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ABSTRACT 

 

Glacial Isostatic Adjustment (GIA) is a global and long-term process in the Earth, which began 21.5 millennia 

ago, according to many ice history modellers. One way to understand the processes of the Earth’s interior, the 

crustal deformation, and a key correction to estimate the climatological parameters is obtained by studying GIA.  

Our main objectives are to improve the gravimetric GIA modelling by utilizing some of the satellite geodesy 

missions leading to the land uplift and geoid rate models, and to determine the geoid depression due to GIA. The 

isostatic rebound of the solid Earth is observable in some regions, e.g. in Fennoscandia, North America and 

Greenland, using some geodetic techniques, such as GPS. In view of physical geodesy, the mantle mass flow in 

the GIA process perturbs the observed gravity from a hypothetic isostatic state, which can be measured using 

satellite gravimetry techniques. We will extract the static and temporal gravity signals due to GIA from satellite 

gravimetry and present a mathematical relation to determine the solid Earth vertical movement due to GIA 

leading to gravimetric and combined land uplift rate models.  

We use an Earth Gravitational Model (EGM) determined from a number of satellite missions to produce regional 

geoid models and remove the perturbing effect of the crustal variation and topography from the geoid height 

resulting in topographic-isostatic geoid models. Then the geoid height signal due to GIA will be extracted using 

a spectral window and a multiple regression analysis. In North America and Fennoscandia, we find that 

maximum depressions of 21.6, and 7.6 m of the regional geoid and 13.8, and 9.2 m of the topographic-isostatic 

geoid model, respectively, are due to GIA. The accuracy of the extracted geoid signal is limited by the errors of 

the models used to remove the perturbing effects. 

Using some analysing methods, a number of high-resolution regional gravimetric modelling methods have been 

investigated with respect to their compatibility with the GPS data and the data from the GIA forward models. We 

determine the GIA signal of the temporal geoid change by exploiting the monthly gravity field from Gravity 

Recovery And Climate Experiment (GRACE) satellite mission and investigate the capability of three 

mathematical methods, namely regression, principal component, and independent component analysis (ICA) in 

extracting the secular trend of the GRACE monthly gravity data.  

We compare our gravimetric models with independent data sets by reanalysing the data of the vertical crustal 

movement from a total number of 515, mostly continuously recording, GPS measurements. In addition, we will 

obtain the land uplift and geoid rate models from a GIA forward modelling approach in the exemplified areas 

above.  

One of the results of this investigation is the success of the ICA method relative to the other methods of 

gravimetric modelling. We will produce our final gravimetric model using the fast-ICA algorithm of Hyvärinen 

and Oja (2000), and discuss its consistency with the GPS data and its higher spatial resolution relative to the GIA 

forward model. The ICA method fails in extracting the gravity signal due to GIA from the secular trend, likely, 

due to ice mass change.  

Finally, we present a least squares combined Land Uplift rate Model (LUM) by assimilating the data from GPS 

and the gravimetric model, determined using the ICA method, into the GIA forward model. We compare the 
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LUM with a recent GIA forward model, namely ICE-6G_C (Peltier et al. 2015). Their discrepancies, for the 

whole areas subject to epeirogeny in North America and Fennoscandia, vary from −1.8  to +3.3, and −0.45 to 

+0.75 mm a⁄ , respectively, while for the areas near the centre of the uplifting regions these two models are 

shown to be in a complete agreement. 
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1 INTRODUCTION 

In this dissertation, we use satellite gravimetry and GPS data to study the Earth’s crustal 

rebound that occurs in some areas on the planet’s surface, of which we focus on Laurentia and 

Fennoscandia. The underlying process in the Earth’ system that can explain the crustal 

rebound in these areas is called Glacial Isostatic Adjustment (GIA), and also, occasionally 

Post-Glacial Rebound (PGR). The first terminology emphasizes the accepted explanation, i.e. 

the theory of isostasy, while the latter emphasizes the relation of the observed rebound with 

the glaciation. It has been observed (systematically for nearly three centuries), in some areas 

that were covered by huge ice sheets during several periods of ice ages, that the land rises, 

while it subsides in their peripheral regions. The reason is that the land started to rise in a 

viscoelastic response to the vanishing ice mass, and continues to rise because isostatic balance 

has not yet been completely achieved. The GIA process is connected with a mass transfer 

under the Earth’s crust and reformation of its surface, therefore causing temporal changes in 

the observed gravity signal. It means that if the theory of GIA is prevailing, the mass flow in 

the mantle and asthenosphere under the lithosphere, variates the observed gravity. Gravity 

also varies while the land deforms during the rebounding process.  

Traditionally, gravity changes have been determined by repeated measurements using relative 

and absolute gravimeters (AG), from terrestrial gravimetric networks established in the 

rebounding areas, such as the Fennoscandian 63° latitude gravity line (e.g. Sjöberg 1990). The 

Gravity Recovery And Climate Experiment (GRACE) twin satellites mission, launched in 

2002, was designed to detect the temporal variations of gravity, and after orbiting for nearly 

15 years the mission (just finished due to the battery shut down in September 2017) has 

proved to be feasible for numerous applications. The time series of the GRACE gravity 

change is a mixture of gravity signal of many processes with different, and sometimes, 

unknown frequency of occurrences as well as various spatial extensions implying that the 

time series of the GIA signal needs to be extracted amidst the other disturbing gravity signals. 

The GIA studies have found many useful applications (in the fields of geodesy, geodynamics, 

solid Earth geophysics, glaciology, oceanography, climatology, archaeology, geography, etc.), 

among which two important ones are in the determination of the hydrologic cycles and in the 

estimation of the current and the future states of the regional and global sea level change. 

These studies are connected with climatology and the well-being of the mankind on Earth. 

The GIA process, which is global, produces a disturbing signal on all the measurements ever 
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established for such applications, which needs to be computed and removed. Another 

application of the GIA studies is in understanding the dynamics of the interior of the Earth 

and its constituents.        

In Sect.1.1 we introduce GIA and the main problems in studying it and give a brief history 

line since the first recorded observations. In Sect. 1.2, different methods of observing GIA are 

discussed, and the geodetic data that are used in GIA studies are summarized, including in situ 

and satellite-based data. The gravimetric approaches in studying GIA are presented in Sect. 

1.3, followed by the geoid modelling approaches in Sect. 1.4. In Sect. 1.5, two applications of 

the GIA studies, i.e. determining the rheology of the mantle and the prediction of the sea level 

rise due to climate change, are discussed. The main issues in studying GIA and the objectives 

of this thesis follow in Sect.1.6. In Sect.1.7, we list the outline of the thesis, and the 

contribution of the author finalizes the chapter. 

            

1.1 THE GLACIAL ISOSTATIC ADJUSTMENT  

1.1.1  A HISTORY: VERY EARLY OBSERVATIONS 

It was first believed that the crust was firm and could not move, whereas the water level was 

decreasing. The first archived observation ever reported of the migration of the coastline dates 

back to 1491 in Östhammar, located on the southern coast of the Bothnian Gulf (Ekman 

2012). The first scientific measurements were carried out by the Swedish astronomer and 

geodesist, A. Celsius during the second quarter of the 18th century. In 1743, and based on 

some archives, he found that Rik-Nils (Rich Nils) seal rock, outside Gävle had elevated eight 

feet in 168 years (Sjöberg 1986). He measured the water surface decrease using watermarks 

on a rock in Löfgrundet, which is now well known as Celsius Rock. There were already some 

sea level marks thanks to U. Hjärne (Mörner 1979). In the beginning of 19th century, 

systematic observations on the watermarks showed that the water level reduction was only 

regional and its rate was different from point to point. This triggered the idea of land uplift 

instead of the water sinking. In addition to that, the existence of some cracks and faults, 

notches and warps in the crust pointed to earthquakes, convinced much of the geology 

community that the crust is actually moving as well.   

The early explanations of the phenomenon were based on processes in the mantle of different 

materials, in different temperatures and pressures inside the Earth. The post-glacial rebound, 

as an explanation of the observed water level change in Fennoscandia, was postulated but 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
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appeared not earlier than in the mid-19th century by T. F. Jamieson (1865) and was probably 

not accepted until around 1914 (Ekman 2012). Jamieson (1865) noted:   

“The enormous weight of ice on land during glaciation depressed the 

surface, and during deglaciation, the melting of the ice would account 

for the rising of the land.” 

For the rebound in the north-east Canada, which is referred as Laurentia, probably the first 

evidence of post-glacial rebound was reported by R. Bell between 1875 and 1886  (Bell 1896) 

in a series of reports of the Geological Survey of Canada. However, the occurrence of the land 

uplift or seacoast migration, especially in the eastern coast of Hudson Bay, remained 

controversial, and it has not been accepted until the advent of 14C dating method in the 

1950’s. For a history line of the debates, see Wolf et al. (2006).      

  

1.1.2  SEARCH FOR AN EXPLANATION  

The rising up of the solid Earth's surface can reach to more than 10 and 14 mm per year 

(mm/a) in the Bothnian Gulf, between Finland and Sweden, and in Hudson Bay, in north-east 

Canada, respectively, and still continues. In the beginning of the 20th century, it was accepted 

that the rebound was connected with the deloading of former mass of the ice after the 

glaciation periods of the Earth. Broadly speaking, the mass of the ice deformed the shape of 

the crust, causing the crust to subside under the load, while flanking regions experienced 

uplift. When the ice started to lose its mass, the regions that were once depressed started to 

rebound upward, while those areas that had been once uplifted began to subside. This 

coupling of subsidence and uplift, which was supported by the geological observations that 

located the historical ice, led to the explanation that the mantle (or asthenosphere) mass flows 

from beneath the unloaded areas into the loaded one.  

Accepting the mass inflow beneath the areas that once were loaded, as the cause of the uplift, 

leads to two important conclusions: 1) Since the uplift is still ongoing, the mass inflow 

changes the gravity field for these regions, and 2) the Earth’s crust tends to take the shape of a 

body in equilibrium in response to the change of the load. The extent of the crust that was 

depressed under the load is not evident everywhere, whereas gravity is an observable quantity, 

using either terrestrial or satellite apparatus. In the modern Geodesy perspective, the observed 

gravity field of the Earth is the mixture of the gravitational attractions of the topography, 

which is in an isostatic balance, to some extent, and that of the dynamic processes, apart from 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
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a reference field. Isostasy involves adjustment of the crust responding to the mass transport 

across its surface (Watts 2001 p.48), which indicates that the crust is formed also, in response 

to gravitational effects from dynamic processes, such as tectonics and GIA. The term isostasy 

was proposed in 1889 by the American geologist C. Dutton (Sjöberg and Bagherbandi, 2014): 

“For this condition of equilibrium of figure, to which the gravitation 

tends to reduce a planetary body, irrespective of whether it is 

homogeneous or not, I propose the name isostasy.”  

A classical definition of Isostasy can be found in Encyclopaedia of Geodesy (Sjöberg and 

Bagherbandi 2014):  

“The term (isostasy) means that the Earth’s topographic mass is 

balanced (mass conservation) in one way or another, so that at a 

certain depth the pressure is hydrostatic.” 

This definition emphasises the depth of compensation balance. The compensation of the 

topographic mass is achieved by a thickening/thinning of a crust of uniform density, or 

alternatively, by lateral changes in the density of a crust with a constant thickness according 

to Airy’s and Pratt’s hypotheses, respectively (see Sect. 3.1). Evidence that the Earth tends to 

be in an isostatic balance came from geodetic network measurements. Computing the 

networks, some geodesists found a misfit that could be overcome by taking into account the 

surrounding topographic mass of a single station, which is compensated by a theory of 

isostasy. In the United States J. F. Hayford (1868-1925) took advantage of the isostatic model 

proposed earlier in 1854 by J. H. Pratt (1809-1871), to account for the effect of the 

topography around each benchmark, and to correct the misfit error obtained compared with 

the astronomical measurements. The same method was used later in India (Watts 2004 pp. 18-

20). During 1920s W. A. Heiskanen (1895-1971) used an alternative model of isostasy, 

suggested earlier in 1855 by G. B. Airy (1801-1892), for the geodetic networks in Finland. 

These two alternative models are now called Pratt-Hayford (P-H) and Airy-Heiskanen (A-H) 

models of isostasy. Both models are local. It means that they assume that the compensation of 

the topography is limited to some hundreds of kilometres around the point of computation.      

The main question for geophysics was whether isostasy can explain the PGR process. More 

precisely, let us assume that the observed gravity and the geoid shape were in an isostatic state 

before the occurrence of the ice load. Their magnitude and shape, changes and deforms after 

that. Then, after the last glacial maximum until the present time, they still change and deform 
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towards an isostasic balance. The question is if a physical model can accurately determine the 

change of gravity and the shape of the geoid. The first explanations involving isostasy, 

proposed by E. O. Runeberg (1765), was that the Earth’s crust undergoes an elastic 

deformation due to mass motion (Sjöberg 1986). The isostatic model of Airy implies that the 

gravitational potential of the uplifted layer at the surface and at the depth of compensation are 

in isostatic balance (Zeman and Pick 1984). The change in the shape of the geoid depends on 

the rate at which the isostatic equilibrium is re-established, i.e. on the rate of uplift at the 

surface and that of the rooting at the depth of compensation.  

The Earth responds to the increasing and vanishing ice load such that its lithosphere (the rigid 

upper part of the crust), tends to gain isostatic balance. This explanation with some 

modifications is still the base of the geophysical models of GIA. Such models were first 

supported by historical shoreline data. G. De Geer (1888) measured the historical land uplift 

rates in Sweden by observing the mounted shoreline layers, so that the land uplift was 

recorded as a function of time since the end of the Ice Age.  

J. Barrell (1914), based on earlier works of G. K. Gilbert (1843-1919), suggested that in some 

areas the lithosphere  is strong enough to carry the load, implying that the depression of the 

crust does not follow isostatic rebound. However, his works showed that for a large regional 

load on the scales of oceans and continents, isostatic rebound prevails to a high degree, but 

only when the extent of the stresses, which are generated in erosions or sedimentations, 

exceed the strength of the crust. Using gravity measurements, W. Bowie (1927) showed that 

many of Barrell’s conclusions were not verified. He showed that for a load as large as the 

sedimentation of the Nile River Delta that, according to Barrell, the crust was supposedly 

strong enough to carry the burden; it yet undergoes an isostatic rebound, to some extent. The 

main questions, in view of isostasy and towards an explanation for the PGR were then to what 

extent the lithosphere may bend under the load and how fast it rebounds after being unloaded. 

The answer to this question is the basis of another model of isostasy developed by F. A. 

Vening Meinesz (1887-1966) (VM), which can be seen as a rather constrained A-H model by 

taking into account the rigidity of the lithosphere. In VM model of isostasy, the lithosphere 

can be considered, as an elastic plate that bends under a load, thus the model cannot be local, 

like columns of prisms floating in a denser underlying material, but rather regional. It should 

be mentioned that even for those scales that the strength of the lithosphere has no effect on the 

equation of the isostatic equilibrium; the strength of the lithosphere yet controls the measure 

of bending under the load. To explain the isostatic rebound, a predefined load, a responding 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
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mantle material and an elastic lithosphere, which plays a filtering role modifying the extent of 

bending, are needed.   

Using the historical shoreline records, Nansen (1921) concluded that the uplift was decaying 

more or less exponentially, and he suggested that the uplift should be accompanied by a 

viscous inflow under the crust. The viscosity of this material impedes the elastic response of 

the lithosphere. Vening Meinesz (1934) and Haskell (1935) converted the land uplift rates 

from sea water level measurements in the Baltic Sea to determine the viscosity of the Earth. 

The calculated viscosity by Haskell (1935) ( 2110  Pa s) is also interpreted as the constraint of 

the viscosity of the upper mantle or simply Haskell Constraint for Fennoscandia (Mitrovica 

1996).  

The estimates of the vertical crustal movements from the geophysical GIA models (we call 

them GIA forward models from now on throughout this thesis), are compared to the geodetic 

data of the same quantities. The GIA forward modelling provides a framework to 

understanding the process of GIA. The core of these models is a Navier-Stokes equation of 

the mantle flow, which should be solved under certain boundary conditions. The same 

equation is used for modelling strike-slip faults and plate tectonics (McConnell 1965), but to 

model the GIA, it needs sufficient knowledge of the boundary condition, which is the ice 

change history (Cathles 1975, Ch. 2). Solving these equations, one can determine the 

viscoelastic response of the mantle material to the changing load, since the last glacial 

maximum. Based on the temporal changes of the load, the response can be either more elastic 

or more viscous. It can be shown that some modes of the viscoelastic response undergo an 

elastic response while the rest show a viscous response (Walcott 1973).  

To figure out if a forward modelling approach is successful to explaining the GIA process, we 

need to compare its estimates of the observable quantities with the geodetic data. A GIA 

forward model output includes the vertical and horizontal land movements, the estimates of 

sea-level (equipotential surface, the geoid) variation (Peltier 1974), the deceleration of the 

polar wonder (Sabadini and Peltier 1981),  normal and shear stresses, the perturbed potential 

and its radial gradient (Peltier et al. 1978, Sun and Sjöberg 1998, Martinec 2000, Petrunin et 

al. 2013). Some of these outputs are very well known geodetic quantities that have been 

observed using various apparatus for a long time. The comparison between the estimates of 

the models and the geodetic observation is a direct way to test the model’s success.  

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
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The knowledge of the input parameters of the GIA forward models is related to understanding 

the Earth’s interior. These parameters are not completely known, and sometimes, they are 

very difficult to determine. For example, the mantle viscosity is closely related to the 

properties of the mantle material that can be determined using the sparse seismology 

measurements.        

To determine the viscosity, usually, an inverse problem is solved. Some geodetic quantities 

related to GIA, such as the geoid height, are estimated by GIA forward models. The solution 

initiates using the input parameters, such as the (uniform, layered, or 3D) viscosity of the 

mantle and the parameters of the elasticity of the lithosphere, which are then updated, 

compared with the geodetic data of the same observable quantity.  

Since the mid-1960s the use of seismology measurements provided more detailed information 

on the constituents of the mantle layers, thus yield in more constraints for the inputs of the 

geophysical GIA models. An inherent issue with assuming a layered Earth is that the inverse 

problem (determining the rheology from geodetic data) becomes more singular, and different 

combinations of the mantle viscosities, lithosphere thickness, and load history might result in 

an improperly posed problem with rather similar land uplift rates. Thus, from the uplift data 

alone, it might be difficult to resolve the model parameters in a unique way. McConnell, 

(1965) noted:  

“Few aspects of the study of the earth are as controversial as the 

selection of proper rheological models for the long-term deformation. 

A great deal of the controversy results from a lack of good 

experimental data, from the complexity of the behavior, and from 

failure to recognize that a model which will adequately describe one 

feature of deformation under certain conditions may not be suitable 

when either the feature being studied or the conditions change.” 

During the 1970s several Earth rheology models developed (Peltier 1974 and 1976, Peltier 

and Andrews 1976, Farrell and Clark 1976, Peltier et al. 1978) using geodetic data of the sea-

level change (also rarely repeated precise levelling) as well as geologic data, such as paleo-

strandline observations. A long series of investigations of mantle flow modelling has been 

continued since then either to estimate the geodetic quantities or, inversely, to determine the 

mantle rheology. The bull-eye problem of the geophysical GIA modelling is to fix the 

rheology of the mantle as the input parameter. This is still controversial, while the detailed 
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recent seismology measurements provide more constraints on the lithospheric and mantle 

rheology (e.g. Kaufmann et al. 2000 and Steffen and Wu 2011).  

  

1.2 OBSERVING GIA  

In the previous section, we mentioned various measurement techniques used for GIA studies, 

each of which observes one quantity that is related to the GIA process. For example, a tide 

gauge (TG) measures the change of the mean sea level relative to a benchmark on land. Using 

the data of the TGs, we can observe the uplift rate of the land at the benchmark relative to a 

stationary mean sea-level in time. Throughout this thesis, we divide the GIA observations into 

geometric and gravimetric observables. The former can be obtained traditionally from sea-

level marks, TGs (available, e.g. through the Permanent Service for Mean Sea Level, PSMSL 

website) and repeated precise levelling. In addition, from satellites-based techniques such as 

GPS, one may directly measure the land movement at each station within sub-millimetre 

accuracy, satellite altimetry to measure the changes of the sea-level to millimetre accuracy 

(not near the coasts) and ice sheet topography, all with respect to a reference ellipsoid.  

The change of gravity and the magnitude of the gravity anomaly as already was mentioned in 

Introduction, can be obtained by relative and absolute terrestrial gravimetry using springs, 

pendulums, free-falls, superconducting, mobile and (in future) quantum gravimeters (see 

Engfeldt, 2016, for Fennoscandia; Lambert et al. 2006, Mazzotti et al. 2011, for Laurentia). 

For example, the gravity data are available through Lantmätriet website, for Fennoscandia, 

and from National Resources Canada (NRCan) for the Canadian Gravity Standardization 

Network (CGSN). Some of the absolute gravity data are available from the Bureau 

Gravimétrique International (BGI, Wziontek et al. 2012), not yet those for Fennoscandia. The 

uncertainties of the gravity measurements are dependent on many factors such as the change 

of seasons, the instruments, and the background models needed to reduce the measurements 

for the disturbing signals. For example, the measuring accuracy of FG5 absolute gravimeters, 

which has been placed in most of the Nordic Geodetic Commission (NKG) stations, is about 

2 to 3 µGal for a single gravity determination. They can reach to the accuracy of about 

0.2 µGal 𝑎𝑎⁄  after 5 years of stable measurements (every year with the same accuracy) of 

determining a gravity change as big as 2 µGal 𝑎𝑎⁄  (e.g. Timmen et al. 2008), which is 

sufficient for GIA studies. This accuracy of obtaining the gravity change can also vary during 

dry and wet seasons (Gitlein and Timmen 2007).  
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The static gravity field can be determined by analysing the perturbations of satellites orbit, the 

temporal changes of gravity, by means of GRACE intersatellite k-band distance measurement 

and the gradients of gravity, by using the deployed accelerometers of the Gravity field and 

steady state Ocean Circulation Explorer (GOCE) satellite. These were the previous dedicated 

satellite missions, while the GRACE Follow-On mission is expected to be launched in 2018. 

There are also other proposals of dedicated missions, including different constellation of 

GRACE-type satellites (e.g. Wiesse et al. 2009) as well as by using the theory of relativistic 

geodesy (Bjerhammar 1985), which seems to be applicable by the recent progress in optical 

atomic clocks (Delva and Lodewyck 2013). The comparison of the frequencies generated by 

these clocks, at different orbital altitudes provides a relativistic determination of the temporal 

and spatial change of gravity. 

The gravity field can also be recovered using other satellite-based techniques, not only the 

dedicated missions. The temporal changes of the first two harmonics of gravity can be 

precisely recovered by analysing more than 30 years of the continuous observations by 

Satellite Laser Ranging (SLR) (Chen et al. 2009). Moreover, the static geoid at sea can be 

precisely determined using satellite altimetry, provided that the sea surface topography is 

known.  

The SLR observations started in the early 1970s and dedicated missions in the first years of 

the new millennium. The very first series of Goddard global gravitational models were based 

on SLR data (see Lemoine et al. 2003, for a history review), and not from the dedicated 

missions. The recent Earth gravitational models (EGMs) developed from the satellites’ orbit 

analysis still depend on the use of SLR data, either in the analysis process or in the data 

verification for low degree harmonics, such as the second zonal harmonic bias issue in the 

processing of the GRACE data (Dahle et al. 2012). Furthermore, the EGMs use the SLR data 

in addition to the orbit or k-band range analysis of the dedicated missions as a complementary 

data set, such as in EIGEN EGM (Förste et al. 2016). These techniques combined can now 

provide the static gravity field models with a spatial resolution of about 70 km (up to 

harmonic degrees n = 280, ITU_GGC16 of Akyilmaz et al. 2016, and n = 300 EIGEN-6S4, 

Förste et al. 2016). 

For GIA studies, it is crucial to realize if the satellite-based data records are, temporally, long 

enough to retrieve the secular characteristic of the process. Satellite Altimetry missions were 

initiated in the 70’s, the first EGM was released in 1977, the oldest GPS permanent stations 

were established in 1998, and the GRACE satellites were in orbit since 2002.  

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
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GIA is a long-term process involved with the mass transport in the Earth system. On the 

contrary, the observable effect of the GIA on the Earth’s crust is rather local. GIA studies 

have been carried out using geometric data, among which TGs records date back to three 

centuries and some of the paleo-strandline data date back to thousands of years. These 

datasets provide important knowledge about the geophysical processes inside the mantle. 

Particularly, the geophysical modelling approaches rely on the geometric data sets to fix the 

model input parameters or to determine the mantle rheology, since the 1930s (Vening 

Meinesz 1934), while it was not earlier than in the 1980s that the absolute and relative gravity 

measurements could be used to constrain the geophysical models. The important role of the 

gravity data in GIA studies was reflexed in Peltier et al. (1978):  

“[…] and perhaps the most important, are data concerning the present 

day gravity anomalies over the rebound centres. These data are 

particularly important because they provide information which is 

completely distinct from that afforded by the relative sea level data. 

Gravity data, in a real sense, “looks into the future” because such data 

essentially measure the degree of current gravitational disequilibrium 

and are therefore indicative of the amount of uplift (subsidence) 

remaining which is well known. The gravity data therefore “see” the 

long time tail of the relaxation spectrum whereas the sea level data do 

not.” 

The satellite gravity missions provide a new gravimetric dataset for GIA studies as well as 

complementary data for geophysical models. This is an independent set of data to validate the 

results from conventional GIA studies. The satellite gravity change data, along with the 

gravity network data, since 1966 in Fennoscandia (Haller and Ekman 1988) and 1987 in 

Laurentia (Tushingham et al. 1991), and the gravity anomalies and geoid models from EGMs 

since 1977 (Lemoine et al. 2003), have created a gravimetric approach to the GIA studies.   

 

1.3 GRAVIMETRIC GIA STUDIES 

Tracking the history line of gravity measurements, in Fennoscandia as well as in Laurentia 

reveals that in the former region the measurements have an older heritage. The first Swedish 

gravity measurements were carried out by A. Celsius (1741), at Uppsala, and the first network 

using pendulum instrument by G. Rosén, during 1889-1896 (Haller and Ekman 1988). These 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
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measurements showed a negative gravity anomaly of about −40 mGal. In Canada, Lt. E. 

Sabine (1820), in Melville Island in the Canadian Arctic Archipelago, made the first gravity 

measurement. However, the first measurements over a network were not carried out before 

1914 by F. A. McDiarmid, on 18 stations (McDiarmid 1915).       

In various fields of studies, the practicality of the gravity measurements was proved very 

early: in the 1880s in Sweden and in 1910s in Canada, which led to a first network of five and 

eight points stablished in 1889 and 1914, respectively. The reasons for stablishing such 

networks were their useful applications in numerous fields of the geosciences (Thomas and 

Gibb 1975), not including GIA studies, at that time. The gravimeters used in the first order 

network of 33 stations in Sweden, in the 1960s nor those of the CGSN that stablished in 1971, 

sufficed the accuracy needed for resolving the slow motion of the GIA process. For GIA 

studies an accuracy of sub-µGal per annum for the temporal gravity change is needed, which 

is in accord with a single tie accuracy of about 20  to 30 μGal  (Pagiatakis and Salib 2003). 

The use of gravity measurements for GIA studies did not appear until the establishment of 

such networks with new and more accurate apparatus during the 1980s.  

Generally, there are two approaches to study GIA through gravity measurements:  

a) By interpreting the observed static gravity anomalies (e.g. Balling  1979, Sjöberg 1990),  

b) By estimating the secular trend of the temporal change of gravity as well as its ratio 

versus the vertical rate of the land movement (e.g. Sjöberg 1989).  

Some of the very early works according to the first approach above were initiated during the 

1950s, while using g  started three decades later. The reason for that, as was mentioned above 

was the advances in the accuracy of the gravimeters. In the followings, we briefly review 

these two approaches. 

      

1.3.1  STATIC GRAVIMETRY 

Heiskanen and Vening Meinesz (1958) determined a −20 mGal the free-air gravity anomaly 

over the Bothnian Gulf, consistent with the uplift rates of a mantle viscosity of 1022 Pa s. 

Balling (1979) removed that part of the anomaly which was correlated with topography. The 

residual anomaly was −20 mGal and very well correlated with the available and, at that time, 

most recent maps of the rebounding area. 
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The interpretation of the free-air gravity anomaly and its relation with the GIA has been 

extremely controversial, specifically in Fennoscandia, where the observed free-air gravity 

anomaly is not correlated entirely with the rebounding area. On the contrary, in Hudson Bay, 

in northeast Canada (Laurentia), the negative gravity anomaly signal is very well spatially 

correlated with the ancient Laurentide ice sheet. Some of the earliest gravity measurements in 

Laurentia were carried out by Inne (1948) at 23 stations. He found negative free-air gravity 

anomalies over the formerly glaciated region (for example, one at −54 mGal in Churchill), 

suggesting that it is, at least partly, related to GIA. In connection with a gravity anomaly of 

about −35 mGal, Walcott (1970) deduced a remaining amount of uplift of about 200 m. 

The static gravity field can also be obtained from EGMs. To determine the gravitational signal 

of the GIA, some researchers used the free-air gravity anomalies of all available harmonic 

degrees (Wu and Peltier 1983, Forte and Peltier 1991 and Mitrovica and Forte 2004). They 

usually used the EGMs truncated to degrees less than about 100. Others (Kakkuri 1986, 

Marquart 1989, Marquait and Lelgemann 1992, Marquart and Schmeling 2004 and Ebbing et 

al. 2012), however, used band-pass filtered  (up to 200 or 400 km) or lower wavelengths of 

the gravity anomalies being sometimes corrected for the effect of isostatic compensation, 

crustal depth and sea-lithosphere cooling (Haxby and Turcotte 1978, Marquart and Schmeling 

2004). It should be mentioned that to obtain the gravitational signal due to GIA, the effect of 

the (isostatically compensated) topography should be removed in one way or another from the 

free-air gravity field (Marquart 1989, Marquait and Lelgemann 1992, also see Sect. 3.3).       

The free-air gravity anomaly and the geoid determined from a combined model (Gilardoni et 

al. 2016), using a combination of dedicated satellite gravity missions, altimetry and terrestrial 

data, is depicted in Figure  1-1 for the areas of our interest, namely Laurentia and 

Fennoscandia. The purpose of these maps in is to have a first insight into the global variations 

of the geoid and the free-air gravity anomaly model (More detailed maps are plotted in Sect. 

4.2.) 

 

1.3.2  TEMPORAL CHANGES OF GRAVITY 

The relation between gravity change and absolute land uplift rate can be expected to be 

bounded by two extrema. If the uplift process is not accompanied by any mass flow, then the 

change of gravity along the vertical follows a free-air model, and one obtains a gravity change 

of −0.31 µGal mm⁄  of uplift. If the uplift process, on the other limit, is accompanied by an 

addition of mantle material of density mρ  , and the flow occurs along an infinite Bouguer 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
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plate, then the change of gravity along the vertical is 0 31 2 m. Gπ ρ− +  µGal mm⁄ , where G , is 

the Newton gravitational constant and the first term is the free-air reduction. Using the upper 

mantle density 3 27m .ρ =  g cm3⁄  , one obtains 0 17.−  µGal mm⁄  (e.g. Sjöberg 1983). 

To determine the secular change of gravity across the land uplift area in Fennoscandia, 

repeated relative gravity measurements have been performed along a crossing line since 1966. 

This line runs close to the 63° latitude, and it was a part of a network consists of 25 stations 

reanalysed during 1981 and 1982 by L. Petterson and L. Å. Haller, of which 12 stations also 

belong to the land uplift gravity lines (Haller and Ekman 1988). The 63° gravity line is the 

only one out of four that was re-measured. Ekman et al. (1987) analysed these data and found 

a secular trend of the temporal change of gravity vs. the land uplift rate of about −0.22 

µGal mm⁄ . Using a refined adjustment technique, Sjöberg (1990) found an estimate at 

−0.16 ± 0.04 µGal mm⁄ . Using the same methodology Ekman and Mäkinen (1996) 

estimated the secular trend of gravity at −1.52 ± 0.20  and +1. 00 ± 0.14  µGal a⁄  at the 

western and the eastern part of the line, respectively. Later, the NKG organized the 

measurements in Fennoscandia mainly, by using FG5 gravimeters.  

In Canada, relative gravity observations have been obtained for about five decades on the 

CGSN using primarily LaCoste-Romberg gravimeters that have a sufficient precision as we 

mentioned above (Pagiatakis and Salib 2003). Five stations observed more than three times, 

which have been measured since 1985, using JILA and FG5 instruments, in addition to the old 

ones. Rundle (1978) found a theoretical value of −0.19 µGal mm⁄  in the Cascadia subduction 

zone, assuming a half space elastic deformation with a Poisson's ratio of 0.25.  

Lambert et al. (2001) estimated the mean temporal gravity change for a set of six stations as a 

part of the CGSN at −1.71 ± 0.23 µGal a⁄   for the Churchill, Manitoba at the south-eastern 

coast of Hudson Bay. Pagiatakis and Salib (2003) performed a detailed analysis of the CGSN 

network and the repeated line for the GIA studies and found negative gravity changes at 

−2.35 ± 0.06  and −1.71 ± 0.06  µGal a⁄   at the south-eastern and south-western coasts of 

Hudson Bay. However, they found negative gravity rates at Western Canada indicating weak 

uplift rebound while they remarked that this area experiences subduction, erosion and the 

resent glaciers melting which may disturb the GIA gravity change signal. Lambert at al. 

(2006) measured absolute gravity of four sites along the mid-continent profile, Churchill, Flin 

Flon, Pinawa/Lac Dubonnet, and Iowa City/North Liberty, co-located with or near 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
http://onlinelibrary.wiley.com/doi/10.1029/2001JB001676/full#jgrb13354-bib-0003
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continuously-operating GPS receivers and they estimated a slope of −0.18 ±

 0.03 µGal mm⁄ , as an average for all the four stations. 

GRACE twin satellites provide gravity data for each month, or even for each week, but with 

coarser spatial resolution (Kurtenbach et al. 2009). Until now, this was the only dedicated 

satellite mission that could resolve the temporal gravity field with sufficient accuracy for GIA 

studies. The accuracy of the gravity field resolution from GOCE satellite is not sufficient for a 

detailed temporal variation. As we already mentioned in Sect. 1.2, SLR is a satellite-based 

technique that can recover very long wavelengths of the gravity field, albeit it is not a 

dedicated one.    

The first application of the temporal gravity data set on the Earth mass transport system was 

in hydrology (Wahr et al. 1998). Then, later, GIA studies (Velicogna and Wahr 2002). 

Numerous successful applications of the monthly GRACE data set, especially in detecting the 

hydrologic cycles and groundwater variations, have already validated the satellite data. 

Relatively few studies have been carried out on their applications to GIA. One reason is likely 

that despite the very first feasibility study of Velicogna and Wahr (2002), the duration of the 

GRACE mission was not enough to solve for a reliable secular variation, even when the 

GRACE happened to orbit about three times more than its designed lifetime (~5 years). So the 

signals due to aliasing orbital periods (Mazzega 1989 and Chen et al. 2009), the remaining 

and un-modelled hydrology (Steffen et al. 2008), and the occasional draughts or floods 

periods also affect the rather secular trend which is supposed to be due to GIA.  

 

1.4 GEOID MODELLING APPROACH TO GIA STUDIES 

The mass flow accompanied by the GIA process, induces a geoid height signal. This change 

of the geoid surface can be modelled and computed using various methods. In GIA forward 

modelling approaches, the evolution of the induced geoid height is determined by assuming 

the temporal variation of the ice load on an elastic lithosphere (Farrell 1972).  

The geoid modelling approaches, on the other hand, are devoted to determining the deviation 

of the actual geoid relative to a hypothetically isostatic geoid, which can be determined by 

solving the equation of equilibrium (Dahlen 1982).  

The geodesy approaches, use geodetic data to determine the geoid height and other geodetic 

quantities, which are related to GIA. The results can be fed into the forward models to fix 
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their input parameters, which are unknown otherwise. Coarsely speaking, the geodetic 

approaches determine the observable quantities of the GIA, such as the geoid height, using 

data driving techniques, and then somehow, extract their GIA signal. Generally, there are 

three approaches to GIA studies through geoid modelling, which were initiated in the early 

1980s:  

a) By determining the GIA induced temporal changes of the geoid (Sjöberg 1983)  

b) By performing a harmonic analysis of a geoid model (e.g. Bjerhammar et al. 1980), and  

c) By interpreting the shape and curvature of the regional observed geoid (Ekman 1985).  

Some studies in approach a) used only the geometric data of the land uplift rate (Sjöberg 

1983, Zeman and Pick 1984, Sjöberg et al. 1990), and not the gravity data. Approach b) 

includes those studies, which use an EGM to find a relation between the pattern of the geoid 

model and the previously glaciated areas (Bjerhammar et al. 1980, Simons and Hager 1997). 

The last approach has not been followed any further of the Ekman (1985) to the knowledge of 

the author.  

 

1.4.1  DETERMINING THE GEOID CHANGES  

Sjöberg (1983) used available geometric data of the land uplift rate to compute the geoid 

change, in Fennoscandia based on an assumed simple mantle flow below the crust. The same 

method was later used by Sjöberg et al. (1990) for a study in Laurentia. Sjöberg (1983) wrote:       

“In 1977 Strang van Hees presented a formula for estimating the 

change of the geoid as implied by land uplift and change of gravity. In 

essence his formula is the derivative of Stokes’ formula with respect to 

time. The formula was applied by Dietrich (1979) on Scandinavian 

land uplift data and Honkasalo’s (1968) gravity change estimates. 

