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Abstract

Column generation has during the last years been popular in vehicle scheduling as it for larger
problems can find an optimum faster than using an ordinary mixed-integer programming
(MIP) model. We study the problem of finding optimal schedules for electric buses by means
of column generation. The motive for this approach is that when the size of the problem
becomes very large in terms of variables and different solutions, solving it with a mixed-
integer programming model can take a lot time. The purpose of this work is to investigate
how the best found integral solution and the solution time vary between different column
generation methods and how these methods perform compared to a MIP. This has been done
by implementing these methods on a test problem for scheduling of electric buses. The results
indicate that column generation methods can be very efficient in terms of time and best found
integral solution for larger problems. A modified column generation method has been created
in order to accelerate the generation of columns, which is better than standard column
generation in terms of solution time and best found integral solution.

Keywords: Vehicle scheduling, column generation, accelerated, MIP, heuristics
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1. Introduction

1.1. Background

As Sweden is getting more environmentally conscious a hot topic is how to decrease pollution
from public transport. One way to do this is to use electric buses. When optimizing public
transport in terms of costs, four different mathematical optimization problems needs to be
solved. These are line design, timetable planning, vehicle scheduling and crew scheduling
(Hall, C.H., Ceder, A., Ekstrom, J. and Quittineh, N.H., 2018).

An increased understanding of these four different problems for electric buses would also
increase the opportunity that this technology would be implemented in the future in a large
scale. Therefore, the Swedish Energy Agency (Energimyndigheten) has financed a project
with Hall, C.H., Ceder, A., Ekstrom, J. and Quittineh, N.H. to further investigate and research
the different mathematical optimization problems.

If only looking at the vehicle scheduling problem, electric buses would result in both
advantages and disadvantages in terms of optimization. Usage of electric buses would result
in less travel capacity as a battery cannot store as much energy as a gas tank and the buses
would need to recharge often. However, an advantage is that charging stations can potentially
be placed at different locations where bus drivers can recharge the vehicle before moving on
to new bus routes.

What was noted in the project group was that the solution of the vehicle scheduling problem
with mixed-integer programming (MIP) took a lot of time. Therefore, maximum computing
time for solving the problems had to be set, which meant that the results were not guaranteed
to be optimal. Therefore, the lecturer in operation research at Linkdping University and also
one of the project members, N. H. Quttineh came up with the idea that if this vehicle
scheduling problem was to be solved with column generation, which could potentially be
better in terms of optimal solution and time for solving the problem.

Column generation was first introduced as early as in 1958 by L. R. Ford and D. R. Fulkerson
in the journal of Management Science. G. Dantzig and P. Wolfe adapted this algorithm by
1960 to solve linear programming problems with a decomposable structure (G. Dantzig and P.
Wolfe, 1960). Column generation has shown to be effective when solving cutting stock
problems and more recently also vehicle scheduling problems (IBM, n.d.).

When vehicle scheduling MIP model becomes large, it takes a lot of time to solve it. As the
problem gets larger the time to find an optimal solution becomes too big, which requires a
maximum time limit for solving the problem and therefore cannot guarantee optimality. The
reason that the time increases as the problem gets bigger is that only a subset of the variables
is relevant when solving the problem, yet all the variables are considered when solving the
problem.
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1.2. Purpose

The purpose of this thesis is to study the differences between solving vehicle scheduling
problems for electric buses with MIP and column generation. In addition to this, a comparison
between enforcing integrality when all the columns have been generated and a heuristic
method to find an integral solution have been done.

The following questions regarding the vehicle scheduling problem with electric buses has
been looked upon in this thesis:

e Will solving the problem with column generation result in a better solution than MIP
with a one hour time limit?

e Will it take less time to solve the problem with column generation?

e Will a constructed heuristic method (dive-strategy) be better in terms of best found
integral solution?

e Will solving the column generation problem multiple times until the reduced cost is
zero before sending data to the restricted master problem (accelerated column
generation) be faster than solving the column generation problem once in every
iteration?

1.3. Method

The project has been done by implementing column generation on an already existing MIP
model for the vehicle scheduling problem. I have had regular contact and received
information from N. H. Quttineh in order to better understand this model. During the project’s
implementation, T. Larsson and N. H. Quttineh from Linkdping University have assisted on
how to apply column generation on the same problem. In addition to this, literature studies on
column generation has been made. The implementation with column generation has been
modelled in AMPL with the solver CPLEX. All the tests in this project has been performed
on a HP DL160 server with two 6-core Intel Xeon CPUs and 72 GB of RAM memory,
running Linux.

1.4. Limitations

The project length was set to ten weeks which limited the number of variants of the model
that could be tested. This thesis’ objective is to implement column generation for this specific
vehicle scheduling problem with electric buses. The conclusions made are only valid for this
specific project and are not general.
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1.5. Outline

In Section 2 the mathematical model for the vehicle scheduling problem for electric buses
developed by Hill, C.H., Ceder, A., Ekstrom, J. and Quittineh, N.H., 2018 is described. The
general mathematical problem is explained for better understanding what the objectives and
constraints are. In Section 3 the theory behind column generation is described. The literature
studied for this thesis is presented in this Section. In Section 4 the model for vehicle
scheduling with electric buses is presented but with column generation. The results from the
tests are presented in Section 5. In Section 6 the results will be discussed and the issues for
this thesis are answered. In Section 7 the main conclusions are summarized.
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2. Mixed-integer programming model

In this chapter, the scheduling model for electrical vehicles (EV) is formulated. The network
structure, indices, sets, parameters, variables and the mathematical model are presented. The
mathematical model is the same as described in Héll et al. (2018).

2.1. Analysis and modelling

The following table shows the sets, parameters and variables that are used in the mathematical
model.

Indices and sets

K set of charging alternatives (either charge, or not charge) &

I set of trips 7 (all departures for all lines)

L set of bus lines /

A set of arcs (i, j, k), which describe possible combinations of trips i and j, and
charging alternatives k
Parameters

N number of nodes where charging is available

S safety margin between trips (5 min)

C charging capacity of buses

a; start node for trip i

b; stop node for trip i

S; start time for trip i

d; distance covered by trip i

t; time required to perform trip i

e; energy required by trip i

D;; deadheading distance between b; and a;

Ej; energy required to go from b; to a;

qr energy added by charging alternative k at node b;

q j‘ energy added by charging alternative & at node q;

T* time needed to perform charging at alternative k
Binary variables

x'fj equals 1 if a bus performs trip 7, charges according to alternative &, and travels
to node a;; equals 0 otherwise

w; equals 1 if charging is available at the beginning of line /; equals 0 otherwise
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Continuous variables
Vi Energy-level record at node a; after charging
Vi Energy-level record at node b; after charging

Table 1. Indices, sets, parameters and variables.

Since the cost of an electric bus is significant and probably also requires more drivers, the
objective is to use as few buses as possible. When a bus makes a trip, only certain trips can be
made after that. The following trip must have a start time that is later than the start time of the
previous trip plus time of the trip, time to potentially charge the vehicle, time to potentially
move the vehicle to a different start node and safety margin. Thus, the following set has been
created:

A={i,jELkEK :s+t; +T¥+T;;+S<s;}

In Figure 2, the network structure is illustrated. It shows an example of a non-optimal solution
for a vehicle scheduling problem. The x-axis represents time and on the y-axis are shown
different nodes, while the lines illustrate buses going from one node to another. In this non-
optimal solution 8 buses are required.

Nodes (locations)
\\
-
7
//
///

0 20 40 60 80 100 120 140 160
Time (m)

Figure 2. Visualisation of a non-optimal solution.

In Figure 3 it is exemplified more clearly that buses can only take future bus trips after
finishing a previous trip. Feasible routes must be built by arcs in the set A. This example
illustrates the optimal solution to the same problem shown in Figure 2, but where only 4 buses
are required instead of 8.
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Figure 3. Visualisation of an optimal solution.

The energy level of the bus has to be stored. In the model, this is taken care of by introducing
an energy-level record for every trip i € I. Every bus has the possibility to charge the bus
either at the start node a; or at the end node b; on a trip i € I, given that a charging alternative
exists at the nodes. This is described in the model by creating dummy nodes, which is
illustrated in Figure 4. The auxiliary nodes ¢; and ¢; are required in the model to make

charging possible. Committing to a trip i € I will result in a loss of energy e;, but potentially
can the battery be charged qF at the end node b;. When committing to a new trip and a; # b;,
the deadhead travel to the new node will result in a loss of energy E;;. At the next starting
node a;, given that a charging alternative exists, there is a p0551b111ty to recharge the battery.
The battery level cannot exceed the maximum capacity C.

