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ABSTRACT

Titel: Aritmetik i foérskolan —en studie av taluppfattning-
ens betydelse fér matematikundervisningen.

Forfattare:  Maria Alkhede

Sprak: Svenska med engelsk sammanfattning.

Keywords: Aritmetik, taluppfattning, forskollarare, for-
skoledidaktik, undervisning, larande, variations-

teori.

Kunskapsomradet matematik blir alltmer fokuserat aven i for-
skolan, med mal av vilket kunnande barnen férvéntas utveckla.
Dérav finns det behov av att forstd vad barn faktiskt erbjuds lara
och vad de utvecklar for formagor innan de borjar skolan. Stu-
diens overgripande syfte ar att beskriva pa vilket satt forskolla-
rare utvecklar och iscensétter aktiviteter om tal och rédknande,
och vilket kunnande som blir mojligt for barnen att utveckla.
Studien har fokuserat pa forskollararnas larande samt iscensét-
tande av aktiviteter med matematiskt innehall (aritmetik, talupp-

fattning och raknefardigheter). Den forsta delstudien beskriver



processen kring forskollérares kollektiva larande. Genom att re-
flektera och diskutera egna dokumentationer utvecklas de i sin
profession avseende larandet av tal och réknande i aktiviteter
med barn. Den andra delstudien beskriver hur forskollérare pla-
nerar och iscensétter en aktivitet med fokus tal och rdknande,
och hur detta paverkade barnens maéjligheter till larande. Studien
utgar fran ett variationsteoriskt perspektiv (Marton, 2015) samt
Chi’s (2009) taxonomi, avseende i vilken form aktiviteterna
iscensatts (aktiv - konstruktiv - interaktiv). Studiens resultat vi-
sar att forskollararnas larande om amnesinnehall ar en komplex
process, dar forskollararnas delade erfarenheter gor det mojligt
for dem att 6ver tid urskilja nya aspekter av tal och réknande och
darmed ocksa hantera innehallet i aktiviteter pa ett forandrat satt.
Studiens resultat visar &ven skillnader mellan hur lararna valde
att iscensatta aktiviteterna och att detta resulterade i olika moj-

ligheter for barnen att lara.
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FORORD

Jag har i hela mitt liv, i vardagen, under skoltiden och som léarare
haft ett gott forhallande till matematik. For mig ar matematiken
oumbarlig och vacker, ett redskap for att forsta och hantera om-
varlden. Under aren som passerat har jag dock métt méanniskor
som tycker det rakt motsatta. De uttrycker att matematiken ar
trakig, oanvandbar och att de ar okunniga inom omradet. Detta
séger de samtidigt som de dagligen, i arbetet och i vardagen i
hogsta grad anvander sig av matematik i ndgon form. Den del av
matematiken som hér verkar vara orsak till de uttryckta bekym-
ren, handlar om tal och rdknande, raknestrategier och raknela-
gar, vilket benamns aritmetik. Genom den hér studien har fatt
mojlighet att fordjupa mig i komplexiteten av att lara och ut-
veckla aritmetiska formagor. Min forhoppning ar att studien ska
visa pa den komplexitet som ligger bakom det som ibland kan
uppfattas som sjalvklarheter i aritmetiska sammanhang, exem-
pelvis forstaelse for tals innebord. Stort TACK till alla som gjort
det mojligt, att jag har mycket stolt kan presentera en fardigstalld
licentiatuppsats. Innehallet i uppsatsen grundar sig i 40-ars lara-
rerfarenhet som tillsammans med studier i pedagogik, matema-
tik och matematikdidaktik i en forskarutbildning resulterat i be-

fintlig text.
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De forsta jag vill rikta mig till &r alla forskolebarn och forskol-
larare, tack for att ni valkomnade mig in till era verksamheter
och mojliggjorde denna studie. Jag vill &ven ndmna nagra per-
soner som direkt haft inverkan, bade pa uppsatsens riktning och
innehall: Gote Dahland (matematiklarare Majornas gymna-
sium), Bengt Johansson, Goran & Lillemor Emanuelsson (Nat-
ionellt Centrum for Matematikutbildning), Jonas Emanuelsson
(handledare kandidat- och magisteruppsats samt prefekt
GU/IDPP), Ulla Mauritzson (prefekt GU/IPKL), Ingrid Pram-
ling Samuelsson och Niklas Pramling (initiativtagare och sam-
ordnare forskarskolan FoRFa), FASETT ¥, Mona Holmqvist
och Camilla Bjorklund (mastarna bland handledare), Hanna Pal-
mér (diskutant slutseminariet) samt Ann-Charlotte Lindgren och
Kristina Thorshag (de allra basta av kollegor och forskarstudie-
kompisar). Sjalvklart finns det ytterligare personer, som under
resans gang haft inflytande pa och format den har presenterade

uppsatsen, tack aven till alla er.

Hovas 12 februari 2021
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1. INLEDNING

Bakgrund

I min roll som matematiklarare och specialpedagog har jag un-
der aren genom undervisning traffat bade grundskoleelever och
studenter som uttrycker att de har svart med matematiken. De
sdger att de dr “daliga” pa matematik, och att de vare sig har
intresse av eller anvander sig av matematik. Efter ytterligare
samtal om matematiken i vardagen, om tilltron till sin egen ka-
pacitet och férmaga samt eventuellt dven en kartlaggning av ma-
tematikkunskaper, visar det sig i manga fall att de upplevda sva-
righeterna handlar om bekymmer med skolmatematiken, inte
med matematiskt resonemang i sig. Det handlar om bekymmer
med att uppfatta, hantera och anvénda sig av tal, att bedéma stor-
lek pa tal och forsta rimlighet i berakningsuppgifter (Mclntosh,
2008). Den del av matematiken som blir till ett hinder i vardagen
handlar till stor del om aritmetiska svarigheter och om talupp-
fattning (Dowker, 2005).

Kortfattat sa inbegriper aritmetiken grundlaggande egenskaper
av tal, réknesatten och rékneoperationer. Olika kulturer runt om
i varlden har sedan flera tusen ar tillbaka utformat olika talsy-

stem for att kunna kommunicera tal och antal, samt I6sa problem
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med hjalp av skrivna tecken (Kilpatrick, Swafford & Findell,
2001). Oavsett vilket talsystem det handlar om maste man forsta
och hantera dessa symboler for tal, tillsammans med andra ut-
tryck for tal, for att sedan kunna anvénda sig av dem pa ett anda-
malsenligt och meningsfullt satt. Detta med att forsta och an-
vanda sig av tal bendmns med ett begrepp; taluppfattning. Tal-
uppfattning &r en central del inom matematiken, inte endast for
aritmetiken, utan aven for omraden som exempelvis algebra, sta-
tistik och problemldsning. Betydelsen av en grundldggande tal-
uppfattning har sedan lange diskuterats och flera forskare anser
att taluppfattningen &r en fundamental del for fortsatt matema-
tisk utveckling (Fuson, 1988a; Mcintosh, Reys & Reys, 1992).

Tidigt, redan som litet barn, kommer méanniskan i kontakt med
tal och anvander sig av sina aritmetiska fardigheter (Fuson,
1991). Barn anvander rakneord till rakneramsor (ett, tva, tre,
fyra, alla byxor &ro dyra...) och till upprékning av féremal (en,
tva, tre bilar). Sma barn kan se skillnad pa mangder, tre prickar
och tva prickar, fler och farre. Barn uppfattar dven antal i tidig
alder, ett litet antal utan att rakna, exempelvis tre prickar pa en
tarning (Wynn, 1995). Dessutom finns symboler for tal overallt
i var omvarld, exempelvis pa bussar, pa hus och pa diverse skyl-

tar.
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I styrdokument under tidigt 80-tal (Socialstyrelsen, 1981) besk-
rivs barns larande och utveckling av matematik i férskolan med
tva ord, “matematiska begrepp” (s. 43), och ar ett innehall i am-
nesblocket Naturorientering. | forskolans forsta laroplan,
Lpfc98 (Skolverket, 1998) behandlar tva av de femton stravans-
malen matematik. Da forskolans laroplan reviderades ar 2010
(Skolverket, 2011), forstarktes matematiken som innehall i for-
skolans verksamhet och omradet taluppfattning preciserades ge-
nom en vidare beskrivning av begreppet tal (méangder, antal, ord-
ning, talbegreppet). | den nu gallande laroplanen for férskolan,
Lpf618 (Skolverket, 2018) namns matematiken redan under ru-
briken Forskolans uppdrag:

Utbildningen i forskolan ska ge barnen majlighet att anvédnda mate-

matik for att undersdka och beskriva sin omvarld samt l6sa vardagliga

problem. (Skolverket, 2018, s. 9)
Matematiken, dess omrade aritmetik och dari taluppfattning, f6-
refaller vara valbekanta omraden som tillampats och tillampas
av oss alla fran tidig alder. Ett valbekant omrade som, for som-
liga manniskor, nagonstans pa vagen genom utbildningssyste-
met tycks bli bade ointressant och oanvéandbart. Eftersom kun-
skapsomradet blir alltmer fokuserat aven i forskolan, med mal
av vilket kunnande barnen forvéntas utveckla, finns det behov
av att forsta vad barn faktiskt erbjuds att lara och vad de utveck-
lar for formagor innan de borjar skolan. Kanske forvéxlas barns

kunskap om siffror, som rékneord och som symboler for tal, med
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att de &ven har kunskap om talets ordinala och kardinala bety-
delse (Fuson, 1988a). Detta kan i sin tur felaktigt leda oss att tro
att aktiviteter! som innehaller symboler for tal, siffror, gor talens

innebdrd tydliga for barnen.

Syfte och fragestallningar

Studiens Gvergripande syfte &r att beskriva pa vilket sétt forskol-
larare utvecklar och iscensatter aktiviteter om tal och rdknande,
och vilket kunnande som blir mojligt for barnen att utveckla.
Malet &r att studien ska bidra med fordjupade kunskaper om hur
olika planeringar och iscenséttande av aktiviteter genererar olika

mojliga lartillfallen av aritmetiska fardigheter for barnen.

Studiens preciserade fragestéllningar:
- Hur hanterar forskollarare innehéllet i aktiviteter avseende

barns utveckling av taluppfattning och raknefardigheter?

- Hur uttrycker sig forskollararna om innehallet i sin undervis-

ning om taluppfattning och réaknefardigheter?

- Hur kan insikter om forskollarares uppfattningar av sin under-
visning om tal och raknande bidra till utokad forstaelse av barns

forutsattningar for utveckling av aritmetiska fardigheter?

1 Begreppet aktivitet: Spontan eller planerad situation i sasmmanhang av nér saker hén-
der eller blir genomforda. Fysiska lekar och handelser, en syssla, en uppgift med del-
tagande i nagon form (Chi, 2009).
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Ett klargérande av de likartade begrepp jag anvander mig av i
syfte och fragestallningar: Taluppfattning — forsta och anvanda
tal i olika situationer och sammanhang. Rékneféardigheter —
rakneramsa, upprakning (ett-till-ett - korrespondens), antalsupp-
fattning. Aritmetiska fardigheter — kunskap om grundlaggande
egenskaper om tal (taluppfattningen), formaga att operera med
tal (gora berdakningar), att anvédnda sig av olika raknesétt, rak-

nestrategier och rakneregler.

Kappans disposition

Uppsatsen bestar av tva artiklar och en kappa. Férutom inled-
ningen, dar studiens problem, syfte och fragestallningar presen-
teras omfattar kappan sju kapitel exklusive referenslista. Efter
inledningen foljer tva kapitel som behandlar matematik som
kunskapsomrade i forskolan och forskollararnas matematikdi-
daktiska kunskaper. Vidare i kapitel fyra beskrivs tidigare forsk-
ning om aritmetik och taluppfattning.

Uppsatsens teoretiska utgangspunkter utifran ett variationsteo-
retiskt perspektiv samt Chi’s (2009) taxonomi om aktiviteter,
presenteras i kapitel fem. Metodval, urval och studiens genom-
forande beskrivs i kapitel sex. Studiens resultat kopplat till syfte
och fragestallningar presenteras i kapitel sju och i det attonde
och sista kapitlet foljer en diskussion av studiens syfte, forsk-
ningsfragor och resultat kopplat i relation till tidigare forskning.
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2. MATEMATIK SOM KUNSKAPSOMRADE |
FORSKOLAN

Forskolans framvéxt och férandrade uppdrag

| Barnstugeutredningen 1968 (SOU 1972:26) diskuterades for-
skolans dubbla syfte i ordalag av det integrerade perspektivet pa
(ut)bildning och omsorg. Ar 1996 kom beslutet om att férskolan
skulle vara en del, den forsta delen, i det svenska utbildningssy-
stemet. Ansvaret for forskolan gick da fran Socialdepartementet
till Utbildningsdepartementet (SOU 1997:157). Tva ar senare far
forskolan sin forsta laroplan, Lpfé98 (Skolverket, 1998). Denna
laroplan har under aren, genom att revideras ar 2010 och ar 2016,
utvecklats mot ett forstarkt och fortydligat uppdrag avseende ut-
veckling och larande. I laroplanen Lpf698 under rubriken For-
skolans uppdrag beskrivs att ”Forskolan ska ldgga grunden for
ett livslangt ldrande” (s.5). Vidare att forskolan ska stimulera
barns utveckling och larande utifran en helhetssyn pa omsorg,
utveckling och larande. Samma rubrik i nu géallande laroplan for
forskolan Lpf018, har f6ljande beskrivning: ”Utbildningen i for-
skolan ska ldgga grunden for ett livsldngt ldrande” (s.7). Vidare
att utbildningen (inte verksamheten) ska utga fran en helhetssyn
samt ett helt nytt stycke om undervisning och vad detta innebar

for forskolan. Den nu géllande laroplanen pekar pa ett mer aktivt
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forhallningssatt till utveckling och larande. Dels genom styrdo-
kumentens beskrivning av forskolan som Sveriges forsta skol-
form, dels genom att introducera begreppet undervisning i ett
forskolesammanhang. Aven formuleringen om hur forskolan
ska forhalla sig till laroplansmalen skiljer satillvida att i Lpfo98
ska forskolan ...”strdva efter att varje barn utvecklar...” (s.9)
och i Lpf618 ska forskolan ... ge varje barn forutsattningar att
utveckla...” (s.13). Aven i dessa formuleringar skiljer forhall-
ningsattet till utveckling och larande at. Utveckling och larande
i forskolan har numera en tydligare formulerad riktning med ma-
len som utgangspunkt. Fran och med ar 2010 skrevs forskolan
som skolform in i Skollagen (SFS 2010:800). Till4ggas i detta
sammanhang av forskolans fordndrade uppdrag ar att enligt Stat-
istiska centralbyran (SCB, 2019) sa ar 89 % av alla tvaaringar
och 94 % av barn mellan 3 och 5 ar inskrivna i den svenska for-
skolan. Detta betyder att forskolan idag beror i stort sett alla barn
i Sverige och att dessa barn darmed ingar i ett utbildningssystem
dir kunskap och liarande “’ska vila pd vetenskapligt grund och

beprovad erfarenhet” (SFS 2010:800 1 kap. 5§)

Forskolans didaktik

I skollagen (SFS 2010:800) anges att utbildningens syfte ar att
skapa en helhetssyn pa barnet, dar omsorg, utveckling och la-
rande ar viktiga delar for forskolans verksamhet. | skollagen &r
aven begreppet undervisning definierat samt vem/vilka som far

leda densamma: ... malstyrda processer som under ledning av
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larare eller forskollarare syftar till utveckling och larande genom
inhdmtande och utvecklande av kunskaper och virden...” (SFS
2010:800, kapitel 1 8 3). Vad som menas med kunskap i forsko-
lan &r beskrivet i forskolans laroplan. Forst och framst att kun-
skap inte ar ett entydigt begrepp utan att kunskap kommer till
uttryck i fyra olika former; fakta (information och regler), for-
staelse (uppfatta meningen eller innebdrden av ett fenomen), far-
dighet (att veta hur nagot ska goras och kan utfora det) och for-
trogenhet (vet hur begrepp kan anvéandas i olika situationer).
Dessa fyra kunskapsformer samspelar och &r &ven beroende av
varandra. Forskolans och skolans arbete ska darmed, genom att
anvanda sig av alla fyra former i samspel, skapa en helhet i Ia-
randet (Skolverket, 2018). Fo6r god kunskapsutveckling ar det
viktigt att barnen ska fa uppleva olika uttryck for kunskap, inte
endast det intellektuella, utan dven praktisk, sinnlig och estetisk
kunskap. Laroplanskommitténs betdnkande (SOU 1992:94),
som ligger till grund for laroplanen, lyfter fram tre aspekter av
kunskap, den konstruktiva aspekten déar kunskap ses som ett satt
att gora varlden begriplig, den kontextuella aspekten dar kun-
skap dr beroende av sitt sammanhang och den funktionella
aspekten dar kunskap ses som ett redskap.

Forskolans didaktik skapas i interaktionen och kommunikat-

ionen mellan forskolléarare, barn och larandeobjekt (Doverborg,
Pramling & Pramling Samuelsson, 2013; Bjorklund, Pramling
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Samuelsson & Reis, 2018) och bygger pa att forskollararna tar
ansvaret for att medvetet vagleda barnen mot malen. | férskolan
handlar barns larande om mojligheter att utveckla kunskaper,
forstaelse for innehall och for omvarldsfenomen. Nyckeln till
undervisning i forskolan &r forstaelsen for barnens utgangspunkt
(Doverborg & Pramling Samuelsson, 2012). Genom att utga fran
malen i styrdokumenten, barns erfarenheter, forutséattningar och
intressen kan férskoll&rarna planera och ge barnen mojlighet att
utveckla forstaelse for ett innehall, med andra ord undervisa
(Sheridan & Williams, 2018).

Undervisning, malstyrda processer, kan vara bade planerad, med
syfte att lara och utveckla ett sarskilt innehall, eller uppkomma
spontant i verksamheten genom en leksituation. Inom férskolan
grundas ett larande pa en pedagogik dar omsorg, utveckling och
larande bildar en helhet i ett livslangt larande (Skolverket,
2018). Leken &r central nér det handlar om larande i forskolan.
Barn soker och erdvrar kunskap genom lek. I leken ar kommu-
nikation, socialt samspel, utforskande och skapande mgjligt. 1
Bjorklund och Palmérs (2019) studie av motet mellan lek och
undervisning pekar studiens resultat pa att leken i samverkan
med malinriktade processer mojliggor larande och utveckling.
Forfattarna diskuterar i ordalag av att lek och undervisning &r
”tva nédvéandiga aspekter av forskoledidaktik ” (s.65). Forsko-
lans didaktik handlar om relationer mellan barnet (den larande),
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forskollarare (mojliggor larande) och innehall (laroplansmal),
vilka i en undervisningssituation &r beroende av varandra.

| forskolans didaktik integreras innehallet, den larande och den som

undervisar i vad som blir matematikundervisning i forskolan. (Bjork-

lund & Palmér, 2018, s.29)
Det &r dock forskollararens ansvar att utforma undervisningen,
vilket i sin tur efterfragar kunskaper, inte bara om innehall utan
aven om de larande. En forskollarares didaktiska avsikter med
undervisningen, med andra ord férskoll&rares val av metod och
teori om larande, leder till olika konsekvenser géllande l&rande
och utveckling (Bjorklund & Palmér, 2018, 2019).

Matematik som kunskapsomrade

Redan tidigt i forskolans historia har matematiken haft sin plats
I verksamheten. | den svenska forskolan ar Frobeltraditionen
stark. Denne tyske pedagog Friedrich Frobel (1782-1852),
framholl att matematiken tillhorde fostran, med kunskap om tal,
form och storlek; att matematiken hérde samman med gudom-
ligheten och att den handlade bade om méanniskan och om natu-
ren. Frobel utarbetade dven ett material — lekgavorna - som
skulle utmana barnens matematiklarande. Géllande styrdoku-
ment som beror forskolan kan vi forst under 1980-talet genom
Arbetsplan for forskolan (Socialstyrelsen, 1981) hitta matemati-
ken som kunskapsomrade, da under amnesomradet naturorien-
tering, med tva ord “matematiska begrepp” (s.43). Vidare i for-
skolans pedagogiska program (SOU 1987:3), dar verksamhetens
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innehall delades in i tre omraden - natur, kultur och samhélle -
finns matematik med som en del inom omradet natur och besk-
rivs som en av naturens krafter inom vilken barnen ska fa kun-
skaper. | detta pedagogiska program papekas det dven att larare
ska stimulera barnen att tdnka och reflektera. I forskolans forsta
laroplan Lpfc98 (Skolverket, 1998) finns matematik med nagot
mer specificerad och beskrivet genom tva strdvansmal: > utveck-
lar sin formaga att upptacka och anvanda matematik i menings-
fulla sammanhang, utvecklar sin forstaelse for grundlaggande
egenskaper i begreppen tal, métning och form samt sin formaga
att orientera sig i tid och rum...” (s.13). Nér sedan forskolans
laroplan reviderades ar 2010 fortydligades matematikens syfte
och innehdllet i matematiken forstarktes. Skalen till detta uto-
kade pedagogiska uppdrag motiveras med att dagens samhélle
(gallande vérdegrund och demokrati) staller storre krav pa ma-
tematisk forstaelse och matematiska fardigheter. Begreppet ma-
tematik specificeras &ven ytterligare till att handla om ett hjélp-
medel for att tillampa rékning, matning och beskriva lage och
form, ”en minsklig tankekonstruktion” samt en viktig del gil-
lande matematiska resonemang (Utbildningsdepartementet,
2010. s.10). Enligt forskolans laroplan Lpfd98 reviderad 2010
och 2016, ar matematik nagot som barnen ska utveckla forsta-
else for inom rums- och taluppfattning samt utveckla férmagor
inom gallande omraden som begrepp, problemldsning och reso-
nemang. Under tiden den har studien har pagatt har forskolan
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fatt en ny laroplan, Lpf618 (Skolverket, 2018), dér antalet mal i
matematik nu ar tre; formagan att anvanda matematik for att un-
dersoka, reflektera 6ver och prova olika Idsningar av egna och
andras problemstallningar; forstaelse for rum, tid och form, och
grundldggande egenskaper hos mangder, monster, antal, ord-
ning, tal, matning och férandring, samt att resonera matematiskt
om detta; formaga att urskilja, uttrycka, underséka och anvanda
matematiska begrepp och samband mellan begrepp (Skolverket,
2018, s.14); i princip med samma innehall och betydelse som i
tidigare laroplan. Skillnaden ligger i formuleringen om hur dessa
mal ska omsattas. Medan det i den tidigare laroplanen handlar
om att “strdva efter att barn...” handlar det numera om att ’ge
varje barn forutsittning att utveckla...”. Dessutom star matema-
tiken inskriven under rubriken Forskolans uppdrag: Utbild-
ningen i forskolan ska ge barnen mojligheter att anvanda mate-
matik fOr att understka och beskriva sin omvérld samt l6sa var-
dagliga problem” (Skolverket, 2018, s.9). Detta bor innebéra att
matematiken fatt en mer central roll i forskolans utbildning samt
i férskolans vardag och inte endast forekommer i férskolan som

ett mal att strava mot.

I en rapport om undervisning och genomférandet av férskolans
uppdrag beskriver Sheridan och Williams (2018) att matematik
ofta anvands i verksamheten i lek och i olika aktiviteter. For att
skapa tillfallen, ge forutsattningar for larande krdvs dock att
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forskollarare har kunskaper i och om &mnet och riktar barnens
uppmarksamhet mot matematiken i olika situationer som bidrar
till barnens reflektioner och resonemang. Bjorklund, Pramling
Samuelsson och Reis (2018) problematiserar begreppen larande
— undervisning — laroplansmal géallande matematik, var for sig
och i relation till varandra och pekar pa att forskollarares didak-
tiska val kan vara avgorande for forskolans maluppfyllelse.

Laroplansmalen ar allmant hallna och 6ppnar for olika tolkningar av
vad specifikt ett innehall ska innefatta, hur undervisningen ska iscen-
sattas och vad det egentligen innebér att barn lar sig nagot. (Bjorklund,
etal., 2018, s.3)
Sa dven om matematiken bade férekommer och tillampas i for-
skolan, kravs det att nagon synliggér och kommunicerar den till-
sammans med barnen, detta for att mojliggéra larande. Beroende
pa hur forskollarare organiserar for larande, gor sina didaktiska
val, erbjuds barnen ocksa olika mojligheter till att lara (Bjork-

lund, 2014).
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3. FORSKOLLARARNAS MATEMATIK -
DIDAKTISKA KUNSKAPER

Lararna har en central roll nar det handlar om l&rande och ut-
veckling av taluppfattningen. Flera forskare (Reys, 1994; Ma,
1999; Bjorklund, Pramling Samuelsson & Reis, 2018) pekar pa
centrala didaktiska delar inom undervisningen, sasom att skapa
en miljo dar VARFOR (meningen) ar lika betydelsefull som
VAD (innehallet) och HUR (metoden). Det handlar om att som
larare presentera aktiviteter som engagerar och utmanar de 1a-
rande till att reflektera Gver sitt eget larande och pa sa satt skapa
en mening i ny kunskap, nya idéer och nya begrepp (Mclntosh,
Reys, Reys, Bana & Farell, 1997).

Forskollarares forandrade uppdrag

Skola och uthildning ar en del av samhallet, i paverkan av den
politik, den policy och den kulturella mangfald som rader. Sam-
héallet, liksom l&raryrket och undervisningen &r darmed i standig
forandring. Lararens uppdrag har under aren férandrats fran att
tidigare hantera en grupp larande till att idag tillgodose de indi-
viduella behoven hos de larande och interagera med dem. Det
stalls olika krav pa lararen i dessa tva sammanhang av undervis-
ning. Ingen larare klarar av att lara sig alla nya metoder, tekniker

och @mnen pa egen hand. Detta kraver ett kollektivt synsétt pa
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kompetensutveckling (Hardgreaves, 2000). Om kompetensut-
veckling ska ske maste innehallet for larande vara en vasentlig
del av lararnas praktik och en kalla for utmaningar som lararna
ar intresserade av att utveckla sin kunskap om. Tal och rdknande
ar i denna mening relevant innehall att diskutera med férskolla-
rare som potentiellt innehall for ldrande, dven om “rdkna” inte
forekommer som ett larandemal i forskolans laroplan Lpf18
(Skolverket, 2018). Anda visar studier att rakna verkligen &r en
vanlig aktivitet eller handling med sma barn (Bjorklund &
Barendregt, 2016).

Kunskap for undervisning

Sveriges forskollarare ar generalister utan specialisering i nagot
sarskilt amne. Anda 4r de skyldiga att undervisa i matematik och
anvanda de kunskaper och erfarenheter de har av matematikut-
bildning och sma barns larande. Darmed blir det av intresse att
rikta uppméarksamheten mot detta inslag i forskoleundervis-
ningen: om undervisningen ska leda till 1arande (vilket innebar
att barn kommer att upptacka nya sétt att forsta och anvanda ma-
tematik), bor lararnas kunskap om innehallet betonas vara lika
viktiga som deras allmdnna pedagogiska fardigheter. Lé&rares
professionella kunskaper anses inkludera bade innehallskunskap
och pedagogisk kunskap (Bertram & Christiansen, 2012). For att
undervisa kréavs att larare har mer an bara faktakunskaper. Larare
behover ha kunskap om de grundlaggande principerna for bade

innehallet och larandet. Undervisning kraver dessutom att man
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som larare standigt ar uppdaterad pa senaste forskning, teorier
och metodisk kunskap. Svarigheterna med att implementera ma-
tematikundervisning &r enligt Venkat och Askew (2012) framst
kopplade till pedagogisk kunskap om matematiska strukturer
och hur man presenterar dem for de larande. Ma’s (1999) resul-
tat fran klassrumsstudier visar att matematisk kunskap inte en-
sam ar korrelerad med effektiv undervisning och elevers resul-
tat, men djupgaende matematisk kunskap (begreppsmassig for-
stdelse av strukturen och sambandet mellan matematiskt inne-
hall) 6ppnar fler mojligheter att engagera de larande och se moj-

ligheter att utveckla begrepp som dyker upp i en situation.

MKT - Matematisk kunskap fér undervisning

Larares kunskaper bendmns av Ball, Thames och Phelps (2008)
som matematisk kunskap for undervisning - MKT (Mathema-
tical Knowledge for Teaching). Det handlar om forhallandet
mellan lararens kunskaper om sjalva innehallet (vad betyder det
att ha kunskap om tal och rdknande) och de barn de ska under-
visa (vad har barnen upplevt vara svart tidigare och hur kan in-
nehallet goras forstaeligt for dem). Foljaktligen racker det inte
att ha dmneskunskaper respektive kunskaper om barns larande,
det finns en relation mellan de larande och innehallet som ska
laras som maste beaktas och respekteras i en undervisningssitu-
ation. Det finns flera studier av larares matematiska innehalls-
kunskaper i grundskolan och nagra fran forskole- och tidig ma-
tematikutbildning (Mathematics and Science Partnership
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(MSP), 2010) men séllan betraffande forskollarare och det spe-
cifika pedagogiska sammanhang som forskolan, innebér (se ex-
empelvis Oppermann, Anders & Hachfeld, 2016).

Matematisk kunskap for undervisning (MKT) involverar kun-
skap om hur matematiska procedurer fungerar, vilka utmaningar
barn sannolikt kommer att stéta pa och hur man bast definierar
matematiska termer och forestéliningar for barnen (Hill et al.,
2008). Undervisning och larande om tal och rdknande dr i detta
avseende en komplex fraga, eftersom taluppfattning och aritme-
tiska procedurer bygger pa flera grundlaggande idéer och prin-
ciper. Denna komplexitet i att lara om tal och réaknande &r en
viktig aspekt av forskollararnas matematiska kunskaper for
undervisning. Klette (2007) framfor att denna typ av konceptuell
insikt av innehallet for larande, ofta ar tagen forgivet och pro-

blematiseras inte i utbildningen.
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4. ARITMETIK —= TALUPPFATTNING

Aritmetik

Den del av matematiken som handlar om tal och deras grundlag-
gande egenskaper, raknesatt, raknestrategier och rakneregler
brukar bendmnas Aritmetik. Inom matematiken anses aritmeti-
ken vara central da aritmetiska fardigheterna ar nodvandiga for
att kunna hantera flera olika omraden inom matematiken, exem-
pelvis geometri, algebra och statistik (Baroody, Lai & Mix,
2005, Dowker, 2005; Sarama & Clements, 2008).

