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Abstract

The ability to study materials is essential in many areas. With
advancements in technology, it is now possible to study atomic tran-
sitions in detail. This paper investigates two factors, bandwidth and
selectivity, when examining different reactions. Specifically, it explores
how the duration of the laser pulse affects the width of energies and
selectivity when studying transitions. This is done using a simulation
of femto- and attosecond pulses that are modeled by a Morlet wavelet.
These pulses were then Fourier transformed to analyze the width of
energies contained in that pulse, in accordance with Heisenberg’s un-
certainty principle. Fermi’s golden rule and a table of electron binding
energies were used to qualitatively assess selectivity. Results show that
a 1 fs pulse corresponds to about 1 eV in FWHM energy and a 1 as
pulse corresponds to about 1000 eV in FWHM energy. Selectivity gen-
erally decreases with increasing bandwidth due to multiple transitions
coupling but improves when the coupling of a specific transition is dom-
inant. The density of states also impacts selectivity; higher densities
reduce selectivity, while lower densities enhance it.

Sammanfattning

Mojligheten att studera material ar vasentlig inom manga omraden.
Med teknologiska framsteg ar det nu mojligt att studera atoméra over-
gangar i detalj. Denna uppsats undersoker tva faktorer, bandbredd
och selektivitet, vid anvanding av ultra-korta laser pulser under stud-
ering av material. Specifikt utforskas hur varaktigheten av laserpulsen
paverkar energibredden och selektiviteten vid studier av Gvergangar.
Detta gors med hjélp av en simulering av femto- och attosekundspulser
som modelleras med en Morlet-wavelet. Dessa pulser Fouriertrans-
formeras sedan for att analysera energibredden som finns i pulsen, i
enlighet med Heisenbergs osédkerhetsprincip. Fermis gyllene regel och
en tabell 6ver elektronens bindingsenergier anvands for att kvalitativt
bedoma selektiviteten. Resultet visar att en puls pa 1 fs motsvarar
ungefar 1 eV i FWHM-energi och en puls pa 1 as motsvarar ungefar
1000 eV i FWHMe-energi. Selektiviteten minskar generellt med okande
bandbredd pa grund av multipla 6vergangskopplingar, men férbéattras
nédr kopplingen av en specifik 6vergang ar dominerande. Tillstands-
tatheten paverkar ocksa selektiviteten; hogre tathet minskar selek-
tiviteten, medan lagre tathet okar den.
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1 Introduction

To take a picture of something, the exposure time of the camera must be
shorter than the movement of the object. The same thing goes for studying
the smallest things in the universe. To study the atom, the spectroscopy
method must be at the same speed or greater than the movement of the
atom, and to study the electron, it must be on the scale of the electron’s
movement. This can be done using attosecond physics!

An attosecond is a billionth of a billionth of a second. It is so short that
it relates to a second the same way a second relates to all time since the
universe’s existence [1]. A reaction usually takes a few hundred femtosec-
onds, where a femtosecond is 1000 times longer than an attosecond, while
transitions within the atom usually take up to a few hundred attoseconds.
When studying these processes, one sends an ultra-short pulse that inter-
acts with the matter and then measures some form of absorption spectrum.
These ultra-short pulses have for a long time been limited to the femtosec-
ond scale, but not any longer. Hence, the new technology opened up a new
world, where one could go from studying atoms in molecules to studying
electrons in atoms.

These new advancements have made it possible to investigate the mate-
rial’s transitions at the electron level, thus, one can gain insights into specific
energy transitions in atoms. By studying the movement and interactions of
the electrons on the attosecond scale, one can learn about the electronic and
optical properties of materials [2], where desirable qualities can be found,
and new materials created. This can contribute to further knowledge and use
of new materials in optoelectronic devices, medical diagnostics, technology,
and much more [3][4].

This laid the groundwork for this bachelor thesis about bandwidth and
selectivity in transitions. When one has ultra-short pulses consisting of
photons, which are quantum particles, one is working in a different domain,
the quantum domain. There, things work a bit differently. Such a short
pulse gives rise to a range of energies of the ultra-fast pulse used to study
the process. That range is called bandwidth, which means that there are
multiple different energies of different intensity, following a Gaussian dis-
tribution. Additionally, when studying a process, one wants to isolate one
transition or happening in the process, not having the pulse interact with
multiple transitions simultaneously; this is known as selectivity. These two
factors, bandwidth and selectivity, play a crucial role in how the ultra-fast
pulse interacts with the material and, in turn, affect our ability to study
and understand the material’s properties.



By delving deeper into the concepts of bandwidth, selectivity in transi-
tions, and their interplay, this research aims to deepen the understanding
of the capabilities and limitations in attosecond technology. To gain fur-
ther background understanding of this, below is presented further relevant
information on the area.

2 Background

2.1 The electron

Bohr’s model explains the atom as the nucleus (with protons and neu-
trons) in the middle with electrons orbiting around in different discrete en-
ergy levels. These levels are called shells and are numbered K, L, M, etc.
Each of these letters represent number 1, 2, and 3 respectively, [5] and are
called principal quantum numbers. They are also called energy levels be-
cause the different shells have different energies that the electrons occupy
[6].

Bohr created a model that has turned out to be very accurate to the
experimental data from a quantum mechanical perspective, although it was
found that electrons do not orbit the nucleus in fixed paths [6]. The behavior
of the electron is described by the Schrédinger’s equation, which is written
in equation (1 [7]
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Where v is the wave function, m, is the electron rest mass, A is the reduced
Plank constant, V(z) is the potential, E(x) is the energy of the system and
V? is the Laplace operator.

The Laplace operator can be written in spherical coordinates accordingly
to equation [2
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Where 1 is the radial distance from the origin, 6 is the polar angle and ¢ is
the azimuthal angle.

The Laplace equation is crucial for solving Schréodinger’s equation, which
is fundamental in quantum mechanics. The solution to Schrodinger’s equa-
tion is the electron wave function, also known as the atomic orbitals. An



orbital is a three-dimensional region within an atom and describes the prob-
ability distribution of finding an electron in a specific region of space. It
represents the allowed energy states and three-dimensional motion of an
electron. Orbitals can be occupied by at most two electrons at once. These
orbitals are defined by quantum numbers: the principal quantum number
n, the azimuthal quantum number [/, and the magnetic quantum number m.
The principal quantum number determines the energy level and size of the
orbital, where n is a positive integer (1, 2, 3, ...). The azimuthal quantum
number determines the shape of the orbital and is described with an integer
from 0 to n-1. The magnetic quantum number determines the orientation
of the orbital in space and can be any integer from - [ to I. The azimuthal
quantum numbers are called s, p, d, f etc. and so the regions of space are
often referred to as s-orbitals, p-orbitals, etc. For a simple expression of
what electron is talked about, it is written as for example 1s, where 1 is the
principal quantum number, n and stands for the shell number, in this case
K, and s is the azimuthal quantum number 0 and is the shape of a s-orbital.
Another example is 3d, so shell M and orbital d.

From Schrodinger’s equation the energy of the electron can be calcu-
lated, while the Laplace equation can be divided in a radial part and an
angular part, and they together describe the orbitals, thus the probability
distribution. It describes nodes of the orbitals and the different shapes.
This is most easily described with some examples. The shape a s-orbital is a
sphere, this is because the probability to find an electron is identical in any
direction. This orientation is described with the magnetic quantum number.
The magnetic quantum number relates to the azimuthal quantum number
by that m =-I, ..., 0, ..., I. So for s-orbitals, the azimuthal quantum number
[ = 0, consequently the magnetic quantum number m = 0, so it only has one
orientation. Accordingly, the number of magnetic quantum numbers tells
us how many orientations there are. Although the fact that the s-orbital is
always symmetrical, they do differ between the shells, 1s is a sphere but 2s
has a so-called node, so it has a sphere for which the probability decreases
as you go outwards and then goes to zero and then it increases again. The
part of the orbital with probability zero is called a node. The number of
nodes can be depicted by the Laplace equation mentioned earlier where the
number of nodes is distributed between the radial part and the angular part.
There are spherical nodes and planar nodes and then the total number of
nodes is n-1 for any orbital. Subsequently, for 3s there will be 2 nodes. The
example of s-orbitals can be seen in figure [I] [8][9)]

The probability calculations show that the p-orbitals have a dumbbell
shape, and they have the azimuthal quantum number [ = 1, hence the



magnetic quantum number can be -1, 0 and 1. Then there are 3 orientations.
So, in contrast to s-orbitals, p-orbitals possess directional characteristics,
which makes them useful for predicting molecular shapes. Moreover, each
energy level with the principal quantum number bigger or equal to 1 has p-
orbitals and their sizes increase as the principal quantum number increases
and exhibit higher energies. Additionally, the 2p-orbital lacks nodes, the
3p-orbital has one node, the 4p-orbital has two nodes, and so on. which
fulfills the statement from before, that there are n-1 nodes. [9]

The different orbitals for principal quantum number 1 to 4 for s, p, d
and f can be seen in figure [l Note that different subshells, s, p, d, etc. have
different energies even within the same principal quantum number.
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Figure 1: Picture shows the s-, p-, d-, and f-orbitals for principal quantum
number n=1, 2, 3, 4. 2018, Geek3, GNU-FDL, CC BY 4.0. [10]

In addition to this, there can be superpositions of the different orbitals.
For example, and p-orbitals can be superimposed with an s orbital, and
this then gives rise to different characteristics from and s- or p- orbital
respectively.

