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ABSTRACT

Let n, k be positive integers such that n >k and G be a tripartite graph with parts A, B, C such that
IAl = IBI = ICl = n. Denote the edge densities of G[A, B], G[A, C] and G[B, C] by a, § and y, respectively. In this
paper, we study edge density conditions for the existence of k vertex-disjoint triangles in a tripartite graph. For
n > 5k + 2 we give an optimal condition in terms of densities «, 5, y for the existence of k vertex-disjoint triangles
in G. We also give an optimal condition in terms of densities «, 8, ¥ for the existence of a triangle-factor in G.

1 | Introduction

Extremal problems for triangles in graphs are among the most well-studied in graph theory; starting with Mantel's
theorem, showing that any graph with more than ”Tz edges has a triangle. After Mantel's result more detailed results for
graphs above the existence threshold were sought. The first such was a result by Rademacher, who found the minimum
number of triangles in a graph with %2 + 1 edges. Motivated by Rademacher's theorem Erd6s [1] asked for
the minimum number of triangles as a function of the number of edges, a problem which became known as the
Erdo§-Rademacher problem. A long line of papers culminated with Razborov [2] who found the asymptotic form for
the minimum possible number of triangles in a graph with a given number of edges. Nikiforov generalised this to K;s
instead of triangles, and Reiher [3] to cliques of any fixed size. Liu, Pikhurko and Staden [4] sharpened Razborov's
result to give the exact value for the minimum number of triangles and the structure of the extremal graphs. Later [5]
found the structure of the extremal graphs for all cliques. Generalising in another direction [6], investigated the
number of edges required to guarantee that some vertex lies in at least ¢ triangles, and determined the exact number of
edges for tripartite graphs.

Instead, looking for disjoint triangles, Erdds [7] studied the edge density condition for the existence of k vertex-disjoint
triangles. Let EX (n, F) denote the collection of all n-vertex F-free graphs with the maximum number of edges. Denote
the balanced r-partite graph with n vertices by T (n, r). Given two graphs G and H with disjoint vertex set, we use
G V H to denote the graph with vertex set V(G) U V (H) and edge set {xy: x € V(G),y € V(H)}. Let kF be the
graph which consist of k vertex-disjoint copies of F.
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Theorem 1.1 (Erdés [7]). Suppose that n, k are positive integers satisfying n > 400k?. Then

EX(n,(k+ 1)K;) ={K, VT(n —k,2)}. 1

Later Moon [8] improved the result by showing that (1) holds for n >9k/2 + 4. In 2015, Allen, Bbttcher,
Hladky and Piguet [9] extended the result to n > 3k for sufficiently large n and their result shows that there are
four different extremal constructions, for four different ranges of k. Recently, Hou, Hu, Liu and Zhang [10]
determined asymptotically the edge density condition for the existence of k vertex-disjoint K4. Simonovits [11] and
Moon [8] showed that if n is sufficiently large and ¢ is fixed, then K; V T (n — k, r) is the unique extremal graph
for kK, 1.

Motivated by a question of Erdés on triangle-free subgraphs Bondy, Shen, Thomassé and Thomassen [12]
investigated a tripartite variation of Mantel's theorem. Let G =(V,E) be a tripartite with 3-partition
V=WUWuUV,. A weighted tripartite graph (G, w) is a tripartite graph G = (V, E) together with a weighting
w:V — [0, 1] satisfying

dw) = ), wh)= ) w)=1.

aeV; beV, ceEV;

The weight of an edge xy € E(G) is w(xy) = w(x)w(y). Let G[V}, Vj;1] denote the bipartite graph induced by V; U Vi
fori € [3]. The edge density between two parts of (G, w) is d(G [V, Vj]) = 2abeE(G [V,-,Vm])w(ab) fori € [3]. A tripartite
graph can be regarded as a weighted tripartite graph by setting the vertex weight to be 1/I1Vjl, 1/1V5l, 1/1Vjl for vertices in
classes V3, V3, V4, respectively.

Let a :== d(G[W, Va]), B == d(G[W, V5]) and y := d(G[V5, V53]). We say that «, 3,y is a cyclic triple if the following
conditions are satisfied:

af+y>1,By+a>1land ya + > 1.
If the edge densities of G form a cyclic triple, then G is said to be cyclic. Bondy, Shen, Thomassé and Thomassen [12]
proved the following theorem.
Theorem 1.2 (Bondy, Shen, Thomassé and Thomassen [12]). If G is cyclic, then it contains a triangle.
For a given tripartite graph G with parts V4, 1%, V3, denote its bipartite density d(G) by

IE(G|V,, ViDI
d(G) :== min M
1<i<j<z Vil - 1Vl

J5 -1
2

Theorem 1.2 implies that any tripartite graph G with d(G) > 7 = must contain a triangle.

In [13] Baber, Johnson and Talbot investigated a tripartite version of Razborov's [2] counting result, giving a lower
bound for the number of K;s as a function of the edge densities in a tripartite graph. They determined the exact
minimum for a range of densities and conjectured an exact bound for the remaining range. In 2021, Markstrém and
Thomassen [14] generalized these results to uniform hypergraphs. They determined the edge density needed to
guarantee a copy of Kg?l, the complete r-uniform hypergraph on r + 1 vertices, in an (r + 1)-partite r-uniform
hypergraph and presented a sharp lower bound for the minimum number of copies of K}, as a function of the edge
densities.

In this paper we will follow up on both Erdds [7] study of sets of vertex-disjoint triangles and the results on
tripartite densities in [12] by finding edge density conditions for the existence of k vertex-disjoint triangles in a
tripartite graph.

