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Abstract

We investigate the spectrum of type II string theory with the aim of addressing two related open
problems: the organization of string states into irreducible representations of s0(9) at fixed mass
levels and the determination of the density of states beyond its known asymptotic behavior. Build-
ing on the notion of the "refined" partition function introduced in previous works, we reformulate
it in terms of Jacobi Theta functions and compute the complete decomposition of the left-moving
spectrum up to level 100. The resulting data reveal previously unseen patterns, an empirical rule,
and allow the derivation of numerical formulas with strong predictive power at higher mass levels.

We further revisit the problem of state counting by employing techniques inspired by Hardy,
Ramanujan and Rademacher’s work. After illustrating the method in the context of the integer
partition function, we extend it to the type II string partition function and derive a convergent
series representation for the density of states valid at arbitrary level. Remarkably, the series con-
verges so rapidly that its leading contribution alone accurately reproduces the spectrum, providing
an efficient approximation across all levels. We analyze the convergence and predictive power of
this expression and demonstrate its consistency with the standard asymptotic formula for the
string density of states. Finally, we discuss the implications of these results and outline direc-
tions for future investigations of string spectra that that further integrate the computational and
analytical approaches developed in this work.

Popularvetenskaplig sammanfattning

Striangteorin forutsidger att varje fundamentalstrang kan vibrera pa oéndligt manga satt, vilket
ger upphov till ett enormt spektrum av mojliga fysiska tillstand. Att forsta hur dessa tillstand ar
organiserade och hur deras antal 6kar med energinivan &r fortfarande en langvarig utmaning. I
detta arbete undersoker vi dessa fragor inom ramen for typ II-stréangteorin.

Genom en kombination av matematiska och berdkningsmaéssiga tekniker faststéller vi i detalj
hur teorins forsta 100 energinivaer ar strukturerade. Detta utvidgar tidigare resultat avsevért och
avslojar oviantade monster i spektrumet, vilket gor det mojligt for oss att formulera empiriska
regler som kan anvandas for att forutsdga egenskaper hos tillstand vid &nnu hogre energier.

Vi aterkommer ocksa till problemet med att rédkna det totala antalet tillstand vid en given
energiniva. Genom att anpassa idéer som harrér fran Hardy, Ramanujan och Rademachers arbete
om heltalspartitioner hérleder vi en ny formel som exakt beskriver antalet strangtillstand vid vilken
energiniva som helst. Anmérkningsvéart nog ar denna formel bade exakt och mycket effektiv, vilket
ger precisa forutsiagelser samtidigt som den endast kréver minimal berdkningsinsats.

Utover de specifika resultat som erhallits illustrerar detta arbete hur moderna berédkningsme-
toder och klassiska matematiska idéer kan kombineras for att fa nya insikter i strangteorins rika
struktur. Vi avslutar med att diskutera de bredare implikationerna av dessa fynd och mdjliga
inriktningar for framtida forskning.
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CHAPTER

Introduction

“To boldly go where no man has gone before!”

—Captain James T. Kirk, Star Trek

The following work is carried out within the framework of string theory and attempts to address
open problems towards the number of states that "live" at each level of its infinite tower. For quite
a few years, the most common expression that can be found in the literature is an asymptotic
form of the density of states [I], namely:

1
627”/%

p(n)zW , M — 00 (1)

where n is the level. We consider the type II theory, and more specifically the left-movers, where
the level n is connected to the mass of the states through m? = 4n/a’. However, what is not
known is the explicit way of how these states are organized in s0(9) representations at each level.
In this paper, we trouble ourselves with two questions:

1. How can we work out the decomposition of each level into irreducible representations?

2. Can we offer a better description for the density of states than the asymptotic behaviour of
eq.[1]?

Starting from the initial goal, the first ones who attempted to systematically obtain such a
decomposition were [2]. In their paper they introduced the notion of a "refined" partition function
which, through the use of fugacities, made manifest the representation structure of the theory. The
expansion of their "refined" partition function had the form:

?L(l'z‘; q) = Po(z;) + Pi(x)q + Pa(z:)q* + Ps(z)q® + . ..

where the polynomials P;(z;) could be decomposed into characters of representations. By doing
so, the team of [2] managed to get the decomposition of the first 10 levels of the string spectrum.
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Later on, a second big step was made towards the same direction by [3], who achieved to get
up to level 25. Unfortunately, the data obtained from reaching this level were not nearly enough
in order to understand the asymptotic behaviour of how specific representations scale at high
mass levels, therefore the decomposition for higher levels had to be acquired. This is where we
come in, by rewriting the "refined" partition of [2] using Jacobi’s Theta functions we managed
to obtain the decomposition up to level 100. With the complete knowledge of how the first 100
levels are organized in representations, we report the observation of patterns in the spectrum,
of an empirical rule (which was partially expected by [3]) and derive numerical expressions for
predicting multiplicities of representations at even higher levels, providing us with spectacular
predictive power.

As for the latter goal, it has been known for a while now that one can do better than asymptotic
forms [4, 5], [6] and work out asymptotic series to replace eq.. However, in 1937 a mathematician
called Hans Rademacher, while preparing lecture notes in the work of [4], changed an integration
contour that lead to even further developmentsﬂ These further developments are practically shown
in [7] where, instead of a asymptotic series, a convergent one is obtained in the case of the partition
of integers, which serves as a toy model. We demonstrate this procedure for the toy model, then,
based on [7. 6], [§], we extend this method in the case of the partition function of the type II theory
and derive a convergent series for the density of states, valid at any level n. Surprisingly enough,
this series converges so rapidly that it turns out that only the first term is describing the whole

spectrum and it has the form:
2T

o) = i b (27r\/2n> 2)
Having this amazing tool at hand, we make predictions for the number of states at different levels
and assess its effectiveness and convergence. Afterwards, we show how eq. is in agreement with
eq.[I] by showing how it reduces to the already known asymptotic form given in [I]. Finally,
we conclude this work by providing some motivation and ideas towards future prospects of this

project.

'Lesson to be learned: Choose your contours wisely!



CHAPTER

Lie’s Theory: An overview

)

“Wax on, wax off.

—Mr. Miyagi, The Karate Kid

In this first chapter we begin to introduce the basic notions about Lie Algebras that will be needed
in the scope of this thesis. We start by revising the fundamental concepts and then, we discuss the
correspondence of Lie Groups and Lie Algebras. Later on, we build our way towards the Cartan
classification of algebras and investigate the abstract manipulation of irreducible representations
using weights and roots.

1.1 Basic Definitions

The first step that we would like to take is to define a Lie Algebra in a concrete way. Let us begin
by first providing a definition:

Definition 1.1.1

A finite-dimensional real (or complex) Lie Algebra is a finite-dimensional real (or complex)
vector space g, along with a map [-,-] : g X g — g, with the following properties:

1. [-,] is bilinear.

2. [-,-] is anti-symmetric: [X,Y] = —[Y, X], VXY € g.

3. The Jacobi Identity is satisfied: [ X, [Y, Z]|+[Y, [Z, X]]+[Z,[X,Y]] =0, VX,Y, Z € g.
Let us note a few extra things about the above definition. We say that two elements of the

Lie Algebra, let X, Y € g, commute if [X, Y] = 0. Consequently, if [X,Y] =0, VX,Y € g then
we call this Lie Algebra a commutative one. Moreover, observe that property 2 implies that

9



Chapter 1 1.1. Basic Definitions

every element X € g commutes with itself, i.e. [X, X| = 0. Finally, we should mention that a Lie
Algebra can be defined as a vector space over a generic field F but for the scope of this work the
fields R, C suffice.

A word of notation that we will follow: It is quite common in the literature to denote a Lie
Algebra by some lower-case "fraktur" letter (such as g, b etc.). When a Lie Algebra is associated
with a Lie Group then we denote it by the respective "fraktur" version of the group’s name. E.g.
the Lie Algebra associated with the Lie Group SO(n) is denoted as: so(n).

Definition 1.1.2

A Lie subalgebra of a real (or complex) Lie Algebra g is a subspace h C g such that
[Hy,H5] € b, VHy,Hy € h. That is, b is closed under brackets. Moreover, h is called an
ideal in g if [X,H] € bh, VX €gand H € bh.

Observe, that the equality above (h = g) implies that the whole Lie Algebra and 0 are trivial
subalgebras and therefore, are of no interest.

Definition 1.1.3
The center of a Lie Algebra g is the set of all X € g such that [X,Y] =0, VY €g.

The center of a Lie Algebra is commonly denoted with the letter Z and is defined -as a set- to
be:

Z(g)={Xeg|[X,Y]=0,VY €g} (1.1)

It can be thought as a measure of how "non-abelian" the algebra is. For instance, if the center
of the algebra is equal to the algebra itself, Z(g) = g, then the algebra is abelian. On the other
hand, if Z(g) = {0} then there is no element in g that commutes with every element and thus we
say that the algebra has a trivial center.

Another characteristic feature of a Lie Algebra is its dimension. However, there is nothing
complicated about it as it is only referring to the dimension of the vector space g. Now, we have
everything we need in order to define the well-known structure constants, which appear to be
particularly useful in physics.

Definition 1.1.4

Let g be a finite-dimensional real (or complex) Lie Algebra and let X', X2 ... X" be a basis
of g as a vector space. Then the unique constants c¢;,, such that:

[X?, X9 =¥, XY,

(Einstein summation implied) are called the structure constants with respect to the chosen
basis.

Of course, we know that the bracket is anti-symmetric and satisfies the Jacobi identity. Hence
one expects that the structure constants will inherit some other properties. For instance, the
anti-symmetric property gives rise to:

M, = (1.2)

In physics, these constants are of great importance as we use them in order to identify Lie Algebras,
discover subalgebras in larger constructions or even find mappings between Lie Algebras. The last

Uppsala University 10 Department of Physics and Astronomy



Chapter 1 1.1. Basic Definitions

thing that we would like to provide is an example of the most important Lie Algebra, that of
su(2).

Ezample: Structure constants of su(2):

We pick the standard basis for the Lie Algebra, which is that of the Pauli matrices:

_0'1_1 01 _0'2_]. 0 —2 _0'3_1 1 0
J1—3—§<1 0>’ J2_7_§(z‘ 0)’ J3—3—§<o —1) (1:3)

The bracket operation is defined as: [X,Y] := XY — Y X which is the standard selection for the
bracket operation. Now, before we get to write down the structure constants, let us follow the
physicist’s way and rewrite the constants in the following way{'}

[Xj,Xk] = iCjM Xg

Notice that now, by adding the imaginary unit and knowing that the Pauli matrices are hermitian,
we are guaranteed that the structure constants will be real. Computing the commutators for the
Pauli matrices one can easily obtain the following relation:

[O'j,O'k] =2 €jke O¢ = [Jj, Jk] = iijZ Jy

where ¢;;;, is the Levi-Civita anti-symmetric symbol with €93 = 1. Clearly, we get that the
structure constants of su(2) are:

Cijk = €ijk

o
Inspired by the su(2) example above, the next thing that we would like to discuss is the notion of
a simple Lie Algebra:

Definition 1.1.5

A Lie Algebra is called irreducible if the only ideals in it are g and {0}. Moreover, it is
called simple if it is irreducible and dim g > 2.

The notion of a simple Lie Algebra is of great importance as they comprise the building blocks
of more complicated algebras. By understanding them one can then decompose semisimple Lie
Algebras into simple ones and study them. Also, we should mention that there are examples of
very important Lie Algebras in physics that are simple; symmetries of spin (governed by su(2)),
strong interaction of the Standard Model (governed by su(3)).

Up to this point we have treated the Lie Algebra from a more abstract point of view, we have
kept the Lie bracket operation as a "mystical" operation with the only constraint that it should
respect a couple of axioms. But how do these things show up in physics and how do we use them
in practice?

The answer to this question is what brings us to our next topic; that of representations. Before,
we provide a definition for a representation, let us try to give an intuitive understanding to it.
One should think representations as incarnations of the abstract thing called Lie Algebra, into
something solid. For example, representations are the forms that a Lie Algebra can take when
showing up in physics.

!There is no need to distinguish between upper and lower indices in this case.

Uppsala University 11 Department of Physics and Astronomy



Chapter 1 1.2. Connecting Lie Groups with Lie Algebras

Definition 1.1.6

A representation of a Lie algebra g consists of a real (or complex) vector space V' and a
linear map:

¢:g— End(V)

such that:
[0(X), 0(Y)] = ¢([X,Y]), VXY €Eg

The amazing thing with this definition is that, since ¢(X) € End(V), ¢(X) is a matrix acting
on the vector space V. Therefore, the bracket on the LHS is just the commutator of matrices
while the bracket on the RHS is the Lie Bracket. Of course, we all know how to work with matrix
commutators and hence now there is nothing mysterious with the notion of a bracket operationﬂ

1.2 Connecting Lie Groups with Lie Algebras

In this section we would like to present briefly how a Lie Group is related with a Lie Algebra.
Let’s start with the notion of a Lie Group.

1.2.1 Lie Group

When we say the word group what usually comes to mind is the notion of an abstract mathematical
construction which satisfies some axioms. Usually, a group is characterized by its cardinality, which
refers to the number of its elements (e.g. the cyclic group Z, has cardinality |Zy|= 2). These groups
are called finite.

However, we know that there are some groups that contain an infinite amount of elements and
these are called Lie Groups. Intuitively, they are groups that depend on continuous parameters.
An example would be the following:

Ezxample: the SO(2) group:
Consider the following set:

cosf sind
6= (=0, ) e ) »

This is the set that parametrizes the rotations on the plane. One can easily check that it forms a
group and it’s clear that its element depend on the continuous parameter 6 € [0, 27].
o
Now, we provide a definition for the Lie Group:

Definition 1.2.1

A Lie group is a group G and simultaneously a smooth manifold, and the multiplication
map and inverse map are smooth.

The final thing that we would like to discuss about a Lie Group is the notion of its representa-
tion. Again, the notion of a representation of a group is very similar to that of a Lie Algebra that
we provided in definition . Group representations consist a way for an abstract mathematical
entity to present itself in a more concrete form.

2In the scope of this work the bracket will refer always to the commutator, unless specified otherwise.

Uppsala University 12 Department of Physics and Astronomy



Chapter 1 1.2. Connecting Lie Groups with Lie Algebras

Definition 1.2.2

A representation of a Lie Group G consists of a real (or complex) vector space V and a
map:

®: G — End(V)
such that:
Oe) =1d, P(g1)P(g2) = 2(0192), Y 1,920 € G

Now, someone might argue that for the case of matrix Lie Groups we already have a way of
representing their elements in a concrete way, using matrices that obey some constraints. That is
completely true, the representation used for defining matrix Lie Groups is called fundamental
or defining representation.

Now, there are many ways to discuss the relation between the notion of Lie Groups and Lie
Algebras but since we want to keep this discussion short, we will proceed in a more factual way.

1.2.2 Lie Group vs Lie Algebra

Definition 1.2.3

Let G be a matrix Lie Group. The Lie Algebra of GG, denoted by g, is the set of all matrices
X such that X € G, VteR.

Note that, an element X € g iff the whole one-parameter subgroup ¢*X € G. This definition
implies that every matrix Lie Group has an associated Lie Algebra. Below are some basic facts
about the Lie Algebra of a Lie Group:

Let G be a matrix Lie Group with a corresponding Lie Algebra g. If X,Y € g then:
1. AXA'eg, VAeQG.
2. sXeg, VsekR
3. X+Yeg.
4. XY -YX eg.

Clearly, point 4 of the above theorem explains why the Lie bracket is usually chosen to be the
commutator. It appears that the exponential map plays an essential role in the interplay of Lie
Group and Lie Algebra. Indeed, it is the map that offers a bridge from the algebra to the group.
Therefore, to make it more solid:

Definition 1.2.4

If G is a matrix Lie group with Lie Algebra g, then the exponential map for G is the map:

exp: g — G
X — e

Uppsala University 13 Department of Physics and Astronomy



Chapter 1 1.2. Connecting Lie Groups with Lie Algebras

Moreover, it can be shown that the Lie Algebra is the tangent space to G at the identity,
denoted as T.G. The proof of this statement can be found in [9].

One should think the Lie Group as a manifold then the Lie Algebra is the plane tangent to that
manifold at the identity element e. This tangent plane is a vector space with a basis X!, X2, ..., X"
and an element belonging in it can be sent to G by exponentiation. This description can be seen in
fig.[1.1].

Also the Lie Algebra g = T.G can be in-

terpreted as the space of infinitesimal direc-

tions at the identity. But the connection be- The tangent space at the identity
tween these two mathematical constructions o6 o the Lic algcbra .

goes even deeper than one can imagine; it is
actually a correspondence! This means that
objects on side can be "transferred" to the
other and vice versa using some rule or dictio-
nary. Pictorially, this is given by the following
scheme:

Left translation L, : G — G
differentiation carries T.G to T,G.

Lie Group Lie algebra

exponentiation Intuitively, elements of g = T,G are “infinitesi

sin
and the whole Lie group is built by moving the

Despite the fact that this is a very inter- Figure 1.1: Lie group and its Lie algebra
esting property, we will not go into too much
depth with it. However, we would like to
present an example or two demonstrating it.
We, already, have defined the notion for representation of a Lie Group and of a Lie Algebra,
and thus it could be instructive to show how these representations are connected using the above
correspondence.

Assume that we are given a representation (V,®) of the group G and a representation (U, ¢)
of the algebra g. In order to go from G to g we need to apply "differentiation". If g € G then we
formally set g = e!X, X € g:

O(X) = — (™) (1.7)

This equation implies that, in the language of mathematicians, ¢ is a derivative or a differential
of ® at the identity e (and hence the name "differentiation"). One might want to go the other
way around and perhaps write down something like:

q)(etX) _ etqb(X)

which is incorrect! The reason is due to the fact that for some t, the group element e* = ¢ =
®(e) = Id by definition of ®, however there is no reason why it should be e??X) = e. Leading to
the statement that exponentiation is a bit more tricky to do!

The next example is to show that the commutator [X,Y] € g. To do that we begin by point 1
of theorem [1.2.2], so assume that we are given the element AYA™' € gwithY € g, A € G. Let’s

Uppsala University 14 Department of Physics and Astronomy



Chapter 1 1.3. Cartan classification of Lie Algebras

compute the following derivative:

d d
_AYA—I — —€tXY(€tX)—1
dt o di

t=0

— XetXYeftX 4 €tXY(—X)€7tX

t=0
=XY -YX

:[va]

where in the first equality we set A = exp(tX), X € g. Since we know that AYA™' € g, Vt € R
then it must hold true also for t = 0 and thus, [X,Y] € g. With this example of differentiation we
would like to wrap up our discussion about the connection of a Lie Group and its Lie Algebra.

