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ABSTRACT
Let n k, be positive integers such that n k and G be a tripartite graph with parts A B C, , such that 
A B C n= = = . Denote the edge densities of G A B G A C[ , ], [ , ] and G B C[ , ] by , and , respectively. In this 
paper, we study edge density conditions for the existence of k vertex‐disjoint triangles in a tripartite graph. For 
n k5 + 2 we give an optimal condition in terms of densities , , for the existence of k vertex‐disjoint triangles 
in G. We also give an optimal condition in terms of densities , , for the existence of a triangle‐factor in G.

1 | Introduction 

Extremal problems for triangles in graphs are among the most well‐studied in graph theory; starting with Mantel's 
theorem, showing that any graph with more than n

4
2

edges has a triangle. After Mantel's result more detailed results for 
graphs above the existence threshold were sought. The first such was a result by Rademacher, who found the minimum 
number of triangles in a graph with + 1n

4
2

edges. Motivated by Rademacher's theorem Erdős [1] asked for 
the minimum number of triangles as a function of the number of edges, a problem which became known as the 
Erdos̋‐Rademacher problem. A long line of papers culminated with Razborov [2] who found the asymptotic form for 
the minimum possible number of triangles in a graph with a given number of edges. Nikiforov generalised this to K4s 
instead of triangles, and Reiher [3] to cliques of any fixed size. Liu, Pikhurko and Staden [4] sharpened Razborov's 
result to give the exact value for the minimum number of triangles and the structure of the extremal graphs. Later [5] 
found the structure of the extremal graphs for all cliques. Generalising in another direction [6], investigated the 
number of edges required to guarantee that some vertex lies in at least t triangles, and determined the exact number of 
edges for tripartite graphs.

Instead, looking for disjoint triangles, Erdős [7] studied the edge density condition for the existence of k vertex‐disjoint 
triangles. Let EX n F( , ) denote the collection of all n‐vertex F ‐free graphs with the maximum number of edges. Denote 
the balanced r‐partite graph with n vertices by T n r( , ). Given two graphs G and H with disjoint vertex set, we use 
G H to denote the graph with vertex set V G V H( ) ( ) and edge set xy x V G y V H{ : ( ), ( )}. Let kF be the 
graph which consist of k vertex‐disjoint copies of F .
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Theorem 1.1 (Erdős [7]). Suppose that n k, are positive integers satisfying n k400 2. Then

EX n k K K T n k( , ( + 1) ) = { ( , 2)}.t3 (1) 

Later Moon [8] improved the result by showing that (1) holds for n k9 /2 + 4. In 2015, Allen, Böttcher, 
Hladký and Piguet [9] extended the result to n k3 for sufficiently large n and their result shows that there are 
four different extremal constructions, for four different ranges of k. Recently, Hou, Hu, Liu and Zhang [10] 
determined asymptotically the edge density condition for the existence of k vertex‐disjoint K4. Simonovits [11] and 
Moon [8] showed that if n is sufficiently large and t is fixed, then K T n k r( , )t is the unique extremal graph 
for kKr+1.

Motivated by a question of Erdős on triangle‐free subgraphs Bondy, Shen, Thomassé and Thomassen [12] 
investigated a tripartite variation of Mantel's theorem. Let G V E= ( , ) be a tripartite with 3‐partition 
V V V V= 1 2 3. A weighted tripartite graph G w( , ) is a tripartite graph G V E= ( , ) together with a weighting 
w V: [0, 1] satisfying

w a w b w c( ) = ( ) = ( ) = 1.
a V b V c V1 2 3

The weight of an edge xy E G( ) is w xy w x w y( ) = ( ) ( ). Let G V V[ , ]i i+1 denote the bipartite graph induced by V Vi i+1
for i [3]. The edge density between two parts of G w( , ) is d G V V w ab( [ , ]) = ( )i j ab E G V V( [ , ])i i+1

for i [3]. A tripartite 
graph can be regarded as a weighted tripartite graph by setting the vertex weight to be V V V1/ , 1/ , 1/1 2 3 for vertices in 
classes V V V, ,1 2 3, respectively.

Let d G V V d G V V( [ , ]), ( [ , ])1 2 1 3 and d G V V( [ , ])2 3 . We say that , , is a cyclic triple if the following 
conditions are satisfied:

+ > 1, + > 1 and + > 1.

If the edge densities of G form a cyclic triple, then G is said to be cyclic. Bondy, Shen, Thomassé and Thomassen [12] 
proved the following theorem.

Theorem 1.2 (Bondy, Shen, Thomassé and Thomassen [12]). If G is cyclic, then it contains a triangle.

For a given tripartite graph G with parts V V V, ,1 2 3, denote its bipartite density d G( ) by

d G
E G V V

V V
( ) min

( [ , ])
.

i j

i j

i j1 < 3

Theorem 1.2 implies that any tripartite graph G with d G( ) > = 5 1
2 must contain a triangle.

In [13] Baber, Johnson and Talbot investigated a tripartite version of Razborov's [2] counting result, giving a lower 
bound for the number of K s3 as a function of the edge densities in a tripartite graph. They determined the exact 
minimum for a range of densities and conjectured an exact bound for the remaining range. In 2021, Markström and 
Thomassen [14] generalized these results to uniform hypergraphs. They determined the edge density needed to 
guarantee a copy of K r

r
+1

( ) , the complete r‐uniform hypergraph on r + 1 vertices, in an r( + 1)‐partite r‐uniform 
hypergraph and presented a sharp lower bound for the minimum number of copies of K r

r
+1

( ) as a function of the edge 
densities.

In this paper we will follow up on both Erdős [7] study of sets of vertex‐disjoint triangles and the results on 
tripartite densities in [12] by finding edge density conditions for the existence of k vertex‐disjoint triangles in a 
tripartite graph.

For 1 , , 0 and n k> 1, we say , , is a k n( , ) ‐cyclic triple if inequalities (2), (3) and (4) hold, where:
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n
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i
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{
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i
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{
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k
n

k
n

1 + > 1,

1 + > 1.
(2) 
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k
n

k
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1 + > 1,

1 + > 1.
(3) 
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1 + > 1,

1 + > 1.
(4) 

Our main result is the following theorem:

Theorem 1.3. Let n k, be integers such that k 2 and n k5 + 2, and let G be a tripartite graph with parts A B, and 
C such that A B C n, , = . Let , and denote the edge densities of G A B G A C[ , ], [ , ] and G B C[ , ], respectively.

