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Abstract

This project is an analysis of how a planet can be found in space with the aid of mathematics. This is
based on the fact that in the 19" century two mathematicians John C. Adams and Urbain Le Verrier both
independent of each other found Neptune, the 8" planet in the solar system, by calculating its location
based on discrepancies between theoretical and observed longitudes.

We recreate Adams’ problem and solve it with numerical analysis to see how one could improve this
method of finding a planet using mathematics. We created a model of the solar system using Runge-Kutta
4 (RK4) to solve ODE’s explaining how the planets affect each other. We then created an inverse problem
where we pretended that Neptune did not exist and tried to find its position and data using Gauss-Newton’s
algorithm.

Our method gives a better result than those of Adams, although we use a better start guess for the position
of Neptune than he did. The important parameter to find is at what direction to look for the planet, also
called the longitude angle. Both Adams and us get close to the correct longitude — Adams’ being 2.5°
off and us within 1°. This is especially interesting since without getting this parameter correct they would
never have found the planet at that time.

Sammanfattning

Detta projekt dr en analys om hur en planet kan hittas i rymden med hjdlp av matematik. Det dr baserat pa
tva matematiker, John C. Adams och Urbain Le Verrier, som pa 1800-talet oberoende av varandra hittade
Neptunus, den attonde planeten i solsystemet, genom att approximera dess position baserat pa avvikelser
mellan teoretiska och observerade longituder.

Vi dterskapar Adams problem och 16ser det med numerisk analys for att se hur man kan forbéttra metoden
att hitta planeter genom matematik. Vi skapade en modell av solsystemet med Runge-Kutta 4 (RK4) for
att 16sa ODE’s som beskriver hur planeterna paverkar varandra. Sedan skapar vi ett inverterat problem dir
vi latsas om att Neptunus inte finns och forsoker hitta dess position med Gauss-Newtons algoritm.

Var metod ger ett bittre resultat in Adams, vilket beror pé att vi anvinder en bittre startgissning for
Neptunus position. Den viktiga parametern att hitta dr vid vilken vinkel man ska kolla efter planeten,
dven kallat longitudvinkeln. Bade Adams och vi kommer nira det riktiga virdet — Adams ar 2, 5°
ifrdn och vi dr inom 1°. Detta dr sérskilt intressant eftersom de aldrig skulle hittat planeten utan denna
parameter.
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Chapter 1

Introduction

1.1 Background

In 1781 astronomer William Herschel observed and discovered a heavenly body he thought to be either a
comet or a star. He later determined the body to be a comet since observations showed that the body was
moving. Other astronomers started to research the discovery and Johann E. Bode came in 1783 to the
conclusion that the body was a planet due to its nearly circular orbit [1]. This planet was named Uranus,
being the 7™ planet in the solar system and the first to be discovered with the aid of a telescope.

In the aftermath of Uranus’ discovery, astronomers started to observe and record the arc of the planets
orbit. The astronomer Alexis Bouvard found discrepancies between the observed and theoretical orbit of
Uranus and came to the conclusion that an undiscovered planet beyond Uranus was the cause. In 1821
Bouvard compiled a table of the differences between theoretical and observed heliocentric longitude
which later came to be very important for the discovery of the planet beyond Uranus, today known as
Neptune.

In 1843 the British mathematician John C. Adams made a first attempt at solving the problem with the
positional discrepancies in Uranus’ orbit. Adams’ conclusion was that "The result showed [...] a good
general agreement between theory and observation might be obtained." [2, p. 266] and he was determined
to further investigate the reason for the differences in theory and observation for Uranus orbit. At the same
time the French mathematician Urbain Le Verrier also tried to predict the undiscovered planets position
using mathematics.

John Couch Adams Urbain Le Verrier

Figure 1.1: John C. Adams and Urbain Le Verrier



Independent of each other’s work both Adams and Le Verrier presented predictions for Neptune’s position
in 1846; Le Verrier on August 31%' and Adams in the beginning of September [2, p. 267]. Here is a picture,
figure 1.2, taken from Adams’ article presenting one of his predictions.

Mean Longitude of the Planet,October 6, 1846, 3230 2'
Iongitude of the Perihelion- - - - - - 299 11
Eccentricity of the Orbit- - - - - - - 0°120615
Mass (that of the Sun being 1) - - - - 0°00015003

Figure 1.2: Adams’ predictions presented in his article [2]

Adams also writes that he had no intention of interfering with Le Verrier’s claims to the discovery of
Neptune since the Frenchman presented his predictions first.

The actual discovery of Neptune was made by Johann G. Galle on September 23™ in 1846. Using the
predicted position calculated by Le Verrier, Galle found the planet within 1° and later observations showed
that Adams’ prediction was off by 2.5°.

