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Abstract

Teachers’ mathematics teaching has been studied in many different ways. Such studies not often include more contexts than
the teacher’s teaching practice. An assumption in this thesis is that in order to create a deeper understanding of mathematics
teachers’ teaching we also need to study the contexts around mathematics teachers, and in relation to each other. Together
such contexts create an environment for teachers’ teaching. The determination of how mathematics is taught is not decided
in any of the contexts alone. Rather, all contexts participate in the determination of how mathematics is taught and teachers
need to negotiate how different contexts privilege both mathematics and mathematics education. In this study, I have
studied one teacher’s, Mary’s, teaching practice as well as three contexts from her close environment, the teacher group she
participated in, the textbooks she used, and the national curriculum she was bound to follow. To study how mathematics
and mathematics teaching was privileged in the four studied contexts became a way to trace how the contexts participate
in the determination, in short, their co-determination of how mathematics is taught.

With an aim to deepen the understanding of how the environment of a teacher’s teaching enables and constrains
mathematics teaching, the four contexts were studied in relation to each other in different ways, in four studies. First, the
context of Mary’s mathematics teaching was studied in relation to the teacher group in how the justifications of Mary’s
mathematics teaching was constituted in relation to a teacher group discussion. Second, Mary’s teaching of problem-solving
was studied in relation to how problem-solving was privileged in both mathematics textbook and national curriculum.
Third, praxeology was explored as an analytical tool to understand how mathematics was privileged in teaching practice
in relation to the privileging of mathematics in textbooks. Fourth, all four contexts were studied to trace arguments and
principles for teaching rational numbers and how these enable and constrain the teaching of rational numbers.

To address these different contexts, ATD as described by Chevallard was adopted. In ATD, the environment of contexts
with influence of teachers’ practices, is described as an ecology with levels that co-determine each other. The studied
contexts represented some of these levels of co-determination. The privileging of mathematics and mathematics teaching
was studied from a varied data material. Data from Mary’s teaching practice was transcripts of classroom observations
and interviews. Data from the teacher group was transcripts of teacher meetings. Data from the textbook context was the
textbooks and teacher guides Mary used. Data from the context of the national curriculum was the mathematics syllabus
accompanied with clarifying and explanatory comments.

The analyses revealed a strong resemblance of the mathematical communication between the different contexts. They
all emphasised similar approaches to problem-solving, aspects of rational numbers, mathematical values, or explanations
of angles. Mary, however, anchored her arguments for mathematics teaching in partially different theoretical principles
than those privileged in the ecology. Theoretical principles were not explicitly communicated in any context. They were
inferred from the communication. An implication generated by these findings is the importance for teachers to engage in
the principles behind the privileging expressed in contexts they need to negotiate. These principles need to be discussed
and challenged. Another implication is the relevance of allowing for teachers to engage in research literature, and to have
influences from other sources than their immediate contexts. The thesis also point to the need to study textbooks and national
curriculum, not in terms of how they are enacted by teachers, but what they privilege. By doing so teachers practices may be
understood in the sense of what teachers have to negotiate, where the consequence is a deeper understanding of constraints
and affordances for teachers’ teaching practices.
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1 Introduction

This is a study of the influence of the environment on a Swedish mathematics
teacher’s teaching in grade five. This environment includes: the group of
teachers she collaborated with, the mathematics textbooks she used and the
national curriculum supposed to guide her mathematics teaching. In the fol-
lowing sections, | will introduce the study from different angles, including a
presentation of the teacher, Mary and the Swedish context as well as the ra-
tionale for the study.

1.1 Understanding Teachers’ Teaching

If we want to really understand teachers’ teaching, and if we want mathemat-
ics education to develop, an assumption in this thesis is that we need to study
not only what is taking place in mathematics classrooms, but also study prac-
tices in other contexts, such as curriculum and textbooks, and how they relate
to each other. These contexts may be studied from a variety of angles, for
example, how they are organised or how they sequence content matter. To
really understand what influences mathematics teaching we specifically need,
as | see it, to study how the contexts are interrelated to each other, focusing on
how mathematics and mathematics teaching were privileged. In doing this, it
becomes possible to see how mathematics teaching is constituted.

The title of this thesis is “The ecology of Mary’s teaching; Tracing co-de-
termination in school mathematics practices.” Some of the words in this title
may need some clarification. Ecology is usually found in Biology and it trans-
lates in Merriam Webster as “a branch of science concerned with the interre-
lationship of organisms and their environments'”. This explanation is not far
from how ecology is seen in this study. A teacher’s teaching is surrounded by
other contexts where different teaching practices are privileged. Together,
these contexts form an environment for teachers’ teaching. The contexts in-
cluded in this study are; Mary’s teaching, the teacher group, the textbook, and
the national curriculum. There are relationships between these contexts that
constitute each other. | have used an anthropological theory of didactics, ATD
(Chevallard, 2006), which will be described in the following sections, mainly

https://www.merriam-webster.com/dictionary/ecology?utm_campaign=sd&utm_me-
dium=serp&utm_source=jsonid



in the theoretical considerations. ATD describes the ecology as a collection of
levels which co-determine mathematics teaching in schools. The contexts de-
scribed above can be placed within this system of levels, where the levels are
described to co-determine each other. I would like to emphasise the “co”, in
co-determine. One level is not determining another while all levels determine
what the teachers do. The levels are more to be understood as being interre-
lated to each other, where the determination may go both ways and where not
all levels participate in the co-determination at all times. The concepts pre-
sented here will be used, and further explained, throughout the thesis.

How the contexts privilege mathematics and mathematics teaching, can
contribute with an explanation about what enables and constrains mathematics
teaching. If we want to develop mathematics education. | view this as essential
to take into account. In the following pages | will develop what I see as the
rationale for this study, but first, let me start from the very beginning, with my
point of departure.

1.2 The Starting Point

The most exciting lessons | have taught, as a primary school teacher, were the
ones where | explored mathematics together with my students. Not when we
practiced routine exercises, but when we were engaged in reasoning about
mathematical properties. This could be a discussion about the difference be-
tween area and perimeter in a whole class, or discussing how the counting
sequence is constituted with a single student. To be a part of the students’
explorations and to be able to show them a world of mathematics where there
is joy in solving a problem has been my pleasure. This sounds like | had these
conversations all the time. That was not the case. | have had so many lessons
I am not proud of, and sometimes | have felt bound by constraints outside of
my control. With the experience of mathematics teaching as complex, diffi-
cult, fantastic and exciting, | have searched for ways to understand more about
mathematics teaching. This led me to mathematics teacher education.

In my work as a teacher educator, | have had the privilege to visit schools
to help them with projects. In such a project, | had one conversation that will
always stay with me. A teacher wanted my advice on something she had just
taught. 1 suggested that she could turn the lesson upside down and begin with
the problem and discuss the properties she wanted the students to know about,
during the problem-solving process, instead of beginning with the properties.
She looked at me for a while, sighed, and told me how that was her way of
teaching science. She asked herself out loud why she had never tried this in
mathematics. This conversation taught me that mathematics (as probably any
school subject) comes with a tradition that could restrict teachers to a limited
set of practices. My wish to understand more of what mathematics teaching is



in the everyday experience of teachers and what mechanisms shape their
teaching led me to apply for a PhD scholarship.

I was free to choose what to study in my PhD project, and | took a question
one of my colleagues often posed as my point of departure. | thought about
this question often, in my own teaching practice. He asked, “On what do you
base your decisions, when you choose to teach the way you do?” Therefore,
with an interest in the grounds of teachers’ mathematics teaching as well as in
how mathematics teaching can be affected by other contexts, | designed my
study as a single case study. One teacher’s teaching was studied in depth, as
well as how this teacher’s teaching connected to other contexts where mathe-
matics teaching was privileged in different ways.

During a few months in 2011 and 2013, | followed a primary school math-
ematics teacher whom I have called Mary (pseudonym). | studied her teaching
but as | was interested in how it was affected by its surroundings, | have also
studied how mathematics teaching was privileged in the contexts closest to
Mary: the teacher group she collaborated with, the textbooks she used, and the
national curriculum. | have been driven by a curiosity to understand the ecol-
ogy of Mary’s teaching, and how the contexts within the ecology privilege
mathematics and mathematics teaching and how this may contribute to possi-
bilities and constraints to Mary’s mathematics teaching.

1.3 Introducing Mary

At the time of the study, Mary was a mathematics teacher qualified to teach
mathematics and science in school years 1-7. She had completed her teacher
education around the turn of the millennium and had worked as a teacher,
mainly in grade 4 and 5, since then. Mary worked in a public school with a
good reputation in the area. Mary was an appreciated teacher at her school,
often getting positive feedback from parents, colleagues and students. Mary’s
school had also achieved awards thanks to their students’ results. Mary was
appointed to “lead teacher” in mathematics, a special form of position a mu-
nicipality could bestow on teachers they wanted to promote. As a lead teacher,
she was asked to lead her colleagues in collegial learning in mathematics. The
teachers at Mary’s school were organised by school year, with year 4 teachers
in one team and year 5 teachers in another team, about 4-5 teachers in each.
At the time of the study, Mary worked within the team teaching year 5. Occa-
sionally, she met the teachers teaching mathematics in the same school year
as her. In these meetings, the teachers discussed and coordinated their mathe-
matics teaching.

During the time I spent in Mary’s classroom, she appeared to be a very
engaged mathematics teacher. She came “to life” when she talked about math-
ematics and how much fun it was to teach it. Mary drew on both her education
(both in-service and pre-service) and experience, when she commented that
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she had come to a point in her career when she knew how she wanted to teach
mathematics. The teaching experiments and mistakes she had made at the be-
ginning of her career had helped to ground her way of teaching. When asked,
during interviews, what was important to her as a mathematics teacher she
always claimed conceptual understanding and problem-solving. The former
was visible in Mary’s lessons where concepts were discussed and explained
in almost every lesson (see Article 3, of this thesis). She described it as im-
portant to present solutions in a clear manner. Another thing Mary often high-
lighted in her teaching was the importance to “think outside the box”. She
often praised solutions or statements showing something unexpected or dif-
ferent from the mainstream.

1.4 The Swedish Context

This study was based in Sweden in one teacher’s practice. Swedish teachers
most often work in public schools even if some do work in private schools.
The difference between them is not their access to funding, all schools are
funded in the same way by the government. The difference is in how and by
whom the schools are managed. Public schools are managed by the munici-
palities, and private schools are managed by private companies or coopera-
tives. A school with public funding, public or private, cannot ask for any kind
of payment from their students. The Swedish school was, at the time for the
study, organised in “lagstadium” (ages 6-9), “mellanstadium” (ages 10-12),
“hogstadium” (ages 13-15), and “gymnasium” (ages 16-18). From age 6 to 15,
school is compulsory. Normally the “lagstadium” and “mellanstadium” are
grouped together in one school, which was the case in Mary’s school. In the
following pages, | present the conditions under which a mathematics teacher
in Sweden worked at the time of the study, as well as a brief historical over-
view of the school subject of mathematics in Sweden. The purpose for doing
this has been to offer a background for the Swedish educational system which
produced both curriculum and textbooks and within which Mary and the other
teachers worked.

1.4.1 Working Conditions for Swedish Teachers

In 2015, a fulltime teacher in Sweden worked 45 hours every week compared
to normal fulltime employment of 40 hours. Instead, teachers had a paid holi-
day during all school holidays. A teacher was expected to spend 35 of these
hours in school, and she could decide for herself where to spend the remaining
10 hours. There was no official number of hours a teacher had to teach, but an
analysis of time management for teachers showed that about 60% of a
teacher’s time was spent on teaching. The same analysis also showed that 10%
was spent on planning and assessing and the rest of the time was used for
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administration and teacher conferences (Skolverket, 2015)2. In Mary’s case |
would describe these numbers to be accurate, except for the 10% of prepara-
tion time. My guess is that Mary spent those hours as well as several hours of
her own time unpaid on lesson preparation.

1.4.2 Mathematics Teaching in Swedish Classrooms

Studies show that, at the time of the study, more than half of the lesson-time
in Swedish mathematics classrooms was usually spent on individual work or
small group activities. At the same time, a third of the lesson-time was spent
on working with exercises from the textbook of which the major part con-
cerned practicing procedures (Berggvist et al., 2010; Skolinspektionen, 2009).

There was no governmental expectation with respect to which textbook
teachers should use. Teachers were free to choose textbooks, at least together
with their colleagues, although schools could specify a book for the whole
school. In a quality report about mathematics teaching in Sweden, the grounds
for choosing a specific textbook was often found to be connected to how the
mathematical content was treated. In this, procedure management was privi-
leged (Skolinspektionen, 2009). Another ground for choosing a specific book
was, in a study connected to the quality report, found to be whether it was easy
for students to work on by themselves. Teachers were, in the same study, de-
scribed as being guided by textbooks in their teaching, relying on them to in-
terpret the national curriculum (Bergquvist et al., 2010).

National tests were, at the time of the study, taken by all students in grade
3, 6 and 9. Even though the tests were supposed to be solely a part of the
teachers’ assessment, they became high-stake tests posing stress on both stu-
dents and teachers (Sjoberg, Silfver, & Bagger, 2015).

1.4.3 Curricular Development in Sweden

The historical context a teacher takes part in is possibly one of many factors
that may influence teachers’ teaching (Herbel-Eisenmann, Lubienski, & Id-
Deen, 2006). Therefore, | present an overview of the curricular development
in Sweden so that the activities described in the thesis can be placed in a his-
torical and curricular context. The findings of this thesis can then be seen in
the light of their historical context, and the possible historical influence may
be discussed. | begin with the first years of public schooling and how mathe-
matics was seen and included in the first national curricula until the current
curricula, both in relation to teachers’ freedom to choose, but also how math-
ematics is included. When | presented the mathematics that was included in
the curriculum, I have focused on what was included for grade five.

2 The present study was carried out a few years prior to 2015 but these condi-
tions still applied for the years before Skolverket’s (2015) report was written.
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Public education of some kind has been offered in Sweden since the begin-
ning of the 1800s. The express goal of this education was to teach children
morality, and mathematics was one means of accomplishing this. In mathe-
matics, the aim became to teach the students how to calculate, textbooks were
named “Arithmetics” and the goal was to calculate quickly and correctly, not
to think, only to do (Lundin, 2008). At the end of the 1800s, a national curric-
ulum became available, formed as a course plan with brief recommendations
on teaching methods, still with the emphasis on arithmetic skills (e.g. Svensk
forfattningssamling, 1878). Such recommendations were also issued in 1889
and 1900. There were small changes between them. These two course plans
had the exact same guideline about written calculations. For mental calcula-
tions in 1889 the students should be able to calculate in the number-area 1-30
in the first three grades, but in 1900 they should be able to do mental calcula-
tions in the number area 1-50 (Svensk forfattningssamling, 1889; Svensk
forfattningssamling, 1900). In 1919, the curriculum changed name to teaching
plan. In this curriculum geometry had been added to calculations. The descrip-
tion of what to teach in calculations was reformulated but the content was still
the same, only without a restriction to a specific number area (Svensk
forfattningssamling, 1919). The 1955 curriculum, was more extensive with
some descriptions of how to teach the content matter. Calculations changed
name to “Mathematics”, the content still consisted of calculations and geom-
etry. The content to teach the first three grades still consisted of calculations,
written and mental, now in the number area 1-10000. The guidelines described
how and when to teach this (Skol6dverstyrelsen, 1955)

The first modern Swedish national curriculum was published 1962,. Now,
the curriculum became more detailed, describing the “content, planning and
teaching methods and eventually how, in what order and to what extent each
mathematical topic ought to be treated” (Prytz, 2013, p. 312). Mathematics
still mostly consisted of calculations and geometry but everyday problems
were also added as content in the mathematics curriculum (SkolGverstyrelsen,
1962). This detailed curriculum reflected a centralisation of the school system.

The subsequent national curriculum was published in 1969
(Skoldverstyrelsen, 1969), with a course plan and a commentary material on
mathematics, which still consisted of calculations, geometry and everyday
problems. With this curriculum, the New Math (Phillips, 2015) was intro-
duced in Sweden, only to disappear a few years later. The curriculum, again,
described “the mathematical content, planning and teaching methods and in
what order the content ought to be treated” (Prytz, 2013, p. 312).

The curriculum of 1980 was to some extent different; the structure re-
mained with a shorter course plan than before but with substantial commen-
tary material. Mathematics was divided into the main content categories,
which was more diverse than the previous curricula. These categories were,
arithmetic, real numbers, percentage, measurements and units, geometry, al-
gebra and functions, statistics and probability (Skoldverstyrelsen, 1980). This
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can be seen as the beginning of the process of decentralisation, where teachers
were expected to choose how to order the content or how to teach, unlike be-
fore when this was described in the curriculum (Prytz, 2013), a process that
continued with the national curriculum published in 1994 (Skolverket, 1999).
This curriculum only described what the students should know and be able to
do in school year 5 and 9, alongside justifications and purpose for the subject
as well as a section on assessment. Further recommendations were found in
the commentary material that was to be seen as a support for teachers, but not
a demand (Prytz, 2013).

The 1994 curriculum introduced a competence based curriculum, which is
both described and evaluated by Bergquvist et al. (2010), linking to a more
international trend, this curriculum took direct influence from NCTM’s stand-
ards (NCTM, 1991), which was discussed, in terms of how to incorporate the
standards in the Swedish curriculum (Ahlberg, Emanuelsson, Johansson, &
Runesson, 1989). The competencies were both used as a description of the
characteristics of mathematics as well as the goals for mathematics education
(Bergquvist et al., 2010; NCTM, 1991). The 1994 curriculum did not only de-
scribe what content knowledge the students were supposed to learn (humber
sense, arithmetics, geometry, measurements, and statistics), but also what
competencies they were supposed to develop (e.g. mathematical reasoning,
problem-solving, conceptual understanding, and mathematical modelling)
(Skolverket, 1999). Instead of a detailed description of what mathematics con-
tent to teach, teachers now had a more unspecified description of what content
to cover, as well as something new, the competencies, to incorporate into their
mathematics teaching. Interpreting these competency related goals was de-
scribed as difficult for teachers by Bergqvist et al. (2010).

The current national curriculum, which was launched just prior to the first
data collection, was published in 2011 (Skolverket, 2011a). Still in the process
of decentralisation, this curriculum points out what the purpose, content and
assessment of mathematics should be, and very little about teaching methods
(Prytz, 2013). Teachers were obliged to carry out national tests, where the
goals of the curriculum were assessed. These tests have had some constraining
effect on teachers (e.g. Bagger, 2015). With an aim of clarifying the goals for
teachers, the goals for all subjects were written in the same way, with the same
use of words. The result was a similar wording for different school subjects,
such as mathematics, home economic and history, which in itself was in con-
flict with the theoretical grounds for the curriculum (Jahnke, 2014). The cur-
riculum’s division of mathematics into core content (what teachers should
teach) and abilities (competencies), was discussed by Dahl (2014) to result in
students’ struggling to know what is expected of them. This core content was
basically a list of the minimum amount of content matter teachers had to cover
in their mathematics teaching. In mathematics it was divided into: understand-
ing and use of numbers, algebra, geometry, probability and statistics, relation-
ships and change, and problem-solving. The assessment criteria, which were
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based on the competencies, were called knowledge demands, describing what
abilities the students needed to have by the end of grade 3 and 6 for primary
school. These assessment criteria were based on five abilities, similar to the
competencies from the previous curriculum: problem-solving, conceptual un-
derstanding, methods, mathematical reasoning, and communication (Skolver-
ket, 2011a).

Primary school teachers were, according to the 2011 curriculum, free to
choose how to teach mathematical content and in what order, but in this free-
dom there were limitations regulating them. The overall communication guid-
ing Swedish teachers’ teaching was altered, due to the introduction of the 2011
curriculum. From assessment criteria there was a change to knowledge de-
mands, and from goals to core content. This change of wording was combined
with an introduction of grades from grade 6 (to compare with grade 8 in the
previous curriculum). The scope for teachers to choose how to teach what and
when was limited by these and other measures. At the same, time school math-
ematics in Sweden has developed into a variety of content matter, compared
to the privileging of arithmetics from the first years of public schooling in
Sweden. As a result, teachers are battling new demands, a limited freedom and
control, and a curricular history with a very limited scope of mathematics. In
this study, it has been important to relate the findings of how mathematics was
communicated in the ecology of Mary’s mathematics teaching to its curricular
history. This will be addressed in Section 7. It has also been important to un-
derstand the decentralisation, demands and control of the curriculum as influ-
encing contexts for Mary’s teaching, which will be addressed in the following
section.

1.5 Rationale for the Study

As described above, the Swedish school has been in a process of decentralisa-
tion since the late eighties (Popkewitz, 1996; Skott, 2004). This decentralisa-
tion can be seen in the national curricula from 1980 (Skol6verstyrelsen, 1980),
1994 (Skolverket, 1999), and 2011 (Skolverket, 2011a). Within a decentral-
ised system, teachers can be described as autonomous. Skott (2004) even ar-
gues that decentralisation forces autonomy on teachers, which implies that
teachers are expected to serve as a central link between school mathematics
and the mathematics classroom. Autonomous teachers are also expected to
make informed decisions on the formation of their teaching. Teachers’ teach-
ing is, though, framed by an institutional context where conflicting demands
may work against this autonomy (Skott, 2004). The Swedish school system is
still not entirely decentralised, and how free each teacher is to choose methods
and materials may differ between municipalities. If teaching is meant to be
formed by teachers, it is important to study the circumstances for both teachers
and their teaching. Teachers will never be without institutional constraints. In
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Sweden, teachers are bound to follow the national curriculum, which may both
enable and constrain mathematics teaching.

Teacher professionalisation has been described as a parallel process to de-
centralisation (Carlgren, 2004; Lundgren, 2006a). In Sweden, teachers receive
a licence to teach grade-specific school subjects and school years, as a part of
the professionalisation process. Professionalisation may lead to a development
of professional concepts and codes (Abbott, 1988) with the consequence that
descriptions of teaching as a profession become more specialised as research
about teachers and their practice develops (Lundgren, 2006b). Professional
teachers are described as having the right to form their teaching (Hargreaves,
2000; Skott, 2004) as well as be expected to be collegial, taking part in a pro-
fessional collaboration (Hargreaves, 2000; Klette, 2002; Stengel, 2010).
Moreover, while increased professionalisation may offer teachers the status of
professionals, this status conveys demands for more specialised qualifications.
A professional teacher is as a consequence of increased professionalisation
expected to justify the practices the teachers adopt in their classrooms
(Carlgren, 2004). The combination of such controlled autonomy and the pro-
fessionalisation may result in teachers justifying teaching practices they did
not have the freedom to choose.

Restrictions to teachers’ autonomy as well as the opportunities for teachers
to be professional may come in different shapes. When teachers are controlled
and subjected to detailed measurements and detailed curricula, they become
de-professionalised and the practice becomes reproduced from expert to nov-
ice (Hargreaves, 2000; Klette, 2002). During the years of this study, there has
been an increased control of teachers in Sweden. One example was when the
agency School Inspectorate, was founded in 2008, at the same time as the
Agency of School Development was closed. School development was re-
placed with school control. These two reforms together have been described
as setting the teachers free without enabling them to govern and regulate them-
selves (Wermke & Forsberg, 2017). Boistrup (2010), criticise how the teach-
ers can be blamed for educational failures. She draws from a report from the
School Inspectorate (Skolinspektionen, 2009) which claimed that a reasonable
assumption, for teachers’ problems to decipher the national curriculum, was
that they had not tried to develop and interpret the different parts of the sylla-
bus. This is a clear deficit explanation of teachers, in the sense that the teachers
need to be fixed. In a study of the construction of teachers in international
policy documents, Montecino and Valero (2017) conclude that mathematics
teachers are portrayed as incomplete with constant deficits to overcome due
to requirements from society and market. To remedy the deficit, permanent
training of teachers is offered as a solution but, at the same time, it constitutes
a way of maintaining control of this never-ending process for teachers. As
Montecino and Valero (2017) say, the teacher is constructed as “a man in
debt” (p. 150).



An example of this type of portrayal in the context of this study, is an in-
service programme announced during the data collection period, to remedy
failing results in international assessments, named “The lift of mathematics”
[Matematiklyftet]3. The very name suggests that teachers need to be lifted up
by someone else. Gutiérrez (2013) criticises the assumption that the (lack of)
teacher knowledge is the direct answer to problems of students’ learning. She
claims that teachers need tools, to complement their mathematical knowledge,
a political knowledge, to negotiate a world of high stakes testing and stand-
ardisation so they can resist mandates, which are not in the best interest of
their students. Another example, from the Swedish context, is from the public
debate, where whole class teaching was often mentioned as a privileged teach-
ing method, often by the Minister of Education. In the Swedish wording,
whole class teaching is “katederundervisning”. Kateder is in Sweden, the
teacher’s desk*. Kateder is thus an old word, and katederundervisning refers
to the teacher’s place in the classroom, the teacher teaches from his desk. This
term has been criticised with the argument that the term is too unspecific and
simplified (Eriksson, 2011). This privileged teaching method may be difficult
for a teacher to relate to since it is unspecific. Where to teach in the classroom
does not say anything about how to teach and there is no rationale for this
privileged practice. The privileging of such a method in public debate may
work as a restriction for teacher’s practice. It is simply not clear what to draw
from this unspecific privileged practice. This suggestion from the Minister of
Education and the in-service programme suggesting that teacher needs to be
lifted up are examples of what contributed to deficit explanations of Swedish
teachers.

Swedish teachers have recently been described as being under the pressure
of a PISA shock that contributed to the government’s increased control of
Swedish schools (Wermke & Forsberg, 2017). Frequent PISA discussions in
the media have created what Thavenius (2014) labels media-panic. He advo-
cated a discussion of the results and what is actually measured in PISA, a dis-
cussion rarely found in the public debate. To improve Swedish education in
general and mathematics education in particular, the government has in-
creased national assessment in schools over the past ten years with national
assessments in more subjects and age groups than before. Controlling teach-
ers’ performance with large scale assessments and inspectorates has been de-
scribed as working against teacher autonomy with consequences for both
teaching and teachers’ professional identity (Ball, 2003). Even though the de-
centralisation of the Swedish school system may suggest that teachers are au-
tonomous, there is a governmental control restricting teachers’ autonomy.

3 https://larportalen.skolverket.se/#/moduler/1-matematik/alla/alla
4 The word kateder comes from the priest’s chair, one example is Cathedra Petri in St. Peter's
Church in Rome

10


https://larportalen.skolverket.se/#/moduler/1-matematik/alla/alla

An institutional perspective questions teachers’ autonomy claiming it to be
an illusion. Instead, the assumption that institutional constraints participate in
the determination of what practice becomes possible is adopted (Winslgw,
2012). In order to understand institutional constraints, mathematics education
has been studied with the anthropological theory of didactics (Chevallard,
2006). Chevallard (2002b) describes educational situations as located within
an institutional ecology, where different contexts together enable or constrain
the development of specific practices (Chevallard, 2002b). In this institutional
perspective, teachers’ practice is described in relation to institutional and ped-
agogical constraints, found in different contexts of the educational system
(Chevallard, 2002a; Chevallard, 2002b; Winslgw, 2012)5. A teacher who
comes to work at a new school might find decisions already made, for exam-
ple, the choice of what textbook to use (Chevallard, 2002a). Resources deter-
mining what teaching become possible may be textbooks, syllabus, conversa-
tions with other teachers and online materials (Winslgw, 2012). Some of these
resources are examined in this study as contexts, in relation to a teacher’s
mathematics teaching.

There are other ways to study teachers’ teaching in relation to an ecology.
In a study drawing on Bernstein (2000), Gellert, Espinosa and Barbé (2005)
study how performativity imposed from the political and pedagogical context
affect teacher identity. In a study drawing on Foucault (1993), Montecino and
Valero (2017) discuss the governing of teachers through international policy
and assessment. In a study drawing on Engestrom (1998), Jaworski and Potari
(2009) study both micro and macro aspects of teaching and learning. They
claim that an understanding of macro factors brings a depth, which the micro
factors alone cannot achieve. These studies show how other theories can be
used to address the ecologies of teachers’ teaching. What ADT did for this
study was to offer both constructs to address the ecology as well as constructs
to address how the mathematics content was communicated within them, in
terms of both mathematical and didactic practices.

To study an ecology is to study the environment of teachers’ teaching. An
ecology consists of levels of co-determination, which have wanted and un-
wanted impact on the teaching practice. Such ecologies are most often studied
in parts, from the perspective of two contexts originating in one of these levels.
Valero (2004) argues for finding ways to knit micro contexts (classroom) to-
gether “with the multiple layers of contexts in which that micro context is
inserted” (p. 17). It is here, in the intersection between classroom studies and
studies of educational policy, | want to position this study. | describe an ecol-
ogy for a teacher’s teaching including at least three other contexts, from dif-
ferent levels, which could be said to co-determine this teaching. A broad de-
scription of such an ecology is a contribution to the understanding of how the
micro and macro contexts of teaching work together in co-determining how

5 ATD, praxeologies and ecology will be further elaborated in the theory section.
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mathematics teachers’ practices are formed, and how the ecology as a whole
enables and constrains mathematics teaching.

1.6 Unit of Analysis

The unit of analysis in this thesis is a mathematics teacher’s teaching as part
of an ecology of co-determining levels. The data comes from both Mary’s
classroom practice as well as from her collegial context, the textbooks that she
used, and the national curriculum that she follows.

The decision of what data to analyse has partly been made based on my
interest in the environment of Mary’s teaching. The first study, where a
teacher meeting was analysed was a way to begin to know Mary in relation to
the ecology. From Mary’s discussions with the other teachers it was possible
to see both her justifications but also those of the other teachers which gave
an understanding about the teacher group as a part of Mary’s environment. In
the second study | chose to study problem-solving because Mary often em-
phasised the importance of problem solving, both towards her students and in
interviews when she talked about her mathematics teaching. She also dedi-
cated about a third of her classroom time to problem-solving activities. Stud-
ying problem-solving teaching in different contexts was a way to understand
a teaching practice she privileged herself, in relation to her textbooks and dis-
cuss this in relation to the national curriculum. In the third study, I chose to
study Mary’s teaching in relation to the textbooks she used, because she often
discussed textbooks, and also since the second study indicated how textbooks
worked as a constraint to her teaching. | chose to focus the fourth study on the
teaching of one mathematical concept, as inferred from data from all the con-
texts studied: Mary, the teacher group, the textbook, and the national curricu-
lum. I chose to focus on a concept because Mary often emphasised the im-
portance of conceptual understanding when we discussed her teaching in the
interviews. My choice to focus on the teaching of one concept, delimited the
possible data into a reasonable amount to be studied. My choice to study
Mary’s teaching in relation to all contexts, was based on the previous studies
where one or more context had been shown to both constrain and enable
Mary’s teaching and [ wanted to investigate all contexts as a whole.
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1.7 Aim and Research Questions

The overarching aim of this thesis was to deepen the understanding of how an
ecology of a teacher’s teaching enables and constrains mathematics teaching.
The ecology in this study includes Mary’s teaching, and three other contexts:
the teachers she collaborated with, the textbooks she used, and the national
curriculum. These contexts were studied in terms of how mathematics and
mathematics teaching are communicated in them separately, and in the ecol-
ogy as a whole. The study has been carried out in parts where, in the first
study, the interactions between the teacher’s teaching and the teacher group
have been studied (Article 1). In the second study, the teacher’s teaching, text-
books and national curriculum were studied (Article 2). In the third study, the
teacher’s teaching and the textbook were studied (Article 3). Finally, in the
fourth study, all four contexts were studied (Article 4). The studies that include
different parts of the ecology are, in the findings (Section 5) and discussion
(Section 7) here in the preamble, all brought into the understanding of how the
ecology enables and constrains the teaching.

The main questions asked in the four articles lead to the understanding of
the ecology for Mary’s mathematics teaching:

e How are the justifications for Mary’s mathematics teaching consti-
tuted, in relation to a teacher group discussion? (Article 1)

o How is Mary’s teaching of problem-solving constituted in relation
to the curricular materials available to her? (Article 2)

e How can praxeology be used to study a mathematics teacher’s
teaching practice, and the teaching practice as inferred from the
textbook as interrelated? (Article 3)

o How are some theoretical principles for teaching rational numbers
expressed in the ecology of a teacher’s teaching, and how may the
way these principles are expressed enable and constrain teachers’
teaching of rational numbers? (Article 4)
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1.8 Outline of the Thesis

This is a compilation thesis, which means that it consists of this preamble, one
conference paper and three journal articles, hereinafter all called articles. The
conference paper and two articles are published, and the fourth article is a
manuscript. Each article answers one research guestion.

The four articles are:
I.  Justifications for mathematics teaching: A case study of a mathemat-
ics teacher in collegial collaboration
Il.  The teaching of mathematical problem-solving in Swedish class-
rooms: a case study of one grade five teacher’s practice
I1l.  Mathematics Teachers’ Teaching Practices in Relation to Textbooks:
Exploring Praxeologies
IV.  Principles and Arguments for the Teaching of Rational Numbers in
Different Contexts.