2.1.1 The electron and its ionization potential

The electron and proton attract each other, resulting in a Coulomb at-
traction, this force will then increase as the electron is closer to the nucleus,
as the Coulomb attraction is related to %2 as it is calculated using equation
This results in the force being bigger for electrons in the inner shells and
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lower in the outer shells. This force contributes to the electron most likely
not fleeing away.
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Where ¢; is the charge of particle one and ¢y charge of particle two, ¢g is
the vacuum permittivity and e, is the relative permittivity.

The electron has a binding energy, called the electron binding energy or
the ionization potential. This is the energy required to remove the electron
from it’s orbital into free space beyond the atom. But it can also just
jump between orbitals[9]. The electron energy is quantized, meaning it can
only take discrete energy values and the electron binding energy is much
bigger for the electrons in 1s orbital and decreases inversely exponentially,
meaning the energy of the electron and the difference between the states
decreases the further from 1s you go. This is since the closer it is the
stronger the Coulombs attraction is. Energy is emitted or taken when an
electron moves between different orbitals. For example, when an atom is
subjected to energy that matches the electron binding energy, the electron
can be moved from the ground state and ejected from the atom, ionizing
it. Alternatively, if the energy matches the difference between the electron
binding energy and the energy of an empty orbital, the electron can absorb
the energy and jump from its ground state to an excited state, leaving the
atom less stable. Although, the time an electron spends in an excited state
is often very short, it tends to return to its ground state since this is more
stable. As it transitions back, the energy of the atom decreases, releasing
energy. The energy absorbed or emitted is determined by the difference
in electron binding energy between the two levels, according to equation [
where E; is the energy of the initial state and Ey the energy of the final
state.[9]

AE = E; — E; (4)

Likewise, the nucleus has a binding energy that is the energy required
to separate the nucleons in the nucleus. The binding energy depends on the
strong force and the electrostatic repulsion force, which balance each other
to keep the nucleus together as well as possible. Binding energy per nucleon
is the energy required to free one nucleon from the nucleus, Values of the
binding energy per nucleon can be seen in figure {2l [I1] [9].

In figure [2] it can be seen that the energy a photon would be required to
have to affect the nucleus is on the MeV scale. This is unlike the electrons
which mostly require some eV to some keV (some electrons closer to the
nucleus of some matter, require more energy.), this can be seen in a table



Average binding energy per nucleon (MeV)
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Figure 2: Graph of the binding energy per nucleon against number of nucle-
ons. Fe is showed in the picture, and is the most stable nucleus. Wikimedia
Commons.

of electron binding energies in reference [12]. This enables the possibility
to study the electrons without affecting the core, since it is mostly on a
different energy scale.

2.2 Emission spectra

As written earlier, when a photon hits an atom, and a transition is made,
it creates a vacancy in the shell from where the transitioning electron left.
Usually in the lower shells of the atom. This vacancy is then quickly filled
again by the same or another electron resulting in an energy release and a
more stable atom then when the atom was excited. The energy released is
in form of a photon, so when an electron from a higher energy level jumps
down energy levels there will be excess energy since the atom as a whole goes
from a more energetically unstable state to a more stable one. The energy
will be the difference between the two electron binding energy states, in the
form of a photon.

The photon energy is then dependent on what transition was made and
will be different depending on what state has a vacancy and what electron
jumps down in energy level. The different possibilities make up an emis-
sion spectra. An emission spectrum is a spectrum of energies or frequencies
of photons in different materials or compounds due to electron transitions.
Hence, all atoms have different emission spectra and by looking at the spec-
trum of a material you can identify what compounds are in it. Also, as said



before, the energy levels of the electrons are quantized and so the energy of
the photon emitted will have discrete energy values. When measuring an
emission spectrum usually frequency is used which then converted to energy
by equation |5, where h is Plank constant and vphoton is the frequency of the
photon. [7]

Ephoton = thhoton (5)

Additionally, the different emission lines are named depending on where
the electron came from and where it’s going. This can easily be explained
with a few examples. The emission line that comes from The L-shell and
goes to the K-shell is called Ka and depending on which orbital in the L-
shell it is called K« and Kas. If it comes from the M-shell to the K-shell
it is named K, from the N-shell is called K+, and so on. But, when it
jumps to the L-shell all the notations shift, so from M-shell to L-shell it is
La, from N to L it is LS etc.

In figure [3] a part of the emission spectra of nickel can be seen. This
can then be compared to the tables of ionization energies, where one can
approximately calculate the needed energy of the photon, this can then be
used to translate what transition was made.
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Figure 3: A part of the emission spectrum of nickel. Figure from [13], CC
3.0

2.3 Density of states

The allowed energy distribution of the electron states is given by density
of states (DOS). It is defined as the available energy states an electron can



occupy in a material at a certain energy, i.e. how close the states are in the
energy spectrum. In materials, especially solids, the electrons are arranged
in energy bands rather than individual energy states.|[14]

Energy bands describe how electrons are distributed over different en-
ergy levels in solids. Because, when atoms interact with each other in a
material, their individual energy levels spread out, forming a continuum of
energy bands. The relationship between the energy E of electrons and their
momentum (or wavevector k) is fundamental to understanding these bands.
The energy bands are represented by the band structure E(k), which shows
how the energy of an electron varies with its wavevector k.

Furthermore, in solids the band structure plays an important role in the
materials characteristics. The band structure is built with different energy
bands where the most important ones are the valance band and the con-
duction band. The valance band is the highest occupied band where the
electron usually is under normal circumstances, the conduction band on the
other hand is a higher band which is usually empty or partially empty. The
energy difference between these two bands is crucial for the characteristics
of the material, and this gap is called band gap. The size of the band gap
determines whether the material is an insulator, semiconductor or conduc-
tor. The valance band and the conduction band are the bands closest to
the Fermi energy, thus it determines much of the electrical conductivity of
the material. The Fermi energy is a measure of the energy level of the high-
est filled state in a material at 0 Kelvin, while the Fermi level is adapted
to the temperature. In an insulator and a semiconductor, the band gap is
relatively big and separates the two bands, while in a conductor the valance
band and the conduction band overlap, giving it its special electrical qual-
ities. Although in a semiconductor the band gap is much smaller than an
insulator and it can conduct electricity under certain circumstances, for ex-
ample a higher temperature which increases the Fermi level. In an insulator
the valance band conducts the highest occupied energy states, while the
conduction band is the lowest of vacant energy states. [L5]

Density of states varies depending on the energy level, for example the
valance band and conduction band may have multiple states for electrons
to occupy, while some other have less states to occupy. This can be shown
in a visual representation of the density of states. [14]

Equation [6]show the density of states of electrons per volume, where E is
the electron energy, m, is the electron mass, A is the reduced Plank constant



and V is the potential.
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Figure 4: Figure shows density of states against energy. The gap between
the two lines is the bandgap.

Note here that when we talk about binding energy, is E=0 defined as
the energy of an electron when it is far away from the atom (free state).
This is different in the context of energy bands and density of states (DOS),
where E=0 is usually placed in the middle of the bandgap, i.e. between the
valence band and the conduction band.

This distinction is important because it affects how we understand the
energy levels and accessible states of electrons in different contexts. Figure
shows, for example, the density of states with E=0 placed in the middle
of the band gap.