Forl >a,B,y >0andn > k > 1, we say a, 3, y is a (k, n) -cyclic triple if inequalities (2), (3) and (4) hold, where:

2 Journal of Graph Theory, 2026

85U80 |7 SUoWLWOD @Ak aqealdde sy Aq peusenoh afe sajoile O ‘8sn JO Sa|n. 1o Arig 18Ul UO AB|IM UO (SUORIPUOO-pUR-SLLBIALI0D A3 | 1M AReIq 1 U1 UO//SANY) SUORIPUOD pUe SWis | Y} 88S *[9202/90/0€] Uo Ariqiauliuo A|IMm * AisieAlun eawn - Ariq1] ASAIUN gawn ssolAles Al(oyos pue Bulustiand Aq 62002 16(/200T 0T/10p/woo" e |1m:ARe.qipuljuo//sdny woly pepeojumoq ‘0 ‘8TT0L60T



Bla — +y>1,
n
1 (2
alB — +y>1.
n
yoc—k_l +pB>1,
n
-1 (3)
aly — + 5> 1.
n
y,@—k_l +a>1,
n
k-1 )
Bly — +oa> 1.
n

Our main result is the following theorem:

Theorem 1.3. Let n, k be integers such that k > 2 and n > 5k + 2, and let G be a tripartite graph with parts A, B and
C such that 1Al IBl, ICl = n. Let a, § and y denote the edge densities of G[A, B], G[A, C] and G[B, C], respectively.

Ifa, B,y is a (k, n)-cyclic triple, then G contains k vertex-disjoint triangles.

Remark. The conditions in (2), (3) and (4) are best possible. For instance, there is a tripartite graph G with densities
a, B,y satisfying ﬁ(oc _ kel

n
tripartite graph G with parts A, B and C. Denote the edge densities of G[A, B], G[A, C] and G[B, C] by «, 8 and v,
respectively. Let B; be a subset of B such that IB;| = %IBI, B, be a subset of B\B; such that IB,l = (oc - 1_T}')IBI and
B; = B\(B;1 U B,). Let C; be a subset of C such that|IC;| = BICl and C, = C\C;. Define the edge set of G to be the set of all
edges between A and B; U B;, A and Cy, B, U B; and C, By and C,.

) +y =1 and G does not contain k vertex-disjoint triangles. To see this, consider a

We believe that the condition on the ratio between n and k in Theorem 1.3 can be improved.

Conjecture 1.1. The bound n > 5k + 2 in Theorem 1.3 can be improved to n > Ck for any constant C > 1, for large
enough n.

Let 7 (n) denote the positive solution of the equation nx?* + (n + 1 — k)x — n = 0. Then Theorem 1.3 implies

Corollary 1.4. Letn, k be integers such that k > 2 and n > 5k + 2, and let G be a tripartite graph with parts A, B, C
such that |Al, |Bl, ICl = n. If d(G) > 1.(n), then G contains k vertex-disjoint triangles.

For k = cn taking the limit n — oo we get that i, (n) - 7. = %(c + (1 = ¢)®>+ 4 — 1), which is equal to 7 forc = 0
and 1 for c = 1.

Given a tripartite graph G we can construct a 3-uniform hypergraph G’, on the same vertex set, by taking each triangle
of G to be an edge in G'. Now k vertex-disjoint triangles in G correspond to a matching of size k in G’. The maximum
number of edges in a tripartite hypergraph without a matching of size k is known, see Lemma 2.2, and together with
the lower bound on the number of triangles in a tripartite graph, see Theorem 2.1, we get an upper bound for the
number of edges required in G to have k vertex-disjoint triangles. In Figure 1 we plot this bound for k = cn together
with 7.. As we can see the hypergraph bound differs strongly from the exact bound given by z.. This is a consequence of
the fact that, unlike for hyperedges, the distribution of triangles in a graph is highly correlated.

Bondy, Shen, Thomassé and Thomassen [12] also considered the problem of finding a copy of a complete graph K;, with
at most one vertex in each partite class, or in a r-partite graph for general I <r. This line of investigation was continued
for more general subgraphs by Nagy in ref. [15], and Pfender [16], who considered triangles in multipartite graphs with
more than three parts. While the previous two papers worked with a common lower bound for all the bipartite densities
[17] gave results for trees using independent densities for all bipartite subgraphs. In [18] an analogue of the Erdds-
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FIGURE1 | The hypergraph bound (top), a linear interpolation between the endpoints (middle), 7. (bottom), as functions of the
number of triangles c. [Color figure can be viewed at wileyonlinelibrary.com]|

Stone-Simonovits theorem was proved for the case when the number of parts is large and the sought subgraph is color-
critical. More recently [19] considered many different variations on this problem, including cycles of length [ in I-partite
graphs. In our context one may ask for density conditions which guarantee the existence of k copies of a subgraph,
instead of single copy. As a concrete example we ask:

Problem 1.1. Lett be fixed. Assume that G is a t-partite graph with n vertices in each class and bipartite densities at
least a;(c). How large does a;(c) have to be in order to guarantee the existence of k = cn vertex disjoint copies of
K, in G?

Conjecture 1.1 claims that our theorem can be extended to include partial triangle-factors with cn triangles
for any constant ¢ < 1. It will not be possible to make a simple extension to include actual triangle-factors, i.e.
n = k, since a density condition of the kind used in the theorem cannot exclude the existence of isolated vertices.
One can formulate a density condition for triangle-factors as well which, as we will now show, becomes very
restrictive.

Let G be a tripartite graph with parts V4, V5 and V; such that [Vl = IV3l = IV3l = n. We say that G contains triangle-factor
if G contains n vertex-disjoint triangles. The following theorem shows that the extremal graph for triangle-factor case is
different from the case in Theorem 1.3.

Theorem 1.5. Let G be a tripartite graph with parts Vi, Vo and Vs such that Vil = V3l = IV3l = n > 240. Let
(n? — n+ a'n%),(n? — n + B'n®) and (N> — n + y'n®) be the number of edges of G[Wi, V5], G[Wi, V5] and G[V5, V4],
respectively. If

a'ﬁ’n(aa"'ab_l) + y’n(ac_l) > 1,
y’ﬁ’n(50+5b_1) + a/n(aa_l) > 1, (5)
a'y’n(5a+5c_1) + 6,n(5b_1) > 1,

then G contains a triangle-factor.

Remark. The condition in (5) is best possible. For instance, there is a tripartite graph G with densities
a=1-1/n+an% 22, B=1-1/n+pnG 2, y=1-1/n+ y'n®2 satisfying a’f'nG+%D 4 y'nl@-1 =1 such
that G does not have a triangle-factor. To see this, consider a tripartite graph G with parts A, B and C. Denote the
edge densities of G[A, B], G[A, C] and G[B, C] by «, 8 and y, respectively. Let x € A, B; be a subset of B such that
IB)l = an? — n(n — 1) and C; be a subset of C such thatIC)l = 82 — n(n — 1). Define the edge set of G to be the set of all
edges between A\{x} and B, A\{x} and C, {x} and B, {x} and C;.
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The rest of the paper is organized as follows. In Section 2, we will introduce notions and calculations needed for our
proofs. Section 3 is devoted to prove our main result. In section 4, we will prove the triangle-factor case.

