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Abstract
A new scheme for training Rectified Linear Unit (ReLU) based feed-
forward neural networks is examined in this thesis. The project starts
with the row-by-row updating strategy designed for Single-hidden
Layer Feedforward neural Networks (SLFNs). This strategy exploits
the properties held by ReLUs and optimizes each row in the input
weight matrix individually, under the common optimization scheme.
Then the Direct Updating Strategy (DUS), which has two different ver-
sions: Vector-Based Method (VBM) and Matrix-Based Method (MBM),
is proposed to optimize the input weight matrix as a whole. Finally
DUS is extended to Multi-hidden Layer Feedforward neural Networks
(MLFNs). Since the extension, for general ReLU-based MLFNs, faces
an initialization dilemma, a special structure MLFN is presented.

Verification experiments are conducted on six benchmark multi-
class classification datasets. The results confirm that MBM algorithm
for SLFNs improves the performance of neural networks, compared
to its competitor, regularized extreme learning machine. For most
datasets involved, MLFNs with the proposed special structure per-
form better when adding extra hidden layers.
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Sammanfattning
Ett nytt schema för träning av rektifierad linjär enhet (ReLU)-baserade
och framkopplade neurala nätverk undersöks i denna avhandling. Pro-
jektet börjar med en rad-för-rad-uppdateringsstrategi designad för fram-
kopplade neurala nätverk med ett dolt lager (SLFNs). Denna strategi
utnyttjar egenskaper i ReLUs och optimerar varje rad i inmatnings-
viktmatrisen individuellt, enligt en gemensam optimeringsmetod. Där-
efter föreslås den direkta uppdateringsstrategin (DUS), som har två
olika versioner: vektorbaserad metod (VBM) respektive matrisbase-
rad metod (MBM), för att optimera ingångsviktmatrisen som helhet.
Slutli- gen utvidgas DUS till framkopplade neurala nätverk med fle-
ra lager (MLFN). Eftersom utvidgningen för generella ReLU-baserade
MLFN står inför ett initieringsdilemma presenteras därför en MLFN
med en speciell struktur.

Verifieringsexperiment utförs på sex datamängder för klassifice-
ring av flera klasser. Resultaten bekräftar att MBM-algoritmen för SLFN
förbättrar prestanda hos neurala nätverk, jämfört med konkurrenten,
den regulariserade extrema inlärningsmaskinen. För de flesta använ-
da dataset, fungerar MLFNs med den föreslagna speciella strukturen
bättre när man lägger till extra dolda lager.
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Chapter 1

Introduction

Due to an increasingly large amount of data and much more comput-
ing power available, Machine Learning (ML) [Bis06] has become more
and more popular among data analysis and many other applications,
including auto-driving system, face recognition, robots, etc. Machine
learning is typically used when there is a large amount of data, within
which some patterns exist, available for use, but it is extremely dif-
ficult or infeasible to define rules mathematically. This kind of prob-
lems often depends on several subtle factors, with the relations being
extremely complicated, and people is even not sure about whether the
problem depends on a certain factor or not [SV08]. For example, rec-
ognizing written digits from images can be very easy for a human to
perform, but it is almost impossible to derive analytical rules and write
a program to recognize a digit from a picture. Hopefully, machine
learning algorithms can be applied to solve similar problems.

1.1 Background
Machine learning is a large topic and there are dozens of machine
learning algorithms, such as Support Vector Machine (SVM) [CY11],
Random Forest (RF) [ZM12] and Artificial Neural Network (ANN)
[Roj96] available both in research and industry. Among all kinds of
learning methods, ANN is a family of very poplar ML algorithms,
in which Deep Learning is widely known by the public because of
Google’s AlphaGo [MWK16].

There exist various types of ANNs, but this project focuses on Feed-
forward Neural Networks (FNNs), where feedforward means that con-
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CHAPTER 1. INTRODUCTION

nections between units do not form a cycle [Zel+94]. Typical ANNs
are commonly made up of basic units called perceptrons, and an illus-
tration of a perceptron can be found in Fig. 1.1. In the figure, values
x1, . . . , xn denote the inputs, with w1, . . . , wn representing the corre-
sponding weights. It is notable that there is a constant input 1 to the
perceptron, and together with its weight factor b, they provide a bias.
The components marked with Σ and g are a summation and an acti-
vation unit. The predicted output is then denoted as t̂.

Figure 1.1: An illustration of a perceptron [Roj96].

In output and input layers, perceptrons often have linear activa-
tion functions, specifically g(x) = x. On the contrary, hidden layer
units are usually combined with non-linear activation functions, such
as Rectified Linear Unit (ReLU), sigma function, etc. A detailed list of
popular non-linear activation functions can be found in Appendix A.
And ReLU will be covered in detail in Chapter 2.

Fig. 1.2 shows the architecture of a neural network with only one
hidden layer. In the figure, column vectors x ∈ RP and t̂ ∈ RQ are
an input and output of the network, where P is the input dimension
and Q is that of the output. For the hidden layer, input and output are
denoted as z ∈ RH and y ∈ RH respectively, with H being the hidden
dimension. W and O are the input and output weight matrix, while
X and T denote the feature and label matrix, respectively, of a dataset.
According to these notations, the cost function can be defined as the
summation of differences, measured by lp norms, between predictions
and real labels over the whole dataset, i.e.

C(O,W) =
∑

(x,t)∈(X,T)

‖t− t̂‖pp =
∑

(x,t)∈(X,T)

‖t−O · g(Wx)‖pp. (1.1)

This cost is the target function that we want to minimize when train-
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Figure 1.2: An illustration of a single hidden layer FNN.

ing the neural network. Unfortunately, due to the existence of the
non-linear activation function g(.), the minimization problem becomes
non-convex, which means that the optimal solution cannot be found
efficiently. Therefore, the famous gradient-decent algorithm, Back-
Propagation (BP), was proposed for training FNNs. BP algorithm can
date back to 1970s and its origin can be considered as automatic differ-
entiation, fist published by Seppo L. [Lin70]. However, BP algorithm
usually takes a long time and can easily stuck at different local op-
tima. In order to achieve a good performance, this method can take
a large number of iterations, especially when dealing with a compli-
cated problem and a large network being applied. Some fundamental
introductions of BP algorithm and its variants can be found in [Pat+14;
Dre90; Li+09]. Also, refer to [Kri07; Roj96; MOM12] for more general
information on ANNs and practical implementation tricks.

1.2 Related Work
Since back-propagation is the dominating training algorithm for FNNs,
it is natural to ask can we design a new algorithm to train artificial neu-
ral networks? The answer is positive and one of the most successful
and famous attempts is Extreme Learning Machine (ELM). To speed
up the training process and improve the generalization performance,

3



CHAPTER 1. INTRODUCTION

Guang-Bin Huang et al. [HZS04; HZS06] proposed ELMs for training
Single-hidden Layer Feedforward neural Networks (SLFNs). Their
method is based on the common optimization scheme and proved
to not only achieve minimal errors but also lead to solutions with
the smallest norms. The main advantages of ELMs are: fast learning
speed, simple implementation and good generalization performance.
Huang et al. also showed that a SLFN with random hidden nodes has
universal approximation ability [HCS06]. Based on their simulation
results, ELM is qualified with very fast learning speed and good gener-
alization performance in both regression and multi-class classification
applications [Hua+12]. A good explanation of differences and rela-
tions between ELM and other popular machine learning algorithms,
such as SVM and its variants, can be found in [Hua15].

