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PREFACE
This thesis is based on research carried out between 2006 and 2012 at the Division of 
Structural Engineering, Department of Civil, Environmental and Natural Resources 
Engineering at Luleå University of Technology (LTU). The thesis is one of the results from the 
Integrated Research Project “Sustainable Bridges - Assessment for Future Traffic Demands 
and Longer Lives” funded by the European Commission within the 6th Framework Program 
during 2003-2007.

The Örnsköldsvik Bridge was a reinforced concrete railway trough bridge with two spans 
12+12 m. The bridge was built in 1955 and was taken out of service in 2005 due to the 
building of a new high-speed railway, the Botnia Line. The bridge was planned to be 
demolished in 2006. Before that it was loaded to failure in order to test its ultimate load-
carrying capacity after a service period of 50 years.

I would like to thank Ola Enochsson, Lic. Tech. and Gabriel Sas, Tekn. Drs. and Adj. 
university adjunct, Division of Structural Engineering, LTU, for many interesting discussions.

Furthermore, I thank Johan Kölfors, Scanscot Technology, for helping me solve modeling 
problems in BRIGADE/Plus. 

I would like to specially thank Lennart Elfgren, Emeritus Professor, Division of Structural 
Engineering, LTU, for initiating the work and for his never ending energy, continuous support 
and his ability to inspire.

Furthermore, I want to thank Lars Bernspång, Docent and University Lecturer, Division of 
Structural Engineering, LTU, for undertaking the task as main supervisor and for his advices 
and support and to Thomas Blanksvärd and Ulf Ohlsson, Tekn. Drs. and University Lectureres,
Division of Structural Engineering, LTU, for carrying out the task as assistant supervisors. 

I also want to thank my other co-authors in the three enclosed papers: Prof. Dr Björn Täljsten, 
STO and LTU, Dr Björn Paulsson and Dr Håkan Thun, Trafikverket; Mr Jan Olofsson, 
Skanska; and Lic. Håkan Nordin, WSP.

I am grateful to Luleå University of Technology, Sweden and Savonia University of Applied 
Scienses, Kuopio, Finland for the financial contributions and the opportunity to do my PhD 
studies. 

Financial and moral support have also been given by the Traffic Administration in Sweden 
(Trafikverket and its predecessor Banverket), Rovaniemi University of Applied Sciences, Oulu 
University, the European Regional Development Fund (Interreg Nord, Strukturfonderna), The 
North Calotte Council (Nordkalottrådet), Regional Council of Lapland (Lapin Liitto) and 
County Administrative Board in Norrbotten (Länstyrelsen i Norrbotten), The Nordic Road
Association, the Centre for Risk Assessment and Risk Management (CRR) at LTU, the Luleå 
Railway Research Center (JVTC) at LTU and the Nordic Safety and Security (NSS) project 
2008-2011.
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Elfgren, Kevin Enochsson, Ola Enochsson (test site manager), Rolando Estrada, Ahti 
Hallikainen, Anders Jansson, Håkan Johansson, Stig Johansson, James Leighton, Håkan 
Nordin, Otto Norling, Ulf Ohlsson, Bradley Pease, Gabriel Sas, Lukasz Topczewski, and Björn 
Täljsten.
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East edge beam of the bridge with the governing shear-torsion-bending failure crack.
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keeping them running.
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Juhani and Tiina for giving me love, support and encouragement.
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ABSTRACT

To meet the future traffic demands there is a constant need of making the infrastructure more 
effective. This can be achieved by increasing the capacity and/or life length of traffic lines. A 
part of the efforts to do this is increasing the load carrying capacity of the railway bridges so 
that it is possible to allow heavier freight trains to pass the bridges.

In this thesis the assessment of the load carrying capacity of a strengthened concrete trough 
railway bridge, The Övik Bridge, with two spans in Örnsköldsvik, in northern Sweden, is 
treated. To investigate the ultimate behavior of the bridge a full scale load test up to failure was 
performed in 2006.

At the loading test in Örnsköldsvik a steel beam was placed in the mid of one of the spans of 
the bridge. The failure was caused by pulling the steel beam downwards with cables which 
were anchored with injection into the drilled holes in the bedrock beneath the bridge.

While the mechanism of a bending failure is commonly considered to be well investigated, the 
structural models for the shear failure are still the object of intense research. The bottom sides
of the edge beams of the Örnsköldsvik Bridge were strengthened with Near Surface Mounted 
reinforcement (NSM) consisting of Carbon Fibre Reinforced Polymers (CFRP) to increase the 
bending capacity and in that way steer the bridge to failure in shear instead of bending.

The material properties of the reinforcement were determined in tension tests. Concrete 
properties were determined by testing drilled core samples. Displacements and deflections of 
the bridge, strains in concrete, steel and carbon fibre reinforcement were measured during the 
test as a function of the increasing load.

In this thesis the analysis of the failure of the bridge, structural models describing the behavior
and load carrying capacity are evaluated according to different design codes. Advanced finite 
element analysis is applied with both geometrical and material non-linearities included. To 
verify the models used in codes and computer calculations the response of the bridge during 
the test is compared with the calculation results.

The refined and calibrated FEM model is used to predict how high axle loads of a train the 
Övik Bridge could have sustained. The Övik Bridge was designed in 1950’s for axle loads of 
20 ton. The calculations methods developed in this thesis show that the axle loads in the failure 
state could have been increased at least up to 154 tons without strengthening and to 215 ton 
with strengthening of the bridge slab with carbon fibre reinforcement bars with Af = 100 mm2

c 150 mm using statistical mean values of loads and material properties in the calculations.
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SAMMANFATTNING (in Swedish)

Bärförmågan hos en förstärkt betongbro

Icke-linjär finit elementmodellering av en brottbelastning
Tillståndsbedömning av en järnvägstrågbro med två spann i Örnsköldsvik förstärkt med 
stänger av kolfiberarmerade polymerer (CFRP)

För att möta de framtida krav som trafiksektorn står inför måste infrastrukturen effektiviseras. 
Detta kan bland annat uppnås genom att öka trafikledernas kapacitet och livslängd. En del av 
denna ambition består av att öka lastkapaciteten på järnvägsbroar så att man kan tillåta tyngre 
godståg att passera.

I denna avhandling behandlas tillståndsbedömning av en förstärkt trågbro av armerad betong.
Bron hade två spann och var belägen i Örnsköldsvik i Sverige. Ett fullskaleförsök utfördes år 
2006 för att studera brons beteende under ökande last tills brott uppstod. 

Under testet i Örnsköldsvik placerades en stålbalk i mitten av brons ena spann. Brottet 
frambringades genom att stålbalken drogs neråt med kablar, som hade förankrats i berget med 
injektion under bron, så att lasten på bron ökade. Medan mekanismen för böjmoment allmänt 
anses vara väl utredd är olika modeller för bärförmågan för tvärkraft fortfarande föremål för 
intensiv forskning. För att undvika det icke-intressanta böjbrottet förstärktes kantbalkarna i 
underkanten med kolfiberarmering (CFRP) i form av stavar som limmades fast i utsågade 
slitsar (Near Surface Mounted reinforcement, NSM). På det viset styrdes bron till att få
skjuvbrott istället för böjbrott.

Materialegenskaper för betongen bestämdes med hjälp av utborrade cylindrar och för 
armeringen med dragprov. Förskjutningar och utböjningar av bron samt töjningar i betong, 
stål- och kolfiberarmering mättes under pågående test som funktion av den ökande lasten.

Bron analyserades på flera sätt för att jämföra verklig bärförmåga med olika normer. Icke-
linjära finita element har härvid använts för att utvärdera hur avancerade beräkningsverktyg 
kan beskriva det verkliga skeendet. Olinjäriteter har beaktats i såväl material som geometri.

Den förfinade och kalibrerade FEM -modellen användes för att bedöma den maximala 
axellasten för tåg som Öviksbron skulle ha kunnat bära. Öviksbron dimensionerades på 1950-
talet för axellaster på 20 ton. Beräkningsmodellerna utvecklade i avhandlingen visar att bron i
brottstadiet hade kunnat klara axellaster på minst 154 ton utan den utförda förstärkningen och 
på 215 ton med förstärkningen av broplattan med kolfiberstänger med Af = 100 mm2 c 150 
mm. Statistiska medelvärden av laster och materialparametrar har härvid använts i
beräkningarna.
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TIIVISTELMÄ (in Finnish)

Vahvistetun betonisillan kuormankantokyky

Täyden mittakaavan koekuormitus murtoon asti epälineaarista elementtimenetelmää
käyttäen

Hiilikuitutangoilla (CFRP) vahvistetun kaksiaukkoisen rautatiekaukalopalkkisillan 
kantokyvyn arviointi

Tulevaisuudessa liikennesektoriin kohdistetaan alati kasvavia odotuksia, kun liikennemääriä, 
nopeuksia ja akselipainoja halutaan nostaa. Tähän voidaan päästä lisäämällä liikenneväylien 
tehokkuutta ja/tai pidentämällä niiden elinkaarta. Yksi osa tämän tavoitteen saavuttamisessa on 
rautatiesiltojen kuormankantokyvyn lisääminen siten, että aiempaa painavammat tavarajunat 
voisivat ajaa silloista yli. 

Tässä väitöskirjassa käsitellään vahvistetun kaksiaukkoisen teräsbetonisen kaukalopalkki-
rautatiesillan, Öviksbron, kantokyvyn määrittämistä. Täyden mittakaavan kuormituskoe tehtiin 
Örnsköldvikissä, Ruotsissa, vuonna 2006. Kokeessa pyrittiin selvittämään sillan 
käyttäytyminen kuorman kasvaessa sillan lopulliseen murtoon asti.

Ennen kuormituskoetta sillan toisen jännevälin keskelle asetettiin teräspalkki. Murto saatiin 
aikaan vetämällä teräspalkkia peruskallioon ankkuroitujen teräsvaijerien avulla alaspäin. 
Yleisesti ollaan sitä mieltä, että taivutusmurron mekanismi on hyvin tunnettu. 
Leikkausmurtuman rakennemalleja tutkitaan sen sijaan yhä edelleen.  Taivutusmurron 
välttämiseksi sillan reunapalkkeja vahvistettiin hiilikuitutangoilla, jotka asennettiin 
epoksiliimalla täytettyihin, palkkien alapintaan sahattuihin uriin. Vahvistustapaa kutsutaan 
lähelle pintaa asennetuksi raudoitukseksi (Near Surface Mounted reinforcement, NSM), jossa 
käytetään tankoja, jotka on tehty hiilikuituvahvisteisista polymeereistä (Carbon Fibre 
Reinforced Polymers , CFRP).

Materiaaliominaisuudet määritettiin sillasta porattujen betonisylinterien ja raudoituksen 
vetokokeiden avulla. Sillan siirtymät ja taipumat, betonin puristumat, teräs- ja 
hiilikuituraudoituksen venymät mitattiin kokeen aikana lisääntyvän kuorman funktiona.

Sillan murtotapahtumaa analysoitaessa tutkittiin ja arvioitiin eri normeissa ja 
laskentamenetelmissä käytettäviä kuormankantokyvyn rakennemalleja. Tutkimuksessa 
käytettiin kehittynyttä elementtimenetelmää, joka sisälsi sillan geometrian ja materiaalin 
epälineaarisen käyttäytymisen. 

Tarkennettua ja kalibroitua FEM-mallia käytettiin Övikin sillan kantokyvyn arvioimiseen 
junan akselikuormille. Övikin silta mitoitettiin 1950 -luvulla kestämään 20 tonnin 
akselikuormia. Tässä väitöskirjassa kehitettyjen laskentamallien perusteella silta olisi voinut 
kestää murtotilassa ilman vahvistusta vähintään 154 tonnin akselikuormia ja hiilikuitutangoilla, 
Af = 100 mm2 k 150 mm, siltalaatan vahvistamisen jälkeen 215 tonnin akselikuormia, kun 
laskemissa käytetään kuormien ja materiaaliominaisuuksien tilastollisia keskiarvoja.
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NOTATIONS AND ABBREVIATIONS

General notations and abbreviations are given below.  Notations and abbreviations are also 
explained in direct conjunction to their appearance in the text and they have preference to what 
is given here.

Roman upper case letters

A Area, [m2]

L Length [m]

B Width [m]

E Modulus of elasticity [Pa]

F Force [N]

M Moment [Nm]

ReH                 Upper yield stress, (AeH is the corresponding strain)

ReL             Lower yield stress, (AeL is the corresponding strain),

Rm                  Tensile stress, (Agt is the corresponding strain)

Ry                  Stress before hardening starts, (Ay is the corresponding strain), 

Fm                  Maximum force in tensile test of reinforcement

At                    Strain at facture in tensile test of reinforcement

Roman lower case letters

b Width [m]

d Effective depth to the reinforcement in a concrete beam [m]

f Yield stress [Pa or MPa]

h Height [m]

m Distributed designing bending moment, [kNm]

x Height of compressed zone in concrete beams [m]

k                   Spring stiffness, [N/m]
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Greek lower case letters

Coefficient for mean compressive stress [-]

Coefficient for center of gravity [-]

Strain [m/m]

Poissons ratio, [-]

Stress [MPa]

Angle of compression strut

Subscripts

c concrete or compression

f fibre reinforcement

s steel

t tension

Abbreviations

CFRP Carbon Fibre Reinforced Polymer

FEM Finite Element Method

fib The international federation of structural concrete, Lausanne,

FRP Fibre Reinforced Polymer

IC Intermediate Crack induced debonding

NLFEA Non-Linear Finite Element Analysis

NSM Near Surface Mounted reinforcement

MCFT Modified Compression Field Theory

PC Prestressed Concrete

RC Reinforced Concrete

SLS Serviceability Limit State

ULS Ultimate Limit State
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1. INTRODUCTION
1.1 Background

There is an increasing need to assess the load carrying capacity of existing bridges due to
growing traffic demands or possible deterioration due to service and environmental exposure,
see e.g. fib Bull 62 (2012). In this thesis the assessment of the load carrying capacity of a 
concrete trough railway bridge with two spans, The Övik Bridge in Örnsköldsvik in northern 
Sweden, is treated as an example.

The bottom sides of the edge beams of the bridge were strengthened with Near Surface 
Mounted reinforcement (NSM) consisting of Carbon Fibre Reinforced Polymers (CFRP) to 
increase the bending capacity and in that way steer the bridge to failure in shear instead of 
bending. The ultimate behavior of the bridge was investigated in a full scale test up to failure 
performed in 2006.

Figure 1.1 Participating countries in the EC project Sustainable Bridges and location of the
test site in Örnsköldsvik in Sweden.

1.2 Research Project on Sustainable Bridges

The assessment of the load carrying capacity of bridges was part of the EC project ‘Sustainable 
Bridges’, 2003-2007, see Fig. 1.1 and Sustainable Bridges (2008).  It was a part of the 6th 
Framework Program thematic area for Sustainable development, global change and 
ecosystems. The Sustainable Bridges project aimed to help European railways to meet 
increasing transportation demands. This can only be achieved on the existing railway network 
by allowing the passage of heavier freight trains and faster passenger trains. This requires that 
existing bridges within the networks are upgraded without causing unnecessary disruption to 
the carriage of goods and passengers, and without compromising the safety and economy of the 
railways.

Örnsköldsvik
test site
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A consortium, consisting of 32 partners drawn from railway bridge owners, consultants, 
contractors, research institutes and universities, carried out the Project, which had a gross 
budget of more than 10 million Euros.

The European Commission provided substantial funding, with the balancing funding coming 
from the Project partners. Skanska Sverige AB provided the overall co-ordination of the 
Project, whilst Luleå University of Technology took the scientific leadership.

The Project developed improved procedures and methods for inspection, testing, monitoring 
and condition assessment, of railway bridges. Furthermore, it developed advanced 
methodologies for assessing the safe carrying capacity of bridges and better engineering 
solutions for repair and strengthening of bridges that are found to be in need of attention. The 
Work Package structure in the project is given in Fig. 1.2.

Figure 1.2 Work Package structure and interactions in the Sustainable Bridges project

Important objectives in the project Sustainable Bridges (www.sustainblebridges.net) were to 
increase the transport capacity and service life of existing bridges. In order to demonstrate new 
and refined methods developed in the program, field tests of existing bridges were carried out 
in Work Package 7. One of the bridges tested was a 50 year old two-span concrete bridge 
located in Örnsköldsvik in northern Sweden.
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Due to time, legal and cost restraints, concrete bridges are seldom tested to failure. It was 
therefore deemed vital to carry out such a test, as it is the only way to check if applied
analytical and numerical models do catch the essential behavior at failure of a structure.

The objective of the test of the Örnsköldsvik reinforced concrete bridge to failure was to test 
new and refined methods developed in the project regarding procedures for inspection and 
condition assessment (WP 3), load carrying capacity in combined shear, torsion and bending 
(WP 4), monitoring (WP 5), and strengthening (WP 6), see Fig.1.2.

To achieve a shear failure and to avoid an uninteresting bending failure, the edge beams were
strengthened before the final test. Near Surface Mounted reinforcement (NSM) was used 
consisting of Carbon Fiber Reinforced Polymers (CFRP).

1.3 Aims

The general aim of this thesis is to assess the load carrying capacity of existing reinforced 
concrete bridges as close to reality as possible.  This aim can be subdivided as follows:

- to assess the effect of strengthening of existing bridges with carbon fibre 
reinforcement, so that the strengthening measures can be designed in a reliable and 
cost saving way

- to investigate if the failure process of a strengthened bridge can be reproduced with 
the finite element method

- to determine the ultimate train axle load the bridge can sustain before strengthening 
and after strengthening

1.4 Research questions and limitations

The following research questions will be studied in this thesis:

a. What was the failure mode for the tested bridge in Örnsköldsvik?

b. Can the failure be modeled with the finite element method (FEM)?

c. Do current design models describe the bridge failure in a correct way?

d. Is it possible to get a close estimation of the train load that the bridge can sustain 
using the non-linear finite element method?

The following limitations apply to this thesis:

a) The methods developed in this thesis are applicable only for reinforced concrete 
bridges, prestressed bridges are not studied.

b) There exist several methods for strengthening concrete structures with carbon fibre 
composites, only strengthening against bending is investigated in this thesis.
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c) Only static loading is treated in this thesis

1.5 Original features of thesis

The original features of this thesis are:

A full scale test of a reinforced concrete bridge to failure. Concrete bridges are seldom 
tested to failure in order to investigate their ultimate behavior.  The only way to verify 
the accuracy of the models used in different codes and computer calculations is to 
compare calculation results with the behavior of the bridge during testing up to 
failure.

Results from the loading test are compared with the theoretical values obtained by the 
structural models used in different codes.

Different non-linear calculation methods have been utilized to capture the behavior of 
the bridge during increasing loading.

Several increasingly detailed non-linear calculation methods have been utilized to 
capture the behavior of the bridge during increasing loading.

The most important achievement in this thesis is the development of a calculation 
method that uses non-linear finite element analysis, NLFEA, in a detailed 3D solid 
model with discrete reinforcement with both geometrical and material non-linearities 
included. This type of one to one model gives a detailed picture of deflections, 
stresses and strains in any concrete structure at any moment for arbitrary static 
loading. The developed method has a potentially great impact on design praxis 
allowing a much better correlation between calculation results and the actual behavior 
of the structure than the currently used calculation methods. This leads to a much 
more correct assessment of the load carrying capacity and increased security of 
structures. Big cost savings can be made for example when the developed method is 
applied to bridges with train loads. If the result of the calculations is that the bridge 
can sustain an increased load then the life span of the bridge can be safely extended 
resulting in higher traffic capacity for the bridge and cost savings. If the result is that 
the bridge needs to be strengthened then the developed method in this thesis can give 
a close prediction of the effect of the strengthening. This also leads to cost savings as 
only necessary strengthening needs to be made and unnecessary strengthening is 
avoided. Natural resources are used as little as possible with lowest possible 
environmental impact. Fully utilized the method makes it possible to increase the 
capacity of the traffic lines which multiples the potential savings made possible by the 
method developed in this thesis.
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1.6 Content of thesis

The thesis consists of:

Main text, where results of calculations with FEM programs are presented.

Chapter 1: Introduction

Chapter 2: General aspects about non-linear finite element calculations of reinforced concrete.

Chapter 3: Basics of strengthening with fibre reinforced polymers (FRP)

Chapter 4: Presentation of the full scale test of the bridge in Örnsköldsvik, Sweden

Chapter 5: Description of the failure. Shear capacity according to different codes. Bending 
moment capacity before and after strengthening.

Chapter 6: Frame calculations. 3D shell model including train load.

Chapter 7: Presentation of the 3D-solid model. Description of the working process with 3D-
solid models in the thesis. Results of the finite element modeling for the Övik 
Bridge for the test situation. 

Chapter 8: The most advance 3D-solid model with discrete reinforcement and non-linear 
material including carbon fibre reinforcement in epoxy. Presentation of the results 
and comparison with photographic strain monitoring at near the failure load.

Chapter 9: Conclusions and recommendations for future research.

Chapter 10: References.

Calculations according to models used in different codes and FEM -calculations of the Övik 
Bridge are presented in detail in the appendixes.

Scientific papers:

Paper 1:  Full-Scale Test to Failure of a Strengthened Reinforced Concrete Bridge. Calibration 
of Assessment Models for Load-bearing Capacities of Existing Bridges. Published 
in Nordic Concrete Recearch, No 2/2008.

Paper 2 Load-Deformation Properties of a RC Trough Bridge Loaded to Failure. Finite 
Element Modeling of a Bridge in Örnsköldsvik, Sweden. To be submitted.

Paper 3 Assessment of Train Load Capacity for a FRP-Strengthened RC Bridge in 
Örnsköldsvik, Sweden. To be submitted.

Appendixes H, I and K where originally presented in the report SB 7-3 (2008) for the 
“Sustainable Bridges - project: They have now been revised and updated.
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Appendix H 2D Frame, BBK, EC-2, MCFT and Probabilistic Methods
Shear capacity according to Swedish Concrete Code, BBK, EuroCode, EC-2, 
Modified Compression Field Theory and probabilistic calculations for BBK, 
EC-2-models are presented 

Appendix I Linear and non-linear 2D and 3D Analysis with 2D Frame and Brigade.
3D-shell model and 2D frame model combined with Modified Compression 
Field Theory
Train load calculations with 3D -shell model.

Appendix K Strengthening with Near Surface Mounted Reinforcement, NSMR
The strengthening calculations with carbon fibre rods, NSM, for bending 
according to Design Guideline handbook FRP strengthening of existing concrete 
structures are presented.

Appendix L FEM of reinforced concrete.
                       A summary of the state of the art regarding FEM of reinforced concrete.

1.7 Publications (by the author)

Published

Puurula, Arto (2004): Assessment of Prestressed Concrete Bridges Loaded in Combined 
Shear, Torsion and Bending. Licentiate Thesis 2004:43, Division of Structural Engineering, 
Luleå University of Technology, November 2004, 103 + 144 pp. Can be downloaded from 
http://epubl.ltu.se/1402-1757/2004/43/index.html

Enochsson, Ola; Puurula, Arto and Elfgren, Lennart (2004): Beräkning av betongbroars 
bärförmåga. Interaktion mellan tvärkraft, vridmomnent och böjmoment i 
Källösundsbron. (Assessment of the Load Carrying Capacity of Concrete Bridges –
Interaction between Shear, Torsion and Bending in the Källösund Bridge. In Swedish with an 
English Summary). Teknisk rapport 2004:15. Avdelningen för Konstruktionsteknik, Luleå 
tekniska universitet. Luleå 2004, 10 + 116 pp. Can be downloaded 
from: http://epubl.ltu.se/1402-1536/2004/15/index.html

Enochsson, O., Puurula, A., Stenlund, A., Thun, H., Nilsson, M., Täljsten, B., Olofsson, T., 
and Elfgren, L., (2005): Condition Assessment of Concrete Bridges in Sweden. In ICCRRR 
2005 – International Conference on Concrete Repair, Rehabilitation and Retrofitting, Cape 
Town, South Africa, 21-23 November 2005, Leiden: Taylor & Francis/Balkema, pp 257-259
(extended abstract; full length paper, 8 pp, on enclosed CD). ISBN 0-415-39656-5. 