Historiskt sett sa ar aritmetiken det aldsta delomradet inom ma-
tematiken. Olika kulturer runt om i varlden har sedan flera tusen
ar tillbaka utformat olika talsystem for att kunna kommunicera
tal och antal samt I6sa problem med hjélp av skrivna tecken (Kil-
patrick, et al., 2001). Genom tiderna har olika kulturer utvecklat
talsystem, symboler for tal for att kunna hantera numerisk in-
formation (Wiese, 2003). De mest omtalade talsystemen kan
vara det babyloniska talsystemet (ca 2000 f.Kr. Kilskrift),
Mayafolkets talsystem (ca 500 e.Kr. prickar och streck) och vart
eget talsystem, det Hindu-arabiska (ca 300 f.Kr. siffror 0-9).
Oavsett vilket talsystem det handlar om maste brukaren forsta

och kunna hantera dessa symboler for tal, tillsammans med
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andra uttryck for tal, for att sedan kunna anvanda sig av dem pa
ett andamalsenligt och meningsfullt satt (Kilpatrick, et al.,
2001). Det Hindu-arabiska talsystemet far den larande forstaelse
for framst genom att anvéanda rakneorden och symboler for tal
och da aven koppla till ett antal. Detta ar dock inte detsamma
som antalsforstaelse (Sarnecka & Carey, 2008; Sella, Lucangeli,
Kadosh & Zorzi, 2019).

For att kunna operera med tal, krdvs det dock mer &n att kénna
igen en talsymbol och veta dess namn. Att forstd och hantera tal
ar en komplex kognitiv process (Mclntosh, Reys & Reys, 1992;
(Mclntosh et al., 1997; Lowing, 2004). Det behtdvs kunskap om
grundlaggande egenskaper hos tal* fore det att raknesatt, rak-
nestrategier och rékneregler kan anvéndas vid aritmetisk pro-
blemldsning. Dessa egenskaper handlar om talens betydelse och
beskriver talens olika former och funktioner. Detta brukar vi
med ett begrepp bendmna som taluppfattning. Neuman (2013)
beskriver den del av taluppfattningen som handlar om bastalens

del-helhetsmonster som “aritmetikens embryo” (s. 5).

Taluppfattning
Forenklat beskrivet handlar taluppfattning om att forsta och an-
vanda tal i olika situationer och sammanhang. Nar det handlar

om att utveckla anvandbara réknestrategier, gora matematiska

! Naturliga tal. Férutom de naturliga talen finns andra typer av tal sdsom heltal, rat-
ionella och irrationella tal (de reella talen).
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bedémningar och kunna fatta beslut, &r taluppfattning den avgo-
rande faktorn.

Number, including beginning arithmetic, is arguably the most im-
portant topic. To build a strong number sense, children must develop
and link competencies in several areas, especially counting, recogni-
tion of the numerosity of small groups, comparing and ordering, and
arithmetic. (Sarama & Clements, 2008, s.71)

Forskare varlden 6ver (se exempelvis Fuson, 1988a; Neuman,
1987; 2013; Howden, 1989; Mcintosh, Reys & Reys, 1992; Ahl-
berg, 1997; Dowker, 2005; Dehane, 2011) ar Overens om att en
god taluppfattning &r en forutsattning for den fortsatta matema-
tikutvecklingen. Dessa forskare &r aven 6verens om att det som
ingar i begreppet taluppfattning ar svart att definiera och att det
ar annu svarare att beskriva hur de larande tanker och resonerar
kring matematiska problem inom taluppfattningens omrade. Ut-
vecklingen av taluppfattning ar en lang process, som startar i en
antalsuppfattning for att sa smaningom innefatta allt fler och fler
aspekter. Aspekter av exemplet tre: fran att uppfatta antalet tre,
exempelvis tre prickar pa en tarning, fa mojlighet att urskilja; att
tre *** ar fler an tva **, att tre kommer fore fyra i en talordning,
att tre *** ar detsamma i antal som tva** tillsammans med en *,

att rakneordet tre motsvarar symbolen 3 och sa vidare.
Det finns en lang forskningstradition inom omradet taluppfatt-
ning. Redan under 1930-talet skrev Brownell (1935; 1947) om

det meningsfulla larandet géllande matematik, mer precist
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aritmetik. Brownell refererar i sin tur till Pestalozzi, en schwei-
zisk pedagog (1746-1827) och dennes studier av omradet.
Brownell talade for att larande i matematik inte endast handlar
om att rakna (drillas i raknande) utan om férmagan att hantera
aritmetiska situationer och beskrev detta utifran ett undervis-
ningsperspektiv. Brownell (1947) fick kritik och blev ifragasatt
for sitt propagerande kring meningsfull aritmetik under 1940-
talet. Kritiken rorde bland annat att detta meningsfulla larande
skulle vara for svart for barnen att forsta samt att det skulle ha
en negativ paverkan pa ett effektivt tankande. Kritikerna foror-
dade i stallet att fortsatta drilla tabeller och att lara sig procedurer

kring rakneoperationer utantill.

Manga ar senare beskriver Howden (1989) taluppfattning pa ett
liknande satt som Brownell och for fram vikten av att fa upp-
tacka och undersoka tal och att fa mota tal i olika sammanhang,
inte endast som algoritmer i matematikboken. Férutom att besk-
riva taluppfattningen i sammanhang av larande och utveckling
namner Howden &ven ett tidigare uttryck for taluppfattning;
“Friendliness with numbers”, myntat av Robert W. Wirtz
(1974). 1 boken med titeln Mathematics for Everyone skriver han
om sin vision “mathematical literacy for everyone” (s.4), vilket
handlar om att forandra bilden av matematik fran att upplevas

som trakig och svar till att ses som intressant och meningsfull.



Det finns alltsa inte en beskrivning av taluppfattning utan flera.
Resnick (1989) skriver att taluppfattningen gor motstand mot att
mer precist definieras och beskriver taluppfattning under rubri-
ker som “mdjliga indikatorer” och nyckelfaktorer” till matema-
tiklarande. Ett forsok att sammanfatta en beskrivning av vad tal-
uppfattningen sdgs innefatta enligt forskning ar: meningen med
tal (Brownell, 1947), talrepresentationer (MclIntosh, Reys &
Reys, 1992), antalsforstaelse (Davydov, 1982; Wynn, 1990),
del-del-helhetskunskap (Carpenter & Moser, 1982), rakneor-
dens olika former (Fuson & Hall, 1983), kunskap om storlek
(Mclntosh, Reys & Reys 1992; Howden, 1989; Baroody, 1987),
berdknings- och réknestrategier, referenspunkter (Mcintosh,
Reys & Reys, 1992) och anvéndandet av tal i rakneoperationer
(Mclntosh, Reys & Reys, 1992; Cross, Woods & Schweingru-
ber, 2009; Gelman & Gallistel, 1986; Davydov, 1982).

Tidig taluppfattning

Med begrepp som pre-matematik och pre-aritmetik pekade
Freudenthal (1971) pa den tidiga taluppfattningens oumbarlighet
for fortsatt matematikutveckling. "It is bottom-level, it is indis-
pensible premathematics” (s. 417). For att kunna anvanda tal i
rakneoperationer kravs det att den larande kan forsta att tal kan
representeras pa olika sétt och i olika ssmmanhang. Det handlar
om att urskilja olika aspekter av tal, forsta innebdrden av tal,
men inte minst att kunna se det meningsfulla och relevanta i att

anvanda tal. Det handlar dock inte endast om att forsta tal utan
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aven om att utveckla formagan att uttala, beskriva, diskutera och
konstruera tal (Cross, et al., 2009).

Talrepresentationer
I kommunikationen kring tal kan det uppkomma ett behov av en

extern representation, att tal kan representeras pa olika satt. Ge-
nom att ge barn mojligheter att upptacka och urskilja flera for-
mer av tal samtidigt kan de utveckla sin taluppfattning. Det
handlar &ven om att kunna Oversétta tal, transformera tal, i olika
situationer, att forsta forhallandena dem emellan (Kilpatrick et
al., 2001). Enligt Lesh’s (1981) modell hittar vi tal och kan dver-
satta tal mellan former som; bilder, konkret material, skrivna
symboler, talade symboler (rdkneord) och utifran situationer i

omvarlden.

***%%

Figur 1. Talet fem i olika representationer.

For att kunna anvénda tal till berdkning och aritmetisk problem-
I6sning, kravs kunskaper om talens nominala, ordinala och kar-
dinala betydelse; det vill séga, att utldsa talets namn, (uttala rék-
neordet), att rdkneord och symboler for tal ar relaterade till

varandra i en ordningsfoljd och kan bestdmma antalet i en
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mangd (Gelman & Gallistel, 1986). Detta tillsammans med att
barn forstar att ett tal bestar av olika delar (5 bestar av 2 och 3
eller 1 och 4) gor det mojligt att operera med tal (Freudenthal,
1971). Resultat fran en studie (Bjorklund, Ekdahl & Runesson
Kempe, 2020) om undervisning och larande i forskolan visar pa
styrkan med att anvanda fingrar for att battre hantera en aritme-
tisk problemldsning. Genom att anvanda fingrarna, inte for att
rékna dem en och en utan for att strukturera dem, visualiserade
barnen tals del-helhets relationer. Forstaelsen for dessa olika
aspekter av tal gor skillnad i hanteringen av tal, dar en upprék-
ning (1,2,3,4,5) istéllet blir till en berékning (2 + 3), men &ven
att en uppskattning av antal (3-5) blir till en bestdmning av antal
(svaret pa Hur manga?). Nedan presenteras mer ingaende nagra
av de matematiska aspekter som, av ovan namnd forskning,

identifierats ligga till grund for taluppfattningen.

Nominaltal — tal som namn — réakneord
Tal som nominaltal handlar om talens namn och om rakneord.

Sma barn kan memorera rakneorden, likt en ramsa. Barn kan
aven omvandla, transformera symboler for tal till rékneord
(Sella, et al., 2019). Rékneorden finns tidigt med barnen i olika
sammanhang, exempelvis i en rdkneramsa, vid en upprakning av
objekt, nar man pratar om alder, ett nummer pa huset dar man
bor och nar man pratar om klockan (Fuson & Hall, 1983). Hu-
vudsakligen anvéander forskolebarn rakneorden till rdkneramsan

dar rakneorden inte svarar mot nagot objekt. Fuson (1982)
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beskriver att rdkneramsan, med rakneorden i stabil ordning, &r
det viktigaste verktyget for sma barn i matematiklarandet. Barn
har &ven kdnnedom om hur symboler for tal — siffror — bendmns
(nominal). N&r rdkneramsan rabblas vid de skrivna symbolerna
for tal ar detta dock inte detsamma som att barn kopplar ihop ett
antal med det skrivna talet, ej heller kanner till talets ordinala
och kardinala betydelse (Fuson, 1988a). Talet anvands da i ett

icke-numeriskt sammanhang.

Spraket, mer precist rakneorden, i relation till kunskap om tal
har betydelse for hur man presterar i matematik (Miura & Oka-
moto, 1989). | de sprak (exempelvis japanska och finska) dar
talet motsvarar rakneordet, diar 11 benamns ett - andrationde”
och 20 benimns tva-tio(r)” hanteras matematiken pa ett mer ef-
fektivt satt an i de sprak (exempelvis engelska och svenska) dar
11 bendmns “elva” och 20 bendmns “tjugo”. Relationen mellan
tal och rakneord ar mer logisk i vissa sprak. Sasom vart talsy-
stem ar uppbyggt harmonierar inte alltid spraket med symbo-
lerna for tal. Talen 1-10 (ett till tio) de forsta tio talen l&r barn
tidigt att ramsrakna. Talen 11-20 (elva till tjugo), de sa kallade
tontalen, ramsraknas aven de, men i sammanhang av att koppla
ihop ett rakneord till motsvarande tal i skrift kan det uppkomma
svarigheter. Elva (11) och tolv (12) kan uttalsmassigt inte hérle-
das till de forsta talen (1) ett och (2) tva. | omfanget talen 13-19
uttalas entalet forst (tre-tton, fem-ton, sju-tton) medan det i skrift
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placeras efter tiotalet. Talen 21-29 (tjugo-ett till tjugo-nio), men
inte tjugo-tio utan tre-ttio (30). Talen 31-99 foljer dock ett
monster vid tiotalsovergangarna (fyr-ttio, fem-tio, sex-tio...).
Spraket — rakneorden — kommer inte att vid en upprakning kopp-
las ihop med motsvarande symboler for tal — siffror —da det fran
talet ett (1) till talet ett-hundra (100) finns underliggande struk-
turer som inte alltid foljer samma monster. Spraket, hur rakne-
orden motsvarar symbolerna for tal, kan paverka taluppfatt-
ningen och effekten av att anvénda sig av basen 10 for att kunna

forsta och anvanda tal (Miura, 1987).

Ordinaltal — tal som ordning
Tal som ordinaltal handlar om talen i en ordning. Kortfattat kan

ordinaltal beskrivas som tal som betecknar en ordningsrelation
av méngder. Fuson (1988b, s. 583) specificerar begreppet ordi-
nalitet ytterligare genom att beskriva ordinaltal i olika situat-
ioner. Som ett ordningstal i en situation dar ett ord anvands;
forsta andra, tredje fjarde, osv. Vidare som en sekvens en situ-
ation dar en foljd, en rad skapas, exempelvis som med mana-
derna, rékneorden och alfabetet. Ordinalitet beskrivs aven i or-
dalag som ordinaltal som relationer, vilket behandlar > (storre
an) eller < (mindre an) mellan tva mangder och forklaras med
exempel som: atta ar fler an fem (kardinal), atta kommer efter
fem (ordinal), atta ar &r aldre an fem ar (méatande) och atta kom-
mer efter fem i en rakneramsa, augusti kommer efter maj i ma-

nadsfoljden (sekvens).
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Ordinalitet handlar, foérutom att veta rdkneordens och tals ord-
ning i en sekvens dven om att veta vilka tal som kommer fore
eller efter ett givet tal. Ordinaltalens betydelse i sammanhang av
taluppfattning verkar dock viktigare an vad man tidigare trott
gallande talets platsvarde (Coles & Sinclair, 2018). Talets plats-
varde handlar bade om rakneordet och om symboler for tal, mer

om detta under rubriken tals struktur.

Kardinaltal - tal som antal
Tal som kardinaltal handlar om antal. Kardinaltal betecknar an-

talet i en mangd. Forskning betonar vikten av att fullt ut forsta
kardinalitet (Resnick, 1983; Cross et al., 2009). Av Gelman och
Gallistels (1986) principer for upprakning (Abstrationsprinci-
pen, Ett-till-ett principen, Principen om godtycklig ordning,
Principen om rakneordens ordning och Antals-/Kardinalprinci-
pen) har kardinalprincipen visat sig vara den mest utmanande,
men ocksa nyckeln till framgang géllande utveckling av talupp-
fattning. For att korrekt bestimma antalet och forsta tals kardi-
nala betydelse, dr det nodvéndigt att anvanda ytterligare tva av
dessa principer, en-till-en-korrespondens och rakneordens sta-

bila ordning, simultant.
Mycket sma barn har en intuitiv kansla for kardinalitet genom

subitisering (Clements, 1999). Redan i tidig alder har manniskan

formaga att skilja mellan ett, tvd och tre i antal och detta
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bendmndes subitizing® av Kaufman, Lord, Reese och Volkmann
(1949). Subitizing, att subitisera handlar om att uppfatta ett litet
antal (3—4) utan att behtva rékna; att med sinnena fornimma ett
litet antal. Det finns tva typer av subitisering (Clements, 1999)
perceptuell och konceptuell. Den forra handlar om att sinnligt
uppfatta ett litet antal, exempelvis tre prickar, tre knackningar
eller tre faglar i luften. Barn subitiserar via olika sinnen (percep-
tuellt) som en ansats till att forsta kardinalitet. Konceptuell
subitisering handlar om att med stod av ett monster uppfatta ett
(storre) antal. Exempelvis tva bilder som visar fem prickar (tér-
ningsmonster) resulterar i antalet tio. Konceptuell subitisering
kan har kopplas till aritmetiska férmagor som att géra berak-
ningar och operera med tal (Clements, 1999). Né&r barn &r mellan
tre och fem ar borjar de utveckla sin kardinala forstaelse med
grund i formagan att subitisera. Nyligen framlagd forskning
(Paliwal & Baroody, 2020) visar pa detta samband. | en situation
av att bestdmma antal, ligger vid en subitisering fokus pa delar
och helhet samtidigt. Medan det i en upprakning (en —till —en)
forst ar fokus pa delarna och sedan pa helheten. De barn som har
formaga att subitisera antalet tre eller fyra klarar battre av upp-
gifter av kardinal betydelse. For att forsta kardinalitet kravs dar-
med aven en forstaelse for att det inte handlar om en upprakning

utan om ett bestdmt antal i en méngd (Wynn, 1991). Forskning

1 “We wish to avoid terms now in use, having other meanings, and terms with the
misleading connotations of estimating, counting, or grasping by intuition. The term
proposed Is subitize.” (Kaufman, Reese & Volkmann, 1949, p 520)
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(Fuson, 1992; Wynn, 1992; Baroody, Lai & Mix, 2006; Sar-
necka & Wright, 2013; Clements & Sarama, 2014) visar att for-
staelsen av kardinalitet ligger till grund for att kunna gora berak-
ningar, operera med tal, komplexa fardigheter som involverar

addition och subtraktion.

Talrelationer
Detta handlar om hur talen ar relaterade till varandra och om hur

talen kan delas upp (delar och helhet). Om matematiklérandet
enbart handlar om att memorera fakta och hantera data kan nojet
med att upptacka och undersoka tal och deras relationer ga for-
lorat och vidare leda till att matematiken inte upplevs menings-
full (Howden, 1989). Vissa barn uppmérksammar inte av sig
sjalva antal i sin omvérld. Detta trots att de anvander rakneorden
i olika situationer. | studier (Hannula, 2005; Hannula & Lehti-
nen, 2005) dar barns antalsuppfattning sétts i relation till fortsatt
matematikutveckling betonas betydelsen av att tidigt fokusera
och utveckla barns formaga att hantera antal. Studierna visar att
barn som har erfarenheter av att rdkna och kvantifiera i sin om-
varld, har battre forutsattningar att fortsatt utveckla matematiken
(Hannula & Lehtinen, 2005). Det ar genom att uppmarksamma
tals monster och dess struktur som man kan géra barn mer med-
vetna om tals innebdrd (Mulligan & Mitchelmore, 2009). Kull-
berg och Bjorklund (2019) har studerat barn 5-6 ar som loser en
aritmetisk uppgift. For att l6sa aritmetiska uppgifter pa ett kraft-
fullt satt kravs bland annat forstaelse for tals relationer.
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Talrelationer mellan talen, men dven inom talet sjalv, en del-del-
helhets relation (2/5/7; 4/6/10; 5/7/12). Denna férmaga att han-
tera talrelationer ar en av de aritmetiska formagor, géllande 1a-
rande och utveckling inom aritmetiken och ddrmed &ven mate-
matiken. Resultatet visar att olika satt att ta sig an en aritmetisk
problemldsning grundar sig i forstaelsen och anvandandet av tal
och talrelationer och leder vidare till olika mer eller mindre
kraftfulla vagar i en problemldsning. Genom att exempelvis an-
vanda sig av fingrar och dar konkretisera, visa pa tals delar och
helhet, kan barn hitta effektiva rdknestrategier (Bjorklund, Ek-
dahl & Runesson Kempe, 2020).

For att forsta tals betydelse och storlek behéver man uppmark-
samma relationer inom och mellan tal (Davydov, 1982; McIn-
tosh, etal., 1992; Baroody & Rosu, 2006). Exempel pa relationer
inom tal — 5 bestar av 2 och 3, 12 bestar av 5 och 7. Exempel pa
relationer mellan tal —4 &r mindre &n 5 och 5 &r mer an 4. Genom
att uppmarksamma barn pa tal och réakneord i vardagen och dar
visa pa tals betydelse och dess meningsfullhet (Bjorklund & Pal-
mér, 2018) kan barn utveckla forstaelse for tal i olika samman-
hang och situationer.

Symboler for tal och platsvarden
Nar ett barn utvecklar sin forstaelse for tal for att kunna operera

med, kravs aven forstaelse for talens platsvérde. Vart talsystem
har tio symboler for tal —siffror: 0, 1, 2, 3, 4, 5, 6, 7, 8 och 9 och
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ar ett positionssystem med basen 10 (Kilpatrick et al., 2001).
Fran en position till en annan (at vanster) ar talet tio ganger sa
mycket vart, 1111 = 1000 + 100 + 10 + 1. Detta vart talsystem,
det decimala talsystemet, tog manskligheten manga hundra ar att
utveckla. Systemet for decimaltal, platsvardet, har spelat en stor
roll i utvecklingen av matematik och naturvetenskap. Detta sy-
stem é&r, enligt Kilpatrick, et al. (2001), anvandbart och enkelt
men inte nodvandigtvis alltid uppenbar och latt att lara. Det
skulle kunna antas att en aktivitet i forskolan som innehaller
symboler for tal, leder till utvecklad taluppfattning. I sjalva ver-
ket visar studier att om man alltfor fort introducerar enbart
skrivna symboler i matematiken sa kan barn ga miste om forsta-
elsen av talens strukturer och relationer (Malmer, 1999; Ahl-
berg, 2000).



5. TEORETISKA UTGANGSPUNKTER

| detta kapitel beskrivs antaganden om larande utifran ett feno-
menografiskt och variationsteoretiskt perspektiv. Sambandet
mellan undervisning och larande som &r uttalat inom variations-
teorin belyses i de bada delstudierna. Den fenomenografiska an-
satsen innehaller teoretiska antaganden om kunskap, om kvali-
tativa forandringar av uppfattningar av ett fenomen och om den
larande méanniskan i forhallande till varlden (Marton & Booth,
1997; Lo, 2014; Marton, 2015). Utvecklingen fran fenomeno-
grafin, som en mer beskrivande forskningsansats, till teoretiska
antaganden om larandets betingelser genom variationsteorin, le-
der till en mer pedagogiskt orienterad teori for att forutse och
analysera undervisning och larande i (klass)rummet (Marton &
Tsui, 2004; Marton, 2015). Darmed bidrar fenomenografin och
variationsteorin till tva olika méjliga analyser av data, beroende

pa vilket syfte forskaren har (Holmqvist & Selin, 2019).

Att utforma aktiviteter for matematiklarande for forskolebarn &r
bade viktigt och utmanande. | leken, oberoende av om den ar
planerad eller spontan, kan ett larande gdras mojligt. Oavsett
forskollararens intention med aktiviteten sa ar den utformad for

att erbjuda mojligheter att lara, med andra ord paverka barnens
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larande. Genom att anvidnda Chi’s (2009) taxonomi dér aktivite-
ter definieras som aktiva, konstruktiva och interaktiva kan vi
jamfdra aktiviteters egenskaper, det som synliggors i aktiviteten

samt de kognitiva processerna.

Variationsteori

Variationsteorin kan beskrivas som en teoretisering av vad la-
rande &r utifran fenomenografiska antaganden. | en fenomeno-
grafisk analys beskrivs skilda uppfattningar av véarlden omkring
oss och dar forsta (hur vérlden pastas vara beskaffad) och andra
ordningens perspektiv (hur vérlden uppfattas och erfars av mén-
niskan) separeras. Fenomenografin utgar fran andra ordningens
perspektiv, det vill sdga studier av olika personers uppfattning
av samma fenomen i stallet for att fokusera fenomenet i sig. Om
man utgdr fran fenomenografins satt att betrakta larande, ar la-
randet icke-dualistiskt, och gar inte att skiljas fran den som lr.
Da man erfar nagot pa ett nytt satt innebar det att man lart sig
nagot (Marton & Booth, 1997). Forskning om manniskors skilda
satta att lara (se exempelvis Marton, Dahlgren, Svensson &
Saljo, 1977; Marton, Hounsell & Entwistle, 1986) visar att den
larande urskiljer och erfar olika aspekter av fenomenet, eller I&-
randeobjektet.

En individs satt att erfara ett fenomen definieras av vilka aspekter hos
ett fenomen och vilka urskiljda relationer dem emellan som finns sam-
tidigt nérvarande i denna individs fokuserade medvetande. (Marton &
Booth, 2000, s. 134)

46



Syftet med att anvanda variationsteorin &r att upptacka de for
larandet nodvandiga villkoren. Med variationsteorins redskap
kan vi studera vad de larande erbjuds lara, i stallet for att studera
vad de lar, och pa sa satt planera for och iscensatta en mer vari-
erad undervisning. Genom att utveckla variationsteorin, riktades
intresset mot vilka betingelser som kravs for att lara, utifran de
skilda erfaranden som de larande har (Marton & Booth, 1997;
Marton, 2015). Nyckelbegrepp inom teorin &r: urskiljning, si-
multanitet och variation. FOr att ett l&rande ska kunna dga rum,
kravs att den larande far mojlighet att urskilja aspekter av laran-
deobjektet, aspekter som tillsammans skapar en forstaelse for
helheten. Att lara handlar om att byta perspektiv, att se ett feno-
men pa ett nytt eller forandrat satt, att urskilja fler aspekter av
det &n vad den larande tidigare hade urskilt. Det satt som ett fe-
nomen upplevs pa ar beroende av hur de delar som urskiljs ar
relaterade till varandra och hur dessa bedéms vara utmérkande i
sammanhanget. Det som omger fenomenet bendmns som den
externa horisonten, fenomenet finns i ett sammanhang och far
dar sin mening. Delarna och deras relationer bendmns som den
interna horisonten (helheten och de kritiska dragen) (Marton &
Booth, 1997). De externa och interna horisonterna beskriver av-
gransningar av aspekter som upptackts av ett fenomen pa en in-

dividuell niva (Kullberg, Martensson & Runesson, 2016).
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Det finns en variation i ménniskors satt att uppfatta och erfara
nagot. En manniska erfar olika aspekter och lar sig darfor dven
olika. For att ett larande ska kunna dga rum krdvs att flera
aspekter av larandeobjektet urskiljs samtidigt. Det vill sdga att
delarna och helheten av larandeobjektet lyfts fram samtidigt, si-
multant. Larande sker da pusselbitarna med respektive egen-
skaper som féarg och form passar ihop och bildar en helhet, ett
fardigt pussel, en hel bild (Marton & Booth, 1997; Bjorklund,
2012). Vidare sa behdver vi dven tanka att en helhet ar en del av
nagot annat (figur 2). Ett exempel pa simultanitet gallande 1a-
rande av tal kan handla om att i en aktivitet fa mojlighet att ur-
skilja talet fem; som ett rakneord eller som namn pa en symbol,
som ordning i en upprékning (efter talet fyra och fore talet sex)
och som ett antal. Flera aspekter av samma fenomen (talet fem)
ar darmed mojliga att urskilja samtidigt, talet fem i nominal, or-
dinal och kardinal form. Denna presenterade variation av talet
simultant bidrar till att skapa helhet och forstaelse for talet fem.

Larandeobjekt
Ett larande &r alltid ett larande av nagot, ett innehall (Marton,

2015). Nér larare planerar undervisning och organiserar kun-
skapsinnehall, valjer de ut centrala delar av det innehall som &r
tankt att de larande ska lara och utveckla. Inom variationsteorin
bendmns detta som larandeobjektet. Larandeobjektet visar upp
det mest centrala kring innehallet i den planerade undervis-

ningen, det som en larare vill att de larande ska uppméarksamma



och urskilja (Lo, 2014). Lo (2014) beskriver en uppdelning av
larandeobjektet i hur och vad man lar. Dér vad i sin tur delas in
i struktur (larandeobjektets interna och externa horisont) och in-
nebord (forstaelsen av objektet).

The object of learning is not just what the learner is supposed to be

able to do, know, or understand as a result of instruction. The object

of learning tells us about the nature of the capability and what must be

learned to develop that capability. (Kullberg, Martensson & Ru-

nesson, 2016, s. 309)
Larandeobjektet i ett undervisningssammanhang kan beskrivas i
tre olika former; det intentionella larandeobjektet (Intended
object of Learning - IL), handlar om det fenomen som l&raren
planerar for, har for avsikt att lara och utveckla. Vidare i en
undervisningssituation dar larande kan studeras, blir larandeob-
jektet iscensatt (Enacted object of Learning — EL). Den tredje
formen av larandeobjekt bendmns som det erfarna larandeobjek-
tet (Lived object of learning — LL) och handlar om det som verk-
ligen har urskilts av ett innehall i en larandesituation (Lo, 2014;
Marton, 2015). En larare har oftast en idé om vad som &r tankt
att de larande ska lara och utveckla och aven pa vilket sétt. La-
rarens kunskaper om larandeobjektet ar dock pa en annan niva
an de larandes, vilket kan vara en anledning till att undervisning
inte alltid leder till ett larande (Bjorklund, Pramling Samuelsson
& Reis, 2018). Genom att organisera for och genomféra den pla-
nerade undervisningen och med variation synliggora larandeob-

jektet pa olika nivaer kan de larande fa méjlighet att urskilja nya
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aspekter och se larandeobjektet pa ett nytt och forandrat satt
(Holmgqvist, Gustavsson & Wernberg, 2008).

Kritiska aspekter
Inom variationsteorin har sérskilt undervisningssituationer stu-

derats, avseende sambandet mellan ldrande och undervisning.
Lé&rarna skapar rum for larande (Marton & Tsui, 2004) genom
att tillsammans med de l&arande, med hansyn till deras forutsatt-
ningar, i ett sammanhang och i dialog genomfor en planerad ak-
tivitet. Lararna planerar (l&randeobjektet som IL) och genomfor
(larandeobjektet som EL) en larandesituation dar innehallet, l&-
randeobjektet, presenteras med variation avseende innehalls-
massiga aspekter (exemplet fem, 5, ***** 456..., fem fing-
rar, fem prickar pa en tdrning...) for att mojliggora for den I&-
rande att se skillnader, vilket mojliggor larande (Lo, 2014). Ett
larandeobjekt innehaller dimensioner dar olika aspekter och
drag behdver framstallas och presenteras pa ett varierande sétt i
undervisningssituationen sa att den larande far mojlighet att ur-
skilja det den inte redan urskilt. Genom denna variation av |&-
randeobjektets innehallsmassiga aspekter, ges de larande moj-
lighet att urskilja de for larandeobjektet avgdrande aspekterna,
de kritiska aspekterna, det vill sdga de aspekter som &nnu inte
urskilts men nédvandigtvis maste urskiljas for att de larande ska
utveckla forstaelse for larandeobjektet. Pang och Ki (2016) ger
en ytterligare beskrivning av de kritiska aspekterna som “taken

for granted” (s. 328), det vill séga aspekter av ett larandeobjekt
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som ar forgivettagna att de larande redan utvecklat forstaelse for.
Ett exempel pa detta inom aritmetiken ar nar barn ramsraknar,
séger rakneorden i talfoljd, exempelvis upp till tjugo. Detta
ramsraknande innebdr inte per automatik att barn dven har for-
staelse for tals ordinala och kardinala form (Fuson,1988a).
Seeing a novel situation in a powerful way amounts to discerning the
aspects and features that it is necessary to take into consideration in
order to successfully solve the task and to focus on those aspects and
features simultaneously. (Marton, 2015, 5.67)
Né&r den larande urskiljer de kritiska aspekterna innebér det att
det erfara larandeobjektet urskiljs pa ett nytt och forandrat sétt.
For att den larande ska kunna uppleva kvalitativa skillnader, &r
det nddvandigt att de kritiska aspekterna upplevs simultant med
redan kanda aspekter. For att veta vad nagot ar behdver man
aven vet vad detta nagot inte ar, erfara kontrasten, (fyra [4] ****,
ar inte fem [5] *****) samt erfara att fem kan representeras pa
flera satt, att fem kan generaliseras (som bild, som skriven sym-
bol, som talad symbol, som konkret material och i omvérlden

exempelvis pa skyltar).

