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Abstract

In the present thesis the wake flow behind wind turbines is analyzed numerically
using large-eddy simulations. The wind turbine rotors are modeled by using
either the actuator disc method or the actuator line method in which the blades
are represented by body forces computed with airfoil data. Using these models,
the boundary layers of the turbine blades are not resolved and most of the
computational power is preserved to simulate the wake flow.

The actuator disc method is used for the wake interaction studies of the
Lillgrund wind farm. In this study the power production is simulated for two
different wind directions and compared to measurements. A grid sensitivity
study and a turbulence intensity study are also performed. As a last step the
front row turbines are derated in an attempt to increase the total production of
the farm. The results show that it is important to impose atmospheric condi-
tions at the inlet in the simulations, otherwise production will be unrealistically
low for some turbines in the farm. The agreement between the simulated and
measured power is very good. The study based on derating the front row
turbines does not show any positive increase on the farm production.

The actuator line method is used for near wake analysis of the MEXICO
rotor. In this study the near wake is simulated for five different flow cases and
compared with particle image velocimetry (PIV) measurements. The analysis
is performed by comparing size and circulation of the tip vortices, the radial
and streamwise velocity distributions, the spatial expansion of the wake and
the axial induction factor. The simulations and measurements generally are in
agreement. In some cases, however, the measurements are affected by tunnel
effects which are not captured in the simulations.

In connection to the actuator disc method a power control strategy for op-
erating conditions below rated power is implemented and tested. The strategy
is first validated using an in-house developed blade element momentum code
and then is implemented in the actuator disc method used in the EllipSys3D
code. The initial tests show that the strategy responds as expected when chang-
ing the moment of inertia of the rotor and when varying the inlet conditions.
Results from the implementation of the strategy in the actuator disc method
in EllipSys3D show that the turbine adapts to the conditions it is operating in
by changing its rotational velocity and power output when the inlet conditions
are varied.

Descriptors: Actuator disc method, Actuator line method, Blade element
momentum method, Wind turbine wake, Wake interaction, CFD, LES, Ellip-
Sys3D
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Preface

This licentiate thesis within fluid dynamics deals with large-eddy simulations
of wind turbines using actuator disc and actuator line methods for turbine
parameterization. The thesis is divided into two parts, where the first part
consists of an introduction to the topic and summary of the present work. The
second part consists of three papers. In chapter 8, the contributions from the
different authors are stated.

December 2012, Visby

Karl Nilsson
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Part I

Overview and summary





CHAPTER 1

Introduction

1.1. Background

Renewable electricity generation is growing rapidly around the world. Today
19.5% of the electricity generated comes from renewable sources, with hydro
power being the largest contributor, IEA (2012). In 2010 wind power provided
approximately 2.5% of the global electricity demand and has had an average
growth rate of around 25% per year in the last decade, WWEA (2011). One
of the challenges faced today are the costs associated with wind turbines. The
manufacturing, planning, construction and O&M expenses must all be consid-
ered when generating electricity from wind and in when trying to reduce the
cost per each kWh produced. In order to have the most profitable turbine, each
of these expenses need to be addressed and minimized. Wind turbines are built
offshore to harvest higher and more stable wind speeds. However, production
and construction costs offshore are much higher than onshore. Therefore, the
vast majority of the installed wind power capacity is situated onshore, with
offshore installations accounting for approximately 1.6% of the total wind ca-
pacity. The average growth associated with offshore wind however has been
59% per year recently, WWEA (2011). Offshore turbines are normally placed
in clusters, or wind farms, in order to reduce costs associated with grid con-
nection, construction and maintenance. Unfortunately, by placing turbines in
clusters, wake effects reduce farm production and income. Wake power losses
in a normal farm are in the order of 10 to 20%, Barthelmie et al. (2009). This
can result in a conflict between the desire to minimize costs and the desire to
maximize production income. This seems hard to entirely overcome but can
likely be mitigated. The key point of this work is the investigation of if it is
possible to control the production of the individual turbines in a farm so that
overall efficiency increases. By doing so, a wind farm will produce more in
the same space and become more profitable. The CFD tool EllipSys3D can
be used to model large wind farms in an attempt to address their power loss
problem. In one of the first steps results from performing large-eddy simu-
lations (LES) with an actuator disc (ACD) method representing the turbine
blades are validated using data from on-site measurements. In a following
step the LES/ACD is used to predict the overall production level when using
different power output configurations for individual turbines. This licentiate

3



4 1. INTRODUCTION

work focuses on the validation of the numerical model. It also makes a first
leap into production optimization by manipulating the flow through the farm.
Two additional studies are presented in the thesis. The first is a near wake
analysis behind the MEXICO rotor. In that study a LES is performed using
the actuator line (ACL) method representing the turbine blades. The results
are validated with high quality measurement data. The second study focuses
on the implementation of a power control strategy in connection to the ACD
method.

1.2. Aim of the project

The objective of this project is to evaluate different aerodynamic methods
used for modeling wake flow using CFD. The main emphasis is put on full
farm computations performed as LES using the ACD method. It is a follow
up on the research performed mainly by Ivanell (2009a). The first goal is to
validate the method using the measurement data of the Lillgrund wind farm.
The second goal is to perform simulations in order to determine if it is possible
to increase the power of the farm as a whole by adjusting the production of
the individual turbines. Currently, each turbine in a wind farm maximizes its
own production, and this is not necessarily beneficial for the farm as a whole
from a production point of view nor a fatigue loading point of view. Until
recently no active control system was implemented in the ACD method. In
order to improve the method, a power control strategy is implemented with
the aim of ensuring that realistic conditions are being simulated. The natural
next step in method complexity is to perform similar simulations using the
ACL method which captures more flow physics than the ACD method. The
near wake features generated by the ACL method are analyzed and compared
to measurement data obtained from the MEXICO rotor.

1.3. Earlier work in the field

Wake modeling can be performed by using models with different levels of com-
plexity. The simplest models assume linearly expanding wakes while the most
complex models make use of CFD and state of the art representations of the
rotor blades. For an extensive list of different wake models the reader is referred
to Crespo et al. (1999) and Vermeer et al. (2003).

1.3.1. Wake interaction simulations

In Barthelmie et al. (2009), the power production of the Horns Rev wind farm
is estimated using wake models with different levels of complexity. The differ-
ent estimated values are benchmarked and compared with measured produc-
tion. The results show that the less complex wake models tend to overestimate
the production while the models based on Reynolds averaged Navier-Stokes
(RANS) show the opposite trend. Ammara et al. (2002) analyzed a two-row
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periodic wind farm using RANS simulations combined with an ACD method.
The results showed an acceptable level of accuracy for the park power per-
formance. The LES/ACD method used in the present work has previously
been used by Ivanell et al. (2008), and Ivanell (2009a). The work by Ivanell
et al. (2008) studied a farm of 9 turbines and special attention was paid to
the dependency of the inflow angle of the wind and the impact of a turbulent
inflow. The work of Ivanell (2009a) studied 20 turbines in the Horns Rev wind
farm. By using periodic boundary conditions, an infinitely wide wind farm was
modeled and a good approximation of the layout of the farm, consisting of 80
turbines, was achieved. The results from this work exhibited a good, yet not
perfect, match with the measured data from the farm. Troldborg et al. (2011)
performed simulations (LES/ACL) to study the wake interaction between two
turbines when varying the inflow to mimic laminar, offshore and onshore con-
ditions. Lu & Porté-Agel (2011) performed simulations (LES/ACL) on a very
large wind farm in a stable atmospheric boundary layer.

1.3.2. Single turbine simulations

Réthoré (2009) studied modified versions of the k − ε model associated with
RANS simulations using an ACD method by comparing them with LES and
measurements. This work showed that all of the simulations using the former
model had problems capturing the full wake flow. Generally these simulations
captured either the wake flow near the rotor or the flow further downstream,
depending on the modification of the k − ε model used. Porté-Agel et al.