There also exist a large number of studies focusing on other ap-
plications of ELMs. Kasun [Kas+13] and his colleges applied ELMs
on unsupervised learning, reported the results of using ELM as an
auto-encoder for feature representation learning and compared the re-
sults with other popular deep neural networks. To handle large-scale
data, Lin et al. [Lin+13] proposed an mechanism to outsource ELMs
in cloud computing. They showed that their mechanism significantly
improved the learning speed of original ELM algorithm by conducting
extensive experiments and claimed that they were the first one who
had managed to outsource ELMs. The use of ELM in visualization
was explored by Akusok et al. [Alu+13] They presented a nonlinear
visualization technique, where ELM algorithm was used to estimate
the reconstruction errors and achieved extremely fast error estimation
speeds.

1.3 Thesis Project
Inspired by the strict mathematical justification of ELM, the thesis fo-
cuses on developing new training algorithms for ReLU-based FNNs,
under the common optimization scheme. The verification simulations
are carried out in Department of Information Science and Engineering,
using computing resources available in School of Electrical Engineer-
ing, KTH. Due to the limited time and computational power, the ex-
periments focus on some chosen benchmark multi-class classification
datasets.
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CHAPTER 1. INTRODUCTION

The remainder of t his report is organized as follows. Theory, meth-
ods, and mathematical derivations are included in Chapter 2. Specifi-
cally, in Section 2.1, the row-by-row strategy is proposed as the starting
point of this thesis research. Section 2.2 describes the fundamental di-
rect updating strategy for SLFNs. Section 2.3 and Section 2.4 present
the extension to double-hidden layer and multi-hidden layer FNNs,
respectively. All simulation results are summarized and illustrated in
Chapter 3, while conclusions, future work and other topics are dis-
cussed in Chapter 4.
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Chapter 2

Theory and Methods

In this chapter, the row-by-row updating strategy for SLFNs is firstly
introduced as the origin of this thesis research. Then the direct updat-
ing strategy for SLFNs is proposed as the main method and outcome.
Finally, attempts of extending the direct updating strategy to networks
with more than one hidden layer are included at the end of this chap-
ter.

2.1 Row-By-Row Updating Strategy
The row-by-row updating strategy is the starting point of this research
and perfectly reflects the main idea that how ReLU properties can be
exploited to update weight matrices.

2.1.1 ReLU-Based SLFN
A rectified linear unit, also called rectifier, is an activation function
defined as follows:

g(x) = max(0, x), (2.1)

with x denoting the input to the neuron and g(x) being the output.
This activation function is also called positive linear transfer function,
which maps positive inputs to themselves as outputs and maps neg-
ative inputs to zeros. ReLUs are qualified with strong mathematical
motivations and biological justifications [HSS03], since they only re-
sponse to positive inputs and stay in inactive states when negative
values are fed, therefore, given random inputs to a network based on
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Figure 2.1: An illustration of a ReLU-based SLFN.

ReLUs, there will be on average half of the neurons stay in inactive
modes.

Now construct a single hidden layer feedforward neural network,
let column vectors x ∈ RP and t̂ ∈ RQ be an input and output of the
network, where P is the input dimension and Q is the output dimen-
sion. X = [x(1),x(2), . . . ,x(N)] and T = [t(1), t(2), . . . , t(N)] are the fea-
ture matrix and label (target) matrix in a dataset, with N denoting the
number of training samples. The input weight matrix W, also known
as the input matrix, connects the input and hidden layer. W is a P ×H
matrix, where H represents the number of nodes in the hidden layer.
Let column vectors z = [z1, z2, . . . , zH ]

T and y = [y1, y2, . . . , yH ]
T be an

input and output of the hidden layer respectively,

z = W ·x,
y = g(z) = g(W ·x), (2.2)

where g(.) is a rectified linear unit.
The output weight matrix, also called the output matrix, O ∈ RQ×H

connects the hidden layer and output layer. Define a prediction from
the network as

t̂ = O · g(W ·x). (2.3)

Fig. 2.1 illustrates the structure and configurations of the ReLU-based

7



CHAPTER 2. THEORY AND METHODS

SLFN specified above.

2.1.2 Optimization
In order to optimize the weights in a network, an appropriate cost
function should be introduced first. Here the cost function C(O,W)

is defined as the summation of differences, which are measured by lp
norms, between predictions and targets over the whole dataset, i.e.

C(O,W) =
∑

(x,t)∈(X,T)

‖t− t̂‖pp =
∑

(x,t)∈(X,T)

‖t−O · g(Wx)‖pp. (2.4)

If l2 norms are used, the cost function is equivalent to

C(O,W) = ‖T− T̂‖2
F = ‖T−O · g(WX)‖2

F . (2.5)

where ‖.‖2
F denotes the Frobenius norm. From the definition, it is clear

that the cost depends on both W and O. In the row-by-row strategy,
weight matrices are updated alternatively. And the output matrix O,
which is optimized by regularized ELM algorithm, will be examined
first.

Initially, the weight matrix W is randomly generated from a stan-
dard Gaussian or a uniform distribution (typically between -1 and 1).
Then the output weights can be learned by applying ELM algorithm,
i.e. solving a least-square minimization problem,

argmin
O

‖T−O ·Y‖2
F . (2.6)

To handle over-fitting problems, regularized ELM is proposed by
Deng et al. [DZC09]. This method solves the minimization problem in
Eq.(2.6) with an additional constraint on the Frobenius norm of O,

argmin
O

‖T−O ·Y‖2
F s.t. ‖O‖2

F ≤ εO. (2.7)

The other more convenient way is to add a regularization term in the
minimization problem,

argmin
O

‖T−O ·Y‖2
F + λO‖O‖2

F , (2.8)

in which λO is some regularization factor and needs to be tuned. In

8
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this optimization problem, O has a close form solution,

O∗ = TYT (YYT + λOI)−1, (2.9)

with O∗ being the optimal solution and I representing an identity ma-
trix with proper dimensions.

After learning the output weights, in the row-by-row strategy, each
row in W will be updated individually. With respect to its ith row wi,
W can be written in a row vector form,

W =



w1

w2

...
wi

...
wH


=

Wi−

wi

Wi+

 . (2.10)

Now define a set τi ⊂ (X,T) containing the data samples for which
the inputs to the ith hidden node are positive, i.e.