.%D C = @Hq”

Figure 4. Structure of the nodes and arcs.
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2.2. Mathematical model

This is the mathematical model for solving the scheduling problem of electric buses created
by Héll, C.H., Ceder, A., Ekstrom, J. and Quittineh, N.H., 2018.

minz = z xk
(0,j,k)EA
subject to
k _
X = 1,
jik: (i,),k)EA
k _
Xi = 1,
ik: (i,],k)EA

k
eiXij = Yi
jk: (L k)ea

Ejx%; <7,
jk: @CTkoea
yiSyi—e+qf+C(1—xk),

yi <¥i—e +qf +C(1—x%),

k

Jik: (i,j,k)EA: ¢F>0

k

jk: (i,j,k)EA: >0

Zwl SNP

LEL

xf; € {0,1},

w; € {O, 1},
O0<y, yi=C

ij

(i,j,k) €A
(i,j,k) e A

leL, i€l: b =1

leLl, iel: a; =1

(i,j,k) €A
leL
i€l

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)
(1.7)
(1.8)

(1.9)

(1.10)

(1.11)

(1.12)
(1.13)

The objective function (1.1) is to minimize the number of electric buses used. Since job 0 is
the route from the bus depot to the first node of the first trip of the bus, the sum will be the

total number of electric buses in use.

The constraints (1.2) and (1.3) validate that every trip is done no more or less than once.
Constraint (1.4) and (1.5) make sure that in order for a bus to committing to a trip there must

be enough battery capacity for the trip as well for doing a possible deadhead trip. The
constraints (1.6) and (1.7) assign energy levels to buses.

Sundin, 2018
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The constraints (1.8) and (1.9) assign the variable w; the value 1 if the bus is charging its
battery at the charging place [ € L. The constraint (1.10) validates that there cannot be more
than N charging alternatives.

The variable restrictions (1.11), (1.12) and (1.13) make sure that x{‘j and w; are binary

variables while y; and y; are non-negative and cannot exceed the battery capacity.

In this mathematical model, the simplification is made that the trip from the bus depot to the
first node and the trip from the last node back to the bus depot cost nothing in energy. Further,
the model does not explicitly prevent that two buses are using the same charging alternative at
the same time, since this situation is very unlikely to occur.
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3. Column generation

When a problem has a large number of variables and a certain structure, column generation
can be effective. This effectiveness has been proven when solving large scale integer
programmes with column generation complemented with a fitting integer programming
technique (Ronnberg, E. and Larsson, T., 2014).

The column generation method solves an LP-problem without the need to construct the entire
problem, but instead by successively generating the variables they are needing. In the simplex
algorithm, all variables and constraint columns are not needed from the beginning. In every

iteration, the reduced cost for the non-basic variables x; are calculated as

C,=¢ — vTaj, where a; is the constraint column for x;,

is the current dual solution. Assuming it is a minimization-problem and ¢; is negative then x;

¢; is the objective coefficient, and v7

will be an incoming basic variable. If there are no non-basic variables with negative reduced
cost, then an optimum has been reached for the problem (Lundgren, J., R6nnqvist, M. and
Virbrand, P., 2010).

Given an optimal solution based on a subset of all possible variables it is possible, in the same
manner as in the simplex algorithm, to investigate if any non-included variable can improve
the objective function value. The column generation method is based on this principle where a
subset of variables and constraint columns is given and repeatedly investigated if the current
solution is optimal, and if not, a new incoming basic variable is generated. This general
method is called column generation (Lundgren, J., Ronnqvist, M. and Vérbrand, P., 2010).

A column refers to the variable, associated objective function coefficient and constraint
column. The column generation method solves two problems iteratively: the Restricted
Master problem (RMP) and the Column Generation Problem (CGP). We assume an initial
feasible basic solution is known for a subset of the columns J° < J with the property

Yjejo a;jX; = b;, i =1..mand ] being the set of all possible columns. The master problem
solves the problem with the existing columns and give the optimal values for the dual
variables in the column generation problem. A general model for the restricted master
problem is given in (2.1) — (2.3), where x;, j € J", are the primal variables and n being the

iteration index.

minz = z CjX; (2.1
jer
subject to
aijx]' = bi' i=1..m (22)
jer
xj = 0, jej" (2.3)

Sundin, 2018 13



By solving the restricted master problem, values of the dual variables are obtained. These dual
variables will now be used as coefficients in the objective function in the column generation
problem to produce the most profitable column, in order to optimize the objective function in
the restricted master problem. The constraints in the column generation problem will make
sure that the generated column is feasible. In (3) a general model for the column generation
problem is illustrated, where ¢;, j € J\J™ is the cost for a new column, v%,i = 1...m, are the
dual variables from the restricted master problem and a;;, i = 1..m, j € J\J" anew
column.

m
w = jg]l{T]ln {Cj - z 4 aij} )

i=1

If the optimal solution in the column generation problem gives an objective value that is less
than zero (minimization problem), then the newly generated column, s, could potentially
improve the optimal solution in the restricted master problem and therefore the new column is
added to the subset of columns, J™*1 = J™ U {s}, and the RMP is solved once again. This
procedure will continue until the column generation problem can no longer find a new column
with a negative reduced cost, that is, until w* > 0. Then the optimum is found and no column
that is not in the available subset of columns can improve the solution. Figure 5 illustrates this
method of generating new columns through column generation.

Restricted Master Problem
(RMP)

Dual variables New column

Column Generation Problem
— (CGP)

Figure 5. [llustration of column generation.
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4. Model with column generation

Applying column generation to the vehicle scheduling problem presented in Section 2 means
that the model needs to be changed in terms of indices, sets, parameters, variables and to be
separated into a master problem and a column generation problem.

4.1.

ST OO R

Q O w2z

Sl =

S mNDo
-~ &

B
O~

gﬁ]

Wi

Analysis and modelling

Indices and sets

set of charging alternatives (either charge, or not charge) &

set of trips 7 (all departures for all lines)

set of bus lines /

set of arcs (i, j, k), which describe possible combinations of trips i and j, and
charging alternatives k

set of columns 4

set of charging alternatives u in trip i

Parameters

number of nodes where charging is available
safety margin between trips (5 min)

charging capacity of buses

start node for trip i

stop node for trip i

start time for trip i

distance covered by trip i

time required to perform trip i

energy required by trip i

deadheading distance between b; and a;

time required to go from b; to a;

energy required to go from b; to a;

energy added by charging alternative k at node b;
energy added by charging alternative & at node q;

time needed to perform charging at alternative k

reduced cost to perform a certain trip i

reduced cost to use charging alternative u during trip i

equals 1 if trip i is performed in column /; equals 0 otherwise

equals 1 if charging alternative / is used in trip i in column 4; equals 0 otherwise

Binary variables

equals 1 if a bus performs trip i, charges according to alternative &, and travel to
node a;; equals 0 otherwise

equals 1 if charging is available at the beginning of line /; equals 0 otherwise

Sundin, 2018
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vy, equals 1 if column % is used; equals 0 otherwise

Ci equals 1 if a bus performs trip 7; equals 0 otherwise

Ciu equals 1 if a bus is charged during trip i at charging alternative u; equals 0
otherwise
Continuous variables

Vi energy-level record at node a; after charging

Vi energy-level record at node b; after charging

Table 2. Indices, sets, parameters and variables.

Each h € H refers to a column and the variable v;, describes whether the column is used or
not. If the variable equals 1 then a bus will take the trips i € I that are included in the column.
An illustration of the matrix of columns is presented in Figure 6. Whether v, equals 1 or 0
implies if the column is used or not as earlier mentioned. The second matrix describes the
constraint (2.3) and explains if the column (bus) takes trip i € I or not. The third matrix gives
the information whether a column (bus) uses a charging alternative k € K in its route.

Columns h € H

171 U2 173 Un

11 0 0 07

210 0 1 0

. 310 10 0
Trip, |4 {g 0 o 1
iel |51 0 0 0
»11 _0 () ]_ b_

171 1 0 1

. 210 1 0 1
Charging nodesA 011 o0 0
g lo oo 0

Figure 6. Example of the column structure.

A column in the matrixes gives the information if a bus will be used, which trips the bus takes
and which charging alternatives that are used. An example is illustrated in Figure 7. In this
example, if the bus is used, it will commit to the trips 1 and 5, and also recharge its battery at
charging nodes 1 and 3.
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2 |0

' 3 10

Trip, 4 lo

iel 5 |1

! l'l -0-

- 1 _1_

210

Charging nodes { 3 |1
L8 Lo

Figure 7. Example of a column.

4.2. Column-oriented model

4.2.1. Master problem

The master problem (MP) will find the optimal solution for the vehicle scheduling problem
with existing columns.

minz = z 173 (4.1)
heH

subject to
z Tihvh = 1, i€l (42)
heH
z PinuVh = Wy, i€l, uey; (4.3)
heH
DwsN (44)
lEL
v, € {0,1}, heH (4.5)
w; € {0,1}, lel (4.6)

The objective (4.1) is to minimize the number of buses needed. Since every column describes
a schedule for a specific bus and v), gives the information if the column is used or not, the
objective is to minimize the number of used columns.