1.3 Cartan classification of Lie Algebras

In the previous section we explained what is the connection between a Lie Group and its associated
Lie Algebra. We saw that there is a deeper connection between them and tried to state some basic
facts about it. Now, we want to shift our attention to Lie Algebras and particularly on something
called the Cartan classification of them. In this section our goal is to give a short, but concise,
overview of this classification. Note that a very intuitive and well-explained derivation of it can
be found in [I0].

1.3.1 Roots, Weights and Cartan Subalgebra

Before we start exploring this new topic we need to first lay some groundwork. Our first step in
this exposition is the notion of a Cartan Subalgebra, usually denoted by b, whose definition is
straight-forward:

Definition 1.3.1

Let g be a simple Lie Algebra. A maximal collection of elements Hy,..., H, € g that are
mutually commuting is called the Cartan Subalgebra. The number r is called the rank
of the algebra.

There are many ways to define the notion of roots and weights but I believe that is quite
instructive to follow the intuitive way of [10]. So assume that we are given a Lie Algebra and we
would like to find its CSA. All we have to do is write down a basis for it and try to figure out
which generators are mutually commuting. This will give us the CSA! The next step would be to
simultaneously diagonahzeﬂ all the matrices belonging in it and stack them one below the other.
The vectors formed by just readying the entries of the diagonalized matrices in a vertical manner
are called weights (or weight vectors). Furthermore, the vectors that connect the weights are
called roots (or root vectors). At this point it is most illuminating to provide an example
determining these quantities.

3 Assuming that all of them are well-behaved and have a complete set of eigenvectors.

Uppsala University 15 Department of Physics and Astronomy



Chapter 1 1.3. Cartan classification of Lie Algebras

Ezxample: The case of su(3):

The basis of this Lie Algebra consists of the well-known Gell-Mann matrices. The Gell-Mann
matrices are 8 linearly independent traceless hermitian 3 x 3 matrices. Nonetheless, listing all of
them in this example is not of any value and hence we shall only give the ones that are mutually
commuting:

H, = diag(1, —1,0)/v2
H, = diag(1,1,-2)/v6

Therefore, the rank of su(3) algebra is r = 2. Now, by readying the entries in a vertical manner

we get the following weights:
1
wy = |1, — V2
()

Wy = <—1,%) /2

wsy = (o, \_/—g) /V2

Observe that the weights are equidistant from the origin, i.e. |wi|= |wa|= |ws|. The roots,
naturally, are given by taking the differences of the weights, which would be w; — wsq, wy — w3, w1 —
w3, Wy — W1, . ... The first three yield the following roots:

o = (\/57 0)’ Gy = (_1’ \/5)/\/5’ a3 = (17 \/§)/\/§

Moreover, there are three root vectors that are given by taking the negative of the ones given
above.
o

Based on the above example on the su(3) Lie Algebra we would like to make some useful
observations. First of all, one can very easily notice that the rank is what determines the dimension
of the vector space in which the roots and weights live into. In this case, the rank was r = 2 and
the weight and root vectors live in R%. Also, we saw that there are 6 roots in total. Half of them
are the negatives of the other half and, perhaps, some of them can written as a linear combination
of others. These observations are indicators that we do not need to determine all the roots of the
algebraﬂ, but only a small subset of them.

The way to figure out which of these roots are actually the ones needed will lead us to the
notion of positive and simple roots. Let’s take a small break in order to explain what was the
reason for developing this formalism to begin with. So, the idea of using roots, weights and CSA
was originally inspired by how we use, as physicists, the su(2) algebra in quantum mechanics.
Recall that we label states using the eigenvalues of .J3 operator and then we have the so-called
ladder operators Jy that enable us to climb up and down the ladder of states. The idea is that
this construction can be implemented to other algebras as well, with the difference that now there
are more ladders and more types of raising and lower operators. However, the goal stays the same:
to organize the states using the eigenvalues of the CSA generators of the algebraﬂ

4For simplicity I sometimes refer to Lie Algebras as algebras. I shall always mean Lie Algebras unless stated
otherwise.

5There is another approach to discovering roots and weights via this quantum mechanical treatment of an
algebra, which is also very interesting and it can be found in [I1].
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Chapter 1 1.3. Cartan classification of Lie Algebras

Naturally, when one needs more than one eigenvalues in order to label a ket-state then one has
to choose a dictionary, i.e. pick a specific order of writing down eigenvalues of CSA generators.
Then, the states would be labeled by eigenvalues of the CSA in this specific order. For instance
in the previous case:

|state) = |eigenvalue of Hy,eigenvalue of Hs) = |hy, ho)

where h = (h1,hy) is a weight. The choice of dictionary is completely arbitrary but essential,
because it enables us to define what are positive roots.

Definition 1.3.2

A root is said to be positive if its first nonzero component is positive.

In light of this definition it becomes apparent that we only need to find the positive roots and
then by multiplying them with —1 we can obtain the total amount of roots. But it seems that
there is some extra simplification to do in this procedure. What happens when some of the roots
can be written as a linear combination of other roots? The answer to this question can be found
by introducing the notion of simple roots.

Definition 1.3.3

A simple root is a positive root that cannot be written as a sum of two positive roots with
positive coefficients.

With the assistance of the two above definitions, we can straight-forwardly understand that
we needn’t compute all the roots of a Lie Algebra; it suffices to find only the simple ones. Having
found them enable us to gain some crucial information about the algebra, as we will see in the
following sections.

1.3.2 Highest weight and some theorems about simple roots

In this section we would like to present some basic, but rather important, conclusions and propo-
sitions about the weights and the roots of a Lie Algebra.

By now, we have understood that the simple roots of a Lie Algebra are linearly independent and
there are r of them. Therefore, it’s a promising idea to use them as a basis of the Weight—spaceﬁ.
Given a basis to this space one can then define the notion of a higher weight.

Definition 1.3.4

Assume the basis of simple roots {1, ...,«,} and let py, ps be two weights in the weight-
space. Then p; is higher than pus if 1 — o can be written in the form:

H1 — M2 = GOy
(Einstein summation implied) with ¢; > 0. The relationship is written as pq = po.

In this way, we have obtained a way to compare different weight vectors in the space. Once
such a notion has been defined, an immediate question that arises naturally is the existence of any

6Recall that the way that we computed the roots in the first place was by taking differences of the weights found
from the CSA.
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Chapter 1 1.3. Cartan classification of Lie Algebras

special weights, such as the lowest or highest ones. Again, intuition comes to play along in this
question. Keep in mind, that the goal is to organize the states of a representation by labeling them
with the eigenvalues of the CSA upon acting on them. Our experience with quantum mechanics
tells us that there must be a state which when acted upon with lowering operators vanishes and
respectively one that vanishes when acted upon with raising operators.

Indeed, our intuition is right! There are such weights and especially the latter is of most
importance in the abstract approach of representations of an algebra. Let us provide a definition
for this weight:

Definition 1.3.5

A weight pg is said to be the highest for a representation (V) ¢) if for all weights p of (V, ¢)
it holds that p < py.

This definition is a bit tautological, it states the exact thing that was described above, which
is that there exists such a weight that is higher than any other one in the weight-space. There
is nothing profound about this weight apart from the fact that a state described by it cannot be
raised by any raising operatorﬂ.

E. |highest weight state) =0

for any simple root . So why is the highest weight so important? The answer to this can be
shown by the following theorem:

1. Every irreducible, finite-dimensional representation of g has a highest weight.

2. Two irreducible, finite-dimensional representations of g with the same highest weight
are isomorphic.

The proof of this theorem can be found in chapter 9 of [9]. Now, the importance of the
highest weight becomes apparent! One can completely characterize a finite-dimensional irreducible
representation by its highest weight, which is unique. Moreover, if it happens that you have two
finite-dimensional irreducible representations with the same highest weight then it must be that
they are isomorphic! Great news!

The next step is to slightly alter the way a representation is described. This step is not
necessary but it’s rather convenient for the scope of our work here. We just stated that we can
identify an irrep by its highest weight and now we want to express it using some integers called
Dynkin Labels (or Dynkin Coefficients). We first begin by defining the so-called fundamental
weights:

"Think of it as a "J, " ladder operator in su(2). Now, we have more than one of these operators and they raise
the weight by another vector; in the following case by +a.
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Definition 1.3.6

Assume the basis of simple roots {aj,...,a.}. Then the fundamental weights are the
elements iy, ..., u, such that:

k .
——— =i, Jk=1,...,7
lowll*

Naturally, representations with highest weight equal to some fundamental weight are called
fundamental representations. For every algebra there are r such representations. Moving on, we
pose the question: How can we generate a highest weight?

It turns out that with the use of fundamental weights we can very easily obtain the answer to
this question. For an algebra of rank r, a highest weight, denote it by A, can be uniquely written
as:

A=Yl (18)
=1

where the numbers ¢; are non-negative integers and are called Dynkin Labels. Having decom-
posed the highest weight in this way we can now characterize an irrep of an algebra using the
notation [¢, ls, ..., £¢.]. This way of specifying an irrep is equivalent to that of the highest weight,
since they are effectively the same, and we shall use it in later chapters of this work.

Let us move on to the next topic that we would like to address; the roots. We have already
said that we cannot keep on climbing the ladder forever; there has to exist an upper and lower
rung. This idea is the very reason why for two simple roots @, 5 it holds true:

a- a3
2——=-n, 2—5—=—m, m,n€ Ly (1.9)
a2 18117 B
The explicit derivation of how these equations come up can be found in chapter VI.4 of [10].
These equations may not look like much but they are crucial, as will become clear shortly. Let us
multiply these two equations:

=™y

=~ A2
20,5 — 0O _ mn (1.10)
a2 sy 4
where the cosine showed up for the definition of the scalar product of vectors. Of course, there
is also the restriction that cos? 6,5 < 1 which also yields that mn < 4. Another thing that one
might be tempted to do is divide eq. by parts:
=112

N[> _ m (1.11)

sl n
The elegance of the last two equations is hidden in their simplicity. Eq. indicates that we
need to choose some integers m,n such that the constrain 0 < mn < 4 holds true. If we think
about it there are only a handful of choices that can be made, which are:

113
29, 0,-,— -1 1.12
cos” b5 € TP ( )

Note that the case of cos? 6,5 = 0 should be excluded as it implies that it must be @ = 5, which
is not the case in our discussion, so this leave us with the fact that: There are only four possible
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anglesﬁ! In the same way, let’s take a look at eq.7 it is pretty obvious that the ratio of the
lengths of two simple roots is also determined by the same numbers m,n. It turns out, as we will
see shortly, that there are only three different cases! Amazing news! This is the mathematical
elegance that we were referring to a couple of paragraphs ago. As it will turn out this information
is the one used by Cartan in order to classify all Lie Algebras. But before we get to that let’s
present a table showing the possible cases:

m | |@P/BI cos?0as  Oap
1 1 1 /4 120°
2 1 2 1/2  135°
3 1 3 3/4  150°

Table 1.1: In this table are shown the allowed ratios of root lengths and angles between simple
roots. Note that the case (m,n) = (2,2) is not of any interest as it implies @ = 3. Also the case
with either m = 0 or n = 0, which yields cos?#,5 = 0, is omitted because it implies that @ L 5
and the ratio is indeterminate.

With this note we would like to move on to our next topic, that of Dynkin diagrams.

1.3.3 Dynkin diagrams

So far we have learned quite a few things about weights, roots and the space that they live in.
We did omit it, however one can actually draw these vectors in a graph for algebras with a small
rank, i.e. for r = 2, 3. For instance the root diagram for su(3) algebra can be seen in ﬁg..
But what happens when the roots and
H? weights of an algebra live in higher-dimensional
space? The answer to this came with
the so called Dynkin diagrams. Dynkin
diagrams are a smart way of compacti-
fying the information associated with an
0.5+ algebra in a illustrative way. As the
goal of this section is not to present ev-
erything there is about these diagrams,
1o —os 05 1.0 we will try to keep it short. Be-
fore we dive into it, let me clarify that
there are a few different conventions as to

A

Lo5) '
how we construct themPl In this sec-
tion I will follow the same conventions as

~10f [10].

Figure 1.2: Root diagram of su(3) Lie Algebra.

8Tt can be shown that the angles of simple roots must be obtuse!
9But of course there are...Once, a wise professor of mine told me that "for every 10 physicists there are 11
different conventions" and I believe it to be true.
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Let’s get straight into it then. We begin by presenting the rules for constructing such diagrams:

1. Every diagram is made of r circles (or nodes) corresponding to the r simple roots of the
algebra, where r is the rank.

2. Open or white circles correspond to long simple roots while filled or blacked circles correspond
to short simple roots.

3. Two nodes can be connected only by zero, one, two or three lines.
4. The Dynkin diagrams cannot have loopg™}
5. The total number of lines coming out of a node cannot be more than three.

The number of lines that connect two circles is determined by the angle of their corresponding
simple roots. If the angle is 90°, 120°, 135°, 150° then the lines that connect the nodes are zero,
one, two and three respectively.

Let us now, state the remarkable result that Dynkin diagrams provide us, without proof of
course. All the simple algebras can be organized in four families and a few extra
algebras called exceptional ones. Amazing result! We have classified all algebras that one
can come up with!

At this point it would be a logical thought to present some Dynkin diagrams, at least for the
algebras that we have already encountered. However, the conflict between mathematicians and
physicists shows up again...as they do not use the same names for the families of algebras. When
dealing with these diagrams one always finds the mathematicians names commonly used in the
bibliography and hence we have to provide a dictionary which can be seen in tab..

Physics | Mathematics
su(r+1) A,
s0(2r +1) B,

sp(2r) C,

s50(2r) D,

Table 1.2: The dictionary between the physicist’s and mathematician’s dialect of naming Lie
Algebras. The usefulness of these names is that one can immediately determine the rank of the
algebra by merely looking at the name.

The A, B,C, D are the four families that we mentioned above. Also, there are only five excep-
tional algebras: Fg, Fr7, Eg, Fy and Gy. A small note before we get to the diagrams themselves:
some of these exceptional algebras are of great importance in our search of a grand unified theory!
It’s finally time to give some examples of Dynkin diagrams. To keep it short we will only give the
ones for su(2), su(3) and so(4). Later on, we shall have a couple more examples:

We choose to present the diagrams for these specific algebras for two reasons. The first is so
that, before we conclude this section, we can state some important facts that can be seen directly

10Sometimes called the "no-loop-theorem" in the bibliography. E.g. by [10].
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O O—0O O O

(a) A1 = su(2) (b) Az = su(3) (¢) Dy =s0(4)

Figure 1.3: Dynkin diagrams for Ay, A, and Ds.

from the Dynkin diagrams. The second one is that these are some of the simplest algebras that
one can come across.

In fig.[1.3a] we see the Dynkin diagram of su(2) which has only one simple root and hence is
only one node. Perhaps, one might wonder the following question: Conversely, if the diagram of
su(2) is just a node, does that imply that every diagram which consists of many empty nodes is
practically made up from many copies of su(2)?

The answer is Yes! That is the reason why we physicists claim the the su(2) algebra is the most
important one. However, it is important to note that these copies of su(2) are not independent,
they are rather connected to each other.

In ﬁg. we have the diagram of su(3) which again has two simple roots of equal length.
Finally, in fig.[1.3¢] we have the diagram of so(4) which has a very interesting property that we
would like to underline. Observe that this diagram consists of two empty nodes that are not
connected by a line, based on what we said before we can think of this algebra as two copies of
su(2) that are indeed independent. This leads to the fact that

s0(4) ~ su(2) & su(2)

which is a well known fact that can also be obtained by observing the commutation relations of
50(4). We can therefore conclude that the Dynkin diagrams can reveal such relations!

1.4 Towards the Weyl character

Now that we understand the notion of roots, weights and Dynkin diagrams we want to press on
and explain our way towards another very interesting topic; that of Weyl characters. This topic
will be extremely important in the next chapters and it will be a great tool that we employ in our
work. But before we get to that we need to introduce a few extra things; let’s dive into it.

1.4.1 Weyl reflection and Weyl vector

Let’s start with the easiest notion, that of the Weyl vector which is a pretty straight-forward one
and is defined as:

Definition 1.4.1
The Weyl vector is the half-sum of the positive roots. It is given by:

=353 a
a€ At

where AT denotes the set of positive roots.
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Clearly, there is nothing more to say about this vector apart from the fact that is going to
show up in later expressions and thus we need to define itlﬂ. Having said that, let us move on to
the topic of Weyl reflections.

Assume that we are given two distinct roots, say a, E, and that we would like to understand
what is the following operation:

a-p

a

yi=0—-2 72

(1.13)

where the result of this operation we defined to be 7. If the notation that we have used already
isn’t suggestive enough, it turns out that v is also another root. Think about ¥ in the following
way; consider as the result of an operator s, acting on the root 5, ie. Y =540 5 What is the
geometrical result that is equivalent to action of the operator s,7

The result is taking the plane perpendicu-
lar to the root @ and then using this plane as . 3
a mirror. The root 4 is the mirror image of 3 | I
with respect to that plane. Obviously, this is I F:
a reflection and it is usually called Weyl re-
flection in the bibliography. In ﬁg. it can
be seen what we just described in the case of s : @
a rank-2 algebra, where the roots and weights
live in R2. Note that if we try to compute the
Sq © @ then we get: s, o @ = —d, which as we
know is also a root. -3 -2 -1 K 1 2 3

S ]
T

Moreover, the method of Weyl reflection -
can give another big advantage. It is appar- -l
ent that this is a way of figuring out all the
roots of an algebra. We just need to find two .
of them and then by Weyl reflecting repeatedly ,
we can generate the rest of them. With this, we I N
would like to conclude our discussion and move

on to the next topic, which is the so-called Weyl
group. Figure 1.4: Weyl reflection.

_sl

1.4.2 The Weyl group

This will be a rather small subsection as we needn’t go into too much depth towards the notion of
the Weyl group. It suffices to present the basics of it and move on. A more extensive treatment
can be found in [9] where he approaches the topic from different points of view. We begin by first
defining it:

"However, it can be shown that p = >7_. 1
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Definition 1.4.2

For each root o € R, where R is a set of roots, we define the linear map s, : h — h by the
formula:

a-H

saoﬁ:ﬁ—Q Q.

e
The Weyl Group of R, often denoted as W, is then the subgroup of GL(h) generated by
all the maps s, with o € R.