2 | Preliminaries

Let
R={(a,B7) €0, 1P :af+y>1l,ay + B> 1, By + a > 1},
and
A, B,y) = a? + B2 + y? — 2aB — 2ay — 2fy + 4afy.
R and R, is a partition of R such that
Ri={(a,B,y €R: A B,y) 20)}

and R2 = R\R1

Let T (@, B, ¥) denote the minimum number of triangles in a tripartite graph with the stated densities, divided by n3.
From [13], we have the following:

Theorem 2.1 (Baber, Johnson and Talbot [13]). If (a,B,7) € R, then Tuu(o,B,y)=a+B+y—2. If
(Of, ﬁ’ 7) € RZ: then Tmin(a’ 5’ V) < 2\/ Ofﬁ(l - J/) + 27/ - 2.

Conjecture 2.1 (Baber, Johnson and Talbot [13]). If (a, B, ¥) € R, then Ty (o, B, 7) = 2JaB(1 — y) + 2y — 2.

For integers n > r > 1, let [n] := {1, 2, ..., n} be the standard n element set and ([:l]) ={T C [n] : ITI = r} be the
collection of all its r-subsets. An n-vertex r-uniform hypergraph H is a pair H = (V, E), where V := [n] and
E(H) C ([:]). Let v(H) be the matching number of H, that is, the maximum number of pairwise vertex-disjoint
members of E(H). An r-uniform hypergraph H is called n -balanced r -partite if V (H) is partitioned into sets
W, V3, ..., Vi such that [Vjl = IV3l = -..= |Vl = n and each hyperedge meets every V; in precisely one vertex. Aharoni and

Howard [20] showed the tight hyperedge density needed to guarantee the existence of a matching of size k in an n-
balanced r-partite r-uniform hypergraphs. (see Observation 1.9 in [20]).

Lemma 2.2 (Aharoni and Howard [20]). If H is an n-balanced r-partite r-uniform hypergraph and
e(H) > (k — 1)n"~! then v(H) >k and the bound is tight.

For a graph G and U C V(G), we use G — U to denote the subgraph of G induced by V (G)\U, and we use G[U] to
denote the subgraph of G induced by U. For a graph G and E C E(G), we use H — E to denote the graph obtained from
G by deleting E.

Definition 2.1. For a given graph G, let uv be an edge in G and xyz be a triangle in G. We say that uv sees vertex x of
xyz if uvx is a triangle in G. The edge uv sees xyz if uv sees at least one of the vertices x, y, or z.

For triangles 71, T in G, we say that T intersects T, if V (T)) N V(1) # @. A set of triangles 7 is said to be intersecting if
for any T;, T; € 7 we have T; intersects T;.

Lemma 2.3. Let n be an integer and G be a tripartite graph with parts Vi, V, and V3 such that |Vl >n > 1 fori € [3].
Suppose that G contains a triangle T and there are no two vertex-disjoint triangles in G. If every vertex in T seen by at most two
vertex-disjoint edges disjoint from V (T), then there is an edge set Eq such that Eq N E(T) = @, 1Ey N E(G[A;, Aiy1])! <2 for
i € [3] and there is no triangle in G — Ey — E(T).

Proof. Let T = vyv,v;, where v; € V.. Since there are no two vertex-disjoint triangles in G, every triangle in G
intersects T. If there is no vertex in T seen by edges disjoint from V (T), then there is no triangle in G — E(T) and the

Journal of Graph Theory, 2026 5

85U80 |7 SUoWLWOD @Ak aqealdde sy Aq peusenoh afe sajoile O ‘8sn JO Sa|n. 1o Arig 18Ul UO AB|IM UO (SUORIPUOO-pUR-SLLBIALI0D A3 | 1M AReIq 1 U1 UO//SANY) SUORIPUOD pUe SWis | Y} 88S *[9202/90/0€] Uo Ariqiauliuo A|IMm * AisieAlun eawn - Ariq1] ASAIUN gawn ssolAles Al(oyos pue Bulustiand Aq 62002 16(/200T 0T/10p/woo" e |1m:ARe.qipuljuo//sdny woly pepeojumoq ‘0 ‘8TT0L60T



proof is done. So without loss of generality we may assume that there exists at least an edge disjoint from V (T) seeing v,
and the number of edges seeing v; is no more than the number of edges seeing v; for i =2,3. Define
Nw) ={xeVi\vy:xv € E(G)} for i =2,3. Let M be a maximum matching in G[N,(v;), N;(v;)]. Note that
1 <IMI <2. By Konig's Theorem, there is a vertex cover V; of size IM| in G[N,(v;), N3(v1)]. There are two cases.

Case 1. Ml =2.

In this case, there is no edge disjoint from V (T') sees v,, v;. Indeed, suppose that v, is seen by X3, then there exists an
edge y,y; € E(G[N;(v1), N5(v1)]) disjoint from x5 such that xv,x; and v, y,y; are two vertex-disjoint triangles, a
contradiction. Let Ey = E(G[{v1} U V5]). One can see that |[E, N E(G[A;, A;+1])! <2 fori € [3] and there is no triangle
inG — E, — E(T).

Case 2. IMI =1.

Define N;(v,) ={x € Vi\v;:xv, € E(G)} for i=1,3 and N;(v;) ={x€ V\v;: xv; € E(G)} for i=1,2. Since
V(G[N1(v2), N3(v2)]), v(G[N1(v3), N;(v3)]) <IMI =1, there exist a vertex cover V; of size at most one in
G[N; (1), N;(v,)] and a vertex cover Vi of size at most one in G[N;(v3), N;(v3)]. Let Ey = E(G[{n}, Vb])
UE(G[{va}, Vi) U E(G[{vs}, V§]). Then IEq N E(G[A;, Aix1])! <2 for i € [3] and there is no triangle in G — Ey —

E(T). The proof is done. O
If the densities a, 3, y are ordered by size, then the condition in the definition of (k, n)-cyclic triple can be simplified.
Proposition 2.4. Let1 >a, 3 >y >0 be three reals. If (2) holds, then (3) and (4) hold.

