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In the symbolic artificial intelligence community, abstract argumentation with its seman-
tics, ie. approaches for defining sets of valid conclusions (extensions) that can be
derived from argumentation graphs, is considered a promising method for non-monotonic
reasoning. However, from a sequential perspective, abstract argumentation-based decision-
making processes typically do not guarantee an alignment with common formal notions
to assess consistency; in particular, abstract argumentation can, in itself, not enforce
the satisfaction of relational principles such as reference independence (based on a key
principle of microeconomic theory) and cautious monotony. In this paper, we address this
issue by introducing different approaches to ensuring reference independence and cautious
monotony in sequential argumentation: a reductionist, an expansionist, and an extension-
selecting approach. The first two approaches are generically applicable, but may require
comprehensive changes to the corresponding argumentation framework. In contrast,
the latter approach guarantees that an extension of the corresponding argumentation
framework can be selected to satisfy the relational principle by requiring that the used
argumentation semantics is weakly reference independent or weakly cautiously monotonous,
respectively, and also satisfies some additional straightforward principles. To highlight the
relevance of the approach, we illustrate how the extension-selecting approach to reference
independent argumentation can be applied to model (boundedly) rational economic

decision-making.
© 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Reference independence - the absence of influence of irrelevant alternatives on an agent’s decision outcome - is an
important property of economic rationality, which in turn is one of the key concepts of microeconomic decision theory.
Research in behavioral economics has contradicted the initial assumption that models of economically rational decision-
making accurately describe human behavior [1], and has shown that human decision-making is often reference dependent [2].
Yet, researchers in microeconomics have not discarded models of rationality, but rather try to refine them to better align
with real-world constraints and problems [3], while still keeping the concept of full rationality as an ideal, although not

always achievable, goal.
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In parallel to this reckoning process, a promising method for non-monotonic reasoning has emerged from the field of
symbolic artificial intelligence: abstract argumentation, as introduced by Dung [4]. In abstract argumentation, a decision is
to be made about which of the elements (arguments) in a set should be considered valid conclusions by constructing a
directed graph, in which the arguments are nodes and the graph’s edges denote attacks between the arguments. The graph
is then resolved using a specified argumentation semantics, i.e. a function that takes the argumentation graph as its input
and returns sets of arguments that can potentially be considered valid conclusions.

Considering the economic theory approach to modeling bounded rationality, it can be regarded as promising to assess
abstract argumentation, which is intended to be a prescriptive, idiomatic model for decision-making, from the perspective of
economic rationality. Given that rationality is typically a desirable property of intelligent systems, it should be enforceable
if feasible. Indeed, one can consider the work this paper presents as a natural continuation of some aspects of the work
presented in Dung’s initial paper on abstract argumentation, which applies abstract argumentation to the stable marriage
problem in microeconomic game theory [4].

In a recent paper, we have shown that abstract argumentation typically does not guarantee economically rational de-
cision outcomes [5], in particular if during an argumentation process (during the iterative creation of an argumentation
graph and the resolution of the graph at multiple stages), cycles are introduced into the argumentation graph. In this paper,
we present methods for the resolution of argumentation frameworks to ensure reference independence in argumentation
framework sequences that are based on the normal expansion of argumentation frameworks [6] (i.e., arguments and at-
tacks can be added to the argumentation framework, but neither arguments nor attacks between existing arguments can
be added or removed), and also show how the same methods can be applied to ensure the satisfaction of the cautious
monotony argumentation principle, which is based on a well-established principle for knowledge-based systems [7]. Let
us highlight that both reference independence and cautious monotony are relational principles that, colloquially speaking,
assess whether a decision (or a conclusion) is consistent with previous decisions (conclusions); i.e., both principles add a
sequential perspective to abstract argumentation.

Let us introduce the following example to further motivate our work.

Example 1 (Motivating example). We start with the following argumentation framework:

AF = (AR, AT) = ({a, b}, {(b, ®)})

Let us introduce the following scenarios, which this initial argumentation framework, as well as the expansions we introduce
below, may model:

Party planning. Argument a denotes that we consider inviting person a, to a dinner party. The decision we want to make
is whether or not this person should be invited. Argument b presents a reason for not inviting the person. Let us
assume that a, is very entertaining on the one hand, but on the other hand prone to irritate other guests with
their unconventional behavior. The intended meaning of the attack (b, a) is: because it is risky to invite ap, let us not
invite them. All subsequent arguments will, similarly to b argue (directly or indirectly) for or against inviting the
person.

Company acquisitions. Argument a denotes that we consider acquiring company a.. The decision we want to make is
whether or not to move forward with the acquisition. Argument b presents a reason for not acquiring the com-
pany. Let us assume that a. is at the moment very profitable, but prone to accumulate losses if the market
conditions change. The intended meaning of the attack (b, a) is: because it is risky to acquire ac, let us not acquire it.
All subsequent arguments will, similarly to b, argue (directly or indirectly) for or against acquiring the company.

The resolution of AF, for example using preferred semantics opreferred,l is clearly {b} ({b} is the only extension in
Opreferred (AF) = {{b}}). If we resolve AF as {b}, this means that we implicitly prefer {b} over all possible alternatives in
21} je (b} >~ {a,b}, {b} = {a}, and {b} > {}. Let us note that in this context, we consider preference orders as emerging
from the observation of an agent’s reasoning process. As the result of such a process, the agent concludes that specific
arguments are valid, which means that given the argumentation framework at hand, the agent prefers these arguments, be
it because of their utility, their epistemic validity, or for any other reason.

Now, let us assume a new argument c is brought up: our spouse (or our manager) is generally risk-seeking, i.e. ¢ attacks
b.

AF' = (AR, AT") = (AR U {c}, AT U {(c,b)})

Again, the resolution, this time as {a, ¢} (Opreferred(AF’) = {{a, c}}), is rather obvious. Because argument c is considered a
valid conclusion, b is successfully attacked, which in turn makes a a valid conclusion. It is also clear that the established
preference order - we prefer {a, c} over all possible alternatives in 2{¢:b-¢} _ is consistent with the preference order estab-
lished by the choice of {b} from {a, b}, i.e. the choice does not imply that a set of arguments S € 2!%} such that S + {b} is

1 See Definition 11 for the formal definition of preferred semantics.
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preferred over the previous choice {b}. However, problems can arise when adding a new argument d that closes the circle
between b and c:

AF” = (AR",AT") = (AR' U {d}, AT U {(b,d), (d, 0)})

For example, let us assume the new argument d states that if the risk becomes a reality (our guest embarrasses us or
the company starts loosing money), our spouse/manager will get criticized, which is undesirable for them: d attacks c, but
b attacks d. Given this argumentation framework, most argumentation semantics whose extensions are conflict-free sets?
return either multiple sets of arguments or the empty set.> Let us assume we use a semantics that returns the latter.
Now, the reference to the irrelevant alternative d creates a reversal of preferences from {b} > {} and {a,c} = {} to {} = {b}
and {} > {a, c}. In the context of our scenarios, the inconsistencies in the established preference orders have the following
implications:

Party planning. We do not invite person ap, although we also do not consider any argument (directly or indirectly) against
inviting ap as valid.

Company acquisition. We do not acquire company ac, although we also do not consider any argument (directly or indi-
rectly) against acquiring a. as valid.

To avoid inconsistent preference orders, we need to resolve the argumentation framework considering the preference orders
we have established when resolving AF and AF’. It is clear that when considering that no arguments in the set of con-
clusions should have any direct conflicts and the set should be maximal w.r.t. set inclusion among conflict-free sets, three
resolution possibilities exist for the cycle “b attacks d, d attacks c, ¢ attacks b”: {b}, {c}, and {d}. A resolution of the cycle as
{b} would resolve AF” as {b} and hence establish a preference order that is inconsistent with the resolution of AF’, which
establishes the preference {a, c} > {b}. Consequently, we are left with either {d, a} or {c, a}. To fix the problem of reference
dependence, we can, for example, proceed as follows.

Reductionist approach. We can follow a reductionist approach and stipulate that if our argumentation semantics does not
allow us to draw a reference independent conclusion, we “discard” arguments and attacks from the argumentation
framework until a reference independent conclusion has been reached. For example, we can discard d and b and
resolve the argumentation framework as {a, c}. Reductionist approaches can be implemented by extending the
concept of a Dung-style argumentation framework to allow for the definition of additional context. For example,
using an approach that very roughly resembles preference-based argumentation [9], we can establish a preference
¢ > d, which renders the attack (d, c¢) invalid and allows us to resolve the argumentation framework as {a, c}. Of
course, guaranteeing reference independence would require us to constrain the preference relations we are allowed
to establish.

Expansionist approach. We can apply an expansionist approach and add an annihilator argument that resolves the cycle.
This can result in the argumentation framework AF” = (AR” U {ang}, AT” U {(ang, d)}), where ang is the annihila-
tor argument. We can search for new knowledge and hope that this will allow us to eventually make a reference
independent decision; i.e., the requirement to have consistent preference orders can guide the search for additional
arguments. One option is to employ annihilator arguments as a means to make a reference independent decision
immediately. If any is an annihilator argument, i.e. a mere helper, it is important that the resolution of the ar-
gumentation framework should be reference independent even when excluding the annihilator from the result.
Alternatively, we can mark the argumentation framework as not resolvable until a reference independent state is
reached. This approach is analogous to the annihilator approach, but now we can consider the added arguments
as part of the resolution when checking for reference independence. The annihilator approach reflects research
presented (without the consideration of reference independence) by Abraham et al. [10].

Extension selection. As we will show below, some argumentation semantics guarantee to return extensions of which at
least one is reference independent, considering any sequence of normally expanding argumentation frameworks.
This allows us to select any of the reference independent extensions when resolving an argumentation framework.
For extension selection, we can then rely on either an reductionist approach (for example: establish a preference
order over extensions, as proposed by Liao et al. [11]) or an expansionist approach (for example: add annihilator
arguments that lead to the exclusion of all extensions but one).

Fig. 1 depicts the argumentation graphs of the example.

In this paper, we formalize the aforementioned approaches, prove that they indeed guarantee reference independence,
and discuss the advantages and disadvantages of the approaches in relation to each other. In addition, we show that similar

2 See Definition 7 for the formal definition of conflict-freeness.
3 An exception are weak admissible set-based semantics [8]. However, let us claim that in the case of weak admissible set-based semantics, the problem
that this example highlights occurs when considering the argumentation framework ({a}, {}) and its normal expansion ({a, b, c}, {(a, b), (b, ¢), (c,a)}).
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Fig. 1. Inconsistent preferences: the inference of {b} from AF establishes that {b} is preferred over {}, and the inference of {a,c} from AF’ establishes
that {a, c} is preferred over {a}; in contrast, the inference of {} from AF” establishes that {} is preferred over {b} and {} is preferred over {a,c} - these
preferences are inconsistent with the previously established preferences. No inconsistent preferences exist between the inferences from AF, AF’, and AF".

methods can be applied to ensure the cautious monotony principle of non-monotonic reasoning, which can be considered
a more intuitive principle for admissible set-based semantics (see: Section 6). From our analysis, it becomes clear that the
expansionist approaches to ensuring reference independence and cautious monotony, which require that the employed ar-
gumentation semantics is universally defined and satisfies certain formal principles (weak reference independence and weak
cautious monotony, respectively, and in both cases the basic principles conflict-freeness, CF-reinstatement, and unattacked in-
clusion) are most suitable, because they avoid the inference of a set of arguments that is not aligned with the behavior of
the employed argumentation semantics.

Let us highlight that by introducing approaches to ensure reference independence and (alternatively) cautious monotony,
we enforce two principles that have their roots in highly influential principle-based approaches to reasoning and decision-
making: i) reference independence reflects the consistent preference principle of the rational actor model, ie. of formal
(economic) rationality that a foundation of microeconomic theory, and hence game theory; ii) in contrast, cautious monotony
reflects the idea that non-monotonic inference methods can be systematically constrained with respect to the conditions
that need to be satisfied in order to allow for a violation of monotony [7]. Still, we do not claim that reference independence
or cautious monotony should always be ensured: indeed, the two principles are reflected by different philosophies to argu-
mentation semantics design, and the ideas behind some semantics - in particular weak admissible set-based semantics [8]
- are well-reflected by neither reference independence nor cautious monotony (see Section 6). The design and enforcement
of similar principles can, for sure, be considered interesting and relevant future work.

Also, let us note that the focus of this paper is on generic, abstract argumentation-based approaches to ensuring reference
independence and cautious monotony; approaches that use extensions of abstract argumentation, like preference-based [9]
and value-based argumentation [12], are not presented. However, these approaches can be derived from the more funda-
mental methods that only make use of abstract argumentation. Let us also note that while some of the approaches presented
in this paper are conceptually related to work on argumentation dynamics (see Doutre and Mailly [13] for a survey), and
in particular to the enforcement of arguments as presented by Baumann [14], in contrast to Baumann’s work, we are not
concerned with enforcing specific arguments, but rather with enforcing extensions that satisfy specific relational proper-
ties w.r.t. other argumentation frameworks and their extensions. In another, work Baumann and Brewka investigate how
monotony can be enforced when expanding argumentation frameworks by constraining the nature of the expansion [6];
in contrast to their work, we i) have a fixed constraint of the expansion process to normal expansions and ii) enforce “re-
laxed” forms of monotony (by definition, monotony implies cautious monotony, and, given some minor assumptions about
semantics behavior, also implies reference independence [5]). A more detailed discussion of related work is presented in
Section 8.

The remainder of this paper is organized as follows. Section 2 provides an overview of the relevant foundations of rational
economic decision-making and formal argumentation. Then, Section 3 presents and formally analyzes different approaches
to ensuring reference independence when resolving sequences of normally expanding argumentation frameworks. Subse-
quently, Section 4 applies analogous approaches to ensuring the satisfaction of cautious monotony. An analysis of which
argumentation semantics support the different approaches to ensuring reference independence and cautious monotony is
provided in Section 5. The results of Sections 3, 4, and 5 are discussed in relation to each other in Section 6. An implemen-
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tation perspective on the theoretical contribution of this paper is provided in Section 7.# Section 8 discusses the relevance
of the presented work to non-monotonic reasoning and economic decision theory, as well as to research on argumentation-
based social choice and dynamics in formal argumentation. Finally, Section 9 concludes the paper and suggests potential
future work.

2. Background

This section provides an overview of the foundations of our work: economic rationality and reference independence,
as well as abstract argumentation, argumentation expansions, reference dependence in argumentation, and loop-busting in
argumentation.

2.1. Economic rationality and reference independence

Formal models of rational decision-making form the foundations of microeconomic theory. While a range of empirical
research, as most notably conducted by Tversky and Kahneman [2], has shown that models of rational decision-making are
not feasible to accurately describe human decision-making, these models are still useful in that they provide properties that
ideal decision processes and decision outcomes should satisfy. In particular in the case of automated decision-making, if a
decision can unambiguously be assessed as not fully rational, a reason for diverging from rational decision-making should
be provided.

Below, we introduce the formal models of rational decision-making that are relevant in the context of this paper. As a
prerequisite, let us introduce a definition of a preference order, based on the concept of a partially ordered set [16].

Definition 1 (Preference order). A preference order (or partial preference order) on a set S is a binary relation > on S such
that, for all x, y, z € S, the following conditions hold true:

1. x > x (reflexivity);
2. If x>y and y > x then x = y (antisymmetry);
3. If x>y and y > z then x > z (transitivity).

Let us note that x > y can be read as x is preferred over y.

An economically rational agent establishes a preference order on the decision options it has. These decision options are
items in a set in the case of a “choose one item from a set” scenario, and sets in a power set in the case of a “choose
any number of items from a set” scenario. The latter scenario is both more generic and more suitable in an argumentation
context; hence, we formally define it below.”

Definition 2 (Economic decision-making). An agent’s decision function c takes a set of options to choose from A and returns
a subset of these options A* C A.

Let us highlight that a choice from a set does not necessarily model a choice of physical items, but could also model, for
example, a decision on which epistemic propositions can be considered true, which actions should be taken, or both. If a
choice A* is economically rational, it establishes clear preferences as defined below.

Definition 3 (Clear preferences). Given a set S, the choice A* C S of an economically rational agent establishes a prefer-
ence order (partial order) > so that VA € 25, A* = A; A* is the agent’s preferred option when compared to all possible
alternatives.

While the clear preferences property may seem obvious when considering a single choice from one specific set, it has more
interesting implications when considering a series of choices from several, intersecting sets; then, the preference orders that
choices from the different sets establish need to be consistent. For example, let us have an agent that chooses A* = {a} from
{a, b}. This establishes the preference order {a} > {a, b}, {a} = {b}, and {a} > {}. Let us suppose that subsequently, the agent
chooses A’* = {b} from {a, b, c}, which establishes the preference order VA’ € 2{®b.¢}_ A’* = A’ [t follows that {a} = {b} as
established by the choice from {a, b} is inconsistent with {b} > {a} as established by the choice from {a, b, c}. In the example,
the reference c changes {a} > {b} to {b} > {a}, i.e. the choice does not satisfy the reference independence property.

Definition 4 (Reference independence). Given two sets S and S’ such that S C S/, an agent’s choices A* € S and A’* C S’ are
reference independent iff A’* ¢ S v A* = A’*.

4 An implementation of a dialogue reasoning engine that makes use of the paper’s theoretical results is presented in a technical report [15].
5 The definition is derived from the definition of the “choose one item from a set” scenario as for example provided by Rubinstein [3, p. 7 et sqq.].
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Reference independence is implied by the clear preferences property, as for example proven by Rubinstein [3, p. 11] for the
choose one from a set scenario type, and by the authors (in a previous publication) for the choose a subset scenario type that
is defined above [5].