Constraint (4.2) makes sure that every trip i € I that is on the schedule is done by exactly one
bus. If a bus during a trip i € I uses a charging alternative u € U;, then (4.3) assigns the
variable w,, the value 1 and thus gives the information that a specific charging alternative is
used. Constraint (4.4) ensures that there cannot be more charging alternatives than the fixed
parameter N.
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The variables restrictions (4.5) and (4.6) make sure that v, and w; cannot take other values
than 0 and 1.

In this column-oriented model, the same simplification as in the MIP-model (1) is done,
which is that the trip from the bus depot and the trip from the last trip back to the bus depot
cost nothing in terms of energy.

4.2.2. Restricted master problem

As the number of possible columns is large for many problems, only a subset (H" < H) is
considered in the restricted master problem (RMP).

The column generation needs information about values for the dual variables, therefore the
requirement of integrality from RMP is removed. Since it is a minimization-problem, the left-
hand side of (5.2) will never exceed 1.

minz = z 143 (5.1
heH™

subject to

TinUn = 1, i€l |ui >0 (52)
heH™
z PinuVn = Wy, i€el, uelU; |gu<0 (53)
heH™
Zwlszv la<0  (54)
lEL
vy =0, heH™ (5.5)
w; =0, lel (5.6)

Using the general model for column generation presented in (3), the problem of finding the
minimal reduced cost is shown below.

wh = he’}}l@in 1- Zuirih - z z JiuPinu — & (6)

i€l i€l ueu;
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4.2.3.  Column generation problem

The column generation problem (CGP) generates the best new columns based on the values
from the dual variables from RMP. The constraints make sure that the generated column is

feasible.
maxw = Zuic_i + z z gquiu (71)
i€l i€l ueU;
subject to
xf = ¢, i€l (7.2)
Jk:(i,j,k)EA
x5 = ¢, jel (7.3)
ik:(i,j,k)EA
xf <1, (7.4)
(0,j,k)EA
ex’; <, i€l (7.5)
Jk:(i,j,k)EA
E;x% <, i€l (7.6)
Jk:(i,j,k)EA
Vi<yi—e +qf +C(1—xf), (i,j,k) €A (7.7)
Vi <V —e+qf +C(1—x¥), (i,j k) EA (7.8)
z x5 <wy, leL, i€l: b =1 (7.9)
Jik: (i,j,k)€EA: ¢F>0
z 5 <w, lel, iel: a=1 (7.10)
jk: (i) k)EA: qj.‘>o
z =&, el iel: b =1 (7.11)
Jik: (i,j,k)EA: ¢F>0
z =&, el iel:a=1 (7.12)
jk: (i) k)EA: qj.‘>o
Z w <N (7.13)
LEL
xf; € {0,1}, (i,j,k) €A (7.14)
w; € {0,1}, leL (7.15)
¢; € {0,1}, i€l (7.16)
Ciu € 10,1}, i€l, uel (7.17)
0<y, ¥y <C, iel (7.18)
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The objective in the column generation problem (7.1) is to find the column with most
negative reduced cost. Since the objective in RMP is to minimize the number of columns
(buses), the original cost for every column is 1. The reduced cost of a column is the original
cost minus the dual variables from RMP times the variables in the column. However, as the
original cost is 1, the objective function can be changed to maximize the contribution from the
dual variables only.

Constraints (7.2) and (7.3) use the auxiliary variable x'fj that is also used in the MIP-model.

The constraints make sure that if a trip is performed, then ¢; is assigned to 1 for that trip.
Because every column corresponds to one bus route (7.4), ensures that at most one bus is sent
out from the bus depot and is under consideration for the new column.

The constraints (7.5) and (7.6) make sure that in order for the bus to take a trip, there must be
enough energy for this trip and for doing a possible deadhead route. Constraints (7.7) and
(7.8) assign the energy level of the buses.

The constraints (7.9) and (7.10) assign the variable w; the value 1 if the bus is charging its
battery at the charging place [ € L. Ifatrip i € I is done and the battery on the bus is charged
at | € L, then the variable ¢;; is assigned the value 1 due to the constraints (7.11) and (7.12).
The constraint (7.13) validates that there cannot be more charging alternatives than the fixed
parameter N.

The variables restriction (7.14), (7.15), (7.16), (7.17), and (7.18) make sure that x{‘j, wy, ¢; and
Ciy are binary variables, while y; and y; are non-negative and cannot exceed the battery

capacity.

4.3. Solution

The column-oriented model presented in Section 4.2 has been tested with column generation
as explained. This process has started by finding an initial feasible solution to the problem.
The selected initial solution is that every bus (column) takes one trip i € I and then returns to
the bus depot. Therefore, this solution will need as many buses as there are trips in the
problem. In this solution, no bus is charged. The initial solution selected is illustrated in
Figure 8. The battery capacity C has never been given a value that makes this initial solution
infeasible.
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Columns h € H

L

'171 Uy V3 Un

I 1 0 0 07

) 210 1 0 0

Trip, 13 1o 0 1 0

iel | L :

tnlop 0 0 1-

110 0 O 0

Charging nodes | 2 [0 O 0 0
L0 0 O 0

Figure 8. Initial solution.

The initial solution with as many columns as trips will be the first subset of columns (H™").
With this set of columns RMP is solved giving dual variables. Thereafter the column
generation problem is solved with the dual variables. If the optimal solution gives a negative
reduced cost the new generated column could potentially help the master problem to find a
better solution. Therefore, the column is added to the subset of columns. This is done by the
following assignments where s is the new column:

H‘n+1 =H"Uy {S}

3 iel
iw lEI, 'U.EUL

Ti(n+1)

anr o

Pin+Du

After this assignment is made and the new column has been added to the subset of columns,
the RMP is solved once again and so on. This process continues until the reduced cost
becomes zero, meaning that there are no more columns that can improve the solution in RMP.

Since the RMP does not have the requirement of variables being binary, the found optimal
solution, can very well be non-integer. This is however not feasibile since there cannot be
fractions of buses in use. The last step in the process when no more columns can be found is
therefore to add the integrality restriction to the variables in RMP for the current subset of
columns. This will most likely give a decent integer solution. However, it will not be
guaranteed to be optimalal since the columns are generated without the constraint of
integrality. Therefore, other columns that are not in the subset of generated columns may be
better and should be included in order to find an optimal solution.

The overall solution method is presented in Figure 9.
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Figure 9. Solution method.

4.3.1. Accelerated solution method

A method to accelerate the solution process has been implemented and tested. When RMP is
solved and values for the dual variables are produced, instead of solving the column
generation problem once the column generation problem is now solved multiple times. Each
time the column generation problem is solved and generate a column, all trips i € I with

¢; = 1 are forbidden and set to 0 when the column generation problem is solved again. This
repeated until the column generation problem cannot find a column which gives a negative
reduced cost then all of the generated columns are sent to RMP and the process is repeated.

This method accelerates the generation of columns, and every time the column generation
problem is solved this problem gets smaller due to the fact that less trips are feasible. This
method, the dual variables are not updated every time the column generation problem is
solved which means that the generated columns are based on old dual variable values and
constraints for some trips. Therefore, many of the columns that are generated, may be poor
and not useful in RMP. However, more columns are produced faster, and extra columns do
not worsen the RMP.

This accelerated solution method is illustrated in Figure 10.
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Figure 10. Accelerated solution method.

4.3.2. Dive-strategy for integrality

When a solution which satisfies the integrality requirement is found it is, as earlier mentioned,
possible that better solutions exist, since not all columns are available. A heuristic method has
therefore been created and tested to find new columns that may give improved integer
solutions.

Since the column is based on two constraints and the variables ¢;, i € [ and ¢, i € I, u € U,
the heuristic is separated in two parts. The first part is to find promising charging alternatives
wy, | € L that are optimal with integrality. When the LP-optimum has been found the heuristic
fix every w;, [ € L with w; = 1 and the w; with the highest fraction (max w;,l € L with w; #
1) to 1. Once these variables are fixed to 1 the RMP is solved again and the column
generation process continues. When a new LP-optimal solution is found and if not all w;, [ €
L, are binary, the variable with the highest fraction is fixed to 1 and the process repeats until
all w;, [ € L are binary.

