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Abstract

Year after years, the amount of data that we continuously generate is incr&dbig this
situation started the main challenge wasfind a wayto store thehuge quantity of
information. Nowadays, with thacreasingavailability of storage facilities, thiproblem is
solved butit gives us a new issue to deal wifimd tools that allow us to learn from this
large datasets.In this thesis, a framework for Bayesian learning with thiéty to scale to
large data sets is studied/e present theStochastic Gadient Langevin Dynamics (SGLD)
framework and show that in some cagissapproximationof the posterior distributioins
quite poor A reason for this can be thaGED estimates thgradient of the lodikelihood
with a high vaiability due to nasve sampling. Our approach combatesirateproxiesfor
the gradient of the legkelihood with SGLD. We show that it producdsetter results in
terms ofconvergencdo the correct posteriadistribution than the standard SGLBince
accurate proxies dramatically reduce the variance of the gradient estiMatenver, ve
demonstrate thathis approach is more efficient than the standard Mar€bxain Monte
Carlo (MCMC) method and that it exads other techniques variance reductioproposed
in the literaturesuch asSAGA-LD algorithm This approach also useontrol variates to
improve SGLD so that it is straightforward the comparison with our apprééelapply the
method to the.ogistic Regressiommodel

Keywords:! Big Data, Bayesian Inferenc®CMC, SGLD, Estimatedsradient Logistic
Regression
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1. BACKGROUND

1.1 Introduction
|

Nowadays, the ten Big Data is widely used andréfers tovery large datasets However jt

is hard to quantify whicl@izeOit takesto be considered large, since every year there are
improvements in storage capabilities that lead to bigger and ligtgesets. Moreover, the
amount of data generat®y each person is increasing every yéaM defines big datas
follows: GEvery day, we create 2.5 quintillion bytes of ddtaso much that 90% of the data

in the world today has been created in the tast years alone. This data comes from
everywhere: sensors used to gather climate information, posts to social media sites, digital
pictures and videos, purchase transaction records, and cell phone GPS signals to name
few. This data ibig data.O

It is dear that many traditional algorithms for inference in datshave to baedesigned

so that they cabe applied to big data. One class of methods that needs to be reaisited
the Bayesian method§.hey arevery important sinceghey have someadvantagesfor
example they allow capturing the uncertaiyn of the model parameters.ntertainty is
fundamental in many frameworks. Consider examplea recommendation system: if we
have a Baysian classification methgodased on the uncertaintyve can then make
decisions about suggesting not, for examplea specific movido the userThis caild not

be done witharother type of classification methods where you just know the outcome. In
fact, in thatcase a movie would be suggesteglven if itis quite unlikelythat the user likes

it.

One of the mairtools for Bayesian inference is Markov Chain Monte Carlo (MCMC)
(Brooks et al., 2011MCMC algorithms such ashe MetropolisHastings(MH) algorithm

are time consuming since they usually requiomputations over the whole data gehbrief
introduction is given in &ction 3.1 and .2.

In recent yearsmany solutions have been developed in order to face this computational

problem.The new algorithms can be dividedto two main groups: divide and conquer

- https://www-01.ibm.com/software/data/bigdata/wiistbig-data.html
! n



algorithms and subsamplidzased algorithms. In the first group, the methods divide the
problemfor the whole data sétto subproblems each using a sample of data, run MCMC
on that sample and then combine all thailtesn order to obtain an approximation of the
posteriorbased on the full data s&ee for example Scott at., (2013);Neiswanger et al.
(2013); Wang and Dunson (2013); Minsker e(2014).

In this thesis we considespeeding up computations by subsampling the data. Approaches
to speeding up the MH algorithm by data subsampling can be foukdrattikara et b
(2014); Bardenet et al. (2014, 201Baclaurin and Adams (2014Quiroz et al. (2016,
2017b).

Bardenet etla(2015)divides these methods into exaand approximate approaches, where
the main difference is represented by the fact that the methods in the first group sample
exactly fromthe posterior distributigrwhile the second group from an approximatian.
example of exacapproachpresented by Banterle et 42015) is Delayed Acceptance
MCMC where tle acceptance ratio is divided into sequences with increasing bits of the
data. If a draw is rejected early in the sequence, then the rest of the datandechtui be
examined. Other delayed acceptance approaches are Quiroz et al. (2017a); Payne an
Mallick (2015). A more important exact method for thisesisis the Stochastic Gradient
Langevn Dynamics (SGLD), Welling & & (2011) SGLD is a prominent paetor
sampling algorithm. Section 3@ives an overview of this algorith@nd shows that the
results of SGLD algorithm are quite pofmr particular modetlsthis can be also seen
Bardenet et al(2015)

Bardenet et al. (2015) @sents some of thepproximateapproaches such as Austerity MH,
propoed by Korattikara et al. (2014), and it shows that most of them still have quite poor
results.

Our approach is a combination of SGLD withe technique of variance reduction
introduced inQuiroz et al. (16) to estimate the gradient of the lbkelihood. Section 4.2
explainsthe approachpresented in Quiroz et al. (201&ince we are going to ugeoxies,

we call our proposedmethodP-SGLD (Proxies Stochastic Gradient Langevin Dynamics).
During this entirethesis we talk about proxies and control varidteisplease note that they
specify the same thing.

SGLD is based on the gradient of thkelihood (or loglikelihood), while Quiroz et al.
(2016) deals with the eshation of the logikelihood. Section 4.3shows how the wdr of

! #



Quiroz et al. (201)pis modifiedin order to obtainmaccurat@approximation of the gradient

of thelog-likelihood.

Another algorithm that uses the same approach as ours (using conatdstarreduce the
varianc@ to improve SGLDis theSAGA-LD algorithm Dubey et al. (2016). Thiapproach

is analysed in &ction 41 and compared to our methodith different experimentsn
Section 5 All the methods are applied to the Logistic Regression model, a relatively easy
model that has bearsedas benchmark in a lot of scientific papers, such as Wellinge T
(2011)and Dubey et al. (2016).

