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Abstract

Microsized hexagonal gallium nitride pyramids show promise as next generation
Light Emitting Diodes (LEDs) due to certain quantum properties within the pyra-
mids. One metric for evaluating the efficiency of a LED device is by studying its
Light Extraction Efficiency (LEE). To calculate the LEE for different pyramid de-
signs, simulations can be performed using the FDTD method. Maximizing the LEE
is treated as a black-box optimization problem with an interpolation method that
utilizes radial basis functions. A simple heuristic is implemented and tested for vari-
ous pyramid parameters. The LEE is shown to be highly dependent on the pyramid
size, the source position and the polarization. Under certain circumstances, a LEE
over 17% is found above the pyramid. The results are however in some situations
very sensitive to the simulation parameters, leading to results not converging prop-
erly. Establishing convergence for all simulation evaluations must be done with
further care. The results imply a high LEE for the pyramids is possible, which
motivates the need for further research.
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Nomenclature

Electromagnetism

P Power1

E Electric field intensity

B Magnetic flux density

ε Permittivity

µ Permeability

ρ Charge density

J Current density

M Magnetization

c Speed of light in vacuum

µ0 Permeability in vacuum

ε0 Permittivity in vacuum

1Most computations of interest in this thesis are expressed as ratios, so units end up cancelling.
Hence the units of choice are not important and are omitted from the nomenclature. Further,
Maxwell’s equations are scale-invariant, so it is convenient to choose scale-invariant units. See [10]
for an in-depth discussion. Units are however included in Chapter 5 and beyond for clarity.





CHAPTER 1

Introduction

This background provides a short description of the making of the pyramids and the
emission process from the structures, with the aim of making the reader understand
how the pyramids can be used as LEDs.

1.1 Motivation

A challenge of the future is the demand for more efficient usage of energy. Increasing
the efficiency of our energy usage would allow for better distribution of our limited
energy production. One share of the energy usage of today is what we use to
light our homes and workplaces, namely Light Emitting Diodes (LEDs). Designing
and producing more efficient LEDs would therefore clearly be beneficial. With
advancements in mathematics and increasingly available computer power a more
systematic approach to design these structures may become available.

The Semiconductor Materials Research Division at Linköping University grows and
study hexagonal pyramids on the micrometer scale composed of nitride-based semi-
conductor materials. One aim with these pyramids is to manufacture highly efficient
LEDs which utilize quantum properties from within the pyramid. Different pyramid
shapes and quantum dot position modify the so called Light Extraction Efficiency
(LEE) of the pyramid, a measure of how efficiently the light is directed through
the pyramid. The LEE can then be used as a metric to determine the efficiency of
different pyramid designs. This thesis looks at optimal designs for said structures.
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1.2 Background

Hexagonal microsized pyramids of Gallium Nitride (GaN) is an essential area of re-
search at Linköping University. It has recently been shown that it is possible to grow
microsized pyramids of GaN with Indium Gallium Nitride (InGaN) quantum dots
on top of the pyramids using Metal-Organic Chemical Vapor Deposition (MOCVD)
[8]. Polar Light Technologies is a company that emerged from this research to grow
and study such pyramids for various commercial applications, such as LED devices.

1.3 Metal-organic chemical vapor deposition

Substrate

Carrier	Gas Reaction

Growth	zone

Exhaust

Desorption

Surface	adsorption

Mass	transport

Inert	Gas	Flow

Figure (1.1): MOCVD growth process illustrated

The fabrication method MOCVD is utilized to grow the pyramids. The MOCVD
process is highly complex and this section aims to give a quick overview of the pro-
cess. Figure 1.1 attempts to illustrate the process. A chamber contains a substrate,
on which we aim at depositing GaN. There is a flow of carrier gases and inert gases
into the chamber. The carrier gases pick up some volatile metal organics containing
amongst other gallium and nitrides. The metal organics reacts inside the chamber,
which holds a temperature in the range from about 300◦C to 1000◦C. The reac-
tants from the metal organics gas diffuse onto the substrate and the by-products are
desorbed and carried away by means of the inert gas flow [2, 5].

This is a well known method to create semiconductors and the first successful growth
was reported in 1971 by Manasevit, Erdmann, and Simpson [2]. InGaN LED device
applications were realized around 1990 by Akasaki and Nakamura [2].

1.4 Semiconductors

Semiconductors are solid materials with a conductivity between that of isolators and
conductors. Semiconductors are insulators with a small “gap”, energetically located
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between the valence and conduction bands, meaning that a small energy excitation
will allow electrons to be excited from the valence band and instead populate the
conduction band. This is illustrated in Figure 1.2. The number of electrons and
excitation energy needed can be modified by introducing impurities into the material.
Modifying the properties of the semiconductors enables us to construct different
devices such as transistors, circuits and electronics. The subsequent development
and miniaturization of these devices is of utmost importance in the development of
information technology [22].

As the excited electrons leave the valence band and instead occupy the conduction
band, there will be a “hole” left behind in the valence band. When a conducting
electron relaxes into a hole it will lower its energy state, which is a process known as
recombination. In this process a photon can be released with an energy depending
on the size of the band gap [7].

E

D(E)

Valence	band

Band	gap

Conduction	band

Figure (1.2): Visualisation of the band gap concept. No electron states exist in the
band gap. D is the density of states for the electrons and E is the energy

1.5 LEDs

Light Emitting Diodes (LEDs) are semiconductors that emit light when a current
of electrons flow through it. When electrons reach the holes of the semiconductor
they can recombine with the hole and release its energy in form of light.

1.6 Quantum dots

Quantum dots are nanosized sub-structures within a material which lead to quantum
confinement for the carriers such as electrons when the size of the quantum dots
approaches the de Broglie wavelength of the carriers in said structures. This means
a quantization of the density of states within the quantum dot occurs, allowing
only discrete energy states for the electrons. In other words, it is possible to very
accurately tune the wavelength of the emitted light from a LED device by adjusting
the size of the quantum dot [7]. Introducing quantum dots in a LED is also believed
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to greatly improve the efficiency of the LED [9]. Figure 1.3 shows the density of
states for electrons within a regular material and changes in density of states when
quantum confinement in different spatial directions is achieved. Quantum dots can
be introduced into materials by the MOCVD process [8].

D(E)

E

D(E)

E

D(E)

E

Quantum dotQuantum filmBulk material

Figure (1.3): Density of electron states for different systems

1.7 Purpose

The purpose of this thesis is to study different designs of GaN pyramids to maximize
light extraction efficiency (LEE) from the pyramids. The light extraction efficiency
in conventional GaN-based LEDs is currently about 4% and improving the LEE is
currently an active area of research for various GaN-based LED applications [14, 19,
20, 21]. To obtain the extraction from the pyramids simulations are performed by
means of the finite-difference time-domain (FDTD) method using the open software
package MEEP [18].

The thesis examines a number of different design parameters for the GaN pyramids
that are simulated. These are the pyramid height, pyramid width, and the source
(quantum dot) position inside the pyramid. This gives a three-dimensional variable
space and finding designs which yield high LEE through trial-and-error can be time-
consuming computationally. Instead, a black-box optimizer involving radial basis
functions is implemented and evaluated. The optimization problem is

maxL(x) =
Pff (x)

Ptot(x)
. (1.7.1)

Here x = (h,w, s) is the pyramid design variables to be optimized, Pff is the far-
field energy flux emitted at a given area above or below the pyramid, and Ptot is the
total emitted energy flux from the pyramid. A cross-section of the pyramid and its
design variables are shown in Figure 1.4.
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h

w

s

x̂

ẑ

ŷ

Figure (1.4): Cross-section of the pyramid, where h, w, and s correspond to pyra-
mid height, pyramid width and source position, respectively

A number of simulation variables are necessary in order to describe the problem and
to calculate the LEE, and these variables are described in Section 4.

1.7.1 Aim

The aim of the thesis is as follows:

1. What simulation parameter values are needed to obtain converging solutions
of the light extraction efficiency?

2. What designs of the pyramid maximize the light extraction efficiency?

3. How well does a black-box optimizer converge to a ‘good’ solution compared
to simply sampling a lot of points in the design space?

4. How well do a radial basis surrogate function approximate the actual unknown
function surface?

1.8 Limitations

The thesis acknowledges the following limitations in its models and simulations.

