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Paper I is reprinted with the kind permission of Taylor & Francis.
i

Abstract
This thesis is a contribution to the research area concerned with selection of smoothing parameters in the framework of nonparametric and
semiparametric regression. Selection of smoothing parameters is one of
the most important issues in this framework and the choice can heavily influence subsequent results. A nonparametric or semiparametric
approach is often desirable when large datasets are available since this
allow us to make fewer and weaker assumptions as opposed to what is
needed in a parametric approach.
In the first paper we consider smoothing parameter selection in nonparametric regression when the purpose is to accurately predict future
or unobserved data. We study the use of accumulated prediction errors
and make comparisons to leave-one-out cross-validation which is widely
used by practitioners.
In the second paper a general semiparametric additive model is considered and the focus is on selection of smoothing parameters when optimal estimation of some specific parameter is of interest. We introduce a
double smoothing estimator of a mean squared error and propose to select smoothing parameters by minimizing this estimator. Our approach
is compared with existing methods.
The third paper is concerned with the selection of smoothing parameters optimal for estimating average treatment effects defined within the
potential outcome framework. For this estimation problem we propose
double smoothing methods similar to the method proposed in the second paper. Theoretical properties of the proposed methods are derived
and comparisons with existing methods are made by simulations.
In the last paper we apply our results from the third paper by using
a double smoothing method for selecting smoothing parameters when
estimating average treatment effects on the treated. We estimate the
effect on BMI of divorcing in middle age. Rich data on socioeconomic
conditions, health and lifestyle from Swedish longitudinal registers is
used.
Keywords: Smoothing parameter selection; Nonparametric regression;
Semiparametric additive model; Double smoothing; Causal inference;
BMI; Divorce
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Umeå, February 2011
Jenny Häggström
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Introduction
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Statistical methods are used to draw scientifically based conclusions
about the world. For this to be possible the phenomenon in which we
are interested in must be described in terms of a mathematical model.
This model should preferably be, at the same time, simple enough to
work with and complex enough to capture all the relevant aspects of the
phenomenon.
As an illustrative example, consider the Onions dataset available in
the R package SemiPar (R Development Core Team, 2010). The dataset
contains observations from an experiment involving the production of
white Spanish onions in South Australia. Denote the yield (in grams
per onion plant) and the area density (in plants per square meter) of
the plants by y and x, respectively. Suppose we would like to estimate
the relationship between area density and yield. A simple and common
model when describing a relationship between variables such as these
assumes that the relationship between them is linear. For the assumption of linearity to be plausible the data points must cluster along a
straight line. In Figure 1 yield is plotted against density for 42 Spanish
onion plants in Virginia, Australia. The straight line is the estimated
relationship between the two under the assumption of linearity.
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Figure 1: Simple linear regression applied to the Onions data. Area density is
on the x-axis and yield is on the y-axis. The straight line is the least-squares
regression fit.

If a straight line does not seem to accurately describe the relationship
we may come up with another functional form that fits the data better,
1

such as: a u-shaped or some other nonlinear function. Specifying the
assumed relationship as a mathematical function with unknown parameters (the intercept and slope in this case), is called having a parametric
model of the relationship. If your model agrees to a large extent with
reality, the methods for fitting the model (that is, for estimating the
unknown parameters) will allow us to draw conclusions about the process in question. However, if the model is misspecified (that is if it does
not describe reality well) the conclusions drawn will most likely be incorrect or, at best, less precise. One way to avoid the need to specify
parametric functional forms is to use nonparametric models in which
the relationship is only assumed to obey an unspecified smooth mathematical function. In this case, the data is allowed to decide which shape
gives the best fit.
Broadly speaking, there are three main purposes of using smoothing
techniques: explorative data analysis, prediction and causal inference.
When smoothing is used for explorative purposes it is an aid to discovering and highlighting underlying patterns in the data. This information
can then be used for specifying a parametric model for further analysis. If prediction is of interest sample data can be used to estimate
a model aimed at foreseeing the outcomes of new, unseen data (e.g.,
the yield of a new onion plant). In causal inference, smoothing techniques often serve as building blocks when estimating causal effects of
non-randomized treatments on an outcome of interest.
This thesis is concerned with selection of smoothing parameters in
different settings. In Paper I, smoothing is used for prediction, and a
simple nonparametric model, requiring the selection of one smoothing
parameter, is assumed. In Paper II, more complex models are considered, requiring the selection of several smoothing parameters. The
selection of more than one smoothing parameter is also considered in
Paper III, in which smoothing is used in the context of causal inference.
The thesis concludes with Paper IV, in which a selection method proposed in Paper III is implemented when investigating the causal effects
of divorce on BMI.
The structure of this summary is as follows: Section 2 describes
smoothing (in particular local polynomial regression); Section 3 focuses
on causal inference within the potential outcome framework and on
smoothing in this setting; Section 4 summarizes the four papers of the
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thesis; and the last section provides some final remarks and comments
on further research.

