
we have not shown to be practically selectable, excludable, or negligible, given
that at least some regressor is shown to be either practically selectable, excludable,
or negligible. If the regressand is practically zero, then every regressor is either
practically negligible, excludable, or alternative, since the zero vector always belongs
to pspan(Φj 6=k). More precisely, each regressor that is practically zero is practically
negligible and all other regressors are practically alternative, unless there is no
uncertainty in the regressand since then practically independent regressors are
practically excludable. Correspondingly, all interactions except those corresponding
to practically excludable regressors, which are classified as non-existing, are classified
as non-evidential due to lack of information. If the regressor is practically alternative,
the regressand is not practically zero, and a solution practically exists, then we
classify the corresponding interaction as alternative, since the parameter must be
nonzero for some consistent combination of regressors and regressand, i.e. for some
value of the other parameters.

Definition 5.8.5. Alternative interaction.
An interaction is alternative if the corresponding regressor is practically alternative
(Definition 5.8.4) and the regressand is not practically zero (Definition 5.8.1).

If a single final network model is desired, then links corresponding to alternative
interactions can either be included or left out, but any such selection does not
change the fact that we cannot show based on the given data that an alternative
interaction exists, nor exclude it. Note that the previously adopted custom to call
every regressor practically alternative that is not proven to be anything else implies
that the corresponding interaction is called alternative until it is proven to be either
existing, non-existing, or non-evidential.

This concludes our introduction of concepts for classification of regressors and
interactions, since we now have the basic results that are needed for robust variable
selection and network inference when the set of all linear models are considered.
The number of definitions and theorems is fairly large and we therefore provide
an overview of our classification of interactions, regressors, and corresponding
parameters in Table 5.1. We next consider geometrical interpretation of the concepts
and demonstrate the use of our results on a two gene example.

5.9 Geometrical interpretation

To be present in all models that can explain data, a regressor must be practically
selectable, while it must be practically excludable for data to always be explainable
without it. A regressor is practically selectable or excludable if the corresponding
data matrix is practically independent or collinear, respectively, as established in
Theorems 5.6.2 and 5.7.1. These concepts have a simple geometrical interpretation
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Table 5.1: Classification of variables and interactions. Our classification of
regressors, interactions, and corresponding parameters, with data conditions. Here Dx
= Definition x, Tx = Theorem x, Cx = Corollary x, & = and, and | = or.
Interaction Regressor Parameter Condition

existing D5.5.6 practically selectable D5.6.1 practically unique D5.5.12 & (T5.6.2 | C5.6.5) &
practically nonzero D5.5.7a T5.5.2

activating D5.5.9 practically assignable D5.5.8 practically unique D5.5.12 &
T5.6.6 | T5.6.7 |
T5.6.8

practically positive D5.5.7b

repressing D5.5.10 practically assignable D5.5.8 practically unique D5.5.12 &
practically negative D5.5.7c

non-existing D5.7.3 practically excludable D5.7.2 practically unique D5.5.12 & T5.7.1
practically zero D5.5.7d

non-evidential D5.8.3 † practically negligible D5.8.2 practically zero D5.5.7d T5.8.1 | T5.8.2

alternative D5.8.5 ‡ practically alternative D5.8.4 practically zero D5.5.7d C5.8.3

† regressor classification or regressand practically zero D5.8.1 and regressor not practically excludable D5.7.2
‡ regressor classification and regressand not practically zero D5.8.1

that we present here in form of a small example to provide insight. Before illustrating
the concepts, while performing a systematic analysis according to Table 5.1, we
briefly explain the TOEL example and data.

The TOEL example consists of two genes that form a positive feedback loop,
which we constructed to illustrate network properties and inference of GRNs. We
here use data obtained through an in silico perturbation experiment in which the
two genes were perturbed one-by-one in two separate steady-state experiments (P1
and P2) and the response recorded. Each regressor φj is formed by the observed
responses in the jth gene and each regressand ξi by the perturbations applied to
the ith gene. We assume the same deterministic uncertainty that we illustrated in
Figure 5.1 (left). According to this error model any vector within the uncertainty set
of each of the variables could be its “true” realization, so the selected variables and
inferred interactions are only robust if we account for all realizations. All data needed
for performing robust inference of the TOEL network, i.e. the regressors, regressands,
and their uncertainty sets, are presented in Figure 5.2. Details on the example that
would not be available in a real inference case, such as the “true” network used to
generate the data, are left to Section A.7. We here illustrate everything graphically
in the data space, characterized by having one experiment on each axis. This is,
however, only one common way of graphically illustrating data and we therefore
relate to other common representations in Section A.2.

To simplify the explanations let us first introduce the uncertainty cone that
is generated by all realizations in the uncertainty set of a variable. We define the
uncertainty cone of a variable as

Ucφj ,
{
z
∣∣ z = cφ̃j for φ̃j ∈ Uαφj , c ∈ R

}
, (5.9.1)
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i.e. the set of points that are multiples of any vector in the uncertainty set of the
variable. Strictly speaking each uncertainty cone is a double infinite cone, since c
can take both positive and negative values, contrary to the convex cones H+ in
(5.6.11) and H− in (5.6.12). The reason for defining the uncertainty cones in this
way is that we want them to be sign invariant and closed under multiplication.

Following the regressor classification in Table 5.1, we first discuss practical
selectability and excludability in this paragraph and then practical negligibility and
alternative in the next paragraph. Using the concept of uncertainty cones, we can
now say that a set of variables is practically independent if each uncertainty cone
can be separated from the other by a number of hyperplanes, which intersect in the
origin. A realization of variables is linearly dependent if they lay on a hyperplane,
because dim span(Φ̃) < n on a hyperplane. No linearly dependent realization of
variables therefore exists when the uncertainty cones can be separated by a set
of hyperplanes and the set of variables is thus practically independent based on
Corollary 5.5.4. This corresponds to uncertainty cones that only have the origin in
common if the set only contains two regressors, which is illustrated in Figure 5.2
(left) for Ψ1 = [φ2, ξ1]. This implies that φ1 is practically selectable based on
Theorem 5.6.2. On the other hand, the uncertainty cone of φ1 and ξ1 overlap
for a wide range of points, so Ψ2 = [φ1, ξ1] is not practically independent and
consequently φ2 cannot be proven practically selectable. If the uncertainty cone of
any of the variables lies within the practical span of the other variables, then the set
of variables is practically collinear based on Corollary 5.5.6. This corresponds to one
uncertainty cone lying within the other uncertainty cone when the set only contains
two regressors, which is illustrated in Figure 5.2 (left) for Φ = [φ1, φ2]. This implies
that none of the regressors can be practically excludable based on Definition 5.7.2.

A regressor can only be practically negligible if it is practically zero. A sufficient
requirement for a vector to not be practically zero is often conveniently expressed in
terms of the SNR, which we previously have mentioned without a proper definition.
We define the signal to noise ratio of a variable φj as

SNR(φj) ,
∥∥φj∥∥
rUφj

, (5.9.2)

with the radius of the uncertainty set

rUφj
, sup
φ̃j∈Uαφj

∥∥φ̃j − φj∥∥ . (5.9.3)

If SNR(φj) < 1, then the uncertainty cone of the regressor φj covers the whole
space, implying that the set of regressors is practically collinear. If SNR(φj) > 1,
then the regressor φj is not practically zero and it cannot be practically negligible
according to Definition 5.8.2. Similarly, SNR(ξ) > 1 ensures that the regressand
is not practically zero. This is fulfilled for both regressors and the regressand in
Figure 5.2 (left), because none of the uncertainty cones covers the whole space. In
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Figure 5.2: Illustration of practical independence and collinearity, and
demonstration of regressor classification. The two steady-state perturbation
experiments (P1 and P2) that yielded the data are illustrated in Figure A.7 and the
deterministic uncertainty sets are explained in Figure 5.1 (left). Data for inference
of the first row of the interaction matrix A is shown left, while data for the second
row is shown right. The two dashed lines with the same colour as the corresponding
variable depict the uncertainty cone defined by the uncertainty set of the variable.
The cone of φ1 and ξ1 overlap (left), but the cone of φ2 and ξ1 does not, so the set
in Ψ1 = [φ2, ξ1] is practically independent. The regressor φ1 is therefore practically
selectable and the corresponding interaction a11 is classified as existing based on the
results in Table 5.1. While the set in Φ = [φ1, φ2] is practically collinear, since the
cone of φ2 is contained within the cone of φ1. Neither regressor can therefore be
practically excludable. The SNR of all variables is above one, since the origin is not
contained in any of the uncertainty sets and no uncertainty cone covers the whole
space. Neither regressor can therefore be practically negligible, hence φ2 is practically
alternative and the corresponding interaction a12 is classified as alternative (left).
Both regressors are practically alternative and a21 and a22 are classified as alternative
(right). The effect of a third experiment that makes the data informative for robust
variable selection is illustrated in Figure A.8.

other words, the second regressor cannot be practically negligible and we earlier
found that it is not practically selectable nor excludable, so it is hence practically
alternative based on Definition 5.8.4.

Based on our regressor classification we can now also classify the interactions.
The TOEL network consists of two genes and uncertain data from two pertur-
bation experiments is used. The number of variables hence equals the number of
measurements and the regressors span the data space, so at least one solution
of (5.5.1) exist. We now know that gene A has a self-loop, since this interaction
corresponds to the practically selectable regressor φ1 and a solution practically
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exists. This interaction is consequently classified as existing based on Definition
5.5.6. The influence from gene B to gene A is classified as alternative based on
Definition 5.8.5. The data obtained in the two perturbation experiments is not
informative enough to robustly determine if it exists or not. The corresponding
illustration for the second row of the interaction matrix A in Figure 5.2 (right)
reveals that both interactions are alternative, since the uncertainty cone of the
regressand overlaps with both regressors and the regressors based on the reasoning
above therefore are practically alternative. Informative data for robust inference
of all four interactions, which contains an additional perturbation experiment, is
illustrated in Figure A.8. Graphical classification of regressors and interactions is
limited to small examples of great pedagogical, but typically little practical, value,
so we next study computational testing for practical independence.

5.10 Testing for practical independence

To perform robust variable selection and network inference, in practice, one needs
to determine if an uncertain matrix is practically independent (Definition 5.5.13),
i.e. show that no realization of lower rank than the observed one exists within
the uncertainty sets of the variables. Practical independence is, in particular for
continuous variables, useful for establishing that a regressor is practically selectable
(Definition 5.6.1), i.e. must be present to explain data, and that the corresponding
interaction exists. Here we therefore prove that two classical tools for computations
in matrix algebra and robust control–the singular value decomposition (SVD) and
structured singular value (SSV) (see e.g. Horn and Johnson 1990, p. 414-415;
Skogestad and Postlethwaite 1996, p. 331)–can be used to test if an uncertain matrix
is practically independent. In other words, we provide computationally feasible tools
for implicitly verifying that a regressor and interaction is present in all models that
can explain data.

We start by establishing the connection between a matrix with uncertain vari-
ables and the structured singular value problem, followed by a proof of practical
independence using the SSV and comments on calculation. All realizations that are
consistent with the error model can be expressed as the observed matrix Φ minus
an error realization Υ, Φ̃ = Φ−Υ. The idea behind the SSV is to find the closest
rank deficient Φ̃ under structured uncertainty in terms of bounds on the norm of
Υ. Three basic uncertainty structures exist: bounded elements |υij | ≤ 1, bounded
columns ‖υj‖2 ≤ 1, and matrix bounds ‖Υ‖2 ≤ 1. We focus on the second one
because it corresponds to variable specific error bounds and the third one because
it provides an exact test for normally distributed errors. Even though an one-to-one
relation between the uncertainty sets and norm bounds in general does not exist,
an upper bound can always be found for finite uncertainty sets such that the norm
bound realizations constitute a superset of the uncertainty sets. If rank(Φ−Υ) = n
for all Υ within the norm bounds, then the set of uncertain variables is practically
independent based on Corollary 5.5.8. Formally the structured singular value µ(M)
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is defined as (Doyle, 1982; Safonov, 1982; Zhou and Doyle, 1998, p. 189)

1
µ(M) , min

∆
{σ(∆)| det(I −M∆) = 0 for structured ∆} . (5.10.1)

In our applications, M will be a function of the observed data matrix Φ and ∆
represents the structure and norm bounds on Υ. We report γ , µ−1 instead of µ
and call it the confidence score, because the set of vectors is practically independent
if the uncertainty sets are scaled by any factor smaller than γ and each γ value
corresponds to a significance level. The following theorem proves sufficient conditions
for practical independence, by utilizing the SSV with norm bounds on individual
columns.

Theorem 5.10.1. Practical independence for column uncertainty.
The set of uncertain vectors in the matrix Φ = [φ1, . . . ,φj , . . . , φn] ∈ Rm×n,
with each realization φ̃j ∈ Uαφj ⊆ U

ell
φj

and m ≥ n, is practically independent at
significance level α (Definition 5.5.13) if the confidence score γ(Φ) > 1. Here the
confidence score is defined as

γ(Φ) , 1
µ(Φ) , min

∆

{
σ(∆)|det(I −Φ†W 1∆) = 0

for ∆ = diag(δ1, . . . , δj , . . . , δn), with δj ∈ Rm} , (5.10.2)

and the scaling matrix, i.e. the right transformation matrix of Φ†, as

W 1 , [Q−
1
2

φ1
, . . . ,Q

− 1
2

φj
, . . . ,Q

− 1
2

φn
], (5.10.3)

with the ellipsoidal weights Q
1
2
T

φj
Q

1
2
φj

= Qφj of the ellipsoidal set Uell
φj
, which is

defined as

Uell
φj

, {φj + υj |υTj Qφjυj ≤ 1,υj ∈ Rm}. (5.10.4)

Here σ(∆) denotes the largest singular value of ∆ and † the Moore-Penrose gen-
eralized inverse (Horn and Johnson, 1990, p. 414-415,421), while diag denotes a
matrix with the argument on the diagonal and all other elements zero.

This test of practical independence applies to any data matrix with variables that
can be bounded by ellipsoids and γ(Φ) > 1 is always sufficient when the SSV is
calculated as (5.10.2), but it is only necessary if the uncertainty sets are ellipsoids
and all variable combinations within are consistent with the error model. This test
is therefore in general conservative. The confidence score reveals the factor by which
the ellipsoidal uncertainty sets should be scaled to have a realization with linearly
dependent variables on the closure of the sets. In other words, it also tells us how
much larger the uncertainty could be while practical independence still can be
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guaranteed, or how much smaller the uncertainty need to be in order to guarantee
practical independence. Each confidence score γ corresponds to a specific selection
of the significance level α for construction of the uncertainty sets, so the significance
level at which practical independence can be guaranteed can be calculated from γ.
But α is in general a nonlinear function of γ and the insight provided by use of γ
would hence be lost, so we prefer to use γ.

The structured singular value is by now a classical tool in robust control and
efficient methods for calculating upper and lower bounds on it exist, see e.g. Skogestad
and Postlethwaite (1996); Dullerud and Paganini (2000); Zhou and Doyle (1998);
Zhou et al. (1996). These bounds are used in practice because exact calculation of
the structured singular value is in general NP-hard. E.g. the mussv implementation
in Matlab (www.mathworks.com) can be used to calculate the SSV bounds (Gu
et al., 2005). It is worth noting that many algorithms for the calculation of the
SSV assume that the ∆ matrix in (5.10.2) is allowed to take complex values.
The set of complex numbers is however a superset of the real numbers, so γ > 1
will still be sufficient for practical independence, but in certain cases it makes
this test conservative, since we only allow real errors. We recommend the use of
the lower bound on γ, corresponding to the upper bound on µ, since no rank
deficient realization is included in the uncertainty sets that results from scaling by
any value smaller than this one, implying that the data matrix is guaranteed to
be practically independent up to this value. Three examples of how to calculate
the SSV, using mussv in Matlab, and confidence score are given in Section A.8.
Practical independence of Ψki = [φ1, . . . ,φk−1,φk+1, . . . ,φn, ξi] guarantees that
the regressor φk is practically selectable (Theorem 5.6.2), i.e. selected in all feasible
models, for the variable selection problem faced on row i of the interaction matrix.
So when applied to Ψki the SSV based test, proposed here, provides a reliable way
to calculate a lower bound on the confidence score of every possible interaction
and ensures that no model with an alternative structure lacking the aik interaction
exists within the set of all practically indistinguishable models up to the significance
level that γ(Ψki) corresponds to.

The test of practical independence above can almost always be used, but in general
it provides a conservative confidence score. Other confidence scores that are exact
and conditions that are both sufficient and necessary for practical independence,
however, exist for certain error models. One such case is errors drawn from a
multivariate normal distribution with zero mean and covariance λI, i.e. white
Gaussian noise, as we prove in the following theorem. White Gaussian noise is the
most common noise assumption in system identification, signal processing, and
perhaps modelling in general, so we believe that this case deserves special attention.
It also turns out that the singular value decomposition, which is a standard tool in
matrix algebra, in this case can be used to calculate the exact confidence score, so
it provides further insight on testing for practical independence to everyone familiar
with it. The singular values of a matrix Φ ∈ Rm×n arranged in decreasing order
σ ≥ σk ≥ σ, left singular vectors UΦ , [u1, . . . ,uk, . . . ,um], and right singular
vectors V Φ , [v1, . . . ,vk, . . . ,vn] are given by the singular value decomposition,

www.mathworks.com
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defined as (Horn and Johnson, 1990, p. 414-415)

Φ = UΦΣΦV
T
Φ, with ΣΦ = diag(σ, . . . , σk, . . . , σ),

UΦ ∈ {Rm×m|UT
ΦUΦ = I},

V Φ ∈ {Rn×n|V T
ΦV Φ = I}. (5.10.5)

The nth largest singular value σn is the distance to rank deficiency, measured by the
induced 2-norm, of a matrix with rank n ≤ m. It is a special case of the structured
singular value above obtained when no structure is assumed on ∆ and the 2-norm
of ∆ is bounded. We use it to calculate an exact confidence score for normally
distributed errors based on the following theorem.

Theorem 5.10.2. Practical independence for normally distributed errors.
The set of uncertain vectors in the matrix Φ = [φ1, . . . ,φj , . . . , φn] ∈ Rm×n, with
the corresponding identical and independent errors Υ = [υ1, . . . ,υj , . . . ,υn] drawn
from a multivariate normal distribution with zero mean and covariance matrix
λI, ~Υ ∼ N(0, λI), and m ≥ n, is practically independent at significance level α
(Definition 5.5.13) if and only if the confidence score γ(Φ) > 1. In this case the
confidence score is defined as

γ(Φ) ,w−1
1 σn (Φ) , (5.10.6)

and the scaling constant as

w1 ,
√
χ-2(α, nm)λ. (5.10.7)

Here~ denotes vectorization column by column, i.e. ~Υ = [υT1 , . . . ,υTn ]T , and σn
denotes the nth largest singular value (Horn and Johnson, 1990, p. 414-415). In
addition, χ-2(α, nm) is the inverse of the chi-square cumulative distribution with
nm degrees of freedom, such that P[χ2(nm) > χ-2(α, nm)] = α (Chew, 1966).

If the covariance matrix ΛΥ 6= λI, then the variables should be transformed such
that the covariance matrix becomes an identity matrix while preserving the relation
among the variables. One such example is given in Section A.8.

To summarize, the structured singular value and singular value decomposition
provide computationally efficient tools to test if an uncertain matrix is practically
independent (Definition 5.5.13), i.e. show that no realization of lower rank than the
observed one exists within the uncertainty sets of the variables. Together with the
tools developed in Sections 5.5 and 5.6, we now have everything needed to robustly
infer the interactions that exist and prove that they exist (Definition 5.5.6), i.e.
must be present to explain data within the class of all linear network models at the
selected significance level when the error model is assumed to be correct. In other
words, we now have computational tools for implicitly verifying that a regressor
and interaction is present in all solutions to the typically infinite number of systems
of linear equations in (5.5.1). The formal path from these two tests of practical
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Figure 5.3: Graph over the path to proving practical selectability and ex-
cludability using tests for practical independence and collinearity. The tests
are at the bottom and the path is marked by arrows leading to the definitions at the
top.

independence (Theorems 5.10.1 and 5.10.2) to proving practical selectability of the
regressor (Definition 5.6.1) corresponding to the existing interaction is shown in
Figure 5.3. Note that to show that an interaction is non-existing we need to prove
that the corresponding regressor is practically excludable (Definition 5.7.2) and
this requires a test of practical collinearity, as indicated by the ‘Test of practical
collinearity for column uncertainty’ in the figure. Development of such a test of
practical collinearity is, however, left for future work.

5.11 Conclusions

Observed data contain measurement errors and can therefore typically be explained
by infinitely many models. These models are indistinguishable in the sense that
none of them can be rejected at a desired significance/confidence level based on the
error model of the measurement process. Selection of the variables that optimize
some quantity, e.g. maximize the likelihood of the observed data or minimize
the prediction or classification error, is typically the objective of existing variable
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selection methods (see e.g. Dash and Liu, 1997; Peng et al., 2005; Molina et al., 2002;
Guyon and Elisseeff, 2003; Fan and Lv, 2010; Hara and Sillanp, 2009; George, 2000).
On the contrary, our objective is to determine the variables that must be included
in or that always can be excluded from models explaining the data at the desired
confidence level. The subset of variables that we select are hence true positives,
assuming that the “true” model belongs to the set of indistinguishable models, while
the subset that we exclude are true negatives, assuming that variables with weak
relation should be excluded, and we say that the selection is robust. This ensures
that the validity of the selection only depends on the validity of the investigated class
of functions and assumed error model, which for each case should be discussed, while
in existing methods it largely depends on the method. Checking of every model in
the infinite set of indistinguishable models is, of course, computationally infeasible,
but we have found a way to indirectly do this without even fitting any model to the
data, by reformulating the variable selection problem as a rank problem of the data
matrices as we demonstrated in Chapter 4.

In general, variables and their corresponding interactions, in models viewed as
network graphs, can in layman terms be classified as present/existing, absent/non-
existing, non-evidential, or alternative. Due to the close connection between variable
selection and network inference, we have here developed the beginning of a theory
for both robust variable selection and network inference. It is to the best of our
knowledge the first theory that both can be used to determine the variables and
interactions that must be included in and always can be excluded from the model
with desired confidence and prove this to be the case. We say that the former subset
of variables/regressors are practically selectable (Definition 5.6.1) and the later
practically excludable (Definition 5.7.2), while the corresponding interactions are
existing (Definition 5.5.6) and non-existing (Definition 5.7.3), respectively. Since a
model can never be validated, we do the next best thing and prove that the observed
data cannot be explained by a chosen class of functions or model set without the
practically selectable variables. It is philosophically impossible to prove for finite
uncertain data that a variable does not influence the target variable, so we do the
next best thing and prove that the observed data can always be explained by a
chosen class of functions, or model set, without the practically excludable variables.
The remaining variables are classed as either practically negligible (Definition 5.8.2)
or practically alternative (Definition 5.8.4) and the corresponding interactions as
non-evidential (Definition 5.8.3) or alternative (Definition 5.8.5), depending on the
degree of lack of information. The practically negligible variables cannot even be
distinguished from the zero vector, so we know that no information is available
about them.

In particular biological data sets are typically only partly informative and suffer
from low signal to noise ratios, errors-in-variables, near collinearity, and few data
points (Holter et al., 2000; Tegnér and Björkegren, 2007; Cosgrove et al., 2010;
Nordling and Jacobsen, 2009a). We have not found any current theory or method
that can cope with the combination of these in a robust manner like the one
presented here. Our theory hence appears to be the only one to provide the much
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sought tools for inferring direct causal interactions, e.g. between genes, in biology
and medicine. Inference of causal interactions from observed data is necessary to
gain mechanistic insight. Philosophically, non-robust methods can only generate
hypotheses, while robust methods perform testing of implicitly generated hypotheses.
The method presented here therefore offers automated discovery of the type sought in
systems biology, see e.g. Ideker et al. (2001). Our two tests of practical independence
(Theorems 5.10.1 and 5.10.2) are based on the structured singular value and singular
value decomposition (see e.g. Skogestad and Postlethwaite 1996, p. 331; Horn and
Johnson 1990, p. 414-415), so existing efficient methods and implementations for
their calculation can now be used to prove practical selectability of variables and
existence of interactions.

The robust variable selection problem (Definition 5.2.1) and network inference
problem (Definition 5.3.1) can both be solved without fitting any model to data–
mere knowledge that a solution exists is sufficient–so we have decoupled variable
selection from parameter estimation. This is of both theoretical and practical
value, because variable selection is a part of the model structure selection that
should precede parameter estimation and it ensures that our selection only depends
on the observed data and specified class of models. Existing methods for model
selection, such as the F-test or likelihood ratio test (Cedersund and Roll, 2009;
Casella and Berger, 2001), information criteria, such as Akaike information and
Bayesian information (Stoica and Selen, 2004; Akaike, 1973; Schwarz, 1978), or
regularization, such as the penalized likelihood framework (Fan and Lv, 2010; Fan
and Li, 2001), however, require estimation of model parameters and the selection
therefore depends on the parameter estimation. This is problematic because any
property of a model, e.g. the variance of its parameters, only holds for the chosen
model structure (Burnham and Anderson, 2002, p. 14). Moreover, traditionally a
single model is constructed by fitting the parameters to a training data set and
it is then accepted if it cannot be invalidated based on a validation data set. We
instead use all data to invalidate as many models as possible, here limited to the
class of linear models, and accept all models that cannot be invalidated. In addition
to robustness, this provides a straightforward way to add data later on. Additional
data can only invalidate more models and variables that previously were practically
selectable will continue to be so, so we only need to test if any additional variables
become practically selectable. For these reasons, we believe that the creation of our
robust theory could spark a new research direction in statistics, estimation theory,
system identification, and econometrics. As a side result, by introducing practical
independence (Definition 5.5.13) and practical collinearity (Definition 5.5.14) of a
set of vectors in an uncertain matrix, based on our current understanding, we also
give the first exact solution of the conditioning problem. The conditioning problem
is known to cause instability of estimators, large uncertainty in the estimated
parameters, sign errors even in statistically significant parameters, and good fit
to data despite statistically insignificant parameters, see e.g. Belsley (1991); Liao
(2010); Rao and Toutenburg (1999); Larose (2005). The key advantage of this work
can, however, be summarized in one word–confidence. If our conditions for robust
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classification are not fulfilled, then no confidence can be assigned even though almost
all network models have the same interactions and we can say that it is the most
likely network, implying that no method can do better.

5.12 Proofs

We here prove all results presented as theorems or corollaries in this chapter.

Proof of Corollary 5.5.1.

pspan Φ =
{ n∑
j=1

θjφ̃j

∣∣∣ θj ∈ R, φ̃j ∈ Φ̃, Φ̃ ∈ VC
}

=
⋃

Φ̃∈VC

{ n∑
j=1

θjφ̃j

∣∣∣ θj ∈ R, φ̃j ∈ Φ̃
}

=
⋃

Φ̃∈VC

span Φ̃. (5.12.1)

Proof of Theorem 5.5.2. Equation (5.5.8) is based on Corollary 5.5.1 equivalent
to

ξ̃ ∈
⋃

Φ̃∈VC

span Φ̃ for some consistent ξ̃ ∈ Uαξ . (5.12.2)

This is equivalent to ξ̃ ∈ span(Φ̃) for some realization Φ̃, which is both necessary
and sufficient for existence of a solution of Φ̃θ̃ = ξ̃ (Friedberg et al., 2003, p. 174),
given that this regressand and regressor combination is consistent, i.e. ξ̃ ∈ Uαξ and
Φ̃ ∈ VC . This implies that a feasible solution exists, which is the requirement in
Definition 5.5.2, and that it only exists when (5.5.8) holds. Note that if pspan(Φ)
contained linear combinations of regressors from different realizations Φ̃, which
characterizes subspaces, then this would not have been sufficient, but it does not.

Proof of Theorem 5.5.3. When the opposite of (5.5.9) holds, i.e. ξ̃ 6∈ pspan Φj 6=k
∀ consistent ξ̃ ∈ Uαξ , then a solution to Φ̃θ = ξ̃ can only exist for realizations such
that φ̃k 6∈ span(Φ̃j 6=k) and θk has a unique value in each feasible solution, since
the corresponding regressor φ̃k cannot be compensated for by a linear combination
of the other regressors. A solution can never exist for realizations such that φ̃k ∈
span(Φ̃j 6=k) when ξ̃ 6∈ pspan Φj 6=k ∀ consistent ξ̃ ∈ Uαξ , so it does not matter
if φ̃k is a linear combination of the other regressors. When (5.5.9) holds, then
(5.5.10) ensures that θk has a unique value in each feasible solution, since the
corresponding regressor φ̃k cannot be compensated for by a linear combination of the
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other regressors. For each consistent regressor matrix Φ̃ and regressand ξ̀, ξ́ ∈ Uαξ ,
such that a feasible solution exists: Φ̃θ̀ = ξ̀ and Φ̃θ́ = ξ́, then these can be inserted
into (5.5.11) ∥∥∥Φ̃θ̀ − Φ̃θ́

∥∥∥ ≤ rξ. (5.12.3)

The other parameters need not be unique even though θk is, but if we always select
the solutions of Φ̃θ̀ = ξ̀ and Φ̃θ́ = ξ́ such that θ̀ − θ́ = 0 if Φ̃(θ̀ − θ́) = 0, e.g. by
minimizing

∑
j |θj |, then a constant 0 < c̃ <∞ exists such that

c̃
∥∥∥θ̀ − θ́∥∥∥ ≤ ∥∥∥Φ̃(θ̀ − θ́)

∥∥∥ ≤ rξ (5.12.4)

follows from (5.12.3). Here

c̃ ‖θ‖ ≤
∥∥Φ̃θ∥∥ (5.12.5)

due to our selection of θ = 0 if Φ̃θ = 0, which is always possible since a suitable
linear combination of solutions to the corresponding homogeneous systems can be
subtracted such that as many parameters as the nullity of Φ̃ becomes zero (Friedberg
et al., 2003, p. 69,172), and the norm property: ‖θ‖ = 0 if and only if θ =
0 (Friedberg et al., 2003, p. 333). Equation (5.12.4) implies that a constant 0 <
rξ

c̃ <∞ exists, such that∥∥∥θ̀ − θ́∥∥∥ ≤rξ
c̃

∀ consistent ξ̀, ξ́ ∈ Uαξ . (5.12.6)

A constant rξ

c̃ < c < ∞ therefore exists, such that {θ | θk = c} 6∈ F , which im-
plies that Definition 5.5.3 is fulfilled. On the other hand, if φ̃k ∈ pspan(Φj 6=k)
for some consistent φ̃k ∈ Uαφk , then some consistent realization Φ̃j 6=k such that
φ̃k ∈ span(Φ̃j 6=k) exists based on Corollary 5.5.1. This implies that φ̃k is a linear
combination of the other regressors and if a feasible solution exists, then θk can
take any value in Φ̃θ = ξ̃ and Definition 5.5.3 is not fulfilled. A feasible solution
only exists when a solution of (5.5.1) practically exists based on Definition 5.5.2 and
Definition 5.5.12 is then equivalent to Definition 5.5.3 for all cases with bounded
uncertainty in the regressand, i.e. (5.5.11) fulfilled.

Proof of Corollary 5.5.4. If and only if dim span Φ̃ = n or φ̃k 6∈ span(Φ̃j 6=k) for
all k, then the n vectors in Φ̃ are linearly independent and form a basis (Friedberg
et al., 2003, p. 46-48). This is sufficient and necessary for the trivial solution to
be the only solution of Φ̃θ = 0 for all consistent φ̃j ∈ Uαφj , since (5.5.14) holds for
all Φ̃ ∈ VC and (5.5.15) is equivalent to φ̃k 6∈ span(Φ̃j 6=k) for all Φ̃ ∈ VC based on
Corollary 5.5.1.
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Proof of Theorem 5.5.5. Definition 5.5.13 implies that

φ̃k 6∈ pspan Φj 6=k ∀ consistent φ̃k ∈ Uαφk ⊆ Rm

and k ∈ {1, 2, . . . , n}, (5.12.7)

based on Corollary 5.5.4, so (5.5.10) is fulfilled for each regressor, independent of
(5.5.9), and so is Definition 5.5.12.

Proof of Corollary 5.5.6. φ̃k ∈ pspan Φj 6=k for all consistent φ̃k ∈ Uαφk if and
only if a consistent realization Φ̃ ∈ VC exists such that φ̃k ∈ span Φ̃j 6=k based on
Corollary 5.5.1. The set of vectors in this realization is linearly dependent (Friedberg
et al., 2003, p. 36, 39). This is thus sufficient and necessary for the existence of a
non-trivial solution of Φ̃θ = 0 and fulfilment of Definition 5.5.14.

Proof of Theorem 5.5.7. If Φ̌ ∈ VC , then this follows directly from Definition
5.5.15.

Proof of Corollary 5.5.8. Practical independence of the set of vectors in the
matrix Φ is equivalent to dim span(Φ̃) = n for all Φ̃ ∈ VC based on Corollary
5.5.4. The later is equivalent to rank(Φ̃) = n for all Φ̃ ∈ VC , since rank(Φ̃) =
dim span(Φ̃) (Friedberg et al., 2003, p. 153). This is equivalent to (5.5.20) based on
Definition 5.5.15.

Proof of Theorem 5.6.1. If (5.6.1) holds, then a solution to Φ̃θ = ξ̃ can only exist
for realizations such that φ̃k 6∈ span(Φ̃j 6=k). Therefore θk 6= 0 in each feasible solution
and the corresponding regressor φk is practically selectable according to Definition
5.5.5, so this condition is sufficient. If ξ̃ ∈ pspan(Φj 6=k) for some consistent ξ̃ ∈ Uαξ ,
then some consistent realization Φ̃j 6=k such that ξ̃ ∈ span(Φ̃j 6=k) ⊆ span(Φ̃) exists
based on Corollary 5.5.1. This implies that a feasible solution to Φ̃θ = ξ̃ exists
according to Theorem 5.5.2, which has θk = 0 and the corresponding regressor φk
is not practically selectable according to Definition 5.5.5, so (5.6.1) is necessary. A
feasible solution only exists when a solution of (5.5.1) practically exists based on
Definition 5.5.2, and the sufficiency and necessity then implies that Definition 5.6.1
is equivalent to Definition 5.5.5.

Proof of Theorem 5.6.2. When Ψk is practically independent then the set of
vectors in Ψ̃k is linearly independent for all consistent φ̃j ∈ Uαφj ⊆ Rm and
ξ̃ ∈ Uαξ ⊆ Rm, based on Definition 5.5.13, and ξ̃ cannot be expressed as a linear
combination of the regressors in any of them. Therefore ξ̃ 6∈ pspan(Φj 6=k) and φk is
practically selectable according to Definition 5.6.1.

Proof of Theorem 5.6.3. The assumption that all possible combinations within
the neighbourhoods are consistent with the error model implies that within each neigh-
bourhood of any linearly dependent realization Φ̃ there exists a linearly independent
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realization Φ̀ based on Lemma A.3.3. Together with the assumption that ξ̃ ∈ span(Φ̃)
for some ξ̃ ∈ Bρ(φj) and Φ̃ ∈ Bρ(Φ), on the other hand, it implies that within each
neighbourhood we can find a realization Φ̃ and ξ̃ such that Φ̃θ̃ = ξ̃ has a solution
based on Lemma A.3.4. From Definition 5.6.1 we have that ξ̃ 6∈ pspan(Φj 6=k) for all
consistent realizations with Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn] is both necessary
and sufficient for practical selectability of φk, which within the neighbourhoods is
equivalent to

ξ̃ 6∈ span Φ̃j 6=k ∀ Φ̃ ∈ Bρ(Φ), ξ̃ ∈ Bρ(ξ), (5.12.8)

based on Corollary 5.5.1. We next prove that this is equivalent to requiring that Ψk

is practically independent, i.e. Ψ̃k is linearly independent for all realizations within
the neighbourhoods (Definition 5.5.13). If a linearly dependent realization Ψ̃k exists,
then either (i) ξ̃ ∈ span(Φ̃j 6=k) or (ii) Φ̃j 6=k is linearly dependent. In case (i) then we
directly have a contradiction of (5.12.8). In case (ii), if Φ̃j 6=k is linearly dependent,
then a linearly independent realization Φ̀j 6=k ∈ Bρ̃(Φ̃j 6=k) ⊆ Bρ(Φj 6=k) exists such
that ξ̃ ∈ span(Φ̀j 6=k) for some ξ̃ ∈ Bρ(ξ) based on Lemma A.3.3, i.e. again a
contradiction of (5.12.8). In conclusion, Ψk needs to be practically independent for
all realizations within the neighbourhoods for Definition 5.6.1 to be fulfilled.

Proof of Theorem 5.6.4. This follows from the necessity of Definition 5.6.1 for
practical selectability of the corresponding regressor, since the parameter is zero only
when ξ̃ ∈ span(Φ̃j 6=k), which is equivalent to Ψ̃k having collinear columns.

Proof of Corollary 5.6.5. This follows from Theorem 5.6.2, since practical inde-
pendence of the set of vectors in the matrix Ψk is equivalent to dim span(Ψ̃k) = n
for all consistent φ̃j ∈ Uαφj and ξ̃ ∈ Uαξ based on Corollary 5.5.4. The latter
is equivalent to rank(Ψ̃k) = n for all consistent φ̃j ∈ Uαφj and ξ̃ ∈ Uαξ , since
rank(Ψ̃k) = dim span(Ψ̃k) (Friedberg et al., 2003, p. 153). The use of Definition
5.5.15 finally enables us to recognize (5.6.7).

Proof of Theorem 5.6.6. For each consistent realization such that h̃Tk ξ̃ > 0, we
have that θk > 0 if Φ̃θ = ξ̃ has a solution, based on Theorem A.3.6. Similarly,
for each consistent realization such that h̃Tk ξ̃ < 0 ⇔ −h̃Tk ξ̃ > 0, then −θk >
0 ⇔ θk < 0 if Φ̃θ = ξ̃ has a solution, based on Theorem A.3.6. Φ̃θ = ξ̃ has a
feasible solution if and only if ξ̃ ∈ pspan(Φ), since only then a consistent regressor
realization such that ξ̃ ∈ span(Φ̃) exists based on Corollary 5.5.1, which is necessary
and sufficient for existence of a solution (Friedberg et al., 2003, p. 174). A solution
of (5.5.1) practically exists if and only if F 6= ∅ based on Definition 5.5.2. Hence
(5.6.9) is equivalent to θk > 0∀θ ∈ F or θk < 0∀θ ∈ F and Definition 5.6.6 is
equivalent to Definition 5.5.8.

Proof of Theorem 5.6.7. We prove (a) first and then (b) based on it.
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(a) The set of consistent realizations for which a feasible solution exists is a subset
of all consistent realizations, so together with the requirement of practical
existence the condition in (a) implies that Theorem 5.6.6 is fulfilled.