1.2 Objective

The main goal of thighesis is to developn efficienttool for Bayesian learningvhen
dealing with big data. Since we talk about large data sets, the algorithnmotusily be
computational efficient but it must preserve the statistical efficiency of existinguoblas
the Markov Chain Monte Carlanethods In particular, we want t@pply techniques of
variance reduction to th@GLD algorithmin order to obtain better estimates of the gradient
of the loglikelihood than the ones SGLD is able to achieMeereexiss alread another
techniqueof variance reduction applied to SGLWhich is calledSAGA-LD algorithm. The
thesis investigates not only the possibilities to impr&GLD with our method but the
SAGA-LD algorithmas well. The study is conducted fohe logistic regressiomodelin

order tofind the posteriodistributions of the parameters



2 Sampling Data

This section briefly examines the problem of sampling, in particular the case of sampling
with replacementt-or this reason the Hanseturwitz estimator is presentedt the end of
the section, we present the Differeritstimator, whichs very important for our studies.

2.1 Sampling data with replacement
|

Many solutionsto the problem of speed up MCMC are ldhsmn a miribatch approach.
Thus, hose methods use just a samplef data, wheren is usually much smaller than the

total amount of datA.

LetOs consider the problem of estimating the totall san}, !, with! ! 1!1.,1 . Instead

of using all the observations, it is possible to sample a smaller amount of data, which is usec
to estimate the total sum. There are many possible estimators, but in this thesis we will
consider a common onghen sampling with replacemerite HanenHurwitz estimator
(Hansen and Hurwitz, 1943Yhe HanserHurwitz estimatoris usedby a lot of sub
sampling based algorithms, suchthes SGLD algorithmso it is of particular interest for

this thesis

Let u, be the observation index for which obssion is sampled atdraWwi! !,! ,! and

considerthe case that each observation has the same probability to be included in the

samplep,,, ! !;.Then, the HanseHurwitz estimator is

1mY m

. n

=TT ) e )
i i=1

i=1 !
HanserHurwitz is an unbiased estimator of the total surSimple random sampling can
result in a very large variance of the estimator in (1). This is particularly the case when the
population elements are heterogeneous in size with a few large vatusse This, note that

if a large value is sampled, it is in inflated gy ! %in (1) when estimating the total.

However, if this large value represents much more than a fre}tcdbme total sum, its

contribution has been overestimated leading to an overestimatedltwalariance of

estimator can be calculated as



V[ = 7—211[14 ]

Note that the smaller the sample size is, the higher the variance of the estimatos,ist Th

is important to be able to use a small sample of data, in order to reduce the computatior
problem,but at the same time it shoutdt be tocsmall so tanot have a big variancé\ big

value of the variancef the estimator can lead to overestimateioderestimate the correct
value of the quantity of interest. This means that even if the estimator is unbiased most of
the time its estimations are far from t@rect value. For this reasanis central to control

the variance of the estimatty hawe accurate estimationé possible solution is to use a

proper probabilityp,,, so that each observation is included with a poditya proportional

to its size.

Another solution to control the varianiseto use control variateg/hen the control variates
are used, the parameter of interest is estimated by using the Difference Esbaator
(SSrndal et al., 2003). Denatesingle proxy as, andthe difference between the true value
and the proxy ad, ! Y, —!,. Note that inthis casé =!,! ,!. Let the mean and the
variance of the difference populatifd };, ,be:

i 1 (dy 1w )?

L My = =3 11 and 1) = ,

£ !Z;”!!! e 2)

wherel’, ! .!—25!! I, ! The Difference Btimator is an unbiased estimator!pfso that

The DE can be defined as:

E[r;]! ! 'Finally, a it will be clear later on in this thesis, control variawgth the

Difference Estimatodramaticallydecreas¢he variancef the HanserHurwitz estimator



3 Inference

This section briefly descrilsethe concepts of Bayesian Inference and introsiube
important tool of MCMC. The thesis mostly consider the Metrogaéistings algorithm,
therefore in the MCMC section wanly describethis methodn detail The last subection
presents another methém Bayesian inference, which is the Stochastic Gradient Langevin

Dynamics algorithm.

3.1 Bayesian Inference
|

in Bayesian Inferenceany unknown quantityis considered as random. Namifghe
random variablef interest it can represent, for example, a parameter of the model we are
consideringor unobserved data. Bayesian methods asprobability distribution for
quantifying uncertaintythat is, for any unknown variablbere isan assoiated prohbility
p(6), which is called prior probability. This is a subjective probability, meaning that it
reflects our prior belief about the random variatllbeforethe data are taken into account
The prior belief can come, for example, from pi@us studies and works or from a
suggestion of an expertsing the collected data the likelihood functiorp(y!8! is
defined as a function of the parameigifor the observeg. Note that the Bayesian
paradigm considers data as fixed, since #reyobserved.
Central for tfis type of inferencés Baye£theorem. Through this theorem we can update
our prior knowledge of the parametagy combining it with the data using the likelihood
function. The nevbeliefabouté, ! (8) = p(0|y!, is calledposterior probability.
Bayetheorem is defined as follow:

21 !! e )‘

p(y!

where! (y) ! [1(0)! (y|! )d6!
p!y! does not depend dghand, with fixedy, can be considered as a constant, yielding the
unnormalized posterior density:

posterio! o« lprior!x I"#$" 1"



The subjectiverior probability is one of the main reasons of critiques against the Bayesian
inference.Howeer, usingBaye©theorem, the prior belief is updated objectively to the
posterior belief. Moreover, as neoobservations are accumulated, itifeience of theorior
probability vanishes
Bayesian Inference is very appealing for two main reasons:
1. Avoid overfitting: in the Bayesian settings the regularization corhesugh the use
of the prior distribution. In the big data framework, it can be said thatfiireg is
not presentsince there will be a lot of data for inferring the parametemvedyer
with large data sets we can also try to use large model, so thadrttlem isstill
very important.
2. Model Uncertainty: Bayesian methods allow capturing uncertainty, which is very
important. Consider elassification problemBayesian algorithmsra able to predict
the outcometogether with their uncertaintyThis is very important in a lot of
settings: for example we can predict that a wskiike a particular product but we

know that the prediction is highly uncertdiven we caravoid suggesting.

