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Abstract
Estimating rare event probabilities is a fundamental challenge across scientific
and engineering disciplines, including structural reliability, finance, and
climate science. In these regimes, naive Monte Carlo sampling becomes
computationally infeasible, as it requires very large sample sizes to observe
sufficiently many rare event occurrences. This limitation has driven the
development of advanced simulation techniques based on variance reduction
and adaptive sampling strategies.

This thesis investigates the implementation and performance of the Acceler-
ated Weight Histogram (AWH) method for rare event simulations in dynamical
systems. AWH is an adaptive importance sampling technique originally
developed for exploring complex free energy landscapes in statistical
physics. The method introduces a discrete control parameter 𝜆 defining
a family of intermediate distributions that smoothly connect a reference
state to a rare event region. Through iterative bias refinement and Markov
Chain Monte Carlo sampling, AWH estimates conditional probabilities and
constructs an adaptive bias potential that enhances exploration across the full
parameter space, thereby overcoming sampling barriers that limit conventional
approaches.

The AWH method is evaluated on a number of increasingly complex models,
including a static Gaussian model, one-dimensional random walks, a double-
well potential, and a two-dimensional three-hole potential landscape.

The results demonstrate that AWH accurately recovers rare event probabilities
spanning several orders of magnitude, showing excellent agreement with
analytical benchmarks. The method is also shown to effectively capture both
equilibrium distributions and path-dependent rare events, including barrier-
crossing dynamics. Mean first passage time analysis indicates that adaptive
trajectory lengths preserve kinetic information and can be used for analyzing
of system dynamics.

Overall, these findings show AWH as a robust and efficient framework for
rare event estimation, with promising potential for applications to real-world
problems such as structural failure analysis, extreme weather prediction,
and financial risk assessment, where efficient sampling in high-dimensional
systems remains a critical challenge.
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Sammanfattning
Att uppskatta sannolikheter för sällsynta händelser är en grundläggande
utmaning inom många vetenskapliga och tekniska discipliner, däribland
strukturell tillförlitlighet, finans och klimatvetenskap. Inom dessa områden blir
naiv Monte Carlo-sampling beräkningsmässigt ogenomförbar, eftersom den
kräver mycket stora urvalsstorlekar för att man ska kunna observera tillräckligt
många förekomster av sällsynta händelser. Denna begränsning har drivit på
utvecklingen av avancerade simuleringstekniker baserade på variansreduktion
och adaptiva samplingsstrategier.

Denna avhandling undersöker implementeringen och prestandan hos Ac-
celerated Weight Histogram (AWH)-metoden för simuleringar av sällsynta
händelser i dynamiska system. AWH är en adaptiv viktningssamplingsteknik
som ursprungligen utvecklades för att utforska komplexa frienergilandskap
inom statistisk fysik. Metoden introducerar en diskret kontrollparameter
𝜆 som definierar en familj av mellanliggande fördelningar som smidigt
förbinder ett referenstillstånd med ett område för sällsynta händelser. Genom
iterativ förfining av bias och Markovkedje-Monte Carlo-sampling uppskattar
AWH villkorliga sannolikheter och konstruerar en adaptiv biaspotential som
förbättrar utforskningen över hela parameterrummet, och därmed övervinner
de samplingshinder som begränsar konventionella metoder.

AWH-metoden utvärderas på ett antal alltmer komplexa modeller, däribland en
statisk gaussisk modell, endimensionella slumpvandringar, en dubbelbrunns-
potential och ett tvådimensionellt potentiallandskap med tre hål.

Resultaten visar att AWH på ett korrekt sätt återger sannolikheter för
sällsynta händelser som spänner över flera storleksordningar, med utmärkt
överensstämmelse med analytiska referensvärden. Metoden har också visat
sig effektivt kunna fånga upp både jämviktsfördelningar och vägberoende
sällsynta händelser, inklusive dynamik vid barriäröverskridning. Analys av
medelvärdet för första passage-tiden indikerar att adaptiva tidsinterval bevarar
kinetisk information och kan användas för att analysera systemdynamiken.
Sammantaget visar dessa resultat att AWH är ett robust och effektivt ramverk
för skattning av sällsynta händelser, med lovande potential för tillämpningar
på verkliga problem såsom analys av strukturella brott, prognoser för
extremväder och finansiell riskbedömning, där effektiv samplingsmetodik i
högdimensionella system fortfarande utgör en avgörande utmaning.
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Chapter 1

Introduction

In many physical, technical, biological, and financial systems, accurate
estimation of rare event probabilities is essential [12, 30, 5]. Examples of such
events include system failures, transitions across potential barriers, extreme
losses exceeding a predefined threshold, and other low probability events with
potentially significant consequences like e.g., extreme weather events [18,
14]. Despite their low probability of occurrence, these events can dominate
system risk and determine reliability, safety, or long term behavior. Therefore,
efficient methods for estimating rare event probabilities are of significant
importance for risk assessment, prediction, and decision-making [25, 1, 13].

However, estimating such low probabilities remains a major computational
challenge. Conventional sampling techniques, such as crude Monte Carlo
(MC), become inefficient because a very large number of samples is required
before a sufficient number of rare event realizations are observed. It requires,
e.g., approximately 1012 samples to estimate failure probabilities of the order
of 10−10 with sufficient accuracy [21]. This inefficiency motivates the
development of advanced simulation methods that improve sampling effort
while maintaining accurate statistical estimates. Many of these approaches are
based on Monte Carlo methods and introduce variance reduction techniques or
alternative sampling strategies to overcome the limitations of direct sampling
(e.g., [3, 33, 8]).

In this thesis, a recently developed rare event sampling technique based on
adaptive importance sampling, the Accelerated Weight Histogram (AWH)
method, is evaluated [23, 24].
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1.1 Background

1.1.1 Rare events and their mathematical formulation
Events with extremely low probabilities of occurrence are generally referred
to as rare events. Typically, these events correspond to tail probabilities of an
underlying stochastic distribution and may occur with probabilities ranging
from approximately 10−9 to 10−12 or smaller [18].

A rare event can be described as a subset 𝐹 of the complete state space Ω.
Let 𝑥 denote the random variables, then the probability of a rare event can be
written in integral form as:

𝑃(𝐹) = ∫
Ω

1(𝑥 ∈ 𝐹) 𝜋(𝑥) 𝑑𝑥,

where 𝜋(𝑥) represents the probability density of the variable 𝑥, and 1(⋅)
denotes the indicator function defined as:

1(𝑥 ∈ 𝐹) =
⎧{
⎨{⎩

1, 𝑥 ∈ 𝐹,
0, 𝑥 ∉ 𝐹.

In structural reliability problems, the rare event is often expressed in terms
of a limit-state function 𝑔(𝑥), where failure occurs when 𝑔(𝑥) < 0, which
corresponds to a special case of the general formulation above.

For time-dependent dynamic systems, which will be the main focus in
this thesis, the occurrence of a rare event depends on the evolution of the
system over time. In these cases, the random variable 𝑥 is replaced by a
stochastic process 𝑥𝑡, while the rare event is defined using a performance
function Φ(𝑥𝑡, 𝑡). In dynamic systems, rare events are commonly described
as threshold-crossing events of a stochastic process within a final time 𝑇:

𝑃(𝐹) = 𝑃 ( max
0≤𝑡≤𝑇

Φ(𝑥𝑡, 𝑡) ≥ 𝜆) ,

where 𝜆 is a critical threshold.

A direct Monte Carlo estimate of the event probability can be obtained by
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𝑃(𝐹) ≈ 1
𝑁

𝑁
∑
𝑘=1

max
0≤𝑡≤𝑇

1(Φ(𝑥𝑘) ≥ 𝜆),

where 𝑁 independent samples are drawn from the underlying distribution.
Although this estimator is unbiased, it becomes computationally inefficient
when the event probability is very small. In this regime, a large number of
samples is required before sufficient realizations of the rare event are observed,
making conventional Monte Carlo simulations impractical [31].