The second part of this heuristic is to find an integral solution with respect to v, h € H",
which is a set of columns that has been generated after » iterations. The same strategy is
applied for this variable. When the LP-optimum is found, every v, h € H" with v, = 1 and
the v, with the highest fraction (max vy, h € H™ with v, # 1) is fixed to 1. Thereafter RMP
is solved again and the process is repeated until an integral solution is found.
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This heuristic method branches over the variables which equal one and the variable with the
highest fraction. More columns will be generated, and therefore the solution obtained with
this heuristic method can be at least as good just adding an integrality restriction when the LP-
optimum has been found. However, as more columns are generated the solution time will
increase. This method is a heuristic and will still not guarantee finding an integer optimal
solution.

This method is implemented with the accelerating solution method presented in 4.3.1 for

generating new columns. The complete solution method with acceleration and a dive-strategy
to find an integral solution is presented in Figure 11.

L

A4
[ Solve RMP }4 [ Add columns ]
1 A
i No
Solve CGP to find column with negative Yes Forbid trips where i € I with
reduced cost. Column found? ¢; = 1. Solve CGP and find new
column with negative reduced cost.
Column found?
No Yes
No
w, binary for | € L? »|  Fixw;, [ € L withw; = 1 and the highest
L fraction (max wy,l € L withw; # 1) to |
Yes
Y
] No
vy, binary for h € H™? » Fix vy, h € H"with v, = 1) and the
J highest fraction (max v, h € H"with
vp#1)tol
Yes

A 4

l Done l

Figure 11. Accelerated solution method with dive-strategy.
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5. Results

S5.1. Experimental setting

A test problem has been created in order to evaluate the different solution methods. In this test
problem there are four different bus lines in the central parts of Norrkdping in Sweden as
shown in Figure 1. Each bus line has two nodes which can be the start or the end node of a
bus trip, and the bus can thereby go in both directions. When a bus departures from a start
node and arrive at an end node this is called a trip. The number of trips can be varied in order
to test the model for different sizes of the problem.

2 ’
[ ] /

3 ’
.. ,

., & fmmmmmmmmmmmmma

|

.. .

1

1

1

Central parts of 1 9
9 Norrkoping : e
e . -
N 1 .
\ | Pd
3 ! .
S — it St
!
!
5 1
[ J

Figure 1. Test problem with the four bus lines 2,3,5 and 9.

When applying the different solution methods, the parameters N (number of available
charging alternatives), C (charging capacity) and the number of trips i € I have been changed
and tested for each problem instance. Specially, N € {0 ...8}, C € {30, 35, 40,45, 50, 55, 60},
and I € {48,60,82,100, 116}. The complete results are presented in the Appendix (Table 5).
The LP-solution, the best bound and the time taken for the MIP model presented in Section 2
are shown in the table. For the standard column generation method (CG standard) the number
of iterations required, LP-solution, integer solution and time taken are presented. For the
accelerated column generation (CG+Acc) the number of iterations in RMP, iterations in CGP,
LP-solution, integer solution and time taken are shown in the table. For finding an integral
solution with the dive-strategy (CG+Acc+Dive) the number of extra columns, integer solution
and extra time required is presented.

Sundin, 2018 25



5.2. Test results

Table 3 presents the average gap between the lower bound and upper bound for the 4 different
solution methods depending on the number of trips in the problem instances. Table 4 presents
how many times the MIP versus CG+ACC+Dive finds the best integer solution.

Problem instance MIP CG Standard CG+Acc CG+Acct+Dive
60 0% 0,4% 0,3% 0,3%
82 0,5% 2,5% 1,7% 0,9%
100 5,3% 6,7% 4,4% 1,9%
116 14,9% 9,4% 6,2% 2,4%
Table 3. Average gap percentage.
Problem instance MIP Same CG+Acct+Dive
100 1 50 12
116 1 18 44

Table 4. Best found integer solution

From Table 3 and Table 4 it is observed that CG+ACC+Dive is the overall best strategy in
terms of best found solution. In Figure 12 optimal integral solution for this strategy are shown
for different numbers of available charging alternatives and different battery capacities. These
solutions are for the problem instance of 116.

Buses required with CG+Acc.+Dive

100
90
80

70
=030

60
40

50
50

40
60

Number of buses required

30

20
3 4 5 6 7 8

Number of charging alternatives

o
=
N

Figure 12. Optimal integral solutions with problem instance 116.

Sundin, 2018 26



Figures 13-15 illustrate three different cases of charging alternatives (Q), battery capacity (C)
and problem instance (P). The figures compare the standard column generation method versus
the accelerated one. Time versus LP shows the LP-solution versus time taken. Cols versus LP
illustrates how many columns that have been generated for different LP-solutions.
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6. Discussion and conclusion

6.1. Result discussion

When applying column generation in this project, the results that are obtained and conclusions
that are made can only be applied to this certain problem. However, there is a clear pattern
that when the problem gets bigger with larger problem instances, the MIP-model struggles to
reduce the gap between the lower and upper bounds so that the time taken to solve the
problem becomes large. This is observed in Table 3, where for the smaller problem instances
the MIP shows smaller gap than the methods with column generation. This is quickly changed
for the larger problem instances.

The reduction in gap with column generation for the larger problem instances reduces the
time taken to solve the problem. For the MIP-model the one hour time limit is reached for
almost all tests on the problem instances of sizes 100 and 116, while the column generation
methods are generally faster.

Comparing the standard and accelerated column generation from Table 5 and Figures 13-15,
the accelerated solution method was almost in all tests faster to reach the LP-optimum. The
reason for this is that it took the longest time to produce the first column in each local search
for the accelerated solution method, but as more and more trips are removed the time taken to
produce each column is reduced, which resulted in shorter total solution time. The accelerated
column generation method also produced more columns in total. When adding integrality
restrictions, the extra columns resulted in many cases in a better integral solution. Therefore,
the accelerated solution method was both superior to the standard solution method in terms of
best integral solution and time taken to solve the problem.

When simply adding the integrality restriction to the restricted master problem after the LP-
optimum has been found often resulted in a high gap between LP-optimum (rounded up to the
closest integer) and the best found integral solution. The heuristic method (dive-strategy) that
was used, found often in the higher problem instances a better integral solution, which is
shown in Table 5. In Table 3 this is also seen, as the gap is the lowest of all methods for the
biggest problem instances. However, this came to a price as the method could in many cases
take over one hour to find a better integral solution.

6.2. Method discussion

The different column generation methods gave in many cases better integral solutions and a
faster solution time than the MIP-model. However, the one hour time limit for the MIP-model
that was set should have been higher. The motivation to why it was set low was that the MIP-
model often got stuck after a certain time, improving the best found solution very slowly. The
column generation methods could reach over one hour in solution time but did not have a time
limit. Even though the MIP-model should most certainly have a much higher solution time
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and not be able to improve its best solution by much, this could however not be proven with
the one hour time limit.

The column generation methods had in many cases solution times that were higher than one
hour for the larger problem instances. As there were a lot of different parameter values that
were tested in each problem instance the total time to complete all tests was a couple of
weeks. What could have been interesting to implement is keeping the columns that were
produced for each test instance for the upcoming tests. This would reduce the time taken to
reach the LP-optimum and probably also in some cases improve the integral solutions found.

A clear pattern of the tests is that when the problem gets bigger, the column generation
methods (CG+Acc+Dive in particular) is better than the MIP-model in terms of best solution
found and solution time. What would be interesting to implement in the future, is the use of
these models on much larger problems, as the column generation methods would probably be
increasingly better compared to the MIP-model.

6.3. Conclusion

In order to summarize the conclusions from this project, the questions from the purposes are
answered:

o Will solving the problem with column generation result in a better solution than MIP with
a one hour time limit?

For the smaller problem instances (48-82) few differences were observed between MIP and
the column generation methods. However, for the larger instances the column generation
methods found in general better solutions than MIP.

o Will it take less time to solve the problem with column generation?

For the smaller problem instances (48-82) there was not many differences between MIP and
the column generation methods, but as the instances got larger the column generation methods
were faster. In some test cases this could however not be proven because of the short one hour
time limit for MIP.

o Will the created heuristic method (dive-strategy) be better in terms of best found integral
solution?

For the larger problem instances, the dive-strategy found almost always a better integral
solution than by just adding integral property after the LP-optimum was found. For the
smaller problem instances few differences were found.
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o Will solving the column generation problem multiple times until the reduced cost is zero
before sending data to the master problem (accelerated column generation) be faster than
solving the column generation problem once in every iteration?

