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ABSTRACT:
The waveguide acoustic black hole (WAB) effect is a promising approach for controlling wave propagation in

various applications, especially for attenuating sound waves. While the wave-focusing effect of structural acoustic

black holes has found widespread applications, the classical ribbed design of waveguide acoustic black holes

(WABs) acts more as a resonance absorber than a true wave-focusing device. In this study, we employ a computa-

tional design optimization approach to achieve a conceptual design of a WAB with enhanced wave-focusing proper-

ties. We investigate the influence of viscothermal boundary losses on the optimization process by formulating two

distinct cases: one neglecting viscothermal losses and the other incorporating these losses using a recently developed

material distribution topology optimization technique. We compare the performance of optimized designs in these

two cases with that of the classical ribbed design. Simulations using linearized compressible Navier–Stokes equa-

tions are conducted to evaluate the wave-focusing performance of these different designs. The results reveal that

considering viscothermal losses in the design optimization process leads to superior wave-focusing capabilities,

highlighting the significance of incorporating these losses in the design approach. This study contributes to the

advancement of WAB design and opens up new possibilities for its applications in various fields.
VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons
Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1121/10.0024470
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I. INTRODUCTION

The acoustic black hole (ABH) effect has emerged as a

prominent technique for controlling and attenuating waves

in various applications, including vibrations in beams and

plates as well as sound waves in waveguides. Initially intro-

duced by Mironov (1988) for transversal waves in a plate

(or beam), the concept of an acoustic black hole involves

achieving a continuous reduction of the propagation velocity

through a specific retarding power-law profile for the thick-

ness of the plate. In the ideal case where the thickness tends

to zero, the wave propagation speed approaches zero as well

and thus, the waves never reach the end of the plate.

Consequently, the waves are trapped in a finite region,

which has led to the term “black hole” being used to

describe this effect. Moreover, Mironov showed that as the

transverse wave propagates and the speed of propagation

tends to zero, both the local wavenumber and the amplitude

of the wave increase, leading to a wave-focusing effect. In

practice, it is not possible to decrease the thickness to zero,

so there will always be a truncation error in the power-law

profile. To minimize the effect of this truncation error on the

absorption performance of the device, a small amount of

damping material can be added to the edge with the mini-

mum thickness, as was first proposed by Krylov and Tilman

(2004). Over the past two decades, numerous studies have

been dedicated to acoustic black holes in beams and plates.

A summary of some of these works can be found in a review

by Pelat et al. (2020). While most studies on structural

acoustic black holes focus on their wave absorption proper-

ties (Chen et al., 2023; Deng et al., 2023; Deng et al., 2019;

He et al., 2023; Karlos et al., 2022; Liu et al., 2022; Ouisse

et al., 2019; Sheng et al., 2023), a few have explored alter-

native applications, including weak signal sensing (Zhao

et al., 2022), wave focusing and acoustic lensing (Deng

et al., 2021b; Tang and Cheng, 2019; Zhao et al., 2023; Zhu

and Semperlotti, 2017), energy harvesting (Deng et al.,
2021a; Ji et al., 2019; Li et al., 2022; Maugan et al., 2019;

Zhao et al., 2014), and even ultrasonic tweezers (Liu et al.,
2023). Despite the diverse range of applications, all these

studies harness the wave-focusing property of acoustic black

holes to achieve their respective objectives.

The acoustic black hole effect for sound waves in air is

less exploited compared to structural black holes. Mironov

and Pislyakov (2002) were the first to introduce the concep-

tual design of a waveguide acoustic black hole (WAB).

They considered a narrow waveguide with spatially increas-

ing wall admittance and derived a generalized Webster

equation for the one-dimensional (1D) axial propagation of

sound waves. They demonstrated that a practical implemen-

tation of such a device could be achieved using a cylindricala)Email: sam@cs.umu.se
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waveguide of fixed radius with sound-hard walls containing

a set of rings separated by cavities. The inner radii of these

rings (ribs in cross section) reduce to zero, according to a

power-law profile. We will here denote this configuration as

the ribbed design.

According to their findings, the sound waves propagat-

ing in such a waveguide exhibit similar behavior to transver-

sal waves in structural black holes, with increasing

amplitude and local wavenumber, generating a wave-

focusing effect towards the far end of the waveguide. In

practice, there will be a finite number of rings in the WAB

design, resulting in a truncation of the power-law profile for

the inner radii. Thus, similar to its structural counterpart, it

is reasonable to expect that the addition of a small amount

of damping material to the last cavities would efficiently

dampen the incoming sound waves. Contrary to this expec-

tation, experimental studies (El Ouahabi et al., 2015a,b;

Mironov and Pislyakov, 2020) have shown that even though

broadband absorption can be achieved using the ribbed

design, the addition of damping materials to the far end of

the device does not significantly affect the absorption per-

formance, particularly at higher frequencies. Later on,

Mousavi et al. (2022) showed that the reason behind this

surprising behavior is that the ribbed design acts more as a

resonance absorber than a WAB. They showed that there is

a low-frequency assumption embedded in the model used by

Mironov and Pislyakov (2002) to compute the effective

admittance of the cavities between the rings in the ribbed

design. Thus, as the frequency increases, the admittance

model breaks down and the wave-focusing effect is lost.

The low reflections observed in the experiments are caused

by radial resonance in the cavities occurring earlier and ear-

lier in the waveguide for increasing frequency. A similar

conclusion has also been reported by �Cervenka and

Bedna�r�ık (2022) and Umnova et al. (2023), indicating that

the classical ribbed design of waveguide acoustic black

holes (WABs) is actually a resonance absorber and not a

WAB. Nevertheless, the ribbed design continues to be stud-

ied for its broadband absorption capabilities (Bravo and

Maury, 2023; Chua et al., 2023; Li et al., 2023; Mi et al.,
2022; Xiaoqi and Cheng, 2021) while being mistermed as

an acoustic black hole.