(2011) studied the velocity and the turbulent statistics after a single turbine
which was parameterized using an ACD method with constant loading (this
method is referred to as ACD-NR), an ACD method which considers turbine-
induced flow rotation (ACD) and an ACL method. The results were compared
to wind tunnel measurements and field measurements where the ACD and ACL
methods yielded good predictions of the studied parameters while the results
of the ACD-NR showed significant deviations from the studied parameters.
Troldborg et al. (2010) performed simulations (LES/ACL) on a single turbine
in uniform inflow conditions. Ivanell et al. (2009b) analyzed the near wake
features behind a single turbine and Ivanell et al. (2010) analyzed the stability
of the tip vortices behind a single turbine.

1.3.3. Power control

The basic theory behind a power control strategy based on generator torque
is described in Burton et al. (2001) and in Hansen et al. (2005). The imple-
mentation of the strategy is described in Jonkman et al. (2009) and in Hansen
(2010). Jonkman et al. (2009) implemented the controller in the FAST code
and Hansen et al. (2005) in the FLEX5 code which are aeroelastic codes for
wind turbine computations based on the blade element momentum (BEM)
method.





CHAPTER 2

Aerodynamic models and wake structure

The first section of this chapter defines the basic definitions of important aero-
dynamic quantities in connection to wind turbine rotors. The second sec-
tion presents classic aerodynamic models. It begins with describing the one-
dimensional momentum theory, from which the Betz limit is derived. The Betz
limit stipulates the highest theoretical ratio between the power production of a
wind turbine and the kinetic power in the wind. The second section continues
by introducing general momentum theory which adds the rotation of the wake
behind the wind turbine. Using this theory, the relationship between the wake
rotation and the break up of the wind over the rotor plane can be deduced.
This relationship is commonly known as the Glauert optimum and is presented
in the chapter’s third section. This chapter serves as an introduction to more
advanced aerodynamic modeling of wind turbines.

2.1. Basic definitions

Reynolds number

The Reynolds number is a dimensionless number and signifies the ratio between
the inertial forces and the viscous forces in a flow,

Re =
uL

ν
(2.1)

where u is the fluid velocity, L is a characteristic length (e.g. chord length or
rotor diameter) and ν is the kinematic viscosity of the fluid.

Tip speed ratio

The tip speed ratio, λ, is a dimensionless number which signifies the ratio
between the rotational velocity at the tip of the blade and the free stream
velocity in front of the rotor. The tip speed ratio is used in the design process
of the turbine blades and therefore plays an important role in wind turbine
aerodynamics. The local speed ratio, λr is defined as,

λr(r) =
Ωr

U0
(2.2)
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8 2. AERODYNAMIC MODELS AND WAKE STRUCTURE

where r is the local radius, U0 is the free stream velocity and Ω is the an-
gular velocity. At r = R, where R is the rotor radius, the tip speed ratio is
consequently,

λ =
ΩR

U0
(2.3)

Induction factors

The axial induction factor, a, defines how the wind velocity breaks up over the
rotor plane,

a =
U0 − udisc

U0
(2.4)

where udisc is the velocity in the axial direction at the rotor plane. The az-
imuthal induction factor, a′, is defined by,

a′ =
uθ
2Ωr

(2.5)

where uθ is the tangential velocity in the wake.

Turbine solidity

The turbine solidity is defined as the ratio between the blade area and the disc
area. The local solidity, σ(r) is defined as,

σ(r) =
Bc(r)

2πr
(2.6)

where B is the number of blades and c(r) is the chord length at position r.
The total solidity is found by integrating the local solidity along the radius.

Thrust and power coefficients

The thrust coefficient, CT , is the ratio between the thrust force, T , and the
dynamic pressure in the wind,

CT =
dT

1
2ρU

2
0 2πrdr

=
T

1
2ρAU

2
0

(2.7)

where ρ is the density of air and A is the rotor disc area. The power coefficient,
CP , is the ratio between the mechanical power of the rotor, P , and the kinetic
energy in the wind,
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CP =
P

1
2ρAU

3
0

(2.8)

Lift and drag coefficients

The lift coefficient, CL , is the ratio between the lift force, L, per unit length
acting on the rotor and the dynamic pressure per unit length,

CL =
L

1
2ρcU

2
rel

(2.9)

where Urel is the relative velocity seen by the blade and c is the blade chord.
The drag coefficient, CD, is the ratio between the drag force, D, per unit length
acting on the rotor and the dynamic pressure per unit length,

CD =
D

1
2ρcU

2
rel

(2.10)

2.2. One-dimensional momentum theory

In the one-dimensional momentum theory for an ideal wind turbine the follow-
ing assumptions are made, Hansen (2010):

• The rotor is a permeable disc.
• The disc is frictionless, i.e., friction drag is neglected.
• There is only flow in the axial direction.
• The flow passing through the disc is separated from the outside flow by
a well defined streamtube.

• The static pressure far upstream of the rotor is assumed to be equal to
the static pressure far downstream of the rotor.

• The flow is considered to be homogenous, incompressible and steady.

Mass is conserved in the streamtube, depicted in Figure 2.1, which gives the
following expression,

ρudiscAdisc = ρu1A1 = ṁ (2.11)

where udisc is the velocity at the disc, Adisc is the swept area of the rotor, u1 is
the far wake velocity, A1 is the circular cross section surface of the streamtube
in the far wake and ṁ is the mass flux inside the streamtube which is constant.
Momentum is conserved in the control volume (CV), and by considering the
momentum entering and leaving the CV and the thrust force, T , exerted by
the turbine on the flow, the following expression is found,
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A
0

A
disc

A
1

U
0 u

1

u
disc

Pressure Pressure

CV

m
side

Figure 2.1. CV and streamtube used
in the one-dimensional momentum the-
ory.

ρU2
0A0 − ρu21A1 − ρU2

0 (A0 −A1)− ṁsideU0 − T = 0 (2.12)

where A0 is the circular cross section surface of the control volume and ṁside

is the mass flux leaving the side of the CV. ṁside can be determined by mass
conservation,

ρU0A0 − ρu1A1 − ρU0(A0 −A1)− ṁside = 0

=⇒ ṁside = ρ(U0 − u1)A1 (2.13)

Equations 2.11, 2.12 and 2.13 give the following expression for T ,

T = ρu1A1(U0 − u1) = ṁ(U0 − u1) (2.14)

Furthermore, the Bernoulli equation can be applied far upstream of the rotor
to just in front of the rotor and from just behind the rotor to far downstream
of the rotor to obtain the following expression,

p0 +
1

2
ρU2

0 = pdisc,before +
1

2
ρu2disc,before (2.15)
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pdisc,behind +
1

2
ρu2disc,behind = p0 +

1

2
ρu21 (2.16)

Assuming that,

udisc,before ≈ udisc,behind = udisc (2.17)

and defining the pressure jump over the rotor disc, ∆p,

∆p = pdisc,before − pdisc,behind (2.18)

yields,

∆p =
1

2
ρ(U2

0 − u21) (2.19)

As T = ∆pAdisc, an additional expression of the thrust force is found,

T =
1

2
ρ(U2

0 − u21)Adisc (2.20)

Combining Equations 2.11, 2.14 and 2.20 yields,

udisc =
1

2
(U0 + u1) (2.21)

It can be seen that that the axial velocity at the disc, Equation 2.21, is the
mean of the far upstream and the far downstream velocities. At this stage the
axial induction factor, a, is introduced,

a =
U0 − udisc

U0
(2.22)

Equation 2.22 can be rewritten as,

udisc = U0(1− a) (2.23)

Combining Equations 2.21 and 2.23 yields,

u1 = U0(1− 2a) (2.24)

The power, P , is equal to the thrust times the velocity at the disc, which when
combined with Equation 2.20 gives,
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P = Tudisc =
1

2
ρ(U2

0 − u21)Adiscudisc (2.25)

Equation 2.25 is rewritten as a function of U0 and a and by combining it with
Equations 2.23 and 2.24 the following expression is yielded,

P =
1

2
ρAdiscU

3
0 4a(1− a)2 (2.26)

which simplifies to the following expression for CP ,

CP =
P

1
2ρAU

3
0

= 4a(1− a)2 (2.27)

Differentiating Equation 2.27 with respect to a and setting it to zero gives
CP,max =

16
27 for a =

1
3 . CP,max is referred to as the Betz limit which stipulates

the maximum amount of the kinetic energy in the wind that can be converted
to rotational energy by the ideal wind turbine. Similarly, an expression of CT

is found,

CT =
T

1
2ρAU

2
0

= 4a(1− a) (2.28)

Differentiating Equation 2.28 with respect to a and setting it to zero, gives a
CT,max = 1 for a = 1

2 . CP and CT are plotted as function of a in Figure 2.2.
The momentum theory breaks down for high values of a. The upper limit of a
is from experiments found to be in the order of 0.4, Hansen (2010).