However, to date no significant estimates of the change of gravity in 

Scandinavia have been recorded, and this fact limits the use of the 

previous formula.”  

Zeman and Pick (1984) mentioned the simplifications that led to overestimating of the geoid 

change, in the uplift centre in Fennoscandia. To estimate the secular trend of the geoid 

change, they used two different methods, as the applications of Airy-Heiskanen isostatic 

model. First, they used the time derivatives of Stokes’ formula, and the isostatic gravity 

anomaly data, then, alternatively, they computed the gravitational potential of a mounted crust 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
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on the surface and the rooted crust at the compensation depth, and by using land uplift rate 

data. They obtained an identical estimate through both approaches of 0.64 mm a⁄  at its 

maximum for the compensation depth set at 30 km. Based on an integral formula and 

assuming a simple mantle flow, Sjöberg (1989) estimated the secular trend of the geoid 

change using the land uplift rate data being the maximum of 0.76 ± 0.20 mm a⁄ .  

 

1.4.2  HARMONIC ANALYSIS OF GEOID MODELS 

A gravity field model obtained from satellite gravity missions provides a global insight into 

the static gravity field, as discussed in Sect. 1.2. The geoid models and the static gravity 

anomalies, have been derived from EGMs and used in GIA studies since the advent of 

Goddard Earth Models in 1977 (Bjerhammar et al. 1980, Bowin et al. 1984, Kakkuri 1986, 

Hager and Richards 1989, Hager and Clayton 1989, Sjöberg 1994 and Simons and Hager 

1997).  

In Fennoscandia, the geoid shows no depression around the rebounding area, but it elevates 

towards the Mid Atlantic Ridge (Figure  1-1) because any expected depression, induced by 

GIA, is too small to be revealed. The geoid height is generated also by other processes with 

larger positive geoid signals, such as those related to uprisings over old graveyards of 

subducted slabs  (Peltier 1989, Hager and Richards 1989), and those with the negative values 

of almost the same magnitude as induced by crustal variations (Marquart 1989, Sjöberg 

1994). Bjerhammar et al. (1980) concluded that the portion of the geoid model that is 

correlated with the pattern of a land uplift rate model is bounded in specific harmonic degrees. 

Sjöberg et al. (1994), after a series of data processing of gravimetric networks, concluded that 

roughly half of the depression in the geoid model of the wavelengths shorter than 2000 km in 

the centre of rebound area, can be related to GIA, while the rest is more likely due to local 

crustal variations and Moho depth in the Bothnian Gulf. 

 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx


17 

 

 

Figure  1-1: a) The free-air gravity anomaly and b) the geoid from  GECO combined 
GOCE and EGM2008 zero-tide model (Gilardoni et al. 2016) with the spatial 
resolution of 36 × 18 km along the central latitude of each study area (four times 
coarser than the maximum supporting resolution of the model i.e. up to 𝐴𝐴 = 2190). 
The areas of Laurentia and Fennoscandia are selected such that it covers all the GPS 
stations of Sella (2008) and Kierulf (2014).       

The long wavelengths of the geoid model are correlated with the processes in the deep mantle, 

such as those, which are connected with plate tectonics. By studying the shape of the long-

wavelength geoid using an EGM, Hager and Richards (1989) showed that upward bulges in 

the geoid model are located over the uprising mantle fluid, which also occurs in previously 

glaciated areas and the geoid depressions, over rigid tectonic plates. The geoid around Hudson 

Bay shows typically a clear depression, which is partly due to GIA and still conveys the effect 

of other processes (Hager and Clayton 1989). The main problem is that to what extent the 

geoid model or observed free-air gravity anomaly is only due to GIA. 

        

1.5 APPLICATIONS OF GIA STUDIES IN FOCUS  

The GIA studies have found many useful applications, two of which have been the core of 

numerous studies in the last four decades:   

a) To correctly estimate the indicators of the climate change (e.g., global, and regional sea-

level and ice mass changes due to global warming), and  

b) In studying the rheology and flow properties of the Earth’s interior (e.g. the mantle 

viscosity variations). 
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To determine the long-term global uniform mean sea-level change (GMSL), which is an 

indicator of the climate change, some of the data sets such as those from TGs and GRACE as 

well as altimetry (Peltier 2009) need to be corrected for the disturbing signals due GIA. On 

the other hand, to determine the regional relative sea-level (RSL) change, which deviates 

substantially from the GMSL, one needs to estimate the land uplift rate due to GIA with a 

rather higher resolution for and around the rebounding areas. The precise determination of the 

RSL with higher resolution became more evident after the recent ice sheet melting. For 

example, after that the Amundsen Sea sector of the West Antarctic Ice Sheet is totally gone, 

the GMSL will rise about 120 cm, while Ratan, at the north-eastern coast of Sweden, will rise 

by about 25 cm during the same time (cf. e.g. Groh et al. 2016).  

For about a decade, an accurate land uplift rate correction due to GIA is one of the main 

reasons that the estimates of GMSL from different data sets have not been reconciled 

(Cazenave et al. 2009, Peltier 2009, Guo et al. 2012, Gregory et al. 2013). The main issue to 

estimating the GMSL is that the estimates of independent data sets do not agree. Sea-level 

change is partly based on the change in the temperature and salinity of the water (steric 

changes) which cause the change in the density and water level, but it does not change the 

mass. Satellite Altimetry senses all kinds of changes of the surface level. It also senses the 

changes in the mass of the seawater as a result of ice mass changes, continental hydrologic 

cycles, and global warming. The change of the mass of the sea water can also be determined 

using GRACE data within a detailed temporal (10-days) and spatial (~200 km) resolution. 

The steric change is also measured by some floating apparatus, namely ARGO floats (e.g. 

Cazenave et al. 2009). Traditionally, the records of the sea-level variations are obtained by 

means of TGs, which need to be corrected for the in situ land uplift rates. This is the reason 

that most of the TGs, in the vicinity of GPS stations are considered as more reliable in the 

mass analysis of the different datasets. The TG data need to be transformed to a common 

reference frame to be comparable with GRACE data, which occasionally is the reason of 

another source of committed errors to estimating the sea-level variations.  

If the measurements and data processing methods are correct, then the sum of the GMSL 

height from GRACE and the steric sea level should equate that from satellite altimetry or TG, 

whence the GIA land uplift correction is applied where needed. Recent researches showed 

that this equity does not hold and the difference is still significant. Our limited knowledge of 

the GIA process is one of the primary sources of this misfit (e.g. Cazenave et al. 2009, Peltier 

2009, Guo et al. 2012, Huang, 2013). Using an updated GIA land uplift rate and individual 
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geoid corrections for each TG as well as a new averaging method, Dangendorf et al. (2017) 

determined the GMSL better in agreement with the estimates from satellite altimetry, for the 

period of 1993-2012, than the previous studies. This indicates the importance of estimating 

the GIA land uplift corrections, despite that the difference was yet significant. Recent studies 

argue that the current GIA correction, used to correct the secular trend from GRACE data was 

underestimated in some areas with a low mantle viscosity, such as in Antarctica. It means that 

the previous estimates of ice loss in Antarctica were too fast (Barletta and Bordoni, 2017, 

workshop presentation).     

It is important for the society to have a reliable estimate of the change of RSL, especially in 

highly populated areas. The spatial variability of RSL is originated from geological processes, 

such as GIA, tectonics, atmospheric and sea dynamics, and the regional signal of the water 

and ice mass transport (Slangen et al. 2012). 

Remark: The terms “GIA sea-level” and “Post-Glacial sea level” that can be found in 

numerous references, is the solution of the sea level equation (Farrell and Clark 1976). This 

sea-level has no climate origin, but it is the sea-level change resulting from GIA, i.e. the 

present-day geoid change minus the solid Earth land uplift due to GIA.  

The geophysical approaches solve the equations of motion of a mantle viscous flow subject to 

a load and under its gravitational force joined with the Poisson equation of the gravitational 

potential (Farrell 1972, Cathles 1975, Farrell and Clark 1976). The boundary condition 

needed to solve these equations is the ice load history. To obtain accurate estimates to 

different quantities related to GIA, these models need information about the interacting 

material that controls the response of the body (a modelled Earth) to this load, i.e. the 

lithosphere elasticity parameters, the layered and/or the lateral (3D) mantle viscosity 

variations. One way to introduce proper values for these input parameters (occasionally called 

Earth or Earth-body parameters), is to tune them such that the final estimates of the output 

quantities are in agreement with the geodetic data of those quantities, i.e. TG RSL, GPS land 

uplift rate, gravity and geoid height data. Another way is to incorporate the sparse seismology 

measurements, as well as using geological observations about constituents of the crustal and 

the mantle material and performing laboratory experiments. On one side, the GIA models 

determine the GIA related geodetic quantities, such as land movements, on the other side and 

by using geodetic data, their input parameters, such as the layered and/or 3D mantle viscosity, 

could be solved for, at least to some extent (Paulson et al. 2007).            



20 

 

Several methods have been developed to solve the equations used in GIA modelling, e.g. 

normal mode using Laplace transform (Peltier 1974, Wu and Peltier 1983), Final Elements 

(FE) method and spectral FE method (Martinec 2000, Latychev et al. 2005). This leads to 

different so-called GIA models. A review of these models, as well as the results of a 

benchmark study for a bunch of geophysical approaches, can be found in Spada et al. (2011). 

Another comparison of the outputs of an ensemble of 15 different geophysical approaches is 

given in Guo et al. (2012). The former review shows a satisfactory agreement, while the latter 

shows a substantial difference between the results of the used models. However, the software 

and the input parameters for the latter are partly unknown to the author so the comparison 

performed in Guo et al. (2012) cannot be considered as a benchmark study. 

To solve this problem of inconsistency, it is necessary to have more knowledge about GIA, 

the relation between vertical motion and gravity change by surface loading, and also to 

separateing GIA signal from other signals. The need for a thorough gravimetric approach has 

already been indicated by several researchers (see e.g. Huang et al 2013).   

   

1.6 RESEARCH QUESTIONS AND OBJECTIVES OF THE THESIS 

We will list our research questions in this section. To motivate our research objectives, it is 

better to first remark, tersely, some of the main questions of GIA studies among geodesists as 

follows:  

a) the performance of the data processing methods,  

b) the optimization of the observation techniques,  

c) the physical and  

d) statistical relation between the observable quantities,   

e) assessing the validation and  

f) constraining the GIA forward models.  

Among numerous studies that have been carried out and published, we could only mention 

some of them in the previous sections and they treated at least one of the questions listed 

above. Motivated by the main questions we formulate the research questions of this thesis and 

they are summarized as follows:   

Q1) To find an innovative physical relation between the land uplift and the gravity change, 

without any assumption of the ice load history. 
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Q2) It is still uncertain which post-processing method is suitable to obtain the monthly 

gravity change from GRACE.  

Q3) Different algorithms have been suggested to determine the GIA signal from the 

GRACE data, of which we use the regression analysis, principal component analysis and 

independent component analysis (see Sect. 2.3). What is the advantage(s) in using any of 

these algorithms vs. another one?  

Q4) How does the gravimetric GIA model compare with independent data sets from GPS 

and the GIA forward models?  

Q5) To determine a combined GIA model, by assimilating gravimetric and geometric data 

into a GIA forward model, and to estimate its accuracy.  

Q6) How the combined model compares with a recent GIA forward model (ICE6G_C of 

Peltier et la 2015)    

Q7) How reliable are the estimations of secular changes of vertical land motion from GPS?  

Q8) What is the geoid depression due to GIA, using the geoid modelling approach, and 

what is the spectral relation of the static geoid and the GIA?   

 

1.7 OUTLINE OF THE THESIS 

Chapter 2 covers the relations and the methodology that we use to produce the GRACE 

monthly gravity change data and to extract the GIA signal. 

Chapter 3 presents the relation between the gravity changes and the land uplift rates in the 

rebounding regions (Q1).  

Chapter 4 presents a methodology to determine the geoid height signals due to GIA on the 

geoid and topographic-isostatic geoid models (Q8).  

Chapter 5 presents the numerical results of the land uplift rate and/or geoid models using the 

GPS, GIA forward models, and GRACE data. First, we will answer to Q2. Then by 

investigating the consistency of the gravimetric with the geometric and GIA forward models, 

the best extracting method will be selected as the answer to Q3. We discussed Q4 by 

comparing the land uplift rates of the selected gravimetric model and the geometric model, 

and then by comparing the gravimetric land uplift and geoid rates versus the same outputs of a 

GIA forward model. The land uplift rate data sets, from GRACE and GPS are assimilated into 

that of a GIA forward model leads to a combined land uplift rate model (Q5), which then will 
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be compared with ICE6G_C(Peltier et al. 2015) and we speculate about the reasons of the 

Signiant discrepancies (Q6-Q7) 

Chapter 6 concludes the thesis.  

 

1.8 AUTHOR’S CONTRIBUTION 

In this thesis, all research questions listed in Sect. 1.6 will be answered. Among geometric 

data sets, only the land uplift rate from GPS is used, and among the available gravity data, we 

use the temporal gravity field produced by the GRACE mission, and GRACE, GOCE and 

other satellites missions’ static geoid height model. We use the level-2 GRACE data, i.e. the 

monthly SHCs from three different analysis centres, while using level-1 data is proposed to 

future works. One way to understand the mantle rheology and the elastic behaviour of the 

lithosphere is by constraining the GIA forward modelling approaches, with other geodetic 

data. The gravimetric model could provide an independent data set to validate and to constrain 

the GIA forward models. This is our motivation to use a GIA forward modelling approach 

additionally.           

To answer the research question Q1 we present an innovative relation as an alternative to the 

conventional deterministic and approximate mathematical formulae.  

The research question Q2 has not been fulfilled by previous works, while without exploiting a 

smoothing method, the GRACE data does not provide a precise enough gravity field for the 

current needs of the GIA modelling. For GIA studies, some researchers suggested using a 

smoothing filter. We will investigate this issue by determining the data sets of the land uplift 

rate using an ensemble of smoothing filters, to see using which filter leads to the closest 

results compared to the GPS data, for each region.  

The essential issue is how to extract the gravity signal related to the mass transport in the GIA 

process, while the GRACE gravity field is a mixture of many sources, some of them are not 

sufficiently known. Three methods to extract the gravity change signal will be tested. 

Regression analysis with some modifications is utilized. In addition, we will use two 

alternative methods namely, principal component and independent component analyses. The 

former is usually known as a data reduction and the latter, as the decoding technique. 

Extracting the GIA signal from GRACE gravimetric data result in the gravimetric models.      
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The success of the extraction methods will be discussed in answering Q3, Q4. To draw a 

conclusion about the best smoothing and extracting methods we exploit GPS measurements     

and construct the geometric model, and additionally, a GIA forward model using a recent and 

available ice history model. The gravimetric, geometric data, and those from a forward model, 

are mutually compared with each other. In the first step, the GRACE derived land uplift rates 

will be compared with two others. This, together with a geophysical or a geological 

interpretation about the reasons for the differences at each location leads to the answer to Q4. 

To answer the research question Q5, we propose a Kalman filtering approach and perform 

static assimilation of the data into the model. Then, a combined land uplift rate model, using 

all the above-mentioned data sets is produced and compared to the data from one of the 

recently released GIA forward models to answer Q6 and Q7.  

A methodologically alternative study is carried to answer Q8. We follow a relatively old idea 

initiated during the 1980s to performing a harmonic analysis of a geoid model, and 

furthermore, by isostatically compensating the geoid for the topography.  
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2 MATHEMATICAL BACKGROUNDS  

The purpose of this chapter is to present the mathematical backgrounds, theories and the 

formulae needed to produce the numerical results of this thesis.  

In Sect. 2.1, the processing of the GRACE level 2 (Dahle et al. 2012) data is presented, which 

results in the monthly gravity signal without the systematic errors and the common strips 

phenomenon (Swenson and Wahr 2006, Kusche 2007). Due to sensor errors, the mission 

geometry, and the uncertainties in the background tidal and non-tidal models, the GRACE 

monthly gravity data is not ready for any application. The signal to noise ratio is very low, 

and the noise masks revealing any useful signal for the short wavelengths. The sources of the 

noise are not completely known, but by analysing the covariance matrix of the spherical 

harmonic coefficients (SHCs) of the monthly gravity, we know, for example, that the noise on 

the coefficients at some degrees and orders are larger than others (e.g. Kusche 2007). Several 

post-processing methods were suggested and applied (Wahr et al. 1998, Swenson and Wahr 

2002, Han et al. 2005, Swenson and Wahr 2006, Kusche 2007) in various studies, including 

those which used a priori information of a real covariance matrix of the GRACE monthly 

gravity. The methods presented in this section will be used to answer the research question 

Q2 (see Sect. 1.6). 

The GRACE monthly gravity data are a mixture of all mass change signals. To extract the 

specific gravity signal, which is related to GIA, decomposition methods based on Principal 

Component Analysis/Empirical Orthogonal Function (PCA/EOF), and Independent 

Component Analysis (ICA) have been used in a few studies (Rangelova and Sideris 2008, 

Forootan and Kusche 2012, Boergens et al. 2013). These methods are new for geodesists. 

Particularly, ICA has never been used in GIA studies, and only a few preliminary tests 

indicated that it was feasible to resolve the water resource changes from GRACE data 

(Forootan and Kusche 2012). Rangelova and Sideris (2008) is the only work, which used the 

PCA method for studying GIA. The decomposition methods are briefly described in Sect. 2.2, 

where we aim to present the algorithms that we will use in this thesis, without presenting the 

detailed theory. To extract the GIA gravity signal from GRACE data, a common method is 

the regression analysis, which will be discussed briefly in Sect. 2.3. The results of Sect. 2.2 

and Sect. 2.3 will be used in Sect. 5.2.3, as well as in Sect. 5.3, where we investigate the 

contribution of the GRACE data on the regional land uplift rate modelling compared with the 

GPS and forward modelling approaches.  
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In addition, the method of regression analysis is connected with the correlation analysis, 

which is needed for interpreting the static gravity anomaly and geoid models in the 

rebounding areas to find out if they show any indication of GIA. These methods are briefly 

discussed in Sect. 2.3, where we also introduce the statistical tests in details and in accord 

with the hypotheses that will be tested in Sect. 4.3, and Sect. 5.3. These tests are of crucial 

importance to validate the final interpretations of the gravity signals. The methods presented 

in these two sections will be used to answer the research questions Q3 – Q4 (Sect. 1.6). 

Furthermore, the matter of Sect. 2.3 will be used, also, to test the results and have an 

interpretation of the resulting gravity signal, which is the answers to Q6 – Q7 (Sect. 1.6).      

To optimally combine different data sets into the GIA forward models, in Sect. 2.4, two 

groups of assimilation methods, a) by considering a dynamic system process and b) a static 

approach, using least squares theory are discussed. The algorithms and the related formulae of 

this section will be used in Sect. 5.5 where we present a combined LU rate model of all three 

sources (gravimetric, geometric and physical flow modelling) of data.      

   

2.1 POST-PROCESSING GRACE LEVEL-2 DATA; SMOOTHING 

To have an optimal estimate of the monthly (or 10-days) SHCs of the gravity field (level-2 

data) from the GRACE intersatellite (k-band) distance measurements and the satellites orbital 

data (level-1 and level-1B data see Bettadpur 2012 and Dahle et al. 2012), a system of 

equations needs to be solved, in the first place. Usually, the design matrix of the observation 

equation, when higher degrees SHCs are desired is improperly posed. This implies that the 

solution must be regularized in one way or another (Sjöberg and Bagherbandi 2017, Ch. 2.8).   

The GRACE monthly data is prone to have spatially correlated noise (Swenson and Wahr 

2002). This issue negatively affects the signal-to-noise ratio (SNR). The effect of the noise is 

particularly apparent on the higher harmonic degrees of the gravity solutions. The common 

stripe pattern (see e.g. Swenson and Wahr 2006) in the unconstrained monthly gravity field is 

an effect of the noise of the higher degrees. The source of this unwanted noise and the stipes 

is not completely known but it is presumed to be related to the in-line orbit configuration of 

the GRACE satellites. The results of some simulations, using four satellite Cartwheel 

formation, showed that the errors of the new formation are smaller relative to actual GRACE 

mission, and that the higher degrees of SHCs can be estimated with an acceptable SNR, 

indicating that the noise and stripes are reduced, but not entirely vanished, and they became 
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isotropic (the magnitude of the noise changes only by degrees) on the sphere. Moreover, their 

results were highly dependent to the errors of the background models (Wiese et al. 2009, see 

also, Sect. 5.2.3). Other sources of errors are the uncertainty in the background models of the 

tidal and non-tidal atmospheric and oceanic mass variations. The gravity effect of the tidal 

and the aliasing effect of the non-tidal mass variations on the gravity field need to be 

modelled and removed (Horwath and Dietrich 2009, Fagiolini et al. 2015). 

The regularization methods used in the gravity field solutions can be manipulated to increase 

the SNR and affect other metrics of the signal performance (Kusche et al. 2007). By this 

approach, some research groups like Groupe de Recherche de Geodesie Spatiale (GRGS) in 

Centre National d’Etudes Spatiales (CNES), Toulouse produce the gravity data without noise 

and stripes, and already been estimated using a regularization strategy in favour of the desired 

application (see Sect. 5.2.3). On the other hand, the well known official centres (JPL, GFZ, 

and CSR in UT, see Sect. 5.2.3) publishes regularly the unconstrained SHCs, which need to 

pass a post-processing stage in order to be free from the problems mentioned above. Many 

researchers already stressed that the GRACE gravity data need to be smoothed (Swensson and 

Wahr 2002 and 2006, Kusche 2007). They and some others suggested different smoothing 

techniques to producing the GRACE temporal gravity, which is free from the noise and 

stripes, and can be used to their higher spectral extent. Yet, the effect of the smoothing on the 

resulting data needs to be investigated in accord with the desired application (see Figure  5-5 

and Figure  5-6).               

Usually, the SHCs are smoothed and de-correlated in a post-processing stage to reduce the 

noise level using various processing methods and smoothing functions. This post-processing, 

technically, called filtering and is based on traditional use of isotropic filters, such as 

Gaussian Filter (Jekeli 1981). As a result, we produce monthly sets of GRACE gravity data, 

for which the effects of the irrelevant (above-mentioned) mass changes as well as the effects 

of the noise are removed.    

Suppose that two functions h   and f   on the sphere σ  are related to each other using the 

spatial convolution such as 

( ) ( ) ( ) Qh P K P,Q f Q d
σ

= Ω∫∫ , ( 2.1) 

where, P  and Q  are two points on the sphere, and ( )K P,Q   is the normalized kernel 

function, given by 
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( ) ( )
( ){ }

K P,Q
K P,Q

M K P,Q
σ

= , ( 2.2) 

where by { }M
σ

 we denote the averaging operator on the sphere. Then Eq. (2.1) can be 

written in a more general form as 

( ) ( ) ( )
( ){ } ( ) ( )K f P

h P K f P
M K P,Q
σ

∗
= = ∗ , ( 2.3) 

where ∗  is the convolution operator. Eq. (2.3) is a general equation for any vector space that 

is supplied by an inner product norm. In this view, Eq. (2.1) is the inner product of two 

functions on the sphere, where the kernel is a function of two points. If the kernel function is 

known, then the LHS of Eq. ( 2.1) can be estimated as a forward solution to the integral. If 

discrete data of the functional values of f  on the sphere are available then a discrete 

integration should be performed. ( )h P  can be estimated, optimally, using some optimization 

criteria (Sjöberg and Bagherbandi, Ch. 2.5). Inversely, to find an estimate for f  using 

information on h , an inverse problem needs to be solved. Using a spherical harmonics series, 

the Eq. (2.1) can be written, such as  

( ) ( )
0 0

n n
h K f
nm nm nm nm

n m n n m n
A Y P A Y P

∞ ∞
∗

= =− = =−

=∑ ∑ ∑ ∑ , ( 2.4) 

where h
nmA   and K f

nmA ∗   are the SHCs of the functions denoted by the superscripts, and nmY  is 

the surface spherical harmonic of degree n  and order m . Then we have 

h K f
nm nmA A ∗= . ( 2.5) 

It is easy to show that the spherical harmonic transform of a convolution in the space domain 

is multiplication of the SHCs in the spectral (frequency) domain (Shenoi 2005). Then one 

obtains  

h K f
nm nm nmA A A= . ( 2.6) 

In a spectral domain, we have information only on the amplitude of the function of each zonal 

and tesseral wavelength, associated with a degree and order. The trade-off of performing a 

Spherical Harmonic Transform (SHT) is that the magnitude of each SHC has no information 

about the spatial location. If the kernel in Eq. (2.1) is the Dirac delta function, 
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( ) ( ) ( ) ( )
0 0

2 1 1sin 
4 4

n

n PQ nm nm
n n m n

nP,Q P Y P Y Qδ ψ
π π

∞ ∞

= = =−

+
= =∑ ∑ ∑ , ( 2.7) 

then, we have the impulse response of the function on the sphere at the point P  such as   

( ) ( ) ( ) Qf P P,Q f Q d
σ

δ= Ω∫∫ , ( 2.8) 

which is the value of the function at P . It means that using the Dirac delta function, 

averaging integral over the domain results in the functional value, indicating that entire spatial 

information for the point P   is retrieved. Inserting Eq. (2.7) in Eq. (2.8) obtains 

( ) ( ) ( ) ( ) ( )
0 0

2 1 sin 
4 n PQ Q n

n n

nf P P f Q d f P
σ

ψ
π

∞ ∞

= =

+
= Ω =∑ ∑∫∫ , ( 2.9) 

where ( )n
f   are known as the Laplace harmonics of f , and it is a function of the location at 

degree n . Using the terminology of multiresolution analysis, this is better known as the scale 

n   of the function. SHT of a function defined on a spherical domain of infinitely 

differentiable functions, i.e. ( )f C∞∈ Ω  can be written using the following notation: 

[ ] f
nmf : f Aℑ  . ( 2.10) 

The notation [ ]ℑ  for the SHT is used as for the Fourier transform, since SHT is basically 

spherical Fourier transform. Then one can reconstruct the function for each degree n , which 

obtains the scale n  of the function: 

( ) ( ) ( )
n

f
nm nmn

m n
f P A Y P

=−

= ∑ . ( 2.11) 

Then Eq. (2.9) is the inverse SHT from the frequency domain onto the space domain:  

1 f f
nm nmA : A f−  ℑ    . ( 2.12) 

Due to the discretization in Eq. (2.9) and Eq. (2.11), as well as the limitation of the maximum 

degree of the series to a practical limit, the series of the inverse SHT cannot retain all the 

information to reconstruct the function and reach to its exact value at P . The impulse 

response in Eq. (2.8) is the limiting case of the reconstructed function in Eq. (2.9). Smoothing 

kernel is a smoothed version of the Dirac delta function:  

( ) ( ) ( ) QW P,Q W Q,Q P,Q dλ λ λ

σ

δ δ ′′ ′= = Ω∫∫ , ( 2.13) 



29 

 

where we denote the level of smoothing by λ  . One way to understand the smoothing in Eq.  

(2.13) is to think as an instance, of a Gaussian bell-shaped function, the largerλ  the more 

spiky the bell-shape. Moreover, with 0λ →  (no smoothing), ( ) ( )W P,Q P,Qλ δ=    and we 

have the ideal filter (Jekeli 1981). The smoothed function using the smoothing kernel in Eq. 

(2.13) reads  

( ) ( ) ( ) Qf P W P,Q f Q dλ

σ

= Ω∫∫ , ( 2.14) 

or in spectral (frequency) domain:  

f W f
nm nm nmA A A

λ

=
 . ( 2.15) 

Then, Eq. (2.14) can be written in spectral form as an inverse discrete SHT, such as 

( ) ( )
0

n
W f
nm nm nm

n m n
f P A A Y P

λ
∞

= =−

= ∑ ∑ . ( 2.16) 

 

2.1.1  THE GAUSSIAN FILTER 

It can be shown that the SHCs of an isotropic smoothing kernel function 

( ) ( ) ( ) ( ) ( )
0 0

2 1 sin 
n

n n PQ n nm nm
n n m n

W P,Q n W P W Y P Y Qλ λ λψ
∞ ∞

= = =−

= + =∑ ∑ ∑ , ( 2.17) 

where the zonal coefficient is denoted by 0
W

n nW Aλ =  , depend only on the degree and not on the 

order (e.g. Jekeli 1981). 

The Gaussian Filter (GF) coefficients, for 0,1,n =  ,  are computed using the following 

recursion formula (Jekeli 1981, Eq. 53, Swenson and Wahr 2002):  

0

2

1 2

1,

1 1
1

W

eW
e

λ

λ
λ

λ λ

−

−

=

 +
= − − 

 ( 2.18) 

and  

1 1
2 1

n n n
nW W Wλ λ λ

λ+ −
+

= − +  , 
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where λ  , being a function of the spherical distance ψ , is the smoothing power of the filter. 

The filter is a SHT of the isotropic Gaussian-type kernel defined for the area of interest. The 

first crossing points of this kernel for all directions on the sphere occur on the same spherical 

distance from its maximum, implying that their locus is a circle with the radius: 

r Rψ= , ( 2.19) 

where R   is the mean spherical Earth radius and, throughout this thesis, we use 29 /λ ψ=   

(Jekeli 1981).  

 

2.1.2  DEGREE AND ORDER DEPENDENT FILTERS 

The smoothing kernel function can also depend on the degrees and orders, i.e.  

( ) ( ) ( )
0

n
W
nm nm nm

n m n
W P,Q A Y P Y Qλ

∞

= =−

= ∑ ∑ . ( 2.20) 

In this case, each filter coefficient is an average of the filter coefficients of all degrees and 

orders. This can be shown using direct and inverse spherical Fourier transform (e.g. Wang et 

al. 2008). However, it can be better shown using matrix notation for Eq. (2.16), such as 

( ) ( ) ( ) ( )2 2 2 211 1 1 1 1 1 1max max max max

T
, n n , n n ,+ + + +

=f y W a , ( 2.21) 

where f   is the smoothed estimate of the function f  in Eq. (2.16) at point P  , y  is the vector 

of the spherical harmonics, W  is the matrix of filter coefficients, a  is the vector of the SHCs 

of f  , and maxn  is the maximum SH degree. The details of Eq. (2.21) is as follows: 

00 00 00 10 00 00

10 00 10 10 10 10
00 10

00 10

max max

max max

max max

max maxmax max max max max max max max

W W W f
; ; ;n m

W W W f
; ; ;n m

n m

fW W W
n mn m ; n m ; n m ;n m

A A A A

A A A A
f Y Y Y

AA A A

   
   
   

 =         
   

     



 , ( 2.22) 

where the smoothed function and the spherical harmonics are functions of the point P  . 

However, if 0W
nm;n mA ′ ′ ≠   only for n n′=  and m m′=  , then we have a diagonal filter matrix 

and the smoothed function can be written simply as in Eq. (2.20). Such filters are classified as 

so-called anisotropic smoothing filters (Kusche 2007). The shapes of anisotropic smoothing 

kernels are not symmetric, but they are the same for each point on the sphere, so they are 
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homogeneous. Furthermore, for an isotropic smoothing kernel as in Eq. (2.17),  0W
nm;n mA ′ ′ ≠  

only for n n′=  and 0m = . In the general case, when W  in Eq. (2.22), is a full matrix, 

( )W P,Qγ  has a unique shape for each P  , and the smoothing filters are neither isotropic nor 

homogeneous.  

 

2.1.3  THE WIENER FILTER 

Assume that the SHCs can be estimated from observations l  at each dummy point Q  , using 

a convolution over the sphere, such as 

( ) ( ) ( ) ( ) ( ){ }Q Q
f P K P,Q l Q d M K P,Q l Q

σ

= Ω =∫∫ . ( 2.23) 

A discrete form of this equation in matrix notation is 

11 1M M=f K l , ( 2.24) 

where the subscripted M  is the number of dummy points, and the true value, which is equal 

to f   in a prediction or estimation free from error, is denoted by ξ  , however, in a real case we 

have 

− =f ξ ε , ( 2.25) 

where ε  is the prediction error and the dimensions are omitted. Then the mean square error (

MSE ) of the prediction is 

{ } ( ) ( ){ } ( ){ }2TT T
l l lMSE E E E= + + + − +f ξξ K l ε l ε K K l ε ξ  ( 2.26) 

 { } ( ) 2T TE= + + −ξξ K S E K KD  , 

where { }E  is the statistical expectation. Moreover, we assumed that the observation error is 

not correlated with its signal l  and the prediction ξ . E  , and S   are covariance matrices of 

the observation error and signal, respectively, i.e. { }T
l lE=E ε ε  , and { }TE=S ll , and 

{ }E=D lξ  is the cross-covariance matrix of the observation and the prediction. After 

differentiation with respect to the elements of K , we obtain a minimum, such as 

( )2 2+ − =K S E D 0 . ( 2.27) 
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This is the Weiner-Hopf equation (Bjerhammar 1973, p.318). The final solution is  

( ) 1ˆ −= +f S E Dl . ( 2.28) 

The MSE of the prediction can also be written using a convolution integral as in Eq. (2.23). 

Then we have, 

( ) ( ){ }
( ) ( ) ( ) ( )( )l l

T T
l l

ll Q Q

E

K P,Q K P,Q c Q,Q c Q,Q d dε ε
σ σ

′

+ +

 
′ ′ ′≡ + Ω Ω 

 
∫∫ ∫∫

K l ε l ε K

 ( 2.29) 

 ( ) ( ) ( ) ( )( ){ }{ }l lllQ Q
M K P,Q M K P,Q c Q,Q c Q,Qε ε′

′ ′ ′= +  . 

and 

( ){ } ( ) ( )l l QE K P,Q c P,Q dξ
σ

+ = Ω∫∫K l ε ξ , ( 2.30) 

where llc   and 
l l

cε ε   are the auto-covariance functions of the observation’s signal and error, 

respectively, and lc ξ  is the cross-covariance function of the stochastic variables marked by 

the subscript. Using Eq. (2.29) and Eq. (2.30), the Weiner-Hopf equation (Eq. 2.27) reads 

( ) ( ) ( ) ( )( )l ll ll Qc P,Q K P,Q c Q,Q c Q,Q dξ ε ε
σ

′′ ′ ′= + Ω∫∫  ( 2.31) 

                 ( ) ( ) ( )( ){ }l lllQ
M K P,Q c Q,Q c Q,Qε ε′

′ ′ ′= +  . 

If the covariance functions are homogeneous and isotropic, they can be written in spectral 

form, such as 

( ) ( )
0

l l

ll n

n n PQ
n

nl

c c
c P,Q P cos

dc
ε ε

ξ

σ ψ
∞

=

   
   =   
     

∑ . ( 2.32) 

Using the addition theorem of the spherical harmonics (Heiskanen and Moritz 1967, p.33), 

( ) ( ) ( ) ( )2 1
n

n PQ nm nm
m n

n P cos Y P Y Qψ
=−

+ = ∑ , ( 2.33) 

and assuming a homogeneous and isotropic kernel we have 
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( ) ( ) ( )
0

2 1 n n PQ
n

K P,Q n k P cosψ
∞

=

= + ∑ , ( 2.34) 

which together with Eq. (2.31) and Eq. (2.32), one obtains 

n
n

n n

dk
cσ

=
+

. ( 2.35) 

 

2.1.4  AN ANISOTROPIC FILTER 

One method for regularizing of an improperly posed problem is by minimizing a target 

function. First, we need to write the spatial convolution in Eq. (2.1) between the estimated 

function f  and function h  with some discrete observation values, such as  

( ) ( ) ( ) Qh P K P,Q f Q d
σ

= Ω∫∫ , ( 2.36) 

in a discrete form with matrix notation, the observation equation reads   

( ) ( )2 21 1max max
M M M , n n+ +

l - ε = K f , ( 2.37) 

where the elements of f   are the SHCs to be estimated for example, from the GRACE 

observation vector l  and the sub-indices are the dimensions of the vectors/matrices. The 

stochastic residual ε   has zero mean and a covariance matrix as E . Assume that we know 

some a priori values of the SHCs, such as ξ , yield in a prediction equation as in Eq. (2.25):  

( ) ( ) ( )2 2 21 1 1max max maxn n n+ + +
′ =ξ - ε f , ( 2.38) 

and ( )~ N ,′ε 0 S . The problem is then to solve Eqs. (2.36) and (2,37) for f  while minimizing 

the following target function (Hansen 1994, p.4): 

{ }T TE λ ′ ′+εε ε ε , ( 2.39) 

where λ  is the regularization parameter controls the weight given to minimization of a priori 

desired predictions relative to minimization of the residual norm. If we knew a priori signal 

covariance S  and also an approximation to the GRACE error covariance, E  then, using 

Eq.(2.37) and Eq. (2.38) we can compute the least squares solution such as  

( ) 11 1 1T Tˆ λ
−− − −= +f K E K S K E l . ( 2.40) 
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with dimensions as follows: 

( ) ( ) ( ) ( ) ( )( ) ( )2 2 2 2 2 2

1
1 1

11 1 1 1 1 1 1max max max max max max

T T
M ,M M ,M M ,n , n ,M M , n n , n n ,M

ˆ λ
−

− −

+ + + + + +
= +f K E K S K E l   

If this f̂  is the smoothed estimation of already estimated SHCs, then the integral equation in 

Eq. (2.36) is of the form of a smoothed impulse response as in Eq. (2.8), which means =K I   

and we have (Kusche 2007, Eq. 22) 

( ) 11 1 1ˆ λ
−− − −= +f E S E f , ( 2.41) 

where the elements of f  are the non-smoothed SHCs and ( ) 11 1 1λ λ
−− − −= +W E S E   is the 

discretized smoothing kernel as in Eq. (2.14). The power of smoothing is controlled by the 

factor 1λ > .     

