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Abstract

The Mohorovici¢ discontinuity (Moho), which is the surface separating the Earth’s
crust from the mantle, is of great interest among geoscientists. The Moho depth can
be determined by seismic and gravimetric methods. The seismic methods are
expensive, time-consuming and suffer from lack of global coverage of data, while
the gravimetric methods use inexpensive and mostly already available global and
regional data based on an isostatic model. The main reasons for studying an isostatic
model are on one hand the gaps and uncertainties of the seismic models, and, on the
other hand, the generous availability of gravity data from global models for the
gravimetric-isostatic model. In this study, we present a new gravimetric-isostatic
Moho model, called the Vening Meinesz-Moritz (VMM) model. Also, a combined
Moho model based on seismic and gravimetric models is presented.

Classical isostatic hypotheses assume that the topographic potential is fully
compensated at all wavelengths, while is not the case in reality. We found that the
maximum degree of compensation for the topographic potential based on the new
Moho model is 60, corresponding to the resolution of about 330 km. Other (dynamic)
isostatic effects (such as temporal compensation, plate tectonics, post-glacial
rebound, etc) should be considered as well, which are disregarded in this thesis.
Numerical results imply that the dynamic phenomena affect mostly the long-
wavelengths.

The VMM model is applied for different purposes. The Moho density contrast is
an important parameter for estimating the Moho depth, and we present a technique to
simultaneously estimate Moho depth and density contrast by the VMM and seismic
models. Another application is the recovery of gravity anomaly from Satellite
Gravity Gradiometry (SGG) data by a smoothing technique, and we show that the
VMM model performs better than the Airy-Heiskanen isostatic model. We achieved
an rms difference of 4 mGal for the gravity anomaly estimated from simulated
GOCE data in comparison with EGMO08, and this result is better than direct
downward continuation of the data without smoothing. We also present a direct
method to recover Moho depth from the SGG mission, and we show that the
recovered Moho is more or less of the same quality as that obtained from terrestrial
gravimetric data (with an rms error of 2 km). Moreover, a strategy is developed for
creating substitutes for missing GOCE data in Antarctica, where there is a polar gap
of such data.

The VMM model is further used for constructing a Synthetic Earth Gravity Model
(SEGM). The topographic-isostatic potential is simple to apply for the SEGM, and
the latter can be an excellent tool to fill data gaps, extending the EGMs to higher
degrees and validating a recovery technique of the gravity field from a satellite
mission. Regional and global tests of the SEGM yield a relative error of less than 3
% vs. EGMO08 to degree 2160.

Keywords: Crustal thickness, inverse isostatic problem, isostasy, isostatic compensation,
Moho depth, Moho density contrast, downward continuation.
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Chapter 1

Introduction

1.1 The Earth’s crust and isostatic equilibrium

Generally, the Earth consists of four concentric shells; they are the crust, mantle, outer core and
inner core. The different layers have different depths, volumes and densities; the densities vary
laterally and with depth. The volumes are very unequal; especially the volume of the mantle is
very large in contrast to the other layers. The volumes of the layers are: crust 2 %, mantle 80 %,
outer core 17 %, and inner core 1 % of the Earth’s volume (Bott 1971, p. 10). The Earth’s crust
covers the mantle and is the Earth’s hard outer shell. Compared to the other layers of the Earth, it
is much thinner and floats upon a softer layer, which is the mantle. Also it is constructed from
solid material, but this material is not the same everywhere. The Earth’s crust can be categorized
into two parts: oceanic and continental crust. The oceanic crust is about 6-12 km thick,
consisting mainly of heavy rocks, like basalt with the average density of 3 g/cm?, which is close
to the upper mantle density. The continental crust can be divided into six big pieces: Eurasia
(Europe and Asia together), Africa, North-America, South-America, Antarctica and Australia.
The Earth’s crust is thicker below the continents, with an average of about 36 km and with a
maximum of 90 km in Tibet. The main purpose of this thesis is to study the Earth’s crustal
thickness by an isostatic model and to apply this model for some geodetic and geophysical
applications.

Isostasy is a term derived from Greek language meaning equal pressure. This is an alternative
view of Archimedes’ principle of hydrostatic equilibrium. According to this principle a floating
body displaces its own weight. A mountain chain can be compared with an iceberg or a cork
floating in water, or in proper term floating in the mantle (Fowler 2001, p. 167). According to the
isostasy principle lighter crust is floating on the dense underlying mantle (Watts 2001, p. 1). The
principle of isostasy states that the gravitational equilibrium between the Earth’s lithosphere and
asthenosphere is such that the tectonic plates float at an elevation, which depends on their
thickness and density. When a certain area of the lithosphere reaches the “state of isostasy”, it is
said to be in isostatic equilibrium. The depth at which isostatic equilibrium prevails is called the
compensation depth (Heiskanen and Vening Meinesz 1958, p. 124). Isostasy is not a process that
disturbs equilibrium, but rather one which restores it (a negative feedback). It is generally
accepted that the Earth is a dynamic system that responds to loads in many different ways;
however isostasy provides an important view of the processes that are actually happening.



Nevertheless, certain areas are not in isostatic equilibrium, which has forced researchers to study
other geodynamic phenomena.

1.2 Background of the crustal thickness estimation

The Mohorovici¢ discontinuity, usually called the Moho, is the boundary between the Earth’s
crust and mantle. This boundary can be determined by isostatic/gravimetric and seismic methods.
The masses above the Moho we call the Earth’s crust. In 1909, Andrija Mohorovici¢, who was
aseismologist, used seismic waves to discover the presence of the crust-mantle boundary (the
Mohorovic¢i¢ discontinuity). The Moho separates the oceanic as well as the continental crusts
from the underlying mantle. In accurate definition, the Moho is simply a physical/chemical
boundary between the crust and mantle where both the crust and mantle are defined by material
properties, which can cause large changes in geophysical properties, such as seismic wave
velocity, density, pressure, temperature, etc (Mooney et al. 1998; Kaban et al. 2003; Martinec
1994).

Several isostatic hypotheses exist for estimating the crustal thickness/Moho and density of the
Earth’s crust, and it is not clarified which one is the most suitable to use in geophysical and
geodynamical applications. There are two original classical isostatic models: a) Pratt (1855) and
b) Airy (1855). According to Pratt’s model, the mass of each topographic column of the same
cross-section is equal above the level of compensation depth. In Airy’s model, mountains are
floating on the mantle with higher density, and mountains have roots that construct the
compensation. Both hypotheses are highly idealized when they assume the topographic mass
compensation to be strictly local. Vening Meinesz (1931) modified Airy’s hypothesis by
introducing a regional instead of local compensation. Pratt-Hayford’s isostatic model was
published in 1909 and 1910, when Hayford in America studied his important contribution to
isostatic theory. In the years 1924, 1931 and 1938, Heiskanen made Airy’s assumption more
precise and computed the necessary tables for isostatic reduction, and his model called Airy-
Heiskanen’s isostatic (AH) model.

Parker’s (1972) model defined an alternative method to estimate the Moho depth. This model
was presented based on the relation between the vertical gravity effect and its causative
topographic mass in the Fourier domain. The Parker model was constructed based on a variable
Moho depth and a constant density contrast. Hence, this model is close to that of Vening
Meinesz from the concept point of view. The difference between the models is the assumed
approximation for the Earth, i.e. Parker’s model uses planar approximation but VMM uses global
spherical approximation for the Earth. Oldenburg (1974) deduced a method to compute the
density contrast of crust and mantle from the gravity anomaly in a Cartesian coordinate system
using Parker’s method. The Parker-Oldenburg method was used by Gomes-Ortiz and Agarward
(2005) and Shin et al. (2006) to estimate the Moho depth in Ulleung Basin (South of Korea) and
Brittany (France), respectively, based on the Fast Fourier Transform (FFT) technique. Shin et al.
(2007) studied the Moho undulations beneath Tibet from the GRACE-integrated satellite gravity
data (Tapely et al. 2005) based on Parker-Oldenburg’s method.

Moritz (1990, Sect. 8) generalized the Vening Meinesz method to a global compensation, and we
hereafter call this method that of Vening Meinesz-Moritz (VMM). Sjoberg (2009) formulated
this problem as a non-linear Fredholm integral of equation of the first kind, and he presented



some approximate and practical solutions for the crustal thickness by the gravimetric data. The
main part of this thesis is based on the VMM model presented by Sjoberg (2009).

1.2.1 The global crustal model CRUST2.0

The above Moho models are formulated based on the principle of isostasy. Here we explain the
seismic Moho model, and we will use this model for evaluating the VMM results and estimating
some parameters such as Moho density contrast, etc. Seismic observations have been collected in
many tectonically active regions such as the mid-ocean ridges, oceanic plateaus and continental
rifts. Soller et al. (1982) presented an early global seismic crustal model for crustal thickness,

and Nataf and Ricard (1996) presented a model for the crust and upper mantle on a 2° x2° grid,
based on both seismic and non-seismic data (such as chemical composition, heat flow, etc). The

model CRUSTS5.1 (Mooney et al. 1998), including 2592 tiles at a resolution of 5°x5°, was
created as a first attempt to estimate the global crustal thickness. CRUSTS5.1 was later updated to
model CRUST2.0 based on seismic refraction data published in the period 1984-1995.

The global crustal model CRUST2.0 was released by the US Geological Survey and Institute for
Geophysics at the University of California (Bassin et al. 2000; Laske et al. 2000). It is a global
crustal model with a grid of 2°%x2°, offering a rather detailed density structure of the crust and
uppermost mantle. This model includes seven layers, whose 7™ layer describes the Moho depth.
The layers are: 1) ice, 2) water, 3) soft sediments, 4) hard sediments, 5) upper crust, 6) middle
crust and 7) lower crust ( available at http://igppweb.ucsd.edu/~ gabi/rem.dir/crust/crust2.html).
Bassin et al. (ibid) used the ice thickness on the same scale to compile CRUST2.0 (Laske and
Masters 1997). The mean Moho depths of CRUST2.0 (with respect to sea level) are 21.8 km
(global), 38.0 km (in continents) and 12.6 km (in oceans).

The seismic wave’s speed is related to the Earth’s structural materials, e.g. any change in rock or
soil properties causes the speed of the seismic wave to change. The accuracies of CRUSTS.1 and
CRUST?2.0 are not specified; they vary in different places. For example, the accuracies of these
models seem to be better in the United States and Europe because of dense seismic
measurements (Mooney et al. 1998, Fig. 1), but much worse in Africa, Greenland, some parts of
Asia and Antarctica. For these regions the crustal thickness was estimated by some interpolation
method. These problems that were experienced in CRUST2.0 encourage us to study the
gravimetric approach as well as the combination of CRUST2.0 and a gravimetric Moho model.
The intention is to fill the gaps and reduce the uncertainty in the obtained combined Moho model
(see also Eshagh et al. 2011).

1.3 Motivations for studying an isostatic crustal model

The main motivation for studying Moho could be in estimating the density contrast, studying the
dynamics of the mantle (Kaban et al. 1999) or studying the deep-seated inhomogeneities of the
Earth’s mantle by gravity field analysis, smoothing the gravity field for downward continuation
of the gravity field from the above surface of the Earth to the geoid (Martinec 1998, Chapter 8),
etc. The topographic masses above the sea level are compensated by underlying topographic
masses, which might depend on time. For determining the gravity field parameters, e.g. geoid,
the topographic masses and their isostatic compensation play an important role. For example,
Gottl and Rummel (2009) used the isostatically reduced gravity anomaly to interpolate the
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gravity anomaly by the Airy and Pratt models. In addition, the isostatic crustal models have been
used for obtaining a topographically free space in remove-compute-restore technique (see e.g.
Martinec 1998 Chap. 3). The proposal of a more realistic isostatic model is still open. Therefore,
the VMM model has been presented to improve the crustal model quality. Sun and Sjoberg
(1999) presented a TI model by using load theory, by regarding the topography as a load on the
surface of the Earth, apparently similar to Vening Meinesz (1931) model (with an unbroken but
yielding elastic crust). They used a SNREI (spherically symmetric, non-rotating, perfectly elastic
and isotropic) Earth model without assuming the thickness or the depth of the level of
compensation to be known. Eshagh and Bagherbandi (2011) used the technique of smoothing the
gravity field based on the VMM model for recovering the gravity field from Satellite Gravity
Gradiometry (SGG) data.

Estimation of the lateral variation of the density of the crust can be performed by different
methods (Martinec 1993 and 1994; Kaban and Schwinzer 2001; Kaban et al. 2003; Tenzer et al.
2009 and 2010). As one application of the VMM model it can be mentioned that by using
seismic data (e.g. CRUST?2.0), one can search for the Moho density contrast (MDC) (see Sjoberg
and Bagherbandi 2011a). By subtracting the mantle density (e.g. 3.27 g/cm?) from the estimated
density contrast the crustal density can be estimated.

Constructing a synthetic Earth gravity field by using the TI model is another application of
isostatic hypothesis (Pavlis and Rapp 1990; Vermeer 1995; Tziavos 1996; Haagmans 2000; Pail
2000; Kuhn and Featherstone 2005; Novak et al. 2001; Featherstone 2002; Claessens 2002;
Agren 2004). The main application of the SEGM is fill the gaps in areas which the gravity data
are poor. For this purpose, the low-degrees of the geopotential harmonic coefficients is combined
with the TT harmonic coefficients. The main challenge of the study of a realistic crustal model is
to achieve better results for the gravitational model of the Earth.

1.4 The Author’s contributions

The main objective of the dissertation is to present the VMM isostatic model for applications in
geodesy, geophysics and geodynamics. Emphasis in this study is given to the VMM model as
presented by Sjoberg (2009). The author’s investigations are summarized in five parts:

Chapter 2 starts with a discussion and evaluation of the crustal thickness models. Specifically we
investigate the VMM model presented by Sjoberg (ibid). Some approximate methods for the
crustal thickness estimation as well as numerical tests are carried out. A simple model is
discussed to determine the error of the VMM gravimetric Moho model based on the law of error
propagation. In addition, a study is performed based on the VMM model to determine the degree
of compensation of the topographic masses.

In Chapter 3 the Moho density contrast is estimated based on a given Moho depth model (e.g.
CRUST2.0). The technique presented can be used for determining both Moho density contrast
and depth in a combined model.

An isostatic model can be used to remove the topographic effect for smoothing the gravity field
by employing the compensating potential. This technique is used for downward continuation of
the gravity field from outside of the Earth’s surface to the geoid. In this technique, the
topographic potential is removed and the result will be a space with no-topography. Chapter 4



studies the smoothing impact of the TI-effect on the inversion of satellite gradiometric data to
estimate the gravity anomaly on the geoid. In addition, the smoothed data will be investigated for
the quality of inversions and for the presence of spatial truncation error and noise of the data in
integral formulas.

The over-all goal of Chapter 5 is to study and evaluate the possibility of using the satellite
mission GOCE (Gravity Field and Steady-State Ocean Circulation Explorer) gravity/gradiometry
data for estimating the Moho depth. In contrast to the approach in Chapter 4, the goal is to
recover the Moho depth using the original SGG data.

In Chapter 6 the crustal thickness estimated by the VMM model is applied to construct a
Synthetic Earth Gravity Model (SEGM) by the TI coefficients. The main motivation of using the
TI harmonic coefficients to create the SEGM is similarity and large correlations of the TI degree
variances and the Earth’s gravitational field. The SEGM describes the potential field of a
synthetic Earth. To achieve a high-quality SEGM, an existing global geopotential model is used
to describe the low degrees, whereas the medium and high degrees are obtained from the TI
potential based on the VMM model.



Chapter 2

The VMM gravimetric-isostatic model for the
Earth’s crust

2.1 Introduction

Different methods can be used for estimating the crustal thickness, e.g. seismic and
gravimetric methods. One of the purposes of this chapter is to study a new method
for the crustal thickness estimation based on an isostatic hypothesis. As mentioned in
Chapter 1 the isostatic hypothesis comes from the fact that the crust is floating on the
mantle. Different hypotheses have been presented based on this principle. The ideal
model should be easy to estimate, and it involves both a variable compensation depth
and a variable crustal density.

Several authors presented a variety of methods to compute the geometry of Moho
related to known gravity anomalies (e.g. Cordell and Henderson 1968; Dyrelius and
Vogel 1972). For example, Dyrelius and Vogel (1972) used the technique presented
by Parker (1972). Martinec (1993) and (1994) investigated the gravitational effect of
the Moho discontinuity to determine the density contrast between the mantle and
crust by minimizing the sum of the gravitational potentials induced by the Earth’s
topographic masses and Moho’s discontinuity. In addition, Martinec (1993) showed
that the undulated Moho discontinuity only partly compensates for the gravitational
effect of the Earth’s topographic masses. He believed that the Earth’s topographic
mass is compensated by laterally varying mass distributions in the uppermost part of
the Earth. Siinkel (1986) estimated the Moho depth by introducing a smoothing
factor to Airy-Heiskanen’s isostatic model to obtain a regional compensation
according to Vening Meinesz’ idea. Rummel et al. (1988) studied the global
topographic/isostatic models and defined some new criteria (e.g. that the norm of the
residual potential should be a minimum) to estimate the depth of isostatic
compensation. Gomez-Ortiz and Agarwal (2005) used the method of Parker-
Oldenburg to publish a Matlab code for estimating the Moho depth. Shin et al.
(2006) used the Matlab code’s Gomez-Ortiz and Agarwal (ibid) to test two improved
FORTRAN programs for gravity forward and inverse modeling based on FFT in 3D
Cartesian coordinates. Shin et al. (2007) presented an updated model of the Moho
undulations, based on Parker-Oldenburg’s method, in Tibet area. They used an



improved gravity data set, which at long wavelengths relies entirely on the new
results of the GRACE-satellite mission. In a related study Kiamehr and Gomez-Ortiz
(2009) estimated the Moho depth for Iran based on terrestrial gravity data and the
Earth gravitational model EGMOS (Pavlis et al. 2004 and 2008; Pavlis and Saleh
2004) using the Parker-Oldenburg iterative method. They compared the results with
the global crustal model CRUST2.0 and two different Moho models computed by the
terrestrial and EGMOS data sets. They found a good consistency between the Moho
geometries obtained using both the terrestrial gravity and EGMOS8 data sets versus
CRUST2.0.

Moritz (1990, Sect. 8) presented the inverse isostatic problem based on the Vening
Meinesz hypothesis in a global spherical approximation (i.e. the VMM model). The
VMM model presented by Sjoberg (ibid) is the main model in this chapter. Here, we
will study three main parts: a) to estimate the crustal thickness using traditional
isostatic hypotheses and the VMM model, b) the impact of isostatic compensation on
the topographic heights and c¢) a study that show how much of the topographic
heights can be compensated by the crustal thickness and its density. Some simple
solutions are suggested based on the VMM hypothesis.

2.2 Traditional hypotheses on isostatic models

The original principles of isostasy by Airy (1855) and Pratt (1855) are based on the
assumption that the density of a unit prism of the Earth’s crust times its volume is
constant, i.e. equal-pressure and equal-mass hypotheses. Also, these models assume
that the topographic mass compensation is uniformly distributed vertically and
directly compensates the topographic masses along the vertical (Bowie, 1927 Chap.
1). The isostatic models are based on local compensation mechanisms. These models
define the topographic mass compensation based on equal-pressure and equal-mass
hypotheses (Heiskanen and Vening-Meinesz 1958, Chap. 5) for modelling of the
Earth’s crustal thickness. Reciprocal forces from mantle must compensate the
pressure of the topographic masses (i.e. local compensation assumption). As the
Earth’s crust is very complicated and it cannot be formulated by simple
approximation, we have to consider some approximations for compensating the
topographic masses. For example, using a constant density for different layers of the
topographic masses is such an approximation.

2.2.1 Pratt-Hayford’s hypothesis

According to Pratt-Hayford’s (PH) hypothesis the isostatic compensation depth is
constant and the density under the mountains is smaller than under the flat regions or
under the oceans. Also, the compensation layer is located directly underneath the
mountains and reaches to the compensation depth, where equilibrium prevails
(Heiskanen and Vening Meinesz 1958, p. 126). Here the density variations play a
main role in the isostatic system.



2.2.2 Airy-Heiskanen’s hypothesis

According to Airy-Heiskanen’s (AH) hypothesis the Earth’s crust floats on the
mantle, the denser layer under the crust, exactly as icebergs in the oceans. Based on
this isostatic model the density of the Earth’s crust can be assumed to be constant,
2.67 g/cm®. AH’s hypothesis puts emphasis on the local compensation, and there are
light roots under mountains and heavy anti-roots under oceans. The fundamental
difference between AH’s and PH’s views is that the former postulates a uniform
density with varying thickness of crust, while the latter is constructed by a uniform
depth with varying crustal density. In the mountainous regions, according to
Heiskanen and Vening-Meinesz (1958, p. 136), the thickness ¢ of the root is

H
t=—np., (2.1a)

Ap
where H is the topographic height and Ap = p, — p. is the density contrast between

crust and mantle (the density of the mantle is 18 % denser than that of the crust, i.c.
3.27 g/em®). p, and p, are the mantle density and the mean density of crustal

masses, respectively. For the depth d of sea/ocean, the anti-root (¢') satisfies the
equation:

_dp.—p,)
Ap ’

¢ (2.1b)
where p, is the density of water. In AH’s hypothesis the density of the crust is

assumed constant. The Earth’s crustal thickness 7 will vary by the thicknesses of
roots and anti-roots (Heiskanen and Vening Meinesz 1958, p. 137):

T,+t+H continental
T = ; (22)

T,—t'-H' ocean

where 7, is the normal Moho depth and H' denotes the depth of the ocean. The
roots and anti-roots of the crustal thickness with respect to 7; can also be obtained in

a spherical approximation (Heiskanen and Vening Meinesz 1958; Rummel et al.
1988):

: 2T +(p +)H QL+p H) 2L, +(p +DH ]| T.(T,+p'H) (p” ~1)H?
t=p H:1+ 2 + e - 7 By )

(2.3a)

—(p' " (20, -p'H) 2T, +(p +)H' —p'H' 2 _1)H "
t,:p,H,{HzTo (p'+DH' (T, —p'H)[2,+(p'+DH] T,@,-p'H) (p”~DH }

R R’ R’ 3R’

(2.3b)



where p = p/Ap and p'=(p, - p,)/(p, —p.)- R is the Earth’s mean radius. The

planar approximations of Egs. (2.1a) and (2.1b) are obtained by letting R approach
infinity in Egs. (2.3a) and (2.3b).

2.2.3 Vening Meinesz’ hypothesis

Vening-Meinesz (1931) modified the AH theory by introducing a regional isostatic
compensation based on flat Earth approximation. Seismology shows that the crust is
thicker (30-90 km) underneath continents and mountains, but is thinner (5-15 km)
under oceans. This variation of the depth of the Moho and the general agreement
between the thickness of the crust estimated from the seismic and gravity methods
support the AH and the VM models. In the AH theory there is no correlation between
neighbouring crustal columns, while we know that this must be the case in reality
due to the elasticity of the Earth. The difference between the AH and the VM models
is thus a matter of local versus regional mechanisms of topographic mass
compensation. In the regional compensation model the compensating masses of the
mountains are distributed laterally, and to achieve this Vening Meinesz (1931)
assumed that the crust is a homogenous elastic plate floating on a viscous mantle

(Fig. 2.1)
H ~ loading

regional compensation
s (Vening Meinesz)

local compensation
(Airy)

Fig. 2.1. Comparison of the local and regional compensation of the topographic masses.

2.3 Vening Meinesz-Moritz’ crustal model

Vening-Meinesz modified the Airy floating theory to improve this deficiency
(Vening Meinesz 1931 and 1939). In his approach, each topographic column of
infinitely small cross section is considered to be compensated by a mass equal to the
local compensation of this element but spreads horizontally according to the curved
deformation of the Earth’s crust.

Each inverse problem in isostasy assumes the isostatic gravity anomalies to be zero
under a certain isostatic hypothesis. In the case of the Vening Meinesz isostatic
hypothesis, the Moho density contrast is constant, while the Moho depth is variable.
Hence, the Vening Meinesz inverse isostatic problem aims determining a suitable
variable Moho depth for a prescribed constant density contrast. The main idea is



simple, but the theoretical modelling is somewhat difficult because the Earth’s crust
is complicated, and also many geophysical phenomena should be considered. Moritz
(1990) generalized Vening Meinesz model to a spherically shaped sea level.

2.3.1 Sjoberg’s integral equation

The Vening Meinesz-Moritz problem (Vening Meinesz 1931, Moritz 1990) is to
determine the Moho depth 7(P) such that the compensating attraction A4.(P) totally

compensates the Bouguer gravity anomaly Ag, (P) on the Earth’s surface, implying

that the isostatic gravity anomaly Ag, (P) vanishes for point P on the Earth’s surface
(Sjoberg 2009):

Ag, =Ag, +A4,. =0, (2.4)

where Ag, and 4. are the refined Bouguer gravity anomaly and compensation

attraction, respectively; see also Vening Meinesz (1931) , Bjerhammar (1962, Sect.
14 eq. 5) and Moritz (1990). Equation (2.4) is only theoretically exact, but not in
reality, as local deviations from isostatic equilibrium may occur (see Sect. 2.4.4). The
isostatic inverse problem according to VMM’s hypothesis is based on a constant
density contrast (Ap = p, —p. =const ), and a variable Moho depth (Moritz 1990,

Chapter 8). Sjoberg (2009) divided the compensation attraction into two terms. In
this decomposition the compensation attraction 4. at the point P is:

A.(P)=k ijj (r 7! P o+ | j Mdda 2.5)

o R-T
where the first and the second terms are the mean (4. ) and the residual (d4.)
compensation attractions, respectively. Here k = GAp, where G is the Newtonian

gravitational constant, » and 7, are geocentric distances, o is the unit sphere

andl, =\/r; +r* = 2rryt . Here t=cosy , where y is the geocentric angle between

the computation and integration points. Hence, if the real and the mean Moho depths
are in disagreement, then an apparent density anomaly Ap occurs within a depth

interval between 7, and 7 (Moritz, 1990). By assuming 7, = R and inserting Eq.