Both Adams and Le Verrier assumed Bode’s law (see Section 4.3) to apply for Neptune, an incorrect
assumption, resulting in substantial error in the predicted data for the planet. The results of Adams’ and
Le Verrier’s calculated predictions compared with Neptune’s true data is presented in table 1.1.

Table 1.1: Calculated and real data for Neptune, values from [3]

Neptune Adams Le Verrier

Mean Distance [AU] 30.1 37.2 36.2
Longitude to Perihelon [°] 44 299 284
Eccentricity 0.0113  0.121 0.108

Neptune’s Mass [1026 kg] 1,024 3,014 2,127
Heliocentric Longitude [°] 328.4 330.9 327.4

The error in mean distance is a direct consequence of the assumption that Bode’s law applies for Neptune.
Longitude to perihelion is the angle (longitude) to the planet’s position when it is closest to the sun
(perihelion) in its orbit. Eccentricity e is a measurement of how much the orbit deviates from being
circular; 0 < e < 1 gives an elliptic orbit and e = 0 makes it circular. Both the longitude to perihelion
and eccentricity was determined after the actual discovery in an attempt to describe Neptune’s orbit. This
involved extremely extensive calculations at the time which probably caused the errors [3]. The error in
mass is a direct cause of trying to predict Neptune’s position assuming Bode’s law, where their increase of
over 20% in mean distance results in a correspondingly much too large mass [4].

1.2 Problem

Both Adams and Le Verrier had to do their calculations and iterations by hand, without the aid of current
technology and modern methods for solving differential equations. Their approach to predicting the
position for Neptune was first to linearize the system of equations and then solve these with use of least
squares. In this thesis the problem considered will be how to find Neptune using numerical analysis
implemented in MATLAB using the same initial data as Adams and Le Verrier. The project will be split



into three parts; simulating the solar system, recreating Adams’ problem and to find Neptune using the
Gauss-Newton algorithm and perturbation analysis.

The simulation of the solar system was made by solving ODEs describing the planets motion with
Runge-Kutta 4 in MATLAB.

We decided to focus on Adams’ calculations since these are presented in English unlike Le Verrier’s
which are in French. To recreate Adams’ inital problem we try to find values that satisfies the data Adams
used.

To find Neptune we decided to use the Gauss-Newton algorithm which solves a non-linear least square
problem by minimizing the sum of the residuals. We also applied a perturbation analysis — the Monte
Carlo method — on our Gauss-Newton solver to show the uncertainties in Neptune’s position due to
uncertainty in observed data.

1.3 Result

Here are our results compared with Le Verriers and Adams.

Table 1.2: Calculated and real data for Neptune, values from [3], compared with our result

Neptune Adams Le Verrier Eriksson / Garcia Martin

Mean Distance [AU] 30.1 37.2 36.2 30.0+ 0.06
Longitude to Perihelon [°] 44 299 284 422+ 5
Eccentricity 0.0113  0.121 0.108 0.0104=+ 0.0012
Neptune’s Mass [1026 kg] ~ 1.024  3.014 2.127 1.024=+ 0.002
Heliocentric Longitude [°] 328.4 330.9 327.4 329.0+ 0.08




Chapter 2

Simulation of the solar system

Before finding a way to calculate the location of Neptune we make a simulation of the solar system based
on data from NASA [5] of the planets’ position, velocity and mass at a given date to act as a reference for
the rest of the project. To create a simulation of the solar system we have to solve ODEs describing the
motion of a planet, meaning how they all affect each other to create their orbits around the sun. This is

described by Newton’s law of universal gravitation.

2.1 Newton’s law of universal gravitation

Newton’s law of universal gravitation is named after Sir Isaac Newton and explains how a particle attracts

another particle with a force defined as

where:

F is the force between the masses,

G is an empirical constant (6.674 - 10~ J\ggf )

my and my are the masses for each particle and

7 is the distance between the centers of each particle.

The law can also be defined by vector form as

where:
F 5, is the force vector affecting particle 2 by particle 1 and
7 is the unit vector from particle 1 to 2.

The minus sign indicates the direction of the vector, see figure 2.1.

2.1

(2.2)
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Figure 2.1: Newtons law of universal gravitation

2.2 System of ODE:s for the solar system

In our case we have nine astronomical objects — eight planets and the sun which for future references will
be referred to as planets — all affecting each other. To calculate the resulting force acting on a specific

planet 7 = 1,2,...,9 we take the sum of all individual forces acting on the planet. This is defined
as
o mim;
— Y-
F; = ;_1 G 7°]2'z' 7j; (2.3)

where F'; is the force acting on planet j,

m; is the mass of the planet we want to calculate the resulting force on,

m; is the masses the affecting bodies,

rj; is the distance between the observed planet and the planet affecting it and
7;; is the unit vector from planet j to planet 1.