1.8.1 FDTD

The FDTD method discretizes continuous equations explaining real world phenom-
ena. Hence there are inherent errors in the method. The spatial resolution should
be sufficiently high to simulate the shortest wavelength and the smallest geometric
shape of an object within the computational domain. For certain calculations it can
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be shown that spatial discretization errors completely disappear as the resolution
increases indefinitely [18].

1.8.2 Source

Light emission from within the pyramidal structure is due to recombination of elec-
trons and holes from within the structure. The light has been shown to have a
random electromagnetic polarization in certain cases [8]. In this thesis the polar-
ization of the emission is restricted to an orthogonal Cartesian coordinate system.
The emission in a real structure is not originating from an electric dipole, but it is
simulated as such as this has shown to provide a good approximation to quantum
dot emissions [26].

1.8.3 Semiconductor application

A fully realized GaN LED pyramid will likely have p+ and n− doped semiconductor
layers surrounding the pyramid, to lead a current through the pyramid to allow
electrons to recombine within the structure. These layers and electron currents
might modify the emission patterns compared to the simplified simulation scenario
assumed in this thesis. However, making these doped layers very thin will likely
reduce their impact on the emission patterns.



CHAPTER 2

FDTD

This chapter provides a short introduction to the FDTD method used in this work
to simulate the electromagnetic fields and to calculate the far-field flux from the
pyramids. It is by no means a complete review of the subject and most derivations
are based on “Understanding the FDTD Method” by John B. Schneider [23].

Maxwell’s equations are a set of coupled differential equations describing how charges
and currents give rise to electric and magnetic fields and the intrinsic relationship
between the two fields. They are as follows

∇ · E =
ρ

ε0
(2.0.1)

∇ ·B = 0 (2.0.2)

∇× E = − ∂B

∂t
(2.0.3)

∇×B = µ0(J + ε0
∂E

∂t
) (2.0.4)

Equation (2.0.3) is known as Faraday’s law of induction and equation (2.0.4) is
known as Ampere’s Law. Finite-Difference Time-Domain (FDTD) is a method to
simulate the electromagnetic fields in a region of space over a period of time. It is
a numerical approach to calculate the electromagnetic fields described by Maxwell’s
equations using the well known finite difference method from calculus as described
below. The idea was birthed by mathematician Kane S. Yee in 1966. This thesis
will only give a brief approach into the method. For an in-depth explanation, the
reader is referred to [17, 23, 25].
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2.1 FDTD in one dimension

To start off, a standard Taylor expansion of a function f yields

f(x+
∆x

2
) = f(x) +

∆x

2
f ′(x) +

1

2
(
∆x

2
)2f ′′(x) +

1

6
(
∆x

2
)3f ′′′(x) + . . . (2.1.1)

f(x− ∆x

2
) = f(x)− ∆x

2
f ′(x) +

1

2
(
∆x

2
)2f ′′(x)− 1

6
(
∆x

2
)3f ′′′(x) + . . . . (2.1.2)

Subtracting equation (2.1.1) from equation (2.1.2) gives

f(x+
∆x

2
)− f(x− ∆x

2
) = ∆xf ′(x) +

1

3
(
∆x

2
)3f ′′′(x) + . . . . (2.1.3)

Re-arranging this equation gives

f(x+ ∆x
2

)− f(x− ∆x
2

)

∆x
= f ′(x) +

(∆x)2

24
f ′′′(x) + . . . . (2.1.4)

With big-O notation it can be written as

f(x+ ∆x
2

)− f(x− ∆x
2

)

∆x
= f ′(x) +O((∆x)2). (2.1.5)

By using Taylor series a central-difference approximation is thus obtained which
enables approximations of the derivative with second-order accuracy. This is one
of the main insights when solving Maxwell’s equations in the FDTD method, since
Maxwell’s equations hold many derivatives that require numerical solving.

To get an idea of the method a one-dimensional case is solved. We consider Maxwell’s
equations with variations in one spatial dimension, x. Faraday’s law of induction
(2.0.3), gives

∇× E =

∣∣∣∣∣∣∣
x̂ ŷ ẑ
∂
∂x

0 0

0 Ey 0

∣∣∣∣∣∣∣ = ẑ
∂Ey
∂x

= −∂Bz

∂t
. (2.1.6)

Given a varying electric field in the ŷ direction a time varying magnetic field in the
ẑ direction is specified. Assuming a source-free region of space and using equation
(2.0.4) yields
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∇×B =

∣∣∣∣∣∣∣
x̂ ŷ ẑ
∂
∂x

0 0

0 0 Bz

∣∣∣∣∣∣∣ = −ŷ ∂Bz

∂x
= µoεo

∂Ey
∂t

. (2.1.7)

It is now possible to use equation (2.1.6) to advance the B-field in time and use
equation (2.1.7) to advance the E-field in time. This process is known as leap-
frogging.

Time and space is discretized and written in the following way:

E(x, t)ŷ = E(n∆x,m∆t)ŷ = En
m (2.1.8)

B(x, t)ẑ = B(n∆x,m∆t)ẑ = Bn
m. (2.1.9)

Here ∆x is the discretization size of space in x and ∆t is the discretization size of
time. Using the finite difference approximation in equation (2.1.5) in Faraday’s law
(2.1.6) gives

∂En
m

∂x
=
En+1
m − En

m

∆x
= −

B
n+ 1

2

m+ 1
2

−Bn+ 1
2

m− 1
2

∆t
. (2.1.10)

Rearranging the equation above gives

B
n+ 1

2

m+ 1
2

= −∆t

∆x
(En+1

m − En
m) +B

n+ 1
2

m− 1
2

. (2.1.11)

Using equation (2.1.6), the finite difference approximation and rearranging the equa-
tion yield an update equation for the B-field at time (m + 1

2
)∆t depending on the

E-field at time m∆t and the B-field at time (m− 1
2
)∆t.

Doing the same procedure on equation (2.1.7) yields

En
m+1 = − ∆t

µoεo∆x
(B

n+ 1
2

m+ 1
2

−Bn− 1
2

m+ 1
2

) + En
m, (2.1.12)

which is the update equation for the E-field. Like the B-field, the E-field at the next
point in the future is dependent on nearby values of the B-field and the past value
of the E-field at that point in space. Figure 2.1 shows the dependencies between
En
m+1 and Bn+ 1

2

m+ 1
2

in a space-time diagram.
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Figure (2.1): Space-time diagram for 1D FDTD

The Yee algorithm [23] basically works as follows:

1. Replace all derivatives in Ampere’s Law (2.0.4) and Faraday’s Law (2.0.3) with
finite differences.

2. Solve the resulting equations to obtain the update equations which express the
future fields in terms of the past fields.

3. Evaluate the magnetic fields at one time-step into the future.

4. Evaluate the electric fields at one time-step into the future.

5. Repeat step 3 and 4 for the duration of the simulation.

The ratio ∆t
∆x

is of interest. Electromagnetic waves in vacuum propagate at speed of
light c and

1

µoεo

∆t

∆x
= c2 ∆t

∆x
= cSc, (2.1.13)
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where Sc is known as the Courant-factor. It can be viewed as the speed of the energy
propagation in time with respect to space. So, for example, if Sc = 1 it means that
the field moves one spatial step per temporal step. It is possible to reduce or increase
the amount of temporal steps with respect to spatial steps to speed up simulations.
In order to produce stable simulations a proper choice of Sc is required [23].

Ex

Ey

Ez

Bz

BzBz
By

By

By Bx

Bx Bx

y

z

x

Figure (2.2): The Yee cell in 3D

The 3D case, illustrated in Figure 2.2, is similar to the 1D case described above,
except here the value of Ex is dependant on the nearby Bz and By values that form
a closed loop around Ex as well as the Ex point at the same position in the previous
time step [25].

2.2 Perfectly matched layer

A computational region is finite in time and space so how can one simulate that
waves continue to expand out to infinity? A so called Dirichlet boundary condition
can be used to set the electromagnetic fields to zero at the boundary of the domain.
This leads to unwanted reflections back to the simulation cell. In 1994 an alternative
solution was proposed by Berenger, where an artificial absorbing material is placed
at the edge of the cell [1]. By gradually absorbing the incoming wave, the reflections
caused from the edge of the cell becomes exponentially small. Berenger also managed
to show that it is possible to create Perfectly Matched Layers (PML) which cause
no reflections. Figure 2.3 captures the idea behind PML.
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Region	with
interesting
phenomena

infinite	space

Region	with
interesting
phenomena

reflected	wave

boundary	of	truncated	region

perfectly	matched	layers

perfectly	matched	layers

Figure (2.3): To the left is a problem in a finite region to be studied. Some
radiating waves escape to infinity. To the right is the same problem in a truncated
computational region. How is radiating waves from the region handled? Perfectly
matched layers are placed at the edges of the region to deal with the outgoing waves
and minimize or eliminate reflections from the edge

This idea has applications in simulations outside the realm of electromagnetism as
well. Many formulations of PML exists but the method explained below and the one
implemented in MEEP utilize complex coordinate stretching, which is an analytic
continuation of Maxwell’s equations into the complex plane [12].