The accelerated column generation was in almost all cases faster than the standard column
generation. Besides the time perspective, more columns were also produced which in many
cases resulted in better integral solutions. Therefore, this method is preferred for these types
of vehicle scheduling problems.
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CG Standard CG+Acc+Dive

MIP . €6 €6 CG Iterations | Iterations | CG+Acc | CG+Acc | CG+Acc | Extra CG+AcctDive | Extra
Time (s) Tterations StaEcP}ard Starllfc)i ard FS[t.andard RMP CGP LP 1P Time (s) | columns 1P time (s)
1me (s)

0] 30| 48 36,0 36 1 27 36,0 36 5 2 12 36,0 36 1 0 36 *
0| 30| 60 45,0 45 1 32 45,0 45 22 2 15 45,0 45 7 0 45 *
0| 30| 82 62,0 62 2 50 62,0 62 153 2 20 62,0 62 31 0 62 *
0] 30| 100 75,0 75 1 73 75,0 75 258 2 25 75,0 75 48 0 75 *
0] 30| 116 88,0 88 1 79 88,0 88 319 5 32 88,0 88 74 0 88 *
0] 35| 48 31,0 31 1 37 31,0 31 5 8 32 31,0 31 2 0 31 *
0] 35| 60 38,0 38 1 48 38,0 38 86 7 53 38,0 38 22 0 38 *
0| 35| 82 52,0 52 1 63 51,5 52 269 6 65 51,5 52 145 0 52 *
0] 35| 100 63,0 63 3 90 62,5 63 347 9 84 62,5 63 214 0 63 *
0] 35| 116 73,0 73 7 108 72,5 73 303 8 94 72,5 73 279 0 73 *
0| 40| 48 27,0 27 1 52 27,0 27 4 8 43 27,0 27 2 0 27 *
0| 40| 60 31,0 31 2 68 30,5 31 61 10 87 30,5 31 32 0 31 *
0| 40| 82 40,0 40 4 120 39,2 40 558 15 129 39,2 40 290 0 40 *
0| 40| 100 48,0 48 31 157 47,7 48 543 15 150 47,7 48 529 0 48 *
0| 40| 116 56,0 56 145 154 55,5 56 446 14 191 55,5 56 610 0 56 *
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra | CG+AcctDive| Extra
bound me (s) LP P Time (s) CGP LP Time (s) | columns 1P time (s)

0| 45| 48 26,0 26,0 26,0 0

0| 45| 60 27,0 27 1 96 27,0 27 15 15 &9 27,0 27 8 0 27 *
0| 45| 82 35,0 35 14 127 34,2 35 588 18 168 34,2 35 360 0 35 *
0| 45| 100 41,0 42 3653 127 41,7 43 374 13 177 41,7 42 518 0 42 *
0| 45| 116 44,5 49 3610 140 48,5 50 550 12 214 48,5 49 657 0 49 *
0| 50| 48 26,0 26 1 52 26,0 26 3 15 49 26,0 26 2 0 26 *
0| 50| 60 27,0 27 1 72 27,0 27 9 11 74 27,0 27 5 0 27 *
0| 50| 82 34,0 34 17 119 333 34 390 16 166 333 34 302 0 34 *
0| 50| 100 38,3 41 3613 141 40,5 42 412 17 224 40,5 41 643 0 41 *
0| 50| 116 42,2 48 3613 150 473 49 581 13 226 47,3 48 734 0 48 *
0] 55| 48 26,0 26 1 54 26,0 26 3 12 45 26,0 26 2 0 26 *
0] 55| 60 27,0 27 1 73 27,0 27 9 11 82 27,0 27 6 0 27 *
0| 55| 82 29,0 29 4 123 28,7 29 213 18 204 28,7 29 280 0 29 *
0] 55| 100 30,5 33 3613 203 32,3 33 486 26 298 323 33 724 0 33 *
0] 55| 116 31,7 39 3611 206 37,5 39 722 20 290 37,5 38 783 0 38 *
0| 60| 48 26,0 26 1 46 26,0 26 2 12 46 26,0 26 2 0 26 *
0 60| 60 27,0 27 1 63 27,0 27 6 12 67 27,0 27 5 0 27 *
0| 60| 82 27,0 27 2 162 27,0 27 105 23 220 27,0 27 141 0 27 *
0| 60| 100 28,3 30 3608 224 29,4 30 474 25 292 29,4 30 594 0 30 *
0] 60| 116 28,8 35 3609 219 34,0 36 797 20 303 34,0 35 766 213 34 770
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

1| 30| 48 33,0 32,5 32,5

1| 30| 60 40,0 40 3 126 38,5 40 189 14 120 38,5 40 117 4 40 0
1| 30| 82 53,0 53 50 205 50,8 54 745 18 221 50,8 53 555 1 53 13
1| 30| 100 63,0 63 240 314 59,6 64 1328 19 305 59,6 63 940 4 63 27
1| 30| 116 72,1 76| 3614 354 68,9 74 1509 23 379 68,9 73 1414 25 73 86
1| 35| 48 28,0 28 1 60 28,0 28 21 12 79 28,0 28 16 0 )8 *
1| 35| 60 33,0 33 4 154 31,2 33 213 14 161 31,2 33 140 18 33 17
1| 35| 82 40,5 42| 3612 266 39,8 46 1040 21 302 39,8 43 751 21 42 55
1| 35| 100 40,4 51 3612 405 46,7 56 2406 29 420 46,7 53 1720 83 51 302
1| 35| 116 42,4 59| 3611 515 53,6 65 8368 27 544 53,6 62 4231 74 60 375
1| 40| 48 27,0 27 1 88 27,0 27 26 9 64 27,0 27 10 0 27 *
1| 40| 60 29,0 29 2 119 28,2 29 94 18 129 28,2 29 105 0 29 *
1| 40| 82 31,7 35| 3607 222 34,2 35 904 18 284 34,2 35 716 0 35 *
1| 40| 100 30,3 42| 3607 287 41,0 43 2031 24 395 41,0 42 1841 0 12 *
1| 40| 116 30,0 48| 3601 359 47,0 51| 11260 24 437 47,0 49 3626 433 s8| 7081
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

1| 45| 48 26,0 26,0 26,0
1| 45| 60 27,0 27 1 90 27,0 27 47 14 84 27,0 27 30 0 27 x
1| 45| 82 293 32| 3614 329 30,5 32 1171 29 371 30,5 31 994 0 31 *
1| 45| 100 29,1 390 3606 458 353 39 3807 27 579 353 37 2786 250 36| 1511
1| 45| 116 28,5 45| 3601 672 40,3 43| 24505 38 769 40,3 42| 12809 443 |l 6771
1| 50| 48 26,0 26 1 57 26,0 26 12 14 67 26,0 26 11 0 2% x
1| 50| 60 27,0 27 1 82 27,0 27 37 10 80 27,0 27 25 0 27 *
1| 50| 82 29,0 30| 3601 344 28.8 31 932 26 361 28,8 31 725 147 30 399
1| 50| 100 28,7 350 3607 578 31,8 38 5440 37 656 31,8 37 3111 381 34| 2263
1| 50| 116 28,2 41| 3604 715 36,0 47| 22153 44 886 36,0 43| 12522 549 39| 6098
1| 55| 48 26,0 26 1 68 26,0 26 14 12 49 26,0 26 8 0 2 *
1| 55| 60 27,0 27 1 85 27,0 27 37 12 82 27,0 27 29 0 27 *
1| 55| 82 28,0 28 4 253 27,6 29 514 26 323 27,6 29 362 17 28 42
1| 55| 100 28,4 31| 3607 570 29,1 32 3059 42 647 29,1 32 2047 293 30| 1613
1| 55| 116 28,0 38 3606 765 32,5 37| 18357 48 871 32,5 36 9073 810 35| 8067
1| 60| 48 26,0 26 1 68 26,0 26 14 8 57 26,0 26 7 0 2 *
1| 60| 60 27,0 27 1 60 27,0 27 26 10 67 27,0 27 22 0 27 x
1| 60| 82 27,0 27 1 166 27,0 27 228 21 216 27,0 28 174 8 27 14
1| 60| 100 28,0 28 29 483 27,5 29| 2063 43 548 27,5 28 1474 0 28 *
1| 60| 116 28,0 33| 3607 760 29.8 33 9512 57 846 29,8 31 5778 558 31| 5514
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

2| 30| 48 31,0 30,3 30,3
2| 30| 60 37,0 37 3 146 343 37 209 18 161 343 37 146 16 37 31
20 30| 82 46,0 46 101 346 424 48 1455 19 301 424 48 667 49 46 150
2| 30/ 100 48,4 541 3612 480 49,7 58] 2714 26 463 49,7 56 1672 66 53 406
2| 30| 116 52,6 66 0 599 56,6 68 7737 26 586 56,6 66 3361 29 65 248
2| 35| 48 28,0 28 1 53 28,0 28 23 7 55 28,0 28 7 0 28 *
2| 35| 60 30,0 30 3 137 29,0 30 175 19 152 29,0 30 104 35 30 19
2| 35| 82 35,0 35 1114 344 33,1 39 1239 24 390 33,1 38 924 96 35 400
2| 35| 100 32,5 44| 3608 523 37,8 51 3722 30 620 37,8 46 2662 215 44 951
2| 35| 116 32,0 50| 3606 700 42,7 59| 18681 34 822 42,7 55 9357 487 46| 5544
2| 40| 48 27,0 27 1 66 27,0 27 25 8 58 27,0 27 10 0 27 *
2| 40| 60 28,0 28 2 107 27,8 28 83 19 121 27,8 28 77 0 28 *
2| 40| 82 30,8 33| 3606 339 31,0 34 1098 27 398 31,0 33 893 203 33 628
2| 40| 100 29,9 39| 3604 540 34,6 40| 5518 37 650 34,6 39 7343 568 37| 7554
2| 40| 116 29,6 45| 3601 736 38,8 49| 31059 44 854 38,8 45| 14039 606 41| 9887
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Parameters CG Standard CG+Acc CG+AcctDive

) CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

2| 45| 48 26,0 26,0 26,0
2| 45| 60 27,0 27 1 94 27,0 27 43 14 89 27,0 27 25 0 27 *
2| 45| 82 29,0 29| 1029 334 28,4 30 803 30 376 28,4 30 685 195 30 542
2| 45| 100 29,0 34| 3606 605 30,9 37 4036 41 690 30,9 35 2637 484 33 2374
2| 45| 116 28,5 40| 3603 849 344 44| 45260 45 954 344 39| 17451 701 371 9216
2| 50| 48 26,0 26 1 59 26,0 26 16 14 41 26,0 26 9 0 2% *
2| 50| 60 27,0 27 1 77 27,0 27 32 13 89 27,0 27 25 0 27 *
2| 50| 82 29,0 29 567 292 27.8 30 597 29 337 27.8 29 493 232 29 593
2| 50| 100 28,0 31| 3608 528 28,9 34| 2129 43 620 28,9 33 1737 535 30| 2201
2| 50| 116 28,0 38| 3607 798 31,0 40| 26115 49 923 31,0 36 9653 935 33| 11826
2| 55| 48 26,0 26 1 50 26,0 26 13 14 53 26,0 26 10 0 2 *
2| 55| 60 27,0 27 1 81 27,0 27 32 13 78 27,0 27 23 0 27 *
2| 55| 82 28,0 28 3 206 273 28 223 24 279 273 28 188 0 )8 *
2| 55| 100 29,0 29| 1410 490 28,0 30 1443 40 550 28,0 30 1165 484 29 1604
2| 55| 116 28,0 32| 3604 763 29,4 36 8018 50 850 29,4 32 3937 1011 31| 7614
2| 60| 48 26,0 26 1 57 26,0 26 13 10 51 26,0 26 9 0 26 *
2| 60| 60 27,0 27 1 86 27,0 27 35 13 83 27,0 27 22 0 27 *
2| 60| 82 27,0 27 1 165 27,0 27 123 15 161 27,0 27 79 0 27 *
2| 60| 100 28,0 28 6 256 273 31 464 25 354 273 28 363 0 28 *
2| 60| 116 28,0 31| 3608 666 28,2 34 3167 51 725 28,2 33 2187 923 30| 3845

37



Parameters CG Standard CG+Acc CG+AcctDive

) CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

3| 30| 48 29,0 29,0 29,0
3| 30| 60 34,0 34 1 140 31,8 34 175 16 151 31,8 34 120 8 34 30
3| 30| 82 41,0 41 20 323 37,8 45 1195 23 334 37,8 45 743 48 42 206
3| 30| 100 45,8 49| 3753 490 432 53 2439 25 515 432 51 1687 279 49 1227
3| 30| 116 50,9 57 0 629 48,5 590 7285 28 650 48,5 59 3443 239 55 1779
3| 35| 48 28,0 28 1 45 28,0 28 20 8 46 28,0 28 7 0 )8 *
3| 35) 60 29,0 29 1 118 28,5 29 108 16 115 28,5 29 44 0 29 *
3| 35] 82 32,0 32 145 308 31,3 35 943 24 376 31,3 32 917 0 32 *
3| 35( 100 32,7 37| 3608 508 343 40| 3440 31 619 343 39 2280 300 37 1988
3| 35| 116 33,1 42| 3606 688 38,0 49| 17592 38 798 38,0 46 8939 358 1| 7693
3| 40| 48 27,0 27 1 52 27,0 27 16 8 64 27,0 27 10 0 27 *
3| 40| 60 28,0 28 1 96 27.8 28 65 12 104 27.8 28 50 0 28 *
3| 40| 82 31,0 31 564 282 29,7 32 774 29 357 29,7 32 815 224 31 839
3| 40| 100 30,3 370 3607 496 31,5 36| 2738 35 620 31,5 36 2253 383 33| 2038
3| 40| 116 29,3 39| 3607 735 34,1 40| 22866 42 858 34,1 38 10703 678 36| 12827
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

3| 45| 48 26,0 26,0 26,0
3| 45| 60 27,0 27 1 77 27,0 27 37 11 68 27,0 27 18 0 27 *
3| 45| 82 29,0 29 72 278 28,0 29 624 29 329 28,0 29 611 154 29 255
3| 45| 100 29,0 33| 3608 467 296 35 1953 37 593 29,6 33 1762 509 31| 2247
3| 45| 116 28,2 36| 3604 727 31,3 42| 17038 44 867 31,3 38 7337 887 33| 12790
3| 50| 48 26,0 26 1 57 26,0 26 15 14 41 26,0 26 9 0 2 *
3| 50| 60 27,0 27 1 71 27,0 27 28 10 83 27,0 27 20 0 27 *
3| 50| 82 28,0 28 11 238 274 28 327 27 294 274 28 304 0 28 *
3| 50| 100 29,0 29 871 425 28,2 30 1301 38 508 28,2 31 1291 529 29 2304
3| 50| 116 28,0 34| 3604 682 29,5 40| 6007 47 778 29,5 37 3442 816 32| 5885
3| 55| 48 26,0 26 1 56 26,0 26 14 14 53 26,0 26 10 0 26 *
3 550 60 27,0 27 1 84 27,0 27 33 14 79 27,0 27 23 0 27 *
3| 55 82 28,0 28 2 220 27,1 28 231 28 256 27,1 28 186 0 28 *
3] 55( 100 28,0 28 756 367 27.8 30 957 36 469 27,8 29 901 260 28 241
3| 55) 116 28,0 31| 3605 607 28,7 350 2807 47 716 28,7 33 2361 732 29| 4081
3| 60| 48 26,0 26 1 57 26,0 26 13 10 51 26,0 26 9 0 26 *
3| 60| 60 27,0 27 1 72 27,0 27 28 10 68 27,0 27 19 0 27 *
3| 60| 82 27,0 27 1 146 27,0 27 105 21 181 27,0 27 92 0 27 *
3| 60| 100 28,0 28 5 232 273 30 322 23 309 27,3 28 244 0 28 *
3| 60| 116 28,0 29| 3602 520 27.8 32 1655 42 591 27,8 31 1522 749 29| 3623
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Parameters CG Standard CG+Acc CG+AcctDive

) CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

4| 30| 48 29,0 29,0 29,0

4| 30| 60 31,0 31 1 130 30,5 32 182 14 135 30,5 31 73 0 31 *
4| 30| 82 38,0 38| 1278 301 35,1 40 1078 27 341 35,1 39 906 194 38 650
4| 30| 100 41,0 41| 1593 430 38,5 44| 2048 23 478 38,5 43 1525 324 sl 1723
4| 30| 116 42,6 46| 3607 618 42,0 47| 6129 29 691 42,0 46 3600 354 45| 2887
4| 35| 48 28,0 28 1 45 28,0 28 12 8 43 28,0 28 11 0 28 x
4| 35| 60 29,0 29 2 94 28,5 29 55 12 97 28,5 29 39 0 29 *
4| 35| 31,0 31 65 269 30,6 32 810 26 323 30,6 31 761 0 31 *
4| 35| 100 31,7 35| 3607 492 32,3 35 3212 30 585 32,3 34 2085 548 34| 3219
4| 35| 116 30,4 370 3607 674 34,7 38| 15404 37 784 34,7 37 7126 600 36| 10125
4| 40| 48 27,0 27 1 55 27,0 27 15 10 48 27,0 27 9 0 27 *
4| 40| 60 28,0 28 1 81 27.8 28 58 15 90 27.8 28 35 0 28 *
4| 40| 82 30,0 30 206 238 29,4 31 549 23 297 29,4 31 650 124 30 523
4| 40| 100 30,0 32| 3601 408 30,4 36 1668 32 526 30,4 35 1672 552 321 2651
4| 40| 116 29,5 36| 3605 645 31,7 38| 10764 40 786 31,7 37 5227 605 33| 6816
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