In this study, we employ a computational design opti-

mization approach to achieve a conceptual design of a WAB

that exhibits wave-focusing properties. Building upon previ-

ous studies that have highlighted the influence of viscother-

mal losses on WAB performance, we expect that

considering these losses in the optimization process is cru-

cial. To investigate this hypothesis, we divide our analysis

into two distinct cases. In the first case, we formulate a

topology optimization problem neglecting viscothermal

losses. Next, we utilize a recently developed, novel material

distribution topology optimization technique that accounts

for viscothermal boundary losses devised by Mousavi et al.
(2023). In the end, we conduct linearized compressible

Navier–Stokes (LNS) simulations for the optimized designs

in both cases, together with the classical ribbed design to

compare their wave-focusing performances. The results

indicate a superior wave-focusing performance by the opti-

mized design in the lossy case, thereby highlighting the sig-

nificance of considering viscothermal losses in the

optimization approach. Preliminary results of this study

were presented at the 184th meeting of the Acoustical

Society of America (Berggren et al., 2023).

II. PROBLEM STATEMENT

Most research on WABs has focused on the ribbed

design proposed by Mironov and Pislyakov (2002), which

has been found to function more as a sound-absorbing struc-

ture than a WAB (�Cervenka and Bedna�r�ık, 2022; Mousavi

et al., 2021, 2022). In an acoustic black hole, waves slow

down and the amplitude and local wavenumber increase,

leading to a wave-focusing effect as the waves propagate

through the black hole. In structural acoustic black holes

with an imperfection in the power-law profile, this focusing

effect can be exploited by using a small amount of damping

at the end of the termination to efficiently dampen vibra-

tions. Thus, an acoustic black hole can be interpreted as a

particular design that enables the efficient use of a small

amount of damping material to accomplish a substantial

attenuation of the wave energy. Figure 1 shows this interpre-

tation of acoustic black holes in beams as a design optimiza-

tion problem that aims to maximize wave attenuation in a

beam using a specified amount of damping material at the

end of the beam. Considering the analogy between the

WAB and its structural counterpart, we formulate a design

optimization problem for the conceptual design of a WAB

in the same manner. Figure 2 shows a cylindrical waveguide

where we impose an absorbing boundary condition in a

small area at the end of the waveguide. The waveguide is

assumed to be infinitely long to the left, and an incoming

wave is considered to propagate from the left to the right in

the device. The design optimization problem is formulated

FIG. 1. (Color online) (a) A uniform beam. (b) An ideal ABH where the

thickness of the beam goes to zero according to a power-law profile. (c) A

practical design when the ideal profile is truncated at a certain thickness and

a small amount of damping material (the brown part) is used at the tip of

the beam to efficiently attenuate the vibrations. (d) An interpretation of the

ABH profile as a particular design of the gray domain XD that leads to opti-

mal use of the small amount of damping material at the end of the beam.
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as optimizing the layout of sound-hard material in the design

domain XD in a way that maximizes sound absorption at the

lossy boundary CL for a targeted range of frequencies of the

incoming plane wave.

A. Mathematical model and discretization

Consider the axisymmetric setup illustrated in Fig. 3.

The design domain XD, the region marked with a gray back-

ground mesh, may partly be filled with sound-hard material.

The aim is to find the distribution of solid material Xs within

the design domain that maximizes sound absorption at the

lossy boundary CL marked in brown. The volume outside of

XD is assumed to be filled with air. Consider time-harmonic

linear wave propagation in the air-filled region X̂ of the

waveguide, and let Pðx; tÞ ¼ RefpðxÞeixtg denote the acous-

tic pressure, where x is the angular frequency and p is the

complex amplitude function satisfying Helmholtz equation

in cylindrical coordinates ðx ¼ ðr; zÞTÞ,

�r � ðrrpÞ � k2rp ¼ 0; in and X̂; (1)

where r ¼ ð@=@r; @=@zÞ; k ¼ x=c the wave number, c is

the speed of sound in air, and X̂ is the air-filled region of the

waveguide. As mentioned earlier, the cylindrical waveguide

considered in the optimization problem is infinite to the left.

For numerical purposes, we truncate the inlet at artificial

boundary Cin as illustrated in Fig. 3.

Previous studies on the WAB have shown the signifi-

cance of the viscous and thermal losses on the wave propa-

gation characteristics of the classical ribbed design

(�Cervenka and Bedna�r�ık, 2022; Guasch et al., 2017;

Guasch et al., 2020; Mi et al., 2021; Mironov and

Pislyakov, 2020; Mousavi et al., 2022; Umnova et al.,
2023). Thus, we expect that viscothermal losses will play

a crucial role in wave propagation also in the design

domain for the optimization problem. Here, we specify the

optimization formulation considering viscothermal losses

in the solid–fluid interface Cw in the design domain. Later

on, in the numerical experiments, we present the results of

the optimization problem both for the lossy and lossless

cases. A comparison between these cases is provided in

the Discussion section.

An accurate model of acoustics in the presence of visco-

thermal losses is provided by finite-element solutions of the

LNS equations [instead of the Helmholtz Eq. (1)].

Unfortunately, this model is ill-suited to design optimization

for two reasons. First, the computational cost is high, both in

terms of processing time and memory requirements.

Second, to limit the computational cost to a reasonable

level, it is necessary to use a very aggressive mesh refine-

ment strategy to resolve the typically exceedingly thin vis-

cous and thermal boundary layers close to solid walls. For

instance, in the audio regime 20 Hz–20 kHz, the boundary

layers are smaller than the wavelength by a factor on the

order of 10�5–10�3. It would be complicated and computa-

tionally expensive to manage and adjust the required

extreme mesh refinements in a design optimization context.

To model the effect of viscothermal losses, we therefore

instead utilize the boundary condition devised by Berggren

et al. (2018). This boundary condition has been shown to

provide accurate results—particularly when the geometry is

such that the boundary layers do not overlap—to a fraction

of the computational cost of solving the LNS equations and

without the need for boundary-layer refinements (Andersen

et al., 2023; Berggren et al., 2018; Billard et al., 2021).

However, to ensure confidence in the computations, we will

consistently validate the performance of the final designs

using the LNS simulations.

Regarding the rest of the boundaries, the acoustic con-

ditions at the lossy wall CL will be modeled by the non-

dimensional specific admittance Y, and a unit-amplitude

plane incoming wave will be imposed at Cin. Altogether, we

obtain the boundary value problem

FIG. 2. (Color online) (a) A 3D visualization of the optimization problem

where a semi-infinite cylindrical waveguide is considered with an absorbing

boundary condition imposed in a small area at the far end of the waveguide.