Assume an incoming wave w(x, t) in +x direction is absorbed. Suppose that the
space outside the region of interest is homogeneous, then the solutions must be
decomposed as superpositions of plane waves [12],

w(x, t) =
∑
k,ω

Wk,ωe
i(kx−wt) (2.2.1)

where Wk,ω is the amplitude of the wave, k is the wavevector and ω its angular
frequency. The radiating solutions may then be decomposed using terms

W (y, z)ei(kx−wt). (2.2.2)

Equation (2.2.2) is an analytic continuation of x. Adding a growing imaginary part
Im(x) in PML regions to eikx gives eikRe(x)−ikIm(x) which corresponds to exponential
decay. The region then acts as an absorbing material, see Figure 2.4.

In the frequency domain these coordinate stretchings can instead be absorbed into ε
and µ due to the general transformation-optics principle. This means that the per-
mittivity and permeability tensors are replaced by ones modified by the coordinate
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stretching. Then another transformation is done to get the equivalent Maxwell’s
equations in the time domain. For an in-depth discussion see [17].

0 2 4 6 8 10
Re x

4

2

0

2

4 PML region

Im x
exp(ix)

Figure (2.4): Real part of eikx plotted in orange. Im(x) is increased according to
some absorbing function

2.3 Near-to-far-field

The thesis aims to calculate the far-field energy flux emitted from the pyramids,
so that one can calculate the LEE. In order to obtain fields outside the simulation
domain a near-to-far-field transformation is required.

Region with interesting
phenomena

dŜ

n̂a

n̂∞

Ca

C∞

Figure (2.5): Contours for the 2D near-to-far field transformation. dŜ is the
normal to the surface S

To gain a brief overview of the near-to-far-field process a derivation of the far-field
E-field phasor Ĕz(r) in 2 dimensions will be done below. A full derivation can be
found in [17, 23, 25]. To start off, Green’s Theorem is applied to a function Ez(r)
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and G(r|r′) in the plane where G is Green’s function. The observation point, r, is
a point far away from the region of interest and r′ is a source point, and dC ′ is a
differential path element along the contours Ca and C∞. The procedure generates
equation (2.3.1) below.

∫
S

(
Ĕz(r

′)(∇2)′G(r|r′)−G(r|r′)(∇2)′Ĕz(r
′)
)
dS ′ =∮

C∞

(
(Ĕz(r

′)
∂G(r|r′)
∂r′

−G(r|r′)∂Ĕz(r
′)

∂r′
)
)
dC ′−∮

Ca

(
(Ĕz(r

′)
∂G(r|r′)
∂n′a

−G(r|r′)∂Ĕz(r
′)

∂n′a
)
)
dC ′

(2.3.1)

The contribution of the second integral term is zero in infinity domain due to Ĕz(r′)
and G(r|r′) decaying as 1

r′
in two dimensions as r′ −→∞, since

∮
C∞

(
(Ĕz(r

′)
∂G(r|r′)
∂r′

−G(r|r′)∂Ĕz(r
′)

∂r′
)
)
dC ′ ≈

2π lim
r′→∞

( r′√
r′

1

∂r′
(

1√
r′

)
)
≈ 1

r′
−→ 0.

(2.3.2)

To simplify the LHS of equation (2.3.1) the definition of Green’s function for time-
harmonic systems,

(∇2)′G(r|r′) = δ(r − r′)− k2G(r|r′), (2.3.3)

is used. Here, δ(r−r′) is the Dirac delta function and k is the wavenumber. Further,
Helmholtz equation is used,

(∇2)′Ĕz(r
′) = −k2Ĕz(r

′). (2.3.4)

Substituting equation (2.3.3) and equation (2.3.4) into the LHS of equation (2.3.1)
reduces it according to

∫
S

(
Ĕz(r

′)(∇2)′G(r|r′)−G(r|r′)(∇2)′Ĕz(r
′)
)
dS ′ =∫

S

(
Ĕz(r

′)(δ(r − r′)− k2G(r|r′))−G(r|′r)(−k2Ĕz(r
′))
)
dS ′ =∫

S

Ĕz(r
′)δ(r − r′)dS ′ = Ĕz(r

′).

(2.3.5)
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So equation (2.3.1) simplifies to

Ĕz(r
′) = −

∮
Ca

(
Ĕz(r

′)
∂G(r|r′)
∂n′a

−G(r|r′)∂Ĕz(r
′)

∂n′a

)
dC ′

=

∮
Ca

(
G(r|r′)n̂a′∇Ĕz(r′)− Ĕz(r′)n̂a′∇′G(r|r′)

)
dC ′.

(2.3.6)

The analytic form of Green’s function in 2D is given by

G(r|′r) =
j

4
H2

0 (k|r − r′|) k|r−r′|−→∞−−−−−−−→ j
3
2

√
8πk

e−jk|r−r
′|

|r − r′| 12
, (2.3.7)

where H2
0 is a Hankel function. Further, applying the law of cosines in equation

(2.3.7) and simplifying gives

lim
k|r−r′|→∞

G(r|r′) =
j

3
2

√
8πkr

e−jkr+jkr̂r
′

(2.3.8)

which leads to

lim
k|r−r′|→∞

∇′G(r|r′) = (jkr̂)
j

3
2

√
8πkr

e−jkr+jkr̂r
′
. (2.3.9)

Substituting equation (2.3.9) into equation (2.3.1) gives

lim
k|r−r′|−→∞ Ĕz(r) =

ej
3π
4

√
8πkr

∮
Ca

(
n̂a
′(∇)′Ĕz(r

′)− jkĔz(r′)n̂a′r̂
)
ejkr̂r

′−jkrdC ′.

(2.3.10)

To connect equation (2.3.10) with the surface equivalent currents the expression
inside the integral is manipulated by equation (2.3.11).

∇′Ĕz(r′) =x̂′
∂Ĕz
∂x′

+ ŷ′
∂Ĕz
∂y′

= x̂′(−jwµ0H̆y) + ŷ′(jwµ0H̆x) =

jwµ0ẑ
′ × H̆(r′) = −jωµoẑ′ · (n̂a′ × H̆(r′))

(2.3.11)

It then follows that

n̂a
′∇′Ĕz(r′) = jωµon̂a

′ · (ẑ′ × H̆(r′)) (2.3.12)

Ĕz(r
′)n̂a

′ · r̂ = (ẑ′ × (n̂a
′ × Ĕ(r′))) · r̂ = n̂a

′(ẑ′ · Ĕ) · r̂. (2.3.13)



16 Chapter 2. FDTD

Using equations (2.3.12) and (2.3.13) in equation (2.3.1) finally yields

lim
k|r−r′|−→∞Ĕz(r) =

ej
3π
4

√
8πkr

∮
Ca

(
n̂a
′(∇)′Ĕz(r

′)− jkĔz(r′)n̂a′r̂
)
ejkr̂r

′−jkrdC ′

=
ej

π
4

√
8πkr

∮
Ca

(wµoẑ
′(n̂a

′ × H̆(r′)) + kẑ′ × (n̂a
′ × Ĕ(r′)) · r̂)ejkr̂r−jkrdC ′

=
ej

π
4

√
8πkr

∮
Ca

(wµ0ẑ
′ · J̆(r′)− kẑ′ × M̆(r′) · r̂)ejkr̂r′−jkrdC ′.

(2.3.14)

Standard electromagnetic field boundary conditions state that

Js = n̂× (H1 −H) (2.3.15)

Ms = −n̂× (E1 − E). (2.3.16)

Equations (2.3.15) and (2.3.16) give the relationship between the magnetic and
electric fields and equivalent magnetic and electric charges at a physical or fictitious
boundary. In reality no magnetic charges exist, so equation (2.3.16) states that the
electric field is continuous across a boundary, but in a simulated domain we can
construct such a scenario to aid computing [23].