After this introductory section, in Section 2 | describe the research field in
relation to teaching in different contexts, such as teachers’ teaching, curricu-
lum and textbooks. In Section 3, | present the theoretical frameworks used in
the studies together with the theoretical considerations on which this research
has been based. In Section 4, | present the methodology of the thesis and |
provide an account of my operationalisations of the theories and address meth-
ods for data collection and analysis. | also discuss ethical issues and the quality
of the study. In Section 5, | present the findings by summarising the four arti-
cles together and reflecting on the fourth research question. In Section 6, |
draw conclusions based on the findings. In Section 7, | discuss the findings
and the conclusions in relation to the aim of the study, the literature review,
and the rationale of the study presented in this introduction section. Section 8
is a summary of the whole thesis, in Swedish.
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2 Mathematics Teachers’ Teaching:
A Literature Review

During the nine years [ have been working with different articles about Mary’s
teaching as part of an ecology | have conducted various searches for research
addressing different aspects of mathematics teachers and their teaching. The
literature review can, consequently, be described as cumulative. New research
papers were added to my database over the years. Sometimes | have made new
searches, which have been more or less systematic. All research I have found
relevant to the thesis has been added along the way. When | have searched
systematically | have always included [teach*] in addition to other words rel-
evant to the situation. One example was the search for research about text-
books in relation to mathematics teachers. | searched for [teach* AND text-
book* AND mathematic*] in both EBSCO and Google Scholar, | also wid-
ened the search to include research about textbooks in any subject [teach*
AND textbook*]. Similar searches were made for different fields. To search
for research papers that may have escaped these searches I have also searched
through certain research journals for papers studying teachers’ teaching in
general, in mathematics and in relation to one or more of the contexts studied
in this thesis —teachers’ teaching, teacher group, textbook and national cur-
riculum. | have searched through Educational Studies in Mathematics, Re-
search in Mathematics Education, Journal for Research in Mathematics Edu-
cation, ZDM, Nordic Studies in Mathematics Education, Mathematics Educa-
tion Research Journal, and Journal of Curriculum Studies. The past nine years
have resulted in a database with over 1100 peer reviewed research papers.

The following literature serves as a background to this study with research
of teachers’ teaching as well as research connected to the different contexts of
this study. In this review the contexts of teacher group, textbook and curricu-
lum will also be defined. The review outlines the research that | have been
reading during this study, for inspiration and to be challenged by.
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2.1 Mathematics Teachers’ Teaching

For teachers to be seen as part of an ecology requires research methods and
perspectives which will acknowledge that they are situated within an institu-
tional system. All studies of mathematics teachers cannot have the same inter-
est and mathematics teachers have also been successfully studied with more
individual perspectives. An example of this is research describing teachers’
decision-making as an individual process to be a strong determinant for math-
ematics teaching, where teachers’ experience and beliefs contribute to the de-
cision-making process (Bishop & Whitfield, 1972; Bishop, 1976; Borko, Rob-
erts, & Shavelson, 2008; Paterson, Thomas, & Taylor, 2011; Schoenfeld,
2011a; Schoenfeld, 2011b; Shavelson & Stern, 1981). Other studies describe
how teachers’ individual knowledge about subject matter, pedagogy or stu-
dent knowledge, their Pedagogical Content Knowledge (PCK), is a main rea-
son for determining what can be taught in the classroom (Shulman, 1987;
Taylan & da Ponte, 2016; Van den Hurk, Houtveen, & Van de Grift, 2017).
Others study teachers’ knowledge about subject matter as one way to under-
stand teachers better (e.g. Rowland, Huckstep & Thwaites, 2005). Skott, van
Zoest and Gellert (2013) discuss theoretical frameworks in mathematics edu-
cation research and conclude that studies with constructivist frameworks view
teaching as a product of the teacher’s pre-existing knowledge and beliefs.
Such individual factors are sometimes related to social factors, such as class-
room management (Schoenfeld, 2011b), social interaction with others (Steffe
& Thompson, 2000), how mathematical concepts are communicated or visu-
alised (Pettersson, Stadler & Tambour, 2013), or factors outside the scope of
the teacher that may restrict the teacher’s opportunity to use her pedagogical
content knowledge (Schoenfeld, 2011b; Steffe & Thompson, 2000; Van den
Hurk et al., 2017). These studies describe important issues for teachers and
teaching. However, this study, where the teacher is viewed as embedded in
different contexts of an ecology, required a social perspective. A social per-
spective invites us to shift the focus from the teacher alone, and to include the
environment and the regulating effects within it (Lerman, 2000a). From a so-
cial perspective, teaching is then seen as a product of teachers’ participation
in different social practices (Skott et al., 2013).

When widening the perspective to include a political dimension of mathe-
matics education, there is a body of research describing a socio-political theme
in mathematics education research. Such studies aim to uncover how different
practices privilege and exclude individuals. Education here is not only under-
stood in different social arenas, but also transformed into more socially just
practices rethinking truths about mathematics: who is good in mathematics,
and what makes a quality teacher (Gutiérrez, 2013). Valero (2004) argues that
studies labelled as socio-cultural sometimes lose the multi-contextual and po-
litical nature of cognition when they settle for a declaration of students and
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teachers being social beings, without including the broader context of the
study. Instead, she asks for studies discussing mathematics education as a po-
litical and social act, which needs to be understood in relation to the many
contexts it is a part of. Such studies could be answering questions about what
it is “that makes particular kinds of school mathematics education practices
develop in ways that are valued as the ‘right’ way of teaching” (p. 16) mathe-
matics. This quote implies that rather than understanding each context sepa-
rately, understanding them together as intertwined is a more powerful reading.

This study is an attempt to understand educational contexts as embedded in
each other, which is why Mary’s teaching was studied as one context of the
ecology. Her teaching was represented in both her lessons and in how she
discussed her teaching activities in interviews. Mary’s teaching, enacted in
lessons and expressed in interviews, was studied in relation to the contexts of
the same ecology: The teacher group represented by four teachers’ discussions
in teacher meetings; the textbooks represented by the textbook and the teacher
guide; and the national curriculum represented by the syllabus and other texts
where the syllabus is explained. An ecology of a teacher’s teaching includes
more contexts than these. To incorporate some of these contexts | continue
this literature review with research about teaching as part of a culture and an
educational system.

2.2 Teaching as Part of a Culture

Teachers’ practices are part of many contexts. One of them is the culture they
practice within. Teachers’ practices are then viewed to reflect values and ob-
jectives of their school system (see e.g. Andrews, 2010), and they have been
described as aligning with the culture they operate within (Andrews, 2007).
Mathematics and mathematics teaching develop differently, within different
cultures (Andrews, 2010; Bishop, 1991; d'Ambrosio, 1985). A country’s his-
tory influences the curricula that may be formed. A strong catholic tradition is
described as creating a different environment for a curriculum than a
protestant tradition (Andrews, 2010). Different cultures value mathematics
differently, both what mathematics is and who can participate in mathematics
(Bishop, 1991).

From a Swedish perspective, mathematics education has deep roots in pub-
lic schooling (see Section 1.4.3 in this thesis). The education of the masses,
not only the rich children, has been described by e.g. Lundin (2008) as con-
veying a goal of disciplining the children into obedient citizens. For teachers
to manage many students in a classroom, mathematics became de-mathema-
tised and mechanised, where doing arithmetic (quick and correct) became the
focus (Lundin, 2008). Later, this attempt on public schooling has developed
into a school system grounded in the labour movement and in a social security
system where all children should be offered equal opportunities for schooling.
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Do it quick and do it right, has recently been described by Boistrup (2017) as
one assessment discourse in Swedish classrooms. Do it quick and do it right
was not the only assessment discourse described, but it can be seen as a trace
of the quick and correct mathematics teaching from the first years of public
schooling in Sweden. Since then, Sweden has had about fourteen different
national curricula in which calculations have had a prominent role in all of
them, as described in Section 1.4.3. It was only after 1980 that problem-solv-
ing and other mathematical competencies became privileged in the curriculum
(Prytz, 2013). The Swedish culture of public schooling, which from the be-
ginning was a means to discipline the future working class, has generated an
emphasis on calculations (Lundin, 2008) which is still emphasised in the na-
tional curriculum (Skolverket, 2011a).

Mary’s teaching is situated in the Swedish culture of public schooling with
a curriculum that has historically privileged arithmetics as mathematics. The
Swedish culture will not be specifically included in the analyses, but it will be
discussed in relation to the findings, in Section 7.

2.3 Teaching as Part of an Educational System

Teaching has been addressed as part of an educational system where curricu-
lum, state and school are different contexts or institutions. How this system is
constituted has been described to have effects on the freedom of teachers to
form their teaching. One example of this is Barbé et al. (2005) who describe
restrictions from the society, the mathematical community, the educational
system, school, and classroom. These restrictions were found to constrain
teachers from fully exploring mathematics, instead solely moving on to the
next task, and instead of evaluating the value of what had just been explored.
Skott (2004) describes how teachers are expected to meet the expected class-
room practices and learning outcomes formulated outside the classroom. In
doing so, teachers participate in many contexts of the educational system.
These contexts may express conflicting grounds for mathematics teaching,
which teachers need to negotiate.

A number of studies address how performativity is imposed from the soci-
ety by means of increased control of teachers signalling privileged teaching
practices. Ball (2003) stresses performativity in the sense of regulation, forc-
ing teachers to organise themselves as a response to evaluations, and that it
not only changes what practice is privileged, it also changes what it means to
be a teacher. Gellert et al. (2013) also describe how educational policy within
a culture of performativity may disturb the identity formation of teachers, and
also create a fragile base for professional development. Montecino and Valero
(2017) describe how teachers today should be both products and sales agents
of policy. As products of policy, teachers are described as being governed to

18



be effective quality teachers and controlled by continuous training and stand-
ardised tests. Boistrup (2017), describes how time for teacher-driven profes-
sional development may help teachers to resist control and competing de-
mands and develop their practice. In-service teacher training may be a way to
control teachers, but on the other hand, if driven by teachers, it may provide a
way to resist control. In a study by Povey, Adams and Everly (2017), a teacher
is struggling to resist performativity agenda, engaging in past curricula as a
means to see current educational policy as a product of its history, but also as
possible to change. The authors argue that teachers need to navigate the sys-
tem and resist mandates which are not in their students’ best interest.

An educational system includes many different contexts. These contexts
have been studied as an ecology of classroom practices and how different con-
texts of this ecology co-determine possible teaching practices (Artigue &
Winslgw, 2010; Chevallard, 2002b). Through such analyses, it may be possi-
ble to identify conditions and constraints for the construction of content in
school settings (Achiam & Marandino, 2014). Another way to address such
an ecology has been as a construction of a pedagogic discourse, as described
by Bernstein (2000). Studies where the authors draw on Bernstein sometimes
describe tensions between and within discourses and practices, such as how
contradictory demands from different discourses may narrow the view of
teachers (Tsatsaroni, Ravanis, & Falaga, 2003), or how the construction of
subject knowledge or competencies in the classroom is framed (Liu & Hong,
2009). Such tensions and contradictory demands require analysis of the dis-
courses “within which teachers make their decisions and deploy their actions”
(Tsatsaroni et al., 2003, p. 400).

Before academic mathematical knowledge is written in a curriculum of any
kind, it has to be transformed to something teachable, into school mathematics
(Bernstein, 2000; Chevallard & Bosch, 2014; Dowling, 2014). One way to
address this transformation has been didactic transposition (Chevallard, 1989;
Chevallard & Bosch, 2014). Didactic transposition has been studied in terms
of how knowledge transforms through institutions from academic discipline
to the classroom under the influence of institutional and societal conditions
and constraints (Achiam & Marandino, 2014). Didactic transposition has also
been studied in terms of how a mathematical concept has been reinterpreted
in one context of the educational system, such as how the textbooks’ presen-
tation of irrational numbers focussed on what to do with them, leaving the
mathematical need for irrational numbers unclear (Gonzalez-Martin, Giraldo,
& Souto, 2013). Institutional contexts may also be studied in relation to each
other, for example, studying what is taken into account in the formation of a
museum exhibit where both society and academics co-determined what rein-
terpretations would become possible in a museum exhibit (Achiam & Ma-
randino, 2014). Another aspect emphasised in the literature is that every
choice of expression (such as images or gestures) in relation to an exercise

19



recreates the content so it will be relevant to the situation (Kress & Sidiropou-
lou, 2010). In this study | have used didactic transposition to discuss the
change mathematics undergoes through the contexts.

In terms of didactic transposition, transformations of mathematics content,
have been studied most often where two contexts are related to each other.
One example is textbooks and teacher practice as two contexts influencing
each other, where the studied teacher is described as following the mathemat-
ical presentation of the textbooks rather than the definition from the discipline
of mathematics (Gonzalez-Martin, 2015). In an American study, textbooks
and teaching were compared, showing significant differences between the
teachers’ teaching and how the same topic was presented in the textbooks
(Freeman & Porter, 1989). Theoretical contexts underpinning educational pol-
icy have also been studied in how they in different ways are linked to mathe-
matics teaching practices (e.g. Jaworski & Gellert 2003).

On one hand Swedish teachers are expected to be autonomous in how to
achieve the goals of the curriculum. On the other hand, they are under influ-
ence from several surrounding contexts. This is why it is important to include
how mathematics was privileged in the curriculum, and other contexts, in or-
der to understand how the privileging of mathematics and mathematics teach-
ing influence teachers’ practice.

2.4 Teaching in Relation to Different Contexts

In this thesis, teaching is understood as a micro-context within a macro-con-
text, similar to how Valero (2004) describes “multiple layers of contexts in
which the micro context is inserted” (Valero, 2004, p. 17). Here, macro-con-
text is the ecology and the micro-context is called the context of the teacher’s
teaching in line with Chevallard’s (2002b) use of these concepts. In the fol-
lowing pages, | describe research concerning the contexts that were analysed
in the four articles (teacher group, textbook and national curriculum).

2.4.1 Teaching in Relation to Colleagues

Teacher collaboration has been described as involving negotiations of roles
and responsibilities. Teacher collaboration also becomes necessary for teach-
ers as the teaching profession becomes more complex (Hargreaves, 2000).
Collaboration between teachers has been described as having a positive im-
pact on both teaching and student achievement (Honingh & Hooge, 2014;
Moller, Stearns, Mickelson, Bottia, & Banerjee, 2014; Vescio, Ross, & Ad-
ams, 2008). Research of teacher collaboration often studies teacher collabora-
tion in professional development projects where the collaboration is part of
the project (Chong & Kong, 2012; Gresalfi & Cobb, 2011; McNicholl, 2013;
Riveros, 2012). There are some studies of teacher collaboration that naturally
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occur in schools, that would take place whether there was a researcher there
or not (e.g. Coburn, Mata, & Choi, 2013; Doppenberg, den Brok, & Bakx,
2013; Eddy Spicer, 2011; MacPherson, 2010). Consequently, we know more
about how teacher collaboration works within the context of a project, and less
about what happens in teacher collaboration in everyday school life, as is in-
vestigated in the project of this thesis.

Teacher collaboration has been described as one way for teachers to reduce
achievement gaps, when they engage in mathematics teaching together, both
in collaborative planning, but also in defining goals and professional develop-
ment needs (Moller, Mickelson, Stearns, Banerjee, & Bottia, 2013). Teachers’
opportunities to participate in teacher communities have been described as
having an impact on their opportunities to form an identity as mathematics
teachers. On the other hand, the lack of such communities, as in an example
about a substitute teacher, may enable a teacher to hold on to a privileged
teaching practice and resist unwanted practices (Palmér, 2010). A teacher may
be engaged in real-life communities but also in others.

A teacher’s opportunity to engage in mathematics depends on what is priv-
ileged by the colleagues, if other issues are privileged above mathematics in
collaboration it will restrict the opportunity for the participating teachers also
outside the collaboration (Skott, 2013). Such restrictions may also come from
policy and how teachers’ social networks are affected by their organisational
context, attempts to influence teachers through their collaborative networks
(Coburn et al., 2013).

In Sweden, research on teacher collaboration is often presented as a product
of professional development projects, such as learning studies (e.g.
Holmqvist, Gustavsson, & Wernberg, 2007; Kullberg, Runesson, & Martens-
son, 2014). Other examples of teacher-researcher collaboration studies are ac-
tion research projects (Boistrup, 2017; Gade, 2012). There are few studies
where the natural collaboration of mathematics teachers is studied. One ex-
ample is Palmér’s (2012) description of a novice teacher in her first year of
teaching. She expressed a privileged teaching practice which was inconsistent
with how she taught. Studying how the teacher colleagues and this teacher
collaborated, there was more consistency with how the novice teacher taught
(Palmér, 2012). This suggests that the privileged practices in the teacher
groups a teacher collaborates with influences what this teacher teaches. This
is problematic if teacher collaboration is also a necessity for teachers to navi-
gate a complex profession, as Hargreaves (2000) describes it. There is a need
for studies of teacher collaboration, what the privileged practices regarding
specific mathematics content matter are and how this influence the teachers’
classroom practices.
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2.4.2 Teaching in Relation to Textbooks

Mathematics teachers’ teaching has both internationally (Barr, 1988; Sosniak
& Stodolsky, 1993) and in Sweden (Bergqvist et al., 2010; Boesen et al., 2014;
Englund, 1999; Skolverket, 2003; SOU 2004:97, 2004)s been shown to be in-
fluenced by the mathematics textbook. Teachers have been described as bas-
ing their teaching on the textbook’s disposition and content (Barr, 1988). Oth-
ers describe how teachers relate their teaching to the textbook but as one of
many resources (Sullivan, Clarke, Clarke, Farrell, & Gerrard, 2013).

Research has described mathematics textbooks as being a central resource
for, and even as steering, mathematics teaching, mostly in terms of what to
teach and in what order (Barr, 1988; Haggarty & Pepin, 2002; Lepik,
Grevholm, & Viholainen, 2015). Textbooks have been described as being a
translation of policy into practice (Valverde, Bianchi, Wolfe, Schmidt, &
Houang, 2002) or as being the educational institutions’ information about
what mathematics to teach and how to do so (Barbé et al., 2005). The influence
on mathematics teaching from textbooks has both been described as indirect,
when the textbook facilitates teaching for teachers (Pepin & Haggerty (sic),
2003), or a direct influence when teachers use textbooks exclusively without
additional materials (Sosniak & Stodolsky, 1993). However, the outcome of
this influence does not seem to be teachers’ mirroring their textbooks, mean-
ing that two teachers using the same textbook do not share the exact same
teaching practice (Son & Kim, 2015). Teachers are also described as choosing
additional content or teaching with a different structure than the textbook
(Sosniak & Stodolsky, 1993) or taking more factors, for example assessment
data, into account preparing mathematics teaching (Sullivan et al., 2013).

Mathematics textbooks have been described as one context, where both
mathematical and didactic knowledge is organised. An example of this is Gon-
zalez-Martin, Giraldo and Souto (2013) who describe how exercises and pro-
cedures were privileged above explanations in Brazilian textbooks. Jablonka,
Ashjari and Bergsten (2016) describe the explanations and instructions in the
textbook as a didactic layer in textbooks which can be described as mathemat-
ics texts. They show how different didactic layers succeed differently in com-
municating the specificity of mathematics.

In a Swedish context, textbooks have been described as dominant in math-
ematics (Johansson, 2006) both as a main source for teachers (Boistrup, 2015;
Jablonka & Johansson, 2010; Skolinspektionen, 2009; Skolverket, 2003) and
what students spend their time on, working with exercises from the textbook,
during mathematics lessons, for about 70% of the time on average (Berggvist
et al., 2010). Textbooks in Sweden are not regulated or controlled. The gov-
ernment stipulates national criteria for learning outcomes (Skolverket, 2011a),
leaving the teachers with the choice of what textbook to use and how. Going

6 SOU: Statens [the gouvernment’s] Offentliga [public] Utredningar [investigations].
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deeper into the Swedish context, Lundin (2008) describes how mathematics
textbooks were originally arithmetic workbooks where there were many exer-
cises easy enough for students to manage by themselves due to the practical
problems of large classroom teaching. The role of textbooks was described by
Lundin, to keep the students busy without much need of teacher assistance.

Research on how textbooks affect mathematics teaching or mathematics
teachers has been done in many ways, as described above. How teachers use
textbooks and teacher guides in their day-to-day practice has been studied, but
most often with interviews (e.g. Ahl, Gunnarsdottir, Koljonen, & Palsdattir,
2015). Freeman and Porter (1989) is one example of a study of teachers and
textbooks where both interviews and classroom observations are used show-
ing that teachers do not always privilege what the textbooks emphasised.

Mathematics textbooks privilege mathematics in different ways. The text-
books are one context, meaning that they may influence what and how a
teacher teaches as well as that they are influenced in turn by other contexts in
the ecology.

2.4.3 Teaching in Relation to Policy Documents

How teachers engage in policy documents have been described as depending
on various factors. One example is how important contents are described as
being lost in teaching without clear curricular guidelines (van Loon, Driessen,
Teunissen, & Scheele, 2014). Boesen et al. (2014) also conclude that complex
reforms need to be implemented very clearly in the curricular guidelines if
they are to have the intended impact on classroom practice. However, this does
require that teachers follow the policy guidelines, and that the curriculum al-
ways privileges the best possible practice. As described earlier, policy might
impose performativity on teachers (e.g. Ball, 2003) which, Gutierrez (2013)
claims, leaves teachers little room to reflect on how the students do in relation
to this policy. She describes how teachers need to negotiate the system for the
best interest of their students. A clearly written curriculum may lead teachers
to follow the guidelines, but it may also make it easier for teachers to see what
the guidelines impose and uncover whether the guidelines will benefit their
students or not. Herbel-Eisenmann (2007) argue instead for curriculum devel-
opers to consider what ideological goals should underlie curriculum materials.

If an explicit goal of curriculum authors is to make mathematics available to all
students, yet some of their language choices support the mystique of mathemat-
ics, consideration needs to be given to the forms of mathematical discourse em-
bodied in the materials (Herbel-Eisenmann, 2007).

To have a clear communication in a curriculum is not enough, following
Herbel-Eisenmann, it is also important how the text reflects the underlying
goals that make the text available to teachers (and others).
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Teachers have been described as navigating the governmental influence
through the national curriculum, which sometimes inhibits their internal de-
liberations when they take the curriculum and other aspects of the teaching
into account when deciding what actions to take (Ryan & Bourke, 2013). If
teachers do not examine these deliberations, their professional actions will
serve to maintain the structural and cultural forms, and they will not challenge
these. It is important to preview how teachers process their circumstances,
such as curricular demands. In doing this, it would be possible to see what
teachers consider to be effective or engaging practices in their context and
why, regardless of what the national curriculum proposes.

Andrews (2016b) describes how a country’s curriculum is deeply rooted in
culture. Current social factors have been shown to have impact on how math-
ematics is construed in the curriculum, such as international large-scale as-
sessment, for example. Such tests have been described as having influence on
educational policy. Frejd and Bergsten (2016) describe how policy makers re-
fer to PISA results to prompt curricular change without any concern for how
mathematical knowledge is construed in PISA and not by mathematics as a
discipline. Conflicting grounds in policy making have also been described by
Jahnke (2014) who described conflicting views during the process of forming
the current national curriculum in Sweden. The current policy in Sweden, ex-
pressed in the national curriculum, is consequently only the best negotiation
of the conflicting grounds and views, expressed in the clearest way possible
at a specific moment in time. One cannot assert that this curriculum has all the
answers for how mathematics teaching should be carried out; it is only one of
many contexts. As such, policy and national curriculum need to be studied in
relation to other contexts.

2.5 The Contribution of this Thesis

Above I have described parts of the research field of mathematics education,
where mathematics teachers’ teaching is addressed. These studies often ad-
dress one or two contexts, such as classroom practice and mathematics text-
books. When it comes to other contexts, such as the curriculum or policy, they
are often mentioned as possible influences, but not included in the study. |
have adopted a strategy where it was possible to go into depth with the con-
nections between the contexts. The four articles together explore a variety of
such connections within the ecology, developing an account of how an ecol-
ogy functions for how mathematics and mathematics teaching are privileged
and how this may influence teachers’ practices.
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3 Theoretical Considerations

In this study, | have made many theoretical decisions. Big, overarching deci-
sions, which | have described as overall theoretical considerations and smaller
choices of what theories and analytical tools to use. In the following pages, |
will give an account of these choices, but also explain both theories and ana-
Iytical frameworks. My explanations of what theoretical tools I have used and
why will also reveal my theoretical positioning. This will make the grounds
for my interpretations presented in the findings (see Section 5), as well the
grounds for my final discussion (see Section 7), more transparent. Two overall
decisions were made. First, the decision of where to position the study theo-
retically, then what theoretical and analytical frameworks to use. These
choices have been made during the course of the study, as is described in the
section below.

3.1 Overall Theoretical Considerations

Two themes, relevant to this study have been described in mathematics edu-
cation research, a social (Lerman, 2000b), and a socio-political (Gutiérrez,
2013). The social theme marks a shift from seeking reasons and responsibility
for learning inside individuals into seeing learning mathematics as increasing
participation in mathematical practices, where specific forms of knowledge as
well as specific forms of participation are produced (Lerman, 2000b). It then
becomes of interest to study the social settings and spaces, where learning
activities happen, and how they are structured. In the socio-political theme,
knowledge, power and identity are seen to be interwoven and constituted
within social discourses. It is not enough just to “understand mathematics ed-
ucation in all of its social forms but to transform mathematics education in
ways that privilege more socially just practices” (Gutiérrez, 2013, p. 40). Tak-
ing on a social perspective, the unit of analysis is social practices (Lerman,
2000b). In a socio-political perspective, the analysis goes beyond only recog-
nising the context of the study. There is an assumption in social and socio-
political perspectives that the macro-sociological context influences the mi-
cro-contexts where mathematics teaching and learning take place. In a social
perspective, the unit of analysis is concluded to be: the person acting in social
practice (Lerman, 2010b). The unit of analysis in a socio-political perspective
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is, instead, the different contexts both micro and macro, which makes it pos-
sible to trace the connections between the contexts (Valero, 2010). In the in-
troduction (Section 1.5), I concluded that purely individual perspectives were
not sufficient to answer my research questions. To only study what a teacher
knows, does not tell the whole story about the teacher’s mathematics teaching
practice. | included social structures, otherwise substantial parts of the story
about Mary’s teaching would be lost. Mary, herself often discussed how she
felt restricted by other contexts both within and outside the school. Instead of
only placing the study within a social perspective, and being content to see
Mary within her social setting, I have analysed Mary’s teaching, as well as
three other contexts of the ecology, and | wanted to reveal questions on social
and political issues in the Swedish educational practices of mathematics, such
as how the contexts enable and constrain mathematics teaching, which is de-
scribed to be socio-political (Valero, 2004). | would argue that this study is
situated at the border between a social and a socio-political perspective. The
reason for this is that | study Mary within her social practices, but | also in-
clude other contexts with the aim of tracing privileged practices between them.
In this, I also reveal how other contexts participate in determining what teach-
ers do in order to achieve a deeper understanding of teachers’ teaching prac-
tices as related to other contexts.

This theoretical position requires a theory or an analytical framework
where practices in different interwoven contexts are studied. There are several
theories that could have been used. Foucault (2008) describes a dispositive
where social dispositions, present in curriculum and textbooks, can be ana-
lysed to reveal circumstances under which a teacher constructs her teaching.
With a dispositive, it becomes possible to relate activities to specific situa-
tions, but also to see the influences on these activities (Raffnsge, Gudmand-
Hayer, & Thaning, 2014). The dispositive functions as a map, a network
where certain processes are operative. Boistrup (2017) operationalised this, in
a dispositive where regulatory decisions and teacher discourses constitute a
map explaining structures affecting assessment in mathematics classrooms.

In Bernstein’s (2000) theory of pedagogic discourse, the pedagogic device
is described as a mechanism through which pedagogic discourse is established
and maintained. The device is run by three sets of rules, distributive, recon-
textualising and evaluative. Lerman (2000b) describes how Bernstein’s theory
is often used to reveal inequalities in education and how they are socially re-
produced. Bernstein (2000) has some theoretical constructs that could enable
the analysis of a teacher’s teaching in relation to an ecology. One example is
recontextualisation, which describes how specialised knowledge, such as for-
mal mathematics or research in mathematics education, is transformed for the
purpose of teaching students (Parker, 2009). This could have helped me to see
structures in Mary’s teaching and to go beyond Mary and see the social and
institutional contexts through her teaching. They did, however, not offer me
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specific tools for the analysis of the teaching of specific mathematical contents
as well as how this teaching could be seen as part of a system of contexts.

The anthropological theory of didactics (ATD) (Chevallard, 2006; Cheval-
lard & Bosch, 2014) with didactic transposition (Chevallard & Bosch, 2014)
that describes, similar to Bernstein’s (2000) recontextualisation, how mathe-
matics is adapted through different institutions to be teachable in a mathemat-
ics classroom. These institutions, in this study called contexts, can also be de-
scribed to co-determine each other (Chevallard, 2002b), which, in this study,
offered me a language to describe the relationship between Mary’s teaching
and the other contexts. In ATD praxeologies, describing knowledge as a
know-how (praxis) and know-why (logos) can be used to describe both math-
ematical and didactic knowledge in different contexts (Barbé et al., 2005). For
the purpose of this study, this was a tool, specific enough to study how math-
ematical practices were privileged in the mathematics classroom, as well as in
other contexts. ATD offered me a set of theoretical tools to analyse and de-
scribe Mary’s teaching as part of an ecology, also called ecology in ATD
(Chevallard, 2002b).

To study how mathematics and mathematics teaching are communicated in
different contexts, | used a theory providing tools to specifically study com-
munication. Studying a teacher and her communication, it was essential to be
able to view more than spoken communication as communication. In multi-
modal social semiotics, semiotic resources are seen as situated within social
practices (Kress, 2009; Selander & Kress, 2010) and different semiotic re-
sources are simultaneously used to communicate (Jewitt, 2009). Within a mul-
timodal perspective, it is also possible to view different functions of commu-
nication with different meta-functions described by Halliday (2004). In the
following pages, both ATD and social semiotics will be explained in more
detail.

3.2 Anthropological Theory of Didactics

To understand mathematics teaching as part of an ecology, | aligned with the
anthropological theory of didactics (ATD) (Chevallard, 2006; Chevallard &
Bosch, 2014). ATD has been used to study didactic knowledge located in dif-
ferent social practices, where someone intends to teach someone something
(Chevallard & Sensevy, 2014). Within ATD, there are theoretical constructs
for the analysis of knowledge and practice which have been used in this study
in order to understand the contexts studied: Mary’s mathematics teaching, the
teacher group, the textbooks and the national curriculum. In the following
pages | will describe the theoretical framework and how it relates to this study.
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3.2.1 Didactic Transposition

Chevallard (2007) describes the point of didactic transposition theory to be
the consideration of knowledge to be changed and adapted to new institutions.
As a definition, Chevallard and Bosch (2014) describe didactic transposition
as “the transformations an object or a body of knowledge undergoes from the
moment it is produced, put into use, selected, and designed to be taught until
it is actually taught” (p. 170). Lundin (2008) describes how school mathemat-
ics was de-mathematised due to the need of public schooling for the common-
ers, which led to an emphasis on arithmetics, which is far from mathematics
as a discipline. The transposition of both mathematical and didactic
knowledge, where the knowledge is appropriated from the scholar discipline
to become teachable and learnable in the classroom, is described as a funda-
mental didactic phenomenon (Achiam & Marandino, 2014; Chevallard &
Bosch, 2014). The difference is that mathematical knowledge originates from
the discipline of mathematics and didactic knowledge originates in a number
of disciplines where ideas, concepts and principles explain different aspects
of mathematics teaching. Transposition of didactic knowledge therefore be-
comes very complex to study.

Transposition conveys an interrelationship between the contexts of an ecol-
ogy. If knowledge is transformed it is between these contexts this transfor-
mation takes place. In this study this interrelationship is a basic assumption,
on which I discuss of how the contexts studied participate in the co-determi-
nation of what becomes taught in Mary’s classroom. From the scholarly insti-
tutions, such as universities, the knowledge about mathematical concepts is
changed as it is re-described and redefined in other institutions, in this study
the Agency of Education or a textbook publisher. In these new descriptions of
how to teach mathematical concepts, new elements are also integrated from a
variety of social practices and in the end these descriptions of how to teach
mathematical concepts and why are adapted to be teachable in a specific class-
room (Chevallard & Bosch, 2014).

The actors of the transpositive work between the society, the scholar insti-
tutions, and the classroom are referred to as the noosphere. The noosphere
consists of those who think about teaching, in this study the contexts of the
national curriculum and the textbook. The noosphere serves as a midway be-
tween the teaching institutions and society (Chevallard, 2007), and negotiates
the demands from the society and at the same time upholds the illusion of
school knowledge being authentic to scholar knowledge. The knowledge
taught in schools has to appear as genuine, and the process of transposition
itself becomes invisible. This is why it is important to understand on what
grounds the knowledge to be taught is constructed and to be aware of didactic
transposition and the illusion that follows (Chevallard & Bosch, 2014).

28



Figure 1, Didactic transposition (Chevallard & Bosch, 2014)

Didactic transposition (see Figure 1) is described as a tool to see beyond this
illusion and to not only see what organisation of knowledge is present, but
also what could have been. To accomplish this, researchers need to be freed
from the contexts studied and be aware of their own perspective. This can be
expressed in a reference epistemological model REM, from which the meth-
odological proposal for analysis is described. In this model, possible tasks,
techniques, technologies and theories are described (Barbé et al., 2005).