(b) Axisymmetric 2D model of the same semi-infinite cylindrical

waveguide.

FIG. 3. (Color online) The computational domain consists of the truncated

waveguide with an arbitrary distribution of sound-hard material in the

design domain.
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r � rrpð Þ þ k2rp ¼ 0 in X̂; (2a)

@p

@n
¼ 0 on Cs; (2b)

@p

@n
þ ikp ¼ 2ik on Cin; (2c)

�dV
i� 1

2
rT � rrTpð Þ þ dTk2 ði� 1Þðc� 1Þ

2
rp

þ r
@p

@n
¼ 0 on Cw; (2d)

@p

@n
þ ikYp ¼ 0 on CL; (2e)

where dV ¼
ffiffiffiffiffiffiffiffiffiffiffi
2�=x

p
and dT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j=xq0cp

p
are the viscous

and thermal boundary-layer thicknesses, respectively.

Material parameters �, j, and cp are the kinematic viscosity,

the thermal conductivity, and the specific heat capacity

for air at constant pressure, respectively. Moreover,

rT ¼ r� @=@n nð Þ is the tangential gradient operator, in

which n is the outward directed unit normal. Boundary con-

dition (2d) models the viscous and thermal losses in the

boundary layer at the solid–fluid interface Cw in the design

domain. Artificial boundary condition (2c) specifies a plane

right-going wave with unit amplitude while absorbing the

left-going plane waves at Cin. We note that in the numerical

experiments, the dimensions of the device and the operating

range of frequencies are chosen such that the plane wave is

the only propagating mode in the waveguide.

Boundary condition (2e) models a wall with a non-

dimensional specific admittance Y at the end of the

waveguide on CL. The value of Y depends on the specific

application. For instance, Y ¼ 1 represents a plane wave

absorber; a sensor or a non-ideal absorber can be modeled

by a frequency-dependent complex admittance.

Alternatively, �ikY can also denote a Dirichlet-to-

Neumann (DtN) operator interfacing CL to a region out-

side the current computational domain, for instance, free

space or a semi-infinite damped pipe. The latter case cor-

responds to a perfect absorbing boundary condition, as

defined, for instance, in the article by Wadbro (2014).

Such a DtN operator ensures that the outgoing waves are

perfectly absorbed by the boundary, mimicking an ideal-

ized absorbing material.

The standard variational form of problem (2) reads as

follows.

Find p such thatð
X̂

rrq � rp dX� k2

ð
X̂

rqp dXþ ik

ð
Cin

rqp dC

þ ik

ð
CL

rqYp dCþ dV
i� 1

2

ð
Cw

rrTq

� rTp dCþ dTk2 ði� 1Þðc� 1Þ
2

ð
Cw

rqp dC

¼ 2ik

ð
Cin

rq dC 8q: (3)

For details on the required test and trial space, which is a

strict subspace of H1ðX̂Þ, we refer to the publication by

Appendix B in Berggren et al. (2018).

To describe the solid material distribution in the design

domain XD, we define the material indicator function

a : X! 0; 1f g such that a � 0 in the solid region Xs and

a � 1 in the air-filled region X̂. Here, X ¼ X̂ [ Xs denotes

the computational domain containing both the air and solid

regions. Using material indicator function a, we rewrite

problem (3) on the computational domain as follows:

Find p such thatð
X
arrq � rp dX� k2

ð
X
arqp dX

þ ik

ð
Cin

rqp dCþ ik

ð
CL

rqYp dC

þdV
i� 1

2

ð
CwðaÞ

rrTq � rTp dC

þ dTk2 ði� 1Þðc� 1Þ
2

ð
CwðaÞ

rqp dC

¼ 2ik

ð
Cin

rq dC 8q: (4)

Note that for a given design represented by function a, we

need to identify the air–solid interface and compute the two

boundary integrals on Cw, the fifth and sixth terms in Eq. (4).

We use the finite element method to discretize and

solve problem (4) on a uniform mesh of square elements.

Let V be the space of continuous functions that are bi-

quadratic on each element. Also, let uj; j ¼ 1; 2;…;N, be

the nodal basis functions of V such that V ¼ spanfu1;u2;
…;uNg, where N is the number of degrees of freedom in the

finite element approximation. By approximating the com-

plex pressure p, test function q and indicator function a by

ph 2 V; qh 2 V, and the element-wise constant function ah,

respectively, we obtain the discrete form of problem (4) as

follows.

Find ph such that

ð
X
ahrrqh � rph dX� k2

ð
X
ahrqhph dX

þ ik

ð
Cin

rqhph dCþ ik

ð
CL

rqhYph dC

þ dV
i� 1

2

ð
CwðahÞ

rrTqh � rTph dC

þ dTk2 ði� 1Þðc� 1Þ
2

ð
CwðahÞ

rqhph dC

¼ 2ik

ð
Cin

rqh dC 8qh: (5)

To compute the boundary integrals on Cw, we define H as

the set of all edges in the finite element mesh. At each mesh

edge h 2 H, the squared jump ½½ahjh��
2

of the element-wise

constant function ah is well defined and indicates, when

unity, the presence of an air–solid boundary. Using this
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definition, we extend the integration domain of the two men-

tioned boundary integrals in Eq. (4) from Cw, the air–solid

interface, to H, the set of all edges in the mesh. Then, we

obtain the extended discrete problem as follows.

Find ph such thatð
X
ahrrqh � rph dX� k2

ð
X
ahrqhph dX

þ ik

ð
Cin

rqhph dCþ ik

ð
CL

rqhYph dC

þdV
i� 1

2

ð
H

ah½ �½ �2 rrTqh � rTph dC

þ dTk2 ði� 1Þðc� 1Þ
2

ð
H

ah½ �½ �2 rqhph dC

¼ 2ik

ð
Cin

rqh dC 8qh: (6)

By the definition of the indicator function ah, for binary values

of the material indicator function, the solution ph to problem

(6) is well defined and equal to the solution to problem (3) in

X̂ but is undefined in Xs. Following a standard approach in

material distribution topology optimization (Bendsøe and

Sigmund, 2003; Bokhari et al., 2021; Kasolis et al., 2015;

Wadbro, 2014; Wadbro and Berggren, 2006), we redefine the

lower bound of the material indicator function such that

ah ¼ �, where � is a small positive number, in the solid region

Xs. In this way, the solution to problem (6) is well defined in

the whole computational domain X ¼ X̂ [ Xs.

