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Abstract

Light scattering in turbid media is essential for such diverse application areas as
paper and print, computer rendering, optical tomography, astrophysics and remote
sensing. This thesis investigates angular variations of light reflected from plane-
parallel turbid media using both mathematical models and reflectance measure-
ments, and deals with several applications. The model of most widespread use
in industry is the Kubelka-Munk model, which neglects angular variations in the
reflected light. This thesis employs a numerical solution of the angle resolved radia-
tive transfer problem to better understand how the angular variations are related to
medium properties. It is found that the light is reflected anisotropically from all me-
dia encountered in practice, and that the angular variations depend on the medium
absorption and transmittance and on the angular distribution of the incident light.
If near-surface bulk scattering dominates, as in strongly absorbing or highly trans-
mitting media or obliquely illuminated media, relatively more light is reflected in
large polar (grazing) angles. These results are confirmed by measurements using a
set of paper samples. The only situation with isotropic reflectance is when a non-
transmitting, non-absorbing medium is illuminated diffusely. This is the only situ-
ation where the Kubelka-Munk model is exactly valid. The results also show that
there is no such thing as an ideal bulk scattering diffusor, and these findings can
affect calibration and measurement procedures defined in international standards.

The implications of the presented results are studied for a set of applications in-
cluding reflectance measurements, angle resolved color and point spreading. It is
seen that differences in instrument detection and illumination geometry can result
in measurement differences. The differences are small and if other sources of error —
such as fluorescence and gloss — are not eliminated, the differences related to instru-
ment geometry become difficult to discern. Furthermore, the angle resolved color of
a set of paper samples is assessed both theoretically and experimentally. The chroma
decreases and the lightness increases as the observation polar angle increases. The
observed differences are clearly large, and it is an open issue how angle resolved
color should be handled. Finally, the dependence of point spreading in turbid media
on the medium parameters is studied. The asymmetry factor is varied while main-
taining constant the optical response in a standardized measurement geometry. It is
seen that the point spreading increases as forward scattering becomes more domi-
nant, and that the effect is larger if the medium is low-absorbing with large mean free
path. A generic model of point spreading must therefore capture the dependence on
all of these medium parameters.

This thesis shows that turbid media reflect light anisotropically, and angle re-
solved radiative transfer models are therefore necessary to capture this. Using sim-
plified models can introduce errors in an uncontrolled manner. The results presented
potentially have consequences for all applications dealing with light scattering, some
of which are studied here.
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1 Introduction

1 Introduction

The interaction between light and matter determines how we perceive an object. In
a scattering and absorbing turbid medium, incident light can be absorbed and con-
verted into other forms of energy, such as heat, or scattered one or several times and
then exit the medium. The reflected light gives rise to our visual sensation and can
also give important information about the light scattering properties of the medium,
such as spectral reflectance, transmittance and opacity, and about color sensations
such as whiteness. This thesis is about the assessment and interpretation of light re-
flectance and quantities derived from it, using both measurements and mathematical
models.

Understanding how light interacts with matter and the connection to the result-
ing optical response is important in various industrial sectors. In the paper and print
industries light scattering simulations and measurements are used when developing
new products, for quality control in production, and in data exchange [1–3]. Further-
more, light scattering is important in the paint industry [4–6], textile industry [7, 8],
food industry [9], and is the basis for computer rendering [10] and medical applica-
tions such as optical tomography [11]. Propagation of light in turbid media is also
studied in research fields such as atmospheric physics [12] and astrophysics [13], and
related problems are studied in, e.g., neutron transport [14] and remote sensing [15].
The results presented in this thesis are generic in the sense that they can be used in
all applications dealing with light scattering.

1.1 Models of radiative transfer

There are many mathematical models describing radiative transfer (RT), i.e. light
propagation in turbid media. The model of most widespread use in industry is the
Kubelka–Munk (KM) model [16–18]. The KM model relates the light intensities i and
j in two directions or solid angles to the KM scattering and absorption coefficients
sKM and kKM . The model can be stated as











−
di

dx
= −(sKM + kKM )i+ sKMj

dj

dx
= −(sKM + kKM )j + sKM i

(1)

if x denotes distance. In the paper industry the KM model is used together with
standardized d/0 measurements [19] to determine the KM scattering and absorp-
tion coefficients, which is also a standardized procedure [20]. The paper samples
are then illuminated diffusely and the detector is located at zero degrees, i.e. in the
normal direction of the paper. The KM model is a simplification of more compre-
hensive models of radiative transfer, since it ignores all angular variations of the
reflected light. Several limitations of the KM model have been reported, such as the
dependence between the scattering and absorption coefficients [21–25], and several
explanations have been proposed [26–30]. Angular variations of reflected light has
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Angle Resolved Light Scattering in Turbid Media

been observed or discussed by other authors [30–33], but not thoroughly or system-
atically studied.