(b) The intersection of all positive halfspaces (5.6.11) or negative halfspaces (5.6.12)
is a set such that z̃T h̃k > 0 in the former case for each vector z̃ ∈ H+ for all
consistent regressor combinations, while z̃T h̃k < 0 in the later case for each
vector z̃ ∈ H− for all consistent regressor combinations. The condition in (a)
is therefore fulfilled.

Proof of Theorem 5.6.8. When Ψk is practically independent then the regressor
φk is practically selectable based on Theorem 5.6.2, the set of vectors in Ψ̃k is
linearly independent for all consistent φ̃j ∈ Uαφj ⊆ Rm and ξ̃ ∈ Uαξ ⊆ Rm based
on Definition 5.5.13, and ξ̃ cannot be expressed as a linear combination of the
regressors in any of them. Similarly, when Φ is practically independent then the set
of regressors in Φ̃ is linearly independent for all consistent φ̃j ∈ Uαφj ⊆ Rm, based
on Definition 5.5.13, and φ̃k cannot be expressed as a linear combination of the
other regressors in any of them. The regressor φk is therefore always outside of the
subspace defined by the other regressors and h̃k 6= 0 based on its definition (5.6.10)
and Lemma A.3.5. Therefore all consistent realizations, such that Φ̃θ = ξ̃ has a
solution, contain a ξ̃ such that either h̃Tk ξ̃ > 0 or h̃Tk ξ̃ < 0. In all other consistent
realizations Φ̃θ = ξ̃ has no solution. To prove that Theorem 5.6.6 is fulfilled all
consistent realizations φ̃k, however, need to be on the same side or in the separating
hyperplane defined by h̃k in (5.6.10), and a feasible solution of (5.5.1) needs to exist.
Additional conditions are needed and we next prove sufficiency of each of the ones
given in the theorem, one-by-one.

(a) When m = n, practical independence of the regressors implies span(Φ̃) = Rm
for all consistent Φ̃ ∈ VC , so each consistent realization Φ̃j 6=k defines a
separating hyperplane h̃k based on (5.6.10) and a solution of Φ̃θ = ξ̃ exists
for every consistent realization. The uncertainty sets are connected sets, so if
a consistent realization [Φ̀, ξ̀] with h̀

T

k ξ̀ > 0 and another consistent realization
[Φ́, ξ́] with h́

T

k ξ́ < 0 exist, then also a consistent realization [Φ̃, ξ̃] with
h̃
T

k ξ̃ = 0 exists, since a change from positive to negative requires zero at an
intermediary point. Practical independence of Φ implies that h̃k 6= 0, which
together with h̃Tk ξ̃ = 0 and Φ̃θ̃ = ξ̃ having a solution implies that ξ̃ lies in the
separating hyperplane and Ψ̃k needs to be linearly dependent. This constitutes
a contradiction, since Ψk is practically independent, so h̃Tk ξ̃ must therefore be
either positive or negative for all consistent realizations with a solution and
Theorem 5.6.6 is fulfilled.
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(b) If the set of regressand realizations ξ̃ for which a solution of Φ̃θ = ξ̃ exists for
some consistent Φ̃ ∈ VC is a non-empty connected subset of Rm, then either
only one regressand realization with a solution exists or there exists at least
one other realization with a solution belonging to the set in a neighbourhood of
each ξ̃ as shown in Lemma A.3.4, i.e. within a ball of radius ρ > 0, see e.g.
(Khuri, 2003, p. 11-12). This implies that from each ξ̀ with a solution there is
a path to each other ξ́ with a solution that only contains regressand realizations
ξ̃ that have a solution. Therefore if a realization [Φ̀, ξ̀] with h̀

T

k ξ̀ > 0 and
a solution to Φ̀θ̀ = ξ̀, and another realization [Φ́, ξ́] with h́

T

k ξ́ < 0 and a
solution to Φ́θ́ = ξ́ exist, then also a realization [Φ̃, ξ̃] with h̃Tk ξ̃ = 0 and a
solution to Φ̃θ̃ = ξ̃ exists, since a change from positive to negative requires
zero at an intermediary point. Practical independence of Φ implies that h̃k 6= 0,
which together with h̃Tk ξ̃ = 0 and Φ̃θ̃ = ξ̃ having a solution implies that Ψ̃k

need to be linearly dependent. This constitutes a contradiction, since Ψk is
practically independent, so h̃Tk ξ̃ must therefore be either positive or negative
for all consistent realizations with a solution and Theorem 5.6.6 is fulfilled.

Proof of Theorem 5.7.1. Practical independence of Φ implies that
φ̃k 6∈ pspan(Φj 6=k) for all consistent φ̃k ∈ Uαφk and any k ∈ {1, 2, . . . , n}, with
Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn], based on Corollary 5.5.4. Therefore practical
collinearity of Ψk implies that ξ̃ ∈ pspan(Φj 6=k) for all consistent ξ̃ ∈ Uαξ ⊆ Rm
based on Corollary 5.5.6 and Definition 5.7.2 is fulfilled. Note that practical collinear-
ity of Ψk is not even sufficient for practical omissibility, since some of the regressors
might instead of the regressand be in the practical span of the other vectors of Ψk.

Proof of Theorem 5.8.1. Here S is a subset of the regressors in Φj 6=k and (5.8.2)
therefore holds if (5.8.3) holds. The subset S may contain all regressors except φk,
so (5.8.2) only holds if (5.8.3) holds. Condition (5.8.4) only implies that the subset
S contains a minimal set of regressors required for existence of a solution of (5.5.1).
The conditions in this theorem are therefore equivalent to the conditions in Definition
5.8.2.

Proof of Theorem 5.8.2. Practical independence of the regressors in the subset
S implies that φ̃l 6∈ pspan(ΦS\l) for all consistent φ̃l ∈ Uαφl and any l ∈ S, with
ΦS\l defined as in Theorem 5.8.1, based on Corollary 5.5.4. Therefore practical
collinearity of {φj | j ∈ S} ∪ ξ implies that (5.8.3) holds based on Corollary 5.5.6
and together with the other conditions that Theorem 5.8.1 is fulfilled.

Proof of Corollary 5.8.3. These are the conditions for when a regressor is not
practically selectable, excludable, nor negligible, taken from Definition 5.6.1, Defini-
tion 5.7.1, Definition 5.7.2, and Definition 5.8.2.
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Proof of Theorem 5.10.1. Express each realization of the variables as φ̃j = φj −
υj with υj ∈ Uαφj , i.e. a sum of the observed variable and an error realization. Based
on Definition 5.5.13, the set of uncertain vectors in the matrix Φ = [φ1, . . . ,φj , . . . ,
φn] is practically independent if θ = 0 is the only solution of

(Φ−Υ)θ = 0, ∀υj ∈ Uell
φj
, (5.12.9)

with Υ = [υ1, . . . ,υj , . . . ,υn], since Uαφj is a subset of Uell
φj
. Solution of the structured

singular value problem (5.10.2) yields the smallest

γ(Φ) = σ(∆) = ‖∆‖2 = ‖diag(δ1, . . . , δj , . . . , δn)‖2 = max
j
‖δj‖2 , (5.12.10)

such that

det(I −Φ†W 1∆) = 0, (5.12.11)

see e.g. Skogestad and Postlethwaite (1996, p. 331, 540), so we only need to show
that θ = 0 is the only solution of (5.12.9) when γ(Φ) > 1. To do this, we first show
that (5.12.9) has a non-trivial solution θ 6= 0 when Υ = W 1∆ is inserted with the
∆ obtained by solving (5.10.2) and then that this ∆ has smallest induced 2-norm
of all ∆ for which (5.12.9) has a non-trivial solution. Note that if rank(Φ) < n,
then a non-trivial solution of (5.12.9) exists for Υ = 0 and γ(Φ) = 0. Otherwise
rank(Φ) = n and ΦTΦ is invertible and the Moore-Penrose generalized inverse
Φ† = (ΦTΦ)−1ΦT (Meyer, 2000, p. 423, 428). To obtain I−Φ†W 1∆ from (5.12.9)
we first pre-multiply by ΦT , which gives

ΦT (Φ−Υ)θ = 0, (5.12.12)

we then pre-multiply by (ΦTΦ)−1 and insert Υ = W 1∆, which after simplification
gives (

I −Φ†W 1∆
)
θ = 0. (5.12.13)

Here (ΦTΦ)−1 is invertible with rank n and I −Φ†W 1∆ is a square matrix, so a
non-trivial solution θ 6= 0 of (5.12.12) exists if and only if (5.12.11) holds (Horn
and Johnson, 1990, p. 13-14). Clearly, (5.12.12) has a non-trivial solution when
(5.12.9) has one, but it also has one for any z 6= 0 such that

(Φ−Υ)θ = z and ΦTz = 0, (5.12.14)

i.e. when z belongs to the null space of ΦT . We need to prove that the non-trivial
solution of (5.12.12) with smallest induced 2-norm is the non-trivial solution of
(5.12.9), which we do next. Any such z 6= 0, however, belongs to the range of Φ−Υ,
which is orthogonal to the null space of ΦT −ΥT (Horn and Johnson, 1990, p. 5,
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17), and Υ must therefore remove one dimension from the range of Φ and add the
dimension of z to the range of Φ−Υ. Any such Υ for which (5.12.14) has a solution
is, in other words, composed of three orthogonal parts Υ = Υ1 + Υ2 + Υ3, where Υ1
removes one dimension of the range of Φ such that (Φ−Υ1)θ = 0 for a θ 6= 0, while
Υ2 adds a dimension of the null space of ΦT such that (Φ−Υ1 −Υ2)θ = z for a
θ 6= 0 and ΦTz = 0. The third part is orthogonal to the former two, in the range of
Φ, and has no influence on the existence of a non-trivial solution of (5.12.12). The
ranges of these three matrices are orthogonal and for any induced norm

‖Υ1‖ < ‖Υ1 + Υ2 + Υ3‖ when Υ2 6= 0 or Υ3 6= 0, (5.12.15)

since ‖υ1 + υ2‖ = ‖υ1‖ + ‖υ2‖ for any υT1 υ2 = 0 and ‖υk‖ > 0 for any υk 6=
0 (Horn and Johnson, 1990, p. 256, 290, 294). In other words, addition of any part
but the one that removes a dimension from the range of Φ increases the induced
norm of Υ. Here Υ = W 1∆ with W 1 being a constant matrix of rank n, so the
smallest induced 2-norm of ∆ such that a non-trivial solution of (5.12.9) exists
is given by solution of (5.10.2). Finally, if γ(Φ) > 1, then ‖δj‖2 > 1 based on
(5.12.10) and

υTj Qφjυj = δTj Q
− 1

2
T

φj
QφjQ

− 1
2

φj
δj = δTj δj = ‖δj‖22 > 1 (5.12.16)

for some j ∈ {1, . . . , n}. This implies that the closest realization Υ = W 1∆ such
that a non-trivial solution θ 6= 0 of (5.12.9) exists is outside of the ellipsoidal
uncertainty set in (5.10.4) and Φ is therefore practically independent.

Proof of Theorem 5.10.2. Each realization of the variables is expressed as φ̃j =
φj − υj, i.e. a sum of the observed variable and an error realization. To prove this
theorem we first show that θ = 0 is the only solution of

(Φ−Υ)θ = 0, (5.12.17)

for error realizations Υ with ‖Υ‖2 < σn(Φ) and then that all realizations with larger
induced 2-norm are rejected. The induced 2-norm of any matrix Υ ∈ Rm×n such
that rank(Φ−Υ) < n is

‖Υ‖2 ≥ σn(Φ) (5.12.18)
for any matrix Φ ∈ Rm×n with m ≥ n (Meyer, 2000, p. 421). In other words,
there exist no matrix with smaller induced 2-norm than Υ = σnunv

T
n , which is

constructed using the nth largest singular value of Φ and corresponding singular
vectors un and vn, since it has ‖Υ‖2 = σ(Υ) = σn(Φ) (Meyer, 2000, p. 412).
Hence for all error realizations Υ with smaller induced 2-norm rank(Φ−Υ) = n
and θ = 0 is the only solution of (5.12.17), since the columns of Φ−Υ are linearly
independent (Friedberg et al., 2003, p. 36-37, 153). Next, any realization of normally
distributed errors Υ such that

~Υ
T
Λ−1

Υ
~Υ > χ-2(α, nm) (5.12.19)
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is rejected based on the χ2 hypothesis test at significance level α (see e.g. Chew,
1966). For the matrix with smallest induced 2-norm, Υ = σnunv

T
n , we get

~Υ
T
Λ−1

Υ
~Υ = 1

λ
‖Υ‖2Fro ≥

1
λ
‖Υ‖22 = χ-2(α, nm)w−2

1 σ2
n(Φ) = χ-2(α, nm)γ2(Φ).

(5.12.20)

by using ΛΥ = λI, (5.10.7), (5.10.6), and standard properties of norms (Horn
and Johnson, 1990, p. 290,294). In general the Frobenius norm of a matrix is
greater or equal to the induced 2-norm (Horn and Johnson, 1990, p. 314), but
for a rank one matrix such as Υ = σnunv

T
n it is always equal, since ‖Υ‖Fro =√∑

σ2
j (Υ) (Skogestad and Postlethwaite, 1996, p. 556), implying that any error

realization Υ with ‖Υ‖2 > σn(Φ) is rejected based on (5.12.19) if and only if
the confidence score γ(Φ) > 1 and Φ is therefore practically independent for all
non-rejectable realizations at significance level α.





Chapter 6

Inference of subnetworks–impact of latent
states

“The organism is not a closed, but an open system.”
Karl Ludwig von Bertalanffy, General system theory:

Foundations, development, applications, 1969.

In inference of gene regulatory networks it is common practice to only observe
the change in mRNA abundance, neglecting other components that affects the
state of the cell such as proteins and metabolites. These constitute unobserved

and unperturbed latent state variables and we here study their impact in network
inference. We use linear time invariant models and well known results from systems
theory to show that it is necessary to know a linearly independent subset of as
many relations between the states of interest, which constitute nodes in the inferred
subnetwork, and responses or perturbations as there are states of interest. Otherwise
the states of interest are not uniquely defined and consequently neither is the
structure of the subnetwork. No information about the latent states is required,
but their existence implies that a subnetwork of pseudo-direct causal influences,
accounting for all environmental effects, in general is inferred. In principle, the
number of latent states and different paths between the states of interest can be
estimated, but their identity cannot be determined without direct perturbation
or observation of them. For illustration, we construct an extended model of the
published synthetic IRMA network by including latent states based on published
mechanisms and succeed to explain the steady-state data observed by culturing this
strain of S. cerevisiae with addition of only one unknown component. Our IRMA
model illustrates that interactions inferred from perturbation experiments capture
influences of regulatory importance. But these links do not in general correspond to
physical binding between observed molecules, which also has been noted elsewhere.

149
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6.1 Introduction

Biological functions are created through interactions among a large number of
components within complex networks. One of the key problems in systems biology is
that of inferring these networks based on experimental response data. In particular,
the inference of gene regulatory networks (GRNs) based on perturbation experiments
has been minutely investigated and reviewed during the past decade (Lecca et al.,
2011; Baralla et al., 2009; Hecker et al., 2009; Karlebach and Shamir, 2008; Bonneau,
2008; Tegnér and Björkegren, 2007; Cho et al., 2007; Bansal et al., 2007; Doyle and
Lauffenburger, 2005; Filkov, 2005; de Jong, 2002; D’haeseleer et al., 2000). The
potential of inference of GRNs from perturbation experiments has been demonstrated
in different contexts for a number of organisms and using different types of in vivo
data, most notably in Gardner et al. (2003); Bonneau et al. (2006); Lorenz et al.
(2009); Cantone et al. (2009); Jörnsten et al. (2011). Ideally, the inferred interactions
should correspond to direct causal influences of regulatory importance that exist
between the genes, thereby providing mechanistic insight, and at the same time
be useful for prediction of the response to novel perturbations. However, it is not
always clear how inferred interactions should be interpreted.

So far, the main focus within this area has been on algorithms for obtaining
models from given response data. However, prior to feeding experimental response
data to an inference algorithm, one should ask what can in fact be deduced about
the underlying network based on the given data. The ability to infer interactions and
networks is limited partly by the fundamental information content in the available
data set, and partly by the uncertainty present in the data. The latter problem,
limitations imposed by uncertainty in measurements and perturbations was treated
in Chapters 4-5 of this thesis. The former problem has received significant attention in
past years, but then almost exclusively limited to the problem resulting from having
a limited number of experiments and samples. In particular, the underdetermined
inference problems that result when the number of samples falls short of the network
size, i.e. the number of genes in case of GRNs, has been addressed in numerous
studies (Hecker et al., 2009; Tegnér and Björkegren, 2007). Its popularity reflects
the current cost structure of biological experiments; it is considerably cheaper to
measure the expression change of a thousand genes in one sample than the expression
change of one gene in a thousand experiments. The fact that no reliable measure of
confidence can be assigned to inferred interactions when the number of nodes exceed
the number of samples, as was shown in Chapter 4, has, however, been overlooked.
The current cost structure makes it important to focus on a subset of the most
important genes when significance at the link level is desired.

In this work we consider limitations imposed by the fact that not all components
in the underlying network can be directly observed or perturbed. We will refer to
components that take part in the network interactions, but which are not measured
and not perturbed, as latent states. Such states are present in essentially all networks
of biological relevance. For instance, it is common practice when inferring GRNs
to measure only the mRNA abundance for each considered gene, while the true
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regulatory interactions also involve proteins, metabolites, and other biochemical
components. Furthermore, while a given cell typically contains thousands of active
genes, one usually only attempts to infer a network for a selected subset of these.
The problem of inferring the interactions among a subset of the system states is
here referred to as subnetwork inference. In this work we derive necessary conditions
for inference of subnetworks based on data from perturbation experiments.

The motivation behind the work presented here partly stems from a previous
study of the five gene IRMA network engineered by Cantone et al. (2009) in S.
cerevisiae. When analysing their in vivo steady-state response data we found that
their data could not be explained without a transcriptional activation of the SWI5
gene by the CBF1 gene, see Section 4.6. This interaction should not exist based on
the known engineered structure of the network, nor have we found any evidence
for it in the literature; see Section B.1.2 for details. We also found that several of
the interactions present in the engineered structure were not needed to explain the
response data. To explain this apparent discrepancy, we consider the influence of
mRNAs and proteins neglected by Cantone et al. These constitute unperturbed
and unobserved latent state variables of the system, and as we show they have a
significant impact on the network behaviour. Furthermore, we show that the latent
states also have a strong impact on the meaning of an inferred interaction. As an
example, we construct an extended IRMA network that can explain the data and
account for previously published mechanisms in the simplest possible way.

Limitations in network inference based on perturbation data in which not
all states are measured or perturbed have previously been discussed in Margolin
and Califano (2007); Goncalves and Warnick (2008); He et al. (2009); Hendrickx
et al. (2011). Implications of latent states on network inference based on mutual
information is discussed in Margolin and Califano (2007). They use a simple co-
regulation model in which two genes are regulated by a single transcription factor
(TF) to show that an edge erroneously will be inferred between the co-regulated
genes instead of the edges between the TF and the genes, unless the latent protein
state of the TF correlates strongly enough with the TF mRNA. They conclude
that it is important to characterize the necessary correlation strength for correct
inference, since evidence for relatively weak correlation between the mRNA and
protein of TFs is increasing. This is a requirement for inference algorithms based
on mutual information or correlations, but it is not clear based on their work if it
has any implications on the fundamental information content required for inference.
Goncalves and Warnick (2008) establish necessary and sufficient conditions for
dynamical structure reconstruction of linear time invariant (LTI) systems from
knowledge of the transfer function from input (perturbations) to output (responses).
The dynamical structure function is a representation of LTI systems introduced in
Goncalves et al. (2007), which contains the transfer functions between the observed
states and the transfer functions from the inputs to the observed states. It is a
special case in the sense that the true full state-space description of the underlying
system in general only can be recovered from it if all state variables are observed. For
the case of inferring subnetworks, Goncalves and Warnick (2008) derive a necessary
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condition on the experimental data for inference of the dynamical structure function.
Essentially, the condition they derive states that as many experiments as there are
nodes in the subnetwork are necessary for network reconstruction. However, this
condition is contradicted by the earlier results in Schmidt et al. (2005) where a
complete GRN is reconstructed based on a single experiment with time-series data.
We here provide an explanation for the contradiction and derive an alternative and
strictly necessary condition for inference of subnetworks.

As stated above, one usually seeks direct interactions between components when
inferring intracellular networks. Inference of physical interactions versus regulatory
influences are discussed in Gardner and Faith (2005). The physical approach seeks
the regulatory protein factors that physically bind to the promoter of the regulated
transcript, while the influence approach seeks transcripts whose concentration
changes can explain the changes of a considered transcript. Interactions discovered
by the former approach are clearly direct due to the physical binding. In the latter
case, however, components can act on each other directly, e.g. a protein acting as
a transcription factor for a gene, or indirectly, e.g. an mRNA producing a protein
that binds to another protein and the resulting complex acts as a transcription
factor. Usually, it is not clear what type of interactions are reported in the literature
on GRN inference, which inevitably causes confusion. Considering the number of
works demonstrating the potential of reverse engineering and the limited actual
contribution towards understanding how gene regulation works, we think it is time
to examine and explain what an inferred interaction represents. We show that the
number of latent intermediary states and the length of the paths that constitute
an inferred interaction can be determined from the order and relative degree of its
corresponding transfer function.

In order to make the presentation readily accessible to system biologists with
diverse backgrounds we restrict our consideration to deterministic and linear models
of GRNs, and use a GRN synthesized in S. cerevisiae for illustration. We start by
presenting and further motivating the mentioned model formalism and assumptions
we employ. We also present the IRMA example that will be used for illustration
throughout the paper. In Section 6.3 we employ well known results from system
theory to show that in order to infer the full network one needs to know for each
state either how it is related to the observed quantities or how it is affected by the
perturbed quantities, as well as ensure that both observability and controllability is
fulfilled. For the case with latent states, we show in Section 6.4 that knowledge of a
linearly independent subset of as many relations as states of interest, between the
states of interest and responses or perturbations, is a prerequisite. More precisely,
observability and controllability of the states of interest together with the above
condition are necessary and sufficient for inference of a subnetwork. We then in
Section 6.5 re-examine the results derived by Goncalves and Warnick (2008). As
discussed above, it is usually of interest to know if interactions are direct or indirect
and we therefore in Section 6.6 consider conditions under which one can classify
inferred interactions as direct or indirect and, in the latter case, the minimum
number of latent states that exist between two nodes in the network. At the end
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we discuss some implications of the results for inference of GRNs, reflecting over
previous work and giving recommendations for future works.

6.2 Problem definition and the IRMA gene regulatory
network

We consider inference of interactions between biochemical components based on
perturbation experiments. The change in concentration, or activity, of component i
is assumed to be described by a linear time-invariant differential equation

dxi
dt

(t) =
n∑
j=1

aijxj(t) +
l∑

k=1
bikpk(t) (6.2.1)

where the n concentrations xj are the states of the system. Here the parameter
aij describes the direct effect of a change in the concentration of component xj on
xi and bik is the direct effect of the applied perturbation pk on xi. The linearity
assumption can be motivated either by having linear reaction kinetics and transport
mechanisms, or by having relatively small changes in the concentrations xj . We also
assume that we have measurements yi of o quantities that can be described as a
linear combination of the states xj

yi(t) =
n∑
j=1

cijxj(t). (6.2.2)

In matrix form we then obtain the standard linear state-space model

dx

dt
(t) = Ax(t) +Bp(t) (6.2.3a)

y(t) = Cx(t). (6.2.3b)

The interaction matrix A describes the network structure; a non-zero element aij
implies a direct interaction, or edge, from component j to component i which is
upregulating (downregulating) if aij is positive (negative). The problem considered
in network inference is that of determining the interactions that exist between
the components, i.e. primarily to determine the structure of A. The sign of the
interactions is considered secondary and the strength of the interactions, i.e. the
magnitude of the non-zero elements aij , is considered subsidiary. We further restrict
ourselves to the case when A is completely unknown, i.e. no a priori information
on which links that exist, their signs, or strength is available, but C and B are
assumed known. This situation is common in reverse engineering of GRNs. It is
important to note that the problem of inferring the network structure in general is
different from that of identifying a predictive model. In particular, a good predictive
model does not need to capture the structure of the underlying system as discussed
in Section 3.6.
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As stated in the Introduction, one motivation for choosing a deterministic linear
time invariant description of the network here is to keep the presentation at a
level that is accessible to biologists in general and systems biologists in particular.
However, we also note that deterministic LTI models are a subset of the class of
nonlinear and stochastic models, and hence if one cannot solve the network inference
problem for this subset then one cannot expect to solve it for more complex models
either. We assume here that the response in all observed variables in the vector y(t)
to every possible perturbation of the perturbed variables in the vector p(t) is known
precisely without any noise or measurement errors, i.e. that we know the input-
output behaviour of the system. In this way we can distinguish between limitations
imposed by the fundamental information content in the data and limitations imposed
by uncertainty which were discussed in Chapters 4-5. All the necessary conditions
that we establish for network inference based on the deterministic case are also
necessary when real noisy data are used.

As an example we consider an extended version of the IRMA network that we
constructed to explain the steady-state data recorded by Cantone et al. (2009). The
extension was performed by as far as possible incorporating published mechanisms
and in the simplest of ways. Note that we did not attempt to include all known
mechanisms nor explain the time-series data recorded by Cantone et al. (2009),
since the former is beyond our purpose and the latter requires a nonlinear or
hybrid model that can describe the shift from the Glucose to Galactose mode. The
Glucose and Galactose models that we inferred in Section 4.6 have different structure
and strengths of the interactions, which tells us that the system has two distinct
dynamical modes; see Nordling et al. (2007b) for a discussion on dynamical modes
in GRNs.

The extended IRMA model has 12 states and is schematically illustrated in
Figures 6.1 and 6.2 for the Glucose and Galactose modes, respectively. The states
are the log-fold change in total mRNA of each of the five genes of the network
x1=CBF1, x2=GAL4, x3=SWI5, and x4=ASH1, x5=GAL80, the log-fold change in the
proteins-protein complexes x6=Gal4p, x7=Gal80p, x8=Gal4p-Gal80p, x9=Cbf1p, and
x10=Swi5p-Unk, and the log-fold change of free and bound ASH1 mRNA x11=ASH1f
and x12=ASH1b. Cantone et al. perturbed and observed each of the five genes
independently, so bii = cii = 1 for i = 1, 2, . . . , 5, whereas the other coefficients are
zero.

The interaction matrix A is given in Table B.1 and values for the coefficients in
Table B.2 for the two modes, together with a detailed description of how the example
was constructed. Note that many of the interaction coefficients take different values
in the Glucose and Galactose models and the structure of the two networks differ,
as seen in Figures 6.1 and 6.2. The interaction matrix contains information about
how the state variables regulate each other, i.e. the links between the states, and
one would therefore in network inference like to determine it. We next investigate
conditions for determining the interaction matrix A from perturbation data, i.e.
perturbations p(t) and measured responses y(t).
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Figure 6.1: The extended IRMA network in Glucose. The structure of the
extended IRMA model for S. cerevisiae containing the gene regulatory network en-
gineered by Cantone et al. (2009) grown in a medium that contains Glucose but
does not contain Galactose. This network contains an activation of CBF1 by Gal4p
that does not exist in the Galactose network in Figure 6.2 and lacks the activation of
Gal4p-Gal80p by Gal80p that is present in the Galactose network. An arrow shaped head
on the link indicates up-regulation or activation, while a bar shaped head indicates
down-regulation or repression. One possible set of strengths of the interactions that
gives a model that can explain the Glucose steady-state data recorded by Cantone
et al. is shown in Table B.2. This figure was generated in Cytoscape (Shannon et al.,
2003).



156 Inference of subnetworks–impact of latent states
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ASH1f

ASH1b
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Gal80p Gal4p

Figure 6.2: The extended IRMA network in Galactose. The structure of
the extended IRMA model for S. cerevisiae containing the gene regulatory network
engineered by Cantone et al. (2009) grown in medium that contains Galactose. This
network contains an activation of Gal4p-Gal80p by Gal80p that does not exist in the
Glucose network in Figure 6.1 and lacks the activation of CBF1 by Gal4p that is present
in the Glucose network. An arrow shaped head on the link indicates up-regulation
or activation, while a bar shaped head indicates down-regulation or repression. One
possible set of strengths of the interactions that gives a model that can explain the
Galactose steady-state data recorded by Cantone et al. is shown in Table B.2. This
figure was generated in Cytoscape (Shannon et al., 2003).
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6.3 Conditions for inference of the full network

We first consider the problem of inferring the full interaction matrix A in the
case when only a subset of the states are perturbed and observed. We consider
conditions on the set-up of the perturbation experiments that are necessary for
reconstruction based on knowledge of the input-output behaviour of the system,
which is a prerequisite for inference both from time-series and steady-state data. If
two state-space representations (6.2.3) with structurally different A matrices have
identical responses to all perturbations, then they are indistinguishable based on
data and the structure of A cannot be inferred. We therefore start by in this section
studying uniqueness of the state-space representation, which is a prerequisite for
inference of the full network.

Since we consider noise-free measurements and allow for time-series data we can
determine the exact relationship between the inputs (perturbations) and the outputs
(responses). However, it is well known from systems theory that the input-output
relationship in general does not uniquely define the state-space representation in
(6.2.3), see e.g. Kailath (1980, p. 53-54, 80-90) or Trentelman et al. (2001, p. 39-43).
This is partly due to the existence of similarity transformations of the system states

x(t) = T x̃(t), with detT 6= 0, (6.3.1)

and partly due to existence of realizations, i.e. system representations (A,B,C), that
are not observable or/and not controllable, loosely speaking, realizations containing
states that do not have any influence on the output or are not influenced by the
input. Since A describes the interactions among the states, uniquely defined states
are clearly a prerequisite for a unique state-space representation and inference of
A. We therefore first focus on uniqueness of the states and discuss the similarity
transformation T , and later comment on the controllability and observability issue.

The condition in (6.3.1) on the determinant of T , which is an n × n matrix,
ensures that the transformation is invertible. If not fulfilled, then the same dynamical
relations cannot in general be represented by both sets of states, so all alternative
sets of states are obtained via the similarity transformation. With the transformation
we get a new state basis for the state-space representation and we can rewrite (6.2.3)
as

dx̃

dt
(t) = T−1AT︸ ︷︷ ︸

,Ã

x̃(t) + T−1B︸ ︷︷ ︸
,B̃

p(t) (6.3.2a)

y(t) = CT︸︷︷︸
,C̃

x̃(t), (6.3.2b)

with˜indicating the transformed state-space matrices. The structure of Ã will in
general differ from that of the original A when T 6= I, i.e. when the new states
differ from the original ones. Moreover, for any system that has as many distinct
eigenvalues as states, the eigenvectors form a state transformation matrix that
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diagonalizes the interaction matrix (Kailath, 1980, p. 54), i.e. completely decouples
the network so that no interactions exist between the states whatsoever. As an
example, consider the IRMA model that we inferred from the Glucose steady-state
data of Cantone et al. (2009) in Section 4.6 with interaction matrix

ÂGlu =


−0.143 0.043 0.073 0 0

0 −0.183 0 0 0
0.103 0.091 −0.219 0 0
0.036 0 0 −0.177 0

0 0 0.009 0 −0.152

 , (6.3.3)

and assume for the moment that the system only has five states, then the state-space
representation obtained by the transformation matrix

T =


0 0 0.474 −0.751 −0.162
0 0 0 0 0.177
0 0 −0.861 −0.583 −0.016
0 1 −0.173 −0.298 0.971
1 0 0.063 −0.08 0.005

 (6.3.4)

has the diagonal interaction matrix

T−1ÂGluT =


−0.152 0 0 0 0

0 −0.177 0 0 0
0 0 −0.276 0 0
0 0 0 −0.086 0
0 0 0 0 −0.183

 . (6.3.5)

Contrary to the eigenvalues or characteristic/natural frequencies of the system,
which are conserved and visible in the diagonal matrix above, the structure of the
interaction matrix is not invariant under similarity transformations. It is trivial to
realize that in general transformations such that the interaction matrix becomes
full also exist, i.e. that every state variable interact with all other states including
itself. This exemplifies that uniquely defined states is a prerequisite for inference of
the full interaction matrix A. We next examine criteria to make the states unique.

The solution of the ODEs in the state-space model (6.2.3) from any initial state
x0 (see e.g. Trentelman et al., 2001, p. 38)

y(t,x0) = CeAtx0 +
∫ t

0
CeA(t−τ)B︸ ︷︷ ︸

,K(t)

p(τ)dτ (6.3.6)

contains the input-output relationship in its second term. By observing the output
relative to the initial output, we can without loss of generality henceforth assume
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x0 = 0. The impulse response matrix K(t) contains the relation between the A
matrix and inputs, as well as A matrix and outputs. Conditions such that only the
state transformation T = I fulfils

K(t) = CT︸︷︷︸
=C̃

eT
−1AT t T−1B︸ ︷︷ ︸

=B̃

(6.3.7)

are needed for the states to be uniquely defined. We have restricted ourselves to
the case when A ∈ Rn×n is completely unknown, but C ∈ Ro×n and B ∈ Rn×l are
known, so we next examine which properties they need to fulfil to make the states
unique.

Because C and B are known, the corresponding transformed matrices C̃ and B̃
have to be equal to them in (6.3.7), and we obtain the system of equations

CT = C

T−1B = B
⇔

[
C

BT

]
T =

[
C

BT

]
. (6.3.8)

Obviously more than one T satisfies these equations unless the number of known
rows in C plus the number of known columns in B at least equals the number of
states n. This also implies that the sum of the number of different quantities that
are perturbed and observed at least must equal the number of states. However, the
relation between the rows of C and columns of B also matter. More precisely, this
linear system of equations has a unique solution if and only if [CT B]T has full
column rank (see e.g. Anton and Rorres, 2000; Friedberg et al., 2003; Horn and
Johnson, 1990). Phrased differently, we need to know a linearly independent subset
of n relations between the states and responses or perturbations. This condition
is necessary for inference of the full network both in the case of time-series and
steady-state data, and constitutes the main result in this section. Considering that
each observed and perturbed quantity typically correspond to a single state, in
practice for each state we need to know either how it is related to an observed
response or how it is affected by an applied perturbation. Based on this discussion
it trivially follows that the states are uniquely defined when C has full column rank
or B has full row rank, but this is rarely met and we therefore later study inference
of subnetworks.

The above condition for uniqueness of the states is clearly necessary for inference
of A, but in general not sufficient, since it does not ensure that the realization is
unique, i.e. observable and controllable. Any unobservable or uncontrollable states
cannot be seen in the input-output behaviour. A realization of (6.2.3) is observable
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if and only if the observability matrix

O(C,A) ,



C

CA

CA2

...
CAn−1

 (6.3.9)

has rank n and controllable if and only if the controllability matrix

S(A,B) ,
[
B AB A2B . . . An−1B

]
(6.3.10)

has rank n, see e.g. Kailath (1980, p. 80-90) or Trentelman et al. (2001, p. 40-42).
Both observability and controllability depend on the interaction matrix A of the
“true” system, and it is required to determine precise conditions for uniqueness of the
realization. Observability and controllability can thus in general only be guaranteed
in some exceptional cases, such as full column rank of C and full row rank of B.

An example of inference of the full network from time-series data, when all
states are observed but only one state is perturbed, is given in Schmidt et al. (2005).
They prove that the full network can be inferred, under stated conditions, when
the system is controllable. Observability and uniqueness of the states is in their
case guaranteed by observing all states, so the example illustrates the conditions
that we have pointed out here. Interestingly, the necessary conditions for dynamical
structure reconstruction of LTI systems established by Goncalves and Warnick (2008,
Theorem 2), which we describe later, are not fulfilled for the example in Schmidt et
al.. It thus proves by contradiction that the conditions of Goncalves and Warnick
are not necessary, which we will return to later.

In conclusion, observability and controllability together with knowledge of a
linearly independent subset of n relations between the states and responses or
perturbations are necessary for inference of the full network. In fact, they are also
sufficient because they ensure that the realization, state definition, and interaction
matrix are unique. We next consider the problem of inferring the interactions among
a subset of the states, i.e. subnetwork inference.

6.4 Conditions for inference of a subnetwork

When inferring GRNs it is common practice to only observe the change in mRNA
abundance, neglecting all protein, metabolite, and other state variables of the system,
and perturb selected genes or/and quantities with unknown effect on the observed
genes (Hecker et al., 2009; Tegnér and Björkegren, 2007; Brazhnik et al., 2002).
In this case we say that the system contains latent states, characterised by all
elements in some column of C and the corresponding row of B being zero, because
a latent state per definition is not directly observed nor perturbed. The aim is now
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to determine necessary conditions for inferring the interactions among a subset
of the states, which we call the states of interest, possibly including the indirect
interactions mediated by the latent states. Formally we call any network that does
not contain all state variables of the system as nodes a subnetwork. We here use
the phrase latent states and not hidden states, as the latter commonly refers to
a basis of the unobservable or uncontrollable subspace, i.e. the set of states that
do not impact the input-output behaviour of the system (see e.g. Skogestad and
Postlethwaite, 1996, p. 137).

Assume for now that only a subset of the state variables are either directly
observed or perturbed, divide the vector of states into two parts, x = [xT1 , xT2 ]T ,
such that x1 contains the n1 states of interest that either are directly observed or
perturbed and x2 the remaining latent states. To see the impact of the latent states
we rewrite (6.2.3) so that this division becomes explicit

dx1

dt
(t) = A11x1(t) +A12x2(t) +B1p(t) (6.4.1a)

dx2

dt
(t) = A21x1(t) +A22x2(t) (6.4.1b)

y(t) = C1x1(t). (6.4.1c)

As previously, we assume that C1 and B1 are known with dimension o× n1 and
n1 × l, respectively. The interaction matrix of the subnetwork that is sought from
the input-output relationship of the system consists of both the direct interactions
in A11 and the indirect interactions through the latent states. It can be expressed
concisely using transfer functions by taking the Laplace transform of (6.4.1),

sx1(s) =
(
A11 +

,H(s)︷ ︸︸ ︷
A12(sI −A22)−1A21︸ ︷︷ ︸

,A(s)

)
x1(s) +B1p(s) (6.4.2a)

y(s) =C1x1(s), (6.4.2b)

assuming that all initial values are zero. Here A(s) is the sought interaction matrix
of the subnetwork and H(s) contains the indirect interactions. Instead of being
described in the time domain, the interactions are now described in the Laplace or
frequency domain–see Section B.2 for an introduction to Laplace transforms.