Knowledge about density of states is important because it impacts much
of the electrical abilities in a material. It also affects the optical properties
of the material, such as absorption and reflection of light at different wave-
lengths, which is important when designing optical materials. Additionally,
it affects the thermal conductivity, as electrons and phonons spread through
states in the energy bands. Therefore, knowledge about density of states
can help predict a material thermal properties.



2.4 Bondings in solids

Solids have different crystal structures kept together in that way by
different types of bonding. There are three main ones are metallic, ionic and
covalent bonding. They are idealized bondings and often there are mixed
types of bonding’s. In bondings only the valence electrons participate as the
core electrons are so tightly bound to the nucleus, resulting in such a high
energy that they are barely influenced by the neighboring atoms.

Tonic bonding involves the transfer of electrons from one atom to another,
forming ions that attract each other due to opposite charges. It occurs when
there is a significant difference in electronegativity between two atoms. Then
the electropositive atom loses an electron to the electronegative one, which
creates one positive ion and one negative ion which attract each other. This
leads to an energy gain, as the electron affinity and ionization energy is
outweighed by the coulomb attraction between the ions. Therefore, when
the ions come together they form an energetically favorable system that
structures in a lattice formation which maximizes the attractive force and
minimizes the repulsive force. An example of ionic bonding can be seen in
sodium chloride (NaCl), where sodium (Na) transfers an electron to chlorine
(Cl), forming a crystal lattice of Na™ and Cl~ ions.

In covalent bonding, electrons are shared between atoms to achieve a
more stable electron configuration. There are different types of covalent
bonds depending on how many electrons are shared and this effects the
formation of molecules. Moreover, the covalent bond is highly directional,
which mean they form specific structures based on the shape and orientation
of the atoms. An example of covalent bonding is found in diamonds. In this
structure, each carbon atom shares electrons with four other carbon atoms,
resulting in a strong and rigid three-dimensional structure.[15]

In metallic solids, with metallic bonding, the valence electrons can move
freely and are shared between all of the atoms, called an electron gas. This
is caused by the fact that in a metal the valance band and the conduction
band overlaps causing the valence electrons to wonder freely[15]. However,
metallic bonding’s are not directional, leading to metals being closely packed
structures. It maximizes the overlap of valence orbitals and so increasing
the delocalization of the electrons and thus the energy gain, which leads to
a more stable structure. An example of metallic bonding is found in iron.
In its crystal lattice structure, iron atoms have eight outer electrons that
delocalize and are shared among the atoms, creating a bond between the
positively charged iron ions.[16]
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2.5 Motivation of project

An example of an experiment is the measurement of strong-field ioniza-
tion of neutral C'Fy gas. It is developed in collaboration with the group
H.J. Wérner of ETHZ [17]. This experiment used the pump-probe method,
which is a multiple pulse method. The pump-pulse is a pulse with a specific
energy and wavelength, that ignites the reaction. The probe-pulse is another
pulse of a different energy, wavelength and time duration which is used to
investigate the process. In this reaction the pump-pulse that initiated a
photo chemical reaction was a near-infrared (NIR) laser with a wavelength
of 800 nm and a light pulse that lasted 50 fs. Then, a probe-pulse with
adjustable time delay was used to investigate changes in the sample’s ab-
sorption spectrum. The pump-pulse induced strong-field ionization of the
neutral C'Fy gas. The aim was to study CFy and its dissociation into C’F3Jr .
The pulse had an energy level that varied between 284 and 289 eV. This
specific range was selected because it corresponds to the energy where the
pre-edge absorption band (a specific feature in the absorption spectrum) of
the CF3+ ion can be observed. to CF3+ that they wanted to study. The
time resolution of the measurements was 40 +/- 5 fs. After 300 fs, CF;" had
formed. After approximately 130 fs, an increase in absorbance and a slight
red shift in the spectra were observed. Redshift means that the absorption
spectrum shifts towards longer wavelengths.

The CF,; molecule has composite orbitals and a tetrahedral geometry,
giving it two lowest energy states. Tetrahedral geometry refers to a specific
geometric arrangement where a central atom is bonded to four surrounding
atoms or groups, resulting in a tetrahedral shape. These two energy levels
are a mix of carbon’s sp? hybrid orbital and fluorine’s 2p orbitals. In ma-
terials with covalent bondings, the electrons often hybridize which results
in hybrid orbitals. This then affects the energy of the orbitals the elec-
trons exist in relation to the original orbitals in the respective atoms. The
changes observed in the absorption spectrum indicates that the symmetry
has decreased, which occurs when CF4 breaks down into C'F3+ . This led
to a splitting in the orbitals. Therefore, the studying this reaction involves
very fast pulses, and with a time resolution of 40 fs, the probe-pulse is also
likely around 40 fs or slightly longer. In other processes, the laser pulse can
involve attoseconds, depending on what is being studied in the process.[17]

So, chemical processes in different materials, are things that happens
within a few hundred femtoseconds and to study what is happening in these
processes we need pulses on the range of attoseconds to a few femtoseconds.
These pulses must vary depending on what one is looking at in a material.
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When varying the duration of the two different pulses and the time resolution
one must take bandwidth and selectivity into consideration. By looking at
what is happening in different parts of a reaction, scientists can get a better
understanding on materials characteristics and how to predict and control
how materials act under different circumstances which is needed to better
and create materials of wanted qualities.

In this bachelor thesis I aim to better the understanding and investigate
the prospects and limitations of attosecond and femtosecond laser pulses in
respect to investigation of different processes. This is done by investigating
bandwidth in short laser pulses, due to the Heisenberg uncertainty principle
and by investigating selectivity in transitions. Therefore, this example can
be viewed as a motivation of this project. In this project I will study how the
duration of the probe-pulse affect different factors in the pulse and thereby
deepen the understanding to how these factors affect the ability to conduct
and understand what happens in reactions during experiments like this.

3 Theory and Methodology

3.1 Investigating bandwidth and selectivity

In physics there is something called conjugated variables, which means
that if two variables are conjugated, one cannot know the value of both
exactly. This bachelor thesis will look at time and frequency/energy, which
are conjugated variables. If one wants to know the frequency and therefore
the energy exactly, one must have an infinite time interval. This comes from
the Heisenberg’s uncertainty principle. The uncertainty principle states that
in a quantum system it is impossible to simultaneously determine certain
pairs of properties of a particle or system with perfect precision [18]. The
two most well known examples of such conjugated variables are position and
momentum, as well as time and frequency/energy. These two relations can
be seen in equation |[7] and equation [§| respectively.

Ax.Ang (7)
At.AE:g (8)

In this thesis, the second relation is of intrest, seen in equation [8| The
uncertainty principle then says that since in this bachelor thesis it is such a
short time frame, far from infinity, we will not have an exact frequency and
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thereby not an exact energy. There will be a width of frequencies/energies,
called bandwidth. This also affects the possibility to be selective when
studying different processes. Selectivity refers to the possibility to isolate
a happening in time and place, with other word the possibility to only study
one thing in a reaction or likewise. This bachelor thesis will investigate how
bandwidths are affected by the width and frequency of the incoming photon
as well how bandwidth affects selectivity.

A notebook with Python code was used during the whole project. The
Python code contained ready wave-packets, envelope and fast Fourier trans-
form for real and complex wave-packets, which is the energy span for the
envelope. The code was investigated by changing different parameters as
the width of the envelope, frequency, and time span. Then it was investi-
gated what happened with the energy as these change and how bandwidth
was affected. All code can be found in section§] Thereafter, selectivity was
investigated using Fermi’s golden rule and a table of electron binding ener-
gies. This was all then related to bandwidth and how bandwidth affect the
different factors affecting selectivity.

3.2 Wavelet

A wavelet is a mathematical function used to represent data or other
functions. It is a localized wave packet in space. Wavelet analysis processes
data at different scales or resolutions which allows detection of both large
features and small details. This is unlike Fourier analysis, which decomposes
a signal into sines and cosines. As for the Fourier analysis, it stretches out
into infinity, but using wavelet analysis it can be contained in the definite
domains. [19]

By applying the continuous wavelet transform to a function, one can
break it down into different parts called wavelets. Each wavelet represents
a specific part of the function in both time and frequency.