1.1.2 Main estimation challenges of rare events
The main difficulty in rare event estimation arises from the mismatch between
the probability distribution governing the system and the region of interest [3,
6]. Under conventional MC sampling, most generated configurations originate
from high-probability regions, while configurations contributing to the rare
event occur only infrequently [31]. Consequently, the variance of the estimator
increases as the event probability decreases, resulting in rapidly increasing
computational effort [18].
Analytical approaches are often unsuitable, since their assumptions may not
hold for complex systems, the dimensionality may be too high, or the state
space may be too large to obtain solutions within a reasonable computational
time [30].
Consequently, simulation based approaches remain essential for estimating
low probability events efficiently.

1.1.3 Common Monte Carlo based simulation ap-
proaches

To estimate 𝑃𝑓 , a variety of rare event simulation techniques have been
developed that aim to overcome the limitations of direct MC sampling
[9, 18, 30]. Although these methods differ in their implementation, with
some designed for static problems, others for dynamic problems, and some
applicable to both settings, they generally seek to increase sampling efficiency
by directing computational effort toward regions of the state space that
contribute significantly to the rare event probability.

One approach, which is applicable for both static and dynamic problems, is
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Importance Sampling (IS). IS is a variance reduction technique, which works
by introducing a biased distribution that increases the probability of observing
rare configurations instead of sampling directly from the original distribution
[11, 7]. The resulting bias is then corrected through likelihood ratios to obtain
accurate rare event estimations of the original probability [19]. However,
the performance of IS depends strongly on the choice of biasing distribution,
which requires sufficient prior knowledge of the location and structure of the
rare event region [18, 16].

Subset Simulation (SuS) is another commonly used variance reduction
technique in static and dynamic settings. It is a sequential MC approach that
improves sampling efficiency via threshold defining subsets that gradually
guide the sampling process toward the rare event region (see Figure 2.1)
[2]. Instead of directly estimating the probability of the final rare event,
intermediate events with more likely thresholds are considered first. These
intermediate levels allow samples to move progressively from the high-
probability region toward the region of interest, thereby staying computational
feasible and increasing the likelihood of observing relevant rare event samples
[2, 27].

Another important family of methods developed for dynamic systems is based
on trajectory splitting. In these splitting approaches, multiple copies of
trajectories that show progress toward the rare event are generated, while
trajectories that move away from the target region are removed [20, 15].
Adaptive Multilevel Splitting (AMS) improves upon traditional splitting
approaches by selecting intermediate levels adaptively during the simulation
[8]. This adaptive selection reduces the amount of prior knowledge required
about the system and allows the method to remain efficient even when suitable
intermediate thresholds are not known in advance.
Similarly, RESTART (REpetitive Simulation Trials After Reaching Thresh-
olds) increases computational effort in regions where trajectories have a higher
probability of reaching the rare event by creating additional trajectory branches
[33]. In contrast to conventional splitting methods, these retrials finish when
they leave the corresponding importance region, concentrating computational
effort near the rare event [33]. The efficiency of RESTART depends on the
choice of the importance function and threshold locations, but when these are
chosen appropriately the method can provide substantial variance reduction
compared to crude MC simulation [33].
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Although these methods have demonstrated strong performance, their
efficiency often depends on problem-specific choices, such as the selection
of biasing distributions, intermediate levels, or importance functions. For
complex systems involving unknown transition pathways or high-dimensional
state spaces, identifying suitable parameters can become challenging.
In these cases, other adaptive frameworks such as the Accelerated Weight
Histogram (AWH) method may be useful alternatives. AWH is an adaptive IS
approach that combines iterative bias adaptation with Markov Chain Monte
Carlo (MCMC) sampling to efficiently explore relevant regions of the state
space. It was originally developed by Lidmar in 2012 to improve sampling
efficiency in complex probability landscapes, particularly in applications
within statistical and biological physics [22]. Later it was adapted to rare
events [23]. The authors demonstrated that AWH could achieve comparable
or higher accuracy than SuS in model comparison studies. Furthermore,
AWH offers a flexible framework that can be extended to complex reliability
problems involving multiple limit state functions, correlated variables, and
multiple failure modes [23].

1.1.4 The Accelerated Weight Histogram Method
This thesis studies the AWH method applied to rare event simulations
in dynamical stochastic systems. AWH introduces a parameter 𝜆 that
defines a family of intermediate sampling distributions connecting a reference
distribution to a target distribution associated with the rare event. During
the simulation, the method estimates the relative free energies along this
parameter space and uses these estimates to construct an adaptive bias. This
bias promotes efficient exploration across the different 𝜆-states by reducing
sampling barriers, thereby increasing the probability of visiting configurations
that would otherwise be rarely observed [23].

The joint probability distribution sampled by AWH is given by

𝑃(𝑥, 𝜆) = 1
𝒵 𝑒𝑓𝜆−𝐸𝜆(𝑥),

where 𝑥 denotes the system configuration, 𝐸𝜆(𝑥) represents the energy
associated with the parameter state 𝜆, and 𝑓𝜆 is the adaptive estimate of the
free energy. The true free energy is related to the partition function by

𝐹𝜆 = − ln(𝑍𝜆),
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where 𝑍𝜆 is the partition function of the corresponding intermediate
distribution. Since the free energy is initially unknown, AWH updates its
estimate adaptively throughout the simulation.
This adaptive formulation makes AWH particularly suitable for high-
dimensional problems, where constructing efficient importance sampling
distributions a priori can be challenging [24].

1.2 Purpose of this thesis
This thesis aims to further implement and evaluate the AWH method for
estimating rare event probabilities in simple model systems beyond the static
or equilibrium case. The method is applied to a sequence of progressively
more complex systems, including a static Gaussian model, a one-dimensional
random walk model, and barrier crossings in one- and two-dimensional
double-well potential energy landscapes. Its performance is systematically
investigated across these cases, and its accuracy and reliability are assessed
where possible through comparison with analytical solutions or established
reference results.
This provides a basis for further studying the strengths and possible limitations
of the method, and for guiding future extensions toward higher-dimensional
and more realistic systems, where efficient rare event sampling becomes
increasingly challenging.

1.3 Delimitations
This thesis is restricted to the implementation of low-dimensional toy
models. Although the AWH method is generally capable of handling higher-
dimensional systems, such extensions are beyond this scope. Additionally,
this work does not take into account advanced techniques like parallel walkers
or adaptive step-size methods. The random walk models are based on a
single walker. Further, only uniform target distributions will be applied while
implementing the AWH method. In general, however, non-uniform target
distributions can also be used and may offer advantages in certain problem
settings, particularly when tailored to the structure of the rare event of interest.



Methodology | 7

Chapter 2

Methodology

This chapter contains the theoretical and numerical framework used for the
estimation of rare event probabilities. The AWH method is described in
detail, including its theoretical foundation, adaptive biasing procedure, and
reweighting strategy. Finally, the implementation and application to different
model systems are presented.

2.1 General AWH workflow
The AWH method is based on a joint sampling framework over configurations
𝑥 ∈ Ω and a discrete parameter 𝜆, where the conditional distribution of the
configurations depends on 𝜆: 𝑥 ∼ 𝑃(𝑥|𝜆). This distribution can be expressed
in exponential form:

𝑃(𝑥|𝜆) = 𝑒𝐹𝜆−𝐸𝜆(𝑥),

where 𝐸𝜆 is an energy function and 𝐹𝜆 represents the unknown free energy.
Although 𝐹𝜆 is unknown, samples from 𝑃(𝑥|𝜆) can still be generated via
MCMC.

AWH introduces a joint distribution over (𝑥, 𝜆):

𝑃(𝑥, 𝜆) = 1
𝑍𝑒𝑓𝜆−𝐸𝜆(𝑥),
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where 𝑓𝜆 represent adaptive bias parameters. The corresponding marginal
distribution 𝑃(𝜆) is given by:

𝑃(𝜆) ∝ 𝑒𝑓𝜆−𝐹𝜆 .