In the previous subsection we saw that Weyl reflections map roots into other roots, or conversely
that given two roots we can generate the rest of them. This means that each element of the Weyl
Group, say w € W, will permute the finite set of roots. But since there is finite number of roots
and a finite number of reflections that one can make, it must be that the Weyl Group is finite!
With this remark we would like to conclude this, quite short, discussion.

1.4.3 Weyl character formula

At last, we are now ready to press on to the most essential topic of this section; the Weyl character
formula. The Weyl character of a representation of a Lie Group is in a sense the continuum version
of the character of a representation of a finite group. As such, it is a very important tool that
can help us identify a representation. Also, it turns out that it contains information about the
structure of representation itself. But before we get to this let us first define it:

Definition 1.4.3

If (¢, V) is an irreducible representation of g with a highest weight A, a Weyl vector p and
a Weyl group W, then the Weyl character is given by:

X(f) = ZwGW €<w)e’w(/\+p)
ZwGW g(w)ew(ﬂ)

where e(w) = £1 is the determinant of the action of w on the CSA § C g.

(1.14)

Dear reader, if you feel like that you got confused from the formula given in the above definition
rest assured that you are not alone. Let us address the elephant in the room: The notation used
here is one of the most confusing and impractical notations out there. However, it is used widely
in the literature and thus we chose to use it here as well. Although, when we get to actually
compute the character for specific irreps and algebras we shall explain the procedure in detail.
That will be the case in later chapters. Back to our discussion, it may be worth to note that the
denominator of the above fraction is useful in other topics as well and therefore it bears a name,
it’s called Weyl denominator and it is, usually, denoted as A.

Before concluding this chapter let us state a few words about the Weyl character orthogonality.
For a compact Lie group G, the character orthogonality relations follow from the Weyl integration
formulaH. For irreducible characters x», x, one has:

(0 Xp) = /G 30X (9) do. (1.15)

12We haven’t defined that formula but it effectively correlates an integral over the smooth manifold G' with an
integral over its maximal torus 7. For more information take a look at chapter 11 of [9].
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where dg is the de Haar measure of G. Using the Weyl integration formula this becomes an integral
over a maximal torug™| T,

1 -
(o) = 7 [ @@ AD (1.16)
(W Jr
which reduces the orthogonality relation to Fourier orthogonality on 7". Hence we get:

(X)\,XM) = (5)\“. (117)

Mark that the Weyl denominator is involved in the de Haar measure over the maximal torus 7'
shown in eq.[1.16]. On this note, we conclude this chapter and proceed to the next one.

13This is just a space associated with the manifold G' with "nicer" properties, such as being abelian.
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CHAPTER

On the string spectrum

“Doesn’t matter what I think. It only matters what the

)

universe thinks.’

—Master Shifu, Kung fu Panda

In the second chapter of our work we set the stage for the questions that we shall attempt to
answer in the context of string theory. We begin by giving a string theory warm-up and introduce
the concept of the partition function. We study the concept of the density of states and then, we
proceed to explore the decomposition of the theory’s Hilbert space, which is the main topic of this
chapter.

2.1 Brief overview of String theories

After the discussion that we had in the first chapter about the structure of Lie Algebras and how
we can use them in order to label states in a quantum theory, by using the eigenvalues of the
Cartan generators, it is time to move on to the next topic; that of physics. It is a well-known
fact that right now, we physicists, are working on the so-called "quantum theory of gravity",
an attempt to come up with a theory that will unify all the four fundamental forces in a single
quantum framework. This theory is expected to be able to answer the most pressing questions
that our current theories so far have failed to fully explain. A great example of such a question
are the singularities inside black holes, predicted by GR.

Of course, such a task is nothing but easy to achieve... However, physicists are well-known for
their ambitious nature and have created such a framework. This framework falls under the name
of String theory and it is our prominent theory of quantum gravity. Although, it definitely has its
flaws and still requires a lot of research in order to be completed. We used the term String theory
whilst we should have used the term String theories and the reason for the plural is that there is
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Chapter 2 2.1. Brief overview of String theories

not a single String theory, it is rather a family of five different theories that are linked in a specific
way. In this section we would like to briefly present these theories so that later on we are all on
the same page on this matter.

Our start for this exposition is the Bosonic
String theory. This is the theory that made the

first huge impact in the world as it requires a el

total of D = 26 spacetime dimensions to live Ve

in. Bosonic strings were the first String theory (-

developed in the late 60’s with the purpose of T T
describing the strong force and the behaviour s heory P
of hadrons. Later on, it was observed that this @ @
theory did contain a massless spin-2 particleﬂ

in its physical spectrum. This very important

discovery is what practically shifted the interest s0(32) Eax o
. . Heterotic Heterotic
towards using string theory as a theory of quan- sting heory sting theory

tum gravity. However, bosonic strings suffered
from a lot of other issues. First of all, it did not

11-Dimensional 1

incorporate fermions in the theory, only bosons pe
-hence the name bosonic- but we know for a fact %
that fermions do exist and are the reason why

matter is organized in the way it is. So, in the %

unified theory there must be fermions! A sec-

ond big issue was the existence of another weird Figure 2.1: These are the 5 superstring theories
particle in its spectrum, the so-called tachyon. that there are out there. All of them are con-
This is a different kind of beast, it is a particle nected via dualities, such as S, T-dualities. They
with negative squared mass! There are many are different phases of the same theory, called M-
ways of thinking about it, some prefer to think theory. Also, in the limit o’ — 0, there is another
of it as a particle that travels faster than the theory living in D = 11, namely supergravity.
speed of light. Others prefer to think it as an

indicator that string theory sits on an unstable point in the tachyon ﬁeldE|. Naturally, this raises
a lot of questions which up to this point are not understood; Is there a minimum somewhere else?
Does this theory even make any sense? And the simple answer is that we do not know.

The need to include fermions and stable vacua in our theory led to the notion of superstring
theories. The prefix "super" comes from the notion of supersymmetry (SUSY), which is an exten-
sion of the Poincare symmetry, that relates bosonic and fermions degrees of freedom. Superstrings
are now the most prominemt candidates in the search of a unified theory. It turns out that there
are five different superstring theories that we would like to discuss quite briefly and all of them
live in D = 10 spacetime dimensions. We begin by breaking down the physical spectrum of closed
strings:

|closed) = {L: Left-movers} ® {R: Right-movers} (2.1)

The L, R parts contain spinors of the Lorentz group SO(1,D — 1) in D spacetime dimensions.
The choice of chirality of the spinors yields the following two theories:

1. L and R have the same chirality: type IIB string theory

"Which proposed particle do we know with characteristics like that...? But, of course, the graviton!! The
particle-carrier of the gravitational force!
2See chapter 2.3.1 of [12]
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2. L and R have opposite chirality: type ITA string theory
Then, we are still missing 3 superstring theories. These are given by:

1. Unoriented closed and open strings, D9-branes and SO(32) gauge group : type I string
theory

2. Mixing Left-movers from the bosonic strings and Right-movers from superstrings with gauge
group SO(32): hetgo(se) string theory

3. Mixing Left-movers from the bosonic strings and Right-movers from superstrings with gauge
group Eg X Eg: hetp,« g, string theory

where the notation "het" stands for "heterotic" indicating that these theories have some kind of
"mixing". Now, one might wonder the following question: "You just said that we are looking for
a unified theory, then you claim that string theory is the most prominent one and yet you present
5 different theories, how is that one theory?"

An excellent question! The answer to this was given by none other than the "rockstar" of string
theory, Edward Witten. In 1995, he claimed that these seemingly distinct superstring theories are
connected through a network of dualities. Today these theories are considered different phases of
an overlying D = 11 theory called "M-theory". What we described can be seen schematically in
ﬁg.. The web of dualities is not of importance in our work so we will refrain from discussing it.
However, should anyone wants to take a look at it, it can be found in many sources, for instance
in [13]. With that we conclude this section.

2.2 Type 11 string theories

After this conceptual tour around the playground of string theories, it is finally time to discuss the
one that we will work with. And, if the section title is not clarifying enough, we will be working
with the Type II string theories in flat spacetime. A very interesting featurd’| of string theories is
that they contain an infinite tower of states. Dealing with any kind of infinity tends to be a bit
impractical, so we need to come up with a tool that tells us information about this infinite tower
of states. Of course, there is no point in counting them, since they are infinite. Notice, that the
name tower is a bit specific, "why name it a tower? What do towers have?". Well an easy guess is
that towers have levels! It turns out that string states also have levels and perhaps what we can
do is come up with a tool that informs us how many states there are at each level.

2.2.1 The notion of the partition function

In physics we have known of such a tool, it is called a partition function. Partition functions
appear in most areas of physics such as statistical physics, QFT, many particle QM, string theory
and they can be defined in numerous ways. Depending on the field they can be defined as sums
of probabilities, as path integrals, as traces over something or even as continuous integrals. In
our context, the partition function will be counting the number of states in a specific level of the
tower.

3In the beginning of string theory this was not considered as a "feature" of the theory but rather as a "bug".
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In perturbative string theory when we wish to figure out the complete partition function of the
theory we, in the path integral formulation, need to sum over all the topologiesﬂ of the worldsheet,
schematically this means:

strmg Z 939 2 Z (22)

where Z, is expressed as a path integral. Some of you may notice that the power of the string
coupling g, is somewhat special, namely it is related to the Euler characteristic of Riemann surfaces
X = 2 — 2g. Due to SUSY reasons it seems that the ¢ = 0 contribution to the above expansion,
which is related to the tree level vacuum, is vanishing. Therefore, the first non—trivia]ﬂ geometry
for us to consider is the g = 1 contribution, namely the contribution of the torus geometry. For
our discussion further on, we take it as:

Zstring = Zl + 0(92)

From now on, when we say partition function what we mean is actually the 1-loop contribution
Zy. Also, if anyone is interested to see how this Z; function is computed we provide the following
expression:

d*t _
Zy = /fm Z1(7) Zr(T) (2.3)

but we shall not elaborate any further as to how to compute this expression. Note that, since we
have flipped the sign (check footnote), the above expression is not modular invariant as one would
expect.

2.2.2 The 1-loop Partition function

We have already stated that the spectrum of the theory is based on the so-called "left" and "right"-
movers. However, since they have the exact same structure we only need to focus on one of the
two, in this work we choose to work on the "left-movers". We write down the partition functionﬁ:

_ 16H (1 T4 ) g = exp(2mir) (2.4)

I—q"

where the subscript L stands for left-movers. Now, we make a pause because this is the point
where I will clarify a notational convention that we shall use: In this work we shall need to work
with functions that have as an input either g or 7. The physicist’s way would be to not bother at
all and denote Z1(q) = ZL(7), but this is not what we are going to do! Our convention is this:
wherever we use the name of a function with a tilde on top of it we mean that it is a function of
q, whilst if there is no tilde then we consider it as a function of T. Eq. is the first example
of it, i.e. Zp(q) = Z.(7). Of course more examples will follow. Back to our discussion then, we
claimed that this function counts the number of states at each level of the tower, so let us show
what we mean by this statement. Let us Taylor expand eq. around ¢ = 0:

Z1(q) = 16 + 256¢ + 2304¢> + 15360¢° + 84224¢"* + O(¢%) (2.5)

4This is the so-called topological expansion.

5In fact, the standard torus partition function is also trivial in our case. However, in order to account for all
the states, we flip the 919 sign (c.f. with eq.[10.7.9] of [14]).

6We should rather note, that this is the integrand of the partition function.
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The level is the power of the parameter ¢ and the respective coefficient of this power is the
number of states at this particular level. So, from eq., we read that there are 16 states at level
n = 0, 256 states at level n = 1, 2304 states at level n = 2 and so on (shown at fig.[2.2]). Now
that we understood how to read this partition function, the next important question is why do
we care about this number n that represents the level? What do states that belong to the same
level have in common? Well, the answer to that is something quite surprising: All the states in
the same level have the same mass! The mass of the states is given by:

4
m>=—n, n=0,12,... (2.6)

OC/
Therefore, all the states in a specific
level share the same mass. This pre-
cisely is the reason why n is some-
times called massive level. In our 80000
overview of string theories we said that
the bosonic strings included a special 60000 4
state called tachyon with a negative
squared mass. Note that there are
no negative square masses in eq.[2.6],
meaning that the superstrings are free
of the tachyonic state! Naturally, 20000
this is one of most important rea-
sons to employ superstring theories. M

. 09 X% X

Now that we got a basic understand- : ; : ; . i . ; .
. . . 0.0 0.5 1.0 15 20 25 3.0 35 4.0
ing of how the notion of the parti- Level n
tion function operates it is time to
move forward to more interesting ques- Figure 2.2: Number of states for the
tions. first couple of levels, as shown in

eq.[2.9).

Number of states up to n=4

40000

# of states

2.3 Counting states in string theory

In the previous section we saw how we can find out the exact number of states in a particular
level of the infinite tower of states of type II string theories. Having found such a function is an
essential step towards understanding the theory. However, there are plenty of other interesting
questions that relate to the partition function, such as studying the density of states of the theory
and potential phase transitions. Let’s start small and proceed to present the latter one.

2.3.1 The Hagedorn temperature

The moment we heard the word phase transition the first thing that comes to mind is statistical
mechanics. Here we shall follow a line of reasoning within the realm of statistical physics in order
to demonstrate how phase transitions occur. The first thing to consider is how one can define a
partition function in this framework. This is a quite well-known result:

ZB) =Y e = % (2.7)

n
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This result is for discrete systems but it can be rewritten into a continuous form by introducing
an energy density p(F) and integrating over all energies in the following way:

2(8) = / 0E p(E) e F (2.8)

from the above equation it is apparent that the behaviour of the energy density as a function over
the energies plays a crucial part to the integral’s -and thus partition’s- convergence or divergence.
If the integral is convergent then our partition function has an analytic form and we know how
our system behaves under the change of temperature; boring! Although, what is not trivial is the
case of the integral being divergent. Can we find an energy density such that eq.[2.8] diverges?
As physicists we are quite gifted at guessing} notice that if p(E) ~ exp(BgE) and we plug it in

eq.[2-8] we get:
Z(B) = / dE ePu=PE (2.9)

where clearly if § < [y -or equivalently T" > Ty~ then we found ourselves a divergent integral.
The critical temperature where the divergent behaviour is taking place is called the Hagedorn
temperature, and is denoted as Ty. The partition function contains all the thermodynamic infor-
mation of the system at hand. In the case of it being divergent plenty of crucial thermodynamical
quantities, such as:

0 ou oF

F=-Thz, U= GBIHZ’ C = 57 S = a7

become non-analytic or singular, indicating that a phase transition is taking place in the system.

Concluding this short excursion in the field of statistical physics, we learned that for systems which

have an energy density of the form p(E) ~ exp(BuyFE) there is a critical temperature where the

partition function becomes infinite leading to a phase transition. With this, we are ready to return
to the string theory point of view.

(2.10)

2.3.2 The partition in the high energy limit

In the last section we laid some groundwork about the potential phase transition that a theory
can undergo if the density is such that the partition function, and hence other important thermo-
dynamical quantities, become singular. Having established the importance of the density in this
whole scheme we would like to press on and start studying the density of states in type II string
theories.

The fact that we have written down the partition function for the theory is a solid step towards
understanding how the states are organized in it. But there is an issue coming up from the very
form of eq.[2.4]; it is not expressed in an analytic way. A function written as an infinite product
is very hard to be studied. Therefore, the first step would be to rewrite it in a closed form. We
recall the following definitions:

n(r) =g [[(1—q¢"), g¢=exp(2rir) (2.11)
V1o(7) == 24¢"® H(l —¢")(1+q")? q=exp(2mir) (2.12)

or I should say at making educated guesses.
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Beginning from eq. :

— (2.13)

where in the second equality we used eq. and in the third one eq.. Keep in mind that
the tildes on top of the functions are related to the convention that we specified when we first
encountered the partition function eq.. So we have rewritten the partition function with the
help of some special mathematical functions, namely the Dedekind Eta and the Jacobi theta of
order 2.

Now that we derived the closed form for the partition function we want to ask a different
question: "What happens in the regime where the high energy strings dominate the partition
function?". In other words, we want to consider the high energy limit of the theory, but before
diving into doing calculations we need to understand how do we obtain this limit. Let’s write our
partition function in the following form:

Zr (1) = i b q" = i by, €277 = i b, e~ 2 (2.14)

n=0 n=0 =it n=0

where in the last equality we set 7 = ¢t, ¢ > 0 and set Re7 = 0. Now, physical intuition is in action
because, in the high energy limit of the theory, it only makes sense that the dominant contribution
to the partition function will be from high energy strings. The energy of a string state scales as
E ~ m ~ y/n and hence the strings with high n must be allowed to contribute mostly in Zy. This
claim might seem a bit paradoxical as there is an exponential behaviour that is more suppressed as
n increases. Therefore, the only way to allow to high energy strings to dominate is by demanding
t < 1. So, after this brief motivation, we commence from eq. and we try to compute its
behaviour in the high energy regime of the theory, i.e. in the limit where 7 = it, t < 1 with ¢ > 0.

The high energy limit

Let’s begin by making the substitution 7 =it in eq.[2.13]:

Z(it) = Vi) (2.15)

Now, we have the luxury of knowing how these special functions transform under the S-transformation
T+ —1/7 (see Appendix A). By substituting 7 = it we get the following relations:

P10 (it) = 112 9, (%) (it = 2y (%) (2.16)
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Plugging eq.[2.16] back into eq.[2.15] we get that:
T4 N
i = o0 ()] [ ()]
= 149}, (%) 12 G) (2.17)

At this point, one might think that the last expression does not seem to be any simpler than that
of eq.[2.15] and one would be completely right. It isn’t! However, notice that so far we have not
made any approximation. Now, we take a closer look at the following quantities:

a()- [ ()]

- :1 + 22(—1)” exp (_%>r

= (2.18)

where in the last equality we used that ¢ < 1 and therefore all the terms in the summation are
exponentially suppressed, leaving only the dominant contribution coming from the n = 0 term.
Let’s see how the Dedekind Eta behaves in the same limit:

o) [ Rl

n—

:mqg)ﬁg_mwﬁgﬁ”

n=1

<! exp (—%) (2.19)

where again all the other terms are exponentially suppressed. The results obtained from the
eq.]2.18], eq.[2.19] are rather beautiful and simple. Finally, we can substitute them back in eq.[2.17]
and obtain the complete behaviour that we set out to figure out in the first place:

Zp(it) ~ t* exp(n/t), t<1 (2.20)

with this very neat result we will wrap things up and continue towards our next topic for discussion,
where the last equation shown here will play a crucial role.