Elfgren, Lennart; Enochsson, Ola; Puurula, Arto; Thun, Håkan; Paulsson, Björn; Täljsten, 
Björn (2007): Testing to failure of a reinforced concrete railway trough bridge in 
Örnsköldsvik, Sweden. Sustainable Bridges: Assessment for future traffic demands and 
longer lives. Wroclaw: Dolnoslaskie Wydawnictwo Edukacyjne, 2007. pp 445-460. ISBN 978-
83-7125-161-0.
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Puurula, Arto; Enochsson, Ola; Thun, Håkan; Täljsten, Björn; Elfgren, Lennart; Olofsson, Jan 
and Paulsson, Björn (2008): Test of a concrete bridge in Sweden – I. Assessment methods.
In “Bridge Maintenance, Safety, Management, Health Monitoring and Informatics” edited by 
Hyun-Moo Koh and Dan M. Frangopol. Leiden: CRC Press/Balkema, Taylor & Francis Group, 
ISBN 978-0-415-46844-2, Abstract p 697 + full version on CD pp 3585-3592.

Enochsson, Ola; Puurula, Arto; Thun, Håkan; Elfgren, Lennart; Täljsten, Björn; Olofsson, Jan 
and Paulsson, Björn (2008): Test of a concrete bridge in Sweden – III. Ultimate Capacity.
In “Bridge Maintenance, Safety, Management, Health Monitoring and Informatics” edited by 
Hyun-Moo Koh and Dan M. Frangopol. Leiden: CRC Press/Balkema, Taylor & Francis Group, 
ISBN 978-0-415-46844-2, Abstract p 699 + full version on CD pp 3601-3608.

Puurula, Arto; Enochsson, Ola; Thun, Håkan; Nordin, Håkan; Täljsten, Björn; Lennart 
Elfgren; Paulsson, Björn and Olofsson, Jan (2008): Full-scale Test to Failure of a Reinforced 
Concrete Bridge. Calibration of Assessment Models for Load-bearing capacities of 
existing Bridges. Nordic Concrete Research No 2/2008, Publication no 38., pp 131-142.

Elfgren, Lennart; Enochsson, Ola; Puurula, Arto; Nilimaa, Jonny and Töyrä, Björn (2009): 
Preliminary Assessment of Finnish Railway Bridges. Railway Infrastructure Upgrading 
with Increase of Axle Loads from 25 to 30 tonnes on the Line Tornio – Kolari. A 
Comparison with Swedish Railway Bridges on the Lines Luleå – Narvik and Haparanda 
– Boden. Luleå Railway Research Centre, JVTC, and Division of Structural Engineering. 
Luleå University of Technology, SE-971 87 Luleå, Sweden, 39 pp.

Puurula, Arto; Enochsson, Ola; Sas, Gabriel; Täljsten, Björn and Elfgren, Lennart "Load 
carrying capacity of a RC Bridge in Örnsköldsvik, Sweden". Nordic Concrete Research: 
Proceedings of the XXI Nordic Concrete Research Symposium, Hämeenlinna, Finland 
2011 Chapter 4.Nordic Concrete Research; 43. The Nordic Concrete Federation. 2011. 29-32.

Sas, Gabriel; Blanksvärd, Thomas; Enochsson, Ola; Täljsten, Björn; Puurula, Arto and 
Elfgren, Lennart (2011) "Flexural-shear failure of a full scale tested RC bridge 
strengthened with NSM CFRP: Shear capacity analysis". Nordic Concrete Research. No 2,
2011. Publ No 44.

1.8 Conferences

Sustainable bridges: Assessment for future traffic demands and longer lives. Wroclaw, October 
2007.

XXI Nordic Concrete Research Symposium, Hämeenlinna, Finland 2011.
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2. NON-LINEAR FEM OF REINFORCED 
CONCRETE

The development of program software together with the increase of computer capacity has 
given powerful tools for designing bridges. The size and the complexity of the problems that 
are possible to investigate have expanded, see e.g. CEB-FIP (2007) and Plos (2007). The 
structure can consist of various parts and materials. It is possible to study small details 
embedded in concrete bridges. 

Non-linear finite element analysis, NLFEA, offers a tool to assess concrete structures in the 
cracked stage. The formation of cracks and their inclination can be followed during increasing 
load. The stresses and strains in concrete and reinforcement follow their stress-strain diagrams 
from material tests under increasing loading. NLFEA can give accurate predictions of the final 
load carrying capacity of structures. NLFEA provides a tool to assess the effect of 
strengthening measures. Different strengthening alternatives can be investigated for cost saving 
and accurate design.

Figure 2.1 Schematic illustration of the Örnsköldsvik Bridge. SB7.3 (2007), Ola Enochsson.

Traditionally when structures are analyzed using the linear finite element method, the load 
effect is calculated from outer loads and the load carrying capacity is calculated according to a
relevant code. The load effect is then compared with the load carrying capacity i.e. resistance, 
see Fig.2.2. This provides an efficient and rational method to design structures, to determine
geometry, reinforcement and material strengths needed. 

Design codes are often based on equilibrium in the cracked stage when the reinforcement is 
yielding and concrete stresses are redistributed. The equations used in design codes are 
developed in laboratory tests using a chosen structural model. They are intended to be applied 
on many different structures and load situations. The safety is usually guaranteed by partial 
coefficients included in the design values of the material parameters and loads. Unexpected
failures can lead to renewed assessment of these partial coefficients. This semi empirical 
method gradually leads to greater security in the codes used in practical design.
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Figure 2.2 Construction design traditionally consists of a comparison between the load 
effect and the resistance. SB_WP4 (2007), Mario Plos.

In the linear finite element analysis used in concrete design, elastic results are usually 
compared with a chosen structural plastic model describing the final failure. The design 
parameters are changing in different structures in terms of geometry, loads and material. This 
leads to discrepancies in the analysis. It is for example possible that some other failure mode 
occurs before all deformations expected in the design code model have had time to develop. 
The linear finite element method doesn’t follow the stages the structure is exposed to. It is at 
this point that the non-linear finite element method, NLFEA, enters the stage, Fig.2.3.

Figure 2.3 Design procedure used in the non-linear structural analysis. 
                     SB_WP4 (2007), Mario Plos.

In NLFEA a step by step calculation scheme is applied, which allows investigation of the 
structure through all its load history. Some of the intrinsic benefits of using NLFEA are as 
follows:

- NLFEA allows designing structures safely so that the final failure can be verified to 
occur in a ductile instead of brittle way.
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- When the tensile strength of concrete is exceeded the concrete cracks. As the cracking 
propagates the stiffness of the concrete structure changes. A corresponding behavior 
occurs after the compression strength of the concrete or the yield limit in the 
reinforcement is reached. The non-linear finite element method allows taking into 
account these non-linear material behaviors.

- Many of the bridges in use today were built decades ago. They were designed 
according to the current codes of the time. The accuracy of the prediction of the load 
carrying capacity was not as developed as in modern codes. Earlier calculation 
methods were developed for hand calculations whereas nowadays computers offer far 
more advanced possibilities for calculations and design. Modern tools and NLFEA 
allow us to assess the load carrying capacity to a much higher degree of accuracy. 
These modern methods allow us to discover the potential hidden load capacity left in 
bridges.

- If the load carrying capacity is not sufficient after the assessment process either a 
removal or a strengthening of the bridge must take place. A close estimate of the real 
behavior of the strengthening measure leads to a better safety estimate. This in turn 
can lead to lower upgrading costs.

- With NLFEA it is possible to investigate the process of forming a mechanism in the 
structure with plastic hinges. Further NLFEA allows studying structural instability,
such as buckling.

- If a bridge to be assessed is tested in some way the behavior of the bridge can be 
replicated by computer calculations to calibrate the NLFEA calculations. The 
measured and calculated load-deflection diagrams, stresses and strains in concrete and 
reinforcement must be consistent with each other. The possibility to compare testing 
and calculation results gives an increased reliability when the load carrying capacity 
of the bridge is assessed.

- In this thesis the load carrying capacity of the Övik Bride is first calculated using 
conventional calculation methods according to different codes. FEA is followed by 
NLFEA with increasing complexity, from simple to detailed modeling.

- The most advanced model of the Övik Bridge in this thesis is a model where NLFEA 
is used with discrete reinforcement bars embedded in a 3D solid model of the bridge.
The non-linear material properties are based on material tests and geometrical non-
linearities are included in the material descriptions. The boundary conditions and 
connections between different parts of the model are considered in a realistic way. A
detailed modeling of the strengthening includes solid bars of carbon fibre 
reinforcement, FRP, embedded in epoxy in pre-sawed grooves. This detailed 
modeling gives bond stresses and strains in the level of the critical interface between 
concrete and epoxy where the final failure occurred. The loading in the model is 
applied step by step. A close one to one description of the real behavior of the bridge
is achieved.

- Some essential parts of the NLFEA theory with different applications are presented in 
Appendix-L (2012).
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3. STRENGTHENING WITH FIBRE REINFORCED
POLYMERS (FRP)

3.1 Introduction

Strengthening with Carbon Fibre Reinforced Polymers, CFRP, is a useful technique which has 
been developed during the last 20 years. Beams and slabs can be strengthened against bending 
with plate or Near Surface Mounted reinforcement (NSM) glued on the tensile side. Sheets are 
used to increase the shear capacity of beams. Columns can be wrapped with sheets to improve 
the confinement of the columns and thereby increase the capacity against axial load through 
restrained lateral expansion.. Sheets can also be used to increase the capacity against torsion. 
Strengthening with composite reinforcement decreases the stresses in the steel reinforcement 
and makes the structure more durable against fatigue loads.

A detailed presentation of FRP strengthening is given in FRP handbooks as: fib-FRP(2006) 
and Täljsten et al (2006, 2011).  

FRP strengthening has also been treated by Carolin (2003) and Blanksvärd (2009).

FRP shear strengthening has been treated by Thanasis et al (2000), Carolin et al (2005), Chen 
et al (2003), Zhang et al (2005) and Sas (2011).

Flexural strengthening with Near surface mounted (NSM) strengthening technique using 
carbon fibre reinforced polymer (CFRP) laminate strips has been studied by Barros et al 
(2004). A paper of Nanni et al (2004) focuses on the use of carbon fiber reinforced polymer 
(CFRP) rectangular bars installed as near surface mounted (NSM) reinforcement for shear 
strengthening in conjunction with an externally bonded pre-cured CFRP laminate to increase 
the flexural capacity of a prestressed concrete (PC) bridge girder. Anchorage Length of Near-
Surface Mounted Fiber-Reinforced Polymer Bars for Concrete Strengthening have been 
investigated by De Lorenzis et al (2004).

The effect of the FRP strengthening has been recorded with photographic tools using speckle 
patterns to measure strains during increased loading, Sas (2011). 

Interfacial stresses between strengthening plate, adhesive and concrete has been analyzed by 
Smith et al (2000), Täljsten (1997) and Stratford et al (2006). Bond stresses between concrete 
and reinforcement bars is investigated by using interface elements by Lundgren (1999).

Anchorage and end peeling has been investigated by Stratford (2006), Smith (2001) and 
Täljsten (1997).
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The effect of prestressing has been studied by Al-Emrani et al (2006), external post-tensioned 
CFRP by Schmidt (2008), post-tensioned NSMR by Täljsten et al (2008), NSM technique is
described in Section 4.4, and externally unbonded post-tensioned CFRP tendons by Benniz 
(2011).

Assessment of prestressed concrete bridges loaded in combined shear, torsion and bending and 
strengthened with FRP has been investigated by Puurula (2004). 

Old metallic structures subjected to fatigue loads and strengthened with CFRP materials have
been studied by Hansen et al (2008).

The following student’s bachelor theses have been supervised by the author at Savonia 
University of Applied Sciences in Kuopio in Finland concerning carbon fibre strengthening: 

- Collin Jean-François (2006) Assessment of an existing concrete structure: 
Örnsköldsvik Bridge Sweden. Hand calculations according to the Eurocode 2 and the 
Swedish Code (BBK-94),  non-linear calculations with the program Response 2000,
advanced non-linear calculations with the finite element program Lusas

- Hallikainen (2007). Load-carrying capacity of a reinforced concrete bridge 
strengthened with carbon fibre bars. Implementation of the measurements and the 
testing of The Örnsköldsvik Bridge.

- Salimi et al (2008), two concrete beams have been tested for shear strengthening, 
completed in 2008

- Auvinen and Kantola, shear strengthening, ongoing research 
- Heiskanen and Hyttinen , bending strengthening, ongoing research
- Lonka and Nissinen, combined shear and bending strengthening, ongoing research

In the ongoing research each group has tested two beams. One reference beam without 
strengthening and one strengthened beam. After having tested the reference beams to 
failure, the beams have been repaired and strengthened with carbon fibre strengthening 
and tested again. All together 9 beams have been designed, produced and tested by 
students during autumn 2011 and spring 2012. Two preparing curses have been held by the 
author at the Savonia University of Applied Sciences: 1. Repair and Strengthening of 
Structures, 2. Non-linear FEM, non-linear calculations of concrete beams with Abaqus 
software. 

In Sections 3.2 – 3.5 some important aspects about FRP strengthening in bending will be 
highlighted.
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3.2 Ductile or brittle fracture 

The maximum bending moment of a cross-section can be limited by different primary modes 
of failure, see Fig.3.1: 

1. The compressive strain in the concrete’s compression zone is exceeded (brittle failure) 

2. The steel reinforcement yields in tension (ductile failure) 

3. The steel reinforcement yields in compression (relatively ductile failure) 

4. Tensile failure in the laminate (mostly brittle failure) 

5. Anchorage failure in the bond zone of the laminate (brittle failure) 

6. Peeling failure at the laminate’s cut off end against concrete beam (brittle failure) 

7. Delamination in the laminate (brittle failure) 

 

Figure 3.1     Possible failure modes for a concrete beam reinforced for bending.                    
Täljsten et al (2011). 

If the load exceeds the ultimate load the structure can sustain, it is always preferred that the 
failure is ductile with large warning deformations. In such a case the tensile reinforcement 
needs to be strained beyond the yield limit before the CFRP reinforcement can be fully 
utilized, see Fig. 3.2, showing characteristic stress-strain diagrams from tensile tests for CFRP 
and  25 mm reinforcement. 
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Figure 3.2 The stress-strain diagram for CFRP and steel reinforcement used in the 
Örnsköldsvik Bridge.

Compressive failure in the concrete should also be avoided. Peeling and delamination at the 
end of the laminate, failure modes 6 and 7, lead to very brittle failures and should especially be 
avoided.

The most probable failure type in the Övik Bridge test was failure mode 5, anchorage failure in 
the bond zone of the NSM reinforcement, which lead to a brittle failure.
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3.3 Theoretical assumptions

The following assumptions are made in the FRP handbook, Täljsten et al (2011).

- Plane cross sections remain plain during the deformation according to Bernoulli’s hypothesis,
see Fig.3.4.

- The characteristic diagram for the concrete follows the simplified stress-strain diagram in 
Fig.3.3 a) with a failure strain of cu = 3.5 ‰.

- The characteristic diagram for steel reinforcement follows the idealized stress-strain diagram
in Fig.3.3 b) with the yield stress fst set as the upper limit for stress

- The characteristic diagram for carbon fibre reinforcement, FRP, follows the linear stress 
strain diagram up to the failure strain fu according to Hooke’s law, Fig 3.3 c). In design 
calculations the allowed strain is always limited because of risk for debonding. 

- Concrete tensile strength is neglected in the cracked section stage.

- The strain conditions before strengthening must be considered in the design.

Figure 3.3 Characteristic diagrams for materials.
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3.4 Moment capacity of the strengthened beam 

When strengthening for increased moment capacity in the ultimate limit stage, it is assumed 
that the tensile steel reinforcement reaches its yield point. For a beam with a rectangular cross-
section, reinforced and strengthened with externally bonded reinforcement in the form of a 
laminate on the tensile side, strain and stress distribution in the ultimate limit stage is given in 
Fig 3.4. 

 

Figure 3.4    Stress and strain diagrams for a cross-section of a rectangular beam.  
                     Täljsten et al  ( 2011). (a) cross section, (b) strain diagram, (c) stress diagram,  
                     and (d) simplified stress diagram. For Notation see page IX. 

As an example we study a case when failure occurs in a laminate without yielding of the 
compression steel reinforcement. With notations as in Fig.3.4, the moment capacity M 
(determined at the level of the concrete compression resultant Fc) gets contributions from the 
steel in compression A´s  the steel in tension As and the fibre reinforcement Af : 

xhAExdfAdxEA
xh

dxM fffsys
'
ss

'
suof

'
s                          (3.1)                                           

3.5 Intermediate crack, IC, debonding 

Intermediate crack, IC, induced debonding, failure type 5 in Fig.3.1 is a very brittle type of 
failure, see Fig. 3.5. IC debonding decreases the load carrying capacity and leads to premature 
failure. It also leads to energy release in form of sudden decrease of strains and consequently to 
an increase of stresses in the other parts of the structure. It is therefore a specially unwanted 
type of failure. IC debonding has been treated in many scientific papers e.g. Jinlong et al 
(2007), Lu et al (2007), Said et al (2007) and Teng (2007). 

When the tensile principal strength in concrete is exceeded a crack will form. Tensile stresses 
in the cracked concrete are then taken by the CFRP and the steel reinforcement. The area 
closest to the crack will be subjected to higher stresses. The elastic deformation of the adhesive 
and micro cracking in the concrete alleviate this stress concentration but when the loading 
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increases a macro-crack is formed in the interface between the adhesive and the concrete or in 
concrete and a sudden IC debonding of the CFRP occurs.

Figure 3.5 a) Intermediate flexural crack induced interfacial debonding
                 b) Intermediate flexural-shear crack induced interfacial debonding
               c) Crack-induced interfacial shear stresses
                       Teng et al, 2007.

In laboratory tests the debonding propagation process is so quick that a high speed camera is 
needed to capture the sequence of the event. In the Fig 3.6 a photo series from such a sequence 
is presented.

Figure  3.6 Photo series of the development of the intermediate crack-induced interfacial, 
IC, debonding. MRS (2008), Piotr Rusinowski.
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4. ÖVIK BRIDGE
4.1 Introduction

The main objective of the project “Sustainable Bridges” was to increase the transport capacity 
and service life of existing railway bridges, see Sustainable Bridges (2008). In order to 
demonstrate new and refined methods developed in the project, field tests of existing bridges 
were carried out. One of the bridges was a two-span concrete trough bridge located in 
Örnsköldsvik in northern Sweden, see Fig.4.1.

Figure 4.1 Map showing location 
of test site in Örnsköldsvik in 
northern Sweden. 

Concrete bridges are seldom tested to failure to 
investigate their ultimate behavior due to cost and time 
restraints. However, the only way to verify the models 
used in different codes and computer calculations is to 
compare calculation results with the behavior of the 
bridge during testing up to failure.

Bending failure is deemed to be well known already but 
shear failure is still a topic of discussion. For this 
reason the bottom sides of the edge beams of the 
Örnsköldsvik Bridge were strengthened with Near 
Surface Mounted reinforcement consisting of Carbon 
Fibre Reinforced Polymers (NSM, CFRP) to steer the 
bridge to fail in shear instead of bending.  

The bridge was a reinforced concrete railway trough 
bridge with two spans 12+12 m, see Fig. 4.2. The 
bridge was built in 1955 and was taken out of service in 
2005 due to the building of a new high-speed railway, 
the Botnia Line. Before demolition, the bridge was 
loaded to failure in order to test its ultimate load 
carrying capacity. The testing of the bridge is also 
described in the test report SB-7.3 (2008).

Figure 4.2 Photo of the railway bridge from the North on March 9, 2005.
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Preliminary results have been presented at the final Sustainable Bridges conference in 
Wroclaw, Poland, 2007, see Bien et al (2007) and Elfgren et al (2007) and at IABMAS 08 in 
Seoul, Korea, see Koh and Frangopol (2008), calculations with Lusas (2008) software SB-7.3, 
App G (2007); non-linear calculations with Atena (2008) software Cervenka Consulting SB7.3, 
App J (2007)  , Puurula et al (2008), Täljsten et al (2008), Enochsson et al (2008), Cruz and 
Salgado (2008), Kerrouche et al (2008) and Cruz et al (2007) and in journal papers Elfgren et 
al (2009) and Bergström et al (2009).  

4.2 Geometry  

The geometry and reinforcement are given in Fig. 4.3-7. The concrete design quality was K400 
which corresponds to a compressive strength of 40 MPa measured on 200 mm cubes. The 
reinforcement steel was of quality Ks40 with nominal yield strength of 400 MPa with bar 
diameters 10, 16 and 25 mm. Original drawings from 1954/55 are reproduced in SB-
7.3, App_A (2007). Material properties are given in SB-7.3, App_B (2007).  

Figure 4.3     Elevation of the bridge in Örnsköldsvik from West with landfill 
removed at the South wing beams. SB7.3 (2007), Ola Enochsson. 

 

Figure 4.4   Plan of the bridge in Örnsköldsvik with landfill removed at the South end of the 
bridge. Section A is given in Fig.4.7. Sas (2011). 
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Figure 4.5 Longitudinal section from East of the tested span with bending steel 
                  reinforcement according to construction drawings from 1954 and
                  the strengthening with Near Surface Mounted reinforcement,

                       NSM, consisting of Carbon Fibre Reinforced Polymers, CFRP,
                        applied before the final test to failure. Section B is given in Fig.4.6. Sas (2011).

Figure 4.6 Cross-section, showing dimensions and reinforcement according to construction 
                     drawings from 1954 and the strengthening with CFRP as NSM. Sas (2011).
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a) b)  

                   

Figure 4.7    a) Bridge was founded on piles b) Section A – A in Fig. 4.4.  
                     SB7.3 (2007), Ola Enochsson. 

4.3 Test set-up 

The bridge was proposed to be tested with a vertical point load P in the mid span, see Fig.4.8 
The loading was expected  to lead to a shear failure which might be interesting to evaluate and 
compare with predictions according to building codes, see e.g. the Swedish Concrete Codes 
BBK94 (1994), BBK04 (2004), the CEB-FIP Model Code CEB-FIP(1999), the Eurocodes EN 
1992-1-1 (2004), EN1992-2 (2005) and with more refined models see e. g. SB-LRA (2007), 
SB-4.5 (2007), Bentz (2000), Enochsson et al (2004), Plos (1995) and Puurula (2004). 

 

 

 

Figure 4.8   Proposed loading arrangement 
with a jack supported by an anchor injected 
into the rock (some 10 m below the bridge 
foundation slabs). A possible combined 
shear- -bending failure close to the load 
point is indicated. SB7.3 (2007), Ola 
Enochsson. 
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The preparations for the setup included measurements of actual material properties of the steel 
in the reinforcement bars and of the concrete in the bridge. Deflections and strains in 
reinforcement bars were followed during the loading process in order to check deformations 
and sectional forces. 
 

  

Figure 4.9   Test set-up with load beam and jacks on top of the bridge in the middle of the 
South span. SB7.3 (2007), Ola Enochsson. 

In test the two main beams were tested. A bending failure would be expected to occur in the 
South part for 6 - 10 MN. To avoid a bending failure the bridge was strengthened. 
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4.4 Strengthening 

In order to prevent an uninteresting bending failure, the edge beams of the bridge were
strengthened with rectangular bars of Carbon Fibre Reinforced Polymers (CFRP) which were 
mounted as Near Surface Mounted reinforcement (NSM) in pre-sawed groves in the slab, see 
Fig.4.10.

The strengthening design was based on calculations regarding the original bending moment 
capacity of the bridge, which was estimated to be approximately 10 MNm for the actual 
placement of the load. To obtain a shear failure, the bridge needed to be loaded with two point 
loads P up to approximately 2P = 9 -10 MN, which corresponds to a bending moment of circa 
10 MNm. The strengthening design provided an additional flexural capacity of 4 MNm, i.e. 
approximately a 40 % increase in flexure.

The additional 4 MNm corresponded to 18 CFRP rods, 9 per beam, with a length of 10.0 m. 
The rods chosen were provided by Sto Scandinavia AB, Sto (2012), with the brand name Sto 
FRP Bar M10C (2012). These rods consisted of a high quality carbon fibre with the mean
modulus of elasticity of Ef = 260 GPa and mean tensile strength of ff = 2500 MPa. The rods 
were placed in the soffit of the bridge beams with a centric distance of 100 mm between the 
rods. 

Figure 4.10 Sawing of grooves, filling with epoxy and mounting of the Near Surface Mounted 
reinforcement (NSM).
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The strengthening of the bridge was successful; the carbon fibre CFRP rods both increased the 
stiffness of the bridge and the bending moment capacity. They were functioning up to the 
failure load. 

The strengthening procedure is described in SB-6.3 (2007) and Täljsten et al (2007). See also 
the guideline SB-STR (2007). 

