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Abstract 

In this research we conduct an in-depth examination of the several financial theories as well as 
evaluating different implementations of a hypothetical Robo-advisor and the corresponding 
performance under market stress (COVID-19). Thus, we contribute a view on Robo-advisors’ benefits 
and limitations, providing a foundation for better understanding its potential. Attained with knowledge 
of Robo-advisors’ and the underlying models the historical data is collected from Handelsbanken 
platform and different portfolios is created using Value at Risk and Expected Shortfall as the measure 
of risk. Finally, the different risk measures are compared through back testing where the frame of the 
test align with the period of the chosen market stress COVID-19. The results shows that an investment 
portfolio utilizing the underlying statistics to construct the Value at Risk and respectively Expected 
Shortfall manages to outperform both the Mean Variance Optimization portfolios, as well as 
outperforms the historical Value at Risk and Expected Shortfall. 
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1. Introduction 

“Banking is necessary. Banks are not.” Bill Gates (1994) 

When the financial sector is changing the incumbent newcomers who by using innovations become 
market-leading companies, applying pressure on the profitability of the traditional companies, challenge 
companies. In response, the established companies try to exploit and invest in new technological 
innovation. Available services are offered to the clients in diverse ways and forms but also by various 
companies. As a result, the conditions for competition in the financial sector are changing 
(Finansinspektionen, 2017). 

Over the last decade, Sweden have had a great development in the innovative financial services. 
According to Sweden's Financial Supervisory Authority two main reasons behind the development is a 
stable financial system and a well-functioning public sector. Mainly, payment services are the leading 
within the innovative financial services area. Advisory services are also increasingly undergoing 
automation. Automation creates opportunities for offering financial advice, even if automation is only 
one piece of the puzzle in this process (Finansinspektionen, 2017).  

According to the Swedish Pensions Agency, there are total of seven automated financial advisory 
services in Sweden where the word robot is included in the name. Three of them, Lysa, Opti and Fundler, 
are launched by independent start-ups. Two are started by the internet banks Avanza and Nordnet, called 
Avanza Auto and Robosave. One is by a traditional bank, Nordea. Finally, Waizer is a part of a company 
of the same name (Pensionsmyndigheten, 2018).  

The word “Robo-advisory” or automated financial advisory have no general definition but, in a study, 
requested by the European parliament’s Committee on Economic and Monetary Affairs, ECON, it is 
defined through the citate: 

“The Robo-advisor is software that interacts with the client. It does not possess any legal personality. 
It is not a party to the financial services contract. The Robo-advisor is operated by a financial 
intermediary. This could be, in nonlegal terms, a start-up, a fund, or a bank” (Maume, 2021). 

Robo-advisors’ are becoming an increasingly common element in the financial industry and leave more 
to the algorithms than to the human interface (the traditional financial advisor) with the aim of providing 
financial advisory to its clients. (Tokic, 2018) (Faloon & Scherer, 2017). 

Robo-advisors’ have developed from the mixture of two different segments: Financial theories and 
technology. One of the first economists to contribute to the financial segment was John Burr Williams 
who in 1938 through his PhD thesis, contributed with the theory of discounted cash flow (DCF) based 
valuation, and in particular, dividend based valuation. Later, he authored the book The Theory of 
Investment Value which mainly was based on the work of his PhD thesis who described the dividend 
discount model. The aim of most investors was to find a good stock and buy it at the best price. The 
theory became later predominant in the understanding of stock prices. (Williams , 2012). 

Robo-advisors’ have attracted much research attention in the financial industry, with several studies 
highlighting the development of technology and the integration with financial intermediaries and 
institutions. This is due to the high market demand for low-cost automated portfolio management. 
(Tariqul Islam Khan, Wei Liew, & Yin Gan, 2021). In recent years, Robo-advisors’ have advanced as a 
new Fintech, a compound of finance and technology that has large effect on various industries as well 
as the financial business. (Tokic, 2018) (Faloon & Scherer, 2017). “FinTech” is an abbreviation referring 
to innovations within the financial sectors that are made possible by digitalization. It is used to describe 



 

  2 

a phenomenon or specific companies, but there is no commonly accepted definition 
(Finansinspektionen, 2017). 

The first Robo- advisor on the Swedish market was Tieless, which was launched in 2016. Stellum Asset 
Management was behind it. However, Tieless was discontinued in December 2017, the year when many 
robot consultants were launched on the Swedish market. (Pensionsmyndigheten, 2018). 

Often in digitalization, the services launched in Sweden have Anglo-Saxon predecessors. According to 
the Swedish Pension Agency, the first robot consultant in the US was launched during the fiscal crisis 
in 2008. In 2010, the robot consultant Betterment was launched by a company of the same name and 
later came the robot consultant Wealthfront. Both are now well-established robot advisors in the US 
market. The investment company Kinnevik made its first investment in Betterment in March 2016. In 
Europe, the financial market followed the US trend and in European in 2011 the first Robo-advisor 
Nutmeg was founded in the UK (Pensionsmyndigheten, 2018). 

Internationally, Robo-advisors’ are estimated to reach 1.8 trillion U.S. dollars managed assets in 2022 
(Statista, 2021). It´s estimated that the value of the managed assets will continue to increase and by 2025 
reach approximately 2.9 trillion U.S. dollars (Statista, 2021).  
The highest asset under management is reached in the US were according to Forbes the company 
Vanguard Robo-advisors’ manage most assets, more than 200 billion U.S. dollars followed by Schwab 
Intelligent Portfolios with 66 billion U.S. dollars, Betterment 27 billion U.S. dollars, Wealthfront 21 
billion U.S. dollars and in the end of the list 10. SigFig who manages more than 1 billion U.S. dollars 
(Forbes, 2022).  
In Sweden, Robo-advisors’ are estimated to reach 4.91 billion U.S. dollars in 2022 where the annual 
growth rate is estimated to be 4.69% resulting in a projected total amount of 5.90 billion U.S. dollars by 
2026. 
Through automation and technology, the Robo-advisors’ can provide services at simple, transparent, 
and low fees that attract clients from the mass market, who can´t acquire, wealth management services 
for a reasonable fee. This means no human intervention and the bias that follows (Ran, Chi-Wei, Yidong, 
Ke, & Fahad, 2021). 

Robo-advisors’ are not new and have existed for more than ten years but studies on their performance 
is limited (Beketov, Lehmann, & Manuel , 2018). Current scientific research and articles focus on client 
behavior, design, or financial subjects or questions.  

The research of Jung et al. (Jung, Dorner, & Weinhardt, 2018) evaluates for example the design of Robo-
advisors’, focusing on risk-averse clients. The study by Glaser et al. (Glaser, Iliewa, Jung, & Weber, 
2018) focus on how Robo-advisors’ can be designed to meet the clients' demands. Moreover, a study 
focusing on financial subjects is the one by Scheurle (Scheurle, 2017) who examines the portfolio 
construction and how investors portfolio structure changes when using the Robo-advisors’. Another 
research is the one by D’Hondt et al. ( D'Hondt, De Winne, Ghysels, & Raymond, 2019) which studies 
what types of clients would gain the most value from a Robo-advisor.  

To date, the literature obviously demonstrates an immense lack on studies on how well different risk 
measurements used by Robo-advisors’ perform under market stress, nor does the current literature 
evaluate and feature a comprehensive analysis of different risk measurement and portfolios constructed 
upon them. Therefore, this study aims to evaluate the risk measurement to evaluate the Robo-advisors’ 
performance during economic crises. 

In general, there is an obvious gap between the predominant methods used in Robo-Advisors’ and new 
risk measurements. In the time to come, as the Robo-advisors’ industry mature, we can expect that the 
market will implement many of the latest advances since the Robo-advisors’ have many benefits thereby 
a certain marketing potential.  
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1.1. Problem discussion 

The algorithm-based investor or as referred to ‘Robo-advisors,’ have become one of the quickest 
expanding areas within the investment market, challenging traditional investors to the old question: How 
can I invest my money in the best way possible?  

In 1952 Harry Markowitz published the paper of the Modern Portfolio Theory (MPT) introducing a 
mathematical formulation of risk and diversification. The research was the beginning of the use of 
technology in economy. His methods for explaining the portfolio selection problem required more 
technology than was obtainable which led to the development of algorithms in one of his later papers 
(Berk & DeMarzo, 2017). 

In 1958, James Tobin used the Markowitz model and went further contributing with the Mean-Variance 
Optimization (MVO), a framework for asset selection, weighing expected return and covariance to 
define the proper weight in a portfolio. Moreover, Tobin developed the tangent portfolio, the portfolio 
of risky investments that is optimally combined with borrowing or loaning at the risk-free rate (Tobin, 
1958). 