Quoting from [25]:

"By the surface equivalence theorem, the fields outside an imaginary closed surface
are obtained by placing over the closed surface suitable electric and magnetic current
densities that satisfy the boundary conditions. The current densities are selected so
that the fields inside the closed surface are zero and outside are equal to the radiation
produced by the actual sources. Thus, the technique can be used to obtain the fields
radiated outside a closed surface by sources enclosed within it. The formulation is
exact but requires integration over the closed surface. The degree of accuracy depends
on the knowledge of the tangential components of the fields over the closed surface."

It is this principle that gives an idea how the far-field transformation works. Quan-
tities outside the simulation domain can be obtained by collecting information on
the surface of the simulated region.

To summarize the calculations performed, the far-field phasors Ĕ and H̆ can be
calculated by applying a discrete fourier transform on the tangential incoming E
and H fields on a surface Ca and then transforming them to electric and magnetic
currents J and M . Then these currents are integrated over the surface to obtain
the far-fields [25].
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Black-Box Optimization

This chapter introduces the reader to black-box optimization, surrogate functions us-
ing radial basis functions and global optimizers that can be used to find the maximum
of the surrogate functions.

Black-box (derivative-free, non-invasive) optimization has recently gained attention
within the optimization community. Efficient optimization regularly use derivative
information to find optima. Computational models and simulations can however
provide optimization problems where derivative information is not available. In the
last decade, derivative-free optimization has been used within a number of areas
such as molecular geometry, aircraft design, hydrodynamics, medicine and earth
science [15].

A single-objective n-dimensional optimization problem can be stated as

max
x∈Ω⊂Rn

f(x) subject to g(x) ≤ 0, (3.0.1)

where f(x) is the objective function to be maximized, x ∈ Ω ⊂ Rn is the vector of
decision variables, Ω is the feasible region and g(x) is a vector of constraint functions
for the problem. Calculating f(x) in black-box optimization is usually costly and an
analytic expression for f(x) may not even exist. A way to handle black-box problems
is to utilize a response surface, s(x), to approximate the unknown function f(x).
One such method is using Radial Basis Functions (RBF).

By using the costly evaluations of f(x), a surrogate function s(x) can be created
by the RBF method. The function s(x) has an analytic expression and finding an
optima on s(x) can therefore be done by various optimizers. Such optimizers are
described in Section 3.2. An optimum of s(x) may provide a clue of an optimum of
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the unknown f(x), see Figure 3.1.

�

�(�) �(�)

�

Unknown function Surrogate model

Figure (3.1): Could the red point, that is, the optimum of s(x), be the optimum of
the unknown function, f(x)?

3.1 Radial basis function

One of the requirements of the RBF method is the interpolation condition. It
requires the function s(x) to interpolate the evaluations or measurements of f(x),
that is

s(xi) = f(xi), i = 1, . . . , n, (3.1.1)

where xi, i = 1, . . . , n are the evaluated points, shall hold. An assumption is made
that the interpolating function is found through a linear combination of basis func-
tions or kernels, ψi(x), i = 1, ... , n. This allows the use of linear algebra solvers to
find the interpolating function as

s(x) =
n∑
i=1

λiψi. (3.1.2)

The interpolation problem can be expressed as the linear system

Aλ = f, (3.1.3)

where f corresponds to the measurements or evaluations of f(x), λ is a vector of
linear combination coefficients, A is an n×n interpolation matrix where each element
aij is the basis function ψj evaluated at point xi, that is,

aij = ψj(x
i), i = 1, . . . , n, j = 1, . . . , n. (3.1.4)

The basis function is a single function translated to every data site. It is radially
symmetric and can be chosen in a number of ways, see Figure 3.2. Examples of
interpolating functions are shown in Figure 3.3.
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(a) Gassian e−r
2 (b) Inverse 1√

1+r2
(c) Thin plate r2 log(r)

Figure (3.2): Illustration of different basis functions

(a) Gassian e−r
2 (b) Inverse 1√

1+r2
(c) Thin plate r2 log(r)

Figure (3.3): Interpolation using different basis functions

3.2 Global optimizers

This section describe three global optimizers that can be used to find the optima of
a function such as s(x) explained in Section 3.1. The implementation used in the
thesis for the following optimization algorithms are found in [13].

3.2.1 Differential evolution

Differential evolution is a stochastic optimization algorithm proposed by Storn and
Price in 1995 [24]. It is an evolutionary algorithm that creates populations and
mutates them in a probabilistic fashion to generate new solutions. Why it is known
as differential evolution will be clear below. One iteration of the algorithm is visual-
ized in Figure 3.4. More ‘fit’ solutions, that is, solutions with lower function values
(for minimization problems), are kept in the population and less ‘fit’ solutions are
disregarded. The algorithm performs 4 steps: 1) Initialization, 2) Mutation, 3)
Recombination and 4) Selection, where steps 2–4 are repeated until some criterion
chosen by the user is met. A full description of differential evolution can be found
in [24], and a short summary of the algorithm follows in Figure 3.4.
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Figure (3.4): Visualization of one step of the differential evolution algorithm

We wish to minimize some function f(x) : Rn → R with x ∈ Rn. Here, x may or
may not be constrained. If x is constrained some modifications are required to make
sure that the algorithm keeps new trial solutions within the bounds of the search
space.

Initialization is done by randomly generating a population of d trial solutions. Say
X = {x1, x2, . . . , xd}. Computation of F = {f(x1), f(x2), . . . , f(xd)} is performed
and the best solution, say f(xbest), is found.

Mutation is the next step of the algorithm. Three randomly chosen x from
X\{xbest} are chosen. We name these members a, b, and c. A mutant v is cre-
ated by v = a+M(b− c) where M is an optimization parameter chosen by the user.
As the reader notices, the name differential evolution stems from how the mutant
v is created.

Recombination is then performed. A cross-over is performed between xbest and v
by randomly selecting elements in xbest and v to be passed to xnew. Some probability
P is given by the user that element j = 1, . . . , n in xnew = (xnew1 , xnew2 , . . . , xnewn )T is
equal to element vj in v and else xnewj = xbestj .

Selection then occurs and the mutant child xnew is compared with x1. If f(xnew) <
f(x1) holds, x1 is replaced by xnew in X. The process then continues through the
whole population and repeated until a termination criterion is met.

Differential evolution has many variants and is applied in various optimization areas,
ranging from capacitor placement in electric power systems to protein folding in
bioinformatics [4].
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3.2.2 Generalized simulated annealing

Generalized Simulated Annealing (GSA) is a stochastic optimization method and a
generalization of Classic Simulated Annealing (CSA) and Fast Simulated Annealing
(FSA). Before touching on GSA a brief overview of the previous methods are given.
Simulated annealing is inspired by the annealing process in metallurgy, where you
temper metals by heating them up and gradually cool them. The metal will then
gradually reach is thermodynamic energy minimum. In CSA the function to be
minimized is viewed as the energy and an artificial temperature is introduced. At
the start of the optimization process, the temperature is high and larger search
spaces are more frequently explored, while as the temperature cools the algorithm
converges to some local minimum. The method can be described as follows.

We wish to minimize some function f(x) : Rn → R with x ∈ Rn. Variable x may or
may not be constrained.

Initialization is done by generating an initial state x0 = (x0
1, x

0
2, . . . , x

0
n) randomly

and obtain f(x0). Initialize a temperature T 0.

Loop for k iterations given by the user.

1. Decrease temperature to T i according to some cooling function.

2. Generate a new state xi = xi−1 + ∆x, where ∆x is decided by a visiting
distribution g(∆x).

3. Calculate the probability p of jumping to the state xi.

4. i = i+ 1, repeat until i=k.

Output final state xk and f(xk).

In CSA the visiting distribution is a Gaussian function, which is a local search
distribution centered around 0, that is,

g(∆x) ∝ exp

(
−(∆x)2

T

)
(3.2.1)

and the probability of moving to the new state is

p = min

(
1, exp

(
∆f

T

))
. (3.2.2)

In FSA a semi-local visting distribution is used instead, with frequent local jumps
but occasional far jumps in the search space, that is,

g(∆x) ∝ T

[T 2 + (∆x)2]
D+1
2

. (3.2.3)
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Here, D is the dimension of the search space and in FSA the acceptance probability
p is the same as in CSA. The idea of GSA stems from a generalization of classic
statistical mechanics with the visiting distribution,

gqv(∆x(t)) ∝ [Tqv(t)]
−D
3−qv[

1 + (qv − 1) (∆x(t))2

[Tqv (t)]
2

3−qv

] 1
qv−1+D−1

2

, (3.2.4)

and the following temperature function and acceptance probability

Tqv(t) = Tqv(1)
2qv−1 − 1

(1 + t)qv−1 − 1
(3.2.5)

pqa = min
{

1, [1− (1− qa)β∆f ]
1

1−qa

}
. (3.2.6)

Here, K, T, β = 1
KT

and qa is another set of user parameters for the optimization
procedure. With qv = 1 and qa = 1 we obtain CSA and with qv = 2 and qa = 1
we obtain FSA. FSA can asymptotically behave as a stochastic steepest descent if
we let T → 0. GSA has been shown to perform widely better than CSA and FSA
on so called Thomson models and GSA has also been shown to perform better than
differential evolution in certain scenarios [28, 27].