3.2 MCMC

Most of the time in Bayesian inference, we have to deal with intractabldich means
thatm cannot be solved in a closed far@ne way to solve this problem is using simulation
methods suchas Markov Chain Monte Carlo (MCMC)MCMC techniques are often
applied to solve also other problems in machine learning, physics, econonegtrics,
MCMC uses a Markov chain mechanism such that its equilibrium probability distribution is
the intractabldargetdistribution. For this reason, after a plausible nundbeterations, the
draws generated by the MCMC correspond to drflaam the target distributiorilhe main
problem of these methods is that they are computationally expensive.

In this section wedocus onthe MetropolisHastings algorithm(MH). However thereare
also other mdtods such as the Gibbs samplere for example Andrieu et al. (2003) for
more details about other MCMC algorithnhost of these methodscan be interpreted as a
special case of MH.

The MetropolisHastings Metropolis et al., 1953Hastngs, 1979 is one of the most
popular MCMCmethodsThe pseudacodeof MH is as follows:
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As can be seen from the pseucimde, MH involves thaise of a proposal distributian
The choice of a good proposal is central for an efficient MH algorifitamain condition
for g is that its support must includbe support oft. A common choice of proposal is
represented by a symmetric distribution centred on the current state; the Gaussian

distribution represents one examplis proposal is called a random walk proposal.

Consideringx in Step 2 it is evident why this approach is computationally expensive;
each iterationMH has to evaluate a ratio, which involves computing the likelifoodhe
entire data sefThis becomes one of the main problemsthe context of Big Datan fact

for large data sets, ihratio becomes too costly to evaluate.

3.3 Stochastic Gradient Langevin Dynamics
|

Stochastic Gradient Langevin Dynamics (SGLD), proposed by Welling & Teh (2011), is a
subsampling method based on the combinatd two differentalgorithms: #ochastic
optimization algorithm (Robbins & Monro, 1951) and Langevin dynamics (Neal, 2010).
They both use gradient information and have similar structure but while the stochastic
optimization is looking for the maximum a posteriori (MAP) \alof the parameter of
interest, the aim of Langevin dynamics is to simulate from the posterior distribution.

Givend as parameter of interest, there is an associated prior distrilp@tibn At each

iterationt! the sochastic optimization method dates the parameters as follows:

| !
A8, = %(l AR ,'—Z! !"#!!!!!!!t!>!

i



wheree, is a sequence of step size

To ensure convergence to a local maximtime step size must satisfy sh@roperties:

o !

Z!! =1 !!!!!!!!!!!!!!!!!!z:!!2 re (3)

I 1
The first condition ensures that the algorithm will reach high probabilities regions, even if
they are far from the starting point; the second condition asthatit will converge to the
mode.
The Langevin dynamics is similar to te@®chastic optimization approach but it adds some
Gaussian noise into the parameter updates, so that it willallapsejust to the MAP

solution but it will expore the entire parameter space,

N :_<| AR !ZV!"#p!x!!!!!>+!t

NI}
Langevin dynamics is derived as discretization of a stochastic differential equation whose
equilibrium distribution is the posterior distribution. Discretization is the process of
transforming continuous functions into discrete forms that can bd tesecalculate
numerical solutions on digital computékorattikarg 2014).
Here,! is the discretization step size. In this case, the equilibrium distribution is no longer
the posterior distribution because of the error introduced by the discretization. However, if
goes to zero, the discretized updates approaches the original stodiffesential equation.
Since the equilibrium distribution of the original stochastic differential equation is the
posterior distribution, it follows that, if! !, the proposed parameters can be considered
generated from the posterior distributidielling and Teh, 2011)
One possible solution to correct the discretization error was proposed with the Metropolis
AdjustedLangevin algorithm (MALA) (Robert and Casella, 2004). In this approach, the
Langevin solution is used as proposal distribution andotbposed states are accepted or
rejected using the Metropolldastings algorithmSGLD, combine these two methods
stochastic optimization algorithm and Langevin dynamics.

The resuing update expressias the following:

Al ! I%(l AR IEZ' !"#p!x!l.!H!)!>+!t! (4)

! <



Le~N(,€),
where the step sizes decre&seero at a rate satisfying)(3From the previous expression
(4), it should be easy to recognize the use of the HaHsewitz estimator (1) as estimator
of the sum of the gradient components for tleatire data set which is:
VI(V) =120, VI(0).
The condition that the step sizes decrease to zero allows the SGLD algorithm to avoid the
accept/reject step of the Metropehastings method. This is because, as said previously,
with the step sizes decreasing to zero, the proposed parameters canderaesbgenerated
from the correct posterior distribution, therefore, the rejection rate goes to zero
asymptotically(Welling and Teh, 2011)At the beginning, SGLD works as a stochastic
optimizer, in fact in the first phase the stochastic gradient nolkdaminate. Thus, in this
phase, the algorithm will go toward the MAP solution. In the second part of the algorithm,
when the step sizes start to approach zero, the Langevin noise will dominate, so that instea

of going to the mode, SGLD will simulate vak around itThis can besee by the fact that

the variance of the stochastic gradier(tle%' V (V01! 6,)!, while the injected Gaussian noise

2
has variance,. Wheneg, is close to zer&é%’) is much smaller thag,, so that the Langevin
noise wil dominate. Deeper explanatioasd correctness of SGLD can be found in Welling
& Teh (2011) and Teh et al. (2018Velling & Teh (2011) proposes as step dizé

alb! t!~ . Teh et al. (2016shows that the optimal choicef ! isll. This is becauséhe

exponent equal te%gives the fastest decay of the Mean Squared Efdor . The MSE
is defined as the average of the differences between the estimator and what is estimatec

this, for an estimatdr,!can be expressed a8 (I)! | [(é! 9)!] .The drawback of

this solution is that SGLD converges at ra'tlewhile the traditional MCMC rate is !l. It

follows that the convergence rate of SGLD is slower than the rate of MCMC.