4.5 Measurements during the test  

The monitoring system consisted mainly of (a) strain gauges spot welded to the reinforcement, 
(b) an optical laser displacement sensor (Noptel PSM 200) and (c) Linear Varying Differential 
Transducers (LVDTs) for deflection measurements. Measurements were mainly made under 
the point loads and close to the supports along lines 1, 4 and 7, see Fig.4.11 and Fig.4.12. 
Examples of measurements are given in Fig.4.13-16.  

 

Figure 4.11    Location of strain sensors in cross section of the bridge. St denotes sensors on 
steel bars, Ca sensors on CFRP bars and Co sensors on concrete. 

Figure 4.12    Location of sensors in cross section of the bridge. 
 
Example of designation: CaB4-10E-3  
Ca (= Carbon fibre), B (= Bottom of beam), 4 (= Transversal line 4), -10 (= Deviation from 
transversal line 4, South 10 cm), E (= East line/beam), -3 (= Deviation from longitudinal East 
line, West 3 cm). 
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Figure 4.13 Vertical and horizontal displacements of the East and West beams in the center of 
the span (at loading line 4). To the left are two curves for horizontal 
displacements. One shows that the mid span moves transversally westwards 
some 8 mm along the loading line and longitudinally northwards some 12 mm. 
To the right the vertical deflections of the two beams are shown with a maximum 
mid span deflection of 88 mm for the East beam and 96 mm for the West beam.

Figure 4.14 Strain in the concrete, carbon fibre rods and reinforcement in the East beam and 
center of span (line 4).
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Figure 4.15 Strain in the concrete, carbon fibre rods and reinforcement in the West beam and                      
center of span (line 4).

Figure 4.16 Sectional strains at different load levels in the East beam at line 4. In order to 
increase visibility, the vertical scale in the diagram is not proportional to the 
real distances. 

Detailed results are given in SB-7.3, App_ F, 2008.
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4.6 Material properties

The material properties are summarized in Table 4.1 below.

The original 1955 concrete quality was Swedish K400 with a compressive strength of 40 MPa 
(400 kp/cm2) measured on 200 mm cubes. This corresponds roughly to EC class C28/35. The 
concrete strength had by 2006 increased to C55/67. The reinforcement is steel and is mostly 
16 and 25 mm of quality Ks40 with a nominal yield strength of 400 MPa. The bridge slab 
was before the final testing to failure strengthened with 9 + 9 = 18 Sto FRP Bar M10C with a 
length of 10 m, a cross section of 10 x 10 mm with Ef = 260 GPa and r = 11‰ .

Several methods have been used to test and evaluate the different material parameters, see SB-
7.3, App_B (2007) and SB-LRA (2007). In Table 4.1 a summary of the material parameters is 
presented which are used in the analysis of the bridge. Initial properties are first given based on 
the original drawings and simple estimations followed by mean properties based on tests 
during 2006, and finally followed by updated properties based on the tested mean values and 
code requirements. 

Characteristic values refer to the 95% percentile of the strength values and to about a 50 % 
percentile of the elasticity values. The design values  in the ultimate limit state (ULS) are based 
on the characteristic values divided by partial coefficients m n , where m is 1.5 for 
concrete, 1.15 for reinforcement steel, 1.05 for elasticity; and n is the safety factor with regard 
to injury of people, in this case safety class 3, which gives the factor n = 1.2. 

First the concrete properties are given: the compressive strength, fc [MPa], the modulus of 
elasticity, Ec [GPa], the tensile strength, ft [MPa], and the fracture energy, GF [Nm/m]. Then 
the steel properties are given: the yield stress, fsy = Reh [MPa], the ultimate strength, fsu =Rm
[MPa], and the modulus of elasticity, Es[GPa].  Details are given in SB 7.3 Appendix B
(2007)..
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Table 4.1 Summary of the material properties. Numbers within brackets are the standard
deviation.

Stage Type of 
value

Concrete Steel

fc

[MPa]

Ec

[GPa]

ft

[MPa]

GF

[Nm/m]

fsy = Reh

[MPa]

fsu =Rm

[MPa]

Es

[GPa]

Initial 
properties

(These values are 
assumed or taken 
from original 
drawings) 

Charac-
teristic 31a) 32 a) 1.8 a) -

16: 
410 b)

16: 
500 c)

16: 200 c)

25: 
390 b)

25: 
500 c)

25: 200 c)

design 
ULS d) 17.2 25.4 1.0 -

16: 297.1 16: 362  16: 158.7 

25: 282.6 25: 362 25: 158.7 

Mean properties 
based on tests

(Standard 
deviations are 
given in 
parenthesis)

Mean 68.5 e)

(8)

25.4 f)

(1.7)

ten-
sion

2.2 f)

(0.5)

uni-
axial

154 f)

(82)

16: 
441 g)

(12)

16: 
738 g)

(2.4)

16: 
192.1 g)

(23.3)

25: 
411 g)

(8.2)

25: 
706 g)

(22.6)

25: 
198.3 g)

(31.5)

Updated 
properties
evaluated 
according to 
codes

(The values are 
based on the 
mean values 
given above)

Charac-
teristic 57h) 38 i) 1.5 j) -

16: 
400.2 k)

16: 
730.9 k)

16: 200 i)

25: 
374.1 k)

25: 
636.8 k)

25: 200 i)

Design 
ULS d) 31.2 30.1 0.83 -

16: 278.9 16: 
529.6 

16: 158.7 

25: 271.1 25: 
461.4 

25: 158.7 

a) The concrete compressive strength is according to BVH (2005) obtained from the concrete
class used in the bridge, i.e 400 (K400), which corresponds to the concrete class K40. K40 is 
approximate equivalent to the strength class C28/35 in Eurocode which has a characteristic 
compressive strength of 27 MPa, a tensile strength of 1.8 MPa and a E-modulus of 32 GPa, 
BBK04 (2004). Since the bridge is more than 10 years old the value of the compressive 
strength can be increased with 15 % from 27 MPa to 1.15×27 = 31 MPa according to BVH 
(2005).
b) The characteristic yield strengths of 16 bars are taken from BVH (2005), section 4.3.3. The 
bridge also contained some Ø10 mm bars. Their material properties are assumed to be the same 
as the Ø16 mm bars.
c) According to BHB-M(1994) the minimum ultimate stress is 500 MPa. According to BBK04 
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(2004) the characteristic value of the E-modulus is 200 GPa. 
d) The design value = characteristic value / ( m n), where m is 1.5 for concrete and n is the 
safety factor with regard for injury to people, in this case safety class 3, which gives the factor 
1.2. For reinforcement steel the value m is 1.15 and for the E-modulus m it is 1.05 
according to BBK04 (2004).
e) The mean value of fc is established according to section B.1.2.1 in Appendix B, SB 7-3
(2008) (values from both beams). 
f) The mean values of Ec, ft, and GF are established according to section B1.4.1 from uniaxial 
tension tests.  These values are more conservative than the ones obtained from splitting tests in 
section B1.3.1 (values from both beams).
g) The mean values of reinforcement steel are established according to section B.2.1. 
h) The characteristic value of fc is evaluated according to prEN13971 (2006), see section 
B1.2.1.
i) The E-modulus was not tested. A value for concrete class C55/67 has been chosen.
j) The characteristic value of ft is evaluated according to BVH (2005) and BBK04 (2004), see 
section B1.4.2.
k) The evaluation of Reh and Rm has been done according to EN10080 (2001), see section 
B2.3.1
l) Nominal values for Es have been chosen. They differ only slightly from the measured ones.

In Fig.4.17 the definitions used in the evaluation of the properties of the steel reinforcement 
bars are shown, the corresponding mean values are presented in Table 4.2.
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Figure 4.17 Notations in Table 4.2, where the mean values of the tensile tests of the steel 
reinforcement are presented.
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Table 4.2    Results from the tensile tests of the reinforcement bars with the diameter 16 and 25 
mm. E = modulus of elasticity, ReH = Upper yield stress (AeH is the corresponding 
strain), ReL, = Lower yield stress (AeL is the corresponding strain), Rm Tensile 
stress (Agt is the corresponding strain), Ry = stress at point y see Fig.4.14 (Ay is the 
corresponding strain), Fm = the maximum force, At = strain at facture. 

AeH ReH AeL ReL Ay Ry Agt Rm Fm At E

[%] [MPa] [%] [MPa] [%] [MPa] [%] [MPa] [kN] [%] [GPa]
Reinforcement bars with the diameter 16 mm

Mean 0.28 441.1 0.79 436.8 1.16 430.1 15.3 737.4 148.3 22.4 192.1

Reinforcement bars with the diameter 25 mm
Mean 0.31 411.3 0.34 404.2 1.05 397.8 12.98 706.6 346.8 16.06 198.3

Material properties for steel reinforcement in Table 4.2 are used as input values in the non-
linear Brigade calculations. After having reached the yield limit the stress in reinforcement 
decreases before the hardening of the steel starts. 

4.7 Failure 

The process which led to the combined shear-torsion-bending failure in the Övik Bridge during 
the loading test started with yielding in the longitudinal bottom reinforcement and debonding 
of the outer carbon fibre reinforcement, NSM. It could be observed in the West edge beam,
Fig.4.18 a) and c). The debonding is assumed to be induced by a combined action of: 

- Debonding corresponding to Section 3.5, see Fig 4.18 a)and c).The outermost grove 
was partly incomplete due to damages in the lower corner of the bridge caused by 
lorries with too high cargo bumping into and scratching the bridge.   

- Dowel action on the NSM reinforcement of the shear force 
- The compression strut in the Eurocode 2 model for shear causes an inclined outward 

directed force which tries to push out the tension bar and the  NSM reinforcement 
with it 

- The failure also became visible on the East side of the bridge, with an inclined shear-
torsion-bending crack, Fig.4.19 a). There was one ruptured stirrup visible, Fig.4.19 
b), on each side of the bridge. 

-
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Figure 4.18 a) Debonding of FRP with dust coming out from the outermost groove.
                       b) Shear-torsion-bending crack opens, this led to the failure in Fig.4.19.
                      c) Detail of a) with dust on the West side of the bridge.

Figure 4.19   a) Shear-torsion-bending crack at failure on the East side of the bridge.
b) The ruptured stirrup. 
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5. CAPACITY CALCULATIONS
5.1 Shear capacity 

5.1.1 Shear capacity according to the models used in different codes

The shear capacity calculations according to the models used in different codes are presented in 
detail in Appendix H. A comparison of the results is shown in Fig.5.1.

Figure 5.1 Shear capacity calculations according to the models in different codes on the 
Övik Bridge. Frame calculations are presented in Section 6.2.

The actual maximum shear in the North edge beam below the steel beam was Vmax = 3254 kN
according to a non-linear frame calculation in Section 6.2.
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For the mean material values in Table 4.1 the calculations give the following shear capacities V
[kN]:

Swedish Code, BBK 94: 

Yield limit: (Vc + Vs ) + Vp= 2100 + 81 = 2181 kN
Ultimate limit: (Vc + Vs ) + Vp= 2845 + 81 = 2926 kN

Eurocode 2 (2002):

Various values of the angle  of the compression struts give:

;      yield limit: 1107 kN , ultimate limit: 1850 kN
; yield limit: 1581 kN , ultimate limit: 2643 kN

is the measured angle for compression strut after failure at test
; yield limit: 2767 kN , ultimate limit: 4626 kN

Modified Compression Field Theory, MCFT:
MCFT, (1), moment, shear and axial forces  considered, 1764 kN  
MCFT,(2), shear force considered, 2686 kN
MCFT, (3), shear and axial forces considered, 2918 kN  

The limit for the shear capacity was never tested in the Övik Bridge because of the premature 
debonding induced shear-torsion-bending failure as described in Section 4.7. However, all 
codes give results on the safe side except  the Eurocode prediction with ultimate stress for 
stirrups and a low compression strut angle of =21,8°. All other calculations of shear 
capacities according to different methods give lower values than the actual shear force Vmax =
3254 kN according to the frame calculations.

Calculations according to Eurocode 2 give a large interval in shear capacity depending on the 
material and the compression strut angle values used. 

A combination of the shear and axial forces gives the highest shear capacity for MCFT while 
the combination of moment, shear and axial forces considered gives a conservative value in
class with Eurocode 2. 

The Swedish Code, BBK 94, with the addition model, gives the closest estimate of the shear 
capacity when ultimate strength is used for stirrups.

One factor that may influence the predicted values is the boundary conditions of the beam. Due 
to the high amount of longitudinal reinforcement in the top and bottom close to the supports, 
the beam might be looked upon as having fixed, built in supports and an actual shorter span 
than what is defined by the distance L = 12 m between the supports. 
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5.1.2 Statistical evaluation of the shear capacity

Here, a short review of a statistical evaluation is given. It is described in more detail in
Appendix H.

The material values are tested to follow the lognormal distribution with Anderson-Darling 
normality test in the Minitab (2012) software.

Distributions of the shear capacity are shown in Fig.5.2. They are derived with Monte Carlo 
simulations computed with the VaP (2012) software.

Figure 5.2     Distributions for shear, resistance, VR, according to Swedish Code, BBK 94 
without effect of the axial force, Vp and Eurocode 2 (2004), EC2 and load effect, 
VS.

Distributions in Fig.5.2 show clearly that the shear failure was to be expected when the 
deterministic shear load VS = 3254 kN from frame calculations exceeded the highest value of 
the BBK94 distribution.  Distribution for BBK94 has larger deviation on a higher level from 
the mean value compared with EC2.
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5.2 Bending moment capacity

Calculations in this section are performed for one half of the bridge cross section, see the black 
cross section in Fig.4.7 b).

The calculations relating to bending moment capacity before and after strengthening with 
CFRP as NSM reinforcement are presented in more detail in Appendix K.

5.2.1 Before strengthening

The bending moment capacity is calculated according to Swedish handbook for concrete 
structures, BHB-K (1990), Section 3.6:434 for double reinforced cross section. The 
calculations are made assuming linear variations of strains in Fig.5.3.

Figure 5.3 Double reinforced rectangular beams. 
Swedish handbook for concrete structures, BHB-K (1990).

Two iterative calculations are performed to check the stress in the compressive reinforcement. 

The first calculation with start values s s =  fst = 411 MPa, where both the compression 
and tensile reinforcement reaches it yield limit,  ends up to a moment capacity of 

Mprior,1 = 5,28 MNm                                                                                                     (4.1)

with s’=  207,2  MPa

The second calculation with start values s’=  fst = 411 MPa, where the compression 
reinforcement reaches the yield limit and the tension reinforcement reaches the ultimate limit 
for tension, s =  fstu = 706,6 MPa ,  ends up to 

Mprior,2 = 7,94 MNm                                                                                        (4.2)

with s’=  359,4 MPa
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5.2.2 After  strengthening

The bending moment capacity after strengthening was calculated for failure type II, failure in 
laminate and yielding in the steel tensile reinforcement without yielding of the compression 
steel reinforcement. Failure type II was the failure mode closest to the actual failure according 
to the measurements during the loading test. The moment capacity was calculated according to 
Eq.3.1 and strain conditions in Fig. 3.4 for the strengthened cross section in Fig.4.6.

Mposterior,1 = 7,15 MNm                                                                                                (4.3)

The moment capacity increases 35% from Mprior,1 = 5.28 MNm when the cross section is not 
strengthened to Mposterior,1 = 7.15 MNm when the cross section is strengthened with 9*100 
mm2 bars of FRP under assumption that the yield limit is the highest stress allowed in the 
tensile reinforcement and the strain in the FRP reinforcement is limited to 8 ‰.

The FRP -bars were never tested in tension, which causes uncertainties about their ultimate 
strain. If the same calculation is performed with the ultimate strain 11 ‰ in FRP the bending 
moment capacity becomes

Mposterior,2 = 7,88 MNm                                                                                                 (4.4)

and a 49 % increase from Mprior,1 = 5.28 MNm to Mposterior,2 = 7,88 MNm.             

If the same calculation is performed with the stress in the longitudinal reinforcement fst = 516 
MPa as the result was in the Brigade 3D non-linear calculation at failure load and the ultimate 
strain for FPR fu = 11 ‰ the moment capacity will become

Mposterior,3 = 9,14 MNm                                                                                                 (4.5)

then the increase of the bending moment capacity was 15 % from Mprior,2 = 7,94 MNm to 
Mposterior,3 = 9,14 MNm.

The bending moment capacity after strengthening is hard to compare with the moment from 
frame calculations because the field moment is obviously overestimated. This is due to the fact 
that the frame calculation did not take into account the hardening of the reinforcement and 
thereby support moments became underestimated. 
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6 PRELIMINARY MODELS
6.1 Introduction

At least 400 calculations have been performed using increasingly complex computer model 
variations during years 2007-2012 in the process of developing the final models presented in 
this thesis. The following models were used:

2D-frame model, Strusoft (2012), Section 6.2
3D-shell + wires model, Brigade (2012), Section 6.3 and Section 6.4
3D solid model with linear materials, Brigade (2012), Section 7.2
3D solid model with bridge modeled as one single solid part with non-linear materials
and discrete reinforcement, Brigade (2012), Section 7.3
3D solid model with bridge modeled with separate parts with non-linear materials and 
discrete reinforcement with FRP reinforcement embedded in epoxy, Brigade (2012),
Section 8

6.2 2D-frame model

The frame calculations with Frame Analysis (2012) software are presented in detail in 
Appendix H. The presented calculations are for the East half of the bridge, see the black cross 
section in Fig.4.7 b).

Figure 6.1 The 2D- frame model of the bridge with piles modeled as springs. The
reinforcement is considered in the model. A new element always starts when the 
tensile reinforcement is changed. Frame Analysis (2012).

A first calculation was made without taking the reinforcement into account according to first 
and second order theory observing geometrical second order non-linearities. Then the 
reinforcement was introduced which slightly increased the stiffness. Finally cracking of the 
concrete was also considered which gave a slightly lower stiffness and lower bending 
moments. 

The non-linear frame calculations were performed with the assumption that the mean value of
yield stress according to Table 4.1 was the highest stress level for the reinforcement. The 
increase of stiffness due to the hardening part of the stress-strain diagram for the reinforcement 
was not possible to take into account in the program at the time of the frame calculations. This 
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gave somewhat too high span moments because the top tensile reinforcement at the supports 
yields at the failure load and then are able to take a higher load in reality than in the model..

Cross sectional forces are presented in Fig.6.2 and Table 6.1 at the failure load P = 5850 kN for 
one half of the bridge for different combinations of calculation assumptions. The difference 
between maximum and minimum values in Table 6.1 is 6% for moments 3% for shear forces 
and 1.4 % for normal forces.

Figure 6.2 Cross section forces of the 2D- frame model of the bridge in Fig 5.1.
a) Bending moment b) Shear force c) Axial force

Table 6.1    Cross sectional forces in Fig.5.2, at failure load P = 5850 kN for different 
combinations of calculation assumptions with Frame Analysis (2012). When 
reinforcement is not considered a model with a point load is used, otherwise the 
point load is distributed through the flanges of the steel beam.

1 th 
order 

2 th 
order 

Reinforcement 
considered

Cracked 
section
analysis

Mmax
kNm

Vleft
kN

Vright
kN

N
kN

x 10682 2750 3190 937
x 10698 2751 3189 939

x x 10765 2726 3204 953
x x 10765 2730 3211 953

x x x 10124 2680 3255 1069
x x x 10363 2670 3254 1069

6.3 3D-shell+wires model

Brigade (2012) software calculations in this section are presented in more detail in Appendix I.

The first model built was a straight 3D -shell model shown in Fig.6.3.
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Figure 6.3    The Övik Bridge is modeled with shell elements and ‘wires’ with assigned beam 
elements.

To get closer estimates of the load carrying capacity more refined models were investigated. In 
this section the bridge is modeled with shells and with wires with assigned beam elements in
the edge beams. With 3D -modeling it is possible to get the torsion moment which was missing 
in the previous 2D –frame calculations.

Loads 

Loads applied on the bridge:

- self-weight of the concrete
- ballast on the bridge
- earth pressure outside North support
- self-weight of the steel beam 
- load from the steel beam

Figure 6.4 The bridge is modeled with shell elements and with wires with assigned beam 
elements. The model is slightly curved as the bridge was in reality.
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The program used was Brigade (2012) with shell elements of type S4R: linear quadrilateral, 4-
node doubly curved shell, reduced integration, hourglass control. The sides of the mesh 
elements are approximately 0.35. The edge beams are of shear-flexible element type B31: 2-
node linear beam in space. The beam element length is approximately 0.17 m. The point loads 
applied from the steel beam at the test 2*P=2*5850 kN and the self-weight of the steel beam 
2*34 kN were distributed on the two flanges of the steel beam. 

Resulting section forces are illustrated in Fig.6.5. A comparison is also made with results 
obtained with Modified Compression Field Theory (MCFT) according to Collins et al (1991)
and the program Response (2000) in Fig. 6.6 – 6.7 and in Table 6.2.

Figure 6.5    Cross sectional forces for the East edge beam from the model Brigade (2012) 
with 3D shell elements and wires in Fig.6.4.
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Figure 6.6 The cross section forces used in the Response calculation according to the 
Brigade - software correspond to the yellow area in the picture to the left. The 
photo shows the West edge beam. Section A, x = 25,456 m in the photo is the 
location with the ruptured stirrup. The yellow area in the photo corresponds to 
the yellow failure area in Fig. 6.7. The x-coordinate is measured from the North 
support, see Fig.6.4.

Figure 6.7 Utilization ratios, Brigade shear force + shear due to torsion divided by 
Response shear capacity + the additional shear capacity according to EuroCode
2 for outer stirrup leg from a calculation presented in Appendix I, for both edge 
beams. The yellow area corresponds to the yellow failure area shown in Fig.6.6.

AA
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According to Fig.6.7 the shear failure was to be expected first in the East edge beam in section 
A, x = 25,456 m where the calculated utilization rate was highest.

Table 6.2     Comparison of the cross section forces according to Brigade shell model and 2D-
frame model versus Response capacity calculations in section A, x = 25.456 m, see 
Fig. 6.6,  where the failure occurred. In the first column the shear is calculated for 
the outer stirrup leg only including shear of torsion.

Shear Bending moment Axial load

kN kN kNm kN

Brigade
(3D shell+wire- model)

2031* 2657 5816 6606

Response 1957* 2857 6227 7075

Brigade
(3D shell+wire-model) /Response

1.04 0,93 0,93 0,93

2D-frame 3306 7119 1075

Response 2428 5294 2423

2D-frame/Response 1,36 1,34 0,44

* outer stirrup leg incl. shear of torsion

Brigade cross section forces correlate well with Response capacities, the ratio 
Brigade/Response is 0.93. 

The 2D-frame force effect and the Response force effect do not correlate well.

The Brigade shell model gives a much higher axial compression load than what is given in the 
2D-frame calculation. The reason for this is that the tension force in the slab needs to be 
balanced in the edge beams to maintain the equilibrium of the longitudinal forces in the cross 
section through the bridge. The lower compressive axial force leads inevitably to less 
correlation between 2D frame and Response compared with Brigade/Response.
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6.4 Assessment of the load carrying capacity for the train load

Calculations in this section are presented in Appendix I.

The trainload in Fig.6.8 is applied to the bridge with traffic lanes in Fig, 6.9 on which the train 
moves ahead with predefined steps. The maximum cross sectional forces are saved during the 
calculation for each step in envelopes, which can be plotted as diagrams as shown in Fig.6.10.

Figure 6.8 Train load BV 2000, the axle load A = 330 kN and the distributed load is 110 
kN/m. The distances are D 1= D2 = D n-1 = 1,6 m BV Loads (2009).

Figure 6.9 The train load moves along the traffic lines with predefined steps.
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Figure 6.10    The enveloped cross section forces for the East edge beam for the Train Load 
BV 2000, Surface Load. The enveloped forces are the maximum and minimum 
forces for each cross section along the edge beam when the train load is moving 
over the bridge with steps of 0.25 m over the bridge. 

The maximum bending moment in the East span of the bridge is  in Fig 6.10  about Mmax, BV 2000 
= 0.85 MNm which can be  compared with the capacities Mposterior,1  =  7,15 MNm from Eq.4.3 
with fsy according to Table 4.1 and with Mposterior,3  =  9,14 MNm from Eq.4.5 with fsu according 
to Table 4.1. This gives a gross estimate that the bridge, when strengthened with NSMR, 
carbon fibre rods, could have sustained a 8 -10 -folded load in bending moment compared with 
Train Load BV 2000 with 33 ton axel load.  