2.3.3 Asymptotic Density of States

At this point we have derived some basic results for the partition function and we are now ready
to move on to exploring the so-called density of states in the theory. Given the complexity of the
partition function, which can be seen from eq., deriving the analytic density of states for the
type II theory is an extremely difficult task. However, we, being physicists, are extremely bold
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when asking scientific questions and even if we cannot provide a complete solution for the question
that we pose we always attempt to find a part of the solution, at least in some regime.

Let’s consider what pieces of information we have about the partition function; one thing comes
to mind: We know how the partition behaves in the high energy limit of the theory. Doesn’t look
like much... But we’re physicists, we have to work something out about the density of states. Let’s
see what we can do. First thing is to write the partition function in the following form:

Zr(it) = p(n) e 2 (2.21)

n=0
where we just substituted inside ¢ the 7 = it, ¢ > 0. Here p(n) is just a function that shows the
number of states at level n. Looking at ﬁg. that shows the first few coefficients of eq. with

respect to the level n, we can clearly see that the density seems to have an exponential behaviour.
Thus let’s denote:

p(n) = exp(f(n)) (2.22)
plugging this back to eq.[2.21] we obtain:
g\ f(n) _—2mnt
Z(it) = Z; e . e (2.23)
n= B

From this point on, we need to make some assumptions for the function f(n) in order to be able
to derive a reasonable result. Here are our assumptions for it:

1. f(n) itself must be a strictly increasing function.
2. f(n) must be increasing at a slower rate than that of a linear function.

The first one comes about from the fact that the number of states at each level is increasing.
The second one is a bit more tricky but equally essential. In eq. there are two factors, one
increasing, namely A4, and a suppressing one, namely B. If it were that the function f(n) would
grow in the same way as f(n) ~ n (or at an even more rapid way) then, of course, the total
summation would not converge because A would dominate as n — oo. But that cannot be true
because we have found an analytic expression for it, i.e. eq..

For a given t > 0 of order t ~ O(1) the suppressing term B would again dominate over the
increasing term A even for small n, so we take the limit ¢ < 1. In this case, we -by hand- restrict
B ~ 1 for small values of n and therefore we know that A will be dominant up to the point when
n > 1. However, at n > 1 = nt ~ O(1) the suppressing term will take over again as it should
in order to get something convergent. The behaviour that we just described for the terms A, B
seems to have a turning point -namely a global maximum- at n > 1. This global maximum is an
extrema of the function:

g(n) = f(n) — 2mnt (2.24)
and happens when:
g(n) = 0= f'(n.)=2nt (2.25)

Naturally with n, we denote where the maximum of g(n) is located. Since this turning point is
located at the n, > 1 regime then we can approximate:

o] 400
Zy(it) = et ~ / dn e9™ (2.26)
n=0 -
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where all the regions of n are exponentially suppressed apart from the one in the vicinity of n,.
The next few steps of calculations are known to physicistsﬁ as "Saddle-point approximation". Let’s
get into it! We begin by expanding g(n) around n = n, because from this vicinity we shall get the
dominant contribution to the integral:

o) = g(n.) + 5" () (n = n.)? + O ((n = n.)P) (2.27)

where, of course, ¢'(n.) = 0 and ¢”(n.) < 0 since there is a maximum at n = n,. Now we
substitute the above equation into eq.[2.26] to acquire:

+00
Zp(it) ~ /_ dn explg(n)]

e}

~ / i exp [g(n*) 1 - n*ﬂ

o 2

+o0
—explyln] [ dn exp |50} - )
= explo(n)y | oy (2:28)

here, in the last equation we used the Gaussian integral formula. The idea from this point on is

to demand that eq.|2.28] is equal to eq.[2.20]. First, we express eq.[2.20] using eq.| [2.25] and after

that we enforce the equality, i.e.:

ttexplan/t) = (£ 'é’;*’)4exp ( f?(i)) L explyn)y | (2.20)

Lastly, we recall that from the definition of g(n) it holds true that g(n.) = f(n.) — 27n.t and
g"(n.) = f"(n,). Using these two relations we can rewrite the above equation into an ODE for
the function f(n). Let’s do that:

e (700) =S (0))y 7 = (fé?r*)):”’ (707) (2:30)

We finally got a differential equation describing the function f(n). Great news! Solving this
equation will give us the density of states that we have been trying to find. However, anyone with
a basic understanding of ODEs will immediately notice a couple of issues arising from its form;
this is a homogeneous, non—linealﬂ ODE of second order. The non-linearity practically means
that we cannot solve it using standard tools. Only a handful of non-linear ODEs have a standard
way of being solved but this is not the case for our ODE since it contains special functions like
exponential and square root.

From this point on, in eq., we drop n, and we substitute it with n for convenience. Now,
let’s see what we can do with eq.[2.30]. We know that f(n) is an increasing function and that
we are considering the n > 1 regime. With these arguments in mind, we claim that the leading

8To no-one’s surprise, mathematicians call Saddle-point approximation a completely different notion.
9Merely mentioning the word non-linear makes physicists feel very uncomfortable.
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behaviour of f(n) will be obtained from the exponential parts of eq., as they will dominate
over the square root and non-linear term at large n. We begin by making an ansatz for the function
f(n) to leading order:

f(n)=An* s<1 (2.31)

where A is a constant. Let’s plug in the dominant parts of eq.[2.30], i.e. the exponential ones, and
see if we can determine A and s:

exp (A n®—nAs ns_l) = exp (2—7T2)

Asns—1

2
o 2m

= (A—sA)n’ = A"

- (2.32)

the last equation is a polynomial one and hence can only be satisfied if it holds that:

1 212 =12
s s—=, and A—sA=-_
s s=s=g5 an s v

A =212 (2.33)

Perfect, we were able to determine both of them! Observe that, as we conjectured in the ansatz,
s =1/2 < 1. At this stage, we have established the leading contribution of f(n) in the asymptotic
limit, namely f(n) = 27v/2n. Our next step, is to attempt to find the first sub-leading behaviour
of f(n) and for that we shall again make a new ansatz:

f(n) = 2mv2n + Byo(n) + C (2.34)

with constants B, C'. In order to derive this sub-leading correction we will now exploit the complete
eq.. Although, considering the sub-leading correction ¢(n) in the sub-dominant terms of the
ODE is redundant as this will contribute to even higher sub-leading terms in the expansion of
f(n), which are irrelevant here. We commence by evaluating the two sub-dominant terms using
the original ansatz:

T T n3/2
% = €xp (hl %) = exp (%hl %) = exp (gln \/%> (2.35)

(52 = exp [ (52"} = (-1 v o

Now that we expressed the sub-dominant terms of the ODE we proceed to plug the complete
ansatz in the exponetial parts of it. By combining both the expressions of eq.[2.35], eq.[2.36] and
the exponential parts we get the subsequent equation:

and

exp [M+B<p(n) +C— n(ﬁ%—i— B(p’(ﬂ)) + gln \/%]

= exp

—4Inv2n + o + V2 — m/%] (2.37)
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where in the second line we added and subtracted 7v/2n in order to use eq.[2.32]. If we now take
logarithms in both sides of it and pull out a common factor of 7v/2n (written in a specific manner),
we are led to:

3 272 1
Bo(n) +C — Bny'(n) + =Inv2n = —4Inv2n + T - —1 (2.38)
™2
No doubt that this ODE looks quite nasty to solve, there are non-linear terms, special functions

and so on in it... Let us perform a trick and see if the equation simplifies at all. We claim that
Bw’(y\/ﬁ
™2

the term is small, i.e:

By'(n)y/n
™2

then we can Taylor expand the fraction. By doing this eq.m reduces to:

\/_ ( I ”)\/ﬁ - 1) (2.40)

After these miraculous cancellations we are left with the equation:

<1 (2.39)

Be(n) + C — Brlin) + gln Van ~ —41n 20 +

3
Bo(n) + (5 + 4) Inv2n+C =0 (2.41)
Naturally, it is obvious at this point that in order for eq.[2.41] to hold true then it must be that:
11
e(n) =Inv2n, B__E C=0 (2.42)

However, we are not quite done yet, there is one last thing to check. Recall that our assumption
in eq.[2.39] might have been a bit out of the blue, hence now that we have our solution we have to
check if it is indeed small at high n. If this is not the case then we need to discard the solution.

Checking our claim:
B¢/ (n)y/n €4 - 1
7r\/§ NG

Therefore, we confirm that our assumption was indeed correct! Spectacular news! We have
managed to derive the asymptotic density of states:

p()—exp<27r\/_ ln\/_) n — oo

<1, n—o0 (2.43)

= (2n)"M4 ™V oo (2.44)

by having nearly zero input data for our problem. The asymptotic densitylﬂ7 that we just derived,
can be seen in ﬁg., where we contrast it with the number of states for the first 25 levels.
Clearly, the density is more accurate in the high n region, as we had assumed.

Before we conclude, a last comment is in order. Recall that we saw, from a thermodynamical
point of view, that should the energy density have the form ~ exp(SyE) then at the Hagedorn
temperature there will be a phase transition. Observe that this is the case here, since F ~ y/n and
p(n) ~ exp(2my/2n) ~ exp(By E). Put differently, after the Hagedorn temperaturl 11|15 reached we
can expect that the theory will describe a very hot gas of strings.

10T his result is known for quite a few years and it can be found in [T].
HBy accounting for both left and right-movers, one can derive that Ty = (2mv/2a’) "1, Already from our density
of states, one can derive it up to a factor of 2.
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Figure 2.3: In the left subplot we plot the logarithm of the number of states for the first 25 levels of
the partition function. In the right plot we contrast these data points with the asymptotic density
of states that we derived in this section. Notice that as n — oo the logarithm of the asymptotic
density (i.e. Inp(n) = f(n)) describes the points more accurately, indicating that we made a good
approximation in our calculation.

2.4 On the s0(9) algebra

All the superstring theories that we introduced in the beginning of this chapter are, of course,
relativistic theories and thus they have to be compatible with the Lorentz group in D = 10
spacetime dimensions. The word compatible here is being used to express that the physical
observables of the theory must be Lorentz invariant while the theory must be Lorentz covariant;
for instance, scalar fields, vector fields and spinor fields must transform in the way expected by
the Lorentz group.

The Lorentz group in D dimensions is the SO(1, D — 1). Therefore, for D = 10 dimensional
string theories the respective group is SO(1,9). Now, we want to discuss how the Hilbert space of
such theories is organized. Assume that we have a massive single-particle state with a momentum
pt. The on-shell condition demands that:

p? = —m? (2.45)

Since the particle is massive, we can always go to its rest frame where the particle is at rest, then
its momentum is given by p* = (m,0,...,0), which satisfies eq.. Let us pop the question
"What set of transformations leave this vector invariant?'[2l The answer is that all the rotations
in the 9 spatial dimensions preserve this vector and this set of rotations is isomorphic to the SO(9)
group. Therefore, the massive states are labeled by representations of SO(9), or we should say of
its algebra s0(9).

Let us take a quick look at the massless states as well. Obviously, since they are massless, we
cannot go to their rest frame. The momentum vectors for massless states are null vectors, that is

12Here we are effectively asking what is the little group H(p) < G of the point p € R under the action of
G = SO(1,9). For more information of this look at section 5.7 of [I5].
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they obey the massless on-shell condition:
p? =0 (2.46)

Pick your favourite null vector, such as p* = (E, E,0,...,0), and proceed to ask the same question
as before. Again, the set of transformations that leave this null vector invariant are the rotations
in the remaining 8 spatial dimensions -isomorphic to SO(8)-, hence massless states are labeled by
representations of s0(8). Having said these two very important conclusions about how the Hilbert
space of these theories is organized, it is time to press on to the next topic, that of the s0(9)
algebra.

2.4.1 Definition and dimension

Let’s begin by the respective Lie group for this algebra, namely SO(9). This is the group of
rotations in the 9-dimensional space and as a set it can be defined in the following way:

S0(9) = {0 € GL(9,R) | OTO =19, det O = 1} (2.47)

The first thing we would like to know is the dimension of its algebra. Recall that we have already
said that the algebra is isomorphic to tangent space at the identity, that is s0(9) ~ T,SO(9), thus
the dimension of the group is equal to the dimension of its algebra. The dimension of SO(9) as a
manifold is:

99 —-1)
2
Next, we want to determine what is the nature of the basis elements of 50(9). There is a neat way
around this, that, once more, uses the fact that the algebra is isomorphic to the tangent space at
the identity. Let’s assume that we are given a matrix R € SO(9) and we Taylor expand it around

the identity:

dimpg 50(9) = dimp SO(9) = — 36 (2.48)

R~1g+eX + O(?) (2.49)

where ¢ is a sufficiently small book-keeping parameter. From eq.[2.47] we know that the matrix
R must obey that RTR = 1y, so we compute the product RT R using eq.[2.49] and then demand
it to be equal to unity:

RTR~ (1g+eX) (19 +eX) + O(<?)
= (1g+eXT)(1g + eX) + O(e?)
=19+ (X + X)) +0(e?)

!
=1,
leading to:
XT'=-X (2.50)

so the s0(9) algebra is spanned by 36 antisymmetric 9 x 9 matrices. For completeness reasons we
write it as a set as well:

50(9) = {X € My(R) | X" = -X} (2.51)

One can actually construct such a basis explicitly by considering matrices with only 2 non-vanishing
entries, but we will not get into that at this point. Although, the computation can be found in

9]
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2.4.2 Approaching Weyl characters

Now, we dive in the more abstract treatment of this algebra. To begin with, we take a quick look
at the dictionary of tab. given above, which immediately provides us with the mathematician’s
name for s0(9), which is B;. The name indicates clearly that this algebra is of rank r = 4 and
hence we know that there exist 4 simple roots, say «;, that live in R*. The simple roots of By, are
listed below:

Qp = €1 — €y, Qg =€y — €3, (g3=~€3—€, 4=~ (2.52)

where e;’s denote the standard basis vectors of R*. And now, after all these years that I have
been the one reading it in physics books or manuals, I get to say the following phrase. We shall
not derive them here, but you should definitely attempt to derive them yourselves. Next thing
that we will need to know are the fundamental weights that we defined in def.. This is a
straight-forward calculation, so we will just give the result:

1
U1 =e1, po2=e€1+ey, ug3=er+ex+es, M4=§(€1+€2+63+64) (2.53)

Before moving on a comment is in order, having computed the fundamental weights, from now
on we can use the Dynkin labels to characterize an irrep instead of the highest weight. As we said
previously, we need r = 4 Dynkin labels, denoted as ¢;’s, and to specify an irrep we will adopt the
notation [¢q, {a, (3, ¢4]. Of course, if we ever want to find the highest weight of the irrep we only
need to use eq.. That being stated, we press on to presenting the Dynkin diagram which can

be seen in ﬁg..

Figure 2.4: Dynkin diagram for By = s0(9) algebra.

You should check that this diagram is consistent with the rules given in previous chapters and
the simple roots of eq.. Moving forward, it is important to compute the Weyl vector of this
algebra but since we do not have all the positive roots in our disposal it might be easier to take
advantage of the second definition that we stated in the footnote (recall, it’s equal to the sum of
the fundamental weights). This simple computation leads to:

7 5 31
S 2.54
P (2’2’2’2) (2.54)

It should be evident by now that we are trying to set the stage for computing Weyl characters
of representations of s0(9). By a quick inspection at def. we see that we still need to discuss
the Weyl group for the B, algebra. Let’s get straight into it then: The Weyl group is generated
by reflections that preserve the whole root system. The roots in our case live in R* and are of the
form {+e;, +e; £e;} with unrelated signs. Clearly, there are two different operations that one can
perform on this set of roots that preserves it as a set. The first one is permuting the basis vectors:

€i = €o(3)
where o € S;. Since this preserves the set is must be that Sy < W (s0(9)). The second operation

is flipping signs independently:
e; — te;
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and since there are four basis vectors, this operation is described by the grouﬂ Z3; thus Zi <
W (s0(9)). Now the remaining question is how to combine these two results, if these operations
can be done independently, as we just claimed for the Z, case on the different basis vectors, then
we just need to take the direct product of these subgroups. Unfortunately, this is not the case
here and the reason becomes apparent when considering the following scenario: Suppose we flip
the sign of e; and then permute the result with es. Is this scenario described by the same group
element as first permuting e; — e; and then flipping the sign of the result of the first operation?
The answer is no, the permutation changes which coordinate the sign flip refers to! Therefore, the
two subgroups do not "commute" and hence we cannot take their direct product as the complete
Weyl group. It turns out we need the semidirect product:

W(s0(9)) ~ Z5 x Sy (2.55)

whose cardinality is |[W (s0(9))| = 2 - 4!= 384. With this result we are ready to move on to the
computation of Weyl characters for the B, algebra.

2.4.3 Weyl characters of By

This is the point where we shall explain how to actually compute Weyl characters despite the
poor notation used in def.. But before we get to that, a word of notation is in order: In
def. we denoted the characters with the letter y, however, this choice is not very convenient
and that will be clear later on. So most of the time we will denote the character of a given irrep,
say [p, q, 1, s], with the same symbol as the irrep. Worry not though because when needed to show
a decomposition of something into specific irreps we will use symbols such as @, ®, etc.

Let’s try to break down the notation used in eq.. First of all, we now know the limits of
the summation, it’s equal to the cardinality of the Weyl group that we computed in the previous
section. Then we turn to the factor e(w) = %1, which can be obtained in the following way:

e(w) = (—1)%e" BiPs . permutation sign

where permutation sign is +1 for even permutations and —1 for odd ones. Obviously the result
of this calculation will always be 1. Finally, we consider the confusing notation of e***#) and
we begin by the power of this exponent. There we see an element w € W multiplying a sum of
vectors, but what is meant in this notation is that the group element w is acting on the vector.
Recall that such an element acts on a vector by permuting any of its coordinates and flipping signs
independently.

The last thing that we need to explain is the notation "exponent of a vector", that is e*. Observe
that the fundamental weights of eq. are linearly independent, therefore they form a basis in
R* which we can use in order to express vectors in these coordinates. We introduce 4 variables
Y1, Yo, Y3, Ya, called fugacities and let’s assume that we are given a vector b = (ny, ng, n3, ny) in the
fundamental weight basis. Then the notation e’ is used to denote the following map:

e’ =y sy y (2.56)

With this we have clarified the complete notation for the Weyl character formula of def.|1.4.3]. It

is definitely instructive to present a few examples of character computed for specific irreps of Bj.