To illustrate the weakness of SGLD we review an example given ireBaret al. (2015).

The example, shown in Figure 1, estimates the mean and the variance in the Normal mode
under two scenarios: withNormal simulated datd~! (!,!'! (a) and withLog Normal
simulated datd,! "#! 1 111](b). In both casesl0000 is thenumber ofiterations andhe

step szesuggested by Teh et al. (2Q0Mas used
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Figure 1: Results of SGLD. From Bardenet et al. (2015).



It can be seen th&GLD performs quite good for the Gaussian data. Howavedhe log
Normal scenariothe algorithm is still far from convergencélith log Normal data the
samples from the mean (horizontal axis) are all concentrate at the mode, so that the
algorithm has converged for this parameter but without exploringotimer parts of the
distribution. For the standard deviation (vertical axis), instead, the algorithm is still far from
the convergenceRecall that the Hansddurwitz estimator(1) usually has a big variance.
This can be an explanation of the poor resultsined with SGLD, when using log Noain
simulated dataln fact, a big variance can lead to an overestimation of the gradient of the
log-likelihood; in this case it might happen that the discretization error becomes unstable.
Thus, the resultiniylarkov chain of the SGLD algorithm will diverge.

SGLD is a subsampling method. At each iteration, SGaflomly select a mirbatch of

I observations and updates the par@méhrough the expression in)(4t follows that
SGLD can produce each sample with! ) computations, while standard MCMC

algorithms will use (!!, since, as seen in Sectior 3they use the entire data set.



4 Variance Reduction techniques

This section examines thisvo variance reduction techniques proposed SHGA-LD
(Dubeyet al. (2016))andQuiroz et al.(2019. The last sub séion shows how the proxies
in Quiroz et al(2016 are modifiedand used in our methddSGLD.

Since both SAGA-LD and P-SGLD use the Difference Estimator)(20 estimatethe
gradientof log likelihood(i.e. VI(! ) =!Y'_, V!, !8!) and they share the same expression to
update the paramete#iswe introducea generahotation for it Denote a$; a single control
variate,we can define the difference with the correct gradient;as ! loglp(!;|' ;) ! q..

Then, the update expression can be writiging the DH?2) as:

n

10 =15 (1 log! €+ ai(8) i 8)) + ! )

L~ (Ie),
where! (! /! is prior distribution and, is a sequence of step szd&lote that the update
formula of SGLD (4) can be seen as a special cab€5) wherecontrol variatesare not
used which means that, =!!

4.1 SAGA-LD
|

bubeyet al. (2016) proposea modification of SGLD in orer to control the hugeariance
Their approachas previouslynentioneduses control variaés and the DifferencesEmator
as written in (5) Recall that , indicates the observation index for which observation is
sampled atdraw !'! 1,1 11,
The SAGALD algorithm can be summarized

e Initialise! | ! 11, for! | {11! 11} step sizes, ! !

o g ITh LI
Forl I 111 11 1 1

Uniformly randomly pick a set with replacement
Randomly draw ! I (!!1})

Ly =t S eg i )y 2y (s, nnn v ety e

W DdRE

1.5 1 1y and!{,, ! 11} forthe other observations

| $
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The proxy for each observation usedSAGA-LD is just the gradient for that observation

calculated at the lasinte the observation was sampled, thisvigten asv !"# p! x, i!a!”’)

in Step 3 of the previous codBlote that , is the sum of the proxigse. the first term in

(2)), then theexpression irStep 3 of SAGA-LD is exactly the same as expression (5), with

a single control variate defined ast0! =!V!"# p(x,|! ;).

Practically, at each iteratiotBAGA-LD approximates the gradient of the observations
selected in the sample thithe gradient calculated at the currentvhile for the other
observationsvith the gradient of the last time they were seledirteyet al. (2016 show

that SAGA-LD has better convergence than SGLD, moreover this algorithm just needs to
store the gradient for each observation, so that the computational cost is almost the same &
the one of SGLD. The drawback of this method is that with small sample size, it can
happ@ that one observation was not sampled since long time, therefoot sélected, its

approximations quite poor.

4.2 Quiroz et al. (2016)
|

Quiroz et al. (201 proposed a subsampling method usiogtid variates. As said in
Section 2 control variategsan bea solution to control the large variancetbe Hansen
Hurwitz estimator(1). For the purpose of this thesis, it is of interest to see how the control
variates are built and how they are used to estimatdéothlikelihood. To seehow this
approach is used inside the Metropafiastings algorithm and fomore detailsof this
method seeQuiroz et al. (2016
The ideaof control variates is to make the logelihood contributiong, (! ) more
homogeneous. In order to do that, the approach of Quiroz (@046 cluster the datanto
K clusters, wher& ! n. The observations are clustered based on a-de&ned input,
which defines the radius of a ball. For each observation, all the otlaethdafall inside this
ball are going to be clustered together with that observation.
Consider the data to be! (!;!x)' | | ®*)x! for g given parametét ! !l ' I Then the
log-likelihood contributions are defined as:

Lz V)b MEpCy |ttt )t
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Let!' representshe centroid of cluster. Then he control variates are defined as a second

order Taylor approximation of the lddkelihood around the centroid:

NI IRICGGINIEN LX) %(z!! 1D (160)(z, — z6)! (6)

whereH(z¢; 1) ! 11i1(1"'11)is the Hessian evaluated at the centtoidn this case, e
control variates are used to compute the following difference:

