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Sammanfattning

Syftet med denna examensuppsats dr att undersoka mojligheten att forbattra
skattningen av vagytans ojamnhet med hjalp av enbart vertikala accelerations-
matningar i narvaro av okanda fjadringsparametrar. Ett ytterligare mal ar att ut-
vdrdera om sddan skattning kan genomforas i realtid samt om tillforlitliga skatt-
ningar kan uppnas for fordon med olika fjadringssystem.

Studien inleds med en utvardering av en tidigare utvecklad metod for skattning
av vagytans ojamnhet under olika fjadringskonfigurationer, i syfte att analyse-
ra hur fordonsspecifika fjadringsegenskaper paverkar den skattade International
Roughness Index (IRI). Utifran de identifierade begransningarna utvecklas daref-
ter ett adaptivt skattningsramverk med malet att minska beroendet av fordons-
specifika fjadringsparametrar.

En kvartsbilsmodell med utokad tillstandsvektor, innehallande fjadringsparamet-
rar, anvindes och bade ett utdkat Kalmanfilter (EKF) och en itererad utokad
Kalmanutjamnare (IEKS) tillimpades for samtidig tillstands- och parameterskatt-
ning. Metoderna utvdrderades med hjilp av forbehandlade fordonsmétningar in-
samlade under varierande korforhédllanden.

Resultaten visar att de tillgangliga matningarna generellt inte ger tillracklig ex-
citation for tillforlitlig skattning av fjadringsparametrarna, vilket leder till bris-
tande konvergens och parameterdrift 6ver tid. For att motverka detta infordes fy-
siskt motiverade begransningar pa parameterskattningarna. Trots den begransa-
de observerbarheten hos fjadringsparametrarna uppnaddes stabil och noggrann
skattning av International Roughness Index (IRI).

Vidare visade EKF en berdkningseffektivitet som ar lamplig for realtidsapplika-
tioner, medan IEKS erbjod o6kad robusthet mot parameterdrift till priset av hog-
re berakningskomplexitet. Det adaptiva skattningsramverket minskade variatio-
nen i skattade IRI-varden mellan olika fjddringssystem, men detta uppndddes
pa bekostnad av en viss minskning i skattningsnoggrannhet jamfort med den
tidigare utvecklade metoden. Sammantaget indikerar resultaten att tillforlitlig
online-skattning av vdgytans ojimnhet dr mojlig med hjalp av vertikala accele-
rationsmatningar, forutsatt att begransningar relaterade till systemets excitation
hanteras pé ett andamalsenligt satt.
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Abstract

The aim of this thesis is to investigate the feasibility of improving road rough-
ness estimation using only vertical acceleration measurements in the presence of
unknown suspension parameters. An additional objective is to evaluate whether
such estimation can be performed online, and whether reliable road roughness
estimation can be achieved across vehicles with different suspension systems.

The study first evaluates the performance of a previously developed road rough-
ness estimation method under different suspension configurations in order to as-
sess how suspension characteristics affect the estimated International Roughness
Index (IRI). Based on the identified limitations, an adaptive estimation frame-
work is proposed to reduce the dependency of the estimated road roughness on
vehicle-specific suspension properties.

A quarter-car model with augmented suspension parameters was used, and both
an Extended Kalman Filter (EKF) and an Iterated Extended Kalman Smoother
(IEKS) were applied for joint state and parameter estimation. The methods were
evaluated using pre-processed vehicle measurements collected under various driv-
ing conditions.

The results show that the available measurements generally do not provide suffi-
cient excitation for reliable estimation of the suspension parameters, resulting in
poor convergence and parameter drift. To mitigate this issue, physical constraints
were imposed on the parameter estimates. Despite the limited observability of
the suspension parameters, stable and accurate International Roughness Index
(IRI) estimation was achieved.

Furthermore, the EKF demonstrated computational efficiency suitable for real-
time implementation, whereas the IEKS provided improved robustness against
parameter drift at the cost of higher computational complexity. The proposed
adaptive framework reduced the variation in IRI estimates between different
suspension systems, although this improvement was achieved at the cost of a
slight reduction in estimation accuracy compared with the previously developed
method. Overall, the results indicate that reliable online road roughness estima-
tion is feasible using vertical acceleration measurements, provided that limita-
tions related to system excitation are appropriately handled.
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Notation

TecunNicarL NoTATION

Notation

Notation Meaning
Cs Suspension damping coefficient
ey Measurement noise
Fy State transition matrix
Hy Observation matrix
Ky Kalman gain
K Suspension stiffness
K; Tire stiffness
L Length
My Sprung mass
my, Unsprung mass
P Covariance estimate
P State covariance
Qk Process covariance
Sk Innovation covariance
u Vertical displacement of the road surface
Vi Process noise
Vv Vehicle speed
Xklk-1 Predicted state
Xk Updated state
XQc, Xk State vector
Vk Measured output
Zs Sprung vertical displacement
z, Unsprung vertical displacement
Zs Sprung vertical velocity
Z, Unsprung vertical velocity
Z Sprung vertical acceleration
Z, Unsprung vertical acceleration
€k Measurement residual
X, 0 Estimates of x, O

Parameter




Notation

TecuNicaL NOTATION

Notation Meaning
Gy Input Jacobian
x¢ Current trajectory
xf Filtered state
xP Predicted state
A Eigenvalue
Os Observability matrix
wy Damped natural frequency
Wy, Natural frequency
Wres Resonant frequency
C Damping ratio
ABBREVIATIONS
Abbreviation Meaning
CRLB Cramér-Rao Lower Bound
DEKF Dual Extended Kalman Filter
EKF Extended Kalman Filter
FIM Fisher Information Matrix
GNSS Global Navigation Satellite System
IEKS Iterated Extended Kalman Smoother
IMU Inertial Measurement Unit
IRI International Roughness Index
KF Kalman Filter
OAT One-At-a-Time
PDF Probability Density Function
QC Quarter-Car model
RMSE Root Mean Square Error
RTS Rauch-Tung-Striebel smoother
VTI Swedish National Road and Transport Research Insti-

tute

As a uniform convention for this project, some notations are
used consistently. When boldface is used, it indicates that the
variable is a vector or a matrix.

Parentheses (- ) are used for continuous time, e.g. x(f).
Square brackets [ - ] are used for discrete time, e.g. x[¢].







Introduction

This chapter provides an introduction to the project, including the background,
purpose, and goal, research questions, and the delimitations of the project.

1.1 Background

This thesis focuses on estimating the International Roughness Index (IRI) [26],
which is a commonly used measure of road roughness. Road roughness is of sig-
nificant interest due to its impact on both vehicle dynamics and infrastructure
maintenance. Road roughness induces vertical vibrations in the vehicles, which
may reduce ride comfort for drivers and passengers. It also affects fuel efficiency,
increases tire wear, and raises maintenance costs [26].

Having reliable and continuous information about road roughness enables road
administrators to identify deteriorating road conditions and plan maintenance
actions before the road quality becomes unacceptable. The current standard ap-
proach for estimating IRI involves the use of laser-scanner systems to obtain a
longitudinal road profile, from which the IRI can be calculated. However, this
method requires expensive external equipment that is not available in standard
production vehicles. To address this limitation, NIRA Dynamics, therefore, aims
to develop a more cost-effective solution that relies on sensors already available
within the vehicle or easily installed.

When analyzing the roughness of a road surface, one of the key quantities of
interest is the vertical acceleration of the vehicle. This acceleration is strongly
influenced by the vehicle suspension system, including parameters such as mass,
spring stiffness, and damping coefficients [9]. These parameters vary between
different vehicle models and may also change for the same vehicle depending
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on factors such as cargo load or suspension settings. Consequently, it becomes
difficult to infer the actual road roughness directly from raw acceleration mea-
surements alone.

To address these challenges, suspension parameters obtained from simplified ve-
hicle models can provide a reasonably accurate description of the road surface.
However, these models may still produce estimation outliers that negatively af-
fect the resulting IRI estimate. Incorporating vehicle-specific suspension param-
eters into the road roughness estimation framework may therefore improve the
robustness and accuracy of the estimated IRI values.

1.2 Purpose and Goal

The purpose of this master’s thesis is to investigate the feasibility of developing a
real-time parameter estimation framework for vehicle suspension systems. The
method relies exclusively on data acquired from an Inertial Measurement Unit
(IMU) in combination with a quarter-car model (QC).

The ultimate goal is to incorporate the estimated parameters into a road rough-
ness estimation algorithm, enabling the computation of consistent IRI values
across different vehicles, independent of variations in their suspension charac-
teristics.

1.3 Research Questions

This master’s thesis investigates the influence of vehicle-specific characteristics
on road roughness estimation, with a particular focus on the IRI. Variations in
suspension systems may introduce systematic differences in estimated IRI values,
thereby reducing comparability across vehicles. To address this issue, the follow-
ing research questions are formulated:

1. How does the estimated IRI vary between vehicles with different suspen-
sion systems, given the offline implementation described in Agebjar [1]?

2. To what extent can online estimation of suspension parameters reduce the
variation in IRI estimates across different vehicles?

1.4 Delimitations

To make the project feasible within the available timeframe, several delimitations
are introduced. One of these delimitations is that this thesis will only consider
the vertical acceleration.
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The different suspension systems that will be investigated are steel and air sus-
pensions. With the air suspension, different settings can be chosen, which in-
clude Air Comfort, Air Auto, and Air Dynamic.

The data used for this master’s thesis will be taken solely from IMU data and
wheel speed sensors. The IMU used in this study is an external IMU that mea-
sures lateral, longitudinal, and vertical acceleration, and the IMU is placed under
the passenger seat of the car.

Another limitation concerns the availability of ground-truth reference measure-
ments, given by the collaboration with Swedish National Road and Transport Re-
search Institute (VTI). This is done with a VTI car equipped with a laser-scanner
located longitudinally along the road profile, which gives an IRI estimation for
that driven road segment. The reference measurements were collected in 2025,
and the measurement vehicle is no longer available for additional experiments.

1.5 Related Work

This master’s thesis builds upon a previous master’s thesis conducted at NIRA
Dynamics in 2024 by Agebjér [1], which is therefore one of the most relevant re-
lated works. In that study, the feasibility of estimating road roughness using only
sensors already available in production vehicles was investigated. Two vehicle
models were considered: a QC for vertical dynamics and a half-car model includ-
ing pitch motion. Both models were formulated as linear systems, despite the
acknowledgment that real vehicle suspension dynamics exhibit nonlinear behav-
ior. Road roughness estimation was evaluated using two different approaches: a
transfer-function-based method and a linear Kalman filter (KF). While promising
results were obtained, the study highlighted limitations related to model linear-
ity and parameter uncertainty, motivating further investigation using nonlinear
estimation techniques.

A related nonlinear approach is presented in [15], where an Extended Kalman
Filter (EKF) is proposed for the simultaneous estimation of vehicle parameters
and road surface roughness. In this work, the vehicle is modeled as a four-degree-
of-freedom semi-vehicle with front and rear wheels, and the road input is treated
as an unknown excitation. The EKF estimates both the states and selected vehi-
cle parameters, while the tire stiffness is handled indirectly by modeling the tire
force as a function of the relative tire-road displacement. Furthermore, the cor-
relation between the front and rear wheel excitations is exploited to improve pa-
rameter estimation through a nonlinear least-squares procedure. The proposed
method is validated under varying road conditions, noise levels, and vehicle
speeds, demonstrating the potential of EKF-based approaches for combined road
and parameter estimation.

Another relevant contribution is presented in [25], where the authors investi-
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gate road profile estimation using vehicle dynamic responses measured by a
smartphone-mounted IMU. The vehicle is modeled using a half-car formulation
that captures both bounce and pitch dynamics. The article uses a Kalman-filter-
based estimation framework, where the road profile is included as an augmented
state. The approach relies on measured vertical acceleration responses and em-
ploys a model-based observer combined with Rauch-Tung-Striebel (RTS) smooth-
ing to reconstruct the road surface profile. Vehicle parameters are identified
in a preliminary step using a genetic algorithm, after which they are assumed
to be known for road profile estimation. The proposed method is validated
through both numerical simulations and experimental measurements, where the
estimated road profile is compared against reference data obtained from laser-
based measurements. The results demonstrate that road roughness can be esti-
mated with reasonable accuracy using only onboard inertial sensors. The sensors
are placed 1.8 meters from the front axle. However, the method primarily focuses
on offline estimation and does not address online joint estimation of the road pro-
file and vehicle suspension parameters.

Another relevant contribution to methodological development is presented in [5].
In this study, the authors investigate several Kalman filter-based approaches for
real-time sensor data processing in mechatronic systems. Specifically, they evalu-
ate a dual extended Kalman filter (DEKF), a hybrid model in which physics-based
and data-driven parameters are jointly embedded within the filtering framework,
and an ensemble-based extension designed to improve robustness against local
minima. The results demonstrate that the hybrid model, implemented as a DEKF
augmented with a neural network, achieves particularly strong performance, im-
proving the accuracy of physical parameter identification by more than 60% com-
pared to alternative filtering strategies [5]. In this particular article, the descrip-
tion of the DEKF is especially relevant, as its methodological formulation pro-
vides a stable and a well-founded basis for real-time parameter and state estima-
tion. Although the DEKF was not the top-performing method in all evaluated
aspects, its structure is directly relevant to the present work.

1.6 Outline of the Thesis

The thesis is organized as follows:

* Introduction — Presents the background and motivation of the study, along
with the research goal, research questions, and the scope and limitations of
the work.

* Analysis of Previous Method — Reviews the IRI estimation method devel-
oped by Agebjir [1] as a basis for a preliminary answer to Research Ques-
tion 1.

* Theoretical Background — Provides the theoretical foundation required to
understand the study. This includes the QC, the IRI, Kalman filtering tech-
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niques, and concepts such as error metrics, performance bounds, observ-
ability, and sensitivity.

* Method - Describes the methodology used to address the research ques-
tions. This chapter is divided into two main parts: (i) Data Collection,
including datasets, ground truth, and preprocessing steps such as GNSS
matching, and (ii) Estimation Algorithms, where the augmented state-space
model and the implementation of Kalman filtering approaches (EKF, and
IEKS) are presented.

* Estimation Analysis — Analyzes the estimation problem in terms of sensi-
tivity and observability. Both theoretical and numerical analyses are per-
formed to evaluate the identifiability of the model parameters.

* Model Limitations — Discusses limitations of the proposed model and method-
ology, including parameter constraints and challenges in state and parame-
ter estimation.

¢ Results — Presents the results obtained from the different estimation meth-
ods. This includes evaluation of state estimation, parameter estimation, IRI
estimation, and comparisons between the EKF and IEKS approaches.

* Discussion — Interprets the results in relation to the research questions,
discusses implications, and evaluates the strengths and weaknesses of the
proposed approach.

* Conclusion — Summarizes the main findings of the thesis and provides an-
swers to the research questions.

* Appendix — Contains supplementary material:
— Appendix A - Details on IRI calculations and description of the algo-
rithm.

— Appendix B — Details about the sensitivity analysis in the form of MAT-
LAB figures and code.

— Appendix C - Details about the observability analysis in the form of
MATLAB code.






Analysis of the Previous Method

Before introducing the proposed adaptive estimation framework, it is important
to analyze the previously implemented IRI estimation method. This analysis pro-
vides the motivation for the new approach and addresses the first research ques-
tion concerning how IRI estimates vary across different vehicle dynamics.

The IRI estimation method considered here was developed as part of a master’s
thesis conducted at NIRA by Agebjar [1]. In that work, a model-based frame-
work for IRI estimation was proposed, where a quarter-car vehicle model was
combined with a KF to estimate the road profile, from which the IRI was subse-
quently calculated. The vehicle model parameters, such as suspension stiffness
and damping were identified offline using grey-box system identification tech-
niques.