Enveloped maximum shear forces act at the supports. The maximum shear force for Train 
Load BV 2000 is about Vd = 800 kN at the supports. Stirrups are spaced at equal distances 
along the edge beams. At the supports there are additional bent up 3-5 ϕ 25 bars which act as 
shear reinforcement. For example 3 ϕ 25 c 600 bent up bars have a shear capacity Vsy, ϕ 25  = 
1285 kN according to the model in BBK 94 when the yield limit fsy for bent up bars is used in 
the shear capacity calculation. The shear capacity is Vsu, ϕ25  = 2207 kN when the ultimate limit 
fsu for the bent up bars is used. The shear capacity according to the BBK 94 shear model 
obtains a value between Vsy = 2100+1285= 3385 and Vsu = 2845+2207= 5052 kN without the 
effect of the axial force.  Thereby the bridge could have sustained a 4 -6 -folded load in shear 
force compared with the enveloped shear forces. 
 
The shear capacity and the security against shear induced by the train load depend to a high 
degree on the calculation assumptions, code and strength values, yield or ultimate strength 
values and the compression strut angle that are used in the capacity calculations.  
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7. 3D -SOLID MODELS

The first solid model was a straight model without any steel beam. The load from the steel 
beam was applied directly on the bridge edge beams.

Figure 7.1 The Övik Bridge is modeled as a straight model consisting of one single solid. 

7.1 Model
The second model was a curved model as presented in Fig.7.2.

Figure 7.2 Solid model of the Örnsköldsvik-bridge.

The main geometry of the bridge is according to the original drawings. The model is not a 
perfect copy of the real bridge. In reality the bridge deck is inclined downwards to the South 
and all corners are in different positions in the vertical direction.
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7.1.1 Elements

Figure 7.3 The bridge modeled with solid elements. 

The Brigade (2012) software solid model, see Fig.7.3, is built up with elements of type 
C3D8R:  An 8-node linear brick, reduced integration, hourglass control. The elements size is 
approximately 0.15 m in the regions near the steel beam and 0.35 elsewhere in the bridge
model. The contact between steel beam and concrete in the bridge is modeled as a non-linear 
friction contact in the calculations with linear concrete. In calculations with non-linear concrete 
the steel beam is connected with tie-constraints to the bridge. To avoid convergence problems 
linear elements are used in the calculations. 

7.1.2 Boundary conditions

Figure 7.4 The bridge is supported by piles under the ground plates and under the 
connection beams.
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Figure 7.5 Piles are modeled as springs. Each pile is modeled as a separate spring located 
according to the original design drawing. The spring stiffness’s are calculated 
according to Eq.7.1. The stiffness of each inclined pile is divided into a 
horizontal and a vertical component.

The stiffness of each pile is modeled as a spring and is calculated according to the following 
equation

(7.1)

where

k = spring stiffness, [N/m]
E = E-modulus, 25,4 [GPa]
L = length of the pile, [m]A = cross-section area a pile, A-pile [m2]

Piles under foundation slabs Single vertical piles under 
connection beams

Length, L 5,4 5,1
Area, A 0,0625 0,0625
Stiffness, k 294 *106 311*106

horizontal vertical
component of  k 71 *106 285 *106

Table 5.3 Stiffness k [N/m] of springs according to Eq.7.1. The horizontal stiffness’s are
considered in order to take the inclination of piles into account in the longitudinal
and transversal direction of the bridge according to the original drawings.

L
EAk
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7.1.3 Loads 

Loads applied on the bridge:

- self-weight of the concrete
- ballast on the bridge
- earth pressure outside support 1
- self-weight of the steel beam 
- load from the steel beam

7.1.4 Self-weight of the concrete

Figure 7.6 Load of self-weight of concrete and the steel beam. The bridge material is 
concrete with a mass density of 25 kN/m3.

7.1.5 Ballast on the bridge

The ballast is assumed to have a thickness of 0.64 m. The weight of the ballast according to the 
bridge code is 20 kN/m3. The ballast is applied along the whole length and width of the bridge 
and also against the inner sides of the edge beams, see Fig.7.7.
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Figure 7.7 Load of ballast, the pressure against edge beams is included.

7.1.6 Earth pressure at supports

Figure 7.8 Earth pressure                     

The earth pressure h from outside is modeled as a linearly downwards increasing pressure in 
the same way as the earth pressure on the inside of the wings. The horizontal pressure then 
becomes:

                                                                                                         (5.2)

where

K0 = 0,34
= 20 kN/m3, weight of the earth

h = height from the earth surface [m]

hKh **0
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7.1.7 Applied load from the steel beam

Figure 7.9    Applied loads from the steel beam on the edge beams. The loads are applied as 
pressure from the upper ends of the steel beams. The pressure at failure of the 
bridge corresponds to 5 850 kN on each side of the bridge.

7.1.8 Steel beam

Steel beam was modeled first with connected solid parts with only one element through the 
plates in the beam, see Fig.7.10 a). This led to a too stiff beam. The modeling technique was 
then changed to a shell modeling as in Fig.7.10 b).

Figure 7.10 a) solid steel beam                             b) shell steel beam

7.2 Model with linear material
The model and the loads in this section are described in Section 7.1.

The bridge in this section is modeled as a 3D solid model with linear material without 
reinforcement. The calculation is performed in a geometrical non-linear state. Friction is 
applied in the contact between the steel beam and the bridge according to Section 6 in
Appendix L. The steel beam and the upper support plates are modeled with solid elements that
are connected to each other with tie –connections.
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Non-linear contact connections give valuable information about the way how stresses are 
transmitted through the interface between the steel beam and the concrete support plate on the 
bridge, Fig.7.11.

Figure 7.11    Friction is applied in the contact between the steel beam and the bridge. The 
contact allows the steel beam and the bridge to move in relation to each other. 
The interaction between the steel beam and the concrete bridge shows, when 
deformations are magnified, that the parts are not tied to each other but act 
separately.  The reaction stresses shown in the picture to the right are 
transmitted through the web and the stiffening plates of the steel beam.

With an elastic solid model it is possible to get a good overall picture of the behavior of the 
bridge during loading. Deflections are given in Fig.7.12 and stresses in Fig.7.13-14. Strains 
can also be studied.

Figure 7.12 The East edge beam deflects a little bit more than the West edge beam, which 
indicates that the failure started on the East side of the bridge.
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The modulus of elasticity used in the calculation is taken from the results of the material tests 
performed on the concrete samples drilled from the bridge. The deformations in the model are 
only half of the real measured deformations from the loading test. The deformations become 
small because the elastic concrete does not crack in the model.

Figure 7.13 Principal stresses on the steel beam show the stress flow from the upper support 
plates towards the concrete support plates between the steel beam and the
bridge.

Figure 7.14 Stresses on the elastic bridge. Red color signifies tension and blue compression.

Because the deflections are underestimated in the model, the stresses become underestimated 
as well, compared with stresses in Fig.7.29-30 in the non-linear model. The modulus of 
elasticity for non-linear concrete becomes lower compared with linear concrete because of 
cracking.

The computing time was less than one minute for this Brigade model.
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To get an even closer description of the bridge a 3D- solid model with reinforcement and non-
linear materials is needed.

7.3 Model with reinforcement and non-linear materials
The elastic 3D –solid model presented in the Section 7.2 gave quite a good picture of the 
behavior of the bridge during loading. However it has some drawbacks. It can’t give or it is 
difficult to extract e.g. information regarding the cross sectional forces needed for the design of 
reinforcement. The cross sectional forces are not easier to extract with non-linear concrete and
non-linear reinforcement either but there are other inevitable advantages with these kind of 
models.

In all non-linear Brigade calculations the material model implemented to describe the behavior 
of concrete in this thesis is the one called damaged plasticity model, see Appendix L.

In the first model with non-linear material there was only 1.5 meter of the East edge beam with 
non-linear material definitions, see Fig.7.15. The reinforcement bars were modeled as solid 
parts.

Figure 7.15 Reinforcement bars modeled as solids.

Reinforcement in Fig.7.15 embedded in concrete is shown in the East edge beam in Fig.7.16.
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Figure 7.16 Solid reinforcement bars embedded in concrete in the first model with non-
linear material.

Figure 7.17 The reinforcement was increased step by step. In this picture the reinforcement 
covers the South span of the bridge.

Figure 7.18 Cross section of the reinforcement in Fig.7.17.
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One advantage with a 3D–solid model with both geometrical and material non-linearities is 
that it gives a realistic replication of the response of the bridge during increasing loading. The 
one to one model with discrete reinforcement, Fig.7.19, shows what happens in the model 
during the calculation in an easy and unambiguous way.

Fig .7.19 shows the non-linear concrete parts in the bridge and the non-linear reinforcement. In 
Fig.7.20 the reinforcement is embedded in the concrete. Fig.7.21 shows the steel beam 
modeled with shell elements.

Figure 7.19 Failure zone in the East edge beam. The concrete in the green parts of the bridge
is linear; concrete in the rest of the bridge is non-linear, a). Calculation with 
non-linear concrete means calculation in the cracked stage with reinforcement,
b), embedded in the model, Fig.7.20. Reinforcement bars are modeled as wires 
into which 2-node linear 3-D truss elements are assigned. 

Figure 7.20 Reinforcement embedded in 
                        concrete.

In this model with reinforcement in 
Fig.7.20 and the steel beam modeled with 
shell elements, number of elements was 
152460, number of nodes was 164003 and 
total number of variables was 511317. The 
computing time was about 7-10 days for 
calculations for this Brigade model with 
FRP with perfect bond to the concrete.
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Figure 7.21 Steel beam modeled with shell elements. The point where the deflections in Fig. 
5.26 are measured and calculated is shown in the figure. Deformation scale 
factor in the picture is 10. 

7.3.1 Parameter studies

Parameter studies are presented in the following diagrams. In Fig.7.22 the effect of the size of 
the finite elements is studied before tension stiffening was applied in the steel reinforcement 
material definitions, tension stiffening is clarified in Section 7.3.2. The steel beam in this 
model was modeled consisting of solid parts, see Fig.7.10 a); the bridge itself was modeled as 
a single solid, see Fig.7.2. There is no need to use smaller elements than 175 mm, because 
smaller elements do not change the load deflections curve. The computing time was about 1-2
days for this Brigade model with FRP with perfect bond to the concrete.

Figure 7.22 Effect of element size on load deflection curves. It can be seen that smaller 
elements give higher loads for same deflection down to an element size of 175 
mm.  A smaller size of 150 mm has no further effect on the result.
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Figure 7.23 Effect of dilation angle on load-deflection curves. 

The dilation angle is one of the parameters which define the form of the failure function, see 
Appendix L. According to Fig.7.23 the dilation angle does not have big influence on the load 
deflection curves. The dilation angle of 35 degree was used in the calculations.

7.3.2 Calibration of the model with test results

The modulus of elasticity of the 16 reinforcement steel bars is nearly 7 times higher when 
the surrounding concrete in a non-cracked state is taken into account than it is when only the 
reinforcement bars are considered without concrete. This is illustrated in Fig.7.24, by the red 
curve upp to the load level 40 kN. In the cracking phase, from 40 kN up to 44  kN, the stiffness 
of the bar almost disappears. At a higher load level, above 44 kN, the inclination of the red 
curve i.e. stiffness is nearly the same as the bare steel curves. The combined action of the 
reinforcement and the concrete is called tension stiffening. 
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Figure 7.24 Diagram of pull tests of 16 mm bars surrounded by varying concrete covers. 
Corresponding values to the red line in the figure is used to describe the tension 
stiffening effect  in all reinforcement in the Brigade–calculations. Elfgren
and_Noghabai (2002).

Some important calibrations were done in the model in Fig.7.19.-20 with non-linear concrete
and reinforcement, see Fig.7.25.

Firstly the concrete around the reinforcement bars have a positive influence on the stiffness of 
the bars, so called tension stiffening as described above. Corresponding values to the red line 
in Fig. 5.24 were applied in the material definition for the reinforcement to describe tension 
stiffening, see also Fig.4.12 in Appendix L. The result was that the overall behavior of the 
bridge became stiffer and the calculated load deflection curve corresponded better to the 
measured curve in the beginning of the loading. The calculated load-deflection curve got a
closer fit to the measured curve, difference 1.

Secondly the steel beam modeling technique was changed from solid modeling to shell 
modeling, see Section 7.1.8. With solid modeling the steel beam was too stiff and the result of 
that was that the steel beam supported more on the inner side of the edge beams. The outer 
parts of the edge beams didn’t twist outward as much as they did at the test. This can be seen in
the difference between the red and blue curve in the upper parts of the load deflection curve,
difference 2.

Thirdly the difference 3 is mostly due to the stiffness definitions with damage parameters 
according to Fig. 5.5 a) in Appendix L in the tension softening part of the concrete tensile 
properties.

The point where the calculated deflections are measured is shown in Fig.7.21.
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Figure 7.25 The effect of the calibrations on the load-deflection curves. Difference 1 is due to 
the influence of the tension stiffening of the reinforcement. Difference 2 is due to 
modeling of the steel beam with solid or shell elements.  Difference 3 is due to 
the choice of damage parameters.

In the final test, a failure in combined shear, bending and torsion was reached for an applied 
mid span load of 11,7 MN. The failure was initiated by loss of bond between epoxy resin and 
concrete followed by the rupture of a stirrup as was described in Section 4.7. The load-
deflection behavior of the bridge during the increasing load can be closely predicted with this
calibrated 3D non-linear finite element method model up to the load when the bond failure 
occurred. 

7.3.3 Convergence problems

There was a certain amount of work involved in calibrating the FEM model to the results of the 
tests. First the modeling alternative had to be chosen. The solid modeling with non-linear 
material and discrete reinforcement was deemed to produce the most accurate response and 
visualize the results in an unambiguous way. 

It was necessary to calibrate not only the load-deflection curves, see Fig.7.25, so that they 
followed the corresponding curves from the test, but also strains in steel, carbon fibre 
reinforcement and concrete so that they were compatible with the measured strains. This made 
up the larger part of the work. 

Often calibrations problems are a result of modeling issues. All details must be considered 
beginning with how the loading from the hydraulic jackets was applied on the upper support 
steel plates. All connections between the upper support plate and the steel beam, through the 
steel beam and the concrete support between the steel beam and concrete bridge must be 
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defined on a reliable way. The boundary conditions must also be well-defined. When the 
modeling is completed the calibration work begins. The material parameters have to be chosen. 
Some material parameters used in the calculations presented in this thesis were obtained 
through testing. Other required input material parameters were obtained studying similar cases 
in literature. The validity of these parameters had to be tested by varying them in the 
calculations. 

Convergence problems are frequently present in non-linear calculations. There are many 
schemes for solving non-linear problems included in the software. Testing different 
alternatives is the only way to see the effect of a particular solving scheme and assess its 
accuracy. The source of the problem does not have to be the chosen solving scheme. It can also 
be of purely numerical nature. In this thesis the most effective solving strategies to tackle these 
problems were found to be Riks method and Static, General with automatic stabilization, see 
Appendix L.

7.3.4 Stresses and strains at the failure load

The following is a general description of the stresses and strains at the failure load according to 
a non-linear analysis with discrete reinforcement.  More results of the calculations are 
presented in Paper 2: Load-Deformation Properties of a RC Trough Bridge Loaded to Failure. 
Finite Element Modeling of a Bridge in Örnsköldsvik, Sweden

Figure 7.26 Maximum stresses s = 448 MPa in stirrups at the failure load according to 3D 
solid model with reinforcement and non-linear materials.
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The stresses in Fig.7.26 in stirrups due to the outer load from the steel beam are quite evenly 
distributed according to nonlinear Brigade calculations, which is in fear agreement with the 
assumptions for the variable angle truss model used in Eurocode 2 (2004).  In Eurocode all 
stirrups crossing the shear crack are assumed to yield at failure. The highest stress in stirrups in 
Fig 7.26 coincides with the ruptured stirrup at failure in Fig.4.19.

Just before debonding a visible shear crack could be seen in the video showing the failure. This
indicated that the stress in the stirrups which crossed the shear crack had reached the yield 
limit. The studies of measurements and videos have shown that the loading from the steel beam 
was not increased at the exact moment when the final shear crack opening happened. The stress 
in the FRP reinforcement and tensile steel reinforcement decreased suddenly because of the 
debonding of the FRP reinforcement. The decreased force in the bending tensile reinforcement 
caused according to the variable angle truss model for shear used in Eurocode 2 (2004) a
sudden increase of stress in stirrups up to the ultimate stress. This led to the visible shear crack 
opening and the finale failure of the bridge. 

To further illustrate the calculation results, stresses and strain at the failure load are highlighted
in Fig.7.27-32.

In Fig.7.27 the calculated elastic strains of the FRP bars are shown at 98 % of the failure load
where the strains in FRP were at their highest. The maximum strain is f

-3 in the outer 
FRP bar.

Figure 7.27 Elastic strains of FRP at the failure load in the edge beams. The node 48 shows 
the point closest to the measurement point in the test. The maximum strain is 

f = 9,6· 10-3 in the outer FRP bar.

The strain in the middle of the FRP bars in Fig.7.28 is close to zero indicating that the 
outermost bars were ruptured. Perfect bond is assumed in the calculation model. Carbon fibre 
reinforcement behaves elastically up to the failure stress. If the stress in the carbon fibre bar 
increases up to failure stress, the stress in the bar drops to zero indicating the rupture of the bar. 

Node 48
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With perfect bond between reinforcement and concrete the stress, just next to the rupture point 
of the bar, is still at the ultimate stress of the carbon fibre rod. This is not physically possible.
In reality the stress drops and then increases from zero with an appropriate anchorage length. 
One possible way to model the real behavior would be to increase the cross sectional area from 
zero at the rupture point of the bar to the full area after the anchorage length.  This demands 
that the physical properties can be changed during the calculations. If it is not possible to do 
this  in the software,  the load carrying capacity will be overestimated in the model after the 
ultimate stress is reached somewhere in the carbon fibre reinforcement. In the comparison with 
the measured strains, also the uneven distribution of the strains due to the curved bridge model 
and the uneven support stresses from the steel beam must be kept in mind. The measurement 
points do not coincide with the maximum strain value locations. Also the location of the 
measurement points regarding cracks may lead to deviations between the calculated and the 
measured strains.

Figure 7.28 Elastic strains of FRP in the edge beams. The FRP has begun to rupture and the 
strains at the mid points of the bars are lower than in Fig. 7.27.

Stresses in the concrete are shown in the Fig.7.29. Stresses on the top of the edge beams were 
calculated to cmax = 32,6 MPa in the longitudinal direction which can be compared with the 
concrete compressive strength from material test fc = 68,5 MPa. 

Figure 7.29 Concrete compressive stresses at the failure load on the top of the edge beams.
cmax = 32,6 MPa.
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Concrete compressive stresses at the failure load at supports, Fig.7.30 were calculated to cmax
= 63.6 MPa which was close to concrete compressive strength. This could be seen during the 
test as concrete was splitting off and falling down from the corner.

Figure 7.30 Concrete compressive stresses at the failure load at supports, cmax = 63,6 MPa. 

Fig.7.31 show that the most stressed steel reinforcement was in the mid columns with the 
tensile stress of smax = 612,6 MPa.

Figure 7.31 Stresses in all steel reinforcement at the failure load, smax = 612,6 MPa.

The maximum stress in the tensile bending steel reinforcement at the failure load was about 
smax = 516 MPa, see Fig.7.32.
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Figure 7.32 Stresses in all reinforcement at the failure load, smax = 516 MPa.

Fig. 7.26-32 show that the FRP reinforcement was the critical factor in the failure process in 
the non-linear calculations. The concrete compression stresses at the southern support were 
also near the compression strength of the concrete. 

7.4 Load carrying capacity for a train load

Calculations of the load carrying capacity for the train load BV 2000 are presented in Paper 3: 
Assessment of Train Load Capacity for a FRP-Strengthened RC Bridge in Örnsköldsvik, 
Sweden. In the paper a train load is applied on the south span of the bridge model with 
reinforcement and non-linear materials. Following comparisons are made: 

- bridge without strengthening 
- each edge beam strengthened with 9 FRP bars
- bridge slab strengthened with transverse Sto FRP Bar M10C @ 150 mm

The refined and calibrated FEM model is used to predict how high axle loads of a train the 
Övik Bridge could have sustained. The Övik Bridge was designed in 1950’s for axle loads of 
20 ton. The calculations show that the axle loads in the failure state could have been increased 
at least up to 154 tons without strengthening and to 215 ton with strengthening of the bridge 
slab with carbon fibre reinforcement bars with Af = 100 mm2 c 150 mm using statistical mean 
values of loads and material properties in the calculations.
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8. THE MOST ADVANCED MODEL
8.1 Description of the model

The final model is a 3D solid model with the bridge modeled with separate parts with non-
linear materials and discrete reinforcement with FRP reinforcement embedded in epoxy, 
Brigade (2012). It was developed to answer the research question:” Can the failure be 
accurately modeled with the finite element method?” stated in the beginning of this thesis.

The bridge in this model is composed of separate solid parts, Fig.8.1. The parts are connected 
to each other with tie constraints. The failure at the loading test was initiated as a bond failure 
between the epoxy and the concrete. This FEM model is sufficiently detailed and includes an 
interface between the epoxy and the concrete to allow studying this event. The advantage of
dividing the model into separate solid parts is that meshing can be better controlled, Fig.8.2,
than in the previous model in Section 7.3, where the entire bridge was one single solid divided 
into parts by partitioning. The FRP reinforcement is modeled as solid bars embedded in epoxy, 
Fig.8.3. With this accurate model it is possible to get a detailed picture of the stresses and 
strains which caused the first step, when the bond failure occurred, in the series of events
which led to the final failure. The FRP bars were also modeled as wires, see Fig.8.4 a). Solid 
modeling of FRP gave better results. That is why only results with solid FRP are presented 
here. Development of cracks i.e. plastic strains can be studied with non-linear calculations, see 
Fig.8.4 b).

Figure 8.1 The bridge model composed of separate solid parts which are then connected to 
                    each other with tie constraints.
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Figure 8.2 The advantage of dividing the model into separate solid parts is that meshing can 
be better controlled. Parts where the concrete deflects and cracks are subdivided
into more elements.

Figure 8.3 a) Location of the FRP strengthening
                      b) FRP bars in the bottom of the edge beam
                      c) FRP bars embedded in epoxy

In this model with reinforcement in Fig.7.19 b) and the steel beam modeled with shell 
elements, Fig.7.10 b), the total number of separate parts was 1660 (most of them discrete 
reinforcement bars), the total number of elements was 243189, the number of nodes was 
282815 and the total number of variables was 869667. The computing time was about 12 days 
for this Brigade model with FRP embedded in epoxy.



Load-carrying capacity of a strengthened reinforced concrete bridge

67

Figure 8.4 a) Strains in epoxy and in a single FRP bar, here modeled as a wire in the same 
model as in Fig. 8.1-3.

b) Cracks in concrete

8.2 Results

Comparisons between measurements, the model with epoxy, the model without epoxy and the 
model without strengthening are presented in the following figures. For more comparisons, see 
Paper 2: Load-Deformation Properties of a RC Trough Bridge Loaded to Failure. Finite 
Element Modeling of a Bridge in Örnsköldsvik, Sweden.

Material properties are the same in all models, see mean values in Table 4.1 and Table 4.2.

There is only a minor difference between the results from the model with epoxy and the model 
without epoxy as can be seen in the load deflection diagram in Fig. 8.5. The model results are 
in close agreement with the results of the measurements. Strengthening stiffens the bridge;
hence the deflection of the bridge decreases for the same load level. The load carrying capacity 
increases with about 20% after strengthening.
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Figure 8.5    Load –deflection curves for different models. 

The bridge loses its stiffness and yielding spreads to even larger parts of the tensile 
reinforcement when the deflection exceeds 0.08 m. According to material tests, SB-7.3, App B 
(2007), see also Fig 4.17, Table 4.2 and Fig.8.7, negative stiffness in steel reinforcement 
occurs because the stress in the steel reinforcement decreases after the yielding limit is reached. 
The FRP reinforcement cannot compensate for this loss of strength in the steel reinforcement 
and as a result the deflection for the same load level increases. This is the primary reason for 
the final failure. The final failure including the bond failure between epoxy and concrete is 
described and the following diagrams are explained in more detail in paper 2 “Load-
Deformation Properties of a RC Trough Bridge Loaded to Failure. Finite Element Modeling of 
a Bridge in Örnsköldsvik, Sweden”. The bond failure accelerated the loss of stiffness. 
According to the variable angle truss shear model used in Eurocode 2 there is a connection 
between the tensile force in the bending reinforcement and the shear force taken by the stirrups. 
When the tensile force decreases, the stirrups take a bigger part of the shear force and the stress 
in the stirrups increases accordingly. 

