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Abstract

We investigate multiscale and multiphysics models for evolution systems
in heterogeneous domains, with a focus on multiscale diffusions. Al-
though diffusion is often studied in terms of continuum observables, it is
a consequence of the motion of individual particles. Incorporating inter-
actions between constituents and geometry often runs into complications,
since interactions typically act on multiple length scales. We address this
issue by studying different types of multiscale models and by applying
them to a variety of scenarios known for their inherent complexity.

Our contributions can be grouped in two parts. In the first part,
we pose several two-scale reaction-diffusion systems in domains with
varying microstructures. We prove well-posedness and construct finite
element schemes with desirable approximation properties, that resolve
the microscopic domain variations and support parallel execution. In the
second part of the thesis, we investigate interacting particle systems and
their links to systems of partial differential equations. In this spirit, we
analyze a model of interacting populations, admitting dual descriptions
from a system of ordinary differential equations and a porous media-like
equation. We construct a multiscale simulation to evaluate scenarios
in population dynamics. Finally, we investigate non-equilibrium dy-
namics and phase transitions within an interacting particle system in an
extension of the classical Ehrenfest model.

Our overall focus is two-fold. On the one hand, we increase the theo-
retical understanding of multiscale models by providing modeling, anal-
ysis and simulation of specific two-scale couplings. On the other hand,
we design computational frameworks and tailored implementations to
improve the application of multiscale modeling to complex scenarios
and large-scale systems. In this way, our contributions aim to expand the
capacity of mathematical modeling to numerically approximate the rich
and complex physical world.

Keywords: multiscale modeling, finite element methods, interacting
particle systems, two-scale coupling, population dynamics, non-equilibrium
dynamics

MSC (2020): 35J15, 35K10, 65M15, 65M60, 65N15, 82B27, 92D25





v

Acknowledgements

While writing this thesis, my time at Karlstad University is nearing
its end. That makes this a good moment to acknowledge some of the
people whose wisdom and company I have enjoyed along the way. First
and foremost, I would like to thank my supervisor Adrian Muntean.
With unlimited dedication, you have shown me what it means to be a
researcher, a mathematician, a teacher, and a lot more. Your support and
care helped me grow both scientifically and as a person. Concluding my
PhD marks a collaboration of six years, and one that I have thoroughly
enjoyed. It has been a privilege to work with you.

I would also like to thank my supervisor Martin Lind for all his
scientific and non-scientific support, whether it was in the office, a bar or
while driving. Thanks for each and every time I could count on you.

I would like to express my gratitude towards my opponent and com-
mittee members Björn Engquist, Anders Szepessy, Mariya Ptashnyk, and
Varvara Kouznetsova and my examiner Niclas Bernhoff for taking the
time and effort to evaluate my work. I am also grateful to Alfred Schmidt
for his valuable feedback in earlier stages of my PhD.

I have always felt comfortable at Karlstad University. I want to thank
Arthur, Jorryt, Mirela, Sorina, Surendra, Thoa, Vishnu, Yosief and the
rest for being such pleasant colleagues throughout the years, for all the
interesting discussions and for contributing to the great ambiance. I am
also indebted towards my collaborators and hosts at other universities:
Andrei Jalba, Chandrasekhar Venkataraman, Daisuke Tagami, Emilio
Cirillo, Hong Duong, Ida de Bonis, Johan Garcia, Lamberto Rondoni,
Masato Kimura, Matteo Colangeli, Omar Lakkis and Patrick van Meurs.
Each of you taught me valuable lessons about science and life and I am
very glad I had the opportunity to interact with you.

My gratitude is due to the research environments at the University of
Sussex and Sapienza University of Rome for their perpetual hospitality,
engaging research network and lots of fun activities. In particular, I want
to thank Andreas, Francesco, James, Nóra, Rabab and Stelios for the good
times at Sussex. You have always made me feel welcome and I relished
the scientific interaction we had during the day, as well as the social
interactions we had during the night. Or the other way around. Also, my
thanks to Alessandro, Elisa, Gabriele, Michela, Laura, Lorenzo, Simone
and the others for making me a part of the family, and for teaching me
about Italian food, Italian words for food, Italian customs regarding food
and the shortcomings of other countries when it comes to food. I promise
to be a more broadly interested student next time.

This thesis, the work that lead to it, and my thriving in Karlstad
was made feasible in no small part due to the research support staff
at this university. Specifically, I would like to mention Birgitta, Stina,
Juliane, Jenny, James, Anders and Stefan. You have always been open
to any questions or problems I faced, and you always tried (and often



vi

succeeded) to help me. I also truly appreciate all the opportunities you
have provided me with to develop myself.

I also want to thank Andrea, Ben, Essi, Habte, Jacqueline, Mahdi, Per,
Tobias, Topi and all my other friends in Karlstad for making the winters
bearable and the summers amazing. Karlstad is a sunnier place with all
of you around.

Thanks Gertjan, Loes, Mattijn, Pepijn and Stan and all my friends in
the Netherlands for never being far away and taking part in this journey.
Thanks Irene, Lloyd and Rick, for all the support that goes too deep to
put into words.

Finally, my gratitude goes out to Mathilde, for being there, and being
so much more, and my parents. You make everything possible.

Karlstad, March 2021 Omar Malcolm Richardson



vii

Contents

INTRODUCTORY SUMMARY 1

1 Introduction 3
1.1 Synopsis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Useful techniques . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Mathematical contributions . . . . . . . . . . . . . . . . . . 5

2 Modeling principles 8
2.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Multiscale modeling . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Finite elements methods for two-scale systems . . . . . . . 10
2.4 Interacting particle systems in heterogeneous domains . . 12

3 Overarching themes 13
3.1 Computability . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.2 Efficiency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.3 Scalability . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.4 Combining modeling techniques . . . . . . . . . . . . . . . 16

4 Conclusion 16
4.1 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

5 Implementations 19

6 List of publications 20

7 Author’s contributions 21

PAPER I:
Well-posedness and inverse Robin estimates for a mul-
tiscale elliptic-parabolic system 31

1 Introduction 31

2 Problem formulation 33
2.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.2 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . 34

3 Existence and uniquenes of the solution 35
3.1 Existence of weak solution . . . . . . . . . . . . . . . . . . . 35
3.2 Uniqueness of weak solutions . . . . . . . . . . . . . . . . . 38

4 Energy and stability estimates 40



viii

5 Local stability for the inverse Robin problem 44

6 Proof of local stability 48

PAPER II:
A semidiscrete Galerkin scheme for a coupled two-scale
elliptic-parabolic system: well-posedness and conver-
gence approximation rates 57

1 Introduction 57

2 Concept of weak solution, assumptions and technical prelimi-
naries 61
2.1 Weak solutions . . . . . . . . . . . . . . . . . . . . . . . . . 61
2.2 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
2.3 Technical preliminaries . . . . . . . . . . . . . . . . . . . . . 63
2.4 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . 64

3 Well-posedness 64

4 Convergence rates for semidiscrete Galerkin approximations 77

5 Implementation 82
5.1 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.2 Manufactured system . . . . . . . . . . . . . . . . . . . . . . 83
5.3 Time discretization . . . . . . . . . . . . . . . . . . . . . . . 84
5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6 Conclusion and future work 86

PAPER III:
Parallel two-scale finite element implementation of a
system with varying microstructures 93

1 Introduction 93

2 A two-scale model with varying microstructures 96
2.1 Model problem . . . . . . . . . . . . . . . . . . . . . . . . . 97
2.2 Assumptions on data . . . . . . . . . . . . . . . . . . . . . . 99

3 Finite element implementation 100
3.1 Approximation . . . . . . . . . . . . . . . . . . . . . . . . . 100
3.2 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . 101
3.3 Structure of FEM implementation . . . . . . . . . . . . . . . 102
3.4 Domain mappings . . . . . . . . . . . . . . . . . . . . . . . 103
3.5 Parallelization in assembly . . . . . . . . . . . . . . . . . . . 103



ix

3.6 Visualization . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4 Numerical experiments 104
4.1 Automated system manufacturing . . . . . . . . . . . . . . 105
4.2 Convergence benchmarking . . . . . . . . . . . . . . . . . . 105
4.3 Parallel benchmarking . . . . . . . . . . . . . . . . . . . . . 108
4.4 Dependence of the microscopic geometry . . . . . . . . . . 109

5 Conclusion 111

PAPER IV:
Discrete and continuum links of interacting populations

121

1 Introduction 121

2 Analytical results 123
2.1 An equivalent system . . . . . . . . . . . . . . . . . . . . . . 123
2.2 A general solution to the continuity equation by the method

of characteristics . . . . . . . . . . . . . . . . . . . . . . . . . 124
2.3 Classical solutions . . . . . . . . . . . . . . . . . . . . . . . . 124
2.4 A special class of solutions . . . . . . . . . . . . . . . . . . . 124
2.5 Preservation of the relative entropy and consequences . . . 126
2.6 Generalisations . . . . . . . . . . . . . . . . . . . . . . . . . 127

3 Particle system approach 128

4 Numerical simulations 131
4.1 Continuum system . . . . . . . . . . . . . . . . . . . . . . . 131
4.2 Multi-particle system . . . . . . . . . . . . . . . . . . . . . . 131

5 Discussion 132

PAPER V:
Effects of environment knowledge in evacuation sce-
narios involving fire and smoke - a multiscale modelling
and simulation approach 139

1 Introduction 139

2 Related contributions 141

3 Multiscale crowd simulation framework 142

4 Evacuation scenario 143



x

5 Geometry 143
5.1 Design fire . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
5.2 Smoke production . . . . . . . . . . . . . . . . . . . . . . . . 144
5.3 Sight extinction and speed decrease . . . . . . . . . . . . . 145
5.4 Pedestrian dynamics . . . . . . . . . . . . . . . . . . . . . . 146

6 Agent-based dynamics 146
6.1 Residents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
6.2 Visitors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
6.3 Continuum model description . . . . . . . . . . . . . . . . . 149

7 Discretization 150

8 Results 152

9 Conclusions 156

10 Outlook 156

PAPER VI:
A deterministic reversible model of non-equilibrium
phase transitions and its stochastic counterpart 165

1 Introduction 165

2 The deterministic model 170
2.1 Polarized and homogeneous states. Outlet and leaking

currents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
2.2 Efficiency of the bounce–back mechanism . . . . . . . . . . 172
2.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . 173
2.4 Computing the transition line . . . . . . . . . . . . . . . . . 175
2.5 Estimate of the mass displacement . . . . . . . . . . . . . . 177

3 The stochastic model 177
3.1 The stationary measure . . . . . . . . . . . . . . . . . . . . . 178
3.2 The large N behavior . . . . . . . . . . . . . . . . . . . . . . 179
3.3 Numerical simulations . . . . . . . . . . . . . . . . . . . . . 181

4 Discussion 182

PAPER VII:
Deterministic model of battery, uphill currents and non-
equilibrium phase transitions 191

1 Introduction 191



xi

2 The model 192

3 Theoretical derivation 198

4 Conclusions 200

5 Probabilistic derivation of stationary currents 201





Introductory Summary





3

1 Introduction

This thesis is a work in applied mathematics, and contributes to the fields
of applied analysis, mathematical modeling and scientific computing. In
this work, we describe the development and implementations of several
multiscale models. A multiscale model, as opposed to a single-scale
model, tries to describe a phenomenon with mathematical objects defined
on multiple length and time scales.

Representing a phenomenon that acts on multiple scales with a single-
scale model often causes issues: using a high enough model resolution to
capture fine details may render the model computationally intractable,
while omitting them can deteriorate the usability of the model.

Multiscale modeling has gained traction only recently. Since is not so
much a single modeling approach as it is a complete paradigm, many
aspects of its theoretical foundation and applicability require further
research to be fully understood.

Multiscale modeling has found applications in disciplines ranging
from physics and engineering to chemistry and biology. Because of this,
models tend to be as varied as they are complex, and there is no single
approach that fits all use cases.

1.1 Synopsis

In Section 2 we provide a motivation for this work and place it into
context. The subsequent chapters contain the papers that make up the
body of this thesis. Finally, we summarize and reflect upon this work in
Section 4.

This thesis consists of 7 papers. In the first part (Paper I, Paper II
and Paper III), we examine various systems of two-scale partial differ-
ential equations (PDE) and design Galerkin approximations to establish
both the well-posedness of the systems of PDE and construct numeri-
cal schemes. The resulting frameworks take the heterogeneities of the
microscopic structures into account from both an analytical and a nu-
merical point of view. In the second part (Paper IV, Paper V, Paper VI
and Paper VII), we examine interacting particle models in heterogeneous
domains. We link to partial differential equations and/or stochastic for-
mulations to augment the models, we design computationally efficient
implementations and apply them to different scenarios.

In Paper I we propose a model that demonstrates the interplay be-
tween pockets of air and liquid in a porous medium. We establish a
two-scale system of PDE that describes the pressure evolution in a locally
periodic microstructure. We prove that this system is well-posed and
that one can obtain reliable estimates of certain parameters of the model
through measurements. In Paper II we elaborate on this class of sys-
tems. We prove that, under suitable assumptions, that the space-discrete,
time-continuous Galerkin approximation converges to the solution of the
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system. We provide an implementation for a fully discrete system and
show that the obtained approximations satisfy the expected convergence
rate.

In Paper III we consider a system of PDE close to the systems pre-
sented in Paper I and Paper II. This system models the steady state
of nutrient concentrations and energy profiles in cell-based biological
structures. We allow for heterogeneous microstructures by composing a
macroscopically dependent domain deformation mapping that performs
a pull-back of the microscopic domains to a reference domain. By creating
a finite element scheme that takes this mapping into account, we avoid
the requirement of having to implement unique microscopic domains.
We provide an implementation strategy and show once more expected
convergence rates. Additionally, we propose and test a parallelization
strategy and illustrate how the performance of this strategy scales in the
number of available processing units.

In Paper IV we investigate links between a family of PDE and inter-
acting particle models. The systems of PDE we analyze are a class of
porous media equations. The corresponding interacting particle system
can be used to describe the interaction between a set of populations. We
show that, for a suitable measure, the continuum limit of the interacting
systems corresponds to the solution of the system of PDE. By identifying
a suitable functional we can compare the solution profile of the system
of PDE with the hydrodynamic limit of the particle systems. Finally, we
illustrate the results with numerical experiments.

In Paper V we discuss an improved particle model that combines
a microscopic agent-based model with a macroscopic governing PDE
to simulate the evacuation behavior of a crowd in a built environment
subject to emergency conditions. We investigate a scenario where we
model the physical properties of a fire and its effect on the occupants
of the building. Combining physically realistic effects such as repulsion
due to heat with a diminished line of sight caused by a spreading smoke
curtain, we evaluate how the emergency situation affects the evacuees
in different scenarios. The crowd we model consists of two populations:
residents, which are familiar with the layout of the building, and visitors,
which have no such knowledge and rely on information from their peers
to reach the exit. Each population is modeled with a set of ordinary
differential equations (ODE). We use this model to evaluate comparative
evacuation times and examine ways in which the concept of knowledge
has a profound effect on the progress of an evacuation.

In Paper VI we investigate statistical properties of a specific type
interacting particle systems. The studied model is an extension of the
classical Ehrenfest model, where we replace the corridor between the
reservoir with two channels. Each of the channels is equipped with a
repulsion mechanism that activates when the number of particles in a
channel exceeds a given threshold. The resulting system is completely
symmetric and makes no distinction among particles. Yet we show com-
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putationally that this system is subject to phase transitions that determine
whether it displays regular or uphill diffusion. We strengthen this re-
sult with stochastic arguments and show that the theoretical predictions
qualitatively match the simulation results.

In Paper VII we extend this model by constructing a second channel
between the two reservoirs, this one without a threshold mechanism. We
demonstrate that for certain parameter regimes, the interplay between
the polarizing effect of the first channel and the leveling effect of the
second channel causes particle currents. We examine the parameter
ranges in which this phenomenon takes place and again show qualitative
correspondence with stochastic predictions.

1.2 Useful techniques

Our mathematical contributions of this thesis strongly rely on well-
established theorems and lemmas. Below, we mention a number of
techniques that were vital in proving the results in the subsequent pa-
pers.

We apply several techniques from standard references like [19], [65]
and [72]. We frequently rely on Poincaré’s inequality and the interpolation-
trace inequality in Paper I and Paper II to derive upper bounds. We use
Aubin-Lions’ lemma (see [2]) to prove compactness of the solution op-
erators. Together with Schauder’s fixed point theorem in Paper I and
Banach’s fixed point theorem in Paper II we can prove existence of solu-
tions. A second essential tool to prove well-posedness of PDE systems is
Grönwall’s inequality. In Paper IV we make use of Boussinesq’s equa-
tions (see e.g. [67]) to construct analytical solutions to the system of
PDE. We rely on empirical measures of particle systems in Paper IV and
Paper V and on hydrodynamic limits (see e.g. [34]) and viscosity limits
(see e.g. [20]) to link between systems of ODE and PDE. We combine
this with techniques developed by Philipowski (see [53] to estimate the
convergence speed of the particle systems to the behavior of the limiting
PDE. In Paper VI we rely on tools from stochastic processes like station-
ary measures of Markov chains and the Poisson limit theorem (see e.g.
[52]) to analyze the long-term behavior of the particle system.

This enumeration is not meant to be exhaustive and a full list of
references is found at the end of each paper.

1.3 Mathematical contributions

We provide a brief overview of the main mathematical contributions in
this thesis. More details are found in the referenced papers.

Consider the following parabolic-elliptic problem posed on two spa-
tial scales x ∈ Ω, y ∈ Y and temporal scale t ∈ S = (0, T ) for some T > 0.
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Find a solution pair (π(t, x), ρ(t, x, y)) that satisfies:

−AρF∆xπ = f(π, ρ) in S × Ω

∂tρ−D∆yρ = 0 in S × Ω× Y
−D∇yρ · ny = k(π + pF −Rρ) on S × Ω× ΓR

−D∇yρ · ny = 0 on S × Ω× ΓN

π = 0 on S × ∂Ω

ρ(t = 0) = ρI(x, y) in S × Ω× Y.

(1)

We prove that, under suitable assumptions, there exists a unique weak
solution (π, ρ) ∈ L2(S;H1

0 (Ω)) × L2(S;L2(Ω;H1(Y ))) that satisfies (1)
(see Theorem 3 and Theorem 4 in Paper I).

For i ∈ {1, 2}, let (πi, ρi) be two weak solutions corresponding to the
sets of data (ρIi, Ai, Di, ki), where ρIi, Ai, Di, ki denote the initial data,
diffusion coefficients and mass-transfer coefficients of the solution (πi, ρi).
Denote

δu := u2 − u1, where u ∈ {π, ρ, ρI , A,D, k} .

Let (πi, ρi) (i = 1, 2) be weak solutions to (1) corresponding to the
choices of data above. Then the following estimate holds (see Theorem 5
in Paper I):

‖δπ‖2L2(0,T ;H1
0 (Ω)) + ‖δρ‖2L2(0,T ;L2(Ω;H1(Y )))

≤ c
(
‖δk‖2L2(ΓR) + |δA|+ |δD|+ ‖δρI‖2L2(Ω;L2(Y ))

)
.

Let
K := {k ∈ L2(ΓR) : 0 < k ≤ k(y) ≤ k̄ for y ∈ ΓR},

be the set of admissible Robin coefficients. Denote by k∗ the true Robin
coefficient of our problem and define the set V(k∗, a) as

V(k∗, a) =
{
k ∈ K : ‖k − k∗‖L2(ΓR) ≤ a

}
.

There exists an a > 0 such that

‖ρ(k2)− ρ(k1)‖L2(0,T ;L2(Ω;L2(ΓN ))) ≥ c‖k2 − k1‖L2(ΓR),

for every k1, k2 ∈ V(k∗, a) (see Theorem 6 in Paper I).
Let VH and Wh be finite element spaces as defined in Paper II. Then

(1) admits the following discrete-in-time weak formulation: find a so-
lution pair (πH , ρH,h) ∈ L2(S;V H) × L2(S;V H ×Wh) where ∂tρH,h ∈
L2(S;V H ×Wh) that solve

A

∫
Ω

∇xπH · ∇xϕdx =

∫
Ω

f(πH , g(ρH,h))ϕdx, (2)
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and ∫
Ω

∫
Y

∂tρ
H,hψdydx+D

∫
Ω

∫
Y

∇yρH,h · ∇yψdydx

= κ

∫
Ω

∫
ΓR

(πH + pF −RρH,h)ψdσydx,

(3)

for any ϕ ∈ VH and ψ ∈ VH × Wh and almost every t ∈ S. There
exists a unique solution (πH , ρH,h) to the system (2)-(3) (see Theorem 7
in Paper II).

An alternative proof for the well-posedness of (1) that relies on a
different set of assumptions is provided in Theorem 8 and Theorem 9 in
Paper II.

Let (πH , ρH,h) be a solution to (2)-(3) for H,h > 0. Then, according to
Theorem 10 in Paper II, there exists a constant C independent of h and
H , such that

||eπ||L∞(S;L2(Ω)) ≤ C(H2 + h2),

||eρ||L∞(S;L2(Ω×Y )) ≤ C(H2 + h2).

Consider the following elliptic-elliptic system of equations posed on
two spatial scales x ∈ Ω and y ∈ Yx for any x ∈ Ω. Find a solution triplet
(u, v, w) that satisfies:

−∆xu = fu −
∫

ΓI
x

κ1u− κ2vdσy in Ω,

u = u0 on ∂ΩD,

∇xu · nΩ = 0 on ∂ΩN ,

−Dv∆yv = fv in Ω× Yx,

Dv∇yv · nYx
=


κ1u− κ2v on ΓIx
κ3w − κ4v on ΓOx
0 on ΓNx

,

−div (Dw∇xw) = fw −
∫

Γ0
x

κ3w − κ4vdσy in Ω,

Dw∇xw · nΩ = 0 on ∂Ω.

(4)

Under suitable assumptions, (4) admits a unique solution that is stable
with respect to parameters (see Theorem 11 from Paper III).

Consider the following system of parabolic equations posed for x ∈ R.
Find (u, v) that satisfy:

∂tu+ div(uw) = 0,

∂tv + div(vw) = 0,
(5)
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for all t ∈ (0, T ), subject to initial conditions u(0, x) = u0(x) andw(0, x) =
w0(x). Consider also the following system of ODE:

dXi,ε
t = − 1

n

n∑
j=1

(
V ′ε (Xj,ε

t −X
i,ε
t ) + V ′ε (Y j,εt −Xi,ε

t )
)
dt+ εdW i

t ,

dY i,εt = − 1

n

n∑
j=1

(
V ′ε (Xj,ε

t − Y
i,ε
t ) + V ′ε (Y j,εt − Y i,εt )

)
dt+ εdWn+i

t ,

(6)

for i = 1, . . . , n, where {W i}2ni=1 are independent Brownian motions,
{Vε}ε≥0 smooth interaction kernels satisfying suitable properties (see
Section 3 of Paper IV). Define the empirical measure corresponding to (6)
as:

un,εt =
1

n

n∑
i=1

δXi,ε
t
, vn,εt =

1

n

n∑
i=1

δY i,ε
t
. (7)

The limit of (7) obtained when letting n→∞ and ε→ 0 coincides with
the solution to (5).

2 Modeling principles

Before addressing the motivation for this work, we provide a brief primer
on mathematical modeling. Without trying to be objective or thorough,
Our main intent is to provide a narrative that allows us to embed this
work in its scientific context, without being too objective or thorough.
For a more complete overview, we refer the interested reader to sources
such as [29], [47] or [24].

2.1 Background

Mimicking a real-world process with a mathematical representation is
called modeling. Applying the time-tested mathematical techniques to
this representation eliminates ambiguity from the reasoning process. By
analyzing the representation, we can infer information about the original
process.

A model can have many different forms, based on the mathemati-
cal objects it uses. These objects can range from geometrical objects to
graphs and from probability distributions to partial differential equations
(PDE). Some models lend themselves for computer simulations, virtual
representations or approximations of the model where certain relevant
aspects of the process at hand can be analyzed and possibly predicted.

Modeling has an important role in science and research and this role
continues to grow. Models are often used to augment the knowledge
obtained from experiments. They can even serve as a replacement in
cases where experiments are too costly, too invasive, or simply impossi-
ble to perform. The rise of mathematical modeling can in large part be
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attributed to the rise of simulation capabilities, which in itself owes its
popularity to the explosion in available computational resources. Sim-
ulation and computational science have seen a tremendous increase in
usage in the last decennia and is sometimes referred to as “the third pillar
of science”.

Mathematical models are omnipresent. To name a few disparate
examples: in [5], by modeling tumor growth and antibody cell activity
as systems of ordinary differential equations (ODE), the authors provide
an explanation for clinically observed phenomena that were previously
unclear. In [61], the authors obtain reliable quantitative predictions for
the noise generated by wind turbines by modeling the airflow along the
turbines with the Navier-Stokes equations.

Also outside the natural sciences, mathematical models are gaining
more and more terrain. One ubiquitous example at the time of writing is
the modeling of infectious disease spreading. It serves as a good example
of how models can be combined with real-time data to improve both
model structure and predictions ([68, 43]). Moreover, it illustrates that
models can give policy makers the tools to make decisions quickly and
act accordingly. However, it also doubles as a caveat: models are a
simplification of reality, and are generally not meant to predict the future
([28, 38]).

The accuracy of a model is perhaps best classified by the discrepancy
between its predictions and reality. In mathematical modeling, we can
classify this discrepancy into a model error and an approximation error.
A model error is the (often inquantifiable) error that the model makes
trying to resemble reality. An approximation error originates from not
being able to resolve the model fully when computing. Assuming this
perspective, a model (or its implementation) are adequate if both errors
are sufficiently small.

2.2 Multiscale modeling

Multiscale models are a special class of models that take into account not
one, but multiple length or time scales. As an example, consider carbon
sequestration, the concept of storing carbon dioxide in the ground. Over
the last decade, carbon sequestration has been hailed as a promising
technique to reduce the effects of climate change. However, due to the
multiscale nature of the process, it remains a challenge to model its effects.
On a small length scale, we can observe the porous structure of the rock
formation. The size of the pores where the carbon dioxide can be stored
is of the order of centimeters and stands in stark contrast with the size
of the entire rock formation. This means that a grid detailed enough
to accurately capture the effects of carbon dioxide entering and exiting
the pores, can easily demand billions of cells. To make matters worse,
while the injection and trapping of carbon dioxide happens over a period
of weeks, the release process spans centuries. In short: the mismatch
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in length and time scales renders this problem intractable for classical
models.

In [49], the authors develop a family of models able to capture both
the trapping and release of carbon dioxide by using upscaled equations
that model flow through porous media. By computing an averaged
permeability of the microscopic rock pores and assuming a vertical equi-
librium of the subsurface flows, they model the transport of the carbon
dioxide in the rock formation as well as the interfaces between the carbon
dioxide and the subsurface brine. The result is a representation of the
sequestration process that yields a computationally feasible model.

Even when addressed with a multiscale modeling approach, some
problems are still computationally hard or even intractable. In recent
years, researchers studying molecular dynamics have endeavored to in-
crease their understanding of molecular interaction. One of the active
challenges in this field is understanding the mechanics of protein folding.
Protein folding is a biological process taking places in the cells of a body.
After a cell produces the proteins from mRNA instructions, the proteins
have to be folded into a three-dimensional configuration before they
gain their function. Since defects in this complex process can lead to
allergies and diseases, there is both a medical and a scientific interest in
understanding the underlying principles. Unfortunately, the computa-
tional power required to simulate and analyze the properties of protein
folding with conventional molecular dynamic tools exceeds our current
capacities. In [32], a multiscale method is presented that allows simula-
tions with time scales in the range of milliseconds. Whilst a significant
improvement over previous models, the process of protein folding can
take minutes. For those scenarios, an adequate computational approach
remains out of reach. In conclusion, increasing our understanding of
the physical world still requires improved models and more computing
power. We take this into account by focusing our efforts on building
models and simulations that are computationally scalable.

Multiscale modeling frameworks are applied in a variety of disci-
plines. For an extended introduction and an overview of theories and
practices in multiscale modeling, we refer to [18] and [63]. In the remain-
der of this chapter, we focus on the applications in mathematics and
computational science. Early contributors to the theory of multiscale
models in mathematics include [3], [23] and [62].

2.3 Finite elements methods for two-scale systems

The finite element method is a computational framework that approx-
imates solutions of partial differential equations (see e.g. [13]). In its
classical form, this method does not lend itself well for multiscale sys-
tems of PDE. To resolve this, various approaches have been developed to
marry the multiscale paradigm with the finite element framework. Most
of them are vastly different, due to the flexibility of the finite element
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framework and the broad range of multiscale modeling possibilities.
Among the most popular approaches are [30] and related contributions,
where the microscopic variations in the PDE coefficients are resolved
by using locally adapted basis functions, in a numerical extension of
homogenization theory.

Another approach relies on so-called computational homogenization
(see e.g. [36]). Here, solutions to microscopic PDE are nested in solutions
of macroscopic PDE, allowing one to obtain microscopically averaged
coefficients for each macroscopic point.

Many of the computational strategies for dealing with multiscale
systems of PDE embed the meshes of microscopic domains within the
mesh of the macroscopic domain, leading to a hierarchical grid. This
approach works well when the size relations of the microscopic and the
macroscopic scale are known and not too large, but generally comes with
the restriction that the macroscopic and microscopic domains need to
have the same dimension. Since it is a common practical requirement
to use a three-dimensional microscopic model, the so-called “curse of
dimensionality” takes its toll on the feasibility of the resulting problem.
This restriction plays no role when the scales are separated, since there is
no size relation between the macroscopic and the microscopic domain.
This allows for a model that fully describes the microscopic physics,
while posing a relatively simple macroscopic model. This approach
shares its philosophy with the principles described in [18]. Done well, it
significantly scales down the computational load for a model. Moreover,
it has the added benefit that the resulting structure suits high performance
computing techniques such as parallelization.

We apply these techniques to reaction-diffusion systems for media
with heterogeneous microstructures. The application we have in mind
is the flow through porous media. We focus on modeling the air-liquid
interaction in the pore structure. For more details on the model construc-
tion, we refer the reader to [57]. By showing that the system of equations
is well-posed and that a finite element approximation converges to the so-
lution of the equation, we get a grip on the structure of the model. These
techniques are applicable to a more general class of two-scale problems
as well.

Another challenge in approximating multiscale PDE with finite ele-
ment methods is representing microscopic domains with heterogeneous
structures. In Paper III we drop the assumption of homogeneous micro-
scopic domains. If the microscopic domains in the model are all different,
it becomes hard to exploit any symmetries. We circumvent this by as-
suming these heterogeneous microscopic domains can be expressed as
deformations of a reference domain. We embed this structure in the
finite element formulation to allow us to perform all computations on
the reference domain. The application of this framework in Section 7 of
Paper III clearly illustrates the effects of a heterogeneous structure on the
behavior of the macroscopic solutions.
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2.4 Interacting particle systems in heterogeneous domains

An alternative way to model diffusive processes is by modeling the con-
stituent as a system of particles. By prescribing the particle dynamics
as a system of ordinary differential equations, we can model the inter-
actions between the particles with kernel functions. When the number
of particles in a particle system goes to infinity, it is possible in certain
cases to approximate the behavior of interacting particle systems with a
system of partial differential equations. This procedure is also referred
to as upscaling. There are different kinds of continuum limits one can
obtain from a particle system, depending on the particle dynamics and
the macroscopic quantities of interest (see e.g. [7] or [54] for an overview).

These techniques extend themselves to stochastic particle systems
as well. In [17], we find the construction of gradient flows as limits
to stochastic particle systems using techniques as coarse-graining. In
another example, [27] describes a multilevel Monte Carlo approach to
obtain deterministic approximations of stochastic ODE systems.

In models where particles trajectories are determined by ordinary
differential equations, the computational cost of finding a solution scales
at least linearly with the number of particles in the system. Solving
an upscaled model instead of the full particle system can avoid a large
part of the computational load, although it requires certain assumptions
on particle behavior and interaction that can be quite restrictive. A
computationally beneficial strategy in these cases can be to augment the
particle model with an upscaled variant in the form of a system of PDE,
leading to an improved continuum model.

Approximating the dynamics of large but finite-numbered particle
systems with an upscaled equation leads unavoidably to an approxi-
mation error. Generally, it is hard to obtain rigorous bounds on the
discrepancy between a particle system and the upscaled limit when the
dynamics become more complex. Computational strategies to deal with
these types of models can be found in e.g. [69] and [15]. In Paper IV
we examine links between interacting particle models and a class of
porous media equations based on hydrodynamic and viscosity limits. We
quantify the truncation error that arises from having a finite number of
particles and compare the evolution of the particle system numerically to
that of the upscaled equation.

Although different from the setting described in Section 2.3, the mod-
els In Paper IV and Paper V qualify as multiscale models as well. Both
approaches come close to the principles of multiscale modeling described
in [18] and have the same philosophy as other PDE-particle models such
as [45] and [39]. The particle system fulfills the role of microscopic dy-
namics. Especially for particles in heterogeneous domains or domains
with obstacles, dynamics and interaction are specified locally, on a much
smaller length (or time) scale than the upscaled equation, which analyzes
the entire domain and the collective of particles at once.

To demonstrate the benefits of this strategy, we develop such a multi-
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scale model and apply it to crowd dynamics in Paper V. Our modeling
approach is inspired by, among others, [48] and [66] and is related to
model approaches describes in, for instance, [21] or [64].

Much like the previous chapters, we work with a complex geometry,
this time represented by a set of obstacles that restricts and shapes the
flow of the crowd. One of the questions we aim to answer with this inves-
tigation is whether it is possible to use multiscale models to get efficient
simulations of realistic human motion and representation of environ-
ment. At the same time, we concern ourselves with the mathematical
interpretation of these multiscale models; how can we find a suitable
transformation between macroscopic and microscopic information?

In the last two chapters we focus on the concept of diffusion from
the perspective of statistical mechanics. A classic result in the theory of
stochastic particle systems is that the Brownian motion of a large group
of particles leads to diffusive behavior of the continuum representation.
When these particles are inside a simple closed geometry, the observed
density reaches an equilibrium. Many processes are not equipped with
such simple geometries. In Paper VI and Paper VII, we analyze the
effects of geometry manipulations on the particle dynamics and their
macroscopic state. We observe that by prescribing a fully symmetric and
deterministic model, we can observe macroscopic phenomena such as
anti-diffusion and flow.

The multiscale behavior present in these chapters is different from
the previous part as such that we have no expression for the macroscopic
state of a system whatsoever, and that any consistent macroscopic be-
havior can only be considered as an emergent phenomenon from the
microstate. However, much like in the previous part of the thesis, we
observe that changes on a microscopic level can rise to fundamentally
different states on the macroscopic level. The models described here
illustrate the concept of emergent behavior, macroscopic patterns that
are not apparent from the microscopic descriptions.

3 Overarching themes

The red thread in this thesis is the focus on diffusion in complex or
heterogeneous domains. The models and simulations we develop have
different constructions and rely on different techniques. Our intent is
to gain a more thorough understanding of the possible ways to model
diffusion and how to represent complex domains.

We evaluate the different models on the same aspects of usabilities.

3.1 Computability

Computability describes the measure in which the system of equations
can be solved numerically; providing the right implementations, algo-
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rithms and data structures. This is closely linked to the concept of well-
posedness that plays a role in the first three chapters; it is hard to get
any guarantees on computability and solvability when working with an
ill-posed model. This aspect plays an especially important role in Pa-
per II, where we use Galerkin approximations to prove weak solvability
of the system of PDE and obtain a finite element scheme. This is closely
related to the concept of accuracy; even when a system of equations is
computable, that does not guarantee that a numerical implementation is
correct. The implementations used in Paper II and Paper III are part of
the simulation framework deal.II.scale, built on top of the deal.II library
(see [1]). To ensure the correctness of the implementation, we test their
accuracy using the method of manufactured solutions. Since generating
systems of manufactured solutions can be tedious, we automated the
process by building an interface that relies on the symbolic algebra pack-
age SymPy ([46]). The interface takes prescribed solutions, computes
the required data for the system of equations and outputs a parameter
file accepted by the deal.II.scale executables. This approach promotes
reusability and saves effort testing convergence behavior for a range of
systems.

3.2 Efficiency

This entails the computational effort one has to make in order to obtain
a certain accuracy, as well as how effective the problem makes use of
the computational resources of the machine. A good example of this is
the computational framework particular developed for use in Paper VI
and Paper VII. The model requires the simulation of a large number
of particles. A common methodology is to formulate and solve a sys-
tem of ordinary differential equations with time integration methods.
Since we are interested in large-time scales (on the order of 106 seconds)
for a medium-large particle system (on the order of 104 particles), that
methodology would render an infeasible amount of computational effort
to obtain the required level of accuracy. For that reason, we use a discrete-
event simulation (DES) instead (see e.g. [14]). Since the particles move
with constant velocity until a collision takes place, we can compute the
next point of impact for each particle within machine accuracy. By simu-
lating only the collision events and extrapolating other information we
obtain significantly more accurate trajectories than by time-discretizing
an ODE system. More importantly, we gain several orders of magnitude
in simulation speed. Combining this with efficient algorithms and suit-
able data structures renders it feasible to explore parameter spaces and
long-term behavior.
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3.3 Scalability

Scalability measures how the computational effort scales up with the
number of simulated entities. This plays a role in the finite element
framework discussed in the first few chapters, where we investigate the
effects of varying microstructures on two-scale systems. One challenge
is how we can retain a scalable simulation framework while allowing
for differences between microscopic domains. Another challenge is to
keep discretizations of systems manageable by applying, for instance,
parallel algorithms. We focus on this aspect in Paper IV as well. An
important aspect of the crowd simulation framework Mercurial is being
able to simulate large and dense crowds. Classically, in microscopic
frameworks like social force models (see [26]) or lattice-based models (see
e.g. [40]), modeling the interaction between particles is computationally
the most expensive step. By using a multiscale approach, we can largely
bypass computing microscopic particle-particle interaction, leading to a
simulation with improved scalability.

Partial
differential
equations

Interacting
particle
systems

Paper I
Paper II

Paper III

Paper IV Paper V

Paper VI Paper VII

Figure 1: Diagram showing the links between the papers.
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3.4 Combining modeling techniques

Figure 1 presents an overview of the links between the different contri-
butions. On one side, we look at fully scale separated models expresses
as systems of PDE in Paper I, II and III. We combine interacting particle
models with appropriate PDE formulations in Paper IV and V. Finally,
in Paper VI and VII, we observe multiscale effects with a single-scale
interacting particle model.

4 Conclusion

4.1 Outlook

The results presented in this thesis are not exhaustive; in each of the
papers we explore future directions in the research. For instance, since
varying microstructures often lead to a non-homogeneous spatial error
distribution, it can prove quite advantageous to perform an a posteriori
error analysis and use adaptive mesh strategies in the two-scale finite
element method. More specifically, the macroscopic equation itself can
be presented as a target functional for reducing the error estimates. One
way of doing so is by applying goal-oriented error estimates similar to
the approach presented in, for instance [51] or [71]. This would lead to a
multiscale computational model in which all microscopic computational
load could be geared towards the quantities of interest.

We identify two major extensions to the investigation into crowd dy-
namics: improving the theoretical basis of the improved particle model,
as well as applying the model in practical settings like educational simula-
tions and decision tools. A first extension is applying a measure-theoretic
approach to the different quantities that represent crowds. Such av-
enues have been explored in different contexts in e.g. [21, 22] and could
strengthen the theoretical understanding of the behavior of our model.
Additionally, establishing closure relations between the macroscopic and
microscopic state in the crowds puts the target of a well-posed model
within grasp. The second extension is model validation and calibration
by comparing simulation results to experimental data from e.g. [60]. A
lot of aspects of models like this one can only improve by being exposed
to reality. Using approaches similar to e.g. [12] or [25] can aid in finding
sets of realistic parameters for microscopic and macroscopic models. The
type of model we study might lend itself well for applications in the field
of crowd evacuation management, and a lot of knowledge can be gained
by the synergy that comes from a collaboration between decision mak-
ers and scientists. In general, having the input of practitioners greatly
improves the usability of scientifically developed tools.

The particle system described in Paper VI and Paper VII invokes new
questions. On the one hand, the phenomena we observed invite further
research into properties of the model, like thermodynamic limits of the
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particle system and improved analytical expressions for mass spread and
generated flux. On the other hand, the model can be adapted to include
more realistic physics, like potential-based interaction between particle as
well as a geometrical structure that exhibits similar behavior but does not
possess a self-activating mechanism. Such an analysis can shed light on
certain aspects of complex biological systems where there is an intricate
interaction among agents as well as a non-standard interaction with the
environment. A possible application is active transport in membranes as
in e.g. [4].