Agebjar demonstrated that this approach could estimate IRI with reasonable ac-
curacy for the specific vehicle configuration used during system identification.
The results indicated that a physics-based approach, using measured chassis vi-
brations for the identification of vehicle parameters, it can provide a feasible al-
ternative to direct road profile measurements.

However, the identified vehicle model parameters were treated as fixed. This im-
plies an assumption that the vehicle dynamics remain constant during operation.
While this assumption may be acceptable for vehicles with static suspension char-
acteristics, it becomes problematic for modern vehicles equipped with adaptive
suspension systems, where damping and stiffness vary depending on suspension
mode or driving conditions.

Since the KF relies directly on the assumed vehicle model, any mismatch be-
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tween the actual vehicle dynamics and the predefined model parameters will
affect the estimated road profile and, therefore, the calculated IRI. Consequently,
the same physical road can yield different IRI estimates depending solely on the
suspension configuration of the vehicle rather than the actual road condition. Fig-
ures 2.1, 2.2 and 2.3 shows this behavior, where the same road yielded different
IRI estimation depending on different suspension modes.

In both figures, the error variations are illustrated, defined in terms of both RMSE
and median error. This demonstrates the concrete differences between the sus-
pension modes.

The results clearly show that the estimated IRI depends significantly on the sus-
pension configuration. Both the median estimation error and the RMSE vary
between suspension modes, despite the road profile remaining unchanged. This
demonstrates that the estimated IRI is not solely determined by road roughness,
but is also influenced by the vehicle’s suspension characteristics when fixed of-
fline model parameters are used.

These findings directly answer the first research question:

How does the estimated IRI vary between vehicles with different suspen-
sion systems?
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Figure 2.1: IRI results for the KF method, divided depending on different
IRI levels.
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Theoretical Background

In this chapter, the underlying theory relevant to the project is presented. This
includes a description of the suspension system, the QC, the IRI, the EKF, the Iter-
ated Extended Kalman Smoother (IEKS), error metrics and performance bounds,
and online methods are compared to offline methods.

3.1 Suspension Systems

The suspension system in a car has the role of keeping the tires in contact with
the road while absorbing vibrations from bumps and uneven road surfaces. This
results in a more comfortable ride for the passengers and also helps ensure vehi-
cle stability and control during driving [6].

The car suspension system consists of several key components, of which the two
most important are the springs and the dampers. The springs are used to absorb
road disturbances by storing mechanical energy in the form of elastic potential
energy when they are compressed or extended. The dampers control the motion
of the suspension by dissipating energy, primarily as heat, which prevents exces-
sive oscillations of the vehicle body and helps maintain stable tire contact with
the road [6].

There are different types of suspension systems, and the two of interest in this
thesis are steel suspension and air suspension. Steel suspension uses steel coil
springs, while air springs use air-filled rubber bags [9]. The air pressure inside
these bags can be adjusted, and the system is often electronically controlled.

If the air suspension is electronically controlled, it can be adjusted to suit dif-
ferent driving conditions and user preferences. The settings considered in this

11
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thesis include Auto, Comfort, and Dynamic, which correspond to different sus-
pension stiffness configurations [4].

The Auto setting is the standard mode and adapts to typical driving behavior.
The Dynamic setting applies a stiffer suspension setup to improve roll stability,
while the Comfort setting uses softer suspension characteristics to reduce vibra-
tion transmission and lateral acceleration, resulting in a smoother ride [4, 9].

3.2 AQuarter Car Model

The model used to describe the relationship between the road profile and the
IMU data in this project is the Quarter Car Model(QC).

The QC is commonly used to investigate the vertical dynamics of a vehicle. The
model consists of the sprung mass (m;), suspension stiffness (K;), suspension
damping coefficient (Cy), unsprung mass (m,), and tire stiffness (K;). Sprung re-
lates to the car body and unsprung relates to the tire and axle. Since both masses
can move independently in the vertical direction, the system is modeled as a two-
degree-of-freedom system. Figure 3.1 illustrates the model along with the associ-
ated parameters. The suspension stiffness and damping describe the interaction
between the sprung and unsprung masses, while the tire stiffness describes the
interaction between the unsprung mass and the road.

Figure 3.1: Illustration of the Quarter Car Model with associated parame-
ters [12].

By using free-body diagrams together with Newton’s second law and Hooke’s law,
two differential equations are derived to describe the dynamics of the sprung and
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unsprung masses. The equations are given by

msis(t) = _Ks(zs(t) - Zu(t)) - Cs(zs(t) - Zu(t))f

(1) = Ky(zs(0) = 2a(£) + Col2a(0) - 20(8) - Kol — ity V)

Here, z(t) denotes the vertical displacement, and the subscripts s and u refer to

the sprung and unsprung masses, respectively. The dot notation represents time

2
derivatives, where z(t) = d;(tt) and Z(t) = ddi(zt). The term u(t) represents the

vertical displacement of the road surface. Where the system dynamics for Z(t)
and Z,(t) can be written as,

() = 2 (a(0) — 2l )~ (1) - 24(0),
KS s K (3.2)
Z,(t) = m_s(zs(t) —z,(t) + _S(Zs(t) = 2,(t) - m_t(zu(t) — u(t))

3.3 International Roughness Index (IRI)

The IRI is a standardized measure of road surface roughness that quantifies the
longitudinal unevenness of a road profile. It was introduced in 1986 and is widely
used by road authorities to assess pavement condition and ride quality. The IRI
is defined based on the response of a standardized QC vehicle model, commonly
referred to as the Golden Car, traveling over a measured longitudinal road profile
at a constant speed of 80km/h [16, 21, 22].

The Golden Car represents a linear QC model with fixed dynamic parameters.
The parameters defining the Golden Car are defined in Table 3.1 [2].

Table 3.1: This table describes the "Golden Car" dynamic parameters.

Property Value Unit
Total Sprung Mass (m) 1000 kg
Unsprung Mass (m,,) 37.5 kg
Suspension Spring Stiffness (Kj) 15825 N/m
Suspension Damping Coefficient (C;) 1500  Ns/m
Tire Stiffness (K;) 163250 N/m

The IRI is defined as the integral of the absolute relative velocity between the
sprung and unsprung masses, normalized by the traveled distance [21]. The
mathematical formulation is presented in

T L/v
1 . 1 .
IRI:Zflzu—Zs| dt:zJ-|zu—zs| dt (3.3)
0 0

where L is the evaluation length, V is the vehicle speed, Z; and z,, are the vertical
velocities of the sprung and unsprung masses, respectively [16, 21].
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An IRI value of zero represents a perfectly smooth road surface, whereas higher
values indicate increasing roughness and reduced ride comfort.

3.4 Extended Kalman Filter

The KF is a recursive estimation method used to estimate unknown state vectors
based on noisy measurements, assuming a linear system model. In this thesis,
the suspension parameters used in the quarter-car (QC) model are treated as un-
known. Since these parameters appear in the system matrices, the structure of
the state-space model is affected, making the problem nonlinear from an estima-
tion perspective. To address this limitation, the EKF is employed.

In accordance with Equation (3.1), the state-space model of a quarter-car system
can be written as

0 1 0 0 0
K G K G 0
- _ Mg mg mg mg
Yoc=| g" o 0 1 |%ect|o|u) (3.4
K G _K+K _C 1.9 '
My, my my my my
. . T
xoc =28 2t zu(t) 2,(1)]

where xgc represents the state vector. Although the model is linear with respect

to the states, it is nonlinear with respect to the parameters to be estimated, such

as K, Ky, Cs, mg, and m,,. These parameters appear inside the system matrix in

1 1 _Ks Cs

a nonlinear manner, for example, in terms such as - and > Because the pa-
s u

rameters are coupled in these expressions, the model becomes nonlinear from an

identification perspective.

The EKF extends the KF framework to nonlinear systems by linearizing the sys-
tem dynamics around the current state estimate at each time step. This makes
it suitable for the online estimation of both states and parameters in nonlinear
models, and it is therefore the primary estimation method used in this thesis.

The general nonlinear state-space formulation for the EKF is given by

Xkt = f(xp ug) + v,

3.5
Vi = h(xg) + eg, (3.5)

where x; represents the state vector and y; the measured output. The measured
output consists of quantities obtained from physical measurements, for example,
from sensors, such as acceleration from the IMU. The process noise vy and mea-
surement noise ¢; are assumed to be zero-mean Gaussian with covariances Qy
and Ry, respectively [10].
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In order to match Equation (3.4) with the formula expressed in Equation (3.5),
the measured output yy is given by the vertical acceleration of the sprung mass.
The measured output is formulated as

Vk = Zsk + €k (3.6)

The EKF can be formulated using either first- or second-order approximations.
In this project, a first-order EKF is employed. Given that the QC exhibits mild
nonlinearities and a high sampling rate is used, the first-order approximation is
deemed sufficient.

3.5 Iterated Extended Kalman Smoother

While the EKF relies on local linearization around the predicted state at each
time step, its accuracy depends heavily on the quality of the current estimate.
The IEKS addresses this issue by iteratively re-linearizing the system around the
smoothed trajectory obtained from all available measurements.

Just as the EKF is an extension of the KF to nonlinear systems, the IEKS is an
extension of the EKF. While the EKF provides recursive state estimates using
only past and current measurements, the IEKS exploits the entire measurement
sequence by combining forward filtering and backward smoothing [20].

The IEKS operates by repeatedly re-linearizing the system dynamics and mea-
surement equations around the most recent smoothed state trajectory.

The IEKS is initialized by running a standard EKF forward pass over the en-
tire time horizon, followed by a RTS backward smoothing pass [20]. The RTS
smoother works by going backward through the state estimates to refine them
based on future information. This produces an initial smoothed state trajectory

{A(O) pl0

N
v Pen ezt (3.7)

where N denotes the whole dataset.

At iteration 7, the nonlinear functions are linearized around the current smoothed
trajectory JE;;I}V Using these updated linearizations, a new EKF forward pass is

performed, followed by an RTS backward pass. The re-linearization and smooth-
ing steps are repeated until convergence, which can be defined by the condition

A(i+1)
kN

m}flx —925(1';\]” <E, (3.8)

where ¢ is a predefined threshold value, or until a predefined maximum number
of iterations is reached.
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3.6 Error Metrics and Performance Bounds

In this section, the evaluation metrics used in this report are presented. These
include error metrics such as the Root Mean Square Error (RMSE), error dis-
tribution, and median error, as well as the performance bound given by the
Cramér—-Rao Lower Bound (CRLB).

3.6.1 Error Metrics

To evaluate the performance of the proposed method, several error metrics are
used in this thesis. The three primary metrics considered are the Root Mean
Square Error (RMSE), the error distribution, and the median error.

3.6.1.1 Root Mean Square Error (RMSE)

The RMSE measures the average magnitude of the estimation error, i.e., how far
the estimated values are from the reference values on average. It provides a quan-
titative measure of the estimation accuracy and can be used to compare different
estimation methods.

The RMSE is defined as the square root of the mean squared difference between
the estimated and reference values [11]. The equation for RMSE is defined as,

Where % defines the estimate, x denotes the reference value and N is the number
of samples that are to be averaged.

3.6.1.2 Error Distribution

The error distribution describes how the estimation error behaves over the inves-
tigated data set. The error is defined as

e = X;j — >€i (310)
where x; is the reference value and %; is the estimated value.

Ideally, the error should be randomly distributed around zero and follow a nor-
mal distribution. In this work, the desired error distribution is assumed to be
Gaussian, NV (0, 02), with zero mean and finite variance. This assumption stems
from the zero-mean noise assumption in the KF framework.

Furthermore, the distribution should not exhibit pronounced spikes or heavy
tails, as these may indicate systematic errors or outliers in the estimation process.
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In this thesis, the error distribution is visualized using histograms. The his-
tograms are normalized to approximate a probability density function (PDF),
such that the total area under each histogram equals one. This normalization
enables a direct comparison of error distributions, independent of the number of
samples.

3.6.1.3 Median Error

The median error is defined as the median of the errors calculated for the inves-
tigated data set. It represents the central tendency of the estimation error and
indicates the typical deviation between the estimated and reference values.

Unlike the mean error, the median is less sensitive to outliers and extreme values,
making it a robust performance metric in the presence of non-Gaussian noise or
occasional large deviations. A median error close to zero indicates that the esti-
mator is unbiased in a central sense, while significant deviations from zero may
suggest systematic estimation errors.

3.6.2 Cramér—Rao Lower Bound

The CRLB provides a theoretical lower bound on the variance of any unbiased
estimator, when estimating a parameter, according to the following inequality:

A 1
Var(9) > W (3.11)

where 0 denotes the estimate of the parameter 0, Var(0) denotes the variance of
the estimator and I(6) represents the Fisher information. The Fisher information
quantifies how much information the observed data carries about the parameter.

If an estimator attains the CRLB, it is said to be efficient. The CRLB is com-
monly used as a benchmark to evaluate how close a practical estimator is to the
theoretical optimum [13, 14].

3.7 Online vs Offline Estimation

Online estimation refers to the recursive updating of state estimates as new mea-
surements become available, without access to future data. This makes online
estimators suitable for real-time applications such as tracking and control. The
KF is an example of an online estimator, as it updates the state estimate and error
covariance sequentially at each time step.

An offline estimation is performed after all measurements have been collected.
Since the entire data set is available, offline methods often utilize future measure-
ments to refine estimates.






Method

This chapter presents the methodology used to estimate road profiles and com-
pute the IRI. The chapter is structured into two main parts: Data Collection and
Algorithm.

The Data Collection section describes the dataset, the ground truth, and the data
preprocessing steps. The Algorithm section outlines the specific methods used
for IRI estimation, including two main approaches: the EKF and the IEKS.

An overview of the methodology used in this thesis can be described as follows.
First, vehicle and ground-truth datasets are synchronized using GNSS-based match-
ing. Second, vehicle states and suspension parameters are estimated using EKF-
and IEKS-based approaches. Third, the estimated states are used to reconstruct
the road profile through unknown-input estimation. Finally, the reconstructed
road profile is evaluated by calculating the corresponding IRI using the Golden
Car model.

4.1 Data Collection

This section describes how the dataset is structured and defines the data used
as ground truth. It also provides an overview of the data preprocessing steps
applied prior to analysis.

4.1.1 Dataset and Ground Truth

The dataset used in this study was provided by NIRA Dynamics; therefore, no
new data collection was performed within the scope of this work. The dataset
includes measurements from multiple passenger cars equipped with different
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suspension systems and suspension settings. The vehicles were driven on vari-
ous road types with different roughness levels, including smooth highways cor-
responding to low IRI values and rougher road segments with higher IRI values.
In addition, the dataset contains measurements from road segments with speed
bumps, which result in strong vertical accelerations.

Two specific datasets are used for evaluation. Dataset 1 consists of two vehi-
cles equipped with different suspension settings: Air and Steel. The Audi Q7
has three different suspension modes: Air Comfort, Air Auto, and Air Dynamic.
The other car, Audi C8, has Steel suspension. These vehicles were driven on two
different roads. Road 1 corresponds to a rougher road with a higher IRI, while
Road 2 represents a smoother highway with a lower IRI. Dataset 2 consists of two
vehicles where both vehicle have Steel suspension: Audi PPC-B10 and Audi PPE-
eQ5. The cars are driven on two different routes, both of which exhibit relatively
higher IRI values.

Table 4.1 provides a graphical representation of the structure of the datasets.

Table 4.1: Structure of the two datasets used in the study.