B. Power balance

Here, we show how different portions of the power of the

unit-amplitude incoming wave are either reflected or dissipated

in the waveguide. To this end, we choose qh ¼ �ph in Eq. (6),

where the bar signifies complex conjugation, and obtainð
X
ahrr�ph � rph dX� k2

ð
X
ahr�phph dX

þ ik

ð
Cin

r�phph dCþ ik

ð
CL

r�phYph dC

þdV
i� 1

2

ð
H

ah½ �½ �2 rrT �ph � rTph dC

þ dTk2 ði� 1Þðc� 1Þ
2

ð
H

ah½ �½ �2 r�phph dC

¼ 2ik

ð
Cin

r�ph dC: (7)

Considering only the imaginary part of Eq. (7), we have

k

ð
Cin

rjphj2 dCþ k

ð
CL

rRe �phYphf g dC

þ dV

2

ð
H

ah½ �½ �2 rjrTphj2 dC

þðdTk2Þðc� 1Þ
2

ð
H

ah½ �½ �2 rjphj2 dC

¼ 2k

ð
Cin

rRe phf g dC; (8)

where Ref�g denotes the real part of a complex quantity. By

the properties of complex numbers, we rewrite Eq. (8), asð
Cin

rjph � 1j2 dC�
ð

Cin

rj1j2 dC

þ
ð

CL

rRe �phYphf g dCþ dV

2k

ð
H

ah½ �½ �2 rjrTphj2 dC

þðdTkÞðc� 1Þ
2

ð
H

ah½ �½ �2 rjphj2 dC ¼ 0; (9)

which can also be writtenð
Cin

rj1j2 dC|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
Input

¼
ð

Cin

rjph � 1j2 dC|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
Reflected

þ
ð

CL

rRef�phYphg dC|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Dissipated at CL

þ
ð

H
ah½ �½ �2

dV

2k
rjrTphj2 þ dTk

ðc� 1Þ
2

rjphj2
� �

dC|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Dissipated at Cwas visco-thermal losses

:

(10)

The balance law (10) shows that the power of the imposed

unit-amplitude incoming wave at Cin is split into three por-

tions: the power of the reflected wave on Cin, the viscother-

mal losses on Cw, and the dissipated power at the lossy

boundary CL. If we divide the power balance (10) with the

left-side term, we obtain the normalized power balance

Wnorm
refl þWnorm

vth þWnorm
L ¼ 1; (11)

where Wnorm
refl is the power of the reflected wave, Wnorm

vth is the

viscothermal power loss on Cw, and Wnorm
L is the power loss

at the lossy boundary CL, all normalized with the power of

the incoming wave.

C. Optimization problem

As mentioned earlier, our aim is to optimize the layout

of solid material in the design domain to maximize sound

absorption at the lossy boundary CL. Thus, we aim to maxi-

mize Wnorm
L , which, due to power balance (11), is equivalent

to minimize the sum of Wnorm
refl and Wnorm

vth . We define the pri-

mary objective function as

Jp ahð Þ ¼
ð

Cin

rj1j2 dC
XNfreq

i¼1

Wnorm
refl þWnorm

vth

� �

¼
XNfreq

i¼1

ð
Cin

rjphðkiÞ � 1j2 dC

�

þ
ð

H
ah½ �½ �2

dV

2k
rjrTphðkiÞj2

�

þdTk
ðc� 1Þ

2
rjphðkiÞj2

�
dC

�
; (12)
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where Nfreq is the number of frequencies considered in the

optimization, and ki is the wave number corresponding to

the ith frequency subject to optimization.

To be able to use gradient-based algorithms to solve the

optimization problem with objective function (12), we allow

the indicator function ah to take values in the range ½�; 1�,
following a standard approach in material distribution topol-

ogy optimization (Bokhari et al., 2021; D€uhring et al., 2008;

Kasolis et al., 2015; Wadbro, 2014; Wadbro and Berggren,

2006). Nevertheless, we are interested in a final design with

a pure solid–air layout, free of intermediate values of ah.

Thus, we use a combination of nonlinear filters and penalty

methods to suppress intermediate values of ah.

Let d be the design variables, a vector of size M � 1

that holds the element values of the material distribution

function before filtering, where M is the number of elements

in the mesh. We define M � 1 vector ah ¼ ½a1; a2;…; aM�T
:¼ F qðdÞ holding the element values of ah for a given vec-

tor of design variables d, where F q is a filtering operator

with the filter radius q. In this study, we use the nonlinear

filters as described by Bokhari et al. (2021).

Moreover, to suppress intermediate values of ah, we uti-

lize a standard quadratic penalty term

c
M

XM

l¼1

ðal � �Þð1� alÞ; (13)

where c is the penalty parameter. Thus, the optimization

problem in the discrete case reads

min
d2A

JpðF q dð Þ|fflffl{zfflffl}
ah

Þ þ c
M
ðF qðdÞ � �1MÞTð1M � F qðdÞÞ;

A ¼ fd 2 RMj� � di � 1 8 ig; (14)

where Jp is the primary objective function (12), 1M is M � 1

vector with all entries equal to 1, and A is the set of admissi-

ble designs.

III. NUMERICAL EXPERIMENTS

Here, we present the results of solving design optimiza-

tion problem (14) for the configuration illustrated in Fig. 3

with R ¼ 115 mm; L ¼ 255 mm; Lin ¼ 155 mm, and

rL ¼ 15 mm, which are the same dimensions used in previ-

ous experimental works by El Ouahabi et al. (2015a,b) and

in the numerical work by Mousavi et al. (2022). Motivated

by these previous studies that adopted the same setup, we

aim to maximize the power loss at the small boundary CL in

the frequency range 400–1000 Hz, considering 13 frequen-

cies spaced 50 Hz apart. That is, Nfreq ¼ 13 and

ki ¼ 2pð350þ 50iÞ=c, for i ¼ 1; 2;…; 13. We note that for

the chosen radius of the waveguide, the cut-on frequency of

the first non-planar circumferential mode is fc ¼ 866 Hz,

while the cut-on frequency of the first non-planar axisym-

metric mode is 1803 Hz. We assume a perfect absorber at

CL by letting �ikY be the Dirichlet-to-Neumann (DtN) map

for a semi-infinite pipe attached to CL. For more details

about DtN type boundary conditions, the reader is referred

to the work by Wadbro (2014) or the book by Ihlenburg

(1998). This boundary condition models a small perfect

absorbing boundary at the end of the waveguide.