Other avenues of expanding this research lie in the area of high perfor-
mance computing. We have focused on developing efficient and scalable
algorithms for simulations, but by combining this with hardware acceler-
ation we can make a huge step in computational efficiency. First steps in
parallel computing are presented in Section 8 of Paper III where assembly
and solution procedures of linear systems are executed in parallel. As
discussed in Paper III, the parallel speed-up starts to decay when the
microscopic grids have a lower resolution compared to the macroscopic
grids. This can be remedied by combining the shared-memory paral-
lelization approach with a distributed memory approach. By applying
parallel domain decomposition techniques like in e.g. [70] to our two-
scale finite element framework, we can utilize the multicore architecture
of a computing cluster. Another strategy is reformulating the finite ele-
ment implementation to take advantage of GPU-accelerated computing.
This has been investigated in, for instance, [35] and [31].

From a more holistic perspective, the methods developed in this thesis
can be used in the constructions of new types of models. The hybrid and
multiphysics modeling perspective can be augmented to include for the
usage of measurements and data. By feeding the model real-time data,
simulations can maintain accuracy over longer time scales and improve
their predictive capacity. This allows future techniques like digital twin
([44, 6, 33]) to obtain a fully computational state of an object and mimic
its real-life behavior as close as possible. We name two concrete examples
in the spirit of the applications investigated in this work:

• Evacuation dynamics: by integrating a crowd dynamics simulation
framework for a building structure with smart cameras and digital
signage, it becomes possible to predict and steer the crowd in real-
time and allow a dynamical and instant reaction to evacuation
incidents like spreading fires or crowd jams. The challenges of this
approach are to produce a model accurate enough to predict likely
future crowd configurations and efficient enough to do it faster
than real-time.

• Carbon sequestration: by placing underground measurement devices
that track the evolution of carbon density over time, a much more
accurate view can be generated as to how sustainable the seques-
tration process is developing and which areas prove to be most
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effective. The challenges here are to convert measurements into
reliable model parameters and generate an accurate geometry (see
e.g. [50]).

In addition, augmenting a model with real-time data does not just
help to improve model predictions, but can also improve the model
itself. Concepts like physics-based machine learning [55] show potential
in increasing model accuracy for complex processes and combining this
with a multiscale modeling approach can help overcome the mismatch
between macroscopic and microscopic information.The end goal of these
techniques is a moon-shot target: the possibility of real-time predictions
of physical (and perhaps even biological) structures. If a small part of this
thesis helps to pave the way to that future, then the goal of the author
has been reached.
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5 Implementations

A significant part of this thesis is based on scientific software developed
by the author. To promote reproducibility and open science, the self-
developed implementations have been made open-source. They are
listed and described below, including where to find them and which
papers from this thesis base (parts of) their results on them.

1. Mercurial – https://github.com/0mar/mercurial
Crowd dynamics simulation in Python.
Used in Paper IV.

2. deal.II.scale – https://github.com/0mar/dealiiscale
deak.II based two-scale finite element solver in C++.
Used in Paper II and Paper III.

3. particular – https://github.com/0mar/particular
Ehrenfest’s model simulation in C++.
Used in Paper VI and Paper VII.

https://github.com/0mar/mercurial
https://github.com/0mar/dealiiscale
https://github.com/0mar/particular


20

6 List of publications

The main body of this thesis consists of the following papers:

(I) M. Lind, A. Muntean, and O. Richardson. “Well-posedness and
inverse Robin estimates for a multiscale elliptic/parabolic system”.
In: Applicable Analysis 97.1 (2018), pp. 89–106

(II) M. Lind, A. Muntean, and O. Richardson. “A semidiscrete Galerkin
scheme for a coupled two-scale elliptic-parabolic system: Well-
posedness and convergence approximation rates”. In: BIT Numeri-
cal Mathematics 60.4 (2020), pp. 999–1031

(III) O. Richardson, O. Lakkis, A. Muntean, and C. Venkataraman. “Par-
allel two-scale finite element implementation of a system with
varying microstructures”. In: preprint (2021)

(IV) H. Duong, A. Muntean, and O. Richardson. “Discrete and contin-
uum links to a nonlinear coupled transport problem of interacting
populations”. In: The European Physical Journal Special Topics 226.10
(2017), pp. 1–13

(V) O. M. Richardson, A. Jalba, and A. Muntean. “Effects of environ-
ment knowledge in evacuation scenarios involving fire and smoke:
A multiscale modelling and simulation approach”. In: Fire Technol-
ogy 55.2 (2018), pp. 415–436

(VI) E. N. M. Cirillo, M. Colangeli, A. Muntean, O. Richardson, and
L. Rondoni. “Deterministic reversible model of non-equilibrium
phase transitions and stochastic counterpart”. In: Journal of Physics
A: Mathematical and Theoretical 53.30 (2020), p. 305001. ISSN: 1751-
8113, 1751-8121

(VII) E. N. M. Cirillo, M. Colangeli, O. Richardson, and L. Rondoni. “De-
terministic model of battery, uphill currents and non-equilibrium
phase transitions”. In: Physical Review E 103.3 (2021)

Furthermore, work in related research has lead to the following publica-
tions:

(VIII) O. Richardson. “Mathematical analysis and approximation of a
multiscale elliptic-parabolic system”. Licentiate thesis. Karlstad
University, Sweden, 2018

(IX) M. Colangeli, A. Muntean, O. Richardson, and T. Thieu. “Modelling
interactions between active and passive agents moving through
heterogeneous environments”. In: Crowd Dynamics Vol. 1 - The-
ory, Models, and Safety Problems. Ed. by N. Bellomo and L. Gibelli.
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Abstract

We establish the well-posedness of a coupled micro-macro parabolic-
elliptic system modeling the interplay between two pressures in a
gas-liquid mixture close to equilibrium that is filling a porous media
with distributed microstructures. Additionally, we prove a local
stability estimate for the inverse micro-macro Robin problem, poten-
tially useful in identifying quantitatively a micro-macro interfacial
Robin transfer coefficient given microscopic measurements on acces-
sible fixed interfaces. To tackle the solvability issue we use two-scale
energy estimates and two-scale regularity/compactness arguments
cast in the Schauder’s fixed point theorem. A number of auxiliary
problems, regularity, and scaling arguments are used in ensuring
the suitable Fréchet differentiability of the solution and the structure
of the inverse stability estimate.

Keywords: upscaled porous media, two-scale PDE, inverse micro-macro
Robin problem

MSC (2010): 76S05, 35B27, 35R10, 35R30, 86A22

1 Introduction

We are interested in developing evolution equations able to describe
multiscale spatial interactions in gas-liquid mixtures, targeting a rigorous
mathematical justification of Richards-like equations - upscaled model
equations generally chosen in a rather ad hoc manner by the engineer-
ing communities to describe the motion of flow in unsaturated porous
media. The main issue is that one lacks a rigorous derivation of the
Darcy’s law for such flow (see [8], Chapter 1) for a derivation via periodic
homogenization techniques of the Darcy law for the saturated case).
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If air-water interfaces can be assume to be stagnant for a reasonable
time span, then averaging techniques for materials with locally periodic
microstructures (compare e.g. [4]) lead in suitable scaling regimes to
what we refer here as two-pressure evolution systems. These are normally
coupled parabolic-elliptic systems responsible for the joint evolution in
time t ∈ (0, T ) (T < +∞) of a parameter-dependent microscopic pressure
Rρ(t, x, y) evolving with respect to y ∈ Y ⊂ Rd for any given macroscopic
spatial position x ∈ Ω and a macroscopic pressure π(t, x) with x ∈ Ω for any
given t. Here R denotes the universal constant of gases. The two-scale
geometry we have in mind is depicted in Figure 1 below.

Figure 1: The macroscopic domain Ω and microscopic pore Y at x ∈ Ω

To cast the physical problem in mathematical terms as stated in (1),
we need a number of dimensional constant parameters (A (gas perme-
ability), D (diffusion coefficient for the gaseous species), pF (atmospheric
pressure), ρF (gas density)) and dimensional functions (k (Robin coeffi-
cient) and ρI (initial liquid density)). It is worth noting that excepting
the Robin coefficient k, all the model parameters and functions are either
known or can be accessed directly via measurements. Getting grip on
a priori values of k is more intricate simply because this coefficient is
defined on the Robin part of the boundary of ∂Y , say ΓR, where the
micro-macro information transfer takes actively place. The Neumann
part of the boundary ΓN := ∂Y − ΓR is assumed to be accessible via
measurements, while ΓR is thought here as unaccessible.

Our aim is twofold:

(1) ensure the well-posedness in a suitable sense of our two-pressure
system with k taken to be known;

(2) prove stability estimates with respect to k for the inverse micro-
macro Robin problem (k is now unknown, but measured values of
the microscopic pressure are available on ΓN ).

The main results reported here are Theorem 3 (the weak solvability of
(1)) and Theorem 6 (the local stability for the inverse micro-macro Robin
problem).

The choice of problem and approach is in line with other investi-
gations running for two-scale systems, or systems with distributed mi-
crostructures, like [9, 11, 15]. As far as we are aware, this is for the first
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time that an inverse Robin problem is treated in a two-scale setting. A
remotely connected single-scale inverse Robin problem is treated in [14].

2 Problem formulation

We shall consider the following parabolic-elliptic problem posed on two
spatial scales x ∈ Ω and y ∈ Y .

−AρF∆xπ = f(π, ρ) in Ω

∂tρ−D∆yρ = 0 in Ω× Y
−D∇yρ · ny = k(π + pF −Rρ) on Ω× ΓR

−D∇yρ · ny = 0 on Ω× ΓN

π = 0 at ∂Ω

ρ(t = 0) = ρI(x, y) in Ω× Y,

(1)

where the parameters, coefficients and the nonlinear function f satisfies
the assumptions discussed below (see Section 2.1). The initial condition
for p follows from the coupling between ρ and p.

A prominent role in this paper is played by the micro-macro Robin
transfer coefficient k, which is selected from the following set

K := {k ∈ L2(ΓR) : 0 < k ≤ k(y) ≤ k̄ for y ∈ ΓR}.

2.1 Assumptions

(A1) The domains Ω, Y have Lipschitz continuous boundaries.

(A2) The parameters satisfy A,D, ρF , R ∈ (0,∞).

(A3) The initial value ρI ∈ H1(Ω× Y ).

(A4) f(λu, µv) = λαµβf(u, v) where α+ β = 1, α, β > 0.

(A5) There is a structural constant C∗ > 0 such that∫
Ω

|f(u1, v)− f(u2, v)|2dx ≤ C∗‖u1 − v2‖2L2(Ω)

uniformly in v ∈ L2(Ω;L2(Y )).

(A6) There is a constant C > 0 such that∫
Ω

f(u, v)2dx ≤ C‖v‖2L2(Ω;H1(Y )).

(A7) The constant C∗ in (A5) satisfies

C∗cP (Ω) < 1,

where cP (Ω) is the Poincaré constant of the domain Ω (see Proposi-
tion 1 below).
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Remark 1. Assumptions (A1)-(A3) have clear geometrical or physical mean-
ings, while (A4)-(A7) are technical. The assumption (A7) is only used when
deriving uniqueness of the weak solution to (1). Note also that for some special
classes of domains, the Poincaré constant can be quantitatively estimated, see
e.g. [12].

2.2 Auxiliary results

In this section, we state some auxiliary results that will be useful in this
context.

Proposition 1 (Poincaré’s inequality). Let Ω ⊂ Rd be a fixed domain and
denote by cP (Ω) the smallest constant such that

‖u‖2L2(Ω) ≤ cP (Ω)‖∇xu‖2L2(Ω)

hold for all u ∈ H1
0 (Ω). The constant cP (Ω) is called the Poincaré constant of

the domain Ω.

Proposition 2 (Interpolation-trace inequality). Assume that Y ⊂ Rd is a
Lipschitz domain and u ∈ L2(Ω;H1(Y )). For any ρ > 0 we have∫

Ω

∫
∂Y

u2dσydx ≤ ρ
∫

Ω

∫
Y

|∇yu|2dydx+ cρ

∫
Ω

∫
Y

|u|2dydx,

where cρ ∼ 1/ρ. In particular,

‖u‖L2(Ω;L2(∂Y )) ≤ c‖u‖L2(Ω;H1(Y )).

The next result provides a useful equivalent norm on H1.

Proposition 3. Let U ⊂ Rd be a domain and Γ ⊂ ∂Y where Γ has positive
(d− 1)-dimensional surface measure. Then there are constants c1, c2 such that

c1‖u‖2H1(U) ≤
∫

Γ

u2dσ + ‖∇xu‖2L2(Ω) ≤ c2‖u‖
2
H1(U).

We shall also need the following two results, the first a Sobolev-type
embedding and the second a simple trace theorem.

Proposition 4. Assume that U ⊂ Rd, then Hd(U) ⊂ L∞(U) and

‖u‖L∞(U) ≤ C‖u‖Hd(U).

Proposition 5. Assume that U ⊂ Rd and Γ ⊂ ∂U is Lipschitz continuous.
Then

Hd+1(U) ⊂ Hd(Γ)

and
‖u‖Hd(Γ) ≤ c‖u‖Hd+1(U).
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We have the following existence and regularity results.

Proposition 6 (see e.g. [7]). Consider the problem
∂tv −D∆yv = 0 on Ω× Y
−D∇yv · ny = k(g −Rv) on Ω× ΓR

−D∇yv · ny = 0 on Ω× ΓN

v(t = 0) = vI on Ω× Y.

(2)

If g ∈ L2(0, T ;H1(Ω)) and vI ∈ H1(Ω;Hm(Y )) (m ∈ N), then the problem
(2) has a unique weak solution v ∈ L2(0, T ;H1(Ω;Hm+1(Y ))).

Proposition 7 (see e.g [3]). Let v(t, x, y) be inL2(0, T ;H1(Ω;Hm+1(Y ))) (m ∈
N) and consider the problem{

−∆xu = f(u, v) on Ω× Y
u(t, x) = 0 on ∂Ω, t > 0.

(3)

where the nonlinear function satisfies (A4)-(A6). Then the problem (3) has a
unique weak solution u ∈ L2(0, T ;H1(Ω)).

Finally, we state the following two classical compactness results, see
e.g. [16].

Theorem 1 (Aubin-Lions Theorem [1]). Let B0 ↪→ B ⊂⊂ B1. Suppose that
B0 is compactly embedded in B and that B is continuously embedded in B1.
Let

W =
{
u ∈ L2 (0, T ;B0) : ∂tu ∈ L2 (0, T ;B1)

}
. (4)

Then the embedding of W into L2 (0, T ;B) is compact.

Theorem 2 (Schauder’s Fixed Point Theorem). Let B be a nonempty, closed,
convex, bounded set and T : B → B a compact operator. Then there exists at
least one r ∈ B such that T (r) = r.

3 Existence and uniquenes of the solution

3.1 Existence of weak solution

The main result of this subsection is the following theorem.

Theorem 3. Assume that (A2)-(A6) hold. Then the problem (1) has at least a
weak solution solution (π, ρ) ∈ L2(0, T ;H1

0 (Ω))× L2(0, T ;L2(Ω;H1(Y ))).

Proof. We shall decouple the problem. The first sub-problem is as follows:
given π ∈ L2(0, T ;H1

0 (Ω)) and ρI ∈ H1(Ω, H1(Y )), we let ξ be the weak
solution to 

∂tξ −D∆yξ = 0 on Ω× Y
−D∇yξ · ny = k(π + pF −Rξ) on Ω× ΓR

−D∇yξ · ny = 0 on Ω× ΓN

ξ(t = 0) = ρI on Ω× Y.

(5)
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The weak formulation of (5) is: find ξ such that for a.e. t ∈ [0, T ] and
every ψ ∈ L2(Ω, H1(Y )) there holds∫

Ω

∫
Y

∂tξψdydx+

∫
Ω

∫
Y

D∇yξ∇yψdydx =

∫
Ω

∫
ΓR

k(π+pF−Rξ)ψdσydx,

(6)
and ξ(t = 0) = ρI . Existence and regularity of ξ is provided by Proposi-
tion 6 (recall that (A3) states that ρI ∈ H1(Ω× Y )).

The second sub-problem is: given data ξ, consider the problem{
−∆xπ = f(π, ξ) on Ω

π = 0 on ∂Ω.
(7)

Let λ > 0 be a free parameter. By the scaling properties of f and unique-
ness of weak solution, we have that if π is the weak solution of (7) with
data ξ, then π̄ = λπ is the weak solution to (7) with data λξ. Hence, if π̄
is the weak solution to{

−∆xπ̄ = λβf(π̄, ξ) on Ω

π̄ = 0 on ∂Ω,
(8)

then π̄ = λπ, again by the scaling properties of f . The weak form of (8)
is as follows: find π̄ such that for a.e. t ∈ [0, T ] and all ϕ ∈ H1

0 (Ω), there
holds ∫

Ω

∇xπ · ∇xϕdx = λβ
∫

Ω

f(π, ξ)ϕdx.

Existence and regularity of π̄ is guaranteed by Proposition 7.
We shall now use a fixed point argument à la Schauder (see Theorem

2) to show that there exists a λ > 0 for which the functions of the pair
(π̄, ξ) are weak solutions to the sub-problems (5) and (8). Then we recover
(π, ρ), a weak solution to (1), by taking π = π̄/λ and ρ = ξ.

Define the operators

T1 : L2(0, T ;L2(Ω))→ L2(0, T ;L2(Ω;L2(Y )))

by T1(π) = ξ (the weak solution of (5)) and

Tλ2 : L2(0, T ;L2(Ω;H1(Y )))→ L2(0, T ;H1(Ω))

by Tλ2 (ξ) = π̄ (the weak solution of (8)). Finally, consider the operatorAλ
on the space L2(0, T ;L2(Ω)) into itself defined by

Aλ(π) = Tλ2 (T1(π)) = π̄. (9)

To obtain existence of solution, we shall prove that the operator Aλ has a
fixed point. This π will then give ξ. The idea of the proof is to first use
the Schauder Fixed Point Theorem (Theorem 2 above).

We shall prove that there exist a λ > 0 and a set B such that
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1. Aλ is a compact operator;

2. B is convex, closed, bounded and satisfies Aλ(B) ⊂ B.

To obtain compactness of Aλ = Tλ2 ◦ T1, it is sufficient to demonstrate
that T1 is compact and that Tλ2 is continuous. Recall that we have

T1 : L2(0, T ;H1(Ω))→ L2(0, T ;L2(Ω;L2(Y ))).

However, since we assume that ξI ∈ H1(Ω, H1(Y )) we get that T1(π) =
ξ ∈ L2(0, T ;H1(Ω× Y )) and ∂tξ ∈ L2(0, T ;L2(Ω× Y )). Whence,

T1(L2(0, T ;H1(Ω))) ⊂ V,

where

V = {u : u ∈ L2(0, T ;H1(Ω× Y )), ∂tu ∈ L2(0, T ;L2(Ω× Y ))}

By Theorem 1,
V ⊂⊂ L2(0, T ;L2(Ω;L2(Y ))).

Thus, for any bounded set M ⊂ L2(0, T ;L2(Ω;L2(Y )))×L2(0, T ;L2(Ω)),
there holds T1(M) ⊂ V .
Since V is compactly contained in L2(0, T ;L2(Ω;L2(Y )) we have that
T1(M) is precompact in L2(0, T ;L2(Ω;L2(Y ))). Hence, T1 is compact.

We continue to prove that Tλ2 is continuous. Assume we have two
solutions π̄1 = Tλ2 (ξ1) and π̄2 = Tλ2 (ξ2). Substituting these both in (9)
and subtracting, we obtain∫

Ω

∇x(π̄1 − π̄2) · ∇xϕdx = λβ
∫

Ω

[f(π̄1, ξ1)− f(π̄2, ξ2)]ϕdx,

and for ϕ = π̄1 − π̄2, we get

‖∇x(π̄1 − π̄2)‖2L2(Ω) = λβ
∫

Ω

[f(π̄1, ξ1)− f(π̄2, ξ2)][π̄1 − π̄2]dx

= λβ
∫

Ω

[f(π̄1, ξ1)− f(π̄2, ξ1)][π̄1 − π̄2]dx

+ λβ
∫

Ω

[f(π̄2, ξ1)− f(π̄2, ξ2)][π̄1 − π̄2]dx.

Using (A5) and (A6), we obtain that

‖∇x(π̄1 − π̄2)‖2L2(Ω) ≤ Cλ
β‖π̄1 − π̄2‖L2(Ω)‖ξ2 − ξ1‖L2(Ω;H1(Y )).

By the Poincaré’s inequality, we obtain

‖∇x(π̄1 − π̄2)‖L2(Ω) ≤ Cλβ‖ξ1 − ξ2‖L2(Ω;H1(Y ))

and we conclude the mapping Tλ2 is continuous.
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Let K > 0 be a fixed number that we specify later and let BK be the
collection of functions u ∈ L2(0, T ;H1(Ω)) such that

max{‖u‖L2(0,T ;L2(Ω)), ‖∇xu‖L2(0,T ;L2(Ω))} ≤ K.

For each K > 0, the set

BK ⊂ L2(0, T ;H1(Ω))

is a convex, closed and bounded. We show that we may select K > 0 and
λ > 0 such that

Aλ(BK) ⊂ BK . (10)

Note that T1(BK) is a bounded subset of L2(0, T ;L2(Ω;L2(Y ))), with a
bound depending only on K. In other words,

‖ξ‖L2(0,T ;L2(Ω;L2(Y )))) ≤ CK. (11)

Indeed, this follows from the fact that T1 is a compact operator.
We proceed by observing that we may choose λ > 0 such that if

u ∈ BK is arbitrary and v = Tλ2 (T1(u)), then

max
{
‖v‖L2(0,T ;L2(Ω)), ‖v‖L2(0,T ;H1(Ω))

}
≤ K. (12)

Let ξ = T1(u) so that v = Tλ2 (ξ). Testing the weak formulation of (8) with
ϕ = u and using Cauchy-Schwarz’ inequality and Poincaré’s inequality,
we get

‖∇xu‖2L2(Ω) ≤ Cλ
β‖u‖L2(Ω)‖ξ‖L2(Ω;L2(Y )) ≤ CKλβ‖ξ‖L2(Ω;L2(Y )).

Integrating over [0, T ] and using (11), we obtain after using Poincaré’s
inequality

‖u‖2L2(0,T ;H1(Ω)) ≤ C
′K2λβ .

By taking λ small enough (depending on K), we obtain (12) whence (10)
follows.

Remark 2. Instead of using scaling arguments and Schauder’s fixed point
theorem, we could have used alternatively the Schaefer/Leray-Schauder fixed
point theorem.

3.2 Uniqueness of weak solutions

We proceed to prove the following uniqueness theorem.

Theorem 4. Assume that in addition to the assumptions of Theorem 3 the
condition (A7) also holds. Then the weak solution to (1) is unique.
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Proof. The weak formulation of the uncoupled problem is: find (π, ρ) ∈
L2(0, T ;H1

0 (Ω)) × L2(0, T ;L2(Ω;H1(Y ))) where ρ(t = 0) = ρI and for
a.e. t ∈ [0, T ] the equations

AρF

∫
Ω

∇xπ · ∇xϕdx =

∫
Ω

f(π, ρ)ϕdx (13)

and∫
Ω

∫
Y

∂tρψdydx+

∫
Ω

∫
Y

D∇yρ·∇yψdydx =

∫
Ω

∫
ΓR

k(π+pF−Rρ)ψdσydx

(14)
hold for all ϕ ∈ H1

0 (Ω) and all ψ ∈ L2(Ω;H1(Y )).
Assume that two pairs of solutions exist: (π1, ρ1) and (π2, ρ2). Let

q := π1 − π2 and z := ρ1 − ρ2. If we substitute the two solutions in (13)
and (14) and subtract, we obtain that

AρF

∫
Ω

∇xq · ∇xϕdx =

∫
Ω

(f(π1, ρ1)− f(π2, ρ2))ϕdx (15)

and∫
Ω

∫
Y

∂tzψdydx+

∫
Ω

∫
Y

D∇yz · ∇yψdydx =

∫
Ω

∫
ΓR

k(q −Rz)ψdσydx

(16)
for all ϕ ∈ H1

0 (Ω) and all ψ ∈ L2(Ω;H1(Y )).
Choosing specific test function ϕ = q, using Young’s inequality with

parameter ε1 > 0 and (A5), we obtain from (15) the first key estimate

AρF ‖∇xq‖2L2(Ω) ≤ (C∗ + ε1)‖q‖2L2(Ω) + cε1‖z‖2L2(Ω,L2(Y )). (17)

We focus on (16), which, using test function ψ = z, yields

1

2

d

dt
||z||2L2(Ω;L2(Y )) +D||∇yz||2L2(Ω;L2(Y )) =

∫
Ω

∫
ΓR

k(q −Rz)z. (18)

Now, we estimate the right hand side of (18) by using trace inequality
and the fact that k ≤ k̄ on ΓR. We have∫

Ω

∫
ΓR
|k(q −Rz)z|dσydx

≤ k̄
∫

Ω

∫
ΓR
|qz|dσydx+Rk̄

∫
Ω

∫
ΓR
z2dσydx (19)

≤ k̄|ΓR|
2 ‖q‖2L2(Ω) +

(
R+ 1

2

)
k̄
∫

Ω

∫
ΓR
z2dσydx.

The second term at the right-hand side of the previous inequality can
be estimated by using the trace inequality and Young’s inequality with
parameter ε > 0:∫

Ω

∫
ΓR

z2dσydx ≤ ε‖∇yz‖2L2(Ω;L2(Y )) +
c0
ε
‖z‖2L2(Ω;L2(Y ))
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for some absolute constant c0 > 0. Using the previous estimates and
rearranging (18), we obtain

1

2

d

dt
||z||2L2(Ω;L2(Y )) + (D − ε)||∇yz||2L2(Ω;L2(Y ))

≤ k̄|ΓR|
2
‖q‖2L2(Ω) +

c0k̄(R+ 1/2)

ε
‖z‖2L2(Ω;L2(Y )). (20)

By Poincaré’s inequality, we have

‖q‖2L2(Ω) ≤ cP (Ω)‖∇xq‖2L2(Ω),

where cP (Ω) is the Poincaré constant of the domain Ω. Using this in (17),
we obtain

AρF ‖∇xq‖2L2(Ω) ≤ (C∗ + ε1)cP (Ω)‖∇xq‖2L2(Ω) + C‖z‖2L2(Ω,L2(Y )).

By (A7), we may take ε1 > 0 small enough such that (C∗ + ε1)cP (Ω) <
AρF . Then we obtain

‖q‖2L2(Ω) ≤ cP (Ω)‖∇xq‖2L2(Ω) ≤
CcP (Ω)

AρF − (C∗ + ε1)cP (Ω)
‖z‖2L2(Ω,L2(Y )).

(21)
Whence, it follows from the previous estimate and (20) with ε = D/2 that

1

2

d

dt
||z||2L2(Ω;L2(Y )) +

D

2
||∇yz||2L2(Ω;L2(Y )) ≤ C‖z‖

2
L2(Ω;L2(Y ))

By using Grönwall’s inequality and the fact that z(0, x, y) = 0, it follows
that z = 0. From (21), we obtain q = 0 as well. This demonstrates the
uniqueness.

4 Energy and stability estimates

We start this section by stating the following energy estimates for our
problem.

Proposition 8. Assume (A2)-(A6) and let (u, v) be a weak solution to

−∆xu = f(u, v) in Ω

∂tv −D∆yv = 0 in Ω× Y
−D∇yv · ny + k(Rv − u) = g on Ω× ΓR

−D∇yv · ny = 0 on Ω× ΓN

u = 0 at ∂Ω

v(t = 0) = vI in Ω× Y.

(22)

Then the following energy estimate hold

‖u‖2L2(0,T ;H1(Ω)) + ‖v‖2L2(0,T ;L2(Ω,H1(Y )))

≤ C
(
‖g‖2L2(0,T ;L2(Ω;L2(ΓR))) + ‖vI‖2L2(Ω;L2(Y ))

)
. (23)
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The proof of Proposition 8 follows by similar arguments as the proof
of Theorem 5 below, therefore we omit it.

We proceed to study the stability of solutions with respect to some of
the parameters involved. Some preliminary remarks:

• We do not need to study the stability of the solution with respect to
ρF , pF and R. Recall that R is an universal physical constant, while
ρF , pF fix the type of fluid and gas we are considering.

• We could investigate the stability of (π, ρ) with respect to structural
changes into the non-linearity f(·, ·). We omit to do so mainly
because our main intent lies in understanding the role of the micro-
macro Robin coefficient k.

• For this stability proof, we decide to use a direct method which
relies essentially on energy estimates; see e.g. [13].

For i ∈ {1, 2}, let (πi, ρi) be two weak solutions corresponding to the
sets of data (ρIi, Ai, Di, ki), where ρIi, Ai, Di, ki denote the initial data,
diffusion coefficients and mass-transfer coefficients of the solution (πi, ρi).
Denote

δu := u2 − u1 where u ∈ {π, ρ, ρI , A,D, k} .

Theorem 5. Assume that for i = 1, 2, (Ai, Di) belongs to a fixed compact
subset of R2, that ki ∈ K and that ‖ρIi‖L2(Ω;L2(Y )) ≤ C. Let (πi, ρi) (i = 1, 2)
be weak solutions to (1) corresponding to the choices of data above. Then the
estimate

‖δπ‖2L2(0,T ;H1
0 (Ω)) + ‖δρ‖2L2(0,T ;L2(Ω;H1(Y )))

≤ c
(
‖δk‖2L2(ΓR) + |δA|+ |δD|+ ‖δρI‖2L2(Ω;L2(Y ))

)
, (24)

holds

Proof. We have for i = 1, 2

AiρF

∫
Ω

∇xπi · ∇xϕdx =

∫
Ω

f(πi, ρi)ϕdx

and ∫
Ω

∫
Y

∂tρiψdydx+

∫
Ω

∫
Y

Di∇yρi · ∇yψdydx

=

∫
Ω

∫
ΓR

ki (πi + pF −Rρi)ψdσydx,

for all ϕ ∈ H1
0 (Ω) and ψ ∈ L2(Ω;H1(Y )).
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Subtracting the corresponding equations and then testing with ϕ :=
π2 − π1 and ψ := ρ2 − ρ1 gives:

ρF

(
A2

∫
Ω

∇xπ2 · ∇xϕdx−A1

∫
Ω

∇xπ1 · ∇xϕdx
)

=

∫
Ω

(f(π2, ρ2)− f(π1, ρ1))ϕdx,

(25)

and

d

2dt
‖ψ‖2L2(Ω;L2(Y )) +

∫
Ω

∫
Y

(D2∇yρ2 −D1∇yρ1) · ∇yψdydx

=

∫
Ω

∫
ΓR

(k2(π2 + pF −Rρ2)− k1(π1 + pF −Rρ1))ψdσydx.

(26)

Regarding (25), note that

A2

∫
Ω

∇xπ2 · ∇xϕdx−A1

∫
Ω

∇xπ1 · ∇xϕdx

= A2‖∇xϕ‖2L2(Ω) + (A2 −A1)

∫
∇xπ1 · ∇xϕdx

Using (A5) and (A6), we may estimate the right-hand side of (25) and
obtain

A2ρF ‖∇xϕ‖2L2(Ω)

≤ C∗‖ϕ‖2L2(Ω) + c

(
‖ψ‖2L2(Ω;L2(Y )) + |δA|

∫
Ω

|∇xπ1||∇xϕ|dx
)
.

Using Poincaré’s inequality, assumptions on f and Young’s inequality
with parameter ε > 0, we get

‖∇xϕ‖2L2(Ω) ≤ c
(
‖ψ‖2L2(Ω;L2(Y )) + |δA|

∫
Ω

|∇xπ1||∇xϕ|dx
)

≤ cε‖∇xϕ‖2L2(Ω) + c
(
‖ψ‖2L2(Ω;L2(Y )) + |δA|‖∇xπ1‖2L2(Ω)

)
.

Choosing ε = 1/(2c), rearranging and using energy estimates for π1, we
obtain

‖∇xϕ‖2L2(Ω) ≤ c
(
‖ψ‖2L2(Ω;L2(Y )) + |δA|

)
. (27)

We proceed to estimate ‖ψ‖2L2(Ω;L2(Y )), using (26). Note that∫
Ω

∫
Y

(D2∇yρ2 −D1∇yρ1) · ∇yψdydx

= (D2 −D1)

∫
Ω

∫
Y

∇yρ2 · ∇yψ +D1‖∇yψ‖2L2(Ω;L2(Y )).
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Hence, it follows that

d

2dt
‖ψ‖2L2(Ω;L2(Y )) +D1‖∇yψ‖2L2(Ω;L2(Y ))

≤ |δD|
∫

Ω

∫
Y

|∇yξ1||∇yψ‖dydx

+

∫
Ω

∫
ΓR

|(k2 − k1)ψ|+ |(k2π2 − k1π1)ψ|+ |R(k2ρ2 − k1ρ1)ψ|dσydx.

(28)

We have∫
Ω

∫
ΓR

|k2 − k1||ψ|dσydx

≤ ε
∫

Ω

∫
ΓR

ψ2dσydx+ cε|Ω|‖k2 − k1‖2L2(ΓR)

≤ cε
(
‖ψ‖2L2(Ω;L2(Y )) + ‖∇yψ‖2L2(Ω;L2(Y ))

)
+ c‖k2 − k1‖2L2(ΓR).

Furthermore,∫
Ω

∫
ΓR

|(k2π2 − k1π1)ψ|dσydx ≤ c‖k2 − k1‖2L2(ΓR)

+

∫
Ω

∫
ΓR

|k1||π2 − π1||ψ|dσydx

≤ c‖k2 − k1‖2L2(ΓR) + εk̄|ΓR|‖π2 − π1‖2L2(Ω) + cε

∫
Ω

∫
ΓR

ψ2dσydx

≤ c‖k2 − k1‖2L2(ΓR) + ε
(
‖∇xϕ‖2L2(Ω) + ‖∇yψ‖2L2(Ω;L2(Y ))

)
+ cε‖ψ‖2L2(Ω;L2(Y )).

Finally,

R

∫
Ω

∫
ΓR

|(k2ρ2 − k1ρ1)ψ|dσydx ≤ R
∫

Ω

∫
ΓR

k2
2ψ

2 + (k2 − k1)2ρ2
1dσydx.

We assume that for all y ∈ ΓR, we have∫
Ω

ρ2
1dx ≤ K,

this can be ensured by taking ρI1 smooth enough. Hence,∫
Ω

∫
ΓR

k2
2ψ

2 + (k2 − k1)2ρ2
1dσydx

≤ k̄
∫

Ω

∫
ΓR

ψ2dσydx+K‖k2 − k1‖2L2(Ω)

≤ ε‖∇yψ‖2L2(Ω;L2(Y )) + cε‖ψ‖2L2(Ω;L2(Y )) +K‖k2 − k1‖2L2(ΓR).
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Taking all the estimates above into consideration, and compensating
terms by selecting small ε > 0, we finally obtain

d

2dt
‖ψ‖2L2(Ω;L2(Y )) +D1‖∇yψ‖2L2(Ω;L2(Y ))

≤ c
(
‖ψ‖2L2(Ω;L2(Y )) + |δD|+ ‖k2 − k1‖2L2(ΓR)

)
Applying Grönwall’s inequality leads to

‖ψ(t)‖2L2(Ω;L2(Y )) ≤ C
[
‖δρI‖2L2(Ω;L2(Y )) + |δD|+ ‖k2 − k1‖2L2(ΓR)

]
and, by integration over [0, T ],

‖ψ‖2L2(0,T ;L2(Ω;L2(Y ))) ≤ CT
[
‖δρI‖2L2(Ω;L2(Y )) + |δD|+ ‖k2 − k1‖2L2(ΓR)

]
.

It also follows that

‖∇yψ‖2L2(0,T ;L2(Ω;L2(Y )))

≤ CT 2
[
‖δρI‖2L2(Ω;L2(Y )) + |δD|+ ‖k2 − k1‖2L2(ΓR)

]
.

Further, by (27) and Poincaré’s inequality, we have

‖ϕ‖2L2(0,T ;H1
0 (Ω) ≤ C

(
‖ψ‖2L2(0,T ;L2(Ω;L2(Y ))) + |δA|

)
.

Taking all the above estimates together, we obtain

‖ϕ‖2L2(0,T ;H1
0 (Ω) + ‖ψ‖2L2(0,T ;L2(Ω;H1(Y )))

≤ C
(
|δA|+ |δD|+ ‖δρI‖2L2(Ω;L2(Y )) + ‖k2 − k1‖2L2(ΓR)

)
,

which concludes the proof.

5 Local stability for the inverse Robin problem

In this section, we shall study the inverse problem of recovering the
micro-macro Robin coefficient k ∈ L2(ΓR) from measurement on ΓN ;
the Neumann part of the boundary. (Usuallly, one thinks of ΓR as the
inaccessible part of ∂Y , while ΓN is the accessible part.) Our discussion
is influenced by the work [6]. An alternative way of working could be by
following the abstract result in [2].

Recall that we denote

K = {k ∈ L2(ΓR) : 0 < k ≤ k(y) ≤ k̄ for y ∈ ΓR},

the set of admissible Robin coefficients. Denote by k∗ the true Robin
coefficient of our problem and define the set V(k∗, a) as

V(k∗, a) =
{
k ∈ K : ‖k − k∗‖L2(ΓR) ≤ a

}
.

Below (π(k), ρ(k)) denotes the solution to (1) corresponding to the coeffi-
cient k ∈ K. Our main result is the following theorem.
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Theorem 6. Assume that ρI ∈ H1(Ω, Hd(Y )) and ρ(k∗) ≥ c0 > 0 on
[0, T ]× Ω× ΓR. Then there exists a > 0 such that

‖ρ(k2)− ρ(k1)‖L2(0,T ;L2(Ω;L2(ΓN ))) ≥ c‖k2 − k1‖L2(ΓR) (29)

for every k1, k2 ∈ V(k∗, a).

Remark 3. The discussion around Theorem 6 can be extended to the case of
recovering micro-macro Robin coefficient with a genuine two-scale structure, e.g.
k ∈ L2(Ω;L2(ΓR)) or k ∈ L2(0, T ;L2(Ω;L2(ΓR))). In this case, two-scale
measurements are needed. To keep the presentation as simple as possible, we
focus our attention on k ∈ K.

In the rest of this section, we prove establish several lemmata. The
proof of Theorem 6 is given in Section 6.

Lemma 1. For any k ∈ K and d ∈ L∞(ΓR) let (π(k), ρ(k)) be the solution to
(1) and (u, v) = (u(k), v(k)) the solution to

−∆xu = F (u, v) in Ω

∂tv −D∆yv = 0 in Ω× Y
−D∇yv · ny + k(Rv − u) = d(π(k)− pF −Rρ(k)) on Ω× ΓR

−D∇yv · ny = 0 on Ω× ΓN

u = 0 at ∂Ω

v(0, x, y) = 0 in Ω× Y,

(30)

where F (u, v) is specified below. Then ρ(k) is continuously Fréchet differentiable
and its derivative ρ′(k)d at d ∈ L∞(ΓR) is given by v(k).

Proof. One can observe that the well-posedness of (30) follows by similar
arguments as in the previous sections. Take k ∈ K and d ∈ L∞(ΓR) such
that k + d ∈ K.

Note first that (u1(k), v1(k)) = (π(k+d)−π(k), ρ(k+d)−ρ(k)) solves

−∆xu1 = f1(u1, v1) in Ω

∂tv1 −D∆yv1 = 0 in Ω× Y
−D∇yv1 · ny + k(Rv1 − u1) = d(π(k + d)− pF −Rρ(k + d)) on Ω× ΓR

−D∇yv1 · ny = 0 on Ω× ΓN

u1 = 0 at ∂Ω

v1(0, x, y) = 0 in Ω× Y,

where f1(u1, v1) = f(π(k+d), ρ(k+d))−f(π(k), ρ(k)). Denote by F = f1

and

U = u1 − u = π(k + d)− π(k)− u, V = v1 − v = ρ(k + d)− ρ(k)− v,
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then (U, V ) solves the problem

−∆xU = f2(U, V ) in Ω

∂tV −D∆yV = 0 in Ω× Y
−D∇yV · ny + k(RV − U) = d(u1 −Rv1) on Ω× ΓR

−D∇yV · ny = 0 on Ω× ΓN

U = 0 at ∂Ω

V (0, x, y) = 0 in Ω× Y,

where f2(U, V ) = f1(u1, v1)− f1(u, v). Note that the nonlinearities f1, f2

satisfiy the conditions of the energy estimate Proposition 8. Thus,

‖V ‖2L2(0,T ;L2(Ω,H1(Y ))) ≤ C‖d‖
2
L∞(ΓR)‖u1 −Rv1‖2L2(L2(0,T ;L2(Ω;L2(ΓR))).

Whence,

‖ρ(k + d)− ρ(k)− v‖L2(0,T ;L2(Ω,H1(Y )))

‖d‖L∞(ΓR)

≤ C
(
‖u1‖L2(L2(0,T ;L2(Ω;L2(ΓR))) + ‖v1‖L2(L2(0,T ;L2(Ω;L2(ΓR)))

)
,

and it is sufficient to show that the right-hand side above tends to 0 as
‖d‖L∞(ΓR) → 0. Using the interpolation-trace inequality, we obtain

‖v1‖L(0,T ;L2(Ω;L2(ΓR))) ≤ C‖v1‖L2(0,T ;L2(Ω,H1(Y ))).