Dataset 1
Vehicle 1A Vehicle 1B Vehicle 1C Vehicle 1D

Suspension type Air Air Air Steel
Suspension mode ~ Comfort Auto Dynamic -
Car model (Audi) Q7 Q7 Q7 C8

Route 1.1 Rougher road — High IRI
Route 1.2 Highway — Low IRI
Dataset 2
Vehicle 2A Vehicle 2B

Suspension type Steel Steel
Suspension mode - -

Car model (Audi) PPC-B10 PPE-eQ5
Route 2.1 Rougher road — High IRI
Route 2.2 Rougher road — High IRI

The motivation for selecting these datasets is that they cover a wide range of
IRI levels, while also capturing variations in the reference suspension parameter
values. Additionally, all four vehicles include measurements from driving over
the same speed bump at approximately the same vehicle speed, enabling consis-
tent comparison across datasets. Dataset 1 will primarily be used to analyze how
the estimation behaves for different suspension modes, whereas Dataset 2 will
mainly be used to evaluate the overall performance of the estimation, with par-
ticular focus on how it behaves across different vehicle models as a complement
to Dataset 1.
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As ground truth, a collaboration with the VTI has been established. VTI has
driven the same routes as the vehicles in the dataset using a vehicle equipped
with three laser scanners, mounted in the left and right wheel paths and in the
center of the lane. The laser measurements are used to characterize the road
roughness and to provide a reference IRI value for each road segment [24]. In ad-
dition, reference suspension parameter values for certain car model parameters
are used. These values are obtained from offline estimations reported by Ageb-
jar [1]. The reference suspension parameters are stated in Table 4.2. These values
do not represent ground truth but serve as a reasonable reference for evaluating
the estimated parameters.

Table 4.2: Summary of predetermined values for parameters a, b, c and d for
different vehicle types.

_K _C _ K K
Car model a=5 b—ﬁz €= d_ﬂ

Audi PPE-B10  133.7808 11.015 1296.7633  5324.3715
Audi PPE-eQ5  76.6313 4.5317 139.2602  10743.3722
Audi Q7 65.946 4.14503 482.885 3660.35
Audi C8 65.946 4.14503 482.885 3660.35

4.1.2 Preprocessing and Global Navigation Satellite System
Matching

The data used in this thesis is divided into two categories: vehicle-mounted sen-
sor data and ground-truth data provided by the laser-scanner vehicle.

The laser-scanner vehicle measures the road profile with a spatial resolution of
0.1m. Each measured road segment is associated with a position obtained from
an onboard Global Navigation Satellite System (GNSS) receiver.

The vehicle data consists of measurements from IMUs and vehicle speed sensors.
The vertical acceleration is the primary signal of interest. Since not all vehicles
are equipped with a vertical acceleration sensor in the internal IMU, an external
IMU is used for those vehicles. To ensure consistency between measurements,
signals from the external IMU are filtered to match the characteristics of the in-
ternal IMU signals. All vehicle data is collected at a sampling rate of 50 Hz and
is referenced to GNSS position measurements.

The measured vertical acceleration is influenced not only by the road surface but
also by wheel-related effects. These undesired effects are mitigated using filtering
techniques that suppress frequency components associated with the fundamen-
tal wheel rotation frequency and its first overtone.

To synchronize the vehicle data with the ground-truth measurements, a GNSS-
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based matching procedure is applied. This procedure pairs measurements from
the two datasets based on spatial proximity. Two validation criteria are used to
ensure correct matching.

First, the Euclidean distance between the vehicle and the laser-scanner measure-
ment must not exceed a predefined threshold d. Second, the angle between the
respective direction vectors must be smaller than a threshold ¢. These criteria
ensure that both vehicles are traveling on the same road segment and in the same
direction. Figure 4.1 illustrates a graphical representation of the threshold pa-
rameters d and ¢.

Laser car’s path

Figure 4.1: Illustration of the matching criteria using thresholds d and ¢,
showing the relationship between the laser scanning vehicle and the IMU-
equipped vehicle measurements.

4.2 Algorithm

This section describes the algorithms used in the implementation of the thesis. It
is structured to present the two different Kalman filter-based estimation meth-
ods, the EKF and the IEKS, as well as the structure of the road profile estimation
method and the subsequent estimation of the IRL

4.2.1 Kalman Filtering Framework

This section presents the Kalman-filter-based framework used for state and pa-
rameter estimation. The two methods that are used for the approaches for esti-
mation are EKF and IEKS.

4.2.1.1 Augmented State-Space Model

From the QC presented in Section 3.2, a conventional state-space representation
can be formulated using the sprung and unsprung mass displacements and ve-
locities as system states (x = [z,(t), Z5(t), z,(t), 2, (t)]" ). However, the suspension
parameters are not assumed to be perfectly known and may vary between vehi-
cles and driving conditions. To account for these uncertainties, the suspension
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parameters are incorporated into the state vector and estimated together with
the dynamic states. The augmented state vector is therefore defined as

. ) K, C, K, K 1T
X = [Zs(t)r Zs(t)r Zu(t)r Zu(t)r "—lss; m_ss’ ,’ m_,:] .

4.1
x = [25(t), 25(t), (1), 2,(2), 0,0, OtO]T' e

The suspension parameters are modeled as slowly varying states using a random-
walk model.

4.2.1.2 Process Model

To enable recursive state estimation using the EKF, the continuous-time nonlin-
ear model is discretized using a first-order forward Euler approximation. The
resulting discrete-time nonlinear process model is given by

Xpe1 = Xk + Tofelxi) = f(xx),
[ Zs k + Tszs,k
Zo g + Ts(=ax(zs k = Zuk) = br(Zsk — Zuk))
Zu,kb"' TsZu,k
2ok + T - + %5 5 )= d _
Flag) = | Pk s(er(zor = 2uk) (Zok = Zuk) = iz k — )

o (4.2)
bk
Ck
dy

K C K K,
a 5, b=—, c=—, dp=—
mS mS mu mu

where x; is defines as the state vector described in Equation 4.1.

4.2.1.3 Measurement Model

The available measurements consist of vertical acceleration signals obtained from
an IMU. The measurement model is formulated based on the acceleration of the
sprung mass. The measurement equation is given by

Vi = Zsk + €k (4.3)

which leads to the nonlinear measurement function
h(xi) = —ar(25(8) = 24 () = bi(2:(8) = 24 (1))- (4.4)

4.2.1.4 Extended Kalman Filter

Since the process and measurement models are nonlinear with respect to the
augmented state vector, the EKF is employed to recursively linearize the system
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around the current state estimate. The corresponding Jacobians are defined as

=9
Jx X=Xk|k (4 5)
- 2 |
k= ox x:’eklk—l.

where f(x;) denotes the process model described in Equation 4.2, h(x;) denotes
the measurement model defined in Equation 4.4, and xj is the state vector.

The EKF recursion then follows the standard first-order formulation [10]:

Sk = HyPx_1 H{ + Ry,
Ky = Pop H S,
€k = Yk — MXppk-1)
Rkjk = K- + Kreg, (4.6)
Pk = (I = K Hg) Pyi-1,
etk = f(Zre)s
Pk = FkPklkaT + Q-

Here, Sy denotes the innovation covariance, Kj the Kalman gain, and €, the mea-
surement residual. Furthermore, %;;_; and Px_; represent the predicted state
and covariance, respectively, while %;x and P denote the updated state and
covariance estimates.

4.2.1.5 Iterated Extended Kalman Smoother

The IEKS is an extension of the EKF and the Extended Kalman Smoother (EKS),
designed to improve state estimation accuracy in nonlinear state-space models.
While the EKS consists of a single forward EKF pass, followed by a backward RTS
smoothing pass, the IEKS repeatedly applies this procedure with re-linearization
around the current smoothed trajectory [19].

After completing a forward EKF pass, the RTS is applied backwards, so that fur-
ther information is combined with the previous estimation, yielding in smoothed
state estimation. the RTS is defined as

Cr = Pk|kF(9?k|k)P;;11|k
N = Xigk + Cr(Rre N — Lrr1jk) (4.7)
Pun = Poi + Cr(Peyan — Pesap) Cf -

Applying only one EKF forward pass followed by one RTS backward pass results
in an Extended Kalman Smoother (EKS). In the IEKS, additional iterations are
performed. After each smoothing pass, the nonlinear process and measurement
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models are re-linearized around the current smoothed trajectory using first-order
Taylor expansions [19]. The linearization are defined by,

(4.8)

N N N N N
X = fkfl(x]i_1) + kal(x]i_l)(xk_l - x]i_l)
2P ~ ~ N A

2 = (%) + Hy(8) (50 — %)

where p, f, and c denote the predicted state, filtered state, and the current trajec-
tory estimate, respectively [19].

After re-linearization, a new EKF forward pass and RTS backward smoothing
pass are performed. This constitutes one iteration in the IEKS and this iterative
process is repeated for a predefined number of iterations or until convergence is
achieved.

In this work, real-time constraints prevent processing the entire dataset in a sin-
gle batch with many IEKS iterations. Therefore, a batch-based implementation is
employed, where IEKS is applied to smaller data segments. Increasing the batch
size allows more information to be incorporated, potentially improving estima-
tion accuracy, but at the cost of increased time delay.

The total algorithm for the IEKS can be summarized in Equation (4.9), where
the pseudo-code is presented. The notation is the same as defined for the EKF de-
scribed in Subsection 4.2.1.4. Additional notations are that N denotes the batch
size and I, represents the maximum number of iterations.
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Forward pass (EKF)
fork=1,...,N:
Sk = HyPqx_1 H{ + Ry,
Ky = Pe  HE S
€k = Yk — h(Zxp-1),
Lklk = Xpp—1 + Kr€p,
Py = (I = K Hy)Pyj—1,
etk = f(Zxe)s
Pes1jk = FxPgkFL + Qg
end
Backward pass (RTS)
fork=N-1,...,1:
Cr = Pk|kF(9?k|k)P;§fl|k,
2N = ik + Cr(Rpyn — Rrr1pe)s
Pun = Pei + Cr(Pesay — Pesp) CF
end (4.9)

IEKS iterations

fori=0,..., Inax :
Re-linearization:
fork=1,...,N:

N N N Ni N

R = fior(Rp_p) + Froa (R (%, — £5_1),
N N VPN R

2 = hp(Rp) + Hy(2)(%5 — %),

end

Forward pass (EKF)
Backward pass (RTS)

. Ai+1)  A(1)
if mkax||xkIN - kuNII <eg:

break
end
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4.2.2 Road Profile Estimation

To estimate the IRI in accordance with the calculations explained in Appendix A,
the unknown road displacement input #[k] must be estimated. Since #[k] de-
pends on the system’s states, an estimation of the states %[k] is required before
i1[k] can be recovered. Although the EKF and IEKS differ in how the state esti-
mate is produced, the procedure for extracting the road displacement is concep-
tually the same.

In both filtering approaches, the road displacement u(t) is intentionally set to
zero within the prediction model. This assumption simplifies the estimation
problem but introduces a small modeling error in the predicted state. This er-
ror can be expressed as

Axk = Gkuk, (4.10)

where Gy denotes the input matrix (or input Jacobian in the nonlinear case).
By exploiting this relationship, the unknown road displacement can be recon-
structed from the observed state estimation error. The following subsections
present the derivation of i1[k] for the EKF and IEKS formulations.

4.2.2.1 Road Profile Estimation for EKF

For the EKF formulation in Section 4.2.1.4, the nonlinear state transition model
is
Xke1 = f(xg, ug), (4.11)

but the filter prediction step assumes u; = 0. This results in the modeling error

Axg = Zppqpese1 — f Xk (4.12)

which corresponds to the neglected input term Gy uy. Solving this relation for the
unknown input yields

iy = (Gin)_lci(karukn - f(fkuc))
of (4.13)
Gk = %lx:f,dk

4.2.2.2 Road Profile Estimation for IEKS

As in the EKF formulation, the road displacement input is not included in the
IEKS prediction model and is therefore set to zero during state propagation. After
convergence of the smoothing iterations, the neglect of the road input introduces
a modeling error in the state prediction, which can be expressed as

Axy = RN = f(ZkN ) (4.14)

where %y denotes the smoothed state estimate obtained from the IEKS using all
available measurements.
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This expression corresponds to the same formulation used in Equation (4.13),
with the key difference that smoothed state estimates are used instead of filtered
ones. The unknown road displacement can therefore be reconstructed as

i = (GLGL) ™ GL (%1 - f(Gw))

d

(4.15)

x:ﬁk‘N

Since the IEKS requires access to the complete state trajectory, the road displace-
ment estimate i, can only be computed after the full set of smoothed state esti-
mates £y has been obtained.

4.2.3 IRI

The IRI is calculated using the fixed "Golden Car" model, which requires the road
elevation profile as input. When the roughness is measured using a real vehicle,
the vehicle’s suspension characteristics do not match the Golden Car parameters.
This means that the raw acceleration data collected from a real car cannot be di-
rectly used to compute the IRI.

The data must first be transformed into an equivalent road profile representa-
tion, which can then be used as input to the Golden Car model.
Details regarding the IRI calculation are provided in Appendix A.

4.3 Computational Time Measurement

The computational time of the estimation algorithm was measured using MAT-
LAB’s built-in tic and toc functions, applied around the estimation routine.
This approach provides an approximate measure of execution time for perfor-
mance evaluation.



Estimation Analysis

This chapter presents an analysis of the parameter estimation problem for this
thesis. The objective is to assess whether the estimation problem is observable
and to evaluate how the different parameters influence the model response. This
is a crucial part of the thesis, as one of its main objectives is to improve the es-
timation of the IRI through the use of unknown parameter estimation. If issues
arise in terms of sensitivity or observability, the original project approach may
need to be revised.

The analysis is divided into two main parts: a Sensitivity Analysis (see Subsec-
tion 5.1) and an Observability Analysis (see Subsection 5.2).

The purpose of sensitivity analysis is to determine how variations in each pa-
rameter influence the system response. This is essential because parameters with
very low sensitivity have only a weak influence on the system output and are
therefore difficult to constrain from data. Consequently, they cannot be reliably
estimated, since identifiability depends on the ability to distinguish parameter
effects through observed responses [8, 17].

Observability analysis aims to determine whether the system states and param-
eters can be uniquely reconstructed from the available measurements. While
sensitivity describes how strongly a parameter affects the output, observability
determines whether these effects are distinguishable from each other. In practice,
this distinguishability is influenced by measurement noise, model structure, and
the level of persistent excitation, all of which affect parameter estimation under
real-world conditions [8, 17].

Together, these analyses indicate which parameters can theoretically be recon-
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structed and which can be successfully estimated in practice under realistic exci-
tation and noise conditions.

5.1 Sensitivity Analysis

The transfer function from road displacement to sprung-mass acceleration was
analyzed to investigate how parameter variations influence the QC dynamics.
This corresponds to a local One-At-a-Time (OAT) sensitivity analysis, where one
parameter is varied while all others are kept constant [18]. Bode diagrams were
computed while varying one parameter at a time by +20%. The resulting fre-
quency responses are presented in Appendix B. The response shows two domi-
nant frequency regions.

In the low-frequency band around 8 rad/s, a peak corresponding to the body
resonance is observed. In this region, the dominant parameters are a and b. In-
creasing a shifts the resonance slightly toward a higher frequency and increases
the amplitude of the peak, while decreasing a lowers both the frequency and mag-
nitude of the peak. Changes in b primarily affect the peak amplitude: increases
of b reduces the resonance magnitude, while decreasing b increases the resonance
magnitude. Changes in ¢ and d have only a minor influence on the body-mode
dynamics.

In the higher-frequency band around 80 rad/s, corresponding to the wheel-hop
dynamics, the sensitivity pattern changes substantially. The parameters 4 and ¢
influence the amplitude of the wheel-hop peak, but with the opposite sign. The
amplitude increases as a increases and decreases as c¢ increases. The parameter
b does not show a significant effect on the wheel-hop resonance itself, but it has
an impact on the frequency response between the two resonance peaks and at
frequencies above the wheel-hop peak. The parameter d produces the largest
change in this region, with varying d, both shifting the wheel-hop resonance fre-
quency and noticeably altering its amplitude.