High stresses can be observed in the model in the reinforcement in the mid columns, see 
Fig.8.6. The top reinforcement in the edge beams in the not loaded span and the bottom 
reinforcement in the edge beams in the loaded span yields. High stresses can also be observed 
in the slab reinforcement. For the ϕ 25 tensile reinforcement in the edge beams the yield limit 
was fst  = 411.3 MPa. For the ϕ 10 and ϕ 16 reinforcement in the slab and the mid columns the 
yield limit was fst  = 441.1 MPa. 
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Figure 8.6 Stresses in steel reinforcement at the moment when the  carbon fibre 
reinforcement, FRP, ruptured. smax = 597 MPa.

Yielding in the tensile steel reinforcement is presented in Fig.8.7. All tensile reinforcement at 
the South support, in the span and in the mid columns is yielding. The bridge has begun to lose 
its stiffness.

Figure 8.7 Plastic strains in the steel reinforcement at the moment when the carbon fibre 
reinforcement, FRP, ruptured. s = 34,8· 10-3 > sy

-3

The most stressed point in the stirrups in the East edge beam was found to be in the inner leg;
see Fig.8.8 a) on the north side of the steel beam. Fig.8.8 b) shows that stresses in the stirrups 
are only slightly higher than the yield limit of fst = 441.1 MPa. The rupture of the stirrups in 
the final failure can be explained by a sudden increase of stresses in the stirrups which in turn 
was caused by the bond failure between epoxy and concrete and the overall loss of stiffness in 
the steel tensile reinforcement. The strains in the stirrups were never measured at the test 
situation because of the practical difficulties involved in placing strain gauges exactly in the 
shear crack. However visual observations of the failure were made and recorded as video 
sequences.
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Figure 8.8     a) Plastic strains in stirrups in East edge beam. εsmax  = 3,65· 10-3 
                      b) Stresses in stirrups in East edge beam. smax =  449 MPa.                         
                      c) Graph showing the results of the tensile tests for ϕ 16 reinforcement bars 
                      d) Graph showing the yielding phase for the ϕ 16 bars with strain softening after  
                          yielding, App B in SB-7.3 (2008) 

Strains in the carbon fibre reinforcement according to the Brigade calculations agree quite well 
with the measured ones as can be seen in Fig.8.9-10. The effect of the epoxy can be noticed 
especially at high load level where the difference between the curves in the graph becomes 
more pronounced. The model with solid FRP embedded in epoxy shows an even better 
agreement than the model without epoxy. 
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Figure 8.9 Elastic strains in carbon fibre reinforcement, FRP, in the East edge beam in the
node closest to the measurement point. 

In the West beam, see Fig. 8.10, the model including epoxy is in even closer agreement with 
measured strain values than in the East edge beam in Fig.8.9. As in the East beam the model 
with epoxy is in better agreement than the model without epoxy. 

Figure 8.10 Elastic strains in carbon fibre reinforcement, FRP, in the West edge beam in 
the node closest to the measurement point.

The FRP reinforcement can to some extent move inside the epoxy. Therefore the FRP strains 
are smaller in the model including epoxy than in the model not including epoxy where there is 
a perfect bond between the FRP and the concrete. This can especially be seen in Fig.8.10 after 
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load level of 8 MN when the steel reinforcement in Fig 8.12 starts yielding and the FRP 
reinforcement begins to take more load. Steel strains are also smaller in the model including 
epoxy than in the model not including epoxy, see Fig.8.11, especially at high load values.  

 
Figure 8.11   Strains in tensile steel ϕ 25 reinforcement in the East edge beam in a node  
                       closest to the measurement point. 
 
The results of the measurements of the strains in the East and West edge beams show the 
difficulties involved when testing concrete structures, see Fig. 8.11 and Fig.8.12. The strain 
gauge does not show increased strains in spite of an increasing load after about 8 MN. This is 
probably because the strain gauges happened to be situated between the cracks. Strains in the 
steel reinforcement are concentrated to cracks while strains between cracks are to some extent 
relaxed. Strains should however follow the strains in FRP in Fig.8.9-10 but their do not. 

Figure 8.12    Strains in tensile steel ϕ 25 reinforcement in the West edge beam in the node          
                       closest to the measurement point. 
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In Fig.8.13 the elastic strains along the 4th FRP bar as seen from the outside of the East edge 
beam according to Brigade calculation are presented. The strains become negative towards the 
ends of the bar i.e. the bar is compressed. 

Figure 8.13   Elastic strains along the 4th FRP bar as seen from the outside of the East edge 
beam according to Brigade calculation. The strain gauge was placed in the 
center of this bar. The maximum strain fmax = 8,2· 10-3 coincides with the end of 
the curve, Brigade, Edge beam East, strain in solid FRP with epoxy, in Fig.8.9.

The first visible bond failure in the interface between the epoxy and the concrete occurred in 
the outermost epoxy groove in the West edge beam. The bond stresses S13 according to 
Brigade calculation are shown in the diagram in Fig.8.14. The direction and location of S13 is 
explained in Fig.8.15 c. There are clear peak values with a maximum average value of S13 = 
-5.342 MPa in the middle of the epoxy groove.

Figure 8.14 Bond stresses S13 according to Brigade calculation along the outermost epoxy
groove in the West edge beam. The maximum averaged value is S13 = -5,342 
MPa. The location of the groove is shown in Fig.8.15 b).
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The not averaged value of S13, which occurs in the same place as the peak value in Fig.8.14 is 
much higher, see Fig.8.15 b) where S13 = -11.37 MPa. This high bond stress value clearly 
indicates the risk for bond failure and it occurs in exact the same place as where the bond 
failure occurred during the loading test.

Figure 8.15 Bond stresses, S13, in the interface between epoxy and concrete.
(a) East and (b) West beam from below. 
(c) Detail of FRP and epoxy in a groove in the bottom of the concrete beam
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8.3 Photographic strain monitoring during full scale failure testing of the 
Örnsköldsvik Bridge

Strains were measured on the Övik Bridge with a digital speckle correlation method, Fig 
8.16. The method and the results are described in detail in Sas (2011). The location of the 
measurement area is shown in Fig.8.17. Photos were taken on speckles at different levels of 
loading, Fig.8.18. Strains were then calculated as a function of the displacements of the 
speckles. The software used for the strain calculations has been developed at Luleå
University of Technology.

Figure 8.16 The Örnsköldsvik Bridge and the area monitored using the photographic
tools. The insert at right shows a detail of lighting arrangements.  
Sas (2011).

Figure 8.17 The positions of the speckle-patterned area. Sas (2011).

Figure 8.18 Speckle pattern and magnified sub-images before and after digital treatment.
Sas (2011).
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Plastic strains i.e. cracks in concrete according to Brigade are presented in Fig.8.19 a) and the 
measured strains according to the speckle measurements in Fig.8.19 b). The speckle 
measurement area did not coincide with the area with the bending cracks just below the steel 
beam. The inclinations of the cracks seem to be close to each other in both figures. The effect 
of the tensile reinforcement can be seen in both figures. The reinforcement holds the bottom of 
the edge beam together with lower strains as result.

Figure 8.19 a) Plastic strains i.e. cracks of concrete according to the Brigade 
                         model with epoxy in Section 8.1, max = 13,5· 10-3

                     b) Principal tensile strains at 10.8 MN loading from photographic
                  max = 30· 10-3

The strains according to the speckle measurement in the middle of the crack most to the right 
in the figure are at most 30 000 micro-strains. These higher strains could perhaps have been 
caught using a finer element mesh in Brigade calculations. However the overall agreement 
between calculated and measured strains is quite good. Strain in other cracks in the speckle 
measurements between 1000 – 10 000 micro-strains can be observed also in Brigade 
calculation.
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8.4 FEM results. Discussion

Elastic models are used in the everyday designing of structures. The traditional elastic models 
do not crack as concrete structures do in reality when they are exposed to tension which 
exceeds the tension strength of the concrete. The cross sectional forces from the elastic 
calculations give one of the possible distributions of the forces which fulfill the equilibrium for 
the structure. After designing the structure for the cross section forces using elastic calculations 
the concrete structures adapt themselves to this load carrying system. The advantage with using 
elastic models is that the computational cost is low. It is also easy to study complicated load 
cases.

In this thesis it has been described how the load bearing capacity has been assessed for the 
Örnsköldsvik Bridge which was tested to failure in a full scale test using different finite 
element models. In the final test in Örnsköldsvik, a failure in combined shear, bending and 
torsion was reached for an applied mid span load of 11,7 MN. The failure was initiated by loss 
of bond between the epoxy resin and concrete followed by rupture of a stirrup. 

The load carrying capacity of the bridge was calculated for the bridge before and after 
strengthening with Near Surface Mounted Reinforcement, NSMR, consisting of Carbon Fibre 
Reinforced Polymers, CFRP. The strengthening method was used to ensure a ductile behavior 
of the bridge and to avoid brittle failure modes. 

The calibrated 3D non-linear FE model described in Paper 2 and Section 8 closely predicted 
the behavior of the bridge during increasing load up to the load level when the bond failure 
occurred. The calculation model was calibrated with test results from the full scale loading test 
to failure of the Övik Bridge. It was easy to see the response of the bridge when a one to one 
model with discrete reinforcement was used. 

After verification of the model described in Paper 2 the train load was applied on the model in 
Paper 3. The behavior during increasing train load and the ultimate load carrying capacity of 
the bridge could be closely predicted. The load carrying capacity of the bridge was calculated 
for the bridge before and after strengthening with Near Surface Mounted Reinforcement, 
NSMR, consisting of Carbon Fibre Reinforced Polymers, CFRP. The strengthening was 
applied first on the edge beams and then on the slab. The method described in Paper 3 was 
used to ensure a ductile behavior of the bridge and to avoid brittle failure modes. 

The computational cost is high when using non-linear calculations compared to the 
computational cost when using elastic calculations especially when non-linear materials are 
included. However increasing computer power gradually removes this obstacle.

Geometrical non-linearities are normally used when designing structures. Also non-linear 
iterative calculations are frequently used in concrete frame and plate design. The approach in 
this thesis can be considered as a continuum of developing new calculation methods.

As far as the author knows non-linear analysis of load carrying capacity of bridges including 
discrete reinforcement in the model has not been performed to this extent before.
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9. CONCLUSIONS AND RECOMMENDATIONS 
FOR FUTURE RESEARCH

9.1 Conclusions

In the following the research questions stated in Section 1.4 are discussed:

a. What was the failure mode for the tested bridge in Örnsköldsvik?

- The primary reason for the final failure was the loss of stiffness in the bridge which
was caused by yielding of an increasing amount of tensile reinforcement. After the 
yield limit was reached, the stresses in the tensile reinforcement decreased temporarily 
before strain hardening started to take place.. This is verified by the material test 
performed on the steel reinforcement taken from the bridge. 

- The loss of stiffness led to increased stresses in the carbon fibre reinforcement. As a 
result debonding took place in the interface between the concrete and the epoxy.

- Dowel action on the NSMR caused by the shear force had an impact on the debonding 
of the FRP reinforcement. The compression strut according to the truss model caused
an inclined outwardly directed force, which tried to push out tension bar and the
NSMR with it and thus boosted the debonding. 

- The decreasing stress in the tensile steel reinforcement caused by the negative 
stiffness after the yield limit was reached was added to a sudden decrease of stress in 
the carbon fibre reinforcement due to debonding.  This moved the load to the stirrups 
according to the variable angle truss model. The stress in the stirrups increased 
momentarily up to ultimate stress and this led to the final failure of the bridge.

b. Can the failure be modeled with the finite element method?

- Yes, the behavior of the bridge during increasing loading can be closely followed with 
the 3D non-linear finite element model used in this thesis. Discrete reinforcement with 
both geometrical and material non-linearities has been included.  A 3D model behaves 
in an integrated way including twists and deflections in all directions. Calculation 
results of the model with carbon fibre reinforcement embedded in epoxy showed peak 
values of the bond stresses clearly indicating the bond failure. The calculations 
accurately predicted the place of the failure observed in the test.

- The bond failure was not incorporated into the material definitions. Therefore no 
redistribution of stresses was made in the model due to eventually exceeded bond 
strength.
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c. Do current design models describe the bridge failure in a correct way?

- No, the failure is predicted in a too conservative way by the models in the studied 
codes. Also the failure was not a shear failure as predicted in the studied codes. The
failure of the bridge was actually a shear-torsion-bending failure which was a 
combined result of loss of stiffness of the bridge and bond failure between epoxy and 
concrete as described above. 

- In current design codes the stresses in all stirrups crossing the shear crack are assumed 
to yield at the ultimate limit state. This is a fair estimation and in quite good 
agreement with the calculation results in this thesis. 

- There are difficulties when choosing the values to be used in the code equations. 
When using yield limit the response becomes conservative. If ultimate limit is applied 
there is no guarantee that all deformations can take place to satisfy the model 
assumptions.  

- If cross sectional forces are calculated with elastic material assumptions and resistance 
with plastic assumptions there remains a discrepancy between the calculations. 

d. Is it possible to get a close estimation of the train load the bridge can sustain 
using the non- linear finite element method?

-       Yes, it is possible to get a close estimation of the train load the bridge can sustain. The 
effect of strengthening can also be closely estimated. The models used in this thesis 
can easily be used for different static load cases and different alternatives for 
strengthening.

6.2 Future Research

- Bond - Further research could give a solution to bond stresses by e.g. using interface 
elements between concrete and epoxy. The same kind of approach could be applied 
the interface between epoxy and carbon fibre bars.  Conditional programming of the 
phenomena or special kind of elements describing bond could be also an approach. 
The challenger of this kind further development is to incorporate additional features 
which describe micro scale phenomena to a macro scale model without increasing the 
computational cost too much.

- CFRP Rupture - When the carbon fibre reinforcement reaches its ultimate strength 
the rod will in reality fail very abruptly. In the model the calculated stresses in the 
carbon fibre reinforcement decreases to close to zero after the ultimate stress have 
been reached. In an adjacent point the stress is still at the at the ultimate stress level. 
This is an impossible situation. Therefore calculation results are no longer valid after 
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the loading point has reached the ultimate stress somewhere in the carbon fibre 
reinforcement. Further research could perhaps give a solution also to this problem. 

- Material tests- Many of the material values which are needed as input values in non-
linear 3D –finite element calculations were not the results of material tests but were 
taken from similar cases described in literature. Research is needed to get approved 
methods for these material tests.

- Model discrepancies - Some further – minor - discrepancies between the models and 
the reality that would be of interest to study are:

- Interaction between soil and the bridge. It is now  modeled only as a soil 
             pressure

- The concrete model of the bridge is not an exact copy of the real bridge 
- The reinforcement is not placed exactly in the same places as in reality in the 

bridge
- The load from the steel beam was not evenly applied in a perfect way on the 

bridge in the test

- Ultimate steel stress - It would have been interesting to calculate a load case where 
loads and material values in the ultimate limit state were used. This would give an 
answer to what engineers actually are calculating when they design structures 
according to currently used design codes. 

- Dynamic response – Dynamic response of bridge with non-linear materials in 
cracked section state would give additional valuable information about the capacity of 
the bridge.

- Design guidelines- The choice of modeling techniques, boundary conditions, 
connection constraints and solution techniques are often connected with convergence 
problems in NLFEA calculations, so also in this thesis.  Therefore there is a need to 
deploy design guidelines in order to facilitate the use of the powerful tool NLFEA in 
the design of structures. There is an ongoing co-operation in Sweden to develop such
guidelines, see e.g. KTH and Chalmers (2012).
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ABSTRACT

A reinforced concrete railway trough bridge has 
been strengthened and loaded to failure. The aim 
was to test and calibrate methods developed in the 
European Research Project “Sustainable Bridges” 
regarding: (a) condition appraisal and inspection, 
(b) load carrying capacity analysis, (c) monitoring
and (d) strengthening of existing bridges.     
The tested methods proved to be useful and to 
give accurate predictions. A failure in combined 
shear, bending and torsion was reached for an 
applied mid span load of 11,7 MN. This was well 
predicted by enhanced methods but 20 to 50 % 
higher than ultimate load evaluated according to 
predictions based on common codes and models. 

Key words: Bridge, Shear, Strengthening, 
Ultimate load carrying capacity, Failure
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Figure 1 - View from NE of tested bridge in Örnsköldsvik in northern Sweden. A plan, an 
elevation and cross sections of the bridge are given in Figures 2 and 3. 

1. INTRODUCTION

Field tests have been carried out on an existing reinforced concrete railway bridge in a European 
Research Project “Sustainable Bridges”. The aim of the project was to develop improved 
procedures and methods for inspection, testing, monitoring and condition assessment, of railway 
bridges. Furthermore, the project aimed to develop methodologies for assessing the safe 
carrying capacity of bridges and better engineering solutions for repair and strengthening. A
consortium, consisting of 32 partners drawn from railway bridge owners, consultants, 
contractors, research institutes and universities carried out the Project during 2003 – 2008, see
SB [1] and www.sustainablebridges.net.

The bridge presented in this paper was loaded to failure to demonstrate and test methods
developed in the project regarding procedures for (a) condition assessment and inspection, (b) 
load and resistance assessment, (c) monitoring, and (d) strengthening. For cost reasons, not 
many full scale tests to failure are carried out on bridges; a few examples are reported by 
Täljsten [2] and Plos [3].

The bridge was a reinforced concrete railway trough bridge in the form of a frame with two 
spans 12+12 m, see Figures 1-4. It was located in Örnsköldsvik in northern Sweden. It was built 
in 1955 and was taken out of service in 2005 due to the building of a new high-speed railway, 
the Botnia Line. The bridge was planned to be demolished in 2006 and this gave the opportunity 
to test it to failure before that.

2. GEOMETRY AND LOADS 

The geometry is given in Figures 2-3. The bridge is slightly curved. It is founded on piles with a 
length up to 6 m driven down to the bedrock. The bridge was designed for an axle load of 200
kN, SB7.3 [4]. In 1990 the allowable axle load was increased to 225 kN. The line was 
electrified in 1995/96. Timber and pulp have been transported by railway into the city and scrap 
iron, paper and limestone out of it. The number of axle passages of 225 kN during 1990-2005
can be estimated to maximally 25 000. 
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Figure 2 - Plan and elevation of tested bridge with landfill removed at SE wings 

Figure 3 – Sections of tested bridge.
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Maximum design bending moments and shear forces according to the original calculations from 
1954 give section forces according to Figure 4. The maximum shear force is V = 2.3 MN 
whereof 0.7 MN from dead load as shown in figure 4. The maximum mid span moment is M = 
3.6 MNm, whereof 0.8 MNm from dead load. The support moment is -4.7 MNm, whereof -1.5
MNm due to dead load.

The bending resistance in the mid span can roughly be evaluated to 10 MNm.  The shear force is 
mainly carried by inclined bars close to the supports and by stirrups in the central parts.

The bridge was proposed to be tested with a vertical point load P in the middle of the SE span, 
see Figure 5. This loading may lead to a combined bending and shear failure which is interesting 
to evaluate and compare with code predictions from  BBK04 [5], CEB-FIP [6], EN 1992-2 [7],
and with more refined models in SB [1], Bentz [8], Enochsson et al [9], and Puurula [10]. In 
order to avoid a premature bending failure and to check newly developed strengthening 
methods, the bridge was strengthened in bending before the final test with bars of Carbon Fibre 
Reinforced Polymers, CFRP.

B C D

A E

6.5

12.4 12.4

V [MN]2.3

0.44

-0.46

0.73

-0.73

-2.3

-3.83

-1.51
-1.0

M [MNm]-4.67

-1.51

0.47

3.6

-1.01

+0.76

Figure 4 – Design section forces for one span of the bridge.

P

anchor

Possible bending-
shear failure

Figure 5 - Proposed loading arrangement with a jack supported by anchors injected into the 
rock (some 10 m below the bridge foundation slabs). A possible combined bending-shear failure 
close to the load point is indicated.

3. MATERIAL PROPERTIES AND MONITORING

The bridge was inspected in 2005 before it was decided to carry out the full-scale loading test.
When the decision had been taken to test it, the bridge was inspected again, first by Luleå 
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University of Technology and later by the Federal Institute for Materials Research and Testing 
(BAM) in Berlin and COWI A/S in Copenhagen, with methods developed in the Sustainable 
Bridges project using ultrasonic radar, impulse response, electrochemical potential and Laser 
Induced  Breakdown Spectroscopy (LIBS), [1], [4], [15]. In general it can be said that the bridge 
was in a good condition with few cracks and no reinforcement corrosion.

The bridge was designed for strength class K400 according to the Swedish code with a 
compressive strength of 40 MPa (400 kp/cm2) measured on 200 mm cubes. This corresponds 
roughly to EC class C28/35. By 2006 the strength had increased to C55/67 (measured on drilled 
out cores, [4]). The reinforcement was mostly 16 and 25 mm of grade Ks40 with nominal 
yield strength of 400 MPa. 

In order to prevent the unwanted flexural failure, the bridge slab was strengthened with 9 + 9 = 
18 rectangular bars of Carbon Fibre Reinforced Polymers (CFRP) Sto FRP Bar M10C with a
length of 10 m, a cross section of 10 x 10 mm, a modulus of Elasticity Ef = 250 GPa and a
rupture strain r = 11‰. The rods were mounted as Near Surface Mounted Reinforcement 
(NSMR) in sawn out grooves spaced at 100 mm distances at the soffit of the decking slab, see 
Nordin and Täljsten [16], [17]. The strengthening provided an enhanced flexural resistance of 
approximately 4 MNm, which means about 40 % increase.

Several methods have been used to test and evaluate the different material parameters to form a
basis for load-carrying capacity evaluations. In Table 1 a summary of the results is presented 
which is used in the analysis of the bridge. First initial properties are given based on the original 
drawings and simple estimations.  Characteristic values refer to the 95% percentile of the 
strength values and to about a 50 % percentile of the elasticity values. The design values for the 
ultimate limit state (ULS) are based on the characteristic values divided by partial coefficients 
given in the table. Mean properties are given based on tests during 2006.

First the concrete properties are given: the compressive strength, fc [MPa], the modulus of 
elasticity, Ec [GPa], the tensile strength, ft [MPa], and the fracture energy, GF [Nm/m]. Then the 
steel properties are given: the yield stress, fsy = Reh [MPa], the ultimate strength, fsu =Rm [MPa], 
and the modulus of elasticity, Es[GPa]. Definitions and test details are given in SB 7.3 [4].

The bridge was first tested in the serviceability limit state before strengthening and before the 
final loading to failure.

Figure 6 – Grooves were 
sawn in the bottom of the 
slab (15 x15 mm) and 
then filled with a resin
and  rods of CFRP (10 x 
10 mm) in order to 
enhance the flexural
resistance of the slab,
[16], [17].
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Table 1 - Summary of material properties.
Stage Type of value Concrete Steel

fc

[MPa]

Ec

[GPa]

ft

[MPa]

GF

[Nm/m2]

fsy = Reh

[MPa]

fsu =Rm

[MPa]

Es

[GPa]

Initial properties
(These values are 
assumed or taken from 
original drawings) 

Characteristic 31a) 32 a) 1.8 a) - 16: 410 b) 16: 500 c) 16: 200 c)

25: 390 b) 25: 500 c) 25: 200 c)

Design ULS d) 17.2 25.4 1.0 - 16: 297.1 16: 362 16: 158.7

25: 282.6 25: 362 25: 158.7

Mean properties 
based on tests
(Standard deviations are 
given in parenthesis)

Mean 68.5
(8)

25.4
(1.7)

tension

2.2
(0.5)

uni-
axial

154
(82)

16: 441
(12)

16: 738
(2.4)

16: 192.1
(23.3)

25: 411
(8.2)

25: 706  
(22.6)

25: 198.3  
(31.5)

a) The concrete compressive strength is according to BVH [11] obtained from the concrete class used in the bridge, 
i.e 400 (K400), which corresponds to the concrete class K40. K40 is approximate equivalent to the strength class 
C28/35 in Eurocode which has a characteristic compressive strength of 27 MPa, a tensile strength of 1.8 MPa and a 
E-modulus of 32 GPa, BBK04 [5]. Since the bridge is more than 10 years old the compressive strength can 
according to BVH [11] be increased with 15 % from 27 MPa to 1.15×27 = 31 MPa, see also Thun [21].
b) The characteristic yield strengths are taken from BVH [11], section 4.3.3. The bridge also contained some Ø10 
mm bars. Their properties are assumed to be the same as the Ø16 mm bars.
c) According to BHB-M [12] the minimum ultimate stress is 500 MPa. According to BBK04 [5] the characteristic 
value of the E-modulus is 200 GPa. 
d) The design value = characteristic value / ( m n), where m is 1.5 for concrete and n is the safety factor with 
regard to injury to people, in this case safety class 3, which gives the factor 1.2. For reinforcement steel m is 1.15 
and for the E-modulus m is 1.05 according to BBK04 [5]..