Ly (OP=0 )y, (o) (7)
Note that the expression)(6epresents;, !!'! in (7) and the dependence brns for the
reason thai;, (! ) is an approximation df (! ) that usually improves with more data
available
Then, the Difference Estimator (2) is used to estirhajée ) ! Iy, 1,(8)! The DE is an
unbiased estimator &f y(! ). It is straightforward how to compute the second term in the
DE expressiorf2), so thatwe just showhow to do thefirst term, whichinvolves computing
the sum of the control variateBenote a$, the set of observations within cluster The

following expression represents the sum of control variates:

Z!(!!!!!)! ZZ!!!(!!!!!)’(!!—!!!)+%ZZ(!!—!!!)’! AR

ey e rrrnn
See Quiroz et al. (20)®6o have an overview of how to compute each term in the expression
above. Howevelt is importantto underline that within a centroid, !(! "' 11 11 11)
and! (1''11) are constantMoreover, the sunk; . (!,! ') is independent of the
parametef and can be calculated once before the MCMGollows that the sum of the
control varates reduces to a sum over thelusters.
Assuming that the cost of evaluating the prasythe same as evaluate the-liglihood
contribution, we can write the cost of computing the Difference Estimator with the control
variates of Quiroz et al. (20L&sK ! m, where as it was said earlierand! are both

much smaller thah.

4.3 P-SGLD
|

The idea of this thesis is to modify the control variateQuiroz et al. (2018 in orderto
use them as approximat®of the gradient of the lelikelihood. After that, these proxies
can be usedh (5). As explained in the preous section, Quiroz et. (201§ proposed to use
! "&



control variates as approximat®of the loglikelihood, but since SGLD deals with the
gradient of the lodikelihood our idea isimplyto take the grient of those control variates
(6), which we denoteas! 4! (z;!). This 5 a vector op elements, witH number of

parametersonsideredThe!-th element of this vector is defined as:

|
Vo, q(1!1) :ngl(!’!!)! !!jv!!(!z!!! ) (! !!)+;—(!! =z Lty .
Note that(!;! !') does not depend dh, so the computation of thérmis exactly the

same as seen ire&ion 4.2 The differencg7) is now defined as:

!!!! (l)l ||ll(9)_ v!!!!! (')
The sum in the first term dhe Difference Estimator (2% computed in the same way as
explained inQuiroz et al. (2016 Note that! ;(8) in (5) corresponds tG,! (!,;! ) in our P-
SGLD method.
We believe that our techniquall be more successful than the one of SAGR to reduce
the variance of the SGLD algorithnbecausd®>-SGLD isable to updatellathe proxies for
eachf while SAGA-LD updates just the proxies for the observations sampled in the mini
batch. Notice that we achieve to update all the proxies using less #vatuations, thus

giving a considerable speed up to the classic MGli@roach



5 Results

This section shows the resultstbe studies donef the two variance reduction techniques
proposed byYSAGA-LD andP-SGLD, with the goal of improvinghe SGLD method. Ttse

two approaches are comparedlifierent ways both with SGLD and the MCMC resultxd

for this reason the section is divided into subsections showing the different experiments
The data set considered is ttw/type.binary described in Collobert et al. (2002). This
data set has 581,012 ssyvations and 11 variables. Duetime reasons we work with

100,0000bservationsand 5 variablesThrough allthe analysis, the sample sizeis kept

equal to 5000Denote the step siz#f the algorithms ai?‘! 'T (the choice of the exponeént

comes from optimality of MSE as explained Teh et al. (2016))what variesin our
analysis is the value dftogether with the starting pointRecall that in Quiroz et al. (2016)
to cluster the data isecessary to specify the radidse radius controls the number of
clusters and so, the quality of the proxiest Bur experimets this valuds set equal to 1.1
for both the group of observationwith! ! I and! ! !, in order to have accurate proxies

without having a huge number of clusters

Experiment 1 -Number of evaluations

The first experiment considers the number of evaluations that each gaopethodhas to

compute per iteration

In the Big Data scenario, it is not feasible to evaluate the entire data set at each iteration
The threestudiedmethods in this thesis allow for an important speed up by considering just
a sample of datdRecall that is the total number of observatiam the size of themini-
batchandK is the number of clusters createdthm ! ! and! ! !.Table 1 summarises

the number of evaluations that each algorithm needsrputeat each iteration.

!
!
Table 1: Number of evaluations per iteration computed by each of the  algorithm

Algorithm MCMC SGLD SAGA-LD P-SGLD

# evaluations n m m m +K




One of the main advantages of SGLD is that it works by evaluatingrjosiservations per
iteration. This is a huge speed up compared to the number of evaluatitresMEMC
algorithms. As discussed in Section 3.3, it can be said that this advantage is also one of the
biggest problem of this algorithm because it leads to a dramatically big variance. Both
SAGA-LD andP-SGLD work with a sampleof dataas well,but theyhavean adlitional
computation costHowever, SAGA-LD is able to keep the number of adwations per
iteration as SGLDwith just an initial addtional costsince at the beginning of the
algorithm, it has to compute the gradient for all the observateraluaed at the starting
points.InsteadP-SGLD, in addition to evaluate tHe observations in the mitbatch,hasto
evaluatethe sum of the proxies for atlata points, which, as seen iacBon4.2, reduces to

a sum over th& clusters.Therefore, the twanethods add a minimal computation cost
(note that ! ! ! 1) butin this way they allow to dramatically decreasing the variance,
which can reduce the estimation eramd lead to better approximations of the posteriors of

the parameters considered

Experiment 2 -Variance reduction

P-SGLD and SAGALD propose two different variance techniques applied to the SGLD
algorithm. In this second experiment, we want to investigate which of the two methods

gives the best results in terms of variance reduction.