Based on the results in the previous section, we know that the latent states x2
cannot be uniquely defined given only the input-output behaviour. We therefore start
by establishing necessary conditions on the set-up of the perturbation experiments
for unique definition of the states of interest x1. Instead of (6.3.8), we obtain, based
on knowledge of C1 and B1 and the same reasoning, a system of equations that
constrains the possible similarity transformations, partitioned like A above,[

C1 0
BT

1 0

][
T 11 T 12

T 21 T 22

]
=
[
C1 0
BT

1 0

]
. (6.4.3)



162 Inference of subnetworks–impact of latent states

This gives the following constraints on the two blocks of the states of interest, T 11
and T 12, which are required to be I and 0, respectively,[

C1

BT
1

]
T 11 =

[
C1

BT
1

]
and

[
C1

BT
1

]
T 12 =

[
0
0

]
. (6.4.4)

The states of interest are thus uniquely defined if and only if [CT
1 B1]T has full

column rank. Consequently, a necessary condition for inference of a subnetwork is
knowledge of a linearly independent subset of n1 relations between the states of
interest and responses or perturbations. This is essentially the same condition as for
unique definition of all states in Section 6.3, but limited to the states of interest x1.
The condition ensures that only state transformations of the form[

x1(t)
x2(t)

]
=
[

I 0
T 21 T 22

][
x̃1(t)
x̃2(t)

]
, (6.4.5)

with x2(t) = T 21x̃1(t) + T 22x̃2(t) exist. This can be used to rewrite (6.4.1) in a
manner similar to (6.3.2), proving that the latent states are not unique. Based on
the results of the previous section it is therefore not feasible to infer the interactions
among the latent states nor can they be uniquely associated to any physical quantity.

From the previous section we know that observability and controllability also
are needed to obtain a unique realization from input-output behaviour alone. The
exact conditions on C1 and B1 for observability and controllability depends on
the interaction matrix of the “true” system, including the latent states. However,
we are only interested in the subnetwork formed by the states of interest, so we
only require uniqueness of the related part of any realization that can represent
the input-output behaviour. The input-output relation is unaffected by hidden
states, consequently existence of a minimal realization with the states of interest
as a subset of its states is sufficient for uniqueness of the subnetwork. Actually,
existence of hidden latent states in the “true” system is an advantage because it
reduces the number of latent states that affects the input-output relation and the
length of the paths between the states of interest. In other words, in agreement with
the principle of parsimony we seek the minimal realization of the system, i.e. the
realization in which A has the smallest possible dimension and number of states (see
e.g. Skogestad and Postlethwaite, 1996, p. 137). Other realizations in agreement
with the input-output behaviour always exist, but they are not minimal and contain
hidden states that do not affect the input-output behaviour. Note that a minimal
realization is observable and controllable per definition. Existence of this minimal
realization together with the above condition for a unique definition of the states of
interest are then necessary and sufficient for inference of a subnetwork.

In conclusion, observability and controllability of the states of interest together
with knowledge of a linearly independent subset of n1 relations between the states of
interest and responses or perturbations are necessary for inference of a subnetwork.
These conditions are also sufficient for inference of a unique minimal realization of
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the system. The required knowledge on the set-up of the perturbation experiments,
in other words, scales linearly with the number of states of interest, which implies
that inference of a subnetwork typically is feasible. We next relate these conditions
to previously published conditions by Goncalves and Warnick (2008).

6.5 Relation to previously published conditions

Our work is closely related to the work in Goncalves and Warnick (2008) on necessary
and sufficient conditions for dynamical structure reconstruction of LTI systems when
unobserved states exist, although we do not use dynamical structure functions.
We therefore repeat and re-examine some of their results in order to explain the
apparent discrepancy noted at the end of Section 6.3. The aim is still to infer the
interactions among a subset of the states.

We now study the transfer matrix in a manner similar to Goncalves and Warnick
(2008). The input-output relationship of the system in (6.2.3) can be described by
the transfer matrix

G(s) = C(sI −A)−1B (6.5.1)

when the initial state x0 = 0 (see e.g. Trentelman et al., 2001, p. 38). It is the
Laplace transform of the impulse response–see Section B.2 for an introduction
to Laplace transforms. This transfer matrix thus contains the same information
about the input-output relationship as (6.3.6), but the convolution has now been
simplified to an algebraic equation. Similar to Goncalves and Warnick (2008) we
now distinguish between observed states x̀1 and unobserved states x̀2, and assume
that C is known. Note that the observed states are a subset of the states of interest
x1 and the latent states x2 are a subset of the unobserved states. The Laplace
transformed analogue of (6.2.3) is in this case

sx̀1(s) =
(
À11 +

,H̀(s)︷ ︸︸ ︷
À12(sI − À22)−1À21︸ ︷︷ ︸

,À(s)

)
x̀1(s)

+
(
B̀1 + À12(sI − À22)−1B̀2︸ ︷︷ ︸

,B̀(s)

)
p(s) (6.5.2a)

y(s) =C̀1x̀1(s), (6.5.2b)

assuming that all initial values are zero. Here B̀1 and B̀2 contain the direct effect
of the perturbations on the observed and unobserved states, respectively. If and
only if B̀2 = 0, then the set of latent states equals the set of unobserved states,
i.e. x̀1 = T 1x1 and x̀2 = T 2x2 for some similarity transforms T 1 and T 2. The
interactions among the observed states are described by the transfer functions in
À(s), which are the sum of the direct interactions in À11 and the indirect interactions
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mediated through the unobserved states in H̀(s). The input matrix B̀(s) is a sum
of the direct effect of the perturbations B̀1, and the indirect effect that acts through
the unobserved states À12(sI − À22)−1B̀2. The transfer matrix is in this case

G(s) = C̀1
(
sI − À(s)

)−1
B̀(s). (6.5.3)

Similar to the case in Section 6.4, we seek necessary conditions for uniqueness of
À(s) based on knowledge of the transfer matrix G(s).

We start by an example demonstrating that independent observations of all
states in the subnetwork and knowledge of G(s) are not sufficient to determine the
interaction matrix À(s). Consider the extended IRMA model for the Glucose mode
introduced above, and assume that only the first five states corresponding to the
five gene mRNAs are perturbed and observed independently so that

sx̀1(s) =


a11(s) a12(s) a13(s) 0 0
a21(s) a22 0 0 0
a31(s) a32(s) a33 0 0
a41(s) 0 a43(s) a44 0

0 0 a53(s) 0 a55

 x̀1(s) + Ip(s) (6.5.4a)

y(s) =Ix̀1(s) (6.5.4b)

corresponds to (6.5.2), with the transfer functions aij(s) given in Section B.1.3.
Assume for a moment that we do not know the input matrix B, i.e. we do not know
the direct effect of the perturbations, and add one additional non-zero element to it,
namely b75 = 1. This corresponds to the perturbation applied to the GAL80 gene
(x5) also having a direct effect on the protein Gal80p (x7). Then, the system given
by

sx̀1(s) =


a11(s) a12(s) a13(s) 0 0
a21(s) a22 a23(s) 0 1
a31(s) a32(s) a33 0 0
a41(s) 0 a43(s) a44 0

0 0 a53(s) 0 a55

 x̀1(s)

+


1 0 0 0 0
0 1 0 0 b25(s)
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

p(s) (6.5.5a)

y(s) =Ix̀1(s), (6.5.5b)
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with

a23(s) = a27a73(s− a10,10) + a27a7,10a10,3

(s− a77)(s− a10,10) , (6.5.6)

b25(s) = − 1
s− a55

. (6.5.7)

has exactly the same input-output behaviour for the five genes as our extended
IRMA model for Glucose. In other words, the transfer matrices G(s) are identical.
This network is illustrated in Figure 6.3 and was obtained by making the following
modifications of the original full interaction matrix; a25 = 1, a27 = −1, a73 = a53,
a75 = 0, a77 = a55, a78 = 0, a7,10 = a5,10, and a87 = 0. Note that, in this example,
the resulting À(s) and B̀(s) only have a total of three elements that differ from
their counterparts in (6.5.4a), because we aimed at keeping it simple. In general,
there exists an infinite number of À(s) and B̀(s) that are consistent with the
same G(s), because both À(s) and B̀(s) in (6.5.2) contain À12(sI − À22)−1 and
a trade-off can be made between them. To avoid this trade-off it is necessary to
plan the experiments such that B̀2 is zero, i.e. that the perturbations do not affect
any unobserved state, or such that B̀2 is known and the states of interest x1 are
uniquely defined. Conditions for the latter case were established in Section 6.4 and
we next follow the approach of Goncalves and Warnick (2008) to establish conditions
for the former case.

We now study conditions for existence of a unique pair À(s) and B̀(s) fulfilling
(6.5.3) based on knowledge of G(s) under the assumption that C̀1 is known and
invertible. From (6.5.2) and x̀1 = C̀

−1
1 G(s)p with introduction of G̃ , C̀

−1
1 G(s),

we derive

sG̃(s) = À(s)G̃(s) + B̀(s), (6.5.8)

which can be put on vector form

sG̃
H(s) =[G̃H(s) I]

[
À
H

(s)
B̀
H

(s)

]
. (6.5.9)

Here H denotes the conjugate transpose. Any combination of À(s) and B̀(s) that
fulfils this equation fully describes the input-output behaviour given by G(s). In
general, infinitely many such combinations exist and we need enough knowledge
about B̀(s) such that only one unique solution À(s) exists to the inference problem,
corresponding to the “true” interaction matrix of the subnetwork of observed
states. This is the analogue of the relationship used by Goncalves and Warnick
(2008, equation 7) to establish necessary and sufficient conditions for reconstruction
of the dynamical structure functions. The dynamical structure functions are an
alternative representation of the system in which all diagonal elements of the
matrix corresponding to À(s) is zero and thus has one less parameter per row. The
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Figure 6.3: The modified extended IRMA network in Glucose. The structure
of the extended IRMA model for S. cerevisiae modified such that the input-output be-
haviour of the system is identical to the extended IRMA model for Glucose in Figure 6.1
despite differences in the interaction matrix and input matrix. An arrow shaped head
on the link indicates up-regulation or activation, while a bar shaped head indicates
down-regulation or repression. This figure was generated in Cytoscape (Shannon et al.,
2003).

equivalence of their necessary and sufficient condition for reconstruction (Theorem
2) is therefore as many known elements per column in [À(s) B̀(s)]H as nodes in
the subnetwork. In other words, B̀

H
(s) must at least be of dimension n1 × n1 and

completely known unless a priori information on À(s) is available. This corresponds
to requiring at least as many unique experiments as there are nodes in the subnetwork,
and furthermore with known effects of the perturbations on the nodes. This condition
is necessary and sufficient to ensure that the null space of the operator [G̃H(s) I] is
empty.



6.5. Relation to previously published conditions 167

The condition above is not fulfilled in the case considered by Schmidt et al.
(2005), because they only perform a single experiment to infer a network with
four nodes and B̀ is unknown and of dimension n1 × 1. In addition, Schmidt et al.
showed that it is not necessary to know B̀, because it could be inferred from the
response data. Indeed, the example considered in Schmidt et al. fulfils the conditions
derived in Section 6.3 and the full network can be inferred from a single time-series
experiment since all states are observed and the system is controllable. The example
considered by Schmidt et al. does not involve any unobserved states and we therefore
below consider a small example with one latent state before explaining why the
conditions in Goncalves and Warnick (2008) are contradictory to the results in
Schmidt et al. and the conditions derived in Section 6.3.

Consider the following 3 gene system

dx

dt
(t) =

 −1 0 0
0 −1 1
1 0 −1

x(t) +

 1
0
0

p(t) (6.5.10a)

y(t) =
[

1 0 0
0 1 0

]
x(t), (6.5.10b)

with two observed states of interest x1 and x2. The “true” interaction matrix of the
subnetwork that they form and the corresponding input matrix are

A(s) =
[
−1 0
1
s+1 −1

]
B(s) =

[
1
0

]
. (6.5.11)

Assuming that only C and the transfer matrix

G(s) =
[

1
s+1

1
(s+1)3

]
(6.5.12)

are known, our aim is to infer the interaction matrix of the subnetwork. Knowledge of
C alone implies that the two states of interest are uniquely defined. The realization in
(6.5.10) is also observable and controllable, so the necessary and sufficient conditions
for inference of a subnetwork established in Section 6.4 are fulfilled. Nonetheless,
the operator [GH(s) I] has a null space of dimension two and (6.5.9) is satisfied by
every interaction matrix A(s) and input matrix B(s) of the form

A(s) =
(
1 + k3(s)

) [ −1 0
0 s

]
+
[
k1(s)
k2(s)

] [
−1 (s+ 1)2

]
(6.5.13a)

B(s) =
[

1
0

]
+ k3(s)

[
1
s+1

− s
(s+1)3

]
, (6.5.13b)
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with ki(s) being arbitrary transfer functions. As noted by Goncalves and Warnick
(2008), the existence of a non-empty nullspace implies that there exists an infinite
number of pairs A(s),B(s) that give the same input-output behaviour G(s). How-
ever, as we note here, the feasible pairs A(s),B(s) have to fulfil constraints imposed
by properness and maximum order of the “true” system. In other words, all elements
in A(s) and B(s) must be proper, i.e. have numerator degree less than or equal
to denominator degree, and the overall order should not exceed the order of the
known G(s). To see how this constrains the use of the nullspace for the example
considered here, we consider allowable choices of the polynomials ki(s), i = 1, . . . 3
in Section 6.5.13.

The order of the system, corresponding to the McMillan degree of G(s), is three
in this case (see e.g. Skogestad and Postlethwaite, 1996, p. 137). This restricts
the order of each element of A(s) and B(s) to one since two states are observed.
Considering first B(s), we see that k3(s) must be 0 if we require b21(s) to have
order one or less and b11(s) to be proper. We then get a11(s) = −1 − k1(s) and
a12(s) = k1(s)(s+ 1)2 from which we deduce that k1(s) can be of at most order one
for a11(s) to have order one or less, while k1(s) must be zero or of at least order
two to make a12(s) proper. Thus, k1(s) = 0 is the only feasible choice. Finally, we
have a21(s) = −k2(s) and a22(s) = s+ k2(s)(s+ 1)2. Thus, k2(s) can be of at most
order one and must furthermore be chosen such that a22(s) is proper. This yields a
unique k2(s) = −1/(s+ 1) and we have arrived at a unique set of interaction and
input matrices that are identical to the “true” ones in (6.5.11). Thus, in this case
a unique minimal realization exists since the null space of the operator [GH(s) I]
cannot be utilized due to constraints on properness and order of the elements of
A(s) and B(s).

The simple case considered here serves to explain why Schmidt et al. (2005) was
able to infer a network with four nodes in a single experiment, despite the claim
by Goncalves and Warnick (2008) that at least as many unique experiments as
there are nodes in the network are required for unique recovery of A(s) and B(s).
Goncalves et al. failed to note that the nullspace of [GH(s) I] in general can not be
fully utilized, and their condition is therefore not necessary but only sufficient.

6.6 Direct versus indirect interactions

As seen above, the existence of latent states affects the requirements on the experi-
mental setup and the data recorded for network inference. The presence of latent
states also affects the meaning of an inferred interaction. Biologists usually desire
direct causal interactions in accordance with the tradition in molecular biology to
map out causal interactions between molecules of the type: “Gal80p binds directly
to the activation domain of Gal4p” (Sellick et al., 2008). Although the interactions
inferred from perturbation experiments are causal–thanks to the distinction between
perturbations and responses–they are in general not direct. Latent states namely
mediate influences from one observed state to another. In (6.4.2) the matrix A11
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contains the direct interactions between the states of interest and H(s) the indirect
interactions mediated by the latent states. From a systems perspective H(s) cap-
tures the influence of the environment, which in general is equally important for
regulation and function as the direct interactions.

It is often hard to say if an inferred interaction is direct or indirect in a subnetwork
model. From steady-state experiments alone this is impossible to establish, as seen if
we take the limit of (6.4.2) as the frequency approaches zero and replace the states
of interest by observations from m experiments Y (0) , [y1(0) . . . ym(0)]

Y (0) = C1
(
A11 −A12A

−1
22 A21︸ ︷︷ ︸

=A(0)

)−1
B1P (0), (6.6.1)

with the step perturbations P (0) , [p1(0) . . . pm(0)]. It is then clearly impossible to
distinguish contributions from the indirect interactions A12A

−1
22 A21 and the direct

interactions A11. Thus, elements of the static interaction matrix A(0) correspond
to direct or indirect interactions, or combinations thereof, and there is no possibility
to separate them based on steady-state observations. Moreover, both C1 and B1
must have rank n1 and be known for existence of a unique solution of A(0). This
is consistent with the results in Chapter 4–in the sense that we need at least as
many experiments as there are nodes in the network for inference. The good news is
that we can focus on a subnetwork and thereby manage with less experiments. The
bad news is that we in the steady-state case cannot distinguish between direct and
indirect influences, no matter how many experiments we perform, unless we observe
all states.

From the input-output relationship that can be obtained from time-series ex-
periments, it is possible under the conditions established in Section 6.4 to estimate
the transfer function matrix A(s) in (6.4.2). In this case it is possible to distinguish
direct from indirect interactions, and also determine the maxmimum and minimum
path lengths, in terms of the number of latent states, in the indirect interactions.
To see this, consider element aij(s) of A(s) which describes the effect of changes in
gene j on gene i

aij(s) = N(s)
D(s) . (6.6.2)

Assume there are no cancellations between the numerator N(s) and denominator
D(s) polynomials. Then the order of the denominator polynomial D(s) gives an
upper bound on the number of latent states involved in the longest path(s) from gene
j to gene i. Similarly, the relative degree, corresponding to the difference between
the order of the denominator D(s) and the order of the numerator N(s), gives an
upper bound on the number of latent states in the shortest path from gene j to
gene i. Thus, a direct influence from gene j to gene i exists if the relative degree
of aij(s) is zero. If the order of the denominator D(s) is non-zero and the relative
degree is zero, then it implies that the interaction is a combination of direct and
indirect influences.
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As an example, consider the transfer function from SWI5 to GAL80 in our
extended IRMA model for the Glucose mode

a53(s) = a53 + a5,10a10,3

s− a10,10
. (6.6.3)

As can be seen in Figure 6.1, the influence from gene 3 to gene 5 consists of a direct
effect a53 in combination with an indirect effect through the feedforward loop that
involves the latent state Swi5p-Unk (x10). Correspondingly, the transfer-function
a53(s) is first order with relative degree zero.

The ability to estimate the order and relative order of each individual transfer
function in A(s) depends on how informative the time-series data is and how well
the experiments excite the latent states. However, as shown above, this information
is required to distinguish between direct and indirect interactions. Considering that
most interactions inferred in the literature are not based on time-series data and that
the presence of latent states must be assumed in almost every biological system of
interest, it is likely that inferred interactions in general do not correspond to physical
binding of the states, e.g. binding of transcription factors. This is also pointed out
in Gardner and Faith (2005), who therefore propose the phrase regulatory influence
for inferred network interactions. To stress that these influences may be mediated
by latent states but never by any observed state we say that they are pseudo or
quasi direct.

6.7 Discussion and conclusions

The purpose of network inference is primarily to find the interactions that exist
among a set of variables of interest, i.e. the n1 states of interest. To be able to do
this based on data from perturbation experiments it is necessary to know a linearly
independent subset of n1 relations between the states of interest and responses or
perturbations. Otherwise the states of interest are not uniquely defined. In addition,
a minimal realization with the states of interest need to exist, which is observable
and controllable per definition. These requirements are also necessary and sufficient
for inference of the full network when the set of states of interest contains all states
of the system, implying that the fundamental information requirements scale linearly
with the number of states of interest. Given that the state variables of interest
typically represent molecules of some sort, e.g. mRNA, proteins, metabolites, or
ions, which often can be directly observed and/or perturbed. Fulfilment of these
necessary conditions can therefore typically be ensured during the planing of the
experiments.

Direct observation of changes in biological experiments together with knowledge
of the applied perturbations make it possible to assign causality to the interactions,
i.e. determine the direction of the links. Each perturbation is per definition the
cause and the resulting change of the states is the effect mediated by the directed
interactions. E.g. over-expression of GAL4 leads to increased expression of SWI5
in the IRMA example depicted in Figure 6.1. The direction is in general hard
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to determine without doing perturbation experiments, e.g. if we did not know
the perturbations, then we could at best infer correlations between the states of
interest. To highlight the value of knowing the perturbations and response in the
states of interest consider the common case faced in econometrics. In analysis of
econometric data it is typically not known which variables are perturbations and
which are responses of the observed ones and the notion of Granger causality has
been introduced (Granger, 1969). In short, a variable is said to Granger cause
another variable if the prediction of the observed values of the later is improved by
use of the observed values of the former. A variables influence on the prediction
of another variable however depends on how it relates to the set of other variables
used in the prediction (Lukacs et al., 2009; Guyon and Elisseeff, 2003; Freedman,
1983). Cases when an unrelated variable gives better prediction than a related
variable have been documented. The possible existence of feedback loops makes it
in general impossible to say that one variable causes the response seen in another.
Granger causality should therefore not be mixed with causality despite the name.
The directions of the interactions are essential to understand the mechanism behind
biological functions and we therefore recommend inference based on data from
perturbation experiments. Even though the perturbations are needed to assign
causality to inferred interactions, they have in many cases been neglected, as evident
by e.g. counting the number of works in which the network is inferred from expression
changes alone in recent reviews such as De Smet and Marchal (2010); He et al.
(2009); Hecker et al. (2009); Karlebach and Shamir (2008); Li et al. (2008b); Bonneau
(2008); Tegnér and Björkegren (2007); Markowetz and Spang (2007); Cho et al.
(2007).

Gardner and Faith (2005) classify inferred networks into two groups: physical
and influential models. Due to indirect influences mediated by latent states only an
influential model is in general obtained from perturbation experiments, meaning
that the interactions describe regulatory influences between the states. Only direct
interactions can correspond to physical binding between molecules. Since the interac-
tions in general are not physical, it is strictly speaking wrong to evaluate or validate
inferred networks based on physical interactions obtained by other techniques. This
could in part explain the discrepancy seen between inferred networks and interactions
found in chromatin immunoprecipitation experiments e.g. in Lorenz et al. (2009).
However, to correct, modify, and create a specific behaviour we need to know the
mechanisms that generate the behaviour, i.e. the regulatory influences. We therefore
argue that it is regulatory interactions that are of primary interest in both medicine
and biotechnology. Actually network inference based on perturbation experiments is
the only method that captures the interactions of regulatory importance, as far as
we know. Perturbation of the network creates the type of signals that environmental
changes give rise to and the system responds in the natural way. The interactions
essential for the behaviour are activated and it is these regulatory influences that
are inferred. Indirect interactions through latent states also capture the effect of
the environment on the system consisting of the states of interest. The current
multitude of experimental techniques, inference algorithms, and networks makes it
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important to investigate what an interaction actually represents in each network
and distinguish between different types of interactions.

The implication of latent states has, with the exception of previous discussions
e.g. in Goncalves and Warnick (2008) and Margolin and Califano (2007), largely been
neglected in inference of networks based on perturbation experiments. Considering
that today in inference of GRNs it is common practice to either only observe the
change in mRNA, protein, or metabolite abundance, neglecting all other state
variables of the system (Hecker et al., 2009; Tegnér and Björkegren, 2007; Brazhnik
et al., 2002), it is clear that unobserved and unperturbed latent states almost always
are present and their existence need to be accounted for. Existence of latent states,
among other things, implies that it is necessary to know a linearly independent
subset of n1 relations between the states of interest and responses or perturbations.
The sum of the observed and perturbed variables must therefore at least equal the
number of genes of interest to infer a subnetwork. In general this is not sufficient
but it is always necessary, contrary to the necessary conditions for inference of the
dynamical structure function established by Goncalves and Warnick (2008), which
we showed not to be necessary. However, when only steady-state data is available
then it is necessary to independently both perturb and observe each variable of
interest to infer the subnetwork existing among them. Independent perturbation and
observation of each gene of interest is always sufficient for inference of subnetworks.
These conditions are already in many cases fulfilled in inference of GRNs, because it
is common place to measure mRNA abundances of individual genes and perturb them
e.g. by insertion of a plasmid containing an extra copy (Gardner and Faith, 2005;
Cantone et al., 2009). RNA interference and endogenous perturbations resulting
in copy number aberrations also affect single genes (Wheeler et al., 2005; Jörnsten
et al., 2011). In other words, the techniques and methods to even fulfil this sufficient
condition already exist and have been used in network inference. It is worth stressing
that the ability to infer subnetworks offers a mean to avoid underdetermined
problems and achieve confidence when the number of variables exceeds the number
of samples. This is in particular important in steady-state experiments, because even
though all genes are observed it is then still only possible to infer the subnetwork
of genes that were perturbed. These are the genes that should be included in the
network model. If one tries to infer the full network, then the resulting model is
determined by the sparsity assumption or a priori knowledge and no confidence
can be assigned to any interaction, as discussed in Chapter 4. While the existence
or lack-off of intermediary states never can be determined from steady-state data,
it can in principle be determined from time-series data. In practice it depends
on how informative the time-series data is and how well the perturbations excite
the latent states. One way to represent this knowledge is by estimating transfer
functions from the data, which concisely represent the interactions between states
of interest. Transfer functions are widely used in engineering and systems theory,
see e.g. Lindner (1999); Kailath (1980).

To increase the impact of the theoretical limitations of inference based on
perturbation experiments that we have explored here, we now give some practical



6.7. Discussion and conclusions 173

advice to practitioners dealing with inferred networks or inferring networks. Latent
states have a profound impact both on what can be inferred and the meaning of the
inferred interactions. So unless it is known that all states of the system are observed
and perturbed, one should always assume that latent states exist and recognize that
a subnetwork in fact is inferred. One should therefore always ask what the links
represent and check the assumptions made during inference, in particular regarding
existence of latent states. When using network inference to determine the genetic
mechanism behind a function of interest we recommend the following procedure:
Perturb something that affects the function and measure the change in all genes
when the system has reached a new steady-state. Next perturb a gene that changed.
If this perturbation affected the function, then this gene is essential and should be
included in the subnetwork, otherwise it can be excluded. Repeat this step until
a subset of genes that are essential emerges and hence forms the set of states of
interest. After this, experiment design should be employed to ensure that the data
is informative for inference of this subnetwork, as described in Chapter 7. Finally,
time-series experiments can be performed if knowledge about intermediary states is
desired.





Chapter 7

Design of perturbation experiments for
network inference

“It is a capital mistake to theorize before one has data.
Insensibly one begins to twist facts to suit theories,
instead of theories to suit facts.”

Sir Arthur Ignatius Conan Doyle, The adventures of
Sherlock Holmes: A scandal in Bohemia, 1892.

The intrinsic ability of gene regulatory networks to amplify and attenuate dif-
ferent signals makes inference of existing causal interactions from expression
data challenging. We demonstrate that recently published data on the Snf1

signalling pathway in S. cerevisiae lack necessary information for inference, even
though the authors perturbed all 10 genes one-by-one in separate experiments in an
attempt to obtain enough information. As we show, the only foreseeable remedy is
iterative design of correlated multi-gene perturbation experiments that explores the
multivariable gains of the system and thereby counteracts the signal attenuation.
We establish sufficient conditions on data for robust variable selection and network
inference, and propose the following design principle–select the next perturbation
such that the expected response practically spans an additional dimension in the
state space. This principle is here numerically demonstrated by designing additional
steady-state experiments for inference of the Snf1 signalling pathway. On average
15 and in the worst case 35 additional experiments were needed to increase the
strength of the weakest signal 33 times and obtain informative data in 1000 Monte
Carlo simulations. In comparison, designs using only random or single gene pertur-
bations yielded poor data in all simulations even after 100 additional experiments.
Large improvements in data quality are hence obtainable by replacing the random
and single gene designs currently used. The ability to combine and scale previous
perturbations is essential for the iterative experiment design and hence calls for
development of improved experimental protocols.

175
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7.1 Introduction

Interacting genes, proteins and metabolites form a dynamical system controlling
cellular processes (Wolkenhauer et al., 2005b; Sontag, 2005; Csete and Doyle, 2002).
Several studies have demonstrated that network inference based on gene expression
data obtained from in vivo experiments, in which the system is perturbed by known
disturbances and the following response measured, has the potential to reveal all
direct causal influences within a set of observed genes (Tegnér and Björkegren, 2007;
Cho et al., 2007; Crampin, 2006; Gardner and Faith, 2005; Goncalves and Warnick,
2008). Inferred gene regulatory networks (GRNs) are approximations/abstractions
of the intracellular system of interacting molecules providing insight on the central
genetic control structure, e.g. feedback and feedforward loops, while hiding details
such as mediator proteins and metabolites. To successfully infer the GRN that
underlies a biological function of interest, based on expression changes, two basic
problems must be solved. First, informative data that allow discrimination between
models with different network structure must be recorded by performing in vivo
experiments on the system in the physiological mode where the function is active.
Second, the “true” network model with a structure including only the active gene
interactions must be selected based on the recorded data set. A multitude of
traditional estimation methods and novel inference algorithms have been adopted
within the last decade to recover the network from given gene expression data; see
the review articles (Hecker et al., 2009; Li et al., 2008b; Tegnér and Björkegren,
2007; Cho et al., 2007; Bansal et al., 2007; Gardner and Faith, 2005; Styczynski
and Stephanopoulos, 2005; Doyle and Lauffenburger, 2005; van Someren et al.,
2002; D’haeseleer et al., 2000). In particular, incorporation of network sparsity
in the selection algorithm has been of major interest. Currently one can, in our
opinion, speak about a race towards the best solution of the second problem, boosted
by the DREAM challenges in which the solutions are benchmarked against each
other (Marbach et al., 2010). Relative to the popularity of the second problem, the
first one is more or less being neglected even though a solution of it is a prerequisite for
solving the second one, since obviously no selection algorithm can create information.
Indeed, current data sets are characterized by high dimensionality but few samples,
low signal to noise ratios, errors-in-variables, and ill-conditioned response matrices
in which most of the variation can be explained by a few linear combinations of the
variables (see e.g. Holter et al., 2000; Alter et al., 2000; Tegnér and Björkegren, 2007;
Faith et al., 2007; Cosgrove et al., 2010; Nordling and Jacobsen, 2009a; Wu and
Wu, 2010). Inference algorithms applied to poor data lacking necessary information
do in general not reveal that the data is poor but rather select a false network
model. Poor data implies existence of at least one false network model that cannot
be falsified by the available data, since it explains the data well.

We here address the first problem, that of generating sufficiently informative
data for network inference through design of perturbation experiments. To stress the
necessity of better design, we first demonstrate that recently published data from a
reverse engineering study of the Snf1 signalling pathway in S. cerevisiae (Lorenz
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et al., 2009) lacks necessary information, even though all genes were perturbed.
Motivated by the lack of information, we analyse the cause of it, and based on
our theory for robust variable selection in Chapter 5 we establish sufficient criteria
on the data for robust variable selection and network inference in Section 7.3.
Based on observations of signal amplification and attenuation by the system, we
propose iterative design of correlated perturbations as the only foreseeable solution
in Section 7.4. We then identify the fundamental principle for design of the next
perturbation in Section 7.5, and demonstrate the use of it for design of steady-state
experiments in Section 7.6. Before presenting our results, we give an introduction
to design of experiments, and point out the distinction between previous work and
this work. The results are followed by a discussion on the demand for experimental
multi-gene perturbation protocols and importance of data quality and analysis.

7.1.1 An overview of design of experiments for model selection

Design of experiments (DoE) is since long used in statistics to obtain more infor-
mation in fewer experiments by tailoring the experiments to the purpose of the
study (Pronzato, 2008; Chaloner and Verdinelli, 1995; Steinberg and Hunter, 1984;
Ljung, 1999; Fisher, 1935). The idea is to plan the experiments such that when a
mathematical model is fitted to or trained on the recorded data then it provides a
sufficiently good approximation of the properties of interest, while minimising the
experimental effort. Model construction can in general be divided into two steps:
selection of the model structure, and estimation of parameters (Ljung, 1999). From a
modelling perspective network inference is model selection, since the primal concern
is which interactions to include in the model, while determination of the strength
of the interactions is parameter estimation. It is tradition to differentiate between
DoE for parameter estimation, which is used to decrease parameter uncertainty
for a chosen model structure, and DoE for model/variable selection, which is used
to distinguish among a set of alternative model structures, since the two tasks
typically require different data (Schwaab et al., 2008). In particular, experiments
designed to minimise parameter covariance should not be used for model selection,
since measures of parameter uncertainty are only meaningful for the selected model
structure. Three recent reviews of DoE related to systems biology, Kreutz and
Timmer (2009); Banga and Balsa-Canto (2008); Franceschini and Macchietto (2008),
provide a good overview of DoE for parameter estimation and, in particular, a
subset of methods known as optimal experimental design (OED). However, they
only give a brief introduction to DoE for model selection, which is the main interest
here. The combined introductions of Schwaab et al. (2008) and Michalik et al.
(2010) provide an excellent overview of OED for model selection, which we next
complement by other DoE works related to systems biology and published within
the last decade. Previous works can roughly be grouped into three categories: OED
for discrimination among dynamical models, discrimination among non-dynamical
models, and heuristic methods or rules for choosing experiments.

The first group concerns OED for discrimination among a specified set of
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alternative nonlinear dynamical models, i.e. hypothesis testing, and require a priori
knowledge or data both for constructing the alternative models and estimation of
their parameters (Michalik et al., 2010; Skanda and Lebiedz, 2010; Kremling et al.,
2004). This implies that the proposed methods are unsuitable for generation of
interaction hypotheses, which network inference so far mainly has been used for,
and that model and parameter errors may have a large impact on the designed
experiments and discriminatory power. The current research theme is to account
for model and parameter uncertainty through modified objective functions (see e.g.
Donckels et al., 2009; Schwaab et al., 2008), an approach which further increases the
a priori information and data demand. In the second group, discrimination among
Boolean and Bayesian models has been investigated (Ideker et al., 2000; Steinke
et al., 2007; Yoo and Cooper, 2003). These are computationally expensive when
the sets of alternative models and possible perturbations are large. They fail to
properly account for noise in the data, but they are suitable for generating and
testing interaction hypotheses in Boolean or Bayesian models. For instance, Steinke
et al. (2007) assume noise-free measurements of the steady-state responses. The
third group consists of works where some heuristic method or rule for choosing
experiments is proposed. An example of this is Tegnér et al. (2003), who suggest
two heuristic rules for selecting which gene to perturb next. Experiments generated
by their rules are suitable for both hypothesis generation and testing, but it may be
computationally expensive to determine all models consistent with data as needed
and informative data is not guaranteed. Apgar et al. (2008), on the other hand, use
model based controllers to design dynamical stimuli for driving candidate models
through a target trajectory so that the models can be distinguished. They select
the target trajectory based on suitability for the available measurement methods
and do not explicitly optimize the discriminatory power. Their method is made
for discrimination among a few candidate models and it therefore requires a priori
knowledge or data, implying that it is not suitable for generation of interaction
hypotheses.

Contrary to previous works, we present a simple yet powerful principle for
how to design the next perturbation experiment given recorded data, shown to be
fundamental for robust variable selection and network inference. Application of
the principle does not require any a priori information, nor does it at any stage
require an explicit model of the system, so it can be applied at any stage of the data
collection. At the same time prior information, data and system models can easily be
incorporated to decrease the required number of experiments. It thereby avoids the
cons of previous DoE approaches, while maintaining their pros. We show that proper
application of the principle yields informative data. We exemplify the principle by
implementing an algorithm for design of steady-state experiments and use it to
iteratively design step perturbations for inference of the Snf1 signalling pathway
in S. cerevisiae, starting from published in vivo steady-state data (Lorenz et al.,
2009). The algorithm is based purely on the singular value decomposition (SVD), a
classical tool in matrix algebra (see e.g. Horn and Johnson, 1990, p. 414-415) for
which effective computational algorithms exist.
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7.2 Published data with insufficient information

Lorenz et al. (2009) use steady-state transcriptional perturbation experiments to infer
the interactions of an ageing and glucose repressed GRN consisting of 10 genes from
the Snf1 signalling pathway in S. cerevisiae . They over-expressed each of the genes,
one-by-one, using strains containing an integrated second copy of the perturbed gene
under control of a doxy-cycline-inducible promoter and measured the expression of all
genes by real-time quantitative polymerase chain reaction (qRT-PCR) relative to an
isogenic control strain. When testing their interaction hypotheses, using promoter-
reporter gene fusions in gene-deletion mutants, chromatin immunoprecipitation
experiments and interactions reported in the literature, they found that their network
model showed a mere 62% sensitivity and 69% precision. Sensitivity measures the
percentage of known interactions that are successfully inferred, while precision
measures the percentage of inferred interactions that are consistent with known
interactions. Moreover, 24% of the predicted interactions had the wrong sign, i.e.
activations were erroneously inferred as repressions and vice versa. When analysing if
the weak agreement can be explained by poor data, we made the following discovery.
For each of the 100 possible interactions we found at least one network model
without it that could not be rejected based on a model goodness of fit test using
their data (Lorenz et al., 2009, supplementary Table S2-S4). Lorenz et al. assumed
the measurement errors to be independent and zero mean normally distributed, and
provided estimates of the standard deviation of each measured response so we used
the χ2 goodness of fit test with p-value 0.05 (see e.g. Jaqaman and Danuser, 2006;
Cedersund and Roll, 2009). We present in Sections C.1 and C.2 18 non-rejectable
network models that together proves that each possible interaction can be left out.
Since many practically indistinguishable models with different structure obviously
exist, none of the inferred interactions can be statistically significant. An example
of two models with different network structure that cannot be rejected and hence
are practically indistinguishable is given in Figure 7.1. The structure, i.e. signed
topology, of the two networks differs considerably, as seen by the low number of
identical links, i.e. interactions present in both models with same sign. More precisely,
they only have 9 links with the same sign in common, while 7 links have the opposite
sign and 15 links only exist in one of the networks. All 9 links with the same sign
are self-loops, which due to mRNA degradation typically exist, so these networks
are in principle as different as they in general can be.