Due to the inline orbital configuration of the GRACE mission, the sectorial and near-sectorial 

coefficients are more sensitive to the noise than the other coefficients for the same degree. 

This implies further approximating of the filter matrix, λW in Eq. (2.41), which was presented 

by Kusche et al. (2009).   

Remark: One problem in using a GF as computed by Eq. (2.18), is that the filter starts to 

fluctuate randomly from some degree n  depending on r   (Jekeli, personal communication). 

Then, having multiplied by the SHCs it yields in fake estimates which are usually very large 

in magnitude for the higher degrees. For example, for 450r  =  km, the filter is well-behaved 

for degrees less than 80 and starts to oscillate randomly beyond this.  

One intrinsic problem in using isotropic kernels, as discussed above, is that the filter is blind 

to the noise correlated with varying harmonic orders (see e.g. Swenson and Wahr 2006, Fig. 

2.4a and c for the effects of GF with different radii also the effect of anisotropic filters). One 

way to tackle this problem is to filter the signal using a priori information on the calibrated 

error covariance, such as in Eq. (2.35) and Eq. (2.41). Then their corresponding smoothing 

kernels in the spatial domain are anisotropic.  

 

2.2 DECOMPOSITION METHODS  

This section deals with the decomposition of the spatiotemporal data signal, to its 

components, regardless of the nature or physical behaviour of the sources of those 
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components. GRACE observes a combination of many sources of mass transport and dynamic 

processes in the Earth system. The problem is to extract the signal related to the GIA. Ideally, 

this extracted signal should be only due to GIA otherwise, the whole approach fails. 

Decomposition methods can be seen as a projection of the input signal onto the orthogonal or 

statistically independent base functions. Both the base functions and the components need to 

be determined conditioned by a demanded optimizing criterion, which defines the statistical 

or functional relations between the components. The decomposition methods differ from each 

other according to the selected criterion. Here, we briefly present two mainstreams of these 

methods, namely Principal Component Analysis also called Empirical Orthogonal Functions 

(PCA/EOF) and Independent Component Analysis (ICA).          

 

2.2.1  PRINCIPAL COMPONENT ANALYSIS/EMPIRICAL ORTHOGONAL 

FUNCTIONS 

The principal component analysis is a data reduction technique, which retains as much as 

possible of the variation present in the data, which consists of interrelated variables. This is 

achieved by transforming the multivariate vector of data to a new set of variables, the 

principal components (PCs), which are uncorrelated, and ordered such that the first few 

components retain most of the variation present in all of the original variables (Jolliffe 2002). 

In PCA, the variance of each component, after the decomposition, will be the Eigen Values 

(EVs) of the covariance matrix of the data (see Eq. 2.50). It means that each matrix ,E NL   , 

with E   rows (like the number of epochs) and N   columns (like the number of points), can be 

written as  

,
T

E N =L UΛV , ( 2.42) 

where Λ   is the diagonal N N×   matrix of singular values (SVs), U  and V  are E N×   and 

N N× orthogonal matrices (for example invariant of time), which means:  

T
N=V V I , ( 2.43) 

and  

T
N=U U I , ( 2.44) 

where NI  is the square identity matrix and by the subscript, we denote the dimension. The 

PCs then are the rows of:  
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=P UΛ . ( 2.45) 

Now, let the columns of V  be the Eigen vectors of the N N×  covariance matrix C  of the 

data:  

2=CV VΛ . ( 2.46) 

The covariance matrix is the second principal moment of the data matrix (Bjerhammar 1973 

pp. 27-29), i.e.  

{ } { } { }T TE E E= −C L L L L , ( 2.47) 

where we dropped the subscripts denoting the dimensions: ,E N =L L  . The diagonal elements 

of C  are the variances of vectors (columns) of L . The Eigen Value Decomposition (EVD) of 

the covariance matrix, which is carried out in Eq. (2.46), is the only condition of the PCA 

method. This condition guarantees that the orthogonal projection of the data L  on the 

orthogonal basis (columns of V ) has the maximum variability. Note that an orthogonal V as 

in Eq. (2.43) makes the orthogonal vectors invariant with respect to the row space (time) of 

the data.   

Next, we will show that principal components have the same sum of the variances as the data 

variance-covariance matrix: 

Insert Eq. (2.45) in Eq. (2.42) and use the orthogonality condition of V : 

E ,N E ,N N ,N=P L V . ( 2.48) 

Then the variability of the PCs as the rows of matrix P  can be defined as the expectation of a 

quadratic form such as:  

{ } { }( ) ( )T T T TE tr E tr= =P P V L L V V CV , ( 2.49) 

where, again, we dropped the dimensions. Note that Eq. (2.49) holds if and only if the data is 

cantered which means that the mean value of each time series (each column of L ) is removed 

from elements of data matrix in that column. Then the expectation over time is zero, and in 

Eq. (2.47), we have: { } 0E ,NE =L  . If the condition in Eq. (2.46) holds then we have 

{ } ( )2TE tr=P P Λ , ( 2.50) 
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which shows that the sum of the variances of the orthogonal projection of the data onto the 

base functions (vectors of V ) is equal to the sum of EVs of the covariance matrix of the data. 

More simply, the total variance of the PCs is the total variance of the original data. Therefore, 

after the transformation in Eq. (2.48) using the SVD in Eq. (2.42), the variability of the 

resulting PCs equals the maximum total variance of the data. In PCA, we want that the final 

projection (PCs) have the maximum likelihood variability as the data variances, which means 

the equation in Eq. (2.50). In another word, the PCA preserves the measure of the variability 

of the input data (signal), on its components.  

This is the only condition that we need for a successful PCA of the GRACE data. Several 

variants of the PCA decomposition method can be found in Forootan (2014) in more details 

but the core and the main concept is as already presented above. For an example, let the EOF 

of the PCA decomposition in Eq. (2.42) be invariant of the row space of the data L , which is 

the GRACE geoid change on N  grid points and for each month, then the EOFs (rows of U ) 

are invariant of the temporal changes. Note that this is not the only case, and the PCA can be 

performed by focusing on the spatial independencies. In this case, EOFs are the rows of U  

and the covariance matrix is different, but the EVs are still the same (see Forootan 2014, 

Ch.2.1.2). 

The reconstruction of the data is carried out using a finite set of the SVs and their 

corresponding EOFs as in Eq. (2.45). The former are arranged in Λ  and the latter in the rows 

of U . The determined PCs using the preferred set of SVs are the same as in Eq. (2.48), but 

after applying SVD in Eq. (2.42). Multiplying Eq. (2.48) by the identity matrix ( ) 1T T −
UU UU   

and using SVD as in Eq. (2.42) we have 

( ) 1T T −
=P UU UU P , ( 2.51) 

where P = UΛ , Λ  is now a P P×   diagonal matrix, ( )min ,P E N≤  is the number of the 

preferred set of the SVs, and now, the dimensions of P  and V  reduce to E P×   and N P× , 

respectively. The factor of P   on the RHS of Eq. (2.51) is the idempotent operator, which is 

defined, such as (Bjerhammar 1973, Ch.9) 

o
IO
−=U UU , ( 2.52) 
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where ( ) 1T T
IO

−− =U U UU   is the normal general inverse (Bjerhammar 1973, p. 106). Eq. 

(2.51) is the reconstruction property. 

  

2.2.2  INDEPENDENT COMPONENT ANALYSIS 

In PCA, it is clear that the PCs are uncorrelated because using the orthogonality condition in 

Eq. (2.44) we have: 2T T= =P P ΛU UΛ Λ . Being uncorrelated, means that every two vectors 

1s  and 2s  have zero covariance with each other, i.e. 

{ } { } { }1 2 1 2E E E=s s s s . ( 2.53) 

Being independent, means that the joint probability distribution function (PDF) of two vectors 

of random variables is equal to the multiplication of the PDF of each of them. Then, one can 

easily obtain  

( ) ( ){ } ( ){ } ( ){ }1 2 1 2E E Eg g g g=s s s s , ( 2.54) 

where g  is an arbitrary function. By conditioning the PCs to be uncorrelated, we cannot 

guarantee that Eq. (2.54) holds using other choices of g , for example for ( ) 2
i ig =s s  , and the 

signals are independent. The main goal of ICA of a data signal is that its components after 

decomposition are mutually independent. This is the basic principle of ICA (Hyvärinen and 

Oja 2000, Hyvärinen et al. 2001, Ch. 8.1, Stone et al. 2002). However, this condition cannot 

be fulfilled completely, which means that the decomposed components may, usually, be 

dependent to some extent. If there is metric as a measure of independency, then the goal of 

ICA is to find the linear combination of the rows of the data matrix, which show a large value 

of this metric. The discrepancy between various practical and proposed ICA algorithms 

occurs in the different definitions of this metric.    

In this subsection, we do not aim at going into details or presenting different algorithms of 

ICA method, which can be found in numerous literatures. Moreover, the algorithms that we 

present and will use for our numerical results, in Sect. 5.2.3, are already described in details in 

(Hyvärinen et al. 2001, Chs. 8, 9, and 14). We define the non-Gaussianity and present, 

intuitively, its contribution to the basic principle of ICA, by the central limit theorem. Then, 

we present two alternative metrics for measuring independency, namely the fourth order 

cumulant or kurtosis, and the so-called negentropy, which is a quantity that was used in the 
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information theory. Finally, we present two corresponding algorithms to these metrics. It 

should be mentioned that using each of these metrics, and based on different approximations 

in calculating them, various algorithms and computer software have been proposed (see e.g. 

Hyvärinen 1999, Cardoso 1999, Hyvärinen and Oja 2000, Hyvärinen et al. 2001, Chs. 8, 9, 

and 14, Forootan and Kusche 2012).     

Any decomposition method (see also Sect. 2.2.1) can be seen as a black box with the data as 

the input signal and the components as the output. A common way to illustrate the ICA 

method is by taking a data signal, which desired to be decomposed, as a mixture of some 

random variables called the sources, S  using an unknown mixing matrix A  (the unknown 

coefficients matrix in linear ICA), such as 

E ,M E ,E E ,M=L A S . ( 2.55) 

The data signal L   consists of random signals 1 2 M, ,...,l l l . A closer look at the data signal 

reveals that each column of L  can be a time series and each row a map of data (e.g. for 

GRACE data applications). We aim at estimating the source signals, by determining a matrix 

W , such as    

E ,M E ,E E ,M=S W L , ( 2.56) 

where W  is a general inverse of A , which is unknown, and the elements of S  are the 

independent components (ICs), both to be estimated. The problem of ICA is to find an 

optimal W , such that the ICs are determined holding two practically identical conditions 

(Stone 2004, Ch. 6.3, Hyvärinen and Oja 2000, Ch. 3.3):  

a) They are independent with each other, and  

b) They are assumed to have non-Gaussian distribution.  

How the second condition, i.e. being non-Gaussian can help? Let us see how the 

reconstruction property, such that in Eq. (2.51) for PCA, is applied to ICA, for any arbitrary

W . Inserting Eq. (2.56) in Eq. (2.55) obtains  

= =S WL WAS , ( 2.57) 

where we dropped the subscripts. The Central Limit Theorem, a classical result in probability 

theory, tells that the distribution of a sum of independent random variables tends toward a 

Gaussian distribution, under certain conditions (Hyvärinen and Oja 2000). This means that the 

sum of two random vectors have a joint PDF function, which is “more Gaussian,” than the 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx


40 

 

single PDF of each of them. This can be generalized to a linear combination as in Eq. (2.57). 

Now, let the estimations of W  is carried out iteratively, starting from an approximate one,
( )0W , such as 

( ) ( )1n n+ =S W L . ( 2.58) 

Eq. (2.58) is a linear combination and, for each step, it contributes to the sources by 

( ) ( )1n n+ =S Z S , ( 2.59) 

where ( ) ( )n nZ = W A  . Since, the linear combination of the random variables have the mutual 

PDFs, which are more Gaussian, asymptotically ( n →∞  ), ( )1n+S  becomes the most Gaussian 

random vector. If otherwise, we desire our estimates of the ICs to have a distribution, at least, 

as non-Gaussian as the sources, then the columns of S  cannot be a linear combination of the 

columns of S . It means that the least Gaussian estimation of the sources occurs when in the 

linear combination,  

( ) ( ) ( ) ( )
1 1

T
i i i E Ez s z s∞ ∞ ∞ ∞= = + +s z s

 , ( 2.60) 

for each vector is  , only one ( ) 0iz ∞ ≠  , otherwise we have a linear combination on the RHS 

of Eq. (2.60) and the estimates is  are more Gaussian than the original sources. We need to 

measure the non-Gaussianity, which we will discuss below. Assume that we could measure it, 

in one way or another, then the optimum estimate in Eq. (2.60) could also be obtained, when a 

linear combination still remains in the RHS, but measure of non-Gaussianity of the ICs is 

equal to that of the sources is . It means that an optimal estimate, according to the 

independency condition of the ICA method, could also be obtained if the estimate is some 

linear combinations but with the joint PDF, as non-Gaussian as the sources. It can be 

equivalent to having the same linear combination for both sides in the last step such as  

( ) ( ) ( )∞ ∞ ∞=Z S Z S . ( 2.61) 

This condition together with Eq. (2.59) for n →∞   holds if the optimum Z   is an idempotent 

operator, i.e. ( ) ( ) ( )∞ ∞ ∞=Z Z Z  . Therefore, we could take a W as the desired estimator in Eq. 

(2.59), a matrix that maximizes the “non-Gaussianity” of WL  .  

One can realize from above that being non-Gaussian and independent are practically identical. 

The linear combinations in Eq. (2.57) can be independent with each other if and only if their 

joint PDF has a shape with a maximum deviation from a Gaussian one. In the following 
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subsections, we present two, among many, of the available algorithms, which are based on the 

condition b). It means that the following algorithms maximize the metric of non-Gaussianity. 

It should be mentioned that another class of ICA algorithms are based on the basic principles 

of information theory (Reza 1961, Chs. 1,2,3), i.e. measuring entropy and mutual information. 

This class of algorithms, not discussed here, aim at minimizing the mutual information, or 

some metrics of independency based on entropy and the coding length of the estimated signal 

(e.g. Hyvärinen et al. 2001, Ch. 10), and not maximizing the metric of non-Gaussianity. 

However, finally, the ICs suffice minimal mutual information, maximal non-Gaussian joint 

PDF, and maximal independency conditions, all at the same time. Usually, to practise ICA, 

first, a metric to measure the independency is defined, then, a recursive “learning” algorithm 

runs to find the orthogonal projections in which the metric is extremal, such as projection 

pursuit, gradient, and fixed-point algorithms (e.g. Hyvärinen et al. 2001, Ch. 14).                  

 

2.2.2.1  AN ALGORITHMS BASED ON KURTOSIS 

To measure how the estimations at each step in Eq. (2.59) is non-Gaussian, usually the 

kurtosis, 

{ } { } { }4 2 23i i iK E E= −s s s   , ( 2.62) 

is used, which is the 4th order cumulant. This is the 4th moment of the random vector minus 

three times of its variance. It is shown (see e.g. Forootan and Kusche 2013) that the kurtosis 

of a linear combination of independent random vectors ( T
i iz s  ) is  

{ } { }4T
i i i ii

K z K s= ∑z s . ( 2.63) 

Eq. (2.63) provides the major computational advantage for the family of algorithms, which 

are based on the kurtosis criterion for the multivariate case, where the kurtosis can be defined 

using the 4th and the second moments of the multivariate random variable. It is easy to find 

(see e.g. Stone 2004, Ch. 6.6, Forootan and Kusche 2012) 

{ } { }
{ } { } { } { } { } { }

1 2 3 4

1 2 3 4 1 3 2 4 1 4 2 3

K E

E E E E E E

=

− − −

S s s s s

s s s s s s s s s s s s



   

           

, ( 2.64) 

where 1 4, ,s s 
   are any arbitrary set of four columns of S . For the extracted signals being ICs 

Eq. (2.64) reduces to 
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{ } { } { }( )1 1
4 2 2

12343K E E δ= −S s s

  , ( 2.65) 

where 1234δ   is the Kronecker’s delta. Then the problem is to find ( )nW   such that { }K S  is as 

in Eq. (2.65).  

Practically, applying ICA, two pre-processing stages, namely a) centring, and b) whitening 

should be carried out. Centring means that each vector in matrix L  is a random signal with 

zero mean. This condition can easily be held by removing the mean value of the signal from 

each element of the signal. The ICA still holds, and the mean value should be added back 

after the components have been determined. Whitening means that L  is linearly transformed 

into a random spatiotemporal vector L , whose covariance matrix equals the identity. This can 

be carried out using EVD. Then the transformed vector (each column of the matrix L  ) is: 
T=l VΛV l  , where the EVD of Eq. (2.46) holds for the data signal, i.e. { } 2T TE =ll VΛ V  , 

and with Eq. (2.43), we have: { }TE =ll I . The ICA still holds, but with a different mixing 

matrix, which is, using Eq. (2.55): T=A VΛV A  . We assume that the data signal is already 

centred and whitened, in the basic equation of ICA, so in Eq. (2.55), we dropped the tildes.             

The kurtosis in Eq. (2.62) can be further simplified if we assume that the estimated 

components have been normalized, such that the variance of each component vector is one. 

Then, the RHS of Eq. (2.62) becomes ( )4 3iE −s . This shows that the kurtosis is simply a 

normalized version of the 4th (zero) moment. If is  has Gaussian PDF, then the 

( ) ( )4 2 23 3i iE E= =s s   , and the kurtosis is zero, otherwise, a negative kurtosis implies that 

the PDF of the random variable has a rather spiky shape (leptokurtic, super-Gaussian), and a 

positive kurtosis implies a platykurtic and a sub-Gaussian PDF (see Hyvärinen et al. 2001, 

Ch. 8.2, for some examples).        

Now, using the metric as in Eq. (2.62), one can solve the Eq. (2.56), for the weight matrix. In 

practise, one can start from an initial w  being each row of the generalized inverse in Eq. 

(2.56), and find the direction in which the absolute value of the kurtosis grows maximally. 

Each single IC can be written as a linear combination of the data vector, such as 

11 1 1, ,E E ,s = w l  (2.66) 

The gradient of the kurtosis is given by (e.g. Hyvärinen et al. 2001, Ch. 3.2) 
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{ }
{ }( ) ( ){ } ( ){ }( )3 24 3 TK

sign K E E
∂

= −
∂

wl
wl l wl w wl

w
  (2.67) 

Since the data is whitened, it holds that ( ){ } 22 T TE = =wl ww w  . Then the last term in the 

RHS of Eq. (2.67) is simply a change in the norm of the estimated weights. 

Furthermore, one can determine the direction of the maximal kurtosis in every step on a unit 

sphere, by normalizing the estimated weights in w . Since only the direction is interesting, we 

reform the object function in Eq. (2.67) by omitting the last term in the RHS. This does not 

change the direction of the maximal change of the kurtosis. Then, one obtains the following 

gradient algorithm (Cardoso 1999, Hyvärinen and Oja 2000, Hyvärinen et al. 2001, Ch. 8): 

1. Choose a random weight vector as the initial value. 

2. ( ) ( ) { }( ) ( ){ }31n n sign K E−= +w w wl l wl   

3. Normalize ( )nw , and repeat until the step distance ( ) ( )1n n ε−− ≤w w  , 

where ε  is a very small positive real number. In practise, the expectation is replaced by their 

estimates.    

 

2.2.2.2  AN ALGORITHMS BASED ON NEGENTROPY 

The differential entropy of a random vector s , with the PDF ( )p s  is defined, such as (e.g. 

Reza 1961, p.13, Hyvärinen et al. 2001, p. 108) 

( ) ( ) ( )H p ln p d= −∫
S

s s s s


    , 

and for the moment the random vector s  has a general definition and can be any random 

vector. In Sect. 2.2.2.1, we showed that by using kurtosis, as a metric of non-Gaussianity and 

thus the independency, one obtains a simple gradient algorithm of ICA. One drawback in 

using kurtosis is that it could be sensitive to the outliers (Hyvärinen and Oja 2000). In other 

words, kurtosis is not a robust metric of non-Gaussianity.   

To solve the problem such that the extracted signals in S  have the maximum distance of 

being Gaussian, the problem is reduced to maximize a measure of the entropy of a non-

Gaussian signal or “negentropy” (see Hyvärinen and Oja 2000, Stone et al. 2002):  
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( ) ( ) ( )J H H= −s ν s  , ( 2.68) 

where ν   is a Gaussian random variable. Finding an estimation of the negentropy is very 

difficult, implying that the function in Eq. (2.68) has only a theoretical value. Usually, an 

approximation of Eq. (2.68) is used (Hyvärinen et al. 2001, Ch. 5.5). A classical 

approximation is by using high order cumulants (Hyvärinen and Oja 2000, Eq. 23), which 

suffers the same drawback as the kurtosis. Let us assume a simple case of estimating only one 

IC as in Eq. (2.66). Without going into details, we present the final approximation that is used 

in the FastICA algorithm by Hyvärinen and Oja (2000):  

( ) ( ){ } ( ){ }( )J s k E G E G sν= −    ,  (2.69) 

where k  is a positive constant, ν  is each element of the random vector ν , and the function 

G  should be a suitable nonquadratic function. The following choices were proved to be 

successful (Hyvärinen and Oja 2000, Hyvärinen et al. 2001, Ch. 8.3.3, Stone 2004, App. D): 

( ) ( )1G s ln cosh as
a

=  , 1 2a≤ ≤   (2.70) 

( ) ( )2 2sG s e −
= −



  

As with kurtosis in Sect. 2.2.2.1, we can derive a simple gradient algorithm for maximizing 

negentropy. Several algorithms have been developed based on a preferred and suitable choice 

of the functions in Eq. (2.70). The algorithm that we will use in this thesis is the so-called 

FastICA algorithms from Hyvärinen and Oja (2000): 

1. Choose a random weight vector as the initial value. 

2. ( ) ( ) ( ){ } ( ){ }( ) ( ){ }1n n k E G E G E gν−= + −w w wl l wl   

3. Normalize ( )nw , and repeat until the step distance ( ) ( )1n n ε−− ≤w w  , 

The function is the derivative of the each of the functions in Eq. (2.70). In practise, the 

expectation is replaced by their estimates.    

In ICA algorithm, which we use here (this one: Hyvärinen and Oja 2000), the independence is 

preserved by maximizing the non-Gaussian entropy of the extracted signals which contribute 

to the data by W . So, all the needed information comes from the only input which is the 

observation matrix or the data signal L . The ICA puts stronger conditions than being 

uncorrelated, such as in PCA, on the decomposed components. The ICs, finally, become as 
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independent as possible to each other. In other words, using ICA we search for the interesting 

linear combinations in the data signal, which are those linear combinations are mutually 

independent. The trade-off is that for Gaussian signals being the sources of the data, the ICA 

method fails. Using this measure of independence is the difference between the PCA and 

ICA. Based on central limit theorem the joint PDF function of non-Gaussian variables is a 

Gaussian signal. The opposite of this statement is not necessarily true, and it is possible that 

the PDF o all the sources are Gaussian. However, for GRACE gravity change signal this is 

not likely the case. Applying ICA for extracting the sources of the GRACE data, we know 

that these sources are non-Gaussian (see Forootan and Kusche 2012) and we face a new 

question: Which method is the best? ICA or PCA/EOF? This is a strong motivation to test 

both methods for extracting the GIA component or the GIA information out of a GRACE 

gravity change data. 

          

2.3 REGRESSION ANALYSIS   

The system of equations of the regression analysis reads as follows (Bjerhammar 1973 

Ch.11.9): 

E ,N E ,U U ,N E ,N= +L A X E , ( 2.71) 

where A   is the design matrix, X   is the matrix of unknown parameters to be determined and  

matrix E  is the residual that makes the system consistent. The size of these matrices, denoted 

by the subscripts, are taken to be consistent with those in Sect. 2.2, and we deal with the same 

multivariate observation vector L  which as an example we define each row are the spatial 

data at each time and each column a time series of each point. To clarify we have 

[ ]1 2EN N=L l l l  ( 2.72) 

and 

1 2 TE
i i i il l l =  l  , ( 2.73) 

where each univariate vector il  or iε   , 1i ,...,N=  , has the size of a time series.  

In the basic equations Eq. (2.51) and Eq. (2.55) of PCA/EOF and ICA methods of 

decomposition, respectively, both matrices in the RHSs are principally unknown. There, we 

are only aware of some properties between the extracted or decomposed signals and the 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx


46 

 

principal components or weight matrices, respectively. In Eq. (2.71) the regression model 

parameters (matrix A ) are known and we search for a solution of the unknown parameters X  

, which weights the contribution of each model parameter to the observations. It means that in 

regression analysis the contribution of each pre-known model parameters (variable) is 

analysed through a solution to X .  

Regression analysis may be argued to be inferior compared to decomposition methods since 

the model parameters in the design matrix need to be known beforehand (see e.g. Rangelova 

and Sideris 2008). However, this cannot be generally a problem because the difference 

between the regressed surface and the observations is controlled by the residual vector E   in 

Eq. (2.71), which its quadratic form is minimized. On the other hand, following our example, 

the rows of A  are independent from the location but they are time variants. Each row of A is 

samples of a model. This is the conceptual difference between regression analysis and the 

adjustment by parameter methods (Bjerhammar 1973, Ch.11.9 p.148).  

Among all the finite set of possible solutions X  , the one that provides the minimum total 

RMS differences between T
i ia x   and il   is the least squares solution which reads:  

OI
ˆ −=X A L , ( 2.74) 

where ( ) 1T T
OI

−− =A A A A   is the transnormal general inverse (Bjerhammar 1973, p.106). Note 

that the observation is a stochastic process from Eq. (2.74) with a Gaussian distribution. Then 

the solution in Eq. (2.72) is a maximum likelihood solution (Bjerhammar 1973, Ch.2.19). 

Those elements of  X̂   which significantly differ from zero can be used for making a unique 

set of final solution. However, there is no simple rule that can isolate the significant variables 

from others. In By using some statistical tests, we can make a final conclusion of the 

significance of each variable in modelling the observation L .  

As an example of the pre-known model, take a pure quadratic polynomial of M  different 

variables. Then Eq. (2.71) for each vector in Eq. (2.72) and Eq. (2.73), i.e. i∀  , 1i ,...,N=  , 

reads 

2

1

M
j j

i i i
j

x a
=

= +∑l ε , ( 2.75) 

where 
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( )2

for 1

otherwise

j

j
j

p j M
a

p

 ≤ ≤= 


. ( 2.76) 

The first M   variables are linear and the second set of M  variables are their squared 

versions. Using the solution as in Eq. (2.74) each j
il   is estimated by 

ˆ ˆj j j
i il x a= , ( 2.77) 

Note that the observation and the variables are centred, i.e. their mean are removed. By 

forming the relative estimates  

2
1

1

ˆ ˆ/
m

j
i i i

j
u l l

=

= ∑  ( 2.78) 

and 

( )
2

1 4

1

ˆ ˆ ˆ/
m

j
i i i i

j
v l l l

=

= + ∑ , ( 2.79) 

one may directly study the success in isolating the signal related to variable 1
ip   in the linear 

and quadratic regression models, respectively. That is, as 

( )0 , 1i iu v≤ ≤ . ( 2.80) 

The closer to 1 the relative estimate is, the better is the extraction of the 1
ip signal. 

In addition to Eq. (2.80), we will present two tests for checking the fitness of the regression 

models.  

 

2.3.1  A SIGNIFICANCE TEST OF INDIVIDUAL PARAMETERS 

The least-squares estimate for the residual vector iε   of the Eq. (2.73) reads 

2

1

M
j j

i i i
j

ˆ x̂ a
=

= −∑ε l , ( 2.81) 

which leads to the following best quadratic unbiased estimate (BQUE) of the variance of unit 

weight (e.g., Sjöberg, 1984): 

( )0
2

TT
i ii iˆ ˆ

s
E U E U

= =
− −

l I - A lε ε , ( 2.82) 
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and 2U M=   is the number of unknowns in Eq. (2.75).  

The covariance matrix of the unknowns can be estimated by 

( ) 12 T
xx s

−
=C A A , ( 2.83) 

and the standard errors of the unknowns become 

[ ]j xx jjx
s = C . ( 2.84) 

Then the test variable 

ˆ j
j

x
T x s= , ( 2.85) 

has a t- distribution with df E U= −   degrees-of-freedom. This means that the significance of  

ˆ jx   can be tested by introducing the zero and alternative hypotheses as 

0

1

: 0

: 0

j

j

H x
H x

 =


≠
. ( 2.86) 

Accept 0H  if /2,dfT Tα≤   , where /2,dfTα  is the t-distribution value at the risk level α  and 

degrees-of-freedom df  , otherwise reject 0H .  

  

2.3.2  COEFFICIENT OF DETERMINATION 

The coefficient of determination ( 2R  ) or R-squared, is a test statistic of the goodness-of-fit of 

the regression model telling how well the model fits the observation by a rational number. In 

case of perfect fit, the number is 1, otherwise the number is smaller. Hence, the closer the 

number is to one, the better is the regression model.  

There are various expressions for 2R   all of them related with the total and either regression 

or residual sum of squares, 

2

1

( ) ( )
E

j
i i

j
SS tot l

=

= −∑ l , ( 2.87) 

2

1

ˆ( ) ( )
E

j
ii i

j
SS reg l

=

= −∑ l  ( 2.88) 

and 
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2

1

ˆ( ) ( )
E

j j
ii i

j
SS res l l

=

= −∑ , ( 2.89) 

respectively, a general expression is 

2 (res)1
( )

SSR
SS tot

= − . ( 2.90) 

From Eqs. (2.87) to (2.89) we have       

( ) ( )

2

1

1

ˆ ˆ( ) ( )

ˆ ˆ( ) 2

E
j j j

i i i i
j

E
j j j

i i i i
j

SS tot l l l

SS res SS(reg) l l l

=

=

= − + −

= + + − −

∑

∑

l

l
. ( 2.91) 

The last sum in Eq. (2.91) is equal to null because 

( ) ( ) ( )0 0 0ˆ ˆ) 0T TT
i i i i i i iSum = − − = − − =ε A l l l (I - A A l ε l . ( 2.92) 

Substituting Eqs. (2.91) and (2.92) in Eq. (2.90) obtains 

2 (reg)
( )

SSR
SS tot

= . ( 2.93) 

Equations (2.90) and (2.93) are related to the unexplained and explained fractions of the total 

variance, respectively. Another definition of 2R  is “the adjusted coefficient of 

determination,” given by 

( )2 2 11 1 UR R
E Uσ

−
= − −

−
, ( 2.94) 

which better considers additional parameters in the regression than 2R . 

To test if the model is significant, the test statistics ( 0F  ) has to be significantly (within a 

defined significance level) distinct from zero.  It means, 

0 1 1,n k ,kF fα − − −> , ( 2.95) 

where 

0
(reg)
( ) reg

SS dfF
SS res df

= , ( 2.96) 



50 

 

where 1 1,n k ,kfα − − −  , is the F-value corresponding to the F-distribution. The test for the 

significance of the modelling reads, 

0

1

0
1

0

j

j

H : x
j ,..,k

H : x

 = =
∃ ≠

. ( 2.97) 

If ξ   is the variable of the F-distribution, then 0H   in the following test will be rejected if, 

( )01 Pr Fξ α− < < . ( 2.98) 

This is another look of  (2.109). The quantity on the left hand side of the inequality (2.112) is 

called ρ -value in statistics literatures and software. Furthermore the significance of one 

regression model or more precisely, of the estimated parameters in one model relative to 

another model, for example a linear against a quadratic model can be tested using the 

following F-statistics: 

1 2 2

0 2 1 2

(re ) (re )
( )

SS s SS s dfF
SS res df df

−
=

−
, ( 2.99) 

where the superscripts 1 and 2 denote the 1st and the 2nd model and the 1st model has less 

unknown parameters i.e. 1 2df df>  . The model with more parameters will always be able to 

fit the data at least as well as the model with fewer parameters, which means
2 1(re ) (re )SS s SS s≤  , but to determine whether model 2 gives a significantly better fit to the 

data, one approach is to use F-test as in Eq. (2.99). 

As an example let us change the regression model in Eq. (2.75) from a pure quadratic model 

to the one with periodic terms and with P   known periodicities then the system of equations 

is 

( )0 1

1

2 2i i i

P
q q q q

i i i i
q

x x x cos f x sin fπ π
=

= + + + +∑l t t t ε , ( 2.100) 

where il   for 1i ,...,N=   is each univariate observation vector, qf  is the frequency of each 

periodic process for 1q ,...,P=   and jt =  t  , 1j ,...,E=  are time epochs. Then the matrix   

in Eq. (2.71) for point i   is 
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1 1 1 1

1

1

1

P

E E P E

t cos f t sin f t

t cos f t cos f t

 
 =  
  

A


    



, ( 2.101) 

and for every point indexed i   on the map there exists one observation vector of size 1E ×   

of the time series for which the size of the unknown vector is equal to 2 2U P= +  . Then the 

least squares solution follows with Eq. (2.74).   

 

Figure  2-1: An example of the time series of the geoid from three different level-2 

data a) from Centre National d’Etudes Spatiales (CNES), Toulouse, b) the German 

Research Centre for Geosciences (GFZ) and c) the University of Texas at Austin, 

Center for Space Research (CSR) analyses centres, at Sundsvall, Sweden.  

The black dots in FIGURE  2-1 show the monthly geoid data in mm with respect to a reference 

field. The solid line is the linear secular trend for the least squares fit using only the linear 

term of Eq. (2.100), the red curve is the fit including, also the 3.7 years periodic term [Eq. 

(2.100), for P = 1], and the blue curve shows the model including the linear and the 

periodicities with 161 days and 3.7 years [Eq. (2.100), for P = 2]. 

 

2.3.3  TESTING THE CORRELATION COEFFICIENTS 

Assume two random variables 1x  and 2x , with the standard deviations 1s   and 2s , 

respectively,  and dimension N  are suspected to be related to each other. Then the correlation 

analysis can provide a means to comparing these two variables. The correlation coefficient 

between these two variables reads 
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12
1 2

1 2
,

sr
s s

= , ( 2.102) 

where 1 212 x ,x
s s=   is an estimate of their covariance, and 1 21 1,r− ≤ ≤ +  . The closer to the 

limiting values the higher the correlation. For example, let each variable be the vector of 

samples of a quantity like Bouguer gravity anomaly in a region. Then each element of the 

variates is associated with a point. A high positive or negative correlation indicates that their 

patterns follow or mirror each other. Sometimes, extreme value (near 1±  ) is obtained, which 

may indicate that the two quantities has the same origin. As an example, Ebbing and Olesen 

(2005) used a correlation analysis between the Bouguer and the compensated gravity 

anomalies for different depth of compensation to find the proper depth. For the depths with 

large correlation, they concluded that the compensated masses have the same origin as the 

topography. A common way leading to the conclusion that the GRACE gravity changes are 

generated by the changes in the ground water storage is by correlation analysis. For example, 

the temporal gravity changes data driven from GRACE data over a river basin with 

underground water reservoirs compared against the in situ data from wells.      

Correlation analysis is a very well known method that has been applied for numerous studies 

however, it should be noted that a significant correlation is not necessarily one of cause and 

effect. One problem is that a significant correlation between two variables can be caused also 

by a third variable. This can be tested by a partial correlation coefficient (Rummel 1976, Eq. 

7.1):  

( ) ( )
12 13 23

12 3 2 2
13 231 1

r r rr
r r

−
=

− −


. ( 2.103) 

If 12 3 12r r<


 , then the third variable significantly affects the correlation between the first two 

variables towards one extremum. A derivation of the formula in Eq. (2.103) can be found in 

Baba et al. (2004).  

In addition, having determined a large correlation coefficient should not be concluded as that 

a large correlation exists between the variables, when it is determined with a large standard 

deviation. This can be tested using a significant test as in Eq. (2.100). For a correlation 

coefficient the T-test is:  

( ) 2

2
1
NT r r

r
−

=
−

. ( 2.104) 
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The test follows as in Eq. (2.100), but now for each determined correlation coefficient. For the 

partial correlation coefficient, one can use an F-test, instead (Jacoby and Smilde, p. 172):  

( ) ( )2
12 3

12 3 2
12 3

1
1

r N
F r

r
−

=
−







. ( 2.105) 

 

2.4 DATA ASSIMILATION INTO A MODEL  

This section deals with some aspects of adjustment of the GRACE satellites and GPS land 

uplift rate data, and assimilate them into the data from geophysical models.  

In a perfect world, we have a perfect model that can produce the perfect data of different 

quantities of GIA. This perfect model could have produced the exact land uplift rate data, for 

example. This is however, not the case in a real world. The model is not perfect and it needs 

observations to be adjusted. The observations are also contains errors and even poor coverage. 

The model can bring consistency to the observations and interpolates or extrapolates data into 

the void regions in space and time.  