2

Smoothing

Suppose that we have a random sample of n observations consisting of a
response y and a covariate x and that the relationship between the two
can be described as
yi = β(xi ) + ²i , i = 1, . . . , n

(1)

where β(·) is a smooth function and ² is a random error with expected
value zero. Smoothing techniques aims at retrieving β(·) from the observed data on y and x. A simple form of smoothing is moving average,
in which data is smoothed out by averaging the observations of y that
have similar values of x. The procedure and the results of applying a
moving average (with averages based on 25 observations) to the Onions
data are depicted in Figure 2. The estimate of the expected yield for a
given density, β̂h (xi ), is the average of yi and its 24 nearest neighbours
(indicated by circles). These averages are interpolated to obtain a final
estimate of the smooth function β(·). The third plot in Figure 2 shows
the moving average fits with averages based on 25 (solid) and 5 (dashed)
observations. The moving average based on 25 observations results in a
smoother fit than the moving average based on 5 observations. This feature holds in general; using many observations will result in a smoother
fit with smaller variance than using fewer observations. Using fewer observations will, however, result in a fit with less bias. Formally, we can
write the moving average fit at xi as
µ
¶
n
n
X
X
xj − xi
1
h
β̂h (xi ) =
Sij yj =
K
yj
(2)
h
bi
j=1

j=1

h are weights (which sum to one), h ∈ [1, n] is the smoothing
where Sij
parameter (which, for a moving average, is the number of observations
used in a single average) and bi = |xh − xi |; xh , the hth nearest (in
Euclidean distance) to xi among the xj :s for xj 6= xi , defines the size of
the window containing the observations used.
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Figure 2: Moving average applied to the Onions data. In the first plot the
dotted line indicates the target point and the 25 observations used to compute
the first average are displayed in bold. The circle marks the resulting local
average. In the second plot, the curve is the moving average fit that results
after computing 29 local averages. Also shown are the 30th local average and
the observations used. The final moving average smooth using 25 observations
in the local averages is displayed in the third plot (solid), along with a moving
average fit based on 5 observations (dashed).
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The uniform kernel function is defined as
µ
¶ (
i
1, if | xj b−x
|≤1
xj − xi
i
K
=
xj −xi
0, if | bi | > 1.
bi
Some other common, but somewhat more sophisticated, smoothing
methods are splines, kernel regression and local polynomial regression
(Fan and Gijbels, 1996, p. 14–45). All of these methods, including the
moving average (a special case of kernel regression), are examples of
linear smoothers in which the fit at xi can be written as in (2) with the
weights not depending on the response. Throughout this thesis local
polynomial regression is often used and thus deserves a more thorough
exposition.