2.2. Abstract argumentation

Abstract argumentation, as initially introduced by Dung [4], provides a simple method for constructing and resolving
graphs of arguments. Thereby, arguments are considered atomic items and attacks between arguments are modeled as a
binary relation; i.e. given the set of arguments {a, b}, the binary relation {(a, b)} means argument a attacks argument b (we
also say: “b is attacked by a”). Below, we introduce the foundational formal concepts of abstract argumentation, starting
with the definition of an argumentation framework.

Definition 5 (Argumentation framework [4]). An argumentation framework is a tuple AF = (AR, AT), in which AR denotes a
finite set of arguments, and AT € AR x AR denotes a binary relation on AR. For (a, b) € AT, we say that “a attacks b” (or
“b is attacked by a”).

Note that in contrast to the definition by Dung, we assume a finite set of arguments. Now, let us formalize attacks
between a single argument and a set, as well as the notion of unattacked sets.

Definition 6 (Attacks between arguments and argument sets, unattacked sets, and defense [17]). Given an argumentation frame-
work AF = (AR, AT), a set S C AR, and an argument a € AR, we define that:

e S attacks a iff 3b € S, such that (b, a) € AT;
e a attacks S iff 3b € S, such that (a, b) € AT.

A set S C AR is unattacked iff a € AR, a ¢ S, such that a attacks S. US(AF) denotes all unattacked sets in AF. A set S C AR
defends an argument a € AR iff S attacks all arguments that attack a. Given two sets S, P C AR, it holds true that S attacks
P iff 3Jae S,b € P, such that (a, b) € AT. Given S C AR, we define ST = {c|c € AR, S attacks c}

To evaluate which arguments in an argumentation framework can be considered valid conclusions, argumentation exten-
sions, i.e. subsets of arguments in an argumentation framework that satisfy specific formal criteria, can be determined. For
this, the basic notions of admissibility and conflict-freeness are defined.

Definition 7 (Admissibility and conflict-freeness [4]). Given an argumentation framework AF = (AR, AT), a set S C AR is:

Conflict-free iff there are no arguments a, b in S such that a attacks b;
Admissible iff S is conflict-free and each argument in S is defended by S.

To describe graph-theoretical properties of argumentation frameworks, let us introduce the definition of a path between
arguments.

Definition 8 (Path between arguments). Let AF = (AR, AF) be an argumentation framework. A path from an argument ag €
AR to an € AR is a sequence of arguments Pgq q, = (do, - .., an), such that Va; € P; , , it holds true that a; attacks aj11,0 <
i<n-—1, where P;,b is the set of arguments that appear in P, p. An argument c is on a path P, between two arguments
a,be AR iff ce P;"b.

There exists a path from an argument a to an argument b if and only if b =a or b is reachable from a.

Definition 9 (Reachability). Let AF = (AR, AT) be an argumentation framework. We say that given two arguments a, b € AR,
b is reachable from a iff there exists P, or a=>b.

The functions that determine which sets of arguments in an argumentation framework can be considered valid conclu-
sions are referred to as argumentation semantics.

Definition 10 (Argumentation semantics [4]). An argumentation semantics o is a function that takes an argumentation frame-
work AF = (AR, AT) and returns a set of sets of arguments, denoted by o (AF), such that o (AF) C 24R. Each set in o (AF)
is called a o -extension.

Let us provide the definitions of some argumentation extensions as defined in the initial Dung paper and in subsequent
works.
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Definition 11 (Argumentation extensions [4,18-21]). Given an argumentation framework AF = (AR, AT), an admissible set
SCAR s a:

o stable extension of AF iff S attacks each argument that does not belong to S. Stable semantics ogpe (AF) denotes all
stable extensions of AF.

o preferred extension of AF iff S is a maximal (w.r.t. set inclusion) admissible subset of AR. Preferred semantics
Opreferred(AF) denotes all preferred extensions of AF.

o complete extension of AF iff each argument that is defended by S belongs to S. Complete semantics Ocompiere(AF)
denotes all complete extensions of AF.

o grounded extension of AF iff S is the minimal (w.r.t. set inclusion) complete extension of AF. Grounded semantics
Ogrounded (AF) denotes all grounded extensions of AF.

Given an argumentation framework AF = (AR, AT), a conflict-free set of arguments S C AR is a:
o naive extension iff S is maximal w.r.t. set inclusion among all conflict-free sets. Naive semantics oqive (AF) denotes all
naive extensions of AF.
o stage extension, iff SU ST is maximal w.r.t. set inclusion among all conflict-free sets, ie. #S’ C AR, such that S’ is a
conflict-free set and SU ST C S’ U S’*. Stage semantics Ostage (AF) denotes all stage extensions of AF.
Given an argumentation framework AF = (AR, AT), a set S C AR is:
e ideal iff S is admissible and S is a subset of every preferred extension of AF.
o an ideal extension of AF iff S is a maximal (w.r.t. set inclusion) ideal set. Ideal semantics Tjgeq(AF) denotes all ideal
extensions of AF.
e a semi-stable extension of AF iff S is a complete extension where S U ST is maximal (w.r.t. set inclusion) among
complete extensions, i.e. S’ € AR, such that S’ is a complete extension of AF and SU ST ¢ S’ U S'*. Semi-stable
semantics Osemi—stable (AF) denotes all semi-stable extensions of AF.

e an eager extension of AF iff S is the maximal (w.r.t. set inclusion) admissible set which is included in every semi-stable
extension. Eager semantics oeqger (AF) denotes all eager extensions of AF.

Before we introduce the definitions of CF2 and stage2 semantics, we need to introduce some preliminaries.

Definition 12 (Strongly connected components). Let AF = (AR, AT) be an argumentation framework. A set S C AR is a
Strongly Connected Component (SCC) of AF iff the following conditions hold true:

e Va,b €S, a is reachable from b
e YVceS,de AR\ S, c is not reachable from d or d is not reachable from c.

SCCS(AF) denotes all strongly connected components of AF.

Informally speaking, argumentation framework restrictions remove all arguments that are not in a set S and attacks that
are not in S x S from an argumentation framework.

Definition 13 (Argumentation framework restrictions [17]). Let AF = (AR, AT) be an argumentation framework and let S C AR.
We define the restriction of AF w.r.t. S (denoted by AF |s) as (S5, AT N (S x S)).

As a preliminary for defining additional argumentation semantics, let us introduce the UP function.

Definition 14 (UP [17]). Let AF = (AR, AT) be an argumentation framework. Let E C AR and let S be a strongly connected
component of AF (S € SCCS(AF)). We define UPar(S,E)={alac S,3b e E\ S such that (b,a) € AT}.

Let us now define CF2 and stage2 semantics.

Definition 15 (CF2 and stage2 semantics [17,22]). Let AF = (AR, AT) be an argumentation framework and E C AR. E is a CF2
extension iff:

e E is a naive extension of AF if |[SCCS(AF)|=1;
e VS e SCCS(AF),ENS is a CF2 extension of AF [yp,.(s,E), otherwise.

ocr2(AF) denotes all CF2 extensions of AF.
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Fig. 2. AF = (AR, AT) = ({a, b, c.d, e}, {(a,b), (b,a), (b,c), (c,d), (d,e), (e,c), (c,e)}).

E is a stage2 extension iff:

e E is a stage extension of AF if |SCCS(AF)|=1;
e VS e SCCS(AF),ENS is a stage2 extension of AF [yp,.(s,E), otherwise.

Ostage2(AF) denotes all stage2 extensions of AF.
Let us introduce an example to give an intuition of how CF2 and stage2 semantics work.®

Example 2. Let us determine the CF2 and stage2 extensions of the argumentation framework AF = (AR, AT) = ({a, b, c,d, e},
{(a,b), (b,a), (b,c), (c,d), (d,e), (e, c),(c,e)}) (see Fig. 2). AF has two strongly connected components: {a, b} and {c,d, e},
and {a, b} is the only “top-level” SCC.

CF2 semantics. CF2 semantics first determines the naive extensions of AF |q ), which are {a} and {b}. Given {a}, we can

ignore b and determine the naive extensions of the restriction of AF to the remaining SCC:
Onaive(AF {ic.de)) = {{c}, {d}, {e}}; i.e., for now we have the extensions {{a, c}, {a,d}, {a, e}}. Given {b}, we have

“defeated” c, which leaves us with AF | (g ). Trivially, ocr2(AF |4.e)) = {d}, which yields {b,d} as an additional
CF2-extension of AF. Consequently, ocr2(AF) = {{a, c}, {a, d}, {a, e}, {b, d}}.

Stage2 semantics. Stage2 semantics first determines the stage extensions of AF |qp), which are {a} and {b}. Given
{a}, we can ignore b and determine the stage extensions of the restriction of AF to the remaining SCC:
Ostage (AF | (c.a.ey) = {{c}}; i.e, for now we have the extension {a, c}. Given {b}, we have “defeated” c, which leaves
us with AF |(g¢}. Trivially, Ostage2(AF |(4,e)) = {d}, which yields {b,d} as an additional Stage2-extension of AF.
Consequently, Ostage2(AF) = {{a, c}, {b,d}}.

2.3. Argumentation framework expansions and deletions
One can assume that typically, argumentation is not a one-shot interaction, but an iterative process, during which argu-

ments and attacks are added to (and potentially also removed from) the argumentation framework. To allow for the concise
and precise description of this process, let us define argumentation framework expansions [6] and deletions [23].

Definition 16 (Argumentation framework expansion). An argumentation framework AF’ = (AR’, AT’) is an expansion of an-
other argumentation framework AF = (AR, AT) (denoted by AF <g AF') iff AR C AR’ and AT C AT'.

A specific expansion that is important for our work is the normal expansion, i.e. an expansion that does not add attacks
between the original argumentation framework’s existing arguments, but may add new arguments and attacks between new
arguments, as well as between new and existing arguments.

Definition 17 (Normal expansion [6]). An expansion AF’ = (AR’, AT’) of an argumentation framework AF = (AR, AT), such
that AF <g AF’, is normal (denoted by AF <y AF’) iff the following statement holds true:

V(a,b) € (AT'\ AT), (a € (AR"\ AR) Vb € (AR"\ AR))

Analogously to expansions of argumentation frameworks, which increase the size of the argumentation graph, deletions
that shrink the argumentation graph have been defined by Baumann [23].

Definition 18 (Argumentation framework deletions [23]). An argumentation framework AF' = (AR’, AT’) is a deletion of an-
other argumentation framework AF = (AR, AT) (denoted by AF >p AF’) iff it holds true that AF’ <g AF. A deletion is

6 For a more detailed understanding, let us refer the reader to the original works [17,22].
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(a) AF. (b) AF' (c) AF”

Fig. 3. Argumentation framework deletions: AF »p AF’, but AF ¥ np AF'. AF' /p AF” and AF p AF".

normal (denoted by AF >np AF’), iff it holds true that AF’ <y AF. del(AF) denotes all deletions of an argumentation
framework AF and dely(AF) denotes all normal deletions of AF.

Let us illustrate the concept of deletions using a simple example.

Example 3. We have an argumentation framework AF = (AR, AT) = ({a, b, c,d}, {(a,b), (b, c), (c,a), (a,d)}). All argumen-
tation frameworks that contain a subset of (or exactly) the arguments {a, b, c,d} and a subset of (or exactly) the attacks
{(a,b), (b, ), (c,a), (a,d)} are deletions of AF. For example, AF' = (AR’, AT") = ({a,b,d},{(a,b)}) is a deletion of AF,
whereas AF” = (AR”, AT”) = ({a, b}, {(b,a)}) is not a deletion (because (b,a) ¢ AT). However, AF’ is not a normal dele-
tion, because (a,d) ¢ AT’. Fig. 3 shows the graphs of AF, AF/, and AF”.

2.4. Argumentation principles

For the systematic evaluation of argumentation semantics, formal argumentation principles have been introduced. Below
we provide principles we use in our formal analysis. Note that a comprehensive overview of argumentation principles and
the semantics that satisfy or violate them is presented by Van der Torre and Vesic [24]. First, we introduce the intuitively
obvious conflict-freeness principle.

Definition 19 (Conflict-freeness). An argumentation semantics o satisfies the conflict-freeness principle iff for every argu-
mentation framework AF = (AR, AT), VE € 0 (AF), E is a conflict-free set.

The naivety principle requires any extension an argumentation semantics returns to be a maximal conflict-free set.

Definition 20 (Naivety [25]). An argumentation semantics o satisfies the naivety principle iff for every argumentation frame-
work AF = (AR, AT), VE € 6 (AF), E is a maximal conflict-free subset (w.r.t. set inclusion) of AR.

Finally, let us provide the definition of the CF-reinstatement principle.

Definition 21 (CF-reinstatement [25]). Let 0 be an argumentation semantics. o satisfies the CF-reinstatement principle iff
for every argumentation framework AF = (AR, AT), VE € 6 (AF),Va € AR it holds true that if E defends a and E U {a} is
conflict-free, then a € E.

Argumentation semantics that return at least one extension for every argumentation framework are universally defined
(see: Baumann [26]).

Definition 22 (Universally defined semantics). An argumentation semantics o is universally defined iff for every argumentation
framework AF = (AR, AT) it holds true that |0 (AF)| > 1.

2.5. ‘Loop-busting’ in argumentation

An important issue in abstract argumentation research is the handling of cycles (loops), which we call loop-busting. As
we have shown [5], avoiding new cycles as well as new attacks that originate from existing cycles when normally expanding
argumentation frameworks guarantees weak reference independence, given a broad range of argumentation semantics; i.e.,
loop-busting approaches are essential to ensure reference independent argumentation when cycles are added during an
expansion process. Here, we provide a brief colloquial overview of some loop-busting approaches. In abstract argumentation,
it is not clear how cycles of arguments that are not successfully attacked from the outside should be resolved. Let us for
example consider the argumentation framework AF = ({a, b, ¢}, {(a, b), (b, ¢), (c,a)}). Note that the attack cycle “a attacks b,
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b attacks c, c¢ attacks a” is of odd length (it contains three attacks). Typically, argumentation semantics whose extensions
are conflict-free sets treat such odd cycles as “either {a}, {b} or {c}”, or as {}; ie., the extensions the semantics return
are either {{}} or {{a}, {b}, {c}}. Cycles of even length are resolved analogously (but more rarely as {}). For example, AF' =
({a, b}, {(a, b), (b, a)}) is typically resolved as “either {a} or {b}", or, in the case of skeptical reasoning-mode semantics,” as
{}. From the two example argumentation frameworks AF and AF’, it is clear that the unambiguous resolution of a cycle
that should not result in an empty set requires the consideration of additional context. This can be achieved the following
three means, for example:

Reductionist approach. The reductionist approach adds additional context that is equivalent to removing arguments or
attacks from the argumentation framework. One can, for example, specify preferences between arguments; i.e., a
cycle of arguments - let us take “a attacks b, b attacks a” - can be resolved by establishing an explicit relational
order on those arguments, for example by specifying that “a is preferred over b”, analogously to preference-based
argumentation [9]. Informally speaking, “a is preferred over b” renders an attack from b to a unsuccessful.

Expansionist approach. The expansionist approach adds additional context that is equivalent to adding new arguments or
attacks to the argumentation framework. An intuitive version of the expansionist approach is the use of annihila-
tor arguments that are added to an argumentation framework with the specific purpose of attacking arguments in
cycles that can otherwise not be resolved. For example, when again considering the loop “a attacks b, b attacks
a”, an annihilator argument an can be added to attack either a or b and hence resolve the cycle. A clear advan-
tage of the annihilator approach is that it relies only on the concepts defined by basic Dung-style argumentation
frameworks. However, additional context can be considered when deciding where to place the annihilators. For
example, each attack can receive a unique time stamp and to resolve a cycle, annihilators can be placed to attack
the argument from which the attack with the latest time stamp originates, as proposed by Abraham et al. [10].

Extension selection. Many argumentation semantics have a credulous approach to resolving cycles: different extensions re-
flect different possibilities of resolving cycles that contain more than one argument. This means cycles can be
fully resolved by selecting one of the extensions a semantics return. For this, both reductionist and expansionist
approaches can be applied. For example, Liao et al. propose that in multi-agent argumentation scenarios, exten-
sions can be selected that “maximize the extent of agreement” on a set of values [11], using a formal model of
argumentation that roughly speaking forms an alternative to value-based argumentation [12].

2.6. Reference independence in abstract argumentation

In a previous paper, we have built the initial bridge between abstract argumentation and the basic principles of ratio-
nal decision-making as formally defined in economic theory [5]. Here, we provide a brief summary of the link we have
established.

To evaluate argumentation semantics from the perspective of economic rationality, we provide the definition of an
argumentation-based decision function, which takes an argumentation framework and uses an argumentation semantics
to determine exactly one set of arguments, which is returned as the decision result.

Definition 23 (Argumentation-based decision function [5]). An argumentation-based decision function g o o is the function
composition between a function g and an argumentation semantics o. It takes an argumentation framework AF = (AR, AT)
as its input and returns a set of decision outcomes AR* C AR.

To apply an argumentation-based decision function, we need to characterize its internal functions. In the context of this
work, we use different semantics, but always assume the same aggregation function g”, which denotes what is typically
referred to as skeptical acceptance.