If , , is a k n( , )‐cyclic triple, then G contains k vertex‐disjoint triangles.

Remark. The conditions in (2), (3) and (4) are best possible. For instance, there is a tripartite graph G with densities 
, , satisfying ( ) + = 1k

n
1 and G does not contain k vertex‐disjoint triangles. To see this, consider a 

tripartite graph G with parts A B, and C. Denote the edge densities of G A B G A C[ , ], [ , ] and G B C[ , ] by , and , 

respectively. Let B1 be a subset of B such that B B B= ,1
1

2 be a subset of B B\ 1 such that ( )B B=2
1 and 

B B B B= \( )3 1 2 . Let C1 be a subset of C such that C C=1 and C C C= \2 1. Define the edge set of G to be the set of all 
edges between A and B B A,1 2 and C B B,1 2 3 and C B, 1 and C2.

We believe that the condition on the ratio between n and k in Theorem 1.3 can be improved.

Conjecture 1.1. The bound n k5 + 2 in Theorem 1.3 can be improved to n Ck> for any constant C > 1, for large 
enough n.

Let n( )k denote the positive solution of the equation nx n k x n+ ( + 1 ) = 02 . Then Theorem 1.3 implies

Corollary 1.4. Let n k, be integers such that k 2 and n k5 + 2, and let G be a tripartite graph with parts A B C, ,
such that A B C n, , = . If d G n( ) > ( )k , then G contains k vertex‐disjoint triangles.

For k cn= taking the limit n we get that n c c( ) = ( + (1 ) + 4 1)k c
1
2

2 , which is equal to for c = 0
and 1 for c = 1.

Given a tripartite graph G we can construct a 3‐uniform hypergraph G , on the same vertex set, by taking each triangle 
of G to be an edge in G . Now k vertex‐disjoint triangles in G correspond to a matching of size k in G . The maximum 
number of edges in a tripartite hypergraph without a matching of size k is known, see Lemma 2.2, and together with 
the lower bound on the number of triangles in a tripartite graph, see Theorem 2.1, we get an upper bound for the 
number of edges required in G to have k vertex‐disjoint triangles. In Figure 1 we plot this bound for k cn= together 
with c. As we can see the hypergraph bound differs strongly from the exact bound given by c. This is a consequence of 
the fact that, unlike for hyperedges, the distribution of triangles in a graph is highly correlated.

Bondy, Shen, Thomassé and Thomassen [12] also considered the problem of finding a copy of a complete graph Kl, with 
at most one vertex in each partite class, or in a r‐partite graph for general l r . This line of investigation was continued 
for more general subgraphs by Nagy in ref. [15], and Pfender [16], who considered triangles in multipartite graphs with 
more than three parts. While the previous two papers worked with a common lower bound for all the bipartite densities 
[17] gave results for trees using independent densities for all bipartite subgraphs. In [18] an analogue of the Erdös‐ 
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Stone‐Simonovits theorem was proved for the case when the number of parts is large and the sought subgraph is color‐ 
critical. More recently [19] considered many different variations on this problem, including cycles of length l in l‐partite 
graphs. In our context one may ask for density conditions which guarantee the existence of k copies of a subgraph, 
instead of single copy. As a concrete example we ask:

Problem 1.1. Let t be fixed. Assume that G is a t‐partite graph with n vertices in each class and bipartite densities at 
least c( )t . How large does c( )t have to be in order to guarantee the existence of k cn= vertex disjoint copies of 
Kt in G?

Conjecture 1.1 claims that our theorem can be extended to include partial triangle‐factors with cn triangles 
for any constant c < 1. It will not be possible to make a simple extension to include actual triangle‐factors, i.e. 
n k= , since a density condition of the kind used in the theorem cannot exclude the existence of isolated vertices. 
One can formulate a density condition for triangle‐factors as well which, as we will now show, becomes very 
restrictive.

Let G be a tripartite graph with parts V V,1 2 and V3 such that V V V n= = =1 2 3 . We say that G contains triangle‐factor 
if G contains n vertex‐disjoint triangles. The following theorem shows that the extremal graph for triangle‐factor case is 
different from the case in Theorem 1.3.

Theorem 1.5. Let G be a tripartite graph with parts V V,1 2 and V3 such that V V V n= = = > 2401 2 3 . Let 
n n n n n n( + ), ( + )2 2a b and n n n( + )2 c be the number of edges of G V V G V V[ , ], [ , ]1 2 1 3 and G V V[ , ]2 3 , 

respectively. If

l
m
ooooo

n
ooooo

n n
n n
n n

+ > 1,
+ > 1,
+ > 1,

( + 1) ( 1)

( + 1) ( 1)

( + 1) ( 1)

a b c

c b a

a c b

(5) 

then G contains a triangle‐factor.

Remark. The condition in (5) is best possible. For instance, there is a tripartite graph G with densities 
n n n n n n= 1 1/ + , = 1 1/ + , = 1 1/ +( 2) ( 2) ( 2)a b c satisfying n n+ = 1( + 1) ( 1)a b c such 

that G does not have a triangle‐factor. To see this, consider a tripartite graph G with parts A B, and C. Denote the 
edge densities of G A B G A C[ , ], [ , ] and G B C[ , ] by , and , respectively. Let x A B, 1 be a subset of B such that 
B n n n= ( 1)1

2 and C1 be a subset of C such that C n n= ( 1)1 2 . Define the edge set of G to be the set of all 
edges between A x\ { } and B A x, \ { } and C x, { } and B x, { }1 and C1.

0.2 0.4 0.6 0.8 1.00.6

0.7

0.8

0.9

1.0

FIGURE 1 | The hypergraph bound (top), a linear interpolation between the endpoints (middle), c (bottom), as functions of the 
number of triangles c. [Color figure can be viewed at wileyonlinelibrary.com] 
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The rest of the paper is organized as follows. In Section 2, we will introduce notions and calculations needed for our 
proofs. Section 3 is devoted to prove our main result. In section 4, we will prove the triangle‐factor case.

2 | Preliminaries 

Let

R = {( , , ) [0, 1] : + > 1, + > 1, + > 1},3

and

( , , ) = + + 2 2 2 + 4 .2 2 2

R1 and R2 is a partition of R such that

R R= {( , , : ( , , ) 0)}1

and R R R= \2 1.