(2.5) into Eq. (2.4), the residual compensation attraction is obtained:

dd.(P)=-Ag, —A (P), (2.6)

where /IC (P)=Ac(P),,_r =A4c,(P),, ¢ +d/IC (P).
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Equations (2.4) and (2.6) are the main equations of the inverse problem of the VMM,
and the Moho depth can be determined by the Bouguer gravity anomaly and the
compensation attraction 4. (P). Expanding the first term of Eq. (2.5) in a series of

Legendre’s polynomials, and performing the integration with respect to the radius r
and using the binomial expansion, we can obtain the normal compensation attraction
A, (P) as (Sjoberg 2009):

~ 4r7kR
Acn :(Acn )rP:R =

[(1—10 ) —1} ~—47kT,, 2.7)

where 7, =T, /R . The residual compensation attraction in the last term of Eq. (2.5)
for r, = R is (Sjoberg 2009):

dA.(P)= kR” K(y,7)do, (2.8)

where 7=T/R and K(y,7) is the kernel function of the integral. Substituting Eq.

(2.8) in Eq. (2.6) one can obtain a non-linear Fredholm integral equation of the first
kind, which is the main equation in the inverse isostasy problem:

R[[K (y.s)do = f(P), (2.9)

where f (P) = —[AgB (P)+4, (P)]/k and s is a simple function of the Moho
depth (s =1—1). See the next section for closed and spectral forms of K(w,7).

Figure 2.2 shows the behaviour of the integral kernel K(,s) for the normal Moho

depth (around 30 km). A well-behaved kernel is one that has its peak value at the
computation point and decreases fast to zero.

25

2

15

L K(y,s)

0 50 100 150
Geocentric angle (1 o)

Fig. 2.2. Behaviour of K(y/,s) in different geocentric angle for 7; =30 km.

The figure clearly shows that the kernel function quickly decreases with increasing
spherical distance, and it could be truncated to a small region around the computation
point. (However, this property of the kernel is not directly considered in our
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solution.) Nevertheless, this shows that the isostatic compensation is mainly local or
regional. We will study this subject at the last part of this chapter. A practical
problem for the solution is the singularity of the kernel function at y =0, which

makes the problem improperly posed ( see Sect. 2.3.5 for more details).

Generally, recovery of the crustal thickness from gravity anomalies is an ill-posed
problem, and errors in the data can amplify in the inversion. In addition, we have to
use discrete instead of continuous data. Hence, we need to use a regularization
method (Hansen 1998 and 2008). Sometimes for this type of problem, it needs
iteration for determining the Moho depth, which is time consuming.

2.3.2 Spectral and closed form of the kernel X (y,s)

Here we summarize Sjoberg’s (2009) derivation of the spectral and closed forms of
K (l//,S ) . In order to obtain the spectral form of K (l//,S) the polynomial expression

of the inverse distance should be inserted in Eq. (2.5). It is defined by the following
series in Legendre’s polynomials, P, (7):

0

S=Y P

n=0"p

) ; t=cosy ,forr,2R2>r. (2.10a)

Residual compensating potential based on Eq. (2.10a) can be written (Sjoberg 2009)

n+2

dV.(P)= kZ” j T_arp, (

n+l

"= ko Tp (2.10b)

S j"“m o

After radial differentiation of Eq. (2.10b) and performing some simplifications the
spectral form of the kernel function of Eq. (2.9) becomes

K (w.s) =3 (1-57), (o). @.11)

n+3

K (y,s) can be rewritten in a closed form (Sjoberg 2009; see also Appendix A.1):

3
K (;u,s)=Li—str3t(1—s)+(s2 +3st )L —(1+3)L,
0 (2.12a)
+(3t2 —1)(s In2 —t+L —lnl_t +L°j,

1-¢ 1-¢

where we have introduced
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= 1 1
L' =Y P(t)= = , (2.12b)

2 2= Hgn¥
2

and

1

L= 3 §"P(t) = ——— .
Z& J1=2st+s°

As s <1, Eq. (2.12a) shows that K (l//,S) is a regular function all over the sphere. In

(2.13)

addition, s is close to 1, the function is close to zero, but for # = 1 strong singularity
occurs.

2.3.3 Generalization of the kernel for » > R

The integral equation of Eq. (2.9) can be presented for arbitrary points P with
7, > R . Equation (2.9) was limited to the case with 7, =R, i.e. all the observations

f (P) were given on the sphere with radius R, but Eq. (2.9) can be generalized to
(Sjoberg, 2009)

% j j K(r,,w,7)dS = f(P), (2.14a)

where the surface element is dS = R*do for the sphere and

K(rp,y/,z)=i””(r5J (1-s"2)P, ), (2.14b)

on+3

and f (P) , given in Eq. (2.9), is generalized to any point P in the exterior of S. From
Eq. (2.10a) we also obtain the closed form of Eq. (2.14b):

K (rp,p,7)= [Jz (rp,cosy,R7)—J,(r,,cosy,R r)], (2.14¢)

where J, and J, are presented in Appendix A.2 (see also Sjoberg 2009). The close
form of Eq. (2.14b) is (see Appendix A.1)

22 , 2s
K (rpp,s) =2t —=F(P)-s’2+=F (P (2.14d)
r ) I, /i /() L, s :(P)

and
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(£, -t+1, )
(1-1) |

I, =y1+f=2ft , i=lor2. (2.149)

and flzr5 ,f2=R—S and ¢ =cosy .

P p
This generalized kernel function will be applied in Chapter 5 for recovering the
Moho depth from satellite data directly.

F(P)=5 | (1, +30)1, =3 +(3* ~1)n ilor2.  (2.14e)

2.3.4 Two simple solutions for the VMM Moho model

Here we are going to present two approximate solutions of Eq. (2.9). First, we will
use an iterative method and after that, a simple assumption is used for estimating the
VMM Moho depth.

2.3.4.1 Recovery of Moho by iteration procedure

We present a simple iteration procedure to estimate the Moho depth T based on Eq.
(2.9). Sjoberg (2009) defined the following iterative formula (cf. Chambers 1976, pp.
146-148):

s, =S, +c{f(P)—R”K(1//,si)dO'} i=0,1,2,... (2.152)
or
T, =T —cR {f (P)—R”.K(l//,si)da} i=0,12,.. (2.15b)

where T, = Rz, . Unfortunately, there is no safe way to choose the constant ¢ (not

even its sign) to warrant convergence of the results, but only trial and error method
remains. The solution may not be unique, and the obtained result may depend upon
the employed c. A first order approximation can be assumed for the integral used in
Eq. (2.15b) (Sjoberg 2009)

K(y,s)do = +3 P (t)d
g (v.s)do n H( (n+3)7])P, (1)do (2.15¢)
( +Z'0)
where the first two terms of the binomial series of s"* (see Eq. 2.11):
s"=(1-7)" 2 1-(n +3)7, (2.15d)
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used in Eq. (2.15c¢).
2.3.4.2 A simple VMM Moho model

An approximate solution can be achieved by a simple assumption in the main
equation of the VMM model, Eq. (2.4). Suppose that the gravity anomalies of the

topographic and its compensation (Ag' and Ag') are approximately equal:

Ag' = Ag'. (2.16a)
Then, Eq. (2.4) can be rewritten as

0 —27GpH + A, +dd. =0, (2.16b)

Here we have disregarded the terrain effect of the Bouguer gravity anomaly in Eq.
(2.16b). By inserting Egs. (2.7) and (2.8) for A and dA4. into Eq. (2.16b), we

obtain

—2nGpH +@[(1 —10)3—1J+kRUK(1//,r)EO, (2.16¢)

Also we can use the simple formula for dA., instead of the integral form (see Eq.
2.15¢), and thus obtain

_21GpH +@[(1 —7,) —1J+27rGApR (z+7,)=0,  (2.16d)

Finally, by multiplying Eq. (2.16d) by R and performing some simplifications, the
Moho depth based on the VMM hypothesis can be approximated by

Ly 2R =e, Y -1]-
T(P)=toi 3R[(1 o) -1, (2.17a)
or
Dy 1 2
T(P):ﬁz() Z Hannm(P)_gR |:(1_T())3_1:|_T0, (217b)

where #,, is the maximum degree of the spherical harmonic series of the
topographic height. The Moho depth estimation based on Eq. (2.17b) is an
approximate Moho depth, and we call it a simple VMM Moho depth (SVMM).
Comparing Eq. (2.17a) with the AH formula (see Eq. 2.1a) we see that the first term
of Eq. (2.17a) is similar to the AH formula. The last two terms are constant
correction terms that should be added to the AH crustal thickness. Numerical studies
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are carried out in Sect. 2.4.5, where different density contrasts and mean Moho depth
for land and ocean are considered. An application of the SVMM is presented in
Chapter 6.

2.3.5 VMM Moho depth based on spherical harmonics

Here an alternative method is presented to solve Eq. (2.9), which we call Sjoberg’s
solution (Sj). Sjoberg (2009) presented a solution for integral (2.9), and at the end he
found an approximate direct formula to recover the Moho depth, which is more
practical than Moritz” (1990) solution to estimate the Moho depth. Sjoberg’s method
for calculating the Moho depth uses an EGM (e.g., EGMO0S), implying that the
harmonic series for function f(P) in Eq. (2.9) can be written

F(P)=3 Y fl o (P). (2.18)
n=0m=-n
with
f= 31l @ (@) @199

Y, (0)={" (2.19b)

where Y (Q) is the fully- normalized spherical harmonic of degree n and order m
and @ and Aare co-latitude and longitude. The coefficient f, of Eq. (2.18) is

obtained by subtracting the free-air gravity anomaly (G, ) from the spectral

nm

Bouguer reduction term 27G ( p.H )m (special care must be taken for the zero-

degree term). Assuming also that the bathymetric depths are negative heights we
obtain:

272G (p.H ) —A. |(4rk )1 =0
fnm — |: (pC )00 Co] ( ) lf‘ n , (220)
(272G (p.H),, -G,, |(4xk) otherwise
and
5 = P. continent 2.21)
L. =P, ocean
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where the densities of the topographic masses and ocean water are set to p, and p, ,

respectively. To simplify the solution, Sjoberg (2009) derived the following formulas
for estimating the Moho depth. First he presented the approximate Moho depth as the
series expression

T(P)le(P)=F(P)={2f(P) i anm nm(P)}

=0 m =—n

(2.22)
= 2[2——j Y o (P,
n=0 m=—n
and it is used as input to the second-order formula
2 2 2

R 327RY sin(y/2) 00

where P and Q are the computation and integration points, respectively. This is a
direct formula for computing the Moho depth from the approximate one. A limited
cap size should be considered for the third term. This method is not iterative and the
Moho depth can be obtained at once. Sjoberg (2009) showed that the contributions of
the truncated terms are small (less than 30 metre).

2.3.5.1 Near zone integral

Equation (2.23) has a strong singularity in third term of Eq. (2.23) when y goes to
zero. In order to solve this problem practically Sjoberg (ibid) proposed the near-zone
contribution by using a planar approximation within the cap size y,:

27 Yo 2 2 27 D,
L=y | [ QT O nyayaas L | [ O Oypgq. 2240
327R W

a=0y=0 sin” — % a=op-0
where Dy=Ry,and o, D are the azimuth and the distance between the
computation and integration points, respectively. The cap size y, can be obtained by

comparing the area of spherical (¢,4) and polar (y,a) coordinate systems:

(/12 —21)|sin(p2 —sin ¢1|
27 '

v, =cos”' (1 + (2.24b)

We reduce the spherical coordinate system to the polar coordinate system because of
v in the kernel K(y,s). One may expand the numerator of Eq. (2.24a) into a Taylor
series at the computation point, yielding (Heiskanen and Moritz, 1967, p. 121):
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2

T =T(P) +D(Tx cosa+T, sina)+D7(Txx cos’ o+ T, sin2a+T, sin’ a) , (2.24¢)

where T, T v Tos T, and T Ly are derivatives of 7" with respect to the x- and y-

xx Xy

axes as follows:

OT (P) 0’T(P)

ox*

T (P)= , T .(P)= and so on. (2.244d)

The unknowns T, T,, T,

xx 2

T, and T, can be determined by solving a system

equations defined by Eq. (2.24c¢). For this purpose 7; can be assumed as the initial

value for the Moho depth in the points and least-squares adjustment can be used to
determine the unknowns.

Finally, the near zone contribution of Eq. (2.24a) becomes:

near zone

I ~ %[TP (7. +7, )+2(r2+17)] (2.24¢)

2.3.6 Effect of complete Bouguer anomaly

The main input data in the VMM method is the Bouguer gravity anomaly, which
removes the effect of the topographic masses. The magnitude of the Bouguer gravity
anomaly is negative in mountainous areas and positive at sea surface, because the
gravitational effect of the isostatic compensation remains in the anomaly. This effect
is considered by adding the compensation attraction (see Eq. 2.6), which yields the
isostatic gravity anomaly. The Bouguer corrections are usually applied with standard
density (pg) set to of 2.67 g/cm?. The anomaly reflects anomalous topographic
masses with density different from po. The simple Bouguer correction tends to over-
compensate measurements made near a topographic feature. The terrain correction
adjusts this over-compensation, and it is therefore an essential step in reducing
measurements made in places of moderate to extreme topographic relief. The effect
of the terrain correction in the Bouguer gravity anomaly and its effect on the Moho
depth estimation is investigated in this study.

Ideally, the inverse problem of isostasy, based on Eq. (2.6), relies on the complete
Bouguer gravity anomaly. There are different methods to determine this gravity
anomaly. In the first step, the terrain correction is formulated by (Moritz 1980, eq.
48-9):

H(Q)-H(P))

3
1y

2
dO'Q , (2.25a)

5g’C(P)=%GpR2“‘(
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where o is the unit sphere, H stands for the height and /,, is the distance between

points P and Q. By adding the correction dg” to the simple Bouguer anomaly one

obtains the complete Bouguer anomaly:
Ag?® (P)=Ag(P)-27G pH (P)+5g"“(P). (2.25b)

Martinec (1998) presented the terrain correction too, which he called roughness term
(Martinec, 1998, p. 40, Eq. 3.33). An alternative method to obtain the complete
Bouguer anomaly was presented by Sjoberg (1998a), who started from the
topographic potential:

Vi(P)= GUp j—drda (2.26a)
R ‘PO
where p. was defined by Eq. (2.21). By expanding Eq. (2.26a) into spherical

harmonics (for more detail see Appendix A.3) and inserting the result into the
fundamental equation of physical geodesy (Heiskanen and Moritz 1967, p. 86), one
obtains the approximate gravity anomaly effect of the topographic masses (Sjoberg
1998a, Eq. 17) as:

Ag' (P)~27G (p.H (P)-3p.H ), (2.26b)

where

=2y

n=0m=-n

Y (P). 2.26
2n+1 ”’” "m( ) (2.26¢)

The first term of Eq. (2.26b) is the simple Bouguer anomaly correction and the
second term is the contribution of the topographic masses above or below the
computation point (positive or negative masses).

2.3.7 Limitations of an isostatic/ VMM model

In the isostatic/'VMM model, it is assumed that the topographic potential is only
compensated by the masses beneath it, which is not the case. In fact, other
geophysical phenomena, such as tectonic motion, post-glacial rebound, mantle
convection/thermal compensation, etc, should be considered in Eq. (2.4). These are
dynamic isostatic effects on Ag,. The effects of these phenomena should be
considered as additional corrections in Eq. (2.4), for improving the quality of the
isostatic/VMM model. We know that the gravity anomaly is not only dependent on
the topography and its isostatic compensation, but it depends also on these dynamic
effects. Hence, Eq. (2.4) should be written:
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Ag, =Ag, +A. +A4. =0, (2.27a)
where
AA =A" + AP + 4™ +4°, (2.27b)

and A™, A", A" and A° are plate tectonic motion, post-glacial rebound, mantle

convection/ thermal compensation attractions and others effects, respectively. Below
we explained each term briefly.

Plate tectonics describes the large-scale motions of the Earth’s lithosphere. Tectonic
plates are able to move because the Earth’s lithosphere has a higher strength and
lower density than the underlying masses.

Post-glacial rebound occurs primarily in North America and Fennoscandia due to the
melting of the great Pleistocene ice sheets (Pleistocene is the geological era
approximately 2 million to 10000 years ago in which much of the earth was covered
by ice). The largest ice sheets covered North-East America (centered over Hudson
Bay) and Fennoscandia (centered over the Baltic Bay). See for example, Sjoberg and
Fan (1986); Sjoberg and Fan (1987); Sjoberg et al. (1993); Pan and Sjoberg (1997);
Agren and Svensson (2007).

Heating from the Earth’s core drives convection in the upper mantle is Mantle
convection. The Earth’s convection currents compensate some parts of the
topographic potential. This convection is extremely slow; the speed with which
material in the Earth’s crust spreads from the mid-ocean ridges is of the order of
several cm per year. Warming of the slabs and cooling of the surrounding mantle
would decrease the density excess (Sandwell and Renkin 1988; Kaban et al. 1999
and 2004).

A*? is the effect of other phenomena (e.g. the error due to assuming the equivalent
rock topography, using constant density for crust and topographic masses). A
problem with isostatic Moho models is the uncertainty in topographic/crust density,
and therefore other geophysical data are needed to constrain the density structure to
overcome this problem (Tenzer et al. 2009). Ice and sediment layers are important
data that should be considered for estimating the Moho depth properly. For example,
there are different data for ice thickness that can be used for this purpose. CRUST2.0
with a 2° x2° resolution and British Antarctic Survey (BAS) with a 5x5 km
resolution only for Antarctica region.

Estimating the additional terms (A4 ) are postponed to future works, and these are

the main limitations in this study.
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2.3.7.1 General comparison between the Moho models

Before starting the numerical study of the VMM Moho depth, it is appropriate to
compare the different isostatic and non-isostatic Moho models. Until now, we have
defined different models for Moho without comparison. The goal of this comparison
is the evaluation of advantages and disadvantages of the existing Moho models, such
as the AH, the PH, Vening Meinesz, Parker-Oldenburg, the VMM and seismic
models. Table 2.1 shows different isostatic and non-isostatic Moho depth models.
Some of their characteristics are presented.

Table 2.1. Comparison of different models for determination of the Moho depth.

Isostatic Models
Area of L
Model . Approximation Known  Unknown remarks
compensation
Airy-Heiskanen (1855) local flat Earth Ap T H is known
Pratt-Hayford (1855) local flat Earth T Ap H is known
Vening Meinesz (1931) regional flat Earth Ap T
Parker-Oldenburg local flat Earth Ap T Ag p and H are known
(1974)
Moritz (1990) global spherical Ap T Ag  and H are known
Sjoberg(2009) global spherical Ap T Ag p and H are known
E Sjoberg (2011) global spherical T Ap Ag 2 and H are known
>
Sjoberg (2011) global spherical Ag, andH  ApT Ag  and H are known
Non-isostatic Model
Cadek and Martinec Seismic Harmonic spherical harmonic expansion of
1991 spherical d coefficients crustal thickness to degree and
( ) ata of T order 30 was presented.
CRUST2.0 (2000) Selsmic T Seismic
E— E— wave wave velocities , time travel

The isostatic-gravimetric methods have been formulated based on isostatic
hypotheses (see Chapter 1). According to the isostatic theory, the topographic masses
are compensated by a variable Moho depth and/or crustal density. Among the
isostatic models, Pratt-Hayford is based on a constant compensation depth and a
variable density contrast. In reality, both Moho depth and density contrast vary. The
AH model is reversed with the Moho depth assumed to be variable and the density
contrast is constant. The best model is the one that considers both the Moho depth
and density contrast as variables. The estimated crustal anti-roots, Eq. (2.1b), too
large in the ocean areas by the AH model. This problem primarily occurs in some
deep areas in the ocean; for example in the Arctic Ocean with 5450 metre depth, the
7725 metre Java trench in the Indian Ocean, the Puerto Rico trench 8648 metre in the
Atlantic Ocean and the 11033 metre Mariana trench in the Pacific Ocean. This is
disadvantage of the AH model. Usually, a combined Airy-Pratt model is applied to

21



overcome such a problem (Wild and Heck 2004a and 2004b; Makhloof 2007) by
implementing the AH model for the continental region and PH model for the ocean
areas. Also AH’s compensation model usually assumes a constant density contrast at
the Moho discontinuity, although a laterally variable density contrast should be more
realistic (Geiss 1987; Martinec 1994; Kaban et al. 2003 and 2004; Tenzer et al. 2009;
Sjoberg and Bagherbandi 2011a).

Parker-Oldenburg’s (1974) method is a gravimetric method close to the VMM
hypothesis, assuming a variable Moho depth and a constant density contrast. In fact
both models use interface detection theory (see e.g. Dorman and Lewis 1970),
implying that the Bouguer gravity anomaly relates to elevation/deep at a certain
position. Parker-Oldenburg’s method was presented based on a planar approximation
model by using FFT technique, being the main difference between the VMM and this
model. It uses an iterative procedure to estimate the Moho depth.

Moritz’ and Sjoberg’s solutions used the same idea, but Moritz’ solution is an
iterative solution vs. Sjoberg’s direct solution. The VMM model is a flexible model,
because we can alter the model for estimating either the Moho density contrast or the
product of ApT (see Sjoberg and Bagherbandi, 2011a).

Cadek and Martinec (1991) presented a model for Moho in terms of the spherical
harmonics to degree and order 30 based on different sources of seismic data and we
say that one of the first global model of Moho was presented by them. Seismic
models are based on measuring the travel-time of the seismic waves (e.g.
CRUST2.0). The advantages of using artificial explosions rather than earthquakes
are that the time and position of the shot are accurately known. There are two
limitations in the seismic surveys to estimate the Moho depth. The seismic data
acquisition is expensive and the amount of data collected in a survey can rapidly
become overwhelming. The seismic model suffers from lack of global coverage of
data. The data reduction and processing is time-consuming, requiring sophisticated
computer hardware, demanding considerable expertise. Hence, isostatic Moho
models (e.g. VMM) are complementary to seismic models in areas, where seismic
data are sparse. Due to the latest developments in satellite technology and
gravimetry, the problem of the seismic data gaps can be improved by the
gravimetric-isostatic method. A combined global Moho model based on seismic and
gravimetric data is presented by Eshagh et al. (2011) and Sjoberg and Bagherbandi
(2011a). However, the VMM method suffers from the isostatic hypothesis, which is
used in formulating the Moho model, because it is not clear how realistic the applied
hypothesis is, and we do not know if the real Moho follows this hypothesis. The
rather large differences between the seismic and gravimetric- isostatic methods in
some areas are mainly due to sparse seismic data. This is the case in the vast
continental regions, where seismic measurements are not available, such as for large
portions of Africa, Peru-Chile, Asia and Greenland (Mooney et al. 1998). Therefore,
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in comparison with seismic data, gravimetric methods have the great advantage of
having much better access to data at any place on Earth.

2.4 Numerical studies of the VMM model

In this section, we evaluate the VMM model, by comparing it with the AH and
CRUST?2.0 Moho depths. Comparing different Moho models can give a general idea
about the new isostatic-gravimetric model. To do that, we have performed numerical
studies globally and in the following areas: Fennoscandia, Iran, Tibet, Canada and
South America (Peru and Chile). We give a brief overview of the data and the
assumptions used in the numerical evaluations of the isostatic-gravimetric models.
Sections 2.4.2 and 2.4.3 present globally and regionally the results of the Moho
depths based on the VMM, AH and CRUST2.0 models. Section 2.4.2 illustrates the
effect of the density contrast on the Moho depth globally. A discussion about the
results is presented in Sect. 2.4.4.

2.4.1 Description of the Moho depth estimation by the VMM model

In order to study Sjoberg’s solution for the VMM model, we compare it with the AH
and CRUST2.0 models. We used the same normal Moho depth (7;) for the AH
model and Sjoberg’s solution. 7, can be obtained by CRUST2.0 in each area. The
Moho depth based on the AH and the VMM models are estimated by Eqgs. (2.2) and
(2.23), respectively. As mentioned earlier, the third term of Eq. (2.23) is strongly
singular at the computation point, and we use planar approximation to solve this
problem by Eq. (2.24d). The approximate Moho depth 71(P) used in Eq. (2.23) is
obtained by Eq. (2.22) with EGMO08 (Pavlis et al. 2008) and DTM2006 (Pavlis et al.
2006) applied to degree and order 90. A constant density, 2.67 g/cm?, and DTM2006

are used for determining function f{P) in Eq. (2.20).

From a practical point of view, the integration area in Eq. (2.23) can be truncated to a
cap size with a geocentric angle about 3°, as the kernel function goes quickly
towards zero with y (see Fig. 2.2).

2.4.2 Effect of the density contrasts on the VMM Moho depth

One of the main parameters for estimating the Moho depth by gravimetric-isostatic
methods is the density contrast between crust and mantle. Our numerical results
show that the density contrast can significantly change the Moho depth results.
Previous studies (e.g. Gomez-Ortiz and Agarwal 2005; Shin et al. 2006 and 2007)
were performed based on the constant density contrast value, i.e. 0.6 g/cm?, which is
too large in some areas, especially in ocean areas.
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Using a variable density contrast is one way to improve the estimated Moho depth.
Bagherbandi and Sjoberg (2011) used different density contrasts 0.6 g/cm’ for land

and 0.38g/cm’ for ocean areas. Table 2.2 shows the global results for constant and

variable density contrasts, where the numerical study was performed with a
resolution of 2°x2° data blocks. We see that the mean value of the Moho depth better
fits that of CRUST2.0 when using variable vs. constant density contrasts.

