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Abstract
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Inequality and information are concepts from largely different communities. Information theory
originated as a mathematical tool to study communication systems, while inequality theory
evolved in economics and sociology. These areas developed measures to provide important
quantitative insights for their respective applications. However, both domains also need the
ability to decompose their measures to shed light on the structure of inequality within a
population, or to understand how different pieces of information are provided and interact.

In 2010, researchers in information theory developed a technique to decompose how
information is provided redundantly by multiple sources, uniquely by a particular source, and
synergistically by the interactions between sources. The proposed framework found favor in
the community, but the decomposition measure was strongly criticized. Despite significant
research efforts, no suitable replacement could be found. The primary contribution of this work
is a solution to this open question: We developed a decomposition measure to non-negatively
quantify the partial contributions of an arbitrary number of sources about a target with practical
operational interpretation.

Surprisingly, the underlying representation we used for our decomposing is equivalent to
the representation for quantifying inequality. This identified relationship between measures of
information and inequality enabled the direct transfer of results. Consequently, we generalized
established inequality measures into a new family and provided a novel decomposition that
characterizes inequality by the redundant, unique, and synergetic interactions between attributes
of individuals. Finally, we demonstrate that subgroup decompositions from inequality theory
highlight a recursive subgroup structure of information measures.

The developed techniques can directly provide novel insights for studying applied questions
in complex systems, information theory, economics, and sociology. Our tools enable
professionals to gain deeper insights, understand the impact of changes and make informed
decisions.
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1. Introduction

The concept of information is prevalent in systems dedicated to its learning,
transmission, and protection. In practice, studying these applications requires
the ability to quantify the amount of given information and tell apart when
information is equivalent. This causes the need to quantify the amount of
redundant, shared, equivalent, or same information when studying privacy
techniques [1] or machine learning [2].

The concept of redundancy already played a fundamental role when Shannon
[3] introduced information theory in 1948.
1. Shannon [3, p. 398] interpreted the removable amount of data by compres-

sion as redundancy of an information source.
2. Shannon [3, p. 414] viewed error correction as the targeted introduction of

redundancy to counter transmission errors.
3. Shannon [3, p. 407] introduced mutual information as transmission rate over

a channel. This could represent a measure of same or redundant information
between two variables: the channel’s input and output.

Therefore, the design of compression, error correction, and transmission sys-
tems - at the origin of information theory - is redundancy engineering. Con-
sequently, one may expect that the concept of redundancy is well understood.
However, this is indeed not the case when looking beyond two variables where
no generally accepted measure of shared information exists [4, p. 49].

The main focus of this work is to better understand the interactions between
multiple sources and quantify how information is obtained: redundantly from
several sources, uniquely from a particular source, or synergistically from the
combination of sources. The design of measures for these concepts can be
approached from different directions:
1. What is information?
2. What properties should a measure of these concepts satisfy?
3. What operational interpretation should these concepts provide?
This work takes a practical approach: we construct a measure that satisfies all
originally proposed axioms [5] for this problem. The measure’s interpretation
then provides a new perspective on the first and last questions.

Information theory was specifically introduced for communication systems,
and Shannon [6] expressed caution about its application to other domains.
Nevertheless, many information theoretic concepts are useful in other areas [7].
This study started by developing the necessary tools to measure information
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flows for robustness and privacy analyses [8, 9]. However, the resulting research
on information measures led to unexpected insights about their underlying
relation to inequality measures from economics and social sciences.

Summary
This work deepens the relation between information theory and inequality
theory through the quantification of an equivalent underlying representation:
We study the ‘partial information decomposition problem for discrete random
variables’ and its application to inequality measures.
1. Information theory: We provide measures for quantifying redundant,

unique, and synergetic information with intuitive set-theoretic behavior.
This can be used to analyze information flows in processing chains and
replace Williams and Beer’s [5] original proposal. Moreover, we extend
the approach from mutual information to any f -information and Rényi-
information. Finally, we demonstrate that mutual information satisfies a
recursive subgroup structure which provides another decomposition.

2. Inequality theory: We introduce a family of inequality measures that
generalizes established once from economics research and introduce a novel
type of inequality decomposition. This provides a new perspective for
understanding how inequality is constructed from redundant, unique, and
synergetic interactions between an individual’s attributes.

This thesis aims to unify, summarize, simplify, and extend the approaches and
results in Papers I, II, and III.

Outline
Chapter 1 provides a high-level introduction to the original research question
with classical literature from information theory. The remaining chapters can
be read depending on the application of interest, as shown in Figure 1.1:

Chapter 2
(Background)

Chapter 3
(Method)

Chapter 4
(Application: Information)

Chapter 5
(Application: Inequality)

Chapters 6
(Reflection & Conclusion)

Figure 1.1. Chapter dependencies
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1.1 What is information?
The word ”information” has been given many different meanings by
various writers in the general field of information theory. It is likely
that at least a number of these will prove sufficiently useful in certain
applications to deserve further study and permanent recognition. It is
hardly to be expected that a single concept of information would
satisfactorily account for the numerous possible applications of this
general field.

Claude Shannon [10, p. 105]

While there is no unique definition of information, many information mea-
sures provide their own interpretation and practical meaning to different appli-
cations. For example:
1. A measure of entropy can quantify the information of a single variable

(self-information):
• Hartley entropy [11] quantifies a variable’s alphabet size.
• Min-entropy quantifies the difficulty of predicting the most likely outcome

(important to cryptography [12]).
• Shannon entropy [3] is a lower bound on the expected word length of any

lossless data compression.
2. A measure of common information can quantify the redundant information

between two variables. The following examples have significance in coding
theory and cryptography [13, 14]:
• Gács-Körner-Witsenhausen information [15] or zero error information

“captures the amount of common randomness that can be extracted by
knowing [both variables] separately.” [13, p. 347]

• Wyner’s information [16] “captures the amount of common randomness
that is needed to generate [both variables] separately.” [13, p. 347]

• Mutual information captures the reduction in uncertainty (Shannon en-
tropy) that knowing one variable provides about the other [3].

Shannon entropy and mutual information are particularly notable due to their
origin, properties, and widespread adoption: Shannon [3, p. 392f.] viewed
entropy as the fundamental and pointwise measure that is axiomatically derived
from an event’s probability. He [3, p. 407ff.] then defined mutual information
as entropy reduction. In contrast, Fano [17, p. 27ff.] viewed mutual information
as the fundamental and pointwise property that is axiomatically derived from
an event’s prior and posterior probability. He [17, p. 34] then defines entropy
as self-information under the constructed information measure.

Both approaches provide identical definitions for pointwise measures of
entropy and information. The expected value of these pointwise measures
then provides the quantities found in most applications (Shannon entropy and
mutual information).
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In this context, Chapter 4 presents a representation of pointwise uncertainty
based on Neyman-Pearson decision theory [18] that can be quantified, leading to
information measures. This provides an intuitive and more nuanced underlying
notion of uncertainty than the probability of an event used by Shannon [3] or
the prior/posterior probability used by Fano [17].

The main attempt to extend information theory beyond two variables is
interaction information II(·) (also known as co-information [19]). McGill [20]
proposed in 1954 to use the inclusion-exclusion relation from a set-theoretic
analogy with Shannon entropy H(·) and mutual information MI(·) as a general
definition at an arbitrary number of variables.

H(X1)

II({X1 ,X2})

H(X2)

H(X1,X2)

II({X1,X2}) = MI(X1;X2)

= H(X1)+H(X2)−H(X1,X2)

(a) Mutual information Venn diagram

H(X1) H(X2)

H(X3)

II
({X1 ,X2 ,X3})

II({X1,X2,X3}) =+H(X1)+H(X2)+H(X3)

−H(X1,X2)−H(X1,X3)−H(X2,X3)

+H(X1,X2,X3)

(b) Interaction information Venn diagram

Figure 1.2. McGill’s [20] extension from the inclusion-exclusion of entropy to a
multivariate information measure. This analogy should be used cautiously since partial
regions, such as interaction information, can be negative.

Let V = {V1, ...,Vn} represent a set of random variables, and let H(V) repre-
sent the Shannon entropy of their joint distribution. Interaction information is
defined by the resulting inclusion-exclusion relation shown in Equation 1.1 and
visualized in Figure 1.2. Thus, it coincides with Shannon entropy for a single
variable and mutual information for two variables.

II(V) := ∑
/0̸=X⊆V

(−1)|X|−1H(X) (1.1)

While interaction information is helpful in certain applications [21], it leaves
significant room for further improvements. The analogy to Venn diagrams (Fig-
ure 1.2) suggests that entropy acts like a signed measure of uncertainty [21],
joint entropy represents their union and thus interaction information their in-
tersection. MacKay [22, p. 143f.] argues that this analogy should be used
cautiously since the possible negativity of interaction information - a partial dia-
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gram region of the diagram - may result in misleading intuitions: As visualized
in Figure 1.3, conditional mutual information MI(X1;X2 | X3) is represented
as subset of mutual information even though it can be larger since interaction
information can be negative.

However, the most pressing issue is how interaction information can be
interpreted: What does negative interaction information mean, and can the
concept of negative information be sensible in classical information theory?
Consequently, there is no generally accepted extension of information measures
to multivariate scenarios [4, p. 49].

H(X1) H(X2)

H(X3)

II({X1,X2,X3})

MI(X1;X2 | X3)

MI(X1;X2)

MI(X1;X2 | X3) = MI(X1;X2)− II({X1,X2,X3}) ̸≤ MI(X1;X2)

Figure 1.3. A misleading model [22, p. 144]: the used information measures are
inconsistent with the subset relations of the diagram.

The lack of a multivariate extension highlights a fundamental knowledge
gap: we are unable to intuitively model and quantify the interactions between
multiple variables in information theory. This indicates that we either lack
an understanding of negative information, base the analysis on an incorrect
model (Figure 1.2), or use an unsuitable measure (interaction information) as
generalization of mutual information.

1.2 Current state of research
Unlike interaction information, the atoms of our partial information
decomposition are never negative and always support a clear
interpretation as informational quantities. Our analysis also
demonstrates how the negativity of interaction information can be
explained by its confounding of redundancy and synergy.

Williams and Beer [5, p. 1]

In 2010, Williams and Beer [5] proposed a decomposition to quantify the
structure of how multiple variables V = {V1, ...,Vn} provide information about
a target (T ). The general idea is based on two intuitive assumptions:

15



1. Information satisfies an inclusion-exclusion relation as indicated by the Venn
diagram in Figure 1.4, where all partial regions are non-negative.

2. Information can be obtained in three types, which are referred to as partial
information in analogy to the partial areas in Figure 1.4:

a) Redundant 3 if multiple variables provide the ‘same’ information about
the target.

b) Unique 1 2 if one variable provides information about the target exclu-
sively.

c) Synergetic 4 if the information about the target is only obtained through
the combination of multiple variables.

MI(T ;T )

4231

5

MI((V1,V2);T )

MI(V1;T ) MI(V2;T )

3 redundant

1 unique V1

4 synergy

2 unique V2

5 missing

information(V1,V2 → T ) = 3 redundancy(V1,V2 → T )+ 1 unique(V1 → T )
+ 2 unique(V2 → T )+ 4 synergetic(V1,V2 → T )

Figure 1.4. Williams and Beer [5] partial information decomposition.

We read ’redundancy(V1,V2 → T )’ as the redundant or shared information from
V1 and V2 about T .

Example 1. Figure 1.5 provides common examples [5, 23] for two variables
(V1 and V2) that provide fully redundant, unique, and synergetic information
about the target T . We notate the independence of two variables as A |= B
and read A = B as A is a copy of B. Section 2.2 discusses the proposed axioms
by Williams and Beer [5], which fully determine these systems. However, the
results should already be intuitive from Figure 1.4:
a) Consider all variables to be a copy of each other. This provides the following

relations: MI(V1;T ) = MI(V2;T ) = MI((V1,V2);T ). We can conclude from
the resulting Venn diagram of the model (Figure 1.5a) that all information is
redundant.

b) Consider the first variable (V1) to be a copy of the target, while the other (V2)
is independent. This setting provides the following relations: MI(V1;T ) =
MI((V1,V2);T ) and MI(V2;T ) = 0. We can conclude from the resulting Venn
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V1 = V2 = T

3

(a) Fully redundant

V1 = T
V1 |= V2

1

(b) Fully unique to V1

V1 |= V2

T = V1 XOR V2

4

(c) Fully synergetic

Figure 1.5. Venn diagrams of fully redundant, unique, and synergetic scenarios.

diagram of the model (Figure 1.5b) that all information is provided uniquely
by V1.

c) Consider the target to be the exclusive-or combination of two independent
binary variables. This setting provides the following relations: MI(V1;T )
= MI(V2;T ) = 0 and MI((V1,V2);T ) = MI(T ;T ). We can conclude from
the resulting Venn diagram of the model (Figure 1.5c) that all information is
synergetic to V1 and V2.

All information decompositions that satisfy an inclusion-exclusion relation
of this form provide the interpretation that interaction information is the dif-
ference between redundancy and synergy (Equation 1.2). Thus, interaction
information is positive or negative depending on which of these two effects is
dominant [5].

II({V1,V2,T}) =
3 1

MI(V1;T )+
3 2

MI(V2;T )−
3 1 2 4

MI((V1,V2);T )

= 3 redundancy(V1,V2 → T )− 4 synergy(V1,V2 → T )
(1.2)

To achieve a partial information decomposition, as visualized in Figure 1.4, we
have to quantify four partial areas while only three cumulative regions can be
measured. This leads to an under-determined system and causes the necessity
of extending information measures with a notion of union or intersection: If
we were able to quantify the size of either intersections or unions of source
variables in Figure 1.4, then we could compute the size of all partial regions
through their inclusion-exclusion relation. While the approach of Williams and
Beer [5] found favor in the community [24], the proposed extension of mutual
information to a measure of redundancy (intersections) has been criticized for
lacking a suitable notion of distinct information [25–27] (see Chapter 4.3).
As phrased in the literature, the measure of Williams and Beer [5] fails to
distinguish “whether different random variables carry the same information or
just the same amount of information” [25, p. 269][26, 28, 29].

This started a line of research that constructs and analyzes alternative decom-
position functions [25–28, 30–33, 29, 34–41] and desired axioms [25, 26, 36,
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37, 42]. For the case of two source variables and one target, called the bivariate
scenario, several solutions were found [26, 27, 30–32, 34, 40] that satisfy all
axioms of Williams and Beer [5]. However, the criticized original proposal has
remained the only solution to achieve non-negative partial information at three
or more source variables, which is essential for its interpretability and intuitive
behavior.

Kolchinsky [37] proposed a fundamentally different framework in 2022 by
removing the assumption of an inclusion-exclusion relation of partial infor-
mation. While the framework provides an excellent operational interpretation
of redundancy and synergy, it causes several disadvantages that the partial
contributions do not sum to the total amount (see Section 4.3). Therefore, this
work focuses primarily on Williams and Beer’s approach [5].

1.3 Summary of main contributions
We study information decompositions and transfer their concepts to social
science and economics for understanding the structure of inequality due to
interactions between attributes of individuals. We make the following main
contributions:

1. We present the first alternative measure to decompose mutual information
at an arbitrary number of variables (|V|) non-negatively in the framework
of Williams and Beer [5].

2. We extend the approach to present the first non-negative decomposition
for any f -information and Rényi-information.

3. We demonstrate that the used decomposition function generalizes estab-
lished inequality measures from social science and economics (Pietra-,
Generalized Entropy- and Atkinson index) and provides a family of
inequality measures ( f -inequality).

4. We propose a new type of inequality decomposition (attribute decompo-
sition) and demonstrate that Shapley values conflate its partial contribu-
tions.

5. Finally, we highlight the subgroup structure of mutual information based
on established subgroup decompositions from inequality theory.

1.4 Overview of methodology
This section provides a visual intuition and outlines the developed methodology.
Throughout this work, we use 2×m row-stochastic matrices (κ) as underlying
representation and visualize them by zonogons Z(κ): each matrix column v⃗∈ κ

forms the boundary of a convex polygon (zonogon) as visualized in Figure 1.6.
This can be used to obtain the operational interpretation when representing
information and inequality, as summarized in Table 1.1.
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0

0.2

0.4

0.6

0.8

1

�v1
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�v3
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�v3

Z(κ)

κ =
[
�v1 �v2 �v3

]

=

[
0.6 0.3 0.1
0.1 0.2 0.7

]

Figure 1.6. Used representation of stochastic matrices.

Table 1.1. Outline of operational relations.

Information theory Inequality theory

first row (κ) PS|T=t relative subgroup size
second row (κ) PS|T �=t relative subgroup wealth
y-axis (zonogon) False-Positive Rate (FPR) cumulative share of wealth
x-axis (zonogon) True-Positive Rate (TPR) cumulative share of individuals

(lowest to highest wealth)
zonogon boundary Neyman-Pearson boundary Lorenz curve
operational meaning
(zonogon)

achievable (TPR,FPR)-pairs for
predicting T = t (uncertainty)

-

subset relation:
iff Z(κ1)⊆ Z(κ2)

Z(κ2)

Z(κ1)

less informativity: an agent with
access to κ2 (S2) outperforms κ1
(S1) for any set of actions and
reward function about T = t.
(Blackwell order for state t)

less inequality: the population
of κ1 can be constructed by re-
distributing wealth from wealthy
to poor in the population of κ2.
(Atkinson criterion)

convex-hull
(zonogon join )

Z(κ2)

Z(κ1)

least informative dependence
between S1 and S2 about T = t.
Any other variable dependence
forms a superset.

optimal attribute dependence for
minimal inequality.
Any other attribute dependence
forms a superset.

To define an information or inequality measure q(κ), we can assign real
values to zonogons while maintaining their ordering relation: if a zonogon is a
subset of another, then it shall obtain a smaller value. One interesting approach
will be to quantify the zonogon boundary with a function r(�v) that satisfies a
triangle inequality and quantifies the smallest zonogon to zero (r(

[
1
1

]
) = 0).

The function in Equation 1.3 satisfies these properties and is parameterized by a
convex function f and real value p ∈ [0,1]. The expected value of this measure
equals f -information, and it generalizes the Pietra- and Generalized Entropy
index from inequality theory. Rényi-information and the Atkinson index are
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invertible transformations of these measures.

r ([ x
y ]) := (px+(1− p)y) · f

(
x

px+(1− p)y

)
(1.3a)

q(κ) := ∑
v⃗∈κ

r(⃗v) (1.3b)

While not all zonogons are comparable by their subset relation, this partial
order (and thus informativity and inequality) forms a lattice where the join
operation corresponds to the convex hull of zonogons. We utilize that this
operation reflects the dependence of least informativity or inequality (see Table
1.1) for a meaningful decomposition: If we use the convex hull to quantify the
set-theoretic union (conceptual notation: q(A∪B) = 3 1 2 ), then synergy ( 4 ,
Equation 1.4a) can be fully attributed to the dependence between variables.
Similarly, a unique contribution corresponds to accessing some unique zonogon
region.

The set-theoretic intersection ( 3 ) is computed from the inclusion-exclusion
relation as shown in Equation 1.4b, such that the redundancy at the used
measure (Equation 1.3) is lower bound by the zonogon intersection (meet
operation).

4

Synergy :=
1 2 3 4

q((A,B))−
1 2 3

q(A∪B) (1.4a)

Redundancy =
3

q(A∩B) :=
1 3

q(A)+
2 3

q(B)−
1 2 3

q(A∪B) (1.4b)

As a result, the decomposition obtains the desired intuition: information and
inequality behave like measuring the cardinality of sets and can be decom-
posed accordingly (Figure 1.7a). Theoretical analyses, such as the proof of
non-negativity, are typically performed on a corresponding representation as
lattice (Figure 1.7b) that indicates the subset relation of sources. The partial
contributions are obtained from the Möbius inverse (written in parenthesis in
Figure 1.7b) and corresponds to the contribution of a node that did not appear
in any other below.
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Information about T Inequality in wealth

(V1 and V2)

V1

V2

(region and education)

education

region

4

1

3

2

5

(a) Decomposition as Venn diagram

V1 ∩ V2
region ∩ education

3 ( 3 )

V1
education
3 1 ( 1 )

V2
region

3 2 ( 2 )

(V1,V2)
(region, education)

3 1 2 4 ( 4 )

universe
3 1 2 4 5 ( 5 )

nothing
/0 ( /0)

(b) Decomposition as lattice

Figure 1.7. Decomposing information by information sources (V1 and V2), and inequal-
ity by attributes of individuals (such as education type and region of living).
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2. Background

Notation

x := y x is defined as y
A alg
= B B is highlighted as algorithm/implementation for A

A =⇒ B A implies B
A |= B A is (statistically) independent of B
P(A) the power set of A
P1(A) the power set without the empty set
∪,∩ set-theoretic union and intersection⋂

A notation for the intersection of multiple sets:
⋂

x∈A x⋃
A notation for the union of multiple sets:

⋃
x∈A xc

A notation for the meet of multiple elements:
c

x∈A xb
A notation for the join of multiple elements:

b
x∈A x

a×b matrix dimension
A×B the Cartesian product of A and B
×α n-ary Cartesian product {{x1, ..,xn} : xi ∈ Ai for every Ai ∈ α}
qR(α) redundancy measure
qV (α) volatility measure (complement of redundancy)
qU(α) union measure
qS(α) synergy measure (complement of union)

qδR(α) partial contribution of α on the redundancy lattice
qδS(α) partial contribution of α on the synergy lattice
qvR(α) redundancy measure re-graduated by function v
qvδR(α) re-graduated (v) partial contribution of a redundancy measure
qvS(α) redundancy synergy re-graduated by function v
qvδS(α) re-graduated (v) partial contribution of a synergy measure

{x ∈ A : (B)[C]} x of A is in the resulting set if and only if C holds for B
Conv(X) Convex hull of X

MI(·) (Shannon) mutual information
H(·) Shannon entropy

f generator function of an f -divergence
3 redundant information in the bivariate scenario (Figure 1.4)

1 2 unique information in the bivariate scenario (Figure 1.4)
4 synergetic information in the bivariate scenario (Figure 1.4)
5 missing information in the bivariate scenario (Figure 1.4)
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/0 the empty set: {}
12 abbreviated notation for a set of variables: {V1,V2}
S the set of all row stochastic matrices
UK the set of all unit (2×b) row stochastic matrices
UZ the set of all unit zonogons
K partition of UK (grouping matrices by zonogon equivalence)

2.1 Lattices and their valuation
This section provides an overview of the required concepts from basic lattice
theory. Table 2.1 summarizes the relevant notation. Their full definitions and
additional examples can be found in Appendix A1.

Table 2.1. Used ordering and lattice notation.

≾,⊏∼ preorders Definition 50
⪯,⊑ partial orders Definition 53
≤ total order Definition 54
≈ equivalence from preorder Definition 51
⟨α⟩ equivalence class of element α based on a preorder Definition 52
⋏,⋎ meet and join if the partial order ⪯ forms a lattice Definition 61
⊓,⊔ meet and join if the partial order ⊑ forms a lattice Definition 61
⊤,⊥ top and bottom elements of a partial order Definition 56

↑ α, ↑̇ α up-set and strict up-set of element α Definition 55
↓ α, ↓̇ α down-set and strict down-set of element α Definition 55
α+,α− set of immediate successors/predecessors of α Notation 11

Example 2. Consider the preorder (R(n),≾) defined in Equation 2.1 with
n ∈ Z>0 and the power set P(·).

R(n) := P(P({1..n})) (2.1a)
(α ≾ β ) := (∀b ∈ β . ∃a ∈ α. a ⊆ b) (2.1b)

The resulting equivalence relation can be used to partition the set R(n) and
obtain a partial order (O(n),⪯), as shown in Equation 2.2 (see Definition
52). This partial order forms a lattice (O(n),⋎,⋏) (see Definition 61), and the
example of n = 2 is visualized in Figure 2.1a.

O(n) := {⟨α⟩ : α ∈R(n)} (2.2a)
(⟨α⟩ ⪯ ⟨β ⟩) := (α ≾ β ) (2.2b)

As we will see later, selecting an element of minimal form as a class rep-
resentative is common practice. This simplifies the notation and practical
implementation. The resulting lattice (Q(n),⪯) of Equation 2.3 is visualized
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⟨{}⟩

⟨{{1,2}}⟩

⟨{{2}}⟩⟨{{1}}⟩

⟨{{1},{2}}⟩

⟨{{}}⟩

top: ⊤= ⟨{}⟩
bottom: ⊥= ⟨{{}}⟩
equivalence class: ⟨{{1}}⟩= {{{1}}, {{1},{1,2}}}
strict down-set: ↓̇ ⟨{{1}}⟩= {⟨{{1},{2}}⟩, ⟨{{}}⟩}
immediate successors: ⟨{{1},{2}}⟩+ = {⟨{{1}}⟩, ⟨{{2}}⟩}
meet: ⟨{{1}}⟩⋏ ⟨{{2}}⟩= ⟨{{1},{2}}⟩
join: ⟨{{1}}⟩⋎ ⟨{{1},{2}}⟩= ⟨{{1}}⟩

(a) Lattice notation example

{}

{{1,2}}

{{2}}{{1}}

{{1},{2}}

{{}}

(b) Minimal representative

Figure 2.1. Notation example: (a) A preorder can be used to partition its set into
equivalence classes to obtain a partial order. (b) We can simplify the notation by using
an element of minimal form to represent its equivalence class.

in Figure 2.1b. We will encounter this lattice in more detail under the name
‘redundancy lattice’ throughout this work (see Section 2.2).

Q(n) := {α ∈R(n) : (∀a,b ∈ α)[¬(a ⊂ b)]} (2.3a)
⪯ := ≾ (2.3b)

Birkhoff’s Representation Theorem [43, 44] implies that Venn diagrams can
represent any distributive lattice (Corollary 4). However, achieving the desired
set-theoretic intuition additionally requires a suitable measure or quantification
to act as notion of cardinality.

Definition 1 (Quantification). [45, p. 3]
A quantification q : A → B is a transformation from the elements of a lattice
(A,⪯) to a total order (B,≤).

Throughout this work, partial orders will serve as a notion of a subset relation
for information or inequality. Naturally, this ordering shall be preserved when
quantifying individual elements to real numbers:

Definition 2 (Valuation). [45, p. 3]
A valuation q : A → B is an order-preserving quantification. Consider the
partial order (A,⪯) and total order (B,≤), then a valuation satisfies Equation
2.4 for all elements x,y ∈ A.

x ⪯ y =⇒ q(x)≤ q(y) (2.4)
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Example 3. A valuation q : P(A)→ Z≥0 for the lattice (P(A),∪,∩) obtained
from the power set under the subset relation (P(A),⊆) is as set’s cardinality
(also see Figure A1.4). Let x,y ∈ P(A) and q(x) := |x|:

valuation: x ⊆ y =⇒ |x| ≤ |y| (2.5)

This valuation additionally satisfies an inclusion-exclusion relation, as shown
in Equation 2.6.

inclusion-exclusion relation: |x∩y|= |x|+ |y|− |x∪y| (2.6)

In the remaining work, we will construct valuations for sets of sets and notate
if the valuation shall indicate their union (qU ) or intersection (redundancy, qR)
as a subscript. Using this notation, we would write:

union: qU(B) := q
(⋃

B
)
=
∣∣⋃B

∣∣ (2.7a)

intersection: qR(B) := q
(⋂

B
)
=
∣∣⋂B

∣∣ (2.7b)

inclusion-exclusion relations: qU(B) = ∑
/0̸=C⊆B

(−1)
∣∣C∣∣−1qR(C) (2.7c)

qR(B) = ∑
/0̸=C⊆B

(−1)
∣∣C∣∣−1qU(C) (2.7d)

Definition 3 (Möbius inverse). [46]
If a valuation q(·) is viewed as a cumulative measure on a lattice, then its
Möbius inverse (qδ , Equation 2.8) corresponds to the partial contributions of
each element as we move up the lattice [23, p. 15].

q(x) := ∑
y∈↓x

qδ (x) (2.8a)

qδ (x) = q(x)− ∑
y∈↓̇ x

qδ (x) (2.8b)

An example of the Möbius inverse is shown in Figure 2.5 of the following
section.
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2.2 Decomposition framework
The decomposition of Williams and Beer [5] is based on valuating an informa-
tion lattice with four axioms. The decomposition is typically defined on one
of two lattices [47] and based on one of four measures [48]. The relationship
between decomposition lattices and measures has been studied, among others,
by Chicharro and Panzeri [47] and Gutknecht et al. [48, 49]. This section
provides a structured overview of the original axioms, possible decomposition
constructions, and relevant algorithms from our perspective.

2.2.1 Decomposition lattices
Definition 4.
• Consider a finite set of (visible) random variables V = {V1, ..,Vn}.
• A set of (visible) variables is called a source S ∈ P(V).
• A source represents the joint distribution of its variables.
• An atom α ∈ P(P(V)) is a set of sources.

Notation 1. All examples in this work are based on two or three visible vari-
ables (|V| ≤ 3). Therefore, we abbreviate the notation of sources using a
string of bold numbers to indicate the visible variables that are contained. We
write 1 for the set {V1} and 13 for the set {V1,V3}. Atoms are correspondingly
abbreviated as {1} for {{V1}} and {2,13} for {{V2},{V1,V3}}.

There are two lattices which are commonly used in this or its reversed order
in the literature:

Definition 5. Consider the preorders (P(P(V)),≾R) and (P(P(V)),≾S) as
defined in Equation 2.9.

Redundancy-order: (α ≾R β ) := (∀b ∈ β . ∃a ∈ α. a ⊆ b) (2.9a)
(α ≈R β ) := (α ≾R β and β ≾R α) (2.9b)
(α ≺R β ) := (α ≾R β and ¬(β ≾R α)) (2.9c)

Synergy-order: (α ≾S β ) := (∀b ∈ β . ∃a ∈ α. b ⊆ a) (2.9d)
(α ≈S β ) := (α ≾S β and β ≾S α) (2.9e)
(α ≺S β ) := (α ≾S β and ¬(β ≾S α)) (2.9f)

To construct a partial order, we partition P(P(V)) and define a function
(Equation 2.10) that converts any atom into its minimal form as a class repre-
sentative.

reduce(∼,α) := {a ∈ α : (∀b ∈ α)[¬(a ∼ b)]} (2.10a)
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reduceR(α) := reduce(⊃,α) (2.10b)
reduceS(α) := reduce(⊂,α) (2.10c)

As can be verified directly from Equation 5, the resulting minimal form is a
unique representative for all atoms within the same equivalence class.

α ≈R reduceR(α) (2.11a)
(α ≾R β )⇐⇒ (reduceR(α)≾R reduceR(β )) (2.11b)
(α ≈R β )⇐⇒ (reduceR(α) = reduceR(β )) (2.11c)

α ≈S reduceS(α) (2.12a)
(α ≾S β )⇐⇒ (reduceS(α)≾S reduceS(β )) (2.12b)
(α ≈S β )⇐⇒ (reduceS(α) = reduceS(β )) (2.12c)

While the partitionings would differ, the set of class representatives is identical
between both orders.

Definition 6.
• The order (A(V),⪯R) with ⪯R := ≾R forms a lattice (A(V),⋎R,⋏R), called

redundancy lattice.
• The order (A(V),⪯S) with ⪯S:= ≾S forms a lattice (A(V),⋎S,⋏S), called

synergy lattice.

A(V) :={reduceR(α) : α ∈ P(P(V))} (2.13a)
={reduceS(α) : α ∈ P(P(V))} (2.13b)
={α ∈ P(P(V)) : (∀a,b ∈ α)[¬(a ⊂ b)]} (2.13c)

Notation 2. We indicate the considered lattice as subscript on its operators.
The redundancy lattice operations are noted as ⪯R,⊤R,⊥R,↑R x, ↑̇R x,↓R x,
↓̇R x,x+R ,x−R . The operations on the synergy lattice are marked accordingly.

Both decomposition lattices are isomorphic (Definition 64) to the lattice
of monotonic boolean functions and propositional logic [49]. Therefore, the
number of atoms |A(V)| is the corresponding Dedekind number [5, p. 7] and
grows super exponentially [50, 51]. For this reason, we limit all visualizations
to |V| ≤ 3 and highlight efficient implementations for lattice operations. An
implementation for the meet on both lattices can directly be obtained using
Equation 2.14 (see Paper II or isomorphism to monotonic boolean functions).

(α ⋏R β )
alg
= reduceR(α ∪β ) (2.14a)
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(α ⋏S β )
alg
= reduceS(α ∪β ) (2.14b)

The implementation of the join operator can be obtained by understanding the
relation between both lattices:

Definition 7. The function Ξ : A(V) → A(V) provides the atom with com-
plement sources, and the function Ψ : A(V)→A(V) is the n-ary Cartesian
product.

Ξ(α) := {V\{S} : S ∈ α} (2.15a)

Ψ(α) :=


{} if α = {{}}
{{}} if α = {}
reduceR(×α) otherwise

(2.15b)

Example 4. Some examples for the functions Ξ and Ψ are shown below at
V = {V1,V2,V3}:

Ξ({{V1},{V2}}) = {{V2,V3},{V1,V3}}
Ψ({{V1},{V2,V3}}) = {{V1,V2},{V1,V3}}

Ψ({{V1,V2,V3}}) = {{V1},{V2},{V3}}}

These functions Ξ and Ψ are bijections and satisfy the following properties
for all α,β ∈ A(V) and are visualized in Figure 2.2 (see Paper II or isomor-
phism to monotonic boolean functions):

identity: α = Ξ(Ξ(α)) (2.16a)
α = Ψ(Ψ(α)) (2.16b)

transformation: (α ⪯R β ) = (Ξ(α)⪯S Ξ(β )) (2.16c)
(α ⪯S β ) = (Ξ(α)⪯R Ξ(β )) (2.16d)

reversal: (α ⪯R β ) = (Ψ(β )⪯R Ψ(α)) (2.16e)
(α ⪯S β ) = (Ξ(Ψ(Ξ(β )))⪯S Ξ(Ψ(Ξ(α)))) (2.16f)

duality: (α ⪯R β ) = (Ξ(Ψ(β ))⪯S Ξ(Ψ(α))) (2.16g)
(α ⪯S β ) = (Ψ(Ξ(β ))⪯R Ψ(Ξ(α))) (2.16h)

Definition 8. We define the duality of atoms such that the down-set on one
lattice corresponds to the up-set of its dual element (see Figure 2.3).

dualR→S(α) := Ξ(Ψ(α)) (2.17a)
dualS→R(α) := Ψ(Ξ(α)) (2.17b)
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α = Ψ(β )

β = Ψ(α) Ξ(β ) = Ξ(Ψ(α))

Ξ(α) = Ξ(Ψ(β ))

⪰
R

⪰
SΨ

Ξ

Ξ◦Ψ◦Ξ

Ξ

Figure 2.2. Visualization of lattice transformations: The function Ψ reverses the
redundancy order, and the function Ξ converts between the redundancy and synergy
order.