3.2.3 Simplical homology global optimization

Simplical Homology Global Optimization (SHGO) is an optimization algorithm
based on simplicial integral homology and combinatorial topology. Simply put,
SHGO constructs directed simplexes out of the simulated data points and then con-
structs k-chains to derive information from a constructed function hyper-surface.
From the hyper-surface local convex sub-domains can be found by Sperner’s Lemma,
which is an extension of Brouwer’s fixed-point theorem. Hence local minimas can
be found. Convergence to global minima is claimed to be assured for Lipschitz
smooth functions [6]. A k-chain is a union of simplexes. So a 2-chain is a union of
2-simplexes, that is, a union of triangles. A simplex of dimensions 0, 1, 2 and 3 are
shown in Figure 3.5 and corresponding k-chains are shown in Figure 3.6.
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Figure (3.5): A 0-simplex (point), 1-simplex (edge), 2-simplex (triangle), 3-simplex
(tetrahedon)

Figure (3.6): A 0-chain, 1-chain and 2-chain are shown in order in orange in the
graphs. The chains are then used to construct a function hyper-surface

SHGO has been shown to outperform differential evolution in certain problem do-
mains [6].





CHAPTER 4

Computational Setup

This chapter describes the FDTD simulation setup and its parameters, and outlines
the optimization method used.

4.1 Problem description

The structure of the work is as follows

1. Perform initial simulations with various parameter values for resolution, simu-
lation time and PML depth to find the values needed for sufficient convergence.

2. Once convergence for the simulations are established, perform simulations over
a design space for a set of pyramid specifications for comparison with the black-
box optimizer.

3. Once completed, the black-box optimizer works over different design spaces to
find good pyramid designs and the surrogate function s(x) is evaluated.

4. Summarize findings.

The optimization problem studied will now be defined. The aim is to find the global
maximum of the black-box function L which describes the light extraction efficiency
for a pyramid. To find the maximum, a surrogate function s(x) is created after each
pyramid design evaluation, that is, simulation. The utility function described below
in Section 4.3.1 decides the next pyramid design to evaluate. After a number of
iterations a maximum LEE for the evaluated pyramid designs is found.
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4.1.1 Objective function

To reiterate, the objective function to maximize is defined as

L(x) =
Pff (x)

Ptot(x)
, x ∈ X. (4.1.1)

The variable space X and its bounds are set by the user. The function Pff is the
far-field energy flux over a spherical cap S in space and is calculated as

Pff =

∫
S

Re(E(r)∗ ×H(r))dS ≈
n∑
i=1

Re(E(ri)
∗ ×H(ri))dΣ. (4.1.2)

Here * denotes complex conjugate and dΣ = 2πr2(1−cos(Θ))
n

. The variable n is the
number of sampled points on the spherical cap. The function Ptot is the total energy
flux emitted from the simulation cell during the simulation. It is the integral of
the Poynting vector in the Fourier transformed domain over the entire simulation
boundary and its value is obtained from MEEP. Figure 4.1 shows the surface S, the
radius r and other simulation parameters.
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Figure (4.1): Cross-section of the computational domain and simulation variables



4.1. Problem description 27

4.1.2 Variables

The input to the function L is x = (h,w, s), with

• h = height of the pyramid,

• w = width of the pyramid measured from vertice to vertice at the base, and

• s = source position as a fraction of the total pyramid height measured from
the top.

The design variables can also be seen in Figure 4.2.

XY

Z

(a) Permittivity map of a pyramid visualized
using the open-source software Mayavi

h

w

s

x̂

ẑ

ŷ

(b) Cross-section of the simulation environ-
ment showing the design variables

Figure (4.2): Pyramid visualization

4.1.3 Far-field calculation

In order to calculate the far-field flux Pff the electric and magnetic fields, E and H,
in the far-field domain were sampled according to the Fibonacci-Sphere Algorithm
(FSA) explained below in Algorithm 1.

4.1.3.1 Sampling on spherical surface

We first demonstrate why the Fibonacci-sphere algorithm is used to sample points,
by comparing it to an alternative method, spherical coordinate sampling. The results
are shown in Figure 4.3 and in Section 5.1.1. From Figure 4.3 it is clear that the
Fibonacci-sphere algorithm produces a more even sampling of points on a spherical
surface, and it is therefore used.
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(a) Fibonacci-sphere algorithm (b) Spherical coordinate sampling

Figure (4.3): n = 400 points on a sphere generated using the Fibonacci sphere
algorithm and spherical coordinate sampling. By sampling with spherical coordinates
the points tend to accumulate at the poles

Algorithm 1: Fibonacci sphere algorithm
n - number of sampling points ;
r - distance to far-field point ;
offset = 2

n
;

inc = π(3−
√

5) ;
for i in n do

zi = R(n ∗ offset− 1) + offset
2

;
r = R

√
1− ( zi

R
)2 ;

φ = mod(i, n) ∗ inc ;
xi = r cos(φ) ;
yi = r sin(φ);

end

Algorithm 2: Spherical coordinate sampling
// Spherical coordinates according to ISO convention
Θ - Total inclination measured from z-axis ;
Φ - Total azimuthal angle measured from x-axis ;
n - number of sampling points ;
r - distance to far-field point ;
for i in n do

φ = i
n
Φ ;

for j in n do
θ = j

n
Θ ;

x = r sin(θ) cos(φ) ;
y = r sin(θ) sin(φ) ;
z = r cos(θ) ;

end
end
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4.2 Simulation specifications

The simulation region is given by (sx+2γ, sy+2γ, sz+2γ) where sx = sy = 6w
5

and
sz = 6h

5
. These values were chosen to keep the simulation region small while fitting

the pyramid and the substrate, and preventing computational regions to overlap the
PML-layer.

Resolution of the pyramid was chosen to be 60 pixels per micrometer, based on re-
sults in Section 5.1.2. The shortest wavelength in the simulation is λmin =

λmin,air
nGaN

≈
0.686 µm, where nGaN = 2.76 is the refractive index in gallium nitride. Hence, there
is approximately 40 pixels per wavelength in the worst case scenario. The MEEP
manual recommends at least 8 pixels per shortest wavelength [11].

MEEP has various ways to determine how long to run a simulation. One method
is to add a so called probe to the simulation. The probe measures the E-field every
2 units of time. When the squared value of the electric field had decayed by 10−3

from its previous value the simulation is finished. The value of the sensitivity was
initially chosen to 10−3, by results from Section 5.1.3. Another option is to simply
run the simulation for a fixed amount of time.

The depth of the PML-layer, γ, was chosen to 0.1 µm, in accordance with the results
in Section 5.1.4.

The source emitting light in the simulation is approximated as an electric dipole.
The polarization P and the frequencies emitted are set by the user. Due to the
mirror symmetries in the simulation with the pyramids, the LEE, L, is the same for
polarization in the x̂ and ŷ directions, hence the LEE is calculated only for ŷ and ẑ
polarized source.
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(a) The power spectrum for the source (b) The radiation pattern for the source

Figure (4.4): Visualization of source properties used in MEEP
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Parameters for the far-field are as follows:

• Θ = polar angle for the far-field energy flux

• n = number of sampling points in the far-field region of interest, and

• r = distance between origo of the simulation and the far-field sampling points.

The polar angle, Θ, between the top of the spherical cap and the edge of the cap
and is chosen as π

6
. See Figure 4.1 for clarification.

The number of sampling points, n, in the far-field is chosen to be 800. A trade-
off here is required since the time for the far-field calculations increases with an
increased number of sampling points, while at the same time converging results are
wanted.

