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Abstract

This master thesis aims for Inter-carrier interference (ICI) mitigation in orthog-
onal frequency division multiplexing (OFDM) system by considering designs of
frequency domain cyclic extension(FDCE) and optimal windowing pulse shape.
Although OFDM system has been put forward in the 1970s, it has just emerged in
4G. In the early stage, it has been restricted by its high computational complexity.
With the discovery that modulation and demodulation process of OFDM can be
realized by discrete Fourier transform (DFT) and inverse discrete Fourier trans-
form (IDFT), it is widely used in 4G and 5G-New Ratio (NR). Based on OFDM
system, a variety of derivative systems are further proposed and applied. With
the development of 5G technology in the mobile communication, the require-
ment of signal propagation between high-speed mobile user and base station (BS)
is higher and higher. With the increase of the moving speed of objects, the fre-
quency shift caused by Doppler effect can not be underestimated. ICI caused by
Doppler shift is becoming more and more serious. Therefore, how to eliminate
the ICI caused by Doppler shift has become an inevitable potential problem.

In this thesis, two effective approaches for ICI mitigation have been explored and
studied. By adding FDCE and optimal windowing pulse shape, the system per-
formance is analyzed and the system simulation is constructed in MATLAB.
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1
Introduction

The fifth generation (5G) of wireless communication system, a.k.a. new radio
(NR), is the newest cellular mobile communication technology after the fourth
generation (4G) long term evolution (LTE) technology due to the demand of
higher spectral and energy efficiencies (SE and EE), lower transmission latency,
ultra reliability, and using higher frequency bands such as millimeter (mm) wave
and Tera-Hz (THz) communication [1, 20, 34].

Orthogonal frequency division multiple access (OFDMA), adopted in 4G and in-
herited in 5G, divides the transmission bandwidth into a series of orthogonal and
non-overlapping subcarrier sets [4]. There is no inter-carrier interference (ICI)
with ideal synchronization since different users occupy non-overlapping subcar-
riers in OFDMA.

Wireless channels have spreads in both time domain (TD) and frequency domain
(FD) [33]. Inter symbol interference (ISI) is caused by the time dispersion of the
propogation channel, which can be effectively eliminated by inserting cyclic pre-
fix (CP) into the front of each OFDM symbol. On the other hand, ICI is caused
by frequency domain dispersion, which has not been considered as a major issue
in current OFDM system such as NR, but it could be a potential issue in a future
communication systems under high mobility, THz or ultra-reliable low-latency
communication (URLLC) scenarios. The objective of this master thesis is to inves-
tigate two effective approaches for ICI mitigation in OFDM system.

Throughout the thesis, we use N to represent FFT size, W to represent the length
of window function. We also use the abbreviation xPyC to represent a wireless
channel that comprises of x path, with each path containing y components. For
instance 1P2C is the abbreviation for single-path and 2-components channel. The
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2 1 Introduction

definition of a path and a component depends on the length of the signal delay.
If the delay is longer than the duration of a sample, it will be regarded as a path,
otherwise as a component.

In this chapter, the motivation and purpose of this master thesis are presented.
The problem statement and limiatatins are defined as well.

1.1 Motivation

OFDM has become an attractive technology for high speed communication in
the past years due to its incomparable advantages, especially for the robustness
against frequency-selective multipath propagation. However, OFDM is sensitive
to carrier frequency offset (CFO) [36], which results in ICI. The algorithms for
ICI mitigation are computationally demanding, and the implementation of such
algorithms is highly infeasible concerning high mobility scenario [6].

The guard time interval is usually used to eliminate ISI and CP is one popular
form in OFDM system. Copying the ending part of each OFDM symbol to the
beginning of the OFDM symbol as CP ensures that the length of waveform peri-
ods included in the delay copy of the OFDM symbol is an integer in one complete
FFT block and also keeps the orthogonality among subcarriers. The length of CP
inserted to each OFDM symbol is not shorter than the minimum excess delay of
the fading channel.

In this thesis, we only consider the time-varying channel, which is the time-
frequency duals of time-invariant, frequency-selective channels. Relationships
between existing modualtion and detection techniques and proposed in [10]: Fre-
quency Division Multiplexing with Frequency-Domain CP (FDM-FDCP) and Single-
Carrier modulation with Frequency-Domain Equalization(SC-TDE). Similarly, Time-
domain CP (TDCP) can be extended to frequency-domain CE (FDCE) due to the
TD-FD duality and FDCE is an approach that will be investigated first.

On the other hand, CP-OFDM is known as a rectangular multicarrier modual-
tion with worst frequency localization compared by any non-rectangular shaped
OFDM signals[11, 28]. Instead of rectangular shape, waveforms with fast decay-
ing side lobes are of interested, that is windowing or weighted OFDM (W-OFDM).
Thus, another effective approach for ICI mitigation is to employ optimal window-
ing pulse shape with good time and frequency localization properties and this is
the second motivation.
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Table 1.1: SCS specification.

SCS Symbol Duration CP Duration Proportion
15 kHz 66.67 µs 5.2 µs 7.8%
30 kHz 33.33 µs 2.86 µs 8.6%
60 kHz 16.67 µs 1.69 µs 10.2%

1.2 Purpose

The goal of this master thesis is to investigate two effective approaches for ICI
mitigation:

• TDCP to FDCE due to the duality between time domain (TD) and frequency
domain (FD);

• Design windowing pulse shapes;

• After these two methods are elaborated, we combine them and test the
performance in terms of Raw Bit Error Rate (RBER) and Block Error Rate
(BLER).

1.3 Conventional Method

A conventional method to reduce ICI is by increasing SCS. Different theoretical
CP duration corresponding to SCS has been illustrated in Table 1.1. SCS with
15, 30, and 60kHz can be used in Sub-6GHz, while 60 and 120kHz are applied
in mmWave [14]. Hence, SCS is maximally increased by eight times from 15 to
120kHz. Although the normalized ε can be reduced from Eq.(2.9), there are re-
mained issues with this method.

Theoretically, the multiple increase of SCS will lead to the multiple decrease of
doppler coefficient with other settings unchanged. However, the symbol period
is inversely proportional to SCS in OFDM system. Increasing SCS by large times
will reduce one OFDM symbol period by the same times, which puts stringent
time constraints on the receiver sych that the receiver needs longer time to deal
with processes including data receiving, equalization, detection and decoding
only within one symbol period.

On the other hand, from the Table 1.1 we can know that the CP duration will de-
crease with the increase of SCS. However, CP can not be infinitely shorten since
it is inserted as cyclic copies to prevent ISI in the time domain and needs to be
larger than channel delay spread (DS). In conclusion, it is not a good method for
only increasing SCS to totally overcome ICI.
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1.4 Limitations

At present, OFDM system used in 5G is still vulnerable to frequency deviation
because the spectrum of OFDM subcarriers overlaps with each other and the re-
quirement of orthogonality among subcarriers becomes more strict [3]. In this
master thesis, the simulation is carried out based on Single-Input Single-Output
(SISO) system and mainly focuses on single path channel. However, in practical
implementation, there will be more or less difficult to eliminate CFO during the
transmission due to the time-varying wireless channel. Besides, system deploy-
ing Multiple-Input Multiple-Output (MIMO) is also necessary to be investigated.

In addition to the impact of ICI, how to eliminate or reduce the pilot pollution in
the frequency domain, how to ensure the high-precision estimation, and how to
overcome the impact of high peak to average power ratio (PAPR) are the limita-
tions needed to be considered as well in the communication field.



2
Theory

This thesis is aimed to explore the optimal length of FDCE and windowing pluse
shapes for ICI mitigation based on the OFDM system in NR. This chapter con-
tains the theoretical background of our work. The general overview of OFDM
system is introduced first and Section 2.2 describes wireless channel, including
multipath propagation and Doppler shift effect. Next, ICI formula is defined in
Section 2.3. TDCP and FDCE are described in Section 2.4 and Section 2.5 respec-
tively. In the end, Section 2.6 displays an important principle for windowing
design: perfect reconstrction condition (PRC), and the way of how to design win-
dowing functions in our work is also introduced.

2.1 OFDM Overview

OFDM, as one of the core technologies in LTE and NR, divides the channel into
several orthogonal sub-channels, and then converts the high speed data signal
into parallel low-speed sub-data streams for transmission [7]. Our work takes
OFDM as a basic system and proposes a new advanced system: W-FDCE OFDM.

The overview of OFDM system is illustrated in Figure 2.1 and variables are ex-
plained first:

• b0, ..., bkN−1 represent the binary bits containing zeros and ones, where k =
log2(M) and M denotes the size of the modulation alphabet (or the number
of constellation points).

• S0, ..., SN−1 represent the modulated symbols.

• x0, ..., xN−1 denote the transmitted signal that converts x0, ..., xN−1 to xt with
pulse code modulation (PCM).

5



6 2 Theory

Figure 2.1: The block diagram for OFDM system.

• y0, ..., yN−1 denote the received signal after transmission over the channel
H and after sampling.

• Ŝ0, ..., ŜN−1 are the estimation of modulated symbols.

• b̂0, ..., b̂kN−1 denote the detected symbols.

The input information bits b0, ..., bkN−1 are mapped to symbols S0, ..., SN−1 accord-
ing to some modulation scheme, for instance, QPSK encodes two bits as one sym-
bol. Next symbols are converted from serial to parallel (S/P) to realize the multi-
channel separation of data stream. And then the parallel signal is processed
with Inverse Fourier Fast Transform (IFFT) and the transmitted signal samples
x0, ..., xN−1 are generated. TDCP operation is followed to avoid ISI and after PCM
the signal is sent through channel. Mathematically, the channel matrix H is a
toeplitz matrix and it is required to be transferred into a circulant matrix which
will be explained elaborately in Section 2.4.

On the receiver, TDCP is removed first and the received signal can be expressed
as

y = Hx + n (2.1)

where x and y are transmitted and received vectors in TD respectively, H repre-
sents the Toeplitz channel matrix and n is additive white Gaussian noise (AWGN)
with each entry having zero-mean and with a variance of 1. Based on the received
signal, ICI coefficients are estimated and Fourier Fast Transform (FFT) operation
is conducted. Next, parallel-to-serial (P/S) conversion is operated and the esti-
mated symbols S0, ..., SN−1 can be obtained. Finnally, the received bits with the
implementation of LLR algorithm are detected compared with the original infor-
mation bits and then bit error rate can be computed to analyze the performance.
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Next, the blocks in this conventional OFDM system are introduced as sequence.

Modulation

In digital modulation, an analog carrier signal is represented by a discrete signal.
Digital modulation methods can be considered as digital-to-analog conversion
and the corresponding demodulation or detection as analog-to-digital conversion.
The changes in the carrier signal are chosen from a finite number of M alterna-
tive symbols [21].