A REM about rational numbers should encompass analysis and answers from
the different perspectives to questions such as: What are rational numbers? How
to describe them in terms of praxeologies /.../? What is their connection to other
praxeologies, for instance, other number sets? (Jstergaard, 2013, p. 9)

This model is used to make the analysis explicit, to distance the researcher
from the data material and to enhance a detailed and objective analysis (Wi-
jayanti & Winslow, 2017). In this study, different frameworks have been used
instead of a REM, for example three approaches to problem-solving (Shroeder
& Lester, 1989) in Article 2, and sub-constructs of rational numbers (e.g.
Charalambous & Pitta-Pantazi, 2007) and mathematical values (Bishop, 1991)
in Article 4.

In the transposition process, teachers are said to be involved in internal
transposition, drawing from the noosphere, which describes the knowledge to
be taught. The noosphere is engaged in external transposition drawing from
the scholarly scientific knowledge (e.g. Barbé et al., 2005; @stergaard, 2015).
The illustration of the didactic transposition implies a linear process. This is a
simplification. The noosphere is not just one organisation, which is evident in
this study. A number of practices outside of school participate in the transpo-
sition process, with different objectives and views about the knowledge actu-
ally taught, driven by other agendas, for example ideological (Chevallard &
Bosch, 2014). The contexts included in this study are only some examples of
many possible contexts from the noosphere, they are nevertheless some of the
contexts close to Mary. She has read the texts and she participates in the dis-
cussions in the teacher meetings.
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3.2.2 Praxeology

Knowledge is, in ATD, described in terms of praxeology (Winslgw, 2012),
where knowledge is organised in terms of know-how (praxis) and know-why
(logos). In an educational situation there are two praxeologies at play, a school
mathematical, describing what mathematics to do and why, and a didactic,
describing what mathematics teaching to do and why (Barbé et al., 2005). In
this study I have studied both mathematical and didactic knowledge. Focusing
on how these two types of knowledge were expressed in the different contexts
enabled me to trace privileged practices and how they related to each other.
In the following pages | elaborate on what forms these two kinds of praxeol-
ogy can take.

Mathematical Praxeology

A praxeology is how ATD describes knowledge, a practice (know how) and a
discourse on practice (know why) together (Chevallard & Sensevy, 2014). A
specific mathematical praxeology creates a structure of mathematical
knowledge for a specific use (Jablonka & Bergsten, 2010) of a mathematical
content. In the case of this study, this could concern angles or volume in grade
five (see Article 3). This structure is built on two main components, praxis
(know how) and logos (know why). Praxis is described as including tasks that
are solved with certain techniques.

In a mathematical praxeology, the task is a type of mathematical task, for
example, how to solve an equation, or how to calculate the sum of two frac-
tions. For each task, there is one or more techniques for how to solve this task.
To explain why the techniques apply, there is a logos, a technology, and to put
the technology into a wider context of meanings there is a theory. The theory
explains, justifies or produces technology, establishing a deeper level of justi-
fication of the practice (Barbé et al., 2005; Bosch & Gascén, 2006; Chevallard,
1998). Theory consists of the underlying principles of a given skill, or set of
ideas setting out principles or laws of known/observed phenomena (Cheval-
lard et al., 2015). In mathematics, theory consists of definitions and axioms
(Dstergaard, 2013). Praxis and logos are described as interrelated, affecting
each other; praxis entails logos and logos backs up praxis explaining and jus-
tifying the actions (Chevallard, 2006).

Mathematical praxeologies were focused on in Article 3 where the mathe-
matical knowledge expressed in Mary’s teaching and in a mathematics text-
book was analysed. In Table 1, | show a mathematical praxeology as an ex-
ample of how the task, technique, technology and theory might be seen in a
primary school, when the mathematical task is to measure a distance.
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Table 1. Example of a mathematical praxeology

Praxis

Task Technique

To measure a distance Measure a distance with a ruler.
Logos

Technology Theory

We need to measure with standardised The definition of a distance and stand-
methods, and units, in order to compare  ardised agreements of units (the Sl sys-
our results. tem).

This is only one example of many possibilities. A mathematical praxeology is
socially situated. Consequently, a praxeology concerning, for example, linear
algebra is not the same in upper secondary as it is at university (Winslgw,
Barquero, De Vleeschouwer, & Hardy, 2014). Bosch and Gascén (2006) show
how the institutional and social environment (ecology) can constrain a praxe-
ology and one problem is to know from which context what restriction comes.
In this study, where a teacher’s practice together with several contexts was
studied, an assumption was that these contexts co-determine how a specific
mathematical praxeology is constituted in a specific situation.

Didactic Praxeology

The didactic praxeology can be seen as the praxeology of those (teachers) who
engage others in a specific mathematical praxeology. This is the praxeology
that has been studied in Article 4, it was also used to reinterpret the findings
of Articles 1-3. In a didactic praxeology, the teacher’s didactic task is to teach
a specific mathematical praxeology (Barbé et al., 2005; Gellert et al., 2013),
in relation to this study this could be to teach how to measure an angle, where
the knowledge about “how to measure an angle” represents the mathematical
knowledge. The didactic techniques refer to what is done to face the task at
hand, to teach a mathematical praxeology (e.g. Gellert et al., 2013), in the case
of this study this could be: visualise a fraction by dividing an orange. Tech-
nology provides backing for the technique used with explanations and argu-
ments (Dstergaard, 2013), an example of such an argument from this study
could be that understanding rational numbers in relation to the number line is
essential for the development of number sense, which is why teachers should
engage their students in activities where rational numbers are ordered by size.
Didactic theory constitutes a deeper level of justification of practice, the un-
derlying ideas and principles which could both found and generate technolo-
gies, techniques and tasks (Chevallard, 2006), in relation to this study this
could be principles directly connected to either mathematics or learning. One
example is a principle that mathematics is a problem-solving activity where
mathematical ideas may be discussed (see the revisiting of Article 2, in Sec-
tion 5.2.2).
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In Table 2, I show a didactic praxeology as an example of how the didactic
task, technique, technology and theory might be seen in primary school, when
the didactic task is to teach the meaning of the equal sign.

Table 2. Example of a didactic praxeology
Praxis, the know-how for teachers

Task Technique

How to teach the meaning of the equal ~ Use a balance scale as a metaphor for

sign. the equal sign in a problem-solving ac-
tivity.

Logos, the know-why for teachers
Technology — rationale for techniques Theory — overall rationale
The equality of the two sides of the Mathematics essentially consists of
equal sign is an important idea to under- ideas that may be expressed with sym-
stand, which is why a scale is excellent  bols.
so show the meaning of the equal sign.

In a didactic praxeology, the techniques, technology and theory may differ
even if the task is the same. The didactic task is to teach a mathematical praxe-
ology. If this mathematical praxeology was inferred to have a praxis but little,
the mathematics teaching would be providing the students with tasks and tell-
ing them how to solve them with no explanations. If this praxeology, on the
other hand, included logos but little praxis, the mathematics teaching would
consist of the teacher explaining and defining mathematical properties with
little exercises for the students. The didactic technique consists of the teaching
methods for teaching the mathematical praxeology. The technology consists
of the arguments for this technique, and the theory consists of the principles
in which the technology is anchored. The praxeologies presented in this thesis,
were construed by me, and my co-authors. | do not claim to have found the
right or true praxeology. | have only interpreted the situation | have observed.
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3.2.3 Levels of Co-determination

How mathematics content is taught in a classroom is, in ATD, assumed to be
affected by hierarchically ordered levels that co-determine what is taught and
how (Chevallard, 2002; Winslgw et al., 2014). These levels of co-determina-
tion (see Figure 2) together form an ecology of classroom practice (Cheval-
lard, 2002), with conditions that influence (co-determine) a teacher’s teaching.
These levels of co-determination go from the student activities in the class-
room all the way to the civilisation.

Swedish or western culture

State — the national curriculum

Teaching institution

Teaching principles — textbook and teacher group
Mathematics

Rational numbers

Theoretical principles for the mathematics teaching activities
Arguments for the mathematics teaching activities

Mathematics teaching activities

Figure 2. Levels of didactic co-determination in relation to the components
of the ecology in this study (inspired by, Chevallard, 2002b; Rasmussen &
Winslgw, 2013)

Chevallard (2002b) describes this as the ecology of a praxeology. It holds the
possibilities and constraints for this praxeology that each level imposes at a
given moment in time (see also, Rasmussen & Winslgw, 2013). This implies
that the reasons for the praxeology taught in a classroom could reside in a level
far from this classroom, where the teachers do not participate. In this study, |
have studied four contexts from some of these levels of co-determination to
trace how these contexts co-determine what is taught in Mary’s classroom. As
I wrote in the introduction (Section 1.1), | want to emphasise the co, in co-
determine. Mary and the contexts all participate in the determination of what
is taught. In this study, | have showed some traces of how this co-determina-
tion was performed. How | have studied the contexts as parts of the ecology
will be further elaborated in Section 4.
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3.3 Multimodal Social Semiotics

A basic assumption in multimodal social semiotics is that semiotic resources
are socially situated. A culture offers semiotic resources (Kress, 2009). A se-
miotic resource is, in this thesis, the actions, materials and artefacts used to
communicate (Jewitt, 2009). In this thesis, a multimodal approach was neces-
sary since the data is both pictures (e.g. on the white board or in textbooks),
actions (e.g. gestures) and many other resources used for meaning-making.
Too much information would be lost if only written and spoken communica-
tion were to be included. In this thesis, | make a general assumption that com-
munication is multimodal and to see the communicated meaning | explored a
diversity of modalities of the communication. | view different modalities (in-
cluding gestures and pictures) as text throughout the thesis.

Halliday’s (2004) three meta-functions are used to describe different mean-
ings in a text as three different versions of reality: textual, ideational and in-
terpersonal (Bjorkvall, 2009). The textual meta-function describes the text as
a whole and the opportunities for participants in a communication to perceive
the meaning of the text (Bjorkvall, 2009). This can be seen through the roles
different communicative resources (e.g. pictures, gestures, speech) play in
communication. If the layout is changed in a written text, the whole meaning
of the text could change (Kress & Van Leeuwen, 2006). The composition of
a text becomes important in terms of what is salient, for example. Salience can
be afforded by different resources such as size, font or colour (Bjorkvall,
2009), but also the volume, rhythm or pitch of spoken communication can
bring salience to an element of communication (Kress & Van Leeuwen, 2006).
This creates differences between the different parts in a composition by catch-
ing the reader’s attention (Van Leeuwen, 2005). The semiotic principle is that
the more salience an element has in a text, the more important it becomes to
the meaning potential.

The ideational meta-function is used to describe the content of communi-
cation (Herbel-Eisenmann & Otten, 2011; Selander & Kress, 2010). This
could be manifested by what is focused or addressed (see article 1) or in how
people or things are represented (Jewitt, 2009).

The interpersonal meta-function can be used to describe social relation-
ships between the participants in an interaction, for example between teachers
talking to each other in a teacher group or between a teacher and the text in a
textbook (Kress & Van Leeuwen, 2006; Morgan, 2006). The communication
establishes and preserves relationships between members of a group through
how social relationships are expressed, for example expressions of power
(Kress, Jewitt, Ogborn, & Tsatsarelis, 2001).

In relation to ATD, a multimodal semiotic approach enabled me, inspired
by the ideational meta-function, to focus on what mathematics was communi-
cated and, inspired by the textual meta-function, how this communication was
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expressed. This was used as a framework in Article 1, but the inspiration re-
mained in the following articles. A multimodal approach to the communica-
tion also helped me to include more aspects of communication than just spo-
ken and written words.

3.4 The use of Theories in the Articles

These theories have been used to different extents in the different articles. Dif-
ferent theoretical tools have been included in different articles. In the first ar-
ticle, the need for a multimodal approach emerged which led me to use multi-
modal tools for the analysis. In the work with Article 2, | continued with a
multimodal approach with analytical tools borrowed from the literature re-
view. The findings in Article 2 led me to explore the anthropological theory
of didactics and praxeologies; mathematical praxeologies in Article 3; and di-
dactic praxeologies in Article 4. In this preamble, I also revisit the first three
articles as didactic praxeologies, not to generate new findings, but to describe
the findings of all four articles in the same way. In Table 3, | have summarised
how the theories have been used in the four articles. This is only to display
where these tools have been used, not to relate the theoretical tools to each
other.

Table 3. Theoretical tools used in the four articles

Avrticle 1 Article 2 Avrticle 3 Avrticle 4
Multimodal analysis X
Multimodal approach X X X X
Mathematical praxeologies X X
Didactic praxeologies X
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4 Methodology

In this methodology for a study situated on the border between a social and
socio-political paradigm, adopting an anthropological theory of didactics, |
give an account of how this theory has been used in this study. The nature of
the study as well as the specific methods used, is also described in the follow-
ing sections.

4.1 ATD in Relation to the Case of Mary

Following the theoretical considerations presented in the previous section, |
will now give an account of how | have used these theories in this study. Hav-
ing positioned the study at the border of a social and socio-political perspec-
tive, I see individuals as social beings, in Lerman’s (2000a) words, in practice.
This implies a view that knowledge is not located within the individual only
affected by the social context, but that “Knowledge has to be understood rela-
tionally, between people and settings” (p. 13). In this, I embrace how Valero
(2004) describes mathematics education as embedded in many layers that
value different ways of teaching. In this study, | have chosen to see this as
ecologies of a teacher’s teaching in relation to contexts from the levels of co-
determination. The layers described by Valero (1999) as social contexts do
coincide in a sense with Chevallard’s (2002b) levels of co-determination, but
with a more political interest in the ideology that governs mathematics educa-
tion. However fascinating I find this, | wanted to study such contexts but also
the communication of mathematics in them, in detail. This was enabled by the
combination of contexts from the levels of co-determination and praxeology.

The research interest in this study is in the contexts close to the classroom.
Later, in the final discussion (Section 7) | will discuss them in relation to so-
cietal contexts further from the classroom. In illustrations of the levels of co-
determination (e.g. Winslgw et al., 2014), the levels of co-determination are
placed in a hierarchy separated from each other. I recognise that this was one
way of showing a very complex system in one illustration, | would like to
show an alternative way of drawing this illustration, showing how | see these
levels as inscribed in each other, see Figure 3.
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Civilization (Culture)

Pedagogy (Teaching principles)

Discipline (the discipline of mathematics)
Domain (e.g. rational numbers

Sector (Theory)

Theme (Technologies)

Subject
(Techniques
and types of task)

Figure 3. Levels of co-determination as inscribed in each other.

This illustration of inscribed levels is meant to show how the levels are rather
surrounded by each other than ordered in a hierarchy. Following Chevallard
(2002b), each praxeology is co-determined by these levels. As described in
Section 1.6, the unit of analysis in this study is the ecology of a teacher’s
teaching. This implies that there has to be a praxeology at the centre (or bot-
tom) of the ecology, in this case this is the didactic or mathematical praxeol-
ogy of Mary’s teaching. Analytically there have been many praxeologies in
this study. Each type of task, in each context may have its own. It is when
praxeologies are collected into regional organisations, which consist of praxe-
ologies unified by the same theory (Winslgw, 2011), and sorted into the levels
of co-determination, that it is possible to see what the whole environment of
Mary’s teaching looks like. In doing that, mathematical praxeologies have
been seen as the task in didactic praxeologies and it is the didactic praxeolo-
gies that constitute the ecology.

Mary’s teaching is one context, which includes the levels subject, theme
and sector, which according to Chevallard (2002b) constitutes a praxeology.
The levels of domain and discipline were in this study seen as the levels where
mathematics was defined and explained. These levels were included as re-
sources that may be drawn from in the technology and theory in both mathe-
matical and didactic praxeologies. The analytical frameworks in Articles 2 and
4 are examples of how these levels were included. | see the pedagogy level in
this study as being represented by contexts where teaching principles were
expressed, which was the teacher group and textbooks. The level called school
represents the teaching institution, in this study Mary’s school. This level was
not studied systematically. The level called state was represented by the con-
text of the national curriculum since it constituted the official requirements for
mathematics teaching in Swedish schools, issued by the state. The level called
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civilisation was not analysed but the findings will be discussed in relation to
the Swedish culture, in Section 7.

In this study, | focused specific mathematics content matters in the different
studies: automated multiplication skills, problem-solving, angles and rational
numbers. Each level that was represented by a context, which was included in
the analysis, conveyed descriptions of these content matters and of how to
teach them. This implies that there were praxeologies of the content matter
under scrutiny on each level. A picture of the levels of co-determination ad-
justed to this study, and the contexts studied, would then be centred around a
praxeology of the teacher’s teaching, inscribed in praxeologies from the levels
of pedagogy and society. These contexts also express praxeologies that are
part of the co-determination, see Figure 4.

Official contexts (Society)

Theory
Contexts where teaching principles are described
(Pedagogy)

Technologies Theory Teacher’s teaching practice
(Sector, theme and subject)
Technologies
Techniques Theory
Techniques Technologies
Techniques

Tasks Tasks

Figure 4. Levels of co-determination seen from the perspective of this study.

This system of how mathematical or didactic knowledge is expressed in dif-
ferent contexts in the levels of co-determination is a picture of how | see the
ecology of a mathematics teacher’s teaching. Focussing on mathematical and
didactic praxeologies of the same content matter gave me something to trace
and by extension a way to trace the co-determination between them. The ecol-
ogies, described in the findings are my interpretations of the praxeologies in
the different contexts. | have interpreted praxeologies from the communica-
tion about the content matter in each level. In these interpretations, | have seen
communication as multimodal and | have included modes other than just spo-
ken and written language in the analyses. | do not claim to describe the full
depth of knowledge from any of these contexts, only what was communicated
in these situations. | do not see the construed ecologies as fixed or true, only
as an interpretation of how they expressed knowledge of mathematics and
mathematics teaching.
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4.2 Case Study

Case studies concern events and phenomena in their full actuality, as they oc-
cur in everyday life (Mitchell, 1984). This study is a single instrumental case
study (Stake, 1995), through which I aimed to understand more about the ecol-
ogy of Mary’s mathematics teaching. Distinct from an intrinsic case study that
aims to understand the case itself, an instrumental case study serves as a means
to illuminate the research question (Stake, 1995). For example, when a case
illuminates the experiences of a mentoring team, it can contribute to illustrate
potential viability of team mentoring (Wasburn, 2007). Or a case of two teach-
ers, where their teaching gave insights on instructional patterns (Bullough Jr.,
2015). Instrumental case studies are sometimes used to test a theory or a hy-
pothesis in practice (Rule & John, 2015). That was not what | did in this study.
This study is described as an instrumental case study because the purpose was
to go beyond the case (c.f. Stake, 1995). In the case of Mary, | have sought to
understand her teaching as part of her ecology. The interest was not in how
Mary herself chose how to teach. The interest was in Mary’s teaching as part
of the system within which she worked, which would make the study an in-
strumental case study.

Mary was also construed as a ‘telling’ case (Andrews, 2016a; Mitchell,
1984) which serves “to make previously obscure theoretical relationships sud-
denly apparent” (Mitchell, 1984, p. 239). Both instrumental and telling case
studies aims at gaining insights, but a telling case also intends to reveal theo-
retical relationships. A telling case could describe the role of policy in a com-
munity of enquiry being visualised (Dixon & Green, 2009). Studying the dam-
age from an explosion of a bag filter could give an insight into modelling the
consequences of an explosion (Marmo, Piccinini, & Danzi, 2015). A telling
case could also use a local example such as the globalisation of a company in
one specific country to suggest propositions for cross cultural research
(Holden, 2001). This study is a telling case since the study of Mary’s teaching
as part of the ecology gives insights into how the environment for mathematics
teaching in Sweden can be described, and how didactic co-determination can
be traced in different contexts of the ecology.

Mary was an experienced teacher with a valid teacher education for the
grades she taught. Mary was also especially engaged in mathematics, which
she regarded as her favourite subject to teach. Being such a well-qualified,
experienced and engaged teacher, Mary became my only case since | saw an
opportunity to describe an ecology based on her teaching. Including more
teachers than Mary would have drawn my attention from the relationship be-
tween a teaching and the system around it. A single case study also gave me
the opportunity to do a longitudinal study, which in itself could justify a single
case study if it is carried out at two or more points in time or if the case is
representative (Yin, 2014). Studying a single case not only facilitates a thor-
ough analysis of the teacher within her social setting (Hammersley & Gomm,
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2009) it also permits a depth unlikely with multiple cases (Donmoyer, 2009;
Gerring, 2006). In this single case study, | offer a thick description (c.f. Geertz,
1994) of the ecology of one teacher’s mathematics teaching.

4.3 Data Collection

In order to understand an ecology of a mathematics teacher’s teaching, the
data needs to reflect different contexts on different levels of this ecology.
Studying an ecology, the contexts was regarded as a part of the study, not only
recognised but also analysed. In the following, I will give an account of what
contexts were included and why as well as how they relate to Mary’s teaching.
The theories described in the previous section offer a rich variety of opportu-
nities to analyse this data. | will also give an account of how | have used these
theories.

4.3.1 Data sources

To understand an ecology of a mathematics teachers’ teaching I needed to find
a teacher who wanted to have me there. My requirement for the participating
teacher was a teacher with a mathematics teacher education, not a general
teacher education. | wanted a teacher with at least ten years of experience of
teaching mathematics in the grades 4-6 and who currently taught grade 4 or 5.
The reason for not wanting a teacher teaching grade six was that there were
national tests in grade six. | wanted a teacher who expressed an engagement
for teaching mathematics and who was well regarded at her school, by both
parents and colleagues. | realised that it was not an ordinary teacher | was
looking for and | searched within my network as a teacher and teacher educa-
tor in Sweden. Mary met all my requirements and she was happy to participate
in my study. The context of Mary’s mathematics teaching is represented by
her mathematics lessons and her communication about her mathematics teach-
ing in interviews.

The other contexts studied were studied based on what contexts were im-
portant for Mary in her mathematics teaching. One of these was the teacher
group of mathematics teachers. In the first cycle of this study, these teachers
met regularly discussing mathematics teaching in grade five, exactly the
teaching practice | was studying. | asked the teachers for permission to ob-
serve their meetings and include them as data material in the study. They
agreed and | included the teacher group as one context, which is represented
by the teachers’ discussions about mathematics teaching.

Mary and the teacher group all used a regular mathematics textbook which
was accompanied with a teacher guide. Mary also used a number of additional
textbooks for different subject matters. She often discussed these books in
particular as well as textbooks in general, which was one reason for including
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them as a context in the study. Another reason for including textbooks was
how research points to the influence of textbooks on teachers’ mathematics
teaching, as described in Section 2.4.2. All textbooks Mary used, and when
possible, teacher guides as well as other textbook-like documents Mary used
in her teaching were included in the context of mathematics textbooks.

In Sweden, teachers are required to follow a national curriculum, which
includes a syllabus for mathematics and which is accompanied by commen-
tary material where the syllabus is explained. Mary, as well as the teacher
group, often commented on the Swedish national curriculum, which had just
been launched. The national curriculum, especially the mathematics syllabus
and its commentary material, was included in this study as the context of the
national curriculum.

4.3.2 Data Collection Process

Collecting data from the four different contexts in this study could be carried
out for several years, which is why there were some elements of delimitations.
One of them was time. I could only spend a limited amount of time in Mary’s
classroom, out of respect for both Mary and her students as observation may
affect practice. Another was content, which in its turn solved the time issue. |
participated in Mary’s teaching, and in other activities concerning mathemat-
ics teaching, on a number of occasions over several months while she taught
a specific content matter. The time was limited to the time Mary spent on this
content matter. This was done in two cycles with about two-and-a-half years
in between (due to reasons unrelated to the study), see Figure 5 and the fol-
lowing description.

October 2011 November 2013 January 2014 December 2014

Figure 5. Timeline for data collection

At the beginning of the first data collection cycle, I participated in Mary’s
lessons and the teacher meetings where mathematics teaching was discussed.
I conducted one interview in the middle of the cycle, only to talk about the
plan for the coming weeks. When the classroom data collection was complete,
I conducted an interview where Mary and | discussed the teaching of the con-
tent matter she had just taught. During the time I participated in Mary’s teach-
ing, | also gathered all documents she and her students used in connection with
the subject matter covered in the lessons.
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Just before data collection cycle 2, | participated in some teacher meetings
in order to understand the conditions of Mary’s teaching. During this time,

Mary and | also planned data collection cycle 2. After data collection cycle
I returned to Mary with detailed synopses (see Appendix 1) of a number

2,
of

lessons. Over two days, Mary read and annotated these synopses. By the end
of each day, | conducted interviews where Mary had the opportunity to further
discuss the lessons she had just read and commented. For a more detailed

timeline of the whole data collection, see Table 4.

Table 4. Detailed timeline for data collection

Activity Participants and content

Data collection cycle 1; 3 October — 12 December 2011

5 teacher meetings Mathematics teachers in grade five
4 lessons Mary, teaching fractions and decimal numbers
2 interviews Mary, about her teaching

Before data collection cycle 2; 11 November — 7 December 2013

Teachers in grade five, not specifically about mathe-

4 teacher meeting matics

Data collection cycle 2; 30 January — 22 May 2014

4 lessons Mary, teaching angles

4 lessons Mary, teaching problem-solving

6 lessons Mary, teaching statistics

2 lessons Mary, teaching volume

2 teacher meetings Mathematics teachers in grade five

All teachers at the school about auscultations in each

1 teacher meeting other’s classroom

2 interviews Mary, about her teaching
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Additional data collection after data collection cycle 2; 12 December 2014 — 5
March 2015

2 days of data
y- Mary reads and comments synopses of lessons
checking
2 interviews Interview with Mary after her reading the synopses
1 lecture | participated in a lecture Mary described as an inspi-

ration for her problem-solving teaching.

The choice of content matter (as described above) and time for my participa-
tion in Mary’s teaching resulted in what contexts to collect data from. In the
first cycle of data collection, Mary and her colleagues met every other week
to discuss mathematics teaching in grade five, where the data collection took
place. The reason for these teacher meetings was a local project where the
teachers wanted to explore a close collaboration about mathematics teaching.
In the second cycle, Mary met her mathematics teacher colleagues on fewer
occasions. In relation to this study and the four contexts studied, | here draw
a refined picture of the ecology of Mary’s mathematics teaching, as seen in
this study, see figure 6.

National curriculum (Society)

Theory

Textbook and teacher group (Pedagogy)

Technologies
: Theory Mary'’s teaching practice

(Sector, theme and subject)
Technologies
Techniques Theory
Techniques Technologies
Techniques

Tasks Tasks

Figure 6. The levels of the ecology of Mary’s teaching, in relation to the con-
texts studied in this study.

Figure 6 displays how the level of society is represented by the context of the
national curriculum, the level pedagogy is represented by two contexts, the
textbook and the teacher group, and the context of Mary’s teaching is the lev-
els sector, theme and subject where the didactic praxeology of the classroom
practice is described.

This data collection gave rise to a rich data set. In this data set, there were
various kinds of data, such as transcripts, synopses, documents and books. In
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Table 5, | have summarised the full data set, which will be further described
and elaborated on in the following sections.

Table 5. Summary of the data set

Data Number of Pages Minutes

occasions

Transcripts from audio re-

cordings of teacher meetings 6 S0 180
Transcripts and synopses of
audio recordings of 5 44 570
interviews
Transcripts and synopses of
audio, and video recordings 18 91 1075
of lessons
Documents
Textbook 174
Teacher guide 22
Teacher literature 290
National curriculum 52
Documents produced by 30
Mary and her colleagues
¥ =568

The data used in Article 1 was one transcript from a teacher meeting from the
first data collection cycle. | used transcripts from four teacher meetings as
background material, but | based the article on the analysis of one transcript
from one of the meetings.

The data used in Article 2 consisted of transcripts from four lessons on
angles and four lessons on problem-solving from the second data collection
cycle. I also used the regular textbook Mary, and her colleagues, used in their
mathematics teaching, as well as an additional textbook Mary used only for
her teaching on angles. Mary used another additional textbook, in her prob-
lem-solving teaching, which I also included in the analysis of the textbook as
well as the additional documents Mary used in her problem-solving teaching.
The national curriculum was not analysed per se, but | related to the writings
about problem-solving in the national curriculum in the discussion.

The data used in Article 3, consisted of transcripts from the lessons about
angles, volume and fractions and the textbook used in these lessons. In this
study, Mary’s teaching was only studied in relation to the context of the text-
book.

In Article 4, I included data from all four contexts connected to Mary’s
teaching of fractions. This included transcripts of the fraction lessons, tran-
scripts from the teacher meetings where the teachers discussed the teaching of
fractions, the mathematics textbook used in these lessons, and the national
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curriculum. The data not included in an article was used as background
knowledge about Mary and her teaching.

4.3.3 Methods for Data Collection

The different contexts required different data collection methods. In the fol-
lowing section, | will give an account of the different data collection methods
and in the context in which they were used.

Lesson Observations

I observed Mary’s mathematics teaching by attending her lessons. I also par-
ticipated in these lessons. | cannot argue to have been a participant observer
to a full extent with all skills described by e.g. Musante and DeWalt (2010),
but | did participate in the lessons. | did help out in the classroom, for example
when students asked for help, and I tried not to disturb at the same time. | did
not sit still just observing. | captured the lessons with a video camera, with
audio recordings and by collecting the documents used in the lesson. | placed
one single camera at the back of the classroom making sure that the picture
frame captured all the students as well as Mary. | only used one camera be-
cause | did not want to disturb Mary and her students more than necessary. It
took some time for them to adjust to the one camera so | concluded that adding
another camera could have had an unnecessary constraining effect and |
wanted Mary to be as free as possible to work, as she wanted to, even if my
camera and | were there. This camera also worked well to capture the sound
from the back of the classroom. When necessary, | manoeuvred the camera so
it followed Mary as she moved around the classroom. A microphone, worn by
Mary, also captured the sound from wherever she stood in the classroom.
These audio recordings captured the episodes when Mary stopped to talk to
individual students, which the video camera did not capture. This microphone
was a small device, which | could attach to her clothes so it was out of her
way. As a reserve recording | used Notability” to record the sound on a tablet,
where | was at the same time and | could make simple field notes on the tablet.
This gave me an extra recording of the conversation, as a backup.

Apart from collecting data, my role during the lesson was to be an extra
adult in the classroom, helping students when required. When Mary talked to
the class, | stayed at the back listening. | tried to make Mary as comfortable
as possible to have me there. Mary was instructed to teach as normal as pos-
sible. I realise that the video camera and the fact that she knew that | was going
to analyse her teaching could have influenced her to teach differently than if |
was not there. | clarified to Mary and her colleagues that | was not there to
assess or analyse her teaching in itself. However, as a telling, instrumental
case, Mary still worked well as a mirror of a mathematics teaching within the

7 https://itunes.apple.com/se/app/notability/id360593530?mt=8
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Swedish school system. | also carried out the data collection of lessons and
teacher meetings before the longer interviews so Mary could teach without my
interview questions interfering with her plans.

Observations of Teacher Meetings

I audiotaped the teacher meetings during the first cycle. It was enough to cap-
ture the sound of the four teachers’ discussions and I did not have any problem
following who said what when | transcribed the meetings. | acted as an ob-
server during these meetings. | wanted to hear their discussions, not to partic-
ipate in them. In order to pass as unnoticed as possible, | chose to audiotape
the meetings as the only data collection method. During the second cycle, as |
was now familiar to the teachers, they allowed me to use a video camera. |
placed this camera beside the table where the teachers sat, fixed in one posi-
tion. Otherwise, | captured the teacher meetings in the same way as in the first
cycle, with an audio recording, as an observer.

Interviews

I undertook various interviews with Mary. Two long interviews were semi-
structured (Kvale & Brinkmann, 2014). There was a plan for the interview as
well as flexibility for unplanned questions. Planning the interviews, | was in-
spired by stimulated recall (Haglund, 2003). The interviews were organised
around video clips from the videotaped lessons, events we could discuss. Mary
always asked to start the discussion. | wanted the discussion to be about what
she was interested in and what she saw in these video clips. We planned the
interview to take a whole day so we did not have any time pressure. There was
enough time to see and discuss the clips and we could take a pause whenever
necessary. The interviews were audio-recorded. | could easily follow who said
what, since the only participants were Mary and 1.

During these whole-day interviews, | chose video clips showing lesson ac-
tivities from the whole data collection cycle. We looked at the introduction of
each activity until the students started to work. | sequenced the video clips
chronically and | stopped when there was a question about something new or
when Mary began to explain something new. It could be a clip when Mary
partitioned a circle into different parts discussing how to name them, followed
by a similar exercise when a rectangle was partitioned, which would have been
a new video clip. I structured these interviews as a discussion between Mary
and myself, even though | wanted the data to consist of her comments on her
teaching. | posed questions when | wanted her to develop or explain some-
thing. We watched the video clips chronologically so she also could comment
on the structure of the teaching activities. In addition to video clips I also asked
Mary to write, in bullet points, what had been important to her, when she
taught this content matter.

I conducted short interviews in the middle of each cycle. In the unstructured
interviews (Kvale & Brinkmann, 2014) there was no agenda from me. They
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consisted of conversations about what was to come in the teaching sequence.
These interviews offered an opportunity for Mary to comment on her teaching
in a more structured way than all the small conversations we have had over a
cup of coffee during these months of data collection.

I conducted a third kind of interview in connection with Mary’s reading of
the synopses. As described before, Mary spent two days annotating detailed
synopses of lessons (Appendix 1). Working with the synopses, Mary received
three tasks from me to give her different foci in annotating the synopses. The
first task was to memory-check the synopses, to see if she remembered the
lessons as | had described them. In this task she was also invited to comment
in whatever way she wanted. The synopses included images from the lesson
and the assignments, the students had worked on. The second task was for
Mary to comment on where she thought she had made a choice in the lesson.
Finally, the third task was for Mary to comment on what affordances and con-
straints on her teaching she could infer from these synopses.

