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A softwood fibre from an increment core. Image from Kajaani FiberLab 3.0.
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V. Svensson, I. Sjöstedt-de Luna, S. (2007). Asymptotic properties of a stochas-
tic EM algorithm for mixtures with censored data. Research Report 2007-1,
Department of Mathematics and Mathematical Statistics, Ume̊a University,
Sweden.

Paper I and II are reprinted with the kind permission from Walter de Gruyter and
Paper IV is reprinted with the kind permission from the Board of the foundation of
the Scandinavian Journal of Statistics.

vi



Abstract

The motivating forestry background for this thesis is the need for fast, non-destructive,
and cost-efficient methods to estimate fibre length distributions in standing trees in
order to evaluate the effect of silvicultural methods and breeding programs on fibre
length. The usage of increment cores is a commonly used non-destructive sampling
method in forestry. An increment core is a cylindrical wood sample taken with a
special borer, and the methods proposed in this thesis are especially developed for
data from increment cores. Nevertheless the methods can be used for data from
other sampling frames as well, for example for sticks with the shape of an elongated
rectangular box.

This thesis proposes methods to estimate fibre length distributions based on cen-
sored mixture data from wood samples. Due to sampling procedures, wood samples
contain cut (censored) and uncut observations. Moreover the samples consist not
only of the fibres of interest but of other cells (fines) as well. When the cell lengths
are determined by an automatic optical fibre-analyser, there is no practical possibil-
ity to distinguish between cut and uncut cells or between fines and fibres. Thus the
resulting data come from a censored version of a mixture of the fine and fibre length
distributions in the tree. The methods proposed in this thesis can handle this lack
of information.

Two parametric methods are proposed to estimate the fine and fibre length dis-
tributions in a tree. The first method is based on grouped data. The probabilities
that the length of a cell from the sample falls into different length classes are derived,
the censoring caused by the sampling frame taken into account. These probabilities
are functions of the unknown parameters, and ML estimates are found from the
corresponding multinomial model.

The second method is a stochastic version of the EM algorithm based on the
individual length measurements. The method is developed for the case where the
distributions of the true lengths of the cells at least partially appearing in the sample
belong to exponential families. The cell length distribution in the sample and the
conditional distribution of the true length of a cell at least partially appearing in
the sample given the length in the sample are derived. Both these distributions are
necessary in order to use the stochastic EM algorithm. Consistency and asymptotic
normality of the stochastic EM estimates is proved.

The methods are applied to real data from increment cores taken from Scots
pine trees (Pinus sylvestris L.) in Northern Sweden and further evaluated through
simulation studies. Both methods work well for sample sizes commonly obtained in
practice.

Keywords: censoring, fibre length distribution, identifiability, increment core, length
bias, mixture, stochastic EM algorithm.

2000 Mathematics Subject Classification: 62F10, 62F12, 62P10.
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Ume̊a, April 2007
Ingrid Svensson

ix





1 Introduction

In this thesis parametric methods are proposed to estimate fibre length distributions
in trees from censored mixture data. The observed data lack information on which
observations from the mixture distribution are censored. However, the censoring
mechanism is known and utilized. The performance of the methods and asymptotic
properties are examined in simulation studies and shown theoretically.

The settings for the problem of estimating fibre length distributions is described
in Section 2, and in Section 3 relevant notation is given. The usage of increment cores
is a commonly used sampling method in forestry. An increment core is a cylindrical
wood sample taken from a tree with a special borer. In Section 4 the censoring
induced by increment cores and some related problems are presented. Due to the
fact that wood consists not only of fibres but also of other kinds of cells (fines), cell
lengths from a sample follow a mixture distribution. The identifiability of mixtures
and techniques to estimate the parameters of mixture distributions are discussed in
Section 5. One of these techniques, the EM algorithm is further described in Section
6 with focus on censored data and mixtures. Summaries of the five papers in the
thesis are given in Section 7.

2 Background

There is an increased interest in improving the utilization of wood resources and
the performance of wood-based products. It has therefore become important to find
ways of assessing wood properties in growing trees, to serve tree breeding programs,
and to evaluate silvicultural methods. It is desirable that the procedures to measure
wood properties in standing trees are fast, cost-efficient, and non-destructive. One
of the most important wood properties is cell length and hence its distribution is
of great relevance. Of special interest are the lengths of the tracheids, which we
will call fibres. The lengths of fibres affect product quality not only in pulp and
paper industry but in solid wood products as well (Zobel and van Buijtenen, 1989,
pp. 18-19).

Taking samples with increment cores of 5 mm in diameter is a fast sampling
method which is considered to be non-destructive. Due to some complicating issues,
it is not straightforward to find the cell length distribution from a sample in an
increment core. To begin with, the sample will contain not only uncut cells but also
cells that are cut once or twice. This originates from the fact that the increment
core normally is taken horizontally in the tree, while the cells grow vertically, see
Figure 1. Secondly, the sample will not contain any cells with lengths larger than the
diameter of the increment core, which is a problem if the diameter is smaller than
the maximum length of a cell. These forms of censoring will affect the estimation
of the cell length distribution and give biased estimates if no correction is made.
Correction must also be made for the length bias problem arising from the fact that
longer cells are more likely to be sampled in an increment core. Moreover, there are
different kinds of cells in wood. Besides the fibres of interest, there are considerably
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Figure 1: A cylindric increment core is taken perpendicularly to the direction of the
fibres in the tree. The cross-section of the increment core shows how the fibres in
the sample can be both cut and uncut.

shorter cells (e.g. ray parenchyma cells and ray tracheids) which we will call fines.
Hence a sample from an increment core arises from a mixture of fibres and fines.

The procedure to measure the individual cell lengths in a sample from wood
samples is performed in three steps. First the sample is macerated in a mixture
of acetic acid and hydrogen peroxide for about 48 hours at 70◦C (see e.g. Franklin,
1945). The samples are then carefully rinsed with water and the cells are separated
by shaking the cell solution until they are considered as totally separated. Then
the lengths of the fines and fibres in a subsample from the resulting suspension can
be measured either in a microscope or by an automatic optical fibre-analyser. In a
light microscope it is possible to see the difference between fines and fibres and also
whether or not a cell has been cut. However, it is time-consuming to measure cell
lengths in a microscope, and the amount of cells that can be measured in practice will
thus be limited. An optical fibre-analyser can measure large samples automatically in
a short time, but it has no practical possibility to distinguish between cut and uncut
cells or between fines and fibres. This implies that the observed lengths come from
a censored version of a mixture of the fine and the fibre length distributions in the
tree. Figure 2 shows a sample from a 22-year-old Scots pine tree (Pinus sylvestris L.)
in Northern Sweden. From the histogram we see that the fine and fibre distributions
are separated. However, the left mode represents cut fibres as well as fines.