As shown in Figure 2.1, the input of modulation block is binary bits consisting
of zeros and ones. The priciple of modulation is explained by taking Quadra-
ture Phase Shift Keying (QPSK) and 16 Quadrature Amplitude Modulation (16-
QAM) for example. For QPSK, we have M = 4 and thus k = log2(M) = 2 bits
are transmitted per channel use. We start by introducing the QPSK mapping
in Figure 2.2 (a). The bit patterns are mapped on the signal points with Gray
coding. Since Gray coding is used, neighbouring signal points differ in only
one bit position, for example, two signal points in the first and fourth quad-
rant: 11 and 10 only differ in the second bit. Signal points in QPSK have two
amplitude levels for each of the I and Q time domain. and can be expressed as

1√
2

(1 + 1i), 1√
2

(−1 + 1i), 1√
2

(−1 − 1i), 1√
2

(1 − 1i). Then, the output of modulation
block is modulated complex symbols.

In terms of 16-QAM, the signal points in the two-dimensional signal space are dis-
tributed on a square lattice in Figure 2.2 (b). The number of signal constellation
points is M = 16. The expression is given by 1√

10
(±1 ± 1i), 1√

10
(±1 ± 3i), 1√

10
(±3 ±

1i), 1√
10

(±3 ± 3i). Now the output of 16-QAM modulation becomes complex sym-
bols with each symbol standing for four information bits .

Demodulation

Demodulation is the process of restoring the modulated signal to the original
signal at the receiver. Different modulation schemes are corresponding to differ-
ent demodulation techniques [27]. One type of demodulation, hard-decision, is
usually used to reduce the BER of differential hopping transmission [35]. Soft-
decision is another type. Generally, hard-decision is much simpler and easier
to implement than soft-decision, but the latter has improvements on the perfor-
mance because it takes advantage of the information of the received signal [26].

Demodulation with log-likelihood ratio (LLR), a.k.a soft-decision, is introduced
with an example of 16-QAM and the input is the received symbols after P/S op-
eration. In 16-QAM, every four bits are mapped into one 16-QAM complex mod-
ulated symbol. The real part (expressed as Q) and imaginary part (expressed as
I) are used to represent the first and the last two bits respectively. The estimated
received symbols can be expressed as
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Figure 2.2: Constellations with QPSK (a), 16-QAM (b).

Ŝ(i) = S(i) + n(i) (2.2)

where Ŝ is the detected signal at time instance i. Let bi,m, m = 1, 2, 3, 4 be the
modulated bits corresponding to modulated symbol S(i) = SI + jSQ at time i.
Then LLR is defined as

LLR(bi,m) = ln
P (bi,m = 1 | Ŝ(i))

P (bi,m = 0 | Ŝ(i))
(2.3)

It can be observed that when LLR is positive, the posterior probability of taking
1 is greater than that of taking 0. The greater the LLR is, the greater the posterior
probability of taking 1 is. By means of Bayesian formula, LLR is given by

LLR(bi,m) = ln
(Ŝ(i) | P (bi,m = 1))

(Ŝ(i) | P (bi,m = 0))
(2.4)

It is clearly seen that bi,m = 1 and bi,m = 0 correspond to eight constellation
points respectively in Figure 2.2 (b). Define S1(i) corresponding to bi,m = 1 and
S0(i) corresponding to bi,m = 0, then the Eq.(2.4) can be expressed as [19]

LLR(bi,m) = ln

∑
a∈S1(i) e

−
(ŜI (i)−aI (i))2+(ŜQ (i)−aQ (i))2

2σ2

∑
a∈S0(i) e

−
(ŜI (i)−aI (i))2+(ŜQ (i)−aQ (i))2

2σ2

(2.5)

And this is the final equation we use to detect the estimated received binary bits
in our work, which is exactly the output of demodulation block.
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IFFT and FFT

IFFT and FFT is an important operation in OFDM system, which greatly reduces
the complexity of multi-carrier transmission system. It is often used to solve the
problem of generating multiple orthogonal subcarriers and recovering the origi-
nal signal from the subcarriers [30]. Each sub-carrier in OFDM is orthogonal to
each other with FFT, and thus it can achieve the purpose of independent trans-
mission.

The input of IFFT is the parallel symbols after S/P and the output is the data that
will be transmitted on the time domain. After S/P convertion, there are some
sub-carriers multiplied with the factor. Finally, the sub-carrier will pass an adder
and the long data stream is created. The inverse Discrete Fourier Transform is
given by [12]

x[n] =
1
N

N−1∑
n=0

e2πikn/NX[n], k = 0, 1, ..., N − 1 (2.6)

where n is sample index.

On the contrary, the input of FFT is the received signal after TDCP removal and
the output is data on the frequency domain. Mathmatically it can be regarded as
the carrier can be divided into many parallel sub-carriers and this is equivalent
to each sub-carrier is multiplied with a factor. At each sub-carrier, the bit stream
will pass through an integral operator and is operated with P/S to form a serial
data stream. It will also be introduced in Section 2.3. Hence, the DFT is defined
as [12]

X[n] =
N−1∑
k=0

x[k]e−2πikn/N , n = 0, 1, ..., N − 1 (2.7)

After the introduction of IFFT and FFT, the last part of the OFDM system is TDCP
insertion and removal.

TDCP Insertion and Removal

CP is inserted on the time domain to eliminate ISI. There are two CP modes in
OFDM system. For the normal mode, the first symbol has a cyclic prefix of length
5.2 µs and the remaining six symbols have a cyclic prefix of length 4.69 µs. For
the extended mode, the cyclic prefic is 16.7 µs. The former is used in urban cells
and high data rate applications while the latter is used in special cases like multi-
cell broadcast and in very large cells (e.g. rural areas, low data rate applications)
[16].

Generally CP is inserted at the transmitter (Tx) and needed to be removed first at
the receiver (Rx), then the following operations can be conducted.
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Figure 2.3: Multipath channel.

2.2 Wireless Channel

Spreading in both time domain (due to multipath propogation) and frequency
domain (Doppler Spreading) characterizes the transmission over wireless mobile
channel [33]. Theoretically, we often regard wireless channel as a tangible link
for easier analysis. The received signal suffers from channel fading, signal delay,
or even loss in signal strength due to multipath propogation. Meanwhile, moving
to or away from the base station results in the change of the signal wavelength
due to the mobility of the mobile object, which is known as Doppler effect. In
this section, the theoretical background of these two phenomena are presented.

2.2.1 Multipath Propogation

In radio communication, multipath is the propagation phenomenon that results
in radio signals reaching the receiving antennas by two or more paths. Causes
of multipath include atmospheric ducting, ionospheric reflection and refraction,
and reflection from water bodies and terrestrial objects such as mountains and
building [2]. Multipath channel can be displayed in Figure 2.3, the solid line is
the LoS (line-of-sight) which represents signals are transmitted from Tx to Rx di-
rectly without any obstacles and has the strongest power and the shortest time
delay while the dash line stands for the transmitted signals with obstacles and
have the weaker signal power.

Actually the received signal consists of several components from different direc-
tions or other paths. Different delays results in L-tap channel, then the relation-
ship between the transmitted x and received signal y, and channel H can be given
by



2.2 Wireless Channel 11


y0
y1
...

yN−1


N×1

=



h0
h1 h0
... h1 h0

hL−1
... h1 h0

hL−1
... h1 h0

hL−1
... h1 h0

hL−1
... h1 h0

hL−1 · · · h1 h0


N×N


x0
x1
...

xN−1


N×1

(2.8)
where for each column, N − L+ 1 zeros will be padded and all values in the blank
place is 0.

Multipath propagation is an important theory that will be used in section 2.4 to
convert linear convolution to circular convolution after inserting TDCP.

2.2.2 Doppler Shift

In this subsection, the normalized Doppler shift will be given and then Doppler
shift effect is introduced, which is the basis for ICI. First, a maximal Doppler shift
normalized by sub-carrier spacing (SCS) equals [14]

ε =
v
c

fc
∆f

, (2.9)

where

• v is velocity of mobile object;

• c is the speed of light;

• fc is frequency of carrier;

• ∆f is the bandwidth of each subcarrier and ∆f = 1
Tu

, with Tu being useful
symbol length shown in Figure 2.4 and one OFDM symbol period becomes
TOFDM = Tu + TCP.

In practical scenarios, ICI is negligible when ε is small (e.g. < 0.1) [14]. As veloc-
ity υ or carrier-frequency fc increases, ∆f needs to increase proportionally for ε
to be smaller than the limit. This maximal ε is a standard used in our work and
Doppler shift effect is explained next.
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Figure 2.4: One OFDM symbol period.

Doppler shift is the change of phase and frequency when the mobile station
moves along a certain direction at a constant rate due to the differences of propa-
gation distance. It is well known that Doppler shift provides more diversity gain
and adaptive reception [15]. All mobile communication systems contend with
Doppler shift, but OFDM system is especially sensitive to Doppler shift because
it depends on the precise alignment of the subcarrier frequencies to achieve the
orthogonality.

Doppler shift effect can be illustrated in Figure 2.5. Motion causes frequency
modualtion due to Doppler shift and mathematically it can be given by

fd =
1

2π
·
∆Φ

∆t
=
v cosθ
λ

(2.10)

where

∆Φ =
2π∆l
λ

=
2πv∆t
λ

cosθ

• fd is the Doppler shift in Hz;

• v is the velocity of the mobile object;

• λ is the wavelength in meters;

• θ is the angle between mobile direction and arrival direction of Radio Fre-
quency (RF) energy.

Since single-path channel is set up, there are only diagonal elements and other el-
ements are set to zeros in the channel matrix H . Therefore, all diagonal elements
have a shift and it is also equivalent to all elements in H will be multiplied by a
shift due to Doppler shift, which can explain how ICI is generated. Since ICI is
caused by Doppler shift, the expression and analysis of ICI will be given in next
section.
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Figure 2.5: Doppler shift.

2.3 ICI Formula

ICI casued by high Doppler frequency shift has severe impact on link perfor-
mance and capacity for high-speed communications. There have been some ICI
mitigation schemes investigated by utilizing the estimation and pre-compensation
of high Doppler shift in LTE systems with distributed remote radio units (RRU)
[9]. The related estimation and equalization methods are also implemented in
our work.