At the end of each day after Mary had been working with the synopses of
lessons we sat down for unstructured (Kvale & Brinkmann, 2014) interviews.
I did not plan any questions before these interviews, we based our discussions
on Mary’s reading of the synopses. I asked Mary to comment on the synopses,
and the lessons the synopses described. I asked follow up questions, asking
Mary to develop an answer or clarify. Consequently, Mary structured the in-
terviews on the spot.

I chose to take an unobtrusive role in the interviews. | only structured the
stimulated recall interviews. During the longer interviews, | was careful with
my questions. | preferred to prompt Mary with examples from her teaching,
to let her talk about her teaching, as she wanted to. | did not want to influence
Mary with questions, as | was genuinely interested to hear what she wanted to
discuss about her teaching.

Documents

In addition to interviews, meetings and lessons, | collected documents con-
nected to Mary’s mathematics teaching. Documents collected from the class-
rooms were, for example, textbooks, assignments, tests and posters posted on
the wall. Other documents were texts Mary related to in her teaching, in
teacher meetings or in the interviews.

The national curriculum consists of a syllabus where the demands of
knowledge outcome mandated from the government are written (Skolverket,
2011a), but also commentary material, issued by the National Agency of Ed-
ucation (Skolverket, 2011b), which claims to elaborate on the concise word-
ings of the syllabus. In this thesis, both of these are seen as part of the same
context, named the national curriculum. | added the commentary material to
the national curriculum, even if Mary had not read it. The national curriculum
in Sweden was very short and the comments became a way to get access to
the communication about mathematics in this context. It was in the comments
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that I could find justifications for what teachers were expected to teach. Even
if Mary had not read them, she had listened to the Agency of Education, when
they introduced the new curriculum. The same agency, and often the same
people who introduce a curriculum, are the ones who authored the commen-
tary material, exemplifying the goals of the new national curriculum.

4.4 Methods for Data Processing

I processed the data in different stages, as the process evolved and as the need
arose. One important part of the analytical process, for the researcher, is to
become acquainted with the data (Braun & Clarke, 2006; Lapadat & Lindsay,
1999) which I have done in different ways. In this section, | describe how |
have processed the data prior to the analytical process.

4.4.1 Transcripts

I transcribed the teacher meetings and interviews verbatim and | added non-
verbal communication when necessary. | chose to transcribe the teacher meet-
ings as a linear discussion. When the teachers’ comments overlapped, I could
still treat them as if they came one after another. This worked well since the
teachers caused few instances of overlapping speech. In the transcripts, |
sometimes included the tone of Mary’s voice due to all the little “hm...” or
“yes” or “aah...” Mary uttered during the conversation. These could mean very
different things and the tone and volume of Mary’s voice became one way of
distinguishing different meanings. | developed a simple multimodal transcript
where this was included. Most of her “hmm” and “yes” were uttered with a
low tone and with a weak voice which was marked as [l,w (for low tone, weak
voice)]. Sometimes she raised the volume and tone which was marked as [h,s
(for high tone, strong voice)].

I transcribed the lessons both verbatim and with a multimodal approach
(Zhao, Djonov, & van Leeuwen, 2014), where gestures and pictures were also
included as communication besides the spoken communication. Verbal com-
munication only became unsatisfactory for the analysis. The teacher showed
angles both on the whiteboard, and with her hands. She enacted a rotation,
which was difficult to show in a drawn picture on a whiteboard, but important
for the analysis of her teaching. | would have missed parts of the message
during the lessons if | had excluded these drawings and actions in the tran-
scripts.

I included different forms of communication in the transcripts (Kress,
2015). To capture complexity in communication, the transcript expressed
more than one mode (Boistrup & Selander, 2009; West, 2009; Zhao et al.,
2014). Different multimodal transcripts often present different modes in col-
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umns with one column for each mode. In this study, | have included the nec-
essary modes in order give an account of the communication about the con-
cepts. The spoken language has one column, actions one and drawings one.
Actions consisted of all the gestures Mary made when she described or ex-
plained the current content matter. Drawings consisted of the pictures drawn
on the whiteboard in order to show how the properties of a concept were rep-
resented in the picture (see Table 6 for an example).

Table 6. Example of a multimodal excerpt

Time Speech Actions Whiteboard
00:02:18  Sebastian: A right an-
gle,
like this Mary shows a right
angle between two
/... fingers (mirroring a

gesture Sebastian
made, however not on
camera).

00:02:26  Mary: You drew, in
the air, that
a 90 degree angle Mary draws a right
looks like this. angle, she also writes
90 and right angle.

I made these multimodal transcripts when the analytical process required in-
clusion of more communication than spoken communication.

4.4.2 Synopses

Some of the lessons have been summarised into synopses (Appendix 1). These
synopses included detailed descriptions of what happened during the lessons,
including images of what Mary wrote on the white board. | expanded these
synopses during the process. Synopses of the lessons | engaged in a lot, ana-
lysing, are more detailed. They include transcripts of interactions that con-
cerned the focus of study (problem-solving), descriptions of gestures, images
from the classroom and the tasks the students engaged in (see Article 2). The
synopses came out of the process, since transcripts of the lesson became un-
satisfactory; there was a need for a description including much more infor-
mation of what resources Mary used. Transcripts (in this case synopses)
should contain the information the researcher needs (Braun & Clarke, 2006)
which was the very reason for these synopses.

To summarise a lesson, rather than write verbatim transcripts, entails a
choice of what to include and exclude. In these cases, | chose to include all
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activities concerning the content of the lesson, leaving all conversation about
other things, such as classroom management. What | wrote in detail developed
during the analytical process. The parts I did not develop in the synopses were
when Mary disciplined the class or when another teacher disturbed the lesson.
All activities related to mathematics teaching are represented in the synopses,
in words or in images.

4.5 Methods for Data Analysis

This project moved in different directions during the years I visited Mary, an-
alysing and writing. These movements entailed me using different theoretical
approaches as | moved together with the study. The data material and my in-
teractions with Mary prompted all the twists and turns | made. In this section,
I will describe my analytical process and give an account of the methods |
have used for data analysis, when and why.

4.5.1 Analytical Process

The work with Article 1 was the starting point for my analytical process. With
the aim of understanding Mary’s teaching as embedded in other contexts |
began an open coding process with the transcripts of the teacher meetings,
similar to what Braun and Clarke (2006) propose as an inductive thematic
analysis. In the first tentative analysis, it became clear to me that the spoken
word alone was not enough to understand the meaning of the communication.
The tone of voice was one way to distinguish different meanings. If Mary
spoke with engagement, this inferred engagement could change the meaning
of the communication. Another insight from the tentative findings implied that
the content of the discussion, for example the mathematic content and the roles
of relationships and artefacts were emerging themes. This led me to adopt a
multimodal approach and meta-functions of communication (Van Leeuwen,
2005) as an analytical approach (see article 1).

The point of departure in Article 2 was to study Mary’s problem-solving
teaching. Again | began with an inductive thematic analysis (Braun & Clarke,
2006), which resulted in emerging themes that led me to include a framework
from the literature to analyse, now with a deductive thematic analysis, Mary’s
problem-solving teaching in terms of teaching for, about and through prob-
lem-solving (drawing on Schroeder & Lester, 1989). The multimodal ap-
proach was still there, even if | did not use a multimodal analytical tool. |
analysed synopses where Mary’s communication, as well as pictures and pho-
tos, were included. This way | could analyse how the teaching of problem-
solving was privileged in Mary’s teaching as well as in the textbooks (see
Article 2).
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In Article 3, I analysed the multimodal communication in Mary’s teaching.
I chose her lessons about angles and inferred them as mathematical praxeolo-
gies (Barbé et al., 2005), how the knowledge about this content matter was
organised in Mary’s classroom. I construed mathematical praxeologies from
the communication in the classroom practice as well as from the textbooks’,
used in the classroom. Finally, I discussed how the mathematical knowledge
was organised in Mary’s teaching compared to how it was organised in the
textbooks (see article 3).

In Article 4, I analysed the communication involved in teaching rational
numbers in all four contexts. To begin with | did a deductive thematic analysis
(Braun & Clarke, 2006), where | searched for traces of didactic technology
and didactic theory. The themes of these traces led me to include a framework
from the literature describing sub-constructs of rational numbers (e.g. Char-
alambous & Pitta-Pantazi, 2007) to analyse technology, and a framework of
mathematical values (Bishop, 1991). With these frameworks | continued with
a new phase of deductive analysis. The findings were expressed as the theo-
retical block of a didactic praxeology of the ecology as a whole (see Article
4). In Section 5, | have also revisited the findings of the other three articles to
represent them as didactic praxeologies.

In Table 7, | show an overview of the methods used for both data processing
and analysis. This is only to display where the different methods were used,
not to relate the methods to each other.

Table 7. Methods used in the four articles
Articlel Article2 Article3 Article4

Multimodal analysis, meta-functions
Multimodal transcripts

Thematic analysis, inductive
Thematic analysis, deductive X X X
Praxeological analysis (mathematical) X X
Praxeological analysis (didactic) X

X X

X

XX | XX
X

4.5.2 Thematic Analysis

I have chosen to draw on Braun and Clarke (2006) carrying out thematic anal-
ysis in the studies. A thematic analysis can be inductive, only driven by data
or deductive using a theoretical interest or a coding frame to map the data
(Braun & Clarke, 2006). The analysis in both Articles 1 and 2 was both induc-
tive and deductive. The first readings of data were inductive. | coded and com-
mented on the data in the software Videographs, in a timeline following the
video. | will from now on refer to reading, listening, and watching as reading.

8 http://www.dervideograph.de/enhtmStart.html
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In a thematic analysis, it is possible to search for explicit patterns, directly
connected to what the participants talk about (semantic approach). Another
way is to search for what is underneath (latent approach) the explicit language
(Braun & Clarke, 2006). The analyses in Article 1-3 are mostly of the semantic
kind. In Article 1, I did, however infer relational aspects of the communica-
tion. In Article 4 as well as in the revisiting sections in Section 5, there are
also latent analyses.

In Articles 1 and 2, | first read and listened to the chosen data as | tried to
find relevant potential codes. In the subsequent phase, | interpreted the initial
coding, and tentative themes emerged. Depending on what themes | inter-
preted in the data, I turned to different analytical frameworks, to continue the
coding process in relation to these frameworks. In Articles 3 and 4, | chose to
conduct praxeological analyses. In these, I still coded the data material with
codes borrowed from both the theory and categories from the literature, con-
nected to the mathematical content matter. The process of thematic analyses
was thus also used deductively in Articles 3 and 4. For Article 3, data was
coded in Videograph with codes connected to task, techniques and technol-
ogy/theory. For Article 4, data was coded in MaxQDA?® with codes connected
to both praxeology and the taught content matter.

From the teacher meetings | inferred three themes. The first theme related
to artefacts as part of the school system, such as multiplication tables, and the
role they played in the teachers’ discussion. The second theme was “what”
Mary focused on in her justifications, and a third theme concerned interper-
sonal aspects such as how Mary related to her students in her justifications. In
these themes | saw conceptual similarities with social semiotics (Halliday,
2004; Morgan, 2006; Van Leeuwen, 2005) which led me use the three meta-
functions of communication described by Halliday (1977) and Kress (2009),
see the section about multimodal analysis, see Section 4.5.3.

In the initial analysis of Mary’s problem-solving teaching, | found tentative
themes suggesting differences in how Mary used and described problem-solv-
ing. Sometimes problem-solving strategies were in focus and mathematical
subject matter was focused on at other times, with problem-solving as a goal
instead. These themes led me to the three approaches to problem-solving
teaching described by Schroeder and Lester (1989). | used these descriptions
as an analytical framework together with other categories of problem-solving
teaching summarised by Andrews and Xenofontos (2014). Through these cat-
egories, | could analyse how Mary organised her teaching in terms of teaching
for, about and through problem-solving. I also analysed the textbooks with the
same categories, which enabled me to relate them to each other.

The analyses of Article 3 and 4 will be described in Section 4.5.4. They are
described as praxeological analyses. The frameworks that were included in

9 https://www.maxqgda.com/
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Avticle 4 could have been describe as a deductive thematic analysis, in a praxe-
ological analysis, these frameworks was instead used as a reference epistemo-
logical model, as described in Section 3.2.1.

4.5.3 Multimodal Analysis

I adopted a multimodal approach to the communication in the study right from
the start. Since | realised that different kinds of tone in Mary’s voice gave
different kinds of meanings to the communication in the teacher meetings, |
have seen communication in a wider perspective than spoken and written
words, see the section about transcripts. More so, when | analysed how Mary
explained mathematical content matter and | realised that Mary explained and
defined mathematical properties with both gestures and spoken words.

The analysis of teacher meetings began with coding Mary’s engagement.
In this, the little “mmm” and “hm” became a challenge, but also important
since it was in these sounds Mary often agreed or disagreed. Most of the time,
these little sounds were interpreted as that Mary was listening, somewhat ac-
tive. Sometimes | interpreted the same sound as agreement. When she spoke
with a low tone and with a weak voice it interpreted just as an indicator that
she was an active listener. When she raised the volume and tone, it was inter-
preted as engagement. It was, however, not enough to consider the tone and
volume of Mary’s voice. The circumstances for the utterance were also taken
into account. When these small sounds appeared after Mary had proposed
something or protested and someone else started to interpret what she just had
said, even the silent low toned “mmms” were interpreted as engagement “Yes,
you understood me right”. These different ways of categorising Mary’s en-
gagement were used to find the situations where she was an active participant
during the conversation. These interpretations were possible since | am a Swe-
dish mathematics teacher myself and the type of communication was familiar
to me.

Three functions in a text are described as representation, interaction and
message (Halliday, 1977; Kress, 2009). These functions provided an oppor-
tunity to view the communication from different perspectives, in relation to
the ecology. In social semiotics, | found tools to view content based and rela-
tional aspects as well as the role of artefacts in the same analysis (see Article
1).

Inspired by the interpersonal meta-function, | coded the data of the teacher
meetings with a focus on Mary’s actions. How Mary responded to what was
said, who had agency in the conversation, who/what was the expert, what re-
lationship Mary had to the textbook teacher group students or to problem-
solving was identified as the interpersonal meta-function. Analysing the idea-
tional meta-function of communication, | coded what mathematics, what
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classroom activities or what materials Mary and the other teachers were talk-
ing about. Finally, the textual meta-function was only used to see what roles
the artefacts, the timed test and the textbook, played in the communication.

4.5.4 Praxeological Analysis

I have construed praxeologies after analysing how knowledge was organised
in terms of praxis and logos. The two different kinds of praxeologies, mathe-
matical and didactic, construed in this study are analysed in different ways,
even if there are significant similarities. In the following sections, | give an
account of how the two kinds of praxeologies were analysed.

Mathematical Praxeologies

As described in the theory section, a mathematical praxeology consists of
mathematical tasks, techniques, technologies and theories, as shown in Table
8.

Table 8. Mathematical praxeology

Praxis
Task Technique
A type of task How to solve the task
Logos
Technology Theory
The rationale for the technique, for ex- Principles and sets of ideas, for exam-
ample arguments for a method. ple definitions and axioms.

My first step in analysing how mathematical knowledge was organised in the
different contexts was to infer different kinds of tasks. | categorised all tasks
of the lessons included in the study into different types according to mathe-
matical content matter. Examples of types of tasks were how to draw an an-
gle’ or how to convert from one volume unit to another’.

The techniques I interpreted for each type of task were the communicated
procedure(s) described to solve the types of tasks. The technology for each
technique consisted of the communicated explanations that were described to
justify the procedure(s) presented. If there were no procedures or explanations,
I left these boxes in the praxeology blank.

Logos represents the rationale for the praxis divided in two parts. Technol-
ogies were inferred from the explanations of the techniques communicated in
the different contexts. Theory was inferred from the more overall communi-
cation, which could also justify the technology. In this, | searched for commu-
nication similar to scholar mathematics, such as, when a concept was defined.
Definitions, axioms and proofs are examples of how a deeper level of rationale
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could be communicated in the scholarly institutions of mathematics. The dif-
ference between technology and theory lies in how the rationale is communi-
cated and what it can be inferred to draw from. An argument for a method
grounded in experience or in ideas about, for example, different ways to con-
vert units is a technological argument. Theoretical rationale draws from prin-
ciples, in this case of mathematics. In the case of units, these principles could
be definitions of a unit, common agreements like the SI system or the defini-
tions of different quantities. Theory draws more clearly on the domain and
discipline of mathematics.

Didactic Praxeologies

A didactic praxeology is the didactic tasks, techniques, technologies and the-
ory that describe the didactic knowledge of how to teach, in this study, math-
ematics. In a didactic praxeology, the task is how to teach a mathematical
praxeology, as shown in Figure 7 where the mathematical praxeology is
placed as the didactic task.

Praxic

Task Technigue

Atype of task How to solve the task

Logos

Theory

Technology

The rationale for the technique, for  Principles and sets of ideas, for

example definitions and axioms

example arguments for a method.

Praxis, the kngw-how for teachers
Task Technique

How to teach mathematics Teaching methods
Logos, the know-why for teachers
Technology Theory
Justifications for teaching the mathematical Grounding principles sets of ideas and laws
content with the chosen methods. behind the didactic technology.

Figure 7. Didactic praxeology

Figure 7 shows that the didactic task is how to teach a specific mathematical
praxeology, as described above. The didactic techniques were inferred from
the communication about how mathematical knowledge could or should be
taught. In Mary’s case, this was inferred from all classroom observations,
Mary’s actions teaching mathematics as well as interviews in which Mary de-
scribed privileged teaching methods.

The technologies and theories together form a language of the didactic
knowledge reflected in the different contexts. Didactic technologies were in-
ferred from the communication with a rationale for the techniques. In Article
4, 1 used a framework explaining different teaching activities of rational num-
bers (c.f. Charalambous & Pitta-Pantazi, 2007), as a reference technology.
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This framework worked as a tool for the analysis of the didactic technology
of teaching rational numbers. The reason for this choice of framework was
that | had identified in data that the arguments for specific teaching practices
of rational numbers often concerned properties of rational numbers. The di-
dactic technology in full was inferred as the distribution of the categories from
the framework. The way these categories were distributed together with the
meaning of each construct, argued for a specific way of teaching rational num-
bers. In this preamble, | revisited the findings from article 1, 2 and 3, and
inferred them as didactic technologies (see Section 5). This way, | inferred the
arguments for different teaching activities from the different contexts as di-
dactic technology.

Didactic theory was first inferred from the communication where | found a
more general rationale for the mathematics teaching. This rationale was in-
ferred as, for example, theoretical principles or ideas which anchored the
mathematics teaching. There was little explicit theoretical rationale, which
was why | included the framework of mathematical values (Bishop, 1991) in
the analysis. The explicit theoretical rationale | did find were often more gen-
erally mathematical and not connected to a specific content matter. This was
why the mathematical values worked well for the analysis of didactic theory
since they described different ways to value mathematics. In Article 4, | in-
ferred didactic theory as traces of the mathematical values. In the revisiting
sections, Section 5, | instead, inferred different principles from the didactic
technology and from the teaching activities. One such example was when the
teacher group discussed how to use the mathematics textbook for high achiev-
ing students, arguing for the necessity of the students’ working at their level
of exercises, which were to be found in the subsequent textbook. Here I in-
ferred a didactic theoretical principle to be that mathematics is ordered per
difficulty. Since there were little theoretical principles included in the com-
munication about mathematics teaching throughout the whole ecology, most
theoretical rationales were inferred in similar ways, from statements and ac-
tivities.

4.6 Trustworthiness of the Study

There are different descriptions of quality in research, written in relation to
qualitative research (e.g. Adler & Lerman, 2003; Goodchild, 2011; Hermerén,
2017; Niss, 2010; Tracy, 2010). These studies describe a number of criteria of
gualitative research mainly concerning the research design, research ethics
and the report of research. One might argue, similar to Goodchild (2011) that
these criteria are all about research ethics. It is not only how the participants
are treated, it is also how the study was designed and reported to give a fair
account of what they said or did. In the following pages | will discuss the
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guality of my study from these three perspectives in relation to different crite-
ria. | have grouped these criteria into three main categories under which I have
collected criteria from the references above. The main categories are; research
design, research report and research ethics.

4.6.1 Research Design

The research topic of my study was something I was interested in and wanted
to study. To meet the criteria of the topic being worth studying it has to be
beneficial for others (Hermerén, 2017; Tracy, 2010). Understanding the
grounds for a mathematics teacher’s teaching in relation to an ecology may
reveal insights about what could guide, support or hinder teachers’ teaching.
This is important to understand if we want to develop mathematics education.

To achieve quality in the design of a study’s reflexivity, transparency and
critical reflection is an important criterion to meet. To have a critical reflection
about what has been done and to expose weaknesses and limitations (Good-
child, 2011), but also to be transparent in describing the research process
(Tracy, 2010). In this study, transparency has been moving in two directions.
In relation to the reader, | have attempted to show the analytical processes as
clearly as possible. The analyses have often been made in steps where theo-
retical tools have been added along the way, often prompted by what | have
seen in the initial analyses and this has been important for me to describe. In
relation to Mary, it has been important to keep her up to date with the study.
Sometimes this has been more formal when Mary has read transcripts or syn-
opses followed by interviews and sometimes it has been over a cup of coffee
where | have described my current work, inviting her to comment on my in-
terpretations and findings. Just before publishing the thesis | also talked Mary
through all of the articles, findings and descriptions of her and her colleagues,
and asked for her comments. The teacher group has not been able to do the
same. | have met them informally at the school when | have been back to meet
Mary and | have then described my research and what I have found, but not in
a formal way. Now they are no longer at the same school and it is not possible
to gather them together to talk them through the thesis as | have done with
Mary. It has, however, been more important for me to include Mary, since it
is about her teaching | am writing. My choices are indeed guided by my expe-
rience and knowledge. No researcher knows all possibilities and has all expe-
riences. One limitation of the study may be the use of different analytical tools
along the way. It may have been possible to refine the analytical tool built on
praxeologies and levels of co-determination if | had used this from the begin-
ning.

My experience as a mathematics teacher in a Swedish primary school has
given me an advantage in knowing how it is to teach grade five in Sweden. A
limitation regarding my experience is indeed that my knowledge about math-
ematics teaching and the Swedish school system may have cluttered my view.
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I have tried to solve this with extensive detail in transcripts and in how | have
reported the analyses in my four articles. I do claim to have had an insider’s
perspective, which is a quality criterion according to Adler and Lerman
(2003), in respect of understanding the complexity of the studied practice. |
am, however, not Mary and to keep in touch with her has been essential to
discuss interpretations and descriptions. She has always agreed with my inter-
pretations, if she would have contested an interpretation or a description |
would have changed it, or addressed the discrepancy between us. This is also
attached to a quality criterion, which Goodchild (2011) calls voice, saying that
the research should reflect the participants and they should be able to recog-
nise themselves in the texts. When | showed Mary the whole thesis, | asked
her to read the introduction of her. When she had finished reading this descrip-
tion she commented with the words: “That’s me!” She also described how she
felt flattered that | had been able to see this much from her mathematics teach-
ing. She became very interested in some theoretical constructs where she rec-
ognised herself, for example in Bishop’s (1991) value openness. She claimed
this value expressed her most important ground for how she taught. The de-
scription of mathematics being open to anyone was similar to Mary’s empha-
sis of why mathematical communication is essential to teach. This tells me
that I have been able to keep close to Mary without excessive interpretations.
This also tells me that my choices of analytical tools have been suitable for
studying Mary’s teaching.

My reflexivity in this study lies mostly in how | have formed the study
according to what | have seen in the data, but also in how | have organised my
participation in Mary’s everyday life at the school without disturbing her and
especially without educating her. It has been important that she has been com-
fortable to have me there.

A trustworthy study is conducted with a research design where sufficient,
appropriate and complex data is used, described as a rich rigour by Tracy
(2010). In a study like the present, it is difficult to determine when there is
sufficient data. There will always be another conversation to follow or another
document to collect. However, for the time | spent in the school I collected all
the data | could. This data was seen to be enough to understand both the
teacher’s teaching as well as the ecology. In a school context, with respect for
students and teachers it is important to only collect the necessary data and
intrude as little as possible. On the other hand, from a researcher’s perspective,
all situations are interesting and could offer new insights. The data collection
in this study is a negotiation between the two. I have also had the opportunity
to go back and collect additional data. Mary has been generous enough to par-
ticipate in data checking and follow-up interviews. Videotaping the lessons
allowed me to return to them to see fine differences in gestures and drawings
which was important during the analysis. The interviews are the weak spot in
the design of this study. As | was cautious to not influence Mary with ques-
tions, the whole-day interviews did not include in-depth conversations about
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Mary’s teaching. Mary did comment a lot but as she was not restricted to
mathematics, she saw her own gestures, student behaviour and other things
relevant to her, but not the study. | asked questions, but more as a response to
what Mary discussed and less as well thought-through questions. The reason
for this was that I did not want to influence Mary with my questions. The
shorter interviews following Mary’s readings of lesson synopses were much
more focussed on mathematics teaching as she had time to read and reflect
beforehand.

4.6.2 Research Report

Through the writing of the articles and this preamble, | have compiled a re-
search report. One quality criterion for such reports is that they describe meth-
ods and results openly together with the grounds for the results (Goodchild,
2011; Hermerén, 2017) so they are robust to criticism (Niss, 2010). | have
described how and why the methodology has changed during the process. To
address this change, | have also revisited the first three articles in the findings
to describe the results as didactic praxeologies, so they will be described the
same way as in Article 4. This was a way to create a detailed report where |
give an account of the findings in relation to my whole methodology.

I have attempted to write a clear report with a clear structure, which is re-
garded as a quality criterion (Niss, 2010). In this preamble, one important part
of the structure has been to let the ecology permeate the whole text. Another
consisted of the revisiting parts, described above. To achieve the best clarity
and structure possible, | have asked colleagues with different backgrounds to
read and comment on my texts. These readings have showed me what is clear
and what needs to be developed. A limitation is that | write in my second
language. Therefore, | have had all texts proof-read by native English speakers
or professional proof-readers.

Throughout the work I have maintained two interests. One is the interest in
Mary’s teaching as part of an ecology. This interest has had consequences for
the methodology. However, since | have maintained this interest there is also
a common thread through the thesis, even though the methods have changed.
Since the beginning | have also maintained the interest in how specific math-
ematical contents were communicated. Together with the interest in the ecol-
ogy, this interest has resulted in different descriptions of how mathematics
practice is privileged in the different contexts. In this, | have attempted to
achieve coherence.

4.6.3 Research Ethics

To meet the criteria of research ethics it is essential to organise the study so
that the participants are protected (Goodchild, 2011; Hermerén, 2017; Tracy,
2010). The first step to securing an ethical study was to ask the participants to
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give an informed consent to participate in the study. Mary gave her consent
(Appendix 2) twice. The first consent was to be videotaped and interviewed
in the first data collection. When | came back to Mary | asked her for her
consent to do the same thing, but as the only teacher in my thesis. For a teacher
to be studied as one of many teachers is one thing, but to be the only teacher
whose teaching is studied is another and this have to be articulated to the
teacher. In this consent | informed her about the study, that she would be anon-
ymous and that the data material would be stored securely and that participa-
tion in the project was voluntary and that she could leave the project at any
time. This informed consent described the study in a general way. Exactly
what to study and how it has evolved in relation to the data material as de-
scribed in the methodology made it impossible for me to explain in detail what
she accepted to participate in. | have solved this during the process by involv-
ing Mary as much as possible, as described above. | have also reminded her
about the possibility to leave if she wants to.

The other participating teachers have also given their informed consent to
audio and video recordings. For the students, the parents gave their informed
consent for their children to participate in the classroom in videotaped lessons.
The parents had a choice to allow me to be in the classroom, filming but not
to include their child in the data material and some parents took that option.
In those cases, when one of those children spoke which was audiotaped even
if the child was not videotaped, I marked this as “unusable material” in the
transcripts. In the letters of consent (Appendices 3 and 4) the participants were
informed about the conditions of the study and their right to withdraw from
the study at any time during the study. The letters of informed consent were
inspired by Boistrup (2010).

I have taken measures, other than the informed consent, to ensure the pri-
vacy of the participants, which is another ethical criterion (Adler & Lerman,
2003; Hermerén, 2017). When teachers and students are present in excerpts
they are labelled with pseudonyms and there is no information in the study
that could reveal their actual identity. The data material has also been stored
in a secured location at Stockholm University.

Finally I would like to say something about who this research is for, to
articulate this has been regarded as a quality criterion (Adler & Lerman, 2003).
It is connected to the ethics of the study. It would not be ethical to study one
teacher and not give something back to her and to teachers in general. The
contribution of this thesis lies in the description of the teaching in relation to
the ecology. This thesis is written on behalf of teachers, and by extension,
students who benefit when teachers are enabled to teach.
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5 Findings

In the four articles, | used, at least partly, different analytical frameworks to
investigate the ecology of Mary’s teaching. As described in the analytical pro-
cess, the choice of ATD and praxeologies was made in between the work with
Avrticles 2 and 3. This section summarises each article. The first three articles
are also revisited from the point of view of the ecology of didactic praxeolo-
gies. This allows me to present the findings in all four articles in a more con-
sistent way.

5.1 Article 1: Justifications for Mathematics Teaching: A
Case Study of a Mathematics Teacher in Collegial
Collaboration

5.1.1 Summary of Article 1

In Article 1, Mary’s teaching was studied in relation to the teacher group she
collaborated with. The article describes how a mathematics teacher, Mary,
justified her mathematics teaching in a teacher meeting. Mary’s teaching was
represented by Mary’s statements, questions and comments during the meet-
ing. Mary’s communication, which focused on the teaching of mathematics to
grade five students, was analysed in relation to what was communicated by
the teachers as a group. When studying this communication within the teacher
meeting, I asked the following question: “How are the justifications for
Mary’s mathematics teaching constituted, in relation to a teacher group dis-
cussion?” In this meeting, the teachers discussed how to test automated mul-
tiplication skills. Their descriptions of how they assessed automated recall
skills were very similar, they used about 80-100 exercises in 5-8 minutes. The
number of exercises and minutes varied between the different teachers’ de-
scriptions, but not the format of the test. Another topic during the meeting was
the use of mathematics textbooks for later school years to find suitable exer-
cises for advanced students.

After the initial analysis, three major themes were identified. One related
to artefacts as part of the school system, for example multiplication tables and
the role they played in the teachers’ discussion. Another was “what” Mary
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focused on in her justifications, and a third concerned interpersonal aspects
such as how Mary related to her students in her justifications. These themes
were inferred to be similar to the textual, ideational and interpersonal meta-
functions of social semiotics (Evans, Morgan, & Tsatsaroni, 2006; Halliday,
2004; Van Leeuwen, 2005). In short, the textual meta-function concerns the
role of artefacts. The ideational meta-function reflects the content of commu-
nication (Herbel-Eisenmann & Otten, 2011). The interpersonal meta-function
describes the roles and relationships between people. The analysis was made
using the meta-functions (Van Leeuwen, 2005), see also (Boistrup & Se-
lander, 2009), as a framework. As examples of the textual mode of communi-
cation, the roles of the multiplication test and the textbooks were analysed.
The content of communication revealed what Mary focused on, and addressed
in her observable justifications. The interpersonal function of the communica-
tion was how Mary related to the students in her justifications.

Mary both resisted and supported the idea of the multiplication tests. The
resistance could be described in relation to ideational aspects, for example au-
tomated recall as important knowledge. Mary’s resistance could mainly be
described as relational aspects of the communication. She expressed concerns
about students’ having anxiety attacks during multiplication tests. The support
for the test was justified based on the importance of the students having auto-
mated recall skills so they can calculate more easily. A timed test does not
give time to think about the calculations. This was used as a rationale for the
tests, because automated multiplication skills were inferred as important for
the ability to calculate.

Mary supported the use of textbooks for differentiating mathematics teach-
ing. It was justified from an ideational aspect, the need for challenges for the
“high achieving” students and from a relational aspect the idea that these stu-
dents were considered to be able to decide for themselves when it was time to
take on more advanced exercises. The teachers agreed on the need for more
advanced exercises so these students were not held back.

Looking at both the textbook and the multiplication test, from a textual as-
pect, we could infer a tradition from the roles these artefacts had. The test had
a role as a tradition keeper since it is a part of the school tradition. The text-
book in its role in differentiating mathematics teaching had a very strong po-
sition, which was visible when the teacher group unanimously justified this
idea.

5.1.2 Revisiting Article 1 as Didactic Praxeologies

The findings in Article 1 can be re-formulated in terms of didactic praxeolo-
gies (Chevallard, 2006, see also Section 3.2.2 in this thesis): one regarding the
discussion of the assessment of automated multiplication skills, and the other
regarding the discussion of textbooks as a means to differentiate mathematics
teaching. | present the two praxeologies below, with a short description of how
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the findings in Article 1 may be represented as didactic praxeologies. In a di-
dactic praxeology, task describes the teachers’ teaching task, technique de-
scribes how they did the task, technology describes the arguments for why the
task should be carried out that way, and theory describes the principles that
could be inferred to ground the technology and techniques. Finally, I will com-
ment on what becomes visible in the praxeology compared to the initial anal-
ysis in Article 1.

