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Abstract 
In order to contribute to our understanding of how technologies 
can be used to visualise physical phenomena in order to support 
teaching and learning of the phenomena at hand, this licentiate 
thesis explores the ways in which visual representations created 
with GeoGebra can be used in upper-secondary physics education. 
In addition, this thesis provides a new model that can be used to 
characterise students’ representational competence. 

This thesis is a compilation of two journal articles. The first article 
is a systematic review of the current literature on how GeoGebra 
can be used to support physics education in upper-secondary 
schools. The second article explores students’ use and interpreta-
tion of a provided representation, a GeoGebra simulation of fric-
tion, and generation of their own representations.  

The systematic literature review identifies three major ways in 
which teachers and researchers report using GeoGebra in physics 
education—namely, (1) to design custom-made computer simula-
tions, (2) to augment real experiments with virtual objects, and 
(3) to engage students in constructing GeoGebra simulations.  

The second study shows how upper-secondary students used im-
provised representations, in the form of gestures, enactments and 
drawings, in their interpretation of links between microscopic as-
pects of friction and the provided GeoGebra simulation. The study 
also reveals how, during engagement with provided representa-
tions, students spontaneously move across modalities, shifting be-
tween provided and self-constructed representations, between 
physical and digital representations, and between modes of com-
munication (including gestures, spoken language, and enact-
ment).  In addition, reanalysis of selected examples of data shows 
that GeoGebra can facilitate transformations of mathematical rep-
resentations, supporting the structural role and technical role of 
mathematics, whereby students are enabled to focus on the phys-
ical phenomena at hand and the parameters that influence it. 
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Sammanfattning 
Denna licentiatuppsats har som syfte att bidra till vår förståelse av 
hur digital teknik kan användas för att visualisera fysikaliska fe-
nomen, för att stödja undervisning och lärande om fenomenen. 
Uppsatsen utforskar hur visuella representationer som har skap-
ats med GeoGebra kan användas i gymnasieundervisningen i fy-
sik. Uppsatsen presenterar även en modell för elevers represen-
tationskompetens.  

Uppsatsen är en sammanläggning av två vetenskapliga artiklar. 
Den första artikeln är en systematisk litteraturöversikt över hur 
GeoGebra kan användas för att stödja fysikundervisningen på 
gymnasienivå. Den andra artikeln undersöker elevers användning 
och tolkning av en given representation, en GeoGebra-simulering 
av friktion, och skapande av egna representationer.  

Litteraturöversikten visar tre användningsområden för GeoGebra 
i fysikundervisningen som lärare och forskare lyfter fram: (1) att 
designa egna datorsimuleringar, (2) att komplettera fysiska expe-
riment med virtuella objekt, och (3) att involvera elever i skapan-
det av GeoGebra-simuleringar. 

Den andra studien visar hur gymnasieelever använde improvise-
rade representationer, i form av gester, gestaltning och teck-
ningar, i sina tolkningar av länkar mellan mikroskopiska aspekter 
av friktion och den givna GeoGebra-simuleringen. Studien visar 
också hur eleverna spontant rör sig mellan olika modaliteter, mel-
lan givna och egna representationer, mellan fysiska och digitala 
representationer och olika teckensystem (inklusive gester, talat 
språk och gestaltning). 

Omanalys av valda exempel av data visar att GeoGebra kan stödja 
transformering av matematiska representationer och såväl mate-
matikens strukturella som tekniska roll, vilket gör att elever kan 
fokusera på de fysikaliska fenomen de studerar och de parametrar 
som påverkar dem. 
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Preface 

Although my licentiate studies started in September 2017, the 
story of this project began earlier than that. In 2013, I chose to 
take part in a research project conducted by Maria Fahlgren and 
Mats Brunström, at that time PhD students at Karlstad University, 
Sweden. They were studying the use of GeoGebra in mathematics 
education, and I participated as a mathematics teacher in upper-
secondary school. Encouraged by Mats and Maria’s research re-
sults, and by my students’ response, I continued using the activi-
ties that had been developed in Mats and Maria’s research in my 
teaching. I also started looking for new GeoGebra activities and 
developed my own. After a while, I observed that GeoGebra users 
were developing teaching material for chemistry and for physics 
education, beyond mathematics education. In particular, more 
and more simulations of physical phenomena were uploaded on 
GeoGebra’s site. Although the number of educational materials 
was greatly increasing, it was difficult to find empirical studies on 
how the software could be used to support physics education. So, 
I promised myself that if I ever get the chance, I will do it myself. 
In 2017 I got my chance when I was accepted for postgraduate ed-
ucation within the Graduate School for Digitalisation of Teaching 
(FUNDIG). 

The postgraduate education consisted of 50% studies within the 
postgraduate subject Educational Work at Karlstad University, 
and 50% teaching, in my case, at Solbergagymnasiet in Arvika. 
Working at Solbergagymnasiet involved teaching physics and 
mathematics courses for upper-secondary school students. The 
postgraduate education included writing this licentiate thesis. 
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1 INTRODUCTION 
This thesis investigates how educational technologies can be used 
to visualise physical phenomena in support of the teaching and 
learning of physics. 

Historically, people have been using images to record and com-
municate information since the age of cave paintings. With the ad-
vent of writing technologies, the practice of cave painting was re-
placed by what Kirrane (1992) refers to as print culture. In present 
times, with the rise of digital technologies, we now live in a world 
where information is largely transmitted visually, a visual domi-
nance that is reinforced by the use of those digital technologies—
that is, we live in the era of visual culture (Kirrane, 1992). Visual-
isation refers to the process of making something visible and pub-
licly available, but also to the result of this process, such as a par-
ticular drawing, picture, or computer simulation. Visualisation 
can also refer to the process of producing an inner mental image 
which is not accessible in the external world. In this regard, this 
thesis focuses only on the first type of visualisation, the processes 
of making something visible to others and the results of those pro-
cesses.  

The transition from a print culture to a visual culture has had pro-
found implications for student learning (Kirrane, 1992). For ex-
ample, the introduction of computers in science education has 
contributed to the development of new ways of visualising scien-
tific phenomena (diSessa, 2004). As the amount and quality of in-
formation gained through visual media increases, so does the need 
to understand, evaluate, and produce visual representations. Ed-
ucation researchers have shown that by providing complementary 
information and constraining interpretation, visualisations can 
enable a deeper understanding and acquisition of knowledge than 
can be obtained from text alone (Ainsworth, 1999). Visualisations 
have the potential to improve problem solving (Ivarsson, 
Linderoth, & Säljö, 2009), and can facilitate a shared understand-
ing of scientific phenomena (Kozma, 2003). Furthermore, visual-
isations are important in the communication of science concepts, 
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especially for making visible phenomena that are too small, large, 
fast, or slow for the naked eye (Gilbert, 2010).  

Access to computer graphics, digital cameras, and the internet 
have changed the role of visualisations in science education in the 
last decades. The speed with which we can visually represent real 
data, interact with those representations, and edit/share them 
was virtually unimaginable before the computer era. It is not sur-
prising, then, not only that digital visualisations are so often used 
in science education, but also that teachers might encounter diffi-
culties in selection, construction, and use of digital visualisations 
(Eilam, Poyas, & Hashimshoni, 2014). For the successful intro-
duction of digital visualisations into science education, teachers 
need to be acquainted with the emerging issues of technology in-
tegration (Hsu, 2010). Among the most established visualisations 
used in physics teaching are the PhET interactive simulations 
(aaccessible at https://phet.colorado.edu/). These simulations 
have been shown to encourage productive exploration of scientific 
phenomena, enabling students to learn in an scientist-like manner 
(Wieman, Adams, & Perkins, 2008).  

To better understand how visualisations can support the teaching 
and learning of science, we need to study how they are used by 
students and how their design is used by teachers (Pozzer-
Ardenghi & Roth, 2005). For instance, some students encounter 
interpretational difficulties of visual representations of friction 
and electromagnetic induction displayed in PhET simulations 
(López & Pintó, 2017). With respect to how teachers use visualis-
tions, PhET simulations, which were originally designed for con-
ceptual learning, have been used by some teachers for inquiry-
based learning and for increasing students’ motivations (Wieman 
& Perkins, 2005).  

In the past decade, new educational technologies such as GeoGe-
bra and Wolfram Mathematica (accessible at https://www.geoge-
bra.org/and https://www.wolfram.com/mathematica, respec-
tively) have been used to visualise physical concepts and phenom-
ena. However, the research on how they support the teaching and 
learning of physics is rather limited. Hence, there is a need to re-
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view how these technologies, which have only recently been intro-
duced in the context of physics, can be and are being used in phys-
ics education. Moreover, as I have identified in the work of this 
licentiate thesis (see Section 6.1), there is a specific need for em-
pirical research on how technologies like GeoGebra and Mathe-
matica can be used to visualise physical phenomena in support of 
the teaching and learning of physics. 

1.1. Purpose of the study and the research ques-
tions  

In order to contribute to our understanding of how new educa-
tional technologies can be used to visualise physical phenomena 
in support of the teaching and learning of physics, this licentiate 
thesis aims to explore the ways in which visual representations 
created with GeoGebra can be used in upper secondary physics 
education. 

Accordingly, the research accounted for in this thesis has been 
guided by the following research questions: 

 RQ1 How can visual representations created with GeoGebra be 
used to support upper-secondary physics education? 

 
RQ2 How does GeoGebra support upper-secondary students’ rep-
resentational competence in physics education? 

1.2. Individual studies of the dissertation 
This licentiate thesis is based on two studies, which are referred to 
in the text as Study I and Study II. Each study corresponds to a 
research article that is also referred to in the text by its Roman 
numeral: Article I and Article II, respectively. 

Article I: Solvang, L., & Haglund, J. (2021a). How can GeoGebra 
support physics education in upper-secondary school—a review. 
Physics Education, 56(5). https://doi.org/10.1088/1361-
6552/ac03fb 

Article II: Solvang, L., & Haglund, J. (2021b). Learning with 
Friction—Students’ Gestures and Enactment in Relation to a 
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GeoGebra Simulation. Research in science education, 1-17. 
https://doi.org/10.1007/s11165-021-10017-7  

 
This licentiate also draws from the following conference papers, 
which are based on an earlier analysis of the results from Study II: 

Solvang, L., & Haglund, J. (2018). GeoGebra in physics education. 
Paper presented at the 10th International Conference on 
Education and New Learning Technologies, Palma, Spain. 2-4 
July, 2018. 

Solvang, L., & Haglund, J. (2019). Vad händer när dynamiska 
matematikprogram används i gymnasiefysiken? Paper 
presented at the Forum för forskningsbaserad NT-undervisning. 

The research presented in the two articles and in the conference 
papers has been carried out in collaboration with my supervisor, 
Jesper Haglund. Both of us are responsible for the content of the 
studies. We have both contributed to the analysis of the data, but 
as the main author I had the overall responsibility for formulating 
the purpose of the studies, for the design of the studies, for the 
collection of data, and for writing the manuscripts. Jesper gave 
priceless suggestions on everything from the structure of the man-
uscripts to theoretical and methodological frameworks, and he 
also assisted in editing both manuscripts. 

Both Article I and Article II are appended at the end of this thesis 
with kind permission from the publishers. However, the results of 
the studies are also summarised in the main text of this licentiate 
thesis (i.e., the kappa; see below). 

1.3. Structure of the thesis 
This licentiate thesis is written in an article-compilation format 
(also called anthology or multiple-manuscript format), containing 
a series of published/publishable papers coherently compiled into 
a whole thesis. The first part comprises a main text (“kappa” in 
Swedish) aimed at putting the articles in a broader conceptual 
perspective. This main text clarifies how the articles relate to one 
another and how they, together with the main text, constitute a 
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larger whole. The second part of this thesis comprises the two pub-
lished articles. Both the main text and the two articles are written 
in English to reach a broader international readership. 

This first introductory chapter of the main text is followed by 
Chapter 2, where the background to this research is presented. 
Here, I give a succinct description of the field of educational work 
and how it relates to the educational issues this thesis focuses on, 
namely, physics education and educational technologies. In Chap-
ter 3, I describe the conceptual framework applied and developed 
for this thesis. In Chapter 4, I present a short examination of the 
physics topic addressed in Study II—namely, friction—and review 
the current literature on the teaching and learning of said topic. 
In Chapter 5, I describe and discuss the methods used for collec-
tion, analysis, and reanalysis of my data. In Chapter 6, I summa-
rise the results of Study I and Study II and reanalyse selected ex-
amples from the data collected in those studies to provide a new 
layer of interpretation, one that provides insights into the role of 
visual representations in supporting upper-secondary physics 
education and students’ representational competence. Finally, in 
Chapter 7, I summarise the findings of my research and review the 
implications of these findings for physics teaching practices. 
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2. BACKGROUND 
To begin, it is worthwhile to first provide the background and con-
text within which I position the research of my thesis. On the one 
hand, my work is situated withing the research community of ed-
ucational work. This research field enables establishing links be-
tween the practical aspects of teaching and learning and research-
related structures (Hultman & Martinsson, 2018). On the other 
hand, my research focuses on the use of educational technology in 
physics education.  

In what follows, I will discuss my position within the two research 
fields of physics education and educational technology, both un-
der the umbrella of educational work (Fig. 1).  

 
Figure 1. The three main research fields within which I conducted my 
research. 
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2.1. Research in Educational Work  
Two decades ago, an academic discipline under the Swedish name 
Pedagogiskt Arbete was recognized as a legitimate postgraduate 
discipline in Sweden. The name has been translated into English 
differently by different institutions. For example, Karlstad Uni-
versity, where I pursue my licentiate studies, uses the English 
translation educational work. Hultman and Martinsson (2018), 
describing how the academic subject became a legitimate post-
graduate discipline in Sweden at Linköping University, use the 
translation Pedagogic Practices. In this thesis, to ensure a fluency 
of the text and to avoid confusion, I use the term Educational 
Work. 

The academic discipline of educational work is a field that incor-
porates domains that in other countries are sometimes defined as 
separate research fields, such as didactics or pedagogy (Hultman 
& Martinsson, 2018). The discipline was introduced in Sweden in 
the year 2000, with the aim to establish links between the practi-
cal aspects of professional teaching work and education-research-
related structures. This is achieved by applying relevant research 
findings in the context of teaching—i.e., through the application of 
teaching material that is relevant, both in content and methodol-
ogy.  

Educational work is built around the goal of providing teacher ed-
ucation that offers teachers the opportunity to pursue postgradu-
ate education. As a field of research, it includes studies about 
teaching within specific disciplines, pedagogy, didactics, literacy, 
curriculum studies, and topics related to teacher education—all of 
which are directed towards teacher education and pedagogical 
professional activities in various ways (Hultman & Martinsson, 
2018). 

2.2. Physics education research  
As a proponent of the European didactics tradition, Duit et al. 
(2012) argue that progress in student understanding and learning 
of science may only be achieved by merging student-oriented re-
search—which focuses on student needs, interests, ideas, and 
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learning processes—with science-oriented research on a particu-
lar science content (e.g., friction)—which provides an essential ba-
sis for teaching and learning said content. 

In terms of the science-oriented dimension, physics education re-
search distinguishes itself from other disciplines such as biology 
education research or chemistry education research through its 
focus on physics content. However, though this separation along 
disciplinary boundaries may seem straightforward, there are 
some educational issues that cannot be sorted into a single sci-
ence-oriented dimension. This is because the studied phenomena 
and concepts used to understand them do not belong to a single 
discipline, but rather reach across multiple domains. For example, 
the classification of forms (modes) of representing scientific con-
cepts and phenomena has emerged from research in biology edu-
cation (e.g. Buckley, 2000). It has developed and extended to 
chemistry education (e.g. Justi & Gilbert, 2002) and generalised 
further to science education (e.g. Gilbert, 2005). Research on rep-
resentations is another topic of interest in the science education 
community (Odden, Marin, & Rudolph, 2021). Here, research of-
ten focuses on the educational impact of representations in stu-
dent understanding of and difficulties with representations of sci-
entific phenomena and concepts (Cook, 2006; W. Goodwin, 2009; 
Osborne & Hennessy, 2003; Prain & Tytler, 2012). On the other 
hand, there are issues that are more clearly classified as specific to 
a particular discipline, such as how students who come to physics 
classes have already-established ideas about physics topics. These 
ideas might be inconsistent with the topics they are expected to 
learn in a physics classroom and students might retain these 
preestablished ideas despite teaching (McDermott & Redish, 
1999). 

Over the years, physics education researchers have collaborated 
with researchers from many other fields such as computer science, 
linguistics, cognitive science, and psychology—all while looking 
into many different aspects of teaching and learning physics. 
From these kinds of combinations, researchers can “benefit from 
each other’s knowledge and background” (Beichner, 2009, p. 4). 
This kind of collaborative work between researchers is typically 
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beneficial for all parties involved, but it makes it difficult to dis-
tinguish research in the field of physics education from other re-
lated research fields.  

In conducting my research at Karlstad University, I have had the 
opportunity to participate in activities organized by the Research 
Centre of Science, Mathematics, and Engineering Education Re-
search (SMEER). These activities focused on practice-oriented re-
search related to school, university, and working life, issues that 
are considered important also in the field of educational work. 
Some of these cross-disciplinary activities organised by SMEER 
were directly related to my interest in the use of technologies to 
support teaching and learning of specific science topics.  

2.3. Educational technology  
The term educational technology has different connotations in dif-
ferent settings, and other terms, such as ICT (information and 
communications technology) and e-learning, are used to refer to 
similar involvements of technology in teaching and learning. In 
what follows, I summarise my view on educational technology, in 
particular computer-based technology used to support physics ed-
ucation. The term educational technology is often used to signify 
the theory and the practise of creating, using, and improving tech-
nologies (hardware and software) to facilitate learning 
(Januszewski & Molenda, 2013; Mishra, Koehler, & Kereluik, 
2009; Wieman & Perkins, 2005). In this thesis, I refer to com-
puter-based technology when using the term educational technol-
ogy, where the term computer also includes smartphones and tab-
lets. 

Since the first use of computers in classrooms in the 1960s, there 
has been an increasing focus on the role of digital technology in 
physics education and much of the research on educational tech-
nology has focused on determining the answers to some basic 
questions about how the use of technology affects educational out-
comes (Morgan, Morgan, Johansson, & Ruud, 2016). For exam-
ple, investment in digital tools has been found to have a weak and 
sometimes even negative correlation with students’ performance, 
and the positive effects are determined by the context of use and 
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not by the tool itself (Avvisati et al., 2015). Similarly, Blikstad-
Balas and Davies (2017) found little evidence in either published 
research or findings from their own case studies that digital tools 
have changed teaching practice in a positive direction, or that dig-
ital tools have made it possible to use new and innovative teaching 
methods that would not otherwise be possible. However, Tallvid 
(2015) points out the undeniability of the fact that the use of tech-
nology affects classroom work in different ways. He argues that a 
macro perspective (e.g., when looking at the entire school) cannot 
capture the dynamics and subtle processes that take place in tech-
nology-enhanced classrooms, and that to understand these pro-
cesses requires that the activities be studied at the meso level (i.e., 
by focusing on a group of students, or on a subject).  

Several examples from science education research show the posi-
tive effect of educational technology. For example, a review of the 
effects of computer simulations in the teaching of science suggests 
that “computer simulations can be effective if they are of high 
quality and are used appropriately” (Smetana & Bell, 2012, p. 27). 
In a review by De Jong, Linn, and Zacharia (2013), the authors 
found that, in much of the current literature, students working 
with digital tools performed as well, or better, on measures of con-
ceptual understanding than their peers who participated in simi-
lar experiments with physical equipment instead. Despite these 
varied findings with respect to educational technologies, however, 
the above researchers all agree on the importance of teachers 
choosing the appropriate material and giving the appropriate sup-
port to students working with the chosen material. To do so, 
teachers need to be well acquainted with the emerging issues of 
technology integration, a competency which can be cultivated 
through continuous professional development of teachers’ 
knowledge and skills in technology usage (Hsu, 2010). 

Perhaps the most established educational technology used in 
physics teaching are computer simulations, particularly the PhET 
simulations and, to a lesser extent, software such as Algodoo (ac-
cessible at http://www.algodoo.com/). Recently, software origi-
nally designed for mathematics education, such as GeoGebra and 
Wolfram Mathematica, have begun to receive attention in physics 
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education for their capability to enable manipulation of formulas, 
computation of eigenvalue and vectors, analysis of results using 
statistical models, and creation of dynamic visualisations of phys-
ical phenomena (Makkinejad & Tugai, 2019; Wassie & Zergaw, 
2018). 

While both Algodoo and PhET simulations are now the focus of 
extensive educational research (see Section 3.2.3.), relatively little 
work has been done to inform the use of these newer, mathemat-
ics-based educational technologies in the context of physics edu-
cation. It was this lack of existing research which motivated me to 
study GeoGebra in my licentiate project. 
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3. CONCEPTUAL FRAMEWORK 
In this chapter, I provide an overview of my conceptual framing: 
i.e., the important concepts and theories upon which my licentiate 
thesis work is built. Firstly, I provide an overview of the concept 
of representations, with an emphasis on representational compe-
tence. Then, I present an overview of the educational technologies 
that can be used to support physics education, with an emphasis 
on GeoGebra, the technology studied in this project. 

3.1. Representations in science/physics educa-
tion 

As the view on representations and representational competence 
in different sciences is not entirely homogenous, the current liter-
ature is rich on examples of how these terms can be perceived and 
used by education scholars. In what follows, I present the educa-
tion researchers’ views on representations that are relevant for 
this thesis.  

3.1.1. Representations and models 

The real world is too big and too complex to be comprehended as 
one entity. Scientists divide it into chunks (phenomena), which 
are then more or less simplified in order to be comprehended 
(Gilbert, 2010). A scientific model of a phenomenon is a simplified 
form of the phenomenon designed to explain and predict the real 
world. A typical example is the Bohr atomic model designed to de-
scribe the structure of atoms. As with any other model, the Bohr 
model is not an exact replica of a real atom. Hence, it has its limi-
tations (e.g., the Borh model is not able to predict energy levels for 
atoms with more than one electron), yet it serves to explain the 
spectral emission lines of the hydrogen atom. Scientific modelling 
can be understood as the activity of constructing a network of 
physical concepts and relationships that can be used to describe 
and predict a physical system, where the process of construction 
is based on discipline-accepted knowledge (Schecker, 1998; 
Weber & Wilhelm, 2020). Modelling the real world is what 
Hestenes considered to be “the great game of science” (Hestenes, 
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1992, p. 732). Using formal concepts and theories, scientists cre-
ate simplified forms of real-world phenomena in terms of scien-
tific models (e.g., Newtonian worlds) to explain and predict the 
real world. 

Working with scientific models involves constructing and using 
models, as well as evaluating and revising them (Schwarz et al., 
2009). Modelling is central to physics, given that concepts and 
theories are constructed and not merely translations of ‘reality’ 
(Besson & Viennot, 2004; Weber & Wilhelm, 2020). Teaching sci-
ence by modelling phenomena and by using models can enhance 
communication about abstract phenomena or about phenomena 
that cannot be demonstrated in the classroom. Furthermore, 
working with models allows students to experience authentic sci-
entific ways of working (Gilbert, 2005). 

According to Gilbert (2010), to depict scientific models, both ex-
ternal and internal representations are created. This partition 
into internal and external representation is an approach that has 
been established in cognitive psychology. External representa-
tions are recorded on paper or on another medium (Larkin & 
Simon, 1987; Pospiech, Michelini, & Eylon, 2019), and are open to be-
ing examined by others (Gilbert, 2010). While external representa-
tions exist in the physical world, internal representations exist in 
the brain (Larkin & Simon, 1987). The relationship between internal 
and external representation is that “the meanings attached in the 
brain to a given external representation may therefore be called a 
personal internal representation” (Gilbert & Justi, 2016, p. 122).  

As characterised by Schwarz et al. (2009, p. 634), models are “spe-
cialized representations that embody aspects of mechanism, cau-
sality, or function to illustrate, explain, and predict phenomena”. 
The focus of this thesis is on external representations, which are 
from now on referred to as representations. The term representa-
tion includes specialized representations designed by experts in 
order to highlight important aspects of a phenomenon and ex-
clude irrelevant aspects (Kozma, 2020). The term representation 
also includes representations designed by novices that may or may 
not get the balance between important and irrelevant aspects 
right. 
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Different types of representational forms (modes) highlight differ-
ent aspects of studied phenomena. Gilbert (2005) distinguishes 
five modes of representation, shown in Table 1.  

Table 1. Types of representational forms (modes) 

Mode Representations Example 

Con-
crete 

three-dimensional physical 
representations, such as a 
miniature steam engine  

 
Verbal spoken or written descrip-

tions and explanations of a 
phenomenon, often using 
metaphors or analogies, 
such as  the model of the 
atom proposed by Niels 
Bohr (1913) 

The model explains the structure 
of the atom by analogy with the so-
lar system in which there is a cen-
tral nucleus around which elec-
trons revolve 

 

Sym-
bolic 

quantitative relationships 
between quantities de-
scribed using mathematical 
formalism, such as the rela-
tion between force, mass 
and acceleration 

𝐹	 = 	𝑚𝑎 

Visual pictures, animations, simu-
lations, such as the simula-
tion of friction between two 
books (freely available at 
https://phet.colo-
rado.edu/sims/html/fric-
tion/latest/fric-
tion_en.html)  

Ges-
tural 

gestures and other move-
ments of the body or its 
parts, such as gesturing how 
friction occurs due to inter-
actions between the oppos-
ing protuberances of sliding 
surfaces.  

 



 

15 

 

According to Gilbert (2007), each mode of representation has 
itsown code of interpretation, i.e., its own conventions that effec-
tively describe both the component parts of a phenomenon and 
the relationships between them. A particular representation of a 
phenomenon is used in context with a structure of concepts and 
values that determine and sanction it. The representation carries 
some information, but it may hide other aspects about the phe-
nomenon at hand. To make sense of a representation and of what 
it represents, students need to extract and connect relevant as-
pects of the representation at hand and incorporate these aspects 
into their own mental framework (Odden & Russ, 2019). In addi-
tion, students need to understand the appropriateness of a given 
representation in order to construct links between the representa-
tion and the concepts associated with the represented phenome-
non. The processes of learning with representations, and the dis-
tinction between this process and learning about and from repre-
sentations, will be discussed further in Section 3.1.4.  

In what follows, I will describe the types of representations that 
are relevant to my research, namely, those that are connected to 
Gilbert’s (2005) visual, symbolic, and gestural modes (Table 1). 
The concrete and the verbal modes are not discussed further in 
this dissertation. 

Making ideas visible and using visualisations is part of the scien-
tific practice that plays an important role in science education 
(Linn, 2003). Visualisations enable scientists to test and com-
municate their ideas. They can also be used to reveal new aspects 
of a phenomena and compare aspects of several phenomena with 
each other. Phenomena that are too small, too big, too fast, or too 
slow to be observed and explored with the naked eye can become 
visible through visualisations. For the purposes of this thesis, vis-
ualisation refers to the process of making something observable to 
the naked eye. It is the process of creating images of, for examples, 
atoms, electrical circuits, galaxies, propagation of light, and forest 
growth. Visualisation refers also to the final product of these pro-
cess, to the image of an atom or a galaxy, for instance, that can be 
comprehended with the naked eye. In the following section, I will 
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further explain the terms used in this licentiate thesis when writ-
ing about the process of making a physical phenomenon observa-
ble with the naked eye. 

3.1.2. Visual representations 

As shown in Table 1, scientific models can be communicated 
through various modalities like text, spoken language, and im-
ages. Many of these modalities depend on the sense of vision in 
order to be discerned. However, not all representations that are 
visually communicated are considered visual representations. In 
this thesis, verbal representations—even if they are communi-
cated by means of characters printed on or engraved in paper, 
computer screens, or clay tablets—constitute a separate type of 
representation. These visual illustrations of linguistic messages 
encode information via a distinct set of conventions and, as such, 
are characterized as verbal representations. For all other depic-
tions of physical phenomena or concepts that are discerned via the 
visual system (e.g., drawings, simulations, gestures, graphs, for-
mulas, concrete physical objects, etc.), I use the term visual repre-
sentations. 

Currently, visual representations are widely used in science edu-
cation. They are especially used by teachers to foster students’ un-
derstanding of science in the following ways: to describe phenom-
ena in terms of their spatial and temporal dimensions, to explain 
complex or abstract concepts and relations between concepts, and 
to demonstrate diverse processes (Eilam & Gilbert, 2014). In ad-
dition, visual representations may serve to capture students’ at-
tention and maintain their motivation (Cook, 2006), enhance in-
formation retention of associated texts (Peeck, 1993), and im-
prove problem solving (Roth, Bowen, & McGinn, 1999). However, 
studies have also reported that students may encounter difficul-
ties while learning with visual representations. Such work high-
lights that only with the help of guiding teachers and through care-
fully designed interventions may students come to adequately un-
derstand scientific phenomena via visual representations (López 
& Pintó, 2017; Vosniadou, 2010). 
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Guiding students’ learning with visual representations of scientific 
phenomena is not a straightforward task, because complex scien-
tific phenomena can be either concrete or abstract and can be rep-
resented in static or dynamic visual representations (Eilam & 
Gilbert, 2014). To deal with this large variety of phenomena, sci-
entist and science teachers devise a large variety of visual repre-
sentations. Visual representations have been divided into iconic 
and symbolic representations (Geyer & Kuske-Janßen, 2019). 
Iconic visual representations, such as a sketch or a photograph, 
bear many similarities to the objects or phenomena they depict 
(Figure 2a). Symbolic visual representations, on the other hand, 
bear less of a resemblance to the depicted objects or phenomena, 
and as such, are decipherable and useable only if the ‘code’ of the 
representation is known in advance (Figure 2b). 

          
            (a)                     (b)             (c) 
Figure 2. Visual representation of an electric circuit: (a) static iconic 
representation, (b) static symbolic representation, and (c) screen cap-
ture of dynamic iconic representation (freely available at 
https://phet.colorado.edu/sims/html/circuit-construction-kit-dc/lat-
est/circuit-construction-kit-dc_en.html) 
Figure 2 shows examples of static representations, which can be 
used to depict a stage or a phase of a process. To depict an entire 
process, additional symbols or a series of images may be needed. 
For example, to show the direction of the electrons moving 
through the wires in the above example, inserting an arrow could 
be enough (Figure 2c). However, if the circuit were to be closed or 
opened with a switch, at least two images would likely be required 
to show both alternatives for turning the bulb on and off. Such way 
of representing processes require learners to invest considerable 
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effort to observe and decipher how each stage of the process is 
represented.  

These difficulties can potentially be overcome through the use of 
dynamic representations such as videos, animations, or simula-
tions (Eilam & Gilbert, 2014). In addition to reducing the effort 
required to interpret static representations of processes, dynamic 
representations (especially animations and simulations) can 
make the learning process more interactive by giving students the 
opportunity to control the pace of the visualized process them-
selves or to control some of the factors that have an influence on 
the processes depicted—things which have been found to promote 
students’ learning (Eilam & Gilbert, 2014; Mayer, Hegarty, Mayer, 
& Campbell, 2005). However, there are advantages and disad-
vantages to using dynamic representations instead of static ones. 
For example, students who use dynamic representations may ex-
perience reading difficulties from an overload of information, 
from ambiguous information, from decorative elements, and/or 
from visual inaccuracies (López & Pintó, 2017). For my work in 
this licentiate thesis, a noteworthy type of dynamic visual repre-
sentations is that of computer simulations (further discussed in 
Section 3.2.3). 

3.1.3. Symbolic representations  

Already in the seventeenth century, Newton and several other sci-
entists used mathematics to explain physical phenomena. Keenly 
aware of the role of mathematics when studying the physical 
world, Galileo Galilei (1842) wrote: 

Philosophy [Nature] is written in that great book which ever is be-
fore our eyes – I mean the universe – but we cannot understand it 
if we do not first learn the language and grasp the symbols in which 
it is written. The book is written in mathematical language, and the 
symbols are triangles, circles, and other geometrical figures, with-
out whose help it is impossible to comprehend a single word of it; 
without which one wanders in vain through a dark labyrinth. 