Table 2.2. Statistics of Moho depths for models CRUST2.0, Airy-Heiskanen (AH)
and Vening Meinesz-Moritz (VMM) with different assumptions of density contrast. Unit: 1 km
(Std. shows the variation of the quantities)

Model Max | Mean | Min | Std.

Density contrast
CRUST2.0 | 70.1 | 229 | 79 | 12.7

constant
0.6 g/cm’
variable

Ap"?=0.6 g/cm’ VMM 634 | 22.6 | 3.0 | 14.8
Ap*=0.38g/cm’

VMM 55.1 21.6 | 2.7 | 9.8

AH 529 25.0 | 219 | 4.6

Table 2.3 shows the differences between various Moho models. It shows that the
mean value of the difference of the VMM model (with variable density contrast) and
CRUST2.0 is less than that for the model with constant density contrast as well as
rms. The rms of the differences are 7.2 km and 7.4 km for variable and constant
assumption for Ap, respectively. The corresponding mean values are 0.4+0.05 km
and 1.3£0.06 km, respectively. This shows that using a realistic density contrast is
important for estimating the Moho depth, it improves the result.

Table 2.3. Global Moho depth differences of CRUST2.0, Airy-Heiskanen (AH)
and Vening Meinesz-Moritz (VMM) models. Unit: 1 km

Difference Max | Mean | Min | rms

CRUST2.0-VMM
(using constant density contrast)
CRUST2.0-VMM
(using variable density contrast)

CRUST2.0-AH 37 -2.0 | -15.8 | 11.0

33 1.3 23 | 74

266 | 04 -26 | 7.2

VMM-AH 13 -33 | -203 | 7.6

The global comparison shows that the VMM model provides a better fit to
CRUST?2.0 model than the AH model. We can also see that the mean value of the
Moho depth better fits that of CRUST2.0 when using the VMM rather than the AH
model: the rms are 7.2 km and 11 km, respectively. The regional comparison can be
performed for different density contrasts in continents and oceanic areas, as we
demonstrated in this study. To summarise, we showed that the use of a variable
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density contrast for the VMM isostatic Model provides the best results in comparison
with seismic data. In Chapter 3, we study the effect of the Moho density contrast on
the Moho depth estimation locally by using a lateral variable model for that.

2.4.3 Regional comparison Moho depth models

In this section, we select some areas that are important for the geophysical and
geodynamical purposes. For example, Fennoscandia and Canada because of post-
glacial rebound, rough topography and existence of the plate tectonic in Iran, huge
topographic masses in Tibet and the western part of South America (Peru and Chile)
has rough mountains that rapidly change to deep ocean trench to the west. Generally,
these areas are in isostatic equilibrium, because the mean values of the free-air
gravity anomalies are close to zero. Here it is important to know how many percent
of Ag; are in the isostatic equilibrium. This issue will be discussed more in Sect.
244.

In order to estimate the Moho depths by the gravimetric models the two main

parameters, mean Moho depth 7, and density contrast, are needed. Both parameters

can be estimated from CRUST2.0. As mentioned before, the constant 0.6 g/cm? is
not realistic in many parts of the Earth, especially in ocean areas (Sjoberg and
Bagherbandi, 2011a). This fact implies that the estimated Moho depths for constant
density contrast have large differences in comparison with the CRUST2.0 model.
Therefore, we select different density contrasts in continental and oceanic areas.
These values can be estimated from the Moho density contrast model presented by
Sjoberg and Bagherbandi (2011a).

The approximate Moho depths and the terms on the right hand-side of Eq. (2.23) are
presented in Table 2.4. As one would expect, the maximum corrections occur in the
rough regions (e.g. near the seashore of Peru and Chile).

Table 2.4. Statistics of the approximate Moho depth (7)) and the correction terms in the VMM model
for varying regions. Unit: 1 km

) Approximate Moho .
Quantity correction term
depth (T})

Region Max | Mean | Min | Std. | Max | Mean | Min | Std.
Fennoscandia | 469 | 41.8 | 27.6 (| 42 | 32 | 026 | -39 | 1.0
Iran 51.0 | 399 |21.0]| 45 | 26 03 | -1.51 038
Tibet 63.1 | 51.1 | 323 ] 6.8 | 45 05 | -32| 1.7
Canada 459 | 344 [ 109 | 6.1 | 2.5 00 | 46| 0.8
Peru and Chile | 589 | 26.1 | 5.6 | 164 | 9.6 | 058 | -45 | 2.6

Table 2.5 shows the effect of the terrain correction on the Moho depth by using the
complete Bouguer gravity anomaly. It affects less than 2 km to the mean value and
about 0.5 km in the rms of difference between the VMM and CRUST2.0. Most of the
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terrain correction is in the western part of Peru and Chile, which is natural, as there
are very rough topographies even rougher than in Tibet. The standard deviation of
the solid Earth topographic height in Chile and Peru is 2742 metre, while for Tibet it
is 1820 metre according to DTM2006. We expect that the effect of the terrain
correction in the Bouguer gravity anomaly will be more pronounced in the Moho
depth estimation when using a higher resolution than the present 2° x2°,

Table 2.5. Statistics of the Moho depth by using simple and complete Bouguer gravity anomalies.

Unit: 1 km
Quantity VMM WithOl.lt VMM With.
terrain correction terrain correction

Region Max |Mean| Min | Std. | Max |Mean| Min | Std.
Fennoscandia | 46.7 | 40.3 | 23.4 | 2.9 | 489|423 (219 | 5.0
Iran 50.7 [ 40.8 | 27.1 | 44 | 50.7 | 40.7 | 269 | 4.4
Tibet 66.8 | 53.2 [ 30.8 | 83 | 66.6 | 54.1 | 31.1| 75
Canada 483 | 350 9.7 | 6.1 |48.0|36.6 (145 | 6.7
Peru and Chile | 68.1 [ 26.6 | 4.0 | 19.0 | 655 | 262 | 2.9 | 188

Figures 2.3a, 2.4a, 2.5a, 2.6a and 2.7a show the VMM Moho depths, in
Fennoscandia, Iran, Tibet, Canada and South America, where Ap is selected to 0.6
g/cm?® and 0.38 g/cm? in continental and oceanic areas, respectively, with a resolution
of 2° x2° Figures 2.3b, 2.4b, 2.5b, 2.6b and 2.7b show the corresponding seismic
Moho depths obtained from CRUST2.0. Generally, both Moho models are similar
and large correlations can be seen in the selected regions between the models. This
shows that the VMM model generally follow CRUST2.0.

Moho depth (VMM) b) Moho depth (CRUST2.0) C)
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Fig. 2.3. The Moho depth based on VMM, CRUST2.0 and AH models in Fennoscandia. Unit: 1 km
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Fig. 2.4. The Moho depth based on VMM, CRUST2.0 and AH models in Iran. Unit: 1 km
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Fig. 2.5. The Moho depth based on VMM, CRUST2.0 and AH models in Tibet. Unit: 1 km
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Fig. 2.6. The Moho depth based on VMM, CRUST2.0 and AH models in Canada (Hudson Bay) .
Unit: 1 km
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Fig. 2.7. The Moho depth based on VMM, CRUST2.0 and AH models in South America (Peru and
Chile). Unit: 1 km

CRUST2.0 is not reliable in areas where the seismic data is sparse. On the contrary,
the gravity anomaly can easily be implemented and it has the advantage to be
available at any place on the Earth’s surface. Therefore, the large differences
between CRUST2.0 and the VMM results are natural in areas with sparse seismic
data. The AH model result is consistent with the VMM and CRUST2.0 models, but
we will see that there are some differences between the models because of the
different assumptions applied in the models (compare Figs. 2.3¢ to 2.7¢).

Generally, the results of the Moho models are the same in the study areas, except for
the result illustrated in Fig 2.7c, where there are some negative values for the Moho
depth estimated by the AH model (see Table 2.6). The table shows the results of the
VMM, AH and CRUST2.0 Moho depths. The results estimated for the VMM model
are close to CRUST2.0, than the AH models. As mentioned earlier, it is even
possible to attain negative Moho depths by the AH model, when the ocean depth is
larger than the topographic height. This happens outside Chile and Peru, where the
minimum negative Moho depth obtained is -2.1 km (see also Fig. 2.7c¢).

Table 2.6. Statistics of the Moho depth based on VMM, CRUST2.0 and AH models in different
regions with resolution 2° x2° (Std. denotes on the standard deviation of the single point). Unit: 1 km

Model VMM AH CRUST2.0
Region Max | Mean | Min | Std. [ Max | Mean | Min | Std. | Max | Mean | Min | Std.
Fennoscandia | 48.9 | 42.3 | 21.9 | 5.0 | 46.7 | 39.9 {234 | 4.0 | 50.1 | 40.1 |23.4| 79
Iran 50.7 | 40.7 | 269 | 44 479 355 [243| 52 [483 ] 39.8 |23.9]|4.1
Tibet 66.6 | 54.1 | 31.1 | 7.5 [70.6 | 54.8 |38.7] 9.7 | 70.1 | 52.5 |34.7]9.9
Canada 48.0 | 36.6 | 145 | 6.7 |53.1| 365 | 3.1 | 74 | 503 | 37.1 | 11.3] 7.6
Peru and Chile | 65.5 | 26.2 | 2.9 |[18.8]|56.8 | 18.8 | -2.1 [15.6]|67.4| 28.6 | 8.5 [18.5

Table 2.7 illustrates the differences between the AH, VMM and CRUST2.0 (SM)
Moho models. In an overall view, there is a good agreement between the AH and
VMM models. It was expected because they are based on the isostatic hypothesis
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(namely a variable Moho depth and constant density contrast). The rms of the
differences between the AH and VMM models are less than differences of VMM-
SM and AH-SM models. Also, the VMM method generally agrees slightly better
with CRUST2.0 than with the AH model. One reason of the discrepancies between
the CRUST2.0 and isostatic models is the lack of detail seismological data in
CRUST2.0. The best agreement between CRUST2.0 and the VMM model can be
seen in Iran with rms difference of 3.8 km. The mean differences of the VMM model
and CRUST2.0 are -2.7£0.6, -0.9+0.3, -0.7+0.4, 2.6+0.2, 1.940.6 km in
Fennoscandia, Iran, Tibet, Canada, Peru and Chile, respectively. In addition, the
table shows that the VMM model fits better to CRUST2.0 than the AH model in the
study areas, as one can see by comparing the rms differences of CRUST2.0 and the
AH models. The rms differences of the AH model is less than that of the VMM
model in Peru and Chile, but we know that the AH model is not a suitable model in
that area. As mentioned before, it includes negative Moho depth in the ocean for
Peru and Chile. Therefore, we cannot conclude that the AH model is better than the
VMM model in this area.

Kiamehr and Gomez-Ortiz (2009) estimated the Moho depth for Iran based on
EGMO8 by using Parker-Oldenburg’s iterative method. The rms of the differences
between gravimetric Moho versus CRUST2.0 was 4.15 km. Comparing the result of
the VMM for Iran in the table with the result of Kiamehr and Gomez-Ortiz (ibid)
show that the VMM model is better.

Table 2.7. The differences between the VMM, CRUST2.0 (SM) and AH Moho depth models.

Unit: 1 km
Models Differences
Tyann -Tsu Ty - Tam Tar -Tsm

Region Max | Mean | Min | rms | Max |Mean | Min [ rms [ Max [ Mean | Min | rms
Fennoscandia 7.5 -2.7 [-187] 6.8 59 2.9 0.7 1.2 10.7 0.1 -155 | 6.9
Iran 10.4 -09 |-11.9| 3.8 9.8 52 1.0 | 2.1 15.3 43 95 | 47
Tibet 14.8 -0.7 [-12.7| 545 5.8 -1.5 | -89 | 2.6 12.8 23 | -149 | 57
Canada 14.3 26 |-156| 49 7.4 -1.5 | -8.1 | 2.2 12.3 1.2 | -19.1 | 4.7
Peru and Chile 47.1 1.9 |-214| 92 16.7 7.7 | -5.1 | 49 | 489 9.6 | -11.9 [ 7.9

Braitenberg et al. (2000), Jin et al. (1996) and Shin et al. (2007) determined the
Moho depth by inverting gravity data in Tibet. For example Shin et al. (ibid) used the
Parker-Oldenburg method and got the mean value of the Moho depth of about 47 km
and the maximum depth, 79.5 km, in western Tibet and the minimum depth, 27.9 km
in southern Tibet (from latitude 25° to 26°N and longitude 90° to 93°E). They
assumed the density contrast 368 kg m . Some differences between our results and
those of Shin et al. are due to the difference in data resolution (2° x2° in our
computations and 0.5° x0.5° in Shin et al. ibid). We think that the selection of the
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density contrast 368 kg m™ is not realistic for Tibet (Sjoberg and Bagherbandi,
2011a), as this value is close to the density contrast in ocean areas We know that the
choice of density contrast is one of the most serious problems in gravity inversion to
estimate crustal thickness.

Bagherbandi (2011b) compared three gravimetric inversion methods to estimate the
Moho depth in the Tibet plateau. Two Moho models were applied based on the
VMM hypothesis and one by using Parker-Oldenburg’s algorithm. The results were
compared with CRUST2.0, and was concluded that the estimated Moho depths from
the VMM model is better than that of Parker-Oldenburg’s algorithm. The numerical
results showed that the difference between the VMM model and CRUST2.0 is better
about 1.4 km in rms.

In Table 2.7, there are some significant differences between CRUST2.0, the VMM
and the AH models. One reason is certainly due to the irregular distribution of
seismic data in CRUST2.0. For example the crustal thickness estimated by
CRUST2.0 in Canada is extrapolated with some assumptions, and the data coverage
is better (U.S.) or worse (Iran) than in other parts of the world (personal
communication with G. Laske 2009). Moreover, the differences can be due to
disregarding the additional terms due to dynamic isostatic effects discussed in Sect.
2.3.7. As can be seen in Figures 2.8, a significant difference between the VMM
model and CRUST2.0 occurs in Fennoscandia, where the former ice sheet was
situated. The rms of differences are 6.8 km, 6.9 km and 1.2 km between the VMM-
SM, AH-SM, and the VMM-AH models, respectively.

(@) ] (b)

ISE 20E 25E

Fig. 2.8. The difference between Moho depths in Fennoscandia, a) difference between VMM and
SM, b) SM and AH and ¢) VMM and AH. Unit: 1 km

The simplest manner to verify whether a region is in isostatic equilibrium is to use
the free-air gravity anomaly. For a complete compensation, the free-air gravity
anomaly (as well as the isostatic anomaly) is zero (Fowler, 2001, Sect. 5). If there is
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an incomplete compensation, the free-air gravity anomaly is usually large, even as
much as several hundred mGal. Figure 2.9a shows that the free-air anomaly in Tibet
is highly correlated with the topography. This type of correlation is particularly
apparent over Zagros (North-South) and Alborz (North of Iran) Mountains in Iran as
well as in the Himalayas in Tibet. In these regions, with large topographic masses
(which are/were isostatically compensated), the Bouguer gravity anomalies are
dominated by large negative values (cf. Fig. 2.9b).
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Fig. 2.9. Free-air (a) and Bouguer (b) gravity anomalies in Tibet region obtained by EGMO0S.
Unit: 1 mGal

As can be seen in Figure 2.9a, in the central Tibet the magnitude of the gravity
anomaly is nearly zero (with mean value -5 mGal), and this small gravity anomaly
indicate an isostatic equilibrium. However, after estimating the isostatic gravity
anomaly we can see that there is an over-compensation, where the compensating
masses are larger than the topographic masses (see Sect. 2.6.2). In addition, the
isostatic gravity anomaly is not exactly zero in Fennoscandia, as only about 65
percent of the isostatic anomalies agree with isostatic equilibrium.

2.4.4 A numerical study based on the SVMM model

Here a numerical study will be performed based on the SVMM model (see Sect.
2.3.4.2). Again, we assume different density contrasts (0.6 g/cm? and 0.4 g/cm?®) and
mean Moho depths 36 km and 13 km for land and ocean, respectively. Figures 2.10
show global features the Moho depth based on the VMM and the SVMM models and
their difference, respectively. The numerical results show a global average
correlation of 99 % between two models.
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Fig. 2.10. The Moho depth by a) VMM, b) SVMM and ¢) difference between VMM and SVMM
with a resolution of 5 x 5", Unit: 1 km

Table 2.8 compares the SVMM with the VMM and CRUST2.0, where we can see
that the statistics of the VMM and the SVMM models are close. In comparison with
the AH model (see Table 2.3) the SVMM model has smaller rms with respect to the
VMM model.

Table 2.8. Comparison of the SVMM with the VMM and CRUST2.0 models. Unit: 1 km

Model Resolution Max Mean Min Std.

Tvam 65.58 22.67 3.45 14.43 rms

Tsvmm 5'x 5 65.31 23.55 3.00 | 13.83
% Tvmnr- Tsyaam 9.99 -1.28 -898 | 2.12 2.2
o
<
g Tcrusr2.0- Tvam 26.6 0.4 -26.0 7.2 7.2
& 2°%2°
© | Terusrao- Tsvam 23.3 -0.92 2456 | 7.2 7.3
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One application of the SVMM model is the determination of a SEGM model (see
Chapter 6 for more details).

2.5 Gravity error contribution on the VMM Moho depth

In this section we are going to determine the effect of the geopotential coefficient
errors on the Moho depth by the VMM model. The error of the VMM model will be
derived by using the error propagation law in Eq. (2.23). Before that, it is proper to
alter Eq. (2.23) to its original form; cf. Heiskanen and Moritz (1967, p. 39):

T'(©Q)
sin (l///Z)dO-Q '

T(P)=T (P)—327TR ” (2.28)

Disregarding last small term of Eq. (2.28) the variance of 7 can be approximated by
(see Eq. 2.22):

7y & Z Z Kz__jy”’" (P)} (2.29a)

n=0 m=-n

where the function /|, was defined in Eq. (2.20). Here, the correlations between the

harmonic coefficients have not been considered. The variance of /|, becomes

o) = [(2”(?)2 Oy, G, } / (4rk)’ (2.29b)
where
Oam =Pioy+Ho, (2.29¢)
and
Ol Hff Y, (P)do . (2.30)
(Pe )nm 4 (p.H)

As topographic height is estimated by a DTM, o, depends on its standard

deviation. Here we use DTM2006 for estimating the VMM Moho depth, and it
heavily relies on elevation information made available from the Shuttle Radar
Topography Mission (SRTM). Rodriguez et al. (2005) discuss in detail the accuracy
characteristics of the SRTM elevations. Comparisons with the ground control points,
whose elevations were determined independently using kinematic GPS positioning,
indicate that 90 % absolute error of the SRTM elevations ranges from +6 to +10
metre, depending on the geographic area. Unfortunately, no error estimates are
associated with the individual SRTM and DTM2006 elevations. Hence, an
approximate absolute error (o, ) in the order of +8 metre can be considered for
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heights. By this assumption, we obtain o,

problem for p,, which we can use CRUST2.0 for this purpose. CRUST2.0 includes

a crust density model with resolution of 2°x2° (see Sect. 3.2), which is available

without uncertainty. In addition, there are many gaps for the density. According to

this reason, we have to use a constant standard deviation for it (10 % to 20 % of 2.67
3

g/em’).

by using Eq. (2.30). There is same

We select the Middle East as our study area for investigating the gravity error
contribution on the VMM Moho depth. This area is limited by latitudes 10 and 45
and longitudes 20 and 65. Figure 2.11 shows the Moho depth based on the VMM
model in the Middle East with maximum, minimum, mean and standard deviation of
56.07, 5.42, 32.17, 11.26 km, respectively. The global models DTM2006 and
EGMO8 are employed to degree and order 90 for estimating o by Eq. (2.29a).
Figure 2.12 shows the error of 7 due to the geopotential coefficients error. Our
numerical results indicate that the contribution of the gravity error on 7 is less than 1
km globally.
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Fig. 2.11. The VMM Moho depth in Middle Fig. 2.12. The standard deviation of the VMM Moho depth
East. Unit: 1 km by the error propagation law in Middle East. Unit: 1 metre

The mean value of o, due to the geopotential error, presented in Fig. 2.12, is only
2.1 % of the mean value of the Moho depth (i.e. 32.17 km).

2.6 A study on topographic and compensating masses

The main purpose of this section is to present how much of the topographic potential
can be compensated by the masses beneath it. In this section, different methods for
studying the impact of compensation are presented. The study about under- and over-
compensation and prediction of the topographic heights through an isostatic model
are the methods to be used. Power spectra and correlation analyses are studied
between the topographic potential and its compensation based on two isostatic
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models and CRUST?2.0. In the next subsection, we will present necessary formulas
for this purpose.

2.6.1 Topographic and compensating mass potentials

We start this section by presenting some well-known formulas of topographic and
compensating potentials by a binomial expansion of Newton’s volume integrals.
These formulas will be applied later on.

2.6.1.1 Topographic mass potential
The topographic potential is given by:
ryd
, "o
V' (P) = ij j —daQ : (2.31)

where 7, is the radius of the moving point, /,, is the distance between any point P

and Q and p, is the topographic density (see Eq. 2.21). The inverse distance / can

be expanded in an external or internal series of the Legendre’s polynomials as:

lziz 2| P (cosy); if r, > 7, and y %0 (2.322)
l rP n=0 rP
_ZL % | P (cosy); if r, > 7, (2.32b)
To n=0\Tg

Equations (2.32a) and (2.32b) are the external and internal types of the Legendre
expansion of 1//. P, (cosy ) is the Legendre polynomial of degree n and y stands

for the geocentric angle between points P and Q. Equations (2.32a) and (2.32b) are
used in generating the external and internal types of topographic/isostatic potentials,
respectively. Another useful formula is the addition theorem of the fully-normalized
spherical harmonics (Heiskanen and Moritz 1967, p. 33):

1 n

(2n ) z Y, ()Y, (P). (2.33)

P, (cos l//) =

The gravitational potential J (P) is harmonic and can be expanded into an external

harmonic series. For the computation point to be outside or inside the topographic
masses we can write the external and internal types spherical harmonic expressions
for their potentials as follow:
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n+l1
Vil P) =%Z(£J > (chm) Yo (P) where r, >R (2.34a)
and

GM &
Vi (P) =TZ

n=0

(%} Z (con) Yo (P) where 7, <R (2.34b)

int
where GM is the geocentric gravitational constant, R stands for the mean radius of
the Earth, »p is the geocentric radius of any point P with angular spherical

coordinates (spherical co-latitude and longitude), (c’ ) and (ct ) are the
ext int

nm nm
X

spherical harmonic coefficients of the external and internal types of the topographic
potential, respectively. We assume that the point P is at outside of the Earth’s
surface, which means that the topographic masses are below P and Eq. (2.34a) holds
for the external potential of the topography. In this study, we consider a binomial
expansion up to third-order for the topographic masses. Then the external type of
spherical harmonic coefficients of the topographic potential is (Sjoberg, 1998a and
1998b):

(PH)  ai2(pH?) L (1+2)n+1) (p'H?)

3
‘) = m | (2.35
C )r (2n+1)p, | R 2 R’ 6 R’ (2:35)

where ( p'H ) , ( p'H 2) and ( p'H 3) are the spherical harmonic coefficients

of p'H, p'H? and p'H*, respectively. p'is the topographic density and H* and
H are the powers of the topographic height all over the globe and p, =55 g/cm3 is

the mean density of the Earth’s mass. Equation (2.35a) is obtained by assuming in
Eq. (2.34a) that (Novak and Grafarend, 2006)

GM =4zR’p,G /3. (2.35b)

Similar to Egs. (2.34a) and (2.35a), the internal type of the topographic potential is
given by:

(p'#)

N 3 . (ptHz)
(c’:’" )im - P, (Zn +1) R _(n _I)T

g (n—1)

(p'#”)

| @236)

2.6.1.2 Compensating potential by Airy-Heiskanen’s hypothesis

The AH isostatic model (the ‘mountain root theory’) is described e.g. in Heiskanen
and Vening Meinesz (1958, p. 135) and Heiskanen and Moritz (1967, p. 135). In
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order to formulate the compensating mass potential by the binomial expansion series
we consider a general scheme presented in Figure 2.13.

solid Earth topography

mean sea level

) "7 ~<Real Moho
! Y Pn :::‘ ~- Mean Moho surface

below crust layer
centre

Fig. 2.13. General schematic structure of the Earth’s topography and crust.

The compensating potential according to the AH hypothesis can be written (Sjoberg,
1998a and 1998D) as:

Vi (P) =G| j ”—drd (2.37a)

o R-T,~t" PQ

where 7, shows the mean compensation depth and 7" is the root/anti-root with
respect to 7p. By using the external type of the inverse distance / , Eq. (2.32b), we
have:

n+l
; GM &( R u
n= P

and

AH 3 (:Bc ) (” +2)T, (n+2) 1 —2772
~ H ~ = H , (2.37
cnm (27’! + l)pe |: R R 2 (pc )nm + 2R 2 pm _,Dc (pc )nm ( C)

where ¢’ is the spherical harmonic coefficients of the compensating potential base

on the AH model and (p,H) , (p,H ), ~and ( ’H ) are the spherical harmonic

66 *99

coefficients of p H , p,H and p’H?>, respectively. The notation “i” is denoted on
isostatic compensation in Eqgs. (2.37a) and (2.37b). p, is density function, where the
density of the solid Earth topography is set to p,and p, is the density of sea water;

see Eq. 2.21.
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2.6.1.3 Compensating potential by the VMM hypothesis

The Newton integral of the isostatic potential according to the VMM model can be
written:

Vi (P) =G| j Mda (2.38)

o R-T,,

where 7, and T, are the Moho depth and mean Moho depth based on the VMM

vvm

hypothesis, respectively and Ap is the Moho density contrast. By using the external

type of the inverse distance / , Eq. (2.32a), the compensating mass potential V;,,,,

can be obtained from the same Eq. (2.37b). Only c:*” should be replaced with ¢/ *™ .