General RT theory takes into account the angular dependence of the reflected
light. It can be traced back to Lommel [34] via Chwolson [35], Schuster [36] and
Chandrasekhar [13] among others. The RT equation for plane-parallel laterally ho-
mogeneous turbid media can be stated as

dI(s, θ, ϕ)

ds
= σe [−I(s, θ, ϕ) + S] , (2)

where I(s, θ, ϕ) is intensity at depth s at polar angle θ and azimuthal angle ϕ, σe is the
extinction coefficient and S is a source function. The extinction coefficient is the sum
of the scattering and absorption coefficients σs and σa. The source function accounts
for light scattered to θ, ϕ at depth s from all other directions. It can be written

S =
a

4π

∫

4π

p(cosΘ)I(s, θ, ϕ)dω, (3)

where a is the single scattering albedo defined as a = σs/(σs + σa), ω is solid an-
gle, p(cosΘ) is the phase function and Θ is the angle between the directions of the
incident and scattered light. The phase function describes the angular distribution
of the single scattering process. A commonly used phase function is the Henyey–
Greenstein phase function [37]. It can be written

p(cosΘ) =
1− g2

(1 + g2 − 2g cosΘ)3/2
(4)

and it contains one parameter, the asymmetry factor g, which ranges from −1 to 1
with g = −1 meaning complete back scattering, g = 0 isotropic scattering and g = 1
complete forward scattering. For organic materials such as paper it has been shown
that g has values in the interval 0.6–0.9 approximately [38–40], which means that
forward scattering dominates.

The mathematics involved when solving the angle resolved RT problem (2) be-
come far more complicated compared to when solving the KM equations (1), and
analytical solutions to practically relevant problems cannot be found. Edström pre-
sented an implementation, called DORT2002, of a numerical solution of Eq. (2) [41].
The DORT2002 simulation tool is used extensively throughout this work. Monte
Carlo methods can also be used to solve Eq. (2), but this is extremely time consum-
ing and the solution contains noise. On the other hand, Monte Carlo methods pose
less restrictions on the complexity level of the problem and can be used to solve,
e.g., the 5-dimensional (laterally resolved) RT problem and RT in inhomogeneous
media [42].

1.2 Purpose of the thesis

The general purpose of this thesis is to use the possibilities of angle resolved radia-
tive transfer models to better understand angular variations in the light reflected
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2 Radiative transfer and Maxwell’s equations

from plane-parallel turbid media. This will make clear how the angular variations
depend on the medium parameters and shed new light on the relation between gen-
eral RT theory and the KM model. Furthermore, the consequences of anisotropic
reflectance for several applications will be studied. These include reflectance mea-
surements, angle resolved color and point spreading.

2 Radiative transfer and Maxwell’s equations

The propagation of electromagnetic energy in space is described my Maxwell’s equa-
tions. When an object occupies some part of space, Maxwell’s equations have to be
solved also inside the object with appropriate boundary conditions in order to obtain
the electromagnetic field everywhere. The presence of the object thus alters the elec-
tromagnetic field. This is what is meant by electromagnetic scattering. When there
are many scattering objects, i.e. when dealing with multi-particle systems, solving
Maxwell’s equations becomes intractable and established numerical techniques fail.
Therefore, one has to resort to approximate solution methods. Radiative transfer
(RT) theory is one such approximate solution method.

The relation between radiative transfer theory and Maxwell’s equations has been
unclear until recently, when Mishchenko derived the RT equation from Maxwell’s
equations [43–48]. Mishchenko’s analysis is a justification of the use of radiative
transfer theory to describe light scattering in multi-particle systems in general, and in
the applications of this thesis in particular. The main steps in Mishchenko’s analysis
are therefore presented here. This reveals the necessary conditions to be fulfilled
when applying RT theory. Most details are omitted and the reader is referred to
Mishchenko’s work [43–48] for a detailed analysis.