Table 2.1 shows which index, 7, corresponds to which astronomical object

Table 2.1: Index j corresponding to astronomical objects

j  Astronomical object

p—

Sun
Mercury
Venus
Earth
Mars
Jupiter
Saturn
Uranus
Neptune

Nelile EN BNe NIV I N I )

Note that when j = 4 equation (2.3) will be undefined since r;; = 0. In terms of physics this will indicate
the force a planet applies to itself which is equal to zero. We will keep this in mind when computing our
calculations in MATLAB.

Applying Newton’s second law F' = ma and the definition of a unit vector # = ﬁ on equation (2.2) we

-
get the following ODEs



maz(t) = Gl T @ me) (2.4)

@11 lIr @)l I (t)

This means that the acceleration only depends on the masses of the affecting planets, the planets’ position
and the gravitational constant (G. For our nine astronomical objects this creates a system of ODEs, see
equation (2.3). This will be defined as

9 i
ai(t) = 2 iy Gpipr

a= : 2.5)
ag(t) = iy Garoi

r; and a; are vectors for the position and acceleration in a Cartesian coordinate system defined as

Lj Lj
ri= Y|, @ = |Y; (2.6)
Zj Zj

2.3 Runge-Kutta 4

To be able to solve our system of ODEs, equation (2.5), the order is reduced from a second to a first order
system. This is made by substituting

L 2.7
rT=v=a
where 7 is a vector that contains the position of all planets and
a is a vector that contains the acceleration of all planets defined as
T1 a
r=|:|, a=]|:|, raeckR™! (2.8)
T9 ay

resulting in the system

i@%)=@8) 2.9)

where a is calculated by the system in equation (2.5).

We solve our ODEs with the Runge-Kutta 4 (RK4) method, which is an explicit and iterative method,
perfect for initial value problems. The method is defined as followed



f:g(taf)a f(tO):fO

h
o1 = fau + g(kl + 2kg + 2k3 + ky) (2.10)
tnt1 =ty +h
forn=20,1,2,3,..., using
kl :g(tﬂafﬂ)
h k
kQ:g tn+7afn+h71
2 2
(2.11)

h k
k3:g<tn+2afn+h22>
ky =g (tn + h, fn + hk3)

Here f,,+1 is the RK4 approximation of f(¢,1), determined by the present value f,, and the weighted
average of four increments k; (¢ = 1,2, 3,4). h is the step-size chosen to be a day in seconds.

2.4 Acceleration

In our calculations f(t) is a vector that includes both the positions and velocities for all planets simu-
lated

ft) = L’;m (2.12)

where 7(t) and v(t) are column vectors defined as

[21(2)] (012 ()]
y1(t) vy ()
Z1 (t) V1z (t)
)| |, v(t)= : (2.13)
wy(t) 9z (1)
Yo (t) U9y (t)
[20(t) ] [ vo=(t).
where indexes 1,...,9 indicates the astronomical objects of which we want to simulate the orbit, see

table 2.1. In future use of theses coordinates they will be referred to as x; () = ;.

This is then used to determine the increments k; with the function g, which calculates the accelerations
affecting each planet. These accelerations are ultimately calculated using Newton’s law of universal
gravitation, (2.2), now defined as a system of first order ODEs, (2.9).

We calculate the acceleration for each coordinate separately. To accomplish this the positional coordinates
in the vector r are divided into z-, y- and z-coordinates. This creates three positional vectors defined
as



T al zZ1

Z2 Y2 zZ2
z=| .|, y=1|.|, z=|. (2.14)

Z9 Y9 29

These three vectors are each reshaped into two quadratic matrices using the meshgrid-command in
MATLAB. This will create the matrices R, and R;, for the z vector, R, and R}, for the y vector as well as
R. and R/, for the z vector. They were calculated as

[R.,R),| = meshgrid(z) (2.15)
The same calculations was made for y and 2. In future calculations the same procedure will be made for
the x, y and z directions. We will use x as an example to describe this procedure.

The relation between R, and R, is that R/, is the transpose of R,. Each column in R, gives the z-
coordinate for one planet and the order of the columns are from the innermost to the outermost planet in
our solar system, see equation (2.16)

r1 T2 ... X9
R,=|: : : |, R,eR»™ (2.16)

r1 T2 ... X9

For R/, it will be reversed meaning the coordinates for the planets are row wise, see equation (2.17)

r1T ... il
ro ... X9

R,=|. . .|, R c R (2.17)
X9 ... X9

By subtracting R/, from R, one gets a matrix that contains every distance in the z-coordinate between
any two planets, see equation (2.18)

rL —ry ... X9 — 1
AR, =R, - R, = : . : , AR, € R (2.18)
X1 — X9 ... Tg— Tg
Evidently the diagonal will be equal to zero since this is the distance from a planet to itself.