First, a way to calculate ICI coefficient is introduced and the general ICI with re-
spect to different Doppler shifts is plotted for inital analysis. Let a normalized
Doppler shift ε = F + ε with an interger F and 0 < |ε| ≤ 0.5. Assume a single-path
time-varying channel αe2πj nN ε and transmitting m FD symbols via the channel
from the process of modulation and FFT in Section 2.1. Firstly, symbols will be
modulated. After the operations of S/P, IFFT and CP insertion, signal will be
transmitted via the channel. On the receiver side, the CP will first be removed,
followed by FFT. Then P/S operation is conducted. Now on the time domain, ev-
ery data point has rotated with some specific angles due to Doppler shift. Math-
ematically, this is equivalent to multiplying with a factor e2πjε. Finally, signal is
converted into frequency domain with FFT and the received symbols equals

y(k) =
α
N

N−1∑
n=0

N−1∑
m=0

e2πj nN εe2πj n(m−k)
N x(m) (2.11)

=
α
N

N−1∑
m=0

cm−k+F(ε) x(m) (2.12)
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Figure 2.6: Theoretical ICI power (average for 5000 monte-carlo simula-
tions) with varying ε, under 1P2C channel with each component being com-
plex Gaussian with zero-mean and variance of 1.

Obviously, the ICI coefficient in this case is related to ε, which is close to a sinc-
function as

cm(ε) =
sin(π(m + ε))

sin(πm+ε
N )

eπj
N−1
N (m+ε) (2.13)

This is how we can calculate ICI coefficients. Then the average ICI power with
varying Doppler shift is plotted as illustrated in Figure 2.6 where 1P2C channel
has been employed. It can be clearly seen that the ICI performances vary with
different Doppler shift coefficients. In general, the curve for ICI power after nor-
malization is symmetric and only subcarriers at the two endings of carrier show
higher ICI phenomenon because they are much easier to be interferenced com-
pared with subcarriers in the middle. ICI occured at the beginning and ending
of subcarriers is the main target that need to be mitigated. Besides, the blue
curve representing the smallest Doppler shift simulted with 0.05 and 0.1 respec-
tively in the figure, only reaches -60dB ICI power and thus when Dopper shift is
very small (<0.1), ICI can be negligible. The red one simulated with the largest
Doppler shift can reach -50dB, which can be covered with optimal FDCE length
and FDCE and ICI analysis will be displayed in Section 4.1. To sum up, it can
be concluded that the ICI power is small and can be negligible when ε is small
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Figure 2.7: Insert CP in TD by copying the last part of OFDM symbol to the
beginning.

(e.g.<0.1).

From ICI plot, we can roughly obtain the proportion of subcarriers under high
power ICI, and further estimate the number of CP to cover ICI. Next section in-
troduces the relevant theoretical background of TDCP.

2.4 TDCP

ISI is caused by channel delay over multipath channels and subcarriers can hardly
keep othogonality after arriving at the receiver. In the design of wireless OFDM
systems, the channel is usually assumed to have a finite-length impulse response.
A guard interval, longer than this impulse response, is put between consecutive
blocks in order to avoid inter-block interference and preserve orthogonality of
the tones [8].

CP can guarantee the othogonality between channels, which reduces ICI effc-
tively. Generally, the CP length is no less than channel delay in order to avoid
ISI. Figure 2.7 illustrates how CP is inserted on the time domain: copy the end-
ing part of OFDM symbol to the beginning as CP.

Mathematically, inserting CP is to transfer linear convolution into circular con-
volution. Since multipath propagation has been described in Section 2.2.1 and
assume transmitting N samples via L-tap channel. Adding a small triangular
matrix A marked in blue in Eq.(2.14) to the right-corner of H in Eq.(2.8), then
matrix H becomes a circulant matrix and the new expression is given by
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y0
y1
...

yN−1


N×1

=



h0 hL−1 · · · h1

h1 h0
. . .

...
... h1 h0 hL−1

hL−1
... h1 h0

hL−1
... h1 h0

hL−1
... h1 h0

hL−1
... h1 h0

hL−1 · · · h1 h0


N×N


x0
x1
...

xN−1


N×1

(2.14)

According to Eq.(2.14), the received signal y can be written as

y0 = h0 · x0 + hL−1 · xN−L+1 + · · · + h1 · xN−1

y1 = h1 · x0 + h0 · x1 + hL−1 · xN−L+2 + · · · + h2 · xN−1

...

yL−1 = hL−2 · x0 + · + h0 · xL−1 + hL−1 · xN−1

yL = hL−1 · x1 + · + h0 · xL
...

yN−1 = hL−1 · xN−L + · + h0 · xN−1

Next, move A to the top left-corner of H and matrix H now becomes a toeplitz
matrix. As can be observed in Eq.(2.15), the first L − 1 elements in x is the CP
inserted. This means the received signal y from Eq.(2.14) is equivalent to that
from Eq.(2.15). Inserting CP in the input signal X is equivalent to adding a small
matrix A in the right-corner of H , which is shown as in Eq.(2.14). That’s how H
becomes circulant matrix after CP insertion.



2.5 FDCE 17


y0
y1
...

yN−1

 =



hL−1 · · · h1 h0
. . .

... h1 h0

hL−1
... h1 h0

hL−1
... h1 h0

hL−1
... h1 h0

hL−1
... h1 h0

hL−1
...

...
. . .

hL−1 · · · h1 h0





xN−L+1
...

xN−1
x0
x1
...

xN−1


(2.15)

TDCP can be extended to CP in the frequency domain due to the time-frequency
duals of OFDM system. Therefore, next section will introduce FDCE derived
from FDCP.

2.5 FDCE

In the previous section, the theoretical derivation of TDCP is described. Due to
the time-frequency duality of OFDM system introduced in [10], TDCP can be ex-
tended into CE in the frequency domain. This section displays how CE is inserted
to one symbol in the frequency domain. It’s known that the symbol and CE will
be mixed together in the time domain after IFFT operation, and there will be no
characteristic to distinguish the difference between them. Based on this reason,
CE insertion in the frequency domain is relatively easy to operate and analyze.

Double-sided CE is inserted to FD symbols as illustrated in Figure 2.8 to form
the final complete symbol. Both the beginning and ending parts are selected,
which are part of the information of FD symbol. Then the chosen segments will
be crossly inserted on the original FD symbol (the block FDCE1 and FDCE2), so
that the double-sided CE is formed. Thus it can guarante the transmission reli-
ablity but with some channel capacity loss.

Different FDCE lengths will have different channel capacity while providing vary-
ing protecting results in terms of bit error rate, which will be further illustrated
in 4.1.1. Another alternative way is to replace CE by zero-padding leading to
less transmission power used and lower SNR and then add zero-paddings back
to corresponding parts in the received signal [5]. This thesis only focuses on CE
insertion.
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Figure 2.8: One FD symbol with double-sided CE.

Since the related theory for the first approach FDCE has been already described,
then the theoretical background of windowing functions design will be intro-
duced in next section.

2.6 Windowing Functions Design

From a filter bank (FB) perspective, OFDM can be regarded as an exponentially
modulated FB for which the prototype filter has a rectangular shape. However,
the use of a rectagular pulse shape leads to a poor behavior in the frequency do-
main, making the OFDM system particularly sensitive to frequency impairments,
i.e. Doppler spread. In [23] the Filtered MultiTone (FMT) scheme is introduced,
are oversampled OFDM, to overcome this potential problem. It is significant that
the FMT has to be implemented with short prototype filter to avoid an increase
of computation complexity. This section describes the PRC based on this optimal
short FMT prototype filter for window functions design and then defines six win-
dow functions studied in our work.

2.6.1 Perfect Reconstruction Condition (PRC)

Before we introduce window functions, an important condition is introduced
first. The Tx and Rx process through finite impulse response (FIR) can be sim-
plified in discrete form illustrated in Figure 2.9

Figure 2.9: Simplified Tx and Rx process.
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For a multiplexing system with K subcarriers, and a L-tap channel, PRC requires

RHT = Λ (2.16)

such that Λ is diagonal (ICI free), where the effctive channel matrix H is circular
(with CP or zero-padding (ZP)) and R and T are FFT and IFFT matrix respectively
with OFDM. PRC suppresses CFO induced penalty at Rx without requiring any
addtional overhead and exhausive signal processing. It is an importance protocol
of designing windowing pulse shapes.

2.6.2 Windowing Functions

Pulse shaping allows the signal to spread in the time-frequency plane. Such
technique is important in the case of time-frequency selective channels [18]. CP-
OFDM is known as a rectagular multicarrier modualtion with worst frequency lo-
calization compared to any non-rectangular shaped OFDM signals [11, 28]. It has
been demonstrated that root raised cosine (RRC) in OFDM has some advantages
compared with rectagular window for Rx operating under the effect of residual
CFO [29].

Windowing pulse shapes should be designed to meet PRC. Typically, a symmetric
and orthogonal windowing matrix W is constructed as

W = diag
(
w 1 ←−w = fliplr(w)

)
(2.17)

where w is windowing coefficient row vector that should be designed, 1 is a row
vector with all elements of 1 and fliplr(w) returns a vector←−w with its rows flipped
from w in the left-right direction. W can be illustrated as the blue line in Figure
2.10.

Figure 2.10: An example for window design.

And it should satisfy the PRC

|w|2 +
∣∣∣←−w ∣∣∣2 = 1 (2.18)

Next, six windowing functions used in our work are described.
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1. Rectangular

We choose rectangular window as a benchmark to evaluate the effectiveness
of other proposed windowing techniques. It can be defined as

w [k]Rect = 1, 0 ≤ k ≤ N + W − 1. (2.19)

The first N − W coefficients of w [k]Rect. form CP in order to mitigate ISI
introduced by time-dispersive channels.

2. Root raised cosine (RRC)

Specifically, the standard root raised cosine response is given by [10]

w [k]RRC = w [N − 1 − k]RRC


√

1 + cos
(
π
α
k
W

)
, 0 ≤ k ≤ W − 1,

1, W ≤ k ≤ N −W − 1,
(2.20)

where α is the roll-off factor and in our work α = 1.

3. Time-frequency location (TFL)

The closed-form expression for TFL is given by

w [k]TFL = w [N − 1 − k]TFL

{
sin

( (2k+1)π
4W

)
, 0 ≤ k ≤ W − 1,

1, W ≤ k ≤ N −W − 1.
(2.21)

4. Out-of-band energy (OBE)

The closed-form expression for OBE is given by

w [k]OBE = w [N − 1 − k]OBE

{
cos

(
2k−1
2W ã + b̃

)
), 0 ≤ k ≤ W − 1,

1, W ≤ k ≤ N −W − 1,
(2.22)

where ã and b̃ are two constants given in [23].