The Capital Asset Pricing Model (CAPM) is based on the efficient portfolio by Tobin were Sharpe 
(Sharpe, 1964) developed the model by applying the same assumptions of the efficient market hypothesis 
(EMH) of Eugene Fama, which states that it is not possible to do better than the market, as prices in the 
market already contain and reflect all related information which affect a stock (Fama, 1970).  

Today, the frameworks are the foundation of Robo-advisors' where the aim is to provide financial 
advisory to its clients. (Tokic, 2018) (Faloon & Scherer, 2017). MPT is the predominant model used in 
Robo-advisors’ for asset allocation to achieve the optimal portfolio for the client (Puhle, 2016). 
However, Robo-advisory is a new FinTech and research on Robo-advisors’ performance is limited 
thereby studying the performance needs to be evaluated to better understand the optimization aspects 
and their performance. Herein lies the problem of interest; How do Robo-advisors’ perform compared 
to the benchmark, based on different financial theories under market stress? 

In this research, we conduct an in-depth examination of the mentioned financial theories as well as 
evaluating different implementations of a hypothetical Robo-advisor and the corresponding 
performance under market stress. Thus, we contribute a view on Robo-advisors’ benefits and limitations, 
providing a foundation for better understanding its potential. Moreover, Robo-advisors' portfolios are 
compared with benchmarks to evaluate their long-term performance. 

1.2. Problem formulation and purpose  

The aim of this research is to investigate how a traditional investment Robo-advisor, utilizing the “mean-
variance model” as risk measurement, perform against alternative Robo-advisors' that use "expected 
shortfall" or "value at risk" during times of market stress. Further on, we aim to understand if different 
risk measurements do construct different portfolios, which then could be incorporated into a Robo-
advisor model. 

With the attained knowledge of Robo-advisors' and the underlying models, we set out to create our own 
portfolios using Value at Risk and Expected Shortfall as the measure of risk. Finally, we need to compare 
the different risk measures through back testing. It is important that the period for the back testing 
contains market stress, for this thesis, Covid-19 pandemic is chosen as the period of interest. 
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Research Question: 

 Do different risk measurement methodologies construct different portfolios? 
 How well does different risk measurement methodologies used by Robo-advisors perform under 

market stress? 
 How does the influence of continuous rebalancing differ from a one-time purchase? 

The result from the research is expected to further enlighten fintech firms in their continued search for 
more robust investment models, shedding light on how alternative Robo-advisors would perform in the 
financial market.  

1.3. Delimitations  

This thesis is not to be confused with the possibility to utilize AI to construct a portfolio. Robo-advisors' 
utilize modern portfolio theory to construct a portfolio based on the investor risk preference.  

This thesis does not go into depth on when the investments should be made, i.e., investments should 
be made at the start of a month, in the middle or at the end. This research does not evaluate stocks in 
or outside of Sweden, nor does it compare traditional advisory agents and Robo-advisory.  

1.4. Thesis structure  

The paper examines Robo-advisors' by evaluating under chapter one (Literature Review) different 
financial theories and how Robo-advisory is related to it. Furthermore, the paper conducts an in-depth 
examination on the market and the mean-variance optimization and how sensitive it is during market 
stress as compared to some alternative measures of risk. The third chapter and fourth chapter 
(Methodology and Results) covers the method and data applied to compare three portfolios based on the 
different financial models; the mean variance optimization model, the adjusted model based on Value 
at Risk, and the further adjusted Conditional Value at Risk model. Their performance is estimated by 
back testing the portfolios comparing with benchmark data. Finally, the results are analyzed through the 
theoretical framework presented in the first chapter. 
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2. Literature Review 

Robo-advisors’ are algorithm-based who adhere to different financial theories (Puhle, 2016). To better 
understand and evaluate the performance of Robo-advisors’ it's vital to study the financial theories 
which Robo-advisors’ utilize.  

The Literature Review analyze the literature, examining the theories and models that Robo-advisors’ 
utilize, beginning with market efficiency hypothesis (EMH), the covid-19 impact on Swedish economy 
market, portfolio management and modern portfolio theory. Moreover, limitations of the latter are 
discussed, the alternative methods to measure risk is defined and presented.  

2.1. Market Efficiency  

Efficient Market Hypothesis (EMH) was first introduced by Euguene Fama in the 1970 and is the main 
hypothesis of any investment strategy regardless of if its professional or private investor with a certain 
viewpoint or a Robo-advisor with no bias information.  

EMH states that it is not possible to do better than the market, as prices in the market already contain 
and reflect all related information, which affects a stock (Fama, 1970). The EMH arose originally from 
the theory “the random walk” by Maurice Kendall. The theory states that the variations of the stock 
price are random with no defined pattern, which made it impossible to forecast future stock prices 
(Kendall, 1953). Moreover, the price as stated in the EMH is already reflecting the current information 
and any new will be added and reflected quickly which will create the random pattern or “the random 
walk” hence the hypothesis stated by Fama, which makes it impossible to beat the market.  

The theory is very controversial and is still today a subject that arises debate. The relevancy of the theory 
has been questioned by the Nobel Prize economist Robert Shiller. By evaluating the random pattern in 
the stock prices through empirical studies, Shiller could confirm that the prices are too random to reflect 
the available information (Shiller, 1981). Moreover, Burton G. Malkiel described EMI through an 
example in the book “A random walk down Wall Street” and how it’s not possible that the hypothesis 
reflects the financial market and the stock prices. The example is about how a student finds a 100-dollar 
bill on the ground and the professor tells him it’s not real because if it where it would not be here. By 
this anecdote, Burton describes how the stock market is effective and there is no free money on the 
ground waiting for investors to pick up (Malkiel, 1973).  

In the research “On the impossibility of informationally efficient markets” the authors Grossman and 
Stiglitz introduces a hypothesis or the “Grossman-Stiglitz paradox” by starting implications on the EMH 
by Fama, arguing that the stock market cannot be fully informationally efficient because if it where 
investors would not earn any additional profit by managing their portfolio. This would result in ending 
portfolio management and new information would no longer be incorporated. The paper presents a 
further modern and reversed attempt on EMH where markets are almost efficient all the time and 
investors who seek additional return incur costs in pursuing the information required to generate this 
profit (Stiglitz & Grossman, 1980).  



 

  6 

2.2. Covid-19 and the market stress in Sweden  

Since the development of liquidity and financial market the market stress has been around. Market stress 
can be banking crises, currency crises or sovereign debt crises. 

Market or financial crises/stress can be defined in several ways but according to research by 
Balakrishnan et al. (Balakrishnan, Danninger, & Elekda, 2011) it´s defined as: 

“A period when the financial system is under strain and its ability to intermediate is impaired”  

Moreover, according to the paper market stress has four essential qualities which are: changes in asset 
prices, an unexpected rise in risk and/or uncertainty, liquidity insufficiencies, and matters about the 
health of the banking system. These crises can happen for several reasons such as risk reassessments of 
investors, fluctuations in the structure of the supply or demand in the market and thereby asset prices 
which can affect different segments in the financial system (Holló, 2012).  

One of the most recent crises that have affected the world economy is the Covid-19. In a brief time, the 
pandemic has led to a large economic crisis, but the longer-term effects of the pandemic on the economy, 
and their magnitude, are difficult to assess according to Sweden's central bank (Riksbank’s Monetary 
Policy Department, 2021). 

Sweden was one of many countries affected by Covid-19 economically. In the third quarter 2020, the 
Swedish Gross Domestic Product (GDP) increased strongly with rapid recovery during that period to 
fall due the increased spread of the virus in the country and several other European countries. Moreover, 
the stricter restrictions resulted in a downturn in the final months of the year. The government proposed 
later the same year temporary measures to restart the Swedish economy. The measures which were 
extensive fiscal policy stimulus measures and reforms, were worth more than SEK 105 billion for 2021 
and more than SEK 85 billion for 2022. The long-term aim with measures and reforms was also to tackle 
societal challenges such as unemployment, climate change and growing welfare needs so that Sweden 
will be stronger after the crisis. At the same time, the government assessed that it would take several 
years before the recession is over. However, the Government did state while Sweden is in a good 
position to manage the recession, as its level of public debt is among the lowest in Europe (The Ministry 
of Finance, 2022). 