13By the following notation we mean the direct product of groups: Zs x Zg x Zg X Zo
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We choose to present the simplest irreps that there are, so we pick the upcoming irreps:
[0,0,0,0] =1 (2.57)

2
1
[1,0,0,0]:1+y1+@+%+y—4+y—g+%+&+— (2.58)
Y1 Y2 Y3 Ya Ys Y2 Y1

[0,070,1]:@4_%4_%4_&4_%4_&4_&_'_%
Ya Ys Y2 Ya Y1 YalYr Y2Ys Y3

1
+y4+@+y1y3+ Ys _'_yly4_'_y492_'_%+_ (2'59>

Ys  YaY2  Y1Ys Y3 nys Y2 Ya

where these are the characters for the trivial, the vector and the spinor irreps of B, respectively.

Now a couple observations are in order, firstly notice that using the map of eq. we get
the characters in the form of Laurent polynomials, which is a great property for the scope of our
work. Secondly, observe that when we set all the fugacities y; — 1 we obtain the real dimension
of the representation. Obviously the trivial irrep is of dimension 1 while the vector irrep of By is
of dimension 9 etc. It holds true that for a given character of an irrep R = [p, ¢, , s]:

XR o dimg[p, q,r, 5| (2.60)
which is, in fact the way to prove the the Weyl formula for the dimension of an irrep that we did
not get into. Finally, someone who is a bit more engaged might pop the question "Why did we
choose to express our vector b in the fundamental-weight basis? Could we have chosen a different
one?" Well, the answer is that we chose it because it was convenient to use but one can definitely
pick a different basis to express the Weyl characters. Let’s consider this as an opportunity to
introduce a different basis that is going to prove itself useful later on.

The most essential thing about changing the basis is understanding what we have done in
eq. in hindsight. What happened there is that we introduced the vector b = n;u; and then
assigned the symbo]ﬂ et to the fugacity y;, i.e. y; := e#. However, when we want to express the
character in a different basis then we must change the fugacities in the proper way. We must pick
new fugacities and figure out how they relate to the old ones. Assume that we want to express
our vector in the standard basis of R?*, say b = g;e;, and let’s name our new fugacities as x; = e
then we get the following dictionary:

o =e't =€t =1y
Yy = eM2 — 661+€2 = T
Y3 = eHs — efiteates T1ToTs

— 6(61+62+63+e4)/2 1/2

Yy = el = ($1I2$3I4)

where we used eq.. However, one can immediately see a potential problem. We claimed
that we want to keep the characters as polynomials but the last equation considering y, indicates
that there will be half-integer powers in our characters, which will ruin the desired polynomial
structure. Luckily for us, we can resolve this by squaring all the fugacities z; — x?. If you find
yourself protesting to this remember that they are just book-keeping parameters and if we perform

14We are saying symbol because truly we had a mathematical notation that made no sense, so we treat as a
symbol and we merely renamed it. Think of them as book-keeping parameters.
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the same operation to all of them then everything should work out. The fixed dictionary is then
given by:

2
Y1 =27

2.2
Yo = T1Ty

2.2 2
Y3 = T1TT3

Yy = XT1X2T3T4 (261)

Before concluding this section we deem it instructive to present the character of the vector irrep
using the x;’s:

1 2, 1 2, 1 2, 1 2

[1,0,0,0] =14+ 5 + 21+ 5 + 25 + - + 23+ — + 2} (2.62)

xy x5 x5 x5
A last comment, notice that despite the fact that the base is changed eq.[2.60] still holds true!
This is a generic property and is not dependent on the choice of basis. With this note, we would
like to conlucde this section and proceed to the subsequent one.

Symmetries of Weyl characters

As physicists, if there is one thing that we are proud of, is finding symmetries. Naturally, we
cannot dismiss the chance to talk a bit about the structure of the characters that we presented
in the previous section. For simplicity, we shall focus on the characters of [1,0,0,0] in the two
distinct bases, given by eq.[2.58], eq.[2.62]. The symmetries discussed below appear to be generic
in all the characters.

We commence from eq.7 where there is an obvious symmetry in the character. Observe
that if we take a random element of this polynomial, say y;, then it’s inverse also exists within
the polynomial. To make it more concrete, for an irrep with Dynkin labels [p, ¢, r, s|:

=[p.q,7, 5] (2.63)

p? q? 717 8
[ ] vi—1/yi

where the above equation states that if we sent all the fugacities to their inverse the character
remains invariant. In fact, this symmetry is related to representations of B, being real, but since we
haven’t defined such representations we shall not elaborate any further. Moving forth to eq.,
we can see that the same symmetry holds true also for the case of the z-fugacities; indeed sending
all of x; — 1/x; leave the character unchanged. However, it is quite evident that the expression
of the character in the z-fugacities seems a bit more symmetric to the eye. Clearly, it must mean
that there is another symmetry in hindsight that was not there in the expression of eq.. This
"extra" symmetry can be described as such: if there is the structure z? in the character then the
monomials 73, 3 and x? are also contained in it. Again, a more concrete way of expressing it, for
an irrep with labels [p, ¢, 7, s] is:

D, q, 78| _ = [p,q,7, 5] (2.64)
cyclic permutations of x;—x;
where cyclic permutations mean x; — x5, 9 — T3, T3 —> Ty, T4 —> 1 O Ty —> Ty, Ty —> Ty, Tg —
Zo, To — x1 or any other similar permutation. This is a spectacular feature of the characters
expressed in this basis! Finding a new symmetry is always a very exciting -and most helpful- trait.
Needless to say, that these symmetries will be of great aid in our work later on.
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2.5 Decomposing the Hilbert space of type 11 string theories

In the last two sections we explored how the density of states behaves in the high energy limit of the
theory and how we can work out Weyl characters for representations of the theory’s little group,
namely s0(9). Having understood how these concepts work it is time to press on towards one of
the main focuses of this work. The question that we wish to answer is "How is the Hilbert space of
the theory organized exactly?". Naturally, since our description of string theory is perturbative, in
our attempt to address the preceding question we will work on the one-loop partition function, as
shown in eq., ignoring the corrections to the spectrum coming from higher loop geometries.

2.5.1 Previous work

By a mere inspection of either eq. or eq. one can immediately realize that the one-
loop partition function does not provide any piece of information about the way that states are
organized at a given level n. In particular, the structure of the irreducible representations remains
completely undetermined. Leading us to the apparent conclusion that if we wish to understand
the composition of the Hilbert space then we, somehow, need to make the irreps manifest within
the partition function.

Luckily for us, there has been found a way of implementing this extra feature within the
partition function by [2]. They were the first group to come up with a solution for this particular
problem and provide a generating function of s0(9) representation content of string states at all
massive levels. Our work from this point on will have as a benchmark the work of [2] and we will
heavily rely on their procedurd™® In order to facilitate the information about the representation
structure of the theory at massive levels they employed two tools. Firstly, the formalism with
the fugacities and the Weyl characters introduced in the previous section and secondly the two
following functions, called Plethystics, which they proposed:

o

PE[g(tr, ..., t)] = exp (Z M) , (2.65)

PEplg(ty, ... tm)] = exp (Z =) Hg(]il’ — ’t"‘)) (2.66)

where the function g(ti, ..., t,,) obeys that ¢(0,...,0) = 0 and the subscript F' in the last equation
stands for "fermionic". However, we shall refrain from providing extra information about this
specific construction using the Plethystic functions because we will not be using this formulationE].

On the other hand, we need to explain a bit more extensively which "partition function" they
are actually attempting to express using the Plethystics and then decompose in irreps of By. For
a moment, let us forget the whole "rendering the irreps manifest" story and head back to eq.[2.5].
The coefficients of the n = 0,1 levels indicate that there are 16 massless states and 256 massive
ones respectively. From other considerations within the theory, the organization of these states
is already known, thus there is no need to attempt a decomposition in the first place. They are

15Since this is the case, we have chosen to even follow some of their conventions. Therefore, some conventions
adopted in our work are "under the carpet" such that the comparison with their work is straightforward.
16This will become apparent in the next few sections.
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organized in:

16 massless states : [1,0,0,0]s @ [0,0,0, 1]s (2.67)
256 massive states : [2,0,0,0] & [1,0,0,1] & [0,0, 1, 0] (2.68)

where the subscript 8 in the first equation refers to representations of Dy = s0(8) algebram. As
a consequence of SUSY, the decomposition of all the higher massive levels is a tensor product of
eq. with some irreps of By. As a result, they decided to factor these contributions out and
chose to make the definition:

Z1(q) = 16 + 256 ¢ Z,n(q),  Zm(q) = 1+ 9q + 60¢> + 329¢° + O(¢*) (2.69)

and focused on decomposing the generating function originating from the Z (q) partition function.

After figuring out the reﬁnedl generatmg function Z (Y1, Y2, Y3, Ya; q) they successfully managed
to decompose it up to order O(q?). Their results for the first couple of levels can be viewed below:

n=0:[0,0,0,0]
n=1:[1,0,0,0]
—2:[2,0,0,0] & [0,0,0,1]
=3:[3,0,0,0] & [1,0,0,1] & [1,0,0,0] & [0, 1,0,0]
n=4:[4,0,0,0]®[2,0,0,1] & [2,0,0,0] & [1,1,0,0] &
[1,0,0,1] & [0,1,0,0] @ [0,0,1,0] & [0,0,0, 1] @ [0, 0,0, 0]

where now the integer n refers to the expansion of Z; The rest of their results for the type II
spectrum can be found in [2]. Remember that, as one would expect from what we have said about
fugacities so far, when setting y; = 1 in the refined partition function then one obtains back the
standard one. A final note before concluding this section is in order. In [2] they remark that they
found a selection rule that holds true for the results of the decomposition up to order O(q°) which
states that the third entry of the Dynkin labels is either 0 or 1 but never higher than that. This
can be also verified by a mere scanning of the results of the first 5 levels.

2.5.2 Advancing to higher levels

We have, at last, reached the point where we get to discuss what course of action we took in order
to further develop the initial work of [2]. From a computational point of view, our aim was to
derive the decomposition of the spectrum at even higher levels; hopefully way beyond level 10
(n =0 — n =9). We should note that the procedure we followed was similar to the one of [2]
but with a few adjustments. One of which is that the number n in our work and the work of [2]
differs by a unity, they would refer to the first 10 levels as n = 0 — n = 9, while we refer to them
asn=1—=n=10.

Let’s take one step at a time and start explaining the procedure that we employed. Since our
aim is to make some new developments in the same direction as [2], it goes without saying that

I"This algebra is also rank 4 and hence the subscript is there to remind us that these are not irreps of B;. Of
course, this is expected since we explained that massless states are organized in irreps of D4. Always assume that
if there is no subscript we are talking about irreps of Bjy.

18We use this word to denote that fugacities have been introduced into it.

Uppsala University 45 Department of Physics and Astronomy



Chapter 2 2.5. Decomposing the Hilbert space of type II string theories

we shall also focus on Zn(q), where the 256 states are factored out. Following along the notation
introduced by [2], we call the character of this decomposition:

Zg =12,0,0,0] +[1,0,0,1] +[0,0,1,0], Zg|,_, = 256 (2.70)

where in the last equation when we write y; = 1 we mean in general "fugacities set equal to 1"
rather than specifically referring only to the y-fugacities. In fact, the z-fugacities carry an extra
symmetry, as explained in the above section, and therefore we will use them instead of the y ones
during this work.

In the previous section we stated that we didn’t use the Plethystics formalism, given by [2], in
order to write an explicit form for the refined partition function. Curious reader, at this point, you
might wonder why not use this formalism. I can assure you that there is a very good reason for
it. So let’s address the elephant in the room: This project has rather demanding computational
requirements. As a result, most of the steps and techniques we adopted were chosen based on
their computational efficiency. We should also note that our code is written in Mathematica and
Python, hence code efficiency constraints are taken into account in this project. Now, back to our
discussion: It turns out that there is a computationally preferable way of expressing the refined
partition function and that is by using the Jacobi Theta functions. The refined partition function
for Z;(q) can be written as:

B 16 sin(wy ) sin(wz) sin(ws) sin(wy)
ZQ 1911(w1, 7')1911(6027 7')1911(003, 7)7911(0047 7')

1
X 5 (ﬁoo(wl, 7')1900(002, 7)1900(%7 7')1900(&)4, 7')

ZL(wla Wa, W3, W4; T)

- 1901(001, 7')7901(&12, 7')7901 (w37 7’)1901(&14, T)
—+ 1910((,01, T)1910<u}2, T)’l?lo(w;g, T)’l910((x)4, 7')> (271)

where these w;’s are called potentials and are related to the z-fugacities by z; = exp(iw;). As we
know, there are nearly infinite different conventions for the Theta functions and hence the content
of eq. might be a bit unclear. Instead of trying to explain exactly what conventions we mean
here, let’s be smart and use a benchmark; i.e. Mathematica. Mathematica has a unique way of
defining these functions and it’s the same for all Mathematica users. Therefore it suffices to just
provide how eq. can be implemented in Mathematica code:

ZL[g_, wil_, w2_, w3_, w4_] :=

(
16 Sin[wl] Sin[w2] Sin[w3] Sin[w4]

1/2 EllipticThetal2, wl, Sqrtlql]
EllipticTheta[2, w2, Sqrt(ql]
EllipticTheta[2, w3, Sqrtlqll
EllipticThetal[2, w4, Sqrtlql]

+1/2 EllipticThetal3, wl, Sqrtlql]
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EllipticThetal[3, w2, Sqrtl[qll
EllipticThetal3, w3, Sqrt(qll
EllipticThetal3, w4, Sqrtlqll

-1/2 EllipticTheta[4, w1, Sqrtlqll
EllipticThetal4, w2, Sqrtlql]
EllipticThetal4, w3, Sqrtlql]
EllipticThetal4, w4, Sqrtlql]

)/ (
EllipticThetall, wl, Sqrtlql]
EllipticThetall, w2, Sqrtlql]
EllipticThetall, w3, Sqrtl[qll
EllipticThetall, w4, Sqrtlql]
);

where the factor Zg has been omitted here as it needs to first be defined in Mathematica; here we
wanted to provide an operating code for eq.[2.71] and thus Zg; you shall have to add yourselves.
Having set the stage, it is time to move on and explain the procedure that we followed.

2.5.3 The procedure

This will probably be a rather small section since the procedure itself is not quite involved. How-
ever, as we shall see the computational requirements that arise are the most difficult obstacle to
overcome. As already stated the decomposition is being done level by level. The first thing to do
is to expand eq. around ¢ = 0, leading to the following form:

Z(%; q) = Po(x;) + Pi(z)q + Po(z:)* + Ps(2)¢° + ...,  q=exp(2mit), x; = exp(iw;)

where z; is a collective notation. Now, the idea is to extract these polynomials P;(z;) and decom-
pose them into Weyl characters of B, irreps. Of course, the second foremost thing that we need
to obtain is a suitable set of characters within which to search for the decomposition.

So far, the procedure is expressed as a conceptual task that one might deem it a straight-
forward one. However, this is the point when the first issues start to arise...Observe that, since the
P;(z;)’s are some linear combination of characters they must be huge polynomials. Also keep in
mind that a character is a polynomial with dimg[p, ¢, 7, s] terms and hence even single characters
can be quite extended polynomials. For instance, the simplest characters have:

[1,0,0,0] — 9 terms, [0,0,0,1] — 16 terms, [0,0,1,0] — 84 terms

These pieces of information lead to the inevitable conclusion that we need to employ a couple of
tricks in order to deal with the computational load of the task.

1. Trick 1: We do not employ a fixed pool of characters. We rather begin with a contained
one and as we progress to higher and higher levels we enrich it with more characters.

2. Trick 2: We take advantage of the characters symmetries from eq.[2.63] and eq.[2.64].

We have written a function called DominantMonomials[] that cuts down all the redundant

Uppsala University 47 Department of Physics and Astronomy



Chapter 2 2.5. Decomposing the Hilbert space of type II string theories

monomials that can be generated by these symmetries. We use it on both the characters
and the polynomial P;(x;) before the decomposition. In order to demonstrate the amount of
aid that we get from the symmetries let’s provide an example: For the character of [4, 2,6, 7]

we have:
DominantMonomials[]

[4,2,6,7] — 783296 terms 2841 terms

This is a spectacular decrease of 99.6%! This is a physicist’s dream come true! Turns out
that employing the symmetries is an essential technique in order to obtain -practically any-
result.

On the machinery limitations...

Before concluding this topic we would like to share some information about the machinery limi-
tations of the project. It is always useful to have these kinds of information in any computational
work, although it will be quite brief. So, with the procedure described above the limitations are
as follow:

CPU Cores Threads RAM | Level
Intel Core i7-1166G7 4 8 16 GB| 15
AMD Ryzen 7 7435HS 8 16 16 GB | 23
Apple M3 Ultra 28 28 96 GB | 50

Table 2.1: This table lists the main characteristics of the machines used in the project and the
highest level achieved for each one.

It is apparent that the computational requirements of the project scale quite rapidly since the
third machine has six times more RAM memory than the first and second one and yet it only
reaches twice their levels. On this note we would like to conclude this discussion and press on.

2.5.4 Patterns...rising

Having understood the basic steps of the procedure as well as the tricks employed, we are ready to
proceed into the discussion of the results obtained. We begin by stating that we have successfully
acquired the decomposition of the spectrum up to level 100 (i.e. n = 100). In other words, we
know explicitly the representation content of By of the 1-loop partition function up to this level.

We deem it instructive to present a few of the results that we obtained. Yet, the way of
displaying them will differ from the one we used in the section discussing the work of [2]. Now,
we employ tables that depict the multiplicity of an irrep with Dynkin labels [y, z, z, z] where z,y
denote the axis of the table. To make it even clearer let’s take a look at the solutions of levels 5
and 6, that can be seen below in tab.[2.2a], tab.|2.2D].

The first thing that we would like to note is that our results are in complete agreement with
the work of [2, B]. We find the exact same decomposition for the first 10 massive levels for the
type II theory. Moving on, let us examine the decomposition of the levels 10 and 11, shown in
tab.[2.3] and tab.[2.4] respectively.

Pay a close look at the multiplicity in green, namely [0,0,2,0] — 2, meaning that at this level
there are two [0,0,2,0] irreps. If you are wondering why is this irrep special, let us remind you
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=]

¢° | 000 001 002 010 100 101

¢® | 000 001 010 100 5 1

4| 1 3 1 1

2 1 1 2 1 1 1

1 1 1 1] 2 2 1 2

0 1 1 1 1 0 2 1 1 1

(a) Level 5. (b) Level 6.
Table 2.2: Decomposition of Levels 5 and 6.