Furthermore, using Proposition 8 and the interpolation-trace inequality
again, we obtain

‖u1‖2L2(0,T ;H1(Ω)) + ‖v1‖2L2(0,T ;L2(Ω,H1(Y )))

≤ C‖d‖2L∞(ΓR)‖π(k + d)− pF −Rρ(k + d)‖2L2(0,T ;L2(Ω,L2(ΓR)))

≤ C ′‖d‖2L∞(ΓR)

from which follows that

lim
d→0

‖ρ(k + d)− ρ(k)− v‖L2(0,T ;L2(Ω,H1(Y )))

‖d‖L∞(ΓR)
= 0.

The proof of continuity follows by a similar argument, we refer to the
discussion in [6].

We proceed now in a similar fashion as in e.g. [5, 6].
Let g ∈ L2(ΓR) and (θ, ω) = (θ(g), ω(g)) be the weak solution to the

system 

−∆xθ = f(θ, ω) in Ω

∂tω −D∆yω = 0 in Ω× Y
−D∇yω · ny + k∗Rω = −gρ(k∗) on Ω× ΓR

−D∇yω · ny = 0 on Ω× ΓN

θ = 0 at ∂Ω

ω(0, x, y) = 0 in Ω× Y

(31)
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For g ∈ L2(ΓR), define the operator

N : L2(ΓR)→ L2(0, T ;L2(Ω;L2(ΓR)))

by
N(g) = −D∇yω(g) · ny.

Then N is a bounded linear operator (boundedness follow from energy
estimates).

Lemma 2. The operator N is bijective and ‖N−1‖ is finite.

Proof. We prove the surjectivity of N .
Assume that ϕ ∈ L2(0, T ;L2(Ω;L2(ΓR))), we must prove that there exists
g ∈ L2(ΓR) such that N(g) = ϕ. Using (31), we obtain

ϕ+ k∗Rω(g) = −gρ(k∗),

or, equivalently,
ϕ

ρ(k∗)
+ g = −k

∗Rω(g)

ρ(k∗)
. (32)

Define
O : L2(ΓR)→ L2(0, T ;L2(Ω;L2(ΓR))).

by

O(g) = −k
∗Rω(g)

ρ(k∗)

Then we have
ϕ

ρ(k∗)
= (O − I)(g).

Note further that O = BA, where

A : g 7→ ω(g), B : q 7→ −k
∗Rq

ρ(k∗)
.

We have seen that A is compact and B is clearly continuous. Hence, O is
compact.

We claim now that 1 is not an eigenvalue toO. Then, by the Fredholm
alternative theorem, O − I is invertible and

g = (O − I)−1

(
ϕ

ρ(k∗)

)
.

To prove that 1 is not an eigenvalue of O, assume that O(g) = g for some
g ∈ L2(ΓR). It follows from (32) that ϕ/ρ(k∗) = 0, so ϕ = N(g) = 0.
Hence, −D∇yω(g) · ny = 0 on [0, T ] × Ω × ΓR. Since ω(g) solves (31) it
also solves 

−∆xθ = f(θ, ω) in Ω

∂tω −D∆yω = 0 in Ω× Y
−D∇yω · ny = 0 on Ω× ∂Y
θ = 0 at ∂Ω

ω(0, x, y) = 0 in Ω× Y.

(33)
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Hence, ω(g) = 0, but then −gρ(k∗) = 0 from the Robin boundary con-
dition of (31), and since ρ(k∗) ≥ c0 > 0, we get g = 0. In other words,
1 is not an eigenvalue of O. In conclusion, N is invertible. Since N is
bounded, bijective and linear, the open mapping theorem ensures that
N−1 exists and is bounded.

6 Proof of local stability

We are now ready to prove our main result.

Proof of Theorem 6. Let ε > 0 and consider the scaled problem

−∆xξ = f(ξ, ζ) in Ω

∂tζ −D∆yζ = 0 in Ω× Y
−D∇yζ · ny + kRζ = k(ξ + εpF ) on Ω× ΓR

−D∇yζ · ny = 0 on Ω× ΓN

ξ = 0 at ∂Ω

ζ(0, x, y) = ερI in Ω× Y.

(34)

Recall that we have f(εu, εv) = εf(u, v). From this it follows that the
solution (ξε, ζε) to the above problem satisfies (ξε, ζε) = (επ, ερ). Note
that ζε(k) = εζ(k) ≥ εc0 > 0 on [0, T ] × Ω × ΓR. Define the norm ‖ · ‖ε
on L2(ΓR) by

‖g‖ε =

∥∥∥∥ 1

ζε(k∗)
g

∥∥∥∥
L2(0,T ;L2(Ω,L2(ΓR)))

.

Further, define the mapping

σε : K → L2(0, T ;L2(Ω;L2(ΓR))),

by σε(k) = D∇y(ζε) · ny. It follows from the fact that ζε(k) is Frechet
differentiable with continuous derivative that σε is a C1-diffeomorphism.
We have

σ′ε(k)g = D∇yζε1(k∗, g) · ny (35)

where ζε1(k∗, g) is the solution to

−∆xξ
ε
1 = f(ξε1, ζ

ε
1(k∗, g)) in Ω

∂tζ
ε
1(k∗, g)−D∆yζ

ε
1(k∗, g) = 0 in Ω× Y

−D∇yζε1(k∗, g) · ny + kRζε1(k∗, g) = −gζε(k∗) on Ω× ΓR

−D∇yζε1(k∗, g) · ny = 0 on Ω× ΓN

ξε1 = 0 at ∂Ω

ζε1(k∗, g)(0, x, y) = 0 in Ω× Y.

Since ζε(k∗) = ερ(k∗), it follows from (31) that ζε1(k∗, g) = εω(g) and
by σ′ε(k

∗)g = εN by (35). It follows that (σ′ε(k
∗)g)−1 = N−1/ε. Since
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σ′ε(k
∗)g is a C1-diffeomorphism, there exists a neighbourhood N(k∗, a)

such that for any k1, k2 ∈ N(k∗, a) we have

‖k2 − k1‖ε ≤ 2‖(σε(k∗)g−1)′‖‖σ′ε(k2)g − σ′ε(k1)g‖L2(0,T ;L2(ΓR))

(see the discussion in [6]). We have

‖k2 − k1‖ε
≤ 2‖(σε(k∗)g−1)′‖‖D∇yζε(k2) · ny −D∇yζε(k1) · ny‖L2(0,T ;L(Ω;L2(ΓR)))

≤ C

ε
‖D∇yζε(k2) · ny −D∇yζε(k1) · ny‖L2(0,T ;L(Ω;L2(ΓR))).

Using (34), one obtains the estimate

‖D∇yζε(k2) · ny −D∇yζε(k1) · ny‖L2(0,T ;L(Ω;L2(ΓR)))

≤ C
(
‖ζε(k2)− ζε(k1)‖L2(0,T ;L2(Ω;L2(ΓR)))

+ ‖ξε(k2)− ξε(k1)‖L2(0,T ;L2(Ω))

)
+ C

2∑
j=1

‖ζε(kj)(k2 − k1)‖L2(0,T ;L2(Ω;L2(ΓR))).

By the interpolation-trace inequality, we have

‖ζε(k2)− ζε(k1)‖L2(0,T ;L2(Ω;L2(ΓR)))

≤ C‖ζε(k2)− ζε(k1)‖L2(0,T ;L2(Ω;H1(Y ))).

Further, by the Poincaré inequality,

‖ξε(k2)− ξε(k1)‖L2(0,T ;L2(Ω)) ≤ C‖ξε(k2)− ξε(k1)‖L2(0,T ;H1(Ω)).

Hence, we obtain

‖k2 − k1‖ε

≤ C

ε

[
‖ξε(k2)− ξε(k1)‖L2(0,T ;H1(Ω))

+ ‖ζε(k2)− ζε(k1)‖L2(0,T ;L2(Ω;H1(Y )))

+

2∑
j=1

‖ζε(kj)(k2 − k1)‖L2(0,T ;L2(Ω;L2(ΓR)))

 .
We have

2∑
j=1

‖ζε(kj)(k2 − k1)‖L2(0,T ;L2(Ω;L2(ΓR)))

≤ C‖k2 − k1‖ε
2∑
j=1

‖ζε(kj)ζε(k∗)‖L2(0,T ;L2(Ω;L∞(ΓR)))
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Since ΓR is (d− 1)-dimensional, we have

‖ζε(k)‖L∞(ΓR) ≤ c‖ζε(k)‖Hd−1(ΓR) ≤ c‖ζε(k)‖Hd(Y )

by Proposition 5 and Proposition 4. Further, by Proposition 6 and the as-
sumption ρI ∈ L2(Ω;Hd−1(Y )), we have ζε(k) ∈ L2(0, T ;H1(Ω;Hd(Y ))).
Hence,

‖ζε(k∗)ζε(k1)‖L2(0,T ;L2(Ω;L∞(ΓR)))

≤ c‖ζε(k∗)‖L2(0,T ;L2(Ω;Hd−1(ΓR)))‖ζε(kj)‖L2(0,T ;L2(Ω;Hd−1(ΓR)))

≤ c‖ζε(k∗)‖L2(0,T ;L2(Ω;Hd(Y )))‖ζε(kj)‖L2(0,T ;L2(Ω;Hd(Y )))

≤ cε2‖ρ(k∗)‖L2(0,T ;L2(Ω;Hd(Y )))‖ρ(kj)‖L2(0,T ;L2(Ω;Hd(Y )))

≤ C ′ε2.

By the above estimates, we can rely on

(1− Cε)‖k2 − k1‖ε

≤ C

ε

(
‖ξε(k2)− ξε(k1)‖L2(0,T ;H1(Ω)) + ‖ζε(k2)− ζε(k1)‖L2(0,T ;L2(Ω;H1(Y )))

)
.

Using the equivalent norm on L2(0, T ;L2(Ω;H1(Y ))) given by Proposi-
tion 3, we obtain

(1− Cε)‖k2 − k1‖ε ≤
C

ε

(
‖ξε(k2)− ξε(k1)‖L2(0,T ;H1(Ω))

+ ‖∇y(ζε(k2)− ζε(k1))‖L2(0,T ;L2(Ω;H1(Y )))

)
+
C

ε
‖ζε(k2)− ζε(k1)‖L2(0,T ;L2(Ω,L2(ΓN ))).

Set Xε := ξε(k2) − ξε(k1) and Zε := ζε(k2) − ζε(k1), then (Xε, Zε)
solves 

−∆xX
ε = f1(Xε, Zε) in Ω

∂tZ
ε −D∆yZ

ε = 0 in Ω× Y
−D∇yZε · ny + k1RZ

ε = (k2 − k1)ζε(k2) on Ω× ΓR

−D∇yZε · ny = 0 on Ω× ΓN

Xε = 0 at ∂Ω

Zε(0, x, y) = 0 in Ω× Y,

where f1(Xε, Zε) = f(ξε(k2), ζε(k2))− f(ξε(k1), ζε(k1)).
Using Proposition 8 and similar estimates as above, we obtain

‖ξε(k2)− ξε(k1)‖L2(0,T ;H1(Ω)) + ‖ζε(k2)− ζε(k1)‖L2(0,T ;L2(Ω;H1(Y )))

≤ C‖(k2 − k1)ζε(k2)‖L2(0,T ;L2(Ω;L2(ΓR))) ≤ Cε2‖k2 − k1‖ε.

This finally yields the crucial estimate

(1− C ′ε)‖k2 − k1‖ε ≤
C

ε
‖ζε(k2)− ζε(k1)‖L2(0,T ;L2(Ω,L2(ΓN ))).
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Choose ε∗ > 0 such that 1 − C ′ε∗ = 1/2 and use that ζε = ερ, then we
obtain

‖k2 − k1‖ε∗ ≤ C‖ρ(k2)− ρ(k1)‖L2(0,T ;L2(Ω,L2(ΓN ))).

Finally, since ζ∗(k) ≥ εc0, we obtain that

‖k2 − k1‖L2(ΓR) ≤ C‖k2 − k1‖ε∗ ≤ C‖ρ(k2)− ρ(k1)‖L2(0,T ;L2(Ω,L2(ΓN ))).
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Abstract

In this paper, we study the numerical approximation of a cou-
pled system of elliptic-parabolic equations posed on two separated
spatial scales. The model equations describe the interplay between
macroscopic and microscopic pressures in an unsaturated heteroge-
neous medium with distributed microstructures as they often arise
in modeling reactive flow in cementitious-based materials. Besides
ensuring the well-posedness of our two-scale model, we design two-
scale convergent numerical approximations and prove a priori error
estimates for the semidiscrete case. We complement our analysis
with simulation results illustrating the expected behaviour of the
system.

Keywords: elliptic-parabolic system, weak solutions, Galerkin approxi-
mations, distributed microstructures, error analysis

MSC (2010): 35K58, 65N30, 65N1

1 Introduction

This work is concerned with the design and approximation of systems of
evolution equations posed on two distinct spatial scales. The systems we
have in mind involve coupled partial differential equations (PDEs) that
explicitly encode two-scale interactions via transmission boundary con-
ditions as well as production terms; see e.g. the PDE structures entering
double or dual porosity models, models with distributed microstructures,
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fissured-media equations, as well as general two-scale models. Such mod-
els arise as descriptions of reactive flow through geometrically-structured
porous media.

If the geometry of the porous media has a dual porosity structure,
and hence, characteristic scales can possibly be separated, then PDE mod-
els with distributed microstructures are in theory able to describe the
relevant multiscale spatial interactions like those occurring in gas-liquid
mixtures. Now, the challenge shifts from the multiscale modeling to
the computer implementation of multiscale models. Consequently, in
this work we concern ourselves with the two-scale computability issue –
complex systems of evolution equations acting on two spatial scales are
notoriously hard to compute, especially if moving boundaries or stochas-
tic dynamics are involved within e.g. the distributed microstructures.
Combined with the so-called curse of dimensionality, this results in a
computational problem of very high complexity.

In this paper, we discuss the case of an elliptic-parabolic coupling.
We consider a coupled system of partial differential equations connected
to multiscale descriptions of the evolution of the pressure arising in a
compressible air-liquid mixture that distributes over two spatial scales
(one called macroscopic, and one microscopic). This situation arises, for
instance, in cementitious materials within concrete members – typical
composite porous materials where the amount of displaceable liquid
is low and is practically trapped in the internal structure of the porous
medium. The derivation of our particular model originates from applying
a formal two-scale homogenization to a particular scaling of the level
set equation coupled with Stokes equations for fluid flow (see [24] for
details). Highlights of the more non-standard challenges of this system of
equations are the two-scale coupling, the mismatch in structure between
the two equations, i.e. the presence of a time derivative in the microscopic
equation and its absence in the macroscopic one, as well as the nonlinear
right hand side in the macroscopic equation. In order to tackle these
challenges we perform most of our analysis on the finite element level,
using techniques from e.g. [14], [6] and [25].

If we assume the interface between air and liquid to remain fixed for
a reasonable time span, then using homogenization techniques for locally
periodic microstructures (compare with e.g. [5]) leads in suitable scaling
regimes to a so-called two-pressure evolution systems. This system can be
expressed as coupled elliptic-parabolic equations that describe the joint
evolution in time t ∈ (0, T ) (T < +∞) of a parameter-dependent micro-
scopic pressure Rρ(t, x, y) (where R represents the universal gas constant)
evolving with respect to y ∈ Y ⊂ Rd for any given macroscopic spatial
position x ∈ Ω and a macroscopic pressure π(t, x) with x ∈ Ω for any given
t. An illustration of the two-scale geometry we have in mind is depicted
in Figure 1.

In the final part of this manuscript, we discuss a numerical implemen-
tation of this scheme in the finite element library deal.ii ([2]). Inspired
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ΓR

ΓN

∂Ω

Y

Ω
x

Figure 1: The macroscopic domain Ω and microscopic pore Y at x ∈ Ω.

by the Heterogeneous Multiscale Method framework (cf. e.g.[8]), we
propose an implementation strategy that resolves the scale separation
inherent in the two-scale structure of our problem.

We consider the following problem, posed on two spatial scales Ω ⊂
Rd1 and Y ⊂ Rd2 with d1, d2 ∈ {1, 2, 3} in the time interval t ∈ S := (0, T )
for some T > 0. Find the two pressures π : S×Ω→ R and ρ : S×Ω×Y →
R that satisfy:

−A∆xπ = f(π, g(ρ)) in S × Ω, (1)
∂tρ−D∆yρ = 0 in S × Ω× Y, (2)
D∇yρ · ny = k(π + pF −Rρ) in S × Ω× ΓR, (3)
D∇yρ · ny = 0 in S × Ω× ΓN , (4)
π = 0 in S × ∂Ω, (5)

ρ(t = 0) = ρI in Ω× Y , (6)

where ΓR ∪ ΓN = ∂Y , ΓR ∩ ΓN = ∅ and f, g are functions discussed in
more detail below. We refer to (1)-(6) as (P1).

Note that (P1) describes the interaction between a compressible vis-
cous fluid (with density ρ) in a porous domain Ω, where the pores are
partly filled with a gas that exerts an average (macroscopic) pressure π.
The interaction between the fluid and the gas is determined by the right
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hand side of (1) and the microscopic boundary condition in (3), through
the fluid-gas interface represented by ΓR. The mathematical problem
stated in (P1), contains a number of dimensional constant parameters:
A (gas permeability), D (diffusion coefficient for the gaseous species),
pF (atmospheric pressure) and ρF (gas density). In addition, we need
the dimensional functions k (Robin coefficient) and ρI (initial liquid den-
sity). Except for the Robin coefficient k, all the model parameters and
functions are either known or can be accessed directly via measurements.
Even if the boundary ΓR is not accessible for measurements of parame-
ters such as κ, this can be compensated by measuring on the boundary
ΓN := ∂Y \ΓR. See e.g. [16]. We would like to point out that although we
choose A and D constant, the analysis would be analogous for a system
with A = A(x) and D = D(y), provided they satisfy certain suitable
assumptions.

In this context, we prove existence and uniqueness of a discrete-in-
space, continuous-in-time finite element element approximation and
prove its convergence to the true solution of (P1). The main results of
this contribution are the well-posedness of the Galerkin approximation
(Theorem 7), convergence rates for the approximation (Theorem 10),
and the confirmation of the expected convergence rate with a numerical
simulation (Section 5).

The choice of problem and approach is in line with other investi-
gations running for two-scale systems, or systems with distributed mi-
crostructures, such as [15, 18, 22]. The reader is also referred to the FE2

strategies developed by the engineering community to describe the evo-
lution of mechanical deformations in structured heterogeneous materials;
see e.g. [12] and references cited therein. Other classes of computation-
ally challenging two-scale problems are mentioned, for instance, in [23],
where the pore scale model has a priori unknown boundaries, and in [11]
for a smoldering combustion scenario. This paper continues an inves-
tigation started in related works. In [16], we study the solvability issue
and derive inverse Robin estimates for a variant of this model problem.
Two-scale Galerkin approximations have been derived previously for
related problem settings; see e.g. our previous investigations [20], [19],
[4], and [15].

The rest of this paper is structured as follows. In Section 2, we discuss
the technical concepts and requirements we need before starting our
analysis. Then, in Section 3, we show the Galerkin approximation is
well-posed and converges to the weak solution of the original system.
In Section 4, we prove a priori convergence rates for the Galerkin ap-
proximation. Next, in Section 5, we propose a fully discrete scheme, an
implementation of said scheme, and approximation errors of the finite
element solutions on subsequently refined grids. Finally, in Section 6, we
conclude this paper and provide an outlook into future research.
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2 Concept of weak solution, assumptions and
technical preliminaries

2.1 Weak solutions

We look for solutions to (P1) in the weak sense. This is motivated by
the fact that the underlying structured media can be of composite type,
allowing for discontinuities in the model parameters. However, already
at this stage it is worth mentioning that the solutions to (P1) are actually
more regular than stated, i.e. with minimal adaptations of the working
assumptions the regularity of the solutions can be lifted so that they turn
out to be strong or even classical. We will lift their regularity only when
needed.

Definition 1 (Weak solution). A weak solution of (P1) is a pair (π, ρ) ∈
L2(S;H1

0(Ω)) × L2(S;L2(Ω;H1(Y ))) such that ∂tρ ∈ L2(S × Ω × Y ) and
for all test functions (ϕ,ψ) ∈ H1

0(Ω)× L2(Ω;H1(Y )) the following identities
are satisfied:

A

∫
Ω

∇xπ · ∇xϕdx =

∫
Ω

f(π, g(ρ))ϕdx, (7)

and∫
Ω

∫
Y

∂tρψdydx+D

∫
Ω

∫
Y

∇yρ·∇yψdydx = κ

∫
Ω

∫
ΓR

(π+pF−Rρ)ψdσydx,

(8)
for almost every t ∈ S. Furthermore, we require that ρ(0, x, y) = ρI(x, y),
which is provided. For π, we have π(0, x) = πI(x) where πI ∈ H1

0(Ω) is the
weak solution of

−A∆xπ = f(π, g(ρI)) in Ω,

π = 0 in ∂Ω.
(9)

Note that (9) is a stationary elliptic equation giving access to the value of π from
(1) at time t = 0. Above, dσy denotes the surface measure on ∂Y .

2.2 Assumptions

We introduce a set of assumptions that allows us to ensure the weak
solvability and approximation of (P1).

(A1) The domains Ω and Y are convex polygons.

(A2) All model parameters are positive; in particular A,D,R, pF , κ.

(A3) The parameter A satisfies

2CΩ
A

< 1
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where CΩ denotes the constant in Poincaré’s inequality for H1
0(Ω)

(see (18) below).

(A4) ρI ∈ L2(Ω;H1(Y )).

(A5) f : R2 → R in (1) satisfies the following conditions:

(i) the weak partial derivatives D1f,D2f ∈ L∞(R2) and

‖D1f‖L∞(R2) ≤ θ and ‖D2f‖L∞(R2) ≤ θ

where θ is small enough to satisfy all of the following:

θ <
2CΩ
A

, θ <
1

CΩ
, 1 + 4θ2 <

3

2
.

Note that this implies θ < 1.
(ii) f(0, s) = 0 for all s ∈ R,

(iii) |f(r, s)| ≤ Cf min(|r|, |r|α) for some constantCf > 0 and some
α ∈ (0, 1) and all s ∈ R,

(A6) g is a linear functional such that∫
Ω

g(ρ)2dx ≤ Cg‖ρ‖2L2(Ω;H1(Y ))

for some constant Cg > 0.

Remark 4. (A1), (A2) and (A4) are straightforward assumptions related to the
physical setting. In (A2), all parameters are constant as a result of the periodic
homogenization procedure behind the structure of our model. A deviation from
periodicity would introduce an x-dependence in the coefficients. See [24] for
a derivation of the model under consideration. (A1) is a condition to ease the
interaction with the finite element mesh. (A5) and (A6) are technical conditions
required to prove well-posedness of the problem.

Remark 5. Note that the condition ‖Djf‖L∞(R2) ≤ θ < 1 implies that f(·, s)
and f(r, ·) are contractions for any (r, s) ∈ R2.

Remark 6. Examples of a nonlinearity f satisfying (A5) is

f(r, s) = θmin(|r|, |r|α) min(1, |s|),

for some α ∈ (0, 1) or

f(r, s) = |θ sin(r) cos(s)|.

An example of a functional g satisfying (A6) is

g(ρ)(t, x) =

∫
ΓR

L(ρ(t, x, y))dσy,

where L is a linear map. The fact that g defined as above satisfies (A6) is a
consequence of the interpolation-trace inequality (see (17) below).
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2.3 Technical preliminaries

The rest of this section introduces the notation of the functional spaces
and norms used in the paper. Let Tr1 : H1(Ω) → L2(∂Ω) denote the
(macroscopic) trace operator defined as

Tr1(u) = u|∂Ω ,

and let Tr2 : L2(Ω;H1(Y ))→ L2(Ω× ∂Y ) denote the microscopic trace
operator defined as

Tr2(u) = u|Ω×∂Y .

Let f, g : D → R. Then the Lebesgue and Sobolev norms are defined
as follows:

||f ||Lp(D) :=

{(∫
D
|f(x)|pdx

)1/p for 1 ≤ p <∞,
ess sup {|f(x)| : x ∈ D} for p =∞,

(10)

||f ||Hk(D) :=

∑
|α|≤k

∫
D

|∂αf |2 dx

1/2

for k ∈ N, (11)

with ∂αf denoting derivatives in the weak sense.
Furthermore, for L2(D) andHk(D) we have the following inner prod-

ucts.
〈f, g〉L2(D) :=

∫
D

f(x)g(x)dx, (12)

〈f, g〉Hk(D) :=
∑
|α|≤k

〈∂αf, ∂αg〉L2(D). (13)

Moreover, we useH1
0(D) to denote the following function space:

H1
0(D) :=

{
u ∈ H1(D) : Tr1(u) = 0

}
. (14)

Let B be a Banach space with norm || · ||B . Then u belongs to Bochner
space L2(S;B) if it has a finite L2(S;B) norm, defined as follows:

||u||L2(S,B) :=

(∫
S

||u(t)||2Bdt
)1/2

. (15)

An introduction to the concepts of Lebesgue and Bochner integration
as well as on inner products and norms can be found in many functional
analysis textbooks (e.g. [1]).
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2.4 Auxiliary results

For the benefit of the reader, we collect a number of well-known results
that we will use in the paper.

Lemma 3 (Young’s inequality). Let E ⊆ Rd be a measurable set and u, v ∈
L2(E). For any ε > 0 there holds∫

E

|u(x)v(x)|dx ≤ ε‖u‖2L2(E) +
1

4ε
‖v‖2L2(E). (16)

It is well-known that Tr2 defined between the function spaces spec-
ified above is a bounded linear operator. Thus, quantities of the type
‖u‖L2(Ω×∂Y ) are well defined for u ∈ L2(Ω;H1(Y )).

Lemma 4 (Interpolation-trace inequality [13]). Let u ∈ L2(Ω;H1(Y )), then
for any ε > 0 there holds

‖u‖2L2(Ω×ΓR) ≤ ε‖∇yu‖
2
L2(Ω×Y ) + C∗max(ε, ε−1)‖u‖2L2(Ω×Y ) (17)

where C∗ is a constant depending only on Y and ΓR.

Lemma 5 (Poincaré’s inequality). There exists a constant CΩ depending only
on Ω such that

‖u‖2L2(Ω) ≤ CΩ‖∇xu‖
2
L2(Ω) (18)

for all u ∈ H1
0(Ω).

Lemma 6 (Aubin-Lions lemma). Let B0 ⊂⊂ B ↪→ B1 be Banach spaces, i.e.
B0 be compactly embedded in B and B be continuously embedded in B1. Let

W :=
{
u ∈ L2 (S;B0) |∂tu ∈ L2 (S;B1)

}
. (19)

Then the embedding of W into L2 (S;B) is compact.

We refer the reader to [3] for the original proof of the statement.

3 Well-posedness

In this section we prove that (P1) has a weak solution by approximating
it with a Galerkin projection. We show the projection exists and is unique,
and proceed by proving it converges to the weak solution of (P1). First,
we introduce the necessary tools for defining the Galerkin approximation.

We use one mesh partition for each of the two spatial scales. Let Pk
be the space of polynomials up to degree k. Let BH be a mesh partition
for Ω consisting of simplices. We denote the diameter of an element
B ∈ BH with HB , and the global mesh size with H := maxB∈BH

HB .
We introduce a similar mesh partition Kh for Y with global mesh size
h := maxK∈Kh

hK .
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Our macroscopic and microscopic finite element spaces VH and Wh

are, respectively:

VH :=
{
v ∈ C(Ω̄)

∣∣ v|B ∈ P1(B) for all B ∈ BH , v = 0 on ∂Ω
}
,

Wh :=
{
w ∈ C(Ȳ )

∣∣ w|K ∈ P1(K) for all K ∈ Kh
}
.

We note that this approach is easily extensible to x-dependent microscopic
domains. Let N1 and N2 denote the sets of degrees of freedom in BH
and Kh, respectively. Let span (ξi) = VH and span (ηk) = Wh, and let
αi, βik : S → R denote the Galerkin projection coefficient for the ith
and ikth degree of freedom, respectively. We introduce the following
finite-dimensional Galerkin approximations of the functions π and ρ:

πH(t, x) :=
∑
i∈N1

αi(t)ξi(x),

ρH,h(t, x, y) :=
∑

i∈N1,k∈N2

βik(t)ξi(x)ηk(y).
(20)

Reducing the space of test functions to V H and Wh, we obtain the
following discrete weak formulation: find a solution pair (πH , ρH,h) ∈
L2(S;V H)×L2(S;V H×Wh) where ∂tρH,h ∈ L2(S;V H×Wh) that solve

A

∫
Ω

∇xπH · ∇xϕdx =

∫
Ω

f(πH , g(ρH,h))ϕdx, (21)

and ∫
Ω

∫
Y

∂tρ
H,hψdydx+D

∫
Ω

∫
Y

∇yρH,h · ∇yψdydx

= κ

∫
Ω

∫
ΓR

(πH + pF −RρH,h)ψdσydx,

(22)

for any ϕ ∈ VH and ψ ∈ VH × Wh and almost every t ∈ S. Further-
more, πH(0, x) = πHI (x) (see (9) and ρH,h(0, x, y) = ρH,hI (x, y) where
(πHI , ρ

H,h
I ) ∈ VH × (VH ×Wh) is a Galerkin approximation of (πI , ρI).

These concepts lead us to the first theorem.

Theorem 7 (Existence and uniqueness of the Galerkin approximation).
There exists a unique solution (πH , ρH,h) to the system in (21)-(22).

Proof. The proof is divided in three steps. In step 1, the local existence
in time is proven. In step 2, global existence in time is proven. Step 3 is
concerned with proving the uniqueness of the system.

Step 1: local existence of solutions to (21) - (22): By substituting ϕ = ξi
and ψ = ξiηk for i ∈ N1 and k ∈ N2 in (21)-(22) we obtain the follow-
ing system of ordinary differential equations coupled with algebraic
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equations: find (α, β) ∈ C(S)×C1(S) such that∑
j∈N1

Pijαj(t) = Fi(α(t), β(t)) for i ∈ N1, (23)

∑
j∈N1,l∈N2

Mijklβ
′
ik(t) +

∑
j∈N1,l∈N2

Qijklβjl(t) (24)

= cik +
∑
j∈N1

Eijkαj(t) for i ∈ N1 and k ∈ N2, (25)

with

Pij := A

∫
Ω

∇xξi · ∇xξj dx,

Fi :=

∫
Ω

f

∑
j∈N1

αj(t)ξj ,
∑

j∈N1,l∈N2

βjl(t)ξjηl

 ξi dx,

Mijkl :=

∫
Ω

ξiξjdx

∫
Y

ηkηldy,

Qijkl := D

∫
Ω

ξiξjdx

∫
Y

∇yηk · ∇yηldy + κR

∫
Ω

ξiξjdx

∫
ΓR

ηkηldσy,

Eijk := κ

∫
Ω

ξiξjdx

∫
ΓR

ηkdσy,

cik := κpF

∫
Ω

ξidx

∫
ΓR

ηkdσy

(26)

Applying (6) to (21) and (22) yields:

αi(0) =

∫
Ω

ξiπI dx,

βik(0) =

∫
Ω

∫
Y

ξiηkρIdydx.

(27)

For all t ∈ S, the coefficients αi(t), βik(t) of (20) are determined by
(23), (25) and (27).

Since the system of ordinary differential equations in (25) is linear, we
are able to explicitly formulate the solution representation for βik with
respect to αi. Let αi be given, and let Q and E denote matrices given by:

Qβ =
∑

j∈N1,l∈N2

Qijklβjl, (28)

Mβ =
∑

j∈N1,l∈N2

Mijklβjl, (29)

Eα =
∑
j∈N1

Eijkαj . (30)
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Then βik can be expressed as

βik(t) = M−1(βik(0)e−Qt +Q−1(c+ Eαi(t))(I − e−Qt)). (31)

Substituting (31) in (25) results in the expression:

(c+ Eαj(t))e
−Qt +M−1

(
Qβik(0)e−Qt + (c+ Eαj(t))(I − e−Qt)

)
= Qβik(0)e−Qt + c+ Eαj(t).

(32)

(A5) implies that for all i ∈ N1, Fi are contractions. Let (α∗, β∗) =
((α∗i )i, (β

∗
ik)ik) and (α∗∗, β∗∗) = ((α∗∗i )i, (β

∗∗
ik )ik) be two function pairs

that satisfy (31). Then it holds that

|Fi(α∗, β∗)− Fi(α∗∗, β∗∗)|
≤ |Fi(α∗, β∗)− Fi(α∗, β∗∗) + Fi(α

∗, β∗∗)− Fi(α∗∗, β∗∗)|,

=

∣∣∣∣∣∣
∫

Ω

f

∑
j∈N1

α∗j (t)ξj ,
∑

j∈N1,l∈N2

β∗jl(t)ξjηl

 ξi

− f

∑
j∈N1

α∗j (t)ξj ,
∑

j∈N1,l∈N2

β∗∗jl (t)ξjηl

 ξi dx

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∫

Ω

f

∑
j∈N1

α∗j (t)ξj ,
∑

j∈N1,l∈N2

β∗∗jl (t)ξjηl

 ξi

− f

∑
j∈N1

α∗∗j (t)ξj ,
∑

j∈N1,l∈N2

β∗∗jl (t)ξjηl

 ξi dx

∣∣∣∣∣∣ ,
≤

∣∣∣∣∣∣
∫

Ω

cρ
∑

j∈N1,l∈N2

(β∗jl(t)− β∗∗jl (t))ξjηl + cπ
∑
j∈N1

(α∗j (t)− α∗∗j (t))ξj dx

∣∣∣∣∣∣ ,
≤ cβ

∣∣∣∣∣∣
∑
j∈N1

β∗jl(t)− β∗∗jl (t)

∣∣∣∣∣∣+ cα

∣∣∣∣∣∣
∑
j∈N1

α∗j (t)− α∗∗j (t)

∣∣∣∣∣∣ ,
(33)

with cα, cβ defined as

cα := cπ max
j∈N1

∫
Ω

ξj dx ≤ cπ, cβ := cρ max
j∈N1,l∈N2

∫
Ω

ξjηldx ≤ cρ. (34)

Now, we derive a time-dependent continuity estimate for sufficiently
small t. Again picking two pairs (α∗(t), β∗(t)) and (α∗∗(t), β∗∗(t)) (not
necessarily the same as in (33)):

||β∗(t)− β∗∗(t)|| = ||I − eQt|| · ||M−1Q−1E|| · ||α∗(t)− α∗∗(t)||,
= ||Qt+O

(
t2
)
|| · ||M−1Q−1E|| · ||α∗(t)− α∗∗(t)||,

≤ tC||α∗ − α∗∗|| for small t.
(35)
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Here, the size of valid t is independent of the initial data. Using (35) we
obtain a Lipschitz bound on all Fi in the interval [0, τ ] for any choice of
τ < t:

|Fi(α∗(t), β∗(t))− Fi(α∗∗(t), β∗∗(t))|
≤ |Fi(α∗(t), β∗(t))− Fi(α∗(t), β∗∗(t))|
+ |Fi(α∗(t), β∗∗(t))− Fi(α∗∗(t), β∗∗(t))| ,
≤ cα||α∗(t)− α∗∗(t)||+ cβ ||β∗(t)− β∗∗(t)||,
≤ (cα + cβCτ) ||α∗(t)− α∗∗(t)||.

(36)

Choosing τ small enough to satisfy cα + cβCτ < 1 makes F a con-
traction on [0, τ ]. By Banach’s fixed point theorem, it follows that the
equation F (α(t), β(t)) = α(t) has a solution for α in L2(S). Substitution
of α(t) into (31) leads to the corresponding β. Existence of πH and ρH,h

follows directly.
Step 2: global existence of solutions to (21) - (22): We cover time interval S

into N intervals of length at most τ such that S ⊆
⋃
n((n− 1)τ, nτ ]. From

the arguments in the previous paragraph it is clear a solution exists on
the first interval [0, τ ]. This allows us to provide an induction argument
for the existence of a solution on interval n:

Given that interval n has local solution β ([(n− 1)τ, nτ ]), we can ob-
tain values β(nτ), β′(nτ), α(nτ) as initial values to the local system on
interval n+ 1, and show existence of a solution. This way, we are able to
construct a solution satisfying (21) - (22) everywhere on S.

Step 3: uniqueness of solutions to (21) - (22): We decouple the system
and use a fixed point argument to show that this system has a globally
unique solution in time.

Let (α∗, β∗) and (α∗∗, β∗∗) be two solutions satisfying (21) - (22) with
the same initial data. Let β̄(t) := β∗(t)−β∗∗(t) and ᾱ(t) := α∗(t)−α∗∗(t).
By starting from (25) and multiplying both equations with β̄(t), we obtain

〈Mβ̄(t), β̄′(t)〉 = 〈Qβ̄(t), β̄(t)〉+ 〈Eᾱ(t), β̄(t)〉,
1

2

d

dt

∥∥β̄(t)
∥∥2 ≤

∥∥M−1Q
∥∥∥∥β̄(t)

∥∥2
+
∥∥M−1E

∥∥ ‖ᾱ(t)‖
∥∥β̄(t)

∥∥ . (37)

Since β̄(0) = 0, by applying Grönwall’s differential inequality, we know
that β̄(t) ≡ 0. Combined with (31), it immediately follows that ᾱ(t) ≡ 0,
and therefore, (α∗, β∗) = (α∗∗, β∗∗).

Note that showing the stability of the finite element approximation
with respect to data and initial conditions follows an analogous argument.
The proof is omitted here.

The remaining part of this section is devoted to proving that the
system in (21)-(22) converges to the solution of the Galerkin projection
converges to the weak solution of (P1). Our first aim is to derive standard
energy estimates for the discrete solution (πH , ρH,h).
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Lemma 7 (Standard energy estimates). Let (πH , ρH,h) be a solution to
(21)-(22). Then we have the following energy estimates

‖πH‖L2(S;H1
0(Ω)) ≤ C (38)

and
‖ρH,h‖L2(S;L2(Ω;H1(Y ))) ≤ C (39)

and
‖∂tρH,h‖L2(S×Ω×Y ) ≤ C (40)

where C is independent on h and H , while it depends on the model parameters
and the geometry of the domains.

Proof. Testing (21) with ϕ = πH and (22) with ψ = ρH,h yields identities

A
∣∣∣∣∇xπH ∣∣∣∣2L2(Ω)

=

∫
Ω

f(πH , g(ρH,h))πH dx, (41)

and

1

2

d

dt

∣∣∣∣ρH,h∣∣∣∣2L2(Ω×Y )
+D

∣∣∣∣∇yρH,h∣∣∣∣2L2(Ω×Y )

=

∫
Ω

∫
ΓR

κ(πH + pF )ρH,h dσy dx− κR
∣∣∣∣ρH,h∣∣∣∣2L2(Ω×ΓR)

.
(42)

We consider first (41). By (A5), Hölder’s inequality and Poincaré’s in-
equality we have

A‖∇xπH‖2L2(Ω) =

∫
Ω

f(πH , g(ρH,h))πHdx ≤
∫

Ω

|f(πH , g(ρH,h))||πH |dx

≤ Cf
∫

Ω

|πH |min(|πH |, |πH |α)dx ≤ Cf
∫

Ω

|πH |1+αdx

≤ Cf |Ω|(1−α)/2‖πH‖1+α
L2(Ω)

≤ Cf |Ω|(1−α)/2C1+α
Ω ‖∇xπH‖1+α

L2(Ω)

Consequently,

‖∇xπH‖L2(Ω) ≤
(
Cf
A

)1/(1−α)√
|Ω|C(1+α)/(1−α)

and by Poincaré’s inequality

‖πH‖L2(Ω) ≤
(
Cf
A

)1/(1−α)√
|Ω|C2/(1−α)

Integrating over (0, T ) proves (38).
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We proceed with (42). Using Cauchy-Schwarz’ inequality and (17) to
the right-hand side of (42)∫

Ω

∫
ΓR

κ(πH + pF )ρH,h dσy dx

≤ κ|ΓR|
(
‖πH‖L2(Ω) + pF |Ω|

)
‖ρH,h‖L2(Ω×ΓR).

≤ κcE |ΓR|
(
‖πH‖L2(Ω) + pF |Ω|

)
‖ρH,h‖L2(Ω;H1(Y )).

(43)

Then, we add to both sides of (42) a term D||ρH,h||2L2(Ω×Y ) to get

1

2

d

dt
‖ρH,h‖2L2(Ω×Y ) +D‖ρH,h‖2L2(Ω;H1(Y )),

≤ D‖ρH,h‖2L2(Ω×Y ) + κcE |ΓR|
(
‖πH‖L2(Ω) + pF |Ω|

)
||ρH,h||L2(Ω;H1(Y )).