τi = {(x, t)|zi = wix ≥ 0}. (2.11)

And its complement set, with respect to the full set (X,T), is denoted
as τic , which means that τi∪ τic = (X,T) and τi∩ τic = ∅. The represen-
tations of z and y in vector forms are defined as

z =

zi−

zi
zi+

 and y =

yi−

yi
yi+

 =

g(zi−)g(zi)

g(zi+)

 =

g(Wi−x)

g(wix)

g(Wi+x)

 . (2.12)

Note that, for (x, t) ∈ τi, we have

y =

g(Wi−x)

g(wix)

g(Wi+x)

 =

yi−

wix

yi+

 , (2.13)

otherwise, if (x, t) ∈ τic ,

y =

g(Wi−x)

g(wix)

g(Wi+x)

 =

yi−

0

yi+

 . (2.14)

9
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The similar column vector notation of O, with respect to its ith col-
umn oi, is

O = [o1,o2, . . . ,oi, . . . ,oQ] = [Oi− ,oi,Oi+ ]. (2.15)

Based on all these vector notations, the cost function Eq.(2.4) can be
written as

C(W) =
∑

(x,t)∈(X,T)

‖t−O ·y‖pp =
∑

(x,t)∈(X,T)

‖t−(Oi−yi−+oiyi+Oi+yi+)‖pp.

(2.16)
Considering the properties presented in Eq.(2.13) and Eq.(2.14), the
cost can be split into two parts: one for (x, t) ∈ τi and the other one for
(x, t) ∈ τic ,

C(W) =
∑

(x,t)∈τi

‖(t−Oi−yi−−Oi+yi+)−oiyi‖pp+
∑

(x,t)∈τic

‖t−Oi−yi−−Oi+yi+‖pp.

(2.17)
In the row-by-row strategy, each row is updated individually, there-

fore, all terms that do not depend on wi can be considered as constants.
For simplicity, let us replace the second summation in Eq.(2.17) by CΣ

and define t̃ = t−Oi−yi− −Oi+yi+ . Then the cost is further simplified
as follows:

C(wi) =
∑

(x,t)∈τi

‖t̃− oiyi‖pp + CΣ =
∑

(x,t)∈τi

‖t̃− oiwix‖pp + CΣ. (2.18)

Here, we consider O is fixed and the cost in Eq.(2.18) only depends
on wi, therefore, it is possible for us to formulate an optimization prob-
lem as

argmin
wi

C(wi) s.t.

{
‖wi‖pp ≤ εw

∀(x, t) ∈ τi,wix ≥ 0
. (2.19)

This minimization problem is convex and can be solved efficiently. The
row-by-row updating strategy optimizes W and O alternatively and
the algorithm is summarized as follows:
Algorithm RBR: Given a training set (X,T), and a SLFN with a ReLU-
based hidden layer,

Step 1: randomly assign the input weight matrix W. Typically,
entries in W are generated from a standard Gaussian distribution or a
uniform distribution between -1 and 1.

10
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Step 2: optimize the output weight matrix O according to Eq.(2.9),
i.e. regularized ELM algorithm.

Step 3: update each row in W by solving the convex optimization
problem described in Eq.(2.19).

Step 4: repeat step 2 and step 3 until the training error converges
or reach the predefined maximum iteration number.

2.2 Direct Updating Strategy
In Section 2.1, the input weights are optimized by searching solutions
to a series of convex optimization problems and learn each row indi-
vidually. However, is it possible to update W as a whole in one op-
timization problem instead of several ones? The answer is yes. This
section describes the Direct Updating Strategy (DUS) in two versions:
Vector-Based Method (VBM) and Matrix-Based Method (MBM). VBM
is more straightforward, in terms of mathematical derivation, and more
memory-friendly, while MBM is designed for its efficient implementa-
tion.

2.2.1 Vector-Based Method for SLFNs
Let us examine the characteristics of ReLU output first. Column vector
y, an output of the ReLU-based hidden layer, contains rather positive
numbers or zeros, specifically,

yi =

{
zi = wix if zi ≥ 0

0 otherwise
. (2.20)

We define a new input weight matrix W̃x for each pair of (x, t) ∈
(X,T) as

W̃x =


w̃1

x

w̃2
x

...
w̃H

x

 and w̃i
x =

{
wi if wix ≥ 0

0 otherwise
. (2.21)

The new weight matrix W̃x depends on x, and it just sets rows, such
that wix ≤ 0, in W to zero vectors. This manipulation can be achieved
by multiplying a diagonal matrix Ωx, with only ones and zeros on the

11
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diagonal, to the left of W, i.e.

W̃x = ΩxW , Ωx =


ω1
x 0 . . . 0

0 ω2
x . . . 0

...
... . . . ...

0 0 . . . ωHx

 and ωix =

{
1 if wix ≥ 0

0 otherwise
.

(2.22)
According to the notations in Eq.(2.22), a new cost function is de-

fined as follows:

C(W) =
∑

(x,t)∈(X,T)

‖t−OW̃xx‖pp =
∑

(x,t)∈(X,T)

‖t−O ·ΩxW ·x‖pp . (2.23)

Now, let Õx = OΩx, and formulate a minimization problem as

argmin
W

λW‖W‖2
F +

∑
(x,t)∈(X,T)

‖t− ÕxW ·x‖pp

s.t. ∀(x, t) ∈ (X,T),ΩxWx ≥ 0, (2.24)

in which λW is a regularization factor for W. The optimization prob-
lem presented in Eq.(2.24) allows us to update the input weight matrix
by solving only one minimization problem. Unfortunately, this prob-
lem involves a large number of matrix multiplications and summa-
tions, which makes it difficult to be implemented efficiently. To speed
up the implementation at the expense of using more memory, the op-
timization problem can be formulated in a matrix form.

2.2.2 Matrix-Based Method for SLFNs
Matrices Z = [z(1), z(2), . . . , z(N)] and Y = [y(1),y(2), . . . ,y(N)] contain
inputs and outputs of the hidden layer. According to Section 2.1.2, the
cost function in a matrix form is

C(W,O) = ‖T− T̂‖2
F = ‖T−O · g(WX)‖2

F . (2.25)

In VBM, ReLUs are replaced by several matrices that depend on each
input x ∈ X. A similar trick can also be applied in MBM. Let us define
aH×N matrix Φ, whose entries are only ones and zeros, indicating the
signs of entries in Z. Specifically, 1 means the corresponding element
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in Z is larger than or equal to 0, 0 means otherwise,

Φ = [φij] , Z = [zij] , i = 1, . . . , H , j = 1, . . . , N and φij =

{
1 if zij ≥ 0

0 otherwise
.