¢ | 000 001 002 003 010 011 100 101 102 110 200 201 300

9 1

7 1 1

6 1 1 1

5 4 3 1 2

4 5 6 1 1 3 1

3 |11 11 2 5 7 3 1

2 | 10 19 7 7 1 12 7 1 2

1112 22 9 15 4 17 14 1 2 5 |

0 3 12 10 2 10 5 13 15 3 6 5 2 1

Table 2.3: Decomposition of Level 10.

that the group of [2] had conjectured the "either 0 or 1-valued third Dynkin label" selection rule.
Nevertheless, it seems that the decomposition of level 11 is violating this conjecture, since the
third Dynkin label is 2. Unfortunately, it turns out that there is no such selection rule and the
team of [2] wouldn’t have made this claim if they had computed a couple more levels.

With all these in mind, we now turn our attention to the next topic. Most probably, you
noticed™] some colour-paletting in the above results. We have used colours in order to denote
some structures (or rather patterns) that appear in the decomposition of the levels. Apriori, we
would not anticipate such patterns to arise, as the decomposition of each level is unique -due to
orthogonality of characters- and it does not require as input any piece of information about the
previous level’s decomposition. In other words, there is no apparent reason why these patterns
show up, which only makes the effect even more interesting!

Here we are only showing a handful of results, although rest assured that the patterns are indeed
a generic feature. As we progress to higher levels, the number of the patterns showing up increases
even. An interesting question, that can be asked, is how we can make use of these patterns. Well,
since we observe that they are a generic feature, we can employ them in order to pin down some
multiplicities of irreps for the next level. To put it differently, if we are studying the level m
then by taking advantage of the patterns we can guess some multiplicities of the decomposition
of m + 1. By doing so, we reduce the number of unknowns that need to be determined and hence
we decrease the computational load of the level’s decomposition.

Last but not least, we would like to emphasize that despite the fact that we can put them to
use, there is still a big mystery around their existence. This is one of the most intriguing questions
that we can ask and they definitely need to be studied thoroughly in order to understand the

190f course you did, that was my intention!
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—
=

000 001 o002 003 010 011 020 100 101 102 110 111 200 201 210 300

q

10 | 1

8 1 1

7 1 1 1

6 4 3 1 2

) 3 6 ] 1 3 1

4 112 12 2 5 7 3 1

3 | 14 22 7 8 1 13 7 1 2

2 123 35 12 20 4 23 16 1 2 6 1

1|15 38 22 2 24 9 29 28 4 7 9 1
0 8 20 16 3 22 12 21 29 8 10 1 13 6 1 1

Table 2.4: Decomposition of Level 11.

deeper reason behind their manifestation. Therefore, we leave this as an open problem for the
future. Think about it!

2.5.5 An empirical rule

Up to this point, some of you may have noticed that we have, rather skillfully, omitted to address
the question: "How do you know which irrep characters to put in your pool?". Well, to be honest
with you most of the time we were making educated guesses. After we obtained the decomposition
of a level we would attempt to guess -based on the patterns- what extra characters we need to
add in the pool in order to acquire the solution of the next one. Not a very elegant technique I

admit but it lead to results...
However, after having the results for a couple of levels, one can work out the following empirical

rule that determines the level at which a given irrep first occurs. For a given irrep R = [p, q, 7, s]:

s>4: n>p+3q+6r+55—06
s=3: n>p+3q+6r—28
s=2: n>p+3q+6r+6

s=1,r>1: n>2p+3q+6r+2

s=0,r>1: n>p+3q¢g+6r—1

s=1,r=0: n>p+3¢g+3

s=0,r=0: n>p+3¢q+1 (2.72)

Note that this empirical rule works only for n > 7. Moreover, using the above rule one can derive
the number of distinct irreps at the level n:

{(n —1)4 N (n—1)3 N 109(n — 1)?

2160 36 360
Y (n—1) (% + %{(n ~1) mod3} - 1—18{(n —1)(n—2) modS}) J (2.73)

Let’s make an quick example to demonstrate how it works. Pick the irrep [0, 0,2, 0] that showed
up for the first time in tab. and let’s see if this is predicted by this rule. For the irrep [0, 0, 2, 0]
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we have:
p=q=s=0,r=2: n>p+3qg+6r—1=12-1=11=n>11 (2.74)

Clearly, it works! This is a very useful tool to employ, especially at high levels where guesswork
becomes too much to handle. One can now slightly change the approach to the problem, that is,
now one can generate a gigantic pool of characters, as many as one can store, and then at each
level use this rule in order to filter out all the irrelevant characters. That way one does not have
to worry about trying to guess the "correct" characters missing from the pool for the next level’s
decomposition and add them by hand. Definitely, from a point on such a treatment is necessary
in order to proceed to high levels of the the massive spectrum and with this remark we conclude
this topic.

2.5.6 Asymptotic Densities of irreps

Our next topic is somewhat related to the asymptotic density that we saw in previous discussions.
We have studied how the total number of states is dependent on the string level n at the n > 1
regime and now we would like to extend this question to the case of irreps themselves. Of course,
since now our partition function is too complicated to do things in an analytic way, we will have
to draw some conclusions based only on the data that we have at our disposal.

Let’s begin by considering the simplest irreps, i.e. the four fundamental and the trivial ones.
It might be useful to see how their multiplicities scale as a function of the string level, hopefully
we can get some information from plotting these data. The plots for the fundamental and the
trivial irreps can be seen on the left side of ﬁg., ﬁg., ﬁg..

Undoubtedly, all of the plots depict a similar behaviour which seems to become linear in the
limit n — oco. The characteristic behaviour is of the form:

m~ eV n = oo (2.75)

where m denotes the multiplicity, do not confuse it with the mass. Another logical step would be
to attempt to compute the coefficient # of eq. because arguably it could provide us with some
extra information. The most prominent way of doing it computationally is by fitting a straight
line in the high n regime of the plot, where we see the linear behaviour taking place; let’s go for
it. The results of this procedure can be seen in the right side of the ﬁg., ﬁg., ﬁg..
We see that the slope values obtained from these irreps are roughly the same (5.5 — 5.6) meaning
that they contribute in a similar way in the string spectrum. Now, the question of most interest
is whether we expected such a behaviour from the irreps themselves. Answering this question is
definitely not straightforward for the following reason: We know that the total number of states
at a level scales as:
p(n) ~ eV™ + subleading terms, n — oo

but does that imply that the all irreps scale in the same way? Could it be that only some irreps
scale in that way and then conspire in such a way to make the density p(n) scale as exp(y/n)? If
that is the case then, perhaps, there are irreps that scale in an sub-leading way that cannot be
seen in combined case of total state counting.

Well, with the results for the simplest irreps at hand we can make the subsequent observation:
So far we have seen a scaling of the form ~ exp(5.5y/n) while the total number of states scales as
~ exp(2mv/2n) = exp(8.89y/n). Therefore, we conjecture that there must be irreps that scale in
a dominant way, closer to the total density of states. Let’s see if we can find any such irrep but
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Figure 2.5: Multiplicities and fitting data for the [0,0,0,0],[1,0,0, 0] irreps.

first we must motivate what to look for. We have established that irreducible representations with
larger characters have higher dimensions. Consequently, the more states that it "contributes" to
the spectrum when we set fugacities to 1. For this reason, perhaps, we need to look for irreps with
higher dimension, or equivalently, with higher Dynkin labels.

We choose randomly two high-dimensional irreps that appear in the spectrum, namely [20, 5, 0, 2]
and [50,0,0,0]. Their dimensions are:

dimg[20,5,0,2] = 45852971472, dimg[50,0,0,0] = 496 303 236

Arguably quite large numbers, both of them... At this point, we plot them and also fit the line
in the same plot, in order to save up some space. Their plots can be seen in ﬁg.. Evidently,
our argument about the high-dimensional irreps seems to hold, as the slope of the scaling has
increased around 8 — 8.3; definitely closer to the 27v/2 ~ 8.89 value. Indeed, at the n — oo regime
it seems that the total number of states is mainly dominated by the high-dimensional irreps. Also
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we deem it instructive to demonstrate the scaling law powers for some irreps that we mentioned,

which can be seen in ﬁg..

m[o, 1, 0, 0] m[o0, 1, 0, 0]

351

Slope = 5.667
Intercept = -20.559

30 307

254
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201

E :
15 A - 10
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0] xxxx” 10
2 3 4 5 6 7 8 9 1I0 2 3 4 5 6 7 8 9 10
Vv v
(a) Multiplicities of [0, 1,0, 0] (b) Line fitting for [0, 1,0, 0]
Figure 2.6: Multiplicities and fitting data for the [0, 1,0, 0] irrep.
Now, a few final remarks before we
conclude this topic. We might not have Scaling law comparison
been able to derive an analytic formula = o) -
for computing multiplicities of irreps at g0{ ==~ ml0.0.0.0 ///':::: ......
a generic level. However, we are not |77 mrzzm P
empty-handed! By realizing that Inm ~ — T
vn, n> 1 and then fitting lines we have s i
gained predictive poweﬂ, at least asymp- = | =T
totically. But that’s more than enough, %,
because we have decomposed completely =
the spectrum at the low level limit. We
need not worry that our numerical asymp- 201
totic expressions will break down as we al-
ready see that after level 40 they provide a . . . . . .
. . 0 20 40 60 80 100
good estimate! We gather the results dis- n
cussed so far in a table, tab. |2.5]. Finally,
a quick example of our predictive power: Figure 2.8: Comparison of the scaling
Ezample: Find the number of trivial reps parts of the irreps discussed in this sec-
at level 175: tion.

m[0,0,0,0] = exp(5.54V/175 — 22.00) ~ 1.88 x 10*

Even beginning to answer this question is remarkable! Again, predictive power!
o
Of course, we can derive similar expressions for as many irreps as we wish. Here, we just chose
a few of them in order to demonstrate our results. Having said that we conclude this topic.

20This is what we seek most of the time in physics...And now we have it!
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Figure 2.7: Multiplicities and fitting data for the [0,0, 1, 0], [0, 0,0, 1] irreps.

2.5.7 Final remarks

As we are approaching the end of this chapter, we would like to tie up some loose ends that were
not explicitly discussed in the above text. Some of you might have even figured them out already.

On the decomposition of levels 50-100

Up to this point we have been saying that we have found the solution up to level 100, at the same
time we claimed back in tab. that our machines were only able to reach level 50 with the
procedure described in this work. A justified question would be how we got the rest of the levels,
from 50 to level 100.

This is more on the computational point of view but still let’s make a couple of comments on
this. So, it turns out that during the procedure that we described above, one has to factorize the
polynomials P;(x;). Nonetheless, factorizing huge polynomials is, up to this day, an extremely
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Irreps Slope Intercept n — oo limit
m[0,0,0,0 5.54  —22.00 | exp(5.54y/n — 22.00
m[1,0,0,0 5.60  —20.96 | exp(5.60y/n — 20.96

] )
] ( )
m[0,1,0,0] 568  —20.56 | exp(5.68\/n — 20.56)
m[0,0,1,0] 5.71  —20.45 | exp(5.71y/n — 20.45)
m[0,0,0,1]  5.63  —20.67 | exp(5.63\/n — 20.67)
m[20,5,0,2] 832  —48.89 | exp(8.32y/n — 48.89)
m[50,0,0,0] 8.02  —57.42 | exp(8.02y/n — 57.42)

Table 2.5: Depicts the fitting results for the irreps discussed in this section along with their
asymptotic formulas. Using them we can predict the multiplicity of these irreps at even higher
levels.

m[20, 5, 0, 2] m[50, 0, 0, 0]

354
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Figure 2.9: Multiplicities and fitting data for the [20, 5,0, 2], [50, 0, 0, 0] irreps.

complicated task and sometimes it’s not even possible. By the time we got to level 50, factoriz-
ing Pso(x;) required an immense amount of time and RAM memory which, practically, made it
impossible to keep going to higher levels. Fortunately, to our rescue came a method, offered by
mathematicians, for factorizing huge polynomials called "Factorizing over finite fields"; for more
information look at [16]. We employed this method in python and we were able to get the rest of
the levels.

On the uniqueness of the decomposition

In the last section we have been considering the decomposition of a level as unique. We have done
rightfully so, as the decomposition is indeed unique. However, we have not addressed this question
explicitly -we have rather discussed parts of why this is the case- thus, a few extra words are in
order. We consider any two irreps of By, say R = [p,q,r,s] and R' = [p, ¢, 7', 5], then we know
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that their characters x, and x,. are orthogonal:

/ dﬂ Xr Xr' = 57“7“’ (276>
SO(9)

where dp is a measure associated with the smooth manifoldﬂ SO(9). Let me write down the du
measure in order to take a look at its complexity:

4 4

232 d
=39 H i H sin® w; Hsm — w;) sin® (w; + w;) (2.77)
-1 14

1<J

where the w;’s are the ones given in eq. and they range over 7 < w; < 7. Now assume
that we want to obtain all the multiplicities of R in the string spectrum. Because of the above
orthogonality relation all we have to do -in principle- is project Zp(z;;q) with the character y,,
i.e. compute the integral:

Zp = / dp Z1(2::0) Xo (2.78)
50(9)
After the computation, we can expand the function ZR around ¢ = 0:
Zr = mo(R) +mi(R)q + ma(R)g* + ms(R)g* + ... (2.79)

and read off the multiplicities m,,(R) of irrep R at each massive level n. In other words, the
character orthogonality shows us that there exists a unique multiplicity for any irrep R at every
level n. Hence, the decomposition of each level is unique. Alas, in practice computing the integral
of eq. is impossible as it is extremely complicated. As a result, we have to become creative
and figure out other ways of deriving the decomposition while keeping in mind the uniqueness of
the decomposition. On this note, we wrap up this section as well.

21 Technically, it is connected to the Maximal Torus T* of SO(9), but this is just mathematicians’ jargon.
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CHAPTER

In pursuit of analyticity

“I find your lack of faith disturbing.”
—Darth Vader, Star Wars

Until now we have discussed how we can employ our results in order to make predictions, from
a computational point of view. We derived the leading order and the first sub-leading order
for the asymptotic density of states and by employing linear regression we obtained expressions
that predict the number of specific irreps for some level n. In this chapter, we will focus on the
arguments that can be made from an analytic point of view.

3.1 Rademacher’s Formalism: A toy model

We begin by setting the stage. Before we even begin asking new questions we need to develop
-or more accurately understand- a set of new tools that will assist us in both formulating and
answering these interesting questions. For that cause, in this section we shall give a review of
chapter 5 of [7]. The formalism that we will introduce here, called the Rademacher’s sum, will be
of most assistance later on.

3.1.1 FEuler’s Infinite Product

The first thing that we need to do is, naturally, set up a specific problem and try to work out its
solution. Consider the subsequent function:

[e.e] o

F) =[] 1= = 3 plge” (31)

which is called the "Euler’s infinite product" function. The second equality of the above equation is
nothing more than the Taylor expansion of F(z) around z = 0. Since this function bears a specific
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name, it must mean that it is of some importance in science. That is absolutely true! "Euler’s
infinite product" is one of the most common generating functions in the context of probability
theory and the reason for it is that its Taylor coefficients are also very special. These p(n)’s in
eq. denote the partitionﬂ of an integer n, i.e. in how many ways can n be written as the sum
of positive integers. For instance the first few values of p(n) are given below:

p(1)=1, p2)=2, pB)=3, pd)=>5, pB)=17 p6) =11
Moreover, the asymptotic behaviour for the partition of integers is known and it satisfies:

2/ 2R

4n\/§
first found by [4] in 1918. Unfortunately, not many things were known about the behaviour of p(n)
apart from eq. despite its usefulness in science. This leads to the following question, which
consists our final goal in the section, "Can we derive a more explicit characterization of p(n)?".
Let’s begin by figuring out the poles of function F (x). It seems that every root of unity is a
pole, thus it has infinite poles lying on the complex plane. We denote them by:

2mih
k

ch,k:exp( ), h=0,....k—1 (3.3)

and they all lie on the unit circle |z|= 1. The next argument is a rather well-known one; Cauchy’s
theorem tell us that the we can compute p(n) by evaluating the integral:

p(n) = L]{C iigfl) dx (3.4)

271

where C' is a closed contour inside the unit circle that encloses the origin. Of course, if you are
thinking that the above equation does not seem particularly useful since the form of F'(x) is such
that the integral cannot be evaluated, you are absolutely correct.

Now, here comes the key idea that, in the end, will resolve the issue and it consists of two
parts:

1. Firstly, we shall replace the contour C' with arcs C}, 5, that lie near the vicinity of the poles
Chg, WithO < h <k, (h,k) =1and k =1,2,..., N. Then schematically the original integral

can be written as:
/ (3.5)
Ch i

But still we haven’t dealt with the problem of the integrand being too impractical to use.
To our aid comes the second part, which states the following.

2. We need to find some elementary functions, call them ), (), that have the same behaviour

as F'(x) near the vicinity of the root ¢y . Then, in every arc Cj,j, we shall use the respective
function vy, i () as an integrand instead of the impractical F'(z).

!Unfortunately, due to this fact mathematicians also call eq.[3.1] "partition function". Although I shall call it
"Euler’s infinite product" so that it’s distinct from the partition functions that we have discussed so far. Scientists
don’t win many awards for creative naming...
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3.1.2 On deriving the elementary functions

We find it more convenient to commence by discussing the second task of the above conclusion,
namely the derivation of the elementary functions v, (). The first towards this goal would be to
rewrite "Euler’s infinite product" function in a closed form. This is similar to what we did back

in eq.. It can be expressed as: /
671'@'7' 12
F(r) = e (3.6)
where the conventionﬂ adopted in this work is used. Next, we employ the fact that we know
how Dedekind Eta transforms under the modular group (see eq.[A.5]). In particular under the
transformation:

7_,'_>a7'_+b’ ad —bc =1 (3.7)

cT +d

with ¢ > 0, it is pretty straight-forward to show that eq. will transform as:

F(r) = F(r){—i(ct 4+ d)}"*exp (W) exp {m’ (%l + s(—d, c)>] (3.8)

where s(+,-) is the Dedekind sum. The amazing feature of the last equation is that it holds true
for every appropriate choice of the parameters a,b,c,d and 7. The idea is now to make a clever
choice of parameters in order to make the behaviour of F(z) around its poles manifest. Let’s see
what happens when we choose:

hH +1 iz/k+h i(z/k)"'+ H

k+ andT:m/T—FéT/:% (3.9)
with Rez > 0,k > 0, (h,k) = 1 and hH = —1 mod k. The condition (h, k) = 1 comes from the
demand that ad — bc = 1 with a,b,c,d € Z. Now, plug them back in eq. to acquire:

a=Hc=kd=—-hb=—

Fa) = emisthh) (k>” ? oxp (o5 — moz) Fl@) (3.10)

where x and z’ are given by:

2mih 27z 2miH 2w
x:exp( - —?), x’::exp( p —7) (3.11)

At first glance the last two equations might seem a bit unhelpful as they do not seem to give us
what we set out to find. Yet, this couldn’t be more far from the truth, because now this ingenious
trick will play its part. Observe what happens in the limit |z|< 1: the z lies in the vicinity of
exp(2mih/k) while 2’ lies near the origin of the complex plane and thus F(z/) ~ F(0) = 1. Put
differently, in the small |z| limit eq.[3.10] and eq.[3.11] yield:

F (exp(2mih/k)) = emisthb) <k>1/2ex (17;) p(2) (3.12)

Finally, by employing this very neat trick we have managed to figure out these elementary functions
¥n.k(2). On this note we wrap up this topic.