The Maxwell equations describing the scattering of a time-harmonic electromag-
netic wave by an object occupying a region VINT can be stated as

∇× E(r) = iωµ0H(r)
∇×H(r) = −iωε1E(r)

}

, r ∈ VEXT, (5)

∇× E(r) = iωµ0H(r)
∇×H(r) = −iωε2E(r)

}

, r ∈ VINT, (6)

where ε is electric permittivity, µ0 is the permeability of vacuum and VINT∪VEXT =
R

3. Here we have thus assumed that the scattering object and its surrounding are
non-magnetic. Provided that we know the electric field E(r) we can get the magnetic
field H(r) by calculating the curl of the electric field. We therefore choose to solve
Eqs. (5) and (6) for the electric field. Rearranging Eqs. (5) and (6) and introducing the
wave numbers k1 = ω(ε1µ0)

1/2 and k2 = ω(ε2µ0)
1/2 now gives

∇×∇× E(r)− k2
1
E(r) = 0, r ∈ VEXT (7)

∇×∇× E(r)− k22E(r) = 0, r ∈ VINT. (8)
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The solution to these equations is given by

E(r) = Einc(r) + k21

∫

VINT

d3r′
←→
G (r, r′) · E(r′)

[

m2(r′)− 1
]

, (9)

where
←→
G (r, r) is the free space dyadic Green’s function, m = k2/k1 is the relative

refractive index and Einc(r) = E(r)− Esca(r) is the electric field without the presence
of the scattering object. The scattered field Esca(r) is given by

Esca(r) =

∫

VINT

d3r′
←→
G (r, r′) ·

∫

VINT

d3r′′
←→
T (r, r′) · Einc(r′′), (10)

where
←→
T (r, r′) is the dyad transition operator. If we now apply the far-field condi-

tion k1r ≫ 1, i.e. that r is much larger than the wavelength, and also assume that r
is much larger than the size of the scattering object, we get

Esca(r) =
exp(ik1r)

r
Esca

1 (r̂), (11)

which is a spherical wave propagating in direction r̂ with scattering amplitude Esca

1 (r̂).

We can treat multiple scattering if we consider N particles in VINT, each occu-
pying a volume Vi such that VINT = ∪Ni=1

Vi. The electric field can now be written
as

E(r) = Einc(r) +

N
∑

i=1

∫

Vi

d3r′
←→
G (r, r′) ·

∫

Vi

d3r′′
←→
T i(r, r′) · Ei(r

′′), (12)

summing the contribution from all particles. The electric field Ei(r) excites particle i
and is the resulting field from all other particles. It is given by

Ei(r) = Einc(r) +

N
∑

j=1

j 6=i

Eexc

ij (r), (13)

where

Eexc

ij (r) =

∫

Vj

d3r′G(r, r′) ·

∫

Vj

d3r′′Tj(r, r′) · Ej(r
′′). (14)

Equations (12)-(14) are called the Foldy-Lax equations. They describe the electric
field resulting from scattering of N particles and follow from Maxwell’s equations
without simplifying assumptions.

We can now simplify the Foldy-Lax equations if we apply the far-field condition
so that all particles are assumed to be much larger than the wavelength and sep-
arated by distances also much larger than the wavelength. This means that each
particle is excited by the other particles through spherical waves. Omitting details,
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2 Radiative transfer and Maxwell’s equations

the total field can then be expressed as

E(r) = Einc(r) +

N
∑

i=1

exp(ik1ri)

ri

←→
A i(r̂i, n̂inc) · Einc(Ri)

+

N
∑

i=1

exp(ik1ri)

ri

N
∑

j=1

j 6=i

←→
A i(r̂i, R̂ij) · Eij , (15)

where
←→
A is the scattering dyad, r̂i is directed from particle i towards the observation

point, n̂inc is the direction of the incident field, Ri is the position of particle i and R̂ij

is directed from particle j towards particle i. The sums in Eq. (15) can be expanded
and solved numerically, but in practice the problem becomes intractable for large N .
By using the so-called Twersky approximation, that neglects scattering paths passing
the same particle more than once, Eq. (15) can be simplified further.