Proof.  Since (2) holds, we have

e teainree 5o

1)+y):(ﬁ—y)(1+k_l a)ZO

n

and

oc(y— k;1)+6—1>a(y— k_1)+ﬁ—(oc(6— k_l)w]:(ﬁ—y)(l—a)zo.

n n

Thus (3) holds. The proof for inequalities in (4) is similar. O

Next we give the another form of inequalities (2), (3) and (4), which will be used in the proof of Lemma 3.2.

an—(k—-1) yn—(k-1)
s S e ©
pr—(=1) m—Gk=-1
n—(k-1) n—(k-1)
an—(k-1) pn—-(-1)
k=1 T a—k-1 " -
m—(k=1  pn-(=1
n—(k-1) n—(k-1)
pn —(k—1) + an — (k—1) S 1,
n—(k-1) n—(k-1) ®)
ym—(k-1) an-(k—-1)
ﬁn—(k—l) " n—(k-1) &
Proposition 2.5. a,f,y is a (k, n)-cyclic triple if and only if inequalities (6), (7) and (8) hold.
6 Journal of Graph Theory, 2026
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Proof. Let {A,n,u}:={a,f,y}. Then we only need to show /1(77—%)+/x> 1 holds if and only if

nn—(k—1) un—(k—1) .
An—(k—l) + e 1 holds. Notice that

m-Gk=1  pn—(k=1
n—(k-1) n—(k-1)

>1

holds if and only if

Agm—(tk-1))+un—-(k—-1)>n—-(k—-1)
holds and /1(77 - %) + p > 1 holds if and only if inequality (2) holds. The proof is done. O

3 | Proof of Theorem 1.3

In addition to the results already stated our proof will use three lemmaa to deal with vertices with large degree in G.
These are stated, and proved, after the proof of our main theorem.

Proof of Theorem 1.3. The theorem is true for 1 triangle by Theorem 1.2. We will next assume that G satisfies the
conditions in the theorem but does not contain k vertex-disjoint triangles for some k strictly smaller than the bound in
the theorem and derive a contradiction.

Without loss of generality we can take the value of k to be smallest for which the theorem fails. Let 7= {T, T, ..., Tr—1}
be a maximal set of vertex-disjoint triangles in G.

A triangle aya,a3 is called good if there are at least three vertex-disjoint edges in E(G — V(7)) which see aja,a;
at the same vertex. Let 77 ={T € 7: T isgood} and 7, = 7\7;. There can not be two vertex-disjoint edges
e, e; € E(G — V(7)) such that ey, e, see different vertices of a triangle in 7, for otherwise there exists k vertex-disjoint
triangles, a contradiction. Thus we can derive that there is only one vertex seen by some edge e € E(G — V (7)) for
each triangle T € 7;. Denote the vertex seen by some edge in E(G — V(7)) byv;foreachT; € 71. LetVi ={v; : T, € T3}
and define V)l = 174l = t.

LetU; = A\W, U, = B\W; and U; = C\W. Define G’ = G — V; and denote the edge densities of G’ [U;, U], G'[U,, Us] and
G'[U;, Us] by o', 8 and y’, respectively. Without loss of generality, we may assume that a’ > >y’. Thus by
Lemma 3.3,

k—1-1t

a|B — +y'>1
(ﬁ Ul ] !

and

k—1-—t
o' = ————[+y'>1
5( iU ] !

hold. If t = k — 1, then by Theorem 1.2 and Proposition 2.4, G’ has a triangle, a contradiction. So we assume that
t <k — 2 in the following proof.

Let S denote the set of all triangles in G'. For every e € E(G'), let 7(e) = {T € S : e € E(T)}. Next we will find an edge
set E’ satisfying

S = Ueer7(e). (9)
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!

We will show that the edge density of G' — E’ is large enough to guarantee the existence of a triangle, but G' — E
contains no triangle according to (9), which is a contradiction.

Define V;, = V(7))\W4. Since the maximum number of vertex-disjoint triangles in G is k — 1, every triangle in
G intersects a triangle in 7. Thus every triangle in G’ has one vertex contained in V, U V(7;). Let
R=V(G)N\(WVUV(7)). We now split the set S into there parts. Let S;={TeS:V(T)nWV=g}u
(TeES:W(TMNW=LIVT)NV()=2,5={TeS: V(DNV(T)=0,L,S={TeES:IV(T)nW =1,
W(TMnNV(I)l=LIV((T)NR =1}u{Te S:IV(T)Nn V)l =2,IV(T) n V(73)l = 1}. One can see that S =S U
82 U 83.

Given T, € 7, define S; ={T € S: TN T # @} and ST, = S;\(X 4 jc(e—1)S)- St is a set of intersecting triangles,
otherwise there are two vertex-disjoint triangles T', T” € S such that {T’, T"} U T\{T} is a set of k vertex-disjoint

triangles, a contradiction. Recall that for each triangle T € 7, and each vertex x € V (T), there are at most two vertex-
disjoint edges in E(G' — (Vb U V(7)) seeing T at x. By Lemma 2.3, there is an edge set Er such that
IEp; N E(G'[Uy, Ux])I, IEx N E(G'[Uy, Us])I, IEf N E(G'[Uy, Us])l <2 such that there is no triangle in G’ — Ep — E(T)
belonging to St, for each T; € 7. That is Ure 7,87 = Uee(uy, nEr,) Z(e). Since every triangle in S\ Uge7, S7 has an edge
contained in E(G'[V (73)]), we have

Sl - Uete KE), (10)
where Q; = (Uger,Er) U E(G'[V (T))]). For i € [3], we have

Q1 N E(G'[U, UsiDI<IE(G'[V(T)]) N E(G'[U, UsaD! + D, IEp 0 E(G'[U;, U] an
TEeT, 11
<k -1-1t2+2k-1-1).