(2.26)
According to the definition, it is obvious that the matrix Φ depends

on W, since the feature matrix X is fixed. With the help of Φ and
the Hadamard product, also known as the entry-wise product and de-
noted by �, the non-linear transfer function g(.) can be replaced. Then
the cost function becomes

C(W,O) = ‖T−O · (Φ� (W ·X))‖2
F . (2.27)

Based on this cost, the regularized minimization problem is formu-
lated as

argmin
W

‖T−O ·Φ� (WX)‖2
F + λW‖W‖2

F

s.t. Φ� (WX) ≥ 0. (2.28)

The optimization problem above can be solved by Alternating Di-
rection Method of Multipliers (ADMM) [Fit+14; GM76], which is a
gradient-based iterative algorithm for handling convex optimization
problems. Let us define two dual variables: ZX = Φ � ZW and ZW =

WX, then a Lagrangian function L is formulated as

L =
1

2
‖T−O ·ZX‖2

F+
1

2µ
(‖WX−ZW‖2

F+‖Φ�ZW−ZX‖2
F+λW‖W‖2

F ),

(2.29)
where µ is the penalty factor in ADMM algorithm and λW is a factor
that imposes regularization on W. The dual problem of Eq.(2.28) is
written as

argmin
W

L s.t. ZX ≥ 0. (2.30)

In oder to update ZX, take the derivative of L with respect to ZX,
and set the derivative to 0, then we can obtain a close form updating
equation for ZX as

Z∗X = A−1B and

{
A = OTO + 1

µ
I

B = OTT + 1
µ
(Φ� ZW)

, (2.31)

13
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in which I denotes an identity matrix of proper dimensions. Due to the
constraint ZX ≥ 0 in minimization problem (2.30), simply set all nega-
tive entries in Z∗X to zeros, after updating ZX according to Eq.(2.31).

Similarly, we can obtain updating equations for ZW and W as (for
detailed mathematical derivations, please refer to Appendix B.)

Z∗W = D�C and

{
C = Φ + 1

D = Φ� ZX + WX
,

W∗ = EF−1 and

{
E = ZW ·XT

F = XXT + λW · I
,

(2.32)

with notation � denoting the entry-wise division. It is notable that
adding a regularization term not only imposes a constraint on ‖W‖2

F ,
but also increase the non-singularity of the square matrix F, which
makes it possible to obtain a close form solution. It is encouraging to
see that all solutions are in close forms, otherwise random noises or a
gradient-descent method is needed.

The whole matrix-based algorithm can be summarized as follows:
Algorithm MBM: Given a training set (X,T), and a SLFN with a
ReLU-based hidden layer,

Step 1: randomly assign the input weight matrix W (from a stan-
dard Gaussian or a uniform distribution between -1 and 1).

Step 2: learn the output weight matrix O according to Eq.(2.9).
Step 3: update variables ZX, ZW and W sequentially according to

Eq.(2.31,2.32), then compute a new Φ corresponds to W∗.
Step 4: repeat step 2 and step 3 until the training error converges

or reach the maximum iteration number.

2.3 Training Double-Hidden Layer FNNs
Before addressing general multi-hidden layer networks, it is better to
consider FNNs with only one more hidden layer first. In this sec-
tion, the direct updating strategy, described in Section 2.2, is extended
to Double-hidden Layer Feedforward neural Networks (DLFNs) with
only ReLU-based hidden layers. The extension of the vector-based
method is straightforward, while the matrix-based algorithm needs
more efforts in derivations.

14
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Figure 2.2: An illustration of a ReLU-based DLFN.

2.3.1 Network Setups
Given a DLFN, P and Q still represent the input and output dimen-
sion. Matrices X = [x(1),x(2), . . . ,x(N)] and T̂ = [̂t(1), t̂(2), . . . , t̂(N)]

denote the input and output of the DLFN, respectively. Let H1 and
H2 be the number of hidden nodes in the first and second hidden
layer, respectively. Column vectors z = [z1, z2, . . . , zH1 ]

T and y =

[y1, y2, . . . , yH1 ]
T are an input and output of the first hidden layer, and

similarly, vectors u = [u1, u2, . . . , uH2 ]
T and r = [r1, r2, . . . , rH2 ]

T denote
that of the second hidden layer. Matrices W and O still are the input
and output weight matrix, while the H1 × H2 weight matrix connect-
ing two hidden layers is denoted by V. According to these setups, we
have following relations:

z = Wx

y = g(z) = g(Wx)

u = Vy = V · g(Wx)

r = g(u) = g(V · g(WX))

t̂ = Or = O · g(V · g(Wx))

. (2.33)

Note that all non-linear activation functions g(.) in Eq.(2.33) are ReLUs.
The illustration in Fig. 2.2 shows how the network is structured and
configured.
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2.3.2 Vector-Based Method for DLFNs
In Section 2.2.1, the matrix Ωx is defined to select several rows in W.
By the same approach, another diagonal matrix Θy is defined to con-
duct similar row manipulations on V,

Ṽy =


ṽ1
y

ṽ2
y
...

ṽH2
y

 and ṽiy =

{
vi if viy ≥ 0

0 otherwise
,

Ṽy = ΘyV , Θy =


θ1
y 0 . . . 0

0 θ2
y . . . 0

...
... . . . ...

0 0 . . . θH2
y

 and θiy =

{
1 if viy ≥ 0

0 otherwise
.

(2.34)
Based on the relations and notations presented in Eq.(2.33,2.34), the
cost function for a DLFN is obtained as

C(W,V,O) =
∑

(x,t)∈(X,T)

‖t−OΘyVΩxWx‖pp. (2.35)

The output weight matrix O is updated by solving following least-
square minimization problem with a regularization,

argmin
O

λO‖O‖2
F +

∑
(x,t)∈(X,T)

‖t−Or‖pp . (2.36)

Let us define Õy = OΘy, Õx = OΘyVΩx and formulate the other two
optimization problems to update W and V as

argmin
W

C(W,V,O) = λW‖W‖2
F +

∑
(x,t)∈(X,T)

‖t− ÕxWx‖pp

s.t. ∀(x, t) ∈ (X,T),ΩxWx ≥ 0 and ΘyVΩxWx ≥ 0,

argmin
V

C(W,V,O) = λV ‖V‖2
F +

∑
(x,t)∈(X,T)

‖t− ÕyVy‖pp

s.t. ∀(x, t) ∈ (X,T),ΘyVy ≥ 0.

(2.37)

The proposed training algorithm for DLFNs alternatively updates O,
W, V... until the training error converges or the predefined maximum
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iteration number is reached. The algorithm is summarized as follows:
Algorithm VBM2: Given a training set (X,T), and a DLFN with only
ReLU-based hidden layers,

Step 1: properly initialize weight matrices W and V.
Step 2: compute the output weight matrix O by solving the regu-

larized least-square minimization problem formulated in Eq.(2.36).
Step 3: learn W and V sequentially according to optimization prob-

lems presented in Eq.(2.37).
Step 4: repeat step 2 and step 3 until the training error converges

or the maximum iteration number is reached.

2.3.3 Matrix-Based Method for DLFNs
Like always, the weight matrix O is the easiest target to optimize. Even
in DLFN cases, output weights still can be learned by searching the
solution to a simple least-square minimization problem,

argmin
O

‖T−O ·R‖2
F + λO‖O‖2

F . (2.38)

The emphasis should be attached on W, the input weight matrix. In
a SLFN case, we have seen that the ReLU activation function can be
replaced by a Hadamard product. Let us define two 0-1 matrices Φ

and Ψ for the hidden layers. Note that the matrix Φ is the same as in a
SLFN case except for its size change, while Ψ is defined as

Ψ = [ψij] , U = [uij] , i = 1, . . . , H2 , j = 1, . . . , N and ψij =

{
1 if uij ≥ 0

0 otherwise
.