Approximately 90 − 95% of the volume in softwood consists of fibres (Ilvessalo-
Pfäffli, 1995). These are hollow, elongated cells which grow vertically. Their task is
to transport water up through the stem and to give strength to the tree. The radial
transportation is performed by the fines. The cell length varies between different
wood species and stands, but also within stands and trees. In softwood the average
length of fibres is between 2 and 6 mm. The average fine length is about 10 to 20
times shorter. A reason for the variability between trees within a stand could be

2



0 1 2 3
0

100

200

300

400

lengthclasses −  in steps of 0.05 mm

Figure 2: Histogram of fine and fibre length data from a sample from a 22-year-old
Scots pine tree from Northern Sweden.

that different trees do not have the same growing conditions, but cell length is also
strongly inherited (Zobel and van Buijtenen, 1989, pp. 19, 265).

To meet the demand of fast, cost-efficient, and non-destructive procedures to mea-
sure fibre length distributions in standing trees, this thesis proposes methods based
on wood samples that have been analysed by an automatic optical fibre-analyser.
The methods can handle the censoring induced by the increment core and the inabil-
ity of the fibre-analyser to distinguish fibres from fines. Throughout a parametric
approach is chosen. A method based on grouped data is proposed and evaluated in
Papers I, II and III. In this method the ML estimates of the unknown parameters
are found from a multinomial model for the grouped data. In Papers IV and V, a
method based on individual measurements is discussed. The proposed method is a
stochastic version of an EM algorithm. The parametric approach makes it possi-
ble to use the strength of the EM algorithm for mixtures of distributions from an
exponential family.

3 Preliminaries

Let W denote the length of a cell (fine or fibre) in a standing tree. Further, let
Y denote the true length of a cell that at least partially appears in the increment
core, and X its corresponding length seen in the increment core. Note that X ≤ Y
since the cell might have been cut. We will observe data from the core, and thus
from the distribution of X, whereas our real interest is in the distribution of W. The
auxiliary distribution of Y connects these two distributions. The distributions of
W and Y will differ due to the length bias arising from the fact that longer cells
are more likely to be sampled in an increment core. For example, the proportion of
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fines will not be the same in the tree as in the increment core. However, there is a
one-to-one relationship between the distributions of Y and W , presented in Paper
IV, Section 4.3. The length bias problem was neglected in Paper I, and caused an
overestimation of the fibre length means and an underestimation of the proportion of
fines. However, in Paper II it is shown how to correct for the length bias for trimmed
cores as well as untrimmed ones. A trimmed core has the outer segments of the core
removed, according to Figure 3.

As long as it is possible to calculate the truncation probability of a shape of a
sample, the methods proposed in this thesis can be used, and hence they are not
restricted to increment cores. For example, the methods can be used for a sample
from a stick with the shape of an elongated rectangular box. The correction for the
length bias can be computed using the ideas in Paper II. For data from increment
cores, in addition to the length bias problem, the censoring caused by the core needs
to be handled. This censoring is discussed in next section.

4 Censoring induced by increment cores

The proportion of cut cells in a sample from an increment core depends on the
diameter of the core. Bergqvist et al. (1997) compared 4, 8, and 12 mm increment
cores from Norway spruce. They showed that a sample from a 12 mm core contains
approximately 30% cut cells while the proportion of such cells in a sample from a
4 mm core is as much as 70%. This indicates that it could be better to use a large
increment core. However, the smaller the diameter of the increment core is, the less
damage will be done to the standing tree. In samples from 5 mm increment cores
the proportion of cut cells is still essential.

A way to reduce the amount of cut cells was proposed by Polge (1967). Changing
the angle between a 5 mm increment core borer and the direction of the cells to 30◦

instead of the usual 90◦, results in slanting cores. These will have a maximum
dimension of 10 mm parallel to the cell direction. As a consequence, the upper limit
for the cell lengths in a sample will change from 5 mm to 10 mm. If the increment
core in addition is trimmed, so that only the inner 1.5 mm of the core is used, Polge
(1967) shows that the proportion of uncut cells is twice as high as in a sample from
a 10 mm increment core taken perpendicularly to the cell direction. Although the
method is appealing in theory, it is not usable in practice since it is technically
difficult to take a slanted increment core from a given angle.

Hart and Hafley (1967) also suggested trimming of the increment core in order
to reduce the amount of cut cells. Only the uncut cells from the remaining part of
the increment core are used for estimation. Since long cells have a larger probability
of being cut than short cells, using only the uncut cells without correction will
give biased estimates. Expression of the bias is derived and used to give relatively
unbiased estimates of the mean and standard deviation of cell lengths. This is done
under the assumption that the cell lengths in the tree follow a normal distribution.
The method requires that the maximal cell length is shorter than the trimmed side
of the increment core. This can cause problems when a 5 mm increment core is
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Figure 3: The shaded region illustrates a trimmed increment core with radius r.

used, since fibre lengths from some species of softwood can be up to 9 mm (Ilvessalo-
Pfäffli 1995, p. 18). Moreover, the samples must be measured in a light microscope
to separate cut and uncut cells.

The expression for the bias in Hart and Hafley (1967) is derived using the proba-
bility that a cell of a certain length in the tree is uncut in the core. This probability
is found geometrically. Let the diameter of an increment core be 2r, and recall that
W denotes the true length of a cell in the tree and that Y denotes the true length of
a cell that at least partially appears in the increment core. In order for a cell in the
increment core to be uncut, its true length Y = y must be shorter than the diameter
of the increment core, i.e. y ≤ 2r. Figure 4 shows a cell of true length y and the total
region, T (y), in which the centre of an untrimmed increment core can be located
in order to have at least part of the cell in the core (here y < 2r). If the centre of
the core falls in the subset U(y) (shaded area in Figure 4), the cell will be uncut.
Under the assumption that the centre of the borer is randomly located in the region
of interest in the tree and that the cells are randomly packed, the probability of a
cell being uncut given that it at least partially appears in the increment core, is the
ratio of the area of the subset U(y) and the area of T (y). By geometric inspection,
it can be shown that the area u(y) of U(y) is

u(y) = 2r2 arcsin
(√

4r2 − y2/(2r)
)
− y

2

√
4r2 − y2,

and the area t(y) of T (y) is
t(y) = πr2 + 2ry.