The spherical harmonic coefficients cVMM up to third-order binomial expansion are

given by:

JMm 3 [(Ap(Tvvm _TO))’W " n+2 (Ap(T Tvvm ))

" (2n+1)p, R 2 R’
(2.38b)

=200 (A0, 1)),
6 R’ ’

vvim

and (Ap( - —TO))

harmonic coefficients of Ap(T,, -T,), Ap@T,;-T.) and Ap(T,), -T,),

vvm vvim

, (Ap(T -T? )) and (Ap( N 03)) are the spherical

nm

respectively, as they are given by

[Ap(T5, -T5)] =— j [[ap(rs, -75) Y, (Q)do  a=lor3
(2.38¢)
[ap(r;-1.2,) ] =—ﬂ [Ap() -T2 ) Y, (Q)do.

2.6.1.4 Compensating potential by Pratt-Hayford’s hypothesis

A short presentation of Pratt’s isostatic model is given in Heiskanen and Moritz
1967, pp. 134-1 35); see also Heiskanen and Vening Meinesz (1958, pp. 131-135). In
this model, the crust behaves like a dough: where the density p is less than the

normal p, for mountainous regions (Sjoberg 1998b)

2
: -H H (H
Ap" =p—p. = = | === -, 2.39a
P =P =P = i P pL(D (Dj J ( )
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Here D is the depth of compensation and it is denser than the normal below the ocean

2
x - H H
Ap =p—p, = - =—(p, — —— = -... | 2.39b
P =p=pe= o (pe=p) == (p, pW)LD (Dj ] (2.390)
It yields (Sjoberg 1998b)
2
" H H
Ap =—p. | ——|— | —.. |, 2.39¢
V2 pc[ D ( D] J (2.39¢)
We obtain the compensating potential from the Newtonian volume integral as
; 5 Ap rldr
Vi (P)=G[[ [ 2o (2.402)

o R-D ZPQ

The external type is given by (Sjoberg 1998b)

0 n+l _ n+3
Vo (P)= oM (i] " 13 J.J.Aﬁ* [1—(¥j }Pn (cosy)do, (2.40b)

R n=0\"p
where by considering binomial expansion up to third-order for the first term in the
square bracket and using addition theorem of the spherical harmonics, Eq. (2.33), we
can further simplify Eq. (2.40a). The binomial expansion of the function under
square bracket is

(R _DJM :1_(n+3)D (n+3)(n +2)(Dj2_(n +3)(n+2)(n +1)(D j3+

PR _+ J— _
R R 2 R 6 R

(2.40¢)

For obtaining the external type of the compensating potential Vj, according to

Pratt-Hayford hypothesis we should replace ¢’ with c¢” in Eq. (2.37b). The

PH
nm

spherical harmonic coefficients ¢, are given by:

P 3 _(A'B*D )nm L +2 (A'E*Dz)nm _(m+2)(n+1) (A'B*D3)'"" (2.41)
" (2n+1)p, R 2 R’ 6 R’ C

where (A,B*D) , (A,E*Dz)nm and (Aﬁ*DS) are the spherical harmonic

coefficients of Ap'D, Ap D? and Ap'D’, respectively. These coefficients can be
obtained similarly to Egs. (2.38¢).
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2.6.1.5 Topographic-isostatic potentials

Until now we discussed the topographic and isostatic potentials separately. For many
purposes, we may employ one of the isostatic models to estimate the topographic-
isostatic (TT) potential. For example, the TI potential can help us in the remove-
compute-restore technique, smoothing the gravity field, etc (e.g. Rummel et al. 1988;
Moritz 1990 Chap. 8; Pavlis and Rapp 1990; Martinec 1998 Chap. 3; Sjoberg 1998a
and 1998b; Haagmans 2000; Gottl and Rummel 2009). The TI potential is obtained
by subtracting the topographic potential and its compensation:

Vi =V -V (2.42a)

Finally, the TI potential for any isostatic model can be expressed by:

n+l
ad (P)Z% (ﬂ} > (cf —c/ )Ynm (P), j=VYMM,AHand PH ~ (2.42b)

J nm nm
R n=0 rp m=-n

where ¢! —c/ = are the spherical harmonic coefficients of the TI potential of

m nm

interest.
2.6.2 A study of under- and over-compensation of the topographic heights

The Earth’s surface is irregular due to the heterogeneous densities in the crust and to
a degree of viscosity, at least in the outer mass, which resists the tendency of the
material to arrange itself in layers each with a uniform density. Isostatic
compensation is variable from place to place. One important question that may arise
is whether the topographic potentials are compensated by a variable crustal root
and/or density completely. Here three methods are presented for investigating the
impact of the compensating potential on the topographic potentials: a) estimation of
the isostatic gravity anomaly and comparing it with the isostatic condition
(Ag, =0), b) determination of the predicted topographic heights by a crustal model

and c¢) computation of the Bouguer gravity anomaly by using a Moho depth model as
known parameter (see also Bagherbandi 2011a).

There are generally three kinds of isostatic compensation: complete compensation,
over- and under- compensation (Heiskanen and Vening Meinesz, 1958 p. 124). The
above three cases can be presented in the following classification (see also Figs.
2.14):

1) Complete compensation, which is defined as the topographic and compensating
potential are in complete equilibrium. In this case we have

Ag, =Agy +A. =0, (2.43a)
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a) b) ©)
| Topography Topographyi Topography

meaning that the topographic and compensating potentials are the same (Fig. 2.14a).
This case occurs only for local compensation models such as the AH and PH models.

2) Over-compensation, which it occurs when the crustal root/density is larger than
the topographic potential/density (Fig. 2.14b)

Agp <-4, and Ag, <0 (2.43b)
Hence, in this case the isostatic gravity anomaly will be negative.

3) Under-compensation, which occurs when the crustal root/density is smaller than
the topographic potential/density (Fig. 2.14c), implying that, the isostatic gravity
anomaly is positive.

Agp, >—A. and Ag, >0 (2.43c¢)

actual crustal root

|
|
i
|
i
[
r=-
1
1
1
1
1
1
1
1
LN
9}

| |

R 8 |_ _predicted | E—

: _________ crustal root :_ predicted _:
Ac crustal root

Fig. 2.14. a) Complete compensation b) over-compensation, ¢) under-compensation of the
topographic heights.

The simplest way to study the compensation of the topographic potential by the
crustal root, especially in large-scale structures such as mountain chains, is to use the
isostatic gravity anomaly (see Eqs. 2.43a to 2.43c). This approach will demonstrated
on Zagros Mountains chain in Iran and the Tibet plateau, by using the VMM model.
The free-air and isostatic gravity anomalies are shown in Figs. 2.15 and 2.16 for Iran
and Tibet, utilizing EGMO08 and DTM2006 in estimating the isostatic gravity
anomaly up to degree 90 (its corresponding to a resolution of 2°%2°). The white line
A is the location of a cross-sectional view in both figures. We see that the
compensation of the topographic potentials by the VMM model can significantly
smooth the free-air gravity anomaly along this line (see Figs. 2.15a and 2.15b for
Iran; Figs. 2.16a and 2.16b for Tibet).
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Fig. 2.15. a) Free-air and b) VMM isostatic gravity anomalies in Iran. Unit: 1 mGal

The results show that all topographic potentials cannot be compensated. Many
phenomena influence the isostatic gravity anomaly; see Sect. 2.3.7. Here we discuss
a simple method to determine to what extent of the estimated Ag, can be assumed as

the isostatic gravity anomaly. For this purpose, a level of uncertainty ¢, for the
isostatic gravity anomaly can be defined:

Ag,|<¢, (2.43d)

where « is a certain confidence level. If absolute value of Ag, be smaller than the
threshold level ¢, , it can be assumed as an isostatic gravity anomaly. In order to
define £, we use the error propagation law in Eq. (2.4) to have a rough estimation
for it. A standard deviation about 10 mGal is estimated forAg,, which yields 20
mGal for 95 % confidence level. Here only 75 % and 57 % of |Ag ,| are smaller than
¢, =20 mGal. Thus, only the above-mentioned percentages of the topographic

potentials are compensated in Iran and Tibet. The results show that only 41 % (in
Iran) and 49 % (in Tibet) of Ag, are positive, which denote on under-compensation

of the topographic potentials.

100

$0E  5'g

-100 90 E

Fig. 2.16. a) Free-air and b) VMM isostatic gravity anomalies in Tibet. Unit: 1 mGal
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Figures 2.15 illustrates that there is under-compensation along line 4 (in Zagros
Mountain chains). It means that the compensating potential is less than the
topographic potential and the crustal roots cannot compensate all the topographic
potentials. A similar situation is observed in the Tibet plateau due to existing huge
topographic masses. Figures 2.17 and 2.18 show the different gravity anomalies
along the lines 4 and B in Iran and Tibet, respectively. Both figures illustrate that the
isostatic gravity anomalies are less than the free-gravity anomalies along the lines. If
we compare the Bouguer gravity anomalies in Iran and Tibet, it is obvious that the
Bouguer gravity anomaly in Tibet is very large and negative because of huge
topographic masses. In addition, we can see that, the compensation of the
topographic potentials along line B in Tibet is less than that of line 4 in Iran. In fact,
by these profiles we can judge about compensated and un-compensated topographic
potential in the study areas.

2.6.3 Impact of the compensating potential on predicted topographic heights

Let us define an alternative method to study the topographic potential and its
compensation. Here we use a known Moho depth model for predicting the
topographic height. Determination of the predicted topographic height by the crustal
depth can be one of the methods to investigate the compensating potential impact on
the topographic potential. Here, after predicting the topographic height, it will be
compared with a known DTM (e.g. DTM2006). It is expected that the estimated
topographic height includes some deviations with respect to the DTM. This
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difference can be due to the assumptions in the isostatic models and the dynamic
isostatic effects on Ag, , which discussed in Sect. 2.3.7.

Now by rewriting Eq. (2.22) it can be obtained in the following form

n

Tl e [2’1 +1j Z (27Z-G (ELH )nm _Gnm _ACU)Ynm (P)’ (2.44a)

- 4rk i\ n+1 ), =,
or
1 (2n+1 _

T,) =—- 2nG(p.H) -G, —A:- ), 2.44b

( l)nm 472_1(( n+1 j( (pc )nm nm CU) ( )
If we assume that the density of the crust is constant, we have ( p.H )nm =pH,,
where

H, = |4k 2T 4G, 440 |, (2.452)

272G p, 2n+1 nm 0
which yields
Heet Y% 47rk(n+lj(T) +G,, +4 (2.45b)
T 21G p, =2, 2n 1 )0 Hmm e TG ) '

The predicted Bouguer gravity anomaly from a known Moho depth can be obtained
by Eq. (2.4) as:

Ag, = —(AC0 +a'AC)

[(1—70)3 —1]+kR Il K(w,r)do} (2459

_ A7kR
3

2.6.3.1 Estimation of topographic height from the VMM model

An alternative formula can be formed to estimate the topographic height by the
Moho depth. By rewriting Eq. (2.4) we have

Agp +Ac (T ) =Ag -27G p.H + A4, +d4c =0, (2.46a)
By using Egs. (2.7) and (2.15¢) one obtain

Ag —27G p.H +4”G#[(1—10)3 —1J+27IGA,0R (¢(P)+7,)=0, (2.46b)

It yields
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H(P)= 27r61?pc {Ag (P)+@[(1—70)3 ~1]+27G 808 (T(P)-FTO):l,

(2.46¢)

where 7=T/R and 7,=T,/R .

Now we perform the numerical study on the topographic height estimation by Eq.
(2.46¢). By assuming that the Moho depth defined by CRUST2.0 is equal to the
VMM Moho depth, we can use the CRUST2.0 Moho depth in Eq. (2.46¢). The
estimated topographic height, by Eq. (2.46¢) and comparing it with real topography,
it shows deviation from complete isostatic equilibrium. The main contribution for
this deviation is due to use of the constant density contrast (i.e. 0.6 g/cm?® for land
and 0.38 g/cm’® for ocean).

Fig. 2.20. Difference between the predicted topography by
CRUST2.0 and DTM2006 with resolution 2°x2°.
Unit: 1 km

Fig. 2.19. The solid Earth topography by DTM2006 with
resolution 2°x2°. Unit: 1 km

Figure 2.19 shows the topographic heights based on DTM2006 with the resolution
2°x2°, Figure 2.20 shows the residual isostatic topographic height (in km), which is
the result of Eq. (2.46c) minus the estimated topographic height by DTM2006. The
residual topographic height is with -0.97 metre mean value and 0.75 km rms in the
oceans. These values are 14.7 metre mean value and 0.85 km rms for the anomalies
in the continents.

We have estimated the predicted topographic height of the Earth using CRUST2.0
and the assumption that the crustal columns are in isostatic equilibrium only. The
differences can be due to the incorrect density contrast used especially along
continental margins. The large difference between the predicted topographic height
and DTM2006 is more due to disregarding the ice masses in this study (for example
Antarctica and Greenland). We can use the suitable data to specify the ice thickness
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and consequently using right density for the ice thickness in Greenland and
Antarctica. If we assume that the applied Moho depth is correct we can conclude
that: the numerical result for the predicted topographic height, by Eq. (2.46¢), shows
that the positive differences imply to under-compensation by using 0.6 g/cm® and
0.38 g/cm’® density contrast in land and ocean, respectively. Consequently, the
negative differences denote on the over-compensation of the topographic potentials
when the above densities contrast values are used.

Another study will be performed for compensating potential impact on the
topographic height based on the VMM model. For the purpose mass anomaly per
unit will be defined (more details are presented in Sect. 3.6.3).

2.6.4 Power spectra and correlation analyses between the potentials of
topography and its compensation

In this section, degree variances and correlation of the topographic potential and its
compensation are presented. The study will concentrate on the compensating
potential impact on the topographic potentials. This comparison is performed by
using the formulas presented in Sect. 2.6.1. The degree variance of topographic
potential and its compensation are obtained by:

ck = z (c,ll‘m )2 ok =t)i (2.47a)

m=—n

where ¢! and ¢! denote the topographic and isostatic harmonic coefficients; see

Sect. 2.6.1. Figure 2.21 shows the result of the power spectrum analyses of the
topographic and its compensation potentials. Figure 2.21a compares the degree

variance of the topographic potential (¢! ) with those of the compensating potentials
(c! where i= AH, VMM and SM). It is interesting that cZMM is closer to c| than

c,fH and ch , which means that the VMM model compensates the topographic
EGM08

potential better than the other models. We observe that ¢! is larger than ¢, ,
which shows that there is also another compensation mechanism for the topographic
potential (Martinec 1993). This issue can be interpreted as that deeper Earth’s mass
effects and lateral variations of the crustal density have not been considered in this

study (see Sect. 2.3.7).

Figure 2.21b shows the degree variances after compensating the topographic

potentials for different Moho depth models (Eq. 2.42b). It illustrates that the TI

EGM 08
n

corresponding spectra of the AH and CRUST2.0 models. In addition, Figure 2.21a

spectrum gives by the VMM model is closer to ¢ in the low degrees than the

shows that CZMM , between degrees 0 and 40, is larger than the spectrum of the
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degree variance (unitless)

topographic potential, implying over-compensation. cZMM and c! are close to each

other between degrees 40 to 90, implying nearly complete compensation for these

degrees. This also implies that the dynamic isostatic effects (see Sect. 2.3.7) can

VMM
n

topographic-isostatic degree variances do not match with EGMO08 (see also
Haagmans 2000).

more affect the long-wavelengths of ¢ and ¢’ . This is the major reason why the

a)

[ EGMO8
b ¥

[
=
z
z

degree variance (unitless)

0 20 40 60 80 100 0 - - - - |
degree 107 20 40 60 80 100

degree

Fig. 2.21. Degree variance of a) the topographic masses and its compensation for the AH, the VMM
and the SM b) the compensated topographic masses with respect to degree variance of the EGMO08 up
to degree 90, (t: topography, SM: CRUST2.0, VMM: Vening Meinesz-Moritz and AH: Airy-
Heiskanen).

Figure 2.22 compares the compensated and uncompensated topographic potentials by
the AH and PH models. The figure shows that the PH model is not suitable as a
compensation mechanism. The difference of the degree variances between
compensated topographic potentials and uncompensated one are very small,
implying that the PH model cannot compensate the topographic potentials up to
degree 60 (see also Tsoulis 2001a). The figure illustrates the compensated

topography based on the PH model (¢! +c/") converges to the AH one (¢! +c/")

n

very slowly. The reason of that is due to the long-wavelength of the topographic
potential cannot compensate by small variation of the obtained crustal density,
because the compensation depth is assumed to be constant in this model. Therefore,
the crustal density estimated from the PH model can affect only the higher degrees of
the topographic potential.
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Fig. 2.22. Degree variance of the topographic potential, compensated and uncompensated topography
for the AH, the PH models.
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Fig. 2.23. Degree variance of CRUST2.0 (SM), Vening Meinesz-Moritz (VMM)
and Airy-Heiskanen (AH) Moho depths.

Here we also compare the spectrum of the Moho depth models up to degree 90.
Figure 2.23 shows that the power spectra of CRUST2.0, AH and VMM Moho
models are close in the low degrees (degrees 0-10), but after degree 10 the power
spectra of CRUST2.0 and the VMM models increase with respect to the AH model.
This is due to pure local compensation of the AH model. This plot also shows that
the VMM model follows the crustal thickness obtained from CRUST2.0 better than
the AH model.
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Another comparison is correlation analyses between topographic potential and its
compensation. The degree correlation can be written:

PACHICH
" e Ze

i=AH, VMM or SM (2.47b)

This equation is illustrated in Figure 2.24. As one would expect, there are high
correlations between the AH and VMM compensating potentials. The correlation
between the VMM and CRUST2.0 models is higher than the AH/CRUST2.0. One
can see also that the correlation of the VMM and CRUST?2.0 increases after degree
60, which supports the results presented in Figure 2.23.

Figure 2.25 illustrates the degree correlation coefficients the topographic potential
and compensating potentials generated by the AH, VMM and CRUST2.0 models.
High correlation can be seen in the low degrees (less than 30). Low correlations for

higher degrees show that the compensating potentials cannot completely compensate

VMM
n

the topographic potentials. In addition, the correlation between c¢ and cf is
lower than for cfH and cf in high degrees, which is due to regional/global

compensation for the VMM model.
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The overall correlation coefficients between topographic and its compensation
harmonic coefficients are 0.88, 0.98 and 0.91 for CRUST2.0, the VMM and AH
models, respectively. As a conclusion, we can see that significant parts of the Earth’s

topographic height are compensated by the crustal root and/or crustal density
variation. In addition, high correlation of ¢, ™ and ¢ shows that the VMM model

m

follows CRUST2.0 better than the AH model.
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2.7 Spectral depth of Moho

Here we present the upper most degree of compensation of the topographic potential
based on the VMM model. This subject can be studied by the Spectral Depth of the
Moho (SDM). One important application of the SDM is in EGM extension to higher
degrees by the topographic data, implying the SEGM. As was mentioned, all the
topographic potentials cannot be compensated by its compensations (Haagmans,
2000). For example, Kaban et al. (1999) and (2004) concluded that the isostatic
models are valid for spatial wavelengths longer than 500 km, and for shorter
wavelengths the isostatic models cannot be applied (see also Sjoberg 1998b). The
spherical harmonic expansion of the TI potential can be used for this study (SDM).
In the past, this issue have been studied in some papers. For example, Rapp (1982)
and Tscherning (1984) used the topographic potential and its compensation based on
the AH model and Rapp (1982) could show good agreement between the TI potential
and the Earth’s potential field when the depth of compensation in Airy’s theory to be
50 km. Tscherning (1984) determined the SDM by smoothing the gravity field (cf.
Rummel et al. 1988). The depths were found between 35 and 15 km, which are much
lower than the values found by Rapp (ibid). Rummel et al. (1988) studied the TI
potential obtained from the AH model and compared it with the observed gravity
field of the Earth. Using this comparison they estimated the SDM.

2.7.1 Methods of SDM estimation

We will estimate the SDM by the VMM model. For this purpose, four techniques can
be presented (Rummel et al. 1988; Sanso et al. 1986):

a) The power of the Earth’s gravity field at a specified degree should be equal with
the power of the TI potential:

f(T)=c,~c, =0, (2.48a)

where T, is the SDM. ¢! is a function of the compensation depth, thus the SDM can

be obtained by the equation. There is a unique solution for the SDM in this
technique. Equation (2.48a) implies that there is a complete compensation for the
topographic potential. This assumption is true if we disregard the dynamic isostatic
effects (cf. Sect. 2.3.7).

b) The correlation between the TI potential and the topographic one is minimum. In

this technique the TI potential ¥ * should have minimum correlation with the Earth’s
topographic potential because of the compensation. In fact, by altering the depths of
compensation the correlation between the topographic and TI potentials will change.
This implies that the power of the topographic potentials to be minimize by the
isostatic compensation below the sea level. The SDM can be defined by the
following formula:
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i”cor’r (V Loyt )2d(7 = n}in , (2.48b)

where corr is correlation between two ¥ ‘and V" and H(O)Zd o implies global

o

mean square €rror.

¢) The norm of the smoothed Earth’s potential by a TI-model should be a minimum,
1 iV
Eﬁ (V- -v'))do= min, (2.48¢)

Each technique can be formed by assuming variable Moho depth and/or variable
density for the Earth’s crust. We assume a homogenous crust for determining the
SDM and use the variable Moho depth assumption.

d) The norm of the compensated topographic potential should be a minimum,

4LU(V’ Vi)do = min. (2.48d)
- :

2.7.2 SDM estimation by smoothing technique

By inserting the binomial expansion (see Sect. 2.6.1) of ¥ “and V' in Eq. (2.48d)
and taking advantage of the additional theorem (Eq. 2.33), we obtain:

i”(’/t ‘Vi)zdffzg(ffi —el) (2.49)

where ¢! and ¢! are the degree variances of the topographic potential and its

compensation. For estimating the SDM, the first term of Eq. (2.38b) is considered:

i ~ 3Ap (Tnm _TO)

~ , 2.50
“m=(2m+l)p, R (2:50)

Thus the SDM can be obtained by assuming c! =c!. After performing some

simplifications, we have:

Rp, (2n +1) V2
T, =T, {T}(cn) : (2.51)

where

n

=Y (er,) (2.52)

m=—n
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As mentioned before, one of the important applications of the SDM is to figure out to
what extent (which degree) the compensating potentials can compensate the
topographic potential. Here we discuss about the SDM based on the smoothing
technique, where some important parameters are needed. The first one is the global
mean Moho depth which can be obtained from the seismic crust model e.g.
CRUST2.0. The next parameter is the density contrast that usually we can assume
constant value 0.43 g/cm® (see Sjoberg and Bagherbandi 2011a) or use the density
data from CRUST?2.0.
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Fig. 2.27. Differences between the consecutive

Fig. 2.26. Spectral depth of Moho. Unit: 1 km
spectral depth of Moho. Unit: 1 km

Figure 2.26 shows the SDM up to degree 90. We can see that after degree 60 the
compensation depth is nearly constant. This matter also can be seen in Fig. 2.27,
which shows the difference between the consecutive SDMs. It can be concluded that,
based on Figs. 2.26 and 2.27, the topographic potentials up to spatial wavelength 330
km (which corresponds to 60 degree in spectral form) are compensated well by the
VMM isostatic model. The remaining effects of the topographic potentials, which are
higher frequencies than degree 60, are not compensated by the variation of the Moho
depth (see Sect. 2.6.4).
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Chapter 3

The Moho density contrast

3.1 Introduction

The Earth’s gravity field is generated by various sources. The low-degree harmonics
of the gravity field are closely related with deep subsurface structures, and one of
them is the Moho among other contributions of the deeper interior of the Earth. The
very long-wavelength contributions to the Earth’s gravity field are mainly due to the
deep mantle density variations and core/mantle topographic variations. So far
contributions have shown that the mass distribution within the lithosphere also
considerably affects the long-wavelength features, such as geoid (Dahlen 1981;
Hager 1983; Le StunV & Ricard 1995; Lister 1982).

Improvement of models for the Earth’s structure, such as gravity and crustal density,
are undoubtedly important subjects for geosciences. Such data (like EGMO08 and
CRUST2.0) are certainly suitable for modelling some of the Earth’s parameters. For
example, our knowledge about the distribution of density inhomogeneities in the
Earth’s interior is essential for modelling geodynamical phenomena. However,
gravity variations reflect the influence of the density inhomogeneities at every point,
integrated over the whole Earth, so that a unique inversion for the crustal density is
complicated (Kaban et al. 1999). Recent geophysical investigations show that the
density variations in the upper mantle play an important role in the compensation of
the crustal structures (Artemjev & Kaban 1986; Artemjev et al. 1994; Mooney et al.
1998).