Claim1l. S;=@

Proof.  Suppose that there exists a triangle T such that TN V(7)) = @. Let Z = {T, € 7, : T, n T # @}. By the definition
of 73, every vertex v € V; N V (Z) is seen by a matching in G’ — (V, U V (73)) of size three. Thus there is a set of vertex-
disjoint triangles 7" of size 171 such that (7\Z) U 7' U {T} is a set of k vertex-disjoint triangles in G, a contradiction. []

Let 7y = {1}, T, ..., I;} and T, = {T41, Ti42, ..., Tk—1}. For any T; € 7, and Tj € Ty, define T; = uij1 uij2 us-a and T = x{x%xé
such that x{ € Vl Without loss of generality, we may assume that x{;, ije in the same part of G’ for ¢ = 1, 2, 3. Let

Gi=G[V(H)uWV(TN\WI, Sj={T € S;: E(T) N E(Gy) # @} and R; = {u xz, u x3}

Claim 2. Foranyi € [t]and j € [k — 1]\[ ], there is an edge set Ej such that I(E; U Ry) N E(G[U, Up41])! <1 for
¢ € [3] and S3 C Ueeq, 7(e), where Q, = Ui, UJ L (Ejj U Ry).

Proof. For each Gy, there are four cases.

Case 1. One of xju} , x{u’; does not belong to a triangle in S;.

In this case, it is not difficulty to see that {xju xéu By L xJul 3 }nE (Gy) is the desired set Ej satisfying

I(Ej U Ry) N E(G[Up, Up41])! <1 for € € [3] and Sy C Ueer,ur, T(e)

Case 2. There exist distinct vertices v; and w; such that lez J , w1x§u are triangles in Ss.

)2

Let F={Te€T,:V(T)N {v, wy, x{} #@} and V' ={x e Vj:x € V(F)}. For each x € V', there are three vertex-
disjoint edges in E(G' — (V, U V (73))) see x, thus there is a set of Vertex-disjoint triangles F' of size V'l such that
V((FYN (V(T) U {v;,w}) = V'. One can see that ’Z'\({u]1 u]2 uj }U F) U {nxdul i , WiXU } U F' is a set of vertex-
disjoint triangles of size k in G, a contradiction.

Case 3. There exists a vertex v ¢ V (7) such that vx%uij3 is the only triangle in S5 contains x£u§3 and vxg'u"j2 is the
only triangle in S; contains xéuljz.
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If I{ui xz, u x3} N E(Gy)! >1, then assume that u x2 € E(G) w1thout loss of generality. Since x{ € W, there is a
i j u }) U {vu x3, u] x%u’ x1z2z3} is a set of vertex-
disjoint triangles of size k in G, a contradiction. Thus we have I{u ; xz, u x3} N E(Gy)! = 0. Let E; = {vx], vxj}. One can

see that Ej is the desired set satisfying I(E; U Ryj) N E(G[Up, U€+1])I <1for ¢ € [3] and Sy C Ueeg,ur,; 7(e).

triangle x1z2z3 such that z,,z3 &€ V(7). Thus (T \{x1x2x3, ul

Case 4. There exists a vertex v € V (7)) such that vxju!

i and vxju'; is the
3

is the only triangle in S; contains x}u/, i

J3
. . . Joi
only triangle in S; contains xsuj .

Since vxju’, € S;, we have v € V (77). It follows that there is a trlangle T, = x{x5x% € T; such that v € {x%, x{} since

Js
x{ € 1. Without loss of generahty, we may assume that x? and xJ are in the same part of Uy, Us, Us. We can derive that

v=x} and ui = u . Thus ujv = u X € Rip. Let E; = {uj xi, uhxz', u x{} N E(Gy). One can see that Ej is the

desired set satlsfylng I(Ey U Ru) N E(G [Uz, Up41D)! <1 for € € [3] and Sy C Ueer,ur, 7(e).

Note that S; = Ul_; UJ ) Sjj- Thus S3 C Ueeq, 7(e), where Q, = Ul_, UJ ) (Ej U Ry). O

For i € 3], we have

t k-1
1Q; NE(G'[U, UsDI < 3, Y, I(Ej URy) N E(G[Up, Upa)I <t(k — 1 —1).

i=1 j=t+1

Combining with inequality (11), we have
(QUUQQ)NEG U, Uy DI <tk—1=-t)?+ttk—-1-t)+2k=-1-t)=((k—-1- 1)k + 1).
By Claim 1, Claim 2 and (10), we have
S = Ueeo,uo,Z(e).

Thus G' — Q; — Q, has no triangle. Let G” = G’ — Q; — Q,. For any i € [3], the edge density of G”[U,, U,,,] is at least

k=1-0)k+1) 1 oprot
P — W,Wherep S {O(,,B,)/}. But

[a,_(k—1—t)(k+1)](5,_(k-1-t)(k+1))+y,_(k—1—t)(k+1)_

(1UNHU) (QoDIQED] (1UDHATSN)

, k=-1-0Hk+D)(, *k-1-k+1) , (k=1-tk+1) Ay k—1-—t ,
>(o¢— nn—t) )(6_ nn—t) )+y— nn—t) —a(ﬁ— n )—y
S a'k—1-1) @+ B8)((k—1-1t)k+ 1)) _k-1-0k+1)

n n(n —t) n(n —t)
Zk—l—t[a,_ (cx’+[3’+1)(k+1)]
n n-—(k-2)
k—1-1t

> m((xl(l’t —(k—=2)—Qa"+ 1k + 1)) >0.

Here the last inequality follows from a’ > 7 > 1/2 together with the assumption that n > 5k + 2. By Theorem 1.2 and
Proposition 2.4, G” has a triangle, a contradiction. O

Lemma 3.1. Letn, k be integers and G be a tripartite graph with partsU, V and W such that U, IVI, Wl >n >k > 1.
Denote the edge densities of G[U, V], G[U, W] and G[V, W] by 4, n and u, respectively. Let S be a subset of V.U W and
G' =G — S such that S| <k — 1. If
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7)( —k_1)+,u>1and/1(n—k_ )+,u>1,
V1 |
then
k—1-18l
Mm-—\+u>1 12
’7( VAT ) K (12)
and
k—1-18l
Al ——— |+ >1, 13
(’7 IW\TI ) K (13)

where A, 7' and u’ denote the edge densities of G'[U, V\T], G'[U, W\T] and G'[V\T, W\T], respectively.