2.1

Local Polynomial Regression

Local polynomial regression (Cleveland, 1979; Fan and Gijbels, 1996)
consists of fitting a polynomial of degree p at every xi , i = 1, . . . , n,
using only the elements of the data that are deemed to be sufficiently
close to the target point xi . Figure 3 is the analogue of Figure 2 when
fitting a polynomial of degree 1 (a straight line) at every xi . Instead of
taking the mean of the 25 observations here, we use them to compute
a weighted linear regression and take β̂h (xi ) as the intercept of this
regression fit (indicated by circles in Figure 3).
The local polynomial regression fit at xi , using a polynomial of degree
p, is
n
X
h
β̂h (xi ) =
Sij
yj = eT1 (XTi Wi,h Xi )−1 XTi Wi,h
j=1

where e1 = (1, 0, . . . , 0)T , a (p + 1)-length vector,


1 (x1 − xi ) (x1 − xi )2 . . . (x1 − xi )p


..
..
..
..
Xi =  ...
,
.
.
.
.
2
p
1 (xn − xi ) (xn − xi ) . . . (xn − xi )
and
¢
¡
¢
¡
Wi,h = diag{K (x1 − xi )/bi /bi . . . K (xn − xi )/bi /bi }.
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Figure 3: Local linear regression applied to the Onions data. In the first plot the
dotted line indicates the target point, and the 25 observations used to compute
the first local regression are displayed in bold. The straight line is the local
linear regression fit and the circle marks the resulting estimate. In the second
plot the curve is the resulting local linear fit after computing 29 local linear
regressions. Also shown is the 30th local estimate and regression fit and the
observations used. The final local linear smooth when using 25 observations
in the local regressions is displayed in the third plot (solid), along with a local
linear fit based on 5 observations (dashed).
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K(·) is a kernel function, that is, a real-valued function assigning weights,
usually a symmetric probability density function (Fan and Gijbels, 1996,
p. 14–15). The kernel function used in the above example is the tricube
kernel, which is defined as
)
¶ ( 70
µ
xj −xi
i 3 3
(1 − | xj b−x
|
)
,
if
|
|
<
1
xj − xi
81
b
i
i
K
=
.
i
0,
if | xj b−x
|≥1
bi
i

2.2

Smoothing Parameter Selection

Regardless of which nonparametric regression method is used, some kind
of smoothing parameter has to be selected. For local polynomial regression, it can be the number of observations used to compute a local fit
(as in the onion example) or a constant window size defining the local
neighbourhood. A common feature of all these scenarios is that a small
value will lead to an erratic, wiggly fit (the extreme being interpolation
of the data points) that does not distinguish signal from noise, whereas
a large value will lead to a smooth fit that might not pick up on important features of the underlying curve. As mentioned above there is
a trade-off between bias and variance. A small value for the smoothing
parameter lead to a fit with small bias but large variance and vice versa
for a large value.
An intuitive way of selecting the smoothing parameter when estimating β(·) in (1) is to plot y against x, superimpose the fitted curve
for different smoothing parameter values and then select the one that
seems to produce the best fit. In addition to the subjectivity of this
method, which lead to different results depending on who is choosing
the curve, making the decision by graphical inspection might not always
be feasible.
Now, consider estimating a semiparametric additive model (SAM)
(Hastie and Tibshirani, 1990), which is a more complex problem than
estimating (1). Suppose that instead of having one variable, that we
want to model nonparametrically, we have D such variables and Q variables that we would like to model parametrically, either because they
are categorical variables or because we feel confident that they relate in
a certain way (e.g., linearly) to y. The simplest SAM, with D = Q = 1,
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is often referred to as a partially linear model. A SAM is specified by
yi =

D
X

βd (xdi ) +

Q
X

γq uqi + ²i .