The next step is to introduce the coherency dyadic
←→
C (r) defined as

←→
C (r) = 〈E(r, t)⊗ E∗(r, t)〉t, (16)

which is the time average of the dyadic product of the electric field and its conjugate.
The time-harmonic factor is canceled in the coherency dyadic due to the multiplica-
tion with the conjugate. This is a desirable feature when looking for a measurable
quantity, since otherwise an instrument would register no signal due to the time-
harmonic oscillations giving a zero net result over a period of time. Furthermore, if
ergodicity is assumed, averaging over time can be replaced by averaging over parti-
cle state and position. Equation (16) then becomes

←→
C (r) = 〈E(r, t)⊗ E∗(r, t)〉R,ξ, (17)

where R denotes position and ξ state. The calculation of
←→
C (r) can be simplified by

the so-called ladder approximation, where scattering paths are allowed to have no
more than one scattering particle in common. This approximation can be used if the
number of particles is large. The resulting quantity is called the ladder coherence

dyadic and is denoted
←→
C L(r). Furthermore, the ladder specific coherency dyadic

←→
Σ L(r, q̂) is defined by

←→
C L(r) =

∫

4π

←→
Σ L(r, q̂)dq̂. (18)

This quantity satisfies an RT equation and is related to the specific intensity column

vector Ĩ(r, q̂) =
[

Ĩ(r, q̂), Q̃(r, q̂), Ũ(r, q̂), Ṽ (r, q̂)
]T

, which also satisfies an RT equa-

tion. This RT equation can be written

q̂ · ∇Ĩ(r, q̂) = −n0〈K1(q̂)〉ξ Ĩ(r, q̂) + n0

∫

4π

〈Z1(q̂, q̂’)〉ξ Ĩ(r, q̂’)dq̂’, (19)

where n0 = N/V is the particle number density, 〈K1(q̂)〉ξ is the single-particle ex-
tinction matrix averaged over particle states and 〈Z1(q̂, q̂’)〉ξ is the single-particle
phase matrix averaged over particle states.
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In this thesis we solve the scalar version of the RT equation. To obtain this equa-
tion the specific intensity column vector is replaced by its first component, i.e. the
specific intensity, and the phase and extinction matrices are replaced by their upper
left elements. We thereby ignore polarization. Equation (19) can then be written

dI(x, y, z; θ, ϕ)

ds
= −σe(x, y, z)I(x, y, z; θ, ϕ)

+
σs(x, y, z)

4π

∫

4π

p(cosΘ)I(x, y, z; θ, ϕ)dω, (20)

adopting the notation of this thesis, and we see the similarity with Eq. (2). Denoting
the integral term S and omitting variable dependence, Eq. (20) takes on the simpler
form

dI

ds
= −σeI + S. (21)

To go from Maxwells’s equations (5)–(6) to the RT equation (21) we had to make
a series of assumptions. These assumptions are listed below.

1. Non-magnetic material: µ0 = 0.

2. Far-field scattering: scattering particles and distances between the particles are
much larger than the wavelength.

3. Twersky approximation: neglect scattering paths passing the same particle
more than once.

4. Ergodicity: averaging over time is equivalent to averaging over state and posi-
tion.

5. The number of particles is large: N →∞

6. Ladder approximation: scattering paths can have no more than one particle in
common.

7. Ignore polarization.

When dealing with light scattering in paper, assumptions 1, 4 and 5 are obviously
fulfilled. Assumptions 3 and 6 are noncontroversial in practice since their effect can
be compensated for by the scattering coefficient.

Assumption 2 is reasonable for light scattering in paper. Components of several
microns dominate the paper, and the mean free path is also in the order of several
microns. Possible effects such as diffraction and interference are probably negligible
since coherent light sources are normally not used in paper applications.

As mentioned previously, the KM model is widely used in industrial applica-
tions. For the KM model to be exactly valid we have to make further assumptions,
as shown in Paper I in this thesis. These assumptions are

8. Non-absorbing medium: σa → 0.

6



3 Some comments on terminology and notation

9. Non-transmitting medium: σe · [medium thickness]→∞.

10. Isotropic single scattering: p(cosΘ) = 1.

11. Diffuse illumination.

It is obvious that the KM model will never give exact results in practice since the
necessary assumptions can never be fulfilled. KM theory is therefore inherently phe-
nomenological while RT theory is not, since the latter can be related to fundamental
principles. To the author’s knowledge, assumptions 1-11 have never been summa-
rized before.