The monitoring system used during testing of the bridge consisted mainly of (a) strain gauges 
spot welded to the reinforcement, (b) an optical laser displacement sensor (Noptel PSM 200) 
and (c) Linear Varying Differential Transducers (LVDTs) for deflection measurements. 
Measurements were mainly made at the sections of point loads and close to the supports. 
Examples of measured deflections are given in Figure 7. The University of Minho and City 
University also successfully tested newly developed fibre-optic sensors for crack detection and 
accelerometers for modal identification and damage detection, SB7.3 [4].

4. ASSESSMENT METHODS AND PREDICTED CAPACITY

4.1 Eurocode 2

The bridge was first assessed with the traditional truss model according to Eurocode 2, EN 
1992-2 [7]. The shear resistance VRd is calculated as the strength of the reinforcement crossing 
an inclined shear crack (Equation 6.8)

VRd,s = Asw fywd (z cot ) / s

where
Asw is the cross sectional area of the reinforcement (804 mm2, 4 Ø16, two hoops)
fywd is the design yield strength of the shear reinforcement (see Table 1)
z is the inner level arm (900 mm = 0,9 d)

is the angle between the concrete compression strut and the beam axis (min 21.8o)
s is the spacing of the stirrups (300 mm)
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Figure 7 - Vertical and horizontal displacements of the east and west beams in the mid span
during the final loading to failure of the bridge. To the left two curves are shown for horizontal 
displacements. One shows that the mid span moves transversely south-westwards some 8 mm 
along the loading line and longitudinally north-westwards some 12 mm. To the right the vertical 
deflections of the two beams are shown with a maximum mid span deflection of 88 mm for the 
east beam and 96 mm for the west beam.

Initial design values from Table 1 for one of the two beams give VRd = 1, 79 MN and mean 
values give VRd = 2, 66 MN. If a somewhat steeper angle is used ( = 30o instead of the
minimum value of  21.8o) mean values give VRd = 1,84 MN. Corresponding results are obtained 
with BBK 04 [5]

4.2 Modified Compression Field Theory

The bridge was next assessed with the Modified Compression Field Theory, MCFT, which was 
developed at the University of Toronto by Michael Collins and co-workers, [13], [14]. The 
method is based on experimental studies of large reinforced concrete panels from which 
constitutive relationships were derived for cracked reinforced concrete.  Response 2000, a 
program based on MCFT, developed by Bentz [8] was employed for the assessment.

Employment of mean values for material properties results in VRd = 2,53 MN for a low normal 
force and 3,01 MN for a higher normal force [4].

4.3 Linear Elastic 3D-model

The bridge has also been analyzed by Skanska with a finite element method using the computer 
program Lusas [18]. Three dimensional linear beam elements (BMS3) and thick quadrilateral 
linear shell elements (QTS4) have been used. In this way the influence of the curvature of the 
bridge could be modeled as well as the corresponding torsion moments. The model and some 
results are shown in Figure 8. As a comparison the bridge has also been modeled with the
computer program Brigade [19] giving similar results [4].
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Figure 8 – Deflections due to permanent loads (top) and to a point load according to Lusas 
[18]. The three supports are numbered 1 to 3 starting from the left NW support.

The most critical beam for a shear failure according to the linear elastic analysis according to 
Lusas is the NE beam just outside the concentrated load towards the mid support (NE 2).
However, almost as critical is the SW beam just outside the concentrated load towards the end 
support (SW 3).
The other beams, NE3 and SW2, are much less loaded in a linear elastic analysis, which means 
that before a real failure can take place (with the test set-up including both beams) there must be 
non-linear load redistributions in the structure. In the real test the “non-linear” shear failure 
came towards end support 3 and included both beams (NE3 and SW3).
Using the capacities from the Eurocode calculation in section 4.1 the initial material properties
give, together with the Lusas results, that the maximum capacity is reached when the two
concentrated loads are about P = 2.95 MN, or a total of 2P = 5.91 MN. This turned out to be
about 50 % of the failure load 11.7 MN. 
With mean material properties the maximum capacity according to the analysis is reached when 
the concentrated loads P are about 4.39 MN, or a total of 2 P = 8.78 MN.

4. 4  Nonlinear 2D-model 

A non-linear analysis was performed by Cervenka Consulting using the finite element computer
program Atena [20]. Some results can be seen in Figure 9. The analysis predicted an ultimate 
load of 10,5 MN after yielding in the longitudinal reinforcement.
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Figure 9 - Detailed crack patters at final loading state predicted by Atena [20]. The cracks 
illustraded are of widths > 0,1 mm].

4.5 Comparison

The results from the different models are compared in Table 2 together with the test result. In 
the test, the longitudinal bottom steel bars and the vertical stirrups started to yield close to the 
ultimate load. The final failure was caused by rupture in the stirrups crossing the inclined shear 
crack in Figure 10. The strengthening with near surface mounted reinforcement functioned and 
no premature bending failure did occur. Instead, a failure in combined shear, bending and 
torsion took place. 

In the table, the shear capacity VR of each of the two longitudinal beams are first given. The 
value also includes the influence of torsion. Then the live load capacity for the applied two point 
loads 2P is given. It can be seen that the standard linear finite element methods together with 
Eurocode 2 give quite conservative predictions. A part of this may be caused by arch actions in 
the beam which is not considered in the calculations. It can also be seen that it is important to 
use a correct value of the inclination for the compressive strut. When the minimum strut 
inclination ( = 21,8 o) is used, a hypothetical situation will arise that a higher number shear 
reinforcing units is activated than in reality. 

Enhanced non-linear methods as Atena and Response predict higher values for the resistance,
which are closer to the tested value. Their stress and strain predictions are also closer to what 
has been observed in the bridge, SB7.3 [4].

Table 2 – Load carrying capacity for the bridge as predicted by different models. VR is the 
shear capacity for one of the two longitudinal beams and 2P is the live load capacity when the 
bridge is loaded with the load P in the middle of the span on each of the two longitudinal beams.
Method fyd

[MPa] [o]
VR
[MN]

2P
[MN]

EC2, design, min + Lusas, 3D linear FEM 297 21,8 1,79 5,9
EC2, mean, min + Lusas, 3D linear FEM 441 21,8 2,66 8,8
EC2, mean, real + Lusas, 3D linear FEM 441 30 1,84 6,1
Response, nonlinear section analysis + low axial force 441 2,53 9
Response, nonlinear section analysis + high axial force 441 3,01 12
Atena, 2D nonlinear FEM 430 20-30 3,07 10,5
Test to failure 441 ~30 11,7
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Figure 10 – Ultimate shear-bending failure with detail of stirrup rupture after yielding.

5. SUMMARY AND CONCLUSIONS

Procedures have been tested for inspection and condition assessment, load carrying capacity, 
monitoring, and strengthening of a 50 year old reinforced concrete railway trough bridge. In this 
paper focus has been on the assessment of the load carrying capacity. In the final test, a failure 
in combined shear, bending and torsion was reached for an applied mid span load of 11,7 MN. 
This was close to what was predicted by the methods developed in the project and is 20 to 50 % 
higher than  predicted by design codes and other general models. All the predictions were on 
the safe side and the failure was initiated by rupture of a stirrup after yielding in both stirrups 
and longitudinal reinforcement. There is a need for additional full-scale test where advanced 
load carrying models can be calibrated to real failure mechanisms. 
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Paper 2 – To be submitted
Load-Deformation Properties of a RC Trough Bridge Loaded to 
Failure. Finite Element Modeling of a Bridge in Örnsköldsvik, Sweden
ARTO PUURULA, OLA ENOCHSSON, GABRIEL SAS, THOMAS BLANKSVÄRD, ULF OHLSSON, LARS 
BERNSPÅNG, BJÖRN TÄLJSTEN, AND LENNART ELFGREN 

Division of Structural Engineering,Luleå University of Technology, SE-971 87 Luleå, Sweden

A reinforced concrete railway trough bridge in Örnsköldsvik in Sweden was strengthened and loaded to failure in 2006.
The aim was to test and calibrate methods developed in the European Research Project “Sustainable Bridges” 
regarding: (a) condition appraisal and inspection, (b) load carrying capacity, (c) monitoring and (d) strengthening. A 
failure in combined shear, bending and torsion was reached for an applied mid span load of 11,7 MN. 3D nonlinear FE 
calculations with discrete reinforcement were used to simulate the loading process. The developed calculation methods 
gave accurate predictions of the response of the bridge during increasing loading.

Key words: Bridge, Shear, Near Surface Mounted Reinforcement (NSMR), Carbon Fibre Reinforced Polymers 
(CFRP), Strengthening, Ultimate load carrying capacity, Failure, Nonlinear finite element modeling (NL FEM)

Figure 1. View of tested bridge in Örnsköldsvik in northern Sweden. 

1. Introduction (ca 1,5 pp)

Material from Chapters 1-3 of the Main Report, Puurula (2012) to be summarized here.
The paper is mainly based on the Ph D thesis of the first author, Puurula (2012) and the report SB 7-3 (2008) 
Figure 2 = Fig. 4.3 and 4.5 Elevation and Plan of bridge
Figure 3 = Fig. 4.5 Longitudinal section
Figure 4 = Fig. 4.6 Cross section

2. Material Properties and Modeling (ca 1 p)

Material from Chapter 4 of the Main Report, Puurula (2012) to be summarized here

Figure 5 = Part of fig. 4.5 Sawing of grooves
Table 1 = Part of Table 4.1 with a summary of characteristic initial and mean tested material properties
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3. Failure

Figure 6. A shear-torsion-bending crack opened up through the entire bridge from West to East (a), and one stirrup 
ruptured on each of  the West and the East side (b).

A shear-torsion-bending failure in Figure 6 in the 
loading test of the Övik Bridge was initiated by a loss 
of bond in the FRP NSMR bar located closest to the 
West surface of the bridge. The interface between the 
epoxy resin used to embed the bars in the concrete
grooves failed and caused a redistribution of forces and
strains. The bond failure suddenly decreased the force 
in the longitudinal reinforcement. When the applied 
load reached P = 11,7 MN, a snapping sound was 
heard  indicating a local bond failure for one of the 
bars. Less than a second after that, several more snaps 
could be heard and dust was coming out from several 
of the NSMR grooves. This clearly indicated a bond 
failure for the NSMR bars. The strain in the NSMR 
bars was thereby redistributed, see Fig. 7. Before the 
bond failure, the strain curve had the same form as the 
bending moment ( f M/(z Af Ef) , where M is the 
moment, z 1m is the lever arm, Af = 900 mm2 is the 
area of the CFP rods and E f = 260 GPa is the modulus 
of elasticity of the CFP). The curve has its maximum 
under the point load.  After the bond failure, the 
maximum strain was reduced, which also caused a 
reduction of the bond stresses and of the maximum 
load carried by the NSMR bars. 

The reduction of the force carried by the NSMR bars 
increased the inclination of the concrete struts and the 
forces in the stirrups, see Figure 7 and 8. This caused 
rupture of the stirrups, as fewer stirrups than before had 
to carry the shear force V.  A large shear-torsion-
bending crack was formed and the final failure of the 
bridge followed, see Figure 6.

After debonding the FRP reinforcement acted as a 
tensile rod outside the concrete, see Figure 7. The angle 
of the shear-torsion-bending crack increased and got 
steeper due to the loss of tensile reinforcement 
capacity, see Figure 8. 

Figure 7. Schematic figure of bridge with diagrams of 
shear (V), moment (M), and strain in the fibre 

f). The fibre strain before bond failure 
has a similar form as the moment diagram. This means 
tension in the mid section under the load P and 
compression close to the supports, where the fibre bars 
ended. After bond failure, the strain is reduced under 
the load P at the same time as it is increased in the 
region where the moment diagram changes sign. The 
effect will be that the force in the fibre bars under the 
load P will be reduced. After debonding the FRP 
reinforcement acts as a tensile rod outside the concrete. 
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Figure 8. Decreasing tensile force because debonding 
increases the angle of the shear crack.

Notations in Figure 8:
S the tensile force in steel reinforcement
F the tensile force in the FRP reinforcement
V the shear force

0 the angle of the shear crack before debonding
1 the angle of the shear crack before debonding

The shear crack became shorter and the amount of
stirrups crossing the shear crack was decreased. There 
were then fewer stirrups to carry the shear force.

The load in the FRP reinforcement and the tensile steel 
reinforcement decreased suddenly because of the 

debonding causing, according to the variable angle 
truss model for shear in Eurocode (2004), a sudden 
increase of stress in stirrups up to the ultimate stress 
which lead to the final failure of the bridge. 

A 1 ‰ drop in strain in the all FRP and steel 
reinforcement in one edge beam corresponds to 1685 
kN drop in tensile force, when the stress in steel 
reinforcement drops from the Brigade calculated 516
MPa in the hardening part down to the lowest stress 
value 397,8 MPa before hardening starts. The increase 
of stress in both legs of all stirrups crossing the 35
degree shear crack in Figure 8 from the yield limit 
441,1 MPa up to the ultimate stress 737,4 MPa 
corresponds to 1166 kN in tensile force.

This means that 1 ‰  drop in strain in all tensile 
reinforcement causes bigger increase of stress in 
stirrups than is required for all stirrups, both legs, 
crossing the shear crack to increase the stress from 
yield stress to ultimate stress. These calculations show 
that it is probable that the series of events described 
above were the cause of the final failure. Stresses in 
stirrups are shown in Figure 9. 

Figure 9. Max Principal stresses in stirrups at failure load according to nonlinear Brigade calculation. smax = 448 MPa

Just before debonding a visible shear crack could be 
seen in the video showing the failure, which indicated 
that the stress in the stirrups which crossed the shear 
crack has reached the yield limit. The studies of the 
measurements and the videos have shown that the 
loading from the steel beam was not increased at the 
moment when the final shear crack opening happened 
indicating that the increase of the stress in the stirrups 

was due to the debonding of the FRP. This is in close 
agreement with the calculations in Figure 8.
In Figure 14 the measured drop in strain in the 4th FRP 
bar counted from outside of the East edge beam was 
from 7.1 ‰ down to 4.8 ‰. The load did not anyhow 
decrease during this drop in strain which means that the 
load transfer from tensile reinforcement to stirrups 
happened first and after that the final failure.
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The stresses in Figure 9 in stirrups due to the outer load 
from the steel beam are quite evenly distributed 
according to nonlinear Brigade calculations, which is 
in fear agreement with the assumptions for the variable 
angle truss model used in Eurocode 2 (2004).  In 
Eurocode all stirrups crossing the shear crack are 
assumed to yield at failure.
The location of the broken stirrup in Figure 6 b) 
coincides with the most stressed stirrup in Figure 9. It 
is therefore close to assume that the ultimate stress 
after the increased stresses due to the bond failure was 
reached first in this most stressed stirrup. After the 

rupture of this first stirrup the failure proceeded as a 
chain reaction through the stirrups which crossed the 
shear crack. This chain reaction was anyhow not 
possible to be verified because only one broken leg of 
one stirrup on both sides of the bridge was visible in 
the shear crack at failure. The wide shear crack through 
the entire bridge indicates however that the stirrups 
were ruptured along the entire crack.

It is thereby shown that bond failure of FRP with the 
following drop in strain in the tensile reinforcement is 
most likely to have been the triggering reason for the 
shear failure of the whole bridge.

4.  Assessment with a non linear 3D-model 

The Övik Bridge was modeled with a nonlinear 3D FE model presented in Figure 10 using Abaqus based Brigade 
software (2011).

Figure 10. Failure started in the East edge beam, a). Concrete in the end supports, support plates and lower connection 
beams is elastic, concrete in other parts of the bridge is non linear. Mean material properties were used for each edge 
beam and the slab. Nonlinear calculation means calculation in the cracked stage with nonlinear discrete reinforcement,
b), added in the model. The total number of separate parts was 1650 (most of them discrete reinforcement bars), the 
total number of elements was 152460, the number of nodes was 164003 and the total number of variables was 511317.
Shell elements in the steel beam were of type S4R: linear quadrilateral, 4-node doubly curved shell, reduced integration, 
hourglass control. Solid elements in the concrete bridge were of type C3D8R:  An 8-node linear brick, reduced 
integration, hourglass control. Reinforcement bars modeled as wires were of type 2-node linear 3-D truss elements.

4.1  Verification of the model and effect of the FRP 
strengthening

The accuracy of the model is the most important factor 
to get reliable results from the calculations. Accuracy 
means here that the model must as close as possible 
describe the real behavior of the structure, the 
boundary conditions, the connections between different 
parts and the loading as well as the material properties.  
Material properties in the model must be based on 
material tests taken from the structure. The more 
detailed the model of the structure is and the closer to 
reality the material definitions are, the less need there is 
to adjust the model or the indata to get a model which 
is applicable for different load cases and which gives 
reliable results. Computational cost must be weighted 

in these aspects to get acceptable results in acceptable 
time.

To illustrate the difficulty in comparing the measured 
values and the calculated ones the cracks in the East 
edge beam are shown in Figure 11. 
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Figure 11. Illustration of cracks in concrete at the 
bottom of the East edge beam.

The measurement point (strain gage location) at the test 
and the measurement node in the finite element 
calculation do not usually coincide because of i.e. 
inaccuracies in the modeling. The strain measurement 
point at the loading test can easily be located between 
cracks and the node for the calculated values in the area 
of the cracks or vice versa.

To be able to model the load-deflection diagram in 
Figure 9 is an important verification of the model 
because the stresses are distributed in relation to the 
stiffness.

To get an idea of the effect of the strengthening of the 
bridge with FRP, the load-deflection diagrams for 
strengthened and not strengthened bridge are shown in 
Figure 12.

Figure 12. Load-deflection curve with and without FRP 
strengthening. 1= deflection difference, 2=strength 
difference.

FRP strengthening stiffens the bridge after the load 
level 8 000 kN to an increasing extent. E.g. at the load 
level of 10 000 kN the difference in deflection is about 
9,5 – 4,5 =  5 cm, (difference 1). The FRP 
strengthening increases the load carrying capacity with 
about 20% at the same deflection level 0,085 m from 
9 800 kN to 11 700 kN, (difference 2).

The strengthening effect can be seen in Figure 13 as a 
difference between strains in the strengthened and not 
strengthened case for the tensile steel reinforcement.

Figure 13. Load-strain diagrams of the bottom tensile 
steel reinforcement in the middle of the East edge
beam.

With FRP strengthening a higher load level for the 
same strain is required. At a load level of 7-11 MN the 
steel reinforcement is not yielding in the test but starts 
yielding already at 7 MN in the Brigade calculations 
without FRP. The test diagram indicates that the 
measurement point was located between cracks 
because the strain keeps the same level even when the 
load is increasing. When cracking increased at 10, MN 
a new crack developed and the steel reinforcement 
could started to yield.

Calculated strain values in the FRP reinforcement 
follow the measured values quite closely up to load 
level 10 MN in Figure 14. From then on calculated 
strains diverge from the measured ones, which mean
that the model gives results on the safe side. The stress 
in the FRP at the failure load had reached the ultimate 
stress of FRP fuf = 2500 MPa. Therefore the failure in 
the Brigade calculation model was due to tension 
failure instead of bond failure in FRP. More refinement 
of the model is possible. One way to go further would 
be to include the epoxy in the model and program 
conditions so that the bond stresses can be taken into 
account. 
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Figure 14. Load-strain diagrams of the FRP
reinforcement, in the bottom of the East edge beam
under the steel beam.

5. Summary and conclusions 

The aim of this paper has been to describe how the load 
bearing capacity has been assessed for a concrete 
bridge which was tested to failure in a full scale test.

The focus of this paper has been on the assessment of 
the load carrying capacity. In the final test, a failure in 
combined shear, bending and torsion was reached for 
an applied mid span load of 11,7 MN. The failure was 
initiated by loss of bond between the epoxy resin and 
concrete followed by rupture of a stirrup. The behavior 
of the bridge during increasing load can be closely 
predicted with the calibrated 3D nonlinear FE model 
up to load when the bond failure occurred. It is easy to 
see the response of the bridge when a one to one model 
with discrete reinforcement is used. The method 
developed described in this paper can be used to get a
close estimation of the load carrying capacity for e.g. a 
trainload.
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Paper 3 – To be submitted 

Assessment of Train Load Capacity for a FRP-Strengthened RC
Bridge in Örnsköldsvik, Sweden 
ARTO PUURULA, , OLA ENOCHSSON, GABRIEL SAS, THOMAS BLANKSVÄRD, ULF OHLSSON, LARS 
BERNSPÅNG, BJÖRN TÄLJSTEN, AND LENNART ELFGREN  

Div. of Structural Engineering,Luleå University of Technology, SE-971 87 Luleå, Sweden

A reinforced concrete railway trough bridge in Örnsköldsvik in Sweden was strengthened and loaded to failure in 2006.
The aim was to test and calibrate methods developed in the European Research Project “Sustainable Bridges” 
regarding: (a) condition appraisal and inspection, (b) load carrying capacity, (c) monitoring and (d) strengthening. A 
failure in combined shear, bending and torsion was reached for an applied mid span load of 11,7 MN. 3D nonlinear FE 
calculations with discrete reinforcement were used to simulate the loading process.. The load carrying capacity for the 
bridge has been assessed for a train load. The effect of strengthening of the edge beams with Near Surface Mounted 
Reinforcement consisting of Carbon Fibre Reinforced Polymers (NSMR, CFRP), was calculated for the train load 
BV2000. The bridge could have sustained a 7 fold train load with the applied strengthening. 

Key words: Bridge, Shear, Near Surface Mounted Reinforcement (NSMR), Carbon Fibre Reinforced Polymers 
(CFRP), Strengthening, Ultimate load carrying capacity, Failure, Nonlinear finite element modeling (NL FEM) 
  

Figure 1. View of tested bridge in Örnsköldsvik in northern Sweden.  

1. Introduction (ca 1,5 pp)

Material from Chapters 1-3 of the Main Report, Puruula (2012) to be summarized here. 
The paper is mainly based on the Ph D thesis of the first author, Puurula (2012) and the report SB 7-3 (2008)  
Figure 2 = Fig. 4.3 and 4.5 Elevation and Plan of  bridge 
Figure 3 = Fig. 4.5 Longitudinal section 
Figure 4 = Fig. 4.6 Criss section 

2. Material Properties and Modeling (ca 1 p) 

Material from Chapter 4 of the Main Report, Puruula (2012)  to be summarized here 

Figure 5 = Part of fig. 4.5 Sawing of grooves 
Table 1 = Part of Table 4.1 with a summary of characteristic initial and mean tested material properties 

3. Failure (ca 1pp) 
A summary of material from Paper 2 
Fig 6 – 10 = Fig 6- 10 in Paper 2. 
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4.  Load carrying capacity for a train load 

4.1 Train load 

When calculating the train load the soil pressure from 
both sides is included, Figure 11. 
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Figure 11. Plan of the bridge in Örnsköldsvik with 
landfills on both sides of the bridge.

In Brigade calculations the train load in Figure 12 a) 
was increased successively with the same time 
increasing uniformly distributed soil pressure caused 
by increasing train load, Figure 12 b). The results of 
the calculations are presented in Figures 13-23.

Figure 12. a) Train surface load. b) Soil pressure of the 
train load 

According to the Swedish bridge code, BV Bridge 
(2003), for train load BV 2000 the axel loads can be 
replaced by a uniformly distributed characteristic line 
load of 206 kN/m = 4*330 kN/6.4 m where 330 kN is 
one characteristic axel load and 6.4 m is the distance on 
which the 4 axel loads are acting. The mean value of 
the train load becomes 187 kN/m with a standard 
deviation of 10 kN/m and a spread over the width of 
the bridge, 2.9 m, surface load in Figure 11 a) becomes  
q0 = 64.5 kN/m2. The same time acting uniformly 
distributed soil pressure in Figure 11 b) is calculated as 
0.34*q, where q = increasing train load applied on the 
bridge and 0.34 is the coefficient for soil pressure. Also 
permanent soil pressure and self weight of the bridge 
and ballast are included in the calculation. 

The following comparisons are made:  
- bridge without strengthening  
- each edge beam strengthened with 9 FRP bars 
- bridge slab strengthened with transverse Sto FRP Bar 
M10C @ 150 mm, Figure 15. 