Clearly, for a cell of true length Y = y at least partially appearing in the increment
core, the probability to be uncut in the untrimmed increment core is u(y)/t(y),
0 ≤ y ≤ 2r and zero otherwise. Similar calculations can be done for a trimmed core.
Consider a cell of true length Y that at least partially appears in the increment
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Figure 4: The total region inside the solid line is the region T (y), in which the centre
of the increment core can be located in order to have at least part of a fibre of true
length W = y, in the increment core. The shaded region, U(y) is the region in which
the centre of the increment core can fall in order for the fibre to be uncut. The
superposed circles have their centers at the endpoints of the fibre.

core. The probability that such a cell has the length X in the increment core in
a specific interval (a, b], 0 ≤ a < b ≤ 2r is derived in Paper I. The conditional
probability P (X ∈ (a, b]|Y = y) is a function of the censoring mechanism induced
by the increment core. In Paper I, these conditional probabilities are found by
geometric consideration for both trimmed and untrimmed cores. By letting a = 0,
b = x, the probability P (X ≤ x|Y = y) is derived in Paper IV for an untrimmed
core. With these probabilities known, it is possible to use also the cut cells for
estimation of fine and fibre length distributions.

A closely related problem to the one handled in this thesis is treated by Wijers
(1995, 1997). The problem deals with estimation of the length distribution of linear
segments observed within a one- or two-dimensional convex window. The linear
segments may be censored by the borders of the window. The line-segment problem
was introduced by Laslett (1982) where, besides the possible censoring due to the
frame of the window, each line segment also may be censored by an independent
censoring mechanism. Laslett (1982) proposed a nonparametric maximum likelihood
estimator (NPMLE) for the length distribution of the line segments. These ideas were
further developed by among others Wijers (1995, 1997), van der Laan (1996, 1998)
and van Zwet (2004). The NPMLE assumes knowledge of whether each segment
is censored once or twice or uncensored. With microscope measurements resulting
in knowledge of which fibres are censored, the nonparametric method for a circular
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window (Wijers, 1997) could be used to find the fibre length distribution. However,
with these NPMLE it is only possible to estimate the length distribution within the
window size, i.e. on the interval [0, 2r] for a circular window of radius r.

5 Finite mixtures

Because it is not possible to distinguish between fines and fibres when the lengths are
measured by automatic optical fibre-analysers, the resulting distributions of W,Y,
and X in Section 3 are all some kind of mixture of a fine and a fibre length distrib-
ution. In Figure 2 both uncut and cut fines and fibres are represented. It supports
the idea of using a mixture model for the cell length distribution.

A parametric family of finite mixture densities is a family of probability density
functions of the form

f(y;θθθ) =

g∑
t=1

εtft(y;φφφt),

where εt, t = 1, ..., g, are nonnegative quantities with
∑g

t=1 εt = 1, the ft(y;φφφt) are
densities parametrized by φφφt, and g is the number of densities in the mixture. In
many situations g is not known and thus needs to be estimated. In a finite mixture
density, the unknown parameters in the model can be anything from one to all of
the parameters in the vector θθθ = (g, ε1, ε2, ..., εg,φφφ1,φφφ2, ...,φφφg).

The fine and fibre lengths follow a two-component mixture density in the fol-
lowing manner. We have that Y comes from a mixture of the true fine and fibre
length distributions of cells at least partially appearing in the increment core. Under
the assumption that the distribution of Y is continuous, the density function of Y ,
fY (y;θθθ), can be written

fY (y;θθθ) = εfY1(y;φφφ1) + (1− ε)fY2(y;φφφ2), 0 < y < ∞,

with ε being the proportion of fines in the increment core. Here fY1(y;φφφ1) and
fY2(y;φφφ2) denote the density functions of the true lengths of the fines and fibres,
respectively, that at least partially appear in the increment core. Therefore, the
density function of the lengths seen in the increment core, X, is a mixture,

fX(x;θθθ) = εfX1(x;φφφ1) + (1− ε)fX2(x;φφφ2), (1)

for x ∈ (0, 2r), where 2r is the diameter of the increment core, see Paper IV. Here
fX1(x;φφφ1) and fX2(x;φφφ2) are the density functions of the, possibly cut, fine and fibre
lengths seen in the increment core and θθθ is the vector θθθ = (ε,φφφ1,φφφ2).

5.1 Identifiability

Identifiability is an important property which must be fulfilled to make estimation
of θθθ meaningful. In general, a parametric family of densities is said to be identifiable
for θθθ if distinct parameter values determine distinct members of the family, that is

fX(x;θθθ) ≡ fX(x;θθθ′), (2)
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if and only if θθθ = θθθ′. For mixture densities, the definition must be modified. Consider
a mixture of components belonging to the same parametric family. For example for
equation (1), the parameter values θθθ = (ε,φφφ1,φφφ2) and θθθ′ = (1 − ε,φφφ2,φφφ1) makes (2)
hold, even though θθθ 6= θθθ′. This problem is often referred to as the label switching
problem of mixture densities. A class of finite mixtures is said to be identifiable if
and only if for all fX(x;θθθ) belonging to the class, the equality of two representations

g∑
t=1

εtfXt(x;φφφt) =

g∗∑
s=1

ε∗sfXs(x;φφφ∗s), for all x,

for εt, ε
∗
s ∈ [0, 1] with

∑g
t=1 εt =

∑g∗
s=1 ε∗s = 1, implies that g = g∗ and that for all

t there exists some s such that εt = ε∗s and φφφt = φφφ∗s (Everitt and Hand, 1981, p. 5).
The identifiability of mixture distributions has been discussed in several papers, and
a nice review of this work is given by Titterington et al. (1985). Teicher (1963) for-
mulated a sufficient condition for the identifiability of finite mixtures and showed
identifiability for the family of all finite mixtures of Gamma or univariate normal
distributions. A necessary and sufficient condition for the identifiability of mixtures
was given by Yakowitz and Spragins (1968), who also showed that finite mixtures of
multivariate normal and negative binomial distributions are identifiable. Chandra
(1977) generalized the work of Teicher by developing a general theory for identifia-
bility of mixtures. Later, Ahmad (1988) developed the idea of Chandra and showed
identifiability of finite mixtures of the lognormal, Chi-square, Pareto, and Weibull
distributions as well as some other distributions. Atienza et al. (2006) formulated a
version of Teicher’s theorem with weaker assumptions. Their sufficient condition for
identifiability of finite mixtures applies to a wide range of families of mixtures. It
is especially useful in situations where Teicher’s theorem is not applicable, e.g. for
the class of all finite mixtures generated by the union of different distributions such
as lognormal, Gamma, and Weibull distributions. In Paper V the identifiability of
the class of finite mixtures of fXt(x;φφφt) is verified under the assumption that the
corresponding class of finite mixtures of fYt(y;φφφt) is identifiable and that fYt(y;φφφt)
are analytic functions in y. Hence, when fYt(y;φφφt) follow lognormal distributions,
the identifiability of the class of finite mixtures of fXt(x;φφφt) follows directly since
in the lognormal case, fYt(y;φφφt) is analytic in y and the class of finite mixtures of
lognormal distributions is identifiable.