Wavelets are basis functions coming from the new domain during a
wavelet transform, and wavelet packets are a linear combination of wavelets.
They constitute bases that preserve much of orthogonality, smoothness, and
localization characteristics of their parent wavelets. Furthermore, a single
wavelet function is localized in space, which is also unlike the Fourier sine
and cosines functions.[19]

The continuous Wavelet transform breaks the function down into differ-
ent parts, wavelets. Each wavelet represents a specific part of the function
in both time and frequency[20]. There are different families presenting vary-
ing compromises between localization of basis functions in space and their
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smoothness. An important note is that the wavelet transform is not con-
sisting of a single set of possible basis functions, but offers an infinite set of
possible basis functions. [19][21]

3.2.1 Morlet wavelet

In this paper the pulse that is studied is modelled by a Morlet wavelet.
Mathematically the Morlet wavelet is a wavelet composed by a complex
exponential multiplied with the Gaussian, where the complex exponential is
the carrier wave and the Gaussian the envelope. Carrier wave is a medium for
transmitting information, it is usually a sinus formed wave that is modulated
by an information-bearing signal. A general set of wavelets is made from
scaling and displacing the mother wavelet. It is done with equation @[22]

b =I5 20" ) Q

So a Morlet wavelet is created from scaling the mother Morlet wavelet,
which is given by equation (10)[22]

$(t) = (et — ex)em3" (10)

Where t often is referenced as time and f the frequency. Then by scaling
the mother Morlet wavelet the general Morlet wavelet is created. For a more
in-depth read about this, the reader is referred to [22].

Figure , shows a visual representation of the complex Morlet wavelet.

In this bachelor thesis the Morlet wavelet used is shown in equation

+2

B(t) = et 207 (11)

, where t is time, w is the angular frequency, and o is the standard
deviation of the Gaussian which is related to the width of the envelope. So
by changing the standard deviation the time width of the pulse was changed,
and by changing the frequency the main energy was changed, as frequency
and energy relates by equation

E = hv (12)

3.3 Fourier transform

To study the spectrum of energies within the Morlet wavelet that comes
from the Heisenberg uncertainty principle, the Morlet wavelet was Fourier
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Figure 5: A visual representation of the complex Morlet wavelet. Picture
a) shows the both the imaginary and the real parts of the Morlet wavelet in
the configuration space, depicted for s=1 and 1 is 0. Picture b) shows the
Morlet wavelet in the Fourier space, which is illustrated for s= 1 (black line)
and for s= 2 (red dotted line). Figure from [23], CC BY 3.0.

transformed. In this case a Fourier transform (FT) takes a time-dependent
function as input and produces another function that characterizes the pres-
ence of different frequencies within the original function. Hence, it converts
a time dependent function to a frequency dependent function. [24][25]. A
function that has a wide time domain has a Fourier transform that is nar-
row in the frequency domain and vice versa. There are both time-continuous
FTs, see equation and time-discrete FTs, see equation ((14). The dis-
crete Fourier transform takes in a discrete set of values and calculates the
corresponding frequency components. This results in a new series, where
each number represents the amplitude and phase angle of a specific fre-
quency component in the original signal. It is mostly used to amenable
computer computations. [24][25] [26]

ft) = /R F(t)e da (13)

N-1

fn) =" fk)emmtN (14)
k=0
Power spectrum for time-signals describes the distribution of the power of

different frequencies for those signals. The power spectral density illustrates
how the power within a time series is spread across different frequencies.[27] [28]

P=—|f(n)P (15)



In this bachelor thesis the fast Fourier transform (FFT) is used. The
FFT is an algorithm that computes the discrete Fourier transform with
matrices and by using less multiplications and additions. It has found to
be much more rapid than other algorithms.[26]. For a more in-depth read
about the fast Fourier transform, the reader is referred to [26][29].

3.4 X-ray absorption

X-rays can interact in several ways; one important way is by means of x-
ray absorption. X-ray absorption means that the incoming photon interacts
with the electron causing the electron to transition from a lower to a higher
energy state. In this process, the photon loses all its energy and disappears.
This leaves a vacancy in the lower state which is filled again shortly after
the incident by an electron from a higher energy state releasing energy, that
electron is called the photoelectron. The energy released may be in the form
of a photon of lower energy then the incoming photon or an auger electron,
an electron kicked out by the auger process[30].The Auger process can be
briefly described as the phenomenon where the energy released when an
electron transitions from a higher energy state to a lower one is absorbed
by another electron, which is then emitted from the atom. This emitted
electron typically comes from an outer shell, requiring less energy to escape
than electrons in lower energy states[31]. In figure |§| the the auger effect
and photoelectric effect as well as others are visualised and it’s time scale is
describes.
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3.4.1 X-ray spectroscopy

X-ray absorption spectroscopy deals with the X-ray absorption in a ma-
terial when a material is exposed to X-ray radiation of varying energy. It
is a technique used to investigate the structure and properties of materials
at the atomic level by comparing the energy of the incoming radiation and
the measured radiation. As written earlier, different electron transitions can
occur when an atom is exposed to the right energy. When X-rays interact
with a material these transitions can occur, depending on the energy levels
of the electrons and the electronic transitions within the atom. When an
incoming photon is absorbed, there will be a secondary photon or electron
is emitted.

3.4.2 X-ray absorption fine structure

In addition to that, a more specific form is the X-ray absorption fine
structure (XAFS), which studies the local structures around selected ele-
ments, the neighboring atoms[33]. It measures the X-ray absorption coeffi-
cient, u(F), which describes the X-ray absorption as a function of the X-ray
energy. The function is proportional to %, meaning, as energy increases it
gets more penetrating and u(E) decreases. But there are certain energies for
the specific atom where p(F) increases. These are called absorption edges.

This happens when an X-ray has enough energy to release an electron from
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an atoms low-energy bound states.[33]

3.4.3 XANES and EXAFS

There are two main types of X-ray absorption spectroscopy, X-ray ab-
sorption near edge structure (XANES) and extended X-ray absorption fine
structure (EXAFS). XANES is the region close to the absorption edge men-
tioned earlier and is distinguished by transitions of the photoelectron to
unoccupied bound states. It provides information about the electronic struc-
ture and chemical environment of the atom, such as oxidation state and bond
type. EXAFS goes beyond the absorption edge where the photoelectron is
liberated from the atom. It provides information about the atoms nearest
neighbors, including the distance between atoms, type of bonds and the
structure of the material[34]. Both of the regions can be seen in figure
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Figure 7: Figure shows the two different regions XANES and EXAFS for
absorption of three different materials. Figure from[35], By CCO

To be able to study processes one can use X-ray spectroscopy. X-ray
spectroscopy is a way to measure and study ultra-fast process as well as
electron transitions and chemical reactions in different materials. It is a
technique that offers high time resolution when studying these fast things.
These pulses are effective to use to observe changes during a process and
with multiple different techniques such as XANES and EXAFS it gives a
good range for when different parts want to be studied. This is included in
this report to give the reader a better understanding of how these sorts of
analysis’s can be done, and the importance of what part of a X-ray spectrum
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one look at different part of a process can be examined. And it is this sort of
pulses that X-ray spectroscopy can contribute to that have been investigated.

3.5 Fermi golden rule

Fermi’s golden rule describes the probability of a transition to happen
over unit time between different energy states due to a weak perturbation,
i.e. the transition rate from one energy eigenstate to a group of energy
eigenstates in a continuum. This transition rate is effectively independent
of time if the strength of the perturbation is independent of time and is
proportional to the strength of the coupling between the initial and final
states of the system (the matrix element), as well as the density of states. It
is also applicable for when the final state is discrete, so for when it is not a
part of the continuum, which happens because of interference in the process,
for example collisions between particles, in which case the density of states is
replaced by the reciprocal of the interference bandwidth [36]. Fermi’s golden
rule is described by equation [16] where |(f|H|i)|? is the matrix element and
H is the perturbation potential and p(Ey) is the density of states [1§].

Linp= 2%|<fyHyz‘>y?5(Ef — B+ hw) = 2%’<f|H|i>|2P(Ef) (16)

3.6 Selectivity in transitions

Selectivity refers to the ability to isolate a transition when studying a
process. Therefore, to be selective when studying transitions means to be
restrictive and making sure not lots of transitions happen all at once, or
that one do not watch different transitions all at once. It is a central subject
within the studies of ultra-fast processes. In the example of the process
in section the importance of selectivity is further understood. To look
at a reaction and understand what is happening you cannot send a pulse
that has energies spanning the entire molecule, you must select what to look
at and in what energy range that is. For this reason, selectivity is highly
connected to bandwidth, as a large bandwidth causes a loss in selectivity
when studying different processes.