5. Stair-shape (SS)

The windowing coefficients of stair-shape is defined as

w [k]SS = w [N − 1 − k]SS = 0.5, 0 ≤ k ≤ W − 1. (2.23)
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6. Trapezoid (TZ)

The windowing coefficients of trapezoid is defined as

w [k]TZ = w [N − 1 − k]TZ =
k + 1
W + 1

, 0 ≤ k ≤ W − 1. (2.24)

TFL and OBE are two pulse shapes presenting an opportunity of taking a new ap-
proach in proving higher residual CFO tolerance with pure discrete pulse shapes
[17]. One major advantage of these two is that it does not require additional over-
head beyond adding CP. Another advantage is that it only requires additional
multipliers at Tx and Rx in the case of hardware implementation [17]. RRC is an
analogue pulse shape with infinite impulse response. Truncation is required for
RRC to achieve short pulse shape in the case of implementation; consequently
the discrete finite impulse response of RRC would not meet PRC. Apart from
RRC, the others satisfy PRC.

The inpulse responces of the six window functions are displayed in Figure 2.11
and plotted against rectangular pulse as a reference. Although he general outline
for pulses can be seen, it is still hard to determine which one is to be preferred.
Thus the frequency responces will also be analyzed when deriving the optimal
windowing pulse shape.
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Figure 2.11: The impulse responses of six window functions, N=256, W=16.



3
Method

After the introduction of the theoretical background, this chapter describes the
methods for ICI mitigation. The first Section 3.1 is a systematic overview of pro-
posed scheme. Next, Section 3.2 covers only Rx windowing and also derives op-
timal windowing pulse shape design. Section 3.3 introduces channel estimation,
including pilot signal and linear minimun mean square error (LMMSE). The last
Section 3.4 addresses data detection, which is the last step of the whole system.

3.1 Proposed W-FDCE OFDM System Design

In this section, W-FDCE OFDM system scheme is proposed, which is based on
OFDM system in Section 2.1 together with combining windowing and FDCE.
And then two windowing schemes for this proposed model will also be explained.

Proposed System Diagram

To evaluate the system, an end-to-end extensive simulation is carried out and
constructed in MATLAB as illustrated in Figure 3.1. Compared with the origi-
nal OFDM system in Figure 2.1, some new blocks are added marked with dash
line: FDCE, windowing pulse, matched filter (MF) and equalization. The pro-
posed system starts with FD symbol mapping, where the data stream is mapped
to some modulation techniques, such as QPSK and 16-QAM. Then CE is inserted
at both sides of the modulated symbol such that each symbol carries the original
information, together with repeated information (e.g. CE) as a protect of data.
After IFFT operation, CP is inserted in the time domain. The windowing pulse is
then added to reduce ICI. So far, the data processing at the transmitter has been
completed.

23
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Figure 3.1: Proposed W-FDCE OFDM system in comparation to the conven-
tional OFDM system in Figure 2.1.

At the receiver side, the first process is MF whose impulse response is a reversed
and delayed version of windowing pulse shapes. Next, TDCP is removed and
FFT is performed. IDFT is operated for time domain equalization after FDCE
removal. After the received signal is converted into frequency domain by DFT,
which is known as an equalization process, it will be modulated and detected.

That’s the whole process for the proposed W-FDCE OFDM scheme. Next, we will
propose two windowing schemes for this proposed model.

TwoWindowing Schemes

Recently Qualcomm introduced weighted overlap and add (WOLA), which has a
significant improvement to out-of-band and in-band asynchronous user interfer-
ence suppression [22]. In our work two windowing design schemes for W-FDCE
OFDM are proposed. It should be noticed that only time domain windowing can
be used in practical implementations. Thus, FDCE should be first converted into
TDCE with the operation of IFFT.

Two schemes for adding window in TDCE operation are presented in Figure 3.2.
For scheme 1, we take a part of the CP as window marked with the blue rectangle,
and windowing pulse shape is marked as blue line. For scheme 2, the window
contains two parts, with the first half being part of CP and the second half being
the cyclic suffix (CS).

It can be observed that the total window size and symbol length of two schemes
are identical. And from the view of windowing pulse shape design, scheme 2 is
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Figure 3.2: Two windowing schemes.

equivalent to scheme 1. This will be simulated and proved in Section 4.2. Next
section will describe the process of deriving optimal windowing pulse shape.

3.2 Optimal Windowing Pulse Shape

This section explains how to derive the optimal windowing pulse shapes mathe-
matically.

Only Rx Windowing

Two schemes for proposed W-FDCE OFDM system are introduced in Section 3.1,
only Rx windowing is adopted to approximate windowing at Tx&Rx in order to
derive the optimal windowing pulse. As illustrated in Figure 3.3, the windowing
pulse at Tx is removed and only keep the Rx windowing marked in red. Other
operations are the same as Figure 3.1.

The input of the blocks for only windowing at Rx is Tx symbol shown in Figure
2.4, which is CP-OFDM but has higher Tx power compared to scheme 1 and this
will be discussed further in Section 5.2. There are three main procedures for this
operation.

1. Determine a window size based on channel delay, such that the window
part in CP suffers no ISI from a previous symbol.
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Figure 3.3: The blocks for only windowing at Rx.

Figure 3.4: The first step for only Rx windowing operations.

2. Apply a window function satisfying PRC

w +←−w = 1 (3.1)

Here is not the same as the equation for windowing at Tx&Rx in Eq.(2.18)
since this is only Rx windowing.

3. Add windowed parts to obtain a complete FFT block:
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Figure 3.5: The third step for only Rx windowing operations.

Since only Rx windowing operations have already been introduced, the optimal
windowing pulse shape will be derived. The concept for effective channel is in-
troduced first.

Effective Channel

The windowing related part of proposed WDCE-OFDM schemes in Figure 3.1 are
discussed as illustrated in Figure 3.6 and both the input and output of the blocks
are FD symbols as well. The combined operations can be equivalently written as
an effective channel

C = F T̃ †W †HWT F † (3.2)

where H is band-shaped channel matrix, W is a diagonal windowing matrix sat-
isfying PRC, F and F † are FFT and IFFT matrix respectively, while TDCE matrix
T (add CP) and T̃ (remove CP) equals

T =

 0
[
ICP

IW

]
IN

 , T̃ =

 0
[
0CP

IW

]
IN


One can consider the comparative performance of the different pulses in terms
of the averaged signal power to averaged ICI power ratio [24], denoted signal-to-
interference ratio (SIR) and it is given by

SIR =
‖diag(C)‖2

‖C‖2 − ‖diag(C)‖2
(3.3)
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Figure 3.6: Effective channel with matrix operations.

where ‖C‖2 is the total power and ‖diag(C)‖2 is the signal power.

Section 2.6 has already given six windowing functions and thus wthe windowing
matrix W in effective channel C is known. As a rule of thumb, then we can sub-
stitute the given W to Eq.(3.2) and compute SIR to analyze the performance of
different windowing pulse shapes. That is a method which is usually used in the
engineering field. The windowing functions with higher SIR values are of inter-
ested.

Property

Let v = w + (1 − w) e2πjε, then

the optimal v equals

v = (c
N−W−1∑
l=0

e2πj lN ε) �
(
e2πj WN ε ... e2πj 1

N ε
)
, (3.4)

where

c =
N −W∣∣∣∣∑N−W−1

l=0 e2πj lN ε
∣∣∣∣2 .

The optimal w equals

w =
v − 1e2πjε

1 − e2πjε
(3.5)
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and the maximal ICI power equals

S
S + I

=
1
N

1 +

∣∣∣∣∑N−W−1
l=0 e2πj lN ε

∣∣∣∣2
N −W

 . (3.6)

Proof: Given an effective channel C, an optimal windowing pulse shape can max-
imize averaged SIR as

Wopt = arg max
w

‖diag(C)‖2

‖C‖2 − ‖diag(C)‖2

= arg max
w

‖diag(C)‖2

‖C‖2
(3.7)

where C = F T̃ †W †HWT F †.

To gain the insight of the design, consider a simple case with a single-path (of
multiple components) channel, such that H is diagonal with diagonal elements∑
k hke

2πj nN εk , where time index n multiplying by ε represents shift. Then, the
effective channel reads

C = F T̃ †W †HWT F † = FDF † (3.8)

where D is a diagonal matrix

D = diag


(
1 e2πj 1

N ε ... e2πj N−W−1
N ε

)
︸                                 ︷︷                                 ︸

channel elements

d


d = w �

(
e−2πj WN ε ... e−2πj 1

N ε
)

+ (1 − w) �
(
e2πj N−WN ε ... e2πj N−1

N ε
)

=
(
w + (1 − w) e2πjε

)
�

(
e−2πj WN ε ... e−2πj 1

N ε
)

and C is a circulant matrix.

First, we derive ‖C‖2 as below

‖C‖2 = T r
{
C†C

}
= T r

{
(FDF †)†(FDF †)

}
= T r

{
FD†DF †

}
= T r

{
DF †FD†

}
= T r

{
DD†

}
(3.9)
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It is ready to see that signal and ICI power satisfies

S
S + I

=
‖diag(C)‖2

‖C‖2

=
1
N |T r {D}|

2

T r
{
DD†

}
=

1
N

∣∣∣∣∑W−1
k=0 dk +

∑N−W−1
l=0 e2πj lN ε

∣∣∣∣2
N −W +

∑W−1
k=0 |dk |

2 (3.10)

To obtain the maximum value of Eq.(3.10) easily,

let a =
∑W−1
k=0 dk , b =

∑N−W−1
l=0 e2πj lN ε,

S
S + I

=
1
N

|a + b|2

N −W +
∑W−1
k=0 |dk |

2

=
1
N

|b|2
∣∣∣∣ ab∗|b|2 + 1

∣∣∣∣2
N −W +

∑W−1
k=0 |dk |

2

=
1
N

(1 + c)2

N−W
|b|2

+
∑W−1
k=0 |dk |

2

|b|2

=
1
N

(1 + c)2

N−W
|b|2

+ c2
(3.11)

Then make the differential of Eq.(3.11) with respect to c and let this equals to 0

∂ S
S+I
∂ c

= 0

2 (1 + c)
(
N −W
|b|2

+ c2
)
− (1 + c)2 · 2c = 0

N −W
|b|2

+ c2 = c + c2

=⇒ c =
N −W
|b|2

(3.12)

Therefore, the coefficient c is given by
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c =
N −W∣∣∣∣∑N−W−1

l=0 e2πj lN ε
∣∣∣∣2 (3.13)

And finally the maximal ICI power with optimal windowing pulse shape can be
derived as displayed Eq.(3.5).

3.3 Channel Estimation

Multi-amplitude modulation schemes, such as QAM are used in wireless com-
municaiton systems and these schemes requires the estimation and tracking the
fading channel. 16-QAM modulation in an OFDM system has been investigated
in [32] and [13]. When designing the estimators for wireless OFDM systems, two
main problems need to be considered. The first problem is the arrangement of
pilot information, where pilot means the reference signal used by both transmit-
ters and receivers. The second problem is the design of an estimator with both
low complexity and good channel tracking ability. And these two problems are
interconnected.