4| 45| 48 26,0 26,0 26,0
4| 45| 60 27,0 27 1 81 27,0 27 37 11 75 27,0 27 20 0 27 x
4| 45| 82 28,0 28 39 235 27,8 29 481 23 250 27,8 29 342 36 28 126
4| 45| 100 29,0 31| 3606 373 292 35 1227 31 458 29,2 33 1179 392 30| 1807
4| 45| 116 28,1 34| 3601 616 30,2 37 5512 41 706 30,2 36 3174 755 31| 4905
4| 50| 48 26,0 26 1 56 26,0 26 15 11 41 26,0 26 8 0 2% x
4| 50| 60 27,0 27 1 72 27,0 27 28 12 83 27,0 27 21 0 27 *
4| 50| 82 28,0 28 3 207 273 28 280 24 229 273 28 237 0 28 *
4| 50| 100 29,0 29| 1124 353 28,0 30 1006 31 410 28,0 30 791 406 29 1406
4| 50| 116 28,0 32| 3603 529 29,0 31 2452 39 621 29,0 33 1997 928 31| 4415
4| 55| 48 26,0 26 1 56 26,0 26 14 14 53 26,0 26 10 0 2 *
4| 55| 60 27,0 27 1 67 27,0 27 26 15 86 27,0 27 24 0 27 *
4| 55| 28,0 28 3 188 27,1 28 182 20 230 27,1 28 148 0 )8 x
4| 55| 100 28,0 28 5 289 27,8 30 618 24 360 27,8 29 500 157 28 524
4| 55| 116 28,0 30| 3603 450 28,4 31 1604 41 589 28,4 30 1680 537 29| 2324
4| 60| 48 26,0 26 1 57 26,0 26 13 10 51 26,0 26 9 0 26 *
4| 60| 60 27,0 27 1 77 27,0 27 29 14 76 27,0 27 22 0 27 x
4| 60| 82 27,0 27 1 140 27,0 27 100 15 188 27,0 27 89 0 27 *
4| 60| 100 28,0 28 8 202 273 28 259 20 253 27,3 28 196 0 28 *
4| 60| 116 28,0 29| 3601 489 27,7 30 1464 42 536 27,7 29 1249 583 29| 2156
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

5| 30| 48 29,0 29,0 29,0
5/ 30| 60 31,0 31 2 100 30,5 32 104 13 112 30,5 31 63 0 31 x
5| 30| 82 34,0 34 24 255 332 36 850 20 304 33,2 34 679 0 34 *
5| 30| 100 34,7 36| 3601 406 354 38 1930 27 481 354 37 1598 120 36 541
5| 30| 116 36,6 390 3606 580 372 41 4249 30 654 37,2 39 2845 341 38| 2424
5| 35| 48 28,0 28 1 53 28,0 28 14 10 48 28,0 28 8 0 )8 x
5] 35| 60 29,0 29 1 91 28,5 29 56 13 98 28,5 29 38 0 29 *
5| 35| 82 31,0 31 34 231 30,3 31 657 22 291 30,3 31 592 0 31 *
5| 35| 100 31,1 33| 3607 412 31,3 36| 2098 33 508 31,3 35 1735 420 33| 2164
5| 35| 116 31,0 370 3604 614 32,8 36| 8833 38 714 32,8 35 4775 641 34| 6174
5| 40| 48 27,0 27 1 48 27,0 27 14 10 52 27,0 27 9 0 27 *
5| 40| 60 28,0 28 1 77 27,8 28 43 14 86 27,8 28 31 0 28 *
5| 40| 82 30,0 30 38 190 294 30 388 25 265 29,4 30 573 0 30 x
5| 40| 100 31,0 31| 3388 362 30,0 32 1321 32 461 30,0 31 1396 0 31 *
5| 40| 116 29,5 33 3601 560 30,9 35 4056 40 655 30,9 34 3024 355 32| 3255
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

5| 45| 48 26,0 26,0 26,0
5| 45| 60 27,0 27 1 74 27,0 27 30 9 59 27,0 27 15 0 27 x
5| 45| 82 28,0 28 1 200 27,8 28 325 20 249 27,8 28 236 0 28 *
5| 45| 100 28,7 30| 3607 329 29,0 31 1017 28 392 29,0 31 981 276 30| 1088
5| 45| 116 283 320 3609 490 29.8 33 2330 39 589 29,8 32 2104 585 31| 3501
5| 50| 48 26,0 26 1 56 26,0 26 15 11 41 26,0 26 8 0 26 x
5/ 50| 60 27,0 27 1 71 27,0 27 29 6 50 27,0 27 12 0 27 *
5/ 50| 82 28,0 28 3 178 273 28 216 21 223 273 28 140 0 28 *
5/ 50| 100 28,0 28 185 306 27,9 29 849 30 395 27,9 29 818 111 28 472
5/ 50| 116 28,0 31 3601 409 28,9 30 1563 37 510 28,9 30 1513 564 30| 2636
5| 55| 48 26,0 26 1 55 26,0 26 14 14 53 26,0 26 10 0 2 *
5] 55| 60 27,0 27 1 81 27,0 27 31 12 84 27,0 27 23 0 27 *
51 55| 82 28,0 28 2 163 27,1 28 135 21 208 27,1 28 117 0 )8 x
5| 55| 100 28,0 28 4 242 27,8 29 530 22 318 27,8 29 389 140 )8 403
5] 55| 116 28,0 30| 3604 394 28,4 30 1323 40 507 28,4 29 1403 0 29 *
5| 60| 48 26,0 26 1 57 26,0 26 13 10 51 26,0 26 9 0 2 *
5 60| 60 27,0 27 1 82 27,0 27 32 14 76 27,0 27 23 0 27 x
5| 60| 82 27,0 27 1 145 27,0 27 106 17 184 27,0 27 93 0 27 x
5| 60| 100 28,0 28 8 175 273 29 202 24 283 273 28 231 0 28 *
5/ 60| 116 28,0 28| 1819 394 27,7 29 1095 37 480 27,7 28 2438 0 28 *
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

6| 30| 48 29,0 29,0 29,0

6| 30| 60 31,0 31 3 94 30,5 31 70 13 99 30,5 31 51 0 31 *
6| 30| 82 33,0 33 15 225 32,1 34 648 21 272 32,1 33 678 0 33 *
6| 30| 100 34,0 350 3601 391 33,5 36 1763 26 436 33,5 35 1361 190 35 989
6| 30| 116 32,4 350 3601 543 342 36| 3005 35 650 34,2 35 4975 0 35 *
6| 35| 48 28,0 28 1 53 28,0 28 13 12 49 28,0 28 9 0 )8 x
6| 35| 60 29,0 29 1 92 28,5 29 45 20 94 28,5 29 34 0 29 *
6| 35| 82 31,0 31 20 161 30,3 32 291 17 227 30,3 31 360 0 31 *
6| 35| 100 31,0 31 1326 354 31,0 32 1616 25 413 31,0 32 1322 144 31 611
6| 35| 116 30,7 35| 3603 515 32,0 35 3359 35 625 32,0 35 7719 630 33| 4353
6| 40| 48 27,0 27 1 54 27,0 27 16 11 54 27,0 27 11 0 27 *
6| 40| 60 28,0 28 1 76 27.8 28 41 14 99 27.8 28 32 0 28 *
6| 40| 82 30,0 30 19 188 293 30 366 19 214 29,3 30 282 0 30 *
6| 40| 100 30,0 30 1026 323 29,9 31 1032 27 395 29,9 31 1068 272 31 390
6| 40| 116 293 32| 3606 458 30,6 33 2242 35 527 30,6 32 1787 553 32| 3033
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

6| 45| 48 26,0 26,0 26,0
6| 45| 60 27,0 27 1 91 27,0 27 37 17 92 27,0 27 28 0 27 x
6| 45| 82 28,0 28 1 175 27,8 28 266 22 235 27,8 28 179 0 28 *
6| 45| 100 29,0 30| 3601 298 28,9 30 877 29 364 28,9 30 849 415 30| 1730
6| 45| 116 28,5 31 3602 407 29,7 31 1700 33 511 29,7 31 1640 625 30| 3441
6| 50| 48 26,0 26 1 56 26,0 26 15 13 45 26,0 26 9 0 2% x
6| 50| 60 27,0 27 1 71 27,0 27 28 16 80 27,0 27 26 0 27 *
6| 50| 82 28,0 28 2 175 273 28 165 20 213 273 28 133 0 28 *
6| 50| 100 28,0 28 4 267 27,9 29 697 27 370 27,9 28 636 0 28 *
6| 50| 116 28,0 31| 3605 364 28.8 30 1270 33 482 28,8 30 1407 237 29 1039
6| 55| 48 26,0 26 1 55 26,0 26 14 14 53 26,0 26 10 0 2 *
6| 55| 60 27,0 27 1 70 27,0 27 28 15 81 27,0 27 23 0 27 *
6| 55| 82 28,0 28 3 164 27,1 28 127 23 204 27,1 28 121 0 )8 x
6| 55| 100 28,0 28 5 236 27,8 29 427 22 308 27,8 28 386 0 )8 x
6| 55| 116 28,0 30 3607 367 28,4 29 1144 36 464 28,4 29 1263 0 29 *
6| 60| 48 26,0 26 1 57 26,0 26 13 10 51 26,0 26 9 0 2 *
6| 60| 60 27,0 27 1 79 27,0 27 30 13 79 27,0 27 23 0 27 x
6| 60| 82 27,0 27 1 146 27,0 27 106 21 200 27,0 27 107 0 27 x
6| 60| 100 28,0 28 6 200 273 28 259 21 277 273 28 213 0 28 *
6| 60| 116 28,0 28 7 374 27,6 28 1051 36 459 27,6 28 2216 0 28 *