(2.39)
By introducing Φ and Ψ, the cost function is written as

C(W,V,O) = ‖T−O · (Ψ� (V · (Φ� (W ·X))))‖2
F . (2.40)

Define following 4 dual variables for ADMM: ZW = WX , ZX =

Φ � ZW , ZV = VZX and ZU = Ψ � ZV. With those notations, the
Lagrangian function is formulated as

L(W) =
1

2
‖T−O ·ZU‖2

F +
1

2µ
(‖WX− ZW‖2

F + ‖Φ� ZW − ZX‖2
F

+ ‖VZX − ZV‖2
F + ‖Ψ� ZV − ZU‖2

F + λW‖W‖2
F )

(2.41)
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and the dual optimization problem for optimizing the input weight
matrix W can be written as

argmin
W

L(W) s.t.

{
ZX ≥ 0

ZU ≥ 0
. (2.42)

By computing derivatives with respect to different variables, we will
obtain updating equations as (refer to Appendix B for detail)



Z∗U = A−1 ·B
Z∗V = D�C

Z∗X = E−1 ·F
Z∗W = H�G

W∗ = K ·J−1

and



A = OTO + 1
µ
I

B = OT + 1
µ
(Ψ� ZV)

C = Ψ + 1

D = Ψ� ZU + VZX

E = VTV + I

F = Φ� ZW + VTZV

G = Φ + 1

H = WX + Φ� ZX

J = XTX + λW I

K = ZWXT

. (2.43)

Unlike the input weight matrix, the weights connecting two hid-
den layers can be easily trained by the algorithm proposed for SLFNs.
Once W has been updated, calculate the output Y of the first hidden
layer and consider the second hidden layer as a SLFN with Y being
the input. Now we propose the summarized matrix-based algorithm
for DLFNs:
Algorithm MBM2: Given a training set (X,T), and a ReLU-based
DLFN,

Step 1: properly initialize weight matrices W and V.
Step 2: update the output weight matrix O according to the opti-

mization problem formulated in Eq.(2.38).
Step 3: learn each variables listed in Eq.(2.43) sequentially with pre-

sented equations. And compute new Φ and Ψ correspond to W∗.
Step 4: train the hidden weight matrix V by applying a SLFN input

weight matrix learning algorithm, then update Ψ.
Step 5: repeat step 2 – step 4 until the training error converges or

the maximum iteration number is reached.
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2.4 Extension to Multi-Hidden Layer FNNs
The final target of the thesis is to design an algorithm that is suitable
for training general ReLU-based Multi-hidden Layer Feedforward neu-
ral Networks (MLFNs). This section covers how this goal is achieved
in three steps: how DUS is extended to general ReLU-based MLFNs;
proposal of MLFNs with a special structure; what the value explosion
is and how to handle it.

2.4.1 Extension of Direct Updating Strategy
From the results presented in Section 2.3, it is obvious that the Direct
Updating Strategy can be easily extended to MLFNs.

Given a neural network withLReLU-based hidden layers, with the
input and hidden weight matrices denoted by W1,W2, . . . ,WL, under
the vector-based framework, the cost function is defined as

C(W1, . . . ,WL,O) =
∑

(x,t)∈(X,T)

‖t−OΩL
xWL . . .Ω

2
xW2Ω

1
xW1x‖pp.

(2.44)
The updating algorithms for each individual Wi and O follows the
scheme described in Section 2.3.2.

To replace all non-liner functions in the cost, let us define L 0-1 ma-
trices Φ1, . . . ,ΦL. And the corresponding matrix-based cost function
is written as

C(W1, . . . ,WL,O) = ‖T−O(ΦL � (WL . . .Φ1 � (W1X)))‖2
F . (2.45)

This cost can be minimized by applying ADMM with 2L dual vari-
ables.

Unfortunately, there is a problem with these two MLFN training
algorithms. To be specific, it is difficult to obtain a good initialization
of weight matrices. In order to handle this initialization dilemma, the
special structure MLFNs will be presented.

2.4.2 ReLU-Based MLFNs with Same Hidden Dimensions
Consider a ReLU-based multi-hidden layer FNN, whose hidden di-
mensions are the same and denoted as H . The input matrix and ma-
trices connecting hidden layers are W1,W2, . . . ,WL, and the output
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matrix is represented by O. Z1,Z2, . . . ,ZL and Y1,Y2, . . . ,YL denote
inputs and outputs of each hidden layer respectively.

Now start with a SLFN, defined in Section 2.1.1, we can get an up-
dated input matrix W∗

1 and output matrix O∗1 by applying MBM algo-
rithm summarized in Section 2.2.2. Then add the second hidden layer
after the first one, and initialize W2 as a positive random square matrix.
Then we have following relations,

Z1 = W∗
1X

Y1 = g(Z1) = g(W∗
1X)

T̂∗1 = O∗1 · g(W∗
1X)

and


Z2 = W2Y1

Y2 = g(Z2) = g(W2Y1)

T̂2 = O2 · g(W2Y1)

, (2.46)

where,T̂∗1 and T̂2 denote the predictions from the optimized SLFN and
initial DLFN respectively. Refer to Fig. 2.3 for an illustration of the
structure and relations specified in Eq.(2.46).

Input
Output

Figure 2.3: An illustration of adding one more hidden layer to a well-
trained SLFN.

Since W2 is a random square matrix, then there is a large possibility
that it is invertible. If we initialize the output matrix as O2 = O∗1W

−1
2 ,

then the prediction of the DLFN is T̂2 = O2Y2 = O∗1W
−1
2 · g(W2Y1).

Thanks to ReLUs, the output of each hidden layer is non-negative,
specifically Yi ≥ 0. Since W2 is generated as a positive random ma-
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trix, therefore, the term W2Y1 is non-negative. This implies that T̂2 =

O∗1W
−1
2 W2Y1 = O∗1Y1 = T̂∗1, consequently, the initial double-hidden

layer network will have the same output as the updated single-hidden
layer network.

Then construct a new SLFN with Y1 and T denoting the input and
target matrix respectively, while the input and output matrix are ini-
tialized as W2 and O2 specified above. With the help of SLFN training
algorithm, we can again update the new single-hidden layer network
and possibly further decrease the errors. This strategy can be repeated
to add more hidden layers.

Initially, this multi-hidden layer strategy starts with a ReLU-based
SLFN and updates the weights by the proposed MBM algorithm. Then
add another hidden layer with the same dimension and initializes the
weights to guarantee that the new network, with one more layer, will
have the same performance as the updated previous network. In Sec-
tion 2.2, it is shown that the proposed updating algorithm will de-
crease, or at least not increase, the training error. Now define the error
of the starting SLFN as e1, the error of the DLFN as e2, etc. Then fol-
lowing inequalities

e1 ≤ e2 ≤ · · · ≤ eL (2.47)

will hold. Obviously, this multi-layer strategy further decreases, at
least not increases, training errors, thus probably improving the per-
formance.