3 Some comments on terminology and notation

Terminology and notation related to light scattering differ somewhat depending on
the application area. To avoid confusion, these matters are clarified in this section.

The intensity I in RT theory is called radiance and denoted L in radiometry [49].
The radiance is defined as

L =
d2P

cos θdAdω
, (22)

where dP is radiant power, dA is a surface element, dω is a solid angle and θ is the an-
gle between the normal of dA and dω. The radiance has the unit [W ·m−2 · sr−1]. An-
other commonly used quantity is called flux and denoted F in RT theory. It is called
irradiance and denoted E in radiometry. The irradiance at a point is the amount of
energy per time incident on an infinitesimal surface containing the point. It has the
unit [W ·m−2] and can be written

E =
dP

dA
. (23)

The radiant exitance M is the corresponding quantity for emittance, i.e., at a point
it is the amount of energy per time emitted by an infinitesimal surface element con-
taining the point.

A convenient and widely used construction for relating the irradiance to the ra-
diance is the bidirectional reflectance-distribution function (BRDF), denoted fr [50].
Its general definition is

dL(θi, ϕi, θr, ϕr, E) = fr(θi, ϕi, θr, ϕr)dE(θi, ϕi), (24)

and we see that it gives the reflected radiance as a function of irradiance and angles
of incidence (subscript i) and reflection (subscript r). The BRDF fr(θi, ϕi, θr, ϕr) can
be obtained by solving the RT equation, and the radiance can be obtained in a spe-
cific solid angle by integrating Eq. (24) over this solid angle. This is impossible in
practice and a simpler version of the BRDF is often used to represent angle resolved
reflectance data given that a certain illumination is used. That is, we are not inter-
ested in a BRDF containing information about how changing the illumination affects

7
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the reflected light. This would then correspond to another measurement or simu-
lation setup. We can therefore remove the dependence on θi, ϕi in the BRDF and
integrate Eq. (24) over θi, ϕi containing all incident light. Furthermore, if we assume
that all measurements are done in-plane, so that we get no dependence on ϕr (which
is equivalent to assuming azimuthal symmetry), Eq. (24) becomes

L(θr) = fr(θr)E. (25)

It follows from Mishchenko’s work [43–48] that the radiance can be measured
with a well-collimated radiometer, and we can therefore assess also the BRDF exper-
imentally through Eq. (25) by careful calibration of the measurement instrument.

4 Summary of the papers and contribution of the
thesis

The papers included in this thesis all use radiative transfer models to investigate
various aspects of angle resolved light scattering. The main contribution of the thesis
is new knowledge about the interaction of light with plain-parallel turbid media
through the application of these models. This is relevant for virtually any area where
light scattering is an important part. The application areas in this thesis include
reflectance measurements, angle resolved color and point spreading.

Papers I-II deal with anisotropic reflectance from plane-parallel turbid media,
both from a theoretical and an experimental point of view. Paper III analyzes the
consequences of anisotropic reflectance for the d/0 and 45/0 instrument geometries.
Paper IV shows how the angular variations of light from scattering media result in
corresponding angular variations of color. Paper V investigates how point spread-
ing in turbid media is related to the medium parameters and shows that the single
scattering anisotropy must be taken into account in a model for point spreading.

4.1 Paper I

Paper I employs the DORT2002 radiative transfer model to show that the light re-
flected from turbid media is anisotropic in all cases encountered in practice and that
the anisotropy depends on the medium properties in a characteristic way. This is
illustrated by displaying the simulated BRDF of three media. These show that the
BRDF is close to isotropic when the medium is low-absorbing and opaque, while
it is anisotropic when there is considerable absorption or transmittance. To under-
stand this, simple expressions are stated showing that the angular variations of the
reflectance depend on the relative contribution from different scattering depths in
the medium. When near-surface bulk scattering increases, the amount of light re-
flected in large polar angles increases. This is the case for optically thin or strongly
absorbing media, or when the illumination is incident obliquely. The illumination
dependence is predicted by theory and verified by simulation in this paper. These

