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Abstract
Perfectlymatched layer (PML) is a commonly usedmethod of absorbingwaves
at a computational boundary for partial differential equation (PDE) problems.
In this thesis, methods for improving the usability of implementations in Com-
sol Multiphysics is addressed. The study looks at complex coordinate stretch-
ing PMLs in the context of Helmholtz equation using the finite elementmethod
(FEM). For a PML to work it has to be set up properly with parameters that
takes into account the properties of the problem. It is not always straight for-
ward. Some theory behind PMLs is presented and experimentation on PML
properties performed. Methods for PML optimization and adaption is pre-
sented. Currently, the way PMLs are applied in COMSOL Multiphysics re-
quires the user to perform many tasks; setting up a geometry, meshing and
choosing a suitable complex coordinate stretching. Using a so-called extra-
dimension implementation it is possible to attach PMLs as boundary condi-
tions in COMSOLMultiphysics. This simplifies the usage since the geometry
and mesh is handled by the software.
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Utvärdering, adaption och implementationer
på absorberande våglager
i COMSOL Multiphysics

Sammanfattning
Perfectly matched layer (PML) är en metod som ofta används för vågabsorbe-
ring vid randen för problem med partiella differentialekvationer (PDE). I det
här examensarbetet presenteras metoder som förenklar användingen av PM-
Ler i COMSOLMultiphysics. Studien kollar på PMLer baserade på komplex-
koordinatsträckning med fokus på Helmholtz ekvation och finita elementme-
toden (FEM). För att en PML ska fungera måste den sättas upp på rätt sätt
med parametrar anpassade efter det givna problemet. Att göra detta är inte all-
tid enkelt. Teori presenteras och experiment på PMLer görs. Flera metoder för
optimisering och adaption av PMLer presenteras. I nuläget kräver applicering-
en av PMLer i COMSOL Multiphysics att användaren sätter upp en geometri,
ett beräkningsnät och väljer den komplexa koordinatsträckningen. Genom att
använda COMSOLs implementation av extra dimensioner är det möjligt att ap-
plicera PMLer som randvilkor. I en sådan implementation kan geometri och
beräkningsnät skötas av mjukvaran vilket underlättar för användaren.
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Chapter 1

Introduction

When solving a Partial Differential Equation (PDE) numerically using the Fi-
nite Element Method (FEM) the domain has to be finite. Some PDE problems
are naturally finite, while others can contain wave solutions which can travel
far and wide, physically requiring an infinite domain. Modelling an infinite
region is impossible.
To solve this problem the domain has to be truncated. After the truncation the
outgoing waves have to be handled in some way. One way to do this is to use a
Sommerfeld radiation boundary condition [1]. However, it is only reflection-
less in 1D. In 1977, Engquist and Majda [2] found an Absorbing Boundary
Condition (ABC) based on high-order extrapolation at the boundary. Their
ABC is exact in 1D but not necessarily for higher dimensions. When the waves
strikes at a normal direction they are exact, but oblique incidence will give re-
flections. There exists a lot of other methods for handling infinite boundaries
[3].
In 1994, a paper was published by Berenger [4] which found another method of
absorption. Instead of looking for an absorbing boundary condition Berenger
looked for an absorbing boundary layer. He showed that the layer could be
applied on the artificial boundary independently of the boundary conditions.
The layer could be made reflectionless and the waves that enter the layer could
be made to decay exponentially. Such a layer is called a Perfectly Matched
Layer (PML).
Nowadays, there exists a lot of different methods based on Berenger’s PML.
In [5] it was showed that a PML can be formulated as a complex coordinate
stretching. PMLs have been used in many fields of physics, for instance acous-
tics [6]. In this thesis, the complex coordinates stretching PML for Helmholtz
equation will be studied with some applications in acoustics.

1



2 CHAPTER 1. INTRODUCTION

1.1 Problem specification
COMSOLMultiphysics is a FEM software that can be used to simulate waves.
There is a functionality for using PMLs in COMSOL Multiphysics. However,
setting up a well-behaved PML is not straight forward. The user has to be able
to change the parameters of a PML to give a correct result as well as be able
to spot erroneous solution behaviors caused by the PML. The optimization of
a PML is not seldom a trial-and-error process. There are good guidelines for
simple few-wave-problems. For complicated problems there is little help.
The current method of using PMLs in COMSOL Multiphysics requires the
user to draw the layer in the geometry, setting up a mesh and then choosing
a coordinate stretching on it. This method works for standard truncations:
Cartesian, cylindrical and spherical domains. For more advanced truncations,
for instance convex polygons, this procedure becomes very complicated. The
current method used for advanced geometries requires a lot of extra effort and
understanding of the PML procedure, and in the end the work is seldom worth
it even though the benefit can be large.
The aim of this project is to look at different methods of optimization of PMLs
and the way they are implemented in COMSOL Multiphysics to simplify for
the user. The aims are as follows.

• A priori optimization of PML stretching functions given knowledge of
dispersion relations. Also for amix of propagating and evanescentmodes.

• Computing error estimates, or warning about suboptimal PMLs. Adapt-
ing the stretching functions based on error estimates and sensitivity.

• Implementation of an easier way of applying PMLs. Users should not
have to draw or mesh the PML domains. The PML should be set up as
a boundary condition.

1.2 Method
The main focus for improvements is in the context of COMSOLMultiphysics.
The study is limited to FE in the frequency domain and more specifically, the
Helmholtz equation. The work can be divided into three phases: First, a liter-
ature study on PMLs and other relevant subjects. The result of the literature
study and subsequent theory is presented in Chapter 2 and Chapter 3. Second,
an empirical and experimental phase. In this phase the practical numerical
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properties are studied. This is presented in Chapter 4. Third, a solution devel-
oping phase where solutions are derived and presented. This can be found in
Chapter 5 and Chapter 6.



Chapter 2

Background

This chapter introduces foundational concepts and definitions required for the
derivation of PMLs in the next chapter.

2.1 Wave Equation
The wave equation is commonly used to describe wave propagation in many
areas of physics. Define time and space as t ≥ 0 and xxx = (x1, . . . , xd) ∈ Rd,
with the dimension number d = 1, 2, 3. Then the scalar wave equation can be
written as

∂2u

∂t2
(t,xxx) = c(xxx)2∆u(t,xxx) + F (t,xxx) (2.1)

where c(xxx) is the speed of propagation, F (t,xxx) a source function and ∆ is
the Laplace-operator. Assume the wave propagation speed is constant c(xxx) =

c and that there is no injection of waves in the domain F (t,xxx) = 0. The
assumptions gives the following wave equation

∂2u

∂t2
(t,xxx) = c2∆u(t,xxx). (2.2)

When finding an approximate solution to (2.2) using a discretization method,
there are problems where the region required to model is infinite.

2.2 Wave Solution
A plane wave solution to (2.2) can be written using Euler’s formula

u(t,xxx) = ei(ωt−k·xk·xk·x) (2.3)

4
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with the wave vector kkk ∈ Cd, the wave number k = |kkk| ∈ R and the angular
frequencyω [7]. The phase velocity c is defined as c = ω/k and group velocity
is defined as dω/dk. If the phase velocity is frequency dependent then the
medium is called dispersive. A plane wave in a non-attenuating medium will
have kkk ∈ Rd. An attenuating or amplifying wave will have kkk ∈ Cd \ Rd. The
possible cause of attenuation is many-fold. The media can be attenuating, i.e.
a plane wave will lose energy as it travels. Evanescent waves are an attenuating
phenomenon. They can exist even though the medium is non-attenuating, but
in comparison to plane waves do not carry any energy over an infinite domain.
In acoustics and optics evanescent waves occurs when plane waves undergo
total internal reflection [8]. In the multiphysics study, there are other ways
evanescent waves may occur in the interactions between physics.
In general, the wave solution does not consists of just one single plane wave,
but many with different properties. A general solution for a single-frequency
excitation can be written as a superposition of waves

u(t,xxx) =
∑
kkk,ω

ukkk,ωe
i(ωt−k·xk·xk·x) (2.4)

where ukkk,ω is the amplitude of a wave with wave vector kkk and angular fre-
quency ω.

2.3 Frequency domain
The plane wave (2.3) is written in the time domain. It can be written in the
frequency domain by using the Fourier transform in time. This gives

û(ω,xxx) = e−i(kkk·xxx).

PMLs are possible to use in both the time and frequency domain. The PDE
(2.2) is given in the time domain. The frequency domain is studied here. Ap-
plying the Fourier transform in time on (2.2) and reordering gives a differential
equation in the frequency domain

0 = ∆û+
ω2

c2
û. (2.5)

Equation (2.5) is formally known as the homogeneous Helmholtz equation [9].
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2.4 Weak Form
COMSOLMultiphysics and other FEM software find approximate solutions to
problems stated in weak form. The weak form of the wave equation is derived
according to the procedure given in [10] but in the frequency domain. Let the
spatial domain be denoted Ω. Introduce the test function v ∈ V for a valid test
space V . Multiply (2.5) with v and integrate over the domain

0 =

∫
Ω

∆ûv +
ω2

c2
ûvdx ∀v ∈ V

then use Greens formula to obtain

0 =

∫
Ω

(−∇û · ∇v +
ω2

c2
ûv)dx+

∫
∂Ω

n · ∇ûvds ∀v ∈ V.

This is the weak form for Helmholtz equation given a general boundary con-
dition (BC). The surface integral depends on the boundary condition.
There exists a lot of different BCs. Three types of BC that are commonly used
are Dirichlet, Neumann and Robin conditions. The Robin condition can be
written as

−n · ∇u = κ(u− gD)− gN for x ∈ ∂Ω (2.6)
wheren is the boundary normal andκ, gD, gN user-defined constants. Theoret-
ically, the Robin condition can be reduced to Dirichlet or Neumann conditions
by letting κ → ∞ or κ = 0. A more elaborate description of weak form and
BCs can be found in [10].
For generalization and practical purposes consider only the integral over the
domain.

0 =

∫
Ω

(−∇û · ∇v +
ω2

c2
ûv)dx ∀v ∈ V. (2.7)

This is the same as using a zero-Neumann condition (i.e. Neumann with
gN = 0). BCs can be chosen by adding the corresponding surface integral
and choosing a valid test space.1
It can be shown that (2.7) is energy conservative; see [10]. Using another BC
may remove the energy conservation property.