Definition 24 (g”" o o). Let AF be an argumentation framework and let o be an argumentation semantics. We define g” oo
as follows:

gloo = ﬂ E

Eeo (AF)
Let us now put the principles of rational decision-making as defined above into the context of abstract argumentation.
Definition 25 (Argumentation-based decision-making and economic rationality [5]). Given an argumentation-based decision

function g oo, for every argumentation framework AF = (AR, AT) the rational economic decision goo (AF) = A*, A* C AR
satisfies:

7 The skeptical reasoning mode determines, given an argumentation semantics and an argumentation framework, the intersection of the extensions the
semantics returns for the argumentation framework.
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e Clear preferences: VA € 248 A* » A.
o Consistent preferences (the decision is reference independent): for every argumentation framework AF’ = (AR’, AT’),
AR C AR/, it holds true that go o (AF’) =g o0 (AF) VvV goo (AF') ¢ AR.

By definition, the result of an argumentation-based decision function implies clear preferences. To put the reference
independence property into the context of argumentation, we have introduced the strong and weak reference independence
principles.

Definition 26 (Strong and weak reference independence [5]). Let o be an argumentation semantics. o satisfies:

o Strong reference independence: iff o is universally defined and for every two argumentation frameworks AF =
(AR, AT) and AF’ = (AR’, AT’), such that AF <y AF', VE € 0 (AF),VE' € 0 (AF'),E' ¢ ARV E =E.

o Weak reference independence: iff for every two argumentation frameworks AF = (AR, AT) and AF’' = (AR’, AT’), such
that AF <y AF’, VE € 0 (AF), it holds true that 3E’ € 0 (AF’), such that E' ¢ ARV E' =E.

For the sake of conciseness, we use the acronym RI for Reference Independence and Reference Independent in some formal
definitions.

2.7. Cautious monotony

In a previous publication, we have introduced the cautious monotony principle to abstract argumentation [5], based on
the corresponding non-monotonic reasoning principle [7] (originally introduced as restricted monotony). In the context of
abstract argumentation, cautious monotony specifies (colloquially speaking) that given an argumentation framework and
one of its normal expansions, an argument that is considered a valid conclusion of the initial argumentation framework
must only be defeated in the normal expansion if it is directly attacked by a newly added argument.

Definition 27 (Cautious monotony in argumentation semantics [5]). Let o be an argumentation semantics. o satisfies:

e Strong cautious moneotony iff o is universally defined and for every two argumentation frameworks AF = (AR, AT)
and AF’ = (AR’, AT’), such that AF <y AF’, and VE € 0 (AF),VE' € 0 (AF’) it holds true that if {(a,b) | (a,b) € AT ,a €
AR'\ AR,b € E}={} then E C E’;

o Weak cautious monotony: iff for every two argumentation frameworks AF = (AR, AT) and AF’ = (AR’, AT’), such that
AF <y AF’, and VE € o (AF), it holds true that if {(a,b) | (a,b) € AT',a € AR\ AR,b € E} = {} then IF’ € 6 (AF’) such
that EC E'.

For the sake of conciseness, we use the acronym CM for Cautious Monotony and Cautiously Monotonic in some formal
definitions. Let us note that in comparison to “traditional” monotony, we relax the conditions that a semantics needs to
satisfy to be considered cautiously monotonic. While we have shown that cautious monotony is different from reference
independence [5], both properties describe, given an argumentation semantics, the relation of the semantics’ extensions of
an argumentation framework and its normal expansions. Hence, it makes sense to analyze whether approaches that allow
for reference independent argumentation can ensure cautious monotony in an analogous manner.

3. Ensuring reference independence in sequential argumentation

To create the foundation for reference independent argumentation-based decision-making, we provide formal definitions
of reference independent expansions and argumentation-based decision functions. We also show which principles a seman-
tics needs to satisfy to be feasible for the different types of reference independent sequential argumentation. In particular,
we show the following:

e Any argumentation semantics that returns exactly one extension for the empty argumentation framework (|o (({}, {}))| =
1) supports the reductionist approach to ensuring reference independence in sequential argumentation, i.e. such a se-
mantics is a reductionist RI argumentation semantics (Proposition 1).

e Semantics o that are universally defined (return always at least one extension) and satisfy conflict-freeness, CF-
reinstatement, and unattacked inclusion (each o -extension contains all unattacked arguments) support the expansionist
approach to ensuring reference independent sequential argumentation, i.e. these semantics are expansionist RI argumen-
tation semantics (Proposition 2).

e Universally defined semantics that satisfy the weak reference independence principle, as well as the conflict-freeness,
CF-reinstatement and unattacked inclusion principles, support the extension-selecting approach to ensuring reference
independent sequential argumentation, i.e. these semantics are extension-selecting RI argumentation semantics (Proposi-
tion 3).
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Intuitively, given an argumentation framework sequence (AFo,..., AF,;), when we want to determine valid arguments of
an argumentation framework AFy and its expansions AFq,..., AF, in a reference independent manner, we cannot consider
the argumentation frameworks independently; i.e., after we have determined the valid arguments of AFy, we need to take
these arguments into account when determining the valid arguments of AF; and so forth. For instance, let us consider
the two argumentation frameworks AFy = ({a, b}, {(a, b)}) and AF; = ({a, b, c}, {(a, b), (b, c), (c,a)}). The valid arguments of
AFg are (considering a conflict-free semantics whose extensions include all unattacked arguments) {a}, which establishes
the preference {a} > {}. The only unambiguous way to determine the valid arguments of AF; is to take the empty set,
which would establish the preference {} > {a}. However, this would mean we violate the reference independence princi-
ple.

To be able to model this interdependence between argumentation frameworks, let us first introduce the notions of an
argumentation framework sequence and of a normally expanding argumentation framework sequence.

Definition 28 (Argumentation framework sequence). An argumentation framework sequence is a sequence of argumentation
frameworks (AFg, ..., AFy), such that for every AF;, 1 <i < n it holds true that AF;_; <g AF;. An argumentation framework
sequence is normally expanding iff for every AF;, 1 <i<n it holds true that AF;_1 <y AF;.

Let us note that the concept of a normally expanding argumentation framework sequence has been introduced as an
expansion chain by Baumann and Brewka [6]. Now, we can introduce a function that resolves argumentation framework
sequences.

Definition 29 (Argumentation sequence-based decision function). An argumentation sequence-based decision function gs takes
an argumentation framework sequence AFS = (AFy, ..., AFy,), such that each AF;, 0 <i<n is of the form AF; = (AR;, AT;),
as its input and returns a sequence of sets of arguments (AR} € ARy, ..., AR € AR). We say that an argumentation
sequence-based decision function resolves the argumentation frameworks in the sequence it takes as its input.

Colloquially speaking, an argumentation sequence-based decision function takes a sequence of argumentation frame-
works and yields, for each argumentation framework in the sequence, exactly one subset of the argumentation framework’s
arguments.

Example 4. Let us assume we have an arbitrary argumentation sequence-based decision function gSpigck—pox and the
argumentation framework sequence AFS = (AFy, AF1,AFy) = (({a}, {}), ({a, b}, {(a, b)}), {a, b, c}, {(a, b), (b, c), (c,a)})).
ZSplack—box (AFES) returns ({a}, {a}, {}). Note that in this case, gSpiack—box does not resolve AFS in a reference independent
way, because the resolutions of AFy and AFq as {a} establish the preference {a} > {}, whereas the resolution of AF, as {}
establishes the preference {} > {a}.

Now, the objective is to define argumentation sequence-based decision functions that guarantee reference independence.
The example indicates that when resolving a specific argumentation framework in a sequence, it is reasonable to consider
the resolution of its predecessor(s). We limit our scope to normally expanding argumentation framework sequences, because
it is obvious that adding additional attacks between existing arguments can and should in some cases affect previously
established preference orders. Also, let us argue that - given some reasonable assumptions about argumentation semantics
behavior - different changes to an abstract argumentation framework can be modeled as a normal expansion: the removal
of an argument can be modeled as the addition of an unattacked annihilator argument that attacks the to-be-removed
argument, changes of an argument’s attacks can be modeled as “deletion” by an annihilator argument and replacement by
a new argument, et cetera.

As a useful abstraction, let us define notions of reference independence as a relational property between two argumen-
tation frameworks, given an argumentation-based decision function g o o, and as a relational property between two sets of
arguments E and E’, given another set of arguments AR, such that AR D E.

Definition 30 (Reference independence as a relational property). Let AF = (AR, AT) and AF’ = (AR’, AT’) be two argumentation
frameworks.

Argumentation-based decision function. Given an argumentation-based decision function goo, AF’ is reference indepen-
dent to AF w.rt. goo, denoted by rige; (AF’, AF) iff the following statement holds true:

go0(AF)=goo(AF) VvV goo(AF) ¢ AR

Extensions (sets of arguments). Given E C AR and a finite set of arguments E’, E’ is reference independent to E w.r.t. AR,
denoted by ri’,, (E’, E) iff the following statement holds true:

E'=EVE ¢AR
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Reference independence as a relational property for argumentation-based decision functions has the following properties:

Transitivity;
Reflexivity;
Non-symmetry;
Non-antisymmetry.

The corresponding proposition and proofs w.r.t. these properties are available in Appendix A.
As a first approach that enables reference independence in sequential argumentation, let us introduce a simple reduc-
tionist loop-busting method that guarantees reference independence as follows:

1. If reference independence of an inference drawn from an argumentation framework, given an inference drawn from
its predecessor in the sequence, can be reached by resolving the argumentation framework, and the semantics returns
exactly one extension, resolve the argumentation framework;

2. Otherwise, fall back to resolving the largest deletion of an argumentation framework that supports reference indepen-
dent inference and that returns exactly one extension.

For this, we first need to define the concept of reference independent deletions (RI deletions) and largest RI deletions.

Definition 31 (RI deletions). Let AF’ = (AR’, AT’) be an argumentation framework, let AR and AR. be two sets of argu-
ments, such that AR € AR, AR. C AR, and let o be an argumentation semantics. The reference independent deletions (RI
deletions) of AF” w.r.t. AR, AR and o, denoted by del} (AF’, AR, AR,), are all argumentation frameworks AF}, € del(AF’),
for which the following statement holds true:

|0 (AF))| =1 AVE' € 0 (AF)y), iz (E', ARc)

The normal RI deletions of AF’ w.r.t. AR, AR; and o, denoted by delf, (AF’, AR, AR.), are all argumentation frameworks
AF),, € delg (AF', AR, AR.), such that AF),, €dely(AF").

In words, given an argumentation semantics o, an argumentation framework AF’ = (AR’, AT’) and a choice A, from a
set AR, with AR being a subset of AR’, a deletion AF‘/M of AF’ is reference independent w.r.t. the choice AR, from AR iff
G(AFC/M) returns exactly one extension E’, such that E’ is reference independent to AR, w.r.t AR.

Example 5. Let us again consider the argumentation frameworks in the motivating example we present in the intro-
duction (see Fig. 1). Our choice AR. from AR is {b} from {a,b} as implied by the first argumentation framework
AF = ({a, b}, {(b,a)}). Let us assume we use preferred semantics Opeferreq. Now we take AF” = ({a,b, c,d}, {(b,a), (b,d),
(d, ), (c,b)}) and want to find a deletion of AF” that is reference independent with respect to the choice {b} from {a, b},
giVen Opreferreq. It is clear that AF” itself is not a reference independent deletion, because opeferred(AF) = {{}}; i.e., based on
Opreferred(AF) we would choose the empty set, which means we prefer {} over {b}, while our choice {b} from {a, b} means
we prefer {b} over {}. We can create a reference independent deletion by removing d (and all attacks including d) from
AF”, which leaves us with AF’ = ({a, b, c}, {(b,a), (c,b)}). Opreferrea(AF") = {{a, c}}; i.e., we choose {a, c} from {a, b, c}. This
means (for example) that we prefer {a, c} over {b}, which is fine, because before we had merely established that we prefer
{b} over {a}, {a, b}, and {}.

Let us introduce the definition of the largest normal reference independent deletions, i.e. the normal RI deletions that
include as many arguments of the original argumentation framework as possible.

Definition 32 (Largest normal RI deletions). Let AF’ = (AR’, AT’) be an argumentation framework, let AR and AR, be
two sets of arguments, such that AR C AR’, AR C AR, and let o be an argumentation semantics. The largest nor-
mal RI deletions of AF” w.rt. AR, AR, and o, denoted by del%N_max(AF’,AR,ARC), are all argumentation frameworks
AF), = (AR}, AT},), AF}, € del3\ (AF’, AR, AR.), for which the following condition holds true:

BAF;, = (AR}, AT}, AF}, € delfy (AF', AR, AR.),
such that |AR},| > |AR},|
The reductionist approach to argumentation-based reference independent decision-making selects, for a given argu-

mentation framework in a sequence, a reduction that is reference independent given the resolution of the argumentation
framework’s predecessor. Hence, we need to define a selection function.

Definition 33 (Selection function). A selection function select(S) takes a set S and returns an item s € S.
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It is clear that different approaches can be chosen to implement the select function. We may assume select(S) returns
an arbitrary element of S.® Let us highlight that broadly speaking, we choose to make use of a selection function to be
decisive in face of several contradicting inference options. (Note that we do not select an extension, but rather an argu-
mentation framework, from which we can then infer exactly one extension.) This is aligned with the decision-oriented
perspective we provide in this paper, and with the formal bridge to economic decision theory that this paper presents.
Of course, not enforcing the inference of exactly one extension can be useful from an argumentation perspective in some
scenarios. While this requires a slightly different formal model, let us claim that our results are still useful in such a con-
text.

Given the definitions above, we can define our approach for reductionist reference independent (RI) argumentation-based
decision-making.

Definition 34 (Reductionist RI argumentation-based decision-making). Let AFS = (AFy,..., AF,) = ((ARg, ATy), ..., (AR,
ATy)) be a normally expanding argumentation framework sequence. Given an argumentation semantics o, the reductionist
RI argumentation sequence-based decision function gs%y, resolves AFS as (So, ..., Sy) such that:

S; =g" o o (select(r(AF;))), 0 < i <n, where

r(AF;) = el max(AFi. {3, {D). ifi =0;
del?y max(AFi, ARi_1,Si—1), otherwise.

Let us note that the purpose of the function g that aggregates the extensions returned by o is to merely flatten the
set of sets returned by o; because we always pick a maximal reference independent deletion, o will return exactly one
extension. In the alternative approaches that this paper presents to ensure reference independence (and cautious monotony,
see Section 4), the role of g" is the same: because the cardinality of the set of extensions a semantic returns is 1 (given
the way we manipulate the argumentation framework under consideration of the semantics’ behavior, roughly speaking),
we have a set of extensions ES = {S} and hence (g5 E=S.

Let us describe the reductionist reference independent argumentation-based decision approach in words. To resolve the
first argumentation framework AFy, we apply our argumentation-based decision function to any of the largest normal
deletions of AFy for which our semantics returns exactly one extension. Any following argumentation framework AF;,i>1
is resolved by resolving any of the largest normal deletions that establish a preference order that is consistent with the
preference order established by the resolution of AF;_1.

Example 6. Let us assume we have the argumentation framework sequence AFS = (AFg, AF1, AFy) = ((ARy, ATp), (AR,
AT1), (AR, ATy)) = (({a}, {}), (ARo U {b}, ATo U {(b,a), (a,b)}), (AR U {c}, AT U{(b, c), (c,a)})). Given preferred semantics
Opreferred> We first resolve AFq as glo Opreferred (AFo) = {a}. Our choice establishes the preference {a} > {}. However, we can-
not resolve AFq in such a straight-forward way, because g" o Opreferred (AF1) = {{a}, {b}}, which means that we do not have
clear preferences (we do not know which extension to choose). Instead, we take any of the largest normal deletions of
AF; that g" o Opreferred Can resolve while keeping the preference order consistent with the resolution of AFg. The largest
normal reference independent deletions are ({a}, {}) = AFp and ({b}, {}). Let us assume we employ a conservative approach
to reductionist reference independence (which we do not formalize for the sake of conciseness): the situation allows us to
select the only largest normal RI deletion that also is a normal expansion of AFy; i.e., we select ({a}, {}) and again return
{a}, which establishes the preferences {a} > {b} and {a} > {}. Then, we resolve AF, with g" o Opreferred as {b}. Resolving
AF, as {b} establishes the preference {b} > {a}, which is inconsistent with {a} > {b} (as previously established). Conse-
quently, we have to take one of the largest normal deletions whose resolution will establish a consistent preference order.
There is only one option: ({a, c}, {(c,a}), resolved as {c}, which establishes the preference order {c} > {a, b, c}, {c} = {a, b},
{c} = {a,c}, {c} = {b,c}, {c} = {a}, {c} = {b}, and {c} = {}. Note that choosing the largest normal deletion ({b, c}, {(b, c)}) is
not possible, because this would establish the preference {b} > {a}, which is inconsistent with the preference orders estab-
lished by our previous choices. Hence, our overall resolution is gs;’g‘}fm"d (AFS) = ({a}, {a}, {c}). Fig. 4 depicts AFy, AFq, and
AF;.

Let us note that we choose to select a normal RI deletion and not just any RI deletion to avoid inconsistencies. E.g.,
given the argumentation frameworks AF = ({a, b}, {(a, b)}) and AF’ = ({a, b, c}, {(a, b), (b, ¢), (c,a)}) and preferred semantics
Opreferred> just removing the attacks (c,a) from AF’ would help us find an RI deletion that is resolved as {a, c}, given the
extension {a} as returned by g" o Opreferred(AF). However, {a, ¢} is not conflict-free in the argumentation framework AF we
attempt to resolve. Let us also note that our reference independent resolution {c} of AF, is at odds with the admissibility
principle of preferred semantics ({c} is not admissible). We get back to this observation when we conclude the analysis part
of this paper in Section 6.