(3)

q=1

d=1

The unknown smooth functions βd (·) and the parameters γq in (3) are
often estimated by backfitting, an iterative estimation method using linear smoothers as building blocks, (Buja, Hastie, and Tibshirani, 1989).
Note that we have to select D smoothing parameters in this situation.
Furthermore, smoothing parameters that are optimal for estimating the
nonparametric part will not be optimal for estimating the unknown parameters in (3), which may cause problems when the main focus is on
estimating the parametric portion.
In somewhat complex situations, such as the one above, and when
smoothing techniques are used repeatedly (possibly as one step in a
multifaceted analysis), it is thus preferable to have a more objective and
automatic selection procedure than graphical inspection.
A popular smoothing parameter selection criterion is leave-one-out
cross-validation (CV), which date back to Stone (1974). To estimate
β(·) in (1), CV selects the smoothing parameter so that it minimize
n
¢2
1 X¡
yi − β̂h−i (xi )
n
i=1

where β̂h−i (xi ) is the fit at xi computed without (xi , yi ). CV targets the
predictive squared error,
n

V ar(yi |xi ) +

¢
¡
1X
M SE β̂h (xi )|x1 , . . . , xn ,
n
i=1

which can be viewed as a suitable criterion if prediction of the response
¡
¢
is the main interest. In many situations (e.g., when estimating E β(x) )
theoretical results (e.g., Speckman, 1988, Opsomer and Ruppert, 1999,
Imbens, 2004) indicate that CV and other commonly used criteria are
not able to select optimal smoothing parameters. Thus, there is a need
for new smoothing parameter selection methods.
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3

Causal Inference

Suppose that we have a random sample of n units from a population of
interest and that each unit i receive one of two treatments. Let zi = 1
if unit i receives treatment 1 and zi = 0 if unit i receives treatment 0
(that is, z indicates the treatment). In the Onions example, we have
n onion plants, with some of these planted at location z = 1 (Purnong
Landing) and the rest planted at location z = 0 (Virginia). We define
the causal effect of treatment zi = 1 versus treatment zi = 0 on a
response variable y for unit i as yi (1) − yi (0), where yi (1) and yi (0) are
the potential outcomes (Neyman, 1923, Rubin, 1974) for unit i (i.e., the
outcome under treatment z = 1 and treatment z = 0, respectively). In
the onion plants example, yi (1) is the yield that plant i would produce
if it were planted at location 1, and yi (0) is the yield of the same plant
if it were planted at location 0. As a plant can only be at one of these
locations, the treatment effect, yi (1) − yi (0), on yield for a specific plant
is unobservable. The fact that only one of the potential outcomes is
observed for each unit is referred to as the fundamental problem of causal
inference (Holland, 1986). The observed response for unit i is
yi = yi (0)(1 − zi ) + yi (1)zi
and we are often interested in estimating the population average treatment effect,
¡
¢
τ = E yi (1) − yi (0) ,

(4)

For randomized treatments we can estimate (4) without bias by taking
the difference of the mean responses in the two treatment groups. This
is typically not the case in observational studies with non-randomized
treatment assignment. Even if the treatment assignment is not randomized, however, τ can be identified if we have available a set of covariates
xi = (xi1 , . . . , xid )T that are observed before the treatment assignment
and for which the following assumptions hold;
Assumption 1 (Unconfoundedness)
yi (1), yi (0) ⊥
⊥ zi |xi ,
and
9

Assumption 2 (Overlap)
0 < Pr(zi = 1|xi ) < 1.
The covariates in xi that affect both the outcome and the treatment
are called confounders. If all confounders are included in xi , then we
have unconfoundedness. In observational studies, nonparametric estimators based on smoothing regression methods are often used to estimate
treatment effects. The use of such methods in combination with a large
number of covariates does however pose a problem (known as the curse
of dimensionality (Bellman, 1961)). Fortunately, in this situation we
can replace the covariate vector xi with the scalar p(xi ) = Pr(zi = 1|xi )
which is called the propensity score. Indeed, Rosenbaum and Rubin
(1983) showed that if Assumptions 1 and 2 hold, then
yi (1), yi (0) ⊥⊥ zi |p(xi ),
and
0 < Pr(zi = 1|p(xi )) < 1.