5.2 Parameter estimation

There are several methods developed to find estimates for the unknown parameters of
a mixture distribution. Before the arrival of powerful computers, the most frequently
used approach was the method of moments which was first developed as early as 1894
by K. Pearson for the special case of a mixture of univariate normal densities (see
e.g. Redner and Walker, 1984 for a description of the work of Pearson). With the
growing use of computers and numerical methods during the 1960’s, the maximum
likelihood (ML) method took over the role as the most preferred method to estimate
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mixture densities. However, the ML estimates in mixture densities are often not
explicitly given, and therefore some type of iterative procedure must be used. During
the last two decades, the EM algorithm has been the dominating iterative method to
find the ML estimates for mixture densities (McLachlan and Peel, 2000, p. 4). The
EM algorithm is further described in Section 6.

A difficulty associated with the ML estimation for mixture densities, and thus
also with the related EM algorithm, is that the log-likelihood function often has
several local maxima and even several largest local maxima due to the label switching
problem mentioned above. One way to handle this problem in practice is to start
the optimization algorithm for the likelihoods from several different starting values,
and if ending up with different limit values, use as the ML estimate the value that
gives the largest local maximum.

Another difficulty with ML estimation of mixture densities is that the log-likeli-
hood function for a mixture density may be unbounded. An illustrative example of
this was given by Kiefer and Wolfowitz (1956) who noted that for a mixture of two
normal distributions, the likelihood will be unbounded if one mixture mean is set
equal to one of the observations and the corresponding variance tends to zero.

The problem with a possibly unbounded likelihood can be avoided by grouping
the data. This approach was used in Papers I, II, and III, where the observed lengths
in the increment core are grouped into k different length classes Ci = (ai, ai+1]
i = 1, ..., k and 0 = a1 < a2 < ... < ak+1 = 2r. With Ni being the number of fibres
from the increment core whose lengths are in class Ci, i = 1, ..., k, we have that
(N1, ..., Nk) follows a multinomial distribution with probabilities (p1(θθθ), ..., pk(θθθ)),
such that

P (N1 = n1, ..., Nk = nk) =
n!

n1! · · · nk!
(p1(θθθ))

n1 (p2(θθθ))
n2 (p3(θθθ))

n3 · · · (pk(θθθ))
nk ,

where
∑k

i=1 pi(θθθ) = 1 and
∑k

i=1 Ni = n. For each i, the probability pi(θθθ) is derived
under the assumption that the density function fY (y;θθθ) of Y is known up to the
unknown parameters θθθ. The ML method is then used to estimate θθθ.

If the likelihood is unbounded, there will not exist an ML estimate which globally
maximizes the log-likelihood function l(θθθ). However, there can still exist a sequence
of roots of the likelihood equations

∂l(θθθ)/∂θθθ = 0,

corresponding to a local maximum. Redner and Walker (1984) give regularity con-
ditions which ensures the existence of such a sequence of roots, which is consistent
and asymptotically normally distributed. By defining the ML estimates of θθθ as any
choice of θθθ where l(θθθ) attains its largest local maximum, we can still talk about ML
estimates both for bounded and unbounded likelihoods.

After the initial work by Cramér (1946) on consistency of the ML estimate of
a single parameter, the problem has later been generalized by, among others, Wald
(1949). The regularity conditions stated by Redner and Walker (1984) ensure that
in a sufficiently small neighborhood of the true parameter value, there exists an ML
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estimate that is strongly consistent and asymptotically normally distributed. In
Paper V these conditions are verified for (1) under the assumption that the corre-
sponding fY (y;θθθ) is a mixture of two lognormal distributions. The generalization to
any two-component mixture of exponential family distributions could likely be done.
In Papers IV and V, the ML estimates of θθθ are found via a stochastic version of the
EM algorithm that utilizes individual length measurements from increment cores.

6 EM algorithms

The EM algorithm is an iterative method used to find ML estimates in situations
that can be considered as incomplete data problems. The name of the EM algorithm
was first established by Dempster, Laird and Rubin (1977). The two letters E and M
represent the two alternating steps of the algorithm, namely an Expectation step and
a Maximization step. The EM algorithm relates the log-likelihood of the observed
(incomplete) data to the log-likelihood of the associated complete (unobservable)
data. It is especially attractive to use when the ML estimates based on the incomplete
data are difficult to compute, whereas direct calculations of the ML estimates in
the complete data situation are easy to perform. This is the reason why the EM
algorithm is especially useful when the complete data follow a distribution belonging
to an exponential family. Consequently the properties of the EM algorithm have
been particularly investigated for such situations.

6.1 The deterministic EM algorithm

For finite mixture models and models with censored data the EM algorithm has
become important. The algorithm simplifies the otherwise often complicated ML
estimation by viewing the data as incomplete. The idea of the EM algorithm is
explained below, using the EM algorithm in Papers IV and V as an example.

Recall that when the data from an increment core is measured by an automatic
optical fibre-analyser, there are two types of sources of incomplete information in the
data. For each length measurement, it is not known if the observation is a fine or
a fibre. Furthermore, it is not known whether or not the cell has been cut. Hence,
the data come from a censored version of a mixture of the fine and fibre length
distributions in the tree, where the censoring mechanism caused by the increment
core is known.