Galileo’s claim that nature is written in the language of mathemat-
ics has been embraced by physicists ever since.  For example, 
Hestenes (1992) emphasizes that the description of physical phe-
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nomena using mathematical formalism is a powerful tool in phys-
ics and Pospiech et al. (2019) highlight that mathematical repre-
sentations are used to such a degree in physics that mathematics 
has sometimes been called “the language of physics” (Pospiech et 
al., 2019, p. 271). 

With this being said, I would like to specify my position on this 
point: mathematics is not physics and physics is not mathematics 
(e.g. Galili, 2018; Manogue, Browne, Dray, & Edwards, 2006). 
Mathematics and physics are two interconnected disciplines, yet 
they are “different in their nature and interests” (Galili, 2018, p. 
8). In addition, my position is that mathematics is not just a lan-
guage. 

For example, analytical mechanics was developed as a theory by 
manipulating mathematical descriptions of motion, where equa-
tions play a central role. However, more than equations and math-
ematical manipulation is required to capture the meaning of the 
theory (Galili, 2018). As Feynman (1965, p. 55) suggested, 

…in physics you have to have an understanding of the connection of 
words with the real world. It is necessary at the end to translate 
what you have figured out into English, into the world, into the 
blocks of copper and glass that you are going to do the experiments 
with. Only in that way can you find out whether the consequences 
are true. This is a problem which is not a problem of mathematics 
at all. (p. 55) 

In Pospiech’s (2019) view, mathematical representations include 
numbers with units, diagrams such as line graphs, geometrical el-
ements such as rays and arrows, functions, equations, and more 
advanced mathematical techniques such as calculus. Geyer and 
Kuske-Janßen (2019) consider that (pure) mathematical repre-
sentation comprises three types of representations: numerical, 
graphical and algebraic representations. A numerical represen-
tation is, for example, a table of data measured in an experiment. 
If this data is used to create a line graph, for instance, then the 
resulting diagram is a graphical representation. The equation we 
can use to describe that line graph is called an algebraic represen-
tation. In Figure 3, which shows all three types of mathematical 
representation side by side, it is relevant to note that the algebraic 
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representation 𝑦 = 0,4𝑥! + 0,8𝑥 + 1	is considered by Geyer and 
Kuske-Janßen (2019) as a link between algebraic and numerical 
representation because it contains both variables and numbers. 
However, in this thesis, I will not use the terms algebraic repre-
sentation and numerical representation in this way. Instead, I will 
refer to something as an algebraic representation even if it con-
tains some numbers. 

 
Figure 3. The three types of mathematical representations: algebraic, 
graphical and numerical 
Focusing on the value of a mathematical formula, Krey (2019) and 
Duval (2006) both suggest that mathematical formalisms, which 
reduce the complexity of physical phenomena, have to be comple-
mented by the use of multiple representations that support one 
another and support conceptual understanding. Duval (2006) dis-
tinguishes between four types of representational registers: the 
natural language register, the symbolic algebraic register, the car-
tesian graphs register, and the visual drawings register (e.g., 
drawn geometrical figures). Each register displays different as-
pects of the mathematical object to a greater or lesser degree. 
Mathematical activity can take place within one of these four reg-
isters (called treatment) or between them (called conversions).  
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Pietrocola (2008) suggests that mathematics plays two roles in 
physics: the so-called technical role and the structural role. The 
technical role comprises aspects relating to the internal work of 
mathematics: such as mathematical elements and symbols (e.g., 
numbers, tables, diagrams and algebraic notation) and the math-
ematical manipulations of those elements and symbols (e.g., op-
erations with algorithms, construction of graphics, and proce-
dures for solving equations). The structural role comprises aspects 
relating to the organizational use of mathematics in external do-
mains: such us employing mathematical technical skills to struc-
ture physical situations. Solving the equation 12	 = 	𝑚×	3 requires 
only knowledge of number properties and the calculation rules—
aspects related to the technical role of mathematics. The struc-
tural role of mathematics comes into play when the numbers are 
connected to physical quantities, implying that a number has a 
specific meaning in the real world. In physics the solution to an 
equation is also a physical quantity that has a specific unit. In ad-
dition, if the numbers come from an experiment, they must be 
considered together with measurement error. This contrast be-
tween formal mathematics (involving only technical role of math-
ematics) and physics concepts (involving both technical and struc-
tural roles of mathematics) is not easy to bridge. 

Hund (1975), writing from the perspective of a physicist, acknowl-
edged the struggle between conceptual understanding and the use 
of mathematics, a struggle which he referred to as the dichotomy 
between understanding physics and handling physics. Despite 
the fact that this dichotomy is not easy to bridge (Hund, 1975), the 
two sides of the dichotomy can support each other (Hewitt, 1983). 
Hewitt (1983) suggests that “(f)ormulas are something much 
more important than recipes for plugging in numerical data: for-
mulas are guides to thinking” (Hewitt, 1983, p. 306). Hewitt ex-
emplifies this with a formula for gravitational force exerted on a 
person by the earth, 𝐹	@	𝑚𝑚’/𝑑!—where m is our mass, m’ is the 
mass of the earth, and d is the distance between our centre of grav-
ity and the earth’s centre. According to Hewitt, this formula shows 
us that if our mass increases, the gravitational force also increases, 
and that if the distance d increases, the gravitational force de-
creases. In addition, since there are no symbols for temperature 
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or velocity in the formula, the force of gravity can be understood 
as independent of our velocity and our temperature. The formula 
shows us not only what factors influence the gravitational force, 
but by omission it shows us also what factors do not affect it. In 
addition to revealing the relationships among concepts, formulas 
can be guides to thinking through algebraic manipulation and 
combination before numbers are inserted.  

With all of this said, however, in the context of teaching and learn-
ing of physics, the role of mathematics is often reduced to solving 
end-of-chapter problems (Hansson, Hansson, Juter, & Redfors, 
2015; Pospiech et al., 2019). Encouraging this way of using math-
ematics does not guarantee that students connect the numbers to 
their physical interpretations. In fact, several studies show that 
students have problems relating mathematical representations of 
theoretical models to real-word physical phenomena (Kuo, Hull, 
Gupta, & Elby, 2013; Torigoe & Gladding, 2011). When the role of 
mathematics is technical (Pietrocola, 2008), students use mathe-
matics to “plug and chug” numbers into formulas and to manipu-
late formulas. This may be a necessary use of mathematics in 
physics, but is not the sufficient one. Instead, the structural role 
of mathematics must be added, wherein mathematics is also used 
as a tool for reasoning, guiding students’ thinking (see Hewitt, 
1983, 2011) about the physical interpretations of formulas and 
their derivations. 

Movement between representations has also been acknowledged 
as an important factor in the process of learning physics, even for 
cases where mathematical representations are not used (see Sec-
tion 3.1.6.). 

3.1.4. Gestures and enactment 

In recent years, interest has grown in the role of teachers’ and stu-
dents’ gestures and enactment of physical phenomena in physics 
education. Roth (2000), drawing on Kendon (1983, 1985), defines 
gesture as a visible bodily action used in the process of communi-
cation. An important contribution to research on the interplay be-
tween spoken language and gestures stems from research by 
McNeill (1992). He classifies gestures into different types such as 
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beat, deictic, iconic, and metaphoric gestures. Beat gestures em-
phasise aspects of speech such as the tempo of delivery. Deictic 
gestures indicate objects, people, or events through pointing. 
Iconic gestures resemble characteristics of objects, people, or 
events, such as miming the contour of a ball. Metaphoric gestures 
denote abstract concepts or processes, such as holding hands in a 
heart shape to show affection. 

Another important contribution to research on gestures is the 
work of Crowder (Crowder, 1996; Crowder & Newman, 1993), 
wherein gestures are considered to play ancillary roles in the de-
velopment of discourse. When students describe scientific phe-
nomena, they typically use gestures to provide ‘redundant’ infor-
mation. In these cases, gestures are concurrent with speech. How-
ever, when students explain scientific phenomena, gestures often 
precede related verbal content. This shows that gestures can be 
used to identify students’ ideas before they are expressed verbally 
(Goldin-Meadow, Alibali, & Church, 1993; McNeill, 1992; Scherr, 
2008) and that there is more to gestures than reiteration of talk. 
McNeill (1992) argues that gestures are not only an accessory to 
speech, but also have an impact on thinking. The idea that “ges-
tures and speech convey information of the same scene” (McNeill, 
1992, p. 79), has influenced the work of several science education 
researchers.  

Studies on students’ use of gestures while interpreting the rela-
tionship between an object’s representation and its meaning have 
focused on (a) static representations such as drawings and maps 
(Roth, 2000; Scherr, 2008; Steier, Kersting, & Silseth, 2019), (b) 
computer-based dynamic representations such as dynamic draw-
ings and simulations (Adams, 2008; Euler, Rådahl, & Gregorcic, 
2019; W. M. Roth, 2000), and (c) physical models such as a 
wooden model of a bridge (W. M. Roth, 2000; Roth & Welzel, 
2001). These studies show different aspects of gestures that play 
an important role in students’ communication and thinking. 

For example, in a study conducted by Scherr (2008), students 
worked on drawing velocity vectors at various points along the tra-
jectory of an object in projectile motion. When the students were 
discussing the velocity of the object at the top of its trajectory, one 
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of the students moved her left hand in a half parabola shape, 
stopped her hand at the vertex, and then let her hand drop straight 
down—illustrating the path of an object with no horizontal veloc-
ity at the top of the trajectory. After analysing the student’s ges-
tures in the context of the actions and speech of the other persons 
involved in the activity, Scherr argued that the students’ gestures 
could help distinguish each student’s own ideas from the ideas 
generated by the others involved in the activity. Furthermore, 
Scherr suggested that students’ gestures indicated students’ pre-
articulated ideas, facilitated the construction of new ideas, and 
displayed the extent to which students understood their ideas. The 
student mention earlier accompanied her half-parabola gesture 
with incomplete and quiet sentences twice before she spoke out 
loud and made her ideas publicly accessible. From this, Scherr 
(2008) argues that gestures have great influence on the process of 
constructing ideas and that gestures “offer one source of evidence 
of students’ engagement in constructive thinking” (p. 4). 

Gestures can add more layers to representational understanding 
than plain speech. That is, they can play an important role during 
the process of understanding the relationships between an object, 
its representation, and its meaning during scientific discourse (W. 
M. Roth, 2000; Roth & Welzel, 2001). This perspective has re-
cently developed from a focus on gestures to a focus on all the mul-
timodal forms of communication. From this updated prospective, 
students can been seen as producing something similar to a thea-
tre scene—that is an enactment.1 Students may add sounds or take 
objects from their vicinity and create something similar to express 
their meaning. “Enaction is the idea that organisms create their 

 

 

 
1 The notion enactment has been given the everyday interpretation of playing out a 
scene and, thereby, does not relate to interpretations of enaction in the embodied cog-
nition tradition; cf. Varela, Thompson and Rosch (1992) for an alternative interpreta-
tion of enaction as a paradigm where cognition is viewed as grounded in the sen-
sorimotor patterns emergent from the interactions between the body and its environ-
ment.  
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own experience through their actions” (Hutchins, 2010, p. 428). 
The position I take in this thesis is that when students enact a 
physical concept or a physical phenomenon, they play out the con-
cept or phenomenon at hand by using such communicative re-
sources. 

In a study conducted by Gallagher and Lindgren (2015), a dy-
namic representation was projected onto the floor and walls to 
create a simulation of planetary astronomy. Students were able to 
enact an asteroid’s movement in a planetary system by following 
the asteroids path projected within this immersive learning envi-
ronment, thereby metaphorically identifying themselves with the 
moving asteroid. The students received feedback from the immer-
sive simulation as they moved through it, which enabled them to 
develop a more stable sense of the astronomical relationships at 
play. In this learning environment, Gallagher and Lindgren (2015) 
argue that enactive gestures and metaphors not only scaffolded 
the students’ thinking processes, but also added meaningful infor-
mation for all the communicating partners and were often present 
when higher levels of understanding occurred. 

 Gregorcic et al. (2017) conducted a study on students investigat-
ing orbital motion on an interactive whiteboard equipped with Al-
godoo. The study showed that the students used hand gestures in 
juxtaposition with speech and aspects of the environment in order 
to express themselves in nuanced ways. Similar findings are 
shown by Steier et al. (2019) who studied how students created 
new representations during their interpretation of provided rep-
resentations. The students who participated in this study were 
asked to discuss why the flight path of a plane appears to be a 
curved line when viewed on an ordinary world map. The provided 
representation was a 2D representation of a 3D motion. One of the 
students who participated this study generated new representa-
tions of the motion by cupping his left hand in a half-sphere shape 
and tracing a possible trajectory of the flight path using his right 
index finger. Thus, the student imagined a curved hand as the 
Earth and his other hand as a possible flight path. Another group 
of students used a curved sandwich as a representation of the 
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earth and took turns tracing possible flight trajectories over the 
sandwich.  

Steier and his colleagues (2019) use the term improvised repre-
sentations to acknowledge the role of students’ imaginations in 
the process of generating representations other than the ones pro-
vided by a teacher. As such, if students left the provided represen-
tations and searched for other representations in books or on the 
web, or if they used gestures as describe above, then those repre-
sentations were considered improvised representations. The au-
thors suggest that students often come up with new representa-
tions in collaborative learning environments and that the devel-
opment of unprompted representations is part of the process of 
making sense of a physical concept or phenomena. Similarly, in a 
study conducted by Volkwyn et al. (2019) student’s introduction 
of their own gestures was taken as a sign that learning was taking 
place. 

The above-mentioned studies reveal that enactment and gestures 
can act as bridges between physical experiences and abstract con-
ceptual language. Nonetheless, enactment and gesture alone are 
not enough to describe the abstract properties of a physical model, 
for instance. Several modalities such as spoken language, images, 
sounds, and gestures are often all at play while meaning is created 
(Kress, 2009). 

3.1.5. Multiple representations and multimodal 
representations  

Researchers and educators highlight the role of multiple repre-
sentations in student learning (Ainsworth, 2006; R. P. Feynman, 
Leighton, & Sands, 1994; Geyer & Kuske-Janßen, 2019; Treagust, 
Duit, & Fischer, 2017). Learning with multiple representations en-
compasses simultaneously using two or more representational 
forms of the same concept (Ainsworth, 2006)— such as a simula-
tion of linear motion with constant acceleration which depicts an 
image of a car, the kinematics graphs, and the equations of the 
motion (Figure 4).  

When a representation takes advantage of several different modes 
(words, static symbols/images, moving images, sounds, gestures, 
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etc.), the representation is said to be multimodal. That is, it may 
“involve the simultaneous coordination of any or all of the senses 
and any modes of action” (Hutchins, 2010, p. 434). According to 
Opfermann, Schmeck, and Fischer (2017), when students are of-
fered different sources of information, they can choose the one 
that best fits them and the requirements of the provided task 
(Ainsworth, 1999). Different representations can also comple-
ment each other, supporting the learning of a concept from differ-
ent perpsectives despite depicting the same phenomenon. For ex-
ample, the graphs in Figure 4 describe the relations between posi-
tion and time as well as velocity and time in a more dynamic and 
multifaceted way than the equations do. The graphs are displayed 
in a simulation of uniform acceleration designed with the dynamic 
mathematics software GeoGebra. 

A velocity vs. time graph of a horizontal line (as seen in Figure 4) 
on its own can be misinterpreted by some students as correspond-
ing a stationary object (Ainsworth, 1999). By using an animation 
of the motion of a car, students can observe how the v-t graph is 
generated as the car is moving forward. Ainsworth (1999) suggests 
that working with multiple representations enables students to 
construct a more abstract  understanding of the studied phenom-
ena and to apply that understanding to new situations. 

 
Figure 4.  Screenshot of a GeoGebra simulation of uniform accelera-
tion, taken by author (freely available at at https://www.geoge-
bra.org/m/d7vZRB8r). 
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Opfermann et al. (2017) argue that learning with multiple 
representations becomes meaningful if their implementation into 
instructional material is informed by design principles for using 
multiple representations—principles such as those in the DeFT 
(Design, Functions, Tasks) taxonomy (Ainsworth, 2006), the 
Cognitive Theory for Multimedia Learning (Mayer & Moreno, 
1998), or the Integrated Model of Text and Picture 
Comprehenssion (Schnotz, 2005). Airey and Linder (2009, 2017) 
suggest a strategy for teaching of physics, where according to the 
Variation Theory of Learning (Marton & Booth, 1997) each aspect 
of the studied phenomenon needs to be varied against a constant 
background within the same representations and across different 
representations (see also Ingerman, Linder, & Marshall, 2009; 
Euler, Gregorcic, & Linder, 2020). Volkwyn et al. (2019) have de-
veloped this strategy further by suggesting that instead of varying 
aspects within a particular representational type, variation can be 
purposefully created through moving between different represen-
tational types. This and several other aspects of learning physics 
with representations are further discussed in the following sec-
tions.  

3.1.6. Learning with, about, and from representations 

In the current literature on the role of representations in the 
teaching and learning of science, the differences between several 
theoretical perspectives have generally led to the use of three dif-
ferent prepositions with respect to learning and representations: 
learning with, about, and from representations. These preposi-
tions are sometimes used to refer to different things, and other 
times the prepositions are used for the same purpose. In this sec-
tion, I provide examples from the current literature on learning 
physics via representations and I present my view on this matter. 

The importance of learning with, about, or from representations 
in the teaching and learning physics has been emphasised both 
within a cognitive tradition (Ainsworth, 2006, 2008a), and a se-
miotic tradition (Lemke, 2003; Linder, Airey, Mayaba, & Webb, 
2014; Prain & Tytler, 2012). From a cognitive point of view, Ains-
worth (2008a) specifies that learning about representations in-
cludes the understanding of: 
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1. representational format (e.g., how to deal with a velocity-
time graph), 

2. the appropriateness of a representation (e.g., how to select 
the representation(s) that can help to solve a specific prob-
lem), 

3. the relationships between representations (e.g., how to 
move from written words to a graph),  

4. the relationship between the representation and what is be-
ing represented (e.g., what the symbols in a formula in a 
given physical context mean), and 

5. the general principles of designing representations (e.g., 
how to design a table). 

To examine the potential differences between learning from rep-
resentations and learning with representations in science, Tippett 
(2016) conducted a thematic analysis of 80 research studies on 
diagram use in science education published during 2000–2014. 
Among the papers focusing on learning from representations, Tip-
pett (2016) highlights the study conducted by Ainsworth and 
Loizou (2003) that addresses issues concerning students’ inter-
pretation of pre-constructed visual representations. The authors 
highlight the influence of the form and function of the representa-
tions as well as the influence of the context and the task. However, 
Tippett (2016) points out studies on learning from representa-
tions do not address aspects connected to multiple or multimodal 
representations. On the other hand, studies concerning learning 
with representations, such as Ainsworth (2006), mostly address 
issues concerning students’ construction of representations. They 
focus on various aspects related to representations including rep-
resentational competence, learning possibilities, and instructional 
implications. These studies also suggest that students’ interpreta-
tion of pre-constructed visual representations may not adequately 
explain what happens when students learn while creating their 
own representations—i.e., learning with representations (Prain & 
Tytler, 2012). Ainsworth’s (2006) DeFT (Design, Functions, 
Tasks) framework emphasises learning from a combination of 
representations and includes various aspects: namely, the design 
of learning material (e.g., the number of representations, the 
modes of the representations, the order of presentation, and the 
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relationship between representations), aspects concerning the 
function of the representations (i.e., complementary, constrain-
ing, and constructing functions), as well as aspects concerning the 
design of the task (e.g., the level of abstraction, or how much in-
formation is displayed).  

Within the semiotic tradition, Prain and Tytler (2012) developed 
the representational construction affordances framework. The 
framework deals with students’ learning gains while they con-
struct, explain, justify, and refine their own representations of sci-
entific processes and concepts. They suggest that these processes 
enable students to: 

1. learn the nature of scientific inquiry,  
2. learn the literacies of science and their rationale,  
3. learn to communicate scientific understandings, and  
4. learn conceptual knowledge. 

From the studies presented above, I identify two important fea-
tures of learning physics when representations of physical phe-
nomena are involved: (1) learning science via multiple represen-
tations is about creating representations, learning about scientific 
representations, and/or learning about scientific phenomena and 
concepts with representations; and (2) these three processes are 
interconnected and interdependent such that, no matter which 
process one starts with, the second and third process will follow 
simultaneously. Here I must specify that in contrast to Ainsworth 
(2006), who associates learning with representations with con-
struction of representations, I take a different approach and sep-
arate these two processes from each other, acknowledging how-
ever that they are interconnected. This interconnectivity can be 
visualized in the form of a triangle whose vertices are the three 
processes involved in learning science via multiple representa-
tions. Figure 5 exemplifies one direction of moving across these 
processes, and a more in-depth interpretation is presented in Sec-
tion 3.1.4. 
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Figure 5. Learning science via multiple representations is the combi-
nation of constructing new representations, learning about scientific 
representations, and learning about real-world phenomena with rep-
resentations. 

 

3.1.7. Representational competence  

Within the semiotic tradition, sensemaking is the process of trying 
to ‘figure something out’—a view of science learning which differs 
from other approaches such as memorization and recall or com-
municating existing explanations. Students involved in sensemak-
ing explore not only what is going on, but also how and why things 
happen (Kapon, 2017). In line with Odden and Russ (2019), sense-
making is also recognised as a cognitive process of constructing 
and critiquing an explanation in order to resolve a gap or incon-
sistency in knowledge. 

Learning with, from, and about representations has been con-
nected to students’ practicing and developing representational 
competence by several scholars, such as diSessa (2004), Steier et. 
al (2019) or Volkwyn et. al (2020).  Educational research has fo-
cused on students’ use and understanding of representational 
forms such as visual representations, on students’ fluency and 
flexibility in using different representations, and on differences 
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between how experts and novices use and understand representa-
tions. Several education researchers suggest that, in order to make 
sense of a physical phenomenon, students need to participate in 
activities where they learn how to construct and interpret several 
types of representations, including disciplinary-specific represen-
tations or even gestural representations (Ainsworth, 2008a, 
2008b; Odden & Russ, 2019; Prain & Tytler, 2012; Tytler, 2017). 
According to Odden and Russ (2019), when learning with repre-
sentations, students need to extract and connect relevant aspects 
of the representation at hand and incorporate these aspects into 
their own cognitive framework. This ability to construct and inter-
pret links between an object (e.g., a real-world object, a concept, a 
quantity, a process, or a phenomenon), its representation, and its 
meaning is what Lemke (2003) describes as representational 
competence.  

For Linder et al. (2014) representational competence is important 
to communicate physics knowledge but also in the practice of do-
ing physics. Similarly, De Cock (2012) emphasises the role of rep-
resentational fluency and flexibility in understanding physics con-
cepts and in solving physics problems. In De Cock’s view, to be 
fluent with representations involves not only being able to inter-
pret or construct representations, but also to move from one rep-
resentation to another accurately and quickly. In a given learning 
situation or for solving a given problem, students’ ability to choose 
the most appropriate representation is what De Cook (2012) calls 
representational flexibility.  

The role of coordinating several representations in order to solve 
problems, to communicate scientific ideas, or to support scientific 
reasoning has also been underlined by Tippett (2016), Kozma & 
Russell (2005) and diSessa (2004)—all of whom also point out, 
like Prain & Tytler (2012), that an important part of students’ rep-
resentational competence is their ability to generate representa-
tions. Going further, taking into account not only how students 
interpret pre-constructed representations, but also how they de-
sign their own representations, diSessa (2004) developed the con-
cept of meta-representational competence. According to diSessa 
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(2004), meta-representational competence is a key skill that stu-
dents need to develop to learn science effectively and involves giv-
ing students the opportunity to learn about and with new repre-
sentations other than the sanctioned representations asserted in 
standard educational material (e.g., graphs, formulas). In addi-
tion to looking beyond competence in using sanctioned represen-
tations, metarepresentational competence deals with situations 
where students: 

1. invent new representations, 
2. critique provided representations and evaluate if they are 

suitable for the tasks at hand, 
3. discuss the purposes of representations generally and in 

particular, and 
4. explain what specific representations mean and how they 

do their work in that specific context. 
 

Building on the work of Linder et al. (2014) and De Cock (2012), 
Volkwyn et al. (2020) propose a new definition of representational 
competence in physics, where representations are the only means 
through which disciplinary knowledge about physics phenomena 
may be communicated. Taking this mediating role of representa-
tions into consideration, Volkwyn et al. (2020, p. 91) define rep-
resentational competence as the ability to appropriately interpret 
and produce a set of disciplinary-accepted representations of real-
world phenomena and link these to formalised scientific concepts 
(p. 91). 

According to Volkwyn et al. (2020), this definition can be visual-
ised in the form of a triangle, as shown in Figure 6. 



 

34 

 

 
Figure 6.  A characterisation of representational competence, re-
trieved, with kind permission of the authors from Volkwyn et al. 
(2020, p. 92) 
Volkwyn et al. (2020) also suggest that students’ learning from 
multiple representations is influenced by several factors, such as 
the level of abstraction, the order in which the representations are 
presented, and also the number of representations.  

Ainsworth (2006) developed the DeFT conceptual framework to 
describe students’ learning from multiple representations—inte-
grating research on learning, the cognitive science of representa-
tion, and constructivist theories of education. As mentioned in 
Section 3.1.4., the key aspects of the DeFT framework concern the 
design of learning material, the function of the representations, 
and the design of the task. However, a fully developed representa-
tional competence involves not only the sum of these specific rep-
resentational competencies, but also the ability to translate and 
switch between representations (De Cock, 2012; Trevor S Volkwyn 
et al., 2020).  

3.1.8. Movements between representations 

Several researchers, such as Duval (2006, 2017), Etkina and Van 
Heuvelen (2007), and Volkwyn et al. (2019; 2020), have empha-
sised the role of movement between representation registers in 
students’ sensemaking processes. As mentioned in Section 3.1.2., 
Duval (2006) distinguishes between four registers of representa-
tion: the natural language register, the symbolic algebraic register, 
the cartesian graphs register, and the visual drawings register. He 
also distinguishes between two types of mathematical activities: 
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the ones taking place within the same register (treatments) and 
activities taking place between registers (conversions). A treat-
ment can be adding two numbers written in the decimal system, 
but in different forms—e.g., decimals and fractions: 

 0,20 + 0,25 = …  and  1/5 + 1/4 = … 

On the other hand, a conversion can, for example, involve moving 
from a graphical representation of a relationship to an algebraic 
representation of the relationship (see Figure 7).  

 
Figure 7.  The relationship between x and y represented in a graphical 
form and in an algebraic form. 
The representations situated in different registers display differ-
ent properties of the object at hand, which students may or may 
not notice when moving from one representation to another. Only 
by investigating the variations between representations, then, can 
students come to realize what is relevant in a representation, 
achieve its conversion into another register, and make the distinc-
tion between the representation and the object it represents. 
Hence, changing representations is considered a “critical thresh-
old in the process of learning” (Duval, 2017, p. 110).  



 

36 

 

Drawing on Kress’s (2009) work in social semiotics, Volkwyn et 
al. (2019; 2020) also distinguish two different movements be-
tween representations: transformation and transduction. Trans-
formation is the movement within the same representational sys-
tem (i.e., moving from a position-time graph to a velocity-time 
graph). Transduction is the movement from one representational 
system to another (i.e., moving from words to formulas). Just as 
Duval (2006, 2017) argues that conversion is important for stu-
dents’ sensemaking processes, Volkwyn et al. (2019) emphasise 
the variation created by the movement between representational 
systems. As certain things are permitted or not permitted in dif-
ferent representational systems, switching between these systems 
narrows down the meaning of the represented phenomenon, al-
lowing students to develop representational fluency (De Cock, 
(2012). In addition, students’ own transductions may be a sign 
that learning is taking place (Volkwyn et al., 2019). 

3.1.9. Synthesis of the concept of representational 
competence 

I will now argue that some of the approaches to representational 
competence presented above can be combined into a single model.  

Article II focuses on the approaches to representational compe-
tence adopted by Lemke (2003), Ainsworth (2008a, 2008b), 
Prain and Tytler (2012), Steier et al. (2019) and diSessa (2004). 
To provide a new layer of interpretation regarding representa-
tional competence, this thesis combines the above-mentioned ap-
proaches with Volkwyn et al.’s (2019) description of representa-
tional competence into an integrated model. This new model is 
later used to reanalyse students’ sensemaking processes while 
working with multiple representations in a digital learning envi-
ronment (see Section 6.3). 

To reiterate from the previous section, Lemke (2003) defines rep-
resentational competence as the ability to construct and interpret 
links between an object, its representation, and its meaning. This 
view has been enriched by the perspectives of Ainsworth (2008a, 
2008b) on multiple representations as well as the viewpoints of 
Prain and Tytler (2012), Steier et al. (2019) and diSessa (2004) on 
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students’ constructions of their own representations. For exam-
ple, diSessa (2004) suggests giving students the opportunity to 
learn about and with new representations other than the sanc-
tioned representations asserted in standard educational material.  

Here, I expand the theoretical view of representational compe-
tence in science learning by adding aspects related to learning 
with, about and from representations as well as the role of moving 
between representations. In Section 3.1.5, leaning on the work of  
Prain and Tytler (2012) and Ainsworth (2008a, 2008b), I charac-
terised the processes of learning science via multiple representa-
tions as a combination of the following: creating representations, 
learning about scientific representations, and learning about sci-
entific phenomena and concepts with representations. This was 
visualized in the form of a triangle in Figure 5. 

Starting from this classification and combining it with diSessa 
(2004) and Volkwyn et al.’s (2019) characterisations of represen-
tational competence, I propose that representational competence 
in the context of learning science via multiple representations in-
volves grappling with: 

• Learning with (disciplinary-appropriate) representa-
tions—which includes extracting important information 
from the representations, inspecting the connections within 
that information, and integrating that information into a 
model, 

• Learning about (disciplinary-appropriate) representa-
tions—which includes the first three aspects of Ainsworth’s 
(2008a) characterisation: namely, understanding of the rep-
resentational format, understanding of the appropriateness 
of a representation, and understanding of the relations be-
tween representations, 

• Constructing representations—constructing prompted 
and unprompted disciplinary-appropriate representations 
(i.e., learning with representations), 

• Phenomenon—which includes constructing links between 
disciplinary-appropriate representations/concepts and the 
real-world phenomenon that is being represented, and 
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• Concepts—which includes constructing links between disci-
plinary-appropriate representations/real-world phenome-
non, and the concepts associated with them. 

My proposed characterisation of representational competence in-
cludes the term disciplinary-appropriate representations. One 
reason is that, as shown in Article II and in other studies (i.e. Euler 
et al., 2019; Steier et al., 2019) students may improvise many dif-
ferent kinds of representations while working with disciplinary-
appropriate representations. Some of these improvised represen-
tations, such as gestures and enactment, might not (yet) be disci-
plinary appropriate, but can play an important role in students’ 
progression toward the representation that are. In addition, my 
proposed characterisation of representational competence in-
tends to make visible the difference between practicing learning 
about representations and practicing learning about scientific 
concepts and phenomena. 

The five aspects of representational competence listed above are 
interconnected and interdependent, so I combine the triangle 
from Figure 5—which corresponds to the first three processes—
with aspects of Volkwyn et al.’s (2019) model of representational 
competence (Figure 6)—which corresponds to the last two pro-
cesses in my list. The result is a 3D model of representational com-
petence shown below (Figure 8). 

The sides of the 3D model represent students’ ability to create and 
interpret links between a real-world phenomenon, its provided 
and self-generated representations, and formalised concepts as-
sociated to the real-world phenomenon. 
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Figure 8. A 3D model of students’ representational competence as de-
fined by me in this thesis 
This model can be applied to specific science topics by creating 
several tasks where students start from one vertex of the 3D-
model of representational competence to generate another one 
(following Volkwyn et al., 2019). During this process, students 
should be encouraged, if necessary, to ‘pass through’ the other ver-
texes of the 3D model in order to practice and develop all aspects 
of representational competence. 

3.2. Educational technology in physics educa-
tion   

In order to facilitate students’ learning with and about represen-
tations, more and more powerful educational technologies have 
been introduced into physics education (diSessa, 2004; Linn, 
2003). Computers and other digital devices have been used in 
physics education for several purposes (Rios & Madhavan, 2000; 
Trumper, 2003). Rios and Madhavan’s (2000) categorise educa-
tional technologies based on their application into following cate-
gories:  
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1. computer interfacing, 
2. modelling, 
3. simulations, and 
4. research/reference/presentation 

 

The last category, where technologies are used for research/refer-
ence/presentation contains examples such as word processors for 
writing reports, hardware for saving data, and software/websites 
for finding references. This type of technology-supported activity 
is not the subject of this study. The other three categories of edu-
cational technologies are described below. 