For further understanding, table [1| shows the electron binding energies,
illustrating that the binding energy decreases with increasing distance from
the nucleus and as well as the distance between states. Here selectivity can
be related for a deeper understanding of the concept. If one looks at the
two states My 3py /o and My 3p3/o it has a electron binding energy of 68 eV
and 66.2 eV respectively. Then if there is a bandwidth of the pulse that is
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broader than 2 eV it will not be isolating one transition since two different
states are within that energy range. So it will not be as selective as when
studying a transition in the L; 2s state as the energy difference to the closest
state is still 38 eV away.

A good/bad selectivity is relative and for the most part in this paper
selectivity will be referred to as something that decreases or increases and
not as good or bad because of this.

Element ‘ K 1s ‘ L1 2s ‘ Lo2pq /o ‘ Lo2ps /o ‘ M 2s ‘ Ms3pq /2 ‘ M33ps3/9 ‘

Ni | 8333[1008.6 | 870.0 | 852.7 | 110.8 | 68.0 | 66.2

Table 1: Table of electron binding energies for the element Nickel. Values
taken from [12].

The transition of quantum mechanical states can be described by the
Fermi golden rule, as said before, where it is the probability of a transition to
happen. In consequence it describes selectivity. If the probability of multiple
transitions is high then the selectivity decreases, and if the probability is low
for many transitions and high for one or a few, then the selectivity increases.
Hence by looking at the density of states and matrix element in equation
the selectivity can be investigated. The matrix element describes the
coupling between the initial and final state affected by the perturbation.
The perturbation describes outer factors that affect the system, such as the
laser pulse. In this bachelor thesis the selectivity will be investigated by
looking at Fermi’s golden rule and its relation to bandwidth.

4 Results

4.1 Investigating bandwidth

Firstly, I investigated what is meant with bandwidth, this was done from
the given and altered Python code, which can be found in section [8| During
the investigation I mainly looked at the Morlet wavelet function and how it
is affected by different parameters, such as the standard deviation, o, of the
Gaussian part of the function and the angular frequency, w, of the wavelet,
from the complex part of the function.

The Morlet wavelet is a composition between a Gaussian function and a
complex exponential, that can be seen in equation These two different
parts can essentially be seen as representatives of a photon and the compres-
sion of a photon (or in reality of multiple photons, as one by itself cannot be
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compressed). To analyze how the wavelet is affected by the above parame-
ters, it is essential to see the relation between the parameters and then we
need the same units to be able to compare the two. From dimension analysis
the standard deviation must be in femtoseconds and angular frequency in
petahertz. Subsequently, we can investigate the relation between them and
the effect on the wavelet by looking at them both in time units. Instead
of the angular frequency, one can look at one divided by it, let’s call it T,
Twlfs] = ﬁ. In the Python code the energy and standard deviation
is given as input, so to explore further, the energy must be converted to
frequency, as it is in the code and then to a time domain.

It was then found that if T}, is larger than o by a order of magnitude, the
Gaussian was dominant for the Morlet wavelet, resulting in the frequency
part not showing. Consequently, the wavelet was only an envelope, as the
complex exponential was bigger than the envelope and went outside the
range of the envelope, see figure [Ba] However, if ¢ and T, is on the same
order of magnitude, it can be seen that the complex exponential is starting
to affect the wavelet, and as it gets closer and closer to the same value the
wavelet is more effected, but in the beginning it is clearly still dominated
by the Gaussian envelope. In figure [8b| the development when T}, becomes
closer to o can be seen.

Moreover, when the standard deviation starts to exceed T,,, the Morlet
wavelet takes both the Gaussian envelope and the complex exponential into
account and gives us a clear envelope with higher or lower frequency inside,
depending on the input energy. In figure 0b] and Da] this can be seen.

This is then how Morlet wavelet is affected by the standard deviation
and the angular frequency.

Then to follow up, the energy spectrum was investigated. By taking
the Fourier transform of the Morlet wavelet the span of frequencies can be
investigated, and so the energies. To investigate the energy spectrum, I've
looked at the full width and half maximum (FWHM), it is the difference
in the energy at the full width and half maximum in the graphs. In the
following graphs the relation of the Morlet wavelet and the energy spectrum
is shown.

21



Morlet waveliet Morlet wavelet, o = 0.01 [fs]

|| o =0.01[fs] i
T = 0.165[fs]
7 5t
E 5l
e [ =
I L
u m
= =
2 B
= = L
<L =L
= T = 0.021[fs]
- L w = 0052[fs]
paoo 0025 04Os0 0A7FS 0100 Oooo 0025 0050 0075 0100
Time {fs] Time {fs]
(a) (b)

Figure 8: A Morlet wavelet using equation with o = 0.01 fs. Figure (a)
has angular frequency w = 6.04 PHz, which corrensponds to T, = 0.165
fs. In figure (b) the blue line has angular frequency w = 48.4 PHz, which
corresponds to Ty = 0.021 fs and the red line has angular frequency w =
19.3 PHz, which corresponds to T, = 0.052 fs.
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Figure 9: A Morlet wavelet using equation with ¢ = 0.01 fs. Graph
in figure (a) has angular frequency w = 242 PHz, which corresponds to
T, = 0.0041 fs. In figure (b) the blue line has for angular frequency w = 1204
Phz, which corresponds to Ty = 0.00083 fs and the red line has for angular
frequency w = 242 Phz, which corresponds to T,, = 0.0041 fs.
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Figure 10: The graph to the left shows a Morlet wavelet using equation
with ¢ = 1 fs w = 2.42 Phz, which corresponds to Ty = 0.424 fs. Graph
to the right side shows it’s Fourier transform, which has FWHM energy 1.1
eV.

Morlet wavelet Fourier transform of Morlet wavelet
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Figure 11: The graph to the left shows a Morlet wavelet using equation
with ¢ = 0.001 fs w = 2500 PHz, which corresponds to Ty = 0.0004
fs. Graph to the right side shows it’s Fourier transform, which has FWHM
energy 1075 eV.
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Maorlet wavelet Fourier Transform of Morlet wavelet
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Figure 12: The graph to the left shows a Morlet wavelet using equation
with 0 = 0.1 fs, w = 25 PHz, which corresponds to Ty = 0.04 fs. Graph to
the right side shows it’s Fourier transform, which has FWHM energy 10.5
eV.

I found that 1 fs corresponds to about 1 eV i FWHM energy and 1 as
corresponds to about 1000 eV in FWHM energy. As can be seen in figure[10]
and the FWHM energy increases as the width of the Morlet wavelet
decreases, so as o decreases. And vice versa, when the width increases
the FWHM energy decreases. This is accordingly to Heisenberg uncertainty
principle, when we have a very short time pulse the uncertainty of the energy
is broader, and so we get a spectrum of energies. Furthermore, it can be
seen that the central energy changes, so the spectrum of energies are centred
around the input energy, and is then distributed around it.

Additionally, looking at figure [L3]it is found that the FWHM energy is
about 107 eV, this is when ¢ = 0.01 fs and T, = 0.004 fs. And in figure
it is found to be about 109 eV as o = 0.01 fs, which is the same as in
figure [I3] but it has a different frequency, T,, = 0.165 fs. This shows the
relation between the input frequency and FWHM. In fact FWHM barely
changes as the frequency is changed. Although a small difference can be
noticed, because when the frequency is increased the wave packet changes
from being only dominated by a Gaussian to being more and more affected
by the complex exponential, and so the Fourier transform will also change,
hence FWHM energy differs. But, even if FWHM does not have any big
difference, the energy for which it is centered around changes. The main
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energy is the input energy (calculated to frequency later) and the energy
distribution is centered around it, which affects the possibility to study
reactions, read more about this in section

Maorlet wavelet Fourier Transform of Morlet wavelet
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Figure 13: The graph to the left shows a Morlet wavelet using equation
with ¢ = 0.01fs,w = 250 PHz, which corresponds to Ty, = 0.004 fs. Graph
to the right side shows it’s Fourier transform, which has FWHM energy
107.5 eV.
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Maorlet wavelet Fourier Transfrom of Morlet wavelet
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Figure 14: The graph to the left shows a Morlet wavelet using equation
with ¢ = 0.01 fs, w = 6.06 PHz, which corresponds to Ty = 0.165
fs. Graph to the right side shows it’s Fourier transform, which has FWHM
energy 109.6 eV.

