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Abstract 

In recent years, customers' life stylish and behaviour have been changed and their tendencies become more 

diverse than before. As well as, market researches show a growing trend of special demands in their inclination. 

Accordingly, the companies compete to meet market demands for the reason of satisfying and maintaining the 

loyalty of their customers. This has led researchers to seek flexible methods and optimum solutions in 

production processes. In this regard, the manufacturing flow is one of the places in which flexibility and 

optimization can cause improvement is the assembly line. So, to meet the increasing diversity of market demand, 

assembly line processes must have the flexibility and ability to dynamically change product specifications and 

features while minimizing the operating and production processes' costs. For this reason, companies use 

solutions for designing assembly lines based on designing a flexible manufacturing system (FMS) for fast and 

better managing material feeding and handling. The FMS is a manufacturing method that is developed to easily 

can compatible with changes in production in the type and quantity of the product that has been manufactured. 

The performance of an FMS depends on the precise and efficient scheduling of material handling equipment. 

In this regard, the use of automated guided vehicles (AGV) instead of conveyors in an assembly line provid 

effectiveness and transformative. 

The aim of this research is to obtain the optimal numbers of AGVs required for the purpose of material handling 

at assembly lines. To solve the problem, a mathematical model has been developed. The objective function of 

the model is the number of AGVs. Accordingly, a set of variables and constraints have been determined have 

been considered to solve the linear optimization equation. In addition, the influence of workstations’ buffer 

capacity on material handling activities and the number of AGVs are studied by using this developed 

mathematical model. 

In order to evaluate experiments and analysis of the problem, Python programming software and its libraries 

have been used to calculate rapidly and accurately equations of the model. Preliminary results show that 

according to the layout of the production line and demand/production planning, as well as determining the size 

of input and output buffers of workstations, the proposed mathematical model calculates the minimum number 

of required vehicles and by changing the size of buffers we achieve different results. The aforementioned IT 

artefact is implemented in the direction of industrial digitalization and can be developed as application software 

in the eventuality. And further, this master project is desirable to take performance to continue sustainable 

development principles. 

Keywords: Material handling principle, Assembly line, Automated guided vehicle, Mathematical model, 

Optimization, Modelling 
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1 Introduction  

In this chapter, we first explain the background of the problem that this study seeks to address. After 

explaining the main problem and the importance of solving it, the aims and objectives that we hope to 

achieve in this project have been determined. To solve the problem, a mathematical model has been 

developed. Of course, as it is clear, many methods and algorithms have been developed to solve such 

problems. We also talk about project implementation constraints and the like, and finally, a summary 

of what effects digitizing this optimization can have on sustainable development. 

1.1 Background 

Over the last few years, due to the competition between companies to provide diverse products to meet 

the customer's needs, and new lifestyles of them and also to satisfy customers to build their loyalty, 

have been developed modern manufacturing methods. This has led to an increase in the diversity of 

company products and has encouraged manufacturing factories to modify and optimize production 

methods to respond to this volume of customers' demand. In this regard, manufacturers must be able 

to continuously replan the delivery schedule of thousands of parts from material storage to 

workstations and the transfer of final products to storage warehouses on assembly lines for custom 

production, so that provided raw materials or parts arrive just in time, which not to cause the production 

process to fail. Furthermore, they are looking to use new methods and equipment to optimize and 

reduce the costs of production processes. In recent years researchers in industry and academies have 

studied production processes and optimization algorithms widely and have improved the efficiency 

and productivity of manufacturing resources. 

Hereupon, one of the methods that specialists use in designing new plants is called Flexible 

Manufacturing Systems (FMS), and also for developing optimum FMS experts implement 

optimization algorithms. In this regard, numerous products are produced using a partially or fully 

intelligent automated manufacturing system and instantly accommodate to changes in the type and 

quantity of the product being produced, in which manufacturing assembly lines can easily adapt and 

change production plans to produce customers' specific demand. As well, FMS is a system containing 

automated interacting machines that can manufacture a variety of products (Pacaux-Lemoine, et al. 

2017). These machines implement processes, according to customer demands such that specific 

products are manufactured from raw input material. Machines consist of conveyor belts, pinches, 
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processing stations, robot arms, picking up components, automated guided vehicles (AGV), and so on. 

One of the most significant processes in this life cycle is handling and distributing materials to 

assembly line workstations, which have many parameters for optimization and achieving better 

outcomes in performance and productivity in the production operation. In this regard, Automated 

Guided Vehicles (AGVs) have been employed instead of conveyors in the FMS assembly line, to 

provide agility and flexibility for the purpose of material handling from the warehouse to workstations 

and also loading and unloading and carrying final products to storages. 

The technology of AGV is based on transporting materials conveyance autonomously in the factory 

environment without personal control (Figure1). Also, there are a lot of different kinds of AGVs, for 

a variety of industrial needs and capabilities, big, small, heavy, powerful, low, able to lift, tow, etc, 

which are determined depending on the working time, environment, and total layout of the assembly 

line. For the purpose of reducing the cost and time and increasing productivity in production processes, 

automated guided vehicles have been used widely in industry. 

 

Figure 1 Automatic Guided Vehicles (AGV) 

 

On the other hand, in order to use AGVs, the value of this equipment and the costs of setup and 

maintenance should also be considered. During recent years, researchers have been doing a lot of 

research on mathematical models and intelligent algorithms to find ways to optimize AGVs 

programming and implementation of the processes in particular applications. The optimization 

methods have to constantly improve for a company to reduce the costs of production to stay 

competitive in the market, and to do so, the company has to eliminate non-value adding activities 

(Liker and Meier, 2006).  
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1.2 Problem definition 

After prior explanations on the impact of optimization on reducing cost and time and additionally 

increasing the efficiency of production processes and also, simultaneously with the increasing use of 

AGVs in production lines due to the adaptability and flexibility and service to manufacturing 

optimization methods, now, in this section defines the problem that this study has intended to address 

it. There is a factory with the following characteristics: a main raw material warehouse, a number of 

middle-stations that require raw materials at a certain rate (Demand rate) and produce at a certain rate 

(Production rate). A final workstation that assembles middle stations products at a regular rate. And 

finally, there are a number of storages to store the final station's products. In this factory, AGVs are 

used to transfer raw materials to middle stations, as well as to transfer manufactured products to the 

final station and to transport assembled products from the final station to storage. These AGVs drive 

at constant speeds in specific routes and are assumed to operate flawlessly all the time. (Figure 4 in 

chapter 4). 

 

Figure 2 Intelligent Automatic Guided Vehicles 
 

This study intends to develop a mathematical model to obtain the minimum of AGVs required to 

transport raw materials and products on the assembly line, provided that the production line is always 

operating and there is no interruption in the delivery of raw materials to workstations. Moreover, the 

influence of input and output buffers' capacity of workstations on this optimization is investigated. 
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1.3 Aims and objectives 

The aim of this project is to calculate the minimum numbers of AGVs needed based on the demand 

rate and production rate of the workstations and also materials delivering parts by AGVs and loading 

assembled final products so that workstations always have the required raw materials for the 

production process and the manufactured product to be load as soon as possible. So, the production 

line is always working and there is no deficit or excess. 

Meanwhile, investigated the effect of buffer capacity in the workstations on the required number of 

AGVs with the required raw material rate and the production rate of each workstation. The goal of this 

master project is the optimization of the number of AGVs employed in the unceasing material handling 

process in an assembly line, particularly in the parts delivery process and also the influence of buffer 

capacity of each workstation based on a developed mathematical model. To achieve this purpose, there 

are objectives that require being completed. 

1) The minimum number of automated guided vehicles (AGV) required for material handling in 

a designed assembly line with a particular material demand/production rate. 

2) The influence of capacity of input/outputs buffers of work stations related to objective one. 

Moreover, at the end of this project, the following question must be answered: The developed 

mathematical model is the only suitable solution to optimize this problem? 

1.4  Limitations 

There are a number of limitations that need to be set in order to achieve the above goals and get the 

best results. Identifying these restrictions lead to achieving research goals. Since this project is done 

using mathematical modelling and we also know that there are too many human and mechanical 

constraints in practice, therefore some constraints must be set to simplify the equations.  Due to the 

lack of access to blueprints and types of equipment and different AGVs that are used in production 

lines; therefore, these constraints have been simplified and generalized in the development of the 

mathematical model. Another limitation was in the implementation of the model in the software 

program and the testing of the numerous cases of production plans on an enormous scale due to the 

processing power of the computer's hardware. And also, the fact that it was not practicable to examine 

the optimization in the real manufacturing environment. 
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1.5 Sustainability and Digitalization  

In recent years, industrial production has been rapidly undergoing a fundamental transformation by 

using computer processing and is progressing towards further digitalization. These changes by using 

information and communication technology, the possibility of establishing objects on an improved 

communication and cloud computing infrastructure for access to information, as well as the use of big 

data to train and enhance system performance for a more reliable decision. Also, the development of 

optimization algorithms and Artificial intelligence is used to promote management and sustainability. 

In this regard, a new generation of industry emerged in Germany called Industry 4.0. The concept of 

Industry 4.0 has also been consolidating the idea of a fourth industrial revolution based on “perpetual 

communication via the Internet that allows for continuous interaction and exchange of information not 

only between humans (C2C) and human and machine (C2M) but also between the machines 

themselves (M2M)” (Vasja Roblek et al. 2016).In the meanwhile, Industry 4.0 can provide diverse 

opportunities for environmental sustainability exceeding economic advantages (Sousa Jabbour et al. 

2018).The industry has done continuously performed an important role in discovering pathways to 

sustainable development, as evidenced by both the Brundtland Report in 1987, which dedicates a 

complete chapter to the trade-off between environmental and economic benefits, and current 

discussions of the UN Sustainable Development Goals, in particular, Goal 12 - “Ensure sustainable 

consumption and production patterns” (Grischa Beier et al.  2017). The focus of sustainability is on 

meeting the current needs of human beings without compromising the needs of the next generation. 

The three-principle recognized in this concept are "profit, planet and people",which is commonly 

referred to as economics, environment and social (Maynard et al. 2020).  

In this study, a mathematical model for problem-solving has been developed, which has been 

implemented by Python software language to try to digitize the solution of the problem and its 

influence on sustainable development and its fundamental foundations are reviewed.  As mentioned, 

one of the aims of this project is to optimize the quantity of employment of AGVs in production plants 

and according to the price as well as the cost of setting up and maintaining the equipment varies 

according to the model and type of utilization of these costs. The first aim is to find the least number 

for a definite production program, provided that there is no interruption or delay in the continuation of 

the production process. Therefore, the use of optimal numbers will definitely have a direct impact on 

the project economy, and also will have a direct effect on reducing environmental pollution by reducing 

the energy consumption of AGVs that cause reducing energy harvest from the environment. Similarly, 

in the second purpose of the research, the optimal determination of the input and output buffers of 



  

           15    

workstations has been investigated. Due to the occupation of space in the production line for the 

capacity of buffers and storage of raw materials as well as the product produced and that this space is 

usually limited in factories and the cost of supply and storage of raw materials is also accounted. 

Determining the exact amount required for the accumulation of raw materials for the workstation in 

such a way that raw materials are available at the right time, have improvements the economy and the 

environment. On the other hand, optimization has been mentioned and its effect on reducing the 

accumulation of goods next to workstations and promoting the work environment can improve the 

operation and productivity and consequently the satisfaction of workers. 