We set the lower bound � ¼ 10�8 for the design vari-

able, the filter radius to 2 mm, and use a so-called continua-

tion approach for the penalty and non-linearity parameters

in the filters. More precisely, we solve problem (14) for a

sequence of increasing penalty parameters ci ¼ 10i; i ¼ 0;
1;…; 5 using the previously computed solution as initial

design for the next step. In this way, we gradually move the

focus of the optimizer from mainly minimizing the primary

objective (12) towards obtaining a pure solid–air design,

free of intermediate values of ah (Bokhari et al., 2021;

Wadbro, 2014; Wadbro and Berggren, 2006). The conver-

gence criterion for the optimization algorithm is based on

the residual norm of the Karush–Kuhn–Tucker (KKT) (or

the first-order optimality) condition, together with a bound

on the number of iterations in each penalty step. At the last

step in the continuation approach, a flood-fill algorithm is

used to fill up isolated air regions inside the solid parts

resulting from the distinct steps in the continuation

approach. We also use the normalized power dissipated at

the lossy boundary CL,

Wnorm
L ¼

ð
CL

rRef�phYphg dCð
Cin

rj1j2 dC
; (15)

to compare the performance of different designs.

To demonstrate the effect of viscothermal losses mod-

eled by boundary condition (2d) on the design optimization

problem, we will consider a lossless case as well as a lossy

case. All computations, involving solutions of the state and

adjoint equations as well as the optimization iterations, are

carried out using a custom in-house Matlab code.

Additionally, all final results are cross-validated using

Comsol Multiphysics.

A. Lossless case

In the lossless case, we neglect the viscothermal losses

in the device, which corresponds to setting dV ¼ dT ¼ 0 in

boundary condition (2d), leading to the vanishing Neumann

condition (2b) also on the solid–air interface Cw. The terms

representing viscothermal losses in primary objective func-

tion (12) will also be neglected. Substituting the primary

objective function Jp (neglecting viscothermal losses) into

problem (14), we obtain the optimization problem

min
d2A

XNfreq

i¼1

ð
Cin

rjphðkiÞ � 1j2 dC

þ c
M
ðF qðdÞ � �1MÞTð1M � F qðdÞÞ;

A ¼ fd 2 RMj� � di � 1 8 ig (16)

in the lossless case.
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We employ the least squares formulation of the method

of moving asymptotes (MMA), developed by Svanberg

(1987) to solve the optimization problem (16). Figure 4

shows the optimized design achieved by solving design opti-

mization problem (16) considering state Eq. (6) with

dV ¼ dT ¼ 0. The final design has similarities to the classi-

cal ribbed design of WABs. That is, it consists of a few

retarding radial cavities getting smaller toward the end of

the waveguide; however, some of these cavities are con-

nected through narrow openings. Figure 5 shows the perfor-

mance of the device presented in Fig. 4. This performance is

calculated by importing the final design into Comsol

Multiphysics (the “pressure acoustics interface” in the

acoustics module) and numerically solving Helmholtz Eq.

(3) with dV ¼ dT ¼ 0 using a classical boundary-fitted

mesh. As illustrated in Fig. 5, on average, more than 96% of

the power of the incoming wave in the targeted range of fre-

quencies is being dissipated in the lossy boundary CL. Note,

however, that this result is achieved by neglecting viscother-

mal losses in the device.

A more realistic model incorporates viscothermal losses

modeled by applying boundary condition (2d) at the solid

inclusion boundaries, denoted as Cw. The simulation results,

depicted in Fig. 6, are compared to those obtained from a lin-

earized Navier–Stokes (LNS) simulation. (All LNS computa-

tions are carried out in Comsol Multiphysics.) The results

reveal that a significant portion of the power of the incoming

wave is dissipated as a result of viscothermal losses.

Consequently, the performance of the device, defined as hav-

ing high power loss at CL, exhibits a notable decrease within

the targeted frequency range. As a consequence, the lossless

optimized design achieves a suboptimal wave-focusing

effect. This underscores the crucial role of considering visco-

thermal losses during the design process for this device.

Figure 7 shows the convergence history for the lossless

optimization. Note that the increase in the objective function

during the late stages of optimization is due to the continua-

tion strategy of increasing the penalty parameter c to pro-

mote integer design variables, leading to an almost pure

solid–air design at termination. Furthermore, a significant

manufacturing challenge encountered in realizing the final

design, as depicted in Fig. 4, relates to the positioning of

free-floating solid inclusions within the device. Note that

FIG. 4. (Color online) (a) A 3D visualization of the optimized design in the

lossless case. (b) Cross section of the optimized design in the lossless case.

FIG. 5. (Color online) The normalized power portions for the optimized

design in the lossless case illustrated in Fig. 4. The red dashed line is the

normalized power of the reflected wave and the blue line is the normalized

power loss at the lossy boundary CL, represented as Wnorm
refl and Wnorm

L in Eq.

(11), respectively. Note that we here have neglected the viscothermal losses

Wnorm
vth on Cw. The targeted range of frequencies from 400 to 1000 Hz is

highlighted in gray.

FIG. 6. (Color online) The normalized power portions for the optimized design in the lossless case illustrated in Fig. 4. The red dashed line is Wnorm
refl , the

blue line Wnorm
L , and the gray dash-dotted line Wnorm

vth , resulting from simulations with the acoustic boundary layer (ABL) model for the viscothermal losses.