Vilka aspekter som urskiljs eller bor urskiljas (kritiska aspekter)
for att ett larande ska ske, dr avhangigt tidigare erfarenheter och
redan vunnen kunskap, det som inom variationsteorin bendmns
som relevansstruktur. | en (larande)situation kan tidigare erfa-
renheter paverka den larande satillvida att den larande fokuserar
pa vissa aspekter mer an andra (Lo, 2014). En larares kunskap

51



om ett larandeobjekts komplexitet av delar och helhet samt de
larandes forutséttningar kan vid planering och iscensattande av
undervisning gora att den larande &ndrar sitt fokus och darmed
ges mojlighet att urskilja just de aspekter som ger en djupare in-

nebord eller forstéelse av fenomenet.

Ett larandeobjekts helhet och delar, olika aspekter och drag (kéan-
netecken) presenteras har i en modell inspirerad av Holmqvist
(2004) och visar pa relationerna dem mellan. En aspekt har olika
drag, men samtidigt kan en aspekt ocksa vara ett drag medan ett
drag kan vara en aspekt, beroende pa var i strukturen den larande
befinner sig. En aspekt kan till exempel vara farg, medan drag
kan var gron, réd och gul. Men gul kan &ven vara en aspekt, med
dragen ljusgul, neongul och guldgul. I en undervisningssituation
kan den har modellen stotta lararen i att ur en helhet lyfta fram
aspekter och drag for larande av specifika innehall. Lararen, med
mycket kunskap inom omradet, valjer ut just de aspekter som
gor att den larande ska forsta larandeobjektet. | en undervis-
ningssituation bor den larande ges mojligheter att urskilja fler
och fler aspekter och drag av larandeobjektet, se helheter och
samband. For att visa pa matematikens komplexitet kan fol-
jande, nagot forenklade, exempel pa matematikens olika hel-
heter och dess delar (aspekter och drag) presenteras: Helheten
MATEMATIK, med delar som aritmetik, geometri och algebra.
Helheten ARITMETIK, med delar som taluppfattning, raknesatt
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och raknestrategier. Helheten TALUPPFATTNING, med delar
som talens grundlaggande egenskaper, talrelationer och tals
struktur. Helheten TAL, med delar som talrepresentationer, ord-
inaltal och kardinaltal. Helheten TALREPRESENTATIONER,
med delar som symboler for tal, rdkneord, bild, prickar pa en
tarning och fingrar pa en hand. Infor en undervisningssituation
har lararen och den larande olika perspektiv pa dessa helheter
och delar (aspekter och drag). L&raren kan infor en undervis-
ningssituation komma att utga fran den férst namnda helheten
MATEMATIK, medan den larandes perspektiv kanske tas uti-
fran den sistnamnda helheten TALREPRESENTATIONER.

Larar-
MATEMATIK perspektiv

%

ARITMETIK

TALUPPFATTNING

TAL

TALREPRESENTATIONER

Den lirandes
perspektiv

Figur 2. Ett exempel pa matematikens olika helheter och delar.
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Variationsmonster
Inom variationsteorin presenteras tre variationsmonster; kon-

trast som handlar om att uppfatta vad ett fenomen inte &r, genom
att visa pa kontrasten mellan tva drag av en aspekt, till exempel
lang och kort; generalisering dar vad som &r langt respektive kort
kan separeras fran de fenomen dar de representeras, och fusion
dar minst tva varden varierar simultant. Dessa tre olika satt att
variera larandeobjektets aspekter och drag innebér darmed olika
sétt att erbjuda de larande grundlig urskiljning av fenomenet
(Holmqvist Olander, 2013; Lo, 2014; Marton, 2015).

Vi kan omajligt vara medvetna om allt som pagar i var omvarld.
Atminstone kan vi inte vara fullt medvetna om allt samtidigt. Vi
fokuserar pa nagot medan annat kommer i bakgrunden. Erfar-
andet, att kunna se skillnader i variationen, 6ppnas upp i den la-
randes medvetande (Marton & Booth, 1997; Runesson, 1999;
Marton, 2015).

Nar vi forstar eller uppfattar ndgot ar det alltid nagot vi forstér eller

uppfattar. Det erfarna har séledes alltid en mening for oss. (Runesson,

2008, s. 29)
Nar nagot avviker fran monstret, nar ett problem loses pa ett
ovanligt sitt, nir nagot blir ”fel” eller till motsatsen, da har det
som uppfattas som norm blivit till en variation (Holmgvist,
2004). Det ar lararens ansvar att ge de larande mojlighet att ur-
skilja de (kritiska) aspekter, att urskilja det som kravs for att lara
(Lo, 2014).



For att kunna se skillnader, men &ven likheter, varieras (v) vissa
aspekter medan andra aspekter halls invarianta (i). For att ut-
veckla forstaelse for nagot maste man forsta vad detta nagot inte
ar. Genom kontrast, att jamfora talet fem (5) ***** (i) med andra
tal (v). Exempelvis talet fyra (4) **** och talet sex (6) ******
vet man vad som inte &r fem (5) *****, Vidare, genom att pre-
sentera (an)talet fem generellt - fem bilar, fem fingrar, fem hus,
pavisa antalet fem (i) tillsammans med olika sorters objekt (V)
separeras fem fran representationen och ger en generell forsta-
else av fem som kardinalitet. Variationsmonstret fusion handlar
om att flera aspekter av larandeobjektet varierar samtidigt, antal
och rakneord; fem (v) fingrar (v) jamfors med fyra (v) bilar (v)
samtidigt som rékneorden sdgs. Vid en avsaknad av variation,
da tva aspekter forblir invarianta (i) uppstar repetition i stallet
for larande (Marton, 2015). Larandet handlar om att urskilja ett
och samma fenomen i olika skepnader, genom variation urskilja
det typiska hos fenomenet (Bjorklund, 2012). Genom att variera
larandeobjektet och erbjuda den larande att urskilja flera

aspekter samtidigt, simultant, mojliggors ett larande.

Variationsteori och matematiken

Genom variationsteorins perspektiv pa larande kan vi battre
komma &t och forstd komplexiteten i matematikens struktur,
barns larande och utveckling (se exempelvis Bjorklund, 2013).
Inom matematikomradet ar det viktigt att hitta flera aspekter,
pusselbitar, av larandeobjektet for att fa ihop pusslet, helheten.
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Genom att anvanda sig av variationsteorietiska redskap kan kun-
skap organiseras (planering och iscenséttande av undervisning)
och vidare kan dessa redskap dven anvandas som ett analysred-
skap, for utvardering for att komma at och vad som gjorts moj-
ligt att lara. Med variationsteorin som stod kan l&rare dven han-
tera innehallet gentemot de larandes tidigare kunskap (Marton
& Tsui, 2004). variation av larandeobjektet, med andra ord
alternativa satt att framstalla innehallet i en larandesituation
Oppnar upp matematikens struktur men ocksa de larandes

egen logik och forstaelse (Runesson, 1999).

| studier av matematiklektioner lyfts variation fram som ett nod-
vandigt villkor for larande (till exempel Kullberg, Runesson &
Marton, 2017). Genom att lararen i en larandesituation erbjuder
variation och invarians av larandeobjektets aspekter ges de la-
rande mojlighet att urskilja den matematiska strukturen och att
de aspekter av ett larandeobjekt som synliggors, ocksa ar det

som begréansar vad som blir mojligt att lara.

Med variationsteorins redskap kan vi studera vad de larande er-
bjuds lara, i stallet for att studera vad de lar, och pa sa satt pla-
nera for och genomféra undervisningen. Genom variationsteorin

kan vi upptacka de for larandet nédvéndiga villkoren.
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Chi’s taxonomi om aktiviteter

Forskning (Wickstrom, Pyle & DelLuca, 2019) pekar pa att barns
aktiva deltagande ar den viktigaste faktorn for effektiva under-
visningsinsatser och for att utveckla barns matematiska for-
magor. Med stéd i Chi’s (2009) taxonomi om aktiviteter, dar
olika aktiviteter definieras som aktiv, konstruktiv eller interak-
tiv, kan vi studera forhallandet mellan aktivitetsform och moj-
ligheter till larande. Att vara aktiv kdnnetecknas av att gora na-
got fysiskt, som att peka, prata, titta och visa hur de svarar pa
materialet eller kommunikationen. De kognitiva processerna ak-
tiverar tidigare kunskaper och handlar om att hantera och lagra
ny information. P& nésta niva, i en konstruktiv aktivitet, produ-
cerar barnet ett resultat som gar utdver den information” de har
fatt. Deras aktiviteter ar forklaringar, kopplar tidigare kunskap
till ny kunskap, de reflekterar och planerar pa nya satt. De kog-
nitiva processerna handlar om nér barnet bygger ny kunskap, ge-
nom att sla samman tidigare med ny kunskap, korrigera och or-
ganisera egen kunskap.

The framework consists of a taxonomy that generates a hypothesis,
that interactive activities might be better than constructive activities,
which in turn might be better than active activities, which would be
better than passive activities. (Chi, 2009, s. 97)
Slutligen kannetecknas de interaktiva aktiviteterna av en dialog
om samma amne med avseende pa andras perspektiv och kom-
mentarer. Barnet konfronterar eller forsvarar sina kunskaper, re-

viderar sina argument eller handlingar baserat pa feedback fran
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andra eller svarar pa stod. De kognitiva processerna tar hansyn

till partnernas bidrag. Detta innebér att barnens aktiva delta-

gande oavsett form av aktivitet kan utvecklas mer eller mindre

beroende pa hur involverade de &r i processerna.

Aktivitet Aktiv Konstruktiv Interaktion
Egenskaper | Gora ngt fy- Idéer utdver Dialog och sam-
siskt presenterad in- | arbete Over ett
formation. amne.
Engagerade Sjalvskapande | Guidad struktur
Synligt och | _tjtta, fixera | - forklaraeller | Instruerande dia-
gbse_rv_erbart - markera utveckla log:
aktiviteten | _ gestikulera - motivera, ange | — svara pa
- parafrasera orsak scaffolding
- manipulera - koppla, lanka | — revidera utifran
objekt -skapa en be- feedback
- vélja ut greppskarta Samkonstruktion
- upprepa - reflektera i dialog
- planera och - bygga pa kam-
forutse resultat | rats bidrag
- generera hy- —argumentera
poteser — utmana
Delta i proces- | Skapa proces- | Gemensamt
N ser: ser: skapa processer:
Kognitiva Aktiverar och | Antyda ny kun- | Skapande process
processer soker befintlig | skap. Integrera | som integrerar
kunskap ny information | med en partners
Koda av eller | med befintlig | bidrag.
lagra ny in- | kunskap. Orga-
formation nisera egen kun-
(minnesbelast- | skap i ett sam-
ning). manhang. Re-
Soker befintlig | konstruera egen
kunskap. kunskap.

Tabell 1. Chi’s (2009) taxonomi om aktiviteter (min dversattning)
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6. METOD

Foreliggande studie ar en delstudie av en storre studie, ett av Ve-
tenskapsradet finansierat projekt vid namn FASETT! som pé-
gick under aren 2015-2018. Projektet som involverade totalt tre
mindre kommuner i sydvastra Sverige, tva interventionsgrupper
och en jamforelsegrupp, hade sin utgangspunkt i ett antagande
om pa vilket sétt aritmetiska fardigheter utvecklas. Den hér stu-
dien behandlar jamforelsegruppen, vars verksamhet i princip
skulle pagéd som vanligt, “business as usual”, med ett undantag,
den kollegiala kompetensutveckling som pagick under lasaret
och beskrivs i den forsta delstudien (Bjorklund & Alkhede,
2017). Den eventuella paverkan som detta kollegiala arbete har
gjort i och for verksamheten, direkt eller indirekt, ligger utanfor
ramarna for denna studie. Tillaggas kan dven att gruppens fema-
ringar blev intervjuade vid tre tillfallen under tiden av FASETT
-projektet. | detta sammanhang bor det &ven ndmnas att inneva-
rande studie har genomforts inom ramarna for forskarskolan
FORFa?,

LFASETT — Formagan att sinnligt erfara de tio forsta talen. VR: 721-2014-1791
2 FoRFa — 20142018 Forskarskola i kommunikation och relationer som grundlaggande for
barns larande.
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Urval och deltagare

Studien omfattar fyra férskoleavdelningar med sammanlagt 74
barn, 14 forskollarare® och en forskolechef?. De forskollarare
som deltog hade olika utbildningsbakgrund, bade barnskoétare
och forskollarare, och olika antal ars yrkeserfarenhet, mellan 5
och 20 ar. Datainsamling har skett under hdsten 2015 till varen
2016. Tillsammans har tva forskare (varav forfattaren ar en) un-
der perioden genomfort sex moten med forskollarare. Vid dessa
moten, som fortsattningsvis bendmns larartraffar, har samtal
forts och reflektioner gjorts om forskollararnas autentiska akti-
viteter, det iscensatta larandet av tal och raknande som innehall
for larande. Ansatsen ar reflekterande med utgangspunkt i peda-
gogisk dokumentation. Ytterligare insamling av data, genom vi-
deoinspelningar, har forfattaren av den hér uppsatsen genomfort
pa egen hand genom att besoka forskolorna vid ytterligare till-
fallen utdver de ovan ndmnda l&rartraffarna. Forutom de fors-
kollarare som deltog under l&rartraffarna forekommer &ven
andra forskollérare i videoinspelningarna . Alla namn i studien,

pa forskolor, forskoleavdelningar och personer ar fiktiva.

Nedan foljer en beskrivning av studiens férskolor (A, B, C och

D) och de avdelningar som deltog i studien.

! Valt begrepp for personal pa forskolan. Forskollarare, egentligen forskolepersonal, da utbild-
ningsgrad, barnskétare och forskollarare inte redovisas i studien.
2 Forskolechef tituleras numera rektor.
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Forskola A - fyra avdelningar med barn i aldrarna 1-5 ar. Av-
delningen Anemonen bestod av 22 barn och fem forskoll&rare.
Profil: Varvar lek med planerade aktiviteter. Inflytande och del-
aktighet. Tillgodoser barnens nyfikenhet. Ekologisk mat. For-
skolan &r beldgen i ett mindre bostadsomrade med blandad be-

byggelse, mycket nara till naturomraden.

Forskola B - fem avdelningar med barn i aldrarna 1-6 ar. Avdel-
ningen Blaklockan bestod av 20 barn i aldrarna 3-6 ar och fem
forskollarare. Under fem av de manader studien pagick hade
Blaklockan sin verksamhet i andra lokaler i kommunen, pga. re-
noveringsarbete. FOrskolan &r belédgen i centrum av ett storre bo-
stadsomrade med blandad bebyggelse, nara till naturomraden.
Profil: Framja leken. Néra naturen. Starka barnens intresse for

att lara.

Forskola C - tva avdelningar. Avdelningen Cikorian, var precis
som Blaklockan, utlokaliserad i fyra manader under studien
aven har pga. renoveringsarbete. Cikorian bestod av 18 barn i
aldrarna 4-6 ar och tre forskollarare. Profil: Leken i fokus. Arena
for samspel och kommunikation. Olika ar bra. Manniskors lika
varde. Forskolan ar belagen i utkanten av ett bostadsomrade med

till stérsta delen enfamiljshus, med naturen som granne.
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Forskola D - fyra avdelningar med avdelningen Daggdroppen
som en nystartad avdelning, i nya lokaler utanfor huvudbyggna-
den. Daggdroppen bestod av 14 5-aringar och tre forskollarare.
Profil: Eget kok. Alla far vara med. Alla ar lika mycket vérda.
Faorskolan ligger i centrum av ett mindre samhélle dar bebyggel-
sen till storsta delen bestar av enfamiljshus. | direkt narhet till

naturomrade.

Datainsamling

Insamling av studiens data (september 2015 till juni 2016) bestar
av: ljudinspelningar (transkriberade) och anteckningar fran sex
larartraffar samt forskollararnas 40 dokumentationer bestaende
av texter, bilder och videofilmer. Vidare sa genomfordes video-
inspelningar av spontana och planerade aktiviteter med innehall
av tal och raknande fran respektive forskoleavdelning vid tre till-
fallen pa forskolorna A, C och D, samt vid fyra tillfallen pa for-
skola B. Insamlat datamaterial, deltagare i respektive moment
(larartraffar, videoinspelningar av planerad aktivitet och 6vriga
videoinspelningar), storlek pa barngrupp samt inspelningsdatum
(antal sekvenser och tid for inspelning av forfattarens inspelade
videosekvenser) samt ett fortydligande vilka av forfattarens vi-
deofilmer som &ven diskuterades under larartréffarna kan stude-

ras i bilaga 1.
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Utifran detta datamaterial presenterat ovan redovisas har (tabell

2) underlag for respektive delstudie. Den forsta delstudien (Bjor-
klund & Alkhede, 2017) behandlar larartraffarna; intervjusamtal

och diskussioner, forskollararnas dokumenterade aktiviteter och

forfattarens videofilmer. Den andra delstudien (Alkhede & Hol-

mqvist, 2020) behandlar data fran tva videoinspelningar av den

aktivitet (”Var ir skatten?”’) som tva forskollarare planerade och

iscensatte med respektive barngrupp.

Artikel | Artikel 11
Skolform Forskola Forskola
Ar L&saret 2015-2016 | L&séret 2015-2016

Urval av deltagare

Anteckn. larartraff
Forskolar. dokument

och videofilmer

n forskoleavd. 4 2

n forskollarare 8 2 ledande
(5 narvarande)

n barn 74 27

Alder pd barn 46 &r 46 &r

Typ av data

Videofilm 11 sekvenser 2 sekvenser

Total tid 1tim 20 min 27 min

- videofilm

Intervjusamtal 6 -

Total tid 11tim 30min -

- intervjusamtal

Ovrigt: 40 texter, bilder -

Tabell 2. Redovisad data som underlag for respektive delstudie
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Genomforande

I augusti 2015 holls ett introduktionsmdote med forskare, forskol-
larare och forskolechefer, i en av kommunens forskolor. ”Pro-
jektet 2015-2016 introducerades, genom en presentation av
studiens plan (bilaga 2). Under detta forsta mdéte beslutades det
aven om mer praktiska delar sasom tidpunkt och plats for larar-
traffarna samt hur vi pa basta satt skulle kunna kommunicera
inom studien, bland annat géllande férskollararnas inlamning av
dokumentation. Dryga tva veckor efter den forsta larartraffen
startade forskolecheferna en Blogg pa kommunens IT-plattform
I en sluten grupp. Medlemmarna i Bloggen Projektet 2015 —
2016 har bestatt av fyra forskolechefer, tio forskollarare och tva
forskare. Har foljer en beskrivning av tillvagagangssatt och in-

nehall for dessa larartraffar och videoinspelningar.

Larartraffar
Under ett lasar (september — april) deltog atta forskollarare fran

fyra olika forskolor (A, B, C och D) vid sex tillfallen i gruppdis-
kussioner om matematik i forskolan, mer precist om tal och rak-
nande i forskolan. En eller tva forskollarare per forskola deltog
under respektive méte, med undantag av den fjarde och den
femte larartraffen, da forskola D, representerades av tre styck
forskollarare. Gruppens fokus lag pa att dela med sig av sina er-
farenheter och kunskaper kring taluppfattning och réknefardig-
heter i forskolan. Diskussionerna hade en kollektiv ingang, med

andra ord forskollararna var sjalva drivande 1 sin



yrkesutveckling genom sina egna dokumentationer av arbetet
med tal och rakna. Forskarnas roll var att halla forskollararna
fokuserade pa innehallet. Sex larartraffar blev genomforda under
studien, varje mote pagick i ca 2,5 timmar, turvis pa nagon av de
deltagande forskolorna. Dessa larartraffar hade som syfte att dis-
kutera forskollararnas egna dokumentationer fran respektive
verksamhet. Lérartraffarna ar ljudinspelade och déarefter aven
transkriberade. Inspelningstid: 11 timmar och 30 minuter.
Dokumentationerna, sammanlagt 40 stycken, samlades upp pa
kommunens IT- plattform via Bloggen, och bestod av texter, bil-
der och videofilmer. Alla 40 dokumentationerna presenteras och
redovisas i den forsta artikeln, Bjorklund och Alkhede (2017).

Planen for gruppen stracker sig fran september 2015 till april
2016 (bilaga 2) . Under projektets gang kommunicerades planen
med lararna, dels genom den inbjudan som skickades ut infor
varje ny larartréaff, dels genom utskick av de mdétesanteckningar
som gjordes av en av forskarna under pagaende larartraff. Kom-
munikation skedde via e-post och Bloggen ’Projektet 2015 —
2016”. | planen for gruppen finns tre aterkommande fragestall-
ningar; Nar réknar man i forskolan? Hur raknar barnen? och Hur

ser interaktionen ut nar man rédknar med barnen?

Tematiken vid den forsta traffen var Matematik i forskolan och

forskoledldern. Vad wvet vi om barns taluppfattning och
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réknefardigheter? Hur gestaltar sig taluppfattning och réaknefar-
digheter bland forskolebarn? Under den forsta larartraffen, da
ingen dokumentation &nnu fanns inskickad, rorde sig samtalet
mer om att uppmarksamma och reflektera déver matematiken,
bade for egen del och i verksamheten. Uppdraget till foljande
larartraff var att dokumentera matematikarbetet (tal och rak-
nande) i verksamheten. Den andra larartraffens tematik handlade
om barnens matematik. Reflektion och respons pa dokumenterat
matematikarbete. Vad, hur och varfor? Till 1arartraff nummer tre
skulle lararna dokumentera utifran foljande fragestallningar: Nar
réknar man i forskolan? Hur réknar barnen? samt Hur ser inter-
aktionen ut nar man raknar med barnen? Vid tillfalle nummer tre
presenterades helt kort underlaget for 2010 ars reviderade laro-
plan for forskolan, Forskola i utveckling (Utbildningsdeparte-
mentet, 2010) med fokus matematik, som en forberedelse infér
lasning, dokumentation och samtal vid larartraff nummer fyra.
Texten och dess innehall diskuterades och kopplades till forsko-
lans laroplan Lpf698 reviderad 2010. Forutom det forstarkta
uppdraget inom matematik behandlar texten dven de av Bishop’s
(1988) beskrivna sex kulturhistoriska matematiska aktiviteter
(Rakna, Mata, Lokalisera, Designa, Leka och Forklara). Dessa
sex aktiviteter fick ligga som grund for uppdraget infor nastkom-
mande dokumentation. Under den nést sista traffen diskuterades
Bishop’s (1988) kulturhistoriska matematiska aktiviteter jamte

en progression i réknefardigheternas utveckling. Till den sista
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larartraffen aterkommer uppdraget kring fragorna som tidigare,
behandlats under traff nummer tva: Hur raknar barnen? Nar rak-
nar man i foérskolan? och Hur ser interaktionen ut nr man raknar
med barnen i olika aktiviteter? Under den sjatte och sista larar-
traffen blickade vi tillbaka till tidigare larartraffar och forskarna
presenterade en sammanfattning och en progression av innehal-
let i de dokumentationer som férskolldrarna bidragit med och

som diskuterats under traffarna.

Videoinspelning

Videoinspelning ar ett kraftfullt verktyg for att fanga, tolka och
analysera barns kunnande och larande. Da videoinspelning &r en
stark dokumentationsform (Heikkild & Sahlstrom, 2003) som
kan forstarka och lyfta diskussionerna kring forskolans matema-
tik under larartréffarna, beslutades det en bit in i studien att ak-
tiviteter i verksamheten skulle videofilmas av en av forskarna,
forfattaren till den hér uppsatsen. Videoinspelning av aktiviteter
har skett vid tre tillfallen per forskoleavdelning (fyra tillfallen pa
Blaklockan), bade av spontana och planerade aktiviteter. De vi-
deosekvenser som ligger till grund for den andra delstudien har
aven transkriberats. For att an tydligare komma at interaktionen
mellan barn och forskollarare ombads forskollararna infor det
tredje tillfallet for videoinspelning att faktisk planera och iscen-
satta en aktivitet med matematiskt innehall och med fokus pa
taluppfattning och raknefardigheter. Elva sekvenser fran dessa

videoinspelningar har tillsammans med fdrskolldrarnas egna
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dokumentationer anvants som diskussionsunderlag under larar-
traffarna. Sammanlagt finns ett empiriskt underlag pa 58 se-
kvenser i en sammanlagd langd av 5 timmar och 35 minuter (bi-
laga 1). Pa tva av forskoleavdelningarna A och D, var videoka-
meran av stort intresse for barnen. De stéllde fragor om video-
kameran och de ville sjalva filma och se pa det som spelats in.
Pa forskoleavdelningarna B och C var det inget av barnen som

visade intresse for videofilmandet.

Analysmodell
I den forsta delstudien (Bjorklund & Alkhede, 2017) har en in-

nehallsanalys av forskollararnas 40 dokumentationer (text, bild
och videofilm) genomforts utifran variationsteoretiska antagan-
den. Med andra ord; vilka aspekter av tal och rdkna som laran-
deobjekt, uttrycktes i lararnas dokumentationer? Férskollararnas
huvudfokus har varit att bidra med dokumentationer av tal och
raknande, ett innehall for larande i deras dagliga pedagogiska
verksamhet. Dessa dokumentationer har varit centrum for dis-
kussioner i1 fem (vid forsta larartraffen hade annu inga doku-
mentationer samlats in) aterkommande larartraffar under atta
manader. Ljudinspelningar och anteckningar fran dessa har stot-
tat i tolkningen av de visuella, ljud- eller grafiska dokumentat-
ionerna. Dokumentationerna sjalva &r den viktigaste datakéllan
i denna studie, kompletterad med de inspelade diskussionerna
dar lararna uttrycker vissa avsikter eller tolkningar. Eftersom

malet var att studera forskollararnas urskiljning av tal och

68



réknande Over tid, ar det viktigt att dokumentationerna analyse-
ras kronologiskt, for att upptécka varje framsteg i att urskilja
aspekter av tal och rakna som innehall for larande. Den analy-
tiska strategin kommer att ge en beskrivning av denna specifika
grupp forskollarare och deras larande om tal och rékna som in-

nehall for larande i forskolan.

Variationsteorins antaganden (Marton, 2015) riktar uppmark-
samhet pa vilka aspekter av tal och raknande som innehall for
larande som uttrycks i lararnas dokumentationer. Varje doku-
mentation har beskrivits i termer av vad som var framtradande i
texten, bilden eller videoinspelningen, med stdd av lararens egna
uttryckta avsikter och tolkningar fran larartraffarna. De utgor
aspekter som synliggor lararnas uppfattning av larandeobjektet.
Genom att tolka aspekterna synliga 6ver tid, fick vi reda pa hur
olika aspekter framtradde som centrala och nya aspekter som
blev synliga for lararna resulterade i huruvida de utdkade sina
uppfattningar av tal och raknade som larandeinnehall i forskolan

och besvarar fragestallningarna:
- Hur hanterar forskollarare innehéllet i aktiviteter avseende barns ut-

veckling av taluppfattning och rakneféardigheter?

- Hur uttrycker sig forskollararna om innehallet i sin undervisning om

taluppfattning och raknefardigheter?
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I den andra delstudien (Alkhede & Holmqvist, 2020) har video-
inspelningar fran tva olika forskolegrupper av barn i aldern 4-6
ar, i en av forskollararna planerad och iscensatt aktivitet, tran-
skriberats och analyserats. Bada forskarna sag videoinspelning-
arna for att jamfora dem mot transkriptionerna for reliabilitets-
beddmning. Materialet har &ven analyserats under seminarier
med andra forskare. FOr att validera artikelforfattarnas tolkning
initialt utfordes en beskrivande analys av vilket innehdll som
presenterades under aktiviteternas iscensattande. Den beskri-
vande analysen fangar frekvenser for hur rakneord anvéandes un-
der aktiviteten av bade barnen och lararna. |1 vilken form ut-
trycker deltagarna rdkneorden, i nominal, ordinal eller kardinal
form? Analysen fokuserade ocksa pa att upptacka vilka mojlig-
heter for larande som erbjods barnen. Vilka aspekter av tal och
réknande, talrepresentationer och talrelationer erbjuds att lara i
aktiviteten? Innehallet analyserades baserat pa variationsteori
(Marton, 2015), medan aktiviteterna analyserades genom Chi’s
(2009) ramverk for aktiviteter. Genom att anvianda Chi’s (2009)
taxonomi (tabell 1), dar aktiviteter definieras som aktiva, kon-
struktiva och interaktiva kan aktiviteters egenskaper jamforas,
peka pa det som ar synligt samt visa pa de kognitiva processerna.