Figure 2and Figure 3 showhe meanover the SGLD iterationsf the ratios of thestandard
deviationof the estimator of the gradient f8GLD with the twostandard deviationsf the

estimators for thealternative approache§AGA-LD and P-SGLD. Denote! the total

number of iteration andthe current iteration, with! !l 1l “what the two figureshow
IS:
5 <0!5i3$ ( !)
=\TO
Loy 16! |
T !

where!"# means the correspding algorithm (i.e. ISGLD andSAGA-LD). This ratio
gives an idea of hownuch the two proposed metlofl.e. RSGLD and SAGALD) are

| )



able to reduce the big variance of SGLD on averddge mean is shown just for two
parameterd,; andé, , but with thredifferentchoices ot equal td0.5, 2 and! . Notice that
the samepattern for all the other parametdras been observedo that to have a more

compact representation we decided to omit them.

Mean of the ratio of standard deviation for different parameters and step sizes
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Figure 2: Mean of the ratio of the standard deviation of the gradient estimator of SGLD

with the gradient estimator of P-SGLD and SAGA-LD starting from zero.
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Mean of the ratio of standard deviation for different parameters and step sizes
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Figure 3: Mean of the ratio of the standard deviation of the gradient estimator of SGLD
with the gradient estimator of P-SGLD and SAGA-LD starting close to the mode.

The differencebetween the two figures tue to different starting values Figure 2 the

algorithms were started at zero while in Figure 3 close to the rRoai®. the two figurest i

is immediately clear that both methods decreasestidwedard deviatiotny a huge factor

However, therecan be noticed differences when the constanthangesand some small

ones when the starting points are differéinstaring by analysinghe differenceon having

different starting pointsit can be seen that the case with biggesthangeis when! =

0! leven if the variation is minimaln that casd>-SGLD achieves morgariance reduction

in Figure 2than Figure 3In the case of Figure 2 with! ! andc = 9 there isa smaller



reduction using FSGLD as it can be seen from the second and thied of the figure

SAGA-LD achievesdts best variance reductionith small step size and the worst one with

large step sizeConsider, for exampld, : in Figure 2SAGA-LD has a value oébout 450

with ¢ = 0.5 that reduces t@850with ! !

I and it finishes to be less thaBOwith ! !

To outline the behaviouwf the two methods, SAGAD and RSGLD, Figure 4 shows the

trace plots of their standard deviations fo(the pattern is the same with the other

parameters)Note that the yaxis is set to the logarithmic scale.

Trace plots of the standard deviation of ¢; with different step sizes
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It can be seen that, when starting far from the mtide standard deviation &GAGA-LD
stabilizesfaster withc ! 9, compared to the other cases. However, a big step size seems to
lead to worse approximations in fact, if considering the trace plots, stdpgsize gives a
larger standard deviation, in particular even bigger than the one-SGLP when
considering the last 3000 iterations. In the case=6f0.5, the standard deviation of SAGA

LD is smaller than the one of our method in the last 3000 beatNote that when starting
close to the mode the entire trace plots look like the trace plots on the last line of Figure 4,
since the methods are already converged.

Overall, SAGALD gives a better variance reduction with small step sizes because its
variance is smaller than the cases with bigger step siz8&LP has almost the same

variances so it is not influenced much by the choice of the step size.

Experiment 3 -Accuracy of proxies

In this experiment we analyse the proxies of the two different methods, $8G#nd R
SGLD, compared with the true gradient of the-tknsity.

As explainedin the previous experimensgtarting far from the modeith a small step size
thevariance of S&A-LD will take longer tostabilizethan with a bigger step sizé.can be

seen in the trace plots in Figure 5 that tlso affects the convergence to the true values.
The trace plots show that the smallest step Isiads tothe slowest convergencEor this

reason the proxies &AGA-LD with small step size and starting from zero are worse than
the ones with bigger step siaethe same iteratiowhen the algorithm did not converge yet
Figure 5 shows the approximations of SAGR algorithm versus theorrect gradient at
iteration 100 for the different step sizes. A good approximation would be on the 45 degrees

line plotted in redThe same ishownin Figure 6 but in this case starting close to the mode.
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Figure 6: SAGA-LD trace plots of 8; and 85 with corresponding proxies after 100 iterations
starting close to the mode with different step sizes.

It can be seen in Figure 5 that at iteration 100, with small step siz& &$£8Gs still quite

far from convergence so its approximations are bad while with a large step size the
algorithm is already okse to the true value and so the proxies are much better, even if some
observationsare still poorly approximated Figure 6 shows that SAGRAD has accurate
proxies when it starts close to the mode, eviear &ew iterations, not mattehe size of the

step size. Note that Experimenhas showrthat SAGALD has larger standard deviation
with biggerstep size and this should lead to worse proxies. However, this is visually hard to

see from Figure 80ur method is, instead, independenetifher step size or starting points,

! #Y



So that it givesccurateapproximations both starting from zero and close to the true values.
Figure 7 shows the proxies ofSGLD for the two starting points. The figure confirms that

P-SGLD givesaccurateapproximaipons, regardless of the starting points.
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Figure 7: Proxies of P-SGLD algorithm for ! , and ! , starting at zero and close to the
mode.



Experiment 4 -Approximation of the posterior distribution

In this last experiment, the goal isdbeck which method gives the best approximatimn
the posterior distributions of the parameters of interest. For this reason we plot the
histograms of each parameter using saenples obtainetty SGLD, SAGALD and P-
SGLD, and compare to that of MCMC which represents the ground Note. thatthe

parameter ig, with!! !'ll 1 so that the first plot ini§ures8-11 represent$, ! In most

of the applicationsof these algorithmsthe modeis unknown so thabne solution to

overcome this problens to simply start the algorithm at some random pairfsr this
reasonthe results for all the step sizes are shown for the case when starting &bzée.
case starting close to the mode we just show the restltg Wi! ! A burrrin equal to 1000

iterationswas choseior all thementioned cases

We have observed th&8GLD is an algorithm thateems to require a not too smadriance

in order to be able to explore the entire posterior distribuBgBGLD reduces the variance

by a large factor, so that to balance this reduction and have enough noise to explore the
parameters space, the solution is to choose a bigger stepaizhis reason8GLD gives

the best approximations in Figure 10. As seen pusly, for SAGALD is a bit different,

since with bigger step sizhere isless variance reduction. However, for the parameters
with the mode far from zero, SAGRD seemsto converge better with large step size.
Figure 11 shows the results starting clas¢he mode and with step size equal ttn this

case, SAGALD performs much better than starting from random points, whi&ED is

not influenced much.