The least squares principle is well known for geodesists to provide an optimal approach for a 

joint adjustment of observations and model data. Traditionally, it is used to determine the 

parameters of a linear static observation model. If there is some information about the motion 

of the system then the data processing techniques, which are also based on the theory of least 

squares, are called filtering. Generally filtering is carried out in two steps, namely prediction 

and updating (also, analysing). The filtering methods predict the model’s parameter at each 

time usually based on the information of a previous state, i.e. the model’s parameters at a 

given time. However, the filters can also use the information of a future state to predict the 

present state of the model (non-sequential filtering or smoothing). At each time the model’s 

state is updated by the observation vector as a stochastic variable.  

Remark: We use the data assimilation as it will be described in this section to produce a 

combined model using GRACE, GPS and GIA-models’ data without considering a dynamic 

process. It means that we will assimilate the data into model at the present time (see Sect. 

2.4.1.1). This can be considered as a traditional least squares adjustment of a joint system of 

equations. If all the data are of the same kind then, as we will see in Sect. 5.5, the adjustment 

problem reduces to weighting of different data sets. Furthermore, the Kalman filtering is 

proposed for future works. We propose the use of filtering because:  



54 

 

a) GIA is a dynamic process and its temporal trajectory is not certainly deemed to be linear. 

At this time, there are a few studies suggesting the non-linear behaviour of the crustal 

motion due to GIA (Chen et al. 2009, Barletta and Bordoni 2017) at some regions. 

b) At least GPS and GRACE-type data are available at sufficient time intervals providing a 

smooth-enough evolution of the models’ state and in the future, the GRACE-FO mission 

will continue to provide gravimetric data for GIA studies.  

c) The use of filtering can reduce or change the current dependency of the GIA models to 

geometric and gravimetric data sets. Today, a GIA model needs to tune its input 

parameters using observations. Using a filter, the output of the GIA models can be 

updated at each time using GPS and GRACE-type data, whilst the model’s initial state can 

be set using in situ data, regionally. In addition, filters require less storage and they can 

provide the “real time” information as soon as the new states are updated.  

 

2.4.1  THE DISCRETE KALMAN FILTER 

The theory of general linear filtering and prediction was developed by Kalman (1960). 

Figure  2-2 shows a diagram flowchart of the data assimilation concept which we will describe 

in this section. The state of a random process to be estimated can be modelled in the form 

(Kalman 1960): 

( )1 N 0k k k k kl kl~ , δ+ = −x Φ x ω Ω , ( 2.106) 

where kΦ   is the transition matrix from the time at k   to 1k +  , kω  is the accumulated system 

noise until the time k , and the time epochs are denoted by the subscripts. The dimension of 

the system is as follows:  

1Mk MM M M+ = −x Φ x ω . ( 2.107) 

If the transition matrix is known, the least squares estimate of the state at 1k +  is 

1k k kˆ ˆ+ =x Φ x . ( 2.108) 

The covariance matrix 1k+P   is obtained by forming the errors of the estimation of the state 

vector parameters, such as 

1 1 1k k k

k k k k k k k k

ˆ
ˆ

+ + += −
= − − = −

e x x
Φ x ω Φ x Φ e ω

 ( 2.109) 
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Then, 

( ) ( ){ }1
T

k k k k k k k

T
k k k k

E+ = − −

= +

P Φ e ω Φ e ω

Φ P Φ Ω
, ( 2.110) 

where we used k kk=Ω Ω  .   

The system is updated at each discrete time k   using observations that will be described in the 

following section.      

        

2.4.1.1  UPDATING 

This section deals with assimilating data into model without considering any system process.    

Let us assume that we are at the time k  and desire to assimilate data from the observation into 

the model. The state of the model is kx  . Then the assimilation of data into the model can be 

considered as a simultaneous solution to the joint system of equations 

( )Ν 0obs
NM M N N NN~ ,+ = − = εεA x l ε Q C  ( 2.111) 

and 

N 0Mod
M M M

MM
~ ,+ −  = −  

 
xxx x ε C , ( 2.112) 

where the subscript of the time is dropped since the time does not change. l  is the 

observations vector and dimensions of the equation are in the subscripts and −x  , and +x   are 

the state of the model before and after updating using observations. The least squares solution 

to the joint equation reads:  

( )1 1 1Tˆ + − − − −= + xxx N A Q l C x , ( 2.113) 

where 

1 1T − −= + xxN A Q A C . ( 2.114) 

Next we further elaborate the solution using the following two identities:  

( ) ( )1 11 1 1T T T T− −− − −+ = +xx xx xxA Q A C A Q C A AC A Q  ( 2.115) 

and 
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( ) ( )1 11 1T T T− −− −+ = − +xx xx xx xx xxA Q A C C C A AC A Q AC . ( 2.116) 

Right multiplying Eq. (2.115) by the invertible matrix ( )T +xxAC A Q   we have:  

( ) ( )11 1 1T T T T−− − −+ + =xx xx xxA Q A C A Q AC A Q C A . ( 2.117) 

Then the LHS of Eq. (2.115) = ( ) ( )11 1 1T T TI
−− − −+ +xx xxA Q A C A Q AC A   

 ( ) ( )11 1 1 1T T T−− − − −= + +xx xx xxA Q A C A Q A C C A   

Left multiplying the RHS of Eq. (2.117) by the inverse of its LHS:   

( ) ( )( )11 1T T T −− −+ − +xx xx xx xx xxA Q A C C C A AC A Q AC   

 
( )( )

( )( )

11 1

1

T T T T

T TI

−− −

−

= − +

+ − +

xx xx xx xx

xx xx

A Q AC A Q AC A AC A Q AC

A AC A Q AC
  

 ( ) ( ) 11 1T T T T TI
−− −= + − + +xx xx xx xxA Q AC A Q AC A A AC A Q AC   

 ( ) ( ) 11 1T T T TI
−− −= + − + +xx xx xx xxA Q AC A Q AC A Q AC A Q AC   

 I=   

The solution of the updated state in Eq. (2.113) cane be written as 

1 1 1 1Tˆ + − − − − −= + xxx N A Q l N C x . ( 2.118) 

Plugging identities in Eq. (2.115) and (2.116) in the first and the second term in the RHS of 

Eq. (2.118), we have 

( ) 1ˆ + − −= + −xx xx xxx Kl C KAC C x , ( 2.119) 

where  

( ) 1T T −
= +xx xxK C A AC A Q , ( 2.120) 

is the Kalman gain. Finally the solution is 

( )M M MN N NM Mˆ + − −= + −x x K l A x . ( 2.121) 



57 

 

The design matrix NMA   is the mapping of the model state to the observations space. Then the 

quantity in the brackets is the difference between the modelled observables and the 

observations. Having updated by the Kalman gain, it is transformed again into the model 

space resulting the updated model state. 

 

2.4.1.2  PREDICTING 

Consider the system process equation in Eq. (2.107) and assume that we already knew a priori 

estimate for the state of the system, at time k  , such as ˆ −x  . Furthermore, we assume a known 

a priori covariance matrix associated with the error k
−e  , such as k

−P  . Then the equation for 

this state is       

( )N 0k k k kˆ ~ ,− − −− =x x e P , ( 2.122) 

where the super minus is to remind that the state is not updated. Once it has been updated 

using observations the equation for the updated state reads 

( )N 0k k k kˆ ~ ,+ + +− =x x e P . ( 2.123) 

The updated covariance matrix is 

( ) ( ){ }T

k k k k kˆ ˆE+ + += − −P x x x x . ( 2.124) 

With the assumption of a priori estimate, using Eq. (2.121) and omitting the state subscripts 

because we are at the same state and taking back the dimensions we have 

( )( ) ( )( ){ }T

M MN N NM M M MN N NM Mˆ ˆ ˆ ˆE+ − − − −= − − − − − −P x x K l A x x x K l A x  ( 2.125) 

 ( )( ) ( )( ){ }T
ˆ ˆ ˆ ˆE − + − − + −= − − + − − − + −x x K Ax ε Ax x x K Ax ε Ax   

 ( ) ( )( ) ( ) ( )( ){ }T
ˆ ˆE I I− −= − − − − − −KA x x Kε KA x x Kε  . 

The a priori estimation error k k kˆ − −− =x x e   is uncorrelated with the measurements error−ε  . 

Then performing the expectation obtains 
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( ) ( )
( )

T T

T T T T

I I+ −

− − − −

= − − +

= − − + +

P KA P KA KQK

P KAP P A K K AP A Q K
. ( 2.126) 

Using kK   as in Eq. (2.120) and k
− = xxP C   being the covariance matrix for the state at k ,  

we have 

( )k k k kI+ −= −P K A P . ( 2.127) 

If the matrix K in Eq. (2.127) is any matrix with the same dimensions, yet the optimum one 

needs to be determined. This can be seen by using the minimum variance property: 

( )trd
d

+

=
P

0
K

. ( 2.128) 

Then we get from Eq. (2.126):  

( ) 1T Tˆ −− −= +K P A AP A Q . ( 2.129) 

This equation is identical to Eq. (2.120).  

These equations can be derived using the theory of conditional distribution by considering 

that the process is conditioned using the observations. Another view is that Eq. (2.107) is a 

conditioned adjustment (Bjerhammar 1973, p.318) and it presents a discrete Winer-Hopf filter 

which leads to the same relations. The Kalman filtering recursive process is defined using 

Eqs. (2.110), (2.120), (2.121) and (2.127) in the following steps: 

1. Find a priori estimate kˆ −x   and its error covariance k
−P   

2. Compute the Kalman gain: ( ) 1T T
k k k

−− −= +K P A AP A Q   

3. Update the estimate using observations: ( )k k k k kˆ ˆ ˆ+ − −= + −x x K l A x   

4. Compute error covariance for updated estimate: ( )k k k k
ˆ I+ −= −P K A P   

5. Predict the next state 1k k kˆ ˆ− +
+ =x Φ x  and 1

T
k k k k k

− +
+ = +P Φ P Φ Ω   

Until now and to our knowledge, a filtering method has not been used for the evaluation of 

the GIA process. 
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Figure  2-2: Kalman filter loop. 
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3 THE RELATIONS BETWEEN THE EARTH’S GRAVITY 

FIELD, ITS TEMPORAL CHANGE AND GIA 

The purpose of this chapter is to present the physical and mathematical relations that explain 

the gravity perturbation due to the mass transport in GIA, and the solid Earth movement that 

occurs in rebounding areas. We will present some isostatic hypotheses and the formulae that 

we will use in our calculations.  

In Sect. 3.1, the isostatic models are briefly discussed. In Sect. 3.2, we derive several relations 

between the temporal changes in the gravity field of the Earth generated from GIA and the 

vertical movement of the solid Earth.   

 

3.1 ISOSTATIC MODELS 

A brief history of the isostatic models was given in Introduction. To find a relation between 

gravity, its temporal variation, and the land uplift rate, we need an insight into isostasy, as it 

explains how the Earth’s crust and topography form as a response to the ice load. In this 

section a presentation of the gravitational potential of the isostatically compensated 

topography, based on some of isostatic theories follows. The first two models are local, which 

means that they assume that the topographic mass is compensated locally for a computation 

point, and they ignore the effect of the further topographic masses. Moreover, these models, 

originally, were presented in planar approximation, which is justified locally. Both assume the 

density of the crust, at least in each column of mass, is uniform.  

  

3.1.1  PRATT-HAYFORD’S MODEL 

Short presentations of the Pratt-Hayford’s (P-H) model was given in Heiskanen and Vening 

Meinesz (1958, pp. 131-135), Heiskanen and Moritz (1967, pp. 134-l35), and Watts (2004, 

p.14 and p.185). The basic concept is that the pressure of a column of rock at a compensation 

depth D , beneath the seacoast should equate that of a column of rock under a mountain, 

which thus, undergoes a mass deficiency. Let 0ρ  be the density of a column of height D . 

Then the density ρ   of a column of crustal rock is less than 0ρ  for mountainous regions with 

the topographic height h H= + , and it is more than 0ρ  under the seas, where the 
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“topographic height” is the depth of the sea to the solid Earth h H= − . The depth of 

compensation is constant everywhere, and to this depth the mass of a column at the sea-level 

0h = , is in equilibrium with the column of topographic mass with less density mounted 

above, i.e. ( ) 0D H Dρ ρ+ =  or compressed under the sea-level, i.e. 

( ) 0wD H H Dρ ρ ρ− + =  . Here, we derive a topographic-isostatic potential of such a crustal 

formation on the sphere, according to Sjöberg (1998). 

The equity of the hydrostatic pressure at the depth of compensation implies mass deficiency 

in land ( 1σ ), and mass surplus in sea ( 2σ ). The density differences can be written such as: 

0
h

D h
ρ ρ ρ κ  D = − = −  + 

, ( 3.1) 

 
2h h

D D
κ
   = − − +  

   
   

where 

0 1

0 2

in
inw

,
,

ρ σ
κ

ρ ρ σ


=  −
, ( 3.2) 

where wρ  is the density of water. To deal with the hypotheses of local compensation, J. H. 

Pratt assumed columns of masses, which are locally compensated. Then, in the P-H model the 

density of these columns vary according to Eq. (3.1). The gravitational potential of the 

topographic and compensation masses, tV  and cV  , in spherical coordinates are given by 

(Martinec 1998 p. 36, Sjöberg 1998) 

( )
1 2

22
0

R H R H
w

t
R R

rrV G drd G drd
l lσ σ

ρ ρρ+ + −
= Ω + Ω∫∫ ∫ ∫∫ ∫  ( 3.3) 

and  

1 2

2 2R R H

c
R D R D

r rV G drd G drd
l lσ σ

ρ ρ+

− −

D D
= Ω + Ω∫∫ ∫ ∫∫ ∫ , ( 3.4) 

respectively. The inverse of the distance l , from the dummy point located on the sphere of 

radius R  to the computation point of radius r , located outside or inside the sphere, can be 

expanded into an external or internal spherical harmonic series:  
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( )
1

0

1 1 n

n
n

R P cos
l R r

ψ
+∞

=

 =  
 

∑ ,  for r R≥  , ( 3.5a) 

and 

( )
0

1 1 n

n
n

r P cos
l R R

ψ
∞

=

 =  
 

∑ ,  for r R<  , (3.5b) 

respectively. The spherical angle between each pair of points is denoted by ψ . By inserting 

Eq. (3.5a) in the first integral of Eq. (3.3), Eq. (3.5b) in the second integral of Eq. (3.3) and in 

integrals of Eq. (3.4), and using Eq. (3.1), we obtain to the power two of the binomial series 

of H R : 

( )

( )
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2

2 2
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2
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=
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∑∫∫

∑∫∫



 ( 3.6) 

and 

( )

( )
1

2

0
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2 2
2 2c n
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n HD n HV GR H P cos d
R R

HGR P cos d
R

σ

σ

κ ψ

κ ψ

∞

=

∞

=

 + +
− + − Ω 
 
 

− Ω 
 

∑∫∫

∑∫∫



, ( 3.7) 

respectively. Finally, the potential of the isostatically compensated topography is given by 

adding Eqs. (3.6) and (3.7) (Sjöberg 1998 Eq. 25): 

( ) ( )
1

2

0

2 2
2 2

P H
tc n n

n

n nV G HDP cos d H P cos d
σ σ

κ ψ κ ψ
∞

−

=

 + +
Ω − Ω  

 
∑∫∫ ∫∫ . ( 3.8) 

Note that the potential in Eq. (3.8) is not a function of the varying density of the columns of 

crustal rock.  

 

3.1.2  AIRY-HEISKANEN’S MODEL 

Short presentations of the Airy-Heiskanen’s (A-H) isostatic model is given in Heiskanen and 

Vening Meinesz (1958, pp. 135), Heiskanen and Moritz (1967, p. l 35), Rummel (1988), and 

Watts (2004, p.12, p.181). In this model, the density of the crust ( cρ ) is constant everywhere, 
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and the topographic masses, with height h H= + are compensated with the masses of 

mountain roots below the compensation depth D . At sea, mass deficiency is compensated by 

anti-roots reckoned from the compensation depth. Assuming columns of the crustal mass, 

which are elevated above sea-level by the height H , float on a denser substratum with density 

mρ . The higher they mount by h , the deeper they root by t , and the equation of floating 

equilibrium holds, i.e. ( )c m cH tρ ρ ρ= −  . In sea the sunk column, by a depth h H= − , has 

an anti-root t− , and equilibrate in the denser under layer holding the condition: 

( ) ( )c w m cH tρ ρ ρ ρ− − = − − . Let 

1

2

in
in

t ,
t

t ,
σ
σ


= −

 , ( 3.9) 

then, the root and/or the anti-root are computed by:  

m c

t hκ
ρ ρ

=
−

 , ( 3.10) 

where 

1

2

in
in

c

c w,

,
,

ρ σ
κ

ρ ρ σ


=  −
. ( 3.11) 

The gravitational potential of the topographic and compensation mass in spherical coordinates 

are (Martinec 1998, p. 36, Sjöberg 1998) 

( )
1 2

22R H R H
c wc

t
R R

rrV G drd G drd
l lσ σ

ρ ρρ+ + −
= Ω + Ω∫∫ ∫ ∫∫ ∫  ( 3.12) 

and 

( )
2R D

c c m
R D t

rV G drd
lσ

ρ ρ
−

− −

= − Ω∫∫ ∫


, ( 3.13) 

respectively, where mρ   is the density of the underlying layer. Using the external series 

expansions of the inverse distance (Eq. 3.5a) in the first integral in Eq. (3.12) and the internal 

series expansions (Eq. 3.5b) for the remaining three integrals in Eqs. (3.12) and (3.13), and by 

using a binomial series to power two of H R , we have:  
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 ( 3.14) 

and 

( ) ( )
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2c m c n
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n n tV GR t t D P cos d
R Rσ

ρ ρ ψ
∞

=

 + +
− − − Ω 
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 . ( 3.15) 

Finally, the potential of the isostatically compensated topography is given by adding Eqs. 

(3.14) and (3.15). We obtain (Sjöberg 1998, Eq. 25): 
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∫∫

∫∫



, ( 3.16) 

where ( )1 c mρ ρ ρD = − .  

Note that the potential in Eq. (3.16) is not a function of the varying roots of the columns of 

crustal rock.  

  

3.1.3  VENING MEINSZ REGIONAL MODEL 

According to the P-H and A-H isostatic models, the load of topography, as well as any other 

loads imposed on the crustal surface, like ice sheets and river deltas is compensated locally, 

irrespective of its size. From early experiments in the 1900s, it was shown that the 

topography, on the scales of oceans and continents is in isostatic balance (Barrell 1914, Bowie 

1927), thus on the scales of glacial load of the last glaciation of the planet. However, it is 

controversial whether on the smaller scales, such as that of the load of a river’s delta or the 

Hawaiian Islands, the lithosphere still bends under the load and bounces back as the load 

abates, or, on the other hand, it is strong enough to resist the load without any isostatic 

deformation (Barrell 1914, Watts 2004, Ch. 2). It is still questionable to what extent the 

strength of the lithosphere can bear the load.  
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According to the regional models of isostasy, including the VM model, the strength of the 

lithosphere and the scale of the load are two parameters to determine the potential of the 

compensation, the bending of the lithosphere, and velocity of the rebound. This implies that 

for a load of short spatial wavelength, a strong enough lithosphere does not bend. In the 

spectral domain, it means that beyond a spherical harmonic degree, which can be determined 

by the scale of the load and the strength of the lithosphere, the gravity is not compensated, 

according to any isostatic model.   

In GIA, the size of the load implies that the isostatic models are valid to a high degree, 

without considering the lithosphere strength, as in P-H or A-H models. However, the strength 

of the lithosphere, still, determines the amount of bending, hence controls the degree to which 

the compensation approaches the predictions of the local models. In another word, the 

lithosphere works as a filter (Watts 2004, Ch. 5.2) and responds to the load not locally, as P-H 

or A-H models would predict, but rather regionally. Taking the lithosphere as an elastic plate, 

its response under the stress of a load can be computed by including the parameters of 

elasticity. Then, the bending, as a function of the distance from the centre of the load can be 

computed (Heiskanen and Vening Meinesz 1958, p. 139, Eq. 5-18).  

If the spatial scale of the load and the elasticity of the lithosphere are known then, the amount 

of bending, at the base of the crust is obtained based on the VM computations mentioned 

above. The potential of the compensated mass is given in the same way as in A-H isostatic 

model (see Eq. 3.13): 

( )
0

0

2R D

c c m
R D

rV G drd
lσ τ

ρ ρ
−

− −

= − Ω∫∫ ∫ , ( 3.17) 

where τ   is the Moho variation with respect to a constant depth 0D . The determination of τ  

is carried out regionally and based on the elasticity of the lithosphere leading to the original 

relations of F. A. V. Vening Meinesz (e.g. Watts Ch. 3). Then, to compute the potential of the 

isostatically compensated topography, one can compute the potential of topography using Eq. 

(3.14), the potential of the compensation mass as in Eq. (3.17) and add them together.   

Three different isostatic models presented above describe how the Earth’s crust responds to 

the topography locally, as according to P-H and A-H models, and regionally, according to 

VM model. These models treat the topographic mass as a load imposed on the crustal surface. 

We want to learn, from the isostatic models, how the isostatic rebound undergoes when the 

ice load abates, and then vanishes completely. This will be clear by the following examples: 
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Example 1: An approximate isostatic gravity anomaly  

To see how the A-H and VM isostatic models lead to different inferences of an isostatic 

gravity disturbance, an approximate formula is presented.  

Let a load with unknown shape and varying height Qh , be located on a plane 0z z=  , 

(Cartesian x, y,z  coordinates). A diagram illustrating the geometry of this problem is shown 

in Figure  3-1. A gravity disturbance g V rδ = −∂ ∂  generated from the load can be computed 

at each point P  on the plane using the volumetric Newton integral on a planar manifold, such 

as (Parker 1972): 

[ ] 0

1

1

2
n

kz n
P Q

n

kg Ge h
n!

δ πρ
−∞

−

=

 ℑ = − ℑ ∑ , ( 3.18) 

 

 

Figure  3-1: The geometry of Example 1. An irregularly shaped load on a planar 
surface. Q is the dummy point and P is the computation point.  

where [ ]ℑ ⋅   is the Fourier transform, and 2k π λ=  is the wave number for a spatially 

periodic load with the wavelength λ . A Bouguer plate can be regarded as a limiting case with

0k →  . By taking the first term of the Fourier series in Eq. (3.18), the gravity disturbance to 

the first order approximation is 

[ ] 02 kz
P Qg Ge hδ πρ −  ℑ = − ℑ  . ( 3.19) 
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The gravity disturbance of the topography at sea level is 

02 kz
t ,P Qg Ge hδ πκ −  ℑ = − ℑ     , ( 3.20) 

where κ  is as in Eq. (3.10). In the limit 0k → , we have the Bouguer plate gravity anomaly 

effect, while it is null when k →∞ . For the A-H model the gravity disturbance of the 

compensated mass is 

( ) ( )A-H 2 k z D t
c,P m c Qg Ge tδ π ρ ρ − + +   ℑ = − − ℑ   , ( 3.21) 

where Qt ℑ    is the Fourier transform of the root at the compensation depth at Q , and t  is the 

is positive downward. Using Eqs. (3.20) and (3.21) the A-H topography compensated gravity 

disturbance is 

( )( )A-H 2 1 k D tkz
tc ,P Qg Ge e hδ πκ − +−   ℑ = − − ℑ   , ( 3.22) 

where we used from Eq. (3.9), 

[ ] [ ]
m c

t Hκ
ρ ρ

ℑ = ℑ
−

 ( 3.23) 

It is clear from Eq. (3.22) that for both limiting cases the topography compensated gravity 

disturbances tend to vanish. Now consider gravity disturbance of the compensated mass for 

VM model:  

( ) ( )VM 2 k z D
c,P m c Qg Ge τδ π ρ ρ τ− + +   ℑ = − − ℑ    ( 3.24) 

where we can write in analogy to Eq. (3.23) 

[ ] [ ] ( )
m c

H F kκτ
ρ ρ

ℑ = ℑ
−

 ( 3.25) 

where ( )F k   is a factor that controls the effect of the lithosphere rigidity. It can be shown 

from Heiskanen and Vening Meinesz (1958, p. 139, Eq. 5-18) that 

( ) ( )

1
4

1
m c

DkF k
gρ ρ

−
 

= + − 
 ( 3.26) 



68 

 

where D   is the parameter of the rigidity of the lithosphere with an assumed plate thickness 

eT   and it relates to the Lithosphere parameters of elasticity i.e. Poisson’s constant υ   and 

elastic modulus E   by 

( )
3

212 1
eETD
υ

=
−

 ( 3.27) 

Eq. (3.25) shows that the compensation according to the VM model is the same as that for the 

A-H model multiplied by a function of the spatial scale of the load and implicitly, of the 

parameters of an elastic lithosphere. The function ( )F k   modifies the A-H isostatic response 

using information about the load and the elastic properties of the lithosphere.    

 

Example 2: Land uplift according to local and regional isostatic models on a plane 

The A-H isostatic model implies that the perturbation of the gravitational potential due to the 

uplifted topography, in land, is the sum of the potential of the topography uplifted by HD on a 

layer at the surface of the Earth,  upV  , and that of the rooted mass at the compensation depth, 
lowV . The former can be assumed as the potential generated by a disc with the surface density 

c Hρ D  of the condensed mass, while the latter, is generated by the surface density 

( )m c Hρ ρ− D   at the compensation depth. The compensation potential generated from each 

circular pixel of radius a   is (Heiskanen and Moritz 1967, Eq. 3-10): 

( ) ( )2 22low
m cV G H a D Dπ ρ ρ= − D + −  ( 3.28) 

This holds assuming a local isostatic model such as A-H’s. For the regional VM isostatic 

model, HD  in the RHS of Eq. (3.28) is replaced by ( )1H F k−D ℑ     , where k  is as in 

Eq.(3.25). For the points on the lower layer, placed at the compensation depth, l a  holds 

everywhere, where l   is the distance between the computation point and the centre of the disc 

of radius a . 

To compute upV , the potential needs to be computed for each disc element of the topography 

around the computation point. The complexity is induced when the point is located inside the 

disc, i.e. l a< . Now, assume that computation point is located on the same plane as the disc’s 
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base. In this simple case, the uplifted cylinder of the topographic masses was given in (Lass 

and Blitzer 1983): 

( ) [ ] ( ) [ ]2up
cV G H a l E k a l K kπ ρ= D + + −    ( 3.29) 

where [ ]E   and [ ]K  are the symbols for the complete elliptic integral of the first and the 

second kind (Abramowitz, and Stegun 1964, Ch. 7), respectively and ( )2k al a l= + . The 

gravitational potential of the uplifted land can be calculated every year using Eq. (3.29) for 

each disc at distance l  to the computation point and then, by summing up all the individual 

potentials in the area.   

The two examples presented above explained two simplified phases of the GIA process. The 

fist example describes how the gravity disturbance perturbs by a load, and the second example 

explains how the potential changes while the lithosphere is uplifting to take its isostatic 

balance. The first example shows how the regional isostatic model of VM could contribute to 

compute the magnitude of the gravity disturbance, compared to when the A-H isostatic model 

is assumed. Moreover, the application of the original formula of F. A. Vening Meinesz, cited 

in Heiskanen and Vening Meinesz (1958, p. 139, Eq. 5-18) in computing the compensated 

gravity disturbance were presented using a Fourier transform, which reveals better that the 

lithosphere play a filtering role in the VM isostatic model. In the second example we showed 

how the compensated potential, using a local A-H and a regional VM isostatic model, of an 

uplifting disc-shape topography can be computed on a planar geometry. We used some 

conventional relations to compute the potential generated by the disc on the plane and the 

compensated mass, assuming that the lithosphere takes its isostatic balance after being 

uplifted by HD .  

Assume that the ice load appeared at the surface at 0H = , caused the lithosphere to bend 

down into the asthenosphere. According to A-H model, the lithosphere, which is floating on 

the substratum material, shows no impedance and roots down. According to VM model, it 

also roots but not as much as that A-H model would predict. The lithosphere bends like an 

elastic plate with rigidity D  as in Eq. (3.27). When the ice load starts to vanish, H  reduces 

and the lithosphere, slowly, starts to rebound towards gaining the isostatic balance. Then, the 

root starts to be flattened. According to A-H model, it flattens as in Eq. (3.23) while according 

to VM model, as in Eq. (3.25), when the ice load is vanishing. Equations ( 3.30), ( 3.31), and 
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( 3.32) can be simply generalized to account the Earth’s curvature and the varying density of 

the topography.   

Remarks:  

1) Equations (3.6) - (3.8) and (3.14) - (3.16) can simply be written in harmonic series. Then, 

a relation for each degree and order of the SHCs of the topography and/or compensated 

potentials as a function of ( )nHκ can be obtained. Some of these relations can be found in 

(e.g. Rummel 1988, Nahavandci and Sjöberg 1998, Bagherbandi 2011). These equations 

should be carefully treated because it is needed to separate the integration domain into the 

sub-regions of land and sea, and using external and/or internal harmonic series, 

respectively. Performing SHT regionally is not straightforward and is sometimes, 

problematic. In the numerical results, which we will present in Sects. 4.3 and 4.3, a 

detailed coastal function and topographic model are used. Then, the inverse ST will be 

carried out using a Wiener filter.          

2) The potentials in Eqs. (3.8) and (3.16) are given only to power two of the binomial series 

of Hκ . For a topography correction to power three, ( )3Hκ  the reader is referred to 

Nahavandchi and Sjöberg (1998). 

3) The disturbing potential can be reduced for the potential of the isostatically compensated 

topography using Eq. (3.8) or Eq. (3.16), leading to a topographic-isostatic disturbing 

potential: 

ti tcT T V= − , 

where tcV  is the potential of the isostatically compensated topography, based on an 

isostatic model. Then, using Bruns formula (Heiskanen and Moritz, Eq. 2-144) we have, 

0

ti
ti TN

γ
=  , (3.30) 

the topographic-isostatic geoid height (Engels et al. 1996, Martinec 1998, Eq. 7.29).  

4) The difference between the isostatic gravity disturbance tigδ , and gravity anomaly tigD  is 

important in various applications of these quantities. The reduction for the isostatically 

compensated topographic masses from the gravity disturbance, gδ  at each point P  is:  
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P

tc
ti

r r

Vg g
r

δ δ
=

∂
= −

∂
. (3.31) 

The topographic-isostatic gravity anomaly at the geoid reads (Sjöberg and Bagherbandi 

2017, pp.261-262):  

2tc tc
ti

r R

V Vg g
r R

=

∂
D = D − −

∂
  (3.32) 

For example, using Stokes’ integral for a geoid determination, the integration of the 

second term on the RHS of the above equation yield in the well known Secondary Indirect 

(compensated) Topography Effect (SITE) on the geoid heights (Sjöberg and Bagherbandi 

ibid).     

5) To determine a topographic-isostatic geoid (Rummel 1988, Grafarend and Engels 1993, 

Sjöberg 1998), the topographic potential, tV , such as in Eqs. (3.3) and (3.12) needs to be 

computed, which are different in the P-H and A-H models, implying different assumptions 

of the density of the topography.  

 

3.2 RELATION BETWEEN THE LAND UPLIFT RATE AND THE 

GRAVITY/GEOID CHANGE 

In Sect. 3.1 using the isostatic models, we showed the uplift rate and the gravity variations 

due to GIA could be determined, assuming a local and a regional isostatic model. The derived 

equations, however, give no information on the mantle flow, the mass reinstallation that 

generates the above-mentioned geodetic quantities. In this section, we derive the formulation, 

which explains the viscoelastic response of the Earth’s crust and gravity under the load and 

during the rebound.  

The GIA is a process that shapes the Earth’s crust deviated from its isostatic equilibrium 

under the pressure of the load and towards regaining its isostatic balance. In the rebound 

areas, such as Laurentia and Fennoscandia, the crust is deforming towards its isostatic 

equilibrium. The gravitational potential is also changing because of the redistribution of the 

mantle material and the crustal movement during the GIA process.  

For the objectives of this thesis, we will extract the secular trend of the gravity changes from 

GRACE data by means of some mathematical methods, already presented in Sect. 2.2 and 
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Sect. 2.3. The extracted gravity change signal due to GIA need be converted to the land uplift 

rate to compare with the GPS data and to be assimilated into a combined land uplift rate 

model. In the following sub-sections we discuss the conventional and an innovative relation 

between the gravity changes and the vertical movement of the solid Earth related to GIA. We 

will use these relations for the numerical computations in Sects. 5.2.2 and 5.2.3.   

In Sect. 3.2.1, the conventional method of GIA forward modelling based on the ice load 

history, a lithosphere effective thickness and, at least, assuming a dynamic viscosity for the 

upper mantle is presented. An alternative approach follows in Sect. 3.2.2, based on a simple 

mass flow in the upper mantle, and without any additional assumption.  

 

3.2.1  THE FORWARD MODELLING APPROACH    

The solution of Longman (1962), for the numerical integration of the equation of the 

equilibrium of the mantle flow and Poisson equation of the potential of the load, on the 

surface of a spherical body, led to Longman (1963, Eq. 34), which was also followed by 

Farrell (1972, see Eq. 46). This equation formulated in terms of SHCs of the surface density 

variations in Chao (1994, Eq. 6), and recited in Wahr et al. (1998, Eq. 14). Then an 

approximate formula was derived in Wahr et al. (2000, Eq. 4 and 8), which does not require 

any assumptions about the ice model and viscosity profile. Here, a brief derivation of the 

solutions follows, which finally, results in a relationship between the disturbed gravitational 

potential and the land uplift rate.  

 

3.2.1.1  DIRECT POTENTIAL OF THE LOAD  

An irregularly shaped body b  generates a gravitational potential at point P  as (Heiskanen 

and Moritz 1967, p.3), 

( ) Q
Q

PQb

T P G d
l
ρ

b= ∫∫∫ , ( 3.33) 

where Qdb  is the volume element at the dummy point Q  and PQl  is the distance between the 

points in its subscript. The reciprocal distance, 

( )
1

1 2 2 22 cosPQ p Q p Q PQl r r r r ψ
−

− = + −  ( 3.34) 
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is harmonic for p Qr r≥  and can be expanded in the external harmonic series such as (Sjöberg 

1975): 

( ) ( )1
1

0

1
2 1

n n
Q

PQ nm nmn
n m nP

r
l Y P Y Q

n r

∞
−

+
= =−

=
+∑ ∑ , ( 3.35) 

where nmY   are the fully normalized spherical harmonic functions on the surface of a bounding 

sphere of a volumetric mass, where  

( ) ( )
cos 0

cos
sin 0

P
nm Pn m

P

m for m
Y P P

m for m
λ

θ
λ

≥
=  ≤

, ( 3.36) 

( ) ( ) 4nm lk Q nl mkY Q Y Q d
σ

πδ δΩ =∫∫ , ( 3.37) 

where nmP  are fully normalized associated Legendre function of the first kind (e.g. Heiskanen 

and Moritz 1967, p.32), and ijδ , i, j∈  is the Dirac delta. The normalizing is carried out 

using, 

( ) ( ) ( ) ( ) ( )
( )02 2 1nm nm m

n m !
Y Q Y Q n

n m !
δ

−
= − +

+
, ( 3.38) 

and nmY  are un-normalized surface spherical harmonic functions. After this introduction of all 

needed functions we can write Eq. (3.33) using the series in Eq. (3.35): 

( ) ( ) ( ) ( ) ( )1
0

1
2 1

n
n

Q nm nm Qn
n m nP b

T P G r,Q r Y P Y Q d
n r

ρ b
∞

+
= =−

=
+∑ ∑ ∫∫∫ . ( 3.39) 

This is the direct potential of the mass of the load placed on a rigid and un-deformed body ( b  

). On the surface of the bounding sphere Pr R=  we have:  

( ) ( ) ( ) ( ) ( )2
1

0

1
2 1

n
n

Q nm nm Q Qn
n m n r

T P G r r,Q Y P Y Q dr d
n R σ

ρ
∞

+
+

= =−

= Ω
+∑ ∑ ∫ ∫∫ , ( 3.40) 

where we used 2
Q Q Q Qd r dr db = Ω . In Eq. (3.40), the continuous density function depends on 

the radial direction. We need it to be dependent only on the surface of the bounding sphere. 

We can define a surface density function using the integration over a condensed layer. Then 

Eq. (3.40) can be written using the surface density variations QσD  such as (Martinec 1998, p. 

8):  



74 
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2 1

n
n

Q Q nm nm Q Qn
n m n r

T P G r Y P Y Q dr d
n R σ

σ
∞

+
+

= =−

= D Ω
+∑ ∑ ∫ ∫∫ . ( 3.41) 

Following the assumption of a condensed layer with the thickness Qdh R
   the ratio 

( ) 2
2 sup

1

n
n Q

Q Q
R dhr

R R

+
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. ( 3.42) 

Then one obtains 
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The disturbing potential can be written as a solution to the Laplace equation 2 0T∇ =  for the 

exterior space of the mass load. The very well known solution to this equation is:  
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where the coefficients are dimensionless and fully normalized. Comparing Eq. (3.43) with Eq. 