 

 

  



  

           16    

2 Literature review    

This section discusses the studies that have been done to attain production planning optimization 

solutions. This review guide to find the state of the research area, and what results were achieved from 

previous research regarding the material handling planning optimization in the assembly line. Material 

handling uses a broad range of manual, semi-automated, and automated equipment and involves 

consideration of the protection, storage, and control of materials throughout their manufacturing, 

warehousing, distribution, consumption, and disposal (MHI. Retrieved., 2014). A diversity of research 

has been done in this regard. Some depend on the assembly line supply and transportation system, 

where the parts are stored and delivered in the original packages by vehicles from the receiving center 

to the assembly line. On the other hand, consists of another in-house material supply systems 

(Sequencing, downsizing, and kitting), where furthermore part handling has to take place in 

supermarkets near the assembly line, and from there, parts are divided into small bins and loaded on 

trains (Karlsson, E. and Thoresson, T. 2011). While mentioned, many studies have been done in the 

field of feeding and handling materials and products in assembly lines, some of which will be described 

following. Likewise, as indicated in the introduction, the goal of this project is to achieve a 

mathematical model to compute the minimum number of AGVs for transferring materials and products 

on the production line as well as perceiving the effect of the capacity of workstation buffers that 

improve optimization of the material delivery system. Regarding the optimal loading of towing trains 

and the optimal delivery schedule, the main optimization criteria in the context of the Assembly Line 

Part Feeding Problem (ALPFP) are likely to be considered, which the focus of the article is (Fathi et 

al., 2014). A series of interdepended decisions must be made, including determining the guide path 

layout and specifications, the quantity and type of vehicles, the location, type, and buffer capacities of 

pickup/deposit work stations, the operating procedures (e.g., vehicle dispatching and routing), the type 

of communications, and the type and characteristics of the control system (e.g., centralized, 

decentralized, zone or distributed, etc.) (Bakkalbasi and McGinnis, 1988).  The first AGV was brought 

to the industry in the 1950s, by Barrett Electronics of Northbrook, Illinois, while it was simply a tow 

truck that followed a wire in the floor instead of a rail and had transported material horizontally 

(Sharma, M., 2012).  

Over the years ,navigation technology has become more promoted. Today, automated vehicles are 

guided by detecting marks and signs on the route or are mainly by waves and Laser navigated (Laser 

Guided Vehicle). In a programmed process, AGVs are planned to ensure the product is moved 

smoothly through the warehouse, whether it is being stored for future use or sent directly to shipping 
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areas. AGVs are under computer control and they are the most flexible means to link all the locations 

of the factory floor (Viswanadham et al., 1990), their activities have to solve some traffic control 

issues, such as collision prevention and deadlock avoidance, and minimum time motion planning to 

save several types of equipment (Reveliotis SA., 2000). 

Two types of information are provided from the Adams and Walter P. (1985), Bose and Partha Protim 

(1986), Gould, and Les (1986), Higgins J. (1987), Koff and Garry A. (1987), Zygmont and Jeffrey 

(1986) articles: 

1) What types of installations would benefit most from an AGV material handling system? 

2) Information on AGV hardware and control issues such as vehicle types, guidance systems, and 

traffic control. 

For the first time, in 1974 Volvo plant in Kalmar, Sweden, used AGVs in manufacturing on a large 

scale. Since then, AGVs have been it was used more frequently in assembly lines for the reason of 

achieving high manufacturing flexibility. According to Gould and Les (1987), in their book about the 

successful implementation of 424 AGVs in manufacturing projects at GM's Oshawa truck assembly 

plant through installing 424 AGVs, the GM plant has realized " a high degree of manufacturing 

flexibility" and also help to better ergonomic work stations. And also, Muller and Thomas (1983) have 

reported effectual stories about AGVs installation in major European assembly lines projects.  

According to Vivaldini, Rocha, Becker, and Moreira (2015), the major design challenge of an AGV 

system is to assure that vehicles efficiently arrive at the desired destinations at the desired time within 

highly dynamic environments so that traffic conflicts, machine overloads, starvations, and other 

unpredicted events will be avoided. Managing the AGVs dispatching and scheduling are the most 

common approaches in designing the material handling process in flexible manufacturing systems. 

Original AGV dispatching was defined as a function that assigns transportation tasks to vehicles, where 

scheduling determines the time at which vehicles should enter and leave the guide-path segments to 

avoid conflicts (Langevin, Lauzon and Riopel, 1996). In recent years, scheduling has become a task 

assignment process for AGVs considering the time and cost of operations (Corréa, Langevin, & 

Rousseau, 2007). A scheduling system can decide when, where, and how a vehicle performs tasks, 

including the delivery and route of the materials it must make (Le-Anh & De Koster, 2006).  With an 

online scheduling system, these decisions are specified and updated after a time horizon (Yang, Jaillet, 

& Mahmassani, 2004). 
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In case of a high job density, AGVs frequently travel from one workstation to another in the assembly 

line, so a complex scheduling system may not be as effective. Four common objectives of AGV 

dispatching rules are minimizing average time in the system of parts, maximizing system throughput, 

minimizing queue length, and guaranteeing a certain service level at stations (Le-Anh and De Koster, 

2006).  Also, AGVs have different capacities that are capable of transporting a single or a number of 

loads at a time. The quantity, shape, size, and weight of loads depend on several factors and are decided 

on how to feed parts by the transportation system supervisors. In production systems, the number of 

units in the AGV’s transportation container is referred to as the container load (Świć A. & Gola A., 

2013).  

Additionally, extensive research has been done to minimize transportation time and the deviation from 

optimal delivery times per bin delivery (Choi and Lee, 2002). Golz et al., (2012) developed a heuristic 

procedure to deal simultaneously with routing, scheduling, and tow train loading problems. The focus 

of their study was to supply the various stations with the needed parts by means of tow trains in order 

to achieve timely part supply while disallowing shortage. The main goal of the study was to minimize 

the required number of drivers as a consequence of minimizing the number of tow trains. Moreover, a 

genetic algorithm was presented as a solution method. Rao et al., (2013) presented an optimization 

model for scheduling the single-vehicle (comparable to a tugger train) in order to deliver parts from 

the storage centre to the workstations in a mixed-model assembly line. The authors tried to properly 

specify the destination workstation, the part quantity, and the departure time of each delivery with the 

aim of minimizing the total inventory holding and traveling costs, by suggesting and applying a 

backward-backtracking approach and a hybrid genetic algorithm and simulated annealing (GASA). 

Simon Emde et al., (2018) presented a study of three significant contributions to the area. First, are 

presented and modelled the new problem of planning milk-run deliveries with electric vehicles. 

Second, are developed a powerful heuristic solution method based on tabu search for this problem, 

which is shown to solve instances of realistic size to (near-)optimality in a matter of a few minutes. 

Finally, in a comprehensive computational study, are explored the inherent trade-off between battery 

capacity and fleet size, deriving some managerial insight into the ideal composition of the vehicle fleet. 

Other studies from Kolen et al., (2007) and Kovalyov et al., (2007) discuss the problem of allocating 

jobs that have to be executed at given fixed times to vehicles also bears some resemblance to interval 

scheduling. In interval schedules, not only the processing times of the jobs but also their start times are 

given. 
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Ryspek et al., (2014) represents an analytical model for the productivity rate of the assembly line, 

which is segmented into sections with embedded buffers of limited capacity. This holistic model links 

the technology of the assembly process, their liability of the stations and mechanisms, and enables 

calculating the optimal number of assembly stations for the given number of buffered sections that 

provide maximum productivity. Also, this mathematical model enables us to calculate the productivity 

rate for the defined number of stations and sections with buffers of limited capacity. 

Furthermore, the main contributions of Chao-Bo et al., (2009) paper are to formulate the Line-side 

Buffer Assignment Problem (LBAP), and present a method which can quickly and effectively assign 

buffers of the line-side to the drivers to ensure that the desired throughput can be achieved. Such a 

method has both theoretical and practical importance. Fathi et al., (2018) have proposed an 

optimization model aimed at minimizing the number of vehicles delivering the required materials when 

the supply principle is applied consistently. As well as Fathi and Morteza Ghobakhloo (2020) have 

studied planning the frequent small-lot deliveries from a decentralized storage area and utilizing tugger 

trains. In special, their study addresses the Tugger Train Loading (TTL) and Delivery Schedule (DS) 

problems, where the material types and their quantity, as well as the best sequence of materials that 

should be delivered to each assembly station at each time, should be decided to minimize the total cost 

associated with transportation and material holding at assembly stations. 

After reviewing the studies and research done in this field and proposing this project, the study mainly 

is concentrated on optimizing material handling planning by minimizing the use of AGVs in the 

assembly line and the effect of workstation buffers on this optimization. Innovative methods for 

solving such problems, the idea of resolving the problem that is the aim of this project was created. In 

this way, the movement of the AGVs in the production line and the points that deliver the raw materials 

and load the product and deliver it to the final storage is determined and limited by the number of states 

and then we get its State-Machine design and, eventually its mathematical model was developed. And 

in this regard and borrowing from the computer science field, the obtained mathematical model has 

been implemented. 
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3 Research methodology 

Research methodology is one of the main parts of the research. With choosing and specifying the 

research methodology, the project is directed on a certain path. When the way to achieve the research 

goal will be clarified, steps will be identified, and some issues will be predictable. The researcher can 

plan better for research by selecting an appropriate roadmap (Figure 3). According to this research 

objectives, a theory about research methods and their application is going to be discussed, such as 

different approaches to theory creation, quantities versus qualitative studies, and different designs 

available to perform a research study. This chapter investigates about research methods, differences 

and usage of each. From this information, achieve conclusions about the correct and fitting methods 

for this kind of research and present the methodology used. 

 

Figure 3 Design and Creation Process Model 

 

The design and creation strategy has been selected to do this research, which focuses on developing 

new IT products, also called “Tentative Design”.  
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3.1 Awareness 

Prime, to understand the precise and comprehensive problem described in this project, studies 

conducted in this area have been reviewed and also interviewed with experts and specialists. At this 

level, awareness of how to solve the problem with the desired outcome was also considered and, how 

to implement the selected method. 

For more awareness, additional knowledge should be gathered from industry locations using data 

collection techniques such as interviews, observation, documents of equipment related to material 

handling in the factory and so on.  

3.2 Suggestion 

After awareness of the problem, the solution can be suggested, as explained, to solve this problem and 

achieve the goals of this project, the development of a mathematical model has been proposed. The 

type of IT artefact can be instantiation a system that demonstrates models, methods, ideas, genres, or 

theories can be implemented in a computer-based system. In this project developed a mathematical 

model and implemented in the Python programming language and then examined it. In AGVs' 

scheduling optimization introduced in this study, a mathematical model is presented in order to better 

exemplify all aspects of the problem, where all the objectives and constraints are introduced based on 

a sample predesigned assembly line. 

3.3 Development 

As discussed already, the Tentative Design has to be developed based on a theory, and this theory must 

be rigour and valid. We use the prototyping development approach, formulate and impediment theory 

by developing Linear Programming (LP) mathematical model in Python, and achieve the intended 

result in minimizing automated guided vehicles. 

3.4 Evaluation 

The resulting product then has to be evaluated to test and check its validity. There are many criteria 

for evaluating IT artifact: evaluating the functionality of the application by input data mechanism, in 

regarding this case, material demand and production rate are project's inputs and, outcomes are the 

optimum quantity of AGVs and workstations' buffers capacity like report and schedule sheet.  
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The mathematical model was implemented by Python programming language and its related libraries 

and, its performance and functionality were evaluated and compared by various experimental. This 

implemented software can be used by users for further testing and the software does not hang during 

execution and has acceptable performance and speed. 

3.5 Conclusion 

After the achievement of the "project's tentative design", and evaluation of the expected results, it will 

be written up and identified to make it possible for the future works getting benefit from it. In this 

optimization research, minimizing the number of applied AGVs and estimating an optimum number 

of workstations' buffer's capacity to meet the fittest result by developing a mathematical model and 

implementing it by an artefact based on information technology will be expected. Meanwhile, the 

Above outcomes will be calculated based on inputs data in Real-Time according to Just in Time 

systems philosophy. 
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4 Proposed Method  

4.1 Introduction 

In this chapter, firstly in the Problem Formalization section, we define the problem more formally 

including describing it, explaining assumptions, and clarifying notations. Then we describe our linear 

optimization solution to solve the related problem in the Proposed Solution section. 

4.2 Problem Formulation 

This section describes the problem and determines the prerequisites for solving it. In the first 

subsection, ‘Problem Description’, we describe the problem and explain its requirements and its real-

world usages. After that, the ‘Assumption’ subsection covers the assumptions made on the problem 

itself and its environment. At last, in the subsection, ‘Notation’, we accurately describe the notation 

used in this document. 

4.2.1 Problem Description 

In the case related to this thesis, a factory is considered. There are several stations -referred to as middle 

stations- in this factory that need raw materials at a certain rate and produce their products at another 

certain rate. Next to these stations, there is another station -referred to as the final station- receiving 

the products of other stations and producing the final product at a certain rate. All of these stations 

have input and output buffers. Besides, there are one input warehouse and some output storage which 

are respectively the source of raw materials and the destination of final products. 