By choosing 𝑓𝜆 ≈ 𝐹𝜆 + ln(𝜋𝜆), the desired target distribution 𝜋𝜆 can be
obtained.
The AWH algorithm estimates this value adaptively during the simulation,
since 𝐹𝜆 is unknown.

The AWH simulation follows a repeated sequence of sampling and adaptation
steps. The workflow is identical for all models investigated in this thesis,
therefore, only model specific definitions of the state variables, reaction
coordinates, and rare event criteria are described in later sections.

At each iteration, the system performs two alternating updates:

Configuration update: 𝑥 → 𝑥′

At a fixed parameter value 𝜆, a new configuration 𝑥′ is proposed using a
MC move, which is accepted according to the Metropolis-Hastings criterion,
ensuring sampling from the desired conditional distribution 𝑃(𝑥|𝜆).
Other valid sampling approaches can be incorporated, provided that they
preserve the desired stationary distribution, e.g., Langevin dynamics [34]. In
this thesis the elementary configuration updates will consist of transitions to a
new trajectory {𝑥′

𝑡} (see Section 2.2)

Parameter update: 𝜆 → 𝜆′

After updating the configuration 𝑥, the parameter 𝜆 is updated while keeping
the configuration fixed. The update is performed via a Gibbs sampling with
conditional probability:

𝑃(𝜆|𝑥) = 𝑒𝑓𝜆−𝐸𝜆(𝑥)

∑𝜆′ 𝑒𝑓𝜆′−𝐸𝜆′(𝑥)

This allows the simulation to explore the entire parameter space and prevents
trapping in restricted regions. Thereby, both efficiency and computational
costs are significantly improved [24].

Histogram accumulation
The visited parameter states are recorded through a weighted histogram:
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𝑊𝜆 ← 𝑊𝜆 + 𝜔𝜆,

where 𝜔𝜆 = 𝑃(𝜆|𝑥) corresponds to the statistical contribution of the current
sample.

Adaptive weight update
The free energy estimates (bias parameters) 𝑓𝜆 are updated continuously using
the accumulated histogram. As the simulation progresses, 𝑓𝜆 converges toward
the underlying free energy differences and compensates for differences in
sampling probability 𝑃(𝜆|𝑥).
In turn, the free energy estimates are then updated according to

𝑓 (𝑡+1)
𝜆 = 𝑓 𝑡

𝜆 − ln(
𝑊𝑡+1

𝜆
𝑊𝑡

𝜆′ + 𝜋𝜆
).

As the simulation progresses, the adaptive estimate 𝑓𝜆 converges towards the
negative free energy landscape (𝑓𝜆 ≈ 𝐹𝜆), which flattens the distribution in
𝜆-space. This allows exploration of the state space and avoids stagnation in
metastable regions.

Rare event probability reconstruction
Once convergence is achieved, the probability difference between the
reference state and rare event region can be reconstructed from the converged
free energy estimates.
Since 𝑓𝜆 approximates the logarithm of the relative probabilities between
sampling levels, the logarithmic rare event probability is obtained from

ln(𝑃) = 𝑓0 − 𝑓𝜆,

with 𝑓0 corresponding to the reference state and 𝑓𝜆 to the target rare event level.
The corresponding rare event probability is then computed as

𝑃(𝐹) = 𝑒ln(𝑓0−𝑓𝜆).

The described workflow defines the general AWH sampling scheme used
for all implemented models. While the adaptive parameter updates remain
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identical for all models, the specific configuration space dynamics depend on
the model considered.

2.2 Dynamic model implementations
For the dynamic rare event models investigated in this thesis, the configuration
𝑥 corresponds to a whole trajectory of a stochastic process {𝑥𝑡}. In contrast
to the static models, where the configuration is directly sampled from a
predefined distribution, the dynamic models need to sample a time-dependent
trajectory (Figure 2.1).

Figure 2.1: Random walk with rare event threshold subsets

The system state therefore depends on the previous configuration, resulting in
a path-dependent sampling process.
There are many ways to design a MCMC update that perturbs an existing path,
but the challenge is to find an efficient approach. For the move to be accepted
it is necessary that max0≤𝑡≤𝑇 Φ(𝑥𝑡, 𝑡) ≥ 𝜆, i.e., the new trajectory must still
cross the current threshold 𝜆.
One approach to achieve this is by the following procedure: For each generated
trajectory, the first crossing point for every parameter level (thresholds 𝜆𝑖)
is recorded. These crossing points represent the earliest locations at which
the trajectory reached a given threshold and are used as restart positions for
subsequent trajectory segments. During the AWH simulation, a threshold level
𝜆 is selected according to the adaptive biasing weights, after which a new
trajectory segment is generated starting from the corresponding crossing point.
Since the newly constructed trajectory starts right after crossing the current 𝜆,
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its maximum will always exceed 𝜆 and it will always be accepted.
The trajectory generation is performed while keeping the selected parameter
level 𝜆 fixed.

This forms a Markov chain in the path space, which needs to converge towards
the desired conditional distribution, so that the transition probabilities satisfy
the global balance condition.

2.2.1 Proof of the global balance during the trajectory
generation

Considering a Markov chain with full trajectories 𝑥0∶𝑇 = (𝑥0, 𝑥1, … , 𝑥𝑇)
at fixed parameter value 𝜆. During the MC update, the trajectory is cut
at a random time 𝑡∗ < 𝑇, where the past is kept fixed, and the future is
newly generated until the final time 𝑇. The global balance condition can be
formulated as follows and will be verified here.

∫ 𝑃(𝑥′
0∶𝑇 ∣ 𝑥0∶𝑇, 𝜆) 𝑃(𝑥0∶𝑇 ∣ 𝜆) 𝑑𝑥0∶𝑇 = 𝑃(𝑥′

0∶𝑇 ∣ 𝜆).

With the path update following the procedure described in the previous section,
the transition probability 𝑃(𝑥′

0∶𝑇 ∣ 𝑥0∶𝑇, 𝜆) can be written as:

𝑃(𝑥′
0∶𝑇 ∣ 𝑥0∶𝑇, 𝜆) = 𝛿(𝑥′

0∶𝑡∗ − 𝑥0∶𝑡∗) 𝑃(𝑥′
𝑡∗+1∶𝑇 ∣ 𝑥0∶𝑡∗ , 𝜆),

which changes the left side of the expression into:

∫ 𝑃(𝑥′
0∶𝑇 ∣ 𝑥0∶𝑇, 𝜆) 𝑃(𝑥0∶𝑇 ∣ 𝜆) 𝑑𝑥0∶𝑇 = ∫ 𝛿(𝑥′

0∶𝑡∗ − 𝑥0∶𝑡∗)𝑃(𝑥′
𝑡∗+1∶𝑇 ∣ 𝑥0∶𝑡∗ , 𝜆)𝑃(𝑥0∶𝑇 ∣ 𝜆) 𝑑𝑥0∶𝑇.

By splitting 𝑥0∶𝑇 into 𝑑𝑥0∶𝑡∗ 𝑑𝑥𝑡∗+1∶𝑇 and using the chain rule for conditional
probabilities:

𝑃(𝑥0∶𝑇 ∣ 𝜆) = 𝑃(𝑥𝑡∗+1∶𝑇 ∣ 𝑥0∶𝑡∗ , 𝜆) 𝑃(𝑥0∶𝑡∗ ∣ 𝜆),

the expression becomes:

∫𝛿(𝑥′
0∶𝑡∗ − 𝑥0∶𝑡∗)𝑃(𝑥′

𝑡∗+1∶𝑇 ∣ 𝑥0∶𝑡∗ , 𝜆)𝑃(𝑥𝑡∗+1∶𝑇 ∣ 𝑥0∶𝑡∗ , 𝜆)𝑃(𝑥0∶𝑡∗ ∣ 𝜆) 𝑑𝑥0∶𝑡∗ 𝑑𝑥𝑡∗+1∶𝑇.