2.4.3 Value Explosion and Normalization
In the previous section, each extra hidden weight matrix is initialized
as a random positive square matrix. Therefore, after passing through
the newly added layer, the input values can get amplified and finally
become infinities. This is called the value explosion problem. To han-
dle this, the updated weight matrices W∗

i and O∗i are normalized, after
learning the ith newly added hidden layer, as follows:

W̃∗
i = W∗

i ·CNorm , Õ∗i =
O∗i

CNorm
and CNorm =

‖Yi−1‖2
F

‖g(W∗
iYi−1)‖2

F

, (2.48)

in which W̃∗
i and Õ∗i are the normalized weight matrices, and Yi−1 is

the output of the previous hidden layer, according to the definitions in
Section 2.4.2.
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Now, for the ith hidden layer, let us compute the Frobenius norm
of its output,

‖Yi‖2
F = ‖g(W̃∗

iYi−1)‖2
F = ‖g(W∗

iYi−1)‖2
F ·

‖Yi−1‖2
F

‖g(W∗
iYi−1)‖2

F

= ‖Yi−1‖2
F .

(2.49)
Hopefully, each hidden layer has outputs with an equal Frobenius
norm, and thus fixing the value explosion problem. Further more, the
final prediction of the output layer will still remain the same,

T̂i = Õ∗i · g(W̃∗
iYi−1) =

O∗i
CNorm

·CNorm · g(W∗
iYi−1) = O∗i · g(W∗

iYi−1).

(2.50)
We can see that the normalization only changes the scale of the hidden
layer outputs, and the final prediction still remain unchanged.
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Chapter 3

Verification Experiments

In Chapter 2, several different algorithms are proposed, but the impor-
tance should also be attached to how they perform on real datasets.
Therefore, this chapter focuses on experiments carried out in the veri-
fication phase of this thesis. The benchmark datasets and experiment
setups are described and simulation results are summarized and illus-
trated in tables and charts.

3.1 Benchmark Datasets and Setups
Due to limitations of computation power and time, the verification
simulations focus on 6 multi-class classification datasets with various
feature dimensions and sizes. The chosen benchmark datasets are:

(1) a dataset with a low dimension and small size, i.e. Vowel [Lic13];
(2) a dataset that is low in dimension but large in size, that is Letter

[Lic13];
(3) a dataset with a medium feature number and size, i.e. Satimage

[Lic13];
(4) two datasets with high dimensions but medium sizes, i.e. AR

and ExtendedYaleB [JLD11];
(5) a dataset that is large in both dimension and size, that is MNIST

dataset [JLD11].
Among them, Vowel dataset is aimed to test speech recognition per-

formance. And all other five datasets belong to image recognition
applications. Take MNIST dataset for example, it contains different
hand-written digits and the task is to recognize digits from images of
size 28×28. Fig. 3.1(a) shows several sample images in MNIST dataset.
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(a) (b)

Figure 3.1: Sample images from different image classification datasets.
(a) Samples from MNIST dataset. (b) Samples from ExtendedYaleB
dataset [GBK01].

Fig. 3.1(b) contains samples taken from ExtendedYaleB, a face recogni-
tion dataset. The detailed specifications of datasets are summarized
in Table 3.1, where the symbol "#" is the number sign. Also note that
the last column "Random Partition" indicates whether the training and
testing samples are shuffled at each trail.

In order to measure errors more properly, Normalized Mean Error
(NME) is used in verification experiments. By definition, this error is
calculated in dB scale, specifically, if define a target as T and prediction
as T̂, then the NME is computed as

NME = 10 log10

E{‖T− T̂‖2
F}

E{‖T‖2
F}

, (3.1)

where E is the expectation notation.
Before applying training algorithms on datasets, standard score,

also known as z-score, can be used for normalization. By computing

Table 3.1: Specifications of Benchmark Datasets

Dataset Name Feature # Label # Training # Testing # Random Partition
Vowel 10 11 528 462 No
Letter 16 26 13333 6667 Yes

Satimage 36 7 4435 2000 No
AR 540 100 1800 800 Yes

ExtendedYaleB 504 38 1600 800 Yes
MNIST 784 10 60000 10000 No
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Figure 3.2: Iterative performance improvements of MBM algorithm,
for a SLFN of 1008 hidden nodes, on ExtendedYaleB dataset (with z-
score). (a) Training and testing NME. (b) Testing rate.

z-scores, data points will be normalized to zero mean and standard
deviation 1. Specifically, given a data point x in a dataset of mean x

and standard deviation σ, its z-score is calculated by [Kre10]

z(x) =
x− x
σ

. (3.2)

The simulations are conducted under two conditions: with or without
z-score being applied on datasets.

3.2 Simulation Results
In the first stage, we carry out simulations on MBM algorithm for
SLFNs and compare the performance with regularized ELM of the
same hidden dimension. In Section 2.2.2, it is claimed that the matrix-
based method has at least as good performance as regularized ELM,
since the method is designed to decrease errors on top of regularized
ELM. An example of the behavior, in terms of training error, testing er-
ror and testing accuracy, of MBM algorithm on ExtendedYaleB dataset
is shown in Fig. 3.2. And the simulation is done under the condition
that z-score is applied for normalization. Note that the starting point
of each curve is the corresponding performance measure of regular-
ized ELM. It is clear that MBM algorithm, with proper regularization
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Figure 3.3: Improvements on testing rate with testing error marginally
increasing: an example of a SLFN, with 100 hidden nodes, on Vowel
dataset (without z-score). (a) Training and testing NME. (b) Testing
rate.

factors, decreases both the training and testing error while improves
the testing rate steadily. However, the results on Vowel dataset show
that, for a single-hidden layer network, the testing accuracy increases
but the corresponding error also experience a slight increment, which
can be seen from Fig. 3.3(a). Fortunately, this phenomenon is only seen
on this dataset, but the reasons still remain unknown.

The factor λELM , imposing regularization, in ELM is well tuned
and the optimal parameter is chosen. In MBM, theoretically there are
two regularization factors λW and λO, one for the input matrix W and
the other for the output matrix O. But in practice, if set λO = λELM , ac-
ceptably good performance will still be obtained. The penalty factor µ
in ADMM is chosen from 103 − 1010, and fortunately the performance
does not depend heavily on this parameter. So, for most datasets it
is set to the same value (5 × 108). The iteration number Nitr should
vary from one dataset to another, and typically stop iterations when
the improvement is marginal. The results, averaged over 30 random
trails, for all six datasets are summarized in Table 3.2 and Table 3.4,
while the corresponding parameter assignments can be found in Table
3.3 and Table 3.5. Note that Table 3.2 and 3.3 correspond to the simula-
tions results with z-score and the other two tables (3.4 and 3.5) contain
the results without z-score. The symbol "—" in the tables means that
the corresponding figure is not available. And the column "Hidden #"
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Table 3.2: Classification Performance Comparison (with Z-Score)

Dataset Name Hidden # Regularized ELM MBM SLFN MBM Multi-layer
Training
NME

Testing
NME

Testing
Rate(%)