3.2.1. Computer interfacing 

In physics education, technologies can be used as interfaces for 
microcomputer-based labs tools, such as iOLab 
(http://www.iolab.science), Vernier (https://www.vernier.com/) 
and Pasco (https://www.pasco.com/). These tools collect ana-
logue data (e.g., position, force, and temperature) using different 
sensors connected to computers through an interface. The ana-
logue data from the sensor is converted to digital input, and then 
typically transformed into a graph, a table, or an equation as the 
data are being collected. Many microcomputer sensors also con-
nect to graphing calculators or smartphones. In addition, 
smartphone applications such as PhysPhox (https://phy-
phox.org) and Physics toolbox (https://www.vieyrasoftware.net) 
can use the device’s built-in sensors to collect data that is then 
transformed into graphs, tables, or other formal representations.  

According to Rios and Madhavan (2000), when interface equip-
ment is used for experiments, significant time can be saved and 
used in return for other more profitable activities. For example, 
instead of reading a thermometer or repeatedly counting oscilla-
tions of a system over a long period of time, students can instead 
analyse that data, find patterns, and discuss the results. 

From a representational point of view (Lemke, 2003), computer 
interfacing technology enables students to construct and interpret 
connections between real-world phenomena and their visual rep-
resentations. 
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3.2.2. Educational technology for modelling the 
physical world 

In the modelling category of educational technology, Rios and 
Madhavan (2000) include graphical (video) analysis programs 
and video programs. Graphical (video) analysis software, such as 
Tracker (https://physlets.org/tracker), VideoPoint 
(http://www.lsw.com/videopoint/capture/) and Vernier Video 
Analysis (https://www.vernier.com/product/video-analysis/), 
can be used to track objects in a video. This data is then analysed 
by automatic and manual curve fitting tools. Video programs, also 
called interactive videos (Zollman & Fuller, 1994) allow for the 
manual analysis of the motion of objects in captured or imported 
video files. Some software, such as Interactive Video Vignettes 
(https://www.compadre.org/ivv/) combine online videos with 
video analysis to link physical situations to graphs and/or alge-
braic expressions.  

Rios and Madhavan (2000) also give other examples of software 
in the modelling category, such as spreadsheet programs that, in 
the same way as the video technology mentioned above, enables 
students to construct and interpret the connections between real-
world phenomena and visual representations (Lemke, 2003)—
especially mathematical representations. 

Another category of modelling technology that has been used for 
a long time in physics education is programming environments 
(Linn, 2003; Redish & Wilson, 1993; Svensson, Eriksson, & 
Pendrill, 2020). Linn (2003) provides several examples of re-
search on how computer programming has been and can be used 
in physics education. These studies report some positive out-
comes, but also reveal challenges caused by students’ lack of expe-
rience with programming languages and/or prior conflicting ideas 
about the modelling of physical phenomena. In addition, students 
may find it difficult to interpret mathematical representations 
(Krey, 2019; Scherer, Dubois, & Sherwood, 2000), hence modern 
modelling software needs to not only depict the results of the in-
put data in the form of a graph and/or an algebraic expression, but 
also generate a dynamic representations (Eilam & Gilbert, 
2014)—such as an animation or a simulation. Software such as 
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VPython is used to teach programming skills in Python and create 
animation output in universities and schools (Chabay & 
Sherwood, 2008; Scherer et al., 2000; Svensson et al., 2020). 
Also, students can use VPython programming models as a means 
for meaning making about different physics concepts (Svensson 
et al., 2020). For example, when creating a simulation of a ball 
that goes into a hanging web, students from a study by Svensson 
et al. (2020) implemented Hooke’s law into code (Figure 9).  

 
Figure 9. Representations of Hooke’s law used for VPython program-
ming, (retrieved, with kind permission of the authors, from Svensson 
et al., 2020). 
To be able to do this, the students had to decipher the formula and 
its parts, which provided the student with “a learning opportunity 
that had not been apparent before” (Svensson et al., 2020, p. 8). 

In addition to the above examples, recent technologies have been 
adapted to physics education contexts that enable augmenting 
physical phenomena through mixed reality. One example is 
MAGNA AR (https://www.magna-ar.net/).  

From a representational point of view (Lemke, 2003), both the 
programming languages and the augmenting technologies enable 
students to construct and interpret the connections between 
mathematical and visual representations of physical phenomena. 

3.2.3. Computer simulations  

Drawing on Vallverdú (2014) and Smetana and Bell (2012), I 
interpret computer simulations as computer generated, dynamic 
mathematical representations of idealised models that allow users 
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to explore the implications of manipulating parameters within the 
representation. In addition, simulations often involve multiple 
representations such as images, graphs, and written captions, 
usually displayed simultaneously (Ainsworth & VanLabeke, 
2004). From a representational point of view (Lemke, 2003), sim-
ulations enable students to construct and interpret the connec-
tions between visual and mathematical representations of a phys-
ical phenomenon.  

One of the most established simulation technologies used in phys-
ics education is the PhET simulations suite (Wieman et al., 2008). 
The name PhET was originally an acronym for Physics Education 
Technology, though now the site has expanded to include simula-
tions about other subjects than physics, such as chemistry and bi-
ology. PhET was developed at the University of Colorado Boulder 
and is designed around research findings on students’ conceptual 
understanding. The simulations are used internationally, not least 
due to the 2001 physics Nobel Prize laureate Carl Wieman’s in-
volvement in the project from the beginning. PhET simulations 
are based on specific phenomena and structures, wherein the user 
can with the technology by changing certain parameters (Wieman 
et al., 2008).  

The Swedish simulation program Algodoo has also received some 
interest from physics education researchers (e.g., Gregorcic & 
Bodin, 2017; Gregorcic et al., 2017; Euler & Gregorcic, 2018; Euler 
et al., 2020). In comparison to the predesigned set of PhET simu-
lations, Algodoo is an environment that gives users more oppor-
tunities for being creative (Gregorcic & Bodin, 2017). It is a tool 
where one can create their own simulation scenes with simple 
drawing tools such as boxes, circles, polygons, brushes, planes, 
ropes, and chains. By clicking and dragging, users can easily edit 
objects, clone objects, and connect objects to other objects. When 
running the simulation, the created objects generally interact with 
each other according to Newtonian physics.  

As discussed in Section 3.1.2, using dynamic representations such 
as simulations has both advantages and disadvantages. The ad-
vantages include that these representations can reduce the mental 
effort required of students’ to interpret static representations of 
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processes. In addition, dynamic representations can give students 
control over the pace of the visualisation process or to control 
some of the factors that have an influence on the process (Eilam & 
Gilbert, 2014; Mayer et al., 2005). By restricting the number of 
parameters students can manipulate, simulations can enable stu-
dents to focus on only the most salient properties of the repre-
sented phenomenon (Finkelstein et al., 2005). Nonetheless, 
prebuilt simulations may also hinder teachers from achieving 
their pedagogical goals (Milner-Bolotin, 2016) or prevent students 
from making sense of other relationships between the displayed 
parameters (Bryan, 2006). In such cases, more open technologies, 
such as Algodoo (presented above) or some of the technologies de-
signed for mathematic education, might be a better choice 
(Milner-Bolotin, 2016). 

3.2.4. Educational technology designed for 
mathematics education  

Many mathematical software solutions are used in physics educa-
tion. They have in common that they enable construction/manip-
ulation of numeric and algebraic expressions in a manner similar 
to the traditional way of calculating and can be used to produce 
dynamic representations. Same examples are Cabri, GeoGebra, 
Sketchpad, and Wolfram Mathematica. These types of software 
are known as Computer Algebra Systems (Savelsbergh, De Jong, 
& Ferguson-Hessler, 2000; Sulaiman et al., 2020) or dynamic 
mathematics software (Milner-Bolotin, 2016). The last term is of-
ten used when the software combines features of Computer Alge-
bra System, spreadsheets, and Dynamic Geometry Software, the 
latter of which enable creation and manipulation of visual geomet-
ric constructions. The result of this combination is a program that 
includes a wide range of features with a high degree of dynamic 
interaction between them. Brunström (2015, p. 86) argues that 
“dynamic mathematics programs combined with exploratory 
tasks can stimulate mathematical reasoning where hypotheses are 
formulated, examined, and refined in a cyclical process” (p. 86). 
He also emphasizes that an important factor in promoting math-
ematically-based reasoning is how the tasks are designed. 
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Developed in 1988, Wolfram Mathematica is a powerful technol-
ogy which can perform complex calculations, communicate with 
various programming languages such as C and Java, as well as al-
low interaction with database software, such as MySQL (Sulaiman 
et al., 2020). Examples of how to use the Mathematica to create 
simulations are offered by, for example, Lázaro (2015) and 
Sulaiman et al (2020). A Mathematica simulation of oscillatory 
motion is shown in Figure 10.  

 
Figure 10.  A Wolfram Mathematica simulation of oscillatory motion 
retrieved, with kind permission of the author, from Lázaro (2015). 
The algebraic representation and codes used to create this simu-
lation can be found in Lázaro’s (2015) paper. 

Recently, another dynamic mathematics software, GeoGebra (J. 
Hohenwarter, Hohenwarter, & Lavicza, 2009), has received some 
attention in physics education (Milner-Bolotin, 2016; Walsh, 
2017) due to the fact that it enables teachers to design engaging 
learning environments that enhance students’ cooperative learn-
ing (Wassie & Zergaw, 2018) or that it enables students to create 
their own mathematical models of physical phenomena (Milner-
Bolotin, 2016).  

For this licentiate thesis, I have chosen to focus on the types of 
educational technologies such as GeoGebra, which I referred to 
earlier as educational technologies designed for mathematics ed-
ucation. I have chosen GeoGebra because it is freely available, 
which makes it accessible to a larger community of users than the 
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technology one must pay for. In addition, in my role as an upper-
secondary school teacher of mathematics and physics, I use Geo-
Gebra to a large extent in my mathematics courses. I use it not 
only for demonstrations and visualisation during lectures, but also 
for students’ practical activities. In this research project, I have 
studied how pairs of upper-secondary school students learn with 
a GeoGebra simulation of friction. I have also studied the current 
literature on how GeoGebra can be used to support physics 
education in upper-secondary schools. In the following section, I 
will present a detailed picture of GeoGebra. 

3.2.5. GeoGebra as an educational technology  

GeoGebra is an open source software that offers dynamic 
mathematical representations (M. Hohenwarter, Preiner, & Yi, 
2007). The software works on many operating systems such as 
Windows, MacOS, Linux, iOS, Android and also from a web 
browser. GeoGebra is multilingual in its menus and its commands 
(supporting more than 70 languages). The full version of the 
software is called GeoGebra Classic. Other GeoGebra applications 
such as the Graphing Calculator and 3D Calculator offer a limited 
number of features. There is a large community of GeoGebra 
users, many of which upload educational materials 
(https://www.geogebra.org/materials), such as simulations to the 
software website. The default GeoGebra Classic view consists of 
the Algebra Window, the Graphics Window, the Input Bar, and a 
Tool Bar, but many other features can be added if necessary. 
Mathematical objects (e.g., points, vectors, segments, lines, 2D 
and 3D objects, or diagrams) can be constructed either in the 
Algebra Window or in the Graphics Window and are automatically 
displayed across both windows upon creation.  

GeoGebra dynamically conects different mathematical 
representations of the same mathematical object such that users 
can go back and forth between these representations. When 
someone makes a change in one representation, the 
corresponding changes in other representations are provided by 
the program. In this way, all representations are visible 
simultaneosly and are linked to each other, making the relations 
between these representations more easily comprehendible. For 
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example, using the classroom resource about linear functions, stu-
dents need to find the equations of straight lines through pairs of 
points (Figure 11).  

 
Figure 11. GeoGebra classroom resource about linear functions. 
The application randomly generates two points (A and B) that are 
visible in a coordinate system. Their coordinates are also visible in 
the Algebra window. When a student has an answer—for example, 
the function, f(x)—and writes the equation in the Algebra window, 
the corresponding line is automatically shown in the coordinate 
system of the Graphics Window. At the same time, the line 
through the points is also shown and the student can observe if 
the two lines coincide or not. This provides students with 
instantaneous feedback. This particular resource also provides the 
opportunity for students to get help if needed. They can check 
“Show hint”, thus displaying 𝛥𝑥 and 𝛥𝑦. 

When one of the representations in GeoGebra changes, all the 
other representations adjust automatically in order to maintain 
the relationships between the objects. For example, if the student 
would change the equation of the function to 𝑓(𝑥) 	= 	−	4𝑥	 + 	1, 
the line would automatically change its inclination, becoming par-
allel with the line h.  
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Using tools from the Toolbar, writing commands in the Input Bar, 
or using tools from the CAS view, the user can measure lengths, 
areas, angles; do numerical calculations; solve equations; calcu-
late derivatives and integrals; determine median, quartiles, and 
matrix ranks; or do regression analysis. In Figure 12, two groups 
of numerical data are displayed in the columns A and B of the 
Spreadsheet Window, and are graphically depicted as two box-
plots (A1:A8 and B1:B8) in the Data Analysis Window. 

 
Figure 12. GeoGebra representations of two groups of numerical data 
Images can easily be inserted into the Graphics Window as well. 
In this sense, GeoGebra can also be used as a kind of video analys-
ing tool. For example, the user could insert a picture of the Lean-
ing Tower of Pisa and input the function which describes the mo-
tion of an object falling without air resistance from the top. By 
placing two points (P and Q) on the graph that describes the mo-
tion, and a straight line through these points, the user can deter-
mine the average speed by inserting a formula which calculates 
the lines inclination (Figure 13). A useful tool in this case is the 
slider, which is a manipulable representation of a free number or 
free angle. The slider enables users to dynamically vary the value 
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of a parameter with their cursor. Because of the dynamic link be-
tween algebraic and graphic representations, it is possible, by 
dragging the slider a, to examine how different values of the time 
affect the corresponding average speed.  

 
Figure 13. GeoGebra classroom resource for describing free fall from 
the Tower of Pisa (freely available at https://www.geoge-
bra.org/m/ef67fz6f.) 
Recently, GeoGebra released a new feature, the GeoGebra AR ap-
plication, which enables users to place GeoGebra-made mathe-
matical objects on top of real-world objects directly in the AR ap-
plication (Figure 14). 
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Figure 14. Screenshots of the GeoGebra AR application, retrieved, with 
kind permission of the authors from (Lavicza et al., 2018). 
 

3.2.6. Research on GeoGebra in teaching 

While GeoGebra is so far used in the teaching and learning of 
mathematics, science, and geography (Wassie & Zergaw, 2018), 
most empirical research concerns the use of GeoGebra in mathe-
matics education. In the last decade, GeoGebra has started to be 
used in physics education, where it has been advocated as a useful 
software that can be operated intuitively (Kolář, 2019; Malgieri, 
Onorato, & De Ambrosis, 2014; Walsh, 2017). However, the re-
search on how GeoGebra supports the teaching and learning of 
physics is rather limited. Hence, to get an image of the didactic 
contribution of the software, I first turned to mathematics educa-
tion. I believe that looking at the research on GeoGebra in mathe-
matics education—while keeping in mind that physics and math-
ematics are still two distinct disciplines (Galili, 2018)—can pro-
vide some insight into how the software can be used to support 
physics education, especially the in areas of the subjects that are 
closely related (e.g., visualisation). 

Studies show that the ways students use GeoGebra support their 
mathematical problem solving (Berger, 2011; Herceg & Herceg, 
2009; M. Hohenwarter & Jones, 2007) and their reasoning 
(Hähkiöniemi, 2013; Natsheh & Karsenty, 2014; Olsson, 2018). 
The study conducted by Herceg and Herceg (2009) investigated 
university students’ theoretical, visual, and practical knowledge of 
the definite integral. The visualisation of the mathematical con-
cept was done by using both GeoGebra and Mathematica. The 
findings of the study revealed that the use of the software had a 
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positive impact on the students’ understanding and mastering of 
definite integrals. In addition, the authors suggest that using Ge-
oGebra was a time-saving way of solving problems, which freed up 
time for more mathematics related activities such as verifying or 
falsifying problem solutions (Arcavi & Hadas, 2000). Moreover, 
the immediate feedback students get from using GeoGebra can 
encourage them to explore and generalize relationships between 
concepts (Arcavi & Hadas, 2000).  

On the other hand, dynamic features in GeoGebra such as sliders 
have been found to be challenging for some students (Brunström, 
2015; Fahlgren, 2017). In their research project on the use of Ge-
oGebra in upper-secondary school mathematics education, 
Fahlgren (2015) and Brunström (2015) developed several student 
activities. One of these activities was about a sunflower that grows 
exponentially over time. The exponential growth was made varia-
ble and the students would use the slider to change the rate of the 
exponential growth. One of the conclusions in Brunström's disser-
tation (2015) is that “the slider tool played an important role in 
the reasoning that was developed, partly through the ability to pull 
the sliders back and forth and observe how the graph changes 
globally and partly through the ability to quickly and easily exam-
ine a large number of examples at different levels of detail” (p. 53). 
This is not always unproblematic because there is a risk that the 
student focuses only on solving the problem and does not link 
their reasoning to the underlying mathematics (Drijvers, 2003). 
In other words, mathematics can become overshadowed when 
students use this type of technologies. The reason for this may be 
that the results are so convincingly visible in dynamic mathemat-
ics programs that students are convinced that they need not show 
prove their mathematical claims. 

Other studies of GeoGebra in mathematics courses showed that 
students’ working method had a large impact on their ability to 
link theoretical knowledge of a mathematical concept to their 
technical knowledge of how to use GeoGebra (Mehanovic, 2011). 
In addition, most of the students appreciated working with the 
software as long as they managed to finish their task or parts of it. 
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Regarding teachers, Mehanovic (2011) indicates that the imple-
mentation of GeoGebra in mathematics education can be difficult 
for teachers with no experience of the use of such software. Even 
experienced teachers encoutered some type of obstacles (didacti-
cal, epistemological and/or technical) and Mehanovic (2011) 
suggests that teachers need support in developing their competen-
cies with respect to the use of the software. However, the author 
only discussed how the software can be used by teachers to design 
their own instructional material, thereby missing how teachers 
can use preconstructed material within the software as well.  

The above research shows that the use of visual mathematical rep-
resentations designed using GeoGebra has mostly positive effects 
on students’ problem solving and reasoning. The findings also 
show that both teachers and students need support in making the 
best of it in mathematics courses. 

In physics education, the software has mostly been used by teach-
ers and researchers to create simulations (Wassie & Zergaw, 
2018). In these studies, GeoGebra is shown as software that facil-
itates student-active tasks and encourages students to get answers 
to questions that could not have been answered empirically using 
traditional tools. A systematic review of the current literature on 
GeoGebra in physics education was the objective of Study I of this 
licentiate; hence, it can be found in the first article. The findings 
of Article I are also expanded upon in Section 6.1.  

3.2.7. How educational technology can emphasise 
mathematical structure in physics education 

There are two aspects I consider to be important when it comes to 
students’ access to mathematical representations in the learning 
of physics. As emphasised in Section 3.1.2, there are the technical 
and the structural roles of mathematics (Pietrocola, 2008). On the 
other hand, there is the role of transformations of mathematical 
representation (Duval, 2006).  

The technical role of mathematics is connected to the internal con-
text of mathematics—such as the mathematical elements and 
symbols (e.g., numbers, and algebraic notation), and the mathe-
matical manipulations of elements and symbols (e.g., operations 
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with algorithms, and procedures for solving equations). The struc-
tural role of mathematics is connected to the organizational use of 
mathematics in external domains, such as the employment of 
mathematical skills to structure physical situations (e.g., linking 
the numbers in an equation to the physical quantities in the real 
world; (Pietrocola, 2008).  

Distinguishing between four registers of representation, Duval 
(2006) characterises two types of mathematical activities: the 
ones taking place within the same register (treatments), and ac-
tivities taking place between registers (conversions). This distinc-
tion is important because representations situated in different 
registers display different properties of the object at hand, which 
students may or may not notice when moving from one represen-
tation to another. According to Duval (2006) students can realize 
what is relevant in a representation only by investigating repre-
sentations situated in different registers.  

Many of the educational technologies that are designed for math-
ematics education but are used in physics education have in com-
mon that they enable creation and manipulation of numeric/alge-
braic expressions in a manner like traditional calculation. For ex-
ample, to solve the equation 12	 = 	𝑚 ∙ 3, students can write it into 
GeoGebra and press solve (Figure 15).  

 
Figure 15. Solving an equation in GeoGebra. 
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The solution to the equation (𝑚	 = 	4) is then displayed immedi-
ately on the following row. 

In addition, using the geometry tools, students can find the exact 
dimension for lengths, angles, areas, etc. With the Statistics Cal-
culator, students can find the sum, mode, median, maximum, and 
minimum of a data set or draw a scatter plot and line of best fit. 
Indirectly, GeoGebra’s technical role can be observed in many 
simulations, where the values of physical quantities are shown on 
the screen and updated in real time. 

In summary, the basic function of educational technologies de-
signed for mathematics education, such as GeoGebra, is to enable 
the technical role of mathematics. As suggested in section 3.2.5., 
where a description of the GeoGebra’s functions is provided, many 
of these functions can be directly used in physics.  

The structural role of mathematics, which is connected to the or-
ganizational use of mathematics in external domains of such tech-
nologies, can come into play when students use several different 
representations of a physical phenomenon. Duval (2006, 2017) 
argues that mobilization of another register is necessary for stu-
dents in order to discern relevant aspects of a representation pro-
duced in a first register. “If treatment is more important from a 
mathematical point of view, conversion is basically the deciding 
factor for learning” (Duval, 2006, p. 103). This topic is further dis-
cussed in Section 6.3.1., where, using the example of GeoGebra, I 
present several ways in which educational technologies designed 
for mathematics education may support physics students in 
achieving conversion.  
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4. TEACHING AND LEARNING OF FRICTION 
Study II is an empirical study of upper secondary school students 
learning about friction while using a GeoGebra simulation. In 
what follows, I describe the concept of friction, as well as current 
literature on the teaching and learning of friction.  

4.1. What is friction?  
The study and application of the principles of friction can be 
thought of as part of a larger scientific and technological discipline 
known as tribology, which includes—beside the study of friction—
the study of lubrification and wear (Affatato & Grillini, 2013; Jin 
& Fisher, 2014; Landolt & Mischler, 2011; Yan, 2010). Tribology 
aims to understand and develop systems where bodies are in mo-
tion relative to each other (Affatato & Grillini, 2013). It has appli-
cations in many fields such as medicine (e.g., implants, artificial 
joints), the vehicle industry (e.g., engines, brakes, gears, transmis-
sion systems, gears, tires), and many more (Landolt & Mischler, 
2011).  

In the discipline of tribology, friction is defined as “the tangential 
resistant force from a sliding interface in a dynamical system” (Liu 
& Chen, 2016, p. 91). When a body is in motion while being either 
in contact with a surface or in a viscous medium such as air or 
water, there is some resistance to the motion in the form of fric-
tion. For example, when an object is placed on a horizontal surface 
and an external horizontal force F is applied to the object, acting 
to the right (Figure 16), the object may remain stationary despite 
the external force being applied. The force that keeps the object 
stationary is called the frictional force, typically labelled f. If the 
magnitude of F increases, the magnitude of f increases as well and, 
while the object remains stationary, |𝑓| = |𝐹|. In this situation, f 
is refered to as the force of static friction, fs. However, the force fs 
can only increase to some maximum value. To set the object in 
motion, the external force F must exceed the maximum value of fs, 
written mathematically as F > fs. Then, as long as the object is in 
motion, the resistant frictional force that counteracts the motion 
is called the force of kinetic friction, fk.  
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Figure 16. Screenshot of a GeoGebra visualisation of an object moving 
on a horizontal surface freely available at (https://www.geoge-
bra.org/m/ynATf9QU).  An external horizontal force F is applied to 
the object, acting to the right. The force of kinetic friction f (normally 
given the subscript fk to distinguish it from static friction, fs) acts to the 
left and resists the movement. 
If F is kept at the same value as fk, (|𝐹| = |𝑓"|), the object moves to 
the right with constant speed, but if |𝐹| > |𝑓"| then the object ac-
celerates to the right due to the resultant force F - fk acting to the 
right. If F is removed, the object’s velocity will gradually decrease 
until it stops. 

A very brief explanation of solid friction between two solid sur-
faces is that the frictional force partially occurs because surface 
protuberances (peaks) of one body physically get stuck on surface 
cavities (valleys) of the body it moves on, so that additional force 
is needed to get them loose again. These imperfections of the sur-
faces (the protuberances and the cavities) define the surfaces’ 
roughness. Friction also occurs between surfaces that are very 
smooth, as they are likely to ‘weld’ together at the point of contact. 
Surfaces that are rough are likely to bounce on each other, further 
complicating the mechanism.  

Although the details of friction are quite complex at the micro-
scopic level, simple laws for dry friction can be formulated. Hah-
ner and Spencer (1998) present, in a historical manner, the laws 
of friction at both macroscopic and microscopic levels. At the 
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macroscopic level, Hahner and Spencer present the laws of fric-
tion as they were formulated by Guillaume Amontons and Charles 
Augustin de Coulomb in the 17th and 18th century, as follows: 

1. The force of friction is directly proportional to the applied load. 
2. The force of friction is independent of the apparent area of 

contact. 
3. Dynamic friction is independent of the sliding velocity. 
 

Nowadays, discrepancies from the second law of friction have 
been observed, as suggested by Hahner and Spencer (1998), so a 
microscopic level has to be taken into consideration. This model 
implies that the friction force is proportional to the actual contact 
area (the sum of all contact points from by microscopic irregular-
ities of the surfaces). 

4.2. Research on teaching and learning friction  
One first experiences friction as a child, and as a student formally 
begins to learn about frictional forces in primary school. Thus, 
friction is a familiar notion in students’ life, although there are 
many students who do not have a clear understanding of the sci-
entific concept of friction (Besson, Borghi, De Ambrosis, & 
Mascheretti, 2007; Cheong, Ha, Byun, & Lee, 2019; Sharma & 
Sharma, 2007). For example, many students think that friction 
only results in damping motion, for example not realizing that 
friction between the tires and the asphalt is required to set a car in 
motion on a horizontal road. Frictional force is often assumed to 
act only on the upper solid in a system and not on the lower one. 
It is also assumed that the direction of frictional force is opposite 
to the direction of the “actual” motion and not of the relative mo-
tion between the two objects in contact (Besson et al., 2007).  

Carvalho and Sousa (2005) argue that frictional force is a difficult 
concept even for physics teachers and senior students, which can 
result in many students having difficulties understanding other 
physical phenomena in which friction is involved. They have iden-
tified similar misconceptions regarding frictional force as the ones 
listed above from Besson et al. (Besson et al., 2007). 
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Despite the fact that the study of friction has developed enor-
mously since the 18th century, most school textbooks still present 
friction according to Amontons’ and Coulomb’s laws, and only 
briefly mention the effect of the roughness of surfaces (Besson et 
al., 2007). The standard example presented in textbooks is of the 
sliding friction between two solid objects, often represented by a 
rectangle moving on a horizontal surface or a book being pushed 
on a table.  

According to Besson et al. (2007) these kinds of representations 
hinder students from imagining underlying microscopic aspects 
of the phenomena. The role of microscopic factors in the study of 
friction was also recognized by Cheong et al. (2019). They argued 
that a “[m]icroscopic modelling of friction can provide a causal 
mechanism for students” (Cheong et al., 2019, p. 11).  

Taking into consideration students’ preference for causal explana-
tions, Besson and Viennot (2004) designed a sequence for teach-
ing solid friction based on structural explicative models—models 
that consider some aspects of the structure and interactions of as-
perities of surfaces. The teaching sequence involves demonstra-
tions of several phenomena where friction is involved and several 
physical experiments to be performed by the students. The newer 
versions of the teaching sequence involve a mesoscopic model of 
friction—a model that considers the structure and interactions of 
surface asperities (Besson et al., 2007; Besson, Borghi, De 
Ambrosis, & Mascheretti, 2010). The sequence was used by stu-
dent teachers and by upper secondary school students, and the re-
sults students’ reasoning concerning friction and its relations to 
other quantities as more refined and nuanced. The results also 
showed that both the macroscopic (loading) and microscopic (sur-
face topographies) descriptions of friction appear to support stu-
dents’ articulation of detailed, yet incomplete qualitative explana-
tions of the physical situations at hand. A mesoscopic description 
was included because the macroscopic description proved to be 
unsatisfying for the students’ who wanted to understand the 
mechanism of friction. Furthermore, the macroscopic description 
seemed to lead students to choose wrong direction for the fric-



 

59 

 

tional force. Alternatively, the microscopic description is often dif-
ficult to master because it is very complicated. The mesoscopic 
model proposed by Besson et al. (2004) depicts surfaces full of 
rigid asperities with saw-tooth profiles. Although the model is still 
rudimentary and limited, it was found to be a beneficial way to 
teach friction. Analyses of tape-recorded discussions between 
third-year university students, along with the results of controlled 
experiments with written questionnaires, shows that the 
mesoscopic model can encourage more sophisticated reasoning 
around the physical situations involving friction and can encour-
age students to make better predictions of the results of physical 
processes involving friction. However, students struggled to ex-
plain energy dissipation with the mesoscopic model. For such sit-
uations, where energy dissipation via friction is involved, the 
mesoscopic model proposed by Besson and Viennot (2004) must 
be replaced by a more detailed one.  

The scale of representations of friction is worth elaborating on fur-
ther in the context of this licentiate thesis because each scale has 
its own explanatory power (Besson & Viennot, 2004). As ex-
plained above, these levels of representations are: the macro-
scopic level, the mesoscopic level, and the microscopic level. 

To reiterate, the macroscopic level is the level that students can 
experience directly through observations in the laboratory and 
everyday life (Figure 17).  
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Figure 17. A macroscopic representation of a driver whose car has bro-
ken down is pushing it, with the forces labelled (horizontal compo-
nents) retrieved with kind permission from the authors from Besson 
and Viennot  ( 2004, p. 1086) 
The mesoscopic level involves surface asperities and, as such, is 
the level where the interactions between surfaces’ protuberances 
are first made visible (Figure 18). 

 
Figure 18. A mesoscopic representation for contact interactions be-
tween a shoe and the ground for a walker who accelerates (a) or slows 
down (b) retrieved with kind permission from the authors from Besson 
and Viennot  ( 2004, p. 1086) 
The microscopic level of friction shows the entities that compose 
a macroscopic object (i.e., atoms, ions, or molecules) and de-
scribes the interactions between them (i.e., chemical bonds) (Fig-
ure 19).  
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Figure 19. A microscopic representation of friction in the form of a 
PhET simulation of friction, showing the molecules of the objects mov-
ing relative to each other (freely available at https://phet.colo-
rado.edu/en/simulation/legacy/friction). 
According to Besson and Viennot (2004, p. 1084), students often 
work with representations at the macroscopic level, and with ex-
planations such as: “things have to be that way [for such and such 
law to be respected]” (p. 1084). Macroscopic representations and 
explanations are often insufficient for learning of physics, espe-
cially when a naïve understandings stand in the way. Because mi-
croscopic observation of surface topography is not easily accessed 
through direct observation, Trundle and Bell (2010) recom-
mended representations using computer simulations. 