2.5 Absorbing Boundary Condition
This section presents the ABCs proposed by Enquist andMajda [2]. TheABCs
are based on a local discretization at the boundary. In the paper, they use the

1In COMSOL Multiphysics the same test space V is always used. Instead BCs can be
applied by adding an integral term and using Lagrange-multipliers.
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scalar wave equation (2.2) in two dimensions with c = 1. The domain is given
by x ≥ 0. with an absorbing wall at x = 0. Three types of ABCs are derived
at x = 0. They are

∂u

∂x
− ∂u

∂t
= 0

∂2u

∂x∂t
− ∂2u

∂t2
+

1

2

∂2u

∂y2
= 0

∂3u

∂x∂t2
− ∂3u

∂t3
− 1

4

∂3u

∂x∂y2
+

3

4

∂3u

∂t∂y2
= 0

It can be shown through experimentation that the derivedABCs of higher order
gives less reflections. More advanced, higher order, ABCs can be derived by
using their technique. However, there is a main disadvantage using the ABCs
here; all of them gives a lot of reflections at high angles of incidence.
The ABCs can be used in FEM and the frequency domain. Performing a
Fourier transform and restructuring gives

∂u

∂x
= iωu

∂u

∂x
= iωu+ i

1

2ω

∂2u

∂y2

∂u

∂x
= iωu− 1

4ω2

∂3u

∂x∂y2
+ i

3

4ω

∂2u

∂y2

It can be seen that these conditions are different kinds of generalized Neumann
conditions. By writing these in weak form formulation they can be applied as
Neumann conditions in FEM2.
In recent years, there have been development on ABC and PML hybrids by
Hagström et al. [11], which improves on some inherent problems in bothABCs
and PMLs.

2COMSOL Multiphysics has implementations of the first and second type.



Chapter 3

Perfectly Matched Layer

In this chapter the PML is derived in one and multiple dimensions using com-
plex coordinate stretching. It is applied to Helmholtz equation in Finite Ele-
ment Frequency Domain (FEFD). Furthermore, two main types of reflections
are presented, theoretical limitations of PMLs are discussed, different stretch-
ing behaviours are studied, and lastly some common stretching functions are
presented.
The complex coordinates stretching PML is based on three ideas [12]. Far
from the region of interest, the media is assumed to be non-dispersive homo-
geneous and time-invariant.

1. Analytically continue the PDE into a complex domain with an xxx with
imaginary part of growing magnitude far from the region of interest.
This will gradually turn travelling waves into attenuating waves.

2. Perform a coordinates transformation. Let the complex xxx be a function
of a real coordinate. By rearranging the equation with the transforma-
tion it resembles an equation using a complex-valued and therefore dis-
persive material.

3. Truncate the complex material region and put an arbitrary BC on its
outer edge.

3.1 One Dimension
Before deriving a PML transformation formulation it is useful to look at the
classical formulation. This classical formulation of the coordinate stretching
PML is based on the original formulation proposed by Berenger [4] that was

8
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originally applied to electromagnetic wave problems. It has since been used
in many subsequent papers and on other types of problems. For simplicity,
examine a continuous case in one dimension with modes with k > 0 travelling
into a PML. x is a spatial dimension, see Figure 3.1. The total domain in which
a solution will be sought consists of two parts. The Region of Interest (ROI)
x ∈ [0, x0], which is the physical domain, and the PML x ∈ [x0, x1]

x

x0 x1

δ

0
PMLROI

Figure 3.1: A PML applied to a bounded domain in one dimension.

A (conductivity) profile is defined as σ(x) : R→ R where{
σ(x) = 0, for 0 ≤ x ≤ x0

σ(x) > 0, for x0 < x ≤ x1

.

As the name suggests, σ is in physical terms connected to the electric conduc-
tivity which comes from Berenger’s derivation of PMLs for absorbing electro-
magnetic waves. In much of the literature the PML transformation is written
as a transformation of a derivative

d

dx
→ d

dx̃
=

1

1− iσ(x)

ω

d

dx
(3.1)

in the layer. Here, x̃ denotes the complex coordinate stretch of the coordinate
x. The typical angular frequency ω is a parameter chosen to match the angular
frequency of the wave being handled. The complex coordinate transformation
becomes more clear with the definition below and with an example.

Definition 1 (Classical PML Transformation) Given a profile σ, a clas-
sical PML transformation is defined as

x̃ = x− ifσ(x) (3.2)

where
fσ(x) =

∫ x

x0

σ(x′)

ω
dx′. (3.3)
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Applying this transformation to a wave e−ikx gives

e−ikx̃ = e−ik(x−ifσ(x)) = e−ikxe−kfσ(x).

It can be seen that the transformation introduces a decaying exponential factor.
The wave is absorbed in the PML. The decay strength is determined by what
σ(x) is chosen.
The classical formulation above has its limitations. Primarily, it does only
stretch the imaginary-part. In some problems it may be useful to also stretch
the real-part. When also the real-part can be stretched it makes less sense to
base the complex coordinate stretching on the spatial coordinate x. Instead
introduce a normalized coordinate

ξ(x) =
x− x0

δ

where δ is the PML thickness in the x-direction and x0 is the x-coordinate on
the inner boundary of the layer. Furthermore, let λ be the typical wavelength,
that is the wavelength of the wave to be attenuated such that

λ ∝ 1

ω
.

Using λ instead of ω can be preferable since it shows a connection between the
"stretching length" and the wavelength. In problems where there are multiple
waves being handled the longest wavelength is chosen as λ.
A transformation could stretch both real and imaginary parts and scale with λ.
The next definition combines these ideas.

Definition 2 (PML Transformation) Given a stretching function f(ξ) :

R→ C, a PML transformation is defined as

x̃ = x0 + λf(ξ). (3.4)

A natural question is: what is the relation between σ(x) and f(ξ)? The relation
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can be derived in the following way.

x̃ = x0 + λf(ξ(x)) = x− ifσ(x)

f(ξ(x)) =
x− x0

λ
− i

λ
fσ(x)

(3.3) =⇒ f(ξ(x)) =
x− x0

λ
− i

λω

∫ x

x0

σ(x′)dx′

f(ξ) =

(
ξ − i

ω

∫ ξ

0

σ(x0 + δξ′)dξ′
)
δ

λ
(3.5)

Note the relation between δ and λ. Changing the typical wavelength has the
same effect as changing the thickness of the layer. Another thing to take away
from (3.5) is that both formulations do the same thing. The choice of which
formulation to use is mainly a choice of practicality.
Now examine what happens when a classical PML transformation is applied
to the Helmholtz equation. In one-dimension, Helmholtz equation is given by

0 =
d2û

dx2
+
ω2

c2
û (3.6)

It can be shown that the wave solution consists of waves of the form eikx,
where k = ω

c
. Similarily to the classical formulation, (3.4) can be written as a

transformation of derivatives. The derivative transformation of (3.4) is

d

dx
→ d

dx̃
=

1

S(x)

d

dx
. (3.7)

where

S(x) =

{
1, 0 ≤ x ≤ x0,
dx̃
dx
, x0 ≤ x ≤ x1

.

Then apply the transformation to (3.6) which gives

0 =
d

dx̃

(
d

dx̃
(û)

)
+
ω2

c2
û

0 =
1

S(x)

d

dx

(
1

S(x)

dû

dx

)
+
ω2

c2
û. (3.8)

The PDE in the PML domain (3.8) looks different from the the wave equation
(2.1). In Chapter 4, the application of Helmholtz equation in acoustics will be
discussed. By comparing (3.8) with (4.1), the function S(x) roughly acts as
the pressure density or wave speed. Thus, it can be said that the transformation
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has introduced a new material which depends on the position in the domain.
Let the entire domain (including the PML-domain) be Ω. Then, the weak form
(2.7) in 1D can be written as

0 =

∫
Ω

(
−dû
dx

dv

dx
+
ω2

c2
ûv

)
dx

and performing the PML transformation gives

0 =

∫
Ω

(
− 1

S(x)

dû

dx

dv

dx
+ S(x)

ω2

c2
ûv

)
dx

3.2 Multiple Dimensions
In multiple dimensions the derivation of the PML becomes more complicated.
The methods used are dependent on the truncation of the domain. In the first
section, a PML transformation using a Cartesian truncation is shown. This
is the most basic PML function to set up, since it does not require any com-
plicated coordinate transformations. In the second section, basic theory for
applying more general truncations are presented. This theory can be used to
implement for instance curvilinear coordinate stretchings.

3.2.1 Cartesian Truncation
The Cartesian truncation consists of layers facing in the direction of a set of
Cartesian coordinates, see Figure 3.2. This truncation needs corner layers
which are stretched in both x- and y-directions.
An easy example of the PML with a plane Cartesian truncation is to con-
sider a square domain [−a, a]2. Let the entire domain including the PML be
Ω ∈ [−a− δ, a+ δ]2. Assume the stretching in x and y direction is the same.
Then the normalized layer coordinate function is

ξ(x) =

{
x−a
δ
, a ≤ x ≤ a+ δ

x+a
δ
, −a− δ ≤ x ≤ −a

.

Note that it can be used for both x and y direction. The complex stretching
transformation can be written as

x̃(x) =

{
a+ λf(ξ(x)), a ≤ x ≤ a+ δ

−a− λf(ξ(x)), −a− δ ≤ x ≤ −a

ỹ(y) =

{
a+ λf(ξ(y)), a ≤ y ≤ a+ δ

−a− λf(ξ(y)), −a− δ ≤ y ≤ −a

. (3.9)
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Source

Ω

y

x

Figure 3.2: A wave-source in a truncated 2D rectangular domain Ω with a
PML applied at the boundaries.

Let J be a Jacobian matrix

J =
∂(x̃, ỹ)

∂(x, y)
=


∂x̃

∂x

∂x̃

∂y
∂ỹ

∂x

∂ỹ

∂y

 . (3.10)

J is a diagonal matrix for a Cartesian PML since
∂x̃

∂y
=
∂ỹ

∂x
= 0. The weak

form PDE is given by

0 =

∫
Ω

(
−∂û
∂x

∂v

∂x
− ∂û

∂y

∂v

∂y
+
ω2

c2
ûv

)
dxdy.

The PDE is valid in the ROI but has to be transformed in the PML-domains.
The expression will be different for different parts of the domain. The weak
form PDE is

0 =

∫
Ω

(
−∂û
∂x̃

∂v

∂x̃
− ∂û

∂ỹ

∂v

∂ỹ
+
ω2

c2
ûv

)
|J |dxdy (3.11)

Let

S(b) =

1, −a ≤ b ≤ a

∂b̃

∂b
, else

(3.12)

where b is a auxiliary coordinate substituted for either x or y. Then, the trans-
formation can be written as

0 =

∫
Ω

(
− 1

(S(x))2

∂û

∂x

∂v

∂x
− 1

(S(y))2

∂û

∂y

∂v

∂y
+
ω2

c2
ûv

)
S(x)S(y)dxdy.
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It is of course possible to extend all of these concepts to 3D by introducing z̃.