(44)

After applying Young’s inequality with the small parameter ε > 0, we
get

1

2

d

dt
||ρH,h||2L2(Ω×Y ) + (D − ε)||ρH,h||2L2(Ω;H1(Y )),

≤ D||ρH,h||2L2(Ω×Y ) + κ2c2Ecε|ΓR|2
(
||πH ||2L2(Ω) + p2

F |Ω|2
)
.

(45)

By applying Grönwall’s inequality we obtain the desired estimates:

||ρH,h||2L2(Ω×Y ) ≤ Cρe
Dt, (46)

||∇yρH,h||2L2(Ω×Y ) ≤ Cρ + ε||ρH,h||L2(Ω×Y ), (47)

with
Cρ = κ2c2Ecε|ΓR|2

(
||πH ||2L2(Ω) + p2

F |Ω|2
)
.

Finally, testing (22) with ∂tρH,h ∈ VH ×Wh, we obtain

‖∂tρH,h‖2L2(Ω×Y ) +
D

2

d

dt
‖∇yρH,h‖2L2(Ω×Y )

≤ κ
∫

Ω

∫
ΓR

(πH + pF −RρH,h)∂tρ
H,hdσydx

≤ κ|ΓR|
(
|Ω|pF + |Ω|1/2‖πH‖L2(Ω)

)
− Rκ

2

d

dt
‖ρH,h‖2L2(Ω×ΓR)

Set
Θ(t) =

D

2
‖∇yρH,h‖2L2(Ω×Y ) +

Rκ

2
‖ρH,h‖2L2(Ω×ΓR)

then we have
‖∂tρH,h‖2L2(Ω×Y ) + Θ′(t) ≤ C

Integrating over [0, T ] we have

‖∂tρH,h‖2L2(S×Ω×Y ) ≤ CT + Θ(0)−Θ(T ) ≤ CT + Θ(0) ≤ C ′ (48)

where C ′ is independent of H,h and ρH,h.
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We shall need a bound for ∂tπH and also an estimate for ∂tρH,h that
is sharper than (40).

Lemma 8. Let (πH , ρH,h) be the solution to (21)-(22) for H,h > 0. Then

‖∂tπH‖L2(S;H1
0(Ω)) ≤ C, (49)

‖∂tρH,h‖L2(S,L2(Ω;H1(Y ))) ≤ C. (50)

Proof. Differentiate (21)-(22) with respect to t. Let t ∈ S be fixed but arbi-
trary, then ∂tπH ∈ VH and ∂tρH,h ∈ VH ×Wh. Testing the differentiated
equations with ∂tπH and ∂tρH,h respectively yield

‖∇x(∂tπ
H)‖2L2(Ω) =

∫
Ω

(D1f∂tπ
H +D2fg(∂tρ

H,h))∂tπ
Hdx (51)

1

2

d

dt
‖∂tρH,h‖2L2(Ω×Y ) +D‖∇y(∂tρ

H,h)‖2L2(Ω×Y ) = (52)

= κ

∫
Ω

∫
ΓR

∂tπ
H∂tρ

H,hdσydx− κR‖∂tρH,h‖2L2(Ω×ΓR)

Consider (51). By (A5) and Poincaré’s inequality

‖∇x(∂tπ
H)‖2L2(Ω) ≤

∫
Ω

θ|∂tπH |2 + θ|∂tπHg(∂tρ
H,h)|dx

≤ θCΩ‖∇x(∂tπ
H)‖2L2(Ω) + θ

∫
Ω

|∂tπH ||g(∂tρ
H,h)|dx

By (A5), we have θCΩ < 1, hence

(1− θCΩ)‖∇x(∂tπ
H)‖2L2(Ω) ≤ θ

∫
Ω

|∂tπHg(∂tρ
H,h)|dx

By the Cauchy-Schwartz inequality and (A6), we get

(1− θCΩ)‖∇x(∂tπ
H)‖2L2(Ω)

≤ θ‖∂tπH‖L2(Ω)‖g(∂tρ
H,h)‖L2(Ω)

≤ θCg‖∂tπH‖L2(Ω)‖∂tρH,h‖L2(Ω,H1(Y ))

≤ θCgCΩ‖∇x(∂tπ
H)‖L2(Ω)‖∂tρH,h‖L2(Ω,H1(Y ))

whence

‖∇x(∂tπ
H)‖L2(Ω) ≤

CgθCΩ
1− θCΩ

‖∂tρH,h‖L2(Ω,H1(Y )). (53)

We proceed with (52). By applying Young’s inequality with parameter
ε/CΩ, we get

1

2

d

dt
‖∂tρH,h‖2L2(Ω×Y ) +D‖∇y(∂tρ

H,h)‖2L2(Ω×Y ) ≤

≤ ε

CΩ
‖∂tπH‖2L2(Ω) +

(
4κ

ε
− κR

)
‖∂tρH,h‖2L2(Ω×ΓR) ≤

≤ ε‖∇x(∂tπ
H)‖2L2(Ω) +

(
4κ

ε
− κR

)
‖∂tρH,h‖2L2(Ω×ΓR)
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Adding D‖∂tρH,h‖2L2(Ω×Y ) to both sides of the above inequality and
choosing ε small enough to ensure

ε

(
θCgCΩ
1− θCΩ

)2

<
D

2
,

we obtain
1

2

d

dt
‖∂tρH,h‖2L2(Ω×Y ) +

D

2
‖∂tρH,h‖2L2(Ω;H1(Y ))

≤ C‖∂tρH,h‖2L2(Ω×ΓR) +D‖∂tρH,h‖2L2(Ω×Y )

By using the interpolation-trace inequality with a suitable ε, we get

C‖∂tρH,h‖2L2(Ω×ΓR) ≤
D

4
‖∇y(∂tρ

H,h)‖2L2(Ω×Y ) + C‖∂tρH,h‖2L2(Ω×Y )

which yields

1

2

d

dt
‖∂tρH,h‖2L2(Ω×Y ) +

D

4
‖∂tρH,h‖2L2(Ω;H1(Y )) ≤ C‖∂tρ

H,h‖2L2(Ω×Y ).

Integrating over S and using (40), we obtain (50) and (49) follows from
(53) and Poincaré’s inequality.

Proposition 9. Let (πH , ρH,h) ∈ L2(S;VH)×L2(S;VH ×Wh) be solutions
to (21)-(22) for each H,h > 0. Then there exist functions

π ∈ L2(S;H1
0(Ω)) and ρ ∈ L2(S;L2(Ω;H1(Y ))) ∩H1(S;L2(Ω× Y ))

(54)
and subsequences Hj and hj (j ∈ N) such that when j →∞ we have

(i) πHj → π weakly in L2(S;H1
0(Ω));

(ii) ρHj ,hj → ρ weakly in L2(S;L2(Ω;H1(Y )));

(iii) ∂tρHj ,hj → ∂tρ weakly in L2(S × Ω× Y );

(iv) ρHj ,hj
∣∣
ΓR
→ ρ|ΓR

weakly in L2(S × Ω× ΓR).

Proof. By (38), {πH} is a bounded subset of L2(S;H1
0(Ω)). Then there

exist a subsequence {Hj} and a function π ∈ L2(S;H1
0(Ω)) such that

πHj converges weakly to π in L2(S;H1
0(Ω)) as j → ∞. Further, for

any h > 0 the set {ρHj ,h} is a bounded subset of L2(S;L2(Ω;H1(Y ))) ∩
H1(S;L2(Ω × Y )) and thus there is a subsequence of Hj (also denoted
Hj), a subsequence hj and a function

ρ ∈ L2(S;L2(Ω;H1(Y ))) ∩H1(S;L2(Ω× Y ))

such that ρHj ,hj converges weakly to
ρ in L2(S;L2(Ω;H1(Y ))) ∩ H1(S;L2(Ω × Y )) as j → ∞, this proves (ii)
and (iii). Finally, (iv) follows from the fact that the trace operator

Tr : L2(S;L2(Ω;H1(Y )))→ L2(S × Ω× ΓR), Tr(u) = u|ΓR

is a bounded linear operator, and hence preserves weak convergence.
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Remark 7. We will show below that the pair (π, ρ) provided by Proposition 9
is a weak solution to (P1). However, the convergence statements of Proposition
9 are not strong enough to allow us to pass to limit in (21)-(22), due to the non-
linear term f(πH , g(ρH,h)). The next two lemmas provide additional regularity
that will help us strengthen the convergence, and also be useful in Section 4.

Lemma 9. Let (πH , ρH,h) be the solution to (21)-(22) for H,h > 0. Then

‖∇xρH,h‖L2(S×Ω×Y ) ≤ C, (55)

and
‖∇y(∇xρH,h)‖L2(S×Ω×Y ) ≤ C. (56)

Proof. To prove (55) and (56), we adapt an interior regularity argument
from [9], Chapter 6. For any δ > 0, set Ωδ = {x ∈ Ω : dist(x, ∂Ω) ≥ δ}.
Then Ωδ ⊂⊂ Ω and there is an open set W such that Ωδ ⊂W ⊂ Ω and a
smooth function ζ : Ω→ [0, 1] with{

ζ(x) = 1 for x ∈ Ωδ,

ζ(x) = 0 for x ∈ Ω \W.
(57)

We introduce the directional finite difference

Dλ
i ρ

H,h :=
ρH,h(t, x+ λei, y)− ρH,h(t, x, y)

λ
for λ > 0.

for i ∈ {1, ..., d1}. Let 0 < λ < δ and test (22) with

ψ = −D−λi ζ2Dλ
i ρ

H,h,

which gives us:

−
∫
∂tρD

−λ
i ζ2Dλ

i ρ−D
∫
∇yρ · ∇yD−λi ζ2Dλ

i ρ

= −κ
∫

(π + pF −Rρ)D−λi ζ2Dλ
i ρ.

(58)

Because of the properties of the support of ζ, it holds that for any f ∈ Ω∫
Ω

ψD−λi f = −
∫

Ω

fDλ
i ψ. (59)

Applying the property in (59) to (58) yields∫
Ω×Y

ζ2Dλ
i ∂tρ

H,hDλ
i ρ

H,h +D

∫
Ω×Y

ζ2Dλ
i ∇yρH,h ·Dλ

i ∇yρH,h

= κ

∫
Ω×ΓR

ζ2Dλ
i (πH + pF −RρH,h)Dλ

i ρ
H,h,

(60)
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leading to

1

2

d

dt

∫
Ω×Y

∣∣ζDλ
i ρ

H,h
∣∣2 +D

∫
Ω×Y

∣∣ζDλ
i ∇yρH,h

∣∣2
= κ

∫
Ω×ΓR

ζ2Dλ
i π

HDλ
i ρ

H,h − κR
∫

Ω×ΓR

∣∣ζDλ
i ρ

H,h
∣∣2 . (61)

Using Young’s inequality combined with the inequality, we estimate the
third term of (61) as follows:

κ

∫
Ω×ΓR

ζ2Dλ
i π

HDλ
i ρ

H,h

≤ κ|ΓR| ||Dλ
i π

H ||L2(Ω) ||ζDλ
i ρ

H,h||L2(Ω×ΓR),

≤ cεκ|ΓR| ||Dλ
i π

H ||2L2(Ω) + ε||ζDλ
i ρ

H,h||2L2(Ω×ΓR),

≤ Cεκ|ΓR| ||∇xπH ||2L2(Ω) + ε||ζDλ
i ρ

H,h||Ω×Y ||ζDλ
i ∇yρH,h||L2(Ω×Y ),

≤ Cεκ|ΓR| ||∇xπH ||2L2(Ω) +
ε2

2
||ζDλ

i ρ
H,h||Ω×Y

+
ε2

2
||ζDλ

i ∇yρH,h||L2(Ω×Y ).

(62)

Now, combining (62) with (61), we obtain

1

2

d

dt

∫
Ω×Y

∣∣ζDλ
i ρ

H,h
∣∣2 +

(
D − ε2

2

)∫
Ω×Y

∣∣ζDλ
i ∇yρH,h

∣∣2
≤ Cεκ|ΓR| ||∇xπH ||2Ω +

ε2

2
||ζDλ

i ρ
H,h||Ω×Y .

(63)

Using Grönwall’s inequality, we conclude that Dλ
i ρ

H,h ∈ L2(Ω× Y ), and
by letting λ→ 0, we obtain

∇xρH,h ∈ L2(S × Ω× Y ) and ∇y(∇xρH,h) ∈ L2(S × Ω× Y ).

With the results obtained above, we are ready to state and prove the
first two main result of this paper.

Theorem 8. The problem (P1) has a weak solution, i.e. there exist functions

π ∈ L2(S;H1
0(Ω)) and ρ ∈ L2(S;L2(Ω;H1(Y ))) ∩H1(S;L2(Ω× Y ))

satisfying (7)-(8).

Proof. Let (πHj , ρHj ,hj ) and (π, ρ) be provided by Proposition 9. Insert-
ing (πHj , ρHj ,hj ) into (21)-(22) and using the convergence statements of
Proposition 9, it follows that (π, ρ) solves (7)-(8) if we can show that

lim
j→∞

∫
Ω

f(πHj , g(ρHj ,hj ))ϕdx =

∫
Ω

f(π, g(ρ))ϕdx, (64)
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for all ϕ ∈ H1
0(Ω). Denote by

V = {u ∈ L2(S;H1
0(Ω)) : ∂tu ∈ L2(S × Ω)}.

and
W = {u ∈ L2(S;H1(Ω× Y )) : ∂tu ∈ L2(S × Ω× Y )}.

By the Rellich-Kondrachov theorem, we have the compact embeddings

H1
0(Ω) ⊂⊂ L2(Ω),

and
H1(Ω× Y ) ⊂⊂ L2(Ω× Y ).

Hence, Aubin-Lions’ lemma (Lemma 6) gives that

V ⊂⊂ L2(S × Ω) and W ⊂⊂ L2(S × Ω× Y ).

Note that it follows from Lemma 7 and Lemma 9 that {πHj} and {ρHj ,hj}
are bounded subsets of V and W respectively. Then, by compactness,
{πHj} and {ρHj ,hj} have subsequences (also denoted {πHj} and {ρHj ,hj})
that converge strongly in the spaces L2(S×Ω) and L2(S×Ω×Y ) respec-
tively, and these strong limits must coincide with π and ρ. By continuity
of f and g, (64) follows, and the theorem is proved.

Theorem 9 (Uniqueness of the weak solution). The weak solution to problem
(P1) is unique.

Proof. Assume that there are two weak solution (π1, ρ1) and (π2, ρ2).
Subtract the weak formulation (7)-(8) for (π2, ρ2) from that of (π1, ρ1) and
test with π1 − π2 and ρ1 − ρ2, we obtain

A‖∇x(π1 − π2)‖2L2(Ω) =

∫
Ω

[f(π1, ρ1)− f(π2, ρ2)] (π1 − π2)dx (65)

1

2

d

dt
‖ρ1 − ρ2‖2L2(Ω×Y ) +D‖∇y(ρ1 − ρ2)‖2L2(Ω×Y ) =

= κ

∫
Ω

∫
ΓR

[π1 − π2 + (pF −R)(ρ1 − ρ2)] (ρ1 − ρ2)dσydx

= κ

∫
Ω

∫
ΓR

(π1 − π2)(ρ1 − ρ2)dσydx+ κ(pF −R)‖ρ1 − ρ2‖2L2(Ω×ΓR).

(66)

We estimate the right-hand side of (65). By Young’s inequality, for any
ε > 0 we have

A‖∇x(π1 − π2)‖2L2(Ω)

≤ ε‖π1 − π2‖2L2(Ω) +
1

4ε

∫
Ω

[f(π1, g(ρ1))− f(π2, g(ρ2))]
2
dx.
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Using (A5) and (A6), we can estimate the second term at the right-hand
side of the previous inequality as follows∫

Ω

[f(π1, g(ρ1))− f(π2, g(ρ2))]
2
dx

≤ 2

∫
Ω

(f(π1, g(ρ1))− f(π2, g(ρ1)))2dx

+ 2

∫
Ω

(f(π2, g(ρ1))− f(π2, g(ρ2))2dx

≤ 2θ2
(
‖π1 − π2‖2L2(Ω) + ‖g(ρ1)− g(ρ2)‖2L2(Ω)

)
= 2θ2

(
‖π1 − π2‖2L2(Ω) + ‖g(ρ1 − ρ2)‖2L2(Ω)

)
≤ 2θ2‖π1 − π2‖2L2(Ω) + 2Cgθ

2‖ρ1 − ρ2‖2L2(Ω;H1(Y )).

Hence,

A‖∇x(π1−π2)‖2L2(Ω) ≤
(
ε+

θ2

2ε

)
‖π1−π2‖2L2(Ω)+

Cgθ
2

4ε
‖ρ1−ρ2‖2L2(Ω;H1(Y )).

and by Poincaré’s inequality we obtain(
A

CΩ
− ε− θ2

2ε

)
‖π1 − π2‖2L2(Ω) ≤

Cgθ
2

4ε
‖ρ1 − ρ2‖2L2(Ω;H1(Y )).

Taking ε = θ we obtain(
A

CΩ
− 3θ

2

)
‖π1 − π2‖2L2(Ω) ≤

Cgθ

4
‖ρ1 − ρ2‖2L2(Ω;H1(Y )).

Since θ < 2CΩ/A < 1 it also holds that θ < A/(2CΩ) and thus

A

CΩ
− 3θ

2
> 2θ − 3θ

2
=
θ

2
.

Whence,

‖π1 − π2‖2L2(Ω) ≤
Cg
2
‖ρ1 − ρ2‖2L2(Ω;H1(Y )). (67)

By using Young’s inequality with parameter ε (to be determined below)
and (67) at the right-hand side of (66), we obtain

1

2

d

dt
‖ρ1 − ρ2‖2L2(Ω×Y ) +D‖∇y(ρ1 − ρ2)‖2L2(Ω×Y ) ≤

≤ εκ|ΓR|‖π1 − π2‖2L2(Ω) +
( κ

4ε
+ κ|pF −R|

)
‖ρ1 − ρ2‖2L2(Ω×ΓR)

≤ Cgεκ|ΓR|
2

‖ρ2 − ρ1‖2L2(Ω;H1(Y )) +
( κ

4ε
+ κ|pF −R|

)
‖ρ1 − ρ2‖2L2(Ω×ΓR).
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Applying the interpolation-trace inequality with parameter ε2, we get( κ
4ε

+ κ|pF −R|
)
‖ρ1 − ρ2‖2L2(Ω×ΓR)

≤ ε
(κ

4
+O(ε)

)
‖∇y(ρ1 − ρ2)‖2L2(Ω×Y ) +O(ε−3)‖ρ1 − ρ2‖2L2(Ω×Y ).

Hence,

1

2

d

dt
‖ρ1 − ρ2‖2L2(Ω×Y ) +D‖∇y(ρ1 − ρ2)‖2L2(Ω×Y ) ≤

≤ ε
(
κ(1 + 2Cg)

4
+O(ε)

)
‖∇y(ρ1 − ρ2)‖2L2(Ω×Y ) +O(ε−3)‖ρ1 − ρ2‖2L2(Ω×Y ).

Now take ε0 such that

ε0

(
κ(1 + 2Cg)

4
+O(ε0)

)
<
D

2
,

then we get

1

2

d

dt
‖ρ1 − ρ2‖2L2(Ω×Y ) +

D

2
‖∇y(ρ1 − ρ2)‖2L2(Ω×Y ) ≤

C

ε30
‖ρ1 − ρ2‖2L2(Ω×Y ),

by Grönwall’s inequality we obtain

‖(ρ1 − ρ2)(t)‖2L2(Ω×Y ) ≤ C‖(ρ1 − ρ2)(0)‖2L2(Ω×Y ) = 0.

in other words ρ1 = ρ2 almost everywhere, and it follows from (67) that
π1 = π2 almost everywhere.

4 Convergence rates for semidiscrete Galerkin
approximations

In this section, we obtain convergence rates of the numerical approxima-
tions (21) – (22). The following argument is largely based on standard
arguments from e.g. [14], adapted to multiscale systems.

Proposition 10 (Regularity lift). Recall (A4) and (A1). Let (π, ρ) be the weak
solution to (P1). Then

π ∈ L2(S;H2(Ω)),

ρ ∈ L2(S;H2(Ω× Y )).

Proof. We omit the proof. We refer the interested reader to [9, 10], where
the regularity lifting arguments can be adapted to fit this specific case.
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Let RH : H1(Ω) → VH and Rh : L2(Ω;H1(Y )) → L2(Ω;Wh) be the
microscopic and macroscopic Ritz projection operator respectively. The
projectionsRHr(x) andRhs(x, y) are defined such that:

A∇x(r(x)−RHr(x)) · ∇xv = 0,

D∇y(s(x, y)−Rhs(x, y)) · ∇yw = 0,

for all v ∈ VH and w ∈ L2(Ω;H1(Y )).

Lemma 10 (Projection error estimates). Then there exists strictly positive
constants γl (with l ∈ {1, 2, 3, 4}), independent of h and H , such that projec-
tionsRhπ andRHρ that satisfy

||π −RHπ||L2(Ω) ≤ γ1H
2||π||H2(Ω), (68)

||π −RHπ||H1
0(Ω) ≤ γ2H||π||H2(Ω), (69)

||ρ−RHRhρ||L2(Ω;L2(Y )) ≤ γ3(H2 + h2)||ρ||L2(Ω;H2(Y ))∩L2(Y ;H2(Ω)),
(70)

hold for all (π, ρ) ∈ H2(Ω)×
[
L2(Ω;H2(Y )) ∩ L2(Y ;H2(Ω))

]
.

Proof. (68) and (69) are standard Ritz projection error estimates. For de-
tails on the proof, see for instance [25] and [14]. Specific to this context,
(70) is a two-scale estimate which accounts for the presence of the micro-
scopic Robin boundary condition (3) and therefore requires some tuning.
See e.g. [19] for similar estimates. Here, we only present the proof of (70).

Let ω := Rhρ− ρ. Let ϕ ∈ L2(Ω;H2(Y )) be the weak solution to

(P2)


−∆ϕ = ω in Ω× Y,
−∇ϕ · n = αϕ on Ω× ΓR,

−∇ϕ · n = 0 on Ω× ΓN .

(71)

We denote the Ritz projection error of ϕ with eϕ. By testing with ψ and
integrating over Ω× Y , we obtain

〈ω, ψ〉L2(Ω;L2(Y )) = 〈∇ϕ,∇ψ〉L2(Ω;L2(Y )) + 〈∇ϕ · n, ψ〉L2(Ω;L2(ΓR)). (72)

Testing with ψ = ω specifically, subtracting the Galerkin approximation
from the weak solution and using (Rh∆ϕ, ω) = 0 we obtain:

||ω||2L2(Ω;L2(Y ))

= 〈∇ϕ,∇ω〉L2(Ω;L2(Y )) + 〈αϕ, ω〉L2(Ω;L2(ΓR)),

= 〈∇eϕ,∇ω〉L2(Ω;L2(Y )) + 〈αeϕ, ω〉L2(Ω;L2(ΓR)),

≤ cε ||∇eϕ||L2(Ω;L2(Y )) ||∇ω||L2(Ω;L2(Y )) + ε ||eϕ||L2(Ω;L2(Y )) ||ω||L2(Ω;L2(Y )) .

Applying the Ritz projection estimates (68) and (69), we obtain the fol-
lowing bound:

||ω||2L2(Ω;L2(Y )) ≤ cεh
2||ϕ||2L2(Ω;H2(Y )) + εch2||ω||L2(Ω;L2(Y )).
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Using Friedrich’s inequality

||ϕ||L2(Ω;H2(Y )) ≤ C||∆ϕ||L2(Ω;L2(Y )) = C||ω||L2(Ω;L2(Y ))

for some C and choosing ε < c we obtain

(1− ε)||ω||2L2(Ω;L2(Y )) ≤ Ch
2||ω||L2(Ω;L2(Y )). (73)

(73) yields:

||ω||L2(Ω;L2(Y )) = ||Rhρ− ρ||L2(Ω;L2(Y )) ≤ γ̄3h
2. (74)

Finally, we can derive (70) as follows:

||ψ −RHRhψ||L2(Ω;L2(Y )) = ||ψ −Rhψ +Rhψ −RHRhψ||L2(Ω;L2(Y )),

≤ ||ψ −Rhψ||L2(Ω;L2(Y )) + ||Rhψ −RHRhψ||L2(Ω;L2(Y )),

≤ γ̄3h
2||ψ||L2(Ω;H2(Y )) + γ̄4H

2||Rhψ||L2(Y ;H2(Ω)),

≤ γ3(H2 + h2)||ψ||L2(Ω;H2(Y ))∩L2(Y ;H2(Ω)).

(75)

By applying Lemma 4 and Lemma 10, we can finally obtain the
desired convergence rates. Let us denote the errors of the Galerkin
projection as

eπ := π − πH ,
eρ := ρ− ρH,h.

Theorem 10 (Convergence rates). Let (πH , ρH,h) be a solution to (7)-(8) for
H,h > 0. Then there exists a constant C independent of h and H , such that

||eπ||L∞(S;L2(Ω)) ≤ C(H2 + h2), (76)

||eρ||L∞(S;L2(Ω×Y )) ≤ C(H2 + h2). (77)

Proof. By testing (7) and (21) with φH ∈ VH and subtracting the equations,
we obtain the identity

A

∫
Ω

∇x(π − πH) · ∇xφHdx =

∫
Ω

(
f(π, g(ρ))− f(πH , g(ρH,h))

)
φHdx,

(78)
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for any φH ∈ VH . Let ϕH ∈ VH be arbitrary. By (78) applied with
φH = ϕH − πH , we obtain

‖∇xeπ‖2L2(Ω) =

∫
Ω

∇x(π − πH) · ∇x(π − πH)dx

=

∫
Ω

∇x(π − πH) · ∇x(π − ϕH)dx+

∫
Ω

∇x(π − πH) · ∇x(ϕH − πH)dx

=

∫
Ω

∇xeπ · ∇x(π − ϕH)dx+

+
1

A

∫
Ω

(
f(π, g(ρ))− f(πH , g(ρH,h))

)
(ϕH − πH)dx.

By the inequality above, Cauchy-Schwarz’ inequality and the triangle
inequality, we get

‖∇xeπ‖2L2(Ω) ≤ ‖∇xeπ‖L2(Ω)‖∇x(π − ϕH)‖L2(Ω)

+
1

A

∫
Ω

∣∣f(π, g(ρ))− f(πH , g(ρH,h))
∣∣ |eπ|dx

+
1

A

∫
Ω

∣∣f(π, g(ρ))− f(πH , g(ρH,h))
∣∣ |π − ϕH |dx.

Applying Cauchy-Schwarz inequality to the last two terms above and
denoting

JH,h =
∥∥f(π, g(ρ))− f(πH , g(ρH,h)

∥∥
L2(Ω)

,

we obtain

‖∇xeπ‖2L2(Ω) ≤

≤ ‖∇xeπ‖L2(Ω)‖∇x(π − ϕH)‖L2(Ω) +
JH,h

A

(
‖eπ‖L2(Ω) + ‖π − ϕH‖L2(Ω)

)
≤
‖∇xeπ‖2L2(Ω) + ‖∇x(π − ϕH)‖2L2(Ω)

2
+

1

2A

(
(JH,h)2 + ‖eπ‖2L2(Ω)

)
+

1

2A

(
(JH,h)2 + ‖π − ϕH‖2L2(Ω)

)
.

Rearranging the above inequality gives

1

2
‖∇xeπ‖2L2(Ω) −

1

2A
‖eπ‖2L2(Ω) ≤ C‖π − ϕ

H‖2H1
0(Ω) +

(JH,h)2

A

Using (18) and (A3) (i.e. 2CΩ/A < 1), we obtain

1

2

(
1− CΩ

A

)
‖∇xeπ‖2L2(Ω) ≤ C‖π − ϕ

H‖2H1
0(Ω) +

(JH,h)2

A
.

As in the proof of Theorem 9, the assumptions (A5) and (A6) yield the
estimate

(JH,h)2 ≤ 2θ2‖eπ‖2L2(Ω) + 2Cgθ
2‖eρ‖2L2(Ω×Y ).
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Using (18) again, we get

1

2

(
1− CΩ

A
− 4θ2CΩ

A

)
‖∇xeπ‖2L2(Ω) ≤

≤ C‖π − ϕH‖2H1
0(Ω) +

2Cgθ
2

A
‖eρ‖2L2(Ω×Y ).

By the assumptions, i.e. 1 + 4θ2 < 3/2 and CΩ/A < 1/2, we get

< te

(
1− CΩ

A
(1 + 4θ2)

)
> 1/4.

Hence,

‖∇xeπ‖L2(Ω) ≤ C‖π − ϕH‖H1
0(Ω) + C‖eρ‖L2(Ω×Y ). (79)

By (69), we have ‖π − ϕH‖H1
0(Ω) = O(H). Using a standard duality

argument as in [14], we get ‖eπ‖L2(Ω) ≤ CH‖eπ‖H1
0(Ω).

We proceed to demonstrate that ‖eρ‖L2(Ω×Y ) = O(H2 + h2). Write

eρ = ρH,h − ρ = (ρH,h −RHRhρ) + (RHRhρ− ρ) =: θ + ψ. (80)

We bound ψ by using Lemma 10:

||ψ(t)||L2(Ω;L2(Y )) ≤ γ3(H2 + h2)||ρ||L2(Ω;H2(Y ))∩L2(Y ;H2(Ω)),

= γ3(H2 + h2)

∣∣∣∣∣∣∣∣ρI +

∫ t

0

∂tρds

∣∣∣∣∣∣∣∣
L2(Ω;H2(Y ))∩L2(Y ;H2(Ω))

,
(81)

and bound θ from (80) using the formulation: for all ϕ ∈ V h we have that

〈∂tθ, ϕ〉L2(Ω;L2(Y )) +D〈∇θ,∇ϕ〉L2(Ω;L2(Y ))

= −〈Rh∂tρ, ϕ〉L2(Ω;L2(Y )) −D〈∇ρ,∇ϕ〉L2(Ω;L2(Y )),

= 〈∂tρ−Rh∂tρ, ϕ〉L2(Ω;L2(Y )),

= 〈∂tψ,ϕ〉L2(Ω;L2(Y )).

(82)

Substituting ϕ = θ in (82) yields:

1

2

d

dt
||θ||2L2(Ω;L2(Y )) +D||∇θ||2L2(Ω;L2(Y ))

= (∂tρ−RHRh∂tρ, θ) ,
≤ ||∂tρ−RHRh∂tρ||L2(Ω;L2(Y )) ||θ||L2(Ω;L2(Y )) ,

≤ γ3(h2 +H2)||∂tρ||L2(Ω;H2(Y ))||θ||L2(Ω;L2(Y )).

(83)
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Dividing the left and right hand side of (83) by ||θ||, we obtain:

d

dt
||θ||L2(Ω;L2(Y )) ≤ γ3(h2 +H2)||∂tρ||L2(Ω;H2(Y )),

||θ(t)||L2(Ω;L2(Y )) ≤ ||θ(0)||L2(Ω;L2(Y ))

+ γ3(h2 +H2)

∫ t

0

||∂tρ||L2(Ω;H2(Y ))dx,

≤ ||ρH,hI − ρI ||L2(Ω;L2(Y )) + ||ρI −RHRhρI ||L2(Ω;L2(Y ))

+ γ3(h2 +H2)

∫ t

0

||∂tρ||L2(Ω;H2(Y ))dx,

≤ γ3(h2 +H2)

(
cI + C +

∫ t

0

||∂tρ||L2(Ω;H2(Y ))dx

)
.

(84)

Because of (A4), the Galerkin projection error of the initial condition
satisfies:

||ρI − ρH,hI ||L2(Ω;L2(Y )) ≤ cI(H2 + h2). (85)

Combining (81) and (84) proves the desired estimate in (77).

||ρH,h−ρ||L2(Ω;L2(Y )) = ||θ+ψ||L2(Ω;L2(Y )) ≤ C(H2+h2)||∂tρ||L2(Ω;H2(Y )).
(86)

Finally, (76) follows by combining (79) with (86).

5 Implementation

In this section, we discuss a time-discretized version of (21)-(22) i.e., a
fully discretized system, and provide details and performance results of
the implementation of this system.

5.1 Setup

We implement the finite element formulation of this problem using
deal.ii ([2]), a C++ library that computes numerical approximations
to finite element problems on quadrilateral meshes.

To account for the scale separated multiscale structure, we implement
this system using a heterogeneous multiscale method (see e.g. [8] for
an introduction). Alternative multiscale finite element structures are the
FEM2 method ([12]) and the multiscale finite element method (MsFEM
[7]). Both of these frameworks generally require a formulation in which
the size relation ε between the macroscopic scale and the microscopic
scale must be resolved. Since our problem is completely scale-separated,
we opt for a heterogeneous multiscale method.

We build the microscopic systems by assigning a microscopic grid for
every degree of freedom on the macroscopic grid. Since we use nodal
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basis functions, every degree of freedom corresponds to a single physical
location in the macroscopic grid. By allowing the microscopic systems
to correspond with degrees of freedom, by integrating the microscopic
finite element functions on the finite element domain, we obtain a finite
element function on the macroscopic domain, for which we can use
classical finite element techniques.

deal.ii has no specific support for multiscale problems. However,
we can build upon its structure to create new components that can deal
with objects like multiscale functions and multiscale solutions.

For our multiscale implementation, we need not use a separate in-
stance for each macroscopic degree of freedom. Specifically, we assume
the same microscopic grid and triangulation for each microscopic in-
stance. This allows us to reuse and share microscopic data structures
throughout the simulation.

5.2 Manufactured system

We test the quality and correctness of the scheme and its implementation
by simulating a more general problem, for which we can manufacture
solutions. We compute the solution of this problem on subsequently finer
meshes, and check if convergence rates are according to expectations.
The manufactured problem (PM ) is defined as follows:

−A∆xπ = f(π, g(ρ)) + p(t, x) in S × Ω,

∂tρ−D∆yρ = q(t, x, y) in S × Ω× Y,
D∇yρ · ny = k(π + pF −Rρ) + r(t, x, y) in S × Ω× ΓR,

D∇yρ · ny = s(t, x, y) in S × Ω× ΓN ,

π = u(t, x) in S × ∂Ω,

ρ(t = 0, x, y) = ρI(x, y) in Ω× Y ,

where, in our test scenario, p, q, r, s, u are chosen such that they lead
to a π and ρ of which we know the explicit form. Note that if we let
p = q = r = s = u = 0, (PM ) reduces to (P1). Additionally, f is defined
in accordance to the first example provided in Section 2:

f(π, g(ρ)) := θmin (|π|, |π|α) min (1, |g(ρ)|) , (87)

where θ is defined in Table 1, α = 0.5 and g is defined as

g(s) :=

∫
Y

s(·, y)dy. (88)

For the remainder of this discussion, we choose Ω = [−1, 1]2, Y = [−1, 1]2,
ΓR = {1,−1} × [−1, 1], and ΓN = [−1, 1] × {1,−1}. This results in a
convex domain Ω of which the Poincaré constant CΩ can be computed
exactly according to [21] and has a value of CΩ = 2

√
2

π , where π in this
expression represents the mathematical constant.
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5.3 Time discretization

We discretize the microscopic equation in time with an implicit Euler
scheme, while we use a Picard-like iteration scheme for the macroscopic
equation. The Picard-like iterations avoid approximating the nonlin-
ear term f via e.g. Newton’s method, and the implicit Euler scheme
ensures more stability in the microscopic equation without significant
complications, since this equation is linear.

We discretize time domain S with time steps 0 < t1 < . . . < tNT
. Let

τn be the time step size in time step n. Then, given data from time step
n− 1, we compute the approximations in time step n by solving:

A

∫
Ω

∇πHn · ∇φdx =

∫
Ω

f
(
πHn−1, g

(
ρH,hn−1

))
+ pHn−1φdx, (89)∫

Y

ρH,hn − ρH,hn−1

τn
ψ +D∇ρH,hn · ∇ψdy =

∫
Y

qH,hn ψdy (90)

+

∫
ΓR

(
κ
(
πHn + pF −RρH,hn

)
+ rH,hn

)
ψ + ψdσy +

∫
ΓN

sH,hn ψdσy.

(91)

We postpone proving the convergence of this scheme to a forthcoming
publication.

Prior to solving this scheme, one first needs to determine for πI(x) =
π(x, 0) as a solution to (9). Choosing an initial guess rather than com-
puting an actual value will create an error that propagates into future
iterations of the scheme, because of the time-dependent nature of the
equations.

We account for this by first solving the following discrete system

A

∫
Ω

∇πHI,k · ∇φdx =

∫
Ω

f
(
πHI,k−1g

(
ρH,hI

))
+ pH0 φdx,

subject to the macroscopic boundary conditions for π. Starting with an
initial guess for πHI,0, we iterate until

∥∥∥πHI,k − πHI,k−1

∥∥∥
L2(Ω)

< ε for some

threshold ε. Then, πHI,k is chosen as the initial value πHI for (PM ).

5.4 Results

We fix the parameters according to the values presented in Table 1.
We approximate the solutions to (PM ) with piece-wise linear basis

functions, and compute the cell contributions with a third order Gaussian
quadrature rule. We test the implementation by solving (PM ), choosing
p, q, r, s such that solutions π, ρ become:

π(x, t) = cos

(
2x0e

−Dt
√
θ

A

)
+ cos

(
2x1e

−Dt
√
θ

A

)
,

ρ(x, y, t) = e−2Dt (cos (y0) cos (y1) + sin(x0) + sin(x1) + 6) .

(92)
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Parameters Values
A 3
D 1
θ 0.25
κ 1
pF 4
R 2

Table 1: Parameter values used in the simulation.

Running this simulation for increasingly smaller τn (to account for the
time discretization error), h and H , yields the errors presented in Table 2
and Table 3. Here, we use the following error norms:

rπ := ‖eπ‖L2(Ω) ,

r∇π := ‖∇xeπ‖L2(Ω) ,

rρ = ‖eρ‖L2(Ω;L2(Y )) ,

r∇ρ := ‖∇yeρ‖L2(Ω;L2(Y )) .

(93)

The values pi and qi for i = 1, 2 represent the (subsequent) observed
order of convergence of the finite element error and the gradient error,
respectively. For example: refining the macroscopic grid results in an
observed error of size ‖eπ‖L2(Ω) = O (Hp1).

MDoFs H τn rπ r∇π p1 q1

81 2.5e-01 2.5e+00 2.329e-03 2.542e-02 - -
144 1.8e-01 1.3e+00 1.421e-03 1.823e-02 1.551 1.044
289 1.3e-01 6.3e-01 6.114e-04 1.243e-02 2.251 1.022
576 8.7e-02 3.1e-01 2.961e-04 8.601e-03 1.998 1.015

1089 6.3e-02 1.6e-02 1.537e-04 6.157e-03 1.985 1.012
2116 4.4e-02 7.8e-03 8.125e-05 4.369e-03 1.870 1.006
4225 3.1e-02 3.9e-03 3.886e-05 3.069e-03 2.094 1.003

Table 2: Macroscopic error and convergence rates for the manufactured
problems. p represents the subsequent observed order of convergence of
the finite element error, q represents the subsequent observed order of
convergence of the error of its gradient.

Ignoring the time discretization as an error source, we observe the
finite element error behaves according to the theory:

‖eπ‖L2(Ω) + ‖eρ‖L2(Ω;L2(Y )) = C
(
h2 +H2

)
+ h.o.t., (94)

thereby confirming Theorem 10. Noteworthy is the fact that the micro-
scopic error accounts for a large part in the total error. This might be due
to the fact that the macroscopic equation lacks a time derivative.
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mDoFs h τn rρ r∇ρ p2 q2

6561 2.5e-01 2.5e+00 2.743e-01 3.560e-01 - -
20736 1.8e-01 1.3e+00 1.486e-01 2.000e-01 1.925 1.811
83521 1.3e-01 6.3e-01 7.759e-02 1.103e-01 1.734 1.588

331776 8.7e-02 3.1e-01 3.968e-02 6.198e-02 1.848 1.588
1185921 6.3e-02 1.6e-02 2.006e-02 3.686e-02 2.066 1.574
4477456 4.4e-02 7.8e-03 1.008e-02 2.307e-02 2.019 1.374

17850625 3.1e-02 3.9e-03 5.057e-03 1.501e-02 1.958 1.220

Table 3: Microscopic error and convergence rates for the manufactured
problems. The microscopic degrees of freedom (mDoFs) are summed
over all microscopic grids. p represents the subsequent observed order
of convergence of the finite element error, q represents the subsequent
observed order of convergence of the error of its gradient.

For t = 0.5, a representation of the macroscopic solution and a graphi-
cal representation of the microscopic solutions are represented in Figure 2
and Figure 3, respectively.
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Figure 2: A snapshot of the macroscopic solution of P1 for t = 0.5.