As a result, the join can be implemented as transformation of the meet at
duality, as shown in Equation 2.18.

(α ⋎R β )
alg
= dualS→R(dualR→S(α)⋏S dualR→S(β )) (2.18a)

(α ⋎S β )
alg
= dualR→S(dualS→R(α)⋏R dualS→R(β )) (2.18b)

A particularly helpful relation is that dual atoms can be used to partition a
lattice, as shown in Lemma 1. This will be used to relate different types of
decomposition measures and construct an efficient algorithm for finding the set
of immediate predecessors.

Lemma 1 (Lattice partitioning from duality).
The following two sets provide a partition of the redundancy lattice:

↑R α and
⋃
{↓R {S} : S ∈ dualR→S(α)} (2.19)

The following two sets provide a partition of the synergy lattice:

↑S α and
⋃
{↓S {S} : S ∈ dualS→R(α)} (2.20)

Proof. See Appendix A2.

Example 5. Figure 2.3 shows the redundancy and synergy lattice at |V|= 3
with the introduced transformations. The duality of atoms ensures that the
up-set on one lattice corresponds to the down-set on the other. By Lemma 1,
all atoms are either in the up-set of α or in the down-set of a singleton atom
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from a source in its dual. This creates a partition of atoms into two groups. For
example:
• On the synergy lattice, all atoms are either in the up-set of α = {{V1},{V2}}

or in the down-set of {S} where S ∈ dualS→R(α) = {{V3},{V1,V2}}.
• On the redundancy lattice, all atoms are either in the up-set of α = {{V3},
{V1,V2}} or in the down-set of {S} where S ∈ dualR→S(α) = {{V1},{V2}}.

This constructed set of atoms can be used to compute the set of immediate
successors and predecessors more efficiently.

{}

{123}

{12} {13} {23}

{12,13} {12,23} {13,23}

{1} {2} {3}{12,13,23}

{1,23} {2,13} {3,12}

{1,2} {1,3} {2,3}

{1,2,3}

{{}}

Redundancy
lattice

{}

{{}}

{1} {2} {3}

{1,2} {1,3} {2,3}

{12} {13} {23} {1,2,3}

{3,12} {2,13} {1,23}

{12,13} {12,23} {13,23}

{12,13,23}

{123}

Synergy
lattice

Ψ

Ξ

dual

Figure 2.3. Visualization of lattice duality at V = {V1,V2,V2}: To abbreviate the
notation in figures, we use bold indices to indicate a set of sources. For example, we
write {12,13} to indicate the atom {{V1,V2},{V1,V3}}.

Utilizing Lemma 1, we obtain the following algorithm for generating the set
of immediate predecessors:

α
−R alg

=

{
{} if α =⊥R

{α ⋏R {S} : S ∈ dualR→S(α)} otherwise
(2.21a)

α
−S alg

=

{
{} if α =⊥S

{α ⋏S {S} : S ∈ dualS→R(α)} otherwise
(2.21b)

Finally, we can utilize duality for generating the set of immediate successors:

α
+R alg

= {dualS→R(β ) : β ∈ dualR→S(α)−R} (2.22a)
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α
+S alg

= {dualR→S(β ) : β ∈ dualS→R(α)−S} (2.22b)

With an understanding of both decomposition lattices, their relation, and
algorithms for important operations, we can focus on the four types of measures
that are commonly used for their quantification.

2.2.2 Decomposition measures
A partial information decomposition in the framework of Williams and Beer [5]
is constructed by defining one of the following four cumulative measures [48]:
1. qR(α): redundancy measure
2. qU(α): union measure
3. qS(α): synergy measure (complement of union)
4. qV (α): volatility measure (complement of redundancy)
Figure 2.4 gives an overview of the intended set theoretic intuition for each
measure type [48].

For all practical purposes, we can treat the union and volatility measures
either by reversing a decomposition lattice (see Paper III) or converting them
into synergy and redundancy measures (Equation 2.23, also see Chapter 3). This
work follows the latter approach, which combines all common decompositions
into two types: a redundancy lattice with redundancy measure or a synergy
lattice with synergy measure.

qV (α) = qR(⊤R)−qR(α) (2.23a)
qU(α) = qS(⊤S)−qS(α) (2.23b)

Remark 1. Most literature excludes empty atoms and thus excludes missing
information ( 5 ) from their complement measures (volatility/synergy). Also see
Remark 2. However, we do add this component to the lattice and thus include
missing information in the complement measures (synergy/volatility).

The redundancy and synergy measures shall represent a valuation on their
respective decomposition lattice, which enables computing the desired par-
tial contributions (unique/redundant/synergetic information) using the Möbius
inverse.

Definition 9. The partial contributions of the decomposition (qδR and qδS) are
defined by the Möbius inverse of the cumulative measure (qR and qS) as shown
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{12}
{1} {2}

qR({1,2})

(a) Redundancy measure

{12}
{1} {2}

qV ({1,2})

(b) Volatility measure

{12}
{1} {2}

qU ({1,2})

(c) Union measure

{12}
{1} {2}

qS({1,2})

(d) Synergy measure

Figure 2.4. Set-theoretic intuition for measure types (adopted from [48]): (a) The
redundancy measure quantifies the shared information between sources. (b) The
volatility measure represents the complement of the redundancy measure. (c) The
union measure quantifies the provided information by either source. (d) The synergy
measure represents the complement of the union measure.

in Equation 2.24.

qδR(α) := qR(α)− ∑
β ↓̇R α

qδR(β ) (2.24a)

qδS(α) := qS(α)− ∑
β ↓̇S α

qδS(β ) (2.24b)

Definition 10 (Measure duality).
We say two measures are dual if dual atoms represent the same partial contri-
bution, as shown in Equation 2.25

qδR(α) = qδS(dualR→S(α)) (2.25a)
qδS(α) = qδR(dualS→R(α)) (2.25b)
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Equation 2.16 directly implies that for dual measures, the down-set on one
lattice corresponds to the up-set on the other. The resulting Equation 2.26 is
the notion of measure duality previously introduced by Chicharro and Panzeri
[47].

∑
β↓Rα

qδR(β ) = ∑
β∈↑SdualR→S(α)

qδS(β ) (2.26a)

∑
β↓Sα

qδS(β ) = ∑
β∈↑RdualS→R(α)

qδR(β ) (2.26b)

Williams and Beer [5] used four axioms implicitly or explicitly that a mea-
sure of redundancy shall satisfy. These axioms can be equivalently expressed
for synergy measures [47, 37].

Axiom W&B 1 (Extended monotonicity). The measure is a valuation for any
set of sources at their respective ordering, as shown in Equation 2.27.

∀α,β ∈ P(P(V)). α ≾R β =⇒ qR(α)≤ qR(β ) (2.27a)
∀α,β ∈ P(P(V)). α ≾S β =⇒ qS(α)≤ qS(β ) (2.27b)

We extend Axiom W&B 1 compared to the literature [5, 23, 37, 38]. This
version ensures that the quantification is monotonic, invariant for equivalence
classes, and symmetric to the order of sources in an atom. These properties are
often listed as three individual axioms (symmetry, monotonicity, equality for
monotonicity) [38, 39].

Axiom W&B 2 (Inclusion-exclusion relation). Partial information satisfies an
inclusion-exclusion relation for α ∈ A(V), as shown in Equation 2.28 [5, see
Lem. 2][9, Lem. 6].

qS(α) =qR(⊤R)− ∑
/0̸=β⊆α

(−1)
∣∣β∣∣−1qR(β ) (2.28a)

qR(α) =qS(⊤S)− ∑
/0̸=β⊆α

(−1)
∣∣β∣∣−1qS(β ) (2.28b)

Lemma 2. The decomposition duality and inclusion-exclusion principle create
the expected relation between decomposition measures shown in Equation 2.28.

Proof. See Appendix A2.
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The existing literature typically uses Axiom W&B 2 without explicitly
listing it as an assumption. However, since Kolchinsky [37] has challenged
the inclusion-exclusion relation, we think that it is important to highlight and
acknowledge. Axiom W&B 2 is directly satisfied when computing partial
information using the Möbius inverse on the respective decomposition lattice
(Definition 9) [5, 47].

Axiom W&B 3 (Non-negativity). Partial information is non-negative as shown
in Equation 2.29

∀α ∈ A(V). 0 ≤ qδR(α) (2.29a)
∀α ∈ A(V). 0 ≤ qδS(α) (2.29b)

The non-negativity of partial information (Axiom W&B 3) shall ensure a
clear operational interpretation and intuitive behavior.

Axiom W&B 4 (Self-redundancy/synergy). For a single source, the quantifi-
cations equal the desired information measure (e.g., mutual information), as
shown in Equation 2.30.

∀S ∈ P1(V). qR({S}) = MI(S;T ) (2.30a)
∀S ∈ P1(V). qS({S}) = MI(T ;T )−MI(S;T ) (2.30b)

Axiom W&B 4 is important since it is the only connection between the
decomposition framework and the desired measure.

Remark 2. When exclude missing information (removing the atom α = {}
from the lattice), then one should replace MI(T ;T ) with MI(V;T ) in Equation
2.30b.

Example 6. Figure 2.5 visualizes the relation between Venn diagrams, redun-
dancy, and synergy lattices together with their cumulative/partial measures
at
∣∣V∣∣= 2. The key takeaway is that each partial region of the Venn diagram

corresponds to the partial contribution of one atom. The same atom may rep-
resent different partial regions depending on the used decomposition lattice.
For example, the atom {1} represents the unique contribution of V1 on the
redundancy lattice but the unique contribution of V2 on the synergy lattice.
Dual atoms represent the same partial contribution.
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qR({1,2}) = 3

qδR({1,2}) = 3

qR({1}) = 3 1

qδR({1}) = 1

qR({2}) = 3 2

qδR({2}) = 2

qR({12}) = 3 1 2 4

qδR({12}) = 4

qR({}) = 3 1 2 4 5

qδR({}) = 5

qR({{}}) = 0
qδR({{}}) = 0

(a) Representation as redundancy lattice

qS({}) = 3 1 2 4 5

qδS({}) = 0

qS({{}}) = 3 1 2 4 5

qδS({{}}) = 3

qS({1}) = 2 4 5

qδS({1}) = 2

qS({2}) = 1 4 5

qδS({2}) = 1

qS({1,2}) = 4 5

qδS({1,2}) = 4

qS({12}) = 5

qδS({12}) = 5

(b) Representation as union lattice

Figure 2.5. Decomposition representation on the (a) redundancy lattice and (b) synergy
lattice.

Due to the rapid growth of the decomposition lattice, it is desirable to com-
pute the Möbius inverse without identifying the full down-set. The computation
of partial information (Equation 2.25) can be implemented efficiently as an
inclusion-exclusion principle on the cover-set:

qδR(α)
alg
= qR(α)− ∑

/0̸=B⊆α−R

(−1)|B|−1qR

(k
R
B
)

(2.31a)

qδS(α)
alg
= qS(α)− ∑

/0̸=B⊆α
−S

(−1)|B|−1qS

(k
S
B
)

(2.31b)

Remark 3. Equations 2.23 and 2.28 provide the relations for converting a
measure between representations (redundant/volatile/union/synergetic).

Remark 4 (Implementation recommendation).
We recommend utilizing Equations 2.14 (meet), 2.15 (transform), 2.17 (dual),
2.21 (cover), and 2.31 (Möbius inverse) for implementing the computation of
partial information.

35



2.3 Zonogons and their ordering
The developed methodology in this thesis is based on zonogons created from
stochastic matrices. Therefore, this section provides an overview of the relevant
definitions and their properties for our context.

Definition 11 (Stochastic matrix). A (row) stochastic matrix M ∈ Ra×b
≥0 of

dimension a×b is a matrix where all elements are non-negative real numbers,
and each row sums to one. We write the set of all row stochastic matrices as S.
A matrix is double stochastic if all elements are non-negative, and each row
and column sums to one.

Notation 3. We write v⃗i ∈ M to indicate the column v⃗i of a matrix M.

Definition 12 (Unit stochastic matrix). We indicate the set of all 2×b stochastic
matrices as UK and refer to an individual κ ∈ UK as a ‘unit stochastic matrix’.

Definition 13 (Zonogon [52]). The function Z : R2×b
≥0 → P([0,m]2) takes a

2× b matrix, where all elements are non-negative, and all rows sum to the
same amount (m ∈ R>0, Equation 2.32b). It returns a convex polygon called
zonogon. The zonogon is the image of the unit-cube [0,1]b under the linear
transformation of the given matrix.

Z(M) :=
{

Mx : x ∈ [0,1]b
}

(2.32a)

[m
m ] = ∑

v⃗i∈M
v⃗i (2.32b)

As image of the unit cube at a linear transformation, a zonogon satisfies the
following basic properties:

• The zonogon is a centrally symmetric convex polygon.
• The zonogon is invariant to permuting the order of matrix vectors:

Z([ v⃗1 ... v⃗2 ... ]) = Z([ v⃗2 ... v⃗1 ... ]).
• The zonogon scales linear (ℓ ∈ R>0) with the generating matrix:

Z(ℓ ·M) = {ℓx : x ∈ Z(M)}.
• The zonogon is invariant to splitting/merging vectors of identical slope

(ℓ ∈ R>0) : Z([ (1+ℓ)⃗v1 ... ]) = Z([ v⃗1 ℓ⃗v1 ... ]).
• Ordering the matrix vectors v⃗i ∈ M by increasing/decreasing slope pro-

vides the zonogon perimeter.

Definition 14 (Unit zonogon). We indicate the set of all zonogons from unit
stochastic matrices as UZ and refer to an individual Z(κ) ∈ UZ as ‘unit zono-
gon’.
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Definition 15 (Zonogon sum). The addition of two zonogons is defined by their
Minkowski sum, which is equivalent to concatenating their generating matrices.

(Z(M1)+Z(M2)) := {a+b : a ∈ Z(M1), b ∈ Z(M2)} (2.33a)

= Z
([

M1 M2
])

(2.33b)

Two important properties needed for a later result are that [53]:
1. the Minkowski sum distributes over the set-theoretic union:

X+(Y∪Z) = (X+Y)∪ (X+Z) (2.34)

2. the Minkowski sum and convex hull operation are commuting operations.
Let A be a set of sets in Equation 2.35:

Conv

(
∑

X∈A
X

)
= ∑

X∈A
Conv(X) (2.35)

Example 7. Figures 2.6a and 2.6b visualize the unit zonogons corresponding
to the matrices of Equation 2.36. Sorting the vectors of each matrix by increas-
ing/decreasing slope provides the zonogon boundary. Since all rows sum to
one, the unit zonogon is a symmetric convex polygon from (0,0) to (1,1).

κ1 =
[⃗
v11 v⃗12 v⃗13

]
=

[
0.6 0.3 0.1
0.1 0.2 0.7

]
(2.36a)

κ2 =
[⃗
v21 v⃗22

]
=

[
0.4 0.6
0.1 0.9

]
(2.36b)

The (Minkowski) sum of both zonogons (Equation 2.37) is visualized in Figure
2.6c. The result is a new zonogon, which contains the vectors of both matrices
in its boundary and therefore stretches from (0,0) to (2,2).

Z(κ1)+Z(κ2) = Z ([κ1 κ2]) = Z(
[⃗
v11 v⃗21 v⃗12 v⃗22 v⃗13

]
) (2.37)

Ordering unit zonogons by their subset relation forms a lattice:

Definition 16 (Unit zonogon lattice). [52]
Ordering unit zonogons by the subset relation (UZ,⊆) forms a non-distributive
lattice (UZ,⊔Z,⊓Z), where the meet corresponds to the zonogon intersection
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Z(κ1)

(a) Zonogon of κ1
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(b) Zonogon of κ2
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�v12

�v22
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Z
([

κ1 κ2
])

(c) Sum: Z(κ1)+Z(κ2)

Figure 2.6. Example 7 on unit zonogons and their sum.

and the join to the convex hull of their union.

(Z(κ1)�Z Z(κ2)) = (Z(κ1)∩Z(κ2)) (2.38a)
(Z(κ1)�Z Z(κ2)) = Conv(Z(κ1)∪Z(κ2)) (2.38b)

Definition 17 (Unit stochastic matrix lattice). [52]
The unit zonogon lattice provides a lattice for the equivalence classes of unit
stochastic matrices. An equivalence class (Equation 2.39a) contains all unit
matrices that correspond to the same zonogon. A unit matrix is a predecessor
of another if its corresponding zonogon is a subset of the other. The ordering
(K,�K) forms a lattice (K,�K ,�K).

〈κ〉 := {λ ∈ UK : Z(κ) = Z(λ )} (2.39a)
K := {〈κ〉 : κ ∈ UK} (2.39b)

(〈κ〉 �K 〈λ 〉) := (Z(κ)⊆ Z(λ )) (2.39c)

The resulting meet and join operations (�K ,�K) provide a matrix in which
vectors represent the boundary of the intersection and convex hull on their
underlying zonogons.

Remark 5. For implementations, operating on class representatives is more
convenient than equivalence classes. In practice, one can obtain a unique
minimal representation for each equivalence class by sorting the columns of
a matrix by their slope and summing all columns with identical slopes. The
shown matrices in Equations 2.36 and 2.41 have this form.

Lemma 3. [52] The unit stochastic matrix κ is a predecessor of another (λ )
if and only if κ can be generated by multiplying λ with some row stochastic
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matrix, as shown in Equation 2.40.

〈κ〉 �K 〈λ 〉 ⇐⇒ ∃M ∈ S. κ = λM (2.40)

Notation 4. By Definition 17, all matrices in an equivalence class form the
same zonogon. Therefore, we can extend the notation: Z(〈κ〉) := Z(κ).

Example 8. Equation 2.41 provides two unit stochastic matrices with their
meet and join. The corresponding zonogons are visualized in Figure 2.7a. As
shown in Figure 2.7b, the join matrix corresponds to the boundary vectors of
the convex hull, and those of the meet correspond to the intersection boundary.

κ1 =

[
0.4 0.55 0.05
0.05 0.45 0.5

]
(2.41a)

κ2 =

[
0.7 0.3
0.2 0.8

]
(2.41b)

〈κ1〉�K 〈κ2〉=
〈[ 0.4 0.3 0.25 0.05

0.05 0.15 0.3 0.5

]〉
(2.41c)

〈κ1〉�K 〈κ2〉=
〈[0.52 0.23 0.25

0.15 0.19 0.66

]〉
(rounded) (2.41d)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Z(κ1) Z(κ2)

(a) Zonogon representation

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Z(〈κ1〉�K 〈κ2〉) Z(〈κ1〉�K 〈κ2〉)

(b) Join and meet as zonogon

Figure 2.7. Visualizing the unit stochastic matrices from Equation 2.41 with their meet
(intersection) and join (convex-hull) as zonogons.
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3. Decomposing the zonogon order

This chapter describes the central methodology of this thesis. Section 3.1
demonstrates how we construct non-negative decompositions in the framework
of Williams and Beer [5], how decompositions can be re-graduated, and how
the flow of partial contributions can be traced.

Everything needed for our construction is a target lattice with a valuation
that satisfies an inclusion-exclusion inequality. Therefore, we exercise the
construction of such a valuation on the unit zonogon order in Section 3.2.

3.1 Methodology
To construct a decomposition, we map the redundancy or synergy lattice to
a target lattice that provides operational meaning to the results. We begin by
showing how the required properties of the target lattice ensure the axioms
of Williams and Beer [5] in Section 3.1.1. Section 3.1.2 demonstrates how a
measure transformation impacts the decomposition, which is common practice
as we will see in Chapters 4 and 5. Finally, we analyze how the property of
interest (information/inequality) propagates by flows in Section 3.1.3.

3.1.1 Constructing a non-negative decomposition
We construct a decomposition for the set X in the framework of Williams
and Beer [5] and correspondingly use the redundancy or synergy lattice con-
taining the atoms α ∈ A(X). This section shows that if we have a consistent
generator that maps sources S ∈ α to a target lattice with valuation that satis-
fies an inclusion-exclusion inequality, then we can construct a non-negative
decomposition in the framework of Williams and Beer [5].

Definition 18 (Consistent generator). We say a generator g : P(X)→ A and a
lattice (A,⊑) are consistent if they satisfy Equation 3.1 with S1,S2 ∈ P(X).

S1 ⊆ S2 =⇒ g(S1)⊑ g(S2) (3.1)

Definition 19 (Inclusion-exclusion inequality). Consider a lattice (A,⊔,⊓)
and a valuation q : A → R≥0 with q(⊥) = 0. We call Equations 3.2a (type I)
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and 3.2b (type II) inclusion-exclusion inequalities, where B ⊆ A:

type I : q
(⊔

B
)
≥ ∑

/0̸=C⊆B
(−1)|C|−1q

(l
C
)

(3.2a)

type II : q
(l

B
)
≤ ∑

/0̸=C⊆B
(−1)|C|−1q

(⊔
C
)

(3.2b)

Definition 19 provides the following interpretation:
• Computing an inclusion-exclusion relation on the valuation of the meet

provides a lower bound for quantifying their join (type I).
• Computing an inclusion-exclusion relation on the valuation of the join

provides an upper bound for quantifying their meet (type II).

Notation 5. We abbreviate a valuation that satisfies a type I inclusion-exclusion
inequality as ‘type I valuation’ and a valuation that satisfies a type II inclusion-
exclusion inequality as ‘type II valuation’.

Lemma 4 (Type I decomposition).

Consider a target lattice (A,⊑)/(A,⊔,⊓) with valuation q : A → R≥0 that
satisfies the type I inclusion-exclusion inequality (Equation 3.2a) and q(⊥) = 0.

Consider the decomposition lattice (A(X),⪯R) with redundancy measure as
defined in Equation 3.3 and a consistent generator g : P(X)→ A.

The resulting decomposition satisfies Axioms W&B 1-3.

qR(α) :=


q(⊥) if α =⊥R = {}
q(⊤) if α =⊤R = {{}}
q
(d

S∈α
g(S)

)
otherwise

(3.3)

Proof. The detailed proof is shown in Appendix A3.
Summary.
1. Axiom W&B 1: The extended monotonicity is obtained from the generator

consistency and Equation 3.3, which maintains the order of atoms α ∈A(X)
on the target lattice (A,⊑) for their valuation.

2. Axiom W&B 2: The inclusion-exclusion equality on the decomposition
lattice (A(X),⪯R) is obtained by computing partial contributions using the
Möbius inverse.

3. Axiom W&B 3: To show the non-negativity of partial contributions, we
utilize that the lattice transformation maintains the ordering relation of
atoms and that q(·) satisfies a type I inclusion-exclusion inequality on (A,⊑)
to construct Equation 3.4. The non-negativity then directly follows from
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Equation 2.31.

qR(α)≥ q

 ⊔
γ∈α−R

l

S∈γ

g(S)

≥ ∑
/0̸=B⊆α−R

(−1)|B|−1qR

(k
R
B
)

(3.4)

Lemma 5 (Type II decomposition).

Consider a lattice (A,⊑)/(A,⊔,⊓) with valuation q : A → R≥0 that satisfies
the type II inclusion-exclusion inequality (Equation 3.2b) and q(⊥) = 0.

Consider the decomposition lattice (A(X),⪯S) with synergy measure as defined
in Equation 3.5 and a consistent generator g : P(X)→ A.

The resulting decomposition satisfies Axioms W&B 1-3.

qU(α) :=

{
q(⊥) if α = {} or α = {{}}
q(
⊔

S∈α g(S)) otherwise
(3.5a)

qS(α) := q(⊤)−qU(α) (3.5b)

Proof. The detailed proof is shown in Appendix A3.
Summary. The proof proceeds similarly to Lemma 4, the main difference being
where special cases are handled. The non-negativity (Axiom W&B 3) follows
directly from Equations 2.31 and 3.6.

qS(α)≥ q(⊤)−q

 l

γ∈α
−S

⊔
S∈γ

g(S)

≥ ∑
/0̸=B⊆α

−S

(−1)|B|−1qS

(k
S
B
)

(3.6)

Takeaway

We construct an order-maintaining transformation from the decomposi-
tion lattice to a target lattice with valuation.
1. If we have a target lattice with type I valuation, then we can use its

meet as a notion of redundancy to achieve Axioms W&B 1-3.
2. If we have a target lattice with type II valuation, then we can use its

join as a notion of union to achieve Axioms W&B 1-3.

Remark 6. As discussed in Paper I, we can use the set-theoretic analogy of
the decomposition for defining a small calculus. We can define a normalized
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and conditioned measure that satisfies a product rule and Bayes’ theorem (see
[45]). While it will not be discussed further, it provides an interesting calculus
for information and inequality.

3.1.2 Re-graduating a non-negative decomposition
Once we have a non-negative decomposition, we can transform the used mea-
sure. However, this changes the considered operations (addition/subtraction)
for the inclusion-exclusion relation [45]. As we will see in Chapters 4 and 5,
this is a common practice in information and inequality theory and thus helpful
to understand.

Definition 20 (Re-graduation). [45, p. 6]
Consider an invertible function v :R≥0 →R≥0 with v(0) = 0. We can transform
a redundancy or synergy measure qR|S : A(X)→ R≥0 from Section 3.1.1 as
shown in Equation 3.7 with α ∈ A(X).

qvR(α) := v(qR(α)) (3.7a)
qvS(α) := v(qS(α)) (3.7b)

Re-define the required basic operations for the transformed measure (addi-
tion/subtraction/multiplication), as shown in Equation 3.8 with α,β ∈ A(X).
We use the notation qvR|vS to indicate a transformed (re-graduated) redundancy
or synergy measure.

qvR|vS(α)⊕qvR|vS(β ) := v(v−1(qvR|vS(α))+ v−1(qvR|vS(β ))) (3.8a)

qvR|vS(α)⊖qvR|vS(β ) := v(v−1(qvR|vS(α))− v−1(qvR|vS(β ))) (3.8b)

qvR|vS(α)⊙qvR|vS(β ) := v(v−1(qvR|vS(α)) · v−1(qvR|vS(β ))) (3.8c)

Remark 7. The operation transformations of Equation 3.8 re-graduate the
result from operating on the original measure. For example qvR(α)⊕qvR(β ) =
v(qR(α)+qR(β )).

We argue that if a measure is the re-graduation of another, then their decom-
position results should be consistent. This can directly be achieved as shown in
Lemma 6:

Lemma 6. Consider a decomposition constructed from Lemma 4 or 5 and an
invertible function v : R≥0 → R≥0 with v(0) = 0 as re-graduation.

The re-graduated decomposition of Equation 3.9 satisfies Axioms W&B
1-3 when considering the inclusion-exclusion relation (Axiom W&B 2) at
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transformed operators (⊕/⊖):

qvR(α) := v(qR(α)) qvδR(α) := v(qδR(α)) (3.9a)
qvS(α) := v(qS(α)) qvδS(α) := v(qδS(α)) (3.9b)

Proof.
1. Axiom W&B 1: The re-graduation is an invertible function v : R≥0 → R≥0

with v(0) = 0 and thus monotonically increasing. Therefore, it maintains
the monotonicity of the original measure obtained from Lemmas 4 and 5.

2. Axiom W&B 2: The computation of the Möbius inverse at transformed
operators simplifies into re-graduating the standard computation on the
original measure. Since the cumulative and partial contributions of the
original measure are consistent at addition and subtraction (+/−), so are
their re-graduations at transformed operators (⊕/⊖).

3. Axiom W&B 3: By Lemmas 4 and 5, the partial contributions qδR(α)
and qδS(α) are non-negative. By its definition, the function v maintains
non-negativity.

Takeaway

Re-graduations retain the inclusion-exclusion relation of the decomposi-
tion and the non-negativity of partial contributions. However, we have
to consider a different notion of addition and subtraction when working
with re-graduated measures.

3.1.3 Tracing partial contribution flows
In many practical scenarios, we have sets of variables with internal structure.
For example, it is fundamental in information theory that information can
only get lost by processing. Similarly, it is fundamental in inequality theory
that inequality can only get lost through Pigou-Dalton transfers. This section
discusses how such internal structures can be utilized to simplify analyses.

Consider three partial information decompositions for X = {X1,X2}, Y =
{Y1,Y2} and Z = {Z1,Z2} as visualized on the left-hand side of Figure 3.1.
Assume the system structure ensures that Y also provides everything from Z
and that everything provided by Y is also provided by X (meaning: g(Z) ⊑
g(Y)⊑ g(X)).

Notation 6. We use the notation X → Y to indicate the inclusion relation for
the contributions of sets of variables. We refer to each arrow as a ‘step’ and
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imagine it to indicate a subset relation of what is provided. For formation
theory, this will correspond to processing chains; for inequality theory, it will
correspond to sequences of Pigou-Dalton transfers.

We are interested in understanding how partial contributions propagate
through the system. We refer to this as flow analyses, as visualized on the
right-hand side of Figure 3.1. Constructing such a flow analysis requires
a decomposition that satisfies all axioms of Williams and Beer [5] beyond
bivariate scenarios.

1 2 3
X1

X2

Y1

Y2

Z1

Z2

Partial Information Decompositions

1 2 3
X1

X2

Y1

Y2

Z1

Z2

Flow Analyses

SynergeticUnique 2Unique 1Redundant

Figure 3.1. Relating partial information decompositions by flow analyses.
(Computed example: information flow through a Markov chain.)

The computation of partial contribution flows directly follows the set-
theoretic analogy and can be performed over an arbitrary number of steps.
We first describe the computation of flows over one step and then generalize it
to an arbitrary number of steps.

Flow computation: single-step intuition
Assume X → Y with α ∈ A(X) and β ∈ A(Y).

Notation 7. To avoid ambiguity in Equations 3.10 and 3.11, we indicate the
considered lattice next to each operator: for example, we write ↓(⪯R,A(X)) α to
indicate the down-set of α on the lattice (⪯R,A(X)).
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• Equation 3.10a provides the shared component between the cumulative con-
tributions of α and β .

• Equation 3.10b removes the down-set of α to obtain the flow from the partial
contribution of α into the cumulative contribution of β .

• Equation 3.10c removes the down-set of β to obtain the flow from the partial
contribution of α into the partial contribution of β .

qR→R(α → β ) := qR(α ⋏R β ) = qR(α ∪β ) (3.10a)

qδR→R(α → β ) := qR→R(α → β )− ∑
γ∈↓̇(⪯R,A(X))α

qR→R(γ → β ) (3.10b)

qδR→δR(α → β ) := qδR→R(α → β )− ∑
γ∈↓̇(⪯R,A(Y))β

qδR→R(α → γ) (3.10c)

The computation can similarly be performed on the synergy lattice.

qS→S(α → β ) := qS(α ⋏S β ) = qS(α ∪β ) (3.11a)

qδS→S(α → β ) := qS→S(α → β )− ∑
γ∈↓̇(⪯S ,A(X))α

qS→S(γ → β ) (3.11b)

qδS→δS(α → β ) := qδS→S(α → β )− ∑
γ∈↓̇(⪯S ,A(Y))β

qδS→S(α → γ) (3.11c)

Figure 3.1 demonstrates the application of this single-step analysis (Equation
3.10c/3.11c) by visualizing the flow X → Y and the flow Y → Z. To identify
how the partial contributions of X propagate into Z, we have to generalize this
analysis to an arbitrary number of steps.

Flow computation: generalization
We can generalize the analysis through its recursive structure. To simplify the
notation, we consider the following representation:

Notation 8.
• Let L represent an ordered list of tuples containing atoms and their corre-

sponding lattices. For example, to compute the flow of partial contributions
for α → β → γ through the chain X → Y → Z, let:
L = [(α,(⪯R,A(X))) , (β ,(⪯R,A(Y))) , (γ,(⪯R,A(Z)))].

• We write length(L) to obtain the number of elements in the list.
• We write element(i,L) to access the i’th entry in list L. By convention, we

indicate the first element in the list with index zero (0 ≤ i ≤ length(L)−1).
• We write replace(i,E,L) to return a copy of L, where the i’th entry in list L is

replaced with E. By convention, we indicate the first element in the list with
index zero.

• We write qR|S to indicate a redundancy or synergy measure, depending on the
considered lattices in L.
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The flow of partial information over arbitrary steps can be computed as
expected from the set-theoretic analogy. We replace the strict down-set of
Equations 3.10 and 3.11 with an inclusion-exclusion relation on the set of
immediate successors to increase efficiency:

flow(L) := flow′(L, length(L)−1)

flow′(L, i) :=


qR|S(

⋃
{δ : (δ ,T ) ∈ L}) if i < 0

flow′(L, i−1)−∑ /0̸=D⊆α−T (−1)|D|−1flow′(replace(i,(
c

T D,T ),L), i−1)
otherwise, where (α,T ) = element(i,L)

3.2 Quantifying zonogons
As we can see from Section 3.1, the basis for the decomposition is a target lattice
with a valuation that satisfies an inclusion-exclusion inequality. Therefore, this
section demonstrates the construction of valuations with inclusion-exclusion
inequality on the example of unit stochastic matrices (Definition 17, (K,⊑K),
(K,⊔K ,⊓K)). We first construct a simple type I valuation to give an intuition for
the approach. Then, we construct a type II valuation that appears foundational
to information theory (Chapter 4) and inequality theory (Chapter 5).