Let yyy = (y1, ..., yn), with density function fY(yyy;θθθ), be the unobservable true
lengths of the cells at least partially appearing in the increment core, and let
xxx = (x1, ..., xn), with density function fX(xxx;θθθ), be the corresponding observed vector
of cell lengths in the core. Further let zzz = (z1, ..., zn) be the unobservable indicator
functions zi, i = 1, ..., n, with zi = 1 if observation i is a fine and zi = 0 if the
observation is a fibre. Together the vectors yyy and zzz make up the complete data
vector

ccc = (yyy,zzz),
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with density fCCC(ccc;θθθ). The ML estimates of θθθ can be found by maximizing the log-
likelihood function lX(θθθ) = log fXXX(xxx;θθθ) over θθθ. This can be done by finding the roots
of the equations

∂ log fXXX(xxx;θθθ)

∂θθθ
= 000, (3)

but there is not always a closed form solution. Moreover, there might be several
solutions to equation (3). The idea of the EM algorithm is to find the maximum
point of lX(θθθ) indirectly, using the relation between fXXX(xxx;θθθ) and fCCC(ccc;θθθ). This is
done in an iterative procedure by replacement of the unobservable log-likelihood,

log fCCC(ccc;θθθ) = log
n∏

i=1

(εfY1(yi;φφφ1))
zi ((1− ε) fY2(yi;φφφ2))

1−zi

=
n∑

i=1

{zi [log ε + log fY1(yi;φφφ1)] + (1− zi) [log(1− ε) + log fY2(yi;φφφ2)]} ,

(4)

by its conditional expectation given the observed data xxx and preliminary parameter
estimates, θθθ′. Each iteration of the algorithm gives rise to new updates of the pre-
liminary estimates. The algorithm starts with a starting value θθθ(0) for the parameter
θθθ and in the first E-step calculating the conditional expectation

Q
(
θθθ|θθθ(0)

)
= Eθθθ(0) [log fCCC(ccc;θθθ)|xxx]

=
n∑

i=1

(
τ1(xi;θθθ

(0)) log ε + τ2(xi;θθθ
(0)) log(1− ε)

)

+
n∑

i=1

2∑
t=1

τt(xi;θθθ
(0))Eθθθ(0) [log fYt(Yti;φφφt)|xi, ] . (5)

Here Yti is a random variable corresponding to Yi given Zi = 2 − t, t = 1, 2, where
Yi and Zi are random variables corresponding to yi and zi, i = 1, ..., n, respectively,
and

τ1(xi;θθθ) = P (Zi = 1|xi) = εfX1(xi;φφφ1)/fX(xi;θθθ) (6)

and τ2(xi;θθθ) = 1 − τ1(xi;θθθ), cf. Paper IV, Section 3. In the first M-step, (5) is
maximized with respect to θθθ so that the new update, θθθ(1) of θθθ fulfils

Q
(
θθθ(1)|θθθ(0)

) ≥ Q
(
θθθ|θθθ(0)

)
,

for all possible values of θθθ. We now have the following definitions of the two steps in
the kth iteration of the EM algorithm:

E-step. Calculate

Q
(
θθθ|θθθ(k−1)

)
= Eθθθ(k−1) [log fC(ccc;θθθ)|xxx] . (7)
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M-step. Select as the value of θθθ(k) the value of θθθ that maximizes (7).

The two steps are alternated repeatedly. Note that when fYt(y;φφφt) belongs to an
exponential family, log fYt(y;φφφt) can be expressed as

log fYt(y;φφφt) = b(φφφt) + h(y) +
k∑

j=1

Tj(y)wj(φφφt),

and the computation of the conditional expectations in the last terms of (5), relevant
for the M-step, reduces to computing the conditional expectations Eθθθ(0) [Tt(Yti)|xi],
t = 1, 2. Since we know the censoring mechanism induced by the increment core, we
can derive the distribution of Yti given xi for the preliminary parameter estimates
θθθ(0), (see Paper IV, Section 4.2). This enables us to compute the conditional expec-
tations if not analytically so by Monte Carlo simulation to arbitrary accuracy. The
maximization step with respect to θθθ is then easily performed in closed form.

The EM algorithm has the basic property that in each iteration the log-likelihood
of the observed data will be increased, i.e. lX(θθθ(k+1)) ≥ lX(θθθ(k)). The updated esti-
mates form a sequence {θθθ(k)}k≥0. Under assumptions formulated by Dempster et al.
(1977) and further investigated and developed by Boyles (1983), Wu (1983), and
Vaida (2005), this sequence will converge towards a point which is a solution to (3).
It is this convergence of the EM sequence in addition to the easy implementation
that makes the EM algorithm so useful.

However, it is not sure that the stationary point of lX(θθθ) is a local maximum.
Under the assumption of a unimodal likelihood, Wu (1983) showed that the sequence
{θθθ(k)}k≥0 converges to a unique stationary point of lX(θθθ) and hence, due to unimodal-
ity, this stationary point is a maximum. Beyond this special case, he showed that
the sequence of likelihoods converges, but could not state general conditions under
which {θθθ(k)}k≥0 converges to a local maximizer of lX(θθθ).

Using the results of Wu (1983) and assuming the existence of an ML estimate,
Redner and Walker (1984) formulated conditions under which a sequence generated

by an EM algorithm converges to the ML estimate θ̂̂θ̂θML given that the starting value
θθθ(0)of the algorithm is sufficiently close to θ̂̂θ̂θML. Even though Redner and Walker
focus on the mixture problem, their local convergence theorem is formulated for the
general case.

For censored data from a mixture of exponential family densities or a mixture
of Weibull distributions, Chauveau (1991) showed that the EM sequence {θθθ(k)}k≥0

converges to the strongly consistent θ̂̂θ̂θML. The censoring mechanism due to the incre-
ment core implies another type of censored data than those of Chauveau, since the
censoring mechanism due to the core is known. Hence, the situation described by
Chauveau does not cover the case we have in Papers IV and V. Moreover, contrary to
what often is the case in situations with censored data, the data from an increment
core do not contain information on whether or not an observation is censored. In
Paper V, using the results of Redner and Walker (1984), we show the convergence
for the deterministic EM algorithm corresponding to the stochastic EM algorithm in
Paper IV.
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In spite of its usefulness, the EM algorithm has been criticized. One of the draw-
backs is the sometimes slow convergence of the algorithm. Another problem is that
the algorithm can converge to a saddle point or to a local maximum instead of a
global maximum of the likelihood function so that the algorithm can give different
limiting values depending on the choice of the starting values. Moreover, the condi-
tional expectation in the E-step can include cumbersome integrals that do not exist
in closed form, and the maximization in the M-step can be troublesome as well.
Many deterministic and stochastic modifications of the EM algorithm have been
proposed to overcome these limitations. Meng and van Dyke (1997) and McLachlan
and Krishnan (2000, p. 141-152) describe some of these methods.