2.3. General momentum theory

As stated in the previous section, the one-dimensional momentum theory does
not take into account wake rotation. When the flow passes through the ro-
tating blades, the blades will exert a force on the flow in the rotational, i.e.,
azimuthal, direction. In order to balance this force, according to Newton’s
third law of motion, the flow will exert a force on the blades in the opposite
azimuthal direction. The wake will therefore rotate in the opposite direction
of the blades to fulfill the balance of forces. As the blades are influenced by a
force in the counter-rotational direction, the wake rotation inevitability leads
to a decrease in power performance. As will be seen in the end of this section,
power performance is dependent on the tip speed ratio. For more information
the reader is referred to Hansen (2010).

If an infinitesimal control volume of thickness dr of the rotor is considered,
the power, dP , can be described using,
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Figure 2.2. CP and CT as functions of a using one-
dimensional momentum theory for an ideal wind turbine.

dP = dMΩ (2.29)

where dM is defined by,

dM = dṁuθr = 2πρudiscuθr
2dr (2.30)

Consequently, combining Equations 2.5, 2.23, 2.29 and 2.30 yields,

dP = 4πρΩ2U0(1− a)a′r3dr (2.31)

By integrating Equation 2.31 along the radius the total power is determined,

P = 4πρΩ2U0

∫ R

0

(1− a)a′r3dr (2.32)

The power coefficient becomes,

CP =
4πρΩ2U0

∫ R

0
(1− a)a′r3dr

1
2ρπR

2U3
0

=
8Ω2

R2U2
0

∫ R

0

(1− a)a′r3dr (2.33)

Equation 2.33 can be rewritten using the definition of the tip speed ratio, λ,
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CP =
8

λ2

∫ λ

0

(1− a)a′λ3rdλr (2.34)

Therefore, in order to maximize the power, the following relationship needs to
be maximized,

f(a, a′) = (1− a)a′ (2.35)

For conditions below stall, a and a′ are not independent. From the geometry
in Figure 2.3a, the following expression of the flow angle, φ, can be found,

tan(ϕ) =
(1− a)U0

(1 + a′)Ωr
(2.36)

FN

Urel

FL
qp

j

j

a

U (1-a)0

r(1+a´)W

P
lan

e o
f

R
o

tatio
n

Axial Wind Direction

C
hord

Line

FD

FT

a

j

Wra’
j

U a
0

U
0

F
L

WrU
rel

b
w

Figure 2.3. Forces, velocities and angles associated with a
turbine blade.

Furthermore, since the reacting force on the blade according to potential flow
theory is perpendicular to the local relative velocity seen by the blade, and
since the total induced velocity, w, is parallel to the reacting force, a second
expression for the flow angle is found using the geometry in Figure 2.3b,

tan(ϕ) =
a′Ωr

aU0
(2.37)
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Combining Equations 2.36 and 2.37, yields the following relationship between
a and a′,

a(1− a) = λ2ra
′(1 + a′) (2.38)

Differentiating f with respect to a and setting it equal to zero yields,

df

da
= (1− a)da

′

da
− a′ = 0 (2.39)

Differentiating Equation 2.38 with respect to a yields,

1− 2a = λ2r(1 + 2a′)
da′

da
(2.40)

By combining Equations 2.38, 2.39 with 2.40, the following relation between a
and a′ is found,

a′ =
1− 3a

4a− 1
(2.41)

Equation 2.41 is known as the Glauert optimum. Figure 2.4 depicts how CP

depends on λ for an ideal wind turbine with wake rotation. In the same figure
the Betz limit is plotted for comparison purposes. It is evident that for low
values of λ the wake rotation reduces the CP . As λ increases the CP goes
asymptotically towards the Betz limit.
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Figure 2.4. CP as function of λ using momentum theory for
an ideal wind turbine with wake rotation.
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2.4. Wind turbine wakes

The wake behind a wind turbine is divided into the near wake region and the
far wake region. The near wake is the region close to the rotor where the wake
features are directly linked to the rotor geometry and aerodynamics as well as
to the inflow conditions. The initial condition of the near wake is therefore
set by the rotor and the incoming wind. The near wake is characterized by
a helical tip vortex structure where a three-bladed turbine induces three tip
vortex spirals, one from each blade. The circulation of these spirals is linked
to the bound circulation of the blade which, in turn, is linked to the lift force
acting on the blade. Ideally, the initial condition of the far wake is set by the
outflow of the near wake, thus the influence of the rotor is less important in
the former. The far wake is more influenced by the surrounding environment,
such as wakes from other turbines and the topography, Vermeer et al. (2003).

When performing numerical computations of the wake flow the near and
far wake assumptions need to be addressed. If the near wake behavior of the
wake is studied, the rotor model is of importance. For far wake studies, e.g.
wake interaction, the rotor model is less important. In this work, the actuator
line (ACL) method, Sørensen & Shen (2002), is used for near wake analysis,
while the less complex, and thus less computationally demanding, actuator disc
(ACD) method, Mikkelsen (2003), is used for far wake studies. Wakes from the
different methods are shown in Figure 2.5. For further information on the
different methods, the reader is referred to section 3.2.

Figure 2.5. Near wake generated by the ACL method,
in which downstream distance is plotted on iso-contours
of vorticity (left) (reproduced with courtesy of S.
Ivanell) and (far) wake interaction generated by the
ACD method, in which streamwise velocity is plotted
on iso-contours of vorticity (right).



CHAPTER 3

Numerical methods

In this chapter the numerical methods used in this work are described. The
chapter first describes the BEM method which in this work has been used
for initial testing of a airfoil performance and for the power control strategy
study, see Chapter 6. It continues by describing the ACD and ACL methods
which have been used in the farm simulation study, see Chapter 4, and in
the near wake simulation study, see Chapter 5, respectively. It concludes by
briefly describing the flow solver used in combination with the ACD and ACL
methods.

3.1. Blade element momentum method

The BEM method couples the momentum theory with the local events oc-
curring at the blades. Thus, it takes into account rotor blade geometry and
number of blades and combines it with momentum theory to compute e.g.
loads, thrust and power for different settings of the turbine and the incoming
wind. Furthermore, the streamtube used in the one-dimensional momentum
theory is divided into a number of annular elements with a width of dr. The
following assumptions on the annular elements are made:

• There is no radial dependency, i.e., elements are treated separately and
the effects at one element cannot be felt by neighboring elements.

• The force is constant throughout the entire element which corresponds
to a rotor with an infinite number of blades.

In order to correct the BEM method for a finite number of blades, Prandtls
tip loss correction is used. The method must be corrected to be able to com-
pute high values of a, i.e., when a > 0.4. The BEM method is iterative and
the convergence criteria is posed on a and a′. The solution procedure for the
BEM method is presented below, according to Hansen (2010) with some mod-
ifications:

1. a and a′ are initialized. Hansen (2010) suggests setting a = a′ = 0
initially. However, after convergence a should be in the order of 1/3
and a′ should be small. So, to speed up the convergence a can be
initially set to 1/3 while a′ is set to 0.

2. The flow angle, ϕ, is computed using Equation 2.36.

17
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3. The local angle of attack, α, is computed using,

α = ϕ− φ− θP (3.1)

where φ is the twist and θP is the pitch angle of the blade.
4. CL(α) and CD(α) are determined from tabulated data using the previ-

ously calculated α.
5. The normal force coefficient, Cn, and the tangential force coefficient,
Ct, are computed using the following equations,

Cn =
pN

1
2ρU

2
relc

= CLcos(ϕ) + CDsin(ϕ) (3.2)

Ct =
pT

1
2ρU

2
relc

= CLsin(ϕ)− CDcos(ϕ) (3.3)

where pT and pN are the normal and tangential forces per unit length
per blade.