8 In a practical implementation, select(S) can be a deterministic function, i.e. it can select an element of S based on an implementation-specific property
of the elements in S, such as the alphanumerical order of the element identifiers. We assume that select is deterministic.
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(a) AFp. (b) AF4 (c) AFy

Fig. 4. Reductionist reference independent argumentation based decision-making: gs;‘;;e,/"r”(AFS) = ({a}, {a}, {c}).

Let us introduce the notion of a reductionist RI argumentation semantics.

Definition 35 (Reductionist RI argumentation semantics). An argumentation semantics o is a reductionist Rl argumentation
semantics iff for every normally expanding argumentation framework sequence AFS = (AFo, ..., AFy;), gsgy, resolves AFS
as (So, ..., Sp), such that for S;, 1 <i <n, the following statement holds true:

rl'quH (Si, Si—1)

Every argumentation semantics that is returning exactly one extension for the argumentation framework ({},{}) is a
reductionist RI argumentation semantics.

Proposition 1. Let o be an argumentation semantics, such that |o (({}, {}))| = 1. o is a reductionist RI argumentation semantics.

Proof. Let AFS = (AFq,...,AF,) = ((ARg, ATy), ..., (AR, ATy)) be a normally expanding argumentation framework se-
quence and let gsgp; be a reductionist reference independent argumentation sequence-based decision function.

1. Let us start by observing that because |o ({}, {})| =1, for every AF;, 1 <i<n, it holds true that del}y ....(AFi, {},{}) #
{}.

2. We observe that AFS = ((ARg, ATp), ..., (ARn, ATy)), such that for every AF;,1<i < n, it holds true that AF;_; <y
AF;j. It follows that by definition of normal expansions and normal deletions, it holds true that 3AF4, € dely(AF;), such
that AFge = AFi_1 and hence, g" 0 6 (AFge) = g" 0 6 (AFi_1).

3. From 1. and 2., it follows that del}y ...(AFi, ARi_1, Si—1) # {} and consequently, by definition of gs%,, (Definition 34),
for gs%gp,(AFS) = (So,...,Sp) it holds true that ri/ARH (Si, Si_1). Hence, we can conclude from the definition of a

reductionist RI argumentation semantics (Definition 35) that the proposition is true. O

It is clear that the reductionist approach to ensuring reference independence has disadvantages:

1. The approach is not intuitive from the perspective of decision modeling because in the decision process, we shrink our
model; i.e., the argumentation framework does not keep track of history.

2. Simply changing an argumentation framework until reference independence can be assured ignores the detailed prop-
erties of the applied argumentation semantics, i.e. we may reduce argumentation frameworks unnecessarily often and
finding a largest normal reference independent deletion can be computationally expensive.

Let us now introduce an expansionist approach to address Problem 1 by adding to instead of removing from argumentation
frameworks we cannot resolve in a reference independent manner; like this, the model (the argumentation framework)
keeps track of how we make changes to argumentation frameworks our semantics cannot resolve in an unambiguous and
reference independent manner. In particular, we can apply the expansionist approach if the employed semantics o satisfies
the following conditions:

. All o-extensions are conflict-free sets.

. o is universally defined.

. o satisfies CF-reinstatement.

. Given any argumentation framework AF = (AR, AT), it holds true that VE € o (AF), E contains all unattacked argu-
ments.

B WN —

Let us formalize Condition 4. as the unattacked inclusion argumentation principle to allow for more concise propositions and
proofs.
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Definition 36 (Unattacked inclusion). An argumentation semantics o satisfies the unattacked inclusion principle iff for every
argumentation framework AF = (AR, AT) it holds true that VE € o (AF), {ala € AR, #b € AR, such that (b,a) € AT} CE.

We observe that all semantics whose definitions we provide, with the exception of stable, naive, and stage semantics,
satisfy the unattacked inclusion principle by definition. Let us now introduce and prove the following lemma, which is a
cornerstone of the formal analysis of expansionist approaches to ensuring reference independence (and cautious monotony)
in argumentation-based decision-making.

Lemma 1. For any argumentation semantics o, such that o is conflict-free and universally defined, and satisfies the CF-reinstatement
and unattacked inclusion principles, for every two argumentation frameworks AF = (AR, AT), AF' = (AR’, AT'), such that AF <y
AF'" and |o (AF)| = 1, for every E € o (AF), the following statement holds true:

o (AF") ={{y}UE},
where y is an argument, such that y ¢ AR’
and AF” = (AR' U {y}, AT’ U{(y,a)|a € AR"\ E}).

Proof. 1. Because o is universally defined, it holds true that |o (AF")| > 1.
2. Because o satisfies CF-reinstatement and VE € o (AF),Va € E, and for {y} = AR” \ AR/, {y} defends g, it holds true that
VE" € 0 (AF"), if y € E” then E C E”.
3. Because o is conflict-free and satisfies the unattacked inclusion principle, it follows from 1. and 2. that o (AF”) =
{{y} U E}. We have proven the proposition. O

Let us note that a similar formal observation is made for some argumentation semantics by Baumann and Brewka [6].
However, our Lemma 1 is principle-based and covers (via the unattacked inclusion and CF-reinstatement principles) ad-
ditional argumentation semantics. From this lemma, we see that we can (roughly speaking), given an extension we have
inferred from an argumentation framework AF and given a normal expansion AF' = (AR’, AT’) of AF, normally expand
AF’ to AF” = (AR”, AT") by exactly one argument, such that we reinstate the initially inferred extension (and in addition
infer the only argument that is in AR” \ AR’).

This observation is useful because it shows that we can - colloquially speaking - always search for new arguments
that allow us to reach a “consistent” conclusion w.r.t. our initial inference. However, in practice, we might not always
find arguments that allow us to make a reference independent decision, or we might not have found them at the time
we want to make a decision. Hence, we propose the use of annihilator arguments as tie-breakers that enforce reference
independence; i.e., when we cannot make a reference independent decision given an argumentation framework AF’ and its
predecessor AF, we add an annihilator argument that allows us to re-gain reference independence. Indeed, by Lemma 1, we
show that we can even enforce monotony, (i.e., we never “remove” arguments from an extension when expanding), which is
a stricter property than reference independence, given some constraints on the behavior of an argumentation semantics [5].
Because the only purpose of annihilator arguments is to gain the ability to make a reference independent decision, we do
not want them to be considered as part of our decision result. This means that the annihilator arguments need to guarantee
reference independence even when they are ignored in the output.

Example 7. For example, let us consider the argumentation frameworks AF = ({a},{}) and AF’ = ({a, b}, {(a,b), (b, a)}).
Given preferred semantics, we resolve AF as g™ o Opreferred (AF) = {a}. Opreferred(AF’) returns two extensions, {a} and {b}.
Both allow us to maintain consistent preference orders. Let us assume we follow a conservative approach and stick to the
previous decision whenever possible. We add an annihilator argument an, that attacks b, which results in the argumenta-
tion framework AF, = ({a, b, anp}, {(a, b), (b, a), (anp, b)}). We resolve AF} as g" o Opreferrea(AF,) = {a, anp} and discard the
annihilator, which leaves us with {a}.

Let us formally define the approach. This requires the definition of two new types of expansions. First, we define refer-
ence independent expansions.

Definition 37 (RI expansions). Let AF’ = (AR’, AT’) be an argumentation framework, let AR and AR, be two sets of argu-
ments, AR C AR, AR. C AR, and let o0 be an argumentation semantics. The RI expansions of AF’ w.r.t. AR, AR. and o,
denoted by expan( (AF’, AR, AR,), are all argumentation frameworks AFéxp, such that AF’ <g AFéxp, for which the follow-
ing conditions hold true:

|0 (AF,)| =1 AVE € 0 (AF}y), rijg (E' N AR, ARc)

The normal RI expansions of AF’ w.rt. AR, AR and o, denoted by expan \(AF’, AR, AR), are all AFQXP € expan@ (AF’,
AR, AR(), such that AF’ <y AF/

exp*
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In words, given an argumentation semantics, an argumentation framework AF’ = (AR’, AT’), and a choice AR, from a
subset of a set of arguments AR C AR’, an expansion of AF’ is reference independent iff the semantics’ only extension of
the expansion is reference independent to AR, w.r.t. AR, even when disregarding all arguments in the extension that are
only in the expansion’s arguments and not in AR’. Based on the above definition, we define the smallest normal reference
independent expansions.

Definition 38 (Smallest normal RI expansions). Let AF' = (AR’, AT’) be an argumentation framework, let AR and AR, be two
sets of arguments, such that AR € AR’ and AR. C AR, and let o be an argumentation semantics. The smallest normal RI
expansions of AF’ w.r.t. AR, AR. and o, denoted by expan;;N_mm(AF/, AR, AR,), are all argumentation frameworks AF{_,XP =
(AR, ATéxp), AF,,, € expan} y(AF’, AR, AR.), for which the following conditions hold true:

exp’ exp

BAFS, = (AR}, AT;,,) € expan y(AF', AR, AR.),

exp’
such that [ARG| + [ATgy, | < [ARge| + |ATgy, |

In words, a smallest normal reference independent expansion is a normal reference independent expansion whose ad-
ditional arguments and attacks are minimal w.r.t. cardinality. Note that in contrast to smallest normal RI deletions, we
consider the amount of attacks that are added in order to be minimally invasive (colloquially speaking).

Example 8. Let us again consider the argumentation frameworks as shown in Fig. 1. Given AF = ({a, b}, {(b,a)}) and pre-
ferred semantics Opreferred, We choose AR = {b} from AR = {a, b} (“picking” an arbitrary extension from opeferred (AF)). Now
we want to find an expansion of AF” = ({a, b, c,d}, {(b, a), (b,d), (d, c), (c, b)}) that is a smallest normal reference indepen-
dent expansion with respect to the choice {a} from {a, b}. It is clear that AF” itself is not a reference independent expansion,
because opreferred(AF”) = {{}}, which means we would prefer {} over {b}, while our choice {b} from {a, b} means we prefer
{b} over {}. We create a smallest normal reference independent expansion by adding an argument any and an attack (ang, d)
to AF”, which gives us AF”” = ({a, b, c,d, ang}, {(b, a), (b, d), (d, c), (c, b), (ang, d)}). The only extension of opeferred(AF") is
{a, c,ang}, which means we establish the preference order VA e 2{@b.¢.d.anat (g ¢ an,} = A. The preference order estab-
lished by the decision {a, c} is consistent with the preference order our previous decision based on AF establishes, i.e. with
{b} = {a, b}, {b} = {a}, and {b} > {}. Note that {a, c} = {a, c,ang} \ {ang}: we have removed the annihilator argument ang from
the extension.

Having defined the smallest normal reference independent expansions, we can now formalize our expansionist approach
to ensuring reference independence.

Definition 39 (Expansionist RI argumentation-based decision-making). Let AFS = (AFo,...,AF,) = ((ARo, ATp), ..., (ARp,
ATy)) be a normally expanding argumentation framework sequence. Given an argumentation semantics o, the expansionist
RI argumentation sequence-based decision function gsf,p, resolves AFS as (So, ..., Sy) such that:

S; = g" o o (select(expan(AF;))) N AR;, 0 < i< n, where

expany, . (AFy, {}, (), if i =0;

expan(AF;) = .
pan(AFi) {expangNimm(AF,',AR,~,1,S,',1), otherwise.

To show that the proposed approach works, let us prove that argumentation semantics typically allow for expansionist
reference independence argumentation-based decision-making. We call this property expansionist reference independence.

Definition 40 (Expansionist RI argumentation semantics). An argumentation semantics o is an expansionist RI argumentation
semantics iff for every normally expanding argumentation framework sequence AFS = (AF, ..., AFy), g57 g, resolves AFS
as (So, ..., Sp), such that for S;, 1 <i < n, the following statement holds true:

riyg, , (Si, Si—1)

Let us show that any universally defined argumentation semantics o, such that o satisfies the conflict-freeness, CF-
reinstatement, and unattacked inclusion principles, is expansionist RI.

Proposition 2. Any argumentation semantics o, such that o is universally defined and satisfies the conflict-freeness, CF-reinstatement,
and unattacked inclusion principles is an expansionist RI argumentation semantics.

Proof. Let AFS = (AFg, ..., AF;) be a normally expanding argumentation framework sequence and let gs7,p (AFS) =
(Eo, ..., En).
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1. Given Sj_1 € ARj_1,0 < j <n, such that S;_; is conflict-free, let us define y as an argument such that y ¢ AR; and
AF" = (ARjU{y}, AT; U{(y,x)|x € ARj\ Sj_1)}). Let us observe that AF; <y AF”.

2. Because o is universally defined and satisfies the conflict-freeness, CF-reinstatement, and unattacked inclusion prin-
ciples, it follows from Lemma 1 that |0 (AF”)| =1 and VE” € 0 (AF"),E” \ {y} = Sj—1 and hence by definition of
e><pc1n‘,§,\,_min (Definition 38) it follows that expanﬁN_mm(AFj, ARj_1,Sj—1) #{}.

3. From 2. it follows that by definition of gsfyy, (Definition 39), it holds true that for E;,0 <i <n, ri’ARF1 (Ei, Ei_7), and
hence o is an an expansionist RI argumentation semantics (considering Definition 40), which proves the proposition. O

A problem is that the expansionist approach does not utilize the detailed behavior of the semantics we apply to the best
possible extent. Colloquially speaking, we somehow blindly bust loops® until we have reached reference independence, but
we do not pick a semantics that allows us to reach reference independence in a manner that is “naturally” supported by
the argumentation semantics that we apply.

To address this issue, we can make use of argumentation semantics that satisfy the weak reference independence prin-
ciple (see Definition 26). When iteratively resolving a sequence of normally expanding argumentation frameworks, weakly
reference independent semantics guarantee that we are always able to use annihilator arguments to “pick” an extension
that is reference independent w.r.t. any extension of the preceding argumentation framework.

As a prerequisite, let us define the concept of an extension-selecting expansion.

Definition 41 (Extension-selecting expansion). Let AF = (AR, AT) be an argumentation framework and let o be an argumen-
tation semantics. An expansion of AF, AF' = (AR’, AT'), AF <g AF’ is an extension-selecting expansion of AF w.rt. o
(denoted by AF <7, AF’) iff the following statement holds true:

lo(AF")| =1A3E €0 (AF), (E=g" 0o (AF)) N AR)

The set of extension-selecting expansions of AF w.r.t. o is denoted by expan¢(AF).

In words, given an argumentation framework AF and a semantics o, an extension-selecting expansion is an argumen-
tation framework that is an expansion of AF and for which o returns exactly one extension E, such that E is, when
disregarding all “newly added” arguments, also an extension of AF. Self-evidently, it makes sense to use extension-selecting
expansions that do not add more arguments and attacks than necessary to the argumentation graph. To ensure this, we
define the notion of a smallest normal extension-selecting expansion.

Definition 42 (Smallest normal extension-selecting expansion). Let AF = (AR, AT) be an argumentation framework and let o be
an argumentation semantics. A normal and extension-selecting expansion of AF, AF’ = (AR’, AT'), such that AF <. AF/,
AF <y AF', is a smallest normal extension-selecting expansion of AF w.rt. o (denoted by AF <3¢ . AF’)iff the following
statement holds true:

BAF” c expans(AF), AF” = (AR", AT"), such that
AF <y AF” and |AR"| + |AT"| < |AR'| + |AT/|

We denote all smallest normal extension-selecting expansions of AF by expanZg . (AF).

Note that we determine the smallest normal extension-selecting expansions of an argumentation framework by not only
considering the number of arguments, but also the number of attacks. This is to avoid adding unnecessarily many attacks to
the argumentation framework when selecting an extension. In addition, we define the smallest normal reference independent
extension-selecting expansions.

Definition 43 (Smallest normal RI extension-selecting expansion). Let AF = (AR, AT) and AF' = (AR’, AT’) be argumentation
frameworks such that AF <y AF’/, and let AR C AR. Let o be an argumentation semantics. An argumentation framework
AFexp = (ARexp, ATexp) is a smallest normal RI extension-selecting expansion of AF’ w.r.t. AF, AR. and o iff AF’ 5%5 AFexp,
AF" XN AFexp, AFexp € expan$ (AF’, AR, AR.) and the following statement holds true:

BAF,y, € expanf (AF', AR, ARc), AFgy, = (ARyy,, ATy),

such that AF' <% AFZ,Xp, AF <n AFéxp,

and |AR:_,Xp| + |ATéXp| < |ARexp| + [ATexp|

We denote all smallest normal RI extension-selecting expansions of AF’ w.r.t. AF, AR: and o by expanf o, ..(AF’, AF,
AR(). o

9 “Loops” or cycles can be considered the root cause of reference dependence [5].
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After having defined the expansions that allow us to “pick” one of the extensions a semantics returns for an argu-
mentation framework, we can define a new approach to ensuring reference independence. The extension-selecting approach
resolves a sequence of argumentation frameworks by expanding each argumentation framework in the sequence to an ex-
pansion that i) is extension-selecting and ii) selects an extension that is reference independent to the preceding resolution
w.r.t. the preceding argumentation framework’s arguments.

Definition 44 (Extension selection for RI argumentation-based decision-making). Let AFS = (AFo, ..., AF,) = ((ARo, ATp), ...,
(ARy, ATy)) be a normally expanding argumentation framework sequence. Given an argumentation semantics o, the ex-
pansionist RI argumentation sequence-based decision function gs‘E’R | Tesolves AFS as (So, ..., Sp) such that:

S; = g" o o (select(expan(AF;))) N AR;, 0 < i <n, where

expan(AF;) = eXpan(Ers_min(AFi))’ ifi=0;
" | expang gy min(AFi AFio1, Sio1),  otherwise.