Proof. The proof of inequalities (12) and (13) are similar, so we only give the proof of inequality (12) here. Let
ISNVI=x,ISN WI=yandISlI = t. Thus

x+y=¢t

Let

B k-1 k-1 (k= D)AIVI — pIWl)
p””@‘ W1)+#_P@_ )+@_ VIWI

be the difference between 77(/1 - %) + p and /1(77 - %) + K

Define G; = G — (S N V). For each vertex v € V, the degree of v is at most Ul in G[U, V] and at mostIWlin G[V, W].
Therefore, e(G1[U, V]) 2AUIVI —xIUl and e(G1[V, W]) >ulVIIWI — xIWIl. Denote the edge densities of
G1[U, V], G1[U, W] and G1[V, W] by A4, »; and u,, respectively. Thus

AUV — XUl AV — x UVIW! = xIWl VI — x
= JU> > =
UI(IVI — x) VI —x IWI(IVI — x) WVl —x

s =) (14)

/N =

Note that G’ = G; — (S N W), then for each vertex w € W, the degree of w is at most IUl in G;[U, W] and at most
IVl —x in G,[V, W]. Therefore, e(G'[U, W]) >5lUlIIWI — ylUl and e(G'[V,W])>e(G [V, W]) —y(VI—x) =
U (IVI = x)IW1 — y(IVl — x). Thus

o VI =W —y(WVI =) _ lWi—y  plUIWI—ylUl Wi —y

A=A, u>u > = ,n=>n > = 15
L =K (W1 = »)(IVI = x) Wl —y 7=1 (W1 — )IUI Wl — (15)
By inequalities (14) and (15), in order to prove
k—1-—t
"MW - — 1+ u >1,
K ( VAT ] K
it suffices to prove
10 Journal of Graph Theory, 2026
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WIVI—x) | W]

nlWl—y(/llVI—x 3 k—l—t)+ T Y o1
Wl —y \IVI —x WVl —x Wl -y
Notice that
V1 = x)IWI
nlWl—y(/IlVl—x B k—l—t)+ wvi—-x 1
Wwi—y LIVl —x vl —x Wl —y
W= y)AVI —x —(k—1—1)) + WVl = x)IWl —y(IVlI = x) _ (W1 = »)(IV1 = x)
B (W1 = Y)(IVI = x) (W1 = Y)(IVI = x) (W1 = »)(IVI = x)

MW = YAV = (k =1 = y)) + pVIWI — IVIWI

(W1 = »)(IVI = x)
y k—1-y
(W1 = (VI = x)
VW] n(A—u)+ﬂ—L(ﬂL—m)+u—1)

% vl Wl %
(W1 = y»)(VI = x)

k- 1] N y(@lwl — V1) . 1]

1% VIl

(W1 = (VI = x)

VIWI 77(/1

\%

So we only need to prove that

+u—1>0.

[/1 k- 1) N y@IWl — V)
\%l VIWI

There are two cases.

Case 1. p<o.

Since p <0, nIWI — AlVI >0. Thus Yl WIZAIVD 5 Combining with

IVITW
k-1
A— +u>1,
77( IVI) #

the proof is done in this case.
Case 2. p>0.

Since

k-1
Aln — +u>1,
(77 Wi ) K

it suffices to prove

k—1) y@wl — v ( k — 1)
- + +u—|2n - +ul|>o0.
n( V1 ] VIWI K 7T T K
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Indeed,
k—1) y@wl — v ( k — 1)
A= + +u—|Aln - +
’7[ W% ) VWl K 7T T K

o y@VI=Wh) _ (k= DAIVI —gWl)  y@AVI — W)

B VWl B VWl VW

_ (k=1-p@VI = pWD) So.

[VIWI

and the proof is done in this case. O

Lemma 3.2. Suppose that n,k are integers and G is a tripartite graph with parts A,B and C such that
Al >IBI,ICI >n >k >1. Let a, 8 and y be the edge densities of G[A, B], G[A, C] and G|[B, C], respectively, such that
a,B >y. Let S be a subset of A and G’ = G — S such that IS| <k. If

6(a—%)+y>landa(ﬁ—%)+y>1

hold, then

k — 1S
ICl

ﬁ’(oc’ _k ;3||Sl) +y' > 1 and a’(ﬁ’ -

) + 7y >1,

where o', 8’ and ' is the edge densities of G’'[A\T, B], G’'[A\T, C] and G'[B, C|, respectively.

Proof. Define t = ISI. Since each vertex v € A has degree at most IBl in G [A, B] and has degree at mostICl in G[A, C],
we have

'S alAlBl — tIBl  alAl — ¢

, _BIAICI —fCl _ BAl—t

IBI(Al — t) |A|—t’526 z ICI(Al — £) m—c "

BiCi—k |, yiCl—k
e« T ik

If oc(ﬁ - %) + vy > 1 holds, then a > 1 holds by Proposition 2.5. Again by Proposition 2.5, in order

to prove oa'(,@' - kl_c‘f ‘) + ¥’ > 1, it suffices to prove that a’ﬁ‘/ ‘CC| ‘_;k(k__[;) y‘, ‘CC‘ :Iik__l;) > 1. Indeed,
BIAI — ¢
BIC — (k= 1) N yICl—(k—1t) S alAl — t |A|_t'C'_(k_t) V€l —(k—-t) pICI—k yICl—k _
ICl — (k — 1) ICl — (k — t) Al — t ICl — (k- t) ICl — (k —t) ICl—k ICl—k
1-8
- (e 1—a)( S A -G N N S )
B Al — ¢ ICl — (k — t) ICl — k Nier—k " 1a=-k=-o
(1- Of)[i(l — Pl - t)

_ a[ma - (k-0 picl - k) B a(l — pIcl B B — a)IC Al — ¢
B ICl — (k — t) ICl — k (Al = (CI = (k = 1)) (Al = H(CI = (k — 1)) (Al = )(CI = (k — 1))

k k—t
ta _y)(ICI —k ICl —(k—t)]
k k—t IC|

z (ICI—k - |C|—(k—t)](1_y+a_aﬁ)_ (IAI—t)(ICI—(k—t))(a+ﬁ_2a'8)
B IC| [t(l—y+oc—oc[5’)_oc+[5’—2a[5’]> ICI ((1—y+oc—oc,8)—(oc+,8—2a[5’)
T - (k-1 ICl — k Al—t )71 —(-1 ICl — k
> ICl [(1 - a)(1 —/3)]>0_

ICl — (k — ) ICl — k
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Similarly, for ,6’(0{ - %) + y > 1, we can prove that ,8’(0(' — k‘_gfl) +y' > 1 O

Using Lemmas 3.1 and 3.2, we have the following lemma.