In the spring 2021, the former Minister for Finance Magdalena Andersson presented the forecast of the 
Swedish economy stating that the resistance in the Swedish economy is solid and the recovery will 
gather strength in the second half of 2021. Later the same year in the summer, the Ministry of Finance 
made a statement asserting that The Swedish economy is recovering rapidly after the deep downturn in 
2020. Later the same year in December, the government stated that the Swedish economy was expected 
to grow further, and that the GDP was back at the same levels forecast before the crisis. The economic 
growth in 2021 was primarily driven by high household consumption but also through investments (The 
Ministry of Finance, 2022). 

In April 2022, the new Minister for Finance Mikael Damberg presented 2022 Spring Fiscal Policy Bill 
and the Spring Amending Budget for 2022 with an analysis of the current economy situation. According 
to the analysis, Swedish economy has made a strong recovery in the wake of the covid-19 and the growth 
outlook for this year is firmly stable. Yet, the Russian invasion of Ukraine is expected to affect the 
Swedish GDP. The GDP is estimated to be at a lower level than it would normally be, and the inflation 
is also expected to be on a higher level. However, the Swedish economy is still robust, and numbers of 
the labor market is indicating that the employment rate is now higher than before the covid-19 crises. 
Furthermore, the government has issued a total of almost SEK 600 billion to restart the economy after 
the pandemic. Today, Sweden’s gross debt as a percentage of GDP is among the lowest of the EU 
Member States (The Ministry of Finance, 2022).  
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2.3. Portfolio Management 

According to research by Brinson et al. (Brinson, Hood, & Beebower, 1986) the asset allocation 
assessment is the most significant decision any investor can make, which is also certainly true for a 
Robo-advisory. The aim of asset allocation is to decide how the asset classes and weights should be 
combined and selected to line with the investors’ goal. In the paper, Brinson et al. evaluates more than 
50 variations in returns and resulting in the conclusion on how important the asset allocation decision 
is, moreover the importance of selecting suitable asset classes and combine them than choosing an 
investment within a given asset class (Brinson, Hood, & Beebower, 1986).  

The methodology of investment used by both individuals and professional investors contains three 
distinctive steps were the first one is asset allocation followed by implantation, monitoring, and 
rebalancing. Most of the Robo-advisors' employ the same method (differences in investment process 
exist) with better portfolio management performance according to several research (Musto, Giovanni, 
Lops, de Gemmis, & Lekkas, 2015) (Lopez, Babcic, & De La Ossa, 2015).  

Through input from the client provided by mainly an online questionnaire offered by the investment 
corporation the Robo-advisor with the underlying algorithms can automatically decide which asset 
classes and in which proportions the client should invest in (The Wall Street Journal, 2015). By using 
passive management or indexing, the Robo-advisor recommends the most suitable asset allocation to 
the client and chooses the suitable indices (as proxies).  

2.4. Synthetic Risk and Reward Indicator (SRRI) 

All Undertakings for Collective Investment in Transferable Securities (UCITS; Securities, which are 
constructed on a framework. The framework is based on the EU legislation for the regulation of 
investment funds within Europe) and alternative investment funds (AIF) sold in the investment market 
must have an updated key investor information document (KIID) (The Committee of European 
Securities Regulators, 2010) (European Securities and Markets Authority, 2021). 

The KIID must contain basic key information so customers planning to invest can easily evaluate the 
fund. The European Commission have concluded that the content in KIID must be regulated by a 
framework which is directly applicable in all the Member States, thereby CITS (The Committee of 
European Securities Regulators, 2010) (European Securities and Markets Authority, 2021). 

The “Risk and reward profile” section in the KIID must include an explanation of the probability of 
profit and risk of loss in relationship with an investment in the fund. It must also contain an indicator, 
the Synthetic Risk and Reward Indicator (SSRI) with an explanation describing the indicator and a 
description of the material risk of the fund not captured by the indicator. The indicator is a measure of 
past increases and decreases in value of the fund and not a measure of any risk of capital loss. Risks that 
are typically not captured by the indicator can be credit risks, liquidity risks, counterparty risks, 
operational risks and the impact of financial techniques (for example, derivative instruments) (The 
Committee of European Securities Regulators, 2010) (European Securities and Markets Authority, 
2021). 
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Figure 1: Explanatory description of the synthetic risk and reward indicator (The Committee of 
European Securities Regulators, 2010). 

Committee of European Securities Regulators (CESR) has made suggestions for how the indicator can 
be assessed. The recommendations are not obligatory but calculating according to them is advised (The 
Committee of European Securities Regulators, 2010) (European Securities and Markets Authority, 
2021).. 

CESR has chosen volatility as a measure of the risks related to the fund which means that the risk taken 
in the fund is mirrored in the return. Moreover, the method for the calculation demands that the volatility 
is determined with the assistance of weekly or, where this is not possible, monthly return figures. The 
estimate must correlate with the past five years of the fund and cover any dividends. The volatility is 
then assessed and converted to an annual rate for which point a special formula is recommended. CESR's 
7-point scale is estimated to differentiate between funds of various kinds and to prevent categorizing 
too many funds in the same class (The Committee of European Securities Regulators, 2010) (European 
Securities and Markets Authority, 2021). 

The following categories are used (The Committee of European Securities Regulators, 2010): 

Table 1: The calculation of the indicator SRRI shall be assessed after the grid of annualized volatility 
intervals. 

Risk Class Volatility Intervals 

Equal or above  Less than 

1 0% 0.5% 

2 0.5% 2% 

3 2% 5% 

4 5% 10% 

5 10% 15% 

6 15% 25% 

7 25%  
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2.5. Modern Portfolio Theory 

The financial market is constantly developing with modern methods but the classical financial theories 
or traditional models is still used to understand the financial market mechanism and construct efficient 
portfolios. The traditional model of portfolio selection (or optimization) which is widely used by 
investment advisors and Robo-advisors' is the seminal work written by the Nobel Prize winner Harry 
Markowitz in 1952. Markowitz defined the Modern Portfolio Theory by stating (Markowitz, 1952): 

“The investor does (or should) consider expected return a desirable thing and variance of return an 
undesirable thing” 

The portfolio selection model is used as a base in the selection of the most efficient portfolio by 
analyzing various possible portfolios of the given securities. The main theory in the model is 
diversification which is the process were exposure to one certain risk is minimized by allocating the 
investment in selection of assets that are improperly correlated. The aim is to reduce the risk without 
compromising the returns of the portfolio by having different assets who responds inversely to market 
events and are combined in a way to offset different effects (Markowitz, 1952).  

Consider a market with n securities that has identical expected returns and variances, E[R ] =

μ and Var(R ) = σ , where i = 1, … , n.  Suppose that COV R , R = 0 for all i ≠ j. Let w  denote the 
fraction of wealth invested in the i:th security. w  is normalized such that ∑w = 1.  

Consider two portfolios. Portfolio A where w = 1 and w = 0 𝑓𝑜𝑟 𝑖 = 2, … , 𝑛, with return R . And 
portfolio B where w = 1 n⁄  for i = 1, … , n. with return 𝑅 . Then it follows that E[R ] = 𝐸[𝑅 ] = 𝜇, 
Var(𝑅 ) = 𝜎  and Var(R ) = 𝜎 𝑛⁄ . It shows that both portfolios have the same expected return but 
different return variances. It follows that any risk averse investor would prefer portfolio B as it yields 
the same expected return but to a far lower risk. 

By combing the assets with the basis of diversification the investor creates a portfolio with high expected 
return and with a risk lower than each specific corporation´s risk, at the same time, keeping the expected 
return as the same as the weighted average of the portfolio assets. By combining the assets and aiming 
to the condition that there are no other combinations of assets which make a higher expected return 
without gaining higher risk the investor is achieving Efficient Frontier. The efficient frontier is the 
combinations of assets which generate a portfolio with a maximized expected return regarding to the 
assumed risk (Berk & DeMarzo, 2017): 

The Efficient Frontier is mathematically formulated by the formula (Markowitz, 1952): 

(𝛢 , 𝜎 )  = {(𝐸(𝑅 ), 𝑣𝑎𝑟(𝑅 )|𝑤  𝑂𝑝𝑡𝑖𝑚𝑎𝑙} (2. 1) 
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2.6. Value at risk and Expected shortfall  

With the periodic financial crises and the ever-increasing complexity of financial markets, quantification 
of risk becomes increasingly important for investors. Risk is associated to probabilities of the investment 
future; a risk measure summarizes the total risk into a single number. While this is convenient, this 
opens the need to understand what measures are appropriate to use and when to use it.  

Value at Risk (VaR) is the most used method of risk measurement within finance. The method is to be 
interpreted as the expected loss of an investment at a certain probability level.  