 In this factory, the transfers are done by Automated Guided Vehicle (AGV). This AGVs transfer 1. 

Raw materials from input warehouse to middle stations, 2. Products of the middle stations to the final 

station and 3. Final products from the final station to output storage. 

These AGVs can move in a closed-loop -A path where its beginning and end are the same- and as a 

result, every AGV returns to its their initial point by turning around on this loop. We want to solve the 

problem on a specified path which is determined in the ‘Assumption’ subsection. 

The problem of this study is to find the minimum number of AGVs needed for transferring materials 

and products in the determined assembly line in a way that no station will stop working due to a lack 

of raw materials or a full output buffer. 
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4.2.2 Assumptions 

In order to simplify the problem, some assumptions are made about its conditions, which are: 

● AGVs are quite similar. 

● The capacity of each AGV is limited to one (pallet/box). 

● AGVs always travel the same distances at the same durations. 

● AGVs can only move counter clockwise. 

● Since the final station uses the products of middle stations, no input buffer calculation 

assumed for this station. In fact, it is assumed that its usage rate of other station products and 

the size of its input buffer is such that if no middle station fails, the input buffer neither gets 

full due to the proliferation of resources nor gets empty due to lack of them. 

● The loading time of AGVs and the unloading time of them is fixed for each station. Also, 

the unloading time of AGVs for all of the storages is the same and fixed. 

● AGVs can move simultaneously, and their movements do not interfere with each other. 

● AGVs would not get broken during service. 

● Output storages have the capacity for all final products. In other words, although every 

storage may get filled, it is not possible that all of the storages be filled at a time. So, there 

is always someplace for storing final products. 

● The rate of stations' demand for raw materials and the rate of production of their products is 

fixed for each station. In other words, the time interval between the two consecutive demands 

of each station for raw materials and the time interval between the two consecutive 

productions of each station are fixed. 

● The shop floor layout is as follows (Figure 4): 
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Figure 4 Factory production assembly line 

 

As shown in the above layout, station 5 to 13 and stations 2, 3, 16, 17, 18, 20, 22, 23 are the middle 

stations, station 14 is the final station, station 4 is the input warehouse and stations 15, 19, 21 are the 

output Stores. Orange and yellow arrows show the acceptable direction of AGVs. 

 

4.2.3 Notation 

In this section, for describing assumptions and the solution, we need to refer to various variables 

including problem input data, the objective variable, etc. So, it is required to set some notations for 

naming them. These notations are listed below: 

• Problem Input data  

The demand rate of the station 𝑖 (Number per hour) 𝐷𝑖  

The production rate of the station 𝑖 (Number per hour) 𝑃𝑖  

The size of 𝑖th station input buffer 𝐼𝐵𝐶𝑖  

The size of 𝑖th station output buffer 𝑂𝐵𝐶𝑖  
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The loading time of AGVs from the station 𝑖 (hour) 𝐿𝑖  

The unloading time of AGVs to the station 𝑖 (hour) 𝑈𝑖  

The time an AGV needs to travel from station 𝑖 to 𝑗 (hour) 𝑇𝑖,𝑗  

• Variable:  

 

The number of required AGVs 𝑉  

 
 

4.3 Proposed Solution 

In this section, I describe my solution to the mentioned problem. First of all, the strategy I use to solve 

the problem is explained in the ‘Strategy Description’ subsection. Using this strategy, in the ‘Decision 

Variable Definition’ subsection, we define the variables which are the ones we have control over 

changing. Then, in the ‘Dependent Variables Calculation’ subsection, I define some other variables 

that are calculated based on decision variables and are useful in determining the objective function or 

its constraints. In fact, as the objective function is a complicated and non-intuitive function of decision 

variables, it is hard to define. So, we define dependent variables which are intuitive linear functions of 

decision variables and the objective function is an intuitive function of them and so solving the problem 

becomes clear and reasonable. Note that the objective function is a linear function of dependent and 

decision variables and the dependent variables are linear functions of decision variables. So, the 

objective function is a linear function of decision variables.  

On the other hand, there are some inequality restrictions on variables, and ignoring any of them may 

lead us to a not feasible solution. So, these restrictions must get involved in optimizing the objective 

function. These constraints are described in the ‘Variable Constraints’ subsection. It was mentioned 

that the objective variable is a linear function of decision variables. And the restrictions are inequality 

constraints on the decision or dependent variables and so are inequality constraints on linear functions 

of decision variables. So, our problem is a linear optimization problem.  
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4.3.1 Strategy Description 

For solving the problem, we want to model an AGV as a finite-state machine (FSM), which means: 

1. There are some states where an AGV can be just in one of them. A state includes a specific place 

for AGV and a specific load on it (or no load exists). For example, a state can be “Next to the 

input warehouse without any load”. 

2. In every state, there is a finite set of transitions applicable by AGV. Every transition is a sequence 

of actions and every action can be a specific move, load, or unload. After any transition, AGV’s 

state either gets changed to another state or remains unchanged. For example, if an AGV is in 

the state “Next to the input warehouse without any load”, we can apply the transition “Move to 

next to the station 6, Load from station 6’s output buffer” on it and so it next state is “Next to 

the station 14 with the output of station 6 on it”. Note that every transition needs a specific 

amount of time to get done. 

So, the whole system works by applying transitions to AGVs and moving AGVs between states. The 

system exists because some tasks need to be done (e.g. supply 𝑖th station resource demand 𝐷𝑖 times 

per hour). Transitions do these tasks and every task could be done by one of several transitions. So, 

we need the least number of AGVs to do all the required tasks by doing chosen transitions periodically 

in a way that with the least number of state machines, all tasks could be done. 

Clearly, the fewer the number of states, the more intuitive the solution is. The solution intuition is 

important as an intuitive solution is scalable and could get verified easier. So, for simplifying the 

solution, we should define as the least states as possible. Note that when an AGV is in any state, there 

must not exist any infinite-length sequence of actions that AGV never goes to this state or another state 

in the middle of the process of applying it. In other words, by starting from some state, it must be 

impossible to do an infinite number of valid actions without falling into any state. So, we cannot define 

just one state. Because from every possible state there is a possibly infinite sequence of actions that 

never gets to this state. For defining two states, we need to partition middle stations into two sets, the 

first set including stations 5 to 13 and the second set including stations 16, 17, 18, 20, 22, 23, 2, and 3. 

Also, we need to define the third set as a subset of the second set including stations 22, 23, 2, and 3. 

So valid states would be (Figure 5): 

1. Beside the input warehouse without any load. 

2. Beside the final station without any load. 
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Figure 5 stations subset 

 
 

We know that it this is impossible to do an infinite number of actions without falling into one of these 

states. Because with every picking resource from the input warehouse, delivering a middle product to 

the final station or delivering a final product to output storage, we would certainly fall in one of these 

states. As mentioned before, when an AGV is in some state, there are some specified transitions -finite 

sequences of actions- it can do in the way that all possible sequences of actions are covered. In other 

words, any valid sequence of action which transforms AGVs from one state to another must be 

equivalent to a valid sequence of transitions. 

In this solution, we define the following transactions: 

● From State 1 to State 1: 

1. Load a raw material for one of the stations of the second set, move to it and unload 

material, and move to the warehouse (Orange path). We refer to such a transition as 

Push2. 
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● From State 1 to State 2: 

1. Load a raw material for one of the stations of the first set, move to it and unload material, 

and move to the final station (Orange path). We refer to such a transition as Push1. 

 

2. Move to one of the stations from the first set, load its product, move to the final station 

and unload the product there, and stay there (Orange path). We refer to such a transition 

as Pop1. 

3. Load a raw material for one of the stations of the first set, move to it and unload material, 

load the product of the station AGV located at or the product of one of the stations 

between its location and final station, move to the final station and unload the product 

there, and stay there (Orange path). We refer to such transition as PushPop1. 

4. Load a raw material for one of the stations of the second set, move to it and unload 

material, load the product of the station AGV located at or the product of one of the 

stations between its location and input warehouse, move to the final station and unload 

the product there, and stay there (Orange path). We refer to such transition as 

PushPop2. 

5. Move to the final station (Orange path). For intuition, this is useful when there are more 

transitions to do in State 1 (Note that it was mentioned that the number of transitions 

that an AGV does to go from State 2 to State 1 must be equal to the number of transitions 

that it does to go from State 1 to State 2). We refer to such a transition as Go1To2. 

● From State 2 to State 1: 

1. Load a product from the final station, go to one of the output storages, unload the 

product, and move to the input warehouse (Yellow path). We refer to such a transition 

as Store. 

2. Move to the input warehouse (Orange path). For intuition, this is useful when there are 

more transitions to do in State 1. We refer to such a transition as Go2To1. 

● From State 2 to State 2: 
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1. Move to one of the stations of the second set, load its product, go the product to the 

final station, unload the product, and stay there (Orange path). We refer to such a 

transition as Pop2. 

2. Get the final station product, deliver the product to one of the output storages (Yellow 

path), move to one of the stations from the third set, get its product, deliver the product 

to the final station, and stay there (Orange path). We refer to such transition as 

StorePop. 

As noted in 4.3.3, these states and transitions represent an FSM which is a mathematical model of 

computation. Note that the word ‘Machine’ does not indicate AGVs. It indicates an abstract machine 

which represents the solution. 

For clarifying more, the problem specification is gathered in the following tables: 

 

AGV State Name 
State Description 

Position Load 

State 1 Beside Input Warehouse (4) Empty 

State 2 Beside Final Station (14) Empty 

Table 1 AGV Valid States (Detailed valid statuses of every AGV in a way that 

 

Action Name 

Move to a given place 

Unload 

Load a given thing 

Table 2 AGV Valid Actions (All atomic tasks that an AGV can do) 

 

No Name Indices Start State Actions Sequence End State 

1 Push2 k ∈ Second Set State 1 Load one material for the station k, 
Move to the station k, 

Unload, 
Move to the warehouse 

State 1 

2 Push1 i ∈ First Set State 1 Load one material for the Station i, 
Move to the station i, 

Unload, 
Move to the final station 

State 2 
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3 Pop1 j ∈ First Set State 1 Move to the station j, 
Load one product, 

Move to the final station, 
Unload 

State 2 

4 PushPop1 i ∈ First Set, 

j ∈ First Set, 

j is after i 

State 1 Load one material for the station i, 
Move to the station i, 

Unload, 
Move to the station j, 

Load one Product, 
Move to the final station, 

Unload 

State 2 

5 PushPop2 k ∈ Second Set, 
l ∈ Second Set, 

l is after k 

State 1 Load one material for the station k, 
Move to the station k, 

Unload, 
Move to the station l, 

Load one product, 
Move to the final station, 

Unload 

State 2 

6 Go1To2  State 1 Move to the final station State 2 

7 Store  State 2 Load one product, 
Move to a storage, 

Unload, 
Move to the warehouse 

State 1 

8 Go2To1  State 2 Move to the warehouse State 1 

9 Pop2 l ∈ Second Set State 2 Move to the station l, 
Load one product, 

Move to the final station, 
Unload 

State 2 

10 StorePop m ∈ Third Set State 2 Load one product, 
Move to a storage, 

Unload, 
Move to the station m, 

Load one product, 
Move to the final station, 

Unload 

State 2 

Table 3 AGV Valid Transitions (All Possible sequences of actions that change the state of AGV from 
one to another) 

 

 

 

 

 



  

           32    

 

 

 

So, the schema (Figure 6) of this finite-state machine is as follows: 

 

Figure 6 Finite-state machine 

 

4.3.2 Decision Variables Definition 

A decision variable is a quantity that the decision-maker controls. It means that we should optimize 

objective function by setting the values of decision variables. 

First, we define three sets of middle stations: 

𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛1 = {5, 6, 7, 8, 9, 10, 11, 12, 13}  

𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛2 = {16, 17, 18, 20, 22, 23, 2, 3}  

𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛3 = {22, 23, 2, 3}  

Based on transitions introduced in the ‘Strategy Description’ subsection, we have the following 

decision variables: 

1. (∀ 𝑆𝑡𝑎𝑡𝑖𝑜𝑛 𝑘 ∈ 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛2): 𝑃𝑢𝑠ℎ2𝑅𝑎𝑡𝑒𝑘 → 
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The number of times in an hour that an AGV is at state 1, gets resource for station 𝑘, 

delivers the resource to it, and moves to next to the input warehouse. 