Already the fact that both network models in Figure 7.1 can explain the data
well despite being different proves that the data cannot be informative for robust
network inference. Lorenz et al. perturbed each gene in an independent experiment,
yielding a diagonal perturbation matrix P ∈ Rn×m, and measured the steady-state
expression change of all genes following each perturbation, yielding a response matrix
Y ∈ Rn×m with full rank and as many measurements as unknown parameters in
the sought interaction matrix A ∈ Rn×n. They solve the network inference problem
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Figure 7.1: Two different network models that fit well to the in vivo data of
Lorenz et al. (2009), based on commonly used measures such as the unweighted and
weighted residual sum of squares (Ashyraliyev et al., 2009), prediction error (Ljung,
1999), and cannot be rejected based on a χ2 goodness of fit test (Jaqaman and Danuser,
2006; Cedersund and Roll, 2009). Out of the large set of models that can explain the
data of Lorenz et al., we have selected to present these two network models, since
they are sparse and the structural discrepancies despite good fit clearly illustrate that
the data is not informative enough for inference of the structure of the GRN. Note
that they are not intended to represent current biological knowledge. Here every link
represents a direct causal interaction. An arrow shaped head on the link from SNF1 to
SIP2 (left) indicates that SNF1 upregulates (activates) the SIP2 gene, while a bar (T)
shaped head from SNF1 to HXK2 (left) indicates that SNF1 downregulates (represses)
the HXK2 gene. The figure was generated in Cytoscape (Shannon et al., 2003).

by minimizing the sum of squared errors

arg min
A

n∑
i=1

m∑
k=1

 n∑
j=1

aijyjk + pik

2

, (7.2.1)

using sparsity priors in terms of the number of nonzero elements aij per row (Lorenz
et al., 2009). A unique solution therefore exists for all reasonable objectives and it
might appear surprising that alternative models with different structure can explain
the data equally well. In other words, a closer examination of data requirements for
robust network inference, which we provide next, is of essence.
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7.3 Informative data for variable selection and network
inference

Network inference is variable selection and we previously in Chapter 5 developed a
theory for robust variable selection and network inference. We here recap the main
results needed to explain the indistinguishability encountered in the data by Lorenz
et al. (2009) and to specify the data requirements for robust variable selection
and network inference. These are later used to introduce a principle for design of
perturbation experiments in Section 7.5 and propose a simple design algorithm in
Section 7.6.

The objective of network inference is, in short, to find the interactions that
exists among a set of variables based on observations of them. Ability to distinguish
between network models with different structure/topology/digraph based on recorded
data is therefore essential. Indistinguishability can be caused for a considered set
of parametrised model structures by structural/a priori unidentifiability of the
model parameters, which is due to introduction of too many or linearly dependent
parameters, or practical/a posteriori unidentifiability, which is due to measurement
errors, noise, or uncertainty (see e.g. Ashyraliyev et al., 2009; Cedersund and Roll,
2009; Ljung, 1999, p. 105-113). In other words, the former is due to lack of observation
or perturbation of some variables, which we investigated in Chapter 6, while the
latter is due to lack of information in the recorded data, i.e. poor data, which
is our focus here. Gene expression data is known to be scarce and noisy (Hecker
et al., 2009; van Someren et al., 2002; Gardner et al., 2003), which strongly affects
estimated parameters of network models and biases them (Fujita et al., 2009).
Measurement errors, noise and uncertainty are in inference often dealt with by using
an inference, selection, or estimation algorithm to search for the most likely model in
some sense, but in robust network inference we, for the reasons given below, instead
search for all models that cannot be rejected based on data. The ability to reject or
invalidate a model is determined purely by the data, measurement assumptions and
epistemology (Barlas, 1996). It is independent of how the model was obtained, i.e.
the selection, inference, or estimation algorithm, which makes model rejection ideal
for robust variable selection and network inference.

The set of all network models that cannot be rejected contains all alternative
models that can explain data, so interactions that are present in all of these models
are necessary to explain the data and can therefore be proven to exist at the given
significance level. We therefore formally call these interactions existing and the
corresponding variables practically selectable. In general, interactions and variables
can, in layman terms, be classified as existing/present, non-existing/absent, non-
evidential, and alternative. The data can always be explained without non-existing
interactions, while the data contains no information about non-evidential and
insufficient information about alternative ones. We formally call the corresponding
variables practically excludable, practically negligible, and practically alternative.
In other words, if the data is informative enough, then all possible interactions are
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classified as existing or non-existing and the corresponding variables as practically
selectable or excludable. We thus henceforth focus on data conditions for practical
selectability and excludability. For further details see Chapter 5, where we developed
the theory for classification of variables and interactions that forms the basis of
robust variable selection and network inference. We next describe the connection
from data to robust network inference via robust variable selection.

In accordance with the assumptions for our theory of robust network inference
in Chapter 5, we restrict ourselves to inference of a linear map or transformation A,
consisting of the elements aij that constitutes the interactions of the network, and
assume that the data can be described by the following data model

φj = φ̌j + υj , ξi = ξ̌i + εi, φj , ξi ∈ Rm, (7.3.1a)
n∑
j=1

φ̌j ǎij = ξ̌i, ǎij ∈ R, ∀ i, j ∈ V , {1, 2, . . . , n}. (7.3.1b)

In this data model the observed variables, which we call regressors φj and regressands
ξi, are equal to the latent “true” variables, marked by ,̌ plus additive errors υj and
εi, respectively. We assume that the “true” regressors and regressands have been
generated by a system of linear equations defined by the “true” interaction matrix
Ǎ, i.e. the “true” map representing the network model including the observed states
of the system. This data model is identical to the one assumed by Lorenz et al.
(2009), with each regressor φj corresponding to the observed responses in gene j
and each regressand ξi corresponding to the perturbations of gene i. In general, the
errors υj and εi are either assumed to be stochastic noise, i.e. random variables
with known probability distributions, or unknown deterministic errors bounded by
some known function. The former uncertainty description is standard in statistics,
signal processing and system identification (see e.g. Casella and Berger, 2001; Kay,
1993; Ljung, 1999), while the latter typically is used in numerical analysis and robust
control (see e.g. Higham, 1996; Skogestad and Postlethwaite, 1996). Lorenz et al.
estimated the standard error of each data point and assumed the measurement
errors to be independent and normally distributed with zero mean.

Note that the dynamics of the underlying system may be nonlinear even though
the model of the network is linear (see e.g. Jörnsten et al., 2011; Crampin et al.,
2004). From a model rejection perspective, however, it is sufficient to note that for
each consistent realization of the errors, υj and εi, (7.3.1) provides a system of
linear equations

n∑
j=1

aijφ̃j = ξ̃i, ∀ consistent φ̃j ∈ Uαφj ⊆ Rm

and ξ̃i ∈ Uαξi ⊆ Rm. (7.3.2)

Here we use the uncertainty sets Uαφj and Uαξi to represent the effect of the errors,
because they in a precise manner capture the essential fact that we have a set
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of realizations of each variable that are indistinguishable from the observed or
“true” one. To obtain necessary conditions, we only consider solutions of (7.3.2) for
combinations of the realizations of the regressors and regressand that cannot be
rejected at the desired significance level α based on the assumed error model, which
for certain error models is a subset of all possible combinations in the uncertainty
sets, and mark this by use of the word consistent, see Section 5.4. In practice, the
“true” values and uncertainty are rarely known, but we can then instead use the
observed values and estimates of the uncertainty and assume that the “true” values
are within the uncertainty sets. Also, instead of using estimates of the uncertainty,
we can ask how large the uncertainty of the observed data can be for rejection
of a certain set of models. Nonetheless, for each row i of the interaction matrix
we always get one system of linear equations for each consistent combination of
realizations of the variables that cannot be rejected based on the data and assumed
error model. To do robust variable selection we need to determine the regressors
that are present in all of these systems and thus must be selected, i.e. practically
selectable, or absent in some systems for all realizations of the regressand and
thus always can be excluded, i.e. practically excludable. Note that all practically
selectable regressors are true positives, assuming that the “true” model belongs to
the set of indistinguishable models, while all practically excludable variables are
true negatives, assuming that variables with weak relation should be excluded. For
continuous variables the number of models is always infinite and checking all of
them is computationally infeasible, but the data conditions for practical selectability
and excludability that we established in Chapter 5 convert this into a rank problem
that can be solved without solving or checking any model, so we next build upon
them. Let us, however, first note that each row of the interaction matrix A can be
inferred independently of the other rows, because we have for each i in (7.3.2) a
different set of systems of equations. In other words, each robust network inference
problem consists of n robust variable selection problems.

The objective of robust variable selection is based on Definition 5.2.1 to find
the variables that for all realizations ξ̃i ∈ Uαξi either must be selected or always can
be excluded for some realizations φ̃j ∈ Uαφj in (7.3.2), i.e. the subset of practically
selectable regressors and the subset of practically excludable regressors. It is therefore
logical to make the following definition of informative data for robust variable
selection.

Definition 7.3.1. Informative data.
A data set is informative enough for robust variable selection if all regressors are
either practically selectable (Definition 5.6.1) or practically excludable (Definition
5.7.2).

Consequently, if a data set is informative enough for all n variable selection problems,
that each robust network inference problem consists of, then it is informative enough
for robust network inference. Necessary and sufficient conditions for a data set to
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be informative enough are best expressed using the practical span introduced in
Section 5.5.

Corollary 7.3.1. Informative data for robust network inference.
A data set is informative enough for robust network inference if and only if it for
all i ∈ V = {1, 2, . . . , n} holds that each regressor φk either is practically selectable,

ξ̃i 6∈ pspan Φj 6=k ∀ consistent ξ̃i ∈ Uαξi ⊆ Rm, (7.3.3)

or practically excludable,

ξ̃i ∈ pspan Φj 6=k ∀ consistent ξ̃i ∈ Uαξi ⊆ Rm (7.3.4)

and
φ̃k 6∈ pspan Φj 6=k ∀ consistent φ̃k ∈ Uαφk ⊆ Rm, (7.3.5)

with Φj 6=k , [φ1, . . . ,φk−1,φk+1, . . . ,φn]. Here pspan denotes the practical span
(Definition 5.5.11).

Proof. Either practical selectability is ensured by (7.3.3) based on Definition 5.6.1 or
practical excludability by (7.3.5) and (7.3.4) based on Definition 5.7.2 in Chapter 5
for all i ∈ V and Definition 7.3.1 is therefore fulfilled for each of the n robust variable
selection problems.

The practical span is, however, in general not computable, so we next give sufficient
conditions based on practical independence of data matrices, which computationally
can be checked using the singular value decomposition or structured singular value
as described in Section 5.10. In short, a matrix is practically independent if the
set of all columns is linearly independent for all consistent realizations, while it is
practically collinear if the set is linearly dependent for all consistent realizations.

Corollary 7.3.2. Informative data for robust network inference.
A data set is informative enough for robust network inference if Φ , [φ1, . . . ,φn]
is practically independent (Definition 5.5.13) and either Ψki , [φ1, . . . ,φk−1,
φk+1, . . . ,φn, ξi] is practically independent or practically collinear (Definition
5.5.14) for all k, i ∈ V = {1, 2, . . . , n}.

Proof. This follows trivially from Corollary 7.3.1 based on Theorem 5.6.2 and
Theorem 5.7.1 in Chapter 5.

The primary condition is practical independence of the regressor matrix Φ and
when it is fulfilled then we say that the regressors practically span the state space.
By state space we refer to the space whose axes are the observed variables, which
constitute the set of state variables of interest. Practical spanning is thus in practice
necessary for robust variable selection and network inference, and we therefore later
on stress its importance in design of perturbation experiments. In order for the
data to be informative enough, the uncertainty sets Uφj may not contain the origin,
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which implies that the norm of each regressor
∥∥φj∥∥ needs to be sufficiently large

relative to its uncertainty set, nor any consistent point of the uncertainty sets of
the other regressors, which implies that the angle between any pair of regressors
need to be sufficiently large relative to their uncertainty sets. Note that a data set
that is not informative enough for robust variable selection within the class of linear
functions, i.e. set of linear models, cannot be informative for the class of nonlinear
functions, since the latter is a superset of the former.

Let us finally examine if the data by Lorenz et al. (2009) is poor based on
practical selectability and practical spanning of the corresponding regressors. We
use four quality indicators of data: existence of alternative models that cannot be
rejected, the confidence score, the signal to noise ratio, and the condition number.
First, the fact that each of the 100 possible interactions is missing in at least one
of the 18 non-rejectable network models mentioned earlier proves that none of the
regressors is practically selectable and none of the interactions aij can therefore be
classified as existing. Second, the confidence score, defined as

γ(Φ) , σn (Φ(χ)) , with φij(χ) , φij√
χ−2(α, nm)λij

, (7.3.6)

needs to be larger than one in order for the regressor matrix Φ = Y T to be
practically independent, as proven in Theorem 5.10.2 for independent and normally
distributed errors. Here σn denotes the nth singular value with n being the number
of variables, and χ-2(α, nm) the inverse of the chi-square cumulative distribution
with nm degrees of freedom at significance level α. The variance λij of each data
point accounts for differences in the uncertainty. The confidence score is only 0.03
at significance level 0.05, so the regressors cannot be practically independent nor
practically span the state space. Note that we assume the errors to be independent
and normally distributed with variance equal to the square of the standard errors
reported by Lorenz et al. for all data points except the unperturbed genes. For
them we, in lack of a better estimate, assume the standard error 0.1, which is
approximately one third to one quarter of the standard errors reported for perturbed
genes, to account for variations in the cell cultures. Third, if the signal to noise ratio
(SNR), defined as

SNR(φj) ,
∥∥φj∥∥
rUα

φj

, (7.3.7)

is smaller than one for any regressor, then the set of regressors is practically
collinear and the data is poor. Here rUα

φj
denotes the radius of the uncertainty set at

significance level α. Using the standard errors reported by Lorenz et al. to construct
the uncertainty sets as described in Section 5.4, we find that the smallest SNR is
only 0.33 at significance level 0.05. This implies that at least one realization of the
corresponding regressor is parallel to any one realization of the other regressors and
the data is poor. A problem known as near collinearity in regression, see e.g. Belsley
(1991); Alin (2010), which hampers inference by any method. Fourth, the condition



186 Design of perturbation experiments for network inference

number of the regressor matrix is 215. This value is high for a system with only
10 states, so the response matrix is ill-conditioned, which is well known to hamper
network inference and parameter estimation, see Chapter 3. In conclusion, all four
quality indicators show that the data is poor, which explains the severe practical
distinguishability problems that we have pointed out earlier.

7.4 System properties necessitate iterative design

We have so far established practical spanning as a prerequisite for robust inference
of GRNs and observed that the response matrix of Lorenz et al. does not prac-
tically span the gene space even though they perturbed all genes independently.
To explain why their response matrix is ill-conditioned and show why iterative
design of perturbation experiments is needed, we consider the two gene example
in Figure 7.2, which we previously used in Chapter 3. The perturbations P1 and
P2 are orthogonal, Figure 7.2 (bottom left), but the corresponding responses are
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Figure 7.2: An interampatte GRN involving two genes A and B (top, middle)
with three perturbations: P1, P2 and P3 (top left and bottom left) and their responses
(top right and bottom right). An arrow shaped head on the link indicates up-regulation
or activation, while a bar shaped head indicates down-regulation or repression, with
the strength of the interaction given by the number on the link. The ellipsoids around
the data vectors (bottom) marks the uncertainty set of each experiment at significance
level 0.05. This two gene network was earlier used in Chapter 3, where it is described
in more detail.
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almost linearly dependent, Figure 7.2 (bottom right), due to the high degree of
interampatteness of the two gene system. Interampatteness–strong INTERactions
for simultaneous AMPlification and ATTEnuation of different signals–is a generic
system property caused mainly by cascades and feedback loops within the GRN
that leads to amplification and attenuation of different signals, e.g.P2 is amplified
by a factor 1.3, while P3 is attenuated by a factor 9 in our example. Interampat-
teness explains the observation that most of the variation in microarray data can
be accounted for by a few linear combinations of all genes, which previously have
lead to the introduction of characteristic modes (Holter et al., 2000, 2001) and
eigengenes (Alter et al., 2000; Nielsen et al., 2002; Alter and Golub, 2006; Omberg
et al., 2007). We analysed both the cause and effect of interampatteness in detail,
and postulated that GRNs are interampatte in Chapter 3. Inference of interampatte
networks is hampered by the intrinsic tendency of the system to channel responses
in the high gain directions where the signals are amplified, leading to ill-conditioned
response matrices with weak signal in some direction of the gene space. To practically
span the space, correlated perturbations that counteract the intrinsic attenuation,
like P3 in our example, are needed. These correlated perturbations are specific to
the unknown system and can therefore in practice only be designed iteratively based
on information from previous perturbations and responses. The only alternative
strategy is to lower the degree of interampatteness of the system, but this would
require removal of unknown cascades and feedback loops, rendering it impracticable.
In other words, it is necessary to excite the weak gain directions of the system to
get informative data for robust variable selection, just as excitation of the weak
gain is important for plant inversion in process control (Bruwer and MacGregor,
2006; Jacobsen, 1994). All perturbations used by Lorenz et al. are orthogonal and
the magnitude of each perturbation and corresponding response is of similar order,
so the weak signals in their data are due to the high degree of interampatteness of
the Snf1 signalling network, which we established in Section 3.7.

7.5 Fundamental principle for design of experiments

The data requirements for robust variable selection in Section 7.3 lead us to propose
the following principle for iterative design of perturbation experiments: design the
next perturbation such that the expected response practically spans an additional
dimension.

This principle should based on Corollary 7.3.2 first be used to make the regressor
matrix Φ practically independent, by designing the next perturbation such that
the expected response practically spans an additional dimension of the state space.
More precisely, such that the smallest dimension spanned by any of the consistent
realizations of the obtained regressor matrix is expected to increase. The necessary
perturbation experiments depend on the unknown “true” system and an iterative
design that explores the gains of the system is therefore needed. In practice, this
implies exploration of the gains of the system while striving towards excitation of



188 Design of perturbation experiments for network inference

the weak gains, such that the intrinsic signal attenuation is counteracted, and the
state space is practically spanned.

Conjecture 7.5.1. DoE for practical spanning of the state space.
Iterative design of the next perturbation experiment such that the expected response
practically spans an additional dimension of the regressor matrix leads to practical
spanning of the state space.

Proper application of this principle will, under mild assumptions, after a sufficient
number of iterations yield data in which the state space is practically spanned. Each
perturbation whose response does not practically span an additional dimension
provides information that enables calculation of a better estimate of the perturbation
needed to practically span the dimension. To formally prove convergence, however,
requires specification of how the next perturbation is calculated and we therefore
stated this as a conjecture in order to avoid technicalities that could dilute our
message. Note that e.g. moiety conservation may give rise to linear dependencies
among genes, so if it turns out to be impossible when designing perturbations for
inference of a GRN to find a perturbation such that the regressor matrix becomes
practically independent, then some gene and corresponding regressor is linearly
dependent and should be excluded from the network model (see e.g. Schmidt et al.,
2005). Every design algorithm should explore the state space such that the data
practically spans it, since practical spanning of the state space for continuous
variables is necessary for robust variable selection.

Practical spanning of the state space does, however, not guarantee that the
data is informative enough for robust variable selection nor network inference. Even
though the regressor matrix Φ becomes practically independent and the magnitude
of the regressand ξ increases with each experiment it does not guarantee that all
Ψki are either practically independent or collinear, as required in Corollary 7.3.2.
The principle for iterative design of perturbation experiments should therefore, once
the data is informative enough for practical independence of the regressor matrix,
be used to design the next perturbation such that the expected response makes
some Ψki practically independent, until all Ψki are either practically independent
or collinear. Each time a perturbation experiment fails to make Ψki practically
independent, one should check if it is practically collinear, since it is possible that
the corresponding interaction does not exist in the “true” network. If it is found
to be practically collinear, then one should move on to the next Ψki until all are
either practically independent or collinear. The principle of designing such that the
expected response practically spans an additional dimension is exactly the same in
this case, but it is applied to make Ψki practically independent instead of Φ. Based
on the discussion above we therefore state the following conjecture.

Conjecture 7.5.2. DoE for robust selection and inference.
Iterative design of the next perturbation experiment such that the expected re-
sponse practically spans an additional dimension, first for the regressor matrix
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Φ = [φ1, . . . ,φk, . . . ,φn] and then for all Ψki = [φ1, . . . ,φk−1, φk+1, . . . ,φn, ξi],
yield informative enough data for robust variable selection and network inference.

The principle is hence fundamental for DoE for robust variable selection and network
inference, starting with no or incomplete a priori knowledge.

We propose the addition of an inner loop to the classical model construction cycle–
design perturbations, perform the experiments, measure the response, model/variable
selection, parameter estimation, model validation, and new cycle if needed. The
idea of the inner loop is to ensure practical spanning, in order to avoid costly and
misleading iterations of the classical cycle due to poor data. The proposed loop is
illustrated in Figure 7.3 in a typical inference cycle, such as the one used by Lorenz
et al. (2009). Implementation of our design principle does not require a model of the
system, merely a way to predict the responses of considered perturbations based on
previous data, so the classical cycle is not needed for generation of informative data.
It is however needed to check modelling objectives.

Figure 7.3: Illustration of the proposed inner design loop of the classical
model construction cycle, exemplified by inference of a GRN. In this case
the proposed inner loop consists of three steps: perturb system, measure [mRNA], and
experiment design.
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7.6 SVD design of steady-state experiments

To illustrate the use of the proposed principle for iterative design of perturbations
we propose the following algorithm for designing steady-state experiments and use it
to generate data that practically spans the gene space of the Snf1 signalling pathway
studied by Lorenz et al. (2009).

Algorithm 1. SVD design for practical spanning of the state space.
First, perform as many different perturbation experiments as the number of vari-
ables/nodes in the network n and collect the observed responses as columns in the
matrix Y [t] ∈ Rn×m. The set of perturbations should be selected such that the
columns of P [t] ∈ Rn×m are linearly independent. Then, while σn (Φ(χ)) < 1, i.e.
while the confidence score defined in (7.3.6) is smaller than one, use the four steps
below to design a new perturbation based on all previous responses.

1. Perform an SVD of the scaled regressor matrix Φ(χ) defined in (7.3.6) with
Φ = Y [t]T and m = t using all previous responses. Introduce the set of indices
corresponding to singular values σk of Φ(χ) below one: W = {k|σk (Φ(χ)) <
1}.

2. Perform an SVD of the matrix with all previous responses UY ΣY V T
Y = Y [t].

3. Construct the next perturbation as a sum of linear combinations of previous
perturbations with a magnitude compensating for the uncertainty level

pt+1 = P [t]
∑
k∈W

1
σk (Φ(χ))vk(Y ), (7.6.1)

and add it to the perturbations P [t+ 1] = [P [t] pt+1]. Here σk (Φ(χ)) denotes
the kth singular value of Φ(χ), P [t] the matrix with all previous perturbations,
and vk(Y ) the kth column of V Y , which gives the combination.

4. Perform the experiment and add the obtained response to the matrix of re-
sponses Y [t+ 1] = [Y [t] yt+1].

This design uses previous perturbations and responses to calculate a perturbation
that is expected to practically span a new dimension of the state space. This is
accomplished in (7.6.1) by summing the perturbation corresponding to each singular
value after scaling by the inverse of the singular value. The singular values are
therefore lifted one-by-one until they are all above one in accordance with Conjecture
7.5.1, as demonstrated on the Snf1 example in Figure 7.4. Note, however, that this
algorithm does not account for experimental limitations nor nonlinearities that place
a limit on how strong the response may be while maintaining the validity of the
linear model. Likewise, no optimality properties are pursued, but this algorithm is
simple, explores the gains of the system, counteracts the intrinsic signal attenuation,
and ensures practical spanning of the state space. This algorithm is based purely
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Figure 7.4: Comparison of the iterative SVD design versus random pertur-
bations. The mean (left) and minimum (right) of each singular value of the scaled
response matrix Φ(χ) defined in (7.3.6) as a function of the number of experiments
based on 1000 Monte Carlo simulations starting from the in vivo data of Lorenz et al.
(2009). The singular values (solid lines) are by Algorithm 1 lifted one-by-one to the
threshold (dotted line), while the random perturbation strategy (dashed lines) fails to
lift all the singular values till one.

on basic vector operations and the singular value decomposition (see e.g. Horn
and Johnson, 1990, p. 414-415), so it is computationally as good as the best SVD
implementation and can handle networks with tens of thousands of variables. More
importantly, no model of the network or system is estimated in any step, implying
that no a priori knowledge is needed, nor does the result in any way depend on
inference or parameter estimation. The algorithm is, however, implicitly based on
the assumption that a linear mapping exists from perturbations to responses. On
the other hand, if a priori knowledge or a model is available, then an additional
step can be added where it is used to simulate the constructed perturbation and
based on this modify the perturbation.

Lorenz et al. (2009) performed as many experiments as the number of genes in
their network, i.e. m = n = 10, using orthogonal perturbations where the genes
are overexpressed one-by-one. So the prerequisite to start iterating over the four
steps is fulfilled. We do not have experimental facilities, so we perform in silico
experiments with the alternative network model in Table C.4, which is depicted
in Figure 7.1 (left), as the “true” network, to demonstrate the effectiveness of
Algorithm 1. We add independent and identical normally distributed measurement
noise with the standard deviation reported by Lorenz et al. for each perturbation to
the designed perturbations before simulating the response of each experiment; then
we add to each simulated response independent and identical normally distributed
measurement noise with standard deviation given by the mean value obtained by
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Lorenz et al. for each gene. This ensures that the simulated data has the same
error level in both the input and output as observed in real in vivo data. For
details on the simulation see Section C.3. The SVD design lifts the smallest singular
value to one, which ensures practical independence of the regressor matrix at the
chosen significance level α = 0.05 for the specified errors, in all 1000 Monte Carlo
simulations of 35 additional steady-state experiments. The confidence score was
hence improved by a factor 33 from being a mere 0.03 in the original data and
the condition number of the response matrix Y decreased from 215 to 8 in all
simulations, with a mean of 4. The mean number of additional experiments to reach
a confidence score above one was 15. In other words, the quality and information
content of the data was increased dramatically and practical spanning of the gene
space achieved. For comparison we also performed random perturbation experiments
with the same output energy, which in the best case only improved the confidence
score by a factor 20 to 0.6 in 35 additional experiments. On average the random
experiments improved it by a factor 11 and the condition number of Y decreased
merely to 66. The confidence score was in the best case still below one even after
100 experiments, so we warn against the use of random perturbations in inference of
GRNs. The mean and minimum value of all singular values of the scaled regressor
matrix over the 1000 Monte Carlo simulations are shown in Figure 7.4. This can be
compared to five repetitions of the 10 experiments of Lorenz et al., which barely
improves the confidence score from 0.0301 to 0.0319. After 5000 repetitions, i.e.
50000 experiments, the confidence score would still only be 0.0335, so we therefore
also warn against pure repetition of perturbation of the genes one-by-one. Both
the random and one-by-one designs typically fail to generate perturbations that
counteract the intrinsic signal attenuation of the system, while the proposed SVD
design succeeds and therefore gives such a large improvement in data quality. Note
that the data obtained by Algorithm 1 is informative enough for practical spanning
of the state space, but in general not for robust inference, since only the first
condition in Conjecture 7.5.2 is fulfilled. A modified version operating on Ψki(χ)
instead of Φ(χ) is needed to fulfil the second condition and guarantee that the data
is informative enough for robust inference.

In order to apply the proposed algorithm in practice one must be able to
scale and combine the old perturbations into one new correlated multi-gene per-
turbation that counteracts the intrinsic signal attenuation of the system. This is
illustrated well by the fifth perturbation designed in one of the experiment series
p11 = [2.1, −1.5, 36, 16, −1.7, 4.6, 0.66, −1, −0.86, 0.56]T in which every gene
is perturbed. Note that we use the fifth perturbation for illustration, because it is
in the middle of the designed experiments needed in all 1000 cases. Expressed as
a combination of the earlier perturbations used by Lorenz et al. this corresponds
to [0.97, −0.69, 11, 7.3, −0.78, 2.2, 0.31, −0.7, −0.27, 0.23], i.e. 0.97 times the
first perturbation, a repression of 0.69 times the second instead of their activation
and so forth. To combine and scale previous perturbations is challenging from an
experimental point of view but worth pursuing, since one otherwise must compen-
sate by performing many additional experiments. Constraints of the experimental
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protocols could and should of course be incorporated in any design algorithm before
the designed perturbations are applied in vivo, but it will complicate the algorithm
and we here prioritized a clear and simple presentation. If it is e.g. only possible to
perturb two genes in the same experiment, then the algorithm should be restricted
to combinations of two perturbations. The more severe a restriction, the larger the
number of experiments that will be needed to obtain informative data, but the
data quality will improve as long as one is able to counteract the intrinsic signal
attenuation.

7.7 Conclusions

We started by showing that a published gene expression data set used for inference
of a Snf1 related gene regulatory network by Lorenz et al. (2009) lacks necessary
information and ended by demonstrating how to iteratively design additional per-
turbation experiments for robust inference. To do this we established sufficient
conditions for robust variable selection and network inference, the need for an
iterative design that explores the multivariable gains of the underlying system, and
the fundamental principle of designing the next perturbation such that the expected
response practically spans an additional dimension. We focused on illustrating the
principle and delivering the core message and have therefore left incorporation of
experimental constraints and other details needed to use the principle in practice to
later works. Data obtained by applying the principle is suitable both for hypothesis
generation and testing in general, even though it in general is not optimal for
discriminating among a set of models, because no objective function is specified and
minimized. We conclude with a call for new experimental protocols and a discussion
on the importance of analysing the data quality in systems biology.

7.7.1 Call for multi-gene perturbation techniques
Lorenz et al. (2009) used network inference based on gene expression data to generate
physical interaction hypotheses, that they subsequently tested using promoter-
reporter gene fusions in gene-deletion mutants and chromatin immunoprecipitation
experiments. We want to go one step further and generate informative expression
data for robust network inference, i.e. determine the interactions directly from the
data with desired confidence, such that testing by other techniques is superfluous.
Their work lacks three things to meet our goal: a method for robust inference, which
we developed in Chapter 5, an iterative design that generates informative data,
which we have presented here, and an experimental protocol for realizing multi-gene
perturbations, i.e. scaled combinations of previous perturbations. The latter is
needed to implement the precise correlated perturbations required to counteract
the intrinsic signal attenuation of GRNs. We therefore call for development of
multi-gene perturbation techniques, which as far as we can see is the last thing
missing before the power of in vivo data based robust network inference can be
proven experimentally.
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7.7.2 Importance of data quality and analysis

This work not only illustrates the importance of having informative data but also
the importance of analyzing the information content of a data set with regard to
the purpose of the model. The sum of squared residuals of the final network inferred
by Lorenz et al. (2009, supplemental Table S9) is in agreement with the expectation
based on the reported standard errors (Table S3) and it only includes interactions
that differs significantly from zero based on a t-test. In other words, the classical
statistical estimation and analysis show that the inferred network is a good model
that explains the recorded input-output data well. However, many other networks
with different structure do it equally well, due to the poor quality of the data, as we
have shown here. In particular, collinearity is problematic and in no way accounted
for by the statistical analysis of Lorenz et al. We therefore recommend analysis of
the information content of data, in particular analysis of the dimensions practically
spanned by data. In general, we concur with Jaqaman and Danuser (2006) when
they state that the systems biology community should require a minimum set of
tests on models before they are published.

When two regressors are nearly collinear, small errors will cause large correlated
changes in the values of both parameters and the parameter confidence region
will be ellipsoidal. An ellipsoidal confidence region implies that changes to certain
linear combinations of parameters will have a much smaller effect on the fit to
data than changes to other combinations, i.e. the parameters are sloppy according
to Brown et al. (2004). Gutenkunst et al. (2007), who analysed 17 previously
published nonlinear models of biological systems and found that the parameter
spectrum in all of them was sloppy. They observe that the possible values of
individual parameters typically span several orders of magnitude, which implies
that the predicted response of the model to the perturbations is robust to changes
in parameter values. Robustness of biological systems to parameter changes has
also been noted by e.g. Barkai and Leibler (1997); von Dassow et al. (2000); Prinz
et al. (2004); Piazza et al. (2008). The observation that good data prediction is
achieved even though the parameter uncertainty is large led Gutenkunst et al. to
conclude that computational modelling should focus on prediction and not parameter
estimation. The fitted parameters are highly dependent on the model and data,
so they cannot be used separately in another model anyway. We offer a different
conclusion, namely poor data. The sloppy parameters show that the data is not
informative for estimation of them. One can say that the model has more degrees
of freedom than the data practically spans and the good prediction merely reflects
the good fit to the poor data. In general, any model that fits well to data will
predict similar experiments well. The concept of core predictions, introduced by
Cedersund and Roll (2009), therefore reflects the information content of the data. If
the model has a purpose beyond data prediction, then the experiments should be
designed such that they are informative for the purpose of the model. This often
forgotten fact, is here illustrated by our purpose–inference of direct causal influences
between genes–which requires correlated multi-gene perturbations that counteracts
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the intrinsic signal attenuation of the system. We want to, in particular, highlight
the difference between data prediction and mechanistic understanding. Both network
models in Figure 7.1 are good for data prediction but none of them provide any
mechanistic understanding, since their very existence implies that the experimental
data does not contain necessary information to uniquely determine the structure
of the network. Considering that analysis of the informativeness of data is rare
and current data sets are characterized by few data points compared to the high
number of genes and possible interactions, large measurement uncertainty both in
the perturbations and responses, and redundant nearly collinear variables (Holter
et al., 2000; Alter et al., 2000; Tegnér and Björkegren, 2007; Faith et al., 2007;
Cosgrove et al., 2010; Nordling and Jacobsen, 2009a; Wu and Wu, 2010), we predict
that the literature contains many falsely identified networks that both contain
non-existing interactions and lack existing ones.

We believe that lack of proper data analysis caused Krishnan et al. (2007)
to wrongly conclude that reverse engineering of GRNs from expression data is
an indeterminate problem. The network inference case presented here fulfils the
conditions for reconstruction of networks established by Goncalves and Warnick
(2008), which are sufficient albeit not necessary, see Section 6.5, so GRNs can be
reverse engineered from steady-state expression data generated by transcriptional
perturbations. Moreover, the same approach can and should be used to infer all
types of biological networks, including metabolic and protein-protein interactions.





Chapter 8

Summary and future work

“L’avenir, tu n’as point à le prévoir mais à le permettre.”
Antoine Marie Jean-Baptiste Roger de Saint-Exupéry,

Citadelle, 1948.

8.1 Our contribution towards solving the network inference
puzzle

Inside each cell thousands of different molecules interact. Together they form
a dynamic system that integrates both genomic information and environmental
cues (Wolkenhauer et al., 2005b; Sontag, 2005; Csete and Doyle, 2002). Depending
on the level of abstraction, different graphical network representations are commonly
used to describe this system; e.g. gene regulatory networks (GRNs) capture the
regulatory interactions resulting from changes in gene expression (He et al., 2009;
Hecker et al., 2009; Karlebach and Shamir, 2008; Christensen et al., 2007). The
structure of these networks reveals the feedback loops, feedforward loops and cascades
that are fundamental for the normal function and behaviour of the system. The
system and its network representation are altered by disease, e.g. cancer arises
from multiple spontaneous and/or inherited mutations of the DNA that affects
the control of cell growth and division (Hood et al., 2004; Roukos, 2010a). The
molecular interactions therefore need to be studied from a systems perspective to
understand how genetic information and environmental cues give rise to function,
and to enable development of predictive, personalized, preventive, and participatory
medicine (Barabási et al., 2011; Hood and Friend, 2011; Roukos, 2010b; Wolkenhauer
et al., 2009; Ideker and Sharan, 2008). Most genes are regulated by a small number
of other genes, implying that GRNs are sparse, i.e. only a subset of all possible
links exists (McAdams and Arkin, 1998; Thieffry et al., 1998; Arnone and Davidson,
1997; Jeong et al., 2000, 2001; Lima-Mendez and van Helden, 2009). Network
inference offers the ability to reverse engineer sparse network models of the type
required for these studies and provide new biological knowledge based on in vitro
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or in vivo measurements of changes in gene expression, copy numbers, metabolite
concentrations, protein abundance and phosphorylation, etc. (Tegnér and Björkegren,
2007; Cho et al., 2007; Crampin, 2006; Gardner and Faith, 2005; Goncalves and
Warnick, 2008). Inference of gene regulatory networks has the potential to reveal
thousands of regulatory interactions from a series of perturbation experiments
that could efficiently complement the knowledge acquired so far from traditional
experimental approaches.

Network inference has been intensively studied within the past decade, but
several theoretical and practical problems remain (Hendrickx et al., 2011; He et al.,
2009; Hecker et al., 2009). Network inference is today mainly a method for filtering or
data mining; e.g. selection of a subset of interactions or molecules, or construction of
a predictive model, a valuable use, as recently demonstrated in e.g. Cacciottolo et al.
(2011); Julià et al. (2007); Jörnsten et al. (2011). Nonetheless, this is far from the
potential and envisioned future as a field of research (He et al., 2009; Bonneau, 2008;
Styczynski and Stephanopoulos, 2005; Cassman et al., 2005; Filkov, 2005). Despite
the promising performance shown in the original publication of most inference
algorithms, few algorithms are actually used, except in comparisons of algorithms.
In a recent evaluation of six published reverse engineering algorithms, Hache et al.
(2009) conclude that the performance of the tested methods is not good enough
for inference of large GRNs in practice. The set of algorithms, ARACNe (Basso
et al., 2005), ParCorA (de la Fuente et al., 2004), GNRevealer (Hache et al., 2007),
Banjo (Yu et al., 2004), LDST (Rangel et al., 2004), GeneNet (Schäfer and Strimmer,
2005), is only a small subset of all the inference algorithms that exist, but it represents
several of the major model formalisms used to describe biological systems (Hecker
et al., 2009; Karlebach and Shamir, 2008; de Jong, 2002). Better inference methods
are clearly needed, but as shown in this thesis, it is not enough to realize the
potential of network inference. We focused on inference of biologically relevant
causal interactions in subsystems responsible for some function or behaviour and
asked why previous studies failed to deliver on their promise, as well as, how to
reach the potential.