Using:
∫ 𝑃(𝑥𝑡∗+1∶𝑇 ∣ 𝑥0∶𝑡∗ , 𝜆) 𝑑𝑥𝑡∗+1∶𝑇 = 1, (2.1)
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simplifies the expression into:

∫ 𝛿(𝑥′
0∶𝑡∗ − 𝑥0∶𝑡∗)𝑃(𝑥′

𝑡∗+1∶𝑇 ∣ 𝑥0∶𝑡∗ , 𝜆)𝑃(𝑥0∶𝑡∗ ∣ 𝜆) 𝑑𝑥0∶𝑡∗ .

Using the defining property of the Dirac delta,

∫ 𝛿(𝑎 − 𝑥)𝑓 (𝑥) 𝑑𝑥 = 𝑓 (𝑎),

results in:
𝑃(𝑥′

𝑡∗+1∶𝑇 ∣ 𝑥′
0∶𝑡∗ , 𝜆) 𝑃(𝑥′

0∶𝑡∗ ∣ 𝜆).

Here can be noted that the conditional probability 𝑃(𝑥′
𝑡∗+1∶𝑇 ∣ 𝑥′

0∶𝑡∗ , 𝜆) does
not depend on 𝜆, so that the path follows the original dynamics of the process.
This expression can be reformulated using the chain rule into:

𝑃(𝑥′
𝑡∗+1∶𝑇 ∣ 𝑥′

0∶𝑡∗ , 𝜆) 𝑃(𝑥′
0∶𝑡∗ ∣ 𝜆) = 𝑃(𝑥′

0∶𝑇 ∣ 𝜆),

which is exactly what the global balance condition states.

This proves that the AWH trajectory update satisfies the global balance
condition and that the Markov chain constructed by cutting and regenerating
trajectory segments is stationary with respect to the target conditional
distribution 𝑃(𝑥0∶𝑇 ∣ 𝜆).

2.3 Model system implementations
To evaluate the performance, stability, and convergence properties of the AWH
method, several numerical models were implemented. These models are
designed to test different aspects of rare event sampling, including barrier
crossing, exploration of high-dimensional landscapes, and path-dependent
rare event definitions.

2.3.1 Model 1: Static Gaussian model
The first model represents a simple one-dimensional Gaussian rare event
classification model. The model is based on a standard normal random
variable 𝑥 ∼ 𝒩(0, 1) and a reaction coordinate parameter 𝜆. The rare event
probability estimated in this case corresponds to the tail probability of the
Gaussian distribution, i.e. the probability of observing values larger than the
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maximal threshold 𝜆𝑚𝑎𝑥 = 6:

𝑃(𝑥 ≥ 6) = 1 − Ψ(6)
≈ 9.9 ⋅ 10−10,

where Ψ(⋅) denotes the cumulative distribution function of the standard
normal distribution.

2.3.2 Model 2: 1D random walk model
As a second validation case, a rare event random walk model was constructed
to study the performance of the AWH method in a path-dependent setting.
Unlike the first model, which was based on direct sampling of a known
probability distribution, this model considers the evolution of a stochastic
trajectory and the probability of reaching increasingly high threshold levels
during a finite random walk. The walk is initiated at the origin and evolved
over a fixed number of steps (𝑇 = 500). A set of threshold values 𝜆𝑘 were
introduced along the 𝑦-coordinate and define a series of rare-event levels.

Two variants of the model were investigated. In the discrete implementation,
the walker performs symmetric moves,

𝑦𝑛+1 = 𝑦𝑛 ± 1,

with equal probability. In this model, the step size was adjusted to
0.5 in the final simulations. This modification was introduced to ensure
consistency between the discrete and continuous implementations by matching
the variance of the single-step displacement. For the original discrete
formulation, the variance of one step is 𝑉𝑎𝑟(Δ𝑦) = 1, whereas the continuous
implementation with Gaussian noise of standard deviation 𝜎 = 0.5 has
variance of 𝑉𝑎𝑟(Δ𝑦) = 𝜎2 = 0.25. Therefore, using unit steps in the discrete
model would result in a four times larger diffusion rate and consequently
a faster exploration of the configurational space. To obtain comparable
dynamical behavior, the discrete step size was rescaled to ±0.5 giving
𝑉𝑎𝑟(Δ𝑦) = 0.25,while preserving the symmetric random-walk dynamics.
This adjustment changes only the time and length scale of the fluctuations
and does not alter the underlying stochastic mechanism of the model.
The analytical reference solution is derived using the reflection principle for
Brownian motion (e.g., shown in [29]). A drifted Brownian motion is defined
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as
𝑋𝑡 = 𝜇𝑡 + 𝜎𝑊𝑡,

where 𝜇 is the drift term, 𝑊𝑡 is a standard Brownian motion, and 𝜎 > 0
describes the magnitude of the stochastic fluctuations. Since no drift is
considered in the simulations, 𝜇 = 0, resulting in

𝑋𝑡 = 𝜎𝑊𝑡.

The process 𝑋𝑡 represents the random walk simulated in this work. The
probability that the running maximum exceeds a threshold 𝜆 can be
decomposed into two contributions: trajectories that end above the threshold
and trajectories that cross the threshold but return below it before the final
time,

𝑃(𝑀𝑡 ≥ 𝜆) = 𝑃(𝑊𝑡 ≥ 𝜆) + 𝑃(𝑀𝑡 ≥ 𝜆 ∩ 𝑊𝑡 < 𝜆),

where 𝑀𝑡 = max Φ(𝑥𝑡, 𝑡) Using the reflection principle, trajectories that cross
the barrier at 𝜆 and end below it can be reflected at the first hitting point.
This creates a one-to-one correspondence with trajectories that end above the
barrier. Therefore,

𝑃(𝑊𝑡 < 𝜆, 𝑀𝑡 > 𝜆) = 𝑃(𝑊𝑡 > 𝜆),

Substituting this relation into the probability decomposition yields

𝑃(𝑀𝑡 ≥ 𝜆) = 𝑃(𝑊𝑡 ≥ 𝜆) + 𝑃(𝑊𝑡 > 𝜆).

For a continuous Brownian process, 𝑃(𝑊𝑡 = 𝜆) = 0, and therefore

𝑃(𝑀𝑡 ≥ 𝜆) = 2𝑃(𝑊𝑡 ≥ 𝜆).

In the simulations, the final position follows a Gaussian distribution,

𝑊𝑡 ∼ 𝑁(0, 𝜈),

which can be standardized as

𝑍 = 𝑊𝑡
√𝜈 ∼ 𝑁(0, 1).

Hence,

𝑃(𝑊𝑡 > 𝜆) = 𝑃 (𝑍 > 𝜆
√𝜈 ) .
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Using the cumulative distribution function Θ,

Θ(𝑚) = 𝑃(𝑍 ≤ 𝑚),

the probability becomes

𝑃(𝑊𝑡 > 𝜆) = 1 − Θ ( 𝜆
√𝜈 ) = Θ (− 𝜆

√𝜈 ) .

The probability of exceeding the threshold is therefore

𝑃(𝑀𝑡 ≥ 𝜆) = 2Θ (− 𝜆
√𝜈 ) .

This expression is equivalent to the running maximum distribution obtained
from the reflection principle,

𝑃(𝑀𝑡 ≥ 𝜆) = 2Θ ⎛⎜
⎝

− 𝜆
𝜎√𝑡

⎞⎟
⎠

.

To apply this result to the discrete simulations, the variance of the simulated
process has to be matched. The discrete random walk uses symmetric steps,

Δ𝑦 =
⎧{
⎨{⎩

+0.5, 𝑝 = 1/2,
−0.5, 𝑝 = 1/2,

giving a single-step variance

𝑉𝑎𝑟(Δ𝑦) = 0.52 = 0.25.

After 𝑁 independent steps, the total variance becomes

𝑉𝑎𝑟(𝑋𝑁) = 0.25𝑁.

Therefore,
𝜎√𝑡 = √0.25𝑁,

and the argument of the cumulative distribution function becomes

𝜆
𝜎√𝑡

= 𝜆
√0.25𝑁

= 2𝜆
√𝑁

.
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The final analytical reference expression used for comparison with the
simulations is thus

𝑃(𝑀𝑡 ≥ 𝜆) = 2Θ ⎛⎜
⎝

− 2𝜆
√𝑁

⎞⎟
⎠

.