From these observations, several conclusions can be drawn regarding parame-
ter sensitivity across the frequency range. At frequencies below the body-mode
peak, none of the parameters has a strong influence. At the body resonance, the
system is most sensitive to a and b, with a being the most influential. In the fre-
quency region between the resonances, b is the dominant parameter, with some
influence from a. At the wheel-hop resonance, parameter a,c and d were showed
to influence the wheel-hop resonance, with parameter d having the greatest in-
fluence. At frequencies above the wheel-hop peak, changes in b and d have the
largest effect.

Since typical road profiles contain most of their energy in the lower-frequency
range, the parameters governing the body-mode dynamics are expected to have
the greatest influence on the computed IRI value. The parameters a and b are
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therefore expected to dominate in the tested datasets used in this report. This
hypothesis is further examined through the observability and CRLB analyses be-
low.

5.1.1 Resonance Frequency

From the initial sensitivity investigation using Bode diagrams, it was observed
that the parameters a4 and b have the strongest influence on the body-mode
dynamics. This motivated a more detailed analysis of how a and b effect the
body-mode resonance frequency.

For a linear time-invariant system, the state-space representation is

X = Ax + Bu
(5.1)
y=Cx+Du
with transfer function
G(s) = C(sI - A)"'B+D. (5.2)

The resonance behavior of the system is determined by the poles of the trans-
fer function, which corresponds to the eigenvalues of the system matrix A. The
complex pole pair associated with the body-mode dynamics can be written as

A=—-Cw, *+jwy (5.3)

where w,, is the natural frequency, w, is the damped natural frequency, and C
is the damping ratio. This produces a peak in the frequency response near the
damped natural frequency. For lightly damped systems, the resonance frequency
can therefore be approximated as

Wres = [IM(A)], A € eig(A). (5.4)
Since closed-form expressions for the poles are cumbersome for the full QC model,

sensitivities were evaluated numerically.

To quantify this influence, the body-mode resonance sensitivity with respect to a
and b were computed using numerical differentiation. A variation of 1% was cho-
sen to approximate the local derivative while keeping the variation sufficiently
small to remain within the linear neighborhood of the nominal operating point.

AWy es Wres(a+ Aa) — w,.5(a— Aa)

da 2Aa
Adw,es N Wres(b + Ab) — w,os(b — AD) 55
db 2Ab (5.5)
Aa =0.01a
Ab =0.01b

Table 5.1 demonstrates the results from the differentiation and indicates how
strongly the body-mode resonance frequency changes locally for small variations
in a and b.
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Table 5.1: Numerical sensitivity of the body-mode resonance frequency
with respect to parameters a and b.

Parameter Ax=0.01x Unit

a(=12) 0.0626 s
b(=35) -0.0993 -

The resonance sensitivity analysis in Table 5.1 confirms that both parameters a
and b influence the body-mode resonance frequency, with parameter b exhibiting
a larger local effect in magnitude. From a parameter-estimation perspective, this
indicates that the measurement signal is locally more informative about b than
about a in the operating region considered.

5.2 Observability Analysis

In this subsection, the observability of the system is analyzed using two main ap-
proaches: one based on theoretical observability and one that incorporates mea-
surement considerations.

5.2.1 Theoretical Observability

The analysis is based on constructing the observation space O;, where each row
corresponds to the differential of the output function evaluated along repeated
applications of the system dynamics [3].

For a discrete-time system xp,; = f(xx), the observability matrix is formed by
stacking the Jacobians of the output function evaluated along successive forward

iterations of f:
oh
Ix
Ih(f(x)

_ dx
0Os = onsisen | (5.6)

Ih(f(f(f(x)))
Jx

Here, f(x) denotes the system state-transition function and /(x) the measurement
function.

If the observation space has full rank equal to the total number of augmented

states (including constant parameters), the system is locally strongly observable,

meaning that nearby distinct states produce distinguishable output trajectories [3].
This ensures that all states and parameters influence the output in a unique and

distinguishable way under ideal conditions and can therefore be estimated using

a state observer or filter [3].
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The MATLAB implementation used to compute the observation space and its
rank is provided in Appendix C.

5.2.2 Measured Observability

However, the rank test does not take measurement noise or the level of system
excitation into account. Thus, even if the system is mathematically observable,
further analysis is required. An additional investigation was performed using a
Fisher Information Matrix (FIM) and CRLB analysis.

5.2.2.1 Fisher Information Matrix

An additional aspect worth considering is that the estimation difficulty may not
only be caused by insufficient excitation, but also by the dimensionality of the
chosen parameterization. The augmented state vector contains four unknown
parameter combinations, 4, b, c and d, while only a single vertical acceleration
measurement is available. Consequently, even under improved excitation condi-
tions, it is not guaranteed that all parameter directions are identifiable from the
available measurements.

The FIM was evaluated for two parameterizations: the full parameter set (6 =
[a,b,¢,d]) and a reduced parameter set (6 = [a,b]). For the reduced parame-
terization, only 4 and b were estimated, while ¢ and d were treated as known
constants. Table 5.2 presents the sorted eigenvalues of the corresponding FIMs
together with their condition numbers. Where FIM is defined as,

1(0) = ZHkTR‘lHk (5.7)

where Hj is the Jacobian of the measurement model with respect to the estimated
parameters, and R is the measurement noise covariance matrix. The condition
number is defined as [7],

K(A) =l Al AT |

A-10) (5.8)

where I(0) is the FIM.

For the full parameter set, the FIM is rank deficient in all investigated scenar-
ios, as indicated by the presence of two zero eigenvalues. This results in an in-
finite condition number, implying that the four-parameter estimation problem
is locally unidentifiable from the available measurements. Consequently, not all
parameter directions can be uniquely estimated from the vertical acceleration sig-
nal.

When the parameter set is reduced to (6 = [a, b]), the FIM becomes full rank.
However, the eigenvalues still differ by several orders of magnitude, resulting in
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condition numbers of up to approximately (2.7 x 103). This indicates that the esti-
mation problem remains highly ill-conditioned and that the parameter estimates
are sensitive to measurement noise, modelling errors, and numerical inaccura-
cies [7].

The speed-bump test increases the information of the content of the measure-
ments and improves the conditioning of the reduced FIM. However, the full four-
parameter formulation remains rank deficient, indicating that increased excita-
tion alone is insufficient to resolve the structural identifiability limitations.

The eigenvector analysis further shows that the unobservable directions are pre-
dominantly aligned with the parameters ¢ and d, whereas the observable direc-
tions are mainly associated with 4 and b. This suggests that the available vertical
acceleration measurement contains substantially more information about a and
b than about ¢ and d.

Therefore, the estimation difficulties observed in this work cannot be explained
solely by insufficient excitation. The FIM analysis indicates that the chosen four-
parameter formulation also introduces structural identifiability limitations. Al-
though reducing the parameter set improves identifiability, the reduced problem
remains poorly conditioned. These results suggest that reliable estimation of all
four parameters may require additional measurements or an alternative parame-
terization.

Table 5.2: FIM results for full parameter set @ = [a, b, ¢, d] and reduced set
0 =[a,b].

Suspension Mode Method Road MZo={ab,cd) K(A) MZo=(a,5)) K(A)
Air Auto EKF Normal [4.890 x 10%, 3.786x 108, 0, 0] oo  [9.700x 102, 2.361 x 108]  2.434 x 10>
Air Auto EKF Highway [98.94, 4.595 x 107;0, 0] oo [149.2, 2.754 x 107] 1.845 x 10°
Air Auto EKF  Speed-bump [6.063, 1.207 x 10, 0, 0] o0 [8.131, 6.589 x 10%] 8.102 x 10*
Steel - EKF Normal [4.099 x 102, 3.025x10%;0, 0] oo  [6.926 x 10%, 1.895x 10%] 2.736 x 10°
Steel - EKF Highway [52.74, 2.604 x 107, 0, 0] 0 [62.89, 1.597 x 107] 2.540 x 10°
Steel - EKF  Speed-bump [5.513, 6.195 x 10%;0, 0] o [7.342, 3.357 x 10°] 4572 x10%
5.2.2.2 Cramér—Rao Lower Bound
The CRLB was computed using the FIM [14]:
-1
CRLB = I(6)7%. (5.9)

A normalized CRLB was also computed in order to enable comparison between
parameters. The normalized CRLB is defined as [14]:

Var(6;)

HCRLBZ' = 612

(5.10)

Since the objective was to assess parameter identifiability rather than a full state
estimation performance, the Jacobian was restricted to the parameter-related columns,
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i.e., H(a, b, c, d). The CRLB was computed by running the EKF and accumulating
the summation from the parameter Jacobian at each time step. Since the parame-
ter estimation framework in this thesis is based on EKF and IEKS, the CRLB was
computed using the same augmented-state formulation to ensure consistency be-
tween the observability analysis and the estimation approach. The same vehicle
was evaluated under different suspension systems and road surfaces. The result-
ing CRLB values are presented in Table 5.3 and 5.4. Where Table 5.3 includes all
parameters a, b, ¢ and d, while Table5.4 only contains the CRLB for the parame-
ters a and b.

Table 5.3: CRLB results for full parameter set @ = [a, b, c, d].

Suspension Mode Method Road CRLB nCRLB

Air Auto BKF Normal [2.0, 0, 102, 10'2] [4.78x1077, 0, 4.29%x10°, 7.46x10%]

Air Auto EKF  Speed-bump [1.5, 0, 10'2, 10'2]  [3.56x107°, 9.10x1078, 4.29x10°, 7.46x10%]
Air Auto EKF Highway  [10.0, 0, 10'2, 10'?] [2.21x107, 2.00x107'?, 4.29x10°, 7.46x10%]
Steel - EKF Normal [2.0, 0, 102, 10'2] [5.58x1077, 0, 4.29%x10, 7.46x10%]
Steel - EKF Speed-bump  [1.7, 0, 10'2, 10'?]  [3.99x107°, 1.75x1077, 4.29x10°, 7.46x10%]
Steel - EKF Highway [2.0, 0, 10'2, 10'2] [5.58x1077, 0, 4.29%x10°, 7.46x10%]

Table 5.4: CRLB results for reduced parameter set 8 = [a, b].

Suspension Mode Method Road CRLB nCRLB

Air Auto EKF Normal [1.0138x1073, 4.4321x1077] [2.33x1077, 2.0x10719]
Air Auto EKF  Speed-bump [0.1135, 1.6323x107°] [0.2610x107%, 0.0009x107%]
Air Auto IEKS Normal [1.9079x1073, 2.2326x1077] [4.39x1077, 1.0x10719]
Air Auto EKF Highway  [1.0137x1073, 4.4321x1077] [2.33x1077, 2.0x10719]
Air Auto IEKS Highway  [1.9079x1073, 2.2326x1077] [4.39x1077, 1.0x1071]
Steel - EKF Normal [1.4215x1073, 2.7454x1077] [3.27x1077, 3.0x10719]
Steel - EKF  Speed-bump [0.1282, 3.0493x107°] [0.2948x107%, 0.0017x1074]
Steel - IEKS Normal [2.4715%1073, 2.2326x107°] [5.68x1077, 1.0x10719]
Steel - EKF Highway  [1.4584x1072, 6.9076x107%] [3.35x107%, 4.0x1077]
Steel - IEKS Highway  [1.7198x1072, 4.7739x107%] [3.95x107%, 2.7x1077]

The CRLB analysis confirms that although the augmented system is theoretically
observable, the practical identifiability of several parameters are limited. The
diagonal entries of the CRLB indicate that some parameters have low minimum
variance and can therefore be estimated accurately. In contrast, others exhibit
extremely large CRLB values, demonstrating weak observability and a high sen-
sitivity to measurement noise.

From Table 5.3, it is evident that the CRLB values for parameters ¢ and d are
consistently dominated by the numerical tolerance term (tol = 10'?), which was
introduced to avoid singularities when inverting the FIM. This indicates that,
under the tested excitation conditions, ¢ and d are effectively unobservable. A
follow-up analysis was performed with this tolerance term removed; however,
the conclusion remained unchanged, confirming that these parameters cannot be
reliably identified from the available measurements.
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In contrast, the reduced parameter set in Table 5.4 shows that parameters a and b
exhibit significantly lower CRLB and nCRLB values across all tested conditions,
indicating that these parameters are well observable in practice. However, the
results also show a clear dependence on the type of driving scenario.

In particular, the speed-bump scenario results in noticeably higher CRLB val-
ues compared to normal and highway driving. This indicates s reduced parame-
ter identifiability under these conditions. This shows that the estimation perfor-
mance depends on the driving scenario, although the underlying cause of this
difference is not further analyzed in this thesis.

Overall, the results demonstrate that while the system is theoretically observable,
the practical identifiability of the parameters depends strongly on the operating
conditions. Parameters a and b, which are associated with the lower-frequency
body dynamics, are consistently observable under typical driving conditions. In
contrast, parameters ¢ and d require additional excitation or must be excluded
from the estimation problem to ensure numerical stability and reliable estima-
tion.

Note: Since this thesis uses real-world data without access to ground-truth states,
the CRLB is computed using the EKF linearization along the estimated trajec-
tory. This provides an approximation of the ideal case where the true trajectory
is known.

5.3 Conclusion of Sensitivity and Observability
Analysis

The sensitivity and observability analyses provide a consistent basis for selecting
estimation parameters in the QC.

The sensitivity analysis showed that parameters 4 and b dominate the system
response in the low-frequency body-mode region, which is the frequency range
most strongly excited by typical road inputs. In contrast, parameters ¢ and d
primarily influence the higher-frequency wheel-hop dynamics, which receive sig-
nificantly less excitation under the analyzed driving conditions.

The theoretical observability analysis confirmed that the augmented nonlinear
system is locally observable, meaning that all states and parameters are identi-
fiable under ideal conditions. However, theoretical observability alone does not
guarantee practical observability in the presence of measurement noise and lim-
ited excitation.

To assess practical identifiability, a CRLB analysis was performed. The results
showed that parameters a and b have substantially lower estimation uncertainty
than c and d under the tested conditions. This indicates that the available mea-
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surement data contains sufficient information to estimate a and b reliably, while
c and d remain practically unidentifiable.

These findings suggest that the online estimation problem should focus on pa-
rameters a and b. Parameters ¢ and d may become estimable under stronger high-
frequency excitation, but under the present operating conditions, their inclusion
would increase estimator complexity without guarantee improving estimation
quality.

5.4 Chosen Estimation Parameters

Based on the results from the estimation analysis presented in Section 5.1-5.2,
conclusions can be drawn regarding which parameters should be prioritized in
the online estimation. In particular, the focus is placed on parameters a and b. De-
spite this, initial attempts were made to estimate all four parameters. Figure 5.1
shows the parameter estimation for all four parameters, for the suspension set-
ting Auto in Dataset 1 on Road 1.

Parameter estimation

Parameter a

500 1000 1500 2000 2500 3000
Timg

Figure 5.1: Figure shows the parameter estimation behavior for the Auto
suspension mode setting in Dataset 1 when driving on Road 1.

From Figure 5.1, the estimation of the parameters seems to be potentially feasible.
This positive behavior is further supported by Figure 5.2, which shows the same
car from Dataset 1 driven over a speed bump. It is clear that all parameters react
to the speed bump, which is promising. However, when considering another car
model with reference values for parameters g, b, ¢, and d that differ significantly
from the values used to initialize the estimator, this behavior changes. Figure 5.3



38 5 Estimation Analysis

shows this, where the parameter behavior varies greatly and exhibits large oscil-
lations in the beginning, before settling at physically unrealistic values.