6. a and a′ are recalculated according to the following procedure:

Combining Equations 2.7 and 2.28 and applying the Prandtls tip cor-
rection factor, F , yields,

dT = 4πrρU2
0 a(1− a)Fdr (3.4)

where,

F =
2

π
cos−1(e−f ) (3.5)

and where,

f =
B

2

R− r
rsin(ϕ)

(3.6)

Combining Equations 2.5, 2.23 and 2.30 and applying F yields,

dM = 4πr3ρU0Ωa
′(1− a)Fdr (3.7)

Equations 3.4 and 3.7 can also be written as,

dT = BpNdr (3.8)

dM = rBpT dr (3.9)
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Geometrically, from Figure 2.3, the following expressions can be de-
duced,

sin(ϕ) =
U0(1− a)
Urel

(3.10)

cos(ϕ) =
Ωr(1 + a′)

Urel
(3.11)

By combining Equations 2.6, 3.7, 3.9, 3.10 and 3.11 the following ex-
pression for a′ is found,

a′ =
1

4Fsin(ϕ)cos(ϕ)
σCt

− 1
(3.12)

The method needs to be corrected for high values of a which is done
with the following procedure:

If a > 0.4 the method introduced by Buhl (2005), which corrects CT for
high values of a, can be used,

CT =
8

9
+

(

4F − 40

9

)

a+

(

50

9
− 4F

)

a2 (3.13)

By combining Equations 2.6, 2.7, 3.2, 3.8 and 3.10, CT can also be
written as,

CT =
(1− a)2σCn

sin2(ϕ)
(3.14)

a can now be recalculated by combining Equations 3.13 and 3.14.

If a < 0.4:

By combining Equations 2.6, 3.4, 3.8 and 3.10 the following expression
for a is found,

a =
1

4Fsin2(ϕ)
σCn

+ 1
(3.15)

7. Steps 2-6 are iterated until the changes of a and a′ are smaller than the
initially set convergence criteria.

8. When the process has converged, local loads can be computed,

pT = Air +Bi (3.16)
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where,

Ai =
pT,i+1 − pT,i

ri+1 − ri
(3.17)

Bi =
pT,iri+1 − pT,i+1ri

ri+1 − ri
(3.18)

The total shaft torque, M , can be computed from,

M = B
N−1
∑

i=1

(

1

3
Ai(r

3
i+1 − r3i ) +

1

2
Bi(r

2
i+1 − r2i )

)

(3.19)

The total shaft power can be computed using,

P = ΩM (3.20)

3.2. Actuator disc and line methods

The idea behind the BEM method is adapted in the ACD and ACL methods in
which airfoild data and blade geometry are used to represent the blades. In the
BEM method velocities at the rotor disc plane are computed using momentum
theory. In the ACD/ACL computations, these are determined directly by the
flow solver. By using the ACD/ACL methods, the boundary layer of the blade
does not need to be resolved. In the ACD method, Mikkelsen (2003), the rotor
is modeled as a disc. The velocities at the disc are computed by the flow solver
in the global Cartesian grid. These velocities are being interpolated to a local
polar grid representing the rotor as shown schematically in Figure 3.1.

Figure 3.1. Local and global grids used in the ACD method.
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The rotor is initially given a rotational velocity. However, the disc itself does not
rotate, the rotational velocity is just a parameter used in the determination of
the body forces. The local angle of attack is determined by the local flow angle,
the twist and possible pitch of the blades. The forces acting on the disc are
computed on the local polar grid by using the local angle of attack. In a last step
the forces are interpolated back to the global Cartesian grid. It is emphasized
that the disc, when using in the ACD method, is not necessarily axisymmetric
since the forces are computed using the local velocities determined for each grid
point of the rotor disc. In the ACL method, Sørensen & Shen (2002), the rotor
is modeled using force distribution along three lines representing the blades.
In this case the rotor does rotate with a given velocity. The general procedure
to determine the body forces is the same for both methods. The ACL method
requires a higher grid resolution and a much smaller time step compared to the
ACD method. Thus, the ACL method is much more computationally expensive
compared to the ACD method. The ACL method is therefore restricted, in
our case, to perform simulations on a small number of wind turbines due to
constraints in computational time and power. The ACD method is used for
farm simulations. In both methods, the rotor is modeled using body forces
computed with tabulated airfoil data, CL and CD as functions of the local
angle of attack and the Reynolds number, and by using the geometry of the
blades according to,

(L,D) =
1

2
ρU2

relcB(CLeL, CDeD) (3.21)

The total force per unit length is written as the vector addition,

F = L+D (3.22)

3.2.1. Applying the forces

If looking at the ACD method and a small area of differential size dA = rdrdθ,
using cylindrical coordinates the load applied in this area is found by,

f =
dF

rdrdθ
(3.23)

The resulting volume force is found by differentiating f with respect to z,

f ′ =
f

dz
(3.24)

The forces are distributed using a one-dimensional Gaussian approach to avoid
singular behavior. The distribution is performed in two steps. First the forces
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are distributed radially for every azimuthal position by taking the convolution
of f ′ and a regularization kernel,

f ′ǫr = f ′ ∗ ηǫr (3.25)

Generally, the regularization kernel can be written as,

ηǫ(p) =
1

ǫ
√
π
e−(p/ǫ)2 (3.26)

where ǫ is a constant which adjusts the concentration of the of the distribution
of the loads. The distributed force, f ′ǫr , is then computed by,

f ′ǫr (r, θ) =

∫

∞

−∞

f ′(r′, θ)

ǫr
√
π
e

r−r
′

ǫr ds (3.27)

where r′ is the radial position of dA and s denotes the radial direction. f ′ǫr
is in the second step distributed in the disc normal direction by taking the
convolution,

f ′ǫn = f ′ǫr ∗ ηǫn (3.28)

which becomes,

f ′ǫn(r, θ, z) =

∫

∞

−∞

f ′ǫr (r, θ)

ǫn
√
π
e

d

ǫn dn (3.29)

where d is the distance between cell centered grid points and the rotor in the
normal direction n.

The forces are applied in a similar way in the ACL method but along lines
instead of over a disc. In order to be concise, this procedure is not explained
here. The reader is referred to Mikkelsen (2003) and Ivanell (2009a) for more
information.

3.3. Flow solver

The ACD and ACL simulations are performed with the EllipSys3D code devel-
oped at DTU / Risø. The EllipSys3D code is a general purpose 3D solver and
was originally developed by Michelsen (1992)(1994) and Sørensen (1995). The
code is based on a finite volume discretization of the Navier-Stokes equations
in general curvilinear coordinates and is parallelized using a message passing
interface (MPI). Using the coordinate directions (x1, x2, x3), the Navier-Stokes
equations are given by,
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∂ũi
∂t

+
∂ũiũj
∂xj

= −1
ρ

∂p̃

∂xi
+

∂

∂xj

[

(ν + νt)

(

∂ũi
∂xj

+
∂ũj
∂xi

)]

+ fbody,i (3.30)

and,

∂ũi
∂xi

= 0 (3.31)

where ũi is the filtered velocity vector, p̃ is the pressure, t is time, ρ is the density
of air, fbody,i are body forces, ν is the kinematic viscosity and νt is the eddy vis-
cosity that is modeled using the mixed sub-grid scale (SGS) model, developed
by Ta Phouc (1994). The computations are carried out as LES. With the LES
technique large eddies are resolved explicitly and eddies smaller than a certain
filter size are modeled by the SGS model. For more information about the LES
technique and the SGS model, the reader is referred to Sagaut (2006), and to
Ta Phouc (1994). The code is formulated in primitive variables, i.e., pressure
and velocity, in a collocated storage arrangement. The numerical method uses
a blend of a third order Quadratic Upwind Interpolation for Convective Kine-
matics (QUICK) scheme (10%) and a fourth order Central Differences Scheme
(CDS) (90%) for the convective terms, while it uses a second order CDS for
the remaining terms. The usage of the blend is a compromise between avoiding
non-physical numerical wiggles and limiting numerical diffusion. The pressure
correction equation is based on the Semi-Implicit Method for Pressure-Linked
Equations (SIMPLE) algorithm. For more information about the EllipSys3D
code the reader is referred to Michelsen (1992)(1994) and Sørensen (1995).