The green triangles, magenta squares, and gray diamonds represent Wnorm
refl ; Wnorm

L , and Wnorm
vth , respectively, resulting from linearized Navier–Stokes (LNS)

simulations. The targeted range of frequencies from 400 to 1000 Hz is highlighted in gray.
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these free-hanging parts in the axially symmetric context,

appear as rings in a full three-dimensional (3D) representation

as depicted in Fig. 4(a). A feasible approach to address this

challenge involves supporting these inclusions using thin

strings or bars connected to the outer tube, a strategy suggested

by Mousavi et al. (2023). Their work demonstrates that these

slender connecting components minimally impact the acoustic

performance of the device. Alternatively, an adjustment to the

objective function in the optimization problem could be con-

sidered to ensure the connectivity of the design inclusions.

However, it is crucial to acknowledge that such a modification

would significantly limit the available design space for the

optimizer in the axially symmetric context, potentially compro-

mising the acoustic performance of the final design. Moreover,

employing thin connecting components for structural reinforce-

ment is a common practice in acoustics. For instance, similar

approaches are prevalent in providing structural support for

loudspeaker frames. Therefore, prioritizing the use of these

slender connecting parts is recommended as the primary

approach to address the mentioned manufacturing challenge.

B. Lossy case

In the previous section, we observed that when neglect-

ing viscothermal boundary losses during the optimization

process, we obtain structures with suboptimal wave-

focusing effects. To address this limitation, we now consider

optimization problem (14) with the primary objective func-

tion Jp defined in Eq. (12) with nonzero dV and dT. This

means that our objective is to minimize not only the reflec-

tions, as in the lossless case, but also the viscothermal

boundary losses as described by Eq. (12). To solve the opti-

mization problem, we use a similar MMA approach as in

the lossless case. The gradients necessary for the optimiza-

tion are obtained through solutions of the corresponding

adjoint equations, as outlined in Appendix.

Figure 8 shows the optimized design obtained in the

lossy case. Unlike the lossless case, the optimizer appears to

limit the perimeter of the solid–air interface and avoid struc-

tures with narrow necks in order to minimize the viscother-

mal boundary losses. The optimized design still incorporates

retarding radial cavities, but with a modified structure,

where the shape of the cavities is tuned to mitigate local

radial resonances and maximize the wave-focusing effect.

Figure 9 shows the performance of the optimized design in

Fig. 8. Note that in this case, the optimizer succeeded in cre-

ating a device that maximizes the power loss in the targeted

boundary CL by minimizing both the reflections and the vis-

cothermal losses in the targeted range of frequencies.

Moreover, LNS simulations validate the optimal wave-

FIG. 7. (Color online) Convergence history for the lossless optimization. The top row shows designs corresponding to different iterations, and the bottom

graph shows the value of the primary objective function JpðahÞ versus the number of iterations.
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focusing effect of the optimized device. Figure 10 illustrates

the convergence history of the optimization process for the

lossy case. The optimization is initiated with an empty

waveguide, and the graph shows, as the design is gradually

formed, the progression of the primary objective function

(12) value over iterations, indicating the convergence of the

optimization algorithm towards an optimal design that mini-

mizes both reflections and viscothermal boundary losses in

the device. It is worth noting that the convergence history

plot, as shown in Fig. 10, exhibits multiple peaks that corre-

spond to the steps taken in the penalty parameter c due to

the application of a continuation strategy with increasing

penalty values. This strategy plays a crucial role in guiding

the optimization process towards pure solid–air designs.

IV. DISCUSSION

To compare the wave-focusing effect of the optimized

devices, we conducted LNS simulations using a boundary-

fitted mesh in COMSOL Multiphysics (denoted as

“thermoviscous acoustics interface” in the acoustics module of

COMSOL Multiphysics). In addition to the simulations of the

optimized devices, we also performed simulations for a classi-

cal ribbed design of a WAB, as shown in Fig. 11. The ribbed

design consists of 42 rings with a thickness of 2 mm, evenly

spaced 4 mm apart, and with a linearly retarding inner radius

of the rings. These simulations provide a comprehensive com-

parison between the optimized designs and the classical ribbed

design in terms of their wave-focusing performance.

Figure 12 presents the performance of the classical

ribbed design. The wave-focusing effect of this design is

poor, as indicated by the low values of normalized power

dissipation at the targeted boundary CL. However, due to

significant viscothermal boundary losses, the device exhibits

minimal reflections. In fact, this behavior is the reason that

in recent literature, this device is often referred to as a

sound-absorbing structure rather than a WAB (�Cervenka

and Bedna�r�ık, 2022; Mousavi et al., 2021, 2022). By com-

paring Figs. 6, 9, and 12, we conclude the following.

• The classical ribbed design exhibits low reflections due to

significant viscothermal losses in combination with local-

ized radial resonances in the cavities between the rings.
• The classical ribbed design demonstrates a minimal

wave-focusing effect, indicating its limited ability to

achieve an efficient acoustic black hole effect.
• The optimized device in the lossless case shows improved

wave focusing compared to the classical ribbed design.

However, its performance is limited by extensive visco-

thermal losses due to large areas of solid material and the

presence of narrow necks in the structure.
• In contrast, the optimized device in the lossy case

achieves superior wave-focusing in the targeted frequency

range with minimum reflection and viscothermal bound-

ary losses.
• The optimized design in the lossy case outperforms, in

terms of wave-focusing, both the classical ribbed design

and the optimized device in the lossless case, making it a

suitable candidate for a true WAB.

As mentioned previously, two key characteristics of

acoustic black holes are the gradual increase in wave ampli-

tude and local wavenumber as the wave propagates toward

FIG. 8. (Color online) (a) A 3D visualization of the optimized design in

lossy case. (b) Cross section of the optimized design in the lossy case.

FIG. 9. (Color online) The normalized power portions for the optimized design in the lossy case illustrated in Fig. 8. The red dashed line is Wnorm
refl , the blue

line Wnorm
L , and the gray dash-dotted line Wnorm

vth , resulting from simulations with the acoustic boundary layer (ABL) modeling for the viscothermal losses.