Lemma 3.3. Letn, k be integers and G be a tripartite graph with parts A, B and C such that Al IB,ICl = n >k > 1.
Denote the edge densities of G[A, B], G[A, C] and G[B, C] by a, § and y, respectively. Let Vy be a subset of V (G) and
G' = G — V, such that Vol <k — 1. Suppose that 1,n and u are the edge densities of G'[A\Vy, B\V,], G’ [A\V,, C\Vp]
and G'[B\V,, C\V,]| such that A,n>u. Let {U,V,W}={A,B,C} such that d(G'[U\Vo, V\W])=7n and
d(G'[U\Vyp, W\W)) = A. If a, B, v is a (k, n)-cyclic triple, then

Ay k=1-1
WV\Vl

)+,u>1

and

k—1— 1V
- tu>1.
’7( IW\Vyl ] #

Proof. LetG,=G — (V,n (VU W)). By Lemma 3.1, we have

k—1-1Vyn(Vuw)l
o — +y>1
.81( 1 VAV ] h
and
k—1-1Von(VuWw)l
- + 9 >1,
051[51 W\ h

where oy, 5;, ¥ denote the edge densities of G1 [U, V\V;], G1[U, W\V;] and G, [V\V,, W\Vp], respectively. Since 4,1 > u
and G’ = G; — (Vo N U), we can derive that &g, 5; > . Thus by Lemma 3.2,

ORI I

WV\Vyl
and
k—1— 1V
A= +u>1
’7( WAV ) K
hold. O

4 | Triangle-Factors
In this section we study the triangle-factor case. For a tripartite graph G with parts W, 5, V; and a vertex x € V (G), let
dj(x) =l{e € E(G[V,, Vj]) :x € e}l and 6 (G [V}, V}]) = minyeyuy; dy (V).

Proposition 4.1. Let G be a tripartite graph with parts Vi, Vs, V5 such that IVjl = V3l = V3l = n and G[W, V5] is a
complete bipartite graph. If G[V;, V3] and G[W, V3] both have a perfect matching, then G contains a triangle-factor.
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Proof. Denote the vertices in V3 by {vy, vy, .., v,}. Since G [V3, V3] and G [W, V3] both have a perfect matching, there exist
a perfect matching {e;, e, ..., e} in G[V5, V5] and a perfect matching {f}, f;, ..., f,} in G[V;, V4] such that ¢; N f; = {v;} for
eachi € [n]. For every i, there is a triangle contain edges ¢; and f; since G [V}, V4] is a complete bipartite graph. So G has
a triangle-factor. O

Now we prove Theorem 1.5. Actually we prove the following theorem. One can see that condition (5) is equivalent to
condition (16) by settinga =1 —1/n+ a'n®2,8=1—-1/n+ n® 2 andy =1 — 1/n + y'n%2,

Theorem 4.2. Let G be a tripartite graph with parts Vi, V3 and V; such that |Vl = |V3l = IV3l = n > 240. Let a, 8 and y
be the edge densities of G[V4, V5], G[V4, V5] and G [V, V3], respectively. If

an—-m-1))Pn—-—(n-1)+y>1,
(an—-m-1)yn - -1)+p>1, (16)
Bn—-m-1))yn—-(m-1)+a>1,

then G contains a triangle-factor.

Proof. By inequalities (16), one can see that
(17)

for p € {a, B, v}.

By inequality (17), we have e(G[V}, Vi41]) 2n(n — 1) + 1 fori € [3]. Thus G [V}, Vi41] has a perfect matching for i € [3] by
Lemma 2.2. Suppose that there is only one bipartite graph satisfying e(G[V;, Vi41]) > n(n + 1) + 1. Without loss of
generality, assume i = 1. Then e(G[W, V5]) = e(G[V5 V5]) = n(n — 1) + 1. Tt follows that y = = w By
inequalities (16), > 1 — % Therefore e(G[W;, V5]) > n? — 1. That is, G[W;, V5] is a complete bipartite graph. Thus G

contains a triangle-factor by Proposition 4.1 and the proof is done. So we assume that there are at least two bipartite graphs
satisfying e (G [V}, Vi4+1]) = n(n — 1) + 2 in the following proof. Since the degree of any vertex is at most 1, we can derive that

S(G[V,, Viga]) 22 (18)

for i = 1, 3 without loss of generality.

Let Sp=veWVNuV:dp)<n/2},Sys=veWKUuW:dys®) <n/2} and S3={ve LU V:d;3(W) <n/2}. By
inequality (17), we have ISy,l, 1S,3l, 1S13l < 1.

Claim 3. For each vertex v € V (G), there is a triangle containing v.

Proof. Without loss of generality, we may assume that v € ;. Let S = V{\{v} and G; = G — S. Let &', 8/, ¥’ be the
density of Gi[{v}, V5], G1[{v}, V4] and G,[V4, V4], respectively. Thus «’ > W,ﬁ’ Zw and y' = y. By
inequality (16), we can derive that '8’ + ¥’ > 1. It follows that o', 8’ > 0. That is, IN,(v)I, INs(v)| > 1, where
N, (v), N3(v) denote the neighborhood of v in V5 and V3, respectively.

In order to prove that G; has a triangle, we only need to show that there exists an edge in G; [N, (v), N5 (v)]. Suppose that

E(Gl [Nz(v), N3(V)]) — @, then 7// < n2—| Nz(vjlz\ -1 N3 (v) \' Since a/ — \Nzrfv) | , ﬁ/ — I N5(v) |’

n
. 2_ . . .
@ LN L 2N INGT — g contradiction. O

we can derive that

af +y <

n n

Claim 4. There are at most 3 vertex-disjoint triangles containing all vertices in Sj; U Si3 U Sp3.