CHAPTER 4

Farm simulations using LES/ACD

In this chapter, the setup and brief results are presented for the study performed
with LES/ACD. The offshore Lillgrund wind farm between Sweden and Den-
mark is the subject of the study. The farm consists of 48 wind turbines, and
the layout is depicted in Figure 4.1. The farm is very dense, with internal
turbine spacings as small as 6.6R, where R is the rotor radius. As a result, the
farm performance is generally poor. From a wake interaction point of view, the
farm is extremely interesting. The farm production is analyzed numerically,
using LES/ACD, and validated with measurements. The main objective with
this study is to determine how well the model predicts the production of the
farm and how this is dependent on the level of imposed turbulence intensity
(TI) at the inlet. For this purpose, the production statistics from the compu-
tations are compared with the production from the real turbines. The study
also includes a review of how the farm production is affected by derating the
front row turbines. An evaluation of grid sensitivity is also done.
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Figure 4.1. Layout of the Lillgrund wind farm.
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4.1. Experimental setup

The actual turbines in the Lillgrund wind farm are the Siemens SWT93-
2.3MW. The geometry and the airfoil data for this turbine are not available
for this work. Instead, a downscaled version of the conceptual NREL 5MW
turbine is used, see Jonkman et al. (2009), to correspond to a 2.3MW turbine.
The thrust coefficient and power curves for the actual and modeled turbines
are compared and found to be reasonably close to each other. The turbine has
a radius of 46.5m and operates at a tip speed ratio of around 8 for conditions
below rated power. In this study, no active control of the turbines is used. Due
to the quality of the available measurement data, the atmospheric conditions
are assumed to be neutral. The impact on the power deficit of downstream tur-
bines due to the type of atmospheric stability was analyzed in-depth by Hansen
et al. (2012) at the Horns Rev wind farm. One of the main conclusions drawn
in that work is that neutral and unstable boundary layers are associated with
smaller power deficits than stable boundary layers. Based on the simulation re-
sults, the power production of each wind turbine in the farm is determined and
compared to measurement data. The wind sectors of 120± 2.5o and 220± 2.5o
and the wind speed interval of 8± 0.5m/s are analyzed.

4.2. Numerical setup

4.2.1. Grid and boundary conditions

The grid used in this study, i.e., the reference grid, has a resolution in the inner
equidistant region of 0.1R. This value is based on experience from previous
studies, see Ivanell (2009a). In order to study the numerical error resulting
from this resolution, simulations are performed using four other grids, where
one is coarser, one is finer, one is higher and one is wider than the reference grid.
To distinguish between the different grids, they are referred to as fine, reference,
coarse, high and wide, respectively. The characteristics of the differerent grids
are shown in Table. 1. All grids are stretched at the inlet, towards the lateral
boundaries and towards the top, but are equidistant in the inner region all
the way down to the outlet. This is the region of interest where all turbines
are placed and where the wake calculations are performed. The boundary
conditions are no-slip wall at the bottom, cyclic at the lateral boundaries and
convective at the outlet. Dirichlet conditions are employed for velocities and
pressure at the inlet and a constant streamwise velocity component is applied
at the upper boundary of the domain.

4.2.2. Atmospheric boundary layer

In order to save computational time, a prescribed atmospheric boundary layer
is imposed in the domain, by a method introduced by Mikkelsen et al. (2007).
Thus, the wind profile, defined by Equation 4.1, is preserved in the entire com-
putational domain in a pre-step to the turbine simulations. This is performed
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Name Fine Reference Coarse High Wide

Res [R] 1/15 1/10 2/15 1/10 1/10

Size [R3] 88× 84× 20 88× 84× 20 88× 84× 20 88× 84× 40 112× 108× 20

Size eq [R3] 75× 74× 5 75× 74× 5 75× 74× 5 75× 74× 5 100× 99× 5

Blocks 144 144 144 512 256

Block size 963 643 483 483 643

Points 127.4M 37.7M 15.9M 56.6M 67.1M

Table 1. The definitions of the various grids used in the grid
study. Res is the resolution of the equidistant region, normal-
ized with the rotor radius R, Size is the total size of the grid,
Size eq is the size of the equidistant region, Blocks is the num-
ber of blocks used in the grid, Block size is the number of cells
in each block, and Points is the total number of grid points.

by initially applying small momentum sources everywhere in the domain, thr-
ough a steady simulation followed by an unsteady simulation. The reason for
performing the unsteady step is to ensure there is a time dependent solution
before performing the time dependent turbine simulations. c1 and c2 are pa-
rameters defining the profile from the sea level to the height ∆. The wind shear
exponent, α, is set equal to 0.11 for all simulation cases and ∆ is set equal to
0.4R.

w(y) =

{

U0(c2y
2 + c1y) y ≤ ∆

U0

(

y
hhub

)α

y > ∆
(4.1)

where y is in the vertical direction and hhub is the hub height of the wind tur-
bine. The turbulence associated with the atmospheric boundary layer is pre-
generated using the Mann model, Mann (1994)(1998). By adjusting the rough-
ness length in the Mann model, a desired TI level can be achieved. The turbu-
lent field computed by the Mann model is homogenous, Gaussian, anisotropic,
and has the same second order statistics as the atmosphere. For more informa-
tion about the Mann model the reader is referred to Mann (1994)(1998). The
pre-generated turbulence is imported to the LES in a series of planes intro-
duced with body forces according to a method introduced by Troldborg et al.

(2007). The body forces, f ′, can be expressed as, Ivanell (2009a),

f ′ = ṁu′m + ρǫ
∂u′m
∂t

(4.2)

where u′m is the velocity fluctuations computed by the Mann model and ǫ is a
parameter serving to smear the forces in a one-dimensional manner perpendicu-
lar to the planes. These forces are applied and distributed in a one-dimensional
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Gaussian manner, similar to the body forces method associated with the ACD
method, see section 3.2. The planes are placed within the equidistant region
upstream of the turbines and are convected downstream by the flow solver.
Earlier studies by Smedman et al. (1991) have shown that TI measured by
a cup anemometer is to a very large extent valid only in the horizontal flow
direction. Therefore, the TI is determined only by considering the streamwise
component of the fluctuations. However, all three components are used in the
computations. Equation 4.3 provides the definition of turbulence intensity,

TI =
u′

U0
(4.3)

where u′ is the standard deviation of the streamwise velocity. Since there is
no reliable information about the atmospheric conditions during the analyzed
time period, i.e, during operation, a TI sensitivity study is performed. Table 2
shows the different TI levels used in the study. The aim with the study is to
see to what extent the different levels of turbulence affect the farm production.

Name No Low Medium High

TI [%] 0 5 7 10

Table 2. Turbulence intensity levels used in the study.

4.2.3. Time step and time averaging

The size of the computational time step, ∆t, is chosen in order to fulfill the
CFL condition. For the ACD simulations, ∆t is defined using the streamwise
velocity according to,

U∆t

∆x
< 1 (4.4)

where U is the velocity and ∆x is the grid resolution of the inner equidistant
region. In computational space U0 = 1 and if assuming that U = U0, the time
step is required to be smaller than the grid resolution. However, locally, the
velocity can exceed U0, and ∆t is chosen conservatively according to,

∆t = 0.25∆x (4.5)

The physical time step, ∆tph, is related to the computational time step, ∆tcp,
according to,
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∆tph = ∆tcp
R

U0
(4.6)

When determining the power production, the averaging is made over a time
interval of 10 physical minutes. This corresponds to the average interval of the
measured production data. The time steps and the time average intervals used
in the study are presented in Table 3.