The green triangles, magenta squares, and gray diamonds represent Wnorm
refl ; Wnorm

L , and Wnorm
vth , respectively, resulting from linearized Navier–Stokes (LNS)

simulation. The targeted range of frequencies from 400 to 1000 Hz is highlighted in gray.
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the end of the black hole profile. To provide a visual repre-

sentation of this phenomenon in the context of WABs, we

plot in Fig. 13 the real part (left column) and absolute value

(right column) of the complex pressure for (a) the classical

ribbed design, (b) the lossless optimized design, and (c) the

lossy optimized design. The graph at the bottom of each

subfigure shows the pressure at the center axis for four fre-

quencies and the top image shows the pressure at frequency

1000 Hz. Comparing the results, it is evident that both opti-

mized devices outperform the classical ribbed design in

terms of achieving higher centerline pressure amplitudes

towards the end of the waveguide. However, as the fre-

quency increases, the optimized device in the lossless case

exhibits lower amplitudes towards the end due to the signifi-

cant increase in viscothermal losses in the narrow necks. On

the other hand, consistently for all considered frequencies,

the optimized device in the lossy case demonstrates the

desired behavior of large pressure amplitudes at the end of

the waveguide. This property indicates a successful repre-

sentation of one of the key characteristics of acoustic black

holes. Moreover, as evidenced by the shorter distances

between consecutive peaks/deeps towards the end of the

FIG. 10. (Color online) History of convergence for the lossy optimization. The top row shows designs corresponding to different iterations, and the bottom

graph shows the values of the primary objective function JpðahÞ versus the number of iterations.

FIG. 11. (Color online) (a) A 3D visualization of the classical ribbed design

of WABs. (b) Axi-symmetrical model of the classical ribbed design of

WABs.
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FIG. 12. (Color online) The normalized power portions for the classical ribbed design illustrated in Fig. 11. The red dashed line is Wnorm
refl , the blue line

Wnorm
L , and the gray dash-dotted line Wnorm

vth , resulting from simulations with the acoustic boundary layer (ABL) modeling for the viscothermal losses. The

green triangles, magenta squares, and gray diamonds represent Wnorm
refl ; Wnorm

L , and Wnorm
vth , respectively, resulting from linearized Navier–Stokes (LNS) simu-

lation. The targeted range of frequencies from 400 to 1000 Hz is highlighted in gray.

FIG. 13. (Color online) On the left is the real part of the complex pressure amplitude Refpg, and on the right is the absolute value of the complex pressure

amplitude jpj. On top of each subfigure is a 2D plot at a frequency of 1000 Hz for the corresponding entity; on the bottom of each subfigure is the value of

the corresponding entity on the symmetry axis for four different frequencies. (a) The classical ribbed design, (b) the lossless optimized design, (c) the lossy

optimized design. The region inside the design domain, the black hole region, is highlighted in gray in the plots.
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waveguide in the plots of the real part of the pressure, the

behavior of the centerline pressure in the device optimized in

the lossy case indicates a gradual increase in an effective

wavenumber in the axial direction. This behavior further high-

lights the successful realization of the key characteristics of an

acoustic black hole in the optimized design in the lossy case.

As discussed in Sec. II A, the choice of the admittance

Y of the lossy wall at CL depends on the specific applica-

tion, and it can represent various scenarios, such as a com-

plex frequency-dependent value for a sensor or a porous

absorber. Nevertheless, the primary objective of the WAB

design is to achieve wave-focusing, regardless of the spe-

cific choice of the admittance of the wall at CL. To investi-

gate the robustness of the optimized design with respect to

different boundary conditions at CL, we conduct a final

numerical experiment. This time, we modify the boundary

condition at CL from a perfect absorber to yet another

extreme case of a perfect hard scatterer by imposing a

sound-hard boundary condition at CL for all three devices.

With this change, we aim to observe the wave-focusing per-

formance of each device under the hard scatterer scenario.

This change is analogous to removing the damping material

from the end of a beam acoustic black hole, allowing for

perfect reflection of waves from the end of the profile. As a

result, a standing wave pattern emerges, making it easier to

observe changes in the local effective axial wavenumber

(the distance between consecutive pressure nodes). Figure

14 presents the absolute value of the complex pressure at the

center axis for four frequencies, along with the correspond-

ing two-dimensional (2D) pressure amplitude plots at

1000 Hz displayed at the top for each case. In this scenario,

where a sound-hard boundary condition is imposed at CL,

the gradual increase in the local effective axial wavenumber

is more apparent and can be easily observed as the decrease

in distance between consecutive pressure nodes.

V. CONCLUSION

In this study, we investigated the feasibility of achieving a

wave-focusing acoustic black hole effect in waveguides through

computational design optimization. Our findings align with pre-

vious studies, indicating that the classical ribbed design of

WABs functions more as a sound-absorbing structure rather

than a true black hole with wave-focusing capability. In light of

this finding, we formulated two separate topology optimization

problems—one considering viscothermal losses at the bound-

aries and the other neglecting these losses. We employed a

material distribution approach to solve the optimization prob-

lems. The results demonstrate the need to consider boundary

losses in the optimization process. The optimized device in the

lossy case outperformed the lossless one, exhibiting superior

wave-focusing performance. In comparison to the classical

ribbed design, both optimized devices showed improvements in

achieving two key characteristics of acoustic black holes:

increasing wave amplitude and gradual increase in the local

effective axial wavenumber towards the end of the profile.

Among the optimized devices, the lossy-case design

consistently exhibited the best performance. Its ability to mini-

mize both reflections and viscothermal losses in the targeted

frequency range resulted in a significant wave-focusing effect.