Since the reflection principle is derived for continuous-time Brownian
paths, small deviations may occur for the time-discrete implementation.
In particular, discrete trajectories cannot cross a barrier continuously and
therefore the exact path reflection argument is not strictly satisfied. This
introduces a small discretization error, which becomes more noticeable in the
high-𝜆 regime where barrier-crossing events are rare.

This exact solution is used as a benchmark for validating the adaptive sampling
procedure.
In the continuous implementation, a more general random walk is considered
in which the displacement at each step is chosen randomly from a Gaussian
distribution 𝒩(0, 0.5).

2.3.3 Model 3: Random Walk in a Potential Landscape
The third model studies rare event sampling in a system with a potential barrier
crossing. In contrast to the previous random walk model, where all positions
were energetically equivalent, the stochastic dynamics are now influenced by
an external potential energy landscape 𝑉.
This model represents a very typical example of a system with a tipping point,
which can be found e.g., in biology, climate, but also in chemical reactions.
The potential energy surface was chosen as a quartic double-well potential,

𝑉(𝑥) = 20
254 ((𝑥 − 25)2 − 252)2.

This potential creates two stable wells separated by an energetic barrier.
Consequently, trajectories spend long periods fluctuating within a potential
well before occasionally acquiring sufficient energy to cross the barrier.
The system consists of a one-dimensional reaction coordinate 𝑦 evolving
through a sequence of stochastic trial moves,

𝑦′ = 𝑦 + 𝛿,
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where 𝛿 is drawn from a Gaussian distribution 𝒩(0, 0.5) . Proposed moves
are accepted according to the Metropolis criterion

min(1, 𝑒−𝛽Δ𝑉),

where
Δ𝑉 = 𝑉(𝑦′) − 𝑉(𝑦),

and 𝛽 = 1
𝑘𝐵𝑇 is the inverse temperature.

The resulting Markov process defines the dynamics of the paths. There
are several other possible dynamics that could have been used instead (e.g.,
overdamped Langevin dynamics), however, for small step sizes there will not
be qualitative differences.

2.3.3.1 Time Horizon

Fixed Trajectory Length
In this implementation, all trajectories are generated using MC steps for a
fixed number of sampling steps given by the walk length 𝑇. Four values of 𝑇
are examined to investigate the influence of simulation time on the rare event
sampling.

Variable Trajectory Length
To reduce the dependence on a fixed trajectory length, a second implementa-
tion employs an variable walk length 𝑇. At the beginning of each path update,
a trajectory length is selected randomly from an exponential distribution
𝐸𝑥𝑝(𝑋).
The resulting ensemble contains trajectories spanning a broad range of
timescales. Short trajectories efficiently sample local fluctuations and low
threshold regions, whereas longer trajectories provide opportunities for barrier
crossing events and exploration of distant regions of phase space. This
approach avoids the need to identify a single optimal trajectory length prior to
simulation.

Absorbing Boundary Condition
The third implementation introduces an absorbing boundary at the origin and
the highest 𝜆-threshold. Whenever a trajectory crossed the boundary 𝑦 = 0 or
the highest threshold it is terminated.
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In this approach, trajectories need to successfully avoid absorption in order
to reach increasingly rare threshold values. The rare event probability thus
corresponds to

𝑃(𝑇𝜆 < 𝑇𝐴),

where 𝑇𝜆 is the first passage time to cross 𝜆 and 𝑇𝐴 is the return time to the
inital level 0.

2.3.4 Model 4: 2D random walk in a three-hole
potential

In model 4, the AWH framework is applied to a two-dimensional stochastic
process evolving on a three-hole potential energy surface 𝑉 (Figure 2.2).

Figure 2.2: Three-hole potential



Methodology | 19

The potential is taken from [28] and represents a common benchmark problem
for both static and dynamic enhanced sampling methods.

𝑉(𝑥, 𝑦) = 3𝑒(−𝑥2−(𝑦−( 1
3 ))2)−3𝑒−𝑥2−(𝑦− 5

3 )2
−5𝑒−(𝑥−1)2−𝑦2)−5𝑒(−(𝑥+1)2−𝑦2)+0.2𝑥4+0.2(𝑦−1

3)4

This landscape contains two potential wells separated by an energetic barrier
with an intermediate local minimum at a higher potential energy.

The system is described by the coordinates (𝑥, 𝑦), which evolve through
stochastic trial moves,

𝑥𝑛𝑒𝑤 = 𝑥 + 𝛿𝑥
𝑦𝑛𝑒𝑤 = 𝑦 + 𝛿𝑦,

with 𝛿𝑥 and 𝛿𝑦 are independent Gaussian random variables of 𝒩(0, 0.1).
Proposed moves are accepted according to the Metropolis criterion:

min(1, 𝑒−𝛽Δ𝑉),

with
Δ𝑉 = 𝑉(𝑥𝑛𝑒𝑤, 𝑦𝑛𝑒𝑤) − 𝑉(𝑥, 𝑦).

To investigate the influence of thermal fluctuations on rare event transitions
and pathway preferences, simulations are performed using two different
inverse temperature parameters 𝛽 (𝛽 = 1.5 and 𝛽 = 7). This parameter
determines the probability of accepting energetically unfavorable moves
through the Metropolis criterion. Smaller values of 𝛽 correspond to higher
temperatures and therefore increase the likelihood of barrier crossing events.
So, larger values of 𝛽 reduce uphill motion and make transitions between states
increasingly rare. Comparing simulations performed at different temperatures
provides insight into both the kinetics and the mechanisms of barrier crossing.

2.4 Mean First Passage Time Analysis
In addition to estimating rare event probabilities, trajectory based simulations
can provide information about the kinetics of rare transitions [17, 26]. This
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represents an important field across biology, chemistry, and physics, where
rare events often determine the behavior of complex systems, such as chemical
reactions and phase transitions [4].

Therefore, this thesis also investigates the mean first passage time (MFPT)
for selected dynamic trajectory models to characterize the temporal behavior
of the transition process. While all models focus on estimating rare event
probabilities, MFPT analysis is specifically applied to the third model to
compare the transition dynamics between fixed-length and variable-length
trajectory implementations.

The first passage time describes the time required for a stochastic trajectory
to reach a predefined target state for the first time. For a given threshold level
𝜆𝑖, the first passage time is defined as:

𝑇𝜆𝑖
= inf{𝑡 > 0 ∶ 𝑦(𝑡) ≥ 𝜆𝑖},

where 𝑡 represents the number of Monte Carlo steps from the beginning of
the trajectory and 𝑦(𝑡) denotes the stochastic process describing the system
evolution. Thus, 𝑇𝜆𝑖

corresponds to the earliest point at which the trajectory
reaches or exceeds the threshold 𝜆𝑖.

The MFPT can be directly obtained from the simulated rare event probabilities
𝑃 following some assumptions:
The first assumption is that the transition time is much shorter than the waiting
time. This means that it is expected that the trajectory crossing a barrier
consists of a first long part, where the system remains in the initial potential
minimum and makes only small excursions within the state space. The longer
waiting period, is then followed by a rapid transition over the potential barrier,
which ends again in a long path on the other side of the barrier.
The second assumption is that the transition over the potential barrier is
equally likely to happen at any time, which implies that the waiting time is
exponentially distributed.
The last assumption is that the time horizon of the simulation 𝑇 is larger than
the transition time over the barrier.
If these assumptions are met, then it is possible to estimate MFPTs for
simulations where 𝑇 << 𝑇𝜆.
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In the fixed simulation length implementation, the MFPT is obtained by:

𝑃( max
0<𝑡≤𝑇

{𝑦𝑡} ≥ 𝜆𝑖) = 𝑃(𝑇𝜆𝑖
≤ 𝑇)

𝑃(𝑇𝜆𝑖
≤ 𝑇) = 1 − 𝑒− 𝑇

𝜏 ,

with 𝜏 representing the MFPT.