8



4 Summary of the papers and contribution of the thesis

results also lead to the conclusion that there exists no bulk scattering ideal diffusor. If
the light scattering properties are ideal it will still reflect anisotropically depending
on the illumination. It reflects isotropically only when illuminated diffusely. This
has consequences for the wide spread Kubelka-Munk model. It is shown that the
Kubelka-Munk model is exactly valid only under very specific conditions. These are
zero transmittance, zero absorption and diffuse illumination. Neglecting the angu-
lar variations in the reflected light introduces errors that can be 20-40 %, depending
on the medium parameters. It is also pointed out that the error introduced when
applying the Kubelka-Munk model can be minimized. For example, by placing the
detector in an optimal angle in a measurement setup.

Paper I was written in cooperation with Prof. Per Edström. The contribution of
the author of this thesis was to perform simulations, to do calculations and main part
of the reasoning and writing.

4.2 Paper II

Paper II confirms experimentally the theoretical results from Paper I. The angle re-
solved reflectance from a set of paper samples varying in dye and filler content and
thickness is measured using a goniophotometer. The addition of dye and fillers al-
ters the scattering and absorbing properties of the samples so that their influence on
the angle resolved reflectance can be studied. Corresponding simulations are also
done using DORT2002 and it is seen that the agreement between measurements and
simulations is good. Furthermore, the angle resolved reflectance of a BaSO4 diffu-
sor is measured and simulated with varying angle of incidence of the illumination.
It is seen that the agreement between experiment and theory is good, and that the
diffusor is not ideal. Paper II also discusses how anisotropy of the reflected light can
affect standardized measurements through e.g. the calibration routine which often
involves alleged ideal diffusors.

Paper II was written in cooperation with Prof. Per Edström. The contribution of
the author of this thesis was to do measurements, simulations, and main part of the
reasoning and writing.

4.3 Paper III

Paper III investigates differences in measured reflectance factor between the 45/0
and d/0 instrument geometries. The effect of external factors, such as sample back-
ground, calibration and sample inhomogeneity, on the reflectance measurements is
quantified and a method for eliminating them is suggested. The remaining instru-
ment differences can be attributed to the instrument geometry. The 45/0 and d/0
reflectance factors are measured and compared for a set of paper samples. The in-
struments are also simulated using DORT2002 and it is seen that the inter-instrument
differences are of the same magnitude as in the measurements. The inter-instrument
differences are small and around 0.1 ∆E∗

ab for the set of paper samples. An explana-
tion is proposed for the geometry induced inter-instrument differences where results
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from Papers I and II are used. The mean scattering depth in the 45/0 instrument is
larger than in the d/0 instrument. This means that the light reflected from a medium
with the respective illuminations will differ in angular dependence. Relatively more
light will be reflected towards the detector with the 45/0 illumination if the medium
is low absorbing, highly scattering and opaque. The d/0 instrument will on the
other hand detect a higher reflectance if the medium is strongly absorbing or trans-
mitting, since then more light is reflected with the d/0 illuminations than with the
45/0 illumination.

Paper III was written in cooperation with Prof. Per Edström, M.Sc. Stefanos Avra-
midis and Dr. Mattias Andersson. The contribution of the author of this thesis was
to do part of the writing and reasoning behind the proposed explanation.

4.4 Paper IV

Paper IV deals with the consequences of the findings in Papers I and II for angle
resolved color. The same set of paper samples is used here as in Paper I and II,
and an additional thicker paper. The angle resolved spectral reflectance factor of
the samples is measured with a goniophotometer at InFotonics Center, Joensuu. The
medium scattering and absorption coefficients are assessed using d/0 measurements
and assuming that g = 0.8. In this way the goniophotometer measurements can be
simulated using DORT2002 since we then have the necessary parameter setup. The
reflectance factor increases as the polar angle increases in both measurements and
simulations. Simulations and measurements agree well. The relative increase is
larger for wavelengths in the absorption band of the dye. This is agreement with
the results of Papers I and II, and the characteristics of the anisotropy are further
confirmed by these result. Note that the samples are prepared in such a way to min-
imize gloss and that the simulations contain no surface scattering. These effects are
therefore a result of bulk scattering, and not of surface scattering. The measured and
simulated angle resolved reflectance factor spectra are then converted to the L∗a∗b∗

color space using the D50 illuminant and 2◦ observer. It is seen that the angular
variations in reflectance factor give rise to strikingly large variations in the angle re-
solved L∗a∗b∗ values. The maximum CIE 1976 color difference ∆E∗

ab is obtained for
the heavily dyed paper. It is 23.9 for the measurements and 30.5 for the simulations.
This is far above the limit of what is possible to perceive. It is suggested that it is
reasonable that the eye can adapt to the angle resolved observation conditions so
that the perceived differences are smaller and more realistic. It is still an open issue
how to incorporate angular resolution in the calculation of the L∗a∗b∗ values.