3.2.2 General Truncations
In many problems it is more favourable to use a non-Cartesian stretching while
the problems still is solved for in Cartesian coordinates. A general approach for
this is presented here. The following derivation is based on the method shown
in [13]. Let ηηη = (η1, η2) define coordinates in which the PML stretching is
performed and η̃ηη = (η̃1, η̃2) the transformed coordinates. The Jacobian matrix
is written using the chain rule and becomes

J =
∂(x̃, ỹ)

∂(x, y)
=

∂(x̃, ỹ)

∂(η̃1, η̃2)

∂(η̃1, η̃2)

∂(η1, η2)

∂(η1, η2)

∂(x, y)
. (3.13)

Applying the method proposed by [13] on (2.7) gives

0 =

∫
Ω

(
J−T∇û · J−T∇v +

ω2

c2
ûv

)
|J |dxdy (3.14)

For practicality the individual elements of J−1 can be written out. Let the
matrix T = J−T with element Tij on row i and column j. This gives

0 =

∫
Ω

(−(T11
∂û

∂x
+ T12

∂û

∂y
)(T11

∂v

∂x
+ T12

∂v

∂y
)

− (T21
∂û

∂x
+ T22

∂û

∂y
)(T21

∂v

∂x
+ T22

∂v

∂y
)

+
ω2

c2
ûv)|J |dxdy

The weak form above can be used for applying curvilinear coordinates. For
instance, this can be used for cylindrical or spherical PMLs in 3D or radial
PMLs in 2D.
The following example will look at a radial PML in 2D. Radial coordinates
are denoted as ηηη = (r, θ). The mapping from radial coordinates to Cartesian
coordinates are {

x = r cos θ

y = r sin θ
(3.15)

The PML is applied on a circular truncation with a center point in ηηη = (0, 0).
In contrast to the Cartesian PML, this circular PML does not have any corner
layers. The coordinate stretching is only performed for r since θ is tangential
to the layer. Thus, the transformation is defined as{

r̃ = r̃(r)

θ̃ = θ
(3.16)
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where r̃(r) is a transformation similar to (3.4). The relation between the trans-
formed Cartesian and radial coordinates are{

x̃ = r̃ cos θ

ỹ = r̃ sin θ
. (3.17)

The Jacobian matrix can be calculated with (3.13) by using (3.15),(3.16) and
(3.17). This gives

J =

[
cos θ −r̃ sin θ

sin θ r̃ cos θ

][dr̃
dr

0

0 1

] [
cos θ −r sin θ

sin θ r cos θ

]−1

(3.18)

which then can be used to give the weak form expression from (3.14).
In 3D, the same principles can be extended to cylindrical and spherical PMLs.
The Cartesian transformation in the previous section is a special case of this
general formulation. This kind of PML is not limited to rectangular and cir-
cular truncations. It is also possible to implement PMLs on more advanced
truncation shapes [14].

3.3 Reflections
Using a norm on the Lebesgue space

||u||L2(Ω) =

(∫
Ω

|u|2dx
)1/2

,

let the reflection coefficient be defined as

R =
||ûref ||2L2(Ω)

||ûinc||2L2(Ω)

(3.19)

where ûref and ûinc are the reflection and incident solution waves.
In continuous theory the PML can be made exactly reflectionless. It can be
shown that it is possible to construct a discrete PML with no numerical reflec-
tions using discrete complex analysis [15]. However, this discrete PML has
to be derived for each discretization separately. It is not a general approach.
Discretization through methods such as FE are based on approximation theory
and is more general. Deriving a PML based on approximation theory will not
be exact when the PDE is discretized.
There are two types of reflections in discretized PMLs: residual reflections
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and transition reflections. Residual reflections (sometimes called round-trip
reflections) are the reflections of the waves that have entered the PML and re-
flected against a BC on the outer edge of the PML and returned to the domain.
Transition reflections stem from the numerical discretization [16].
The reflection coefficient resulting from a PML is

R ≤ Rres +Rtrans (3.20)

where Rres is the residual reflection coefficient and Rtrans the transition re-
flection coefficient.
Different waves act differently for a given stretching and mesh. Depending
on the waves to be attenuated the stretching has to be chosen appropriately.
If wave properties are known then Rres can be calculated theoretically. Cur-
rently, no method exist for calculating the transition reflection prior to solving.
But there are knownmethods to reduce transition reflections. This section will
look at different properties of the incident waves that needs to be considered,
when analyzing the reflection coefficients:

• Wave number

• Oblique Incidence

• Evanescence

• Superposition of waves

In the next few subsection, residual reflections are analyzed. The last subsec-
tion discusses transition reflections and how to handle them.
As will be shown, both real and imaginary stretching is useful. Therefore, it
is necessary to divide the stretching function into real and imaginary parts

f(ξ) = fre(ξ)− ifim(ξ). (3.21)

3.3.1 Plane Waves and Oblique Incidence
Assume that a single harmonic plane wave with k ∈ R enters a PML in a
normal direction. Let the amplitude of the incident wave be A = |û(x0)|. The
incident and reflection waves

ûinc(x) = A · e−ikx̃(x)

ûref (x) = βA · e+ikx̃(x)
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where β is a reflection coefficient in the point x1. It follows that

|ûinc(x0)|2 =|A|2||e−ikx̃(x0)|2 = A2

|ûref (x0)|2 =|β|2|A|2|eikx̃(x0)|2 = |β|2A2

If a Dirichlet BC is put at the outer boundary x1 then

û(x1) = 0

where û is the total solution which is given by

û(x) = ûinc(x) + ûref (x).

This gives,

ûinc(x1) + ûref (x1) = 0

⇐⇒ A · (e−ikx̃(x1) + βeikx̃(x1)) = 0

⇒ β = −e−i2kx̃(x1) =e−2ik(x0+λfre(1))e−2kλfim(1)

The residual reflection coefficient (3.19) can be calculated

Rres =
|β|2A2

A2
= |β|2 = e−4kλfim(1).

In short
Rres = e−4λkfim(1). (3.22)

If the parameter λ is held constant for two waves with the same amplitude of
different wave numbers then the wave with higher k will have less residual
reflections. That is equivalent to stating that higher frequency waves have less
residual reflections than lower frequency waves in the same PML.
From (3.22) it can be seen that the attenuation depends on k. This is in fact the
wave number normal to the layer. In 2D, a wave entering the PML at an angle
θ will have a normal wave number k⊥ = |kkk| cos θ. Inserting k⊥ into (3.22)
gives

Rres = e−4λ|kkk| cos θ·fim(1) (3.23)

Alternatively for both 2D and 3D, Rres can be calculated using the normal to
the boundary between ROI and PML nnn. This gives

Rres = e−4λfim(1)kkk·nnn. (3.24)
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Larger angles will give rise to more residual reflections. This can be countered
in a couple of ways. The thickness of the PML can be increased, which can be
seen from the factor δ

λ
in (3.5). The stretching function is made steeper such

that the end value f(1) becomes larger. Alternatively, the PML could bemoved
sufficiently far away from the wave source such that all the incident waves enter
at a smaller angle. In problems where the waves enter at very different angles
of incidence, scaling the PML thickness by a maximum angle of incidence
θmax or (kkk · nnn)min reduces Rres. However, if the range of angles [θmin, θmax]

is large it is important to also take transition reflections into account.

3.3.2 Decaying Waves
This section develops a theory for k ∈ C. Everything from plane waves to
evanescent waves is part of this category. The theory presented is very gen-
eral. However, this generalization gives an overall theory for how handling
evanescent waves affects the attenuation of plane waves and vice versa.
Let the wave vector have the form k = kre − ikim. Assume kre, kim > 0 and
that the waves enters with normal incidence into the PML. Multiple authors
suggests stretching both real and imaginary parts to accelerate the attenuation
[12],[17]. The same procedure as in the previous section is applied. In this
case β becomes

β = e−2ikx̃(x1)

= e−2ikx0e−2iλ(kre−ikim)(fre(1)−ifim(1))

= e−2iλ(krefre(1)+kimfim(1))e−2λ(kimfre(1)+krefim(1)).

Similar to the derivation of (3.22), the residual reflection coefficient becomes

Rres = e−4λ(krefre(1)+kimfim(1)). (3.25)

Furthermore, to see how the wave is affected in the PML the effect on an inci-
dent wave can be studied. An incident wave entering the PML will attenuate
according to

ûinc(x(ξ)) = Ae−kx0e−iλ(kre−ikim)(fre(ξ)−ifim(ξ))

= Ae−kx0e−iλ(krefre(ξ)+kimfim(ξ))e−λ(kimfre(ξ)+krefim(ξ)). (3.26)

From (3.26) it can be seen that if

krefre(ξ) + kimfim(ξ) < 0 then the wave changes direction
kimfre(ξ) + krefim(ξ) < 0 gives exponential growth.

(3.27)
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Table 3.1 shows what happens to an evanescent wave entering the PML for
different choices of stretching functions. Increasing or decreasing the wave-
length is practically equivalent to stretching the layer width, as can be seen in
(3.5). The conclusion is that fre > 0 and fim > 0 should be chosen to make
sure the wave does not change direction or there is exponential growth in the
PML. By studying the harmonic factor in (3.26); e−iλ(krefre(ξ)+kimfim(ξ)), it can
be seen that the kimfim contributes to the oscillatory behavior. This means that
an evanescent wave can start to oscillate in the PML. More oscillations gives
more transition reflections.
A common way of handling evanescent waves is to increase the size of the do-
main and let the waves decay before reaching the PML. However, it is not al-
ways practical to do since it comes at an increased computational cost. Instead,
attenuation of evanescent waves can be increased by growing fre. Growing fre
is the same as increasing the size of the domain which gives evanescent waves
more room to decay1.

fre > 0 fre < 0

fim > 0 Decreased wavelength Different behaviors
Increased decay depending on (3.27)

fim < 0 Different behaviors Wave changes direction
depending on (3.27) Exponential growth instead of decay

Table 3.1: Negative and positive values on fre and fim and how they affect the
decay and wavelength.