4.2 Slab 

In Figure 13 vertical displacements are presented at the 
load level q = 304 kN/m2 without FRP strengthening.
This load level corresponds to 4.71* q0. The deflection 
at the middle of the bridge slab is 0.1028 m.  

The maximum stresses are in the field reinforcement of 
the slab but the stresses of the support reinforcement 
are far beyond yield limit as well, Figure 14. It is 
obvious that the failure due an increasing train load is 
initiated in the slab when the bridge is not 
strengthened. 

Figure 13. Vertical displacements at the load level q = 
304 kN/m2 = 4,71 qo without FRP strengthening. 

Figure 14. Max tensile stress is 628.9 MPa at the load 
level of q = 304 kN/m2 without FRP strengthening. 

The slab was then strengthened with Sto FRP Bar 
M10C @ 150 mm, Figure 15. The FRP reinforcement 
was directed parallel with the supports in the angle to 
the steel reinforcement, Figure 16. 

Figure 15. FRP strengthening of the slab 



3 

Figure 16. The FRP reinforcement is parallel to the 
supports but not parallel to the steel reinforcement. 
Compare with Figure 15. 

The deflection of the middle of the slab in Figure 17 
show that the FRP strengthening of the edge beams 
stiffens the bridge very little as an increasing train load 
is applied on the bridge. Strengthening of the slab 
however has a substantial effect on the stiffness. 
Deflections in all cases are large compared with the 
width of the bridge slab, 2.9 m, at the end of diagrams.  

Figure 17. Load-deflection diagrams of the middle of 
the slab for increasing trainload.  

The effect of the FRP strengthening of the slab is 
demonstrated in Figure 18.

Figure 18. Load-stress diagrams of the transversal 
bottom reinforcement in the middle of the slab for 
increasing train load. 

Strengthening of the slab decreases the tensile stress in 
the bottom steel reinforcement and an extensive 
amount of tension is taken by the FRP reinforcement 
specially after yielding starts in the steel reinforcement. 
The FRP reinforcement has reached the ultimate failure 
stress at the load level of q = 487 kN/m2 which 
corresponds to 7.54* q0. After failure the stress in the 
FRP decreases and the stress in the steel reinforcement 
start to increase. Strengthening of the edge beams does 
not have any practical effect on the slab. 

Load-strain diagrams for the transversal bottom 
reinforcement in the middle of the slab for increasing 
train load are in Figure 19.

0

100

200

300

400

500

600

0,00 0,02 0,04 0,06 0,08 0,10 0,12 0,14

q [kN/m2]

[m]

Transverse FRP in the slab 

Longitudinal FRP in the edge beams

Without FRP strengthening

0

100

200

300

400

500

600

0 1000 2000 3000

q [kN/m2]

[MPa]

Steel stresses without FRP
Steel stresses with FRP longitudinal
Steel stresses with FRP transverse 
FRP stresses with FRP transverse

q0 

FRPsteel

FRP reinforcement
Steel reinforcement

q0 = 64.5 kN/m
2

= 1 train load



4 

Figure 19. Load-strain diagrams for the transverse
bottom reinforcement in the middle of the slab for 
increasing trainload.  

The steel reinforcement is directed so that it has a 
shorter distance to the edge beams, compared to the 
FRP reinforcement. This is the reason why the steel 
reinforcement gets larger strains than the FRP 
reinforcement.  

The crack pattern of the slab at the failure load as seen 
from underneath in Figure 20 shows that strains in the 
reinforcement are dependent on the direction of the 
reinforcement to the cracks i.e. plastic strains in 
concrete 

Figure 20. Plastic strains in concrete i.e. the crack  
pattern of the slab at the failure load as seen from 
underneath slab.

4.3 Edge beams 

Even if the FRP strengthening of the edge beams has 
only a slight effect on the behavior of the slab under 
the train load, it contributes to the tensile bottom 
reinforcement of the edge beams. Stresses in the FRP 
reinforcement are shown in Figure 21 at the failure 
load. 

Figure 21. Stresses in the FRP reinforcement,
strengthening the edge beams with increasing train load 
on the slab.

Steel tensile reinforcement in the edge beams begins to 
yield at the load level q = 420 kN/m2 when the bridge 
is strengthened with transversal FRP in the slab, Figure 
22.  

Figure 22. Stress-strain diagrams for the longitudinal 
outmost tensile bottom reinforcement in the middle of 
the East edge beam for increasing trainload. 

Longitudinal FRP reinforcement in the middle of the 
East edge beam starts to take more load than the steel 
reinforcement from the very beginning, Figure 23, 
which indicates that the measurement point in the 
Brigade calculation for FRP reinforcement is located 
nearer a crack than the measurement point for the steel 
reinforcement.  
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Figure 23. Load-stress diagrams for the longitudinal 
outmost tensile bottom reinforcement in the middle of 
the East edge beam for increasing trainload. 

Yielding of the longitudinal steel reinforcement in the 
edge beams is clearly visible when the bridge is 
strengthened in transverse direction with FRP 
reinforcement in the slab. 

The chosen transverse FRP strengthening was quite 
appropriate because FRP reinforcement in slab can 
sustain q = 487 kN/m2 and steel reinforcement in the 
edge beams q = 420 kN/m2 = 6.5*q0 before yielding 
starts as a result of increasing train load. The rupture of 
the FRP is very brittle and is to be avoided. In this case 
yielding of the steel reinforcement in the edge beams 
can therefore be seen as the ultimate limit of the load 
carrying capacity for the applied train load. 

5. Summary and conclusions  

The aim of this paper has been to describe how the load 
carrying capacity of a railway bridge can be calculated 
using a nonlinear 3D FE model.  

The focus in this paper has been on the assessment of 
the load carrying capacity regarding nonlinear 
behaviour of the materials. No other failure modes 
have been treated e.g. intermediate crack, IC debonding 
anchorage failure, peeling or delamination of carbon 
fibre reinforcement, Täjsten (2011).

The calculation model was first calibrated with test 
results from a full scale loading test to failure of the 
Övik Bridge. After verification of the model the train 
load was applied on the bridge. The load carrying 

capacity of the bridge was calculated for the bridge 
before and after strengthening with Near Surface 
Mounted Reinforcement, NSMR, consisting of Carbon 
Fibre Reinforced Polymers, CFRP. 

The behavior during increasing train load and the 
ultimate load carrying capacity of the bridge can be 
closely predicted with the method developed described 
in this paper. It is easy to see the response of the bridge 
when a one to one model with discrete reinforcement is 
used. The method can be used to ensure a ductile 
behaviour of the bridge and to avoid brittle failure 
modes.
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1. 2D-frame model

In the following variations of frame calculations on the Övik Bridge are presented. Calcula-
tions are performed with Strusoft software Ramanalys 5.3.002., see Frame Analysis (2008).
Only the northern half of the bridge is modelled in the calculations, see Fig. 1.1, section A-A. 
This is to obtain the maximum field moment and shear force that are the cross sectional forces 
we seek. 

The length of the east side of the bridge is longer compared to the west side because of the 
curved form of the bridge. This together with the fact that the abutment on the south side in the 
northern half of the bridge is shorter and thereby less stiff cause the maximum field moment 
below the steel beam to form on the east half of the bridge.

1.1 Geometry
The geometry of the Övik Bridge is illustrated in Fig.1.1-8.

OrnskoldsvikMellansel

6000

2000

6000

2250
1750

2250
1750

73°17''

R
=3

00
m

R=40m

loading beam

N

north sidewalk line

south sidewalk line

Figure 1.1 Section A-A indicates the part of the bridge used in frame calculations. Only the
northern half of the bridge is modelled in the calculations. Section B-B is given in 

Figure 1.2

A

B

B
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Figure 1.2 Section B-B shows the cross section of the bridge used in frame 
                calculations. 

Figure 1.3 The figure shows an example of how the division into elements is carried out. A 
new element starts where reinforcement bars either start or finish. 
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Figure 1.4 The 2D- frame model of the bridge with piles modelled as springs. Both steel and 
carbon fibre reinforcement are considered in the model. A new element always 
starts always when the tensile reinforcement is changed.

Figure 1.5 The figure shows the cross section division of the half bridge.

Figure 1.4 Section A-A refers to Fig.1.9, B-B to Fig.1.10 and C-C to
               Fig.1.11 showing examples of reinforcement used in the model.
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Figure 1.7 The figure on the left side shows half of the abutment as it is in reality. The frame
program used does not allow this free shape to be reinforced. The figure on the 
right side is a standard cross section where the program allows reinforcement to 
be used in the calculations.

Figure 1.8 The figure on the left side shows one half of the bridge as it is in reality, see also 
black shaded area in Fig.1.2. The program does not allow this free shape to be re-
inforced. The figure on the right side is a corresponding standard cross section for 
which the program allows reinforcement to be used in the calculations.
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1.2 Reinforcement

Figure 1.5 The figure shows an example of the reinforcement in the abutment 
                elements, see section A-A in Fig.1.6 and Fig.1.7.
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Figure 1.6 The figure shows the reinforcement in the bridge beam element 
over the middle support; see section B-B in Fig.1.6 and Fig.1.8.

Figure 1.7 The figure shows the reinforcement in the bridge beam element under the steel 
beam and the point load, see section C-C in the Fig.1.6. The carbon fibre rein-
forcement, Near Surface Mounted Reinforcement, NSMR, with the total area of 
900 mm2 are inserted in the model as a part of the lowest layer of the reinforce-
ment. The NSMR rods are inserted as 10 11 mm bar with total area = 950 
mm2 to compensate the higher position in the cross section. In reality the carbon 
fibre rods are located 7.5 mm from the bottom surface.
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1.3 Materials
The frame calculations are performed as far as possible following the material properties ac-
cording to Table 4.1 in the main rapport, Puurula (2012) and SB-7.3 App B (2008). The table 
contains mean material properties, which are the results from performed material tests.

1.3.1 Concrete
The concrete quality used is C60/75 for abutments and mid support and C55/67 for the 
bridge beams. The concrete material values are then divided by the program with par-
tial coefficients in the ultimate limit state. 

1.3.2 Reinforcement
The frame program used did not allow the hardening part of the stress strain curve for 
the reinforcement to be used in the non-linear calculations.

Figure 1.8 The Frame Analysis (2008) software used the yield strength as the upper 
limit of the reinforcement tension strength.

1.3.3 NSMR, carbon fibre rods

Figure 1.9 Material values of the Near Surface Mounted Reinforcement
(NSMR) carbon fibre rods.
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1.4 Stiffness of the cross section
Cross sectional values for the cross section consisting of concrete and reinforcement are calcu-
lated from cross sectional values for net concrete section i.e. concrete area minus area of the 
reinforcement and the reinforcement section when the differences in the elastic modulus are 
considered.

Material relation can be expressed as a factor:

s / Ec (1.1)

By calculating areas and static moment around the coordinate axis the values for the cross 
section is calculated as:

A = Acn s (1.2)

Sy = Scny sy (1.3)

The centre of gravity is determined from:

ycg = Sy /A (1.4)

The moment of inertia then is calculated according to 

Iycg = Icny sy            (1.5)

1.5 Loads

Table 1.1. Base load cases.

concrete self-weight B1

ballast B2

soil pressure from left B3

steel beam self-weight B4

point load 5850 kN from steel beam B5
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Figure 1.10 Concrete mass density is 25 kN/m3. Point moments are added to
                compensate the overhang of the abutments.

Figure 1.11 Ballast is assumed to have a thickness of 0.64 m and a width of 1,54 m for half 
bridge. Ballast weight according to Swedish Bridge Code, BV Bridge (2003) is 
20 kN/m3. The load of ballast becomes 19.65 kN/m.

B1, Concrete self-weight

B2, Ballast
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Figure 1.12 A triangular load is applied perpendicular to the left support to represent the 
earth pressure. K0 is set to 0.34, in accordance with the bridge code, and the 
weigh 3. Load breadth against abutment is assumed to 
2.8 m.

Figure 1.13 Steel beam self-weight is 68 kN total and for half of the bridge 34 kN.             

144 kN/m2

P=34 kN

B3, soil pressure from left

B4, steel beam self-weight
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Figure 1.14 The point load applied from the steel beam at failure was 5850 kN for half of the 
bridge when the bridge was tested. Cross section A-A refers to Fig.1.9, B-B to 
Fig.1.10 and C-C to Fig.1.11.

1.6 Ultimate limit state, failure load

Results of the frame calculations are presented for the following load case: 
All permanent loads including the point load from the steel beam, P = 5850 kN, 
B1+B2+B3+B4+B5, see Table 1.1.

A frame model without reinforcement with a point load was used in the elastic calculations. In 
the cracked section non-linear analysis reinforced cross sections presented in Fig.1.3-13 where 
used including the point load, P, modelled as a distributed load, see Fig.1.18, in order to get a
more detailed model.
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Figure 1.15   Cross section force diagrams at failure load with non-linear cracked section 
analysis.

a) Bending moment
b) Axial force 
c) Shear force 
d) Deflection

Geometrical non-linearities are taken into account in the second order analysis. The material 
non-linearities, cracking of the concrete and yielding of the reinforcement, are taking into ac-
count in the cracked section analysis.

In Table 1.2 the results of the calculation of the cross sectional forces, see Fig.1.19, at failure 
load for different combinations of calculation assumptions are presented.
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Table 1.2   Calculations of the cross section forces see Fig.1.19, at failure load for different 
combinations of calculation assumptions. When reinforcement is not considered a 
model with a point load is used, otherwise point load is distributed as in Fig.1.18.

1 th 
order 

2 th 
order 

Reinforcement 
considered

Cracked 
section
analysis

Mmax
kNm

Vleft
kN

Vright
kN

N
kN

x 10682 2750 3190 937
x 10698 2751 3189 939

x x 10765 2726 3204 953
x x 10765 2730 3211 953

x x x 10124 2680 3255 1069
x x x 10363 2670 3254 1069

1.7 Summary

The difference between the first and the second order theory and calculation with reinforce-
ment considered or not is not significant. 

The second order theory with reinforcement considered when stiffness of the cross sections is 
calculated with cracked section analysis can be considered to be the one closest to the reality.

When these calculation were made the hardening of reinforcement was not possible to consider 
in the non-linear calculations because of software limitations.
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2. Initial estimation of capacity before and after 
strengthening

2.1 Swedish Code BBK94

The design for shear in the Swedish Code BBK94 (1994) and BBK04 (2004) is mainly based 
on the so-called addition model, where the shear capacity is calculated as a sum of a concrete 
contribution, Vc + influence of prestressing Vp , and a contribution of transverse shear rein-
forcement, Vs , using a concrete compre

The addition method is empirical and does not claim to describe the physical behaviour of a 
concrete cross section in shear failure. The empirical basis is large but is limited regarding, full 
scale tests performed on large structures such as bridges.

When measuring the tension in shear reinforcement it has been found that the tension is negli-
gible before the first cracks are formed. The tension then increases in the same angle as in the 

Fig.2.1. The broken line shows the tension calculated 
s-

ured in tests. The lines of the measured tension have the same angle as the calculated ones but 
are transferred parallel a distance which corresponds to crack loading or the ‘concrete’ shear 
capacity Vc.

Tension in shear reinforcement in test beams according to Leonhardt & Walter is shown ac-
cording to Westeberg (2002b), see Fig 2.1. The beams had the same T-cross section with 
flange width 960 mm, web width 160 mm and effective height  375 mm. The bending rein-
forcement  was 6 24 in  all beams. The spacing of stirrups was the same, 113 mm, but the 
diameter was 12, 10, 8 and 6 mm. The concrete quality  was about K30. Full lines are the 
test results whereas dotted lines are calculated according to the truss model with a shear crack 

.
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Figure 2.1 Tension in shear reinforcement in T-beams according to Leonhardt & Water. as 
given in Westerberg (2002b). Full lines are test results while dotted lines are cal-
culated with a 45o-truss model

In the Swedish Code, BBK94 (1994), the resistance for shear is given as

c s p i f

w cc i

V   V V   V    V

0,25b df  VdV     (2.1)

where

Vc = The concrete contribution

Vs = T
by Mörsh
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Vp = The shear capacity due to prestress and/or axial compressive forces

Vi = The shear capacity due to variation in effective depth or non horizontal normal force

Vf = The contribution from the Fibre Reinforced Polymer, FRP strengthening.
This term is not in BBK94, but is proposed in Täljsten (2003)

In the following the interesting contributions regarding Övik Bridge, Vc and Vs , are explained 
more in detail.

2.1.1 Vc , Concrete contribution

For a structure with a constant section the concrete contribution to the shear capacity is calcu-
lated from

Vc=bwd·fv (2.2)

where            
bw = the smallest web-width 
d = the effective depth 
fv = the formal shear stress capacity 

The formal shear stress capacity is calculated from 

fv 1 0.3fct                       (2.3)

where  
fct = the concrete tensile strength 

= the reinforcement ratio
= Aso/bwd,

where 
                Aso = the area of minimum bending moment reinforcement between the zero point 
                           of the bending moment and the maximum bending moment point. The maxi-
                           mum value of the ratio is set to . The term consider the dowel 

                         effect of the longitudinal reinforcement.
= a factor considering the size effect and it is calculated from:

             when 
             - d when 
             - 0.4·d when 
             = 0.9 when 
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2.1.2 Vs , Contribution from the transversal reinforcement
The contribution from the transverse reinforcement is calculated according to the original mod-
el for shear derived by Mörsch. In this so- Section H.2.1.3, the shear 
crack has propagated in an angle of = 45° and the shear reinforcement is designed for an 
angle of , see Fig.2.2. The shear force resisted by transversal reinforcement is calculated from

0.9 sin cossv sv
s

A f dV
s

(2.4)

using that z(1 + cot ) sin = z (sin + cos 

Figure 2.2 The shear reinforcement term, Vs, is derived looking on a section where the shear 

d is the effective depth of the section. Gabrielsson (1999)

2.1.3 russ model
ve stresses in 

concrete act as diagonal members of the truss while stirrups act as vertical tension members. 
The bottom chord of the truss consists of longitudinal tension reinforcement while the flexural 
compression zone of the beam acts as a top chord, see Fig. 2.3.

As the total diagonal compressive force 2

2
wf b jd equals 2V , the principal compressive 

stress is given by

2
2

w

Vf
b jd

            (2.5)

The longitudinal component of the diagonal compressive force will equal V, see Fig.2.3.b. This 
force must be counteracted by an equal tensile force, Nv, in the 
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Figure 2.3 Equilibrium considerations fo

longitudinal reinforcement. Hence the tensile force in the longitudinal reinforcement caused by 
shear is given by

Nv =V                    (2.6)

It can be seen from the free-body diagram shown in Fig.2.3.c, it can be seen that the diagonal 

compressive force, 2 / 2wf b s , has a vertical component 2 / 2wf b s , which must be balanced 
by tensile force in the stirrup, Avfv. Substituting f2 from Eq.2.5 gives the following equation:

jd
V

s
fA vv (2.7)

where Av , is cross-sectional area of stirrup legs, s is stirrup spacing, fv is tensile stress in stir-
rups.

2.1.4 Shear capacity calculation example for the Övik Bridge, Swedish 
code

The following calculation example of the shear capacity for half of the Övik Bridge according 
to Swedish Code, BBK94 is performed with mean material properties when yielding strength 
of stirrups is used.
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Table 2.1 Shear capacity for half of the Övik Bridge according to BBK94.

Material parameters

Concrete tension strength fctm 2.20 MPa

Concrete compression strength fccm 68.5 MPa

Shear reinforcement, stirrups 16 fsvm 441 MPa

Bending moment reinforcement As 0.01368 m2

Main bending reinforcement 
25 25= 12272 mm2 + Slabbottom 0.5*13 10= 511 mm2

+
Slabbottom9*Af =
9*100 mm2 = 900 mm2

bw 0.95 m

d 1.04 m

Concrete contribution, Vc

0.993 MN

1.005

0.0138

0.9

Shear reinforcement contribution, Vs

vertical stirrups 1.107 MN

Asv = 2 16 402 mm2

s 0.15 m

VR=Vc+Vs 2.100 MN

which corresponds to a point load from the steel beam of 4753 kN in the frame calcula-
tion 

to be compared  with the point load from steel beam of 5850 kN in frame calculation 

with Vmax = 3. 254MN

Control of the web compression failure

16.92 MN > Vmax 

ctv ff 3,0)501(

db
A

w

s

vwc dfbV

s
dfAV svsv

s
9,0

ccwd dfbV 25,0
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2.1.5 Vp, Shear capacity due to prestress and axial compressive forces

In prestressed concrete structures and structures subjected to axial compressive forces the shear 
capacity is raised due to the additional compressive stresses in the section. The increase of the 
shear capacity is represented by the term Vp . This additional term is set to the shear force that 
represents the outer transversal load that causes zero strain in the tension side of the section. In 
this way the compressive forces which prevent bending cracks that could propagate and finally 
cause a shear failure are taken into consideration. The term is expressed as

0

,max

1
1.2p d

n d

MV V
M

(2.8)

where   Md,max = The maximum bending moment due to the design transversal loads 
in the actual section.

          M0 = The bending moment which gives zero strain in the same section 
as where Md.max appears, see Fig.2.4.

                              = Corresponding to the section in the span where the ratio becomes
lowest 

              Vd         = The design shear force in the actual section

            n     =    Partial coefficient of safety. It is considered to give the terms Vc
and Vp the same failure safety level. 

In the case of a compressive axial force Nc , the zero strain bending moment, M0 , can be cal-
culated as 

0
u

c
WM N
A

       (2.9)

where    Nc = The compressive axial force in the section 

             Wu = I/zu bending resistance of the section in regard to the tensile side of the sec-
tion. I is the second moment of inertia for the not cracked cross section and
zu is the distance from the centre of gravity to the tensioned edge of the sec-
tion

A = The area of the section

0

,maxd

M
M
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Figure 2.4 Calculation of the zero strain moment,  M0 ,  which gives zero strain  in the 
                      tension side of the beam. Enochsson et al (2004).

2.1.6 Vp, Shear capacity due to axial compressive force,
example

Figure 2.5 Cross section properties for half of the Övik Bridge.

Table 2.2 Cross section values for the half bridge as defined in Fig.2.5.

Ac 1,751 m2

ytp,c 0,6249 m

ds 1,019 m

ds' 0,06 m

df 1,095 m
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The position of the centre of gravity is determined from the top of the beam:

' '
,

0 '

1 1 1
0,637 m

1 1 1
c tp c s s s f f s s s

c s s f f s s

A y A d A d A d
y

A A A A
(2.10)

The ideal moment of inertia, I1 can then be calculated          

23 22 ' '
0 0 0

2

0

4

( 1) ( 1) (2.11)

1 1
12 2

1

0,238m

1 c s s f f

c s s s s s s

f f f

I I I I

bh hA y A d y A d y

A d y

0 1,1 0,637 0,463uz h y m                                                      (2.12)

30,238 0,
0,463

1
u

u

IW m
z m

                                                              (2.13)

With Nc = 1069 from Table 1.2 we obtain

                                                                                                                 
3

0 2

0,5141069 314
1,751

u
c
W mM N kN kNm
A m

                                      (2.14)

,max 10363dM kNm from frame calculations

2670dV kN in the same section as Md,max

The partial coefficients 1.2 n are set to 1

0

,max

1 314 2670 81
1.2 10363p d

n d

MV V kN kN
M

                 (2.15)
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2.1.7 Summary
The design for shear in the Swedish Code BBK94 (1994) and BBK 04 (2004) is based on the 
so-called addition model, where the shear capacity is calculated as a sum of a concrete contri-
bution, Vc + influence of prestressing Vp , and a contribution of transverse shear reinforcement, 
Vs , using a con

Shear capacity for one half of the Övik Bridge in the northern beam section B-B, see Fig.1.2
according to Swedish Code BBK 94 calculated as in the example in Section 2.1.4 above for 
different settings of material properties according to material tests in SB-7.3 App B (2008) are 
presented in Table 2.3.

Table 2.3. Shear capacity for one half of the Övik Bridge in the northern beam sec-
                  tion B-B, see Fig.1.2 according to Swedish Code BBK 94 calculated as in 
                 the example in Section H.1.1.4 above for different settings of material prop-
                 erties according to material tests in SB-7.3 App B (2008).

Stage Type of value Concrete Stirrups
yield

Shear
capacity

yield

Stirrups
ultimate

Shear
capacity
ultimate

fc
[MPa]

ft
[MPa]

Reh
[MPa]

VR
[MN]

Rm
[MPa]

VR
[MN]

Initial material prop-
erties
(These values are assumed 
or taken from original 
drawings) 

characteristic 31 1.8 16: 
410 1.841

16: 
?

design 17.2 1.0 16: 
297.1 1.197

16:
?