Kvalitet i forskning
For att en kvalitativ studie ska vara av god kvalitet bor vissa
kriterier uppfyllas (Larsson, 1986/2011; Tracy, 2010) med

kriterier sasom dmnets relevans och logik, att studien ar
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teoretisk grundad och om studiens trovérdighet och generali-
serbarhet. Da kvalitativ forskning till stor del handlar om att
forsta och tolka ett material som trovardigt ska presenteras,
stalls krav pa forskaren gallande en medvetenhet kring den
inverkan en forforstaelse kan ha pa studien. Forskaren befin-
ner sig ofta ndra, i miljon och de manniskor som studeras.
Tracy’s atta kriterier (kursiverade) for excellent kvalitativ
forskning relateras har till innevarande studie. Det handlar
om tolkning i métet med forforstaelsen, den egna forstaelsen
av fenomenet — credibility. ”Den kvalitativa forskaren utgor
dessutom sitt eget verktyg for att samla in data fran faltet och
for att analysera det empiriska materialet” (Svensson, 2015,
s. 210). Tracy (2010) diskuterar den transparens i forsknings-
processen som bor rada for att forskaren ska uppfattas som
uppriktig — sincerity — och pekar pa vikten av 6ppenhet gal-
lande metoder och utmaningar. Studiens &mne, matematik i
forskolan, ar relevant och aktuellt - worthy topic - da mate-
matik &r ett av de omraden som en manniska bor ha kunskap
om och kunna forhalla sig till for att kunna forsta och utveck-
las i sin omvarld. Om detta star det mer att lasa om, bland
annat i bakgrunden till studien. Huruvida studien &r teoretiskt
val grundad och datamaterialet ar bade tillrackligt och lamp-
ligt - rich rigor — ska lasaren kunna beddéma i kappans text,

forutsatt att den dar ar grundligt och tydligt presenterad.
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Att presentera studien i text pa ett sa transparent och tydligt sétt
som mojligt bade gallande tillganglighet och innehallsmassigt
beskriver Tracy som en “estetisk merit” — resonance. Viktigt for
kvaliteten ar dven att studien bidrar med kunskap om nagot -
significant contribution - vilket resultatkapitlet bor beskriva. De
metoder och rutiner som forfattaren anvént sig av for att genom-
fora sin studie bor vara avpassade sammanhanget, matematik i
forskolan - meaningful coherence. Videoinspelning ar ett kraft-
fullt verktyg for att fanga, tolka och analysera barns kunnande
och larande. Med de teoretiska perspektiv som valts, och med de
analysverktyg som presenteras, kan syftet uppnas och fragestall-
ningarna bli besvarade. Tracy’s kriterium - ethical - diskuterar
etiska fragor dar studien har foljt Vetenskapsradets (2017) etiska
krav gallande information, samtycke och konfidentialitet (férva-
ring och hantering av data sa att den inte sprids till obehoriga).
Skriftligt medgivande har inhamtats fran utbildningsansvarig i
kommunen, forskolecheferna och vardnadshavarna. Projektet
FASETT, vilken den har studien &r en del av, har genomgatt
Etikprovning som har godkénts av Regionala etikprévnings-
namnden i Vastra Gotaland. En godkénd etisk tillampning av
projektet har mottagits 2015-04-27 Dnr: 258-15.

| studien ar det forskollararna som ar i fokus, inte barnen. Stu-

dien fokuserar pa forskollararnas larande och deras planering
och iscensattande av aktiviteter. Aven om det inte &r barnen i sig
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som studeras sa sker datainsamlingen mitt under pagaende verk-
samhet. Under larartréffarna satt alla deltagarna avskilt i en lokal
pa respektive forskola. Under videoinspelningarna av aktivite-
terna presenterades jag som; en besdkare som var intresserad av
och nyfiken pa vad som hander pa forskolan. Videokamerans
uppgift var att komma ihag, stétta minnet. Att videofilma en ak-
tivitet utan att barn pa nagot satt kommer med gar naturligtvis
inte. De barn som ingick i projektet FASETT, vars vardnadsha-
varna inte gett sin tillatelse till att deras barn skulle fa vara med
pa bild, filmades aldrig under aktiviteterna. Oavsett om barnen
fick filmas eller inte sa har alla ansikte i videoinspelningarna av
aktiviteterna bearbetats till oigenkannlighet samt anonymiserats.
Allt insamlat datamaterial, &ven lararnas dokumentationer (text

bild och videofilm) har anonymiserats.

Forskarrollen

Under studiens gang och i olika sammanhang har jag med-
vetet behovt arbeta med mina dubbla roller; i min roll som
larare, den profession som jag ar i sedan 40 ar tillbaka och i
min nya roll som forskare. Vad &r da skillnaden mellan dessa
roller? Ar forskaren deltagande observator eller observerande
deltagare? Det finns flera avvagningar for forskaren att gora.
Vilken roll &r den éverordnade? Om forskaren (som delta-
gare) tar till sig varden och normer i den studerade gruppen
kan det handa att forskaren inte reflekterar 6ver dessa i for-
hallande till forskningsintresset. Férdelen kan dock vara att

73



som deltagande observator kan forskaren forsta kontexten,
personal och olika situationer. Hammersley och Atkinson
(2007) anger att det finns ytterligare roller emellan dessa
ovan namnda. Det kommer att uppsta tillfallen da situationen
krdver att observatdren kommer att behdva engagera sig so-
cialt och lagga forskningsintresset at sidan. Det pagar (och
maste sa vara) en standig diskussion kring forskarens posit-
ionering och relation till det studerade. 1 min roll som larare
ar jag trygg och kompetent och kanske finns det delar i min
undervisning som gar per automatik. Per automatik satillvida
att min didaktiska erfarenhet sitter i ryggmargen. I min roll
som forskare har jag fatt majlighet till ett annat perspektiv pa
undervisning och kunnat reflektera dver hur studiens forskol-
larare hanterat densamma. | min roll som forskare har jag fatt
paminna mig om (i detta har &ven mina handledare hér varit
papassliga) och tranat pa mina fardigheter av att observera
och analysera mer &n att (som i min lararroll) planera och ge-
nomféra, exempelvis i intervjusammanhang och i undervis-
ningssituationer. DA jag ar valbekant med och har kunskap
gallande larmiljon, undervisning och &ven inom matematik-
omradet har jag uppmarksammat och uppmarksammats pa att
’se det jag ser” och inte ”’se det jag vill och tror att jag ser”. I
detta sammanhang har datainsamlingens transkriptioner och
videoinspelningar varit till gott stod. Dari finns mojligheter
att 1&sa, lyssna och se till en situation vid upprepade tillfallen.
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7. RESULTAT

| kapitlet redogdrs det dvergripande resultat som denna uppsats
bidrar till genom sitt syfte och fragestallningar. For att besvara
dessa har de tva delstudiernas resultat utgjort grunden. Initialt i
detta kapitel redovisas darfor en sammanfattning av de bada ar-
tiklarnas syften och forskningsfragor kopplade till uppsatsens
syfte och forskningsfragor. Artiklarna presenteras i korthet. Av-
slutningsvis gors en syntes for att besvara det 6vergripande syf-
tet.

Forfattaren till denna uppsats har bidragit med och varit delaktig
i alla delar som ingar i processen av att fardigstalla en artikel
(insamling av datamaterial, videoinspelning, transkription, ana-

lys, skrivande och revideringar).

Studiens 6vergripande syfte &r att beskriva pa vilket satt forskol-
larare utvecklar och iscensatter aktiviteter om tal och rdknande,
och vilket kunnande som blir mojligt for barnen att utveckla.
Malet &r att studien ska bidra med fordjupade kunskaper om hur
olika planeringar och iscenséttande av aktiviteter genererar olika
mojliga lartillfallen av aritmetiska fardigheter for barnen.
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Studiens preciserade fragestéllningar:
- Hur hanterar forskollarare innehallet i aktiviteter avseende
barns utveckling av taluppfattning och raknefardigheter?

- Hur uttrycker sig forskollararna om innehallet i sin undervis-

ning om taluppfattning och réknefardigheter?

- Hur kan insikter om forskollarares uppfattningar av sin under-
visning om tal och réknande bidra till utékad forstaelse av barns

forutsattningar for utveckling av aritmetiska fardigheter?

Den forsta fragestallningen besvaras framst genom artikel 1 (och
underordnat i artikel 2), den andra fragestéallningen besvaras
framst genom artikel 2 (och underordnat i artikel 1). Den tredje
fragestallningen besvaras genom en syntes av resultaten i de

bada artiklarna.

Artikel 1

Sharpening the focus on numbers and counting: Preschool ed-
ucators differentiating aspects of mathematical knowledge for

teaching.

Camilla Bjorklund & Maria Alkhede (2017)

| den forsta delstudien beskrivs en process kring forskollarares

kollektiva larande. Genom att reflektera och diskutera egna
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dokumentationer utvecklas de i sin profession kring larandet av
tal och rdknande i aktiviteter med barn. Med andra ord, forskoll-
larares egna dokumentationer och samtal om tal och réknande
som innehall for larande i verksamheten. | de senare doku-
mentationerna finns det manga fler tillfallen for larande, detta
for att fokus da riktas mot en kritisk aspekt géllande utbildning
— barnens meningsskapande gallande larandet av tal och rak-
nande. Forskoll&rarna i studien urskiljer flera dimensioner och
aspekter av tal och raknande under studiens gang, sasom fore-
komsten av siffror och tal i barnens aktiviteter, innebdrden av att
anvanda tal och raknande, barnens identifiering av tal och rék-
nande, skillnader i barns kunskaper och formagor samt tals in-

neborder.

Under ett lasar (september — april) deltog atta forskollarare fran
fyra olika forskolor i en studie om matematik i férskolan med
fokus pa taluppfattning och raknefardigheter. Med utgangspunkt
i den egenhandigt utformade dokumentationen uppmuntrades
forskollararna att dela med sig av sina erfarenheter och sin kun-
skap kring matematiken i forskolan. Dokumentationerna, 40 till
antalet i form av text, foto och film, samlades in via kommunens
IT-plattform, utgor grunden for var analys men ar aven utgangs-
punkten for de diskussioner som forskollararna forde med fors-
karna. Vid sex tillfallen under lasaret diskuterades barnens ma-
tematik, Vad? Hur? och Varfor? | studiens analys redogors for
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hur lararna uppfattar taluppfattning och raknefardigheter som ett
innehall for larande, samt vilken matematik som barnen erbjuds

att lara i forskolan.

Med variationsteorin som ansats beskriver och identifierar vi hur
de deltagande forskollararna urskiljer taluppfattning och rakne-
fardigheter som ett innehall i forskolans matematiklarande. Att
lara &r enlig variationsteorin en process av att urskilja fler och
fler aspekter av ett fenomen, i detta fall ar det forskollararna som
lar sig om sin egen verksamhet, hur tal och réknande blir inne-
hall for larande. | ett kollektivt larande, sasom nar en grupp for-
skoll&rare tréffas och delar med sig av sina erfarenheter, &r moj-
ligheterna stora till att det i diskussionen dyker upp skilda satt
att forsta det som diskuteras. Skillnaderna beror pa att forskolla-
rarna urskiljer olika aspekter av samma fenomen. | variations-
teoretiska termer handlar detta om att 6ppna upp dimensioner av
variation dar deltagarna tillsammans utforskar hur aspekter va-

rierar inom fenomenet och mellan fenomen.

Resultatet visar att forskollarares larande om amnesinnehall ar
en komplex process, da omradet tal och raknande kraver kun-
skaper om och forstaelse for inneborder av en stor mangd be-
grepp och principer (Bjorklund, 2013; Bjorklund & Palmér,
2018). Forskollararnas delade erfarenheter, det kollektiva laran-
det, gor det mojligt for dem att urskilja nya aspekter av tal och

raknande.
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Ytterligare resultat handlar om vilka aspekter som urskiljs éver
tid i processen: fran att framst prata om forekomsten av raknande
I barnens aktiviteter till att upptacka skillnader i barns kunskaper
och fardigheter, fram till att sjdlva dokumentera processen av att
utforska tal och raknande som ett objekt for larande. Detta resul-
tat pekar aven pa att vissa aspekter ar grundlaggande for att
andra aspekter ska framtrada, sdsom férekomsten av tal och rak-
nande i barns aktiviteter, for att kunna se skillnader i barns kun-
skaper och fardigheter. Med andra ord, en forutsattning for att
kunna urskilja hur barn gor nér de raknar, ar att kunna urskilja

till vad och nar de anvander tal och raknande.

Studien bidrar till en djupare forstaelse for de utmaningar som
ligger i forskollararnas eget larande avseende ett amnesinnehall,
men visar ocksa pa mojligheter som finns i processen av att, ge-
nom det kollektiva larande, fokusera pa tal och rdknande som ett
innehall for larande. 1 en profession dar grundutbildningen ar av
mer allman art men dér larandet kraver viss &mneskunskap kan
detta vara avgorande for utveckling bade for forskollarare och

for barnen i forskolan.
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Artikel 2
Preschool children’s learning opportunities using natural num-

bers in number row activities.
Maria Alkhede & Mona Holmqvist (2020)

Syftet med den andra delstudien var att studera hur forskollarare,
utifran en och samma beskrivning av en aktivitet, iscensatter sin
undervisning. Med utgangspunkt i aktiviteten *Var #r skatten?”,
som handlar om talens ordning och relationer mellan talen 1-10,
fick tva grupper med forskolebarn i aldern 4-6 ar erbjudanden
om att urskilja, lara och utveckla tal. Beroende pa hur forskolla-
rarna iscensatte aktiviteten, vilka former av tal som erbjods att
urskiljas samt inom vilken av Chi’s (2009) former (aktiv, kon-
struktiv, interaktiv) aktiviteten genomfordes paverkades barnens

mojligheter till larande under aktiviteterna.

Ursprungligen var det fyra forskollarare som ombads planera
och iscensatta en aktivitet med innehall av taluppfattning och
raknefardigheter. Syftet var att studera olika larandemojligheter
som uppkommer i iscensattande av aktiviteter. Tva av dessa fyra
forskollarare genomfor oberoende av varandra, en aktivitet av
samma ursprung ”Var ar skatten?”. Detta gjorde det mojligt att
studera larandemojligheter av tva iscensattande av en aktivitet
(vad och hur). Videoinspelningar av vad barnen erbjods att ur-

skilja anvandes i analysen, vilken baserades pa variationsteori
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(Marton, 2015) och Chi’s (2009) taxonomi av ldarandeprocesser
I en aktivitet (tabell 1).

Skillnaderna i aktivitetens genomforande ligger i forskollararnas
sétt att ta sig an larandesituationen och vilka variationsmonster
av tal som erbj6ds. Larandeobjektet tal erbjuds i det ena utféran-
det att urskiljas som nominaltal och ordinaltal. De representat-
ionsformer av tal som erbjod var rdkneord och symboler for tal.
Medan tal i det andra utférandet presenteras som; nominaltal,
ordinaltal och kardinaltal. De representationsformer som erbjods
var rakneord, symboler for tal, bild, samt konkreta foremal. Med
andra ord, en av barngrupperna ges storre mojlighet att urskilja
aspekter av larandeobjektet simultant. En kritisk aspekt av tal ar
enligt Resnick (1983) och Cross et al. (2009) den kardinala
aspekten av tal. Att tillsammans med andra aspekter urskilja tal
som antal ar avgorande for utvecklingen av taluppfattning och

darmed matematikutvecklingen.

Vidare sa studerades dven till vad, i vilken form, rdkneorden an-
vandes. Bara for att barn kan ramsrékna, séga rdkneorden i ord-
ning betyder inte detta att barn har kunskap om talets innebord
(Fuson,1988a). | aktiviteten med den ena forskolegruppen an-
vandes rakneorden framst som nominaltal (86%), men dven som
ordinaltal (13%), dock inte alls som kardinaltal (0%). | den andra
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aktiviteten anvéndes rakneorden som nominaltal (33%) ordinal-
tal (40%) och kardinaltal (6%).

Att utforma aktiviteter for matematiklarande for forskolebarn ar
bade viktigt och utmanande. | leken, oberoende av om den &r
planerad eller spontan, kan ett larande goéras mojligt. Oavsett
forskollararens intention med aktiviteten paverkas barnens la-
rande. Forskning (Wickstrom, Pyle & Del.uca, 2019) pekar pa
att barns aktiva deltagande ar den viktigaste faktorn for effektiva
undervisningsinsatser och for att utveckla barns matematiska
formagor. Med stdd i Chi’s (2009) taxonomi om aktiviteter (ta-
bell 1), dér olika aktiviteter definieras som aktiv, konstruktiv el-
ler interaktiv, kan vi studera forhallandet mellan aktivitetsform
och mdojligheter till larande. Att vara aktiv kédnnetecknas av att
gora nagot fysiskt, som att peka, prata, titta och visa hur de sva-
rar pa materialet eller kommunikationen. De kognitiva proces-
serna aktiverar tidigare kunskaper och handlar om att hantera
och lagra ny information. Pa nésta niva, i en konstruktiv aktivi-
tet, producerar barnet ett resultat som gar utdver den “informat-
ion” det har fatt. | en konstruktiv aktivitet observeras forkla-
ringar, motiveringar, reflektioner samt nya satt att planera. De
kognitiva processerna handlar om nar barnet bygger ny kunskap,
genom att sla samman tidigare kunskap med ny kunskap, korri-

gera och organisera egen kunskap.
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The framework consists of a taxonomy that generates a hypothesis,

that interactive activities might be better than constructive activities,

which in turn might be better than active activities, which would be

better than passive activities. (Chi, 2009, s. 97)
Slutligen kdnnetecknas de interaktiva aktiviteterna av en dialog
om samma amne med avseende pa andras perspektiv och kom-
mentarer. Barnet konfronterar eller forsvarar sina kunskaper, re-
viderar sina argument eller handlingar baserat pa feedback fran
andra eller svarar pa stod. De kognitiva processerna tar hansyn
till partnernas bidrag. Detta innebdr att barnens aktiva delta-
gande, oavsett form av aktivitet, kan utvecklas mer eller mindre

beroende pa hur involverade de ar i processerna.

Resultaten tyder pa att aktiviteten med en begransad varierad ut-
formning var mer anpassad for larande for de barn som hade be-
hov av att urskilja mer enkla samband, till exempel att koppla
samman symbolen for tal med det verbala uttrycket. Barnen med
en mer utvecklad forstaelse kravde en utformning med mer va-
riation av aspekter av tal som nominal, ordinal och kardinala re-
presentationer. Skillnaderna mellan hur lararna valde att iscen-
sétta aktiviteterna resulterade i olika mojligheter att lara for bar-
nen. Skillnaderna i vilka aspekter av tal som gjordes tydliga var
nara kopplade till egenskaperna (interaktiv form) i den iscensatta
aktiviteten. | en av forskolegrupperna fanns det mojligheter att
urskilja den nominella formen av tal, medan den andra forskole-

gruppen hade fokus pa alla former (nominal, ordinal och
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kardinal) av tal samtidigt. Dessutom hade barnen i denna grupp
mojlighet att utveckla ett - till - ett korrespondens, en formaga
som gynnar formagan att urskilja tals kardinalitet (Cross et al.,
2009). Resultaten visade &ven ett samband mellan hég grad av
variation samt aktivitetsform (interaktiv form) medan barnen
som hade en mindre variation av aspekter motte en aktiv form

dar de mestadels pekar och bendmner.

Studiens resultat bidrar med kunskap om hur utformningen av
en aktivitet paverkar barnens larande pa olika sétt, vilket ar vik-
tig kunskap for att planera aktiviteter och undervisning for 1a-

rande.

Syntes

Studiens Gvergripande syfte ar att beskriva pa vilket sétt forskol-
larare utvecklar och iscensatter aktiviteter om tal och réknande,
och vilket kunnande som blir mojligt for barnen att utveckla.
Malet ar att studien ska bidra med fordjupade kunskaper om hur
olika planeringar och iscenséttande av aktiviteter genererar olika

mojliga lartillfallen av aritmetiska fardigheter for barnen.

For att besvara det dvergripande syftet har tva studier genom-
forts, den forsta som fokuserar forskolldrares intentioner med
matematikaktiviteter med barnen, och den andra med fokus pa
forskollararnas iscensatta matematikaktiviteter med matema-

tiskt innehdll i forskolan. | den forsta studien framkom att



forskollararnas kollektiva larande utvecklades i projektet, men
huruvida denna utveckling ledde till skillnader i vad barnen er-
bjods var inte i fokus. | den andra studien fokuserades darfor de
iscensatta aktiviteterna, som bada utgick och kommunicerades
utifran en och samma beskrivning av en aktivitet med matema-
tiskt innehall. Trots det blev det skillnader i iscensattandet, dels
beroende pa forskollararnas olika satt att forsta beskrivningen,

dels utifran deras mote med respektive barngrupp.

Den forsta fragan handlar om hur forskollarare hanterar innehal-
let i aktiviteter for barns utveckling av taluppfattning och réakne-
fardigheter. | den forsta studien finns resultat av hur forskolla-
rarna uttrycker sig ndr de diskuterar matematik, taluppfattning
och raknefardigheter i sina dokumentationer av aktiviteter. Dess
resultat visar att forskollararnas larande om amnesinnehall &r en
komplex process. Forskolldrarnas delade erfarenheter gor det
mojligt for dem att 6ver tid urskilja nya aspekter av tal och rak-
nande och darmed ocksa hantera innehallet i aktiviteter pa ett
forandrat satt. En forutsattning for att kunna urskilja hur barn
gor nér de raknar, &r att kunna urskilja till vad och nar de anvén-

der tal och réknande.
| den andra studien framkommer det tydligt att forskollararna,

trots att de utgar fran samma beskrivning av en aktivitet, tolkar
och iscensatter aktiviteterna helt olika. 1 sin tur ger dessa olika
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aktiviteter tva skilda majligheter till utveckling fér barnen. Fra-
gan ar om l&rarna & medvetna om de skillnader de sjélva erbju-
der utifran sina val att iscensatta aktiviteten, eller om de &r
slumpmassiga val? For att besvara detta krdvs mer framtida

forskning.

Den andra fragan fokuserar pa hur forskollararna uttrycker sig
avseende innehallet i sin undervisning om taluppfattning och
raknefardigheter. Aven har utgor den forsta studien en grund for
hur vi kan forsta de iscensatta aktiviteterna i delstudie tva. Ge-
nom att studera hur lararnas kollektiva &mneskunskaper 6kas ge-
nom projektet, utifran analys av férskollararnas forstaelse, blir
den andra studien en fordjupning for att se hur férskollararna
uttrycker sig avseende tal och réknande i iscensattandet av akti-
viteterna. | de tva matematiksituationerna som studerades ut-
tryckte sig en forskollarare med begransad begreppsvokabulér,
medan den andra uttryckte mer distinkt begrepp som tydlig-
gjorde likheter och skillnader mellan tals olika former. En for-
klaring till det kan vara att en av forskollararna har en béattre am-
nesdidaktisk grund, vilket forskningen inte har fokuserat. Det
skulle vara en intressant fragestallning for kommande forskning,
pa vilket satt forskollarares amneskunskaper paverkar bade ak-

tivitetsformen och vad barnen erbjuds i larsituationen.
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Slutligen, den tredje forskningsfragan ska besvara huruvida stu-
diens resultat bidrar till utokad forstaelse av barns forutsatt-
ningar for utveckling av aritmetiska fardigheter. | den forsta stu-
dien framkommer att vissa aspekter av tal ar grundlaggande for
att andra aspekter ska framtrada, sasom forekomsten av tal och
réknande i barns aktiviteter. Genom ett kollektivt larande, en
process Over tid, urskiljer forskollararna nya aspekter av tal och

réknande som ett objekt for larande.

| den andra studien genomfordes analysen utifran tva olika teo-
retiska perspektiv, vilket visade pa en ny teoretisk forstaelse for
sambandet mellan innehallets behandling och aktivitetsformer.
Genom dessa bada teoretiska analyser framkom det att den l&-
rare som har ett mer nyanserat och differentierat begreppsanvan-
dande ocksa hade den mest interaktiva formen i sin undervis-
ning. Studien ar begransad till tva fall, och darmed kan det inte
uteslutas att denna skillnad 4r en slump. Aven hir finns det en
mojlighet for vidare studier att fordjupa forstaelsen for om detta
ar ett mer generellt samband eller ej. Oavsett begrénsningen ar
det intressant att se pa vilket satt tva olika teoretiska perspektiv
kan bidra till en ny forstaelse for den komplexitet som larande i

forskolan utgor.
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8. DISKUSSION

Det dvergripande syftet for studien ar att beskriva pa vilket satt
forskollarare utvecklar och iscensatter aktiviteter om tal och rak-
nande, och vilket kunnande som blir mojligt for barnen att ut-
veckla. Malet &r att studien ska bidra med fordjupade kunskaper
om hur olika planeringar och iscenséttande av aktiviteter gene-
rerar olika mojliga lartillfallen av aritmetiska fardigheter for bar-

nen.

De resultat som framst framkom i de bada delstudierna ar hur
betydelsefull larares kompetens &r for barns mojligheter till 18-
rande inom matematik. Resultaten fran den forsta delstudien
(Bjorklund & Alkhede, 2017) géllande forskollarares forhal-
lande till @mnesinnehall stimmer Gverens med de resultat som
tidigare framkommit i studier av Mclintosh et al. (1997) och
Bjorklund, Pramling Samuelsson och Reis (2018). Ett resultat
fran den andra delstudien (Alkhede & Holmgvist, 2020) pekar
pa betydelsen av en larares didaktiska kompetens, gallande ut-
formning och iscensattande av en aktivitet vilket &ven hér tidi-
gare framkommit i studier (Marton & Booth, 1997; Chi, 2009;
Marton, 2015). De bada delstudierna visar pa lararens betydelse

for att skapa mening, organisera miljoer i en didaktisk anda samt
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vikten av att presentera aktiviteter med en variation av innehal-

lets aspekter som bade utmanar och engagerar.

Hantera innehallet i aktiviteter

Den forsta forskningsfragan, avser att undersoka hur forskolla-
rare hanterar innehallet i aktiviteter for barns utveckling av tal-
uppfattning och réknefardigheter. Resultatet i den forsta delstu-
dien (Bjorklund & Alkhede, 2017) visar att forskollararna, ge-
nom kollegial kompetensutveckling, éver tid urskiljer fler och
fler aspekter av innehallet i aktiviteter, fler aspekter av innehallet
att forhalla sig till och hantera. Fran att framst ha hanterat tal i
form av raknande i barnens aktiviteter till att hantera tal som ett
objekt for larande (Marton & Booth, 1997; Marton, 2015).

En annan aspekt pa forskning om undervisning pa forskolans
villkor &r att den oftast utgar fran ett perspektiv och belyser dar-
med ett skeende utifran samma principer. | den andra delstudien
som ingar i denna uppsats (Alkhede & Holmaqvist, 2020) fram-
kom vissa samband mellan undervisningens innehallsliga kom-
plexitet och aktivitetsform vilket dven tidigare studier pekar pa
(Chi, 2009). Genom att inte studera dessa aspekter isolerade fran
varandra framkom ett monster som vore intressant att studera

vidare i storre och mer kontrollerade studier.
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Uttrycka innehallet i undervisningen

Den andra forskningsfragan handlar om hur férskollararna ut-
trycker sig avseende innehallet i sin undervisning om taluppfatt-
ning och réknefardigheter. Resultatet i den forsta delstudien vi-
sar forskolldararnas fordndrade uttryck gallande tal och raknande,
fran att framst prata om forekomsten av raknande i barns aktivi-
teter till att uttrycka barns kunskaper om tal och raknande i akti-
viteter. Resultat i den andra delstudien (Alkhede & Holmgqvist,
2020) visar pa olika maojligheter till larande beroende pa en mer
eller mindre varierad utformning av aktiviteten. Tal kan presen-
teras pa flera satt (Lesh, 1981; Kilpatrick, et al., 2001) och detta
gynnar forstaelsen for tal. Beroende pa viken niva barn befinner
sig pa gallande forstaelse av tal, kravs olika utformningar av en
aktivitet som bade utmanar och stottar barn i larandet (Hol-
mqvist, 2004). 1 en mer varierad utformning kan fler barn erbju-
das att pa ett meningsfullt och relevant satt anvanda tal (Cross,
et al., 2009). Genom att organisera for undervisning och med
variation synliggora larandeobjektet kan larande mojliggoras
(Holmqvist, Gustavsson & Wennberg, 2008). Barn utvecklar
forstaelse for tal i olika sammanhang och situationer. Genom att
uppmarksamma barn pa tal och rakneord i vardagen kan vi visa
pa tals betydelse och dess meningsfullhet (Bjérklund & Palmér,
2018).
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Forutsattningar for utveckling av aritmetiska fardig-
heter.

Den tredje forskningsfragan handlar om hur studiens resultat kan
bidra till utokad forstaelse av barns forutsattningar for utveckl-
ing av aritmetiska fardigheter. Resultatet i forsta delstudien
(Bjorklund & Alkhede, 2017) bidrar till en djupare forstaelse for
de utmaningar som ligger i att lara, men visar dven pa de moj-
ligheter som finns i processen av att fokusera pa tal och raknande

som ett innehall for larande.

Den andra delstudien (Alkhede & Holmqvist, 2020) bidrar till
kunskap om sambandet mellan hog grad av variation i en aktivi-
tet och aktivitetsform (Chi, 2009). Beroende pa hur en aktivitet

utformas paverkas majligheterna till larande.

| forskolan &r matematik motiverat som kunskapsomrade, dels
genom att barn tidigt tillampar matematik, dels att den &r inskri-
ven i vara styrdokument. Matematiken ar dock osynlig i manga
sammanhang. Aritmetiken verkar forefalla som sjélvklar (Pang
& Ki, 2016) dock inte i sin fulla betydelse utan mer i form av
rakneord och symboler for tal. Maluppfyllelse kraver dock att
den som organiserar for larande har didaktiska kunskaper saval

som dmneskunskaper.
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Att organisera for matematiklarande

Det ar viktigt att i verksamheten uppmarksamma komplexiteten
i larande om tal och raknande. Aven att uppméarksamma att kun-
skaper om rakneord och namn pa symboler for tal inte alltid &r

detsamma som kunskap om tals innebérd.

Subitizing ligger till grund for att forstd kardinalitet. Redan
mycket sma barn har formaga att subitisera. Da kardinalitet i sin
tur &r grunden for fortsatt utveckling av taluppfattning (Baroody,
1987) ar det viktigt att uppmarksamma och utveckla formagan
att uppfatta (inte rakna) ett litet antal. Genom att uppmarksamma
barn pa monster och egenskaper som del-helhet, dela upp och
satta samman, kan férmagan av att subitisera utvecklas (Cle-
ments, 1999).

Manga aspekter av tal och raknande kan kanske fér oss vuxna te
sig sjalvklara, men i vardagen kan de for vissa ménniskor bli
osynliga. Att forsta och anvanda tal i olika sammanhang och si-
tuationer handlar inte endast om (be)raknande. For att kunna for-
std och anvanda tal behdver vi dven kanna till talens egenskaper.
Det ar aven viktigt att visa pa meningsfullheten, motivera,
(be)raknandet och i detta dra nytta av barns naturliga énskan av
att lara, upptécka och undersoka tal (Howden, 1989). Vidare visa
pa talrelationer och talrepresentationer (Lesh, 1981; Kilpatrick,
et al., 2001). Om man alltfor fort infor symboler for tal bara for
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att operera med kan de forbli symboler utan innebdrd (Malmer,
1999; Ahlberg, 2000).

Min férhoppning ar att jag med denna uppsats, genom att upp-
visa att tal har fler aspekter &n (de som &r vanligast forekom-
mande eller tagna for sjalvklarheter), rdkneord och symboler for
tal, riktar uppméarksamheten mot aritmetikens komplexitet bade

géllande undervisning och larande.

Metoddiskussion

Den metod som anvandes i de olika studierna kannetecknas av
en kvalitativ praktiknéra forskning. I den forsta delstudien var
utgangspunkten de sex larartraffar, dar lararnas egna doku-
mentationer av aktiviteter, reflektioner och diskussioner ligger
till grund for en analys. Utgangspunkten, att utga fran lararnas
egna dokumentationer av tal och réknande, att dela med sig kol-
legialt, och att dela erfarenheter med varandra som kollegor, vi-
sade sig leda till utveckling av professionen. | den andra delstu-
dien var utgangspunkten ett antal videoinspelade situationer i
olika forskolor. Forskollararna hade i detta sammanhang en fri-
het att sjalv vélja och utforma aktiviteterna. De tva situationer
som valdes for analys utgick fran en beskrivning av en och
samma aktivitet. Pa det sattet framkom skillnader i innehallets
behandling, dar forskollararnas instéllning till hur aktiviteten
skulle genomforas praglade utformningen. Den andra delstudien
knyter hér an till den forsta delstudien, dar resultaten visar
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forskollarares delade erfarenheter blir till en utveckling av inne-
hallet i undervisningen. Den andra delstudien indikerar att am-
neskunskaper kan ge didaktiska mojligheter att planera och

iscensatta aktiviteter for ett larande.