1This is in fact the idea that Infinite Elements are based on, see [18].
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3.3.3 Superposition of Waves
The previous sections have looked at single wave solutions, but generally the
solution can consist of a superposition of waves, as (2.4). In the case of a
superposition of waves, each wave-component is reflected at x1 with its own
β-value.
Assume there are J waves entering the PML. Let the amplitude of the the
jth wave be Aj and the wave number kj . Then the total residual reflection
coefficient is

Rres =

|
J∑
j=1

ûref,j(x0)|2

|
J∑
j=1

ûinc,j(x0)|2
≤

J∑
j=1

|ûref,j(x0)|2

|
J∑
j=1

ûinc,j(x0)|2
=

J∑
j=1

|βj|2A2
j

|
J∑
j=1

Aje−ikj x̃(x0)|2

and using the fact that the individual residual reflection coefficient for the jth
wave-component is Rres,j = |βj|2 gives

Rres ≤
1

A2
∗

J∑
j=1

Rres,jA
2
j

where A2
∗ = |

J∑
j=1

Aje
−ikj x̃(x0)|2.

(3.28)

The value A2
∗ can be thought of as a total weighted amplitude for all the wave-

components. In problems with a superposition of input waves the exact Rres

may become complicated to estimate. Thus, by using the triangle inequal-
ity above and deriving (3.28), it can be seen that Rres consists of a sum of
weighted Rres,j terms. It is reasonable to study the individual residual reflec-
tion coefficientsRres,j separately, preferably weighted with the corresponding
amplitude squared.

3.3.4 Transition Reflections
In contrast to residual reflections, transition reflections are hard to estimate be-
fore solving a problem. When using FEM, the transition reflections originate
from the numerical approximations present in FEM2. The origin of transition
reflections are mainly combinations of high frequency oscillations, low mesh

2Numerical approximations in FEM are mainly of two types: shape-function interpolation
and numerical integration
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resolution and steep increase in stretching. A precise quantification of the be-
havior in FEM has not been found in the literature.
There are many methods to handle the transition reflections. A good rule of
thumb is: reflections can be made small if the medium is not changing too fast
within the discretization [12]. High frequency oscillations can be handled by
reducing dfre

dξ
. But to give the same Rres, the layer width δ must be increased.

An alternative is increasing the mesh resolution. This will lead to a more exact
solution since the solution tends towards the continuous wave equation which
has the reflection coefficientR = Rres. The main issue with all these methods
is the increased computational costs they require. The key point is, reducing
Rtrans generally comes at an increased computational cost or increase inRres.
Finding an optimal PML is often an balancing act trying to reduce both Rres

and Rtrans at a as small as possible computational cost.
There are cases when reducingRtrans also reducesRres. Using this, it is possi-
ble to design a reflectionless PML where the residual and transition reflection
cancels out [16]. This stems from the fact that the generated phases of resid-
ual and transition reflections may not be equal. If the phases are exactly right,
the result is a reflectionless PML. The bad news is that it probably only works
for problems with one wave. Also the phase of a transition reflection is very
difficult to know. Currently, there exists no theory for estimating the phase of
transition waves before solving.
In [15] the PML has no transitional reflections, only residual reflections. But
the method is not based on FEM.

3.4 Theoretical Limitations
There are several problems where PMLs give incorrect solutions or simply
will not work. There are no ways to fix all possible issues with PMLs. In
some cases it is better to use other methods.
Waves entering the PML will only attenuate in the stretching direction of the
layer. This means that, if the angle of incidence of the wave is 90◦ there will
be no attenuation. Another problem is evanescent waves that are generated at
the critical angle for Total Internal Reflection. These evanescent waves have
infinite decay length and are impossible for the PML to handle.
So called backwards-waves can cause issues in PMLs [19]. Backward-waves
are defined as waves where the phase and group velocities are in opposite di-
rections. Forward-waves are when velocities are in the same direction. As-
suming a harmonic plane wave entering the PML and only imaginary stretch-
ing is performed using the (3.1) notation. If σ > 0 a backwards-wave will lead
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to exponential growth instead of attenuation. If the medium is homogeneous
and has only backward-waves at some frequencies, the issue can be resolved by
letting σ < 0. But if the medium is inhomogeneous and has backward-waves
or both forward- and backward-waves at the same frequency it is not possible
to resolve the issue. In those cases one should look for alternative methods
[19]. There are problems with inhomogeneous media where the coordinate
stretching PML may not work [16].

3.5 Stretching Functions
In this section, different types of stretching functions are presented. Let f(ξ)

be a stretching function with ξ ∈ [0, 1] as defined in (3.4). Let N,Nre, Nim

be functions R2 → R. Let s and p be parameters. A symmetric stretching
function is defined as

f(ξ) = s ·N(ξ, p) · (1− i). (3.29)

A non-symmetric stretching function is defined as

f(ξ) = fre(ξ)− i · fim(ξ) = s ·Nre(ξ, p)− i · s ·Nim(ξ, p) (3.30)

if Nre 6= Nim. The stretching functions used in COMSOL Multiphysics have
been defined such that the parameters control certain aspects of the stretching
behavior. s is called scaling factor and p curvature parameter.

3.5.1 Polynomial Stretching
Polynomial stretching was first introduced by Berenger [4]. With the PML
transformation given by (3.4), the symmetric polynomial stretching can be
written as

f(ξ) = s · ξp · (1− i). (3.31)

This definition of polynomial stretching function differs slightly fromBerenger’s
definition. This formulation does not set profile σ(x) to be a polynomial and
both real and imaginary parts are stretched.
Given a polynomial stretching function and a incident plane wave with a wave
number k entering at an angle θ, Rres can be calculated using (3.24). This
gives,

Rres = e−4λs·kkk·nnn. (3.32)
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3.5.2 Rational Stretching
The polynomial stretching will always cause residual reflection. Would it be
possible to derive a stretching function which gives no residual reflections?
For polynomial stretching to have no residual reflection it is required that s→
∞. To achieve this, Bermúdez et al. [20] suggests using a profile of the form

σ(x) =
1

1− ξ(x)
.

Using such a profile in (3.5) gives

f(ξ) =

(
ξ − i

ω
(log(1)− log(1− ξ))

)
δ

λ
.

Note that this formulation is non-symmetric and uses parameters from both
transformation formulations (3.1) and (3.4). Using the same idea to formulate
a symmetric stretching function as in (3.4) gives

f(ξ) = −s · log(1− ξ) · (1− i). (3.33)

COMSOLMultiphysics has an implementation of a non-symmetric stretching
function derived from this idea called rational stretching. Rational stretching
is defined as

f(ξ) = s · ξ
(

1

3p(1− ξ) + 4
− i 1

3p(1− ξ)

)
. (3.34)

This function has been made non-symmetric such that only the imaginary part
goes towards infinity. The real part has an added term in the denominator.
The result is that fre(ξ) exceeds 1/4. This is based on the observation that if
dfre
dξ

is large, then the plane waves will start to oscillate at higher frequencies
which gives more transition reflections. Letting f(ξ) go to infinity can be very
useful, but needs to be handled in accordance with the incident waves to not
result in a lot of transition reflections.
There may sometimes be computational issues trying to use infinite stretching
functions. COMSOL Multiphysics documentation states that rational stretch-
ing may interfere with the convergence of the solver. This is not an issue for
solving Helmholtz equation, but can be for other equations.

3.5.3 Other Stretching Functions
Polynomial and rational stretching are not the only types of stretching func-
tions. Berenger [21] presents a stretching type that increases with a factor
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g > 1 in each element. Piecewise linear or pointwise interpolated stretching
curves are other types. Practically there are a lot of other possible stretching
functions that could be used.



Chapter 4

Numerical Experiments

In this chapter, a model is constructed in COMSOLMultiphysics using acous-
tics and experimented on to determine numerical properties of PMLs. It is
studied how stretching function, stretching parameters and mesh size as well
as other properties cause reflections. Some theoretical aspects are validated
through experiments. The chapter is divided into two sections. The first sec-
tion presents the model design. The second one describes the experiments on
that model and discusses the result.

4.1 Model Design
This section looks at the model design choices.

4.1.1 Acoustics
The Acoustic module in COMSOL Multiphysics has multiple functionalities
that makes it easy to test PMLs. In acoustics the Helmholtz wave equation
(2.5) can be used to describe the sound pressure, p. Assuming there are no
acoustic source terms then it can be written as

0 = ∇(
1

ρ
∇p) +

ω2

ρc2
p (4.1)

where ρ is the density of the medium and c is the speed of sound in the media.
Note that p ∈ C.
The acoustics module also makes it possible to simulate scattering problems
[9]. A background pressure field pb can be applied to a domain resulting in a
scattered pressure field ps. The relation between the pressure fields are

p = ps + pb.

25
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4.1.2 Generating Evanescent Waves
Refraction happenswhen awave travels between twomedia, and follows Snells
Law [7]

sin θ1

sin θ2

=
c1

c2

(4.2)

where c is the wave speed and θ the angle between the propagation direc-
tion and the normal to the boundary between the media. The indices 1 and
2 denotes the incidence and refraction medium respectively. If c1 < c2 a
phenomenon called Total Internal Reflection (TIR) can occur [8]. TIR hap-
pens when the angle of incidence θ1 is large enough such that the refraction
angle θ2 becomes larger or equal to 90◦, i.e. there is no refraction. The
angle of incidence giving θ2 = 90◦ is called the critical angle and denoted
θc. At θc the wave travels (in time) along the border between the media and
for 90◦ < θ2 < 180◦ the incident wave is reflected back into the incidence
medium. Evanescent waves attenuating in space into the refraction medium
arises from TIR. Angles of incidence θc < θ1 < 90◦ close to θc will result in
long attenuation evanescent waves while larger θ1 results in faster attenuation.

4.1.3 Model
Testing has been done mainly using the Acoustics module in COMSOL Mul-
tiphysics. The model was developed in several steps and was designed to be
able to test both harmonic plane waves and evanescent waves as well as waves
of different angles of incidence. The acoustic medium in the model is air with
c = 343 m/s and ρ = 1.225 kg/m3. TIR is achieved with a fictional medium
which is constructed bymultiplying cwith a factor. The geometry of themodel
consists of four sub-domains, see Figure 4.1. The two domains in the middle
is the ROI and the two outer domains are PMLs. The right PML is the PML
being tested. The left PML handles scattering and reflections.
The mesh used consists of triangular elements in the ROI and rectangular el-
ements in the PMLs. The rectangular element vertices on the inner boundary
of the PML layer are connected to the triangular element vertices from the
ROI. All rectangular elements are the same size in the layer normal direction.
In the subsequent experiments, the number of mesh elements (or cells) in a
PML refers to how many rectangular elements fit between the inner and outer
boundary of the layer. In the experiments this value varies between 3 and 10
elements1.