Name Fine Reference Coarse High Wide

Time step [scp] 0.017 0.025 0.033 0.025 0.025
Averaging interval 6080 4130 3130 4130 4130

Table 3. Time steps and the averaging intervals for the dif-
ferent grids.

4.3. Results

When comparing the results from the various grids the differences are generally
small. As a consequence, the reference grid is used for all further analysis, due
to restrictions in available computational time. Figure 4.2 shows the results
from the TI sensitivity study. To be concise only Rows B and E are shown
as the same trends are obtained for all rows. It is seen that it is of high
importance to impose turbulence at the inlet, otherwise the turbines in rows 2
and 3 show unrealistically low values of the production. It is also noted that
the imposed turbulence is of greatest importance for the three front rows, after
which the turbulence generated by the turbines is found to be more dominant.
However, the production of all turbines in row 2 and further downstream, with
some exceptions, is observed to increase slightly when the TI is increased. This
increase is expected due to the greater mixing of the boundary layer which is
associated with higher turbulence levels.

Figure 4.3 shows the comparison between simulations and experiments for
turbines in Rows B and E for the 120o case using a TI level of 7%. There
is a discrepancy for all turbines in the second row and there is also a small
difference behind the recovery gap. In general the agreement between computed
and measured data is excellent. Figure 4.4 depicts the comparison between
measurements and computations for the different turbines in Rows 2 and 5
for the 220o case using a TI level of 7%. In this case, the power production is
slightly overestimated in the computations compared to the measurements, but
the general trends are well captured. The reason there is a poorer estimation in
the 220o case than in the 120o case is believed to be partly due to an increased
numerical dissipation since the turbine spacing is larger. Furthermore, the
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mixing of the boundary layer, and thus the wake recovery, depends on the
type of atmospheric stability, see Hansen et al. (2012). A possible, but yet not
confirmed, reason for having a better representation of the power production
in the 120o case is that it, to a large extent, satisfies the neutral boundary layer
assumption. Another source of error is the level of the atmospheric turbulence
used in the computations. As the level of TI is unknown during the analyzed
time period, the TI used might be overestimated. A lower TI would improve
the results slightly. These hypotheses cannot be verified further due to the
quality of the measurement data.

The model is used in a first, very simple, optimization case. The turbines
in the front row are derated by pitching the blades so less energy is extracted by
the front row and more kinetic energy is available for the downstream turbines.
As seen in Figure 4.5, again showing only the results from Rows B and E, the
production is normalized with the median production of the front row turbines
in the 0o case and there is a production reduction for all turbines in Row 1.
This reduction is dependent of the level of pitch. Furthermore, as expected,
there is a production increase for all the turbines in Row 2. This increase is
dependent of the pitch angle of the front row turbines. For the remaining rows
of turbines, there are very small differences between the reference case and
the pitched cases. This is believed to be due to the mixing of the boundary
layer. The production losses in the front row turbines are in this case greater
than the production gains in the second row for all pitch angles. However, the
loss in farm production should be weighed against a possible increase in the
downstream turbines lifetimes from decreased fatigue loads.

0 5 10 15 20 25 30 35 40 45 50
0

0.2

0.4

0.6

0.8

1

Downstream position, z/R [-]

R
e

la
ti
v
e

 p
o

w
e

r,
 P

/P
m

d
[-

]

No

Low

Medium

High

Row E

0 5 10 15 20 25 30 35 40 45 50
0

0.2

0.4

0.6

0.8

1

Downstream position, z/R [-]

R
e

la
ti
v
e

 p
o

w
e

r,
 P

/P
m

d
[-

]

No

Low

Medium

High

Row B

Figure 4.2. Sensitivity of the level of the imposed turbulence
for turbines in Rows B and E. The production is normalized
with the median production of the front row turbines.
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Figure 4.3. Computations compared with measurements for
the inflow angle sector of 120±2.5 deg and U0 = 8 m/s (Rows
B & E). The production is normalized with the median pro-
duction of the front row turbines.
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Figure 4.4. Computations compared with measurements for
the inflow angle sector of 220±2.5 deg and U0 = 8 m/s (Rows
2 & 5). The production is normalized with the median pro-
duction of the front row turbines.
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Figure 4.5. The effect on the production for turbines in Rows
B and E by varying the pitch angle of the turbines in Row 1.
The production is normalized with the median production of
the front row turbines.



CHAPTER 5

Near wake analysis using LES/ACL

In this chapter, the setup and brief results are presented for the study per-
formed with LES/ACL. The study is based on analysis of the near wake of
the MEXICO rotor. The IEA Wind Task 29, also known as the MexNext An-
nex, is set to analyze high quality measurement data extracted from the Large
scale Low speed Facility, LLF, of the German Dutch Wind Tunnel, DNW. The
measurements were performed in the MEXICO project which was funded by
the European Commission. The results from the measurements on the model
turbine are presented as load and pressure data combined with Particle Image
Velocimetry (PIV) measurements. The analysis of the measured data was per-
formed within the MexNext Annex which which is comprised of participants
from 11 countries and is a part of the International Energy Agency’s wind
section. The aim with the MEXICO project/MexNext Annex is to increase
the understanding of rotor aerodynamics, wake flow and to validate simulation
codes.

The ACL method has been largely exploited in the past decade to compute
wakes and wake interaction between wind turbines as well as to make perfor-
mance predictions of wind farms. The basic features of the model, however,
have not yet been validated in detail. The main objective of this study is to
validate the capability of the ACL method to compute vortex structures in the
near wake behind the MEXICO experimental wind turbine rotor.

5.1. Experimental setup

The MEXICO rotor has three blades, each with a length of 2.01 m. Its total
rotor radius is 2.25 m. The blade is designed for a tip speed ratio λ = 6.7.
In order to aim for a constant angle of attack, α, along the rotor blade for
the designed condition, the blade is twisted. Table 1 shows the different flow
situations which are analyzed in this study. Here, U0 is the free stream velocity,
λ is the tip speed ratio and ψ is the yaw angle of the rotor. The rotational
velocity at the tip and the pitch angle are kept constant at 100m/s and −2.3o,
respectively, for all flow cases.

The experimental part of this study is based on data extracted by the
PIV measurement technique. For each tip vortex core in the wake, 100 pairs
of PIV snapshots of the flow field are taken. The phase-averaged flowfield
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U0 [m/s] λ [-] ψ [◦]
10 10 0
15 6.7 0, -30, 30
24 4.2 0

Table 1. Flow cases.

of these snapshots is then used in the analysis. Using phase-averaging it is
ensured that each tip vortex core is fixed in both time and space. Each PIV
photo is taken at an azimuthal angle of 270o where the positive azimuthal
direction is in the clockwise direction and the angle of 0o corresponds to the
blade pointing upwards. Each photo is phase-synchronized, meaning that the
photo is triggered when a certain blade passes a certain azimuthal position. The
PIV equipment can be moved both in the axial and in the radial directions in
order to capture both wake expansion and a certain number of tip vortices.
The physical limitations of the PIV equipment however limit the number of
captured vortex cores to 5-8 depending on the flow case.

5.2. Numerical setup

When operating the rotor in axial flow conditions, the Navier-Stokes equations
are solved in cylindrical coordinates. In order to reduce the computational cost,
only 1/3 of the azimuth domain is considered, with periodic boundary condi-
tions employed at the edges in the azimuth direction. A cylindrical domain of
[0, 15R]×[0, 2π/3]×[−12.7R, 14.3R] is discretized using a grid of 288×192×384
grid points, corresponding to a total of 21.2 million points, with the finest cell
size of R/80. The grid is stretched from the blade to the inlet, far field and
outlet boundaries. The region of interest, the wake region, is equidistant. For
the cases when the MEXICO rotor operates in yaw, the flow is not axisym-
metric and the Navier-Stokes equations are solved in Cartesian coordinates.
A Cartesian grid of 11.8 millions grid points is used for a physical domain of
[−16R, 16R]× [−16R, 16R]× [−16R, 16R] with the finest cell size of R/30. The
grid is stretched from the blade to the inlet, far field and outlet boundaries.
The wake region is equidistant. The time-step is chosen to be 10−3R/U∞ and
each case involves computations of between 20000− 30000 time steps.