45



Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

70 30| 48 29,0 29,0 29,0 0
70 30| 60 31,0 31 2 84 30,5 31 53 13 82 30,5 31 31 0 31 *
70 30| 82 32,0 32 14 197 31,9 33 477 21 223 31,9 32 374 0 32 *
70 30| 100 33,0 33 62 291 32,8 33 1135 23 381 32,8 33 1042 0 33 *
70 30| 116 33,0 34| 3601 412 332 34 1603 31 518 33,2 34 3887 0 34 *
70 35| 48 28,0 28 1 53 28,0 28 13 5 36 28,0 28 6 0 28 *
70 35| 60 29,0 29 1 90 28,5 29 51 14 87 28,5 29 30 0 29 *
70 35| 82 31,0 31 25 148 30,3 31 251 18 205 30,3 31 246 0 31 *
70 35| 100 31,0 31 43 279 30,9 31 1198 29 389 30,9 31 1127 0 31 *
70 35| 116 30,8 34| 3604 411 31,8 32 2013 32 498 31,8 32 5796 0 32 *
7| 40| 48 27,0 27 1 51 27,0 27 17 12 56 27,0 27 12 0 27 *
7| 40| 60 28,0 28 1 86 27,8 28 44 13 85 27,8 28 27 0 28 *
70 40| 82 30,0 30 22 168 293 30 303 19 224 293 30 272 0 30 *
7| 40| 100 30,0 30 46 274 29,8 31 874 22 335 29,8 31 777 131 30 619
70 40| 116 29,3 32| 3605 410 30,5 31 1798 34 510 30,5 31 7495 0 31 *
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

7| 45| 48 26,0 26,0 26,0

70 45| 60 27,0 27 1 77 27,0 27 35 14 86 27,0 27 23 0 27 *
7| 45| 82 28,0 28 1 188 27,8 28 240 22 229 27,8 28 175 0 28 *
7| 45| 100 29,0 30| 3601 265 28,9 30 743 24 325 28,9 30 704 253 30 922
7| 45| 116 29,0 31| 3604 360 29,7 30 1358 34 465 29,7 30 8959 0 30 *
70 50| 48 26,0 26 1 56 26,0 26 15 13 44 26,0 26 9 0 2 *
70 50| 60 27,0 27 1 74 27,0 27 29 12 71 27,0 27 20 0 27 *
70 50| 82 28,0 28 3 184 273 28 156 24 227 273 28 159 0 28 *
7| 50| 100 28,0 28 4 263 27,9 29 588 24 336 27,9 29 540 80 28 260
70 50| 116 28,0 30 3608 360 28,8 29 1226 33 442 28,8 29| 10185 0 29 *
70 55| 48 26,0 26 1 55 26,0 26 14 13 54 26,0 26 10 0 26 *
70 55| 60 27,0 27 1 76 27,0 27 30 13 85 27,0 27 25 0 27 *
70 55| 82 28,0 28 3 154 27,1 28 119 22 211 27,1 28 113 0 28 *
70 55| 100 28,0 28 5 243 27,8 29 420 23 289 27,8 28 292 0 28 *
70 55| 116 28,0 29| 3601 380 28,4 29 1208 34 428 28,4 29| 11191 0 29 *
70 60| 48 26,0 26 1 57 26,0 26 13 10 51 26,0 26 9 0 26 *
70 60| 60 27,0 27 1 83 27,0 27 32 11 68 27,0 27 19 0 27 *
70 60| 82 27,0 27 1 143 27,0 27 105 17 179 27,0 27 88 0 27 *
7| 60| 100 28,0 28 4 208 273 28 242 19 259 273 28 199 0 28 *
70 60| 116 28,0 28 5 373 27,6 29 986 36 452 27,6 28| 12095 0 28 *
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

8| 30| 48 29,0 29,0 29,0 0

8| 30| 60 31,0 31 1 96 30,5 31 28 15 78 30,5 31 21 0 31 *
8| 30| 82 32,0 32 2 168 31,8 32 237 20 181 31,8 32 238 0 32 *
8| 30| 100 33,0 33 65 205 32,7 33 606 22 289 32,7 33 601 0 33 *
8| 30| 116 32,5 34 3603 284 33,1 34 922 25 376 33,1 34 996 0 34 *
8| 35| 48 28,0 28 1 43 28,0 28 7 7 39 28,0 28 4 0 28 *
8| 35| 60 29,0 29 1 96 28,5 29 27 17 98 28,5 29 22 0 29 *
8| 35| 82 31,0 31 5 138 30,3 31 144 16 180 30,3 31 163 0 31 *
8| 35| 100 31,0 31 9 260 30,9 31 746 27 324 30,9 31 732 0 31 *
8| 35| 116 30,9 33 3605 306 31,7 33 1102 30 431 31,7 32 1273 0 32 *
8| 40| 48 27,0 27 1 63 27,0 27 10 8 44 27,0 27 5 0 27 *
8| 40| 60 28,0 28 1 98 27,8 28 26 18 90 27,8 28 16 0 28 *
8| 40| 82 30,0 30 26 148 29,3 30 172 18 199 29,3 30 221 0 30 *
8| 40| 100 30,0 30 48 217 29,8 31 465 23 312 29,8 30 599 0 30 *
8| 40| 116 29,6 32 3606 333 30,5 31 1176 38 448 30,5 31 1285 0 31 *
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Parameters CG Standard CG+Acc CG+AcctDive

CG CG CG
Best MIP IP MIP Iterations | Standard | Standard | Standard Itel 1t10ns Iterations | CG+Acc | C G+Acc CG+Acc Extra |CG+AcctDive| Extra
bound ne (s) LP P Time (s ) CGP LP Time (s) | columns 1P time (s)

8| 45| 48 26,0 26,0 26,0

8| 45| 60 27,0 27 1 83 27,0 27 20 13 80 27,0 27 15 0 27 *
8| 45| 82 28,0 28 1 180 27,8 28 204 21 223 27,8 28 151 0 28 *
8| 45| 100 29,0 30 3601 251 28,9 30 589 25 326 28,9 30 633 53 29 241
8| 45| 116 28,9 31 3601 337 29,7 30 1154 32 426 29,7 30 1122 0 30 *
8| 50| 48 26,0 26 1 55 26,0 26 8 11 41 26,0 26 5 0 26 *
8| 50| 60 27,0 27 1 68 27,0 27 16 12 78 27,0 27 14 0 27 *
8| 50| 82 28,0 28 1 174 27,3 28 142 25 228 27,3 28 147 0 28 *
8| 50| 100 28,0 28 3 248 27,9 29 533 26 317 27,9 28 456 0 28 *
8| 50| 116 28,0 30 3603 357 28,8 30 1113 38 447 28,8 29 1139 0 29 *
8| 55| 48 26,0 26 1 51 26,0 26 7 8 39 26,0 26 4 0 26 *
8| 55| 60 27,0 27 1 86 27,0 27 21 12 81 27,0 27 14 0 27 *
8| 55| 82 28,0 28 2 160 27,1 28 113 24 211 27,1 28 106 0 28 *
8| 55| 100 28,0 28 4 225 27,8 28 368 25 323 27,8 28 380 0 28 *
8| 55| 116 28,0 29 3601 343 28,4 29 1010 33 436 28,4 29 990 0 29 *
8| 60| 48 26,0 26 1 57 26,0 26 8 11 54 26,0 26 6 0 26 *
8| 60| 60 27,0 27 1 76 27,0 27 17 11 69 27,0 27 13 0 27 *
8| 60| 82 27,0 27 1 145 27,0 27 97 16 169 27,0 27 72 0 27 *
8| 60| 100 28,0 28 5 192 27,3 28 206 21 271 27,3 28 203 0 28 *
8| 60| 116 28,0 28 6 365 27,6 28 900 38 458 27,6 28 881 0 28 *

Table 5. Results from test runs with the four different solution methods.
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