Let T ( , , )min denote the minimum number of triangles in a tripartite graph with the stated densities, divided by n3. 
From [13], we have the following:

Theorem 2.1 (Baber, Johnson and Talbot [13]). If R( , , ) 1, then T ( , , ) = + + 2min . If 
R( , , ) 2, then T ( , , ) 2 (1 ) + 2 2min .

Conjecture 2.1 (Baber, Johnson and Talbot [13]). If R( , , ) 2, then T ( , , ) = 2 (1 ) + 2 2min .

For integers n r> 1, let n n[ ] {1, 2, …, } be the standard n element set and ( ) T n T r= { [ ] : = }n
r

[ ] be the 
collection of all its r‐subsets. An n‐vertex r‐uniform hypergraph H is a pair H V E= ( , ), where V n[ ] and 

( )E H( ) n
r

[ ] . Let H( ) be the matching number of H , that is, the maximum number of pairwise vertex‐disjoint 
members of E H( ). An r‐uniform hypergraph H is called n ‐balanced r ‐partite if V H( ) is partitioned into sets 
V V V, , …, r1 2 such that V V V n= = = =r1 2 and each hyperedge meets every Vi in precisely one vertex. Aharoni and 
Howard [20] showed the tight hyperedge density needed to guarantee the existence of a matching of size k in an n‐ 
balanced r‐partite r‐uniform hypergraphs. (see Observation 1.9 in [20]).

Lemma 2.2 (Aharoni and Howard [20]). If H is an n‐balanced r‐partite r‐uniform hypergraph and 
e H k n( ) > ( 1) r 1 then H k( ) and the bound is tight.

For a graph G and U V G( ), we use G U to denote the subgraph of G induced by V G U( ) \ , and we use G U[ ] to 
denote the subgraph of G induced by U . For a graph G and E E G( ), we use H E to denote the graph obtained from 
G by deleting E.

Definition 2.1. For a given graph G, let uv be an edge in G and xyz be a triangle in G. We say that uv sees vertex x of 
xyz if uvx is a triangle in G. The edge uv sees xyz if uv sees at least one of the vertices x y, , or z.

For triangles T T,1 2 in G, we say that T1 intersects T2 if V T V T( ) ( )1 2 . A set of triangles T is said to be intersecting if 
for any TT T,i j we have Ti intersects Tj.

Lemma 2.3. Let n be an integer and G be a tripartite graph with parts V V,1 2 and V3 such that V n > 1i for i [3]. 
Suppose that G contains a triangle T and there are no two vertex‐disjoint triangles in G. If every vertex in T seen by at most two 
vertex‐disjoint edges disjoint from V T( ), then there is an edge set E0 such that E E T E E G A A( ) = , ( [ , ]) 2i i0 0 +1 for 
i [3] and there is no triangle in G E E T( )0 .

Proof. Let T v v v= 1 2 3, where v Vi i . Since there are no two vertex‐disjoint triangles in G, every triangle in G
intersects T . If there is no vertex in T seen by edges disjoint from V T( ), then there is no triangle in G E T( ) and the 
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proof is done. So without loss of generality we may assume that there exists at least an edge disjoint from V T( ) seeing v1
and the number of edges seeing vi is no more than the number of edges seeing v1 for i = 2, 3. Define 
N v x V v xv E G( ) = { \ : ( )}i i i1 1 for i = 2, 3. Let M be a maximum matching in G N v N v[ ( ), ( )]2 1 3 1 . Note that 

M1 2. By König's Theorem, there is a vertex cover V0 of size M in G N v N v[ ( ), ( )]2 1 3 1 . There are two cases.

Case 1. M = 2.

In this case, there is no edge disjoint from V T( ) sees v v,2 3. Indeed, suppose that v2 is seen by x x1 3, then there exists an 
edge y y E G N v N v( [ ( ), ( )])2 3 2 1 3 1 disjoint from x x1 3 such that x v x1 2 3 and v y y1 2 3 are two vertex‐disjoint triangles, a 
contradiction. Let E E G v V= ( [{ } ])0 1 0 . One can see that E E G A A( [ , ]) 2i i0 +1 for i [3] and there is no triangle 
in G E E T( )0 .

Case 2. M = 1.

Define N v x V v xv E G( ) = { \ : ( )}i i i2 2 for i = 1, 3 and N v x V v xv E G( ) = { \ : ( )}i i i3 3 for i = 1, 2. Since 
G N v N v G N v N v M( [ ( ), ( )]), ( [ ( ), ( )]) = 11 2 3 2 1 3 2 3 , there exist a vertex cover V 0 of size at most one in 

G N v N v[ ( ), ( )]1 2 3 2 and a vertex cover V 0 of size at most one in G N v N v[ ( ), ( )]1 3 2 3 . Let E E G v V= ( [{ }, ])0 1 0
E G v V E G v V( [{ }, ]) ( [{ }, ])2 0 3 0 . Then E E G A A( [ , ]) 2i i0 +1 for i [3] and there is no triangle in G E0

E T( ). The proof is done.                                                                                                                    

If the densities , , are ordered by size, then the condition in the definition of k n( , )‐cyclic triple can be simplified.

Proposition 2.4. Let 1 , 0 be three reals. If (2) holds, then (3) and (4) hold.

Proof. Since (2) holds, we have

i
k
jjj y

{
zzz i

k
jjj y

{
zzz

i
k
jjjj

i
k
jjj y

{
zzz

y
{
zzzz

i
k
jjj y

{
zzzk

n
k

n
k

n
k

n
1 + 1 > 1 + 1 + = ( ) 1 + 1 0

and

i
k
jjj y

{
zzz i

k
jjj y

{
zzz

i
k
jjjj

i
k
jjj y

{
zzz

y
{
zzzz

k
n

k
n

k
n

1 + 1 > 1 + 1 + = ( )(1 ) 0.

Thus (3) holds. The proof for inequalities in (4) is similar.                                                                         

Next we give the another form of inequalities (2), (3) and (4), which will be used in the proof of Lemma 3.2.

l

m
ooooooo

n
ooooooo

n k
n k

n k
n k

n k
n k

n k
n k

( 1)
( 1)

+ ( 1)
( 1)

> 1,

( 1)
( 1)

+ ( 1)
( 1)

> 1
(6) 

l

m
ooooooo

n
ooooooo

n k
n k

n k
n k

n k
n k

n k
n k

( 1)
( 1)

+ ( 1)
( 1)

> 1,

( 1)
( 1)

+ ( 1)
( 1)

> 1
(7) 

l

m
ooooooo

n
ooooooo

n k
n k

n k
n k

n k
n k

n k
n k

( 1)
( 1)

+ ( 1)
( 1)

> 1,

( 1)
( 1)

+ ( 1)
( 1)

> 1
(8) 

Proposition 2.5. , , is a k n( , )‐cyclic triple if and only if inequalities (6), (7) and (8) hold.