6.2 Stochastic EM algorithms

Stochastic versions of the EM algorithm can be used to avoid some of the above-
mentioned drawbacks and may simplify the calculations in either the E-step or the
M-step. The addition of a random perturbation in the algorithm can prevent the
algorithm from staying near a saddle point or a local maximum that is not the largest
local maximum of the log-likelihood. As a result the convergence of the algorithm
can also be speeded up. There are two commonly used stochastic EM algorithms on
which many other stochastic methods are based. These two methods are the Monte
Carlo EM (MCEM) proposed by Wei and Tanner (1990) and the Stochastic EM
(SEM) proposed by Celeux and Diebolt (1985).

In the MCEM algorithm, the expectation in (7) is approximated by

Q
(
θθθ|θθθ(k−1)

) ≈ 1

m

m∑
j=1

log fCCC(ccc′j;θθθ), (8)

where ccc′1, ccc
′
2, ...ccc

′
m are m simulated values from fC(ccc;θθθ(k−1)|xxx), (see Wei and Tanner,

1990 and Tanner, 1993). The M-step then selects θθθ(k) to be the value of θθθ that
maximizes (8). This would in our situation with an unobservable log-likelihood as
(4) correspond to simulating m replicates from the distribution of (yyy,zzz) given xxx and
θθθ(k−1). Due to independence, these replicates can be generated separately for each
i, i = 1, ..., n. This can be done by generating first n vectors zzz′i = (z′i1, ..., z

′
im),

i = 1, ..., n where each z′ij is generated from a Bernoulli density with parameter

τ1(xi;θθθ
(k−1)), cf. equation (6). Secondly values y′tij, j = 1, ..., m, are generated from

the conditional distribution of Yti given xi with the parameters φφφ
(k−1)
t , t = 1, 2, with

t = 1 if z′ij = 1 and t = 2 if z′ij = 0. Taking m = 1 in (8) gives the SEM algorithm,
comprehensibly described by Diebolt and Ip (1995).

For MCEM algorithms, the Monte Carlo integration can be done with different
Markov Chain Monte Carlo (MCMC) sampling techniques including techniques such
as the well-known Gibbs sampling and Metropolis Hastings sampling. The stochastic
EM algorithm proposed in Paper IV is a version of the MCEM algorithm. How-
ever, the simulation in that algorithm need not use an MCMC simulation technique
because the density of Yti given xi is known and can directly be used to simulate
values from.
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As a consequence of the stochastic part of stochastic EM algorithms, the gener-
ated sequence {θθθ(k)}k≥0 will not converge pointwise to the ML estimate θ̂̂θ̂θML. How-
ever, the sequence is a homogeneous Markov chain which is irreducible whenever the
conditional density of the unobserved data given the observed data is positive for
almost every θθθ and almost all unobserved data, see e.g. Celeux et al. (1995). If the
Markov chain is ergodic, it converges to the unique limiting probability distribution
for the Markov chain. The stationary distribution will under certain conditions be
centred at θ̂̂θ̂θML. When the sequence has reached its stationary region after an in-
troductory burn-in period, estimates of θθθ can be obtained by averaging a number of
successive estimators in the sequence. This procedure is used in the method proposed
in Paper IV.

6.2.1 Mixtures

Finite mixtures of distributions can be handled as missing data situations, where
the lack of data arises from the ignorance of which component an observation comes
from. For a noncensored mixture density

f(y;θθθ) = εf1(y;φφφ1) + (1− ε)f2(y;φφφ2),

with ε ∈ (0, 1), each iteration in the EM, SEM, and MCEM algorithms starts by
carrying out the computation of the probabilities τ1(yi;θθθ

′) = f1(yi;φφφ
′
1)/f(yi;θθθ

′),
i = 1, ..., n, where θθθ′ are the preliminary parameter estimates. For the preliminary
parameter estimates θθθ′, the updated EM estimate of ε is

ε̃(θθθ′) =
n∑

i=1

τ1(yi;θθθ
′)/n, (9)

while the updated SEM estimate is computed by replacing the probabilities τ1(yi;θθθ
′)

in (9) by z′i, where each z′i, i = 1, ..., n, is generated from a Bernoulli density with
parameter τ1(yi;θθθ

′). In the MCEM algorithm, for each observation, m simulated
values z′ij are generated from the same density as the z′i, i = 1, ..., n, and each
τ1(yi;θθθ

′) in (9) is replaced by the simulated proportion of observations from the first
component of the mixture,

u′ti =
m∑

j=1

z′ij/m.

If the components belong to an exponential family, there are explicit expressions
also for the estimates of the remaining parameters φφφ1, and φφφ2, see e.g. Redner and
Walker (1984).

Note that for noncensored mixtures of exponential families, the conditional
expectation Q (θθθ|θθθ′) exists in closed form for all parameters in θθθ, and the reason
to insert a stochastic step as in the SEM and MCEM algorithms is primarily to
avoid convergence to stationary values of (3) not being local maxima or to avoid a
possible slow convergence. When the data is sampled in an increment core it orig-
inates from a censored mixture, and the censoring must also to be handled. The
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stochastic part of the EM algorithm in Papers IV and V concerns the censoring
rather than the mixture problem, and simulation is applied since there are no closed
form expressions of the updates of the estimates of the parameters except for the
proportion ε.

6.2.2 Censoring

Chauveau (1995) states that the M-step in the EM algorithm for mixture distri-
butions with Type-1 censored data in general cannot be obtained in closed form.
He proposes several extensions of the SEM algorithm for such data. In the various
extensions, the stochastic step is applied to different extent, ranging from simulation
of all the missing data (indicator variables for all observations and true values for the
censored observations) to simulation of indicator variables merely for the uncensored
observations. Under the condition that ε is the only unknown parameter, Chauveau
(1995) proved for censored data that the stationary distribution for the SEM algo-
rithm converges to a Gaussian distribution centered at the ML estimate ε̂ML. None
of the versions of the SEM algorithm for censored mixtures proposed by Chauveau
(1995) has a similar stochastic step as the stochastic EM algorithm of Papers IV and
V, where the stochastic step only concerns the censoring problem.