3.2.1 Zonogon area-like measures
Definition 21 (Zonogon mass quantification).
Consider a density function ϱ : [0,1]2 → R≥0 for the unit square and quantify
a unit stochastic matrix by the mass of its corresponding zonogon.

qKϱ(κ) :=
∫∫

Z(κ)
ϱ(x,y)dA (3.12)

Lemma 7. The lattice (K,⊑K) satisfies the requirements for a type I decompo-
sition with qKϱ(·). For consistency with the following section, let B ⊆ UK:

bottom element (⊥K): qKϱ

([
1
1

])
= 0

valuation: ⟨κ1⟩ ⊑K ⟨κ2⟩=⇒ qKϱ(κ1)≤ qKϱ(κ2)

extension: qKϱ(⟨κ⟩) := qKϱ(κ)

inclusion-exclusion type I: qKϱ

(⊔
κ∈B

⟨κ⟩

)
≥ ∑

/0̸=C⊆B
(−1)|C|−1qKϱ

(
l

κ∈C

⟨κ⟩

)

Proof.
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1. The bottom element ⊥K = ⟨
[

1
1

]
⟩ corresponds to the diagonal line and, thus,

a zonogon without area. Therefore, we say its mass is zero qKϱ

([
1
1

])
= 0.

2. The ordering relation corresponds to the subset relation of the underlying
zonogons. If a zonogon is a subset of another and the density function
is non-negative, then its mass is smaller. Thus, qKϱ(·) is a valuation for
(K,⊑K). This also implies that all elements in an equivalence class obtain
the same score, and we can extend the notation qKϱ(⟨κ⟩) := qKϱ(κ).

3. The meet operation corresponds to the zonogon intersection. Therefore,
the inclusion-exclusion relation on the meet results in the mass of the set-
theoretic union for the underlying zonogons. Since the join is the union’s
convex hull and since the density function is non-negative, the mass of the
join is at least as large as the mass of the union. This type I inclusion-
exclusion inequality is visualized in Figure 3.2.

⟨κ1⟩⊔ ⟨κ2⟩ ⟨κ1⟩ ⟨κ2⟩ ⟨κ1⟩⊓ ⟨κ2⟩

≥ = + −

Figure 3.2. Type I inclusion-exclusion inequality for area-like measures.

3.2.2 Zonogon perimeter length-like measures
In this section, we first identify a property of the underlying representation
and then construct a valuation that maintains this behavior: The unit zonogon
lattice satisfies a type II-like inclusion-exclusion inequality at the Minkowski
sum, as shown in Lemma 8.

Remark 8. Equation 3.13 has the standard structure of an inclusion-exclusion
inequality. We separate subsets of even/odd cardinality to different sides to
avoid the definition of a Minkowski sum inverse (Minkowski difference).

Lemma 8. For a non-empty set of unit stochastic matrices B ⊆ UK:

Z

(
l

κ∈B

⟨κ⟩

)
+ ∑

/0̸=C⊆B
|C| even

Z

(⊔
κ∈C

⟨κ⟩

)
⊆ ∑

C⊆B
|C| odd

Z

(⊔
κ∈C

⟨κ⟩

)
(3.13)

Proof. The detailed proof is shown in Appendix A4.
Summary. First, we consider the possible collections that can be constructed
by choosing one element from each subset with even cardinality (function ce),
and show that we can always construct the same collection by choosing one
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element from each subset of odd cardinality (function cO). Without the empty
set, there is one more subset of odd cardinality than even cardinality. Since the
Minkowski sum is associative, a sum over identical collections gives identical
results, and we arrive at the following intermediate result:

∀ce. ∃cO. ∃κ ∈ B. Z(κ)+ ∑
/0̸=C⊆B
|C| even

Z (ce(C)) = ∑
C⊆B

|C| odd

Z (cO(C))

∀ce. ∃cO.
⋂

κ∈B
Z(κ)+ ∑

/0̸=C⊆B
|C| even

Z (ce(C))⊆ ∑
C⊆B

|C| odd

Z (cO(C))

Since subsets are closed under the union, taking the union over all functions
ce and cO maintains their subset relation. Then, we utilize that the Minkowski
sum distributes over the set-theoretic union to arrive at the following equation:(⋂

κ∈B
Z(κ)

)
+ ∑

/0̸=C⊆B
|C| even

(⋃
κ∈C

Z (κ)

)
⊆ ∑

C⊆B
|C| odd

(⋃
κ∈C

Z (κ)

)

The convex hull maintains the subset relation (X⊆Y=⇒Conv(X)⊆Conv(Y))
and commutes with the Minkowski sum. Considering that the intersection of
zonogons is a valid zonogon and is thus already convex, we obtain the following
equation:(⋂

κ∈B
Z(κ)

)
+ ∑

/0̸=C⊆B
|C| even

Conv

(⋃
κ∈C

Z (κ)

)
⊆ ∑

C⊆B
|C| odd

Conv

(⋃
κ∈C

Z (κ)

)

Finally, we utilize that the intersection of zonogons equals the meet and that
the convex hull of the zonogon union equals the join operation.

Z

(
l

κ∈B

⟨κ⟩

)
+ ∑

/0̸=C⊆B
|C| even

Z

(⊔
κ∈C

⟨κ⟩

)
⊆ ∑

C⊆B
|C| odd

Z

(⊔
κ∈C

⟨κ⟩

)

Example 9. Consider the unit stochastic matrices of Equation 3.14.

κ1 =

[
0.4 0.6
0.1 0.9

]
⟨κ1⟩⊓K ⟨κ2⟩=

〈[0.6 0.4
0.4 0.6

]〉
(3.14a)

κ2 =

[
0.9 0.1
0.6 0.4

]
⟨κ1⟩⊔K ⟨κ2⟩=

〈[0.4 0.5 0.1
0.1 0.5 0.4

]〉
(3.14b)
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The corresponding zonogons are visualized in Figure 3.3. Lemma 8 states that
the Minkowski sum of both zonogons is always a superset for the Minkowski
sum of their meet and join.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Z(κ1) Z(κ2)

0 0.5 1 1.5 2
0

0.5

1

1.5

2

Z(〈κ1〉�K 〈κ2〉)+Z(〈κ1〉�K 〈κ2〉) ⊆ Z(〈κ1〉)+Z(〈κ1〉)

Z
(〈[

0.4 0.6 0.5 0.4 0.1
0.1 0.4 0.5 0.6 0.4

]〉)
⊆ Z

(〈[
0.4 0.6 0.3 0.2 0.4 0.1
0.1 0.4 0.2 0.3 0.6 0.4

]〉)

⊆+ +

Figure 3.3. An intuition for Lemma 8. The left-hand figure visualizes the zonogon of
both unit stochastic matrices with their meet and join. The right-hand figure visualizes
both Minkowski sums of the inclusion-exclusion inequality (left-hand and right-hand
side of the relation).

In Figure 3.3, we mark vectors that appear on both sides of the inequality
in black and differing vectors in color. Both sides of the inequality contain
the vectors forming the zonogon intersection. Additionally, we can find the
vectors forming the convex hull on the left-hand side and the vectors forming the
zonogon union on the right-hand side. Notice that the corresponding zonogons
reorder vectors for convexity, turning the zonogon of the union vectors into a
superset of their convex hull.

Intuitively, the perimeter of the union of two zonogons is longer than the
perimeter of their convex-hull. A similar effect can be found here: the convex
hull is obtained by combining the green and blue vectors of the zonogon union
(red = blue + green), which reduces the result through a triangle inequality.

With an understanding of the inclusion-exclusion inequality of zonogons,
we can construct a valuation that maintains this relation. The quantification
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should maintain the following key properties of the underlying zonogon order
(see Section 2.3):
1. the linear scaling of zonogons:

q(ℓκ) = ℓq(κ)
2. the additivity at Minkowski sums (matrix concatenations):

q([κ1 κ2 ]) = q(κ1)+q(κ2)
3. the zonogon subset relations (product with stochastic matrix):

q(κM)≤ q(κ) with M ∈ S

These properties can be achieved by using the sum of quantifying each boundary
vector q(M) := ∑v⃗∈M r(⃗v), where the function r(⃗v) is convex and scales linearly
with v⃗. This is sufficient to capture the linear scaling, Minkowski sum, and
triangle inequality for the subset relations. To ensure that the quantification
q(·) is non-negative, we set the bottom element (⊥K) to zero, which adds the
constraint r(

[
1
1

]
) = 0.

With this plan in mind, we can construct the desired quantification from any
generator function of an f -divergence:

Definition 22 ( f -divergence generator function). [54]
If a function f : (0,∞)→ R satisfies the following three properties, then we
call it a generator of an f -divergence.
By convention we understand that f (0) = limu→0+ f (u) and 0 f

(0
0

)
= 0:

• f is convex,
• f (1) = 0,
• f (t) is finite for all t > 0.

Notation 9. Throughout this work, we reserve the symbol f for functions that
satisfy the properties of Definition 22.

Definition 23 (Zonogon perimeter quantification).
Let f be the generator function of an f -divergence, x,y, p ∈ [0,1] and κ ∈ UK ,
then we define the quantification as shown in Equation 3.15.

r f ,p ([
x
y ]) := (px+(1− p)y) · f

(
x

px+(1− p)y

)
(3.15a)

qK f ,p(κ) := ∑
v⃗∈κ

r f ,p(⃗v) (3.15b)

The function r f ,p(·) quantifies each vector of the zonogon perimeter, and the
function qK f ,p(·) represents their sum.

Notation 10.
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• We use the term ‘strict’ if the function f is a strictly convex function and
p ∈ [0,1).

• We use the term ‘weak’ if the function f is not a strictly convex function and
p ∈ [0,1]

Lemma 9 (Properties of r f ,p).
For x,y ∈ [0,1] and a constant p ∈ [0,1], the function r f ,p([

x
y ]):

1. quantifies the slope one to zero: r f ,p
([

ℓ
ℓ

])
= 0

2. quantifies the zero vector to zero: r f ,p
([

0
0

])
= 0

3. scales linearly in v⃗ where ℓ ∈ R: r f ,p(ℓ⃗v) = ℓr f ,p(⃗v)
4. is convex in v⃗:

• f -quantification ℓ ∈ {0,1}: r f ,p(ℓ⃗v1+(1−ℓ)⃗v2)= ℓr f ,p(⃗v1)+(1−ℓ)r f ,p(⃗v2)

• weak measure ℓ ∈ (0,1): r f ,p(ℓ⃗v1+(1−ℓ)⃗v2)≤ ℓr f ,p(⃗v1)+(1−ℓ)r f ,p(⃗v2)

• strict measure ℓ ∈ (0,1): r f ,p(ℓ⃗v1+(1−ℓ)⃗v2)<ℓr f ,p(⃗v1)+(1−ℓ)r f ,p(⃗v2)

5. satisfies a triangle inequality in v⃗:
• f -quantification Slope(⃗v1) = Slope(⃗v2): r f ,p(⃗v1+ v⃗2)= r f ,p(⃗v1)+r f ,p(⃗v2)

• weak measure Slope(⃗v1) ̸= Slope(⃗v2): r f ,p(⃗v1+ v⃗2)≤ r f ,p(⃗v1)+r f ,p(⃗v2)

• strict measure Slope(⃗v1) ̸= Slope(⃗v2): r f ,p(⃗v1+ v⃗2)< r f ,p(⃗v1)+r f ,p(⃗v2)

Proof. The full proof is shown in Appendix A5. The triangle inequality (5)
follows directly from the linearity (3) and convexity (4).

Remark 9. We say the quantification is length-like to provide an intuition
since the function r f ,p satisfies a triangle inequality and quantifies the zonogon
boundary. However, this intuition must be used cautiously: the function r f ,p
does not correspond to a distance. For example, all vectors of slope one are
quantified to zero, and the result of r f ,p can be negative.

Lemma 10 (Additivity). Consider two non-empty sets of unit stochastic matri-
ces with equal cardinality (|B|= |C|), then:

f -quantification: ∑
κ∈B

Z(κ) = ∑
κ∈C

Z(κ) =⇒ ∑
κ∈B

qK f ,p(κ) = ∑
κ∈C

qK f ,p(κ)

weak measure: ∑
κ∈B

Z(κ)⊂ ∑
κ∈C

Z(κ) =⇒ ∑
κ∈B

qK f ,p(κ)≤ ∑
κ∈C

qK f ,p(κ)

strict measure: ∑
κ∈B

Z(κ)⊂ ∑
κ∈C

Z(κ) =⇒ ∑
κ∈B

qK f ,p(κ)< ∑
κ∈C

qK f ,p(κ)

Proof. The full proof is shown in Appendix A5.
Summary. Since both Minkowski sums form a zonogon from (0,0) to (|B|, |B|)=
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(|C|, |C|), the triangle inequality of r f ,p on their perimeter captures the subset
relation.

Lemma 11 (Properties of qK f ,p).
The lattice (K,⊑K) satisfies the requirements for a type II decomposition with
qK f ,p(·). For consistency with the following chapters, let B ⊆ UK:

bottom element (⊥K): qK f ,p

([
1
1

])
= 0

valuation:


⟨κ1⟩ = ⟨κ2⟩=⇒ qK f ,p(κ1) = qK f ,p(κ2) (any)
⟨κ1⟩⊏K ⟨κ2⟩=⇒ qK f ,p(κ1)≤ qK f ,p(κ2) (weak)
⟨κ1⟩⊏K ⟨κ2⟩=⇒ qK f ,p(κ1)< qK f ,p(κ2) (strict)

extension: qK f ,p(⟨κ⟩) := qK f ,p(κ)

inclusion-exclusion type II: qK f ,p

(
l

κ∈B

⟨κ⟩

)
≤ ∑

/0̸=C⊆B
(−1)|C|−1qK f ,p

(⊔
κ∈C

⟨κ⟩

)

Proof. The full proof is shown in Appendix A5.
Summary. The bottom element is zero since r f ,p

([
1
1

])
= 0 by Lemma 9.1.

That qK f ,p is a valuation corresponds to a special case (singleton set) of Lemma
10. The type II inclusion-exclusion relation is directly obtained by applying
Lemma 10 to Lemma 8.

Corollary 1. The function qK f ,p is non-negative.

∀κ ∈ UK . 0 ≤ qK f ,p(κ) (3.16)

Proof. As shown in Lemma 11, the function is a valuation and quantifies the
bottom element to zero. Thus, the function is non-negative.

Interesting special case:
The (weak) f -divergence generator f1(u) = 0.5 · |u− 1| provides a measure
qK f1,p

that is well-known in different areas, and is an interesting special case:

Lemma 12. The resulting measure for the generator f1(u) = 0.5 · |u−1| equals
a linear scaling of the maximal vertical distance between the zonogon and
diagonal, as visualized in Figure 3.4.

qK f1,p
(κ) = (1− p) · max

(x,y)∈ Z(κ)
(x− y) (3.17a)
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Proof. See Appendix A5.
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E∗ = (x∗,y∗) = argmax
(x,y)∈ Z(κ)
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h∗ = (x∗ − y∗)
m∗ = h∗/

√
2

qKf1,p
(κ) = (1− p) ·h∗

= (1− p)
√

2m∗

= (1− p) · max
(x,y)∈ Z(κ)

(x− y)

Figure 3.4. Let h∗ be the maximal vertical distance between the zonogon and the
diagonal line. The resulting measure at the generator f1(u) (see Lemma 12) is a linear
scaling of h∗. Alternatively, one can view the maximal height above the diagonal (m∗),
which forms an isosceles right triangle with h∗.

Remark 10. We will see in Chapter 5 that this special case equals the Pietra
index, for which this geometric interpretation is already well-known [74].

Remark 11. The maximal vertical distance between the convex hull of two
zonogons and the diagonal line is the maximum distance of the individual
zonogons. This directly implies that the resulting notion of union for the type
II decomposition at this particular measure equals the maximum function. By
the inclusion-exclusion relation, the resulting notion of redundancy equals the
minimum function. This is shown in Equation 3.18, where g(·) represents a
consistent generator for the decomposition.

qUKf1,p
(α) = max

S∈α
qKf1,p

(g(S)) (3.18a)

qRKf1,p
(α) = min

S∈α
qKf1,p

(g(S)) (3.18b)

For later applications, this indicates that the measure based on f1(u) =
0.5 · |u−1| (see Total Variation in Chapter 4 / Pietra index in Chapter 5) is an
extreme case that does not distinguish the same information or inequality from
the same amount of information or inequality. The resulting decomposition has
an interesting relation to the original proposal of Williams and Beer [5] (see
Section 4.3.2).
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4. Information decomposition

In Section 3.1, we discussed the construction of a non-negative decomposition
in the framework of Williams and Beer [5] and required two components:
1. a target lattice with type I or II valuation.
2. a consistent generator from the decomposition lattice to the target lattice.
In Section 3.2, we studied the unit zonogon order and constructed valuations
that satisfy an inclusion-exclusion inequality. This chapter demonstrates that the
constructed type II valuation corresponds to established information measures.

Section 4.1 introduces the considered information measures and highlights
that the zonogon order represents a notion of uncertainty (Blackwell order/
Neyman-Pearson region). We focus on a meaningful interpretation of the
used representations and operations to motivate the following decomposition.
In Section 4.2 we construct a Partial Information Decomposition (PID) that
directly follows from the results of the previous chapter. This provides a
non-negative decomposition for any f - and Rényi-information at an arbitrary
number of sources and, thus, a central contribution of this work. Finally,
we discuss related work and provide a comparison with alternative proposals
(Section 4.3).

Notation

T discrete (target) random variable
T finite alphabet (event space) of the target variable T

t ∈ T a state of the target variable T
IT (t) an indicator variable for T = t

V set of all discrete (visible) random variables
V1..Vn visible discrete random variables
Vn finite alphabet of variable Vn

S ⊆ V a set of visible variables (representing joint distribution)
S finite alphabet of the joint distribution of variables in S

s ∈ S a state of variable S
PS(s) probability of variable S having state s ∈ S

PS|T (s | t) conditional probability of event s ∈ S given T = t
PS|T (s | t) conditional probability of event s ∈ S given T ̸= t
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D f (PA ∥ PB) f -divergence
I f (S;T ) f -information

Ra(PA ∥ PB) Rényi-divergence
IRa(S;T ) Rényi-information

Bat(PA ∥ PB) Bhattacharyya distance
IBat(S;T ) Bhattacharyya-information
qU f (α) union measure for decomposing f -information
qS f (α) synergy measure for decomposing f -information
qR f (α) redundancy measure for decomposing f -information
qV f (α) volatility measure for decomposing f -information

Logarithms can have an arbitrary base. Therefore, we write exp(·) to indicate
the inverse of log(·) at the considered base.

4.1 Background: information theory
4.1.1 Information measures
We refer the reader to Crooks [55] for an extensive overview of established
information measures and focus on two generalized families in this work: f -
information [54] and Rényi-information [56]. These measures are based on
their respective divergences and have significant meaning within their respective
domain: Rényi-divergences are commonly used, among others, in privacy
analyses and cryptography [57–59]. f -divergences are applied, among others,
to parameter estimations, high-dimensional statistics, and hypothesis testing [7,
p. 115]. Mutual information is part of both families and has significants,
among others, to channel coding and data compression [13]. Additionally, we
decompose Bhattacharyya-information, which is based on a corresponding
divergence used in signal processing [60].

Divergences provide a notion of similarity between probability distributions
for the same alphabet (event space), which can be used to construct information
measures.

Definition 24 ( f -divergence). [54, 61, 62] [7, p. 116]
Let f : (0,∞)→R be the generator function of an f -divergence (Definition 22).
For two discrete random variables A and B with the same (finite) alphabet X ,
the f -divergence is defined as shown in Equation 4.1.

D f (PA ∥ PB) := ∑
x∈X

PB(x) · f
(

PA(x)
PB(x)

)
(4.1)
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Key properties of f -divergences are their non-negativity, invariance at bijec-
tive transformations, and that they satisfy a data-processing inequality [7, p.
115]. Table 4.1 provides an overview of commonly used f -divergences [7, p.
116f.][63].

Table 4.1. Overview of commonly used generator functions and f -divergences.

Notation Name Generator
DKL Kullback-Leiber (KL) divergence f (u) = u logu
DTV Total Variation f (u) = 1

2 |u−1|
Dχ2 χ2-divergence f (u) = (u−1)2

DH2 Squared Hellinger distance f (u) = (1−
√

u)2

DLC Le Cam distance f (u) = 1−u
2u+2

DJS Jensen-Shannon divergence f (u) = u log 2u
u+1 + log 2

u+1
DHa Hellinger divergence a ∈ (0,1)∪ (1,∞) f (u) = ua−1

a−1
Dα=a α-divergence a ∈ (0,1)∪ (1,∞) f (u) = ua−1−a(u−1)

a(a−1)

Lemma 13. [7, p. 118]
If two generator functions are related by f2(u) = f1(u)+ c · (u−1) for some
real constant c ∈ R, then they generate the same f -divergence.

(∃c ∈ R. f2(u) = f1(u)+ c · (u−1)) =⇒ D f1(PA ∥ PB) = D f2(PA ∥ PB)

Since the divergence scales linearly with function f (see Equation 4.1), the
α-divergence is a linear scaling of the Hellinger divergence (a ·Dα=a = DHa)
by Equation 4.2.

a · ua −1−a(u−1)
a(a−1)

=
ua −1
a−1

+ c(u−1) for c =− a
a−1

(4.2)

Definition 25 ( f -information). [7, p. 134]
An f -information for two discrete random variables is defined as f -divergence
of their joint distribution and the product of their marginals, as shown in
Equation 4.3.

I f (S;T ) := D f
(
P(S,T ) ∥ PS ·PT

)
(4.3a)

= ∑
(s,t)∈S×T

PS(s) ·PT (t) · f
(

P(S,T )(s, t)
PS(s) ·PT (t)

)
(4.3b)

= ∑
t∈T

PT (t)

[
∑
s∈S

PS(s) · f
(

PS|T (s | t)
PS(s)

)]
(4.3c)

57



Similarly to Fano [17], we can use the self-information of a variable as a
measure of entropy.

Definition 26 ( f -entropy). We define f -entropy for a discrete random variable
as self-information: H f (T ) := I f (T ;T ).

Example 10. The KL-divergence provides mutual information and Shannon
entropy.

IKL(S;T ) = MI(S;T ) (mutual information) (4.4a)
HKL(T ) = H(T ) (Shannon entropy) (4.4b)

Rényi- and Bhattacharyya-information can be defined equivalently to f -
information. Notably, they correspond to invertible transformations of f -
information [7, p. 145][63, p. 5977] (e.g. α- and Hellinger-information).
Thus, we can decompose Rényi- and Bhattacharyya-information by viewing
them as re-graduation, as described in Section 3.1.2. Since α- and Hellinger-
information are the linear scaling of each other, their decompositions are
consistent, and their re-graduation to the target measures provide identical
results (see Paper II Appendix E).

Definition 27 (Rényi-divergence). [56] [63, p. 5977]
Let A and B be two discrete random variables with the same (finite) alphabet
X , then Rényi-divergence Ra is defined as shown in Equation 4.5 for a ∈
(0,1)∪ (1,∞), and extended to a ∈ {0,1,∞} by continuation.

Ra(PA ∥ PB) :=
1

a−1
log

(
∑

x∈X
PB(x) ·

[(
PA(x)
PB(x)

)a])
(4.5a)

=
1

a−1
log

1+(a−1)

∑
x∈X

PB(x) ·

(
PA(x)
PB(x)

)a
−1

a−1

 (4.5b)

=
1

a−1
log(1+(a−1)DHa(PA ∥ PB)) (4.5c)

Definition 28 (Rényi-information). [7, p. 504]
Rényi-information for two discrete random variables is defined as the Rényi-
divergence of their joint distribution and the product of their marginals, as
shown in Equation 4.6.

IRa(S;T ) := Ra
(
P(S,T ) ∥ PS ·PT

)
(4.6a)
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=
1

a−1
log(1+(a−1)IHa(S;T )) (4.6b)

Notably, the continuation of Rényi-divergence for a = 1 equals KL-diver-
gence [7, p. 145] and can thus generate mutual information and Shannon
entropy. Finally, the Bhattacharyya distance is equivalent to the linear scaling
of a particular Rényi-divergence.

Definition 29 (Bhattacharyya distance). [64][63, p. 5977]
Let A and B be two discrete random variables with the same (finite) alphabet
X , then Bhattacharyya distance is defined as shown in Equation 4.7.

Bat(PA ∥ PB) :=− log

(
∑

x∈X

√
PA(x)PB(x)

)
(4.7a)

=− log

(
∑

x∈X
PB(x)

√
PA(x)
PB(x)

)
(4.7b)

=− log

1−0.5 · ∑
x∈X

PB(x)


(

PA(x)
PB(x)

)0.5
−1

0.5−1


 (4.7c)

=− log
(
1−0.5 ·DH0.5(PA ∥ PB)

)
(4.7d)

= 0.5 ·R0.5(PA ∥ PB) (4.7e)

Definition 30 (Bhattacharyya-information).
Bhattacharyya-information for two discrete random variables is defined as
the Bhattacharyya distance of their joint distribution and the product of their
marginals, as shown in Equation 4.8.

IBat(S;T ) := Bat
(
P(S,T ) ∥ PS ·PT

)
(4.8a)

= 0.5 · IR0.5(S;T ) (4.8b)

Takeaway

This section introduced several information measures. We can see from
their definition that if we had a decomposition for f -information in
the framework of Williams and Beer [5], then we directly obtain a
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decomposition of Rényi- and Bhattacharyya-information by treating
them as re-graduations as discussed in Section 3.1.2.

4.1.2 Blackwell order
For a Partial Information Decomposition, we are interested in the information
about a target variable T , that is obtained from observing it through a source
variable S. As discussed before, a source S represents the joint distribution for
a set of visible variables.

Definition 31 (Channel). A channel M from T to S represents a garbling
of the input variable T that results in the output S. We represent channels
as (row) stochastic matrix, which corresponds to their conditional probability
distribution, as shown in Equation 4.9 with T = {t1, ..., tn} and S = {s1, ...,sm}.

M = PS|T =

PS|T (s1 | t1) . . . PS|T (sm | t1)
...

. . .
...

PS|T (s1 | tn) . . . PS|T (sm | tn)

 (4.9)

Definition 32 (More informativity). [52, 65]
Consider two channels (M1 = PS1|T and M2 = PS2|T ) that generate the sources
S1 and S2 as output. An agent has to choose an action a ∈ Ω to maximize a
reward function R : (Ω ,T )→ R that depends on the chosen action and state
of the target variable T . However, the agent can only observe the variable T
indirectly through a channel output (S1 or S2).

We say a channel M1 is more informative than M2 if - for any set of actions
and reward functions - an agent with access to S1 can achieve an expected
reward at least as high as another agent with access to S2.

Definition 33 (Blackwell order). [52, 65]
The Blackwell order is a preorder of channels. A channel M1 is Blackwell
superior to M2 if we can construct an equivalent channel to M2 by garbling the
output of M1, as shown in Equation 4.10.

∃D ∈ S. M2 = M1 ·D (4.10)

Blackwell [65] showed that a channel is more informative if and only if it is
Blackwell superior. Bertschinger and Rauh [52] highlighted that the Blackwell
order does not form a lattice for channels M = P(S|T ) beyond binary inputs
(|T | > 2) due to a lack of unique meet and join elements. However, binary
inputs (target variables |T |= 2) are a special case where the Blackwell order

60



generates unit stochastic matrices such that the Blackwell order equals the
zonogon order and forms a lattice, as discussed in Section 2.3 [52].

To focus on binary input channels, we consider channels that take an indica-
tor variable IT (t) as input.

Definition 34 (Indicator variable).

IT (t) =

{
true if T = t
false otherwise

(4.11)

Definition 35 (Indicator channel). We call a channel from an indicator variable
(input) to a source (output) an ‘indicator channel’. Indicator channels are
unit stochastic matrices, and the Blackwell order (Equation 4.10) equals the
zonogon order (Lemma 3).

κ = PS|IT (t) =

[
PS|T (s1 | t) . . . PS|T (sm | t)
PS|T (s1 | t) . . . PS|T (sm | t)

]
(4.12)

Indicator channels correspond to binary decision problems and hypothesis
testing. To predict the indicator IT (t) based on the source S, we require
a decision rule D ∈ S of dimension |S| × 2. This forms a Markov chain
IT (t)

κ−→ S D−→ Ĝ, where Ĝ is a prediction or guess for IT (t). Two values can
fully characterize the resulting prediction performance. Since the terminology
varies between different fields, we provide an overview below. This chapter
uses the terms True-Positive Rate (TPR) and False-Positive Rate (FPR).

PĜ|IT (t)
= κD = PS|T PĜ|S

=

[
PS|T (s1 | t) . . . PS|T (sm | t)
PS|T (s1 | t) . . . PS|T (sm | t)

]
PĜ|S(t | s1)

(
1−PĜ|S(t | s1)

)
...

...
PĜ|S(t | sn)

(
1−PĜ|S(t | sn)

)


=

[
PĜ|T (t | t) PĜ|T (t | t)
PĜ|T (t | t) PĜ|T (t | t)

]
=

[
TPR (1−TPR)
FPR (1−FPR)

]
=

[
(1− type II error) type II error

type I error (1− type I error)

]
=

[
recall (1− recall)

(1− specificity) specificity)

]
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The decision rule for a binary decision problem has two columns and each
column of a stochastic matrix sums to one. Therefore, we can fully determine
a decision rule by its first column and represent the set of all possible decision
rules D = [⃗a (1− a⃗)] by a⃗ ∈ [0,1]|S|. The product of the indicator channel
κ with v⃗ provides the (TPR,FPR)-pairs that fully determine the prediction
performance, as shown above. Thus, the set {κ a⃗ : a⃗ ∈ [0,1]|S|} corresponds
to all achievable (TPR,FPR)-pairs when predicting IT (t) based on S. By
Definition 13, this set is the zonogon of the indicator channel.

Definition 36 (Neyman–Pearson region/Indicator zonogon). [18] [7, p. 277f.]
The zonogon Z(PS|IT (t)) represents the set of all achievable (TPR,FPR)-pairs
when predicting IT (t) based on S. This zonogon is also known as Neyman–
Pearson region. For the context of this work, we may refer to the Neyman–
Pearson region as ‘indicator zonogon’.

Remark 12. In the context of detection systems, a particular (TPR,FPR)-pair
is called the ‘operation point’ of the system.

Definition 37 (Neyman–Pearson boundary). [18] [7, p. 277f.]
The lower boundary of the Neyman–Pearson region represents the maximal
TPR for a bounded FPR. The corresponding decision rule can be obtained
from the likelihood-ratio test. The likelihood-ratio is the slope of a vector in
the indicator channel.

Example 11. Assume we can observe a variable S and aim to predict a
particular target variable state IT (t). We can apply a decision rule (D) to S for
generating our guess Ĝ.

The setting can be analyzed using the indicator channel PS|IT (t). An example

is shown in Figure 4.1. The vector a⃗ =
[a1

a2
a3

]
fully characterizes the decision

rule and can be used to compute the corresponding (TPR,FPR)-pair. There
exists a decision rule for all, and only those, performance pairs within the
zonogon.

Takeaway

The zonogon of an indicator channel Z(PS|IT (t)) is the Neyman–Pearson
region for predicting the state t ∈ T of the target variable based on
S. Every decision rule corresponds to one point in a (TPR,FPR)-plot
and the set of all achievable (TPR,FPR)-pairs is the Neyman–Pearson
region.

From an interpretational perspective of the following decomposition, we think
that three aspects are particularly noteworthy:
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PĜ|IT (t)
= κD =

[
�v1 �v2 �v3

]



a1 1−a1
a2 1−a2
a3 1−a3




[
TPR
FPR

]
=
[
�v1 �v2 �v3

]



a1
a2
a3




Figure 4.1. The Neyman–Pearson region for a state t ∈ T is the zonogon of the indicator
channel.

1. The indicator zonogon provides a notion of pointwise uncertainty for the
state of the target variable. The zonogon subset relation (unit zonogon
order/unit stochastic matrix order) provides a notion of uncertainty inclusion
and forms a lattice. This inclusion relation is equivalent to being more
informative (Definition 32) and Blackwell superior (Definition 33) about a
target state t ∈ T .

2. If a source is a subset of another S2 ⊆ S1, then we can extract a variable
equivalent to S2 from S1 and thus Z(PS2|IT (t)) ⊆ Z(PS1|IT (t)). This already
indicates a consistent generator function. More importantly, it also highlights
that the join at the lattice for unit stochastic matrices (zonogon convex-
hull) provides their unique least informative joint distribution about t ∈ T .
This least informative dependency provides a suitable notion of union for
pointwise uncertainty.

3. The valuation of zonogons discussed in Chapter 3 provides a decomposable
measure of uncertainty about each state t ∈T . The pointwise decompositions
can be combined by any weighted sum (the expected value) to obtain a full
PID.

Takeaway

The indicator zonogon provides a notion of pointwise uncertainty, and
the zonogon subset relation is an uncertainty inclusion relation; the
zonogon join (convex-hull) represents the least informative joint distri-
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bution. From a pointwise perspective, this can be used to construct a
meaningful PID.

4.2 Partial Information Decomposition
4.2.1 Decomposing f -information
With an underlying representation of pointwise uncertainty about each state of
a target variable, we can construct decomposable information measures. For
this, we need a generator function from sources to the lattice of unit stochastic
matrices.

Definition 38 (Pointwise uncertainty generator). We define a generator function
from sources S ⊆ V to the lattice of unit stochastic matrices (K,⊑K), as shown
in Equation 4.13.

gt(S) :=

{
⟨
[

1
1

]
⟩ if S = {}

⟨PS|IT (t)⟩ otherwise
(4.13)

Lemma 14. Equation 4.13 provides a consistent generator function. Let
S1,S2 ∈ P(V):

∀t ∈ T . S1 ⊆ S2 =⇒ gt(S1)⊑K gt(S2) (4.14)

Proof. If S1 = {}, then the generator returns the bottom element of the lattice
for unit stochastic matrices. If S1 is non-empty and S1 ⊆ S2, then there always
exists a trivial garbling D to extract PS1|IT (t) from PS2|IT (t). Therefore, the
generator function is consistent by Definition 18.

Since we have a consistent generator (Lemma 14) and a type II valuation
(Lemma 11) for the lattice of unit stochastic matrices, we can construct decom-
posable information measures (Lemma 5). We define the union information
using the join from the lattice of unit stochastic matrices (variable dependence
of minimal information).