5.3. Near wake analysis

Each PIV sheet contains a 2-dimensional matrix with information about po-
sition, (z, x) and corresponding velocities, (w, u), where z refers to the axial
direction and x the radial direction. This convention is chosen in order to be
consistent with the simulations. With this information, velocity gradients in
the flow direction and in the radial direction can be computed. In this study
the λ2 criterion, Jeong & Hussain (1995), is used to detect vortex cores and
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to determine some of their characteristics. Vorticity, ω, is used to determined
vortex core circulation. Generally, these criteria are derived for treating full 3-
dimensional flow fields. In the present case, however, there is information about
all three velocity components but only within a plane. As an approximation,
the various techniques are therefore employed as if the flow was 2-dimensional.
As suggested by Wall & Richard (2006) the following definition of λ2 is used
for the 2-dimensional case,

λ2 =

(

∂u
∂x

)2
+

(

∂w
∂z

)2

2
+
∂w

∂x

∂u

∂z
< 0 (5.1)

The vorticty normal to the PIV plane is defined as,

ω =

(

∂u

∂z
− ∂w

∂x

)

(5.2)

The circulation of the tip vortices is determined using two different methods,
M1 and M2, and the different methods are employed to suit the quality of the
simulation/measurement data. M1, is based directly on the vorticity ω,

Γ =

∫

A

ωdA =
∑

i

∆ωiAi (5.3)

where i is the index referring to the grid points inside the vortex core, ∆ωi is
the vorticity associated to grid point i and Ai is the area of one grid cell. In
M2 it is exploited that the circulation can be written as,

Γ =

∮

~v · ds (5.4)

Since the cores of the tip vortices in a plane are more or less located along a
line, the circulation is computed using the following algorithm,

Γ = [uRc+∆ − uRc−∆] l (5.5)

where l is the distance between the midpoint of two consecutive vortex cores to
the midpoint of the next pair of consecutive vortex cores, Rc is the radius from
the rotor center line to the center point of the vortex core, ∆ is a horizontal
distance in the order of a core radius, and u is the average velocity along the
line connecting the midpoint of two consecutive vortex cores to the midpoint of
the next pair of consecutive vortex cores. Method M2 is shown schematically
in Figure 5.1.
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Figure 5.1. Definitions of the differ-
ent parameters used in method M2.

The bound circulation on the rotor blade, Γ = Γ(r), is determined by the
Kutta-Joukowski lift theorem, adapted to a rotating frame of reference,

Γ =
FL

ρUrel
(5.6)

where FL is the local lift force, ρ is the density of the fluid and Urel is the
relative velocity, which is defined as,

Urel =
√

(U0(1− a))2 + (Ωr(1 + a′))2 (5.7)

where a is determined by using the axial velocity, U , determined in the last
PIV window and by assuming that the far wake relation, based on momentum
theory, Equation 2.24, is fulfilled in this position. a′ is determined by assuming
that the total induced velocity is parallel to the lift force, and using Equations
2.36 and 2.37.

5.4. Results

The radii of the tip vortices in the different cases are meaured and the results,
depicted in Figure 5.2, show that the simulations are generating larger tip
vortex cores than the measurements which is due to the coarse grid used in the
simulations. However the circulation values obtained from the simulations are
in the same order as in the measurements as shown in Figure 5.3. It is also
shown that the results obtained from using methods M1 and M2 are close to one
another. The bound circulation, depicted in Figure 5.4, is in good agreement
for when λ = 6.7 and λ = 10. For the case when λ = 4.2 the rotor is believed
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to be operating under stalled conditions, which the simulations seem to have
difficulty capturing.
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Figure 5.2. a) Vortex core radius normalized
with the rotor radius for the measurement cases.
b) Vortex core radius normalized with the rotor
radius for the simulation cases. All vortices are
identified with the λ2 criterion.

Figure 5.5 shows the spatial wake expansion and trajectory for the differ-
ent flow cases. The expansion is well captured for all flow cases apart from
the last part of the λ = 10 curve, where tunnel effects restrict the expansion
in the measurement case. This restriction is not captured in the simulation.
The measurements/computations are also performed when the turbine oper-
ates with two different yaw angles. In these cases, the spatial wake expansions
and trajectories are also well captured in the computations compared to the
measurements, as shown in Figure 5.6. The upper trajectory shows the results
using −30o yaw and the lower +30o yaw.
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CHAPTER 6

Power control strategy

In this chapter a power control strategy is defined, tested and implemented
in EllipSys3D. When running simulations of variable speed turbines, a power
controller needs to be implemented in order to ensure that the turbines are
operating at desired conditions. Below rated power, modern turbines are de-
signed to operate with a constant tip speed ratio, λ, regardless of the incoming
wind velocity. At this λ the turbine will maximize its production. Therefore,
when plotting CP as a function of λ, it has a local maximum at the designed
tip speed ratio, λoptimal, as shown in Figure 6.1.

The main objective of this study is to implement a robust and functional
controller for conditions below rated power which can be used together with
the EllipSys3D code using the ACD method. The controller is initially imple-
mented in the Matlab environment, using an in-house developed BEM code,
but is written in order to facilitate the implementation in Fortran, in which the
EllipSys3D code is written. However, the EllipSys3D code, due to its relatively
large computational cost, is not suitable for the initial testing. To make sure
that the results from using the controller are as expected, it is therefore tested
in the BEM code. The method will be tested first by varying the moment
of inertia (ID) of the drivetrain using fixed inlet conditions and secondly by
keeping a fixed ID, while varying the inlet conditions. The following cases are
tested:

• Um = 5.1m/s, TI = 16.2% and varying ID between 0.6 · 107kgm2 and
2.0 · 107kgm2

• Um = 8.0m/s, TI = 6.3% and ID = 107kgm2

• Um = 6.1m/s, TI = 14.0% and ID = 107kgm2

In the next stage the controller strategy is implemented in the ACD method
used in the EllipSys3D code. In this case, the controller testing is performed
with the LES/ACD method in uniform inflow conditions, using 1 to 2 turbines.
A single turbine is first simulated and in the following step a second turbine is
added. The distance between the turbines is varied from 2R to 11R. The aim
is to see how the turbines adapt to the conditions they are operating in.
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Figure 6.1. CP as a function of λ.

6.1. Input and governing equations

In order to use this type of controller the generator torque needs to be known
as a function of RPM. This curve is created using the methodology described
in Jonkman et al. (2009). In the present study, a downscaled version of the
conceptual NREL 5MW turbine is used, see Jonkman et al. (2009), which
corresponds to a 2.3MW turbine. The turbine has a radius, R, of 46.5m and
operates at a tip speed ratio of around 8 for conditions below rated power.
A principal sketch of the generator torque curve for this turbine is shown in
Figure 6.2. The curve is divided into the following regions:

• Region 1: start-up
• Region 1 1/2: linear transition between region 1 and 2
• Region 2: optimal CP

• Region 2 1/2: linear transition between region 2 and 3
• Region 3: pitch control region

At the start-up region Tgen is null, which allows the system to accelerate. Re-
gion 1 1/2 is defined as extending to the start-up RPM + 30%, i.e., from 6
to 7.8 RPM. In the optimal CP region, CP is maximized for all RPM values.
The initial value of the RPM for region 2 1/2 is found using an analogy with
an asynchronous generator with a generator-slip of 10%. In the pitch region,
the turbine is controlled to operate at rated power by pitching the blades and
reducing the lift force. Regions 1, 1 1/2, 2 and 2 1/2 are denoted as the gen-
erator torque controller (GTC) and region 3 is denoted as the pitch controller
(PC). It is emphasized that only the GTC is described in this study.