Da min studie ar en del av en storre studie, projektet FASETT,
har jag forhallit mig till och agerat inom de ramar som gallt for
jamforelsegruppen i projektet FASETT. Det som tillkommit &r
videofilmning av aktiviteter i verksamheten, vilka legat till
grund for den andra delstudien. Tillsammans med andra fors-
kare, har beslut tagits om vilka delar av matematiken som varit

sarskilt intressanta att fokusera pa.

Fortsatt forskning

Det skulle vara mycket intressant att, i forskola eller férskole-
klass, fa genomfora en liknande studie likt den andra delstudien
I storre skala. Detta for att vidare férdjupa mig i den del som
handlar om hur forskollarare planerar och iscensatter matema-
tikaktiviteter med fokus pa tal och raknande. Detta for att pa ett
mer generellt satt gora ett uttalande om matematik- och aritme-

tikundervisning i forskolan.

For att forsta och hantera tal behovs det aven sprakliga kun-
skaper. Genom spraket kan vi kommunicera, tanka och lara. For-
utom forstaelse for aritmetikens tal och raknande behdver vi

aven forsta semantiken, exempelvis i en problemldsning.
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Sprakets betydelse for utveckling av taluppfattning och rakne-
fardigheter bor inte underskattas. Om man inte forstar semanti-
ken, innebdrden i ord som mellan, tillsammans, samt fler eller
farre, kan det bli det svart att 16sa en uppgift. Jag har under mina
ar som larare samlat pa mig otaliga exempel pa hur spraket blir
till ett hinder for att tillampa matematiken. Risken ar att okun-
skap om sprakets betydelse felaktigt kan leda till tankar om ma-
tematiksvarigheter och bli ett hinder i matematikutvecklingen.
Sprak i relation till kunskap om tal har betydelse for hur man
presterar i matematik (Miura & Okamoto, 1989). Det skulle vara
intressant att studera sprak (semantiken) och matematik i ett di-

daktiskt sammanhang i forskolan.
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ENGLISH SUMMARY

This is the English summary of the essay Aritmetik i forskolan —
en studie av taluppfattningens betydelse for matematikundervis-
ningen. [Arithmetic in preschool — the importance of number
sense in mathematics education.]

Introduction

In my role as a teacher, | have often met students who express
having problems with mathematics. They say that they are “not
good” at mathematics, that they are not interested in it, and that
they have no use for it. After further conversations about math-
ematics in everyday life, about confidence in one’s own capac-
ity, and about mathematical knowledge, | have found that the
experienced difficulties relate to school mathematics, not math-
ematical reasoning per se. Students’ concern is about perceiving,
handling, and using numbers; assessing the size of numbers; and
understanding reasonableness in computational data (Mclntosh,
2008). The part of mathematics that becomes an obstacle in eve-
ryday life concerns arithmetic and number sense (Dowker,
2005).

Arithmetic is the part of mathematic that deals with numbers and
their basic properties, arithmetic methods, arithmetic strategies,

and arithmetic rules. It is central to mathematics because
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arithmetic skills are necessary to be able to handle several dif-
ferent areas of mathematics, such as geometry, algebra, and sta-
tistics (Baroody, Lai & Mix, 2005; Dowker, 2005; Sarama &
Clements, 2008). Further, to operate with numbers, to use them
in a purposeful and meaningful way, one must understand and
manage quantities and the symbols that represent them. The con-
cept of understanding and using numbers is termed number
sense, and it is another important part of mathematics — not only
for arithmetic but also for areas such as algebra, statistics, and
problem solving. Number sense is about understanding and us-
ing numbers in different situations and contexts; it is the decisive
factor when it comes to developing useful arithmetic strategies,
making mathematical assessments, and being able to make deci-
sions. Researchers believe that the conception of numbers is a
fundamental part of mathematical development (Fuson, 1988a;
Mclintosh, Reys & Reys, 1992).

Number, including beginning arithmetic, is arguably the most im-
portant topic. To build a strong number sense, children must develop
and link competencies in several areas, especially counting, recogni-
tion of the numerosity of small groups, comparing and ordering, and
arithmetic. (Sarama & Clements, 2008, p.71)

Even very small children meet numbers and use their arithmetic
skills (Fuson, 1991). Children use arithmetic words for nursery
rhymes (one, two, three, four, five, once I caught a fish alive)
and for enumeration of objects (one, two, three cars). Children

also perceive numbers as quantities at an early age; they can
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distinguish small numbers without counting, for example three
dots on a dice (Wynn, 1995).

We become familiar with and apply mathematics (arithmetic in
particular) from an early age, but for some people, somewhere
along the way through education, it becomes both uninteresting
and unusable. This raises questions about what happens in pre-
school in practice regarding arithmetic and number sense. It also
raises questions about how teachers manage the area in pre-
school to achieve a learning progression. Perhaps children’s
knowledge of numbers as words and as symbols is mixed upp
with their arithmetic knowledge of the numbers, such as the or-
der and quantity the numbers represent. Accordingly, activities
that contain symbols for numbers do not automatically make the

meaning of numbers clear to children.

Aim and research questions

The overall purpose of the study is to describe how preschool
teachers develop and enact numbers and counting in activities
with children, and how this affects what becomes possible for
the children to learn. Namely, the study aims to contribute in-
depth knowledge of how different planning and enacting of ac-
tivities generates different learning opportunities for children to

develop arithmetic skills.
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Accordingly, the study addresses the following research ques-
tions:
- How do preschool teachers handle the content of activities re-

garding children’s development of numbers sense and counting

skills?

- How do preschool teachers express themselves regarding the

content of their teaching of number sense and counting skills?

- How can insights about preschool teachers’ perceptions of their
teaching of numbers and counting contribute to expanded under-
standing of children’s condition for the development of arithme-

tic skills?

The concepts used in this study are number sense, counting
skills, and arithmetic skills. As previously stated, number sense
means understanding and using numbers in different situations
and contexts. Counting skills refer to being able to recite count-
ing words (e.g. in a nursery rhyme) and use a counting word to
enumerate objects. Additional counting skills concern under-
standing the parts and whole of a number and being able to use
arithmetic methods and arithmetic strategies. These concepts —
number sense and counting skills — can thus together be de-
scribed as arithmetic skills.
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Theoretical framework

This study employs two theoretical frameworks. The first de-
scribes assumptions about learning based on phenomenography
and variation theory. The connection between teaching and
learning that is pronounced in the theory of variation is high-
lighted in the two sub-studies. The phenomenographic approach
contains theoretical assumptions about knowledge, about quali-
tative changes in perceptions of a phenomenon, and about the
learning person in relation to the world (Marton & Booth, 1997,
Lo, 201; Marton, 2015). The second theoretical framework is
based on Chi’s (2009) taxonomy of activities (Table 1), where
different activities are defined as active, constructive, or interac-
tive. With this taxonomy, we can study the relationship between

activity form and opportunities for learning.

The theory of variation
The development from phenomenography, as a more descriptive

research approach, to theoretical assumptions of the conditions
of learning through variation theory, leads to a more pedagogi-
cally oriented theory for predicting and analysing teaching and
learning in (learning) space (Marton & Tsui, 2004; Marton,
2015). Thus, phenomenography and theory of variation contrib-
ute to two different possible analyses of data, depending on the
purpose of the researcher (Holmqvist & Selin, 2019). Thereis a
variation in how people perceive and experience things. Each

person experiences different aspects and, therefore, learns
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differently. For learning to take place, the learner must discern
several aspects of the learning object at the same time. That is,
the learner must understand the parts and the whole of the learn-
ing object simultaneously. Learning takes place when the puzzle
pieces with their respective characteristics such as colour and
shape fit together and form a whole — a finished puzzle, a whole
picture (Marton & Booth, 1997; Bjorklund, 2012). This study
uses variation theory to discover the conditions necessary for
learning. With the tools of variation theory, we can study what
the learners are offered to learn rather than what they learn; thus,
we can plan for and implement a more varied teaching. Variation
theory was developed to emphasise the conditions required for
learning based on the different experiences of the learners (Mar-
ton & Booth, 1997; Marton, 2015). Key concepts in the theory
are discernment, variation, and simultaneity. For learning to take
place, the learner must be given the opportunity to discern as-
pects of the learning object, aspects that together create an un-
derstanding of the whole. Learning is about changing perspec-
tives, seeing a phenomenon in a new or changed way, discerning

more aspects of it than the learner had previously discerned.

Chi’s taxonomy about activities
Designing activities for mathematics learning for preschool chil-

dren is both important and challenging. In play, regardless of
whether it is planned or spontaneous, learning can be made pos-

sible. Regardless of the preschool teacher’s intention with the
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activity, if it is designed to offer opportunities for learning, it
will affect the children’s learning. Research indicates that chil-
dren’s active participation is the most important factor for effec-
tive teaching efforts and for developing children’s mathematical
abilities (Wickstrom, Pyle & DeLuca, 2019). Using Chi’s (2009)
taxonomy of activities (Table 1), we can study the relationship
between activity form and opportunities for learning. Being ac-
tive is characterised by children doing something physical, such
as pointing, talking, looking, and showing response to the mate-
rial or communication. The cognitive process in such activities
activate previous knowledge and facilitate managing and storing
new information. At the next level, in constructive activities,
children produce results that go beyond the “information” they
have received. Their activities at this level are explanations,
linking previous knowledge to new knowledge, thereby allow-
ing them to reflect and plan in new ways. The cognitive process
in constructive activities involve children building new
knowledge by merging earlier with new knowledge, correcting,

and organising their own knowledge.

The framework consists of a taxonomy that generates a hypothesis,
that interactive activities might be better than constructive activities,
which in turn might be better than active activities, which would be
better than passive activities. (Chi, 2009, p. 97)

Finally, the interactive activities are characterised by a dialogue

about the perspectives and comment of others on a particular
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topic. Children confront or defend their knowledge, revise their
arguments or actions based on feedback from others, or respond
to support. The cognitive processes consider the partners’ con-
tributions. This means that the children’s active participation, re-
gardless of the form of activity, can develop depending on how

involved they are in the processes.

Methodological frame

This study investigates a comparison group originating fran a
project called FASETT, funded by the Swedish Research Coun-
cil. This group’s activities would in principle continue as usual
(“business as usual”) with one exception: the collegial compe-
tence development that took place during the academic year,
which is described in the first sub-study (Bjorklund & Alkhede,
2017). The study includes four preschools with a total of 72 chil-
dren, 14 preschool teachers, and a preschool director. Data col-
lection took place during autumn 2015 to spring 2016. The study
data consist of (transcribed) audio recordings and notes from six
teacher meetings as well as the participating preschool teachers’
documentation, which comprises 40 items of text, picture, and

video.

Two researchers together conducted six meetings with eight pre-
school teachers during the aforementioned period. The meetings
involved conversations and reflections on the preschool teach-

ers’ authentic activities, the staged learning of numbers, and
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counting as a content for learning. The study’s approach is re-
flective and based on pedagogical documentation. Furthermore,
the author made video recordings of spontaneous and planned
activities about numbers and counting from each preschool on
three occasions at preschool A, C, and D, and on four occasions
at preschool B. From these recordings, video sequences that are
relevant for the second sub-study have been transcribed. To
make the interaction between children and preschool teachers
even clearer, preschool teachers were asked before the third op-
portunity for video recordings to plan and enact an activity with
mathematical content and with a focus on numbers and counting.
Collected data material are presented in Appendix 2. All names
in the study of persons from preschools (i.e. teachers, children,

etc.) are fictitious.

In the first sub-study (Bjorklund & Alkhede, 2017), the re-
searchers carried out a content analysis of the preschool teach-
ers’ 40 items of documentation (text, picture, and video) based
on the assumptions of variation theory. In other words, we in-
vestigated what aspects of numbers and counting as a learning
object were expressed in the teachers’ documentation. The pre-
school teachers focused on documenting numbers and counting,
a content for learning in their daily pedagogical activities. These
documentations have been the centre of discussion in five recur-

ring teacher meetings for eight months. (At the first teacher
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meeting, no documentation had yet been collected.) Audio re-
cordings and notes from these meetings have supported the in-
terpretation of the visual, audio, or graphic documentation. The
documentation itself is the most important data source in this
study, supplemented by the recorded discussion where the teach-
ers’ express certain intentions Or interpretations. Since the goal
was to study the preschool teachers’ distinction between num-
bers and counting over time, the documentation had to be ana-
lysed chronologically, in order to detect any progress in distin-
guishing aspects of numbers and counting as a content for learn-
ing. The analytical strategy in this study provides a description
of this specific group of preschool teachers and their learning

about numbers and counting as content for preschool learning.

The assumptions of variation theory (Marton, 2015) draw atten-
tion to the aspects of numbers and counting as content for learn-
ing that are expressed in the teachers’ documentation. Each doc-
umentation item has been described in terms of what was prom-
inent in the text, picture, or video recording with the support of
the teacher’s own expressed intentions and interpretations from
the teacher meetings. They constitute aspects that make visible
the teachers’ perception of the learning object. By interpreting
these aspects over time, we found out how some of them
emerged as central; moreover, new aspects that became visible

to the teachers during the meetings influenced whether they
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expanded their perceptions of numbers and counting as learning
content in preschool.

In the second sub-study (Alkhede & Holmgvist, 2020), we tran-
scribed and analysed video recordings of two different preschool
groups of children, aged 4-6 years, in a preschool teacher
planned and enacted activity. Both researchers viewed the video
recordings to compare them with the transcript for reliability as-
sessment. The material has also been analysed during seminars
with other researchers. In order to validate the authors’ interpre-
tation, a descriptive analysis was initially performed of the con-
tent presented during the implementation of the activities. The
descriptive analysis capture frequencies of the number words
used during the activity by both the children and the teachers; it
also showed the form in which the participants express the num-
ber words (i.e. nominal, ordinal, or cardinal form). The analysis
also focused om discovering the learning opportunities offered
to children; it investigated the aspect of numbers and counting,
number representation, and number relations offered to learn in
the activity. The content was analysed based on variation theory
(Marton, 2015), while the activities were analysed through Chi’s
(2009) framework for activities. Using Chi’s (2009) taxonomy
(where activities are defined as active, constructive, and interac-

tive; see Table 1) allowed the researchers to compare the
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properties of activities, point out what is visible, and show the

cognitive processes.

Results

The overall purpose of the study is to describe how preschool
teachers over time handle and express themselves regarding
numbers sense and counting skills in activities with children, and
how this affects what becomes possible for the children to learn.
The study aims to develop knowledge of how different planning
and enacting of activities generates different learning opportuni-

ties for the children to develop arithmetic skills.

To achieve the overall purpose, two studies have been conducted
— the first focusing on preschool teachers’ intention in carrying
out numbers and counting activities with the children, and the
second focusing on the preschool teachers’ enacted activities
with numbers and counting as content in preschool. The first
study showed that the preschool teachers’ collective learning
was developed during the project, but whether this development
led to differences in what they offered the children was not in
focus. The second study focused on the enacted activities in two
groups. It revealed that, in both situations, the teachers based the
activities on one and the same description of an activity with
numbers and counting as content. Nevertheless, there were dif-

ferences in the enacting, partly because the preschool teachers
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understood the description differently and partly because their
encounters differed with each group of children.

The first question addresses how preschool teachers handle the
content of activities for children’s development of number sense
and counting skills. The first study reveals how preschool teach-
ers express themselves when they discuss mathematics, numbers
sense, and counting skills in their documentation of activities.
Its results show that preschool teachers’ learning about subject
content is a complex process where their shared experiences en-
able them to distinguish new aspects of numbers and counting
and thus also change the way they handle the content of activi-

ties.

The second question focused om how preschool teachers express
themselves regarding the content of their teaching about num-
bers sense and counting skills. Here the first study also offers a
foundation for understanding the enacted activities addressed in
sub-study two. By analysing the preschool teachers’ understand-
ing and studying the changes in their collective content
knowledge throughout the project, the second study offers an in-
depth look into how the preschool teachers express themselves.
In the two mathematical situations studied, one preschool
teacher used limited concept vocabulary, where the other ex-
pressed more distinct concept that clarified similarities and dif-

ferences between different forms of numbers. One explanation
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for this may be that one of the preschool teachers has a better
content didactic basis, which this research has not focused on.
Therefore, future research, could investigate how preschool
teachers’ content knowledge affects both the form of activity
and the content they offer to the children in the learning situa-

tion.

The third research question addresses the results of the study
contribute to theoretical knowledge about children’s condition
for the development of arithmetic skills. The first study shows
that certain aspects of numbers are fundamental for other aspect
to emerge, such as the presence of numbers and counting in chil-
dren’s activities. Through a collective learning, a process that
develops over time, preschool teachers distinguish new aspects

of number sense and counting skills as an object for learning.

Discussion and Conclusion

This study describes how preschool teachers handle and express
themselves about number sense and counting skills in activities
with children, and how this affects what becomes possible for
the children to learn. It aims to develop knowledge of how dif-
ferent activities generate different possible learning opportuni-

ties of arithmetic skills for the children.

The first sub-study (Bjorklund & Alkhede, 2017) describes a

process of preschool teachers’ collective learning. By reflecting
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and discussing their own documentation, they develop their pro-
fessional knowledge of the learning of numbers and counting in
activities with children. Documentation that was made and dis-
cussed later in the research period shows more opportunities for
learning because it focuses on a critical aspect of education: the
children’s meaning-making regarding the learning of numbers
and counting. The preschool teachers in the study distinguish
several dimension and aspects of number sense and counting
skills during the course of the study, such as the presence of
numbers in the children’s activities, the meaning of using num-
bers and counting, the children’s identification of numbers and

counting, and differences in children’s knowledge and abilities.

The second sub-study (Alkhede & Holmgquvist, 2020) investigate
how preschool teachers, based on one and the samt description
of an activity, enact their teaching. Based on the activity “Where
is the treasure?”, which is about the order of the numbers and the
relationships between the numbers 1-10, two groups of pre-
school children aged 4-6 years receive different offers to distin-
guish numbers. Depending on how the preschool teachers enact
the activity, the study distinguishes which forms numbers are
offered and within which of Chi’s (2009) activity forms (active,
constructive, interactive) did the children’s opportunities for

learning during the activities fall.

110



The main results that emerged in the two sub-studies reveal the
importance of teachers’ competence for children’s learning op-
portunities in mathematics. The results from the first sub-study
(Bjorklund & Alkhede, 2017) regarding preschool teachers’ re-
lationship to subject content are consistent with the results pre-
viously obtained in studies by Mclintosh et al. (1997) and Bjor-
klund, Pramling Samuelsson, and Reis (2018). Further, the sec-
ond sub-study (Alkhede & Holmqvist, 2020) reveals the im-
portance of teacher’s didactic competence in designing and en-
acting an activity, which has also emerged in previous studies
(Marton & Booth, 1997; Marton, 2015; Chi, 2009). In addition,
the two sub-studies show the importance of the teacher’s role in
creating meaning, organising environment in a didactic spirit,
and presenting activities with a variety of content that both chal-

lenges and engages children.

111



REFERENSLISTA

Ahlberg, A. (1997). Children’s ways of handling and experienc-
ing numbers. Goteborg: Acta Universitatis Gothoburgensis.

Ahlberg, A. (2000). The sensuous and simultaneous experience
of numbers. IDP-rapport nr. 2000:03. Goteborg: Institutionen for
pedagogik och didaktik, Goteborgs universitet.

Alkhede, M., & Holmgqvist, M. (2020). Preschool children’s
learning opportunities using natural numbers in number row ac-
tivities. Early Childhood Education Journal.
https://doi.org/10.1007/s10643-020-01114-9

Ball, D. Thames, M., & Phelps, G. (2008). Content knowledge
for teaching. Journal of Teacher Education, 59(5), 389-407.

Baroody, A. J. (1987). Children's mathematical thinking. New
York, NY: Teachers College.

Baroody, A., Lai, M-L., & Mix, K. (2005). The development of
young children’s early number and operation sense and its im-
plications for early childhood education In B. Spodek & O. Sara-
cho (Eds.), Handbook of research on the education of young
children, (2nd ed.) (pp.187-222). Mahwah, NJ: Lawrence Erl-
baum.

Baroody, A., & Rosu, L. (2006). Adaptive expertise with basic
addition and subtraction Combinations — The number sense
view. Paper presented at the Meeting of the American Educa-
tional Research Association, San Francisco, CA, April 2004.

112



Bertram, C., & Christiansen, 1. (2012). Editorial. Teacher
knowledge and learning — Perspectives and reflections. Special
issue. Journal of Education, 56,1-16.

Bishop, A. J. (1988). Mathematics education in its cultural con-
text. Educational Studies in Mathematics 19, 179-191. Spring-
erLink.

Bjorklund, C. (2012). Bland klossar och bollar: matematik for
de yngsta. Lund: Studentlitteratur AB.

Bjorklund, C. (2013). Vad réaknas i forskolan? Matematik 3-5
ar. Lund: Studentlitteratur.

Bjorklund, C. (2014). Powerful teaching in preschool — a study
of goal oriented activities for conceptual learning. International
Journal of Early Years Education, 22(4), 380—394.

Bjorklund, C., & Barendregt, W. (2016). Teachers’ mathemati-
cal awareness in Swedish early childhood education. Scandina-
vian Journal of Educational Research, 60(3), 359-377.

Bjorklund, C., & Alkhede, M. (2017). Sharpening the focus on
numbers and counting: Preschool educators differentiating as-
pects of mathematical knowledge for teaching. Special issue.
Mathematics teacher education and development, 19(3), 117-
134.

Bjorklund, C., Pramling Samuelsson, 1., & Reis, M. (2018).
Om nodvandigheten av undervisning i forskolan — Exemplet
matematik. Barn, 36(3-4), 21-37.
https://doi.org/10.5324/barn.v36i3-4.2895

Bjorklund, C., & Palmér, H. (2018). Matematikundervisning i
forskolan. Att se varlden i ljuset av matematik. Stockholm: Natur
& Kultur.

113



Bjorklund, C., & Palmér, H. (2019). | motet mellan lekens frihet
och undervisningens malorientering i forskolan. Forskning om
undervisning och larande, 7(1), 64-85.

Bjorklund, C., Ekdahl, A-L., & Runesson Kempe, U. (2020).
Implementing a structural approach in preschool number activi-
ties. Principles of an intervention program reflected in learning,
Mathematical Thinking and Learning, 23(1), 72-94. DOI:
10.1080/10986065.2020.1756027.

Brownell, W. A. (1935). Psychological considerations in the
learning and the teaching of arithmetic. In The Teaching of
Arithmetic, tenth Yearbook of NCTM, edited by D.W. Reeve, 19-
51. New York: Teachers College.

Brownell, W., A. (1947). The Place of Meaning in the Teaching
of Arithmetic. In Elementary school Journal 47, 256-65. Chi-
cago: The University of Chicago Press.

Carpenter, T., & Moser, M. (1982). The development of addition
and subtraction problem-solving skills. In T. P. Carpenter, J. M.
Moser & T. A. Romberg (Eds), Addition and subtraction: A cog-
nitive perspective (pp. 9-24). Hillsdale NJ: Lawrence Erlbaum.

Chi, M. T. H. (2009). Active-Constructive-Interactive: A con-
ceptual framework for differen- tiating learning activities. Cog-
nitive Science 1, 73-105. Psychology in education, Arizona state
university.

Clements, D. H. (1999). Subitizing. What is it? Why teach
it? Teaching children mathematics, 5(7), 400-405.

Clements, D. H., & Sarama, J. (2014). Learning and teaching

early math: The learning trajectories approach. New York,
NY: Routledge.

114



Coles, A., & Sinclair, N. (2018). Re-thinking ‘normal’ develop-
ment in the early learning of numbers. Journal of Numerical
Cognition, 4(1), 136-158.

Cross, C. T., Woods, T. A., & Schweingruber, H. (Eds.). (2009).
Mathematics learning in early childhood: Paths toward excel-
lence and equity. Washington: The National Academic Press.

Davydov, V. V. (1982). Psychological characteristics of the
formation of mathematical operations in children. In T. P. Car-
penter, J. M. Moser, & T. A. Romberg (Eds.). Addition and
subtraction: cognitive perspective (pp. 225-238). Hillsdale,
NJ: Lawrence Erlbaum Associates.

Dehane, S. (2011). The number sense. How the mind creates
mathematics. New York, NY: Oxford University Press.

Doverborg, E., & Pramling Samuelsson, 1. (2012). Att forsta
barns tankar: Kommunikationens betydelse. Stockholm: Liber.

Doverborg, E., Pramling, N., & Pramling Samuelsson, 1. (2013).
Att undervisa barn i forskolan. Stockholm: Liber.

Dowker, A. (2005). Individual Differences in Arithmetic. Impli-
cations for psychology, neuro- science, and education. New
York: Psychology Press.

Freudenthal, H. (1971). Geometry between the devil and the
deep sea. Educational Studies in  Mathematics, 3, 413-435.

Fuson, K. C. (1988a). Children’s Counting and Concept of Num-
ber. New York, NY: Springer Verlag.

Fuson, K. C. (1988b). Some further clarifications of numerical

terminology using results from young children. Behavioral and
Brain Sciences, 11(4), (583-585).

115



Fuson, K. C. (1991). Children’s early counting: Saying the num-
ber-word sequence, counting objects, and understanding
cardinality. In K. Durkin & B. Shire (Eds.), Language and
mathematical education (pp. 27-39) Milton Keynes, GB:
Open University Press.

Fuson, K. C. (1992). Relationships between counting and
cardinality from age 2 to age 8. In J. Bideaud, C. Meljac, &
J-P. Fischer (Eds.), Pathways to number: Children’s
developing numerical abilities (pp.127-150). Hillsdale, NJ.:
Lawrence Erlbaum Associates.

Fuson, K. C., & Hall, J. W. (1983). The acquisition of early num-
ber word meanings: A conceptual analysis and review. In H. P.
Ginsburg (Ed.), The development of mathematical thinking (pp.
49-107). New York: Academic Press.

Gelman, R., & Gallistel, C. (1986). The child’s understanding of
number. Cambridge, Mass.: Harvard University Press.

Hannula, M. (2005). Spontaneous Focusing on Numerosity in
the Development of Early Mathematical Skills. (Diss.). Turku:
Annales Universitatis Turkuensis.

Hannula, M. M., & Lehtinen, E. (2005). Spontaneous focusing
on numerosity and mathematical skills of young children.
Learning and Instruction 15, 237-256. Elsevier.

Hammersley, M., & Atkinson, P. (2007). Ethnography: Princi-
ples in practice. New York, NY: Routledge.

Hardgreaves, A. (2000). Four ages of professionalism and pro-
fessional learning. Teachers and Teaching, 6(2), 151-182.

Heikkila, M., & Sahlstrém, F. (2003). Om anvandning av vide-

oinspelning i faltarbetet. Pedagogisk Forskning i Sverige, 8(1-
2), 24-41.

116



Hill, C.H., Blunk, M.L., Charalambos, C.Y., Lewis, J.M.,,
Phelps, G.C., Sleep, L., & Leowenberg Ball, D. (2008). Mathe-
matical knowledge for teaching and the mathematical quality of
instruction: An exploratory study. Cognition and Instruction,
26(4), 430-511. DOI:10.1080/073700802177235

Holmqvist, M. (Red.). (2004). En frammande véarld. Lund:
Studentlitteratur.

Holmqvist, M., Gustavsson, L., & Wernberg, A. (2008). Gener-
ative learning: learning beyond the learning situation, Educa-
tional action research, 15(2), 181-208. New York, NY:
Routledge. https://doi.org/10.1080/09650790701314684.

Holmqvist Olander, M. (2013). Learning study i forskolan.
Lund: Studentlitteratur.

Holmqvist, M., & Selin, P. (2019). What makes the difference?
An empirical comparison of critical aspects identified in phe-
nomenographic and variation theory analyses. Palgrave Com-
munications, 5(1), 1-8.

Howden, H. (1989). Teaching number sense. The Arithmetic
Teacher, 36(6), 6-11.

Kaufman, E. L., Lord, M. W., Reese, T. W., & Volkmann, J.
(1949). The discrimination of visual number. American Journal
of Psychology, 62, 498-525. doi:10.2307/1418556.

Kilpatrick, J., Swafford, J., & Findell, B. (Ed.). (2001). Adding it
up: Helping children learn mathematics. Washington, DC: The
National academy press. Hamtad 2020-05-04
http://nap.edu/9822

Klette, K. (2007). Trends in research on teaching and learning in
schools: Didactics meets classroom studies. European Educa-
tional Research Journal, 6(2), 147-160.

117



Kullberg, A., Martensson, P., & Runesson, U. (2016). What is
to be learned? Teachers’ collective inquiry into the object of
learning. Scandinavian journal of education research, 60(3),
309-322.

Kullberg, A., Runesson, U., & Marton, F. (2017). What is made
possible to learn when using the variation theory of learning i
teaching mathematics? ZDM - Mathematics education 49(3),
559-569. doi: 10.1007/s11858-017-0858-4. Springer.

Kullberg, A., & Bjorklund, C. (2019). Preschoolers’ different
ways of structuring part-part-whole relations with finger pat-
terns when solving an arithmetic task. ZDM, 52, 767—
778. https://doi.org/10.1007/s11858-019-01119-8.

Larsson, S. (1986/2011). Kvalitativ analys — exemplet fenome-
nografi. Hamtad 2020-05-04 https://www.diva-por-
tal.org/smash/get/diva2:253401/FULLTEXTO1.pdf

Lesh, R. (1981). Applied Mathematical Problem Solving.
Edu-cational Studies in Mathematics, 12(2), 235-264. Springer.

Lo, M. L. (2014). Variationsteori: for battre undervisning och
larande. Lund: Studentlitteratur AB.

Lowing, M. (2004). Matematikundervisningens konkreta
gestaltning. En studie av kommunikationen ldrare - elev och
matematiklektionens didaktiska ramar. (Doctoral thesis,
Gothenburg Studies in Educational Sciences, 108). Goteborg:
Acta Universitatis Gothoburgensis..

Ma, L. (1999). Knowing and teaching elementary mathematics.
Teachers’ understanding of fundamental mathematics in China

and the United States. New York, NY: Routledge.

Malmer, G. (1999). Bra matematik for alla. N6dvandig for ele-
ver med inlarningssvarigheter. Lund: Studentlitteratur.

118



Mathematics and Science Partnership (MSP). (2010).
Knowledge reviews: Deepening teachers’ content knowledge.
Knowledge management and dissemination. Himtad 20-05-04
http://www.mspkmd.net/blasts/tck.php

Marton, F. (2015). Necessary conditions of learning. New York,
NY: Routledge.

Marton, F., Hounsell, D., & Entwistle, N. (1986). Hur vi lar.
Stockholm: Rabén Prisma.

Marton, F., & Booth, S. (1997). Learning and awareness. Ma-
hawa, NJ: Lawrence Erlbaum.