Definition 39 (Pointwise type II information).
Combining Lemmas 5, 11, and 14, we can define a type II decomposable
measure of union information about a state t ∈ T of the target, as shown in
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Equation 4.15.

qU f ,t (α) :=

{
qK f ,PT (t)(⟨

[
1
1

]
⟩) if α = {} or α = {{}}

qK f ,PT (t) (
⊔

S∈α gt(S)) otherwise
(4.15)

Notably, the expected value of our pointwise type II union information
equals f -information:

Lemma 15. f -information is the expected value of our type II union informa-
tion (Definition 39), where /0 ̸= S ⊆ V.

I f (S;T ) = ∑
t∈T

PT (t) ·qU f ,t ({S}) = ET

[
qU f ,t ({S})

]
(4.16)

Proof.

∑
t∈T

PT (t) ·qU f ,t ({S})

=∑
t∈T

PT (t) ·qK f ,PT (t) (gt(S)) (by Def. 39)

=∑
t∈T

PT (t) ·qK f ,PT (t)

(
⟨PS|IT (t)⟩

)
(by Def. 38)

=∑
t∈T

PT (t) · ∑
[x
y ]∈PS|IT (t)

(PT (t) · x+PT (t) · y) · f
(

x
PT (t) · x+PT (t) · y

)
(by Def. 23 & Lem. 11)

= ∑
t∈T

PT (t) · ∑
s∈S

(PT (t) ·PS|T (s | t)+PT (t) ·PS|T (s | t)) · f
(

PS|T (s | t)
PT (t) ·PS|T (s | t)+PT (t) ·PS|T (s | t)

)
=∑

t∈T
PT (t) · ∑

s∈S
PS(s) · f

(
PS|T (s | t)

PS(s)

)
(line above, see Def. 35)

=I f (S;T ) (by Def. 25)

Corollary 2. The expected value of the top element in the lattice of unit
stochastic matrices equals the f -entropy of the target variable.

H f (T ) = ∑
t∈T

PT (t) ·qU f ,t ({T}) = ET

[
qK f ,PT (t)(⟨

[
1 0
0 1

]
⟩)
]

(4.17)

Proof. Consider the target a valid source T ∈ V and notice that the top element
corresponds to its indicator channel PT |IT (t) =

[
1 0
0 1

]
.
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Theorem 1. The following measures provide a PID in the framework of Williams
and Beer [5] that satisfies Axioms W&B 1-4.

qU f (α) := Et∈T

[
qU f ,t (α)

]
(4.18a)

qS f (α) = H f (T )−qU f (α) (4.18b)

qR f (α) = ∑
/0̸=β⊆α

(−1)
∣∣β∣∣−1qU f (β ) (4.18c)

qV f (α) = H f (T )−qR f (α) (4.18d)

Proof. We used Corollary 2 to simplify the notation in Equation 4.18. The
decomposition is the weighted sum (expected value) of type II decompositions
for each t ∈ T . By Lemma 5, the decomposition satisfies Axioms W&B 1-3
for each t ∈ T . Thus their combination (weighted sum/expected value) also
satisfies Axioms W&B 1-3. By Lemma 15, the decomposition satisfies Axiom
W&B 4.

Using the measures of Equation 4.18, the decomposition can be represented
on the preferred lattice.

Example 12. The constructed information decomposition (Theorem 1) can
be utilized for information flow analyses of processing chains. In Paper I, we
analyze the flow of information through a full-adder with random bit-flips on its
wires. Here, we analyze the information flow over three steps of a Markov chain
due to its simpler model description: Consider the Markov chain (X1,Y1)→
(X2,Y2) → (X3,Y3) with the target variable T = (X1,Y1), Xn = {0,1,2} and
Yn = {0,1}. The initial distribution and transition probabilities are shown in
Equation 4.19.

States (X1,Y1) : (0,0) (0,1) (1,0) (1,1) (2,0) (2,1)

P(X1,Y1) =
[
0.87 0.04 0.05 0.02 0.00 0.02

] (4.19a)

P(Xn+1,Yn+1)|(Xn,Yn) =


0.01 0.00 0.90 0.07 0.01 0.01
0.87 0.07 0.03 0.01 0.00 0.02
0.05 0.86 0.01 0.00 0.06 0.02
0.00 0.01 0.04 0.03 0.9 0.02
0.86 0.06 0.02 0.00 0.05 0.01
0.01 0.07 0.00 0.88 0.02 0.02

 (4.19b)

Figure 4.2 visualizes the resulting flow of partial information using Equation
3.10 (single-step flow analysis). Due to the measure duality, a flow analysis
using the redundancy measure (Equation 3.10) and synergy measure (Equation
3.11) provides identical results.
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Figure 4.2. Markov chain information flow example.

Since the f -entropy of the target variable changes with the generator function
( f ), we normalize their scale in the visualization of Figure 4.2. The different
f -information measures provide distinct decompositions and information flows
since they weigh the informational content of uncertainty (Neyman–Pearson)
regions differently.

Remark 13. The presented decomposition satisfies the framework of Williams
and Beer [5], which enforces that the sum of synergetic and unique information
equals conditional mutual information. As a result, we also provide a non-
negative decomposition for conditional mutual information, which is used
under the name ‘transfer entropy’ [66] in the analysis of complex systems.

We can re-write the decomposition as optimization problem, to further high-
light the relation and difference to existing proposals. It will become clear
when discussing related work in Section 4.3: Equation 4.21 highlights that our
approach can be interpreted as target-pointwise version of Kolchinsky’s frame-
work [37] or the decompositions of Bertschinger et al. [30] as well as Griffith
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and Koch [27] based on specific information used by Williams and Beer [5].
This combines the discussion and ideas on pointwise decompositions from Finn
and Lizier [29] as well as Ince [33] with ordering-based decompositions. The
result is a non-negative PID with intuitive set-theoretic analogy (Venn diagram
representation).

Takeaway

Changing and extending the decomposition of Bertschinger et al. [30], Griffith and
Koch [27], or Kolchinsky’s framework [37] to a target-pointwise version achieves
both an inclusion-exclusion relation and general non-negativity for any f -information:
We represent f -information as expected specific information.

i f (t;S) := ∑
s∈S

PS(s) · f
(

PS|T (s | t)
PS(s)

)
(specific f -information)

I f (T ;S) := ET
[
i f (t;S)

]
( f -information)

(4.20)

The target-pointwise ordering relation based on the Blackwell order forms a lattice
and provides a unique representation for specific union information. The resulting
decomposition satisfies Axioms W&B 1-4 and can be expressed as an optimization
problem (union as least informative variable dependence).

S ⊑t Q := Z(PS|IT (t))⊆ Z(PQ|IT (t)) (pointwise Blackwell order)

qU f ,t (α) := inf
Q

i f (t;Q) s.t. ∀S ∈ α. S ⊑t Q (union specific f -information)

qU f (α) := ET

[
qU f ,t (α)

]
(union f -information)

(4.21)

4.2.2 Decomposing Rényi- and Bhattacharyya-information
Theorem 1 provides a decomposition of Hellinger-information, which can be
re-graduated to a decomposition of Rényi- and Bhattacharyya-information (see
Sections 3.1.2 and 4.1.1).

Definition 40 (Rényi- and Bhattacharyya-information re-graduation).
Equation 4.22 provides invertible transformations to obtain Rényi- (Equa-
tion 4.22a) and Bhattacharyya-information (Equation 4.22b) from Hellinger-
information [63, 7, 9] (see Section 4.1.1) with v(0) = 0. Thus, the transforma-
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tions are valid re-graduations for the decomposition.

vRényi
a (u) :=

1
a−1

log(1+(a−1)u) (4.22a)

vBat(u) := 0.5 · vRényi
0.5 (u) (4.22b)

Definition 41 (Addition of Rényi-information).
Equation 3.8 provides the following notions of addition for Rényi-information:

x ⊕Rényi
a y :=

log(exp((a−1)x)+ exp((a−1)y)−1)
a−1

(4.23a)

x ⊖Rényi
a y :=

log(exp((a−1)x)− exp((a−1)y)+1)
a−1

(4.23b)

Definition 42 (Addition of Bhattacharyya-information).
Equation 3.8 provides the following notions of addition for Bhattacharyya-
information:

x ⊕Bat y :=− log(exp(−x)+ exp(−y)−1) (4.24a)

x ⊖Bat y :=− log(exp(−x)− exp(−y)−1) (4.24b)

Theorem 2. Re-graduating the decomposition of Hellinger-information (Equa-
tion 4.18) using Equation 4.22 in Equation 3.9 provides a decomposition of
Rényi- and Bhattacharyya-information that satisfies Axioms W&B 1-4 when
considering their respective notion of addition and subtraction (Definitions 41
and 42) in the inclusion-exclusion relation (Möbius inverse).

Proof. Follows directly from Theorem 1 and Lemma 6.

Remark 14. The analysis of Rényi- and Bhattacharyya-information flows in
Markov chains can be obtained correspondingly as a re-graduation of the
Hellinger-information flows or by performing the computation of Section 3.1.3
with transformed addition and subtraction operations.

Remark 15. The sum of unique and synergetic mutual information equals con-
ditional mutual information. Therefore, one could propose defining conditional
Rényi- and Bhattacharyya-information equivalently.
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Takeaway

Different f -information measures provide inherently different decom-
positions since they quantify partial Neyman-Pearson regions differ-
ently. The re-graduation to Rényi- and Bhattacharyya-information
only changes the representation and considered notion of informa-
tion addition/subtraction but maintains equivalence with the original
f -information decomposition. The re-graduation may however be useful
to simplify evaluations and optimizations [60].

4.2.3 Operational interpretation
The used notion of union information represents the dependence between
variables that leads to the unique least informative joint distribution about each
target state individually. This enables the attribution of synergy about a target
state fully to the dependency between variables.
The operational interpretation can be described from different perspectives:

• Neyman-Pearson regions as an underlying representation of uncertainty:
– If a variable provides unique information, then there exists a decision

region for some t ∈ T to which this variable provides unique access.
– If a set of variables provides synergetic information, then a decision

region for some t ∈ T may become inaccessible if the dependence
between the variables changes.

• Blackwell order as an underlying representation of uncertainty: consider
a set of actions and a pointwise reward function that only depends on one
state of the target variable.

– If a variable provides unique information, then it provides an advan-
tage for some actions and a pointwise reward function.

– If a set of variables provides synergetic information, then the advan-
tage for some pointwise reward function is based on the dependence
between variables.

Whether the implications of these interpretations hold in both directions de-
pends on whether the used information measure was strict or weak.

4.3 Related work
The existing literature focused primarily on the decomposition of mutual infor-
mation. This section summarizes the discussed properties for decomposition
functions and a selection of proposals that closely relate to our approach.
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4.3.1 Decomposition axioms
Several desired properties beyond Axioms W&B 1-4 have been discussed in the
literature but are not universally agreed. This section provides a brief overview
of properties that have not been analyzed in this work:

• Harder et al. [26] proposed the identity axiom (Equation 4.25, Harder’s
identity), which enforces that two independent sources shall have no
redundancy.

Let T = (S1,S2) then qRKL({S1,S2}) = IKL(S1;S2) (4.25)

Rauh et al. [67] demonstrated that the identity axiom (Equation 4.25) is
inconsistent with Axioms W&B 1-4 beyond two visible variables (|V|>
2) using the three-bit–even parity distribution as a counter-example [67,
29].
Since our presented decomposition satisfies Axioms W&B 1-4 for an
arbitrary number of sources, it does not satisfy Harder’s identity. However,
we see significant operational value in not enforcing a relation between
the dependence of variables and their redundancy (also see the discussion
by Finn and Lizier [29, Appendix A]).

• Bertschinger et al. [25] proposed three additional properties. These
properties focus on the role of the target variable, and their notation can
be found in [25, p. 257f.] or [23, p. 19]: They suggest that a measure of
redundancy (qRKL) shall...
(B1) be invariant at any permutation of source and target variables

(strong symmetry).
(B2) increase monotonically with the target (from T = T1 to T = (T1,T2)).
(B3) satisfy a chain rule for the target variable (target chain rule).

However, the discussion by Bertschinger et al. [25] highlights that further
research is needed to understand the structure of interactions between
multiple target variables. For example, strong symmetry (B1) is inconsis-
tent with Axioms W&B 1-4 [25, p. 260]. Therefore, our proposal cannot
satisfy strong symmetry (B1). This can also directly be seen from our
decomposition having a clear notion of information being from (source)
and about (target) something, which contradicts the symmetry of sources
and targets.
A possible direction for multi-target decompositions was shown by Finn
and Lizier [29] who constructed a decomposition that achieves the target
chain-rule.

• Rauh et al. [42] analyzed existing proposals to find if...
(R1) small probability distribution changes have small effects on the

decomposition measure (continuity).
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(R2) the decomposition measure is additive at (marginally) independent
variables (additivity, [42, Def. 8]).

• Makkeh et al. [36] argue for differentiability with respect to the underly-
ing probability mass function and construct a corresponding decomposi-
tion.

• Kolchinsky [37] proposed an alternative decomposition framework that
objects to the inclusion-exclusion relation of partial information. Thus,
the partial contributions (redundant/unique/synergetic) do not have to
sum to the total amount. He replaces the inclusion-exclusion relation with
the following two axioms for redundancy measures, where ◁ represents
a desired ordering of random variables by informativity. Union measures
are treated analogous (see [37, p. 7]):

if S2 ◁ S1 then qRKL({S1,S2, ...}) = qRKL({S2, ...}) (order equality)
∃Q such that qRKL(α) = IKL(Q;T ) and ∀Si ∈ α. Q ◁ Si (existence)

While our measure does not satisfy the existence axiom, it does satisfy a
target-pointwise version of the existence and order equality axioms (see
Equation 4.21) at the Blackwell order for specific information.

4.3.2 Decomposition measures
We discuss related decomposition proposals and their relation or influence on
our work. To distinguish between them, we add a superscript to the decomposi-
tion function for indicating the authors:

• Williams and Beer [5]: The decomposition of the original proposal is
based on a definition of redundancy as shown in Equation 4.26. Like our
approach, the decomposition is based on specific information (iKL(t;S),
see Equation 4.20 with f (u) = u log(u)) and was until now the only
measure satisfying Axioms W&B 1-4 for an arbitrary number of visible
variables (|V|).

iKL(t;Si) = ∑
s∈Si

PSi|T (s | t) log
(

PSi|T (s | t)
PSi(s)

)
qWB

RKL
(α) := ∑

t∈T
PT (t) ·min

Si∈α
iKL(t;Si)

(4.26)

The literature argues that the measure fails to distinguish “whether differ-
ent random variables carry the same information or just the same amount
of information” [25, p. 269][26, 28, 29]. We agree with this conclusion
and can construct an example to motivate this argument:
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Example 13. Consider a uniform binary target variable T at two visi-
ble variables V = {V1,V2} as visualized in Figure 4.3. The conditional
distributions are constructed to be equivalent for both target states and
provide access to distinct decision regions at a constant specific informa-
tion ∀t ∈ T : iKL(t;V1) = iKL(t;V2) = 0.2.
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I(V1;T ) = I(V2,T ) = qWB
RKL

({{V1},{V2}}) = 0.2

Figure 4.3. Example of the unexpected behavior from Williams and Beer [5]: the dashed
isoline indicates pairs (x,y) for which the conditional distribution PVi|IT (t) provides the
same specific information for a uniform binary target variable.

Our ability to predict the target variable significantly depends on which
of the variables we observe (blue/green in Figure 4.3). Additionally, both
variables have an incomparable informativity based on Definition 32.
Nevertheless, the measure qWB

RKL
concludes full redundancy between both

variables. Thus, we agree with the literature that the measure fails to
distinguish the same information from the same amount of information
by failing to distinguish different types of uncertainty.

As shown in Lemma 12, TV-information (total variation) does not dis-
tinguish between different Neyman-Pearson regions. As a result, our
approach results in a minimum function for the redundancy of its specific
information (see Remark 11 or Lemma 8 of Paper II for more detail).
Thus, we might argue that the construction of Williams and Beer [5] is
valid but inconsistent with the information measures: it is suitable for
total variation instead of mutual information.

• Bertschinger et al. [30] and Griffith and Koch [27] presented information
decompositions for the bivariate scenario V = {V1,V2}, which provide
equivalent results [24, p. 3]. The decomposition can be expressed as
union measure shown in Equation 4.27 at the Blackwell order (Definition
33) [37]: the union is the infimum information of a variable Q that is
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Blackwell superior to both V1 and V2 with respect to the target (⊑T ).

qBROJA
UKL

({{V1},{V2}}) := inf
Q

IKL(Q;T ) s.t. V1 ⊑T Q and V2 ⊑T Q

(4.27)
Comparing Equations 4.21 and 4.27, we can see the main difference:
Bertschinger et al. [30] decompose the expected mutual information us-
ing the Blackwell order at the full channels, while we decompose specific
information using the Blackwell order at indicator channels. The differ-
ence has a significant impact: For the bivariate scenario, the method of
Bertschinger et al. [30] satisfies Axioms W&B 1-4 and Harder’s identity
(Equation 4.25). As a result, the approach cannot maintain non-negativity
when being extended beyond |V|= 2.

• Finn and Lizier [29]: The concept of combining pointwise decomposition
lattices, as discussed in the corresponding dissertation [23], was a large
inspiration for our approach of treating each target state as individual
decomposition at the Blackwell order.
The decomposition of Finn and Lizier [29] is summarized in Equation
4.28. While this proposal does not achieve a non-negative decomposition,
it does satisfy a target chain rule.

Let α = {S1, ..,Sk} and (t,s1, ..,sk) ∈ T ×S1 × ..×Sk in

qFL
RKL

(α) := ET ×S1×..×Sk

[
log

maxi∈{1..k} PSi|T (si | t)
maxi∈{1..k} PSi(si)

]
(4.28)

• Makkeh et al. [36]: This proposal takes a pointwise approach to redun-
dancy like Finn [23]. It also uses an indicator variable, however, for
the sources instead of the target. While the measure does not achieve
non-negativity, it is constructed to be differentiable.

Let α = {S1, ..,Sk} and (t,s1, ..,sk) ∈ T ×S1 × ..×Sk

and Ws1,..,sk := ((S1 = s1) or ... or (Sk = sk)) in

qMGW
RKL

(α) := ET ×S1×..×Sk

[
log

PT |Ws1,..,sk
(t | true)

PT (t)

] (4.29)

• Kolchinsky [37]: The negativity of partial information causes difficul-
ties in its interpretation and may indicate that, redundancy and synergy
have been conflated similar to interaction information. While the pro-
posed cumulative measures (qR/qU ) have been monotonic, computing
the inclusion-exclusion relation (Möbius inverse) caused negative partial
contributions in the existing literature.
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To address this issue, Kolchinsky [37] proposed an alternative frame-
work to Williams and Beer [5], which generalized a common pattern
of previous constructions [30, 27, 28, 68, 69]. However, he removes
the inclusion-exclusion relation of partial information (Axiom W&B 2)
which enables measuring redundancy and synergy independently and
without relation. This framework is characterized by Equation 4.30 and
allows for different ordering relations (◁) between variables.

qK
R (α) := sup

Q
IKL(T ;Q) s.t. ∀Si ∈ α. Q ◁ Si (4.30a)

qK
U(α) := inf

Q
IKL(T ;Q) s.t. ∀Si ∈ α. Si ◁ Q (4.30b)

The definition of redundant and union information directly through the
ordering relations has large practical applicability. However, its use as a
decomposition framework may have limitations. (1) The suggested use
of the Blackwell order does not form a lattice in this general setting based
on Bertschinger and Rauh [52]. As a result, the constructed variable Q
cannot suitably represent the full redundancy or union information, as
there may exist other (Blackwell) incomparable variables satisfying the
same constraint. Additionally, the removal of the inclusion-exclusion
relation has several disadvantages. (2) Since the partial contributions do
not sum to the total amount, it is neither possible to perform basic cal-
culations, nor to explain the negativity of interaction information, nor to
construct information flows as suggested in Figure 4.2. (3) We also lose
the notion of distinct/same information and a possible check against in-
compatible measures of redundant and union information. Finally, (4) we
do not think that extractability to a particular variable Q is fundamentally
required: mutual information itself can be defined from a non-negative
inclusion-exclusion relation and has proven undoubtedly useful without
being the entropy of a surrogate variable Q. In contrast, a similar pattern
can indeed be found in measures like Gács–Körner common information.
Thus, we think the frameworks of Kolchinsky [37] and Williams and Beer
[5] are equally valid, important, and have their respective operational
significance.

4.3.3 Decomposition function comparison
Several small examples are used in the literature to compare decomposition
functions to their expected behavior. We refer the reader to Finn and Lizier [29,
p. 17ff.] for a detailed discussion and intuition behind these distributions. We
provide the decomposition results using their implementations in the dit [70]
Python package in Tables 4.2-4.8:
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Similarities:
• Our approach is equal to Williams and Beer [5] if, for each target state,

some variable (not necessarily the same for each t ∈ T ) is Blackwell
superior to the others with respect to the indicator variable IT (t). The
behavior is sensible since the join will equal the superior indicator channel.
This can be interpreted as both measures satisfying a target-pointwise
version of the order equality (Equation 4.3.1). This applies to most
examples shown below except Table 4.8.

• Our approach is equal to Bertschinger et al. [30] and Griffith and Koch
[27] for two visible variables at a binary target (|T | = 2) due to the
resulting symmetry of both indicator channels. This applies to most
examples shown below except Table 4.4.

Differences:
• Table 4.8 provides an arbitrary example where the corresponding indicator

channels are Blackwell incomparable, such that our results differ from
Williams and Beer [5]. Since the target variable is binary (|T |= 2), our
results still equal Bertschinger et al. [30].

• To see the difference of our approach to Bertschinger et al. [30], we can
view and example where the target variable is not binary (|T |> 2), such
as the two-bit copy example in Table 4.4.

Table 4.2. XOR-gate example. The target is the XOR of two independent variables V1
and V2. Decomposition of mutual information: expecting full synergy.

V1 V2 T Pr
0 0 0 1/4
0 1 1 1/4
1 0 1 1/4
1 1 0 1/4

(a) Distribution.

Method
3

Redundant
1

Unique V1

2

Unique V2

4

Synergy

ours 0 0 0 1
qWB

RKL
[5] 0 0 0 1

qFL
RKL

[29] 0 0 0 1

qBROJA
UKL

[30, 27] 0 0 0 1

(b) Result.

Table 4.3. Unique (Unq) example. The target equals V1, and is independent of V2.
Decomposition of mutual information: expecting fully unique information to V1.

V1 V2 T Pr
0 0 0 1/4
0 1 0 1/4
1 0 1 1/4
1 1 1 1/4

(a) Distribution.

Method
3

Redundant
1

Unique V1

2

Unique V2

4

Synergy

ours 0 1 0 0
qWB

RKL
[5] 0 1 0 0

qFL
RKL

[29] 1 0 -1 1

qBROJA
UKL

[30, 27] 0 1 0 0

(b) Result.
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Table 4.4. Two-bit-copy (TBC). The target is a copy T = (V1,V2) of two independent
variables. Decomposition of mutual information: no consent on the expected result
due to Harder’s identity.

V1 V2 T Pr
0 0 0 1/4
0 1 1 1/4
1 0 2 1/4
1 1 3 1/4

(a) Distribution.

Method
3

Redundant
1

Unique V1

2

Unique V2

4

Synergy

ours 1 0 0 1
qWB

RKL
[5] 1 0 0 1

qFL
RKL

[29] 1 0 0 1

qBROJA
UKL

[30, 27] 0 1 1 0

(b) Result.

Table 4.5. Pointwise unique (PwUnq). Observing V1 or V2 having state 0 provides
no information, state 1 implies T = 0, and state 2 implies T = 1. Decomposition of
mutual information: no consent on the expected result.

V1 V2 T Pr
0 1 0 1/4
1 0 0 1/4
0 2 1 1/4
2 0 1 1/4

(a) Distribution.

Method
3

Redundant
1

Unique V1

2

Unique V2

4

Synergy

ours 0.5 0 0 0.5
qWB

RKL
[5] 0.5 0 0 0.5

qFL
RKL

[29] 0 0.5 0.5 0

qBROJA
UKL

[30, 27] 0.5 0 0 0.5

(b) Result.

Table 4.6. Redundant Error (RdnErr). Both variables directly miss-predict the target
with probability 1/4. Decomposition of mutual information.

V1 V2 T Pr
0 0 0 3/8
1 1 1 3/8
0 1 0 1/8
1 0 1 1/8

(a) Distribution.

Method
3

Redundant
1

Unique V1

2

Unique V2

4

Synergy

ours 0.189 0.811 0 0
qWB

RKL
[5] 0.189 0.811 0 0

qFL
RKL

[29] 1 0 -0.811 0.811

qBROJA
UKL

[30, 27] 0.189 0.811 0 0

(b) Result.

Table 4.7. And-gate example. The target variable is the AND of two independent
binary variables V1 and V2. Decomposition of mutual information.

V1 V2 T Pr
0 0 0 1/4
0 1 0 1/4
1 0 0 1/4
1 1 1 1/4

(a) Distribution.

Method
3

Redundant
1

Unique V1

2

Unique V2

4

Synergy

ours 0.311 0 0 0.5
qWB

RKL
[5] 0.311 0 0 0.5

qFL
RKL

[29] 0.561 -0.25 -0.25 0.75

qBROJA
UKL

[30, 27] 0.311 0 0 0.5

(b) Result.
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Table 4.8. Incomparable indicator channels. Decomposition of mutual information.
V1 V2 T Pr
0 0 0 0.0625
0 0 1 0.3
1 0 0 0.0375
1 0 1 0.05
0 1 0 0.1875
0 1 1 0.15
1 1 0 0.2125

(a) Distribution.

Method
3

Redundant
1

Unique V1

2

Unique V2

4

Synergy

ours 0.1196 0.0272 0.0716 0.1205
qWB

RKL
[5] 0.1468 0 0.0444 0.1477

qFL
RKL

[29] 0.3214 -0.1746 -0.1302 0.3223

qBROJA
UKL

[30, 27] 0.1196 0.0272 0.0716 0.1205

(b) Result.

Remark 16. The ‘three-bit-even parity’ example (Tbep) demonstrates the
inconsistency caused by Harder’s identity. At this distribution, the decompo-
sition of Bertschinger and Rauh [52] is undefined, while the approach of this
work, Finn and Lizier [29], and Williams and Beer [5] provide identical results
(see Figure A3 in Paper I).

4.4 Future directions
Partial Information Decomposition is an attractive research area since it pro-
vides many open questions. There are several possible extensions and directions
for future work based on the presented results:

1. Decomposition lattice extension: The presented decomposition is either
based on the meet or join operator of the target lattice (Blackwell order).
As indicated in Paper I, it is possible to extend the decomposition lattice
for utilizing both target lattice operations in the decomposition. For this
reason, we distinguish between redundant and shared information in Paper I,
which also provides different operational meanings. While this substantially
increases the number of partial contributions, the analysis becomes more fine-
grained, the underlying structure of information is modeled more closely,
and the non-negativity of the decomposition is maintained.

2. Additional decomposition properties: The presented decomposition was
designed to satisfy the original axioms of Williams and Beer [5]. Other
desirable properties, such as continuity and additivity, remain to be analyzed
(see Section 4.3.1)

3. Multi-Target Decomposition: The presented decomposition studies the
structure of information between multiple sources. However, the structure
of information between multiple targets remains unknown.
When decomposing information for a single target, then all considered states
t ∈ T are exclusive and dependent. However, this is not the case for two
states of different target variables. The resulting interactions between target
states have not been addressed in this work, could affect the aggregation of
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specific information, and currently appear to lack a decomposition frame-
work.

4. Extension to finite observations: From our perspective, f -information
is the expected value of quantifying the Neyman-Pearson boundary. This
corresponds to the achievable (TPR,FPR) performance pairs at an infinite
number of predictions for IT (t).
For a finite number of predictions, there is a non-zero probability of achiev-
ing a (TPR,FPR)-pair outside the zonogon. We wonder if extending the
underlying representation to a finite number of predictions was possible
(indicated in Figure 4.4) and extending information measures by quantifying
these structures.
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(b) towards ∞ predictions (zonogon)

Figure 4.4. Can some representation for finite predictions be quantified?

5. Continuous variables: This work only considered discrete source and target
variables (finite number of states). At continuous source variables, we would
expect the zonogon boundary to become a curve and at continuous targets,
we would expect an infinite number of zonogons/curves to integrate. An
extension of the presented decomposition to continuous variables remains to
be studied.

6. Modeling non-categorical target variables: Since the Blackwell order al-
lows applying an arbitrary function to information sources, it is expected that
a notion of distance between source states does not affect the decomposition.
However, this argument does not apply to the target variable, where indicator
channels enforce a categorical treatment. Therefore, we wonder if extending
the studied information measures to include a notion of distance between
target states was possible.

7. Fully-pointwise decompositions: The presented decomposition is target-
pointwise and based on the Blackwell order, which allows for post-garbling
(decoding) a channel. When studying coding problems, Shannon [71, p.
395ff.] allowed pre- and post-garblings (encoding/decoding) and showed that
for 2×2 channels, the resulting ordering can be represented by zonogons
and their convex hull (join). Due to the similarity, we wonder if using
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indicator variables for both, sources and the target, enabled constructing a
fully-pointwise decomposition based on his considered order.

8. Further information measures: The decomposition of information mea-
sures that can not be represented as invertable transformation of an f -
information remain to be studied.

9. Scalability: The redundancy and synergy lattice grow super exponentially.
Therefore, research is needed to develop algorithms that can dynamically
explore the cumulative measure and identify dominant source interactions
without computing the full lattice.
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5. Inequality decomposition

Measures of inequality can provide quantitative insights into the extent of
inequality within society. However, revealing the underlying structure and
contributing factors to inequality requires its decomposition based on forming
subgroups within the population. Such analyses improve our understanding of
social inequality but can also aid system optimizations in engineering.

This section demonstrates that the considered measures from Section 3.1
(qKϱ and qK f ,p) generalize established inequality measures from economics
and social sciences. These results extend the well-established relationship
between information and inequality theory previously explored by Theil [72]
and Shorrocks [73].

Our developed methodology provides a new type of inequality decompo-
sition: characterizing inequality through the interactions between attributes
of individuals. For example, consider a population where each individual has
an education type and region of living as attributes. The interactions between
attributes can be used to study the structure of inequality, as visualized in Figure
5.1. We will refer to this novel perspective as attribute decomposition.

Inequality

4231

5

by education & region

by education by region

3 redundant

1 unique to education type

4 synergetic

2 unique to region

5 missing inequality

total inequality = 3 redundant to both attributes+ 1 unique to first attribute
+ 2 unique to second attribute+ 4 synergetic to both attributes

Figure 5.1. Proposed attribute decomposition: Let each individual have an education
type and region of living. Using the methodology described in Chapter 3, we can
characterize inequality by redundant, unique, or synergetic interactions between these
attributes.
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Notation and terminology
This section provides the used definitions and summarizes all required concepts
more intuitively in Example 14. Inequality can be quantified from probability
distributions. However, we adopt the notation for an empirical set of samples
(a population of individuals) since it relates more closely to the existing litera-
ture [74] and enables the discussion of minimal examples. Like in Chapter 4,
we will use the zonogon order as target lattice with the constructed measures to
obtain a decomposition. Thus, we only have to define a consistent generator
function (Definition 18) for our application.

A population represents a collection of individuals. Each individual has
non-negative inequality dimensions that quantify a variable of interest, such
as disposable income. We may refer to an inequality dimension as dimension
variable, which can take a dimension value. Additionally, each individual
has categorical attribute variables that are used to form subgroups, such as
a region of living, age, or education type. This chapter focuses on analyzing
unidimensional inequality, but we discuss extensions to multidimensional
scenarios in Section 5.2.4.

Definition 43.
• An individual ρ has m inequality dimensions represented by non-negative

real numbers and n categorical attributes with corresponding alphabet
Ai. We will use the following notation to access these values:

ρ .dimension[j] ∈ R≥0 where: 0 < j ≤ m
ρ .attribute[i] ∈ Ai where: 0 < i ≤ n

We assume all inequality dimensions are non-zero for some individual.
• A population model M is a multiset of individuals. We access the individ-

uals of a population by ρ ∈ M and write |M| to indicate the total number
of individuals. This model is fixed and omitted as function argument to
simplify the notation.

• A subgroup specification is a set B that contains attribute indices with
desired attribute values (i,a) ∈ B where a ∈ Ai and 0 < i ≤ n.

• A subgroup is a collection of individuals that is constructed based on a
subgroup specification. The function ϑ(B) returns the subgroup of all
individuals that satisfy the given specification B (Equation 5.1). We write
|ϑ(B)| to indicate the number of individuals within this subgroup.

ϑ(B) := {ρ ∈ M : (∀(i,a) ∈ B)[ρ .attribute[i] = a]} (5.1)

• Let ϕ j(B) be a function that takes a subgroup specification with inequality
dimension (0 < j ≤ m) and returns the sum of the desired dimension
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variable for the corresponding subgroup (Equation 5.2).

ϕ j(B) := ∑
ρ∈ϑ(B)

ρ .dimension[j] (5.2)

• Let S ⊆ {1..n} be a subset of attribute indices.
• Let the function B(S) represent the set of all subgroup specifications for

the attributes of index i ∈ S. This can be expressed, as shown in Equation
5.3, where×A indicates the n-ary Cartesian product for the sets within
A. The function B(S) returns all combinations of attribute values (all
subgroup specifications) for the given attribute indices S. The result can
be used to partition the population.

B(S) :=×{{i}×Ai : i ∈ S} (5.3)

• We represent a partition of the population as stochastic matrix, where the
first row indicates the relative size of the subgroup, and the second row
indicates the relative concentration of the dimension variable.
Let the generator function g j(S) construct a stochastic matrix that repre-
sents the inequality dimension ( j) when partitioning the population based
on the attributes in S, as shown in Equation 5.4. By convention, we omit
zero-columns. The angled braces indicate the equivalence class of the
stochastic matrix from Definition 17 for consistency with Definition 18.