3.3.1 ICI Model

Since non-casual ICI taps are in the form

c = (c−F · · · c−1 c0 c1 · · · cF) (3.14)

The ICI coefficients estimation model can be expressed as


y0
y1
...
y2F

 =



x−F · · · x0 · · · xF
x−F+1 · · · x1 · · · x−F
...

. . .
...

. . .
...

x0 · · · xF · · · x−1
...

. . .
...

. . .
...

xF−1 · · · x−2 · · · xF−2
xF · · · x−1 · · · xF−1





c−F
...
c0
...
cF


(3.15)

and in matrix operation can be written as

y = Xc (3.16)

where y is the received vector, X is the pilot matrix and c is the vector of the ICI
coefficients. In the following, let ĉ denote the estimate of ICI coefficients c.
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Figure 3.7: The pilot arrangement for channel estimation.

3.3.2 Pilot Signals

Channel can be estimated by using a preamble or pilot symbols known both at
transmitter and receiver, which employ various interpolation techniques to esti-
mate the channel responce of the subcarrier between pilot tones. Pilot signals
are also known as reference signals. Demodulation reference signals (DMRS) are
used in 5G NR systems to assist receivers in estimation of the wireless channel for
subsequent coherent processing of the corresponding received data on the physi-
cal channel [25].

Our work inserts pilot signals to certain consecutive subcarriers of each OFDM
symbol, where the interpolation is needed to estimate the conditions of data sub-
carriers and it can be displayed in Figure 3.7. Each column represents an OFDM
symbol. The black circles represent pilot signals that are inserted while the white
are data signals. The pilot signals are inserted to several consecutive subcarriers
for ICI coefficients estimation. The vector c is defined in Eq.(3.14) and the middle
ICI coefficient c0 is regarded as the maximal one.

3.3.3 LMMSE

In [31], minimum mean-square error (MMSE) and least-square (LS) channel esti-
mators have been investigated. The MMSE estimator has good performance but
high complexity. The LS estimator has low complexity but with inferior perfor-
mance compared to the MMSE estimator . This thesis presents LMMSE estima-
tors for compromising between complexity and performance.
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LMMSE is defined as the estimator achieving minimal mean square error (MSE)
with ĉ = Ay, where A is a matrix and b is a vector. That is, it solves the following
optimization problem

Aopt = min
A,b

E
{
(c − ĉ)2

}
. (3.17)

We expand the expectation as

E
{
(c − ĉ)2

}
= E

{
(c − Ay)2

}
= E

{
c2 + A2y2 − 2cAy

}
. (3.18)

We then differentiate Eq.(3.18) with respect to W and set the result equal to zero
which gives

A = RcyR−1
yy , (3.19)

where Ryy is the auto-covariance matrix of y and Rcy is the cross-covariance ma-
trix between c and y defined as

Rcy = E
{
cyH

}
= E

{
ccH

}
XH

and

Ryy = E
{
yyH

}
= XXH + σ2

n I .

The estimate of the pilot matrix is given by

ÂLMMSE = RcyR
−1
yy

= XH
(
XXH + σ2

n I
)−1

. (3.20)

Finally, the estimated ICI coefficients can be expressed as

ĉ = ÂLMMSEy

= XH
(
XXH + σ2

n I
)−1

y. (3.21)

The number of pilot signals affects the accuracy of channel estimation and the re-
lationship between the number of pilot signals and the number of ICI coefficients
(also ICI taps) will be discussed and analyzed in Section 5.3.

3.4 Data Detection

In Sub-6 GHz wireless systems such as LTE and WiFi, the state for a general
time-varying channel is unknown, but it can be estimated with pilot signals, as
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described in Section 3.3.2. In rapid time-varying channels, such as those found
in high-mobility or mmWave deloyments, apart from channel estimation, appro-
priate equalization techniques should be also adopted to exhibit a high Doppler
spread and even a modest delay spread.

Next, the reason why the channel matrix H needs to become the circulant matrix
in Section 2.4 is explained. Generally, H−1 is multiplied in Eq.(2.1) to calculate
an estimate x̂ of the transmitted signal x

x̂ = H−1y

= x + H−1n. (3.22)

However, H−1 is difficult to compute since H is the N × N matrix and it is very
complicated to calculate the inverse of a N ×N matrix. As a result a new method
will be proposed. Assume H is a circulant matrix and Eq.(2.1) can be written as
in the frequency domain with FFT operation

Y = Fy

= FHF †Fx + Fn

= ΛX + N (3.23)

where X is the FFT operation of x and N is the FFT operation of n.

During this equation derivation, two properties are used. That is, the unit matrix
I can be written as the multiplication of a FFT matrix and a IFFT matrix I =
F †F = FF †. And a circulant matrix H can be written as

Λ = FHF † (3.24)

where Λ is a diagonal matrix.

Then zero-forcing is applied to obtain the estimated desired signal X̂ by multi-
plying the inverse of matrix Λ

X̂ = Λ−1Y

= X + Λ−1N (3.25)

It’s trivial to perform a diagonal matrix inversion. We only need to compute the
inverse of each element in the diagonal line and that’s why we build a circulant
matrix H due to the property of Eq.(3.24). After equalization, LLR algorithm is
implemented to detect FD symbols and the final output can be achieved.
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With the support of theoretical background, some simulations are carried out
with MATLAB in this chapter. Firstly, Section 4.1 describes the optimal FDCE
length under different parameters in terms of three aspects: RBER, BLER and
achievable rate. Then the simulation of optimal windowing pulse design will be
displayed in Section 4.2. And Section 4.3 combines two proposed approaches for
ICI mitigation.

4.1 Simulation Results with FDCE

In this section, all simulations are conducted based on the same parameters only
with one variable: Doppler shift. Usually 1P2C channel is set up with different
Doppler frequency shifts and then optimal FDCE length is decided to cover the
ICI. In each case, the performance of RBER, BLER and achievable is analyzed.
The parameters involved are summarized in the Table 4.1. Doppler shift by de-
fault is 15kHz and 60kHz is 4 times of the default value. Similarly 7.5kHz is
0.5 times and 31.5kHz is 2.1 times. The first Doppler shift is always set as 500Hz
and this is equivalent to 0.03 in terms of normalized Doppler shift, which is small
enough and can be negligible. And the second one usually are larger. The corre-
sponding simulations are carried out based on 4, 0.5 and 2.1 times of Doppler
shift and Table 4.1. In the figures this fraction of the default value is denoted by
εi .

35
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Table 4.1: Parameters of Proposed W-FDCE OFDM.

Parameter W-FDCE OFDM setting
Number of OFDM symbols 2000

N 512, 1024
Modulation QPSK, 16-QAM

∆f 15, 30, 60kHz
LT 72, 36
LF 2, 4, 6, 8, 10, 20
W 16

Channel model SISO

4.1.1 RBER Analysis

RBER is defined as the percentage of transmission error bits in the total transmis-
sion bits within a specific time interval. It stands for the bit error rate caused by
noise, interference, distortion or bit synchronization error during transmission.
RBER-SNR curve is plotted to analyze the performance and this section shows
the corresponding RBER-SNR curves for three simuation cases listed in Section
4.1. First, the RBER expression is given by

RBER = 1 − m
(Ntot − LF)Qm

, (4.1)

where

• m is the bit numbers which are transmitted correctly;

• Ntot is the number of total transmission symbols;

• LF is the length of FDCE;

• Qm is the exponent of modulation scheme (e.g. Qm = 2 in QPSK).

Then RBER versus SNR under different Doppler shifts are plotted according to
Eq.(4.1) and illustrated from Figure 4.1 to Figure 4.3.
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Figure 4.1: RBER-SNR with varying LF, under 1P2C channel with com-
ponents being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb0,-3dB, LT = 72, N=1024, normalized ε 0.03,4.

Figure 4.2: RBER-SNR with varying LF, under 1P2C channel with com-
ponents being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb 0,-3dB, LT = 72, N=1024, normalized ε 0.03,0.5.
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Figure 4.3: RBER-SNR with varying LF, under 1P2C channel with com-
ponents being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb 0,-3dB, LT = 72, N=1024, normalized ε 0.03,2.1.

It can be seen from Figure 4.1 that when FDCE length is two, four or even six,
RBER of 10−4 is the bound and ICI can not be fully mitigated. While the FDCE
length increases to eight or larger, the RBER values have an obvious decrease and
ICI can be basically mitigated now. The longer the FDCE length, the smaller the
RBER and the better the perforamce. In Figure 4.2, when FDCE length is two,
RBER have been already achieved 10−4 even up to 10−5, which represents the
current FDCE length is enough to cover ICI. In Figure 4.3, the FDCE length with
four or longer can fully cover ICI under 2.1 times Doppler shift.

In total, there are two conclusions drawn from the above simulations. Firstly, in-
serting enough FDCE length can effectively reduce ICI indeed. Furthermore, the
longer the FDCE length, the better the performance. Secondly, it requires longer
FDCE length under large Doppler shift. This is also corresponding to the obser-
vations from the general ICI curve in Section 2.3. Section 4.1.2 and Section 4.1.3
will analyse further the impact of different FDCE lengths on ICI suppression in
terms of BLER and achievable rate. Since the derivation of BLER and achievable
rate are based on RBER, the conclusions are expected to be similar with those of
RBER. Next, the analysis from BLER will be presented.
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4.1.2 BLER Analysis

In subsection 4.1.1, the error occurred in each bit is calculated and the raw bit
error rate is derived. In this subsection, we assume six symbols are made up to
one block and once one bit error occurs in the block, this block will be regarded
as wrong and error increases by one. The method to compute BLER is similar to
the one for RBER but the numerator becomes block number instead. Hence, the
BLER will result in higher value than RBER.

The BLER is given by

BLER = 1 − n
(Ntot − LF)Qm

, (4.2)

where n is the number of blocks which are transmitted correctly and other pa-
rameters remained as Eq.(4.1). BLER versus SNR under different Doppler shift
are plotted according to Eq.(4.2) and illustrated from Figure 4.4 to Figure 4.6.

Figure 4.4: BLER-SNR with varying LF, under 1P2C channel with com-
ponents being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb 0,-3dB, LT = 72, N=1024, normalized ε 0.03,4.
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Figure 4.5: BLER-SNR with varying LF, under 1P2C channel with com-
ponents being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb 0,-3dB, LT = 72, N=1024, normalized ε 0.03,0.5.

Figure 4.6: BLER-SNR with varying LF, under 1P2C channel with com-
ponents being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb 0,-3dB, LT = 72, N=1024, normalized ε 0.03,2.1.
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Take four times Doppler shift for example. It can be obtained from Figure 4.1
that at least eight FDCE length is needed to fully mitigate ICI. And it can be also
observed from BLER as illustrated in Figure 4.4 that it requres FDCE length with
eight to obtain a satisfactory BLER value. However, BLER only achievs around
10−1. This is mainly because it has higher probability that one error occurs in
a longer symbol block compared with single symbol. Similar results can be ob-
tained from other two cases in Figure 4.5 and Figure 4.6. Next, the ICI perfor-
mance will be analyzed from the perspective of achievable rate.