Marton, F., & Booth, S. (2000). Om larande. Lund: Studentlit-
teratur.

Marton F., Dahlgren L-O., Svenson L., & Séljo R. (1977). In-
larning och omvarldsuppfattning. Stockholm: Prisma.

Marton, F., & Tsui, A. (Eds.). (2004). Classroom discourse and
the space of learning. Mahwah, NJ: Lawrence Erlbaum.

Mclntosh, A. (2008). Forsta och anvanda tal — en handbook.
Goteborg: Goteborgs universitet, NCM.

Mcintosh, A., Reys, B. J., & Reys, R. E. (1992). A proposed
framework for examining basic number sense. For the Learning
of Mathematics, 12(3), 2-8.

Mclntosh, A., Reys, B., Reys, R., Bana, J., & Farell, B. (1997).
Number sense in school mathematics: student performance in
four countries. Perth, Australia: Mathematics, Science & Tech-
nology Education Centre, Edith Cowan University.

119



Miura, 1. T. (1987). Mathematics achievement as a function of
language. Journal of Educational Psychology, 9(1), 79-82.
American psychological association, Inc.

Miura, I. T., & Okamoto, Y. (1989). Comparisons of U. S. and
Japanese first grader’s cognitive representation of number and
understanding of place value. Journal of educational psychol-
ogy, 81(1), 109-113. American psychological Association, Inc.

Mulligan, J. T., & Mitchelmore, M. C. (2009). Awareness of
pattern and structure in early mathematical development. Math-
ematics Education Research Journal, 21(2), 33-49.

Neuman, D. (1987). The origin of arithmetic skill: A phenome-
nographic approach. Goteborg: Acta Universalis Gothebur-
gensis.

Neuman, D. (2013). Att dndra arbetssatt och kultur inom den in-
ledande aritmetikundervisningen. Nordisk Matematikdidaktik,
18(2), 3-46.

Opperman, E., Anders, Y., & Hachfeld, A. (2016). The influence
of preschool teachers’ content knowledge and mathematical
ability beliefs on their sensitivity to mathematics in children’s
play. Teaching and Teacher Education, 58, 174-184.

Paliwal, V., & Baroody, A. J. (2020). Cardinality principle un-
derstanding: the role of focusing on the subitizing ability. ZDM
Mathematics  Education,  special  issue, 52, 659-
661.https://doi.org/10.1007/s11858-020-01150-0.

Pang, M.F., & Ki, W. W. (2016). Revisiting the idea of “Critical

Aspects”, Scandinavian Journal of Educational Research,
60(3), 323-336.

120



Resnick, L. B. (1983). A developmental Theory of number un-
derstanding. In H. P. Ginsburg (Ed.), The development of math-
ematical thinking (pp. 109-151). New York: Academic Press.

Resnick, L. B. (1989). Defining, Assessing and Teaching Num-
ber sense. In J. T. Sowden & B. P. Schappelle (Ed). Establishing
foundation for research on number sense and related topics: Re-
port of a conference. (pp. 35- 39). San Diego, California, Febru-
ary 16-17, 1989.

Reys, B. (1994). Promoting number sense in the Middle Grades.
Mathematics teaching in the middle school, 1(2). DOI:
10.5951/MTMS.1.2.0114

Runesson, U. (1999). Variationens pedagogik. Skilda satt att
behandla ett matematiskt innehall. (Doctoral thesis, Gothen-
burg Studies in Educational Science 129). Goteborg: Acta Uni-
versitatis Gothoburgensis.

SCB. Statistikmyndigheten. (2019). Hitta statistik. Hamtad
2020-05-04 https://www.sch.se/hitta-statistik/
artiklar/2019/23-000-barn-gar-inte-i-forskola/.

Sarama, J., & Clements, D. H. (2008). Mathematics in early
childhood. In O. N. Saracho & B. Spodek (Eds.), Contemporary
perspectives on mathematics in early childhood education
(pp.67- 94). Charlotte, NC, Information age publishing, inc.

Sarnecka, B. W., & Carey, S. (2008). How counting represents
number: What children must learn and when they learn it. Cog-
nition 108, 662-674. Elsevier.

Sarnecka, B. W., & Wright, C. E. (2013). The idea of an exact
number: Children’s understanding of cardinality and equinumer-
osity. Cognitive science, 37(8), 1493-1506.
DOI:10.1111/co0gs.12043

121



Sella, F., Lucangeli, D., Kadosh, R. C., & Zorzi, M. (2019).
Making sense of number words and arabic digits: Does order
count more? Child development, 91(5), 1456-1470.
https://doi.org/10.1111/cdev.13335

SFS 2010:800. Skollag. Stockholm: Utbildningsdepartementet.
Hamtad 2020-05-04. http://rkrattsdb.gov.se/SFS-
doc/10/100800.PDF

Sheridan, S., & Williams, P. (Red.) (2018). Undervisnings i
for-skolan. En kunskapsoversikt. Stockholm: Skolverket.

Skolverket. (1998). Laroplanen for forskolan. Lpf698. Stock-
holm: Fritzes.

Skolverket. (2011). Laroplan for férskolan Lpf698. Reviderad
2010. Stockholm: Fritzes.

Skolverket. (2018). Laroplan for forskolan Lpfé18. Stockholm:
Fritzes.

Socialstyrelsen. (1981). Arbetsplan for forskolan. Forskolans
pedagogiska verksamhet — mal och inriktning. Stockholm: Li-
ber Forlag. Hamtad 2020-05-04 https://gupea.ub.gu.se/bit-
stream/2077/30766/1/gupea 2077 30766 1.pdf

SOU 1972:26. Barnstugeutredningen. Stockholm: Fritzes Ham-
tad 2020-05-04. http://www.regeringen.se/rattsdokument/sta-
tens-offentliga- utredningar

SOU 1987:3. Pedagogiskt program for forskolan. Stockholm:
Socialstyrelsen. Hdmtad 2020-05-04.
http://hdl.handle.net/2077/30947

SOU 1992:94. Skola for bildning. Stockholm: Utbildningsde-
partementet.

122



SOU 1997:157. Att er6vra omvarlden. Hamtat 20-05-04
https://www.regeringen.se/49b722/contentas-
sets/c6efb6f855df4585b7f6504e937c8c7f/sou-  1997157a

Svensson, P. (2015). Teorins roll i kvalitativ forskning. | G.
Ahrne & P. Svensson (red.). Handbok i kvalitativa metoder
(s. 208-219). Stockholm: Liber.

Tracy, S. J. (2010). Qualitative Quality: Eight “Big —Tent” cri-
teria for excellent qualitative research. Qualitative inquiry,
16(10), 837-851.

Utbildningsdepartementet (2010). Forskola i utveckling — bak-
grund till andringar i férskolans laroplan. Stockholm: Utbild-
ningsdepartementet.

Venkat, H., & Askew, M. (2012). Mediating early number learn-
ing: Specialising across teacher talk and tools? In: Teacher
knowledge and learning — Perspectives and reflections. Special
issue. Journal of Education, 56, 67—90.

Vetenskapsradet. (2017). God forskningssed. Hamtad 2020-05-
04. https://www.vr.se/analys/rapporter/vara-rapporter/2017-08-
29-god-forskningssed.html

Wickstrom, H., Pyle, A., & Deluca, C. (2019). Does theory
translate into practice? An observational study of current math-
ematics pedagogies in play-based kindergarten. Early Child-
hood Educational Journal, 47(3), 287-295.

Wiese, H. (2003). Iconic and non-iconic stages in number devel-
opment: the role of language. TRENDS in Cognitive sciences,
7(9). Elsevier.

Wirtz, R. W. (1974). Mathematics for Everyone. Washington,
D.C.: Curriculum Development Associates.

123



Wynn, K. Children’s Understanding of Counting (1990). Cog-
nition, 36(2), 155-193.

Wynn, K. (1991). Children’s early counting: Saying the number-
word sequence, counting objects, and understanding cardinal-
ity. In K. Durkin & B. Shire (Eds.), Language and mathematical
education (pp. 27-39). Milton Keynes, GB: Open University
Press.

Wynn, K. (1992). Children’s acquisition of the number words
and the counting system. Cognitive psychology 24, 220-251. Ac-
ademic press.

Wynn, K. (1995). Infants possess a system of numerical

knowledge. Current directions in psychological science, 4(6),
172-177. Cambridge university press.

124



BILAGOR

Bilaga 1 Oversikt datamaterial

Bilaga 2 Plan for FASETTs jamforelsegrupp

125



126



Oversikt datamaterial

Forskola Forskolepersonal Antal barn Videofilm
och deltagande i 3-5ars Datum sekvenser minuter
avdelning 1 larartraffar (n=8) avdelningen
2 videoinsp. Plan. 2015-2016 Sekvenser diskuterade
(n=4) och analyserade under
3 videoinsp. Ovr. (n=5) larartréffarna och till
4 forskolechef (n=1) artikel 2*
som deltog vid tvéa
ldrartréffar
A-forskolan | Annat 22 barn 2016-01-11 8 sekv 14min
Anemonen ﬁ?t”sds' Fodelsedag 2:53
A;;nné:eta3 Dukning 1:07
Alvat 2016-02-01 3 sekv 51 min
Kalender, rakna barn
och frukt 8:30
2016-04-04 3 sekv 30 min
Brunnen och Vargen 15.00
S:a inspelningstid 95 min
B-forskolan | Beal? 20 barn 2015-12-09 5 sekv 22 min
Bléklockan | Bodil? 2015-12-10 4 sekv 27 min
Barbro? Rékna barn och
fodelsedag 3:30
2016-02-02 3 sekv 22 min
Masken i asken 5.00
2016-04-05 2 sekv 45 min
Muggarna* 14.31
S:a inspelningstid 116 min
C-forskolan | Cissit 18 barn 2015-12-10 11 sekv 18 min
Cikorian Carinal? 2016-04-06 1 sekv 14 min
Carita? 2016-05-12 6 sekv 26 min
Ladorna* 12.21
S:a inspelningstid 58 min
D-férskolan | Doris*® 14 barn 2015-11-05 7 sekv 22 min
Dagg- Diana'® 5-aringar Mala siffror 3.07
droppen Dina® :
Disal Hoppa Hage 2.30
2016-02-03 3 sekv 15 min
2016-04-08 1 sekv 30 min
Locken 11.54
S:a inspelningstid 66 min
4 forskole- 14 forskolldrare 74 barn S:a inspelningstid 335 min
avdelningar | 1 forskolechef 5 tim 35 min. (3h och 12
min)
Ovrigt Larartraffar 1-6 Dokument
Ljudinspelningar 40 st., se
11 tim 30 min artikel 1.
(transkriberat)
Anteckningar

Bilaga 1



Bilaga 2

Plan for FASETTs jamforelsegrupp

Syfte: Att beskriva hur man arbetar med och uppmérksammar tal och rékning i forskolan, dar
pedagogisk dokumentation ar utgangspunkt for verksamhetens planering och genomférande.

Hur ndr vi syftet: Samtala och reflektera om lararnas autentiska aktiviteter, det iscensatta larandet.
Ansatsen &r reflekterande, med utgangspunkt i pedagogisk dokumentation.

Empiri: Lararnas pedagogiska dokumentation avgrénsat till barns larande i matematik (talforstaelse
och raknefardigheter). P& vilka satt stodjer verksamheten barns matematikutveckling? Observationer
av verksamheten, observationsanteckningar, ljudinspelning och filminspelning.

Vad gor vi i jamforelsegruppen?
Vi vill att lararna far syn p& matematiken i forskolan och hur de arbetar med talbegrepp och
taluppfattning tillsammans med barnen och hur barn rédknar. Vad, hur och varfor ar barande begrepp i

diskussionerna. Lararnas dokumentationer styr, ser p& vad man gjort och hur man kan ga vidare.

TIDPUNKT TEMATIK UPPDRAG
v. 39 Matematik i férskolan och forskoledldern | Dokumentera matematikarbetet (tal
24 sept - Vad vet vi om barns | och rédkning).
taluppfattning och
raknefardigheter?
- Hur gestaltar sig taluppfattning
och  réknefardigheter  bland
forskolebarn?
v. 43 Barnens matematik Dokumentera utifran foljande fragor
20 okt - Reflektion och respons p& | till nista traff:
dokumenterat matematikarbete - Nér réknar man i forskolan?
- Vad, hur och varfor? - Hur réknar barnen?
- Hur ser interaktionen ut nér
man rdknar med barnen?
v. 48 Interaktion med réknande i fokus
25 nov - Reflektion och respons pé
dokumentationerna av réknandet
2016 Forskning och teorier som utgéngspunkt | Dokumentera vad som hander i olika
v.4 for pedagogisk verksamhet matematiska aktiviteter
26 jan - Kommentarmaterial till - Konstruera - Lokalisera
laroplanen, Forskola i utveckling - Mata - Rékna
(Skolverket, 2010) - Leka - Forklara
- matematiska aktiviteter
v.9 Progression i raknefardigheternas | Dokumentera till nésta traff:
1 mars utveckling och taluppfattning - Hur raknar barnen?
- Reflektion och respons pé - Né&r réknar man i
dokumentationerna av forskolan?
matematiska aktiviteter - Hur ser interaktionen ut
- Vad, hur och varfor? nar man réaknar med
barnen i olika
aktiviteter?
v.17 Pedagogiskt arbete med tal och rdkna i
27 april forskolan
- Reflektion och respons pa
dokumentation
- Tillbakablick till  hdstens
dokumentation










Mathematics Teacher Education and Development 2017, Vol. 19.3,117-134

Sharpening the Focus on Numbers and Counting: Preschool
Educators Differentiating Aspects of Mathematical
Knowledge for Teaching

Camilla Bjorklund Maria Alkhede
University of Gothenburg University of Gothenburg
Malmé University

Received: 31 March 2017/ Accepted: 16 October 2017
© Mathematics Education Research Group of Australasia, Inc.

This article reports a study of educators differentiating aspects of mathematical knowledge for
teaching in preschool as part of a further-education programme. Eight Swedish preschool educators
participated in focus group discussions about documentations from their own practice during a
school year, to enhance their awareness of their mathematics education practice. The object of
learning for the participants is more specifically how numbers and counting are made content for
learning in preschool practice. The educators’” authentic documentations are reflected upon in focus
group meetings and further analysed by the researchers to find out what aspects the educators
differentiate during the programme. Results show that educators’ learning about content for
children’s learning in preschool is a complex process. This process involves several aspects necessary
to discern for a professional development to occur, but the collaborative approach seems prosperous
in that new aspects are brought to the fore, influencing their reflective practice.

Keywords: mathematical knowledge for teaching - numbers and counting - preschool educators

- professional development - variation theory

Background

The Swedish national curriculum for preschool and the political agenda highlights mathematics
as a necessary content for learning in the early years. There is a growing body of research on
mathematics education in the early years confirming that mathematics education in preschool is
decisive for further learning and development of mathematics skills (Duncan et al., 2007;
Ostergren & Triff, 2013). The early childhood educator is in this respect a key person to provide
experiences to young children that will lay the foundation for children’s further development.
In order to enhance the current knowledge about preschool mathematics and in particular
how numbers and counting are made objects for learning in early childhood mathematics
education, a research project was launched! in Sweden, conducted in close collaboration between
researchers and preschool educators. The current study is one part of this larger project, focusing
specifically on educators’ perceptions of numbers and counting as a content for learning in

1 FASETT, financed by the Swedish National Research Council 2015-2018, grant nr. 721-2014-1791
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preschool. Here we present an analysis of the progression in the educators’ perceptions as it is
expressed in their documentations in texts, pictures and videos. Our study will contribute to the
understanding of educators’ mathematical knowledge for teaching (MKT) in that it offers a
description of how numbers and counting are conceptualised as learning content among the
participating preschool educators. This will provide deeper knowledge about professional
development and what it means to teach mathematics in early childhood education.

Context of the Study

Sweden has the same curriculum for all children enrolled in preschool from the age of 1 to 5 years.
The national curriculum was revised in 2010, bringing in a stronger focus on mathematical
content and competences, but very little is said in the guidelines about how to teach preschool
mathematics. It is up to the educators to make informed choices of methods for teaching and
objects for learning, in an effort to offer meaningful experiences of mathematical content such as
shape and space, number, order, measurement and change (National Agency for Education,
2011).

Swedish preschool is included in the education system but not all educators have a teacher
degree. There are many child minders employed in preschool and together with preschool
teachers, they have a common responsibility to provide the children with a stimulating
environment (National Agency for Education, 2011). Swedish preschool educators (teachers and
child minders) are generalists with a broad competence and holistic responsibility to ensure that
each child is provided with opportunities to develop socially, emotionally and cognitively
(Pramling & Pramling Samuelsson, 2011). Specific content knowledge for teaching is in this
respect very limited in the professional education programmes and depends on individual
interests and studies. A recent evaluation of preschool in Sweden done by the Swedish Schools
Inspectorate (2016) reveals a general lack of knowledge and implementation of teaching and
instruction in preschool practice. The critique concerns missed opportunities to extend children’s
experiences in goal-oriented activities. One reason, based on an overview of preschool teachers’
pedagogical awareness (Bjorklund & Barendregt, 2016) might be that a lack in content knowledge
influences the approach to teaching specific contents (see also Ma, 1999). Mathematics is specified
by the national curriculum as a knowledge area for preschool children, but a general or
ambivalent approach to the subject may impact on how mathematics teaching is orchestrated.

A lot of effort have been made in recent years to improve the quality of early childhood
education, not least due to the changes in the Education Act (The Ministry of Education, 2010)
that states teaching is supposed to occur in all school forms, including preschool. The Education
Act even provides guidance for how quality is to be ensured, through documentations. This is
expressed in the curriculum in the following way: “The quality of the preschool shall be regularly
and systematically documented, followed up, evaluated and developed. Evaluating the quality
of the preschool and creating good conditions for learning requires that the child’s learning and
development be monitored, documented and analysed.” (National Agency for Education, 2011,
14). The curriculum further points out the importance of using different forms of documentations
and evaluation instruments to provide knowledge of the conditions of the learning practice and
to make it possible to monitor children’s learning and development in mathematics, among other
knowledge areas. This documentation is supposed to be completed regularly and systematically
to allow analyses of how the preschool is fulfilling the goals as intended in the curriculum.

The intention of the use of documentations is clear enough, but there are discrepancies in the
ways policy documents and guidelines expect the documentation task to be conducted.
Documentation as a concept is described in two ways in some texts (complementary to the
curriculum) provided by the National Agency for Education: ‘documentation” and “pedagogical
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documentation’. In the policy documents, the term documentation is used to point out that
children’s development and learning shall be followed up and analysed. The curriculum also says
to use different kinds of documentations and evaluations. The complementary material that is to
facilitate the implementation of the curriculum does however use the term ‘pedagogical
documentation’, in other words not only as a tool for evaluating progress but as a basis for further
pedagogical planning. How the educators understand and manage documentation in preschool
practice can thus lead to different educational consequences.

Accordingly, all preschools are to document their practice and in the current project these
documentations are a central point of departure for the educators’ reflections, discussions and
developing understanding of their pedagogical practice. In this study we consider these
documentations to be expressions of the educators” perceptions of the contents for learning. The
specific research question we are addressing is: How are numbers and counting perceived as
learning content by preschool educators during a prolonged period of reflective actions?

Professional Development in Early Childhood Mathematics Education

Educators’ professional knowledge is generally considered composed of propositional, practical
and personal knowledge that includes both content knowledge and pedagogical knowledge
(Bertram & Christiansen, 2012). The profession constitutes ‘teaching’ as the primary activity,
which may be defined as an act to enable someone to discern and develop awareness of
phenomena that he or she has not been able to ‘see’ before (Pramling Samuelsson & Pramling,
2013). This implies that educators need to know more than just the facts of a content area. They
need to know the underlying principles and the conceptual structure of the content and what
facilitates children’s learning or discerning of these principles and structures. Furthermore,
teaching requires constant professional judgement and decision-making that is informed by both
theoretical and methodological knowledge within the field. Difficulties in implementing
mathematics teaching are according to Venkat and Askew (2012) primarily linked to limited
pedagogical content knowledge regarding mathematical structures and how to present them to
the learners.

Due to the heavy influence of policy and politics, the public and the education community,
teaching is a profession in constant change (Hargreaves, 2000). Most countries have experienced
similar changes in the teaching profession: earlier, there was emphasis on managing a group of
learners so that they are likely to acquire knowledge, whereas the teaching practice of today to a
large extent is assumed to address the individual needs of the students and to interact with them.
The former approach consequently demands different skills than the latter. The former quite
practical trade of teaching, meant that once the teacher had been trained and graduated, the
teacher was left alone in her classroom to manage a large group of learners where disciplinary
skills to organise the classroom situation were perhaps more important than subject knowledge
(which were rarely questioned or reflected upon). “One learned to be a teacher through practical
apprenticeship, and one improved as a teacher by individual trial-and-error” (Hargreaves, 2000,
156). This image of teaching had to be challenged, as it simplifies the teaching profession of today,
which is heavily influenced by new technology, rapidly changing policy and increasing cultural
diversity. Teacher individualism in such a time does not improve teaching practice. According to
Hargreaves, key features for improvement are instead further education’s closeness to the
teaching practice and the teachers’ sense of meaning for their practice. No teacher can manage to
learn all new methods and technologies, as well as subjects, on their own to cope with uncertainty
and new reforms. This calls for a collective approach in professional development, which in many
ways is a necessity in contemporary education. The Swedish government has adopted this
collective view and argues in the policy documents for education the need for collective
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development processes among educators. This is apparent not least in recent drives for
professional development through online courses and teaching guides. These drives aim at
developing communities of practice, where members learn through a process of mutual
engagement and enterprise and developing discourses (Kennedy, 2005). Learning in these
communities is based on the interaction that takes place between the members. The added value
(compared to individuals attending courses and mentoring programmes) is the combination of
different individuals’ knowledge and experiences that will contribute to a creation of new
knowledge.

Professional development in contemporary education systems is a reoccurring issue, but the
content of the development process is known to be crucial for its success. Timperley (2008, 13)
holds it necessary that focus is directed not only on structure and on teaching methods, but rather
on the question “What do we as teachers need to learn to promote the learning of our students?”
Such development processes can only take place close to the teaching-learning practice. Studies
of effectiveness of professional development show that programmes aiming at educators’
enhanced skills to focus the responsiveness and learning outcomes of the students are most likely
to succeed, rather than focusing on methods and knowledge of teaching in general.

As earlier mentioned, preschool educators in Sweden are educational generalists without
specialisation in any particular academic subject. Still, they are obliged to teach mathematics and
utilise the knowledge and experiences they have of mathematics education and young children’s
learning. It thereby becomes of interest to direct attention towards this presumably problematic
feature of preschool teaching: if effective teaching (meaning that children will discover new ways
of understanding and making use of mathematics) is to be facilitated, then educators” knowledge
of the content should be highlighted as equally important as their general pedagogical skills. Ma’s
(1999) findings from classroom studies show that mathematical knowledge alone does not
correlate with efficient teaching and students’ learning outcomes, but profound mathematical
knowledge (conceptual understanding of the structure and connections of mathematical content)
opens up more opportunities to engage students and see opportunities to develop concepts that
emerge in a situation. An intervention study of early childhood educators highlighted similar
issues, whereas teaching material and methods were rarely used in conceptually developing
ways if the educator did not recognise the underlying structure, for example an abacus and its
base-ten structure, that may facilitate and reify arithmetic computation and understanding
(Venkat & Askew, 2012). The present study can shed some light on the conditions for such
development among preschool educators, through our inquiry of the educators’ differentiating
numbers and counting as content for learning in preschool.

If professional development is to occur, the content for learning has to be an essential part of
the educators’ practice and a source for challenges that the educators are interested in developing
their knowledge about. Numbers and counting are in this sense relevant content to discuss with
preschool educators as potential contents for learning. These notions are familiar to preschool
practice, even though “counting” does not occur as a goal to strive towards in the national
curriculum. Even so, studies show that counting is indeed a common activity or act with young
children (Bjérklund & Barendregt, 2016). Numbers are mentioned in the curriculum in terms of
“develop their understanding of ... the basic properties of sets, quantity, order and number
concepts” (National Agency for Education, 2011). The relationship between numbers (or rather
numerical magnitude) and arithmetic (counting) skills is furthermore unchallenged in the field
of research on children’s mathematics development, but these skills constitute the basis for
further learning in different mathematical areas (Siegler & Braithwaite, 2017). Empirical studies
give evidence for the necessity of a profound understanding of numbers to develop efficient
strategies in arithmetic problem solving, which are founded in the early years before formal
education begins (Neuman, 1987; 2013; Ostergren & Triff, 2013). Consequently there are enough
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reasons for choosing numbers and counting as relevant content in which to enhance educators’
awareness. Even so, as research clearly shows, it is not enough for educators to have substantial
knowledge of numbers and counting per se.

Mathematical knowledge for teaching (MKT) young children involves knowledge about how
mathematical procedures work, what challenges children are likely to encounter and how to best
define mathematical terms and notions to the children (Hill et al., 2008). Learning, and teaching,
about numbers and counting is in this respect a complex matter, since number sense and
arithmetic procedures rely on several basic ideas and principles. Number sense means knowledge
and facility with numbers, knowledge and facility with operations, and applying this knowledge
and facility with number and operations to a range of computational settings (McIntosh, Reys, &
Reys, 1992). A large body of research shows that children have abilities to determine the quantity
of small sets of numbers before they learn to count, in a process called ‘subitising’. They also seem
to have arithmetical expectations of their surrounding world and magnitude estimation abilities
at a very early age (McCrink & Wynn, 2004; Wynn, 1998). But to develop this fundamental sense
of number and magnitude into representations of numbers, such as number words and numerals,
children need instruction and participation in a socio-cultural environment where it is necessary
to communicate about quantities. To use numbers in numerical operations or arithmetic problem
solving requires knowledge about numbers’ cardinality and ordinality, meaning that a number
word may determine the quantity of a set and number words are related to each other in orderly
fashion (see Gelman & Gallistel, 1978). However, to operate with numbers in arithmetic problem
solving, one also needs knowledge about the part-whole structure of numbers and the problem
to be solved (what is the whole and what is a part to be added or subtracted) and knowing which
strategies to use for which kind of operation (Baroody, Torbeyns, & Verschaffel, 2009). This
complexity in learning to know and use numbers and counting strategies is an important aspect
of preschool educators’ mathematical knowledge for teaching, but as Klette (2007) concludes, this
kind of conceptual insight to the content for learning is often taken for granted and is not
problematised in the educational settings.

Theoretical Framework

Our interest in this study is the educators’ perceptions of numbers and counting as content for
learning in preschool and more specifically how their perceptions change over a time of reflective
activities. In other words, we identify how the educators learn to differentiate numbers and
counting as a content for learning in the practice they themselves plan, enact and evaluate. We
will use the theoretical framework of Variation theory of learning (Marton, 2015) to analyse the
educators’ perceptions and towards what aspects of numbers and counting as a content for
learning they direct their attention.

Learning is in accordance with Variation theory (Marton, 2015; Marton & Booth, 1997)
considered to be the process of differentiating more and more aspects of a specific phenomenon.
When encountering a phenomenon, certain aspects are discerned, due to the person’s earlier
experiences of similar kinds or due to what is made possible to discern in the current situation.
In other words, when a person sees a familiar phenomenon, he or she understands it based on
earlier experiences, but if the phenomenon is presented in a way that a new aspect, not earlier
recognised by the person, is made possible to discern, learning occurs since the person then
changes his or her way of seeing the phenomenon.

In collective processes, such as focus groups where educators get together and share their
experiences of similar situations or content for learning, the possibility is that different ways of
understanding emerge in the discussion. These differences depend on the participants discerning
different aspects of the same phenomenon. In variation theory terms, such occurrences open up
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dimensions of variations, where the participants in interaction explore how aspects vary within
the phenomenon and between phenomena. One example of this taken from the current project is
one educator describing that many of her 5-year-olds enjoy counting on the counting sequence,
up to 10 and further. Another educator reacts to this by saying “but even if they count up high, it
doesn’t mean they understand the numbers they say”. These educators share their understanding
of children’s mathematical knowledge and skills often through examples from their practice. In
the collective sharing process, different interpretations bring aspects that may not have been
considered before, as the first educator proudly encouraged her children to count on the
sequence, but had not considered the possibility that the counting did not necessarily mean that
the children could make use of their impressive skills to count high. In our study, these
occurrences of differentiating new aspects of the learning object (numbers and counting as
content for learning in preschool in this case) are of central interest as they are expressed in
authentic documentations from their preschool practice. In accordance with the theoretical frame,
once a new aspect has been discerned it is more likely it will be recognised in forthcoming similar
situations. Placing their own perception in contrast to a different perception is necessary for such
insights to appear, which are facilitated in collective discussions between practitioners working
in similar practices.

Educators’ perceptions, or rather their knowledge of the content in their pedagogical work,
has been conceptualised by Ball, Thames and Phelps (2008; see also Shulman, 1986) in terms of
mathematical knowledge for teaching (MKT), which includes both the educator’s subject
knowledge and pedagogical content knowledge. MKT refers to the relation between educator’s
knowledge of the content itself (what does it mean to know numbers and how to count) and the
children they aim to teach, including teaching methods (what have the children experienced as
difficult before and how can the learning content be made understandable to them). Thus, it is
not enough to have subject knowledge or knowledge of children’s learning respectively, there is
a relation between the learner and the content to be learnt that has to be considered and respected
in a teaching situation. MKT is of interest in our study, since mathematical knowledge for
teaching is made the object of learning for the participating educators. We are thereby not
directing any interest to their content knowledge or skills per se, but how they perceive numbers
and counting as a content to be learnt by the preschool children with whom they work. There are
several studies of teachers’ mathematical content knowledge in elementary school and some from
Kindergarten and early mathematics education (Mathematics and Science Partnership (MSP),
2010) but rarely regarding preschool educators and the specific educational context that
preschool, and in particular Swedish play-based and child-centred preschool, entails (see
Oppermann, Anders & Hachfeld, 2016, for one rare example).

Methods of Inquiry

A group of educators (n=8) from four different preschools in a municipality in the southwest of
Sweden (named A, B, C and D) participated in focus group discussions during one preschool year
(September-April). The focus groups were designed to be part of an in-service training
programme aiming at facilitating collective professional development within the area of
mathematics education in preschool. The participants have different educational backgrounds,
both child minder and preschool teacher qualifications, and the number of years in preschool
profession varies between less than 5 years and more than 20 years. One or two educators from
each preschool attended the meetings. The focus group approach intended to encourage the
participants to share their experiences and knowledge about numbers and counting as a content
for learning in their daily preschool practice. The programme took a collective learning approach,
meaning that the educators themselves were the driving force for their professional development,
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supported by their documentations from their own work with numbers and counting. The
educators’ documentations of their pedagogical practice consisted of photo collages, video-films
and written observations and were collected on a common web domain for the participants to
enable sharing within the group and with the researchers. These were the basis for focus group
discussions and the educators” forthcoming documentations. The researchers’ role in the focus
group process was not to guide the participants’ learning, but to maintain focus on the learning
object - numbers and counting as content for learning in preschool. Six focus group meetings
were conducted during the programme, each meeting lasting for 2.5 hours.