VaR has two input parameters: 

1. The significance level 𝛼 ∈ (0,1),  
2. The time horizon t, the period measured in trading days, over which the Value at Risk is 

estimated.  

Mathematically Value at Risk can be written as: 

𝑉𝑎𝑅 (𝑋) = 𝑖𝑛𝑓
 

{𝑥 ∈  𝑅 ∶ 𝑃𝑟(𝑋 ≤ 𝑥) ≥ 𝛼} . (2. 2) 

Value-at-risk aims to capture a threshold loss for a given level of confidence. It is a commonly used 
measure of risk due to its ease of understanding. In the beginning of 1990s, the U.S. Securities and 
Exchange Commission ordered banks to daily report the current VaR, however the fiscal crisis of 
autumn 1998 pointed out one of many flaws with VaR, namely that it does not work under extreme price 
fluctuations. VaR only measure the quantile of the distribution, and disregards extreme losses beyond 
the VaR level. Figure 2 aims to visualize the problem, both have the same VaR, but their distributions 
are quite different; the right distribution is riskier than the left. 

 

 

Figure 2: Illustrating both Value at Risk and Expected Shortfall (ES) for two different distributions of 
an investment, showing the shortcomings of Value at Risk, where both show the same estimated risk 
when clearly, they should not have the same risk, and how this is solved by utilizing ES. 
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Another problem with VaR is that it lacks subadditivity, meaning that the following inequality does not 
hold  (Embrechts & Wang, 2015): 

𝑉𝑎𝑅(𝐴 + 𝐵) ≤ 𝑉𝑎𝑅(𝐴) + 𝑉𝑎𝑅(𝐵) (2. 3) 

But instead: 

𝑉𝑎𝑅(𝐴 + 𝐵) > 𝑉𝑎𝑅(𝐴) + 𝑉𝑎𝑅(𝐵) (2. 4) 

The implications of this are that diversification could, with respect to Value at Risk, increase risk – a 
contradiction to the normal assumptions in financial theory. Despite this, Value at Risk is commonly 
used in the industry, as it has been shown that for most practical applications the subadditivity for Value 
at Risk holds (Danielsson, Jorgensen, Mandira, & Samorodnitsky, 2005). The lack of subadditivity and 
the lack to capture tail-risk have given birth to the so-called Conditional Value at Risk, CVaR, also 
known as Expected Shortfall (ES) that is defined as 

𝐸𝑆 (𝑋) = −
1

𝛼
𝑉𝑎𝑅 (𝑋)𝑑𝛾 = −

1

𝛼
𝑥𝑝(𝑥)𝑑𝑥 (2. 5) 

Where 𝑉𝑎𝑅  is the value at risk at the 1 − 𝛼 confidence level. ES can, contrary to VaR capture the risk 
associated with heavy tailed distributions (as can be seen in figure 2). Furthermore, it has been shown 
that ES maintains subadditivity. (Embrechts & Wang, 2015). 
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2.7. Risk aversion 

By using the standard deviation of the excess return an investor can measure the portfolio risk and 
determine if it algins with its investment’s goals. A volatile portfolio for example presents a larger risk 
than another whose annual return is constant from year to year. To face the portfolio choice problem 
when the number of possible assets and the various can be overwhelming an efficient frontier portfolio 
can be the solution (about the efficient frontier please read “2.5 Modern Portfolio Theory”). However, 
the question that arises is “what level of risk is an investor willing to tolerate?”  

One answer could be the efficient frontier and the tangency portfolio but in order to understand the 
existence of a portfolio management industry in the face of personal investor preferences, we need 
insight into the nature of risk aversion; the degree to which investors are willing to commit funds or the 
tendency in committing to a more expectable but lower payoff choice, rather than committing to a highly 
volatile but a higher payoff choice (Bodie, Kane, & Marcus, 2018) 

Risk aversion can be measured by different methods. Financial companies use designed questionnaires 
to help investors measure their risk aversion and distinguish whether they are conservative, moderate, 
or aggressive investors. More advanced questionnaires can be used where the investor can choose from 
various sets of hypothetical lotteries.  

Another method is to distinguish a personal utility function where investors rank portfolios with 
different expected returns and levels of risk. By appointing a score to the portfolios based on the 
expected return and risk of those portfolios and choosing the portfolio with the highest score, investors 
maximize their satisfaction with their choice of investments; that is, they achieve the optimal allocation 
of capital to risk assets. The method also demonstrates the objective function for the construction of an 
ideal risky portfolio without knowing the personal tolerance risk level of a certain investor. Thereby, 
the investment industry can construct portfolios that are adequate to investors with highly diverse 
preferences (Bodie, Kane, & Marcus, 2018).  

The method mathematically formulated by the function utilized by the CFA Institute is (Bodie, Kane, 
& Marcus, 2018):  

𝑈 = 𝐸(𝑟) −
1

2
𝐴𝜎  (2. 6) 

U = Utility (or score) value  

E(r)= Expected return 

A = Index of the investor’s risk aversion. Scale from 1 to 5; 1 is the lowest risk aversion and 5 is the 
highest.  

σ2 = Variance of returns 

Risk-averse or risk avoiding investors will only choose risk free or speculative prospects with positive 
risk premiums (A > 0). Risk-neutral investors (with A = 0) considers risky options only by their expected 
rates of return. The level of risk is irrelevant to the risk-neutral investor. A risk lover (A < 0) modifies 
the expected return up to consider the excitement of challenging the option's risk (Bodie, Kane, & 
Marcus, 2018).  

In this research the risk aversion coefficient A will be formulated as A = 2𝜆 to align with other sources 
such as (Lai, Xing, & Chen, 2011).  
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3. Methodology  

3.1. Mean-variance optimization  

In 1958, James Tobin used the Markowitz model and went further contributing with the mean-variance 
optimization (MVO), a framework for asset selection, weighing expected return and covariance to define 
the proper weight in a portfolio. Moreover, Tobin developed the tangent portfolio, the portfolio of risky 
investments that is optimally combined with borrowing or loaning at the risk-free rate. The portfolio is 
the tangency point on the efficient frontier of risky investments (Tobin, 1958).  

Consider a market consisting of p risky assets, with n returns over the investment time t that together 
forms the sample market matrix 𝐑 

𝑹 =

𝑅 ⋯ 𝑅

⋮ ⋱ ⋮
𝑅 ⋯ 𝑅

. (3. 1) 

Then the daily expected return of the market 𝐑 and corresponding Variance-Covariance matrix 𝚺 of the 
market is 

𝐸[𝑹] = 𝝁 =

𝜇
⋮

𝜇
(3. 2) 

and 

𝜮 = 𝐶𝑜𝑣[𝑹] =

𝜎 , ⋯ 𝜎 ,

⋮ ⋱ ⋮
𝜎 ,  ⋯ 𝜎 ,

(3. 3) 

respectively. It is possible to construct a portfolio of returns 𝐑  from the market 𝐑 by investing a 
fraction w into the market 𝐑, let 

𝒘 =

𝑤
⋮

𝑤
 (3. 4) 

be the weight vector used to describe the weight of investment out of the p risky assets, such that the 
sum of all elements is equal to one, 

𝑤 = 1. (3. 5) 

Then the portfolio 𝑹  of returns becomes the vector 

𝑹 = 𝑹𝒘 =

𝑅 ⋯ 𝑅

⋮ ⋱ ⋮
𝑅 ⋯ 𝑅

∙

𝑤
⋮

𝑤
=

𝑅 𝑤 + ⋯ + 𝑅 𝑤

⋮
𝑅 𝑤 + ⋯ + 𝑅 𝑤

(3. 6) 

and the daily expected return 𝝁  of the portfolio 𝐑𝐰 follows from the definition of expected values, 

𝜇 = 𝐸[𝑹 ] = 𝐸[𝑹𝒘] = 𝐸[𝑹]𝒘 = 𝝁 ∙ 𝒘. (3. 7) 

The variance of the portfolio 𝑹  is given by 
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𝑉𝑎𝑟[𝑹 ] = 𝜎 = 𝒘 ∙ 𝜮 ∙ 𝒘 (3. 8) 

as can be derived from the definition of the covariance in a multivariate setting (Johnson & Wichern, 
2007). Then the mean variance optimization aims to construct a portfolio 𝐑𝐰 that maximizes the 
expected return μ  of the portfolio while minimizing the risk of the portfolio, 𝜎 . Mathematically this 
optimization problem is stated as 

 
                                 𝑚𝑖𝑛                               𝒘 ∙ 𝜮 ∙ 𝒘                                     

  𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:                        𝒘 ∙ 𝝁 = 𝜇

                                        ∑ 𝑤 = 1

(3. 9) 

In 1964, William F. Sharpe contributed with the Sharpe Ratio which is the average return earned more 
than the risk-free rate per unit of volatility. Volatility is a measure of the price variations of an asset or 
portfolio (Sharpe, 1964). 