(3.44), i.e. the direct potential of the mass of the load of a condensed layer we have: 

( ) ( )
2 1nm

T
Q nm Q

M RA Y Q d
R n σ

σ= D Ω
+ ∫∫ . ( 3.45) 

By defining the mass of the bounding sphere by 34 3eM Rπρ=  using the average density of 

the planet eρ , we have:  
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+ ∫∫ . ( 3.46) 

The surface density is a continuous function and can be presented in a series of spherical 

harmonics on the surface of the bounding sphere such as 
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where 
nm

A σD  is fully normalized coefficient of degree 𝐴𝐴 and order 𝐴𝐴 with the units of the 

surface density thus usually scaled by the density of the water so that they are in the units of 

water column height, which means:  
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The quantity wσ ρD  is the surface mass density in equivalent water height. The surface 

density using Eq. (3.48) is 
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Then, the fully normalized and dimensionless coefficient of the surface density of a layer of 

water is:    
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The surface integral in Eq. (3.50) is in terms of the SHCs of the surface density of a layer of 

water, while in Eq. (3.46) it is in terms of the SHCs of the geopotential. By eliminating the 

surface integral in Eqs. (3.46) and (3.50) we find the relation between the surface density 

variation as a cause of a load on a rigid and un-deformed sphere such as   

( )
3
2 1

w

nm nm

T w

e

A A
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σ ρ ρ
ρ

D=
+

. ( 3.51) 

 

3.2.1.2  POTENTIAL OF A DEFORMED SURFACE UNDER A LOAD 

Up to here, we found a relation between the SHCs of the Earth’s disturbing potential and that 

of the surface density of the load. This load is placed somewhere near or on the surface of the 

spherical body without deforming the body.  

In a more realistic Earth-like body, with a temporal varying load placed exactly on the solid 

surface, the load bends the solid crust into the underlying mantle material. The mantle 

material flows away when the load is gaining mass and comes back when it loses the mass 

likewise, the GIA process.  

We start with a time varying load that deforms and stresses the lithosphere and the mantle 

material, and this impose a secondary effect to the potential, in addition to the direct potential 

effect (Eq. 3.51). The dynamic evolution of the mass per surface area can be decomposed 

such as 
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( ) ( ) ( )L t,P t Pτ= ϒ , ( 3.52) 

where ( )tτ  and ( )Pϒ  are the time and load functions for time t  and for the point P , 

respectively. A unit load (Farrell 1972) can be defined as a limiting case of a load of a disc 

with density dρ . A disc can be generated on the surface of the sphere with the rotating 

azimuth α  and the thickness dh  as (Figure  3-2): 

( ) 0for 0
0 for 0

d d
d h

P
ρ ψ ψ

ψ π
 ≤ ≤

ϒ = 
< ≤

. ( 3.53) 

where ψ  is the spherical distance, 0ψ  is the radius of the disc, and the superscript shows that 

the load function is disc-shaped. The sum of such a mass on the spherical body is  

( ) ( )
0 2

2 2 2
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2 1d d d d d
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Then the disc load function in Eq. (3.53) can be written as 
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≤ ≤ −ϒ = 

 < ≤

. ( 3.55) 

 

 

Figure  3-2: A disc on the surface of a sphere. 

The unit load function is:  
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ϒ = ϒ = − , ( 3.56) 

where M δ is the sum of the load on the surface of the sphere and ( )01 cosδ ψ−  is the Dirac 

function. Every other definition of a load is a generalization of Eq. (3.56). Using the Legendre 

coefficients of the Dirac function, the zonal SHCs of the unit load reads 

2

2 1
2 2n

n M
R

δ
δ

π
+

ϒ = . ( 3.57) 

For an impulse response in time, the time function is the Dirac function ( )tδ  then the 

dynamic load is the impulsive unit load: 

 ( ) ( ) ( )L t,P t Pδ= ϒ . ( 3.58) 

The deformation field generally has toroidal and poloidal components, but the toroidal 

components are vanished when we deal with a symmetric body. In the absence of toroidal 

terms, the deformation field can be written using spherical harmonics such as (e.g. Petrunin et 

al. 2013) 
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where the three first elements are the components of the deformation of the solid Earth in 

spherical coordinates. We assume the same process that causes the deformation u , disturbs 

also the potential T  from the hydrostatic state, so despite of some solutions (e.g. Farrell 

1972), we do not include the direct potential of the load (Eq. 3.51), which is of another origin. 

Furthermore, for an axisymmetric load and using the Laplace transform (LT) we have 
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, ( 3.60) 

where the argument s  is the Laplace argument and the tildes denote the LT. The third row of 

Eq. (3.59) which was dependent to the longitude was removed. In Laplace domain and for a 

viscoelastic body the SHC of the deformation is related to the load by (Farrell 1972):  
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Furthermore, for an axisymmetric load only the zonal SHCs remain, then we have 
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For the impulsive load in Eq. (3.58) we have 
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, ( 3.63) 

where we used the fact that the LT of a Dirac function is one. As a response of a viscoelastic 

body to an impulsive unit load defined in Eq. (3.58), the solid Earth movement (deformations) 

and induced disturbed potential can be predicted. The zonal SHCs of the deformations are 

related to the load Love numbers by (e.g. Wu and Peltier 1982) 
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where, it is easy to find that the zonal coefficients of the direct potential (Eq. 3.51) of a unit 

load is (e.g. Wu and Peltier 1982, Eq. 16) 

0
direct

n eT GM R R M Mδ δγ= = , ( 3.65) 

To derive Eq. (3.62) is beyond the purpose of this thesis and can be found in the above-

mentioned references. Here, maybe it is enough to be considered that the response of a 

viscoelastic body in Laplace domain is the same as an elastic body in the time domain and Eq. 

(3.62), once written in time domain is the elastic deformation under a load. Now for any shape 

of a load ϒ  the disturbed potential can be written as 
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Replacing the last row of Eqs. (3.61) and (3.62) in the above equation, one at a time, we have 
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using the last row of Eq. (3.64) together with Eq. (3.57) one obtains 
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using Eq. (3.65) we have, 
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Substituting for eM using the average density and the volume of a spherical Earth, we have 
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Using the inverse LT, and bearing in mind that the LT of a convolution operator is a 

multiplication, we have 
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The surface load ϒ  in Eq. (3.68) is the antisymmetric load, identical to the load of the surface 

density in Eq. (3.47). Comparing Eq. (3.68) with Eq. (3.44) and using Eq. (3.47) we have 
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The total potential variation is the sum of the Eq. (3.51) and Eq. (3.69) (cf. Wahr 1998, Eq. 

12):  
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We should note that the GIA modelling outputs are the solid Earth movements (vertical and 

horizontal, or toroidal and poloidal components), stresses (toroidal and poloidal components), 



80 

 

the change in the disturbed gravitational potential and its radial gradient. If the land and 

potential deformation are presented in the terms of a series of the viscoelastic load Love 

numbers, then they are also the output of GIA modelling. The only output that may draw our 

interest is the perturbed gravitational potential.  

 

3.2.1.3  THE LOAD LOVE NUMBERS AND GREEN’S K ERNEL  

As an explicit solution to the equation of motion and the Poisson equation (Wu and Peltier 

1982, Eq. 4), the viscoelastic load Love number for the potential for the deformations can be 

written as (Wu and Peltier 1982, Eq. 33) 
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with the LT as 
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where n ,ir  is the residue for the degree n   and mode number i   and the superscript denotes its 

related Love number. Furthermore, the number of modes, M , is the selected numbers of roots 

of an algebraic equation in terms of the inverse relaxation time n ,is  (Wu and Ni 1996, Fig. 3-

3). 

 If the time function is a Dirac delta then it means that the load is placed only at the point P   

and remains there for the rest of the time, which makes a so-called Heaviside function 

(integral of the step Dirac function in time). Then the convolution in Eq. (3.70), ( ) ( )nk tτ∗ , 

and the same for the other Love numbers, are referred to as the Heaviside Love numbers (Wu 

and Peltier 1982 Eq. 73): 
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To derive the load Love numbers, as a solution to the equation of motion and the Poisson 

equation in equilibrium is not discussed here. One solution however, can be found in Wu and 

Peltier (1982, Eq. 17 to 33). Using these deformations, Longman (1962) derived Green’s 

kernel functions. Using Eq. (3.60) and (3.72) and by considering that the inverse LT of the 

multiplication becomes convolution we have 
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. ( 3.74) 

We cannot use this equation without knowing the evolution of the time history of the ice load. 

In addition, this, only explains the deformations and the potential for a step load located at θ , 

providing being axisymmetric.  

Moreover, the perturbation in the disturbing potential, the third row of Eq. (3.74), is only 

induced from the deformed mantle material. It is easy to incorporate the direct potential effect 

of the load, as in Eq. (3.70), but there remains yet the induced potential of the deformed solid 

surface. Similar expressions can be obtained for the perturbation in the gravity where the 

direct attraction of the mass load is also important. Another contribution to the gravitational 

perturbation is the change in acceleration produced by moving through the gradient in the 

unperturbed gravity field. Combining all of these effects, Longman (1963) obtains 

expressions that have the following viscoelastic counterpart for the vertical land movement 

(the radial deformation), disturbing potential, and the gravity anomaly: 
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and 
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respectively, where t  is the time after the occurrence of the maximum load and ( )G ,⋅ ⋅  stands 

for the Green’s function (Longman 1962). The first terms in brackets in the last two 

equations, are the direct load contribution (Eq. 3.51), the second terms are the effect of the 

solid crustal movement, and the third ones are from the deformed mantle material (Eq. 3.69). 
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Note that the expression for the gravity anomaly can be derived using the fundamental 

equation of physical geodesy (Heiskanen and Moritz, Eq. 2-148).  

Using the Heaviside Love numbers, one can solve the problem of the evolution of the load 

but, only, at the time t  while the load is, still, the step-function. Now assume a disc shape 

load with the centre at point Q  on the surface. This load, with a different disc shape occurs at 

each time, jt  . To compute the response at the computation point P at time it  , we need to 

have the convolution for all the points Q  of the load’s geometry so the Heaviside Green’s 

functions that may describe such a response have the following shapes (Wu and Peltier 1982, 

p.471): 
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and 
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respectively, where ψ  is the spherical angle between each pair of points, i jt tτ = −  is the 

time interval and ( )l P Qψ = −  is the distance between two points which is a function of the 

spherical angle.  

Finally, to compute the deformation, it is enough to convolve the corresponding Heaviside 

Green’s function in Eqs. (3.78)-(3.80) on the sphere and over time with the load: 
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Equations (3.81) - (3.83) have all the ingredients for computing the solid Earth vertical 

movement, disturbing potential and gravity anomaly changes in time, as a response of an 

assumed viscoelastic body to an evolving load. The response is presented in terms of the load 

Love numbers and implicitly in the form of the Green’s kernels. To describe the load Love 

numbers and their relation to the GIA modelling, one can simply do as follows: 

1) Write down the equation of motion and Poisson equation (Wu and Peltier 1982, Eq. 4), 

2) Try to solve this system of equations based on the boundary condition on the surface of 

the Earth and on the core-mantle boundary.  

Available solution are in the Laplace domain, using e.g. propagator matrix technique 

(Martinec and Wolf 1998), and in the time domain, where a second order differential 

equations needed to be treated, instead (Martinec and Hagedoom 2005), or, alternatively using 

a spectral finite element method (Martinec 2000). As was already mentioned in Sect. 1.2, we 

use the programs SELEN-2.9.12 (Spada and Stocchi 2007) and veenGS.for (Z. Martinec 

October 3, 2016 personal communication) in Laplace domain, and vega1D.for (Z. Martinec 

ibid) in the time domain.  

1) Use the Love numbers computed in step 2) to shape up the Green’s kernels in Eq. (3.75) 

to Eq. (3.77) for the land movements, disturbing potential and the gravity anomaly,  

2) Convolve the Green’s kernel with the time varying (ice) load on the sphere and compute 

the land movement, disturbing potential and the gravity anomaly. 

In step 2) some assumptions of the crustal effective thickness and the viscosity of the mantle 

are needed (Figure  3-3). In Figure  3-3, the solution of the SELEN-2.9.12 is shown with a 

lithosphere effective thickness set at 90 km and two layers of the mantle, with viscosities of 

the upper and lower layer at 0.5 and 2.7 × 1021 Pa. s. These parameters control the resulting 

response of the crust to the generating stress from the load. For example, if the viscosity 

parameter is too small, the response is closer to an elastic response, with a shorter decay time 

than when the material is more viscous.     
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Figure  3-3: The elastic and viscous Heaviside load Love numbers generated from 
TABOO/SELEN 2.9.12 (Spada and Stocchi 2007) for a lithosphere thickness at 90 
km and two layers mantle viscosity as 0.5 and 2.7 × 1021 Pa. s for the upper and the 
lower mantle.   

 

Remarks:  

1) The first terms in Eqs. (3.79) and (3.80), as was mentioned above, are the direct potential 

and gravity anomaly of the load, respectively. Olsson et al. (2012) introduced two other 

alternatives based on a) the external harmonic series expansion and b) the topographical 

attraction. They finally reach to (for Eq. 3.78):  
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2) Various solutions to the equations of motion of the mantle flow joined with the Poisson 

equation for the potential, conditioned for the conservation of mass and momentum were 

reflexed in many publications (Longman 1962, 1963, Farrell 1972, Cathles 1975, Chapter 

2, Peltier 1974 and 1976, Peltier and Andrews 1976, Peltier et al. 1978, Wu and Peltier 

1982 and 1983, Sun and Sjöberg 1998, Mitrovica and Peltier 1991, Martinec 2000 and 

2005), resulting in in the predictions of the different quantities related to the GIA. These 

outputs are the crustal movement, the change in the stress tensor and the temporal 

variation of the geopotential. The input parameters needed for having a solution, as 

described in Sect. 1.2 are those of the Lithosphere elasticity, mantle viscosity, and the ice 

load history, as the boundary condition at the surface. The above-mentioned solutions 

employed different mathematical methods, such as finite elements (Martinec and 

Hagedoom  2005), Laplace transform (Farrell and Klark 1976), propagator matrix 

(Cathles 1975), and spectral finite elements (Martinec 2000), as well as various 

assumptions, for example, by considering or ignoring compressibility, diffusion and creep 

of the mantle material, a radial or 3D viscosity variation, density models and rotational 

feedback. The reader can study the already mentioned references of which the most 

concise ones (Cathles 1975, Chapter 2, Wu and Peltier 1982 and 1983, Martinec 2000, 

Petrunin et al. 2013) are recommended. Among these solutions, the change of the 

geopotential as a response to the varying ice load is of interest for the objectives of this 

thesis. 

 

3.2.1.4  AN APPROXIMATION 

The viscous counterpart of the ratio g uυ = D    is approximately constant (Wahr et al. 1995). 

This can be shown for example by inserting the first and the last row of Eq. (3.71) into Eqs. 

(3.75) and (3.77) then, put the resulting Green’s kernels for the land uplift and the gravity 

anomaly into their corresponding integrals of Eqs. (3.81) and (3.83), respectively, one obtains 

(Wahr et al. 1995):  
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and 
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for vertical land movement and gravity anomaly induced only by the deformation of the crust, 

and not the direct gravity anomaly of the load. The second terms on the RHS of Eqs. (3.86) 

and (3.87), are the viscous counterpart, where M  is the maximum number of modes. Some of 

these viscous modes are depicted in Figure  3-3, for a lithosphere thickness at 90 km and two 

layers mantle viscosity as 0.5 and 2.7 × 1021 Pa. s, for the upper and the lower mantle, 

respectively. By taking only the dominant mode 1i =  and dividing the time derivative of Eq. 

(3.87) by that of Eq. (3.86), we obtain the inverse of Eq. (7) of Wahr et al. (1995): 

( ) 00
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n h
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n r
R r
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+
≈ , ( 3.88) 

where the superscript V  shows that only the viscous counterparts are accounted. In addition, 

note that the gravity anomaly in Eq. (3.87) is induced only by the mantle flow, which is the 

last term in the summation in Eq. (3.77). Wahr et al. (1995) cited that the ratio in Eq. (3.88) is 

constant for a large set of the viscosity parameters and lithosphere thicknesses, for each 

degree n . The ratio is about 0 15μGal mm. , and it is constant to a higher degree of accuracy, 

when only the principal normal mode is taken into account. This mode contributes to at least 

85% of the deformation of the land and the gravity anomaly (Wahr et al. 1995) caused by 

buoyancy forces acting on the lithosphere.  

Studying the ratio υ   is the matter of numerous GIA studies, as we already mentioned in Sect. 

1.3.2 (see also Olsson et al. 2015, only for the viscous counterpart). Based on this observation 

that the viscous counterpart of that ratio is approximately constant, one approximate relation 

is derived in Wahr et al. (2000, Eq. 9), which reads 

( )2 1
2nm nm

u N n
A A

+
= . ( 3.89) 

This approximation was able to recreate a land uplift rate field for Antarctica within about ,

2 mm a compared to a prediction generated by their GIA forward model Wahr et al. (2000). 
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This empirical approximation has been used and tested against different sets of GIA forward 

models (e.g. van der Wal et al. 2011), but never against other sources of data like GPS.          

Remark: 

In Sect. 3.2.1, the change of the disturbing potential under the load is formulated in Eq. (3.70). 

This equation computes the disturbing potential induced by the load from the changes in the 

surface density of the load. The disturbing potential can be converted to the geoid height 

using Bruns’ formula (Heiskanen and Moritz, Eq. 2-144) or to the change in the gravity 

anomaly using the fundamental equation of physical geodesy (Heiskanen and Moritz, Eq. 2-

148). Note that if the geoid and/or the gravity anomaly is desired, an additional term related to 

the secondary effect of the change of the geoid after the land vertical motion is required as 

discussed above (e.g. Purcell et al. 2011, Eqs. 1, and 2). To utilize Eq. (3.70), we need the 

viscoelastic load Love numbers. 

It is also possible to compute the land uplift rate, the geoid, disturbing potential and the 

gravity anomaly using the Green’s kernels of Eqs. (3.75) to (3.77) and solve a convolution 

integral in time and space with the varying ice load function, implying that a load history 

function is needed in addition to the viscoelastic Love numbers.  

An alternative method is to use the approximate formula of Wahr et al. (2000) in Eq. (3.89), 

where the approximation is free from any assumptions about the load history or the Love 

numbers.    

 

3.2.2  A 1ST ORDER APPROXIMATION BASED ON THE VM ISOSTATIC MODEL  

The approach in Sect. 3.2.1 was based on the results of a mantle flow modelling using 

Green’s function, where the viscoelastic response of the Earth’s potential under the load was 

formulated using elastic love numbers, and their viscous residues of normal mode theory. 

Alternatively, we assume that the effect of the GIA on the disturbing potential PT  of the Earth 

at a point P  is all related to the depression of the crust at the surface, and that at the Moho 

boundary based on the Vening Meinesz regional theory of isostasy, as in Example 2. 

Rewriting the closed form of Eq. (3.40) for the disturbing potential on the spherical surface of 

radius R , we have 

2 Q
p Q

PQ

T GR d
lσ

σ
σ

D
= ∫∫  ( 3.90) 
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As a consequence of deloading, a residual portion of the disturbing potential originates from 

the crustal mass of the deformed upper surface (
up

PT ), while another part is from the 

deformation at the base of the crust (
low

PT ). Assuming that the crustal density 𝜌𝜌𝑐𝑐, and the 

crust/mantle density contrast are constants, for the radial integration, we have (Sjöberg and 

Bagherbandi 2013, Appendix) 
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and 
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where QD  is the crustal thickness, Qd  is the depression. Expanding the brackets on the RHS 

of Eqs. (3.70) and (3.92) into binomial series after some manipulation and changing the 

summation orders, as well as using the addition theorem of Legendre polynomials (Eq. 2.33) 

we obtain 
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and 
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As an example, the ratio Pd R  in Eqs. (3.93) and (3.94) can reach 4.7 × 10−3 in 

Fennoscandia. The effect of the approximation on the land uplift rate h d= −   , where the dot 

denotes the time derivatives, comes from the first derivative of the power ratio: 

1k k k

nP P P
n

n n n

hd d dd dd k
dt R dd R R R

−

     = = −     
     



 , ( 3.95) 
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where ( )n  denotes Laplace surface harmonic of degree n  (Eq. 2.9). By taking the time 

derivatives of Eqs. (3.93) and (3.94) and using Eq. (3.95) we obtain to the first order 

approximation (𝑘𝑘 = 1) of the time derivative of the disturbing potential,  

( ) ( ) ( )up low up low up low

P P
n n

T T c O= +

 



 ( 3.96) 

where up lowc denotes the constant factors in Eqs. (3.93) and (3.94) for the upper/lower 

surfaces, respectively. The order of the approximation ( )O   for the land uplift rate can reach 

0.01 mm a⁄  for the maximum degree of 𝐴𝐴 = 90. The power series also decays fast because of 

the factor 1 (𝑘𝑘 − 1)!⁄  for each 𝑘𝑘. If the approximation is applicable, then using Eqs. (3.93) 

and (3.94) and to the first order, we have  

( ) ( ) ( ) ( )14
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n
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  ( 3.97) 

where mρ   is the density of the upper mantle. Using Bruns’ formula (Heiskanen and Moritz 

1967, Eq. 2-144) with γ being the reference gravity at sea-level, the SHCs of the change in the 

disturbing potential in time and  that for the land uplift for each degree and order becomes, 

( )1 2 1
4

h T
nm nm

m

A n A
G Rπ ρ
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  ( 3.98) 

and using Eq. (2.9) once more for the Laplace harmonics of degree 𝐴𝐴 of the geoid change 

( )nN  and summing up, one obtains (Joud et al. 2017) 
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  ( 3.99) 

where the summation is practically finite. 
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4 THE SIGNATURE OF THE GIA ON THE GEOID MODEL 

In this chapter we investigate the signature of the GIA in the present day observed gravity 

field. Provided that the ongoing uplift is of isostatic origin and the isostatic rebound is not 

complete, it is assumed that there must be a regional subsidence of the geoid height 

(Bjerhammar et. al 1980). The negative geoid height can be predicted using GIA forward 

models. Another approach to determining the subsidence of the geoid model, which is a result 

of the geophysical interpretation of the shape of a geoid over rebounding areas, called “geoid 

modelling approach to GIA studies” (Paulson et al 2007). This GIA effect on the geoid height 

is masked by the effect of other processes, such as plate tectonics, also by the geoid signal of 

the crustal heterogeneity and the effect of topography implying that it needs to be extracted 

amidst the disturbing geoid signals. Relatively few works used a “geoid modelling approach 

to GIA studies,” but there are numerous studies dealing with the forward modelling.  

The GIA process disturbs the Earth’s isostatic balance. The shape of the crust, the geoid 

height, and the magnitude of gravity are perturbed by GIA, among all other processes. One 

way to extract the geoid signal related to the GIA, if possible, is to measure the remaining 

depression and to invert its gravitational effect. Except for some small lakes, river basins and 

sparse points on the coastlines by means of geological measurements, it is not possible to 

measure accurately the present depression. Even if the spatial extension and the resolution of 

the crustal depression measurements were sufficient for a regional study, the observed 

depression could not be only related to the load of the ice but also to the other phenomena that 

could cause vertical movements in the solid Earth. The free-air gravity anomaly is a quantity 

that is sensitive to both the size of the load and its flexural response (Watts 2004, p. 180). This 

quantity can be measured, relatively easy both on land and at sea, and it has been used 

traditionally, to estimate the long-term thermal and mechanical properties of the lithosphere as 

well as to determine the geoid height.  

The regional geoid models can be determined using an EGM. By comparing the medium- to 

long-wavelength geoid height with the solid Earth vertical velocity in rebounding areas, some 

researchers (Bjerhammar et al. 1980, Sjöberg 1983, Ekman 1985, Hager and Richards 1989 

and Simon and Hager 1997) searched for the induced geoid depression due to GIA in the 

harmonics spectrum of the gravity field.  

In Sect. 4.1, we briefly present the related previous works in this field. In Sect. 4.2, we adopt 

the methodology of Bjerhammar et al. (1980) to select the harmonic window of the geoid 
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model, which shows the highest correlation with the land uplift rate data. In Sect. 4.3, we 

present a methodology to extract the geoid height related to GIA amidst the disturbing geoid 

signals on the selected harmonic window, and we present the numerical results for 

Fennoscandia and North America. 

 

4.1 PREVIOUSLY RELATED WORKS 

In the areas, which undergo GIA, the crustal depth and density variations, and tectonics, can 

also variate the observed gravity field. Studying the geoid model and the gravity anomaly, as 

two quantities of the gravity field, has been of great interest to geoscientists, which in view of 

GIA aims in determining the portion of the observed gravity anomaly and/or geoid height 

which is in accordance with the isostatic rebound. We discussed such studies in Sect. 1.4. 

Here, we discuss the results of some previous works, which was a motivation to us to 

investigate new aspects of the geoid modelling approach, in North America and 

Fennoscandia.   

The geoid model of the Earth is composed of the contributions from many gravitational 

sources, several of which are not of interest in studies of GIA implying that irrelevant signals 

should be removed from the data. Richards and Hager (1988) and Spasojevic et al. (2010) 

showed that up to 95% of the variance of the geoid model bounded by the harmonic window 

(HW) 2-9 could be explained by mantle convection of subduction slabs and upwelling modes. 

This HW is associated with wavelengths larger than 2000 km.  

Simons and Hager (1997), by localizing global geoid height and the gravity anomaly using a 

spherical wavelet method, found that the harmonic of degree 9 of the geoid over Hudson Bay 

showed the maximum correlation with GIA and this signal was spatially localized on 

Laurentia. Slightly more than half of the variance of the gravity anomaly in this area, was 

found to be related to GIA, while the rest could be an effect of the processes connected with 

higher-than-average seismic velocities. They concluded that from their model predictions, a 

−31 m geoid low was related to GIA, in Hudson Bay. The prediction for Fennoscandia was 

about −6 m. 

In Fennoscandia, Heiskanen and Vening Meinesz (1958, p. 357) estimated the gravity 

anomaly of −20 mGal, which is contributed to GIA, but they stated that local density 

anomalies made the problem very complicated. Balling (1980) concluded that −15 to −20 

mGal in the area could be explained by post-glacial uplift after removing the gravity anomaly 
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correlated with topography. This gravity anomaly was subsequently used to constrain mantle 

viscosity in GIA forward modelling (Wu and Peltier 1982, 1983, Mitrovica and Peltier 1991). 

The dominating geoid feature in Fennoscandia is a positive slope towards the Mid-Atlantic 

Ridge, which is related with mantle convection masking the geoid depression caused by the 

vanished glacial load. Hence, the major problem in extracting the gravity signal related with 

GIA is how to remove the disturbing signals. A geoidal depression of 8– 10 m being deepest 

near the centre of the fastest uplift rate was observed after removing a regional mean of the 

long wavelengths from the geoid (Bjerhammar et al. 1980, Kakkuri 1986). 

Bjerhammar et al. (1980) carried out a harmonic window (HW) analysis of a satellite geoid 

model (GEM 10) for Fennoscandia. The GEM 10 geoid was only up to degree and order 22. 

The HW analysis was carried out by seeking for the upper harmonic band of the geoid which 

shows the highest correlation with a land uplift data of the area, while the lower band was 

fixed at degree 10. The rational for selected lower band was based on the spatial scale of the 

Fennoscandian rebound are. Then the question was simplified to find a geoid signal as a 

Laplace harmonic series from lower band at degree 10 to an unknown upper band, provided 

by the highest correlation with the land uplift data. The resulting geoid signal can be written 

as 

( )[ ] ( )
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n n
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= ∑  ( 4.100) 

where the Laplace harmonics read 
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They assumed that the geoid signal ( )[ ]10 22,
N (HW 10-22) is entirely related to GIA, providing 

that the correlation coefficients between this signal and the land uplift rate data from TGs and 

repeated levelling networks was −0.90, which passed different statistical tests.  

By using a correlation analysis by degree, Sjöberg (1984) found that the spectra of the 

geopotential show a negative correlation stronger than −0.90 with that of a land uplift rate 

model for all spherical harmonics bounded by 9 ≤ 𝐴𝐴1 ≤ 10 and 18 ≤ 𝐴𝐴2 ≤ 24. Moreover, he 

cited that these results might be changed after reducing the geopotential for the effects of the 

varying thickness of the crust and topography.  
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Anderson suggested that the major part of the Fennoscandian geoid might be caused by 

crustal thickening, which having been removed, the negative anomaly in the gravity field was 

almost completely disappeared (Marquart 1989) implying that crustal thickening is dominant 

in the regional gravity field. A more elaborate method (Sjöberg et al. 1994) concluded that 

post-glacial uplift was responsible for −28 mGal and crustal thickening for −12 mGal in the 

observed gravity anomaly, and −6 and  −5 m, in the observed geoid height bounded by HW 

10-100, respectively. With an improved crustal model, utilizing seismic measurements in the 

area, Kakkuri and Wang (1998) concluded that the negative gravity anomaly produced by 

crustal effects was actually twice as large as the observed gravity anomaly. Ebbing (2007) 

proposed a model for the lithosphere and mantle in which crustal thickness variations were 

compensated by intra-crustal densities to achieve isostatic equilibrium. This model leaves up 

to −20 mGal unexplained in the area of GIA. A more recent study carried out by Kaban et al. 

(2010), using a further improved crustal model, shows a positive residual gravity anomaly in 

the Bay of Bothnia after the removal of crustal effects, leaving no contribution for the GIA 

gravity signal. In a recent study, Sjöberg and Bagherbandi (2013) apply bandpass filtering to 

the spherical harmonic coefficients, assuming the GIA signal resides mainly between 

harmonics 10 and 70. They obtain a negative geoid anomaly of −12 m, which corresponds to 

a negative free-air anomaly of −30 mGal in the centre of uplift. 

The controversy among different studies mentioned above motivates the numerical study that 

we will present in the following section. Another motivation is that reducing the gravity field 

for the crustal variation and the effect of topography, was not carried out consistently and 

thus, the conclusions were not in agreement with each other. Moreover, such a study has 

never been carried out for the Laurentian rebounding area apart from that of Simons and 

Hager (1997), to the knowledge of the author. 

 

4.2 A HARMONIC WINDOW ANALYSIS OF THE REGIONAL GEOID   

In this section the numerical results of a HW analysis is performed through the following 

steps:   

1) Following Bjerhammar et al. (1980) we find a HW ([𝐴𝐴1,𝐴𝐴2]) of the regional geoid model 

which is correlated with the land uplift rate data.  
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2) We carry out a detailed analysis on a set of HW geoid signals ( )[ ]1 2n ,n
N of the lower bands 

in the interval 2 ≤ 𝐴𝐴1 ≤ 18 and the upper bands in the interval 𝐴𝐴1 + 1 ≤ 𝐴𝐴2 ≤ 180  

against the geometric land uplift rate data.   

3) Following the arguments in Sect. 4.1 we remove the effect of the A-H isostatically 

compensated topography from the resulting HW geoid signal, leading to a HW 

topographic-isostatic geoid.  

The regional geoid model, which is used in step 1), is obtained using the SHCs of GOCO05s 

EGM (Mayer-Gürr et al. 2015, http://www.goco.eu/). This EGM used the data from GRACE 

(Nov. 2009 – Oct. 2013), 10.5 years of GOCE, also from the orbit analysis of the two 

GRACE, GOCE and CHAMP satellites, and SLR length measurements data to six other 

satellites. The dimensionless zonal harmonics of the reference ellipsoid up to degree 10 are 

subtracted from the same SHCs, and then scaled by 0GM Rγ , to obtain the geoid undulation 

at 6378137R =  m.  

The land uplift rate data that we use in step 2) include the semi-geometric NKG2005LU 

(Ågren and Svensson 2007) and a combination of the data from GPS (Sella et al. 2007) and 

GIA forward model, in Fennoscandia and North America, respectively. In constructing 

NKG2005LU, GPS, TGs, and repeated precise levelling data were utilized and the model 

were constrained with outputs of a GIA forward model (J. Ågren 2016, personal 

communication). For North America, the land uplift rates from the GPS data and a GIA 

forward model (see Sect. 5.2.2) were interpolated using a Delaunay triangulation.      

http://www.goco.eu/
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Figure  4-1: The correlations between the geoid and the land uplift rates for the 

selected lower bands (LB) against the upper bands of the geoid model for a) North 

America and b) Fennoscandia.  

Figure  4-1a and b are the results of the correlation analysis between the geoid models and the 

land uplift rate data for each harmonic window. The curves are plotted for those lower bands 

that have at least a negative correlation exceeding 0.4 for one upper band. On the abscissa the 

upper band is cut at 𝐴𝐴2 = 40 and 60, respectively, as the correlations are monotonically 

decreasing beyond that.  

The correlations for North America are generally less than that for Fennoscandia. The reason 

could be either due to the large spatial extension of Laurentian rebound region and relatively, 

less dense GPS data, or due to the contaminated GIA signal with other disturbing processes 

that affect the geoid at the same harmonic window.   

For North America, the HW 3-13 shows the largest negative correlation (−0.76), but the next 

one in the row occurs for HW 9-13 (−0.63).  
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Figure  4-2: a) The topographic-isostatic geoid, b) the geoid, c) the topographic-

isostatic geoid of the harmonic window 3-13 and d) the geoid of the harmonic 

window 3-13, in North America. Units: m   

Figure  4-2a shows the topographic-isostatic geoid model, for North America, which is the 

geoid corrected for the A-H compensated topography (Eq. 3.16). The HW topographic-

isostatic geoid is also mapped in Figure  4-2c. The largest depression of 33.5 m occurs at the 

south-eastern coast of Hudson Bay. Figure  4-2b shows the regional geoid model, which for 

the HW 3-13, is mapped in Figure  4-2d. The maximum regional depression is indicated by a 

geoid height of −37.0 m at the centre of Hudson Bay (Figure  4-2d). However, in the Atlantic 

Ocean, the pattern is not in agreement with the ice history models. The pattern of the HW 

topographic-isostatic geoid agrees better with the LU rate model than that of the HW geoid. 

The correlation between the HW topographic-isostatic geoid and the LU rate model is by 

0.09  larger than when the HW geoid (Figure  4-2d) is used (from −0.76 to −0.85).  

Among the previous studies that mentioned in Sect. 4.1, only Simons and Hager (1997) 

determined the GIA geoid depression based on a harmonic window analysis. The maximum 

geoid depression that we found is 6.0 m larger than the results of Simons and Hager (1997), 

because of the different numerical methods. They carried out a degree-by-degree analysis, and 
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they did not model and remove the topographic and/or isostatic effect (see, Simons and Hager 

(1997, for more details). However, the maximum depression of the topographic-isostatic 

geoid model in Figure  4-2c is by 2.5 m larger than their estimation of the maximum geoid 

depression in the area.         

 

 

 

Figure  4-3: Same as Figure  4-2 but for Fennoscandia. Units: m 

In Fennoscandia, the HW 10-23 of the geoid model, depicted in Figure  4-3d, yields the largest 

correlation coefficient, which almost agrees with Bjerhammar et al. (1980), who found HW 
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10-22 as being optimal. They used the GEM10 geoid model and repeated levelling networks 

as the geometric LU rate data. Figure  4-3c shows the same HW of the geoid model reduced 

for the compensated topographic effect. The maximum depression for HW topographic-

isostatic geoid is −11 m, which occurs exactly at the location of the fastest uplift rate and it is 

2.4 m lower than the lowest point of the HW geoid. Compared to the geometric LU model, 

the maps of the HW topographic-isostatic geoid show better paternal agreement. From the 

geoid to the topographic-isostatic geoid model of the same HWs the correlation coefficients 

increase from −0.90 to −0.95  (Joud et al. 2017 submitted). 

 

4.3 A MULTIPLE-REGRESSION ANALYSIS  

Because of the spatial extension and the long-term temporal frequency of the GIA, its induced 

residual (topographic-isostatic) geoid height is concentrated in a HW, as it was shown in the 

previous section. However, we have yet provided no evidence that the selected HW is only 

related to GIA. To test if other processes in these regions also contribute to the residual geoid 

in the selected HWs in Figure  4-2 and Figure  4-3 (c and d), we use a multiple regression 

analysis (e.g. Jacoby and Smilde 2009, Ch. 4.7.5). The methodology of all the statistical tests 

that we use here was already given in Jacoby and Smilde (ibid), also in Sect. 2.3. Using these 

methods, we can isolate the geoid signal related to GIA against other disturbing signals. As 

another conclusion, we will see which regression model, linear or quadratic yields in better 

modelling results.  

Unlike some of the previous works (see Sect. 4.1), we do not assume that HW geoid signal is 

entirely related to GIA, and we perform some statistical tests between the resulting HW 

(topographic-isostatic) geoid versus the assumed disturbing processes and/or the crustal 

heterogeneity in the next section. The gravimetric-isostatic Moho depth (Bagherbandi et al. 

2013) and the digital topography model of the global topographic/bathymetric model 

DTM2006.0 (Pavlis et al. 2007) that was released together with EGM2008 by the U.S. 

National Geospatial-Intelligence Agency EGM development team are used as the crustal 

depth and the topography data, respectively. Then we test the significance of the contribution 

of each variable using linear and quadratic regressions (see Sect. 2.3).  