The analysis in this particular study concerns the content for learning expressed in the
documentations, and how the perceptions of this content evolves over a period of time. We will
thereby describe and make inferences of how the educators perceive numbers and counting as
learning content, and furthermore what children are offered to learn in preschool mathematics
education, based on a content analysis of the documentations. Variation theory of learning
provides the guiding principles for our analysis allowing us to describe such aspects that
constitute the direction of the educators’ perceptions.

Data Material and Analysis

The curriculum for Swedish preschool states that pedagogical practice has to be documented for
pedagogical purposes and assessment. How this is accomplished is an open question, but many
preschools use photographs and video documentations that are used for reflection with both the
children and the educators. These documentations are also meant to be used as tools for assessing
them achieving their goals. In other words, if the preschool practice has offered the children
sufficient opportunities to learn the goals mentioned in the curriculum. The documentations used
for this study are in this respect authentic resources with a specific aim to document work with
numbers and counting.

The data we have analysed are 40 documentations made by the eight participating educators,
consisting of texts, pictures and videos. Not all preschools provided documentations for every
meeting. The primary focus for the educators has been to contribute with documentations
directed at numbers and counting, as it appears as content for learning in their daily pedagogical
practice. These documentations have been the centre for discussions in six reoccurring focus
group meetings during eight months. Audio-recordings and field notes from these have
supported our interpretations of the visual, audio or graphical documentations. The
documentations themselves are the main data source in this particular study, complemented by
the recorded discussions where the educators express certain intentions or interpretations. The
focus group design followed a pre-defined schema in that the initial meetings (and related
documentations) were to concentrate on when and how children count and encounter numbers
in the preschool practice. In the following session participants were also encouraged to direct
attention towards interaction occurring in mathematical situations. In the second semester
(meetings 4-6) these themes were repeated and national guidelines and support material for
curriculum implementation were added. Altogether, these topics were used to retain focus on
numbers and counting as content for learning in preschool.

Table 1 shows the documentations provided by the four preschools (A-D), which are used as
data sources for analysis in the current study.
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Table 1
Documentations Used as Data for Analysis

Date for A B C D

meeting

September Introductory meeting

October Making a row of Necklace of pearls Cubes with Constructing
stones in different numerals 1-10ina patterns and 3-D
Comparing big shapes tower structures with
cup -smallcup ~ Game of mush- Marbles in a hand “Fisch.er Tip”
Building with rooms with dots ~ making dice material
wooden bricks  and numerals patterns Decorating a
Turn-taking in p{cture frame

Ame with ten

& diamonds
Setting the table

November  Playing with Counting pearls Constructing Playing and
balls, standing to make a picture  tracks for marbles  sorting plates
in a circle of pear‘ls Making picture Yvith numbers as a
Cushions in following a model  patterns of pearls ~ Jig-saw puzzle
geometrical Circle time, Making seven fish ~Discussing
shapes to build ~ counting children ¢ pearls for an numerals on the
and play with aquarium clock on the wall
Measuring
pieces (in
centimetres) put
together in a
long row

January Measuring snow The cup game, Creating letters

depth with ruler

numerals 1-10

and numerals of
building sticks
Building a tower,
children
comparing with
their length
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March Hiding the end of Video of toddlers
a pearl string in a sorting shapes,
box - figuring out sizes and
the number of the counting
hidden pearls
Pairing numerals
with number of
objects and
pictures

April Task cards Making shapes Counting number

”finding n” in with own bodies,  of letters on a
the woods comparing board

Numeral shapes
found in the

number of sides
with picture
model

Discovering the
shapes of boots

woods Dividing bread
Video of children evenly in baskets
making shapes . .
with their bodies izﬁ:if;;izwnh
Arithmetic-app letters
on computer .
tablet together Setting the table

. for the trolls,

with corks and imaginary pla
finger counting gtnary piay
Playing
Monopoly board
game
Weighing,

counting and
sorting different
pearls

Since our aim was to study the process of differentiation over time, it is vital that the
documentations are analysed chronologically, to discern any progression in differentiating
aspects of numbers and counting as content for learning. The documentations do not reveal
progress on an individual level, they are treated as a collective that includes educators with
different background, experiences and motivation. Nevertheless, our analytical approach will
provide a description of this specific group of educators and their learning about numbers and
counting as content for learning in preschool.

Variation theory informs our analysis in directing attention to what aspects of ‘numbers and
counting as learning content’ that are expressed in the educators’ documentations. Each
documentation has been described in terms of what was prominent in the text, picture or video,
supported by the educator’s own expressed intentions and interpretations from the focus group
meetings. In accordance with the theory, those aspects made visible constitute the educators’
perception of the learning object. By interpreting the aspects made visible over time, we found
out how different aspects appeared as central and new aspects made visible to the educators
extended their perceptions of numbers and counting as learning content in preschool.
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Results

In general, considering the documentations as a collective of perceptions, there is a movement
during the programme from a very diffuse and overarching focus that rather presents
mathematics appearing in different situations, towards a greater awareness of numbers and
counting, ending up in documented activities where children’s learning processes are focused.
The shift is an important result since it implies that the educators during a rather long period of
time have differentiated aspects of numbers and counting as content for learning that were not
present in their perceptions in the beginning of the project. We will in the following text present
in more detail how this progress emerged and what aspects appeared central in the
documentations.

The analysis reveals five aspects that were differentiated during the project time:
occurrences of numbers and counting in children’s activities;
purpose for using counting and numbers;
children identifying numbers and numerals;
differences in children’s knowledge and skills; and

5. learning the meaning of numbers.
These aspects appear as qualitatively different from each other but together they constitute a
coherent understanding of the complex phenomenon the educators are learning about in the
programme.

Ll

Occurrences of Numbers and Counting in Children’s Activities

Many of the initial documentations show activities and play situations where counting is
assumed to happen, but the educators rather emphasise other aspects of mathematics, such as the
children knowing which cup is bigger and sorting sticks in a long row encourages discussions of
location (in front, behind). The documentations generally visualise situations where the
children’s knowledge of counting is expressed and used, but not made an object for inquiry of
deeper meaning, such as in one documentation showing a table with a long row of stones,
initiated by a child to make it easier to count the collected stones (see Figure 1).

Figure 1. A child has taken initiative to sort stones in a long row, to make them easier to count.

Numbers are not documented as a specific content for learning, nor expressed as part of the
activities other than as a natural part of the counting procedures (e.g. as number words). The
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educators differentiate counting activities as part of the activities they involve children in or that
children initiate themselves. The aspect that the educators are discerning is mainly the occurrence
of counting in children’s play and activities, in line with the guidance from the focus group
meetings, to document children’s exploration of numbers and counting in planned and in
spontaneous situations. These early documentations rarely include any processes of an
explorative or instructive nature. They are catching the counting act in children’s play. Figure 1
is nevertheless an example of emerging process documentation.

Purpose for Using Counting and Numbers

The early documentations of numbers and counting as content for learning in the participating
preschools have a distinct common theme: using counting as a strategy to solve tasks where you
need to know ‘how many items’. This is found in different documented activities, such as setting
tables, making patterns and playing board games. Characteristic for these early documentations
is the focus on counting as an act to solve tasks of enumeration, not arithmetic problem solving,
in games and play.

One documentation shows the setting of the lunch table where counting helps the children
decide the number of cutlery needed. Counting is, based on such documentations, discerned as
a tool for the children solving the task. At the third meeting the educators’ documentations show
a more explicit focus on counting as a strategy to find out the cardinality of a set of items, in other
words: to know how many there are. Documented acts are sorting and pattern making, in
particular where the children have shown initiatives to count to complete their task.

Two preschools had documented measuring activities, one using informal measures (bricks
measuring the height of the children) and one using a folding rule measuring the snow depth in
the yard (see Figure 2).

Figure 2. Measuring snow depth requires tools and strategies such as counting the number of
units on the ruler or measuring with a concrete reference point (shovel).

Numbers are mathematised in these documentations, meaning that the children discovered
phenomena or problems where they needed numbers to make sense of the situation. Numbers
(and numerals on the ruler) and their numerical meaning were brought forward as necessary for
the children to use. The initial documentations did present similar activities where children
counted, but the measuring activities highlight a different aspect of numbers and counting, where
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counting a number of units (blocks or centimetres) has a different and more complex meaning
than counting sets of items.

Children Identifying Numbers and Numerals

Counting is perhaps an easier act to recognise and document as an occurrence in preschool, but
during the discussions about the documentations another aspect is brought to the fore: children
discovering numerals in their surroundings and taking initiatives to sort them in order and make
meaning of them in different contexts. This aspect also frames activities that are directed towards
children’s existing knowledge and acts, rather than the process of learning and developing
meaning.

One preschool shared, at the third meeting, documentations where numbers and numerals
were differentiated as potential learning objects. The educator presented pictures of two
children’s play with plates with numerals fitting together as a jig-saw puzzle, enabling the plates
to be ordered by the children in the number sequence. The other documentation showed a picture
of the clock on the wall, in addition to written descriptions of the children telling the counting
sequence found on the clock and then discussing at what time each child would leave the
preschool and go home. These documentations show children exploring numerals and their
meaning as parts of an ordered string of symbols. The order is important and children are
observed discussing and elaborating on this meaning. Focus is here directed towards numbers
and numerals and the meaning they constitute to the children in certain situations.

At the meeting that followed the clock and puzzle documentations, several documentations
from the other preschools also included numbers and numerals as central features. Numbers
were shown as objects included in the counting sequence in planned games. “The cup game” (see
Figure 3) was played with the whole child group sitting in a half circle with a number line in front
of them and cups with numerals 1-10 written on their bottoms (up-side-down on the floor). An
item was hidden under one of the cups and one child was to guess under which cup the item was
hidden. If the guess was wrong, the other children supported the guesser by saying she should
look for a “higher” or “lower” number. The reasoning within this game concerned mainly
recognition of numerals and the order of the numerals in the counting sequence.

Figure 3. “The cup game”, to find out under which cup an item is hidden by the clues given
by other children.
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The focus on numerals is also found in a play activity where children construct the shape of
numerals of wooden sticks. The meaning of the numerals is not emphasised or discussed
according to these documentations. The documentations rather show the children’s competences
in identifying numbers and numerals.

Differences in Children’s Knowledge and Skills

At the initial meetings of the programme, most documentations are directed towards activities
where numbers and counting occur and which strongly emphasise the activities themselves or
the children'’s existing skills that are discovered within these activities, rather than any learning
or teaching acts involved. At the third meeting one documentation does however stand out from
the other activity-focused ones. It is a written reflection saying:

We always count how many children there are at circle time. How many are not here? We count
together and the children can answer, some know and some make guesses. The children who know
have counted silently. Or they just know.

This shows a shift from merely observing when counting occurs in children’s activities towards
the differences in knowledge expressed by the children in a counting activity. Similar reflections
can be found in the later documentations where this aspect is brought forward, for example when
children are invited to sort caps with numerals written on them and discussions arise about
plausible strategies, which offers the educator an opportunity to observe children’s differences in
number knowledge and counting skills.

Learning the Meaning of Numbers

The fifth meeting provided fewer documentations but they had quite a different focus than earlier
ones and brought to the fore an aspect that had not previously been discerned among the
documentations and educators’ reflections. Numbers were now made an object for learning with
the children, for example arranging sets of objects in order of quantity and relating them to
numerals. Another game was also documented: “the worm in the box” where ten pearls on a
string was called “the worm” and the educator hides some of the pearls in a box, leaving the other
pearls on the string outside the box (see Figure 4).

«hur

Manga har
MasKken j
“Sken?

Figure 4. “The worm in the box”, a game where some (of ten) pearls on a string are hidden in the

box. The purpose is to find out how many are hidden based on the visible ones outside the box.

The text on the documentation says “If you see 7 hearts... how many does the worm in the box
have?” (in Swedish).
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These documentations have a clear goal for learning and the documentations are directed
towards the process of making meaning of numbers, orchestrated by the educator in different
ways to challenge the children’s conceptions of numbers and use of counting strategies. These
documentations are in line with the documentation of “the cup game” at the previous meeting,
since they emphasise a goal for learning about numbers, but differ from the previous one in the
attention towards the meaning of numbers’ cardinality and how children are about to learn this
meaning.

One explicit example of the educator differentiating children’s processes of learning the
meaning of numbers and counting is an activity around a computer tablet, where a child’s hand
is visible showing four raised fingers, some counters are found on the table grouped as four
together and one on the side and the game on the tablet showing a task of subtracting 5-_=4 (see
Figure 5). This documentation reveals the new aspect differentiated by the educators: the
relationship between representations and how to work with that with the preschool children.

Figure 5. Documentation of a game on the tablet computer that is complemented with
concrete manipulatives and children’s use of fingers.

As previously mentioned, one educator made use of milk bottle caps with numerals written on
one side and letters on the other side. An explorative activity was taking place in the
documentation where children were allowed to sort the caps in accordance with their symbolic
nature (numerals or letters), symbolic value (ordering 1-9), symbolic similarity (categorising ones,
twos, threes...) and use of strategy to determine the sets of ones, twos, threes, and so on. The
process of learning to understand the meaning of numerals and numbers is focal in this
documentation as well, even though the educator allowed the children to explore freely the
different aspects of numbers in more spontaneous manners.

Summary of the Educators’ Differentiating the Complexity of Learning Numbers
and Counting in Preschool

The last documentations are at first glance quite different in terms of the activities and in content,
but they are similar in that they express learning processes where children explore numbers and
counting primarily. The educators also add to the visual documentations that they have an idea
of what is possible to learn in the documented activities, as in the game including the computer
tablet added with other props and representations.
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There is a great variety of documented activities, where similar ones as in the earlier meetings
reappear later during the project, such as finding numerals shaped in nature (tree branches), but
are presented in more nuanced ways where the process of learning is prominent. In other words,
the educators are in the beginning of the programme differentiating aspects characterised by
activities and occurrences, whereas they later in the programme differentiate the process of
learning. The latter discerned aspects are closely related to the concept of mathematical
knowledge for teaching in that the educators learn to reflect upon what it means to learn about
numbers and counting in preschool and what teaching methods are used with success or are less
successful.

Conclusions

Our analysis of educators’ differentiation of aspects of numbers and counting as content for
learning in preschool reveals two main findings: The first is that the educators’ shared
experiences enable them to differentiate new aspects of the learning object. In other words, they
are inspired by each other, which clearly shows over time where one documentation that stands
out in one meeting usually is followed up by other educators, and are extended, in the following
meeting and new aspects are thereby discerned. The second main finding is the progression in
the aspects that are discerned by the educators through the process, from recognising the
existence of counting as part of children’s activities, through discovering children’s differences in
knowledge and skills, towards documenting the process of exploring numbers and counting as
learning objects. In the former cases the educator is quite invisible but in the latter there is a
conscious use of manipulative material and instruction, even though they are utilised in different
ways.

The aspects found to be prominent in the educators” documentations change over time, and
in chronological order. This indicates that there are some aspects that are foundational for other
aspects to be discerned, such as the occurrences of numbers and counting in children’s activities
that are necessary for seeing and reflecting on differences in children’s knowledge and skills,
which in turn are necessary for reflections and actions regarding the learning process and the
educators’ own teaching acts. Venkat and Askew’s (2012) point made from empirical intervention
programmes is also relevant to address here: what is made possible to learn for children is related
to the educators’ mathematical knowledge for teaching, since this determines what content is
chosen for learning (for example: numbers for enumeration only, or number meaning explored
as part-whole-relationship) and how this content is explored (utilising available resources in
sporadic or in goal-oriented manners). Increasing the differentiated aspects of the learning object
entailed a direct focus on the learning process rather than only the occurrences of children
counting or using numbers. It is related to educators” mathematical knowledge for teaching (Hill,
et al., 2008), since they enhance their awareness of the complexity of learning and teaching
numbers and counting in preschool. The results of our analysis are to be seen as a coherent picture
of what it means to work with numbers and counting in preschool, and what knowledge is
necessary for teaching this content.

According to the national curriculum, making the learning process the object for evaluation,
is central in sustaining high quality education in preschool. But as our study shows, it is not self-
evident how this way of documenting practice and processes for pedagogical purposes is to be
done or is even possible without reflective actions. Our study may, however, shed light on some
necessary features of professional development in the context of preschool education, in line with
Timperley’s (2008) conclusions: professional development should centre around educators’
awareness of what is necessary to know in order to facilitate learning for their children and that
both focusing on a knowledge area and time are necessary to take into account. Furthermore,
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Timperley argues that successful professional development needs a demarcated area of
knowledge, on which the teachers make thorough reflections. Our study supports Timperley’s
argument, in that the narrow content, numbers and counting, was investigated deeply and during
a prolonged time and changes in the educators’ perceptions were appearing gradually.

The study design allows us to discern patterns in the educators” perceptions as the content of
the documentations change over time. One pattern stands out, as there is a reoccurring line in
progression from a very general expression of numbers and counting as tools for other
mathematical exploration, towards a sharpened focus on numbers and counting as the object of
learning itself. Our conclusion is that a common content such as numbers and counting cause
challenges to implement as learning objects, even though educators themselves are confident in
them offering children mathematics to learn in preschool practice (Bjorklund & Barendregt, 2016).
The play-based child-centred practice causes these challenges, since learning is supposed to occur
in play and daily routines rather than as planned content (Oppermann et al., 2016). The general
conclusion from our study is thereby that children in these Swedish preschools are offered a
broad spectrum of mathematics in their daily activities in preschool, but are rarely offered the
depth and complexity of any specific learning object. This conclusion is drawn based on the
general view this study provides, that orientation towards a learning object is not a common way
to teach in preschool practice and it is a challenging task for educators to differentiate the
necessary aspects of numbers and counting that are important to conduct any deeper inquiry
with the children. Nevertheless, this change in approach is important for improving the learning
outcome in any school form (Kennedy, 2005). In the process of differentiating aspects of the
learning object, the educators open up several new dimensions of numbers and counting as a
content for learning: first through recognising the content as part of the children’s activities
(counting to find out the quantity of sets), then the ways numbers and counting are made use of,
(measuring) towards exploring numbers as learning objects where there are many aspects for the
children to discern and make sense of the learning object. Initially, the window of opportunities
that appear on a daily basis, as the documentations show, provides the children with experiences
of the kind most of them are familiar with, generalising their previous knowledge in different
contexts rather than extending their knowledge through challenging questions or inquiry. In the
later documentations, there are many more opportunities for learning since focus is directed
towards a critical aspect of education and professional development - the children’s process of
making meaning of the target learning content: numbers and counting.

Significance of the Study

Our study will contribute to a deeper understanding of the challenges but also opportunities that
lie within the process of sharpening the focus on numbers and counting as a content for learning.
This is essential for professional development among early childhood educators, since their basic
education is general and teaching demands certain content knowledge, pedagogical knowledge
and not least mathematical knowledge for teaching even with the youngest learners. The
evaluation report done by the Swedish Schools Inspectorate (2016) shows the need for
professional development, which our study has shown is made possible through collective
reflective actions.

This study directs attention to a crucial feature of education, and in particular early childhood
education, namely what is supposed to be learnt and how is this learning facilitated in the
pedagogical activities offered to the children. Teaching, in the sense of making someone else
aware of their surrounding world in a new or more nuanced way (Marton, 2015), has in preschool
tradition settled with activities where opportunities to explore mathematical phenomena are
made possible, in games, play or a milieu that offers stimulating materials (Oppermann et al.,
2016). As recent studies (Sheridan, Williams, Sandberg, & Vuorinen, 2011) indicate, there is an
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uncertainty about learning goals since the national curriculum emphasise goals to strive for (not
to achieve at a certain age or level) and the importance of children’s own initiatives in pedagogical
practice. Preschool children are therefore rarely offered opportunities to challenge their
conceptions of numbers and counting, content that is complex and basic understanding of which
is not easily developed (also shown in Bjorklund & Barendregt, 2016). This study provides some
idea of the reasons for this lack of teaching children the basics in number concepts and arithmetic.
Focusing on children’s activities alone and what learning content there may emerge will not
support children’s development to their full potential (as stated to be the preschool’s mission by
the curriculum), nor will it provide the practice evidence for the quality of their ways to stimulate
children’s learning (as meant to be done through the mandatory documentations). When
educators differentiate more aspects of the learning content, including children’s various
perceptions of the same, the educators perceive the content for learning in ways that were not
previously possible and their mathematical knowledge for teaching enhances. Now their focus
on children learning about numbers and counting as shown in their documentations, contribute
to their pedagogical mission in that they differentiate what children have to understand to make
sense of and use numbers and counting in different situations.
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Abstract

This study analysed how preschool teachers differently enacted the same mathematical activity for preschool children to
discern numbers, and how this affected the children’s learning opportunities during the activity. The analysis was based on
variation theory and Chi’s taxonomy of learning activities. Two Swedish preschool teachers’ enactment of the same math-
ematical activity for 27 children aged 46 years was studied. Video recordings of what the children were offered to discern
were used in the analysis. The results indicate that variations in how the teachers chose to enact the activity produced two
different learning opportunities for the children. Differences in what aspects were made discernible were closely linked to the
characteristics of the activity implemented. The enactments differed even if the same game was chosen and the same amount
of time was used in the play-based activity. In one preschool group, there were few opportunities to discern more than the
nominal form of numbers; the other preschool group had an activity focused on all number forms simultaneously. In addi-
tion, in the latter group, the children had the opportunity to develop equinumerosity. The results suggest that the activity
with limited variation was more appropriate for learning with undeveloped knowledge; the children with more developed
understanding required a more varied design. This study contributes to the knowledge of how the design of an activity affects
children’s learning differently, which is important when planning learning-based preschool activities.

Keywords Preschool mathematics - Number forms - Cardinality - Equinumerosity

Introduction opportunities for the children and to affect their learning.

Children’s active participation in the learning situation was

Designing mathematical learning activities for children in
preschool is important and sometimes challenging for teach-
ers. Pyle and Bigelow (2015) found that kindergarten teach-
ers implemented play to develop children’s learning in their
daily work differently, depending on personal beliefs of their
own role in the activity. Play is an activity with many forms.
Taylor and Boyer (2020) identified different types of play-
based learning (PBL) in kindergarten. They distinguished
between teacher- and child-directed play. Regardless of the
teacher’s direction, an activity is designed to offer learning
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found to be the most important factor for designing effective
teaching interventions to develop children’s mathematical
ability (Papadakis et al. 2017).

In research on how to improve preschool mathematics
education in play-based kindergarten activities, four differ-
ent forms of mathematics pedagogy used by teachers were
identified: free play, guided play, teacher-directed play, and
direct instruction (Wickstrom et al. 2019). The results also
showed that play was the main arena of observed mathemati-
cal activities; teacher-directed play was the main arena for
‘math incidents’ (p. 294) supporting the children’s active
participation. The study presented in that article was in
a Swedish preschool context. Bjorklund and Barendregt
(2016) have defined such a context as a learning environ-
ment that is supposed to work with mathematics, as it occurs
in children’s self-initiated activities; however, the learning
environment also has to make it possible to explore a specific
mathematical principle in goal-oriented play and meaningful
activities (p. 371). By analysing a questionnaire answered
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by 116 teachers, Bjorklund and Barendregt found that goal-
oriented activities were rarer than the children’ self-initiated
activities. Breive et al. (2018) found in their design-based
study that kindergarten teachers following the instructions
of activities for mathematical learning ‘“lost opportuni-
ties” for adopting an inquiry approach to the learning of
mathematics and that playful learning was implemented to
a limited degree’ (p. 196). Lerkkanen et al. (2016) argue that
child-centred and teacher-directed activities in preschool are
based on different theoretical assumptions. The child-centred
approach is founded on constructivist theory: children are
seen as constructors of knowledge, and the teachers’ role
is more of a facilitator for their learning. By contrast, the
teacher-directed approach is based on traditional learning
theory and didactics: the teachers are regarded as signifi-
cant people in contributing with knowledge and challeng-
ing children’s previous knowledge. Those authors’ results
indicate a strong positive effect of child-centred activities
for children’s learning.

The focus of learning in the present study is understand-
ing the different forms of natural numbers. One argument
for this choice is that cardinality (i.e., giving a number word
that represents an entire set of entities) has been found to
be important for children’s mathematical learning (Resnick
1983; Cross et al. 2009)—both in a short- and long-term per-
spective. Children who enter school with developed math-
ematical understanding are more likely to succeed in future
mathematical learning (Papadakis et al. 2017). Further, a
developed understanding of the distinction between cardinal
and ordinal forms of numbers is required to understand equi-
numerosity. Equinumerosity (Sarnecka and Wright 2013)
refers to the knowledge that a number (e.g., two) corresponds
only to exactly that number of items (e.g., two spoons, not
three spoons). If children develop equinumerosity, they also
understand cardinality (Sarnecka and Wright 2013). Cardi-
nality is the knowledge of the succession in a number row
by adding one item to the previous item. If the child is not
aware of the addition of one item, they might understand
numbers as labels (nominal understanding) or as words in
a number chant (ordinal understanding). The sequence of
counting words is one of the most important tools of early
mathematics learning (Fuson 1992). Young children’s ini-
tial contact with numbers probably occurs when they first
use the words for numbers in a song, a poem, or perhaps
when they count some objects in a context. Thus, young
children are introduced to number symbols early in their
learning environment (Fuson 1992; Clements and Sarama
2007) by learning numbers as labels or names without know-
ing what amounts they represent: ‘In these cases the fact
that a child says the correct number word does not ensure
that the child has understood or is using the cardinal, ordi-
nal, or measure numerical reference of the symbol” (Fuson
1988, pp. 12-13). To enhance the children’s understanding
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of numbers, discernment of diversity in number represen-
tations (i.e., written symbols, spoken symbols, real-world
situations, and manipulative models and pictures) affect the
children’s learning opportunities (Lesh 1981). Simultane-
ously, discernment of numbers in different shapes, both in
the form of representation as well as cardinal and ordinal, is
important for children’s future mathematical performance
(Fuson 1988; MclIntosh et al. 1992). The understanding of
cardinality is the key to success for developing a number
sense; thus, an important field of study is to obtain more
knowledge about how teaching can be designed to offer chil-
dren their best learning opportunities.

This study analysed how preschool teachers differently
enacted the same mathematical activity for preschool chil-
dren to discern numbers and how this affected the chil-
dren’s learning opportunities during the activity. The study
addresses the following questions:

RQ1. What differences are evident in two preschool
teachers’ enactment of the same mathematical activity
for children?

RQ2. How do those differences contribute to the variety
of learning opportunities for the children?

Number Sense

Number sense refers to a person’s general understand-
ing of numbers and operations along with the ability and
inclination to use this knowledge in flexible ways. Num-
ber sense is crucial for making mathematical judgements
and developing useful strategies for handling numbers and
operations (McIntosh et al. 1992). This concept has been
well researched in the literature over many years. Research
attempts to describe number sense include the meaning of
numbers (Brownell 1947), multiple representations (McIn-
tosh et al. 1992), understanding of quantity (Davydov 1982;
Wynn 1989), partial-whole knowledge (Carpenter and
Moser 1982), various uses of number words (Fuson and
Hall 1983), knowledge about magnitude (McIntosh et al.
1992; Howden 1989; Baroody 1987), computing and count-
ing strategies (Reys and Reys 1995), a benchmark system
(Mclntosh et al. 1992), and using numbers in operations
(Mclntosh et al. 1992; Cross et al. 2009; Gelman and Gal-
listel 1986; Davydov 1982).

Four mathematical aspects for understanding and man-
aging number sense in early childhood have been identi-
fied (Cross et al. 2009): cardinality (i.e., giving a number
word for a set of entities); number word list (ordinal; i.e.,
knowing the number sequence); one-to-one counting cor-
respondence (equinumerosity), where numerals correspond
to objects; and written numerical symbols. Reading, writ-
ing, and understanding written number symbols are also
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important in reference to the nominal form of numbers.
These four aspects are initially separated in teaching children
to gradually learn to detect and use them in different situ-
ations in an integrated and simultaneous way. When using
numbers, adults do not need to distinguish between the num-
ber’s ordinal and cardinal meanings. However, children first
learn these meanings individually and then must link them
together (Cross et al. 2009). To perform a calculation, it is
necessary to have knowledge of several aspects simultane-
ously. Using numbers in numerical operations or arithmetic
problem-solving requires the knowledge of numbers’ cardi-
nality and ordinality (i.e., a number word may determine the
quantity of a set and number words are related to each other
in orderly fashion) (Gelman and Gallistel 1986).

The research results stress the importance of fully under-
standing cardinality (Resnick 1983; Cross et al. 2009).
Among Gelman and Gallistel’s (1986) five principles for
enumeration, the cardinal principle is found to be the most
challenging, but also the key to successfully developing
number sense. To correctly determine a number, it is neces-
sary to use two more of these principles (i.e., one-to-one
correspondence, equinumerosity) and stable order, simulta-
neously. Children, aged between three and five, are begin-
ning to develop their cardinal understanding of numbers.
Understanding cardinality requires the understanding that
it is not dependent on enumeration, but relates to a multi-
tude (Wynn 1992). Very young children also have knowl-
edge about cardinality, which starts with subitising (i.e.,
perceiving a small amount [three to four] without count-
ing) (Clements 1999). The concept of subitising was defined
by Kaufman et al. (1949): ‘We wish to avoid terms now in
use, having other meanings, and terms with the misleading
connotations of estimating, counting, or grasping by intui-
tion. The term proposed is subitize’ (p. 520). There are two
types of subitising: perceptual and conceptual. Children use
perceptual subitising as a prelude to understanding cardinal-
ity (Clements 1999). Conceptual subitising is about using
a pattern to perceive a (larger) number, e.g., two pictures
with four dots on each, resulting in eight dots. Here, concep-
tual subitising can be linked to arithmetic abilities, such as
calculations and operating with numbers. Research results
show that understanding cardinality is the basis for counting,
operating with numbers, and other complex skills involving
addition and subtraction (Fuson 1992; Wynn 1992; Clem-
ents and Sarama 2014). In their study, Bermejo et al. (2004)
showed that children’s cardinality learning was enhanced
if cognitive conflicts were used. The role of the teachers in
pointing out contradictions during the interventions was also
an important variable.