3.1

Smoothing in Causal Inference

Average treatment effects can be estimated nonparametrically in different ways (see, e.g., Imbens, 2004, and references therein). This thesis
considers, an estimator of τ called the imputation estimator by Imbens,
Newey, and Ridder (2005). They show that the imputation estimator
is, when using series estimation, consistent, asymptotically normal and
efficient. Again, the Onions data is used as an illustration. In addition
to having observations on onions from Virginia the dataset contains observations on onions produced at another location, Purnong Landing.
Figure 4 shows the complete data with 84 observations from both locations.
Now, suppose that we want to estimate the average effect of the treatment “planted in Purnong Landing” versus “planted in Virginia” on the
onion yield and that density is the only confounder. An intuitive way
to estimate the effect utilizes the following procedure: 1) estimate the
expected yield in Virginia using the data from Virginia and then make
predictions for the densities present in Purnong Landing and similarly
for the expected yield in Purnong Landing; and 2) estimate the average
10
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Figure 4: Complete Onions data. Area density (x-axis) is plotted against yield
(y-axis). Observations from onion plants produced in Virginia are represented
by 0s, while observations from plants produced in Purnong Landing are represented by 1s.

treatment effect by taking the mean difference between the estimates
from 1. In Figure 5, the yield-functions are estimated with local linear
regression (the number of neighbours used is 24 in the first plot and 4
in the second plot). The differences between these, estimates of the conditional treatment effect given area density, are displayed in the third
plot in Figure 5. An estimate of τ is then the average of the conditional
treatment effect.
The procedure described above can be formalized in the following
manner. The model for the response is
¡
¢
yi = β0 (xi ) + τ (xi )zi + ²i = β0 (xi ) + β1 (xi ) − β0 (xi ) zi + ²i
with E(²i |xi , zi ) = 0. We now have that the average treatment effect
equals
¡
¢
τ = E E(yi |zi = 1, xi ) − E(yi |zi = 0, xi ) = E(β1 (xi )) − E(β0 (xi )).
Denote the observed response and covariate vectors for the n0 units
with treatment zi = 0 by y0 = (y10 , . . . , yn0 0 )T and x0 = (x01 , . . . , x0n0 )T ,
respectively. Similarly, we have y1 = (y11 , . . . , yn1 1 )T and x1 = (x11 , . . . , x1n1 )T
for the n1 units with treatment zi = 1. Then, we can write the estimator
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Figure 5: The estimated yield and treatment effect conditional on the area
density using local linear regression. The estimated yield conditional on the
area density for the different locations using local linear regression based on 25
and 5 observations is shown in the first and second plot, respectively. In the
third plot, estimated treatment effects conditional on area density, the difference
between the functions in the first (solid) and second (dahsed) plot is shown.
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of βj (x) = (βj (x1 ), . . . , βj (xn ))T , j = 1, 0, as
h

h

β̂j j (x) = Sj j [x]yj ,
h

where x = (x0T , x1T )T , and Sj j [x] is the smoothing matrix regressing
yj on xj using smoothing parameter hj . The imputation estimator of τ
is
n
n
¢
1 X ¡ h1
1 X imp
τ̂
(xi ) =
τ̂ imp =
β̂1 (xi ) − β̂0h0 (xi ) .
(5)
n
n
i=1

i=1
τ̂ imp

As can be seen in (5), computing
requires the selection of two
smoothing parameters; as was mentioned in Section 2, common methods
(such as CV) are not suitable for smoothing parameter selection in this
case, as we are estimating a functional of regression curves .

4
4.1

Summary of Papers
Paper I: Estimating Prediction Error: Cross-Validation
vs. Accumulated Prediction Error

Paper I deals with the validation of general prediction rules such as the
regression models obtained using a sample of size n for a variable of interest y. We consider out-of-sample methods that, in contrast to covariance penalty methods, are nonparametric and allow for the comparison
of prediction rules obtained with different inferential frameworks and/or
different modelling strategies. The focus is on the accumulated prediction error (APE). The APE measures the generalizability of a prediction
rule by the mean of n − m prediction errors, where the ith prediction
is made using a subsample of size i − 1, and m is the size of the subsample on which the first prediction rule is obtained, i = m + 1, . . . , n.
Comparisons are made with CV. The two methods can be viewed as
estimating different measures of prediction error that answer different
questions: “How good is a prediction rule at predicting n observations
arriving sequentially?” and “How well will a prediction rule predict a
future dataset of size n independently generated by the same mechanism
that produced the original dataset?”, respectively. We consider prediction rules which are linear smoothers and illustrate the use of APE and
13

CV by focusing on smoothing parameter selection in local polynomial
regression. Using simulations, we show that APE and CV lead to different optimal smoothing parameters and that this difference does not
vanish with increasing sample size.