⟨κ⟩= g j(S) :=
〈 |ϑ(B)|

|M|
ϕ j(B)
ϕ j( /0)

: B ∈ B(S)

〉 (5.4)

• For inequality measures, we use a multiset representation of the popu-
lation, as shown in Equation 5.5, where ⊎ indicates the additive union,
and where {x}y generates a multiset with y duplicates of element x. This
multiset represents each individual by the average dimension value within
its subgroup.

D = k j(S) :=
⊎

B∈B(S)

{
ϕ j(B)
|ϑ(B)|

}|ϑ(B)|
(5.5)

• We indicate the arithmetic mean of the multiset representation as µ(D) :=
1/|D|∑d∈D d.

• A unidimensional inequality measure I(D) takes the multiset representa-
tion of a population and returns a non-negative real number.

• We can convert the multiset representation of a population (D = k j(S))
into its matrix form (κ = ϒ(D)) using Equation 5.6. An example of this
conversion can be found in its application (Definition 46 in Appendix A6).
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g j(S) = ⟨ϒ(k j(S))⟩ (5.6a)

where: ϒ(D) :=
1
|D|

·
[

1
d/µ(D)

: d ∈ D
]

(5.6b)

• We can convert the matrix representation of a population (⟨κ⟩= g j(S))
into its multiset form (D = Ω(κ)) using Equation 5.7. The population
size and dimension value may be scaled linearly in the process. However,
as we will see in Section 5.1, any considered measure must be invariant
to this difference by its fundamental properties (also see Remark 19). An
example of this conversion can be found in its application (Example 29
in Appendix A7).

Ω(κ) :=
⊎{

{y · z/x}x/z : [ x
y ] ∈ κ

}
(5.7a)

where: z = GreatestCommonDivisor({x : [ x
y ] ∈ κ}) (5.7b)

Notation
We reserve the following variable meaning and notation:

I unidimensional inequality measure
I multidimensional inequality measure
ρ an individual of the population
n the number of attributes of individuals
m the number of inequality dimensions
M the population model (multiset of individuals)
S a subset of attribute indices
B a subgroup specification
D dimension variable multiset representation of a population
κ stochastic matrix representation of a population

X⊎Y additive union of mutlisets
{x}y replicating an element e.g. {1}3 = {1,1,1}
µ(D) arithmetic mean of the population
ϑ(B) population subgroup from specification
ϕ j(B) sum of inequality dimension j for subgroup ϑ(B)
g j(S) generator of stochastic matrix representation (dimension j)
k j(S) generator of multiset representation (dimension j)

ϒ conversion of multiset to stochastic matrix representation
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Ω conversion of stochastic matrix to multiset representation

Except for Section 5.2.4, we always assume that there exists only one
inequality dimension (m = 1, unidimensional analysis).

Example 14. Consider a model of four individuals M = {ρ1,ρ2,ρ3,ρ4} as
specified below. Each individual has one inequality dimension variable: their
equivalised disposable income per year in Swedish krona thousands. Addition-
ally, each individual has two attributes n = 2, which are their education type
A1 = {A,B} and region of living A2 = {rural, suburban, urban}:

1. first individual: ρ1
• ρ1.dimension[1] = 300 (equivalised disposable income)
• ρ1.attribute[1] = A (education type)
• ρ1.attribute[2] = urban (region of living)

2. second individual: ρ2
• ρ2.dimension[1] = 500
• ρ2.attribute[1] = B
• ρ2.attribute[2] = suburban

3. third individual: ρ3
• ρ3.dimension[1] = 300
• ρ3.attribute[1] = B
• ρ3.attribute[2] = suburban

4. fourth individual: ρ4
• ρ4.dimension[1] = 100
• ρ4.attribute[1] = A
• ρ4.attribute[2] = rural

Using the introduced definitions, we can:
• express the subgroup of...

– all individuals with first attribute (education type) being B as
ϑ({(1,B)}) = {ρ2,ρ3}.

– all individuals with first attribute (education type) being A and
second attribute (region) being rural as ϑ({(1,A),(2, rural)}) =
{ρ4}.

– all individuals ϑ( /0) = {ρ1,ρ2,ρ3,ρ4}.
• calculate the total concentration of a dimension in a subgroup:

– ϕ1({(1,B)}) = 800
– ϕ1({(1,A),(2, rural)}) = 100
– ϕ1( /0) = 1200

• study the inequality between subgroups:
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– the inequality between subgroups formed by their first attribute
(education type) is shown in Equation 5.8.

g1({1}) =
〈 |ϑ({(1,A)})|

|M|
|ϑ({(1,B)})|

|M|
ϕ1({(1,A)})

ϕ1( /0)
ϕ1({(1,B)})

ϕ1( /0)

〉 (5.8a)

=
〈[ 2

|M|
2
|M|

400
ϕ1( /0)

800
ϕ1( /0)

]〉
(5.8b)

=
〈[1

2
1
2

1
3

2
3

]〉
(5.8c)

We see from Equation 5.8b that there are two individuals of each
education type (first row) and that people with education type A
have a total of 400 equivalised disposable income per year while
people with type B have a total of 800.
Similarly, we see in Equation 5.8c that 50% of individuals concen-
trate one-third, and 50% of individuals concentrate two-thirds of
the inequality dimension.

– the inequality between subgroups formed by both attributes (educa-
tion type and region) is shown in Equation 5.9:
{(A, urban), (B,suburban), (A, rural)}

g1({1,2}) =
〈[ 1

|M|
2
|M|

1
|M|

300
ϕ1( /0)

800
ϕ1( /0)

100
ϕ1( /0)

]〉
(5.9a)

=
〈[1

4
1
2

1
4

1
4

2
3

1
12

]〉
(5.9b)

We refer to ‘total inequality’ as the inequality between all distin-
guishable subgroups or individuals. Notice that this example has
two individuals who cannot be distinguished by their attributes (ρ2
and ρ3) and are consequently not separated in the analysis. If de-
sired, this can be addressed by adding a unique identifier (ID) as
third attribute A3.

• represent the indicator distribution between subgroups:
– when distinguishing individuals by their first attribute (education

type), we obtain a multiset where each individual has the average
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dimension value of its subgroup, as shown in Equation 5.10.

k1({1}) =
⊎

B∈{{(1,A)},{(1,B)}}

{
ϕ1(B)
|ϑ(B)|

}|ϑ(B)|

=

{
ϕ1({(1,A)})
|ϑ({(1,A)})|

}|ϑ({(1,A)})|
⊎
{

ϕ1({(1,B)})
|ϑ({(1,B)})|

}|ϑ({(1,B)})|

= {400/2}2 ⊎{800/2}2

= {200,200,400,400}
(5.10)

– when distinguishing individuals by both attributes, we obtain Equa-
tion 5.11.

k1({1,2}) = {300/1}1 ⊎{800/2}2 ⊎{100/1}1

= {300,400,400,100}
(5.11)

Like before, we can see that two individuals are not distinguished in
the analysis without a unique ID.

5.1 Background: inequality theory
This section introduces the required concepts for evaluating unidimensional
inequality and discusses established measures. For a comprehensive resource
on fundamental principles and the measurement of inequality, we refer the
reader to Andreoli and Zoli [75]. Costa and Pérez-Duarte [74] provide a
practical introduction and demonstrate applications.

5.1.1 Properties
The literature highlights that inequality measures should satisfy the following
five properties, commonly expressed on a population’s multiset representation
(D).

Property M1 (Label invariance [74]).
Inequality is invariant to the label of groups or individuals (permutation invari-
ance).

Property M2 (Duplication invariance [76]).
Inequality is invariant when duplicating each individual or subgroup in the
population, as shown in Equation 5.12 (size invariance).

I(D) = I(D⊎D) (5.12)
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Property M2 can be replaced with replication invariance (invariance at repli-
cating a population a finite number of times) without affecting the remaining
work.

Property M3 (Non-negativity with zero at uniform distributions [77]).
• Inequality is non-negative: I(D)≥ 0.
• Inequality is zero if all individuals have the same dimension value.

(∀d1,d2 ∈ D : d1 = d2) =⇒ I(D) = 0 (5.13)

Property M4 (Scale invariance [78]).
Inequality is invariant at a linear scaling of the dimension variable by a
constant factor (unit invariance)

I(D) = I({k ·d : d ∈ D}) where: k ∈ R>0 (5.14)

Property M5 (Pigou-Dalton transfer principle [76, 79]).
Consider the two scenarios D = G⊎{d1,d2} and D′ = G⊎{d′

1,d
′
2}, where

d1 ̸= d2 and (d′
1,d

′
2) is a convex combination of (d1,d2) with c ∈ (0,0.5], as

shown in Equation 5.15. We say D′ represents D after a Pigou-Dalton transfer
between d1 and d2.

d′
1 = (1− c) ·d1 + c ·d2

d′
2 = c ·d1 +(1− c) ·d2

(5.15)

We consider the following two versions...
• weak version: A non-zero Pigou-Dalton transfer (c ∈ (0,0.5]) can only

reduce inequality I(D)≥ I(D′).
• strict version: A non-zero Pigou-Dalton transfer (c ∈ (0,0.5]) must re-

duce inequality I(D)> I(D′).
Satisfying Property M1 extends the range of c ∈ (0,0.5] to c ∈ (0,1) since
c > 0.5 equals a transfer with re-labeling.

Example 15.
Property M5 (Pigou-Dalton transfer) captures the intuition that re-distributing
the dimension variable from wealthy to poor can only decrease inequality.
Consider the values of Example 14:

If ρ1 gives 50 equivalised disposable income (decreasing from 300 to 250)
to ρ4 (increasing from 100 to 150), then this corresponds to a Pigou-Dalton
transfer with c = 0.25 and can only reduce inequality. The notation as convex
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combination with c ∈ (0,0.5] ensures that the wealthy individual still has more
wealth after the transfer.

The concept of Pigou-Dalton transfers creates a lattice of populations with
respect to their inequality, which is discussed in the following section and
builds the foundation for the proposed decomposition.

Definition 44.
We say an inequality measure satisfies the ‘weak Properties M1-M5‘ when
considering the weak version of Property M5.
We say an inequality measure satisfies the ‘strict Properties M1-M5‘ when
considering the strict version of Property M5.

5.1.2 Measures
Several measures are known to satisfy the weak or strict Properties M1-M5.
Some measures of key significance are [74]:

• Gini coefficient [80]:

G(D) =
1

2µ(D)|D|2 ∑
d1∈D

∑
d2∈D

|d1 −d2| (5.16)

• Pietra index [81], also known as Ricci-, Schutz- or Hoover index:

R(D) =
1

2|D| ∑
d∈D

|d −µ(D)|
µ(D)

(5.17)

• Generalized Entropy index [73]: a family where the special case of a = 1
is known as Theil index [72].

a ∈ (0,1) =⇒ GEa(D) =
1

a(a−1)
1
|D| ∑

d∈D

((
d

µ(D)

)a

−1
)

a = 1 =⇒ GE1(D) =
1
|D| ∑

d∈d

d
µ(D)

ln
(

d
µ(D)

)

a = 0 =⇒ GE0(D) =− 1
|D| ∑

d∈D
ln
(

d
µ(D)

)
(5.18)
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• Atkinson index [82]: a family that can be represented as a transformation
of the Generalized entropy index [83].

b ∈ (0,1) =⇒ Ab(D) = 1− [b(b−1)GE1−b(D)+1]
1

1−b

= 1− 1
µ(D)

(
1
|D| ∑

d∈D
d1−b

) 1
1−b

b = 1 =⇒ A1(D) = 1− e−GE0(D)

= 1− 1
µ(D)

(
∏
d∈D

d

) 1
|D|

(5.19)

Remark 17. The parameter range for the Generalized Entropy index and
Atkinson index may be extended depending on the constraints on the inequality
dimension variables. Costa and Pérez-Duarte [74, p. 18] provide a detailed
overview.

5.1.3 Lorenz dominance and the Atkinson criterion
This section first explains how Pigou-Dalton transfers and zonogon subsets
provide the same partial order for the inequality of populations. Then, we
simplify the desired properties introduced before to generalize established
inequality measures in the following section.

Definition 45 (Lorenz curve). [84]
The Lorenz curve represents the relative wealth of the poorest subgroup in
the population as a function of the subgroup size. The Lorenz curve is the
lower boundary of the zonogon of the stochastic matrix representation for the
population [85, 86, 75].

Example 16. Consider that partitioning a population on its first attribute
provides the following stochastic matrix g1({1}) = ⟨

[
0.4 0.3 0.2 0.1
0.05 0.15 0.2 0.6

]
⟩. The

resulting zonogon is visualized in Figure 5.2. Each subgroup or individual
of the partition corresponds to a vector of the stochastic matrix and thus a
boundary segment of the zonogon.

As mentioned before, the concept of a Pigou-Dalton transfer allows ordering
the inequality of different populations independently of a specific inequality
measure. This ordering can be expressed in a variety of forms. For convenience,
we distinguish populations by a particular subscript and use the matrix- and
multiset-representations interchangeably (e.g., κ1 and D1 are two representa-
tions of population nr. 1).
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Figure 5.2. Relation between the zonogon order and Lorenz curve: The Lorenz curve is
the lower zonogon boundary, and each subgroup or individual corresponds to a vector
of the boundary.

Lemma 16 (Fundamental theorem of inequality measurement). [74] [75]
Atkinson [82] and Hardy et al. [87] showed that the following statements are
equivalent for two populations with identical mean dimension values (µ(D1) =
µ(D2)). We refer to population z ∈ {1,2} by Dz or κz interchangeably:

• The population D2 can be constructed by a sequence of Pigou-Dalton
transfers on D1.

• There exists a double stochastic matrix M such that κ2 = κ1M.
• The Lorenz curve of population κ2 is above the Lorenz curve of population

κ1 (non-intersecting Lorenz curves, Lorenz dominance).
• Let w be an increasing concave function then (Atkinson criterion)

1/|D1|∑d∈D1
w(d)≤ 1/|D2|∑d∈D2

w(d)

Takeaway

The zonogon subset relation corresponds to ordering populations by
sequences of Pigou-Dalton transfers, Lorenz dominance, or the Atkinson
criterion (Definition 45 and Lemma 16).
We encourage the reader to simply view zonogons as representing the
Lorenz curve throughout this section.

Remark 18. Considering Property M4 (scale invariance) allows removing the
constraint for the same mean dimension value of both populations in Lemma
16, since the mean value can be normalized by re-scaling.

Remark 19. We introduced two representations of populations for the analyses:
stochastic matrices (Equation 5.4) and multisets (Equation 5.5). Since we can
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always construct the Lorenz curve from the multiset representation (see [74, p.
14]), we can convert multisets to stochastic matrices (Equation 5.6). We can
similarly convert stochastic matrices to multisets (Equation 5.7): the population
size and absolute dimension value are lost in the normalization. However, they
can be chosen arbitrarily since inequality shall be invariant to these factors by
Properties M2 and M4.

If an inequality measure is a valuation for the order of unit stochastic matrices
(Definition 17), then it satisfies Properties M1-M5 [75]. For the context of this
work, we consider the following two versions:

Lemma 17.
We interchangeably refer to population z ∈ {1,2} by Dz or κz. Consider an
inequality measure I(·) that satisfies Equation 5.20.

(any) I({1}) = 0 (5.20a)
(any) ⟨κ1⟩= ⟨κ2⟩=⇒ I(D1) = I(D2) (5.20b)

(weak) ⟨κ1⟩ ⊑K ⟨κ2⟩=⇒ I(D1)≤ I(D2) (5.20c)
(strict) ⟨κ1⟩⊏K ⟨κ2⟩=⇒ I(D1)< I(D2) (5.20d)

• If an inequality measure is a weak valuation (weak Equation 5.20), then
it satisfies the weak Properties M1-M5.

• If an inequality measure is a strict valuation (strict Equation 5.20), then
it satisfies the strict Properties M1-M5.

Proof. A detailed discussion can be found in Paper III. However, the result
should be intuitive from the introduced relations.

M1 Label invariance: the zonogon is invariant to subgroup labels. Thus, the
valuation I(·) is invariant to it by Equation 5.20b.

M2 Duplication invariance: the zonogon is invariant to the population size
(normalized first matrix row). Thus, the valuation I(·) is invariant to it by
Equation 5.20b.

M3 The zero index for uniform distributions is enforced by Equations 5.20a
and 5.20b (zonogon order bottom element D= {1}) and the non-negativity
by Equations 5.20c and 5.20d.

M4 Scale invariance: the zonogon is invariant to the dimension scale (nor-
malized second matrix row). Thus, the valuation I(·) is invariant to it by
Equation 5.20b.

M5 Pigou-Dalton transfers: By Lemma 16, the zonogon subset relation is
equivalent to the existence of non-zero Pigou-Dalton transfers.
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We have already seen that the zonogon order has a practical operational
meaning to inequality theory. To apply the methodology of Chapter 3, we
additionally require a consistent generator function.

Lemma 18. The generator function of Equation 5.4 satisfies the consistency
requirement for the decomposition (Definition 18).

S1 ⊆ S2 =⇒ gi(S1)⊑K gi(S2) (5.21)

Proof. Partitioning a population corresponds to a sequence of Pigou-Dalton
transfers (uniformly distributing wealth within each subgroup). Similarly, com-
bining subgroups (coarsening the partition) can be represented as a sequence
of Pigou-Dalton transfers.

If S1 ⊆ S2, then we can obtain the partition on S1 by combining subgroups
in the partition from S2. This enforces the zonogon order on their stochastic
matrices by Lemma 16.

Example 17. Considering the setting of Example 14. Given the partition on
both attributes S2 = {1,2} (education type and region), we can construct the
partition for S1 = {1} (education type) by aggregating all subgroups based
on S2 with identical education type. Thus, S1 corresponds to a sequence of
Pigou-Dalton transfers that generates a uniform wealth distribution between
all subgroups of same education type in the partition of S2.

Finally, understanding the role of the join operation from the zonogon order
is important for the operational interpretation of our following decomposition.

Lemma 19. The join operation of the zonogon order represents the attribute
dependence of minimal inequality, and the zonogon for any other dependency
forms a superset.

Proof. By consistency (Lemma 18) the zonogon for the joint distribution of
attributes is a superset of the zonogons for each individual attribute. Thus, any
joint distribution is a superset of their convex hull.

Like in information theory, the convex hull provides a population from which
each individual zonogon can be constructed by coarsening the partition, thus
providing a valid attribute dependence (joint distribution).
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Takeaway

The partitioning of populations based on a set of attributes provides a
consistent generator for the decomposition. Due to the same reasons dis-
cussed in Section 4.1.2, the join of the used target lattice represents the
ideal dependence between attributes: the convex-hull of Lorenz curves
from two population partitionings represents their attribute dependence
of minimal inequality for all considered measures.

5.2 Attribute decomposition
This section first provides an intuition for the proposed attribute decomposition
based on examples. Then, we highlight the relation between the inequality
measures of Section 5.1.2 and the zonogon valuations of Section 3.2. This di-
rectly provides the proposed attribute decomposition for established inequality
measures.

5.2.1 Attribute decomposition intuition
We adopt typical examples from partial information decompositions [29] to
inequality theory to provide an intuition of the desired attribute decomposition.

Example 18 (Redundant contribution). Figure 5.3 provides a scenario with two
attributes that are re-labeled copies of each other. Since inequality is invariant
to the label of subgroups (Property M1), partitioning on any set of attributes
provides the same result. As visualized by the corresponding Venn diagram, we
can conclude that inequality is redundant to both attributes.

individual A1 A2 wealth
ρ1 A C 0
ρ2 B D 1

Inequality by A1

Inequality by A2

Inequality by A1 & A2

=

=

3

Figure 5.3. Redundancy example: fully redundant contribution by both attributes.

Example 19 (Unique contribution). Figure 5.4 provides a scenario where par-
titioning on the second attribute provides a uniform distribution, and thus by
Property M3 zero inequality (no unique or redundant contributions). Partition-
ing on the first or both attributes provides two Lorenz equivalent populations
and thus by Property M5 the same inequality. We can conclude from the
resulting Venn diagram that all inequality is unique to the first attribute.
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individual A1 A2 wealth
ρ1 A C 0
ρ2 A D 0
ρ3 B C 1
ρ4 B D 1

Inequality by A1

Inequality by A2 is 0

Inequality by A1 & A2

=1

Figure 5.4. Unique example: fully unique contribution by attribute A1.

Example 20 (Synergetic contribution). Figure 5.5 provides a scenario where
partitioning on each attribute individually provides a uniform distribution, and
thus by Property M3 zero inequality (no unique or redundant contribution).
Partitioning the population on both attributes does not provide a uniform distri-
bution. We can conclude from the resulting Venn diagram that all inequality is
synergetic to both attributes.

individual A1 A2 wealth
ρ1 A C 0
ρ2 A D 1
ρ3 B C 1
ρ4 B D 0

Inequality by A1 is 0

Inequality by A2 is 0

Inequality by A1 & A2

4

Figure 5.5. Synergetic example: fully synergetic contribution by both attributes.

All constructed attribute decompositions will provide the results of Examples
18-20 since they are fully determined by the decomposition framework and
inequality properties (Axioms W&B 1-3 and Properties M1-M5).

5.2.2 Decomposing the Gini coefficient
It is well-known that the Gini coefficient satisfies the strict Properties M1-M5
and corresponds to twice the area between the Lorenz curve and diagonal [72, p.
121]. Thus, the Gini coefficient equals the zonogon’s area from the population’s
matrix representation. This is a special case of the introduced type I valuation
from Section 3.2 with a constant density (ϱ) of one (Equation 5.22).

∀S. G(k j(S)) = qKϱ(g j(S))
where: ∀x,y ∈ [0,1]. ϱ(x,y) = 1

(5.22)

Theorem 3 (Gini coefficient: attribute decomposition).
Equation 3.3 provides a non-negative (type I) attribute decomposition for the
Gini coefficient.
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Proof. By Lemma 4, Lemma 7, and Lemma 18, the resulting decomposition
satisfies Axioms W&B 1-3 (extended monotonicity, inclusion-exclusion re-
lation, non-negativity). By Equation 5.22 (see [72, p. 121] or [74, p. 17]),
the decomposition measure matches the Gini coefficient (equivalent to Axiom
W&B 4).

Remark 20. It is important to note that the operational interpretation of
type I decompositions differs from type II decompositions: Since a type I
decomposition is based on the meet of the zonogon order (rather than the
join), synergy can be non-zero at an optimal attribute dependence. Therefore,
the decomposition of the Gini coefficient does not provide the operational
interpretation that synergy can be fully attributed to the attribute dependence.
For this reason, we recommend using f -inequalities (introduced next) for
attribute decompositions.

5.2.3 Decomposing f -inequality
We define a family of inequality measures that provide a type II attribute
decomposition and demonstrate that they generalize established inequality
measures, such as the Pietra, Generalized Entropy and Atkinson indices.

Definition 46 ( f -inequality).
We define f -inequality I f ,p(·) to be the type II valuation qK f ,p(·) of Section
3.2.2 (Definition 23) on the matrix representation of a population, as shown in
Equation 5.23.

I f ,p(k j(S)) := qK f ,p(g j(S)) (5.23a)

I f ,p(D) = qK f ,p(ϒ(D)) (5.23b)

This definition can be simplified to Equation 5.24, as shown in Appendix A6.

I f ,p(D) =
1
|D| ∑

d∈D

f (τ(p,µ(D),d))
τ(p,µ(D),d)

where: τ(p,u,d) :=
u

pu+(1− p)d

(5.24)

Due to its relevance for established inequality measures, we directly highlight
the special case of p = 0 in Equation 5.25:

I f ,0(D) =
1
|D| ∑

d∈D

d
µ(D)

f
(

µ(D)

d

)
(5.25)
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Lemma 20. If the generator function f is strictly convex and p ∈ [0,1), then
the resulting f -inequality satisfies the strict Properties M1-M5; otherwise, the
weak Properties M1-M5.

Proof. By Lemma 11, the measure is a valuation of the zonogon order (weak
or strict depending on convexity). By Lemma 17, valuating the zonogon order
implies satisfying Properties M1-M5 (weak or strict depending on convexity).

Lemma 21 (Special f -inequalities).
The Pietra index and Generalized Entropy index are special cases of f -inequality,
as shown in Equation 5.26, and their parameters are valid generators for f -
divergences.

R(D) = I f ,p(D) where: p = 0 and f (u) =
|u−1|

2
(5.26a)

GEa(D) = I f ,p(D) where: p = 0 and f (u) =
u1−a −u
a(a−1)

(5.26b)

GE1(D) = I f ,p(D) where: p = 0 and f (u) =− ln(u) (5.26c)

GE0(D) = I f ,p(D) where: p = 0 and f (u) = u ln(u) (5.26d)

Proof. See Appendix A6.

Remark 21. The Pietra index was already well-known to equal the maximal
zonogon height [74]. This additionally confirms the relation of Lemma 12
about the corresponding generator function f (·).

Since the established inequality measures correspond to p = 0, the interpre-
tation and impact of adding this parameter are worth discussing. It can be seen
from Equation 5.24 that the parameter p can be interpreted as pre-processing
that shifts the dimension variable of each individual closer to the population
average dnew = p ·µ(D)+(1− p) ·dold. This pre-processing does not affect the
dimension average (µ(D)). Therefore, the measured inequality must decrease
for any given population when increasing the parameter p until it reaches zero
for p = 1.

However, each parameter p should be viewed as generating an independent
inequality measure since changing this parameter changes the ordering of
Lorenz incomparable populations, as shown in Example 21.

For this purpose, we distinguish the same inequality from the same amount
of inequality: Due to the ordering by Pigou-Dalton transfers (Property M5),
the inequality between two populations is the same if they generate the same
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zonogon (Lorenz curve equivalence). In contrast, we say two populations have
the same amount of inequality if a measure assigns both populations the same
score.

Example 21. To demonstrate that Lorenz incomparable populations are ranked
differently depending on the parameter p, we arbitrarily consider the Gen-
eralized Entropy index with a = 0 (GE0) by using the f -inequality I f1,p with
f1(u) = u ln(u) and p ∈ {0.1,0.9}. Then, we consider the set of all populations
that can be represented by a 2× 2 (row) stochastic matrix, as indicated in
Figure 5.6. This family of populations can be represented using two parameters
(x,y).

We refer to an isoline as plot that visualizes which parameter combinations
of the population (x,y) result in the same inequality index. Conveniently,
the corresponding zonogons have a single edge that coincides with this line
(indicated by light-gray zonogon boundaries in Figure 5.6). Therefore, the
isoline represents a set of populations with same amount of inequality according
to a particular measure.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x

y

Inequality isolines

qK f1,0.1
(κ) = 0.5

qK f1,0.9
(κ) = 0.009

f1(t) = t ln(t)

⟨κ⟩=
〈[x 1− x

y 1− y

]〉

Figure 5.6. Each parameter p generates a distinct inequality measure, as it can be seen
from the isolines intersecting.

As expected, we can see that the same population (isoline intersection)
obtains a lower inequality index at a higher value of p. However, when
ignoring the scale of the measure, we can consider the set of populations with
same amount of inequality (the isolines). We can directly see that these sets
contain populations that would be ranked Lorenz inferior to a population in
the other: in Figure 5.6, the visualized example of p = 0.1 is a superset of the
zonogon for p = 0.9. However, we could have chosen two populations with
same amount of inequality that reverse this relation.

Thus, both inequality measures rank Lorenz incomparable populations dif-
ferently and should be considered distinct measures.
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Decomposing f -inequality
Since f -inequality corresponds to the type II valuation of Section 3.2, we can
utilize the corresponding method for its decomposition.

Theorem 4 (Attribute decomposition: f -inequality).
Equation 3.5 provides an attribute decomposition of f -inequality that satisfies
Axioms W&B 1-3 with the generator function of Equation 5.4 at the order-
ing of stochastic matrices from Definition 17. Equation 5.27 provides the
decomposition functions (union and synergy) for the inequality dimension j.

qU f ,p, j(α) :=

{
qK f ,p(⟨

[
1
1

]
⟩) if α = {} or α = {{}}

qK f ,p (
⊔

S∈α g j(S)) otherwise
(5.27a)

qS f ,p, j(α) := qK f ,p(⟨
[

1 0
0 1

]
⟩)−qU f ,p, j(α) (5.27b)

Proof. By Lemma 18, the used generator function is consistent. This implies
by Lemma 11 that the inequality measure of Definition 46 satisfies the require-
ments for a type II decomposition. Therefore, Lemma 5 implies that using
Equation 3.5 for the decomposition ensures Axioms W&B 1-3.

Corollary 3 (Attribute decomposition: Pietra and Generalized Entropy).
Theorem 4 provides an attribute decomposition of the Pietra index and Gen-
eralized Entropy index that satisfies the adopted Axioms W&B 1-4 for these
measures.

Proof. By Theorem 4, the decomposition of f -inequalities satisfies Axioms
W&B 1-3. By Lemma 21, the Pietra index and Generalized Entropy index are
special cases of f -inequalities. Thus, the decomposition function matches the
desired measure (equivalent to Axiom W&B 4).

Remark 22. Notice that the flow analyses from Section 3.1.3 can also directly
be applied to inequality measures. This provides detailed insights for under-
standing how a sequence of Pigou-Dalton transfers impacts the structure of
inequality in the considered population. We omit a flow analysis demonstration
in this chapter.

Operational meaning
The operational interpretation for the attribute decomposition of f -inequality
is analog to the previous information decomposition: The used notion of
union inequality represents the attribute dependence that leads to the minimal
inequality at any sensible measure according to Property M5. This enables the
full attribution of synergy to the dependency between attributes:
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• using Pigou-Dalton transfers:
– If an attribute provides unique inequality, then no sequence of Pigou-

Dalton transfers from another attribute can provide the same inequal-
ity.

– If a set of attributes provides synergetic inequality, then it can be
reduced through a sequence of Pigou-Dalton transfers without af-
fecting the inequality due to the marginal attributes.

• using Lorenz curves:
– If an attribute provides unique inequality, then its corresponding

Lorenz curve is (Lorenz) incomparable to the others.
– If a set of attributes provides synergetic inequality, then the Lorenz

curve can be reduced using only the dependence between attributes.
Consequently, synergetic inequality can be reduced by re-distributing the in-
equality dimension based on the attribute dependence or by increasing the
dependence between attributes. Unique inequality can be reduced by re-dis-
tributing the inequality dimension based on the particular attribute or changing
its distribution.

Decomposing the Atkinson index
With a non-negative decomposition of the Generalized Entropy index, we can
apply the methodology from Section 3.1.2 (re-graduations). This provides
an attribute decomposition for the Atkinson index with identical operational
interpretation.

Definition 47 (Addition of Atkinson indices).
Equation 3.8 provides the following notions of addition for Atkinson indices:

vb(z) :=

{
1− e−z if b = 1

1− [b(b−1)z+1]
1

1−b if 0 < b < 1
(5.28a)

Ab(D) = vb(GE1−b(D)) (5.28b)

x ⊕Atk.
b y := vb(v−1

b (x)+ v−1
b (y)) (5.28c)

x ⊖Atk.
b y := vb(v−1

b (x)− v−1
b (y)) (5.28d)

Lemma 22. The transformation between the Generalized Entropy and Atkinson
index satisfies the requirements for a re-graduation by Definition 20.

Proof. The proof is shown in Appendix A6.

Theorem 5. Re-graduating the decomposition of the Generalized Entropy index
(Corollary 3) using Equation 3.9 provides an attribute decomposition for the
Atkinson index. It satisfies the adopted Axioms W&B 1-4 when considering their
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respective notion of addition and subtraction (Definition 47) in the inclusion-
exclusion relation (Möbius inverse).

Proof. By Corollary 3, we have an attribute decomposition of the Generalized
Entropy index that satisfies the adopted Axioms W&B 1-4. By Lemma 22,
the Atkinson index is a re-graduating of the Generalized Entropy index. By
Lemma 6, Equation 3.9 provides an attribute decomposition for the Atkinson
index that also satisfies the adopted Axioms W&B 1-4 at the transformed
notion of additional and subtraction (Definition 47) at the inclusion-exclusion
relation.

Remark 23. Flow analyses for the Atkinson index can be obtained as re-
graduation of the flows from the Generalized Entropy index or by performing
the computations of Section 3.1.3 with the transformed operations of Definition
47.

5.2.4 Decomposing multivariate inequality
This section examines the opportunities and challenges of extending the pre-
sented attribute decomposition to multidimensional inequality (m > 1). Such
measures have to analyze multidimensional distributions, and Andreoli and
Zoli [75] discuss two aggregation orders: A) First, aggregating the dimension
variables to represent each individual by a single value and then applying an
inequality measure. B) Measuring the inequality in each dimension, and then
aggregating its results. The latter approach has the substantial disadvantage of
being insensitive to the dependency between dimension variables (see Example
22) [75]. However, since this approach aggregates the partial contributions of
each dimension, it directly provides a valid new attribute decomposition.

Definition 48 (Multidimensional f -inequality).
Consider quantifying multidimensional inequality as a linear combination of
f -inequalities for each dimension, as shown in Equation 5.29 with w j ∈ R≥0.
Notice that each dimension can use a different generator function f j and
parameter p j.

I(S) :=
m

∑
j=1

w jI f j,p j(k j(S)) =
m

∑
j=1

w j ·qK f j ,p j
(g j(S)) (5.29)

All f -inequalities share the same notion of addition and multiplication, such
that their partial contributions sum accordingly, as shown in Equation 5.30
using the decomposition function of Equation 5.27. However, since each
dimension is decomposed individually, a global attribute dependence that leads
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to zero synergy in all dimensions may not exist.

IS(α) :=
m

∑
j=1

w j ·qS f j ,p j , j
(α) (5.30a)

IδS(α) :=
m

∑
j=1

w j ·qδS f j ,p j , j
(α) (5.30b)

Finally, the multidimensional inequality measure can be re-graduated (Equation
5.31), transforming the measures and operators as expected from Equation 3.8
by a function v.

v(IS(α)) = v(w1)⊙ v(qS f1,p1,1
(α))⊕ ... ⊕ v(wm)⊙ v(qS fm,pm,m(α)) (5.31a)

v(IδS(α)) = v(w1)⊙ v(qδS f1,p1,1
(α))⊕ ... ⊕ v(wm)⊙ v(qδS fm,pm,m(α)) (5.31b)

The defined multidimensional f -inequalities are easily decomposable and
deeply related to information measures. However, the used construction has an
important limitation: it is invariant to the dimension variable dependence as
highlighted by Andreoli and Zoli [75] and shown in Example 22.