6 Journal of Graph Theory, 2026
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Proof. Let µ{ , , } { , , }. Then we only need to show ( ) µ+ > 1k
n

1 holds if and only if 

+ > 1n k
n k

µn k
n k

( 1)
( 1)

( 1)
( 1) holds. Notice that

n k
n k

µn k
n k

( 1)
( 1)

+ ( 1)
( 1)

> 1

holds if and only if

n k µn k n k( ( 1)) + ( 1) > ( 1)

holds and ( ) µ+ > 1k
n

1 holds if and only if inequality (2) holds. The proof is done.                              

3 | Proof of Theorem 1.3 

In addition to the results already stated our proof will use three lemmaa to deal with vertices with large degree in G. 
These are stated, and proved, after the proof of our main theorem.

Proof of Theorem 1.3. The theorem is true for 1 triangle by Theorem 1.2. We will next assume that G satisfies the 
conditions in the theorem but does not contain k vertex‐disjoint triangles for some k strictly smaller than the bound in 
the theorem and derive a contradiction.

Without loss of generality we can take the value of k to be smallest for which the theorem fails. Let T T T T= { , , …, }k1 2 1
be a maximal set of vertex‐disjoint triangles in G.

A triangle a a a1 2 3 is called good if there are at least three vertex‐disjoint edges in TE G V( ( )) which see a a a1 2 3
at the same vertex. Let T TT T= { : is good}1 and T T T= \2 1. There can not be two vertex‐disjoint edges 

Te e E G V, ( ( ))1 2 such that e e,1 2 see different vertices of a triangle in T , for otherwise there exists k vertex‐disjoint 
triangles, a contradiction. Thus we can derive that there is only one vertex seen by some edge Te E G V( ( )) for 
each triangle TT 1. Denote the vertex seen by some edge in TE G V( ( )) by vi for each TTi 1. Let TV v T= { : }i i1 1
and define TV t= =1 1 .

Let U A V U B V= \ , = \1 1 2 1 and U C V= \3 1. Define G G V= 1 and denote the edge densities of G U U G U U[ , ], [ , ]1 2 2 3 and 
G U U[ , ]1 3 by , and , respectively. Without loss of generality, we may assume that . Thus by 
Lemma 3.3,

i
k
jjjj

y
{
zzzz

k t
U
1 + > 1

3

and

i
k
jjjj

y
{
zzzz

k t
U
1 + > 1

2

hold. If t k= 1, then by Theorem 1.2 and Proposition 2.4, G has a triangle, a contradiction. So we assume that 
t k 2 in the following proof.

Let S denote the set of all triangles in G . For every e E G( ), let T Se T e E T( ) = { : ( )}. Next we will find an edge 
set E satisfying

S T e= ( ).e E (9) 

7 Journal of Graph Theory, 2026
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We will show that the edge density of G E is large enough to guarantee the existence of a triangle, but G E
contains no triangle according to (9), which is a contradiction.

Define TV V V= ( )\2 1 1. Since the maximum number of vertex‐disjoint triangles in G is k 1, every triangle in 
G intersects a triangle in T . Thus every triangle in G has one vertex contained in TV V ( )2 2 . Let 

TR V G V V= ( )\( ( ))2 2 . We now split the set S into there parts. Let S ST V T V= { : ( ) = }1 2
S T S S T S ST V T V V T V T V T V T V T V{ : ( ) = 1, ( ) ( ) = 2 }, = { : ( ) ( ) = }, = { : ( ) = 1,2 2 2 2 3 2

T S TV T V V T R T V T V V T V( ) ( ) = 1, ( ) = 1} { : ( ) = 2, ( ) ( ) = 1}2 2 2 . One can see that S S= 1
S S2 3.

Given TTi , define S ST T T= { : }T ii and S S S= \( )T T j i j k T, [ 1]i i j . STi is a set of intersecting triangles, 
otherwise there are two vertex‐disjoint triangles ST T, Ti such that TT T T{ , } \ { }i is a set of k vertex‐disjoint 
triangles, a contradiction. Recall that for each triangle TT 2 and each vertex x V T( ), there are at most two vertex‐ 
disjoint edges in TE G V V( ( ( )))2 2 seeing T at x . By Lemma 2.3, there is an edge set ETi such that 
E E G U U E E G U U E E G U U( [ , ]) , ( [ , ]) , ( [ , ]) 2T T T1 2 2 3 1 3i i i such that there is no triangle in G E E T( )T ii

belonging to STi for each TTi 2. That is S TT T e= ( )( )T T e Ei i Ti Ti2 2 . Since every triangle in S ST\ T T1 i i2 has an edge 
contained in TE G V( [ ( )])2 , we have

S T e( ),e Q1 1 (10) 

where TT( )Q E E G V= ( [ ( )])T T1 2i i2 . For i [3], we have

T
T

Q E G U U E G V E G U U E E G U U

k t k t

( [ , ]) ( [ ( )]) ( [ , ]) + ( [ , ])

( 1 ) + 2( 1 ).

i i i i
T

T i i1 +1 2 +1 +1

2
i

i

2 (11) 

Claim 1. S =2 .

Proof. Suppose that there exists a triangle T such that TT V ( ) =2 . Let I TT T T= { : }i i1 . By the definition 
of T1, every vertex Iv V V ( )1 is seen by a matching in TG V V( ( ))2 2 of size three. Thus there is a set of vertex‐ 
disjoint triangles T of size I such that T I T T( \ ) { } is a set of k vertex‐disjoint triangles in G, a contradiction.  

Let T T T T= { , , …, }t1 1 2 and T T T T= { , , …, }t t k2 +1 +2 1 . For any TTi 2 and TTj 1, define T u u u=i j
i

j
i

j
i

1 2 3
and T x x x=j

j j j
1 2 3

such that x Vj
1 1. Without loss of generality, we may assume that x u,j

j
i in the same part of G for = 1, 2, 3. Let 

S SG G V T V T V T E T E G= [ ( ) ( ( )\ )], = { : ( ) ( ) }ij i j ij ij1 3 and R u x u x= { , }ij j
i j

j
i j

2 31 1
.