We also define the vector m as well as the matrices M and R since these are needed to calculate the
accelerations. m is defined as

mi
m=|:|, mecR™ (2.19)
my
where my, ..., mg indicates the mass for each planet. With it a matrix, M = diag(m), with m,...,mg

on the diagonal and zeros on all other entries is formed



M = ., M cRY™ (2.20)

0

mg |

R is a symmetric matrix with values of the distances between all planets, this time in (z, y, z) space and
not only in one of theses directions as in AR. The matrix R is calculated as

R-— \/ARg +AR2+AR2, ReR"™ 2.21)

where the square and square root of the matrices are done element wise and not as a matrix multiplication.
The result of (2.21) is

11T ... Ti9
R=|: -~ |, ReR™ (2.22)
Tgl P ng
where r19 = 797 results in the matrix being symmetrical and again the diagonal will be equal to zero.

With this we calculate the accelerations all planets create on each other, see equation (2.4). This results in
an acceleration matrix for each direction. They are calculated as

M - AR
A, = GT‘” (2.23)
where all of the operations that includes R are done element wise. This results in the matrix
ailr ... alg
A, = |+ . (2.24)
agy agg

Here a19 # ag; since ajg indicates the acceleration on the Sun created by Neptune and on the contrary
ag is the acceleration on Neptune created by the Sun. This is true since the first depends on the mass of
Neptune and the latter on the Sun’s, see equation (2.4).

One side effect caused by the previously mentioned diagonal of zeros in AR, and R is that A, is going
to get a diagonal of undefined values, known in MATLAB as NaN. These are replaced with zeros since
a planet doesn’t exert any force on itself and thus no acceleration. The total acceleration in directions
x,y, z affecting each planet is determined by element wise summation of the each row as

Sy (an)
a, = : . a, € RY! (2.25)

>y (a1s)

Doing the same calculations in z, y, z from (2.15) to (2.25) results in three vectors



a, € Rgxl
a, € R*! (2.26)
a, € R9X1

A vector is then formed with these three vectors as shown below containing the desirable accelera-
tions,

A1y
aly
a1z
. acR¥! (2.27)

agy
agy
L A9z |

The increments k; can now be calculated since f = g can be expressed as

g=f= m = m (2.28)

Solving this system of ODEs using RK4 will result in a model of the solar system where the positions for
our planets are calculated from an initial date. Figure 2.2 and 2.3 show plots for our model simulated over
165 years starting at 1775.

Planetary orbits in the solar system

— Mercury
Venus
Earth
Mars

x  Sun

Mars, 1775

« Earth, 1775

05—
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\— Mercury, 1775
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«Venus, 1775

I
-2 -15 -1 -0.5 0 0.5 1 1.5
X-cord in astronomical Unit [AU]

Figure 2.2: Planetary movement for the inner planets.
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Planetary orbits in the solar system

30 - — Mercury
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Earth

— Mars
Jupiter
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Figure 2.3: Planetary movement over 165 years (orbital period for Neptune)

To verify the accuracy of our RK4 computation we compare our positions with those presented by NASA
[5]. After 165 years the positions differ to a value of 0.01 AU which is a result we consider to be good.
We also did some experiments with what step length At to use. How much can we increase At before
the simulation becomes inaccurate? We started with a step length of 1 day and found that the algorithm
could handle this without compromising the result. After gradually increasing the step length we found
that around At = 1 week the simulation started to get unstable. In subsequent calculations we use
At =1 day.
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Chapter 3

Recreating Adams’ problem

Adams analysed the difference in theoretical and observed orbit for Uranus and was able to calculate
the discrepancies of the longitude between them. The values Adams used are presented in figure 3.1
where he used the modern observations for his calculations. He also mentions that the value for 1780
was interpolated using the values obtained by ancient observations together with the value of 1783 [2].
The unit for the differences in longitude is in arcseconds ["] which is an angular measurement defined as

17 = s
Ancient Observations. Modern Observations.
Year. _OEervation-—'I‘!leory. Year, (;h—e-rvation—'rheoty.
" n
1690 +62 6 1780 + 342
1712 +81°5 1783 + 8°19
1715 +67 2 1786 +11°74
1750 —51°8 1789 +17°75
1753 —43°2 1792 +17 22
1756 —50°1 1795 +19°52
1764 —37°8 1798 +19 00
1769 —20 5 1801 42024
1771 — 24 1804 +22°19
1807 +20 '52
1810 +21 89
1813 +21°19
1816 422 50
1819 420 ‘78
1822 +21°50
1825 41897
1828 4+11°50
1831 — 429
1834 —22 63
1837 —46 70
1840 —73 09

Figure 3.1: Differences between the theoretical and observed longitudes, unit in seconds [2]

We now want our differences in longitude to match those of Adams. To achieve this we will start by
creating orbits for Uranus with and without the effect of Neptune and see how they differ. Then we will

12



change the initial value of Uranus to match Adams’.