4.2

Paper II: Bandwidth Selection for Backfitting Estimation of Semiparametric Additive Models

Paper II considers optimal smoothing parameter selection for estimating the parametric part of SAMs, (3) above, by backfitting. Asymptotic results have suggested
that selecting the smoothing parameters by
√
CV will not lead to n−consistent estimation of the parametric part
(Speckman, 1988, Opsomer and Ruppert, 1999). We propose selecting
the smoothing parameters by a double smoothing estimator, which is a
two-step estimator of the mean squared error that target the parameter
of interest as opposed to predicting the response. Comparisons with CV
and empirical bias bandwidth selection (EBBS) (Opsomer and Ruppert,
1999) are made using simulation experiments.
For the partially linear
√
model, we also make comparisons with a n-consistent estimator consisting of CV and an estimator other than backfitting (Speckman, 1988).
The results show that the double smoothing procedure is preferable to
CV and in most cases to EBBS. For the partially
linear model, DS and
√
EBBS were found to be comparable to the n−consistent procedure for
large samples sizes.

4.3

Paper III: Data-Driven Smoothing Parameter Selection for Estimating Average Treatment Effects

In this paper we consider estimating the average treatment effect of a
binary treatment z on an outcome of interest y using the imputation
estimator τ̂ imp described above. To estimate τ , we have to select two
smoothing parameters. It is known that smoothing parameters that are
asymptotically
√ optimal for estimating the regression functions βj (·) do
not lead to n-consistent estimation of functionals of these regression
r
functions (e.g., the average treatment effect).
√ We show that hj ∝ n
imp
for −1 < r < −1/4 results in τ̂
being a n-consistent estimator of
τ . This result implies that the smoothing parameters optimal for estimating τ are asymptotically smaller than what is considered optimal for
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estimating βj (·). We propose double smoothing estimators of the mean
squared errors that target the estimation of τ and, using simulation,
compare the performance of these with a method proposed by Imbens
et al. (2005) and with CV.

4.4

Paper IV: Divorcing in Middle Age and Its Effects on
BMI

In the last paper, we study the effect of divorce on change in body mass
index (BMI) in individuals divorcing between 40 and 60 years of age. We
use data from the Linnaeus database (Malmberg, Nilsson, and Weinehall, 2010) to estimate the average treatment effect on the treated. The
Linnaeus database contains information from nationwide registers on socioeconomic and demographic conditions that are individually linked to
health and lifestyle information from participants in the Västerbotten
Intervention Programme (VIP) (Norberg, Wall, Boman, and Weinehall,
2010). We apply a method proposed in Paper III to select smoothing
parameters. We find that women divorcing between 40 and 50 have a
lower increase in BMI compared to those not divorcing. A similar effect
is found for normal weight women divorcing between 50 and 60. For
men no significant results are found.

5

Final Remarks and Further Research

In this thesis we have proposed double smoothing estimators of mean
squared errors and minimization of these estimators for selecting smoothing parameters in different settings. Using simulation studies that compared these double smoothing methods to common selection methods,
such as CV, we show that double smoothing often improves on other
methods (resulting in lower mean squared errors).
A natural step in continuing this line of research is to derive large
sample properties of smoothing parameters selected by double smoothing and properties of the resulting estimators that are functionals of
these smoothing parameters.
Implementing our procedures in R, which will make selection of smoothing parameters using double smoothing estimators easier for practitioners, is also a major aim.
15
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