To model the subsystem that generates a function of interest, three basic problems
must be solved: First, one needs to determine the components of the system that
are essential for generation of the function, i.e. identify the nodes of the subnetwork
behind the function. Second, one needs to design experiments that yield informative
data for network inference. Third, one needs to infer a model with the correct
structure of the network based on the recorded data. Aspects of the first and third
problem have been widely studied, albeit not solved to our satisfaction, while the
second one has largely been neglected. For further details, see Chapter 1 and the
review articles Hecker et al. (2009); Karlebach and Shamir (2008); Bonneau (2008);
Tegnér and Björkegren (2007); Styczynski and Stephanopoulos (2005); Filkov (2005);
D’haeseleer et al. (2000). We have studied four issues related to the second and
third problem: properties of biological systems, robust network inference, inference
of subnetworks, and design of perturbation experiments. These issues turned out to
be essential for explaining why network inference has not delivered and how to fulfil
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its potential. Below we summarize our results and put them in a wider perspective.
Existing data sets for reverse engineering of GRNs have the following charac-

teristics (see e.g. Holter et al., 2000; Alter et al., 2000; Tegnér and Björkegren,
2007; Faith et al., 2007; Cosgrove et al., 2010; Wu and Wu, 2010). The data points
are few compared to the number of genes and possible interactions, i.e. the di-
mensionality is high in terms of variables but low in samples. The measurement
uncertainty is large both in perturbations and responses, i.e. the signal to noise ratio
is low and the inference problem is an errors-in-variables problem. The variables
are nearly collinear, i.e. the response matrices are ill-conditioned. Previous works
have shown that most of the variation in gene expression can be explained by a few
“characteristic modes” or “eigengenes”, i.e. linear combinations of variables, and
stressed their importance, but neglected the equally important weak modes (Holter
et al., 2000; Alter et al., 2000; Kuruvilla et al., 2002; Wu and Dewey, 2006). We
postulated in Chapter 3 that these are reflections of a generic property of biological
systems, that we call interampatteness. An interampatte system is characterised
by strong INTERactions enabling simultaneous AMPlification and ATTEnuation
of different signals, which leads to ill-conditioned data with both characteristic
and weak modes. We showed that existence of multiple time-scales and feedback
loops increase the degree of interampatteness, which has strong implications for the
dynamics and reverse engineering of the network. The change in gene expression
in response to external perturbations is highly correlated, even in the absence of
common transcription factors, implying that interampatte GRNs erroneously may
be assumed to have co-expressed/co-regulated genes. The weak modes enable data
compression and reduction of the system dimensionality, using clustering, singular
value decomposition, principal component analysis, subspace identification, etc., but
then essential information for reconstruction of the underlying network is lost. To
illustrate how weak modes hampers network inference, we showed an example of
network models with different structure that equally well explains ill-conditioned
data from an interampatte GRN. Existing ill-conditioned data sets are in other
words not informative enough for network inference, which is one reason for why
network inference has failed to deliver. To overcome this obstacle perturbation
experiments that counteract the intrinsic signal attenuation are needed, and we
elaborated on this in Chapter 7.

Traditional estimation techniques are not suitable for data with mentioned
characteristics and a variety of inference algorithms have therefore been developed
and tested during the last decade (He et al., 2009; Hecker et al., 2009). In particular,
inference based on data sets with fewer data points than variables, corresponding to
solution of an underdetermined problem, has been investigated. Many authors claim
to have demonstrated how to infer regulatory interactions from gene expression
data, but their methods have two essential shortcomings that we brought forward
in Chapter 4. Firstly, to yield sparse networks, with only a subset of all possible
links, the proposed methods rely on regularization, model selection, or thresholding
techniques. As a consequence of the employed techniques, the inferred models are
largely determined by algorithm specific details and measurement noise, especially,
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for data sets that do not contain enough information for network inference. This
partly explains why benchmarking studies have shown that inference of GRNs usually
results in a large fraction of false positives and negatives, even among the links
deemed most significant (Marbach et al., 2010; Stolovitzky et al., 2009). Secondly,
employed measures of confidence of inferred interactions/links are misleading, in
particular for data sets with fewer observations than variables. We proved that no
reliable measure of confidence exists when the data set contains fewer observations
than variables. By showing that many of the inferred interactions deemed to be
the most significant by Lorenz et al. (2009) are not needed to explain their data,
we demonstrated that the employed t-test is misleading, even though the data set
contains as many observations as variables. To infer interactions with confidence
from expression data, at least as many samples as genes of interest must be collected.
Considering the rapid development of techniques for measuring changes in gene
expression, we anticipate that collection of sufficient numbers of data points for
inference of subnetworks responsible for a function of interest will become mainstream
in the near future. Instead of following the direction of previous works and focusing on
the inference of the most likely network in some sense by solving an underdetermined
problem, we focused on how to find the interactions that can be shown to exist
with desired confidence. For this, reliable measures of confidence must be developed,
which we address next.

The desire to find the subset of all possible interactions that exists in vitro or
in vivo based on observations of their effect makes network inference a variable
selection problem. Variable selection is also known as feature selection, feature
reduction, attribute selection, subset selection, or model structure selection (Guyon
and Elisseeff, 2003; Fan and Lv, 2010; Hara and Sillanp, 2009; George, 2000; Hong
et al., 2008; Stoica and Selen, 2004). Despite at least half a century of active research,
variable/model selection is today recognized as an open and hard problem. Selection
by brute force is proven to be NP-hard (Yusta, 2009; Cotta et al., 2004; Kohavi,
1995; Cover and Van Campenhout, 1977) and previous studies have shown that a
small prediction error or residual does not, in general, imply selection of the correct
subset (Fu and Desmarais, 2010; Guyon and Elisseeff, 2003; Kohavi and John, 1997;
Lukacs et al., 2009; Freedman, 1983). For further information see Sections 1.2 and
5.1. This partly explains why it is difficult to solve the network inference problem
and implies that one to infer interactions with confidence needs to select variables
with confidence. We therefore in Chapter 5 developed a theory of variable selection
and network inference with confidence, which we termed robust variable selection
and robust network inference, respectively. Please note that the term robust in the
literature in general is used in different ways, see e.g. Aelst et al. (2008), while we
strictly use it to mark that a property holds for all models in a set–in accordance
with the tradition in robust control. It is essential to distinguish between robust and
non-robust variable selection, since they are conceptually different. The objective of
the former is to determine the variables that must be included in or always can be
excluded from models explaining data at a desired confidence level, while selection
of the variables that optimize some quantity, e.g. maximize the likelihood of the
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observed data or minimize the prediction or classification error, typically is the
objective of the latter. To the best of our knowledge, this is the first theory of
robust selection and inference, as well as the first one that can accommodate the
combination of low signal to noise ratios, errors-in-variables, near collinearity, and
few data points–seen in current gene expression data sets.

By considering all possible models of a specified class that can explain data
at a desired significance/confidence level for the associated error model, we in
Chapter 5 showed that variables and interactions, loosely speaking, can be classified
as either present/existing, absent/non-existing, non-evidential, or alternative. The
data cannot be explained without the variables and links that are present in all of
these models, so they are, under mild assumptions, true positives. We thus achieve
truly robust selection and inference by only classifying them as present/existing.
We find these variables and links without estimating a single parameter or fitting
any model to the data by reformulating the variable selection problem as a rank
problem. This decouples the variable selection problem from parameter estimation,
which ensures that our selection only depends on the observed data and specified
class of models. All previous methods for variable/model selection that we know
are based on comparison of different model structures by fitting models to data,
either explicitly, as in likelihood ratio and Akaike information tests, or implicitly,
as in regularization (see e.g. Cedersund and Roll, 2009; Casella and Berger, 2001;
Stoica and Selen, 2004; Akaike, 1973). The decoupling removes all interdependencies
between selection and estimation that, in general, weaken the conclusions that can
be drawn. Our variable selection method therefore offers new opportunities that
need to be investigated beyond inference of biological networks. Philosophically, a
model structure must be selected before any parameter can be estimated, and any
property of the parameters in general only hold when the selected model structure is
assumed correct (Burnham and Anderson, 2002, p. 14). The t-test, used by Lorenz
et al. (2009) to calculate p-values of inferred links, is based on the ratio between
parameter value and variance, so this explains why it fails to account for models
with alternative structure, as mentioned above. In Section 5.10, we proved that the
structured singular value method, which is a classical tool in robust control (see e.g.
Zhou and Doyle, 1998, p. 189), in general can be used to solve the rank problem and
enables us to assign confidence to individual interactions in a reliable way. This is in
Section 4.6 demonstrated by inferring the synthetic IRMA GRN, that recently was
engineered in yeast for benchmarking of inference methods (Cantone et al., 2009),
from published in vivo data. The resulting model proves, under mild assumptions,
that a previously unknown activation of transcription of SWI5 by CBF1 exists in
yeast. This illustrates that robust inference reveals novel biological knowledge and
contributes towards fulfilling the potential of inference.

Although the variables and interactions that are classified as present/existing are
arguably most interesting, in particular in any setting where a small subset out of pos-
sibly thousands of variables are sought, the other three classes–absent/non-existing,
non-evidential, and alternative–also provide valuable knowledge. Real measurement
data is always corrupted by errors, noise, or uncertainty and a set of models can in
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general explain the data, i.e. these models cannot be rejected at a desired significance
level. The variables and interactions classified as present/existing must be included
in the models to explain data and are thus, under mild assumptions, true positives.
Their counterpart, the variables and interactions classified as absent/non-existing
can always be excluded from the models without loosing the ability to explain data
and are thus, under mild assumptions, true negatives. Variables and interactions
classified as non-evidential can be included in and excluded from every model
without affecting its ability to explain data, so the data contains no information
about them. Based on the principle of parsimony, they should always be excluded,
but it is important to know that they are excluded based on lack of information,
contrary to absent/non-existing ones that are excluded based on information. Any
variable and interaction that cannot be proven to belong to one of the former three
classes is called alternative. Strictly speaking, a variable and interaction is only
classified as alternative if it is needed in some model to explain data and can be
excluded in some other model. Additional data is needed to determine which of
the non-evidential and alternative variables and links that exist. To enable this
classification, in Chapter 5 we defined new concepts with necessary and/or sufficient
conditions for each case. These concepts are used in rank based tests that only
require the observed data, but implicitly check all models within a chosen class
that cannot be rejected based on the assumed error model and observed data. In
addition to proving that the structured singular value in general can be used to
test if an interaction exists, as mentioned above, we prove that the singular value
decomposition provides sufficient and necessary conditions for data with normally
distributed errors. This implies that existing numerically stable and computationally
efficient algorithms for singular value decomposition enable robust selection and
inference even for cases with thousands of variables. In conclusion, we have proposed
a solution to the core problem of how to infer regulatory interactions with confidence
from expression data that is informative enough.

Our classification of all variables and interactions does not provide a model useful
for prediction per se, which regularization based algorithms such as LASSO does (see
e.g. Tibshirani, 1996; Friedman et al., 2010). However, once the classification is
known then a predictive model can in general be obtained by solving an optimization
problem with constraints on the structure. Moreover, a statistically efficient estimator
can be used if the data is informative enough, because the correct number of degrees
of freedom and parameters with value zero are then given by the classification.
If the data is not informative enough, then some variables and interactions are
classified as alternative and one should typically include some of these in the model
to decrease the prediction error. Previously published algorithms could be used
to select among the alternative variables, because typically, one of the objectives
is the selection of the variables that optimize some quantity, e.g. minimize the
prediction or classification error (see e.g. Dash and Liu, 1997; Peng et al., 2005;
Molina et al., 2002; Guyon and Elisseeff, 2003; Fan and Lv, 2010; Hara and Sillanp,
2009; George, 2000). Thus, they should also be used if a predictive model or the
most likely model in some sense is sought. By aiming to find the best subset of
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variables and links in some sense, non-robust methods generate hypotheses and
should be used for exploratory analysis. Our robust methods, on the other hand,
perform testing of implicitly generated hypotheses, which generates knowledge. The
robust methods developed here therefore offers automated discovery, hypothesis
generation and testing of the type sought in systems biology (see e.g. Ideker et al.,
2001). Regularization methods have been shown to select the correct subset, under
certain conditions, even for underdetermined problems, i.e. when fewer data points
than variables are available (Candès and Plan, 2009; Fan and Lv, 2010; Candes and
Wakin, 2008; Filkov, 2005). At least as many data points as variables are needed to
assign confidence to individual variables and links, so in general our robust methods
require more data, but this is the price of knowledge. It is one thing to calculate
the answer correctly and another to know that the answer is correct.

When inferring GRNs it is common practice to only observe the change in
mRNA abundance, neglecting all proteins, metabolites, and other molecules, and
only perturb selected genes or quantities with unknown effect on the observed
genes (Hecker et al., 2009; Tegnér and Björkegren, 2007; Brazhnik et al., 2002).
Clearly the neglected components also affect the state of the cell. In Chapter 6 we,
therefore, analysed how these unobserved and unperturbed latent state variables
affect the requirements of the set-up of the perturbation experiments for inference.
Necessary and sufficient conditions for reconstruction of linear time invariant systems
from knowledge of the input-output behaviour have previously been established
by Goncalves and Warnick (2008). However, as we showed in Section 6.4, counter
examples exist that show that their conditions are not necessary, unless hidden
states are considered that have no effect on the input-output behaviour. We therefore
performed a similar analysis and showed that it is necessary to know a linearly
independent subset of as many relations between the states of interest and responses
or perturbations as there are states of interest. Otherwise the states of interest,
which constitute nodes in the subnetwork to be inferred, are not uniquely defined,
and consequently not the structure of the subnetwork either. In addition, a minimal
realization with the states of interest needs to exist, which is observable and
controllable per definition. Loosely speaking, each state of interest should be affected
by a perturbation and should trigger a response. These requirements are when the
set of states of interest contains all states of the system necessary and sufficient
for inference of the full network. This implies that the fundamental information
requirements for inference of GRNs scale linearly with the number of genes of
interest. In steady-state experiments, it is necessary to independently both observe
and perturb each state of interest, which implies that at least as many experiments
as variables of interest are needed. The previously discussed conditions for robust
inference can therefore be met by focusing on subnetworks with fewer genes of
interest when then number of experiments cannot be increased. When necessary,
some observed genes, whose response is linearly dependent on the set of genes of
interest and therefore do not provide any information useful for robust inference,
should be neglected. We also showed in Section 6.6 that bounds on the number of
latent states and different paths between the states of interest in principle can be
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determined from time-series data. However, the physical quantities corresponding to
the latent states cannot be determined from perturbation experiments alone, unless
they are directly perturbed or observed. Even though we cannot infer the links
between latent states, we at least obtain information about how many intermediary
latent states to look for if needed. The existence of latent states implies that in general
a subnetwork of pseudo-direct causal influences, accounting for all environmental
effects, is inferred. This is essential for interpretation of inferred networks and
planning of validation experiments, because indirect links do not correspond to
physical binding between two proteins. In conclusion, by focusing on subnetworks
the required number of samples for robust inference can be achieved in practice.

Experimental protocols for perturbation of individual genes are today standard
in inference of GRNs, see e.g. Gardner et al. (2003); Lorenz et al. (2009); Cantone
et al. (2009). They however typically provide poor excitation of interampatte systems
and ill-conditioned data, as discussed above, which in part explains the large number
of false positives and negatives that has been documented (Stolovitzky et al., 2009;
De Smet and Marchal, 2010; Fujita et al., 2009). This is illustrated in Chapter 7
through analysis of a reverse engineering study of the Snf1 signalling pathway in
yeast (Lorenz et al., 2009). The data lacks necessary information for inference even
though the authors perturbed all 10 genes one-by-one in separate experiments. From
a control theory perspective, an interampatte system operates in closed loop and
one either needs to open up the unknown feedback loops or counteract the intrinsic
signal attenuation to get informative data. Even if one could open the loops, it
would alter the very part of the system that one wants to identify, so the only
foreseeable remedy is iterative design of perturbation experiments that counteract
the signal attenuation. Design of experiments has been studied for a long time,
but the focus of the branch considering model selection has been on discrimination
among a small set of specified models (Michalik et al., 2010; Schwaab et al., 2008;
Pronzato, 2008; Fisher, 1935). These methods require a priori information that
typically is not available in reverse engineering of GRNs, see Sections 1.3 and 7.1 for
details. Therefore, in Chapter 7 we proposed a principle–select the next perturbation
such that the expected response practically spans an additional dimension–that can
be applied without having any model of the system. It is based on the sufficient
conditions on data for robust variable selection and network inference that we
established in Section 7.3. We numerically demonstrated this principle by designing
additional steady-state experiments for inference of the Snf1 signalling pathway.
On average 15 and in the worst case 35 additional experiments were needed to
increase the strength of the weakest signal 33 times and obtain informative data in
all 1000 Monte Carlo simulations that we performed. On the contrary, designs using
only random or single gene perturbations yielded poor data in all simulations even
after 100 additional experiments. Large improvements in data quality are hence
obtainable by replacing the random and single gene designs used today. The lack of
informative data that currently hampers network inference can, in other words, be
solved through iterative design of correlated multi-gene perturbation experiments.
Ability to combine and scale previous perturbations is essential for the iterative
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experiment design and we therefore call for development of improved experimental
protocols.

Earlier works have demonstrated how to perturb individual genes experimentally
and how to measure the response with acceptable accuracy, but failed to infer the
correct network due to poor excitation of the system and lack of a robust inference
method. In this thesis, we have demonstrated how to design informative perturbation
experiments, how to robustly infer the underlying network from data, and how to
assign confidence to individual interactions.

8.2 Suggested work to realize the potential of network
inference

As discussed above, the central parts for robust inference of direct causal interactions
existing between genes are now in place. Techniques for perturbing individual genes
and measuring the resulting expression changes exist (see e.g. Gardner et al.,
2003; Lorenz et al., 2009; Cantone et al., 2009). In Chapter 6 we established what
to perturb and measure to obtain a model of a subsystem and how to interpret
it. The theory and tools needed for robust inference of existing interactions were
established in Chapter 5 and demonstrated on a published S. cerevisiae data set in
Chapter 4. Publicly available data sets, however, suffer from a lack of information,
so additional data is needed to demonstrate the power of robust inference and
automated knowledge discovery that it enables. The strategy for iterative design of
perturbation experiments proposed in Chapter 7, which counteracts the intrinsic
signal attenuation reported in Chapter 3, is needed. However, we believe that it is
experimentally challenging to scale and combine previous perturbations, as required
for iterative design, so new experimental protocols for multi-gene perturbations need
to be developed and tested. The future of this technique depends on a successful
demonstration based on experimental data, which therefore should have the highest
priority in future research. These techniques should then be used to generate much
sought mechanistic knowledge about, in particular, intracellular regulation and
dis-regulation that is needed to understand complex diseases like cancer.

In Chapter 5, we developed the theoretical basis for robust classification of
variables that are not needed to explain data for different reasons by introducing
practical excludability and negligibility, as well as sufficient and necessary conditions
for them, but we left the development of computational tools for future work. In
particular, a method for testing of practical collinearity that can be used to prove
that a variable is practically excludable, i.e. always can be excluded while explaining
data, should be developed as soon as possible. Practically excludable variables are
the counterpart of practically selectable variables, i.e. the ones that must be selected
to explain data. Conditions and methods for determining the sign of an interaction,
which correspond to our concept of practical assignability of vectors, also need to
be developed. Statistical methods for analysis of the information content of data
sets with regard to both robust and non-robust network inference are needed. Also
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the connection between existing non-robust inference algorithms and our robust
techniques, both in terms of required information, resulting network estimate, and
computational cost is of interest, already for the following reason. Existing inference
algorithms that do not recover existing interactions, corresponding to practically
selectable variables, do not utilize the information of the data set properly and
should therefore in general not be used at all.

Future research on design of experiments should in general focus on design
of perturbations that counteract the intrinsic signal attenuation of the system
under study, since, according to our analysis in Chapter 3, this is the key to
obtaining informative data for network inference. Our focus in Chapter 7 was on
the fundamental principle for iterative design of informative experiments for robust
inference and we left the derivation of optimal algorithms to others. We therefore
hereby challenge other computational biologists to propose new algorithms for
design of perturbation experiments that minimize the number of experiments while
meeting both experimental and quality constraints. In particular, practical design
algorithms for a mixture of steady-state and time-series experiments, incorporating
experimental constraints and accounting for uncertainty, should be developed. The
effect of interampatteness and signal attenuation on estimation of parameters in
nonlinear models should also be analysed in future works.
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Additional information that supports Chapter 4 and 5 is presented in this appendix.
The effective rank, which we used in Nordling and Jacobsen (2011), and its shortcom-
ings are discussed in Section A.1. Common ways of graphically illustrating parameter
estimation and linear programming is discussed in relation to our illustrations of
variable selection in Section A.2. Additional theorems that are necessary to prove
our claims in Chapter 4 and 5 are presented with proofs in Section A.3. Generation
of the in silico data for the IRMA example used in Section 4.2 is described in
Section A.4. The error model of the IRMA data that we used for robust inference
of the IRMA network in Sections 4.6 and A.6 is derived in Section A.5. Details
on how we robustly inferred the IRMA network and estimated the strength of
included interactions are given in Section A.6. The TOEL example that we used
for graphical illustrations of robust variable selection is specified in Section A.7. In
Section A.8, we show in detail how to use the structured singular value and singular
value decomposition to determine if a set of regressors is practically independent, as
described in Section 5.10, for the TOEL example with three different error models.

A.1 Use of effective rank in network inference

We here discuss the use of effective rank (Konstantinides and Yao, 1988; Roy and
Vetterli, 2007; Aksasse et al., 2006) in network inference. Effective rank is a previous
extension of the rank concept and therefore interesting to compare to practical
rank, which we introduced in this work, see Definition 5.5.15. Existing definitions of
effective rank are based on the singular values of an observed matrix Φ, since the
rank(Φ) is equal to the number of nonzero singular values k ≤ min{m,n}. These
singular values are obtained from the singular value decomposition (SVD) defined
in (5.10.5). Assuming that the observed matrix contain additive errors

Φ = Φ̌ + Υ, (A.1.1)

as in our data model (5.3.2a), the notion of effective rank has been introduced to
find the rank of the latent “true” matrix Φ̌ from the SVD of Φ. The singular values
of Φ̌ are assumed to be larger than the singular values of the error matrix Υ and
the number of large singular values of Φ, according to some measure, is defined as
the effective rank erank(Φ), implying that

erank(Φ) ≤ rank(Φ). (A.1.2)

Several measures, with references, are presented in Konstantinides and Yao (1988)
and the effect of the errors on the singular values of Φ is analysed in Stewart (1990).
We recently used the concept of effective rank to classify interactions as existing,
non-existing, alternative, and non-evidential, based on data with a practically
collinear set of regressors but fairly high signal to noise ratio (SNR), with some
success (Nordling and Jacobsen, 2011). However, the employed method depends
on a sufficient separation between the singular values of Φ̌ and Υ, similar to other
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methods for calculating the effective rank, see e.g. Theorem 3 in Konstantinides
and Yao (1988). We have earlier postulated that gene regulatory networks are
interampatte, which means that the “true” regressor matrix in practice has some
small singular values, see Chapter 3. Expression data is, as mentioned earlier, known
to be noisy with a poor SNR, so some singular value of Υ is in general larger than
some singular value of Φ̌. Methods based on effective rank will therefore in general
not work as intended. Moreover, it is clear based on the dyadic expansion of the
pseudo inverse of the regressor matrix

Φ† =
k∑
j=1

1
σj
vju

T
j , with k = min{m,n}, (A.1.3)

that small singular values have a large influence on the parameter estimates, since
their reciprocal dominates and the ordinary least squares estimate can be expressed
as θ̂ = Φ†ξ. Qualitatively different parameter estimates and network models are
obtained depending on which of the small singular values that are included or
excluded. Inference methods that use effective rank to obtain a model of the network
can therefore be misleading.

A.2 Illustration of variable selection and parameter
estimation

Our illustrations are intended to concretize the theoretical results and provide an
intuitive understanding of the data conditions for variable selection. Our ability
to understand new concepts is largely dependent on connecting them to previous
knowledge by seeing similarities. To foster this process we here comment on the
connection between our illustrations and common representations used to illustrate,
in particular, parameter estimation by least squares.

Figures similar to Figure A.7 (bottom) and Figure 5.1 are commonly used
to explain e.g. least squares estimation (Casella and Berger, 2001, p. 542), the
orthogonality principle of least squares regression (Kay, 1993, p. 228), and collinear-
ity (Belsley, 1991, p. 15-16). Estimation of the parameter θ, under assumption of
the data model φiθ + υi = ξi for each row i, is in most textbooks depicted in a two
dimensional Euclidean space with φ on the x-axis, ξ on the y-axis, and m points
representing the m observations of the n = 1 regressor φi and regressand ξi, see
e.g. Casella and Berger (2001, p. 542), i.e. the equations/rows are seen as vectors in
a n+ 1 dimensional space. The least squares estimate θ̂ is, in such a figure, given
by the slope of the line that minimizes the sum of squared residuals, i.e. errors
υ̂i = φiθ̂ − ξi. In Figure A.7 (bottom) we used an n dimensional space having only
the n regressors as axes and call it the state space. If each variable corresponds to a
gene, then we also call it the gene space. The orthogonality principle of least-squares
regression is, however, commonly depicted in a m dimensional Euclidean space with
an observation on each axis and two vectors corresponding to the regressor φ and
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regressand ξ, see e.g. Kay (1993, p. 228), i.e. the columns are seen as n+ 1 vectors
in a m dimensional dual space that we call the data space and used in Figure 5.1.
The least squares estimate is now found by projecting the regressand onto the
subspace spanned by the regressor. The merits of both geometrical interpretations
are discussed in Belsley (1991, p. 15-16), where they are used to illustrate collinear-
ity. In a third representation of estimation problems, which is commonly used in
linear programming, see e.g. Reeb and Leavengood (1998); Nash and Sofer (1996,
p. 67-83), each axis corresponds to a parameter and each equation/row constitutes
a hyperplane that limits the set of feasible solutions. We selected to primarily use
the data space, in order to easily depict the uncertainty sets of each variable.

A.3 Additional theorems with proofs

Here we provide additional theorems and lemmas that are needed in the proofs of
the main results.

The following lemma is used in the proof of Theorem A.3.2 to show that no
confidence can be assigned to the existence of any interaction if m < n and noise
exists.

Lemma A.3.1. For any Φ ∈ Rm×n with m ≤ n and ε > 0 there exists a ∆ ∈ Rm×n
such that span(Φ + ∆) = Rm and ‖∆‖α < ε for any seminorm ‖·‖α.

Proof. The number of dimensions spanned by a matrix Φ ∈ Rm×n equals the
number of nonzero singular values (Horn and Johnson, 1990, p. 414). We can
always construct a matrix

∆ ,
n∑
i=1

ςiuiv
T
i ∈ Rm×n, (A.3.1)

with ςi > 0 if σi = 0 and ςi = 0 if σi > 0 in the SVD (Horn and Johnson, 1990,
p. 414-415)

Φ =
n∑
i=1

σiuiv
T
i , (A.3.2)

which ensures that Φ + ∆ spans m dimensions and hence the space Rm. The only
remaining thing is to show that we for every ε > 0 can find a δ > 0 such that
if all ςi ≤ δ then ‖∆‖α < ε for any seminorm ‖·‖α. Let S , {i|σi = 0} and
pick δ = 1

2
∥∥∑

i∈S uiv
T
i

∥∥−1
α
ε, then using the multiplicative property and triangle

inequality of seminorms (Horn and Johnson, 1990, p. 259) we can show that

‖∆‖α =

∥∥∥∥∥∑
i∈S

ςiuiv
T
i

∥∥∥∥∥
α

≤ max
i
ςi

∥∥∥∥∥∑
i∈S

uiv
T
i

∥∥∥∥∥
α

≤ 1
2ε < ε, (A.3.3)

which completes our proof.



A.3. Additional theorems with proofs 211

Theorem A.3.2. For every possible interaction, an alternative network model
without it always exists, that can explain noisy data, if the number of experiments
m is smaller than the number of variables n, implying that no confidence can be
assigned to any inferred interaction.

Proof. The data model (4.2.5) and (5.5.1) connects the data (regressors and regres-
sand) to the network model. For m < n the system of equations specified by the data
model is underdetermined and has infinitely many solutions, see e.g. Anton and
Rorres (2000); Friedberg et al. (2003); Horn and Johnson (1990), but some regressor
could be necessary to explain the data (as shown for noise-free data in Section 4.2).
However, if a regressor φk can be replaced by a linear combinations of the remaining
regressors in the matrix Φj 6=k , [φ1, . . . ,φk−1,φk+1, . . . ,φn], then an alternative
model without the interaction from variable k exists, since the solution of a system
of equations only is unique if the regressors are linearly independent, see e.g. Anton
and Rorres (2000); Friedberg et al. (2003); Horn and Johnson (1990). Based on
Lemma A.3.1 a realization of Φj 6=k that spans Rm exists within a distance ε from
the observed Φj 6=k measured by any norm when m < n. Since φk ∈ Rm and this
holds for any ε > 0 it implies that an alternative model without the interaction from
variable k that can explain the data always exists when each data point contains
noise or uncertainty. This holds for each variable k ∈ {1, . . . , n}.

The following lemma is needed in the proof of Theorem 5.6.3. While Lemma
A.3.1 concerned the existence of a matrix spanning the space, the following lemma
concerns the ability to represent a vector as a linear combination of the columns of
a matrix.

Lemma A.3.3. If a linearly dependent subset S of the vectors in Φ ∈ Rm×n with
at most min{m,n} elements exists, then for any φ ∈ Rm a matrix Φ̃ ∈ Bρ(Φ)
exists such that the subset is linearly independent and φ ∈ span(Φ̃S), with the
neighbourhood of a matrix Bρ(Φ) defined in (5.6.6) and Φ̃S being a matrix that only
contains the vectors indexed in S.

Proof. Linear dependence implies that a non-trivial solution θ 6= 0 exists such that
ΦSθ = 0 (Friedberg et al., 2003, p. 36-37). To have φ ∈ span(Φ̃S) is equivalent to
existence of a vector θ̃ such that Φ̃S θ̃ = φ, based on the definition of span (Friedberg
et al., 2003, p. 30), and the set of vectors in Φ̃S is linearly independent when
Φ̃Sθ 6= 0 for every solution θ 6= 0. Any vector φ ∈ Rm can now be constructed from
Φθ by adding Φ̃θ̃, which gives

φ = ΦSθ + Φ̃S θ̃. (A.3.4)

Intuitively this can be understood by considering that we can make small changes to
each element of Φ, which translate into small changes in each element of the zero
vector and thereby produce a tiny nonzero vector that points in the wished direction.
This tiny vector is then amplified by changing the elements of θ. If we introduce
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∆ = Φ̃S −ΦS , then we can rewrite this as

φ = ΦSθ + (∆ + ΦS)θ̃ ⇔
φ = ΦS(θ + θ̃) + ∆θ̃ ⇔
φ−ΦS(θ + θ̃) = ∆θ̃. (A.3.5)

Now we can take the norm and use the submultiplicative property (Horn and Johnson,
1990, p. 290-293)∥∥φ−ΦS(θ + θ̃)

∥∥ =
∥∥∆θ̃∥∥ ≤ ‖∆‖∥∥θ̃∥∥ ⇔∥∥φ−ΦS(θ + θ̃)

∥∥∥∥θ̃∥∥ ≤ ‖∆‖ . (A.3.6)

We do not have any constraint on θ̃, so for any ρ > 0 there exists a δ, such that if∥∥θ̃∥∥ > δ then ‖∆‖ < ρ. Only the norm of ∆ is bounded so we have the freedom to
select the tiny changes of the elements of Φ such that the subset becomes linearly
independent, since the number of elements in S at most is min{m,n} and each basis
of Rm consists of a linearly independent set of m vectors (Friedberg et al., 2003,
p. 46-48). This proves that a matrix Φ̃ ∈ Bρ(Φ) exists, such that φ ∈ span(Φ̃S) for
any φ ∈ Rm, and Φ̃ can always be chosen such that the subset S of the vectors are
linearly independent.

The following lemma is needed in the proof of Theorems 5.6.3 and 5.6.7.

Lemma A.3.4. If a solution θ exists for the system of equations Φθ = ξ, with
Φ ∈ Rm×n and ξ ∈ Rm, then another matrix Φ̃ ∈ BρΦ(Φ) and another vector ξ̃ ∈
Bρξ

(ξ) exists such that a solution θ̃ ∈ Bρθ
(θ) exists for Φ̃θ̃ = ξ̃. The neighbourhood

of a matrix Bρ(Φ) is defined in (5.6.6) and the neighbourhood of a vector Bρ(ξ) in
(5.6.5).

Proof. Addition of a nonzero matrix ∆ ∈ Rm×n with ‖∆‖ < ρΦ to Φ in Φθ = ξ
gives

Φ̃θ = (Φ + ∆)θ = Φθ︸︷︷︸
=ξ

+ ∆θ︸︷︷︸
=δ

= ξ̃. (A.3.7)

Here Φ̃ is by construction a matrix different from Φ and ξ̃ is within a neighbourhood
of ξ, since ∥∥ξ̃ − ξ∥∥ = ‖δ‖ = ‖∆θ‖ ≤ ‖θ‖ ‖∆‖ < ‖θ‖ ρΦ = ρξ. (A.3.8)
This neighbourhood can be made arbitrarily small by selecting ρΦ sufficiently small.
Similar constructs can be made by adding a nonzero vector to ξ or θ.

The proof of Theorem 5.6.7 depends on a parameter in the solution of a system
of equations being positive, which we establish in the following theorem. To do
this, we first establish the following projection lemma, which is needed to prove the
theorem.



A.3. Additional theorems with proofs 213

Lemma A.3.5. The projection (I − T j 6=k)φk = 0 with T j 6=k defined in (5.6.8) if
and only if φk can be expressed as a linear combination of the regressors in Φj 6=k,
which contains a subset of all regressors except φk.

Proof. The projection

(I − T j 6=k)φk = 0 ⇔ φk = T j 6=kφk. (A.3.9)

If φk can be expressed as a linear combination of the regressors in Φj 6=k, then
φk = Φj 6=kθ, which inserted in (A.3.9) gives

T j 6=kφk = ΦS
(
ΦT
SΦS

)−1ΦT
SΦj 6=kθ

= Φj 6=kθ = φk. (A.3.10)

Note that the inverse of ΦT
SΦS exists since ΦS per definition consists of a linearly

independent subset of regressors that constitute a basis of the subspace spanned by the
n− 1 regressors in the matrix Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn]. The projection
T j 6=k does not affect vectors that lie in the subspace spanned by Φj 6=k, since they
already are in the subspace that it projects vectors onto, which explains why it has
no effect on Φj 6=k in (A.3.10). If φk cannot be expressed as a linear combination of
the regressors in Φj 6=k, then φk = Φj 6=kθ + z with ΦT

j 6=kz = 0, which inserted in
the projection gives

T j 6=kφk = Φj 6=kθ 6= φk. (A.3.11)

Theorem A.3.6. A parameter θk is positive in all solutions of a system of linear
equations Φθ = ξ if and only if hTk ξ > 0, with the normal of the hyperplane of the
other regressors hk defined in (5.6.10).

Proof. The system of linear equations

Φθ = ξ ⇔ Φj 6=kθj 6=k + φkθk = ξ, (A.3.12)

with θj 6=k , [θ1, . . . , θk−1, θk+1, . . . , θn]T . The condition hTk ξ > 0 is equivalent to

φTk (I − T j 6=k)ξ > 0 ⇔
φTk (I − T j 6=k)(Φj 6=kθj 6=k + φkθk) > 0 ⇔

φTk (I − T j 6=k)φkθk > 0, (A.3.13)
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since I −T j 6=k is an orthogonal projection and fulfils (Friedberg et al., 2003, p. 400)

T Tj 6=kT j 6=k = ΦS
(
ΦT
SΦS

)−1ΦT
S

ΦS
(
ΦT
SΦS

)−1ΦT
S = T j 6=k = T Tj 6=k (A.3.14)

(I − T j 6=k)2 = (I − T j 6=k)T (I − T j 6=k)
= I − T Tj 6=k − T j 6=k + T Tj 6=kT j 6=k
= I − T j 6=k = (I − T j 6=k)T (A.3.15)

(I − T j 6=k)Φj 6=k = Φj 6=k−

ΦS
(
ΦT
SΦS

)−1ΦT
SΦj 6=k = 0. (A.3.16)

Here I − T j 6=k is a positive semidefinite matrix, since we from (A.3.15) have
(I − T j 6=k)2 = I − T j 6=k, see e.g. (Horn and Johnson, 1990, p. 396). So in (A.3.13)
φTk (I − T j 6=k)φk ≥ 0 and it is based on Lemma A.3.5 equal to zero if and only if
φk can be expressed as a linear combination of the regressors in Φj 6=k. Therefore
hTk ξ > 0 implies that θk > 0 and φk cannot be expressed as a linear combination
of the other regressors. On the other hand, if θk is positive in all solutions, then
hTk ξ > 0, since a parameter only can be positive in all solutions if it is unique and
φk cannot be expressed as a linear combination of the other regressors. Note that the
inverse of ΦT

SΦS exists since ΦS per definition consists of a linearly independent
subset of regressors that constitute a basis of the subspace spanned by the n − 1
regressors in the matrix Φj 6=k = [φ1, . . . ,φk−1,φk+1, . . . ,φn].

A.4 Generation of synthetic data for the IRMA example

We simulated the in silico perturbation experiments in the introductory example in
Chapter 4 using unit strengths of all interactions in the engineered IRMA network,
since the real strengths are unknown and it simplifies our illustration. In other
words, we used the interaction matrix (2.1.1). The “true” regressor matrix is the
transpose of the “true” response matrix Y̌ , which for steady-state experiments is
given by the data model

Y = −Ǎ
−1
P = ǦP , (A.4.1)

i.e. the data model in (2.3.3) with E = F = 0. The simulated data in (4.2.4) is
therefore obtained by

Φ̌ = −P̌
T
Ǎ
−T
, (A.4.2)
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using the perturbation matrix

P̌ =


0 0 0
1 0 0
0 1 0
0 0 0
0 0 1

 , (A.4.3)

and the regressand ξ̌3 is equal to the third row of the perturbation matrix with
opposite sign.

A.5 Development of an error model for the IRMA data

All measurement data contains errors and these must be accounted for when inferring
properties of the system from the data, in order to distinguish true findings from
artefacts generated by noise or to assign a measure of confidence or significance to
the properties. To do this, we need an error model that describes the typical errors
of the data at hand. We have only found two studies–Peccoud and Jacob (1996) and
Bengtsson et al. (2008)–that specifically investigates the errors in qRT-PCR data,
even though it is generally known that RT-PCR contains many error sources, see
Section 2.2. The actual error is poorly characterized and no generally accepted error
model exists for qRT-PCR data. We therefore next analyse the error in the IRMA
data based on the CT values reported by Cantone et al. (2009, supplemental). They
performed 3 to 9 clones, i.e. biological replicates, of each experiment and reported
the average CT and standard error from two technical replicates of the PCR for
each clone.