Claim 2. For any i t[ ] and j k t[ 1]\[ ], there is an edge set Eij such that E R E G U U( ) ( [ , ]) 1ij ij +1 for 
[3] and S T e( )e Q3 2 , where Q E R= ( )i

t
j t
k

ij ij2 =1 = +1
1 .

Proof. For each Gij, there are four cases.

Case 1. One of x u x u,j
j
i j

j
i

2 33 2
does not belong to a triangle in S3.

In this case, it is not difficulty to see that x u x u x u x u E G{ , , , } ( )j
j
i j

j
i j

j
i j

j
i

ij2 3 3 23 2 1 1
is the desired set Eij satisfying 

E R E G U U( ) ( [ , ]) 1ij ij +1 for [3] and S T e( )ij e E Rij ij .

Case 2. There exist distinct vertices v1 and w1 such that v x u w x u,j
j
i j

j
i

1 2 1 33 2
are triangles in S3.

Let F TT V T v w x= { : ( ) { , , } }j
1 1 1 1 and FV x V x V= { : ( )}1 . For each x V , there are three vertex‐ 

disjoint edges in TE G V V( ( ( )))2 2 see x , thus there is a set of vertex‐disjoint triangles F of size V such that 
F TV V v w V( ) ( ( ) { , }) =1 1 . One can see that T F Fu u u v x u w x u\({ } ) { , }j

i
j
i

j
i j

j
i j

j
i

1 2 1 31 2 3 3 2
is a set of vertex‐ 

disjoint triangles of size k in G, a contradiction.

Case 3. There exists a vertex Tv V ( ) such that vx uj
j
i

2 3
is the only triangle in S3 contains x uj

j
i

2 3
and vx uj

j
i

3 2
is the 

only triangle in S3 contains x uj
j
i

3 2
.

8 Journal of Graph Theory, 2026
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If u x u x E G{ , } ( ) 1j
i j

j
i j

ij2 31 1
, then assume that u x E G( )j

i j
21

without loss of generality. Since x Vj
1 1, there is a 

triangle x z zj
1 2 3 such that Tz z V, ( )2 3 . Thus T x x x u u u vu x u x u x z z( \ { , }) { , , }j j j

j
i

j
i

j
i

j
i j

j
i j

j
i j

1 2 3 3 2 1 2 31 2 3 2 1 3
is a set of vertex‐ 

disjoint triangles of size k in G, a contradiction. Thus we have u x u x E G{ , } ( ) = 0j
i j

j
i j

ij2 31 1
. Let E vx vx= { , }ij

j j
2 3 . One can 

see that Eij is the desired set satisfying E R E G U U( ) ( [ , ]) 1ij ij +1 for [3] and S T e( )ij e E Rij ij .

Case 4. There exists a vertex Tv V ( ) such that vx uj
j
i

2 3
is the only triangle in S3 contains x uj

j
i

2 3
and vx uj

j
i

3 2
is the 

only triangle in S3 contains x uj
j
i

3 2
.

Since Svx uj
j
i

2 33
, we have Tv V ( )1 . It follows that there is a triangle TT x x x=p

p p p
1 2 3 1 such that v x x{ , }p p

2 3 since 
x Vp

1 1. Without loss of generality, we may assume that x p
2 and x j

2 are in the same part of U U U, ,1 2 3. We can derive that 
v x= p

3 and u u=j
i

p
i

3 1
. Thus u v u x R=j

i
p
i p

ip33 1
. Let E u x u x u x E G= { , , } ( )ij j

i j
j
i j

j
i j

ij3 2 32 1 1
. One can see that Eij is the 

desired set satisfying E R E G U U( ) ( [ , ]) 1ij ij +1 for [3] and S T e( )ij e E Rij ip .

Note that S S= i
t

j t
k

ij3 =1 = +1
1 . Thus S T e( )e Q3 2 , where Q E R= ( )i

t
j t
k

ij ij2 =1 = +1
1 .                                    

For i [3], we have

Q E G U U E R E G U U t k t( [ , ]) ( ) ( [ , ]) ( 1 ).i i
i

t

j t

k

ij ij2 +1
=1 = +1

1

+1

Combining with inequality (11), we have

Q Q E G U U k t t k t k t k t k( ) ( [ , ]) ( 1 ) + ( 1 ) + 2( 1 ) = ( 1 )( + 1).i i1 2 +1
2

By Claim 1, Claim 2 and (10), we have

S T e= ( ).e Q Q1 2

Thus G Q Q1 2 has no triangle. Let G G Q Q= 1 2. For any i [3], the edge density of G U U[ , ]i i+1 is at least 
k t k

U U
( 1 )( + 1)

( )( )i i+1
, where { , , }. But

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

i
k
jjj y

{
zzz

i
k
jjjj

y
{
zzzz

k t k
U U

k t k
U U

k t k
U U

k t k
n n t

k t k
n n t

k t k
n n t

k t
n

k t
n

k t k
n n t

k t k
n n t

k t
n

k
n k

k t
n n k

n k k

( 1 )( + 1)
( )( )

( 1 )( + 1)
( )( )

+ ( 1 )( + 1)
( )( )

1

> ( 1 )( + 1)
( )

( 1 )( + 1)
( )

+ ( 1 )( + 1)
( )

1

> ( 1 ) ( + )(( 1 )( + 1))
( )

( 1 )( + 1)
( )

1 ( + + 1)( + 1)
( 2)

1
( ( 2))

( ( ( 2)) (2 + 1)( + 1)) 0.

1 2 1 3 2 3

Here the last inequality follows from > > 1/2 together with the assumption that n k5 + 2. By Theorem 1.2 and 
Proposition 2.4, G has a triangle, a contradiction.                                                                                   

Lemma 3.1. Let n k, be integers and G be a tripartite graph with parts U V, and W such that U V W n k, , 1. 
Denote the edge densities of G U V G U W[ , ], [ , ] and G V W[ , ] by , and µ, respectively. Let S be a subset of V W and 
G G S= such that S k 1. If

9 Journal of Graph Theory, 2026
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i
k
jjj y

{
zzz i

k
jjj y

{
zzzk

V
µ and k

W
µ1 + > 1 1 + > 1,

then

i
k
jjj y

{
zzzk S

V T
µ1

\
+ > 1 (12) 

and

i
k
jjj y

{
zzzk S

W T
µ1

\
+ > 1, (13) 

where , and µ denote the edge densities of G U V T G U W T[ , \ ], [ , \ ] and G V T W T[ \ , \ ], respectively.