Example 22. Table 5.1 adopts an example given by Andreoli and Zoli [75,
p. 20]. We summarize their results on multidimensional inequality since it
provides valuable insights for information measures (see Section 6.1).

For all partitionings of the populations in Table 5.1, we obtain maximal
inequality in each dimension individually. Thus, the scenarios of Table 5.1 (a)
and (b) must obtain the same amount of multidimensional f -inequality. How-
ever, one could argue that the second scenario represents less inequality than
the first: In Table 5.1 (a), the same individual is wealthier in both dimensions,
while in (b) each individual has more wealth than the other in some dimension.

Table 5.1. Two populations that obtain the same multidimensional f -inequality.

(a) First population

individual dimension variable ( j = 1) dimension variable ( j = 2)

ρ1 1 1
ρ2 0 0

(b) Second population

individual dimension variable ( j = 1) dimension variable ( j = 2)

ρ1 0 1
ρ2 1 0
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The used structure to define multidimensional f -inequality is easily decom-
posable, but invariant to the dependency between inequality dimensions.

We presented a suitable attribute decomposition for unidimensional inequal-
ity. However, the definitions and extensions for multidimensional inequality
remain challenging for the above reasons. Similar to the Blackwell order in
information theory, the literature on inequality theory studies ordering rela-
tions based on higher-dimensional zonoids [85, 86, 75]. However, adopting
these approaches will likely cause two known issues from partial information
decompositions: 1) zonoids with subset relation do not form a lattice beyond
two dimensions, and neither do stochastic matrices at multiplications [30]. As
a result, these orders do not provide a unique underlying representation for a
notion of union or intersection. 2) The non-negativity of the decomposition
would get lost [52, 37].

This excursion to multidimensional inequality aimed to highlight additional
relations and challenges for measuring information and inequality. The remain-
ing work will return to the unidimensional setting.

5.3 Related work
The proposed attribute decompositions can be related to two established con-
cepts in the economic literature: Shapley values and subgroup decompositions.

5.3.1 Shapley values
A different notion of synergy is well established in economic game theory
through Shapley values. This concept is being applied to inequality mea-
sures [88], which raises the question of its relation to our work. We adopt these
definitions to our considered scenario of unidimensional inequality:

Definition 49 (Game synergy and Shapley values). [89, 90]
Game synergy is a function GS : P({1, ..,n})→ R that takes a set of attribute
indices and returns a real value, as shown in Equation 5.32.

GS(S) := ∑
/0̸=A⊆S

(−1)|S|−|A|I f ,p(k1(A)) (5.32)

Game synergy can be used to compute Shapley values SV : {1, ..,n} → R
(Equation 5.33), which quantifies the contribution of each attribute (i).

SV(i) := ∑
A⊆({1,..,n}\{i})

GS(A∪{i})
|A|+1

(5.33)
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Example 23. Consider the minimal example of a population with two attributes.
Definition 5.32 provides the following three game synergies:

GS({1}) =
1 3

I f ,p(k1({1}) (5.34a)

GS({2}) =
2 3

I f ,p(k1({2}) (5.34b)

GS({1,2}) =
1 2 3 4

I f ,p(k1({1,2})−
1 3

I f ,p(k1({1})−
2 3

I f ,p(k1({2}) (5.34c)

=
4

our synergy−
3

our redundancy (5.34d)

This provides the following results for Shapley values:

SV(1) =
GS({1})

1
+

GS({1,2})
2

(5.35a)

=

3

our redundancy
2

+
1

unique first attribute+
4

our synergy
2

(5.35b)

SV(2) =
GS({2})

1
+

GS({1,2})
2

(5.35c)

=

3

our redundancy
2

+
2

unique second attribute+
4

our synergy
2

(5.35d)

Shapley values decompose the total inequality to a contribution by each at-
tribute:

I f ,p(k1({1,2})) = SV(1)+SV(2) (5.36)

We can see from Example 23 that our decomposition is consistent but
more fine-grained: the proposed attribute decomposition can decompose game
synergy and Shapley values. This provides the following interpretation:

• Game synergy:
– Game synergy conflates redundant and synergetic interactions. Like

interaction information, game synergy is the difference between
both attributes’ synergetic and redundant contributions.

– The results explain the possible negativity of game synergy: it is
positive if the synergetic interactions are dominant and negative if
the redundant interactions are dominant.
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– Separating the redundant and synergetic contributions using the
proposed attribute decomposition provides significant additional in-
formation since both components cancel each other in game synergy.

• Shapley values:
– A Shapley value decomposition assigns each attribute its unique

contribution and evenly distributes the redundant and synergetic
contributions.

– Shapley values fail to separate redundant, unique, and synergetic in-
teractions. Therefore, the proposed attribute decomposition provides
a consistent but more detailed analysis.

Takeaway

The presented attribute decompositions can decompose game synergy
and Shapley values to highlight how they conflate synergetic and redun-
dant interactions.

5.3.2 Subgroup decompositions
A particularly common approach to decomposing inequality is the subgroup
decomposition [91, 77, 92, 93, 74]: As indicated by Equation 5.37, this frame-
work considers a particular partition of the population and aims to decompose
the total inequality into the inequality between subgroups and the inequality
within subgroups.

total inequality = (inequality between subgroups)

+ ∑
subgroup ∈ partition

(inequality within subgroup) (5.37)

This approach provides a different perspective compared to our attribute de-
composition:

• A subgroup decomposition studies the interactions between different
subgroups in a particular partitioning of the population.

• An attribute decomposition studies the interactions between different
partitionings of the population.

Subgroup decompositions also provide a set-theoretic intuition about the struc-
ture of inequality. Figure 5.7 visualizes this perspective compared to the
attribute decomposition of Figure 5.1. We can see in green how inequality is
distributed within and between the three types of regions (green). For each
region, we can split the inequality further by the two education types (blue).

From this visualization, we can see the complementing nature of subgroup
and attribute decompositions:

• A subgroup decomposition provides insights for the inequality of par-
ticular attribute values (e.g. rural, suburban, urban). However, it does
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Inequality

by region
within rural

within suburban
within urban

within rural within education type A
within suburban within education type B
within urban between education types
between regions

Figure 5.7. Visual intuition for a subgroup decomposition in comparison to the attribute
decomposition of Figure 5.1.

not provide insights into the interactions between attributes (regions and
educations).

• An attribute decomposition provides insights into the interactions between
attributes (regions and educations). However, it does not provide insights
for the inequality of particular attribute values (e.g. rural, suburban,
urban)

Takeaway

Subgroup and attribute decompositions are complementing techniques.

Shorrocks [92] demonstrated that the Generalized Entropy index is the full
family of additively subgroup decomposable inequality measures. Consider a
particular partition of the population based on the set of attributes S. Then, the
Generalized Entropy index can be decomposed as shown in Equation 5.38 [74],
where the weight of each subgroup only depends on its relative size and relative
average dimension value. An example calculation for subgroup decompositions
can be found in Example 28 of Appendix A7.

Let ϑ j(A) := {ρ .dimension[j] : ρ ∈ ϑ(A)} in

inequality between all individuals︷ ︸︸ ︷
GEa(ϑ j( /0)) =

inequality between subgroups︷ ︸︸ ︷
GEa(k j(S)) +

∑
B∈B(S)︸ ︷︷ ︸

sum over subgroups in partition

|ϑ j(B)|
|ϑ j( /0)|

(
µ(ϑ j(B))
µ(ϑ j( /0))

)a

︸ ︷︷ ︸
subgroup weight

from relative size and average

· GEa(ϑ j(B))︸ ︷︷ ︸
inequality within subgroup

(5.38)
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5.4 Future directions
The presented results provide several novel opportunities for the study of
inequality. Among others, possible directions for future work include:

1. Applications: This work developed the technique of attribute decomposi-
tions. It would be interesting to apply these concepts to practical datasets
and evaluate the results in collaboration with experienced domain experts.

2. Fuzzy grouping: Current decompositions assume that attributes are
categorical to form a clear partition of the population. We think allowing
for a more fuzzy notion of subgroups would be desirable, where each
individual does not strictly belong to a subgroup but has a certain distance
to each subgroup. For example, a person’s age is discrete in years but
arguably not categorical since it has an ordering relation and clear notion
of distance.

3. Multidimensional inequality: As highlighted in Section 5.2.4, the anal-
ysis of multidimensional scenarios requires further research. This work
studied the interactions between attributes but did not study the interac-
tions between inequality dimensions. The dependencies between inequal-
ity dimensions may cause new interactions and decomposition compo-
nents that require a framework extension. This may also provide essential
insights for understanding and constructing multi-target information de-
compositions.

4. Further inequality measures: The attribute decomposition for inequality
measures that can not be represented as invertable transformation of an
f -inequality or the Gini coefficient remain to be studied.

5. Measures of fairness: Inequality measures can be used to evaluate the
relation between the contribution and distribution of resources. This
could be used to construct attribute decomposable measures of fairness.

6. Explainable machine learning: Shapley values have become an estab-
lished tool in the area of explainable machine learning [94]. As discussed
in Section 5.3.1, Shapley values conflate redundant and synergetic inter-
actions. Therefore, it may be interesting to explore the application of the
presented decomposition techniques to this area.

7. Scalability: The redundancy and synergy lattice grow super exponen-
tially. Therefore, research is needed to develop algorithms that can dy-
namically explore the cumulative measure and identify dominant attribute
interactions without computing the full lattice.
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6. Reflections

The careful reader will have noticed additional results from the relation of
Chapters 4 and 5 that have not been discussed explicitly:

1. The equivalence between information and inequality measurement.
2. An alternative (complementing) type of information decomposition.

This section is dedicated to the overarching relationship between both domains
and its implications.

6.1 Equivalence of information and inequality
For the studied functions, we identified an underlying relation between specific
information and unidimensional inequality due to their natural representation
and ordering:

• Information: The Neyman-Pearson region forms a zonogon. The condi-
tion that (specific) information can only get lost when processing directly
corresponds to the zonogon subset relation.

• Inequality: The Lorenz curve forms a zonogon. The condition that
(unidimensional) inequality can only get lost at transfers from wealthy to
poor (Pigou-Dalton transfers) directly corresponds to the zonogon subset
relation.

As a result, any meaningful measure for either domain must be a valuation of
the zonogon order. This can be utilized practically to convert measures between
both applications.

Takeaway: Measure transformation

Consider a measure of unidimensional inequality that takes the multiset
representation of a population (Equation 6.1a) and a measure of specific
information that takes an indicator channel and the probability of state
t ∈ T (Equation 6.1b).

inequality(D) (6.1a)
specific_information(PS|IT (t),PT (t)) (6.1b)

We can convert measures between both domains as outlined below:
• Information measure → Inequality measure:
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1. Convert the multiset population into its matrix representation (using
ϒ from Definition 43).

2. Interpret the matrix representation as an indicator channel and apply
a measure of specific information (Equation 6.2). We recommend
using the target state probability of zero (PT (t) = 0). However, any
value of PT (t) would provide a valid inequality measure.

inequality(D) = specific_information(ϒ(D),PT (t)) (6.2)

• Inequality measure → Information measure:
1. Interpret the indicator channel as a population matrix and transform

it into its multiset representation (Equation 6.3d, using Ω from
Definition 43).

2. Treat PT (t) as pre-processing on the inequality dimension (Equation
6.3c, using µ from Definition 43).

3. Apply the given measure of unidimensional inequality (Equation
6.3b).

4. Take the expected value over the target states to obtain the overall
information measure (Equation 6.3a).

information(S;T ) = Et∈T
[
specific_information(PS|IT (t),PT (t))

]
(6.3a)

specific_information(PS|IT (t),PT (t)) = inequality(D) (6.3b)

D = {PT (t)µ(X)+(1−PT (t))d : d ∈ X} (6.3c)
X = Ω(PS|IT (t)) (6.3d)

Some equivalences between established measures are summarized in Table
6.1. We think it would be desirable to survey existing measures in the future to
identify their relation. Moreover, measure re-graduations that provide useful
properties in one domain are likely also promising to the other.

Table 6.1. Relation of established specific f -information and f -inequality measures.

specific f -information Generator unidimensional f -inequality

specific total variation f (t) = 0.5|t −1| Pietra index
specific rev. KL-information f (t) =− ln(t) Theil index (GE1)
specific mutual information f (t) = t ln(t) Generalized Entropy (GE0)

Notably, specific mutual information is a special case of the Generalized
Entropy index (GE0).
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Finally, f -information is a special case of the defined multidimensional
f -inequality. Therefore, Example 22 could be adjusted to ask whether a union
measure for multi-target decompositions should be sensitive to the dependency
between target states. This relation may provide novel insights for constructing
multidimensional inequality measures or question the structure of possible
multi-target decomposition functions.

6.2 The subgroup structure of information
Due to the equivalence between specific mutual information and the Gener-
alized Entropy index (GE0), we can transfer the major results of Shorrocks
[73, 92] from inequality to information theory: mutual information is subgroup
decomposable by Equations 5.38 and 6.3.

Consider coarsening a source variable S to a new variable Q. Coarsening
a variable provides a partition of the original source states, as visualized in
Figure 6.1.

According to the relation identified above (Equations 5.38 and 6.3), specific
mutual information has a recursive substructure: the specific information of the
source S equals the specific information of the coarsened variable Q (between
subgroups) plus a weighted sum of specific information computed from the
probability distribution within each subgroup group. In the case of mutual
information, the subgroup weight directly equals the subgroup’s probability.
Taking the expected value over t ∈ T provides a decomposition of mutual
information. We demonstrate the computation of a subgroup decomposition
for mutual information in Example 29 of Appendix A7.

Q = (V1)

S = (V1,V2)

:

: (v11,v21) (v11,v22) (v12,v21) (v12,v22)

(v11) (v12)

Figure 6.1. Meaning of subgroup decompositions for information measures. Consider
two variables with alphabets V1 = {v11,v12} and V2 = {v21,v22}.

Both resulting decomposition perspectives are visualized in Figure 6.2.
While the approach of Williams and Beer [5] focuses on the structure of
interactions between variables, the approach of Shorrocks [73] focuses on the
structure of information between specific variable states. Just like for inequality
measures, both decompositions complement each other.

The subgroup decomposability of mutual information could be viewed as
a fundamental property: splitting a group of source states should reveal the
information contained within it. The consequent question is: Which class
of information measures admits subgroup decomposability? Shorrocks [73,
92] showed that the Generalized Entropy index is the complete family of

110



(V1,V2)

V1

V2

4

1

3

2

4 synergetic
1 unique (V1) 3 redundant
2 unique (V2)

(a) Variable interaction decomposition

Information

by groups in V2

within {v21,v22}
within {v23,v24}

within {v11,v12} within {v21,v22}
within {v13,v14} within {v23,v24}
between groups in V1 between groups by V2

(b) State interaction decomposition

Figure 6.2. Two complementing decomposition frameworks. Consider two variables
with the alphabets V1 = {v11,v12,v13,v14} and V2 = {v21,v22,v23,v24}. (a) The frame-
work of Williams and Beer [5] can highlight the interactions between variables. (b)
The framework of Shorrocks [92] can highlight the interactions between states.

additively subgroup decomposable inequality measures, and thus all subgroup
decomposable specific information measures. This is a subset of f -inequalities
as it can be seen from Equation 5.26.

6.3 Overview of results
In this thesis, we developed the first alternative partial information decom-
position to the original proposal of Williams and Beer [5] that achieves non-
negativity at an arbitrary number of sources. Moreover, we generalized the
decomposition from mutual information to any f -information and Rényi-infor-
mation. Then, we highlight the relation between specific information and
unidimensional inequality, as studied in economics and social sciences. This
provided a generalization of established inequality measures ( f -inequality),
and a novel type of inequality decomposition (attribute decomposition). Finally,
we demonstrated that the subgroup decompositions of Shorrocks [73] also
provides a novel subgroup decomposition for mutual information.

Chapter 3 developed the used methodology for constructing non-negative
decompositions in the framework of Williams and Beer [5]. We related a
target lattice with practical operational interpretation and inclusion-exclusion
inequality to the redundancy or synergy lattice. Additionally, we highlighted
the possibility of re-graduating a decomposition measure and tracing the flow
of partial contributions.

From these preliminaries, we constructed non-negative decompositions for
the zonogon order. We began with measures that correspond to the area or mass
of a zonogon to provide an intuition. Then, we proved that the zonogon order

111



satisfies an inclusion-exclusion inequality under the Minkowski sum. This was
utilized by using measures that satisfy a triangle inequality on the zonogon
perimeter for constructing non-negative decompositions.

Chapter 4 demonstrated that the developed zonogon measure with triangle in-
equality on the boundary equals specific f -information. This directly provided
its decomposition and could be re-graduated to decompose Rényi-information.

Chapter 5 demonstrated that the constructed zonogon measures also gen-
eralized established inequality measures, such as the Gini coefficient, Pietra
index, or Generalized Entropy index. This provided their decompositions, and
its re-graduation decomposed the Atkinson index. Moreover, we highlighted
that Shapley values and Game synergy conflate redundant and synergetic inter-
actions.

Finally, we reflected on the relationship between inequality and information
measures, and showed the subgroup decomposability of mutual information.

6.4 Conclusion
The decomposition of information and inequality is fundamental to many
applied research questions in complex systems, computer science, economics,
and sociology. To be used by experts and practitioners, these decompositions
should provide a set-theoretic behavior to avoid misleading intuitions and a
meaningful operational interpretation. Moreover, the decompositions should
support a variety of measures since each measure provides significance to other
applications.

In this thesis, we developed several novel techniques that satisfy all the
abovementioned requirements. Attribute and subgroup decompositions can be
used to gain deeper insights from empirical data and help researchers under-
stand the structure of dynamics within their system. This enables professionals
to make informed decisions and understand the impact of changes to a system.

While developing these tools, we deepened the established relationship
between measuring inequality and information. This improved the bridge
between established communities and can be used by researchers to transfer
results between domains. Therefore, we provide a foundation for further
theoretical research and practical tools for novel analyses in applied research to
various domains.
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Sammanfattning på Svenska

För att förstå komplexa system – såsom kommunikationsnätverk, ekosystem
eller sociala populationer – förlitar vi oss på observationer (eller källor) som
fångar specifika aspekter av deras struktur och beteende. Dessa observationer
fungerar som en lins som gör det möjligt att mäta och analysera systemets
centrala egenskaper. I detta arbete riktar vi in oss på information och ojämlikhet
och undersöker och utforskar hur observationer bidrar till deras kvantifiering.
Genom att analysera hur information och ojämlikhet är fördelade strävar vi
efter att förstå de underliggande meknanismerna och de drivkrafter som formar
systemets dynamik.

För att få en djupare förståelse av systemets struktur och interaktioner är
det avgörande att kunna dela upp och analysera information och ojämlikhet.
Även om dessa koncept vid första anblick kan tyckas orelaterade, framträder
en överraskande koppling mellan dem.

Avhandlingen börjar i informationsteori och undersöker hur information
kan delas upp i information som överförs redundant av flera källor, unikt av
en enskild källa eller synergistiskt genom samspelet mellan flera källor. Detta
centrala koncept har länge varit en öppen frågeställning eftersom det inte finns
någon tydlig definition av hur mätbara mängder av information från flera källor
överlappar.

För att åstadkomma den önskade uppdelningen använder vi Neyman-Pearson
beslutsteori som en grundläggande representation av information eller osäker-
het. En Neyman-Pearson-region är en polygon som visar osäkerheten kring en
ja-eller-nej-fråga givet en källa genom att illustrera och särskilja de möjliga fel
man kan göra. När man lägger till en källa ökar information och osäkerheten
minskas, vilket också reflekteras i delmängdsrelation av deras Neyman-Pearson-
regioner. Utifrån detta konstruerar vi en uppdelning av information baserat
på en kvantifiering av Neyman-Pearson-regioner som leder till intuitionen att
informationens källor motsvarar mängder, och att informationsmått motsvarar
deras kardinalitet. Till exempel bör den mängdteoretiska unionen av två in-
formationskällor motsvara minsta möjliga mängd kombinerad information,
och kan direkt representeras av den minsta konvexa mängden som innehåller
deras Neyman-Pearson-regioner. Vi kallar all information utöver unionen som
synergisk och kan tillskriva den fullt ut beroendet mellan källor.

Avhandlingen påpekar sedan en direkt relation mellan informationsteori
och ojämlikhetsteori. Ojämlikhet i en population kan mätas med hjälp av
Lorenzkurvan, som visar den kumulativa förmögenheten hos den fattigaste
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delen av befolkningen. Lorenzkurvan bildar också en konvex polygon och beter
sig lika som Neyman-Pearson-regionerna. Här ser vi att ojämlikhet bara kan
minskas när man överför rikedom från rik till fattig och detta motsvarar direkt
delmängdsrelationen för de underliggande polygonerna.

Som ett resultat kunde vi överföra våra resultat från informationsteori till
ojämlikhetsteori: vi generaliserar etablerade ojämlikhetsmått och introducerar
deras uppdelning. Med vår metod kan vi bryta ner ojämlikhet för att förstå hur
ojämlikhet är unikt, redundant eller synergistiskt karaktäriserat av interaktioner
från attribut som utbildning och hemvist, till exempel. Även i detta fall kan
synergier fullt ut tillskrivas det inbördes beroendet mellan attributen.

Vi jämför vår metod med två etablerade metoder: Shapley values och sub-
group decompositions. Subgroup decompositions analyserar ojämlikhet inom
och mellan undergrupper av en population, medan Shapley values direkt till-
skriver ojämlikhet till varje undergrupp. Därmed tillskriver dessa metoder
ojämlikhet till en enskild attribut (feature) hos individerna. I kontrast jämför
vår uppdelning olika sätt att gruppera populationen för att förstå interaktioner
och beroenden mellan egenskaper (features) hos individerna. Med andra ord
fångar vår metod interaktioner och beroenden mellan flera attribut, såsom
utbildning och hemvist.

Slutligen reflekterar vi över sambandet mellan mätning av ojämlikhet och
information. Vi illustrerar hur mått kan översättas mellan de två domänerna
genom att demonstrera omvandlingen mellan informationskällor och popula-
tioner baserat på den underliggande strukturerna, representerad av polygoner.
Därefter utnyttjar vi denna relation för att visa ekvivalensen mellan centrala
mått inom båda områdena. Vidare visar vi att den etablerade uppdelningen av
ojämlikhetsmått framhåller en ny uppdelning för informationsmått, som finns
mellan och inom grupper av möjliga observationsvärden från källor.

Sammanfattningsvis för avhandlingen två viktiga bidrag: (1) Vi fördjupar
relationen mellan informationsteori och ojämlikhetsteori för att överföra resultat
mellan dem. (2) Vi föreslår en ny metod för att dela upp informations- och
ojämlikhets-mått med flera variabler som var ett öppet problem. En särskild
egenskap som tidigare har saknat är att alla resultat är icke-negativa – en
avgörande förutsättning för att teorin ska upplevas som intuitivt och begripligt.

Resultaten av detta arbete har en direkt praktisk betydelse genom att ge
experter inom områdena nya verktyg för att fördjupa sin förståelse av systemen
och analysera effekterna av förändringar. De utvecklade teknikerna har ett
brett spektrum av användningsområden, inklusive sekretessanalyser, robust
beslutsfattande, förklarbar maskininlärning, analys av faktorer som påverkar
ojämlikhet samt utvärdering av effekterna av olika policyer.
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Appendix A1.
Background: ordered sets and lattices

This appendix provides the required background on lattices and orders for the
context of this work.

Ordered sets
Definition 50 (Preorder). [95, p. 3][96, p. 204]
Let (≾) be an ordering relation for elements of a set x,y ∈ A. If x ≾ y, then we
say that x is a predecessor of y or that y is a successor of x. If two elements are
neither a predecessor nor a successor, then we call them incomparable. The
pair (A,≾) is called a preorder if it satisfies the following two properties for
all x,y,z ∈ A:
1. Reflexivity: x ≾ x,
2. Transitivity: (x ≾ y and y ≾ z) =⇒ x ≾ z.
A strict preorder can be defined using Equation A1.4.

(x ≺ y) := (x ≾ y and ¬(y ≾ x)) (A1.4)

Definition 51 (Equivalence). [95, p. 3][96, p. 204]
Let (≈) be defined as shown in Equation A1.5 for all x,y ∈ A.

(x ≈ y) := (x ≾ y and y ≾ x) (A1.5)

The relation (≈) is an equivalence relation:
1. Reflexivity: x ≈ x,
2. Transitivity: (x ≈ y and y ≈ z) =⇒ x ≈ z,
3. Symmetry: x ≈ y ⇐⇒ y ≈ x.

Definition 52 (Partition). [95, p. 3]
Let ⟨x⟩ represent the set of all equivalent elements to x ∈ A (Equation A1.6),
which we call its equivalence class.

⟨x⟩ := {y ∈ A : x ≈ y} (A1.6)

Let P (Equation A1.7) represent the set of all equivalence classes from (A,≾).

P := {⟨x⟩ : x ∈ A} (A1.7)
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P is a partition of A:
1. Non-empty: /0 /∈ P
2. Exhaustive: A =

⋃
x∈P x

3. Disjoint: ∀x,y ∈ P. (x ̸= y =⇒ x∩y = /0)

Definition 53 (Partial order). [97, p. 2][95, p. 2][96, p. 1]
A preorder (A,⪯) without equivalent elements (Property 3: antisymmetry) is
called a partial order.
3. Antisymmetry: ∀x,y ∈ A. ((x ⪯ y and y ⪯ x) =⇒ x = y)

Lemma 23. [95, p. 3][96, p. 204]
Let (A,≾) be a preorder. The ordering of its resulting equivalence classes
provides a partial order (B,⪯), as shown in Equation A1.8.

B := {⟨x⟩ : x ∈ A} (A1.8a)
(⟨x⟩ ⪯ ⟨y⟩) := (x ≾ y) (A1.8b)

Example 24. Throughout this work, we use Lemma 23 to construct partial
orders from preorders: Consider the set A = {a,b,c,d} with the preorder
(≾) shown in Figure A1.3a. We note the equivalence classes of elements
as ⟨a⟩ = ⟨b⟩ = {a,b}, ⟨c⟩ = {c} and ⟨d⟩ = {d}. We can group equivalent
elements based on this preorder to form the partitioning B = {{a,b},{c},{d}}
(Equation A1.8). This ensures antisymmetry (no equivalent elements) and
provides a partial order (B,⪯) shown in Figure A1.3b.

c

a ≈ b d

≿≾

(a) preorder (A,≾)

{c}

{a,b} {d}

⪰⪯

(b) resulting partial order (B,⪯)

Figure A1.3. Example of constructing a partial order from a preorder.

Definition 54 (Total order). [97, p. 3]
A partial order (A,≤) in which all elements are comparable (Property 4:
strongly connected) is called a total order.
4. Strongly connected: ∀x,y ∈ A. x ≤ y or y ≤ x.

Definition 55 (Up-/Down-set). [23, p. 11]
Let (A,⪯) be a partial order. The set of all predecessors or successors of an
element x ∈ A is called down-set (↓ x) and up-set (↑ x), respectively. Their

118



strict versions ↓̇ x and ↑̇ x exclude the element x itself.

↓ x := {y ∈ A : y ⪯ x} (down-set) (A1.9a)

↓̇ x := {y ∈ A : y ≺ x} (strict down-set) (A1.9b)
↑ x := {y ∈ A : x ⪯ y} (up-set) (A1.9c)

↑̇ x := {y ∈ A : x ≺ y} (strict up-set) (A1.9d)

Definition 56 (Top/Bottom). [97, p. 16]
A partial order (A,⪯) may have a top element (⊤ ∈ A) and a bottom element
(⊥ ∈ A). A top and bottom element exists if some element satisfies Equation
A1.10.

∀x ∈ A. x ⪯⊤ (A1.10a)
∀x ∈ A. ⊥⪯ x (A1.10b)

Definition 57 (Cover). [97, p. 7]
For a partial order (A,⪯) with x,y,z ∈ A, we say that x is covered by y, or that
y covers x if y is an immediate successor of x.

(x ≺· y) := x ≺ y and (x ⪯ z ≺ y =⇒ x = z) (A1.11)

Notation 11. For an element x ∈ A of a partial order (A,⪯), we notate the set
of all immediate successors as x+ and immediate predecessors as x−.

x+ := {y ∈ A : x ≺· y} (A1.12a)

x− := {y ∈ A : y ≺· x} (A1.12b)

Example 25. Consider the example of subsets ordered by inclusion as shown
in Figure A1.4: Let A = {a,b,c} and define a partial order from its power
set P(A) with the subset relation (⊆). The partial order has a top element
⊤ = {a,b,c} and a bottom element ⊥ = /0. We notate the up-set of {a} as
↑ {a} = {{a},{a,b},{a,c},{a,b,c}} and its strict down-set as ↓̇ {a} = { /0}.
We notate the set of all immediate successors of {b} as {b}+ = {{a,b},{b,c}}
and the set of immediate predecessors of {a,b} as {a,b}− = {{a},{b}}.

Definition 58 (Order-preserving). [97, p. 10]
Consider two partial orders (A,⪯) and (X,⊑) with a map φ : A → B. We say
the function φ is:
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/0

{a} {c}{b}

{a,b} {b,c}{a,c}

{a,b,c}

Figure A1.4. The partial order (P(A),⊆).

• order-preserving if it satisfies ∀a,b ∈ A. (a ⪯ b =⇒ φ(a)⊑ φ(b))
• order-reversing if it satisfies ∀a,b ∈ A. (a ⪯ b =⇒ φ(b)⊑ φ(a))

Lattices
Definition 59 (Bounds). [97, p. 27]
Let (A,⪯) be a partial order, and let B ⊆ A. We say an element x ∈ A is an
upper/lower bound of B if it is a successor/processor of all elements y ∈ B. We
notate the set of all upper and lower bounds as Bu and Bℓ, respectively:

Bu := {x ∈ A : (∀y ∈ B)[y ⪯ x]} (A1.13a)

Bℓ := {x ∈ A : (∀y ∈ B)[x ⪯ y]} (A1.13b)

Definition 60 (Infimum/supremum). [97, p. 27]
Let (A,⪯) be a partial order, and let B ⊆ A. If there exists a largest/smallest el-
ement in Bℓ/Bu, then it is called the greatest lower bound (infimum, infB)/least
upper bound (supremum, supB).

infB := x where: x ∈ Bℓ and (∀y ∈ Bℓ)[y ⪯ x] (A1.14a)
supB := x where: x ∈ Bu and (∀y ∈ Bu)[x ⪯ y] (A1.14b)

Example 26. Considering the example in Figure A1.4 with B = {{a},{b}},
then Bu = {{a,b},{a,b,c}} are the upper bounds and Bℓ = { /0} the lower
bounds on all elements in B. Thus, a supremum supB = {a,b} and an infimum
infB = { /0} exists.

Definition 61 (Lattice). [97, p. 109]
A partial order (A,⪯) is called a lattice if every pair x,y ∈ A has an infimum
and supremum. This can be used to define the binary operations meet (x⋏ y)
and join (x⋎ y):

(x⋏ y) := inf{x,y} (A1.15a)
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(x⋎ y) := sup{x,y} (A1.15b)

The meet and join operations provide an algebra (A,⋎,⋏) that satisfies the
following properties:

(a⋏b)⋏ c = a⋏ (b⋏ c) (associativity) (A1.16a)
(a⋎b)⋎ c = a⋎ (b⋎ c) (A1.16b)

a⋏b = b⋏a (commutativity) (A1.16c)
a⋎b = b⋎a (A1.16d)
a⋏a = a (idempotency) (A1.16e)
a⋎a = a (A1.16f)

a⋏ (a⋎b) = a (absorption) (A1.16g)
a⋎ (a⋏b) = a (A1.16h)

The algebraic (A,⋎,⋏) and ordering (A,⪯) based definition of lattices is
equivalent by the Connecting Lemma, which allows using them interchange-
ably.

Lemma 24 (Connecting). [97, p. 109]
For a lattice (A,⪯), the following three statements are equivalent:

(x ⪯ y) ⇐⇒ (x⋎ y = y) ⇐⇒ (x⋏ y = x) (A1.17)

Definition 62 (Distributive lattice). [97, p. 131]
We say a lattice (A,⪯) is distributive if it additionally satisfies distributivity for
all x,y,z ∈ A:

x⋏ (y⋎ z) = (x⋏ y)⋎ (x⋏ z) (distributivity) (A1.18a)
x⋎ (y⋏ z) = (x⋎ y)⋏ (x⋎ z) (A1.18b)

Example 27. The example in Figure A1.4 is a distributive lattice [97, p. 131].
For the power set lattice (P(A),⊆), the meet of two elements equals their
intersection and the join their union. This can be seen directly from Lemma 24
with x,y ∈ P(A), since x ⊆ y ⇐⇒ x∪y = y ⇐⇒ x∩y = x. Subsets are closed
under the set union and intersection, which are distributive operations.

Definition 63 (Lattice homomorphism). [97, p. 113] Consider two lattices
(A,⋎,⋏) and (B,⊔,⊓) with x,y ∈ A. A meet- and join-preserving map g : A →

121



B (Equation A1.19) is called a lattice homomorphism.

g(x⋎ y) = g(x)⊔g(y) and g(x⋏ y) = g(x)⊓g(y) (A1.19)

Definition 64 (Lattice isomorphism). [97, p. 113]
Consider two lattices (A,⋎,⋏) and (B,⊔,⊓). A bijective lattice homomor-
phism is a lattice isomorphism.

If there is a one-to-one homomorphism, meaning g : A → B is an injective
function, then the sublattice { f (x) : x ∈ A}⊆ B is isomorphic to A and is called
an embedding of A into B.