Overall,Figure 8 and Figure 9, where the results are showdd!for.5 and! =!, confirm

that a ligger step size is needed. Figure 10 and Figure 11 show that, with an enough big stef
size,P-SGLD gives better results than SGLDhe starting points, instead, influence SAGA

LD, so that from Figure 1ik can be saidt has better results than SGLD but not from the

previous figures.
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Histograms of all methods ys MCMC
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Histograms of all methods vs MCMC
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6 Discussio n

The goal of this thesis is to study the Stochastic Gradient Langevin Dynamics algorithm and
try to improve its results by reducing its huge variadeeseen in Figure 1 of Section 3.3

this algorithm does not work propeity some casesuch asn the Normal model withLog

Normd simulated data in that figuré®ur idea is to use control variates, in particular the
onespresented in Quiroz et al. (201@o improve the results of SGLIYhose proxies gave

good results when applied to the Jldgelihood so hat by taking the derivative we modified
them in order to be used as approximations of the graofiehé logdensity Our method is
compared tahe SAGA-LD algorithm whichis one of the few modifications of SGLibat

also uses control variates

As shown in Section 4.2and then summarized in Table 1 of Section 5 the use of the
Difference Estimator in Qubz et al. (201padds a littlecomputational cost due to the sum
over all the proxies thas neeadto compute in the first termaf (2). Quiroz etal. (201§
explains the efficient way to compute this sum sa thaeduces to a sum over the
clusters. This means thab the computational cosbvf evaluate the gradients for the
observations in the mirbatch,at each iteratiorthe cosif evaluatd termsis addedNote

that RSGLD also has a minimal additional cost of computing the cluss&&A-LD is

able to improve SGLD by keeping itsimber of evaluationger iterationequal to! . This is
becausat stores the old approximation (i.e. the gradients of the observations last time they
were selected in the miiatch) in order to do not need to recompute them at each iteration
but reuse the stored onéfowever, SAGALD adds an initial additional cadin this case

the additional cost is due to thect thatat the beginningt has to compute the gradient for

all the observations evaluated at the starting poiNtste that the first goal of these
algorithms is to be much more computationally efficidwaint traditional MCMCThe three
algorithmspresented in Table fulfil the goal since they give an important speed up when
compared to the tradition®ICMC algorithms,sinceboth! ! ! and! are much smaller

thann.

!
The use of proxies, together witie Difference Estimatorsiable to reduce the variance by

a big factor ashown in Experiment 2of Section 5 ConsideringP-SGLD, the smallest
reductionit is able to achievés around 200This givesan ideaof the quality of our method
! $"



and at the same tima&f the hugenoiseSGLD has, due to the use of the Hanbkemwitz
estimatorwith poorly chosen sampling probabilitifsrom Figure2 and Figure3, SAGA-

LD shows better results than our approadien using asmall step sizeFor example,
considering!,, this method accomplishes to redute tstandard deviation by factor
almost doubleof P-SGLD. However, when a biggetep size was applied, we noticttht
the reductions given b$AGA-LD algorithm were deceesing while the onesbtainedoy P-
SGLD werebasically unaffectedlhe result is that in the case!of !, P-SGLD is able to
reduce more standard deviation than SAA Note thatthe decreasingatternwhen
using larger step sizes true for both the figuresThe reason behind thieehaviourof
SAGA-LD is that a bigger step size means a bigger step in the parameter space. In fact, the
step size controls both the varianokethe Langevin noisénjectedand the scale of the
gradientestimations;so that with small step size there will be a small valuigne Langevin
noise and the gradient estimations will lighly reducedin size The control variates of
SAGA-LD strongly depend on where the algorithm is in the parameters space edrtgpar
where it was at the previous iterations. This is because the correct gradient for the
observatios in the mintbatchis approximate withthe approximations saved at the last
iteration for those pais, as explained in Section 4li.follows that, ifit possible tomove
farther, then the approximations of this method will be Ipescise In fact,even if we are
able to resamplethe same observations as in the last iteratibe stored gradient
approximations for these observations will be qudiferent to the current graeint
estimation. This is becauseith a big step size, the current gradient is evaluatedjaite
different parameter compared to the parameter of the prokmeswill affect as well the
noise SAGA-LD will be much more nsy and so itwill help do decrease thstandard
deviation of SGLD by a smaller factorNote that, even in the worst caseAGA-LD
manages to decrease #tandard deviatioby a largefactor. However, when compared to
P-SGLD, which hasalmostconstant reductionsith all the three step sizethis can be seen
as a point of weakneger SAGA-LD. Notice that thesmall variations of reductions of-P
SGLD are due to the variations of thiandard deviationsf SGLD and not of thetandard
deviationsof P-SGLD itself.In particular, SGLD with small step size and starting far from
the mode has a huge variance because it has a slow convergence to the true values, while
converges faster when using bigger step size. Moreover, if starting close todbeSGLD

has smaller variance because it is already convefdes.explains why FSGLD achieves
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more reduction in Figure 2 than Figure 3 when usihg0!5!In Figure 4, the trace plots
confirm that SAGALD has a smaller standard deviation when the sitspis smaland that
P-SGLD has it almost constarih addition, it can be seen that for the first iterations, the
standard deviation of SAGAD is much higher than the one of our method.

!