A result of the simulations and the measurements is that the lightness increases
and the chroma decreases when the observation polar angle is increased. An expla-
nation is proposed for this based on the findings in Papers I and II. The lightness
increases since the light of all wavelengths is reflected anisotropically with more
light in large polar angles. The chroma decreases since light of wavelengths that is
absorbed by the dye is reflected even more anisotropically from the medium, with a
larger relative increase in large polar angles.

10



4 Summary of the papers and contribution of the thesis

Paper IV was written in cooperation with Prof. Per Edström, Dr. Mattias Ander-
sson, L.Sc. Ludovic Coppel and Dr. Ole Norberg. The contribution of the author
of this thesis was to perform simulations, to do calculations and main part of the
reasoning and writing.

4.5 Paper V

Paper V concerns point spreading in turbid media. The same set of dyed paper
samples as in Paper II and IV is used to assess relevant medium properties describ-
ing the scattering characteristics. The d/0 reflectance factor is measured and the
medium properties albedo and mean free path are calculated using DORT2002 for
a set of values of the asymmetry factor. In this way the optical response in the d/0
instrument will be the same irrespective of the value of the asymmetry factor. The
point spreading is then simulated for all media using the Monte Carlo model Open
PaperOpt [42]. A numerical measure is introduced to quantify point spreading. It is
seen that the point spreading measure increases linearly with the asymmetry factor
for both opaque and thin media. It is largest for opaque media with high albedo
and large mean free path. The number of scattering events that the wave packets
undergo before leaving the medium is also calculated using the Monte Carlo model.
Increasing the asymmetry factor increases the number of scattering events. Media
with high albedo have a similar contribution to the reflectance from different scatter-
ing orders. Media with low albedo are also similar in this respect. This means that
the point spreading is determined by the distance that the multiply scattered light
can travel. This distance is larger if the mean free path is large and absorption is
low. A medium with high albedo and large mean free path will thus give the largest
point spreading, and it will increase further if light is scattered more in the forward
direction.

The presented results thus show that the asymmetry factor plays a significant
role in point spreading together with the albedo, mean free path and thickness. This
means that models of point spreading must take all of these medium characteristics
into account in order not to be based on ad hoc assumptions.

Paper V was written in cooperation with L.Sc. Ludovic Coppel and Prof. Per
Edström. The contribution of the author of this thesis was to perform simulations
and measurements, to do calculations and main part of the reasoning and writing.
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5 Discussion

We have seen that the light reflected from turbid media has angular variations in all
situations encountered in practice. Angle resolved radiative transfer theory is nec-
essary to describe these variations. Paper I showed that the variations depend on
the angular distribution of the incident light and the medium absorption and trans-
mittance. Varying these factors will alter the mean scattering depth in the medium
and thereby the angular distribution of the reflected light. Furthermore, we saw in
Paper II that the theoretical predictions could be confirmed experimentally through
goniophotometric measurements of light reflectance from paper samples.

These findings can potentially have a large impact on many applications deal-
ing with measurements of scattered light. For example, we showed that a non-
transmitting, low-absorbing medium, i.e. what is normally thought of as an ideal
diffusor, reflects light anisotropically depending on the angular distribution of the
illumination. This type of medium, such as a BaSO4 plate, is often used for calibra-
tion purposes, and neglecting angular variations can introduce errors. It should be
mentioned though, that the error can cancel to some extent in some cases, for exam-
ple if measurements are done to compare samples. But it is still an uncomfortable
situation since this is not controlled.

Paper III showed that this kind of anisotropic light reflectance will result in differ-
ent instrument readings in instruments with different illumination and detection ge-
ometries. Other sources of error in reflectance measurements, such as fluorescence,
gloss and different backgrounds, can give far larger differences between instruments.
This means that if these other sources of error are not carefully eliminated, the error
due to instrument geometry will be difficult to discern. If the measurements are per-
fect in all other respects, the instrument geometry can have a considerable impact on
the measurement results.