2. (∀ 𝑆𝑡𝑎𝑡𝑖𝑜𝑛 𝑖 ∈ 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛1): 𝑃𝑢𝑠ℎ1𝑅𝑎𝑡𝑒𝑖 → 

The number of times in an hour that an AGV is at state 1, gets resource for station 𝑖, 

delivers the resource to it, and moves to next to the final station. 

3. (∀ 𝑆𝑡𝑎𝑡𝑖𝑜𝑛 𝑗 ∈ 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛1): 𝑃𝑜𝑝1𝑅𝑎𝑡𝑒𝑗 → 

The number of times in an hour that an AGV is at state 1, moves to station 𝑗, gets its 

product, delivers the product to the final station, and stays there. 

4. (∀ 𝑆𝑡𝑎𝑡𝑖𝑜𝑛 𝑖 ∈ 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛1, 𝑆𝑡𝑎𝑡𝑖𝑜𝑛 𝑗 ∈ 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛1, 𝑗 𝑎𝑓𝑡𝑒𝑟 𝑖): 𝑃𝑢𝑠ℎ𝑃𝑜𝑝1𝑅𝑎𝑡𝑒𝑖,𝑗 → 

The number of times in an hour that an AGV is at state 1, gets resource for station 𝑖, 

delivers the resource to it, gets a product from station 𝑗, delivers the product to the final 

station, and stays there. 

5. (∀ 𝑆𝑡𝑎𝑡𝑖𝑜𝑛 𝑘 ∈ 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛2, 𝑆𝑡𝑎𝑡𝑖𝑜𝑛 𝑙 ∈ 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛2, 𝑙 𝑎𝑓𝑡𝑒𝑟 𝑘): 𝑃𝑢𝑠ℎ𝑃𝑜𝑝2𝑅𝑎𝑡𝑒𝑘,𝑙 → 

The number of times in an hour that an AGV is at state 1, gets resource for station 𝑘, 

delivers the resource to it, gets a product from station 𝑙, delivers the product to the final 

station, and stays there. 

6. 𝐺𝑜1𝑇𝑜2𝑅𝑎𝑡𝑒 → 

The number of times in an hour that an AGV is at state 1, moves to next to the final 

station without doing anything else. 

7. 𝑆𝑡𝑜𝑟𝑒𝑅𝑎𝑡𝑒 → 

The number of times in an hour that an AGV is at state 2, gets the final station product, 

delivers the product to one of the output stores, and moves to next to the input 

warehouse. 

Note that we do not differentiate between output stores and hence, we do not separate 

rates  

8. 𝐺𝑜2𝑇𝑜1𝑅𝑎𝑡𝑒 → 

The number of times in an hour that an AGV is at state 2, moves to next to the input 

warehouse without doing anything else. 

9. (∀ 𝑆𝑡𝑎𝑡𝑖𝑜𝑛 𝑙 ∈ 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛2): 𝑃𝑜𝑝2𝑅𝑎𝑡𝑒𝑙 → 
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The number of times in an hour that an AGV is at state 2, moves to station 𝑙, gets its 

product, delivers the product to the final station, and stays there. 

10. (∀ 𝑆𝑡𝑎𝑡𝑖𝑜𝑛 𝑚 ∈ 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛3): 𝑆𝑡𝑜𝑟𝑒𝑃𝑜𝑝𝑅𝑎𝑡𝑒𝑚,
→ 

The number of times in an hour that an AGV is at state 2, gets the final station product, 

delivers the product to one of the output stores, moves to one of the stations from the 

third set, gets its product, delivers the product to the final station, and stays. 

 

4.3.3 Dependent Variables Calculation 

Some variables are needed for objective function and constraints that are not among decision 

variables.  In fact, these variables are linear functions of decision variables and so we should control 

them by changing decision variables. So, defining them is not necessary. But, as these variables are 

intuitive concepts, using them to define objective functions and constraints makes the solution much 

more intuitive. So, we need to define these variables as a linear function of decision variables. We have 

two types of dependent variables in this solution: 

● ‘AGV-Number Variables’ which are some variables that depend on decision variables 

representing the number of AGVs needed for each task. Clearly, these variables are needed for 

defining the objective function. 

● ‘Needed Buffer Variables’ which are some variables that depend on decision variables 

representing the minimum capacity of the input/output buffer needed for each station in order 

to prevent it from getting full or empty. Clearly, these variables are needed for defining the 

constraints of buffer capacities as each capacity must be more or equal than its needed capacity. 

 

4.3.3.1 AGV-Number Variables 

The number of AGVs needed for doing a specific transition. For calculating such a variable, we can 

multiply the rate of that transition occurrence by the time that transition lasts. For example, if a 

transition lasts for 0.5 hours and it should occur 16 times per hour, we need 8 AGVs for it. 

Note that the number of AGVs for transitions is not necessarily a natural number. They can be any 

rational number. For example, if the number of AGVs needed for Transition A is 0.5 and for Transition, 

B is 0.5 too, one AGV can handle both tasks. 
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On the other hand, the number of AGVs needed for a transition is not independent of others. In other 

words, this number is calculated assuming that this transition starts right after it ends. In fact, this 

number just determines the pure number of AGVs needed for this transition assuming that some other 

transitions change state to their source state at a suitable rate. This assumption is met due to the related 

constraint (Transmitting constraint) in the ‘Variable Constraints’ subsection. 

Let’s bring an example to get a better understanding. Consider an assembly line with just one 

warehouse, one storage and one station. Assume that the demand and production rate of the station are 

equal to 2. So, we have two states. One at the warehouse (State#1) and one at the station (State#2). So, 

we have two transitions. One for supplying demand from the warehouse to the station (transferring 

AGV from State#1 to State#2, Assume that lasts 0.5 hours) and one for taking products from the station 

to the storage (transferring AGV from State#2 to State#1, Assume that lasts 0.5 hours). So, we need 

2*0.5=1 AGVs for doing the 1st transition and 2*0.5=1 AGVs for doing the 2nd transition. Clearly, 

we cannot just supplement with 1 AGV. As we need some time to move that AGV from the station to 

the warehouse again. But as there is some other transition that transfers us from the station to the 

warehouse, we don’t need to worry about that. We just need to sum up the AGV numbers needed for 

these 2 transitions (1+1=2) to obtain the total number of AGVs. 

As another example, consider a state machine with two states. Assume that we have two transitions 

x,y both from State A to State B with rates respectively equal to 3 and 5 per hour. In order for this 

assembly line to run and not stick in State B, we should have a transition z with a rate of 8 per hour 

from State B to State A (Similar to what constraint ‘Transmitting Constraint’ From ‘Variable 

Constraint’ subsection- does). Now, if x,y,z last respectively 0.4, 0.5 and 0.6 hours, we need 

respectively [3*0.4=1.2], [5*0.5=2.5] and [8*0.6=4.8] (8.5 in total) AGVs for each action. As the 

number of AGVs must be natural, we use 9 AGVs. We can assign 3 of them for performing the cycle 

of <x,z> frequently (totally 0.4+0.6=1 hour per cycle and so we would have 3 cycles per hour) and  6 

AGVs for performing the cycle of <y,z,[0.1-hour wait]> frequently (totally 0.5+0.6+0.1=1.2 hours per 

cycle and so we would have 5 cycles per hour).  So, by using these 9 AGVs, we do x, y, and z 

respectively 3, 5 and 3+5=8 times per hour and so the problem is solved.  

We define the following dependent variables of type “AGV-Number Variables”: 

1. 𝑃𝑢𝑠ℎ2𝐴𝐺𝑉𝑘: The number of AGVs needed for doing transition 𝑃𝑢𝑠ℎ2𝑘. 
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𝑷𝒖𝒔𝒉𝟐𝑨𝑮𝑽𝒌 = 𝑷𝒖𝒔𝒉𝟐𝑹𝒂𝒕𝒆𝒌 × (𝑳𝟒 + 𝑻𝟒,𝒌 + 𝑼𝒌 + 𝑻𝒌,𝟒) 

Equation 1 Needed Push2AGV 

 

2. 𝑃𝑢𝑠ℎ1𝐴𝐺𝑉𝑖: The number of AGVs needed for doing transition 𝑃𝑢𝑠ℎ1𝑖 . 

 

𝑷𝒖𝒔𝒉𝟏𝑨𝑮𝑽𝒊 = 𝑷𝒖𝒔𝒉𝟏𝑹𝒂𝒕𝒆𝒊 × (𝑳𝟒 + 𝑻𝟒,𝒊 + 𝑼𝒊 + 𝑻𝒊,𝟏𝟒) 

Equation 2 Needed Push1AGV 

 
 

3. 𝑃𝑜𝑝1𝐴𝐺𝑉𝑗: The number of AGVs needed for doing transition 𝑃𝑜𝑝1𝑗. 

 

𝑷𝒐𝒑𝟏𝑨𝑮𝑽𝒋 = 𝑷𝒐𝒑𝟏𝑹𝒂𝒕𝒆𝒋 × (𝑻𝟒,𝒋 + 𝑳𝒋 + 𝑻𝒋,𝟏𝟒 + 𝑼𝟏𝟒) 

Equation 3 Needed Pop1AGV 

 
 

4. 𝑃𝑢𝑠ℎ𝑃𝑜𝑝1𝐴𝐺𝑉𝑖,𝑗: The number of AGVs needed for doing transition 𝑃𝑢𝑠ℎ𝑃𝑜𝑝1𝑖,𝑗. 

 

𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟏𝑨𝑮𝑽𝒊,𝒋 = 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟏𝑹𝒂𝒕𝒆𝒊,𝒋 × (𝑳𝟒 + 𝑻𝟒,𝒊 + 𝑼𝒊 + 𝑻𝒊,𝒋 + 𝑳𝒋 + 𝑻𝒋,𝟏𝟒 + 𝑼𝟏𝟒) 

Equation 4 PushPop1AGV 

 
 

5. 𝑃𝑢𝑠ℎ𝑃𝑜𝑝2𝐴𝐺𝑉𝑘,𝑙: The number of AGVs needed for doing transition 𝑃𝑢𝑠ℎ𝑃𝑜𝑝2𝑘,𝑙. 

 

𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟐𝑨𝑮𝑽𝒌,𝒍 = 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒌,𝒍 × (𝑳𝟒 + 𝑻𝟒,𝒌 + 𝑼𝒌 + 𝑻𝒌,𝒍 + 𝑳𝒍 + 𝑻𝒍,𝟏𝟒 + 𝑼𝟏𝟒) 

Equation 5 PushPop2AGV 
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6. 𝐺𝑜1𝑇𝑜2𝐴𝐺𝑉: The number of AGVs needed for doing transition 𝐺𝑜1𝑇𝑜2. 

 

𝑮𝒐𝟏𝑻𝒐𝟐𝑨𝑮𝑽 = 𝑮𝒐𝟏𝑻𝒐𝟐𝑹𝒂𝒕𝒆 × 𝑻𝟒,𝟏𝟒 

Equation 6 Go1To2AGV 

 
 

7. 𝑆𝑡𝑜𝑟𝑒𝐴𝐺𝑉: The number of AGVs needed for doing transition 𝑆𝑡𝑜𝑟𝑒. (Based on our 

assumptions, the time of storing in all output warehouses are the same) 

 

𝑺𝒕𝒐𝒓𝒆𝑨𝑮𝑽 = 𝑺𝒕𝒐𝒓𝒆𝑹𝒂𝒕𝒆 × (𝑳𝟏𝟒 + 𝑻𝟏𝟒,𝟏𝟓 + 𝑼𝟏𝟓 + 𝑻𝟏𝟓,𝟒) 

Equation 7 StoreAGV 

 
 

8. 𝐺𝑜2𝑇𝑜1𝐴𝐺𝑉: The number of AGVs needed for doing transition 𝐺𝑜2𝑇𝑜1. 

 

𝑮𝒐𝟐𝑻𝒐𝟏𝑨𝑮𝑽 = 𝑮𝒐𝟐𝑻𝒐𝟏𝑹𝒂𝒕𝒆 × 𝑻𝟏𝟒,𝟒 

Equation 8 Go2To1AGV 

 
 

9. 𝑃𝑜𝑝2𝐴𝐺𝑉𝑙: The number of AGVs needed for doing transition 𝑃𝑜𝑝2𝑙. 