Due to the different structures of the Earth’s crust and mantle, there is a contrast
between their densities at the Moho boundary, which is called the Moho Density
Contrast (MDC). Moho separates the crust from the denser upper mantle with a
density contrast, which traditionally was assumed to be in the order of 0.6 g/cm’ (e.g.
Heiskanen and Moritz 1967, p.135). Today this value is regarded as too large, and
recent values for oceanic areas seem to be at least 0.2 g/cm’ lower than that.
Dziewonski and Anderson (1981) presented the value of 0.48 g/cm’ in their
Preliminary Reference Earth Model (PREM). Martinec (1993) and (1994) estimated
a density contrast of 0.3 g/cm3 based on a method that minimizes the external
gravitational potential induced by the topographic potential and its isostatic
compensation. For this purpose he used minimum norm criterion between the
potentials based on the study performed by Sans6 et al. (1986). Shin et al. (2007) and
Tenzer et al. (2009) found in their studies by trial and error the density contrasts of
0.38 and 0.52 g/em’, respectively. We see that each study uses some assumptions to
estimate a reasonable MDC, e.g. using trial and error method or smoothing the
gravity field by the TI potential. Kaban et al. (1999) estimated the lithospheric
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structure based upon the most recent global compilation of crustal data (Mooney et
al. 1998) augmented by higher-resolution data in certain regions. Over the oceans
they used the cooling oceanic lithosphere concept based upon the digital ocean-floor
age grid (Miiller et al. 1993). It was applied to introduce geology-dependent
subcrustal density variation for a complete mass balance in the Earth’s upper layers.
A recent study of the global Moho model was carried out by Kaban et al. (2004) by
using the AH model. They used geothermal data (Hurting et al. 1992) and ice sheet
thickness information (Drewry 1983 and Mooney et al. 1998) for Antarctica and
Greenland to estimate isostatic model of the lithosphere. Sjoberg and Bagherbandi
(2011a) derived a preliminary combined solution of the VMM global inverse
problem for the MDC as well as for the Moho depth with a resolution of 2°x2° by
using the data files of EGMO8 global gravitational field, DTM2006 solid Earth
topographic model and CRUST2.0 seismic model in a least-squares procedure.

The MDC is an important parameter for estimating the Moho depth by the isostatic-
gravimetric models. It can be obtained from seismic models such as CRUST2.0
(Bassin et al. 2000) or gravimetric-isostatic methods (e.g. the VMM hypothesis).
Today the crustal thickness is fairly well determined in some regions by the seismic
techniques, while the actual crustal density contrast varies laterally. Nevertheless, the
seismic data are expensive to gather and therefore are sparse and in-homogeneously
distributed around the Earth.

In this chapter the MDC estimation is presented by the isostatic-gravimetric method.
It implies that, the VMM problem is altered by assuming that the Moho surface is
known (e.g. from seismic data analysis), and the MDC is sought. In addition, the
problem is generalized to that of solving for both the MDC and the Moho depth in a
least-squares procedure, based on a priori information.

This chapter starts with presenting a simple model to determine a global constant
MDC by the isostatic-gravimetric method, i.e. the VMM model. After that, a variable
density contrast is studied of the VMM model. This technique is then used for
combined modelling the Moho depth and the MDC. A local density contrast
determination is presented by an regularized inversion method. Finally, we discuss
the impact of the MDC on the Moho depth estimation based on the VMM model.

3.2 Moho density model by seismic data

Before modelling the MDC by the VMM model, we estimate the MDC using the
CRUST2.0 model. As mentioned in Chapter one, CRUST2.0 is a global crustal
model, in which the crust is divided into three layers: upper crust, middle crust and
lower crust. CRUST2.0 includes seven types of data, of which one of the layers
contains crustal density data. Due to uncertainties of CRUST2.0 and the deviation of
its density model from the real Earth crustal density, one should study other sources
for improving the density model. Before starting to introduce a new method of
determining the MDC, it is appropriate to describe CRUST2.0 density model.
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Table 3.1 shows the statistics of the crustal density and the MDC estimated (last row
of the table) from CRUST?2.0 with a resolution2° x2°.

Table 3.1. Statistics of CRUST2.0 global density model. Unit: 1 g/cm?

Max Mean Min Std.
upper crust 2.800 2.675 2.600 0.085
§ middle crust 2.900 2.890 2.800 0.025
é lower crust 3.100 3.044 2.900 0.050
5]
A weighted mean
- 2.930 2.870 2.820 0.029
P
Estimated MDC
Ap from CRUST2.0 0.453 0.400 0.337 0.029

We convert three layers of density data to one homogenous crustal density, because
we would like to determine a homogenous model for the MDC based on a gravimetric-
isostatic method (see Sect. 2.2.1). The MDC can be estimated by subtracting the
mantle density, i.e. 3.27 g/lem’, from the weighted mean crustal density ( p.) calculated

for the depth of each layer.

10.44

F0.16

043 017
| :
10.42 1018
0.41 0.19
0.4 0,2
0.39 -0.21
.38 022

-0.23
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0.34

Fig. 3.1. a) The weighted mean of crust density obtained by CRUST2.0, b) MDC obtained from weighted
mean and c¢) difference of the constant density contrast 0.6 g/cm*and density contrast based on CRUST2.0.
Unit: 1 g/cm?
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Figure 3.1a shows the crustal density obtained by the weighed mean method. We
know that CRUST2.0 includes many gaps especially in the oceans. In CRUST2.0 the
oceanic areas contain a constant value for the upper, middle and lower crustal
densities. Figure 3.1b illustrates the variable MDC, estimated by assuming a constant
mantle density. The values of the MDC have significant difference from the constant
MDC 0.6 g/cm®. The differences are presented in Figure 3.1c. Some parts of this
difference are related to the distribution of the seismic data, which can affect the
MDC’s results. The crustal densities from CRUST2.0 are the interpolated version of
the point-wise density computed from these sparse data. Therefore one cannot be 100
% sure that the seismic MDC is truly accurate. In addition, because of assuming a
constant value for density in all the ocean areas, it causes large errors for the MDC. On
the other hand, these errors are due to deviations of the crustal density CRUST2.0
from the true Earth’s crustal density. One reason to use the MDC based on the
isostatic-gravimetric methods is the above mentioned problems.

3.3 Determination of a globally constant MDC by the VMM method

In this section some methods for estimating the MDC by using the VMM model and
CRUST2.0 are presented. As mentioned before, the VMM model is a flexible model,
because we can alter the model to obtain the parameters of the MDC. First we
describe the model, and then two models based on discrete and continuous
observation will be defined.

3.3.1 The basic equation for MDC

We start with the first-order Fredholm integral equation presented in Eq. (2.9).
According to Sjoberg (2009) we can rewrite Eq. (2.9) for obtaining the MDC, where
in this method Ap is not constant (Sjoberg and Bagherbandi, 2011a). The result is

b(P)=R[[ApK (.5 Mo, (3.1a)

where
b(P)=—[AgB+ACO]/G . (3.1b)

Sjoberg (2009) presented the kernel function K (1//,s) in a closed form (see Eq.

2.12a), and the Moho depth 7" was treated as the unknown in Sjoberg (ibid). Now the
primary problem is to estimate the MDC.

Let us start with Ag,in Eq. (3.1b), by using the following complete formula
(Heiskanen and Moritz 1967, Eq. 3-18)
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(3.1c)

oh ), ¥ oh

ov' V' oy
Ag, (P)=Ag (P
e (P)-as(r)o| | 22

P
where Ag stands for the free-air gravity anomaly and the second term of Eq. (3.1¢)

is the topographic mass effect that should be removed to reduce Ag to the Bouguer

gravity anomaly. V'’ is the potential of the topographic masses (Eq. 2.31), 4 is the
normal height of point P and y is normal gravity. The Bouguer gravity anomaly

Ag, will be simplified by considering only a Bouguer plate, which is simple

Bouguer gravity anomaly:
Ag, (P)=Ag(P)-22G pH (P), (3.1d)

where pis density of the Earth’s topography, which is assumed by a constant (i.e.

2.67 g/cm?). In addition, the complete Bouguer gravity anomaly can be obtained by
adding terrain effect to determine the complete Bouguer gravity anomaly (Heiskanen
and Moritz, 1967 p. 130). The simple and complete Bouguer gravity anomaly will be
discussed more in Sect. 3.6.1.

By this introduction of Ag,, we use Eq. (3.1a) directly for estimating the MDC by

the inversion of integral formulas. The consequences are presented in the section
below.

3.3.2 MDC estimation by discrete observations

The integral formula (3.1a) should be formulated for discrete values and solved
numerically. We symbolically show that the system of equations corresponding to
this integral formula is

BAp=b ; i=12,..,n, (3.2a)

where 7 is number of »(P) and

B, =R|[K (y,.s{o, (3.2b)

and B, stand for the coefficient matrix elements obtained by converting the integral
into descrete data and Ap is the unknown. b, is b (P)in i-th point. In fact, we form

n discrete observation equations by Eq. (3.1a) for a globally constant MDC (Ap).

The least-squares solution of the MDC becomes
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n

> Bb,

Y = — (3.3a)

n

25
i=1

with standard error of

G, = \/i(bl. “BARY (=113 B . (3.3b)

i=1

In applying Egs. (3.3a) and (3.3b) we estimate the MDC by assuming that the Moho
depth is known from the seismic Moho model of CRUST2.0. The Bouguer gravity
anomaly is obtained from EGMO8, topographic heights provided by DTM2006, and
the mean crustal densities (varying laterally from 2.83 to 2.93 g/em’) from
CRUST2.0.

The MDC is highly dependent on the geological structure of the study area, and
therefore it is not easy to provide a ‘standard’ value for it. However, for continents a
typical MDC is about 500-650 kg/m’, whereas the assumption of mean density
values of about 2670 to 2800 kg/m’ in the crust and 3330 kg/m’ for the upper mantle
result in a mean MDC of about 530 kg/m® (Bott, 1971 pp. 51-54). In the oceanic
areas the variations are not very large, and a typical density value is 2900 kg/m’ for
the oceanic crust, ranging from 2850 to 3000 kg/m’, whereas the density of the
mantle is again of the order of 3330 kg/m3, yielding a typical MDC of 430 kg/m3.

By using Eq. (3.3a), we presented a least-squares method for estimating a constant
MDC from discrete observations of the Bouguer gravity anomaly and a known Moho
model. The spatial resolution of CRUST2.0 is 2° x2°, which is the same resolution
for the results Egs. (3.1a) and (3.2a). From the discrete observations we may estimate
the mean value of the MDC in each study area. As mentioned before, the Bouguer
gravity anomaly, Eq. (3.1¢) or Eq. (3.1d), is obtained from EGMO8. The parameters s
and A are calculated based on CRUST2.0 Moho model in Eq. (3.2b) and the mean

value of the Moho depth (from CRUST2.0 model). The discrete observations b(P)
are obtained by Eq. (3.1b). Table 3.2 shows the solutions of the MDC for

Fennoscandia, Tibet, Iran and globally as well as the standard errors estimated by Eq.
(3.3b).
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Table 3.2. Solutions of the MDC in various areas from discrete Bouguer gravity anomalies.
Unit: 1 kg/m?

uantit Density Contrast Ap A
Q y y £ | standard error Oy,

Fennoscandia 570.85 +3.56
Iran 501.79 +2.70
Tibet 697.36 +3.00
Global 523.75 +0.15

The table shows the MDCs in the areas of Iran and Tibet are about 12 % lower and
22 % higher, respectively, than in Fennoscandia. The reason of this can be found by
referring to Tables 2.4 and 2.5. The MDCs have been achieved from the Moho depth
and the Bouguer gravity anomaly by applying Eq. (3.3a). For example, we observe
that in Baltic Sea (center of Fennoscandia), there is no topography but the Moho
depth is deeper than the Moho depth in Iran. This is reason why the MDC in
Fennoscanida is larger than Iran’s MDC. In fact, the estimation of the MDC has
direct relation with the Moho depth and the Bouguer gravity anomalies. We also see
that the estimated standard error of the MDC is only in the order of 0.5 % of the
solutions in the studied regions. It should be stated that there is not a complete
compensation for the topographic masses in the selected areas (Fennoscandia, Iran
and Tibet), as the gravity field in these areas are generated also by other major
phenomena like postglacial rebound, mantle convection, etc. Hence, further analyses
are needed for these regions.

The global mean of the MDC was estimated to 524 kg/m’® with a very small standard
error (which indicates the small variation of the estimated MDC, in particular at sea).
For comparison, Dziewonski and Anderson (1981) presented a globally averaged
MDC of 480 kg/m’ in their well-known Preliminary Reference Earth Model
(PREM), which is about 9 % smaller than our estimate. One reason for the
discrepancy could be that our estimation for the MDC is based on an erroneous
isostatic gravity anomaly, not corrected for the above-mentioned large-scale dynamic
effects. Martinec (1993) estimated a global MDC of about 280 kg/m’® by minimizing
the sum of the gravitational potential induced by the Earth’s topographic masses and
its compensation. His solution was obtained based on the AH hypothesis (local
model), which obviously yields a significantly smaller MDC than that of the VMM
hypothesis.

The drawbacks of using Eq. (3.1a) are as follows. a) It is an inversion method to
estimate the MDC, where the errors of the observation are amplified in the results. In
order to solve this problem we suggest using a regularization method (Hansen 1998),
which it presents in Sect. 3.7. b) This method is presented based on an isostatic
hypothesis and it does not cover all geophysical phenomena such as plate tectonics,
etc. See also Sect. 3.6.1. ¢) The density of the Earth’s topography is another problem
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in Eq. (3.1d), where we simplified the solution by assuming a constant value (2.67
g/em?).

3.3.3 MDC estimation by continuous observations

Let us first assume that bin Eq. (3.1a) is given as a series of spherical harmonics
(Sjoberg and Bagherbandi, 2011a):

Z Z b, Y. (3.4)

n=0m=-n

In view of Eq. (2.11) the right hand-side of Eq. (3.1a) can also be expanded as a
series of spherical harmonics, upon assuming that Ap is constant:

ApRHK w,s)do = Apz ZBM w(P), (3.5a)
n=0m=-n
where
__R(n+D) jj ") Y, (P)do. (3.5b)

" (2n +1 (n+3)
This leads to a spectral equation for Ap for each degree and order n and m:

b, =ApB

nm nm *

(3.6)

The fact that Eq. (3.6) cannot be applied for each degree and order, shows that the
assumption of a constant density contrast is not realistic. Then a global mean value
density contrast is estimated by weighting the spectral solutions:

Ap=b, /B, for B, #0. (3.7)

nm

A least-squares solution for Ap is obtained from Eq. (3.32) by considering the

limits:

iB,.b,. —>4iﬂB (P)b(P)do, =i Z B,b,. (P)=4,, (3.8a)
i=1 2o

n=0m=—n

and

ZB —>—ﬂB Vo, =3 S B2 =4, (3.8b)

n=0m=-n

yielding the solution:
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Ap=A,14,. (3.9)

3.4 Solutions for a variable Moho density contrast

Now we assume that the MDC in Eq. (3.1a) varies over the Moho boundary. We will
approximate and solve this equation in two ways: 1) by a truncated Taylor series
followed by iteration and 2) by a spherical harmonic series. Also, two alternative
methods based on the first way will be discussed. We alter Eq. (3.1a) as a formula
that depends only on the MDC. By this change the uncertain topographic mass
density does not influence the MDC estimation.

3.4.1 An iterative solution

The right hand-side of Eq. (3.1a) can be expanded into a Taylor series. For this
purpose, by inserting Egs. (2.11) and (2.15h) into Eq. (3.1a) and performing some
simplifications one can obtain

R”ApK v,s)do = RZ n+l1 ”Ap(r—n;zﬁjPﬂ(cosw)da:

. "0 5 (3.10)
n+ n +
4 ApT Y (P).
nz(;mz" |: nm 2R ( p ) :| nm( )
From Eqgs. (3.1a) and (3.4) we obtain the spectral equation
n+2 2 2n +1
ApT )  — ApT =—b . 3.11
{( AT ) =g (B2 )nm} () (3.11)

By summing up the spectral solutions we obtain

(307), =3 3 az(ne) "2 R

n=0 m=-n

- ApT?
[ 2n+1 n+2( )””’]YW(P), (3.12)

which can also be written in a closed form as (Sjoberg and Bagherbandi 2011a)

L _b(P) (T Ap),
Ap(P)NZﬂ'T(P (47 )T ” W (Q)do+ ==
) (3.13a)
(ApT?) (ApT ),
=
327rRT sin’ 1///2)
where
H(t//)=cosec(t///2)+ln[1+cosec(l///2)], (3.13b)
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or

H(W)=Li—1n(l_%%j, (3.13¢)
0

Here t=cosy and L, =v2-2¢.

Equation (3.13a) needs iteration by an initial value for Ap in the right hand of the
equation. If we assume that the approximate value is Ap, , we can use it in Eq.
(3.13a) to obtain the second iterated solution Ap,. This procedure is continued until

the difference between the two last solutions is smaller than a level of convergence,
say ¢, which depends on the expected accuracy for the result:

|Ap”1—Apl.|£ c. (3.13d)

The kernel H () has singularity when i approach to zero, but there is not any

significant problem in the second term of Eq. (3.13b) because of the integral. On the
other hand, we can use some simplifications to solve this problem. Below, we show
the contribution of the inner zone area.

3.4.1.1 Inner zone contribution

The second and the last terms in Eq. (3.13a) have singularity problem. The
contributions of these terms are significant in the near-zone area and around the
computation points. In the second term of Eq. (3.13a) when integration point
approaches to computation point we can write:

) 1 - ) b(P) 27
II(P)—W!._!;H(W)Z’(Q)‘M—WJ;!H(l//)da (3.142)
:&[;T(—%TH(W)SianW

where the last integral in a small cap size can be approximated by:

Yo

: T 2 2 22
J.H(l//)SIIll//dl//EJ. —+In| 1+— l//dl//EJ. —+—|vdy =4y, (3.14b)
0 oLV 4 LY v

By introducing the notations u=T7T°Ap and u, = (T 2Ap)P for the last term of Eq.

(3.13a), it can be approximated similarly by the planer approximation presented in
Eq. (2.24a):
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1 N u—u, 1 P u—u,
R — — P do~— 2 DdDd e , 3.14
327RT (P) IO josin3(w/2) e j D “ (.14

a=0D=0
which becomes
D
Iz?O(ummw). (3.14d)
The horizontal derivatives of u in Eq. (3.14d) can be determined in a least-squares
adjustment from preliminary observations of u in a grid around P; see Eq. (2.24c¢).

3.4.2 Approximate solution by spherical harmonics for MDC

If the left hand-side of Eq. (3.12) is also expanded into a series of spherical
harmonics, we arrive at the spectral equation:

2n+1 l’l-i-2(A TZ)

ApT) =
(407),, (n+D)dz ™ 2R

(3.15)

As the last term of this equation is much smaller than the remaining terms, we may

approximate (ApT 2) by T, (ApT) ., and from Eq. (3.15) we obtain:

n+27T, 2n+1
ApT 1- , 3.16
( P )”’”( 2 Rj dr(n+1) ™ (3.16)
with the solution for Ap:
5 2n+1 T 1
A — b Y (P)=
a2 R (3.17)
b(P) 1 & ( 1 T,/R
- - Y (P).
27T (P) 47zT(P),Z(§mZ,1[n+1 2/(n+2)—T0/R] nm ;1m( )

Hence, if T(P) is known, the MDC can be estimated from the spectrum of h(P).
3.4.3 Second kind of iterative solution for MDC

Here we alter Egs. (3.13a) and (3.17) to be independent of the density function ( p),
as the equations only depend on Apand p, . This reformulation is performed
because of lack of knowledge of the density. By assuming p. =p, —Ap, the

function H(P) can be written as:
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b(P)=b,(P)+b,(P), (3.18a)

where
b (P)=b,(P)+27p,H (P), (3.18b)
b,(P)=—-27mApH (P), (3.18¢c)
b, (P)=—28) e, (12“1% , (3.18d)

H(Q) is the solid Earth topographic height.

By inserting Eqs. (3.18a) and (2.11) into Eq. (3.1a) the MDC is obtained (see
Appendix B):

(ApT ), =(A6T),

Ap(P):Zﬂ[H(P)+T(p)] by(P)+27p,H (P)- ﬂ L do s
(ApT2)Q_(ApT2)P (APTz)Q—(ApTz)P
+41122-[:" L d0'—41?;2.[;[ L cosypdo |.

In order to solve the integral terms in Eq. (3.18¢) for the near zone area, we suggest
to use the planer approximation presented in Sect. 3.4.1.1.

This type of formulation for the MDC is suitable when there is lack of information of
the topographic and crustal density; see Eq. (3.1d). However, considering a constant
mantle density in Egs. (3.18a)-(3.18¢) is another problem.

3.4.4 Third kind of iterative solution for MDC

The MDC can be obtained by inserting Eqgs. (3.18b) and (3.18c) into Eq. (3.13a).
After performing some simplifications we can obtain the following form for the
MDC:

_b(P)+27zpmH(P)+ T (P) B 1 B}
()t (7)) T ()| @) V)

Ap(P)

1
8T (P)

(a017), ~(o7),
sin’ (l//PQ /2) e
(3.19)

J’_

ApT ), 1
QH(W)AP(Q)h(Q)dﬁ( [;e ) 327;RT(P)~[I

The initial value of the MDC could be either considered as a constant (e.g. equal to
0.6 g/cm? in land and 0.38 g/cm? in ocean) or could be obtained from the CRUST2.0
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model (see Sect. 3.2). The first and second integrals, inside the bracket in Eq. (3.19),
can be simplified in a similar way as Egs. (3.14a) and (3.14b).

As one can see, the mathematical natures of the second and third kinds of the MDC
model are the same.

3.5 A combined model for Moho depth and density contrast

The main purpose of this section is to present a method to estimate both the Moho
depth and the MDC. For this goal a combined model will be formed (Sjoberg and
Bagherbandi 2011a). In this approach some condition equations are produced to
jointly estimate both 7'and Ap . However, this method requires more attention to the

correct choice of covariance matrix of known parameters in the equation system. If
both the MDC and the Moho depth are unknown, the VMM problem has no unique
solution. However, finding a least-squares solution is possible if there are a-priori

estimates of x and ¢ for Ap and 7, respectively, with standard errors S, and s,,

respectively. In order to form these condition equations, some parameters should be
necessary to define. The next subsections introduce these parameters.

3.5.1 Estimating the product TAp

By using the approximation (T 2A,o)zY}J(T Ap), Eq. (3.13a) can be rewritten as
(Sjoberg and Bagherbandi, 2011a):

(8eT'), = R —5 (P){bgj)_m;lr : gH(W) (©)do

T, J‘J‘(A'OT)Q_(AIDT)PG,G:|‘

C327R Y sin(p/2)

(3.20)

From this formula TAp can be solved iteratively upon treating the singularity of the
last integral as it was discussed in Sect. 3.4.1.1. An approximate solution for
(ApT ) is given as a series of spherical harmonics by Eq. (3.12).

The error of ApT can be estimated by Eq. (3.20) approximately equal to:

b
™ "o (4r)

- jo(w)gbdo. (3.21a)

o

Disregarding the error stemming from topographic height, the error of 5(Q) in Eq.
(3.20) will be the same as that of the free-air gravity anomaly, and in the spectral
form we obtain:
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, zgi S (n-1), 7, (P). (3.21b)

n=2m=-n

where y is normal gravity at sea level, Y (P) are full-normalized spherical

harmonics, and &, are the corresponding spectral errors of the gravitational

potential. Assuming only random errors in 5(Q) and using Eqgs. (3.15) and (3.21b) it
is received the following expected variance of TAp (Sjoberg and Bagherbandi

2011a):

2 2
4 Y
O-?AP ~ (4”(;} ZN'?’"G;’" +2(47Z'Gj zklz Nnmelo-nmkl s (321C)

where N, =2n+1)(n-1)/(n+1), o., and o, are the potential coefficient error

degree and order variances and covariances, respectively. (The latter quantities are
usually available from the least-squares solution of the potential coefficients, see

Pavlis and Saleh 2004).
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Fig. 3.2. The compensation masses Ap(T; —T') per n?, Fig. 3.3. Mass deficiency and surplus between real

max = 2.73x10° mean = -3.78x10° and mean Mohos.

min= —1.89x10" std = 3.29x10° . Unit: 1 kg/m’

By the preliminary product (ApT ) a new and useful parameter can be defined to

study the mass deficiency or extra mass beneath the Earth surface. The quantity
Ap(T, —T) is the compensation mass/unit area of the sphere, and we estimate this

quantity by assuming 7,=23 km. The quantity Ap(7,—T), is nothing but the

compensation mass/unit area on the mean Moho sphere, which is globally presented
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in Fig. 3.2. It shows small positive compensation masses at sea and large negative
masses over continents, closely related with topography; which has been expected in
accordence with the traditional isostatic models of J.H. Pratt and G.B Airy (e.g.,
Heiskanen and Moritz, 1967, Sec. 3-4). The minimum compensation of masses occur
in Tibet, Antarctica and South America (Peru and Chile), while the maxima can be
found in oceanic ridges. In rough areas we observe that there is under-compensation
case for the topographic masses, it means the compensating masses are smaller than
the topographic masses (see Sect. 2.6.2).

Figure 3.3 explains the mass deficiency and the excess between the Moho and mean
Moho depth (7, ), where Ap(T, —T) denotes the compensating mass per unit area.