Training
NME

Testing
NME

Testing
Rate(%)

Training
NME

Testing
NME

Testing
Rate(%)

Vowel 100 -3.325 -0.816 37.11 -6.278 -0.612 41.04 -21.106 -0.125 41.30
Vowel 1000 -4.759 -1.070 40.62 -7.590 -0.791 42.45 — — —
Letter 160 -2.567 -2.454 76.53 -5.263 -4.878 88.27 -35.358 -10.536 94.72
Satimage 180 -5.559 -4.966 79.84 -7.580 -6.046 83.32 -8.493 -6.158 83.57
AR 270 -1.706 -0.905 85.42 -12.499 -6.149 97.49 — — —
AR 1080 -4.763 -1.668 95.90 -14.734 -6.468 98.01 -26.712 -8.115 98.18
ExtendedYaleB 252 -3.145 -1.834 88.18 -18.832 -7.541 98.33 — — —
ExtendedYaleB 1008 -7.304 -4.099 96.60 -21.747 -7.952 98.93 -42.879 -10.923 98.91
MNIST 392 -5.394 -5.449 91.40 -10.573 -9.895 97.16 -30.012 -14.340 97.84

Table 3.3: Parameter Setups of Different Methods (With Z-Score)

Dataset Name Hidden #
Regularized
ELM MBM SLFN MBM Multi-layer

λELM λO λW µ Nitr λO,n λW,n µn Nitr,1 Nitr,n

Vowel 100 10 10 0.1 5× 108 8000 1× 104 0.1 5× 108 8000 8000
Vowel 1000 100 100 0.1 5× 108 8000 — — — — —
Letter 160 1× 10−6 1×10−6 1×10−5 5×1010 12000 1× 107 1×10−5 5×1010 2000 2000
Satimage 180 50 50 1 5× 108 8000 1× 107 1 5× 108 400 400
AR 270 3000 3000 2.5 5× 108 800 — — — — —
AR 1080 3000 3000 1 5× 108 800 1× 109 1 5×1010 200 300
ExtendedYaleB 252 4000 4000 1 5× 108 800 — — — — —
ExtendedYaleB 1008 1× 104 1× 104 0.5 5× 108 800 1× 108 0.5 5×1010 400 300
MNIST 392 1× 10−5 1×10−5 100 5× 108 1000 1× 109 10 5× 108 200 400

Table 3.4: Classification Performance Comparison (Without Z-Score)

Dataset Name Hidden # Regularized ELM MBM SLFN MBM Multi-layer
Training
NME

Testing
NME

Testing
Rate(%)

Training
NME

Testing
NME

Testing
Rate(%)

Training
NME

Testing
NME

Testing
Rate(%)

Vowel 100 -3.466 -1.285 46.92 -9.661 -0.937 53.95 -17.468 -2.410 62.08
Vowel 1000 -1.717 -1.177 52.32 -2.432 -1.176 56.31 — — —
Letter 160 -2.364 -2.273 72.12 -5.041 -4.758 85.66 -32.926 -11.885 96.08
Satimage 180 -1.407 -1.355 82.04 -1.737 -1.551 88.28 -1.953 -1.641 89.18
AR 270 -1.711 -0.927 85.11 -16.677 -6.363 97.53 — — —
AR 1080 -4.502 -1.826 96.00 -19.055 -6.858 97.90 — — —
ExtendedYaleB 252 -3.628 -2.392 87.35 -14.667 -6.713 97.60 — — —
ExtendedYaleB 1008 -9.451 -4.752 96.27 -17.105 -7.529 97.75 -11.278 -6.492 97.73
MNIST 392 -5.221 -5.286 91.08 -10.923 -9.533 96.90 -27.860 -12.843 96.98

Table 3.5: Parameter Setups of Different Methods (Without Z-Score)

Dataset Name Hidden #
Regularized
ELM MBM SLFN MBM Multi-layer

λELM λO λW µ Nitr λO,n λW,n µn Nitr,1 Nitr,n

Vowel 100 40 40 0.05 5× 103 8000 1000 2 5× 103 8000 8000
Vowel 1000 100 100 0.01 5× 105 2000 — — — — —
Letter 160 1× 10−6 1×10−6 1×10−5 5×1010 12000 1× 107 1 5×1010 2000 2000
Satimage 180 1× 10−3 1× 107 1×10−6 5× 108 8000 2.5×1011 100 5× 105 400 800
AR 270 5× 107 5× 107 1× 104 5× 108 800 — — — — —
AR 1080 5× 107 5× 107 1× 104 5× 108 800 — — — — —
ExtendedYaleB 252 1× 107 1× 107 5× 103 5× 108 800 — — — — —
ExtendedYaleB 1008 1× 107 1× 107 5× 103 5× 108 800 1× 1010 5×103 5× 108 400 400
MNIST 392 1× 10−5 1×10−5 1 5× 108 1000 1× 1010 1 5× 108 200 400
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Figure 3.4: Step improvements in performance measures of same hid-
den dimension MLFNs: examples on Vowel and Letter (both without
z-score). (a) Training and testing NME of Vowel. (b) Testing rate of
Vowel. (c) Training and testing NME of Letter. (d) Testing rate of Letter.

indicates the hidden dimensions.
Given a SLFN, practically, the input weights are randomly gener-

ated from a standard Gaussian distribution and the output matrix is
updated by applying regularized ELM algorithm with an optimal reg-
ularization factor λELM . Afterwards, W and O are optimized alterna-
tively, using new factors λW and λO, for a certain number of iterations.

From the results on AR, ExtendedYaleB, and MNIST dataset, it is
possible to claim that even when the hidden dimensions are halves
of the feature dimensions, proposed MBM learning algorithm still can
achieve reasonably good performance for some datasets. Especially
for AR and ExtendedYaleB, the performance of networks with smaller
number of hidden nodes are only slightly inferior to that of higher
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dimension networks. This obviously can be regarded as a merit of
MBM algorithm.

Verification experiments are also conducted on the special structure
MLFNs, described in Section 2.4.2. And the hidden layer number L is
fixed to 10 in all simulation trials. In practice, a MLFN is built on top of
a well-trained SLFN. But the iteration number should be Nitr,1 instead
of Nitr. Each newly-added hidden layer is then trained with new pa-
rameters λW,n, λO,n and Nitr,n, while the penalty factor µn in ADMM
can either remain the same or change to another value. By adding
more hidden layers, we expect step improvements in the performance
measures, according to Section 2.4.2. Fig. 3.4 shows the improvements
on Vowel and Letter dataset (both without z-score), with hidden dimen-
sions being 100 and 160 respectively. The simulation results are plotted
against the hidden layer number, and the starting points (layer num-
ber equals to 0) correspond to the values of original regularized ELM.
In Fig. 3.4(a), it is noticeable that there is a sharp rise in the training
error, when the second hidden layer is added. This is possibly due
to the sudden change of regularization factors. Fortunately, after the
second hidden layer, the training error drops consistently. This sharp
rise is only seen in Vowel dataset, and the curves for other datasets are
similar to what is shown in Fig.3.4(c) and 3.4(d). However, the perfor-
mance of MLFNs, compared to SLFNs, remain almost constant on AR
and ExtendedYaleB.
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Chapter 4

Conclusions and Discussions

This chapter covers conclusions drawn from the results, future work
and discussions on non-technical topics, such as society, sustainability
and economics.