 

𝑷𝒐𝒑𝟐𝑨𝑮𝑽𝒍 = 𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒍 × (𝑻𝟏𝟒,𝒍 + 𝑳𝒍 + 𝑻𝒍,𝟏𝟒 + 𝑼𝟏𝟒) 

Equation 9 Pop2AGV 

 
 

10. 𝑆𝑡𝑜𝑟𝑒𝑃𝑜𝑝𝐴𝐺𝑉𝑚: The number of AGVs needed for doing transition 𝑆𝑡𝑜𝑟𝑒𝑃𝑜𝑝𝑚. 

 

𝑺𝒕𝒐𝒓𝒆𝑷𝒐𝒑𝑨𝑮𝑽𝒎 = 𝑺𝒕𝒐𝒓𝒆𝑷𝒐𝒑𝑹𝒂𝒕𝒆𝒎 × (𝑳𝟏𝟒 + 𝑻𝟏𝟒,𝟏𝟓 + 𝑼𝟏𝟓 + 𝑻𝟏𝟓,𝒎 + 𝑳𝒎 + 𝑻𝒎,𝟏𝟒 + 𝑼𝟏𝟒) 

Equation 10 StorePopAGV 
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4.3.3.2 Needed-Buffer Variables 

These variables indicate the amounts of input/output buffer capacities that a station needs. For 

calculating this, we “count the types of AGVs assigned to load from (or unload to) this buffer” 

considering AGVs related to the same transition in the ‘Strategy Description’ section, are considered 

to have the same kind (In other words, each type of AGVs indicate all AGVs that do exactly the same 

work). In fact, for every buffer, we assign one cell for every type of AGV that works with (loads to or 

unloads from) that buffer. So, there are two major challenges related to this type of variable: 

1. Proving that having this amount of capacity is both necessary and sufficient. 

 2. Proposing a method for adding this to our optimization without violating optimization’s linearity.  

For input buffer calculation (dependent variables 11 to 12) we address these challenges as follows 

(Addressing these challenges for output buffer calculation is similar): 

1. We want to prove that the number of AGV types that unload to an input buffer is both “more or 

equal” and “less or equal” to the required capacity of that buffer. 

Firstly, we want to prove that the needed capacity of an input buffer is more or equal than the 

number of AGV types working with that buffer. As the demand rate can be any rational number 

(∈ℝ), it is possible that between two consecutive demands of the station, for every kind of AVGs, 

one AGV comes to unload material. So, in such a condition, the buffer must have a place for 

that amount of materials. Therefore, the required capacity for a station’s input buffer is more or 

equal than the number of AGV types supplying its demand. In other words, it is Necessary to 

have this amount of buffer size. 

For the other part of the proof, we want to prove that the needed capacity of an input buffer is 

less or equal than the number of AGV types working with that buffer. Note that based on problem 

assumptions, the time interval between every two consecutive demands is fixed. We also 

consider that for any type of AGVs, the time interval between two consecutive moves of AGVs 

from this kind is fixed. We want to prove that under such a condition, the buffer capacity could 

be as few as the number of AGV types work with this buffer. Based on this condition: 
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● For each AGV type, the time interval between two consecutive supplies of those AGVs 

is equal to or more than the time interval between two consecutive demands of the related 

station. This condition is met due to the first two constraints in the ‘Variable Constraints’ 

subsection. In fact, clearly, if the demand rate of a station is less than the supply rate of 

an AGV type which unloads to the input buffer of that station, the buffer would get filled 

soon and have no place for new materials. 

● For every N different AGV type supplying a specific station, the summation of their 

supply rate is less or equal than the demand rate of that station due to the first two 

constraints in the ‘Variable Constraints’ subsection (same as the previous paragraph). 

So, if between two consecutive demands, an AGV from each of these kinds (Totally N 

AGVs) supplies the demand, before all of them supply again, the station would have at 

least N demands again. Because the least rate between these AGVs is less or equal than 

the demand rate divided by N and so, before the next supply of that AGV, the station has 

at least N demands. Note that for every N AGVs this statement is true. So, the cell 

assigned to an AGV type certainly would be empty before the next supplement of that 

AGV. Therefore, the buffer would never get filled. 

On the other hand, if at the beginning of the day, buffers are filled as much as needed (after the 

first day, the suitable initial buffer is equal to the last buffer of yesterday) the buffer would 

never get empty. So, by using the number of suppliers AGV types as the buffer capacity, the 

buffer certainly gets neither empty at demand nor full at supply. In other words, it is Sufficient 

to have this amount of buffer size. 

So, the number of AGV types that work with a buffer is both “more or equal” and “less or equal” 

than the needed capacity for that buffer. Therefore, the needed capacity of any buffer is exactly 

equal to the number of AGV types that work with that buffer. 

2. We want to propose a method for adding constraints on the count of needed buffer capacities (or 

the equivalently “assigned AGV types”) to our optimization without violating optimization’s 

linearity. An AGV type is considered assigned to supply the demand of a station if and only if it 

is related to the input buffer of that station and its rate is positive. So, for calculating the needed 

capacity of a buffer, we just need to count how many AGV types -that work with that buffer 

have a positive rate. 
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We want to use the Sign function for this purpose. The Sign of a number is 1 when that number 

is positive, and the Sign is 0 when the number equals 0. So, counting “assigned AGV types” for 

any buffer is equivalent to summating Signs of the rates of all AGV types working with that 

buffer. Clearly, the Sign function is not linear. So, for any variable y, we can model Sign(y) by 

adding the following variable (x) to decision variables and following constraints to constraints 

of the linear optimization problem: 

 

{𝒙 = 𝑺𝒊𝒈𝒏(𝒚)}      ⇔  {
𝒙 ∈ {𝟎, 𝟏}

𝒙 − 𝟏 < 𝒚 ≤ 𝒙 ∗ 𝑼𝒑𝒑𝒆𝒓𝑩𝒐𝒖𝒅(𝒚)
} 

Equation 11 Sign function 

 

So, if we need Sign(y) in constraints (or objective function) of some linear optimization problem, 

we should: 

1. Add a new variable (e.g., x) to variables. 

2. Add x ∈ {0, 1} and x-1 < y and y ≤ x*UpperBound(y) to problem constraints. 

3.  Use x as the Sign(y) in constraints (or objective function) and be sure that x=Sign(y) is always 

true. 

Note that, 𝑥 is 0 if and only if when 𝑦 equals zero. This makes our problem a mixed-integer 

linear optimization as x is a binary variable.  

Note that the upper bound of these rates is the demand rate of the station. 

So, counting “assigned AGV types” is a suitable way of calculating the required buffer size. We 

define the following dependent variables of type “Needed-Buffer Variables”: 

11. 𝑁𝑒𝑒𝑑𝑒𝑑𝐼𝑛𝑝𝑢𝑡𝐵𝑢𝑓𝑓𝑒𝑟1𝑖: The amount of buffer that station 𝑖 from 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛1 needs for 

receiving resources during transitions. 

 

𝑵𝒆𝒆𝒅𝒆𝒅𝑰𝒏𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓𝟏𝒊 = 𝑺𝒊𝒈𝒏(𝑷𝒖𝒔𝒉𝟏𝑹𝒂𝒕𝒆𝒊) + ∑ 𝑺𝒊𝒈𝒏(𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟏𝑹𝒂𝒕𝒆𝒊,𝒋)

𝒋

 

Equation 12 NeededInputBuffer1 
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12. 𝑁𝑒𝑒𝑑𝑒𝑑𝐼𝑛𝑝𝑢𝑡𝐵𝑢𝑓𝑓𝑒𝑟2𝑘: The amount of buffer that station 𝑘 from 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛2 needs for 

receiving resources during transitions. 

𝑵𝒆𝒆𝒅𝒆𝒅𝑰𝒏𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓𝟐𝒌 = 𝑺𝒊𝒈𝒏(𝑷𝒖𝒔𝒉𝟐𝑹𝒂𝒕𝒆𝒌) + ∑ 𝑺𝒊𝒈𝒏(𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒌,𝒍)

𝒍

 

Equation 13 NeededInputBuffer2 

 

13. 𝑁𝑒𝑒𝑑𝑒𝑑𝑂𝑢𝑡𝑝𝑢𝑡𝐵𝑢𝑓𝑓𝑒𝑟1𝑗: The amount of buffer that station 𝑗 from 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛1 needs for 

supplying products for transitions. 

𝑵𝒆𝒆𝒅𝒆𝒅𝑶𝒖𝒕𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓𝟏𝒋 = 𝑺𝒊𝒈𝒏(𝑷𝒐𝒑𝟏𝑹𝒂𝒕𝒆𝒋) + ∑ 𝑺𝒊𝒈𝒏(𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟏𝑹𝒂𝒕𝒆𝒊,𝒋)

𝒊

 

Equation 14 NeededOutputBuffer1 

 
 

14. 𝑁𝑒𝑒𝑑𝑒𝑑𝑂𝑢𝑡𝑝𝑢𝑡𝐵𝑢𝑓𝑓𝑒𝑟2𝑙: The amount of buffer that station 𝑙 from 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛2 and not from 

𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛3 needs for supplying products for transitions. 

 

𝑵𝒆𝒆𝒅𝒆𝒅𝑶𝒖𝒕𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓𝟐𝒍 = 𝑺𝒊𝒈𝒏(𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒍) + ∑ 𝑺𝒊𝒈𝒏(𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒌,𝒍)

𝒌

 

Equation 15 NeededOutputBuffer2 

 
 
 

15. 𝑁𝑒𝑒𝑑𝑒𝑑𝑂𝑢𝑡𝑝𝑢𝑡𝐵𝑢𝑓𝑓𝑒𝑟3𝑚: The amount of buffer that station 𝑚 from 𝑆𝑢𝑏𝑆𝑡𝑎𝑡𝑖𝑜𝑛3 needs for 

supplying products for transitions. 

 

𝑵𝒆𝒆𝒅𝒆𝒅𝑶𝒖𝒕𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓𝟑𝒎 = 𝑺𝒊𝒈𝒏(𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒎) + 𝑺𝒊𝒈𝒏(𝑺𝒕𝒐𝒓𝒆𝑷𝒐𝒑𝑹𝒂𝒕𝒆𝒎) + ∑ 𝑺𝒊𝒈𝒏(𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒌,𝒎)

𝒌

 

Equation 16 NeededOutputBuffer3 
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16. 𝑁𝑒𝑒𝑑𝑒𝑑𝐹𝑖𝑛𝑎𝑙𝑂𝑢𝑡𝑝𝑢𝑡𝐵𝑢𝑓𝑓𝑒𝑟: The amount of buffer that final station needs for supplying 

products for transitions. 

 

𝑵𝒆𝒆𝒅𝒆𝒅𝑭𝒊𝒏𝒂𝒍𝑶𝒖𝒕𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓 = 𝑺𝒊𝒈𝒏(𝑺𝒕𝒐𝒓𝒆𝑹𝒂𝒕𝒆)  + 𝑺𝒊𝒈𝒏(𝑺𝒕𝒐𝒓𝒆𝑷𝒐𝒑𝑹𝒂𝒕𝒆𝒎) 

Equation 17 NeededFinalOutputBuffer 

 

4.3.4 Objective Function 

Considering decision variables and dependent variables introduced in the ‘Decision Variables’ 

Definition and ‘Dependent Variables’ Calculation sections, we need to introduce our objective variable 

as a linear function of them. So, the objective function would be: 

 

𝑽 = ∑ 𝑷𝒖𝒔𝒉𝟐𝑨𝑮𝑽𝒌

𝒌

+ ∑ 𝑷𝒖𝒔𝒉𝟏𝑨𝑮𝑽𝒊

𝒊

+ ∑ 𝑷𝒐𝒑𝟏𝑨𝑮𝑽𝒋

𝒋

+ ∑ ∑ 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟏𝑨𝑮𝑽𝒊,𝒋

𝒋𝒊

+ ∑ ∑ 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟐𝑨𝑮𝑽𝒌,𝒍

𝒍𝒌

+ 𝑮𝒐𝟏𝑻𝒐𝟐𝑨𝑮𝑽 + 𝑺𝒕𝒐𝒓𝒆𝑨𝑮𝑽 + 𝑮𝒐𝟐𝑻𝒐𝟏𝑨𝑮𝑽

+ ∑ 𝑷𝒐𝒑𝟐𝑨𝑮𝑽𝒍

𝒍

+ ∑ 𝑺𝒕𝒐𝒓𝒆𝑷𝒐𝒑𝑨𝑮𝑽𝒎

𝒎

 

Equation 18 Objective Function 

 

4.3.5 Constraints 

Considering decision variables and dependent variables introduced in the ‘Decision Variables’ 

Definition and ‘Dependent Variables’ Calculation sections, we need to clarify the linear constraints of 

these variables. These constraints restrict the feasible region from which the answer would be chosen. 