The first didactic praxeology regards the didactic task that gave rise to the
teachers’ discussion ‘to assess automated multiplication skills’, see Table 9.

Table 9. Didactic praxeology, from a teacher meeting, of the assessment of
automated multiplication skills.
Praxis, the know-how for teachers

Task Technique

How to assess automated multiplica- Use a timed test with 100-120 multipli-

tion skills. cation table exercises to solve within
five minutes.

Logos, the know-why for teachers
Technology — rationale for techniques Theory — overall rationale
Atomised skills are assessed with a Number facts are foundational in math-
short time-frame because the students ematics.
should not have to think about their so-  Skills are learned separately before they
lutions, they should know them by rote. are used.
Atomised number facts are a prerequi-
site for fluent calculation skills.

The technique in the first didactic praxeology was inferred from the teachers’
description of a five-minute test with 100-120 exercises. It was this technique
the teachers mostly discussed and argued for and against. The technology was
inferred from the conclusions the teacher group agreed on during this discus-
sion. Timed tests were described as necessary when atomised skills were as-
sessed, because it was the atomisation that was assessed and there should be
no need for time to think. Atomised multiplication skills were also described
as important for the ability to engage in calculations. These descriptions both
argue for timed tests as the assessment method for atomised skills, which is
why this was inferred as the technology.

In this discussion, there was no communication explicitly drawing on the-
oretical principles for mathematics teaching and learning. The arguments were
based on experience and opinions of the function of the test. Theory as prin-
ciples grounding this rationale had to be inferred from the teachers’ discus-
sion. In this case, | inferred two principles from the discussion. All emphasis
on the importance of atomised number facts was inferred as a principle that
number facts are foundational in mathematics. This can be compared to how
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Sayers and Andrews (2015) describe number sense for grade one students to
consist of eight components. The inferred principle in the teachers’ discussion
was inferred to be that number facts was one component, of a foundational
number sense for grade five. The teachers’ arguments about these skills being
important for coming calculations was inferred as a principle of mathematics
learning, that mathematical skills are learned separately before they are used.

If a didactic praxeology would have been inferred from Mary’s arguments
in the discussion, separated from the other teachers’ communication, it would
have been possible to identify another theoretical principle: Mary’s resistance
to the test was based on how the students felt while taking the test. This could
be inferred as a principle about making mathematics teaching available to all
students (also those who don’t take well to timed tests). Other than that, the
praxeology would have been similar to the praxeology of the other teachers,
but with less exercises and longer time on the test.

The second didactic praxeology was constructed around the task that gave
rise to the discussion about more advanced textbooks ‘to differentiate mathe-
matics teaching for “high achieving” students’ (see table 10).

Table 10. Didactic praxeology, from a teacher meeting, of differentiating
mathematics teaching for high achieving students.
Praxis, the know-how for teachers
Task Technique
How to differentiate mathematics Give the “high achieving” students the
teaching for “high achieving” students.  subsequent textbook, when they have
showed that they can do the exercises
in the current textbook.
Logos, the know-why for teachers
Technology — rationale for techniques Theory — overall rationale
“High achieving” students need more, Mathematics is ordered as per difficulty
and more difficult exercises so they are  Students need to learn on their level.
not held back.

The technique in the second didactic praxeology was inferred from the teach-
ers’ discussion about the method of giving the ‘more advanced’ students the
subsequent textbook when they have shown that they understand the content
of the present school year. The technology was inferred from the agreements
in the teachers’ discussion where the teachers agreed on the importance of not
holding the more advanced students back. From these arguments | also in-
ferred two theoretical principles, one of mathematics and one of mathematics
learning. The practice of using the next textbook for high achievers was in-
ferred as a trace of a principle that mathematics is ordered as per difficulty
where one difficulty grounds another. The same practice was also inferred as
a trace of a principle that students learn mathematics best on their level. In this
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case, a praxeology from Mary’s communication in the meeting would have
mirrored the praxeology in Table 10.

The construction of the findings from Article 1 as didactic praxeologies
clarified what grounded these teachers’ discussions of mathematics teaching.
The arguments for, and principles of the discussed mathematics teaching con-
veyed a strong emphasis on mathematics as structured in separate skills of
varying difficulty, which conveys that mathematics needs to be taught with
the right level of difficulty.

Something else possible to infer from the two discussions was the strong
position of calculations. When the teachers agreed on how to differentiate their
mathematics teaching, they agreed that what would ground the need for a more
advanced textbook was the student’s ability to do the exercises in the present
textbook. This implies an emphasis on working with exercises, most often cal-
culations, instead of to further explore the ideas of the present book. When the
teachers discussed multiplication skills, calculations were described as the rea-
son of why these skills were important to learn. From this, | conclude calcu-
lations to be a privileged mathematical activity in these two discussions from
the teacher meetings.

5.2 Article 2: The Teaching of Mathematical Problem-
Solving in Swedish Classrooms: a Case Study of one
Grade Five Teacher’s Practice

5.2.1 Summary of Article 2

In Article 2, Mary’s teaching was studied in relation to the textbooks that were
used in her classroom and the findings were discussed in relation to the na-
tional curriculum to answer the following question: How is Mary’s teaching
of problem-solving constituted in relation to the curricular materials available
to her? The article focused on Mary’s teaching of problem-solving in relation
to how problem-solving was described in the curricular texts she used in this
teaching. Transcripts from Mary’s mathematics lessons and the mathematics
textbooks she used were analysed and the national curriculum was included
in the introduction, but discussed in relation to Mary’s teaching and the text-
book.

Following curricular development in Sweden and abroad, problem-solving
was described as having a central place in mathematics teaching during the
last twenty years. From this literature, three approaches to problem-solving
teaching (Schroeder & Lester, 1989) were chosen as an analytical framework.
Teaching for problem-solving refers to teaching mathematical content
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knowledge so problems may be solved. Teaching about problem-solving re-
fers to teaching problem-solving strategies. Teaching through problem-solv-
ing refers to problem-solving as a method to problematise mathematical con-
tent knowledge so students may learn. Data from four problem-solving lessons
and four content-based lessons on angles was described in detailed synopses.
These synopses, as well as Mary’s written comments of the synopses, together
with transcripts from interviews and the textbooks Mary used in her problem-
solving teaching, were used as data in the study.

The initial readings resulted in themes with respect to aspects like lesson
structure. During the angle lessons, students received a lot of information
about the topic before they worked with exercises, but in the problem-solving
lessons, the information was almost only about the problem, not the mathe-
matical topic at hand. Here the discussion about the mathematical content
came at the end of the lesson when Mary and her students discussed the solu-
tions whereas the angle-lessons did not end with a discussion. For the structure
of the problem-solving process, Mary used two different schemes of a prob-
lem-solving process where one is a checklist of strategies that should be con-
sidered and carried out for each problem (Sterner, 2007), the other is a list of
different strategies, similar to what Polya (1957) described. This structure of
the problem-solving process, that on the one hand supported thoroughness as
well as “any strategy goes” and on the other hand there were strategies to
choose from in a list indicating that they (if not better) at least were more
difficult down the list. Another theme was how problem-solving was treated
in the textbook, two pages at the end of each chapter, compared to how Mary
did it, one lesson each week.

In these themes, Mary emphasised the mathematics content and problem-
solving strategies differently in different types of lessons and the textbook had
yet another approach. This made me take interest in how problem-solving as
teaching practices was constituted in Mary’s teaching and in the textbook, in
relation to the three approaches: teaching for, about and through problem-
solving. The three approaches were adopted as an analytical framework,
which was used to read and code the data.

Mary enacted all three problem-solving approaches, although she attended
more to teaching about problem-solving than the other two. This could be seen
both in the organisation of her lessons, and in the feedback the students re-
ceived during lessons. However, the same emphasis could be found in the
textbooks Mary used. This organisation and emphasis of problem-solving was
described to be effectively encouraged by how the regular mathematics text-
book separated problem-solving from the other content. The national curricu-
lum was also described as privileging teaching about problem-solving over
teaching for, or through problem-solving. It was at the intersection of Mary’s
teaching and institutional structures, it became clear how the weakly framed
curriculum and other resources contributed to tensions in Mary’s problem-
solving teaching. Drawing on Schroeder and Lester (1989), who claimed that
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all three approaches are necessary for students to gain deepen in-depth under-
standing of mathematics, we discuss Mary’s uneven enactment of the three
and how that could be related to the lack of specificity in the Swedish national
curriculum, and the unregulated textbooks. The curricular resources used by
Mary, provided full support for teaching about and for problem-solving, but
little support for teaching through problem-solving. Due to the emphasis on
teaching about problem-solving, Mary, and the textbooks privileged different
problem-solving strategies. The communication privileged by the academic
mathematics, such as generalisations, were rarely visible in either Mary’s
teaching or in the curricular texts.

5.2.2 Revisiting Article 2 as Didactic Praxeologies

The analysis from Article 2 gave rise to three different didactic praxeologies
of problem-solving. In teaching for problem-solving, problem-solving is a part
of the technology, the rationale for why mathematics concepts should be
taught. In teaching about problem-solving, problem-solving and problem-
solving strategies are the task, what to teach, and finally in teaching through
problem-solving, problem-solving is the technique, the means of teaching, for
example, a mathematical concept, see Tables 11, 12 and 13.

Table 11. Didactic praxeology, from Mary’s communication inferred as
teaching for problem-solving.
Praxis, the know-how for teachers

Task Technique
How to teach basic mathematical con- Begin each lesson with a discussion of
tent matter. the current content matter.

Separate content based lessons from
problem-solving lessons.
Logos, the know-why for teachers
Technology — rationale for techniques Theory — overall rationale
Basic mathematical content knowledge Problem-solving is an application of
is a prerequisite for problem-solving. mathematics.

In this first didactic praxeology of problem-solving, the task was inferred to
be how to teach basic mathematical content matter. The technique, in this
praxeology, was inferred from how Mary organised her mathematics teaching
differently in her problem-solving lessons compared to her regular mathemat-
ics lessons where she taught mathematics explaining and discussing the con-
tent matter before the students got to work, but also from the very fact that she
separated problem-solving from the regular mathematics teaching. The tech-
nique for teaching this mathematics content matter, in relation to problem
solving, was to discuss the content matter at the start of each lesson, and to
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teach the content matter separate from the teaching of problem solving. This
separation of problem-solving from the regular mathematics teaching was also
privileged in the mathematics textbooks Mary used. The technology was in-
ferred from how Mary discussed the role of problem solving, sometimes as
the goal of mathematics teaching. She described how the students needed to
know, for example, the four principles of calculations and other basic mathe-
matical skills so that they could engage in problem-solving. There was also a
support inferred from the curriculum in a rationale for problem-solving where
the use of mathematics in problem-solving was emphasised. From this, a di-
dactic technology states that mathematical content knowledge is a prerequisite
for problem-solving, which would argue for the didactic techniques. A di-
dactic theoretical principle was also inferred from the same communication,
that problem-solving is an application of mathematics.

Table 12. Didactic praxeology, from Mary’s communication inferred as
teaching about problem-solving.
Praxis, the know-how for teachers

Task Technique
How to teach mathematical problem- Show the students a structure for a
solving strategies. problem-solving process.
Show, and discuss a rich variety of so-
lutions.

Logos, the know-why for teachers
Technology — rationale for techniques Theory — overall rationale
Being a problem-solver is to be able to Mathematical work requires flexibility
solve a problem using many different and creativity.
methods.

The task in this praxeology was inferred to be ‘how to teach mathematical
problem-solving strategies’. The techniques for this were inferred from
Mary’s teaching in the problem-solving lessons. Mary used a structure for a
problem-solving process which was inferred as one technique for teaching
problem-solving strategies. At the end of each problem-solving lesson, where
the students showed and discussed their solutions, Mary privileged a variety
of solutions when she asked for different and unusual solutions. The discus-
sion and privileging of a rich variety of solutions was also inferred as a tech-
nique. The technology was inferred from the emphasis of different solutions
as a quality in problem-solving. From all this, and from Mary’s privileging of
creative solutions when she praised the students who had thought outside the
box, a theoretical principle about mathematical work was inferred. Flexibility
and creativity were inferred as essential for mathematical work.
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In the didactic praxeology of teaching through problem-solving (see Table
13), problem-solving was inferred as a technique for the teaching of mathe-
matical content matter. The didactic task in this praxeology would be ‘how to
teach mathematical content matter’. From Mary’s teaching, this was inferred
from different occasions where she drew on mathematics, discussing with her
students, when they were engaged in problem-solving. From this a didactic
technology was inferred. If posing a problem is a relevant teaching technique
for teaching mathematical content, there should be an argument that mathe-
matical ideas can appear when problematised and by extension learned. From
the use of problem-solving to teach mathematics by problematising mathe-
matical ideas, a theoretical principle emerges about mathematics being ideas
rather than procedures or facts.

Table 13. Didactic praxeology, from Mary’s communication inferred as
teaching through problem-solving.
Praxis, the know-how for teachers

Task Technique
How to teach mathematical content Pose a problem where this content is
matter. problematised.

Logos, the know-why for teachers
Technology — rationale for techniques Theory — overall rationale
In problem-solving properties of mathe- Mathematics is a problem-solving activ-
matical ideas can appear so they can be ity where mathematical ideas are cen-
discussed and also learned. tral.

Teaching about problem-solving, was the dominant approach out of the three
approaches (for, about and through) used for the analysis in the article in
Mary’s teaching. Either this approach seems to be affected by these curricular
materials, or Mary and the materials can be seen as parts of the same teaching
culture. The curricular tradition where textbook use has been shown to have a
negative correlation to problem-solving (Boesen et al., 2014), strongly sup-
ports the praxeologies of teaching for and about problem-solving. Even if
Mary practised the teaching through problem-solving approach, the other two
approaches were more visible in her teaching as well as in her communication
about problem-solving teaching.

In this reformulation of Article 2 as didactic praxeologies it becomes clear
that the three approaches to problem-solving are grounded with different the-
oretical principles as well as arguments for mathematics teaching. These prin-
ciples do, however work together. Mathematical principles can be applied in
a flexible and creative way. The study did focus on the distribution of these
principles. In Mary’s teaching, the textbook as well as in the national curricu-
lum, it was the flexibility and creativity and the application of mathematics
that were privileged. The reformulation also showed how problem-solving has
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different roles in the different praxeologies. This was detected, but not visible
without a framework such as praxeology. In one lesson all three praxeologies
are evident, which means that Mary balanced three meanings of problem-solv-
ing at the same time.

5.3 Article 3: Mathematics Teachers’ Teaching Practices
in Relation to Textbooks: Exploring Praxeologies

5.3.1 Summary of Article 3

In Article 3, Mary’s teaching was studied in relation to the textbook that was
used in her classroom. The article explored the affordances of adopting praxe-
ology (Chevallard, 2006) as a framework, to study classroom practices, in re-
lation to how similar practices were privileged in the textbook. The aim of the
article was to explore how praxeology can be used to compare a mathematics
teacher’s practice, as observed in the classroom, with the practice, as inferred
from the textbook. The teacher’s practice and the textbooks’ were studied as
parts of the same social environment, which Lerman (2000b) describes as a
study with a social perspective. A literature review of research on teaching
shows that studies with a social perspective, such as sociological studies, often
concern a macro-perspective of a teacher’s ecology. An alternative to this is
described as the “practice turn”, where both the micro-perspective of the indi-
vidual teacher and the macro-perspective of the ecology are studied (Cetina,
Schatzki, & Von Savigny, 2005). The aim of the study was to study the micro-
sociological layer to a classroom practice (the teacher’s teaching and the
teaching described in the textbook). More specifically, the particularities of
mathematics instruction in a classroom in relation to instructions described in
mathematics textbooks were studied, while adopting praxeology as a frame-
work. In this, it was possible to relate how a mathematics teacher’s praxeol-
0gy, as observed in the classroom, corresponded with the praxeology, as in-
ferred from the textbook.

Through the teaching of the primary school mathematics teacher, Mary, it
was possible to infer how the knowledge about some content matters was or-
ganised in mathematical praxeologies. In a praxeological analysis of how the
content matter, angles, was taught (in Mary’s mathematics teaching) or de-
scribed to be taught (in the textbook) two mathematical praxeologies were
compared, see Table 14.
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Table 14. Mathematical praxeologies of how to measure angles.

Textbook praxis Classroom praxis
Task Technique Task Technique
How to measure Measuring an How to measure Measuring an an-
an angle angle with a pro- an angle gle with a pro-
tractor. tractor, and de-

cide what scale to
use on the pro-
tractor through a
comparison with

a right angle.
Textbook logos Classroom logos
Technology/Theory Technology/Theory

An angle is defined as two rays An angle is defined by naming the
meeting in a common point, but also parts of an angle.

by naming the parts of an angle. The unit degree is a measurement of a
The unit degree is a measurement of rotation.

a rotation. The scope of acute and obtuse angles
Acute and obtuse angles are de- is described. Acute angles are de-
scribed to be smaller and bigger scribed to go from zero towards 90°
than 90° respectively. and obtuse angles are described to go

from 90° and up.

The tasks in both contexts were inferred from the exercises in the textbook.
Mary used the textbook in her classroom practice, so the exercises were the
same in both contexts. The techniques were very similar. Both contexts de-
scribed how an angle is measured with a protractor. In both contexts there was
a practical description of how to measure an angle. The textbook used an il-
lustration to show how to position a protractor and Mary showed, with her
actions, how it was used. Mary did, however, also show a technique where an
imagined right angle was used to estimate if the angle to be measured was
acute, right or obtuse, and which scale to read on the protractor. The technol-
ogy/theory for this praxis also had similarities in the two contexts. In both,
there was a technical definition of an angle based on the parts of the angle. In
the definition of an angle, the two contexts also related to the acute, right and
obtuse angles. The textbook stated that an acute angle is smaller than 90° and
an obtuse angle is bigger than 90°. In Mary’s explanation the differences be-
tween these types of angles were also described, but as measurements of a
rotation, and she drew from the notion of limits when she described how the
acute angle can be very close to 90°. This was inferred as a language drawing
from scholar mathematical notions, and forms of expressions.
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In this study, it was concluded that praxeologies worked well as a means to
compare contexts and to gain access to the details of how a mathematical con-
tent was organised. In the methodology explored as described above, praxe-
ologies with similar tasks were compared, in terms of the techniques and tech-
nologies/theories that were communicated. The analysis revealed what was
communicated, but also how differences in how the mathematical content was
organised in the two different contexts. In this comparison, we could also see
that the use of a textbook does not, at least not completely, predetermine what
is taught and how. Even if the textbook was used as the primary source for
exercises, Mary did draw from more general and theoretical notions compared
to the language in the textbook which consisted more of statements. The text-
book may have constrained Mary’s teaching due to the absent general and
theoretical rationale for mathematical activities.

5.3.2 Revisiting Article 3 as Didactic Praxeologies

The analysis in article 3, gave rise to two mathematical praxeologies. To re-
visit this article as didactic praxeologies | have inferred the task to be how to
teach the mathematical praxeologies described above, see Tables 15 and 16.
From the detailed description of the analysis in the article, it is also possible
to infer techniques, and technology/theory.

Table 15. Didactic praxeology for how to measure angles, from Mary’s teach-

ing
Praxis, the know-how for teachers

Techniques

Tasks

How to teach:
How to measure
an angle with a
protractor, decid-
ing what scale to
read through a
comparison with a
right angle.

Define angles by
naming the parts.
Describe the unit
degrees as a
measurement of a
rotation.

Describe the
scope of acute and
obtuse angles. De-
scribe acute an-
gles to go from
zero towards 90
and obtuse angles
to go from zero
and up.

Demonstrate how to measure angles
with a protractor.

Name the different types of angles,
acute, obtuse and right as well as the
parts of an angle.

Show how to compare the measured an-
gle with an imagined right angle.
Visualise a rotation with gestures.
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Logos, the know-why for teachers

Technology — rationale for techniques

Theory — overall rationale

The students need to be familiarised
with some angles so they can be used as
references for rough estimations of an-
gles, which argues for a presentation of

Angles are mathematical objects that
can be named and measured.

Angles represent a mathematical idea,
rotation.

acute, obtuse and right angles as types
of angles.
Angles being a representation of a rota-
tion argues for a dynamic presentation
of angles.

Mary showed how to use the protractor to measure angles in practice on the
white board, she drew angles, both to show the parts of an angle, but also to
show what right, acute and obtuse angles look like. She also showed the scope
for acute and obtuse angles, creating an angle with her arms and she showed
how the angle became bigger and smaller as she moved one arm. All these
actions were inferred as didactic techniques in this praxeology. Mary told her
students that she wanted them to have a method for comparing an angle they
are supposed to measure, to a right angle, so they can decide for themselves
what scale to use on the protractor. From this, an argument emerged for
demonstrating the three types of angles so they can be used as a reference for
further measurements. Mary’s demonstration of the angle as a rotation was
also inferred as this representation of a rotation demands a dynamic presenta-
tion of angles and not just a static showing specific angles. From these two
theoretical principles about angles, it was inferred that angles are mathemati-
cal objects to name and measure but they also represent a mathematical idea.
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Table 16. Didactic praxeology for how to measure angles, from the teaching
described in the textbook

Praxis, the know-how for teachers

Task Technique
How to teach: Show the students how to place the pro-
How to measure An angle is two tractor on the angle, in an illustration.
an angle with a rays with a com-
protractor. mon starting

point.

An angle has two

angular legs meet-

ing in an angle

point and the an-

gle is marked with

a bow.

The unit degrees is

a measurement of

a rotation.

An acute angle is

smaller than 90°

and an obtuse an-

gle is bigger than

90°.

Logos, the know-why for teachers

Technology — rationale for techniques Theory — overall rationale
The students need to be familiarised Angles are mathematical objects that
with some angles so they can be used as  can be named and measured.
references for rough estimations of an-
gles, which argues for a presentation of
acute, obtuse and right angles as types
of angles.

In the textbook, there was an illustration of a protractor positioned on an angle.
The information to the students was that a protractor is used to measure angles.
To show such an illustration to the students was inferred as a didactic tech-
nique. The illustrations were inferred as a visualisation of angles which in turn
was inferred as the rationale for showing them, the technology. From these
activities the same technology was inferred as from Mary’s teaching. That the
three types of angles need to be demonstrated so they can be used as references
for further measuring. Similar to Mary’s teaching, I inferred a theoretical prin-
ciple from this. Angles are mathematical objects that can be named and used.
The textbook did not stress the angle as a rotation. There was a brief remark
but this was hidden in a description about how to measure angles which is why
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I did not infer the theoretical principle of angles being a representation of a
mathematical idea from the textbook’s explanations of angles.

In Article 3, one finding was that Mary used a more specific language,
closer to how angles are defined mathematically. This re-interpretation of the
findings in Article 3, as two didactic praxeologies has shown what this differ-
ence may be grounded in. From Mary’s teaching, two theoretical principles
could be inferred. Both mathematics as objects and mathematics as ideas.
From the textbook, only the former principle could be inferred. Depending on
what principles that underlie teaching, the communication about the content
matter should be different and in this case, Mary’s students were invited to
view angles as something more than objects that should be named and meas-
ured.

5.4 Article 4: Principles and Arguments for the Teaching
of Rational Numbers in Different Contexts

5.4.1 Summary of Article 4

In Article 4, Mary’s teaching was studied in relation to the three other contexts
from the ecology, the teacher group, the textbook, and the national curriculum
in order to answer the following question: “How are some theoretical princi-
ples for teaching rational numbers expressed in the ecology of a teacher’s
teaching, and how may the way these principles are expressed enable and con-
strain teachers’ teaching of rational numbers?” The aim of the study was to
investigate the grounds of the teaching of rational numbers in the different
contexts of the ecology, and how these grounds can be described to facilitate
specific mathematics teaching practices. In this case it was the teaching of
rational numbers which was studied.

The ecology of Mary’s teaching was in this case four contexts (Mary,
teacher group, textbook, curriculum), and in these four contexts there was an
expressed knowledge of how to teach rational numbers. This knowledge was
interpreted as didactic praxeologies describing what didactic task (what to
teach), what didactic technique (rationale for how to teach this specific task),
what didactic technology (why this specific task is taught this way), and di-
dactic theory (sets of ideas or principles that anchor mathematics teaching)
(Chevallard, Bosch, & Kim, 2015; Chevallard & Bosch, 2014). In the article,
it was the didactic technology and theory of the teaching of rational numbers
that were studied.

To study a didactic theory, a framework was adopted where a set of princi-
ples was described in terms of six different mathematical values grouped as
opposing pairs (Bishop, 1991), see Table 17.
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Table 17. The opposing pairs of mathematical values, developed with inspira-
tion from (Osterling, Grundén, & Andersson, 2015)

Dimension

Pairs of opposing values

Ideological values:
the ideology of math-
ematics

Objectism — concretising
and applying ideas of math-
ematics

Rationalism — reasoning,
argument and proofs

Sentimental values:
What sensations
mathematics can

Control - a sense of cer-
tainty and power through
mastery of rules

Progress — the sense of
having the courage to en-
gage in mathematics even

bring if it is unknown territory,
e.g. trying alternative solu-
tions.

Openness — mathematics is
democratically open for

anyone to use and explain

Sociological values:
who can do mathe-
matics

Mystery — fascination and
mystique of mathematical
ideas and their origin

These values were used to describe the principles of mathematics that could
be inferred to anchor the teaching. Having chosen these two frameworks, three
research questions were posed. How are traces of the mathematical values dis-
tributed in the ecology? How are traces of the sub-constructs distributed in the
ecology? How can the distribution of sub-constructs be understood in relation
to the distribution of mathematical values?

To study a didactic technology systematically, a framework was adopted
where rational numbers were described to include six sub-constructs, which
in turn gave rationale for different teaching activities (Charalambous & Pitta-
Pantazi, 2007).

Part-whole — rational numbers as part-whole relationships
Ratio — rational numbers as a proportion, a comparison of two num-
bers

e Operator — rational numbers as a transformer that shrinks or enlarges
a number or a discrete object

e Quotient — rational numbers as the relationship between two quanti-
ties

e Measure —the size of rational numbers which can be placed on a num-
ber line

o Decimal — rational numbers as a generalisation of a decimal numera-
tion to a fractional situation

The findings showed how theoretical principles in terms of mathematical

values were privileged in the communication. Objectism, control, and open-
ness, were privileged over: rationalism, progress, and mystery. The findings
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also showed how technological principles in terms of sub-constructs of ra-
tional numbers, were distributed. Quotient and decimal were privileged, oper-
ator was underprivileged, while measure and part-whole were neither/nor. The
general picture of how the mathematical values were privileged was very sim-
ilar between the contexts. Using brief summaries of how each category was
visible, Table 18 shows how the sub-constructs and mathematical values were
privileged in the ecology as a whole.

Table 18. Didactic praxeology for how to teach rational numbers
Praxis, the know-how for teachers

How to teach rational numbers

Explore equivalent fractions and dec-
imal numbers, as translations.
Explore properties of decimal num-
bers, especially place value in relation
to the positional system of numbers.
Let the students practice calculations
with decimal numbers.

Visualise part-whole relationships as
parts of an object.

Logos, the know-why for teachers

Technology — rationale for techniques

Theory — overall rationale

Rational numbers are expressed in
different forms of expressions as in
equivalent fractions and decimal
numbers. To be able to translate be-
tween these forms of expression is to
have a language for rational numbers
(the quotient sub-construct).

Decimal numbers are a central aspect
of rational numbers, which is why it
is important to understand the proper-
ties of them (the decimal sub-con-
struct).

Visualising part-whole relationships
enables an understanding of fractions
(the part-whole sub-construct).

One way of problematising fractions
is to discuss an object partitioned into
parts with different proportions to the
whole (the ratio sub-construct).

One important aspect of knowing dec-
imal numbers being able to identify

Mathematical concepts needs to be
visualised and concretised (ob-
jectism).

Mathematics represents predictable
methods, facts and procedures which
provides security to mathematical
work (control).

Communication is central in mathe-
matics, with talking about mathemat-
ical concepts aa well as presenting
and discussing solutions representing
central activities (openness).

To engage in mathematics is to be
able to use different strategies, to be
creative and to think outside the box
(progress).

Mathematical ides need to be prob-
lematised and discussed (rational-
ism).

Mathematics can sometimes be to ex-
plore unknown territory or to search
for the unknown (mystery).
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them on a number line (the measure
sub-construct).

- One way to problematise fractions is
to pose problems where fractions as
parts of an amount are to be calculated
(the operator sub-construct).

Table 18 presents only the most common activities, as didactic techniques,
from which the arguments and theoretical principles arose. The technological
arguments are shown as examples of how the sub-constructs were recognised,
with the most common sub-construct first. The theoretical principles are
shown as examples of how traces of the mathematical values were recognised,
with the most common mathematical value first.

Placing these technologies and theories in relation to each other, it became
possible to describe how the privileging of practices grounded on objectism,
in which representations of rational numbers rather than the mathematical
ideas behind them were privileged; for example, part-whole represented as
partitioned objects or quotient as equivalent representations of rational num-
bers; teaching activities grounded on control, where routine facts and predict-
able methods were privileged, such as rote learning of equivalent fractions and
decimal numbers; or learning place values in decimal humbers to enable cal-
culations with decimals. Openness grounds teaching activities whenever com-
munication is central; for example, expressing rational numbers as different
forms of expression. The privileged mathematical values were seen to ground
not only which sub-constructs were privileged, but also how they were taught.

The privileging of objectism was discussed in order to generate an empha-
sis of sub-constructs where visualisations were more common, for example
part-whole. Privileging control may, instead, generate an emphasis on number
facts like equivalent fractions and decimal numbers (in this study, quotient).
Even though it may be perfectly reasonable in grade five for mathematical
values not to be evenly distributed, we need to consider what is lost when, for
example, rationalism and progress are not privileged. With more balance be-
tween the theoretical principles underpinning the communication of mathe-
matics teaching at all contexts, students of all grades may be invited to partic-
ipate in broader mathematical reasoning and exploration of mathematical
ideas. The ecology of Mary’s mathematics teaching is very homogenous,
which was described as a strong environment to go against. If we want to
change mathematics teaching it is not enough to target the teacher with train-
ing activities, it is the whole environment that needs to change.
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6 Conclusions

I set out to study mathematics teaching as part of an ecology. Exactly how to
do that has been developed along the way. During the project, | have made a
number of analyses of different parts of this ecology. | have tried different
theoretical approaches and different ways to understand how a teacher’s envi-
ronment, in terms of an ecology, works, what was privileged in it, and how
this may affect what was actually taught to students. | have written one con-
ference paper and three journal articles where this work has been described to
answer four different research questions.

e How are the justifications for Mary’s mathematics teaching consti-
tuted, in relation to a teacher group discussion? (Article 1)

o How is Mary’s teaching of problem-solving constituted in relation
to the curricular materials available to her? (Article 2)

e How can praxeology be used to study a mathematics teacher’s
teaching practice, and the teaching practice as inferred from the
textbook as interrelated? (Article 3)

o How are some theoretical principles for teaching rational numbers
expressed in the ecology of a teacher’s teaching, and how may the
way these principles are expressed enable and constrain teachers’
teaching of rational numbers? (Article 4)

In the following pages | will describe conclusions | have drawn from this
study. In the discussion (Section 7) | will discuss them in relation to the re-
search filed as described both in the introduction (Section 1) and in the litera-
ture review (Section 2).

From the four articles and the revisiting of the three first, in terms of ATD,
I draw some conclusions about the ecology of Mary’s teaching and Mary’s
opportunities to work as a professional teacher within it. One conclusion is
that the theoretical environment in the ecology of Mary’s teaching does not
include much explicit theory. All theoretical principles in the didactic praxe-
ologies were inferred implicitly from the activities and communication. This
could be a result of, on the one hand, Mary, her colleagues, and, on the other
hand, the textbook and curriculum authors not knowing enough theory to ex-
press it. This, in my opinion, is unlikely. Instead, | conclude that the theoretical
dimension of didactic knowledge in this ecology was not explicit enough, in
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any of the contexts. Mathematics teaching is not explicitly discussed with ar-
guments grounded in theoretical principles. Justifications are rather given in
statements about the importance of content matter or procedures. Teaching
activities are also justified with subsequent teaching in mind. Knowing equiv-
alent representations of rational numbers was inferred to be important for sub-
sequent calculation activities. Theoretical principles not being explicitly com-
municated prevented these principles from being challenged and discussed.

Another conclusion is that even if the ecology as a whole was focused on
praxis rather than logos, Mary did, go beyond the privileged practices in the
ecology as a whole. As shown in Article 3, she drew from angles as a repre-
sentation of a mathematical idea and not only as a mathematical object, which
was the case in the textbook. In Article 1, Mary based her arguments, partly
on other principles compared to the principles inferred from the teacher group
as a whole, when she, as the only teacher, resisted the timed test. In Article 2,
problem-solving was found to be task, technique and theory where problem-
solving as a task was privileged in all contexts. Mary privileged problem-solv-
ing as a means to teach mathematical ideas, which was not the case in the
textbooks. In Article 4, as Mary’s theoretical ground, she almost always priv-
ileged the mathematical values described as closer to mathematics more than
the other contexts. She emphasised fractions as a mathematical idea more than
the other contexts did. This indicates that Mary was not only engaged in inter-
nal transposition, drawing from the noosphere (textbook and curriculum au-
thors). To some extent, she was engaged in external transposition drawing
from other sources, including scholar mathematics. She often drew from the
textbook context, but she also drew from other sources, sometimes the result
was more depth than what was visible in the ecology. This is also an example
of how a teacher is not subject to other contexts’ determination. Mary partici-
pates actively in the determination of how she teaches. The privileging of
timed tests in the teacher group influenced how Mary did, but not entirely. In
other words there was a co-determination. Mary did in the end do multiplica-
tion tests, but they were adjusted in a way that met her express criteria. If
Mary’s mathematics teaching was the only studied context, the earlier discus-
sion about the tests would have been lost. This discussion influenced her
teaching, even if she did not entirely follow the privileged practice of the
teacher group. Mary’s privileging of mathematics and mathematics teaching
practices were similar to the other contexts, but she clearly had a scope to draw
from other sources or be creative.