Proof. The proof of inequalities (12) and (13) are similar, so we only give the proof of inequality (12) here. Let 
S V x S W y= , = and S t= . Thus

x y t+ = .

Let

i
k
jjj y

{
zzz

i
k
jjjj

i
k
jjj y

{
zzz

y
{
zzzzp k

V
µ k

W
µ k V W

V W
1 + 1 + = ( 1)( )

be the difference between ( ) µ+k
V

1 and ( ) µ+k
W

1 .

Define G G S V= ( )1 . For each vertex v V , the degree of v is at most U in G U V[ , ] and at most W in G V W[ , ]. 
Therefore, e G U V U V x U( [ , ])1 and e G V W µ V W x W( [ , ])1 . Denote the edge densities of 
G U V G U W[ , ], [ , ]1 1 and G V W[ , ]1 by ,1 1 and µ1, respectively. Thus

U V x U
U V x

V x
V x

µ µ µ V W x W
W V x

µ V x
V x( )

= ,
( )

= , = .1 1 1 (14) 

Note that G G S W= ( )1 , then for each vertex w W , the degree of w is at most U in G U W[ , ]1 and at most 
V x in G V W[ , ]1 . Therefore, e G U W U W y U( [ , ]) and e G V W e G V W y V x( [ , ]) ( [ , ]) ( ) =1
µ V x W y V x( ) ( )1 . Thus

µ µ
µ V x W y V x

W y V x
µ W y

W y
U W y U
W y U

W y
W y

= ,
( ) ( )

( )( )
= ,

( )
= .1

1 1 1 1 (15) 

By inequalities (14) and (15), in order to prove

i
k
jjj y

{
zzzk t

V T
µ1

\
+ > 1,

it suffices to prove

10 Journal of Graph Theory, 2026
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i
k
jjj y

{
zzzW y

W y
V x

V x
k t

V x
y

W y
1 + > 1.

µ V x W
V x

( )

Notice that

i
k
jjj y

{
zzz

i
k
jjjj

i
k
jjj y

{
zzzi

k
jjj y

{
zzz

y
{
zzzz

i
k
jjjj

i
k
jjj y

{
zzz i

k
jjj y

{
zzz

y
{
zzzz

i
k
jjjj

i
k
jjj y

{
zzz

y
{
zzzz

W y
W y

V x
V x

k t
V x

µ V x W
V x

y

W y
W y V x k t

W y V x
µ V x W y V x

W y V x
W y V x
W y V x

W y V k y µ V W V W
W y V x

V W y
W

k y
V

µ

W y V x

V W k
V

y
V

y
W

k y
V

µ

W y V x

V W k
V

y W V
V W

µ

W y V x

1 +

( )

1

= ( )( ( 1 ))
( )( )

+ ( ) ( )
( )( )

( )( )
( )( )

= ( )( ( 1 )) +
( )( )

=

1 + 1

( )( )

=

1 + 1 + 1

( )( )
1 + ( ) + 1

( )( )
.

So we only need to prove that

i
k
jjj y

{
zzzk

V
y W V

V W
µ1 + ( ) + 1 > 0.

There are two cases.

Case 1. p 0.

Since p W V0, 0. Thus 0y W V
V W

( ) . Combining with

i
k
jjj y

{
zzzk

V
µ1 + > 1,

the proof is done in this case.

Case 2. p > 0.

Since

i
k
jjj y

{
zzzk

W
µ1 + > 1,

it suffices to prove

i
k
jjj y

{
zzz

i
k
jjjj

i
k
jjj y

{
zzz

y
{
zzzz

k
V

y W V
V W

µ k
W

µ1 + ( ) + 1 + > 0.
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Indeed,

i
k
jjj y

{
zzz

i
k
jjjj

i
k
jjj y

{
zzz

y
{
zzzz

k
V

y W V
V W

µ k
W

µ

p y V W
V W

k V W
V W

y V W
V W

k y V W
V W

1 + ( ) + 1 +

= ( ) = ( 1)( ) ( )

= ( 1 )( ) 0.

and the proof is done in this case.                                                                                                        

Lemma 3.2. Suppose that n k, are integers and G is a tripartite graph with parts A B, and C such that 
A B C n k, 1. Let , and be the edge densities of G A B G A C[ , ], [ , ] and G B C[ , ], respectively, such that 
, . Let S be a subset of A and G G S= such that S k. If

i
k
jjj y

{
zzz i

k
jjj y

{
zzzk

B
k
C

+ > 1 and + > 1

hold, then

i
k
jjj y

{
zzz i

k
jjj y

{
zzzk S

B
k S

C
+ > 1 and + > 1,

where , and is the edge densities of G A T B G A T C[ \ , ], [ \ , ] and G B C[ , ], respectively.

Proof. Define t S= . Since each vertex v A has degree at most B in G A B[ , ] and has degree at most C in G A C[ , ], 
we have

A B t B
B A t

A t
A t

A C t C
C A t

A t
A t( )

= ,
( )

= , = .

If ( ) + > 1k
C holds, then + > 1C k

C k
C k

C k holds by Proposition 2.5. Again by Proposition 2.5, in order 

to prove ( ) + > 1k S
C , it suffices to prove that + > 1C k t

C k t
C k t

C k t
( )

( )
( )

( ) . Indeed,

i
k
jjj y

{
zzz

i
k
jjjj

y
{
zzzz i

k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

C k t
C k t

C k t
C k t

A t
A t

A t
A t

C k t

C k t
C k t

C k t
C k

C k
C k

C k

A t
A t

C k t

C k t
C k

C k
k

C k
k t

C k t

C k t
C k t

C k
C k

C
A t C k t

C
A t C k t

C
A t

k t

A t C k t
k

C k
k t

C k t
k

C k
k t

C k t
C

A t C k t
C

C k t
t

C k A t
C

C k t C k
C

C k t C k

( )
( )

+ ( )
( )

1 >
( )

( )
+ ( )

( )
=

= 1
1 ( )

( )
+ (1 )

( )

= ( )
( )

(1 )
( )( ( ))

(1 )
( )( ( ))

+
(1 ) (1 ) +

( )( ( ))

+ (1 )
( )

( )
(1 + )

( )( ( ))
( + 2 )

=
( )

(1 + ) + 2
( )

(1 + ) ( + 2 )

( )
(1 )(1 ) > 0.
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Similarly, for ( ) + > 1k
B , we can prove that ( ) + > 1k S

B .                                               

Using Lemmas 3.1 and 3.2, we have the following lemma.