Proof.  For the case IS;; U Si3 U Syl <1, The conclusion holds by Claim 3. So we assume 2 <153, U Sj3 U Syl <3 in
the following proof. Suppose that there is a vertex x such that x has degree one in some G[V;, Vi;1]. Then x € Sy; by
inequality (18). Without loss of generality, we assume that there exists a vertex y € Si3\{x}. That is d;3(y) < n/2. Thus

14 Journal of Graph Theory, 2026

85U80 |7 SUoWLWOD @Ak aqealdde sy Aq peusenoh afe sajoile O ‘8sn JO Sa|n. 1o Arig 18Ul UO AB|IM UO (SUORIPUOO-pUR-SLLBIALI0D A3 | 1M AReIq 1 U1 UO//SANY) SUORIPUOD pUe SWis | Y} 88S *[9202/90/0€] Uo Ariqiauliuo A|IMm * AisieAlun eawn - Ariq1] ASAIUN gawn ssolAles Al(oyos pue Bulustiand Aq 62002 16(/200T 0T/10p/woo" e |1m:ARe.qipuljuo//sdny woly pepeojumoq ‘0 ‘8TT0L60T



oc>1—(yn—(n—1))(ﬁn—(n—1))21—$. (19)

It follows that e(G[W, V5]) > n? — n/2. Thus S;; = @ and IS;; U Sj3 U Syl = 2. By Claim 3 there is a triangle T; containing
x. If y € T, then the proof is done, so we may assume that y ¢ T;. Since dij3(y) > 2, there is an edge yz € E(G[W;, V3])
such that V(T) n {y, 2z} = @. Let {y, 2} = {3, ¥;} such that y, € V] for i = 1, 3. Since e(G[V5, V3]) =n(n — 1) + 1 and
dy3 () = 1, one can see that dy; (y;) = n. Note that di»(y;) > 2. ThusIN>(y;) N Na(y3)1 > dia(y)) + daz(y;) — n > 2, where
N> (1), N2(y;) denote the neighborhood of y,, y; in V5. So there is a triangle disjoint from T} containing y and the proof is
done. So from now on we assume that § (G[V}, Vi41]) >2 fori € [3].

Case 1. 1S, U S;3U Syl =2

Since 1S1,l, IS13l, 1S231 <1, there exists a vertex y belongs to only one of Sy, S13, Sxs. Let {x, ¥} = S12 U S13 U Sps. Without
loss of generality, we assume that y € S»;\(S;, U S13) and x € Sp,. By Claim 3 there is a triangle T; containing x. If
¥y € Ty, then the proof is done, so we may assume that y ¢ T,. Since dy; (y) > 2, there is an edge yz € E(G[V5, V5]) such
that V(1) n {y, 7} = @. Let {, 2} = {y,, 3} such that y, € V; fori = 2, 3. Since di2(x) < n/2, d;2(y,) > n/2 + 1. Recall
that y,z & Si3, thus di3(y;) > n/2. Therefore IN;(y,) N Ni(¥;)! > dia(y,) + di3(y;) — n =2, So there is a triangle
disjoint from T; containing y and the proof is done.

Case 2. 1S1, U S;3 U Syl = 3.

Let x € Sp,,¥ € Sy and z € Sj5. Without loss of generality, we assume that dj, (x) <dy(y) <dj3(z). We claim that
di3(z) > 3. Otherwise if di,(x) <dy(y) <di3(z) <2, then

(an —(n - 1)Bn —(n - 1)) +y <1,

a contradiction. By Claim 3 there is a triangle T, containing x. If y, z € T, then the proof is done, so we may assume
that y ¢ T. Since d,3(y) > 2, there is an edge yu € E(G[V5, V3]) such that V() N {y, u} = @. Let{y, u} = {y,, »;} such
that y, € V; fori = 2, 3. Since diz(x) < n/2, di2(y,) > n/2 + 1. Therefore IN; (3,) N N1(¥)! > dia(¥,) + diz(y;) — n >2
since di3(y;) > n/2. So there is a triangle T, disjoint from 7; containing y. If z € T; U T5, then the proof is done,
so we may assume that z¢& [UT,. Since dj3(z) >3, there is an edge zw € E(G[W, V5]) such that
V(M) v V(D)) niz,w=@. Let {z, w} = {7, z3} such that z; € V; for i = 1, 3. Since d;,(x) < n/2 and dy(y) < n/2,
we have dj,(z) > n/2 + 1 and dy3(z3) > n/2 + 1. Thus IN,(z)) N Ny(z3)| > di2(z) + dyz(z3) — n > 2. So there is a
triangle T disjoint from T; U T; containing z. O

By Claim 4, there is a set of vertex-disjoint triangles 7; such that S, U S,3 U S13 C V(77) and I73] <3. Let
SL=veNuV:d,W) <4n/5},S)={ve LU Vs: dy(v) <4n/5} and Si;={ve€ VU V;:dj3(v) <4n/5}. Note
that I1S7,l, 1S3, 1S%! <4. For any vertex v € (S3, U S% U S13)\(S12 U S»3 U Si3), suppose that v € V4, there are at least
24n + 1 triangles containing v since di;(v), diz(v) >n/2 and e(G[N,(v), Ns(v)]) > dip(v) - diz(v) — n > 24n. Let
7T, =1{0, D, ..., T;} be a maximum set of vertex-disjoint triangles disjoint from V (7;) such that each T; containing exactly
one vertex in (S}, U S5 U S13)\(S12 U Sa3 U S13). Note that € + 1731 <12 and there are at most 24n triangles containing
v and intersecting some triangle in 7; U 7, for any vertex v € (S7; U Sy U S13)\(S12 U Sp3 U S13). We claim that
(S1, U S5 U S1)\(S12 U Sp3 U S13) C V (73), otherwise there is a vertex u € (Sj, U Sh; U S13)\(S12 U Sa3 U S13) such
that u & V (75), but there exists a triangle T’ containing u such that V (T") n V(7; U T,) = @, a contradiction.

Let G' = G — V(7T U T,). Since n > 240, every vertices in G’ has degree at least 4n/5 — 12 > 3n/4. Thus there is a
perfect matching M in G[V4, V5] by Hall's Theorem. Let M = {uyvy, iV, ..., U, V,}. Define H to be a bipartite graph with
vertex parts M and V5. Define E(H) = {ex: e € M,x € V5 and ev is a triangle}. For uv € M, since § (G’) > 3n/4, we
have dy (e) > 3n/4 + 3n/4 — n = n/2. Similarly, we can derive that dy (x) > n/2 for x € V5. By Hall's Theorem, there
is a perfect matching in H. That is, there is a triangle-factor in G’. Thus G contains a triangle-factor. 1
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