In the next section we are going to determine the product TAp by Eq. (3.12) and
apply it as an observation for solving 7 and Ap, see Egs. (3.22a) and (3.24a). The
product TAp is useful parameter to estimate both the Moho depth and the MDC. We

will discuss how both 7 and Ap can be determined.
3.5.2 A solution for both 7 and Ap

Now we will combine the estimated product of 7 and Ap with independent (a

priori) estimates ¢ and x of those parameters, for getting separate improved
estimates the each of them. To do so, we form the (linearized) observation equation
(Sjoberg and Bagherbandi 2011a):

20, -&)-t(L,-&)-x(L,—&)=0, (3.22a)

where /, [, and [, are observations of TAp, Ap and T, respectively, and ¢, are
their corresponding random errors. We may rewrite Eq. (3.22a) in a matrix form as:

Be=w, (3.22b)
where
&
B=[2 -t -«x], ¢=|¢ | and w =2/, -1l,-xl,=BIl, (3.22¢)
&3

with the least squares solution for the error vector:

¢=QB'w /(BQB"), (3.22d)
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where Qis the cofactor matrix of TAp, Ap and T , defined by the stochastic

expectation:
0,Q=E{ee’}, (3.22¢)
where o is the variance of unit weight.
Finally, the least-square estimates of the density contrast and Moho depth become:
Ap=K-&ts,, (3.23a)
and

T=t-& ts,, (3.23b)
3 T

where s, , and s, are the standard errors of Ap and T, respectively. The covariance

matrix of the adjusted observation vector 1=1-£ becomes:
Q, =o; [Q -QB"BQ/(BQB’ )] : (3.23¢)
where the variance of unit weight (0'02) can be estimated by:
s*=w’/(BQB"). (3.23d)
Here w is defined in Eq. (3.22¢).
From Eq. (3.23c¢) are obtained the explicit standard errors of Ap and T:
oy, =4(Qy), and or=(Q;),, (3.23¢)
and the covariance between Ap and 7' becomes:
1 =(Qy),,- (3.230)

Alternatively, to solve both the MDC and the Moho depth can be used adjustment by
elements. Then the system of linearized observation equations becomes:

AX=L-¢g, (3.24a)

where
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K t T [ —tx
A=(0 1], X:{ } and L=|/, -« |. (3.24b)
dx
1 0 l,—t

Here dT and dx are the corrections of the a priori estimates of 7 and Ap. The

least-squares solution of this system becomes:
X =(A"Q'A) A"Q'L, (3.25a)
with the covariance matrix:
Q. =0;(A'Q"A)". (3.25b)
Now the variance of unit weight can be estimated by:
s; =L'Q"(L-AX). (3.25¢)

Unfortunately, in practice there are very few observations /, of the MDC, and the
elimination of the second equation of the system of Eq. (3.24a) thus leads to a system
without any redundancy. However, the consistency between /; and /; may still be

checked by forming a system for the correction to the a priori Moho depth:

K R
] e

. . . . . 2 2
Assuming no correlation between the observations (with variances o, and o3 ), the

explicit, weighted least-squares solution of the system becomes:

2 2
~ KO, A +0
df = KA T oA (3.27a)
Koy +0;
with the expected variance:
2 _2
o, o
K o; +0,

The variance of unit weight can be estimated by:

. Ao; + Ao; —(Axos + At dT

So

3.27¢
oy (3.27¢)
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3.6 Numerical studies for combined estimation of 7 and Ap

A combined solution for both Moho depth (f ) and MDC (Ap) is obtained by
solving Eq. (3.24a) by the method of least-squares. Here, the approximate value (7)

of T is set to 35 (13) km in continental (oceanic) areas. The approximate value (k)
of the MDC is set to 0.6 g/cm’® and 0.35 g/cm’ in continental and oceanic regions,
respectively. The observation vector L is composed of the observations /, =TAp,
Eq. (3.12), [, =Ap, given by Eq. (3.17), and [, =T, given by CRUST2.0. The
covariance matrix Q in Eq. (3.25a) is defined by Eq. (3.22¢), and we will use the
full covariance matrix, because there is a significant correlation between /, and /.
This is caused by the fact that the estimated TAp and Ap use the same data (namely
the estimated Bouguer gravity anomaly). Hence, the error propagation law is used to

estimate the full covariance matrix Q by:

ol o/t 0

Q=|o’/t o 0|, (3.28)
0 0 o,

where o, and o, are the standard errors of TAp and 7, respectively, and

o) =0}t + ol (TAp)z/t“. The term TAp and its standard error (o,) are
estimated by Eqgs. (3.12) and (3.21c). Another important assumption in our study is
related to the standard error of 7,. CRUST2.0 is not provided with a standard error

model, but following Cadek and Martinec (1991) we can assume 20 % (6 km) and 10
% (3 km) of the mean Moho depth as the standard error (o, ) for the Moho depth in

continental and oceanic regions, respectively.

Table 3.3 shows the statistics of various steps in estimating the MDC. Ap denotes
the preliminary MDC estimated by Eq. (3.17) and used as observation /, of vector
L, whereas dx is the estimated improvement to x, and Ap=x+dxk is the final
least-squares solution for the MDC by Eq. (3.25a). Similarly the table provides also

some information on T, df and T , where dT is the least-squares estimated
improvement to ¢, and T =t+dT is the final estimate of the Moho depth. s, and
s, (the standard errors of T and Ap), as estimated by Eq. (3.25b), are roughly of
the order of 10 % of 7 and Ap .
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Table 3.3. Statistics of global estimates of the MDC and the Moho depth obtained
by least-squares adjustment.

';g Quantities Max Mean Min qsefl:ci?iis
Ap 12164 | 5522 | 2052 | 1913

) di 6234 | 984 | 2805 | 11116
%" Ap 988.4 | 447.83 | 8151 | 186.7
- Sap 89.3 62.9 26.4 8.58
T, 70.1 23.0 8.0 12.7
dT 14.9 22 -13.9 4.1
E T 75.3 20.9 8.9 12.5
= Sz 4.9 2.6 0.88 0.93
T,-T | 1499 | 217 | -139 | 42

The mean global value of the estimated MDC is 447.8 kg/m3, which is 15 % smaller
than the 524 kg/m’ as estimated for a fixed Moho (see Sect. 3.3.1) and 7 % smaller
than the value provided by the PREM model (Dziewonski and Andersson, 1981).
The large standard deviation of 186.7 kg/m’ is due to the systematic difference
between the continental and oceanic MDCs. The separate mean MDC estimates for
these regions were 678 + 78 kg/m’ and 334 + 108 kg/m’, respectively.

700

600

500

400

300

200

100

Fig. 3.4. a) Estimated Moho density contrasts and b) Standard errors of the Moho density contrast.
Unit: 1 kg/m’
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Figures 3.4a and 3.4b map the estimated MDC and its standard error, respectively.
Figure 3.4a shows that the maximum value of the MDC (988.4 kg/m3 ) is in Tibet,
and the minima (around 80 ~ 120 kg/m’ ) are located in ocean ridges (Atlantic and
Pacific ridges). The standard error varies from 26 to 90 kg/m’, with the largest values
in ocean ridges. The oceanic ridges are special areas due to the presence of hot spots
and light materials very close to the solid Earth topography (with density about 0.3
g/cm?), as well as the thinning of the oceanic crust, modifying the normal MDC
between the crust and the mantle. Hence, it is natural to obtain the small MDCs in
these areas (see also Bott 1971, pp. 84-88). For example, assuming a normal mantle
density value of 3200 kg/m’, the MDC far from the axis of the ridge would be about
200 kg/m® (3200 - 3000 = 200 kg/m’). In our study the estimated MDCs in ocean
areas are close to this value. As one moves towards the axis of the ridge the oceanic
crust is increasingly replaced by low-density mantle material (partially melted), with
the density values ranging from about 3050 to 3200 kg/m’. This case is just over the
ridge, where the oceanic crust disappears, and thus the crust-mantle boundary is
cropping out (appear or be exposed at the solid surface of the Earth) at the ocean
bottom. Thus in such areas it is not meaningful to determine the crust-mantle density
contrast, because the oceanic crust has disappeared. The same behaviour can be

mentioned for the density variation in continents.The global average of T, as shown
in Table 3.3, is 21+12.5km, which can be decomposed into 36.6+5.3 km and
12.9+5.8 km for continental and oceanic crusts, respectively. The last row of the

table shows the difference between the seismic and estimated Moho depths (7§ — 7).

Fig. 3.5. a) Moho depth estimated by least-squares adjustment and b) Standard error of the estimated
Moho depth. Unit: 1 km

Figures 3.5a and 3.5b map the results of least-squares adjustment for the Moho depth
(T) and its standard error. T varies between 8.9 and 75.3 km, and its standard error

s varies between the limits 0.88 and 4.9 km. The standard error is roughly 3.5 km in
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continental areas and 2.8 km in ocean ridges. The maximum and minimum values of
s are in the oceans and Antarctica, respectively.

Table 3.4 shows the MDC and 7' estimated by Eq. (3.24a) in the same study areas
presented in Table 3.2, which are Fennoscandia, Iran and Tibet. Here again, the
approximate value () of the MDC is set to 0.6 g/cm’ and 0.35 g/cm3 in continental
and oceanic regions, respectively. Also the approximate value (¢) of T is set to its
mean value in continental/oceanic areas for each region, respectively, as we use
CRUST?2.0 to set the approximate value. The mean values of Ap are 596.5, 587.2

and 840.6 kg/ m’ in Fennoscandia, Iran and Tibet, respectively. These values are

rather consistent with the results estimated by the discrete observation model in Eq.
(3.3a), but the new values, which are more precise, are systematically larger.

Table 3.4. Statistics of the MDC and the estimated Moho depth obtained by least squares solution,
(Std. is the standard deviation of the quantities).

é Quantitics Fennoscandia Tibet Iran
&) Max | Mean | Min | Std. | Max | Mean | Min Std. | Max |[Mean| Min | Std.
Ap  1661.76|607.47 | 567.08 [17.64(1216.42{973.63 | 679.03 | 156.49 | 733.71636.96| 566.76 |35.44
E dk  [60.92]-10.93 [-155.50|148.44| -21.78 |-164.08|-290.19| 79.84 | 8.44 [-49.72|-159.03|36.85
%0 Ap  665.53)596.54 |434.28 |52.42| 988.41 | 840.58 | 647.99 | 93.69 |638.66|587.24(420.10 [32.02
B Snp  |71.43| 54.11 | 46.52 | 548 | 67.27 | 61.93 | 5531 | 2.4 | 65.08 | 52.64 | 32.29 | 6.46
T 50.94| 41.24 | 23.92 | 7.20 | 72.33 | 52.23 | 30.99 | 10.32 | 48.65 | 39.79 | 22.28 |4.15
=) dT 11.83] -0.42 | -6.99 |4.53| 2.52 | -7.18 | -149 | 425 | 1482 | 0.74 | -5.24 |2.96
; T 46.47| 40.82 | 35.75 [2.96 | 56.15 |46.732| 36.14 | 4.8 |43.98 [40.53| 26.95 |[1.28
S, 476 | 3.60 | 3.10 | 036 4.04 | 3.71 332 | 0.15 | 447 | 356 | 1.84 [0.54

In Fennoscandia there is not a complete compensation, and it is dominated by a
negative mean isostatic gravity anomaly in order of -9.4 mGal mainly due to

postglacial rebound (see e.g. Sect. 2.6.2). Figures 3.6a and 3.6b show T and the
MDC (Ap ) obtained by least-squares adjustment in Fennoscandia.
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Fig. 3.6. a) Estimated Moho depth T , (Unit: 1 km) and b) Moho density contrast Ap , (Unit: 1

kg/m®) obtained by least-square adjustment in Fennoscandia.

Figures 3.6a and 3.6b indicate that the Moho depth is deep in Baltic Sea (around 47
km) and the MDC is large in comparison with the higher areas. This figure follows
the Moho depth obtained from CRUST2.0 in Fennoscandia. In addition, there is a

high correlation between the MDC and T in Fennoscandia (around 91.7 %). In this
area the MDC is about 580-665 kg/m3, the minimum value of the MDC is 450-550

kg/m® in the Norwegian Sea. The correlation between the MDC and 7 is also
matching in Iran (see Figures 3.7a and 3.7b). By a simple comparison of Figures 3.7a
and 3.7b, we find that the largest MDC is situated along Alborz and Zagros
mountains (around 600-640 kg/m’) in north and west-south of Iran. Small MDCs are
observed in deeper sea, e.g. Oman Sea in the south of Iran has smaller values, for the
MDC, than the Persian Gulf due to the low-deep in the Persian Gulf.

25N

SE 50E S5E 60 E

Fig. 3.7. a) Estimated Moho depth T , (Unit: 1 km) and b) Moho density contrast Aﬁ , (Unit: 1

kg/m®) obtained by least-square adjustment in Iran.
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Figures 3.8a and 3.8b show 7' and the MDC obtained in Tibet. The maximum value
of the Moho depth is situated in the middle of Tibet region and its minimum (about
30 km) occurs in the south-west with a MDC of 640-700 kg/m”. It is observed that
the maximum value of the MDC (on the order of 780-980 kg/m3) is at the points
with large Moho depth.
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Fig. 3.8. a) Estimated Moho depth T , (Unit: 1 km) and b) Moho density contrast Ap , (Unit: 1

kg/m®) obtained by least-square adjustment in Tibet.

According to Table 3.4, the minimum value of dT ( -14.9 km) is located in Tibet

with a standard error of 4.2 km. It should be noted that the adjusted result for T by
Eq. (3.25a) is not solely from 7§, but it is a combined Moho model based on 7. It

means that 7 is a combined seismic-gravimetric Moho depth. An alternative
combined Moho model can be found in Eshagh et al. (2011). They employed
condition equations in the spectral domain for the seismic and gravimetric models as
well as degree-order variance component estimation to optimally weight the

corresponding harmonics in the combination.

3.6.1 Spectral analyses of 7 and Ap

Here we compare the power spectra and the correlations of the seismic and

gravimetric Moho depths (75 and T, respectively) as well as the estimated MDCs,
degree by degree (see also Sect. 2.6.4). By scaling the MDC by the factor

T,/Ap, =23 km/ 447 kg/m’ , the graphs in Fig. 3.9 can be directly compared in one

plot. The factor 23 km above comes from the mean value of the Moho depth of
CRUST2.0, and 447 kg/m3 is the mean value of the MDC in Table 3.3. This
comparison is only to investigate the correlations between T, T and MDC. Large
spectral correlations between the different estimates are illustrated in the figure. The

degree variances 7 and MDC do not decrease after degree 60, which could be due to
errors in the simple Bouguer gravity anomaly used. For instance, the omitted terrain
correction primarily affects the short-wavelength field.
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By comparing Figs. 2.23 and 3.9 we observe that the difference of the estimated
Moho depth T with CRUST2.0 in Fig. 3.9 is smaller than the results in Fig. 2.22.

This was expected, because the estimated Moho 7' is determined based on the
variable Moho depth and the MDC, while the results estimated in Fig. 2.22 are based
on a constant MDC. On the other hand, the results presented, in Fig. 3.9, are much
closer to true values, at least from theoretical point of view, because of formulation
of Moho based on both variable Moho and MDC.

=)

Degree variance (Unit: m?)

0 20

—MDC

SM

60 80 100
degree

Fig. 3.9. Degree variance of the MDC (Ap ), Ts(=SM) and T to degree 70. Unit: 1 m®

In addition, Fig. 3.9 shows that there are high correlations between the estimated

quantities (Ap, Tand T, %), which are demonstrated with more details in Figs. 3.10a

and 3.10Db.

— SM-MDC
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Fig. 3.10. a) Degree correlations between MDC (A,ﬁ ), T's (=SM) and f and b) degree correlations
between MDC (Aﬁ ), YA" , Ts (=SM) and topography (H) obtained by DTM2006 up to degree 90.
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Figure 3.10a reveals high correlations between Ap, T and Tyin the low degrees and

decreasing correlation with degree. The correlation coefficients of the total signals
are all about 0.9. Figure 3.10b shows that all quantities are also highly correlated
with the topographic height, again with total correlation coefficients close to 0.9; see

also Table 3.5. This shows a consistency between the estimated Ap, 7 and H in a

global view. It should be mentioned that the MDC is positively correlated with the
estimated Moho depths and negatively correlated with the topographic height. The
negative correlation holds also between Moho depth and topographic height. The
implication for these correlations are that the topographic masses are compensated by
both variable Moho depth and MDC (or in a more property term by variable crustal
density). In fact, there is a high density for topography and crust at low topographic
regions in comparison with high elevated topographic areas (see e.g. Heiskanen and
Vening Meinesz 1958, p. 143). Hence, high correlation prevails between the solid
Earth topography and the MDC. Therefore almost perfect correlation between the
MDC and Moho thickness should be expected. The correlation shows that the
combined model in this study is a flexible model that supports both Airy-Heiskanen
and Pratt-Hayford models. This is the reason why there is a large correlation

between MDC and 7. The high correlation between T and T, shows that 7 and
CRUST2.0 agree well. From this result we may also conclude that the isostatic
compensation is mainly regional, leaving only some 10 % for global compensation.

Table 3.5. Correlations between MDC, T and T and topographic heights. Unit: in percent

Correlation

MDC-Ty | mpe.T | T,-T | MDC-H | 7oy | Toy-H

94.5 % 91.7 % 942% | 85.6% | 86.7% | 88.1%

3.5 30 km-2.73 H

Moho depth
Moho depth

30 km +2.73 H'

= - < 05 . . . . ' .
0 1000 2000 3000 4000 3000 6000 7000 6000 45000 4000 3000 -2000 1000 i}

height depth

Fig. 3.11. Comparison of estimated Moho depth by Fig. 3.12. Comparison of estimated Moho depth by
the VMM model with the traditional Airy-Heiskanen the VMM model with the traditional Airy-Heiskanen

theory (line) in land area, the dot (.) illustrates T . theory (line) in ocean area, the dot (.) illustrates T .
Unit: 1 metre Unit: 1 metre
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Now we compare the estimated Moho depths (f ), presented in Table 3.3, with those
estimated by the traditional Airy-Heiskanen theory. The results are shown in Figs.
3.11 and 3.12, where the lines show the regression lines of the traditional AH Moho
depth. For continental areas Fig. 3.11 shows that our estimate of the Moho depth
agrees rather well with the traditional theory, although there is a large scatter for low
elevations. For oceanic regions (Fig. 3.12) the traditional model generally yields
larger Moho depths than those estimated by the new model. One reason of these
differences is discussed in the next subsection.

3.6.2 A simple method to estimate mass deficiency and mass excess

In the traditional isostatic Moho models, such as Pratt-Hayford and Airy-Heiskanen
models, the topographic mass is fully compensated locally, yielding a vanishing
mass anomaly per unit area. This is not the case in the Vening Meinesz-Moritz
model, which experiences a global compensation. In the latter case a mass anomaly
per unit area is experienced, which becomes (see also Fig. 3.13 for more details)

Am=(T+H)p,~(T-T,)Ap-Tp,, (3.29)
for land areas, and
Am ==H'(p. = p,)+T, (P, = py)~T Ap, (3.29b)

for ocean areas (where H' is the depth of sea).

The above formulas show mass deficiency and mass excess based on the VMM
isostatic equilibrium hypothesis with respect to constant value for the Moho depth
and density contrast in land and ocean.

crust column
in continental

% crust column
" / in ocean
geoi
B
T
P. 0
T T¢ P T,
mantle
boundary P, ¢
P
Pm

Fig. 3.13. Schematic figure of solid Earth topography and crust

In order to perform numerical study by Egs. (3.29a) and (3.29b) for mass deficiency
and mass excess, we use the normal Moho depth 36.6 and 12.9 km in land and ocean,
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respectively. The same situation are considered for the crustal density 2.6 and 2.9
g/cm® in land and ocean. For Ap the values used are 0.6 and 0.38 g/cm® in land and
ocean. Figure 3.14 illustrates these mass anomalies, which are highly correlated with
the solid Earth topographic height. In the figure the left scale is in units of kg/m’,
while the right scale is the percentage Amvs. the undisturbed topographic mass

(Topy)-

X 10

4

2

0

-2 1-20
-4 Lao

Fig. 3.14. Mass anomaly per unit area (the first scale is in kg/m?; the second scale is Am/(Typ,) in
percent).

According to the VMM hypothesis, which is based on global isostatic compensation,
(in contrast to the traditional isostatic hypotheses) each compensated topographic
mass column experience a mass anomaly vs. that of the traditional models (which are
fully compensated locally). These mass anomalies per unit area vary from 64 % to -
55.7 % of the undisturbed crustal mass per unit area (7, p, ).

3.6.3 Estimating the crustal density

After estimating the MDC based on the VMM hypothesis, we estimate the vertical
mean crustal density by subtracting MDC from the mantle density (e.g. constant
mantle density 3.27 g/cm?). Figure 3.15 maps the estimated global density of the

Earth’s crust with a resolution of 2° x2°. Its maximum, minimum, mean and standard
deviation are 3.19, 2.28, 2.82 and 0.19 g/cm?>.

These crustal densities vary much more than those provided by CRUST2.0, but the
mean values of both models are the same. The crustal density based on CRUST2.0
vary from 2.83 to 2.93 g/cnr’. As it was expected, the maximum values are located in
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the ocean areas, because the density of the oceanic crust is close to the upper mantle
density, i.e. around 3.27 g/cm? (see also Fig. 3.4a).

Fig. 3.15. The estimated crustal density. Unit: 1 g/cm?

One of the important points in this study is related to the mantle density, which is
approximated to the consatnt value 3.27 g/cm?. In fact the mantle density variations
are fully ignored, which is a weakness of the study. The density heterogeneity of the
mantle (between depths 25 km up to 2890 km) can be derived from the seismic
models, such as SI2WM13 model (Su et al. 1994), which contains the spherical
harmonic coefficients of the gravitational potential induced by the mass anomalies of
the mantle (see also Kuhn and Featherston, 2003a and 2003b). However, the low
resolution of the model (i.e. 15°x15°) is not suitable for our study.

3100
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contrast (kg/m?3)

24001 —_
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height
Fig. 3.16. Comparison of estimated density from the
VMM model (dot) with the traditional Pratt-

Hayford one (solid line) in land area. Unit: kg/m?
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Fig. 3.17. Comparison of estimated density from the
VMM model (dot) with the traditional Pratt-Hayford
one (solid line) in ocean area. Unit: kg/m?

In Figs. 3.16 and 3.17, we compare the estimated crustal density ( /3L) , presented in

Fig. 3.15, with those determined by the traditional Pratt-Hayford theory separately in
ocean and land area. The figures show that the traditional methods to estimate the
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density and the estimated one from the VMM model are in complete disagreement.
For land areas/oceanic areas p, is generally smaller/larger than Pratt’s model,

respectively.
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Chapter 4

Local gravity field recovery by topographic-isostatic
models from GOCE mission

4.1 Introduction

The main purpose of this chapter is to determine the gravity field from satellite
missions, such as GOCE/Satellite Gravity Gradiometry (SGG) technique. This
technique is used by satellite missions to deliver a precise high-resolution gravity
model from space. GOCE is expected to provide a gravity field model having an
accuracy of 1 mGal for its gravity anomaly and 1 cm for the geoid at a resolution of
about 50 km. This satellite mission is expected to produce spherical harmonic
coefficients of the Earth’s gravity field to degree and order 300. The SGG data can
be used directly to recover the gravity field. Different methods have been studied for
this issue. Reed (1973) presented direct downward continuation of the SGG data for
local gravity field determination. This can be performed by the inversion method
using the Stokes formula. These type of integral equations are ill-posed and they
must be regularized.

Xu (1992) studied the determination of the gravity anomaly from the SGG data by
using the Tikhonov regularization (Tikhonov 1963). Applying regularization
methods, impose some biases in the solution. Xu and Rummel (1994) showed that
by smoothing the satellite data the biased estimators improve the least-squares
solution. Xu (2009) used an iterative generalized cross-validation method for
simultaneous estimation of the regularization and variance components with an
example of recovering the gravity anomaly from the SGG data. Rummel (1976)
studied the least-squares collocation method for the downward continuation of
satellite data, and he presented his method both in stochastic and deterministic views
(see also Krarup 1969, Zielinski 1975, Rummel et al. 1979, Krarup and Tscherning
1984). Least-squares collocation can also be used for regional gravity field recovery
from SGG data; see e.g. Tscherning (1988), (1989) and (1993), Arabelos and
Tscherning (1990), (1993), (1995) and (1999) and Tscherning et al. (1990). Janak et
al. (2009) carried out the inversion of the SGG data in a spherical geocentric frame
(see e.g. Koop 1993, Novak and Grafarend 2006 or Eshagh 2009) to the gravity
anomaly at sea level using the truncated singular value decomposition for stabilizing
the inverted system of equations. Eshagh and Bagherbandi (2011) studied the
smoothing impact of the topographic-isostatic (TI) effect on the inversion of satellite
gradiometric data.
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The SGG data are affected by the topographic masses, which represent an important
source of gravity field information, especially in the high-frequency band of its
spectrum, even when the detailed density function inside the topographic masses is
only approximately known. Digital global elevation models of the topography of the
continents are very important sources of gravity field information. The topographic
effect has been considered by several geodesists (e.g. Nahavandchi and Sjoberg
1998, Martinec 1998, Wild and Heck 2004a and 2004b, Makhloof and Ilk 2005 and
2006, Makhloof 2007, and Novak and Grafarend 2006, Eshagh and Sjoberg 2008).
Here we are going to remove the topographic effect from the SGG data by the
isostatic models. The TI mass can be used in various applications: first in the solution
of the Laplace equation, where the geodetic boundary value problem of Stokes
requires a mass-free space outside the boundary surface. This is the reason why the
effect of topographic masses has to be removed or shifted inside the geoid (removal
of the masses outside the boundary). However, a rough topography causes strong
oscillations in the gravity field parameters, e.g. gravity anomalies and disturbances,
deflections of the vertical and the second-order derivatives of the gravity potential
(e.g. for satellite gradiometry observations). If topographic masses can be filtered out
by the TI masses, the results will be smoother than the unfiltered quantities. This idea
is behind the so-called remove-compute-restore (RCR) technique, where the high-
frequency effects of the TI potentials reduce the gravity field.