Lemma 3.3. Let n k, be integers and G be a tripartite graph with parts A B, and C such that A B C n k, , = 1. 
Denote the edge densities of G A B G A C[ , ], [ , ] and G B C[ , ] by , and , respectively. Let V0 be a subset of V G( ) and 
G G V= 0 such that V k 10 . Suppose that , and µ are the edge densities of G A V B V G A V C V[ \ , \ ], [ \ , \ ]0 0 0 0
and G B V C V[ \ , \ ]0 0 such that µ, . Let U V W A B C{ , , } = { , , } such that d G U V V V( [ \ , \ ]) =0 0 and 
d G U V W V( [ \ , \ ]) =0 0 . If , , is a k n( , )‐cyclic triple, then

i
k
jjjj

y
{
zzzz

k V
V V

µ1
\

+ > 10

0

and

i
k
jjjj

y
{
zzzz

k V
W V

µ1
\

+ > 1.0

0

Proof. Let G G V V W= ( ( ))1 0 . By Lemma 3.1, we have

i
k
jjjj

y
{
zzzz

k V V W
V V

1 ( )
\

+ > 11 1
0

0
1

and

i
k
jjjj

y
{
zzzz

k V V W
W V

1 ( )
\

+ > 1,1 1
0

0
1

where , ,1 1 1 denote the edge densities of G U V V G U W V[ , \ ], [ , \ ]1 0 1 0 and G V V W V[ \ , \ ]1 0 0 , respectively. Since µ,
and G G V U= ( )1 0 , we can derive that ,1 1 1. Thus by Lemma 3.2,

i
k
jjjj

y
{
zzzz

k V
V V

µ1
\

+ > 10

0

and

i
k
jjjj

y
{
zzzz

k V
W V

µ1
\

+ > 10

0

hold.                                                                                                                                              

4 | Triangle‐Factors 

In this section we study the triangle‐factor case. For a tripartite graph G with parts V V V, ,1 2 3 and a vertex x V G( ), let 
d x e E G V V x e( ) { ( [ , ]) : }ij i j and G V V d v( [ , ]) min ( )i j v V V iji j .

Proposition 4.1. Let G be a tripartite graph with parts V V V, ,1 2 3 such that V V V n= = =1 2 3 and G V V[ , ]1 2 is a 
complete bipartite graph. If G V V[ , ]2 3 and G V V[ , ]1 3 both have a perfect matching, then G contains a triangle‐factor. 
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Proof. Denote the vertices in V3 by v v v{ , , …, }n1 2 . Since G V V[ , ]2 3 and G V V[ , ]1 3 both have a perfect matching, there exist 
a perfect matching e e e{ , , …, }n1 2 in G V V[ , ]2 3 and a perfect matching f f f{ , , …, }n1 2 in G V V[ , ]1 3 such that e f v= { }i i i for 
each i n[ ]. For every i, there is a triangle contain edges ei and fi since G V V[ , ]1 2 is a complete bipartite graph. So G has 
a triangle‐factor.                                                                                                                               

Now we prove Theorem 1.5. Actually we prove the following theorem. One can see that condition (5) is equivalent to 
condition (16) by setting n n n n= 1 1/ + , = 1 1/ +( 2) ( 2)a b and n n= 1 1/ + ( 2)c .

Theorem 4.2. Let G be a tripartite graph with parts V V,1 2 and V3 such that V V V n= = = > 2401 2 3 . Let , and 
be the edge densities of G V V G V V[ , ], [ , ]1 2 1 3 and G V V[ , ]2 3 , respectively. If

l
m
oooo

n
oooo

n n n n
n n n n
n n n n

( ( 1))( ( 1)) + > 1,
( ( 1))( ( 1)) + > 1,
( ( 1))( ( 1)) + > 1,

(16) 

then G contains a triangle‐factor.

Proof. By inequalities (16), one can see that

n n
n

( 1) + 1
2 (17) 

for { , , }.

By inequality (17), we have e G V V n n( [ , ]) ( 1) + 1i i+1 for i [3]. Thus G V V[ , ]i i+1 has a perfect matching for i [3] by 
Lemma 2.2. Suppose that there is only one bipartite graph satisfying e G V V n n( [ , ]) > ( + 1) + 1i i+1 . Without loss of 
generality, assume i = 1. Then e G V V e G V V n n( [ , ]) = ( [ , ]) = ( 1) + 11 3 2 3 . It follows that = = n n

n
( 1) + 1

2 . By 
inequalities (16), > 1 n

1
2 . Therefore e G V V n( [ , ]) > 11 2

2 . That is, G V V[ , ]1 2 is a complete bipartite graph. Thus G
contains a triangle‐factor by Proposition 4.1 and the proof is done. So we assume that there are at least two bipartite graphs 
satisfying e G V V n n( [ , ]) ( 1) + 2i i+1 in the following proof. Since the degree of any vertex is at most n, we can derive that

G V V( [ , ]) 2i i+1 (18) 

for i = 1, 3 without loss of generality.

Let S v V V d v n S v V V d v n= { : ( ) < /2}, = { : ( ) < /2}12 1 2 12 23 2 3 23 and S v V V d v n= { : ( ) < /2}13 1 3 13 . By 
inequality (17), we have S S S, , 112 23 13 .

Claim 3. For each vertex v V G( ), there is a triangle containing v.

Proof. Without loss of generality, we may assume that v V1. Let S V v= \{ }1 and G G S=1 . Let , , be the 
density of G v V G v V[{ }, ], [{ }, ]1 2 1 3 and G V V[ , ]1 2 3 , respectively. Thus ,n n n

n
n n n

n
( 1) ( 1)2 2

and = . By 
inequality (16), we can derive that + > 1. It follows that , > 0. That is, N v N v( ) , ( ) 12 3 , where 
N v N v( ), ( )2 3 denote the neighborhood of v in V2 and V3, respectively.

In order to prove that G1 has a triangle, we only need to show that there exists an edge in G N v N v[ ( ), ( )]1 2 3 . Suppose that 
E G N v N v( [ ( ), ( )]) =1 2 3 , then n N v N v

n
( ) ( )2 2 3

2 . Since = , =N v
n

N v
n

( ) ( )2 3 , we can derive that 

+ + = 1N v N v
n

n N v N v
n

( ) ( ) ( ) ( )2 3
2

2 2 3
2 , a contradiction.                                                                

Claim 4. There are at most 3 vertex‐disjoint triangles containing all vertices in S S S12 13 23.