The Sharpe Ratio is mathematically formulated by the formula: 

𝑆ℎ𝑎𝑟𝑝𝑒 𝑅𝑎𝑡𝑖𝑜 =
𝑅 − 𝑅

𝜎
(3. 10) 

𝑅  =  Return of portfolio  

𝑅  =  Risk free rate  

𝜎  =  Standard deviration of the porfolio´s excess return  

By adding diversification, the Sharpe Ratio rise compared to comparable portfolios with a lower degree 
of diversification. The tangent portfolio is the portfolio with the highest Sharpe ratio of any portfolio in 
the economy (Sharpe, 1964). 

Research made show that to be able to obtain a substantial diversification the portfolio should be large 
with different assets. A well-diversified portfolio according to Statman is a portfolio with around 30 
different stocks (Statman, 1987).  

Today, the frameworks are the foundation of Modern portfolio theory, which refers to a mathematical 
framework for constructing portfolios of securities, where the aim is to maximize expected return for a 
particular degree of risk or minimizing portfolio risk for a particular degree of return (Berk & DeMarzo, 
2017).  MPT is the predominant model used in Robo-advisor for asset allocation to achieve the optimal 
portfolio for the client (Puhle, 2016). 

3.2. Limitations of Mean-Variance Optimization  

Despite being a widely renowned framework in portfolio management, mean variance optimization 
has its limitations when adopted in practice.  

3.2.1. Tendency for extreme portfolios due to Estimation errors  

The true expected return vector 𝝁 and covariance matrix 𝚺 stand unavailable to investors and need to be 
estimated. The naive approach would be to use historical data to estimate the return vector 𝝁 and the 
covariance matrix 𝚺. Using historical data has proven to be problematic, as the estimation errors have 
proven to affect the result of the mean variance optimization output, that gives a tendency for extreme 
under- or over weights of the portfolio (Broadie, 1993). It has been shown by Michoud (1989) that 
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securities with relatively large or small estimated returns, high correlation and very large or small 
variances are most likely to have a large estimation error.  

The estimated portfolio weights 𝒘 tend to be extremely sensitive to minor changes in the estimated 
expected returns vector 𝝁. A minor increase in any element in 𝝁 can dramatically change the weights in 
𝒘. Best and Grauer (1991) showed that the error between the estimated portfolio 𝒘 and the true efficient 
frontier portfolio 𝒘 is bounded according to 

‖𝒘 − 𝒘‖ ≤ 𝜉 ‖𝝁 − 𝝁‖
1

𝛾
1 +

𝛾

𝛾
 (3. 11) 

Where 𝛾  and 𝛾  are the smallest and largest eigenvalues of the covariance matrix 𝚺. The error 
between portfolio weights is sensitive to errors in the expected returns vectors as the ratio 𝛾 /𝛾  
grows. When applied to the estimated covariance matrix 𝚺 this ratio becomes large as the number of 
assets increases but the number of sample observations is held fixed. Hence, we can expect large errors 
for large portfolios with few observations. 

Equation (3.11) shows that errors in the estimated means 𝝁  is of great significance, however the errors 
in estimated covariance matrix 𝚺 can have a considerable impact as shown by Michaud (1989). While 
it is generally easier to estimate covariance’s than means, heavy tails in the distributions can result in 
significant covariance estimation errors.  

A visualization from Broadie (1993) can be seen in Figure 3, where the differences in estimated frontiers 
are shown, showing extreme portfolio differences that can arise from estimation errors. In this figure, 
the estimated frontier is created through mean-variance optimization, using the estimated parameters 𝝁 
and 𝚺. But the actual frontier is what occurs using the weights w from the MVO model, with the true 
parameters 𝝁 and 𝚺. 

 

Figure 3: Exemplifying how the estimation errors on the covariance and mean returns can cause the 
efficient frontiers to overestimate its performance, and how this can cause the frontier for the actual 
portfolio to become an inefficient portfolio (Broadie, 1993). 

Broadie (1993) suggests using historical data to estimate the covariance matrix 𝚺, but utilize other robust 
estimation techniques for the mean return vector 𝝁. 
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3.2.2. Time horizon  

The mean-variance optimization is based on a single-time period model, most commonly the period is 
on a yearly basis. This raises a problem for most investors, as the timeframe for their investment usually 
span for longer terms. MVO may lead to suboptimal investments. It also assumes that the returns are 
independent on each other for a single-time period, which poses a problem as evidence suggests that 
stocks exert mean-reverting behavior. After a period of inferior performance relative to long term means, 
there follows a period of high performance, and vice versa, relative to the long-run mean. (Berk & 
DeMarzo, 2017). 

3.3. Value at Risk and Expected Shortfall  

VaR and ES can be applied to a portfolio of expected returns and can even be extended into a 
multivariate setting by identifying 𝑋 = 𝜇 = 𝝁 ∙ 𝒘. This opens the possibility like Mean Variance 
Optimization (MVO) to optimize a portfolio as a function of the weights of the portfolio, like eq (3.9) 
the optimization functions take on the forms: 

                                 𝑚𝑖𝑛                               𝑉𝑎𝑅(𝒘 ∙ 𝝁𝒕)                              

  𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:                        𝒘 ∙ 𝝁 = 𝜇

                                        ∑ 𝑤 = 1

(3. 12) 

and 

                                 𝑚𝑖𝑛                               𝐸𝑆(𝒘 ∙ 𝝁𝒕)                              

  𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:                        𝒘 ∙ 𝝁 = 𝜇

                                        ∑ 𝑤 = 1

(3. 13) 

for VaR and ES, respectively. This should give rise to even efficient frontier curves given that 
subadditivity holds in this practical application. 
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3.4. Data collection 

Historical data was collected from Handelsbanken platform (Handelsbanken, 2022), as the research is 
to be performed through the eyes of a Swedish investor, the funds are bought on the Swedish market, 
that utilizes the Swedish kronor (SEK) as the currency to attain the funds. By utilizing funds, it is 
possible to get a wide coverage of different industries with few transactions. Swedish funds are also 
mandated to utilize the standardized CESR method of determining the riskiness of the fund as described 
in Ch. 2.4. The underlying assets need to be of different risk, as well as of different expected returns, to 
be able to construct a non-trivial portfolio. It is important that the assets incorporate a long history, 
preferably at from around the start of the millennium. This allows the model to capture normal Brownian 
motion-like stock behavior as well as big market falls such as the financial crisis of 2008, the corona 
virus crash of 2020 as well as the bull market that followed (Kaplan, 2022) 

The funds were chosen based on popularity amongst Swedish investors according to Avanza (Avanza, 
2022) as well as the rating by Morningstar. A low management fee was also part of the selection criteria, 
however the most important is the spread of risks. 
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Table 2: The funds chosen as underlying assets to build the portfolio from. Notice the importance of 
them having different risk ratings according to CESR (COMMITTEE OF EUROPEAN SECURITIES 
REGULATORS, 2010), and that the Morningstar popularity is high. 

Fund Abbreviation Risk (1-7) Morningstar popularity rating 
(1-5) 

AMF Räntefond Lång  AMFRF 2 5 

Skandia Realräntefond  SRRF 3 4 

AMF Balansfond AMFB 4 5 

AMF Aktiefond Global  AFGF 5 5 

Swedbank Robur Technology A  SRT 6 5 

 

 
Figure 4: The value of the funds over time (left) and their curves during market stress (right). The data 
stretches from 15th of November 2001 to 22nd of April 2022. The time of interest is the full pandemic 
year of 2020. 
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Figure 5: Distribution of the chosen funds, the expected daily return from November 15th, 2001, to 
January 1st, 2020. 
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Table 3: Descriptive statistics of the chosen funds from November 15th, 2001, to January 1st, 2020. 

  AMFRF SRRF AMFG AMFB SRT 
𝝁  𝟏𝟎 𝟑   0.07 0.05 0.20 0.24 0.30 
𝝈  0.003 0.003 0.007 0.010 0.012 
Skewness -12.5 -11.9 -0.7 -0.3 -0.2 
Kurtosis 329.1 293.4 10.4 8.8 6.2 
Min -0.098 -0.104 -0.064 -0.085 -0.095 
Max 0.015 0.012 0.039 0.088 0.074 

 

Table 4: Covariance matrix of the chosen funds from November 15th, 2001, to January 1st, 2020. 