 

 

file://ug.kth.se/dfs/home/s/m/smsj/THESIS/monograph/references.docx
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Figure  4-4: a) The VMM Moho depth, Units: km, b) topography, Units: m, and c) 

Non-Isostatic Effects (seismic crustal model minus VMM Moho depth), Units: km, 

for Fennoscandia,  

 

 

Figure  4-5: The isolated HW a) topographic-isostatic and b) geoid signals due to the 

GIA. A harmonic window 10-23 and a quadratic regression model to filter the 

disturbing topography and crustal geoid effects were used. Units: m   
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Table  4-1: Goodness-of-fit using a linear and a quadratic regression in Fennoscandia 

 

linear quadratic 

  HW geoid HW topographic-isostatic geoid HW geoid HW topographic-isostatic geoid 
2R  0.65 0.82 0.79 0.90 

0F  402.83 1039.82 411.65 971.99 

CIM -0.71 -0.87 -0.80 -0.98 

 

Table  4-2: The T-values; Fennoscandia 

 

linear quadratic 

 

HW geoid 

HW topographic 

-isostatic geoid HW geoid 

HW topographic- 

isostatic geoid 

Land uplift rate -35.05 -40.30 -37.64 -42.41 

Moho depth 4.81 -2.40 -5.67 -13.00 

Topography -3.72 -9.77 12.94 9.47 

NIE 5.05 12.77 1.16 10.94 

 

Table  4-3: Goodness-of-fit using a linear and a quadratic regression in Laurentia 

 

linear quadratic 

  HW geoid HW topographic-isostatic geoid HW geoid HW topographic-isostatic geoid 
2R  0.55 0.53 0.53 0.49 

0F  745.62 685.63 1366.55 1189.31 

CIM -0.65 -0.52 -0.66 -0.55 

 

Table  4-4: The T-values; Laurentia 

 

linear quadratic 

  HW geoid 

HW topographic 

--isostatic geoid HW geoid 

HW topographic 

--isostatic geoid 

Land uplift rate -39.37 -26.49 -24.63 -17.61 

Moho depth -25.83 -34.04 -9.67 -5.40 

Topography 44.60 25.28 23.34 3.80 

NIE 3.42 22.28 9.21 26.95 
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To perform the regression analysis we need to introduce the variables to the model (see Eq. 

2.89). The assumed disturbing geoid signals in the area are from: a) the crustal (Moho) depth, 

b) topography, and c) Non-Isostatic Effect (NIE). The first one is obtained using an isostatic 

Moho determination (Bagherbandi et al. 2013). This crustal model is determined based on the 

assumption that the complete Bouguer gravity anomaly is isostatically compensated with the 

Moho variations under a compensation depth and based on VM isostatic model (Sjöberg 

2009). The crust, however, is not formed everywhere according to any models of isostasy, 

indicating that it can be over/under compensated. The difference between the crustal model 

determined by seismology measurements (CRUST 1.0 Laske et al. 2012) and that from the 

VM isostatic model is called NIE (Bagherbandi and Sjöberg 2012), which is an additional 

mass heterogeneity that disturbs the geoid in the same HW. 

These three variables are depicted in Figure  4-4 for Fennoscandia, and the statistics for 

goodness-of-fit (see Sect. 2.3.2) of the regression analyses for a linear and a quadratic model 

are in Table  4-1 and Table  4-2, where the CIM denotes the correlation coefficient as in Eq. 

(2.103). The CIM is the correlation between the estimated land uplift rate, using a regression 

model, and the land uplift rate data, where the effect of the Moho depth is also accounted. It 

means that the subscript 3 in Eq. (2.103) denotes the Moho depth.  

The best fit is shown in Figure  4-5 based on the results of Table  4-1, which shows that a 

quadratic model yields a slightly better fit than that of the linear model. In Table  4-2 the 𝑇𝑇𝑖𝑖-

values as in Eq. (2.85) of each variable are given indicating that the significance of the 

disturbing variables with respect to the land uplift rate are less in a quadratic than in a linear 

model, which implies that a quadratic model is more successful in isolating the geoid signal 

due to GIA in the vicinity of other variables. Finally, the isolated HW topographic-isostatic 

and geoid for the GIA are shown in Figure  4-5 for the quadratic model. The isolated HW 

topographic-isostatic geoid (Figure  4-5a) ranges from −9.2 to 2.6 m and the isolated HW 

geoid (Figure  4-5b) shows a minimum of −7.6 m and a maximum of 2.1 m. 

For North America, the three disturbing signals are depicted in Figure  4-6. The dimensionless 

statistical metrics in Table  4-3 and Table  4-4 indicate that the quadratic model is the better 

choice. The HW (topographic-isostatic) geoid signal due to GIA is shown in Figure  4-7 using 

a quadratic model. The isolated HW topographic-isostatic geoid (Figure  4-7a) ranges from 

−12.09 to 12.50 m and the isolated HW geoid (Figure  4-7b) shows a minimum of −17.04 m 

and a maximum of 18.76 m. Without regression analysis, the maximum depression occurs in 

the Atlantic Ocean and below latitude 22o N of −48.64 m and −52.14 m, for the HW 
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topographic-isostatic and geoid, respectively. This area has no relation with GIA and the 

depression is rather related to plate tectonics (see e.g. Hager and Smith 1988), while inside 

and around Hudson Bay another area of depression is visible (Figure  4-2c and d, respectively) 

with the minima reach to −36.5 and −33.2 m, respectively. These results are in agreement 

with the prediction in Simons and Hager (1997), who did not account for other disturbing 

processes. After regression analysis and taking into account the disturbing signals of the 

Moho, topography and the NIE, we found the maximum depression of 13.8 and 21.6 m, 

respectively. Furthermore, no depression is observed in the Atlantic Ocean or anywhere else 

than in the rebounding areas, after the regression analysis.  

 

Figure  4-6: a) The VMM Moho depth, Units: km, b) topography, Units: m, and c) 

Non-Isostatic Effects, Units: km (seismic crustal model minus VMM Moho depth) for 

North America. 
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Figure  4-7: The isolated HW a) topographic-isostatic and b) geoid signals due to GIA. 

A harmonic window 3-13, and quadratic regression model to filter the disturbing 

topography and crustal geoid effects were used. Units: m   

 

 

4.4 DISCUSSION   

One of the objectives of this thesis is to search for the geoid signal due to GIA, which was 

formulated as Q8 in Sect. 1.6. We used the geoid model of GOCO05s (Mayer-Gürr et al. 

2015), and separated the HWs of the regional models of the highest correlations with the land 

uplift rate models. These HWs were found to be of 10-23 in Fennoscandia, which is in 

agreement with Bjerhammar et al. (1980), and of 3-13 for North America. These HW models 

were depicted in Figure  4-2d and 4-3d. Let us call these regional models, the first generation 

or, simply, G1.  

Successively, for generating the second generation of the geoid models G2, we removed the 

disturbing geoid signal of the compensated topography. These models were shown in 

Figure  4-2c and Figure  4-3c, respectively. Then, the signals of the Moho variation, 

topography, and the Non-Isostatic effect were removed from G1 and G2 leading to G1L and 

G2L, when a linear, and G1Q and G2Q, when a quadratic regression model was used, 

respectively.   

Early in the second step, after removing the topographic-isostatic effect, the G2 models show 

dramatic improvements, which, due to its larger extension, was more evident for North 

America. The highs and lows of the geoid model G1 show a multipolar harmonic pattern, 

while G2 is very well correlated with the pattern of the land uplift rate. We found that for both 
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areas, a quadratic regression yields in slightly better goodness-of-fit, and the partial 

correlation, relative to a linear regression. The best fitting models were shown in Figure  4-5 

and Figure  4-7.  

To compute the partial correlation, in Table  4-1 and Table  4-3 only the Moho variations were 

accounted as the disturbing variable. This helps to answer an old critique, suggested by 

Andersson (1984) and further studied by Sjöberg et al. (1994), that the depression of the geoid 

of a specific HW can be partly related to the variation of the crustal thickness and not only to 

the GIA. We showed that accounting the Moho variations, the correlation coefficient drops by 

nearly 0.2. To compare with an independent data set, we borrowed the results of the analysis 

of a terrestrial gravimetry network from Pagiatakis and Salib (2003). The details of their 

regional model are in a good agreement with our G2Q model in North America. Both models 

reveal a corridor of zero uplift between a strong uplift around Hudson Bay and a weaker 

rebound in Western Canada. The zero line and the subsiding area are in a good agreement. 
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5 A GRAVIMETRIC APPROACH TO GIA MODELLING 

The main purpose of this chapter is to present gravimetric GIA land uplift and geoid rate 

models using the GRACE data. We will use three different methods, as was discussed in Sect. 

2.2 and 2.3, to extract the GIA signal of the temporal gravity variation from three analysis 

centres, leading to nine different regional models for each region under study. For the 

objectives of this thesis (Sect. 1.6), the extracted secular trend is the final stage for 

determining gravimetric models and we will not perform any reductions for other possible 

effects, such as hydrology. However, the sub-areas where the determined gravimetric model is 

reliable will be located after the comparisons with independent data sets. In order to compare 

the gravimetric models with independent data sets, we construct geometric land uplift rate 

model using GPS data, and a GIA forward model. The extracting method, which shows the 

best performance, will be presented. We will, finally present a combined land uplift rate 

model using the preferred gravimetric, GPS data and the data from GIA forward modelling.  

In Sect. 5.1, the areas under study are presented. The three data sets are produced in Sect. 5.2. 

The comparisons between the gravimetric and the two other data sets follows in Sect. 5.3 and 

in Sect. 5.4, we present a combined land uplift rate model.   

         

5.1 THE REGIONS UNDER STUDY 

In this section, we present the regions of interest of our GIA studies. The main geological 

features and geodynamics of these regions are presented, which helps in understanding the 

final discussions and interpretations of our results. These regions are known as Laurentia, 

which despite its name extends outside the Laurentian Shield further westward and comprises 

also, the Rocky Mountain Ridge, and Fennoscandia, both in the northern hemisphere, and 

covered by huge ice sheets during several periods of glaciation. In the first step, we expand 

our selected areas to include all the available GPS data that will be presented in Sect. 5.2.1. 

Then, we exclude the outliers and less reliable data using the methods that was already 

discussed in Sect. 2.3.  
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5.1.1  LAURENTIA 

Laurentia, or the North American Craton, is the ancient geological core of the North 

American continent. In eastern and central Canada, much of the stable Precambrian Craton is 

exposed at the Earth’s surface as the Canadian Shield, the name that sometimes is used, 

instead. The wider term,  Laurentian Shield, is more common when large parts of the structure 

extend outside Canada. In the United States, the craton bedrock is covered with sedimentary 

rocks of the interior platform in the Midwest and Great Plains regions, which were deposited 

from 650 to 290 million years ago (Burgess et al. 1997).  

Our area of interest is even wider than the Laurentian Shield is and extends westward 

comprising the Rocky Mountains. The study area is windowed by 22 85o oϕ≤ ≤  latitudes and 

143 19o oλ− ≤ ≤ −  west longitudes. In this thesis, whenever we refer to Laurentia as the study 

area, this spatial window is meant, and it should not be confused with the Laurentian Shield.  

The uplifting area is about 16503000 km2 with its centre at the eastern coast of Hudson Bay 

and a northeast to southwest extension (see Figure  5-2). This area also includes Greenland 

(see Figure  5-3). However, reliable observations of land uplift rate for its inland areas are not 

available, and in addition, the hot-spot activities contaminate the GPS data in the eastern 

coast. The uplift area extends westward, out of the Laurentian Shield, to the northern part of 

the Rocky Mountains Ridge. This subarea is accompanied with other geophysical processes, 

such as subduction and glacier melting, which makes the observed uplift uncertain to be 

entirely due to the GIA. We will come back to this discussion later. 

The region includes other disturbing processes in view of GIA studies, such as geodynamics 

of Great Lakes Basin hydrology and several geophysical processes in the western coast of the 

Pacific Ocean, as well as the Greenland present ice sheet melting. According to the GPS and 

TG observations, the uplift rate is fastest in the south-eastern coast of Hudson Bay.  

The plate tectonic movement of the North American Plate, which covers most of the region 

under study, is roughly in a southwest direction away from the Mid-Atlantic Ridge at a speed 

of about 1.3 cm a⁄ . This movement is due to mantle convection. In the western coast, due to 

the Pacific and Juan de Fuca oceanic plates, the pattern of the tectonic movement is more 

complicated and more related with subduction (Mazzotti et al. 2011, Craymer et al. 2011), 

where the plates collide, a vertical land movement occurs. The velocity of the land movement 

due to plate tectonics at each station is different from the mean velocity of the plate, with a 

maximum at about 1.5 mm a⁄  (Argus et al. 2010).  

https://ipfs.io/ipfs/QmXoypizjW3WknFiJnKLwHCnL72vedxjQkDDP1mXWo6uco/wiki/North_America.html
https://ipfs.io/ipfs/QmXoypizjW3WknFiJnKLwHCnL72vedxjQkDDP1mXWo6uco/wiki/North_America.html
https://ipfs.io/ipfs/QmXoypizjW3WknFiJnKLwHCnL72vedxjQkDDP1mXWo6uco/wiki/Canadian_Shield.html
https://ipfs.io/ipfs/QmXoypizjW3WknFiJnKLwHCnL72vedxjQkDDP1mXWo6uco/wiki/Laurentian_Shield.html
https://ipfs.io/ipfs/QmXoypizjW3WknFiJnKLwHCnL72vedxjQkDDP1mXWo6uco/wiki/Midwest.html
https://ipfs.io/ipfs/QmXoypizjW3WknFiJnKLwHCnL72vedxjQkDDP1mXWo6uco/wiki/Great_Plains.html
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The difference between the observed topography and the expected isostatic topography, 

which is computed, using the gravity anomalies and an isostatic model (see Sect. 3.1), 

indicates crustal heterogeneity, which can be either due to the density of different layers of 

sedimentation or to the crustal depth variation in the area. This can generate the disturbing 

gravity signal on the static gravity field (see, e.g. Bagherbandi et al. 2015). In Hudson Bay, 

for example, using the gravity anomalies, a topographic height of about 2.5 km can be 

predicted assuming the Earth’s crust being in an isostatic balance, using the VM regional 

isostatic model (Bagherbandi et al. 2015), while there is no topography. This implies the 

existence of an additional crustal mass in the area, which cannot be compensated by the 

topographic mass. The un-modelled crustal depth in Hudson Bay has likely a post-glacial 

origin.                

        

5.1.2  FENNOSCANDIA      

The Fennoscandian rebound region is dominated by bedrocks of the Baltic Shield, which is a 

part of the old East European Craton, and accompanied with a significant flexural bulge and 

large crustal depth in the Bothnian Gulf and western Finland. The East European Craton 

extends eastward to Russian Karelia, with sharp edges in Northern Germany. This area was 

once rising due the GIA, but it is now sinking with a much smaller absolute value than the 

uplift rate in the north-east coast of Sweden. Denmark is part of the transition zone from the 

uplift to the subsidence area now.   

The uplifting area has spatial extension in northeast-southwest direction of about 2400 km 

length covering an area of about 3086000 km2 (see Figure  5-1). Presently, the north-west 

coast of the Bothnian Gulf is undergoing an uplift rate of about 1 cm/a. The study area is 

limited by 48 81o oϕ≤ ≤  latitudes and 2 34o oλ≤ ≤  eastern longitudes, which includes, also, 

the northern continental areas, and Svalbard Isle.     

The plate tectonic movement of the Eurasian Plate is roughly in a northeast direction away 

from the Mid-Atlantic Ridge at a speed of about 1.5 cm a⁄ . This movement is due to mantle 

convection and hot-spot activities. At each point, the speed can be different at a maximum of 

about 1.5 mm a⁄  relative to the plate’s centre (Argus et al. 2010).    

In Bothnian Gulf, the occurrence of an over-compensated crustal depth was indicated by 

different researchers (Bagherbandi et al. 2015), otherwise, and if the crust were in an isostatic 
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balance utilizing VM regional isostatic model, a topographic height of about 4 km 

(Bagherbandi et al. 2015) is predicted. This non-compensated crustal depth generates a 

potential signal on the observed gravity field, and it was generated, at least partly by the 

glaciation (Sjöberg et al. 1994).  

 

5.2 THE REGIONAL MODELS  

The land uplift rate from geometric, GIA forward modelling, and gravimetric approaches 

construct the data triad on GIA that we study in this thesis. We will process and use the land 

uplift rate models from a) the GPS data and b) GIA forward modelling, to compare them with 

that from c) the GRACE satellite gravity mission, and finally, to produce a combined land 

uplift rate model. We also compare the temporal geoid changes from b) with that from c). The 

geometric, GIA forward, and the gravimetric models are presented in the following 

subsections.  

 

5.2.1  THE GEOMETRIC MODEL 

The geometric data sets, that we use, consist of continuous GPS observations on 150 

permanent stations, in Fennoscandia, and 239 continuous stations and 123 repeated GPS 

measurements in Laurentia. Two major issues in deriving the GIA-related velocity field from 

processing GPS data are a) fixing the transformation parameters of the reference frames, and 

b) removing the effects of plate tectonics and tides.  

It should be mentioned that other geometric data sets can also be used in making a geometric 

model including mean sea-level changes from tide gauge measurements and repeated precise 

levelling (Vestøl, 2006). However, we only use the GPS data since it is easier to conclude 

about the sources of the discrepancies when the processing method and the errors of the 

observations are confined to that of only one measurement technique. To process the TG data, 

we need the climatological and hydrographic corrections on the time series of the sea-level. 

Then, to reduce the mean sea-level change to the land uplift rate due to GIA, we need to 

model and remove the movements due to tectonics and tides at the land benchmarks. One 

main problem of the precise levelling is that they are very sparse owing to their large 

installations, and that they are very slowly updating.  
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Fennoscandia 

We use the GPS solution of Kierulf et al. (2014), which can be regarded as the latest version 

of the velocity of the land movement, due to GIA from the BIFROST project (Lidberg et al. 

2010). The GPS velocities were analysed from 150 permanent GPS stations in Sweden and 

Finland as well as several stations in Norway and other parts of North Europe, with data since 

August 1996. The minimum duration of the recorded data is 3 years.   

Two parameters need to be fixed for the unification of the sub-regional frames, i.e. the scaling 

factor and the origin of the unified reference frame. For example, the changes in origin and 

the rate of scale factor of the two reference frames, that is ITRF2000 and ITRF2005 

(Altamimi et al. 2007), impose a bias in the order of –1.1 mm a⁄  in the uplift rate, for the 

BIFROST network analysis. To remove the land movements due to other processes than GIA, 

Kierulf et al. (2014, section 4) defined a moving reference frame using a 3D velocity field 

from a GIA forward model, which showed the best fit to the land uplift rate data in the area 

(Steffen et al. 2006). Then, the 3D GPS velocity field has been translated and rotated to this 

moving reference frame, and they assumed that the resulting velocities are only related to 

GIA, so land movements due to other disturbing processes, including intraplate tectonics and 

the bias, related to the reference frames, have been removed. In the previous BIFROST 

release (Lidberg et al. 2010) the same approach was used to remove the dependence on the 

reference frame, while the corrections, for the tectonic motions and other processes have been 

carried out using a linear regression analysis. 

 

Figure  5-1: Land uplift rate due to GIA from GPS data over Fennoscandia a) at the 
stations (Kierulf et al. 2014) and b) interpolated on a 1o × 1o grid using Delaunay 
triangulation. 

 

https://academic.oup.com/gji/article/209/2/909/3002439#sec4
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Laurentia 

To construct a geometric model for Laurentia, we use two sets of GPS data. The older one is 

the solution of Sella et al. (2007), consisting 239 continuous GPS sites, with data dating back 

to 1993, the minimum duration record of 3 years, and 123 Canadian Base Network (CBN) 

stations with data longer than 4 years. All GPS data were processed using GIPSY-OASIS 

software (Ray et al., 2004). Velocities were calculated for each site using a weighted least 

squares regression (see Sella et al. 2008, Table S1), and of 124 stations, far from the area 

affected by the GIA and seismicity, to estimate the best-fit angular velocity for the plate and 

remove that from the horizontal processed GPS data. They excluded the stations in Greenland 

and Alaska, due to the disturbing effect of hot-spot activities and some non-reliable GPS data   

in these areas, in their final land uplift model due to GIA. 

At the time of writing this thesis, we received a newer data set, the non-processed GPS data in 

SINEX format from M. R. Craymer (personal communication). These data comprise almost 

all continuous GPS measurements in Canada, the northern portions of the US, Alaska, and 

Greenland since 2000 as well as a set of global sites used to define the reference frame. The 

repeated CBN stations were also included (Craymer et al. 2011). This is the latest 

homogenous solution of nearly all available GPS observations in Laurentia, with the effort of 

improving the drawbacks of the older solution (Sella et al. 2007), mainly, due to not using the 

phase centre calibration of the satellite antenna. Albeit, the newer version used longer data set, 

and a predefined unified reference frame (ITRF2005), instead of using a regional one.  

However, the newer data set, which we received, does not include some of the very important 

stations for GIA studies around Hudson Bay since their main objective was to fixing the 

reference frame and determining the tectonic movements (Craymer, personal 

communication). To cope with this problem, we processed the newer data only for the time 

after January 2007 to cover the gap of the older data set. Then we transformed the older data 

to ITRF2005, and combined them only on the stations of the older one using a least squares 

adjustment. This leads to the GPS data set that we use in this thesis. It consists of 362 stations, 

some of them available until 2006, while others, thanks to the newer data set, until 2010. 

However, most of the important stations, including those near and around Hudson Bay, are 

just available from the older release, implying that our results will rely on the older release of 

Sella et al. (2007), while the reference frame is fixed based on the more updated information 

from the processing strategy of Craymer et al. (2011). 

http://onlinelibrary.wiley.com/doi/10.1029/2006GL027081/full#grl21953-bib-0034
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Figure  5-2: Land uplift rate due to GIA from GPS data over the North America a) at 
the stations of Sella et al. 2008) and b) interpolated on a 𝟏𝟏𝟏𝟏 × 𝟏𝟏𝟏𝟏 grid using Delaunay 
triangulation. Units: mm/a 

      

 

Figure  5-3: The GPS land uplift rate due to GIA from a) Khan et al. (2016), and b) 
Sella et al. (2007), in Greenland. 

For Greenland, as a part of Laurentia study region, we received a newer data set from Khan et 

al. (2016), which is depicted in Figure  5-3 beside that of Sella et al. (2007). There are no data 

for the inland area, which prevents a suitable interpolation. Some of these data records, started 

later than 2007, are controversial. For example, the stations coded as “KUAQ” in the eastern 

cost, at 𝜑𝜑 = 68.587𝑜𝑜, 𝜆𝜆 = −33.052𝑜𝑜 and “KAGA”, at 𝜑𝜑 = 69.222𝑜𝑜, 𝜆𝜆 = −49.814𝑜𝑜  show 
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more than 21 mm a⁄  of land uplift rate due to GIA while, two stations close to KAGA, one at 

the western coast of the Disko Bay and another in Querqertarsuaq, show around 8 mm a⁄  

uplift rate, and they have been recording since 2005. We use the stations of Sella et al. (2007) 

and append the data after this time from Khan et al. (2016). 

In Figure  5-1b and Figure  5-2b, the vertical velocities (uplift rates) due to GIA are 

interpolated using a natural interpolation of a Boris-Delaunay triangulation (Press et al. 2007 

Ch.21.6).      

       

5.2.2  THE GIA FORWARD MODEL 

Using the method briefly described in Sect. 3.2.1, the viscoelastic response of a primarily 

non-rotating Earth model to a temporally changing ice load is solved for six unknowns, which 

are 1) the radial, 2) tangential displacements, 3) normal, 4) shear stresses, 5) the perturbed 

potential and 6) its radial gradient. The response of the Earth to a load (Sect. 3.2.1.3), tide, or 

a rotational torque (Stuhne and Peltier 2015) is a kernel function that can be written in terms 

of the Love numbers. The system of differential equations of motion and the Poisson equation 

can be solved either using Laplace transform or in the time domain. The program SELEN 

from Spada and Stocchi (2007) solves the equations in the Laplace domain, while VEGA1D, 

from Z. Martinec, solves it in the time domain. Spada et al. (2011) carried out a benchmark 

study on the application of different algorithms and codes. A detailed comparison was 

performed also in Guo et al. (2012) on the bunch of 14 different algorithms. Both groups 

concluded that the results from all the codes are generally, but not entirely, in agreement with 

each other (see the references for more details). Guo et al. (2012) concluded that the 

agreement between 14 codes that they tested were not enough to be used as a correction for 

analysing the GRACE data to determine the secular sea-level variation. 

We intend in utilizing the above-mentioned programs to obtain the land uplift rate and geoid 

changes, which are among their other outputs of interest to this thesis. Using the GIA forward 

models, we need to fix the input parameters in one way or another. These are a two-layered 

mantle viscosity, separated at the 670 km depth, and the elastic effective thickness of the 

lithosphere. A two-layered viscosity seems to be enough in GIA studies, as it was already 

mentioned and tested in various studies (Paulson et al. 2007), especially when only the 

vertical component is needed, otherwise, one may use a 3D viscosity profile to obtain a 3D 

land movement. In numerous studies the fixing of the input parameters were carried out by 
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assuming a set of reasonable viscosities inside the constrained interval of these values based 

on seismology data and geological observations, and then by comparing the outputs with the 

geodetic data. It should be mentioned that the two-layered viscosity models applicable to the 

entire region differ significantly from each other (Peltier 1996, Lambeck et al. 1998, Milne et 

al. 2004, Steffen and Kaufman 2005, van der Wal et al. 2011, Root et al. 2013, and see the 

discussion in Peltier et al. 2015). For example, Root et al. (2013) concluded that two 

combinations of the upper and the lower mantle viscosities, using the SELEN program, led to 

the closest land uplift rate to the GRACE, GPS, and RSL data in Fennoscandia:  

a) 0.3 to 0.7 and 1.5 to 3 × 1021 Pa.s for the upper and the lower mantle, respectively, which 

is in agreement with models VM2 (Peltier, 1996) and VM5 (Peltier and Drummond, 2008) 

and  

b) 1.6 to 4.2  and 20 to 51.2 × 1021 Pa s for the upper and lower mantle, respectively in 

agreement with e.g. van der Wal et al. (2011). Furthermore, they noted that there are no 

significant changes when different lithospheric thicknesses were used.  

However, an agreement among different groups has been reached to some extent. Peltier et al. 

(2015) noted:  

“Insofar as upper mantle viscosity is concerned, however, there is general agreement among 

those who have seriously considered the problem.”  

Finally, they (Peltier et al. 2015, see Fig. S1) used the viscosities of 0.5  × 1021 for the upper 

mantle, a transition zone and one order of magnitude larger for the lower mantle in their 

VM5a model.    

In this thesis, we use the GIA forward modelling aiming at determining the land uplift and 

geoid rate and comparing them with the extracted secular trend from the GRACE data. Since 

the input parameters of GIA forward models are already tuned such that their outputs fit the 

geodetic data sets, mainly from GPS, the controversy in the rheology of the mantle, among 

these authors, may not affect the objectives of this thesis. It means that despite the controversy 

between two sets of the above-mentioned viscosities, albeit important to determining mantle 

rheology, their resulting uplift rates, which we need to compare with our results, differ from 

that of the geodetic data by the same measure. On the other hand, what motivates us to use the 

GIA forward modelling approaches is that they provide data for the areas that the geometric 

model is determined with lower accuracies after being interpolated. In addition, the forward 

models use seismology data to improve the input parameters. Moreover, they try to explain 

http://onlinelibrary.wiley.com/doi/10.1002/2014JB011508/full#jgrb50956-bib-0031
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also the observations of horizontal land movements, polar wander, and imposed stresses in the 

lithosphere, apart from only the vertical land and geoid movements.                

To determine the GIA forward model, we use the input parameters for the lithosphere 

effective thickness and a three-layered viscosity as in VM5a model (Peltier and Drummond 

2008). Then,  

1) We compute the load Love numbers using the program SELEN-2.9.12 (Spada and 

Stocchi, 2007), where we use a Heaviside loading of a disc shape (Heaviside loading 

(Spada et al. 2011, Sect 2.2) and replace the degree 𝐴𝐴 = 1 as in Wahr et al. (1995).   

2) We download the ice models, since 21LGMt =  Ka BP and with 500 years intervals, from 

this webpage: http://www.atmosp.physics.utoronto.ca/~peltier/data.php.  

3) We compute the Green’s function using Eqs. (3.76) and the load Love numbers from step 

1).  

4) The time difference of the disturbing potential, divided by the normal gravity is the 

temporal geoid change. The disturbing potential at each pixel, i  and epoch t  is obtained 

by the numerical integrations of Eq. (3.79), such as 

( ) ( ) ( )
1k LGM

t N
T

i k j k j
t t j

T t G t t , L tψ
= =

= − D∑ ∑  , (5.1) 

where jD  is the area of each 1 1o o×  pixel j , ( )j kL t  is the load function at the centre of 

each pixel j , and at the discretized time kt  that we used in step 2), and ψ  is the spherical 

distance between the centre of the pixel j  to that of the pixel i .         

5) The temporal geoid change is determined using SHT (see Eq. 2.10). Then, it is converted 

to the land uplift rate using Eq. (3.99).  

The final land uplift rate models are given in Figure  5-4. These models are similar to Peltier et 

al. (2015) because we used the same ice history and viscosities, while they differ mainly 

because we did not include the term for the rotational feedback (see Peltier et al. 2015, Eq. 1, 

Stuhne and Peltier 2015). Figure  5-4b, for example, shows the land uplift rate in Greenland, 

where the uplift can be seen only at some coastal areas, collocated with the GPS stations, 

while in the central areas, it shows subsidence.   

 

http://www.atmosp.physics.utoronto.ca/%7Epeltier/data.php
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Figure  5-4: The land uplift rate from GIA forward modelling as described in the text 
for a) North America, b) Greenland, and c) Fennoscandia.  

 

5.2.3  THE GRAVIMETRIC MODEL  

In this section, we use the temporal change of gravity from the GRACE mission among the 

gravimetric data sets have been using in the GIA studies and already discussed in Sect. 1.3.  

To produce the level-2 GRACE data, which are the monthly SHCs of the geopotential, an 

equation of motion needs to be solved. The input data include the reduced dynamic satellite 

orbit, using GPS satellites, and the intersatellite k-band ranges, which change by the 
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variations of Earth’s gravitation, gravitational forces of other planets, and non-tidal forces due 

to atmospheric variations. The force function in the equation of motion should be only of the 

Earth’s gravity field implying that the disturbing forces should be modelled and removed. The 

background models are listed in Table  5-1 for each data set that we will use in this thesis. 

These models are useful to obtain the Earth’s geopotential from the GRACE level 1B data, 

and Table  5-1 aids in understanding the discrepancy in the monthly gravity fields, from 

different data centres. The corrections that are listed in Table  5-1 are already computed and 

added to the SHCs of the mean gravity field, in each month. Furthermore, the non-

gravitational forces acting on the satellites should be removed using the GRACE 

accelerometers data.  

We use the fully normalized SHCs of the GRACE monthly solutions of release 5 (RL05) from 

the University of Texas at Austin, Center for Space Research (CSR), the RL05a of the 

German Research Centre for Geosciences (GFZ) and of the release 3 (RL03) provided by the 

Centre National d’Etudes Spatiales (CNES), Toulouse, from their websites. For this study, 

147 GFZ and CSR monthly gravity field solutions from April 2002 until July 2015 are used, 

which for the period from October 2013 till July 2014, are reprocessed for the Atmospheric 

and Oceanic De-aliasing product (AOD1B) (Dahle et al. 2012, Bettadpur 2012). The data of 

missing months are linearly interpolated. The maximum degree and order of the spherical 

harmonics are set to 90 and 96 for the GFZ and CSR data, respectively. The 2nd zonal 

coefficient of the GFZ monthly data has a reportedly false value, which is replaced by that 

from the SLR data (see Dahle et al. 2012, revised version). In addition, 144 monthly solutions 

from CNES, complete to degree 80, are used to test an alternative processing technique 

(http://grgs.obs-mip.fr/grace). There are also other analysis centres, which methods of 

analysis and background models differ from each other (see e.g. Ray et al. 2003; Bruinsma et 

al. 2010; Dahle et al. 2012; Flechtner et al. 2015), partly unknown to us  providing the 

monthly or even more frequent solutions. 

We discussed some smoothing methods in Sect. 2.1. The effect of using different smoothing 

techniques on the GRACE data will be discussed in Sect. 5.2.3.1. To reduce the noise, 

usually, the SHCs are smoothed and de-correlated in a post-processing stage, which results in 

different monthly solutions using various processing methods and smoothing functions. 
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Table  5-1: The corrections used in GRACE level-2 data product of the German 
Research Centre for Geosciences (GFZ, Dahle et al. 2012), University of Texas at 
Austin, Center for Space Research (CSR, Bettadpur 2012), and Centre National 
d’Etudes Spatiales (CNES, http://grgs.obs-mip.fr/grace), Toulouse. IERS 2010: 
International Earth Rotation and Reference System Service conventions (Petit and 
Luzum 2010). 

   

Corrections Data Analysis Centres 
    GFZ CSR CNES 

Mean Geopotential and 
secular change EIGEN-6C, NMAX=200  IERS-2010, NMAX=360 EIGEN-GRGS v2, 

IERS-2010 

Solid 
Earth 
Tides 

Frequency 
independent 
terms 

IERS-2010 Eqs. 6.3, 6.5, 
6.7 

Degree 2 and 3 Eq. 6.6,  
Ellipticity Degree 2 to 4 
tides   
Eqs. 6.7,  IERS-2010 of 
Elastic Earth,   

IERS-2010 6.3, 6.5, 6.7 

Frequency 
dependent 
terms 

Degree 2 corrections, 21, 8,  
and 2 tide parameters of 
long,  
diurnal and semi-diurnal 

Degree 2 corrections,  
Table 6.5, IERS 2010 

Degree 2 corrections, 21, 8,  
and 2 tide parameters of long,  
diurnal and semi-diurnal 

Permanent 
tide in   4.1736E-09 4.173E-09 4.1736E-09 

Ocean 
Tides 

Tidal 
arguments 

Doodson (1921), 
Schwiderski (1983)  

Doodson (1921), 
Catwright & Taylor (1971) 

FES2012 (LEGOS) 

Diurnal and 
semidiurnal  

EOT 11a (Svacenko & 
Bosch 2011)  

(Ray 2012), GOT4.8  

Long period FES 2004 (Lefevre et al.  
2005) 

3rd body 
5 planets point masses and  
Moon and its J2 indirect 
effect  

5 planets point masses and  
Moon and its J2 indirect 
effect  

5 planets point masses and  
Moon and its J2 indirect effect  

Pole tides  Eq. 6.24IERS 2010 Eq. 6.24, IERS 2010 Eq. 6.24IERS 2010 

Polar motion 
routine from IERS website  
based on Eans (2000), 
ORTHO EOP.F 

routine from IERS website  
based on Eans (2000), 
ORTHO EOP.F 

routine from IERS website  
based on Eans (2000), ORTHO 
EOP.F 

Atmospheric and Oceanic 
non-tidal 

AOD1B (Flechtner et al. 
2015) 

AOD1B (Flechtner et al. 
2015) 

ECMWF ERA-interim (every 3 
hr) 
oceanic de-aliasing fields 
TUGO (every 3 hr) 
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Unlike for the GFZ and CSR data, no post-filtering has been used for the CNES data. The 

regularization method, used to determine the SHCs of CNES data of release 3, which we use 

here, was applied using the truncated singular value decomposition, and the CNES data 

analysis team used some modelled constraints at the higher degrees (Stephane Bourgogne 

from CNES/GRGS team, personal communication). The process of the release 2 is described 

in Bruinsma et al. (2010), while the reference document for release 3 is currently being 

prepared for publication. 

As was described in details in Sects. 2.1-2.3, our methodology to obtain a gravimetric land 

uplift rate model consists of smoothing the SHCs of the level-2 monthly GRACE data, 

followed by extracting the secular trend of the temporal geoid change over the areas of 

interest. To do this we need to answer two questions: 

1) Which smoothing method (see Sect. 2.1) is the most suitable for GIA studies? 

2) Which analysis method (see Sect. 2.2 and 2.3) is the best in extracting the secular trend?  

We will answer these questions in the following subsections. 

 

5.2.3.1  SMOOTHING THE GRACE MONTHLY DATA 

The large errors in determining the SHCs of high degrees from the GRACE data, limits 

exploiting the data to its maximum spatial resolution. The purpose of this subsection is to use 

some smoothing methods (Sect. 2.1) to retrieve the gravity signal of the higher harmonic 

degrees. To answer to the question which smoothing method is the most suitable for GIA 

studies? We use the anisotropic filters, namely DDK1 to DDK8 (Kusche et al. 2009, Table 1, 

and Eq. 3 for DDK1-3, and personal communication), and isotropic GFs of varying radii. 

These filters were described in Sect. 2.1.4, and one can use the MATLAB software provided 

by R. Rietbroek, in his GitHub.com webpage to obtain some of them.  

We will discuss that using the smoothing filters with the exceeding smoothing power than the 

above-mentioned filters are not rationale and it leads to unwanted over smoothing or, on the 

other hand, fails to remove the noise. Using the inhomogeneous filters would be complicated 

and computationally inefficient as the smoothing kernels vary at each point on the sphere. The 

numerical results of this subsection will be used to answer the challenging research question 

Q2 as listed in Sect. 1.6.  
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The smoothing power of the isotropic filters (see Eq. 2.19) depends on the half wavelength 

radius of the Gaussian kernel function. The problem in using the Gaussian Filter (GF) is that it 

is unstable and starts to oscillate random and with large amplitudes at some degrees 𝐴𝐴𝑔𝑔, which 

is dependent on its half wavelength radius. This makes the GF useless for smoothing the 

SHCs of the degrees 𝐴𝐴 > 𝐴𝐴𝑔𝑔. We test nine GFs of various radii of interval 350 to 750 km. 