Proof. For the case S S S 112 13 23 , The conclusion holds by Claim 3. So we assume S S S2 312 13 23 in 
the following proof. Suppose that there is a vertex x such that x has degree one in some G V V[ , ]i i+1 . Then x S23 by 
inequality (18). Without loss of generality, we assume that there exists a vertex y S x\ { }13 . That is d y n( ) < /213 . Thus

14 Journal of Graph Theory, 2026
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n n n n
n

> 1 ( ( 1))( ( 1)) 1 1
2

. (19) 

It follows that e G V V n n( [ , ]) > /21 2
2 . Thus S =12 and S S S = 212 13 23 . By Claim 3 there is a triangle T1 containing 

x . If y T1, then the proof is done, so we may assume that y T1. Since d y( ) 213 , there is an edge yz E G V V( [ , ])1 3
such that V T y z( ) { , } =1 . Let y z y y{ , } = { , }1 3 such that y Vi i for i = 1, 3. Since e G V V n n( [ , ]) = ( 1) + 12 3 and 
d x( ) = 123 , one can see that d y n( ) =23 3 . Note that d y( ) 212 1 . Thus N y N y d y d y n( ) ( ) ( ) + ( ) 22 1 2 3 12 1 23 3 , where 
N y N y( ), ( )2 1 2 3 denote the neighborhood of y y,1 3 in V2. So there is a triangle disjoint from T1 containing y and the proof is 
done. So from now on we assume that G V V( [ , ]) 2i i+1 for i [3].

Case 1. S S S = 212 13 23

Since S S S, , 112 13 23 , there exists a vertex y belongs to only one of S S S, ,12 13 23. Let x y S S S{ , } = 12 13 23. Without 
loss of generality, we assume that y S S S\( )23 12 13 and x S12. By Claim 3 there is a triangle T1 containing x . If 
y T1, then the proof is done, so we may assume that y T1. Since d y( ) 223 , there is an edge yz E G V V( [ , ])2 3 such 
that V T y z( ) { , } =1 . Let y z y y{ , } = { , }2 3 such that y Vi i for i = 2, 3. Since d x n d y n( ) < /2, ( ) > /2 + 112 12 2 . Recall 
that y z S, 13, thus d y n( ) /213 3 . Therefore N y N y d y d y n( ) ( ) ( ) + ( ) 21 2 1 3 12 2 13 3 . So there is a triangle 
disjoint from T1 containing y and the proof is done.

Case 2. S S S = 312 13 23 .

Let x S y S,12 23 and z S13. Without loss of generality, we assume that d x d y d z( ) ( ) ( )12 23 13 . We claim that 
d z( ) 313 . Otherwise if d x d y d z( ) ( ) ( ) 212 23 13 , then

n n n n( ( 1))( ( 1)) + < 1,

a contradiction. By Claim 3 there is a triangle T1 containing x . If y z T, 1, then the proof is done, so we may assume 
that y T1. Since d y( ) 223 , there is an edge yu E G V V( [ , ])2 3 such that V T y u( ) { , } =1 . Let y u y y{ , } = { , }2 3 such 
that y Vi i for i = 2, 3. Since d x n d y n( ) < /2, ( ) > /2 + 112 12 2 . Therefore N y N y d y d y n( ) ( ) ( ) + ( ) 21 2 1 3 12 2 13 3
since d y n( ) /213 3 . So there is a triangle T2 disjoint from T1 containing y. If z T T1 2, then the proof is done, 
so we may assume that z T T1 2. Since d z( ) 313 , there is an edge zw E G V V( [ , ])1 3 such that 
V T V T z w( ( ) ( )) { , } =1 2 . Let z w z z{ , } = { , }1 3 such that z Vi i for i = 1, 3. Since d x n( ) < /212 and d y n( ) < /223 , 

we have d z n( ) > /2 + 112 1 and d z n( ) > /2 + 123 3 . Thus N z N z d z d z n( ) ( ) ( ) + ( ) > 22 1 2 3 12 1 23 3 . So there is a 
triangle T3 disjoint from T T1 2 containing z.                                                                                          

By Claim 4, there is a set of vertex‐disjoint triangles T1 such that TS S S V ( )12 23 13 1 and T 31 . Let 
S v V V d v n S v V V d v n= { : ( ) 4 /5}, = { : ( ) 4 /5}12 1 2 12 23 2 3 23 and S v V V d v n= { : ( ) 4 /5}13 1 3 13 . Note 
that S S S, , 412 13 23 . For any vertex v S S S S S S( ) \ ( )12 23 13 12 23 13 , suppose that v V1, there are at least 

n24 + 1 triangles containing v since d v d v n( ), ( ) /212 13 and e G N v N v d v d v n n( [ ( ), ( )]) > ( ) ( ) > 242 3 12 13 . Let 
T T T T= { , , …, }2 1 2 be a maximum set of vertex‐disjoint triangles disjoint from TV ( )1 such that each Ti containing exactly 
one vertex in S S S S S S( ) \ ( )12 23 13 12 23 13 . Note that T+ 121 and there are at most n24 triangles containing 
v and intersecting some triangle in T T1 2 for any vertex v S S S S S S( ) \ ( )12 23 13 12 23 13 . We claim that 

TS S S S S S V( ) \ ( ) ( )12 23 13 12 23 13 2 , otherwise there is a vertex u S S S S S S( )\ ( )12 23 13 12 23 13 such 
that Tu V ( )2 , but there exists a triangle T containing u such that T TV T V( ) ( ) =1 2 , a contradiction.

Let T TG G V= ( )1 2 . Since n > 240, every vertices in G has degree at least n n4 /5 12 > 3 /4. Thus there is a 
perfect matching M in G V V[ , ]1 2 by Hall's Theorem. Let M u v u v u v= { , , …, }n n1 1 2 2 . Define H to be a bipartite graph with 
vertex parts M and V3. Define E H ex e M x V ev( ) = { : , and is a triangle}3 . For uv M , since G n( ) > 3 /4, we 
have d e n n n n( ) > 3 /4 + 3 /4 = /2H . Similarly, we can derive that d x n( ) > /2H for x V3. By Hall's Theorem, there 
is a perfect matching in H . That is, there is a triangle‐factor in G . Thus G contains a triangle‐factor.                 
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