Based on this definition, let us define the notion of an extension-selecting RI argumentation semantics.

Definition 45 (Extension-selecting RI argumentation semantics). An argumentation semantics o is an extension-selecting RI
argumentation semantics iff for every normally expanding argumentation framework sequence AFS = (AFo, ..., AFy), g5%,
resolves AFS as (So, ..., Sn), such that for S;, 1 <i < n, the following statement holds true:

Tl'qu,;] (Si, Si—1)

Let us prove that every universally defined argumentation semantics that satisfies weak reference independence, conflict-
freeness, CF-reinstatement, and unattacked inclusion is an extension-selecting RI argumentation semantics.

Proposition 3. Let o be a universally defined argumentation semantics that satisfies the weak reference independence, conflict-
freeness, CF-reinstatement and unattacked inclusion principles. It holds true that o is an extension-selecting RI argumentation se-
mantics.

Proof. Let AFS = (AFp,...,AF,) be a normally expanding argumentation framework sequence, let gs7p (AFS) =
(Eg,...,Ep),and let 0 <i < n.

1. Because o is universally defined and satisfies weak reference independence, by definition of the weak reference inde-
pendence principle (Definition 26), it holds true that |0 (AF;_1)| > 1 and VS;_1 € 6 (AF;_1), 3S; € 0 (AF;), such that
I’i;\RF1 (Si, Si—1).

2. Because o satisfies the conflict-freeness, CF-reinstatement and unattacked inclusion principles, there exists an argumen-
tation framework AF” = (AR; U {y}, AT; U{(y,b)|b € AR;,b ¢ S;i}),y ¢ AR; and hence |0 (AF")|=1 and {S; U {y}} =
o (AF") (Lemma 1).

3. From 1. and 2. it follows that by definition of expan{ ¢, ..., (Definition 43), expanfs p; min(AFi. AFi_1,Si—1) #{}.

4. From 3. it follows that by definition of gsf,, (Definition 44), it holds true that for E;, 0 <i <n, ri;\R,-,] (Ei, Ei_1). This
proves the proposition. O

Let us illustrate by example how the extension-selecting approach works.

Example 9. Let us again refer to the argumentation frameworks as shown in Fig. 1; this time, we apply the reference
independent extension-selecting approach to resolve the argumentation frameworks, using CF2 semantics.

o First we (obviously) resolve AF = (AR, AT) = ({a, b}, {(b,a)}) as {b}. This establishes the preference order {b} > {a, b},
{b} = {a}, and {b} = {}.

e When AF normally expands to AF' = (AR, AT') = (AR U {c}, AT U {(c, b)}), we resolve it as {a,c}. This means we
establish the preference order VA € 2{@b-¢} (g ¢} = A, which is consistent with the preference order the resolution of
AF establishes.

o Next, we need to resolve AF” = (AR’ U{d}, AT’ U{(b,d), (d, c)}). CF2 semantics returns three possible extensions: {a, c},
{b}, and {a, d}. We cannot pick {b} because this would establish the preference {b} > {a, c}, which is inconsistent with
{a,c} = {b}. This means we can expand the argumentation framework in two ways to resolve it: either we add an
argument anp, that attacks b, or an argument ang that attacks d. Let us add anp, as depicted by Fig. 5a; i.e., we con-
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Fig. 5. Resolving AF” from the motivating example as depicted by Fig. 1 with an extension-selecting annihilator argument. In the expansion AF” of AF”,
the annihilator argument anp, is no longer relevant, which can be denoted by the attack of e to an, as depicted by Fig. 5b.

struct the argumentation framework AF{¢ . = (ARYg ..o, AT(g o) = (AR U{any}, AT” U{(any, b)}) and resolve it as
{a,c,anp} N AR” = {a, c}.1°

e Finally, we need to resolve AF” = (AR” U {e}, AT” U {(e,d)}). Here, the resolution is again clear; ocp(AF"") returns
exactly one extension: {a, c, e}, which establishes a preference order that is consistent w.r.t. the preference order estab-
lished by previous resolutions. Considering the annihilator argument that has been added to AF”, we can model the
expansion of AF” alternatively as AF/ = (AR} AT} U {e,anp}) (depicted by Fig. 5b).

ES_min ES_min> ES_min

Note that Section 5 provides an overview of the ability of different argumentation semantics to support the three ap-
proaches to ensuring reference independence (and cautious monotony).

4. Ensuring cautious monotony

In this section, we show that cautious monotony can be enforced using approaches that are analogous to the methods
for ensuring reference independence:

e Any semantics that always returns exactly one extension for the empty argumentation framework (|o (({}, {}))|=1) al-
lows for reductionist approaches to cautiously monotonic sequential argumentation, i.e. such a semantics is a reductionist
CM argumentation semantics (Proposition 4).

e Universally defined semantics that satisfy the conflict-freeness, CF-reinstatement, and unattacked inclusion principles

allow for expansionist cautiously monotonic sequential argumentation, i.e. these semantics are expansionist CM argumen-
tation semantics (Proposition 5).

e Universally defined semantics that satisfy the weak cautious monotony principle, as well as the conflict-freeness, CF-
reinstatement and unattacked inclusion principles, can be used for extension-selecting cautiously monotonic sequential
argumentation, i.e. these semantics are extension-selecting CM argumentation semantics (Proposition 6).

Let us now introduce cautious monotony as a relational property.

Definition 46 (Cautious monotony as a relational property). Let AF = (AR, AT) and AF = (AR’, AT’) be two argumentation
frameworks.

Argumentation-based decision function. Given an argumentation-based decision function g o o, AF’ is cautiously mono-
tonic to AF w.rt. go o, denoted by cmg.s (AF’, AF) iff the following statement holds true for S = g o o (AF):

SCgoo(AF)v3ae AR\ AR, such that a attacks S

Extensions (sets of arguments). Given E C AR and E’ € AR/, E’ is cautiously monotonic to E w.r.t. AF’ and AF, denoted
by cm/AF,_AF(E’, E) iff the following statement holds true:

ECE v3dae AR\ AR, such that a attacks E

Cautious monotony as a relational property for argumentation-based decision functions has the following properties:
e Non-transitivity;
10 Note that in practice, it is obvious that we can define a deterministic approach for selecting an extension, for example by considering all smallest

normal reference independent expansions to be alphanumerical strings that are returned as a sorted list and then picking the first extension in that list, or
by considering “meaningful” meta-data.
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e Reflexivity;
e Non-symmetry;
e Non-antisymmetry.

For the sake of conciseness, the corresponding proposition and proofs are available in Appendix B. Let us highlight that in
contrast to reference independence (as a relational property), cautious monotony is not generally transitive, which means
that the approaches we present below only ensure cautious monotony of one argumentation framework’s resolution to the
resolution of its immediate predecessor, but not to all predecessors, roughly speaking.

Analogously to RI deletions (see Definition 31), we can now define cautiously monotonic deletions (CM deletions). Note
that in contrast to RI deletions, in the case of CM deletions the argumentation frameworks’ attacks and not only the argu-
ments and the decision result of the initial argumentation framework matter. Hence, CM deletions have a slightly different
function signature.

Definition 47 (CM deletions). Let AF = (AR, AT) and AF’ = (AR’, AT’) be argumentation frameworks such that AF <g AF/,
let AR. be a set of arguments, such that AR, C AR, and let o be an argumentation semantics. The cautiously monotonic
deletions (CM deletions) of AF’ w.rt. AR, AR and o, denoted by delZ,,(AF’, AF, AR.), are all argumentation frameworks
AF),, € del(AF’), for which the following statement holds true:

|0 (AFj)| =1 AVE' € 0 (AFjq), cmlyp, op(E', ARC)

All argumentation frameworks AF},, € delZ,,(AF’, AF, ARc), such that AF},, € dely(AF') are normal CM deletions of AF’
w.r.t. AR, AR. and o, and are denoted by delZ,;, \(AF’, AF, AR;).

We can then define the largest normal CM deletions.

Definition 48 (Largest normal CM deletions). Let AF = (AR, AT) and AF’ = (AR’, AT’) be argumentation frameworks, such
that AF <g AF/, let AR. C AR, and let o be an argumentation semantics. The largest normal CM deletions of AF’ w.r.t.
AR, AR. and o, denoted by del‘gM_max(AF’,AF,ARC), are all argumentation frameworks AF), = (AR}, AT,,), AF,, €
delZ,, y(AF’, AF, AR¢), for which the following condition holds true:

BAF;, e del?, (AF', AF, ARc), AFL, = (AR%y, AT,
such that [AR}},;| > |AR),|

This definition allows us to introduce a reductionist method that ensures cautiously monotonic argumentation-based
decision-making.

Definition 49 (Reductionist CM argumentation-based decision-making). Let AFS = (AFy, ..., AFy) = ((ARo, ATyp), ..., (ARy,
ATy)) be a normally expanding argumentation framework sequence. Given an argumentation semantics o, the reductionist
CM argumentation sequence-based decision function gsg-,, resolves AFS as (So, ..., Sp), such that:

S; =g" oo (select(r(AF;))), 0 < i <n, where

el nax(AFi, (11D, 1, ifi=0;

r(AF;) = .
! del(C’M_max(AFi, AF;i_1,Si_1), otherwise.

Let us provide an example of reductionist cautiously monotonic argumentation-based decision-making.

Example 10. Let us consider the argumentation framework sequence AFS = (AFy, AF1), such that (AFg, AF1)={((ARo, ATp),
(AR1, ATy)) = (({a,b,c}, {(a,b), (b,0), (c,a)}), (ARoU({d}, AToU({(d, b)})). Given stage semantics Ostqge, We have Osiqge (AFg) =
{{a}, {b}, {c}}. Because we have three extensions in Ogqge(AFo), we need to take any of the largest normal CM dele-
tions of AFp w.r.t. stage semantics, an empty argumentation framework ({}, {}), and {}. Let us assume we take AFg,, =
(fa, b}, {(a, b)}), which we can then resolve as {a} using g" o Osgge. When resolving the next argumentation framework
(AF7), Ostage(AF1) returns only one extension: {d, c}. Because {a}  {d, c} and Varg € AR; \ ARy, arg does not attack {a},
cautious monotony is not satisfied. Hence, we resolve any of the largest normal CM deletions of AF; w.r.t. stage semantics,
AFg, and {a}. The only largest normal CM deletion is AFq,, = ({a,b,d}, {(a,b), (d,b)}), which we then resolve as {a,d}.
Fig. 6 shows the argumentation frameworks of the example.

To facilitate the formal analysis, let us define the notion of a reductionist CM argumentation semantics.
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Fig. 6. The reductionist approach to ensuring cautious monotony.

Definition 50 (Reductionist CM argumentation semantics). Let ¢ be an argumentation semantics. o is a reductionist CM ar-
gumentation semantics iff for every normally expanding argumentation framework sequence AFS = (AFy, ..., AFs), 85%cp
resolves AFS as (So, ..., Sn), such that for S;, 1 <i < n, the following statement holds true:

/
CMAF, AF;i_4 (8i, Si-1)

We can prove that a semantics o is a reductionist CM argumentation semantics if for every argumentation framework
AF, it holds true that |o(({}, {}))|=1.

Proposition 4. Let o be an argumentation semantics such that for every argumentation framework AF, |o (({}, {}))| = 1. It holds true
that o is a reductionist CM argumentation semantics.

Proof. Let AFS = (AFo,...,AF,) be a normally expanding argumentation framework sequence and let gsg.,,(AFS) =
(Eo, ..., Ep). Consider AF;, 1 <i<n.

1. Let us start by observing that because |o ({}, {})| =1, it holds true that del‘gM_max(AFi, O, #£4{.

2. We observe that AFS = ((ARg, ATp), ..., (ARy, ATy)), such that for every AF;, 1 <i < n, it holds true that AF;_; <y
AF;. It follows that by definition of normal expansions and normal deletions, it holds true that 3AF4 € dely(AF;), such
that AFge = AFj_1 and hence, g" o 0 (AFge) = g" 0 0 (AFi_1).

3. From 1. and 2., it follows that delZ,, ... (AFi, ARi_1, Si_1) # {} and consequently, by definition of gs§,, (Definition 49),
for gs§ -y (AFS)=(So,..., Sn), cm/AFi’AFi_] (S;, Si—1) holds true. Hence, we can conclude from the definition of a reduc-
tionist RI argumentation semantics (Definition 50) that the proposition is true. O

Below we introduce the expansionist approach to cautious monotonic argumentation-based decision-making. Let us first
define cautiously monotonic (CM) expansions.

Definition 51 (CM expansions). Let AF = (AR, AT) and AF' = (AR’, AT’) be argumentation frameworks, let AR, € AR, and
let o be an argumentation semantics. The CM expansions of AF’ w.rt. AF, AR and o, denoted by expZ,,(AF’, AF, AR,),
are all argumentation frameworks AF” = (AR”, AT"), such that AF’ <g AF”, for which the following conditions hold true:

|0 (AF")| =1 AYE" € 0 (AF"), cmyp, op(E' N AR, ARc)

The normal CM expansions of AF’ wrt AF, AR; and o, denoted by expanZ, \(AF',AF,AR), are all AF;’XD €
expan, (AF’, AF, AR.), such that AF' <y AF/

exp*
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In words, given two argumentation frameworks AF = (AR, AT) and AF' = (AR, AT’) and a choice AR, C AR, a CM
expansion is any expansion AF” of AF’ such that given an argumentation semantics o, the only o-extension E/,, of AF”
is, in its intersection with AR’, cautiously monotonic to AR, w.r.t. AF’ and AF.

Let us now define the smallest normal cautious monotonic expansions.

Definition 52 (Smallest normal CM expansions). Let AF = (AR, AT) and AF' = (AR’, AT’) be argumentation frameworks, let
AR: C AR, and let o be an argumentation semantics. The smallest normal CM expansions of AF’ w.r.t. AF, AR; and o
(denoted by expang,; \ i (AF', AF, AR), are all argumentation frameworks AFéxp cexpZy y(AF’, AF, AR.), for which the
following condition holds true:

DAFL, = (AR%,,, ATS,) € expZy n(AF', AF, ARy),

exp exp’ exp
such that |ARy, | + |AT},| < |ARpy, | + AT, |

Based on this definition, we can now introduce a method for expansionist cautious monotonic argumentation-based
decision-making.

Definition 53 (Expansionist CM argumentation-based decision-making). Let AFS = (AFy, ..., AF;) = ((ARo, ATyp), ..., (ARy,
ATy)) be a normally expanding argumentation framework sequence. Given an argumentation semantics o, the reductionist
CM argumentation sequence-based decision function gs¢,,, resolves AFS as (S, ...Sy), such that:

S; = g" o o (select(expan(AF;))) N AR;, 0 < i< n, where

a . ifi—0N-
expan(AF;) = { Ezgzng_N_mm EQ?, S;'{})’é}-), ) :)ftlfler\(l)\;ise
CM_N_min i Ali-1, 2i-1), :

Colloquially speaking, instead of resolving an argumentation framework by removing arguments until the argumentation
framework’s resolution is cautiously monotonic w.r.t. the resolution of its predecessor in the argumentation framework
sequence (reductionist approach), we add arguments and attacks to the argumentation framework until we have a cautiously
monotonic resolution.

Let us illustrate by example how expansionist cautiously monotonic argumentation sequence-based decision functions
can be applied.

Example 11. Let us again consider the sequence introduced by Example 10. We have the argumentation framework sequence
AFS = (AFq, AF1), such that (AFg, AF1) = ((ARo, ATo), (AR1, AT1)) = (({a, b, ¢}, {(a, b), (b, ©), (c,a)}), (ARo U {d}, ATp U
{(d,b)})). Given stage semantics Ostge, W€ have |Osiqge(AFp)| = 3, i.e. the unique existentiality condition is violated. Let
us expand AFg such that AFg,, = (ARo U {anc}, ATo U {(anc, ©)}). Ostage(AFo,,,) = {{a, anc}}, ie. we resolve AFy as {a}. Be-
cause Osiage (AF1) = {{c, d}}, {a} ¢ {c,d} and {d} does not attack {a}, we need to expand AF; to reach cautious monotony.
We create the following expansion: AFy,,, = (AR1 U{anc}, ATy U {(anc, ©)}). Ostage(AF1,,,) = {{a, d, anc}}, ie. we resolve AF;
as {a, d}. Fig. 7 shows the argumentation frameworks of the example.

Let us now prove that argumentation semantics typically allow for expansionist cautiously monotonic argumentation-
based decision-making. For this, we first introduce the expansionist cautious monotony property.

Definition 54 (Expansionist CM argumentation semantics). An argumentation semantics o is an expansionist CM argumentation
semantics iff for every normally expanding argumentation framework sequence AFS = (AFq,..., AF;), g57yc) resolves
AFS as (Sg, ..., Sp), such that for S;, 1 <i < n, the following statement holds true:

/
CMAF; AF;_, (8i, Si—1)

Let us show that any argumentation semantics o, such that o is universally defined and satisfies the conflict-freeness,
CF-reinstatement, and unattacked inclusion principles, is expansionist cautiously monotonic.

Proposition 5. Every argumentation semantics o, such that o is universally defined and satisfies the conflict-freeness, CF-
reinstatement, and unattacked inclusion principles is expansionist cautiously monotonic.

Proof. Let AFS = (AFy,..., AF,) be a normally expanding argumentation framework sequence and let gsf,.,,(AFS) =
(Eo, ..., En).