Note that all equality constraints can be rewritten as two inequality constraints (one ≥ and one ≤ instead 

of one =). These are all constraints that variables have: 

(∀ 𝑺𝒕𝒂𝒕𝒊𝒐𝒏 𝒊 ∈ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟏): 𝑷𝒖𝒔𝒉𝟏𝑹𝒂𝒕𝒆𝒊 + ∑ 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟏𝑹𝒂𝒕𝒆𝒊,𝒋

𝒋

= 𝑫𝒊 

Equation 19 Demand Constraint (No. 1) 
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Justification: No middle station's total supply rate from the first set could be less than its demand 

rate. In other words, no station should face a lack of resources. 

(∀ 𝑺𝒕𝒂𝒕𝒊𝒐𝒏 𝒌 ∈ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟐): 𝑷𝒖𝒔𝒉𝟐𝑹𝒂𝒕𝒆𝒌 + ∑ 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒌,𝒍

𝒍

= 𝑫𝒌 

Equation 20 Demand Constraint (No. 2) 

 

Justification: No middle station's total supply rate from the second set could be less than its demand 

rate. In other words, no station should face a lack of resources. 

(∀ 𝑺𝒕𝒂𝒕𝒊𝒐𝒏 𝒋 ∈ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟏): 𝑷𝒐𝒑𝟏𝑹𝒂𝒕𝒆𝒋 + ∑ 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟏𝑹𝒂𝒕𝒆𝒊,𝒋

𝒊

= 𝑷𝒋 

Equation 21 Production Constraint (No. 3) 

 

Justification: No middle station's total product collection rate from the first set could be less than 

its production rate. In other words, all products of all stations must get collected. 

(∀ 𝑺𝒕𝒂𝒕𝒊𝒐𝒏 𝒍 ∈ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟐, 𝒍 ∉ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟑): 𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒍 + ∑ 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒌,𝒍

𝒌

= 𝑷𝒍 

Equation 22 Production Constraint (No. 4) 

 

Justification: No middle station's total product collection rate from the second set could be less than 

its production rate. In other words, all products of all stations must get collected. 

(∀ 𝑺𝒕𝒂𝒕𝒊𝒐𝒏 𝒎 ∈ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟑): 𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒎 + 𝑺𝒕𝒐𝒓𝒆𝑷𝒐𝒑𝑹𝒂𝒕𝒆𝒎 + ∑ 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒌,𝒎

𝒌

= 𝑷𝒎 

Equation 23 Production Constraint (No. 5) 

 

Justification: The total product collection rate of no middle station from the third set could be less 

than its production rate. In other words, all products of all stations must get collected. 

𝑺𝒕𝒐𝒓𝒆𝑹𝒂𝒕𝒆 + 𝑺𝒕𝒐𝒓𝒆𝑷𝒐𝒑𝑹𝒂𝒕𝒆𝒎 = 𝑷𝟏𝟒 

Equation 24 Production Constraint (No. 6) 
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Justification: The store rate could not be less than the production rate of the final station. In other 

words, all products of the final station must get collected. 

 

∑ 𝑷𝒖𝒔𝒉𝟏𝑹𝒂𝒕𝒆𝒊

𝒊

+ ∑ 𝑷𝒐𝒑𝟏𝑹𝒂𝒕𝒆𝒋

𝒋

+ ∑ ∑ 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟏𝑹𝒂𝒕𝒆𝒊,𝒋

𝑗𝒊

 + ∑ ∑ 𝑷𝒖𝒔𝒉𝑷𝒐𝒑𝟐𝑹𝒂𝒕𝒆𝒌,𝒍

𝒍𝒌

+  𝑮𝒐𝟏𝑻𝒐𝟐𝑹𝒂𝒕𝒆 

=  𝑺𝒕𝒐𝒓𝒆𝑹𝒂𝒕𝒆 + 𝑮𝒐𝟐𝑻𝒐𝟏𝑹𝒂𝒕𝒆  

Equation 25 Transmitting constraint (No.7) 

 

Justification: The rate of transmitting from state 1 to state 2 must be equal to the rate of transmitting 

from state 2 to state 1. 

 

(∀ 𝑺𝒕𝒂𝒕𝒊𝒐𝒏 𝒊 ∈ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟏): 𝑵𝒆𝒆𝒅𝒆𝒅𝑰𝒏𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓𝟏𝒊 ≤ 𝑰𝑩𝑪𝒊 

Equation 26 Input buffer constraint (No.8) 

 

Justification: The input buffer needed for every middle station from the first set must be less than 

the capacity of its input buffer. In fact, the ‘Needed Input Buffer’ are functions of decision variables 

and indicate that for given values of decision variables, what are the minimum capacities of buffers 

that are required. And so, they must not be more than the maximum buffer capacities of their related 

stations. 

(∀ 𝑺𝒕𝒂𝒕𝒊𝒐𝒏 𝒌 ∈ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟐): 𝑵𝒆𝒆𝒅𝒆𝒅𝑰𝒏𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓𝟐𝒌 ≤ 𝑰𝑩𝑪𝒌 

Equation 27 Input buffer constraint (No.9) 

 

Justification: The input buffer needed for every middle station from the second set must be less than 

the capacity of its input buffer. 

 

(∀ 𝑺𝒕𝒂𝒕𝒊𝒐𝒏 𝒋 ∈ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟏): 𝑵𝒆𝒆𝒅𝒆𝒅𝑶𝒖𝒕𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓𝟏𝒋 ≤ 𝑶𝑩𝑪𝒋 

Equation 28 Output buffer constraint (No.10) 
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Justification: The output buffer needed for every middle station from the first set must be less than 

the capacity of its output buffer. 

 

(∀ 𝑺𝒕𝒂𝒕𝒊𝒐𝒏 𝒍 ∈ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟐, 𝒍 ∉ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟑): 𝑵𝒆𝒆𝒅𝒆𝒅𝑶𝒖𝒕𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓𝟐𝒍 ≤ 𝑶𝑩𝑪𝒍 

Equation 29 Output buffer constraint (No.11) 

Justification: The output buffer needed for every middle station from the second set must be less 

than the capacity of its output buffer. 

 

(∀ 𝑺𝒕𝒂𝒕𝒊𝒐𝒏 𝒎 ∈ 𝑺𝒖𝒃𝑺𝒕𝒂𝒕𝒊𝒐𝒏𝟑): 𝑵𝒆𝒆𝒅𝒆𝒅𝑶𝒖𝒕𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓𝟑𝒎 ≤ 𝑶𝑩𝑪𝒎 

Equation 30 Output buffer constraint (No.12) 

 

Justification: The output buffer needed for every middle station from the third set must be less than 

the capacity of its output buffer. 

 

𝑵𝒆𝒆𝒅𝒆𝒅𝑭𝒊𝒏𝒂𝒍𝑶𝒖𝒕𝒑𝒖𝒕𝑩𝒖𝒇𝒇𝒆𝒓 ≤ 𝑶𝑩𝑪𝟏𝟒 

Equation 31 Output buffer constraint (No.13) 

Justification: The output buffer needed for the final station must be less than the capacity of its 

output buffer. 
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5 Experiments and analysis 

In this chapter, we will discuss how to implement the mathematical model developed in the previous 

chapter by the Python programming language, as well as evaluate and analyze the behavior of the 

mathematical model with variant inputs data and various configuration settings and also, compare data 

outputs of the implemented software. The consequences of the several experiments are presented and 

the resulting data are analyzed. Finally, suggestions for future work by researchers are provided. 

 

5.1 Mathematical model implementation 

Following the objective defined in this master thesis, which is to calculate the minimum number of 

AGVs (Automated guided vehicles) in the assembly line so that the raw materials are delivered to the 

workstations in time and the produced goods are delivered to the final warehouse, a mathematical 

model based on linear programming (LP) is formulated, which was described in the previous chapter. 

To develop the objective function and related constraints, the mathematical model was implemented 

by the Python programming language to be able to calculate the equations with high processing power 

and provide accurate results.  

Why Python was used for implementation: 

● Ease of use and versatility 

● Extremely stable libraries with great support 

● Python is a dynamic language 

● Tied into a lot of existing infrastructure 
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As mentioned above, the Python programming language has a variety of special-purpose libraries that 

make it suitable for problem-solving implementation. The PuLP library in the Python ecosystem, 

developed for this purpose, has been used to implement the linear programming problem. PuLP is 

open-source linear programming (LP) solving library that widely uses Python syntax and comes 

packaged with many industry-standard solvers. It also complements a range of open source and 

commercial LP solvers. (Appendix A presents the mathematical model implementation by Python) 

5.2 Implementation assessment 

To evaluate and verify the implemented mathematical model, we design a small model of the assembly 

line and first calculate it manually and then run it by the software and compare the results. Suppose 

the outline of the factory is like this: 

 

Figure 7 A simplified problem for a one-way path 

 

Suppose,  𝑇4,14  = 𝑇14,4 = 0.6 ℎ𝑜𝑢𝑟𝑠 and the speed of AGVs is constant. And assume that all 

stations have 0.1 hours of loading and unloading. Also, consider that all input and output buffer sizes 

are one. And, our variables are  𝑆𝑍8, 𝑆𝑌8, 𝑆𝑋8,8, 𝑆𝑈14,19, 𝐺1𝑡𝑜2, 𝐺2𝑡𝑜1.  

So, the optimization problem becomes: 

min 𝑉 = 0.8 ∗ 𝑆𝑍8 + 0.8 ∗  𝑆𝑌8 +  𝑆𝑋8,8 + 0.8 ∗ 𝑆𝑈14,19 + 0.6 ∗ 𝐺1𝑡𝑜2 + 0.6 ∗  𝐺2𝑡𝑜1  

𝑆𝑢𝑐ℎ 𝑇ℎ𝑎𝑡 

{𝑆𝑍8 + 𝑆𝑋8,8 ≥ 𝐷8 𝑆𝑌8 + 𝑆𝑋8,8 ≥ 𝑃8  𝑆𝑈14,19 ≥ 𝑃14 𝑆𝑍8 + 𝑆𝑌8 + 𝑆𝑋8,8 + 𝐺1𝑡𝑜2

= 𝑆𝑈14,19 + 𝐺2𝑡𝑜1}    

We want to evaluate this model for different quantities of demand and production: 
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Suppose all demand and production is equal. For example, suppose 𝐷8 = 5,  𝑃8 = 5, 𝑃14 = 5 , in 

this case by solving the optimization problem: 

{𝑆𝑍8 = 0, 𝑆𝑌8 = 0,   𝑆𝑋8,8 = 5, 𝑆𝑈14,19 = 5,   𝐺1𝑡𝑜2 = 0, 𝐺2𝑡𝑜1 = 0, 𝑉 = 9    

 

That means we need AGV five times an hour: 

1) Take material from station 4 and deliver it to station 8 

2) Take product from station 8 and deliver it to station 14 

3) Take product from station 14 and deliver to station 19 

4) Go to station 4 (first rest) 

Obviously, this is really the best-case scenario. In this case, each cycle lasts 1.8 hours. In 1.8 hours, 

station 8 products demand are 9 times and station 14 products demand is 9 times. So, we need 9 AGVs 

with this scenario. Therefore, the proposed method calculates the required number of AGVs correctly. 