The distance r between the center of the simulated region and the far-field is defined
as

r = 40h2fcen. (4.2.1)

Here, r is 40 times the Fraunhofer distance which provides the limit between near-
and far-fields in antenna calculations. Table 4.1 summarizes the simulation variables
used and provides a short explanation for them.
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Table (4.1): Summary of the simulation variables

Simulation variables
Resolution Resolution of the simulation, corresponding

to number of yee cells per unit length
60

h Height of the pyramid in µm Varying
w Width of the pyramid in µm Varying
s Source position as a fraction of the total

pyramid height measured from the top
Varying

sx Length of the simulation cell in x̂ 6w
5

sy Length of the simulation cell in ŷ 6w
5

sz Length of the simulation cell in ẑ 6h
5

γ Depth of the PML-Layer 0.1
Cell size The total size of the simulation cell (sx + 2γ, sy +

2γ, sz + 2γ)

P Polarization of the source. Due to symmetry
reasons the LEE is the same for x̂ and ŷ

ŷ or ẑ

λ Wavelengths emitted from the source Varying
S Courant factor 0.5
Θ Angle for the far-field flux π

6

r Distance to far-field 40hfcen

n Number of sample points on the surface S 800

4.3 Optimizer

The optimization scheme works as follows.

1. Construct a surrogate function s(x) by simulating a number of initial pyramid
designs and construct the surface using RBFs.

2. Calculate the optimum of s(x) using the optimizers described in Section 3.2.

3. Calculate the next point to simulate according to the utility function explained
in Section 4.3.1.

4. Calculate a new function s(x).

5. Repeat for a number of iterations.

Figure 4.5 describes the optimizer loop that is run for a number of iterations. The
LEE retrieved from all simulations performed are saved in a database.



32 Chapter 4. Computational Setup

MEEP Simulation



Optimizer

Surrogate function s(x)

Utility functionLEE
Find max of s(x) using global optimizers

�
⎯ ⎯⎯

next pyramid
to simulate

Figure (4.5): Optimizer flowchart. The MEEP simulation module simulates the
electromagnetic fields and calculates the light extraction efficiency. The LEE results
from all the previous simulations are then used by the optimizer to construct the sur-
rogate function s(x) using RBFs. The utility function then decides the next pyramid
design to evaluate

4.3.1 Utility function

The utility function is used to decide the next point to simulate, that is, where to
sample the next point in X. If the optimizer returns a response surface optimum
with an optimal value that is 2% higher than a simulated one, the next simulation
point (or pyramid design) will correspond to the maximum found by the optimizer.
Otherwise a so called exploration mode is chosen. Then 1000 points are generated at
random in the variable space. Then, the point to be evaluated is the point farthest
away from all other simulated points in the variable space. This method ensures
that the exploration mode suggests a simulation point in a region of unexplored
space. See Figure 4.6 for clarification.

�(�)

�

Utility function

Δ�

max �(�) exploration point

Figure (4.6): Utility function visualised. Black points corresponds to already sim-
ulated LEE for different pyramids. If ∆L > 2% the maximum of s(x), the red
point, is simulated, otherwise the green point is simulated, which corresponds to the
exploration point



CHAPTER 5

Results

This section summarizes the results of the computations performed.

The majority of the simulations were performed on a computer at Linköping Uni-
versity with approximately 74 GB RAM memory and 20 2.67 GHz processor cores.

5.1 Convergence runs

This section evaluates the simulation results with different simulation parameter
values in an attempt to show necessary resolution, simulation time and PML-depth
in order to achieve converging results.

5.1.1 Comparison with analytic expression

Simulations were run without any pyramid or substrate structure and the ratio
R =

Pff
Ptot

was calculated for a dipole and compared to its analytic value in order to
verify that the far-field calculations are correct. For an electric dipole the ratio is
calculated as [3]

R = sin

(
θ

2

)2

(cos(θ) + 2), (5.1.1)

see Figure 5.1 for an illustration.
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�



Figure (5.1): Calculating R. Here, P is the polarization of the dipole and θ is the
polar angle for the spherical cap which Pff flows through

The comparison between and analytic and simulated ratio R is shown in Figure 5.2.
The simulated ratio using MEEP used a far-field sample value of npts = 800 and
resolution 60.
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 computed,  =~700 nm

Figure (5.2): Analytic ratio R compared to simulated R using FSA

Using the Fibonacci-sphere algorithm the average percentual error between ana-
lytic and simulated flux ratio for red wavelength (λ ≈ 700nm), green wavelength
(λ ≈ 500nm) and blue wavelength (λ ≈ 385nm) were found to be 1.4%, 2.9% and
2.2%, respectively, while using SCS the error was found to be 21%, 6% and 23.3%,
respectively.
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5.1.2 Convergence runs for resolution

Results from the simulation runs to determine sufficient resolution are given in
Figures 5.3 – 5.7. Three different resolutions of 30, 60, and 120 pixels per micrometer
are tested by simulating the LEE for various pyramid designs. The main conclusion
from these runs is that a resolution of 60 pixels per micrometer provides satisfactory
results.
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(c) Varying widths, height=1,
source position=0.2, wave-
length is 700 nm

Figure (5.3): Convergence runs for resolution, with varying pyramid widths and
wavelengths
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(a) Varying heights, width=3,
source position=0.2, wave-
length is 400 nm
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(b) Varying heights, width=1,
source position=0.2, wave-
length is 500 nm
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Figure (5.4): Convergence runs for resolution, with varying pyramid heights and
wavelengths
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Figure (5.5): Convergence runs for resolution, with varying source position
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Figure (5.6): Convergence runs for varying resolution, with varying pyramid height
and widths, polarization ŷ and wavelength 390 nanometer
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Figure (5.7): Convergence runs for varying resolution, with varying pyramid height
and widths, polarization ŷ and wavelength 530 nanometer

5.1.3 Convergence runs for simulation run time

Results from the simulation runs to determine sufficient simulation run time are
given in Figure 5.8. Three different probe sensitivities of 10−1, 10−3, and 10−5 are
tried and the conclusion is that a probe sensitivity of 10−3 is sufficient.
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Figure (5.8): Convergence runs for varying probe sensitivities and pyramid heights

5.1.4 Convergence runs for PML-depth

Results from the simulation runs to determine sufficient PML-depth are given in
Figure 5.9. A PML-depth of 0.1, that is, 6 pixels for a resolution of 60, is deemed
to be sufficient.
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1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Pyramid height

10

15

20

25

30

35

40

LE
E 

(%
)

500, pyramid width=1, source position=0.2, Polarization Y
PML depth 0.1
PML depth 0.2
PML depth 0.4

(b) Varying source positions,
height=width=1, wavelength is
500 nm, polarization ŷ
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Figure (5.9): Convergence runs for PML depth, varying pyramid heights

5.2 Initial runs with varying pyramid widths and
source positions

The first reference runs were performed in a 2-dimensional variable space with vary-
ing pyramid widths and source positions. The pyramid heights are here given as
h = w tan(62°)

2
, meaning that the angle between the substrate and the pyramid tip is

62 degrees. This angle was chosen according to a result from Linköping University,
showing a pyramid growth mode where a completed pyramid had an angle of 62
degrees from base to tip [16].
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Figure (5.10): LEE and RBF surface after 99 simulations, with polarization ŷ and
wavelength approximately 470 nm
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Figure (5.11): LEE and RBF surface after removing “max” result, polarization ŷ
and wavelength approximately 470 nm
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The results shown in Figure 5.10 are after 99 simulations in an evenly sampled
space. The average simulation time per pyramid was 93 minutes and the total run
time was 153 hours. The peak result in Figure 5.10 is removed in Figure 5.11 to
easily see the variations on the rest of the function surface. The wavelength for the
LEE shown in the Figures 5.10 – 5.12 is approximately 470 nm, corresponding to
blue light. The LEE in the results in Figures 5.10 – 5.12 is calculated above pyramid.
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Figure (5.12): LEE and RBF surface after 99 simulations, with polarization ẑand
wavelength approximately 470 nm

The results shown in Figure 5.12 are after 99 simulations in an evenly sampled space.
The average simulation time was 44 minutes and the total run time was 72 hours.
Both results in Figure 5.11 and 5.12 for polarization ŷ and ẑ shows a surrogate
function s(x) with many local optima and varying LEE.