Digital representations of friction at the microscopic level were 
used in a study conducted by López and Pintó (2017). A PhET sim-
ulation was used that displayed the temperature increase due to 
friction between two books (Figure 19). The enlarged image in the 
middle of the simulation shows some of the molecules/atoms of 
the bottom book (displayed in the upper left corner) get stuck on 
some of the molecules/atoms of the top book. The authors ana-
lysed how secondary-school students (14-16-year-old) read the 
provided visual representations. The results revealed that the stu-
dents encountered several types of reading difficulties and that 
microscopic representations can prove to be too complicated and 
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difficult to master. For example, one of the students interpreted 
the green area of the image in the middle as a display of physical 
phenomena, and the yellow area as a representation of chemical 
phenomena. The student linked the colours of the image with the 
titles of the books displayed in the left upper corner. Other reading 
difficulties were also identified by López and Pintó (2017). In fact, 
all the students in this study experienced at least one type of diffi-
culty caused by an overload of information, ambiguous infor-
mation, and also unnecessary, decorative elements and visual in-
accuracies. However, López and Pintó maintain that representa-
tions of microscopic friction have the potential to help students 
learn about friction, but point out that teachers need to provide 
representations without decorative elements and/or need to guide 
students so they can avoid difficulties reading (such as the one 
presented above).  
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5. METHODOLOGICAL FRAMEWORK 
Having positioned this licentiate thesis in relation to students’ 
representational competence and with respect to the use of edu-
cational technology within the fields of educational research and 
physics education research, I will now provide an overview of the 
methodological position adopted across Study I and II. As men-
tioned in Chapter 1, my licentiate project consists of two studies 
carried out in collaboration with my supervisor Jesper Haglund. 
In addition to the analyses from Article I and II, I have selected 
examples of data collected from the two studies and reanalysed 
them to provide a new layer of interpretation regarding the role of 
visual representations in supporting upper-secondary physics 
education and students’ representational competence. 

In general, the objectives of research include to explore, to de-
scribe, and/or to explain the real world in order to demonstrate 
how certain mechanisms produce certain events. It is often de-
sired to generalise the results of a research project, but in situa-
tions where little research has been done, smaller, exploratory 
studies are often more suitable (Robson & McCartan, 2016).  

The studies presented in this thesis are based on small sam-
ples/cases and different methods have been used for data collec-
tion as well as analysis (summarised in Table 2). The characteris-
tics of each study are described in more detail in the following sec-
tions. 

Overall, this project follows the principles of flexible design re-
search (Robson & McCartan, 2016) and focuses on gathering and 
analysing qualitative data. Flexible design research is a type of 
project in which researchers do not have a predetermined theory. 
This type of research starts from a problem that the researcher 
tries to understand, and the methodology is updated throughout 
the project depending on the preliminary results (Robson & 
McCartan, 2016).  

 

 

 



 

64 

 

Table 2. Methodological characteristics of the two articles included in 
the thesis. 

Characteristics Article I Article II 

Context Physics education, 
upper secondary 
school 

 

Physics education, 
Swedish upper sec-
ondary school 

Paradigm Qualitative 

 

Qualitative 

Design strategy Flexible design/     

Systematic review 

Flexible design in a 
naturalistic teach-
ing setting 

 

Analytical approach 

 

Thematic analysis 

 

Multimodality  

 

In what follows, I will explain what I mean by flexible design and 
why I chose it. I will also discuss my choices of participants, edu-
cational software, and methods of data collection/analysis. Issues 
related to the trustworthiness and ethical concerns related to my 
research are discussed at the end of this chapter. 

5.1. Qualitative research 
Erickson (2012) distinguishes two main purposes of conducting 
qualitative research. The first purpose is to document in detail the 
ways in which everyday events take place. The second purpose is 
to determine what these everyday events mean for the people who 
attend them. Detailed analyses of how and why something hap-
pens can make important contributions in the context of educa-
tional settings. By being particularly receptive to the nuances of 
social activities and meanings, qualitative studies can provide 
deep and diverse knowledge about the teaching and learning of 
science (Erickson, 2012).  
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Hatch (2002) provides several examples of how other researchers 
have defined and used qualitative methods. He synthetizes this re-
search in a list of qualitative research characteristics as follows:  

• Natural settings—meaning that the object of qualitative 
studies is “the lived experiences of real people in real set-
tings” (Hatch, 2002, p. 6); natural settings are what Lincoln 
and Guba (1985) refer to as naturalistic or authentic set-
tings; 

• Participant perspective—meaning that qualitative research 
investigates the perspectives that “individuals use as the ba-
sis for their actions” (Hatch, 2002, p. 7); 

• Researcher as data gathering instrument – as opposed to a 
quantitative tradition where the researcher is assumed to be 
more distant and neutral; 

• Extended first-hand engagement—meaning that elements 
of design such as the research questions and the methods 
might change during the research process; extended first-
hand engagement is what Robson and McCartan (2016) 
refer to as flexible design; 

• Inductive data analysis— meaning that findings emerge 
from specific observation; and 

• Reflexivity— that is, “to keep track of one’s influence on set-
ting, to bracket one’s biases and to monitor one’s emotional 
responses” (Hatch, 2002, p. 10). 

As Hatch (2002) specifies, the characteristics in the above list are 
not meant to be criteria by which all qualitative research is evalu-
ated, but rather a springboard for understanding qualitative work. 
Several of these characteristics are more or less relevant for my 
research and will be discussed in the following sections. For ex-
ample, the characteristic of flexible design (Robson & McCartan, 
2016)—i.e., “extended first-hand engagement” in Hatch’s (2002) 
words—applies across my work in general and to Study I and II in 
particular.  
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5.2. A flexible research design involving system-
atic literature review and naturalistic inquiry 

As Robson and McCartan describe it, flexible research design 
characterises a project that “starts with a single idea or problem 
that the researcher seeks to understand, not a causal relationship 
of variables or a comparison of groups. Relationships might evolve 
or comparisons might be made, but these emerge later in the 
study” (Robson & McCartan, 2016, p. 147). By contrast, in fixed 
research designs researchers have a clear idea of the results they 
will likely obtain and how the results will be analysed prior to col-
lecting the data. 

 My project was initiated by a desire to understand how GeoGebra, 
a software designed for mathematics education, could be used to 
support the teaching and learning of physics. A cursory search 
through the literature available at that time (in 2017) did not pro-
vide explicit mention of the potential theoretical mechanisms in-
volved when GeoGebra is used to support the teaching and learn-
ing of physics. Hence, with minimal previous theory work to rely 
on, I concluded that a flexible design would be the most adequate 
strategy to accommodate unforeseen data and theories that I 
could come across in the research process. 

 Study I is a systematic literature review (Petticrew & Roberts, 
2006)—an approach often associated with fixed design research 
(Robson & McCartan, 2016)—but the parameters of this study 
were flexibly altered during the review process. Specifically, when 
the result of the search in the first chosen databases did not con-
tain some of the papers I had previously come across, I decided to 
run the search through Google Scholar—even though Google 
Scholar does not enable the inclusion of criteria other than time 
limit and keyword combinations. In this sense then, the system-
atic literature review done in Study I can be seen as flexible. A de-
tailed discussion of my data collection/selection, analysis, and 
presentation of results for Study I will follow in Section 5.3. how-
ever, for now it is relevant to note that the literature review of 
Study I revealed that the majority of published texts on the use of 
GeoGebra in physics education merely describe the tool and how 
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it can be used in teaching. That is, little research has been done on 
how GeoGebra is observably used in classrooms, revealing a re-
search gap and opportunity for Study II.  

Study II examined students’ use of GeoGebra in naturalistic or au-
thentic teaching settings (Hatch, 2002; Lincoln & Guba, 1985). 
Naturalistic inquiry as an approach to research has several char-
acteristics that are coherent with flexible design, such as the use 
of qualitative methods of inquiry, the use of human beings as re-
search instruments, and the aim towards variation. However, the 
main reason for choosing this type of inquiry was a pursuit of au-
thenticity. The examined events in Study II took place during 
school time as a school assignment for two groups of upper sec-
ondary school students. Although Study II comprised a short in-
tervention with a few students, rather than a prolonged examina-
tion of students’ lives as is typical of ethnographic studies, it none-
theless provided us with authentic data that could be analysed to 
better understand students’ experiences when working in a Geo-
Gebra-based learning environment. 

 Due to the differences between the two studies in terms of data 
collection and analysis, the rest of the quality criteria for the prac-
tice of flexible research proposed by Robson and McCartan (2016) 
are discussed separately in the following two sections. 

5.3. Methods used in Study I 
The aim of Article I was to present a review of the current 
literature on how GeoGebra can be used to support physics 
education in upper-secondary school. Written with the intent to 
help teachers who would like to start using GeoGebra and/or to 
inform the use of the GeoGebra in physics education, the article 
contains a broad range of examples of ways in which education 
researchers and teachers have used the software to visualize 
physics concepts and phenomena. 

The methodological approach taken in Study I was based on the 
guidelines for conducting systematic reviews developed by 
Petticrew and Roberts (2006). In this section, I will start by 
describing the rationale for the review in the context of existing 
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knowledge and provide an explicit statement of the objective that 
the review addresses.  

To facilitate a complete and transparent presentation of conduct-
ing systematic reviews, several practical handbooks and guides 
have been written. The perhaps most well-known systematic liter-
ature review handbooks come from the Cochrane Collaboration 
(https://www.cochrane.org/) and the Preferred Reporting Items 
for Systematic Reviews and Meta-Analyses (PRISMA) 
(http://www.prisma-statement.org/), which contain sets of rules 
for producing systematic reviews in healthcare. For Study I, some 
methodological details such as a review checklist were directly in-
spired by the PRISMA guide (Page et al., 2021). 

5.3.1. Eligibility criteria  

According to Petticrew and Roberts (2006), the criteria for includ-
ing or excluding a study from a systematic literature review are 
guided not only by the research question and the theoretical con-
siderations, but also by the researchers’ abilities. Petticrew and 
Roberts recommend that “the inclusion/exclusion criteria should 
describe clearly which study designs, populations, interventions, 
and outcomes are included and excluded in the review” (Petticrew 
& Roberts, 2006, p. 75).  

The inclusion/exclusion criteria used in Article I (Table 3) are de-
rived from the aim of the study: namely, to provide a review of the 
current literature on how GeoGebra can be used to support 
physics education in upper-secondary school. A large variety of 
studies, including qualitative and quantitative research, as well as 
studies of classroom learning, online learning, and blended 
learning were included in the review. Since the curriculum for 
physics education might differ from country to country, it was also 
decided that studies concerning the training of physics teachers 
were to be included in the review.  
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Table 3. Inclusion and exclusion criteria of the literature review pro-
cess retrieved from Article I 

Inclusion criteria Exclusion criteria 

• Physics content appropriate for 
upper secondary school 

• Qualitative, quantitative and mixed 
studies of students’ use of 
GeoGebra 

• Experience from GeoGebra-based 
educational material in classroom 
learning, online learning or mixed  
learning 

• Experience from GeoGebra-based 
educational material in training of 
physics teachers 

• English language 
• Scientific articles or conference 

proceedings 
• * Papers from 2011 to 2021 

• Papers on GeoGebra not 
related to physics education  

• Theoretical and 
philosophical publications, 
that do not consider the use 
of GeoGebra in physics 
courses 

• * Papers that do not provide 
information about where to 
find or how to re-create the 
used educational material 
 

I chose papers written in English, and to ensure a certain degree 
of academic rigor, I chose to include only scientific articles and 
conference proceedings. Since, Article I was intended as a guide 
for physics teachers, papers that did not provide information 
about where to find or how to re-create the used educational 
material were excluded from the review. 

5.3.2. Information sources, search strategy, and 
selection of papers 

As mentioned in Section 5.2, two literature searches were per-
formed for Study I on two separate occasions—one at the begin-
ning of the study and one toward the end. I conducted the first 
search at the beginning of 2020. The databases used were Educa-
tion Resources Information Centre (ERIC), Scopus, and Web of 
Science. When the combination of keywords “GeoGebra” 
AND “physics education” AND “upper secondary school” gave in-
sufficient results, I removed the last keyword and the outcome im-
proved to 17 articles. However, this initial corpus of articles was 
still far smaller than expected from my cursory engagement with 



 

70 

 

the topic. Thus, I opted to search Google Scholar with the same 
(first two) keywords and the result was a collection of around 500 
papers. At this stage, some of those papers were duplicates or writ-
ten in languages other than English.  

The second search was performed at the beginning of 2021. I again 
used ERIC, Scopus, Web of Science, and Google Scholar with “Ge-
oGebra” AND “physics education” as keywords. At this later date, 
the combined result increased to more than 600 papers that had 
to be sorted against the inclusion/exclusion criteria.  

After removing duplicates and papers written in languages other 
than English, I proceeded by reading all the abstracts and remov-
ing papers that concerned exclusively mathematics education. 
Then, I looked through all remaining papers to exclude the ones 
that involved physics topics that I deemed irrelevant for upper 
secondary school. If I was unsure about a topic being relevant or 
not, I chose to include it anyway. Of the 500 papers collected in 
early 2020, 33 papers remained after these screenings. From the 
search and selection performed in 2021, another paper (published 
in 2020) was included, bringing the total number of papers in-
cluded in the review to 34. 

5.3.3. Data analysis 

Already during the selection phase of Study I, some recurring 
characteristics of the selected papers became intuitively clear. 

1. The majority of papers were developmental papers. 
2. Most of those developmental papers concerned topics re-

lated to mechanics. 
3. The majority of the GeoGebra-based educational materials 

presented were computer simulations. 
4. Many papers provided instructions on how to use GeoGebra 

for performing mathematical procedures that are useful in 
physics, such as determining a line’s slope. 
 

To obtain a better picture of the entire collection of papers, I com-
pleted several cycles of reading and analysis of the selected arti-
cles. No specialised software was used for this process, but rather 
a pencil and paper. 
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The approach used for the analysis of data was thematic (coding) 
analysis, which is a generic approach to the analysis of qualitative 
data not tied to a particular theoretical perspective or to a partic-
ular level of interpretation (Robson & McCartan, 2016). In short, 
for thematic analyses, coding data involves identifying one or 
more chunks of data that illustrate the same idea, at which time 
the chunks are labelled with the name of that common idea 
(Gibbs, 2007). Thus, the data (all or part of them) are encoded and 
labelled. The codes with the same label are grouped together as a 
theme and the themes are used as a basis for further analysis and 
interpretation of the data (Robson & McCartan, 2016). 

In what follows, I recount the progression of my analysis via the 
phases of thematic analysis listed by Robson and McCartan 
(2016). 

1. Familiarizing yourself with the data—In this first phase, I 
read and re-read the papers, noting down initial ideas. 

2. Generating initial codes—This phase consisted of an induc-
tive interaction with the data. I identified and gave names 
to several chunks of data that illustrated the same idea. For 
example, the papers that offered step-by-step instructions 
on how to create the provided material in GeoGebra were 
coded as “with tutorials”, and papers that considered 
teachers’ or students’ perspectives were coded with “T”  and 
“S” respectively.  

3. Identifying themes—This thematic phase had been in the 
corner of my mind throughout during the previous two 
phases and, as such, I already had some candidates for 
themes. However, during the several cycles of reading and 
analysis some themes were revised or removed, while some 
new themes were added. 

4. Constructing thematic networks—During this phase, I 
looked for ways to link together the identified themes into 
groups that would be useful for physics teachers. 

5. Integration and interpretation—In this final phase, I ex-
plored, described, and summarized the identified themes. I 
then compared them to each other in order to interpret the 
patterns. 
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The themes identified in this study were the result of several cycles 
of reading and analysing the selected papers. The first reading cy-
cle involved an open reading of the articles with note taking. The 
first round of analysis was based on the topics in the inclusion cri-
teria: physics content, methodology (i.e., qualitative, quantitative, 
or mixed studies), and context of the study (i.e., classroom 
learning, online learning or mixed learning). In addition, I noted 
details about the educational material used—i.e., the type of 
educational material, the purpuse of using said material, and if 
instructions were available. The first inclusion criterion—the 
physics content—was a reoccurring theme in all the selected pa-
pers, while details about methodology and context of the studies 
were sometimes incomplete. Hence, I created a table where all pa-
pers are classified according to their physics content (see  Table  5 
in Section 6.1.1.). 

The following rounds of reading and analysis also involved open 
reading of the publications and explorative methods of analysis. 
Based on the emergent themes, all publications were classified as 
either empirical or developmental. By empirical research I meant 
to describe the studies that involved teaching and learning rather 
than analysis of the GeoGebra applications itself. Developmental 
publications included all papers in which research methods were 
not defined by the authors. In general, the developmental publi-
cations contained detailed descriptions of educational material 
specifically designed for teaching a specific physics content, yet 
provided little or no information about the outcome of the use of 
the material in educational settings.  

In addition, all papers were coded (1) for the presence or absence 
of step-by-step instructions, (2) for being teacher- or student-
oriented, and (3) for whether the educational material concerned 
a real-life phenomenon. Finally, all publications were also coded 
for whether or not they contained evaluation of the educational 
material used in the study.  

To identify themes, I searched for similarities and differences by 
making systematic comparisons across codes (Robson & 
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McCartan, 2016). In this way, I established that there were quali-
tatively different ways that the researchers used GeoGebra, result-
ing in three themes: 

(a) to design a computer simulation of a physical concept or 
phenomenon, 

(b) to augment real experiments with mathematical symbols of 
physical concepts, and 

(c) to involve students in the process of modelling a physical 
concept or phenomenon. 
 

To construct a thematic network, I started from Rios and 
Madhavan’s (2000) classification of educational technologies dis-
cussed and exemplified in Section 3.2. Rios and Madhavan’s 
(2000) divide technologies into the categories of computer inter-
facing, modelling, simulations, and research/reference/presenta-
tion. As GeoGebra can be used both for construction of mathemat-
ical models and for utilisation of simulations other people have 
created (Solvang & Haglund, 2018), I could sort the papers from 
each of my three themes according to whether the researchers de-
signed simulations or other computer representations to be used 
by students in physics classes—theme (a) and (b)—or whether the 
researchers studied how GeoGebra was used by students for mod-
elling physical concepts or phenomena—theme (c). 

5.4. Methods used in Study II 
The aim of Study II was to explore students’ use and interpretation 
of a provided representation—namely, a GeoGebra simulation of 
friction—as well as to examine students’ generation of their own 
representations with a particular focus on their gestures and en-
actment of the phenomenon. The research questions addressed in 
Article II were: 

1. How do pairs of students use and explore a provided repre-
sentation to make sense of microscopic aspects of friction? 

2. What triggers pairs of students to come up with their own 
representations when making sense of a computer simula-
tion of friction? 
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In what follows, I present our approach to designing the teacher 
intervention—which students participated in—and review how the 
data in Study II were collected and analysed. 

5.4.1. Design of teaching intervention 

In Study II, students were instructed to interact with a pre-con-
structed GeoGebra simulation of friction. They were also provided 
with a set of written instructions. The chosen simulation is freely 
available at https://www.geogebra.org/m/F6GAjhpw(Figure 20). 
It is a dynamic representation of a hand pulling a block over a sur-
face. The hand is holding a dynamometer and the value of the pull-
ing force is displayed simultaneously with a force-time diagram 
(Figure 20).  

Although the resulting force-time graph is similar to graphs of 
static and dynamic friction provided in typical textbooks, the Ge-
oGebra representation is different in many respects. This repre-
sentation of friction requires the users to interact with it. By mov-
ing the sliders in the upper right corner of the simulation (Figure 
20), users can choose the materials the block and the surface are 
made of as well as the value of the blocks’ mass or surface area of 
the base. 

 
Figure 20. GeoGebra simulation of friction used in the study, freely 
available at www.geogebra.org/m/F6GAjhpw 
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Users can also zoom in on or out of the graph, they can pause the 
simulation, and they can clear the graph to run the simulation 
again. In addition, the resulting graph displays small inconsisten-
cies in the ‘measurement data’, as opposed to the idealized linear 
relationships often provided in textbooks. This provided repre-
sentation stimulated students to exercise their metarepresenta-
tional skills (diSessa, 2004), competencies related to learning 
about a new representation quickly, with minimal instruction, 
while learning about friction with the new representation. Repre-
sentations such as this one often prompt student to develop their 
own representations to make sense of the provided one.  

However, both Milner-Bolotin (2016) and López and Pintó (2017) 
argue that a good interpretation of a simulation is hardly possible 
without previous knowledge and external support. Therefore, sci-
ence teachers should provide guidance in class to students when 
they use simulations and other educational technology based on 
visual communication. With this in mind, we developed a set of 
instructions for the students to use together with the GeoGebra 
simulation. 

The set of instructions—the so called, Classroom Activity Instruc-
tions—was designed according to the Variation Theory of Learn-
ing (Marton & Booth, 1997) and to the Predict – Observe – Ex-
plore (POE) teaching strategy (White & Gunstone, 1992). The Var-
iation Theory of Learning assumes that learning takes place when 
a student becomes capable of discerning and separating aspects of 
a phenomenon that the learner had not been able to discern and 
separate previously. This involves being simultaneously and fo-
cally aware of aspects that the learner had not been able to be sim-
ultaneously and focally aware of previously (Marton & Booth, 
1997, p. 145). This type of learning can be made more likely when 
students are allowed to see critical features of an object of learning 
through variation (Ingerman, Linder, & Marshall, 2009). POE 
strategy promts students to explore, justify and eventually revise 
their own ideas, and enable our analysis of the range of students’ 
ideas. Hence, in our Classroom Activity Instructions, the students 
were told to change one parameter at a time, to predict what would 
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happen on the graph, to run the simulation, and at the end, to dis-
cuss the differences between their predicted graph and the one 
displayed by the GeoGebra simulation. After the students followed 
this procedure with different materials, different masses, and with 
different values of the base area, they were instructed to summa-
rize their conclusions and add new observations or explanations if 
they had any. The full version of classroom instructions is availa-
ble electronically as supplementary material to Article II as well as 
in Appendix A of this thesis. 

By working with this GeoGebra simulation, it was possible for stu-
dents to observe and explain: 

(a) that the weight and the material, but not the bottom area, 
influenced the frictional force;  

(b) the presence of a “shark tooth” in the graph (i.e., the sharp 
decrease of force when the block began to move after about 5 
s, due to the lower dynamic friction compared to the static 
friction), and;  

(c) the irregular ‘ripples’ in the graph. 

5.4.2. Participants 

In looking for students to take part in the Study II, I found out that 
one of the classes of the Natural Science Program in the upper sec-
ondary school where I work needed a substitute teacher for a 
physics class. I got permission from the regular teacher and the 
school principal to invite the students from that physics class to 
take part in our study. 19 students agreed and gave informed con-
sent to take part in our study. Six of them consented to the video 
recording of their participation. They were also informed how 
their rights to privacy and confidentiality would be honoured, as 
detailed in Section 5.6. The 19 students were divided into two sec-
tions, which were the same as the sections of the students’ regular 
laboratory classes. I acted as a teacher and researcher for both sec-
tions, while for the first section, my supervisor, Jesper Haglund, 
was also present. Within both sections, the students collaborated 
in small groups of two or three. A video camera was placed behind 
each group to record students’ voices, their gestures, and their 
computer screen.  
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It is possible that having a researcher acting as a teacher influ-
enced the students’ actions. To minimize the impact on students’ 
responses while I was behaving as a researcher, I used a strategy 
called habituation (Robson & McCartan, 2016). According to 
Robson and McCartan (2016), there are two main strategies that 
can be used to minimize the effect of the observed persons know-
ing they are observed. One way is having minimal interaction with 
the persons through strategies such as avoiding eye contact and 
not being ‘in the way’. This kind of strategy would have been in 
conflict with the naturalistic or authentic teaching settings 
(Hatch, 2002; Lincoln & Guba, 1985), since an authentic teacher 
would, for example not avoid eye contact. Habituation means that 
the researcher is present so often in the setting that his/her pres-
ence eventually becomes unobservable. I pursued habituation 
with the students for Study II by being present during some of 
their physics classes. 

5.4.3. Data collection and data analysis 

In a pilot study, the Classroom Activity Instructions, the position 
of the video camera, the lighting setup, and the sound recording 
were tested on a pair of students. The pilot study led to minor re-
vision to the set of instructions and a relocation to a room where 
the surrounding noises did not reach. 

Most of the students participating in Study II worked in pairs, with 
only one group comprising three students. Each group used one 
computer and one set of Classroom Activity Instructions. We col-
lected the written work from all the groups, though the only thing 
we analysed from this written work was students’ unprompted 
representations in the form of drawings of the phenomena. 

 Robson and McCartan (2016) consider that ‘good’ flexible design 
research implies that the researcher is a good listener who can 
note exact details such as words said and affective components of 
the interaction between participants. One way of achieving the 
good listener quality is by video-recording the events (Barron, 
2003; Derry et al., 2010; Robson & McCartan, 2016). Video cam-
eras have been compared to “powerful microscopes” (Derry et al., 
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2010, p. 6), due to their efficiency to deliver a great amount of in-
teractional details such as voice inflections, gestures, gaze, laugh-
ter, and silence. In addition, “(v)ideo records of interactions make 
possible the incorporation of multiple kinds of data into the anal-
yses” (Barron, 2003, p. 331). This enables using multiple levels of 
abstraction in data analysis, which is itself a quality of a ‘good’ 
flexible design (Robson & McCartan, 2016). Due to the fact that 
the outcome of Study II was difficult to predict, gathering video 
data allowed for many different approaches to our eventual anal-
ysis.  

The accessibility and high quality of video-recording technologies 
have opened up new frontiers of doing research. The usefulness of 
video technologies is recognized by several researchers (Barron, 
2003; Derry et al., 2010; Mondada, 2006). However, scholars also 
warn that the tremendous complexity of interactions collected us-
ing video technologies (Barron, 2003) can hinder researchers’ 
ability to grasp what is going on (Robson & McCartan, 2016). Re-
searchers promote thoughtful attention to how data is selected 
and then analysed (Aarsand & Forsberg, 2010; Derry et al., 2010; 
Mondada, 2006; Tanner & Roos, 2017). For example, Mondada 
(2006) highlights the importance of paying critical attention to 
the practical values and theories which inform the production, ed-
iting and viewing of video records.  

Similar to Hatch (2002), both Mondada (2006) and Aarsand and 
Forsberg (2010) promote a reflexive approach to research. 
Aarsand and Forsberg (2010) suggest that the researchers have to 
be aware of their influence on what is scientifically produced, and 
that they have to critically discuss which data are selected for the 
production of knowledge. Data selection happens during the en-
tire research process, and Aarsand and Forsberg (2010) argue that 
paying critical attention to both the practical values and to the 
theories behind the research should be part of the research work 
“throughout the entire knowledge production process” (Aarsand 
& Forsberg, 2010, p. 251). 

In Study II, an important first stage of the production process was 
the selection of methods for video data collection. This kind of se-
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lection is often correlated with practical and technical skills (loca-
tion of cameras and microphones, decisions about when to start 
and stop recording, when to change location of the cameras or 
when to zoom in or out, etc.), as well as ethical issues (Derry et al., 
2010). The cameras were mounted to enable the researchers to 
walk freely among the students and to focus on students’ work 
without having to pay attention to whether or not a camera was 
pointing in the right direction. The cameras were positioned in 
such a way that the computer screens and the students’ voices and 
gestures could be recorded. The choice to not film from the front 
of the students was an attempt to keep them anonymous. How-
ever, when we watched the recordings afterwards, we noticed that 
some of the students moved from their location and their gestures 
were not entirely caught on film. On a few occasions, some of the 
students moved so fast that the quality of the picture became very 
poor. Despite these obstacles during the data collection, however, 
a satisfactory amount of data of students’ gestures, enactment, 
and spoken language was collected. Two of the video recordings, 
were chosen for further analysis, both of which had reasonably 
good sound quality and contained instances where the students 
engaged in microscopic explanations of the friction phenomenon 
(since, as noted in Chapter 4, this is a physics concept that is usu-
ally challenging for students). 

The entirety of the two video recordings were first transcribed ver-
batim from Swedish to English by me with some help from my su-
pervisor. This first version of the transcripts was conceived as a 
‘screenplay’ manuscript and was meant to be a working document 
rather than a final product to be included in any publication. I 
viewed the recordings several times, monitoring how the partici-
pants were working with the provided GeoGebra simulation as 
well as what observations and representations they made when 
engaged in explanations. Some episodes within two videos were 
noted for closer analysis at a later time, including instances when 
the students drew conclusions about friction from the systematic 
change of variable values and instances when students explained 
the phenomenon at a microscopic level. As I transcribed, I also 
paid attention to which features of the simulation triggered and 
enabled the students to explain aspects of the friction phenomena, 
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and I focused on how and what kind of representations of friction 
the students generated when trying to explain friction to each 
other. In other words, my analysis involved focussing on how nat-
urally-occurring interactions (Hatch, 2002; Lincoln & Guba, 
1985) were organised during the instances when students engaged 
in microscopic explanations of friction. 

A first round of analysis was performed on the transcripts in order 
to create a descriptive overview of the students’ work and to iden-
tify events connected to microscopic features of friction. For the 
second round of analysis, we ‘zoomed in’ on the events where stu-
dents observed or explained microscopic features of friction. 
Throughout this second round of analysis, relying on the assump-
tion that students use their bodies as a tool for dealing with inter-
pretational problems, we interpreted students’ specific bodily 
practices (e.g., gestures, enactment) to analyse their sensemaking 
processes. 

From the two video recordings, we singled out five excerpts that 
consisted of sufficiently interesting events. We aimed to build a 
story about how students explore the concept of friction with the 
GeoGebra representation. The selected excerpts show examples of 
students systematically changing the variables using GeoGebra 
and explaining friction on the microscopic level, giving us the op-
portunity to study how GeoGebra can be used to support physics 
education in upper secondary school. The choice was based on 
Derry et al’s (2010, p. 12) guide to selection and analysis: 

In selecting video chunks to tell a story or a piece of a story or to 
show what an instance of a given event phenomenon looks and 
sounds like, the researcher may look across a vast array of video rec-
ords to find the most representative instance or instances – perhaps 
the most salient video chunks that best illustrate and represent one 
day or month of data collection. (p. 12) 

These particular video exceprts, both in richness and complexity, 
presented many important details about the students’ interactions 
with each other and with the GeoGebra software in the context of 
friction phenomena. 
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5.4.4. Multimodality - the approach used for the 
analysis and presentation of data 

After a short time engaging with the data, I noticed that my origi-
nal ‘screenplay’ transcripts were not ideal for my analysis process. 
Every time I needed information about students’ interaction, I had 
to go back to watch the video recording. Meredith (2016) suggests 
that the transcription process involves making several decisions 
depending on the methodological and theoretical approach. She 
proposes a number of transcription principles deriving from pre-
vious literature. Transcripts (a) should reflect the analytic method 
and research question; (b) should not be too detailed and hence 
difficult to follow: (c) must include enough information so that 
they can be useful for current, and potentially future, research: (d) 
should be readable by other researchers with similar research in-
terests, by using similar layouts and symbols. Starting from Mer-
edith’s (2016) suggestion, I decided to change the format of the 
transcripts for the five chosen excerpts. 

To make the transcripts reflect the analytic method and research 
question of the first study, elements of multimodality (Mondada, 
2018) were adopted for the depiction and analysis of students’ in-
teractions in the five chosen excerpts. The elements of multimo-
dality I adopted (e.g., multimodal transcription and multimodal 
analysis) derive from the principles of conversation analysis (C. 
Goodwin & Heritage, 1990; Mondada, 2018). One of the features 
of conversation analysis that influences multimodal analysis is the 
importance given to the temporality and sequentially of interac-
tion between coparticipants as they orient to each other’s ac-
tions—constructing together, moment by moment, a meaningful 
activity. According to Mondada (2018), the main interest of con-
versation analysis is the action, sequences, and turn-taking for 
which spoken language is an important resource, but not neces-
sarily the essential one. Conversation analysis transcripts include 
details of what is said and of how a turn is delivered (e.g., the pitch, 
volume, speed, or prosody of a turn). Multimodality includes ad-
ditional resources that are mobilised by coparticipants such as 
gesture, gaze, body posture, movements, manipulations of arte-
facts, etc. (Mondada, 2018). In order to systematically exploit 
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multimodal data, researchers have developed conventions for 
transcribing multimodality, such as the Jefferson’ (2004) tran-
scripts conventions. These conventions allow the annotation of 
the precise temporality of gestures, looks, movements and many 
other aspects of the social interaction. 

Hence, for the transcript of the events chosen in the first article, I 
added written details about some of the resources mobilised by 
the students—specifically, I included descriptions of the students’ 
gestures and enactment as well as descriptions of the students’ in-
teraction with the interface. Also, GeoGebra was used to insert 
mathematical objects into screenshots depicting the students’ ges-
tures and enactment. I used GeoGebra for this purpose because it 
was the only software, I knew how to use to generate the desired 
graphics. For example, in Figure 21 (a), I inserted two vectors with 
opposite direction to shows that the hand was moving horizontally 
back and forth. To Figure 21 (b), I inserted a trigonometric graph 
to show that the hand was moving up and down.  