4.2 Selectivity in transitions

Selectivity in transitions refers to beeing selective and making sure not
lots of transitions happen all at once, or that you do not watch different
transitions all at once.

This was firstly investigated using Fermi’s golden rule which describes
the probability of a transition to happen per unit time (see equation [16)).
So, if the probability of a transition for a unit of time is high compared to
others than the selectivity is high.

So starting by looking at the matrix element, which is the coupling be-
tween the initial and final state and is depending on the perturbation, which
describes small changes or disturbances in the system. In this case one of
those are the laser pulse. So, by using a short pulse of a certain energy,
wavelength, intensity it targets a more specific transition. Therefore, as
the perturbation potential increases for a specific transition and decreases
for others, the matrix element for that transition also increases. This is
since the coupling between the initial and final state increases. As a result,
the transition rate is higher for one or a few specific states, leading to in-
creased selectivity by making a particular transition more likely. Hence, the
coupling between states that are not around the energy of the laser pulse
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will decrease, leading to its transition rate decreasing. But with a broad
bandwidth the coupling between multiple states might increase causing se-
lectivity to decrease in comparison to if the bandwidth is very small only
strengthening the coupling between two states.

Furthermore, one can look at density of states in Fermi’s golden rule (see
equation . Density of states is the number of energy states an electron
can occupy in a material at a certain energy, i.e how close the states are in
the energy spectrum[I4]. The density of states is calculated using equation
[6l The value for density of states increase the closer the different states are
in an energy range E to dF. Consequently, the probability rate will then
increase for the transitions in that energy range. Subsequently the transition
rate will increase for all states in that region. So, if there are many states
in that region of energy the transition rate will increase for many, resulting
in selectivity decrease, since there are multiple states that can be filled by
the electron.

Looking at nickel (Ni), which has 28 electrons in the ground state, the
ionization energies decrease as you move further out from the nucleus. For
nickel, the ionization energy of the 1s electron is 8333 eV, whereas the 2s
electron has an ionization energy of only 1008.6 eV— a difference of over
7300 eV. This trend in decreasing ionization energies holds true unless the
atom is ionized, which can alter the ionization energies due to changes in
electron configuration. Therefore, if we want to look at the 1s electron, we
need to make sure that the selectivity reaches this goal, and the bandwidth
must be less than 7324 eV. A bandwidth of 1000 eV corresponds to about
1 as, so in this case we would need a pulse of central energy 8333 eV and
it can’t be shorter than about 0.15 as. Thus, we can have a femtoseconds
pulse to look at it, depending on how fast the process is. But if we go only a
little bit further out in the nickel atom, the difference between energy levels
decreases vastly. The 2s electron has 1008 eV and the 2p; /5 has 870 eV,
and 2p3 /5 has 852 eV. So the to look at the electron in 2p; /o the bandwidth
would need to be less than 18 eV, which corresponds to about 70 as. Going
even further to the 3p;/, and 3ps/, electrons, they have electron binding
energy 68 eV and 66.2 eV respectively. So the states are much tighter and
to look at transition around these two states the FWHM must be less than
1.8 eV which corresponds to just under 1 fs. So as can be seen, depending
on what part in the atom or molecule is investigated the pulses must have
very different durations, which makes it harder to study some, than others.
Electron binding energies for nickel can be seen in table
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5 Discussion

Attosecond physics is a relatively new research field and with the possi-
bility to create these short laser pulses, new prospects but also limitations
have been found. In this paper prospects and limitations have been further
investigated by studying two key components, bandwidth and selectivity.
Studying selectivity and bandwidth in transitions is crucial to better under-
stand processes such as catalysts, photo chemical reactions and find wanted
and unwanted qualities in materials. This is important to be able to further
develop and create new materials for different wants and needs, for example
more sustainable, electronically favorable, or other qualities.

A strong connection between bandwidth and selectivity was found, where
the bandwidth of the pulse affects the impact of other factors, such as den-
sity of state and coupling element which in return affects selectivity. Fur-
thermore, bandwidth was connected to the width of the pulse, so it was
investigated what time duration of the pulse corresponded to in bandwidth.
It was found that one femtosecond corresponds to about 1 electron-volt in
bandwidth and one attosecond corresponds to 1000 electron-volt in band-
width.

Besides, as said in the results, there are multiple different factors that
affect if one can be more or less selective. For example, if the input frequen-
cy/energy, which is where the FWHM energy is centered around, is very
low , such as 25 eV in figure the FWHM of 100 eV is very broad and
captures many states. This is unlike figure where the centered energy
is 1000 eV but it still has a FWHM energy that is 100 eV, not capturing
as many states. As discussed in section the distance between states is
much smaller for electrons further form the core, with lower energies, while
the energies for electrons closer to the core are much higher and have a much
bigger distance to the next energy level. So in the case discussed above, a
FWHM energy that is 100 eV will have a much bigger effect if the input
energy is 25 eV than 1000 eV and one will most likely not be able to tell
what transition was made for the one around 25 eV, but may be for the one
around 1000 eV.

Additionally, all the factors are connected to bandwidth. As discussed in
the results (section , if the FWHM energy width is very large then it can
excite multiple states, so if we are studying a part of the atom in a process,
we could be looking at multiple things at once, not knowing what really
happened. Then the selectivity is lower since multiple states were affected.
So, for the matrix element, if the FWHM energy is very large compared
to the energy difference between the electron states, the matrix element
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will have a stronger coupling for multiple different initial and final states,
resulting in a lower selectivity. This is also related to density of states, since
for a big FWHM energy the density of states does not have to be very big
and still multiple states are in that range. And if it is a very small FWHM
energy, the states can be very close and still not be affected. Thus, they all
really relates to each other. For a big FWHM energy, the density of states
can be small and still be affected, and then multiple transitions are affected
by the laser pulse also resulting in an increase in the perturbation potential.
And it is all depending on the lasers duration which affects its bandwidth.
In addition to that, where the central energy is located, affected much of
where on this spectrum one fall.

In the example in section [2.5| we can now see a strong connection to why
bandwidth and selectivity are important when studying different processes.
Additionally, we’ve found that they very much depend on each other, a
big bandwidth leads to less selectivity, which also very much depends on the
density of states. In different processes one must take this into consideration
and make a choice, can we look at this thing only, is the selectivity big
enough and is the time short enough to look at it. So, to look at ultra-fast
processes with high precision, one must balance these two. However, a wider
bandwidth can be useful when several transitions need to be investigated
simultaneously, but it does create challenges in the analysis.

When doing any sort of research in any area one must always think
about the ethical and social consequences of it, what can it be used for,
what will it be used for, what does it do to contribute and is it worth
it? For this sort of research an ethical consideration must be taken to the
development of new materials. This paper focuses on factors that play a part
in studying processes and reactions for development of new materials. Thus,
consideration must be taken to the ethical values of this. What materials
can be created using this and what can this further develop in our society
that could potentially be harmful or vital.

6 Outlook

To further investigate the possibility to study ultra-fast processes, and to
use the knowledge added by this paper there are multiple different paths to
take. Firstly, one could continue to study other factors and these factors in
optimization of bandwidth, how can one get the smallest bandwidth with the
most wanted qualities. One could calculate values of selectivity to further
deepen the understanding of this.

30



Furthermore, one could investigate how an attosecond pulse is absorbed
in a material, not only through theoretical calculations using the time-
dependent Schrodinger equation, but also by utilizing emerging experimental
techniques like attosecond X-ray spectroscopy. These combined approaches
can provide valuable insights into the material’s response at the atomic level.
A potential challenge in this area would be differentiating the desired signal
from background noise in attosecond experiments.

Another research area for this is to further study material design and
material optimization. By using the results in this paper on how band-
width affects selectivity and one can get insights on how materials react on
laser pulses with different spectral characteristics. These insights are crucial
when designing and optimizing new materials with wanted characteristics.
We can design new materials with tailored properties. This could lead to
the development of next-generation battery materials, enabling faster charg-
ing and longer lifespans, as well as further affect the development catalyst,
components in technology quantum technology, with much more.