3.1 Difference in longitude

To be able to recreate these above mentioned discrepancies — modern observations in figure 3.1 — a
simulation for both theory and observation has to be made. The theory case is made by removing Neptune
from the model, resulting in an orbit for Uranus unaffected by Neptune. The observed case is made with
Neptune present.

The differences in longitude between the theoretical and observed simulations are calculated using
spherical coordinates, which are made up by a radial distance and two angles;

r=a?+y? + 22
o= arccos% 3.1

0 = arctan 2
x
where r is the radius from the center of the sun, 6 is the polar angle measuring the angle in the xy-plane
and ¢ is the azimuthal angle measuring the elevation of the orbits from a reference plane parallel to the
z-axis. The longitudes measured by Adams coincide with the polar angle, 6. This means we calculate
our discrepancies in longitude by subtracting the polar angles between the theoretical and observed
simulation

Af = awith Neptune — Hwithout Neptune (32)

The difference between our measured longitudes and Adams’ are presented in figure 3.2.

Difference between theory and observation

40

—©— Calculated
—O— Adams

20
0
20

-40

AG"

-60

-80

-100 -

-120 -

-140 ! ! I | | |
1780 1790 1800 1810 1820 1830 1840

Year

Figure 3.2: Difference between theory and observation

13



3.2 Changing Uranus’ initial values

As seen in figure 3.2 there is a considerable difference between Adams’ and our model. We don’t know
what initial position is consistent with Adams’ theoretical values. The next step is to find initial values for
Uranus that better match our longitude curve with his. By analysing figure 3.1 we found that between
1771 and 1780 there would be a date where the difference between observation and theory equals to zero.
This date was interpolated by using the values for 1771, 1780 and 1783, resulting in a difference equal to
zero at approximately 1775. The initial data for 1775 was extracted from NASA [5] and used as a start
guess for our optimisation problem (3.3)

21
min Z |AG; — AG; (3.3)
7j=1

70,v0 4
where:

19 is the initial position for Uranus,

vp is the initial velocity for Uranus,

Af; is our calculated value for the longitude difference at time ¢,

Aéj is Adams’ difference in longitude at the same time and

t; corresponds to each of the 21 years Adams had data from 1780 to 1840.

The problem was solved using the MATLAB function fminsearch that uses the Nelder-Mead simplex
algorithm to find the minimum. The Nelder-Mead algorithm attempts to find a minimum of a nonlinear
function of n variables, in our case to minimize 232;1 |AG; — Aéj |2 by changing values of r¢ and vy.
The method only uses the function values without any derivatives, so instead of looking for values along
the gradient it searches for a point around the function value where it gets lower. This falls under the
category of a direct search method [6]. We define the function as

z = fminsearch(Qfun,x) (3.4)

where in our case &g is a vector consisting of start values for Uranus position r¢ and velocity vg and
fun is a function that calculates the summation in equation (3.3). This calculates the optimal values
for Uranus’ starting position and velocity by iterating a Nelder-Mead algorithm so that the difference in
longitude will better match those of Adams, see figure 3.3.

14



Difference between theory and observation
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-50 +
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-100 |-
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Figure 3.3: Difference in longitude with optimal Uranus data

The different between Adams’ and our values is still considerable for the time span 1825 to 1840, although
the value of (3.3) is almost halved.

3.3 Discussion

The result from trying to recreate Adams’ initial problem is in our opinion not optimal. The values are
better than what we started with but still not perfect. From the starting point at 1775 to around 1825 the
values are about right but from that point to 1840 the algorithm has a hard time finding an optimal solution.
We also tried to use MATLAB’s function fminunc that unlike Nelder-Mead use the gradient to find the
minimum. This did not work at all. Some of the problems might arise from how we define Af and Af as
well as some other factors; how the values Adams used was calculated, measurement error in Adams’
observation and errors in our model of the solar system with and without Neptune present.
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Chapter 4
Finding Neptune

The next step after creating an optimised model to fit Adams’ initial data is to find Neptune. There are
however different definitions concerning the word "find". In our case one would be to find the position of
the planet at a certain time, another to explain how the planet would orbit and affect the other planets. We
decided to determine the position, velocity and mass for Neptune and that this would be achieved using
the Gauss-Newton method.