2Recall that F(z) = F(7), = exp(2mrir). That is the reason why we defined F(z) in eq. to begin with.
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3.1.3 On the path of integration

Now, we turn our attention to discussing the path of integration described by eq.. This path
is attributed to the mathematician Hans Rademacher who, while preparing notes on the work of
[4] in 1937, made some changes that lead to some quite important improvements in the field.

He proposed a very resourceful contour of integration on the complex plane that combined both
Euclidean geometry and complex analysis in a very elegant way-simple, yet extremely effective
as we shall see. In order to explain how this contour is constructed we first need to introduce a
couple of new notions, the foremost being the so-called Farey fractions:

Definition 3.1.1

The set of Farey fractions of order n, denoted by F},, is the set of reduced fractions in the
closed interval [0, 1] with denominators < n, listed in increasing order of magnitude. The
first few examples are:

1
Fllg,—
11
11
F2:97_a_
1" 21
g 01121
13 2°3"1
R 0111231
14 3 23 41

Immediately from the above definition one can notice some nice properties that these fractions
possess. For convenience, let’s give a theorerdﬂ that describes the most important ones:

The set F), ., includes F},. Each fraction in F},.; which is not in F}, is the mediantﬂ of a pair
of consecutive fractions in F,,. Moreover, if a/b < ¢/d are consecutive in any F,,, then they
satisfy the unimodular relation bc — ad = 1.

®The mediant of a/b < ¢/d is (a + ¢)/(b + d) and lies between them.

The next thing that we need to defind”] are the Ford circles:

Definition 3.1.2

Given a rational number h/k with (h, k) = 1. The Ford circle belonging to this fraction is
denoted as C'(h, k) and is that circle in complex plane with radius 1/2k* and center at the
point h/k + i/2k?.

Lastly, there is an important theorem concerning the Ford circles that need to be said as it
determines whether two Ford circles are tangent or not. It can be seen below:

3The proofs for all the theorems presented here can be found in chapter 5 of [7] along with extra information.
Keep in mind that here we just give a brief review.

4] know that defining stuff is quite boring. Nonetheless, bear with me as we are almost finished with the
definitions.
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Two Ford circles C'(a, b) and C(c, d) are either tangent to each other or they do not intersect.
They are tangent iff bc — ad = £1. In particular, Ford circles of Farey fractions are tangent
to each other.

Have these things in mind, we are now ready to actually explain the construction of the contour
that Rademacher employed. For a given integer N we can construct a path, denoted as P(NV),
joining the points 7 and i 4+ 1 in the 7-plane as the union of the upper arcs of the Ford circles of
the Farey series Fly. The reason why we choose the points ¢ and ¢ + 1 will become obvious later
on; for the time being take it as given. The construction might sound a bit complicated, but in
reality it is a very simple one.

To demonstrate how such a contour
would look like let us provide an exam-
ple. Let’s pick the case of N = 4, then
P(4) is depicted in fig.[3.1]. On the z-axis
we have the values of Fj; and in the plot
we have drawn the Ford circles of those
values. As we already said, Rademacher’s
path is the union of the upper arcs of these
Ford circles, which we have denoted in red.

There is nothing profound about this
case but it serves as a good example for
demonstrating the idea of Rademacher’s
construction. Naturally, when we start
considering higher and higher values for
N then more Ford circles show up. Again,
note that this is a simple yet quite imag-
inative construction which employs Eu-
clidean geometry in the complex plane.
Now, that we understood how to create
such contours it is time we head to the
main concern of this section, which is to
put this whole formalism into use and see
what we can get out of it.

Figure 3.1: This is Rademacher’s path,
P(4), for N = 4 denoted in red and
black connecting the points ¢ and 7 + 1
in the 7-plane. Credits [17].

3.1.4 Rademacher’s summation

Before we get into the calculations, we first need to make a comment. During the derivation that
will follow below, at occasions we shall have to claim that the contribution of some term is of
order O(#). These claims will not be proved or derived, but if one is interested to see how they
come about then one should take a look at [7, I7]. Having said that, let us move forward to the
computation.

We begin from eq. and as a contour on the z-plane we pick a circle of radius e~2", which
encloses the origin. Now, under the action of the map:

xr = exp(2miT) (3.13)
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the circle on the z-plane is mapped into a horizontal segment from ¢ to ¢+ 1 in the T—planeﬂ Then

eq.3.4] is rewritten as:
i+1 ) )
p(n) = / F(r)e ®™dr = / F(r)e *™™dr (3.14)
i P(N)

where in the last equality we replace the horizontal segment with Rademacher’s path, P(N),
for some integer N. The notation | POV) is equal to the RHS of eq.7 which later on we shall

abbreviate it into the more compact form of }, , [ Chet The next step that we make is yet another
change of variable from the 7-plane to the z-plane which is given by the map:

z = —ik? (T — %) (3.15)

A nice feature of this map is that every Ford circle C'(h, k) is mapped into circle K of radius 1/2
about z = 1/2 as centerﬂ. Moreover, if we denote the joining points of two consecutive arcs Cj,
as o (h, k), ag(h, k) then they are mapped into zy(h, k), zo(h, k) respectively. Leading us to:

z2(h.k) h az\ 1 2nmz  2minh
p(n) = / F(—+—)—6XP( - )dz
(n) Z o TR @ ER—

i 2minh z2(h.k) nmz\ ~
= 77 OXP (— k; ) / - exp ( 12 ) F(z)dz (3.16)
z1(h,

where the x used in the second line is the one defined in eq.[3.11]. At this point we will employ
eq. ]\ and plug it into eq.[3.16]. But before we do that, we split the F(2/) in the rather evident
way F'(2') =1+ (F(2') — 1). By doing this, we achieve the following form:

T , z2(h.k) s Tz 2nmz
— _ v _mis(h,k)—2minh/k 1/2 o d
p(n) %;kﬁ/?e [ /Zl(h,k) : eXp(le 122 T g2 ) :

=) ™ TZ ~
+ / » exp (13- — 1575 (F(x’)—l)dz] (3.17)

Now, we have acquired an expression with two summands. The second term contains a more
complicated integral to evaluate. Luckily for us, we need not do it as we claim that the contribution
of the second summation -not the second summand itself- is of order O(N~1/2). Using this we can

rewrite eq.|3.17] as:

i TS —2min
) = Y paperir s |
h,k z

1(h7k)

z2(h,k)

T TZ 2nrz _
2 exp (122 ot ) dz+O(N~Y?)  (3.18)

Let’s now turn to the remaining integral which is computed along the arc of the circle K in the
z-plane specified by the points z(h, k), z2(h, k). Here comes the second claim: If we were to

5T hope that clarifies the "arbitrary" choice of points we made before.
5You should verify it.
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Chapter 3 3.1. Rademacher’s Formalism: A toy model

compute the integral over the whole circle K rather than the arc, the discrepancy would be of
order O(N~1/2). So we do that and absorb the error made in the O(N~/2) term:

1 is _omin T TZ 2nmz
p(n) = Z 15/2 e h/k/ 2? exp ( - + > dz + O(N 1/2)
hk (=)

122 12k? k2

K(—
Nl ) s Tz 2nwz

— ﬂls(hk —2minh/k 1/2 o d O —1/2
2 Z w7 /K(_)Z eXp(12z PR ) 2+ O

k=1 O
( )=1
(3.19)

where the notation K(—) refers to integration being clockwise and in the last step we re-opened
the abbreviated version of the summation into the explicit one. At this point, recall that when
writing eq. we used the integer N as an upper bound of k£ while we know -from the form of
eq.— that k should pick every value between 0 and oco. Therefore, it only makes sense to take
the limit of N — oo and acquire:

N —5/2 1/2 T 2nz /1
n)—@;Ak(n)k /K(_) exp {12 + 0 <n 51 dz (3.20)

with -
o
Z exp (ms (h, k) — W;nh) (3.21)
=0
(h k)=1

Hang in there, a couple more steps and then we are finished. Now, we do an inversion w = 1/z,
that will map the circle K into:

1
P51 =3 =  [2—w|=|w| (3.22)

2

|
where the last equality describes the line Rew = 1 in the w-plane. With this argument in mind

we get:
1 — Irioo W 21 1
:_E A k5/2/ —5/2 — + — d 3.23
Ui ) e P2 TR T2 | (3:23)

—100

Next, we set the new variable ¢ = wmw/12 and insert a unit in the form of 27 /27

3/2 5 7r/12+’i00 7T2 1
/2_~ —5/2 S il
pln) = 2 (72) ZA . / £5/2 xp [t+ 6k2t< : 4)}& (3.24)

/12—i00

Finally, by using the integral formula for the modified Bessel function of the first kind, given in
[18]:

2\¥ c+i00 2
I,(z) = m/ t~"texp (t + i—t) dt, ¢>0,Rer>0 (3.25)

27 —ico

we get the subsequent result:

o 1\ & Ai(n) 2 1
p(n) = oo (n—ﬁ) Wi (545 (- 5) (3.26)

=1
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This is a remarkable result as it is a convergent series that computes the partition of an integer
n without any further assumption about the magnitude of the integer itself. The clever trick of
favouring the 7-plane and employing this ingenious path consisting of arcs led to the discovery of
one of the most important expressions for the computation of partitions of integers.

3.2 Rademacher’s Formalism: Partition function

In the previous section we analyzed how Rademacher’s idea was used in order to solve a well-
known problem in number theory. Nevertheless, this work is not particularly concerned with
number theory and hence there must be a reason why we chose to discuss this topic here. Indeed,
that is absolutely true! Well, if you think about it, the fact that the coefficients p(n) of eq.
had some more profound meaning was not of much use in the end. It was merely a motivation to
get us to think about this problem and try to figure out a way of computing them.

For a moment, if we strip all the fancy wrapping of the above discussion what is it that we
ultimately learned? The answer is rather obvious: We learned of a way to compute the Taylor
coefficients of functions which have a similar structure as the "Euler’s infinite product" one. In
our work, we happen to have a function that resembles that structure, namely eq.. At this
point the next step is straight-forward: "Can we use Rademacher’s formalism to say something
more about the density of states?". That will be our focus in this section.

3.2.1 Density of states

We start from eq.[2.4] and we denote the coefficients of its Taylor expansion as p(n), in agreement
with our notation in the previous chapter. To refresh our memory:

Zia) = 10]] (155) =X ploi's a=exp(emin) (3.27)

The first thing that we need to discuss is the poles of the partition function. At first, it might seem
that they are exactly the same ones as those of the "Euler’s infinite product" function, shown in
eq.. However, that is not true. To convince ourselves observe the following rules:

1. Assume that ¢ = 1 with m even, then the equations 1+ ¢™ = 0 and 1 — ¢" = 0 are satisfied
only when n = m/2 (modm) and n = 0 (mod m) respectively.

2. Assume that ¢ = 1 with m odd, then the equation 1 4+ ¢" = 0 has no solution while
1 — ¢" = 0 holds true for n = 0 (mod m).

The former rule tells us that the points where ¢™ = 1 with m even will not be poles, because for
every vanishing denominator there will be a preceding vanishing numerator to cancel each other
out, up to n — oo. Yet, the latter rule hints that all the points where ¢ = 1 with m odd will be
poles of the partition function, since now there are not respective vanishing numerators to cancel
out each other. Despite the fact that the partition function has only half the poles of "Euler’s
infinite product" function, we need not worry about choosing a different path; the one used in the
previous case works just fine. With the choice of path fixed, we proceed to the next important
aspect of the calculation, namely the elementary functions .

In the case at hand, the partition function Z.(q) is a bit more complicated than that of
"Euler’s infinite product" and hence we need to pay close attention when deriving the #’s. One
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can safely assume that to this end we will be using again the properties of modular transformations.
Unfortunately though, a mere inspection of eq.[2.13| can reveal that existence of a Jacobi Theta

function in Z(q), which under modular transformations will transform into a Theta function of
a different kind (see eq.). In other words, we can never get an equation similar to that of

eq.. To resolve this extra complication we decide to express 610(q) with Dedekind functions

(see eq.|B.17]). Therefore, we express the partition function Z(g) in the following way:

~8( 2
> n°(q")
Z(q) = 16—+ 3.28
(9) 70(q) (3.28)
and now we need only worry about how Dedekind Eta transforms under modular transformations.
Let’s begin to see how the denominator transforms. Under the action of an element of SL(2,7Z)
Dedekind Eta transforms based on eq.|A.5|. If we choose again the parameters a,b,c,d and 7 to
be those of eq. then one obtains the subsequent relation:

H(a!) = exp {m (Hl ;kh + s(h,k)ﬂ (%)” ") (3.29)

where x, 2" are given by eq.[3.11]. The idea is, again, to obtain the small z limit which will send
2,2’ to the vicinity of the roots of unity and the origin respectively. But first we need to figure
out how Eta behaves near the origin. To this end, let’s rewrite the LHS of the last equation using

eq.[A.7) as:
S —n (T, e/ H)

k
i i g 3miH " 1\2 . 3T " 1\2
s P 6) || 6
2|1 miH ™ ,
~ €exp <m> exp (—@> s r — 0 (330)

where in the final step we only keep the leading term, or rather the least exponentially suppressed
term, that is for n = 0. Now, it is time to obtain the |z|< 1 limit of eq.|3.29] and in its LHS we
substitute eq.[3.30] that we just derived. By doing so we obtain:

H(exp(2mih/k)) ~ exp [m’ (& _ s(h, k))} exp (o) (%)_1/ i (3.31)

Perfect! The final equation shows us how the Eta function behaves around the roots of unity of
the plane. The next step is to figure out the respective thing for the numerator of eq.. Then
we shall be able to determine how our partition function behaves around them, leading us to the
computation of the elementary functions .

By our convention, it holds true that 77(¢*) = 1(27) meaning that we, now, want to study
n(27). We can again use the properties of Eta if we make the definition 7 := 27 and hence focus
on 7(7). Naturally, the transformation law of n(7) under the action of an element of SL(2,7)
has not changed, it’s exactly the one shown in eq.. The difference is now in the choice of
parameters a,b, c¢,d and 7, as we now have to send ¢* -not ¢- to the roots of unity in the |z|< 1
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limit. To achieve our goal we now choose the following parameters that parametrize our group
element:

. 2hH +1 2iz/k + 2h H + ik /2
o= He—kde—ohpe—2PHEL g 2EkE2 L H A2

k k k
with the further constraints Rez > 0,k > 0, (2h,k) = 1 and 2hH = —1 mod k ensuring us that
all the properties of an SL(2,7Z) element are satisfied. An important observation here is that the
condition (2h, k) = 1 forces k to be odd, since 2h is even. We better keep in mind all the conditions

that constrain the values of h, k. Let’s proceed to plug the parameters of eq.[3.32] into eq.|A.5] to

get:
o I\ V2
H(#) = exp [m (H : Q;h + s(2h, k:))] (%) () (3.33)

27i (2 4 omiH
T = exp ( mi(2h) _ 7TZ) ., T =exp ( e z) (3.34)

(3.32)

with

k k2 k z

Note that in the |z|< 1 limit both & and Z’ exhibit the expected behaviour: one approaches a root
of unity, while the other tends to the origin. Working in the same way as before, prior to taking
the small z limit of eq.[3.33], we need to evaluate 1(z') as ¥ — 0. To do so, we employ eq.|A.2]

on the LHS of eq.[3.33]:
ﬁ -k 2
’I’]N(~/) n <~/ li / Z>

|z|<1 miH T -
~ exp ( 12k) exp <— 242) , =0 (3.35)

where, once more, we keep only the leading term. At last, we take the small z limit of eq.|3.33]
and in its LHS plug back the result acquired from eq.[3.35]:

(exp(2mi(2h) /k)) ~ exp [m (% — s(2h, k))] exp (1) (%) e

With both eq.[3.31] and eq.[3.36] at hand we are ready to determine the behaviour of the partition
function near the vicinity of the roots of unity. All we need to do is substitute our results in
eq.[3.28]. This calculation is hardly profound and the result we get is shown below:

Zr(exp(2mih/k)) ~ iexp [8m’ (28(h, k) — s(2h, k:))l <£>4exp(7r/z) = Yy r(2) (3.37)

-~

C

with the constraints (h, k) = (2h, k) = 1 and k being odd. As a consistency check, let’s see if we
can use the above result in order to reproduce the one of eq., derived in the previous chapter.
Back then, we had considered a purely imaginary 7, i.e. 7 = it, and evaluated Z (it) when t < 1.
The LHS of the last equality is: Z(exp(?m’h/k)) = Zr(h/k) leading to the conclusion that we
are approaching the same poleﬂ when h = 0,k = 1. Indeed, computing v ;(2) explicitly shows

"Namely the 7 = 0 pole.
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that it matches eq.|2.20]. Great, everything seems to be consistent!
At this point what remains to be done is the calculation of the integral in order to obtain the
density of states p(n). Before we dive into that, we make the observation that both eq.|3.12| and

eq. |\ share a similar form. Furthermore, in both cases of F(z) and Z(q) the integration takes
place over the same path and therefore, we can expect that the approximations made in the toy
model case will hold for the case of the partition function as well. Having said that, we commence

the calculation by plugging eq.[3.37] into eq.[3.16]:

T (h.k) T
Zﬁexp( 2 mh)/( exp (2n Z) Vni(z) dz

z1(h,k)

Z 27rmh /22(}"":) <E>4ex 2nmz N T "
Zl(h,k) k P k2 ya
iC 2minh 4 2nTz oW
— - —)d )
hzk ( - )/K()z exp( 12 —I—Z> z (3.38)

where C is defined back in eq.[3.37] and in the last step we performed the same approximation as
before and took the limit N — oo at the same time (practically repeated what we did in eq.|3.19|
and eq.[3.20]). Next on, we make the change of variable w = 1/z that maps K(—) to the line

Rew = 1: ; "
2minh R 2nm
p(n) = ; 76 exp (— ’ ) /1 ~wUexp <k2_ + mu) dw (3.39)

—100

Finally, to bring our integral in the desired form we need to set t = mw and multiply and divide
by 27. Doing so, we then obtain:

2 2minh 1 T+1i00 92 2
p(n) = kaeXp (— — )w5—. /7r £ eXp< o +t> dt (3.40)

o 2T ) i ioo

Comparing the above equality with eq.[3.25] we read v = 5 and 2/2 = mv/2n/k express our result

as:
pl) = 3 %55 e (<25 ) oo <2ﬂﬁ> (3.41)
hok

We are practically done, yet we would like to express it in a form similar to that of eq.[3.26], so

we rewrite it as:
21 <~ Di(n), [2m/2n
pn) = 057 > 15( p (3.42)

k odd
with
! , 2minh
Z exp 8m(23(h, k) — s(2h, k)) — (3.43)
i
(2h, k)

At last, we have arrived in the desired result! We derived an analytic expression for computing
the exact number of states at a specific level of the tower of the type II string theory. We may
now conclude this discussion and proceed to exploring other aspects of eq.[3.42].