Here the main idea is to remove the topographic effect from the SGG data to obtain a
smooth gravity field. In fact, the smoothed gravity field is suitable for performing a
stable inversion for estimating the gravity field parameters. We know that the
instability due to the observation errors exists primarily in the high-frequencies of the
gravity field. According to the large effect of the topographic potential, the inversion
of SGG data is not successful unless a compensation mechanism is considered to
reduce the effect, and keeping its smoothing property. For the purpose, we use an
isostatic model to compensate the topographic potential. To our knowledge no such
study was performed in this subject except that of Makhloof (2007), but the issue,
which is not yet enough studied is how much this reduction can improve the quality
of the inversion and what are the practical considerations. Our study investigates this
aspect using the isostatic models of the AH and VMM models. The quality of the
inversion of the smoothed data will be investigated for the presence of spatial
truncation error of the integral formulas and noise of the data, and the results will be
compared with those of inversions of non-smoothed data. The numerical study is
discussed in Sect. 4.5. Finally, a strategy for estimating the SGG data by the TI
model in the Polar Regions is presented in Sect. 4.6.

4.2 Gravity field reduction

Gravimetric reduction schemes play an important role in physical geodesy and
geophysical applications such as the precise geoid determination, especially in rough
areas. For example, classical approach to determine the geoid from gravity anomalies
is using the RCR technique. The different gravimetric reduction schemes, such as
Helmert’s second method of condensation, Rudzki reduction scheme and the TI

&3



reduction methods of the AH, the PH and the VMM models. The mathematical
formulations of each of these techniques are presented for example by Martinec
(1998) and Sjoberg (1998a and 1998b). As mentioned before, in this study we
emphasize on the isostatic reductions. The open question is whether Helmert’s 2™
condensation technique is the best way to compensate the gravitational masses, or
whether other types of compensation of topographical masses should be used e.g.
isostatic compensation (Martinec et al. 1993). Martinec (1998, pp. 117 and 125)
recommended to carry out the spectral analysis of gravity anomalies for different
compensation/condensation models before geoid height computation and to choose
that compensation model, which reduces a high frequency part of surface gravity
anomalies in a most efficient way. The experience with the spectral analysis of the
gravity anomalies indicates that rather the AH isostatic model than Helmert’s 2nd
condensation technique should be used to reduce high-frequency oscillations of
surface gravity data. However, the main problem to use smoothing technique is the
lack of knowledge about density of the topographic masses (Siinkel, 1985, p. 418).
Smoothness can be achieved by introducing either a mathematical low-pass filter
(e.g. Bouguer correction) or a hydrostatic-isostatic model, such as the AH, the PH
and the VMM models. Nevertheless, regions with large topographic masses are
better described by the VMM model.

It is evident that the equipotential surfaces of the topographic potential undulate by
several hundreds of metres with respect to a level ellipsoid (Martinec, 1991). The
fact that the known undulations of the geoid are significantly smaller than those
induced by the topographic potential indicates that there exists a compensation
mechanism, which reduces the gravitational effect of topographical masses
(Martinec, 1998, p. 8). Because of this, we use the isostatic reduction to recover the
gravity field by smoothing the SGG data. As mentioned before, we focus on SGG
data, where the satellite gradiometry data are notably affected by the masses of
topography and atmosphere. Our emphasis in this thesis is about the topographic
effects on the SGG observations only. The atmosphere is usually assumed to be
layered spherically above a sphere approximating the Earth surface. There is a long
publications list about investigation of the atmospheric effect fulfilled by some
geodesists: for example Ecker and Mittermayer (1969) and the United States
Standard Atmospheric model, it is called USSA76, see Novak (2000). Alternative
approaches (e.g. Sjoberg 1993, 1998¢, 1999, 2001a; Sjoberg and Nahavandchi 1999;
Nahavandchi 2004) assume that the Earth’s surface consists of a spherical sea level
with topography. Sjoberg and Nahavandchi (1999) showed that the direct and
indirect atmospheric effects reach —40 and —20cm in the Himalayas and Antarctic,
respectively, thus resulting in a total effect on geoid determination by Stokes’s
formula of the order of =60 cm. Nahavandchi (2004) studied some local features of
the direct atmospheric effect on Iran. Bagherbandi (2002) numerically investigated
the atmospheric effect on the gravity field in the Stokes-Helmert space. The effect of
topographic and atmospheric masses on space-borne gravimetric and gradiometric
data is studied by Novak and Grafarend (2006). They used external type of spherical
harmonic expansions of the global topography and atmosphere to convert them into
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harmonic series of the potentials. Novak and Grafarend (ibid) showed that these
effects should be applied during their inversion into the geopotential at the geoid
level. Eshagh (2009) studied the atmospheric effect on the SGG data, where there are
excellent comparisons between different methods for formulation of the atmospheric
effect on the SGG data.

Moritz (1980), Sjoberg (1993, 1998a, 1999, 2001b), Sjoberg and Nahavandchi
(1999) and Nahavandchi (2004) used spherical approximation of sea level and
considered the topographic heights with respect to the MSL. The topographic effect
has been considered by several geodesists (e.g. Martinec et al. 1993; Martinec and
Vanicek 1994; Sjoberg 1998a; Sjoberg and Nahavandchi 1999; Tsoulis 2001b; Heck
2003; Seitz and Heck 2003; Sjoberg 2000, 2007; Eshagh and Sjoberg 2008). Wild
and Heck (2004a, 2004b) studied the topographic effect on satellite gradiometry
observations. Makhloof and Ilk (2005, 2006) worked on the TI effects on airborne
gravimetry, satellite gravimetry and gradiometry data. More details about their work
can be found in Makhloof (2007). Now, by using the gravitational potentials of the
masses outside of the boundary (topography and atmosphere) a smoothed field can
be obtained by removing the TI effects from the geopotential. The SGG data can
either directly, or after smoothing, be continued downward to the sea level for local
gravity field determination. The necessary formulas to remove the TI effects from the
SGG data have been presented in Sect. 2.6.1.

4.3 Effect of topographic-isostatic potential in SGG applications

In Chapter 2, the effects of the uncompensated topographic masses and
compensation potential have been presented. In the following, the contributions of
the TI compensating masses due to two isostatic models on the SGG data will be
investigated. The effects of the TI masses at the satellite altitude can be determined
from the direct integration method or by a using spherical harmonic expansion. In
addition, this study presents the determination of the effects of topographic potential
and its compensation on the SGG data to fulfill acceptable downward continuation.
We know that a remove-compute-restore technique can significantly stabilize the
downward continuation procedure and it can help to improve the results (see Section
4.5). Let us define the SGG gradients and the methodology recovering gravity field
before investigating the TI effect on the SGG data.

4.3.1 Computation formulae in SGG

GOCE is an ESA satellite mission launched on March 17, 2009. Its satellite carries a
highly sensitive gravity gradiometer, which detects fine density differences in the
crust and oceans of the Earth. The main goal of GOCE is to determine a precise high
resolution EGM using differential accelerometry at satellite level. The motion of the
GOCE satellite will be tracked by an onboard GPS receiver, i.e. in the mode of high-
low satellite-to-satellite tracking. It is expected that the precise orbit of the GOCE
satellite will be determined with the cm-level accuracy (see e.g., Colombo 1986;
Rummel et al. 1993; Koop 1993; Sneeuw 2000; Ditmar and Klees 2002 for more
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details). In this part we briefly present the necessary formula in SGG. To determine
the effects of the TI potentials on the gravity gradients at GOCE altitude from
spherical harmonic expansions of the topography, the formulae derived by Reed
(1973) are used for the potential and its first and second derivations. New
expressions for the gravitational gradients in geocentric frame, Local north oriented
frame (LNOF) and orbital frame (ORF) is presented by Petrovskaya and Vershkov
(2006) and Eshagh (2009). The advantages of these expressions are their simplicity
to use, as they do not include derivatives of the Legendre function and they contain
no singular terms at the poles.

Theoretically, the GOCE gradiometer can measure all gravity gradients of the gravity

tensor. The second-order derivatives of the gravitational potential V (r,H,/l) with

respect to , 8, A are defined by Eotvés tensor:

VW Vr@ Vrﬂ.
E=\Vy Vo Vg 4.1)
Ve Vg Vs

where 7 is the geocentric distance, § is the co-latitude and A is the longitude. By
dividing E elements by gravity Marussi tensor is obtained. The elements of Marussi
tensor have very intuitive interpretation (see Moritz and Hofmann-Wellenhof 1993,
p. 136). For example, the diagonal elements show the curvature of the plumb line (66
and AL) and component 77 is the vertical gradient of gravity. Let us consider the
Earth’s disturbing potential T "=V-U, where V represents the Earth gravitational
potential and U is the normal one. The truncated spherical harmonic expression for
the disturbing potential can be written:

T*(P):GRﬁ ¥y [%) £ (P), (4.2)

n=2 m=—n

where, N is the maximum truncation degree of the expansion, ¢, are the

harmonic coefficients of the disturbing potential and Y, (P )is the fully-normalized

spherical harmonics at point P. Therefore the first-order derivative of the disturbing
potential can be written as

. e
vT (P){a—r 0 a—/JT (P) (4.32)

By the following coefficients (Lammert coefficients ) the gravitational gradients can
be obtained in the Cartesian coordinates (Heiskanen and Moritz, 1967, p. 19)

h =1,h,=r,h,=rsin@. (4.3b)
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Finally the second-order derivative of the disturbing potential can be obtain by the
following gradiometric tensor

Tt Tt T
or*  orod oroi
2 * 2 * 2
T oT 0 T2 oT ' (4.4)
o6or 00 0601

*

*

*

Tt Tt o
dAor 0060 0A*

where T is the gradiometric tensor. The gradiometric tensor is a symmetric tensor of
rank two and has a zero trace, and only five components of the gradient tensor are
linearly independent at any given point. Some of the entries of the tensor of
gravitation will be observed in the GOCE satellite mission see e.g. Balmino et al.
(1998, 2001), ESA (1999), Koop et al. (2001), Albertella et al. (2002). The entries of
the gravitational tensor in terms of spherical harmonics are (Novak and Grafarend
2006, p. 579):

T, (P)=h> o7 (P) _GM Nz Z (n+1)(n +2)(§Jn+3tanm (A)Eq‘m‘(e), (4.52)

or’ R’ &S =
Ty (P)=h," 622 ;(ZP ) :(Z‘f NZ;;(% Mzanm (,1)8%22(9) , (4.5b)
T;(P)zhlzﬁzTa;(ZP):_Rifi‘ﬁz szm(r] m,,0, (AP, (0) . (450)
T, (P)=h"h,' 6;‘5 )__¢ FE ZZ (n+1) (5j en )w (4.5d)
T, (P)=h"h; azgr*a(f)‘R351n9]:Z;,mZn n+l1 [lj) mt, 0., (A)P,, (0), (45
Ty (P)=hy'h;' az;a(f)} R?:fn eimzm G Mmtanm )% (4.5)

where

cosmA m<0

0, (ﬂ)={ . } (4.6)

sinmA m >0
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The first and second derivations of the Legendre function, Pn‘m‘ (0) , are presented in

Appendix C (also see Eshagh 2009). For more detail see Reed (1973, pp. 34-35) and
Ik (1983, Z.1.44). Equation (4.5¢) contains a singular terml/ sin® @, and Egs. (4.5¢)
and (4.5f) include the singular term 1/sin @ as well as the first-order derivative of the

Legendre function. Some attempts have been performed by Petrovskaya and
Vershkov (2006) and Eshagh (2009) to remove this singularity.

4.3.1.1 Local north oriented frame

Let us adopt a right-hand coordinate system in which the x-axis points to the
geographic north, y-axis to the east, and z-axis vertically downward. This frame is
called Local North Oriented Frame or simply LNOF. Reed (1973, Sect. 3.1) has
presented the relation between two coordinate systems that are the geodetic
coordinate system and LNOF:

. T (P
Tzz (P):%, (473)
. oT (P) o T (P
T, (P)= ra(r )+ r2622), (4.7b)
. oT " (P) or (P) 0T (P)
' (P)=—1 0 4.7
w (P)m o et e e 479
2 * *
T (P ZM—cotH??—m, (4.7d)
’ r-sin@ 060 oA r-sin@ oA
* 2 *
T, (P)=6T2 (P)_oT (P), (4.7¢)
r 00 roro@
. oT " (P) oT"(P)
T = - . 4.7
yz( ) r’sin@ 64 rsiné or 04 (4.79)

As mentioned before non-singular expressions for the gravity gradients in the local
north-oriented and orbital reference frames have been presented by Petrovskaya and
Vershkov (2006)

T (P):sz Z(n +1)(n +2)(§j Z t,0, (/I)EM , (4.82)
. GM Y(RYT & [ _ 0P,
T. (P)= 23 > = > 1,0, (1) —(n+l)Pn‘m‘+W : (4.8b)

<
M=
\|m

. n+3 " B _ 8ﬁnm 2 _
T, (P)=—75 L j > 1,0, (2) —(n+1)Pn‘m‘+cotH—86"‘+ m an},

R = sin” @

=
|
)
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(4.8¢)

< " 1 6f" | cosf -
T (P)= t G P, s (4.8d)
( ) 22( ) mznm an |:Si1'19 60 Sil’lze n‘m‘

TP =Y (s [fj 3. 1,0, (1)L, (4.8¢)
L) =Sy [%j 3 mt, 0. (2) (4.8

In Egs. (4.8¢c), (4.8d) and (4.8f) the singularity is included. Petrovskaya and
Vershkov (2006) have presented the derivatives Legendre function in non-singular
expression (see Appendix C). These formulas are synthesizing the gravitational
gradients without neither computing the first- or second-order derivatives of the
associated Legendre functions nor singularity at poles.

4.3.2 Topographic-isostatic effect on the SGG data

Similar to formulae is presented in Sect. 4.3.1.1, the effects of the TI masses at
satellite altitude can be determined by the direct integration method or by a using
spherical harmonic expansion. Using the spherical coefficients presented in Sect.
2.6.1, we can write:

n+3
ti GM & R C ti D
Vi(P)= e Z; (n+1) n+2)(7J m;nc”'"Q’"(/l)R"m‘ , (4.9a)
v RV & I o'P
yipy=M Z(ﬁj > .0, (A) ~(n+1) B, +—2L |, (4.9b)
R n=2\ ¥ m=—n ’1‘m‘ 60

= o 00 sin’*é@

Vti(P)_GMi R - i "0, (A)|-(n+1)P, +c0t9ﬂ+ m P
wy - R3 r Cnm m n H n‘m‘ s

(4.9¢)
- GM &(RY'™ & - 1 813‘ | cosd -

Va(p)= — 0. (2 L P, | 4.9d
> = Z;(rj m;mc"”’Q””( )Line 00 sin’@ " (4.5d)
) GM N R n+3 n >

ViP) == Z(n+2)[rj PICHNE: “, (4.9¢)
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where ¢’ are the spherical harmonic coefficients of the TI potential based on the

n

VMM or the AH or the PH hypotheses. The second-order derivative TI potentials
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can be used in the RCR technique for smoothing the gravity field at the satellite
altitude (e.g. 250 km).

4.3.3 Remove-Compute-Restore technique on the SGG data

The classical approach to determine the gravity field parameters from gravity
anomalies is the RCR technique using the well-known Stokes formula. In this
technique the effect of masses the outside the boundary (i.e. geoid) are removed and
after downward continuation its effect must be restored. Here we are going to present
the necessary formulas for restoring the removed masses from the gravity field. In
this study, we remove the TI potential from the SGG data.

By using the fundamental formula of physical geodesy (Heiskanen and Moritz 1967,
p. 86), the effect of the removed masses on the gravity anomaly (JAg ) can be

obtained:
ov'(p) 2

5Agn (P) z—a—r—r—Vﬁ (P) (410)

For restoring the removed TI potential, the external and internal effects on the
gravity anomaly according to Eq. (4.10) are given by:

s n+2
el (P)= B S 0 -0(E] B ) v (p) s
n=0 r m=—n m
o n-1
é‘AgiJ;n (P):—(j?;[ (n +2)(1’;J Z (cljm) Y, . (P) Jj=tiorti (4.11b)
n=0 m=-n o

where ¢! and ¢! are spherical harmonic coefficients of the topographic,

compensating and the TI. As a result, restoring the removed topographic effect or the
TI potential will be obtained by using the internal type of the spherical harmonic
series.

In the next section, we present downward continuation of the SGG data. In addition,
we will discuss downward continuation error for determining the gravity field when
EGMs (e.g. EGMO08) are used. If we use EGMs directly to estimate the gravity
anomalies, they include a bias due to the topographic masses. Downward
continuation error competes with the RCR technique, because one can perform
downward continuation disregarding remove-restore effects and add the total effect
(combination of direct and indirect effects) on the downward continued quantities
(Sjoberg 2003). We discuss this matter more in detailed in the numerical analysis.
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4.4 Downward continuation of the SGG data

Here downward continuation (DWC) of the SGG data to sea level is discussed. This
process is frequently performed by the inversion of Abel-Poisson’s integral or
extended Stokes’ formula for a sphere. There is a long list publications about the
DWC problem performed by geodesists: for example Pellinen (1962), Bjerhammar
(1962, 1963, 1967, 1987), Heiskanen and Moritz (1967, Sect. 8-10), Sjoberg (1975,
2000, 2001a, 2003), Ilk (1987, 1993), Rummel (1979), Moritz (1980, Sect. 45), Cruz
(1985), Wang (1988, 1990), Engels et al. (1993), Vanicek et al. (1996), Martinec
(1998, Chap. 8).

Heck (1979) derived the inverse formula, i.e. for calculating the disturbing potential
and gravity anomaly from the second-order radial derivative of disturbing potential
based on the standard Poisson’s integral formula. Li (2002) presented the inverse
problem of calculating the gravity disturbance from the second-order radial
derivative of the disturbance potential over a boundary surface, based on the
fundamental differential equation. Li (ibid) used a modified Poisson integral formula
for converting the second-order radial derivatives to the gravity disturbance by Fast
Fourier Transform (FFT). Reed (1973 pp. 68-74) was one of the earliest persons who
suggested direct downward continuation of the SGG data to sea level. He derived the
corresponding kernels of the second-order partial derivatives of the extended Stokes’
formula. The integral formula based on extended Stokes’ integrals is used to convert
such radial gravity gradient data to gravity disturbance (or gravity anomaly) in this
thesis. Eshagh (2009) numerically investigated the inversion of all gravitational
gradients to recover the gravity anomaly over Fennoscandia in the presence of
Gaussian noise of 1 mE and 1 cE, without any smoothing. The main difference of
this study in comparison to Eshagh (ibid) is the smoothed gradients used by the TI
potential.

In this study, we compare the results obtained from the DWC with the results
estimated from EGMO0S. EGMOS can be used for estimating the gravity field outside
the topographic surface, and for determining the gravity field inside the topography
we need to consider the downward continuation error. This issue is discussed in the
next subsection. After that, the DWC of the SGG is presented in subsection 4.4.2.

4.4.1 Downward continuation error

The DWC of an external representation of the Earth’s gravity potential to sea level
through the topographic masses implies a topographic bias. This error we call the
analytical continuation error or downward continuation (DWC) error, which is
closely related with the so-called topographic potential bias. Sjoberg (1977) and
(1980) as well as Jekeli (1981) studied “the downward continuation error” (DWC
error) as the difference between an external and internal type of harmonic series.
This error is not due only to the non-harmonicity (the topographic bias), but is also
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due to other problems of the series, such as truncation and convergence. The external
and internal types of spherical harmonic representation of the topographic potential
applied at sea level and truncated at degree n_, becomes (Sjoberg 1977, Sect. 4)

uct IUR zx Z o )tlm nm (4123)
n=0 m=-n
and
ﬂRZZ S ey, (4.12b)
n=0 m=—n
where
et ! s MIY P)d 4.13
Cnm—mg ry m(P)do. (4.13a)
1 R n-2
et :mﬂl(r—] —1] Y, (P)do, ifn#2 (4.13b)
o S
and
"e;, = [[inGy /RY,, (P)do, if n=2. (4.13¢)

By taking the difference between the two series (4.12a) and (4.12b), the downward
continuation error (DWC error) is obtained:

& (P)=G pR Zﬂjﬂ ] ( )nﬂ:lrzdrPn(cosz//)da, (4.14a)

n=0 & R

After integration with respect to radius 7 and some simplifications, Eq. (4.14a) can
also be written in terms of spherical harmonics. The DWC error is (Sjoberg, 1977):

oS S o

n=0 m=—n k=2

et 3R 3x4 R’

MGPRZZZ[(HZ)WZ(H oo 114D ),,M'__}YW(P)'

By using (4.11a) and (4.11b) for =R the DWC error on the gravity anomaly
becomes
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gl (P)=[00gL, (P)] —ongh (P)| (4.152)

r=R

Finally by performing some simplifications, the DWC of the gravity anomaly is
obtained (cf. Eshagh 2009)

o <[00,

3
ANg! (P)= M Jmly (P). (4.15b)
g ( ) R2pe e = R nm( )

R3

+(n —l)(n +2)

dwe

A study performed by Sjoberg and Bagherbandi (2011b) for the DWC error, which
performed for EGMO08, complete to degree 2160. The result shows that the DWC
error ranges from —0.08 m in the Pacific to 5.30 m in Himalayas. Also they prepared
the necessary coefficients for subtracting them from those of the EGMO08 potential
coefficients. The new model is converted to the coefficients of the disturbing
potential at sea level (inside the topography over continents). In fact, by using the
new model, the gravity field is calculated without the DWC error.

4.4.2 Partial derivatives of disturbing potential by extended Stokes formula

The harmonic function 7* that is produced by Ag” according to extended Stokes’
formula (Heiskanen and Moritz 1967, p. 319) is:

T*(P):%jjs(r,y/)Ag*(Q)da (4.16)

where S (r,y) is extended Stokes’ kernel (Heiskanen and Moritz 1967, Eq. 2-162):

2R R _RI R?

S(FJW)=T+——3———2(5+31,1M

2

jcos 7% 4.17)
r reor

2r

where Ag” (Q )is the downward continued gravity anomaly at the integration point Q

(at sea level), R is the radius of the sphere approximating sea levels, y is the

geocentric angle between P and O, r is the geocentric radius of the computation
point P.

Similarly Reed (1973, pp. 70-72) presented the second-order partial derivatives of
the extended Stokes formulas in Local North Oriented Frame (LNOF):

Tl.* (P)Z%J]Sl. (r,l//)Ag*(Q)dO', i=xx,yV, zz, xy, xz and yz, (4.18)
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where (cf. Eshagh 2009)

1?1+t 4
S, (r,O)z—E{ﬁ+:—6(l—t)+l—t[13+61n(1—t)]}, (4.192)

313(1+2° 2
Sn,(r,O):t{( )— LA —10—18(1—t)+2—3t[15+61n(1—t)]},

R*| (1-¢)" (1-¢) (1-t) 1=t
(4.19b)
Sxx (F’W) S’,(}",l//) 1
Lw (r,w)} == g[S () reows, (rp) ]+
J—{Sw (r.p)—cotys, (r,w)]cos 2a} , (4.19¢)
S, (r.v) =21?{[SW (r,w)—cotysS, (r,l//)]sinZa}, 190
S.(rv)| 1M1 cosa
[Syz () —;[;SW(r,t//)—S,,W(r,v/)Msmaj, (4.19%)

where S (r,l//), S, (r,l//), SW(r,l//), S, (r,l,u) and §,, (r,l//) are the partial

derivatives of the kernels. Also, « is the azimuth between P and Q (Heiskanen and
Moritz 1967, Eq. 2-212).

The kernels defined in Eqgs. (4.19 a-e) need to special study because of singularity
problem for y =0. In fact singularity occurs when the integration point approaches

the computation point. Eshagh (2009) investigated the singularity of the kernels by
using Hopital’s law. No singularity is observed for S, (r,y)and S, (r,y) for £ =1.

Therefore it can be concluded that the second-order derivatives of the extended
Stokes’ formula are stable for inversion of the SGG data, even near the computation
point. Hence, this confirms our theoretical consideration in this section.

4.4.2.1 Discrete solution

The mathematical models of physical phenomena should have the properties that a
solution exists, the solution is unique and the solution depends continuously on the
data, in some reasonable resolution. These properties were defined by Hadamard
(Tikhonov, 1963) for well-posed problem. Problems that are not well-posed in the
sense of Hadamard are termed ill-posed. Inverse problems are often ill-posed.
Continuous problems must often be discretized to obtain a numerical solution. While
in terms of functional analysis such problems are typically continuous, they may
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suffer from numerical instability when solved with finite precision, or with errors in
the data.

The inversion of the gravity anomaly from the SGG data can be written in matrix
form. By altering Eq. (4.18) to matrix form we have:

* R z *
T, (P) :E E S, (r,l//)AgiAO'i ,  Jj=xx,yy, zz,xp, xz and yz, (4.20a)
il

or
T =AAg (4.20b)

where A is the matrix forms of the integrals, T  is the vectors of T, (P), Ag is the
vector of the unknowns (downward continued gravity anomalies), and
Ao, =sin6,d6,d 4, and n is the number of cells according to the resolution of the

gravity anomaly being determined.