  AMFRF SRRF AMFG AMFB SRT 
AMFRF 1 0.30 0.03 -0.11 -0.13 
SRRF 0.30 1 -0.17 -0.17 -0.13 
AMFG 0.03 -0.17 1 0.84 0.66 
AMFB -0.11 -0.17 0.84 1 0.80 
SRT -0.13 -0.13 0.66 0.80 1 

 

Table 5: Descriptive statistics of the chosen funds throughout the whole of 2020. 

  AMFRF SRRF AMFG AMFB SRT 
𝝁  𝟏𝟎 𝟑   0.10 -0.10 0.20 0.30 0.15 
𝝈  0.001 0.002 0.009 0.013 0.018 
Skewness -2.2 -1.7 -1.3 -0.7 -0.4 
Kurtosis 12.6 13.6 8.2 6.9 6.8 
Min -0.006 -0.013 -0.050 -0.065 -0.074 
Max 0.002 0.007 0.026 0.054 0.091 

 

Table 6: Covariance matrix of the chosen funds throughout the whole of 2020. 

  AMFRF SRRF AMFG AMFB SRT 
AMFRF 1 0.79 0.00 -0.06 -0.07 
SRRF 0.79 1 -0.04 -0.12 -0.09 
AMFG 0.00 -0.04 1 0.91 0.77 
AMFB -0.06 -0.12 0.91 1 0.88 
SRT -0.07 -0.09 0.77 0.88 1 
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3.5. Extending Value at Risk and Expected Shortfall 

Finding the VaR and ES of the investment can be defined through different methodologies, herein we 
explore two methods for each of the risk measure, through historical data and through the descriptive 
statistics of the underlying data, both utilizing the expected return of the investment over time t. 

By utilizing historical data, the expected return of the investment over time t is used to create the 
histogram that is expected to be normally distributed, and through this histogram extract the percentile 
that corresponds to the sought-after VaR level. Following the methodology developed by (Rockafellar 
& Uryasev, 2002) the corresponding implementations for VaR and ES is found through the algorithm: 

 Let the sample vector of returns be 𝑺 = [𝑆 , … , 𝑆 ] sorted such that 𝑆 < ⋯ < 𝑆  
 Then 𝑘 = 𝑐𝑒𝑖𝑙 𝑁 ∙ (1 − 𝛼)  is the sample corresponding to the VaR of confidence 1 − 𝛼 

𝑉𝑎𝑅 (𝑺) = 𝑆  (3. 14) 

Similarly, the Expected Shortfall of the vector of returns is calculated as 

𝐸𝑆 (𝑺) = (𝑁 ∙ (1 − 𝛼) − 𝑘) ∙ 𝑆 +
1

𝑁 ∙ 𝛼
𝑆 (3. 15) 

The alternative method would be to calculate the descriptive statistics from the expected return over 
time t, that is the mean 𝜇  and 𝜎  and utilize the definitions of VaR and ES found in (2.2) and (2.5) 
respectively, or as derived by (McNeil, Frey, & Embrechts, 2005) utilizing the assumption that the 
sample vector S is normally distributed and calculating the mean 𝜇𝐒 and variance 𝜎𝐒 the two risk 
measures are found  

𝑉𝑎𝑅 (𝜇𝑺, 𝜎𝑺) = 𝜇𝑺 − 𝜎𝑺 ∙ 𝑁 (1 − 𝛼) (3. 16) 

and 

𝐸𝑆 (𝜇𝑺, 𝜎𝑺) = 𝜇𝑺 − 𝜎𝑺 ∙
𝐹 𝑁 (1 − 𝛼)

1 − 𝛼
(3. 17) 

respectively. Where 𝑁  is the inverse cumulative normal distribution, and F(x) is the PDF of the 
normal distribution evaluated at x.  

Notice how the sample vector S might as well be the portfolio vector described equations (3.12) and 
(3.13), that allows equations (3.1) and (3.2) to be evaluated using S =  𝑹𝒘. Similarly, (3.3) and (3.4) 
evaluates by setting  𝜇𝑺 = 𝜇  and 𝜎𝑺 = 𝜎 . 
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3.6. Solving the efficient frontier using MATLAB 

To solve the efficient frontiers for MVO, VaR and ES the constrained nonlinear multivariate solver 
fmincon is utilized. The minimization solver allows for broad degree of freedom in choosing the 
constraints subjected to the function f(x). The available constraints available are 

𝑚𝑖𝑛 𝑓(𝒙) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

⎩
⎪
⎨

⎪
⎧

𝑐(𝒙) ≤ 0

𝑐 (𝒙) = 0

𝛢 ∙ 𝒙 ≤ 𝑏
𝛢 ∙ 𝒙 = 𝑏

𝑥 ≤ 𝒙 ≤ 𝑥

(3. 18) 

Where f(x) is the function desired to be minimized. We identify that 𝑐 = 𝑐 = Α = b = ∅, furthermore 
we notice that the variable to minimize is the weights of a portfolio, hence 

𝒙 = 𝒘 =

𝑤
⋮

𝑤
. (3. 19) 

To keep the sum of weights to equal 1 described in (3.5), (3.6) and the target portfolio return in (3.7), 
we further identify that 

𝛢 =
1 … 1
𝜇 … 𝜇

(3. 20)

and 

𝑏 =
1

𝜇 . (3. 21) 

Where the first row in Α  and 𝑏  asserts that (2.6) holds, and the last row asserts that (2.8) holds. We 
also notice that the target expected return cannot be higher or lower than the minimum or maximum of 
each assets expected return, 𝜇 ∈ [min(𝝁) , max(𝝁)]. 

The final form of the optimization problem becomes 

𝑚𝑖𝑛
𝒘

𝑓(𝒘) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 
1 … 1
𝜇 … 𝜇

∙

𝑤
⋮

𝑤
=

1
𝜇

0 ≤ 𝒘 ≤ 1                                     

(3. 22) 

Where we note that by solving for every 𝜇  it is possible to receive the efficient frontiers for the 
corresponding risk minimization functions identified in (3.9), (3.16), (3.17), (3.14), and (3.15) 
respectively. 

𝑓(𝒘) =

⎩
⎪
⎨

⎪
⎧

𝒘 𝚺𝒘 𝑀𝑉𝑂
𝑉𝑎𝑅 (𝐰 𝝁, 𝒘 𝚺𝒘) 𝑉𝑎𝑙𝑢𝑒 𝑎𝑡 𝑅𝑖𝑠𝑘

𝐸𝑆 (𝐰 𝛍, 𝒘 𝚺𝒘) 𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑆ℎ𝑜𝑟𝑡𝑓𝑎𝑙𝑙

𝑉𝑎𝑅 (𝒘 𝝁𝒕) 𝑉𝑎𝑅 𝐻𝑖𝑠𝑡𝑜𝑟𝑖𝑐𝑎𝑙 𝑑𝑎𝑡𝑎

𝐸𝑆 (𝒘 𝝁𝒕) 𝐸𝑆 𝐻𝑖𝑠𝑡𝑜𝑟𝑖𝑐𝑎𝑙 𝑑𝑎𝑡𝑎

 (3. 23) 
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3.7. Investor risk preference 

The investor risk preference from the view of a Robo-Advisor is to determine the risk aversion 
coefficient λ, as defined in Ch. 2.9. We identify that the equivalent multivariate formulation of (2.6) 
becomes 𝒘 𝛍 − 𝜆𝒘 𝚺𝒘, and then the desired portfolio for a given risk preference follows from 
evaluating the expression 

𝑚𝑎𝑥(𝒘 𝝁 − 𝜆𝒘 𝚺𝒘) (3.11)  

for the efficient frontier. Most investors have a risk preference around 1 to 10, where 1 is being the 
riskiest and 10 being the more risk averse of the investors. (Lai, Xing, & Chen, 2011) Hence, we 
define three types of investors.  

Table 7: Different risk preferences of an investor for different risk aversion coefficients, chosen 
arbitrarily based on the knowledge that most people have a risk aversion coefficient between 1 and 10.  

λ 2 3 6 

Risk preference High risk investor Medium risk investor Low risk investor 

 

3.8. Building the portfolios 

The portfolios will be built based on the results attained from solving (3.22) with respect to each 
individual minimization function defined in (3.23). Solving the mean variance optimization problem 
for each of the investor defined in Table 7 yields a target expected return for each investor preference. 
This in turn may result in different portfolio options. 