1The models uses quadratic Lagrange shape functions, which is the default shape function
in COMSOL Multiphysics.
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The model is a scattering problem. This makes it possible to examine the re-
flected scattered pressure field from the PML and tune the PML parameters
accordingly. A background field, pb, is applied in the left ROI-domain with a
plane wave travelling from left to right. The background field can be written
as

pb = 1 · e−ikkk·xxx [Pa], xxx ∈ [0, 1]× [0, 1].

The top and bottom boundaries uses a Floquet periodic BC implementation
in COMSOL Multiphysics. Physically for this application, it acts as if the top
and bottom boundaries would be connected. The left and right boundaries (the
outer boundaries in the PMLs) uses a reflective (zero-Neumann) BC. Evanes-
cent waves can be generated by changing the wave speed in one of the ROI-
domains and choosing a wave incidence angle such that TIR occurs.
Using (3.19), R can be calculated with the Root Mean Square (RMS) value of
ps and pb in the left part of the ROI, xxx ∈ [0, 1]× [0, 1]. This gives

R =

∫
Ω
|ps|2dA∫

Ω
|pb|2dA

, Ω = [0, 1]× [0, 1] (4.3)

Using this, R can be estimated from the numerical solution.

Figure 4.1: The model domain and a solution showing the total pressure from
a background field of 440 Hz and 30◦ incidence angle
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4.2 Reflection Experiments
This section uses the model in Section 4.1 and conducts experiments on it.
The tests differ in setup but are mostly conducted in a similar fashion. For a
chosen stretching function, a wave with set wave properties (k and θ) is applied
through pb and handled by the right PML. Then a reflection coefficient (4.3)
is calculated from the solution and studied with respect to different testing
variables.

4.2.1 Starting Experiment
Two tests have been done with polynomial and rational stretching, (3.31) and
(3.34) respectively. The result is presented in Figure 4.2 and Figure 4.3. The
curves have been created by applying a pb of 440 Hz in the left inner domain
and using 10 elements in the PML. For polynomial stretching function s < 1

small enough gives rise to residual reflections. When s is larger the reflections
are instead transition reflections. The transition reflections are also visible for
the rational stretching. When s is large, using a larger p gives less transition
reflections for both stretching functions. The parameter p can be used to re-
move transition reflections if a large s is used. This behavior comes from how
p increases the curvature of the stretching function, i.e. the stretching function
becomes more flatten out for small ξ.
The reflections at s < 1 for rational stretching are not residual reflections,
since Rres = 0 for rational stretching. The origin of this behavior will be fur-
ther studied in Section 4.2.3.
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Figure 4.2: R for a polynomial stretching function and different values on s
and p. S1 and P1 refers to s and p

Figure 4.3: R for a rational stretching function for different values on s and p.
S1 and P1 refer to s and p

For polynomial stretching, Rres is not zero and will differ for waves with dif-
ferent θ. Using (3.23) for a polynomial stretching function gives

Rres = e−4λks cos θ.
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Furthermore, in the tests only one wavelength is applied, thus k = 2π
λ
. This

gives
Rres = e−8πs cos θ

In Figure 4.4 Rres has been plotted together with R for different solution and
θ’s. The theoretical residual reflection coefficient can clearly be seen drawn
out in the plot. It follows that{

R ≈ Rres, for small s
R ≈ Rtrans, for large s

. (4.4)

These approximations are useful since they make it possible to study residual
an transition reflections separately.

Figure 4.4: R for a polynomial stretching function p = 2 with and different
values on s and θ.

4.2.2 Untuned Typical Frequency Experiments
The behavior of a stretching function changes if the incident wave changes.
Until now, all experiments have been of one single wave entering the PML. In
many applications there can be a superposition of many different waves with
different properties. In such applications the typical frequency may not be
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tuned to the incidence frequencies. Figure 4.5 and Figure 4.6 shows the be-
havior of a polynomial stretching function with a typical frequency of 440 Hz
when waves of other frequencies enter the PML. The incidence frequencies
are of factors 1/4, 1/2, 2 and 4 to the typical frequency,
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Figure 4.5: R from solutions with 110 Hz and 220 Hz waves for different
PML-parameters.
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Figure 4.6: R from solutions with 880 Hz and 1760 Hz waves for different
PML-parameters.
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From these figures there are several observations that can be made about the
PML-parameter properties. Firstly, lower incidence frequencies requires in-
creasing s while higher input frequencies requires decreasing s. This is based
on the idea of scaling the typical frequency to match the incidence frequency.
The parameter s is a scaling factor, hence the name.
Secondly, the usefulness of the parameter p becomes clear for incidence fre-
quencies higher than the typical frequency. Higher frequencies requires a
larger p, if s is not small enough. Looking solely at the stretching function,
the choice of p can delay the initial stretching steepness of the function with-
out changing the end value. That is, the initially decreased steepness removes
transition reflections from higher frequencies, while the residual reflections
are unchanged. The parameter p is sometimes called the curvature parameter,
since it alters the curvature of the stretching function.
Thirdly, there seem to be local maximum and minimum points in some of the
reflection curves. These points are more spread out and less evident for low
input frequencies and more frequent for higher input frequencies. The origin
of these ups and downs are not certain. They may originate from transition
reflections happening at different elements in the PML giving them different
phases. If the phases are just right they may cancel out. A similar effect can
be seen between residual and transition reflections in Figure 4.5. It is seen in
the curve when R is lower than Rres in the point where residual and transition
reflections are about the same size. This is the effect of residual and transition
reflections partially cancelling out.

4.2.3 Modified Rational Stretching Experiment
Figure 4.3 showed that the COMSOLMultiphysics rational stretching function
(3.34) gives numerical reflections for small s. The origin of these reflection is
the quotient s

3p
in the imaginary part of the rational stretching function (3.34).

It will be shown that the reflections are removed by using a modified rational
stretching function

f(ξ) = ξ ·
(

s

3p(1− ξ) + 4
− i 1

3p(1− ξ)

)
. (4.5)

The difference to (3.34) is that s has been removed from the imaginary part.
By performing the same experiments as in Figure (4.3) on (4.5), the resulting
R can be seen in Figure 4.7. The numerical reflections for small s have dis-
appeared. in practise, the obvious way to handle this behavior in (3.34) would
be to set a limit on s and not allow too small values.
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Figure 4.7: R for the modified rational stretching function and different values
on s and p. The test was performed using the same setup as in Figure 4.3.

4.2.4 Evanescent Wave Experiments
Evanescent waves has a behavior that differs from plane waves and this has to
be taken into account in the PML. In the following experimental result, some
extreme PML stretching functions are presented. These are for the most cases
not practical but are studied to show how evanescent waves affect the result.
These experiments are based on generating evanescent waves through TIR in
the test model. The incident waves have a frequency 440 Hz with angle of
incidence θ1 = 31◦. The PMLs are tuned to the typical frequency 440 Hz.
The wave speed in the right half of the domain (including the right PML) is
set to c2 = 2c1. Three stretching function are studied

f(ξ) =
1

λ
ξ (4.6)

f(ξ) =
ξ

1− ξ
(4.7)

f(ξ) =
1

λ
ξ − i ξ

1− ξ
. (4.8)

The function (4.6) results in no coordinate stretching, (4.7) results in only real
stretching and (4.8) in stretching for the imaginary part but not for the real.
Note that the functions (4.7) and (4.8) are non-symmetric versions of (3.34)
and will go to infinity for the real or imaginary part.
The scattered pressure field solutions ps for each stretching function can be
seen in Figure 4.8, Figure 4.9 and Figure 4.10. The applied background field
pb is not shown. The wave seen in 0 ≤ x ≤ 1 is the reflected wave in the
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change of medium. For this incident wave and PML there are no clear visual
indication of reflections in the ROI. However, by studying the right PML in the
figures there are visual difference in behavior. In Figure 4.8, the wave reaches
the outer boundary x = 3 and is reflected. These reflections attenuate before
reentering the ROI, since a evanescent wave attenuates in space, but there may
still be reflections that affect the result in the ROI.
Figure 4.9 shows how stretching the real part of the stretching function in-
finitely lets the evanescent wave attenuate entirely. This function works well
when there is only evanescent waves in the solution. However, for plane waves
it will only increase the oscillations frequency and result in no attenuation.
Figure 4.10 shows the effect of a poorly scaled PML. Stretching the imagi-
nary part to infinity results in the evanescent wave beginning to oscillate. The
oscillation causes transition reflections. On the other hand, this function can
be very useful when there are only plane waves present. Note that, similar
oscillations can be seen when (3.34) is used with evanescent incident waves.

Figure 4.8: An evanescent wave handled by a PML using (4.6).
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Figure 4.9: An evanescent wave handled by a PML using (4.7).

Figure 4.10: An evanescent wave handled by a PML using (4.8).
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4.2.5 Piecewise Stretching Function Experiment
Piecewise stretching functions can be useful for adaptation, which will be pre-
sented in Chapter 5. Some tests can be performed to check the limitations and
requirements of such functions. More generally, these limitations should also
hold for any stretching function.
It is assumed that all stretching functions are continuous. Test were performed
using a piecewise linear function. Two waves with wavelengths λ1 and λ2

where λ1 < λ2, are applied independently on pb. The stretching function is

f(ξ) =

{
α1ξ, 0 ≤ ξ ≤ 1/2
α1

2
+ α2(ξ − 1/2), 1/2 < ξ ≤ 1

(4.9)

for two parameters α1 = λ1
λ
and α2 = λ2

λ
, where λ is the typical wavelength.

Some testing with varying number of mesh elements using this setup gave
larger reflections for odd number of elements than for even. This suggested that
smoothness of the stretching function within elements could be necessary2. A
logistic function can be used as a factor with the linear piecewise functions
to achieve a smoothing transition. A normalized logistic function factor is
defined as

1

1 + e−κ(z−z0)

where z is an argument, z0 is the changing point and κ ∈ R the logistic growth
rate. Depending on the sign of κ, the curve that transitions from 1 to 0 or from
0 to 1, with increasing z. |κ| decides how fast relative to z the transition occurs.
Let the smoothed piecewise stretching function be

f(ξ) =
α1ξ

1 + eκ(ξ−1/2)
+

α1

2
+ α2ξ

1 + e−κ(ξ−1/2)
(4.10)

where κ > 0. Solutions with two waves with frequencies 1200 Hz and 440 Hz
with normal incident were calculated comparing (4.9) and (4.10) with κ = 10.
Table 4.1a shows the result using 9 element such that the ξ = 1/2 falls in the
middle of an element. Table 4.1b shows the result using 8 element such that
the ξ = 1/2 falls on the edge of two elements.