6 Conclusion and future work

We constructed a semidiscrete Galerkin approximation of our semi-linear
elliptic-parabolic two scale system and showed that this approximation
is well-posed. Furthermore, the obtained sequence of Galerkin approxi-
mants based on finite elements converges in suitable spaces to the weak
solution to the continuous system. Under additional regularity assump-
tions, we derived a priori rates of convergence of our approximation to the
target weak solution. Finally, we implemented the fully discrete system
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Figure 3: A collection of microscopic solutions at their respective locations
in a coarse macroscopic grid, t = 0.5.

in deal.ii, tested the convergence rates in practice, and observed the
behaviour of the system for a certain set of parameters. We found con-
vergence behaviour according to our analysis. Using this setup, we are
now able to deal with truly scale-separated, two-scale problems, using a
method fitting in the HMM framework.

As a natural next step, in a forthcoming work a numerical analysis
study will address the quality of the fully discrete two-scale Galerkin
approximation as well as improved numerical implementations of the
method so that the proven convergence rates can be confirmed and
variants of macroscopic refinement strategies can be tested, possibly a
two-scale elliptic-elliptic PDE system (obtained by letting t→∞ in our
elliptic-parabolic formulation).
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Abstract

We propose a two-scale finite element method designed for het-
erogeneous microstructures. Our approach exploits domain dif-
feomorphisms between the microscopic structures to gain compu-
tational efficiency. By using a conveniently constructed pullback
operator, we are able to model the different microscopic domains
as macroscopically dependent deformations of a reference domain.
This allows for a relatively simple finite element framework to ap-
proximate the underlying PDE system with a parallel computational
structure. We apply this technique to a model problem where we
focus on transport in plant tissues. We illustrate the accuracy of the
implementation with convergence benchmarks and show satisfac-
tory parallelization speed-ups. We further highlight the effect of
the heterogeneous microscopic structure on the output of the two-
scale systems. Our implementation (publicly available on GitHub)
builds on the deal.ii FEM library. Application of this technique
allows for an increased capacity of microscopic detail in multiscale
modeling, while keeping running costs manageable.

Keywords: Multiscale modeling, varying microstructures, finite ele-
ments, computational efficiency

AMS: 65N30, 65N15, 35K58.

1 Introduction

Transport and diffusion phenomena interacting at multiple scales (mul-
tiscale) are ubiquitous in natural sciences and engineering [8]. Multi-
scale modeling is an effective technique to describe these phenomena,
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which may easily become computationally intractable. Specifically, scale-
separated models allow us to examine the interplay between processes
active on vastly different length and time scales; defining, for example,
phenomena on macroscales and microscales [20, 46, 11]. Resolving mi-
croscale structures of heterogeneous nature is delicate as it requires a lot
of computational effort, which left uncontrolled may have a devastating
effect on scalability and run-times.

Here, we consider a flow process that takes place on two distinct
physical scales. In the simplest setting, we can identify a macroscopic
scale where a model governs the behavior of a (macroscopic) fluid in
which averages over the microscopic scale enter as source terms, as
well as a microscopic scale that includes diffusion-based transport and
chemical reactions on heterogeneous domains where the macroscopic
fluid concentration plays the role of a parameter. We propose a com-
putational framework to model the effect of heterogeneous microscopic
geometries on microscopic and macroscopic solution profiles, where the
species involved satisfy a system of partial differential equations (PDEs).
Resolving the multiscale structure of the PDEs, especially the heteroge-
neous microstructure, requires careful consideration to avoid computa-
tional overload yet make sure the required accuracy on the macroscale
is achieved. We present an efficient and robust parallel two-scale finite
element method for the approximation of such systems. Our focus in
the present work is the consideration of linear systems of equations that
preserve the main challenges that arise from the multiscale nature of the
systems whilst sidestepping the added technical complications that arise
in the nonlinear systems of more interest in applications. After showing
that the model we consider is well-posed and that the finite element
approximation we propose converges, we showcase the effects of the
heterogeneous microstructures. In addition, we describe the different
features of our framework, such as the capacity to run in parallel and the
visualization of computational results.

As an example model to test the numerical method, we propose a
system of PDEs describing the steady-state profile of transport processes
in plants. The transport of many substances such as water, hormones and
nutrients, occurs through cell scale processes. An important and widely
studied example is that of Auxin transport [47], where active influx and
efflux carriers on cell membranes allow for polarity of the transport
process. Establishing and maintaining precise concentration profiles
of Auxin in plant tissues is crucial in many developmental processes,
making the problem inherently multiscale. Plant cells are orders of
magnitude smaller than the size of the plant itself. Moreover, these
cells vary greatly depending on plant age and location relative to the
center of the stem. Taking these considerations into account can greatly
complicate the process of developing a reliable computational model.
In particular, using a single-scale model to resolve plant geometries
in detail is extremely challenging from a computational point of view
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[47]. A number of recent studies focus on multiscale modeling with
contributions ranging from modeling growing process [29, 22, e.g.]) to
topological constructions [16, e.g.]. In [41] the author proposes a system
of equations that models the consumption of water by plant roots and
in [3, 7] the authors consider multiscale modeling of Auxin transport.
The framework we develop is of relevance to all of these applications as
our simulations of the linear model for transport in plant tissues show in
Section 4.3.

To the best of our knowledge, there are not many frameworks that
treats scale-separated finite element formulations with heterogeneous mi-
crostructures. One of our aims is to provide researchers and practitioners
with tools that help make problems like these computationally feasible.
Moreover, the techniques presented in this manuscript are not limited to
the applications described here. They can be flexibly extended to more
complex multiscale problems, involving different kinds of physics such
as coupling mechanics and fluid transport. One possible application is
the modeling of cancer growth; an area where the need for multiscale
models has been demonstrated [31].

Multiscale systems of equations have been studied extensively. Among
some of the earlier contributions are [19, 45, 40]. A more recent overview
of multiscale models can be found in for example [8] or [38].

Solving systems of PDEs, including multiscale ones, on complex
geometries and with singular data often requires the use of unstructured
grids or meshes. Owing to this, finite element approaches, known for
their flexible use in complex geometries and relative ease in adaptive
meshing, have received substantial attention for multiscale PDEs since
the turn of the century. A review of concepts and advances can be found
in [10]. Computational power has increased exponentially, but demands
on model features and accuracy have managed to keep pace and use such
power. Currently no single stratagem dominates the state-of-the-art.

It strongly depends in the problem at hand whether a given technique
will prove effective or not. Rather than a single technique, multiscale
modeling is a paradigm on how to relate said scales and make them
interact. Multiscale models for PDEs can be classified in several different
ways. One classification discriminates on whether the scales are physi-
cally embedded in each other or fully scale-separated [8, 38]. The first
class thus formed allows for a size relation between a microscopic scale
and a macroscopic scale and they must share spatial dimension; this
class of models is studied, among others, by [17] and [9]. The second
class, referred to as fully separate scale models, allows for different space
dimensions at various scales, e.g., a one-dimensional microscopic domain
within in a three-dimensional macroscopic domain. Our approach deals
with this second class. Other examples of this technique can be found in
for instance [36].

Multiscale models can also be classified in terms of how they encode
patterns in microscopic structures. Techniques derived from homogeniza-
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tion often assume periodic (if not homogeneous) microscopic structures,
as for instance demonstrated in [18] and [40]. This structure provides
more tools for a rigorous mathematical analysis, but uses assumptions
that are often too strong for practical applications. Since there is often
an inherent variation present in microscopic structures, investigations
such as [32, 21] focus on developing tools that allow for the modeling of
that variation. Among the other contributions that focus specifically on
varying or evolving microstructures are [1, 37, 25, 15].

Since a higher heterogeneity in the medium inevitably leads to more
computational work, several contributions focus on improving compu-
tational strategies for multiscale simulations. Two of the most popular
(and often-combined) approaches are employing adaptive grids for the
discretization of the system of equations (adaptivity) and distributing
the workload over different processors (parallelization): see for instance
[14, 24] and [48]. In our framework, we apply a parallelization technique.
For completeness, we mention that alternative solution approaches for
multiscale flow and transport are studied as well, see [39, 40, 42, 30, e.g.].

The rest of the paper is structured as follows: in Section 2 we discuss
the model PDE system and its analytic properties. In Section 3 we pro-
pose a finite element method and discuss its implementation. In Section 4
we report on numerical experiments conducted with this method and
showcase the computational advantages with benchmarking and com-
parisons, including a parallel implementation and an application to test
the dependence on the microscopic geometry. We close the paper with
some conclusions.

2 A two-scale model with varying microstruc-
tures

Before posing the model problem, we introduce the two-scale setting and
the heterogeneous microscopic structure. Let Ω ⊂ Rd1 be the macroscopic
domain and Y ⊂ Rd2 be a microscopic domain with d1, d2 ∈ {1, 2, 3}.
For each x ∈ Ω we define a microscopic domain Yx ⊂ Y . We denote
the boundary of Ω with ∂Ω, consisting of mutually disjoint parts ∂ΩN

and ∂ΩD such that ∂Ω = ∂ΩN ∪ ∂ΩD, and the boundary of Yx with Γx,
consisting of mutually disjoint parts ΓI

x , ΓO
x and ΓN

x , such that Γx =
ΓI
x ∪ ΓO

x ∪ ΓN
x . The different boundaries on the microscopic domain are

presented in Figure 1. We proceed to define the composite (multiscale)
domain Λ as

Λ :=
⋃
x∈Ω

{x} × Yx. (1)

Let ζ ∈ C0(Ω̄; C1(Z̄, Ȳ )) be a mapping. Then, each of the microscopic
domains Yx is constructed from a base domain Z ⊂ Y as follows:

ζ(x, Z) = Yx. (2)
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Furthermore, assume that ζ(x, ·) is invertible for each x, that

c∗ ≤ det∇yζ(x, ·) ≤ c∗, (3)

and that the partial inverse is smooth

ζ−1
y (x, ·) := ζ−1(x, ·) : C0(Ω̄; C1(Ȳ , Z̄)). (4)

Similar setups of heterogeneous microscopic structures are presented
in [32, 26, 37]. In continuum mechanics, this concept is often referred to
as motion mapping [6]. See Figure 1 for a schematic representation of
Ω and Yx. The boundary portions ΓI , ΓO and ΓN represent the inflow,
outflow and no-flow boundary of Yx, respectively.

Ω

∂Ω

ΓN
x

ΓO
x

ΓN
x

ΓN
x

x

Yx

Figure 1: Schematic representation of the multiscale domain: at each
macroscopic point x ∈ Ω corresponds a microscopic domain Yx with
mixed boundary conditions (pure Neumann or Robin).

2.1 Model problem

The following system of equations should primarily be regarded as a test
problem for the two-scale finite element framework that is the main focus
of this work. In order to illustrate the applicability of the framework,
we describe an interpretation of the model as a description of transport
processes in plants mediated by cell-scale influx and efflux. Under such
an interpretation the macroscopic quantity u represents a nutrient that
the plant absorbs or produces, e.g., water absorbed from the soil. This
nutrient is in turn taken in at cell membranes at an influx part of the
membrane ΓI

x, within the cells the nutrient concentration is represented
by microscopic quantity v. In the cells, the nutrient v is converted to
a product w which is emitted into the tissue at outflux regions of the
cell membranes ΓO

x . Such a description is consistent with simplifications
of many models for Auxin and water transport in plants present in the
literature [47, 7, e.g.]. As mentioned in the introduction, a major nov-
elty of the model and the computational framework is that we allow
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for quite general cell geometries. In Section 4.3 we illustrate the depen-
dence of both macroscopic and microscopic solution profiles on the cell
geometries.

Let u, v : Ω → R and v : Λ → R satisfy the following system of
equations:

−∆xu = fu −
∫

ΓI
x

κ1u− κ2v dσy in Ω,

u = u0 on ∂ΩD,

∇xu · nΩ = 0 on ∂ΩN,

−Dv∆yv = fv in Λ,

Dv∇yv · nYx
=


κ1u− κ2v on ΓI

x

κ3w − κ4v on ΓO
x

0 on ΓN
x

,

− div (Dw∇xw) = fw −
∫

Γ0
x

κ3w − κ4v dσy in Ω,

Dw∇xw · nΩ = 0 on ∂Ω,
(5)

where Dw ∈ L∞(Ω), u0 ∈ L2(∂ΩD) and Dv, κ1, κ2, κ3, κ4 ∈ R. In the rest
of this manuscript, this system is referred to as (5). The function space Q
is defined as

Q := H1
D(Ω)× L2

(
Ω; H1(Yx)

)
×H1(Ω), (6)

where H1
D(Ω) is the Sobolev space with Dirichlet values

H1
D(Ω) =

{
φ ∈ H1(Ω)

∣∣φ|∂ΩD = 0
}

(7)

and the slightly inconsistently denoted L2(Ω,H1(Yx)) is rigorously de-
fined as{
ϕ ∈ L2(Λ) : ∃φ ∈ L2(Ω; H1(Z)) : ϕ(x, ·) = φ(x, ζ−1(x, ·)) a.e. x ∈ Ω

}
.

(8)
We construct the weak form of (5) by multiplying the equations with
test functions from the triplet (φ, ψ, φ̃) ∈ Q and integrating over the
respective domains. This results in the following problem: find a triplet
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of functions (u, v, w) ∈ Q such that∫
Ω

∇xu · ∇xφ dx =

∫
Ω

(
fu −

∫
ΓI
x

κ1u− κ2v dσy

)
φdx,∫

Ω

∫
Yx

Dv∇yv · ∇yψ dy dx =

∫
Ω

∫
Yx

fvψ dy dx+

∫
Ω

∫
ΓI
x

(κ1u− κ2v)ψ dσy dx

+

∫
Ω

∫
ΓO
x

(κ3w − κ4v)ψ dσy dx,

∫
Ω

Dw∇xw · ∇xφ̃ =

∫
Ω

(
fw −

∫
ΓO
x

κ3w − κ4v dσy

)
φ̃dx,

(9)

for all triplets of functions (φ, ψ, φ̃) ∈ Q.

Definition 2. We call the triplet (u, v, w) ∈ Q a weak solution to (5) if it
satisfies the identities listed in (9) for any choice of test functions (φ, ψ, φ̃) ∈ Q.

2.2 Assumptions on data

Before proceeding with solvability of (5) we state the assumptions on
which we base the proof:

1. ΓI
x 6= ∅ and ΓO

x 6= ∅ for all x ∈ Ω;

2. ∂ΩD 6= ∅;

3. u0 ∈ L2(∂ΩD);

4. Dw ∈ L∞(Ω), Dw, Dv > 0, fu, fw ∈ L2(Ω) and fv ∈ L2(Ω; L2(Yx));

5. κ1, . . . , κ4 > 0;

6. We impose the following structural relations on the model parame-
ters:

|κ1 − κ2|
2

∣∣ΓI
x

∣∣ < 1.

|κ3 − κ4|
2

∣∣ΓO
x

∣∣ < min
x∈Ω̄
{Dw(x)}.

(10)

Assumptions 1, 2 and 3 are geometric: they allow us to make sense of the
function spaces with distributed microstructures without too many tech-
nicalities. Assumptions 4 and 5 have a clear physical translation. They
point out a set of parameters for which solutions will turn to exist and to
be unique. Assumption 6 is a sufficient condition to prove the coercivity
of the bilinear form associated to (5), without being disrupted by the
Robin boundary conditions. It reveals the physical interactions between
the transmission coefficients κ1, ..., κ4, the size of the microstructure, and
the macroscopic diffusion coefficient.
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Theorem 11 (weak solvability). Under assumptions 2.2.1–6 system (5) ad-
mits a unique solution in the sense of Definition 2 which is also stable with
respect to parameters.

Proof. Problem (5) is a linear and coupled system of elliptic equations.
A standard application of the Lax–Milgram Lemma (cf. Theorem 1, on
p. 317 in [12]) clarifies the solvability. A potentially less straightforward
aspect is the structure of the function space L2(Ω; H1(Yx)). Based on (A1)
and (A2), and relying on [5], L2(Ω; H1(Yx)) is a direct integral of Hilbert
spaces, which is itself a Hilbert space together with its corresponding
trace spaces L2(Ω; L2(ΓI

x)) and L2(Ω; L2(ΓO
x )). For more details on this

topic, we refer the reader to [33] or to Section 2.2 in [32], which treats
the topic of Sobolev spaces in non-cylindrical domains as used in this
framework, as well as to the more recent account [13] for the Lp version
of these spaces.

3 Finite element implementation

3.1 Approximation

Rather than constructing a mesh for each of the microscopic domains
Yx, we use the structure in ζ(x, ·) to construct a mesh for the reference
domain Z only and pull-back the basis functions of Yx to Z. This leads
us to mesh partition BH for Ω and mesh partition Kh for Z. From these
meshes we construct the following macroscopic and microscopic finite
element spaces:

UH :=
{
u ∈ C(Ω̄)

∣∣ u|B ∈ P1(B) for all B ∈ BH , u = 0 on ∂ΩD
}
,

Vh :=
{
v̂ ∈ C(Z̄)

∣∣ v̂|K ∈ P1(K) for all K ∈ Kh
}
,

WH :=
{
w ∈ C(Ω̄)

∣∣ w|B ∈ P1(B) for all B ∈ BH
}
.

(11)

The multispace structure of the finite element space is inspired by con-
structions from [28, 36, 35].

Let N1 denote the set of degrees of freedom forBH . Let ξi for i ∈ N1 de-
note a set of basis functions such that WH = span(ξi) and UH ⊂ span(ξi).
Furthermore, let N2 denote the set of degrees of freedom forKh and let η̂j
for j ∈ N2 denote a set of basis functions such that Vh = span(η̂j). Note
that we use hats on functions to indicate their correspondence to the
reference domain Z. Now, approximating (u, v, w) in the aforementioned
finite element spaces yields:

u(x) =
∑
i

~uiξi(x), v(x, y) =
∑
i,j

~vijξi(x)(ζi ◦ ηj)(y), w =
∑
i

~wiξi,

(12)
In addition, we define the expressions

K(·, y) := (∇yζ(·, y))
−1
, (13)
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and
J(·, y) := det∇yζ(·, y), (14)

to be able to express a function v on Yx as a function of v̂ onZ. Specifically,
we make use of the transformations:∫

Yx

v dy =

∫
Z

vJ dŷ,∫
Yx

∇yv dy =

∫
Z

∇ŷ v̂KJ dŷ,∫
∂Yx

∇yv · ny dσy =

∫
∂Z

∇ŷ v̂ ·KKTnŷJ dσŷ,

(15)

which hold almost everywhere on Ω for any function v ∈ L2(Ω; H1(Yx)).
Discretizing (9) and applying the transformations above we obtain

a discrete weak formulation where the microscopic contributions only
require reference cell Z:∑

i

∫
Ω

~ui∇xξi∇xξk dx+

∫
Ω

~uiξiξk

∫
ΓI

κ1J dσŷ dx

=

∫
Ω

fu −
(∫

ΓI

(−κ2~vJ dσy

)
ξk dx,∑

i,j

∫
Ω×Z

~vijD
vξi∇y η̂jKKT∇y η̂lξkJdŷ dx

+

∫
Ω×ΓI

κ2~vijξiξkη̂j η̂lJ dσŷ dx+

∫
Ω×ΓO

κ4~vijξiξkη̂j η̂lJ dση̂l dx

=

∫
Ω×Z

fvξkη̂lJdŷ dx+

∫
Ω×ΓI

κ1~uξkη̂lJ dσŷ dx

+

∫
Ω×ΓO

κ3 ~wξkη̂lJ dσŷ dx,∑
i

∫
Ω

~wiD
w∇xξi∇xξk +

∫
Ω

~wiξiξk

∫
ΓO

κ3J dσŷ

=

∫
Ω

fw −
(∫

ΓO

−κ4~vJ dσŷ

)
ξk dx.

(16)

Using techniques similar to the ones presented in for instance [28], it is
possible to prove a priori convergence rates of the finite element approxi-
mation. We do not provide such an analysis in this manuscript.

3.2 Implementation

We implement (16) using the finite element library deal.ii [4], a C++
library that facilitates the creation and management of finite element
implementations. The project is released under an open-source license
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and under active development. The choice for this library is motivated
by its features, which include the possibility of dimension-independent
implementations, support for many different elements and support for
different parallelization options. Since deal.ii does not directly sup-
port multiscale systems of PDE, we extend it with support for multiscale
function and tensor objects. The implementation is available on GitHub
[43].

3.3 Structure of FEM implementation

A classic finite element implementation in deal.ii is roughly structured
along the following steps:

1. Load a domain and generate a triangulation of that domain.

2. Distribute the degrees of freedom based on the triangulation and
the degree of finite elements.

3. Initialize the system matrix and the right hand side and solution
vector.

4. Assemble the linear system by looping over cells and integrate the
discrete weak form for each quadrature point.

5. Apply the boundary conditions of the PDE to the linear system.

6. Precondition and solve the system, either directly or iteratively.

7. Post-process and output the solution.

In our finite element framework, we define a microscopic system for
each macroscopic degree of freedom. More precisely, since we use basis
functions with local support, the support point of the macroscopic basis
function represents the location of the microscopic system. Correspond-
ingly, we associate a specific local value of u with each system: the finite
element function value in the coordinates of the support point. This
allows us to apply the same finite element framework for the microscopic
functions over the macroscopic domains, creating in essence a tensor
product of finite element spaces. The system is solved by decoupling
the microscopic and macroscopic formulation. Iteratively, we solve first
the macroscopic system, using the microscopic solutions of the previous
iterations as data, followed by solving the microscopic system, using the
most recently obtained macroscopic as data. We do so until we observe
the difference between subsequent residuals is within a predetermined
tolerance.

From a computational point of view, the effort associated with the
creation and solving of microscopic systems can quickly become large.
Applications that require solutions with high accuracies place demands
on both memory and CPU capacity. For this reason, we address the



Parallel two-scale finite element implementation of a system with varying
microstructures 103

computational load by customizing the implementation for multiscale
systems using caching techniques, domain mappings, multithreaded
assembly and distributed solving. Furthermore, we exploit the simi-
larity between the different microscopic scales by using the same data
structures for the microscopic systems, where possible.

3.4 Domain mappings

Mapping ζ is, as described in Section 2 implemented as a bounded, not
necessarily linear function of both x and y. ζ is supplied symbolically to
the implementation, as well as the inverse of the Jacobian K(x, y) (see
(13)) We avoid recomputing these quantities by computing the structures
J and KKTJ for each quadrature point and storing them in a hashmap
for fast access throughout the iterative assembly procedure. Additionally,
we apply the mapping in the multiscale functions, so that by using the
same assembly objects for each x, we can evaluate all microscopic data
on Yx.

3.5 Parallelization in assembly

As mentioned before, we parallelize the implementation using multi-
threading. We divide computational the work into different threads
which are assigned to processors that share memory, meaning that there
is no need to specify communication between processors but that special
care is needed to avoid so-called ’race conditions’, where errors are made
due to multiple threads writing to the same memory structure at the
same time, or one memory structure reading from the memory while
another one is updating it.

A commonly used alternative is a distributed memory approach
(based on for instance a message passing interface like MPI) where mem-
ory is distributed. This has the advantage of being able to be run on
clusters of computing nodes that do not share a memory space, but has
the disadvantage that data needs to be communicated explicitly and that
often leads to communication overhead and idle time when a processor
on a node is unused. The advantages of using a multithreading approach
is that our settings lends itself well for doing so; there is minimal setup
and overhead involved in the parallelization and the multiscale nature of
the implementation reveals a structure that lends itself well for threads.
A disadvantage is that most larger high performance clusters are com-
posed of smaller compute nodes, requiring some sort of message passing.
However, we remark that using a combination of multithreading and
MPI is a valid strategy as well and something that could be applied on
this setup too, as we discuss in Section 5.

We implement a multithreading approach using the Threading Build-
ing Blocks library, for which deal.ii has integrations in place. In the
assembly loop, we loop over all cells in reference domain Z to compute



104 Paper III

the contributions of the associated degrees of freedom to the system
matrix and the system right hand side vector. Rather than consecutively
looping over all cells per microscopic system, we compute the contribu-
tions of all cells that correspond to the cell in the reference domain and
add them to their respective system matrices. We use a thread-pool that
assigns a new cell to a processor as soon as that processor has finished
work on its previous cell, since all microscopic systems can be assembled
independently. The result of this assembly step is a linear system for
each microscopic finite element formulation. Both the macroscopic and
microscopic systems are assembled in parallel, with a per-cell approach.
This process can be run in parallel, since computing the contribution to
the system matrix and the system right hand side of one finite element
cell does not require information from other cells. This yields a linear
system for each microscopic formulation.

The residual threshold used in this framework is the sum of the
macroscopic and average microscopic residuals. The solution procedure
is standard: we use the conjugate gradient method to solve the systems.
The systems are also solved in parallel, by distributing them over the
available processors.

3.6 Visualization

One of the most important post-processing steps of a simulation is visual-
izing the results. We make use of the visualization toolbox ParaView [2]
and the associated library VTK [44]. The multiscale nature of the prob-
lem creates non-standard demands for the visualizations. In particular,
since we solve the microscopic systems on the same reference domain,
visualizing all of them at once is no longer a trivial task.

We need to push-forward the solution to the correct domain Yx, since
the microscopic systems are solved on Z. deal.ii outputs data in a
VTK-compliant format: an unstructured grid format ([44]). By applying
the mapping on the transformation, we obtain a visual representation of
the solution on the correct domain. In addition, we apply a translation to
the microscopic unit domains to move them to their macroscopic location
and scale for visualization purposes. Finally, ParaView can read these
data files and render a visualization that provides an intuitive overview
of the domain. The solutions to (5) are visualized using this technique
and displayed in Figures 5 and 10.

4 Numerical experiments

We test and benchmark the implementation by applying the method of
manufactured solutions on a system of PDE that generalizes (5). This
allows us to see if our numerical scheme converges with the desired
order, by prescribing a solution and deriving the corresponding PDE
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data. The manufactured system is formulated as follows:

−∆u = −
∫

ΓI
x

κ1u− κ2v + gv1 dσy + fu in Ω,

u = u0 + gu1 on ∂ΩD,

∇u · nΩ = gu2 on ∂ΩN,

−Dv∆v = fv in Λ,

Dv∇yv · nYx
=


κ1u− κ2v + gv1
κ3w − κ4v + gv2
gv3

on ΓI
x,

on ΓO
x ,

on ΓN
x ,

−div (Dw∇w) = −
∫

ΓO
x

κ3w − κ4v + gv2 dσy + fw in Ω,

Dw∇w · nΩ = gw on ∂Ω.

(17)

4.1 Automated system manufacturing

To facilitate the testing and benchmarking of the implementation, we
build an interface that given a pair of manufactured solutions (u, v) and
a mapping ζ constructs the data of (17). This interface uses the symbolic
algebra package SymPy [34] and outputs all required functions in a
deal.ii-compliant parameter file. This has three advantages:

• It eliminates the step of manually constructing problem sets.

• No recompilation is necessary to solve different PDE systems.

• It simplifies reproducibility and facilitates testing for different types
of systems.

Because the mapping has an explicit form, we can derive the required
functions in (19) in the correct domains by composing the functions with
ζ.

By computing a parametrization of ΓI
x,Γ

O
x and ΓN

x , we can also con-
struct the contributions of the integral terms in the right hand sides of
(17). The interface is available as part of the supplementary material for
the manuscript.

4.2 Convergence benchmarking

We benchmark how the solution of the implementation converges by solv-
ing (17) for consecutively finer microscopic and macroscopic grids and
comparing the numerical error of the approximations. We manufacture
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the following solution:

u(x0, x1) = x1 sin(x0),

v(x0, x1, y0, y1) = x0 + x1 + y0y1(1− y1),

w(x0, x1) = x0 cos(x1),

ζ(x0, x1, y0, y1) =

(
0.4((x0 + 1.3) + (1.4y0 − 0.54y1))
0.3((x1 + 1.2) + (−0.4y0 + 0.8y1))

)
.

(18)

The corresponding data used to solve the system can easily be derived
from (18) and is presented below. The truncations indicated with ≈ are
only for legibility purposes.

fu = Dv

(
324

55
x0x1 −

108

56
x0 +

33

54
x2

1 −
252

56
x1 −

48762

57

)
+ x1 sin(x0),

fv = 2Dvy0,

fw = Dwx0 cos(x1)

−Dv

(
324

5
x0x1 +

1404

6
x0 −

33

54
x2

1 −
3204

56
x1 +

131202

58

)
,

gu1 = x1 sin(x0),

gu2 = x1 sin(x0),

gv1 ≈ Dv(0.6690y0y1 − 0.6690y0(1− y1)− 0.7432y1(1− y1))

− κ1x1 sin(x0) + κ2(x0 + x1 + y0y1(1− y1)),

gv2 ≈ Dv(−0.6690y0y1 + 0.6690y0(1− y1) + 0.7432y1(1− y1))

− κ3x0 cos(x1) + κ4(x0 + x1 + y0y1(1− y1)),

gv3 ≈ Dv(−0.9778y0y1 + 0.9778y0(1− y1) + 0.2095y1(1− y1)),

gw = Dwx0 cos(x1).

(19)

This system is solved for x = (x0, x1) ∈ Ω = [−1, 1]2 and microscopic
domains generated by ζ from (18) applied to y = (y0, y1) ∈ Yx ⊂ Z =
[−1, 1]2. Let us define the following macroscopic and microscopic error
norms:

euw := ‖u− uH‖L2(Ω) + ‖w − wH‖L2(Ω),

ev := ‖v − vH,h‖L2(Ω;L2(Y )),

e∇uw := ‖u− uH‖H1(Ω) + ‖w − wH‖H1(Ω),

e∇v := ‖v − vH,h‖H1(Ω;H1(Y )).

The macroscopic and microscopic errors of the benchmark for subse-
quently smaller grids are presented in Tables 1 and 2, respectively. The
error norms in the two tables are the result of the same simulation, mean-
ing that the order of the rows in the tables correspond to each other.
The mDoFs in Table 2 is the number of microscopic degrees of freedom
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for a single microscopic formulation. Note that this implies that, for
instance, in case of 81 MDoFs, each with 81 mDoFs, the collective number
of degrees of freedom is 812 = 6561.

MDoFs H euw e∇uw pM qM

81 2.500× 10−1 7.115× 10−3 4.594× 10−2 - -
144 1.818× 10−1 3.833× 10−3 3.257× 10−2 2.150 1.196
289 1.250× 10−1 1.794× 10−3 2.195× 10−2 2.180 1.133
576 8.696× 10−2 8.563× 10−4 1.509× 10−2 2.145 1.087
1089 6.250× 10−2 4.492× 10−4 1.077× 10−2 2.026 1.059
2116 4.444× 10−2 2.225× 10−4 7.630× 10−3 2.115 1.038
4225 3.125× 10−2 1.124× 10−4 5.351× 10−3 1.975 1.026
8464 2.198× 10−2 5.458× 10−5 3.758× 10−3 2.079 1.017

16641 1.562× 10−2 2.366× 10−5 7.162× 10−3 2.112 1.008

Table 1: Macroscopic error and convergence rates for the manufactured
problems. pM represents the subsequent observed order of convergence
of the finite element error, qM represents the subsequent observed order
of convergence of the error of its gradient.

mDoFs h ev e∇v pm qm

81 2.500× 10−1 6.191× 10−3 1.149× 10−1 - -
144 1.818× 10−1 3.188× 10−3 8.344× 10−2 2.307 1.112
289 1.250× 10−1 1.531× 10−3 5.733× 10−2 2.106 1.078
576 8.696× 10−2 7.575× 10−4 3.987× 10−2 2.041 1.053

1089 6.250× 10−2 3.807× 10−4 2.865× 10−2 2.160 1.038
2116 4.444× 10−2 1.991× 10−4 2.037× 10−2 1.952 1.027
4225 3.125× 10−2 9.487× 10−5 1.432× 10−2 2.144 1.019
8464 2.198× 10−2 4.831× 10−5 1.007× 10−2 1.943 1.014

16641 1.562× 10−2 2.812× 10−5 2.670× 10−3 1.962 1.011

Table 2: Macroscopic error and convergence rates for the manufactured
problems. The microscopic degrees of freedom (mDoFs) are counted for a
single microscopic system. pm represents the subsequent observed order
of convergence of the finite element error, qm represents the subsequent
observed order of convergence of the error of its gradient.

In Figure 2 we present a graphical interpretation of the error. The
convergence of the numerical scheme behaves as expected; The behav-
ior of euv and ew indicates that the finite element solution converges
quadratically to the solution of the PDE. Furthermore, e∇v and e∇uw indi-
cate that the gradient of the finite element solution converges linearly to
the gradient of the solution, also according to expectation.
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Figure 2: Approximation error as a function of the degrees of freedom.
The observed order of convergence is computed from the final step

4.3 Parallel benchmarking

We assess the scalability of the implementation by running it in on a
multicore CPU part of the Swedish HPC cluster Kebnekaise. This CPU
consists of 28 Intel Xeon nodes with a base frequency of 2.60 GHz. In
order to test the parallel scalability of the implementation for different
configurations we run two cases: A fine macroscopic grid with coarse
microscopic systems and a coarse macroscopic grid with fine microscopic
grids. In the first case, the macroscopic system has 4225 degrees of
freedom while the microscopic systems each have 81 degrees of freedom.
In the second case, the macroscopic system has 81 degrees of freedom
while the microscopic systems each have 4225 degrees of freedom.
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Parallelisation benchmark: Wall time
81 MDoFs, 4225 mDoFs
4225 MDoFs, 81 mDoFs

Figure 3: Wall time (total duration of the simulation) as a function of
the number of nodes for a fine-macro/coarse-micro system and a coarse-
macro/fine-micro system.

Figure 3 displays the duration of the simulation as a function of the
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Figure 4: Speed-up as a function of the number of nodes for a fine-
macro/coarse-macro system and a coarse-macro/fine-micro system.

number of threads for both configurations. We observe great paralleliza-
tion performance for runs with fine microscopic grids, but rather poor
scalability for runs with fine macroscopic grids. This observation is sup-
ported by Figure 4, displaying the speed-up for increasing numbers of
nodes. Here it shows that the speed-up of the fine macroscopic grid trails
off after 4 threads, while the fine microscopic grids remains scalable at
the maximum tested number of 28 threads.

That the parallel performance favors a system with a few fine micro-
scopic grids is a consequence of the implementation. The large micro-
scopic grids mean that there are a lot of individual cells to be assembled,
resulting in a lot of independent tasks. This is where a thread-pool
performs best.

If one would face the opposite situation; a lot of coarse microscopic
grids, one can rely on alternative parallelization strategies. By paral-
lelizing per microscopic system rather than parallelizing per cell, the
large number of tasks would once again be independent. The downside
of this strategy is that it since the domain deformations are non-linear,
it requires duplication of the finite element assembly objects for each
microscopic grid, which would place a much larger demand on memory
and increases computational load as well.

4.4 Dependence of the microscopic geometry

Having tested and benchmarked the implementation, we use it to solve
(5) and examine the dependence of the solution of the microscopic geom-
etry.

We solve (5) using the data presented in Table 3, using the following
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domain deformation maps.

ζ0(x, y) :=

(
y1

y2

)
,

ζ1(x, y) :=
1

20

(
−4x2y2 + 5y1(2x1 + 3)

5y2(2− x2)

)
.

(20)

We investigate two settings: Case A and Case B. As before, Ω = [−1, 1]2,
Z = [−1, 1]2. We model ∂ΩD = −1 × (−1, 1) as a constant source of
nutrient u. The macroscopic finite element system has 81 degrees of
freedom and each microscopic system has 4225 degrees of freedom. In
both cases there is no bulk production of any of the species whilst the
Dirichlet boundary condition imposed on the left-hand boundary is taken
constant. The lack of bulk production terms is enforced to highlight
the role played by the microstructure on the macroscopic profiles. In
Case A the mapping describing the microstructure is taken to be the
identity whilst in Case B a heterogeneous mapping is chosen which
results in more elongated cells as the distance from the Dirichlet boundary
increases with cell-size increasing from top to bottom. The map in Case
B is designed to caricature the heterogeneity observed due to distance
from root tips in real plant tissues [29]. In both cases we set Dw � Dv

to account for the fact that intracellular transport is much faster than
transport within the tissue.

Case A Case B

Dw 0.1 0.1
Dv 1 1
κ1 0.5 0.5
κ2 1 1
κ3 0.25 0.25
κ4 1 1
fu 0 0
fw 0 0
u0 1 1

ζ(x, y) ζ0(x, y) ζ1(x, y)

Table 3: Parameter sets used in numerical experiments of (5). Symbol
definitions are presented in (20). Solutions to each case are plotted in
Figures 5–10.

The solutions to (5) for the cases presented in Table 3 are displayed in
Figures 5–10. The effect of the domain deformation is evident. Both on
a microscopic level (as displayed in Figure 10) and a macroscopic level
(as seen in Figure 8). We observe a quantitative as well as a qualitative
effect of the mapping in the macroscopic solutions, specifically the het-
erogeneous mapping of Case B destroys the symmetry of the problem
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along the horizontal center line of the (macroscopic) domain and leads
to a larger gradient in the concentration of the product of the cells w
(compare the scales in Figures 7 and 8). The main driver here is the effect
the mapping has on the volume and the aspect ratio of the macroscopic
cells. This preliminary numerical investigation therefore suggests that
plant cell geometries could act as a significant determinant of tissue level
concentration profiles in transport processes in biological tissues.

From a modeling perspective, the coupling of the system comes in
play in two places: the right hand side of the macroscopic equations
and the boundary terms of the microscopic equations. By tweaking the
parameters, the coupling can be made arbitrarily tight. For instance;
taking the limit of Dw to 0 yields an algebraic relationship between v and
w. By contrast, choosing κi → 0 for i = 1, ..., 4 eliminates the relation
between u,w and v and results in a decoupled system.

One of the downsides of this modeling approach is that if the mapping
is anisotropic, the resulting degrees of freedom are not equidistributed.
This can cause some issues in the accuracy of the microscopic approxima-
tions.

5 Conclusion

We proposed a parallel finite element treatment of a multiscale model
with distributed heterogeneous microstructures. To showcase our frame-
work, we applied it to a system of coupled elliptic PDEs modeling nu-
trient transport in plants. After imposing a set of constraints on the
involved parameters and on the regularity of the macroscopic and micro-
scopic sets so that the underlying coupled system of equations is weakly
solvable, we provided a suitable two-scale finite element approximation.
Our implementation of this finite element system provides convergent
approximations to the weak solution of the original system with the ex-
pected theoretical order of convergence. Numerical results demonstrated
the influence of the microstructure geometry on both macroscopic and
microscopic solution profiles. A parallel implementation scales well for
the number of nodes tested.

In practice, the scalability of this setup will not be limited by the
implementation; rather, in many cases there might not be access to suit-
able hardware that has a sufficient number of nodes on a single shared-
memory resource. In order to resolve this, we propose the following
hybrid parallelization approach: using a macroscopic domain decomposi-
tion, we can use classic PDE parallelization techniques to partition the
domain on different CPUs, while using the multithreading method to
solve each subdomain in parallel on different nodes. This will retain
the excellent scaling of the multithreading approach, while also taking
full advantage of the performance of parallel domain decomposition.
Parallel domain decomposition for single scale problems performs well
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Figure 6: Nutrient concentration
u(x) in Case B, with the Dirichlet
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product w(x), with the only source
of the product the cell-based trans-
mission from v(x, y). Contour indi-
cates level sets.
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duction of w(x).



Parallel two-scale finite element implementation of a system with varying
microstructures 113

(see [49, 23, e.g.]) and has been applied in different multiscale finite ele-
ment contexts as well (see [21, e.g.]). The heterogeneous microstructures
are represented and implemented as a continuous map. This allows
us to model and compute a family of microscopic domains without ex-
plicitly creating meshes for it. The model problem illustrates that, even
with relatively simple domain mappings, one retains a lot of modeling
flexibility.

Future improvements of this approach should include ways of refin-
ing computations at the level of the microscopic systems as a function
of error indicators and local geometry. For instance, one improvement
to this finite element strategy would be to compute a global microscopic
functional: an error indicator defined over all microscopic grids. This
quantity could then be used to refine the reference cell and maximize
globally the error reduction. Inspired by ideas from [27], another ap-
proach would be using random diffeomorphisms instead of deterministic
ones. This would allow us to include, under specific conditions, distribu-
tions of microscopic defects. It even allows for cases where the choice of
the model parameters depends on stationary random ergodic microstruc-
tures. We plan to address some of these challenges in a forthcoming
work.
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Abstract

We are interested in exploring interacting particle systems that
can be seen as microscopic models for a particular structure of cou-
pled transport flux arising when different populations are jointly
evolving. The scenarios we have in mind are inspired by the dynam-
ics of pedestrian flows in open spaces and are intimately connected
to cross-diffusion and thermo-diffusion problems holding a varia-
tional structure. The tools we use include a suitable structure of
the relative entropy controlling TV-norms, the construction of Lya-
punov functionals and particular closed-form solutions to nonlinear
transport equations, a hydrodynamics limiting procedure due to
Philipowski, as well as the construction of numerical approximates
to both the continuum limit problem in 2D and to the original inter-
acting particle systems.