Angle resolved color was investigated in Paper IV and the results presented
posed several new questions. The measured and simulated differences in color when
varying the observation angle were clearly large – larger than what is perceived by
the human eye. This means that there must probably be an adaptation step not cur-
rently included in the calculation of the L∗a∗b∗ color coordinates. This is being in-
vestigated by the authors of Paper IV, and will hopefully result in new guidelines on
how to handle angle resolved color. The magnitude of the color differences will then
probably be smaller, but the characteristic effects (decreased chroma and increased
lightness) observed in Paper IV will probably remain. This aspect of anisotropic light
reflectance can lead to several new investigations since the color sensation is of such
great importance in many applications.

Paper V discusses point spreading in turbid media, and is an example of how
results concerning light scattering are important for such diverse fields as halftone
image reproduction, light propagation in tissues and computer rendering. We saw
that assumptions about the single scattering anisotropy can greatly alter the average
lateral distance that incident light travels before exiting the medium, but still give
the same optical response in a specific measurement geometry. This illustrates why
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7 Conclusions

angle resolved models and measurements are crucial for a full understanding of light
scattering in turbid media. It also shows that model simplification can be a risky
business since important phenomena can be ignored and since the simplified model
can be used by others, unaware of its limitations.

6 Future work

As mentioned above, it is still an open issue how to handle angle resolved color.
Work on this is ongoing and will be presented shortly. The results on anisotropy can
partly explain some of the reported shortcomings of the Kubelka-Munk model, such
as the inter-dependence of the model parameters. This will be reported by the au-
thor elsewhere. Work is currently being done by the author to include fluorescence
in general radiative transfer theory. This will give new insight into the effect of fluo-
rescence on anisotropy and phenomena related to it, and will open up possibilities to
optimize for example the paper composition for increased whiteness. The parameter
estimation problem can be studied further to determine the spectral asymmetry fac-
tor g by solving the inverse RT problem to match goniophotometric measurements.
This will give further understanding of light scattering and possibilities to optimize
the appearance of light scattering media. Precise goniophotometric measurements
also open up the possibility to separate the bulk and surface contributions to the
light reflectance, for example when dealing with glossy paper samples. The results
presented in this thesis can be used to give guidelines on how to construct instru-
ments that can be used together with radiative transfer theory to better understand
the optical response of turbid media.

7 Conclusions

This thesis shows that the light reflected from turbid media is anisotropic in all sit-
uations encountered in practice. This can potentially have consequences for all ap-
plications dealing with light scattering, including such diverse areas as paper and
print, computer rendering, optical tomography and atmospheric physics.

We saw that the angular variations of light reflected from turbid media depend
on the medium parameters in a characteristic way. Radiative transfer models have to
be angle resolved to capture this dependence. Simplified models that ignore angular
variations, such as the Kubelka–Munk model, are widely used in industry. Applying
these models to, e.g., reflectance measurements can introduce errors. The magnitude
of the error depends on the particular situation and the medium properties, but it is
significant for a large range of parameters. Using angle resolved radiative transfer
models relieves this uncomfortable situation and opens up for a better understand-
ing of light reflectance from turbid media. The specific instrument geometry can
be taken into account and the model parameters are physically objective, i.e. they
can be given a meaning outside the model. The explanative power of the model–
measurement compound is therefore far greater in this case compared to when using
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simplified models. Furthermore, angle resolved models can give important guide-
lines when designing new instrument geometries. The instrument geometry can be
made optimal in some sense, for example by minimizing the geometry induced er-
ror for a given set of medium parameters. Angle resolved radiative transfer also
has the advantage of being related to fundamental physical principles, in this case
Maxwell’s equations.

The impact of the results presented here on the variety of applications of light
scattering is largely unexplored. We saw here that, apart from reflectance measure-
ments, angle resolved color and point spreading is better understood using angle
resolved radiative transfer. The color appearance of a light scattering material is of
great importance for example in the paper, print and packaging industries. A correct
understanding of point spreading is essential, for example, to compensate for optical
dot gain in halftone prints and to render realistic computer graphics.
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