Suppose station 8 has an equal demand and production rate and not an equal production rate of station 

14. For example, suppose 𝐷8 = 5,  𝑃8 = 5, 𝑃14 = 10  In this case by solving the optimization 

problem: 

{𝑆𝑍8 = 0, 𝑆𝑌8 = 0,   𝑆𝑋8,8 = 5, 𝑆𝑈14,19 = 10,   𝐺1𝑡𝑜2 = 5, 𝐺2𝑡𝑜1 = 0, 𝑉 = 16    

Which means we need AGV five times per hour: 

1) Take material from station 4 and deliver it to station 8 

2) Take product from station 8 and deliver it to station 14 

3) Take product from station 14 and deliver it to station 19 

4) Go to station 4 (first rest) 

And five times per hour we need AGV to: 

1) Go from station 4 (first rest point) to station 14 (second rest point) 

2) Take product from station 14 and deliver it to station 19 

3) Go to station 4 (first rest point) 
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This is obviously the best-case scenario for this case. In this case, each AGV cycle takes 1.8 hours 

from the first class. Each AGV cycle from the second class takes 1.4 hours. 

The following shows the results by software calculation (Figure 8),  

         

Figure 8 Implemented software results 

 

5.3 Outcomes analysis 

In this part, in order to verify the efficiency and accuracy of the mathematical model, we design 

experiments with input data and various settings and run them by the software and analyze the outputs. 

Input data are the raw material demand rate and the production rate of each workstation (Table 5), the 

production rate of the final (P14 amount which is presented in Figure 11) station, the travel time 

between two rest points, the loading and unloading time (Table 6), and the capacity of the input and 

output buffers of the workstations (IBC, OBC, OBC14 are presented in Figure 11) and, the output of 

the optimization model calculates the minimum number of automated guided vehicles (AGV) required 

to deliver raw materials and load the product of each station and unload to the final warehouse (Number 

of  AGVs is presented in Figure 10), provided that there is no disruption or shortage in a workstation 

and production line during a certain working period. 

In the first experiment, the amount of raw material required and the amount of production of 

workstations are distributed irregularly along the assembly line. Due to simplification and accuracy 

testing, only one route is considered in the first subset and there is only one final store that has it. 

First, implemented program calculates the minimum number of AGVs by assigning one input-output 

buffer, and then increase the number of buffers and examine the effect of the buffer on optimization. 
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Stations Node Demand Production 

S5 5 6 2 

S6 6 4 2 

S7 7 2 1 

S8 8 8 2 

S9 9 4 1 

S10 10 6 1 

S11 11 6 3 

S12 12 6 3 

S13 13 4 2 

S16 16 8 4 

S17 17 12 4 

S18 18 12 3 

S20 20 14 7 

S22 22 4 2 

S23 23 8 4 

S24 24 6 2 

S25 25 4 1 

        

Total   114 44 
 

Table 4 Stations material demands / production rate 

 

Description Time spend/working cycle 

Loading 0.016 

Unloading 0.016 

Time4to14R1 0.1 

Time14to4 0.1 

Table 5 Ratio of time spent per each work cycle 

 

In the following figure, the number of Pop, Push, and PushPop transitions for each workstation in the 

subsets are calculated and printed in the Python programming code (Figure 9). 
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Figure 9 Number of times occurred in types of AGVs' states for each workstation 

 

The following figure shows the result of the minimum number of Automated Guided Vehicles 

(AGVs: 37) which was calculated by implemented Python programming code, also the number of 

transition types (Figure 10): 
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Figure 10 Final results (Minimum number of AGV) with One input/output buffer 

 

In the next experiment, we do not change the material demand rate and output production rate values 

of each workstation and only increase the number of input and output buffers to 2 (IBC, OBC, 

OBC12 are presented in figure 11) and see its effect on the optimal value of AGV (Number of AGVs 

is presented in figure 11). 

 

 

Figure 11 Final results (Minimum number of AGV) with Two input/output buffer 
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As we can see, increasing the number of buffers’ capacity from 1 cell to 2 cells raises the number of 

PushPop states transitions and decreases the number of Pop states transitions, consequently reducing 

the number of AGVs required to transport raw materials and products on the production line 

(Because in PushPop state, an AGV delivers material to one of stations in one transition and loads a 

product from the same station or the next station in the subset and delivers it to the final station or 

warehouse, but in Pop state transition only load product from one of stations and deliver to final 

station or storage, therefore saving the number of AGVs). 

In the third experiment, we increase the number of input and output buffers’ capacity of workstations 

again and assign their cells’ numbers from 2 to 3 and review the results again (Figure 12).  

 

Figure 12 Final results (Minimum number of AGV) with Three input/output buffer 

 

As we can see in this experiment, increasing the number of buffers’ capacity has an effect on the 

number of material transfer state’s transitions, but has no effect on the optimal number of AGVs is 

the goal of this study, and still requires 34 AGVs for our default material delivery plan. Similarly, 

increasing the number of buffers’ cells from 3 to 4 does not affect the optimal number of AGVs 

required (Figure 13). 
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Figure 13 Final results (Minimum number of AGV) with Four input/output buffer 
 

The following figure shows the number of the AGVs' states (Transition types) with different capacities 

of the input/output stations' buffers in graphs for comparison (Figure 14).  

 

A)  IBC=OBC=1    B) IBC=OBC=2 

 

C)  IBC=OBC=3    D) IBC=OBC=4 

Figure 14 Comparison of the effect of buffer capacity on the number of transmission states 
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For instance, figure 14 A shows by assigning the IBC and OBC equal 1, We have 44 Push1 States, 68 

Push2 States, 15 Pop1 States, 27 Pop2 States, and 2 PushPop1 States, and also no PushPop2 and the 

StorePop2 States. Whereas when IBC and OBC assign to 2, Pop1 and Pop2 are being zero and the 

amount of PushPop1 and PushPop2 increases. for this reason, the needed AGVs decrease because in 

the state of PushPop every AGV carries material from the warehouse to a work station and also loads 

products from the same work station or another work station and delivers them to the final station 

(Figure 14 B). Again, as seen in Figures 14 C and D, by changing the IBC and OBC to 3 and 4, the 

number and order of AGV states change.Whereas, the following figures presented the exactly needed 

capacity of each station’s input/output buffers by assigning the different values of IBC and OBC 

variables (Figure 15).  

 

A)  IBC=OBC=1    B) IBC=OBC=2 

   

C)  IBC=OBC=3    D) IBC=OBC=4 

Figure 15 The capacity of input/output buffers of each station 

 
 

In Figure 15 A) the IBC and OBC are equal to 1 so all stations needed one input buffer and one output 

buffer (That is obviously clear because need at least one buffer for each station). Whereas, when IBC 

and OBC have been defined as equal 2 in this condition some work stations need 2 capacities of input 
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buffers but still, all stations need only one output buffer. Furthermore, it shows also in the other figures 

(C and D) that changing the IBC and OBC variables value has an effect on the needed number of input 

and output buffers capacity of each workstation. 

In the next experiments, the arrangement of workstations in the direction of movement of AGVs in the 

production line in such a way that the demand for raw materials and the production rate of workstations 

are arranged once descending and once ascending and its effect on calculating the optimal number of 

AGVs Required and checked by allocating different capacities of input and output buffers. 

First, we place the order of demand in descending (Table 7) order and obtain the result of the 

calculations with input and output buffer capacities of 1 cell and 2 cells. Remember that the number 

of workstations and the rate of demand and the rate of production are the same as in the previous 

experiment and only the position of the workstations on the production line has changed. 

Stations Node Demand Production 

S5 5 14 7 

S6 6 12 4 

S7 7 12 3 

S8 8 8 4 

S9 9 8 4 

S10 10 8 2 

S11 11 6 3 

S12 12 6 3 

S13 13 6 2 

S16 16 6 2 

S17 17 6 1 

S18 18 4 2 

S20 20 4 2 

S22 22 4 2 

S23 23 4 1 

S24 24 4 1 

S25 25 2 1 

        

Total   114 44 

Table 6 Stations material demands (In descending order) 

 

As can be seen in the following picture (Figure 16), in this case, we need more AGVs to transport 

raw materials and transport the produced goods to the final station and final store and also increase 

the input and output buffer capacity of workstations as a major impact on reducing the number of 

AGV required. 
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A)  IBC=OBC=1   B)  IBC=OBC=2 

Figure 16 Final results with one and two input/output buffer (In descending order) 

 
 

The picture below also shows the sum of the number of each AGV state (Transition types) in the two 

values of the capacity of the buffer by graphs (Figure 17). And likewise, the needed capacity of 

input/output buffers of each work station when the IBC and OBC variables are assigned equal 1 (Figure 

18 A)  and equal 2 (Figure 18 B). 

    
      A)  IBC=OBC=1    B)  IBC=OBC=2 

Figure 17 The number of transmission states with different buffer capacities (In descending order) 

 
A)  IBC=OBC=1    B)  IBC=OBC=2 
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Figure 18 The capacity of input/output buffers of each station 

 

In the subsequent, is repeated above experiment with the difference that the order of the work stations 

based on the rate of demand for raw materials is ascending in the production line (Table 8) and we see 

the results. Assuming that the number of demand rates and total production and the number of 

workstations are similar to the previous experiments. 

Stations Node Demand Production 

S5 5 2 1 

S6 6 4 1 

S7 7 4 1 

S8 8 4 2 

S9 9 4 2 

S10 10 4 2 

S11 11 6 1 

S12 12 6 2 

S13 13 6 2 

S16 16 6 3 

S17 17 6 3 

S18 18 8 2 

S20 20 8 4 

S22 22 8 4 

S23 23 12 3 

S24 24 12 4 

S25 25 14 7 

        

Total   114 44 

Table 7 Stations material demands / production (In ascending order) 

 

Observation of the results (Figures 15,16, 17, 18, 19, 20) shows that there are differences between 

ascending and descending order, but not much difference compared to the irregular arrangement. Of 

course, these experiments can be done with different layouts and compare the results. 
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A)  IBC=OBC=1   B)  IBC=OBC=2 

Figure 19 Final results with one and two input/output buffer (In ascending order) 

 

  

IBC=OBC=1     IBC=OBC=2 

Figure 20 The number of transmission states with different buffer capacities (In ascending order) 

 

 
A)  IBC=OBC=1   B)  IBC=OBC=2 

Figure 21 The capacity of input/output buffers of each station 
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In the last experiment, we schedule a different production plan by designing a certain assembly line 

layout (Table 8) that gives a significant result in reducing the number of AGVs by increasing the IBC 

and OBC variable's value. The outcomes are presented in the following figures (Figures 22 A, B, C, 

D, E and F show the obtained states and the number of needed AGVs, Figures 23 A, B, C, D, E and F 

show the number of AGVs states and Figures 24 A, B, C, D, E and F show each work station's needed 

input and output buffers). 

 

Stations Node Demand Production 

S5 5 10 1 

S6 6 1 2 

S7 7 1 2 

S8 8 1 2 

S9 9 1 2 

S10 10 1 2 

S11 11 1 2 

S12 12 1 2 

S13 13 1 2 

S16 16 2 1 

S17 17 10 2 

S18 18 1 2 

S20 20 1 2 

S22 22 1 2 

S23 23 1 2 

S24 24 4 2 

S25 25 4 2 

        

Total   42 32 

Table 8 Stations material demands / production 
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A)  IBC=OBC=1  B)  IBC=OBC=2     C)  IBC=OBC=3 

 

     
D)  IBC=OBC=4  E)  IBC=OBC=5     F)  IBC=OBC=6 

Figure 22 Final results with different buffer capacities 

 

     
A)  IBC=OBC=1  B)  IBC=OBC=2     C)  IBC=OBC=3 

 

     
D)  IBC=OBC=4  E)  IBC=OBC=5     F)  IBC=OBC=6 

Figure 23 The number of transmission states with different buffer capacities 
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A)  IBC=OBC=1  B)  IBC=OBC=2     C)  IBC=OBC=3 

 

     
D)  IBC=OBC=4  E)  IBC=OBC=5     F)  IBC=OBC=6 

Figure 24 The capacity of input/output buffers of each station with different buffer capacities 
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6 Discussion, Conclusion and Future Works 

The purpose of this chapter is to summarize the developed mathematical optimization model findings 

and examine the quality of the optimization IT artefact prototype that has been implemented during 

the course of this project in order to calculate the objective function, and also analyze and discuss the 

results of the experiments obtained. The results of the analysis and the outcomes of the experiments 

are discussed in order to answer the questions of this research and the final conclusion about the 

purpose of this master's thesis, as well as suggestions for future works. 