Note that using shorter radius than in the interval, makes the data over smoothed, diminishing 

the power of the signal, and not only the noise, while using a larger radius, it would be 

impossible to remove the noise. For the used set of the radii the above mentioned unwanted 

oscillations start from different degrees in the interval 45 < 𝐴𝐴𝑔𝑔 < 51. One way to cope with 

this problem is to simply ignor the SHCs for the larger degrees 𝐴𝐴 > 𝐴𝐴𝑔𝑔, and assume that the 

GF is zero. The drawback of ignoring the higher degrees is that the resulting GRACE signal, 

and so the secular trend, shows over smoothing features. The smaller the radius the larger the 

smoothing power of the GF (see Eq. 2.18), and the filter shows low-pass properties. These 

filters are sorted from the small to large radii, or from low-pass to high-pass ones (Table  5-2). 

The anisotropic filters form as full matrix or as diagonal matrices, according to our derivation 

in Eq. (2.22), where the diagonal elements are not necessarily zero. The operation of this filter 

to the SHCs requires high CPU storage and makes the program run slow. This is not efficient 

for analysing 436 monthly of 12242 SHCs together. It has been shown by Kusche et al. (2009, 

supplementary documents, table 1) that some of the diagonal elements of the filter matrix as 

in Eq. (2.22), such as those with m m′≠ , and with n n′±  being an odd number, can be safely 

approximated to zero. These DDKx filters differ from each other also in the regularization 

factor (see Sect. 2.1.4), which is the weighting factor of the constraint covariance matrix. 

Thus, it controls the power of the smoothing. These filters from the strongest to the weakest 

smoothing power are DDK1, with λ = 1 × 1014 to DDK8, with λ = 5 × 109 (Table  5-2).  

Table  5-2: High- and low-pass properties of the filters.  

  
High pass   Band pass   Low pass 

Gaussian filter  𝑟𝑟 [km] 350 
GR 𝑟𝑟 = 400 km  

 

GR 𝑟𝑟 = 700 km  
750 

𝜆𝜆 3 × 103 … 655.4 
DDKx filter 𝜆𝜆 1 × 1014 DDK2   DDK7  5 × 109 
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Figure  5-5: The effect of smoothing in North America; the secular linear trend of the 
geoid rate from CSR (a,b), and GFZ (c,d) data. In (a,c) a Gaussian smoothing filter of 
radius 700 km and truncated at degree 𝐴𝐴𝑔𝑔 = 45 is used and (b,d) are determined 
without smoothing. Units: mm/a  

 

The contribution of the noisy short wavelength components of the gravity field in the 

determination of the monthly mass variation is already cited in numerous works (e.g. 

Swenson and Wahr 2006), also in Sect. 2.1. The effect of the smoothing on the secular linear 

trend is illustrated in Figure  5-5 and Figure  5-6, for North America and Fennoscandia, 

respectively. It is clear from Figure  5-5b, d and Figure  5-6b, d, that the north-south stripes, 

accompanied with the monthly geoid (not shown), remain in the estimated linear secular 

trend. In addition, in some areas the secular trend before smoothing is exaggerated. Using an 

isotropic Gaussian filter of radius r = 350 km (Eq. 2.18), we smoothed the monthly geoid 

heights, and then we extracted the linear secular trend using regression analysis, which is 

given in Figure  5-5a, c and Figure  5-6a, c. After the smoothing, the striped patterns were 

vanished, but still we need to know to what extent the short wavelengths were retrieved. The 
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GF used here, is truncated at degree 𝐴𝐴𝑔𝑔 = 45, implying that the extracted geoid signal has no 

information for wavelengths shorter than a spatial resolution of about 446 km. In other 

words, by using the truncated GF, we cannot exploit the gravity data to their highest spatial 

resolution, which could be nominally supported by the maximum degrees of their recovered 

spherical harmonics (90, 96 and 80 for the GFZ, CSR and CNES, respectively).  

 

 

Figure  5-6: The effect of smoothing in Fennoscandia; the secular linear trend of the 
geoid rate from CSR (a,b), and GFZ (c,d) data. In (a,c) a Gaussian smoothing filter of 
radius 700 km and truncated at degree 𝐴𝐴𝑔𝑔 = 45 is used and (b,d) are determined 
without smoothing. Units: mm/a  

 

The selection of the best filter varies based on the application. To test the effect of the 

smoothing, we use all the above-mentioned filters, convert the monthly geoid height to the 

monthly equivalent land uplift (ELU) rate, using Eq. (3.99) and then, extract its secular trend 

using linear regression analysis. It means that we compute a gravimetric land uplift rate at 

each GPS station. Then, we select the smoothing filter, which shows the smallest weighted 

root mean squares of the differences of this land uplift rate with that of the GPS data. 
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We chose to compare with the GPS data and not the data from the GIA forward model since 

the estimated secular trend of the GPS data, with a long enough recording time could be 

disturbed by tectonics, which can be modelled and removed, but not by hydrology, sea 

variations, and ice mass melting, such as TGs and gravimeters measurements. On the other 

hand, the input parameters of the GIA forward models are tuned such that land uplift rates, as 

their outputs, show small differences with the GPS data. Therefore, we do not gain anything 

more comparing with a model, which is tuned with the GPS data. In addition, an existing 

issue is which GIA forward model to use.    

The estimated linear trend of the ELU rate, using the 17 smoothing filters mentioned above, 

and from three data analysis centres are compared with the GPS data. As it was mentioned 

before, the smoothing is performed only for the CSR and GFZ data and not to the CNES data. 

The results of the comparison are shown in Figure  5-7 and Figure  5-8 for Fennoscandia and 

North America, respectively.  

First, we interpolate the GPS data using a Delaunay triangulation on a 1𝑜𝑜 × 1𝑜𝑜 grids (see Sect. 

5.2.1), and then, compare them with the GRACE data at the same grids. This smooths the 

relatively sparse and scattered GPS data, implying that the comparison at each grid would not 

be reliable. In Figure  5-7a and Figure  5-8a, four different measures of the differences for each 

region are plotted, against the ensemble of the filters. The correlation coefficient (CC) and its 

statistical tests were presented in Sect. (2.3.3). Coarsely speaking, the closer |CC| to one, 

indicates that the patterns of the GRACE and interpolated GPS data mimic (for CC =̇+ 1) or 

mirror (for CC =̇− 1) each other. The CCs in the last row of the Figure  5-7a and Figure  5-8a 

were all accepted in a two-tailed T-test of 5% risk level and with the variable as in Eq. 

(2.116).  

The interpolation leads to unrealistic geometric land uplift rates for the grid points located far 

from the initial data points, which were estimated with high accuracy. Comparing the RMS 

differences of the GFZ data in Figure  5-7a, where the GPS data were interpolated, with that in 

Figure  5-7b, where no interpolation was used, as well as in Figure  5-8a, with that in 

Figure  5-8b, reveals the RMS differences drastically decrease, when the GPS data are 

interpolated on regular grids, which is due to unrealistic smoothing. This smoothing is not a 

cause of the filters but due to the interpolation. This implies that the RMS differences are not 

a proper measure to compare the GRACE with the interpolated GPS data.   
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Figure  5-7: The comparison between the GRACE ELU rate computed using the filters 
in the abscissa and the regression analysis, a) on gridded points b) at the GPS stations, 
and the GPS data for Fennoscandia. STD: standard deviation, (W)RMS: (Weighted) 
Root Mean Squares, and CC: Correlation Coefficient. Units: mm a⁄     

The secular trend of the ELU rate shows correlations equal or bigger than +0.80 for a subset 

of filters from DDK4 to DDK7 with the gridded GPS data in Fennoscandia, and it drops down 

to less than +0.65 only for the GF of radii larger than 650 km. The DDK4 filter shows the 

highest correlation in Fennoscandia, which is 0.85 and 0.86, for CSR and GFZ data, 

respectively.   

In Laurentia, however, the interpolated GPS and the GRACE data show no significant 

correlation. The largest correlation here occurs when GF of radius 350 km is used due to the 

fact that the GFs smoothed the signal too much As mentioned above, due to the unwanted 

oscillations of the Gaussian filter, its coefficients beyond degree 𝐴𝐴𝑔𝑔 = 45 are replaced by 

zero, which makes the monthly geoid and ELU be truncated up to this harmonic degree. 
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Another reason for obtaining non-significant CCs can be either due to a failed interpolation, in 

Laurentia or to the effect of the secular trend of the Greenland ice sheet. We come back to this 

discussion in Sect. 5.3.1, where we show how excluding the unreliable GPS stations from our 

data set, increases the correlation (see Table  5-7, the column indicated by RA).  

Second, we carry out the same comparison at the GPS stations, and without interpolating the 

GPS data. The GRACE data are determined, using a linear regression analysis and Eq. (3.99) 

at the points of 150 and 362 GPS stations, for Fennoscandia and Laurentia, respectively. 

In Fennoscandia, the ELU rate from GFZ data show larger RMS differences, for all the 

anisotropic filters, than that for the CSR data, implying that there was a bias in estimating the 

GFZ data set. The maximum difference between the GFZ and GPS data, is 1.2 mm a⁄  larger 

than that for the CSR data, while they are smaller using isotropic filters of radii larger than 

450 km. The reduction of the RMS differences using the GFZ data and the GF of the 

mentioned radii is an effect of over smoothing of the GRACE data by truncating the GF, 

which were discussed above.    

For Laurentia, the RMS differences are generally very large, and it reaches to a maximum of 

4.2 mm a⁄ , when using GFZ data and DDK8, with the weakest smoothing power among the 

anisotropic filters. We will show later that the main part of the relatively large differences is 

due to the estimation of the linear trend from GRACE data over Greenland and Alaska. Yet, it 

is clear from Figure  5-8b that the smallest RMS occurs when the DDK4 and DDK2 filters 

were used for CSR and GFZ data, respectively.  

To reduce the effect of any possible bias of the estimated monthly ELU, we show also the 

results of the weighted root mean squares of the differences, (WRMS) given by 
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The WRMS differences are shown in the last row of Figure  5-7b and Figure  5-8b, for 

Fennoscandia and Laurentia, respectively. Comparing these figures with the RMS differences 

(the middle row of the same figures) reveals that the effect of the overestimation of the GFZ 

LU rate is reduced. The WRMS for the GFZ data is still, larger than that for the CSR data, 

when the anisotropic filters DDK5-8 and GF of radius bigger than 650 km are used. Note that 

GF for larger radius (smaller 𝜆𝜆, in Eq. 2.19), and DDKx show high-pass filtering properties 

for smaller 𝜆𝜆. The DDK4 filter shows the smallest WRMS for both areas.  

The statistics of the differences of the CNES land uplift rate with the GPS data are shown as 

an appended data in the abscissa of Figure  5-7 and Figure  5-8, which show an RMS of 1.9 

and 3.7 mm a⁄  for Fennoscandia and Laurentia, respectively. The RMS differences of the 

CNES data are larger than that of the CSR and GFZ data, when the DDK2-4, for 

Fennoscandia and DDK2-5, and GF of radii 350-700, for Laurentia are used. 

 

Figure  5-8: Same as Figure  5-7, but for Laurentia. Units: mm a⁄  
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5.2.3.2  EXTRACTING THE GIA COMPONENT 

The purpose of this section is to produce the gravimetric models using the extracting methods 

described in Sects. 2.2 and 2.3. In the previous section, we mentioned that the GFZ and CSR 

data need to be smoothed, while the CNES data are already computed using a regularization 

method and do not need smoothing. Moreover, the so-called DDK4 filter showed the smallest 

WRMS of the differences between the linear secular trend and the GPS land uplift rate, for 

both, Laurentia and Fennoscandia study areas, which we use to smooth the GRACE monthly 

gravity field from the CSR and GFZ data. The smoothed and dimensionless SHCs of the 

monthly disturbing potential are the input data that we used in this section. Then we perform 

RA, PCA/EOF, and ICA, to extract the secular trend of the input data.  

 

Figure  5-9: The relation between the dimensionless spherical harmonic coefficient of 
the monthly geopotential in the central circle and that of different quantities at the sea 
level.  

The SHCs of some of the quantities related to the Earth’s gravity field, such as the gravity 

anomaly, gravity disturbance and its radial derivative, disturbing potential, and geoid 

undulation have a linear relation with each other (Figure  5-9). Furthermore, Eq. (3.70) and Eq. 

(3.99) show that the SHCs of the land uplift rate can also be approximately linearly related to 
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that of the geoid, which are illustrated by the red and green circles in Figure  5-9. The relations 

between some of these quantities are in Figure  5-9, following the notations in Ch. 3. 

Here, we use the dimensionless SHCs of the monthly disturbing potential, convert them to the 

geoid height, and ELU using Eq. (3.99), and smooth them using DDK4 filter. These are the 

input signals. 

Using the RA, the input signal is the spatiotemporal matrix L  in Eq. (2.85), and we aim at 

extracting the secular trend amongst periodicities, noise, and systematic observation’s errors. 

The extracted mass signal is the secular trend of geoid and the ELU rate, during the lifetime 

of the GRACE data given in the introduction of Sect. 5.2. To retrieve the secular trend, the 

periodic changes need to be removed using the tidal models and de-aliasing products. After 

removing the sub-monthly periodicities using the background models in Table  5-1, the time 

series of the GRACE data are still affected by tides with longer periods (Mazzega, 1989 and 

Chen, 2009).  

The regression model forms such as in Eq. (2.114), where qf  is the frequency of each 

periodic effect. As we indicated in Table  5-1, the effects of semidiurnal tidal gravity, with the 

maximum of about 2 mm of the geoid height (Ray et al. 2003), as well as the non-tidal 

atmospheric effect (Boy et al. 1998) have been removed from the monthly solutions 

(Flechtner et al. 2015), as it has been mentioned in the introduction of Sect. 5.2.3. However, 

the secular gravity variation is likely sensitive to the errors of the monthly de-aliasing product 

(Steffen et al. 2010, Hill et al. 2010). Due to the precession of the highly inclined orbit, the 

solar and the lunisolar tides affect the GRACE gravity solution with the frequencies of 2 and 

1 cycle/a (for K2 and K1 tides) and the zero frequency for S2, which are equal to 3.7 and 7.7 

years and 161 days, respectively. These frequencies are computed relative to the initial 

GRACE orbit (Ray et al. 2003). To derive the 13 years secular trend of the gravity variations, 

the signal due to S2 and K2 tides (with periods of 161 days and 3.7 years, respectively) 

should and will be filtered out from the GRACE data. If the aliased periods can be computed 

or assumed, then their effects can be corrected for in the signal, and the remaining secular 

trend can be obtained using a model such as Eq. (2.114).  

Alternatively, using the decomposition methods (Sect. 2.2), we aim at extracting the principle 

or the independent components of the spatiotemporal matrix L , in Eqs. (2.42) and (2.55), 

respectively, which can include time series of the geoid or the ELU rate. Two different 
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techniques are used here (a) the PCA/EOF (Sect. 2.2.1) and (b) the fast ICA (Sect. 2.2.2, 

Hyvärinen & Oja, 2000).  

The PCA/EOF extracts the principal components of a the elements of L , using a SVD, which 

show the same variability of the input data in L . The PCs are then uncorrelated with each 

other.    

The ICA technique extracts the linear combinations of the elements of L , in time or space 

domain, which are mutually statistically independent. In fast ICA algorithm, the extracted 

components are neither completely spatially nor temporally mutually independent. The trade-

off between spatial and temporal dependencies is controlled by constant weights. It should be 

mentioned, that some early algorithms searched for a trade-off, for the extracted signals, 

between being temporally or spatially independent (Stone et al. 2002). The FastICA 

MATLAB package is available from http://research.ics.aalto.fi/ica /fastica/. Note that in this 

thesis, we do not use this software per se, but we modified it. Each row of the input 

spatiotemporal signal should be a time series of one point, and each column corresponds to a 

vectorised regional map, in one month. The output of the program consists of the 

(principal/independent) components, which need to be sorted according to their variances. 

The component with the maximum variance is comparable with the secular trend, which is 

already found using RA, can also be computed using a GIA forward model or observed using 

GPS data, after being interpolated on the same grid.  

Using the methodology described in Sect. 2.2. and 2.3, and in more detail in the above, we 

produce the gravimetric models from the GRACE monthly gravity data. These models are 

plotted in Figure  5-10 to Figure  5-14, for the areas under study, and for the geoid and land 

uplift rate while their statistics are presented in Table  5-3 and Table  5-4. Note that the 

anisotropic DDK4 filter is used for both areas. 

The fastest land uplift rate in North America is obtained using PCA/EOF and CNES data at 

15.4 mm/a. The same maximum land uplift rate is also estimated for GFZ data either using 

ICA or PCA/EOF method. The maximum estimated land uplift using CSR data is about 1 

mm/a smaller. All models in Figure  5-10 show two zones of the fast uplift rate in the west 

and southeast coast of Hudson Bay. The zero line crosses the Great Lakes and continues to 

Bismark in North Dakota, where the southern areas undergo large subsidence, estimated using 

ICA and CSR data at −5.2 mm/a in New Mexico.  

http://research.ics.aalto.fi/ica%20/fastica/
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Figure  5-10: The gravimetric land uplift rate models using CSR (top), GFZ (middle), 
and CNES (bottom) data and three extracting methods, ICA (a,d,g), PCA (b,e,h), and 
RA (c,f,i), for North America. Units: mm/a     

Using the CNES data and RA, the secular trend of the land uplift rate shows a noisy pattern 

over the area, and with some stripe artefacts appears when the PCA/EOF were used 

(Figure  5-10h). Note that the CNES monthly data were obtained up to degree and order 80, 

and Figure  5-10 (h and i) implies that their data processing  methods were not successful in 

removing the noise and the stripes from the higher SHCs.  

The geoid rates (Figure  5-11), over the centre of the rebound, using GFZ data show generally, 

the largest estimates among the three data sets. 
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Figure  5-11: The gravimetric geoid rate models using CSR (top), GFZ (middle), and 
CNES (bottom) data and three extracting methods, ICA (a,d,g), PCA (b,e,h), and RA 
(c,f,i), for North America. Units: mm/a 
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Figure  5-12: The gravimetric land uplift rate models using CSR (top), GFZ (middle), 
and CNES (bottom) data and three extracting methods, ICA (a,d,g), PCA (b,e,h), and 
RA (c,f,i), fop Fennoscandia. Units: mm/a   

In Fennoscandia, the secular trend from GFZ data is overestimated, and the land uplift rate 

models (Figure  5-13d-f) show about +2.0 mm/a in the northern continental areas. There, the 

CNES data oscillates between 1.5 to 4.3 mm/a, and, as that of the North America, the 

PCA/EOF method is the most noisy one. The fastest land uplift rate occurs in the eastern coast 

of Sweden, and the pattern of the land uplift rate is more localized using the ICA method 

around a point in the Bothnian Gulf (near Ratan) in Figure  5-12a, d, and g.   
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Figure  5-13: The gravimetric geoid rate models using CSR (top), GFZ (middle), and 
CNES (bottom) data and three extracting methods, ICA (a,d,g), PCA (b,e,h), and RA 
(c,f,i), for Fennoscandia. Units: mm/a 

For Greenland, the geoid rate models are shown in Figure  5-14. The largest negative 

estimated secular trend is at about  −4.0 mm/a, and it occurs inland and around 60o latitude. 

This negative geoid change cannot be verified by the GIA forward models, and as we will 

show in the next section, the land uplift rates computed using Eq. (3.99) show large 

differences with the GPS data. The secular trends, shown in Figure  5-14, cannot be related 

only to GIA, but likely, due to other processes that produce a rather secular signal in the time 

span of the GRACE data, which cannot be distinguished with that of the GIA. We come back 

to this discussion later.         
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Figure  5-14: The gravimetric geoid rate models using CSR (top), GFZ (middle), and 
CNES (bottom) data and three extracting methods, ICA (a,d,g), PCA (b,e,h), and RA 
(c,f,i), for Greenland. Units: mm/a 
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Table  5-3: Statistics of the gravimetric models, in Laurentia. Units: mm/a 

Gravimetric land uplift rate model max min mean Standard deviation 

CSR 
ICA 14.31 -8.10 0.81 3.44 
PCA 14.34 -8.10 0.79 3.39 
RA 13.65 -8.11 0.62 3.43 

GFZ 
ICA 15.38 -8.07 1.24 3.72 
PCA 15.38 -8.11 1.19 3.72 
RA 14.77 -8.10 1.03 3.73 

CNES 
ICA 15.35 -8.10 1.43 3.84 
PCA 15.40 -8.11 1.49 4.10 
RA 15.36 -8.11 0.73 3.73 

 

Geoid rate model max min mean Standard deviation 

CSR 
ICA 1.12 -0.64 0.03 0.32 
PCA 1.11 -0.64 0.03 0.32 
RA 1.10 -0.64 0.03 0.31 

GFZ 
ICA 1.45 -0.64 0.13 0.41 
PCA 1.45 -0.64 0.12 0.41 
RA 1.44 -0.64 0.12 0.41 

CNES 
ICA 1.46 -0.64 0.13 0.41 
PCA 1.50 -0.64 0.13 0.41 
RA 0.81 -0.64 -0.11 0.27 

 
Table  5-4: Statistics of the gravimetric models, in Fennoscandia. Units: mm/a 

Gravimetric land uplift rate model max min mean Standard deviation 

CSR 
ICA 10.16 -5.96 1.57 3.47 
PCA 10.00 -5.19 1.58 3.39 
RA 8.46 -5.31 1.38 3.12 

GFZ 
ICA 12.03 -4.86 3.05 3.56 
PCA 11.81 -3.50 3.08 3.47 
RA 10.15 -3.55 2.92 3.16 

CNES 
ICA 12.44 -6.23 3.10 3.59 
PCA 12.81 -6.16 3.21 3.69 
RA 11.23 -6.12 1.53 3.23 

 

Geoid rate model max min mean Standard deviation 

CSR 
ICA 0.32 -0.63 -0.10 0.22 
PCA 0.32 -0.63 -0.11 0.22 
RA 0.26 -0.63 -0.12 0.21 

GFZ 
ICA 0.94 -0.39 0.33 0.31 
PCA 0.93 -0.42 0.33 0.31 
RA 0.87 -0.41 0.32 0.30 

CNES 
ICA 0.94 -0.30 0.32 0.31 
PCA 0.94 -0.36 0.32 0.32 
RA 0.3 2 -0.63 -0.21 0.21 
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5.3 COMPARISON AND COMBINATION OF GIA MODELS  

In the preceding sections, we determined three regional models of different origins, namely 

the gravimetric, geometric and the GIA forward models. The gravimetric models, which are 

obtained using three extracting methods of three GRACE data processing centres, altogether, 

led to nine different regional gravimetric models for each area of interest. The main purpose 

of the comparison that we undertake in this chapter is to answer research question Q3, in 

more details, also Q4 (Sect. 1.6). As was mentioned in the introduction of this chapter, the 

extracted secular trend, using RA, PCA/EOF, and ICA are our gravimetric models implying 

that the mutual comparisons of the gravimetric models versus the geometric and GIA forward 

models may result in the selection of the best extracting method. 

We perform a mutual comparison between the gravimetric, as was obtained in Sect. 5.2.3, 

versus the geometric data sets as was described in Sect. 5.2.1, and that of the GIA forward 

model, as was described in Sect. 5.2.2. We want to see how the mutual differences vary over 

the area and mark the subareas and the location of the GPS stations that show large 

differences, to be able to speculate about reasons of the discrepancies, which follows in Sect. 

5.3.1. In addition, the sub-areas that show large differences with the predictions of the GIA 

model will be signified in Sect. 5.3.2.  

 

5.3.1  GRAVIMETRIC VS. GEOMETRIC MODELS 

To interpolate the GPS data, we use a C++ code of a nearest-neighbour interpolation from 

Press et al. (2007) called delaunay.h and modified the freestanding function dist() to compute 

the weights to be defined using the inverse distance and the standard deviation of each point. 

All data are then, interpolated on 1𝑜𝑜 × 1𝑜𝑜 grids, and they are subtracted from the gravimetric 

models (Figure  5-10. and Figure  5-12).  

Figure  5-15 to Figure  5-20 and Table  5-5 and Table  5-6 show the differences, and their 

Student’s test variable (Eq. 2.99): 

GRACE GPS
i i

i
i

h hT
s
−

=
 

 (5.5) 

at the GPS stations for the accepted and rejected stations after a test as in Eq. (2.100), and 

with a theoretical value of a two-tailed Student’s distribution at a selected risk level of 5 per 

cent, such as f 𝑡𝑡0.05 = 1.984 (Bjerhammar 1973, Ch. 2–18 and appendix 2). For the stations 
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with 0 05i .T t> , the differences are significant in a 1-sigma interval at 95% confidence. In 

addition, Table  5-5 and Table  5-6 list the correlation coefficients, after excluding of the 

rejected stations.    

The stations at which the gravimetric and geometric models are consistent with each other are 

shown in Figure  5-16, while their differences are significant at the stations depicted in 

Figure  5-17, over North America. The test variable over Fennoscandia is depicted in 

Figure  5-19.  

The differences are 0.0 − 1.2 mm a⁄  for the north-eastern coast of Sweden, the centre of 

uplift, and always smaller than 2.2 mm a⁄ , having excluded the outlier stations. Most of the 

rejected stations in the Student’s test are in the peripheral area of Fennoscandia. The stations 

near the uplift centre are mostly accepted in the test. However, using ICA and PCA/EOF 

technique and in contrast to the RA, some of them are rejected in the north-eastern coastline 

of Sweden. The results from GFZ data imply an overestimation and their total RMS 

differences are relatively larger, but almost all the rejected stations, are far from the centre of 

uplift. In addition, the stations with small recording time durations (most of them in Norway) 

are rejected. These are promising results, which is a fact regardless of the extracting method. 

The regional GRACE models show high correlations with the interpolated GPS data over 

1o × 1o grids in Fennoscandia, which is in agreement with the last row of Figure  5-7a. 

For Laurentia the differences are 0.0 − 1.2 mm a⁄  for the stations around Hudson Bay using 

decomposition techniques, and it reaches to a maximum of  2 mm a⁄  when using RA. 

Furthermore, at all stations in Greenland and Alaska, the data from the gravimetric models 

differ from the GPS data by more than three times of the standard deviation of the differences.  

The correlations after excluding the rejected stations are generally improved, as one would 

expect. The reason is that the interpolation fails, due to relatively sparse GPS data for the 

northern latitudes, besides, all the stations in Greenland, which were included in the 

computation of Figure  5-8, are now excluded for computing CCs in Table  5-5. The effect of 

the secular trend of the Greenland ice mass, likely, contaminated the estimated ELU rates, and 

as a result, they differed from the GPS data.  

In Laurentia, using ICA method, the number of the rejected stations reduces, and the 

correlations increase, after excluding the rejected stations, except for the CNES data, where it 

decreases by 0.04, which is very small. The RMS values are not following the same reducing 

pattern as that of the correlations, because the rejected stations were not excluded here. All the 
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stations around Hudson Bay were accepted except for Figure  5-17 (h and i), i.e. PCA/EOF 

and RA extracting method and the CNES data. The CNES data show some noisy differences 

(see Figure  5-16g-i). This is likely, due to the effect of the constraints used in its 

regularization method, which is unknown to the authors. However, using ICA, the same 

stations around Hudson Bay are now accepted in the Student’s t-test. The rejected stations 

(Figure  5-18) show three clustering regions, one along the Great Lakes, one in north-west 

Canada, including Calgary and Whitehorse stations, and another one in southern US, with less 

certainty, smaller test variables. The stations in Alaska are rejected. The areas around the 

Great Lakes are accompanied with the signal of the hydrology cycles, which affects the 

gravimetric models. The Western Canada undergoes a complicated subduction pattern as was 

mentioned in Sect. 5.1.2, which can also disturb the GPS estimations. In Alaska, the gravity 

signal of the ice sheet mass change, likely, affects the secular trend estimation from the 

GRACE data.       

       

 

Figure  5-15: The difference between the land uplift rate from CSR (top), GFZ 
(middle), and CNES (bottom) data, using three extracting methods, ICA (a,d,g), PCA 
(b,e,h), and RA (c,f,i), with that from the gridded GPS data, for North America. Units: 
mm/a 
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Figure  5-16: The 𝑇𝑇𝑖𝑖-values of the differences in Figure  5-15, i.e. the differences over 
their SDs for the accepted stations in 1-sigma. using CSR (top), GFZ (middle), and 
CNES (bottom) data and three extracting methods, ICA (a,d,g), PCA (b,e,h), and RA 
(c,f,i), for North America. Units: mm/a 



139 

 

 

Figure  5-17: The same as Figure  5-17 for the rejected stations. Units: mm/a 

In Fennoscandia, only one station in Svalbard outlies. Generally, the rejected stations after 

performing the Student’s test are clustered in two areas; one is in the western coast of Norway 

and another one in the south-eastern coast of Norway and south-western coast of Sweden. The 

number of rejected stations differ significantly with the data analysis centre. The CNES data 

shows a small number of rejected stations, only 12 stations using ICA. On the contrary, using 

the GFZ data more than half of the stations are rejected, including 84 stations using ICA. A 

moderate number of 33 stations are rejected when the CSR data were utilized with ICA. Yet, 

the correlations using the GFZ and CSR data are larger than that of the CNES data, implying 

that the gravimetric model using CNES data is less consistent with the geometric model 

despite of the agreement at the GPS stations. The reason is likely that the CNES data show 

high frequency perturbations, due to the employed regularization techniques, and, as a result, 

they are close to the geometric model for some subareas, while the spatial pattern is too noisy 

to show high correlations with the geometric model. The differences of the GFZ with the GPS 

data are slightly more than 1 mm in the Bothnian Gulf, implying that GFZ data are 
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overestimated, while excluding the rejected stations and using ICA method the correlation is 

0.96 (Joud et al. 2017).        

 

 

Figure  5-18: The difference between the land uplift rate from CSR (top), GFZ 
(middle), and CNES (bottom) data , using three extracting methods, ICA (a,d,g), PCA 
(b,e,h), and RA (c,f,i), with that from the gridded GPS data, for Fennoscandia. Units: 
mm/a     
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Figure  5-19: The 𝑇𝑇𝑖𝑖-values, i.e. the differences (vs. GPS data) over their SDs using 
CSR (top), GFZ (middle), and CNES (bottom) data and three extracting methods, 
ICA (a,d,g), PCA (b,e,h), and RA (c,f,i), for Fennoscandia. Units: mm/a 
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Figure  5-20: The land uplift rate of  the gravimetric models using CSR (top), GFZ 
(middle), and CNES (bottom) data and three extracting methods, ICA (a,d,g), PCA 
(b,e,h), and RA (c,f,i), minus the GPS data, for Greenland. Units: mm/a 

For Greenland the poor coverage of the GPS data prevents any reliable interpolation, 

therefore, the differences are computed at each GPS station. The results of such a comparison 

are shown in Figure  5-20. The name of the stations abbreviated following Sella et al. (2007). 

All the 5 stations are outliers, i.e. the absolute value of land uplift rate differences versus those 

of the GPS data are larger than 3𝑠𝑠, where 𝑠𝑠  is the standard deviation of the differences, 

implying that the estimated secular trend from the GRACE data, irrespective of the extracting 

method, is not only due to GIA.   
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Table  5-5: Comparison of the Gravimetric land uplift rate from GRACE and GPS, in 
Laurentia. RMS units: mm/a 

 ICA PCA/EOF RA 
   GFZ  CSR  CNES   GFZ  CSR  CNES   GFZ  CSR  CNES  
RMS 3.01 2.95 4.15 3.2 2.94 4 3.04 2.75 4.12 
No. of Rejected Stations 69 50 45 80 58 47 83 63 50 
No. of Outliers stations 8 8 7 8 8 7 7 7 7 
CC* 0.74 0.74 0.56 0.78 0.7 0.6 0.66 0.69 0.57 
*: Rejected stations are excluded 
  

Table  5-6: Comparison of the Gravimetric land uplift rate from GRACE and GPS, in 
Fennoscandia. RMS units: mm/a. 

 ICA PCA/EOF RA 
   GFZ  CSR  CNES   GFZ  CSR  CNES   GFZ  CSR  CNES  
RMS 2.19 1.2 1.88 2 0.34 2.52 1.93 1.57 3.44 
No. of Rejected Stations 84 33 12 96 39 9 90 52 7 
No. of Outliers stations 3 1 7 1 1 7 1 1 7 
CC* 0.96 0.99 0.85 0.89 0.89 0.72 0.85 0.82 0.82 
*: Rejected stations are excluded 
      

5.3.2  GRAVIMETRIC VS. GIA FORWARD MODEL 

A GIA forward modelling approach was described in Sect. 3.2.1, and using that methodology, 

we obtained the regional GIA land uplift and geoid rate models in Sect. 5.2.2, where, in 

Figure  5-4, only the land uplift rate model is plotted. In this section, we compare these models 

with the gravimetric models already derived using GRACE data in Sect. 5.2.3.2. Before 

getting into the numerical differences, we should note that:  

a) Deriving the GIA forward model, in Sect. 5.2.2, we used the ice history ICE6G_C (Peltier 

et al. 2015) and the three-layered viscosity as in VM5a model, which is in accord with the 

selected ice history model,  

b) The viscosity of this model (VM5a) was already tuned as the output land uplift rates being 

the closest to a set of geodetic data, including GPS and RSL data, mainly at the stations in 

the North America.   

In addition, we determine the land uplift and the geoid rates from the GRACE and GIA 

forward models at the location of the GPS stations. Then we repeat the statistic Student’s test 

for each point to find out where the differences are too high.  

The results of this comparison are given in Table  5-7 and Table  5-8 for Laurentia and 

Fennoscandia, respectively, as well as in Figure  5-21 to Figure  5-27. Figure  5-22 and 
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Figure  5-25 show a scatter plot of the Student’s test variable (𝑇𝑇𝑖𝑖-values, Eq. 2.99) for the 

differences between the land uplift rate of the gravimetric and that of the GIA forward model 

at the GPS stations, while in Figure  5-23 and Figure  5-26 the differences of the geoid rates of 

the gravimetric vs. GIA forward models are plotted, for Laurentia and Fennoscandia, 

respectively.  

         

 

Figure  5-21: The difference between the land uplift rate from CSR (top), GFZ 
(middle), and CNES (bottom) data, using three extracting methods, ICA (a,d,g), PCA 
(b,e,h), and RA (c,f,i), with that from the GIA forward model, for North America. 
Units: mm/a      

In North America (Figure  5-21), along the western, southern, and south-eastern coasts of 

Hudson Bay, and using CSR and GFZ data, the differences are zero. The CNES data show 

noisy pattern of the differences over the area, while the positive and negative maxima occur at 

the same location as for the other data sets. These subareas are in Alaska, southeast US, and 

west of the Lake Winnipeg. Collocated with the same areas, the geoid rates also, show large 

differences which are, −1.2, −0.36, and +0.41 mm a⁄ , respectively.  
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In the western coast of Canada and the US, which undergo complicated tectonics, the 

differences ranges between −4.0 and +1.8 mm a⁄ , for all the gravimetric land uplift rate 

models. The coast of California undergoes the largest negative differences, using RA and the 

CNES data, and the western coast of Canada is accompanied with the largest positive 

differences using PCA/EOF and the CNES data. The small number of the rejected stations in 

the Student’s test implies that the gravimetric models are in good agreement with the GIA 

forward models.  

  

 

Figure  5-22: The 𝑇𝑇𝑖𝑖-values, i.e. the differences (vs. GIA forward model) divided by 
their SDs at the stations. using CSR (top), GFZ (middle), and CNES (bottom) data 
and three extracting methods, ICA (a,d,g), PCA (b,e,h), and RA (c,f,i), for North 
America. Units: mm/a 

The correlations increase from RA to PCA/EOF by a mean value of 0.16, while they decrease 

from PCA/EOF to ICA by a mean value of 0.09, and they are larger than the CCs with the 
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GPS data, implying that the GIA forward models are in better agreement with the gravimetric 

model.  

The 𝑇𝑇𝑖𝑖-values of the differences are given in Figure  5-22 , at the GPS stations, including the 

few rejected ones, which their numbers are four except when RA and CSR data are used (see 

Table  5-7). For an east-west corridor starting from the area around the Great Lakes to the 

western coast of Canada, as well as in the south-east US, the 𝑇𝑇𝑖𝑖-values are large, but most of 

them are accepted at 1σ risk interval of a Student’s test, which occurs in all models.  

 

Figure  5-23: The difference between  the geoid rate from CSR (top), GFZ (middle), 
and CNES (bottom) data, using three extracting methods, ICA (a,d,g), PCA (b,e,h), 
and RA (c,f,i), and that from the GIA forward model for North America. Units: 
mm/a    

In Fennoscandia (Figure  5-24), using RA, and CSR data, a −1.5 mm a⁄  difference occurs in 

the centre of uplift, while the difference is zero using ICA and PCA/EOF methods. The 

differences are 1.5 mm a⁄  at maximum for GFZ data using either ICA or PCA/EOF methods 

in Bothnian Gulf, collocated with the zero difference area using CSR data. The CNES data 

show noisy pattern of the differences over the area, while the positive and negative maxima 

occur at the same location as for the other data sets.  
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Figure  5-24: The difference between  the land uplift rate from CSR (top), GFZ 
(middle), and CNES (bottom) data model, using three extracting methods, ICA 
(a,d,g), PCA (b,e,h), and RA (c,f,i), and that from the GIA forward for Fennoscandia. 
Units: mm/a      
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Figure  5-25: The 𝑇𝑇𝑖𝑖-values, i.e. differences (vs. GIA forward model) divided by their 
SDs at the stations. using CSR (top), GFZ (middle), and CNES (bottom) data and 
three extracting methods, ICA (a,d,g), PCA (b,e,h), and RA (c,f,i) ), for 
Fennoscandia. Units: mm/a      

In the western coast of Norway, and Denmark, the gravimetric models maximally 

overestimated with respect to the GIA forward model. The positive differences reach to 5.0 

mm a⁄  using RA and the GFZ data, and 2.2 mm a⁄ , using ICA and the CSR data, in the 

western coast of Norway, and 4.1 mm a⁄  using PCA/EOF and CNES data and 1.8 mm a⁄  

using ICA and the CSR data, in Denmark. 