           
(a)                                                       (b)                            

Figure 21. Screenshots depicting gestures and enactment performed 
by (a) Anna in the left image, and by (b) Bella in the right image, both 
with the addition of GeoGebra-generated mathematical graphics. 
With the addition of multimodal transcription elements, the new 
format of the transcripts became better adapted to the analytic 
method and research questions. The transcripts contain infor-
mation about some of the action taken by the students, such as the 
interaction with the interface and their gestures, but do not illus-
trate time intervals between turns, gaze, emotions or other details 
which were not deemed relevant for my analysis. The following 
example (shown in Table 4) depicts a group of students noticing 
for the first time that the graph was uneven, i.e., a microscopic 
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observation. The group is composed of Anna, sitting on the left 
side, and Bella sitting on the right side. 

Table 4. Translated transcript – 2nd version 

Dialogues Actions Print-screen of the ac-
tion 

Anna: There was 
a little ripply. 

points at the 
graphs’ fall 

 
LS: Yes, good. 
You noticed 
something there. 

 

  

Bella: And more 
Newton is 
needed, more 
power. 

 

points at the dy-
namometer 

 
Bella reset-start  

Bella: It was rip-
ply here as well 

points at the 
screen 

 
LS: Mmm…   

Anna: Yes ... but, 
why does this oc-
cur? That's be-
cause it's ... plane 

shows it by mov-
ing her hand hor-
izontally 

 
Bella: It is be-
cause of different 
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materials, but I 
hardly think so. 

Bella:  

LS: But what 
about wood-on-
wood? 

Bella: It in-
creased con-
stantly.  

LS: Were there 
no ripples? 

Bella: Don't think 
so. 

stop-start 

 

 

reset/switch to 
wood-on-wood 
/start 

Anna: Well… 
maybe some, yes, 
because you see 
that it does like 

shows that the 
graph goes a bit 
up and down 

 
Bella: Yeah ... 
there were some 
ripples… 

Anna: But there 
will be more and 
more ripples be-
cause it will be 
like this 

 

shows again that 
the graph goes a 
bit up and down 

 

In the example above, Anna and Bella noticed for the first time 
that the graph was uneven. They recognized that friction is influ-
enced by the material roughness, even if they did not yet use the 
correct term. The students tried to explain what they observed, but 
their explanations were still at the macroscopic level. Although the 
students’ explanations remained for the time being at the macro-
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scopic level, Anna and Bella observed details of the provided rep-
resentation of friction which later, caused them to reflect on the 
microscopic aspects of friction (as shown in Article II). 

Although neither this version of the transcripts includes Jefferson’ 
(2004) transcripts or any other notations used in multimodal 
analysis, it still has the benefits of showing some of the linguistic 
resources (grammar and lexicon), and some of the bodily re-
sources (gesture, movements, manipulation of artefacts), but it 
doesn’t show prosody, gaze or postures. The transcript could help 
turn-by-turn analysis of talk, but it did not enable the analysis of 
simultaneous or intertwined bodily action and talk did not include 
enough information so that it can be useful for current research 
(Meredith, 2016). 

After attending a seminar on video analysis, where one of the par-
ticipants showed how and why he used a form of graphic tran-
script called graphic vignettes (Laurier, 2019) for depiction of peo-
ple’s dialog and interactions, I understood that this kind of tran-
script format could also be useful for Article II. Graphic tran-
scripts are generally adaptation of the comic strip, combining im-
ages, speech bubbles, and captions into sequences of panels to 
convey a story. The superposition of the equally-important visual 
and verbal elements enables multiple levels of abstraction in data 
analysis (Wartenberg, 2012). The graphic vignette is usually a step 
further in the analytic process of creating transcripts (Laurier, 
2019). In the graphic vignette, Jefferson transcripts (Jefferson, 
2004) are adapted to reflect the analytical approach and the re-
search questions. For example, the double-bracketed caption in 
Jefferson transcripts is replaced by an image caption containing a 
textual narrative placed below or above the image (see the exam-
ple of one of my graphic vignettes in Figure 22). In addition, an 
image can be cropped, enlarged, reduced, or in other ways altered 
to shift the reader’s focus towards what is deemed important by 
the researcher.  

In Figure 22 the upper-right-side panel displays the scene when 
the student, Diana, used gestures instead of words to express that 
the graph is less “ripply” on a flat surface like ice. The larger pic-
ture shows that the position of Diana’s hand made it possible for 
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the other student, Mark, to see what she was communicating. The 
original picture also shows many other details that were not im-
portant for the story, so I cropped out the part of the picture that 
shows Diana’s hand, enlarging that part to constrain the reader’s 
attention to focus on Diana’s gestural representation. The use of 
the arrows has the same significance as in the previous transcript 
(Figure 21). That is, to show that the hand was moving horizon-
tally.  

 
Figure 22. An example of the graphic vignettes used in Study II. Diana, 
sitting on the right side, represents the topography of materials (re-
trieved from Article II). 
Another important feature of this vignette is the size and the 
amount of details in the lower four panels. All four panels have the 
same size to show that they are equally important. They include 
just enough information so that it can be useful for the reader and 
the researcher (Meredith, 2016) to understand the event where 
Diana used both hands to represent a rougher surface. She 
clenched her hands to represent how the protuberances of a rough 
material can get stuck on each other. Through the enactment of 
the motion of rough materials against each other, I argue that Di-
ana took an important step towards understanding friction at the 
microscopic level. The other panel of the vignette, the one in the 
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upper-left is intended as an introduction to the event showing the 
setting. 

The layout of the graphic vignettes used in Article II are inspired 
by Laurier (2019) and the text symbols are inspired by the stand-
ard notations of Jefferson (2004) and Mondada (2014) (see Ap-
pendix B of this thesis). By drawing upon comic strips layout, I 
shift the reader focus towards the students’ perspective, in partic-
ular towards student generated representations. By using cropped 
images, enlarged images, and mathematical objects intertwined 
with text, I shift the reader’s attention without having to move the 
position of the camera or to zoom in or out. Using graphic vi-
gnettes was a way to tackle multimodality in relation to the organ-
isation of turns and actions, and to better represent for myself and 
the reader how sensemaking works in an embodied way.  

Beyond the analytical role in transcribing video recordings, the 
graphic vignette is also a more artistical form for presenting inter-
actions. This has been especially true when researchers such as 
Laurier (2019) collaborate directly with comic strip artists. In my 
opinion, graphic vignettes should be more commonly used to de-
pict and analyse video recordings of human interactions within 
science education research, not only due to their analytical power, 
but also due to their appealing layout. However, I also recognize 
that the science education research community could benefit from 
more investigations into the affordances and drawbacks of using 
graphic vignettes in transcription. 

5.5. Reanalysis of selected data 
As mentioned earlier, this licentiate thesis follows the principles 
of flexible design research (Robson & McCartan, 2016), not only 
with respect to the two articles, but also with respect to the 
broader process of this licentiate project. The possibility of reana-
lysing strategically selected examples of my previously-collected 
data emerged from my gaining new insights on representations, 
representational competence, the use of mathematics in physics 
education, and the other aspects presented in Chapter 3. 
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For example, Article II reveals that specific features of the simula-
tion seem to have prompted students to ask what-if and why ques-
tions, as well as to improvise their own representations in order to 
make their ideas more explicit. However, Article II does not dicuss 
the students’ representational competence in depth. Hence, a new 
characterisation of representational competence was developed in 
this thesis. This new characterisation includes the elements of 
representational competence that Article II did include, and adds 
new insights based on the work of Linder et al. (2014), De Cock 
(2012), and Volkwyn et al. (2020) into a synthesised model—pre-
viously described in Section 3.1.7. 

In addition, Article I presents the ways GeoGebra is being used by 
teachers and researchers to support physics education. However, 
the results presented in Article I do not show how the structural 
role of mathematics (Pietrocola, 2008), and the role of transfor-
mations of mathematical representation (Duval, 2006) may influ-
ence the students’ processes of making sense of physical phenom-
ena and their representations. Within my licentiate thesis, this has 
now become another focus of reanalysis in Section 6.3.2. 

In line with principles of flexible design research (Robson & 
McCartan, 2016), which suggests that a project’s methodology 
evolves over time depending on the preliminary results, the rea-
nalysis of selected examples aims to provide a new layer of inter-
pretation regarding the role of visual representations in support-
ing upper-secondary physics education. Furthermore, the 
reanalysis highlights students’ representational competence and 
the role of mathematical transformations by adopting different 
perspectives on the same data. The reanalysis was made possible 
through conducting additional research after Article I and II were 
published, and was informed by the research questions of this the-
sis (repeated here from the Introduction):  

RQ1 How can visual representations created with GeoGebra be 
used to support upper-secondary physics education? 

RQ2 How does GeoGebra support upper-secondary students’ rep-
resentational competence in physics education? 
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To explore GeoGebra’s contribution in transforming mathemati-
cal representations and in making the structural role of mathe-
matics more or less transparent, I searched through the papers 
from the reivew in Article I of this thesis to find relevant examples. 
I chose the work of  Hruby and Vesenka (2016); Marciuc, Miron 
and Barna (2016a); and Santana, Rodríguez and Gómez (2012). 
This was because I found that they complement each other by 
showing transformations of several different types of mathemati-
cal representations of physical phenomena. 

To explore how GeoGebra may support students’ practice and de-
velopment of representational competence, I searched through 
the data analysed in Article II for a case in which students, starting 
from a provided representation, went through many of the ver-
texes of the new model of representational competence described 
in Section 3.1.7. I chose the case of Anna and Bella because they 
switched between modalities several times, each time expressing 
different elements of representational competence. The results of 
the reanalysis are presented in Section 6.3.2., where each process 
of making sense of the provided representation or the physical 
phenomenon it displays is characterised in relation to the new 
model of representational competence. 

5.6. Establishing trustworthiness and ethical 
integrity  

Issues concerning the trustworthiness and ethical integrity of data 
collection/analysis play important roles in any type of research. In 
particular, the trustworthiness of results obtained from flexible 
design research based on qualitative data has been thoroughly de-
bated (Robson & McCartan, 2016). For example, the absence of 
regulated methods for controls of validity and reliability has been 
criticised by some fixed design researchers (e.g. Dixon-Woods, 
Shaw, Agarwal, & Smith, 2004). At the same time, other research-
ers (e.g., (Lincoln & Guba, 1985) avoid the terms validity and reli-
ability and use instead credibility, transferability, dependability 
and confirmability. However, renaming the traditional terms of 
trustworthiness in fixed design research might merely strengthen 
the view that flexible design studies are invalid and unreliable by 
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comparison (Robson & McCartan, 2016). In what follows, I have 
chosen to discuss the traditional terms of trustworthiness in fixed 
design research in relation to the conditions of flexible design re-
search.  

5.6.1. Validity  

“Validity is concerned with whether the findings are ‘really’ about 
what they appear to be about” (Robson & McCartan, 2016, p. 78). 
Drawing on Maxwell (2012), Robson and McCartan (2016) sug-
gest that validity relates to issues regarding description, interpre-
tation, and theory. In flexible design research, descriptive validity 
is about data being accurately and completely captured, and that 
audio or video taping should be carried out whenever possible. In 
Study II, students’ interactions were captured on video in order to 
avoid observational bias (e.g., selective attention, interpersonal 
factors, etc.). Interpretative validity refers to the interpretation of 
the meaning and perspective of participants. It is determined by 
how the interpretation is demonstrated. For both studies, the in-
terpretation of data was done by me under the guidance of my su-
pervisor. The interpretation of the data in Study II emerged from 
what I learned by working directly with video and transcripts. In 
addition, the interpretations of the data from both studies were 
regularly checked by my supervisor, as well as by other research-
ers at conferences, seminars, or other less formal discussions. Col-
leagues were asked to offer alternative explanations and sugges-
tions for data interpretation. As a result of these discussions, I had 
the opportunity to see the data through new perspectives that led 
to me revising my interpretation of the data on several occasions. 

Not taking into account alternative theories or perspectives to un-
derstand the studied phenomena is, according to Maxwell (2012), 
a threat to theoretical validity. Robson and McCartan (2016) sug-
gest that this can be avoided by actively seeking data which dis-
confirm the theory. As I did not start with a pre-established theo-
retical framework, I have considered several theoretical perspec-
tives which I tried to combine with the collected data. For each 
new theoretical framework I considered applying, there were sev-
eral cycles of reading, discussing, reflecting, and writing.  
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5.6.2. Bias and rigour  

Research involving human beings, particularly flexible design re-
search, leads to issues of bias and rigour (Robson & McCartan, 
2016). Those issues are often associated with the role of the re-
searchers, particularly when researchers are the instruments for 
data collection (Hatch, 2002). In flexible research designs, re-
searchers cannot rely on specialised tools of analysis; instead, they 
can only rely on their personal competence as researchers. One 
solution, then, to issues of bias and rigour would be to only allow 
“well trained and experienced investigators” (Robson & 
McCartan, 2016, p. 148). Obviously, I cannot include myself in this 
category of experienced researchers, but I do consider myself as 
having most of what Robson and McCartan (2016, p. 149) deem to 
be the “(g)eneral skills needed by flexible design investigators” (p. 
149): 

• having an open and enquiring mind (as in, seeking to un-
derstand why things happen), 

• being a ‘good listener’ (as in, using all senses to take in 
new information in as unbiased a way possible),  

• being adaptive, flexible and at the same time rigorous (as 
in, willing to change entirely or partially the research plan 
every time something unanticipated occurs, without com-
promising the accuracy of the study), 

• being able to grasp the issues (as opposed to only record-
ing the data) 

• lack of bias. 
 

The last two issues were particularly important in Study II. As a 
teacher at the current school, I was familiar with the environment, 
with the students, and with what was going on daily. This afforded 
me a high degree of authenticity (Lincoln & Guba, 1985) and of 
interpretative validity (Maxwell, 2012) to my research, but could 
also contribute to bias. My own experiences in the school could 
have affected both the way I interacted with the students and the 
way I interpreted their interactions. During the classroom activi-
ties, students needed guidance in using the software and in inter-
preting the written instructions. I answered students’ questions 
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and I also asked questions, trying all the time to learn from how 
my supervisor interacted with the students in order to find a bal-
ance between the role of teacher and researcher. 

The role of researcher as an instrument of data collection is also 
related to the concern about the study’s reliability. According to 
Robson and McCartan’s (2016, p. 78) reliability lies in the “con-
sistency or stability of a measure; for example, if it were to be re-
peated, would the same result be obtained” (p. 78). This means 
that to test a study’s reliability, researchers needs to repeat their 
study and check if they find the same things as the first time. Dur-
ing data collection of Study II, preliminary findings were continu-
ously submitted to critical colleagues who offered valuable sugges-
tions. From this, I argue that the findings of Study I are somewhat 
reliable. However, if other researchers were to replicate Study I, 
they would in all likelihood end up with a different numbers of 
publications, and they might choose to present the publications in 
different ways (e.g., choosing other themes, choosing other exam-
ples, etc.). A replication of Study II would be even less reliable.  

As Robson and McCartan (2016, p. 173) suggest, researchers using 
flexible designs “have to be thorough, careful and honest in 
carrying out their research, but also be able to show others that 
(they) have been” (p. 173). Hence, to better ensure the reliability 
of my research, I have provided detailed description of the context 
of the study and the methods of data collection and analysis I used.  

5.6.3. Generalizability in flexible design 

For Robson and McCartan (2016, p. 78), generalizability concerns 
“the extent to which the findings of the enquiry are more generally 
applicable outside the specifics of the situation studied” (p. 78). 
Maxwell (2012) makes a useful distinction between the generali-
zability of conclusions within the setting studied (internal gener-
alizability) and beyond that setting (external generalizability). 

Study II is about a previously-unexplored classroom phenome-
non, which rests on the suggestion from Robertson, McKagan, and 
Scherr (2018) that only one instance is needed to show that a cer-
tain phenomenon can happen in a science classroom—i.e., a proof 
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of existence. In such studies, external generalizability normally 
does not apply, as Robson & McCartan (2016, p. 78) argue: 

A case study might just be concerned with explaining and under-
standing what is going on in a particular school, drop-in centre or 
whatever is the focus of the study. It very rarely involves the selec-
tion of a representative (let alone random) sample of settings from 
a known population which would permit the kind of statistical gen-
eralization typical of survey designs. (p. 78) 

Therefore, the findings of Study II cannot be seen as generally ap-
plicable. However, a kind of theoretical generalizability may still 
be identified, since others might recognize the ways students in-
terpret representations with gestures and create their own repre-
sentations through enactment. Also, together with the findings of 
the Study I, the findings of Study II can be of important value in 
creating an overview of how GeoGebra can support physics edu-
cation. 

5.6.4. Ethical considerations 

In all research where people are involved, ethical issues are to be 
considered during the whole project (Robson & McCartan, 2016). 
Although several guidelines have been made available for re-
searchers, this is not necessarily sufficient to ensure morally-re-
sponsible research (Johnsson, Eriksson, Helgesson, & Hansson, 
2014). These formal rules and guidelines require interpretation, 
and as such it is up to the individual researchers to follow their 
own moral compass. In my licentiate research, issues regarding 
ethical considerations of humans were pertinent to Study II. Due 
to the fact that the study was conducted in Sweden, I followed the 
ethical guidelines and regulations established by the Swedish Re-
search Council (2017). The data I collected do not pose any harm, 
neither physical or psychological to any of the students who par-
ticipated in my research. In addition, I did not collect personally 
sensitive data (Swedish Research Council, 2017). Hence, my re-
search satisfied the condition required for not having to undergo 
external review by an ethical review board. 

Participation in Study II was voluntary and the students were in-
formed that they could stop their participation at any time without 
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a reason for their withdrawal. All participants were informed 
about the aim of the study and about how I would collect and han-
dle the collected data.  

Oral information was given to all the students, their regular 
teacher, as well as the school principal. In addition, the students 
were provided with a written document containing information 
about the study as well as a consent form to be completed by the 
students who were willing to participate. Written consent from 
parents was not collected because all the informants were older 
than 15 years old at the time of data collection. 

All the participants in Study II gave written consent before the 
data collection. Six students also agreed to be video recorded dur-
ing the teaching sequence. To ensure their anonymity, the video 
cameras were placed behind each pair of students. It could record 
the computer screens and students’ hands, the back of their bod-
ies, and their voices. However, during the recording, some of the 
students changed their positions in such ways that parts of their 
faces were captured. In cases where we had to use screen shots of 
student interactions from recordings where parts of their faces 
were captured, the pictures were cut so that students’ faces could 
not be seen.   

In addition to the video recordings, I have collected the written 
answers from all the participating students, which included their 
names. This enabled me to link pairs of students’ written answers 
with the video recording of their work. Since students’ names and 
voices can be considered personal data, to act in accordance with 
the General Data Protection Regulation (GDPR) of the European 
Union (Regulation, 2016), I have assigned each participant with a 
pseudonym. Also, all personally identifiable information about 
the participants—e.g., their names and faces—are avoided in all 
the presentation and publication of data. The consent forms and 
the written answers are kept separately in a physical folder. In ad-
dition, all the raw data collected for this thesis has not been ac-
cessed by anyone outside the research group. The data is stored 
now on two remote hard drives which are not accessible over the 
internet. The hard drives are kept in rooms which are not accessi-
ble to people outside Karlstad University. The storage of the data 
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from Study II will be evaluated on a regular basis and decisions 
will be negotiated as to whether they can be deleted.  
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6. SUMMARY 
In this chapter, I present a short summary of the results of Study 
I and Study II. In addition, selected examples of the data from the 
two studies are reanalysed with respect to the three perspectives 
in my conceptual framework: i.e. the new characterisation of rep-
resentational competence developed in this thesis, the technical 
and the structural role of mathematics, and the role of transfor-
mations of mathematical representation (see Section 3.3.7.). The 
reanalysis of the selected examples was informed by the thesis’ re-
search questions: 

RQ1 How can visual representations created with GeoGebra be 
used to support upper-secondary physics education? 

RQ2 How does GeoGebra support upper-secondary students’ rep-
resentational competence in physics education? 

The results of the reanalysis are presented in the last section of 
this chapter. 

6.1. Summary of results from Study I 
The aim of Study I was to review the current literature on how Ge-
oGebra can be used to support physics education in upper-second-
ary schools. The review comprises 34 papers published between 
2011 and 2021, which were selected according to the inclusion/ex-
clusion criteria presented in Section 5.3.1. 

To obtain a better picture of the entire corpus of papers, I com-
pleted several cycles of reading and analysis. The approach used 
for the analysis was thematic (coding) analysis. The first inclusion 
criterion—the physics content—was a recurring theme in all the 
selected papers. Based on other, emergent themes, all publica-
tions were classified as either empirical or developmental, and 
coded for the presence or absence of step-by-step instructions. In 
addition, three different ways in which the researchers used Geo-
Gebra were identified. 

In what follows, the results of Study I are presented under three 
headings: current literature on the use of GeoGebra to support the 
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teaching of specific physics content, descriptions of how to use Ge-
oGebra in physics education, and empirical research on GeoGebra 
in physics teaching. 

6.1.1. Current literature on the use of GeoGebra to 
support the teaching of specific physics content 

All 34 papers selected for this review were classified according to 
their physics content (Table 5).  

Table 5. Scientific papers from 2011 to 2021 on how GeoGebra can be 
used to support physics education (table reproduced from Article I) 

Content Article 

MECHANICS: projectile 
motion, free fall, inclined plane, 
oscillatory motion, pendulum, 
circular motion, collision, 
friction) 

(Arnone, Siccardi, & Moauro, 2017), (Hanč, 
Lukáč, Sekerák, & Šveda, 2011), (Hruby & 
Vesenka, 2016), (Kllogjeri & Kllogjeri, 2014), 
(Kolář, 2019), (Marciuc & Miron, 2014)*, 
(Marciuc et al., 2016a)*, (Marciuc, Miron, & 
Barna, 2016b)*, (Marciuc, Miron, & Barna, 
2016c)*, (Marciuc, Solschi, & Miron, 2017), 
(Marciuc & Miron, 2018a), (Montalbano, 
2016), (Ponce Campuzano, Matthews, & 
Adams, 2018), (Solvang & Haglund, 2018), 
(Teichrew & Erb, 2020), (Vallo & Valovicova, 
2019)*, (Walsh, 2017) 

WAVES: mechanical waves, 
Young's double slit experiment 

(Chiriacescu, Chiriacescu, & Miron, 2019), 
(Nath & Mandal, 2019) 

GEOMETRICAL OPTICS: 
mirrors, reflection, refraction) 

(Kolář, 2019), (Krumphals, 2019), (Marciuc, 
Csereoka, & Miron, 2015)*, (Marciuc & 
Miron, 2018b)*, (Marciuc & Miron, 2017)*, 
(Milner-Bolotin, 2016), (Rodríguez, Santana, 
& Mendoza, 2013), (Santana et al., 2012), 
(Teichrew & Erb, 2020) 

ELECTRO-MAGNETISM: elec-
tric charge in a uniform magnetic 
field) 

(Marciuc & Miron, 2017), (Teichrew & Erb, 
2020) 

ASTRONOMY: planetary 
motion) 

(Cerisola & Romero, 2019), (Diolatzis & 
Pavlogeorgatos, 2019a), (Diolatzis & 
Pavlogeorgatos, 2019b), (Hašek, 2012)*, 
(Kolář, 2019), (Marciuc & Miron, 2014)* 

QUANTUM PHYSICS (Malgieri et al., 2014), (Malgieri, Onorato, & 
De Ambrosis, 2018) 
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The papers that offer step-by-step instructions on how to create 
the provided material are marked with an asterisk. 

 

6.1.2. Descriptions of how to use GeoGebra in physics 
education 

From all 34 publications, I selected for further discussion exam-
ples of papers that illustrate the different ways in which GeoGebra 
was used, organised into three categories: 

(a) Papers where GeoGebra was used by teachers and research-
ers to design computer simulations of physical concepts or 
phenomena. This category is exemplified by the simulation of 
simple projectile created by Tom Walsh (2017), by the simu-
lation of the motion of a planet around the Sun using Feyn-
man's method of numerical analysis created by Roman Hašek 
(2012), and by the simulation of momentum conservation of 
two colliding objects designed by Hruby and Vesenka (2016). 

(b) Papers where GeoGebra was used to augment real experi-
ments with mathematical symbols of physical concepts. This 
category is exemplified by the dynamic model designed by 
Teichrew and Erb (2020) to augment the motion of an object 
on an inclined plane. 

(c) Papers where GeoGebra was used to involve students in the 
process of modelling physical concepts or phenomena. This 
category is exemplified by the simulation of conservation of 
momentum involving collisions that were created by students 
with the support of their teacher (Marciuc et al., 2016a). 

6.1.3. Empirical research on GeoGebra in physics 
teaching 

At the time of writing Article I, there was little empirical research 
on the use of GeoGebra in physics education. The two projects that 
exemplify empirical research on GeoGebra in physics comprise 
the string of papers by Malgieri et al. (2014; 2016, 2017; 2018), 
and the conference proceedings written by me and my supervisor, 
Jesper Haglund (Solvang & Haglund, 2018). 

The studies conducted by Malgieri et al. (2014, 2016, 2017, 2018) 
focus on a collection of GeoGebra simulations developed to assist 
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students in learning quantum physics at a basic level, based on 
Feynman's ‘sum over paths’ approach. The authors report that the 
GeoGebra software was chosen because it offers the possibility of 
creating highly-interactive simulations that are easy to use and 
modify (Malgieri et al., 2018). The simulations were to display 
elements of physical experiments, both when used in classroom 
activities and for homework. Across the four papers, the authors 
show that, by using their teaching sequence, students improved 
their understanding of several conceptual issues related to 
quantum physics and their ability to use the 'sum over paths' 
approach to problem solving. Furthermore, students improved in 
their ability to express themselves using expert-like language. The 
researchers argue that GeoGebra is a user-friendly software that 
can be operated intuitively by physics teachers and students. They 
highlight how it provides an environment in which the underlying 
mathematical structures are always at hand, enabling users to see 
connections between physical phenomena and their formal repre-
sentations.  

6.2. Summary of results of Study II 
Study II aims to explore students’ use and interpretation of a pro-
vided representation—namely a simulation of friction—and gen-
eration of their own representations—with a particular focus on 
their gestures and enactment of the phenomenon. The research 
questions addressed in Article II are: 

1. How do pairs of students use and explore a provided repre-
sentation to make sense of microscopic aspects of friction? 

2. What triggers pairs of students to come up with their own 
representations when making sense of a computer simulation 
of friction? 

The first round of the analysis aimed to get an idea about how the 
provided simulation, in conjunction with a designed task, sup-
ported students’ learning of friction. These results were published 
as conference papers (Solvang & Haglund, 2018, 2019), briefly 
mentioned in Article I, and discussed in detail for Article II. The 
second round of analysis aimed to explore students’ use and inter-
pretation of the provided representation and generation of their 
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own representations, with a particular focus on their gestures and 
enactment of the phenomenon. These results presented in Article 
II concern three excerpts where two pairs of students observed 
and/or explained a specific feature of the provided representation 
related to microscopic aspects of friction—namely, the ‘ripples’ in 
the graph. The first two excerpts involved one pair of students, 
Anna and Bella as they observed and explained the ripples. In the 
last excerpt, Diana and Mark brought up microscopic explana-
tions spontaneously at an earlier stage of the activity than Anna 
and Bella.  

6.2.1. The theory behind the task design 

In the first round of the analysis, aspects of the Variation Theory 
of Learning were brought to bear on the data. In line with the Var-
iation Theory of Learning (Ingerman et al., 2009), the Classroom 
Activity Instructions were designed to encourage students to vary 
only one parameter at a time with the sliders in GeoGebra. All stu-
dents first varied the parameters one by one according to the in-
structions, and drew correct conclusions about the significance of 
the parameters for the frictional force. The critical aspects 
emerged in the students' reasoning to varying degrees. 

At the end of the exercise, some students took the initiative to vary 
several parameters at the same time, but they did so in an unsys-
tematic way and did not draw any further conclusions. These find-
ings were not further analysed. 

6.2.2. What did students observe and explain? 

All pairs of students concluded that the weight of the block and 
the material of the surfaces affect the frictional force, as well as 
noticing that the bottom area does not make any difference. That 
dynamic friction differs from static friction was noticed by all 
groups, even though the students did not describe this difference 
in disciplinary terms. The students also discovered that certain 
materials give rise to greater friction than other materials. 

However, in their reasoning about the impact of the base areas 
and observations of the graph, students’ explanations differed. 
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Some students explained the frictional force only at the macro-
scopic level, while others came to a deeper insight during the 
course of the lesson. These results were analysed further, and the 
results are the focus of Article II.  

6.2.3. How did students use GeoGebra? 

None of the students in Study II had previously used the software, 
yet they quickly understood how the various tools in the applica-
tion could be used. The lesson went on uninterrupted as the soft-
ware never malfunctioned and the students never expressed a lack 
of understanding how the software works.  

The results show that GeoGebra was used as a catalyst in students' 
learning processes. With a simple push of a button, students could 
test and compare their ideas. For example, the students in one pair 
were for a while unsure whether the base area had any effect on 
the frictional force. They chose not to use the Reset button, but 
rather changed the value of the area while the simulation was run-
ning. The unchanged graph simultaneously appeared on the 
screen as the base area was altered and the students were able to 
compare graphs with different values of the base area directly. In 
this way, students could see the effects of the changes straight 
away and could conclude that the frictional force does not depend 
on the base area. The pause and reset buttons were often used to 
run certain parts of the experiment repeatedly.  

Overall, there was a high level of interaction between students and 
the GeoGebra application, where the students would sometimes 
point at the screen and sometimes magnify the graph. An example 
of this kind of interaction is shown in Figure 23. The nature of the 
students’ interaction with the software was also analysed further 
in Article II.  
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Figure 23. A typical example of student interaction with the software 
Another phenomenon that could be observed during students’ 
work was their enthusiasm shown every time they discovered 
something new or unexpected. This kind of reaction is not some-
thing which is unique or special to GeoGebra in any way. However, 
my personal experience is that it does not happen so often and so 
energetically in a typical Swedish physics class, at least not in 
mine. In this study, students' verbal reactions when they discov-
ered something new or unexpected were expressed using various 
interjections such as “oh”, “hmmm...”, “yes”, etc. After such sur-
prised reactions, students went back to the representation and did 
the same thing again to make sure that what they had seen was 
not just pure chance. After these sequences, the students’ enthu-
siasm increased and they eagerly moved on to the next part of the 
task, where new ideas could emerge and be compared. This sup-
ports Milner-Bolotin's (2016) argument that working with GeoGe-
bra can give students a stimulating “aha-experience.” Students’ af-
fective responses to the work with the software have not been fur-
ther analysed. 

The overall findings presented in Article II show that the GeoGe-
bra simulation, in conjunction with the task instructions, facili-
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tated the students' ability to distinguish aspects of the phenome-
non. The different aspects of friction in an everyday, physical con-
text are inextricably intertwined, but the GeoGebra application 
enabled students to separate this aspects and inspect them indi-
vidually. 

In line with the results presented in our conference proceedings 
(Solvang & Haglund, 2018, 2019), the second round of analysis 
also shows that students quickly came to understand how to use 
and interpret the features of the simulation such as sliders and 
buttons. This result is discussed in those proceedings in relation 
to López and Pintó’s (2017) study, where overloading/ambiguous 
information, decorative elements, or visual inaccuracies were 
identified as possibly contributing to reading difficulties. In con-
trast to the simulation used in López and Pintó’s study, the 
GeoGebra simulation used in Study II includes less details and 
that might have enabled the students to focus on the relevant, 
friction-related aspects of the representation. 

Other aspects are discussed in Article II, and helped in answering 
the first research question—How do pairs of students use and ex-
plore a simulation to make sense of microscopic aspects of fric-
tion?  

One example is that, like many other computer simulations, Geo-
Gebra allows users to explore the implications of manipulating pa-
rameters that are difficult to explore in hands-on laboratory work 
or with static images (Gilbert, 2010). Also, the time-saving aspect 
(Arcavi & Hadas, 2000) and the simultaneity aspect (Milner-
Bolotin, 2016) of GeoGebra were discussed in Article II as a factor 
that enabled students to examine several alternative explanations 
in a short period of time. The dynamic software which 
simultaneously displayed the force-time graph as the parameters 
were changed facilitated the students examination of several 
values of the three variables that could influence friction.  