5.3 First optimization run

The optimization runs are performed as described in Section 4.3. The runs op-
timized the LEE above the pyramid with wavelength 470 nm, which corresponds
approximately to the center frequency of the source. The optimization was run for
both a source polarization of ŷ and ẑ. The results for polarization ŷ are shown in
Figure 5.13.
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(a) LEE after 5 initial simulations
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(b) LEE after 5 optimization simulations (for a
total of 10 simulations)
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(c) LEE after 10 optimization simulations
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(d) LEE after 15 optimization simulations (for a
total of 20 simulations)

Figure (5.13): Results for running the optimizer for a total of 20 simulations.
The RBF kernel is thin plate and the wavelength is approximately 470 nm. The
polarization is ŷ

The average simulation time per pyramid was 30 minutes and the total run time
was 10 hours for the results in Figure 5.13. The surrogate function s(x) in Figure
5.13c and 5.13d shows similarity with the surrogate function in Figure 5.11. The
LEE with a source with polarization in ẑ follows next.
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(b) LEE after 5 optimization simulations
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(c) LEE after 10 optimization simulations
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(d) LEE after 15 optimization simulations

Figure (5.14): Results for running the optimizer for a total of 20 simulations.
The RBF kernel is thin plate and the wavelength is approximately 470 nm. The
polarization is ẑ

The average simulation time per pyramid was 42 minutes and total running time
was 28 hours. The surrogate function in Figure 5.14c and 5.14d have a radically
different appearance than in the reference result shown in Figure 5.12.

5.4 Second optimization run

The five best results from the first optimization run in Section 5.3 was re-run with
a longer simulation time, approximately 4 times longer per simulation. The reason
for the re-run was the unusually sharp peak in Figure 5.10. The high LEE suggests
that the simulations had not properly converged. The result for the re-runs follows
below.
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Table (5.1): Results after re-running the five best simulations with longer simula-
tion time, the wavelength is approximately 470 nm, and the polarization is ŷ

Results
(width, source
position)

Old LEE (%) New LEE (%)

(7.88µm, 0.48) 32.8 3.5
(8µm, 0.01) 16.4 5.3
(7µm, 0.01) 15.9 6
(3.94µm, 0.05) 15.4 7.9
(7.93µm, 0.26) 13.4 4.8

Table (5.2): Results after re-running the five best simulations for longer simulation
time, the wavelength is approximately 530 nm, and the polarization is ŷ

Results
(width, source
position)

Old LEE (%) New LEE (%)

(7.88µm, 0.48) 30.9 3.5
(8µm, 0.01) 16.3 6.0
(7µm, 0.01) 14.4 6.9
(3.94µm, 0.05) 16 6.9
(7.93µm, 0.26) 4.5 6

Table (5.3): Results after re-running the five best simulations for longer simulation
time, the wavelength is approximately 715 nm, and the polarization is ŷ

Results
(width, source
position)

Old LEE (%) New LEE (%)

(7.88µm, 0.48) 26.5 3.1
(8µm, 0.01) 0.4 7.7
(7µm, 0.01) 7.8 4.6
(3.94µm, 0.05) 0.5 4.6
(7.93µm, 0.26) 4.4 7.7

The results differ significantly from the first optimization run in Section 5.3. It
was therefore concluded that the simulation results had not converged properly
converged with respect to time. Regardless, the first five best pyramid designs in
Section 5.2 were used to initialize the optimizer for a second run. The following
RBF with thin plate kernel can be observed in Figure 5.15. The result of this run
can be seen in Figure 5.16 and 5.17 below.
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Figure (5.15): LEE after 5 re-run simulations with longer run time. The RBF
kernel is thin plate
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(c) LEE after 30 simulations
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Figure (5.16): Results for running the optimizer for a total of 45 simulations. The
RBF kernel is inverse and the wavelength is approximately 470 nm. The polarization
is ŷ
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The second optimization run optimized the LEE above the pyramid with the source
having a wavelength of 470 nm, which corresponds approximately to the center
frequency for the source. The optimization was run for both a source polarization
of ŷ and ẑ. The RBF kernel was changed to inverse.

The line plots shown in Figure 5.17 list the x-axis sample points from the first
simulation to the last, showing how the LEE varies in each iteration of the optimizer.
The five designs with highest LEE is shown in Table 5.5.
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Figure (5.17): LEE with RBF kernel inverse for a total of 45 simulation runs with
longer simulation times

Table (5.4): The 5 results with the highest LEE for polarization ŷ

Results
(width, source
position)

LEE (%) Wavelength (nm)

(1.15µm, 0.35) 17.3 425
(1.15µm, 0.35) 10.9 470
(1.28µm, 0.01) 10.43 470
(1.28µm, 0.01) 10.41 715
(1.28µm, 0.01) 10.0 470
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5.4.1 Second optimization run for ẑ polarized source

The results for the optimization runs with polarization ẑ follows and the results are
shown in Figure 5.18 and 5.19.
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Figure (5.18): Results for running the optimizer for a total of 45 iterations. The
RBF kernel is inverse and the wavelength is approximately 470 nm. The polarization
is ẑ
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Figure (5.19): LEE with RBF kernel inverse for the 45 re-run simulations with
longer times

Table (5.5): The 5 results with the highest LEE for polarization ẑ

Results
(width, source
position)

LEE (%) Wavelength (nm)

(1µm, 0.9) 5.8 470
(1.57µm, 0.75) 5.6 425
(1µm, 0.9) 5.3 470
(1.57µm, 0.75) 5.2 530
(2.94µm, 0.49) 5.1 715

The total running time was 83 hours and the average run time per simulation was 55
minutes. The average LEE for ŷ polarization was 3.85% for the center wavelength
of 470 nm and the average LEE over all wavelengths was 3.82%. With a source with
ẑ polarization the average LEE for the center wavelength was 2.77% and averaged
over all wavelength the result was an LEE of 2.74%.
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5.5 LEE from below the pyramid

The LEE from a spherical cap below the pyramid was also calculated during the
simulations in Section 5.4. The results for ŷ polarization is shown in Figure 5.20
and 5.21 and the results for ẑ polarization is shown in Figure 5.22 and 5.23. The
tables listing the pyramids with highest LEE for polarization ŷ and ẑ can be found
in Table 5.6 and 5.7 respectively.
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Figure (5.20): The LEE below the pyramid. The RBF kernel is inverse and the
wavelength is approximately 470 nm. The polarization is ŷ
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Figure (5.21): LEE below the pyramid, with RBF kernel inverse for the 45 re-run
simulations with longer times

Table (5.6): The 5 results with the highest LEE below the pyramid for polarization
ŷ

Results
(width, source
position)

LEE (%) Wavelength (nm)

(8µm, 0.01) 73.2 385
(7.85µm, 0.13) 71.0 385
(7µm, 0.01) 70.8 385
(8µm, 0.0.01) 70.7 425
(7.85µm, 0.13) 69.3 470
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Figure (5.22): Results from running the optimizer for a total of 45 iterations. The
RBF kernel is inverse and the wavelength is approximately 470 nm. The polarization
is ẑ
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Figure (5.23): LEE below the pyramid, with RBF kernel inverse for the 45 re-run
simulations with longer times

Table (5.7): The 5 results with the highest LEE below the pyramid for polarization
ẑ

Results
(width, source
position)

LEE (%) Wavelength (nm)

(7.13µm, 0.14) 68.5 470
(7.13µm, 0.14) 66.9 425
(5.08µm, 0.07) 65.0 470
(5.08µm, 0.0.07) 64.3 530
(7.13µm, 0.14) 63.7 610

The LEE under the pyramid was on average 39.74% for the center wavelength with
a ŷ polarized source. The average LEE over all wavelengths was 39.71%. With a ẑ
polarized source the LEE was 37.10% and 36.24%, respectively.

5.6 Optimization in 3D

The optimizer was then run optimizing the LEE for a wavelength of 470 nm, using
50 simulations. The LEE was calculated above the pyramid with a varying pyra-
mid height, width and source position. The optimization was run for both a source
polarization of ŷ and ẑ. The average simulation time was 17 minutes and the total
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running time was 14 hours when the runs were performed with source polarization
in ŷ direction, and the run time with source polarization in ẑ direction was approx-
imately the same. The results are shown in Figure 5.24 and 5.25 and Table 5.8 and
5.9.
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Figure (5.24): LEE above the pyramid for polarization ŷ
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Figure (5.25): LEE above the pyramid for polarization ẑ
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Table (5.8): The 5 results with the highest LEE for polarization ŷ

Results
(height, width, source posi-
tion)

LEE (%) Wavelength (nm)

(2.95µm, 1.04µ, 0.57) 21.0 715
(4.91µm, 1.83µ, 0.21) 20.0 425
(3.76µm, 2.08µm0.32) 19.3 530
(3.03µm, 1.10µm, 0.21) 18.9 530
(4.91µm, 1.83µm, 0.21) 18.5 470

Table (5.9): The 5 results with the highest LEE for polarization ẑ

Results
(height, width, source posi-
tion)

LEE (%) Wavelength (nm)

(3.24µm, 1.05µ, 0.9) 14.7 530
(4.11µm, 1.11µ, 0.46) 14.1 380
(4.11µm, 1.11µm0.46) 13.9 715
(4.96µm, 1.73µm, 0.63) 11.3 610
(3.24µm, 1.05µm, 0.9) 10.8 425



CHAPTER 6

Discussion and future work

This chapter discuss the results and potential future work.