We started our error analysis by first calculating ∆CTic , Cic − Crc for the
three clones, i.e. three biological replicates of the unperturbed control experiment,
and ∆CTitp , Citp − Crtp for the 3 to 9 clones of the perturbed experiments. Here
Cic is the mean CT value for gene i in the two technical replicates of the PCR of the
unperturbed control sample and Citp of the sample in which gene t is perturbed, and
Crc is the mean CT value for the housekeeping gene in the two technical replicates
of the PCR of the unperturbed control sample and Crtp of the sample in which gene
t is perturbed. We here use i as the index for the observed gene and t as the index
of the perturbed gene, i.e. i, t ∈ {1 = CBF1, 2 = GAL4, 3 = SWI5, 4 = ASH1, 5 =
GAL80 }, while r denotes the housekeeping gene, i.e. r = ACT1. Similarly, c is used
as the index for the clone of the control experiment, i.e. c ∈ {1, 2, 3}, and p as the
index for the clone of the perturbed experiment, i.e. p ∈ {1, 2, . . . , 9} for ASH1 and
p ∈ {1, 2, 3} for all other genes. We then calculated the log-fold changes

yitcp , ∆CTic −∆CTitp (A.5.1)

for all possible combinations of one control clone and one perturbed clone. This
is done since the control and perturbation experiments are independent and no
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particular pairing can be motivated. The error of each possible log-fold change is
then estimated as

eitcp , yitcp − yit, (A.5.2)

with yit being the log-fold change for gene i defined in (2.2.4), i.e. the mean log-fold
change

yit = 1
max c

1
max p

max c∑
c=1

max p∑
p=1

(∆CTic −∆CTitp)

= 1
max c

max c∑
c=1

∆CTic︸ ︷︷ ︸
=∆CTiC

− 1
max p

max p∑
p=1

∆CTitp︸ ︷︷ ︸
=∆CTit

. (A.5.3)

We chose to neglect the standard errors of the technical replicates, which were
reported by Cantone et al., since they are negligible compared to the calculated
errors and the use of error propagation formulas merely would complicate the
calculations. Several authors, listed in Steibel et al. (2009), have assumed that
the log-fold change is normally distributed, which in Bengtsson et al. (2008) is
supported by quantile-quantile plots of the CT values, while Peccoud and Jacob
(1996) showed that the distribution has several maxima for certain amplification
efficiencies and only approaches a normal distribution in the limit as the initial
copy number goes to infinity. We therefore tested the hypothesis that the log-fold
change is normally distributed by a Lilliefors test (Lilliefors, 1967) and studied
the normal probability plots for the errors eitcp in both the Glucose and Galactose
data using Matlab R2007b (www.mathworks.com). Note that the log-fold change
and errors have the same distribution since we only subtract the mean to get the
errors, but the mean value is in general different for all genes in all perturbation
experiments so by subtracting it we can compare all values and thereby increase
the statistical power. The normal hypothesis was rejected at the 5% significance
level, with p-values smaller than 0.001, based on all 315 data points for both the
S. cerevisiae cells cultured in Glucose and Galactose. The data points are clearly
not on the line as they should be if the data came from a normal distribution in
the normal probability plots shown in Figure A.1. When comparing all values, we
assume that the variance is the same for all genes in all experiments, which in
general is not true. We therefore also tested the normal hypothesis for each gene
individually and found that it was rejected at the 5% significance level for three of
the five genes, with p-values below 0.013, for both the Glucose and Galactose data
using the 63 data points that then were available. The data points in all normal
probability plots exhibit some curvature or deviation from the line (data not shown).
And for each experiment individually, it was rejected at the 5% significance level
only for the experiment in which ASH1 was perturbed, with p-values below 0.009,
for both the Glucose and Galactose data. Note that we only had 45 data points
for the experiments when the hypothesis was not rejected, compared to 135 for the
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Figure A.1: Normal probability plots. The error of the log-fold change of the
steady-state data recorded by Cantone et al. (2009) when S. cerevisiae is grown in
Glucose (left) and Galactose (right) is plotted against a theoretical normal distribution,
such that the data points should lay approximately on a line if the data stems from a
normal distribution. Significant curvature and deviations from the line are seen and
the log-fold change of the data is therefore not normally distributed.

experiment when it was rejected. Lack of statistic power could explain the failure
to reject the hypothesis for the other experiments. For the Glucose data only the
data points in the normal probability plot of the ASH1 experiment exhibit strong
curvature, but for the Galactose data the data points in all normal probability plots
exhibit some curvature or deviation from the line (data not shown). The variance
could also depend on both the gene and experiment. It is not in this case possible
to reliably test the normal hypothesis for each gene and experiment individually,
since we only have nine data points for all genes, except for the experiment in which
ASH1 was perturbed for which we have 27 data points. We therefore standardized
each error by dividing with the standard deviation

esitcp = eitcp√
1

max cmax p−1
∑max c
c=1

∑max p
p=1 e2

itcp

(A.5.4)

and tested the hypothesis using all standardized errors. Now the normal hypothesis
was not rejected at the 5% significance level based on the Lilliefors test for the
Glucose data (p-value 0.1), nor was it for the Galactose data (p-value 0.3). The
normal probability plot of the Glucose data exhibits clear curvature at the tail,
while the plot of the Galactose data points almost form a line, see Figure A.2.
Failure to reject a hypothesis does not mean that it is true, merely that we cannot
at the desired 5% significance level rule out that the log-fold change is normally
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Figure A.2: Normal probability plots. The standardized error of the log-fold
change of the steady-state data recorded by Cantone et al. (2009) when S. cerevisiae
is grown in Glucose (left) and Galactose (right) is plotted against a theoretical normal
distribution, such that the data points should lay approximately on a line if the data
stems from a normal distribution. Clear curvature is seen for the Glucose data, while
the Galactose data points almost lies on the line, so the log-fold change could be
normally distributed with a variance that depends on the experiment and gene.

distributed with a variance that depends on the experiment and gene. We later
study the histogram to see if we recognize any well known distribution. When
combined the results of our investigation so far suggests that the log-fold change of
the steady-state data recorded by Cantone et al. (2009) is not normally distributed.

The log-fold change of the IRMA data is unlikely to be normally distributed
and we therefore continue our analysis of the errors in order to find a reasonable
error model. We plotted the histogram of the errors of the log-fold change using
Matlab R2007b (www.mathworks.com) in order to see if we can recognize any well
known probability distribution. The histograms for all 315 data points of both
the Glucose and Galactose data is shown in Figure A.3. Unfortunately we are not
able to recognize any well known distribution, but we note that both histograms
have multiple peaks, indicating a multimodal distribution in agreement with the
theoretical study by Peccoud and Jacob (1996). When we use all data points then
we assume that the distribution does not depend on the gene or experiment, which
in general does not hold. We therefore also studied the histogram of each gene and
each experiment independently and they all appear to have multiple peaks (data
not shown). We also studied the histogram of the standardized errors (A.5.4) to
see if it resembles the probability density function of a normal distribution and
found that it too appears to have multiple peaks, see Figure A.4, which implies
that it is unlikely to be normally distributed. Previous studies of the absolute
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Figure A.3: Histograms. A histogram of the error of the log-fold change of the
steady-state data recorded by Cantone et al. (2009) when S. cerevisiae is grown in
Glucose (left) and Galactose (right). Both histograms have multiple peaks, which
indicates a multimodal distribution.
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Figure A.4: Histograms. A histogram of the standardized error of the log-fold
change of the steady-state data recorded by Cantone et al. (2009) when S. cerevisiae
is grown in Glucose (left) and Galactose (right). Neither of the histograms look like
the probability density function of a normal distribution. Both histograms appear to
have two peaks, implying that the data is unlikely to be normally distributed.
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quantification error have found that the error mainly depends on the initial copy
number and thereby on the measured gene (Peccoud and Jacob, 1996; Bengtsson
et al., 2008). We therefore investigated if the maximum, minimum, mean, or median
absolute error, as well as, the standard error calculated by Cantone et al. correlates
with the gene, experiment, growth medium, log-fold change (2.2.4), or absolute
value of the mean log-fold change in the combined Glucose and Galactose data. We
calculated the correlation coefficient and p-value using corrcoef in Matlab R2009b
(www.mathworks.com). The p-value is the probability of getting a correlation as high
as the observed one by chance when the true correlation is zero. To calculate the
correlation with the gene and experiment, we assigned a number to each of the five
genes or experiments. The correlation depends on which number that was assigned to
which gene or experiment, so we calculated the correlation for all, 5! = 120, possible
assignments and report the most significant correlation, i.e. the one with the lowest
p-value, in order to avoid dependence on our numbering. Similarly, numbers were
assigned to the two different growth mediums, Glucose and Galactose, to investigate
if the error correlates with them. All calculated correlation coefficients are presented
in Table A.1. The maximum absolute error and mean absolute error are clearly
correlated with the perturbation experiment, correlation coefficient 0.75 and p-values
5× 10−10 and 5× 10−8, which are at least five orders of magnitude smaller than the
p-values of any other investigated correlation. In Bengtsson et al. (2008) the RT and
PCR error depended on the gene that was observed and we therefore expected that
the error would correlate with the gene. A weak but significant correlation indeed
exists between the mean absolute error and the gene, correlation coefficient 0.29
and p-value 0.004, but the correlation with the experiment is both stronger and
more significant, which suggests that an unknown error source that depends on the
perturbation experiment dominates. No significant correlation exists between the
error and the log-fold change or growth medium. This is a strong argument against
using a multiplicative error model in which the error depends on the observed
log-fold change and any model in which the error depends on the growth medium.
Taken together, these observations points towards an additive error model in which
the magnitude of the error mainly depends on the perturbation experiment and
to a lesser degree on the gene. The earlier part of our analysis pointed towards
an unknown multimodal distribution and the main error source is unknown. To
prioritize robustness of the results, we therefore decide to use a deterministic error
model in which the absolute error of each element is bounded, i.e. the observed
log-fold change yit is assumed to consist of the “true” log-fold change y̌it plus some
error υit

yit =y̌it + υit with |υit| ≤ $it. (A.5.5)

To use this error model we need to determine the bounds of the elements $it, which
we do next and present in Table A.2 for the Glucose data and in Table A.3 for the
Galactose data.

We will now determine upper bounds on the magnitude of the errors which we
can use in the selected deterministic error model. The absolute error estimates of
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Table A.1: Correlation between the error and certain variables. The corre-
lation coefficient of the error and variable with associated p-value in parenthesis for
the data in Cantone et al. (2009). The most significant correlation exists between the
experiment and maximum absolute error, as well as the mean absolute error. The error
eitcp is defined in (A.5.2) and the log-fold change yit in (2.2.4).

Variable \ Error maxc,p |eitcp| minc,p |eitcp| meanc,p |eitcp|
Experiment 0.75 (5× 10−10) 0.44 (0.1) 0.75 (5× 10−8)
Gene 0.29 (0.04) 0.13 (0.01) 0.29 (0.004)
Growth medium 0.01 (0.9) 0.23 (0.1) 0.07 (0.6)
yit -0.09 (0.5) -0.13 (0.4) -0.04 (0.8)
|yit| -0.04 (0.8) -0.11 (0.4) 0.03 (0.8)

Variable \ Error medianc,p |eitcp| standard error
Experiment 0.75 (0.00002) 0.45 (0.001)
Gene 0.25 (0.004) 0.29 (0.006)
Growth medium 0.08 (0.6) 0.03 (0.8)
yit 0.003 (1) 0.18 (0.2)
|yit| 0.09 (0.6) 0.24 (0.09)

Table A.2: Upper bounds for error in the Glucose data. Our estimates of the
upper bound on the error in the log-fold changes $it, defined in (A.5.5), in the Glucose
steady-state experiments recorded by Cantone et al. (2009), which we obtained by
calculating the maximum absolute error.

Observed \ Perturbed gene CBF1 GAL4 SWI5 ASH1 GAL80
CBF1 0.5 0.6 1.3 2.8 0.8
GAL4 0.4 0.8 0.6 2.4 0.4
SWI5 0.5 1.0 0.8 2.5 0.5
ASH1 0.3 0.3 0.7 2.1 0.3
GAL80 0.2 0.4 0.4 1.3 0.3

each gene for each experimental condition is only based on nine data points for all
genes, except ASH1 for which it is based on 27 data points. These data points are,
for each gene, all derived from qRT-PCR measurements of only three unperturbed
control experiments. Therefore, our estimates of the error are likely to be sensitive,
i.e. if Cantone et al. would have done an additional biological replicate of each
perturbation experiment then our estimates would probably have changed. To check
how sensitive they are, we left one error eitcp at a time out and recalculated the
maximum, minimum, mean, and median absolute error. We chose this procedure
since the number of data points is low, the variance may be a poor estimate of
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Table A.3: Upper bounds for error in the Galactose data. Our estimates
of the upper bound on the error in the log-fold changes $it, defined in (A.5.5), in
the Galactose steady-state experiments recorded by Cantone et al. (2009), which we
obtained by calculating the maximum absolute error.

Observed \ Perturbed gene CBF1 GAL4 SWI5 ASH1 GAL80
CBF1 0.1 0.6 0.8 1.9 0.8
GAL4 0.5 1.1 0.3 1.2 0.2
SWI5 0.7 1.0 1.6 2.8 0.7
ASH1 0.3 0.6 0.6 2.0 0.4
GAL80 0.3 0.4 0.6 1.9 0.4

variation for a multimodal distribution, and the estimated maximum and minimum
absolute errors, in particular, may change considerably when one data point is left
out. We found the largest change in the maximum absolute error to be 0.3 for an
error that is 2.53 in the Glucose data, while it for the minimum, mean, and median is
0.2 (0.2), 0.08 (0.76), 0.09, (0.71), with the value of the error in parenthesis. For the
Galactose data the numbers are 0.7 (2.8), 0.1 (0.4), 0.1 (0.8), 0.3 (0.2), respectively.
For Glucose the minimum absolute error is most sensitive, since the first digit is
affected, while the second digit is affected for the other error estimates. The mean
absolute error is the least sensitive both in absolute and relative numbers, but the
difference compared to the maximum absolute error is small. For Galactose, on the
other hand, the median absolute error is most sensitive and the maximum absolute
error is the least sensitive, being the only one where only the second digit is affected.
We therefore conclude that little can be gained by trying to estimate the upper
bound by any other estimator than the maximum absolute error and use it. Our
estimates of the upper bounds $it are presented in Table A.2 for the Glucose data
and in Table A.3 for the Galactose data. For convenience of the reader, we also
present the log-fold changes yit, which were calculated by Cantone et al., in Table A.5
for the Glucose data and in Table A.6 for the Galactose data. The log-fold changes
yit are means of the data points based on three unperturbed control experiments,
while our estimates of the upper bounds $it apply to a single data point based on a
single experiment. The upper bounds should therefore be a conservative estimate of
the error in the reported log-fold changes. We later use ellipsoidal uncertainty sets
with the length of the semi-principal axes equal to the bounds because it is unlikely
that the error in all elements is at its maximum value at the same time.

Following Cantone et al. we assume the magnitude of each perturbation to be
one, which makes the perturbation matrix P = I. This is the logical choice, since
Cantone et al. perturbed the system by over-expressing each of the five genes one at
a time in separate experiments by inserting a plasmid containing a copy of the gene
under control of the strong constitutive GPD promoter. They did not measure the
strength of the perturbations so no data for estimation of the perturbation errors
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Table A.4: Upper bounds for error in the perturbations. The upper bounds
we assume on the error in the perturbations $it used in the steady-state experiments
recorded by Cantone et al. (2009).

Affected \ Perturbed gene CBF1 GAL4 SWI5 ASH1 GAL80
CBF1 0.2 0.1 0.1 0.1 0.1
GAL4 0.1 0.2 0.1 0.1 0.1
SWI5 0.1 0.1 0.2 0.1 0.1
ASH1 0.1 0.1 0.1 0.2 0.1
GAL80 0.1 0.1 0.1 0.1 0.2

Table A.5: Log-fold change for the Glucose data. The log-fold changes yit,
defined in (2.2.4), for the Glucose steady-state experiments recorded by Cantone et al.
(2009).

Observed \ Perturbed gene CBF1 GAL4 SWI5 ASH1 GAL80
CBF1 8.79 3.69 3.32 0.53 -0.33
GAL4 0.52 5.05 0.31 -0.59 0.04
SWI5 4.39 3.71 5.83 -0.16 0.46
ASH1 1.68 0.55 0.96 5.16 -0.42
GAL80 0.05 0.43 0.55 0.20 6.13

Table A.6: Log-fold change for the Galactose data. The log-fold changes yit,
defined in (2.2.4), for the Galactose steady-state experiments recorded by Cantone
et al. (2009).

Observed \ Perturbed gene CBF1 GAL4 SWI5 ASH1 GAL80
CBF1 4.54 1.80 2.10 -0.43 -2.26
GAL4 -0.02 4.08 0.06 -0.42 -0.22
SWI5 2.32 2.41 2.57 -1.34 -3.57
ASH1 2.05 1.73 1.53 4.01 -1.45
GAL80 0.28 0.15 0.00 -0.26 6.63

exist. The measured responses are, however, averages for a culture and variations in
the cell cultures should affect the actual average of the perturbations, so we consider
it unreasonable to assume no error. For the perturbations, we therefore also assumed
an additive deterministic error model with bounds $it on the absolute error of each
data point. In lack of better guidance we set the bounds to 0.1 for unperturbed
genes and 0.2 for the perturbed ones. These bounds are summarized in Table A.4.
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A.6 Robust inference of the IRMA network

We here describe how to robustly infer the IRMA network from the in vivo steady-
state data sets recorded by Cantone et al. (2009). We reported these results for the
data recorded when growing their S. cerevisiae strain in Galactose free medium in
our concluding example in Section 4.6. Additionally, we here report the result for
the Glucose data and the signs that can be inferred robustly for both networks. We
also show how to use constrained optimization to estimate the parameters of these
networks, including how we obtained the network estimate reported in (A.6.3). For
details on IRMA see Section 2.1 or Cantone et al. (2009).

Robust inference of the existing interactions (Definition 5.5.6) is done by cal-
culating the confidence score γ for practical independence of Ψki = [φ1, . . . ,φk−1,
φk+1, . . . ,φn, ξi] using the structured singular value (SSV) as described in Theo-
rem 5.10.1. If Ψki is practically independent, then the regressor φk is practically
selectable based on Theorem 5.6.2 and the corresponding interaction aik exists.
We assume that the error in each regressor φj is deterministic and that the un-
certainty sets are ellipsoidal with the length of the semi-principal axes equal to
the upper bounds $jt in Table A.2 for the Glucose data and in Table A.3 for the
Galactose data, and $it in Table A.4 for the perturbations. The weight matrices of
the ellipsoidal sets defined in (5.10.4) are hence

Qφj = diag
(

1
$2
j1
,

1
$2
j2
, . . . ,

1
$2
jm

)
and Qξi = diag

(
1
$2
i1
,

1
$2
i2
, . . . ,

1
$2
im

)
.

(A.6.1)
We then use the mussv implementation in Matlab (www.mathworks.com) to calcu-
late the upper bound on the SSV, which equals the lower bound on γ(Ψki). An
example of how to use mussv to determine practical independence is presented
in Section A.8. The confidence score γ(Ψki) is the smallest factor by which these
ellipsoidal uncertainty sets need to be scaled such that rank deficient realizations
of Ψki only exist on the boundary of the sets and aik therefore exists up to the
corresponding significance level. In practice, the higher the γ(Ψki) value is the more
likely is the aik interaction to exist, since the error model itself is uncertain and
the interaction then can be shown to exist for larger uncertainty. The obtained
lower bounds are presented in Table A.7 for the Glucose data and Table A.8 for the
Galactose data. We here use two digits, even though only one is significant, in order
to be able to rank the interactions.

Robust inference of the activating and repressing interactions is done by, in
addition to γ(Ψki), calculating the confidence score γ(Φ) for practical independence
of the regressor matrix Φ = [φ1,φ2, . . . ,φn] using the SSV as described in Theorem
5.10.1. If both Ψki and Φ are practically independent, then the regressor φk is
practically assignable based on Theorem 5.6.8, since the number of experiments
equals the number of variables and the uncertainty sets are connected set, and the
corresponding interaction aik is either activating or repressing depending on the
sign in any model that explains the data. We again use the mussv implementation
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Table A.7: Practical selectability for the Glucose data. Lower bounds on the
confidence score γ at which the jth regressor is practically selectable for row i, calculated
by the structured singular value method using the upper bounds in Table A.2 and
Table A.4 to bound the uncertainty ellipsoid of each variable recorded in the Glucose
steady-state data by Cantone et al. (2009). In practice, the higher the γ value is the
more likely is the aij interaction to exist. The lower bound on the confidence score γ
at which the regressor matrix is practically independent is 1.5.

Gene i \ j CBF1 GAL4 SWI5 ASH1 GAL80
CBF1 1.6 0.61 0.89 0.14 0.26
GAL4 0.27 1.6 0.11 0.2 0.0083
SWI5 1.2 0.89 1.7 0.039 0.37
ASH1 0.59 0.24 0.23 1.8 0.38
GAL80 0.33 0.14 0.42 0.11 1.5

Table A.8: Practical selectability for the Galactose data. Lower bounds on
the confidence score γ at which the jth regressor is practically selectable for row
i, calculated by the structured singular value method using the upper bounds in
Table A.3 and Table A.4 to bound the uncertainty ellipsoid of each variable recorded
in the Galactose steady-state data by Cantone et al. (2009). In practice, the higher
the γ value is the more likely is the aij interaction to exist. The lower bound on the
confidence score γ at which the regressor matrix is practically independent is 0.58.

Gene i \ j CBF1 GAL4 SWI5 ASH1 GAL80
CBF1 0.94 0.08 0.95 0.14 0.17
GAL4 0.012 0.58 0.12 0.17 0.043
SWI5 0.95 0.84 1.3 0.21 1.1
ASH1 0.22 0.11 0.35 0.55 0.17
GAL80 0.17 0.1 0.064 0.099 0.59

in Matlab to calculate the upper bound on the SSV, which equals the lower bound
on γ(Φ). These are presented in the caption of Table A.7 for the Glucose data
and Table A.8 for the Galactose data. For consistency we here also use two digits,
even if only one is significant. The interaction aik is activating or repressing at the
significance level corresponding to min(γ(Ψki), γ(Φ)). We mark the interactions
that at γ = 1 are classified as activating by blue and repressing by red in Table A.9,
while interactions that are classified as existing but cannot be classified as activating
or repressing due to γ(Φ) < 1 are marked by green.

Inference of a single model is standard in the systems biology community today
and has the advantage of being easier to comprehend, analyse, and simulate than
a set of many models, in particular if they are infinitely many. We therefore next
use constrained optimisation to estimate parameters in a few models with chosen
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Table A.9: Inferred interaction matrices. The value of each coefficients in a few
chosen representatives of the set of interaction matrices that can explain the Glucose
or Galactose steady-state data recorded by Cantone et al. (2009). The lower bound
on the confidence score for practically selectability (γ) in Table A.7 and Table A.8 is
also included since it is a measure of the confidence of each interaction. Coefficients
classified at γ = 1 as existing and activating are coloured blue, exiting and repressing
red, and only existing green.

C
oe
ff. Glucose Galactose

γ ÂGlu ÂGla ÂGlb γ ÂGal
a11 1.6 −0.143 −0.153 −0.149 0.94 −0.349
a12 0.61 0.043 0 0 0.08 0
a13 0.89 0.073 0.103 0.099 0.95 0.237
a14 0.14 0 0 0 0.14 0
a15 0.26 0 0 0 0.17 0
a21 0.27 0 0 0.004 0.012 0
a22 1.6 −0.183 −0.173 −0.174 0.58 −0.227
a23 0.11 0 0 0 0.12 0
a24 0.2 0 0 0 0.17 0
a25 0.0083 0 0 0 0.043 0
a31 1.2 0.103 0.103 0.098 0.95 0.196
a32 0.89 0.091 0.133 0.134 0.84 0.179
a33 1.7 −0.219 −0.232 −0.229 1.3 −0.407
a34 0.039 0 0 0 0.21 0
a35 0.37 0 −0.001 −0.001 1.1 −0.137
a41 0.59 0.036 0.038 0 0.22 0.073
a42 0.24 0 0 −0.004 0.11 0
a43 0.23 0 −0.002 0.044 0.35 0.052
a44 1.8 −0.177 −0.178 −0.155 0.55 −0.205
a45 0.38 0 0 0 0.17 0
a51 0.33 0 0 0.006 0.17 0
a52 0.14 0 0 0 0.1 0
a53 0.42 0.009 0 0 0.064 0
a54 0.11 0 0 0 0.1 0
a55 1.5 −0.152 −0.151 −0.148 0.59 −0.141

structure. We chose the structure based on the confidence scores reported in Table A.7
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and Table A.8, such that all interactions with γ > 1 and a few with γ a bit below
one are present, and use the constrained optimisation to ensure that the parameters
are feasible and the model belongs to the set of models that cannot be rejected,
defined in (5.5.3). The idea is to include the interactions that are most likely to
exist based on γ or show that a model with a specific structure cannot be rejected.
Our parameter estimation, in other words, consists of two steps. First, we chose a
structure for the model, more precisely a signed adjacency matrix for the network
graph, that we here, following the notation in Julius et al. (2009), encode in a matrix
S ∈ {0,+,−, ?}n×n. Each element sij implies that the corresponding element of
the estimated interaction matrix âij should be zero if sij = 0, positive if sij = +,
negative if sij = −, and free to take any real value if sij =?. These correspond
to forcing the interaction to be absent, activating, repressing, and no constraint.
Second, we solve the following constrained optimization problem:

{Â, P̂ } = arg min
Ã,P̃

m∑
t=1

ηTt Rtηt + % (A.6.2a)

s.t. η = ÃY + P̃ , (A.6.2b)
|p̃it − pit| ≤ %$it, (A.6.2c)
% ≤ 0.3 (A.6.2d)
ãij = 0 if sij = 0, (A.6.2e)
ãij ≥ 0.001 if sij = +, (A.6.2f)
ãij ≤ 0.001 if sij = −, (A.6.2g)
ãij ∈ R if sij =?. (A.6.2h)

Here Â denotes the estimated interaction matrix, P̂ the estimated perturbation
matrix, P = I the observed perturbation matrix, Y the observed response matrix
in Table A.5 for the Glucose data and Table A.6 for the Galactose data, and
$it the upper bounds on the perturbation errors in Table A.4. The weight Rt =(
Âols diag(wt)Â

T

ols

)−1
, with Âols = −PY † and wit = $it/

∑
i,t$it using the

upper bounds $it in Table A.2 for the Glucose data and in Table A.3 for the
Galactose data. The Moore-Penrose generalized inverse Y † is used to calculate the
ordinary least-squares estimate Âols. This optimization problem is convex and we
solve it using CVX (cvxr.com/cvx) in Matlab (www.mathworks.com). The bound
on % was tuned such that a reasonable trade off between perturbation errors and
response errors were achieved and the estimated parameters were feasible. The
estimated parameters of the chosen representatives of the set of interaction matrices,
which can explain the Glucose or Galactose steady-state data recorded by Cantone
et al. (2009), are presented in Table A.9. Note that we had to tweak the weights
wit a bit, more precisely divide w41 by 2.5 and w42 by 1.5, to obtain the parameter
estimates in ÂGlb.

The network that we presented in the concluding example in Section 4.6 has an

cvxr.com/cvx
www.mathworks.com
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interaction matrix,

ÂGlu =


−0.143 0.043 0.073 0 0

0 −0.183 0 0 0
0.103 0.091 −0.219 0 0
0.036 0 0 −0.177 0

0 0 0.009 0 −0.152

 , (A.6.3)

containing the 11 interactions that are most likely to exist based on our confidence
scores in Table A.7. The total residual sum of squares for responses and perturbations
is for this model 0.82, which is small compared to the total sum of squares for the
response and perturbation matrices, 270, so the model explains the data well. The
data is not informative enough to show that any interaction with γ < 1 exists, but
we selected to include these interactions since it is unlikely that the real network
only has six interactions. This model has 8 links in common with the engineered
model, three additional links not found in the engineered one, and lacks 5 links
present in the engineered one. Two of the lacking interactions correspond to the
Gal4-Gal80 protein interactions (Bhat and Murthy, 2001; Sellick et al., 2008), which
strictly speaking should not have been included in the engineered model in the
first place, since these protein interactions do not affect transcription of the GAL4
or GAL80 gene. To illustrate that it is only one of several alternative models with
different selections of links having γ < 1 that can explain the data we estimated
two alternative networks. First, one with interaction matrix

ÂGlb =


−0.149 0 0.099 0 0
0.004 −0.174 0 0 0
0.098 0.134 −0.229 0 −0.001

0 −0.004 0.044 −0.155 0
0.006 0 0 0 −0.148

 . (A.6.4)

Then one with interaction matrix

ÂGla =


−0.153 0 0.103 0 0

0 −0.173 0 0 0
0.103 0.133 −0.232 0 −0.001
0.038 0 −0.002 −0.178 0

0 0 0 0 −0.151

 (A.6.5)

to show that the same structure can be used to both explain the Glucose and
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Galactose data, as evident by the following interaction matrix

ÂGal =


−0.349 0 0.237 0 0

0 −0.227 0 0 0
0.196 0.179 −0.407 0 −0.137
0.073 0 0.052 −0.205 0

0 0 0 0 −0.141

 , (A.6.6)

containing the 11 interactions that are most likely to exist based on our confidence
scores in Table A.8. It is worth noting that the eigenvalues of all four matrices
are negative, so these systems are stable. The degree of interampatteness of all of
them are between 3.8 and 6.5. Also note that ASH1 and GAL80 does not have any
influence on any of the other genes, which makes sense considering that the other
genes shows almost no expression change when these two are perturbed, see Tables
A.5 and A.6. The network graphs of ÂGlu and ÂGal are shown in Figure A.5 and
the graph of the network Cantone et al. intended to engineer in Figure A.6 for
comparison.

A.7 Additional information on the TOEL example

We here describe the two gene in silico example, which is used for illustration of
interampatteness, uncertainty sets, partly informative data, robust variable selection
for network inference, and the importance of designing additional perturbation
experiments throughout this thesis. Consider a gene regulatory network with two
genes, A and B in Figure A.7 (top, middle), which we call the TwO gene ExampLe
(TOEL). These genes are connected in a positive feedback loop, consisting of two
negative interactions, i.e. both genes A and B down-regulates each other. Both genes
also have negative self-loops accounting for self degradation. The interactions are for
simplicity here described using a linear model, since we only are interested in the
behaviour of the system near a steady-state, i.e. a particular physiological condition.
The “true” interaction matrix of the network is

Ǎ =
[
−4.608 −5.544
−2.856 −4.608

]
(A.7.1)

and the network is depicted together with the state-space model in Figure 3.3. The
degree of interampatteness of the two gene system is 15, implying that a perturbation
in the direction of maximum amplification, i.e. exciting the strong mode, will yield
a response that is 15 times stronger than that of a perturbation in the direction of
maximum attenuation, i.e. the weak mode, see Chapter 3. If we, e.g., perform three
steady-state experiments where we apply the external perturbations P1, P2 and P3,
shown in Figure A.7 top left, then we obtain the responses Y1, Y2 and Y3, shown
top right. The corresponding regressor and regressand matrices are
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GAL4GAL80

CBF1

ASH1

SWI5

GAL4

ASH1

GAL80

CBF1SWI5

Figure A.5: The inferred networks. The structure of the network inferred from
the Glucose steady-state data (left) and Galactose steady-state data (right) recorded
by Cantone et al. (2009) using our theory for robust variable selection followed by
estimation of the nonzero parameters by constrained optimisation. The strength of the
interactions, i.e. estimates of the nonzero parameters, are presented in Table A.9 for
Glucose (ÂGlu) and Galactose (ÂGal). This figure was generated in Cytoscape (Shannon
et al., 2003).

a21

a25a

a13a

a14aa43a

a53 a32

a11a33

a55 a22

a44

a52a
GAL4

ASH1

GAL80

CBF1SWI5

Figure A.6: The engineered IRMA network. The structure of the network with
the corresponding element of the interaction matrix A marked on each edge. An arrow
shaped head on the link indicates up-regulation or activation, while a bar shaped
head indicates down-regulation or repression. This network graph was generated in
Cytoscape (Shannon et al., 2003).
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Figure A.7: Illustration of steady-state perturbation experiments. The two
gene TOEL network (top, middle). An arrow shaped head on the link indicates
up-regulation or activation, while a bar shaped head indicates down-regulation or
repression. The dashed lines from the external perturbations P1, P2 and P3 represent
different signal pathways. The bar diagram (top, left) shows the strength of the external
perturbations, while the bar diagram (top, right) shows the steady-state response of
both genes in each of the three perturbation experiments. The same perturbations,
denoted by the same marker and colour, is shown in the gene space (bottom, left),
with corresponding steady-state responses (bottom, right).
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Φ =

 0.8533 −0.5289
−1.027 0.8533
−0.1333 −0.1778

 and Ξ =

 −1 0
0 −1

1.6 1.2

 . (A.7.2)

These are not corrupted by addition of noise, but we use them as the observed
ones in order to keep our illustrations simple and pedagogical. Note that the third
perturbation has twice the strength of the one used in Box 1 (Section 3.1). Here
the responses are fold changes relative to the steady-state mRNA concentration of
the unperturbed system in the physiological condition of interest. These are given
by multiplying the perturbation matrix by the static gain matrix, i.e. the inverse
of the interaction matrix, which yields the response matrix (2.3.3). To concretize,
let us assume that genes A and B regulate two alternative metabolic pathways
yielding the same product but based on different nutrients, then P1 can be viewed
as an increase in the concentration of one of the nutrients, which through a signal
cascade up-regulates gene A. After some time, when the system reaches steady-state,
the expression of gene A is increased, while that of gene B is decreased, and the
production has adapted to the change of nutrients. We are not interested in the
signal pathways here, so we could instead represent the external perturbation by
its direct effect on the two genes, which is best illustrated in what we call the gene
space, shown in Figure A.7 (bottom, left: circle, square, triangle). In the gene space,
the fold change of each gene is represented on a different coordinate axis, so that
each experiment corresponds to a point in the figure. Similarly, we can study the
response of the system directly in the gene space (bottom, right). An advantage
of the gene space is that the magnitude and direction of each perturbation and
response is directly visible as the length and direction of the corresponding vector.
In this example perturbation P2 is amplified 1.3 times, such that the expression of
gene B is increased, while that of gene A is decreased. Perturbation P3 is attenuated
9 times, i.e. the magnitude of the response is one ninth of the applied perturbation.
The first two responses are almost on a line, which the third is orthogonal to. The
third response is significantly weaker despite corresponding to a perturbation of
twice the magnitude of the first two. All of these are due to the interampatteness of
the system.

The system contains only two genes so in theory the first two perturbation
experiments are sufficient for generating informative data for network inference.
However, if we consider uncertainty in the applied perturbations and measurements
of the response, then already modest levels of uncertainty hamper the inference,
as we show next. The effect of uncertainty is best illustrated in the data space, in
which each variable, i.e. gene, is a point and the fold change in each experiment is
represented on a different coordinate axis. The data for inference of the first row of
the interaction matrix from the first two experiments is depicted in Figure 5.1. The
regressors φ1 and φ2 contains the responses in genes A and B, respectively. While
the regressand ξ1 contains the perturbations of gene A. Note that two different error
models, a deterministic and a stochastic model, associated with different uncertainty



A.8. Robust inference illustrated on the TOEL example 233

sets, described in (5.4.1), (5.4.2), (5.4.3), and (5.4.4), are depicted in the figure.
Both error models, however, give rise to uncertainty sets of the same size. The effect
of this uncertainty is further investigated for the deterministic example in Figure 5.2,
where we show that only one of the interactions can be classified as existing using
the conditions summarized in Table 5.1. The data from these two perturbation
experiments is in other words not informative enough for inference of the structure
of the TOEL network since three of the four interactions are classified as alternative,
meaning that they are both present and absent in some models that can explain
the data. This is due to the overlap of the uncertainty cones of the regressand and
regressors in Figure 5.2. Also the data from the third perturbation experiment is
needed to robustly infer all interactions of the TOEL network. This is demonstrated
in Figure A.8, where neither of the uncertainty cones of the regressands overlap with
neither of the uncertainty cones of the regressors, except for the intersection at the
origin, and all interactions are therefore shown to exist. For the third perturbation
experiment we assume that the uncertainty in the measurement of gene A decreased
to 0.1 and gene B to 0.04, while the uncertainty in the perturbation of both genes
increased to 0.8, reflecting improvements in the measurements and the difficulty
to perturb both genes simultaneously. This implies that the uncertainty set of
both regressors are ellipsoids instead of spheres, which they would have been if the
uncertainty had remained the same as in the first two experiments. The nominal
uncertainty sets of the regressors corresponding to significance level α = 0 are hence

Uφj ={υj |υTj Qφjυj ≤ 1}, (A.7.3)

with

Qφ1
=

 11.111 0 0
0 11.111 0
0 0 100

 and Qφ2
=

 156.25 0 0
0 156.25 0
0 0 625

 .
(A.7.4)

The nominal uncertainty sets of the regressands are

Uξi ={εi | εi , [ε1i, . . . , εki, . . . , εmi]T ,
with |εki| ≤ $ki, k ∈ {1, 2, . . . ,m}}, (A.7.5)

with $11 = $22 = 0.6, $21 = $12 = 0.5, and $31 = $32 = 0.8.

A.8 Robust inference illustrated on the TOEL example

Here we show in detail how to use the structured singular value method described
in Section 5.10 to determine if the set of regressors is practical independent for
the TOEL example in Appendix A.7 with three different error models. In the first
case, we assume that the error in each regressor is deterministic with bounds on the
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Figure A.8: Illustration of informative data for network inference. The three
steady-state perturbation experiments that yielded the data are illustrated in Fig-
ure A.7, the deterministic uncertainty sets are explained in Figure 5.1 (left). Data for
inference of the first row of the interaction matrix A is shown left, while data for the
second row is shown right. The cyan coloured ellipsoid at the end of the cyan cone
depicts the uncertainty set of regressor φ1 and the magenta coloured ellipsoid at the
end of the magenta cone depicts the uncertainty set of regressor φ2, with the cones
representing their uncertainty cones. While the rectangular cuboid at the end of both
the teal coloured cone (left) and purple coloured cone (right) depicts the uncertainty
set of the regressand ξ1 (left) and ξ2 (right). None of the cones overlap, so both
regressors are practically selectable and the corresponding interactions are classified as
existing based on the results in Table 5.1, which implies that the data is informative
for robust inference of the adjacency matrix of the two gene TOEL network. Actually
this data is even informative for correct inference of the signed adjacency matrix, since
the regressors are practically assignable and the corresponding interactions classified as
repressing. As a comparison, note that the data obtained in the first two experiments,
Figure 5.2, only contained enough information to show that the a11 interaction exists.
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induced 2-norm. In the second case, we also assume that the errors are deterministic,
but that the absolute value of the error in each element of the regressors is bounded.
In the third case, we assume a stochastic error model in which the errors in each
regressor are jointly normally distributed.

The set of regressors is practically independent (Definition 5.5.13) if no realization
exists within the uncertainty sets such that the regressor matrix is of lower rank.
According to Theorem 5.10.1, it is for any error model possible to show that the
set of regressors is practically independent at a desired significance level by finding
ellipsoidal supersets of the uncertainty sets, containing all realizations that cannot be
rejected by the error model at the desired significance level, such that the confidence
score is greater or equal to one. The confidence score γ(Φ) is the smallest factor by
which these ellipsoidal uncertainty sets need to be scaled such that rank deficient
realizations of Φ only exist on the boundary of the sets. This test of practical
independence is however in general conservative, so failure to do so does not in
general imply that a rank deficient realization is consistent with the error model.
We therefore for the second and third case also use an exact test.