Concerning students’ learning about representations (diSessa, 
2004), it is worth mentioning that both pairs of students came up 
with a new strategy for how to use the provided representation. 
They changed the parameters without resetting the previous 
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graph, which allowed them to focus only on the aspect of the rep-
resentation they assumed to be important at that time. This im-
provised strategy was initiated by students’ attempt to learn with 
the representation. Each case of the movement of the box took 
roughly seven seconds. While waiting for the box to move, the stu-
dents just started dragging the sliders and observed that the graph 
changed simultaneosly. They continued using this improvised 
procedure many times, which seemed to prompt them to ask and 
answer several sophisticated what-if and why questions—
questions that might have remained hidden in the context of more 
traditional learning environments (Milner-Bolotin, 2014). For 
example, two of the students, Anna and Bella wondered how time 
influenced the frictional force. After exploring the graphs for a few 
minutes, they figured out that the time it takes to get the block 
moving remains unchanged in this simulation. 

The results presented in Article II also present two specific 
features of the provided representation that contributed to 
students’ sensemaking process: the ripples on the graph and the 
shark tooth on the graph. Both pairs of students put considerable 
effort into interpreting the ripples on the graph. It was an 
unexpected element of the digital representation, and the conflict 
with their earlier prediction about friction prompted students to 
revise their initial ideas (Tao & Gunstone, 1997). To solve this con-
flict, students conducted further investigation. They were all re-
warded with the experience of “Aha!” moments (Milner-Bolotin, 
2016) when they figured out that friction occurs due to interac-
tions between the opposing protuberances of sliding surfaces. In 
this respect, this GeoGebra simulation stimulated students to ex-
plore a causal mechanism for friction (Cheong et al., 2019). How-
ever, although both pairs of students observed the shark tooth on 
the graph, none of them produced explanations of why kinetic fric-
tion is lower than static friction. 

6.2.4. What triggers pairs of students to come up with 
their own representations when making sense of a 
computer simulation of friction? 

The topic of this section is an issue partially discussed in our con-
ference proceedings (Solvang & Haglund, 2018, 2019), and more 
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thoroughly in Article II—being the article’s second research ques-
tion. The results of Study II show that in situations like the one 
presented above, where the representation did not play out as the 
students had predicted—or perhaps where the graph displayed 
surprising features—students were keen to try to understand what 
was going on. During their sensemaking processes, collaboration 
between the students played an important role, since they could 
present their ideas to their collaborator. As students experienced 
challenges in conveying their ideas via formal language, they re-
sorted to whatever means available (such as enactment of in-
volved phenomena).  

Several examples of student-generated representations are pre-
sented in Article II. Two of them were already shown and dis-
cussed in Section 5.4.4. The first one shows the gestures that Anna 
and Bella used to communicate about the roughness of materials 
and about the ripples on the graph (Figure 21). The second one 
shows Diana’s enactment of how the protuberances of the mate-
rial can get stuck on each other (Figure 22). The third example is 
a drawing of two pairs of objects made of wood and ice, showing 
that wood has a rougher surface than ice. These three examples 
are student-generated representations of aspects of friction at the 
microscopic level. These results support the view of Steier et al. 
(2019) that collaborative settings can encourage students to make 
their understanding publicly available by using gestures and en-
actments.  

In addition to using hand gestures to create a representation of 
the simulated phenomenon, students also enacted a specific fea-
ture of the simulation that was initially difficult to comprehend. 
While Anna and Bella were trying to understand the relation be-
tween the hand, the dynamometer, and the force-time graph, 
Bella took her phone and used it to represent the block, a pen to 
represent the dynamometer, and her hand to represent the pulling 
hand of the simulation (Figure 24).  
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Figure 24.  Bella’s enactment, pulling her phone on the desk 
Following Bella’s enactment, Anna never externally confirmed 
that she understood Bella’s explanation. However, for the rest of 
the task, Anna did not continue to show difficulties understanding 
the purpose of the hand and of the dynamometer in relation to the 
force-time graph. Recruiting nearby objects to enact the phenom-
enon and drawing microscopic aspects of the phenomenon cre-
ated shared images (Euler et al., 2019) that persisted long enough 
for the students to refer back to in their dialogue. 

The results of the Study II show that the pattern of shifts between 
modalities was similar for both groups. Students combined the 
use of gestures, spoken language, and static/dynamic enactments 
during the entire lesson. They improvised their own representa-
tions in response to some of the features of the simulation (e.g., 
the simultaneity of the graphs and animation, the manipulable 
sliders, and the ripply graph).  

6.3. Reanalysis of selected data 
In this section, I turn to a reanalysis of selected examples of data 
collected from the two studies. I pay special attention to to the 
three perspectives of my conceptual framework (presented in 
Chapter 3): (1) the characterisation of representational compe-
tence developed in this thesis, (2) the technical and structural 
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roles of mathematics in physics education (Pietrocola, 2008), and 
(3) the role of transformations of mathematical representation 
(Duval, 2006). As mentioned in the beginning of this chapter, this 
reanalysis was informed by overarching research questions of my 
licentiate thesis:  

RQ1 How can visual representations created with GeoGebra be 
used to support upper-secondary physics education? 

RQ2 How does GeoGebra support upper-secondary students’ rep-
resentational competence in physics education? 

In line with principles of flexible design (Robson & McCartan, 
2016), suggesting that methodology evolves over time depending 
on the preliminary results, the reanalysis of selected examples 
aims to provide a new layer of interpretation regarding the role of 
visual representations in supporting upper-secondary physics 
education as well as my theoretical model of students’ representa-
tional competence. The reanalysis of Study I was conducted after 
Article I was published. I reexamined the corpus of GeoGebra 
papers with a focus on the role of mathematics in physics educa-
tion suggested by Pietrocola (2008) and on the two types of math-
ematical activities characterized by Duval. As for Study II, my re-
analysis focuses on the characterisation of representational com-
petence that I developed in this thesis and presented in Section 
3.1.7. 

6.3.1. The influence of GeoGebra on the role of 
mathematics and of the transformations of 
mathematical representations  

In physics classes, students may encounter different challenges 
when handling mathematical representations. These challenges 
may concern mathematical manipulations of elements and sym-
bols such as those used in the correct procedures for solving equa-
tions—i.e., the technical role of mathematics (Pietrocola, 2008). 
Students may also encounter different challenges concerning the 
organizational use of mathematics in external domains such as 
linking the numbers in an equation to the physical quantities in 
the real world—i.e., the structural role of mathematics (Pietrocola, 
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2008). As suggested by Duval (2017), these challenges can be ad-
dressed by teaching students conversion—moving between repre-
sentation registers. The data collected in Study I and Study II pro-
vide many examples of how GeoGebra can facilitate the use of 
mathematics in a technical way and in a structural way. However, 
for the technical role of mathematics, the use of scientific or gra-
phing calculators is often more than enough. As such, the strength 
of GeoGebra lies primarily in the way it highlights the structural 
role of mathematics. 

As an illustration of how GeoGebra supports the structural role of 
mathematics in physics education, consider the following exam-
ple. In the simulation below (Figure 25) of a basketball being 
thrown into a hoop, several positions of the ball are marked in the 
picture at different times.  

 
Figure 25. GeoGebra simulation of a projectile motion, freely available 
at https://www.geogebra.org/m/zmxcrr2h. 
Students can find the equation of curve that fits the ball’s trajec-
tory by changing the values of the three sliders, a, h and k. These 
sliders are the coefficients in the equation of the fitting curve, and 
because of the dynamic link between numeric, algebraic, and 
graphical representations of the objects, when dragging a slider, 
both the algebraic and the graphical representation of the curve 
are modified simultaneously. The slider a is the coefficient of the 
quadratic term and so it determines both how wide/narrow the 
graph is and whether the graph turns upward or downward. In 
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Figure 25, where the curve is shown fitting the trajectory of the 
ball, the value of the coefficient a is - 0,3. In Figure 26, where the 
poorly-fitting curve is shown, the value of a is 0,1. As such, the 
graph is wider and is turned upward. Dragging the slider for a 
from -0,3 to 0,1 modifies the equation and the shape of the curve, 
so the conversions from numerical representation to algebraic and 
graphic representations are essentially performed for students au-
tomatically by the software.  

 
Figure 26. Changing the value of the coefficient a causes a change of 
the shape of the graph 

These automatic conversions, especially the transduction to the 
graphical representation, could allow students to notice how the 
values of the coefficients influence the graph and to notice which 
values correspond to the equation of the curve.  

GeoGebra can also perform the transformation of the curve’s 
equation from the form 𝑦 = 𝑎(𝑥 − ℎ)! + 𝑘 to the form 𝑦 = 𝑎𝑥! +
𝑏𝑥 + 𝑐 (upper left corner of Figure 27). This treatment allows stu-
dents to notice how the values of the coefficients b and c influence 
the shape of the graph. For example, the value of the term c is the 
position of the interception point on the y-axis, and is related to 
the height from which the ball is thrown. 
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Figure 27. Changing the form of the algebraical representation allows 
students to notice how the values of the coefficients b and c influence 
the shape of the graph. 
These treatments performed by GeoGebra are connected to the or-
ganizational use of mathematics in external domains (i.e., the 
structural role of mathematics) since they enable linking the coef-
ficients in the equation to aspects of the physical phenomena at 
hand. 

Another example is the simulation that has been designed by Kate 
Hruby and James Vesenka (2016), presented in Article I (Figures 
28 and 29). The simulation displays vectorial and geometrical rep-
resentations of two-body one-dimensional conservation of mo-
mentum in elastic and inelastic collisions. The values of the 
masses are represented as numbers and as horizontal segments in 
rectangles. The values of the initial velocities are represented as 
numbers and as vertical segments in rectangles situated on the left 
side of the y-axis, and the values of the final velocities are repre-
sented as vertical segments in rectangles situated on the right side 
of the y-axis. The two objects are assigned different colours—the 
first one is blue and the second one is red. The momenta of each 
object before and after the collision, as well as the sum of the mo-
menta, are represented as arrows and as the areas of the rectan-
gles. To further exemplify the multiple ways of displaying physical 
quantities in GeoGebra, I modified the simulation by adding a 
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third form of the objects’ momenta: the cartesian coordinates of 
the momentum vectors. 

 
Figure 28. GeoGebra simulation of momentum conservation of two 
colliding objects retrieved from Hruby and Vesenka (2016), modified 
by adding a third form of representing the objects’ momenta—the car-
tesian coordinates of the momentum vectors. 
The values of the mass and the values of the initial velocity of the 
two objects can be modified using the sliders in the bottom left 
side of the screen. When the value of one of the physical quantities 
is modified, the values and the representations of the other phys-
ical quantities are updated in real time. 

This simulation can also be used as an example of mathematics’ 
structural role in physics education. The dynamic features of Ge-
oGebra allow for the different forms of representations to be mod-
ified simultaneously. In the example above, every time the mass 
or the initial velocity of an object is modified via a slider, the other 
representation forms will change simultaneously. In addition, all 
the other related physical quantities will also change in real time. 
For example, if the initial velocity of the second object is changed 
from -5 m/s (Figure 28) to +2 m/s (Figure 29), the corresponding 
rectangle’s height will be modified. At the same time, all the other 
physical quantities affected by the initial velocity of the second ob-
ject (e.g., the initial momentum of the second object, and the final 
velocity of the first object) will be updated accordingly. 
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Figure 29. Changing the initial velocity of the second object causes 
changes in the final velocities and in momentum 
In this example, several conversions are performed by the soft-
ware, such as the conversion between the representations of the 
momenta as arrows, areas, and cartesian coordinates. According 
to Hruby and Vesenka (2016, p. 44), “(t)he area approach helps 
students disentangle the momentum concept, which is not usually 
transparent in numerical solutions developed in either lecture or 
lab. The simulation provides a better conceptual understanding of 
what conservation of momentum means in terms of final speeds 
and directions under different collision conditions” (p. 44). In 
terms of conversion, the simulation performs many transfor-
mations from one representational form to another, with the in-
tention that it “helps students disentangle the momentum con-
cept” (Hruby & Vesenka, 2016, p. 44). The Cartesian coordinates 
can also help visualize the conservation of momentum, by allow-
ing students to compare the values of momenta before and after 
the collision—e.g., -12 momentum units in the first case (Figure 
28) and 16 momentum units in the second case (Figure 29). 

The strength of GeoGebra lies primarily in the way it highlights 
the structural role of mathematical, but the software can be used 
to support the technical role of mathematics as well (Pietrocola, 
2008). If the aim of task is to calculate a numerical value quickly 
or if students want to check an answer, they might “plug and chug” 
numbers and formulas into GeoGebra. This does not necessarily 
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mean that the students know the meaning of these numbers, but 
letting GeoGebra do the calculations may save them a lot of time. 
This procedure may also be helpful for doing calculations that can 
be challenging for some students, such as finding the solutions 
systems of equation with multiple variables. Of course, all these 
calculations can be done with a scientific or a graphical calculator. 
However, an interface that can be used both for its technical role 
and for its structural role can be more convenient to use than two 
different devices. 

Overall, the educational material described in Article I and Article 
II provides examples of how GeoGebra supports the structural 
and technical roles of mathematics because, in each case, the de-
tailed visual representations of physical quantities allow students 
to observe, measure, or calculate the values of these physical 
quantities. The structural role of mathematics in GeoGebra ena-
bles students to practice and develop representational compe-
tence as they observe or practice learning with representations—
i.e., through converting (Duval, 2006) a mathematical represen-
tation to natural language or vice versa, where the natural lan-
guage expresses information about a physical phenomenon and 
the associated concepts.  

6.3.2. Students’ practicing and development of 
representational competence in dynamic, digital 
visualisation environments such as GeoGebra 

In this section, I turn to a reanalysis of selected examples of stu-
dents’ practice and development of representational competence, 
using the 3D model of representational competence developed in 
Section 3.1.7. (reproduced here in Figure 30). 
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Figure 30. A 3D-model of students’ representational competence, 
which consists of students’ ability to create and interpret links between 
a real-world phenomenon, its provided and self-generated represen-
tations and formalised concepts associated to the real-world phenom-
enon. 
To reiterate, according to this model, I propose that representa-
tional competence in the context of learning science via multiple 
representations involves grappling with: 

• Learning with (disciplinary-appropriate) representa-
tions—which includes extracting important information 
from the representations, inspecting the connections within 
that information, and integrating that information into a 
model, 

• Learning about (disciplinary-appropriate) representa-
tions—which includes the first three aspects of Ainsworth’s 
(2008a) characterisation: namely, understanding of the 
representational format, understanding of the appropriate-
ness of a representation, and understanding of the relations 
between representations, 

• Constructing representations—constructing prompted 
and unprompted disciplinary-appropriate representations 
(i.e., learning with representations), 
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• Phenomenon—which includes constructing links between 
disciplinary-appropriate representations/concepts and the 
real-world phenomenon that is being represented, and 

• Concepts—which includes constructing links between dis-
ciplinary-appropriate representations/real-world phenom-
enon, and the concepts associated with them. 

 

To exemplify how students can express and develop representa-
tional competence using the above model, I will analyse selected 
data from Study I and II.   

In Study II, students started with a provided representation—
namely a GeoGebra simulation of friction. A set of instructions 
was given to the students to help them create links between spe-
cific aspects of the representation of friction and specific concepts 
associated to friction. To exemplify how GeoGebra may support 
students’ practice and development of representational compe-
tence, I have chosen the case of Anna and Bella because they ex-
pressed and coordinated many of the elements of representational 
competence.  

Anna and Bella quickly came to understand how to use and inter-
pret the features of the simulation, such as GeoGebra’s sliders and 
buttons. Taking advantage of the dynamic properties of the soft-
ware that simultaneously displayed the force-time graph as the 
parameters were changed, the students examined several values 
of the parameters in a short period of time. Soon thereafter, Anna 
and Bella came up with a new strategy: one of changing the pa-
rameters without resetting the previous graph. This innovative 
strategy (highlighted in Section 6.2.4.) proved to be an effective 
way of exploring and identifying the relationship between friction 
and the relevant parameters by allowing the students to focus only 
on the aspects of the representation they assumed to be im-
portant.  

Another aspect of the simulation that Anna and Bella were curious 
about was the influence of time on the friction force (Figure 31).  
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Figure 31. Anna (sitting on the left) and Bella (sitting on the right) rep-
resent the topography of materials. 
After exploring the graphs for a few minutes, Anna and Bella real-
ised that the time required for the block to start moving remained 
unchanged in this simulation, regardless of changes in the other 
parameters such as the weight of the block. The pair then went on 
to study the influence of the base area of the block on the friction 
force. When I asked them to reason about how friction occurs and 
why the friction on ice was lower than that on other materials dis-
played in the simulation, Anna answered that “(The ice) is flat” 
and accompanied her answer with depictive gestures (Figure 31). 
A reanalysis of this episode with respect to my model of represen-
tational competence shows that Anna and Bella often switched be-
tween representations (Figure 31 and Figure 32) and, in doing so, 
passed through all vertexes of the model.  
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Figure 32. Drawing of two pairs of objects made of wood (left) and ice 
(right).  
The activities that happened during this process are characterised 
with respect to the model of representational competence in Table 
6. 

Table 6. Example of students’ activities with respect to the new model 
of representational competence 

Activity Learn-
ing 

about 
Rep-

resen-
ta-

tions 

Learn-
ing 

with 
Repre-
sen-ta-
tions 

Con-
struc-
ting 

Repre-
sen-ta-
tions 

Pheno-
menon 

Con-
cepts 

The students came to under-
stand how to use and interpret 
the features of the simulation 

✓ 

 

    

By using the dynamic 
properties of the software, the 
students could examine 
several alternatives in a short 
period of time 

✓ 

 

    

The students came up with a 
new strategy of using the pro-
vided simulation. The strategy 
enabled the students to focus 
only on the relevant aspects of 
the representation 

✓ 

 

✓   ✓ 

 

The students figured out that 
the time it takes to get the 
block moving remains un-
changed in this simulation 

✓ 

 

    

When reasoning about why 
their hypothesis is wrong (a 
larger base area should in-
crease friction), Anna began to 
accompany her words with de-
pictive gestures (Figure 31). 

  ✓ 
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Bella constructed a counter-
example of rough materials 
getting stuck on each other by 
intertwining her fingers and 
referring to the irregularities of 
wood’s surface as “chops”. 

 ✓ ✓ 

 

✓ 

 

 

Bella enacted an intermittent 
movement, something like a 
jumping frog accompanied by 
the sound of a train  

  ✓ 

 

  

Following Bella’s enactment, 
the students explained that 
friction occurs due to interac-
tions between the opposing 
protuberances of sliding sur-
faces. 

 ✓  ✓ 

 

 

The students made a represen-
tation of the microscopic prop-
erties of materials’ (Figure 32) 

  ✓ 

 

✓ 

 

 

Though it was not conceived as such at the time, I can now see that 
the task given to students was designed in such a way that they 
would start from the Learning with Representations aspect of rep-
resentational competence and aiming towards the Phenomenon 
aspect (shown by the green arrow in Figure 33).  

When provided with a new kind of representation, Anna and Bella 
began their task by examining the representational format and the 
relations between different features of the representation (Learn-
ing about Representations). It is worth mentioning here that Anna 
and Bella quickly came to understand how to use and interpret the 
features of the simulation, but also that, after a short time, they 
started using the simulation in a different way than what was 
stated in the written instructions. Doing so, Anna and Bella man-
aged to extract important information from the representation 
and inspect connections within that information (Learning with 
Representations). In this way, Anna and Bella were able to quickly 
come to understand that the mass and the type of material influ-
ence the frictional force—showing that they can create links be-
tween a disciplinary appropriate representation and associated 
concepts of friction (Concepts).  
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Figure 33. An example of students’ practice and development of repre-
sentational competence, displayed in the 3D-model of representa-
tional competence. Students created and interpreted links between a 
self-generated representation and the real-world phenomenon (red 
arrow), between a provided representation of a physical phenomenon 
and the phenomenon at hand (purple arrow), and between a provided 
representation of a physical phenomenon and the concepts associated 
to the phenomenon at hand (green arrow). 
The activities presented in Table 6 show that the students were 
able to practice and develop representational competence by cre-
ating and interpreting links between the phenomenon of friction 
and their self-generated representations (i.e., their gestures, en-
actment, and drawings; red arrow in Figure 33). Anna and Bella 
were also able to create and interpret links between the provided 
representation of friction and the concepts associated to it (e.g., 
the mass of the block and the roughness of the surfaces; green ar-
row in Figure 33). My analysis here shows that the pair of students 
went through all five vertexes of the model as they interacted with 
the simulation. 

In contrast to this example involving all five vertexes of the model, 
Study I collected literature that shows how teachers can design ac-
tivities where only one or few aspects of representational compe-
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tence are emphasised. For example, the studies conducted by Mal-
gieri, Onorato, and de Ambrosis (2014, 2016, 2017, 2018) discuss 
a teaching sequence designed to deepen students’ understanding 
of Feynman’s sum over paths approach by using a collection of 
GeoGebra simulations. Some of the participants also designed 
their own simulations. In line with the characterisation of repre-
sentational competence developed in this thesis, this can be con-
sidered a way of enabling students to learn with provided repre-
sentations about a certain phenomenon (purple arrow in Figure 
33). The results of these studies show that the students were able 
to use the concepts introduced in Feynman’s approach in an ex-
pert-like manner (green arrow in Figure 33).  Furthermore, the 
students who produced their own simulations acquired expertise 
and self-confidence in using the sum over paths model for quan-
tum physics (Malgieri et al., 2018). They practiced and developed 
representational competence by starting from the Constructing 
Representation vertex and aiming towards the Phenomena vertex 
(red arrow in Figure 33).  
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7. CONCLUSIONS AND IMPLICATIONS 
In this final chapter, I will discuss to what extent I have achieved 
this thesis’ aim of exploring the ways in which visual representa-
tions created with GeoGebra can be used in upper secondary phys-
ics education. To do so, I will first revisit the research questions, 
and then summarise this thesis’ contributions to the fields of edu-
cational work and physics education research.  

7.1. Revisiting the research questions 

7.1.1. RQ1 How can visual representations created 
with GeoGebra be used to   support upper-
secondary physics education? 

In response to RQ1, the results presented in Chapter 6 show that 
the strength of GeoGebra in physics education lies primarily in the 
way it highlights mathematical structures (Pietrocola, 2008). The 
systematic literature review from Study I reveals that the software 
is used by teachers and researchers to design computer simula-
tions of physical phenomena, to augment real experiments with 
mathematical symbols of physical concepts, and to involve stu-
dents in the process of modelling physical phenomena. In choos-
ing the mathematical representations that can be visualised in the 
simulation or the augmented real experiments, the teacher or re-
searcher enables students to interact with disciplinary-relevant 
representations via sliders for specific variables. As students ma-
nipulate these sliders, the associated variables change and the link 
between the provided mathematical representations, the phe-
nomenon at hand, and the corresponding concepts can be empha-
sised. 

In addition, GeoGebra allows users to choose between several 
forms of representing a mathematical object. For example, a vec-
tor can be displayed as an arrow—as Hruby and Vesenka (2016) 
show with momenta vectors—or by displaying the vector’s carte-
sian coordinates—as I demonstrated in Section 6.3.1. When stu-
dents are offered different sources of information, they can choose 
the one that best fits them and the requirements of the provided 
task (Ainsworth, 1999). All these representations are visible 
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simultaneosly and are linked to each other, making the relations 
between them more easily comprehendible 

The analysis of the GeoGebra’s influence on the role of mathemat-
ics and the influence of the transformations of mathematical rep-
resentations in the context of upper secondary school physics ed-
ucation (see Section 6.3.1.) shows that a computer performing the 
calculations and conversions (Duval, 2006) of different represen-
tations can be seen as a computer performing the technical and 
structural roles of mathematics (Pietrocola, 2008). Different vis-
ual representations of physical quantities allow students to ob-
serve, measure, and calculate values of these physical quantities. 
As different registers display different properties of the phenom-
enon at hand, by moving from one register to another, students 
can better make the distinction between the different representa-
tion and between representations and the phenomenon at hand—
a critical point of students’ learning of physics (Duval, 2006; Euler 
et al., 2019; Steier et al., 2019; Trevor Stanton Volkwyn et al., 
2019).  

For the context of physics education, the results of Study II 
support Fahlgren’s (2015) and Brunström’s (2015) observations 
that GeoGebra can be used to enable students’ cooperation and to 
make students’ understanding publicaly available. When 
implemented with one computer per pair of students, the visual 
representation on the screen can be used as a hub around which 
the meaning-making processes can be coordinated (Fredlund et 
al., 2012; Volkwyn et al., 2019). 

In line with De Jong, Linn, and Zacharia (2013), the results of 
Study II show the potential of using simulations in physics teach-
ing. By using the provided GeoGebra simulations of friction 
instead of conducting real experiments, students freed-up time for 
more physics related activities, such as verifying or falsifying 
problem solutions. If the students had conducted physical experi-
ments of friction, corresponding to what was modelled in the sim-
ulation, they would not have been able to perform as many trials 
with different values during the same time. In addition, students 
might have interpreted ripples in a graph as measurement errors, 
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which may not have invited the microscopic reasoning for the 
groups studied.  

That GeoGebra is a user-friendly software that can be operated in-
tuitively by teachers and students was confirmed by the results of 
Study II. None of the participating students had previously used 
the software, yet they quickly understood how the various features 
of the simulation could be used. This supports Malgieri et al.’s 
(2014, 2016, 2017, 2018) view that Geogebra simulations can be 
used in both classroom activities and for homework. It provides 
an environment in which the underlying mathematical structures 
are always at hand. 

7.1.2. RQ2 How does GeoGebra support upper-
secondary students’ representational 
competence in physics education? 

In response to RQ2, the research in my licentiate thesis shows that 
students’ collaborative work with a GeoGebra simulation of fric-
tion allowed them to express many different aspects of their rep-
resentational competence. In particular, two of the students that 
participated in Study II gave evidence relating to all five aspects of 
the characterisation of representational competence developed in 
this thesis, passing through all five vertexes of the model (Figure 
33). For example, students were able to create and interpret links 
between the phenomenon of friction and their self-generated rep-
resentations, (e.g., gestures, enactment, and drawings), as well as 
between the provided representation of friction and the concepts 
associated to it (e.g., the mass of the block and the roughness of 
the surfaces). 

When trying to make sense of the provided representation of fric-
tion, students often spontaneously switched between representa-
tional modes. The analysis presented in Article II as well as the 
reanalysis presented in Section 6.3.2. suggest that shifts across 
representations within the same representational mode or across 
different representational modes can help students discern disci-
plinary relevant aspects of the studied phenomenon, concept or 
representation. After a series of shifts across modalities, students 
were able to communicate their understanding using disciplinary-
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adequate representations. These results support the earlier obser-
vations that students’ shifts across modalities indicate that learn-
ing is taking place (Duval, 2006, 2017; Trevor Stanton Volkwyn et 
al., 2019). 

In line with Steier et al. (2019), the results of Study II reveal that 
students spontaneously improvise their own representations, 
such as gestures and enactment when working in pairs. Triggered 
by situations where the provided representation display features 
that are difficult to understand or do not play out as they had pre-
dicted—such as the ripples on the force-time graph—students 
used improvised representations—such as moving their hands 
with intertwined fingers, enacting an intermittent motion, or even 
something like a jumping frog accompanied by the sound of a 
choo-choo train to represent asperities of surfaces moving against 
each other. The students used these improvised representations 
to express their ideas until they were confident enough to use for-
mal representations or natural language. In doing so, they ‘moved’ 
from the Constructing Representations vertex to the Learning 
about Representations and Concept vertices within the model of 
representational competence. Sometimes, an embodied image can 
persist long enough for the students to refer back to it (Euler et al., 
2019). This was the case with the students in Study II who moved 
their hands parallel to each other, using their straight palms for 
smooth materials and intertwined fingers for rough materials. 
These persisting, embodied representations functioned as a coor-
dinating hub (Fredlund, Airey, & Linder, 2012)—a representation 
around which meaning making with other representations can 
take place. 

As shown in Section 6.3.2., teachers can design activities where 
only relatively few aspects of representational competence are em-
phasised (e.g., (Malgieri et al., 2018), as well as activities where 
Constructing Representations is part of the task itself (e.g., 
(Marciuc et al., 2016a).  

Hence, using GeoGebra in conjunction with an appropriate set of 
instructions can stimulate students to practice and develop repre-
sentational competence by moving through some or all the aspects 
of my proposed model. 
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7.2. Contributions of the thesis to the research in 
physics education and educational work, 
and implications for the teaching practice  

The purpose of this section is to summarise the contributions of 
my licentiate thesis within the fields of educational work and 
physics education research, and to summarise the implications of 
these contributions for the teaching and learning of physics. 

7.2.1. Contributions of this thesis to educational work 
and physics education research 

Study I makes the following contributions: 

• Identifies three major ways in which teachers and researchers 
report using GeoGebra in physics education—namely, (1) to 
design custom-made computer simulations, (2) to augment 
real experiments with virtual objects, and (3) to engage stu-
dents in constructing GeoGebra simulations. 

• Comprises the first systematic literature review of how Geo-
Gebra can be used to support upper secondary physics edu-
cation, providing an overview of the state of knowledge on 
this topic.  

• Identifies a gap in current research—namely, that the current 
academic work on how GeoGebra can be used to support 
physics teaching largely consists of development studies, and, 
as such, there is a need for more empirical research on stu-
dents’ interaction with the software. 

 

Study II makes the following contributions: 

• Begins to fill the gap in current GeoGebra research—as iden-
tified in Study I—by empirically examining how GeoGebra 
can be used to support physics education.  

• Adds to our current understanding of physics students’ rep-
resentational competence by examining specific bodily prac-
tices present during students’ interaction and construction of 
representations in relation to a digital learning environment. 
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• Shows that, in a collaborative learning environment (and 
triggered by situations where a provided representation dis-
plays features that are difficult to understand or does not play 
out as predicted), students may improvise their own repre-
sentations through gestures, enactments, or drawings. In the 
context of friction from Study II, improvised representations 
were specifically recruited during students’ interpretation of 
links between microscopic aspects of friction and the pro-
vided GeoGebra simulation. 

• Provides support to previous research on bodily engagement 
(e.g., Steier et al., 2019; Scherr, 2007, 2008; Euler et al., 
2019) in showing that improvised representations often indi-
cate students’ pre-articulated ideas and facilitate construc-
tion of new ideas.  

• Reveals how, during engagement with provided representa-
tions, students spontaneously move across modalities, shift-
ing between provided and self-constructed representations, 
between physical and digital representations (Euler & 
Gregorcic, 2019), and between modes of communication (in-
cluding gestures, spoken language, and enactment). Occa-
sionally, students used one representation at a time, while in 
other instances they combined multiple modes to create 
static or dynamic representations. 

• Demonstrates (methodologically) how graphic vignettes 
(Laurier, 2019) can be used in education research to achieve 
and present a multimodal transcript of students’ interactions.  

 

Beyond the contributions of the two studies outlines above, this 
thesis as a whole makes the following contributions: 

• Provides a reanalysis of selected examples of data collected 
from the two studies, adding a new layer of interpretation re-
garding the role of visual representations in supporting up-
per-secondary physics education—especially with respect to 
students’ representational competence. 

• Shows that GeoGebra can provide students with an environ-
ment in which the underlying mathematical structures are al-
ways at hand, enabling them to see the connections between 
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physical phenomena and their mathematical representa-
tions.  

• Shows that GeoGebra can facilitate transformations of math-
ematical representations, especially conversion (Duval, 
2006). That is, GeoGebra can support the organizational use 
of mathematics in applied disciplines such as physics by fa-
cilitating the link between the numbers in an equation and 
physical quantities in the real world.  

• Shows that the structural role and technical role of mathe-
matics (Pietrocola, 2008) can be supported through the use 
of GeoGebra, whereby students are enabled to focus on the 
physical phenomena at hand and the parameters that influ-
ence it. 