2Technically, the numerical quadrature used in FEM could be the cause of the effect. How-
ever, increasing the quadrature order did not improve the result much.
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Table 4.1: Reflections from two normal waves of 1200 Hz and 440 Hz using
stretching functions (4.9) and (4.10).

(a) 9 elements

(4.9) (4.10)
440 Hz 2E − 5 3E − 8

1200 Hz 1E − 7 9E − 8

(b) 8 elements

(4.9) (4.10)
440 Hz 3E − 8 3E − 8

1200 Hz 2E − 7 3E − 7

In conclusion, the piecewise function should be differentiable inside mesh el-
ements but does not have to be it on the edge between elements.

4.2.6 Few Mesh Elements Experiment
In the tests above the mesh has had a depth of 10 elements. More mesh ele-
ments requires more computational time. 10 elements can be computationally
expensive, especially in 3D. Figure 4.11 and Figure 4.12 shows the result of
tests conducted with 3 to 8 mesh element layers on polynomial and rational
stretching separately. Rational stretching requires fewer elements to achieve
small reflections.

Figure 4.11: R calculated with a polynomial stretching with s = 1 and p = 2

and a typical frequency of 440 Hz. The input frequency is denoted as ’freq’.
The element depth in the PML mesh is denoted ’cells’.
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Figure 4.12: R calculated with a rational stretching function with s = 1 and
p = 2 and a typical frequency of 440 Hz. The input frequency is denoted as
’freq’. The element depth in the PML mesh is denoted ’cells’.

4.2.7 Scaling Factor and Mesh Dependency
This section looks at how transition reflections are affected by adding or re-
moving mesh elements. The test model used is the one in Section 4.1. In the
following study, linear stretching is studied. This makes it possible to look at
how the parameter s and the number of mesh elementsM are connected. For
the model, Rres can be calculated theoretically and R can be approximated
from solutions. If Rres is small, the approximation Rtrans ≈ R can be used.
By looking back on Figure 4.2 it is suggested that this condition holds for ap-
proximately s > 1 when p = 1.
The result of the experiment is presented in Figure 4.13, where Rtrans is plot-
ted against s for different number of PML mesh elements. Using more or
fewer mesh elements gives different Rtrans curves. If instead Rtrans is plotted
against s

M
the curves do in fact line up. This can be seen in Figure 4.14. The

transition reflection seems to follow a function with the argument s
M
. Let the

fraction be defined as the transition scaling factor strans, that is strans = s
M
.

The usefulness of strans can be showed with an example. Assume for instance
that the transition reflections for a case with number of mesh elements M1

and scaling factor s1 are known. If another case is in every aspect identical
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in wave properties and problem but withM2 and s2, then the cases will have
about the same transition reflections if s2

M2
= s1

M1
. Note that the residual reflec-

tions are not the same. This example only holds for simple cases. There may
also be other sources of numerical reflections that occurs when the number of
elements in a particular problem is changed.
In a broader context similar relation may also exist for higher order polyno-
mial stretching functions. In Figure 4.15, the same numerical experiment has
been performed for a curve with p = 2. In that case, a transition scaling factor
could be defined as strans = s

M2 to give a similar behavior. Note that changing
p does not result in the same curve. Comparison between strans for different p
is not straight forward.
Similar results can be found for p = 3 and p = 4. It could be conjectured that
the relation strans = s

Mp also holds for higher order polynomials of order p.
When studying transition reflections and polynomial stretching functions it
can be preferable to look at strans instead of s. The optimal strans to reduce
transition reflections is strans = 0. However, it would require an infinite num-
ber of mesh elements or setting s = 0 (which would result in Rres = 1).

Figure 4.13: Rtrans calculated w.r.t. s with a linear stretching function and
a typical frequency of 440 Hz. There is one incident wave of 440 Hz with
θ = 30◦. M is denoted as cells.
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Figure 4.14: Rtrans w.r.t. s
M

calculated with a linear stretching function and
a typical frequency of 440 Hz. There is one incident wave of 440 Hz with
θ = 30◦.

Figure 4.15: Rtrans w.r.t. s
M2 calculated with a second order polynomial

stretching function and a typical frequency of 440 Hz. There is one incident
wave of 440 Hz with θ = 30◦. Note that a logarithmic scale is used to make
the result more readable.



Chapter 5

Optimization of PML attenuation

In this chapter the problem of optimization of PML attenuation is discussed.
Conclusion from the previous chapters are used to develop methods of PML
optimization. The methods are then tested and the result discussed. This chap-
ter is divided into two parts. One is dealing with the case when waves prop-
erties are known. In this context, the wave properties are wave number, angle
of incidence and wave amplitude. One is dealing with the case when the wave
properties are unknown. Optimization consist in finding one best solution un-
der given constraints. The function being optimized is called an objective
function Q : A → R where A is a set. Q can be either maximized or mini-
mized with respect to some parameters β ∈ B ⊆ A. A simple minimization
problem can be stated as min

β
Q(β)

subject to β ∈ B
(5.1)

Note that Q is generally not known.

5.1 Known Wave Properties
This chapter looks at how to derive suitable stretching functions based on the
assumption that wave properties are known.
A natural objective function would be to set Q = R, thus minimizing the
reflections. If the wave properties are known, then Rres can be calculated. In
the first section below a method is presented that uses this knowledge to get
Rres = 0. Rtrans however, can not be calculated before solving. Section 4.2.7
showed that Rtrans depends on strans. In the second section below, an idea of
optimization using strans to limit Rtrans is presented.

43
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5.1.1 Rational Optimization
The residual reflections can be eliminated if only one type of wave is present
(evanescent or non-evanescent). Assume a fixed number of elements >3. Then
rational stretching can be used in a more general way. If the wave is evanes-
cent then the real part of the stretching should go to infinity as ξ → 1. If the
wave is plane harmonic then the imaginary part of the stretching should go to
infinity as ξ → 1. This is a useful method when the transition reflections are
expected to be small. The results in Section 4.2.6 showed that rational stretch-
ing requires fewer elements than polynomial while giving little reflections. For
evanescent waves a "switched" rational stretching function is preferable. Such
a function could have the real part going to infinity, while the imaginary part
is limited by a term in the divisor.
If there are both types of waves in the problem, how does one choose the
function then? Both real and imaginary parts could be stretched to infinity.
Alternatively let both be limited. Which one is the best method is not clear
and require further research. Stretching both parts to infinity may lead to the
frequency of the waves increasing to infinity and thus causing transition re-
flections. This increase of frequency can also happen to evanescent waves.
Limiting the stretching may lead to both residual and transition reflections if
handled poorly.

5.1.2 A Perfectly Matched Multi-Layer
This section presents a method based on the idea of constructing stretching
functions that minimizes Rres and sets a bound on strans thus limiting Rtrans.
The method is referred to as Perfectly Matched Multi-Layer (PMML) and is
presented here in 2D, but can be extend to other dimension by minor modifi-
cations.
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ξ1 ξ2 ξJ
. . .

Mtot

M1 M2 MJ

x0 x1

Figure 5.1: The local coordinates used in the PMML method and the corre-
sponding local real number of elementsMj . x0 and x1 are the inner and outer
boundary of the PML.

The PMML consists of multiple layers stacked after each other. Each layer
is tailored to handle one type of incident wave. It is assumed that the wave
properties k, θ and wave amplitude for all incident waves are known. For
simplicity, assume no evanescent waves are present. Let λj be the wavelength
and Aj the wave amplitude of the waves. Order the wave indices such that
k1 cos θ1 > k2 cos θ2 > · · · > kJ cos θJ , where J ∈ N. For the j:th layer, let
Mj be a real number of mesh elements and ξj be a normalized layer coordinate,
see Figure 5.1. It is assumed thatM ∈ R is allowed as long as the total mesh
elements usedMtot is an integer. Mtot can be calculated as a round up of the
sum of allMj . For each wavelength, a local polynomial stretching function is
defined as

f (j)(ξj) =


0, for ξj < 0

s · ξpj · (1− i), for 0 ≤ ξj ≤ 1

s · (1− i), for ξj > 1

.

with the corresponding parameters sj and pj . The stretching function used in
the PML is

f(ξ) =
J∑
j=1

f (j)(ξj(ξ)).

Let R(j)
res be an artificial residual reflection coefficient for the j:th layer. The

term artificial is used to distinguish it from Rres. R
(j)
res is calculated for wave

j where there is a reflective boundary at ξj such all what is left of the wave at
that point is reflected. In reality,R(j)

res is not a residual reflection coefficient that
exists. However, the transition reflections after a point cannot be larger than
the whole reflecting in that point. Thus, by having a small R(j)

res, the transition
reflection after that point will also be small.
As mentioned before, Rtrans can not be calculated theoretically. However,
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Section 4.2.7 showed that a small strans gives small Rtrans. Instead of mini-
mizing Rtrans, a bound could be set on strans such that it is small. In that way
also Rtrans becomes small. Choosing a suitable bound on strans is non-trivial
and requires some experimentation.
Given the user-defined parameters C and D, all sj , pj andMj should then be
found such that

j = 1 :

R(1)
res = e−4λ1k1 cos θ1s1{
R

(1)
res · A1 ≤ D

s
(1)
trans = s1

M
p1
1
≤ C

j = 2 :

R(2)
res = e−4λ1k2 cos θ2s1 · e−4λ2k2 cos θ2s2{
R

(2)
res · A2 ≤ D

s
(2)
trans = s2

M
p2
2
≤ C

...

j = J :

R(J)
res = e−4λ1kJ cos θJs1 · . . . · e−4λJkJ cos θJsJ{
R

(J)
res · AJ ≤ D

s
(J)
trans = sJ

M
pJ
J

≤ C
.