4.1.3 Achievavle Rate Analysis

To further explore the impact of FDCE on ICI suppresion, the concept of achiev-
able rate is defined. This concept is similar with spectral efficiency measured in
bits/s/Hz. Mathmatically, the bits transmiited correctly are divided by the time
consumed and the bandwidth used for transmission, which is to obtain the cor-
rect transmission bit efficiency during this period. The achievable rate is given
by

R =
m
BT

=
m

(N∆f )[(N + LT) 1
N∆f ]

=
m

N + LT
, (4.3)

where

• m is the bit numbers which are transmitted correctly;

• B is the total bandwidth occupied for the transmission;

• T is the total time used in the transmission;

• N is FFT size, which is the length of one symbol;

• LT is the length of TDCP;

• ∆f is SCS and 15kHz by default.

Achievable rate versus SNR under different Doppler shift is plotted according to
Eq.(??) and illustrated from Figure 4.7 to Figure 4.9.
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Figure 4.7: R-SNR with varying LF, under 1P2C channel with each com-
ponent being complex Gaussian with zero-mean and variance of 1; delay
[0,20]ns, pdb [0,-3]dB, LT = 72, N=1024, normalized ε [0.03,4].

Figure 4.8: R-SNR with varying LF, under 1P2C channel with each com-
ponent being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb 0,-3dB, LT = 72, N=1024, normalized ε 0.03,0.5.
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Figure 4.9: R-SNR with varying LF, under 1P2C channel with each com-
ponent being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb 0,-3dB, LT = 72, N=1024, normalized ε 0.03,2.1.

The black dash line in figures is the upper bound of theoretical achievable rate
value. In theory, the achievable rate for QPSK without any modification is sup-
posed to equivalent to two. However, FDCE insertion will occupy around 14%
of the bandwidth usage. Thus the upper bound of achievable rate is finnaly cal-
culated around 1.72 in each case. Besides, since the achievable rate has the same
principle as RBER, similarly, different FDCE length is required to be inserted to
cover ICI.

4.1.4 Comparison with Integer and Fractional ε

Since simualtions with 4, 0.5 and 2.1 times Doppler shift have been conducted
and analyzed, It can be initially obtained that ICI mitigation under different
Doppler shift requires different FDCE length. For example, as described in Sec-
tion 4.1.1 we know that ICI with 2 times Doppler shift requires FDCE length
more than four and it only requires LF = 2 under 1 times Doppler shift. For
futher validation, more specific cases are simulated, such as ε set as 1/15, 1/5,
1/3 and 2/3 times as illustrated in Figure 4.10, where CP-OFDM is simulated for
comparation.

It can be observed from Figure 4.10 that RBER with FDCE method has much bet-
ter performance than CP-OFDM. Taking ε1 = 1/5 for example, RBER with FDCE
can reach 10−5 at high SNR while CP-OFDM can only reach around 10−2. What’s
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Figure 4.10: SISO-16-QAM, 1P2C channel with each component being com-
plex Gaussian with zero-mean and variance of 1; delay 0,20ns, pdb 0,-3dB,
LT = 72, LF = 12, N=1024.

more, in the cases with FDCE, RBER with integer Doppler shift has better per-
formance than fractional Doppler shift, for instance, the blue curve marked with
triangles always locates at the bottom and has smallest RBER. This is also corre-
sponding to the results from Section 4.1.1.

Next, windowing pulse shapes are added individually and the corresponding re-
sults and analysis will be given.

4.2 Simulation with Optimal Windowing Pulse Design

After analyzing the influence on the system by inserting different lengths of
FDCE, the second part is to explore the influence of window functions. This sec-
tion mainly shows the simulated results for optimal windowing pulse design for
ICI suppression. Section 2.6 has already given six windowing functions, which
means the windowing matrix W in effective channel C is known. Then the calcu-
lation of effective channel C and SIR will be given for analysis.

Frequency Responce

From Figure 4.11 we can see the frequency responses of six window functions. It
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Figure 4.11: The frequency responces of six windowing functions with
N=256 and W=16.

can be observed that trapezoid exhibits better localization in frequency than oth-
ers. Stair-shape also has lower sidelobe power and quick power decay than rectag-
ular, which represents a better decaying around zero-frequencies and suprresion
over further side lobes. In terms of good time and frequency localizaiton, as well
as low out-of-band emission, stair-shape and trapezoid are proposed among six
windowing pulse shapes.

Besides, take TFL for example and then plot its frequency responces under vary-
ing window lengths which is illustrated in Figure 4.12. TFL with longer window
length has lower sidelobe energy which is our desired performance and it can be
found that the longer the window length, the better the performance. Next, the
performance for these windowing pulse shapes will be analyzed futher by com-
paring SIR.

SIR Evaluation

First, signal-interference-ratio (SIR) is selected for performance evaluatiuon and
it’s given by

SIR =
‖diag(C)‖2

‖C‖2 − ‖diag(C)‖2
. (4.4)

Assuming scheme 1, 1P2C deterministic channel is simulated first with W = 8
and 64 respectively, where channel coefficients h0 = h1 = 1 and the second com-
ponent has Doppler shift. It can be seen that the red circle in Figure 4.13, all win-
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Figure 4.12: The frequency responces of TFL with N=256 under varying W.

dowing pulse shapes are almost as good as stair-shape, but when Dopper shift ε
is close to 0, RRC is the worst which is due to the violation of PRC.
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Figure 4.13: SIR for windowing functions, 1P2C deterministic channel with
h0 = h1 = 1, N=256, W=8.

As illustrated in Figure 4.14, the gap between curves of six window functions is
larger than that in Figure 4.13 which is simulated with W = 8. Besides, the green
curve, which represents stair-shape, always locates on the top and have the high-
est SIR values, which exhibits the best performance among all window functions.
And it proves initially our conclusion that stair-shape has a good performance
when analyzing the frequency responses.

CDF Evaluation

Cummulative Distribution Function (CDF) is then adoted to help futher analy-
sis and Rayleigh fading channel is simulated. CDF curves under 1P2C and 2P1C
channel are illustrated in Figure 4.15 and Figure 4.16, respectively. Taking Figure
4.16 for example: the dash line is drawn when CDF is equal to 0.6 and its points
of intersection with six windowing functions are listed in Table 4.2. It represents
that for stair-shape, the probability of points less than 19.85 dB is 60%. However,
as for others, even though the best one: trapezoid, the probability of points less
than 17.65 dB is already 60%.
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Figure 4.14: SIR for windowing functions, 1P2C deterministic channel with
h0 = h1 = 1, N=256, W=64.

Table 4.2: The SIR value when CDF=0.6.

CDF=0.6 SIR [dB]
Rect. 13.66
RRC 14.71
TFL 16.46
OBE 16.46

Stair-shape 19.85
Trapezoid 17.65

To compare channel capacity, the ergodic channel capacity is computed by

CErgodic = E
{
log2 (1 + SIR)

}
. (4.5)

To sum up, no matter in which channel conditions both deterministic or random
channels, stair-shape always has not only the highest SIR but also the largest er-
godic channel capacity, which also proves that stair-shape is preferred among six
window functions.

Last, SIR simulation with two schemes under same parameters is illustrated in
Figure 4.17. It can be observed that scheme 2 is almost the same as scheme 1 and
hence scheme 1 will be focused in following contents.
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Figure 4.15: CDF for Windowing function, N=256, W=32, under 2P1C
channel with each component being complex Gaussian with zero-mean and
variance of 1.

Figure 4.16: CDF for Windowing function, N=256, W=32, under 1P2C
channel with component being complex Gaussian with zero-mean and vari-
ance of 1.



50 4 Result

Figure 4.17: SIR evaluation with scheme 2, 2P1C channel with each com-
ponent being complex Gaussian with zero-mean and variance of 1; N=256,
W=32.

From the observations above, we can see that stair-shape has best performance in
terms of the average SIR, CDF as well as ergodic channel capacity. Next, we will
display simulated results from theoretical aspect in two cases: only Rx window-
ing and windowing at Tx&Rx.

Only Rx Windowing

According to Eq.(3.5), the optimal windowing pulse can be illustrated in Figure
4.18. The imaginary parts are relatively small and the real and absolute part
are both close to stair-shape. Besides, approximated by a real-valued, stair-shape
pulse has only negligible SIR losses.
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Figure 4.18: SIR-maximization windowing pulse for ε=0.1, N=256 and
W=32.

Next, the optimal windowing pulse under varying Doppler shift ε is simulated
as illustrated in Figure 4.19. It should be noticed that the SIR-maximization win-
dowing pulse depends on ε and the shape is also close to a stair-shape, which
proved our conclusion drawn from engineering aspect.

Windowing at Tx&Rx

Mathmatically, the windowing coefficients w at Tx&Rx is the square root of those
at only Rx. The SIR-maximization windowing pulse in this case, with window
size 8 and 16, are simulated respectively and they are shown in Figure 4.20 and
Figure 4.21. It can be concluded that stair-shape is the optimal one as well.
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Figure 4.19: SIR-maximization only Rx windowing under varying ε, N=256
and W=32.

Figure 4.20: SIR-maximization both Tx&Rx windowing pulse under varying
ε, N=256, W=8.
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Figure 4.21: SIR-maximization both Tx&Rx windowing pulse under varying
ε, N=256, W=16.

RBER with only windowing

Apart from the frequency responce, SIR and CDF, the windowing perforamce can
also be analyzed from RBER. RBER under normalized ε [0,1] and [0.1,0.5] is illus-
trated in Figure 4.22 and 4.23 respectively, which corresponds to an integer and
fractional Doppler shift. It can be observed in Figure 4.22 that RBER with dif-
ferent windowing pulse shapes differs a little while RBER differs more in Figure
4.23 and stair-shape has smallest RBER. Thus we can draw an initial conclusion
that adding window has a better performance under a fractional Doppler shift.
RBER without windowing is also plotted in Figure 4.24. The results can be com-
pared with Figure 4.23. It can be seen that when Doppler shift is small, only
FDCE is enough to mitigate ICI and this will be shown in Section 4.3.

In conclusion, we have observed that stair-shape is the optimal windowing pulse
shape and proposed for ICI mitigation. Next, the simulation of combination of
FDCE and windowing will be presented and more specific conclusions can be
drawn.
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Figure 4.22: RBER-SNR with window, SISO-16QAM, 1P2C channel with
each component being complex Gaussian with zero-mean and variance of
1; delay 0,20ns, pdb 0,-3dB, LT = 36, N=512, W=16, normalized ε 0,1.