For the updates of the parameters φφφt, t = 1, 2, in Papers IV and V, Monte Carlo
simulation is used to compute conditional expectations of functions of Yt given x. For
these simulations the distribution of cell lengths in the increment core, (1), is needed
as well as the conditional distribution of the true lengths of the cells at least partially
appearing in the increment core given the lengths in the core. These distributions
are derived in Paper IV. In the algorithm, the updated estimate of the proportion of
fines is

ε̃(θθθ′) =
n∑

i=1

τ1(xi;θθθ
′)/n,

where τ1(xi;θθθ
′) is defined in (6). In practice in the application of the algorithm in

Paper IV, within each M-step of the iteration, the mixing parameter ε is updated
several times before the other parameters are updated. For this nested procedure,
a deterministic EM algorithm for the mixing parameter is used. Meng and Rubin
(1993) proposed such a method to speed up the convergence of the EM algorithm. It
is useful for vector-valued parameters if the M-step of the EM algorithm is compu-
tationally unattractive. The M-step is replaced by several computationally simpler
conditional maximization steps. These steps maximize (7) with some part of the
vector θθθ fixed at its previous value. Liu and Sun (1997) use the method to accelerate
the EM algorithm for mixture models without censoring.

6.2.3 Convergence results of stochastic versions of the EM algorithm

The theoretical study of stochastic versions of the EM algorithm involves the exis-
tence of a consistent solution of the likelihood equations (3), convergence results for
EM, and a study of the additional stochastic step.
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Celeux and Diebolt (1988) showed that the sequence generated by SEM in the
mixture case is an ergodic Markov Chain, and that the distribution of θθθ(k) converges
weakly to the unique stationary distribution of this Markov Chain. However, it is
not sure that the stationary distribution is centered at the consistent ML estimate.
In the special case of a mixture of two components where the mixing proportion
ε is the only unknown parameter, Diebolt and Celeux (1993) state assumptions
providing convergence in distribution to a Gaussian distribution centered around
the ML estimate of ε.

Biscarat (1994) formulated conditions for almost sure convergence for a sequence
generated by a stochastic algorithm given that the algorithm can be written in a
specific form. Assuming that the EM sequence converges to a local maximum of
the incomplete data likelihood, he shows that the conditions are satisfied for an
MCEM algorithm for a finite mixture of the same exponential family with θθθ =
(g, ε1, ε2, ..., εg,φφφ1,φφφ2, ...,φφφg) unknown, and thus that the MCEM sequence converges
almost surely to this local maximum.

Chan and Ledolter (1995) weakened the conditions of Biscarat (1994) and gave
conditions for convergence in probability of an MCEM sequence to a local maximum
of the incomplete data likelihood under the assumption that the starting values for
the sequence are sufficiently close to the local maximum. They apply their MCEM
algorithm to a specific type of time series involving counts and show that the condi-
tions are satisfied in that situation.

Assuming that the EM sequence converges to a limit point θ̂̂θ̂θ, Sherman et al. (1999)
handled the convergence of a wide class of MCEM algorithms by extending the work
of Biscarat (1994) and Chan and Ledolter (1995). They formulated conditions of
almost sure convergence and convergence in distribution of any MCEM sequence to
the value θ̂̂θ̂θ. Here θ̂̂θ̂θ can be a saddle point, a local or a global maximizer of lX(θθθ),
or any other limit point of the EM sequence. They give conditions for how fast m,
the number of simulated values in the Monte Carlo approximation, k, the number of
iterations in the algorithm, and n, the number of observations, must tend to infinity
to guarantee convergence of the MCEM sequence.

Nielsen (2000) continues the work of Chan and Ledolter (1995). Under the as-

sumption that there exists a consistent ML estimate, θ̂̂θ̂θML, which is a solution of
the likelihood equations of the observed data, he gives sufficient conditions for the
Markov Chain obtained by a general SEM sequence to be ergodic. Conditions are
also given for the stationary distribution of the Markov Chain to converge to a normal
distribution centered at the ML estimate. Nielsen (2000) extends the theorems so
that they also become valid for MCEM sequences. Nielsen exemplifies the theoretical
results by showing the convergence of the SEM sequence for censored exponentially
distributed random variables with unknown mean.

In Paper V a proof is given of consistency and asymptotic normality of the se-
quence generated by the stochastic EM algorithm in Paper IV. Under some regularity
conditions, the asymptotic covariance matrix for the parameter estimates can be es-
timated from an approximation of the corresponding observed information matrix.
This approximation is discussed in Paper IV and is derived for lognormal models in
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Appendix B, Paper IV. The necessary regularity conditions are the same as those
ensuring that the MLE solves the likelihood equations.

In the proof in Paper V, convergence of the ML estimate, a deterministic EM
and the corresponding stochastic EM are studied separately. The proofs of the two
first parts are based on the work of Redner and Walker (1984). The proof for the
stochastic part is inspired by the works of Sherman et al. (1999), Biscarat (1994) and
Chan and Ledolter (1995), even though the stochastic part in the algorithm for the
data from increment cores is somewhat different from the usual stochastic part of
an MCEM algorithm. The proofs are given under lognormal assumptions, but we
believe they hold for mixtures of densities from any exponential family.

7 Summary of papers

This work consists of five papers focusing on the problem of estimating fine and fibre
length distributions in standing trees via samples from censored mixture distribu-
tions. A method based on grouped data is proposed and evaluated in Papers I, II
and III. A stochastic EM algorithm is discussed in Papers IV and V. The methods
handle the problems that are caused by the fact that the samples contain cut (cen-
sored) and uncut observations from a mixture of fines and fibres. The samples are
assumed to be processed by an automatic optical fibre-analyser that gives individual
length measurements, but is unable to register if a cell ha been cut or not.

Paper I. A method to estimate fibre length distribution in
conifers based on wood samples from increment cores

In this paper a method to estimate the fibre and fine length distributions based on
grouped data is proposed. The method is based on samples which consist of a mixture
of uncut and cut fibres and fines. The probabilities that a length of a fibre or fine
(cut or uncut) in the sample falls into the different length classes are derived. These
probabilities depend on the shape of the sampling frame and on the density function
of the true lengths of the cells that at least partially appear in the sample. In the
paper, the probabilities are derived explicitly for sampling frames being untrimmed
and trimmed increment cores. The ML estimates of the unknown parameters θθθ are
found from the corresponding multinomial model. Since closed form expressions of
the estimates do not exist, an approximative maximum value of the log-likelihood
function is found through a grid of parameter values.