For this reason, the decision was made to exclude parameters c and 4 from the on-
line estimation model. This decision is also supported by physical reasoning, as
the unsprung mass and tire stiffness can be reasonably treated as approximately
constant for a given vehicle, since they do not significantly change with passen-
ger load or driving mode. In contrast, the sprung mass, suspension damping, and
suspension stiffness, related to the parameters a4 and b, may vary depending on
passengers, cargo, or vehicle-specific suspension settings.

Therefore, parameters ¢ and d are set to fixed values obtained from offline es-
timations reported by Agebjdr [1]. These values are stated in Table 4.2. This
concludes that the estimation only focuses on estimating parameters g and b.

Parameter estimation
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Figure 5.2: Figure shows the parameter estimation behavior for the Auto
suspension mode setting in Dataset 1 when driving over a speed bump.



5.4 Chosen Estimation Parameters

39

4000

2000

1000

Parameter estimation

Parameter a
[ 1 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9

Parameter b
\\_MrJ T T T T T T T T
1 1 1 1 1 | | | |
1 2 3 4 5 6 7 8 9

Parameter ¢

T

| | | 1 1 1 1 1 1
2 3 4 5 6 7 8 o

Parameter d

\/ T T T T T T T T T ]
1 2 3 4 5 6 7 8 9
Time

Figure 5.3: Figure shows the parameter estimation behavior for the PPE sus-
pension mode setting in Dataset 2 when driving on Road 2.






Model Limitations

In this section, some of the limitations introduced by the proposed method are
discussed. These limitations were identified based on behaviors observed during
the project implementation.

6.1 Parameter Limitations

From the estimation analysis in Section 5, issues of observability were identified
as a concern. During preliminary estimation tests, certain parameters showed un-
stable behavior and occasionally moved towards nonphysical values. This issue
led to a consensus that the results were unrealistic, but it also caused problems
near a = 0, because the term % appears in the model, which caused the model to
crash due to division by zero.

This parameter behavior was hypothesized to be caused by limited observabil-
ity of the parameters under the selected operating conditions. To avoid this is-
sue, upper and lower parameter bounds were introduced in the estimation algo-
rithm. These limits were defined as —50% to +100% of the corresponding ref-
erence value, The reference values correspond to the ones obtained from offline
estimations reported by Agebjar [1].

These constraints ensure that the estimation remains within physically reason-
able bounds, even in the presence of parameter drift.

41
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6.2 Separation of State and Parameter Estimation

During the evaluation of different batch sizes, it was observed that larger batches
provided sufficiently accurate state linearization, leading to stable estimation per-
formance. In contrast, smaller batch sizes resulted in degraded state estimation
quality. One possible explanation is that the stronger nonlinearities in smaller
batch sizes reduce the validity of the repeated linearization used in the IEKS
framework. In such cases, the iterative updates may amplify modeling mismatch
rather than improve convergence.

Consequently, the estimation framework was modified such that only the param-
eters were updated within the IEKS loop, while the estimated parameters were
subsequently used to initialize the following state estimation step. This adjust-
ment can be interpreted as separating state and parameter estimation, where the
states are updated locally within each iteration while the parameter estimates are
propagated across iterations.

The batch sizes that were tested varied from a large size of 10,000 samples to a
smallest size of 50 samples. From these tests, it was chosen to keep the batch size
at 100 samples, as this provides enough information for parameter estimation
while remaining small enough that time constraints are not a significant concern.
Table 6.1 summarizes the performance of the different batch sizes and compares
how they perform when the states and parameters are augmented versus sepa-
rated. For 50 samples, the system occasionally crashed due to singularities in
the matrices, which resulted in numerical instability (e.g., infinite or undefined
values).

Table 6.1: RMSE comparison for different batch sizes using normal IEKS and
state-parameter separation methods. The test data are for the suspension
mode Auto in Dataset 1 on Road 1.

Samples Normal IEKS (RMSE) State-parameter separation (RMSE)

50 - 1.8260
100 9.5064 1.3141
500 2.8611 1.1605
5000 1.3982 1.1898

10000 1.2617 1.1291




Results

In this chapter, the results obtained from the two different estimation methods,
the EKF and the IEKS, will be presented.

An overview is provided of how each method performs individually, focusing
on metrics such as RMSE, error distribution, and the behavior of the IRI and pa-
rameter estimations.

Furthermore, a comparison between the two methods is conducted, followed by
a time complexity analysis.

7.1 Results Dataset 1

This section presents the IRI estimation for Dataset 1, which consists of two ve-
hicles equipped with different suspension systems: Air and Steel. The Audi Q7
has three different suspension modes: Air Comfort, Air Auto, and Air Dynamic.
The other car Audi C8, has Steel suspension. Road 1 represents rougher road
conditions with higher average IRI, while Road 2 consists primarily of smoother
highway with lower IRI values.

To evaluate estimator performance, two complementary error metrics are used:
the error distribution and the RMSE. The RMSE is evaluated both over the full
dataset and within the predefined IRI intervals, allowing both an overall perfor-
mance comparison and a more detailed analysis across different road roughness
level.

Table 7.1 shows the total RMSE values for the EKF and IEKS. Table 7.2 shows
the RMSE values for different IRI levels, for the EKF and IEKS. To enable compar-
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ison between roads with different roughness levels, the Relative RMSE(RRMSE)
is also included, and defined as

RMSE
RRMSE = “MSE 100 (7.1)

IRI, s

where m,ef is the mean reference IRI for the corresponding dataset.

Figures 7.1 and 7.2 compare the estimated IRI trajectories with the reference IRI.
It should be noted that for Table 7.1, for Road 2, there is no data in IRI Levels 6-8.
This is because the reference IRI does not contain any values higher than 6.

Table 7.1: RMSE and RRMSE values for Dataset 1 for Route 1 and Route 2,
comparing EKF and IEKS.

Car model Suspension system Route 1 Route 2
EKF IEKS EKF IEKS
RMSE RRMSE RMSE RRMSE RMSE RRMSE RMSE RRMSE
Audi Q7 Comfort 1.2182 46.1% 1.3141 49.9% 0.42720 42.6% 0.41772 42.1%
Audi Q7 Auto 1.2223  45.9% 1.3220 49.6%  0.42895 44.5% 0.41427 43.5%
Audi Q7 Dynamic 1.1978  45.5%  1.4277 54.3% 0.41933 42.9% 0.40920 41.9%
Audi C8 Steel 1.0635 40.5% 1.2072 45.9%  0.45354 46.9%  0.43005 44.5%

7.1.1 Results from the Extended Kalman Filter (EKF)

The following subsection presents the IRI estimation results obtained using the
EKFE.

The results for Dataset 1 are summarized in Table 7.1 and 7.2 and Figure 7.1.

For Road 1, the total RMSE ranges from 1.06 to 1.22, corresponding to RRMSE
between 40.5% and 46.1%. The Steel suspension achieves the lowest total error,
while the Air suspension configurations show similar performance. This suggests
that the EKF maintains relatively consistent estimation performance across the
tested suspension configurations under rougher road conditions.

For Road 2, the RMSE decreases significantly, with values between 0.42 and 0.45.
This indicates improved estimation performance under smoother driving condi-
tion. However, the RRMSE remains in a similar range (42%-46.9%), showing that
the reduction in absolute error largely follows the lower IRI magnitude rather
than reflection a fundamentally improved estimation accuracy.

A more detailed view of the estimation behavior is provided in Table 7.2, where
the RMSE is evaluated across predefined IRI intervals. For Road 1, the absolute
RMSE increases consistently with increasing IRI level for all suspension configu-
rations. For example, for the Audi Q7 in Auto mode, the RMSE increases from
0.723 in the 0-2 interval to 2.045 in the 6-8 interval. Similar trends are observed
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Table 7.2: EKF and IEKS performance expressed as RMSE and RRMSE for
each IRI level. Each cell is reported as RMSE (RRMSE%).

Car model Susp. mode 0-2 2-4 4-6 6-8
EKF

Dataset 1 — Road 1 (RMSE / RRMSE%)

Mean - 1.332 2.886 4.744 6.754
Audi Q7 Auto 0.723 (54.3%)  1.276 (44.2%)  1.743 (36.7%)  2.045 (30.3%)
Audi Q7  Comfort 0.773 (58.0%)  1.270 (44.0%)  1.675 (35 3%) 2.187 (32 4%)
Audi Q7 Dynamic 0.772 (58.0%)  1.261 (43.7%)  1.628 (34.3%) 2.084 (30.9%)
Audi C8 Steel 0.696 (52.3%)  1.123(38.9%)  1.392(29.3%) 1.857 (27.5%)
Dataset 1 - Road 2 (RMSE / RRMSE%)

Mean - 0.852 2.716 4.607 -

Audi Q7 Auto 0.346 (40.6%)  1.103 (40.6%)  1.199 (26.0%) -

Audi Q7 Comfort 0.324 (38.0%)  1.050 (38.7%)  1.581 (34 3%) -

Audi Q7 Dynamic 0.343 (40.3%)  1.050(38.7%)  1.433 (31.1%) -

Audi C8 Steel 0.404 (47.4%)  0.998 (36.7%)  1.500 (32.6%) -

1EKS

Dataset 1 - Road 1 (RMSE / RRMSE%)

Mean - 1.332 2.886 4.744 6.754
Audi Q7 Auto 0.723 (54.3%)  1.456 (50.5%)  1.836 (38.7%) 2.198 (32.5%)
Audi Q7 Comfort 0.862 (64.8%)  1.467 (50.8%)  1.725 (36 4%)  2.031 (30.1%)
AudiQ7  Dynamic 0.921 (69.2%)  1.625(56.3%)  1.838 (38.7%)  2.141 (31.7%)
Audi C8 Steel 0.790 (59.4%)  1.314 (45.5%)  1.562(32.9%) 1.969 (29.2%)
Dataset 1 - Road 2 (RMSE / RRMSE%)

Mean - 0.852 2.716 4.607 -

Audi Q7 Auto 0.3223 (37.8%) 1.2296 (45.3%) 1.1797 (25.6%) -

Audi Q7 Comfort 0.3082 (36.2%) 1.1233(41.4%) 1.6050 (34.8%) -

Audi Q7 Dynamic 0.3154 (37.0%) 1.1446 (42.1%) 1.4578 (31.6%) -

Audi C8 Steel 0.3580 (42.0%) 1.0421 (38.4%) 1.4980 (32.5%) -

for the remaining configurations, indicating that rougher road segments are in-
herently more difficult to estimate accurately.

However, the RRMSE shows the opposite tendency. For the same configuration,
the RRMSE decreases from 54.3% to 30.3% as the IRI level increases. This sug-
gests that although the absolute estimation error grows for rougher roads, and
the estimator captures the increasing road roughness proportionally better.

Figure 7.1 shows that the EKF follows the general behavior of the reference IRI
well, including the dominant peaks and valleys. However, some local deviations
and offset errors remain, which is consistent with the RMSE values observed in

Table 7.1.

7.1.2 Results from the lterated Extended Kalman Smoother
(IEKS)

This subsection presents the IRI estimation results obtained using the IEKS. The
results for Dataset 1 are summarized in Table 7.1 and 7.2 and Figure 7.2.



46 7 Results

For Road 1, the total RMSE ranges from 1.21 to 1.43, corresponding to RRMSE
between 45.9% and 54.3%. Compared with the EKF, IEKS produces consistently
larger estimation error across all suspension configurations. The largest degra-
dation is observed for the Air Dynamic configuration, where the RMSE increases
noticeably compared with EKF.

For Road 2, the IEKS performance is similar to the EKF, with RMSE values be-
tween 0.41 and 0.43 and RMSE between 41.9% and 44.5%. In this case, the IEKS
slightly improves the estimation accuracy compared with the EKF, particularly
for the Air Dynamic configuration.

Table 7.2 provides further insight into how the IEKS behaves across different
IRI levels. For Road 1, the absolute RMSE increases with increasing IRI level,
similar to the EKF. However, unlike the EKF, the reduction in relative error is less
pronounced, indicating weaker proportional accuracy improvements for rougher
roads.

For Road 2, the IEKS exhibits a more stable behavior than previously observed.
For the Audi Q7 in Auto mode, the RMSE increases from 0.3223 (37.8%) in the
0-2 interval to 1.2296 (45.3%) in the 2-4 interval, before decreasing to 1.1797
(25.6%) in the 46 interval. Similar behavior is observed for the remaining sus-
pension configurations.

Figure 7.2 shows that the IEKS follows the overall trend for the reference IRI, but
larger offset peaks are visible compared with the EKF. This is one explanation for
the increased RMSE values observed for Road 1.
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Figure 7.2: IRI estimation of the IEKS filter compared with the reference IRI
value, for Dataset 1 on Road 1 and Road 2.

7.1.3 Comparison Between EKF and IEKS

A comparison between the EKF and IEKS results shows that the relative perfor-
mance of the two methods depends on both the overall road conditions and the
specific IRI interval.

For Road 1, the EKF consistently outperforms the IEKS across all tested suspen-
sion configurations when considering the total RMSE. The EKF achieves RMSE
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values between 1.06 and 1.22, while the IEKS produces higher errors between
1.21 and 1.43.

A level-wise comparison in Table 7.2 confirms this trend. For example, for the
Audi Q7 in Auto mode, the EKF achieves lower RMSE than the IEKS across all
IRI intervals, ranging from 0.723 to 2.045, compared with 0.723 to 2.198 for the
IEKS. Similar behavior is observed for the remaining suspension configurations.
This indicates that under rougher road conditions with stronger excitation, the
forward EKF estimation remains more accurate than the smoothing-based IEKS.

For Road 2, the opposite trend is observed when considering total RMSE, where
the IEKS consistently achieves slightly lower overall RMSE than the EKF across
all suspension configurations.

However, the level-wise analysis shows a more nuanced picture. In the lower
IRI interval (0-2), the IEKS achieves slightly lower RMSE values than the EKF
for all Dataset 1 configurations. For example, for the Audi Q7 in Auto mode,
the IEKS achieves 0.3223 compared with 0.346 for the EKFE. In the intermediate
IRI intervals, the difference becomes smaller, and in some cases, the EKF per-
forms similarly or slightly better. This suggests that the IEKS advantage under
smoother road conditions is primarily driven by improved performance in low-
roughness segments.

Overall, the comparison shows that the EKF performs more robustly under rougher
road conditions, whereas the IEKS provides modest improvements in smoother,
low-IRI environments.
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7.2 Comparison Results of EKF and IEKS

This section compares the EKF and IEKS estimation methods using error distri-
butions, error change, parameter evolution, and estimated IRI trajectories.

7.2.1 Error Metrics

This section presents a comparison between the EKF and the IEKS. The evalua-
tion is based on the error distribution and the error change, using both the RMSE
and the median error as performance metrics.

7.2.1.1 Error Distribution

Figures 7.3, 7.4, and 7.5 show the error distributions for both methods. In
Dataset 1, the error distributions for both filters are centered close to zero, in-
dicating limited systematic bias in the IRI estimates. The distribution widths are
similar, although the IEKS exhibits slightly broader tails in some configurations,
suggesting a somewhat higher frequency of larger estimation errors.

For Dataset 2, the difference between the methods becomes more pronounced.
For the PPC vehicle, both methods remain centered close to zero with a similar
spread. In contrast, for the PPE vehicle, the EKF distribution exhibits a visible
bias away from zero, while the IEKS shows heavier tails.
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7.21.2 Error Change

Figures 7.6 and 7.7 illustrate how the estimation error evolves across different
IRI levels using two complementary metrics: RMSE and median error. To obtain
more robust and representative results, the RMSE and median error values from
both routes are combined into a single aggregated result. This approach increases
the number of samples available for each IRI level, enabling more reliable conclu-
sions about the estimation performance, rather than conclusions that are specific
to individual roads.

The RMSE reflects the overall estimation error magnitude, while the median error
provides information about systematic estimator offset. Together, these metrics
provide insight into both estimation variability and estimator bias.