Adams’ only data when starting his analysis was the longitude angle. In our case we have the positions
(from NASA [5]) that we can convert to the longitude angle. To see if there is any difference in using
our starting point of view (position) versus Adams’ (longitude) we experimented with these two as the
objective function for our Gauss-Newton solver.

We also analysed how perturbations on the data points might affect the result of our Gauss-Newton solver.
This was made by adding perturbations randomly over all data points to create a Monte Carlo experiment
were the distributions from these experiments were analysed.

4.1 Gauss-Newton

The Gauss-Newton algorithm is used to find the minimum of a non-linear least square problem. The goal
is to model a set of M data points {(x;,v;), (¢ = 1,..., M)} by a non-linear function [7]

y:f(xaa‘):f(x7a17'-'aa]\/) 4.1
with a set of N variables @ = [ay, . .., an]7, so that the sum of the squares minimize
M
min ) [f(xi,a) —y]* (4.2)
1=1

If we define f(x,a) and y as vector-valued functions

fi(a) Y1
fla) = : Y= 4.3)
fu(a) YM

where:
fur(@) is the value of the function at 57 and
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yas 1s the data point given at x ;.
The Jacobian matrix for f(a) can now be calculated as

of1 of
day e dan
Jp=|: (4.4)
Ofm Ofm
8[11 e 8aN

If N = M we could use Newton’s method to find the minimum of f(a) — y, defined as

Jih=—(f(a) ~y) = h=J;'ly - f(a)] 4.5)
a1 = aj +h (4.6)

In our case N # M and therefor h is solved using the least square method i.e. the normal equation of
(4.5), defined as

J}Jh = J}ly - f(a)) 4.7)

where:
J }F is the transpose of J ; and
h is a correction vector that we need to solve, resulting in

h=(J30) Iy — f(a)] (4.8)

By applying (4.8) to (4.6) we can define Gauss-Newtons algorithm as

a;r1 = a; + (J?Jf)il‘];.,; [y - f(aj)] (4'9)

where:
a;1 is the new value of a calculated by one iteration of Gauss-Newton and
a; is the current value of a, which for the first iteration this will be equal to the start guess ag.

In our case we will define the data for Neptune as our unknown variable and the function as the difference
in position for Uranus, with and without Neptune affecting it. Mathematically the problem will be defined
as:

min 3 [U(t;, N) - U, (4.10)

where:

U is a vector describing the position for Uranus at a certain time ¢;, depending on the variables N,

U is the correct position for Uranus at t; and

N = (Ng, Ny, N, Nyz, Nyy, Nyz, Ny, is a vector describing Neptune’s data where x, y, z is the posi-
tional coordinates, vx, vy, vz are the components for the velocity at year 1775 and m is the mass.

U(tj, N) is defined as
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Zvl(N)

xp(N)
Z/l(N)
U(t;,N) = : , UeR¥Mx! (4.11)

ym(N)
z1(N)

_ZMiN )

where M is equal to how many data points we use, z;(N), y;(N) and z;(N) are the coordinates for
Uranus at data point j = 1, ..., M as a function of the parameters of Neptune.

With Gauss-Newton’s algorithm we want to find an N that satisfies (4.10). The iterations will be calculated
as:

Nigy = Ni+ (JEJ)LI% [ﬁ - U(t,Ni)} (4.12)

The Jacobian of U will be calculated as

roz ., Oz
on1 ony
Oxzp . ox
(9’(1,1 8717
Oy ... Oy
on1 ony

Ju=1|: . |, JueR¥M 4.13)

9ynm ... Oym
8n1 an7
Oz .. Oz
on1 onry
Ozm ., Oz

= 8711 6n7 -

To calculate the partial derivatives one variable in N is perturbed by a small value . This is done
iteratively for all parameters in N and U is then calculated for each perturbed variable. This way the
derivatives can be approximated as

Oxj _xj(ni,...,ni+e,...,n7) —x;(N)
on; €
8y]%yj(nl7anl—*_€777’L'7)_y,7(‘1\r)7 ]:17 .,M, Zzla 77 (414)
on; €
0z - zj(ni,...,ni+e,...,n7) — z;j(N)
81% e
and every column in Jy; as
Jy = [Us(n1+6,--~,n7)—U(N) o Uty nite, ) =UN) Us(nla"wm-i-&)—U(N)} (4.15)
€ € € ’
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To verify that the algorithm can converge to the N that satisfies equation (4.10) we chose an N close to
the correct data for Neptune. After verification we empirically try different values to decide:

e Stability depending on initial guess N

Order of convergence

Differences between position and angle as the objective function

Risks of find a local minimum instead of the global one

Solving problems with divergence

4.1.1 Stability depending on initial guess

We perturb the position (x,y, ), velocity (v, vy, v.) and the mass (m). First we perturb each parameter
alone to get a maximal limit until the algorithm is unable to converge, see table 4.1.