Based on these numerical results, we present the optimized

device in the lossy case as the first promising conceptual design

for a wave-focusing acoustic black hole in waveguides. Future

work can explore further optimization strategies, analytical and

numerical methods, and experimental validations to enhance

the performance and practical implementation of WABs.
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FIG. 14. (Color online) On the top, the absolute value of the complex pres-

sure amplitude jpj at frequency 1000 Hz for the case where sound-hard

boundary condition is imposed at CL; on the bottom, jpj on the symmetry

axis for four different frequencies in cases (a) the classical ribbed design,

(b) the lossless optimized design, (c) the lossy optimized design considering

sound-hard boundary condition at CL. The region inside the design domain,

the black hole region, is highlighted in gray in the plots.
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APPENDIX

The method of MMA requires derivatives of each com-

ponent of the objective function in optimization problem

(14). Computing derivatives of the quadratic penalty term is

straightforward. Also, for the power of the reflected wave,

we can follow the adjoint computation of the derivatives as

described by Appendix C in Wadbro (2014). The challenge

is to compute derivatives for the term that represents visco-

thermal boundary power losses in primary objective func-

tion (12), that is, derivatives of the loss function

LðahÞ ¼
ð

H
ah½ �½ �2

dV

2k
rjrTphj2 þ dTk

ðc� 1Þ
2

rjphj2
� �

dC;

(A1)

where ph is the solution to the state Eq. (6) associated with

the material indicator function ah 2 Ah and Ah : X! ½�; 1�
is the set of elementwise constant functions. Consider

another, arbitrary material indicator function âh 2 Ah,

define the perturbation field a0h ¼ âh � ah, and consider the

family of indicator functions at
h ¼ at

h ¼ ah þ ta0h parame-

trized by t 2 ½0; 1�. Moreover, let pt
h be the solution to state

Eq. (6) when ah is replaced with at
h. Computing the direc-

tional derivative of L at ah in the direction a0h, we obtain

dLðah; a0hÞ ¼ lim
t!0þ

1

t
ðLðat

hÞ � LðahÞÞ

¼ 2

ð
H

ah½ �½ � a0h
� 	� 	 dV

2k
rjrTphj2

�

þdTk
ðc� 1Þ

2
rjphj2

�
dC

þRe

ð
H

ah½ �½ �2
dV

k
rrTp0h � rT �ph

�(

þdTkðc� 1Þrp0h �ph

�
dC

)
; (A2)

where

p0h ¼ lim
t!0þ

1

t
ðpt

h � phÞ: (A3)

The contribution to the derivative from the first term on the

right side of Eq. (A2) can directly be computed for a given

design ah and solution ph by appropriate choices of a0h. To

compute the contribution from the second term, however,

we will employ an adjoint approach as described below.

Differentiating state problem (6) with respect to the per-

turbation a0h of the material indicator function, we obtain

that for each test function qh,ð
X
a0hrrqh � rphdX� k2

ð
X
a0hrqhphdX

þ dVði� 1Þ
ð

H
ah½ �½ � a0h

� 	� 	
rrTqh � rTphdC

þ dTk2ði� 1Þðc� 1Þ
ð

H
ah½ �½ � a0h

� 	� 	
rqhphdC

þ
ð

X
ahrrqh � rp0hdX� k2

ð
X
ahrqhp0hdX

þ ik

ð
Cin

rqhp0hdCþ ik

ð
CL

rqhYp0hdC

þ dV
i� 1

2

ð
H

ah½ �½ �2rrTqh � rTp0hdC

þ dTk2 ði� 1Þðc� 1Þ
2

ð
H

ah½ �½ �2rqhp0hdC ¼ 0: (A4)

Now let zh be the solution to the adjoint equationð
X
ahrrwh � rzhdX� k2

ð
X
ahrwhzhdX

þ ik

ð
Cin

rwhzhdCþ ik

ð
CL

rwhYzhdC

þ dV
i� 1

2

ð
H

ah½ �½ �2rrTwh � rTzhdC

þ dT
i� 1

2

ð
H

ah½ �½ �2rwhzhdC

¼
ð

H
ah½ �½ �2

dV

k
rrTwh � rT �ph

�

þdTkðc� 1Þrwh �ph

�
dC 8wh: (A5)

Note that the left side of Eq. (A5) is the same as for state

Eq. (6), so the matrix factorization for the state equation can

be reused when solving adjoint Eq. (A5). Evaluating adjoint

Eq. (A5) for wh ¼ p0h, we obtainð
X
ahrrp0h � rzhdX� k2

ð
X
ahrp0hzhdX

þ ik

ð
Cin

rp0hzhdCþ ik

ð
CL

rp0hYzhdC

þ dV
i� 1

2

ð
H

ah½ �½ �2rrTp0h � rTzhdC

þ dT
i� 1

2

ð
H

ah½ �½ �2rp0hzhdC

¼
ð

H
ah½ �½ �2

dV

k
rrTp0h � rT �ph

�

þdTkðc� 1Þrp0h �ph

�
dC: (A6)

Choosing qh¼ zh as the test function in Eq. (A4) and

substituting the terms containing p0h using Eq. (A6), we

arrive at

754 J. Acoust. Soc. Am. 155 (1), January 2024 Mousavi et al.

https://doi.org/10.1121/10.0024470

 27 February 2024 13:02:45

https://doi.org/10.1121/10.0024470


ð
X
a0hrrzh � rphdX� k2

ð
X
a0hrzhphdX

þ dVði� 1Þ
ð

H
ah½ �½ � a0h

� 	� 	
rrTzh � rTphdC

þ dTk2ði� 1Þðc� 1Þ
ð

H
ah½ �½ � a0h

� 	� 	
rzhphdC

þ
ð

H
ah½ �½ �2

dV

k
rrTp0h � rT �ph

�

þ dTkðc� 1Þrp0h �ph

�
dC ¼ 0: (A7)

Note that the last term on the left side of equality (A7) is

exactly the second integral of directional derivative (A2).

Thus, combining Eqs. (A2) and (A7), we find that

dLðah;a0hÞ

¼2

ð
H

ah½ �½ � a0h
� 	� 	 dV

2k
rjrTphj2þdTk

ðc�1Þ
2

rjphj2
� �

dC

�Re


ð
X
a0hrrzh �rphdX�k2

ð
X
a0hrzhphdX

þ dVði�1Þ
ð

H
ah½ �½ � a0h

� 	� 	
rrTzh �rTphdC

þdTk2ði�1Þðc�1Þ
ð

H
ah½ �½ � a0h

� 	� 	
rzhphdC

�
: (A8)

Therefore, to compute the derivatives, we follow the subse-

quent procedure. For a given design ah, first, we solve the

state Eq. (6) to obtain the pressure field ph. Next, we use this

solution to solve the adjoint Eq. (A5) and compute the

adjoint variable zh. Once we have the adjoint variable, we

can compute the derivatives of the loss function by evaluat-

ing Eq. (A8) for a sequence of appropriate choices of a0h.
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