In the first case the uncertainty sets are circular and contain the “true” realization,
since a deterministic error model with bounds on the induced 2-norm of the error
in each regressor is assumed. The uncertainty circles are specified in (5.4.1) and
depicted in Figure 5.1 left. From Figure 5.2, we already know that many rank deficient
realizations exist within the uncertainty sets, since the uncertainty cones overlap
and many parallel realizations of the two regressors exist. The confidence score is
therefore of course smaller than one when the structured singular value method is
used to calculate the distance to rank deficiency from the regressor matrix in (A.7.2)
with column structure on the uncertainty. The uncertainty sets are circular, which
is a special case of an ellipsoid in two dimensions, but of different size, so scaling of
the problem is needed to convert them into unit circles before the mussv function in
Matlab (www.mathworks.com) can be used to calculate the structured singular value
and γ bounds. The purpose of this case is to demonstrate this scaling and show
that the uncertainty cones only will intersect at the origin when the uncertainty
circles are multiplied by γ. This scaling is done by multiplying the pseudo inverse of
the observed regressor matrix in (A.7.2) by the right transformation matrix, defined
in (5.10.3),

W 1 =
[

0.3 0 0.08 0
0 0.3 0 0.08

]
. (A.8.1)

The block diagonal structure of ∆ is specified by blk = [2 1;2 1], i.e. two real
column matrices of size 2× 1, when calling [mu,muinfo]=mussv(Φ†W 1,blk). The
first returned variable mu=[2.1990, 2.1990] contains the upper and lower bound
of the structured singular values, while muinfo is a structure containing among
other things a ∆ matrix such that det(I − Φ†W 1∆) = 0. The lower bound on
confidence score γ(Φ) is 0.4547 and the error realization that makes the regressor

www.mathworks.com
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matrix rank deficient is

Υ̃s = W 1∆ =
[
−0.1133 −0.03021
−0.07602 −0.02027

]
. (A.8.2)

The uncertainty sets obtained by scaling the nominal ones by the lower bound on γ
and the closest rank deficient realization are shown in Figure A.9. The uncertainty
cones almost touch and the closest rank deficient realization is just outside the
uncertainty cones, illustrating that the confidence score for deterministic error
models with ellipsoidal bounds on the error in each regressor is tight. In other words,
if we scale the uncertainty sets by any factor larger than the confidence score, then
a rank deficient realization will be contained in the scaled sets. The confidence
score is hence for deterministic error models with ellipsoidal bounds on the error in
each regressor proportional to the significance level α that the scaled uncertainty
sets correspond to. Note that the uncertainty cones, however, contain realizations
belonging to the nominal uncertainty sets that are outside of the scaled sets but
practically independent, so the actual p-value is smaller than α.

In the second case, we also assume that the errors are deterministic, but that
the absolute value of the error in each element of the regressors is bounded instead
of the induced 2-norm of the errors in each regressor. More specifically, we assume
the following uncertainty sets

Uφj ={υj |υj , [υ1j , . . . , υkj , . . . , υmj ]T ,
with |υkj | ≤ $kj , k ∈ {1, 2, . . . ,m}}, (A.8.3)

with $11 = $21 = 0.0983 and $12 = $22 = 0.0262. To test if the set of regressors
is practically independent by the structured singular value method, according to
Theorem 5.10.1, we first need to determine an ellipsoidal superset of each uncertainty
square. In principle, any such supersets can be used, but the bigger the sets are the
more conservative the obtained confidence score is. We therefore find the minimal
supersets, which have a radius equal to half the length of the diagonal of the
corresponding uncertainty square,

Uellφj ={υj |υTj Qφjυj ≤ 1}, (A.8.4)

with

Qφ1
=
[

51.74 0
0 51.74

]
and Qφ2

=
[

728.4 0
0 728.4

]
. (A.8.5)

Scaling of the pseudo inverse of the observed regressor matrix in (A.7.2) by the
right transformation matrix, defined in (5.10.3),

W 1 =
[

0.139 0 0.03705 0
0 0.139 0 0.03705

]
(A.8.6)
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Figure A.9: Illustration of scaling of the uncertainty sets by the confidence
score γ for deterministic errors bounded in each regressor. The nominal
uncertainty sets of both regressors, depicted in Figure 5.2, have been scaled by
γ(Φ) = 0.4547 to obtain the circular uncertainty sets shown here. No rank deficient
realization of Φ exists within these uncertainty sets, since the corresponding uncertainty
cones only intersect in the origin. The set of regressors is hence practically independent
at the significance level corresponding to this confidence score. The closest rank
deficient realization is marked by s and lies just outside of the uncertainty sets (visible
in the enlargement of the boundary of the uncertainty circle of φ2 in the upper right
corner), illustrating that the confidence score is tight for deterministic error models
with ellipsoidal uncertainty bounds on each variable.
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is also in this case needed to convert this problem into one with unit circles before
using the mussv function. The lower bound γ(Φ) = 0.9815 is obtained by calling
[mu,muinfo]=mussv(Φ†W 1,blk) with the same block diagonal structure on ∆ as
in the first case above and taking the reciprocal of the returned upper bound on
the structured singular value µ. This value is below one and we used the minimal
ellipsoidal superset, so we cannot show that the set of regressors is practically
independent based on Theorem 5.10.1. Many rank deficient realizations of the
regressor matrix are contained within the constructed circular uncertainty sets, e.g.
the following error realization that besides numerical round-off is equal to (A.8.2)
makes the regressor matrix rank deficient

Υ̃s = W 1∆ =
[
−0.1133 −0.0302
−0.07603 −0.02027

]
. (A.8.7)

Visual inspection of Figure A.10 where the nominal uncertainty sets and their
uncertainty cones are plotted, however, reveals that the set of regressors is practically
independent since these uncertainty cones only intersect at the origin. This illustrates
that the confidence score obtained by the structured singular value method with
column uncertainty is conservative unless the errors in each regressors are bounded
by an ellipsoid in the assumed error model. A less conservative confidence score
γe can, however, at least when the number of experiments and variables is equal
and the errors are assumed to be bounded in each element, be calculated by the
structured singular value method with element-wise uncertainty instead of column
uncertainty. This confidence score is obtained by solving

γe(Φ) , 1
µe(Φ) , min

∆

{
σ(∆)

∣∣ det(I −W 2Φ†W 1∆) = 0

for ∆ = diag(δ11, δ21, . . . , δkj , . . . , δmn) with δkj ∈ R
}
. (A.8.8)

Here the right transformation matrix of Φ† is defined as

W 1 , [Im×m, . . . , Im×m] diag($11, $21, . . . , $kj , . . . , $mn) (A.8.9)

and the left one as

W 2 , diag(1m×1, . . . ,1m×1), (A.8.10)

with Im×m be an m×m identity matrix and 1m×1 a column vector of length m
with all elements one. These are for this case

W 1 =
[

0.0983 0 0.0262 0
0 0.0983 0 0.0262

]
(A.8.11)
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Figure A.10: Illustration of practical independence testing for determinis-
tic errors bounded in each element. The uncertainty cones corresponding to the
nominal uncertainty squares of each regressor only intersects at the origin, so this
set of regressors is practically independent. But the practical independence test in
Theorem 5.10.1 cannot be used to show this since the minimal ellipsoidal supersets of
the nominal uncertainty sets contain realizations outside of these uncertainty cones
and their corresponding cones would therefore overlap. This is seen in the enlargement
of the uncertainty set of the second regressor in the upper right, where the circular
superset extends beyond the uncertainty cone. The confidence score γ given by the
structured singular value method with column uncertainty is conservative due to the
use of supersets, but the same method with element-wise uncertainty in ∆ gives
a confidence score γe that is tight. This is illustrated by the closest rank deficient
realization based on element-wise uncertainty, marked by s, being just outside of the
uncertainty sets.
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and

W 2 =


1 0
1 0
0 1
0 1

 . (A.8.12)

A lower bound on this confidence score is obtained by calling [mu,muinfo]=
mussv(W 2Φ†W 1,blk) with the element-wise diagonal structure of ∆ specified
by blk = [1 1;1 1;1 1;1 1] and taking the reciprocal of the upper bound on
the structured singular value µ. In this case, the lower bound on the confidence
score γe(Φ) is 1.0003 and the error realization that makes the regressor matrix rank
deficient is

Υ̃s = W 1∆W 2 =
[
−0.09833 −0.02621
−0.09833 −0.02621

]
. (A.8.13)

This shows that the set of regressors is practically independent, since γe(Φ) > 1.
In the third case, we assume a stochastic error model in which the errors

in each regressor are jointly normally distributed with covariance matrix ΛΥ =
diag(0.00024, 0.00315, 0.00024, 0.00315). In other words, roughly 3.6 times larger
error in the observations of both genes in the second experiment than in the first
experiment. We do this in order to illustrate scaling of the experiments for normally
distributed errors. To test if the set of regressors is practically independent by the
structured singular value method according to Theorem 5.10.1, we first select the
significance level α = 0.05 and generate ellipsoidal uncertainty set for each regressor
as defined in (5.4.3). These will contain all realizations that cannot be rejected
based on a χ2 hypothesis test at significance level α = 0.05, but also realizations
that are rejected as shown in Section 5.4. Together these uncertainty sets form a
superset of the set of realizations that are consistent with the multivariate normal
distribution. We use them since the consistent realization of one regressor depends
on the realization of the other, which is difficult to illustrate graphically in the data
space. The generated sets,

U0.05
φj

={υj |υTj Qφjυj ≤ 1}, (A.8.14)

with

Qφ1
= Qφ2

= 1
χ-2(0.05, 4)Λ−1

υ1
=
[

439.2 0
0 33.46

]
, (A.8.15)

are depicted in Figure A.11. Scaling of the Moore-Penrose generalized inverse of the
observed regressor matrix in (A.7.2) by the right transformation matrix, defined in
(5.10.3),

W 1 =
[

0.04772 0 0.04772 0
0 0.1729 0 0.1729

]
(A.8.16)
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Figure A.11: Illustration of practical independence testing for stochastic
errors assumed to be jointly normally distributed. The uncertainty cones
corresponding to the uncertainty ellipses of each regressor overlap, so the practical
independence test in Theorem 5.10.1 cannot be used to show that this set of regressors
is practically independent at significance level α = 0.05 even though it is. The closest
rank deficient realization based on column uncertainty, marked by s, is just one of many
rank deficient realizations within these uncertainty sets, as evident in the enlargement
in the upper right corner.
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is also in this case needed to convert this problem into one with unit circles before
using the mussv function. The lower bound γ(Φ) = 0.7255 is obtained by calling
[mu,muinfo]=mussv(Φ†W 1,blk) with the same block diagonal structure on ∆ as
in the first case above and taking the reciprocal of the returned upper bound on
the structured singular value µ. This value is below one and we used the minimal
ellipsoidal supersets that contains all non-rejectable realizations, so we failed to
show that the set of regressors is practically independent at α = 0.05 based on
Theorem 5.10.1. The uncertainty cones overlap so many rank deficient realizations
of the regressor matrix are contained within the generated uncertainty sets, e.g. the
following error realization that is marked by s in Figure A.11 makes the regressor
matrix rank deficient

Υ̃s = W 1∆ =
[
−0.01217 −0.01217
−0.1174 −0.1174

]
. (A.8.17)

This rank deficient realization is however rejected based on the χ2 hypothesis test at
the selected significance level despite clearly belonging to the generated uncertainty
sets, so it illustrates that this confidence score is conservative. A less conservative
confidence score γf can, however, at least when the errors are assumed to be jointly
normally distributed with covariance matrix I, be calculated by the singular value
decomposition based on Theorem 5.10.2. In this case, however, we have different
variance in each experiment, so we need to scale the regressor matrix. Therefore, we
next modify the definitions in Theorem 5.10.2 to suit cases with the same variance
in each variable for independent experiments with different variance. The smallest
nonzero singular value σn gives the distance to the closest matrix of lower rank
without imposing any structure on the uncertainty, so we define the confidence score
as

γf(Φ) ,σn
(
W−1

1 Φ
)
, (A.8.18)

based on the SVD of a matrix defined in (5.10.5). Here the scaling of the regressor
matrix by

W 1 ,
√
χ-2(α, nm)Λυ1 (A.8.19)

is needed to account for the difference in variance between the experiments and to
normalize the confidence score to one for all realizations Υ such that ~Υ

T
Λ−1

Υ
~Υ =

χ-2(α, nm). This weight corresponds to the right transformation matrix of Φ† in the
previous cases and this confidence score can alternatively be calculated by solving

γf(Φ) = 1
µf(Φ) , min

∆

{
σ(∆)

∣∣ det(I −Φ†W 1∆) = 0

for ∆ ∈ Rm×n
}
, (A.8.20)
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e.g. by calling [mu,muinfo]= mussv(Φ†W 1,blk) with the full block structure of
∆ specified by blk = [m,n]. The scaling matrix is in this case

W 1 =
[

0.04772 0
0 0.1729

]
, (A.8.21)

the confidence score γf(Φ) is 1.0027, and the corresponding error realization that
makes the regressor matrix rank deficient is

Υ̃s = W 1γfunv
T
n =

[
−0.008855 −0.01378
−0.08804 −0.137

]
. (A.8.22)

This rank deficient realization is with ~Υ
T
Λ−1

Υ
~Υ = 9.5381 > 9.4877 = χ-2(0.05, 4)

rejected based on the χ2 hypothesis test at the selected significance level, which
shows that the set of regressors is practically independent, since this is the closest
matrix of lower rank measured by the induced 2-norm and

~Υ
T
Λ−1

Υ
~Υ = ~Υ

T
Λ−

1
2
T

Υ Λ−
1
2

Υ
~Υ︸ ︷︷ ︸

,~Υt

= ‖Υt‖2Fro

≥ ‖Υt‖22 =
∥∥∥√χ-2(α, nm)W−1

1 Υ
∥∥∥2

2
= χ-2(α, nm)γ2

f (Φ). (A.8.23)

In general the Frobenius norm of a matrix is greater than or equal to the induced
2-norm (Horn and Johnson, 1990, p. 314), but for a rank one matrix such as Υ̃s

it is always equal, since ‖Υ‖Fro =
√∑

σ2
j (Υ) (Skogestad and Postlethwaite, 1996,

p. 556), implying that all other rank deficient matrices have a larger Frobenius norm
and consequently are rejected based on the χ2 hypothesis test. The confidence score
γf(Φ) is hence tight when the errors are assumed to be jointly normally distributed
and the variance in each variable is the same for independent experiments. Note
that to obtain uncertainty ellipses with this rank deficient realization Υ̃s on the
boundary, we have to scale the nominal ones in Figure A.11 by different factors,
more precisely U0.05

φ1
by 0.5420 and U0.05

φ2
by 0.8435.

We conclude by noting that this example has shown that the condition for testing
practical independence in Theorem 5.10.1, in general, is conservative and that tight
conditions exist for certain cases. In general, the distance from the observed regressor
matrix to the closest rank deficient realization is for column uncertainty the same
for each regressor and for element-wise uncertainty the same for each element, while
it for full matrix uncertainty is different for each regressor and element.
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Our extended IRMA example, which we use in Section 6, is an extension of the
IRMA network engineered in S. cerevisiae by Cantone et al. (2009). We here explain
why and how we constructed it, as well as give a short introduction to transfer
functions for readers unfamiliar with them. The construction of the extended IRMA
example is presented in Section B.1, which we have divided into subsections in
the following way. We first give a state-space model of the IRMA network that
we then extend by introducing 7 additional states. In Section B.1.1, we explain
what the additional state variables represent and motivate why we added them as
well as give the resulting interaction matrix. In Section B.1.2, we discuss published
evidence for the interactions that we introduce together with the additional states.
In Section B.1.3, we derive the transfer functions between the five original states that
the additional latent states give rise to. In Section B.1.4, we identify the coefficients
of the full interaction matrix of the extended IRMA model based on the inferred
Glucose and Galactose model in Section 4.6. We finally give a short introduction to
transfer functions in Section B.2.

B.1 Construction of the extended IRMA example

To illustrate the effect of latent states, we extended the IRMA network model,
described in Section 2.1, to also contain state variables representing proteins and
bound mRNA. Typically models of gene regulatory networks only contain state vari-
ables representing the abundance of mRNA of the considered genes, but this is even
based on the central dogma of molecular biology clearly a simplification (Brazhnik
et al., 2002; Crick, 1970). At least some of the regulatory interactions are mediated
by proteins, which can form complexes, be phosphorylated, transported etc., which
motivates our introduction of intermediary states. Completion of the human genome
project has revealed that many of the transcribed non-coding sequences also have
a regulatory function at the translational level (Lander, 2011; Venter et al., 2001;
IHGSC, 2001, 2004). The translation of some genes may therefore be regulated by
molecules binding to the mRNA and blocking translation. We next explain how the
example was constructed and motivate those parts that can be motivated based
on existing biological knowledge. Note however that our emphasis when selecting
the latent states was on construction of a simple and pedagogical example which
can explain the steady-state data recorded by Cantone et al. (2009) and not on
representation of all current biological knowledge.

Before we extend the IRMA network, consider the following system of linear
ordinary differential equations, i.e. state-space model, which describes the IRMA
network as engineered by Cantone et al. (2009). Let us introduce one state variable
representing the log-fold change of each gene (x1=CBF1, x2=GAL4, x3=SWI5,
x4=ASH1, x5=GAL80) and the steady-state perturbations used by Cantone et al.,
which directly over-express each gene (p1=CBF1, p2=GAL4, p3=SWI5, p4=ASH1,
p5=GAL80). In state-space, the IRMA system in Figures 2.1 and 4.1 can now be
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described as


ẋ1(t)
ẋ2(t)
ẋ3(t)
ẋ4(t)
ẋ5(t)

=

a11 0 a13 a14 0
a21 a22 0 0 a25

0 a32 a33 0 0
0 0 a43 a44 0
0 a52 a53 0 a55




x1(t)
x2(t)
x3(t)
x4(t)
x5(t)



+


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




p1(t)
p2(t)
p3(t)
p4(t)
p5(t)

 . (B.1.1)

The type of the interaction is determined by the signs of the coefficients aij of the
interaction matrix A and the strength by the absolute value. All state variables
and perturbations represent changes (xi(t) = log2 xit(t) − log2 xiC(t)) from the
steady-state values of the S. cerevisiae grown in either Glucose or Galactose, since
the system is assumed to be nonlinear and the description above only is valid
locally near the steady-state of the dynamical mode (xiC); see e.g. Nordling et al.
(2007b) for a discussion on dynamical modes. This model formalism is known as
S-systems (Savageau, 1969, 1976, 1987; Crampin et al., 2004) and was recently used
in (Jörnsten et al., 2011). Here t in parenthesis marks that the system is assumed to
be dynamical, i.e. the state depends on time, while the lower index t ∈ {1, 2, . . . , 5}
marks the gene that is perturbed in the experiment. In this model, the self-loops aii
represent the degradation of the mRNA of gene i. All other interactions represent
the influence from gene j on gene i mediated by translation of mRNA into protein
that acts as a transcription factor activating or repressing transcription of gene i,
except a25 and a52 that represent the formation of a protein complex between the
Gal4 protein and Gal80 protein, as described in Cantone et al. (2009). For further
detail see Section 2.1 and the original article by Cantone et al..

We next extend this model by adding 7 state variables that represent proteins,
protein complexes, or free and bound mRNA. We first present the resulting inter-
action matrix. Then we explain what the additional state variables represent and
motivate why we added them; all in Section B.1.1. We discuss published evidence
for the interactions that we introduce in Section B.1.2. While we in Section B.1.3
derive the transfer functions between the five original states that the additional
latent states give rise to. We, finally in Section B.1.4, identify the coefficients of the
full interaction matrix of the extended IRMA model based on the inferred Glucose
and Galactose model in Section 4.6.
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B.1.1 Extension of the IRMA example

We here first present the interaction matrix that results from our extension of the
IRMA network by 7 additional state variables. Then we motivate the additional
state variables and why we added them. The interaction matrix of the extended
IRMA model is shown in Table B.1. Note that we have removed the interactions:
a14, a32, a25, and a52, since we add states representing the free and bound ASH1
mRNA, a state representing the Gal4 protein mediating the second interaction, and
the Gal4-Gal80 protein complex that is represented by the last two interactions.
We also change the sign of a21 from positive to negative, because we add the Cbf1
protein mediating the activation that this interaction represents in (B.1.1).

The first three of our additional states: x6=Gal4p, x7=Gal80p, and x8= Gal4p-
Gal80p represent the Gal4 protein, Gal80 protein, and Gal4-Gal80 protein complex.
Addition of these allow us to describe the mechanism behind the protein complex
more accurately and gives us four strictly proper transfer functions of order 3 with
relative order 1 or 3. For a brief introduction to transfer functions and their order
see Section B.2. Two of the four interactions introduced by these transfer functions
are required to explain the Glucose and Galactose steady-state data recorded by
Cantone et al.

Table B.1: The full interaction matrix (A) of the extended IRMA network.

State \ State CB
F1

GA
L4

SW
I5

AS
H

1

GA
L8

0

Ga
l4
p

Ga
l8
0p

Ga
l4
p-
Ga

l8
0p

Cb
f1
p

Sw
i5
p-
Un

k

AS
H

1f

AS
H

1b

CBF1 a11 0 a13 0 0 a16 0 0 0 0 a1,11 0
GAL4 a21 a22 0 0 0 0 0 0 a29 0 0 0
SWI5 0 0 a33 0 0 a36 0 0 a39 0 0 0
ASH1 0 0 a43 a44 0 0 0 0 a49 a4,10 0 a4,12

GAL80 0 0 a53 0 a55 0 0 0 0 a5,10 0 0
Gal4p 0 a62 0 0 0 a66 0 a68 0 0 0 0
Gal80p 0 0 0 0 a75 0 a77 a78 0 0 0 0
Gal4p-Gal80p 0 0 0 0 0 a86 a87 a88 0 0 0 0
Cbf1p a91 0 0 0 0 0 0 0 a99 0 0 0
Swi5p-Unk 0 0 a10,3 0 0 0 0 0 0 a10,10 0 0
ASH1f 0 0 a11,3 0 0 0 0 0 a11,9 a11,10 a11,11 a11,12

ASH1b 0 0 0 0 0 0 0 0 0 0 a12,11 a12,12
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The fourth additional state x9=Cbf1p represents the Cbf1 protein and it gives
us two strictly proper transfer functions of order 1 with relative order 1, that we
use to explain the Glucose and Galactose steady-state data recorded by Cantone
et al. We also use it to create a feedforward loop that counteracts the engineered
activation of GAL4, since it provides us an opportunity to illustrate how mRNA
and protein interactions can cancel each other and this interaction is not needed
to explain the steady-state data. The resulting transfer function is semi-proper of
order 1 with relative order 0. Note that the relative order of a semi-proper transfer
function always is zero.

The fifth additional state x10=Swi5p-Unk represents an unknown state variable
that depends on the Swi5 protein and we use it to illustrate a feedforward loop that
cancels the a43 interaction at steady-state in Glucose, while it instead cancels the
a53 interaction in Galactose. No influence from SWI5 to ASH1 is needed to explain
the Glucose steady-state data, while this interaction is present in the model chosen
to explain the Galactose steady-state data. No influence from SWI5 to GAL80 is,
on the other hand, needed to explain the Galactose steady-state data, while this
interaction is present in the model chosen to explain the Glucose steady-state data.
The resulting transfer function is in both cases semi-proper of order 1.

The sixth and seventh additional states x11=ASH1f, and x12=ASH1b represent
free ASH1 mRNA that can be translated and ASH1 mRNA that is bound to some
protein and therefore cannot be translated. We use them to illustrate a feedback
loop with an integrator that maintains the state of x11 unchanged such that the
repression of CBF1 by ASH1 is cancelled. No influence from ASH1 to CBF1 is needed
to explain the Glucose nor the Galactose steady-state data. This gives rise to two
semi-proper transfer functions of order 3: one from SWI5 to CBF1 and a self-loop,
both mediated by ASH1f. Assuming that Cantone et al. have measured the total
abundance of ASH1 mRNA, x4 = x11 + x12 and the full interaction matrix in
Table B.1 is rank deficient.

B.1.2 Published evidence of the introduced interactions

We considered alternative mechanisms for the desired illustration that could explain
the Glucose and Galactose steady-state data recorded by Cantone et al. before
adding any state variable or interaction and tried to add known mechanisms as far
as possible. We here discuss published evidence of the added states and interactions,
that we found in either the Saccharomyces Genome Database (SGD) (Weng et al.,
2003; Nash et al., 2007), Biological General Repository for Interaction Datasets
(BioGRID) (Stark et al., 2011), Information Hyperlinked over Proteins (iHOP) (Hoff-
mann and Valencia, 2004), or through PubMed (www.pubmed.org).

The Gal4 protein is a DNA binding transcriptional activator that binds to
upstream activating sequences in the GAL promoter region (Bhat and Murthy, 2001;
Sellick et al., 2008). In the absence of Galactose, however, the Gal80 protein forms
a complex with the Gal4 protein, which prevents transcriptional activation. The
activation domain of Gal4p is masked by the binding of Gal80p. In the presence of

www.pubmed.org
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Figure B.1: Alternative models for GAL gene activation. (A) Activation occurs
by formation of a Gal3p-Gal4p-Gal80p complex that leads to a conformal change in
Gal80p. (B) Binding of Gal3p to Gal80p decreases the amount of Gal80p available in
the nucleus and formation of the Gal4p-Gal80p complex, which leads to transcriptional
activation. Reprinted from Sellick et al. (2008) with permission from Elsevier.

Galactose the Gal3 protein binds to Gal80p and Gal4p can activate transcription.
Note that GAL3 is transcribed and Gal3p is present also in the absence of Galactose,
but the binding is only stable in the presence of Galactose (Suzuki-Fujimoto et al.,
1996b; Sellick et al., 2008). Gal3p either forms a Gal3p-Gal4p-Gal80p complex that
leads to a conformal change in Gal80p (Figure B.1A) or decreases the amount of
Gal80p available in the nucleus and thereby the formation of the Gal4p-Gal80p
complex (Figure B.1B) (Sellick et al., 2008). Despite the mechanism being debated,
it is well documented that it leads to activation of transcription of the GAL genes.
Introduction of x6=Gal4p, x7=Gal80p, and x8=Gal4p-Gal80p, with a62 and a75
positive to represent translation of the GAL4 and GAL80 mRNA to protein, enables
us to represent the effect of the mentioned mechanisms on the observed genes.
Complex formation decreases the amount of free Gal4 and Gal80 protein so we
assume that a68 and a78 are negative to implement the prevention by Gal80 of
transcriptional activation by the Gal4 protein. An increase in the abundance of
Gal4 and Gal80 protein should increase formation of the Gal4p-Gal80p complex, so
a86 and a87 should be positive. The expression of GAL4 is however reduced 4-5
fold in Glucose (Johnston et al., 1994). We therefore expect that Gal4p is rare
compared to Gal80p and an increase of Gal80p has no or little effect on the formation
of the Gal4p-Gal80p complex, while an increase of Gal4p has a significant effect.
To capture this we assume that a87 = 0 in the absence of Galactose. Note that
the same effect would result from an increase in expression of GAL80 in Glucose
or if less Gal80p was bound to Gal3 in the absence of Galactose, but no increase
in Gal80p nor Gal3p-Gal80p immunoprecipitation in the presence of Galactose has
been detected (Suzuki-Fujimoto et al., 1996b). Insensitivity of formation of the
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Gal4p-Gal80p complex to changes in Gal80p abundance and sensitivity to Gal4p is
crucial to ensure that all Gal4p is bound and obtain a robust switch that prevents
transcriptional activation. In the absence of Galactose, Gal4p occupancy of the
GAL1/10 and GAL3 promoters has been reported to have a half-life of 5 min or
less (Nalley et al., 2006), which explains how nuclear Gal80p can bind essentially
all Gal4p. In IRMA the GAL10 promoter is fused to SWI5, so we assume that a36
is positive to represent transcriptional activation by Gal4p, implying that over-
expression of GAL4 should lead to increased transcription of SWI5. This is observed
in both the Glucose and Galactose steady-state data sets recorded by Cantone
etal. Both of them also contains fairly strong support for an activation of SWI5
by GAL4, which is consistent with the previously reported mechanisms that we
have described above. If we did not assume that a87 = 0, then over-expression of
GAL80 would lead to increased formation of the Gal4p-Gal80p complex, preventing
transcriptional activation by Gal4p and repression of SWI5. While this is not seen in
the Glucose steady-state data by Cantone et al., it is evident in the Galactose data
and we therefore assume a87 to be positive in Galactose. Moreover, the Galactose
data cannot be explained without a repression from GAL80 to SWI5. In order for
this to be consistent with formation of a Gal3p-Gal4p-Gal80p complex in Galactose
(Figure B.1A) the amount of Gal3p would have to be so low that the additional
Gal80p binds to Gal4p alone and decreases the rate of transcription of SWI5. In order
for over-expression of GAL4 to increase transcription of SWI5 essentially all Gal80p
need to be bound to Gal3p, so a delicate balance between the amount of Gal80p and
Gal3p is required, which would make the switch sensitive. The second mechanism
(Figure B.1B), on the other hand, is consistent as long as binding of Gal80p to Gal3p
does not completely prevent binding of Gal80p to Gal4p, which makes it more robust.
No definitive choice between the two alternative mechanisms can be made, since we
e.g. lack data on how changes in expression of GAL3 affects the system, but the data
by Cantone et al. favours the second mechanism based on our robustness argument.
The inability to explain the Galactose data without a repression from GAL80 to
SWI5 hence adds yet an argument to this ongoing scientific debate. The Glucose
steady-state data by Cantone et al. contains fairly strong support for an activation
of CBF1 by GAL4, while the Galactose data does not, so we assume a16 positive in
Glucose and zero in Galactose. If we do not include this interaction in the Glucose
model, then we need to include some other interactions to compensate for it in
order to obtain a model that can explain the Glucose data, while the Galactose
data can be explained without it. We have not found published evidence of Gal4p
directly binding to the HO promoter, which Cantone et al. fused to CBF1. But
transcription of HO requires chromatin remodelling by the Swi-Snf complex and
Gal4p is an activator of the chromatin remodelling complex (Kishore and Kundu,
2003; Cosma et al., 1999). More precisely, Swi5p binds to the HO promoter and
recruits the Swi-Snf complex, which in turn recruits the SAGA complex and SBF to
start transcription (Peterson and Workman, 2000; Cosma et al., 1999). Both Gal4p
and Swi5p also interacts directly with Gal11p in the Mediator complex that recruits
RNA Polymerase II to the promoter, which catalyses the synthesis of mRNA (Bhoite
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et al., 2001; Kishore and Kundu, 2003). We therefore suggest that Gal4p in the
absence of Galactose helps to recruit the Swi-Snf and/or Mediator complexes to HO,
while it in Galactose is stably bound to the GAL1/10 promoter. The Gal4p promoter
complex has been observed to have a half-life of approximately 1h when S. cerevisiae
is grown in Galactose (Nalley et al., 2006).

The CBF1 gene encodes a protein belonging to the bHLH family called Cbf1p
(Robinson and Lopes, 2000), which we have introduced as our fourth additional
state, x9. Translation of CBF1 is represented by a91, which we therefore assume to be
positive. Cbf1p is involved in chromosome segregation and transcriptional control of
the MET genes (Robinson and Lopes, 2000). It binds to a region called CDE1 in the
centromeres and promoters of e.g. MET16, MET25, TRP1, and GAL2. Cantone et al.
state that they selected the MET16 promoter for GAL4 so that it would be controlled
by CBF1, since Cbf1p is essential for transcription of MET16, whereas it is not for
the other MET genes (Ferreiro et al., 2004). We therefore assume that a29 is positive.
Nonetheless, no influence from CBF1 to GAL4 is needed to explain the steady-state
data recorded by Cantone et al.. In particular, the Galactose steady-state data can
be explained without this interaction even if the uncertainty was one hundred of the
estimated uncertainty. Activation of MET16 by Cbf1p has been shown to depend on
the location of the CDE1 site relative to the Gcn4p binding site and on recruitment
of other transcriptional activators, such as Met4p and Met28p (Robinson and Lopes,
2000). The lack of an influence from CBF1 to GAL4 could therefore be explained by
changes caused by the fusion of the MET16 promoter to GAL4. MET16 transcription
is, however, regulated by different pathways: one dependent on binding of a complex
containing Cbf1p, Met4p, and Met28p to the CDE1 site, and another through the
general control of amino acids, which depends on Cbf1p and binding of Gcn4p to
the AP-1 site (Ferreiro et al., 2004). These two pathways form a feedforward loop,
which may cancel out the effect of Cbf1p. We have here chosen to illustrate this
type of cancellation in the simplest possible manner by assuming that both the
mRNA of CBF1 and Cbf1p influences the transcription of GAL4, which requires
a21 to be negative. The Glucose steady-state data of Cantone et al. cannot be
explained without an influence from CBF1 to SWI5 and the Galactose data also
contains strong support for this interaction, so we assume that Cbf1p activates
transcription of SWI5, i.e. a39 > 0, which has the GAL10 promoter. The promoter of
the GAL2 gene contains the CDE1 site (Mellor et al., 1990), but we have not found
evidence that GAL10 does. At least it does not contain the TCACGTG sequence
over which the Cbf1p-Met4p-Met28p complex is formed (Kuras et al., 1997), based
on a BLAST similarity search of NCBI reference sequence: NM_001178367.1. If
it did, then it could explain this interaction. We have not found any publication
nor data base containing this interaction, so it appears to be a novel interaction.
The Glucose data also contains fairly strong evidence for an influence from CBF1 to
ASH1, so we assume that Cbf1p also activates transcription of ASH1. More precisely,
transcription of ASH1f, since we distinguish between free and bound ASH1 mRNA,
and we therefore assume a11,9 > 0. An interaction between CBF1 and ASH1 has
previously been reported in a study of cooperative binding among transcription
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factors deduced from ChIP-chip data (Datta and Zhao, 2008). This interaction also
has some support in the Galactose data and we therefore also included it in our
Galactose model. Note that Cantone et al. fused the ASH1 promoter to both ASH1
and GAL80, but the evidence for an influence from CBF1 to GAL80 is considerably
weaker and we have therefore not included any. The steady-state data is however
not informative enough to say that one is necessary while the other is not needed.

SWI5 encodes a zinc finger protein (Bobola et al., 1996). In wild type S. cerevisiae
Swi5p accumulates in the cytoplasm during G2 and M phase due to phosphorylation
of the Serine 522, 646, and 664 sites by Cdc28p and only enters the nucleus after
dephosphorylation by Cdc14p during anaphase (Visintin et al., 1998). Cantone et al.
substituted the Serine in these three phosphorylation sites by Alanin to avoid cell
cycle control of Swi5p and to obtain constant entry of Swi5p to the nucleus (Cantone
et al., 2009). Constant entry is required because Swi5p is highly unstable once it
enters the nucleus (Visintin et al., 1998). Swi5p is a transcriptional activator that
binds to both the ASH1 and HO promoters (Cosma, 2004; Bobola et al., 1996).
Transcription of HO is however delayed until the late G1 phase of the cell cycle due to
sequential recruitment of the chromatin remodelling complex, while transcription of
ASH1 starts directly (Cosma et al., 1999; Cantone et al., 2009). We should therefore
assume that a time-delay exists between over-expression of SWI5 and the activation
of transcription of HO, but we here only deal with steady-state data, which is
unaffected by any time-delay. Cantone et al. designed the IRMA network so that
transcription of both ASH1 and GAL80 is controlled by the ASH1 promoter, while
CBF1 is controlled by the HO promoter. Over-expression of SWI5 should therefore
activate all three, but both the Glucose and Galactose steady-state data can, strictly
speaking, be explained without these interactions. The support for an activation
of CBF1 and GAL80 is however fairly strong based on the Glucose data, while the
Galactose data supports activation of CBF1 and ASH1, but not GAL80. This suggest
that activation of these genes by Swi5p depends on the growth medium. We have
searched for publications addressing differences in the activation of HO and ASH1 by
Swi5p in different growth media but not found any. We therefore introduce our fifth
additional state x10=Swi5p-Unk as an unknown state variable depending on Swi5p,
which is affected by Galactose, in order to explain Galactose induced differences.
We assume that Swi5p-Unk forms a feedforward loop to both ASH1 and GAL80,
with a10,3 positive and a5,10 and a11,10 negative. Swi5p is known to have many
interactions, forms, and different functions, of which we next mention a few, so many
potential candidates for this state variable exist. More than 200 unique interactors
of Swi5p is listed in the BioGRID database. Swi5p is also a transcription factor of at
least SIC1 and PCL9 (Visintin et al., 1998). Swi5p is phosphorylated by Pho85p at a
region distinct from the three Cdc28p phosphorylation sites (Measday et al., 2000),
where Cantone et al. substituted Serine by Alanin to avoid cell cycle control of Swi5p.
Swi5p interacts directly with Gal11p in the Mediator complex that recruits RNA
Polymerase II to the promoter, which catalyzes the synthesis of mRNA (Bhoite et al.,
2001; Kishore and Kundu, 2003). Swi5p is also involved in DNA repair (Haruta et al.,
2008). Note that the function of Swi5p in the strain engineered by Cantone et al.
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differs from wild type due to the modifications mentioned earlier and due to deletion
of the ACE2 gene, which cooperates with Swi5p in regulating transcription of the
ASH1 promoter. Expression of ASH1 is reduced when ACE2 is deleted (Measday
et al., 2000).