Table 4.1: Maximal perturbation for individual Neptune parameters

Position Velocity Mass

Perturbation 5.9% 3.7% 249%

Start Value  4.5-102m 5.4-103m/s 1.02-10% kg

The mass can be perturbed more than the position and velocity before Gauss-Newton becomes unstable,
which we believe is due to the difference in order between the parameters. Now we want to perturb
all parameters at once and find the maximal limit of Neptune’s initial guess before the algorithm turns
unstable. The algorithm is iterated with different perturbations, see table 4.2 for the best empirical
result.

Table 4.2: Maximal perturbation for Neptune parameters

Position Velocity Mass
Perturbation  3.5% 2.1%  105%

4.1.2 Convergence

The Gauss-Newton algorithm can achieve quadratic convergence if the second order derivative is close to
zero. To check what convergence our system can achieve with different start guesses, we calculate the
convergence g between each iteration as

logri—t
g~ ——— (4.16)
log

Ti—1—Ti—2

where r = ||U(t;,N) — [7]- ||. With this calculated for different start guesses the convergence reaches
a maximum convergence of ¢ = 1.74, and for the start guess presented in table 4.2 the convergence is
q = 1.45.
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4.1.3 Minimize residual for position vs angle

If equation (4.10) is rewritten to minimize the residual for the longitude angle 6, see equation (3.1),
as

mlnz [ (t;,N) —6;] 4.17)

would there be any difference in the result using Gauss-Newton? Experiments with tolerance for the
algorithm and perturbations of the start guess was made. Using the same values as with the position the
algorithm does not converge when adapted to minimize the residual for the longitude angle. For the solver
to converge with the angle as objective function we had to make a start guess close to the correct value.
The result being the algorithm is more sensitive towards the angle than the position.

4.1.4 Local minima

Finding local minimas instead of the global one would be a problem since we want to find the absolute
minima for the residual. For some start guesses the value of the residual |U(N) — U | is much larger than
for another start guess, although both points is found with approximately the same number of iterations.
This is when the method finds a local minima instead of the global. When the longitude angle is the aim
function it occurs more often that we find a local minima than when the aim function is the position. This
is logical since there are more solutions for the angle than the position.

4.1.5 Problem with divergence

As mentioned in section 4.1.1, convergence will not occur if the starting guess is perturbed too much. If
we for some reason want to test the method with a specific start guess that diverges, we can change the
length of the increment vector h

h=(JTJ) LT [U(Ni) - ﬁ} (4.18)

resulting in that the method takes a shorter step and therefore do not risk to "overshoot" the minima. This
we define as

Niy1=N;+~h (4.19)

where we try to find 0 < v < 1 that makes Gauss-Newton converge where it without v would diverge.
This will come at the cost of a slower convergence rate with lower values of ~y although this allows greater
perturbation of the start guess.

For the values in table 4.3 the Gauss-Newton solver will not converge with v = 1. Instead the value of ~
is systematically decreased until the solver converge.

Table 4.3: Perturbation for Neptune parameters in y experiment

Position Velocity Mass
Perturbation  5.0% 5.0%  150%
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The solver will converge for v = 0.81 with the perturbations presented in table 4.3 with a decreased
convergence order of ¢ = 1.2. This experiment shows that the method of decreasing the length of the
increment works for our solver.

4.2 Monte Carlo method

Here we want to see how random perturbations in the data points might affect the result of the Gauss-
Newton solver. The perturbed data points are the time of each measured position and the position/angle
for Uranus. This was made by a Monte Carlo algorithm where we add random noise to all data points at
once which then is solved with Gauss-Newton. This process will be iterated many times and will in the
end give a distribution over different results.

We perturb the time with £183 days (half a year) and the angle with £0.01” as it is the last decimal
documented in Adam’s measurements, see figure 3.1. For the position we calculated the equivalent
perturbation for 0.01” in angle to 1.5 - 1076 AU or 225 km in position. The first test (blue) was for
perturbations in position and time, see figures 4.1, 4.2 and 4.3.

We also did tests with only perturbations in time which resulted in close to non existing variance.
This would mean that our Gauss-Newton model is more resistant against perturbations in time than a
perturbation in position.