(5.2)

It may be possible to find parameters sj , pj and Mj that fulfills (5.2), but it
is easier to simplify the problem. This can be done by using only linear local
stretching functions pj = 1,∀j and changing all the bounds to equal signs.
Solving such a equation system becomes a iterative process; sj andMj can be
calculated in the j:th iteration, then all sj for the current and previous iterations
can be used to calculate sj+1 andMj+1, and so on.
Experimentation is performed using the (5.2) and the approximations above,
to test the PMML-method. The input wave properties are presented in Table
5.1 and are applied as pb on the model in Section 4.1. A piecewise linearly
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Table 5.1: Wave properties and corresponding indices used in the testing of
the PMML method

Index Frequency [Hz] θ [◦]
1 1000 45
2 440 10
3 100 0

interpolated stretching function is used with the following interpolation points
f(0) = 0

f(M1/Mtot) = λ1s1

f((M1 +M2)/Mtot) = λ1s1 + λ2s2

f((M1 +M2 +M3)/Mtot) = λ1s1 + λ2s2 + λ3s3

(5.3)

whereMtot = dM1 +M2 +M3e is the number of mesh elements used. After
M3/Mtot the stretching function is linearly extrapolated further to continue the
stretching through the whole PML. The real part of the calculated stretching
function can be seen in Figure 5.2. The resulting R values are presented in
Figure 5.3 and the corresponding number of elements in the solutions can be
seen in Figure 5.4.
Note that the stretching function is not differentiable within cells. This is
probably the origin of the oscillating reflection curve, especially for 100 Hz.
Smoothing out the stretching function is preferable. Alternatively, a new but
similar method could be constructed by looking at a single polynomial stretch-
ing function and performing a limitation on strans. In that case the stretching
function is differentiable per definition. But a such implementation is left to
future studies.
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Figure 5.2: The real part of the stretching function from a linear interpolation
of (5.3)

Figure 5.3: Calculated R from different values of C given the input waves in
Table 5.1.
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Figure 5.4: The number of mesh elementsMtot used for different C values in
the solution.

The approximations used on (5.2) are not the only way the PMMLmethod can
be used. An alternative approach is setting the number of elements beforehand

M1 +M2 + · · ·+MJ = E

with a user-defined constant E. This leads to an over-determined inequality
system. To fix it the J :th Rres could be removed and an infinite stretching is
applied at the very end of the last layer to give no residual reflections.
It was assumed that there are no evanescent waves present. However, the
method could be extended to also handling evanescent wave. If the j:th wave
is evanescent, then R(j)

res has to be calculated a bit differently but otherwise the
method remains the same. The main drawback is that the wave properties of
the evanescent wave have to be known.
Note that the experiments in Section 4.2.7 looked at functions of 3 ≤ M ≤ 8

andM ∈ N. That the same relation betweenRtrans and strans holds forM ∈ R
has not been shownwith a proof nor experimentation. Practically the issues re-
garding such an experiment is that when studying stretching within elements,
numerical approximations that have little effect on multiple elements can have
a huge effect. Distinguishing numerical reflections by their origin is tricky.
The PMML experiment above gives a hint that the assumption Mj ∈ R is
reasonable. Nonetheless, by only allowing Mj ∈ N the PMML becomes a
severely limited method.
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5.2 Unknown Wave Properties
The wave properties of a problem are not always known in advance. Applying
a Fourier transform in space could yield the properties. However, to get a
high enough resolution the transformation becomes too costly. No method of
estimating the wave properties from a solution cost effectively has been found.
Another approach is to look at error estimation. Using error estimates it is
possible to use adaptive methods [22]. Adaptive methods work as a feedback
loop that optimizes for a behaviour. In a general sense adaptation is described
by the following pseudo algorithm

1 . De f ine t h e problem wi th i n i t i a l p r o p e r t i e s
2 . So lve t h e problem
3 . C a l c u l a t e t h e e r r o r e s t im a t e
4 . I f e r r o r e s t i m a t e > TOL

then modify t h e problem p r o p e r t i e s and go t o 2 .
5 . End a l g o r i t hm

where TOL is an error tolerance. To be able to perform error estimate adapta-
tion there are two main choices that needs to be decided. Firstly, what modi-
fications should be performed? Secondly, what error estimate should be stud-
ied?
There are many possible properties that can be modified. It has been seen in
the previous chapters how changing the stretching function properties affects
the reflections. Stretching function parameters for instance s and p could be
changed. However, this assumes a stretching function type has been chosen
beforehand. Alternatively a new function could be constructed by letting the
optimizing decide stretching values on node points.
In the subsequent section two types of error estimates will be used for op-
timization. The first uses known behaviors of the solution to get a error esti-
mate. Then the optimization can be performed trying to emulate that behavior,
by minimizing non-sought behaviors. The second uses a posteriori error esti-
mates. A posteriori error estimates are calculated without knowing the exact
solution [22].
In the following section, the adaptation is performed using built-in methods
in COMSOL Muliphysics. These are MMA and BOBYQA [23]. MMA is
an adaptive method that uses gradients in the optimization steps. That is, it
calculates approximate derivatives of the error estimate with respect to some
parameters and optimizes according to their incline. BOBYQA is a sampling
adaptation method. It is useful when gradients of the solution can not be cal-
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culated.

5.2.1 Adaptation With A Known Solution
If there is knowledge about how the solution should behave, it can be used for
the adaptation. It can be enough to know the behavior for a sub-domain of the
ROI to try to make the approximate solution match that behavior. For instance,
in the simple test model in Section 4.1, if TIR is not occurring the scattered
pressure field in the left ROI should be zero. Thus, the scattered pressure field
present in a approximate solution is a result of PML reflections or numerical
issues. The objective function for this model can be set to

Q(β) =

∫
Ω

|ps|2dA
∣∣∣
β
, Ω = [0, 1]× [0, 1]. (5.4)

where β is optimization parameters as in (5.1). Note the similarities to R
calculated from (4.3). It would be similar to set Q(β) = R

∣∣∣
β
. Figure 5.5

shows an adaptive implementation of this objective function using two normal
waves of different frequencies to optimize a polynomial stretching function.
In practise, for many wave problems this method is not applicable. It may not
be possible to separate outgoing and reflected waves. This means that waves
can interact and create nonphysical minimum points. The reflected waves can
cancel outgoing waves.
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Figure 5.5: Two normal input waves of 440 Hz and 880 Hz are applied and the
typical frequency is set to 440Hz. Solutions to the wave frequencies are solved
for separately. The objective function is then a sum of (5.4) for each solution.
A polynomial stretching function β = {s, p} is used and the adaptation is
performed using MMA.

5.2.2 A Posteriori Error Estimates
It is possible to look at a posteriori error estimates of a functional. A func-
tional maps from a vector space to a scalar field. Such functional errors have
been used in mesh adaptation algorithms [24]. To use the following approach,
a suitable linear functional needs to be defined. Preferably, it should be a phys-
ical property of interest.
Let J(u) be a linear functional. Then the a posteriori error representation,
using the notation given in [24], is

J(u)− J(uh) = min
ϕh∈Vh

ρ(uh, z − ϕh)

where u is the continuous solution, uh the approximate discrete solution, ϕh
the test functions, z a solution to the adjoint problem, Vh a finite-dimensional
subspace of the solution space V and ρ a residual function. For a more ex-
tensive description see [24]. In practise the residual function ρ consists of
individual weighted residual contributions ηK for each elementK. The func-
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tional error can be estimated as

J(u)− J(uh) ≤
∑
K

ηK . (5.5)

Adaptation can be performed using the whole error estimate (5.5). Alterna-
tively, it is possible to use a more specific error estimate by looking at each ηK .
Doing so shows where the error is the most prominent in the meshed domain.
Which is where the functional error originates from. There is a functionality
for calculating all of this in COMSOL Multiphysics.
The limitation of using these error estimates for PML adaptation is that they
do not detect residual reflections. The reason for this is that the residual reflec-
tions exists in both the continuous and the approximate discretized solution.
Therefore, using rational stretching is preferable.

5.2.3 A Posteriori Error Estimates Application
The method described in the previous section is applied to the test model in in
Section 4.1. Let the stretching function be a piecewise linear interpolation

f(ξ) =

l∑
j=1

aj

5∑
j=1

aj

,
l − 1

5
≤ ξ ≤ l

5
l = 1, 2, 3, 4, 5 (5.6)

where aj are parameters to be determined. The PML uses 5 mesh elements,
thus the discontinuities occurs on element edges. The following functional,
objective function and constraints are used

J(ps) =
∫

Ω
ps · pb,refldA, Ω = [0, 1]× [0, 1]

Q(β) =
∑
K

ηK

∣∣∣
β
, K ⊂ [−1, 0]× [0, 1] ∪ [2, 3]× [0, 1]

β = {a1, a2, a3, a4, a5}, β ∈ B B = {0.1 ≤ aj ≤ 10 ∀j}

(5.7)

where pb,refl = ei(kxx−kyy). The functional J(ps) above is chosen because it
is linear. A normal wave of 880 Hz is applied as input with a PML typical
wavelength of 440 Hz. Figure 5.6 shows Q(β) and the reflection coefficient
(4.3) with each iteration. The resulting stretching curve can be seen in Figure
5.7. From Section 4.2.2 the usefulness of a curvature was shown for higher
frequencies than the typical frequency. Here, the adaptation has found this
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property of a initial steepness to handle the 880 Hz input wave. The number
of iterations between this method and the one presented in Section 5.2.1 by
comparing Figure 5.5 with Figure 5.7. Optimizing with a known solution re-
quires fewer iterations than using a posteriori error estimates. This probably
has to do with which adaptation method is used. Gradient adaptation meth-
ods are faster than sampling adaptation methods. There are however limitation
on when a gradient adaptation methods can be used, for instance when using
these error estimates.
Note that for each iteration the whole problem has to be solved. Thus, this
method is not suitable for large problems, where a single solution requires a
lot of computational time.
This method has only been tested on a problem with single-excitation fre-
quency. To implement it on multiple-excitation frequency problemsQ(β) has
to be defined differently. However, such problems may easily become very
computationally intensive since all frequency solutions have to be solved for
in each iteration.
Q(β) in (5.7) uses a sum of all individual error residual. There are alternative
objective functions that can be used. The following objective function has also
been tested

Q(β) =
(

max
K

(ηK)−min
K

(ηK)
)
β
, K ⊂ [−1, 0]× [0, 1] ∪ [2, 3]× [0, 1] .

It can be shown that it also works well.
In future work, it would make sense to make use of the positional knowledge
of each ηK to improve the stretching locally. Such methods could potentially
be implemented to give more efficient and reliable adaptation.
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Figure 5.6: Optimization using objective function Q in (5.7) and the corre-
sponding reflection coefficient (4.3) for comparison. The optimization is per-
formed using BOBYQA, which is a gradient free optimization algorithm.