The proposed method is applied to samples from trimmed 5 mm increment cores
in two 22-year old Scots pine trees. It is assumed that the density function fY (y;θθθ)
is a mixture of two normal distributions which have been truncated at zero to avoid
negative lengths. However, the method is so constructed that any distribution can
be used. The results show that the method seems to work well and that it is able to
separate the fine and fibre length distributions.
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Paper II. Adjusting for fibre length biased sampling proba-
bility using increment cores from standing trees

In Paper I, the length bias problem arising from the fact that longer cells are more
likely to be sampled was neglected. The calculated true cell length distribution in
the standing tree in Paper I, actually corresponds to the cell length distribution of
those cells that at least partially appear in the sample. This led to an overestimation
of the fibre length means and an underestimation of the proportion of fines. This
is in accordance with the fact that longer cells are more likely to be sampled in an
increment core. In this paper we demonstrate how to correct for the length bias and
use the same data set as in Paper I to show the effect of using the refined method.

Paper III. An evaluation of a method to estimate fibre length
distributions based on wood samples from increment cores

In this paper we evaluate the method proposed in Paper I for estimating fibre and
fine length distributions in softwood, through a simulation study. The data consist
of grouped simulated fine and fibre length measurements of wood samples from in-
crement cores. Both cut and uncut cells are included. We study how sensitive the
statistical method is to sample size, to the choice of length classes for the grouping,
and to trimming of the core. The simulations are performed under the assumption
that the density function of the true lengths of the cells at least partially appearing
in the increment core is a mixture of two lognormal distributions. The method seems
to give consistent parameter estimates. In the choice of length classes, it seems to
be important how they are constructed and how many they are. The trimming con-
sidered is not large enough to improve the estimates, since the trimming procedure
in itself adds uncertainty to the sample.

Paper IV. Estimation of wood fibre length distributions from
censored data through an EM algorithm

An EM algorithm to estimate the parameters in the fine and fibre length distributions
is proposed. The method uses the individual fibre and fine lengths from a sample
and is a stochastic version of the EM algorithm. Estimates of the parameters are
obtained under the assumption that the fine and fibre lengths of the cells at least
partially appearing in the sample come from an exponential family. Simulation is
used to simplify calculations of some complicated conditional expectations in the E-
step of the algorithm. The fibre length distribution in the sample and the conditional
distribution of the true fibre length of the cells at least partially appearing in the
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sample given the length in the sample are both needed for the simulation. These
distributions are derived for samples from increment cores and ways to simulate from
them are presented.

The stochastic EM method is compared with the method proposed in Papers I
and II in an application to real data from a Scots pine (Pinus sylvestris) in Northern
Sweden. To further assess the performance of the method, a simulation study is
presented. The simulation study indicates consistency and asymptotic normality
of the parameter estimates. The method works well for sample sizes commonly
obtained from an increment core, and it is not computationally demanding compared
to the method in Papers I, II, and III. Expressions for the standard deviations of the
parameter estimates for lognormal models are derived under the assumption that
certain regularity conditions hold.
Remark: In Paper IV some misprints have occurred. On p. 509, the ratio 3x

2−y

should be 3x
2
− y. On pp. 505, 517, and 519, the year of the work by Redner and

Walker should be 1984.

Paper V. Asymptotic properties of a stochastic EM algorithm
for mixtures with censored data

In this paper we study the asymptotic properties of the stochastic version of the
EM algorithm that was proposed in Paper IV. It was shown in a simulation study
in Paper IV that the stochastic EM estimates seem to be consistent and normally
distributed for large sample sizes under lognormal assumptions. In this paper, these
indications are confirmed theoretically.

First, the identifiability of the finite class of mixtures of the distributions of
the cell lengths in the sample is shown. This is done under the assumption that
the corresponding class of finite mixtures of the distributions of the true lengths of
the cells at least partially appearing in the sample are identifiable and that these
distributions are analytic functions.

Secondly, the existence of a solution for the ML equations is shown. The ML
estimates are strongly consistent and asymptotically normally distributed. The con-
vergence of a deterministic EM sequence to the ML estimates whenever the starting
value of the algorithm is sufficiently close to the ML estimates and the convergence
of the stochastic EM sequence to the deterministic EM sequence are also proved.

Conditions on how the simulation size, m, of the MC integration, the number of
iterations, k, in the EM algorithm, and the sample size, n, simultaneously must tend
to infinity in order for the proofs to hold are given.

The proofs are given under lognormal assumptions, but we believe that a gener-
alization to any two-component mixture of exponential family distributions can be
done.
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8 Final remarks and future work

The methods proposed in this thesis are especially developed for data from increment
cores. However, they can also be used for data from other sampling frames as well.
For example, the proofs of Paper V also hold for sticks with the shape of an elongated
rectangular box.

It could be of interest to allow mixtures from different families of distributions,
since the assumption that the distributions of the lengths from different cells types
come from the same parametric family is unnecessarily restrictive. A generalization
of the proofs in Paper V to any mixture of different distributions from an exponential
family should be possible.

It is important to have good knowledge of the type of distribution that wood
cell lengths follow in order to use the proposed methods. There is work in progress
indicating that the generalized Gamma distribution is a promising candidate for
fibre lengths. The Generalized Gamma is a very flexible distribution which has the
lognormal, the Weibull, and the Gamma distributions as special cases. Due to its
flexibility, it can model both right-skewed and left-skewed distributions.

For the stochastic EM algorithm, the choice of starting values can be investigated
more closely. It would also be interesting to use ideas from other stochastic versions
of the EM algorithm, e.g. the so called Simulated Annealing MCEM algorithm, pro-
posed by Wei and Tanner (1990, 1991). This algorithm starts with one simulated
value in the first iteration and increases the number of simulated values when the
MCEM sequence comes closer to a maximum of the log-likelihood of the observed
data. This enables the algorithm to make use of the stochastic disturbance in the
start of the algorithm, and to ensure convergence and accurateness of the MCEM
sequence.

The EM algorithm in Papers IV and V can be used when the fine and fibre length
distributions belong to exponential families. It would be interesting to suggest meth-
ods for which this restriction could be weakened. For example, it should be possible
to find an alternative EM algorithm based directly on the fibre and fine length dis-
tributions in the sample, i.e. the distribution of X. The missing information would
reduce to whether the observation is a fine or a fibre. This method would involve
numerical maximization techniques which demand good numerical procedures.

Another alternative could be to find methods that avoid distributional assump-
tions altogether, perhaps using ideas from the area of survival analysis and closely
related ideas from Wijers (1995, 1997) for windowed length segments. However, in
that case, semiparametric methods need to be used in order to estimate the right
tail outside the window. A comparison of such a method with the ones proposed in
this thesis would be interesting.

In order to find the best methods for a more automatic usage, comparisons should
be made of some computational properties, such as computer time and easiness of
implementation.
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