The first surprising and quite disappointing insight from the computational results
was that the initial simulations to establish converging simulation parameter values
were faulty. As shown in Section 5.4 the results had not properly converged with
a probe of sensitivity 10−3. Hence the following simulations run-time was increased
roughly by a factor of 4. This error is largely believed to be due to transient
electromagnetic waves with small numeric values still propagating and reflecting
within the pyramid. The spectral density of the source is Gaussian, and as such
higher and lower frequencies have lower energies and numeric values. The probe
measuring the absolute value of the electric field must then be very sensitive to
account for the lower and higher frequencies. Due to time constraints for our work,
the convergence properties with respect to running time was not further tested. For
our work, with the longer run time the absolutely worst case simulation would allow
the waves to travel back and forth within the computational domain approximately
3 times.

It is interesting to note that the LEE decreased when re-running was performed
in Section 5.4 with longer simulation times. The decreased LEE implies that the
total energy flux, Ptot, increased for a longer run time, while the far-field flux, Pff ,
stayed about the same. This could imply that most of the far-field emissions above
the pyramid are released shortly after the excitation of the dipole. The second
interesting point is that the optimizer’s best results were faulty. Convergence is
shown for various pyramid specifications but the optimizer capitalized on the ones
with faulty function values. The conclusion is that showing convergence is hard.
With a large variable space and a costly evaluation you want to prevent many
function evaluations, and to show convergence you have to perform many function
evaluations. This is therefore a hard trade-off to make. One possibility is to evaluate
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a point a number of times till some convergence criterion is fulfilled. If it is not
fulfilled in a given amount of time, the point is simply disregarded and ignored in
the future.

The results with respect to highest LEE is interesting. In the case of a polarization
parallel with the substrate, small pyramids, (1.15 µm, 1.28 µm), were shown to be
the most efficient with an extraction efficiency of 17.3% and 10.9%, respectively. The
source position does however not necessarily need to be at the top of the pyramid,
which one might be led to believe at first glance of the problem. The highest
efficiency was found with the source placed approximately one third down in the
pyramid and with parallel polarization. The case for polarization orthogonal to
the substrate showed different optimal designs. Such pyramids should preferably
be small and the source should be placed approximately nine tenths down in the
pyramid. The LEE is consistently higher for a ŷ polarized source. Studying the
radiation pattern from a dipole might give a clue why this is the case. The maximum
energy flux is simply orthogonal to the direction of the polarization, meaning that
most of the flux is going in the direction of the far-field flux region. With a ẑ
polarized source, a position deep within the pyramid seemed to be best. This could
possibly be due to the refraction occurring between GaN and air, which bends the
light in the direction of the far-field region. The results could hint that achieving a
high LEE from the pyramids requires refracting the light by adding refractive layers
to the pyramid.

The utility function could need further modification. Studying the LEE as a function
of pyramid designs, no upward trend in efficiency could be seen, meaning that no
improved candidate solutions were found when iterating. However, the method of
choosing points based on the distances to other points proved to be a good method
to quickly create a surrogate model of the black-box function L.

This work has constrained the polarization to three orthogonal directions in space.
The polarization of the emission from the quantum dot might very well in an actual
pyramid be randomized, meaning a more realistic function L might be a stochastic
function, which would require more sophisticated optimization methods. Alterna-
tively, the polarization could be completely randomized in space and then averaged
over a number of tries for a given pyramid design.

It is also possible to create quantum well structures within the pyramids by the
MOCVD process. Quantum well emission could possibly be simulated by intro-
ducing multiple dipoles. This will likely change the LEE and introduce new set of
optimization parameters for the source(s).

The simulation software MEEP allows simulating an arbitrary number of frequen-
cies in one simulation. The frequency information can be incorporated in the opti-
mization methods in various ways. One way is calculate one function value L per
frequency and per simulation. This information can be utilized in the optimizer by
for example constructing one response surface for each frequency. Then an optimum
of the function max(Lf1 , . . . ,Lfn) is found.

Designing a better utility function would also be of use. The results seem to imply
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that the surrogate model does a good job approximating the unknown function L af-
ter about 15 iterations. The utility function could then be modified to perform more
searches for local optima to possibly finding designs with higher LEE. Care must
however be taken since sampling points to close to each other leads to instabilities
in the RBF interpolation scheme.

The LEE of the pyramid can further be modified by adding reflective surfaces on
the pyramids, inverting and/or truncating the pyramids. Such design options can
be introduced as variables into the optimization model as well.





CHAPTER 7

Conclusion

• What simulation parameters are needed to find converging solutions of the
light extraction efficiency?

The majority of the convergence tests were run using different resolution and 60
pixels per unit length was deemed sufficient. This means that approximately 40
pixels per shortest wavelength were sampled, which is above the 8 pixels per shortest
wavelength recommended in the MEEP manual [11]. Doubling the resolution to 120
pixels had little effect on the LEE except in a few situations. Even a resolution of
30 pixels seemed to be enough to capture the LEE trends in most cases.

The variation in PML-depth had virtually no effect on the LEE, meaning that
a PML-depth of 0.1 µm or 6 pixels, is arguably sufficient to achieve satisfactory
results. The effectiveness of the latest PML-methods used in MEEP also brings
reason to believe that the PML-depth chosen is sufficient to show convergent results
with respect to PML-depth.

Due to incorrect assumptions in the beginning of the thesis work proper conver-
gence studies with respect to time were not performed. Using the probe with the
sensitivity given in Section 5.2 was later shown to not be sufficient for achieving
converging results. As argued in Chapter 6, the time used in the second optimiza-
tion run, in Section 5.4, is enough to allow transient waves to decay sufficiently to
achieve satisfactory results. The value chosen was 60 units of time, corresponding
to approximately 20 femtoseconds.

• What designs of the pyramid maximize the light extraction efficiency?

The highest LEE was found to be below the pyramid. This result is not surprising
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since there occurs no refraction when calculating the LEE below the pyramid. This is
a highly idealized scenario and no effort was spent optimizing this scenario. Studying
the LEE above the pyramid gives highly varying LEE, depending on the design. The
optimal design found in the simulation for a fixed height-width relationship was a
relatively small pyramid with a width of 1.15 µm and a source placed about a third
down the pyramid with a polarization parallel to the base (ŷ polarization), yielding
a LEE of 17.3%. The LEE was shown to be highly dependent on polarization and
source position. When varying pyramid height and width freely it was shown that
the highest LEE was 21% for a relatively sharp pyramid with a height of 2.95 µm
and width of 1.04 µm, and a source position about a sixth down the total pyramid
height and with a polarization once again parallel to the base.

• How well does a black-box optimizer converge to a ’good’ solution compared
to sampling a lot of points in the design space.

To answer this question the initial idea was to simulate a lot of points in the search
space as shown in Section 5.2. Unfortunately, these results should be treated with
skepticism since certain simulation results were shown not to converge properly, as
seen in Section 5.4, so a proper comparison between sampling ’many’ points and
using the black-box was not performed. However, evaluating the search space for
45 iterations gives a clue about how well a black-box optimizer with a RBF-based
surrogate function will perform compared to ‘trying’ a lot of solutions.

• How well do a radial basis surrogate function approximate the actual unknown
function surface?

The following conclusions can be drawn following the results in Section 5.4. Using
RBF functions is an interpolation scheme, and as such it performed badly extrap-
olating the function surface in the variable space, as shown in Figure 5.14d and
5.15 where a thin-plate kernel was used. The RBF kernel was then changed to in-
verse and used in the optimizer. The results from Section 5.4 show that the RBF
with inverse kernel captures the trends of the surrogate surface well after 15 iter-
ations, when comparing to the final result after 45 iterations for all the different
optimization cases in the second run. This result implies that using a RBF scheme
to approximate the unknown function L might be of use.
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