1 Introduction

The starting point of the results presented in this paper is the following
question1:
Can one design a system of interacting particles that converges in some suit-
able limit to the following system of nonlinearly coupled system of transport
equations: {

∂tu = (u(u+ v)x)x, (1a)
∂tv = (v(u+ v)x)x, (1b)

with initial conditions u(0, x) = u0(x) and v(0, x) = v0(x) (x ∈ R)? Here
u and v refer to mass concentrations of some chemical species which

1This question was posed by Prof. M. Mimura (Meiji, Tokyo, Japan) to A. Muntean
during a visit at Meiji University
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are participating in a non-competitive manner in a joint transport pro-
cess. The background of the question (and interest of M. Mimura) is
connected to the role pheromones play in influencing the aggregation
phenomenon, one of the main survival mechanisms in insects, birds and
animal colonies; we refer the reader to [7] for more on this context. It
is worth noting the coupled structure of the transport fluxes resembles
situations arising in cross-diffusion and thermo-diffusion. Compare [2]
for the thermodynamical foundations of cross- and thermo- diffusion
and [12] for a nice paper illustrating the role of cross-diffusion mecha-
nisms towards pattern formation in chemical systems. Our own interest
in this framework targets at the fundamental understanding of well-
observed optimal self-organization behaviours (e.g lane formation in
counter-flows) exhibited by the motion of pedestrian flows (cf. e.g. [9]
and references cited therein).

Interestingly, due to the symmetry in the structure of the equations,
the system (1a) – (1b) admits a direct interpretation from the porous
media theory point of view, which later turns out to be very useful in
understanding mathematically the particle system origin of this transport
problem.

We assume that u and v denote two populations (of pedestrians, ants,
chemical species, etc.) that like to travel together. Think, for instance, of a
pair of large families of individuals that wish to reach perhaps a common
destination or target, under the basic assumption that besides some kind
of social pairwise repulsion and adherence to the same drift there are no
other interactions in the crowd made of the two populations. This basic
situation can be modelled as a system of continuity equations

∂tu+ div(uw) = 0,

∂tv + div(vw) = 0,

where w is the common drift to which the two populations adhere. The
velocity vector w is assumed now to comply with Darcy’s law

w = −K
µ
∇p. (2)

In (2), Kµ ∈ (0,∞) denotes the permeability coefficient (usually a tensor
for a heterogeneous region) and p is the total (social) pressure in the
system. Now, making the ansatz on the structure of the pressure

p = µ(u+ v),

and then summing up the above continuity equations, we obtain the
system (1a)-(1b), where for simplicity we take K ≡ 1.

The paper is organised as follows. In Section 2, we provide some
basic analytic understanding of (1a)-(1b) by transforming the system
to an equivalent one, showing the local well-posedness, constructing a
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special class of solutions and proving the preservation of relative entropy
and the consequences this has on the large-time behaviour of the system.
In Section 3, we introduce a stochastically interacting many-particle
system to approximate (1a)-(1b). Finally, Section 4 presents numerical
illustrations of the particle system, indicating numerical evidence on the
expected convergence.

2 Analytical results

In this section, we provide a couple of analytical results on the continuum
model. We first transform the system (1a)-(1b) to an equivalent one.
Using this transformation, we ensure in a straightforward way the local
existence of classical solutions. In addition, we construct a special class of
solutions and show remarkable properties of these solutions, especially
concerning the preservation of the relative entropy.

2.1 An equivalent system

Defining w := u+v, we see that w solves the following porous media-like
equation:

∂tw =
1

2
∂xx(w2), w(0, x) = u0(x) + v0(x). (3)

We transform the system (1a)-(1b) posed for (u, v) into the following
system for (w, u): ∂tw =

1

2
∂xx(w2), w(0, x) = w0(x), (4a)

∂tu = ∂x(uwx), u(0, x) = u0(x). (4b)

Conversely, suppose that (w, u) satisfies the system (4a)-(4b). Then (u, v),
where v = w − u, satisfies the original system (1a)-(1b). Therefore, the
two systems are equivalent.

The transformation has two advantages. First, the new system (4a)-
(4b) is only one-sided coupled in the sense that one can solve (4a) inde-
pendently to obtain w, and then substitute to find u from (4b) with w
given. Second, (4a) is the famous Boussinesq’s equation of groundwa-
ter flow, while (4b) is the standard continuity equation. Both equations
have been studied extensively and have a rich literature. Therefore, we
can apply existing methods and techniques to handle them from the
mathematical analysis point of view.
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2.2 A general solution to the continuity equation by the
method of characteristics

Let V be a given velocity field and f0 : R → R be a given function. We
first seek solutions for the following general continuity equation

∂f

∂t
+

∂

∂x
[V (x, t)f ] = 0 with f(x, 0) = f0(x). (5)

We consider the following ordinary differential equation (ODE):

d

dt
X(t) = V (X(t), t), X(0) = x. (6)

The solution of this ODE is X(t) = F (x, t). Conversely, we also can
regard x as a function of X(t), i.e., x = G(X(t), t), where G : R × R 3
(y, t) 7→ G(y, t) ∈ R and G(y, 0) = y.

Lemma 11 (Solving the continuity equation, see e.g.[1]). The function

f(x, t) = f0(G(x, t))
∂G

∂x
(x, t) = −f0(G(x, t))

V (x, t)

∂G

∂t
(x, t) (7)

solves the continuity equation (5).

2.3 Classical solutions

The first result of this paper refers to the local existence of classical
solutions of (4a)-(4b). Let T > 0 be sufficiently large but fixed and let
(w0, u0) be given. We say that the couple (w, u), where w, u : [0, T ]×R 7→
R is a classical solution to the system (4a)-(4b) if w, u ∈ C2,1([0, T ],R)
and satisfy (4a)-(4b).

Theorem 12. Suppose that w0 and u0 are continuous functions in R with

ε ≤ w0(x) ≤ 1

ε
,

for some ε > 0 and all x ∈ R. There exists T ∗ ∈ (0, T ) such that the system
(4a)-(4b) has a classical solution in C2,1([0, T ∗],R)

Proof. This theorem is a direct consequence of [13, Theorem 3.1] for the
(global) existence of the Boussinesq’s solution and of the Peano’s theorem
for the local existence of the characteristic trajectory.

2.4 A special class of solutions

Due to the particular structure of the system (4a)-(4b), namely (4a) being
the Boussinesq’s equation and (4b) being the continuity equation, we
are able to construct a special class of solutions. We consider a solution
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profile of quadratic functions for w and then find u accordingly. The idea
of the former has been used before, see for instance [10].

Step 1. We rewrite (4a) as

∂tw = (∂xw)2 + w∂xxw. (8)

We consider solutions to (8) of the form

w(t, x) = A(t)−B(t)x2 where w(0, x) = w0(x). (9)

By substituting this form in (8), we obtain the following system

dA(t)

dt
= −2A(t)B(t), A(0) = w0(0) =: a,

dB(t)

dt
= −6B(t)2, B(0) = w0(1)− w0(0) =: b,

which finally leads to

A(t) = a(6bt+ 1)−
1
3 , B(t) =

b

6bt+ 1
. (10)

Therefore,

w(t, x) = a(6bt+ 1)−
1
3 − b

6bt+ 1
x2. (11)

Step 2. Substituting (11) back into (4b), we obtain the following continuity
equations in terms of u.

∂tu+ ∂x

[
2bx

6bt+ 1
u

]
= 0.

We now apply Lemma 11 to solve this equation. The ODE (6) becomes

d

dt
X(t) =

2bX(t)

6bt+ 1
, X(0) = x,

which gives

X(t) = x(6bt+ 1)
1
3 . Hence, we get G(y, t) =

y

(6bt+ 1)
1
3

.

Therefore, we obtain

u(x, t) = u0(G(x, t))
∂G

∂x
(x, t) = u0

(
x

(6bt+ 1)
1
3

)
1

(6bt+ 1)
1
3

.

Concluding, we have obtained a special solution to the system (4a)-(4b)
as follows

w(t, x) = a(6bt+ 1)−
1
3 − b

6bt+ 1
x2,

u(x, t) = u0

(
x

(6bt+ 1)
1
3

)
1

(6bt+ 1)
1
3

,

for some a, b ∈ R. If one considers non-negative solutions, then one
should take the positive parts of these expressions.
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2.5 Preservation of the relative entropy and consequences

We observe that our original system is symmetric in the sense that if we
swap u and v in (1a)-(1b) then the system remains unchanged. Therefore,
if the initial data u0 and v0 are equal, then it is expected that u and v will
be equal at any later time, which is a necessary condition for uniqueness.
Two mathematical questions naturally arise at this point:

1. How to prove equality of u and v rigorously?

2. If u0 and v0 are not equal, can we still quantify the distance between
u(t) and v(t) in terms of the initial data?

In this section, we provide affirmative answers to these questions using
the concept of relative entropy and the total variation metric. We gener-
alise the results of this section (and of the previous one) to a more general
system in Section 2.6. It will become clear that structure of the system
matches nicely with the concept of the relative entropy.

We now recall the definition of the relative entropy, the total variation
metric, as well as a relationship between the twos. We refer the reader to
the survey paper [8] for more information.

Let f(x) dx and g(x) dx be two probability densities on R. The relative
entropy of f with respect to g is defined by

H(f ||g) :=

∫
R

f(x)

g(x)
log

f(x)

g(x)
g(x) dx.

The total variation distance between f(x) dx and g(x) dx is defined as

TV (f, g) := ||f − g||L1 =

∫
R

∣∣∣f(x)

g(x)
− 1
∣∣∣g(x) dx.

Note that the relative entropy is always non-negative and it is equal to 0
if and only if f = g. Although it is not a distance (it satisfies neither the
triangle inequality nor the symmetry condition), it is a useful quantity to
measure the difference between two probability measures and has been
used extensively in the literature. In addition, it also provides an upper-
bound for the total variation distance TV (f, g) by Pinsker’s inequality,
see for instance [8, Theorem 1.1], as

TV (f, g) ≤
√

2H(f ||g). (12)

Theorem 13. Suppose that u, v are classical solutions to the system (1a)-(1b)
that decay sufficiently fast at infinity. Then the function t 7→ H(u(t)||v(t)) is
constant, i.e., for any 0 < t < T ∗ it holds

H(u(t)||v(t)) = H(u0||v0). (13)
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Proof. We calculate the time-derivative of t 7→ H(u(t)||v(t)) as follows
(the time variable t is dropped in the right-hand side for simplicity of
notation)

d

dt
H(u(t)||v(t)) =

d

dt

∫
u log

u

v
dx

=

∫ [(
log

u

v

)
∂tu+ u

(v∂tu− u∂tv)/v2

u/v

]
dx

=

∫ [(
log

u

v

)
∂tu−

u

v
∂tv
]
dx (14)

=

∫ [(
log

u

v

)
[u(u+ v)x]x −

(u
v

)
[v(u+ v)x]x

]
dx (15)

=

∫
(u+ v)x

[
− u∂x(u/v)

u/v
+ v∂x(u/v)

]
dx = 0.

Note that (14) follows due to
∫

∂
∂tu = 0 which is a consequence of con-

servation of mass. In (15) we have used integration by parts where
the boundary terms vanish due to the assumption on the decay of the
solution.

Corollary 1. For any 0 < t < T ∗, it holds that

TV (u(t)||v(t)) ≤
√

2H(u0||v0).

Proof. This inequality is direct consequence of the Pinsker’s inequality
(12) and Theorem 13.

Corollary 2. Suppose that u0 = v0, then (u, v) = ( 1
2w,

1
2w), where w solves

(4a), is the unique solution to the system (1a)-(1b).

Heuristically, note that if u0 = v0 and (u, v) satisfies the system (1a)-
(1b), then so does (v, u). To guarantee the uniqueness, it follows that
u = v = 1

2w. Theorem 13 offers a much stronger result.

Proof. This is a direct consequence of Theorem 13 (or Corollary 1). Since
u0 = v0, we have H(u0||v0) = 0. Then it follows from Theorem 13 that
H(u(t)||v(t)) = 0 for all t > 0, which in turn implies that u(t) = v(t) =
1
2w(t) for all t > 0.

2.6 Generalisations

It is worth noting that Theorem 12 and Theorem 13 can be extended to a
more general system of the form

∂tu =
[
u
[
f(u+ v)

]
x

]
x
, u(0) = u0(x), (16a)

∂tv =
[
v
[
f(u+ v)

]
x

]
x
, v(0) = v0(x). (16b)
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The transformed system for (w, u), where w = (u+ v), now becomes{
∂tw = ∂x(w∂xf(w)), w(0) = w0(x),

∂tu = ∂x(u∂xf(w)), u(0) = u0(x).

For instance, if f(z) = zm−1 for some m > 1, then the equation for w
becomes

∂tw =
m− 1

m
∂xx(wm).

This is the standard porous medium equation. Hence, we can apply [13,
Theorem 3.1] again; thus Theorem 12 still holds true. We now show that
Theorem 13 can also be extended to general shapes of f .

Theorem 14. Suppose that u, v are classical solutions to the general system
(16a)-(16b) that decay sufficiently fast at infinity. Then the function t 7→
H(u(t)||v(t)) is constant.

Proof. Similar computations as in the proof of Theorem 13 give

d

dt
H(u(t)||v(t)) =

∫
∂xf(u+ v)

(
− u∂x(u/v)

u/v
+ v∂x(u/v)

)
dx = 0.

Remark 8. We note that the common relation that makes the relative entropies
in both Theorem 13 and Theorem 14 vanish is

−u∂x(u/v)

u/v
+ v∂x(u/v) = 0.

Tracing back this relation in the calculations, this property appears because of
the combination of three ingredients: the formula of the relative entropy, the
symmetry of the system, and the formulas of the continuity equations. The last
two properties together form the structure of the system.

1. The continuity equations provide that

∂tu = ∂x[uX] and ∂tv = ∂x[vY ],

2. The symmetry of (1a) and (1b) means that X = Y (so that if we swap u
and v, the system is unchanged).

In other words, we find that the relative entropy is constant essentially due to
the structure of the system.

3 Particle system approach

In this section, we introduce a many-particle system that includes cou-
pled weakly interacting stochastic differential equations. We formally
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show that the empirical measures associated to this system converge
to solutions of the original system (1a)-(1b). The rigorous proof will be
given in a separate paper.

We consider the following particle system:

dXi,ε
t = − 1

n

n∑
j=1

(
V ′ε (Xj,ε

t −X
i,ε
t ) + V ′ε (Y j,εt −Xi,ε

t )
)
dt+ εdW i

t ,

dY i,εt = − 1

n

n∑
j=1

(
V ′ε (Xj,ε

t − Y
i,ε
t ) + V ′ε (Y j,εt − Y i,εt )

)
dt+ εdWn+i

t ,

(18)

for i = 1, . . . , n, where {W i}2ni=1 are independent standard Wiener pro-
cesses, {Vε}ε≥0 are a sequence of smooth functions which are chosen later
on. Note that the system in (18) can be seen as a generalisation of the
many-particle system arising in [11] to our model of coupled interactions
of two species. Remark also that in [4, 3], the authors studied similar
systems but in the absence of the stochastic noise.

We define the following empirical measures

un,εt =
1

n

n∑
i=1

δXi,ε
t
, vn,εt =

1

n

n∑
i=1

δY i,ε
t
. (19)

We now formally derive the system (1a)-(1b) in two steps:

1. Hydrodynamic limit, as n tends to infinity:

un,εt ⇀ uεt , vn,εt ⇀ vεt ,

where (uε, vε) solves a system which depends on V ′ε and with some
viscous terms.

2. Viscosity limit, as ε tends to 0:

uεt ⇀ ut, vεt ⇀ vt,

where (u, v) solves the original system.

The derivation explains the choice of scalings occurring in the many-
particle system. Now, we perform the first step.

Step 1 (Hydrodynamic limit): Let f be a sufficiently smooth function.
By definition (19) of the empirical measure un,εt , we have

〈f, un,εt 〉 :=

∫
f(x)un,εt (dx) =

1

n

n∑
i=1

f(Xi,ε
t ).
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Using Itô’s lemma and definition of the empirical measures in (19), we
derive that

d〈f, un,εt 〉 = 〈−f ′V ′ε ∗ (un,εt + vn,εt ) +
ε2

2
f ′′, un,εt 〉 dt+ ε

n∑
i=1

f ′(Xi,ε
t )dW i

t ,

d〈f, vn,εt 〉 = 〈−f ′V ′ε ∗ (un,εt + vn,εt ) +
ε2

2
f ′′, vn,εt 〉 dt+ ε

n∑
i=1

f ′(Y i,εt )dWn+i
t ,

where ∗ denotes a convolution operator. By taking the expectation, the
Brownian terms vanish, and we obtain that

∂tE〈f, un,εt 〉 = E〈∂x
[
un,εt V ′ε ∗ (un,εt + vn,εt )

]
+
ε2

2
∂xxu

n,ε
t , f〉,

∂tE〈f, vn,εt 〉 = E〈∂x
[
vn,εt V ′ε ∗ (un,εt + vn,εt )

]
+
ε2

2
∂xxv

n,ε
t , f〉.

The key point is that we now suppose that un,εt
n→∞−−−−⇀ uεt , v

n,ε
t

n→∞−−−−⇀ vεt
where uεt and vεt are deterministic profiles. Then the pair (uεt , v

ε
t ) satisfies

for all f the following identities:

∂t〈f, uεt 〉 = 〈∂x
[
uεtV

′
ε ∗ (uεt + vεt )

]
+
ε2

2
∂xxu

ε
t , f〉,

∂t〈f, vεt 〉 = 〈∂x
[
vεtV

′
ε ∗ (uεt + vεt )

]
+
ε2

2
∂xxv

ε
t , f〉,

which are respectively weak formulations of

∂tu
ε
t = ∂x

[
uεtV

′
ε ∗ (uεt + vεt )

]
+
ε2

2
∂xxu

ε
t ,

∂tv
ε
t = ∂x

[
vεtV

′
ε ∗ (uεt + vεt )

]
+
ε2

2
∂xxv

ε
t .

Step 2 (Viscosity limit): Assume that uεt ⇀ ut, vεt ⇀ vt, Vε ⇀ δ and
such that the diffusive terms vanish in the limit ε→ 0. Then, since

V ′ε ∗ (uεt + vεt )(x) =

∫
V ′ε (x− y)(uεt + vεt )(y) dy

=

∫
∂y(uεt + vεt )(y)Vε(x− y) dy

→
∫
∂y(uεt + vεt )(y)δx−y dy = ∂x(uεt + vεt )(x),

we formally get

∂tu = ∂x[u∂x(u+ v)],

∂tv = ∂x[v∂x(u+ v)],

which is exactly the system (1a)-(1b). To show rigorously the viscosity
limit, we rely on the techniques presented in [6]. To keep a concise
presentation, we omit to complete the line of the arguments here and
postpone them to a forthcoming paper.
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4 Numerical simulations

In this section, we illustrate numerically in 2D the solution of (18) for spe-
cific initial data and explore numerically to which extent the continuum
model (1a)-(1b) can be approximated based on (18).

4.1 Continuum system

We naturally extend the one-dimensional model to two dimensions using
the following notations: Denote by T∗ the final observation time. The
populations u = u(x, y, t) and v = v(x, y, t), where u, v : Ω× [0, T ∗]→ R,
with Ω ⊂ R2, satisfy

∂tu = ∇ · (u∇(u+ v))

∂tv = ∇ · (v∇(u+ v))
for (x, y), t ∈ (0, T ∗], (20)

with boundary conditions

n · u∇(u+ v) = 0

n · v∇(u+ v) = 0
on ∂Ω, t ∈ (0, T ∗]. (21)

These boundary conditions ensure the conservation of mass in the
system, which is also preserved by the suitable finite-volume scheme. To
simulate this system, we use finite-volume discretisation on an equidis-
tant grid where the fluxes adhere to a flux limiter. To approximate u and
v, we use a first-order upwind discretisation. Fluxes are approximated
with a second-order central-difference approximation.

The semi-discrete system of ODE’s is non-stiff. We use an explicit
integration method to maintain the positivity of the solution and acquire
and to put no constraints on the Jacobi matrix. Together with the finite-
volume space discretisation, this allows for discontinuous initial data.
We use a four-stage Runge-Kutta integration scheme to perform the time
integration.

4.2 Multi-particle system

Recall the multi-particle system formulation (18). We simulate the system
in the same domain as (20). As a potential function Vε, we use

Vε(r/ε) =
1

ε2
√

2π
e(−r/(ε))2 , (22)

where r ∈ R represents the interparticle distance, c is the interaction
range parameter and ε > 0, modelling a repulsive effect for r > 0. This
potential formulation is consistent with the potential function description
from [11]. In addition the stochasticity allows for modelling the diffusive
behaviour present in the continuum system.
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Given a particle configuration at time t, we use the Euler-Maruyama
method (a stochastic variant of the Euler time-integration method) to
compute the configuration in t + ∆t. The positions in time step tk are
updated with:

∆Xi,ε = − 1

n

n∑
j=1

(
V ′ε (Xj,ε

tk
−Xi,ε

tk
) + V ′ε (Y j,εtk −X

i,ε
tk

)
)

∆t+ ε
√

∆tWi,

∆Y i,ε = − 1

n

n∑
j=1

(
V ′ε (Xj,ε

tk
− Y i,εtk ) + V ′ε (Y j,εtk − Y

i,ε
tk

)
)

∆t+ ε
√

∆tWn+i.

Here, Wi are samples of a standard normal distribution. This term
emerges from the distribution of the standard Wiener process: Wt ∼
N (0, t). We preserve the conservation of mass by implementing reflective
boundaries. With these boundaries, we mimic the zero-flux boundaries
in the continuum system.

We compute the density by approximating the empirical measure
defined in (19). We smoothen the particle positions with a Gaussian
kernel Φh. This allows us to compare the multi-particle system to its
continuum counterpart. This empirical measure approximation µh(t)

for particles X1, . . . , XN is defined as µh(t) =
∑N
i δXt ∗ Φh, where h

represents the smoothing length of the kernel
Figure 3 to 11 show the results of the two simulations for various

points in time for parameters NU = NV = 1000, ε = 0.3 and c = 0.3.
The interpolation kernel has a smoothing length of 0.15. The continuum
solution w is simulated on an equidistant 20×20 grid. We observe similar
diffusive and repulsive behaviours in both simulations.

5 Discussion

The simulations point out a qualitative agreement with the analytical
results. Finding the exact relation between the number of particles N
and interaction parameter ε is challenging. This is due to how density is
measured in the multi-particle system (by a finite-radius approximation
of the Dirac distribution) and the hidden scaling restrictions that exist
on how N and 1/ε go to infinity. This is illustrated by the following
experiments.

For the related problem in [11] we observe the convergence rate (23).
We believe that (23) holds in our context as well. From this we induce
the condition that 1/ε,N →∞ under the condition N grows much faster
than 1/ε.

E

[
sup

0≤s≤t

∣∣XN,i,ε,δ
s −Xi,δ

s

∣∣2] ≤ C1ε
−10 exp

(
ε−12

) 1

N
+ C2ε

4. (23)

Our numerical experiments indicate that if N and 1/ε increase such
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that this condition is not respected, the time for the system to reach an
equilibrium grows to infinity.

We analyse the density after final time T∗ for a varying set of pa-
rameters. We define the residual norm ri of the particle system as a
discrete variant of (23) by performing a sequence of n simulations to find
observed densities

{
µih(T∗)

}n
i=1

and measuring the L2-norm distance
between the densities of simulation i− 1 and i,

ri =
∣∣∣∣µih(T∗)− µi−1

h (T∗)
∣∣∣∣
L2 . (24)

Figure 1 depicts the residual defined in (24) for a sequence of simula-
tions with N = 8192 fixed and ε→ 0. This figure illustrates the transition
from systems that converge towards an equilibrium (for ε < 2−9) to
stationary systems (for ε > 2−9).

For ε = (1/N)
α and small α we observe the convergence in density

profiles.

Figure 1: L2-norm of density
residual of particle system after
t = T for subsequent simula-
tions, for fixed N and ε→ 0.

Figure 2: L2-norm of density
residual of the particle system af-
ter t = T for subsequent simula-
tions, for two values of α.

Finally, the size of the smoothing length h also plays a significant role
in representing the interpolated density. The finite range of the Dirac in-
terpolation implies that some mass is lost at the boundaries of the domain.
This effect is visible when comparing the density profiles at the bound-
aries of the domain. Otherwise, a larger smoothing length increases the
convergence rate and decreases the distance to the macroscopic density
profile.

Further research is required to find an appropriate measure in which
experiments converge to the expected macroscopic limit inside Ω as well
as a correct relation between N and ε.
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Figure 7: Xi,ε
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Figure 10: Xi,ε
0.2 (red)
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Abstract

We study the evacuation dynamics of a crowd evacuating from
a complex geometry in the presence of a fire as well as of a slowly
spreading smoke curtain. The crowd is composed of two kinds of
individuals: those who know the layout of the building, and those
who do not and rely exclusively on potentially informed neighbors
to identify a path towards the exit.

We aim to capture the effect the knowledge of the environment
has on the interaction between evacuees and their residence time in
the presence of fire and evolving smoke. Our approach is genuinely
multiscale – we employ a two-scale model that is able to distinguish
between compressible and incompressible pedestrian flow regimes
and allows for micro and macro pedestrian dynamics. Simulations
illustrate the expected qualitative behavior of the model. We finish
with observations on how mixing evacuees with different levels of
knowledge impacts important evacuation aspects.

Keywords: crowd dynamics, environment knowledge, fire and smoke
dynamics, evacuation, particle methods, transport processes

AMS: 65Z05, 82C70, 91E30

1 Introduction

Fire safety of buildings has always been an important aspect of soci-
etal research. An important development in recent years is the shift
from prescriptive building codes to performance-based building ([43]),

139
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meaning that instead of requiring aspects of buildings to satisfy certain
regulations, new building structures increasingly have to be able to attain
certain goals, without exactly specifying how these can be accomplished.
This increases the need of understanding the different aspects of fire emer-
gencies. Models and simulations of fire spread and evacuation scenarios
play an important role in this trend, since they are able to complement
experimental research. This paper aims to contributes in models of the
latter category: how and under what circumstances occupants evacuate
from a building.

Building evacuations are too complex to be investigated exhaustively
in short time. Differences in psychological state, rational, panicked or
altruistic behaviour have significant impact on the progress of the evacu-
ation. Moreover, not all occupants share the same degree of familiarity
with the building they are in, which greatly affects their behaviour. In
this paper, we focus on the interaction between two groups of occupants;
one group is very familiar with the building and its layout and one
group misses this familiarity and must thus rely on the former group for
evacuating safely. One example of its relevance is described in [18] - an
investigation of an evacuation from an office building, where, in hind-
sight, evacuees where asked about their knowledge of the building and
their actions regarding the evacuation. Among the conclusions drawn
was that there were significant behavioural differences between habitual
occupants and one-time guests. Not including this feature in crowd
simulations can, in some cases, lead to large deviations from realistic
evacuation behaviour. This is precisely the place where we contribute.

We concern ourselves with a scenario resembling the one described
in [18]: occupants with different levels of knowledge evacuate from a
large indoor building. By placing the occupants in a simulation-based
framework including complex geometries, we computationally explore
the effects the environment knowledge has on the evacuation speed and
pedestrian flow congestion. We stress the importance of knowledge by
modifying the evacuation conditions to include fire and smoke produc-
tion, limiting agents visual perception and freedom of movement.

This paper is the start of a larger initiative designed to develop in-
teractive simulations as a decision support tool for crowd management,
in which interactive evacuations can be steered and optimized based on
real-time feedback. For this reason, any simulations proposed should
be executable fast in different configurations and complex domains. To
achieve this goal, we design a multiscale model that is averaged and fast
on a macroscale as well as accurate and slow on a microscale, but, for
large crowds, it performs much faster than the usual agent-based models
and is significantly more accurate than the purely macroscopic transport
models. By screening the crowd both in agent-based representation and
continuum representation, we avoid costly agent-to-agent based inter-
actions by deferring the counting of interactions to a macro (observable)
scale.



Effects of environment knowledge in evacuation scenarios involving fire and
smoke - a multiscale modelling and simulation approach 141

2 Related contributions

In line with Pinter-Wollman et al. in [31], we show in this paper that
knowledge of the building layout drastically affects the collective be-
haviors of occupants walking through smoke towards the exits. Several
other related contributions exist. For instance, [2] reports on the effect of
smoke using a social force model à la Helbing. Cirillo et al. (cf. [11], e.g.)
look into the effects of limited visibility on the group dynamics during an
evacuation from a (dark) room without obstacles. Their work has been
expanded in [10] to the investigation of the effects of communication effi-
ciency and exit capacity on fundamental diagrams for pedestrian moving
through an obscure tunnel. The authors of [25] focus on measuring the
toxicity due to the smoke inhaled by the occupants. Using a lattice model,
[1] looks into the effect of using leader-agents in improving evacuations.
When locomotion is biased by a reduced visibility, behavioral rules domi-
nate the choices in the pedestrian flow velocity, see e.g. [30] for a social
force model based on behavioral rules. Further relevant literature can be
found in [38], [22], [23], [21] and references cited therein.

Despite the obvious influence of distance and vision on social inter-
actions, constraints imposed by the built environment are significant
especially when one wants to forecast specific types of collective behav-
iors of humans during an evacuation in the presence of an unexpected
fire (e.g. group formation or boundary-following lanes). Understanding
the collective behavior of humans in built environments will certainly
lead to a better foundation of environmental psychology as well as to
an improved efficiency of way-signaling of route choices, setting the
stage for an intelligent crowd management system; see [37] for a list of
challenges that environmental psychology currently encounters and [3]
about shortcomings in existing crowd management policies.

All these modeling descriptions reflect the evacuation situation of a
given length scale, either micro (at the pedestrian level) or macro (at the
level of a continuum crowd), or perhaps at some intermediate mesoscopic
level (compare [13], e.g.). In [15], the authors start thinking of connecting
relevant microscopic and macroscopic crowd scales by looking for math-
ematical arguments to ensure the consistency of eventual micro-to-macro
transitions between agent-based and continuum representations. On the
other hand, Richardson in [34] proposes detailed explanations of a micro-
macro model (originally proposed to the computer vision community
by Narain et al. [29]) and checks its suitability in a number of test cases
(including also a music festival setup). In the framework of this paper,
we develop further the micro-macro approach from [34] and expand it
to allow for the presence of a fire as well as for smoke production and
dissipation in two different types of confinements.

The proposed model is hybrid. This is not only because it mixes
information captured at two separated space scales (micro and macro),
but also because it combines continuum, discrete and stochastic elements;
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see Section 3 for a detailed presentation of the main model ingredients.
To get an intuitive level of description of the multiscale features of

our model, we suggest the following Gedankenexperiment: Imagine a flow
of a fluid, whose internal microstructures (particles) have their own dy-
namics. Depending on the time-space distribution of particles (i.e. of the
approximated density) within the chosen geometry mimicking the built
environment, the fluid exhibits both compressible and incompressible
regions with a priori unknown locations. The model is able to auto-
matically detect these zones, by relying on a switching on/off relation,
usually referred in the literature as unilateral incompressibility constraint.
Interestingly, since in our setting we do not allow for agglomerations
of particles (groups) exceeding a certain threshold (a priori prescribed
maximum-allowed density), a macroscopic repulsion term arises in the
setting of the equations for the microscopic dynamics (cf. Section 6). Our
simulations show pressure plots that clearly exhibit the effect the macro-
scopic repulsion has on the local arrangements of individual evacuees in
the neighborhood of densely packed zones. We then point out the effect
the environment knowledge has on our evacuation scenario, where both
fire and smoke are present. While contributions exist on modelling the
mixing of pedestrians with different levels of knowledge in evacuation
scenarios (see e.g. [39] for environment knowledge modelling in a lattice
model), to our knowledge, there exists no contribution that combines
these crowd dynamics aspects with the appearance and evolution of both
smoke and fire, even though several contributions have indicated its
significance on human behaviour (see e.g. [5],[18])

The paper is organized as follows. Section 3 contains the presentation
of our multiscale crowd model. The obtained simulation results are
reported in Section 8. We conclude the paper with a short discussion of
the main outlets as well as with a concrete to-do-list for the upcoming
work. Details on the implementation of our model and related variants
can be found in [35].

3 Multiscale crowd simulation framework

We propose a micro-macro pedestrian dynamics model composed of
a space-continuous agent-based representation (the micro level) and a
continuum compressible flow model (the macro level). Hybrid crowd
models, in varying degree resembling ours, have been presented, for
instance, in [4] and [32].

The main ingredients of our micro-macro model are:

• associated evacuation scenario, see Section 4;

• prototypical building geometry, see Section 5;

• fire model, see Section 5.1;
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• smoke model, see Section 5.2;

• micro-macro evolution equations for the dynamics of the crowd,
see Section 5.4, Section 6, and Section 6.3.

4 Evacuation scenario

As case study, we consider the evacuation of a single floor in a large
enclosure with interior walls and multiple exits much like a large office
building or shopping mall, filled with occupants. In this enclosure a
hydrocarbon pool fire is ignited. The model investigates the situation
where all occupants have acknowledged the need to evacuate, although
they are not necessary aware where the fire is located. While evacuating,
the radiation and heat from the fire repels occupants from moving too
close to the location of the fire. A particularly important aspect of our
investigation is that the fire produces a dense smoke that reduces the
visibility of the occupants, diminishing the locomotion speed.

The occupants belong two one of two groups: those familiar with
the local geometry, and those who have to rely on visual cues and on
following other people. The complexity of the geometry accentuates the
relevance of the environment knowledge on the evacuation.

5 Geometry

Our simulation takes place in a two-dimensional rectangular domain,
which we refer to as Ω. Parts of the domain are filled with rectangular
obstacles; their collection is denoted by G. Multiple exits are available.
At the start of the evacuation, N evacuees are positioned inside Ω. We
assume all evacuees have acknowledged the need of evacuation and
are attempting to move towards the nearest exit. Figure 1 shows an
example geometry. Its complex structure asserts the need of environment
knowledge to find the exit in a reasonable time frame. As a specific
feature of our choice of geometry, when a fire blocks one of the corridors,
alternative options to the exit are available from each location.

5.1 Design fire

The evolution of a fire can be classified in several stages, encompassing
the growth stage, the fully developed stage (post-flashover stage), and
the decay stage ([14]). In this model, our design fire takes the form of
a cylinder-shaped pool fire based on a hydrocarbon fuel that has fully
developed and retains a constant heat release throughout the simulation.
Experiments (cf. e.g. [6]) show that due to limited air supply in enclosed
environments, fires can retain in this stage for a long time.
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Figure 1: The geometry in our case study. Obstacles are colored black,
the two exits are colored green.

To describe an experimentally viable scenario, we use measurements
from the experiments reported in [36], [17], and [6] and fire physics rela-
tions explained based on basic thermodynamics in [8]. Let ~x0 denote the
center of the fire that has radius r0. The temperature TF of our design fire
as a function of heat release rate R is given by the following proportional-
ity relation R ≈ hc(T (~x)−T0) = TF exp

(
−κ |~x−~x0|

L

)
, where heat transfer

coefficient hc is chosen to be 300W K−1, κ represents the convection heat
transfer coefficient, chosen to have a typical value of 20W m−2 K−1, T (~x)
approximates a stationary temperature distribution within the geometry,
whose typical length is L, and T0 denotes room temperature. As an indi-
cation, [36] shows heat release rates for fully developed hydrocarbon fires
to be in the range of 2.5 and 4.5 kW. Accordingly, we choose R = 3kW,
yielding a fire temperature of TF = 1293K. This calculation assumes a
room temperature of 293K, but notice that the applicability of the model
is not limited to these values.

In Section 5.4, we elaborate on the effects of fire on the choice of
evacuations paths.

5.2 Smoke production

We model the production and spreading of smoke as a diffusive-dominated
process. While this does not capture the plume dynamics as a CFD model
might, our goal is to relate the smoke density to the visual acuity of the
occupants, instead of recovering the exact space-time dynamics of the
smoke. The experiments performed in [40] show a linear relationship
between the smoke emission rate and the heat release rate. We adopt this
relationship and take ys = 0.07g kW−1 s−1 as a production coefficient.

The smoke density s(~x, t), measured in grams per cubic meter, is
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assumed to respect a diffusion-drift-reaction equation of type
∂ts = div(D∇s)− div(~vs) + ysH(~x) in Ω \G,
(−D∇s+ ~vs) · ~n = 0 on ∂Ω ∪ ∂G,
s(~x, 0) = 0 in Ω,

(1)

whereD represents the smoke diffusivity determined by the environment,
~n is the outer normal vector to ∂Ω∪∂G, v is a given drift corresponding to,
for instance, ventilation systems or indoor airflow, while H(~x) encodes
the shape and intensity of the fire, viz.

A snapshot of the smoke density in the geometry under consideration
is presented in Figure 2.

H(~x) =

{
R if |~x− ~x0| < r0

0 otherwise
. (2)
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Figure 2: Smoke density in the environment at t = 60 in grams per cubic
meter.

5.3 Sight extinction and speed decrease

The smoke density diminishes the sight radius of the occupants. Accord-
ing to the measurements reported in [28], a typical extinction coefficient
for a hydrocarbon fuel is σ = 10 m2 g−1. This leads to the following
empirical relation between the sight radius r and the local smoke density
s(~x, t), taken from [20]:

r(s(~x, t)) = 3/(σs(~x, t)) for x ∈ Ω \G, t ≥ 0. (3)

[20] describes an experimentally acquired relation between the smoke
extinction and the walking speed. This relation is expressed here as

vs(~x, t) = 1.1− 0.9σs(~x, t), (4)

where vs does not take values outside the range of 1.1 and 0.2m s−1.
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5.4 Pedestrian dynamics

Our agent-based representation refers to two groups of evacuees, one
familiar and one unfamiliar with the building geometry. These two
groups will be referred to as residents and visitors, respectively. The dy-
namics of the residents are governed by first-order differential equations
encoding optimal environment knowledge, while the dynamics of the
visitors are governed by second-order differential equation based on
flocking behaviour. Note that the difference in model order between
the two evacuee groups reflects the fact that second group of evacuees
meets a large inertia when taking decision on route choices. While the
evacuees governed by the first order model are able to change direction
instantaneously, the evacuees governed by the second order model in
(8) have their velocity adjusted through the application of (social) forces,
reflecting their longer reaction time mainly due to the unfamiliarity of
the environment.

Interaction between occupants is transferred to a macroscopic de-
scription level by using a continuum flow model. In this continuum
model, agents are evaluated as a crowd density, moving according to a
flow velocity field that ensures that the crowd satisfies certain density
constraints. The micro and macro model representations are coupled and
communicate in each time step.

The continuum representation allows us to model efficiently the inter-
actions within the crowd in high-density regions, while the agent-based
representation gives control over the individual trajectories. Yet by avoid-
ing computing interactions at agent-based level, we are able to increase
significantly the speed of the simulation.

In addition to the effects of smoke described in the previous section,
the fire impacts the trajectories as follows. The elevated temperature near
the fire repels the evacuees: residents close to the fire will take notice and
find an alternative route to an exit, while visitors are forced to simply
move in an opposite direction. These dynamics are described in the next
section.

6 Agent-based dynamics

Residents and visitors are seen as elements from the setsXA = {a1, ..., aNA
}

and XB = {b1, ..., bNB
}, respectively, where NA + NB = N . For ease of

notation, we denote the complete set of evacuees with X := XA ∪XB .
Since we want to emphasize the difference in environment knowledge be-
tween the evacuee groups, we employ different path finding algorithms
for each group.
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6.1 Residents

To describe the motion of the residents we use a potential field model
proposed by Hughes in [19] and adapted in [41]. It functions similarly
to a floor field function, its counterpart in lattice models like [39] and
[7]. We augment the potential field model to account for the presence of
obstacles, fire and smoke.

The potential field is based on the “minimization of effort” principle,
serving as a dynamic generalized distance transform. For each point ~x in
the domain, we introduce a marginal cost field u(~x) > 0, defined as

u(~x) = α+ uobs(~x) + wH(~x).

The marginal cost field is built up from a base level of constant walking
effort α > 0, information on the geometry and the obstacles uobs, and
information on the fire source w. Here, w takes value 1 if the resident is
aware of the location of the fire and 0 otherwise.

Let S be a path from point ~xp to point ~xq. Then the effort of walking
on the path S can be expressed as∫

S

u(~ξ)d~ξ =

∫
S

α+ uobs(~ξ) + wH(~ξ)d~ξ.

At the beginning of the evacuation, w is 0 for all residents. When a
resident experiences a significant increase in temperature because of his
proximity to the location of the fire, w is set to 4 and S changes, and as a
result, the fire is avoided.

Recall thatG ⊂ Ω is the set of all inaccessible locations in the geometry
(i.e. those parts of Ω covered by obstacles). Then for all ~x ∈ Ω, the
geometry information (i.e. the obstacle cost field) can be expressed as

uobs(~x) =


∞ if ~x ∈ G,

1
|d(~x,G)| if ~x /∈ G and d(~x,G) ≤ rG,
0 if d(~x,G) > rG,

(5)

where rG is a small parameter roughly of the order of the averaged size
of the evacuees. The obstacle cost makes sure that obstacle locations are
inaccessible, and it adds a tiny layer of repulsion around each obstacle to
ensure the basic fact that evacuees do not run into walls.