For Dataset 1, the RMSE trends show that estimation performance remains rela-
tively stable at lower IRI levels, while larger variations emerge as the road rough-
ness increases. This is particularly visible for the IEKS, where the estimation
error tends to increase more noticeably in the higher IRI intervals.

The median error remains close to zero for most Dataset 1 configurations, indi-
cating that neither estimator introduces a significant systematic bias under these
operating conditions. This suggests that the dominant source of estimation error
is random variability rather than consistent over- or underestimation.

Overall, the error-change analysis indicates that the differences between the sus-
pension systems are relatively small for both estimation methods. The resulting
curves remain close to zero across all IRI levels, indicating only minor variations
between configurations. This suggests that the choice of suspension system has a
limited impact on the relative estimation performance.
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Figure 7.6: Comparison of RMSE error changes between EKF and IEKS

across different IRI levels, for Dataset 1.
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across different IRI levels, for Dataset 1

7.2.2 Parameter Estimation

To gain further insight into the differences in IRI estimation performance be-
tween the EKF and IEKS, the estimated parameter trajectories are also analyzed.



56 7 Results

Figures 7.8 and 7.9 show the time evolution of parameter a for both estimation
methods, together with the corresponding reference values obtained from offline
estimations reported by Agebjér [1]. Figures 7.10 and 7.11 show the correspond-
ing results for parameter b.

For Dataset 1, clear differences are observed between the two filters. The IEKS
generally produces smoother and more stable parameter trajectories, while the
EKF exhibits larger parameter movement and stronger deviations from the ref-
erence values. This behavior is particularly visible for parameter a, where the
EKF tends to drift more significantly over time. For Dataset 2, similar behavior
is observed. For the PPC model, the behavior differs, where the EKF and IEKS
yield pretty much the exact same estimation, and it is the only model where the
IEKS does not stabilize around its initial value for the estimation. The estimation
moves from 60 to around 68.

For parameter b, another behavior is observed. For both Dataset 1 and Dataset 2,
the differences between EKF and IEKS are less pronounced. Both filters remain
relatively stable and around the initial value of 6, with some small deviations
and signs of a slight increase in the parameter value. The IEKS exhibits some
greater movement and a slightly higher value for parameter b, but the difference
between the EKF and IEKS is relatively small and only around A + 0.2 on average
across the datasets and roads. Note that there is one model that deviates signifi-
cantly from this. The PPE model for EKF and IEKS differs greatly, where the EKF
rapidly declines from 6 to around 3.5 for both roads and then remains around
3.5 for the rest of the estimation, compared with the IEKS, which stays around 6,
as in the other models.

These observations support the earlier observability analysis, which suggested
that practical parameter identifiability depends strongly on the available exci-
tation conditions. When the excitation is insufficient, or the model mismatch
increases, the parameter estimates become less stable, which directly affects IRI
estimation accuracy.

The parameter trajectories also help explain why neither estimator consistently
outperforms the other across all scenarios. In some cases, the stabilizing behav-
ior of the IEKS increases the estimation accuracy, while in other cases, the faster
movement of the EKF is shown to be beneficial.
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7.2.3 IRl Estimation

Figures 7.12-7.15 compare the estimated IRI trajectories from the EKF and IEKS
with the reference IRI for representative road segments from both datasets.

For Dataset 1, both estimation methods capture the general shape of the reference
IRI well, including the dominant peaks and overall trend variations. The agree-
ment is particularly strong for smoother sections, where both filters follow the
reference closely. However, larger deviations appear during sharper transients
and higher-amplitude peaks, where the IEKS in particular tends to exhibit larger
overshoots compared with the EKF. An example of this is seen in Figure 7.12 for
the Steel configuration at time 320-330.

This behavior is consistent with the earlier RMSE analysis, where the EKF demon-
strated lower estimation error than the IEKS for Dataset 1 Route 1. The trajectory
comparison indicates that the higher IEKS error is probably associated with local
peak deviations rather than a complete mismatch in the estimated road profile.

For Dataset 2, the behavior differs between the two vehicle platforms. For the
PPC vehicle, both estimators show good agreement with the reference IRI, repro-
ducing both the general trend and the dominant transient features. The methods
produce very similar estimations and are difficult to distinguish from each other.

For the PPE vehicle, a different pattern emerges. In Figure 7.14, the EKF exhibits
a noticeable systematic offset relative to the reference IRI, where the estimated
profile follows the overall shape of the signal but remains shifted upward by ap-
proximately one IRI unit. In contrast, the IEKS reduces this bias and follows
the reference more closely. This offset of the EKF is not observed in Figure 7.15,
where both the EKF and IEKS show similar behavior and follow the reference
well. This indicates that the PPE estimation does not consistently exhibits a sys-
tematic bias, but likely has issues in certain parts of the IRI estimation. The
observed bias in the IRI estimation also matches well with observations in the
error distribution shown in Figure 7.5.

Overall, the trajectory comparison confirms that both estimators are capable of
capturing the dominant road roughness behavior, but their error characteristics
differ. The EKF generally provides more stable estimates, but some systematic
bias is observed. In contrast, the IEKS appears to reduce bias but shows greater
signs of overshooting, as division peaks.
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Figure 7.12: IRI estimation of both EKF and IEKS filter compared with the
true IRI value, for Dataset 1 on Road 1.
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Figure 7.14: IRI estimation of both EKF and IEKS filter compared with the
true IRI value, for Dataset 2 on Road 1.
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7.3 Execution Times

Table 7.3 presents the total execution time and average computation time per
sample for both the EKF and IEKS across all tested datasets and vehicle configu-
rations.
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Across all experiments, the EKF consistently achieves lower computational cost
than the IEKS. For Dataset 1, the EKF requires approximately 0.055—-0.067ms per
sample, while the IEKS requires approximately 0.10 — 0.19ms per sample. This
corresponds to roughly a factor of two to three increase in computational cost for
the IEKS.

A similar trend is observed for Dataset 2. The EKF maintains a nearly constant
execution time of approximately 0.048ms per sample, while the IEKS ranges be-
tween 0.09 and 0.12ms per sample.

The increased computational cost of the IEKS is expected, since the smoother per-
forms repeated backward-forward optimization over the estimation batch, whereas
the EKF only performs recursive forward estimation. This additional compu-
tation provides the possibility of improved estimation accuracy, but the earlier
results show that this benefit is not consistently realized across all operating con-
ditions.

From a practical implementation perspective, both methods remain computa-
tionally efficient, with sub-millisecond processing times per sample. However,
the lower and more consistent computational cost of the EKF makes it more at-
tractive for real-time deployment.

As described in the methodology, the computational time was measured using
MATLAB’s built-in tic and toc functions. These measurements provide an ap-
proximate estimate of the execution time.

Table 7.3: The running time as well as the Time per sample for different
suspension systems of Dataset 1 for Route 1 and Route 2.

Car model Suspension system Samples 1IEKS EKF
Number[st] Time[s] Time per sample[ms/st] Time[s] Time per sample[ms/st]

Dataset 1 - Route 1

Q7 Comfort 165983 25.7795 0.1553 11.1221 0.0670

Q7 Auto 163694 16.6745 0.1019 8.9622 0.0547

Q7 Dynamic 157500 19.8136 0.1258 9.4939 0.0603

C8 Steel 179927 19.2439 0.1070 10.0656 0.0559
Dataset 1 — Route 2

Q7 Comfort 81266 8.5282 0.1049 4.6186 0.0568

Q7 Auto 96848 9.9126 0.1024 5.3676 0.0554

Q7 Dynamic 99330 18.8637 0.1900 6.6147 0.0666

C8 Steel 90949 9.3682 0.1030 5.6838 0.0625
Dataset 2 — Route 1

PPC Steel 57040 5.2319 0.0917 2.75397 0.0483

PPE Steel 50565 4.6764 0.0925 2.4284 0.0480
Dataset 2 — Route 2

PPC Steel 81445 7.4290 0.0912 3.9388 0.0484

PPE Steel 74750 9.0931 0.1216 3.6574 0.0489
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7.4 Comparison with Kalman Filter

In this section, a comparison is made with the previously implemented KF method,
which uses suspension parameter values obtained from offline estimation. The
comparison is based on the RMSE and RRMSE for different IRI levels, as well as
the variation in RMSE and median error.

Table 7.4 presents the total RMSE and RRMSE for all three methods—KF, EKF,
and IEKS—for both Dataset 1 and Dataset 2, evaluated on Road 1 and Road 2.

For Dataset 1, Road 1, the total RMSE for the KF ranges from 0.74483 to 1.07360,
corresponding to an RRMSE of 28.3% and 40.8%, respectively. The RMSE re-
sults indicate that the air suspension configurations yield relatively similar per-
formance, whereas the steel suspension configuration stands out with higher er-
ror values.

For Road 2, the total RMSE ranges from 0.81267 to 1.2465, corresponding to
an RRMSE of 84.9% and 128.9%, respectively. A similar trend is observed for
Road 2, where the steel suspension again exhibits higher RMSE values, while the
air suspension configurations produce comparable results.

When comparing the KF method with the EKF and IEKS, it can be observed that,
for Road 1, the KF achieves lower RMSE for the air suspension cases. However,
for the steel suspension, all three methods yield similar RMSE values. For Road 2,
this behavior changes: the KF is outperformed by both the EKF and IEKS across
all suspension configurations.

These observations suggest that the EKF and IEKS tend to perform better on roads
with lower IRI values, which indicates that Road 1 likely has a higher IRI com-
pared to Road 2. A more detailed comparison across the predefined IRI intervals
is provided in Tables 7.5. For Dataset 1, Road 1, the KF consistently achieves
lower RMSE than both EKF and IEKS across all IRI intervals for the Audi Q7
configurations. For example, for the Audi Q7 in Auto mode, the KF RMSE in-
creases from 0.397 in the 0-2 interval to 1.542 in the 6-8 interval, whereas the
EKF ranges from 0.723 to 2.045, and the IEKS from 0.831 to 2.415.

However, for Dataset 1, Road 2, the trend changes significantly. In the low IRI in-
terval (0-2), the KF exhibits substantially larger relative errors, with RRMSE val-
ues exceeding 100% for some configurations, such as 103.3% for Audi Q7 Auto
and 146.4% for Audi C8 Steel. In comparison, the EKF RRMSE for Audi Q7 Auto
is 40.6% and for Audi C8 Steel is 47.4%, while the IEKS RRMSE is 37.8% and
42.0%, respectively.

This suggests that the KF model performs well under rougher road conditions,
while the adaptive methods handle smoother road conditions better.
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Table 7.4: Overall performance comparison between IEKS, EKF, and KF, ex-
pressed as RMSE and RRMSE.

Car model Susp. mode IEKS EKF KF
RMSE RRMSE RMSE RRMSE RMSE RRMSE

Dataset 1 —Road 1

Q7 Comfort 1.3141 49.9% 1.2182 46.1% 0.8465 32.1%
Q7 Auto 1.3220 49.6% 1.2223 45.9% 0.7521 28.2%
Q7 Dynamic 1.4277 54.3% 1.1978 45.5% 0.7448 28.3%
Cs8 Steel 1.2072  45.9% 1.0635 40.5% 1.0736  40.8%
Dataset 1 — Road 2

Q7 Comfort 0.4177 42.1% 0.4272 42.6% 0.8862 89.1%
Q7 Auto 0.4143 43.5% 0.4290 44.5% 0.8127 84.9%
Q7 Dynamic 0.4092 41.9% 0.4193 429% 0.9433 96.6%
C8 Steel 0.4301 44.5% 0.4535 46.9% 1.2465 128.9%
Dataset 2 —Road 1

PPC Steel 0.7658 51.4% 0.8186 54.9% 0.5869 39.4%
PPE Steel 0.7104 48.1% 0.8602 58.3% 0.5121 34.4%
Dataset 2 — Road 2

PPC Steel 1.5039 58.3% 1.0660 41.3% 1.0661 41.3%
PPE Steel 1.7479 66.5% 1.3086 49.8% 0.7266 28.2%

For Dataset 2, Road 1, the total RMSE for KF ranges from 0.51205 to 0.58693,
corresponding to an RRMSE of 34.4% and 39.4%, respectively. This differs from
the EKF and IEKS results, where for Road 1 the EKF has RRMSE values of 54.9%
and 58.3% compared with the IEKS values of 48.1% and 51.4%.

When analyzing the results for the individual IRI levels for Dataset 2, the KF
consistently achieves the lowest RMSE across most IRI intervals for both vehicles.
For example, for the Audi PPC-e5Q on Road 2, the KF achieves RMSE values of
0.317 for level 0-2 and 1.916 for level 6-8. When looking at Table 7.6, this corre-
sponds to 0.909 and 1.951 for the EKF, and 0.755 to 2.962 for the IEKS.

This indicates that, for Dataset 2, the predefined offline suspension model aligns
well with the actual vehicle dynamics, allowing the KF to outperform the adap-
tive approaches. Unlike Dataset 1, where the adaptive estimators showed ad-
vantages under smoother conditions, Dataset 2 suggests that adaptive estimation
does not inherently guarantee superior performance, and remain dependent on
how accurately the underlying vehicle dynamics are represented.

Figure 7.16 shows the combined RMSE for both roads, divided into different IRI
levels. The figure shows that the KF generates lower RMSE for IRI levels 4-8. For
IRI levels 2—4, the KF shows lower values for all air configurations, while for the
steel configuration, all methods generate similar RMSE. In the interval 0-2, the
results are similar, and the largest deviation is observed for the steel configura-
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tion, where the KF generates higher RMSE than the EKF and IEKS.

Table 7.5: KF performance expressed as RMSE and RRMSE. Each cell is re-
ported as RMSE (RRMSE%).

Car model Susp. mode 0-2 2-4 4-6 6-8

Dataset 1 —Road 1

Mean - 1.332 2.886 4.744 6.754
Audi Q7 Auto 0.397 (29.8%)  0.808 (28.0%) 1.421 (30.0%) 1.542 (22.8%)
Audi Q7 Comfort 0.401 (30.1%)  0.709 (24.6%) 1.196 (25.2%) 1.469 (21.7%)
Audi Q7 Dynamic 0.436 (32.7%)  0.731 (25.3%) 1.143 (24.1%) 1.387 (20.5%)
Audi C8 Steel 0.689 (51.7%)  1.145(39.7%) 1.537 (32.4%) 1.723(25.5%)
Dataset 1 — Road 2

Mean - 0.852 2.716 4.607 -

Audi Q7 Auto 0.880 (103.3%) 0.995 (36.6%) 0.992 (21.5%) -

Audi Q7 Comfort 0.799 (93.8%)  0.915(33.7%) 1.453 (31.5%) -

Audi Q7 Dynamic 0.940 (110.3%) 0.968 (35.6%) 1.219 (26.5%) -

Audi C8 Steel 1.247 (146.4%) 1.262 (46.5%) 1.054 (22.9%) -
Dataset 2 - Road 1

Mean - 1.126 2.641 4.869 6.640

Audi PPC-B10

Steel

Audi PPC-e5Q Steel

0.370 (32.9%)
0.334 (29.7%)

0.813 (30.8%)
0.684 (25.9%)

1.453 (29.8%)
1.221 (25.1%)

3.067 (46.2%)
2.841 (42.8%)

Dataset 2 — Road 2

Mean

Audi PPC-B10

Steel

Audi PPC-e5Q  Steel

1.362
0.397 (29.1%)
0.317 (23.3%)

2.815
0.966 (34.3%)
0.601 (21.3%)

4.745
1.784 (37.6%)
1.359 (28.6%)

6.751
2.795 (41.4%)
1.916 (28.4%)

Table 7.6: EKF and IEKS performance expressed as RMSE and RRMSE. Each
cell is reported as RMSE (RRMSE%).