1. Given Sj_1 € ARj_1,0 < j <n, such that S;_; is conflict-free, let us define y as an argument such that y ¢ AR; and
AF" = (ARjU{y}, AT U{(y,x)|x € ARj\ Sj_1)}). Let us observe that AF; <y AF”.
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Fig. 7. The expansionist approach to ensuring cautious monotony.

2. Because o is universally defined and satisfies the conflict-freeness, CF-reinstatement, and unattacked inclusion princi-
ples, it follows from Lemma 1 that |0 (AF”)| =1 and YE” € 0 (AF"), E”\ {y} = Sj_1 and hence by definition of expZ,, v
(Definition 52) it follows that expCM N(AF], ARj_1,Sj—1) #{}.

3. From 2. it follows that by definition of 857 xcm (Definition 54), for E;,0 <i <n, cmAF AF; 1(E1, Ei_1) holds true. This
proves the proposition. O

Let us now introduce the extension-selecting approach to cautiously monotonic argumentation-based decision-making.
For this, we first define the smallest normal cautiously monotonic extension-selecting expansions.

Definition 55 (Smallest normal CM extension-selecting expansion). Let AF = (AR, AT) and AF' = (AR’, AT’) be argumentation
frameworks such that AF <y AF’, let AR, C AR, and let o be an argumentation semantics. An argumentation framework
AFexp = (ARexp, ATexp) is a smallest normal CM extension-selecting expansion of AF" w.r.t. AF, AR. and o iff AF' <%
AFexp, AF' <N AFexp, AFexy € expan,, (AF’, AF, AR;) and the following statement holds true:
ﬂAF/ € expanCM(AF’ AF, AR,), AFexp (ARexp, ATéxp),
such that AF' <g¢ AF,,,, AF' <y AF,

and |ARexp| + |ATexp| < |ARexp| + |ATeXp|

exp>

We denote all smallest normal CM extension-selecting expansions of AF” w.r.t. AF, AR and o by expanfs <y min(AF’, AF,
ARo). T

The definition above allows us to define an extension-selecting approach for CM argumentation-based decision-making.

Definition 56 (Extension selection for CM argumentation-based decision-making). Let AFS = (AFo, ..., AFy) = ((ARg, ATp), ...,
(ARy, ATy)) be a normally expanding argumentation framework sequence. Given an argumentation semantics o, the ex-
pansionist CM argumentation sequence-based decision function gsZ.,, resolves AFS as (Sg,...Sy,) such that:

Si= g oo (select(expan(AF;))) N AR;, 0 <i < n, where

expan(AFy) — expangs ... (AF)), ifi =
i v expanES_CM_mm(AFi,AF,-_1,S,-_l), otherwise.

Based on this definition, let us introduce the notion of an extension-selecting CM argumentation semantics.

196



T. Kampik, J.C. Nieves and D. Gabbay International Journal of Approximate Reasoning 140 (2022) 173-210

(c) AFq (d) AFy,,

Fig. 8. The extension-selecting approach to ensuring cautious monotony.

Definition 57 (Extension-selecting CM argumentation semantics). An argumentation semantics ¢ is an extension-selecting
CM argumentation semantics iff for every normally expanding argumentation framework sequence AFS = (AFy, ..., AF,),
gs%cy Tesolves AFS as (So, ..., Sp), such that for S;,1<i<n, the following statement holds true:

/
CMAE, AF;_, (Si, Si-1)

We can prove that every universally defined argumentation semantics that satisfies weak cautious monotony, conflict-
freeness, CF-reinstatement, and unattacked inclusion is an extension-selecting CM argumentation semantics.

Proposition 6. Let o be a universally defined argumentation semantics that satisfies the weak cautious monotony, conflict-freeness,
CF-reinstatement, and unattacked inclusion principles. It holds true that o is an extension-selecting CM argumentation semantics.

Proof. Let AFS = (AFo,..., AF;) be a normally expanding argumentation framework sequence and let gsf.,,(AFS) =
(Eg,...,Ep) and let 0 <i < n.

1. Because o is universally defined and satisfies weak cautious monotony, by definition of the weak cautious monotony
principle (Definition 27), it holds true that |6 (AF;_1)| > 1 and VS;_1 € 0 (AF;_1), 3S; € 0 (AF;), such that cm/AFl_‘AFI__1 (Si,
Si—1)-

2. From 1. it follows that because o satisfies the conflict-freeness, CF-reinstatement and unattacked inclusion principles,
VSi_1 € 0 (AFj_1) there exists an argumentation framework AF” = (AR; U {y}, AT; U {(y,b)|b € AR;,b ¢ Si}),y ¢ AR;
and hence, |0 (AF”)| =1 and {S;\ {y}} = o (AF").

3. From 2. it follows that by definition of expan‘E’s_CM_mm (Definition 55), expan‘gs_CM_min(AFi, AFi_1,Si1) #{}. _

4. From 3. it follows that by definition of gs7.,, (Definition 56), for every E;, cm%Fi’AFH (Ei, Ei—1) holds true. This proves
the proposition. O

To demonstrate how extension-selecting cautiously monotonic argumentation-based decision-making works, let us intro-
duce an example.

Example 12. Let us consider the argumentation framework sequence AFS = (AFy, AF1) = ((ARo, ATyp), (AR1, ATy)) =
({a, b}, {(a, b), (b, ®)}), (ARg U {c,d}, AToU{(a, ¢), (b, c), (c,d)})). Given preferred semantics Opreferred» W€ have Opreferred(AFo)
= {{a}, {b}}. Let us expand AFy such that AFo,,, = (ARoU{anp}, AToU{(anp, b)}). Opreferred(AFo,,,) = {{a, anp}}, i.e. we “select”
{a} from {{a}, {b}}.

Opreferred (AF1) = {{a, d}, {b, d}}. Again, we expand the argumentation framework: AF1,,, = (ARy U {anp}, AT1 U ({any, b})).
Opreferred(AF1,,,) = {{a, d, anp}}, i.e. we “select” {a,d} from {{a,d}, {b,d}}. Fig. 8 depicts the example’s argumentation frame-
works.
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5. Argumentation semantics analysis

This section analyzes different argumentation semantics with respect to their abilities to support the different methods
for ensuring reference independence and cautious monotony. An overview is provided by Table 1.

5.1. Reductionist approaches

From the analysis in Sections 3 and 4 it follows straightforwardly that all argumentation semantics that are in the scope
of our analysis are reductionist reference independent and reductionist cautiously monotonic.

Proposition 7. Let o be an argumentation semantics such that x € {complete, preferred, grounded, stable, semi — stable, eager, ideal,
naive, stage, CF2, stage2}. It holds true that oy is a reductionist RI argumentation semantics and a reductionist CM argumentation
semantics.

Proof. By definition of oy, it holds true that |ox(({}, {}))| = 1. Hence, from Proposition 1 it follows that oy is a reductionist
RI argumentation semantics and from Proposition 4 it follows that oy is a reductionist CM argumentation semantics. O

5.2. Expansionist approaches

From the analysis in Sections 3 and 4 it follows that complete, grounded, preferred, ideal, eager, CF2, stage2, and semi-
stable semantics are expansionist RI semantics and also expansionist CM semantics. Let us observe that these semantics are
universally defined [26] and satisfy the conflict-freeness and CF-reinstatement principles [24].

Proposition 8.Let oy be an argumentation semantics such that x € {complete, grounded, preferred, ideal, eager, CF2, stage2,
semi-stable}. It holds true that oy is a reductionist RI argumentation semantics and a reductionist CM argumentation semantics.

Proof. Let us observe that by definition, oy satisfies the unattacked inclusion principle (Definition 36). Because oy also is
universally defined [26] and satisfies the conflict-freeness and CF-reinstatement principles [24], it follows from Proposition 2
that oy is an expansionist Rl semantics and it follows from Proposition 5 that oy is an expansionist CM semantics. O

By example, we can show that naive semantics is not an expansionist RI argumentation semantics.
Proposition 9. 0,4, is not an expansionist RI argumentation semantics.

Proof. Let us provide a proof by counter-example. By definition of an expansionist RI argumentation semantics (Defini-
tion 40), opgive iS an expansionist RI argumentation semantics iff for every normally expanding argumentation frame-
work sequence AFS = (AFy,...,AF,) = ((ARo, ATyp), ..., (AR,, ATy)), gsgg?%e, resolves AFS as (Sop,...,Sp), such that for
Si, 1 <i<n, the following statement holds true:

riyg,, (Sis Si—1)

1. Let AFS = (AFp, AF1) be a normally expanding argumentation framework sequence, such that AFg = (ARp, ATg) =
({a}, {}) and AF{ = (AR1, AT1) = (ARo U {b}, ATo U {(a, b), (b, a)}). Note that onaive(AFo) = {{a}}, ie. |Ongive(AFo)| =1
and VE € ongive(AFo), E = {a}. Hence, So = {a}.

2. Because 3Ja,b € ARy,a # b, such that (a,b), (b,a) € ATy, (a,a), (b,b) ¢ ATy, it follows that for every argumentation
framework AF”, such that AF; <y AF” it holds true that |oygve(AF”)] > 1 and hence by definition of expangy o
(Definition 43) it holds true that expan;’}(}i_”;m(AFL ARy, So) ={}.

3. From 2. it follows that by definition of gsg ., (Definition 39), S1 is not defined. This proves the proposition. O

In contrast, we can show that stage and stable semantics can be used for expansionist reference independent sequential
argumentation.

Proposition 10. Let o be an argumentation semantics, such that x € {stage, stable}. o is an expansionist Rl argumentation semantics.

Proof. Let AFS = (AFy, ..., AF,;) be a normally expanding argumentation framework sequence and let gsg”XR,(AFS) =
(Eo, ..., En).

1. Given Sj_1 S ARj_1,0 < j <n, such that S;_ is conflict-free, let us define y as an argument such that y ¢ AR; and
AF" = (ARjU{y}, AT U{(y,x)|x € ARj\ Sj_1)}). Let us observe that AF; <y AF”.
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2. By definition of oy, it follows that |ox(AF”)| =1 and VE” € ox(AF"),E” \ {y} = Sj_1 and hence by definition of
expan%y ... (Definition 38) it follows that expan(;’;v min(AFj, ARj_1,5;-1) #{}.
3. From 2. it follows that by definition of Ry (Definition 39), for E;,0 <i <n, ri’ARH (Ei, Ei_7) holds true and hence

Oy is an expansionist RI argumentation semantics (considering Definition 40), which proves the proposition. O
By example, we can show that naive semantics is not an expansionist CM argumentation semantics.
Proposition 11. 0,4y is not an expansionist CM argumentation semantics.

Proof. Let us provide a proof by counter-example. By definition of an expansionist CM argumentation semantics (Defi-
nition 54), opgive iS an expansionist CM argumentation semantics iff for every normally expanding argumentation frame-
work sequence AFS = (AFy,...,AF,) = ((ARg, ATy), ..., (ARy, ATp)), gsg}‘g‘;’w resolves AFS as (Sp,..., Sn), such that for
Si, 1 <i<n, the following statement holds true:

’
CM AR, AF;_, (Si, Si-1)

1. Let AFS = (AFp, AF1) be a normally expanding argumentation framework sequence, such that AFy = (ARg, ATg) =
({a}, {}) and AFy = (ARy, AT1) = (ARo U {b}, ATo U {(a, b), (b, a)}). Note that ongive(AFo) = {{a}}, ie. |Ongive(AFo)| =1
and VE € ongive(AFo), E = {a}. Hence, So = {a}.

2. Because 3Ja,b € ARy,a # b, such that (a,b), (b,a) € ATy, (a,a), (b,b) ¢ ATy, it follows that for every argumentation
framework AF”, such that AFy <y AF” it holds true that |opgve(AF”)| > 1 and hence by definition of expan?,, \ ,.ix
(Definition 52) it holds true that expanZie (AF1, AFg, Sp) ={}.

CM_N_min
3. From 2. it follows that by definition of gsZ.,, (Definition 53), Sy is not defined, which proves the proposition. O

In contrast, we can show that stage and stable semantics are expansionist CM argumentation semantics.

Proposition 12. Let o, be an argumentation semantics, such that x € {stage, stable}. oy is an expansionist CM argumentation seman-

tics.
Proof. Let AFS = (AFy, ..., AF,) be a normally expanding argumentation framework sequence and let gsZXXCM(AFS) =
(Eo, ..., En).

1. Given Sj_1 € ARj_1,0 < j <n, such that S;_ is conflict-free, let us define y as an argument such that y ¢ AR; and
AF" = (ARjU{y}, AT; U{(y,X)|x € ARj\ Sj_1)}). Let us observe that AF; <y AF”.

2. By definition of oy, it follows that |ox(AF”)| =1 and VE” € ox(AF”),E” \ {y} = Sj_1 and hence by definition of
expan,, n i, (Definition 52) it follows that expangjw N min(AFj, AFj_1,5;-1) #{}.

3. From 2. it follows that by definition of gsf,, (Definition 53), for E;,0 <i <n, Cm;\Fi.AF,-,] (Ei, Ei_1) holds true and
hence oy is an an expansionist CM argumentation semantics (considering Definition 54), which proves the proposi-
tion. O

5.3. Extension-selecting approaches

The results presented in a previous work [5] show that among the semantics that are in the scope of our analysis,
only CF2 and naive semantics satisfy the weak reference independence principle. Let us also observe that CF2 semantics is
universally defined [26] and satisfies the conflict-freeness and CF-reinstatement principles [24]. Hence, we can show that
CF2 semantics is an extension-selecting Rl argumentation semantics.

Proposition 13. ocp, is an extension-selecting RI argumentation semantics.
Proof. Let us observe that by definition, ocg, satisfies the unattacked inclusion principle. (Definition 36). Because ocgy also

is universally defined [26] and satisfies the conflict-freeness and CF-reinstatement principles [24], as well as the weak
reference independence principle [5], it follows from Proposition 3 that ocg, is an extension-selecting Rl semantics. O

Let us observe that complete, preferred, grounded, stable, semi-stable, eager, ideal, stage, and stage2 semantics do not
satisfy the weak reference independence principle [5]. This allows us to prove that these semantics are not extension-
selecting RI argumentation semantics.

Proposition 14. Let o, be an argumentation semantics, such that x € {complete, preferred, grounded, stable, semi — stable, eager,
ideal, stage, stage2}. oy is not an extension-selecting RI argumentation semantics.
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Proof. Because oy violates the weak reference independence principle [5], there exist two argumentation frameworks AF =
(AR, AT) and AF’ = (AR’, AT’), AF <y AF’, such that |ox(AF")| =1 the following statement holds true:

3E € 0x(AF), such that AE" € ox(AF’), such that ri/yp (E’, E)

It follows that by definition of expan‘gsimimm (Definition 43), 3E € ox(AF), such that expan% (AF’,AF,E)=1{} and

ES_RI_min
Ox

hence, by definition of gsiy; (Definition 44) there exists an argumentation framework sequence AFS = (AFo, ..., AFy), such
that for gs(E’*R,(AFS) = (Eg, ..., Ep), for E;,0 <i<n, E; is not defined. It follows that oy is not an extension-selecting RI

argumentation semantics (Definition 45), which proves the proposition. O

Although naive semantics satisfies weak reference independence [5], it is not an extension-selecting RI argumentation
semantics.

Proposition 15. 0,4 is not an extension-selecting RI argumentation semantics.

Proof. We provide a proof by counter-example. Let us have an argumentation framework AF = (AR, AT) = ({a, b}, {(a, b),
(b, @)}). By definition of opgjve, there exists no argumentation framework AF’, such that AF <y AF’ and AF 5‘2”5“"” AF'
(consider Definition 41). It follows that by definition of gs7., (Definition 44) there exists an argumentation framework
sequence AFS = (AFy, ..., AFy), such that for gs‘g’;{}'ve(AFS) = (Eg, ..., Ep), there exists an i, 0 < i < n, such that E; is not
defined. It follows that opge is not an extension-selecting RI argumentation semantics (Definition 45), which proves the
proposition. O

Let us show that complete, preferred, grounded, and ideal semantics satisfy weak cautious monotony.

Proposition 16. Let oy be an argumentation semantics such that x € {complete, preferred, grounded, ideal}. oy satisfies weak cautious
monotony.

Proof. Let us observe that for every two argumentation frameworks AF = (AR, AT) and AF' = (AR’, AT’), such that AF <y
AF’ and S C AR, the following statements hold true if AR\ AR does not attack S:

1. If 3E¢ € Ocomplere(AF), such that S C E, then 3E; € Ocomplere(AF’), such that S C E_ (because AF <y AF’ and every
complete extension is an admissible set that entails all arguments it defends).

2. If VE¢ € Ocomplere(AF), S C Ec, then VE € 0complete (AF'), S C E{ (because AF <y AF’ and every complete extension is
an admissible set that entails all arguments it defends).

3. If 3Ep € Opreferred(AF), such that S C Ep, then 3E, € Opreferred (AF’), such that S C E}, (because AF <y AF’ and every
preferred extension is a C-maximal admissible set).

4. If VEp € Opreferred(AF), S C Ep, then VE}J € Opreferred(AF'), S € E;, (because AF <y AF’ and every preferred extension is
a C-maximal admissible set).

From these statements, it follows that by definition of oy (Definition 10, note that the grounded extension is the C-minimal
complete extension and the ideal extension is C-maximal among all admissible sets that are a subset of every preferred
extension), for every two argumentation frameworks AF = (AR, AT) and AF’ = (AR’, AT'), such that AF <y AF’, for every
E € 0 (AF) if {(a,b) | (a,b) € AT',a € AR’ \ AR,b € E} = {}, the following statement holds true:

3E’ € 0y (AF'), suchthat E C E’

Consequently, it follows from the definition of weak cautious monotony (Definition 27) that the proposition holds true. O

Because by definition, these semantics are universally defined and satisfy unattacked inclusion, we can show that they
are extension-selecting CM argumentation semantics.