Figure 4.23: RBER-SNR with window, SISO-16QAM, 1P2C random channel
with each component being complex Gaussian with zero-mean and variance
of 1; delay 0,20ns, pdb 0,-3dB, LT = 36, N=512, W=16, normalized ε 0.1,0.5.
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Figure 4.24: RBER-SNR without window, SISO-16QAM under 1P2C channel
with each component being complex Gaussian with zero-mean and variance
of 1; delay 0,20ns, pdb 0,-3dB, LT = 36, N=512, normalized ε 0.1,0.5.

4.3 Simulation for FDCE and Windowing

From the previous sections, the conclusion can be basically drawn that both in-
serting FDCE and adding windowing pluse shapes can effectively suppress ICI
caused by Doppler shift. In this section, the combination of these two methods
will be presented and analyzed in two aspects: random channel with fixed ε and
random channel with random ε.

4.3.1 RBER under Random Channel and Fixed ε

In this subsection, 1P2C channel and fixed ε values will be employed and it is
enough to analyze the RBER. From Figure 4.10 we can see that there are differ-
ences influences when integer and fractional Doppler shift is applied. Hence in
this subsection, the scenarios of integer and fractional of the fixed Doppler shift
will be classified and the analysis will be given.

Fractional Doppler Shift

For the random channel with fractional fixed Doppler shift, first the QPSK scheme
is applied to corresponding to the simualtions in Section 4.1.1 without window-
ing. In this way it can be more straightforward to see the effect of adding win-
dowing, and the comparison is shown in Figure 4.25 and Figure 4.26.
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Figure 4.25: RBER-SNR with window, SISO-QPSK under 1P2C channel with
each component being complex Gaussian with zero-mean and variance of 1;
delay 0,20ns, pdb0,-3dB, LT = 36, N=512, normalized ε 0,1/3, W=16(SS).

Figure 4.26: RBER-SNR without window, SISO-QPSK under 1P2C channel
with each component being complex Gaussian with zero-mean and variance
of 1; delay 0,20ns, pdb0,-3dB, LT = 36, N=512, normalized ε 0,1/3.

There are two conclusions that can be drawn from Figure 4.25 and Figure 4.26.
First, when Doppler shift is small, only adding windowing can already cover ICI
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and there is almost no improvement of RBER with whatever length of FDCE. Sec-
ond, based on FDCE insertion, adding windowing works efficiently indeed and
has a better peroformance. For example, comparing with the same SNR (10dB),
RBER with window can reach 10−4 but only around 10−3 without windowing.

Next, 16-QAM is also considered and it turns out to have the same trend as QPSK.

Figure 4.27: RBER-SNR, SISO-16-QAM under 1P2C channel with each com-
ponent being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb0,-3dB, LT = 36, LF = 8, N=512, W=16, normalized ε 0,1/3.

To better present the functions of FDCE and windowing, RBER under different
simulations are given in Figure 4.27, including without ICI suppression, with ICI
suppression, only with stair-shape, only with FDCE, both FDCE and TFL, as well
as both FDCE and stair-shape. When there is no ICI suppresion implemented
(marked the black rectangulers), RBER value is largest and the system has the
worst performance because there is no protection of the data at all. RBER with
ICI suppresion (marked the black triangles) is better than that without ICI and
can reach 10−3, but it is still not ideal. Only Stair-shape and only FDCE opera-
tion (the purple and red curve respectively), indeed inprove the performance, but
FDCE has better performance than only stair-shape at high SNR.

As for the combination of FDCE and windowing (the blue and green curves in
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Figure 4.27), both of them turn out to have significant improvements than using
any single method of FDCE or windowing. However, FDCE with the optimal win-
dowing stair-shape has the best perforamce among all situations and RBER can
even achieve around 10−6. This is exactly the same as the conclusion of QPSK
and in line with our expectations.

Next, the similar analysis but with interger Doppler shift is presented.

Integer Doppler Shift

For an integer Doppler shift, 16QAM is adopted and other parameters are un-
changed. The only difference is that the integer Doppler shift is applied now. It
can be seen from Figure 4.28 only adding windowing can not fully eliminate ICI.
The RBER with only FDCE can already reach 10−5. In this case, adding window-
ing has lost its significance and that’s why FDCE is required. Therefore, the effect
of windowing on the improvement under an integer Doppler shift can be ignored,
which also has been proved in the previous sections.

Figure 4.28: RBER-SNR, SISO-16QAM under 1P2C channel with each com-
ponent being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb0,-3dB, LT = 36, LF = 8, N=512, W=16, normalized ε 0,1.
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After the analysis of random channel with fixed Doppler shift, the random Doppler
shift is also considered in next subsection to make the conclusions more convin-
cible.

4.3.2 RBER under Random Channel and Random ε

In this subsection, random ε values are considered to further support the pre-
vious conclusions. Considering that the Doppler frequency offset is uniformly
distributed, it will be discussed in two cases. In the first case, the normalized
Doppler shift is uniformly distributed between 0 and 0.5. In this case, the ran-
dom fractional Doppler shift is mainly considered, because in the previous part,
windowing and FDCE are more efficient in improving system performance under
a fractional Doppler shift. In the second case, we set the normalized Doppler fre-
quency shift by uniformly distribution between 0.8 and 2.8, which includes both
fractional and integer frequency offset with a certain probability. This situation
is closer to the practical situation and the result is more universal.

Uniformly Distributed ε in [0,0.5]

The Doppler shift is now uniformly distributed in the range of 0 to 0.5. Corre-
sponding to the fixed Doppler case in Figure 4.25, QPSK is analyzed first. It can
be seen from Figure 4.29 that at a specific SNR value (such as 10dB), RBER is
close to 10−5, which is basically consistent with the fixed Doppler case. Similarly,
in the case of a fractional Doppler shift, only windowind can basically mitigate
ICI. Therefore, inserting FDCE in this case has little impact. Also no matter how
long the FDCE is, the performance of the system can no longer be improved.
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Figure 4.29: RBER-SNR, SISO-QPSK under 1P2C channel with each com-
ponent being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb0,-3dB, LT = 36, N=512, W=16, uniformly distributed ε in
[0,0.5].

In Figure 4.30, different simualtions based on the uniform distribution of Doppler
shift between 0 and 0.5 are analyzed and compared. It is not difficult to see that
the effect of only windowing (stair-shape) is even better than that of inserting
FDCE with non-optimal window (TFL), which exactly explains why FDCE has
no effect on the basis of adding optimal window individually in previous Figure
4.25. However, it is worth noted that when FDCE is combined with the optimal
windowing, the performance will be improved significantly. We can observe that
the green line approaches 10−4 of RBER, which also proves that in this case, the
benefits of FDCE can only be shown on the basis of the optimal window.
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Figure 4.30: RBER-SNR, SISO-QPSK under 1P2C channel with each com-
ponent being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb0,-3dB, LT = 36, LF = 8, N=512, W=16(SS), uniformly dis-
tributed ε in [0,0.5].

Uniformly Distributed ε in [0.8,2.8]

Now we consider that the normalized Doppler shift is uniformly distributed be-
tween 0.8 and 2.8. The reason why this frequency offset range is chosen like this
is that it contains not only fractional frequency offset, but also integer frequency
offset compared with the previous situation. Therefore, it can explore how differ-
ent condition settings will affect the system when the Doppler shift is larger and
the integer frequency offset is taken into account, compared with the standard-
ized Doppler between 0 and 0.5. This makes the conclusion more convincing and
universal.

As before, the RBER-SNR plot with different simulations is shown in Figure 4.31.
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Figure 4.31: RBER-SNR, SISO-QPSK under 1P2C channel with each com-
ponent being complex Gaussian with zero-mean and variance of 1; delay
0,20ns, pdb0,-3dB, LT = 36, LF = 8, N=512, W=16, uniformly distributed ε
in [0.8,2.8].

As illustrated in Figure 4.31, the RBER without ICI suppression (marked with
black squares) becomes pretty large, which is the consequence of large Doppler
shift applied. In addition, the obvious change is that the performance of only
adding FDCE (red curve) is basically the same as that of only adding optimal
windowing (pink curve), but when these two are combined, the effect of the opti-
mal window (SS window, green curve) is still better than that of the non-optimal
window (blue curve). In general, due to the increase of Doppler shift, the overall
RBER value is also larger. We can see that even in the best combination condition,
the RBER value can only be slightly lower than 10−2.

To sum up, the conclusion of random channel with random Doppler shift is con-
sistent with that of random channel with fixed Doppler shift. That is to say, the
effect of only adding optimal window is more significant than that of only adding
FDCE under a fractional frequency offset. On the contrary, only FDCE is more
effective than only windowing under an integer frequency offset. This is also in
line with our expectation, that is, FDCE is more effective in suppressing integer
frequency offset, while windowing is more effective for fractional frequency off-
set. However, in any case, the combination of optimal window and FDCE can
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achieve the best results.





5
Discussion

After the investigation and sumulation of the work, some related problems are
worth more in-depth discussion. This chapter lists three related issues. First
further simulation and analysis are conducted for the impact of multiple SCS
on Doppler frequency shift and ICI in Section 5.1. Then SNR under different
windowing is discussed in Section 5.2. In the last Section 5.3, the relationship
between the length of pilot signals and the number of ICI taps will be discussed.
These discussions can be regarded as the extensions and supplements based on
the current research and this topic is worth further exploration.

5.1 SCS Analysis

It has been already described in Tabble 1.1 that if SCS size increases proportion-
ally, on the contrary, the duration of CP will decrease proportionally. This will
lead to the change of the symbol duration accordingly and the symbol duration
will become shorter. However, in practical implementation, the CP length can
not be infinitely halved, otherwise the proportion of CP will exceed that of data
information and it makes no sense in the real transmission. Therefore, it is not a
perfect approach to only increase the length of SCS for ICI suppression.

Achievable rate under 1,2 and 4 times SCS is shown in Figure 5.1. Taking the
FDCE length is 8 for example, the yellow line, representing for 4 times SCS, can
reach the largest achievable rate compared with the other two curves for 1 and
2 times SCS respectively. Also the smallest SCS has the smallest achievable rate.
As FDCE length increases, the gap between each line becomes bigger. The black
dash is the upper bound of theoretical achievable rate. Assumming the trans-
mitter sends 14 OFDM symbols in each millisecond, so the upper bound can be
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Figure 5.1: Achievable Rate of 1,2 and 4 times of ∆f under varying LF, with-
out window, N=256.

calculated according to Eq.(4.3). In general, we can draw the conclusion that in-
creasing SCS can improve the system performance with a certain FDCE length.