Car model Susp. mode 0-2 2-4 4-6 6-8

EKF IEKS EKF 1EKS EKF IEKS EKF 1EKS

Dataset 2 - Road 1
Audi PPC-B10  Steel
Audi PPC-e5Q  Steel
Dataset 2 - Road 2
Audi PPC-B10  Steel
Audi PPC-e5Q  Steel

0.644 (57.2%)
0.721 (64.0%)

0.601 (53.4%)
0.464 (41.2%)

1.043 (39.5%)
0.934 (35.4%)

0.966 (36.6%)
1.076 (40.7%)

1.868 (38.4%)
1.668 (34.3%)

1.700 (34.9%)
1.731 (35.6%)

2.952 (44.5%)
3.115 (46.9%)

2.960 (44.7%)
3.246 (49.0%)

0.797 (58.5%)
0.909 (66.7%)

0.832 (61.1%)
0.933 (68.5%)

1.103 (39.2%)
1.388 (49.3%)

1.791 (63.6%)
1.998 (71.0%)

1.239 (26.1%)
1.718 (36.2%)

1.617 (34.1%)
2.350 (49.5%)

1.849 (27.4%)
1.951 (28.9%)

2.108 (31.2%)
2.753 (40.8%)

Figure 7.17 and 7.18 present the error changes for all three methods for Dataset 1.

For the RMSE error changes in Figure 7.17, all air suspension configurations
exhibit similar values for all three methods. The greatest deviation for the air
suspension is around 0.1 across all IRI levels, indicating a very small variation
in the RMSE results. The main deviations are observed in the steel configuration,
primarily for the KF. The KF steel setting generates a deviation of around 0.4
for IRI levels 0—4, which corresponds to an increase of approximately 400% com-
pared with the air settings. For IRI levels 4-8, the behavior for all three models
is relatively similar, remaining close to zero but with some deviations of around
0.1. For the IRI level 6-8, some greater deviations for the steel suspension are
observed again for the KF and EKF; however, the deviation is around 0.2, indi-
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cating only a small increase. The IEKS is the method that produces the smallest
deviation and results closest to zero.

Figure 7.18 presents the corresponding median error variation. In this figure,
the differences between the KF, EKF, and IEKS becomes more apparent. Both the
EKF and IEKS exhibit relatively similar behavior, with median errors remaining
close to the target value of zero across all suspension configurations, with only
some deviation in the IRI level 4-6, where the deviation is around 0.2 for all sus-
pension modes.

The KF, however, shows a clear increase in median error as the suspension con-
figuration changes. Across the air suspension modes, the results are relatively
stable and close to zero for IRI levels 0—4. In the IRI level 4-6, greater deviations
similar to those observed for the EKF and IEKS appear. In this interval, the de-
viation for EKF and IEKS is around 0.2, while for the KF the deviation increases
for each suspension setting, with Auto and Dynamic generating deviations of ap-
proximately 0.2 to 0.4. Similar to the RMSE error change, the largest deviations
are observed for the steel suspension mode. The deviation for the KF also tends
to increase with increasing IRI level, with the steel configuration showing devia-
tions of approximately 0.5, 0.7, 0.9, and 0.7 for the IRI levels 0-2, 2-4, 4-6, and
6-8, respectively, whereas the EKF and IEKS remain close to zero across all levels.

These observations indicate that the KF is significantly more sensitive to changes
in suspension characteristics than the EKF and IEKS, particularly in terms of es-

timation bias.
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Figure 7.16: Comparison of RMSE divided according to different IRI levels,
for KE, EKF, and IEKS on Dataset 1.
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7.5 Speed-bump Analysis

During the evaluation of both the EKF and IEKS methods, a drifting behavior was
observed in the estimated parameters. This behavior suggested that the avail-
able road excitations in the standard test datasets might not provide sufficient
information for stable parameter convergence. Based on the earlier observability
analysis, one possible explanation is insufficient excitation of the relevant vehicle
dynamics.

To further investigate this hypothesis, an additional analysis was conducted us-
ing speed-bump data, which provides a stronger transient excitation than normal
road driving. Since no reference IRI measurements are available for the speed-
bump tests, the objective is not quantitative validation of IRI accuracy, but rather
a qualitative evaluation of parameter convergence behavior and consistency be-
tween the estimation methods.

Figure 7.19 shows the parameter evolution during the speed-bump excitation.
Parameter a exhibits a gradual convergence behavior, decreasing steadily over
time. This suggests that stronger excitation improves the identifiability of this
parameter, although convergence remains relatively slow. Through the estima-
tion, the change resulted in Ax = —29.8892, corresponding o a change of 211.7%

Parameter b shows a different behavior. Instead of gradual convergence, the
estimate moves rapidly toward a new operating region early in the simulation
and then remains close to that level with only minor drift. Over approximately
150000 samples, the remaining variation is limited to Ax = +0.4086, correspond-
ing to a 6.8% change, indicating near-stationary behavior rather than full conver-
gence.

To further examine whether longer excitation improves convergence, a synthetic
dataset was generated by repeating the speed-bump excitation profile multiple
times. Figure 7.20 shows that repeated excitation produces a clearer convergence
trend for both parameters. This supports the interpretation that parameter iden-
tifiability is strongly dependent on higher excitation and duration.

Figure 7.21 compares the IRI estimates from the EKF and IEKS across all tested
vehicles during the speed-bump event. Although no reference IRI is available
for validation, both methods produce similar response shapes, with pronounced
peaks in the range of approximately 18 — 20 IRI. This indicates that both estima-
tors respond consistently to the transient road disturbance.

Overall, the speed-bump analysis supports the conclusions from the earlier ob-
servability analysis, stronger excitation improves parameter identifiability, par-
ticularly for parameters that are difficult to estimate under normal driving condi-
tions.
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Discussion

This chapter discusses and analyses the results obtained in the project, with the
aim of drawing conclusions in relation to the research questions.

8.1 Parameter Estimation

The parameter estimation results indicate that parameters a and b are difficult to
estimate reliably under normal driving conditions. Although the theoretical ob-
servability analysis showed that the augmented system is locally observable, the
practical identifiability analysis based on the normalized nCRLB indicated high
estimation uncertainty under realistic excitation conditions.

This behavior is also reflected in the estimated parameter trajectories shown in
Figures 7.8— 7.11, where the estimated parameters exhibit drift over time with-
out clear convergence or meaningful adaptation to variations in the measured
signals. Similar behavior was observed across all tested datasets, suggesting that
the available measurement data do not provide sufficient information for reliable
parameter identification.

To further investigate whether this limitation originates from insufficient exci-
tation or structural model limitations, the speed bump analysis described in Sec-
tion 7.5 was conducted. In contrast to the normal driving datasets, the stronger
transient excitation produced clearer parameter responses and improved conver-
gence behavior. This supports the interpretation that insufficient excitation is a
major contributor to the poor parameter estimation performance.

However, model-related limitations cannot be fully excluded. The error distri-
butions presented in Figures 7.3, 7.4, and 7.5 dose not show strong systematic es-

73
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timation bias for most cases, suggesting that severe model mismatch is unlikely to
be the sole explanation for the observed parameter drift. Instead, the combined
evidence from the parameter trajectories and speed bump experiments suggest
that insufficient excitation is the dominant limitation.

The nCRLB analysis indicated that the observability decreased slightly when driv-
ing over a speed bump compared to highway driving. However, when analyzing
the behavior of the synthesized data with repeated speed bumps, this may sug-
gest that the higher excitation was not sustained for a sufficiently long duration.

Based on these findings, it is reasonable to conclude that a reliable online es-
timation of the considered suspension parameters is challenging under typical
driving conditions, primarily due to limited informative excitation in the avail-
able measurement data.

8.2 IRl Analysis

One notable observation is that relatively stable IRI estimation was achieved de-
spite the poor convergence of the suspension parameter estimates. This suggests
that accurate convergence of the online parameter estimation is not strictly re-
quired to obtain useful IRI estimates.

As shown in Figures 7.6 and 7.7, both estimation methods produce relatively con-
sistent IRI estimates across different suspension configurations, particularly for
lower and moderate IRI levels. This supports the earlier observation, indicating
that the IRI estimation framework is reasonably robust to parameter uncertainty
in these operating regions.

When considering higher IRI levels (4-8), larger variations are observed, espe-
cially in the 4-6 interval. This indicates an increased sensitivity at higher levels
of road roughness. This behavior may be explained by the fact that the rougher
road profiles introduce larger suspension deflections, causing the vehicle dynam-
ics to move further away from the linear operating assumptions of the QC. In
contrast, under smoother road conditions, the system behavior is more likely to
remain within the region where the linear approximation is valid, resulting in a
more accurate estimation.

Further insight can be obtained by analyzing Figures 7.12-7.15. These figures
show that the overall behavior of the reference IRI is well captured by both
methods, despite some deviations at peak values and occasional estimation off-
sets. The figures include both high and low IRI intervals, showing that, despite
some larger deviations, no major discrepancies in the visual IRI estimation are
observed.

Overall, this indicates that the IRI estimation produces relatively stable and con-
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sistent results, even despite poor parameter estimation.

8.3 RMSE

When comparing the estimation methods using RMSE, the EKF generally achieves
equal or lower error values than the IEKS across the evaluated datasets. Although
the IEKS outperforms the EKF in some individual test cases, these improvements
are relatively small compared with the cases where the EKF performs better.

When considering the relative RMSE, the results appear less encouraging, with
RRMSE ranging from approximately 40% to 65% when looking at the total RMSE
across the evaluated scenarios. At first glance, this suggests limited estimation ac-
curacy.

However, RMSE must be interpreted carefully, since it is highly sensitive to lo-
calized peak errors. Larger deviations contribute disproportionately due to the
squared error formulation. As observed in the trajectory comparisons, both fil-
ters generally capture the dominant peaks, valleys, and overall trend of the IRI
signal, while the largest errors often occur during short transient events or sharp
peaks. These localized deviations can significantly increase the RMSE without
necessarily indicating poor overall tracking performance.

When looking at the division of the RMSE across different IRI levels, a general
behavior is observed for both EKF and IEKS: the RMSE increases as the IRI levels
increase. The opposite trend is observed for the RRMSE, which decreases as the
RMSE increases across the intervals. This indicates that even though the RMSE
increases, the relative accuracy is improving.

When considering the RRMSE values more closely, some results are as low as
25.6% for the IEKS with the Auto mode on Road 2, indicating very good estima-
tion performance. When considering the overall Auto performance on Road 2,
the RRMSE ranges from 25.6% to 45.3%, compared with the total RRMSE of
44.5%, indicating better performance than initially expected. This behavior is
also observed for other configurations.

Even though the division into IRI levels shows more promising and less concern-
ing RRMSE results, some values remain problematic. For example, the EKF result
for Comfort on Road 1 in the IRI level 0-2 generates an RRMSE value of 58.0%,
indicating poor estimation performance. To assess whether the estimation pro-
duces a consistent offset, the error distribution can be considered.

The error distribution analysis shows that, for most evaluated scenarios, the esti-
mation errors remain centered close to zero, suggesting limited systematic bias
in the estimated IRI.
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Therefore, while the RRMSE values indicate that the estimation accuracy is not
sufficient for high-precision applications across all IRI ranges, the combined anal-
ysis suggests that the estimators still provide useful road roughness tracking un-
der the tested operating conditions.

8.4 Online vs Offline

The computational time analysis presented in Table 7.3 shows clear differences
between the two estimation methods. Across all evaluated datasets and vehi-
cle configurations, the EKF consistently requires less computation time than the
IEKS.

For Dataset 1, the EKF requires approximately 0.055—-0.067ms per sample, while
the IEKS requires approximately 0.10 — 0.19ms per sample. A similar trend is ob-
served for Dataset 2, where the EKF maintains an average computation time of
approximately 0.048ms per sample, compared with approximately 0.09 —0.12ms
for the IEKS. This corresponds to roughly a factor of two to three increase in com-
putational cost for the IEKS.

This difference is expected, since the IEKS performs both forward and backward
optimisation over a batch of measurements, whereas the EKF only performs re-
cursive forward estimation.

However, these results cannot be directly used to conclude whether either algo-
rithm would satisfy the real-time requirements of an embedded implementation
in a vehicle. The final computational performance would depend on factors such
as the C implementation, the target hardware, memory handling, and the pres-
ence of other concurrent tasks in the vehicle system.

A key objective of this work is to achieve online estimation. In this context, the
EKF is naturally suited for real-time implementation, as it processes each incom-
ing measurement sequentially and immediately updates the estimate. Since the
average computation time per sample remains well below the sampling interval
of 0.02s (corresponding to 50Hz), the EKF appears computationally efficient in
the present implementation, suggesting that real-time execution may be feasible,
although this would need to be verified on the intended target platform.

The IEKS, in contrast, is not strictly an online estimation method. In the present
implementation, the batch size is 100 samples, corresponding to a time window
of 2 seconds. As a result, the estimator introduces an inherent delay before an
updated estimate becomes available.

Although this delay may be acceptable in applications where near real-time es-
timation is sufficient, it limits the suitability of the IEKS for strict online deploy-
ment. Combined with the increased computational cost and the absence of a
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consistent accuracy advantage, this makes the EKF the more practical choice for
the intended application.

8.5 EKF vs IEKS

When comparing the EKF and IEKS, several factors must be considered, includ-
ing estimation accuracy, computational complexity, robustness, and suitability
for online implementation.

From a computational perspective, the EKF has a clear advantage due to its signif-
icantly lower processing cost and sequential recursive structure, making it well-
suited for real-time online estimation. As shown in Table 7.3, the EKF consis-
tently requires approximately half to one-third of the computational cost of the
IEKS.

In terms of estimation accuracy, the results do not show a consistent advantage
for the IEKS despite it’s higher computational complexity. For Dataset 1 Route 1,
the EKF consistently achieves lower RMSE values across all tested vehicle config-
urations. For example, for the Q7 Dynamic configuration, the EKF achieves an
RMSE of 1.20 compared with 1.43 for the IEKS. The IEKS performs better in some
scenarios, such as Dataset 1 Route 2, but these improvements are relatively small.

Theoretically, the IEKS should offer improved estimation performance, since it
refines the estimates using information from both past and future measurements
within each estimation batch. However, the experimental results suggest that this
theoretical advantage is not consistently realised in the present application.

One possible explanation is that the iterative smoothing framework becomes
more sensitive to modelling inaccuracies or nonlinear effects under stronger ex-
citation conditions. Since the IEKS repeatedly linearises the system around up-
dated trajectories, deviations from the assumed model may reduce the effective-
ness of the iterative refinement.

The parameter estimation results indicate that the IEKS may suppress parame-
ter drift more effectively than the EKF in some cases, likely due to the smoothing
effect introduced by batch optimisation. However, this improved parameter sta-
bility does not translate into a clear improvement in IRI estimation accuracy.

The error distribution analysis also shows broadly similar behaviour between the
two methods for most evaluated scenarios. One notable exception is the PPE ve-
hicle, where the EKF exhibits a more pronounced estimation bias, while the IEKS
reduces this bias at the cost of increased error spread.

Overall, the EKF is considered the more suitable method for the intended ap-
plication. Although the IEKS offers theoretical advantages and some isolated
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performance improvements; these benefits are limited and do not outweigh the
increased computational cost, delayed estimation, and lack of consistent accuracy
improvement.

An important observation from the comparison between the EKF and IEKS is
that the results are relatively similar. This suggests that the main limitation is
not the choice of estimation algorithm, but rather the information content of the
available measurements.

Both EKF and IEKS rely on the same augmented state-space formulation and are
therefore constrained by the same observability properties. While the IEKS can
improve estimation performance through repeated re-linearization and the use
of future measurements within each batch, it cannot compensate for insufficient
excitation in the measured data.