Other possible areas to further this development are quantum simula-
tions to model and predict the effects of different pulses on the atomic level.
Developing advanced simulations that model the effects of different attosec-
ond pulses on materials at the atomic level would be a valuable tool. These
simulations could predict optimal pulse parameters for specific material ma-
nipulations, accelerating material design and discovery. Also, to investigate
the possibility of this research area to be used in medicine to develop new
diagnostic methods as well as study biochemical reactions. Improved control
over selectivity in attosecond transitions could lead to exciting possibilities
in medicine. Where one could excite specific molecules within a cell to trig-
ger desired biological processes. This could pave the way for more targeted
therapies with minimal side effects

Ultimately there are multiple different research areas where this can
further develop the understanding of the factors that come into play when
studying different processes, such as biology, medicine, chemistry, technology
and physics.

7 Conclusions

The concepts of bandwidth, selectivity, and central frequency/energy
are strongly intertwined and affects our possibility to study processes in
materials. There are multiple prospects and limitations to studying ultra-
fast processes when considering, for instance, bandwidth and selectivity.
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Bandwidth is dependent on the width of the pulse used in investigation and
selectivity is indirect affected by bandwidth. This partly means that we are
limited in the investigations we can do. Certain things, for example some
absorption takes place in attoseconds and with that time width we have a
very large bandwidth, which means that we cannot study many of these parts
in a process unless it is at a sufficiently high energy which, moreover, with
today’s technology is difficult to reach. The reason why we cannot study
these processes is because the selectivity is too low. On the other hand,
there are also lots of possibilities, a reaction is up to a few 100 femtoseconds
long and with that time width, the bandwidth is very small, which also
affects that we get an increased selectivity and can examine several parts in
different processes and reactions and examine what happens, why it happens
and what difference it makes to the material.
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8.1 Python code for investigation of bandwidth
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[1:

[]:

Part 1: Introduction to wave-packets

A wave-packed can be defined as a periodic function (e.g. a sine- or cosine unc-
tion) multiplied with an envelope - a function that goes to zero outside of a
certain intervall, strictly speaking also the limits +- infinity is ok, such as a
Lorenzian or a Gaussian.

In part 1, we only work with real-valued functions.

# Imports: We need to load some libraries to start
import numpy as np

import matplotlib.pyplot as plt

from scipy import integrate

# We also need to define some constants to extract physical,
—quantities, probably more than we need, but anyway...

Hartree_in_SI=4.3597447*10**-18 # Hartree atomic unit of energy,
—tn SI units

Bohr_radius_in_SI=0.52917721*10**-10 # The Bohr radii (atomicy
—unit of legth) in SI untits

Ang_in_STI=10**-10 # Length of Angstrém in SI Units

fs_in_SI=10**-15 # femtoseconds in SI units

c_in_ST=3*10**8 # Speed of light in SI units

c_in_au=137 # Speed of light in Hartree atomic units

epsO_in_SI=8.854*10**-12 # Epsilon0 in SI units

muO_in_SI=1.256%10%*-6 # Mu0 <n SI units

# The following line defines a function of three arguments that,
sreturns a sine-curve
Sin = lambda t, C, w : C*np.sin(w*t)

# The following line defines a function of three arguments that,
~generates an offsett
Bias = lambda t, C, w : C*np.ones_like(t)

# Lorenzian with maz(L)=1.0
Lorentz = lambda x, x0, g: (0.25%g*g)/((x-x0)**2 + 0.25xg*g)

# Gaussian with maz(G)=1.0
Gauss = lambda x, x0, g: np.exp(-0.5*%(x-x0)**2/(g*g))

Now we have defined some periodic functions and some envleopes, so we are
ready to create a wave-packed.

# The following function returns a wave-packet and takes
—arguments:

37



[1:

[1:

[]:

# 1) time: array of time (An array that defines the time-spam,
—we are looking in to)

# 2) envelope: an envelope (4 function that goes to zeroy
~outside some intervall)

# 3) periodic: a periodic function (4 sine-function odf some,
—~characteristic)

# 4) T_center: a time-center of the wave-packet (the time wheny
~the amplitude ts the largest)

# 5) stgma: a width of the wave-packet (standard deviation ify
~Gausstan, FWHM if Lorenzian)

# 6) C: an amplitude

# 7) w: an angular frequency (2*pi*frequency).

def enveloped_periodic(time,envelope,periodic,peak_t,sigma,C,w):
— # sigma s T for sin func
return np.multiply(envelope(time, peak_t, sigma) ,
—periodic(time,C, w) )

# What do we need to create the wave-packet?

time=np.linspace(0,1,1000) # 4 time-vector, starting at 0,
—ending at 1 with 1000 points

C=1.0 # Maxz amplitude for field

w=50.0*%2*np.pi # Angular frequency of field

peak_t=0.5 # Put the peak-time in the center of the time-vector

sigma = 0.1# A reasonable width, play around to see how %t,
~looks!

# plots the envelope in blue with some transparency alpha (1,
—opaque, 0 fully transparent)

plt.plot(time,Gauss(time,peak_t,sigma),color='blue',alpha=0.8)

# plots the sine-function in red with some transparency

plt.plot(time,Sin(time,C,w),color="'red',alpha=0.2)

# plots the wave-packet in purple

plt.plot(time,enveloped_periodic(

time,Gauss,Sin,peak_t,sigma,C,w),color="'purple')

Let’s make a function that simplifies the call to the fourier transform routings
in numpy. Think how the fouriertransform of a sine-function looks, two delta-
functions. Where do they appear, what is the value, what do they represent?

# Defines a function that performs a "fouriertransform"

# using a numerical technique called fast fouriertranform,
~takes arguments:

# t: time array
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[1:

# func: the function you want to fouriertransform
def get_ft(t,func):

# Time 1s assumed to be in femtoseconds

# calculates the time-spacing, needed by the numpy ffty
—routine

dt=t [1]-t [0]

# Extracts the frequency vector on which they,
< fouriertranformed quantities.

fq = np.fft.fftfreq(len(t), dt) # assume uniform spacing

# Performs the fouriertransform

FFT = abs(np.fft.fft(func))[1:] # Not interested in they
—sign here

w = fql[1l:]

# returns the frequency array and the fouriertransformed,
< func. From index 1 and onwards to avoid

# some artefacts from the fft numerical routine. (The fft,
-1s not normalized, so the first

# term is the sum of func. That can be large and mess upy
—~the plotting)

return w,FFT

# Let's analyze the freqnecy decomposition, using a fourier,
—transform, of the pulses above

num_time_points=1000

time=np.linspace(0,1,num_time_points)

C=1.0 # Maxz amplitude for field

w=50.0*2*np.pi # Angular frequency of field in Tadians pery
—femtosecond

peak_t=0.5 # Put the peak-time in the center of the time-vector

sigma = 0.1 # 4 reasonable width, play around to see how %ty
~looks!

n

# Let's call our wave-packet "a"

a = enveloped_periodic(time,Gauss,Sin,peak_t,sigma,C,w)
w_a, F_a = get_ft(time,a)

# Now we plot the wave-packet and tts fourier transform
fig, (axl, ax2) = plt.subplots(l, 2)

axl.plot(time,a, label='a', alpha=0.9)
axl.set_xlabel('Time (fs)')
axl.set_ylabel('Amplitude (arb. units)')
#axl.get_zazis().set_visible(False)
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axl.tick_params(direction='in')
axl.get_yaxis() .set_ticklabels([])

ax2.plot(w_a,np.power(F_a,2), alpha=0.9)
ax2.set_x1im((90,110))
ax2.tick_params(direction='in')

ax2.get_yaxis() .set_ticklabels([])

ax2.set_xlabel ('Energy (eV)')

ax2.set_ylabel ('Power spectrum (arb. units)')
plt.tight_layout ()

plt.legend()

plt.savefig("Wavelets.png", dpi=600) # save as png'
plt.show()

# Let's analyze the freqnecy decomposition, using a fourier,
—stransform, of the pulses above

num_time_points=1000

time=np.linspace(0,1,num_time_points)

C=1.0 # Mazxz amplitude for field

w=10.0*2*np.pi # Angular frequency of field in radians per,
- femtosecond

peak_t=0.5 # Put the peak-time in the center of the time-vector

sigma = 0.1 # 4 reasonable width, play around to see how %ty
~looks!