For the context of this work, a Corollary of Birkhoff’s Representation Theo-
rem [43, 44] is sufficient:

Corollary 4 (Birkhoff’s Representation Corollary). [97, p. 171]
Any distributive finite lattice is isomorphic to a lattice of sets.
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Appendix A2.
Proof: decomposition lattice

This appendix contains the proofs for Lemmas 1 and 2 from Section 2.2.

Lemma 1 (Lattice partitioning (duality)).
The following two sets provide a partition of the redundancy lattice:

↑R α and
⋃
{↓R {S} : S ∈ dualR→S(α)} (A2.20)

The following two sets provide a partition of the synergy lattice:

↑S α and
⋃
{↓S {S} : S ∈ dualS→R(α)} (A2.21)

Proof.
1. Equation A2.20:

• Case α = {}: This is the top element, and its upset is {⊤R}. Its dual atom
{V} is its immediate predecessor on the redundancy lattice, and thus all
remaining atoms are in its down-set. Both sets partition the lattice.

• Case α = {{}}: This is the bottom element on the redundancy lattice, and
its up-set contains all other atoms. Its dual atom is {}, which does not
contain any source, and thus leads to the empty set. Both sets partition the
lattice.

• Case α ∈ A(V)\{⊤R,⊥R}: We begin by rewriting Equation A2.20 using
Definitions 5, 7 and 8 as shown below. Additionally, Ψ(α) is equivalent
(≈R) to the n-ary Cartesian product of α by Equation 2.11. For all β ∈
A(V):

α ⪯R β ⇐⇒¬(∃S ∈ dualR→S(α). β ⪯R {S})
α ⪯R β ⇐⇒ (∀S ∈ dualR→S(α). ¬(β ⪯R {S}))
α ⪯R β ⇐⇒ (∀S ∈ Ξ(Ψ(α)). ¬(β ⪯R {S}))
α ⪯R β ⇐⇒ (∀S ∈ Ψ(α). ¬(β ⪯R {V\S}))
α ⪯R β ⇐⇒ (∀S ∈×α. ¬(β ⪯R {V\S}))

(∀b ∈ β . ∃a ∈ α. a ⊆ b)⇐⇒ (∀S ∈×α. ∀b ∈ β . b ⊈ (V\S))
(∀b ∈ β . ∃a ∈ α. a ⊆ b)⇐⇒ (∀b ∈ β . ∀S ∈×α. b∩S ̸= /0)

The sources S in the n-ary Cartesian product of α is constructed by choos-
ing one variable from each source in α:
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(=⇒) For all b ∈ β , there exists some a ∈ α that is its subset. We construct S
by selecting one variable from each source in α and thus must choose
a variable contained in a. This ensures that there exists an element (x)
contained in all b ∈ β .

(⇐=) Since α = Ψ(Ψ(α)) ≈R××α , it is sufficient to show××α ⪯R β :
Fix a particular b and select an element of the intersection b∩ S to
construct a set a. The resulting set a is a subset of b, and the procedure
can be repeated for all b ∈ β . This shows that××α ⪯R β and implies
that α ⪯R β .

2. Equation A2.21:
• Case α = {}: This is the top element with the up-set {⊤S}. Its dual atom
{{}} is its only immediate predecessor on the synergy lattice, and thus all
remaining atoms are in its down-set. Both sets partition the lattice.

• Case α = {{}} has the up-set {α,⊤S}. Its set of immediate predecessors
{{{Vi}} : Vi ∈ V} directly corresponds to its dual atom with all remaining
atoms in their down-set.

• Case α ∈A(V)\{⊤S,{{}}}: We begin by rewriting Equation A2.21 using
Definitions 5, 7, and 8, and Equation 2.16 as shown below. Additionally,
we utilize that dualS→R(α) is a bijection on the set of atoms A(V) for a
change of variables γ := dualS→R(α):

α ⪯S β ⇐⇒¬(∃S ∈ dualS→R(α). β ⪯S {S})
α ⪯S β ⇐⇒ (∀S ∈ dualS→R(α). ¬(β ⪯S {S}))

dualR→S(γ)⪯S β ⇐⇒ (∀S ∈ γ. ¬(β ⪯S {S}))
Ξ(Ψ(γ))⪯S β ⇐⇒ (∀S ∈ γ. ¬(β ⪯S {S}))
Ψ(γ)⪯R Ξ(β )⇐⇒ (∀S ∈ γ. ¬(β ⪯S {S}))

×γ ⪯R Ξ(β )⇐⇒ (∀S ∈ γ. ¬(β ⪯S {S}))
(∀b ∈ Ξ(β ). ∃a ∈×γ. a ⊆ b)⇐⇒ (∀S ∈ γ. ∀b ∈ β . S ⊈ b)

(∀b ∈ β . ∃a ∈×γ. a ⊆ (V\b))⇐⇒ (∀S ∈ γ. ∀b ∈ β . S ⊈ b)
(∀b ∈ β . ∃a ∈×γ. a∩b = /0)⇐⇒ (∀S ∈ γ. ∀b ∈ β . S ⊈ b)
(∀b ∈ β . ∃S ∈×γ. S∩b = /0)⇐⇒ (∀b ∈ β . ∀a ∈ γ. a ⊈ b)
The sources S in the n-ary Cartesian product of γ is constructed by choosing
one variable from each source in γ:

(=⇒) Fix an arbitrary b ∈ β . We can choose one variable from each source in
a ∈ γ to construct S without having an intersection with b. This implies
that all sources a ∈ γ contain an element missing in b and thus a ⊈ b.

(⇐=) Fix an arbitrary b ∈ β . Since all a ∈ γ are not a subset of b, they have at
least one element missing in b. Construct S by choosing one of these
missing elements, which ensures that ∃S ∈×γ that has no intersection
with b.
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Corollary 5.

qR(⊤R) = ∑
β∈↑Rα

qδR(β )+ ∑
/0̸=β⊆α

(−1)|β |−1qR(β ) (A2.22a)

qS(⊤S) = ∑
β∈↑Sα

qδS(β )+ ∑
/0̸=β⊆α

(−1)|β |−1qS(β ) (A2.22b)

Proof. This relation follows directly from Lemma 1: use an inclusion-exclusion
principle to calculate the contribution of the second partition and use that the
meet on both lattices is equivalent to the set-theoretic union.

Lemma 2.
The decomposition duality and inclusion-exclusion principle create the expected
relation between measures shown in Axiom W&B 2.

qS(α) = qR(⊤R)− ∑
/0̸=β⊆α

(−1)|β |−1qR(β ) (A2.23a)

qR(α) = qS(⊤S)− ∑
/0̸=β⊆α

(−1)|β |−1qS(β ) (A2.23b)

Proof. Equation A2.24 is obtained from Corollary 5 using Equation 2.26. This
directly implies Equation A2.23 since the dual transformations are bijections
on the decomposition lattice.

qS(dualR→S(α)) = qR(⊤R)− ∑
/0̸=β⊆dualR→S(α)

(−1)|β |−1qR(β ) (A2.24a)

qR(dualS→R(α)) = qS(⊤S)− ∑
/0̸=β⊆dualS→R(α)

(−1)|β |−1qS(β ) (A2.24b)
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Appendix A3.
Proof: decomposition non-negativity

This appendix contains the proofs for Lemmas 4 and 5 from Section 3.1.

Lemma 4:
Consider a lattice (A,⊑)/(A,⊔,⊓) with valuation q : A → R≥0 that satisfies
the type I inclusion-exclusion inequality (Equation 3.2a) and q(⊥) = 0.
Consider the decomposition lattice (A(X),⪯R) with redundancy measure as
defined in Equation 3.3 and a consistent generator g : P(X)→ A.
The resulting decomposition satisfies Axioms W&B 1-3.

qR(α) :=


q(⊥) if α =⊥R = {}
q(⊤) if α =⊤R = {{}}
q
(d

S∈α
g(S)

)
otherwise

Proof.
1. Extended monotonicity (Axiom W&B 1) let α,β ∈ P(P(X)) with α ⪯R β :

a) Assume β =⊤R:

∀α. q(⊤)≥


q(⊥)

q(⊤)

q
(d

S∈α
g(S)

) (by Def. 2)

∀α. qR (β )≥ qR (α) (by Eq. 3.3)

b) Assume α =⊥R:

∀β . q(⊥)≤


q(⊥)

q(⊤)

q
(d

S∈α
g(S)

) (by Def. 2)

∀β . qR (α)≤ qR (β ) (by Eq. 3.3)

c) Assume α,β /∈ {⊥R,⊤R}:
We use Definition 5 to obtain Equation A3.25a. Then, we obtain Equation
A3.25b from Definition 18, Equation A3.25c from the properties of the
meet, Equation A3.25d from Definition 2, and Equation A3.25e from
Equation 3.3.

(α ≾R β ) =⇒ (∀S2 ∈ β . ∃S1 ∈ α. S1 ⊆ S2) (A3.25a)
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=⇒ (∀S2 ∈ β . ∃S1 ∈ α. g(S1)⊑ g(S2)) (A3.25b)

=⇒

 l

S1∈α

g(S1)

⊑

 l

S2∈β

g(S2)

 (A3.25c)

=⇒ q

(
l

S∈α

g(S)

)
≤ q

l

S∈β

g(S)

 (A3.25d)

=⇒ qR(α)≤ qR(β ) (A3.25e)

d) This shows Axiom W&B 1 for all cases.
2. The inclusion-exclusion relation (Axiom W&B 2) can be satisfied by com-

puting partial contributions using the Möbius inverse (see Eq. 2.31). Let
α,β ∈ A(X):

qδR(α) := qR(α)− ∑
β ↓̇R α

qδR(β ) (A3.26a)

= qR(α)− ∑
/0̸=B⊆α−R

(−1)|B|−1qR

(k
R
B
)

(A3.26b)

3. Non-negativity (Axiom W&B 3):
a) Assume α =⊥R:

In this case, the set of immediate predecessors α−R = {} is empty. By
Equation 3.3, the redundancy measure is zero qR(⊥R) = 0, and so is its
partial contribution qδR(α) = 0 ≥ 0.

b) Assume α =⊤R:
In this case, the set of immediate predecessors is α−R = {{V}}.

qδR(α) = qR(α)−qR({V}) (by Eq. A3.26b)
qδR(α) = q(⊤)−q(g(V)) (by Eq. 3.3)

0 ≤ q(⊤)−q(g(V)) (by Def. 2)
0 ≤ qδR(α)

c) Assume α /∈ {⊥R,⊤R}:
In this case, the set of immediate predecessors α−R is non-empty. To
show the non-negativity of partial contributions, we construct bounds on
the two components of Equation A3.26b:
i. A lower bound on qR(α):

We obtain Equation A3.27a from Equation A3.25c, Equation A3.27b
from the properties of the join, Equation A3.27c from Definition 2,
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and Equation A3.27d from Equation 3.3.

∀γ ∈ α
−R .

l

S∈γ

g(S)

⊑

(
l

S∈α

g(S)

)
(A3.27a)

 ⊔
γ∈α−R

l

S∈γ

g(S)

⊑

(
l

S∈α

g(S)

)
(A3.27b)

q

 ⊔
γ∈α−R

l

S∈γ

g(S)

≤ q

(
l

S∈α

g(S)

)
(A3.27c)

q

 ⊔
γ∈α−R

l

S∈γ

g(S)

≤ qR(α) (A3.27d)

ii. An upper bound on the inclusion-exclusion relation:
We use Equation 3.2a with B = {

d
S∈γ

g(S) : γ ∈ α−R} to obtain Equa-
tion A3.28b.

q
(⊔

B
)
≥ ∑

/0̸=C⊆B
(−1)|C|−1q

(l
C
)

(A3.28a)

q

 ⊔
γ∈α−R

l

S∈γ

g(S)

≥ ∑
/0̸=C⊆α−R

(−1)|C|−1q

l

γ∈C

l

S∈γ

g(S)

 (A3.28b)

Then, we can join both meet operators on the right-hand side (Eq.
A3.29a) and utilize that the meet on the redundancy lattice is equivalent
to their union (Eq. A3.29b, see Section 2.2 and the consistency from
Equation A3.25c). Then, we utilize the definition of qR (Eq. 3.3 in Eq.
A3.29c).

q

 ⊔
γ∈α−R

l

S∈γ

g(S)

≥ ∑
/0̸=C⊆α−R

(−1)|C|−1q

 l

S∈
⋃

C

g(S)

 (A3.29a)

q

 ⊔
γ∈α−R

l

S∈γ

g(S)

≥ ∑
/0̸=C⊆α−R

(−1)|C|−1q

 l

S∈
c

R C

g(S)

 (A3.29b)

q

 ⊔
γ∈α−R

l

S∈γ

g(S)

≥ ∑
/0̸=C⊆α−R

(−1)|C|−1qR

(k
R
C
)

(A3.29c)
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By transitivity of Equations A3.27d and A3.29c, we obtain Equation
A3.30a. Re-writing and applying Equation A3.26b provides the non-
negativity of partial contributions.

qR(α)≥ ∑
/0̸=C⊆α−R

(−1)|C|−1qR

(k
R
C
)

(A3.30a)

0 ≤ qR(α)− ∑
/0̸=C⊆α−R

(−1)|C|−1qR

(k
R
C
)

(A3.30b)

0 ≤ qδR(α) (A3.30c)

d) This shows Axiom W&B 3 for all cases.
4. This shows that the decomposition satisfies Axioms W&B 1-3.

Lemma 5:

Consider a lattice (A,⊑)/(A,⊔,⊓) with valuation q : A → R≥0 that satisfies
the type II inclusion-exclusion inequality (Equation 3.2b) and q(⊥) = 0.
Consider the decomposition lattice (A(X),⪯S) with synergy measure as defined
in Equation 3.5 and a consistent generator g : P(X)→ A.
The resulting decomposition satisfies Axioms W&B 1-3.

qU(α) :=

{
q(⊥) if α = {} or α = {{}}
q(
⊔

S∈α g(S)) otherwise

qS(α) := q(⊤)−qU(α)

Proof.
Since q(·) is a valuation, we obtain from Definition 2 that qS(α)≥ 0.
1. Extended monotonicity (Axiom W&B 1) let α,β ∈ P(P(X)) with α ⪯S β :

a) Assume β ∈ {{}, {{}}}:

∀α. q(⊥)≤

{
q(⊥)

q(
⊔

S∈α g(S))
(by Def. 2)

∀α. qU (β )≤ qU (α) (by Eq. 3.5a)
∀α. q(⊤)−qU (α)≤ q(⊤)−qU (β )

∀α. qS (α)≤ qS (β ) (by Eq. 3.5b)

b) Assume β /∈ {{}, {{}}}, which implies that neither is α:
We use Definition 5 to obtain Equation A3.31a. Then, we obtain Equation
A3.31b from Definition 18, Equation A3.31c from the properties of the
join, and Equation A3.31d from Definition 2. The remaining steps apply
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Equation 3.5.

(α ≾S β ) =⇒ (∀S2 ∈ β . ∃S1 ∈ α. S2 ⊆ S1) (A3.31a)
=⇒ (∀S2 ∈ β . ∃S1 ∈ α. g(S2)⊑ g(S1)) (A3.31b)

=⇒

 ⊔
S2∈β

g(S2)

⊑

( ⊔
S1∈α

g(S1)

)
(A3.31c)

=⇒ q

 ⊔
S2∈β

g(S2)

≤ q

( ⊔
S1∈α

g(S1)

)
(A3.31d)

=⇒ qU(β )≤ qU(α) (A3.31e)
=⇒ qS(α)≤ qS(β ) (A3.31f)

c) This shows Axiom W&B 1 for all cases.
2. The inclusion-exclusion relation (Axiom W&B 2) can be satisfied by com-

puting partial contributions using the Möbius inverse (see Eq. 2.31). Let
α,β ∈ A(X):

qδS(α) := qS(α)− ∑
β ↓̇S α

qδS(β ) (A3.32a)

= qS(α)− ∑
/0̸=B⊆α

−S

(−1)|B|−1qS

(k
S
B
)

(A3.32b)

3. Non-negativity (Axiom W&B 3):
a) Assume α =⊥S = {V}:

In this case, the set of immediate predecessors α−S = {} is empty. The
non-negativity of the synergy measure implies the non-negativity of the
partial measure qδS(α) = qS(α)≥ 0.

b) Assume α =⊤S = {}:
In this case, the set of immediate predecessors is α−S = {{{}}}.

qδS(α) = qS(α)−qS({{}}) (by Eq. A3.32b)
qδR(α) = (q(⊤)−q(⊥))− (q(⊤)−q(⊥)) (by Eq. 3.5)
qδS(α) = 0 ≥ 0

c) Assume α /∈ {⊥S,⊤S}:
In this case, the set of immediate predecessors α−S is non-empty. To
show the non-negativity of partial contributions, we construct bounds
on the two components of Equation A3.32b. We also have to consider
the special case of α = {{}}, which is the unique largest element on the
remaining lattice and thus never part of the set α−S :
i. A lower bound on qS(α):

We obtain Equation A3.33a from Equation A3.31c, Equation A3.33b
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from properties of the meet, Equation A3.33c from Definition 2, Equa-
tion A3.33d from Equation 3.5a and Equation A3.33e from Equation
3.5b.

∀γ ∈ α
−S .

(⊔
S∈γ

g(S)

)
⊒

{
⊥
(
⊔

S∈α g(S))
(A3.33a) l

γ∈α
−S

⊔
S∈γ

g(S)

⊒

{
⊥
(
⊔

S∈α g(S))
(A3.33b)

q

 l

γ∈α
−S

⊔
S∈γ

g(S)

≥

{
q(⊥)

q(
⊔

S∈α g(S))
(A3.33c)

q

 l

γ∈α
−S

⊔
S∈γ

g(S)

≥ qU(α) (A3.33d)

q(⊤)−q

 l

γ∈α
−S

⊔
S∈γ

g(S)

≤ qS(α) (A3.33e)

ii. An upper bound on the inclusion-exclusion relation:
We use Equation 3.2b with B = {

⊔
S∈γ g(S) : γ ∈ α−S} to obtain Equa-

tion A3.34b and combine the join operations on the right-hand side in
Equation A3.34c. We subtract both sides from the top element (Equa-
tion A3.34d) and can move the top element into the inclusion-exclusion
relation (Equation A3.34e) since it contains exactly one more set of
odd cardinality than even cardinality. We apply Equation 3.5 to obtain
Equation A3.34f. Equation A3.34g follows from the equivalence be-
tween the union and meet operator on the synergy lattice (see Section
2.2) and the consistency of the generator (Equation A3.31c).

q
(l

B
)
≤ ∑

/0̸=C⊆B
(−1)|C|−1q

(⊔
C
)

(A3.34a)

q

 l

γ∈α
−S

⊔
S∈γ

g(S)

≤ ∑
/0̸=C⊆α

−S

(−1)|C|−1q

(⊔
γ∈C

⊔
S∈γ

g(S)

)
(A3.34b)

q

 l

γ∈α
−S

⊔
S∈γ

g(S)

≤ ∑
/0̸=C⊆α

−S

(−1)|C|−1q

( ⊔
S∈
⋃

C
g(S)

)
(A3.34c)
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q(⊤)−q

 l

γ∈α
−S

⊔
S∈γ

g(S)

≥ q(⊤)− ∑
/0̸=C⊆α

−S

(−1)|C|−1q

( ⊔
S∈
⋃

C
g(S)

)
(A3.34d)

q(⊤)−q

 l

γ∈α
−S

⊔
S∈γ

g(S)

≥ ∑
/0̸=C⊆α

−S

(−1)|C|−1

(
q(⊤)−q

( ⊔
S∈
⋃

C
g(S)

))
(A3.34e)

q(⊤)−q

 l

γ∈α
−S

⊔
S∈γ

g(S)

≥ ∑
/0̸=C⊆α

−S

(−1)|C|−1qS

(⋃
C
)

(A3.34f)

q(⊤)−q

 l

γ∈α
−S

⊔
S∈γ

g(S)

≥ ∑
/0̸=C⊆α

−S

(−1)|C|−1qS

(k
S
C
)

(A3.34g)

By transitivity of Equations A3.33e and A3.34g, we obtain Equation
A3.35a. Re-writing and applying Equation A3.32b provides the non-
negativity of partial contributions.

qS(α)≥ ∑
/0̸=C⊆α

−S

(−1)|C|−1qS

(k
S
C
)

(A3.35a)

0 ≤ qS(α)− ∑
/0̸=C⊆α

−S

(−1)|C|−1qS

(k
S
C
)

(A3.35b)

0 ≤ qδS(α) (A3.35c)

d) This shows Axiom W&B 3 for all cases.
4. This shows that the decomposition satisfies Axioms W&B 1-3.
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Appendix A4.
Proof: zonogon inclusion-exclusion relation

This appendix shows the inclusion-exclusion inequality of zonogons at the
Minkowski sum (Lemma 8). The proof is split into three parts:
• Lemma 25: We show that when choosing one element from each subset with

even cardinality, we can always create the same collection by choosing one
element of each subset with odd cardinality.

• Lemma 26: We utilize the previous result to show an equality for the
Minkowski sum of zonogons chosen from each subset of even and odd
cardinality.

• Lemma 8: We combine all versions of the previous result and utilize the
distributive properties of the Minkowski sum to show the desired inclusion-
exclusion inequality.

Notation 12. As shown below, we separate the subsets of even (Le) and
odd (LO) cardinality from A. Additionally, let L≤1 represent all subsets with
cardinality less or equal to one and L1 all subsets of cardinality equal to one:

L≤1 := {B ∈ P(A) : |B| ≤ 1}
L1 := {B ∈ P(A) : |B|= 1}
Le := {B ∈ P(A) : |B| even}
LO := {B ∈ P(A) : |B| odd}

(A4.36)

The number of subsets with even and odd cardinality is identical (Equation
A4.37). Later, we will exclude the empty set, such that there is one more subset
with odd than even cardinality.

|Le|=

⌊
|A|
2

⌋
∑
i=0

(
|A|
2i

)
= 2|A|−1 =

⌊
|A|
2

⌋
∑
i=0

(
|A|

2i+1

)
= |LO| (A4.37)

Definition 65 (Selection from subsets with even cardinality).
Consider a function ce : Le →L≤1, which takes a subset of even cardinality
E ∈ Le and satisfies the constraints of Equation A4.38: given the empty set, the
function ce returns the empty set; otherwise the function ce returns a singleton
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subset from its input.

∀E ∈ Le.

{
ce(E) = /0 if E = /0
ce(E) = {e} s.t. e ∈ E otherwise

(A4.38)

Definition 66 (Selection from subsets with odd cardinality).
Consider a function cO : LO → L1, which takes a subset of odd cardinality
O ∈ LO and satisfies the constraint of Equation A4.39: the function always
returns a singleton subset of its input.

∀O ∈ LO. cO(O) = {o} s.t. o ∈ O (A4.39)

The possible functions cO and ce represent the choices when selecting one
element from each subset.

Notation 13. We indicate the set of all functions satisfying Definition 65 as
ce ∈ Ce and all functions satisfying Definition 66 as cO ∈ CO.

First, we build a function G that pairs subsets of even and odd cardinality. It
is constructed for a particular choice from the subsets with even cardinality (ce),
such that we can select the same element on the paired subset of odd cardinality.
For this reason, the function G requires two constraints:

a) Ensure that the selected element of the subset with even cardinality is
contained in the paired subset of odd cardinality.

b) Ensure that there is a one-to-one pairing (bijection) between subsets of
even and odd cardinality. Since there is the same number of subsets with
even and odd cardinality, the function is a bijection if it has an inverse.

Lemma 25. Let A be a non-empty set. For any function ce ∈ Ce, there exists a
function G : (Le,Ce)→LO, which satisfies the following two properties:

a) For any subset with even cardinality, the function ce(·) returns a subset
of function G(·):

∀ce ∈ Ce,E ∈ Le. ce(E)⊆ G(E,ce) (A4.40)

b) The function G(·) which satisfies Equation A4.40 has an inverse on its
first argument G−1 : (LO,Ce)→Le.

∀ce ∈ Ce,E ∈ Le,∃G−1. G−1(G(E,ce),ce) = E (A4.41)
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Proof. We construct the function G for an arbitrary ce and show that it satisfies
both properties (Equations A4.40 and A4.41) by induction on the cardinality of
A. For the induction, we have to consider different cardinalities |A|. Therefore,
we notate the cardinality n = |A| of the corresponding sets as a subscript, like
An, Le,n, LO,n, Gn and G−1

n :
1. Base case: Consider the base case A1 = {a} with Le,1 = {{}} and LO,1 =

{{a}}. We define the function G1({},ce) := {a} for any ce. The definition
satisfies both required properties:
a) By Definition 65, we have ce({}) = {}. Since the empty set is the

only element in Le,1, the subset relation (Equation A4.40) is satisfied
ce({}) = {} ⊆ {a}= G1({},ce).

b) The inverse function G−1
1 : (LO,1,Ce)→Le,1 can easily be defined since

there is only one pairing: G−1
1 ({a},ce) := {}. Thus, the inverse function

exists (Equation A4.41).
2. Induction hypothesis: Assume a function Gn exists, which satisfies both

required properties (Equation A4.40 & A4.41) at 1 ≤ n = |An|.
3. Induction step: Consider An+1 = An ∪{q}. The subsets with even and odd

cardinality can be defined recursively, as shown in Equation A4.42.

Le,n+1 = Le,n ∪ {O∪{q} : O ∈ LO,n} ,
LO,n+1 = LO,n ∪ {E∪{q} : E ∈ Le,n} .

(A4.42)

Therefore, we can also recursively extend the definition of function G: We
define Gn+1 at any ce as shown in Equation A4.43, which utilizes Gn and
G−1

n from the induction hypothesis. As it can be seen from Equation A4.42,
the function Gn+1 is defined for any input from Le,n+1.

∀E ∈ Le,n.

∀O ∈ LO,n.

Gn+1(E,ce) :=

{
E∪{q} if ce(Gn(E,ce)∪{q}) ̸= {q} (case i)
Gn(E,ce) if ce(Gn(E,ce)∪{q}) = {q} (case ii)

Gn+1(O∪{q},ce) :=

{
O if ce(O∪{q}) ̸= {q} (case iii)
G−1

n (O,ce)∪{q} if ce(O∪{q}) = {q} (case iv)
(A4.43)

Figure A4.5 visualizes the construction of Gn+1: if ce(O∪{q}) ̸= {q}, then
we can break the pairing of Gn for the trivial solution ce(O∪{q}) ̸= {q}=⇒
ce(O∪{q})⊆ O. Otherwise, we maintain the pairing of Gn and mimic it in
the extended domain.

The function Gn+1 satisfies both requirements (Equations A4.40 & A4.41)
for any ce:
a) Requirement 1 (Equation A4.40): we have to analyze the return value

from the four cases in Equation A4.43:
i. ce(E)⊆ E∪{q} holds, since by Definition 65, the function ce always

returns a subset of its input.
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P(An) {B∪{q} : B ∈ P(An)}

P(An+1)

Gn Gn+1Gn+1

Gn+1

Gn+1

E = G−1
n (O,ce)

O = Gn(E,ce)

E∪{q}= G−1
n (O,ce)∪{q}

O∪{q}= Gn(E,ce)∪{q}

case 1: ce(O∪{q}) = {q}

case 2: ce(O∪{q}) ̸= {q}

Figure A4.5. Intuition for the construction of Gn+1. All subsets can be partitioned into
P(An) and {B∪{q} : B ∈ P(An)}. The function Gn+1 mirrors Gn if ce(O∪{q}) =
{q} and otherwise breaks the mapping for a trivial solution.

ii. ce(E)⊆ Gn(E,ce) holds by the induction hypothesis.
iii. if ce(O∪{q}) ̸= {q} then ce(O∪{q})⊆ O: The input to function ce

is not the empty set. Therefore, and by Definition A4.38, the function
ce(O∪{q}) returns a singleton subset of its input. If ce did not select
q, then it must select an element from O.

iv. ce(O∪{q}) = {q} ⊆
(
{q}∪G−1

n (O,ce)
)

holds trivially.
b) Requirement 2 (Equation A4.41): The function Gn+1 is defined for all

elements of its input domain Le,n+1, and its output domain has the same
size (|Le,n+1| = |LO,n+1|, Equation A4.37). Therefore, it is sufficient
to show that the output of function Gn+1 is distinct for all inputs to
demonstrate that the function Gn+1 has an inverse.

The return value of Gn+1 (Equation A4.43) has four cases. The cases i
and iv return a set containing q. The cases ii and iii return a set that does
not contain q. Therefore, it is sufficient to show that the return values of
cases i and iv cannot coincide and that the return values of cases ii and iii
cannot coincide:
• Case ii and iii of Equation A4.43 (by contradiction):

Assume both cases returned the same value, meaning O = Gn(E,ce).
We can use this equality to expand the left-hand side to the right-hand
side in ce(O∪{q}) = ce(Gn(E,ce)∪{q}).
This is a contradiction: The condition of case ii ensures ce(Gn(E,ce)∪
{q}) = {q}. The condition of case iii ensures ce(O ∪ {q}) ̸= {q}.
Hence, they cannot be equal, and cases ii & iii return distinct subsets.

• Case i and iv of Equation A4.43 (by contradiction):
Assume both cases returned the same value, meaning E = G−1

n (O,ce).
We can use this equality to expand the left-hand side to the right-hand
side in ce(O∪{q}) = ce(Gn(E,ce)∪{q}).
This is a contradiction: The condition of case iv ensures ce(O∪{q}) =
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{q}. The condition of case i ensures ce(Gn(E,ce)∪{q}) ̸= {q}. Hence,
they cannot be equal, and cases i & iv return distinct subsets.

Since the function Gn+1 is a bijection, an inverse G−1
n+1 exists.

Notation 14. For convenience with the choice functions, we define the zonogon
for a singleton set as Z({M}) := Z(M).

Lemma 26. Let A be a non-empty set of unit stochastic matrices, then:

∀ce ∈ Ce,∃cO ∈ CO,∃κ ∈ A. Z(κ)+ ∑
/0̸=B⊆A
|B| even

Z (ce(B)) = ∑
B⊆A

|B| odd

Z (cO(B))

Proof. By Lemma 25, for all ce we can construct a bijection G : (Le,Ce)→LO

between subsets of even and odd cardinality that satisfies Equation A4.44a.
• Equation A4.44a implies Equation A4.44b by Definitions 65 and 66 since

the selection functions ce and cO correspond to choosing one element of their
respective subsets if one exists.

• Equation A4.44b implies Equation A4.44c since the Minkowski sum of
zonogons is associative and since the sum is over the same elements on both
sides.

• Equation A4.44c implies Equation A4.44d since we can add Z(cO(G( /0,ce)))
to both sides of the equation. On the left-hand side, we indicate this element
as some κ ∈ A and include it into the range of the sum on the right-hand side.

• Equation A4.44d implies Equation A4.44e since the function G is a bijection
with the same input/output size: the function G transforms the set of all inputs
E ∈ Le into the set of all outputs O ∈ LO.

• Now, we only have to change the notation from Equation A4.44e to arrive at
Equation A4.44f.

∀E ∈ Le,∀ce ∈ Ce. ce(E)⊆ G(E,ce) (A4.44a)

∀E ∈ Le,∀ce ∈ Ce,∃cO ∈ CO.

{
ce(E)⊆ cO(G(E,ce)) if E = {}
ce(E) = cO(G(E,ce)) otherwise

(A4.44b)

∀ce ∈ Ce,∃cO ∈ CO. ∑
/0 ̸=E∈Le

Z(ce(E)) = ∑
/0̸=E∈Le

Z(cO(G(E,ce))) (A4.44c)

∀ce ∈ Ce,∃cO ∈ CO,∃κ ∈ A. Z(κ)+ ∑
/0̸=E∈Le

Z(ce(E)) = ∑
E∈Le

Z(cO(G(E,ce))) (A4.44d)

∀ce ∈ Ce,∃cO ∈ CO,∃κ ∈ A. Z(κ)+ ∑
/0̸=E∈Le

Z(ce(E)) = ∑
O∈LO

Z(cO(O)) (A4.44e)

∀ce ∈ Ce,∃cO ∈ CO,∃κ ∈ A. Z(κ)+ ∑
/0̸=B⊆A
|B| even

Z (ce(B)) = ∑
B⊆A

|B| odd

Z (cO(B)) (A4.44f)
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Lemma 8:
For a non-empty set of unit stochastic matrices A ⊆ UK:

Z

(
l

κ∈A

⟨κ⟩

)
+ ∑

/0̸=B⊆A
|B| even

Z

(⊔
κ∈B

⟨κ⟩

)
⊆ ∑

B⊆A
|B| odd

Z

(⊔
κ∈B

⟨κ⟩

)

Proof. We start from Lemma 26 and utilize that the intersection of all zonogons
is a subset of each individual (∀κ ∈ A.

⋂
κ∈A Z(κ)⊆ Z(κ)):

∀ce ∈ Ce,∃cO ∈ CO,∃κ ∈ A. Z(κ)+ ∑
/0̸=B⊆A
|B| even

Z (ce(B)) = ∑
B⊆A

|B| odd

Z (cO(B))

∀ce ∈ Ce,∃cO ∈ CO.
⋂

κ∈A
Z(κ)+ ∑

/0̸=B⊆A
|B| even

Z (ce(B))⊆ ∑
B⊆A

|B| odd

Z (cO(B))

Subsets are closed under set-theoretic union. Therefore, we can combine all
options ce ∈ Ce and cO ∈ CO using the set-theoretic union, as shown below.
Then, we utilize that the Minkowski sum distributes over the set-theoretic
union. This step can be easily understood when going from the second line to
the first: when distributing the sum over the union (second line), we obtain all
combinations of choosing one element from each subset (first line).