6.1 Discussion 

The aim of this master project is to find the optimal number of self-drive vehicles to transport raw 

materials from the primary warehouse to workstations and deliver products to final stores in a factory 

production line and influence the input and output buffer capacity of each workstation to minimize this 

quantity. We formalized our problem and presented a method for solving it. The proposed solution 

was a mixed-integer linear optimization model and so can be solved based on input constants with 

various algorithms and tools. On the other hand, we presented a linear optimization method for 

calculating the needed size of buffers and proved that its result for a specific buffer is both “more or 

equal” and “less or equal” than the “needed capacity” of that buffer and hence is exactly equal to that. 

This thesis identified an approach to optimization material handling problems that had not been 

previously studied. In order to solve the problem, we modelled it by finite-state machine theory, and 

after obtaining different states of delivery of raw materials to workstations and transfer of goods to the 

final stores by AGVs and other related transitions on the production line, the optimization equation 

was formalized. To solve the obtained linear optimization equation, the assumptions that existed in the 

problem were extracted and defined constraints in order to be able to correctly calculate the minimum 

number of AGVs required for different production assembly line input data. The mathematical 

definition of the sign equation was also used to create a simulation to implement the buffer effect in 

the optimization objective function. After completing the mathematical model to verify equations, a 

small problem was designed and calculated with minimum input data. The received results were later 

used for verification and comparison with the software code developed for this purpose, which was 

implemented based on the obtained mathematical model. 

Based on the suggested research methodology described in Chapter 3 of this dissertation, an IT artefact 

was implemented based on the mathematical model obtained in Chapter 4 and implemented by Python 
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programming language. For this purpose, the PuLP library, which is dedicated to solving linear 

mathematical problems, was used to implement the Python programming language as accurately as 

possible, and another library of this powerful programming language called Matplotlib was used to 

draw diagrams. After coding the IT artefact by Python programming language, the accuracy of the 

programming code execution outcomes was compared with the results obtained from the manual 

calculation in the sample experiment, and also for measuring the performance of the software to solve 

larger and more practical problems, experiments have been designed and tested, which ultimately has 

been achieved acceptable output data accuracy. 

By designing experiments and performing various adjustments in the input data and problem variables 

in the software settings, results were obtained which were used to answer the questions that were the 

aim of this dissertation. The results showed that using the mathematical model, the optimal number of 

self-driving cars can be calculated for a different material planning of production lines, and also with 

changes in the arrangement of workstations and the ratio of raw material requirements and their 

production, a more desirable result can be achieved. Also, by allocating the appropriate capacity for 

the input and output buffers of each work station, can be achieved more optimal quantity of AGVs. 

Similarly, an extra result was achieved after witnessing the change in the mentioned variables, which 

can benefit from designing the optimal layout of an assembly line. 

6.2 Conclusion 

The investigation of this Master Project is the development of a mathematical model to obtain the 

optimum number of AGVs in an assembly line. This impacts the number of AGVs to a minimum. To 

achieve the research's primary aim “The minimum number of automated guided vehicles (AGV) 

required for material handling in a designed assembly line with a particular material 

demand/production rate.” this research developed a mathematical model. In general, it can be declared 

that the mathematical modelling of the number of AGVs depends on many different factors, 

particularly the format of routs and workstation order, which causes the division of assembly line 

subsets. Whereas, optimization by the mixed-integer linear optimization model turned out to be 

beneficial. 

Meanwhile, the research has answered the Secondary objective “The influence of capacity of 

input/outputs buffers of work stations related to objective one” it can be said, that increasing the 

capacity of the needed workstation buffer's variable is somewhat impressive on the quantity of AGVs. 

This means, that raising the needed buffer capacity variable’s value in the mathematical model to a 
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certain amount, caused reducing the number of vehicles, but after that, it had no effect. After increasing 

this variable more, it only influenced the buffer capacity of each work station, and this outcome can 

be used to design the layout and structure of the assembly line for the purpose of optimal usage of the 

factory area. 

Furthermore, according to the mentioned explanation, the impact of this Master's project can be seen 

in two dimensions of sustainability. First, on the economic aspect, which is by optimizing and finding 

the minimum number of AGVs required for a production process, the cost of setup and maintaining 

AGVs. also, the drop and the economic benefit gains and also this reduction in the number of AGVs 

reduces the energy consumption of vehicles and consequently affects the environment. 

Eventually, in this master's project, by developing a mathematical model, we fulfilled the aim of 

optimizing the required number of AGVs according to the definition of the research’s main objective. 

6.3 Further works 

It would be interesting to develop AGV optimization by different algorithms or mathematical methods, 

for instance, metaheuristic and heuristic algorithms like genetic algorithms. The model should also be 

experimented on with more scenarios to see if the various assembly line arrangement performs well 

on those as well.  Furthermore, to attain a more accurate result, it is desirable to consider other 

limitations of AGVs, such as charge/discharge time of the driving force, Mean Time to Repair (MTTR) 

and Mean Time to Failure (MTTF) of the vehicles and improve the developed mathematical model. 

Based on this master project and the obtained results, numerous other goals can be defined by 

considering and changing variables in the objective function. for instance, the optimal capacity of input 

and output buffers of workstations according to a certain number of AGV or arranging the optimal 

location of workstations and warehouses in the defined path of vehicles in the production line for the 

minimum number of AGVs and the capacity of buffers. As well as the effect of buffer capacity on 

vehicles in reducing the number of transports of raw materials and goods. However, the generality of 

this optimization mathematical model needs further research and is beyond the scope of this thesis.  
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8 Appendix A 

In this appendix describes the implementation of the mathematical model developed in this master 

project, through the Python programming language and related libraries. 

To formulate the optimization problem, first, created an LP problem with the method LP Problem in 

PuLP. 

  Lp_prob = p.LpProblem('AGV Optimization', p.LpMinimize) 

Then, we need to create bunches of Python dictionary objects with the information we have from the 

table. The code is shown below,  

# Creates a list of all the supply nodes 
Warehouse=["4"] 
 
# Creates a list of all the stores nodes 
Store=["15"] 

 
# Creates a list of all the stations sub groups nodes 
StationSub1=["5","6","7","8","9","10","11","12","13"] 
StationSub2=["16","17","18","20","22","23","24","25"] 
StationSub3=["22","23","24","25"] 
 
# Creates a dictionary for the number of material of demand for each station node 
D = { "5":6, "6":4, "7":2, "8":8,  "9":4, "10":6,"11":6, 
          "12":6,"13":4,"16":8,"17":12,"18":12,"20":14,"22":4, 
          "23":8, "24":6, "25":4} 
 
# Creates a dictionary for the number of material of production for each station node 
 
P = { "5":2, "6":2, "7":1, "8":2, "9":1,"10":1,"11":3, 
              "12":3,"13":2,"16":4,"17":4,"18":3,"20":7,"22":2, 
              "23":4, "24":2, "25":1} 
 
P14 = 21 
 
#The size of station input & output buffer 
IBC = 2 
OBC = 1 
OBC14 = 1 
 
#The loading & unloading time in minute 
L = 0.016 
U = 0.016 
 
# Time takes from station 4 (warehouse) to station 14 and revers 
Time4to14R1 = 0.1 
Time14to4 = 0.1 

Next, we start to define the LP problem by adding the main objective function. 

 Lp_prob += ((p.lpSum(Push1[i] for i in StationSub1)*(L + U + Time4to14R1)) 
            + (p.lpSum(Push2[k] for k in StationSub2)*(L + U + Time4to14R1 + Time14to4)) 
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            + (p.lpSum(Pop1[j] for j in StationSub1)*(L + U + Time4to14R1)) 
            + (p.lpSum(Pop2[l] for l in StationSub2)*(L + U + Time4to14R1 + Time14to4)) 
            + (p.lpSum(PushPop1[i,j] for i in StationSub1 for j in StationSub1 if int(i) <= int(j))*(2*L + 2*U + Time4to14R1)) 

+ (p.lpSum(PushPop2[k,l] for k in StationSub2 for l in StationSub2 if int(k) <= int(l))*(2*L + 2*U + 2*Time4to14R1 + Time14to4)) 
            + (p.lpSum(StorePop2[m] for m in StationSub2)*(2*L + 2*U + Time4to14R1 + Time14to4)) 
            + Go1To2*Time4to14R1 
            + Go2To1*Time14to4 
            + Store*(L + U + Time14to4)) 
 

We can pile up all the constraints. The code is shown below, 

 for i in StationSub1: 
        Lp_prob += Push1[i] + p.lpSum(PushPop1[i,j] for j in StationSub1 if int(i) <= int(j)) == D[i]          
 

for j in StationSub1:  
      Lp_prob += Pop1[j] + p.lpSum(PushPop1[i,j] for i in StationSub1 if int(i) <= int(j)) == P[j] 
 

for k in StationSub2: 
       Lp_prob += Push2[k] + p.lpSum(PushPop2[k,l] for l in StationSub2 if int(k) <= int(l)) == D[k] 
 

for l in StationSub2: 
      Lp_prob += Pop2[l] + p.lpSum(PushPop2[k,l] for k in StationSub2 if int(k) <= int(l)) + StorePop2[l] == P[l] 
 
Lp_prob += Store + p.lpSum(StorePop2[m] for m in StationSub2) == P14   
 

Lp_prob += (p.lpSum(Push1[i] for i in StationSub1)  
         + p.lpSum(Pop1[j] for j in StationSub1) 
             + p.lpSum(PushPop1[i,j] for i in StationSub1 for j in StationSub1 if int(i) <= int(j)) 
            + p.lpSum(PushPop2[k,l] for k in StationSub2 for l in StationSub2 if int(k) <= int(l)) 
            + Go1To2 == Go2To1 + Store) 
 

# ============================================================================= 
# Buffer constraints 
# ============================================================================= 
for i in StationSub1: 

     Lp_prob += (SignPush1[i] 
     + p.lpSum(SignPushPop1[i,j] for j in StationSub1 if int(i) <= int(j)) 
      <= IBC) 
 

for j in StationSub1: 
      Lp_prob += (SignPop1[j] 

       + p.lpSum(SignPushPop1[i,j] for i in StationSub1 if int(i) <= int(j)) 
           <= OBC) 

 
for k in StationSub2: 

    Lp_prob += (SignPush2[k] 
         + p.lpSum(SignPushPop2[k,l] for l in StationSub2 if int(k) <= int(l)) 

     <= IBC) 
     

for l in StationSub2: 
      Lp_prob += (SignPop2[l] + SignStorePop2[l] 

      + p.lpSum(SignPushPop2[k,l] for k in StationSub2 if int(k) <= int(l)) 
       <= OBC) 
                  

Lp_prob += SignStore <= OBC14 

And, signs define in bellow code, 

 for i in StationSub1: 
      Lp_prob += SignPush1[i] - 1 + ep <= Push1[i] <= SignPush1[i] * D[i] 
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for j in StationSub1: 

      Lp_prob += SignPop1[j] - 1 + ep <= Pop1[j] <= SignPop1[j] * P[j] 
     

for i in StationSub1: 
      for j in StationSub1: 
          if int(i) <= int(j): 
               Lp_prob += SignPushPop1[i,j] - 1 + ep <= PushPop1[i,j] <= SignPushPop1[i,j] * D[i] 
     

for k in StationSub2: 
      Lp_prob += SignPush2[k] - 1 + ep <= Push2[k] <= SignPush2[k] * D[k] 
  

for l in StationSub2: 
      Lp_prob += SignPop2[l] - 1 + ep <= Pop2[l] <= SignPop2[l] * P[l] 
     

for k in StationSub2: 
      for l in StationSub2: 
          if int(k) <= int(l): 
               Lp_prob += SignPushPop2[k,l] - 1 + ep <= PushPop2[k,l] <= SignPushPop2[k,l] * D[k] 
             

for l in StationSub2: 
      Lp_prob += SignStorePop2[l] - 1 + ep <= StorePop2[l] <= SignStorePop2[l] * P14 
     

Lp_prob += SignStore - 1 + ep <= Store <= SignStore * P14 

There are a few choices of solver algorithms in PuLP (e.g. COIN_MP, Gurobi, CPLEX, etc.). To solve 

this problem has been not defined any choice and the program has been chosen by default to its own 

choice depending on the problem structure. 

 status = Lp_prob.solve()   # solver 

 

 

 

 

 

 