Proposition 17. Let o be an argumentation semantics such that x € {complete, preferred, grounded, ideal}. oy is an extension-
selecting CM argumentation semantics.

Proof. Let us observe that oy satisfies the unattacked inclusion principle, see Definition 36. Because oy also is universally
defined [26] and satisfies the conflict-freeness and CF-reinstatement principles [24], as well as the weak cautious monotony
principle (Proposition 16), it follows from Proposition 6 that oy is an extension-selecting CM argumentation semantics. O

Next, we provide the proof that universally defined argumentation semantics that satisfy the naivety and unattacked
inclusion principles do not satisfy weak cautious monotony.
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Proposition 18. Let o be a universally defined argumentation semantics that satisfies the naivety and unattacked inclusion principles.
o does not satisfy weak cautious monotony.

Proof. We provide a proof by counter-example.

1. Consider the argumentation framework AF = (AR, AT) = ({a, b, c}, {(a, b), (b, ¢), (c,a)}).

2. Because o is universally defined and satisfies the naivety principle, it holds true that |0 (AF)| > 1 and VE € o (AF) it
holds that E € {{a}, {b}, {c}}.

3. Given any E € 0 (AF), let us define AF' = (AR U {d}, AT U{(d, e)|E attacks e, where e € AR,e ¢ E and d ¢ AR}).

4. Because o satisfies the unattacked inclusion and naivety principles, it follows that o (AF') = {{d} U {g|g € AR, g
attacks E}}. (For example, if we have {a} as a o-extension of AF, we have AF' = (AR U {d}, AT U {(d,b)}) and
o (AF) ={{d,c}}.)

5. Hence, VE’ € 0 (AF’) it holds true that E ¢ E’ and Va’ € AR"\ AR, @’ does not attack E. Weak cautious monotony is
violated and we have proven the proposition. O

This allows us to show that CF2 and stage2 do not satisfy weak cautious monotony.
Proposition 19. Let oy be an argumentation semantics such that x € {CF2, stage2}. oy does not satisfy weak cautious monotony.

Proof. By definition, oy satisfies the naivety and unattacked inclusion principles. Because oy is universally defined [26], it
follows from Proposition 18 that oy does not satisfy weak cautious monotony, which proves the proposition. 0O

Let us show that stage semantics does not satisfy weak cautious monotony.
Proposition 20. 0. does not satisfy weak cautious monotony.

Proof. We provide a proof by counter-example.
1. Consider the argumentation framework AF = (AR, AT) = ({a, b, c}, {(a, b), (b, ¢), (c,a)}).
2. Let us observe that ogg(AF) = {{a}, {b}, {c}}.
3. Given E = {a}, E € Osage(AF), let us define AF' = (ARU{d}, AT U{(d, D)}).

4. Given E = {a}, E € Ostqge(AF), VE' € 0 (AR’, AT" \ {(a,b)|b € E,a € AR’ \ AR})) it holds true that E ¢ E’. By definition
(Definition 27), weak cautious monotony is violated. We have proven the proposition. O

Let us prove that stable semantics violates weak cautious monotony using another example.
Proposition 21. o, does not satisfy weak cautious monotony.

Proof. We provide a proof by counter-example.

1. Let AF = (AR, AT) = ({a}, {}) and let AF = (AR, AT') = ({a, b}, {(b, b)}).

2. Let us observe that AF <y AF/, osqapie(AF) = {{a}}, AR’ \ AR does not attack {a} and oype(AF) = {}.

3. It follows that given E = {a}, AE’ € osape((AR’, AT’ \ {(d’,b")|b’ € E,a’ € AR’ \ AR})), such that E C E’. By definition
(Definition 27), weak cautious monotony is violated. We have proven the proposition. O

We use yet another example to prove that semi-stable and eager semantics violate weak cautious monotony.

Proposition 22. Let o be an argumentation semantics such that x € {semi — stable, eager}. oy does not satisfy weak cautious
monotony.

Proof. We provide a proof by counter-example.
1. Let AF = (AR, AT) = ({a, b}, {(a, b), (b,a)}) and let AF' = (AR’, AT’) = ({a, b, ¢}, {(a, b), (b, a), (b, ), (c, O)}).
2. Let us observe that AF <y AF’/, ox(AF) = {{a}, {b}}, AR’ \ AR does not attack {a} and ox(AF’') = {{b}}.

3. It follows that given E = {a}, #E’ € ox((AR’, AT’ \ {(@’,b)|b € E,a’ € AR’ \ AR})), such that E C E’. By definition (Defini-
tion 27), weak cautious monotony is violated. We have proven the proposition. O

Let us now show that stable, semi-stable, stage, CF2, and stage2 semantics are not extension-selecting CM semantics.
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Table 1

Feasibility of different argumentation semantics for ensuring reference independence and cautious monotony,
using reductionist (red.), expansionist, (exp.), and extension-selecting (ext.) approaches. The semantics that
satisfy the extension-selecting approaches to ensuring RI/CM satisfy weak reference independence/weak cau-
tious monotony; in addition, naive semantics satisfies both weak reference independence and weak cautious
monotony [5] (although it does not support the extension-selecting approaches to ensuring RI/CM).

Semantics Exp. RI Ext. RI Exp. CM Ext. CM

complete
preferred
grounded
stable
semi-stable
eager
ideal
naive
stage

CF2
stage2

COCCCCCCCKNE

COCT OO

COCCCCCCCKNE
2

COLCT OO
><><><><\><><><\&&

><&><><><><><><><><><

Proposition 23. Let o be an argumentation semantics, such that x € {stable, semi — stable, eager, stage, CF2, stage2}. o is not an
extension-selecting CM semantics.

Proof. oy violates the weak cautious monotony principle (Propositions 19, 20, 21, and 22). Hence, there exist two argumen-
tation frameworks AF = (AR, AT) and AF' = (AR’, AT'), AF <y AF’, such that |ox(AF’)| =1 the following statement holds
true:

3E € 0x(AF), such that BE’ € ox(AF’), such that cm;\F,’AF(E/, E)

It follows that by definition of expan‘gs_CM_mm (Definition 55), 3E € ox(AF), such that expan‘E’XS_CM_mm(AF/, AF,E)={} and
hence, by definition of gs(ET"CM (Definition 56) there exists an argumentation framework sequence AFS = (AFo, ..., AFy),
such that for gs‘E’XCM(AFS) ={(Eo,..., Ep), for E;,0 <i<n, E; is not defined. It follows that oy is not an extension-selecting

RI argumentation semantics (Definition 57), which proves the proposition. O
Finally, let us show that naive semantics is not an extension-selecting CM semantics.
Proposition 24. o, is not an extension-selecting CM argumentation semantics.

Proof. We provide a proof by counter-example. Let us have an argumentation framework AF = (AR, AT) = ({a, b}, {(a, b),
(b, @)}). By definition of opgje, there exists no argumentation framework AF’, such that AF <y AF’ and AF f‘Ef’g”'Vf AF'
(consider Definition 41). It follows that by definition of gs7.,, (Definition 56) there exists an argumentation framework
sequence AFS = (AFy,..., AFy), such that for gs‘ET”C“,"\jf(AFS) = (Eqg, ..., Ey), there exists an E;,0 <i <n and E; is not de-
fined. It follows that opge is not an extension-selecting CM argumentation semantics (Definition 57), which proves the
proposition. O

Table 1 provides an overview of the feasibility of argumentation semantics for the different approaches to ensuring
reference independence and cautious monotony in sequential argumentation, given normally expanding argumentation
framework sequences.

6. Reference independence, cautious monotony, and naive set-based versus admissible set-based semantics

From the analysis provided in the previous two sections, we can gain the following insights about cautious monotony
and reference independence (see Table 1 for an overview):

e Many admissible set-based semantics (complete, preferred, grounded, and ideal semantics) support the extension-
selecting approach to ensuring cautious monotony. In contrast, admissible set-based semantics are typically at odds with
reference independence, which a simple example can highlight: AF = ({a}, {}), AF’ = ({a,b,c}, {(a,b), (b, ¢), (c,a)}).
Considering we assume that any argumentation semantics should return {{a}} given AF (o satisfies unattacked inclu-
sion), there is, roughly speaking, no “reference independent” extension of AF’ that is also an admissible set. As we
show in [5], complete, preferred, semi-stable, grounded, ideal and eager semantics are weakly reference independent
given normal, non-cyclic expansions that also do not “add/change” attack sequences that originate from cycles; i.e., the
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extension-selecting approach to reference independence sequential argumentation can be realized with these semantics
given severe constraints on the way an argumentation framework sequence is (normally) expanded.

e Naive set-based semantics do not support the extension-selecting approach to ensuring cautious monotony. Again, we
can provide a simple example that highlights the problem. Given AF = (AR, AT) = ({a, b, ¢}, {(a, b), (b, ¢), (c,a)}), we
would expect any naive set-based semantics o to return {{a}, {b}, {c}}."" When expanding AF to AF' = (AR U {d}, AT U
{d,a}) and assuming unattacked inclusion, the only extension o returns is {d, b}, which, colloquially speaking, leaves us
with no cautiously monotonic extension in o (AF’) given we have selected the extension {c} from o (AF). In contrast,
some naive set-based semantics support the extension-selecting approach to ensuring reference independence (CF2
semantics is an example).

Future work can address the discrepancies between reference independence and admissible set-based semantics and inves-
tigate how reference independence can be relaxed to accommodate admissible set-based approaches, for example in the
context of three-valued labeling-based argumentation (in which some arguments are undecided, i.e. neither included in nor
rejected by an extension); the same applies to the discrepancies between naive-based semantics and cautious monotony.
As a final note on this issue, let us informally claim that the recently introduced weak admissible set-based argumentation
semantics [8] satisfy neither weak reference independence nor weak cautious monotony'?; defining similar principles that
are better aligned with the idea of weak admissibility can be considered relevant future work.

7. Implementation

The theoretical concepts that this paper introduces are implemented in DiArg, a Java library!® that makes use of existing
abstractions for implementing formal argumentation approaches provided by the Tweety project [28]. DiArg provides an
Application Programming Interface (API) to implement and resolve argumentation framework sequences and supports the
reductionist, expansionist, and extension-selecting approaches to ensuring reference independence and cautious monotony.
As a foundation, DiArg implements additional interfaces to manage normal expansions and deletions. In addition, DiArg
allows for managing context in argumentation frameworks that allows for the deactivation of arguments, for example de-
pending on time or user/agent properties; ie., not all methods and models provided by DiArg are formally defined. The
algorithms for finding largest RI/CM deletions and smallest RI/CM expansions, respectively, are so far not taking into ac-
count the behavior of the particular argumentation semantics that is used, which means future improvements to the library
can potentially consider results of related works as discussed in Subsection 8.4. However, let us highlight that the extension-
selecting approaches to ensuring RI/CM consider semantics behavior (require a universally defined semantics that satisfies
weak reference independence/weak cautious monotony, as well as conflict-freeness, CF-reinstatement, and unattacked in-
clusion) and allow for a straightforward identification of extensions that satisfy the constraints of RI/CM in sequential
argumentation. Let us note that DiArg assumes that the meaning of arguments and attacks, as well as the selection of
extensions (within the constraints of reference independence and cautious monotony) is managed on the application layer
above the formal argumentation layer. While this may not be aligned with common approaches in the formal argumentation
community, in which the structure of the arguments is a major concern from the perspective of formal theory, our approach
is consistent with approaches in business process automation where Petri nets form the lowest and only formal abstraction
layer [29] and business decision automation where relations between rules are established, using so-called hit policies.'* and
the consideration of the rule structure is up to the human designer [30].

8. Related work

In this paper, we explore a range of sequential argumentation approaches that can ensure reference independence and
cautious monotony. Below we discuss the relevance our research results have for the two domains from which we take the
formal models that build the foundation of our work: nonmonotonic reasoning and microeconomic theory. In addition, we
discuss the relation of our work to formal argumentation in social choice and dynamics in formal argumentation.

8.1. Relevance to nonmonotonic reasoning

The results presented in this paper strengthen the relationship between nonmonotonic reasoning approaches, such as
formal argumentation, and microeconomic models of (bounded) rationality. We have observed that even abstract argumen-
tation as an inference approach that reduces a reasoning problem to a very simple model does not satisfy a basic property of

11 We merely need to assume language independence, see Baroni et al. [27].

12 Consider the examples AF = ({a},{}) and AF’ = ({a, b, c},{(a,b), (b, ¢), (c,a)}) (reference independence), and AF” = ({a, b, c,d}, {(a,b), (b, c), (c, ),
(c,d)}) and AF"” = ({a,b,c,d, e}, {(a,b), (b,c), (c,a), (c,d), (e,b)}) (cautious monotony). For the sake of conciseness, we do not formally introduce these
semantics.

13 Let us point to a technical report that describes the library [15]. The source code and more detailed, developer-centric documentation are available at
https://github.com/Interactive-Intelligent-Systems/diarg.

14 For example, a first hit policy establishes a total order on a set of rules.
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b

Fig.9. AF1 = ({x,y,.X,a,b,c}, {(x, ), (¥,X), (x,X), (X', x), (¥, X), (¥, y), (@,x), (a,c), (), (%), (b,a)}), resolved as {x,b, c}.

economic rationality that can, at least in some scenarios, be considered desirable. Although the properties of argumentation
semantics have been analyzed by different authors (see, e.g., Van der Torre and Vesic [24]), the consideration of properties
of rational decision-making, as well as the analysis of sequential argumentation with regards to a relational principle of
cautious monotony, is novel in our line of work.

Let us observe that when Dung introduced the basic ideas of abstract argumentation semantics [4], he showed that
abstract argumentation semantics can be characterized by logic programming semantics with negation as failure [4]. In
terms of the expected properties of non-monotonic reasoning from a logic programming semantics, Dix defined the so-called
well-behaved semantics [31]. Dix did not consider properties that follow from economic rationality. Given the amount of
results that have shown the strong relationship between argumentation semantics and logic programming semantics with
negation as failure (see Table 1 in [32]), economic rationality properties as the ones explored in this paper can be explored
in the settings of logic programming semantics with negation as failure.

We consider our results, which highlight the relevance as well as the enforceability of properties of rational decision-
making in non-monotonic reasoning approaches like abstract argumentation, as a potential point of departure for further
works that evaluate reasoning approaches from the perspective of economic rationality.

8.2. Relevance to microeconomic theory

Our approaches to reference independent abstract argumentation can be applied as a new model of (boundedly) rational
microeconomic decision-making. In this context, it is interesting to informally distinguish between utilitarian arguments
(decision options) and epistemic arguments (knowledge), and potential annihilator arguments (tie-breakers).

Let us introduce an example, in which we use abstract argumentation to model (boundedly) rational decision-making,
using a scenario from economics as studied by Doyle et al. [33].

Example 13. In this scenario, a grocery store offers two types of beans: cans of brand x and cans of brand y. Both cans
have the same size. x is cheaper than y; still, most customers buy y and not x, presumably because the higher price of y
indicates higher quality. Eventually a third option x" is added, which is a smaller can of brand x that is sold at the same
price as the larger can x. After option x’ is added, more customers start buying option x, presumably because the high price
of x' suggests that x is not of lower quality than y. Sales of x’ are negligible.

In our example, we assume this change in preferences occurs in the decisions of an individual decision-maker.

1. We start with the argumentation framework AFg = ({x, ¥}, {(x, ¥), (¥, X)}), which we do not resolve.

2. Because x is cheaper than y, we add an epistemic argument c that represents the price and attacks y. How-
ever, because we assume that y is of higher quality than x, and because we care more about quality than price,
we add another epistemic argument a that attacks ¢ and x. Now, we end up with the argumentation framework
AFy=({x,y,c,a}, {(x,¥),(¥.%),(c, ¥), (a, ), (@, x)}). We resolve AF( as {y,a}.

3. When X' is added, we infer from the relatively high price (per weight unit) of x’ that x is of equal qual-
ity than y; ie, we add the utilitarian argument x’ that attacks and is attacked by x and x/, and is also at-
tacked by c, because of the high price per weight unit. We also add the argument b - the insight that x
is of equal quality than y - that attacks a. Hence, we end up with the argumentation framework AF; =
({x,y,%,a,b,c}, {(x, ¥), (y,%), (x,X), ®¥,x), (y,X), ¥, y), (@x), (ac),(c,y), (X)), (b,a)}), which we resolve as {x, b, c},
leaving us with the utilitarian argument set {x}.

Fig. 9 depicts the final argumentation framework of this example variant. It is interesting to see that the decisions seem
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Fig. 10. AF; = ({x, y, X', an,a}, {(x, ¥), (¥,X), (x, X), (X', x), (¥, X'), (X', ¥), (an, X), (a,an), (a, y), (a, X')}), resolved as {x, a}.

to be reference dependent (i.e., economically irrational) when considering only utilitarian arguments. AF; implies {y} = {x},
whereas AF; implies {x} > {y}. However, reference independence is achieved by considering the epistemic arguments a, b,
and c.

In a slightly different scenario, in which the price of x and y is the same, we could imagine that our decision-maker first
uses an annihilator argument to establish the initial preference order.

Example 14.

1. We start with the argumentation framework AFy = ({x, ¥}, {(x, ¥), (¥, X)}).

2. To be able to make a decision, we add the annihilator argument an, that attacks x, resulting in AF(/, = ({x, y, any},
{(x,y), (y,x), (any, x)}), which we resolve as {y}.