4.1 Conclusions
The goal of the thesis project is fulfilled since the algorithms proposed
in Chapter 2 have rigorous mathematical motivations, which has been
shown. The final version algorithm MBM is developed step by step
from the starting point, the row-by-row updating strategy. Each al-
gorithm presented is derived under the strict optimization scheme.
And from the performance comparisons presented in Chapter 3, we
can conclude that proposed MBM algorithm improves the classifica-
tion performance of original regularized ELM in a noticeable manner,
on most datasets. Though, the results on Vowel dataset show a slight
rise in testing error, which is not expected, but the testing rate still im-
proves anyway.

Efforts are also given to extending new algorithms to neural net-
works with more than one hidden layer. Although, the proposed al-
gorithms for DLFNs are not tested in experiments, because of lacks
of enough amount of time and computing power, the algorithms are
still qualified with enough theoretical justifications. A special struc-
ture MLFN is presented and also included in the verification phase.
The experiment outputs convince us that MLFNs with such a struc-
ture improve the classification abilities of networks in most cases. It
is also noticeable that testing accuracies remain almost constant on AR
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and ExtendedYaleB dataset, when adding extra hidden layers. This phe-
nomenon is probably caused by the fact that the testing accuracies for
both datasets are already very high, around 98%, using only single-
hidden layer networks. Thus, it becomes more difficult to achieve fur-
ther improvements.

4.2 Future Work and Discussions
Due to limitations of time and computational recurses, the initializa-
tion problem in DLFNs is not examined and the related training meth-
ods are not tested on standard datasets. Therefore, how to initialize
weight matrices properly in DLFNs needs to be investigated and ex-
periments should be conducted on the proposed algorithms in DLFN
cases. Since the verification experiments only focus on classification
performance of the proposed algorithms, in order to achieve a more
full-scale evaluation of the new algorithms, regression datasets need
to be involved. Besides, it is noticeable that the hidden dimensions of
neural networks implemented in the verification section are relatively
low. It is better to test the methods under higher dimension conditions,
if enough computing power is available. Finally, how to extend the di-
rect updating strategy to neural networks based on other piecewise
linear activation functions is also an interesting research topic.

The original goal of the thesis is to develop new algorithms and ap-
ply them on a special clinic dataset to perform disease predictions for
new-born babies. The algorithms are expected to have better classifi-
cation performances, specifically, low false positive and negative rates.
And this is aimed to help doctors identify fatal diseases on new-born
babies as early as possible in order to save their lives. Though, this
aim has not been fulfilled because the access to the clinic data was not
available during the research. This project still has its own social con-
tributions, since they can be applied as soon as the data are available
and possibly improve the accuracies. If this is the case, more infants
will be saved from deaths and more pressure will be released from
doctors.

The proposed algorithms are designed for general propose, there-
fore, they can be applied in many real life applications. For example,
the algorithms can be implemented to estimate water quality (refer to
[WDL14] for a similar study). This application will help people deal
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with the relationship between water pollution and industrial develop-
ment, which promotes the economical sustainability. Other industrial
applications, such as auto-driving system and intelligent robotics, not
only improve the security of human beings but also reduce energy con-
sumptions.
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Appendix A

Popular Activation Functions

Here are some non-linear activation functions [Bis06], which are widely
used in neural networks, listed in Table A.1.

Table A.1: Popular Activation Functions

Function Name Mathematical Form

Binary step function g(x) =

{
1 if x > 0

0 otherwise

Gaussian g(x) = exp−x
2

Hyperbolic tangent g(x) = tanh(x) = 2
1+e−2x − 1

Inverse tangent g(x) = tan−1(x)

Leaky ReLU g(x) =

{
x if x ≥ 0

0.01 ·x otherwise

Logistic g(x) = 1
1+e−x

ReLU g(x) =

{
x if x ≥ 0

0 otherwise

Sinc function g(x) =

{
1 if x = 0
sin(x)
x

otherwise

Sinusoid g(x) = sin(x)
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Appendix B

Mathematical Derivations

B.1 MBM for SLFNs
From Section 2.2.2, the Lagrangian functionL for optimizing the weight
matrix W in a SLFN is

L =
1

2
‖T−O ·ZX‖2

F+
1

2µ
(‖WX−ZW‖2

F+‖Φ�ZW−ZX‖2
F+λW‖W‖2

F ).

(B.1)
To update ZX, we take the derivative with respect to ZX and obtain

∂L

∂ZX

= OT (OZX −T) +
1

µ
· (ZX −Φ� ZW). (B.2)

Now set the derivative to zero, we have

(OTO +
1

µ
· I) ·ZX = OTT +

1

µ
·Φ� ZW. (B.3)

Since the factor 1
µ

is positive, therefore the term OTO+ 1
µ
· I is invertible.

Then ZX can be optimized through following equation

Z∗X = (OTO +
1

µ
· I)
−1

· (OTT +
1

µ
·Φ� ZW). (B.4)

Let us apply same tricks on ZW and W. Firstly, calculate the deriva-
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tives of L in terms of ZW and W

∂L

∂ZW

=
1

µ
· (Φ� (Φ� ZW − ZX) + ZW −WX),

∂L

∂W
=

1

µ
· ((WX− ZW) ·XT + λWW).

(B.5)

Then, set them to zeros and obtain updating equations as follows

Z∗W = (Φ� ZX + WX)� (Φ + 1),

W∗ = ZWXT · (XXT + λW · I)
−1.

(B.6)

B.2 MBM for DLFNs
The method to obtain close form solutions, for optimizing each vari-
ables in a DLFN, is as same as used in a SLFN case. Therefore, we only
list all derivatives

∂L

∂ZU

= OTO ·ZU +
1

µ
· (ZU −Ψ� ZV),

∂L

∂ZV

=
1

µ
· (Ψ� (Ψ� ZV − ZU) + ZV −VZX),

∂L

∂ZX

=
1

µ
· (ZX −Φ� ZW + VT (VZX − ZV)),

∂L

∂ZW

=
1

µ
· (Φ� (Φ� ZW − ZX) + ZW −WX)),

∂L

∂W
=

1

µ
· ((WX− ZW) ·XT + λWW),

(B.7)

and the corresponding final solutions

Z∗U = (OTO +
1

µ
· I)
−1

· (OTT +
1

µ
·Ψ� ZV),

Z∗V = (Ψ� ZU + VZX)� (Ψ + 1),

Z∗X = (VTV + I)
−1 · (VTZV + Φ� ZW),

Z∗W = (Φ� ZX + WX)� (Φ + 1),

W∗ = ZWXT · (XXT + λW · I)
−1.

(B.8)

39







www.kth.se