There were many things enabling Mary’s mathematics teaching, such as
support from individual colleagues and lectures she was inspired by. One thing
did come through from the whole study, as an enabling factor for Mary and
her colleagues, that is the mathematics textbooks. To have tasks, already or-
ganised by content matter was described by the teachers as necessary, so they
could manage their time. Mary expressed this, but it was also visible in the
teacher group’s discussions in Article 1. The fact that they used the textbook
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as a means to differentiate their teaching and as the source for assessment ma-
terial shows that the textbook was an important tool. For Mary, it was also
obvious that the freedom not to be bound to the regular textbook, but also to
be able to choose other materials, in the same manner, was important to her.
In Article 4, Mary added exercises and methods from other sources. She could
also adjust the material to the class and content she taught, for example, choos-
ing a more advanced textbook for her teaching of angles as in Article 3. This
freedom was inferred as an affordance of its own.

Finally, I draw some conclusions about what constraints to a teacher’s
teaching | can see in these four studies. The unspecified curriculum was
pointed out as a restriction in Article 2. This is possibly a restriction, but with
a more explicit theoretical backing, it might have been easier to interpret the
curriculum. My conclusion is, as claimed above, that the lack of explicitly
expressed theoretical principles for the teaching activities, in the whole ecol-
ogy, is a restriction in itself. This is not helping teachers to go behind the sim-
ple statements about what is important. The curriculum offer little or simpli-
fied information about why different content matter is important. This also
restricts teachers in interpreting the curriculum and, by extension, it prevents
teachers from being professionals.

The privileging of calculations, both as an activity (Article 1), or a prereg-
uisite for mathematical activities (Article 2), but also as an application of
mathematical content (Article 4), could also be a restriction to a teacher’s
whole practice. If calculations are the objective of mathematics teaching, it
prevents teachers like Mary, who expresses an interest in mathematical con-
cepts and problem-solving, from teaching this in-depth. An example is the
teaching of rational numbers that could be about exploring rational numbers
in relation to the number line and proportional reasoning, but instead it became
procedures to translate rational numbers into decimal numbers and make them
possible to calculate. This was evident in the whole ecology.

The privileging of a simplified school mathematical language, where defi-
nitions are taken for granted, may also be a restriction. In Article 2, there was
no communication in the textbooks or in the curriculum supporting generali-
sations or a privileging of effective or elegant solutions to a problem. Instead,
a variety of solutions was privileged in all three contexts included in the study.
Naturally, students need to be invited to participate in problem-solving and
their solutions should be included and encouraged. However, if effective so-
lutions are never discussed, the students could also be happy with a simple
illustration, when they, instead, could learn more elegant solutions. This was
also evident in Article 3, when definitions were more taken for granted in the
textbook than in Mary’s teaching. Communication where concepts were de-
fined and derived was not privileged in either the teacher group, textbook, or
in the national curriculum, at least not in the recommendations for school
years 4-6.
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Finally the homogenous ecology where similar concepts, practices, argu-
ments and theoretical principles were privileged, were concluded to be a re-
striction in itself. Privileging the same praxis with little explicit logos it is only
reasonable for teachers to stay within this ecology. There is little influence to
challenge these practices. When they are challenged, as by Mary when she
questioned the timed tests or when she asks for more problem-solving activi-
ties, she needs to go against her whole environment.

These are the conclusions from the four studies where I have traced didactic
co-determination. There were more restrictions and more opportunities visible
within the data material, but these are what was seen in the ecology as a whole.
These conclusions as well as the findings will be discussed in relation to re-
search fields and the Swedish context in the following section.
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7 Discussion

In this study, | aimed to deepen the understanding of how an ecology of a
mathematics teacher’s teaching enables and constrains teaching practices. In
this section | will discuss my findings with an emphasis on how mathematics
and mathematics teaching was privileged in Mary’s teaching and in the other
contexts of the ecology. The discussion will begin with the big picture in dis-
cussing how teaching in relation to an ecology may be understood both from
an international perspective as well as from the Swedish context.

7.1 Understanding Teachers’ Teaching

This study represents an attempt at a systematic analysis of the micro-context
of a mathematics teacher’s teaching in relation to the macro-context repre-
sented by the three contexts: teacher group, textbook and curriculum. The first
and third article each included two contexts, which is the most common in
other studies. The second article included three contexts, while the fourth ar-
ticle included four contexts. With all four articles seen together, it became
possible to describe how the micro-context of the mathematics classroom re-
lates to the contexts of the macro-context seen as an ecology.

In all analyses made in this study, there was a strong resemblance between
the contexts. They all emphasised similar approaches to problem-solving, sub-
constructs of rational numbers, mathematical values, or explanations of an-
gles. This can be seen as a confirmation of educational contexts being situated
within a culture, which has been described from different perspectives (An-
drews, 2010; Bishop, 1991; d’Ambrosio, 1985). One example is how calcula-
tions stands out as a privileged practice which has been described as deeply
rooted in the history of mathematics education in general (d'’Ambrosio, 1985)
as well as in Sweden (Lundin, 2008). Studies of teachers’ knowledge and their
classroom practices will only show what was happening in the classroom. This
may give a deep understanding of this context, which, for example, Rowland,
Huckstep and Thwaites (2005) achieved when they developed a framework
for classroom observations. We will, however, never know what constituted
the teaching practice and the expressed knowledge possible at that time. If we
want an understanding of what enables and constrains teachers’ mathematics
teaching practices, it is essential to understand how the co-determination of
mathematics teaching works, with a focus on how the teaching of mathematics
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is constituted. Teachers’ teaching needs to be studied in relation to the levels
of the ecology and how mathematics and mathematics teaching practice is
privileged in different contexts. To educate teachers about the educational his-
tory could possibly be important but teachers are only one part of the culture.
Restrictions to teachers’ practices need to be discussed and debated in relation
to the many contexts that teachers are part of.

Nations write curricula to define what should be taught in schools, to pro-
duce future citizens as ideal persons with a set of privileged practices and
knowledge (see Cummings, 1999). Teachers are trusted with different degrees
of freedom in different countries; from the strict control China has had (Xu,
2011) to the loose American school system which enables widely spread uses
of curriculum, as described by Remillard (2005). This study was carried out
in a system in between these two extremes. In Sweden, teachers are expected
to be autonomous, but claimed to be in a difficult situation where this auton-
omy is more or less an illusion (Skott, 2004). This study contributes with in-
sights into how the unspecified competence-based Swedish curriculum may
enable as well as constrain mathematics teaching. One example from this
study is the practice of assessing automated recall skills with timed tests.
There was no advice in the national curriculum suggesting this method, only
a goal about the students having a number sense (Skolverket, 2011a). The
teachers were thus left to decide how to teach and how to assess the automated
recall skills of multiplication. With the conflicting demands of students’ well-
being versus the importance of automated recall skills, and a strong tradition
of how such skills were assessed, leaving the teachers with no alternative prac-
tices. This is a clear example of the autonomy being only an illusion. With no
advice from the curriculum to guide the teachers, and within a strong tradition,
it was not possible to choose an alternative practice. The teachers’ collectively
made the only possible choice. | am not convinced that the answer to this is to
fill the national curriculum with advice. Another way is to give the teachers
more space to engage with research, so they may have more sources of possi-
ble practices than their tradition and experience provide.

The context of the classroom is not situated only in a culture or in a curric-
ular context. It is situated in both these contexts together with several others,
together forming a macro-context. To study one of these contexts as an exam-
ple of the macro-context in relation to the classroom has been done in previous
research (cf. Haggarty & Pepin, 2002; Jablonka et al., 2016; Nie et al., 2013;
Sullivan et al., 2013). Many studies conclude the necessity of taking macro-
contexts into account (Gellert et al., 2013; Gutiérrez, 2013; Jaworski & Potari,
2009; Sullivan et al., 2013). This study takes on such a challenge and shows
how several contexts can be studied with the same framework so that the
teacher’s teaching of mathematical content matter can be understood in rela-
tion to its macro-context. The contexts studied had a direct influence on
Mary’s teaching. Not only as something to relate to. These contexts were an-
alysed in the same way as Mary’s teaching, which conveyed opportunities to
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say something about what it was that permeated the contexts and what may
have been the common grounds.

Seeing each context as an expression of a praxeology, didactic or mathe-
matical, made it possible for me to trace didactic co-determination within this
ecology. Searching for, not only tasks and techniques, but also technologies
and theories, made it possible to discuss the principles that may have grounded
the teaching activities. This methodology of addressing multiple contexts may
be a contribution to the international field of research in mathematics educa-
tion. This study serves as an example of such a study and as such it is a con-
tribution to the insights and conclusions | have been able to draw, studying a
teacher’s teaching in relation to an ecology with a specific interest in mathe-
matics and didactics of mathematics.

7.2 A Swedish Perspective of Understanding Teachers’
Teaching

This thesis is situated in the Swedish context. Thus, it contributes specifically
to Swedish research field in mathematics education. Other studies, also con-
ducted in a Swedish context, discuss institutional affordances and constraints
from a Swedish perspective. Communication from different official contexts
has been discussed as weaving its way into the formation of classroom prac-
tices as institutional traces (Boistrup, 2010) and governing elements (Boistrup,
2017), or as a voice of the institutionalised authority (Norén, 2010). Another
way of addressing a teacher’s environment in a Swedish context has been to
see a teacher as a part of different communities of practice, showing how sen-
sitive new teachers can be to the environment they begin to work within (Pal-
mér, 2013). In relation to these studies, this study offers a way to actually trace
the connections between the contexts, by studying what practices, in relation
to specific content matter, were privileged in the mathematical and didactic
praxeologies in the different contexts.

Other studies from a Swedish context describe Swedish mathematics teach-
ers as dependent on their textbooks (Berggvist et al., 2010; Boesen et al., 2014;
Englund, 1999; Skolverket, 2003; SOU 2004:97, 2004). Mary, and her col-
leagues, did structure their mathematics teaching according to the textbook,
but Mary used the regular book more as one of many resources, similar to how
Sullivan et al. (2013) describe how textbooks are used. This was probably
necessary, looking at the time Swedish teachers spend on planning and as-
sessing (10%) (Skolverket, 2015). In this time, it is probably wiser to use ex-
ercises in a book, and use the ten percent to plan demonstrations and explana-
tions. Mary clearly used her time to develop problem-solving lessons, and
searching for problems to challenge and engage her students. This practice
was not privileged in the textbook, but the textbook enabled it, since there

87



were prepared exercises. Mary saved time, using the pre-produced exercises
in the textbook. There is, however, a risk that the possibility a textbook con-
stitutes also becomes a restriction. In this study, the textbook (including the
teacher guide) does not offer a clear theoretical rationale for the didactic ac-
tivities. The mathematical rationale is also limited to simple explanations,
where definitions were taken for granted. Without clearly communicated
logos for teaching activities, teachers will not be encouraged to negotiate the
theoretical grounds for their teaching. If procedures are privileged above ex-
planations, in textbooks, as Gonzales et al. (2013) show, there is a risk that the
textbook also restricts teachers from engaging in explanations, both when it
comes to mathematical and didactic activities. The solution is, however, not
that a mathematics teacher has to work without a textbook. The solution may
rather be, as Mary does, to use textbooks when they are useful and at the same
time reach for other sources and other ways to communicate.

Calculations were privileged in all contexts and in all the studies. How cal-
culations were privileged differed between the studies. In the teacher meeting
the privileged position of calculations caused the teachers to use an assessment
method they had already described as contributing to students having anxiety
attacks. In Article 4, calculations were privileged in all four contexts: commu-
nication about teaching rational numbers, as a result of their privileging of
equivalent fractions and decimal numbers, the properties of decimal numbers
as well as calculations with decimal numbers. This privileging of calculations
was made at the expense of other notions of rational numbers that were left
unexplored. Lundin (2008) shows how calculations have had a prominent po-
sition in Swedish mathematics education, right from the time when school be-
came a public institution. He claimed that calculations became a way to disci-
pline the students. This tradition runs deep within the Swedish school system.
Which is still evident in how calculations are privileged in both national cur-
riculum and textbooks, which are, according to Andrews (2016b) deeply
rooted in this culture.

The case of Mary enabled me to describe how a teacher’s practice is not
just a product of a teacher’s knowledge and effort, which is the focus of many
studies of mathematics teachers (e.g. Goulding, Rowland & Barber, 2002;
Shavelson & Stern, 1981; Taylan & da Ponte, 2016). Even if such studies give
important insights, they do not include other contexts even if they often point
to possible influence from them. An example of this is Taylan and da Ponte
(2016) who discuss possible influences from other contexts (teacher education
and research) but these contexts were not part of the study. The knowledge a
teacher expresses or enacts in a specific study may or may not reflect the full
potential of this teacher, and there is no way to know if it did. Mary knew
more and was able to do more than what was seen in her classroom, which
was evident in the interviews when she commented on what she could have
done or when she drew from literature she did not actively use in her class-
room. She was in different ways restricted from using her full potential and
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the important question to pose is what constrained her to a limited set of prac-
tices. The findings of this study, together with other studies from a Swedish
context, show why it can never be enough to target only teachers with profes-
sional development projects. Instead, educational policy and textbooks also
need to be discussed, criticised and developed. If the ecology remains the
same, it still conveys the same communication of mathematics teaching, even
if teachers are taught a new teaching method. The theoretical grounds for
mathematics teaching need to be discussed and debated in many arenas. Policy
makers and other actors of the ecology, as well as teachers, need to negotiate
the grounds for mathematics education within the culture. Professional devel-
opment programmes such as “Matematiklyftet”, which was launched for all
mathematics teachers in Sweden during the course of this study, may provide
teachers, as individuals or groups, with arguments to resist what they see as
harmful to their students, in other words, to be creative insubordinate
(Gutierrez, 2016). On the other hand, this was, for a few years, an ongoing
professional development imposed on teachers from authorities and such pro-
grammes may, according to Montecino and Valero (2017) also be a way to
maintain control of teachers. To be under such professional development,
which was launched as a remedy for failing results, also conserves deficit ex-
planations of teachers where the teacher is described as inadequate. This is not
productive. We need to see both deficits as well as assets within the school
system as a whole, and discuss how teachers can be supported to negotiate
their teaching on different grounds where they have rich opportunities to use
the width and depth of their experience and knowledge

7.3 Didactic Theory in the Ecology

The didactic theory was not explicitly expressed in the contexts of this study,
but it was possible to infer from communicated and enacted teaching activi-
ties. The inferred didactic theory was found to be central to the co-determina-
tion between the contexts. Teachers’ opportunities to form their teaching have
been described to be located mostly in praxis, in what tasks to give and what
methods to present (Winslew, 2011). Teachers’ authority is then delimited
from the outset (Barbé et al., 2005; Winslgw, 2011). Someone else has already
decided what teachers should teach, and the mathematical structure has al-
ready been defined and described. Even if this is true, the teachers in this study
still drew from notions possible to infer as theoretical principles. As Jaworski
and Gellert (2003) describe, theory and practice are always interrelated, even
if the way they are linked together may differ.

The contexts were very similar in how they expressed the grounds for their
teaching, Mary did, however stretch the boundaries ever so little. When she
differed from the ecology in her mathematical activities, it was possible to see
how the principles differed as well. One example was in the discussion about
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automated recall skills where she based her arguments on both the principle
about making mathematics teaching available for all students, as well as the
principles the teacher group drew from, which concerned number facts and
skills learned separately. Another example was how Mary privileged angles
not only as an object as the textbook did, but also as a representation of a
mathematical idea. In Article 4, it was also possible to see how Mary drew
from the notions of rational numbers and mathematical values in her own way,
which was evident when she privileged part-whole more than the other con-
texts. She also privileged the mathematical values closer to how Bishop (1991)
privileged them, compared to the other contexts. This is not to say that
Bishop’s privileging is the right way to value mathematics in a grade five
classroom. What | do say is that Bishop privileges the values closer to the
discipline of mathematics, which is what Mary also did, more than the other
contexts. A consequence of this observation could be that the textbook and the
national curriculum marked a limit for Mary. It may not have been essential
for Mary to draw more from principles valuing mathematical reasoning or
problematising more, since the curriculum did not. Then it becomes important
to investigate what would enable teachers to explore theoretical and techno-
logical principles and constructs they would like to base their mathematics
teaching on, rather than investigate what she already knows in the situation
she is already in. Such studies do show how teachers get new perspectives in
their formation of mathematics teaching (e.g. Jaworski & Potari, 2009).

This study had a specific interest in mathematics teaching and how mathe-
matical content matter was privileged in the different contexts. This conveyed
a limitation of the theoretical principles that were inferred from the data ma-
terial. It was only principles connected to mathematics or didactics of mathe-
matics that were included in the didactic praxeologies. Through these it was
possible to see how different activities were connected to different principles,
as in Articles 1 and 3, or different distribution of principles, as in Article 4.
Article 2 shows how problem-solving could be theory, technique and task,
where problem-solving as a task was emphasised more in the four contexts.
The theoretical rationale was not explicitly expressed in the contexts studied,
which is why it was inferred from the activities and communication. If teach-
ers would argue for different teaching activities and the theoretical underpin-
nings of them, they might also be freer to use the teaching methods and activ-
ities they see as productive for their students, instead of using methods causing
their students anxiety, as in the case of the timed test in the teacher meeting.
A discussion where the theoretical grounds were addressed may have had a
different solution, without the teachers having to choose between automated
recall skills and student wellbeing.

The role of didactic theory is to generate and found technology, techniques
and tasks (Chevallard et.al. 2015) which means that if the didactic theory
would be a part of teachers’ explicit communication, teachers would generate
teaching activities within their own practices according to their conditions,
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similar to how a teacher develops teaching activities when engaging in activity
theory (Jaworski & Potari, 2009). This does, however take time, and time was
precious for Mary and her colleagues.

The fact that the theoretical grounds were not explicitly expressed did not
mean that a teacher (or textbooks/curriculum authors) did not know or were
aware of didactic theories. The theoretical grounds do, however, become tacit
in all contexts. Skott (2004) describes how the social contexts a teacher par-
ticipates within can restrict the autonomy expected of teachers in a decentral-
ised system. In this study, all contexts describe mathematics teaching without
an explicit theoretical rationale, which in itself restricts a teacher working
within this ecology, to communicate any theoretical rationale herself. The ra-
tionale remains a tacit knowledge. In the communication it can seem as if there
are common agreements on what to do and how. A silent knowledge does not
have to be expressed as long as everything works (Jahnke, 2014). Theoretical
principles may not always need to be expressed, especially if everything
works, but if we want to develop mathematics teaching we need to, at least
sometimes, express our theoretical principles so they can be challenged and
discussed. Teachers (and experts from different fields) wrote both the national
curriculum and textbooks. These teachers are a part of the same educational
system as Mary, as well as the contexts studied. This could imply that the
system works without discussing a theoretical rationale, which was why no
one expressed it. So, the curriculum was written without a clearly expressed
theoretical rationale, which gave teachers the comfort of following the curric-
ulum, sharing the same language about mathematics teaching and learning. As
discussed in the summary of Article 1, if the ecology does not include an ex-
pressed theoretical rationale, there is a risk that teachers repeat what others
have done, without questioning.

It is not realistic to demand teachers to be up-to-date in all research fields
in connection to their teaching. This does not mean that teachers should not
engage with research at all. The risk with conclusions, like the ones in this
study, is that policy-makers will impose research on teachers as decrees. |
align with Biesta (2010) who claims that research should rather be a part of
teachers’ negotiations than a formula to follow. It is not about making teachers
obey research. It is to enable teachers to make decisions based on a broader
ground than what is included in textbooks and curricula. One way to make
research accessible for teachers’ is to encourage researchers to write popular
scientific texts for teachers, in Swedish (in this case). This is, however, not a
privileged genre for researchers to write in (see Boistrup, 2014). Another way
could be to include the theoretical principles and scientific grounds in texts
like the commentary material to the national curriculum. If the explanations
of the mathematics syllabus also included explicit theoretical principles, or
references to research findings, it would be easier for teachers to relate to the
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basic ideas behind the syllabus. By extension, this could make the tacit theo-
retical didactic knowledge more visible, and placed within a context of re-
search.

7.4 Teachers as Professionals

Taking the contexts outside the described ecology of this study, for example
public debate, into consideration, there are clearly restrictions to the opportu-
nities to be professional within the ecology of Mary’s teaching. There are ac-
tivities in the Swedish society creating a possible restriction together with an
ecology without a communicated theoretical rationale. There has been an in-
creased control over both students and teachers, and PISA has been frequently
discussed in the media (Thavenius, 2014). The public debate privileges vague
practices such as “katederundervisning” (criticised by Eriksson, 2011) and
governmental authorities describe teachers as under-educated, governed by
textbooks and unknowing of the national curriculum (Skolinspektionen,
2009). All these activities in the public debate reflect phenomena that restrict
teacher autonomy (Wermke & Forsberg, 2017), and by extension, lead to a
de-professionalisation of teachers (Hargreaves, 2000) with consequences for
both teaching and teachers (Ball, 2003). These deficit explanations of teachers
have been described as blaming them for educational failures (Boistrup, 2010)
or construct teachers as incomplete, which leads to permanent training of
teachers in order to maintain control over them (Montecino & Valero, 2017).
Looking at this study, the ecology of Mary’s mathematics teaching can be
described as homogenous. It was rather Mary, who reached beyond the ecol-
ogy. It is clearly not reasonable to describe teachers as incomplete and un-
knowing when teachers teach as the curriculum prescribes, and do more.
Mary was the one who reached beyond the contexts close to her teaching.
Mathematics as a collection of mathematical ideas could be inferred from
Mary’s teaching, compared to the textbook where mathematics was inferred
as described objects. She also reached for something more than the ordinary
when she privileged solutions “outside the box”. Dahl (2014) describes how
the opportunity to engage in vertical discourses of mathematics more in line
with a scholar discourse rather than the vertical, every day discourse of school
mathematics, could make mathematics more accessible for all students. This
is what Mary did when she included definitions in her explanations. Even if
subtle, Mary reached beyond the descriptions of the noosphere, indicating that
she also drew from scholarly knowledge. It is possible that Mary’s technology
for these activities could be deepened, something Barbé et al. (2005) describe
in their study as well. They suggest that constraints in the external transposi-
tion could be the reason for deficiencies in teacher’s rationale for their teach-
ing. If that is the case, it would be interesting to see what would happen if
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teachers were given more opportunities to discuss and develop their theoreti-
cal rationale.

The ecology of Mary’s teaching was very homogenous in how mathematics
and mathematics teaching and learning were expressed. This can be inter-
preted as a strong culture. | have already described that increased control com-
promises a teacher’s opportunities to be professional. If we add this strong
culture, which Mary apparently had reasons to reach beyond, | conclude that
the system around Mary also constrained Mary’s opportunities to be profes-
sional, even if she to some extent reached beyond curriculum and textbook. A
teacher autonomy, as in the Swedish national curriculum, does clearly not
mean that teachers are autonomous, which Skott (2004) also conclude. A more
varied ecology where teachers would have alternative practices to negotiate
may be one way to challenge this homogenous ecology. Another way to do
this is to give teachers the opportunity to read and discuss the very principles
that may ground their teaching as well as research, problematising both the
principles and what they may generate during teaching activities.

7.5 The Research Process

In this study, I have used different methods and theories to achieve an under-
standing of teaching as part of an ecology. | maintained an interest of how
mathematics and mathematics teaching were communicated, and | maintained
an interest in what enables and constrains a teacher to be professional within
this ecology. The analytical frameworks | have included in this preamble are
the ones used in the four articles. Multimodal social semiotics, by which |
studied the communication in a teacher meeting from three different aspects
(Kress, 2009; Van Leeuwen, 2005), have not been used in the other articles
except from a multimodal approach to communication. Without this approach,
I would never have seen what I saw. A teacher’s communication is indeed
multimodal. Mary drew pictures, and made gestures when explaining mathe-
matical properties to her students. Without seeing this as communication |
would have little to analyse from Mary’s mathematics teaching. Through the
multimodal approach I also first saw the privileging of mathematics as objects,
when | realised that it was often objects that carried the meaning of fractions.
Through the multimodal analyses in Article 1, more specifically the ideational
analysis, | also became interested in what mathematics was communicated and
how, not only in the mathematics lessons, but also in the teacher group and
other contexts. I continued to study how problem-solving was communicated
in two contexts. This can be described as an ideational analysis, even if it was
not framed that way in Article 2.

In Article 2, | began with a deductive thematic analysis (Braun & Clarke,
2006) which led me to include concepts from the literature: teaching for, about
and through problem-solving (Schroeder & Lester, 1989). With these concepts
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as codes | carried out a second deductive thematic analysis. These analyses
were conducted on both Mary’s teaching and the textbook, and the findings
showed that it was Mary who varied her problem-solving activities more than
the textbook did. These findings made me search for a theoretical construct
which allowed me to systematically study a teacher’s teaching in relation to
other contexts. The revisiting of the findings of Article 2 shows how a power-
ful tool as praxeologies (Chevallard, 2006) may reveal another angle to the
same findings. Construing one didactic praxeology for each approach to prob-
lem-solving provides a very complex picture of problem-solving teaching. In
a teacher’s classroom there is no separation of the three praxeologies, but they
are all there, which was evident in Mary’s communication, both within and
outside the classroom. This conveys that problem-solving is constituted as
task, technique and technology, in the same classroom, which are all grounded
in different perhaps conflicting theoretical principles. This would not have
been possible to see without using praxeologies.

ATD and praxeologies (Chevallard & Bosch, 2014), were used to analyse
how mathematics and mathematics teaching were priveleged in different con-
texts of the ecology. This enabled a systematic analysis of the communication,
and to interpret the tasks, techniques, technology and theory that could be in-
ferred from the communication, which made it possible to not only say what
was privileged in the contexts, but also to interpret some of the theoretical
rationale behind this communication. Analysing how different contexts privi-
lege mathematics and mathematics teaching in terms of praxeologies, | have
developed a methodology for how to study the relationship between micro and
macro contexts, which is a contribution of this thesis.

ATD is not a universal tool that solves all. It has been powerful in this study
and it has been widely used in research but | did have some problems with the
constructs. The levels of co-determination (Chevallard, 2002b) are ordered as
a hierarchy. | have instead, showed them as inscribed in each other. | would
like to argue that they are not necessarily ordered in a hierarchy, if that would
be the case pedagogy would be above the academic discipline. Chevallard de-
scribes the levels as co-determining, which hints that the levels are not just
determining from top to bottom. A teacher may have influence over the soci-
ety and the national curriculum, but not the same way as the national curricu-
lum has influence over teachers. | regard my picture of these levels as in-
scribed in each other as a contribution to the discussion of ATD and co-deter-
mination. | also ask for a continued discussion of how the co, in co-determin-
ing works. In this study it is possible to see influences from different contexts,
and the connections between the contexts shows that it is not always top down
or a linear process.

In ATD, a reference model (see e.g. Wijayanti & Winslow, 2017) is often
used to make the praxeological analysis transparent. For a mathematical
praxeology where technology and theory are strictly about the mathematics it
is possible to achieve such a model. In a didactic praxeology the arguments

94



for a didactic technique may consider how the mathematical content is taught
in relation to mathematical properties. The arguments may also come from
more general aspects, they could be arguments about inclusion of students
with special needs or arguments for using manipulatives. To make a reference
model for all possible theoretical principles would be an impossible task.
Other possible principles may be sociological, where theoretical principles of
democratic competence are emphasised (e.g. Skovsmose, 1990). A third ex-
ample of principles that could have been taken into account are principles
about inclusion of students in mathematics education (e.g. Popkewitz and
Lindblad, 2000). To focus on how mathematics and mathematics teaching
were communicated entailed a focus on the arguments for how mathematics
was taught, and principles of mathematics and mathematics teaching and
learning. To study theoretical grounds other than the ones in direct relation to
the mathematical communication was not possible within this study. On the
other hand, to navigate the study around mathematics and mathematics teach-
ing gave me an opportunity to explore this in four contexts.

Mary being a single case was also a limitation of the study. It is reasonable
to ask if more teachers would have benefitted the study. More teachers would
of course have given more information about mathematics teachers in the
Swedish system. To have data from more teachers would also have taken me
on a different journey, possibly to compare between teachers. In that case |
would have missed the relationships between teaching and the contexts stud-
ied. Mary being a telling case, did of course not offer solid ground for gener-
alisations. She did, however, offer rich insight to what possibilities and con-
straints a Swedish mathematics teacher experiences. Mary being a Swedish
teacher, engaged, well-educated and well regarded, but still a very normal
teacher, can show us how a teacher navigates a homogenous ecology when
she wants to do more than what is privileged in the ecology.

7.6 Implications

In the light of my findings, it is possible to see some implications, for both
teachers as well as the broad context of mathematics education. I will also
discuss implications for further research.

Teachers are embedded in an environment where, sometimes, conflicting
demands on what they do in their classrooms compete for their attention. In
the light of the findings of this thesis, | can see opportunities for teachers to
navigate these demands. The theoretical principles | have described were not
explicitly communicated, but they were possible to infer from the communi-
cation about mathematics and mathematics teaching. If teachers had the op-
portunity to discuss possible principles and what they might generate in terms
of teaching activities, these principles would also be part of the teachers’ com-
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munication. There is a possibility that teachers would privilege different prin-
ciples if they were up for discussion. This can sometimes be discerned in
Mary’s communication, for example, when she discussed problem-solving.
She privileged problem-solving as strategies and emphasised how the solu-
tions were reported. In interviews she did, however, become very enthusiastic
when she discussed how mathematics, different from routine and facts, could
be explored through problem-solving. If Mary had had the opportunity to dis-
cuss different grounds for problem-solving, and what teaching activities they
might generate, it is possible that she would change her problem-solving prac-
tice in another direction. | asked, in an interview, if it would be possible to
introduce a new content matter with a problem. Mary immediately replied that
she really wanted to explore that more. | would argue that it is not only about
what teachers know about these theoretical grounds, but what teachers have
the opportunity to discuss. In the teacher meetings, | have observed the teach-
ers to be occupied with solutions for the immediate future, such as a coming
test. In the light of the time these teachers had for preparations this might be
very reasonable. Nevertheless, these teachers did ask for different kinds of
discussions and | would argue that this is exactly what they need. They need
a discussion where the theoretical principles are addressed and challenged.

Seeing the findings of this study in relation to a Swedish context it is im-
portant to relate those to how teachers and mathematics teaching are described
by authorities in Sweden. We have the public debate where the Minister of
Education suggested teaching methods such as “katederundervisning” as a
remedy for failing results. This concept was seen as too unspecific for teachers
to relate to (Eriksson, 2011), saying nothing about task, technique (other than
the placement of the teacher), technology or theory. | would argue that Mary
did a lot of “katederundervisning” (the Swedish term for whole class teach-
ing), she also let her students do exercises in the textbook and she engaged
them in problem-solving as well as exploring mathematics with them. Almost
all these activities were student-active. It is impossible to say whether she ful-
filled the requirements for the privileged practice of “katederundervisning”.
What we do know | s how she in her teacher-driven, student-active mathemat-
ics teaching communicated mathematics with both depth and variation. One
implication for mathematics education in Sweden would, in the light of this
public debate, be to focus more on how mathematics is communicated in the
mathematics classroom and why rather than where in the classroom this is
done.

The Swedish School Inspectorate described teachers as inadequate, under-
educated, governed by textbooks and unknowing of the national curriculum
(Skolinspektionen, 2009). | would argue that Mary told a different story. She
was only one teacher, but neither was she a rare kind. There are many teachers
with similar education and experience who manage their classes well. In the
case of Mary | argue that it is the national curriculum and the textbook that
need to develop. For teachers, both the teacher group and Mary, it is not more
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fidelity to the curriculum that is the solution. That would only be more of the
same. An implication for Swedish mathematics education could be, in the light
of this study, more scope to read research literature and to discuss the very
principles their teaching is anchored in as well as the principles they would
like to use as grounds for coming teaching. That way, teachers are included in
the theoretical discussion of mathematics teaching.

For institutions of mathematics teaching education, an implication could be
to give in-service courses where teachers may have the opportunity to more
systematically read research about mathematics teaching and discuss what
principles they would like to take from the research into their negotiations
about their coming mathematics lessons similar to how Jaworski and Potari
(2009) presented a teacher with a theoretical tool to promote both teacher re-
flection and development of teaching. Teacher education may benefit in dif-
ferent ways from this study. One is how | have used didactic praxeologies to
describe privileged practices in different contexts. This could be used in
teacher education to visualise how different practices are privileged in teacher
education compared to the school where the students do their in-service practi-
cum.