The controller makes use of Newton’s second law of motion for rotating
bodies, defined by Equation 6.1,

Taero − Tgen = (Irotor + Igen)∆Ω̇ = ID∆Ω̇ (6.1)
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where ∆Ω̇ is the resulting angular acceleration of the system. In a simula-
tion case, for each time step, Taero(t) is calculated and Ω(t) is taken from the
previous time step. Tgen(t) is then determined from Ω(t) by the Tgen curve.
If there is a difference between Taero(t) and Tgen(t), the system will undergo
either an acceleration or a deceleration. This acceleration/deceleration is then

integrated in time by simply multiplying ∆Ω̇(t) with the size of the time step,
∆t, resulting in the pertubation of the angular velocity, ∆Ω(t). This pertuba-
tion is added to Ω(t) resulting in the new Ω(t+∆t), which is used in the next
time step, t+∆t. To clarify, the process is described in Equation 6.2,

Ω(t+∆t) = Ω(t) + ∆Ω̇(t)∆t = Ω(t) +
Taero(t)− Tgen(t)

ID
∆t (6.2)

This procedure is used to compute the rotational speed in every new time
step. Since the system has a certain inertia, defined by ID, it does not react
instantaneous to changes in the incoming wind field. Moreover, the change,
which is based on the events occurring at time t, is applied at time t + ∆t
which cause the system to be delayed by ∆t.

6.2. Results

Two inputs to the controller are ID, and the flow conditions which the turbine
is operating in. The results below show how the controller reacts physically to
different input values. The results are displayed as CP versus time and as Ω
versus time. Ω is normalized with the mean Ω over the studied time period and
plotted together with the wind velocity field extracted at the turbine position,
normalized with the mean velocity over the same time period. By using the
normalized values of the velocity and Ω, their values should be in the same
order and show a similar trend.
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Figure 6.3a shows the normalized Ω curves for the different values of ID
together with the normalized velocity curve for a time period of approximately
400 seconds. It is seen that Ω follows the trend of the velocity curve. It is
also seen that with increasing ID the Ω curve becomes smoother with fewer
peaks. Figure 6.3b depicts CP for different values of ID for a time period
of approximately 90 seconds. CP for higher ID values deviate most from the
maximum CP . The peaks in the curve are due to the fluctuations of the wind
combined with the inertia of the system. As anticipated, a system with a small
ID responds quickly to a change of velocity and a system with large ID responds
slowly to a change in velocity.
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Figure 6.3. a) Normalized Ω curves for different
values of ID together with normalized velocity. b)
CP for different ID as a function of time.

The response of the controller due to different inflow conditions is depicted
in Figures 6.4 and 6.5. In Figure 6.4 the normalized velocity and Ω curves are
shown. ID in this case is fixed. It is seen in Figure 6.4a that when the velocity
fluctuations are small, i.e., when TI is low, the controller gives an Ω which
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correlates very well to the velocity. When the fluctuations are larger, as shown
in Figure 6.4b, Ω correlates well to the trend of of the velocity curve but does
not capture the peaks. In Figure 6.5 CP is depicted for the different cases. It is
seen in Figure 6.5a that when the velocity fluctuations are small, CP deviates
very little from CP,max. Furthermore, the controller is not, with the chosen
input conditions, fast enough to account for larger fluctuations and this is why
CP deviates from CP,max in the case depicted in Figure 6.5b. It is obvious that
the operation of the turbine deviates more from the ideal conditions, i.e., from
CP,max, as the fluctuations grow larger.
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Figure 6.4. a) Ω and velocity curves when using
a flow field characterized by Um = 8m/s and TI =
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In a last step the controller is implemented in the EllipSys3D code using
LES/ACD with uniform inflow conditions. Figure 6.6 shows the rotational
velocity and power as functions of time for the two turbines when using different
spacing between them. The initial rotational velocity given to the two turbines
is 9RPM. It can be seen that a certain time is required for the rotational velocity
of the two turbines to settle towards a value that then stays almost constant.
As expected, the downstream turbines will rotate at a lower rotational velocity
than the upstream one, as they will aim towards operating at optimal tip speed
ratio by coupling with the generator torque. As they are exposed to a lower
velocity, they will then rotate more slowly. The turbines are clearly adapting
to the environment in which they find themselves, which is the goal of the
implementation of the controller.



Figure 6.6. RPM (upper) and power (lower) as functions of
time for turbine 1 alone, and turbine 2 located at different
distances from turbine 1, U0=10m/s.





CHAPTER 7

Conclusions and outlook

The wake flow behind wind turbines was analyzed numerically using large-eddy
simulations. The wind turbine rotors were modeled using either the actuator
disc method or the actuator line method in which the blades were represented
by body forces computed using airfoil data. Using these models, the boundary
layers of the turbine blades were not resolved and most of the computational
power could be preserved for the wake flow.

The power production in the Lillgrund wind farm was studied. Results
from computations using large-eddy simulations (LES) with an actuator disc
(ACD) method were compared with measurements from the wind farm. This
section of the thesis comprised a grid study, an analysis of the sensitivity of
the level of imposed atmospheric turbulence and an investigation as to how
the production of the entire farm changed when the front row turbines were
derated by adjusting the pitch angle. The results showed that atmospheric tur-
bulence needed to be imposed at the inlet. If it was not imposed the estimation
of the production of turbines 2 and 3 in each row of turbines was otherwise
unrealistically low compared to measurements. It was also observed that the
production of all turbines in row 2 and further downstream, with some excep-
tions, increased slightly with increased turbulence level. The results from the
computations showed a very good agreement with measurements of the actual
power production. The effect of derating the front row turbines resulted in a
loss in farm production in all studied cases. Future work will also consider a de-
rating of downstream turbines, and a study of fatigue loadings on the turbines
in the farm.

The wake flow behind the MEXICO rotor was analyzed and used to validate
the actuator line (ACL) method. The analysis was based on five different flow
situations. The tip speed ratio was varied in three of the cases and the rotor was
yawed in two. The results from particle image velocimetry (PIV) measurement
were used to determine the tip vortex size, the tip vortex strength, the velocity
distrubution in the wake and the tip vortex trajectory. The wake flow was also
used to determine the axial induction factor by three methods based on different
assumptions. The same flow cases were performed using LES combined with the
ACL method. The results from the measurements and from the computations
were compared for validation purposes. The vortex size was overestimated
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in the simulations but the vortex core circulation was well estimated. The
simulated tip vortex trajectory agreed well with the measurements for all five
flow cases apart from the case when λ = 10 in which tunnel effects affected the
flow in the measurements but not in the computations. The validation work will
be used to improve the knowledge about how the results from ACL simulations
are interpreted. Discussions within the MexNext Annex are currently being
held and it is planned to establish a new measurement campaign. Future work
will, if the measurements are available, be performed on the breakdown of the
tip vortices in order to further validate the ACL method.

In connection to the ACD method a power control strategy for operating
conditions below rated power was implemented and tested. The strategy was
first validated using an in-house developed blade element momentum (BEM)
code. In the next step the strategy was implemented in the ACD method used
in the EllipSys3D code. The initial tests showed that the strategy responds
as expected when changing the moment of inertia (ID) of the rotor and when
varying the inlet conditions. A large ID value resulted in slow response while
a small ID resulted in a quick response. When the turbine was exposed to dif-
ferent levels of turbulence intensity (TI), the rotational velocity of the turbine
responded very well to small fluctuations of the incoming velocity and the tur-
bine was operating close to CP,max at all times. When the turbine was exposed
to larger fluctuations, the rotational velocity responded to the trend of the ve-
locity fluctuations but could not capture the peaks in velocity. These results
were expected due to the inertia of the system. Results from the implementa-
tion in the ACD method used in EllipSys3D showed that the turbine adapted
to the conditions it was operating in by changing its rotational velocity and
power output when the inlet conditions were varied. Future work will focus on
testing the controller using turbulent inflow conditions with the ultimate aim
of performing farm simulations with an active controller.
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oped jointly by KN and SB. The manuscript was written by SB with input
from KN and HO. The work has been presented by SP at The Science of Mak-
ing Torque from Wind conference October 9-11, 2012, Oldenburg, Germany.
Proceeding of The Science of Making Torque from Wind, 2012.
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Porté-Agel, F., Wu, Y.-T., Lu, H. & Conzemius, R. J. 2011 Large-eddy simula-
tion of atmospheric boundary layer flow through wind turbines and wind farms.
Journal of Wind Engineering and Industrial Aerodynamics 99, 154–168.
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