At the beginningSAGA-LD approximates the gradients of all the observations with the
correct gradient calculated at the starting poiststhatthis algorithm isalso particularly
sensible to the choice of the initial pointhis can be seemot only in the plots of the
proxiesin Experiment Jut also looking at the histogranmsExperiment 4

If the algorithm is started far from the mode the initial approximations will be very bad.
After several iterationghereis still high probability to sample some observations that were
not updated since the first approximations, leading to very bad préxigeneral, this is

also true after more iterations: there can always be some observations that were not update
since a ot of iterations which will cause poor estimatiorsigure 5 shows that with a larger
step size SAGA.D after 100 iterations is much closer to the true values than the case with
small step size, leading to better proxies. However, this is just a resalingf closer to the
mode, in fact we have seen in Experiment 2 that larger step size leads to worse proxies
Instead, if starting close to the mode even if the observations sampled were not igrdated
along time, their approximations are way better tki@a case with far starting points and
this can be seen in Figure 6.

The proxies used by-SGLD, as it can be seen frolrigure 7 are independent from the step
size and from thehoice of starting pointg.his figureshows that the proxies createdday

methodare accurate

The histograms ifExperiment 4done with different step sizes show distinct resiNiste
thatassaid in the previous section, SGLD is an algorithm #emms to needariance in
order to be able to explore the parameter space. In this method, as wat- &6 and
SAGA-LD, there are two sources of noiske variance of the gradient estimator and the
step size, which represents the variance of the Langevin. ifimee, as seen previously,
control variateslecrease the vanae of the gradient estimator laylargefactor, a good
amount oftotal varianceinserted in the algorithman be kepby increasing the step size.

Comparing the histograms this is confirmed, as in fl@d®11 where the bigger step sire
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used we have the best results for d46GLD algorithm.RegardingSAGA-LD this idea is

not completely true because the plot&xperiment 2showa decrease ofariance reduction
when the step size gets bigg&his would probably suggest to choose a mid size step.
However, vhen SGLD is used with random starting points, it is recommended to use a
relative big step size in order to be able to mfaréher and reachonvergence in a fast

way. This would give some problems when applyihng SAGA-LD algorithm.It is still not

clear why SAGALD performs worse than SGLD when starting far from the mode as it can
be seen in Figure 10 for at least parameters 0, 1 and 3. The histograms present the resul
after taking off the bunmn, so that the part where the algiom still has to converge to the
true valuesis removed We have seen,rdm Experiment 2, that SAGAD has a big
variance in that partu it is still able to reduce the one of SGIdy a large factor on
average. For this reason, we are a bit surprisethéyesults of SAGA.D compared to
SGLD, since we wald have expected better approximations frima first of the two

methods.

Overall, we showed that our approd@SGLD, following the fact that isable todecreae

the variance by a largéactor and from what it can be seen with the histograms in
Experiment 4 gives better results than the Stochastic Gradient Langevin Dynamics
algorithm.In particular it performs better than bé&®GA-LD and SGLD when starting far
from the true values with a prepstep e (e.g. the case of Figure 10his means thaiur
approach gives the fastest convergence out of the three algotbomsding to Welling &

Teh (2011), sample from the SGldbould be collecteplist after the algorithm is entered in
the Langein phase, to be sure that we are sampling from the correct posterior probability.
This is quite close to say that sampdésuld be collectedfterthe algorithm hasonverged

to the true values. Sincde-SGLD has the fastest coakgence, it can be said thtnis
algorithmwould need to use less iteratiaign the standard SGLD afRAGA-LD due to

the fact that it is earlier in its Langevin phase

The resultdrom Figure 10 and Figure 1do not show cleaimprovementdor some of the
parametersvith P-SGLD. Considering the big amount of variance tihas$ ableto reduce

way better resultgould have beenexpect However,recall that SGLD performsvell in
several modsland this could be one of them. such these cases we discoveradthe

beginning of ar study using some toy proxies thia¢ use of the Difference Estimaiaiil
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not give better results than what we get from the standard SBaWever, h addition to
the fact thatP,-SGLD gives better results than SGLDBur method seemalsoto perform
better than th6&sAGA-LD algorithm andit is showed that it is muchore stable since it
does not depend amither the size of step size aih@ starting points.

Observe that during the studies different choices of the starting points ratheetbae.g.
starting all the parameters fromI23ve also beecarried out However, the resul@revery
similar to the case proposed in this thesis and so omitted.

Notice that bothP-SGLD and SAGA-LD present twaggeneraltechniques to reduce thag
variance of the Hanseddurwitz estimator In this casehey wereapplied toimprove the
SGLD algorithm butit is also possible t@pply them to other problems of stochastic

optimizationwhere such estimator is used



7 Conclusion

In this thesis theposterior sampling algorithm SGLD, Stochastic Gradient Langevin
Dynamics, was studiedhis is a prominent methddr learning from large scale data sets
in Machine Learning which gives good results for some mdulglsad forothers aseen in
Section 3.3 Different extensions have been developad SAGA-LD algorithm is oneof
them. This algorithm isneof the few approachds usecontrol variates to improve SGLD,
for this reason its a good comparisoto the method that we proposall P-SGLD.

Control variates have shown to reduce the variaviventhe HanserHurwitz estimator is
used.For this motive, botlour method andAGA-LD can improve SGLD sinceeducing
the big variance of SGLIeads to better gradient estimates. Howewer, approach does
not dependon the step sizaor on the starting points. This, in addition to the fact #at
SGLD gives the closest results to MCMC, makeSGLD more us&ul thanSAGA-LD.

SGLDis analgorithmthatneeds good approximations oetigradiat but at the same time,
fromwhat we have observeil,seems to neeal good amount of variance in order to be able
to explore the parameters spaCme solution is to use control variates and a bigger step
size, howevett is still quite hard to decide mobig it should beThis problem isalsotrue

for SGLD; there is not a fixed way to choosesthtep size so that when this is variked
results can be quite differel@omemore detailedtudies about how to choose #tep size

should be don@ order to give a betteédea of which valug¢o choose
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