One of the numerical tool for investigating the discrete ill-posed problems is singular
value decompositions (SVD) of matrix A, which can identifies the linear
dependencies and help to improve the model and lead to a modified system with a
better-conditioned problem. The SVD of A is a decomposition of the form
(Bjerhammar 1973 p. 345; Hansen 1998):

A =UAV’ (4.21a)

where U=(u,,...,u,) and V=(v,,...,v, ) are the matrices which are eigenvectors of

n n

A with the orthogonality property UU=VV =1, and where A =diag (4,....4,) as

e Ay

A, are singular value/eigenvalues of A such that 4, >...> 4, >20. A may become

n

even singular if any A, is zero or close to zero. Condition number (x) can be a good

criterion to judge the quality of the inversion problems (Bjerhammar 1973 p. 109;
Martinec 1998 pp. 109-113). The condition number is the ratio of the maximum and
minimum eigenvalues (4, ,4,,, ) of the design matrix (A). A system of equations

having a matrix with a high condition number is more sensitive to data errors than
that with a smaller condition number. The condition number is a property of the
problem. A problem with a low condition number is said to be well-conditioned,
while a problem with a high condition number is ill-conditioned. Even if a problem is
well-posed, it may still be ill-conditioned, meaning that a small error in the initial
data can result in much larger errors in the results. In fact ill-conditioning is related
to the formulation of the problem. If the problem is well-posed, then there is a good
chance of solving it on a computer using a stable algorithm. If it is not well-posed, it
needs to be re-formulated for numerical treatment. Typically, this involves including
additional assumptions, such as smoothness of solution.
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Here we show the problem of ill-conditioning by using the SVD for solving Eq.
(4.20b):

Ag =Yty (4.21b)

The problem is small values of A, which causes the problem to be becomes ill-
conditioned. Sometimes A, are set to zero due to the computer floating point
precision, where we assumed A4 >...>24,20. In Eq. (4.21b) the element
u! T corresponding to smaller 4, do not decay as fast as the singular values, thus the

solution Ag" is dominated by these. For this reason, we have to use a regularization

method. With this simple analysis we observe that the goal of a regularization
method is to moderate the contributions to the solution corresponding to the small
SVDs. Hence, the regularized solution of the unknown can be written as follows
(Hansen 1998):

. T
A, =20 =, (4.21c)
i=l fl

where f; are filter factors. This process is known as regularization, and Tikhonov
regularization (Tikhonov, 1963) is one of the most commonly used for regularization
of linear ill-posed problems (Hansen 1998). In the next subsection 4.4.2.2, we
discuss this matter in detail.

Martinec (1998, Chap. 8) presented the relation between a finite cut-off-degree of
observations, condition number and floating-point precision of a computer for
downward continuation of Ag by Poisson’s integral. He assumed the same resolution

for the observations and unknowns. In such a problem, it is important to answer the
question what is the smallest spatial grid size AQ for which the problem still has a
stable solution (cf. Kingdon and Vanicek 2011).

Some geoscientists consider equal numbers of observations and unknowns and some
use more observables than the number of unknowns to have an over-determined
system of observation equations. Over-determination of the unknowns result in a
small variance-covariance matrix, which plays a filtering role to absorb the random
errors in the observations. Sometimes increasing the redundancy of observations
gives a large condition number (Bjerhammar and Svensson, 1979). In both cases, if
the condition number is large we have to solve an ill- conditioned problem, which
solution is sensitive to the existing errors in the observations.

4.4.2.2 Regularization of the inversion problems

The solution of Eq. (4.20b) can be regularized by applying a regularization methods
such as Tikhonov’s regularization (Tikhonov 1963; Hansen 1998; 11k 1993; Martinec
1998 Chap. 8):
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(HAAg* - T*H2 +a “Ag*uz) — min (with respect to Ag"), (4.22a)

where o (>0) is a regularization parameter, which minimization of Eq. (4.22a) is
depends on it. Thus, the regularization parameter « , is an important quantity, and it,
should therefore be chosen with care. The solution of Eq. (4.22a) is (Bjerhammar
1973 p. 109; Hansen 1998 p. 74):

* T AT p IAT D
AgregI(A PA+aL) A'PT =N"A PT , (4.22b)

where P=Q' and L is the regularization matrix. Here different types of
regularization operator can be selected. For example, Ditmar et al. (2003) divided the
regularization operator into three categories: Zero-order Tikhonov regularization,
when L is the unit matrix (LL=I), while first and second-order regularizations a proper
regularization operator instead of using I were sought. The main problem is the
choice of L and « . For example, if L=I and « is large, the regularized solution

(Ag;g) is an over-smoothed solution. Therefore, in this case the solution will loose

some parts of information (Martinec 1998, p. 100). Conversely, if « is too small the
observation errors will be magnified, and the solution is obtained from an under-

smoothing procedure. Here we can define ratio a/|4| to study over- or under-

smoothing by the regularization. If the ratio is 1, it means that the value of « is in
the order of the elements of A and the solution is not highly over- or under-
smoothed. When the ratio is smaller than 1 meaning that ¢ is smaller than the order
of elements of A, and there is under-smoothing in this case. Therefore the solution
will be more influenced by the data error and will have larger values when the ratio
is 1. For the case the ratio is larger than 1, there is an over-smoothing for the
regularized solution.

A number of alternative regularization techniques have been considered especially in
the context of satellite gravity gradiometry by Xu (1992), Ilk (1993), Bouman and
Koop (1998), Bouman (1998), Lonkhuyzen et al. (2001), and Kusche and Mayer-
Giirr (2002). The papers of Koch and Kusche (2002) and Kusche and Klees (2002)
deserve special attention for the optimal choice of the regularization parameter.

There are some numerical methods for computing the regularization parameter o,
which are L-curve, generalized cross-validation, the quasi-optimality methods, etc
(Hansen 1998 and 2008). Here we discuss just L-curve and generalized cross-
validation methods for instance. Interested readers can find more details in Hansen
(ibid). The L-curve displays the tradeoff between minimizing the two quantities in
the regularization problem of Eq. (4.22a), namely, the residual norm and the solution
norm, and it shows how these quantities depend on the regularization parameter. In
addition, the L-curve can be used to compute the optimal regularization parameter.

Generalized cross-validation (GCV) is based on the philosophy that if an i-th

arbitrary element of T is left out, then the corresponding regularized solution should
predict this observation well, and the choice of regularization parameter should be
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independent of an orthogonal transformation of T"; cf. Hansen (2008) for more
details.

4.4.2.3 Estimation of regularization bias

The regularization methods include a bias due to adding an positive definite matrix
(a L) to the normal matrix (Eq. 4.22b). In order to estimate the bias, let the unstable

least-squares solution of E{T*} = AAg’ be

Ag = (ATPA) ATPT . (4.22¢)

Now a stable solution can be obtained by Eq. (4.22b). Taking the expected difference
between the two yields the bias (Xu 1992; Bouman 1998, p. 27; Eshagh 2009):

Ag"™ =—a’N'Ag". (4.22d)

reg

The covariance matrix of Ag;g in Eq. (4.22b) is given by:

C. . =o,N'A"PAN"', (4.22¢)

A rog
The a priori variance factor o can be considered equal to one, while the a posterior
variance factor can be estimated from the data. It is expected that the ratio of 67 /o,

to be one. The difference between &; and o can be due to the regularization bias.

The a-posteriori variance factor in such an ill-posed problem is (Xu et al. 2006, Eq.
22,p.73)

5 a{egPsreg —-a'‘Ag” {N’1 —azN’z} Ag

62 = , 4.220)
0 n—r +a4trace{N’2}

where n and r are the number of observables and the unknown parameters,
respectively. €, stands for the biased residuals, which are estimated from the

e

regularized solution below

£ = (1AL )T, (4.22g)

reg
where

A’ =AA, =AN"A"P, (4.22h)

reg

and A, is any generalized inverse of A . Xu et al. (2006) presented the bias of

&, by

98



o’ (trace [PAN_IAg*Ag*T N'AT ] + 0 trace [N_z ])

Bias(; ) = (4.22i)

n—r
4.5 Numerical studies on DWC

In this part, the numerical study of the DWC of the SGG data by using the RCR
technique is presented. As mentioned before, the main purpose of this section is to
study impact of smoothness of the SGG data in downward continuation. We use the
TI potential to remove the topographic effect from the SGG data. The SGG data are

simulated by EGMO08 model to degree and order 360 with corresponding 0.5° x0.5°
resolution. The gravitational gradients can be simulated by assuming some noises,
e.g. white noise, in the Local North Oriented Frame (LNOF) for gravitational
gradients at the satellite altitude. After removing the TI potential at the satellite level
250 km, the smoothed gravitational gradients can be achieved at that level. Now the
inversion of the SGG data can be performed by the extended Stokes formula from
the satellite level to the mean sea level (MSL). Tikhonov regularization is applied to
recover a grid of 1° x1° gravity anomalies from a grid of 0.5° x0.5° the SGG data.
This section divides into four parts. First, the study area is introduced. After that, the
topographic and the TI effects on the SGG data are computed and presented. In
Section 4.5.3, the smoothing impact of the TI effect on the inversion quality is
investigated.

4.5.1 The study area

We select Iran as a test area, which is relatively rough in topography, to study
recovery of the gravity field by the SGG data. We have selected a larger area than

required to compute Ag by 5° limited between latitudes 20” and 45° and longitudes
between 38° and 70°  for reducing the spatial truncation error of the integral

formulas being inverted. The investigations show that 5°is enough to recover the
gravity anomalies because of the well-behaviour kernel. Thus we should not worry
about the truncation error in this case. After that, we eliminate the recovered results
in the boundary (outer zone boundary by 5°) and the recovered gravity anomalies of
the central area (Iran) are chosen. A map of topographic heights of the study area is
presented in Figure 4.1. These heights were generated from spherical harmonic
coefficients of the digital terrain model DTM2006 to degree and order 360. The
maximum, minimum, mean and standard deviation of the heights is 3813.4, 0.0,
675.4 and 737.4 metre, respectively. EGMOS to degree and order 360 is employed to
determine the gravity field. We use the formulas of gravity gradients in LNOF to
synthesize the SGG data and topographic and TI effects at an altitude of 250 km. In
next section, the discussion is followed by these effects on the SGG data.
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Fig. 4.1. Topographic heights of Iran generated from DTM2006 to degree and order 360.
Unit: 1 metre

4.5.2. Topographic and topographic-isostatic effects

To illustrate the size of the topographic effect on the SGG data at the satellite altitude
of 250 km, the formulas presented in Sect. 2.6.1 have been used to estimate the
topographic harmonic coefficients up to 360. The harmonic coefficients of the
topographic potential can simply be computed using Eq. (2.352). In this equation the
density of the topographic masses are considered constant p’ = 2.67 g/cm’ and the
harmonics of topographic heights were generated from DTM2006. Inserting the
harmonics of the topographic potential (c',y,) into the spherical harmonic expansions
of the gravity gradients (Eqs. 4.8a-4.8f) yields the topographic effect on the SGG
data. In determination of harmonics of the TI potential using Eq. (2.37¢) or (2.38b),
two important parameters should be specified: a) the density contrast Ap and b) the

mean Moho depth 7. In this study the values for Ap and 7, are 0.43 g/cm® and

34.5 km, respectively. The TI effects can be computed by substituting the harmonics
of the TI potential into the spherical harmonic expansions of the gravity gradients.

Table 4.1. Topographic effects and topographic-isostatic effects (TIE) based on Vening Meinesz-
Moritz (VMM) and Airy-Heiskanen (AH) hypotheses on SGG data. Unit: 1 E

Topographic effects TIE based on VMM TIE based on AH

Gradient

Max  Mean Min Std. Max Mean Min Std. Max Mean Min Std.
XX 0.71 -029 273 +0.68 038 -0.17 -0.72 +0.19 0.29 -0.10 -0.59 +0.18
yy 1.09 -0.08 -1.17 +048 063 0.14 -026 +0.17 037 0.00 -038 +0.14
zz 3.21 0.20 -096 +091 099 021 -0.69 031 0.70 0.10 -0.48 +0.25
Xy 1.29 0.17 -0.57 +0.33 031 -0.01 -033 +0.10 029 0.04 -0.13 +0.07
Xz 1.95 -0.04 205 +085 074 -0.08 -0.74 +026 055 -0.03 -0.71 +0.24
vz 2.99 0.21 -1.37  +0.66 056 -0.08 -0.71 +0.21 0.61 0.06 -0.43 +0.18

Table 4.1 shows the topographic and the TI effects on the SGG data over Iran. It
shows large values for the topographic effects. If these effects are removed from the
SGG data, the data will be significantly changed and the inversion of the SGG data
will not be advantageous. The TI effects based on the VMM model are larger than
their corresponding effect based on the AH model. It means that the TI effects of the
VMM model have more impact on the SGG data than that of the AH model.
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However, it does not mean that either of the AH model or the VMM model is better
than the other unless the qualities of the inversions of the gradients are investigated.

The maximum TI effect is related to V*, its mean value is 0.21 E for the VMM

zz 2

model. The results indicate that the effect of the TI masses and the gradient of the
different tensor components for the VMM model is significant, and it seems to be
advantageous to take them into account for the gravity field recovery. Effects of the
topographic masses on the different gradient components are shown in Figs. 4.2 at an
altitude of 250 km, by using the harmonic coefficients of DTM2006.

s0°E 60 E L —
50 E 60 E

50°E 60 E 0 E 50'E 60 E | : 50'E 60 E

Fig. 4.2. Topographic effect on SGG dataa) V' . b) V' o) V. .y V' ey V. D V!
xx Xz yz

»w? zz xy?

in LNOF 0.5°x0.5° in Iran. Unit: 1 E

There are some geophysical interpretations between the topographic masses and the
estimated gravitational gradients. If topographic masses are aligned along parallels

they are related with V| . Similarly, if topography is extended along meridians
y pag

(almost from North to South) the topographic features are related with V| . This

matter can be seen by comparing the topographic map in Fig. 4.1 with Figs. 4.2a and
4.2b (cf. Eshagh 2009).

The TI effect on the SGG data is obtained based on Egs. (4.9a-f) and the
corresponding results are shown in Figures 4.3. Globally the effects of the TI masses
on the gradients at the satellite altitude of 250 km vary between 0.8 E up to -0.8 E.

It is possible to remove this type of the TI effect from the observations with a noise
level of approximately 1 mE or 10 mE expected for GOCE data, which it can
considerably simplify the downward continuation. The GOCE mission is designed to
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obtain the static part of the gravity field. Therefore, it is very important to filter the
observations by the TI effects to ease the requirements for the downward
continuation. An additional regularization is necessary in this case. This issue will be
investigated in Sect. 4.53 and 4.54.

P02

Fig. 4.3. Topographic-isostatic (obtained from VMM model) effect on SGG data a) thi by VI, )
Vti d) Vti e) Vti

zz xy xz?

f) Vyt; in LNOF 0.5°x0.5° in Iran. Unit: 1 E

4.5.3 The smoothing impact of the TI effect

In this section we present the impact of smoothing the SGG by the TI models. If the
TI models could smooth the data, they will be convenient to use in inversion method

to estimate the gravity field. The gravitational gradients T, (P), T, (P), T.. (P),

»w zz
T, (P), T.(P) and T, (P)can be obtained by Eq. (4.8a-f). Figure 4.4 shows

synthesized gravitational gradients in LNOF. Again, EGMO08 is used to degree and

order 360 to generate the gradients with 0.5° x0.5° resolution at 250 km satellite
level.

B3
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Fig. 4.4. Gravitational gradient a) T’ ); b T y; ,oT ZZ , )T x; ,e) T ; and f) T yz
in LNOF 0.5°x0.5° in Iran. Unit: 1 E

Figures 4.5a and 4.5b show 7. and the smoothed 7. based on the TI potential

estimated by the VMM model. The other gradients have similar results when we
smooth them by the TI potential, therefore they are not presented here. In addition, a

similar plot can be generated for the smoothed 7., based on the AH model, but as it

is very similar to that of the VMM model, it is not presented. Figures 4.5a and 4.5b
illustrate that the TI effects can smooth the SGG data well.

a) b)

40° .
N 40°N

u~ ) o _I @ - o
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Fig. 4.5. a)T_. and b) smoothed 7., with a resolution of 0.5°x 0.5°. Unit: 1 E
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Table 4.2 shows the statistics of the non-smoothed and smoothed SGG data by the TI
models. Comparison of the SGG data with their corresponding smoothed ones
illustrates smaller magnitudes for the latter than the former. Roughly we can say that
the effects can reduce the magnitude of the data by about 50 %. In addition, it can be
seen that the reduced effects based on the VMM model can smooth the SGG data
more than the AH model. The reason could be due to the regional/global
compensation of the topographic masses based on the VMM hypothesis. In fact, the
isostatic compensation of the AH hypothesis is strongly local. Since the satellite is
flying at high altitude, the gravitational signal of the reduced effect will be attenuated
and the isostatic mechanisms that yield smooth topography for Moho are more suited
for smoothing the SGG data than those producing rougher topography. It can be
mentioned the VMM model is a global isostatic model and it is sensed better than the
AH model at satellite level. This is the possible reason why the VMM model can
reduce the SGG data more than that the AH does. It can also be interpreted that the
quality of the long-wavelength Moho depths, obtained based on the VMM theory, is
higher than that is achieved by the AH model.

Table 4.2. Synthesized SGG and smoothed SGG data in study area. Unit: 1 E

SGG data Smoothed SGG data based on ~ Smoothed SGG data based on
Gradients VMM AH
Max  Mean Min Std. Max Mean Min Std. Max Mean Min  Std.

XX 046 -0.04 -073 025 057 013 -0.14 +0.11 0.69 0.06 -0.34 =+0.17
yy 0.57 -0.01 -0.74 +023 0.16 -0.15 -0.57 £0.10 045 0.00 -0.44 =+0.15
zz 0.96 0.03 -1.14  +041 029 -0.18 -1.02 +0.19 0.51 -0.07 -1.09 =+0.28
Xy 0.51 0.00 -0.43  +0.14 022 0.02 -0.21 40.07 027 -0.04 -0.33 =+0.09
Xz 0.93 -0.01 -0.88  +0.31 0.57 0.07 -0.33 +0.14 063 0.03 -0.56 =+0.19
yz 0.66 -0.14 -1.2 +0.27 034 -0.05 -0.57 =+0.14 056 -020 -0.78 =+0.20

As mentioned before in this study, the atmospheric masses are disregarded in the
RCR technique. The atmospheric contribution is small and it can be disregarded
here, where the maximum mean value of the effects in Iran and Fennoscandia are

about 5 mE, and their minima are about -2 mE related to ¥ (P) and ¥V} (P),
respectively (see Eshagh, 2009).

4.5.4 The smoothing impacts of the TI effects on the quality of inversion

The goal is to recover a grid of 1° x1° gravity anomalies at a level of 10 km above

sea level from grids of 0.5° x0.5° SGG data at an altitude of 250 km over the study
area; see Figure 4.1. In this study, we will compare the result with the gravity
anomalies estimated from EGMOS at a level of 10 km above sea level. The reason to
select the level 10 km is that, we do not like to deal with the topographic bias in
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EGMO08, when we use it for evaluating the results. A method to remove the
topographic bias from EGMO08 harmonic coefficients is presented in Sect. 4.3.3.2.
Our goal here is only testing the smoothing technique for downward continuation of
the SGG data not recovering the SGG data to the geoid surface. Note that the
coverage size of the area for the SGG data and gravity anomalies is the same but
their resolutions are different. After inverting the data to the gravity anomalies those

anomalies which are placed in the central area (Iran, which is smaller by 5° from the
study area) are selected. The SGG data are contaminated with two levels of Gaussian
random noise of 10 mE and 1 mE. We took advantage of Regularization Tools
(Hansen 2008) of MATLAB for stabilizing the systems of equations in the inversion
processes. The well-known Tikhonov regularization is used and its regularization
parameter is estimated by generalized cross validation (Hansen 1998). The bias of
regularization is estimated in each inversion process and removed from the
corresponding results. According to Eshagh (2009) numerical studies on this bias, it
can be assumed that estimation of a-posteriori variance factor using Eq. (4.22f) is
good enough for such ill-posed problems. The magnitudes of the biases for the
gravitational gradients are smaller than 0.20 mE.

After smoothing the gradients, the gravity anomalies are recovered. For this purpose
it is better to investigate the situation of the problem from ill/well-conditioned point
of view. We know that a matrix A can be fairly ill-conditioned or even singular. In
such a case, the solution to the discrete problem would be unstable. SVD reveals the
difficulties associated with the ill-posed of the matrix A (Hansen, 1998). The
smallest condition number shows that A is less sensitive to errors. Table 4.3 shows
the maximum and minimum of SVD, condition numbers and regularization
parameter for each gravitational gradient component. As mentioned before, the
purpose of the numerical regularization theory is to provide efficient and numerically
stable methods for including proper constraints (i.e. regularization parameter o).

Table 4.3. Maxima and minima of singular values of different system of equations, their
corresponding condition numbers K and regularization parameter for recovering 1° X 1° gravity
anomaly from 0.5° X0.5° SGG data

As Ay A Ay A A,
A 26.6633 26.5628 29.3621 19.8059 27.6724 49.4192
A 5.3799¢-004 0.0045 0.0123 0.0111 0.0027 0.0140
K 4.9561e+004  5.9028¢+003 2.3872¢+003 1.7843e+003  1.0249¢+004  3.5299¢+003
a 0.0662 0.0204 0.1592 0.1450 0.4863 49.4192

Two different cases are investigated here: a) the SGG data are smoothed by
removing the TI effects and inverted to the gravity anomaly at sea level, b) the SGG
data are continued downward to the gravity anomalies without smoothing and this
method is named direct continuation (DC). Comparison of the results of these two
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ways of inversions will show the impact of smoothness of the data on the recovery.
Here a simplified case is investigated to show the quality of their inversions. The
consequence of the real case will be similar as well. This simple example has the
following differences with the real case of GOCE:

a) The SGG data are not measured in LNOF but in gradiometer frame,
b) The data are measured along the satellite orbital tracks, not in regular grids,
c¢) The noise characteristic of SGG data is coloured noise and not white noise.

Table 4.4 Error estimates of recovered gravity anomalies based on RCR and DC techniques at sea
level. Unit: 1 mGal

. Noise 10 mE 1 mE
Gradient - -
Method Max Mean Min Std rms Max Mean Min Std rms
RCR-AH 449 -7.0 -62.5 17.7 122 32.0 -6.5 -46.7 12.7 9.1
xx RCR-VMM 19.3 2.2 -31.9 7.8 5.2 17.3 -2.0 -30.1 7.3 4.9
DC 62.3 1.3 48.8 18.3 11.8 572 0.7 -71.8 18.7 12.0
RCR-AH 39.2 2.1 -49.0 148 9.6 59.6 1.8 -38.5 13.0 8.4
yy RCR-VMM 233 -3.7 -41.0 114 7.7 31.9 -3.8 -64.3 14.8 9.8
DC 50.7 -5.5 -69.5 19.1 12.8  58.8 -5.6 -59.2 174 11.7
RCR-AH 29.5 -4.1 -33.1 10.4 7.1 32.1 -39 -32.4 9.4 6.5
zz RCR-VMM 17.2 1.1 -19.5 6.5 4.3 18.1 1.2 -20.2 5.9 3.9
DC 37.9 -0.3 -439 137 8.8 42.1 -0.3 -344 13.0 8.4
RCR-AH 268.3 13.5 -206.1 85.1 553 148.8 20.1 -111.1  48.6 338
xy RCR-VMM  154.1 20.6  -1142 49.0 341 153.7 20.61 -1157 489 34.0
DC 418.1  -10.5 -573.9 1179 1143 420.7 -11.1 -567.5 180.5 116.0
RCR-AH 24.3 -0.2 -35.5 10.5 6.7 25.2 -0.1 -32.6 9.9 6.3
Xz RCR-VMM 247 5.1 -19.9 7.2 5.6 24.0 5.0 -17.5 6.6 53
DC 59.1 7.6 -40.8 17.3 12.1 564 7.4 -46.6 156 11.1
RCR-AH 96.6 6.7 -63.7 254 169 96.9 6.9 -64.3 253 16.3
yz RCR-VMM  90.1 14.5 270 18.0 148 89.0 14.8 -26.1 18.0 14.0
DC 122.1 -5.0 -109.2 379 257 1243 -51 -109.0 389 25.1

Table 4.4 shows statistics of the errors of recovered gravity anomalies and the
estimated one from EGMOS8 based on the RCR technique of the reduced effects by
the AH and VMM mechanisms (RCR-AH and RCR-VMM) and direct downward
continuation (DC). It shows that the RCR method works better than DC as the errors
of the results are smaller than those delivered by the DC in all cases. By comparing
the rms (root mean square error) of the recovered anomalies one can judge about the
quality of inversion of each type of data. Another interesting visible issue is to see
smallest errors for the recovered anomalies based on the RCR-VMM topographic-
isostatic effects. The best case scenario of recovery is based on the smoothed data by
VMM topographic-isostatic effects and the errors of the recovered gravity anomalies

* * * *

from 7, T, T, T , T  and T, are 5.2, 7.7, 43, 34.1, 5.6 and 14.8,

xx 2 2 zz 2 xy ? xz
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respectively in unit of mGal and in the presence of 10 mE noise. According to the
table, T_ is the best gradient for local gravity anomaly recovery. RCR-VMM

57 % from T y*z ,
44 % from T, 60 % from T ;; and 30 % from T, ., comparing to DC. The reasons of

improves the quality of recovery by 49 % from T , 46 % from T_.

zz 2 xz

these different percentages are due to the type of SGG data as one has better smooth
ability than another and the kernel behaviour of the integral formulas.

The spatial truncation errors and the kernel behaviours of the integral formulas can
be mentioned as source of the problems in some gradients such as TW ,T. and T yz

According to numerical investigation and test on kernels behaviours, it should be
mentioned that only the diagonal elements of gravitational tensor at satellite level are

suited for recovering of the gravity field. The kernel behaviours, in 7 ;; ,T. and T y*z ,

show that the data far from the computation points are more important than the
points which are close. In fact, in this type of integral formulas large contribution of
the SGG signal in the edges and boundaries are missed due to truncation of the
integrals. This is the main reason why these types of data are poor for the recovery,
unless the truncation error of the integrals are estimated and removed from the data.

and the

largest bias is for xy gradient component within 40 mGal level, by inverting the SGG
data by RCR technique. The biases are large if the direct inversion of the SGG data is
used. Figure 4.6 shows the bias for the zz gradients by using the RCR technique.

The results illustrate that the smallest regularization bias is related to 7.

zz ?
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Fig. 4.6. Estimated biases of 1° x1° recovered gravity anomalies from 0.5° x0.5° for T’ Z:

contaminated with 1mE Gaussian noise. Unit: 1 mGal
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