For the variable simulation time implementation, the probabilities 𝑃(𝑇) are
defined as:

𝑃(𝑇) = 𝜒𝑒−𝜒𝑡.

The rare event probabilities are then:

𝑃(𝑇𝜆𝑖
≤ 𝑇) = ∫

∞

0
𝑑𝑇𝜒𝑒−𝜒𝑇(1 − 𝑒

𝑇
𝜏 ) = 1

1 + 𝜒𝜏 .

For both implementation the expressions of the rare event probabilities
𝑃(𝑇𝜆𝑖

≤ 𝑇) can be solved for 𝜏 and compared.
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Chapter 3

Results and Discussion

3.1 Simulation convergence of the AWH
histogram

A central indicator of convergence in the AWH method is the uniform
distribution in 𝜆-space of the sampled histogram over simulation time.
To illustrate this process, the histogram evolution is shown at several stages of
the simulation in Figure 3.1.

At early times, sampling is strongly biased toward a limited subset of more
accessible smaller 𝜆-values. As a result, rare-event regions corresponding to
larger 𝜆-values are only sparsely or not visited in the initial simulation phase.
As the simulation progresses, the adaptive update of the free energy estimates
gradually redistributes sampling effort across the 𝜆-space. Intermediate
histograms show that previously under sampled regions begin to be explored.
This transition indicates that the biasing function is increasingly compensating
for the natural energetic or probabilistic barriers separating different 𝜆-states.
In the late stage of the simulation, the histogram approaches a nearly
uniform distribution across all 𝜆-bins. At this point, all states are visited
with comparable frequency, indicating that the adaptive bias has effectively
flattened the underlying free-energy landscape. Minor fluctuations around
uniformity remain due to finite sampling noise, but no systematic under-
sampling of any region is observed. This behavior is consistent with
convergence of the estimated free energies 𝑓𝜆.

The progression from localized sampling to global exploration highlight the
main mechanism of the AWH method: the continuous feedback between
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(a) Early simulation stage (b) Preliminary exploration stage

(c) Intermediate adaptation stage (d) Final converged state

Figure 3.1: Evolution of the histogram during the AWH simulation. The
histogram is initialized uniformly, with all threshold bins assigned an initial
value of 1. Early stages show localized sampling in low-𝜆 regions, while
intermediate stages display progressive expansion of explored states. In the
final stage, the histogram approaches a nearly uniform distribution, indicating
convergence of the adaptive bias and free-energy estimates.

sampled histograms and bias updates. Once convergence is reached, the
histogram stops to evolve and remains stable over additional simulation
time, confirming that the system has achieved sufficient exploration of the
full 𝜆-space for reliable rare event probability estimation with an error that
asymptotically decays as 1

√𝑁
for 𝑁 → ∞ .

3.2 Model 1: Static Gaussian model
In this model, 𝜆 is discretized into a set of 20 threshold values , that range from
(−∞, 6):
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𝜆𝑘 = {−∞, −4.42, −3.84, −3.26, −2.68, −2.11, −1.53, −0.95, −0.37, 0.21, 0.79, 1.37,
1.95, 2.53, 3.11, 3.68, 4.26, 4.84, 5.42, 6}

The variable 𝑥 is propagated using an auto-regressive proposal:

𝑡𝑛𝑒𝑤 = 𝜌 ⋅ 𝑥 + 0.5 ⋅ 𝜖, 𝜖 ∼ 𝒩(0, 1),

with 𝜌 = √1 − 0.52, ensuring a correlation of 0.5 between successive samples
and preserving the underlying Gaussian distribution while ensuring efficient
exploration of configuration space. It introduces memory into the walk.
The simulation runs over 250.000 iterations.
Figure 3.2 shows the probabilities from the AWH simulation together with the
analytical solution derived from the standard normal cumulative distribution
function. The two curves overlap throughout the sampled domain, with no
detectable deviations or systematic bias.
This result demonstrates that AWH successfully forces the walker to explore
rare regions of the distribution that would be inaccessible under standard MC
sampling. Additionally, the consistency with the exact solution shows that the
simulation length of 250.000 steps was sufficient for convergence of the free
energy estimates and histogram weights.
This lays the groundwork for applying the same method to more complex
systems where no exact solution exists.

3.3 Model 2: 1D random walk model
The simulation setup was the same for both implementations, with only the
random walk step update being different.
𝜆 is discretized into a set of 25 threshold values that range from (0, 50):

𝜆𝑘 = {0, 2, 4, ...., 48, 50}

The simulation ran for 30.000 iterations in the continuous implementation and
for 100.000 iterations in the discrete implementation to improve convergence
and obtain a more accurate approximation of the reference solution.

Figure 3.3 compares the obtained rare event probabilities obtained from the
AWH simulations with the corresponding analytical predictions. For the
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Figure 3.2: AWH probabilities (blue) for each 𝜆-threshold overlapped with the
exact analytical solution (orange).

discrete implementation, in which the walker moves only by increments
of ±0.5, the AWH estimates are almost indistinguishable from the exact
solution derived using the mirror argument. The minor deviations observed
in the highest 𝜆-bins are likely attributed to the limited sampling of
rare configurations during the simulation. As these regions contribute
only weakly to the overall distribution, convergence is slower and small
statistical fluctuations remain compared to the exact solution. This agreement
demonstrates that the adaptive sampling scheme accurately reproduces the
first passage statistics of the stochastic process and correctly reconstructs
probabilities spanning several orders of magnitude.

The continuous implementation introduces a more general step distribution
in which a continuous range of step values are permitted. In this case,
the assumptions underlying the mirror argument solution are no longer
strictly satisfied for the discrete-time model being simulated. The AWH
results nevertheless remain in close agreement with the analytical prediction,
although small systematic deviations become visible at larger threshold values.
These differences are expected because the exact symmetry used to derive the
benchmark solution is only approximate for the modified dynamics.
The comparison highlights two important observations: First, the agreement

from the discrete random walk with the exact solution verifies the correctness
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(a) Discrete implementation (b) Continuous implementation

Figure 3.3: AWH probabilities (blue) for each 𝜆-threshold overlapped with the
exact analytical solution (orange) for both implementations (a) discrete and (b)
continuous.

of the AWH implementation in a trajectory-based rare event problem. Second,
the still very good agreement in the continuous random walk highlights
that AWH remains robust even when the analytical benchmark becomes
approximate and small errors are introduced due to the model setup, in which
the threshold crossing can occur in between the discretized time steps. The
minor observed differences are likely associated to that rather than deficiencies
in the adaptive sampling procedure itself.

Overall, this random walk implementation provided a more complex test to
the AWH method compared to the first distribution based model. While the
first model involved sampling states from a known probability distribution, the
present model requires the sampling of entire trajectories and the estimation of
first-passage probabilities. The successful recovery of the expected rare event
probabilities therefore provides evidence that the AWH framework can explore
and determine rare event behaviour in dynamical systems successfully.

3.4 Model 3: Random Walk in a Potential
Landscape

3.4.1 Fixed walk length implementation
The influence of trajectory length on rare-event sampling was investigated
by comparing simulations performed with maximum walk lengths of 𝑇 =
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{400, 700, 1500, 2000}. All implementations were performed with 41 𝜆-
thresholds ranging between 0 and 40: 𝜆𝑘 = {0, 1, 2, ..., 39, 40}, which define
a sequence of increasingly rare states along the potential barrier. The top of
the barrier is located at 𝜆 = 25. The simulation for the shortest walk length
was performed for 35.000 iterations; all longer walk length simulations used
45.000 iterations.
Representative subsets of sampled trajectories are shown in Figure 3.4.
Across the different trajectory lengths, a clear transition in observed dynamics

(a) Walk length T=400 (b) Walk length T=700

(c) Walk length T=1500 (d) Walk length T=2000

Figure 3.4: Subsets of generated trajectories for different walk lengths 𝑇

emerges. For the shorter simulations (𝑇 = 400 and 𝑇 = 700), the sampled
trajectories frequently fail to reproduce the expected behaviour of an activated
process in a double-well potential. Instead, many trajectory only explore the
more probable state space and remain in low-𝜆 regions. Yet, the trajectories
that are exploring the whole state space exhibit a relatively steady increase
in the reaction coordinate, producing approximately diagonal paths. This
behaviour resembles the unconstrained random-walk dynamics of Model 2,
where no energetic penalty suppresses continued upward motion. The absence
of clear trapping within the initial potential well suggests that these shorter
trajectories do not adequately resolve the influence of the underlying energy
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landscape, effectively under-sampling barrier-related dynamics.