In this study | have described how the theoretical principles of mathematics
teaching are not part of the teachers’ communication. They can still be inferred
from the communication. One way to continue to study this, would be together
with teachers. To go into depth with what principles can be inferred from their
practice, what principles they would want to ground their teaching in and how
they could start with their preferred theoretical principles and explore what
technology they convey and what teaching activities that may be generated
from this. This could be done as action research where the teachers are co-
researchers or as an intervention where teachers who are exposed to research
principles become visible, similar to Povey, Adams and Everley’s (2017)
study where a teacher was exposed to articles about teachers and performa-
tivity, which made her negotiate her teaching in relation to this.

The Swedish national curriculum, and more specifically the mathematics
part, which teachers are bound to follow, did not include explicit references
either to research or to what principles it is grounded in. Inferring mathemati-
cal values, it is possible to see all of them, and there was a definition of math-
ematics, but it was not clear why different goals and activities were privileged.
In further studies the theoretical grounds for the curriculum need to be studied.
Both in direct relation to the writing of the curriculum as Jahnke (2014) did,
but we also need to study the product, the texts and views that these texts take
departure in. The theoretical grounds of a curriculum need, in a time where
teachers are expected to be professional, to be explicit so they can be negoti-
ated and contested.

My hope with this study is, that it contributes to a deeper understanding of
the complexity of mathematics teaching for policy makers as well as decision
makers of educational systems. | hope that having such an understanding will
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lead to an inclusion of contexts from the ecologies of mathematics teachers in
the discussion about what needs to be developed and changed in order to de-
velop mathematics teaching practices. My hope is also that it inspires further
mathematics education research in addressing teachers and teaching to include
broader contexts of teaching than those of teachers and classroom practices.

I wish that every headmaster, who works with as engaged and educated a
teacher as Mary, would give them rich opportunities to read and experience
influences from different arenas, including research, and to negotiate different
grounds for developing mathematics teaching. In this, I hope that mathematics
teachers (and of course teachers in other subject areas) will have time, oppor-
tunities and tools to read and discuss theoretical principles for their mathemat-
ics teaching. As a consequence of this, | hope that they will develop a more
critical approach towards national curricula, textbooks and public debate, and
negotiate them in relation to their experience, their students’ wellbeing and
their theoretical grounds. Through this, we might save teachers’ souls from
performativity (see Ball, 2003) and might have an opportunity to transform
mathematics teaching into a teaching practice which is well-grounded in dif-
ferent, explicitly expressed and open for further negotiations, theoretical prin-
ciples.
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8 Sammanfattning

Att forstd larares undervisning ar inte bara att forstd vad som hander i klass-
rummet, det dr ocksa att forstd hur andra kontexter paverkar vad som blir un-
dervisat i klassrummet. Det kan vara kontexter som, andra larare, larobdcker
och laroplaner. Dessa skapar en miljo for larares undervisning, en ekologi dar
olika kontexter samspelar med varandra.

Jag har foljt en matematiklarare, som jag kallar Mary, i hennes matematik-
undervisning i arskurs fem. Marys matematikundervisning sker i samspel med
manga kontexter varav jag har studerat tre. Marys kollegor som mots regel-
bundet for att diskutera matematikundervisningen i arskurs fem ar en av dessa
kontexter. Andra &r matematikboken och laroplanen. Tillsammans utgér dessa
kontexter vad jag kallar undervisningsekologi. Mary &r en engagerad, utbil-
dad, erfaren och uppskattad matematiklarare. Mary arbetar som larare i svensk
skola vilket placerar henne i ett sammanhang dar larare ska vara fria att vélja
sjalva hur de ska undervisa, men dar de ar kontrollerade och beskrivs som
otillrackliga av media och av skolmyndigheter. N&r man ska gora sérskilda
satsningar pa larare sa kallas de for lyft, som om larare behover lyftas upp av
nagon annan.

Hur man ska undervisa matematik beskrivs i manga olika sammanhang.
Léarares undervisning ar bara en av dem. Darfor behdver vi studera hur mate-
matik och matematikundervisning privilegieras i olika kontexter som samver-
kar till att avgora vad matematikundervisning utgors av. Vetenskapliga studier
undersoker i stor utstrackning larares undervisning som enda kontext. | dessa
studier adresseras ofta larares matematiska eller didaktiska kunskaper. Ibland
studeras larares undervisning i relation till en annan kontext, till exempel l&-
roplanen. Aven i sidana studier kan fokus vara pa lararens kunskap om laro-
planen och inte pa vilken bild av matematik eller matematikundervisning som
laroplanen formedlar eller hur larare paverkas av den. Ibland fokuseras larares
undervisning eller kunskap men dar forskarna pekar pa mojligt inflytande fran
andra kontexter, som inte inkluderats i studien. Om vi inte studerar larares
undervisning i relation till omgivande kontexter sa kommer vi inte att forsta
vad som samverkar till att avgora vad matematikundervisning bestar av, och
varfor. Om vi inte forstar detta sa riskerar vi att rikta utbildningsinsatser mot
larare, men déar det kanske var en annan kontext, eller alla omgivande kontex-
ter, som behodvde utvecklas eller forandras.

Med syftet att fordjupa forstaelsen for vilka mojligheter och begransningar
som skapas i en matematiklarares undervisningsekologi har jag samlat data
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ifran Marys undervisning (klassrumsobservationer och intervjuer), fran larar-
gruppen som Mary ingar i (observationer av lararmoten), larobockerna som
Mary anvander (elevbdcker och lararhandledningar), laroplanen (kursplanen i
matematik och kommentarmaterialet).

For att kunna studera de fyra kontexterna i undervisningsekologin fér Ma-
rys matematikundervisning har jag anvant mig av ATD (antropologisk didak-
tisk teori). ATD beskriver didaktisk transponering. En sang som transponeras
later annorlunda men fortfarande som samma sang, den kan férandras lite sa
att forandringen blir nastan obefintlig eller mycket sé att den nastan inte kianns
igen, som nar man transponerar fran dur till moll. Didaktisk transponering be-
skriver hur matematisk eller didaktisk kunskap omtolkas och omformuleras i
olika institutioner sa att den ska kunna undervisas i skolan. Kunskap beskrivs
i ATD som en handling som bestar bade av ett gérande och ett vetande. Detta
kallas tillsammans for praxeologi. En matematisk praxeologi beskriver mate-
matisk kunskap i termer av uppgiftstyper, tekniker som anvands for att 16sa
uppgiftstypen, teknologi med argument och motiveringar for varfor tekni-
kerna ska anvandas till just dessa uppgiftstyper och teori som bestar av grund-
laggande idéer som teknologin grundar sig pa, se Tabell 19.

Tabell 19. Matematisk praxeologi

Praxis
Uppgift Teknik
En matematisk uppgiftstyp Hur uppgiftstypen ska lésas
Logos
Teknologi Teori
Motiveringar och argument for varfor ~ Principer och idéer som ligger till
uppgiftstypen ska losas sa. grund for teknologin.

I en didaktisk praxeologi, som beskriver undervisningskunskap, ar uppgiften
istallet att undervisa en matematisk praxeologi. Da blir tekniken hur man ska
gora for att gora matematisk kunskap tillganglig for andra, alltsa undervis-
ningsmetoder. Teknologin & motiveringar och argument foér varfor dessa
undervisningsmetoder ska anvéndas for att gora denna matematiska praxeo-
logi tillganglig. Teorin bestar av teoretiska principer och idéer som ligger till
grund for teknologin, se figur 8.
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Praxis
Uppeift Teknik
En sk Uppgiftst Hur uppef ka l65as

Logos
Teknologi Teori
Motiveringar och argument for varfor  Principer och idéer som ligger till
grund fér teknologin.

uppgiftstypen ska lasas s

\ Praxis, knqﬁl-how for larare
\U ppgift / Teknik
Att undervisa: Undervisningsmetoder for att undervisa den
Vilken matematisk Forklaringar for varfér ~ matematiska praxeologin.
uppgift som ska losas uppgiftstypen ska
och hur. |6sas sa och den

matematiska grunden
for dessa forklaringar.
Logos, know-why for larare

Teknologi Teori
Varfér den matematiska praxeologin ska Grundliggande idéer och principer som ligger
undervisas med just dessa till grund for den didaktiska teknologin.

undervisningsmetoder.

Figur 8. Didaktisk praxeologi

| Figur 8 visas hur den matematiska praxeologin tar plats som didaktisk upp-
gift i den didaktiska praxeologin. Bade didaktiska och matematiska praxeolo-
gier antas i ATD vara paverkade av olika nivaer som samverkar till att avgora
vad matematikundervisning utgors av, vilket brukar beskrivas som en hierarki
av nivaer som i Figur 9.

9. Civilisation Svensk kultur
8. Society Staten — laroplanen
7. School Undervisningsinstitutioner
6. Pedagogy Undervisningsprinciper — larobok och larargrupp
5. Discipline Matematik
4. Domain Rationella tal
3. Sector Teoretiska principer for matematikundervisning
2. Theme Argument for matematikundervisning

1. Subject Matematikundervisningsaktiviteter

Figur 9. Samverkande nivaer.

101



| Figur 9 har jag ocksa visat hur dessa nivaer kan sammanforas med in studie
och med ett svenskt sammanhang. De fyra kontexterna som jag har studerat
kan ses som delar av dessa nivaer. | min studie ingar niva 1, 2 och 3 som
representeras av lararens matematikundervisning. 6 som utgors av tva kontex-
ter dar undervisningsprinciper uttrycks, i larobok och larargrupp. Niva 8 ut-
gors av laroplanen som staten har utférdat. Jag har valt att beskriva dessa ni-
vaer som inskrivna i varandra istallet for hierarkiskt ordnade, se Figur 10.

Laroplanen (Society)

Teori

Lirobok och ldrargrupp (Pedagogy)

Teknologi
e Teori Marys undervisningspraktik

(Sector, theme and subject)
Teknologi

Teknik Teori
Teknik Teknologi

Teknik
Uppgift Uppgift

Figur 10. Samverkande nivaer inskrivna i varandra, relaterade till de kontex-
ter som studerats i denna studie.

I de fyra kontexterna privilegieras matematik och matematikundervisning pa
olika satt, detta kan beskrivas i termer av praxeologier. Alltsa har varje kontext
ett uttryck for didaktisk kunskap, som kan studeras som en praxeologi. Det &r
dessa praxeologier som jag har studerat.

I den forsta artikeln studerades hur en larare argumenterar for sin matema-
tikundervisning i ett lararmote. Diskussionen handlade om att testa multipli-
kationstabellen pa tid och om att anvanda matematikbocker for att tillgodose
hogpresterande elevers behov. Resultatet visar att Marys utgangspunkter skil-
jer sig nagot jamfort med larargruppens. Mary argumenterar mer for eleverna
som mar daligt av tabelltestet jamfort med den Gvriga gruppen vilket kan tol-
kas som att hon utgar mer ifran en teoretisk princip att alla elever har ratt att
ma bra nar de lar sig matematik. Larargruppen argumenterar emot baserat pa
en teoretisk princip om att tabellkunskaper &r centrala matematiska fardigheter
som kréver att bli bedémda med tidsbegransade test, mer dn vad Mary gor. De
argumenterar alltsa till synes utifran samma utgangspunkter, men de privile-
gierar de tva teoretiska principerna olika.

| den andra artikeln studerades Marys problemlésningsundervisning i re-
lation till tre sétt att ndrma sig problemldsning. Det fanns drag av alla tre sétt
att narma sig problemlosningsundervisning i bade Marys undervisning och i
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larobdckerna, men med en tydlig 6vervikt for tva av dem. Om man tanker att
alla dessa tre satt att narma sig problemldsningsundervisning behovs sa finns
det en snedférdelning i Marys klassrum, samma snedférdelning finns men ar
annu tydligare i larobockerna, den kan ocksa ses i laroplanen. Alltsa finns inte
hela forklaringen for hur problemlésningsundervisningen blir, hos Mary. Den
finns ocksa i laroboken och i laroplanen som bada ar del av samma kultur som
Mary.

I den tredje artikeln utforskades ett teoretiskt verktyg som beskriver kun-
skap som bade ett gérande och ett vetande for att beskriva vilken kunskap som
privilegieras i olika kontexter, i det fallet matematikbok och i lararens mate-
matikundervisning. Resultaten indikerar att nyanserna, som framtrader nér
man analyserar bade vilket gérande och vetande som kommuniceras i en
undervisningskontext, gor att fler skillnader framtréder. | det exempel som
analyseras i artikeln kan man se hur Marys forklaringar av matning av vinklar
bottnar mer i vinkeln som en representation av en matematisk idé, rotationen,
jamfort med matematikbokens forklaring som bottnade mer i vinkeln som ett
matematiskt objekt som man satter namn pa och mater.

I den fjarde artikeln studerades vilka teoretiska principer och argument for
undervisning om rationella tal som kunde ses i de fyra kontexterna. Resultaten
visar att teoretiska utgangspunkter inte kommuniceras explicit i ndgon av de
fyra kontexterna. Bakomliggande teoretiska principer far tolkas fran kommu-
nikation och aktiviteter fran de olika kontexterna som ror rationella tal. Resul-
taten visar ocksa att de fyra kontexterna privilegierar de teoretiska principerna
och argumenten pa liknande satt. Undervisningsekologin & homogen. Att un-
dervisa pa ett annat satt an vad som privilegieras i undervisningsekologin in-
nebar avsteg fran samtliga omgivande kontexter. Larare behdver alltsa fa en-
gagera sig i kontexter som privilegierar olika teoretiska principer, till exempel
vetenskaplig litteratur, for att fa mojlighet att urskilja och diskutera hur andra
kontexter paverkar matematikundervisningen.

Utifran artiklarnas resultat dras nagra slutsatser om hur undervisningseko-
login paverkar Marys matematikundervisning. | hela undervisningsekologin
privilegieras gorandet framfor vetandet. Trots det sa kan man se hur Mary ger
uttryck for fler eller andra teoretiska principer &n ekologin i allménhet. Hon
lyder inte de omgivande kontexterna, hon forhandlar de teoretiska principer
som privilegieras dar med andra faktorer, sdsom elevernas valbefinnande. Lar-
oboken har en mycket framtrddande roll i ekologin, den anvénds som upp-
giftssamling men ocksa for att utmana hogpresterande elever. Detta skulle
kunna ses som en begransning, men i denna studie blir det ocksa tydligt att
matematikbdckerna ocksa mojliggér Marys matematikundervisning. Matema-
tikbockerna erbjuder bade en struktur for skolmatematiken och uppgifter som
eleverna kan arbeta med, vilket gor att Mary sparar tid och kan utveckla sin
problemldsningsundervisning. Laroplanens otydliga satt att privilegiera mate-
matik och matematikundervisning blir en begransning fér Mary eftersom det
inte blir tydligt vilka teoretiska principer som ligger till grund for de olika
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malen. I hela ekologin privilegieras rakning som bade aktivitet, forutsattning
for matematisk aktivitet och som tillampning av matematik. Denna standiga
privilegiering av rakning begransar utforskandet av matematiska idéer, till ex-
empel nar rationella tal blir brak som Gversatts till decimaltal sa att de kan
raknas med. Over lag i ekologin privilegierades en férenklad matematisk kom-
munikation. Till exempel nér olika l6sningar privilegierades framfor effektiva
eller generella 16sningar, eller nédr definitioner inte kommuniceras utan tas for
givet, som i matematikbokens forklaringar av vinklar.

Som en foljd av dessa resultat och slutsatser anser jag att larare behover fa
tid och mojlighet att engagera sig i vetenskapliga och andra kontexter for att
bredda sin ekologi och fa tillgang till fler och andra teoretiska principer att
forhandla med nar de formar sin matematikundervisning. Genom att fa till-
gang till en stérre bredd och variation av teoretiska principer sa kan larare fa
storre mojligheter att motsta influenser som till exempel nér utbildningsmi-
nistern foreslar katederundervisning som en losning pa forsamrade resultat i
internationella matningar, eller nar myndigheter beskriver larare som otill-
réckliga och okunniga. Ett satt att gora teoretiska principer tydliga for larare
ar att inkludera referenser, vetenskapliga och andra, i laroplanen sa att grun-
derna for de mal som star dar blir tydliga.

Min férhoppning med denna studie &r att den bidrar till att beslutsfattare i
skolsystemet far en storre forstaelse for komplexiteten att undervisa matema-
tik. Det behdver ta med larares undervisningsekologi i diskussioner om vad
som behover utvecklas eller fordndras for att matematikundervisningen ska
utvecklas. Min forhoppning &r ocksa att studien inspirerar till vidare forsk-
ning som fokuserar larare och undervisning som i hdgre grad studerar fler
kontexter an lararen och klassrummet med fokus pa den matematik som
kommuniceras.

Jag Onskar att varje rektor som har en Mary pa sin skola, alltsa en engage-
rad och utbildad larare, ska ge henne mojlighet att fordjupa sig och hamta in-
fluenser pa manga olika hall for att utveckla sin undervisning. Min forhopp-
ning ar att varje matematiklarare ska fa tid, majlighet och verktyg att lasa
och diskutera teoretiska principer for den undervisning de genomfor, och
som en konsekvens av det far storre mojlighet att kritiskt granska bade laro-
medel, laroplaner och allmén debatt.

104



9 References

Abbott, A. (1988). The system of professions: An essay on the division of expert la-
bour. Chicago: University of Chicago Press.

Achiam, M., & Marandino, M. (2014). A framework for understanding the conditions
of science representation and dissemination in museums. Museum Management
and Curatorship, 29(1), 66-82.

Adler, J., & Lerman, S. (2003). Getting the description right and making it count:
Ethical practice in mathematics education research. In A. J. Bishop, M. A. Clem-
ents, C. Keitel, J. Kilpatrick & F. K. S. Leung (Eds.), Second international hand-
book of mathematics education (pp. 441-470). Dordrecht: Springer.

Ahl, L., Gunnarsdottir, H., Koljonen, T., & Palsdottir, G. (2015). How teachers inter-
act and use teacher guides in mathematics: Cases from Sweden and Iceland. Nor-
dic Studies in Mathematics Education, 20(3—4), 179-198.

Ahlberg, A., Emanuelsson, G., Johansson, B., & Runesson, U. (1989). Matematiken
infor 2000-talet standards. Namnaren 16 (4), 4-23.

Andrews, P. (2007). The curricular importance of mathematics: A comparison of Eng-
lish and Hungarian teachers' espoused beliefs. Journal of Curriculum Studies,
39(3), 317-338.

Andrews, P. (2010). The importance of acknowledging the cultural dimension in
mathematics teaching and learning research. Acta Didactica Napocensia, 3(2), 3—
16.

Andrews, P. (2016a). Is the ‘telling case’ a methodological myth? International Jour-
nal of Social Research Methodology, 20(5), 455-467.

Andrews, P. (2016b). Understanding the Cultural Construction of School Mathemat-
ics. In: Larvor B. (eds) Mathematical Cultures. Trends in the History of Science.
Birkh&user, Cham

Andrews, P., & Xenofontos, C. (2015). Analysing the relationship between problem-
solving-related beliefs, competence and teaching of three Cypriot primary teach-
ers. Journal of Mathematics Teacher Education, 18(4), 299-325.

Artigue, M., & Winslgw, C. (2010). International comparative studies on mathematics
education: A viewpoint from the anthropological theory of didactics. Recherches
En Didactiques Des Mathématiques, 30(1), 47-82.

Bagger, A. (2015). Proévningen av en skola for alla: Nationella provet i matematik i
det tredje skolaret. Doctoral Thesis, Umed: Umeé University

Ball, S. J. (2003). The teacher's soul and the terrors of performativity. Journal of Ed-
ucation Policy, 18(2), 215-228.

Barbé, J., Bosch, M., Espinoza, L., & Gascon, J. (2005). Didactic restrictions on the
teacher’s practice: The case of limits of functions in Spanish high schools. Edu-
cational Studies in Mathematics, 59(1-3), 235-268.

Barr, R. (1988). Conditions influencing content taught in nine fourth-grade mathemat-
ics classrooms. The Elementary School Journal, (4), 387-411.

105



Bergqvist, E., Bergqvist, T., Boesen, J., Helenius, O., Lithner, J., Palm, T., & Palm-
berg, B. (2010). Matematikutbildningens mal och undervisningens &ndamalsen-
lighet. Goteborg: Géteborgs universitet.

Bernstein, B. (2000). Pedagogy, symbolic control and identity: Theory, research, cri-
tique. Lanham, Md.: Rowman & Littlefield Publishers.

Biesta, G. J. J. (2010). Why ‘What works’ still won’t work: From evidence-based
education to value-based education. Studies in Philosophy and Education, 29(5),
491-503.

Bishop, A. J. (1976). Decision-making, the intervening variable. Educational Studies
in Mathematics, 7(1), 41-47.

Bishop, A. J. (1991). Mathematical Enculturation: A Cultural Perspective on Mathe-
matics Education. Dordrecht: Kluwer Academic Publishers

Bishop, A. J., & Whitfield, R. C. (1972). Situations in teaching. Maidenhead Berk-
shire, England: McGraw-Hill.

Bjorkvall, A. (2009). Den visuella texten: Multimodal analys i praktiken. Stockholm:
Hallgren & Fallgren.

Boesen, J., Helenius, O., Bergqvist, E., Bergqvist, T., Lithner, J., Palm, T., & Palm-
berg, B. (2014). Developing mathematical competence: From the intended to the
enacted curriculum. The Journal of Mathematical Behavior, 33, 72-87.

Boistrup, L. B. (2010). Assessment discourses in mathematics classroom - A multi-
modal social semiotic study. (Doctoral Thesis from the Department of Mathemat-
ics and Science Education, Stockholm University, 4) Doctoral Thesis, Stockholm:
Stockholm University.

Boistrup, L.B. (2014). Premiera larartillgénglig forskning. Skolvarlden 2014 Nummer
1. Retriewed 3 Oct 2018. from http://skolvarlden.se/artiklar/premiera-la-
rartillganglig-forskning

Boistrup, L. B. (2015). Governing through implicit and explicit assessment acts: Mul-
timodality in mathematics classrooms. In M. Hamilton, K. Heydon, K. Hibbert &
R. Stooke (Eds.), Negotiating spaces for literacy learning: Multimodality and
governmentality (pp. 131-148). London: Bloomsbury Academic.

Boistrup, L. B. (2017). Assessment in mathematics education: A gatekeeping dispos-
itive. In N. Bohlmann, A. Pais & H. Straehler-Pohl (Eds.), The Disorder of Math-
ematics Education (pp. 209-230). Cham: Springer.

Boistrup, L. B., & Selander, S. (2009). Coordinating multimodal social semiotics and
an institutional perspective in studying assessment actions in mathematics class-
rooms. In V. Durand-Guerrier, S. Soury-Lavergne & F. Arzarello (Eds.), Pro-
ceedings of CERME 6, Sixth Conference of European Research in Mathematics
Education (pp. 1565-1574). Lyon, France: Institut national de recherche péda-
gogique.

Borko, H., Roberts, S. A., & Shavelson, R. J. (2008). Teachers’ decision making:
From Alan J. Bishop to today. In P. Clarkson & N. Presmeg (Eds.), Critical issues
in mathematics education: Major contributions of Alan Bishop (pp. 37-68). Bos-
ton, MA: Springer.

Bosch, M., & Gascon, J. (2006). Twenty-five years of the didactic transposition. ICMI
Bulletin, 58, 51-65.

Braun, V., & Clarke, V. (2006). Using thematic analysis in psychology. Qualitative
Research in Psychology, 3(2), 77-101.

Bullough Jr., R. V. (2015). Differences? Similarities? Male teacher, Female teacher:
An instrumental case study of teaching in a head start classroom. Teaching and
Teacher Education, 47, 13-21.

Carlgren, 1. (2004). Professionalism som reflektion i larares arbete. In Lararprofes-
sionalism - om professionella larare (pp. 14-20). Stockholm: Lararférbundet.

106


http://skolvarlden.se/artiklar/premiera-larartillganglig-forskning
http://skolvarlden.se/artiklar/premiera-larartillganglig-forskning

Cetina, K. K., Schatzki, T. R., & Von Savigny, E. (2005). The practice turn in con-
temporary theory. Hoboken: Routledge.

Charalambous, C., & Pitta-Pantazi, D. (2007). Drawing on a theoretical model to
study students’ understandings of fractions. Educational Studies in Mathematics,
64(3), 293-316.

Chevallard, Y. (1989). On didactic transposition theory: Some introductory notes. In
The proceedings of The International Symposium on Selected Domains of Re-
search and Development in Mathematics Education (pp. 51-62), 3-7 August
1988. Bratislava.

Chevallard, Y. (1998). Analyse des pratiques enseignantes et didactique des mathé-
matiques: L’approche anthropologique. Recherches En Didactique Des Mathé-
matiques, 19(3), 91-118.

Chevallard, Y. (2002a). Organiser 1’étude 1. structures et fonctions. In Dorier, J. L. et
al. (Eds.), Actes de la 11e Ecole de Didactique des Mathématiques. (pp. 3-22),
Grenoble: La Pensée Sauvage.

Chevallard, Y. (2002b). Organiser I’é¢tude 3. écologie & régulation. In Dorier, J. L. et
al. (Eds.), Actes de la 11e Ecole de Didactique des Mathématiques. (pp. 41-56),
Grenoble: La Pensée Sauvage.

Chevallard, Y. (2006). Steps towards a new epistemology in mathematics education.
In M. Bosch (Ed.), Proceedings of the 4th Conference of the European Society
for Research in Mathematics Education (pp. 21-30). Sant Feliu de Guixols:
CERME 4.

Chevallard, Y. (2007). Readjusting didactics to a changing epistemology. European
Educational Research Journal, 6(2), 131-134.

Chevallard, Y., & Bosch, M. (2014). Didactic transposition in mathematics education.
In S. Lerman (Ed.), Encyclopedia of Mathematics Education (pp. 170-173). Dor-
drecht: Springer.

Chevallard, Y., & Sensevy, G. (2014). Anthropological approaches in mathematics
education, French perspectives. In S. Lerman (Ed.), Encyclopedia of Mathematics
Education (pp. 38-43). Dordrecht: Springer.

Chevallard, Y., Bosch, M., & Kim, S. (2015). What is a theory according to the an-
thropological theory of the didactic? In K. Krainer, & N. Vondrova (Eds.), Pro-
ceedings of the Ninth Congress of the European Society for Research in Mathe-
matics Education (pp. 2614-2620). Prague: Charles University in Prague, Faculty
of Education and ERME.

Chong, W. H., & Kong, C. A. (2012). Teacher collaborative learning and teacher self-
efficacy: The case of lesson study. The Journal of Experimental Education, 80(3),
263-283.

Coburn, C. E., Mata, W. S., & Choi, L. (2013). The embeddedness of teachers’ social
networks: Evidence from a study of mathematics reform. Sociology of Education,
86(4), 311-342.

Cummings, W. K. (1999). The InstitutionS of Education: Compare, Compare, Com-
pare! Comparative Education Review, 43(4), 413-437.

Dahl, J. (2014). The problem-solving citizen (Malmé studies in educational sciences:
Licentiate Dissertation series, 2014:33). Malmd: Malmé University

d'Ambrosio, U. (1985). Ethnomathematics and its place in the history and pedagogy
of mathematics. For the Learning of Mathematics, 5(1), 44-48.

Dixon, C. N., & Green, J. (2009). Focus on policy: How a community of inquiry
shapes and is shaped by policies: The Santa Barbara classroom discourse group
experience as a telling case. Language Arts, 86(4), 280-289.

Donmoyer, R. (2009). Generalizability and the single-case study. In M. Hammersley,
& R. Gomm (Eds.), Case study method (pp. 45-69). London: SAGE.

107



Doppenberg, J., den Brok, P., & Bakx, A. (2013). Relationships between primary
school teachers' perceived learning outcomes of collaboration, foci and learning
activities. Learning and Individual Differences, 28, 1-8.

Dowling, P. (2014). Recontextualization in mathematics education. In S. Lerman
(Ed.), Encyclopedia of mathematics education (pp. 525-529). Dordrecht:
Springer.

Eddy Spicer, D. H. (2011). Power and knowledge-building in teacher inquiry: Nego-
tiating interpersonal and ideational difference. Language and Education, 25(1),
1-17.

Engestrom, Y. (1998). Reorganising the motivational sphere of classroom culture: An
activity-theoretical analysis of planning in a teacher team. In F. Seeger, J. Voigt,
& U. Waschescio (Eds.), The Culture of the Mathematics Classroom (pp. 76—
103). Cambridge: Cambridge University Press.

Englund, B. (1999). Larobokskunskap, styrning och elevinflytande. Pedagogisk For-
skning i Sverige, 4(4), 327-348.

Eriksson, 1. (2011). Katederundervisningen fungerar i Finland och Finland &r bra i
PISA ... eller? Skola Och Samhélle, Retrieved 13 Oct 2018, from
https://www.skolaochsamhalle.se/flode/skolpolitik/inger-eriksson-katederun-
dervisningen-fungerar-i-finland-och-finland-ar-bra-i-pisa-%e2%80%a6-eller/

Evans, J., Morgan, C., & Tsatsaroni, A. (2006). Discursive positioning and emotion
in school mathematics practices. Educational Studies in Mathematics, 63(2), 209—
226.

Foucault, M. (1993). Diskursens ordning: Installationsférelasning vid Collége de
France den 2 december 1970 (M. Rosengren Trans.). Stockholm; Stehag: B.
Ostlings bokforl. Symposion.

Foucault, M. (2008). Regementalitet [governmentality]. In T. Gotselius, & U. Olsson
(Eds.), Diskursernas kamp (pp. 183-204). Eslév: Brutus Ostlings bokférlag Sym-
posion.

Freeman, D. J., & Porter, A. C. (1989). Do textbooks dictate the content of mathemat-
ics instruction in elementary schools? American Educational Research Journal,
26(3), 403-421.

Frejd, P., & Bergsten, C. (2016). Mathematical modelling as a professional task. Ed-
ucational Studies in Mathematics, 91(1), 11-35.

Gade, S. (2012). Teacher—researcher collaboration in a grade four mathematics class-
room: Restoring equality to students’ usage of the ‘=" sign. Educational Action
Research, 20(4), 553-570.

Geertz, C. (1994). Thick description: Toward an interpretive theory of culture. In M.
Martin & L. Mcintyre (Eds.), Readings in the philosophy of social science (pp.
213-232). London: Bradford Books.

Gellert, U., Espinoza, L., & Barbé, J. (2013). Being a mathematics teacher in times of
reform. ZDM, 45(4), 535-545.

Gerring, J. (2006). Case study research: Principles and practices. Leiden: Cambridge
University Press.

Gonzélez-Martin, A. (2015). The use of textbooks by pre-university teachers: An ex-
ample with infinite series of real numbers. In K. Krainer, & N. Vondrova (Eds.),
Proceedings of the ninth congress of the European society for research in math-
ematics education (pp. 2124-2130). Prague: Charles University in Prague, Fac-
ulty of Education and ERME.

Gonzélez-Martin, A., Giraldo, V., & Souto, A. M. (2013). The introduction of real
numbers in secondary education: An institutional analysis of textbooks. Research
in Mathematics Education, 15(3), 230-248.

108


https://www.skolaochsamhalle.se/flode/skolpolitik/inger-eriksson-katederundervisningen-fungerar-i-finland-och-finland-ar-bra-i-pisa-%e2%80%a6-eller/
https://www.skolaochsamhalle.se/flode/skolpolitik/inger-eriksson-katederundervisningen-fungerar-i-finland-och-finland-ar-bra-i-pisa-%e2%80%a6-eller/

Goodchild, S. (2011). Classroom research: Impact and long term effect versus justice,
liberation and empowerment? L.Ole Bjoérkvist, L., & A.R06j-Lindberg (Eds.)
Long-Term Research in the Didactics of Mathematics and Science, (pp. 9-25).
Abo: Faculty of Education Abo Akademi University

Goulding, M., Rowland, T., & Barber, P. (2002). Does it matter? Primary teacher
trainees' subject knowledge in mathematics. British Educational Research Jour-
nal, 28(5), 689-704.

Gresalfi, M. S., & Cobb, P. (2011). Negotiating identities for mathematics teaching in
the context of professional development. Journal for Research in Mathematics
Education, 42(3), 270-304.

Gutiérrez, R. (2013). The Sociopolitical Turn in Mathematics Education. Journal for
Research in Mathematics Education, 44(1), 37-68.

Haggarty, L., & Pepin, B. (2002). An investigation of mathematics textbooks and their
use in English, French and German classrooms: Who gets an opportunity to learn
what? British Educational Research Journal, 28(4), 567-590.

Haglund, B. (2003). Stimulated recall - ndgra anteckningar om en metod att generera
data. Pedagogisk Forskning i Sverige, 8(3), 145-157.

Halliday, M. A. K. (1977). Text as semantic choice in social context. In T.A. Van
Dyck & J. Petofi (Eds.), Grammars and descriptions. (pp 176-225). Berlin: de
Gruyter.

Halliday, M. A. K. (2004). In Matthiessen C. M. I. M. (Ed.), An introduction to func-
tional grammar (3. ed. ed.). London: Arnold.

Hammersley, M., & Gomm, R. (2009). Introduction. In R. Gomm, & M. Hammersley
(Eds.), Case study method (pp. 1-17). London: SAGE.

Hargreaves, A. (2000). Four ages of professionalism and professional learning.
Teachers and Teaching, 6(2), 151-182.