Uppsala University 67 Department of Physics and Astronomy



Chapter 3

3.2. Rademacher’s Formalism: Partition function

3.2.2 Remarks on Convergence and Compatibility

With eq. at hand we proceed into further exploring of its consequences. The first thing that
we would like to examine is its convergence. You might recall that we made an assumption, prior
to the derivation, where we stated that we expect the approximations made in the case of "Euler’s
infinite product" to be applicable. If this claim is valid, then our result should be a convergent
series. Furthermore, convergence is an essential property if we are to say that we came up with a
useful formula for the density of states. We begin by expanding the first three terms of eq.[3.42]:

p(n) = (%iﬁ [15 (2nv2n) + 1)732(5) I (27“3/%> y Doln) (27”/%> .. ] (3.44)

15625 )

and let us denote each term as p(*)(n) where the superscript refers to the k term of the summation.
Think of it, as equating eq.[3.44] with:

p(n) =Y pM(n) = pM(n) + p®(n) + p* (n) + ...
kodd

and reading off terms. Now, in order to determine whether this is a convergent series we need
to figure out what is the contribution of the £ = 3 term compared to the £ = 1 one, and then
the relevance of the k = 5 compared to the £k = 3. That should give us some conclusive evidence
about the convergence.

We will test the relevance of these terms for the first 50 levels of the tower. The contribution
of the k = 3 term can be revealed using the following logic: First, compute the density p(n) using
both £ = 1 and k = 3 terms, then compute again the density p(n) but now by only keeping the
k = 1 term. The difference of these two results will give us the k£ = 3 contribution. This exact

same idea can be also used for determining the & = 5 contribution. The contribution of £ = 3 and
k =5 terms can be seen in fig.[3.2].

le—6 Significance of k=3 term

1e—8 Significance of k=5 term
! !
g | A
! !
! 61 1
! !
611 51 1
— ! — !
= ! S4q 1
QEQ. 44 | QQ I
! 371
! !
! 21 !
2 A | ‘
\ 1 !
\ \
oA TSP ROV SOV VUV SEUPEUPOU VR VRO - 0 b U AU S RV,
0 10 20 3|0 40 50 0 10 20 3|0 40 50
Level n Level n
(a) k=3 term (b) k =5 term

Figure 3.2: These plots illustrate the contributions of the p®® (n) and p® (n) terms to the density
of states p(n) for the first 50 levels.

Clearly, these plots are quite informative towards the question that set out to answer. We can
see that, for up to n = 50, the contributions for the terms in question are roughly of the order
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p®(n) ~107% — 1077 and p® (n) ~ 107® — 107°. This is a very strong indicator that the series
converges rapidly. Spectacular! With this in mind, we can now be sure that our result is, indeed,
quite useful and proceed to asking more interesting questions.

I hope, that you will agree that, since we are after the number of states at a given level n,
contributions of the order 107 — 1079 are worthless so we might as well drop them and focus on
the first term of eq.. As a result, from this point on, we truncate the series of eq. and
keep only the £ = 1 term; more specifically:

27
A logical continuation would be to investigate how precise we can predict the number of states
using the last equation, compared to the values obtained from the expansion of the partition
function, i.e. eq.. Let’s test the values for the levels n = 0,1, 2, 3, 4:

6
p(n = 0) = g—o ~ 16.02, p(1) = 256.03, p(2) = 2303.91, p(3) = 15360.06, p(4) = 84224.08

(3.46)

Amazing! The predictions are almost
the actual values of the number of states,
even for small levels of the tower! In fact,
if one rounds them up towards the closest
integer, the numbers match exactly those
of eq..

This leads us to the obvious next
step, that of extending the comparison to
even higher levels and examining how the
asymptotic density of states derived in the
previous chapter and the one coming from
Rademacher’s formalism behave. This
comparison is depicted in ﬁg. where
we can clearly see that Rademacher’s den-

Density of States at Level n

50 1| — f(n) =2mv anglnv 2n

Inp® (n)

40 A

= 30 1

Ina

20 A

10

0 10 20 30 40 50

Level n sity is in agreement with the asymptotic
density towards the n > 1 regime. More-
Figure 3.3: Comparison of the two dif- over, the former provides us with a perfect
ferent forms of the density of states description of the data for all the levels.
p(n), contrasted with the actual val- Naturally, the last statement underlines
ues obtained from the partition func- the significance of eq. as we have fi-
tion expansion for the first 50 levels. nally managed to come up with a tool that
works efficiently even for in the small level

regime.

Knowing that the asymptotic density and the Rademacher one are in agreement in the n > 1
regime, it must be that one can derive the former from the latter. As a subsequent step we would
to show how this is achieved. First, we write down the asymptotic expansion for the modified
Bessel function when v € Z, |z|— oo and |arg z|< 7/2 (see [19]):

e {1 W1 @ - D —9) (4 - (A - 9) (4 — 2)

Vorz 8z 21 (82)2 a 31(8z)3

I,(z) ~
(3.47)
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Using the above expansion for the modified Bessel of the first kind we can derive the asymptotic

behaviour of eq.[3.45], which yields:

271'\/%
e { 99 9009 675675 } o (3.48)

~ ) -
PN = G M Torvan | 5ian2(@n) | 2457673 @n) |

A couple of comments about this expression are in order. Well, the first thing that we observe is
the term in red which clearly is identical to the asymptotic density that we discovered using the
Saddle Point Approximation. Put differently, the asymptotic formula of eq. is the first term
of the asymptotic expansion of the first term of the Rademacher sum given by eq., verifying
that the two results are compatible.

We have chosen to colour another term in eq., namely the blue one. Why is that? Well,
if you are thinking that we haven’t run into this term so far then you are completely right. The
reason why we coloured this term is due to the fact that it can be derived from the Saddle Point
Approximation as well (despite the fact that we didn’t do it explicitly). However, the blue term
is the last one that can be found using the approximation of the previous chapter. The rest of the
terms need additional sub-leading saddles to be taken into account in order to be derived correctly.
Having said that, we shall conclude this discussion.
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CHAPTER

Conclusions and future work

)

“Much to learn, you still have.’

—Master Yoda, Star Wars

At this point, it would be a great idea to summarize what we have done within this work and
perhaps discuss potential ideas for future work, extending this project. We worked on two com-
plementary perspectives: a computational approach and an analytical approach. Let’s begin with
the former: We aimed to decompose the Hilbert space of the type II string theories into By irreps,
in order to understand the structure of the tower of states at different mass levels. We managed
to obtain the decomposition up to the first 100 levels, extending considerably the previous work
done by [2, B]. With that plethora of data in our disposal we derived asymptotic expressions for
predicting the multiplicity of an irrep in the regime of high massive levels (for instance, some of
them are shown in tab.[2.5]).

On the analytical point of view, we begun by deriving an asymptotic formula for the density
of states in the theory, a result already known for many years. However, we decided to do better
than that and go even further. By studying the work of [4, [7] we derived an analytic result for the
density of states applicable for all levels of the tower which extended by far the aforementioned
asymptotic form. This result consists a great tool as it predicts spectacularly the exact number
of states at specific level of the tower in a very concise and elegant way.

With all these things in mind, we would like to address what next steps can be done in this
work in the future. On the computational side, we can definitely attempt to obtain even more
data by decomposing even higher levels of the tower with the hope of acquiring better asymptotic
expressions for the multiplicities of irreps. Secondly, recall that in our initial decomposition we
noticed patterns and empirical rules arising in our results. These features are very exciting and
they definitely need to be further studied in detail if we are to understand the deeper reason of
why they show up. As for the analytical point of view, the next question that should be asked is
obvious: "Could we employ Rademacher’s formalism in the case of the refined partition function
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and hopefully extract analytical tools for predicting the multiplicities of specific irreps at a given
level?". Put differently, a next step would be to work out analytical tools for the coefficients of Zx
shown in eq.. If this is achieved then we can even compare the results from these analytical
tools with the ones we extracted from our decomposition and measure their effectiveness.

In fact, trying to derive analytical tools for Z5 is currently a work in progress. Therefore, as
a last thing, let us give a very brief overview of what is going on at this stage. Respective to the
asymptotic form of eq., there is a less-known asymptotic formula by [20] that predicts the
multiplicity of a By irrep R at a massive level:

dim RR 221

mn(R) ~ (2n)83/4 € )

n — oo

that plays the role of a starting point towards our new goal. If one studies the limit of t < 1, w; < 1
of the refined partltlon function, of the Weyl character and of the measure dy then one can calculate
the integral of eq.[2.78] and obtain Zx. Then, one can repeat the procedure with the Saddle Point
Approximation done in chapter 2 and recover the above equation. However, this is the point where
the good news stop because it turns out that it requires n > 100 in order to be remotely trust-
worthy. The fact that is not nearly as effective as eq. tells us that we have over-approximated
the problem in order to compute the integral of eq. at the cost of losing too much information.
This is where one realizes that the case with the fugacities is a different kind of beast; which only
makes it even more interesting. Yet, this is not the place to elaborate any further so we shall stop
here.
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APPENDIX ﬁ

Dedekind Eta

In this appendix, we would like to provide some additional information about the Dedekind Eta
function 7(7) that we have used quite extensively in this work. Hopefully, all the formulas used
within this document can be found here.

The first we need is, of course, to define this special function: For any complex number 7 with
Im 7 > 0 the Eta function is defined as:

n(r) = eis H (1—¢e™7) = gt H(l —q"), q=-exp(2miT) (A.1)
n=1 n=1

where, furthermore, we introduced the convention 7(q) = n(7) in order to make explicit which
argument we are using every time. Note that Dedekind Eta is holomorhic on the upper plane but
cannot be analytically continued outside of it. Another useful property is that it can be expressed
as an infinite sum over all integers in the following way:

n(r)= Y S G (A.2)

n=—0o0

which is particularly handy when it comes to identifying dominant terms in some regime of .

Another very interesting property of the Dedekind Eta function is the way that it transforms
under modular transformations, i.e. elements of the modular group SL(2,Z). The modular group
is generated by the so-called S, T—transformationg'}

1
T=TH+1, T —— (A.3)
T

and under those transformations Dedekind Eta transforms in the following way:

07+ 1) = exp(in/12) (), 7 (—1) _ (—in) () (A1)

T

!By now, you must have realized that they show up in CFT and string theory all the time.
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Still, we can actually do better than that and figure out how Dedekind Eta transforms under a
general element of the modular group. The transformation is given by:

at +b
0 (SE) = b di(er + ) () (A5)
with:
bim
exp (25 c=0,d=1,
e(a,b,c,d) = () (A.6)

exp [im (424 — s(d,c) = 1)] ¢>0.

Note, that in the definition of €(a, b, ¢, d) there is a term that we haven’t met before, namely the
s(d,c). This quantity is called the Dedekind sum and it is defined as:

s(h, k) = S % (%” - L%”J - %) (A7)

n=1

You might recall that we have used it extensively whenever modular transformations of the
Dedekind were involved. Finally, let me introduce a piece of jargon used by mathematicians
(and sometimes physicists). Holomorphic functions that transform under SL(2,Z) in a similar
way as eq. are given the name "modular forms" of some weight k. The weight k can be read
off from the exponential of the (¢7 + d) term in the transformation law. Thus, concluding, we
state that the Dedekind Eta function is a modular form of weight 1/2.
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APPENDIX "3

Jacobi Theta functions

At this point, we should probably offer a couple of information about these weird-looking functions
called Theta functions. We will make an attempt to clarify as many sore spots as possible. Before
we even begin to talk about these functions we need to address the elephant in the room: As a
result of scientists being alarmingly unable to agree upon one convention], there are many different
and incompatible systems of notation for them.

In an attempt to contain the issue of notations we shall refrain from presenting all the con-
ventiong’] and focus only on the relevant ones that were used in our work. Furthermore, we will
try to be as explanatory of the conventions we use as possible and, hopefully, by the end of this
section we will have gathered the basic information one needs to know about them. Let’s begin
by introducing a first Jacobi Theta function:

o0

Wz 7) = Z exp <7m'n27' + 27m'nz> (B.1)
=1+2 Z ¢"/? cos(2mnz) (B.2)

n=1
_ Z ¢ (B.3)

where z can be any complex number, 7 is confined in the upper half plane and ¢ = exp(27it), w =
exp(miz). Observe that the above definition is also 1-periodic in the z argument for fixed 7.
Moreover, this property can be generalized in the following way:

Iz +a+br;7) = exp(—mib®T — 2mibz)V(z; T) (B.4)

for a,b € Z. The definition of Jacobi Theta of eq.[B.1]| will play the role of a base function and
will help us define the 4 so-called auxiliary functions with double indices, which consist of one

! Again, recall my previous comment about scientists and conventions.
2To the very least, that would indicate that I am making an effort to confuse you on purpose...
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incarnation of the four Jacobi theta functions:

Foo(z: ) = 9z 7) (B.5)
Ion(z:7) = ¥ (z +3 T> (B.6)
910(2;7) == exp Gmr + 7rz'z> 9 (z + %7’; r) (B.7)
91y(2:7) = exp Em i <z + %)] 9 (z + %T + %; T> (B.8)

Now, that we have defined these four theta functions let’s see how they transform under the
S—transformation:

z 1 z 1
7900(—;——) 20“900(2;7') Yo <—;——) 2041910(2;7')
T T T T
9 L Do1 (2;7) g2 -2 (2 7) (B.9)
— | =« zZ.T —— ] = i« Z,T). .
10 7_ - 01 ) 11 7_; - 11 )
with:
o = (—it)Y2 exp(miz?/7) (B.10)

One should definitely note that Jacobi Theta functions change "flavours" under the S-transformation.
This indicates that this is also the case under the action of the complete modular group. Stay tuned
for that. However, additional information about how they transform under the I'(2) < SL(2,7Z)
subgroup can be found in [21].

The next thing that we need to present is the case when we set the first argument to zero, i.e.
z = 0. In this case we obtain functions defined on the upper-half plane, sometimes called Theta
Nullwert functions, that obey the well-known "abtruse indentity":

7931@% 7') + 79%0@3 T) - 7930@% T) =0 (B-H)

and furthermore it holds true that:
1911(0; T) =0 (B12)

Another quite interesting property of these functions is the triple-product representation that they
obey. Let’s see how they can be expressed in such a way:

Yoo(z;7) = ﬁ (1 — qm> (1 + 2cos(2mz) g™V 4+ q2m*1) (B.13)
m=1
Vo1 (2 ):OO 1—q™)(1—2cos(2mz)q™ /2 + ¢*mt (B.14)
oz 7 Wl:[1< q)( cos(2mz)q q )
V10(z;7) = 2¢"/8 cos(m2) (1 - qm> (1 + 2cos(2mz)q™ + q2m> (B.15)
m=1
V11 (2;7) = —2¢"8 sin(nz) ﬁ (1 - qm> (1 — 2cos(2mz)q™ + q2m> (B.16)
m=1
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where, as always, ¢ = exp(2miT). Mark that eq.|[B.12| can be trivially derived from eq.[B.16].
Also, since we now know that the Jacobi Theta functions are a bit more complicated to handle
compared to the Dedekind Eta, it is instructive to see how they are related to it:

o n@) = (T/2)
Cn(07) = S dn(0:) (B.17)

Pretty effortlessly, one can see that there is an extra identity that demands:

1910(0; ’7') =

V10(0; )00 (0; 7)1 (0; 7) = 203(7) (B.18)

We move on to introduce a different incarnation of the four Jacobi Theta functions. This
incarnation is labeling them using single indices and since it is pretty commonly found, we deem
it useful to provide the definition:

01(z;7) = =01(2; 1) (B.19)
Os(2;7) = D10(2;T) (B.20)
O3(z;7) == Voo(2; 7) (B.21)
04(z;7) = Vo1(2; 7) (B.22)

Note, that many people may define the above equations with respect to the some nome ¢, but
since that nome is always defined differently -based on the author’s inspiration at the time- we
thought to define them using as arguments the two complex variables z,7 that we have used all
along. Nonetheless, we shall not elaborate on this specific incarnation any further.

Finally, there is one last incarnation of the Theta functions that we would like to, at least,
mention. In fact, this is a more generic way of gathering all the Theta functions (more like
gathering the whole family) using the notion of characteristics. The definition can be seen below:

v [Z] (2;7) = exp |mia®T + 2mia(z + b) [9(2 + a7 + b; T) (B.23)

with a,b € R. By varying the parameters a, b one can recover all the types of theta functions that
we defined in this section. For instance, we can obtain back the double-index incarnation in the
subsequent way:

W m (z;7) = Yoo(2;7) 19[1921 (z;7) = Yo1(2;7)

ﬁ[lﬂ (2:7) = Doz 7) 9 W;} (2:7) = O (2 7). (B.24)

By now, you must have noticed that we omitted to discuss how the Jacobi theta functions transform
under generic modular transformations. That was not by chance, it turns out that such a thing
is not possible in the double-index incarnation. However, we emphasize that the advantage of
this formalism, which employs characteristics, is that now we can study how eq. transforms
under the complete modular group (see subsection 3.8 of [22]). As a final comment, let us say that
more information towards the Jacobi Theta functions can be found in [19] 23], 22 24].
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