3. Let us assume that can x’ is much smaller than the cans of x and y. When X’ is added, we infer from the relatively
high price (per weight unit) of x" that x is of higher quality than y; i.e., we add the utilitarian argument x’ that attacks
and is attacked by x and X', as well as the epistemic argument b (x’ is very expensive, which means beans of brand x/x’
are of high quality) attacking any. We also add the argument ¢ and x'. Hence, we end up with the argumentation frame-
work AF1 = ({x, y, X, any, a}, {(x, ), (¥, %), %, %), (X', %), (¥, X), (X, y), (any, X), (a, any), (a, y), (a, x')}), which we resolve
as {x, a}, leaving us with the utilitarian argument set {x}.

Fig. 10 displays the argumentation graph of AF;.

8.3. Relevance to argumentation-based social choice and judgment aggregation

A range of works focuses on the construction of argumentation-based models for social choice and judgment aggrega-
tion [34]. For example, different agents might construct different attack relations on the arguments in an argumentation
framework, have different preferences that impact how attacks are interpreted, or make different assumptions about the
truth status of premises. The results presented in this paper can integrate with this body of work in two ways. Most obvi-
ously, our work can provide a starting point for ensuring that aggregated conclusions remain consistent (in the sense of the
reference independence or cautious monotony principle) in sequential decision-making scenarios. This can be particularly
interesting when assuming that in future decisions, not all agents will be involved (for example, consider an organization
where the management team initially agrees on the overall strategy, whereas subsequently, tactical decisions are made by
individual managers and their subordinates). Committing to reference independence or cautious monotony can potentially
give the agents some assurance that their future decision remain roughly aligned. Also, cautious monotony and reference
independence can ensure consistency between individual and aggregated judgments; i.e., whereas this work constructs argu-
mentation framework sequences that model the expansion and iterative resolution of argumentation frameworks (typically
over time), future work could construct sequences (or sets) of argumentation frameworks that represent the subjective per-
ception that different agents have on an argumentation framework and design inference methods that allow us to reach
a “reasonable” aggregation that can be considered consistent and representative of the involved agents’ perspectives. Such
an approach can, for example, be aligned with work presented by Pigozzi and Van der Torre on judgment aggregation and
inconsistencies between premises and conclusions [35].

8.4. Relevance to dynamics in formal argumentation

The work in this paper relates to the study of dynamics in formal argumentation [13]. Indeed, the notions of (normal)
expansions and deletions that are central to this paper have been introduced by Baumann and Brewka in works that
explore this research direction [6,23]. In this context, Baumann and Brewka also introduce the notion of a weak expansion of
an argumentation framework AF = (AR, AT), which is any argumentation framework AF’ = (AR’, AT’), such that AF <y
AF’ and JFa € AR’ \ AR such that a attacks AR. We can see that the weak cautious monotony property we enforce in
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sequential argumentation is to be considered a stricter property than a property that enforces monotony in the case of weak
expansions. Colloquially speaking, we can say that, given an argumentation semantics ¢ and an argumentation extension
E € 0 (AF):

e Monotony in the case of weak expansions: 3E’ € 6 (AF’), such that E C E’ if AF <y AF’ and #la € AR’ \ AR such that a
attacks AR;
e Weak cautious monotony: 3E’ € o (AF’), such that E C E’ if AF <y AF’ and fla € AR’ \ AR such that a attacks E.

In contrast, reference independence is focused, given E € o (AF), E' € 0 (AF’), on the relation between E, AR, and E’. How-
ever, let us highlight that attack relations are implicitly considered through the behavior of the argumentation semantics.'”
Work by Cayrol et al. [36] studies the impact of revisions of argumentation frameworks. Hereby, the revision is the ad-
dition of exactly on argument and exactly one attack to an argumentation framework; ie.,, we can say that given an
argumentation framework AF = (AR, AT) a revision of AF is any argumentation framework AF’, such that AF <y AF’
and |AR'\ AR| =|AT’'\ AT|=1. Let us denote a revision by AF <z AF’. An interesting concept in the context of our pa-
per is the decisive revision that Cayrol et al. introduce, which describes, given an argumentation semantics o, a revision
AF <g AF’ such that |0 (AF)|# 1 and |0 (AF")| = 1. In the context of our expansionist approaches to ensuring reference
independence and cautious monotony, we can roughly say that we enforce decisiveness through a sequence of revisions.
Amgoud and Vesic study revisions in the context of an argumentation model that distinguishes between practical argu-
ments (which support options of choice) and epistemic arguments (which support beliefs) [37]. While their work does not
consider the fundamental microeconomic property of consistent preferences (assuming the establishment of a preference
order such that one set of choice options is strictly preferred), distinguishing between arguments of different types can be
useful to be able to relax the reference independence principle, for example in the case of three-valued labeling-based argu-
mentation semantics, which, roughly speaking, consider the arguments that are neither in an extension nor attacked by the
extension as undecided [27]. Having undecided arguments can allow for relaxing the reference independence principle by
stipulating (colloquially) that a new undecided argument can “cause” another argument to be undecided that has previously
been considered a valid conclusion. However, from a decision theory perspective, it is not possible to be undecided about
actions (this must imply either action or inaction). A model with two types of arguments (action arguments and belief
arguments) can address this problem and allow for reference independence to be relaxed as long as we remain decisive
about action arguments.

Works by Niskanen et al. [38] and Ulbricht et al. [39] show how the acceptance or rejection of specific arguments in
an argumentation framework can be enforced, and how argumentation frameworks can be “repaired” if no arguments are
accepted (but the acceptance of some arguments is desirable). With their focus on enforcing the acceptance or rejection of
particular arguments and the acceptance of any arguments, respectively, these works clearly have a different scope than our
work that focuses on enforcing relational principles in sequential argumentation. However, the results presented in these
works can potentially provide new approaches to ensuring reference independence and cautious monotony in sequential
argumentation for semantics that do not allow for the extension-selecting approach, in that they can guide the search for
reductions or expansions that ensure cautious monotony or weak reference independence. In case a semantics supports the
extension-selecting approach, this is, however, not necessary.

9. Conclusion and future work

Considering that our approach examines the most foundational formal models of argumentation and rational economic
decision-making, a broad range of follow-up research can potentially be conducted. For example, methods to ensure ref-
erence independence in extensions of abstract argumentation like weighted [40] or probabilistic [41] argumentation can
be devised. Also, reference independence can be integrated into/analyzed in the context of other symbolic reasoning ap-
proaches, e.g. situation calculus [42], or System Z [43].

In addition, we consider the application of abstract argumentation - or models derived from abstract argumentation
- to microeconomic theory as a promising research direction. As Subsection 8.2 shows, extending abstract argumentation
to distinguish between utilitarian arguments, epistemic arguments, and annihilator arguments allows for a novel way to
model sequential decisions that are in fact rational, but seem irrational (or boundedly rational) when only considering the
utilitarian arguments (decision options). Because of its simplicity, this abstract argumentation-based approach to modeling
knowledge in economic decision-making can be evaluated in the context of other formal approaches to knowledge modeling
in economics, as for example presented by Rubinstein [3]. Indeed, the approach might help answer the research question
of how to integrate “a description of all uncertainties that influence the decision-maker’s interests” [3, p. 42] into formal
models of economically rational decision-making. Moreover, as outlined in Subsection 8.3, our work can be used to enhance
sequential perspectives on multi-stakeholder decision-making.

15 Yet us, however, claim that reference independence does not imply any constraints on how the direction of an attack relation is interpreted.
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Appendix A. Relational properties of reference independence

Below, we prove that reference independence as a relational property (Definition 30) in the resolution of argumentation
frameworks by argumentation-based decision functions has the following properties: i) transitivity; ii) reflexivity; iii) non-
symmetry; iv) non-antisymmetry. Note that if a property is satisfied, we prove this for generally expanding argumentation
frameworks and argumentation-based decision functions. If a property is not satisfied, we prove that this property is not
satisfied even when limiting the argumentation framework sequence to normally expanding argumentation frameworks and
to argumentation-based decision functions g” o 0.

Let us first prove transitivity.

Proposition 25 (Transitivity). Let g o o be an argumentation-based decision function. For all argumentation frameworks AF =
(AR, AT), AF' = (AR’, AT'), and AF"” = (AR", AT"), such that AF <g AF’ and AF’ <g AF”, the following statement holds true:

If (rigog (AF', AF) ATigos (AF", AF')) then rigoe (AF”, AF)
Proof. We provide the following deductive proof.

1. Let us observe that we can denote rigos (AF’, AF) ATigos (AF”, AF') as follows:

(g00(AF) =go00(AF)V goo (AF') ¢ AR)
A(go0(AF")=goa (AF')V goa (AF") ¢ AR)

2. Because AF <g AF’ and AF’ <g AF”, it follows that if the statement in 1. holds true, then the following statement
holds true:

go00(AF")=go00(AF) Vv goo(AF")Z ARV goo (AF") ¢ AR

3. Because AR’ D AR, it follows that g o 0(AF") = go o (AF) v g oo (AF”) ¢ AR, which is by definition equivalent to
rigos (AF”, AF). We have proven the proposition. O

Let us now prove reflexivity.

Proposition 26 (Reflexivity). Let g o o be an argumentation-based decision function. For all argumentation frameworks AF =
(AR, AT), AF' = (AR’, AT’), such that AF <g AF’, it holds true that if AF = AF’, then rig.s (AF', AF).

Proof. We provide the following deductive proof.
1. Let us observe that by definition, the to-be-proven statement can be denoted by if AF = AF’ then goo (AF)=go
o (AF) v goo (AF') Z AR.

2. From AF = AF’ it follows that go o (AF') = g oo (AF).
3. If follows that go o (AF') = g oo (AF) Vv go o (AF') € AR. We have proven the proposition. O

Propeosition 27 (Non-symmetry). There exists an argumentation-based decision-function g" o o, such that there exist argumentation
frameworks AF = (AR, AT) and AF’ = (AR’, AT’), AF <y AF’ and the following statement does not hold true:

rigmo(,(AF/, AF) iff rignos (AF, AF)
Proof. We provide a proof by counter-example.
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1. Let us observe that by definition, the statement above can be denoted as follows:

(8" o0 (AF)=g" 0o (AF) v g" oo (AF') £ AR)
iff (8" 00 (AF) =g" 00 (AF') v g" 0 0 (AF) ¢ AR)

2. Let AF = (AR, AT) = ({a},{})) and AF' = (AR, AT') = ({a, b}, {(b,a)}). Note that AF <y AF’. Let us have an
argumentation-based decision function g" o Opreferred that determines the intersection of all preferred extensions of
an argumentation framework.

3. gﬁ 0 Opreferred (AF) = {a} and gﬂ o Upreferred(AF,) = {b}.

4. 8" 0 Opreferred (AF) # 8" 0 Opreferrea(AF') and g" o Opreferred (AF) € AR, but g" o 0preferred (AF) € AR’. Hence, by definition
of reference independence as a relational property (Definition 30) rigmw(AF/, AF) iff rign,s (AF, AF") is false, which
proves the proposition. O

From this proof it follows that in a normally expanding argumentation framework sequence, if the resolution of an argu-
mentation framework AF’ by an argumentation-based decision function is reference independent considering the resolution
of a predecessor AF, then AF is not necessarily reference independent regarding the resolution of the successor AF’.

Proposition 28 (Non-antisymmetry). There exists an argumentation-based decision function g" o o such that there exist argumenta-
tion frameworks AF = (AR, AT) and AF' = (AR’, AT’), such that AF <y AF’ and the following statement does not hold true:

If (rigneg (AF', AF) A Tign.q (AF, AF")) then AF = AF’
Proof. We provide a proof by counter-example.

1. Let AF = (AR, AT) = ({},{}) and AF’' = (AR’, AT") = ({a, b, c}, {(a,b), (b, ), (c,a)}) and let our argumentation-based
decision function be g" o Opreferred-

2. gm 0 Opreferred(AF) = gﬁ o O'preferred(AF/) ={}.

. We observe that AF <y AF’.

4. It holds true that (rignwpmfm J

proven the proposition. O

w

(AF', AF) Atign (AF, AF")), but it does not hold true that AF = AF’. We have

OO0preferred

Appendix B. Relational properties of cautious monotony

Below, we prove that in an expanding argumentation framework sequence, cautious monotony as a relational property
(Definition 46) in the resolution of argumentation frameworks by argumentation-based decision functions has the following
properties: i) non-transitivity; ii) reflexivity; iii) non-symmetry; iv) non-antisymmetry. If a property is satisfied, we prove
this for generally expanding argumentation frameworks and argumentation-based decision functions. If a property is not
satisfied, we prove that this property is not satisfied even when limiting the argumentation framework sequence to nor-
mally expanding argumentation frameworks and in the cases of non-symmetry and non-asymmetry to argumentation-based
decision functions g” oo and in the case of non-transitivity to argumentation-based decision functions g o o, such that for
each argumentation framework AF, g oo (AF) is a o-extension of AF.

Let us first prove non-transitivity.

Proposition 29 (Non-transitivity). There exists an argumentation-based decision function g o o, such that for every argumentation
framework AF*, g oo (AF*) is a o -extension of AF* and there exists argumentation frameworks AF = (AR, AT), AF' = (AR’, AT'),
and AF" = (AR”, AT"), such that AF <g AF' and AF’ <g AF", and the following statement does not hold true:

If (cMgox (AF', AF) A cMgos (AF”, AF')) then cmgos (AF”, AF)
Proof. We provide a proof by counter-example.

1. Consider the argumentation frameworks AF = (AR, AT) = ({a, b}, {(a, b), (b,a)}), AF' = (AR, AT") = ({a, b, c}, {(a, b),
(b,a)}), and AF” = (AR”, AT") = ({a, b, c,d}, {(a,b), (b,a), (d,c)}). Note that AF <y AF’ and AF <y AF”. Let us
have an argumentation-based decision function g o Gpreferred, Such that for each argumentation framework AF*, go
Opreferred(AF*) is a preferred extension of AF*. Considering that opeferred(AF) = {{a}, {b}}, Opreferrea(AF") = {{a, c}, {b, c}}
and Opreferred(AF”) = {{a, d}, (b, d}}, let us stipulate that g o Opreferred(AF) = {a}, & o Opreferred(AF’) = {a,c}, and g o
o‘preferred(AF//) ={b,d}.

2. It follows from 1. that by definition of cautious monotony as a relational property (Definition 46), (cMgoq (AF’, AF) A
CMgos (AF”, AF')) holds true but cmgos (AF”, AF) is false. This proves the proposition. O
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Let us now prove reflexivity.

Proposition 30 (Reflexivity). Let g o o be an argumentation-based decision function. For all argumentation frameworks AF =
(AR, AT), AF' = (AR, AT'), such that AF <g AF’, it holds true that if AF = AF’, then cmgo (AF’, AF).

Proof. We provide the following deductive proof.

1. Let us observe that by definition, the to-be-proven statement can be denoted as follows:

if AF = AF' then
go0(AF) S goo(AF)vdae AR\ AR such that a attacks g o o (AF)

2. From 1. it follows that because AF = AF’ it holds true that go o (AF') = g oo (AF).
3. It follows that g o o (AF) € go o (AF’). We have proven the proposition. O

Proposition 31 (Non-symmetry). There exists an argumentation-based decision function g" o o, such that there exist argumentation
frameworks AF = (AR, AT) and AF’ = (AR’, AT’), AF <y AF’ and the following statement does not hold true:

CMgnog (AF', AF) iff cmgn o (AF, AF')
Proof. We provide a proof by counter-example.

1. Let AF = (AR, AT) = ({a},{})) and AF' = (AR’, AT') = ({a, b}, {(b,a)}). Note that AF <y AF’. Let us have an
argumentation-based decision function g" o Opreferred that determines the intersection of all preferred extensions of
an argumentation framework AF.

2. g"o Opreferred(AF) = {a} and gho Opreferred(AF") = {b}.

3. 8" o Opreferred (AF) € & 0 Opreferred(AF"), but 3a € AR’ \ AR, such that a attacks g" o Opreferred(AF). Hence, by def-
inition of cautious monotony as a relational property (Definition 46) CMgogegermea (AF ', AF) holds true. In con-
trast, 8" o Opreferred(AF') ¢ " 0 Opreferrea(AF) and Fa € AR \ AR’, such that a attacks g" o Opreferred(AF’). Hence,
Mg 00regermea (AF s AF ") does not hold true. This proves the proposition. O
From this proof it follows that in a normally expanding argumentation framework sequence, if the resolution of an argu-

mentation framework AF’ by an argumentation-based decision function is cautiously monotonic considering the resolution

of a predecessor AF, then AF is not necessarily cautiously monotonic regarding the resolution of the successor AF’.

Proposition 32 (Non-antisymmetry). There exists an argumentation-based decision function g" o o, such that there exist argumen-
tation frameworks AF = (AR, AT) and AF’ = (AR’, AT'), AF <y AF’ and the following statement does not hold true:

If (cmgnog (AF’, AF) A CMgnoy (AF, AF")) then AF = AF’
Proof. We provide a proof by counter-example.

1. Let AF = (AR, AT) = ({},{}) and AF’' = (AR’, AT") = ({a, b, c}, {(a,b), (b, ), (c,a)}) and let our argumentation-based
decision function be g" o Opreferred-

2.8"0 Opreferred (AF) = g"o Gpreferred(AF/) ={}

. We observe that AF <y AF'.

4, It holds true that (CMgN o0 ermea (AF’, AF) A M gNo0 omed (AT AF’")), but it does not hold true that AF = AF’. We have

proven the proposition. O

w
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