However, in real transmission, Doppler shift can not be ignorable especially in
high-speed communications. Concerning Dopper shift, Eq.(2.9) reveals that Doppler
shift will decrease as ∆ increases when v, c and fc remain unchanged. The propor-
tional increase of SCS is corresponding to the proportional decrease of Doppler
shift. The specific relationship between propotional Doppler shift and ICI power
is analyzed.

The ICI power under four sets of normalized Doppler shift is shown in Figure 5.2.
In these four sets, setting the first Doppler shift is very small (e.g. 0.04 and 0.02
etc.) and can be negligible. Then the second one is the 2, 1, 0.5 and 0.25 times
of normalized SCS, as illustrated with blue, red, green and purple lines in Figure
5.2. Taking average ICI power of -40dB as the threshold, in the case of integer
multiple frequency shift (marked in blue and red), it can be observed that ICI
has two peaks where there is serious ICI frequency offset and need 8 and 4 FDCE
length respectively. While in the case of fractional frequency offset (marked in
green and purple), there exists only one peak but needs longer FDCE length to
cover ICI.

To sum up, the proportional increase of SCS can give us a higher achievable rate.
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Figure 5.2: ICI power(average for 5000 monte-carlo simulations) with vary-
ing proportional ε, under 1P2C channel with each component being com-
plex Gaussian with zero-mean and variance of 1.

However when SCS is doubled (ε is halved), the double length of FDCE can not
guarantee ICI mitigation totally, for example the red and green curves in Figure
5.2. Thus only increasing SCS is not a good approach to fully eliminate ICI and
that’s why FDCE and windowing is necessary to explore.

5.2 SNR Analysis under Windowing

Since we adopted only Rx windowing to approximate windowing at Tx&Rx, it
is necessary to compare and analyze their SNR difference. Assume that each
transmit sybmol power is given by

E
[
|xi |2

]
= 1, i = 0, ...N − 1, (5.1)

where N is the total length of TD symbols.

5.2.1 Windowing at Tx&Rx

Assuming Tx sends x with N + W symbols, after Tx windowing, x becomes
wx1, x2,

←−w x3. The total transmit power equals
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E
[
‖x‖2

]
= E

[
‖wx1‖2

]
+ E

[
‖x2‖2

]
+ E

[∥∥∥←−w x3

∥∥∥2
]

= N −W + W = N (5.2)

and the received signal reads

y = W 1
RWT x + W 1

Rn (5.3)

The signal power equals (use Equation 5.9)

E
[∥∥∥W 1

RWT x
∥∥∥2

]
= E

[∥∥∥W 2
Rx

∥∥∥2
]

= N −W +
W
2
. (5.4)

The noise power equals

E
[∥∥∥W 1

Rn
∥∥∥2

]
=

(
N −W +

W
2

)
N0. (5.5)

Then SNR1 (representing windowing at Tx & Rx) equals

SNR1 =
N −W + W

2(
N −W + W

2

)
N0

=
1
N0
. (5.6)

5.2.2 Only Rx Windowing

SendingN +W symbols x without Tx windowing, the total transmit power equals

E
[
‖x‖2

]
= N + W (5.7)

and the received signal reads

y = W 2
Rx + W 2

Rn, (5.8)

with

W 2
R = W 1

RWT , (5.9)

where WT is windowing at the transmitter, W 1
R is windowing at the receiver and

W 2
R is only Rx windowing.

To yield the same transmit power, we multiply the transmit symbols with a power

factor of
√

N
N+W and the received signal reads

y =

√
N

N + W
W 2
Rx + W 2

Rn. (5.10)
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The signal power equals

E


∥∥∥∥∥∥∥
√

N
N + W

W 2
Rx

∥∥∥∥∥∥∥
2 =

N
N + W

(
N −W +

W
2

)
. (5.11)

The noise power equals

E
[∥∥∥W 2

Rn
∥∥∥2

]
=

(
N −W +

W
2

)
N0. (5.12)

Then SNR2 (representing only Rx windowing) equals

SNR2 =
N

N+W

(
N −W + W

2

)(
N −W + W

2

)
N0

=
N

N + W
1
N0
. (5.13)

Therefore, the ratio between two SNRs can be given by

SNR2

SNR1
=

N
N+W

1
N0

1
N0

=
N

N + W
=

1
1 + W/N

. (5.14)

Eq.(5.14) is defined as SNR loss, which is shown in Figure 5.3. Only when the
ratio between window size and FFT size is 0.25, SNR lost most and is around 15%.
While the ratio between window size and FFT size is small (e.g.<0.05), SNR loss
is negligible and that’s why we can employ only Rx windowing to approximate
windowing at Tx&Rx.

Figure 5.3: Analysis for the ratio between two SNRs.
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5.3 ICI Coefficients Estimation and Pilot Signals

The guidelines on how to determine the number of ICI taps are provided in this
section in order to achieve a good performance of the channel estimation. The
relationship between the length of pilot signals and ICI taps are analyzed from
normalized MMSE.

Since the sequence of ICI coefficients will decide how pilot matrix locates and
the middle coefficient c0 is the maximum, we take the number of (L−1)/2 at both
sides starting from this value to form ICI coefficients vector. Given the length of
ICI taps L, the length of pilot vector LP can be calculated as 2 · (2L+ floor(L/2)) + 1
and this length is enough to form the pilot matrix c. The related theoretical back-
ground has been introduced in Section 2.3.

The normalized MMSE for 2 times Doppler frequency shift with varying ICI taps
is displayed in Figure 5.4. It can be observed that 1-tap and 2-tap can only achieve
around -15dB normalized MMSE. To reach -30dB it requires at least 5-tap. The
number of ICI taps are requested to cover two times of the largest ICI length. It
is also clearly seen in Figure 5.5 that there are two ICI peaks and it requires sub-
carrier index from 254 to 258, which exactly validates that at least five ICI taps
to cover two times Doppler frequency shift. Thus, we summarize that the longer
the pilot signals or ICI coefficient taps, the smaller the normalized MMSE and
the better the performance.

Figure 5.4: Normalized MMSE, SISO-QPSK under 1P2C channel with each
component being complex Gaussian with zero-mean and variance of 1, with
delay [0,20]ns, pdb [0,-3]dB, LT = 36, LF = 8, W=16(SS), LP for [1,3,5,7,9]
tap are [5,15,25,35,45] respectively, normalized ε [0.01,2].
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Figure 5.5: Theoretical ICI power (average for 5000 monte-carlo simual-
tions), under 1P2C channel with each component being complex Gaussian
with zero-mean and variance of 1, normalized ε [0.01,2].





6
Conclusion

To sum up the simulation results and analysis, Section 6.1 displays the summary
in form of responses to four aspects. Then Section 6.2 describes the further re-
search direction.

6.1 Summary

In this thesis, we have investigated how to overcome ICI and the summaries can
be presented by the following four aspects.

• Conventional approach to reduce ICI via increasing SCS is effective, but
can not fully resolve this issue, and has disadvantages of shorten symbol
periods.

In Section 5.1, the simulations with SCS increase proportionally are con-
ducted and it can be concluded that increasing SCS can indeed help im-
prove achievable rate but with limited enhancement. Besides, it requires
longer FDCE length in the case of integer Doppler shift than that in the
case of fractional one but only increasing SCS can not fully eliminate ICI.

• Inserting FDCE can reduce ICI, and is quite effective for integer Doppler
shifts.

Throughout Section 4.1, we have shown that the length of FDCE for ICI mit-
igation can be determined when given the appropriate ICI power threshold.
We find out that RBER with an integer Doppler shift is much larger than
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that with fractional Doppler. It is also shown in Section 4.1.1 that under
1P2C channel, when one Doppler shift is an integer times of another one, it
requires at least four FDCE length to cover ICI. In the case of one Doppler
shift being a fractional times of another, the FDCE length should be at least
two. In general, the performance of optimal FDCE length is obtained in
Figure 4.10.

• In addition to FDCE, windowing can be further added to supress resid-
ual ICI caused by fractional Doppler shifts.

1. The optimal windowing pulse shape is also helpful. Throughout the sim-
ulation and analysis, we have shown that stair-shape has a better decaying
around zero-frequencies and fast decaying side lobes, which is exactly what
expected. Besides, it is the optimal pulse from SIR and CDF plot, as well
as the theoretical derivation. For example, under Rayleigh-fading channel,
the probability of less than 19.85 dB is 60% for stair-shape but the best one
of others: the probability of less than 17.65 dB has been already 60% for
the CDF plot as illustrated in Figure 4.16.

2. Only Rx windowing is also employed for the derivation of optimal win-
dowing pulse shape as described in Section 3.2. We have shown that it has
no effect even without these operations which is also disccussed in Section
5.2.

• Combining FDCE and windowing together, a scheme named W-FDCE-
OFDM is proposed, which can mitigate ICI very effectively.

The optimal FDCE length and windowing pulse shape is explored and de-
termined in Section 4.3. The FDCE length can be chosen as eight and the
stair-shape is proposed through simulation and analysis. From Figure 4.27
including different cases, it can be seen that windowing is more effective
in suppressing fractional Doppler shift, for example, FDCE and SS can im-
prove RBER from 10−3 to around 10−6 compared with only FDCE.

However, FDCE is more effective in suppressing integer Doppler shift, for
example, only FDCE is enough to overcome ICI and window techniques
have little effect even with SS as illustrated in Figure 4.28. In conclusion,
ICI can be reduced effectively with the combination of optimal FDCE length
and stair-shape windowing.
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Figure 6.1: RBER-SNR, SISO-16QAM under 2P1C channel with each path
being complex Gaussian with zero-mean and variance of 1; delay [0,20]ns,
pdb [0,-3]dB, LT = 36, LF = 8, N=512, W=16, uniformly distributed ε in
[0.8,2.8].

6.2 Future Study

Since our work mainly focuses on simualtions under single path (single and mul-
tiple components), multipath channel has not been investigated and this will be
the first future study direction. One simulation under 2P1C has been conducted
as illustrated in Figure 6.1 and it can be observed that the difference between the
six cases is not obvious but RBER with FDCE and windowing is indeed better.
Furthermore, all simulations and analysis are based on SISO channel. SISO chan-
nel is an ideal and basic channel model, which assumes that there is only one
propagation path so that each transmitted signal and received signal can be ex-
pressed by Eq.(2.1). It can reduce the computational complexity greatly and is
easier to build the whole communication link in MATLAB. However, in practical
implementation, there are a number of wireless channels paths between the trans-
mitter and the receiver, that is the MIMO channel. Compared with SISO, MIMO
has more advantages, such as small space occupation, space division multiplex-
ing and data transmission with higher rate. And this topic is also an important
research area of NR. In contrast, MIMO technology need to adopt more complex
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channel estimation, and also consider new problems such as crosstalk between
multiple antennas, but without doubt, this is also one of the research directions
in the future.
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