Figure 5.7: The real part of the stretching function in the last iteration of the
optimization



Chapter 6

An Extra-Dimension
Perfectly Matched Layer

This chapter will study how PMLs can be applied as a boundary condition,
using the extra-dimension feature in COMSOL Multiphysics. In the first part,
a derivation of this method is presented. In the second part, the method is ap-
plied to two example problems.
The extra-dimension is a feature which can be used to extend the spatial di-
mensions in a domain. Let Ω ⊂ Rd be a domain and Γ ⊆ Ω a subdomain.
Then, let the extra-dimensions be defined as D ⊂ Rb, where b ∈ {1, 2, 3}.
The extra-dimension D can be attached to Γ which would result in a product
geometry D × Γ ∈ Rd+b. In the subsequent sections Γ will be the boundary
of Ω and D will be a line.
The extra-dimension PML derived here can be applied similarly to the way
BCs are applied. The user does not have to draw a layer in the geometry and
mesh the PML domain. The main advantage, is that it can be used on general
truncation boundaries. The extra-dimension PML makes it simple to apply
PMLs on convex polygon borders and possibly more advanced layer geome-
tries.

6.1 Derivation
In this section, an extra dimension based PML is derived in 2D for Helmholtz
equation.
Let D ∈ R be a line in the extra-dimension and let ξ be the coordinate along
that line. The extra-dimension D is attached at ξ = 0 to Γ ⊆ ∂Ω. A visual-
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ization of this can be seen in Figure 6.1. The outer boundary of the layer is
ξ = 1. Let rrr0 be a point in Ω. It is assumed that all points Γ can be reached
from rrr0 by drawing a straight line that does not cross Γ twice and that rrr0 6⊂ Γ.

x

y

ξ

Ω

D × Γ

Γ

Figure 6.1: A line extra-dimension D attached to a domain boundary Γ.

The parameters x and y are referred to as mesh coordinates. They are coor-
dinates with respect to which shape functions are differentiated and the weak
form expression integrated. If an extra-dimension is applied, then ξ is also a
mesh coordinate. To derive a PML there are three fundamental steps

1. Finding a map from the mesh coordinates to a parametrization of the
PML domain. The parametrization should contain a unique outgoing
direction.

2. Expressing complex-coordinate-transformed coordinates as a function
of the parametrization.

3. Expressing the weak form in terms of the complex-coordinate stretched
mesh coordinates.

If the PML is set up only in the geometric-domain as is the current COM-
SOL Multiphysics implementation, then the mesh coordinates x and y have
to be mapped to an outgoing direction parametrization. In Section 3.2 the
parametrization is the direction perpendicular to the truncation boundary, point-
ing outwards. It was shown that in a Cartesian truncation it is in the x- and
y-direction and in a radial truncation in the r-direction. Using a parametriza-
tion in the geometry works well for simple geometries: rectangular, cylindrical
and spherical. However, for more general truncations the parametrization can
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become difficult to perform.
The extra-dimension feature has an extra mesh coordinate ξ. Since D is at-
tached at the truncation boundary it makes sense to use ξ in the outgoing di-
rection parametrization. If a extra-dimension PML should be applied to a ra-
dial truncation it would make sense to simple use ξ as the outgoing direction.
However, in for instance Cartesian truncation there will be reflection originat-
ing from the corners if ξ is used in the same manner. The main point is that
using ξ, the parametrization can be chosen more easily.
In the second step, the PML transformation should be expressed in terms of
the mesh coordinates. Performing the second step is trivial and can be done
in multiple ways. Here, let it be defined as

x̃xx = xxx+ pppf(ξ) (6.1)

with a point xxx = (x, y) ∈ Γ in which the stretching is performed in the prod-
uct geometry, a stretching direction ppp, a stretching function f(ξ) and the trans-
formed coordinates x̃xx.
In the third step, the weak form should be expressed in terms of x̃xx over themesh
coordinates. Note that this parametrization has onemesh coordinate more than
there are spatial coordinates. This causes an issue on how to formulate the
weak form expression. From (3.14) it can be seen that an inverse-Jacobian
with respect to the mesh coordinates is needed. In this case the Jacobian does
not have an inverse since there are three mesh coordinates and the product ge-
ometry only has two.
To solve this, an intermediate coordinate system can be introduced. Define the
intermediate system in terms of the coordinates η in the tangential direction to
Γ and ξ normal to η. The coordinate ξ is the extra-dimension coordinate. The
sought weak form expression can thus be expressed similarly to (3.14), but
here it should be in terms of η and ξ in the product geometry. The Jacobian
matrix becomes

J =
∂(x̃, ỹ)

∂(η, ξ)
. (6.2)

Let nnn = (nx, ny) be the outwards pointing normal to Γ in xxx. The derivative
∂x̃xx
∂η

can be reformulated using spatial coordinates

∂x̃xx

∂η
=
∂x̃xx

∂x

∂x

∂η
+
∂x̃xx

∂y

∂y

∂η

=
∂x̃xx

∂x
ny −

∂x̃xx

∂y
nx
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This gives,

J =

[
∂x̃
∂x
ny − ∂x̃

∂y
nx

∂x̃
∂ξ

∂ỹ
∂x
ny − ∂x̃

∂y
nx

∂ỹ
∂ξ

]
. (6.3)

Practically, the weak form expression becomes∫
D×Γ

(−(T11
∂v

∂η
+ T12

∂v

∂ξ
) · (T11

∂û

∂η
+ T12

∂û

∂ξ
)−

(T21
∂v

∂η
+ T22

∂v

∂ξ
) · (T21

∂û

∂η
+ T22

∂û

∂ξ
)

+
ω2

c2
ûv)|J |dxdydξ

(6.4)

with the same definition of Tij as in Section 3.2.2, where

∂u

∂η
= −

(
∂u

∂x
· ny +

∂u

∂y
· (−nx)

)
and similarly for the test function.
In (6.1) is tempting to set ppp = nnn. As discussed earlier, this works very well for
radial truncations. But if there are corners or non-smooth changes in Γ then
there will be reflections. To solve this issue a ppp can be defined to always stretch
in a radial direction with respect to a user-defined point in the domain rrr0. Let
ppp be

ppp =
1

r
(xxx− rrr0), r = |xxx− rrr0|. (6.5)

In the next section this method will be studied with a simple application.
This derivation has been focusing on Helmholtz equation in 2D. These con-
cepts can also be developed for other problems. Applying this idea in 3D could
also be done. A 3D implementation requires another definition of the tangent
coordinate since there is a tangent plane. However, such implementations are
left for future studies.

6.2 Some applications
This section looks at some applications of the extra-dimension PML derived in
the previous section. Two different setups are studied. The first setup consist
of a plane Cartesian truncation. The second setup consist of a more advanced
truncation. The aim is to compare the result of the extra-dimension PML to
the result of a PML with the same stretching function using the same param-
eters.
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6.2.1 Plane Cartesian Truncation
In this setup, the PML is only applied on two sides of a square domain. The
other two sides have zero-Neuman BCs. Two point sources have been placed
in the domain and only one excitation frequency f0 is studied. The following
non-symmetric polynomial-rational stretching function is used

f(ξ) = s (ξp − i · log(1− ξ)) (6.6)

where s = 1/f0 and p = 2.
The problem is solved for two cases: one using a PML in the geometry and one
using the extra-dimension PML. The result is calculated from the solution u as
log |u|2. It can be seen in Figure 6.2 and Figure 6.3. Notice how the methods
handles corners in different ways. The extra-dimension implementation does
not require any corner domain, instead the stretching direction transitions over
the vertex without any sharp changes in direction. In the physical domain,
the result from both methods looks very similar. In Figure 6.3, the stretching
direction ppp has been plotted. It is calculated using (6.5) while placing rrr0 in the
lower left corner. The absolute difference between the results can be seen in
Figure 6.4. Relative to the results the difference is not large.

Figure 6.2: The result log |u|2 using a PML in the geometry.
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Figure 6.3: The result log |u|2 using an extra-dimension PML. The arrows
correspond to ppp in the plane.

Figure 6.4: The absolute error between the results plotted in Figure 6.2 and
Figure 6.3.
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6.2.2 Arbitrary Truncation
This setup looks at Helmholtz equation as applied in pressure acoustics (4.1)
with an advanced truncation shape. A background field is applied to the do-
main and the scattered pressure field is studied. The point rrr0 is set in the
physical domain. A polynomial stretching function with s = 2/f and p = 2

is used.
Two methods are compared: one using a radial PML in the geometry and one
using the extra-dimension PML on an arbitrary semi-convex truncation. The
scattered pressure field is plotted for each case in Figure 6.5 and Figure 6.6
respectively. The absolute difference between the solution is plotted in Figure
6.7. The difference is not large. Note that the sizes in Figure 6.4 and Figure
6.7 are of different units. It is clear that extra-dimension PMLs are applicable
on arbitrary truncations.

Figure 6.5: Result using a PML in the geometry using a radial PML.
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Figure 6.6: Result using an extra-dimension PML with a inner shape as the
truncation border. The arrows correspond to ppp.

Figure 6.7: The absolute difference between the scattered pressure fields.



Chapter 7

Conclusions

The work here presents the basics for PML adaptation and could be used to
construct advanced implementation for practical purposes. Methods of opti-
mization of PMLs have been tested. In problems with known wave properties
two methods have been developed. Rational Optimization can be used to re-
move all residual reflections as long as there is only one type of waves k ∈ R
or k ∈ C\R. The Perfectly Matched Multi-Layer can be used to design PMLs
based on bounding of a transitional scaling factor strans thus limiting the tran-
sition reflections without knowing them a priori. There is much potential in
the method of bounding strans. Future work should study its behavior further,
and see whether it is possible to find strans for a general stretching function
and mesh.
In problems with unknown wave properties adaptive methods have been pre-
sented. Two types of optimizing parameters have been tested. One by tuning
the parameters in a given stretching function. One by optimizing over node
points. Two types of error estimates to optimize after have been presented.
One uses known behaviors in the physical domain. It works well as long as
incident and reflection waves can be separated. One a more general approach
is based on a posteriori error estimates of a functional. The origin of the er-
ror estimate in the mesh is used. In the implementation, all the errors in the
PML-domain are summed up and a minimum is sought through adaptation. It
is left to future work to also make use of the positional information of the er-
ror. The computational requirements needs to be studied further. The current
adaptation implementation requires many iterations.
This thesis shows how an extra-dimension PML can be constructed using
COMSOL’s extra-dimension feature. Such an implementation has been de-
rived and shown in two applications. These applications shows that themethod
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is applicable on semi-convex truncations, and not just Cartesian and curvilin-
ear truncations. The extra-dimension PML simplifies the usage of PMLs for
users. There is a lot of possible research regarding this area. Many aspects
of this method have not been studied. Future research should look into how
computationally effective this method is, how it is applicable in other areas of
physics and other problems.
Hopefully this work will contribute to the further development of efficient
wave simulation methods with more accurate solutions, at smaller computa-
tional costs and which simplifies the usage of PMLs.
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