After the fifteen portfolios (five methods and three desired expected returns) have been built, each of 
the portfolios will be evaluated. First, we set out to rebalance the portfolios with respect to the time 
frame of the expected return, which is on a daily (market day) basis, secondly, we see what differs if we 
do a one-time investment and evaluate how this one-time investment performs. 
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4. Results  

 

Figure 6: Efficient frontiers for the five different methods of risk assessment, daily expected return, and 
daily risk, using data from November 15th, 2001, to December 30th, 2019. 

Table 8: Metrics of interest with respect to the efficient frontiers from figure 6, individual funds and 
their corresponding daily expected return, daily risk, and corresponding metrics for three investors of 
different risk preference. 

 𝝁[𝟏𝟎 𝟒] 𝝈 𝟏𝟎 𝟐  VaR 𝟏𝟎 𝟐  ES 𝟏𝟎 𝟐  VaR Historical 
𝟏𝟎 𝟐  

ES Historical 
𝟏𝟎 𝟐  

AMFR 0.67 0.30 0.58 0.69 0.39 0.88 

SRRF 0.48 0.34 0.65 0.78 0.46 1.03 

AMFB 1.97 0.67 1.28 1.54 1.38 2.03 

AMFG 2.39 0.99 1.92 2.29 2.13 2.94 

SRT 3.06 1.24 2.40 2.87 2.63 3.54 

𝝀 = 𝟔 1.08 0.27 0.51 0.61 0.57 1.01 

𝝀 = 𝟑 1.50 0.41 0.78 0.94 0.94 1.34 

𝝀 = 𝟐 1.84 0.55 1.06 1.27 1.29 1.75 
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Figure 7: The corresponding weights for each fund needed to construct the efficient frontiers seen in 
figure 6. Notice how the Mean-Variance Optimization weights show artefacts in the weights – the 
weights are not as smooth as can be seen for the other 4 methods. 
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Figure 8: Pie-chart of the different weights needed of the funds to construct each of the fifteen portfolios 
(5 different methods and 3 different risk aversion coefficients). 
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Figure 9: Development throughout the whole of 2020 for the different portfolios, herein differentiated 
by the corresponding risk indices. 
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Table 9: Values of the index from Figure 9 for the first month throughout 2020, for easier differentiation 
between the different portfolios. 

Date MVO VaR ES VaR Hist ES Hist 
Low risk investor portfolio performance 

02-jan-20 1.000 1.000 1.000 1.000 1.000 
03-feb-20 1.026 1.025 1.025 1.027 1.027 

02-mar-20 0.989 0.990 0.990 0.986 0.986 
01-apr-20 0.939 0.941 0.941 0.932 0.932 
04-maj-20 0.979 0.982 0.982 0.971 0.971 
01-jun-20 0.993 0.996 0.996 0.979 0.980 
01-jul-20 1.016 1.018 1.018 1.001 1.002 

03-aug-20 1.021 1.022 1.022 1.005 1.006 
01-sep-20 1.053 1.055 1.055 1.033 1.034 
01-okt-20 1.064 1.066 1.066 1.046 1.047 
02-nov-20 1.044 1.047 1.047 1.025 1.026 
01-dec-20 1.078 1.080 1.080 1.063 1.064 

Medium risk investor portfolio performance 
03-feb-20 1.034 1.035 1.035 1.034 1.035 

02-mar-20 0.982 0.983 0.983 0.979 0.979 
01-apr-20 0.941 0.942 0.942 0.926 0.928 
04-maj-20 0.995 0.997 0.997 0.975 0.978 
01-jun-20 1.015 1.017 1.017 0.988 0.990 
01-jul-20 1.044 1.046 1.046 1.012 1.014 

03-aug-20 1.045 1.048 1.048 1.016 1.018 
01-sep-20 1.093 1.095 1.095 1.054 1.058 
01-okt-20 1.106 1.109 1.109 1.070 1.073 
02-nov-20 1.077 1.081 1.081 1.040 1.044 
01-dec-20 1.122 1.125 1.125 1.091 1.095 

High risk investor portfolio performance 
03-feb-20 1.040 1.040 1.040 1.041 1.040 

02-mar-20 0.976 0.977 0.977 0.974 0.974 
01-apr-20 0.928 0.929 0.929 0.916 0.916 
04-maj-20 0.992 0.995 0.995 0.973 0.974 
01-jun-20 1.019 1.022 1.022 0.988 0.990 
01-jul-20 1.053 1.056 1.056 1.014 1.015 

03-aug-20 1.054 1.057 1.057 1.016 1.018 
01-sep-20 1.111 1.114 1.114 1.065 1.066 
01-okt-20 1.124 1.128 1.128 1.077 1.079 
02-nov-20 1.091 1.094 1.094 1.043 1.045 
01-dec-20 1.143 1.146 1.146 1.100 1.102 
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Figure 10: Development throughout the whole 2020 of the targeted expected return for each of the three 
risk preferences, as well as how each risk measurement has developed through time. 
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Figure 11: Evolution of the portfolios if the investor buys the funds on the first market day of 2020 and 
holds the position throughout the year. 
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Table 10: Values of the indexes Figure 11 for the first month throughout 2020, for easier differentiation 
between the different portfolios 

Date MVO VaR ES VaR Hist ES Hist 
Low risk investor portfolio performance 

02-jan-20 1.000 1.000 1.000 1.000 1.000 
03-feb-20 1.026 1.025 1.025 1.028 1.028 

02-mar-20 0.990 0.990 0.990 0.986 0.986 
01-apr-20 0.942 0.942 0.942 0.937 0.937 
04-maj-20 0.983 0.983 0.983 0.978 0.978 
01-jun-20 0.997 0.997 0.997 0.987 0.987 
01-jul-20 1.018 1.017 1.017 1.010 1.011 

03-aug-20 1.025 1.024 1.024 1.014 1.014 
01-sep-20 1.052 1.050 1.051 1.041 1.042 
01-okt-20 1.065 1.064 1.064 1.054 1.055 
02-nov-20 1.045 1.044 1.044 1.033 1.034 
01-dec-20 1.081 1.080 1.080 1.068 1.069 

Medium risk Investor portfolio performance 
03-feb-20 1.033 1.034 1.034 1.038 1.038 

02-mar-20 0.983 0.984 0.984 0.982 0.982 
01-apr-20 0.929 0.932 0.932 0.931 0.931 
04-maj-20 0.983 0.987 0.987 0.987 0.987 
01-jun-20 1.005 1.009 1.009 1.003 1.003 
01-jul-20 1.028 1.033 1.033 1.031 1.031 

03-aug-20 1.036 1.041 1.041 1.034 1.034 
01-sep-20 1.074 1.080 1.080 1.076 1.076 
01-okt-20 1.091 1.096 1.096 1.091 1.090 
02-nov-20 1.062 1.068 1.068 1.063 1.062 
01-dec-20 1.111 1.117 1.117 1.110 1.110 

High risk investor portfolio performance 
03-feb-20 1.038 1.038 1.038 1.045 1.045 

02-mar-20 0.980 0.981 0.981 0.980 0.980 
01-apr-20 0.925 0.927 0.927 0.929 0.929 
04-maj-20 0.987 0.989 0.989 0.994 0.994 
01-jun-20 1.012 1.015 1.015 1.014 1.014 
01-jul-20 1.039 1.041 1.041 1.045 1.046 

03-aug-20 1.047 1.049 1.049 1.047 1.047 
01-sep-20 1.091 1.095 1.095 1.098 1.098 
01-okt-20 1.109 1.112 1.112 1.113 1.114 
02-nov-20 1.076 1.080 1.080 1.081 1.082 
01-dec-20 1.132 1.135 1.135 1.135 1.136 
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5. Analysis 

Starting with understanding the different funds, in figure 4 we see how the risky assets indeed yields the 
biggest return, and that the riskier the asset, the more sensitive it appears to have been due to the Covid-
19 crash. In figure 5, we notice how the five asset appears to be quite normally distributed, around zero.  

Inspecting the descriptive statistics presented in table 3, it can be noticed that the least risky assets show 
a high kurtosis, this is also visible in figure 5 as the heavy tails compared to the center of the histogram 
– the distribution is “peakier” compared to what the assumed normal distribution would have. The two 
assets showing the highest kurtosis also show the same kind of kurtosis, a Leptokurtic distribution. 
Interestingly these two assets also show the greatest skewness, a negative skewness that would affect a 
Value at Risk measurement such that the VaR is underestimated. The skewness and kurtosis are 
significantly reduced during 2020 for the two least risky assets, AMFRF and SSRF, as seen in table 5. 
While kept on the same order of magnitude for the three riskier assets. 