# Let's call our wave-packet "a"
a = enveloped_periodic(time,Gauss,Sin,peak_t,sigma,C,w)

w_a, F_a = get_ft(time,a)

# Now we plot the wave-packet and its fourier transform
fig, (axl, ax2) = plt.subplots(l, 2)

axl.plot(time,a, label='a', alpha=0.9)
axl.set_xlabel('Time (fs)')
axl.set_ylabel('Amplitude (arb. units)')
#axl.get_zazis().set_visible(False)
axl.tick_params(direction='in')
axl.get_yaxis() .set_ticklabels([])

ax2.plot(w_a,np.power(F_a,2), alpha=0.9)
ax2.set_x1im((10,70))
ax2.tick_params(direction='in')
ax2.get_yaxis() .set_ticklabels([])
ax2.set_xlabel ('Energy (eV)')
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ax2.set_ylabel('Power spectrum (arb. units)')
plt.tight_layout()

plt.legend ()

plt.savefig("Wavelets.png", dpi=600) # save as png'
plt.show()

Part 2: Complex wave-packets

[ 1: from scipy import optimize

#Set the frequency for all below
eV_to_PHz = 0.24179893
PHz_to_eV = 1.0/eV_to_PHz
# Let's redefine the fouriertrandform routine to output energy,
—instead of angular frequency.
def get_ft(t,func):
# Time 1s assumed to be in femtoseconds, needs to bey
—consistent when we convert to energy
dt=t[1]-t[0]
fq = np.fft.fftfreq(len(t), dt) # assume uniform spacing
#print ('fq="', fq)
eV_to_PHz = 0.24179893
PHz_to_eV = 1.0/eV_to_PHz
FFT = abs(np.fft.fft(func)) [1:]
w = fq[1:]1*PHz_to_eV
first_harmonic_index=np.argmax (FFT)
return w, FFT

# Let's make a wave-packet defined as a "Morlet wavelet" (ay
—common representation,
# still just a periodic function times an evelope, but now 2t
—1s complex valued.
# Think about Eulers formulas...
# We also define the frequency according to an energy instead,
—of some "sigma" as before.
def new_morlet(t, energy, sigma):
dt=t [1]-t[0]
Length=len(t)
max_t=Length*dt
# We shift time so that the wavelet 7s always centered...
time=np.linspace(-0.5*max_t,0.5*max_t,int (Length))
eV_to_PHz = 0.24179893
#print (' frequency in 1/fs: ', energy*elV_to_PHz)
fq = energy*eV_to_PHz
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#print ('period time in fs: ', 1.0/fq)

ang_fq = 2*np.pi*fq

return np.exp(lj*ang_fq*time)*np.exp(-0.5%np.square(time)/
—np.square(sigma))

# We also want to know the width of the fouriertransform ing
—some unit that experimentalists commonly use
# For thts we meed to have a reasonable envelope to fit to...
def fit_func(w, A, wO, FWHM):
s=FWHM/2.355
# normalized gausian with an amplitude:
# 4 * 1/(sigma*sqrt(2pt)) * e = (- ((z-z0)"2)/2stgma"2)
gauss = np.exp(-np.divide(np.power (w-w0,2), (2*s*s)))
norm_gauss=np.divide (gauss,s*np.sqrt (2*np.pi))
#print ('norm_gauss="', morm_gauss)
return A*norm_gauss

# Then we can use a curve fit.
def fit_FWHM_wO(w, func, energy):
p_guess=[1.0, energy, (energy+1)/10]
params, params_covariance = optimize.curve_fit(fit_func, w,
—~func, pO=p_guess)
return params

#4Analytical calculation of FWHM
def nearest_indices(lst, x, n=2):
# Calculate the distance from each element to z and alsoy
~save the element's value and index
distances = [(i, val, abs(val - x)) for i, val in,
—enumerate(1lst)]
# Sort based on distance
sorted_distances = sorted(distances, key=lambda x: x[2])
# Takes the n closets elements
nearest_elements = sorted_distances[:n]
# Return there index and value
nearest_indexes = [idx for idx, _, _ in nearest_elements]
return nearest_indexes

def nearest_values_from_another_list(index_list, other_list):

# Get the values from the second list based on the closesty

—1indices
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nearest_values = [other_list[idx] for idx in index_list]
return nearest_values

#Parameters, energy and sigma, affecting the frequency and the,
—width.

energy = 50
energy2 = 100
sigma = 1

#Sets the time azis
if energy*sigma <=10:
Te = 100*sigma
if energy*sigma <= 1:
Te = 1000*sigma
if energy*sigma > 10:
Te = 10+*sigma
Tw=1/(energy*eV_to_PHz)
if 0.1xTw < Te/10:
time = np.arange(0, Te, 0.001*Tw)
else:
time = np.arange(0, Te, Te/50000)

# We vary the width of the envelope and see what happens in,
—energy space.

a = new_morlet(time, energy, sigma)

b = new_morlet(time, energy2, sigma)

w_a, F_a = get_ft(time,a)
w_b, F_b = get_ft(time, b)

fit_energy = np.amax([energy, (1/(10*sigma))/eV_to_PHz])

fit_energy2 = np.amax([energy2, (1/(10*sigma))/eV_to_PHz])

print("Fit energy: ", fit_energy)

pa= fit_FWHM_wO(w_a, np.power(F_a,2)/np.max(np.power(F_a, 2)),
~fit_energy)

pb= fit_FWHM_wO(w_b, np.power(F_b,2), fit_energy2)

print('Aa', pal0], 'wOa', pall]l, 'FWHMa', pal2])

#Calculation of FWHM
#Get the nearest 4 indices
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nearest_index = nearest_indices(np.power(F_a, 2), np.max(np.
—power(F_a, 2))/2)

#Get the values from the second list based on the closesty
—tndices

nearest_value = nearest_values_from_another_list(nearest_index,
Sw_a)

FWHM_analytical_value = abs(nearest_value[1]-nearest_value[0])
#Print nearest wvalues
print("Analytical FWHM:", FWHM_analytical_value)

#Round wvariables

sigma_rounded = round(sigma, 3)

wO_rounded = round(1/(energy+*0.24179893), 3)

wO_rounded2 = round(1/(energy2+0.24179893), 3)
FWHM_analytical_value_rounded = round(FWHM_analytical_value, 1)

#Text with rounded varibles in graph
text = f" = {sigma_rounded} [fs]\n$T_\u03c9$ =,
—~{wO_rounded} [fs]\n$T_\u03c9$ = {wO_rounded2}[fs]"
textFT = f" = {sigma_rounded}[fs]\n$T_\u03c9$ =
—~{wO_rounded} [fs] \nFWHM= {FWHM_analytical_value_rounded} [eV]"
text1=f"$T_\u03c9$ = {wO_rounded} [fs]"
text2=f"$T_\u03c9$ = {wO_rounded2}[fs]"

fig, (axl, ax2) = plt.subplots(l, 2)
#Plot mew morlet
axl.plot(time,a, label=textl, alpha=0.9)
axl.plot(time,b, color='red', label=text2, alpha=0.5)
axl.set_xlabel('Time (fs)')
axl.set_ylabel('Amplitude (arb. units)')
axl.set_title('Morlet wavelet' )
axl.tick_params(direction='in')
axl.get_yaxis() .set_ticklabels([])
axl.text(0.05, 0.8, text, fontsize=10,,,
~bbox=dict (facecolor='white', alpha=0.5), transform=ax1.
~transAxes)
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# We mow square the fourier transform, this is commonly called,
- "power spectrum" since

# it's the power density of the pulse.

ax2.plot(w_a, np.power(F_a,2)/np.max(np.power(F_a, 2)),,
—color="'blue', alpha=0.9) #plott av FFT med normaltisering

ax2.set_xlim(fit_energy-0.5*fit_energy, fit_energy+0.
~5*xfit_energy)

ax2.tick_params(direction='in')

ax2.get_yaxis() .set_ticklabels([])

ax2.text(0.04, 0.8, textFT, fontsize=10,,
—bbox=dict (facecolor='white', alpha=0.5), transform=ax2.
—transAxes)

ax2.set_xlabel ('Energy (eV)')

ax2.set_title('Fourier transform of Morlet wavelet' )

ax2.set_ylabel ('Power spectrum (arb. units)')

plt.tight_layout()

plt.savefig("Wavelets.png", dpi=600) # save as png'

plt.show()
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