Herbel-Eisenmann, B. (2007). From intended curriculum to written curriculum: Ex-
amining the "voice" of a mathematics textbook. Journal for Research in Mathe-
matics Education, 38(4), 344-369.

Herbel-Eisenmann, B., & Otten, S. (2011). Mapping mathematics in classroom dis-
course. Journal for Research in Mathematics Education, 42(5), 451-485.

Herbel-Eisenmann, B., Lubienski, S. T., & Id-Deen, L. (2006). Reconsidering the
study of mathematics instructional practices: The importance of curricular context
in understanding local and global teacher change. Journal of Mathematics
Teacher Education, 9(4), 313-345.

Hermerén, G. (2017). Good research practice. Stockholm: The Swedish Research
Council.

Holden, N. (2001). Why globalizing with a conservative corporate culture inhibits
localization of management: The telling case of Matsushita electric. International
Journal of Cross Cultural Management, 1(1), 53-72.

Holmgqvist, M., Gustavsson, L., & Wernberg, A. (2007). Generative learning: Learn-
ing beyond the learning situation. Educational Action Research, 15(2), 181-208.

Honingh, M., & Hooge, E. (2014). The effect of school-leader support and participa-
tion in decision making on teacher collaboration in Dutch primary and secondary
schools. Educational Management Administration & Leadership, 42(1), 75-98.

Jablonka, E., & Bergsten, C. (2010). Theorising in mathematics education research:
Differences in modes and quality. Nordic Studies in Mathematics Education,
15(1), 25-52.

Jablonka, E., & Johansson, M. (2010). Using texts and tasks: Swedish studies on
mathematics textbooks. In B. Sriraman, C. Bergsten, S. Goodchild, G. Palsdottir,

109



B. Dahl, & L. Haapasalo (Eds.), The first sourcebook on Nordic research in math-
ematics education: Norway, Sweden, Iceland, Denmark, and contributions from
Finland (pp. 363-372). Charlotte: 1AP.

Jablonka, E., Ashjari, H., & Bergsten, C. (2016). “Much palaver about greater than
zero and such stuff”: First year engineering students’ recognition of university
mathematics. International Journal of Research in Undergraduate Mathematics
Education, 3(1), 69-107.

Jahnke, A. (2014). Insegel till dialog: Skolans matematikutbildning: En studie i fyra
praktiker. Bodg: Doctoral Thesis, Universitetet i Nordland.

Jaworski, B., & Gellert, U. (2003). Educating new mathematics teachers: Integrating
theory and practice, and the roles of practising teachers. In A. J. Bishop, M. A.
Clements, C. Keitel, J. Kilpatrick & F. K. S. Leung (Eds.), Second international
handbook of mathematics education (pp. 829-875). Dordrecht: Springer.

Jaworski, B., & Potari, D. (2009). Bridging the macro- and micro-divide: Using an
activity theory model to capture sociocultural complexity in mathematics teach-
ing and its development. Educational Studies in Mathematics, 72(2), 219-236.

Jewitt, C. (2009). An introduction to multimodality. In C. Jewitt (Ed.), The Routledge
Handbook of Multimodal Analysis (pp. 14-27). London: Routledge.

Johansson, M. (2006). Textbooks as instruments: Three teachers’ ways to organize
their mathematics lessons. Nordic Studies in Mathematics Education, 11(3), 5—
30.

Klette, K. (2002). Reform policy and teacher professionalism in four Nordic countries.
Journal of Educational Change, 3(3), 265-282.

Kress, G. (2009). Multimodality: A social semiotic approach to contemporary com-
munication. Hoboken: Taylor and Francis.

Kress, G. (2015). Semiotic work. AILA Review, 28(1), 49-71.

Kress, G., & Sidiropoulou, C. (2010). Klassrumsdesign. In A. Kempe, & S. Selander
(Eds.), Design for larande (pp. 108-117). Stockholm: Norstedt.

Kress, G., & Van Leeuwen, T. (2006). Reading images: The grammar of visual de-
sign. London: Taylor & Francis Routledge.

Kress, G., Jewitt, C., Ogborn, J., & Tsatsarelis, C. (2001). Multimodal teaching and
learning. The rhetorics of the science classroom. London: Continuum.

Kullberg, A., Runesson, U., & Martensson, P. (2014). Different possibilities to learn
from the same task. PNA, 8(4), 139-150.

Kvale, S., & Brinkmann, S. (2014). Den kvalitativa forskningsintervjun (3. [rev.] uppl.
ed.). Lund: Studentlitteratur.

Lapadat, J. C., & Lindsay, A. C. (1999). Transcription in research and practice: From
standardization of technique to interpretive positionings. Qualitative Inquiry,
5(1), 64-86.

Lepik, M., Grevholm, B., & Viholainen, A. (2015). Using textbooks in the mathemat-
ics classroom: The teachers’ view. Nordic Studies in Mathematics Education,
20(3-4), 129-156.

Lerman, S. (2000a). A case of interpretations of social: A response to Steffe and
Thompson. Journal for Research in Mathematics Education, 31(2), 210-227.
Lerman, S. (2000b). The social turn in mathematics education research. In J. Boaler
(Ed.), Multiple perspectives on mathematics teaching & learning (pp. 19-44).

Westport, US: Greenwood Press.

Liu, Y., & Hong, H. (2009). Regulative discourse in Singapore primary English class-
rooms: Teachers' choices of directives. Language and Education, 23(1), 1-13.

Lundgren, U. P. (2006a). Political governing and curriculum change - from active to
reactive curriculum reforms the neeed for a reorientation of curriculum theory.
Studies in Educational Policy and Educational Philosophy, 2006:1, 1-12.

110



Lundgren, UIf P. (2006b). Utbildningsvetenskap — kunskapsomrade eller disciplin?
In: Bengt Sandin., & Roger Saljo (Red.), Utbildningsvetenskap — ett kunskapsom-
rade under formering (s 65-103). Stockholm: Carlssons bokforlag.

Lundin, S. (2008). Skolans matematik: En kritisk analys av den svenska skol-
matematikens forhistoria, uppkomst och utveckling (Acta Universitatis Upsali-
ensis), Doctoral Thesis, Uppsala: Uppsala universitetsbibliotek.

MacPherson, S. (2010). Teachers' collaborative conversations about culture: Negoti-
ating decision making in intercultural teaching. Journal of Teacher Education,
61(3), 271-286.

Marmo, L., Piccinini, N., & Danzi, E. (2015). Small magnitude explosion of alumin-
ium powder in an abatement plant: A telling case. Process Safety and Environ-
mental Protection, 98, 221-230.

McNicholl, J. (2013). Relational agency and teacher development: A CHAT analysis
of a collaborative professional inquiry project with biology teachers. European
Journal of Teacher Education, 36(2), 218-232.

Mitchell, J. (1984). Typicality and the case study. In R. F. Ellen (Ed.), Ethnographic
research: A guide to general conduct (pp. 238-241). London: Academic Press.

Moller, S., Mickelson, R. A., Stearns, E., Banerjee, N., & Bottia, M. C. (2013). Col-
lective pedagogical teacher culture and mathematics achievement differences by
race, ethnicity, and socioeconomic status. Sociology of Education, 86(2), 174—
194,

Moller, S., Stearns, E., Mickelson, R. A., Bottia, M. C., & Banerjee, N. (2014). Is
academic engagement the panacea for achievement in mathematics across ra-
cial/ethnic groups? Assessing the role of teacher culture. Social Forces, 92(4),
1513-1544.

Montecino, A., & Valero, P. (2017). Mathematics teachers as products and agents: To
be and not to be. that’s the point! In H. Strachler-Pohl, N. Bohlmann & A. Pais
(Eds.), The Disorder of Mathematics Education (pp. 135-152). Cham: Springer.

Morgan, C. (2006). What does social semiotics have to offer mathematics education
research? Educational Studies in Mathematics, 61(1), 219-245.

Musante, K., & DeWalt, B. R. (2010). Participant observation: A guide for fieldwork-
ers. Lenham Maryland: Rowman Altamira.

NCTM. (1991). Professional standards for teaching mathematics. Reston, VA: Na-
tional Council of Teachers of Mathematics.

Nie, B., Freedman, T., Hwang, S., Wang, N., Moyer, J. C., & Cai, J. (2013). An in-
vestigation of teachers’ intentions and reflections about using standards-based
and traditional textbooks in the classroom. ZDM, 45(5), 699-711.

Niss, M. A. (2010). What is quality in a PhD dissertation in mathematics education?
Nordic Studies in Mathematics Education, 15(1), 5-23.

Norén, E. (2010). Discourses and agency in a multilingual mathematics classroom.
Nordic Educational Research Working-paper Series. Stockholm, Sweden: Stock-
holm University.

Palmér, H. (2010). Identity development in limbo: Teacher transition from education
to teaching. Nordic Studies in Mathematics Education, 15(4), 101-122.

Palmér, H. (2012). (In) consistent? the mathematics teaching of a novice primary
school teacher. Nordic Studies in Mathematics Education, 17(3-4), 141-157.
Palmér, H. (2013). To become, or not to become, a primary school mathematics
teacher: A study of novice teachers’ professional identity development. Doctoral

Thesis. Vaxjo, Linnaeus University Press.

Parker, D. (2009). The specialisation of pedagogic identities in initial mathematics
teacher education in post-apartheid South Africa. Unpublished Doctoral Thesis,
Johannesburg, South Africa: University of the Witwatersrand.

111



Paterson, J., Thomas, M., & Taylor, S. (2011). Decisions, decisions, decisions: What
determines the path taken in lectures? International Journal of Mathematical Ed-
ucation in Science & Technology, 42(7), 985-995.

Pepin, B., & Haggerty (sic), L. (2003). Mathematics textbooks and their use by teach-
ers: A window into the education world of particular countries. In J. van den Ak-
ker, W. Kuiper, & U. Hameyer (Eds.), Curriculum landscapes and trends (pp.
73-100). Dordrecht: Springer.

Pettersson, K., Stadler, E., & Tambour, T. (2013). Transformation of students’ dis-
course on the threshold concept of function. In B. Ubuz, C. Haser & M. A. Mar-
iotti (Eds.), Proceedings of the Eight Congress of the European Society for Re-
search in Mathematics Education CERMES (pp. 2406-2415). Ankara: Middle
East Technical University.

Phillips, C. J. (2015). The new math: A political history. Chicago: University of Chi-
cago Press.

Polya, G. (1945). Mathematical discovery: On understanding, learning, and teaching
problem solving. vol. I. New York: Wiley.

Popkewitz, T. S. (1996). Rethinking decentralization and state/civil society distinc-
tions: The state as a problematic of governing. Journal of Education Policy, 11(1),
27-51.

Popkewitz, T., & Lindblad, S. (2000). Educational governance and social inclusion
and exclusion: Some conceptual difficulties and problematics in policy and re-
search. Discourse: Studies in the Cultural Politics of Education, 21(1), 5-44.

Povey, H., Adams, G., & Everley, R. (2017). “Its influence taints all”’: Urban mathe-
matics teachers resisting performativity through engagement with the past. Jour-
nal of Urban Mathematics Education, 10(2), 52—-65.

Prytz, J. (2013). Swedish mathematics curricula, 1850-2014. An overview. In B. Kris-
tin, F. Fulvia, P. Johan & S. Gert (Eds.), "Dig where you stand" 3: Proceedings
of the third international conference on the history of mathematics education (pp.
309-325). Sweden: Uppsala University.

Raffnsge, S., Gudmand-Heyer, M., & Thaning, M. S. (2016). Foucault’s dispositive:
The perspicacity of dispositive analytics in organizational research. Organization,
23(2), 272-298.

Rasmussen, K., & Winslgw, C. (2013). Didactic codetermination in the creation of an
integrated math and science teacher education: The case of mathematics and ge-
ography. In B. Ubuz, C. Haser & M. A. Mariotti (Eds.), Proceedings of the Eighth
Congress of European Society for Research in Mathematics Education (pp. 3206—
3216 ). Ankara: Middle East Technical University.

Remillard, J. T. (2005). Examining key concepts in research on teachers' use of math-
ematics curricula. Review of Educational Research, 75(2), 211-246.

Riveros, A. (2012). Beyond collaboration: Embodied teacher learning and the dis-
course of collaboration in education reform. Studies in Philosophy & Education,
31(6), 603-612.

Rowland, T., Huckstep, P., & Thwaites, A. (2005). Elementary teachers’ mathematics
subject knowledge: The knowledge quartet and the case of Naomi. Journal of
Mathematics Teacher Education, 8(3), 255-281.

Rule, P., & John, V. M. (2015). A necessary dialogue: Theory in case study research.
International Journal of Qualitative Methods, 14(4), 1-11.

Ryan, M., & Bourke, T. (2013). The teacher as reflexive professional: Making visible
the excluded discourse in teacher standards. Discourse: Studies in the Cultural
Politics of Education, 34(3), 411-423.

112



Sayers, J., & Andrews, P. (2015). Foundational number sense: Summarising the de-
velopment of an analytical framework. In K. Krainer, & N. VVondrova (Eds.), Pro-
ceedings of the Ninth Congress of the European Society for Research in Mathe-
matics Education (pp. 361-367). Prague: Charles University in Prague, Faculty of
Education and ERME.

Schoenfeld, A. H. (2011a). How we think: A theory of goal-oriented decision making
and its educational applications. New York: Routledge.

Schoenfeld, A. H. (2011b). Toward professional development for teachers grounded
in a theory of decision making. ZDM, 43(4), 457-469.

Schroeder, T. L., & Lester, F. K. (1989). Developing understanding in mathematics
via problem solving. In A. P. Shulte, & P. R. Trafton (Eds.), New directions for
elementary school mathematics (pp. 31-42) The National Council of Teachers of
Mathematics Reston, VA.

Selander, S., & Kress, G. (2010). Design for larande: Ett multimodalt perspektiv.
Stockholm: Norstedt.

Shavelson, R. J., & Stern, P. (1981). Research on teachers' pedagogical thoughts,
judgments, decisions, and behavior. Review of Educational Research, 51(4), 455—
498.

Shulman, L. (1987). Knowledge and teaching: Foundations of the new reform. Har-
vard Educational Review, 57(1), 1-23.

Sjoberg, G., Silfver, E., & Bagger, A. (2015). Disciplined by tests. Nordic Studies in
Mathematics Education, 20(1), 55-75.

Skolinspektionen. (2009). Undervisningen i matematik: Utbildningens innehall och
andamalsenlighet [The teaching in mathematics: The content and purpose of the
education]. (No. 2009:5). Stockholm: Skolinspektionen.

Skolverket. (1999). Curriculum for the compulsory school, the pre-school class and
the after school centre: Lpo 94 (B. R. Turner Trans.). Stockholm: Ministry of
Education and Science in Sweden, Regeringskansliet : Fritze.

Skolverket. (2003). Lusten att ldara: Med fokus p& matematik: Nationella
kvalitetsgranskningar 2001-2002. Stockholm: Skolverket: Fritze.

Skolverket. (2011a). Curriculum for the compulsory school system, the pre-school
class and the leisure-time centre 2011. Stockholm: Swedish National Agency for
Education (Skolverket).

Skolverket. (2011b). Kommentarmaterial till kursplanen i matematik. Stockholm:
Skolverket.

Skolverket. (2015). Grundskollarares tidsanvandning: En foérdjupad analys av
"lararnas yrkesvardag". Stockholm: Skolverket.

Skoldverstyrelsen. (1955). Undervisningsplan for rikets folkskolor. Stockholm: Nor-
stedt.

Skoldverstyrelsen. (1962). Laroplan for grundskolan: Lgr 62. Stockholm: Kungliga
Skoldverstyrelsen.

Skoldverstyrelsen. (1969). Laroplan for grundskolan: Lgr 69. Stockholm: Utbild-
ningsforlaget.

Skoldverstyrelsen. (1980). Laroplan fér grundskolan: Lgr 80. Stockholm: Fritzes.

Skott, J. (2004). The forced autonomy of mathematics teachers. Educational Studies
in Mathematics, 55(1-3), 227-257.

Skott, J. (2013). Understanding the role of the teacher in emerging classroom prac-
tices: searching for patterns of participation. ZDM, 45(4), 547-559.

Skott, J., Van Zoest, L., & Gellert, U. (2013). Theoretical frameworks in research on
and with mathematics teachers. ZDM, 45(4), 501-505.

Skovsmose, O. (1990). Mathematical education and democracy. Educational Studies
in Mathematics, 21(2), 109-128.

113



Son, J., & Kim, O. (2015). Teachers’ selection and enactment of mathematical prob-
lems from textbooks. Mathematics Education Research Journal, 27(4), 491-518.

Sosniak, L. A., & Stodolsky, S. S. (1993). Teachers and textbooks: Materials use in
four fourth-grade classrooms. Elementary School Journal, 93(3), 249-275.

SOU 2004:97. (2004). Att lyfta matematiken: Intresse, larande, kompetens:
Betdnkande. Stockholm: Fritzes.

Stake, R. E. (1995). The art of case study research. London: Sage.

Steffe, L. P., & Thompson, P. W. (2000). Interaction or intersubjectivity? A reply to
Lerman. Journal for Research in Mathematics Education, 31(2), 191-209.

Stengel, B. S. (2010). Autonomy? or responsibility? Educational Theory, 60(1), 19—
28.

Sterner, G. (2007). Lassvarigheter och raknesvarigheter. Namnaren, (2), 8-13.

Sullivan, P., Clarke, D. J., Clarke, D. M., Farrell, L., & Gerrard, J. (2013). Processes
and priorities in planning mathematics teaching. Mathematics Education Re-
search Journal, 25(4), 457-480.

Svensk forfattningssamling. (1878). Normalplan for undervisningen i folkskolor och
smaskolor. Stockholm: Norstedt & séner.

Svensk forfattningssamling. (1889). Normalplan for undervisningen i folkskolor och
smaskolor. Stockholm: Norstedt.

Svensk forfattningssamling. (1900). Normalplan for undervisningen i folkskolor och
smaskolor. Stockholm: Norstedt.

Svensk forfattningssamling. (1919). Undervisningsplan for rikets folkskolor. Stock-
holm: Norstedt.

Taylan, R. D., & da Ponte, J. P. (2016). Investigating pedagogical content knowledge-
in-action. REDIMAT - Journal of Research in Mathematics Education, 5(3), 212—
234.

Thavenius, J. (2014). PISA bortom mediepaniken. Skola Och Samhalle. Retrieved 13
Oct 2018, from https://www.skolaochsamhalle.se/flode/skolpolitik/jan-tha-
venius-pisa-bortom-mediepaniken/

Tracy, S. J. (2010). Qualitative quality: Eight “Big-tent” criteria for excellent qualita-
tive research. Qualitative Inquiry, 16(10), 837-851.

Tsatsaroni, A., Ravanis, K., & Falaga, A. (2003). Studying the recontextualisation of
science in pre-school classrooms: Drawing on Bernstein's insights into teaching
and learning practices. International Journal of Science and Mathematics Educa-
tion, 1, 385-417.

Valero, P. (1999). Deliberative mathematics education for social democratization in
Latin America. ZDM, 31(1), 20-26.

Valero P. (2004) Socio-political Perspectives on Mathematics Education. In: Valero
P., Zevenbergen R. (eds) Researching the Socio-Political Dimensions of Mathe-
matics Education. Mathematics Education Library, vol 35. (pp. 5-23), Boston:
Springer, Boston MA.

Valero, P. (2010). Mathematics education as a network of social practices. In V. Du-
rand-Guerrier, S. Soury-Lavergne, & F. Arzarello (Eds.), Proceedings of the Sixth
Congress of the European Society for Research in Mathematics Education (pp.
LIV-LXXX). Lyon: Institut National de Récherche Pédagogique.

Valverde, G. A., Bianchi, L. J., Wolfe, R. G., Schmidt, W. H., & Houang, R. T. (2002).
According to the book: Using TIMSS to investigate the translation of policy into
practice through the world of textbooks. Dordrecht: Kluwer Academic Publishers.

Van den Hurk, H. T. G., Houtveen, A. A. M., & Van de Grift, W. J. C. M. (2017).
Does teachers' pedagogical content knowledge affect their fluency instruction?
Reading and Writing: An Interdisciplinary Journal, 30(6), 1231-1249.

Van Leeuwen, T. (2005). Introducing social semiotics. London: Routledge.

114


https://www.skolaochsamhalle.se/flode/skolpolitik/jan-thavenius-pisa-bortom-mediepaniken/
https://www.skolaochsamhalle.se/flode/skolpolitik/jan-thavenius-pisa-bortom-mediepaniken/

van Loon, K. A., Driessen, E. W., Teunissen, P. W., & Scheele, F. (2014). Experiences
with EPAs, potential benefits and pitfalls. Medical Teacher, 36(8), 698—702.

Wasburn, M. H. (2007). Mentoring women faculty: An instrumental case study of
strategic collaboration. Mentoring & Tutoring: Partnership in Learning, 15(1),
57-72.

Wermke, W., & Forsberg, E. (2017). The changing nature of autonomy: Transfor-
mations of the late Swedish teaching profession. Scandinavian Journal of Educa-
tional Research, 61(2), 155-168.

Vescio, V., Ross, D., & Adams, A. (2008). A review of research on the impact of
professional learning communities on teaching practice and student learning.
Teaching & Teacher Education, 24(1), 80-91.

West, T. (2009). Music and designed sound. In C. Jewitt (Ed.), The Routledge Hand-
book of Multimodal Analysis (pp. 284-292). London: Routledge.

Wijayanti, D., & Winslow, C. (2017). Mathematical practice in textbooks analysis:
Praxeological reference models, the case of proportion. Journal of Research in
Mathematics Education, 6(3), 307-330.

Winslgw, C. (2011). Anthropological theory of didactic phenomena: Some examples
and principles of its use in the study of mathematics education. In M. Bosch, et
al. (Ed.), Un panorama de la TAD (pp. 117-140). Bellaterra Barcelona: Centre de
Rereca Mathematica.

Winslgw, C. (2012). Matematiklererprofessionen i et institutionelt perspektiv. MONA
Matematik Og Naturfagsdidaktik, 4, 7-22

Winslgw, C., Barquero, B., De Vleeschouwer, M., & Hardy, N. (2014). An institu-
tional approach to university mathematics education: From dual vector spaces to
questioning the world. Research in Mathematics Education, 16(2), 95-111.

Xu, G. (2011). Investigating the process of teachers' recontextualisation of the official
discourse in the context of the Chinese education reform. Unpublished PhD. Lon-
don: Institute of Education, University of London.

Yin, R. K. (2014). Case Study Research: Design and methods. Thousand. Oaks, CA:
Sage.

Zhao, S., Djonov, E., & van Leeuwen, T. (2014). Semiotic technology and practice:
A multimodal social semiotic approach to PowerPoint. Text & Talk, 34(3), 349-
375.

@stergaard, K. (2013). Theory and practice in mathematics teacher education. In Ci-
rade, G., Artaud, M., Bosch, M., Bourgade, J.-P., Chevallard, Y., Ladage, C. &
Sierra, T. A. (Eds). (2017). Evolutions contemporaines du rapport aux mathé-
matiques et aux autres savoirs da [’école et dans la société. (pp. 899-918). Tou-
louse, France: 1VVe Congres International sur la TAD.

@stergaard, K. (2015). A model of theory-practice relations in mathematics teacher
education.In K. Krainer, & N. Vondrova (Eds.), Proceedings of the Ninth Con-
gress of the European Society for Research in Mathematics Education (pp. 2888-
2894). Prague: Charles University in Prague, Faculty of Education and ERME.

Osterling, L., Grundén, H., & Andersson, A. (2015). Balancing students’ valuing and
mathematical values. In S. Mukhopadhyay, & B. Greer (Eds.), Proceedings of the
Eighth International Mathematics Education and Society Conference (pp. 860-
872). Portland, Oregon, United States: MES8.

115






Appendix 1 — Example of synopsis

Lesson 1 angles

Mary starts the lesson with a good morning and a presentation of me and the camera. Mary says that
they are starting up a new topic, angles. She comments that they have been working with this the year
before so she wonders what they know about angles.

Tom gives an explanation about acute, right and obtuse angles showing how
they look like by hands. Tony says that the degrees tells how open and wide
the angle is. Catrin connects angles to geometrical forms and to rectangles
and squares that have right angles and triangles that have acute angles. Mary
wrinkles her forehead asking if they only has acute angles and Catrin corrects
herself to triangles can have different angles. Mary says that this is one of the
things they will look into this lesson. Mary repeats the utterance about squares
and rectangles saying that this is right. She repeats the words right, obtuse and
acute asking if they know anything more. Wilhelm who takes advanced i
mathematics says the Pythagorean Theorem, sine and cosine. Mary asks him if they can wait with this
saying it is a bit too advanced.

Mary asks the class to pair up with one pencil each. Mary asks them to make a right, an acute and an
obtuse angle she moves around the classroom looking at the students’ angles. She concludes with a:
Good, you know this! Mary asks the students to put the pencils in a cross to make four right angles.
She asks them what will happen if she moves one of the pencils. Tony gets to tell that it will be two
acute and two obtuse angles; Mary asks him to come to the white board to show where these angles
are. Then all the students get to try this at their benches. Mary holds her pencils up again so they show
four right angles. She asks her students how many degrees they have together. The answer comes fast,
360 degrees.

Mary starts to draw at the whiteboard, showing how four right angles together
create a whole lap and 360 degrees. Mary makes a connection to snowboard-
tricks. It is winter time in Sweden and the students will soon go on a holiday
when many of them will be in the slopes skiing downhill. Mary asks about
two laps and one student says seven-twenty as they say 720 degrees in the
snow board slope.

Mary goes from degrees to the protractor, holding one up asking the students what it is. Vilgot knows
and Mary holds the small protractors up that the students will use by themselves later.

Mary asks the students why you should know how to measure angles. Tony
suggests that it is used when you want to measure how much you rotated
when jumping with a snowboard. Tim suggests that it is because walls in a
house won't be skew. Mary agrees and adds that even if not everyone will
be an architect it is good to be able to measure an angle in real life, she
throws in the comment that “mathematics is very much in real life”.
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Stockholms
universitet 2013-01-27 Dnr SU

Jag heter Anna Pansell och &r doktorand i matematikamnets didaktik p& Stockholms
universitet. Detta innebér att jag studerar matematikundervisning och mitt arbete kommer att
resultera i en doktorsavhandling.

Min studie handlar om matematiklarare och deras matematikundervisning. Detta innebar att
jag foljer matematiklarare i deras arbete med undervisningen dven i arbetet utanfor
klassrummet. For att kunna studera matematikundervisningen ar det nddvandigt att folja
arbetet i klassrummet.

Jag onskar att fa folja dig i de moten som ror matematikundervisningen och under nagra
lektioner. Jag vill géra bade ljud- och bildupptagningar. Jag vill ocksa traffa dig for att prata
om matematikundervisning intervjusituationer som jag ocksa vill spela in.

Resultaten kommer att presenteras i en doktorsavhandling men ocksa i andra texter dar jag
presenterar min forskning sésom vetenskapliga artiklar eller presentationer pa konferenser.
Inga bilder eller videosekvenser kommer att forekomma i négon text eller presentation. Alla
deltagares namn kommer att avidentifieras. Uppgifter som méjliggor identifiering kommer att
behandlas konfidentiellt och under tystnadsplikt i enlighet med personuppgiftslagen.

Jag lovar att studien kommer att genomforas i enlighet med Vetenskapsradets forskningsetiska

principer for humanistisk/samhéllsvetenskaplig forskning. Alla originaldokument (filmer,
ljudinspelningar, pappersdokument) och arbetskopior kommer att forvaras odtkomliga for
obehdriga. Medverkan i studien &r frivillig och du kan nér som helst under projektet avbryta
din medverkan. Hor garna av dig om du har nagra fragor!

Med vanlig halsning

Institutionen for matematikdmnets och
naturvetenskapsiamnenas didaktik

Stockholms universitet Besoksadress: Telefon: 0702162035
Telefax:
E-post: anna.pansell@mnd.su.se
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Appendix 2 — Letter of consent, Mary
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Medgivande

Detta medgivande avser tillstind fér Anna Pansell (och eventuella medhjalpare) att video- och
ljuddokumentera undervisningssituationer och samtal om matematikundervisning dar du
deltar samt tillstand att anvanda materialet for den ovan beskrivna forskningen.

U Jag sager ja till medverkan i Anna Pansells forskningsstudie.

Datum:

Underskrift

Namnfortydligande




Appendix 3 — Letter of consent, teacher group
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Stockholms
universitet 2014-01-27 Dnr SU

Jag heter Anna Pansell och &r doktorand i matematikamnets didaktik p& Stockholms
universitet. Detta innebér att jag studerar matematikundervisning och mitt arbete kommer att
resultera i en doktorsavhandling.

Min studie handlar om matematiklarare och matematikundervisning. Detta innebdr att jag
foljer matematiklérare i deras arbete med undervisningen och &ven i arbetet utanfor
klassrummet.

Jag 6nskar att fa delta i lararmoten. Samtalen vill jag gora béade ljud- och bildupptagningar av.

Resultaten kommer att presenteras i en doktorsavhandling men ocksa i andra texter dar jag
presenterar min forskning sdsom vetenskapliga artiklar eller presentationer pa konferenser.
Inga bilder eller videosekvenser kommer att forekomma i ndgon text eller presentation. Alla
deltagares namn kommer att avidentifieras. Uppgifter som méjliggor identifiering kommer att
behandlas konfidentiellt och under tystnadsplikt i enlighet med personuppgiftslagen.

Jag lovar att studien kommer att genomforas i enlighet med Vetenskapsradets forskningsetiska
principer for humanistisk/samhéllsvetenskaplig forskning. Alla originaldokument (filmer,
ljudinspelningar, pappersdokument) och arbetskopior kommer att forvaras odtkomliga for
obehdriga. Medverkan i studien ar frivillig och du kan nar som helst under projektet avbryta
din medverkan. Hor garna av dig om du har nagra fragor!

Med vénlig hélsning

Institutionen for matematikdmnets och
naturvetenskapsiamnenas didaktik

Stockholms universitet Besoksadress: Telefon: 0702162035
Telefax:
E-post: anna.pansell@mnd.su.se



Appendix 3 — Letter of consent, teacher group
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Medgivande

Detta medgivande avser tillstand fér Anna Pansell (och eventuella medhjalpare) att
ljuddokumentera samtal om matematikundervisning dar du deltar samt tillstand att anvanda
materialet for den ovan beskrivna forskningen.

U Jag sager ja till medverkan i Anna Pansells forskningsstudie.

Datum:

Underskrift

Namnfortydligande
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Appendix 4 — Letter of consent, students
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universitet 2014-01-27

Medgivande for deltagande i forskningsstudie

Jag heter Anna Pansell och ar doktorand i matematikdmnets didaktik pa Stockholms
universitet. Detta innebdr att jag studerar matematikundervisning och mitt arbete kommer att
resultera i en doktorsavhandling.

Min studie handlar om matematiklérare och deras matematikundervisning. Detta innebér att
jag foljer matematiklérare i deras arbete med undervisningen dven i arbetet utanfor
klassrummet Men for att kunna studera matematikundervisningen &r det nédvéandigt att folja
arbetet i klassrummet.

Jag har besokt klassen for att presentera mig och for att de ska fa traffa mig. Jag kommer
darefter att folja lararens arbete genom att videofilma négra lektioner samtidigt som jag spelar
in den kommunikation som lararen deltar i. Fokus for studien ligger inte pa enskilda elever
utan pé lararen.

Resultaten kommer att presenteras i en doktorsavhandling men ocksa i andra texter dar jag
presenterar min forskning sésom vetenskapliga artiklar eller presentationer pa konferenser.
Inga bilder eller videosekvenser kommer att forekomma i ndgon text eller presentation.
Eventuella deltagares namn kommer att avidentifieras. Uppgifter som mojliggor identifiering
kommer att behandlas konfidentiellt och under tystnadsplikt i enlighet med
personuppgiftslagen.

Jag lovar att studien kommer att genomforas i enlighet med Vetenskapsradets forskningsetiska
principer for humanistisk/samhéllsvetenskaplig forskning. Alla originaldokument (filmer,
ljudinspelningar, pappersdokument) och arbetskopior kommer att forvaras oatkomliga for
obehdriga. Medverkan i studien ar frivillig och deltagarna kan ndr som helst under projektet
avbryta sin medverkan. Hor garna av er per mail eller telefon om ni har nagra frégor!

Med vénlig hélsning

Institutionen for matematikdmnets och
naturvetenskapsiamnenas didaktik

Stockholms universitet Besoksadress: Telefon: 0702162035
Telefax:
E-post: anna.pansell@mnd.su.se
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Appendix 4 — Letter of consent, students
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Medgivande

Detta medgivande avser tillstind fér Anna Pansell (och eventuella medhjélpare) att video- och
ljuddokumentera undervisningssituationer dar du/ditt barn deltar samt tillstand att anvanda
materialet for den ovan beskrivna forskningen.

Kryssa for ett av nedanstaende alternativ och skriv under.

Elevens namn:

Q Vi (elev och malsman) sager ja till elevens medverkan i Anna Pansells forskningsstudie.

Q Vi (elev och malsman) sager nej till elevens medverkan i Anna Pansells forskningsstudie
men vi tillater videofilmning av undervisning dér eleven ar med i bakgrunden.

Q Vi (elev och malsman) sager nej till all medverkan i Anna Pansells forskningsstudie.

Datum:

Malsmans underskrift

Elevens underskrift
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