Since the FIM is rank-deficient for the full parameterization, the corresponding
parameter estimation problem is not locally observable. In other words, there
exists a parameter direction that cannot be distinguished from the available mea-
surements, regardless of the estimation algorithm used.

Based on these observations, it is plausible that alternative estimation algorithms
alone would not significantly improve the parameter estimation performance. In-
stead, further improvements are likely to require either additional measurements
or a modified modeling approach that provides more information about the sus-
pension parameters.

One conclusion that can therefore be drawn is that the primary limitation of
the proposed framework does not lie in the estimation method itself, but in
the amount of information available in the measurements for identifying the un-
known parameters.

8.5.1 Comparison KF

When comparing the standard KF with the adaptive methods, namely the EKF
and the IEKS, several clear differences can be observed. The KF exhibits notice-
ably lower RMSE values across all configurations for IRI levels in the range 2-8,
as shown in Figure 7.16. For lower IRI levels (0-2), the adaptive methods and
the KF yield similar RMSE results, and the difference in this interval is negligible,
especially when compared to the larger discrepancies observed in the higher in-
tervals.

For the steel suspension configurations, the difference between the KF, EKF, and
IEKS decreases across all IRI intervals. This is primarily due to an increase in the
RMSE values of the KF in this setting, bringing its performance closer to that of
the adaptive methods. In the IRI interval 0-2, the KF RMSE for the steel configu-
ration increases to the extent that the EKF and IEKS perform considerably better
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in comparison.

This behavior is clearly illustrated in Figure 7.17, where the differences for the
steel configurations become more pronounced across all IRI levels. This indicates
that the adaptive methods provide more stable estimation performance across
different suspension settings. The conclusion that the adaptive methods gener-
ate more stable results is further supported by Figure 7.18, which presents the
changes in median error for the different methods.

In this figure, a clear and significant deviation is observed for the steel config-
uration. Within the IRI interval 2-8, the adaptive methods reduce the deviation
from approximately 0.7 to 0, and from 0.9 to 0.2, indicating improved robustness.

From these observations, it can be concluded that the KF produces a lower over-
all RMSE and follows the IRI reference more closely than the adaptive methods.
However, the KF is also more sensitive to variations in the suspension settings.
In contrast, the adaptive methods demonstrate increased robustness and stabil-
ity across different configurations, albeit with slightly higher RMSE values.

8.6 Future Work

Based on the presented results, a natural next step in the project would be to in-
vestigate what type of excitation, and how much excitation is required to achieve
stable and reliable estimation of the unknown suspension parameters. With this
information, a possible approach would be to keep the parameters fixed until
sufficient excitation is detected, and only then, allow an update of the parameter
estimates. Such a strategy would enable the state estimation to continue using
frozen parameters, while updating the parameters only when adequate system
excitation is achieved. This selective updating could further improve the accu-
racy of the IRI estimation throughout the entire estimation process.

Another method that would be of interest for future investigation is the DEKFE.
This approach performs parameter estimation and state estimation separately,
running them in parallel. An initial investigation of this method was carried out
and implemented, indicating potentially promising results. However, due to time
constraints within the project, there was insufficient opportunity for tuning and
further refinement of the DEKF. Additional investigation is therefore required to
determine whether this method would provide better performance or improved
robustness for the estimation problem considered in this thesis.

8.7 Implications for the Research Questions

RQ1: How does the estimated IRI vary between vehicles with different sus-
pension systems? The results show that the estimated IRI varies between ve-
hicles with different suspension systems. This variation is clearly illustrated in
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Figures 2.2 to 2.3. The findings indicate that the IRI estimation is not only de-
pendent on the suspension system itself but also on the IRI level of the road. For
the air suspension system, the different modes (Comfort, Auto, and Dynamic)
generally produce similar IRI estimates. However, a clear difference arises when
comparing air suspension to steel suspension, where consistent deviations in the
estimated IRI are observed. In particular, the steel suspension exhibits systematic
deviations across both evaluated roads, indicating a consistent bias in the estima-
tion. In contrast, the air suspension shows some larger deviations in Auto mode
on roads with generally lower IRI levels, but this behavior is not consistently ob-
served across all test cases.

Overall, these results demonstrate that the estimated IRI is influenced by the
vehicle’s suspension characteristics, and that using fixed model parameters leads
to inconsistencies in the estimation when vehicle dynamics differ.

RQ2: To what extent can online estimation of suspension parameters reduce
the variation in IRI estimation between different vehicles? The results indicate
that online estimation of suspension parameters can reduce the variation in IRI
estimation between different vehicles, compared with the KF method. This ef-
fect is clearly illustrated in Figures 7.16 and 7.18, where the adaptive parameter
estimation methods (EKF and IEKS) reduce the variance in IRI estimates across
different suspension configurations.

Both the EKF and IEKS approaches show improvements compared to the fixed-
parameter method discussed in RQ1. In particular, the systematic deviation ob-
served for the steel suspension is significantly reduced when adaptive parameter
estimation is applied. This suggests that updating the vehicle model online helps
compensate for differences in suspension dynamics.

However, despite these improvements, the performance of the IRI estimation
still varies considerably. In some configurations and road conditions, both the
EKF and IEKS methods achieve relative RMSE values of approximately 25-26%,
indicating good estimation accuracy. In other cases, the RMSE reaches values as
high as around 70%, reflecting poor estimation performance.

Furthermore, the results reveal challenges related to parameter observability and
parameter drift. Even though the estimated parameters may not always converge
to physically meaningful values, the resulting IRI estimates remain relatively sta-
ble across different vehicle models.

In summary, EKF and IEKS reduce the variability of IRI estimates across sus-
pension modes, but do not consistently improve accuracy based on quantitative
error metrics.



Conclusion

The aim of this thesis was to investigate how the estimated IRI varies between
different suspension systems, as well as whether online estimation of suspension
parameters could improve road roughness estimation using only vertical acceler-
ation measurements.

The first research question concerned how the estimated IRI varies between ve-
hicles with different suspension systems when using the offline implementation
developed by Agebjdr [1]. The analysis of the earlier KF-based method showed
that the estimated IRI varies significantly depending on the suspension configu-
ration, even when the road profile remains unchanged. This demonstrates that
fixed vehicle model parameters introduce systematic differences in the estimated
IRI, reducing comparability between vehicles and decreasing estimation accuracy
when suspension settings change.

The second research question investigated whether online estimation of suspen-
sion parameters could reduce this variation. The results showed that direct on-
line estimation of suspension parameters using only vertical acceleration mea-
surements is challenging due to the limited observability and insufficient excita-
tion in the available measurement data. The estimated parameters showed drift
and poor convergence when unconstrained, indicating that the measurement in-
formation alone is not sufficient for the reliable identification of all unknown
parameters. As a result, the scope of the investigation had to be reduced com-
pared to the original plan for suspension parameter estimation.

Despite these limitations, introducing parameter constraints significantly improved

estimation stability. With bounded parameter estimation, both the EKF and the
IEKS produced stable road profile estimates and consistent IRI estimation. This
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suggests that fully accurate online parameter identification may not be necessary
to improve road roughness estimation, provided that the estimation framework
is appropriately constrained. The augmented estimation method also produced
less variation between different suspension systems compared to the KF-based
method. However, compared to the KF, it generally resulted in higher error met-
rics, although the estimates were more stable.

A comparison between the two estimation methods showed that the EKF offers
computational efficiency suitable for real-time applications, making it the most
practical option for online implementation. The IEKS demonstrated improved ro-
bustness against parameter drift due to its smoothing formulation, but its higher
computational complexity and dependence on batch processing, make it less suit-
able for strict real-time applications.

Overall, this thesis demonstrates that reliable online road roughness estimation
using vertical acceleration measurements are feasible, but that the original am-
bition of unconstrained online suspension parameter estimation is limited by
observability constraints in practical measurement conditions. The main con-
tribution of this work is the identification of these limitations, together with the
demonstration that constrained estimation methods can still provide robust and
practically useful IRI estimation across varying vehicle conditions, despite lim-
ited success in suspension parameter estimation.
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Calculations of IRI

The calculation of the IRI in this work is based on Michael W. Sayers’ early
method, referred to as the Recommended Algorithm [23].

The calculations rely on specific assumptions. The road profile is provided as
sampled elevations h[i] = x;, equally spaced longitudinally, where x; = iA and
A is the sample interval. Between each sample, the IRI definition assumes a con-
stant slope, i.e., the profile is interpreted using linear interpolation between sam-
ple points. The simulation speed is fixed at V = 80 km/h [23].

Before the QC model is applied, the elevation profile is smoothed using a moving
average with a base length of L; = 0.25m. For a profile with sample spacing A,
the averaging half-window is defined as

k= max(l,nint(%)). (A.1)

The smoothed elevation h;[i] is then computed as the moving average over k sam-
ples [23].

The Recommended Algorithm uses the smoothed profile slope as input to the QC

model. The smoothed slope is computed as

o hg[i+ k] = hy[i]
ulil= ==

which corresponds to the slope over the 250 mm moving-average base [23].

(A.2)

The state-space model for the QC system is

x(t) = Ax(t) + Bu(t), (A.3)

85



86 A Calculations of IRI

where A and B are defined according to Equation 3.4, and u(t) is assumed con-
stant between sample locations. The state vector is defined in terms of filtered
slope states,

. . 2y Zs 2, Z
x =[5, 85, 54, Su]T = [_Sr VS; 714, Vu] (A.4)
The model output used for the IRI is
i] = Cx[i],
yli) = Ci s)
C=[10-10]
so that y represents the filtered suspension slope (s; — s,,) [23].
For a constant input over each interval, the discrete-time update becomes
. AL . —1( Ad .
x[i]=e"Vx[i-1]+A (e v —I)Bu[1],
eA% N AZ(A/V)I (A6)

il
where the matrix exponential is computed using a Taylor-series expansion [23].
To reduce transient effects at the beginning of the profile, the filter state is ini-
tialized using the average profile slope over the first Ly = 11 m:
u[Lo/A]-u[0]
A
_ 0

A

0

The IRI is then obtained by taking the absolute value of the filtered suspension
slope and normalizing by the profile length. In discrete form, the Recommended
Algorithm uses

1 n )
IRI = — ;|y[z]|. (A.8)

The resulting IRI has units of m/km.



Sensitivity Calculations

The following chapter show the calculations made for the Sensitivity analysis
described in Chapter 5.1. In Figures B.1 and B.2 the results from the matlab
calculations are display.

% Golden Car Parameters

ms = 250; % sprung mass [kg]

mu = 37.5; % unsprung mass [kg]

Ks = 15825; % suspension stiffness [N/m]
Cs = 1500; % suspension damping [Ns/m]

Kt = 163250; % tire stiffness [N/m]

a = Ks/ms;
b = Cs/ms;
c = Ks/mu;
d = Kt/mu;
w = logspace(-1,3,2000);

sysO = u_to_zddot (a,b,c,d);

% change one parameter at a time: -+20%

sys_low_a = u_to_zddot (ax0.8, Db, c, d) ;
sys_high_a = u_to_zddot (ax1.2, Db, c, d);
sys_low_b = u_to_zddot (a, b%x0.8, c, d);
sys_high_b = u_to_zddot (a, bxl1.2, c, d);
sys_low_c = u_to_zddot (a, b, cx0.8, d);
sys_high_c = u_to_zddot (a, b, cx1l.2, d);
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B Sensitivity Calculations

sys_low_d = u_to_zddot (a,
sys_high_d u_to_zddot (a,

% Plots

figure(l); bode(sys0, sys_low_a,
title('Sensitivity: a = K_s/m_s');

c, dx=0.8);
c, dx1.2);

sys_high_a, w); grid on;

legend('Nominal', '-20% a', '+20% a', 'Location', 'best'");

figure (2); bode(sys0, sys_low_b,
title('Sensitivity: b = C_s/m_s'");

sys_high_b, w); grid on;

legend ('Nominal', '-20% b', '+20% b', 'Location', 'best');

figure (3); bode(sys0, sys_low_c,
title('Sensitivity: ¢ = K_s/m_u');

sys_high_c, w); grid on;

legend ('Nominal', '-20% c', '+20% c', 'Location', 'best');

figure (4); bode(sys0, sys_low_d,
title('Sensitivity: d = K_t/m u');

sys_high_d, w); grid on;

legend('Nominal', '-20% d', '+20% d', 'Location', 'best');

function sys = u_to_zddot (a,b,c,d)

% State: x = [z_s; z_sdot;
A= 0, 1,

-a, -b,

0, 0,

c, bxc/a, - (c+d),
B = [0; 0; 0; dl;
cC = [-a, -b, a, bl;
D = 0;

sys = ss(A,B,C,D);
end

z_u; z_udot]

-bxc/a ];
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Sensitivity: ¢ = K_/m
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Observability Calculations

The following chapter shows the calculations made for the Observability analysis
described in Chapter 5.2.

function O = ObservabilityMatrix()
syms z_s dot_z_s z_u dot_z_u a b ¢ d real
syms T_s real
syms u real
assumeAlso([a b c d T_s] > 0)
state vector
= [z_s; dot_z_s; z_u; dot_z_u; a; b; c; dl; %
measurement function

o\

N

o\

h = —ax(z_s-z_u) - bx(dot_z_s-dot_z_u);
% model function
f = [(z_s + T_sxdot_z_s);
(dot_z_s + T_sx*(—a*x(z_s—-z_u) — bx*(
dot_z_s—-dot_z_u)));

(z_u + T_s+dot_z_u);
(dot_z_u + T_s*(cx(z_s—-z_u) + (b*xc/a)x*(
dot_z_s-dot_z u) - d*xz_u + d=xu));

a;b;c;dl;
% row one
O0_0 = jacobian(h, z);
% row two
hl = subs(h, z, f); % hl = h(f(x))
O0_1 = jacobian(hl, z);
% row three
2 = subs(f, z, f£); % £ 2 = f£f(f(x))

Fh
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h2 = subs(h, z, £_2); % hl = h(f(f(x)))
_2 = jacobian (h2, z);
% row four

_3 = subs(f, z, f_2);
h3 = subs(h, z, f_3);
0_3 = jacobian(h3, z);
% row five

f 4 = subs(f, z, f_3);
h4 = subs(h, z, f_4);
O_4 = jacobian(h4, =z);
% row six

f 5 = subs(f, z, £_4);
h5 = subs(h, z, f_5);
5 = jacobian (h5, z);
row seven

f 6 = subs(f, z, £_5);
h6 = subs(h, z, f_6);
O_6 = jacobian(h6, z);
% row eight

f_ 7 = subs(f, z, f_6);
h7 = subs(h, z, £_7);
O_7 = jacobian(h7, z);

O

=

(@)

o

O = [0_0; O0_1; 0_2; 0_3; 0_4; 0_5; 0_6; 0_71;

O = simplify (0)

rankO = rank (0O)
end

(O
(O

14
4

function [conditionNumber, Onew] = conditionCalculation (O,
T_s, xHat, uHat, F_EKF, R_EKF)
a0 = xHat (5);

b0 = xHat (6);

cO0 = xHat (7);

d0 = xHat (8);

z0 = xHat (1); zsdotO = xHat (2); zu0 = xHat (3); zudot0O =
xHat (4) ;

ul0 = uHat;

T_s0 = T_s;

On = double( subs (O,
{'a','b','c'",'d",'z_s','dot_z_s',"'z_u',"
dot_z_u','u','T_s'}, .
{ a0, b0, <c0, doO, z0, zsdotO, =zuO0,
zudot0, u0, T_sO0 }) );

[u,s,v] = svd(On);
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end

[

% 1f implemnted correct c_num == sing_ratio
c_num = cond (On) ;
sing_ratio = s(1,1)/s(end,end);

$ ===CRIB = = =
F_FIM = F_EKF'x (R_EKF~—1) +F_EKF;
CRLB = F_FIM*-1;

conditionNumber = c_num;
Onew = On;
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