The preferred path S∗ for an evacuee with location ~xp and motion
target ~xq is determined as

S∗ = arg min
S

∫
S

u(~ξ)d~ξ,

where we minimize over the set of all possible motion paths S from ~xp to
~xq. In the simulation, the evacuees from XA are aware of all exits, and
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the optimal path S∗ is made available by means of a potential function Φ,
a solution to the equation

||∇Φ(~x)|| = u(~x), (6)

where || · || denotes the standard Euclidean norm. Visitors do not have
access to the optimal paths.

Figure 3 and Figure 4 display the potential field and the corresponding
paths for our case study. Figure 5 and Figure 6 display the adaption for
residents that are aware of the fire locations and take an alternative route
out.
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Figure 3: Potential field Φ for the en-
vironment of the case study, not tak-
ing any fire into account.

Figure 4: Paths generated
from the potential field in Fig-
ure 3.

Potential field with fire
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Figure 5: Potential field Φ for the en-
vironment of the case study aware
of the fire location.

Figure 6: Paths generated
from the potential field in Fig-
ure 5, avoiding the fire.

Let ~xai(t) denote the position of resident ai at time t. The dynamical
system that governs his motion is expressed as:

d~xai
dt

= −vs(~xai , t)
∇Φ(~xai

)−∇p(~xai
,t)

||∇Φ(~xai
)−∇p(~xai

,t)|| ,

~xai(0) = ~xai,0,
(7)
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where ~xai,0 represents the initial configuration of the evacuees and vs
represents the evacuation speed defined in (4). In (7), p is a macroscopic
pressure term that influences pedestrian interactions at the macroscopic
scale. We postpone its definition to Section 6.3.

6.2 Visitors

Since visitors are unfamiliar with their environment, they rely solely on
information from their fellows. This is a modelling assumption based
on experimentally confirmed behavior in primates [26] and which has
been applied in other evacuation models as well (e.g. [16]). To represent
this, we choose to apply a Cucker-Smale-like model which averages the
velocity of nearby evacuees (introduced in [12]). This swarming model is
adapted with a Brownian term Bi representing disorienting and chaotic
effects of an evacuation in an unknown environment, and a repulsion
from the fire source∇H . We note that according to the definition in (2),
H is not differentiable. To obtain this gradient, we smoothen H with a
mollifier.

We denote the position and velocities from evacuee i of XB as ~xbi
and ~vbi , and positions and velocities from member j of the complete
evacuation set X as ~xj and ~vj respectively. We express the motion of
visitor bi as

d~vbi
dt

=
∑
j∈X(~vj − ~vbi)wij −∇H(~xbi , t) + Bi(t)

+
~vbi−∇p
||~vbi−∇p||

vs (~xbi , t) ,
d~xbi

dt = ~vbi ,

~vbi(0) = ~vbi,0,

~xbi(0) = ~xbi,0.

(8)

In (8) wij are weight factors, decreasing as a function of distance, defined
as

wij(s) ∼
1

r2
s

exp

(
−| ~xbi − ~xj |2

r2
s

)
. (9)

In (9), rs is the sight radius (recall (3)) in the evacuees location. It should
be noted that we do not take into account those walls that block the
transfer of information between evacuees, since they are ignored in (9).
However, in the simulations described in Section 8, the size of the walls
generally exceeds the interaction radius.

Another important observation is that in this model, visitors do not
know which of the other occupants are residents, and which are visitors
themselves; they follow others indiscriminately.

6.3 Continuum model description

The path finding velocities are not yet corrected for the interaction and
avoidance tendency among evacuees. Introducing some level of aver-
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aged information, we choose to model interactions at the continuum
level only. This way, we can access inherent macroscopic properties like
densities and crowd pressures (recognized as measures in e.g. [27]). Ad-
ditionally, we are interested in the influence of fire on the crowd pressure,
which both act on the evacuees as macroscopic ’social’ forces. To adjust
the behavior of evacuees in crowded zones, we apply a unilateral incom-
pressibility constraint (UIC) as proposed in [29]. First, we interpolate
the agent positions to a macroscopic density ρ and velocity ~v. Then we
introduce a pressure p that forces the macroscopic density to satisfy a
prescribed maximum value ρmax.

Let ρ(~x, t) represent the averaged concentration of evacuees in ~x at
time t, the measure of crowdedness. The scalar field ρ is obtained by
convolving all evacuee positions ~xi pinned as Dirac distributions δ~xi

,
with a smooth interpolation kernel ψ

ρ(~x, t) =

N∑
i=1

(
δ~xi(t) ∗ ψ

)
(~x).

We obtain a macroscopic velocity in a similar fashion; by convolving
all evacuee velocities ~vi to a velocity field:

~v(~x, t) =

∑N
i=1 ~vi(t)

(
δ~xi(t) ∗ ψ

)
(~x)

ρ(~x)
.

Finally, we look for a pressure p(~x, t) that satisfies the following equa-
tion

∂ρ

∂t
= −div (ρ(~v −∇p)) . (10)

subject to the following unilateral incompressibility constraints (UIC)
conditions for all ~x and t:

p(~x, t) ≥ 0, ρ(~x, t) ≥ 0, p(~x, t)(ρmax − ρ(~x, t)) = 0. (11)

(10) together with the conditions in (11) forces the groups of pedes-
trians on every patch in Ω to satisfy a maximum density. As soon as
a patch violates maximum density ρmax, a pressure is introduced that
steers pedestrians away from the overcrowded location. As a result, the
density decreases until it satisfies the maximum density again.

Figure 8 illustrates a pressure field in an ongoing simulation which
contains incompressible zones. The corresponding pedestrian configura-
tion is displayed in Figure 7.

7 Discretization

In our implementation, we discretize Ω in a rectangular grid fine enough
to resolve the obstacles and the exit. We discretize u by averaging (5) over
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Figure 7: A snapshot of a simula-
tion in the geometry of our case
study.
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Figure 8: Pressure observed in the
simulation snapshot of Figure 7.

each grid cell so that we obtain an approximation of Φ by numerically
solving (6) using a fast marching algorithm ([42]). This preferred path
minimizes the cost of moving from ~xp to ~xq where, if this path leads past
a fire, a trade-off is made between choosing a short path and maintaining
a safe distance from the fire source.

In the pre-processing phase of the simulation, two potential fields
are computed, one accounting for the fire, while the other one does not.
By keeping track which pedestrians are aware of the fire, the updating
of knowledge can be handled in an efficient manner. Equation (10) is
discretized as follows: at each time step of the simulation, in any location
~x, if the local density of evacuees ρ(~x) exceeds a threshold ρmax, the
UIC takes effect and, if needed, the crowd flow locally changes from
a compressible to an incompressible flow regime. We can do this by
making sure the macroscopic velocity field ~v is divergence-free in ~x. As a
result, ρ(~x) cannot increase and a pressure p(~x) is introduced that exerts
a force on the crowd proportionally to ∇p(~x). This way, we are able
to control the maximum density of the evacuees for any patch in the
domain. The unilateral constraints ensure that no pressure-related forces
are applied outside of the high-density zones.

We discretize ρ and v on the same grid as (1) and (6) as vector objects
denoted by ~ρn and ~vn, respectively. The discretized pressure ~pn is the
solution of the quadratic problem:

Minimize f(~pn), defined as

f(~pn) = 〈~pn, ρmax − ~ρn + div(~ρn~vn − ~ρn∇~pn)∆t〉, (12)

subject to the constraints

(~pn)i ≥ 0, (~ρn)i ≤ ρmax for all 1 ≤ i ≤ n,

where we abuse the notation of div ~u and ∇~u to denote a consistent
discrete approximation of continuous counterpart div u and ∇u, respec-
tively.
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Exploiting the complementary relation between ρmax− ~ρn and ~pn, we
can convert (12) to a linear complementarity problem and solve it using
the projected Gauss-Seidel algorithm on each time step without creating
a bottleneck for the simulation. For more details regarding the algorithm
and the implementation, we refer to [29] and [34] respectively.

Because of our discretization of the UIC, the avoidance tendency is not
maintained on distances smaller than the grid size. Therefore, to model
size exclusion, we manually need to move evacuees apart to prevent
them occupying locations too close to each other.

Each time step, we compute the propagation of the smoke according
to (1), we update the sight radii and the new positions of the agents
according to the model in Section 6. When an agent reaches the exit, his
residence time is recorded and he is removed from the geometry.

8 Results

The results are run in crowd simulation prototyping application Mercurial
([35]). This is an open-source framework developed in Python and For-
tran to simulate hybrid crowd representations as the one described in Sec-
tion 2. It provides both agent-based- and continuum-level visualizations.
Mercurial supports the design of arbitrary two-dimensional geometries,
and has features for collecting and post-processing simulation results.
More details on the structure and implementation of Mercurial are found
in [34].

We ran the simulation 15 times in our case study containing 1000
evacuees, each time varying the ratio of visitors and residents. We started
with a scenario filled with only residents. We indicate the simulation
configuration by the ratio of visitors in the environment ( NB

NA+NB
= 0),

and increased this number with 0.05 for each subsequent run. Figure 9
and Figure 10 display two snapshots of the geometry for ratios 0.3 and
0.7, respectively.

We have chosen this environment to resemble the interior of a large
building, characterized by corridors. The environment is set up so that
without knowledge of the environment, it is possible but quite difficult
to find an exit, especially with high densities of smoke.

In Figure 9, we observe a structured evacuation, with almost of the
evacuees belonging to a group moving towards the exit. As one would
expect, the evacuation in Figure 10 progresses more chaotically. Most
evacuees move in smaller groups, their direction largely influenced by
the outline of the corridor they move in.

The larger groups typically are centered around a resident, constitut-
ing a “shepherding effect”: a leader/follower scenario where the leader
is surrounded from all sides by a large group of followers. This allows a
large number of evacuees to reach the exit in both scenarios, as observed
in Figure 11 which displays the evacuation times for the two cases. This
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Figure 9: Snapshot after t = 46 for a visitor ratio of 0.3. Visitors are
displayed as empty circles, residents as filled circles. The larger orange
circle represents the center of the fire.

Figure 10: Snapshot after t = 46 for a visitor ratio of 0.7. Visitors are
displayed as empty circles, residents as filled circles. The larger orange
circle represents the center of the fire.
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Figure 11: Number of evacuees left at time t for two ratios of occupants.

shepherding effect is most strongly present in the beginning of the situa-
tion, when the smoke density is still low enough for visitors to maintain
a large sight radius. In some configurations, we observed groups of
visitor clusters with an XA leader to move faster than a typical group of
residents.

Notice how in both evacuations there exist a large crowded zone
close to the fire location. This is due to the lack of information the
residents have about the location of the fire. Attempting to take the
fastest route to the exit, takes them through hordes of residents and
visitors drawn towards the same location. Because of these conflicting
directions, the visitors are not able to consistently follow other evacuees
and the evacuation stagnates. This does not happen in the other corridors,
regardless of their level of congestion.

Figure 11 depicts the evacuation process as a function of time. In
the initial stage of evacuation, egress is controlled by the capacity of the
corridors and exits (revealed by the near-constant slope). After that time,
the bulk of evacuees has been removed from the scene and the remainder
consists of evacuees with a high initial distance to the nearest exit. Note
that in spite of the large difference in evacuee ratios, the evacuation times
for most residents are quite similar. The observation that large agent
systems can be driven with a relatively small number of ’active particles’
is consistent with observations made in other contributions on particle
systems (cf. e.g. [24]). This illustrates the effect of the leader-follower
dynamics. The evacuation stagnates after all residents have left, leaving
only the visitors with a lack of information.

The difference in evacuees behavior is also revealed by the formation
of the incompressibility zones, shown in Figure 12 and Figure 13.
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The pressures experienced in simulations with low visitor ratios are
substantially higher. This can be attributed to the persistence in direction
the residents display. Whenever a corridor appears clogged, the visitors
are more prone to find an alternative exit. The difference in the pressure
plots indicates that the visitors are more successful in avoiding the fire
and harmful smoke effects than the residents.

Logarithmic pressure plot, visitor ratio = 0.3
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Figure 12: Logarithmic heat-map
of pressure zones that developed
in the scenario for a visitor ratio
of 0.3.

Logarithmic pressure plot, visitor ratio = 0.7
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Figure 13: Logarithmic heat-map
of pressure zones that developed
in the scenario for a visitor ratio
of 0.7.

Finally, we look at the times on which 90% of all evacuees have left the
geometry. These times are displayed for several visitor ratios in Figure 14.
We observe a positive trend of increasing evacuation time for increasing
values of α, but it is apparent that for ratios up to 0.35 the evacuation
times are comparable.
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Figure 14: Evacuation time for various values of occupant ratios.

It should be pointed out that in this stage of development we do not
aim to predict accurate evacuation times; the evacuation times reported
here lose credibility for visitor-dominated simulations. This is mainly
due to the assumption that visitors without information walk in random
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directions, without any aid of memory or evacuation signals usually
present in buildings. Rather, these simulations try to provide insight in
evacuation behaviors for different crowd compositions.

9 Conclusions

The simulations shown in Section 8 draw attention to three fundamental
aspects:

• A key observation is that evacuations can progress efficiently even
when relatively many people have no knowledge of their environ-
ment. However, when the number of people that have environment
knowledge drops below a certain threshold, evacuation time is
strongly impacted. This is in line with conclusions drawn from the
experiments in [18], stating that visitors have a significantly longer
evacuation time than evacuees familiar with the building.

• The simulations indicate that having knowledge of the environ-
ment increases in some cases the risk to exposure to smoke and fire,
possibly due to the fact that no alternatives other than the fastest
route to the exit are considered. This is in line with observations
made in [5], which states that people tend to follow their normal
patters, even if that comes with additional risks. Further experi-
mental research is required to draw quantitative conclusions based
on these observations.

• If visibility is reduced, the crowd dynamics becomes driven by so-
cial group behaviors. We expect this to involve a high coordination
cost and significant information overload (compare the study [9],
e.g.).

10 Outlook

Looking forward, it is our aim to extend the applicability of this simu-
lation framework to cope with more realistic scenarios. Concretely, we
would like to improve the smoke simulation by assuming the propa-
gation of the smoke plume follows a coupled thermo-diffusion system
interlinked with compressible Navier-Stokes equations, possibly in three
dimensions. Additionally, it would be interesting to include the effect of
smoke inhalation on evacuees.

By including more intelligence for visitors, we aim to obtain more
realistic evacuation times. By validating these with data on evacuation
experiments, we will be able formulate more quantitative conclusions

Finally, for safety reasons, complex buildings or festivals gathering
large crowds are endowed with way-signaling systems showing route
choices with indications telling people where to go, enhancing their
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knowledge of a path towards the exit. This brings in the discussion the
complexity of social choices. We have already expanded our simulation
framework to cope with way-signaling systems and plan to investigate
in the near future their efficiency especially when handling critical pedes-
trian flow conditions.
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aulaz. “A hierarchy of heuristic-based models of crowd dynamics”.
In: Journal of Statistical Physics 152.6 (2013), pp. 1033–1068.

[14] D. Drysdale. An Introduction to Fire Dynamics. John Wiley & Sons,
2011.



159

[15] H. Duong, A. Muntean, and O. Richardson. “Discrete and contin-
uum links to a nonlinear coupled transport problem of interacting
populations”. In: The European Physical Journal Special Topics 226.10
(2017), pp. 1–13.

[16] D. Helbing, I. Farkas, and T. Vicsek. “Simulating dynamical features
of escape panic”. In: Nature 407.6803 (2000), p. 487.

[17] M. M. Hirschler. “The measurement of smoke in rate of heat release
equipment in a manner related to fire hazard”. In: Fire Safety Journal
17.3 (1991), pp. 239–258. ISSN: 0379-7112.

[18] S. Horiuchi, Y. Murozaki, and A. Hukugo. “A case study of fire and
evacuation in a multi-purpose office building, Osaka, Japan”. In:
Fire Safety Science 1 (1986), pp. 523–532.

[19] R. Hughes. “A continuum theory for the flow of pedestrians”. In:
Transportation Research Part B: Methodological 36.6 (2002), pp. 507–
535.

[20] T. Jin. “Studies on human behavior and tenability in fire smoke”.
In: Fire Safety Science 5 (1997), pp. 3–21.

[21] A. Jonsson, C. Bonander, F. Nilson, and F. Huss. “The state of
the residential fire fatality problem in Sweden: Epidemiology, risk
factors, and event typologies”. In: Journal of Safety Research 62 (2017),
pp. 89–100.

[22] M. Kobes, I. Helsloot, B. De Vries, and J. G. Post. “Building safety
and human behaviour in fire: A literature review”. In: Fire Safety
Journal 45.1 (2010), pp. 1–11.

[23] M. Kobes et al. “Way finding during fire evacuation; an analysis
of unannounced fire drills in a hotel at night”. In: Building and
Environment 45.3 (2010), pp. 537–548.

[24] R. Kusters and C. Storm. “Dynamic phase separation of confined
driven particles”. In: EPL 118.5 (2017), p. 58004.

[25] R. Lovreglio, E. Ronchi, G. Maragkos, T. Beji, and B. Merci. “A
dynamic approach for the impact of a toxic gas dispersion haz-
ard considering human behaviour and dispersion modelling”. In:
Journal of Hazardous Materials 318 (2016), pp. 758–771.

[26] H. Meunier, J.-B. Leca, J.-L. Deneubourg, and O. Petit. “Group
movement decisions in capuchin monkeys: The utility of an experi-
mental study and a mathematical model to explore the relationship
between individual and collective behaviours”. In: Behaviour 143.12
(2006), pp. 1511–1527.

[27] M. Moussaı̈d, D. Helbing, and G. Theraulaz. “How simple rules de-
termine pedestrian behavior and crowd disasters”. In: Proceedings
of the National Academy of Sciences 108.17 (2011), pp. 6884–6888.



160

[28] G. W. Mulholland and C. Croarkin. “Specific extinction coeffi-
cient of flame generated smoke”. In: Fire and Materials 24.5 (2000),
pp. 227–230. ISSN: 1099-1018.

[29] R. Narain, A. Golas, S. Curtis, and M. C. Lin. “Aggregate dynamics
for dense crowd simulation”. In: ACM Transactions on Graphics
(TOG). Vol. 28. 2009, p. 122.

[30] N. Pelechano and N. I. Badler. “Modeling crowd and trained leader
behavior during building evacuation”. In: IEEE Computer Graphics
and Applications 26.6 (2006).

[31] N. Pinter-Wollman, S. M. Fiore, and G. Theraulaz. “The impact of
architecture on collective behaviour”. In: Nature Ecology & Evolution
1.5 (2017), s41559–017.

[32] L. Qi and X. Hu. “Design of evacuation strategies with crowd
density feedback”. In: Science China Information Sciences 59.1 (2016),
pp. 1–11.

[33] O. M. Richardson, A. Jalba, and A. Muntean. “Effects of environ-
ment knowledge in evacuation scenarios involving fire and smoke:
A multiscale modelling and simulation approach”. In: Fire Technol-
ogy 55.2 (2018), pp. 415–436.

[34] O. Richardson. “Large-scale multiscale particle models in inhomo-
geneuous domains: Modelling and implementation”. PhD thesis.
Technische Universiteit Eindhoven, 2016.

[35] O. Richardson. Mercurial. Software repository. 2015. URL: https:
//github.com/0mar/mercurial.

[36] E. E. Smith. “Heat release rate calorimetry”. In: Fire Technology 32.4
(1996), pp. 333–347.

[37] P. Sörqvist. “Grand challenges in environmental psychology”. In:
Frontiers in Psychology 7 (2016).

[38] V. Tabak, B. de Vries, and J. Dijkstra. “Simulation and validation of
human movement in building spaces”. In: Environment and Plan-
ning B: Planning and Design 37.4 (2010), pp. 592–609.

[39] L. Tan, M. Hu, and H. Lin. “Agent-based simulation of building
evacuation: Combining human behavior with predictable spatial
accessibility in a fire emergency”. In: Information Sciences 295 (2015),
pp. 53–66.

[40] A. Tewarson. “Smoke emissions in fires”. In: Fire Safety Science 9
(2008), pp. 1153–1164.

[41] A. Treuille, S. Cooper, and Z. Popovic. “Continuum crowds”. In:
ACM Trans. Graph. 25.3 (2006), pp. 1160–1168.

[42] J. N. Tsitsiklis. “Efficient algorithms for globally optimal trajecto-
ries”. In: IEEE Transactions on Automatic Control 40.9 (1995), pp. 1528–
1538.

https://github.com/0mar/mercurial
https://github.com/0mar/mercurial


161

[43] P. Van Hees. “Validation and verification of fire models for fire
safety engineering”. In: Procedia Engineering 62 (2013), pp. 154–168.





VIPaper

Reprinted from

A deterministic reversible model of
non-equilibrium phase transitions

and its stochastic counterpart

E. N. M. Cirillo, M. Colangeli, A. Muntean, O.
Richardson, and L. Rondoni. “Deterministic
reversible model of non-equilibrium phase

transitions and stochastic counterpart”. In: Journal
of Physics A: Mathematical and Theoretical 53.30
(2020), p. 305001. ISSN: 1751-8113, 1751-8121





A deterministic reversible model of
non-equilibrium phase transitions and its

stochastic counterpart

E. Cirillo, M. Colangeli, A. Muntean, O. Richardson, L. Rondoni

Abstract

N point particles move within a billiard table made of two cir-
cular cavities connected by a straight channel. The usual billiard
dynamics is modified so that it remains deterministic, phase space
volumes preserving and time reversal invariant. Particles move in
straight lines and are elastically reflected at the boundary of the
table, as usual, but those in a channel that are moving away from a
cavity invert their motion (rebound), if their number exceeds a given
threshold T . When the geometrical parameters of the billiard table
are fixed, this mechanism gives rise to non–equilibrium phase tran-
sitions in the large N limit: letting T/N decrease, the homogeneous
particle distribution abruptly turns into a stationary inhomogeneous
one. The equivalence with a modified Ehrenfest two urn model,
motivated by the ergodicity of the billiard with no rebound, allows
us to obtain analytical results that accurately describe the numerical
billiard simulation results. Thus, a stochastic exactly solvable model
that exhibits non-equilibrium phase transitions is also introduced.

Keywords: billiards, Ehrenfest urn model, non–equilibrium states, phase
transitions

PACS: 64.60.Bd, 68.03.−g, 64.75.−g; alternatives 05.45.-a, 05.70.Fh

1 Introduction

Phase transitions among equilibrium states are widely investigated and
well understood phenomena, which is one of the major achievements
of statistical mechanics [52, 11]. Non-equilibrium phase transition [47,
39, 38, 36, 45, 35, 53] on the other hand, are much less investigated and
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currently, a comprehensive framework seems to be lacking, as it is in
general the case for non-equilibrium statistical mechanics [56]. How-
ever, the past three decades have witnessed important advances, based
on the generalization of equilibrium fluctuations theory and its conse-
quences, such as the fluctuation-dissipation theorem and response theory
[46, 32, 23, 58]. While stochastic models have occupied the largest frac-
tion of the recent specialized literature, because simpler to treat and
more inclined to produce results [42], major achievements came from
the study of deterministic time reversal invariant (TRI) dynamical and
dissipative, i.e. phase space volumes contracting, systems, such as those
of non-equilibrium molecular dynamics (NEMD). These advances in-
clude relations between dynamical quantities such as the Lyapunov
exponents and macroscopic properties such as the transport coefficients
[31], fluctuation relations [30], linear response relations for perturbations
of non-equilibrium steady states [57, 24, 54], and exact response relations
together with novel ergodic notions [33, 34, 40]. It is indeed more nat-
ural to investigate in deterministic reversible dynamics, rather than in
stochastic processes, the properties related to microscopic reversibility.
In fact, stochastic processes are intrinsically irreversible, although they
may enjoy the property known as detailed balance [41].

Concerning non-equilibrium phase transition, most results are ob-
tained for stochastic processes. In fact, various kinds of abrupt transitions
have been reported also in the NEMD literature. They have been ob-
served in systems of small numbers of particles, when dissipation is
increased; see, e.g. “string phases” in shearing fluids, where dissipation
can be so strong that chaos of fluid particles is damped and ordered
phases arise [32, 28]. The non-equilibrium Lorentz and Ehrenfest gases
are even more striking from this point of view, because chaos in the
dynamics of non–interacting particles can be tamed by dissipation, and
an impressive variety of bifurcation–like and hysteresis–like phenomena
may result, cf. [44, 43, 27, 1]. However, these behaviors have not been
investigated as transitions that occur in some kind of macroscopic limit,
or for conservative dynamics. Therefore, the question arises whether
they can be obtained in deterministic, TRI and possibly non–dissipative
systems.

In the present paper, we investigate the onset of non-equilibrium
phase transitions in a conservative, TRI dynamical system of phase space
M, consisting of N point particles moving in straight lines at constant
speed v = 1, within a billiard table Λ made of two circular urns of radius
r, connected by a rectangular channel of width w and length `, cf. Fig.1.
The channel is then divided in two parts: its left half GL and its right half
GR, each of length `/2, called gates. When particles hit the boundary ∂Λ
of the table, they are elastically reflected. This means that their speed is
preserved while their velocity is reversed so that the outgoing angle with
respect to the normal to ∂Λ at the collision point equals the incoming
angle. So far, we have described a standard ergodic billiard [4, 5]. We
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Figure 1: Schematic representation of the model.

then add one further dynamical rule: when the total number of particles
in any of the two gates that point towards the other gate exceeds the
threshold value T , the horizontal component of the velocity of those
particles is reversed. When such a bounce–back mechanism takes place,
the particles in the interested gate directed towards the other gate go
back to the urn from which they came. The particles that are coming
from the other urn continue unaltered their motion.

As initial condition, a certain fraction of particles is placed in the
left urn and the remaining fraction in the right one; their positions and
directions of velocities are chosen at random with uniform probability.

If T ≥ N , one has the usual TRI and ergodic billiard dynamics. Er-
godicity implies that each particle spends an equal amount of time in the
two urns, hence, for large N , an equilibrium distribution of particles is
reached, in the sense that approximately the same number of particles
are found in the urns, apart from small oscillations about that number,
and apart from very rare large deviations related to correspondingly long
recurrence times. Time reversal invariance means that there exists an
involution i :M→M of the phase space in itself, that anticommutes with
the time evolution St :M→M, so that [40]:

StiΓ = iS−tΓ for all Γ ∈M (1)

where t ∈ R is the time, and i2 is the identity operator on M. For
instance, denoting by q the positions of the particles, and by p their
momenta, so that Γ = (q,p) is a phase inM, the usual reversal operation
is defined by i(q,p) = (q,−p). However, various other involutions
could be considered, see e.g. [2, 25].

If T < N , ergodicity implies that sooner or later a number of particles
larger than T will be found in, say, GL with velocity pointing towards
GR. At that time, the standard billiard dynamics will be interrupted, and
the particles in the left gate that were going rightward will be reflected
as if they had hit a rigid vertical wall: this event does not alter the
reversibility of the dynamics, as the usual involution that preserves
positions and inverts momenta works also in this case. Indeed, the
bounce–back mechanism within a gate is like an elastic collision with
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a wall: the only difference is that we cannot trivially see such a wall,
because it occupies a precise region W ⊂ M of the phase space, but
not of the real two dimensional space. Nevertheless, W exists and is
identified by the condition that more particles than T lie in a gate with
velocity pointing towards the other gate.

The region W can be considered as removed from the phase space,
like the region corresponding to particles inside a scatterer of the phase
space of the Lorentz gas. Analogously, the boundary of W acts like the
one corresponding to the surface of the Lorentz gas scatterer: particles
equally preserve their energy, and their velocities are equally elastically
reflected. Indeed, suppose the GL contains T particles moving towards
GR, while one more particle is entering. As the number of such particles
inside GL turns T + 1, their motion is inverted, and they move back to
the left urn. The last particle entering GL spends only a vanishing time
inside that gate, while the other particles remain in GL for as long as
they had been, since their horizontal speed is the same before and after
bouncing back. Our main result about this conservative TRI particle
system, when the geometrical parameters of the billiard table are fixed,
is that a non-equilibrium phase transition takes place, for a given T/N , in the
large N limit. The transition consists in switching from a state in which
half of the particles lies in the left half and the rest in the right half of Λ,
to the state in which almost all particles lie in one of the two halves. The
non-equilibrium nature of the inhomogeneous state is revealed by the
fact that it rapidly relaxes to the homogeneous equilibrium state if the
rebound mechanism is switched off.

The reason for the phase transition is that large N and small T/N
make it harder for particles in the urn with higher density to reach the urn
with lower density, since the bounce–back mechanism is more frequent
at higher density. Therefore, particles exiting the urn with low density
reach the urn with high density and remain trapped, while the difference
between the densities of the left and right urns grows. Differently, when
N is large but T/N is not small, the density in the two urns tends to
equalize and to establish a homogeneous state.2 For sufficiently large N ,
this scenario is confirmed by our simulations of the billiard dynamics.

This phenomenon must be properly interpreted. For any finite N ,
finite recurrence times make the system explore in time many different
distributions of particles, apart from those forbidden by the bounce–back
rule. As N grows, such fluctuations become so rare compared to any
physically relevant time scale, that a given state can be legitimately taken
as stationary. This phenomenon is analogous to that concerning the
validity of the H–theorem of the kinetic theory of gases. While no real
gas is made of infinitely many molecules, hence the corresponding H–
functional in principle is not monotonic and is affected by recurrence,
the Boltzmann equation and the H–theorem perfectly describes such
systems [9, 7]. When N grows, fluctuations in the monotonic behavior

2Possibly neglecting the state in the gates.
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of H become relatively smaller and the recurrence times longer, so that
for a macroscopic system, deviations from the behavior predicted by the
Boltzmann equation are not expected within any physically relevant time
scale.

Thus, unlike rarefied gases that have a single stationary state – the
equilibrium state – our system may be found in a “polarized” steady
state, in which most of the particles are gathered in one urn, or in a
“spread” (homogeneous) steady state, with same numbers of particles
in each urn. When the geometrical parameters of the billiard table are
fixed, the onset of either of the two states depends on N and on T/N ,
and stationarity must be intended as in the kinetic theory of gases.

The fact that N cannot exceed T inside a gate produces a state with
a number density that is lower in the gates than in the urns. A gate
may at most host 2T particles, T going towards and T coming from the
other gate. That corresponds to a number density 4T/`w, which can be
arbitrarily smaller than the highest possible density in one urn, N/πR2,
and than the density in the urns when they are equally populated, which
approximately equals N/2πR2. In other words, given the table Λ and
the threshold T ≥ 1, a sufficiently large N makes the equilibrium state
impossible: both the aforementioned states, i.e., the homogeneous and
the polarized one, are going to be non-equilibrium steady states.3

This sheds light on the relation between microscopic reversibility and
phase space volume preserving property of our dynamics, and the real-
ization of non-equilibrium steady states and phase transitions. Indeed,
our case seems to be different from those reported in the existing litera-
ture. In the first place, note that the effects of microscopic reversibility
may be verified in certain phenomena, even if the standard time rever-
sal symmetry does not hold, because alternative equivalent symmetries
do, cf. e.g. [2, 25]. Such an equivalence depends on the observables of
interest and on the relevance of statistics. Therefore, in certain situations
reversibility may even be totally absent, without affecting properties gen-
erally associated with reversibility, such as the validity of the fluctuation
relations [22, 20]. In NEMD, TRI microscopic dynamics is associated
with an irreversible contraction of phase space volumes, that in some
cases may be quite drastic, and be accompanied by abrupt collapse of the
phase volumes dimensions [28, 44, 43, 27, 1, 3, 55].

Our dynamics, on the other hand, is TRI according to the standard

3One might think that this is analogous to the case of Knudsen gases [26], obtained
when two containers are connected by a capillary thinner than the particles mean free path.
As particles do not interact within that channel, they do not bring information about the
thermodynamic state from one container to the other. Consequently, the system does not
relax to a state of equal temperature and pressure but, denoting by Ti, Pi, i = L,R the
temperature and pressure in the left and the right container, the states obeying

PL√
TL

=
PR√
TR

(2)

are all stationary. Despite some analogy, this is not our case. In fact, our particles do not
interact at all, hence thermodynamics does not apply to them.
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reversal operation, and it is also phase space volumes preserving, al-
though it prevents equilibrium. It seems that our case is similar to the
one described in Ref.[49], concerning a molecular dynamics algorithm
for simulations of a shearing fluid. In that case, a kind of Maxwell demon
exchanges some fast and slow particles. When a Maxwell demon acts,
some thermodynamic rules appear to be violated but, in reality, rather
energetic environments must operate, greatly dissipating, in order to
produce such a “violation” consistently with thermodynamics [48]. Our
bounce–back mechanism, which defeats the trend towards equilibrium
of the standard billiard [4], is an analogous mechanism.

As in other cases, the statistical nature of the quantities of our interest
justifies the introduction of a stochastic counterpart of our determinis-
tic model, which allows a detailed mathematical detailed analysis not
easily accessible in the deterministic framework. In general, associating
stochastic processes to deterministic systems has proven quite useful;
for instance, it has been the key, via representations of SRB measures,
to results such as the fluctuation relation [30, 37]. Therefore, the sec-
ond part of this paper is devoted to a stochastic two urn model that is
inspired by the deterministic model, and for which the existence of a
non-equilibrium phase transition can be investigated analytically. We
remark that thresholds affecting particles dynamics have proven effective
in other investigations of stochastic models such as those of Refs.[12, 13,
16]. We also observe that phase transitions are found in stochastic systems
similar to ours, such as the Ehrenfest urn model with interactions [59,
10]. In fact, our stochastic model reduces to the classical Ehrenfest urn
model, when the bounce–back mechanism is inhibited, and the system
asymptotically relaxes to equilibrium [51].

To match the deterministic and the stochastic models, quantities such
as the frequency of the bounce–back events are required. For billiard
systems, these quantities can be estimated considering the ergodicity of
the standard billiard, and the fact that it yields more accurate results for
larger N . Initially, the dynamics appears like that of an ergodic billiard
with a hole [5, 6]. Then, if the number of particles in one urn is large,
the adjacent gate is rapidly filled with particles moving towards the
other urn, which then bounce back. Therefore, the larger N , the less
likely for particles to leak out of one urn. At the same time, motion
inside the urns is chaotic, which tends to produce uniform space and
velocity distributions, justifying a probabilistic approach. In Section 2,
these calculations are carried out, and are shown to accurately describe
the dynamics.

2 The deterministic model

This section is devoted to the study of the deterministic billiard model. A
preliminary heuristic discussion will be followed by the numerical study
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and by some analytical interpretations of the results.

2.1 Polarized and homogeneous states. Outlet and leak-
ing currents

The motion of particles inside each reservoir is ergodic, therefore, for
large N , we expect that particles leave an urn to enter the adjacent gate
with a rate that simply depends on N , on the radius of the urn, on the
width of the gate and on the speed of the particles. If the rate is low,
a given threshold T may not be exceeded by the number of particles
in the gate, and particles safely cross the channel towards the opposite
urn. On the other hand, if such a rate is high with respect to the typical
time needed by particles to walk through the gates, T can be frequently
exceeded, making particles bounce back.

Starting from a configuration in which the two reservoirs share the
same (large) number of particles, we have two extreme situations to
consider for stationary states:
i) If the ratio T/N is large, the bounce–back mechanism is not effective.

Particles move freely from one reservoir to the other and, at stationarity,
the number of particles in the two urns is approximately constant and
equal. This state is stable and will be referred to as a homogeneous state. In
this case, relatively large average currents flowing in opposite directions
from one urn to the other, that we call outlet currents, balance each other.
ii) If the ratio T/N is small, the particles inside a gate may frequently

exceed T and bounce back to their original urn. The corresponding
average currents, which we call leak currents, are small, hence the initial
condition with an equal number of particles in the two urns is only
slightly perturbed by them. However, even a small fluctuation in this
distribution of particles, due to an instantaneous unbalanced leak current,
will lead to a different bounce–back frequency in the two urns, which
will in turn amplify the difference in the number of particles in the two
urns, till an inhomogeneous (polarized) state will be achieved.

To distinguish between the different stationary states, we introduce an
order parameter χ, called mass displacement, that is the absolute value of
the difference between the time averaged number of particles in the two
halves of the table Λ, divided by N . The parameter χ is thus close to one
in the polarized state and close to zero in the homogeneous state. Note
that in the appropriate region of the parameter space, even when starting
from the homogeneous state (actually, the initial datum is irrelevant), the
system ends up in the polarized state. This can be seen as an instance
of a transient uphill mass transport phenomenon, in which particles are
observed to preferably move from regions of lower concentration to
regions of higher concentration [18, 19, 21, 15].
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2.2 Efficiency of the bounce–back mechanism

Here we estimate the values of the parameters for which the bounce–back
mechanism becomes effective. Thus, for a fixed total number of particles
N , we derive Equation (5), which identifies, in the parameter space r–
w–`–T , the hypersurface separating the region in which the threshold
mechanism is efficient from the region in which it is not.

The idea is the following: relying on the ergodicity argument de-
scribed above, and assuming very largeN , we consider the homogeneous
state and compare the rate at which particles enter a gate as well as the
typical time needed to cross the gate. Take δ such that vδ � w, recalling
that v = 1. The probability that the particle enters a gate from the adja-
cent urn in a time smaller than δ is pδ = 2wv2δ/(2πv · πr2) = wvδ/(πA)
[8, Appendix A], where

A = A(r, w) = πr2 − r2 arcsin
( w

2r

)
+

1

4
w
√

(2r)2 − w2 (3)

is the area of the urn. Obviously, A ≈ πr2 when w is small compared to
the radius r of the urn. Requiring pδ ∼ 1, we get πA/(wv) as an estimate
of the typical time to exit the reservoir.

The average horizontal component of the particles entering the chan-
nel is 2v/π. Hence, the typical time to cross the gate is (`/2)/(2v/π) =
`π/(4v).

Consider the time t and the small interval δ. Each of the N/2 particles
in the reservoir tries to enter the channel in the small time δ. It is like per-
forming (N/2)(t/δ) Bernoulli trials with success probability wvδ/(πA).
Hence, the number of particles entering the channel from one of the
two reservoir during the time t is estimated by t(N/2)wv/(πA). More
in general, we define, for later use, the outlet current Jo(n) = nwv/(πA)
coming from an urn with n particles.

Since on average particles take about the time `π/(4v) to cross the gate,
the typical number of particles inside a gate is equal to the number of par-
ticles which enter it in the time `π/(4v), namely, `π/(4v)(N/2)wv/(πA) =
Nw`/(8A).

We conclude that the bounce–back mechanism is efficient provided
the parameters of the model satisfy the inequality

Nw`

8A
> T . (4)

Thus, exploiting (3), we expect that the region of the parameter space
r–w–`–T in which the threshold mechanism is efficient and that in which
it is not are separated by the hypersurface

Nw` = T8

[
πr2 − r2 arcsin

( w
2r

)
+

1

4
w
√

(2r)2 − w2

]
. (5)
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2.3 Numerical results

To support numerically this intuition, we simulated the model and mea-
sured the stationary average value of the mass displacement

χ =
|NR −NL|

N
, (6)

where NL is the number of particles in the left half of Λ, and NR that of
the particles in its right half, with NL +NR = N . In particular, a random
initial condition Γ ∈M is used, and the standard event–driven algorithm
is implemented, recording the phase whenever a particle collides with
the boundary ∂Λ, reaches the entrance of a gate or crosses from one gate
to the other. This is necessary in our case, in order to verify whether the
particles in a gate going towards the other gate exceed T , or do not.

A simulation is first performed up to a number Mt of events that are
sufficient for the instantaneous value of χ to become constant (modulo
fluctuations), i.e. until a stationary state appears to be reached. This
requires large N , and we have found that N = O(103) suffices. The
simulation stops when a total number Mf of events is reached. Then, χ
is averaged over the time corresponding to the final Mf −Mt steps; an
ensemble of such averages is obtained simulating the evolution from
different initial conditions; and finally the ensemble average of the time
averages is produced.4

For sake of comparison, our simulations have been collected in classes
in which two parameters are fixed to some reference value, while the
remaining pair of parameters varies in a relatively wide range of values.
In Figure 2, we have thus plotted our results for N = 103. For each
value of the parameters we have considered one single realization of the
dynamics, namely, the evolution of the system starting from one random
initial configuration Γ with mass spread χ = 0.50. The reference value
for the four parameters are the following r = 1, T = 10, w = 0.5, and
` = 0.5. The simulation has been performed with Mt = 5 × 106 and
Mf = 6 × 106. We have performed the same simulations starting from
an initial configuration with mass spread equal to 0, 0.25, 0.75, 1 and we
found perfectly similar results.