• Presents a new model for characterising students’ represen-
tational competence. This model describes representational 
competence as students’ ability to create and interpret links 
between a real-world phenomenon, its provided and self-gen-
erated representations, and the formalised concepts associ-
ated to the real-world phenomenon (Figure 8). 

• Suggests how students can be supported to practice and de-
velop representational competence (as defined in this thesis) 
in an environment such as GeoGebra that offers multiple rep-
resentations.  

7.2.2. Implications of this thesis for teaching 
practice 

The papers reviewed in Study I describe freely-available educa-
tional materials within GeoGebra, and I have classified those ma-
terials according to the physics content that can be used in physics 
teaching. Among the examples in the papers, there are illustra-
tions of how teachers and researchers with or without program-
ming skills can use GeoGebra to design custom-made computer 
simulations, to augment real experiments with virtual objects, and 
to engage students in constructing their own GeoGebra simula-
tions. As such, the materials collected and reviewed in Study I can 
be used by physics teachers directly as resources in their teaching 
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or serve as inspiration for physics teachers who want to design 
their own teaching materials. Some of the papers presented in 
Study I also offer step-by-step details on how the provided mate-
rials were made, so interested teachers can use those papers as 
guides to re-create or modify the provided educational materials 
within GeoGebra. 

The simulation of friction in conjunction with the supplied work-
sheet used in Study II provides an example of how a simulation 
can be used as a useful tool in upper-secondary school teaching of 
friction, especially while enabling students to work cooperatively 
and to reflect on their understanding. 

By using GeoGebra to perform transformations of mathematical 
representations—especially conversions (Duval, 2006)—teachers 
can support students’ engagement with the structural role and the 
technical role of mathematics (Pietrocola, 2008). This allows stu-
dents to focus on the physical phenomena at hand and the param-
eters that influence them. 

By guiding students’ interactions in learning environments that 
offer multiple representations, such as GeoGebra, it is possible for 
teachers to support students’ practice and development of repre-
sentational competence. 

During the meaning-making process, physics students may spon-
taneously move across representational modalities (e.g., from 
physical to digital representations, and between gestural and ver-
bal modes of communication). Hence, teachers should be atten-
tive to students’ shifts across modalities, as such shifts may indi-
cate that learning is taking place (see Volkwyn et al., 2019). 

Finally, during the meaning making process, physics students 
may spontaneously improvise their own representations, such as 
gestures and enactment, which often indicate their pre-articulated 
ideas (see Scherr, 2008) and facilitate construction of new ideas. 
Hence, teachers should be attentive to students’ own embodied 
representations, especially when they become shared representa-
tions around which students coordinate their meaning-making 
processes (see also, Euler et al., 2019).  
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APPENDICES 

Appendix A: Classroom instructions 
GeoGebra task: Exploring friction 

https://www.geogebra.org/m/XRr9xcvV#material/MZXwMKjm 

 

The purpose of the activity is to study the force of friction and its 
effect on the motion of an object. 

To be able to perceive the effect of the activity, you need to answer 
some control questions that show your prior knowledge: 

1. When does friction occur? 

2. Explain what friction is. 

3. What factors can affect friction? 

 

During this activity, you will work with a simulation of friction, 
where you will have to change parameters that may affect the mo-
tion of a block over a surface. You will have to change the mass of 
the block and the bottom area of the block, and you will have to 
change what material the surface and the block are made of. In the 
simulation, the hand that pulls the block holds a dynamometer 
which shows the value of that pulling force. You can always read 
the force on the dynamometer and on the graph that shows how 
forces vary on time. 
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1. Start by setting: 

Weight (N) = 5 

Surface area (m2) = 3 

Surface type = ice on ice 

Press start. 

 

What happens? Describe below what happens with the block and 
how the graph looks like. You can always pause the simulation by 
pressing pause, or start from the beginning by pressing reset. 

Explain the details of the graph’s aspect. 
 

2. Select another type of material by dragging the slider to the 
right, but leave the same value of weight (weight (N) = 5) and the 
same value of the bottom area (surface area (m2) = 3) 

a) How do you think the graph will look like now? 

Sketch the graph below: 

 

 
b) Press start and study the motion of the block. Does the graph 
look as you predicted? 

If not, what was the difference? 
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3. Test with yet another type of material by dragging the slider, 
and leave the same value of weight (weight (N) = 5) and the same 
value of the bottom area (surface area (m2) = 3). 

a) How do you think the graph will look like now? 

Sketch the graph below 

 

b) Press start and study the motion of the block. Does the graph 
look as you predicted? 

If not, what was the difference? 

 

4. Now, you will have to change the weight and leave the other 
parameters as they were at the beginning. 

Weight (N) = 3 

Surface area (m2) = 3 

Surface type = ice on ice 

a) How do you think the graph will look like now? 

Sketch the graph below 
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5. Test now with yet another value for the weight and study the 
motion of the block. What is your conclusion? 

6. Finally, you have to study how the base area affects the motion 
of the block. Proceed by trial and error. 

Hint: change only the base area and leave the other parameters 
unchanged. What is your conclusion? 

7. Up until now, you have explored how three parameters influ-
ence the motion of the block. Draw a general conclusion. 

8. Think again about the aspect of the graph and explain the de-
tails you did not explained earlier. 

9. Imagine that you are playing ‘tug of war’ on the schoolyard. 
What can you do to raise your chance to win? 
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Appendix B: Transcription Conventions 
 

Symbol Description 
____________________________________________ 
[ ] Square brackets show where speech overlaps 

 >  Arrows show that the pace of speech has quickened 

 <  Arrows show that the pace of speech has slowed down 

::: Colons indicate a stretched sound 

… Pause 

fig  The exact moment at which a screen shot has been 
taken  

WORD Capital letters indicate that the sound is loud 
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Abstract
Recently, GeoGebra, a mathematics education software, has entered the
scene of physics education; however, research on how the software can be
used to support teaching and learning physics is limited and scattered. The
aim of this article is to present a review of the current literature on how
GeoGebra can be used to support physics education in upper-secondary
schools. The general conclusion that comes from these studies is that
GeoGebra is a user-friendly software that can be operated intuitively by
teachers and students. It provides an environment in which the underlying
mathematical structures are always at hand, enabling users to see connections
between physical phenomena and their formal representations. In addition,
teachers with or without programming skills can use the software to design
custom-made computer simulations and augment real experiments with
virtual objects. Our intention is to help teachers who would like to start using
GeoGebra or to broaden the use of the software in physics education.

Keywords: physics education, GeoGebra, review

1. Introduction
Educational researchers have long explored how
teaching and learning physics can be supported
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by the use of computers. A variety of educa-
tional software, including simulations, has been
developed in recent decades, and many of them
have been continuously refined and supported
[1]. One such software, GeoGebra, is an open-
source mathematics software which has recently
received increasing interest in physics education
[2]. Compared to prebuilt learning environments,
such as PhET Interactive Simulations (https://
phet.colorado.edu), GeoGebra enables teach-
ers and students without in-depth programming
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knowledge to create their own computer simula-
tions [2–5]. While PhET simulations are based
on educational research, less work has been
done to inform the use of GeoGebra in physics
education.

In order to contribute to teachers’ acquaint-
ance with recent development in digital techno-
logy [6], the aim of this study is to present a review
of the current literature on how GeoGebra can
be used to support physics education in upper-
secondary school. Our intention is to provide a
collection of research-based educational materi-
als and to discuss features of GeoGebra that have
been acknowledged as useful tools for teaching
and learning physics.

2. Background to GeoGebra

2.1. Basic facts

GeoGebra is an educational software developed
by Austrian Markus Hohenwarter in 2001/2002
[7]. Although GeoGebra was originally designed
for mathematics education in secondary schools,
it now has users in both higher and lower math-
ematics and science education.

GeoGebra is an open-source software, freely
available from www.geogebra.org. It works
on many operating systems such as Windows,
MacOS, Linux, iOS, Android and also from a web
browser. GeoGebra is multilingual (more than 70
languages) in its menus and its commands.

The full version of the software was Geo-
Gebra Classic. Other GeoGebra applications, such
as the Graphing Calculator and 3D Calculator,
offer a limited number of features.

There is a large community of GeoGebra
users, many of which upload educational mater-
ials, such as simulations, to the software website
(www.geogebra.org/materials).

2.2. How does it work?

The default GeoGebra Classic view consists of an
Algebra Window, a Graphics Window and a Tool
Bar, but any other view can be added if neces-
sary. Mathematical objects (e.g. points, vectors,
segments, lines, 2D and 3D objects, or diagrams)
can be constructed either in the Algebra Window

Figure 1. Algebraic and graphic representations of two
mathematical points and a line in GeoGebra.

or in theGraphicsWindow and are displayed auto-
matically in both of them. These representations
are connected dynamically so that users can go
back and forth between them and automatically
generate responses on their actions. For example,
in figure 1, two points (A and B) and a line (f)
through these points are represented geometric-
ally in the Graphics Window, while the points’
coordinates and the line’s equation are displayed
in the Algebra Window. When the user changes
the x coordinate of A in the Algebra Window,
the position of A and the position of the line
will simultaneously change in the Graphics Win-
dow, as well as the line’s equation in the Algebra
Window.

Images and text can easily be inserted into the
Graphics Window, where the user can determine
the length, area, or angle of an object. Another
useful tool is the slider, which is a graphical rep-
resentation of a free number or free angle. The
slider enables users to dynamically vary the value
of a parameter with a cursor. For example, these
features can be used to determine the equation
of the function describing the trajectory of a bas-
ketball (figure 2). Because of the dynamic link
between algebraic and graphic representations, it
is possible, by dragging the sliders, to examine
how different values of the parameters a, h and
k affect the corresponding path of the basketball.
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Figure 2. GeoGebra simulation of a projectile motion, available at www.geogebra.org/m/pgqKNSak.

The 3D features in GeoGebra enable users to draw
3D graphs and create 3D geometric constructions.
With augmented reality (AR) enabled, users can
place mathematical objects on any surface and
walk around them. GeoGebra can also be used
to create simulations without extensions such as
Flash or Java. Users do not need any programming
skills to create simulations in GeoGebra, as long
as they understand the mathematics behind poten-
tial simulations.

3. Research design
For the review, we decided to search for and
select scientific articles and conference proceed-
ings on the use of GeoGebra in physics educa-
tion published in English using a methodological
approach based on the work of Petticrew and
Roberts [8]. We restricted our search to papers
published between 2011 and 2021. The research
studies were identified using the following two-
step procedure.
(a) We ran the first search in the following data-
bases: Education Resources Information Centre
(ERIC), Scopus, and Web of Science, using the
combination of two keywords: GeoGebra AND
‘physics education’. From this combination, we

had an outcome of 17 articles from 2011 to 2021.
We defined various inclusion and exclusion cri-
teria to assist in the identification of appropriate
studies (table 1). Through this procedure, we iden-
tified 13 papers for this review, that is, studies on
how GeoGebra can be used in upper secondary
school physics.
(b) We extended our search to Google Scholar
using the same time interval and the same combin-
ation of keywords. From this database, we had an
outcome ofmore than 500 articles. Using the same
inclusion and exclusion criteria, an additional 21
papers were selected. In total, the review com-
prises 34 papers.

4. Results and discussion

4.1. Current literature on the use of
GeoGebra to support teaching of a specific
physics content

All the papers selected for this review are presen-
ted in table 2, where they are classified accord-
ing to their physics content. In addition, the papers
that offer step-by-step instructions on how to cre-
ate the provided material are marked with an
asterisk. These instructions can be valuable for
teachers who wish to re-create or modify the edu-
cational material provided.
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Table 1. Inclusion and exclusion criteria of the literature review process.

Inclusion criteria Exclusion criteria

• Physics content appropriate for upper-secondary
school
• Qualitative, quantitative and mixed studies of
students’ use of GeoGebra
• Experience from GeoGebra-based
educationalmaterial in classroom learning, online
learning or mixed learning
• Experience from GeoGebra-based educational
material in training of physics teachers
• English language
• Scientific articles or conference proceedings
• Articles from 2011 to 2021

• Papers on GeoGebra not related to physics education
• Theoretical and philosophical publications, that do
not consider the use of GeoGebra in physics courses
• Papers that do not provide information about where
to find or how to re-create the used educational
material

Table 2. Scientific papers from 2011 to 2021 on how GeoGebra can be used to support physics education.

Content Article

MECHANICS
(projectile motion, free fall, inclined plane, oscillatory
motion, pendulum, circular motion, collision, friction)

[4, 9–13], [14–17]∗, [18–23], [24]∗

WAVES
(mechanical waves, Young’s double slit experiment)

[25, 26]

GEOMETRICAL OPTICS
(mirrors, reflection, refraction)

[5]∗, [13, 23, 27], [28, 29]∗, [30–32]

ELECTRO-MAGNETISM
(electric charge in a uniform magnetic field)

[23, 29]

ASTRONOMY
(planetary motion)

[13], [14]∗, [33–35], [36]∗

QUANTUM PHYSICS [3, 37–39]

Two characteristics can be observed in
the selected papers: (a) most papers are
developmental papers; they contain detailed
descriptions of educational material specifically
designed for teaching a specific physics content,
but little information about the outcome of the use
of the material in teaching, and (b) the number
of empirical research studies is limited. Within
the first category of papers, the provided edu-
cational material is designed with the defined
purpose of exemplifying how various GeoGebra
features can be used to support teaching of a spe-
cific physics content. The texts mainly describe
how to create simulations, how to involve stu-
dents in the process of designing simulations, or
how real experiments can be augmented by using
GeoGebra.

4.2. Descriptions of how to use GeoGebra
in physics education

In this section, we provide an overview of papers
that describe how GeoGebra simulations can be
designed for use in physics education, how the
software can be used to augment recordings of
physical experiments, and how students can be
engaged in modelling physical phenomena with
GeoGebra.

4.2.1. Designing simulations of physical
phenomena. Based on his experience with
the software, Walsh [4] offers guidelines on
how to create a simulation of projectile motion
(figure 3), and how to upload it on GeoGebra’s
website.
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Figure 3. GeoGebra simulation of simple projectilemotion retrieved from [4], and available at www.geogebra.org/
u/tomwalsh, with the permission of the American Association of Physics Teachers. Available at doi.org/10.1119/
1.4981047.

Similar with Walsh, Kolá̌r [13] describes the
basic applications of GeoGebra. He introduces
yet another handy feature of GeoGebra, namely
tracing, where a point leaves coloured dots on
the Graphics Window as it is changing its pos-
ition in time. Kolá̌r also presents applets that
he designed using GeoGebra, and he gives sug-
gestions about how the applets can be adopted
in physics class. These applets can be found at
ggbm.at/WcgpxH2e.

In addition, problems dealing with repetitive
numerical computation and graphical 2D repres-
entation can be solved in GeoGebra. For example,
Hasek [36] shows how to simulate the motion
of a planet around the Sun using Feynman’s
method of numerical analysis (figure 4) which is
made possible due to simultaneous interconnec-
tion between algebraic, geometric and numeric
representations.

The possibility of connecting geometric and
numerical representations enabled Hruby and
Vesenka [11] to design a GeoGebra applet to

represent the one-dimensional momentum conser-
vation of two colliding objects. The momentum
is represented both as a vector and as the area
of a rectangle whose width is the mass of the
object and whose height is the velocity of the
object (figure 5). The total momentum, represen-
ted as the vector sum of momenta, shows that the
total momentum remains constant but is ambigu-
ous about the velocity changes of the objects.
The area representation shows that the velocit-
ies differ depending on collision type, providing
a better conceptual understanding of the conser-
vation of momentum in terms of final speeds and
directions [11].

4.2.2. Augmenting real experiments with repres-
entations of physical concepts. Teichrew and
Erb [23] present how pictures or video record-
ings of physical experiments can be augmented
by virtual objects, such as force arrows and light
rays, constructed with GeoGebra. If a computer or
smartphone has a camera, such virtual objects can
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Figure 4. GeoGebra simulation of the motion of a planet around the Sun using Feynman’s method of numerical
analysis retrieved from [36]. CC BY 4.0.

Figure 5. GeoGebra simulation of momentum conservation of two colliding objects retrieved from [11], available
at www.geogebra.org/m/M6NSNRBk. CC BY 4.0.
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Figure 6. Motion of an object on an inclined plane augmented by a dynamic model constructed in GeoGebra,
available at www.geogebra.org/m/pafx6xfu#material/qhb4yeht. Created with GeoGebra,

be opened with GeoGebra 3D Calculator simply
by pressing the tool’s AR button. For example,
the motion of an object on an inclined plane can
be augmented by a dynamic GeoGebra model
of the resulting force (figure 6). The model dis-
plays the resulting force as the vector sum of
the gravitational force and the normal force. The
mass of the cart and the angle of inclination
can be modified to correspond to the real setup
(figure 7).

4.2.3. Involving students in the process of mod-
elling physical phenomena. Some of the stud-
ies describe how students can be engaged in
the construction of GeoGebra simulations. In a
study conducted by Marciuc et al [15] ninth-
grade students were encouraged to create sev-
eral simulations of uniform accelerated motion,
such as motion on an inclined plane (figure 8).
The commands for creating these representations
(table 3) are also included in the paper and can
be used as inspiration for developing activities
where students are involved in the process of
modelling physical phenomena in a quantitative
way.

Similarly, in the context of teaching geomet-
rical optics to students without prior knowledge
of trigonometry, Santana et al [32] created super-
vised activities where students were instructed to
construct geometrical objects (lines or segments)
in specified ways to create and analyse ray dia-
grams for image formation in lenses, mirrors and
prisms (figure 9). A detailed description of the
activities supplied in this article can be used to
develop similar materials.

Involving students in the process of model-
ling physical phenomena might be a starting point
for discussions about the limitations of computer
models. This is similar to what has been sug-
gested in exercises with Algodoo [40], a soft-
ware in which students can create simulations by
using simple drawing tools such as boxes, circles,
polygons, ropes, or chains. However, in compar-
ison with Algodoo, where the underlying math-
ematical architecture is less accessible, GeoGebra
explicitly shows the physical and mathematical
modelling. The dynamic connection between the
two construction formsmight strengthen students’
understanding of the role of mathematical model-
ling in physics.
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Figure 7. GeoGebra model of the resulting force constructed obtained by adding the force arrows of gravitational
force and normal force, available at www.geogebra.org/m/pafx6xfu#material/qhb4yeht. Created with GeoGebra

Figure 8. GeoGebra simulation of the sliding motion on an inclined plane retrieved from [15], with the permission
of the ADL ROMANIA.
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Table 3. GeoGebra commands for modelling of sliding motion on an inclined plane retrieved from [15].

Commands Results

α= 25◦;v_0= 1.6;g= 9.8;L= 7; t= 0;O= (0,0) Defining system parameters
a = g∗sin(α) Defining acceleration
d= V_0 ∗ t+ 1/2 ∗ a ∗ t∧2 The displacement at time t
t_ f = (−V_0 + sqrt(2a∗L + V_02))/a The time required to cover the distance L
M = ((L − d)∗cos(α),(L − d)∗sin(α)) The position of the body at time t

Figure 9. GeoGebra representation of the image form-
ation through two thin biconvex lenses retrieved from
[32]. © IOP Publishing Ltd. All rights reserved.

4.3. Empirical research on GeoGebra in
physics teaching

As mentioned, there is little empirical research on
the use of GeoGebra in physics education. How-
ever, several studies on a teaching sequence sup-
ported by GeoGebra simulations have been con-
ducted by Malgieri, Onorato, and de Ambrosis
[3, 37–39]. A collection of GeoGebra simula-
tions was developed to assist students in learn-
ing quantum physics at a basic level based on
Feynman’s sum over paths’ approach. The soft-
ware was chosen because it offers the possib-
ility of creating highly interactive simulations
that are easy to use and modify [37]. The sim-
ulations were used in both classroom activities
and for homework, displaying elements of phys-
ical experiments. For example, the simulation
of the two-slit experiment with point-like slits
(figure 10) displays in the left window the physical
setup and the detection probability of the photon
(black curve). In the right window, the simula-
tion displays the vectors (phasors) associated with
the two paths in the same colour with which the
paths are represented in the left window (red and

green), making the formal representations phys-
ically intuitive. The resultant amplitude, which is
the sum of the two vectors associated with the
paths, is shown in black.

Relevant physical parameters, such as the
position of the detector, light wavelength, and
the source detector can be varied using sliders
and checkboxes. The teaching sequence has been
tested and revised in the context of training
courses for pre-service and in-service high school
teachers, and for the use of students in their final
year of high school.

The studies show that by using this teach-
ing sequence, students have improved their under-
standing of several conceptual issues and their
ability to use the ‘sum over path’ method for
problem solving as well as their ability to
express themselves using an expert-like language.
Regarding the collection of simulations and the
software used for designing it, the researchers
consider that GeoGebra is a valuable supporting
software as it ‘makes the mathematical models
behind the simulations completely transparent and
easily accessible to the user, and avoids producing
the impression that complex and exotic algorithms
are at work’ [3].

As part of our research, we conducted a
study that focused on upper-secondary school stu-
dents’ interaction with a freely available Geo-
Gebra simulation of friction [22]. The simu-
lation is a dynamic representation of a hand
pulling a block over a surface. The hand holds
a dynamometer which shows the value of the
pulling force. The force–time graph that appears
simultaneously displays small ripples as opposed
to the idealised linear relationships often provided
in textbooks (figure 11).

A class of 19 first-year upper-secondary
school students (16 years old) specialising in nat-
ural sciences in Sweden took part in a 1 h lesson
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Figure 10. GeoGebra simulation of the two-slit experiment with point-like slits, available at www.geogebra.org/
m/Q6waMV2v#material/v322CWF9. Created with GeoGebra, by

Figure 11. GeoGebra simulation of friction used in the study. Overview of picture of block and hand, sliders
and graph of force against time after the block has started to move, available at www.geogebra.org/m/F6GAjhpw.
Created with GeoGebra,

following written instructions developed around
the GeoGebra simulation [22]. Students collab-
orated in pairs, and video cameras were placed
behind three pairs to record students’ voices and
gestures and their computer screens. The results
showed that the students quickly understood how
the simulation works. Taking advantage of the

flexibility of the tool, students could investig-
ate the effect of varying parameters by dragging
sliders and by pausing or rerunning the simula-
tion. They observed that the mass and surface
of the material, but not the base area, influenced
the frictional force. The opportunity to observe
how the force–time graph was rendered as the
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hand pulled the block and specific features of the
provided GeoGebra simulation of friction, such
as the ripply graph, encouraged the students to
come up with their own representations in the
form of enactments, gestures, and drawings, par-
ticularly in order to explainmicroscopic aspects of
frictional force. Overall, we found the simulation,
in conjunction with the provided work sheet, to be
a valuable tool in upper-secondary school teach-
ing of friction by enabling students to cooperate
and to describe their understanding using scien-
tifically appropriate language.

5. Concluding remarks
The current literature on how GeoGebra can be
used to support upper-secondary school phys-
ics education is comprised primarily of descrip-
tions of educational material, mostly simulations.
These studies acknowledge GeoGebra’s features
as valuable for physics education. For example,
the simultaneous interconnection between algeb-
raic, geometric, and numeric representations
allows for the possibility of analysing inserted
videos and pictures of real experiments (figure 2),
giving students the opportunity to obtain an intu-
ition for the formal representation of physical phe-
nomena. The ability to augment photos and videos
of real experiments with virtual objects, such as
arrows (figure 6), makes GeoGebra a suitable tool
for making formal representations of physical
phenomena and concepts, such as vectors, more
experienceable and intuitive. Using GeoGebra,
teachers can create custom-made computer sim-
ulations or modify existing simulations that are
freely available on the software’s website. This
provides teachers with the opportunity to choose
the desired approach to teaching and learning
physics. In addition, students can build an under-
standing of the role of computer modelling in
physics by being involved in the process of creat-
ing computer simulations of physical phenomena.
In addition, the empirical studies selected in our
review show that GeoGebra is a user-friendly soft-
ware that can be operated intuitively by students.
It provides an environment where the underly-
ing mathematical structures are always at hand,

while enabling users to connect physical phenom-
ena to formal representations of them, as well as
informal representations such as drawings, ges-
tures, and enactment.

Data availability statement
The data that support the findings of this study
are available upon reasonable request from the
authors.

Acknowledgments
All figures in this paper are used with kind 
per-mission from the authors of the reviewed 
studies.

ORCID iDs
Lorena Solvang  https://orcid.org/0000-0002-
4790-6032
Jesper Haglund  https://orcid.org/0000-0003-
4997-2938

Received 23 March 2021, in final form 25 April 2021
Accepted for publication 21 May 2021
https://doi.org/10.1088/1361-6552/ac03fb

References
[1] Linn M C and Eylon B-S 2011 Science Learning

and Instruction: Taking Advantage of
Technology to Promote Knowledge
Integration (New York: Routledge)

[2] Wassie Y A and Zergaw G A 2018 Capabilities
and contributions of the dynamic math
software, GeoGebra—a review North Am.
GeoGebra J. 7 68–78

[3] Malgieri M, Onorato P and de Ambrosis A 2014
Teaching quantum physics by the sum over
paths approach and GeoGebra simulations
Eur. J. Phys. 35 055024

[4] Walsh T 2017 Creating interactive physics
simulations using the power of GeoGebra
Phys. Teach. 55 316–7

[5] Marciuc D and Miron C 2018 Understanding
multiple reflections in two plane mirrors by
building computer simulations Rom. J. Phys.
70 902

[6] Hsu S 2010 Developing a scale for teacher
integration of information and
communication technology in grades 1–9
J. Comput. Assist. Learn. 26 175–89

September 2021 11 Phys. Educ. 56 (2021) 055011

https://orcid.org/0000-0002-4790-6032
https://orcid.org/0000-0002-4790-6032
https://orcid.org/0000-0002-4790-6032
https://orcid.org/0000-0003-4997-2938
https://orcid.org/0000-0003-4997-2938
https://orcid.org/0000-0003-4997-2938
https://doi.org/10.1088/1361-6552/ac03fb
https://doi.org/10.1088/0143-0807/35/5/055024
https://doi.org/10.1088/0143-0807/35/5/055024
https://doi.org/10.1119/1.4981047
https://doi.org/10.1119/1.4981047
https://doi.org/10.1111/j.1365-2729.2010.00348.x
https://doi.org/10.1111/j.1365-2729.2010.00348.x


L Solvang and J Haglund

[7] Hohenwarter M and Lavicza Z 2007
Mathematics teacher development with ICT:
towards an International GeoGebra Institute
(British Society for Research into Learning
Mathematics)

[8] Petticrew M and Roberts H 2006 Systematic
Reviews in the Social Sciences: A Practical
Guide (Oxford: Blackwell Publishing)

[9] Arnone S, Moauro F and Siccardi M 2017 A
modern Galileo tale Phys. Educ. 52 1–5
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[13] Kolá̌r P 2019 GeoGebra for secondary school
physics J. Phys. Conf. Ser.
1223 012008

[14] Marciuc D and Miron C 2014 Technology
integration of GeoGebra software in
interdisciplinary teaching 10th Int. Scientific
Conf. eLearning and Software for Education

[15] Marciuc D, Miron C and Barna E S 2016
Learning physics by building computer
models—movements on inclined planes 11th
Int. Scientific Conf. eLearning and Software
for Education (https://doi.org/
10.12753/2066-026X-16-210)

[16] Marciuc D, Miron C and Barna E S 2016 Using
GeoGebra and Vpython software for
teaching motion in a uniform gravitational
field Rom. J. Phys. 68 1603–20

[17] Marciuc D, Miron C and Barna E S 2016 Using
GeoGebra software in the teaching of
oscillatory motions Rom. J. Phys.
68 1296–311

[18] Marciuc D, Solschi V and Miron C 2017 12th
Int. Conf. on Virtual Learning

[19] Marciuc D and Miron C 2018 Technologically
enhanced learning—highlighting the
generality and transferability of
mathematical models 14th Int. Scientific
Conf. eLearning and Software for Education

[20] Montalbano V 2016 Promoting multimedia in
physics teaching through the flipped
classroom in pre-service education 20th Int.
Conf. on Multimedia in Physics Teaching
and Learning

[21] Ponce Campuzano J C, Matthews K E and
Adams P 2018 On the use of history of
mathematics: an introduction to Galileo’s

study of free fall motion Int. J. Math. Educ.
Sci. Technol. 49 517–52

[22] Solvang L and Haglund J 2018 GeoGebra in
physics education 10th Int. Conf. on
Education and New Learning Technologies
(https://doi.org/10.21125/edulearn.
2018.2315)

[23] Teichrew A and Erb R 2020 How augmented
reality enhances typical classroom
experiments: examples from mechanics,
electricity and optics Phys. Educ.
55 065029

[24] Vallo D and Valovicova L 2019 Interdisciplinary
relations of mathematics and physics in
curriculum of conic sections AIP Conf. Proc.
2152 030035

[25] Chiriacescu F-S, Chiriacescu B and Miron C
2019 Didactic instrument developed in
GeoGebra for the determination of the
coordinates of an earthquake based on an
inquiry based learning method eLearn.
Softw. Educ. 15 481–8

[26] Nath S and Mandal P 2019 Shape of interference
fringes in Young’s double slit experiment
Phys. Educ (India) 35 1–7

[27] Krumphals I 2019 The Mirascope: an
explanation on a conceptual level Phys.
Educ. 54 045013

[28] Marciuc D, Csereoka P and Miron C 2015
Understanding of optics phenomena by
building mathematical and computational
models The Int. Scientific Conf. eLearning
and Software for Education

[29] Marciuc D and Miron C 2017 Developing
students’ creativity by physics lessons 12th
Int. Conf. on Virtual Learning

[30] Milner-Bolotin M 2016 Rethinking
technology-enhanced physics teacher
education: from theory to practice
Can. J. Sci. Math. Technol. Educ.
16 284–95

[31] Rodríguez Y, Santana A and Mendoza L 2013
Physics education through computational
tools: the case of geometrical and physical
optics Phys. Educ. 48 621

[32] Santana A, Rodríguez Y and Gómez E A 2012
Construction of ray diagrams in geometrical
optics: a media-focused approach Phys.
Educ. 47 715

[33] Cerisola S and Romero A L 2019 Modeling the
paths of the Sun using GeoGebra North Am.
GeoGebra J. 8 46–57

[34] Diolatzis I S and Pavlogeorgatos G 2019 The
influence of Hipparchus in Antikythera
mechanism New Astron. 67 29–39

[35] Diolatzis I S and Pavlogeorgatos G 2019
Simulating Kepler’s geocentric Mars orbit
New Astron. 71 39–51

September 2021 12 Phys. Educ. 56 (2021) 055011

https://doi.org/10.1088/0031-9120/52/1/015004
https://doi.org/10.1088/0031-9120/52/1/015004
https://doi.org/10.1088/1742-6596/1223/1/012008
https://doi.org/10.1088/1742-6596/1223/1/012008
https://doi.org/10.12753/2066-026X-16-210
https://doi.org/10.12753/2066-026X-16-210
https://doi.org/10.1080/0020739X.2017.1377301
https://doi.org/10.1080/0020739X.2017.1377301
https://doi.org/10.21125/edulearn.2018.2315
https://doi.org/10.21125/edulearn.2018.2315
https://doi.org/10.1088/1361-6552/abb5b9
https://doi.org/10.1088/1361-6552/abb5b9
https://doi.org/10.12753/2066-026X-19-063
https://doi.org/10.12753/2066-026X-19-063
https://doi.org/10.1088/1361-6552/ab143a
https://doi.org/10.1088/1361-6552/ab143a
https://doi.org/10.1080/14926156.2015.1119334
https://doi.org/10.1080/14926156.2015.1119334
https://doi.org/10.1088/0031-9120/48/5/621
https://doi.org/10.1088/0031-9120/48/5/621
https://doi.org/10.1088/0031-9120/47/6/715
https://doi.org/10.1088/0031-9120/47/6/715
https://doi.org/10.1016/j.newast.2018.09.003
https://doi.org/10.1016/j.newast.2018.09.003
https://doi.org/10.1016/j.newast.2019.03.004
https://doi.org/10.1016/j.newast.2019.03.004


How can GeoGebra support physics education in upper-secondary school

[36] Hasek R 2012 Numerical analysis of a planar
motion; GeoGebra as a tool of
investigation North Am. GeoGebra J. 1 33–6

[37] Malgieri M, Onorato P and de Ambrosis A 2018
GeoGebra simulations for Feynman’s sum
over paths approach Il Nuovo Cimento
41 124

[38] Malgieri M, Onorato P and de Ambrosis A 2016
A learning path on quantum physics
including simulations, low cost experiments,
online resources 20th Int. Conf. on
Multimedia in Physics Teaching and
Learning

[39] Malgieri M, Onorato P and de Ambrosis A 2017
Test on the effectiveness of the sum over
paths approach in favoring the construction
of an integrated knowledge of quantum
physics in high school Phys. Rev. Phys.
Educ. Res. 13 010101

[40] Gregorcic B and Bodin M 2017 Algodoo: a tool
for encouraging creativity in physics
teaching and learning Phys. Teach.
55 25–8

Lorena Solvang is a graduate
student in Educational Studies
at Karlstad University within the
Graduate School for Digitization of
Teaching (FUNDIG) with a focus on
physics education. In parallel, Lorena
teaches physics and mathematics at
Solbergagymnasiet upper secondary
school.