Besides the discernment of ordinal and cardinal aspects,
understanding numbers requires the discernment of the
diversity of numbers and the variation in representations
of the same number. Understanding and using numbers

as mathematical concepts in different situations requires
a translation process to map between these contexts,
as explained in a model by Lesh (1981). In this model,
several aspects of how numbers are translated between
contexts and forms of representations are related by the
activities into which the representations are translated. For
example, manipulative models can be used to symbolise
written symbols, but written symbols can also be concre-
tised using manipulative models. Manipulative models can
also be used to describe particular details of real-world
situations as well as generalisations for them (Fig. 1).
Number sense itself contains several components;
therefore, learning and development in this field becomes
an intricate and complex process. By giving children the
opportunity to discover and discern all these number forms
simultaneously, their number sense can be developed
(i.e., the children can develop their ability to perceive,
pronounce, describe, discuss, and construct numbers):
‘Understanding numbers and related concepts includes
understanding concepts of quantity and relative quantity,
facility with counting, and the ability to carry out simple
operations’ (Cross et al. 2009, p. 22). Number sense is
about discerning different aspects of numbers and under-
standing their meaning and importance, in addition to
being able to see the meaning of and relevance in using
numbers. However, it is well known that the development
of an understanding of numbers involves a long process
(Fuson 1991; Cross et al. 2009; Gelman and Meck 1992).

Schematize/
Represent

Situations Interpret

Spoken
Symbols

Fig.1 Lesh’s (1981, p. 246) translation processes (with the author’s
permission)
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Theoretical Frameworks
Chi’s Taxonomy of Activities

The long process of learning numbers consists of different
kinds of learning opportunities in activities with diverse
supports. Wickstrom et al. (2019) found that children’s
mathematical play-based learning in preschool has four
different forms: free play, guided play, teacher-directed
play, and direct instruction. However, this is a definition
of the characteristics of the forms of the activities: Wick-
strom et al. (2019) do not define how the children’s active
participation is related to the content.

The taxonomy of Chi (2009) allows activities to be
defined as active, constructive, or interactive (Table 1).
This means that free play, guided play, teacher-directed
play, and direct instruction can be defined as active, con-
structive, or interactive. Being active is characterised by
physically doing something, such as pointing, talking,
looking, and showing, in response to materials or forms
of communication; it constitutes overt activity. Cognitive
processes are suggested as activating previous knowl-
edge as well as attending to and storing new information.
At the next level (constructive activities), the child pro-
duces outputs that go beyond the information they have
received. Overt activities are explanations, connecting
previous knowledge to new knowledge: the child reflects
and plans in new ways. Cognitive processes when a child
constructs new knowledge are, for example, when they cre-
ate new knowledge by merging previous knowledge with
new knowledge, correct inaccuracies, and organise their

own knowledge. Finally, interactive activities are charac-
terised by a dialogue about the same topic with respect to
other people’s perspectives and comments. Overt activities
are, for example, when a child confronts or defends their
knowledge, revises their arguments or actions based on
feedback from others, or responds to support. Cognitive
processes involve taking other people’s contributions into
consideration. This means that whatever the form of learn-
ing activity, children’s active participation can more or less
develop according to how involved they are in the learning
processes: ‘The framework consists of a taxonomy that
generates a hypothesis, that interactive activities might be
better than constructive activities, which in turn might be
better than active activities, which would be better than
passive activities” (Chi 2009, p. 97).

Variation Theory

A theoretical framework with assumptions of necessary con-
ditions for learning can guide efforts to determine how a
learner understands a defined content (Holmqpvist et al. 2014;
Marton 2015). To capture a part of the learning process (i.e.,
the children’s expressed understanding), variation theory can
be used as an analysis approach to study learning opportu-
nities that have been offered. Variation theory focuses on
aspects of the phenomenon that are discernible or not dis-
cernible during a learning activity; it captures what was pos-
sible for the children to discern during their learning activity
(Holmgqvist 2011). When based on variation theory, learning
requires variation of aspects of the object of learning: that

Table 1 Chi’s (2009, p. 77) categorization of overt activities as active, constructive, and interactive

Active

Constructive

Interactive

Characteristics Doing something physically

Overt activities Engaging Activities

Look, gaze, or fixate
Underline or highlight
Gesture or point
Paraphrase

Manipulate objects or tapes
Select

Repeat

Cognitive processes Attending Processes
Activate existing knowledge
Assimilate, encode, or store new
information
Search existing knowledge

Producing outputs that contain ideas
that go beyond the presented infor-
mation

Self-construction Activities
Explain or elaborate
Justify or provide reasons
Connect or link

Construct a concept map
Reflect or self-monitor
Plan and predict outcomes
Generate hypotheses

Creating Processes

Infer new knowledge

Integrate new information with exist-
ing knowledge

Organize own knowledge for coher-
ence

Repair own faulty knowledge

Repair own faulty knowledge

Dialoguing substantively on the same
topic, and not ignoring a partner’s
contributions

Guided-construction

Activities in Instructional Dialogue:

Respond to scafffoldings

Revise errors from feedback

Sequential or Co-construction

Activities in Joint Dialogue

Build on partner’s contribution

Argue, defend

Confront or challenge

Jointly Creating Processes

Creating processes that incorporate a
partner’s contributions

@ Springer



Early Childhood Education Journal

variation simultaneously focuses on different aspects that
are essential for the content; to develop new knowledge, the
simultaneous variation offers the learner the chance to dis-
cern what has so far not been discerned. This means that in
order to understand the number three, children have to dis-
cern what numbers are by discerning the aspect ‘numbers’
simultaneously with the features one, two, three, and so on,
to discern the similarities (numbers) and differences (values)
among them. If a child encounters only one number, such
as the child’s age in years, the child’s counting may be the
experience of a kind of attribute rather than a number. The
way in which the aspects of a phenomenon vary follows a
pattern (Holmqvist et al. 2014, which can include contrast,
such as contrasting the number three with the number four
to ensure that the children experience the difference between
them and can separate them. Another pattern of variation
is generalisation, which in this case means the possibility
for the children to discern different representations of the
same thing by separating the principle from its representa-
tion. Three is always three no matter whether you use three
apples, three flowers, or three teddy bears as examples.
Finally, fusion is the highest order of the pattern of variation,
which means that several aspects can vary simultaneously.
If a child is introduced to the number three, the child will
discern the name, its placement in an order (between two
and four), and also the amount it represents (three items).
Therefore, the child can identify these aspects for each num-
ber from among various numbers.

Methodology
The Context of the Study: A Swedish Preschool

The Swedish National Agency for Education (2019) states
that preschool education, which since 2011 has been
included in Sweden’s education system, should rest on
both a scientific basis and proven experience. The agency
emphasises that knowledge is expressed in various forms
as facts, understanding, skills, and familiarity, which inter-
act with and presuppose one another. In particular, the
agency emphasises the importance of mathematics learn-
ing and notes that it helps people to make well-informed
decisions in daily life and increases the opportunities to
participate in society’s decision-making processes (Swed-
ish National Agency for Education (2019). Professionals
working in Swedish preschools are mainly preschool
teachers, but there are also child minders with no teaching
degree. The justification for teaching preschool mathemat-
ics is that preschool education should give children the
opportunity to use mathematics to investigate and describe
their surroundings and solve everyday problems (Swedish
National Agency for Education 2016). Preschools should

give each child the prerequisites for developing the ability
to use mathematics and understand its basic properties,
including order and numbers. The preschool mathematics
curriculum focuses on two basic elements: room percep-
tion (room, time, and form) and number sense (quanti-
ties, number, order, and measurement) (Swedish National
Agency for Education 2016, 2018).

Children’s learning about numbers and counting in the
present study, which is part of a larger research project
including interventions (Kullberg and Bjorklund 2019),
focuses on four preschools in a small municipality in
south-western Sweden during a school year (Septem-
ber—April). Questions such as when and how preschool
children learn to count were processed. The study focused
on looking at what happens in different activities with
mathematics content offered to children at the participat-
ing preschools. Four preschool teachers were asked to plan
and facilitate an activity with the content of numbers and
counting. Two of the activities were chosen because the
teachers occasionally based their activities on the same
PBL activity. This made it possible to study two different
enactments of an activity with the same intentions and
learning goals. The specific objectives were to describe
the number and nature of the numerical words used in the
two activities, and to uncover in what way the differences
affected the children’s learning opportunities, depending
on the combination of different designs and the students’
prior knowledge.

In this study, two activities that were found to originate
from similar instructions became especially interesting
to analyse because the same activity was enacted differ-
ently (i.e., the Boxes and Cups activities), which can be
defined as a PBL situation (Taylor and Boyer 2020). The
activity was inspired by an article in a Swedish journal
for mathematics education for teachers and researchers,
Ndmnaren (https://ncm.gu.se/namnaren), published by the
National Center for Mathematics Education in Sweden.
In that article, the activity is called “Where is the treas-
ure?’ The activity is aimed at developing knowledge about
number sequences and the relationships between numbers.
The materials used are 11 cups, labelled with the num-
bers 0-10, and something to hide under the cups, e.g., a
pearl. One person hides the treasure while the others close
their eyes, and then these students propose the cup number
under which they think the treasure is hidden. If the chosen
cup does not contain the treasure, it is removed. The stu-
dent who hid the pearl provides a clue regarding ‘higher’
or ‘lower’ cup numbers (Olsson and Forsbick 1998, p.
17), and the search continues. Even though the use of the
words ‘higher’ and ‘lower’ is problematic because it con-
notes location rather than quantity, the teachers made this
choice following what they read in the Ndmnaren article.
We preferred the use of the wording ‘smaller’ or ‘bigger’
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number. These two activities were analysed with a focus
on the enactment of the learning situation based on two
theoretical frameworks, Chi’s taxonomy, and variation
theory.

Participants

Two groups of children aged 4-6 years (n=27) and their
teachers (n=>5) from Swedish preschools participated in this
study. The two groups were from preschools B and C—two
different preschools in a small municipality in south-western
Sweden. The Boxes activity was planned and led by a child
minder with 13 years of preschool experience; the Cups
activity was planned and led by a preschool teacher with
over 10 years of preschool experience. One or two additional
teachers were also physically present during the activity, but
they did not contribute (Table 2). The participants spoke in
Swedish. Written consent was sent to the children’s parents
and the teachers, collected by the teachers, and then returned
to the principal investigator (Camilla Bjorklund) of the main
project, FASETT, financed by the Swedish Research Coun-
cil (grant number 721-2014-1791). An ethical application
for the project was approved by the regional review board
(2015-04-27 Dnr: 258-15).

Data-Collection Method

The data was collected between August 2015 and May 2016.
The first author made video recordings using a hand-held
camera to capture the activities. These recordings focused on
the activity, the teachers, and the children who participated
in the activity. The children and their teachers were origi-
nally from four preschools. The groups engaged in activities
familiar to them in their ordinary preschool environment.
There were no interventional aspects to this study; instead,
the first author instructed the teachers to plan and enact
an activity focusing on numbers and counting to enhance
their students’ learning in line with their ordinary preschool
activities. The choice of the same game for two groups of
children at different preschools was a coincidence.

The video recordings from the four preschool groups
were long (5 h 35 min), and so the observations made during
the project were extensive. Of this entire material, the two
focused activities chosen for detailed analysis lasted 26 min
50 s for the two groups (12 min 20 s for one; 14 min 30 s
for the other); as with the rest of the material, the content
was transcribed verbatim. The video recordings of the two
preschool groups lasted 58 min for one and 1 h 56 min for
the other. The focused analysis of parts of the video observa-
tions began and finished with the targeted activity. Qi et al.
(2006) have studied children’s behaviour characteristics
in teacher-directed structured activities and child-directed
unstructured activities; they found an observation time of
60 min to be sufficient (divided into 10-min periods).

Enactment of the Teachers’ Activities and Data
Collected

The teachers’ two activities are described briefly here to set
the scene of the analysis made to answer this study’s aim
and research questions. It is important to remember that
this is the same activity (based on the treasure activity);
however, it was interpreted and enacted differently by the
participating teachers. To distinguish between them in this
paper, we have named the activities based on the materials
used by the teachers (one using cups and the other using
boxes to hide the treasure). The Cups activity consisted of a
representation of a number row consisting of 10 cups with
the numbers 1-10 written on the bottom of the cups, which
were placed upside down on a table. No cup represented 0.
The children were sitting in a circle, which meant that for
some of the children, the numbers were upside down and
the number row (a paper strip) reversed. The teacher placed
the cups in a certain order that contradicted with how the
number row was placed. A child saw this contradiction and
tried to correct the number row into the proper order but
was stopped by the teacher. Instead, the teacher changed the
order of the cups. The children were asked about the names
of the numbers written on the cups, which were placed into
the correct order. After this exercise, a small piece of paper
(i.e., the treasure) was placed under one of the cups, while

Table 2 Participants, data and

number representations

Mathematical activity Boxes Cups

Participants (children/teachers) 14 (12/2) 18 (15/3)

Data collected Video recording Video recording
12 min 20 s 14 min 30 s

Number representations offered

Number of relationships offered

Digits (written symbols)
Fingers (real-world situation)
Boxes (manipulate models)
Dots (pictures)

Verbalised (spoken symbols)
18 2

Digits (written symbols)
Verbalised (spoken symbols)
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one of the children closed her or his eyes. The child was
allowed to open his or her eyes and guess where the piece
of paper could be found. The other children gave cues such
as whether it was higher or lower. The cups that were taken
were returned, which made it a bit more difficult as the chil-
dren forgot what had already been guessed. There was no
representation of the cardinality of the numbers, e.g., two
combined with the representation of two dots.

In the Boxes activity, the boxes were placed in the same
order as the cups in the activity above; however, the numbers
on the boxes were supplemented with dots to represent the
amount of the number (e.g., three and eee), and all numbers
between 0 and 10 were used. Another difference was that
the teacher did not show the boxes in order; the children had
to correct the number row by discussing the number order
instead. The teacher did not use a separate number row in
this activity. A small plastic bear was used as the treasure in
this activity. Another difference was that all children had to
close their eyes except for the one who was hiding the bear.
All of the children became active in trying to find out where
the treasure was. The teacher turned the boxes upside down
after the number had been taken, and the children received
cues such as ‘higher’ or ‘lower’ when their guess was incor-
rect. At the end of the activity, the teacher collected the
boxes by asking the children to give her the box representing
her three fingers, the box that was higher than eight, and so
on. Lesh’s (1981) framework showing diversity in number
representations (mapped in Fig. 1) was used to visualise the
forms of number representations used by the teachers.

Analysis

The video recordings from two different preschool groups
of children aged 46 years old were analysed based on two
frameworks: variation theory (Marton 2015) and Chi’s tax-
onomy of activities (Chi 2009). The material was transcribed
and analysed initially to capture the overall understanding
of the two different activities. Both researchers watched
the recordings to compare them against the transcriptions
for consistency. Parts of the material were also analysed in
seminars with other researchers to validate our interpreta-
tion. A descriptive analysis was performed initially. The ini-
tial descriptive analysis shows the measured number words
uttered by the teachers and children. The number words
were divided into nominal, ordinal, or cardinal numbers.
The discernment of equinumerosity was also analysed. For
example, if the child said the cup was number three, it was
categorised as nominal; if they said the numbers in order in a
number sequence (‘one, two, and three’), it was categorised
as ordinal; and ‘there are three dots” was categorised as car-
dinal. The equinumerosity category refers to the number that
involves both ordinal and cardinal meaning, e.g., when the

child counted one, two, and three and recognised that this
meant three items: a one-to-one correspondence.

This step was followed by an analysis to capture what
aspects were made discernible based on variation theory
(Marton 2015). During this part of the analysis, the focus
was on what aspects were made discernible for the children
separately and simultaneously. One process used to cap-
ture what aspects were offered to the children to discern,
was to describe the frequency of words used by teachers
and children. First, the total amount of number words was
determined; they were then divided according to mean-
ing as nominal, ordinal, cardinal, or equinumerosity. The
assumption was that activities using different word mean-
ings were also indicators of differences in offered learning
possibilities; that was based on an assumption of variation
theory about what becomes discernible. The second step of
the variation theory analysis examined what simultaneous
opportunities the activities offered concerning number forms
and counting: the dimensions of variation (such as contrast,
generalisation, and fusion) expanded during the activity.
The content was analysed based on variation theory (Marton
2015); however, the learning activities were analysed using
Chi’s (2009) framework. The third step in the analysis of
the two activities assessed the ways in which the activities
consisted of active, constructive, or interactive structures.
An analysis was also made of the implicative characteristics
of the overt and cognitive processes.

Results

The results are presented in accordance with the study’s
specific objectives. First, the results of the research ques-
tions are presented: RQ1 (What differences are evident in
two preschool teachers’ enactment of the same mathematical
activity for children?) and RQ2 (How do these differences
contribute to the variety of learning opportunities for the
children?).

The analyses of the measured number words uttered by
the teachers and children show a difference between what
was said during the two activities (Table 3). The analysis
indicates that the Boxes activity includes a greater variation
of which forms of the number are discussed, and by that the
opportunity to simultaneously discern nominal, ordinal, and
cardinal forms of the number as well as equinumerosity. In
Table 3, the design of the lesson also showed that a wider
range of number representations were used in the activity
with boxes, i.e., digits (written symbols), fingers (real-world
situation), boxes (manipulated model), dots (pictured), and
verbalisations (spoken symbols) based on Lesh’s (1981)
definitions. In the Cups activity, only two representations
were offered: digits (symbols), and verbalisations (words).
This shows a difference in the enactment of the activities,
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Table 3 (continued)

I

‘When all participants have searched for and found the treasure, the teacher ends
the activity by packing up all material

Cups

The teacher collects the boxes in the number row by giving the children differ-
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ent kinds of tasks
- Can you give me the one with two dots, someone higher than five, lower than

eight, etc

Italics highlights ongoing activities

although they are inspired by the same game. The teachers
also had slightly different approaches regarding the chil-
dren’s activities: the children in the Cups activity only let
one child in the group close her or his eyes, while all chil-
dren in the Boxes activity closed their eyes except for the one
who hid the treasure. Another prominent finding was that
the teachers used the Swedish word for digit (siffra) when
talking about numbers instead of the Swedish word fal. This
means that when the teachers talk about 10, it becomes dif-
ficult to use the word ‘digit’ because the two digits are not
separate but combined in a number (7al). In English, it would
be equivalent to naming 10 as a digit.

Differences Found in the Enactments of the Activity
(RQ1)

A prominent result of the analyses is the direction of the
activity, where the Cups activity is more clearly teacher-
directed play than the Boxes activity, which is more of a
teacher-initialized play. The activities were divided into six
levels after defining the setting and materials used, i.e., prep-
aration, introducing the game, starting the game, the num-
ber row 1-10 in place, continuing the game, and wrapping
up. The layout of all activities in each group is described
in Table 4. Even if the duration of the Boxes activity was
slightly shorter (12 min 21 s) than the Cups activity (14 min
30 s), the former provided more learning opportunities. First
of all, all children were active in the Boxes activity because
all of them guessed where the treasure was; by contrast, one
child was guessing and watched by the others in the Cups
activity. There was also a difference in the amount of repeti-
tions, with five repetitions in the Boxes activity and 15 in
the Cups activity.

Furthermore, based on Chi’s (2009) framework, there
were also differences in the enactments. The Cups activ-
ity did not include many active, constructive, or interactive
aspects. However, there were parts of active processes. For
example, in the beginning, the children were physically
engaged in the placement of the cups, and they also per-
formed some engaging activities because they needed to
look, gaze, and fixate on the cups and their numbers. It is not
easy to tell whether the children were involved in cognitive
processes, but if they had not already developed knowledge
of the relationship between the written digit and its verbal
sound, they might have been involved in active cognitive
processes. The Boxes activity was more focused on con-
structive and interactive processes. For example, the order
of the boxes was negotiated between the teacher and the chil-
dren, which opens up constructive processes where the chil-
dren are free to express ideas that go beyond the presented
information. The Boxes activity also provided examples of
self-constructive activities, as the students were asked in
a way to make them reason about their acts or outcomes.
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Whether the children were creating processes to develop
new knowledge was not studied because the children’s prior
and post-knowledge were not assessed. However, there was
a strong focus on interactive processes in the Boxes activ-
ity, where the teachers continuously discussed and reflected
upon all children’s expressions and guided them to reflect
on and re-think the situation. When the number row was in
place, the teacher challenged the children’s thinking by giv-
ing them a task to find the ‘middle’ of the boxes by putting
the numbers and dots on the boxes into the background and
dividing the boxes into two groups to find the middle.

This example of providing opportunities to develop equi-
numerosity knowledge is also a good example of illustrat-
ing learning opportunities based on a variation theoretical
analysis. The dimensions of variation are limited regarding
the Cups activity but are rich in contrasting the numbers
with each other and connecting the digits to their verbal
representation. With the Boxes activity, patterns of varia-
tion were found for the contrasting number forms (nominal,
ordinal, and cardinal) simultaneously. This makes the activ-
ity more complex and suits children who have developed the
basic learning about numbers already and need some more
challenges. The activity where the children were asked to
find the ‘middle’ is an example of fusion, which requires the
knowledge of several aspects of the object of learning. The
children must discern the verbal and written form of digits
to understand equinumerosity and also that three is always
eee items. Furthermore, the students must shift their focus
and ignore the signs on the boxes to see them as new parts of
another whole (i.e., two equal groups of boxes with different
signs). This equality only refers to the exact number of boxes
in both parts, showing that four boxes is the same as four
other boxes regardless of their symbols (i.e., digits and dots).

Differences Contributing to the Variety of Learning
Opportunities (RQ2)

The children’s expressions were measured to identify the
differences in the enactment of the learning activity. The
results of this analysis (Table 4) show similarities in what is
expressed by the children and the enactment of the activities
(i.e. the children speak more in the Boxes activity), which
had more interactive processes.

In the Boxes activity, the teachers expressed 43% of the
number words, while the children expressed 57%. In the
Cups activity, the situation was reversed, with 63% and 37%
of the number words expressed by the teachers and children,
respectively. Differences were also observed in the distribu-
tion of nominal, ordinal, and cardinal number words. All
three forms were represented in the Boxes activity, which
had a more complex design, although the cardinal form was
the least frequently spoken. In the Cups activity, there was
a strong focus on the nominal and ordinal forms, and it was
mainly the teacher who spoke. Regarding equinumerosity,
this was only captured in the complex Boxes activity. Here,
when wrapping up, the teachers and children worked with
ordinal and cardinal number forms simultaneously, as shown
in the excerpt below:

Teacher: Calle can you give me the box that has three
dots [shows three fingers]?

Three, three dots, please.

Calle gives the teacher the box with three dots.

[...]1.

Teacher: Eight. Charlotte can you give me one that is
lower than eight?

Charlotte gives the teacher the box with 5.

Teacher: Five. Clara, someone give me one higher than
five, a higher digit than five, please.

Clara gives the teacher the box with 7.

Teacher: Cissi, higher than the digit seven?

Table 4 Distribution of number
words among teacher and
children

Distribution of expressions Boxes Cups

Teachers Children Teachers Children
Verbal number words n=122 n=110

52 (43%) 70 (57%) 69 (63%) 41 (37%)
Nominal (names) n=40% n=94

16 (40%) 16 (40%) 53 (56%) 41 (44%)
Ordinal (order) n=49 n=14

27 (55%) 22 (45%) 0 (0%) 0 (0%)
Cardinal (amount) n=7 n=0

1 (14%) 6 (86%) - -
Equinumerosity (ordinal + cardinal) n=26 n=2

8 (47.5%) 18 (52.5%) 1.(50%) 1 (50%)

*Eight (20%) of the words were simultaneous because the teachers and children were counting together
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Cissi first touches the box with 1, then the box with 4
and also the box with 6...

Teacher: ... more than seven.

[...].

Teacher: Cemal, lower than nine.

Cemal picks up the box with 8.

Teacher: Can you give me number four, Cecil?

Cecil gives the teacher the last box, number 4.

[...].

Teacher: Not this time, because how many boxes were
there?

Children: 10.

The teacher shows all of her fingers.

Teacher: And how many children were there?
Children: 12.

Teacher: Yes, 10 boxes were there [teacher shows all
of her fingers]. Was there a box for everyone, then?
Children: No!

In the Cups activity, there was no special learning oppor-
tunity when they wrapped up the activity.

Teacher: Good. I think you are very good with this.
And now everybody has been tested. Time for a break.
I’'m going to take these away, and it’s time for a bit of
fruit.

The teacher collects the cups and put them together,
also taking away the number rows and the blue cloth
used as a carpet for marking where the activity took
place.

Discussion

The aim of this study was to analyse how preschool teachers
differently enacted the same mathematical activity for pre-
school children to learn to discern numbers, and in what way
this affected the children’s learning opportunities during the
activity. The results underline the importance for preschool
teachers to have sound didactical knowledge: they have to
make the right choices for learning activities for preschool
children. In this study, the activities were initially teacher-
directed play, based on the same instruction of the treasure
game. However, the direction of the activity did undergo a
slight change during the study. Apart from observing this
change in the direction, the present investigation makes a
contribution about how different aspects of teaching content
are made discernible and how this affects children’s learning
opportunities depending on their prior knowledge.

The ways in which the teachers interpreted and designed
the activity resulted in two different versions of the play-
based activity about the treasure. The activity was intended
to develop children’s cardinal understanding. Cardinality
has been found to be important for children’s mathematical
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learning (Resnick 1983; Cross et al. 2009); thus, study-
ing how preschool teachers try to develop their students’
knowledge is important. This study had two specific objec-
tives. The first was to describe the number and nature of
the numerical words used in the two activities, based on
an assumption that to be able to develop knowledge, the
children must be introduced to the learning content. The
results show differences between the activities regarding
what aspects of numbers were focused on in the activities.
In the Boxes activity, the cardinal aspect was offered by the
simultaneous presentation of numbers in nominal and cardi-
nal forms, as digits and dots (3 eee) were visible on the top
of the boxes. The ordinal form was also present, as the boxes
were placed in order from O to 10. This finding is in line with
the results of Papadakis, Kalogiannakis and Zaranis (2017),
who demonstrated that various kinds of stimuli enhanced
children’s ability to discover mathematical concepts. How-
ever, in the present study, some children might have found
the use of the words ‘higher’ and ‘lower’ instead of ‘more’
or ‘less’ to be confusing; especially those sitting at the start
or end of the number row, as the line could give the impres-
sion of a tower or house instead. In the Cups activity, the
nominal form of the numbers was the study focus. Research
has shown that of the five enumeration principles, the car-
dinal principle is the most challenging to learn (Gelman and
Gallistel 1986), and very few of the number words referred
to cardinality in both activities. By offering information in
written form, the enactment of the activity and the teachers’
different understandings of its assumptions about children’s
learning resulted in two diverse opportunities for the chil-
dren’s learning.

The second objective was to uncover in what way the
differences between the Cups and Boxes activities affected
the children’s learning opportunities, depending on the
combination of different designs and the students’ prior
knowledge. One important finding is how difficult it is to
transfer knowledge of robust teaching methods by model-
ling best practices or powerful lesson designs. In this study,
the same activity was inspired by the PBL activities that the
teachers studied; however, the activity was experienced very
differently within the perspective of the children’s learning
opportunities. The Boxes activity was more complex and
required the children to have more prior knowledge, while
the Cups activity focused on the relationship between the
written symbols and spoken forms of numbers. The results
from the second question show how these differences con-
tributed to a variety of learning opportunities for the children
(i.e., the activities were adjusted for different kinds of learn-
ing). However, it is unclear if this result was based on the
knowledge of the students’ learning or personal choices for
enactment based on the teachers’ opinions. We used varia-
tion theory to analyse the results (Marton 2015); thus, the
dimensions of variation used were described. The Boxes
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activity used a greater variety of dimensions, e.g., the nomi-
nal, ordinal, and cardinal forms were used in both written/
symbolic and verbal representations. These differences are
important and both activities are powerful, depending on
the children’s prior knowledge. However, the Boxes activity
was more promising considering cardinality. Cardinality is
considered the basis for counting, number operations, and
solving complex mathematical tasks (Clements and Sarama
2014); therefore, this finding should be favourable for future
mathematical learning. However, based on variation theory,
if the children have not yet matched the verbal form of the
number with the written form, the Cups activity is prob-
ably preferable for these children. Perhaps this aspect of the
relational aspect between what knowledge the children have
and how teachers can adjust the lesson design based on this
knowledge is the most important factor when developing
children’s learning opportunities. Although this study can-
not answer these questions, they would be an interesting
focus for future studies.

This study not only focuses on the handling of the con-
tent but also the activities themselves; thus, two theoretical
frameworks were used to define opportunities for children’s
PBL activities. Based on Chi’s (2009) processes of activities,
the analyses showed differences in the characteristics of the
moments in the Boxes and Cups activities, where the inter-
active approach was more prominent in the Boxes activity.
The Boxes activity was also found to be the most complex in
its opportunities for patterns of variation, considering varia-
tion theory analysis (Marton 2015). Differences can also be
found when analysing who and what the participants were
speaking about and which participants spoke about what and
when. In the more complex design of the Boxes activity, the
children were the main speakers, and following the guid-
ance of the teacher who opened up challenging dimensions
of variation regarding aspects to focus on, the children had
the opportunity to express and develop knowledge in new
ways. This finding is in line with Bermejo et al. (2004), who
used contradictions and cognitive conflicts to enhance the
children’s learning opportunities.

Another important variable can be found in whether the
activity was child centred or teacher directed: the Boxes
activity was much more child directed than the Cups one.
This finding supports the results of Lerkkanen et al. (2016)
about child-centred activities being more powerful for chil-
dren’s learning than teacher-directed ones. An argument
against this is that a child-centred activity might not chal-
lenge children’s knowledge, and a teacher-directed activity
can be strongly based on the children’s perspectives. Accord-
ingly, variation theory contributes by defining the aspects
offered to children during activities and how affordances
meet the children’s needs. The Boxes activity required more
prior knowledge on the part of the children than did the
Cups activity. This makes it difficult to determine whether

child-centred or teacher-directed activities account for the
differences found.

Equinumerosity (Sarnecka and Wright 2013) could be
experienced in the Boxes activity: the teacher frequently
showed the amount with her fingers when someone said a
number; in written form on the boxes, the number was also
represented by dots. The ‘finding-the-middle’ activity also
showed another opportunity for equinumerosity develop-
ment in the children’s knowledge. By using the boxes in
another way, the represented number equality was shown by
groups of items with the same amount when searching for
the ‘middle’. This activity seems to be a good example of an
interactive activity where the children have the simultaneous
opportunity to understand equinumerosity and cardinality
(Sarnecka and Wright 2013).

Conclusions

The study results show how the same preschool mathemat-
ics learning activity is interpreted and enacted differently
by preschool teachers. First of all, the differences gave the
children different opportunities to discern that numbers have
different forms; in particular, the cardinal form was implic-
itly enacted in the Cups activity. In the Boxes activity, more
aspects were discernible and the activities also had another
characteristic: the interactive approach. The children’s ver-
bal expressions were more prominent in this activity. The
children used number words with a cardinal meaning more
often than the teacher did in the Boxes activity; however,
this teacher continuously provided the opportunity to dis-
cern cardinality in written forms during the activity. In the
Boxes activity, both teachers and children also used numbers
with an understanding of equinumerosity more frequently.
Thus, teachers who provide the opportunity for children to
experience more complex and contradictory activities based
on their prior knowledge enhance the children’s learning
opportunities.

Limitations

The children’s learning was not measured in this study,
which is a limitation because we cannot say anything about
whether the offered learning situations actually did result in
knowledge development.
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