The parameter region has been chosen around the curve defined
by the equation (5) and derived in Subsection 2.2. Indeed, if all the
parameters but two are fixed, (5) is the algebraic equation of a curve in
the plane in terms of the two varying parameters. We notice that such
a curve (black dotted line in the Figures 2) discriminates the region in
which the bounce–back mechanism is efficient and that in which it is not,
thus locating a rather sharp transition from polarized to homogeneous
states. In our figures, the green region corresponds to a polarized state
(χ = 1), while the deep purple region corresponds to a homogeneous
state (χ = 0).

4The ensemble average is only performed for numerical efficiency, since we have ob-
served that a single very long simulation would suffice.
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Figure 2: Average mass displacement χ for N = 103, as a function of
two parameters, with the remaining ones fixed to a reference value. The
reference values are r = 1, T = 10, w = 0.5, and l = 0.5. The black dotted
line is the theoretical curve (5). The black dashed dotted line is obtained
by multiplying the right hand side of the theoretical curve (5) by the
fitting parameter 0.75. The black solid line is the curve (12).

In all the plots, the black dotted theoretical curve lies closer to the
green part of the graph, which is the inhomogeneous steady state. Hence,
though the level curves of χ rather closely follow the theoretical curve,
the theoretical prediction underestimates the bounce–back mechanism
corresponding to finite N and w. Indeed, according to the inequality
(4), in the plane `–w the region in which the bounce–back mechanism is
efficient lies above the curve, whereas in our pictures, except one, it lies
below it. As noted above, this is not a surprise, since (4) is not a sharp
mathematical inequality, but rather an informed guess, whose accuracy
should increase with N , as long as ergodicity can be legitimately invoked.
As a matter of fact, we observe that the numerically computed interface
differs from the theoretical one just by a multiplicative factor, cf. the
dashed dotted black curve in Figure 2, which is the theoretical curve
multiplied by a number.

In Figure 3, we have plotted our results forN = 104. For each value of
the parameters we have considered one single realization of the dynamics
starting from a randomly chosen initial configuration with initial mass
spread 0.50. The reference value for the four parameters are r = 1,
T = 100, w = 0.5, and ` = 0.5. The simulation has been performed with
Mt = 5 × 106 and Mf = 6 × 106. Results are similar to those obtained
in the case with smaller values of N . As before, we have performed the
same simulations starting from an initial configuration with values of
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Figure 3: Mass displacement χ as a function of two parameters with the
remaining ones fixed to their reference value. The reference values are
r = 1, T = 100, w = 0.5, and ` = 0.5. The total number of particles is
N = 104. The black dotted line is the theoretical curve (5). The black
dashed dotted line is obtained by multiplying the right hand side of the
theoretical curve (5) by the fitting parameter 0.75. The black solid line is
the curve (12).

mass spread equal to 0, 0.25, 0.75, 1 and we again found perfectly similar
results.

2.4 Computing the transition line

We now develop a theoretical argument to explain the (rather) sharp
transition between the polarized and the homogeneous states observed
numerically in Subsection 2.3. Our main result is equation (12) below.
This provides the hypersurface at which the transition between the polar-
ized and the homogeneous state occurs in the parameter space r–w–`–T
for fixed number of particles N .

The key idea is to estimate the leaking current Jl(n) emerging from a
reservoir containing n particles. Consider a time interval of length t and
partition it in smaller intervals of length τ = `π/(4v), the typical time
a particle takes to cross the gate. Moreover, partition each of such time
intervals in τ/δ very small intervals of duration δ such that vδ � w. As
remarked in Subsection 2.2, the probability that one particle in the urn
enters the gate during a time interval of length δ is pδ = wvδ/(πA). Thus,
the probability that s particles enter the gate in the time interval of width
τ is (

nτ/δ

s

)
psδ(1− pδ)nτ/δ−s . (7)
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Since pδnτ/δ is equal to the constant nw`/(4A), by the Poisson limit
theorem, in the δ → 0 limit, the probability (7) tends to

λs

s!
e−λ with λ = n

w`

4A
. (8)

Moreover, the probability that at most T particles enter the gate during
the time interval of width τ is

Pτ =

T∑
s=0

λs

s!
e−λ =

Γ(T + 1, λ)

T !
, (9)

where we recall the definition of the Euler incomplete Γ function

Γ(y, x) =

∫ ∞
x

ty−1e−t dt y > 0. (10)

Thus, typically, only in Pτ t/τ intervals, out of the total t/τ , the particles
entering the gate will not bounce back because of the threshold mecha-
nism. The number of particles that will cross the gate can be estimated as
the typical number of particles that enter the gate in an interval of length
τ conditioned to the fact that such a number is smaller than T multiplied
times Pτ t/τ . Hence, the leaking current from an urn with n particles is
given by

Jl(n) =
1

t

Pτ t

τ

1

Pτ

T∑
s=0

s
λs

s!
e−λ

=
4v

`π

T∑
s=0

s
λs

s!
e−λ =

4v

`π
λ

T−1∑
k=0

λk

k!
e−λ = n

wv

πA

Γ(T, λ)

(T − 1)!
,

(11)

where we used the change of variables s − 1 = k. We remark that (11)
corresponds to a stationary average. We then conclude that the transition
line between the polarized and the homogeneous state is given by the
equation:

dJl

dn

∣∣∣∣
χ=0

=
wv

πA

Γ(T, λ)− λT e−λ

Γ(T )

∣∣∣∣
χ=0

= 0, (12)

where we used that, for any positive integer T , Γ(T ) = (T − 1)!.
To understand the nature of the transition, let us observe Figure 4. As

initially conjectured, it appears that this transition is determined by the
growth of T/N , and that it is sharper at larger N . The transition from
homogeneous to polarized steady states occurs when T/N decreases and
crosses a critical value that depends on the other parameters of the model,
cf. equation (4). Moreover, the transition is sharper if N is larger. The
vertical lines represent the transition value obtained from (12) for the
different values of N considered in the picture. The larger N , the smaller
the transition value, which appears to converge to a finite number in the
N →∞ limit.
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Figure 4: Mass displacement χ as a function of T/N , for growing N .
The mass displacement for different values of N has been measured
following the procedure described in Section 2.3 for r = 1, ` = 0.5,
w = 0.5 and T and N chosen as described in the picture labels. The four
grey vertical lines denote the position of the transition estimated using
(12) for N = 1.5× 104, 1.0× 104, 5.0× 103, 1.0× 103 from the left to the
right, respectively.

2.5 Estimate of the mass displacement

In this section we derive an approximate closed implicit expression for
the mass displacement in the polarized state. We proceed as follows:
We consider the system in the polarized state and suppose that the right
urn is the highly populated one. Consistently with our intuition, this is
realized if the right urn is initially sufficiently more populated than the
left urn, e.g. because a fluctuation has produced this situation. Therefore,
in the following, we only consider situations in NR(0) > NL(0), which
implies NR(t) > NL(t) for times t > 0. Then, in the stationary state,
the outlet current from the left urn equals the leak current from the
right reservoir, which, recalling the definition of outlet current given in
Section 2.2 and that of leaking current given in (11), amounts to

NLwv

πA
= NR

wv

πA

Γ(T, λR)

(T − 1)!
, (13)

where λR = NRw`/(4A). This leads to

χ =
1− Γ(T, λR)/(T − 1)!

1 + Γ(T, λR)/(T − 1)!
, (14)

where λR depends on χ via NR.

3 The stochastic model

In the stochastic Ehrenfest urn model, N balls are initially placed in
two urns. At each discrete time one of the two urns is chosen with a
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probability proportional to the number of particles it contains and one
of its particles is moved to the other urn. If we denote by n the number
of particles in one of the two urns, say the first, the model is a discrete
time Markov chain on the state space {0, 1, . . . , N}with transition matrix
pn,n+1 = (N − n)/N and pn,n−1 = n/N .

To mimic the billiard dynamics of Section 1, we modify the Ehrenfest
stochastic model introducing a threshold T ∈ {0, 1, . . . , N − 1} that
reduces the transition rates from one urn, when its number of particles
exceeds T . More precisely, we pick ε ∈ (0, 1] and, for T < N/2, we set

pn,n+1 =
N − n
N

ε and pn,n−1 =
n

N
, for n ≤ T , (15)

pn,n+1 =
N − n
N

ε and pn,n−1 =
n

N
ε , for T < n < N − T , (16)

pn,n+1 =
N − n
N

and pn,n−1 =
n

N
ε , for n ≥ N − T . (17)

On the other hand, for T > N/2, we set:

pn,n+1 =
N − n
N

ε and pn,n−1 =
n

N
, for n ≤ N − T , (18)

pn,n+1 =
N − n
N

and pn,n−1 =
n

N
, for N − T < n < T , (19)

pn,n+1 =
N − n
N

and pn,n−1 =
n

N
ε , for n ≥ T . (20)

The standard stochastic Ehrenfest urn model is recovered for ε = 1.

3.1 The stationary measure

The stationary measure for the Markov chain can be computed relying
on the reversibility condition

µ(n)pn,n+1 = µ(n+ 1)pn+1,n (21)

for any n = 0, . . . , N − 1.
To compute the stationary measure we have to distinguish two cases.

For T < N/2 the equality (21) can be rewritten as follows:

µ(n)ε
N − n
N

= µ(n+ 1)
n+ 1

N
, n ≤ T − 1

µ(T )ε
N − T
N

= µ(T + 1)ε
T + 1

N
. n = T (22)

µ(n)ε
N − n
N

= µ(n+ 1)ε
n+ 1

N
, T < n ≤ N − T − 1

µ(n)
N − n
N

= µ(n+ 1)ε
n+ 1

N
, n ≥ N − T.
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Solving the recurrence relations (22) by induction, we find the stationary
measure

µ(n) =
εn

Z

(
N

n

)
, n ≤ T

µ(n) =
εn

Z

(
N

n

)
, T + 1 ≤ n ≤ N − T (23)

µ(n) =
εT

Zεn−(N−T )

(
N

n

)
, n ≥ N − T + 1,

where Z is the normalization constant. On the other hand, for T > N/2,
the equality (21) can be rewritten as follows:

µ(n)ε
N − n
N

= µ(n+ 1)
n+ 1

N
, n ≤ N − T − 1

µ(N − T )ε
N − (N − T )

N
= µ(N − T + 1)

N − (N − T ) + 1

N
. n = N − T

(24)

µ(n)
N − n
N

= µ(n+ 1)
n+ 1

N
, N − T < n < T − 1

µ(n)
N − n
N

= µ(n+ 1)ε
n+ 1

N
, n ≥ T − 1.

Solving the recurrence relations (24) by induction, we find the stationary
measure

µ(n) =
εn

Z

(
N

n

)
, n ≤ N − T + 1

µ(n) =
εN−T+1

Z

(
N

n

)
, N − T + 2 ≤ n ≤ T − 1 (25)

µ(n) =
εN−T+1

Zεn−T+1

(
N

n

)
, n ≥ T,

where Z is the normalization constant.

3.2 The large N behavior

We are interested in the structure of the stationary measure as N is large.
We set T = bλNcwith λ ∈ (0, 1). We define

I(n) = − 1

N
logµ(n) (26)

for n = 0, 1, . . . , N and look for its minima.
We discuss in detail the case λ > 1/2. In the first region, n ≤ N−T+1,

simple algebraic calculations yield

I(n+ 1)− I(n) = − 1

N

[
log ε+ log

N − n
n+ 1

]
. (27)
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Figure 5: Left panel: Regions where conditions (30) (small bronze region)
and the condition on the right in (29) (large blue region) are satisfied.
Right panel: Regions where conditions (32) (small bronze region) and the
condition on the right in (31) (large blue region) are satisfied.

Since
I(n+ 1)− I(n) > 0⇐⇒ n >

εN − 1

1 + ε
, (28)

I(n) has a local minimum at n? = b(εN − 1)/(1 + ε)c in the region
0 ≤ n ≤ N − T + 1 provided

εN > 1 and ε < ε∗ =
1

λ
− 1. (29)

The first inequality is obvious. Concerning the second, we note that
(εN − 1)/(1 + ε) < N − λN + 1 is equivalent to [λ(1 + ε)− 1]N < 2 + ε,
which can be satisfied for arbitrarily large N only if the square bracket in
the left hand side is negative.

With a similar argument we find that in the second region,N−T+2 ≤
n ≤ T − 1, the function I(n) has a local minimum at n?? = b(N − 1)/2c.
In the third region, n ≥ T , results are like in the first region, taking N − n
in place of n.

Finally, we compare the values attained by the function I(n) at the two
local minima n? and n??. Assuming N to be large, so that, in particular,
the approximations n? ≈ εN/(1 + ε) and n?? ≈ N/2 are valid, we get

I(n?)− I(n??) < 0⇐⇒ 2ε1−λ < 1 + ε. (30)

As shown in the left panel of Figure 5, condition (30) is stronger than
the condition on the right in equation (29). Hence we have the following
options: if condition (30) is satisfied, the stationary measure concentrates,
in the largeN limit, on the polarized state, in which n = n? or n = N−n?
(smaller bronze region in the left panel of Figure 5). If the condition on
the right in (29) is satisfied, but (30) is violated (part of the parameter
space between the large blue and the small bronze region in the left panel
of Figure 5), then the stationary measure concentrates, in the large N
limit, on the homogeneous state, in which n = N/2. The states with
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Figure 6: Number of particles in urn one (disks) and two (squares). Solid
(open) symbols refer to the initial condition in the polarized (homoge-
neous) state n = εN/(1 + ε) (n = N/2). Parameters: N = 250, ε = 0.2
and, in lexicographic order, λ = 0.05, 0.31, 0.45, 0.52, 0.69, 0.95.

n = n? or n = N − n? are sort of metastable states. For different values
of the parameters the measure simply concentrates on the state n = N/2.

For λ < 1/2 the discussion is similar. In this case, conditions (29) and
(30) are respectively replaced by

εN > 1 and ε <
λ

1− λ
(31)

and
I(n?)− I(n??) < 0⇐⇒ 2ελ < 1 + ε, (32)

see also the right panel in Figure 5.

3.3 Numerical simulations

In this section we report on Monte Carlo simulations meant to test the
results obtained in Section 3.2 and to show the existence of a sort of
metastable state, close to the transition line defined by conditions (30)
and (32).

In Figure 6 we plot the urn content as a function of time for exper-
iments with N = 250 and ε = 0.2. The initial state is either polarized
(solid symbols) or homogeneous (open symbols). Looking at the picture
in lexicographic order, the first one refers to the case λ = 0.005 so that
the system is represented by a point in the bottom (white) region in the
right picture of Figure 5. The predicted stationary state is the homoge-
neous one and the picture shows that with both initial conditions, the
system quickly jumps to such a homogeneous state and goes on fluc-
tuating around it at any time. In the second picture λ = 0.31 and the
point representing the system in the right picture of Figure 5 falls in the
middle (blue) region, very close to the upper (orange) transition line. As
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Figure 7: As in Figure 6 with parameters N = 1000, ε = 0.4 and, in
lexicographic order, λ = 0.1, 0.365, 0.45, 0.55, 0.635, 0.9.

confirmed by the simulation, the stationary state is still the homogeneous
one, but if the initial condition is polarized, then the system spends a lot
of time in such a state before performing, at a random time, an abrupt
transition to the homogeneous one. In other words, in the middle (blue)
region of Figure 5, very close to the upper (orange) transition line, the
polarized state appears to be a metastable state [50, 17]. In the third
picture we have λ = 0.45, and the point representing the system in the
right panel of Figure 5 falls in the upper (bronze) region. As confirmed
by the simulation, the stationary state is polarized.

The last three panels of Figure 6 can be discussed similarly. In Figure 7,
the analogous Monte Carlo study is repeated for a larger value of the
parameter ε, namely, ε = 0.4 and with N = 103. Similar results are found.
It is worth noticing that the fluctuations of the numbers of particles
around the theoretical values, indicated by the dashed lines, are smaller
than those observed in Figure 6. In fact, larger numbers of particles result
in smaller relative fluctuations.

4 Discussion

In this paper, we have investigated a deterministic, TRI and phase space
volume preserving particle system, which exhibits a non–trivial non-
equilibrium phase transition, in the limit of large numbers of particles
N , i.e. when N is sufficiently large that fluctuations are negligible and
recurrence times are unphysically long. In practice, we realized that this
effect appears even at moderately large N , such as N = O(104). We
evidenced that the transition from a homogeneous to a polarized steady
state can be induced by varying the geometrical parameters of the billiard
table (e.g. the radius of the urns, the width or the length of the gates).
Moreover, the phase transition can also be determined by the decrease of
the ratio of threshold and number of particles T/N . Remarkably, both
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the homogeneous and the polarized states amount to non-equilibrium
steady states. As a matter of fact, even the homogeneous state, which
means N/2 particles in the left half and N/2 in the right half of Λ, does
not correspond to a uniform number density in Λ, because the density
in the gates is not larger than 4T/`w, which does not grow with N ,
while the number density in one urn is not smaller than (N − 8T )/2πr2,
which grows linearly with N . At relatively small N , the transition occurs
gradually, over a range of T/N values which shrinks with growing N ,
eventually giving rise to a kind of first order transition. Also, larger N
implies a smaller T/N value at the transition, and such a value seems
to converge to a finite number in the N → ∞ limit. Our deterministic
model introduces a new kind of dynamics leading to non-equilibrium
phase transitions apparently with no dissipation, but thanks to the action
of a kind of Maxwell demon. Clearly, the physical implementation of the
demon would imply dissipation in the environment.

To the best of our knowledge, this is the first example of such a kind.
In the first place, most reports on non-equilibrium phase transitions con-
cern stochastic processes and not deterministic dynamics. Secondly, the
TRI models of non-equilibrium molecular dynamics, experience phase
transitions especially at low numbers of particles, when dissipation can
dominate the time evolution, and drastic reductions of phase space vol-
umes, not expected at large N (cf. e.g. [29]), are easily realized.

The ergodicity of the model without the threshold mechanism sug-
gests a stochastic counterpart. We have thus introduced a new exactly
solvable model, which is a modified version of the Ehrenfest two urns
model, in order to match our billiard dynamics. We have shown that the
numerical results for the billiard model perfectly agree with the analytic
results of the stochastic model, once parameters are properly matched.
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Deterministic model of battery, uphill currents
and non-equilibrium phase transitions

E. Cirillo, M. Colangeli, O. Richardson, L. Rondoni

Abstract

We consider point particles in a table made of two circular cavi-
ties connected by two rectangular channels, forming a closed loop
under periodic boundary conditions. In the first channel, a bounce–
back mechanism acts when the number of particles flowing in one
direction exceeds a given threshold T . In that case, the particles
invert their horizontal velocity, as if colliding with vertical walls.
The second channel is divided in two halves parallel to the first, but
located in the opposite sides of the cavities. In the second channel,
motion is free. We show that, suitably tuning the sizes of cavities, of
the channels and of T , non–equilibrium phase transitions take place
in the N → ∞ limit. This induces a stationary current in the circuit,
thus modeling a kind of battery, although our model is deterministic,
conservative, and time reversal invariant.

Keywords: billiards, Ehrenfest urns, ergodicity; non–equilibrium phase
transitions

PACS: 64.60.Bd, 05.45.-a, 05.40.-a

1 Introduction

The nature of non–equilibrium phenomena is diverse and rich, and a
theory encompassing them is still in the making [22, 18, 20, 2]. Such a task
requires, in particular, understanding the coupling with external agents
or reservoirs that may locally allow the condition of detailed balance or
its violation [19, 25, 26, 15, 11]. In this work we provide numerical results
and a theory explaining the onset of stationary currents in deterministic
conservative reversible systems made of N point particles. Such currents
are generated by non–equilibrium phase transitions, that result in a
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deterministic model of battery, which is phase space volumes preserving
and time reversal invariant [3]. Flows and oscillations produced by this
mechanism resemble those observed in biological systems or chemical
reactions, cf. Refs. [23, 31] for classical and quantum oscillators, and
Ref. [32] for experiments on time crystals. In particular, our single
component deterministic model shows a realization of uphill currents, i.e.
currents opposing the driving fields, thus providing an instance of the
so-called negative absolute mobility [17, 27, 10]. A theoretical description
of uphill diffusions was given in [13, 14] for stochastic spin models
coupled to external reservoirs; moreover, in [1, Sec.4.5] uphill currents
were also obtained from the scaling limit of inhomogeneous random
walks on a lattice. A non–equilibrium phase transition occurring in a
deterministic particle system was recently observed in a model with two
cavities connected by a single channel, allowing no stationary currents [7].
The transition amounts to switching from a homogeneous state, in which
approximatively the same number of particles lies in each urn, to an
inhomogeneous state in which almost all particles gather in a single urn.
The model studied in [7] was also amenable to a stochastic interpretation,
in terms of time-dependent Markov chains. In this work, we investigate
the nature of the steady state in a two-urns model equipped also with
a second channel, that permits to close the system as in a circuit. The
main question we address here is two–fold. First, we shed light on the
existence of non–equilibrium phase transitions for the circuit model, in
which the second channel is designed to contrast the formation of particle
gradients between the urns. Furthermore, we also discuss the emergence
of stationary currents, flowing through the circuit and sustained by the
phase transitions. We shall thus unveil a non–trivial phase diagram
for our model, revealing that phase transitions indeed occur in certain
regions of the parameter space and are always followed by stationary
currents.

The work is organized as follows. In Sec. 2 we introduce our model
and also present the numerical results of our deterministic dynamics.
In Sec. 3 we tackle the theoretical investigation of the model by means
of probabilistic arguments, and also compare the theoretical prediction
with the numerical results. We also highlight strength and limitations of
the probabilistic model. More details on the probabilistic derivation are
deferred to the Appendix 5. Finally, conclusions are drawn in Sec. 4.

2 The model

Our model consists of N point particles that move in straight lines with
speed v = 1, and collide elastically with hard walls. Hence, from collision
to collision, the particles follow these equations of motion: q̇ = p and
ṗ = 0. Therefore, their speed is preserved while their velocity is reflected
with respect to the normal to the boundary of the table, at the collision
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point. The billiard table is made of two circular urns of radius r, connected
by two rectangular channels of widths w,w′ and lengths `, `′, called,
respectively, first and second channel, cf. Fig. 1. The two urns will be
referred to, in the sequel, as urn 1 and urn 2, respectively. The first
channel is divided in two parts, each of length `/2, called gates. Periodic
boundary conditions are imposed by letting the second channel close
the table on a circuit. This constitutes an ergodic billiard [4, 5]. We now

2r !/2

ww! 

!! /2

Figure 1: The billiard table: the N point particles are represented as small
disks and velocities are represented by arrows. The two grey shaded
regions, in the first channel, are the gates in which the bounce–back
mechanism separately acts. The horizontal component of the velocity
of the particles contained in one gate and moving toward the other is
reversed whenever their number is larger than the prescribed threshold
value T .

add the bounce–back mechanism in the first channel: when the number of
particles in one gate, that are moving toward the other gate, exceeds a
threshold T , the horizontal component of the velocity of those particles
is reversed. The particles coming from the other gate are unaffected
by this mechanism and continue their motion. Although this dynamics
is deterministic, time reversible and phase volumes preserving, it can
produce non–equilibrium phase transitions, because the bounce–back
mechanism implements a sort of negative feedback, that promotes the
onset of a non–equilibrium steady state.

For T ≥ N , the usual ergodic billiard dynamics is realized [4, 30].
Thus, for large N , the vast majority of time is spent in a state in which
approximately the same number of particles resides in each urn. That
state, like any other, is abandoned to reach still other states, with fre-
quency given by the ratio of the respective phase space volumes [24],
therefore no state is strictly stable. Nevertheless, the lifetime of the ho-
mogeneous phase rapidly becomes so long, with growing N , that such
a lack of stability turns physically irrelevant even at moderately large
N , consistently with Boltzmann’s explanation of his H-theorem [21, 6].
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For T < N , ergodicity also guarantees that, sooner or later, the thresh-
old will be exceeded in a gate: as long as that event does not occur, the
dynamics is like the ergodic one, which eventually leads to a station-
ary homogeneous state. When the threshold is exceeded, the standard
dynamics is interrupted by the bounce–back. As evidenced in [7], for
large N and sufficiently small T/N , a larger concentration of particles in
one urn leads to an increased frequency of activation of the bounce–back
mechanism in the adjacent gate, while particles can flow in from the other
urn, incrementing the effect. As a consequence, one urn gets depleted
of particles, while the other urn increases its population, until a steady
state is reached in which the flow of particles per unit time in the two
directions equalize. In this scenario, a microscopic fluctuation suffices to
trigger the transition, even when starting from the homogeneous phase.
In this work, the phenomenology is much richer: the second channel
allows particles to flow freely, contrasting the trend toward inhomoge-
neous states. Both homogeneous and inhomogeneous states can thus be
realized, and the latter support stationary self sustained currents, as in a
battery.

Each half of the table is now made of one urn, of the adjacent gate
and of the adjacent semi–channel of length `′/2 of the second channel, cf.
Fig. 1. Letting N1 and N2 be the number of particles in the two halves,
with N = N1 +N2, we define the mass spread by

χ = |N1 −N2| /N. (1)

For simplicity, we define the net current by taking the absolute value of the
difference of the number of particles coming from opposite directions and
crossing the vertical line separating the two gates, and by then dividing
this quantity by the elapsed time t [29]. Namely, let n12(t) and n21(t)
denote the number of particles that cross, during the time interval [0, t],
the vertical line separating the two gates in the direction from urn 1 to
urn 2 and in the opposite direction, respectively. The net current flowing
in a given channel is thus given by the ratio

|n12(t)− n21(t)|
t

. (2)

In the large t limit, such a discretely defined current settles to a stationary
value related to the asymptotic billiard current. Due to the symmetry of
the model, it is irrelevant whether the net current is positive or negative.

The model has been simulated as follows. Our numerical algorithm
updates, at each time step, the position of all particles by moving them
along straight lines, in the direction of their velocities, over a distance
v δt. Here δt denotes the time interval between two consecutive collisions
of the particles with the physical boundaries of the table and also with
the fictitious vertical lines marking either the boundary of each gate with
the adjacent urn or the junction between the two gates in the first channel.
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Figure 2: Stationary values of the mass spread χ (left panel) and net
current (right panel) for N = 103, w = 0.3, r = ` = `′ = 1. The initial
condition yields χ(0) = 0. In the left panel, the red pixels denote the
homogeneous phase, whereas the other pixels refer to the inhomoge-
neous phase. The white lines mark the theoretical boundary between
homogeneous and inhomogeneous steady states (see Eq. (6)).

Elastic reflections at the boundaries of the billiard table are implemented5.
The initial datum is chosen by fixing arbitrarily the number of particles
inside each urn and selecting their positions and velocities at random
with uniform distribution. Nevertheless, the values attained in the steady
state by the observables in Eqs. (1) and (2) resulted insensitive to the
initial datum. In particular, in all our simulations we verified that, for
any value of the parameters of the model, the same stationary values of
the mass spread and the net current are numerically reached by starting
both from χ(0) = 0 and from χ(0) = 1.

In Fig. 2, we have N = 103, w = 0.3, r = 1, ` = 1, `′ = 1, and varying
values of T/N and w′. Initially, N/2 particles lie in each urn, while the
channels are empty. Positions and velocities are taken at random with
uniform distribution. The stationary values of χ and of the net current are
computed averaging post–collision data, namely, right after the collision
of each particle with the walls of the table. Simulations last 108 collisions,
corresponding, on average, to 105 collisions per particle.

For T/N in an interval that depends on w′, and for small w and w′, an

5The direction of the inward normal at the junction points between the urns and the
channels depends on the origin of the colliding particle. Namely, a junction point is
considered as belonging to the urn or to the channel if the incoming particle is originally
located, respectively, in the urn or in the channel.
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Figure 3: Currents as functions of time, for r = ` = `′ = 1, 0.01 = w′ �
w = 0.3, N = 103, and initial datum such that χ(0) = 0. For T = 2 (panel
(a)) and T = 18 (panel (c)), a homogeneous steady state with zero net
current is reached. For T = 7 (panel (b)), a stationary net current with
N1 6= N2 arises Disks (squares) represent numerically computed flows
out of urn 1 (urn 2) in channel 1; triangles (diamonds) represent flows
out of urn 1 (urn 2) in channel 2. Black dashed lines are the theoretical
values (obtained from the probabilistic model) of the stationary currents;
solid red (blue) lines denote the net currents in the first (second) channel.
The parameter η is plotted in the insets as a function of N2/N , while the
red disks indicate the stable state reached by the deterministic dynamics.

inhomogeneous phase is observed together with a stationary net current
flowing in the circuit. In particular, Fig. 2 shows that for w′ below a
certain critical value, three different regimes are produced by variations
of T/N , corresponding to two non–equilibrium phase transitions. The
agreement between the theoretical solid white lines and the numerical
results is imperfect because our theoretical calculations rely on proba-
bilistic arguments, which are justified by the ergodic hypothesis, in the
large N and small w,w′ limits. Hence, the theory better describes the
simulations ifN grows. In Ref. [7], where only the first channel is present,
the growth of N produces only one interface between homogeneous and
inhomogeneous phases, that occurs at a specific T/N value, for fixed
geometrical parameters.

The second channel results, instead, in a more complex phenomenol-
ogy, because the free motion of particles passing through it tends to
equilibrate N1 and N2. Therefore, two contrasting mechanisms are at
work, and their interplay, between w′ and T/N in particular, determines
the steady state.

In fact, higher T/N values make the bounce–back mechanism less
likely, hence particles flow more easily through the first channel, while
lower values make particles more likely to bounce back. Flow through
the second channel decreases or increases when w′ does.

Figure 3 shows how two different phase transitions can be encoun-
tered. For T = 2 (panel (a)), we are in the left region of Fig. 2. Here,
a homogeneous phase arises, because in the first channel particles fre-
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Figure 4: Mass spread with the same values of the parameters and of
the threshold considered in Fig. 3: homogeneous and inhomogeneous
states are both stable (blue curve, T = 2); only the inhomogeneous state
is stable (red curve, T = 7); only the homogeneous state is stable (black
curve, T = 18). The dotted and dashed lines indicate the theoretical
values of the mass spread for the inhomogeneous states at T = 2 and
T = 7, respectively. The initial datum is such that χ(0) = 1.

quently bounce back, making left and right flows vanish, but N1 and
N2 equalize thanks to the second channel. For T = 18 (panel (c)), in
the region to the right of Fig. 2, the first channel allows particles to flow
almost freely, with a 0 net current, while just a few particles cross the
second channel, because much smaller than the first: w′ = w/30. For
T = 7 (panel (b)), we fall in the centre of Fig. 2, where an inhomoge-
neous state, characterized by N1 6= N2 and by a stationary net current,
persists longer than our simulations. The reason is that the bounce–back
phenomenon is only partly mitigated by the flow through the second
channel. As the net current in the first channel flows uphill, i.e. against
the population gradient, and downhill in the second channel, the first
channel acts like an emf. The numerical results illustrated in Fig. 3 agree
with excellent numerical accuracy with the theoretical prediction (black
dashed lines) discussed in Sec. 3. Stationary uphill currents in presence
of a non–equilibrium phase transition have been previously observed for
stochastic dynamics in [12, 13, 14]; an analogous behavior has also been
identified in [8] for locally perturbed zero–range processes. In these cases,
uphill currents stem either from a local inhomogeneity in the jump rates,
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or from the non–equilibrium coupling of the bulk dynamics with external
reservoirs, that breaks detailed balance. Our deterministic conservative
dynamics accounts, instead, for the work done by the bounce–back mech-
anism. This phenomenology can be understood introducing a variation
of the probabilistic model of Ref. [7], that agrees with our deterministic
dynamics in the large N and small w,w′ limits. Details can be found in
the Appendix.

3 Theoretical derivation

Using the uniformity of the distribution of the particles and of their
velocities, one first obtains that the number of particles in urn 1, say,
entering channel 1 (or channel 2) per unit time is given by N1wv/(πA)
(or by N1w

′v/(πA)), where

A = πr2 − r2 arcsin w
2r + 1

4w
√

(2r)2 − w2

− r2 arcsin w′

2r + 1
4w
′
√

(2r)2 − w′2.
(3)

The number of particles leaving urn 1 and successfully crossing the first
channel, per unit time, is then reduced by the bounce–back mechanism
to

N1
wv

πA

Γ[T,N1w`/(4A)]

(T − 1)!
, (4)

Γ[y, x] =
∫∞
x
ty−1e−s ds , y > 0 , being the Euler incomplete Γ function.

Thus, in the probabilistic model, the number of particles leaving urn 1
per unit time, and reaching urn 2, minus those going from urn 2 to urn 1
is given by:

η =
N1v

πA

[
w

Γ[T, λ1]

(T − 1)!
+ w′

]
− N2v

πA

[
w

Γ[T, λ2]

(T − 1)!
+ w′

]
(5)

where λi = Niw`/(4A), for i = 1, 2. Correspondingly, a steady state
implies η = 0,

an equation that can be solved for N2. From Eq. (2) it is immediately
seen that the condition of stationarity amounts to the equality between
the net current flowing uphill in the first channel and the net current
flowing downhill in the second channel, as in a circuit. Inspection shows
that N2 = N/2 is a solution of η = 0 and also that, for certain parameters
values, η changes sign in intervals not containing N/2. Given its conti-
nuity, in those cases in which η has more than one zero in [N/2, N ], one
may ask which of the steady states of the probabilistic model is stable.

Given the smoothness of η, the linear stability is given by the sign of
(∂η/∂N2): if positive the steady state is unstable, if negative it is stable.
The points at which this derivative vanishes delimit the domains of
stability of different steady states; hence, as a definition of the theoretical
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transition line, we shall consider the locus of points such that

∂η

∂N2

∣∣∣∣
N2=N/2

= 0 . (6)

In other words, we collect the points where the homogeneous solution of
the equation η = 0 becomes unstable.

The stability criterion based on the derivative of η is illustrated in
Fig. 3. The inset in the panel (a) of Fig. 3 shows two stable steady states
for the probabilistic model, but only the homogeneous one is actually
observed in the simulations. This is in accord with the initial condition
being homogeneous. Possible departures from this state, with N = 103,
are expected to be extremely rare. The panel (c) illustrates a case in
which the homogeneous state is stable, is the only steady state for the
probabilistic model, and is reached with the deterministic dynamics. In
the panel (b), the homogeneous state is unstable for the probabilistic
model, and is not observed in the simulations, despite initially N1 = N2.
While this shows that the probabilistic model describes quite well the
currents in the deterministic dynamics,

Fig. 4 shows that some difference remains at finite N . In particular
it reports the behavior of the mass spread, for the same values of the
parameters and of the threshold considered in Fig. 3, with an initial
datum yielding χ(0) = 1. The red line shows the convergence to an
inhomogeneous steady state, also evidenced in the panel (b) of Fig. 3.
The black line shows the estabishment of a stable homogeneous state (see
panel (c) of Fig. 3), in which the mass spread rapidly drops down around
0. Finally, the blue line illustrates the case, highlighted in the panel (a) of
Fig. 3, in which a homogeneous and one inhomogeneous states are both
stable for the probabilistic model. Starting at χ(0) = 1, the deterministic
dynamics converges toward and lingers over the inhomogeneous steady
state, but then it moves away, eventually converging to the homogeneous
state. Therefore, for our finite N , the lifetime of the inhomogeneous state
is short, that of the homogeneous state is very long. That is why the latter
looks globally attracting for the deterministic dynamics.

In the left panel of Fig. 5, a horizontal slice of Fig. 2, net currents are
plotted as functions of T/N for fixed w′. Theoretical predictions and
data from simulations are compared, which reveals that for small values
of w′ the match is good already at N = 103. The right panel of Fig. 5
highlights the battery phenomenon, with the first channel generating
the emf. The resulting net current, at fixed w′, is linear with the mass
spread χ, and its slope increases with w′, closely following the theoretical
prediction. The linearity is better realized for smaller w′, consistently
with the conditions for the applicability of the probabilistic model to the
deterministic dynamics.
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Figure 5: Net currents as a function of T/N (left panel) and of χ (right
panel) for N = 103, w = 0.3, r = ` = `′ = 1, w′ = 0.0102 (circles),
0.0204 (squares), 0.0306 (triangles), 0.0612 (diamonds). The dashed lines
correspond to the stable solutions of η = 0, see Eq. (5).

4 Conclusions

We considered a deterministic conservative reversible particle system
undergoing a non–equilibrium phase transition, induced by a bounce–
back mechanism in one of the channels. Numerical simulations of the
deterministic dynamics reveal the existence of a rich phase diagram in the
plane w′–T/N , which includes states with stationary density gradients
and stationary currents. Remarkably, the relation between the mass
spread and the net current turns out being linear for small values of
w′, in agreement with the basic tenets of ohmic transport [16, Chapter
4]. The numerical simulations of the deterministic dynamics are also
supported by a theoretical analysis based on probabilistic arguments. The
match between numerical and analytical results, that strictly requires the
N →∞ and w′ → 0 limits, is strikingly good even for moderately large
N and moderately small values of w′. Interestingly, the regime in which
the probabilistic model may be meaningfully applied to the deterministic
dynamics is relatively easy to achieve in practice. Some relevant open
questions still lay ahead; one, in particular, concerns the existence of
phase transitions and stationary currents when considering different
geometries of the channels and/or of the cavities, or by adding long–
range particle interactions. Further challenging mathematical questions
concern the investigation of the thermodynamic limit of our model, the
relaxation of the particle system toward a nonequilibrium steady state,
which could even exhibit anomalous behavior [28], and applications to
the modelling of physical and chemical kinetics.
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5 Probabilistic derivation of stationary currents

A geometrical argument shows that given n particles uniformly dis-
tributed in an urn of area A, having fixed speed v and such that the
direction of their velocities is uniformly distributed on [0, 2π], the typical
number of particles that, in a small time interval of length δ > 0, leave
the urn and enter a gate of width w and length `/2, is given by

2
( n

2πA

)
w

∫ vδ

0

arccos
(

1− x

vδ

)
dx = n

wvδ

πA
(7)

We call pδ = wvδ/(πA) the probability that one particle in the urn enters
the gate in the time interval δ, and also call τ = `π/(4v) the typical time
needed for a particle to cross it. We then introduce a partition of the time
interval τ into segments of length δ.

The probability that s particles enter the gate in the time τ obeys, in
the δ → 0 limit, the Poisson distribution

λs

s!
e−λ with λ = n

w`

4A
, (8)

where n is assumed to be so large not to be sensibly affected by the
number of particles entering the gate. Therefore, the probability that at
most T particles enter the gate in the time interval τ reads

Pτ =

T∑
s=0

λs

s!
e−λ =

Γ(T + 1, λ)

T !
, (9)

Γ[y, x] =
∫∞
x
ty−1e−s ds , y > 0 , being the Euler incomplete Γ function.

We now consider a larger time scale of order t, and introduce a coarser
partition of the latter into segments of length τ . We have that Pτ t/τ
corresponds to the typical number of events such that, in each time
interval τ , there are at most T particles in the gate. On the other hand, the
typical number of particles entering the gate in the time τ , conditioned to
the fact that their number be at most T , is equal to λTΓ(T, λ)/Γ(T + 1, λ).
Hence, we find that

λ

τ

Γ(T, λ)

(T − 1)!
t = n

wv

πA

Γ(T, λ)

(T − 1)!
t (10)

yields the typical number of particles that, up to time t, successfully exit
the gate without being bounced–back by the threshold mechanism [7].
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Figure 6: The billiard table considered in the numerical simulations.
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Figure 7: Stationary currents as functions of T/N , with N = 500 and
N = 1000 (left and right panel, respectively), for r = ` = 1, and w =
0.1 (squares), 0.2 (circles), 0.3 (triangles), numerically obtained from
the simulation of the deterministic dynamics. Dotted and dashed lines
correspond to the theoretical values of the current with N = 500 and
N = 1000 respectively, obtained from Eq. (10).
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In order to validate the theoretical derivation of the currents, based
on these probabilistic arguments, we numerically implemented a deter-
ministic dynamics similar to the one used in the paper. We considered
a billiard table made of a single urn and a semi–channel, whose right
vertical boundary is an elastically reflecting wall, see Fig. 6. Inside
the semi–channel, a bounce–back mechanism works as described in the
paper. Positions and velocities of the n particles are initially taken at
random, inside the urn, with uniform distribution.

Such dynamics guarantees that the number of particles in the urn is
approximately constant, as it equals n minus the (fluctuating) number of
particles in the semi–channel. This, hence, permits a direct check of Eq.
(10).

The stationary current departing from the urn is defined as the long
time limit of the ratio of the number of collisions against the right vertical
boundary of the semi–channel to the elapsed time [29].

Figure 7 shows, in particular, the comparison between the theoretical
expression of the current, from Eq. (10), and the numerical values of
the stationary current obtained from the simulation of the deterministic
dynamics. The discrepancy between the theoretical and the numerical
values of the current is highlighted in Fig. 8. As visible from Figs. 7 and 8,
the agreement between theory and simulations improves for decreasing
values of w and for growing values of T/N : namely, when the ergodicity
of the billiard dynamics is restored.

Finally, Fig. 9 highlights the behavior of the specific current, i.e., the
stationary current divided by N , for different values of N .
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