149 

 

The correlations increase from RA to PCA/EOF and from that to ICA by a mean value of 

0.11, and they decrease with respect the correlations with the GPS data by a mean value of 

0.10, implying that our models are in better agreement, generally with the geometric model 

than with the GIA forward model.  

 

 

Figure  5-26: The difference between  the geoid rate from CSR (top), GFZ (middle), 
and CNES (bottom) data, using three extracting methods, ICA (a,d,g), PCA (b,e,h), 
and RA (c,f,i) ), with that from the GIA forward model, for Fennoscandia. Units: 
mm/a  
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Figure  5-27: The difference between  the geoid rate from the CSR (top), GFZ 
(middle), and CNES (bottom) data, using three extracting methods, ICA (a,d,g), PCA 
(b,e,h), and RA (c,f,i) ), with that from the GIA forward model, for Greenland. Units: 
mm/a  

For Greenland, the estimated land uplift rates from the GRACE data, at 4 out of 5 stations, 

except for the south-east (not shown here), according to the definition in the previous section 

are outliers. Unlike the comparison that was carried out versus the GPS data, in the previous 

section, (Figure  5-20), here, we are able to see how the differences vary over the entire area. 

The geoid rate differences versus the GIA forward model are shown in Figure  5-27. 

Generally, the analysis methods fail in revealing the GIA signal of the geoid change and 

isolating it from the other secular phenomenon, which is likely, the ice mass change (Horwath 

and Dietrich  2009, McMillan et al. 2016). However, it is worth mentioning that a slow 
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subsiding of the geoid, of about −0.72 mm/a, in the north-east Greenland reveals using ICA 

method (see Figure  5-27a, d and g), whereas using RA (the rightmost column in Figure  5-27) 

it is about two times larger, at the same location. It is clear from rightmost to the leftmost 

column in Figure  5-27 that the negative trend, which is assumed to be due to ice mass change, 

decreases, at the same sub-area and the GIA signal, predicted also with the GIA forward 

model, reveals using ICA method.         

Table  5-7: Comparison of the Gravimetric land uplift rate from GRACE and that of 
the GIA forward model, in Laurentia. RMS units: mm/a 

 ICA PCA/EOF RA 
   GFZ  CSR  CNES   GFZ  CSR  CNES   GFZ  CSR  CNES  
RMS  0.76 1.13 1.55 0.8 1.15 1.68 0.81 1.15 1.66 
Rejected Stations 6 8 7 6 6 7 6 7 7 
Outliers stations 4 4 4 4 4 4 4 3 4 
CC* 0.8 0.75 0.66 0.89 0.89 0.72 0.78 0.68 0.57 
    

 

Table  5-8: Comparison of the Gravimetric land uplift rate from GRACE and that of 
the GIA forward model, in Fennoscandia. RMS units: mm/a 

 ICA PCA/EOF RA 
   GFZ  CSR  CNES   GFZ  CSR  CNES   GFZ  CSR  CNES  
RMS 3.12 2.4 3 3.2 2.5 3.58 3.6 2.7 4.56 
Rejected Stations 118 40 112 106 40 115 63 20 33 
Outliers stations 1 1 1 1 1 1 1 1 1 
CC* 0.85 0.9 0.79 0.78 0.85 0.6 0.66 0.7 0.57 
 

 

5.4 THE BEST GRAVIMETRIC GIA LAND UPLIFT RATE MODEL 

From the comparisons that were carried out, between the gravimetric models using three 

extracting methods versus the geometric model in Sect. 5.3.1, and the GIA forward model in 

Sect. 5.3.2, the extracted secular trend using  ICA method and CSR data shows the highest 

correlation everywhere, except compared to the GIA forward model in Laurentia, where the 

PCA/EOF method prevails. However, in this case, the RMS values, when the rejected stations 

were not yet excluded, were less using ICA than PCA/EOF method (Table  5-7). Concluding, 

the ICA method was relatively, more successful in extracting the GIA component from the 

GRACE monthly gravity data. Moreover, the extracting methods were not successful to 

retrieve the GIA signal in the areas that experience ice mass changes, such as in Alaska, 
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Greenland, and Svalbard. The gravimetric models using ICA method and the three data sets 

are plotted in Figure  5-28 and Figure  5-29 and the best gravimetric model are depicted in 

Figure  5-28a and Figure  5-29a, for North America and Fennoscandia, respectively.  

 

Figure  5-28: The gravimetric GIA land uplift rate models using ICA extracting 
method and a) the CSR, b) GFZ, and c) CNES data, in North America. Units: mm/a 

 

Figure  5-29: The gravimetric GIA land uplift rate models using ICA extracting 
method and a) the CSR, b) GFZ, and c) CNES data, in Fennoscandia.  
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5.4.1  DISCUSSION 

The smoothing filter   

The SHCs of the level-2 of the GRACE data, are determined by solving the differential 

equations of the satellite motion, which for the high harmonic degrees, their errors are much 

larger than the signals. Some of the previous works (e.g. Kusche 2007) argued that the 

existence of this noise is, mainly, due to in-orbit constellation of the GRCE twin satellites. We 

also named some studies proposing other constellation of GRACE-type satellites (e.g. Wiese 

et al. 2009) however, their determined gravity field was not free from the noise not even on 

the same degrees. We investigated this issue, concerning the gravimetric GIA studies, using 

the GRACE data.  

In Sect. 5.2.3.1, we showed that the common north-south striped pattern, which is an effect of 

the noise, remains on the linear secular trend of the monthly geoid heights. To answer the 

research question Q1 and to remove the noise, we investigated the effect of an ensemble of 

smoothing kernels on the linear secular trend. The Eigen values of these kernels construct the 

filters, which were categorized into two groups, namely isotropic Gaussian filters, and 

anisotropic DDKx filters. The smoothing power of the filters are controlled by the smoothing 

coefficient 𝜆𝜆. The GF with the half wavelength radius of 350 km, and DDK1 yielded the 

most smoothed gravimetric models for each group. Using a larger smoothing power 

coefficient resulted in an over-smoothed and low resolution regional models of land uplift 

rate. On the other hand, the gravimetric models using the GF of 𝑟𝑟 = 750 km, and DDK8 

show spatial artefacts related to noise.            

We found that by smoothing the GRACE monthly ELUs using anisotropic filter, namely 

DDK4, the resulting linear secular trend altered from that of the GPS data by the least value 

of the weighted root mean squares. In addition, the correlation coefficient yielded the largest 

value. As has been shown in Table  5-2, DDK4 shows a band-pass smoothing property.       

As has been mentioned several times in this thesis, the SHCs from the CNES data was 

obtained from the level 1 GRACE data, by using the total least squares regularization 

technique, implying that the data is already regularized and do not need smoothing. This data 

is such a block box for us.   

The extracting methods for GIA 

The monthly gravity signal of GRACE data is a mixture the gravity signals of many 

processes, each of which accompanied with a mass transport in the Earth system. The SNR of 
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the monthly gravity data generated by the mass transport should be large enough to be 

measured by GRACE techniques. One of our objectives, which was summarized as in Q2 in 

Sect. 1.6, is to find an efficient and innovative method to extract the GIA signal of temporal 

gravity changes obtained from the GRACE data. To answer this question, in Sect. 5.2.3.2 we 

tested three different signal-processing methods, and compared their extracted secular 

components with the land uplift rate from the geometric and GIA forward models.  

We found that the gravimetric model that was produced using ICA method yielded the highest 

correlation coefficients and smallest weighted RMS differences vs. the regional geometric and 

GIA forward models.  

The ICA method yielded in a land uplift rate model with higher resolution compared with the 

GIA forward model, which is more evident for North America (cf. Figure  5-28a and 

Figure  5-29a). For a large area of lower latitudes than a belt passing the Great Lakes to 

Vancouver, the GIA forward model shows two latitudinal constant bands of solid Earth 

subsidence of about 2.0 and 1.5 mm a⁄ . In Mexico it shows a week uplift of about 1.5 mm a⁄ . 

The gravimetric model, on the other hand, showed three longitudinal features of fast 

subsidence and no uplift in the south. This detailed pattern of subsidence cannot be seen using 

the CNES data, which is in a better agreement with the GIA forward model. This implies that 

the CNES data is already constrained using the models.     

In Greenland as well as in Alaska, likely, due to the secular trend related to present day’s ice 

mass change, none of the extracting methods was successful. The pattern of the differences, 

between the gravimetric model versus the geometric and the GIA model, was in accord with 

the pattern of ice mass loss from various studies (e.g. Simonsen  and Sørensen 2017), which 

supports the assumption that the estimated secular trend of the geoid change is also due to ice 

mass change and not only to the GIA. However, the ICA method showed less difference with 

a GIA forward model (Sect. 5.2.2) in north-east Greenland.             

We used the ICA algorithm based on the negentropy (Sect. 2.2.2.2) of Hyvärinen and Oja 

(2000). According to them (see also Hyvärinen et al. 2004), the ICA is expected to find two 

linear combination of the GRACE data which are, not completely, but enough independent or 

in their own terminology, “interesting” with each other.  

Our results show that the ICA did not detect the secular trend of the ice mass loss and GIA in 

Greenland, as being “interesting” or independent enough to decompose. This is in agreement 

with the conclusions of Brunnabend et al. (2017), presented in EGU General Assembly, and 
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with Boergens et al. (2014). Brunnabend et al. (2017) used the ICA to detect the signal of the 

global mean sea-level change (GMSL) from GRACE data, and not the GIA. After indicating 

the numerical advantages of the ICA method versus the PCA/EOF, they concluded that they 

found the methods had almost no influence on the reconstruction of the GMSL. Boergens et 

al. (2014) assessed the capability of the ICA method against the PCA/EOF in detecting the 

secular trend, in the GRACE data set. They used an algorithm based on the negentropy to 

decompose the main components of the GRACE data, a correlation analysis to compare them 

with a synthetic model from GLDAS/Noah model, and they found that the ICA show 

advantages globally, but the correlations improved only 0.02, at largest, vs. the PCA/EOF. 

There are likely, two reasons that ICA is not successful to detect two “interesting” 

components, in a geodesist view, i.e. the secular trend of the GIA and that of the ice mass loss 

in Greenland:  

1) The approximations used in defining the ICA metric of independency were not suitable to 

detect the two independent secular trends, and  

2) the energy of the temporal variation of the ice loss and mantle mass inflow, are not 

distinguishable. 

The first reason implies that the ICA, irrespective of its advantages to the other methods, is 

not capable to distinguish these two sources, while the second reason indicates that if the 

GRACE data are more detailed and/or temporally long enough, ICA can likely detect them. In 

other words, the second reason underlines the signals characteristics and not the deficit in the 

ICA method. We are inclined to select the second reason because the ICA method is in its 

infancy, especially in geodesy, and it needs more studies, with different algorithms, before 

concluding its impotence.  

Interpreting the extracted GIA signal 

The regional models in Sect. 5.2.1 to Sect. 5.2.3 were determined using three different types 

of data, whilst the GIA forward model is highly dependent to the geometric model. 

Comparing the geometric and GIA forward model with the selected gravimetric model, 

depicted in Figure  5-28a and Figure  5-29a for North America and Fennoscandia, respectively, 

indicates the subareas with significant mutual differences. The locations of the GPS stations 

with significant differences were shown in Figure  5-17a and Figure  5-19a, respectively. The 

same comparison was carried out with the GIA forward model and the results were shown in 

Figure  5-22a and Figure  5-25a, respectively. We summarize the subareas where these models 
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are consistent. To answer the research questions Q3-Q5, we now discuss the subareas where 

the models alter significantly with each other. In subareas with significant differences, each of 

the models could be incorrectly determined.                     

In North America (Figure  5-21), near the coast of Hudson Bay, collocated with the centre of 

uplift, and in Fennoscandia (Figure  5-24), for a large area around the centre of uplift, the 

gravimetric model is in agreement with both, the geometric and GIA forward models.  

In Greenland Svalbard and Alaska the estimated secular trend from the GRACE data, alter 

significantly from the geometric and GIA forward model.  

In North America, mainly for the subareas in the south and west of Lake Winnipeg, the 

gravimetric model alters with the geometric and GIA forward models. The extracted signal 

from the GRACE data is likely to be perturbed by the strong hydrology signal.  

For the subsiding areas in the south of the Great Lakes and Vancouver the determined secular 

trends are in a general agreement with the GIA forward model, however the gravimetric 

model showed more detailed features. The gravimetric and geometric models, on the other 

hand, differ significantly from each other at few stations in the western part of the subsiding 

areas. These areas undergo tectonic movements, which can disturb the GPS data. However, 

due to the relatively long time record of GPS data in these subareas the differences are less to 

be significant in the 5% risk interval of the Student’s test.      

In Fennoscandia, the significant differences occur in the western coast of Norway, in the 

south-eastern coast of Norway and south-western coast of Sweden. These discrepancies reach 

to a maximum of 1.5 mm a⁄ , and they are likely due to the errors in reducing for the vertical 

solid Earth movement due to tectonics or to other vertical movements. The majority of the 

GPS data, in this area have a relatively short recording time, most of them of around four 

years.   

 

5.5 A COMBINED GIA LAND UPLIFT RATE MODEL 

In this section, we use the gravimetric model in Figure  5-28a and Figure  5-29a, to produce a 

combined GIA land uplift rate model, using the assimilation method described in Sect. 

2.4.1.1, i.e. the static state assimilation technique, as was remarked in the beginning of Sect. 

2.4. The assimilation technique that we are going to use here can be considered as a special 

case of the Kalman filter, with no predicting.  
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We produce a land uplift rate model by combining the geometric and the GIA forward models 

that were constructed in Sect. 5.2.1 and 5.2.2, respectively, and the models depicted in 

Figure  5-28a and Figure  5-29a, for North America and Fennoscandia, respectively. When all 

the three data sets are of the same type, the assimilation reduces to a weighted least squares 

estimation at each point, where the weights are assigned by using the squared inverse of the 

variances of the model estimation at each gridded point, for the gravimetric model, and at the 

location of the stations, for the geometric model. These standard errors are given in 

Figure  5-30 and Figure  5-31. The weight matrix of the land uplift rate data from the GIA 

forward model should be presumed in one way or another, while, alternatively, it can also be 

updated iteratively, using the recursive least squares technique, which is described in Xu 

(2007, Ch. 7.4). In this technique, the elements of observation vector l  (see Sect. 2.4.1.1) are 

assimilated into the model state, one at each iteration.  

As was mentioned above, we treat a simplified joint observation equation, where the 

observation and the model state vector are of the same type, the model state is not dynamic, 

and the observations are spatially uncorrelated. Then, the observation vector, design matrix, 

and residual vector in Eq. (2.125) and Eq. (2.126) are given by 
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respectively, where N  and M  are the dimensions of the observation vector and the model state, and the 
covariance matrix is formed such as 
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Q
 (5.7) 

where, 1Q and 2Q are diagonal matrices. The positive square roots of their non-zero elements 

are depicted in Figure  5-30, and Figure  5-31, for two regions under study. The elements of the 

1l  are the data from the GPS on scattered points (354 and 149 points for the North America 

and Fennoscandia, respectively), the elements 2l  are the gravimetric land uplift rates from 

GRACE, on gridded point, and the model state −x , before being updated, are the land uplift 
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rate from the GIA forward model. The model state is updated, using each element i  of the 

observation vector, such as 

[ ]( ) 1

1 1 1 1 1M M i;M i; M Mi
ˆ

−+ − −= + −x x K l A x  , (5.8) 

where the superscripts minus and plus denote the state of the model before and after updating, 

respectively, and 1i; MA is one row of the design matrix corresponding to the i -th observation 

and 1i;MK is given by Eq. (2.134) such as 
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, (5.9) 

The covariance matrix of the model state is 
MM
xxC as in Eq. (2.126), but only the subscripts 

denoting the dimension are kept, for the sake of brevity. The standard errors of the model 

states is updated such as 

1 1MM MM i;M i; M MM
+ − −= −C C K A C  (5.10) 

after each iteration. The initial point of the covariance matrix of the model state is assumed as 

2
0 M

MM
σ=xxC I  , (5.11) 

where the choice for the initial variance factor is the maximum standard error of the GPS data 

squared. The combined model and the standard errors at each grid point are depicted in 

Figure  5-32a and b, for North America and in Figure  5-33a, and b, for Fennoscandia, 

respectively.     

We compare our combined model with the so-called ICE-6G_C land uplift rate model from 

Peltier et al. (2015). They found a maximum difference of 3 mm a⁄  in Hudson Bay compared 

with the land uplift rate of the GRACE data. They used a GF with radius 𝑟𝑟 = 300 km to 

smooth the GRACE gravity data converted to the land uplift rate using the empirical relation, 

such as in Eq. (3.67), in terms of Love numbers. To compute the Love numbers, they used the 

VM5a viscosity profile (see Peltier et al. 2015, Table S1) and also, contributed the rotational 

effect (Stuhne and Peltier 2015).  
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Wahr et al. (2000) have already noted that the Love number for the harmonics of degree one 

differs based on the choice of the coordinate system, when the centre of mass of a covering 

layer, such as the of the sea, is not fixed, for example due to mass transport of the atmosphere. 

Their (Peltier et al. 2015) final determination of the secular trend of the geoid change consists 

of two different values for the degree 2 and order 1 harmonics; one is consistent with GRACE 

(Table  5-9a) and another one, with the TG data, which is not of interest of this thesis. 

Moreover, using the GRACE data, the harmonics of degrees zero and one are set to zero. It 

means that the geoid change from their GIA forward model, for degrees and orders 𝐴𝐴,𝐴𝐴 =

0 − 2 should be replaced with the numbers in Table  5-9 to be comparable with the data from 

GRACE. The maximum degree of their model is at 𝐴𝐴 = 256, and no standard deviations were 

published.  

Table  5-9: The replaced fully-normalized spherical harmonic coefficients (�̅�𝐴𝑛𝑛𝑛𝑛, 
unitless) of the gravitational potential of the GIA forward model, to be consistent with 
GRACE data (Peltier et al. 2015). 

𝐴𝐴 |𝐴𝐴|  𝐴𝐴 ≥ 0  𝐴𝐴 ≤ 0 
0 0 0.00 0.00 
1 0 0.00 0.00 
1 1 0.00 0.00 
2 0 1.44 × 10−11 0.00 
2 1 −2.54 × 10−12 1.18 × 10−11 
2 2 −2.99 × 10−12 8.14 × 10−14 

 

 

 

Figure  5-30: The standard errors of the  a) gravimetric( on a 1𝑜𝑜 × 1𝑜𝑜 grid), at each, 
and b) the geometric land uplift rate model (at the GPS stations). Units mm/a. 
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Figure  5-31: The standard errors of the  a) gravimetric( on a 1𝑜𝑜 × 1𝑜𝑜 grid), at each, 
and b) the geometric land uplift rate model (at the GPS stations). Units mm/a. 

 

 

Figure  5-32: a) The combined land uplift rate model, b) its standard errors on a 
1𝑜𝑜 × 1𝑜𝑜 grid, and c) its difference versus ICE6G_C (Peltier et al. 2015): The 

combined model minus the ICE6G_C. Units: mm/a. 
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Figure  5-33: a) The combined land uplift rate model, b) its standard errors on a 
1𝑜𝑜 × 1𝑜𝑜 grid, and c) its difference versus ICE6G_C (Peltier et al. 2015): The 

combined model minus the ICE6G_C. Units: mm/a. 

 

Table  5-10: The statistics of the combined land uplift rate model of North America. 
Units: mm/a. 

  max min mean std 
The combined model 13.90 -10.19 1.56 3.91 
Standard errors 6.89 0.00 0.82 0.87 
The combined model - ICE-6G_C 6.73 -9.81 0.48 1.69 
 

Table  5-11: The statistics of the combined land uplift rate model of Fennoscandia. 
Units: mm/a. 

  max min mean std 
The combined model 9.61 -2.80 2.00 3.12 
Standard errors 2.19 0.00 0.75 0.49 
The combined model - ICE-6G_C 2.82 -0.43 0.57 0.56 
 

Note that in developing the GIA forward model in Sect. 5.2.2, which we used here as the 

initial state of the combined model, led to the model depicted in Figure  5-32 and Figure  5-33. 

The same ice load history and input parameters as in ICE-6G_C (Peltier et al. 2015) were 

used, but the methods  are different. We computed the load Love numbers, then the geoid 

variation, and then, convert it to the land uplift rate using the approximate formula in Eq. 

(3.99) (see Sect. 5.2.2). Peltier et al. (2015), on the other hand, solved a sea-level equation, 

and obtained the temporal variation of the relative sea-level and subtracted the rate of change 

of the solid Earth vertical movement. In addition, they accounted for the so-called rotational 

feedback, which we did not. The residual land uplift rate is depicted in Figure  5-32c and 
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Figure  5-33c, and the statistics are given in the last row of Table  5-10 and Table  5-11, for 

North America and Fennoscandia, respectively.  

For North America the combined model and its differences with the ICE-6G_C model 

(combined minus ICE-6G_C model) are given in Figure  5-32a and c, respectively. The light 

green and yellow contour colours indicate discrepancies of maximum ±1.0 mm a⁄  between 

the two models. In the western, south-western and south-eastern coasts of Hudson Bay, 

collocated with the very fast and the maximum land uplift rates, the differences are zero, 

while towards the north-east, near Southampton Isle, the combined model reaches to an 

underestimation with respect to ICE-6G_C model by 1.8 mm a⁄ . The subsidence shown by 

our model in California and New Mexico does not agree with the ICE-6G_C model, with a 

difference reaching to a maximum of −2.2 mm a⁄ , whereas the subsidence in the south-east 

U.S, starting from the eastern coast of the Mississippi River (Figure  5-32a), is in agreement 

with the ICE-6G_C model, as well as that which occurs in the west and south-west of Lake 

Michigan. A very large difference occurs in the west and south-west of the Lake Winnipeg. 

For these subareas our model shows a maximum of  2.3  and 0.0 mm a⁄  land uplift rate, and 

the ICE-6G_C model shows −1.0  and −4.0 mm a⁄ . The standard error of the estimation of 

the combined model is about 2.5 mm a⁄  for this subarea, which is larger than in its 

surroundings and the average standard error of the model. The weaker uplift rate in Calgary, 

in Western Canada, Figure  5-32a, is in agreement with the ICE-6G_C model, while for 1000 

mile north-westward, around Whitehorse, our model shows underestimation by about 1.0 

mm a⁄ . The subsidence in the west of the Lake Great Bear, shown by our model, is not in 

agreement with the ICE-6G_C model.   

For Fennoscandia, Figure  5-33c shows a general agreement between the two models, except 

for the western coast of Norway and Denmark, which are collocated with relatively larger 

than average standard errors of the combined model. The improvement that achieved by the 

combined model is evident for the south-western coast of Sweden and south-eastern coast of 

Norway, where the gravimetric and the geometric models already showed large differences 

(see Figure  5-19a). 
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5.5.1  DISCUSSION 

The spatial resolution and accuracy of the combined model  

The standard errors (SEs) of the combined model in Fennoscandia is less than 1.0 mm/a, 

everywhere except for the western coast of Norway and for Denmark, where it reaches to a 

maximum of  2.1 and 1.3 mm/a, respectively. The gravimetric model is estimated with a 

maximum SE of 0.1 mm/a, in these subareas (see Figure  5-31a), while the estimated error of 

the GPS data on some stations in the same subarea reaches to more than 2.5 mm/a. This 

implies that the erroneous GPS data are responsible for the discrepancies.  

In western California and in western coast of Canada, where the combined model alters with 

ICE6G_C in the ranges of  [−2.1, +1.5] mm/a, and  [−0.3, +3.7] mm/a, respectively, the 

gravimetric model was determined with a SE of ~1 mm/a (see Figure  5-30a), while there is a 

gap of the GPS data, which yields in 3.5 mm/a SE of the interpolated geometric model.    

The uplift rate that observed in the northern Rocky Mountain Ridge, using the recent GPS 

data, the GRACE data, and the most recent GIA model (Peltier et al. 2015), is in agreement 

with the deduction of Pagiatakis and Salib (2003). They speculated that the negative gravity 

change, could also be generated by subduction, erosion, and recent glacier melting, and they 

were not sure that it could be related to GIA. The controversy grounds on three reasons:  

a) This area is outside the Canadian Shield, and  

b) The recent GPS data that we received from M. R. Craymer (see Sect. 5.2.1) show a weak 

uplift rate, while the older data (Sella et al. 200)7show no vertical movement, due to GIA 

at these locations, i.e. the western Canada, and at 60o N to the coast of the Gulf of Alaska.  

c) The most recent GIA forward model of Peltier et al. (2015) also shows the same pattern, 

as the newer GPS data, which cannot be seen in older GIA forward models (e.g. VM5).   

At the same subarea, the topographic-isostatic geoid (Sect. 4.3) shows a negative geoid signal, 

which is roughly by three times smaller than the one near Hudson Bay, implying that in both 

subareas, the isostatic adjustment undergoes. This is in agreement with the recent GPS data 

and our gravimetric model. We challenge the argument of Pagiatakis and Salib (2003) since 

the climatological processes or subductions could not have a significant geoid signal at the 

same harmonic window. The topographic-isostatic geoid is bounded by harmonic degrees 3 to 

13, which means that the glaciers erosion with the geoid signal of wavelengths shorter than 

𝐴𝐴 = 13, could not contribute to the observed geoid depression. On the other hand, the geoid 

depression in western Canada could not be caused by subduction since it was shown by Hager 
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(1984) and supported later by Spasojevic et al. (2010) that all the major subduction zones are 

characterized either by geoid highs (e.g. in Tonga and Java through Japan; Central and South 

America) or by local maxima in a negative pattern (e.g. in Kuriles through Aleutians).                 

Subareas with significant differences compared with ICE-6G_C model (Peltier et al. 

2015)  

The GIA forward models are usually constrained with the geodetic data. The data from the 

gravimetric and geometric models were assimilated into the GIA forward model and led to a 

combined model. To see how the extracting method, assimilation technique and the combined 

model could help in improving an existing GIA forward model, we investigate the subareas 

where the combined model significantly differ from the ICE-6G_C model, in more details.  

The subareas, which undergo relatively large differences, generally collocated with those 

subareas where the land uplift rates from our model were determined with standard errors, 

which exceeds its regional average, including those subareas with a significant trend of the ice 

mass change, such as in Greenland, Alaska, and Svalbard (cf. McMillan et al. 2016).  

In addition, the discrepancies between the two models are significant outside the well known 

borders of the Laurentian Shield. These subareas undergo complicated tectonics, such as those 

areas around the Dixon Entrance. There, the combined model show faster land uplift rates, 

while in the coasts of California, the ICE-6G_C model shows overestimation. The same 

pattern can be observed for the subareas outside the Baltic Shield, such as the peripheral 

regions in Norway.  

Near Lake Winnipeg our model shows relative overestimation, which reaches to  3.3  mm a⁄  . 

This area undergoes a significant trend of the water mass change.  
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6 CONCLUSIONS AND RECOMMENDATIONS 

6.1  CONCLUSIONS 

In this thesis, we investigated the implementation of several gravimetric GIA modelling 

approaches and methodologies. The GIA studies could contribute in understanding the 

processes inside the Earth, determining mantle rheology, the ice load history, and distributed 

stresses in the lithosphere by improving the GIA forward models, which are dependent to the 

geometric data in the rebounding regions, such as GPS, TGs, and precise levelling data. The 

main motivations to introducing a gravimetric GIA model are to provide an independent data 

set for constraining and adjusting GIA forward models, and to have a spatially detailed and 

precise estimation of the solid Earth vertical movement and geoid height due to GIA. These 

estimates have many applications in geosciences and climatology. Satellite gravimetry 

provides a global coverage of data, including for those areas difficult for GPS monitoring. 

The spatial resolution of the gravimetric model is limited by the capability of the data 

processing methods to retrieve short wavelengths of the gravity field. The improvement of 

these estimates lies in extracting the gravity signal due to GIA to its shortest wavelengths.  

With the deployment of the static and temporal gravimetric data from the satellite-based 

gravity missions, since the 1980s and 2002, respectively, the solid Earth vertical movement 

from GPS measurements, since 1998, and the vertical velocity and the geoid change data from 

the GIA forward model, we focused on addressing whether one could accurately explain the 

crustal and the geoid deformations due to GIA, using gravimetric approaches and without any 

a priori assumptions on the elapsed glaciation and the Earth’s rheology as in the GIA forward 

modelling approaches.            

The geodetic measurements, including GPS, GRACE and the satellite-based static gravimetry 

are contaminated with the signals due to disturbing processes, such as tides, tectonics, and 

hydrological cycles. They contribute to the contamination of the GIA forward models, which 

are dependent on such geodetic data sets. One of our main objectives is to find an innovative 

method to extract the signals of the temporally varying gravity due to GIA leading to the 

gravimetric models. Another main objective is to determine the geoid signal due to GIA.  

We have accomplished addressing the research questions listed in Sect. 1.6, and our 

conclusions are summarized as follows:  
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1) We described the theoretical treatment of how the land uplift rate can relate to the vertical 

geoid rate due to GIA based on a simple mantle flow and a regional isostatic model. The 

conventional relation that have been used by many researchers was derived by Longman 

(1962, see Eq. 34), which needs a priori knowledge of the ice history. Motivated by 

removing the dependency to this assumption, Wahr et al. (1995) derived an approximation 

of the conventional relation, which is also used in some studies. The land uplift rate model 

determined based on our theoretical relation is shown to be in a good agreement with the 

GPS data and the data from the GIA forward model for the areas near the uplift centres. 

Moreover, compared with the GPS data, our results show better agreement for North 

America, than the results of Argus et al. (2010) and Peltier et al. (2015), which used the 

conventional relation.  

2) To exploit the GRACE monthly gravity field to its highest spatial resolution, the 

erroneous SHCs of higher harmonic degrees should be reduced. We used an ensemble of 

smoothing filters to investigate their effects in recovering the secular linear trend of the 

time series of monthly gravity field. We found that an anisotropic filter, namely DDK4 of 

Kusche (2007), showed the best agreement with the GPS data for both rebounding regions 

of interest, namely Laurentia and Fennoscandia. The gravimetric model obtained using 

DDK4 smoothing filter provides a spatial resolution of  ~211 km, which is in accord with 

the highest harmonic degrees of the monthly gravity field, and regional RMS differences 

with the GPS data of 2.5 and 1.2 mm/a within a 95% confidence level, respectively.  

3) We utilized three different methods, namely ICA, PCA/EOF, and RA, to extract the 

secular trend of gravity signal from the GRACE data. The success of these methods was 

investigated with their compatibility with the GIA forward and geometric models 

constructed by exploiting the recent ice history model and GPS measurements, 

respectively. We found that the ICA method yielded the highest correlation coefficients 

and smallest weighted RMS differences, but, likewise PCA/EOF and RA, it fails for the 

subareas that undergo strong hydrological processes or ice mass variations method, such 

as in the areas near Lake Winnipeg and in Greenland. On the contrary, the ICA method 

was successful in extracting the GIA signal where complicated tectonics occurs, such as in 

Western Canada and in California. 

4) We determined the regional gravimetric models using the GRACE monthly gravity field 

from the CSR smoothed by DDK4 anisotropic filter, and extracted using the ICA method, 

which show a maximum standard error of 2.5 mm/a for North America and 0.7 mm/a 

for Fennoscandia.  
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5) We produced a combined land uplift rate model (LUM) by assimilating the land uplift 

rates determined from the gravimetric and the geometric models into the GIA forward 

model. To see how the gravimetric GIA modelling approach could improve our 

contemporaneous understanding of GIA, we compared the LUM with a recent GIA 

forward model of Peltier et al. (2015). Moreover, to keep the LUM to be less dependent to 

the constrains of the ice load history, we set the weights of the land uplift rate data from 

the GIA forward model to be 1.5 times less than the minimum weight of the GPS data, in 

our least squares assimilation technique. For a subarea around the centre of uplift, we 

found a complete agreement between two models. For the areas subject to epeirogeny in 

North America and Fennoscandia, the differences between the two models never exceed 

the intervals of [−1.8, +3.3] and [−0.45, +0.75] mm a⁄ , respectively. 

Discrepancies, however, occur collocated with the ice mass changes in Greenland, Alaska, 

and Svalbard, as well as with strong hydrological cycles that occurs near Lake Winnipeg. 

In these areas, the gravimetric model fails. For the areas that undergo tectonic movements 

in western coast of Norway and United States, relatively large differences are obtained. In 

these areas, the dependency of the GIA forward model to the erroneous GPS data causes 

the mutual mismatches. Moreover, for the subsiding areas, the spatial resolution of the 

combined model is significantly improved.  

6) We adopted the approach of Bjerhammar et al. (1980) to search for the geoid signal due to 

GIA, from a satellite-based EGM. We assumed that this geoid signal was concentrated in 

a specific harmonic window, which we found to be of harmonics of degrees 10-23 and 3-

13, for Fennoscandia and North America, respectively. Then we removed the disturbing 

effect of the crustal variation and topography using a multiple regression analysis, and 

found that the maximum depressions in the shape of the geoid of 9.2 and 13.8 m, 

respectively, are related to GIA.    
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6.2 RECOMMENDATIONS FOR FUTURE WORKS 

 

Improving the gravimetric models 

Further improvement in the gravimetric model will be achieved by testing other ICA 

algorithms, since the one that was used in this thesis, regardless of its relative advantage, was 

not capable in detecting the gravity signal of GIA against disturbing processes that show 

secular characteristic in the time span of the GRACE data.   

It is also possible that the gradient algorithm described in Sect. 2.2.2.2 lost the direction of the 

maximum negentropy to one of the local maxima. The gradient algorithm, intrinsically, finds 

the fastest decent to the extrema, and it might find a local one to converge. In some 

preliminary tests, using a mutual information algorithm, we found slightly different results, 

but the software using the algorithms based on mutual information, were too slow, implying 

that maybe the fast convergence of the negentropy algorithm that we used in Sect. 5.4 was a 

disadvantage.  

The gravimetric GIA model can be further improved by reducing the effects of strong 

hydrology cycles and ice mass changes in some sub-areas that marked in the conclusions. The 

strong hydrologic mass variation can be modelled and its effect can be removed a posteriori  

for these areas. The ice mass changes can be modelled independently, using satellite 

altimetry.  

A framework for GIA modelling 

To understand the process of GIA, the gravimetric and geometric models can be fed into the 

GIA forward models and constrain their solutions, as was performed in Sect. 5.5. To improve 

this model, one can incorporate other geometric and gravimetric data sets, e.g. from TGs and 

terrestrial gravimetry.  

Alternatively, we propose a framework to update our information about the evolution of the 

mantle using a dynamic assimilation. As has been presented in Sect. 2.4.1, the geometric and 

gravimetric data sets can be assimilated in the model in discretized time epochs since the time 

span of these data is becoming long enough to justify such a dynamic process. The GRACE 

Follow-On will be soon in orbit, the GPS data set is becoming denser, and the analysis 

methods are improving. Furthermore, SLR can contribute strongly. These data sets can be 

assimilated to a GIA forward model stepwise in time. The model improves its input 
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parameters at each step using other data sets, which are not assimilating and its covariance 

matrix is updating after each time step. In addition, the discrepancies between the GIA models 

decline and their input parameters converge using the information from the updated 

covariance matrix. Furthermore, some recent studies suggested a nonlinear temporal evolution 

of crustal deformation and the GIA models (Cheng et al. 1997, 2011, Barletta and Bordoni 

2017), which can be justified using a dynamic GIA model, and cannot be seen in the available 

GIA modelling approaches since the models are improved using the available data without 

dynamics or accounting the possible nonlinearity.                              

An optimal satellite gravity mission 

The importance of the gravimetric GIA studies have been described by many researchers, 

since the 1920s. Among the available data sets from satellite-based missions, only SLR, 

GRACE, and in the future, GRACE Follow-On will resolve temporal changes of gravity 

precisely enough for the needs of the GIA researches and their applications. However, these 

satellite missions were not optimally planned for GIA studies. The low orbital altitude of the 

GRACE satellites was designed for recovering gravity change due to hydrology cycles, which 

makes it sensitive to different systematic errors due to atmospheric variations. Any future 

GIA-optimal gravity satellite missions should address two issues: a) the perturbing gravity 

signals, b) the noise that appears at the higher harmonic degrees, and c) the non-tidal 

atmospheric effects.   

The cost of such satellite programs should be also justified by the importance of the GIA 

studies. Further improvement in understanding the rheology of the Earth can be achieved by 

more accurate gravimetric measurements and more detailed gravimetric models. 

Understanding, modelling and quantifying GIA is of crucial importance in assessing the 

effects of climatological variations in the Earth system, which, in turn, causes a direct 

influence on the economy in the state and regional level.         

In addition, the satellite gravimetric modelling of GIA can be also deployed for studying other 

telluric planets. This can be motivated by a proposal to find the state of planet’s crustal 

deformation, and to investigate the past and present existence of various loads on the planet’s 

surface.      
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