The second test (purple) was for perturbations in angle and time, here we had to make smaller perturbations
than for the positions due to using angle as objective function. The perturbations in time was the same
(£0.5 years) but the perturbation in angle was £0.0001” compared to +0.01” for position. Figures 4.4,
4.5 and 4.6 show the distributions for these perturbations.

The third test (orange) was for perturbations only in angle, with perturbations +0.01”, see figures 4.7, 4.8
and 4.9.
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Figure 4.1: Mass for perturbations in position and time, 4000 iterations
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Figure 4.2: Distance for perturbations in position and time, 4000 iterations
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Figure 4.3: Longitude angle for perturbations in position and time, 4000 iterations
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Figure 4.4: Mass for perturbations in angle and time, 1000 iterations
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Figure 4.5: Distance for perturbations in angle and time, 1000 iterations
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Figure 4.6: Longitude angle for perturbations in angle and time, 1000 iterations
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Figure 4.7: Mass for perturbations in angle, 1200 iterations
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Figure 4.8: Distance for perturbations in angle, 1200 iterations
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Figure 4.9: Longitude angle for perturbations in angle, 1200 iterations
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We also did calculations for eccentricity and longitude to perihelion. The distributions in figure 4.10 and
4.11 are from the test with perturbations in position and time with 4000 iterations.

400 Eccentricity for perturbations in position and time
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Figure 4.10: Eccentricity for perturbation in position and time, 4000 iterations
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Figure 4.11: Longitude to perihelion for perturbations in position and time, 4000 iterations

The distributions for perturbation in position and time (blue test) looks normally distributed for all results
(mass, distance, heliocentric longitude, eccentricity and longitude to perihelion). When doing perturbations
in angle both with (purple test) and without (orange test) perturbations in time the distributions look more
uniform than normal and it is hard to get any information for the uncertainties in the results from this. The
variances in the distributions for the purple test are very small compared to the variances in the orange
test. This is due to the maximum possible perturbations in the former being smaller than in the latter.
The purple test was unlike the orange also perturbed in time, which results in the confirmation that these
perturbations has a small effect on the distributions.

We decided to use the Monte Carlo test with perturbations in position and time (blue test) to decide the
uncertainties in the results, the values as presented in table 4.4.
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Table 4.4: Uncertainties in results, evaluated from distributions

Uncertainty
Distance [AU] 0.06
Longitude to Perihelion [°] 5
Eccentricity 0.0012
Mass [10%6 kg] 0.002
Heliocentric Longitude [°] 0.08

4.3 Conclusions

The results after using the Gauss-Newton solver compared with those of Adams and Le Verrier, see table
4.5.

Table 4.5: Calculated and real data for Neptune, values from [3], compared with our results

Neptune Adams Le Verrier Eriksson / Garcia Martin

Mean Distance [AU] 30.1 37.2 36.2 30.0+ 0.06
Longitude to Perihelion [°] 44 299 284 422+ 5
Eccentricity 0.0113 0.121 0.108 0.01044 0.0012
Neptune’s Mass [10%6 kg] 1.024  3.014 2.127 1.0244+ 0.002
Heliocentric Longitude [°] 328.4 330.9 327.4 329.0+ 0.08

Adams’ and Le Verrier’s errors in mean distance and mass is a consequence of using Titius Bode’s law to
eliminate this variable in their equations. Titius-Bode’s law is a hypothesis that the mean distance between
the Sun and an orbital planet follows a fixed formula. The hypothesis is named after the astronomers
Johann D. Titius and Johann E. Bode and is described as

a=04+03-2""1 n=-00,1,2,...,8 (4.20)

where a is the semi-major axis of the orbit expressed in astronomical units (AU) and n represents the
consecutive integers shown in table 4.6.

Table 4.6: Real and calculated distances between the Sun and other planets

Mercury Venus Earth Mars Jupiter Saturn Uranus Neptune
n —00 1 2 3 4 5 6 7 8
a (calc.) 0.40 070 1.00 1.60 280 5.20 10.0 19.6 38.8
a (real) 0.39 072 1.00 152 — 5.20 9.55 19.2 30.1

As we can see the theory fails for Neptune resulting in that Adams’ result for mean distance fails. This
will also affect the result in mass.

Since we did not use Titius-Bode’s law our mean distance value gets closer to the real value. This also
means that our start guess is better than Adams’. An interesting conclusion is that for a heliocentric
system the longitude is the only parameter that is truly important to get correct if one is to know where in
space to look for Neptune, for which both Adams’ and our results are close. This of course is what lead to
the discovery of Neptune in the first place — although the actual discovery was made with Le Verrier’s
prediction.
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