In contrast, the longer trajectory simulations (𝑇 = 1500 and 𝑇 = 2000)
recover the expected rare-event behaviour associated with the double-well
potential, albeit with significantly reduced waiting times. A substantial
fraction of trajectories remain confined to the lower region of the reaction
coordinate for extended periods, fluctuating within the initial potential well
without approaching the barrier. This reflects the stabilizing effect of the
potential minimum and the energetic cost required to initiate barrier crossing.
Among the trajectories that do reach higher 𝜆-values, multiple characteristic
behaviours are observed. Some trajectories approach the barrier region but
subsequently return to the initial well without crossing, corresponding to
unsuccessful transition attempts. Others successfully overcome the barrier
through relatively rapid increases in the reaction coordinate, after which they
remain in the upper region of state space for extended periods, consistent
with trapping in the second potential well. Notably, the transition times for
successful crossings appear broadly consistent across trajectories, reflecting
the presence of a characteristic timescale for barrier crossing events.
The existence of these different transition behaviours is characteristic of rare
event dynamics in bi-stable systems. Rather than exhibiting a gradual and
uniform exploration of the entire state space, the system spends long periods
fluctuating near the initial minimum and shows infrequent barrier crossing
attempt events that either fail and return to the original well or succeed and
lead to a transition into the second well.

Overall, the comparison across all four trajectory lengths highlights the
importance of sufficient simulation time for correctly resolving rare event
dynamics. While short trajectories (𝑇 = 400 and 𝑇 = 700) largely fail
to capture the influence of the double-well potential and instead resemble
unconstrained random-walk behaviour, longer trajectories (𝑇 = 1500 and
𝑇 = 2000) reproduce the expected bi-stable dynamics and clearly reveal the
underlying barrier-crossing mechanism.

3.4.2 Variable walk length implementation
To reduce the dependence on a predefined trajectory duration, the fixed walk
length was replaced by an adaptive scheme in which a new trajectory length
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was selected randomly from a prescribed distribution at each iteration. The
trajectory lengths were sampled from an exponential distribution

𝑇 ∼ 𝐸𝑥𝑝(𝜒),

where 𝜒 is the parameter controlling the average trajectory length, which was
set to 1000. The simulation is performed on the same set of 𝜆-thresholds and
for 35.000 iterations.
It generated an ensemble containing both short and long trajectories, allowing
the system to explore a broader range of timescales.

Figure 3.5: Trajectory ensemble for the variable path length implementation.

The resulting trajectory ensemble (Figure 3.5) exhibited characteristics
observed in the fixed length simulations. Short trajectories primarily sampled
local fluctuations within the initial potential well and contributed to the
efficient exploration of low threshold regions. Longer trajectories, in contrast,
were able to approach the barrier region and occasionally generate successful
barrier crossing events. The adaptive scheme therefore combined rapid local
sampling with the ability to observe rare activated transitions.
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3.4.3 Absorbing boundaries implementation
Also this simulation is performed on the same set of 𝜆-thresholds. The initial
path length is set to 𝑇 = 800 and the simulation duration is set to 45.000
iterations.
The influence of the absorbing boundary condition on the trajectory dynamics
was evaluated by plotting the generated random walk trajectories. Figure 3.6
shows a collection of trajectories, which were generated with an initial walk
length of 𝑇 = 800.
The trajectories exhibit characteristic behaviours of rare event barrier crossing
processes: A large fraction of trajectories remain confined to the initial
potential well; even though many explore the state space slightly they
eventually returning to the absorbing boundary at 𝑦 = 0 without crossing
the potential barrier. These trajectories correspond to unsuccessful transition
attempts, where the stochastic fluctuations are insufficient to overcome the
potential barrier. Overall, it can be observed that the absorbing boundaries
approach allows the simulation to focus on the actual transition paths.

Other trajectories manage to explore higher regions of the potential landscape
and approach the barrier region. Several of these trajectories successfully
reach the upper threshold, representing rare transitions into the second
metastable state.

The absorbing boundary condition introduces competition between two
possible outcomes: reaching the rare-event threshold or being absorbed by
returning to the initial state. Consequently, the generated trajectory ensemble
contains both short trajectories that terminate quickly and longer trajectories
that explore a larger portion of the configuration space. Yet in the represented
subset of generated trajectories, none reaches the maximal path length of
𝑇 = 800.

The shown dynamics resembles escape processes in physical systems, where
successful transitions are rare compared with repeated unsuccessful attempts.
It is a more realistic representation of many physical rare event systems such
as escape processes, diffusion-controlled reactions, and chemical or biological
kinetics [10, 32]. Their inclusion therefore provides a closer connection to
many real rare event systems. In the absorbing boundaries implementation,
threshold crossings compete with absorption events.
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Figure 3.6: Trajectory ensemble with absorbing boundaries at 𝑦 = 0 and 𝑦 =
40.

3.4.4 Probability-curve shapes of all three implemen-
tations

When comparing the fixed, variable, and absorbing boundary implemen-
tations, the resulting probability distributions 𝑃(𝜆) exhibit some shared
structures but also key differences (Figure 3.7).

Both the fixed and variable trajectory length methods produce similar
qualitative shapes. Low 𝜆 values are sampled with high probability, indicating
that early states are easily accessible. As 𝜆 approaches the barrier region, the
probability decreases rapidly. Beyond the barrier, the decay becomes weaker
and gradually flattens, indicating that after crossing the barrier, probabilities
do not further decrease substantially. Although probabilities continue to
decrease slightly, the distribution remains comparatively flat in this high-𝜆
region. In these two implementations, probabilities eventually reach values
on the order of 10−8, reflecting extremely rare event occurrences.

In contrast to the first two implementations, the absorbing boundary
implementation shows a noticeably different behavior at small 𝜆. Instead
of maintaining a high initial probability plateau, the distribution decays
immediately and rapidly from the beginning. This effect is likely caused by
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(a) Fixed-length implementation (b) Variable-length implementation

(c) Absorbing barrier implementation

Figure 3.7: Probability distributions for each implementation.

the shorter effective trajectory lengths, as many walks are absorbed early at
the 𝑦 = 0 boundary. As a result, fewer trajectories survive long enough to
explore higher 𝜆 values, leading to a sharp drop in the transition probability at
low 𝜆-values.
Overall, the absorbing boundary case yields systematically lower probability
estimates across the entire range of 𝜆 compared to the fixed and variable
trajectory implementations. This is a direct consequence of absorption events
reducing the number of surviving trajectories, effectively decreasing the
effective sample size. As a result, more extensive sampling is required to
achieve statistical accuracy comparable to the fixed and variable trajectory
implementations (Figure 3.7).

3.4.5 Mean First Passage Time Results
The MFPTs obtained from the fixed-length and variable-length sampling
approaches are compared to evaluate whether the adaptive trajectory-length
method reproduces the transition dynamics of conventional fixed-length



Results and Discussion | 33

simulations. Two fixed-length simulations with different trajectory lengths
(𝑇 = 400 and 𝑇 = 2000) were used as reference cases. As shown in Figure
3.8, all three approaches exhibit the same overall kinetic behavior across the
reaction coordinate.

Figure 3.8: MFPT dynamics.

The MFPT increases strongly as the threshold approaches the potential
barrier region. This increase reflects the reduced probability of reaching
configurations near the maximum of the potential energy landscape.
The MFPT follows the expected barrier-controlled behavior, increasing
approximately exponentially with the effective barrier height. The maximum
growth occurs around the potential barrier located near 𝜆 ≈ 25. The MFPT
reaches extremely large values in this region, of the order of 1011, highlighting
the strong suppression of barrier-crossing events.