⋃
ce∈Ce

⋂
κ∈A

Z(κ)+ ∑
/0̸=B⊆A
|B| even

Z (ce(B))

⊆
⋃

cO∈CO

 ∑
B⊆A

|B| odd

Z (cO(B))


⋂

κ∈A
Z(κ)+ ∑

/0̸=B⊆A
|B| even

⋃
κ∈B

Z (κ)⊆ ∑
B⊆A

|B| odd

⋃
κ∈B

Z (κ)

Next, we utilize that X ⊆ Y =⇒ Conv(X)⊆ Conv(Y) to obtain the equation
below. We utilize that the convex hull and Minkowski sum are commuting
operations (Equation 2.35). Finally, the intersections of zonogons are zonogons
(already convex).
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Conv

⋂
κ∈A

Z(κ)+ ∑
/0̸=B⊆A
|B| even

⋃
κ∈B

Z (κ)

⊆ Conv

 ∑
B⊆A

|B| odd

⋃
κ∈B

Z (κ)


Conv

(⋂
κ∈A

Z(κ)

)
+ ∑

/0̸=B⊆A
|B| even

Conv

(⋃
κ∈B

Z (κ)

)
⊆ ∑

B⊆A
|B| odd

Conv

(⋃
κ∈B

Z (κ)

)

⋂
κ∈A

Z(κ)+ ∑
/0̸=B⊆A
|B| even

Conv

(⋃
κ∈B

Z (κ)

)
⊆ ∑

B⊆A
|B| odd

Conv

(⋃
κ∈B

Z (κ)

)

Now we can utilize from Section 2.3 that the zonogon intersection is equivalent
to the meet of the unit stochastic matrices and that the convex hull of the
zonogon union equals their join.

Z

(
l

κ∈A

⟨κ⟩

)
+ ∑

/0̸=B⊆A
|B| even

Z

(⊔
κ∈B

⟨κ⟩

)
⊆ ∑

B⊆A
|B| odd

Z

(⊔
κ∈B

⟨κ⟩

)
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Appendix A5.
Proof: zonogon quantification properties

This appendix contains the proofs for Lemmas 9, 10, and 11 from Section 3.2.

Lemma 9 (Properties of r f ,p).
For x,y ∈ [0,1] and a constant p ∈ [0,1], the function r f ,p([

x
y ]):

1. quantifies the slope one to zero: r f ,p
([

ℓ
ℓ

])
= 0

2. quantifies the zero vector to zero: r f ,p
([

0
0

])
= 0

3. scales linearly in v⃗ where ℓ ∈ R: r f ,p(ℓ⃗v) = ℓr f ,p(⃗v)
4. is convex in v⃗:

• f -quantification ℓ ∈ {0,1}: r f ,p(ℓ⃗v1+(1−ℓ)⃗v2)= ℓr f ,p(⃗v1)+(1−ℓ)r f ,p(⃗v2)

• weak measure ℓ ∈ (0,1): r f ,p(ℓ⃗v1+(1−ℓ)⃗v2)≤ ℓr f ,p(⃗v1)+(1−ℓ)r f ,p(⃗v2)

• strict measure ℓ ∈ (0,1): r f ,p(ℓ⃗v1+(1−ℓ)⃗v2)<ℓr f ,p(⃗v1)+(1−ℓ)r f ,p(⃗v2)

5. satisfies a triangle inequality in v⃗:
• f -quantification Slope(⃗v1) = Slope(⃗v2): r f ,p(⃗v1+ v⃗2)= r f ,p(⃗v1)+r f ,p(⃗v2)

• weak measure Slope(⃗v1) ̸= Slope(⃗v2): r f ,p(⃗v1+ v⃗2)≤ r f ,p(⃗v1)+r f ,p(⃗v2)

• strict measure Slope(⃗v1) ̸= Slope(⃗v2): r f ,p(⃗v1+ v⃗2)< r f ,p(⃗v1)+r f ,p(⃗v2)

Proof.
1. Non-zero vectors of slope one v⃗ =

[
ℓ
ℓ

]
:

r f ,p
([

ℓ
ℓ

])
= (pℓ+(1− p)ℓ) · f

(
ℓ

pℓ+(1−p)ℓ

)
(by Def. 23)

= ℓ · f
(
ℓ
ℓ

)
= ℓ · f (1) = 0 (by Def. 22)

2. The zero vector v⃗ =
[

0
0

]
:

r f ,p
([

0
0

])
= 0 · f

(0
0

)
= 0 (by Def. 22 & 23)

3. Linear scaling of vectors:

r f ,p (ℓ · [ x
y ]) = (pℓx+(1− p)ℓy) · f

(
ℓx

pℓx+(1−p)ℓy

)
(by Def. 23)

= ℓ(px+(1− p)y) · f
(

x
px+(1−p)y

)
= ℓ · r f ,p ([

x
y ])

4. Convexity in v⃗:
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• Assume ℓ= {0,1}, then Equation A5.45 simplifies into an identity
(r f ,p(⃗v1) = r f ,p(⃗v1) or r f ,p(⃗v2) = r f ,p(⃗v2)):

r f ,p(ℓ⃗v1 +(1− ℓ)⃗v2) = ℓr f ,p(⃗v1)+(1− ℓ)r f ,p(⃗v2) (A5.45)

• Assume ℓ∈ (0,1): We use the following definitions as abbreviations:

v⃗1 := [ x1
y1 ] a1 := x1 p+ y1(1− p) b1 := ℓa1

ℓa1+(1−ℓ)a2

v⃗2 := [ x2
y2 ] a2 := x2 p+ y2(1− p) b2 := (1−ℓ)a2

ℓa1+(1−ℓ)a2

The cases of a1 = 0 and a2 = 0 are covered by the convention
0 f (0

0) = 0 (Definition 22). Therefore, we can assume they are non-
zero and utilize the following relations: 0 < b1 < 1 and b2 = 1−b1.
If f is strictly convex, let (◁) = (<); otherwise, let (◁) = (≤).

r f ,p(ℓ⃗v1 +(1− ℓ)⃗v2)

= (ℓa1 +(1− ℓ)a2) · f
(
ℓx1 +(1− ℓ)x2

ℓa1 +(1− ℓ)a2

)
(by Def. 23)

= (ℓa1 +(1− ℓ)a2) · f
(

b1
x1
a1
+b2

x2
a2

)
◁ (ℓa1 +(1− ℓ)a2) ·

(
b1 f

(
x1
a1

)
+b2 f

(
x2
a2

))
(by convexity f )

= ℓa1 f
(

x1
a1

)
+(1− ℓ)a2 f

(
x2
a2

)
= ℓr f ,p(⃗v1)+(1− ℓ)r f ,p(⃗v2)

5. Triangle inequality in v⃗:
• Assume Slope(⃗v1) = Slope(⃗v2): Then there exists an ℓ ∈ R such

that ℓ⃗v1 = v⃗2.

r f ,p(⃗v1 + v⃗2) = r f ,p(⃗v1 + ℓ⃗v1) = r f ,p((1+ ℓ)⃗v1)

= (1+ ℓ)r f ,p(⃗v1) (by Lem. 9.3)
= r f ,p(⃗v1)+ ℓr f ,p(⃗v1)

= r f ,p(⃗v1)+ r f ,p(ℓ⃗v1) (by Lem. 9.3)
= r f ,p(⃗v1)+ r f ,p(⃗v2)

• Assume Slope(⃗v1) ̸= Slope(⃗v2):
If f is strictly convex, let (◁) = (<); otherwise, let (◁) = (≤).

r f ,p(ℓ⃗v1 +(1− ℓ)⃗v2) ◁ ℓr f ,p(⃗v1)+(1− ℓ)r f ,p(⃗v2) (by Lem. 9.4)
r f ,p(0.5(⃗v1 + v⃗2)) ◁ 0.5r f ,p(⃗v1)+0.5r f ,p(⃗v2) (let ℓ= 0.5)

0.5r f ,p(⃗v1 + v⃗2) ◁ 0.5r f ,p(⃗v1)+0.5r f ,p(⃗v2) (by Lem. 9.3)
r f ,p(⃗v1 + v⃗2) ◁ r f ,p(⃗v1)+ r f ,p(⃗v2)
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Lemma 10 (Additivity).
Consider two non-empty sets of unit stochastic matrices with equal cardinality
(|B|= |C|), then:

f -quantification: ∑
κ∈B

Z(κ) = ∑
κ∈C

Z(κ) =⇒ ∑
κ∈B

qK f ,p(κ) = ∑
κ∈C

qK f ,p(κ)

weak measure: ∑
κ∈B

Z(κ)⊂ ∑
κ∈C

Z(κ) =⇒ ∑
κ∈B

qK f ,p(κ)≤ ∑
κ∈C

qK f ,p(κ)

strict measure: ∑
κ∈B

Z(κ)⊂ ∑
κ∈C

Z(κ) =⇒ ∑
κ∈B

qK f ,p(κ)< ∑
κ∈C

qK f ,p(κ)

Proof. We use the following abbreviations of matrix concatenations.
Let m = |B|= |C|.

M1 :=
[
κ : κ ∈ B

]
M2 :=

[
κ : κ ∈ C

]
(A5.46a)

κ
′
1 :=

1
m
·M1 κ

′
2 :=

1
m
·M2 (A5.46b)

Let (◀,◁) ∈ {(=,=),(⊂,≤),(⊂,<)}:

∑
κ∈B

Z(κ)◀ ∑
κ∈C

Z(κ)

Z(M1)◀ Z(M2) (by Def. 15)
Z(κ ′

1)◀ Z(κ ′
1) (scale to unit square)

Next, we consider two cases depending on whether the first zonogon is equiva-
lent or a proper subset of the second:
• Assume Z(κ ′

1) = Z(κ ′
2), which equals ⟨κ ′

1⟩= ⟨κ ′
2⟩ by Definition 17: In this

case, both zonogons have the same boundary, which are the generating vectors
sorted by slope. Therefore, the generating vectors of identical slope have the
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same sum:

∀x ∈ R : ∑
v⃗∈κ ′1

Slope(⃗v)=x

v⃗ = ∑
v⃗∈κ ′2

Slope(⃗v)=x

v⃗ (by Z(κ ′
1) = Z(κ ′

2))

∀x ∈ R : r f ,p

 ∑
v⃗∈κ ′1

Slope(⃗v)=x

v⃗

= r f ,p

 ∑
v⃗∈κ ′2

Slope(⃗v)=x

v⃗


∀x ∈ R : ∑

v⃗∈κ ′1
Slope(⃗v)=x

r f ,p (⃗v) = ∑
v⃗∈κ ′2

Slope(⃗v)=x

r f ,p (⃗v) (by Lem. 9.5)

∑
x∈R

∑
v⃗∈κ ′1

Slope(⃗v)=x

r f ,p (⃗v) = ∑
x∈R

∑
v⃗∈κ ′2

Slope(⃗v)=x

r f ,p (⃗v)

∑
v⃗∈κ ′

1

r f ,p (⃗v) = ∑
v⃗∈κ ′

2

r f ,p (⃗v)

∑
v⃗∈M1

1
m

r f ,p (⃗v) = ∑
v⃗∈M2

1
m

r f ,p (⃗v) (by Lem. 9.3)

∑
v⃗∈M1

r f ,p (⃗v) = ∑
v⃗∈M2

r f ,p (⃗v)

∑
κ∈B

∑
v⃗∈κ

r f ,p (⃗v) = ∑
κ∈C

∑
v⃗∈κ

r f ,p (⃗v)

∑
κ∈B

qK f ,p(κ) = ∑
κ∈C

qK f ,p(κ)

• Assume Z(κ ′
1)⊂ Z(κ ′

2), which equals ⟨κ ′
1⟩⊏K ⟨κ ′

2⟩ by Definition 17: In this
case, there exists a stochastic matrix λ , which combines some vectors from
κ ′

2 with different slopes (Lemma 3): κ ′
1 = κ ′

2λ .
Notation:
– Let κ ′

1 be a 2×a stochastic matrix
– Let κ ′

2 be a 2×b stochastic matrix
– Let λ be a b×a stochastic matrix
– Let κ ′

2[:, i] be the ith column of matrix κ ′
2

– Let λ [i, j] be the entry at row i ∈ {1, ..,b} and column j ∈ {1, ..,a} in λ .
– λ ∈ S implies that all rows sum to one ∀i ∈ {1, ..,b} : ∑

a
j=1 λ [i, j] = 1.
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∑
κ∈B

qK f ,p(κ) = ∑
κ∈B

∑
v⃗∈κ

r f ,p (⃗v)

= ∑
v⃗∈M1

r f ,p (⃗v)

= m · ∑
v⃗∈κ ′

1

r f ,p (⃗v) (by Lem. 9.3)

= m ·
a

∑
j=1

r f ,p(κ
′
1[:, j])

= m ·
a

∑
j=1

r f ,p(
b

∑
i=1

κ
′
2[:, i]λ [i, j]) (by κ

′
1 = κ

′
2λ )

◁ m ·
a

∑
j=1

b

∑
i=1

r f ,p(κ
′
2[:, i]λ [i, j]) (by Lem. 9.4)

= m ·
a

∑
j=1

b

∑
i=1

λ [i, j]r f ,p(κ
′
2[:, i]) (by Lem. 9.3)

= m ·
b

∑
i=1

r f ,p(κ
′
2[:, i]) (by

a

∑
j=1

λ [i, j] = 1)

= m · ∑
v⃗∈κ ′

2

r f ,p(⃗v)

= ∑
v⃗∈M2

r f ,p(⃗v)

= ∑
κ∈C

∑
v⃗∈κ

r f ,p(⃗v)

= ∑
κ∈C

qK f ,p(κ)

Lemma 11 (Properties of qK f ,p).
The lattice (K,⊑K) satisfies the requirements for a type II decomposition with
qK f ,p(·). Let B ⊆ UK :

bottom element (⊥K): qK f ,p

([
1
1

])
= 0

valuation:


⟨κ1⟩ = ⟨κ2⟩=⇒ qK f ,p(κ1) = qK f ,p(κ2) (any)
⟨κ1⟩⊏K ⟨κ2⟩=⇒ qK f ,p(κ1)≤ qK f ,p(κ2) (weak)
⟨κ1⟩⊏K ⟨κ2⟩=⇒ qK f ,p(κ1)< qK f ,p(κ2) (strict)

extension: qK f ,p(⟨κ⟩) := qK f ,p(κ)

inclusion-exclusion type II: qK f ,p

(
l

κ∈B

⟨κ⟩

)
≤ ∑

/0̸=C⊆B
(−1)|C|−1qK f ,p

(⊔
κ∈C

⟨κ⟩

)
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Proof.
• The bottom element is zero by Lemma 9.1:

qK f ,p

([
1
1

])
= r f ,p

([
1
1

])
= 0

• The quantification is a valuation based on Lemma 10 with B = {κ1} and
C = {κ2}. Let (□,◀,◁) ∈ {(=,=,=),(⊏K ,⊂,≤),(⊏K ,⊂,<)}:

⟨κ1⟩ □ ⟨κ2⟩=⇒ Z(κ1)◀ Z(κ2) (by Def. 17)

=⇒ ∑
κ∈{κ1}

Z(κ)◀ ∑
κ∈{κ2}

Z(κ)

=⇒ qK f ,p(κ1)◁ qK f ,p(κ2) (by Lem. 10)

• The inclusion-exclusion inequality:

Z

(
l

κ∈B

⟨κ⟩

)
+ ∑

/0̸=C⊆B
|C| even

Z

(⊔
κ∈C

⟨κ⟩

)
⊆ ∑

C⊆B
|C| odd

Z

(⊔
κ∈C

⟨κ⟩

)
(by Lem. 8)

qK f ,p

(
l

κ∈B

⟨κ⟩

)
+ ∑

/0̸=C⊆B
|C| even

qK f ,p

(⊔
κ∈C

⟨κ⟩

)
≤ ∑

C⊆B
|C| odd

qK f ,p

(⊔
κ∈C

⟨κ⟩

)
(by Lem. 10)

We only have to re-order the equation components:

qK f ,p

(
l

κ∈B

⟨κ⟩

)
≤ ∑

C⊆B
|C| odd

qK f ,p

(⊔
κ∈C

⟨κ⟩

)
− ∑

/0̸=C⊆B
|C| even

qK f ,p

(⊔
κ∈C

⟨κ⟩

)

qK f ,p

(
l

κ∈B

⟨κ⟩

)
≤ ∑

/0̸=C⊆B
(−1)|C|−1qK f ,p

(⊔
κ∈C

⟨κ⟩

)

Lemma 27.

max
(x,y)∈ Z(κ)

(x− y) = ∑
[x
y]∈κ

0.5 · |x− y| (A5.47)

Proof. We begin by partitioning the vectors of matrix κ based on their slope.

M1 = {[ x
y ] ∈ κ : x > y} (A5.48a)

M2 = {[ x
y ] ∈ κ : x ≤ y} (A5.48b)
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Since κ is a unit stochastic matrix (row sum equals one), both partitions are
related, as shown below:

∑
[x
y]∈M2

x = 1− ∑
[x
y]∈M1

x (A5.49a)

∑
[x
y]∈M2

y = 1− ∑
[x
y]∈M1

y (A5.49b)

Using both equations above, we can rewrite Equation A5.47 as shown below.
The last step is obtained from the vectors v⃗ ∈ κ forming the boundary of the
zonogon, and that vectors with a slope below one increase the distance to the
diagonal, while vectors with a slope above one decrease the distance to the
diagonal, as visualized in Figure A5.6.

∑
[x
y]∈κ

0.5 · |x− y|

= 0.5 ·

 ∑
[x
y]∈M1

(x− y)+ ∑
[x
y]∈M2

(y− x)


= 0.5 ·

 ∑
[x
y]∈M1

x− ∑
[x
y]∈M1

y+ ∑
[x
y]∈M2

y− ∑
[x
y]∈M2

x


= 0.5 ·

 ∑
[x
y]∈M1

x− ∑
[x
y]∈M1

y+1− ∑
[x
y]∈M1

y−1+ ∑
[x
y]∈M1

x


= ∑
[x
y]∈M1

x− ∑
[x
y]∈M1

y

= ∑
[x
y]∈M1

(x− y)

= (x− y) where: [ x
y ] = ∑

v⃗∈M1

v⃗

= max
(x,y)∈ Z(κ)

(x− y)
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0.8

1

h∗

E∗ =

h∗ = ∑
[x
y]∈κ

0.5 · |x− y|

= ∑[ x
y
]
∈ κ

x > y

(x− y)

= (x∗ − y∗) where: (x∗,y∗) = E∗

= max
(x,y)∈ Z(κ)

(x− y)

Figure A5.6. Visualization of Lemma 27.

Lemma 12.
The resulting measure for the generator f1(u) = 0.5 · |u− 1| equals a linear
scaling of the maximal vertical distance between the zonogon and diagonal, as
visualized in Figure 3.4.

qKf1,p
(κ) = (1− p) · max

(x,y)∈ Z(κ)
(x− y) (A5.50)

Proof. We begin with Definition 23, simplify the expression, and apply Lemma
27:

qKf1,p
(κ) = ∑

[x
y ]∈κ

(px+(1− p)y) · f1

(
x

px+(1− p)y

)

= ∑
[x
y ]∈κ

(px+(1− p)y) ·0.5 ·
∣∣∣ x

px+(1− p)y
−1

∣∣∣

= ∑
[x
y ]∈κ

0.5 ·
∣∣(1− p)x− (1− p)y

∣∣

= (1− p) ∑
[x
y ]∈κ

0.5 · |x− y|

= (1− p) · max
(x,y)∈ Z(κ)

(x− y)
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Appendix A6.
Proof: relationship of inequality measures

This appendix contains the proofs for Lemmas 21 and 22 from Section 5.2.
Additionally, it shows the omitted simplification of Definition 46.

Definition 46 ( f -inequality) from Section 5.2:

The following simplifications demonstrate the correctness of Equation 5.24.

qK f ,p(g j(S)) = qK f ,p(ϒ(k j(S))) (by Eq. 5.6)

= qK f ,p(ϒ(D)) (let D = k j(S))

= ∑
[x
y]∈ϒ(D)

(px+(1− p)y) · f
(

x
px+(1− p)y

)
(by Def. 23)

= ∑

[x
y]∈

[
1/|D|

d/(|D| ·µ(D))
: d∈D

](px+(1− p)y) · f
(

x
px+(1− p)y

)
(by Eq. 5.6)

= ∑
d∈D

(
p
|D|

+
(1− p)d
|D| ·µ(D)

)
· f

 1/|D|

p
|D|

+
(1− p)d
|D| ·µ(D)



= ∑
d∈D

(
p
|D|

+
(1− p)d
|D| ·µ(D)

)
· f

 1

p+
(1− p)d

µ(D)



=
1
|D| ∑

d∈D

(
p+

(1− p)d
µ(D)

)
· f

 1

p+
(1− p)d

µ(D)


=

1
|D| ∑

d∈D

(
pµ(D)+(1− p)d

µ(D)

)
· f
(

µ(D)

pµ(D)+(1− p)d

)

=
1
|D| ∑

d∈D

f
(

µ(D)

pµ(D)+(1− p)d

)
µ(D)

pµ(D)+(1− p)d

(
correctness

of Eq. 5.24)

= I f ,p(D) = I f ,p(k j(S)) (see Eq. 5.24)
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Lemma 21: The Pietra index and Generalized Entropy index are special
cases of f -inequalities, as shown in Equation A6.51, and their parameters are
valid generators for f -divergences.

R(D) = I f ,p(D) where: p = 0 and f (u) =
|u−1|

2
(A6.51a)

GEa(D) = I f ,p(D) where: p = 0 and f (u) =
u1−a −u
a(a−1)

(A6.51b)

GE1(D) = I f ,p(D) where: p = 0 and f (u) =− ln(u) (A6.51c)

GE0(D) = I f ,p(D) where: p = 0 and f (u) = u ln(u) (A6.51d)

Proof.

• Pietra index:

I f ,0(D) =
1
|D| ∑

d∈D

d
µ(D)

· f
(

µ(D)

d

)
(by Eq. 5.25)

=
1
|D| ∑

d∈D

d
µ(D)

·
|µ(D)

d −1|
2

using: f (u) =
|u−1|

2

=
1

2|D| ∑
d∈D

|µ(D)−d|
µ(D)

using: d ≥ 0

=
1

2|D| ∑
d∈D

|d −µ(D)|
µ(D)

using: |a−b|= |b−a|

= R(D) (by Eq. 5.17)

The function f (u) = |u−1|
2 is a well-known generator function for an

f -divergence (see Table 4.1).
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• GEa(D) index with a ∈ (0,1):

I f ,0(D) =
1
|D| ∑

d∈D

d
µ(D)

· f
(

µ(D)

d

)
(by Eq. 5.25)

=
1
|D| ∑

d∈D

d
µ(D)

·

(
µ(D)

d

)1−a
− µ(D)

a

a(a−1)
using: f (u) =

u1−a −u
a(a−1)

=
1
|D| ∑

d∈D

d
µ(D)

·
µ(D)

d ·
(

d
µ(D)

)a
− µ(D)

d

a(a−1)

=
1

a(a−1)
1
|D| ∑

d∈D

((
d

µ(D)

)a

−1
)

= GEa(D) (by Equation 5.18)

The function f (u) satisfies the requirements for a generator function of
an f -divergence:

1. f (1) = 1
a(a−1) (1−1) = 0.

2. f (u) is convex for u > 0 and a ∈ (0,1) since f ′′(u) =
(1

u

)a+1 ≥ 0
3. f (u) is finite for u > 0 and a ∈ (0,1).

• GE1(D) index with a = 1 (Theil index):

I f ,0(D) =
1
|D| ∑

d∈D

d
µ(D)

· f
(

µ(D)

d

)
(by Eq. 5.25)

=
1
|D| ∑

d∈D

d
µ(D)

·
(
− ln

(
µ(D)

d

))
using: f (u) =− ln(u)

=
1
|D| ∑

d∈D

d
µ(D)

· ln
(

d
µ(D)

)
= GE1(D) (by Equation 5.18)

The function f (u) =− ln(u) is a well-known generator function for an
f -divergence (see Table 4.1).
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• GE0(D) index with a = 0:

I f ,0(D) =
1
|D| ∑

d∈D

d
µ(D)

· f
(

µ(D)

d

)
(by Eq. 5.25)

=
1
|D| ∑

d∈D

d
µ(D)

· µ(D)

d
ln
(

µ(D)

d

)
using: f (u) = u ln(u)

=− 1
|D| ∑

d∈D
ln
(

d
µ(D)

)
= GE0(D) (by Equation 5.18)

The function f (u) = u ln(u) is a well-known generator function for an
f -divergence (see Table 4.1).

Lemma 22: The transformation between the Generalized Entropy and
Atkinson index satisfies the requirements for a re-graduation of Definition 20.

Proof. The transformation function (vb) from the Generalized Entropy to Atkin-
son index is summarized in Equation A6.52.

vb(z) =

{
1− e−z if b = 1

1− [b(b−1)z+1]
1

1−b if 0 < b < 1
(A6.52a)

Ab(D) = vb(GE1−b(D)) (A6.52b)

The transformation correctly maintains the bottom element at zero (vb(0) = 0)
and is invertible:

1. in the case of b = 1, the function is directly invertible.
2. in the case of 0 < b < 1, the function is invertible for 0 ≤ z ≤ 1

b−b2 ,
which is also the required input domain: The minimum and maximum
of the Generalized Inequality index can be found using κ⊥ =

[
1
1

]
and

κ⊤ =
[

0 1
1 0

]
(top and bottom elements of the zonogon order) and using

the relation to our measure of Chapter 3 (Lemma 21). Thus, the function
is invertible for the required domain.

0 < b < 1 =⇒min
D

GE1−b(D) = qK fGE ,0(
[

1
1

]
) = 0

≤ z
≤ max

D
GE1−b(D)

= lim
t→0

qK fGE1−b
,0(
[

0 1
1−t t

]
)

= lim
t→0

(1− t) · fGE1−b

(
0

1− t

)
+ t · fGE1−b

(
1
t

)
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= lim
t→0

(1− t) ·
( 0

1−t

)b − 0
1−t

(b−1)(b)
+ t ·

(1
t

)b − 1
t

(b−1)(b)

= lim
t→0

(1− t) · 0
(b−1)(b)

+
t1−b −1
(b−1)(b)

=
−1

(b−1)(b)

=
1

b−b2

Remark 24.
The proof of Lemma 22 corrects a mistake in Equation 49b of Paper III.
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Appendix A7.
Examples: subgroup decomposition

This appendix provides two examples of subgroup decompositions:
• Example 28 demonstrates the subgroup decomposition of the Generalized

Entropy index from inequality theory of Section 5.3.
• Example 29 demonstrates the subgroup decomposition of specific mu-

tual information discussed in Section 6.2 and the conversion between
representations (information and inequality) discussed in Section 6.1.

Example 28. Assume we would like to perform a subgroup decomposition for
the scenario of Example 14 based on the education type (first attribute) with
the Generalized Entropy index of a ∈ (0,1):

• The inequality between all individuals is shown in Equation A7.53.

GEa(ϑ j( /0))

=
1

4a(a−1) ∑
d∈{300,500,300,100}

((
d

300

)a

−1
)

= − 1
a(a−1)

+
1

4a(a−1) ∑
d∈{300,500,300,100}

(
d

300

)a
(A7.53)

• The inequality between subgroups when partitioning based on the educa-
tion type is shown in Equation A7.54.

GEa(k1({1}))

=
1

4a(a−1) ∑
d∈{200,200,400,400}

((
d

300

)a

−1
)

= − 1
a(a−1)

+
2

4a(a−1)

(
200
300

)a

+
2

4a(a−1)

(
400
300

)a

(A7.54)

• The weighted inequality within the subgroup of education type A is shown
in Equation A7.55.
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|ϑ j({(1,A)})|
|ϑ j( /0)|

(
µ(ϑ j({(1,A)}))

µ(ϑ j( /0))

)a

·GEa(ϑ j({(1,A)}))

=
2
4

(
200
300

)a

· 1
2a(a−1) ∑

d∈{300,100}

((
d

200

)a

−1
)

= − 2
4a(a−1)

(
200
300

)a

+
1

4a(a−1) ∑
d∈{300,100}

(
d

300

)a

(A7.55)

• The weighted inequality within the subgroup of education type B is shown
in Equation A7.56.

|ϑ j({(1,B)})|
|ϑ j( /0)|

(
µ(ϑ j({(1,B)}))

µ(ϑ j( /0))

)a

·GEa(ϑ j({(1,B)}))

=
2
4

(
400
300

)a

· 1
2a(a−1) ∑

d∈{500,300}

((
d

400

)a

−1
)

= − 2
4a(a−1)

(
400
300

)a

+
1

4a(a−1) ∑
d∈{500,300}

(
d

300

)a

(A7.56)

These four components are related by Equation 5.38 as shown below:

Eq. A7.53︸ ︷︷ ︸
total inequality

= Eq. A7.54︸ ︷︷ ︸
between both subgroups

+ Eq. A7.55︸ ︷︷ ︸
within first subgroup

+ Eq. A7.56︸ ︷︷ ︸
within second subgroup

We use colored boxes to highlight the relation of the four decomposition com-
ponents. The total inequality consists of two components (Equation A7.53,
gray and blue), which can be found in Equation A7.54 (between subgroups,
gray) and Equations A7.55 and A7.56 (within subgroups, blue). The additional
components of the inequality between subgroups (Equation A7.54, red) are
canceled by the inequality within each subgroup (Equations A7.55 and A7.56,
red).
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Example 29. We demonstrate the subgroup decomposition and transformation
between domains using mutual information for one of the target states t1 ∈ T .
The final subgroup decomposition result would be the expected value of this
computation for each t ∈ T .

Consider the indicator channel of Equation A7.57 and a target state proba-
bility of p = PT (t1) = 0.6. As indicated below, forming subgroups of variable
states based on V1 equals a coarsening of the channel. For example, let
S = (V1,V2) with alphabets V1 = {v11,v12} and V2{v21,v22}.

PS|IT (t1) =


(v11,v21)︷︸︸︷

0.4

(v11,v22)︷︸︸︷
0.3

0.1 0.2︸ ︷︷ ︸
group 1

(v12,v21)︷︸︸︷
0.2

(v12,v22)︷︸︸︷
0.1

0.3 0.4︸ ︷︷ ︸
group 2

 (A7.57a)

PV1|IT (t1) =


v11︷︸︸︷
0.7
0.3︸︷︷︸

group 1

v12︷︸︸︷
0.3
0.7︸︷︷︸

group 2

 (A7.57b)

The specific mutual information for state t1 ∈ T can be decomposed:
• Total specific mutual information (S, total information):

iKL(t1,S) = ∑
s∈S

PS|T (s | t1) ln
(

PS|T (s | t1)
PS(s)

)
= ∑
[x
y]∈PS|IT (t1)

x ln
(

x
px+(1− p)y

)

= ∑
[x
y]∈

[
0.4 0.3 0.2 0.1
0.1 0.2 0.3 0.4

]x ln
(

x
0.6x+0.4y

)
≈ 0.0703

(A7.58)

• The information obtained after coarsening (V1, between groups):

iKL(t1,V1) = ∑
[x
y]∈PV1|IT (t1)

x ln
(

x
px+(1− p)y

)
≈ 0.0534

(A7.59)

We convert the representation from matrices to multisets using Equation 6.3d.
We incorporate the parameter p = 0.6 using Equation 6.3c.
The total population average is µ(Xtotal) = µ(Dtotal) = 1/10.
The average of group v11 is µ(Dgroup v11) = 27/350.
The average of group v12 is µ(Dgroup v12) = 23/150.
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Notice that iKL(t1,S) = GE0(Dtotal), and iKL(t1,V1) = GE0(Dbetween).

Xtotal =

(v11,v21)︷ ︸︸ ︷
{0.1/4}4 ⊎

(v11,v22)︷ ︸︸ ︷
{0.2/3}3 ⊎

(v12,v21)︷ ︸︸ ︷
{0.3/2}2 ⊎

(v12,v22)︷ ︸︸ ︷
{0.4/1}1 (A7.60a)

Dtotal = {7/100}4 ⊎{13/150}3 ⊎{3/25}2 ⊎{11/50}1 (A7.60b)
Dgroup v11 = {7/100}4 ⊎{13/150}3 (A7.60c)

Dgroup v12 = {3/25}2 ⊎{11/50}1 (A7.60d)

Dbetween = {27/350}7 ⊎ {23/150}3 (A7.60e)

• The information lost by coarsening the first subgroup (within group v11)
is the weighted contribution of the corresponding subgroup by Equation
5.38:

PV1(v11) ·GE0(Dgroup v11)

=
7

10
· −1

7
·
(

4 · ln
(

7/100

27/350

)
+3 · ln

(
13/150

27/350

))
≈ 0.0039

(A7.61)

• The information lost by coarsening the second subgroup (within group
v12) is the weighted contribution of the corresponding subgroup by Equa-
tion 5.38:

PV1(v12) ·GE0(Dgroup v12)

=
3

10
· −1

3

(
2 · ln

(
3/25

23/150

)
+1 · ln

(
11/50

23/150

))
≈ 0.0129

(A7.62)

From the resulting decomposition shown below, we can conclude that the
specific mutual information from S about T is 0.0703. Coarsening the variable
S to V1 reduces the specific mutual information to 0.0534 (between groups).
The lost information is found within the first subgroup (v11) to 0.0039, and
within the second subgroup (v12) to 0.0129.

iKL(t1,S)︷ ︸︸ ︷
GE0(Dtotal) =

iKL(t1,V1)︷ ︸︸ ︷
GE0(Dbetween)+PV1(v11) ·GE0(Dgroup v11)+PV1(v12) ·GE0(Dgroup v12)

0.0703 ≈ 0.0534 + 0.0039 + 0.0129 (rounding)

The results are consistent with the operational interpretation: As expected
from the recursive sub-structure of information, the gained information from
opening a subgroup correctly corresponds to the information contained within
it.
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• Opening the first subgroup increases the information by 0.0039 (splitting
group v11):

iKL(t1,S) = ∑
s∈S

PS|T (s | t1) ln
(

PS|T (s | t1)
PS(s)

)
= ∑
[x
y]∈

[
0.4 0.3 0.3
0.1 0.2 0.7

]x ln
(

x
0.6x+0.4y

)
≈ 0.0574

(A7.63)

• Opening the second subgroup increases the information by 0.0534 (split-
ting group v12):

iKL(t1,S) = ∑
s∈S

PS|T (s | t1) ln
(

PS|T (s | t1)
PS(s)

)
= ∑
[x
y]∈

[
0.7 0.2 0.1
0.3 0.3 0.4

]x ln
(

x
0.6x+0.4y

)
≈ 0.0663

(A7.64)
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