Ash1p is a repressor that inhibits HO transcription after accumulation in daughter
cells in late anaphase, which enables mating type switching in S. cerevisiae (Cosma,
2004; Bobola et al., 1996). Swi5p binds to both the ASH1 and HO promoters and
ASH1 is immediately transcribed while the transcription of HO is delayed until the
late G1 phase of the cell cycle. Cantone et al. fused the HO promoter to CBF1, so
over-expression of ASH1 should down-regulate CBF1, but their steady-state data can
be explained without this interaction. We next discuss the mechanism of ASH1 trans-
lation, which can explain this. The ASH1 mRNA contains four minimal cis-acting
localization sequences that are recognized by She2p already in the nucleus (Cosma,
2004; Shen et al., 2009). Disruption of the four localization elements results in
complete de-localization of ASH1 mRNA and symmetrical distribution of Ash1p
between mother and daughter (Chartrand et al., 2002). Several other proteins, such
as Npl3p, Rrp5p, Khd1p, Scp160p, Ydl124wp, Gcy1p, Pcs60p, Mdh3p, Sec1p, Sec16p,
etc., has also been shown to bind to the mRNA of ASH1 (Tsvetanova et al., 2010).
But She2p is crucial, since the Myo4p-She3p complex, which facilitates the transport
to the distal tip along actin filaments, does not bind to the mRNA independent
of She2p (Gonsalvez et al., 2003; Aronov et al., 2007; Chung and Takizawa, 2010).
Exclusion of She2p from the nucleus also disrupts the binding of Loc1p and Puf6p,
which both are involved in translational repression, to the ASH1 mRNA (Shen
et al., 2009). Once the ASH1 mRNA is transported to the distal tip of the bud it
is anchored by factors such as Khd1p, Bud6p-Aip3p, and/or She5 (Cosma, 2004).
Phosphorylation of Puf6p then releases the translational repression and Ash1p en-
ters the nucleus of the daughter cell and represses HO transcription (Shen et al.,
2009). Deletion of FUN12 reduces the level of Ash1p by more than 80%, while
over-expression increases the level of Ash1p and Puf6p suppresses ASH1 mRNA
translation via Fun12p (Deng et al., 2008). Cantone et al. deleted the SHE2 gene
to obtain a homogeneous population in which transcription of the HO promoter is
not developmentally controlled (Gonsalvez et al., 2003; Cantone et al., 2009). Based
on the description above, it should be clear that translational control is at least as
important for production of Ash1p and repression of the HO promoter as transcrip-
tional control. We therefore decided to introduce x11=ASH1f and x12=ASH1b and
use them to illustrate how a feedback loop at the translational level can cancel the
repression of CBF1 mediated by Ash1p. Here ASH1f represents free ASH1 mRNA
that can be translated, while ASH1b represents ASH1 mRNA that is bound to some
protein and therefore cannot be translated. We assume that they form a negative
feedback loop in which ASH1b acts as an integrator, i.e. a12,12 = 0, such that the
amount of ASH1f is keep constant at steady-state. A mechanism like this is plausible,
since deletion of SHE2 both affects the localization and translational control, but
we have not found any direct evidence for it in the literature. We assume that the
total amount of ASH1 mRNA is measured by Cantone et al., i.e. x4 = x11 + x12,
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since they reported that the quality of the purified RNA was good and purified
RNA of good quality should be free of protein (Fleige and Pfaffl, 2006). This implies
that ASH1f takes the role that Cantone et al. assumed for ASH1 and we therefore
assume a11,3 and a12,11 positive and a1,11 and a11,12 negative, while the coefficients
of ASH1 is given by the linear dependence above.

B.1.3 Transfer functions in the extended IRMA example
We would like to know the influence of the additional states and their interactions
on the interactions between the original observed states and therefore here derive
transfer functions representing these. For a brief introduction to transfer functions,
see Section B.2. The transfer functions are obtained by taking the Laplace transform
of the extended IRMA system. First, the state variables are partitioned into a set
containing the original observed states, x1 to x5, and one containing the latent
states, x6 to x12. Then the full interaction matrix in Table B.1 is partitioned in the
same way

A =
[
A11 A12

A21 A22

]
, (B.1.2)

so that the A11 block contains the direct links among the observed states, the
A12 block the links from the latent states to the observed ones, etc.. The desired
interaction matrix of the observed states alone is now given by

A(s) = A11 +A12 (sI −A22)−1
A21, (B.1.3)

which is a matrix of transfer functions as marked by the s in parenthesis. We have
thus replaced the additional latent protein states by transfer functions from gene j
to gene i, which does not depend on any state representing a gene, i.e. any of the
original observed states. We next give the resulting transfer functions, followed by
the resulting interaction matrix. The Gal4-Gal80 protein complex mechanism involves
the first three additional states: x6=Gal4p, x7=Gal80p, and x8=Gal4p-Gal80p. We
assume that Gal4p activates SWI5 and CBF1. The first part of the assumption gives
us a transfer function from GAL4 to SWI5

a32(s) = a36a62 ((s− a77)(s− a88)− a78a87)
?

, (B.1.4)

? , (s− a66)(s− a77)(s− a88)
− a78a87(s− a66)− a68a86(s− a77),

replacing the interaction a32 in the original IRMA model, and one from GAL80 to
SWI5

a35(s) = a36a68a87a75

?
. (B.1.5)
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The second part gives us a transfer function from GAL4 to CBF1

a12(s) = a16a62 ((s− a77)(s− a88)− a78a87)
?

, (B.1.6)

and from GAL80 to CBF1

a15(s) = a16a68a87a75

?
. (B.1.7)

In these transfer functions we assume that all non-diagonal coefficients aij are
positive, except a68 and a78 that we assume to be negative, since an increase in
Gal4p-Gal80p requires both Gal4p and Gal80p. In Glucose a87 is assumed to be zero
and the amount of Gal4p-Gal80p is, in practice, determined by the abundance of
Gal4p alone. This makes both a35(s) and a15(s) zero, which is consistent with the
fact that the Glucose steady-state data can be explained without these interactions.
In Galactose, on the other hand, a87 is assumed positive to make a35(s) negative,
which is consistent with the Galactose steady-state data. Actually the Galactose
data cannot be explained without a nonzero interaction a35(s). In Galactose a16 is
for simplicity assumed to be zero, since neither a12(s) nor a15(s) is necessary to
explain the steady-state data. Note that all diagonal coefficients, corresponding to
a self-loop aii, are assumed to be negative, in order to represent degradation of
mRNA or proteins.

We assume that the Cbf1 protein x9=Cbf1p activates SWI5 and ASH1f, which
gives us the following two transfer functions:

a31(s) = a39a91

s− a99
, (B.1.8)

a41(s) = a11,9a91

s− a99
. (B.1.9)

The later transfer function stems from our assumption that Cantone et al. have
measured the total amount of ASH1 mRNA, i.e. x4 = x11 + x12, since the time
derivative of ASH1 then is

ẋ4 = ẋ11 + ẋ12 = a11,3x3 + a11,9x9 + a11,10x10

+ (a11,11 + a12,11)x11 + (a11,12 + a12,12)x12, (B.1.10)

and the Laplace transform is

sx4(s) = a11,9
a91

s− a99︸ ︷︷ ︸
=a41(s)

x1(s) +
(
a11,3 + a11,10

a10,3

s− a10,10︸ ︷︷ ︸
=a43(s)

)
x3(s)

+ (a11,11 + a12,11)x11(s) + (a11,12 + a12,12)x12(s). (B.1.11)

Here all non-diagonal coefficients aij are assumed positive, except a11,10 and a11,12,
which enables us to explain the Glucose and Galactose steady-state data. The
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Glucose data cannot be explained without a31(s) being positive. The data can be
explained without a41(s), but the support for this interaction is quite strong so we
would have to replace it with some other interaction. Both interactions also have
fairly strong support in the Galactose data. On the other hand, no influence from
CBF1 to GAL4 is needed to explain neither of the steady-state data sets and we
cancel this interaction by a feedforward loop. To implement a feedforward loop that
cancels the activation of GAL4 by CBF1 in the simplest possible way, we assume
that both the mRNA of CBF1 and the Cbf1 protein x9 influence transcription of
GAL4. This gives us the transfer function

a21(s) = a21(s− a99) + a29a91

s− a99
, (B.1.12)

which is zero at steady-state if we assume a29a91 = a21a99, with a29 and a91 positive
and a21 and a99 negative. This transfer function is not strictly proper, which at
first sight may seem physically questionable, since the gain should approach zero
at high frequencies, but it is a mere artefact of how the system is represented. To
obtain the effect of x1 on the state x2 this transfer function needs to be multiplied
by 1/(s− a22), which makes it strictly proper. Note that all the coefficients aij that
do not depend on any latent state also are semi-proper transfer functions.

We assume that x10–the unknown state variable that depends on Swi5p–represses
ASH1f and GAL80. This gives us two feedforward loops:

a43(s) = a11,3(s− a10,10) + a11,10a10,3

s− a10,10
, (B.1.13)

a53(s) = a53(s− a10,10) + a5,10a10,3

s− a10,10
. (B.1.14)

The former transfer function involves the free and bounded ASH1 and is derived in
(B.1.11). Here all non-diagonal coefficients aij are assumed positive, except a11,10
and a5,10. We assume that a11,10a10,3 = a11,3a10,10 and a5,10a10,3 > a53a10,10 in
Glucose, because this makes the first transfer function zero and the second positive at
steady-state. This assumption is consistent with the fact that the first interaction is
not needed to explain the Glucose steady-state data. In Galactose, we instead assume
a11,10a10,3 > a11,3a10,10 and a5,10a10,3 = a53a10,10, so that the first transfer function
is positive and the second is zero at steady-state, since the second interaction is not
needed to explain the Galactose steady-state data. Actually neither is needed to
explain the data, but each data set contains fairly strong support for one of the
interactions, meaning that if we did not include it then we would have to include
some alternative interactions.

The last two states, x11=ASH1f, and x12=ASH1b, represent free and bound
mRNA. We assume that the change in ASH1 mRNA abundance measured by Cantone
et al. equals the total change of both free and bound mRNA. This makes x4 a linear
combination of x11 and x12 and the full interaction matrix A in Table B.1 rank
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deficient. To make the degradation term of ASH1, a44, visible we rewrite (B.1.11)

sx4(s) = a11,9
a91

s− a99︸ ︷︷ ︸
=a41(s)

x1(s) +
(
a11,3 + a11,10

a10,3

s− a10,10︸ ︷︷ ︸
=a43(s)

)
x3(s)

+ (a11,11 + a12,11︸ ︷︷ ︸
a44

)(x11(s) + x12(s)︸ ︷︷ ︸
x4(s)

)

+ (a11,12 + a12,12 − a11,11 − a12,11︸ ︷︷ ︸
a4,12

)x12(s). (B.1.15)

To simplify this expression we assume that a11,12 + a12,12 = a11,11 + a12,11, since
the last term then is zero and the degradation of ASH1 mRNA is a11,11 + a12,11.
We assume that only ASH1f can be translated and have therefore replaced a14 by
a1,11. The feedback loop formed by ASH1f and ASH1b then gives us two transfer
functions. One from SWI5 to CBF1

a13(s) = 1
(s− a10,10)•

(
a13(s− a10,10)•

+ a1,11a11,3(s− a10,10)(s− a12,12)

+ a1,11a11,10a10,3(s− a12,12)
)
, (B.1.16)

• , (s− a11,11)(s− a12,12)− a11,12a12,11,

and the self-loop

a11(s) = 1
(s− a99)•

(
a11(s− a99)•

+ a1,11a11,9a91(s− a12,12)
)
, (B.1.17)

in which all non-diagonal coefficients aij are assumed positive, except a1,11, a11,10,
and a11,12. These both contain a part of the transfer function

x11(s) = (s− a12,12)
•

(
a11,3x3(s) + a11,9x9(s)

+ a11,10x10(s)
)
, (B.1.18)

that describes how a change in SWI5, Cbf1p, and Swi5p-Unk affects ASH1f while
accounting for the feedback loop through ASH1b. If we assume a12,12 = 0, then we
have a pure integrator in the feedback loop and the steady-state of x11 is unaffected
by the other states. Insertion of this in (B.1.16) and (B.1.17) gives

a13(s) =a13 + a1,11
a11,3(s− a10,10) + a11,10a10,3

(s− a10,10) ((s− a11,11)s− a11,12a12,11)s (B.1.19)
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and

a11(s) = a11 + a1,11
a1,11a11,9a91

(s− a99) ((s− a11,11)s− a11,12a12,11)s. (B.1.20)

So Cbf1p, Swi5p-Unk, and ASH1 have no influence on the steady-state value of CBF1,
since a13(0) = a13 and a11(0) = a11, which agrees with the steady-state data. Note
that our previous assumption in Glucose, a11,10a10,3 = a11,3a10,10, alone implies that
neither of these states have any influence on the steady-state value of CBF1, so we
do not need to assume that ASH1b is a pure integrator in Glucose. The interaction
matrix of the observed states of the extended IRMA system is

A(s)=


a11(s) a12(s) a13(s) 0 a15(s)
a21(s) a22 0 0 0
a31(s) a32(s) a33 0 a35(s)
a41(s) 0 a43(s) a44 0

0 0 a53(s) 0 a55

 , (B.1.21)

with s in parenthesis marking the interactions that are transfer functions and given
above, while the other interactions are constant coefficients.
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B.1.4 Identification of interaction coefficients in the extended
IRMA example

To simulate perturbation experiments on our extended IRMA example and illustrate
some properties of them, numerical values need to be assigned to the coefficients. We
therefore identify the coefficients of the full interaction matrix in Table B.1 based
on the inferred Glucose and Galactose models in Section 4.6. The full interaction
matrix contains 35 parameters that we assume to be nonzero. While the steady-state
data sets by Cantone et al. only contain 25 data points each so some parameters are
structurally unidentifiable, implying that our parameter identification problem has
many different solutions. Actually, only six parameters are practically selectable in
Glucose and two in Galactose, implying that the number of practically identifiable
parameters at best is equally low. For our illustrations it is, however, sufficient to
select one of these solutions for Glucose and one for Galactose. We here select the
ones that minimizes the sum of the absolute values of the parameters while having
identical steady-state response to the Glucose or Galactose models that we inferred
in Section 4.6. The parameter values that we obtain are probably not biologically
correct, but we lack necessary information for identification of biological values and
this selection at least emphasizes low frequency behaviour. By emphasizing low
frequency behaviour we avoid large overshoots and introduction of high frequency
behaviour that the steady-state data cannot contain any information about. Both
the resulting Glucose and Galactose models are stable systems, characterised by
the real part of all eigenvalues of the interaction matrix being negative. The degree
of interampatteness, Definition 3.2.2, of the Glucose model is 442 and Galactose
model 854. For convenience the identified value and assumption on each coefficient
of the full interaction matrix in Table B.1 is summarized in Table B.2 both for
Glucose and Galactose. We assume all parameters to be zero that are not included
in the table. The structure of our extended IRMA network is shown in Figure 6.1
for Glucose and Figure 6.2 for Galactose.

We now state how we assigned values to all parameters, including the three
optimization problems that we solved to minimize the sum of the absolute value
of the parameters. To make the steady-state response of the five states present in
the original IRMA network identical to that of the Glucose or Galactose model in
(A.6.3) and (A.6.6) respectively, we for (B.1.3) require that

lim
s→0

A(s) =
{
ÂGlu in Glucose,
ÂGal in Galactose.

(B.1.22)
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Table B.2: Coefficients (part 1/2). Summary of the assumptions on and values
assigned to all coefficients of the full interaction matrixA in Table B.1. The assumptions
are denoted by + positive, 0 zero, and − negative. If the same assumption is made
in the Galactose model (Gal) as in the Glucose model (Glu), then the element is left
empty. Part 2 is shown in Table B.3.

C
oe
ff. Assumption Value

Glu Gal Glu Gal
a11 − −0.143 −0.349
a13 + 0.073 0.237
a16 + 0 0.0223 0
a1,11 − −0.001 −0.001
a21 − −0.016 −0.016
a22 − −0.183 −0.227
a29 + 0.0016 0.0016
a33 − −0.219 −0.407
a36 + 0.0471 0.0471
a39 + 0.0103 0.0196
a43 + 0.0567 0.0567
a44 − −0.177 −0.205
a49 + 0.0036 0.0073
a4,10 − −0.0126 −0.001
a4,12 0 0 0
a53 + 0.0135 0.0135
a55 − −0.152 −0.141
a5,10 − −0.001 −0.003
a62 + 0.0365 0.0365
a66 − −0.0061 −0.0061
a68 − −0.0228 −0.0228
a75 + 0.0329 0.0329
a77 − −0.0112 −0.0112
a78 − −0.0195 −0.0195
a86 + 0.0115 0.0115
a87 0 + 0 0.0314
a88 − −0.0206 −0.0206
a91 + 0.01 0.01
a99 − −0.001 −0.001
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Table B.3: Coefficients (part 2/2). Summary of the assumptions on and values
assigned to all coefficients of the full interaction matrixA in Table B.1. The assumptions
are denoted by + positive, 0 zero, and − negative. If the same assumption is made
in the Galactose model (Gal) as in the Glucose model (Glu), then the element is left
empty. Part 1 is shown in Table B.2.

C
oe
ff. Assumption Value

Glu Gal Glu Gal
a10,3 + 0.0045 0.0045
a10,10 − −0.001 −0.001
a11,3 + 0.0567 0.0567
a11,9 + 0.0036 0.0073
a11,10 − −0.0126 −0.001
a11,11 − −0.2166 −0.2166
a11,12 − −0.177 −0.205
a12,11 + 0.0396 0.0116
a12,12 0 0 0
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This provides us with conditions on each coefficient and transfer function in (B.1.21),
which we next use to assign values to the parameters. The following parameters
are thus assigned the value of the corresponding parameter in ÂGlu or ÂGal: a11,
a22, a33, a44, a55, and a13. We determine all parameters related to the Gal4p-Gal80p
complex, θg , [a16, a36, a62, a66, a68, a75, a77, a78, a86, a87, a88, a

∗
16, a

∗
87]T , by solving

the following optimization problem:

min
θg

13∑
i=1
|θgi | (B.1.23a)

s.t. θg ∈ Tg, (B.1.23b)
a36a62 (a77a88 − a78a87)

J
= aGlu

32 , (B.1.23c)
a36a68a87a75

J
= aGlu

35 , (B.1.23d)

a16a62 (a77a88 − a78a87)
J

= aGlu
12 , (B.1.23e)

a16a68a87a75

J
= aGlu

15 , (B.1.23f)

a36a62 (a77a88 − a78a
∗
87)

I
= aGal

32 , (B.1.23g)

a36a68a
∗
87a75

I
= aGal

35 , (B.1.23h)

a∗16a62 (a77a88 − a78a
∗
87)

I
= aGal

12 , (B.1.23i)

a∗16a68a
∗
87a75

I
= aGal

15 , (B.1.23j)

J, −a66a77a88 + a78a87a66 + a68a86a77,

I, −a66a77a88 + a78a
∗
87a66 + a68a86a77.

Here Tg denotes the set of parameter values fulfilling the assumptions made in
the previous section and listed in Table B.2. Parameter a16 and a87 take dif-
ferent values in Glucose and Galactose, and we therefore denote the Galactose
values by a∗16 and a∗87, respectively. This nomenclature is also used in the follow-
ing two optimization problems. We determine all parameters related to Cbf1p,
θc , [a21, a29, a39, a91, a99, a11,9, a

∗
39, a

∗
11,9]T , by solving the following optimization
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problem:

min
θc

8∑
i=1
|θci | (B.1.24a)

s.t. θc ∈ Tc, (B.1.24b)

− a39a91

a99
= aGlu

31 , (B.1.24c)

− a11,9a91

a99
= aGlu

41 , (B.1.24d)

a21a99 − a29a91

a99
= aGlu

21 , (B.1.24e)

− a∗39a91

a99
= aGal

31 , (B.1.24f)

−
a∗11,9a91

a99
= aGal

41 . (B.1.24g)

Similarly, we determine all parameters related to Swi5p-Unk and ASH1, θs ,
[a53, a5,10, a10,3, a10,10, a11,3, a11,10, a11,11, a12,11, a

∗
5,10, a

∗
11,10, a

∗
12,11]T , by solving the

following optimization problem:

min
θs

11∑
i=1
|θsi | (B.1.25a)

s.t. θs ∈ Ts, (B.1.25b)
a11,3a10,10 − a11,10a10,3

a10,10
= aGlu

43 , (B.1.25c)

a53a10,10 − a5,10a10,3

a10,10
= aGlu

53 , (B.1.25d)

a11,11a12,11 = aGlu
44 , (B.1.25e)

a11,3a10,10 − a∗11,10a10,3

a10,10
= aGal

43 , (B.1.25f)

a53a10,10 − a∗5,10a10,3

a10,10
= aGal

53 , (B.1.25g)

a11,11a
∗
12,11 = aGal

44 . (B.1.25h)

Based on our assumptions in the previous section we set a11,12 = a44, a43 = a11,3,
a49 = a11,9, a4,10 = a11,10, a4,12 = 0, and a12,12 = 0. We set a1,11 = −0.001 to give
this parameter a small negative value. The steady-state solution is not affected
by a1,11, so we could have selected any negative value since we previously merely
assumed it to be negative. Finally, we make minor adjustment of the following
coefficients to maintain exact cancellation of the influence from CBF1 to GAL4 and
from SWI5 to ASH1 in Glucose and GAL80 in Galactose when rounding the values
to 4 digits: a21, a29, a91, a99, a53, a5,10, a10,3, a10,10, a11,3, and a11,10.
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B.2 Transfer function basics

This section gives a brief introduction to transfer functions and properties of them,
which we use in this work. We have also included references to basic textbooks in
signals and systems theory where additional information can be found in order to
provide a good starting point for readers unfamiliar with transfer functions. The
relation between ODEs and transfer functions is also illustrated graphically, in order
to stress that transfer functions merely are a different representation of the system.

Any linear state-space model can through Laplace transformation be written as a
transfer function. The transfer function concept is widely used in signal and systems
theory, since it simplifies the division of the system into blocks, i.e. subsystems, and
we here use it in particular to represent the effect of latent states. Let us therefore
briefly introduce the transfer function concept and show the relation between the
network and block diagram views of a system. A good introduction to transfer
functions and block diagrams can be found in e.g. Lindner (1999, ch. 10). The
ODEs in (B.1.1) can be transformed one-by-one from the time domain, identified
by dependence on t, to the Laplace domain, denoted by dependence on s,

ẋi(t) = ai1x1(t) + . . .+ ainxn(t) + pi(t)
L−⇒ (B.2.1)

sxi(s)− xi(0−) = ai1x1(s) + . . .+ aiixi(s) + . . .+ ainxn(s) + pi(s) ⇒

xi(s) = ai1
s− aii

x1(s) + . . .+ ai,i−1

s− aii
xi−1(s) + ai,i+1

s− aii
xi+1(s) + . . .

+ ain
s− aii

xn(s) + 1
s− aii

(
pi(s) + xi(0−)

)
. (B.2.2)

Here pi(s) denotes the Laplace transform of the exogenous input, and xi(0−)
denotes the initial value. We typically assume that the initial value is zero, because
it simplifies the calculations, it is zero at the steady-state, and any nonzero initial
value acts as a perturbation and can be compensated for in the perturbation, as
evident from (B.2.2). A transfer function is defined as the ratio between the Laplace
transform of an input and output signal (Lindner, 1999, p. 297), so if we consider
xi as our output then Gi(s) = 1

s−aii is the transfer function from the exogenous
input pi to our output. If we instead studied the direct effect of xj , j 6= i on xi
then Gij(s) = aij

s−aii would be the transfer function of interest. One can hence easily
introduce different transfer functions depending on the signals of interest. The effect
of a subsystem containing latent states can typically be represented in a concise
manner using transfer functions. The relation between different signals is typically
visualized in a block diagram, with each block representing a transfer function. The
main difference between the block diagram and the network graph of a system is
that the signals are explicit in the first one, while the state variables are explicit
in the later one. For illustration both the network graph and the block diagram of
a cascade system with three states is shown in Figure B.2. Another advantage of
transfer functions, except the explicit representation of signals, is that it is easy to
calculate the final value and steady-state response. The final value is given by the
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Figure B.2: Graphical representation of systems. Network graph (left) and block
diagram (right) of a cascade system with three states. Here each state is perturbed
and measured. The state variables are explicit in the network graph, while the signals
are explicit in the block diagram.

final value theorem (Lindner, 1999, p. 266)

lim
t→∞

x(t) = lim
s→0

sx(s). (B.2.3)

The steady-state response, i.e. the response to a constant input, is consequently the
strength of the input times the static gain, which is obtained by taking the limit of
the transfer function as the frequency ω → 0, e.g. Gi(0) = limω→0Gi(ıω) = 1

−aii .
Note that s is replaced by ıω, i.e. we evaluate the limit along the imaginary axis of
the complex plane. We here use this way of calculating the steady-state response,
since it normally is easier than setting all derivatives equal to zero and solving the
system of ODEs.

For convenience of the reader we now define several properties of transfer functions
that we use frequently in this work. Consider a rational transfer function of the form

G(s) = bnzs
nz + . . .+ b1s+ b0

sn + an−1sn−1 + . . .+ a1s+ a0
. (B.2.4)

The order of the transfer function is equal to the order of the denominator or pole
polynomial n, which in the single input-single output case also is the order of the
system that it represents, i.e. the number of states in the system (Lindner, 1999,
p. 299). The roots of the denominator polynomial is typically called poles in control
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theory, while the roots of the numerator polynomial is called zeros. The order of
the numerator or zero polynomial is equal to the number of zeros nz. The relative
order is equal to the pole excess n− nz (Skogestad and Postlethwaite, 1996, p. 4).
A transfer function G(s) is strictly proper if n > nz or equivalently if G(ıω)→ 0 as
ω → 0, i.e. the gain goes to zero at high frequencies ω. And a transfer function G(s)
is proper if n ≥ nz or equivalently if G(ıω)→ C as ω → 0, with C being some finite
constant. The transfer function is said to be semi-proper if n = nz. Note that all
practical systems have zero gain at sufficiently high frequency and they are therefore
strictly proper. Some transfer functions are though proper due to our division of
the system into subsystems.
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We here present additional information on the Snf1 example and in vivo steady-state
data that we use in Chapters 4 and 7. The alternative network models that we have
inferred are described in Sections C.1 and C.2 together with the residual sum of
squares and model rejection criteria that we used. The in silico experiments used to
demonstrate the SVD design in Section 7.6 are described in Section C.3.

C.1 Additional information on the Snf1 example

The Snf1 example and in vivo steady-state data that we use in Chapter 7 was
published in Lorenz et al. (2009). Here we only present information on the alternative
network models that we have inferred. Readers interested in further details should
see the original publication and its supplemental.

Two models are indistinguishable based on input-output data if the response of
both models to all possible perturbations is identical, implying that the parameters
of the models are structurally unindentifiable (Faller et al., 2003; Ljung, 1999). In
practice models are compared based on how well they explain observed input-output
data. The residuals or prediction errors is a measure of the difference between
the observed values of the dependent variables and the values predicted by the
model (Jaqaman and Danuser, 2006; Ljung, 1999). All measurements are corrupted
by noise and the expected norm of the residuals is therefore nonzero. In order for two
models to be practically distinguishable based on input-output data the difference
between the norm of the residuals must be sufficiently large compared to the
expected value, i.e. the difference must be statistically significant. Several statistical
hypothesis tests exist for comparing alternative models, e.g. the F-test (Cedersund
and Roll, 2009). Instead of comparing the relative fit of models, one can evaluate
the goodness of fit of a model directly based on the assumed noise model. We take
the common engineering view that a model can not be validated, but if the norm
of the residuals is sufficiently large compared to the expected value, then it can
and should be rejected at a specified confidence or significance level, since it then
is unlikely to be useful. One such test which we use is the χ2 goodness of fit test.
It is based on the expected minimised weighted sum of squared residuals being
equal to the number of degrees of freedom (Jaqaman and Danuser, 2006; Cedersund
and Roll, 2009; Pearson, 1900). The χ2 test statistic of the errors υij , which are
distributed according to a multivariate normal distribution with zero mean and
covariance matrix ΛΥ, is

χ̂2(A) , ~Υ
T
Λ−1

Υ
~Υ

=
{ ∑m

i=1
∑n
j=1

υ2
ij

λij
if ΛΥ = diag(λ11, . . . , λmn)

‖Υ‖2Fro /λ if ΛΥ = λI
. (C.1.1)

If this test statistic is larger than χ-2(α, nm), which denotes the inverse of the chi-
square cumulative distribution with nm degrees of freedom such that P[χ2(nm) >
χ-2(α, nm)] = α, then the corresponding model A is rejected at the significance
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level α (Chew, 1966). We here use the significance level α = 0.05 and reject all
models with p-values smaller than 0.05, corresponding to a 95% confidence level. By
selecting the confidence level we select how conservative the test is. This because
we use model rejection to do robust network inference, as explained in detail in
Chapter 5. In short, if we can reject all models with a specific parameter set to zero,
then the model structure needed to adequately represent the input-output data
must contain this parameter and the data is informative enough for rejecting all
models lacking this parameter. In network inference each parameter of the linear
models that we restrict ourselves to corresponds to a link, so if all models in which
a specific parameter is zero are rejected, then the link is statistically significant at
the selected significance level.

Lorenz et al. (2009) assumed the data model

pij = −
n∑
k=1

aikykj (C.1.2)

where both the perturbations pij and responses ykj are measured in each experiment
j with errors assumed to be independent and zero mean normally distributed. Errors
in both the input and output of the system implies that we from a parameter
estimation perspective are dealing with an errors in variables regression problem (see
e.g. Griliches and Hausman, 1986; Söderström, 2007). Lorenz et al. provide estimates
of the standard error of each measured response both for the perturbations and
responses and we therefore use weighted residual sums of squares to measure the
goodness of fit to observed data and calculate the χ2 test statistic of both the
perturbations and responses. Like all estimates these standard errors are associated
with a degree of uncertainty and we therefore also use unweighted residual sums
of squares. To obtain alternative network models that cannot be rejected, we first
generated a large set of alternative models with structure picked at random and
fitted them to the data recorded by Lorenz et al. (2009). We minimized a mixture
of unweighted and weighted residual sums of squares for the perturbations and
responses to obtain candidates. We then selected a subset of these that had desired
properties by testing if they could be rejected, as described next.

Since we have an errors in variables regression problem, we define the weighted
residual sum of squares (WRSS) as

WRSS(Y ) ,
m∑
j=1

(ŷj − yj)TC−1
yj

(ŷj − yj) with Ŷ given by (C.1.7) (C.1.3)

and

WRSS(P ) ,
m∑
j=1

(p̃j − pj)TC−1
pj

(p̃j − pj) with P̂ given by (C.1.7). (C.1.4)
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And the unweighted residual sum of squares (RSS) as

RSS(Y ) ,
∥∥∥Ŷ − Y ∥∥∥2

Fro
with Ŷ given by (C.1.7) (C.1.5)

and

RSS(P ) ,
∥∥∥P̂ − P∥∥∥2

Fro
with P̂ given by (C.1.7). (C.1.6)

For any given interaction matrix A we obtain the optimal response and perturbation
matrices by solving the optimisation problem

{Ŷ , P̂ } = arg min
Ỹ ,P̃

m∑
j=1

(ỹj − yj)TC−1
yj

(ỹj − yj) + (p̃j − pj)TC−1
pj

(p̃j − pj)

(C.1.7a)
s.t. AỸ = −P̃ (C.1.7b)∥∥Ỹ − Y ∥∥Fro ≤ 8.7 (C.1.7c)∥∥P̃ − P∥∥Fro ≤ 1.8 (C.1.7d)

with the observed response matrix Y , [y1, . . . ,yj , . . . ,ym], observed perturbation
matrix P , [p1, . . . ,pj , . . . ,pm], covariance matrix Cyj of the responses in experi-
ment j, and covariance matrix Cpj of the perturbations in experiment j. Similar to
Lorenz et al. (2009) we assumed that each measurement is independent and used the
square of the standard errors of the fold changes reported in their supplementary
Table S3 as estimates of the variance of each observed response, yielding diagonal
covariance matrices Cyj . We also assumed that each perturbation is independent
and used the square of the standard errors of each measured perturbation reported
in their supplementary Table S4, except for unperturbed genes that we assumed
to have a standard error of 0.1, as estimates of the variance of each perturbation,
yielding diagonal covariance matrices Cpj . The standard error 0.1 is approximately
one quarter to one third of the reported standard errors of the perturbed genes
and chosen in lack of better information to represent biological variation in the cell
cultures. The constraints of the unweighted residual sums of squares 8.7 and 1.8
are based on the expected Frobenius norm, i.e. square root of the residual sum of
squares, at significance level 0.05 being 8.74 for the responses and 1.86 for the pertur-
bations using the covariance matrices above in a Monte Carlo simulation with 10000
random noise realizations. They are included to ensure that the models cannot be
rejected based on the RSS. We solve this problem in Matlab (www.mathworks.com)
using CVX (cvxr.com/cvx). The residual sums of squares of the three models in
Table C.2, Table C.4, and Table C.6 for the corresponding optimal perturbation
matrices in Table C.3, Table C.5, and Table C.7 are given in Table C.1. Note that
we here only report the interaction matrices and optimal perturbation matrices,
since the optimal response matrices are obtained from the former as Ŷ = −A†P̂ ,
with A† denoting the Moore-Penrose generalized inverse (Horn and Johnson, 1990,
p. 421).

www.mathworks.com
cvxr.com/cvx
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Table C.1: Residual sum of squares for the Snf1 interaction matrices in
Table C.2, Table C.4, and Table C.6. These are calculated using the corresponding
optimal perturbation matrices in Table C.3, Table C.5, and Table C.7 and responses
given by Ŷ = −A−1P̂ . The weighted residual sum of squares is defined in (C.1.3) and
(C.1.4), while the unweighted residual sum of squares is defined in (C.1.5) and (C.1.6).

Measure \ model Afin TC.2 A1 TC.4 A2 TC.6
WRSS(Y ) 92.1 48.6 39.5
WRSS(P ) 98.2 66.6 44.8
RSS(Y ) 1.73 0.828 1.28
RSS(P ) 3.24 0.694 0.513
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C.2 Non-rejectable network models

We here prove that the steady-state data recorded by Lorenz et al. (2009) for the
Snf1 network is not informative enough for robust inference of anyone of the possible
interactions, by for each possible interaction finding at least one model lacking it
that explains their data. If a model lacking interaction aij , corresponding to an
interaction matrix with aij = 0, that can explain the data exists, i.e. it cannot be
rejected at the desired significance level, then the data set is not informative enough
for robust inference of this interaction, since it is not possible to prove that this
interaction is necessary to explain the data.

Of the 100 possible interactions 84 is lacking in either of the two alternative
models in Table C.4 and Table C.6. We here present 16 additional models that each
lack one of the 16 interactions present in both of the previous two models. Together
these 18 models prove that the steady-state data recorded by Lorenz et al. (2009)
for the Snf1 network is not informative enough for robust inference of anyone of the
possible interactions at any significance level below 0.05. The expected WRSS, given
by an inverse χ2 distribution with 100 degrees of freedom, is 124.3, the expected
RSS(Y ) is 76.4, and the expected RSS(P ) is 3.46, at significance level 0.05, using
the noise assumptions stated in Section C.1. Clearly all residual sums of squares are
for all models below these values, as seen in Table C.1 and Table C.8, so the existence
of these models proves that the data is not informative enough. As a curiosity, we
note that the final model inferred by Lorenz et al. Afin has higher residual sums
of squares than all of our alternative models with the exception of RSS(Y ) of A11
and A17, so it will in general be rejected before any of our alternative models are.

Our alternative interaction matrices together with the corresponding optimal
perturbation matrices are here reported in Table C.9 to C.40. Note that we here
only report the interaction matrices and optimal perturbation matrices, since the
optimal response matrices are obtained from the former as Ŷ = −A†P̂ , with A†
denoting the Moore-Penrose generalized inverse (Horn and Johnson, 1990, p. 421).
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Table C.8: Residual sum of squares for the Snf1 interaction matrices in Ta-
ble C.9-C.39 used to prove that a non-rejectable model lacking any possible
interaction exists. These are calculated using the corresponding optimal perturba-
tion matrices in Table C.10-C.40 and responses given by Ŷ = −A−1P̂ . The weighted
residual sum of squares is defined in (C.1.3) and (C.1.4), while the unweighted residual
sum of squares is defined in (C.1.5) and (C.1.6).

Model \ measure WRSS(Y ) WRSS(P ) RSS(Y ) RSS(P )
A3 TC.9 7.76 21.9 0.296 1.07
A4 TC.11 13.5 38.5 1.37 2.18
A5 TC.13 10.6 4.75 0.248 0.179
A6 TC.15 6.73 5.9 0.138 0.459
A7 TC.17 11.3 4.6 0.207 0.205
A8 TC.19 8.6 3.62 0.229 0.137
A9 TC.21 9.78 8.65 0.289 0.468
A10 TC.23 10.9 10.5 0.279 0.803
A11 TC.25 12.4 15 2.65 1.18
A12 TC.27 10.7 19.6 0.38 1.21
A13 TC.29 9.71 22.4 0.345 1.62
A14 TC.31 0.66 15.1 0.078 0.345
A15 TC.33 2.34 0.997 0.036 0.0157
A16 TC.35 4.91 5.38 0.0867 0.303
A17 TC.37 15.5 52.9 3.66 3.24
A18 TC.39 13.2 66.2 0.744 3.24
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C.3 Simulation of perturbation experiments on the Snf1
example

We here describe how the additional perturbation experiments used to demonstrate
the SVD design in Section 7.6 were simulated in silico, i.e. on a standard computer.
We used the alternative network model in Table C.4, which is depicted in Figure 7.1
(left), as the “true” network to generate data, since many different models can
explain the data recorded by Lorenz et al. (2009), the correct network is unknown,
and this network is sparse with only 25 links, interampatte with degree 127, and
generates a stable linear system. It is in other words at least as good as any other
model that we could have used. Actually, we also tested the SVD design on a few
alternative models but the results were so similar that it is pointless to present
them.

We simulated the in silico perturbation experiments in Matlab (www.mathworks.
com) using the data model

Y = −Â
−1
1 (P − F ) +E, (C.3.1)

which essentially is the transpose of (7.3.1). Here P ∈ Rn×m is the matrix of
designed perturbations, Y ∈ Rn×m the matrix of observed responses in the n = 10
genes in m experiments. We generated each perturbation error in F using randn in
Matlab, which generates an independent and identical normally distributed sequence
of numbers with zero mean and standard deviation one, and scaled it such that the
standard deviation equals the one reported by Lorenz et al. for each perturbation
(supplementary Table S4). Similarly randn was used to generate the response errors
in E by scaling such that the standard deviation equals the mean value obtained
by Lorenz et al. for each gene (supplementary Table S3). For the ten experiments
performed in vivo by Lorentz et al. we, however, used F = P − P̌ and E = Y − Y̌ ,
with P and Y being the perturbations and responses reported by Lorenz et al.
(supplementary Table S2 and S4), P̌ the optimal perturbation matrix in Table C.5,
and Y̌ = −Â

−1
1 P̌ . This ensures that the simulated data has the same error level in

both the input and output as observed in real in vivo data.

www.mathworks.com
www.mathworks.com
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S. cerevisiae Saccharomyces cerevisiae

AIC Akaike Information Criterion

AIDS Acquired ImmunoDeficiency Syndrome

BIC Bayesian Information Criterion
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cDNA complementary DNA
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DNA DeoxyriboNucleic Acid

DoE Design of Experiments
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mRNA messenger RNA

ODE Ordinary Differential Equations

OED Optimal Experimental Design

P4 Predictive, Personalized, Preventive, and Participatory medicine

PCA Principal Component Analysis

PCR Polymerase Chain Reaction

qPCR quantitative real-time Polymerase Chain Reaction
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RT-PCR Reverse Transcription Polymerase Chain Reaction
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siRNA silencing RNA

SNR Signal to Noise Ratio
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TOEL TwO gene ExampLe
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