Jesper Haglund is a senior lecturer
in physics education at Karlstad
University. In his research, Jesper
takes an interest in how digital
technology can be used in physics
education. He is one of the chairs of
ESERA’s strand on Digital Resources
for Science Teaching and Learning.

September 2021 13 Phys. Educ. 56 (2021) 055011

https://doi.org/10.1103/PhysRevPhysEducRes.13.010101
https://doi.org/10.1103/PhysRevPhysEducRes.13.010101
https://doi.org/10.1119/1.4972493
https://doi.org/10.1119/1.4972493


Article II





Vol.:(0123456789)

Research in Science Education
https://doi.org/10.1007/s11165-021-10017-7

1 3

Learning with Friction—Students’ Gestures and Enactment 
in Relation to a GeoGebra Simulation

Lorena Solvang1  · Jesper Haglund2 

Accepted: 13 July 2021 
© The Author(s) 2021

Abstract
The present study contributes to the understanding of physics students’ representational 
competence by examining specific bodily practices (e.g. gestures, enactment) of students’ 
interaction and constructions of representations in relation to a digital learning environ-
ment. We present and analyse video data of upper-secondary school students’ interaction 
with a GeoGebra simulation of friction. Our analysis is based on the assumption that, in 
a collaborative learning environment, students use their bodies as means of dealing with 
interpretational problems, and that exploring students’ gestures and enactment can be used 
to analyse their sensemaking processes. This study shows that specific features of the simu-
lation—features connected with microscopic aspects of friction—triggered students to ask 
what-if and why questions and consequently, to learn about the representation. During this 
sense-making process, students improvised their own representations to make their ideas 
more explicit. The findings extend current research on students’ representational compe-
tence by bringing attention to the role of students’ generation of improvised representations 
in the processes of learning with and about representations.

Keywords GeoGebra · Representational competence · Student-generated representations · 
Friction · Physics education

Introduction

Education researchers have argued that students’ development of representational compe-
tence is central to achieving conceptual understanding and science literacy (diSessa, 2004; 
Lemke, 2003, 2004; Prain & Tytler, 2012). In line with Lemke (2003), we use the term rep-
resentational competence as the ability to construct and interpret links between an object (a 
real-world object, a concept, a quantity, a process or a phenomenon), its representation and 
its meaning.

Research on representational competence highlights the role of multiple representa-
tions in student learning processes. Learning with multiple representations encompasses 
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using simultaneously two or more representational forms of the same concept, such as 
a text about a specific concept which is accompanied by pictures of that concept (Ains-
worth, 2006). According to Opfermann et al. (2017), when students are offered different 
sources of information, they can choose the one that best fits them and the requirements 
of the provided task. In addition, when the information is packed into a representation 
taking advantage of several different modes (words, symbols or images on a page, mov-
ing images or sound on a screen, gestures, etc.), the representation is multimodal, in the 
sense that it may ‘involve the simultaneous coordination of any or all of the senses and 
any modes of action’ (Hutchins, 2010, p. 434).

Education researchers suggest that students need to participate in activities where 
they learn how to construct and interpret disciplinary-specific representations (Ains-
worth, 2008a, 2008b; Prain & Tytler, 2012), while they should, in turn, be given the 
opportunity to learn about and with new representations other than the sanctioned repre-
sentations asserted in standard educational material (diSessa, 2004). Students’ ability to 
generate their own representations of phenomena and concepts, so-called student-gener-
ated representations, is an important aspect of representational competence. According 
to Prain and Tytler (2012), students’ construction of their own representations allows 
them to focus on the purpose and relevance of representations in particular contexts and 
facilitates their understanding of relationships between objects, their representations and 
their meaning. In contrast to such studies where student-generated representations are 
explicitly prompted by the teachers, Steier et al. (2019) argue that cases where students 
spontaneously generate representations have received insufficient attention in science 
education research. They have found that students often come up with new representa-
tions in a collaborative environment and that the development of unprompted represen-
tations is part of the process of making sense of a physical concept or phenomenon.

A particular type of student-generated representation is the use of gestures and enact-
ment. Roth (2000), drawing on Kendon (1985), defines gesture as a visible bodily action 
used in the process of communication. Gestures can add more layers to representational 
competence than plain speech, playing an important role during the process of understand-
ing the relationships between an object, its representation and its meaning during construc-
tion of a scientific discourse (Roth, 2000; Roth & Welzel, 2001). This perspective can be 
extended from a focus on gestures to multimodal forms of communication where students 
interact physically with each other, add sounds or make use of objects from their vicinity 
to convey their ideas. By coordinating such representational forms, students may produce 
something similar to a theatre scene, that is an enactment, where they play out different 
aspects of a physical phenomenon or concept (McNeill, 1992; Scherr, 2008).

Computers and other digital devices have long been acknowledged as useful tools for 
constructing representations (diSessa, 2004) and to support students’ cooperation (Steier 
et al., 2019). As digital devices become more powerful, they can be used to link multiple 
representations using the same or different modes, creating more sophisticated and com-
plex representations (White & Pea, 2011). Research on students’ learning processes in dig-
ital-based learning environments often explores students’ interaction with digital interfaces 
and with each other and shows that students put considerable interpretive effort in order to 
make sense of involved concepts and representations (Stahl, 2006).

The context of the present study is a collaborative activity of upper-secondary school 
students who are introduced to a computer simulation of the concept of friction. Research 
shows that microscopic factors (e.g. surface topography), rather than macroscopic factors 
(e.g. mass), can provide a causal mechanism of friction for students (Cheong et al., 2019).
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The study aims to explore students’ use and interpretation of a provided representation, 
a computer simulation of friction, and generation of their own representations, with a par-
ticular focus on their gestures and enactment of the phenomenon. Against this background, 
we address the following research questions:

1. How do pairs of students use and explore a provided representation to make sense of 
microscopic aspects of friction?

2. What triggers pairs of students to come up with their own representations when making 
sense of a computer simulation of friction?

Gestures and Enactment as Student‑Generated Representations

In this section, we expand the account of students’ gestures and enactment in relation to 
scientific phenomena from two angles. We consider student-generated gestural representa-
tions as a means of dealing with interpretational problems, but also recognise that explor-
ing students’ gestures and enactment can be used to analyse their sensemaking processes.

An important contribution to psychology research on the interplay between spoken lan-
guage and gestures stems from research by McNeill (1992). He argues that gestures are 
not only an accessory to speech, but also have an impact on thinking. The idea that ‘ges-
tures and speech convey information of the same scene’ (McNeill, 1992, p. 79) has influ-
enced the work of several science education researchers. Studies on students’ use of ges-
tures while interpreting the relationship between an object’s representation and its meaning 
have focused on (a) static representations, such as drawings and maps (Roth, 2000; Scherr, 
2008; Steier et al., 2019), (b) computer-based dynamic representations, such as dynamic 
drawings and simulations (Adams, 2008; Euler et al., 2019; Roth, 2000) and (c) physical 
models, such as a wooden model of a bridge (Roth, 2000; Roth & Welzel, 2001). These 
studies show different aspects of gestures that play an important role in communication and 
thinking. For example, Scherr (2008) examined students’ use of gestures while learning 
projectile motion in mechanics. When students were discussing the velocity of an object at 
the top of its trajectory, one of them moved her left hand in a half parabola shape, stopped 
the hand at the vertex and then let the hand drop straight down to illustrate the path of 
the object in the case of zero velocity at the top of the trajectory. The half parabola ges-
ture was accompanied by incomplete and quiet sentences twice before the students actually 
spoke out loud and made her ideas publicly accessible through both gestures and speech. 
This led Scherr to conclude that students’ gestures indicate their pre-articulated ideas and 
facilitate construction of new ideas offering ‘one source of evidence of students’ engage-
ment in constructive thinking’ (Scherr, 2008, p. 4). Euler et al. (2019) present a case study 
involving a pair of students as they reason about binary star dynamics. At one point, the 
students act out a rotation of a partner dance, constructing an explanatory model of the 
binary star system. In the process of meaning making, the partner dance provides shared 
embodied images which can persist long enough to serve as a hub around which further 
dialogue can take place. These studies suggest that there is a growing interest in science 
education in the processes through which students construct unprompted representations 
in the context of collaboration, and a common finding of these studies is the shift across 
modalities that arise during the interpretation process. Students were observed to fre-
quently move between digital and non-digital representations, between static and dynamic 
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representations and between spoken language and gestures when trying to make sense of 
the provided representation.

In addition to viewing student-generated gestural representations as a means of dealing 
with interpretational problems, some of the above studies also use students’ gestures and 
enactment as tools for analysing their sensemaking processes. For example, in the study 
conducted by Steier et  al. (2019), groups of students were trying to understand that the 
shortest flight path may be represented by a curved line on a global map. To understand 
this, a student constructed a new representation of the motion between two locations. He 
shaped his left hand into a half-sphere tracing a possible trajectory of the flight path using 
his right index finger. Steier et al. (2019) argue that when students have difficulty express-
ing ideas within the given context, they may look for new ways to make their understand-
ing available to collaborators, such as improvising gestural representations. The scholars 
also suggest that students’ improvised gestural representations can be used as analytic con-
cepts for researchers to productively unfold meaning-making processes within collabora-
tive learning environments. This suggestion confirms Scherr’s (2008) view that studying 
an individual student’s gestures in a group activity provides insights into his or her unique 
contributions to the group’s generation of ideas. Also, in the context of students using 
computer-based representations, the analysis of gestures can be a powerful tool for untan-
gling student understanding through digital representations (Adams, 2008). These studies 
also suggest a growing interest in the students’ construction of gestural representations and 
enactment during collaborative meaning making processes of representations. In this vein, 
the present study contributes to our understanding of students’ development of represen-
tational competence by examining how they generate unprompted representations, in par-
ticular gestures and enactments, in interpreting the links between a physical phenomenon 
and its provided digital representation in a collaborative learning environment.

Learning with and about Digital Simulations

Drawing on Smetana and Bell (2012) and Clark et al. (2009), we define computer simu-
lations as computer-generated, dynamic representations of real-world phenomena or ide-
alised models that allow users to explore the implications of manipulating or modifying 
parameters within the representation. Simulations are dynamic representations in that 
they ‘display processes that change with respect to time’ (Ainsworth & VanLabeke, 2004, 
p. 241). For example, they might display a block moving on a table or electrons moving 
around an atomic nucleus. In addition, simulations often include multiple representations, 
such as images, graphs and written captions, which are usually displayed simultaneously 
(Ainsworth & VanLabeke, 2004).

Digital simulations may be used for instructional purposes as they ‘allow learners to 
construct their own knowledge by interacting with an environment, conducting experi-
ments and by observing the effects of these experiments’ (Ainsworth & VanLabeke, 2004, 
p. 243), in ways that are sometimes impossible in real situations. A review study, conducted 
by De Jong et al. (2013) to compare the value of physical and virtual investigations, shows 
that research does not support the belief that students learn best from working with physi-
cal equipment. Instead, the review study has found that, in much of the current literature, 
students working with simulations perform as well, or better, on measures of conceptual 
understanding than their peers who perform similar experiments with physical equipment. 
A defining characteristic of virtual laboratories is that the reality can be modified to make 
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the interpretation of the studied phenomena easier. For example, important information 
in a digital representation can be accentuated while confusing details can be concealed. 
Digital representations often provide simultaneous access to the formal representations of 
physical concepts and phenomena that would not be perceivable in the same way as they 
would be while using physical equipment. In addition, virtual experiments enable students 
to conduct multiple experiments in a short amount of time. The scholars also note that 
several studies emphasise the benefit of teacher guidance, particularly when students are 
asked to predict the outcome of an experiment and to later compare the outcome with their 
own ideas. Students may, however, still encounter difficulties interpreting outcomes despite 
using carefully designed simulations. For example, a study conducted by López and Pintó 
(2017) revealed that 14- to 16-year-old students encountered several types of reading dif-
ficulties when interacting with a simulation of friction. The simulation displays a chemistry 
book sliding on top of a physics book with a different colour. Some students were confused 
about the simulation, as they associated the titles and colours of the books to particular 
physical vs. chemical properties of friction. López and Pintó argue that the observed inter-
pretation difficulties are caused by an overload of information, ambiguous information and 
unnecessary, decorative elements and visual inaccuracies.

Some simulation environments, such as Physics Education Technology (PhET) simu-
lations, are fixed environments in which students learn by exploring the implications of 
manipulating or modifying parameters (Wieman et  al., 2008). Other platforms, such as 
Algodoo (Gregorcic & Bodin, 2017), allow users to create and modify their own simula-
tions. Recently, GeoGebra (Hohenwarter et al., 2009), an open source software originally 
designed for mathematics education, has received some attention in physics education 
(Milner-Bolotin, 2016; Walsh, 2017), as it enables teachers without in-depth program-
ming knowledge to create their own computer simulations. Different representations of the 
same mathematical object, e.g. formulas, tables and graphs, are connected in a dynamic 
and simultaneous manner. GeoGebra allows teachers to create engaging learning environ-
ments which enhance students’ cooperative learning (Wassie & Zergaw, 2018) or to create 
mathematical models of physical phenomena and hence to achieve their pedagogical goals 
(Milner-Bolotin, 2016). GeoGebra can also be used by students to create mathematical 
models of physical phenomena which helps them understand in depth the process of mod-
elling and the modelled physical phenomena (Marciuc et al., 2016). In this way, research 
suggests that digital simulations can be effectively used in physics education. Moreover, 
GeoGebra allows users to adjust simulations to avoid unnecessary information or to insert 
desired elements.

Methods

Participants and Data Collection

The study was conducted in a class of 19 first-year upper-secondary school students 
(16 years old) specialising in natural science in Sweden. They took part in a 1-h lesson fol-
lowing the written instructions provided by the authors. This lesson was not part of the stu-
dents’ standard curriculum, but was given during school time by the researchers as replace-
ment for the regular teacher. Written informed consent was obtained from all students, and 
six of the students (three pairs) consented to the video recording of their participation. 
Both authors (Solvang:A1, Haglund:A2) remained present throughout the entire lesson, 
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offering advice on how to use the software and how to interpret the questions of the task 
when the students were stuck. The authors also encouraged the students to dig further into 
interesting observations. The video cameras were placed behind each of the three pairs to 
record the students’ voices and gestures and their computer screens. In addition, students’ 
unprompted representations in the form of drawings of the phenomena were collected and 
analysed.

The Task

Because the students were at the very beginning of their first upper-secondary phys-
ics course, we chose a topic usually included in secondary school physics, namely, fric-
tion between two solid objects. We used the example of making an object slide across 
a plane surface by applying an external force on the object. The frictional force has two 
forms: static friction (when the external force is applied but the object does not move) and 
dynamic friction (when the object is in motion). The dynamic friction is independent of the 
contact area between the object and the surface, but is proportional to the normal force, and 
hence to the mass of the sliding object. The friction is caused by the adherence between 
the surface molecules of the two objects and the microscopic structure, which explains the 
dependence of friction on the materials of the surfaces. However, textbooks only briefly 
mention microscopic aspects, such as the role of surface roughness on frictional force. 
According to Besson et al. (2007), the standard representation of friction, which depicts a 
rectangle moving on a plane, hinders students from imagining the underlying microscopic 
phenomena. Since microscopic observations of surface topography are not easily accessed 
through direct observation, Trundle and Bell (2010) recommend using computer simu-
lations. For the present study, we chose a readily available GeoGebra simulation of fric-
tion which is a dynamic representation of a block sliding over a surface. A hand pulls the 
block with a dynamometer, which shows the value of the pulling force. Simultaneously, a 
force–time diagram is displayed as shown in Fig. 1.

Fig. 1  GeoGebra simulation of friction used in the study. Overview of picture of block and hand, sliders 
and graph after the block has started to move (freely available at https:// www. geoge bra. org/m/ F6GAj hpw)

https://www.geogebra.org/m/F6GAjhpw
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By dragging the sliders (the top left corner in Fig. 1), students can choose the materials 
of the block and the surface, and the value of the block’s weight and base area. Using the 
buttons at bottom left, students can start and pause the simulation, or reset the graph.

Around this simulation, we developed a set of instructions for students to use together 
with the GeoGebra simulation. The set of instructions was designed, according to the Pre-
dict–Observe–Explain (POE) teaching strategy (White & Gunstone, 1992), to encourage 
students to explore, justify and eventually revise their own ideas, and enable our analysis of 
the range of students’ ideas. The instructions prompt students to change one parameter at 
a time, to predict what the graph would look like, to run the simulation and finally, to dis-
cuss the differences between their predicted graph and the one displayed in the GeoGebra 
simulation. The full version of the classroom instructions is available as an electronic sup-
plementary material (Appendix 2).

The purpose of this task was to enable students to observe and explain:

• that the weight and the material, but not the base area, influence the frictional force,
• the decrease in force when the block begins to move, due to the lower dynamic friction 

compared to the static friction (a ‘shark tooth’, see Fig. 2a), and
• ripples in the graph (Fig. 2b), due to unevenness of surfaces obstructing the motion of 

the block.

Analytic Approach

The entire video collection was scrutinised several times by the authors both separately 
and together. Specific events were then selected for further analysis. The methodological 
approach for selection is consistent with the guidance on video analysis in educational 
research provided by Derry et  al. (2010) that researchers ‘may look across a vast array 
of video records to find the most representative instance or instances—perhaps the most 
salient video chunks that best illustrate and represent one day or month of data collection’ 
(Derry et al., 2010, p. 12). Our first consideration was about the degree of explicitness of 

Fig. 2  Force–time graph from the GeoGebra simulation of friction, displaying the ‘shark tooth’ (a) and rip-
ples (b)
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the participants’ verbal and gestural contributions (Linell, 2009; Mercer, 2007). One pair 
of students was excluded from the analysis, due to a low level of cooperation and poor 
sound quality of the recording. From the other two pairs, we selected events where the 
participants were highly involved in verbal and gestural interactions, that is, a high degree 
of explicitness. The second consideration was about the role of the microscopic aspects 
in understanding the concept of friction (Cheong et al., 2019). We have selected for fur-
ther analysis episodes where students engaged in explorations of the ripples and the ‘shark 
tooth’ displayed on the graph. The discontinuous graph has an additional significance for 
our study as it is not a common way of presenting the relationship between the applied 
force and time. Because of the ripple on the graph and the dynamics of the simulation, 
we considered this GeoGebra simulation as a non-sanctioned representation of friction 
(diSessa, 2004).

To bring insight into how students understand the representation, we relied on previous 
research on students’ representational competence which shows that students’ interaction 
with a provided representation and with each other often include gesture and enactment 
(Steier et al., 2019). Using McNeill’s (1992) categorisation of different types of gestures, 
we examined depictive gestures (gestures where hands are used to produce pictorial rep-
resentations of an object or a phenomenon) and deictic gestures (pointing). Here, students 
primarily pointed to features of the simulation on the screen, and used depictive gestures 
in representing friction as a phenomenon. Because these bodily actions are essential in our 
analysis, we include images of students’ gestures and enactment taken as screen shots of 
the video material. We chose to use graphic vignettes (Laurier, 2014) because the narrative 
structure of a comic strip enables depiction of speech, in conjunction with sound, gestures, 
motion and objects. To connect the images with the corresponding verbal transcript, we 
employed a transcript convention based on Jefferson (2004) as shown in Appendix 1.

Results

Reviewing the total corpus of video data, we identified three events where two pairs of stu-
dents explored the microscopic level of friction by means of gestural representations and 
enactment of the studied phenomenon, in conjunction with spoken language.

Anna and Bella: Observing the Ripples

This event takes place during the part of the activity where Anna, sitting on the left side, 
and Bella, sitting on the right side, explore the role of the material (all students have been 
given fictitious names). The students are discussing the differences between the graph they 
predicted and the one in the simulation. They notice the ripples on the graph, approaching 
in this way the microscopic level of friction (Fig. 3).

Anna and Bella interact with the interface by pointing at the ripples, directing attention 
to that specific feature using deictic gestures. Bella moves her attention away for a while; 
then, she goes back to the ripples, pointing at another region of the graph where the ripples 
were visible. At this point, Anna seems puzzled about the graph’s ripples, as the surface is 
seemingly plane. To reinforce her statement, Anna gestures a flat surface, moving her hand 
horizontally back and forth. Here, Anna begins to realise the relation between the digi-
tal representation (the graph’s ripples) and the real world (the material’s topography). The 
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physical properties of materials have become the focus of Bella’s attention as well. When 
Bella wonders whether the materials’ topography is connected to the graph’s shape in some 
way, A1 encourages the pair to explore the effect of different materials.

Next, Bella restarts the simulation and rejects the idea of the graph being ripply for 
other materials. She changes the material to wood on wood without resetting the graph and 
the new graph appears instantaneously. By switching to a static representation, she enables 
exploration of fewer aspects of the representation in more detail. The shape of the graph 
remains the same, but the slope increases and the ripples become slightly more visible. 
Bella still does not distinguish the ripples, but Anna adds that there are ‘some (ripples)’ 
and gestures a sine wave, indicating that the graph is nonlinear. Anna’s new representa-
tional strategy of depicting the graph with a schematic gesture helps Bella grasp the asso-
ciation between friction and ripples. When she sees Anna’s hand moving up and down, 
Bella says that ‘(When) the friction is getting higher, then you get more ripples’ taking a 
step towards a microscopic understanding of friction.

Anna and Bella: Explaining the Ripples

After exploring the role played by the material and the mass, Anna and Bella explore 
the influence of the block’s base area on the frictional force. The students begin by pre-
dicting that an increased base area will result in an increased force. They run the simu-
lation several times, and are surprised to notice that their hypothesis is wrong. They 
first agree that it must be something else which makes all the graphs look the same, and 
they change first the weight of the block, and then the materials without resetting the 

Fig. 3  Anna sitting on the left and Bella sitting on the right side observe the ripples in the graph
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previous graphs. Anna and Bella study carefully the graphs pointing all the time at the 
features they talk about. They present several hypotheses and conclude that a larger base 
area should increase friction. Then, A1 asks them to reason about how friction occurs 
and why the friction on ice was lower than that on other materials. Anna’s answer is that 
‘(The ice) is flat’ and she accompanies her answer with depictive gestures, as shown in 
Fig. 4.

Anna moves her palms parallel to each other to show that the ice is flat, using this time 
both hands as opposed to the first event where she only used one hand. By doing so, Anna 
embodies both of the objects that take part in friction (the block and the platform) by using 
a depictive gesture. As soon as both of the objects become part of the representation, Bella 
generates a representation of a counter-example, also using both hands. She gestures rough 
materials getting stuck on each other by intertwining her fingers and refers to the irregulari-
ties of wood’s surface as ‘chops’. Then, both students almost simultaneously say that ‘they 
get stuck on each other’. To expand the explanation, Bella takes a pen that happened to lie 
on the table and moves it along the table saying ‘So, if you pull it like this’. It seems that 
this enactment is not entirely satisfying, so Bella continues by using her other hand enact-
ing an intermittent movement, something like a jumping frog accompanied by the sound 

Fig. 4  Anna sitting on the left and Bella sitting on the right side represent the topography of materials
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of a choo-choo train. In their written answer, the students made yet another representation 
(Fig. 5) of the microscopic properties of materials, drawing wood (‘trä’ in Swedish) which 
has a rougher surface than ice (‘is’ in Swedish).

By using yet another representation, the students communicate their understanding in 
multiple ways, recognising the advantages of displaying the information in different modes.

Diana and Mark: Explaining the Ripples

Towards the end of the task, the students were asked to write comments on possible unex-
plained observations. We here follow another pair of students, Diana and Mark. First, 
Diana changes the materials several times and then she mentions again the ripples, and 
that they are more visible on specific materials. Then, the students take turns to handle the 
computer, changing the parameters without resetting the previous graph (Fig. 6).

Fig. 5  Drawing the microscopic structure of two pairs of objects made of wood (left) and ice (right)

Fig. 6  Diana, sitting on the right side, represents the topography of materials
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Similar to Anna and Bella, Diana and Mark employ the same strategy of using depic-
tive gestures to represent only the objects that take part in friction (the block and the 
platform). With less details to examine, the students can now focus on the relationships 
materials-friction, weight-friction and base area-friction. Both Diana and Mark strug-
gle for a while to formulate their thoughts, and when Diana wants to say that the graph 
is less ripply on a smooth surface like the ice’s surface, she uses depictive gestures 
instead of words. She then uses both hands to give a counterexample of rougher sur-
faces, clenching her hands to represent the protuberances on a rough material. Again, 
we can see the similarity with the first pair, who also goes from one-hand representa-
tion to two-hand representation of the surfaces. When Diana then represents the rough 
materials using half-clenched hands, she seems to realise that it is more difficult to get 
the hands to move in opposite directions and she is now able to express her ideas using 
an analogy with teeth, stating that ‘every time they [the surfaces] fold on each other, it 
looks like some kind of teeth… that make them [the surfaces] get stuck’. The conversa-
tion between Diana and Mark continues for a while around the image of Diana’s half-
clenched hands. Mark describes the microscopic structure of the material as being made 
of ‘peaks and valleys’, that those valleys act as obstructions for the motion and that 
more force is needed to get ‘the peaks’ out from this obstructing ‘valleys’. Diana adds 
at the end that ‘The force goes in waves, more or less, depending on the material’. The 
students’ explanation that a higher force is required to get the objects to continue the 
motion, when it is restricted by the surfaces’ asperities, shows that they understand the 
mechanism that causes friction.

Discussion

To summarise our findings and discuss them in relation to prior research on students’ rep-
resentational competence, we revisit our research questions.

How Do Pairs of Students Use and Explore a Simulation to Make Sense 
of Microscopic Aspects of Friction?

The students quickly came to understand how to use and interpret the features of the 
simulation, such as sliders and buttons. One of the reasons may be the absence of 
overloading or ambiguous information, decorative elements or visual inaccuracies (López 
& Pintó, 2017).

Like many other simulation software, GeoGebra allows users to explore the implications 
of manipulating or modifying parameters in ways that could not have been studied 
empirically using traditional tools, such as hans-on laboratory work or static images 
(Milner-Bolotin, 2016). In line with Milner-Bolotin (2016), we found that by using the 
dynamic software which simultaneously displayed the force–time graph as the parameters 
were changed, the students could examine several alternatives in a short period of time. 
In addition, the students came up with a new strategy, that of changing the parameters 
without resetting the previous graph. This innovative strategy proved to be an effective 
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way of exploring and identifying the relationship between friction and the influencing 
parameters by allowing the students to focus only on the aspects of the representation they 
assumed to be important. They came up with it by themselves, showing that learning about 
a representation can be effectively used to learn with it (diSessa, 2004). This seemed to 
have prompted the students to ask and answer several and more sophisticated what-if and 
why questions that would have remained hidden or memorised using traditional learning 
environments (Milner-Bolotin, 2014). For example, Anna and Bella wondered how time 
influences the frictional force. After exploring the graphs for a few minutes, they figured 
out that the time it takes to get the block moving remains unchanged in this simulation.

Neither of the video-recorded pairs predicted the ripples on the graph, a feature 
associated with microscopic aspects of friction, and they put considerable effort into 
interpreting this feature. The ripply appearance, as well as the fact that the base area 
did not influence friction, was, for students, unexpected elements of the digital rep-
resentation. The conflict with their earlier prediction prompted students to revise 
their initial ideas (Tao & Gunstone, 1997), a process during which students did fur-
ther investigation to answer the why questions. Both pairs of students were rewarded 
with the experience of ‘Aha’! moments (Milner-Bolotin, 2016), as they were able 
to explain that friction occurs due to interactions between the opposing protuber-
ances of sliding surfaces. In this respect, this GeoGebra simulation provided a causal 
mechanism for friction (Cheong et al., 2019). However, none of the pairs came with 
explanations of why dynamic friction is lower than the static friction (the shark 
tooth).

What Triggers Students to Come Up with Their Own Representations when Working 
in Pairs to Make Sense of a Computer Simulation of Friction?

In situations where the simulation did not play out as the students had predicted, or 
the graph displayed surprising features in different ways, this often served as a trig-
ger for the students to generate their own representations of the phenomena. Our 
results support Scherr’s (2008) view that students’ gestures may serve as an indi-
cation of their pre-articulated ideas and facilitate their construction of new ideas. 
In this regard, Steier et  al. (2019) emphasise the collaborative setting in encourag-
ing students to make their understanding of physical phenomena publicly available. 
As students experience challenges in conveying their ideas in formal language, they 
resort to whatever means available, such as enactment of involved phenomena. An 
example of this in our study is how Bella exaggerates the intermittent movement 
of the block by comparing it to a jumping frog and making choo-choo train sound 
effects.

In making sense of the ripples, the students made use of interaction with the inter-
face of the simulation and generated their own representations in the form of ges-
tures, enactment and drawings. Exploring shifts across modalities, we observed shift-
ing not only between physical and digital representations but also between gestural 
and verbal modes of communication where gestures, spoken language and enactment 
are sometimes replaced by each other and at other times combined with each other 
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to form static or dynamic representations. For instance, in the second event, Bella 
communicates that a surface is rough first by gesturing and then verbally. Then, she 
enacts the macroscopic motion by moving a pen and the microscopic features of the 
surface in motion with a jumping hand and sounds. After that, Bella switches to ver-
bal communication and at the end to drawing. In line with Steier et  al. (2019), we 
found the use of depictive gestures and enactment to be a common practice amongst 
the observed pairs.

Similarly, we found support of Euler et al. (2019) that gestures and enactment can 
serve as shared embodied images around which students coordinate their exploration, 
with the examples of Anna rubbing her hands together and Diana clenching her hands 
to represent friction between two surfaces. These embodied images persisted long 
enough for the students to refer back to them in their dialogue, and stimulated creation 
of more permanent representations (Volkwyn et  al., 2019), such as drawings of the 
microscopic structure.

Conclusions

In this study, we have shown that two pairs of students use unprompted representa-
tions in the form of gestures, enactments and drawings, as they engage with a sim-
ulation of friction. In particular, these representations are recruited in the students’ 
interpretation of links between microscopic aspects of the phenomenon and the simu-
lation. It thereby contributes to research on students’ collaborative use of unprompted 
gestures and enactments in science learning (Steier et al., 2019), by showing how they 
can be triggered by use of dynamic, interactive digital resources. In addition to using 
their own bodies in enacting the phenomenon (Euler et al., 2019), the students recruit 
nearby objects in showing friction and make drawings of microscopic aspects of the 
phenomenon. In this way, the students show representational competence, in the sense 
of constructing and interpreting links between the phenomenon and representations of 
it (Lemke, 2003).

The study also contributes to showing the potential of using simulations in physics 
teaching (De Jong et al., 2013). If the students had conducted physical experiments of 
friction, corresponding to what was modelled in the simulation, they would not have 
been able to perform as many trials with different parameter values during the same 
time. In addition, they could have interpreted ripples in a graph as measurement errors, 
which would not invite to microscopic reasoning. In line with Stahl (2006), the two 
pairs of students spent a considerable amount of time trying to understand why they 
obtained different results than expected (the area does not affect the friction) or unex-
pected aspects of the provided representation (the ripples on the graph). In this regard, 
the obstacles triggered the students to discuss and rationalise microscopic aspects of 
friction. By analogy with the lesson’s topic, friction was introduced in the learn-
ing activity in order to stimulate students to reflect on their own understanding of the 
phenomenon.
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