Analysis of the covariance matrix in table 4 highlights how the two least risky assets correlate the with 
each other, while the three riskier assets show a remarkably high correlation with each other (ranging 
from 0.66 to 0.84). During 2020, the strong correlations observed from 2001 to 2020 remains but 
increase in magnitude, as seen in table 6. The riskier assets correlate stronger while the least risky assets 
strongly increase in correlation (from 0.3 to 0.79)  

The corresponding efficient frontiers identified Figure 6 follow what we understand of each of the risk 
measurement methodologies. We expect the MVO to be the method implying the least amount of risk 
and that risk to be increasing as we take on methods designed to further highlight the risks. Using the 
definition of VaR in (2.2) and ES in (2.5) is expected to yield the intermediate risk measures, as they 
are utilizing descriptive statistics instead of the actual historical data (that is used in the VaR, and ES 
algorithms described in (3.12) and (3.13) respectively). 

Notice how the historical data for VaR seem to imply some sub-additivity issues, as there are two funds 
showing lower risk as stand-alone investments compared to when included into a portfolio. Furthermore, 
we notice how initially, the efficient frontier of the VaR historical data overlaps with the VaR frontier, 
for high-risk aversion portfolios, to then overlap with the ES frontier for low-risk aversion up to a very 
high-risk portfolio before they separate into the expected hierarchy. 

Examination of the investor risk preference index outcome visible in Figure 6 and the corresponding 
expected return and different risks in Table 8, It is noteworthy here is that the expected return to risk 
ratio increases with increased risk preference λ for the four risk measures, MVO, VaR, ES and VaR 
Historical, but remains roughly one for ES Historical, indicating some levering effect for the four risks 
measures but none for ES Historical.  

Regarding the weights of portfolios needed to construct the corresponding efficient frontiers, Figure 77 
reveals the interesting fact that at first glance, VaR Historical and ES Historical seem to prefer 
investments in the four riskier (with respect to CESR risk index) funds, as they omit “AMF Räntefond” 
from the efficient front, contrary to MVO, VaR and ES that incorporates the fund for the majority of the 
efficient frontier, but instead seem to avoid the next-riskiest fund, “AMF Global”.  

Furthermore, we observe that Mean Variance Optimization seem to show some artefacts when it comes 
to the weights, as they do not seem to change in even transitions but rather includes small fragments of 
for instance “AMF Global” here-and-there in the portfolio. Contrary to the other four methods that have 
even transitions between the funds as the expected return changes. 
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Figure 8 shows an enhanced view of the different weights chosen by each method for each of the three 
different investor risk preference indexes λ. Interestingly, MVO, VaR and, ES, all take similar portfolio 
weights for all three λ, while the historical approach for VaR and ES tend to have similar weights for 
all three λ.  

Also noteworthy in Figure 8, is how MVO, VaR and ES all go from more balanced portfolios at high 
risk aversion, to less balanced and more extreme portfolios the riskier the investor preference is. At λ=6 
and λ=3 all three methods prefer to weights in 4 out of the 5 available funds, while at λ = 2 the three 
methods prefer to instead put their weights in to 3 of the 5 available funds.  

Similarly, the historical approach to VaR and ES instead seem more stable in the amount of chosen 
funds, always 4 out of 5. However, at λ=6, they seem to prefer to put almost two thirds of the total 
investment into one fund – albeit it being among the least risky investments. Then, the more risk-prone 
the investor becomes, at λ=3 and λ=2, the portfolio weights become quite balanced, still retaining the 
highest weight in the least risky investment.  

Having the fifteen different portfolios generated by the five methods and three risk preferences we then 
let the value of the portfolios evolve throughout 2020 with daily rebalancing, as seen in Figure 9, the 
period of market stress is during the period of March to April. Unfortunate as is, the three similar 
portfolios generated by MVO, VaR and ES are close to each other, while the historical approach to VaR 
and ES also tend to each other, making it difficult to designate a clear winner leaving the stressful 
market.  

Instead, Table 9 shows the different portfolio indices the first market day of each month to help us in 
the analysis. Herein we conclude that for the low-, medium- and high-risk investors, the winner of April 
1st is the one following the VaR or ES portfolios, closely followed by MVO and lastly the historical 
approaches to VaR and ES. In fact, throughout the entire year the winning portfolios are the ones going 
with the VaR and ES risk methods. 

Figure 10 shows how the expected return for each of the risk averse investors, complete with the 
measured risks of each of the five risk measurements. Interestingly, for the low-risk investor each risk 
measurement is quite steady and stable aside from some “noise” that is negatively mirrored in the 
expected return. Oddly, for the high-risk investor, the risks seem to be decreasing during the time of 
market stress, while the expected return is severely decreased. This can be an indication of a problem 
with the methodology, as the expected behavior would be that risk should increase during this time, not 
only decreasing the expected return and certainly not decreasing the risk.  

Instead of allowing daily rebalancing of the portfolios, Figure 11, and the corresponding Table 10 shows 
how the portfolio weights from Figure 8 would sustain throughout 2020. Once more the portfolios are 
on top of each other, why Table 5 helps us in the assessment of which portfolio handles the market stress 
the best. Still, for the low-risk investor the best methods seem to be MVO, VaR and ES, while the 
historical approach seems to yield the worst performance. Both during April 1st but also in the end of 
the year. What differs is that for the medium-risk investor instead of being last, the historical approaches 
to ES and VaR squeezes in as the third and fourth best methods while MVO finds itself last. For the 
high-risk investor, now the historical approaches perform the best, while VaR and ES are in a tied second 
place leaving MVO on the last spot. Albeit in the end of the year, for the high-risk investor all five 
portfolios show similar performance. 
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6. Conclusions  

We set out to analyze how different risk measurements perform during market stress, angled towards a 
Robo-advisor with the purpose of understanding an investors risk preference. We have researched how 
the conventional Robo-advisor constructs their portfolios using Mean Variance Optimization and have 
set out to analyze how such a portfolio construction would be performed using alternative risk methods 
such as Value at Risk and Expected Shortfall.  

We have identified that literature utilize each methodology with respect to the statistics needed to 
construct a normal distribution, while in practice, the corresponding histograms of the investments are 
used to quantify the real risk. Hence, we chose to incorporate both methods in our construction of 
portfolios. We have managed to verify that the five different risk measures do construct their 
corresponding efficient frontiers utilizing different underlying assets in the portfolio construction. We 
defined three different investors of different risk preferences and ended up with fifteen constructed 
portfolios that could be analyzed during times of market stress. To inherit diversification, funds were 
chosen as the potential investments, with data of almost 20 years of historical returns. 

We conclude that for the extreme case of daily rebalancing, the literature approach for VaR and ES 
handles market stress the best and seem to generate the highest available profit during the rest of 2020, 
MVO takes a close second while the historical approaches end up last. On the contrary, the other extreme 
case of no rebalancing moves the historical approach to VaR and ES to be on pair or even better than 
the normal distribution construction methodology, as well as outperforming the standard MVO. 

A shortcoming of the work is the use of all historical data to construct the efficient frontiers, and then 
to let it “fill up” as time goes on. Instead, it would be interesting to research the behavior of the models 
using a defined time horizon, a sweeping window of five or even ten years. Another shortcoming of the 
work is that the expected return is daily, while it makes sense for daily rebalancing, transaction costs 
have been omitted and is not a plausible real-life scenario. Instead, monthly, quarterly, or annual returns 
together with rebalancing of the same time frame would further improve the study. The final 
shortcoming is that the available market to construct the portfolios is limited, being five funds. Instead, 
it would be interesting to run the analysis on a wider market of for instance S&P or even OMX30.  

Research utilizing this work could be done to further understand rebalancing, to understand if the 
different methods would imply different periodicities of rebalancing – would all methods agree on the 
same rebalancing period, for instance monthly, quarterly, or annually? 

Recommendations for future work would be to consider expanding the parametric model of VaR and 
ES to account for kurtosis and skewness of the underlying distributions, by utilizing the Cornish-Fisher 
expansion of normal distribution. This would incorporate two additional efficient frontiers for analysis. 
From the analysis of skewness and kurtosis, it is expected to affect the efficient frontiers around the less 
risky assets – as they showed the highest skewness and kurtosis, that is used in Cornish-Fisher to alter 
the normal distribution.  

The underlying assets could be expanded upon, either through a wider range of funds or even expanding 
to stocks, for instance the OMX30. Other countries or regions of interest could be looked at, either on a 
fund-level or following some regional index, such as S&P 500. Also, other times of market stress could 
be looked at, as of writing in mid-2022, the market is currently seeing yet more stressful times.  
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