Beyond the barrier region, the MFPT curves gradually approach a plateau.
This indicates that once the barrier-crossing event has occurred, further
increases in 𝜆 contribute only weakly to the MFPT.
The variable-length method shows close agreement with the long fixed-length
simulation over the complete range of 𝜆, demonstrating that the adaptive
walk-length selection captures the relevant transition dynamics. The shorter
fixed-length simulation also reproduces the general trend but shows a small
overestimation of MFPT values in the post-barrier region. This deviation is
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likely caused by the finite trajectory cutoff: trajectories are forced to terminate
after a fixed number of steps independent of the local dynamics. As a result,
the short fixed-length approach does not fully account for the relaxation
dynamics after barrier crossing, leading to a slight distortion of the high-𝜆
MFPT estimates.

In contrast, the variable-length approach adjusts the propagation time
according to the current crossing position, allowing trajectories to terminate
according to the local transition process. The agreement between the variable-
length and long fixed-length results indicates that the adaptive sampling
strategy preserves the kinetic information while reducing sampling effort
beyond the dynamically relevant region. The absence of any previous
assumptions regarding the trajectory length 𝑇 in the variable-length approach
allows the system to freely explore the dynamics of the system, which is a
advantage to the fixed-length implementations.
Lastly, the different starting positions of the trajectories only highlight the
different plateau regions in the probability distribtions (see 3.7). The longer
plateau observed in the high-probability 𝜆 region for the long fixed-length
implementation is also reflected in the onset of the MFPT increase, where
the transition to higher values begins at slightly higher 𝜆-positions.
Overall, these results highlight that reliable MFPT estimates can still be
obtained using simulations that are much shorter than the actual MFPT.

The efficiency of the variable-length implementation can be quantified by
comparing the average trajectory length ⟨𝑇⟩ to the fixed trajectory length of
2000 steps. Since the adaptive method does not always propagate trajectories
for the full simulation time, it can reduce the overall computational cost
while preserving the relevant kinetic information. The efficiency gain can be
expressed as a speedup factor,

gain = 𝑇𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑖𝑠𝑡𝑖𝑐
⟨𝑇⟩ .

This ratio directly measures how much less simulation time is required in
the variable-length scheme to achieve comparable statistical accuracy. Since
the maximum length in the variable implementation was set higher than
𝑇 = 2000, also longer trajectories were generated than in the fixed-length
implementation. The obtained gain-factor here was 0.76, which means that
on average the adaptive-length generated slightly longer trajectories than the
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fixed-length implementation of 𝑇 = 2000.

3.5 Model 4: 2D random walk in a three-hole
potential

The 2D-random walk within a three-hole potential represents the most
complex model implementation performed in this thesis.
The simulation is initialized in the left well near (𝑥, 𝑦) = (−1, 0). Rare event
transitions correspond to trajectories escaping the initial well and reaching the
opposite side of the landscape in the second well at (𝑥, 𝑦) = (1, 0).
Compared to the previous one-dimensional models, this system introduces a
higher-dimensional state space and multiple possible transition pathways.
The reaction coordinate is the 𝑥-coordinate which is discretized into a set
of threshold values ranging from 𝜆𝑘 ∈ [−1.5, 1.5]. In total there were 21
threshold levels

𝜆𝑘 = {−1.5, −1.35, −1.2, −1.05, ..., 1.35, 1.5}.

Crossing a threshold corresponds to progression along the horizontal axis
connecting the two wells. The two different 𝛽 simulations were both
performed over 20.000 iterations.

The probability distribution figures for the 𝛽 = 7 simulations show that

(a) 𝛽 = 7 (b) 𝛽 = 1.5

Figure 3.9: Potential distribution in the three-hole potential for two 𝛽 values
(a) 𝛽 = 7 and (b) 𝛽 = 1.5.

initially, the system remains localized in the left-hand potential well (𝑥 ≈ −1),
producing a long, nearly stationary probability plateau (Figure 3.9 ). In
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this regime, transitions are strongly suppressed by the high energy barrier,
resulting in limited exploration and a stable distribution concentrated in low-
index bins.
As rare barrier-crossing events occur near 𝑥 ≈ 0, the distribution undergoes a
sharp and rapid decrease to probabilities of 10−8.
Following barrier crossing, the distribution exhibits another plateau. Here,
the system experiences reduced energetic constraints and more efficient
exploration, leading to a temporary stabilization and a flattened distribution
profile. Due to the two-dimensional characteristic of the potential, further
exploration inside the second well leads to a further decrease in probabilities
for the largest 𝜆 thresholds.

The 𝛽 = 1.5 implementation shows a similar shape, yet the overall rare event
probabilities are much higher (∼ 10−1). This is due to the lower transition
restriction from the energy barrier and highlight that crossing the barrier in
this implementation is much easier for the system.

Exactly this behaviour can also be observed in the trajectory paths (see Figure
3.10). Figure 3.10 shows a subset of the resulting trajectory ensembles,

(a) 𝛽 = 7 (b) 𝛽 = 1.5

Figure 3.10: Barrier crossing in the three-hole potential for two 𝛽 values (a)
𝛽 = 7 and (b) 𝛽 = 1.5.

focusing on the ones that attempt a barrier crossings. The parameter 𝛽 controls
the acceptance probability of energetically unfavorable moves through the
Metropolis criterion. Therefore, a lower value of 𝛽 corresponds to a higher
effective temperature and allows the system to overcome energetic barriers
more frequently.
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For the lower temperature case (𝛽 = 7), the trajectories are primarily confined
to the initial potential well. The majority of sampled paths remain localized
around the starting minimum and only a small number of trajectories approach
the barrier region. Only four trajectories show some state space exploration
and reach the opposite well. This indicates that the increased energetic penalty
strongly limits exploration of high-potential regions.

In contrast, the simulation with 𝛽 = 1.5 shows significantly enhanced
exploration of the potential landscape. Due to the increased thermal
fluctuations, trajectories more frequently escape the initial basin and explore
regions closer to the barrier. It is also noticeable that the system explores
multiple transition pathways, so that the generated trajectories displaying a
large variability in their evolution through the potential landscape. More
successful transitions between the two wells can be observed, resulting in
a wider distribution of transition pathways. Additionally, the intermediate
potential well becomes accessible in this simulation, whereas it remained
unexplored in the lower-temperature case due to the reduced thermal
fluctuations The trajectories are no longer restricted to a single low-energy
region but sample a larger portion of the available configuration space.

The comparison demonstrates the expected temperature dependence of rare-
event dynamics. At high 𝛽, the potential barrier acts as a strong kinetic
constraint, causing long periods in the intitial potential well and fewer
observed transitions. At lower 𝛽, the increased probability of accepting uphill
moves reduces this constraint and allows more frequent barrier crossings.
This shows that the implemented model reproduces the expected behaviour
of thermally activated rare event processes and can be seen as a suitable
implementation for evaluating the ability of AWH to sample transition
pathways under different regimes.
It also highlights the importance of the model’s kinetics, as the low-energy
implementation favours the direct transition path between minima, which
involves crossing a larger barrier, rather than the energetically more favourable
pathway that passes through the intermediate local minimum of the potential.
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Chapter 4

Conclusion

This thesis studied the application of the AWH method for estimating rare
event probabilities in dynamic stochastic systems. The results demonstrate that
AWH can be successfully adapted beyond its conventional applications and
provides a promising framework for studying a variety of different systems.
For simple model systems, AWH was able to reproduce known transition
probabilities, validating the reliability of the approach. It also captured more
complex barrier-crossing behaviours and allowed kinetic analysis through
quantities such as the MFPT. Furthermore, the successful implementation of
an efficient trajectory updating process was shown.

Future work should focus on extending the developed framework to more
realistic systems and challenging rare event problems. Additionally,
comparisons with established rare event simulation methods (e.g., Importance
Sampling or Subset Simulations) will be important to further evaluate the
performance, efficiency, and limitations of AWH in practical applications.
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