Actual material prop-
erties evaluated ac-
cording to codes
(These values are based on 
the mean values from 
performed tests)

characteristic 57 1.5 16: 
400.2 1.681

16: 
730.9 2.511

design 31.2 0.83
16:

278.9 1.075
16: 

529.6 1.704

Mean material prop-
erties
(These values are the result 
from performed tests)

mean 68.5 2.2
16: 

441 2.100
16: 

738 2.845

Vp ,shear capacity 
due axial compres-
sion force

0.081 0.081

For yield stress of stirrups the shear capacity becomes to VR = 2.100 MN. Highest shear capac-
ity, VR = 2.845 MN is achieved with mean material properties utilizing the ultimate stress for 
stirrups, which should be compared with Vmax = 3. 254 MN from the frame calculations, see 
Table 1.2.
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2.2 Eurocode 2

The design of members according to Eurocode 2 (2002, 2004) with shear reinforcement is 
based on a variable angle truss model, described in this section.

Limiting values for the angle of the inclined struts in the web are given in Eq. 2.16.

In Fig. 2.6 the following notations are shown: 

is the angle between the shear reinforcement and the main tension chord (measured positive 
as shown)

is the angle between the concrete compression struts and the main tension
chord

Ftd is the design value of the tensile force in the longitudinal reinforcement

Fcd is the design value of the concrete compression force in the direction of the longitudinal 
member axis.

bw is the minimum width between tension and compression chords

z is the inner lever arm, for a member with constant depth, corresponding to the  maximum 
bending moment in the element under consideration. In the shear analysis, the approximate 
value z = 0.9d may normally be used.

Figure 2.6. Truss model and notation for shear reinforced members.
Eurocode 2 (2004).

The angle should be limited. The recommended limits are given as

2,5 (2.16)
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For members with vertical shear reinforcement, the shear resistance, VRd is the smaller value 
of:

, cotsw
Rd s ywd

AV zf
s

                          (2.17)

and

.max /(cot tan )Rd c w cdV b z f (2.18)

where:

Asw = the cross-sectional area of the shear reinforcement
             s     = the spacing of the stirrups

fywd = the design yield strength of the shear reinforcement 

= Factor that takes into account that concrete is cracked in the compression strut 
and under tension perpendicular to the compression. 

The recommended value of c is:

1 for non-prestressed structures

0,6 1
250

ckf (fck and cp in MPa)            (2.19)

Ftd, in the longitudinal reinforcement due to shear VEd may be 
calculated from:

0.5 (cot cot )td EdF V (2.20)

MEd/z+ F td should be taken not greater than MEd,max/z.

2.2.1 Variable-angle truss model

The equations according to Collins and Mitchell (1997) the Eq. 2.17 and Eq. 2.18 are derived 
as follows:

Fig.2.7 summarizes the equilibrium conditions for the variable-angle truss model. 

The required magnitude of the principal compressive stresses, f2, can be found from the free-
body diagram shown in Fig.2.7.b. Equilibrium requires that the resultant, D, of the diagonal 
stresses must equal . As D must equal f2bw jd , the principal compressive stress is

2 tan cot
w

Vf
b jd

(2.21)
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Figure 2.7 Equilibrium conditions for variable-angle truss. 
                  Collins and Mitchell (1997).

The longitudinal component of the diagonal compressive force will equal , see Fig.2.7b.
This force must be counteracted by an equal tensile force, Nv, in the longitudinal reinforce-
ment. Hence the tensile force in the longitudinal reinforcement due to shear is

cotvN V (2.22)

From the free-body diagram shown in Fig.2.7.c it can be seen that the diagonal compressive 
force, f2bws has an upward thrust of f2bwssin2 which must be counteracted by the tensile 
force, Avfv, in the stirrup. Substituting for f2 from Eq. 2.21 gives

tanv vA f V
s jd

(2.23)

which corresponds to the Eq. 2.17, the EC2 expression for design of stirrups.

2.2.2 Shear capacity calculation example for the Övik Bridge,
Eurocode

The following calculation example of the shear capacity in the North beam, section B-B, see 
Fig.1.2, for half of the Övik Bridge according to Eurocode 2 (2004) is performed with mean 
material properties according to Table 4.1 in the main rapport, Puurula (2012) and SB-7.3 App 
B (2008), when the yielding strength of stirrups is used.
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Table 2.4 Shear capacity for half of the Övik Bridge according to Eurocode 2.

Material parameters

Concrete tension strength fctm 2.20 MPa

Concrete compression strength fccm 68.5 MPa

Shear reinforcement fsv 441 MPa

bw 0.95 m

d 1.04 m

For members with vertical shear reinforcement, requiring design shear reinforcement, the design 
value for the shear resistance VRd is given by the lesser value of VRd,s and VRd,max

1.581 MN

which corresponds to point load from steel beam of 2891 kN in the frame calculation 

also to be compared to the failure point load from steel beam of 5850 kN in frame calculation 

with Vmax = 3. 254MN

angle between concrete compression struts and the main tension chord

, angle measured from failure photo 35 degree

1.43 < 2.5

Asv=2 16 402 mm2

z=0.9d 0.94 m

s 0.15 m

17.0 MN

where

0.59

The shear reinforcement can be calculated as statically functioning shear reinforcement if 

286 mm2/m < 2681 mm2/m = Asw

cot, s
zfAV svsvsRd

5,2cot1

sww
yk

ck
sw Ab

f
f

A
08,0

min,

cottanmax,
ccw

Rd
fzbV

)250/1(6,0 ctf
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2.2.3 Summary

Table 2.5   Shear capacity for half of the Övik Bridge in the North beam section B-B, see 
Fig.1.2 according to Eurocode 2 (2004) calculated as in the example in Section 
2.2.2 above but for different settings of material properties according to Table 4.1 
in the main rapport, Puurula (2012) and SB-7.3 App B (2008).

Stage Type of value Concrete Stirrups
yield

Shear
capacity

yield

Stirrups
ultimate

Shear
capacity
ultimate

fc
[MPa]

ft
[MPa]

Reh
[MPa]

VR
[MN]

Rm
[MPa]

VR
[MN]

Initial material prop-
erties
(These values are assumed 
or taken from original 
drawings) 

characteristic 31 1.8
16:

410 1.469
16: 
?

design 17.2 1.0
16: 

297.1 1.065
16:
?

Actual material 
properties evaluated 
according to codes
(These values are based on 
the mean values from 
performed tests)

characteristic 57 1.5
16: 

400.2 1.434
16: 

730.9 2.619

design 31.2 0.83
16:

278.9 0.999
16: 

529.6 1.898

Mean material prop-
erties
(These values are the result 
from performed tests)

mean 68.5 2.2
16: 

441 1.581
16: 

738 2.643
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2.3 Modified Compression Field Theory

2.3.1 Modified Compression Field Theory

The modified compression field theory, MCFT, is based on research made by Michael P Col-
lins and his co-workers at the University of Toronto during last 30 years, see e.g. Collins et al 
(2008). The method is used at the present in the American Codes, AASHTO (2002), Canadian 
codes and in the Swedish design handbook for High Performance Concrete Structures, HPCS 
(2000). 

Before the web of a beam cracks, shear is carried by the diagonal tension and compression 
stresses in the direction of principal stresses. The principal stresses act at an inclined angle, ,
to the longitudinal axis of the beam, see Fig.2.8. When increasing the loading tensile stresses 
will at some point exceed the tension capacity of the concrete and diagonal cracks will form. 
This leads to a rearrangement of the internal stresses in the section. Tensile stresses in concrete 
decrease and the shear reinforcement becomes activated. Tensile stress varies from zero in 
cracks to maximum value in the middle of the cracks. In the modified compression field theory 
shear is carried by diagonal compression stresses, f2, tension in stirrups and diagonal tension 
stresses, f1, in concrete between cracks, see Fig.2.9.

The shear stress , in the web is assumed to be uniformly distributed

v v

Vv
b d

(2.24)

The maximum shear stress can be expressed with the Mohr’s circle as

1 2 1 2
1 2sin 2 ( )sin cos

2 tan cot
f f f fv f f           (2.25)

where     f2 = Principal compression stress

              f1 = Principal tension stress

             = Angle between diagonal strut and the longitudinal axis of the beam
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f2

f1

f2 f1

2

a) b)

Figure 2.8 Stresses in a beam loaded in shear
a) Stresses acting on an infinitesimal element in the web of the beam                         
b) Mohrs circle for shear stresses and principal stresses f1 and f2.                            

The figure is modified from Gabrielsson (1999), Enochsson et al (2004).

Figure 2.9 The equilibrium in the modified compression field theory. 
                  Figure modified from Gabrielsson (1999).

The diagonal compression stresses pull the flanges apart but the tension stresses normal to 
cracks keep the beam together.  Because the compression stresses, f2, can become much higher 
than the tension stresses, f1, the difference must be taken by the tension in the stirrups. This 
equilibrium, see the left hatched area in Fig.2.9, can be expressed as, 

2 2
2 1sin cosv v vA f f f b s (2.26)

where

fv = the average stress in the stirrups
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with f2 from the Eq.2.25 gives 

1
cotcot v

v v v v c s
dV f b d A f V V

s
                       (2.27)

The equation expresses the load carrying capacity for shear as a sum of the concrete contribu-
tion due to the tension in the concrete and the shear reinforcement contribution due to the ten-
sion in the stirrups.

If there are no axial forces acting on the section the axial component of the diagonal compres-
sion shall be taken by tension in the axial reinforcement. The equilibrium in axial direction, see 
the right hatched area in Fig.2.9, can be expressed as.

Nv = Asxfl + Apxfp = (f2cos2 – f1sin2
vdv                                         (2.28)

where fl and fp are the average stresses in the axial, longitudinal reinforcement and the pre-
stressed reinforcement. Using f2 from the Eq.2.25 gives 

Nv = Asxfl + Apxfp – f1bvdv                                  (2.29)

When the web of the beam cracks, the average stresses, f1 decrease and the principal strains, 1
increase. The tensile stresses in the cracked concrete stiffen the beam, reduce the strains in the 
concrete and make it possible for the beam to resist larger shear forces before the beam fails.

The stresses in the cracks differ from the average stresses being calculated with the equations 
above. The tension stresses in the concrete in cracks become zero but the stresses in the stirrups 
increase. The load carrying capacity for shear is limited by the capability of the crack to trans-
fer the forces across the crack. When the shear is still low the tension is transferred over the 
crack by locally increased stresses in the stirrups. When the shear is increased the stirrups reach 
the yielding limit in the crack. At even higher shear forces the local shear stresses, vci, on the 
surface of the crack need to be activated to transfer the tension stresses across the crack, see
Fig.2.10. When the principal strains and the crack widths increase the shear capacity in the web 
is limited by the ability of the cracks to transfer the stresses across the crack. The degree of 
coarseness of the crack surface gives the upper limit for the load transferring capacity across 
the crack, se Fig.2.10 a).

When the concrete has cracked the forces in the crack have to be equal in amount with the 
forces in the space between the cracks. Equilibrium gives the upper limit for the average tensile 
stresses, see Fig.2.10 b).

                                                              
                  (2.30)

                 (2.31)

1

1

sin cos
tan sin tan sin

tan

v v v v v v
v vy ci v v

v
ci vy v

v

d b d d b dA f v A f f
s s

Af v f f
sb
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Figure 2.10 a) Local shear stresses, vci , in the crack, Collins, Mitchell (1997)
b) The two cross sections used in the Eq.2.22 to calculate the 

upper limit for the average principal tension stresses. In the 
crack, cross section A-A, the stirrups are yielding. Section 
B - B is located in the space between the cracks.

                         Figure modified from Gabrielsson (1999).

Assumptions made in the Modified Compression Field Theory, MCFT, are presented in Fig. 
2.11.

Figure 2.11 Assumptions made in the Modified Compression Field Theory, MCFT.
Bentz(2000).

vci
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Bentz has modified the tension stiffening relationship given in Fig.2.11 in a way that better 
considers the size effect. The relationship used by Bentz is dependent on whether the cracked 
concrete is well reinforced or poorly reinforced. The tension stiffening is largely a bond phe-
nomenon. That is, it is the bond between the reinforcing bar and the concrete that causes any 
tension to develop in the concrete between cracks. At locations where the concrete is rein-
forced with a narrowly spaced array of small diameter bars, the average tensile stress in the 
cracked concrete can be expected to be higher than at locations reinforced with a widely spaced 
array of large diameter bars. An appropriate parameter to indicate the bond characteristics of 
different arrays of reinforcement is to divide the area of concrete in tension by the perimeter of 
all the reinforcing bars bonded to the area. 

For well reinforced cracked concrete the following relationship is proposed in Bentz (2000):

1
11 3,6

tff
m

           (2.32)

c

b

Am
d

where m = The bond parameter in millimetres
          Ac = The area of concrete effectively bonded to the bar

db = Diameter of bar in concrete stiffened area

2.3.2 Response – a program for MCFT

Response is a program developed at the University of Toronto by Evan Bentz in a project su-
pervised by Professor Michael P. Collins.

In a sectional analysis performed with Response -2000 the strength and ductility of a reinforced 
concrete cross-section subjected to shear, moment, and axial load is calculated. All three loads 
are considered simultaneously to find the full load-deformation response based on the modified 
compression field theory. In this analysis, the biaxial stresses and strains and the manner in 
which they vary at different levels of the height of the beam are considered. 

In Evan Bentz’s doctoral thesis there is a detailed description of Response 2000, Bentz (2000).

2.3.3 Assumptions in the Sectional Analysis 
The first assumption in Response-2000 is the traditional engineering beam theory assumption 
that plane sections remain plane. This is appropriate for beams and columns with a length that 
is more than 4 times their depth. The second assumption is that there is no significant trans-
verse clamping stress acting through the depth of the beam. If there is transverse clamping, the 
real strength of the beam will be higher than that predicted by the program, see Fig.2.12. The 
third assumption is that the Modified Compression Field Theory (MCFT) can be used for biax-
ial stress-strain behaviour throughout the depth of the beam. 
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Figure 2.12 Kani Shear tests: Shear strength vs.span/ratio (a/d)- ratio. Bents (2000)

2.3.4 General
The MCFT is a general model for the load-deformation behaviour of two-dimensional cracked 
reinforced concrete subjected to shear. It considers concrete stresses in principal directions 
summed with reinforcing stresses assumed to be only axial. The most important assumption in 
the model is that the cracked concrete in the reinforced concrete can be treated as a new mate-
rial with empirically defined stress-strain behaviour. This behaviour can differ from the tradi-
tional stress-strain curve of a cylinder, for example. The strains used for these stress-strain 
relationships are average strains, that is, they lump together the combined effects of local 
strains at cracks, strains between cracks, bond-slip, and crack slip. The calculated stresses are 
also average stresses in that they implicitly include stresses between cracks, stresses at cracks, 
interface shear on cracks, and dowel action. For this to be a reasonable assumption, the dis-
tances used in determining the average behaviour must include a few cracks. Sectional models 
satisfy this demand by being at least a couple of section depths long. 

An explicit check must be made to ensure that the average stresses are compatible with the 
actual cracked condition of the concrete. This so-called crack check is a critical part of the 
MCFT. The crack check involves limiting the average principal tensile stress in the concrete to 
a maximum allowable value determined by considering the steel stress at a crack and the abil-
ity of the crack surface to resist shear stresses.

2.3.5 The Longitudinal Stiffness Method
Response-2000 calculates the distribution of shear stress that varies through the depth of the 
beam cross section. The distribution will be affected by the width of the section, the material 
properties of the concrete, and the location and amount of reinforcement. The technique used is 
based on an equilibrium of longitudinal stresses as derived by Jourawski in 1856.

Traditional Shear Stress Calculation

Consider the prismatic beam on simple supports shown in Fig.2.13 The right side of the figure 
is a free body diagram of the part of the beam between sections A and B.
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Figure 2.13 Shear stress calculation according to Bentz(2000).

This section of beam is dx units long, and subjected to constant shear V and no axial load. The 
moment at section A is taken as M, and, due to the shear, the moment at section B will be 

near longitudinal strain gradient from the moment 
will cause a longitudinal stress profile with compression on the top and tension on the bottom 
of the cross section. Consider the shaded section at the top right of the figure as a free body 
diagram of the top of the beam, from elevation z up to the top of the beam. It is subjected to a 
force on the left from the moment, but a higher force on the right from the slightly higher mo-
ment. This requires a balancing force on the cut plane of the beam, shown as H. Due to the 
summation of moments about a point equalling zero, the shear stress in a horizontal plane at a 
point must equal the vertical shear stress. As such, the force H divided by the beam width and 
dx results in the vertical shear stress on the beam at depth z. This is the same derivation used to 
produce Jourawski's classic relationship:

Ib
VQv (2.33)

where Q is the static moment and I is the moment of inertia

Figure 2.14 Internals of shear stress calculation

The stress profile that will occur at cross sections A and B, as in Fig.2.13, are drawn together 
on the same axis for comparison in Fig.2.14. As section A has a smaller moment, it will have a 
smaller stress profile than at section B where the moment is larger. The shaded region repre-
sents the difference in stress profiles between the two sections. It is this difference that defines 
the shear stress profile. Also shown is the shear stress distribution, which in this case is a pa-
rabola. Note that the slope of the shear stress plot with respect to depth is zero at mid-depth, 
and maximum at the top and bottom of the section. These slopes are directly proportional to the 
difference in the longitudinal stresses at sections A and B. That is, the shaded area on the mid-
dle plot at any given depth is proportional to the derivative of the shear stress plot with respect 
to the beam depth.
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In this case, the difference in longitudinal stresses between sections A and B is linear, so the 
shear stress profile is parabolic. For general non-linear materials, however, the difference in 
longitudinal stress profiles will not necessarily be linear. The difference in strains between 
sections A and B, on the other hand, will always be linearly distributed over the depth when the 
assumption of plane sections remaining plane is used. If this change in longitudinal strain pro-
file is known along with the longitudinal stiffness (i.e. rate of change of longitudinal stress with 
longitudinal strain) over the height of the beam, the shear stress profile can be generated. This 
is the basis of The Longitudinal Stiffness Method

Previous state-of-the-art

To use Jourawski's theory for shear stress distribution for the analysis of reinforced concrete 
beams, the non-linear behaviour of concrete must be included. The non-linearity means that the 
problem generally must be solved numerically rather than analytically. In the previous state-of-
the-art for sectional analysis of concrete beams including shear a beam is divided into a fixed 
number of layers and assumes that the stress-strain state is constant for that layer. Each layer 
may have a different width. The shear stress is then calculated at the interface of each of these 
layers. A full load-state/strain-state analysis is done at sections A and B in Fig.2.13, separated 
by the distance dx, suggested by Vecchio and Collins as d/6. The "dual section analysis" pro-
cedure then numerically integrates the stresses above each layer interface in the section and 
calculates the resulting shear stress profile down the depth. 

The Longitudinal Stiffness Method

The Longitudinal Stiffness Method works by taking the limit as the distance dx between sec-
tions A and B in Figure goes to zero. It remains a numerically implemented method, but it no 
longer requires the calculation of behaviour at both sections A and B. Recall that the old meth-
od took the difference between the longitudinal stresses at sections A and B and divided by the 
distance between them, in the process of calculating the shear stress. This step is replaced by 
calculating the derivative of longitudinal stress with respect to longitudinal strain at each point 
in the depth of the cross section.

The use of derivatives means that the solution for only one location needs be obtained rather 
than the two needed for the earlier method. As there is only one section, the axial forces and 
shears are guaranteed to match on each "side" of the analysis. 
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2.3.6 Calculation scheme for Modified Compression Field Theory, MCFT
The Modified Compression Field Theory, MCFT, is an iterative calculation method. An exam-
ple of how can be used is illustrated in Fig. 2.15 according to Gabrielsson (1999).  In the pro-
gram the cross section is divided into about 50 horizontal layers. The program makes iterations
to calculate the strains and stresses on each layer. 

Figure 2.15 Calculation scheme for Modified Compression Field Theory, MCFT, 
Gabrielsson(1999).
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2.3.7 Response calculations on the Övik Bridge
Response -2000 -program allows analysis of beams subjected to arbitrary combinations of axial 
load, moment and shear. On the first page the input data is defined, see Fig.2.16. The cross 
section data is produced by a program wizard that allows a section to be created easily. There 
are functions for defining material properties for concrete, reinforcement and prestressed rein-
forcement. The reinforcement can be placed individually exactly in their right positions in the 
cross section. 

After solving the sectional response a window with two control plots and 9 plots with the given 
variable plotted over the depth of the section for the load stage indicated by the control plot 
will show up, see Fig.2.17-21.

The two control charts in Fig.2.17-2.21 :

The upper control chart the “V-Gxy” curve which shows the shear force-shear strain plot.

When the user clicks anywhere on the control plot, all the plots will automatically change ac-
cording to the new location on the control plot.

The lower control chart shows a moment curvature plot.

The 9 plots in Fig.2.17-2.21:

In the top left the cross section is drawn darker in regions where it is predicted not to crack. 
Yielding of stirrups is marked with red colour and bright red colour indicates that the ultimate 
strength of the reinforcement is reached.

The top centre plot shows the longitudinal strain versus depth for the section showing the basic 
assumption that plane sections remain plane.

The top right plot shows the variation in transverse strain over the depth. When the stress at the 
peak exceeds the tensile strength of the stirrups, yielding of stirrups is shown with red colour.

The middle left figure shows the crack diagram with the predicted angles and widths of cracks 
in millimetres as well as an estimate of the pattern of cracking. 

The middle centre plot shows shear strain plot, which shows increasing values in peak strains 
indicating shear deformation failure in the cracked part of the section.

The middle right figure shows the shear stress plot. Two curves are shown. A blue one is based 
on shear strain and a green one on the stiffness in the longitudinal direction of the cracked 
concrete. If the curves differ much from each other it indicates that the reliability of the calcu-
lation is limited.

The bottom left plot shows the principal compressive stress values. The red line at the left of 
the plot is the maximum allowed stress versus depth and the right blue line shows the applied 
stress. If the two lines on this plot are about to touch each other, it indicates that the section is 
about to fail by crushing of the diagonal concrete strut.

The bottom middle plot shows the shear in the crack. The actual stress on the crack is shown 
with red colour and the allowed stress with blue. When the curves touch each other there will 
occur a crack slip and a shear failure in the direction of the crack surface.
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The bottom right plot shows principal tensile stress. When the tensile stresses exceed the ten-
sile strength of the concrete new cracks will form and the tensile stresses will decrease.

Figure 2.16 Start page of Response. Geometry, material properties and loading are specified
for one half of the bridge. The start loading (axial force, moment and shear 
force) corresponds to the load case with all loads except the point load applied 
with the steel beam. After start the point load is increased up to failure. The ma-
terial properties are according to Table 4.1 in the main rapport, Puurula (2012) 
and SB-7.3 App B (2008). Mean material properties are used, which are the re-
sults from performed material tests. Cross section is strengthened with 9 CFRP 
M10C bars, each of 100 mm2 in the soffit of the bridge beam. 



Load-carrying capacity of a strengthened reinforced concrete bridge

40

The loading process for the Övik Bridge is illustrated in Fig.2.17 – 21 for combined action of 
increasing axial force, bending moment and shear force.

Figure 2.17 After solving the problem, a page with 9 graphs shows up. On the left hand side 
the upper control chart is a load-deformation graph “V-Gxy” which indicates
that the maximum shear the cross section can resist is 1763.7 kN. The 9 graphs 
on the right hand side show the cross section response at 215.4 kN in shear. In 
this stage the cross section is not yet cracked and linear relations in strains and 
stresses are prevailing. 

Figure 2.18 The cross section has cracked. The shear is 330.2 kN and the moment is 1279 
kNm which corresponds to the point load P = 500 kN.  In the Crack Diagram the 
inclination, spacing and widths (mm) of the cracks are shown. 
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Figure 2.19 The Transverse Strain graph in the upper row shows the strains in stirrups. 
When the red lines cross the blue lines a certain type of failure occurs. The crack 
widths vary between 0.35 – 1.85 mm.  The bottom bending reinforcement has 
turned to red in the Cross Section diagram indicating that yielding in the longi-
tudinal reinforcement has begun for the shear force of 1388,8 kN corresponding 
to a point load from steel beam of P = 2525 kN for the half of the bridge.

Figure 2.20 The maximum the cross section can resist is 1763.7 kN in shear with the same 
time moment of 6554.3 kNm which corresponds to the point load P = 3243 kN. 
The failure load in the test situation for the half of the bridge was P = 5750 kN.
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Figure 2.21 At the maximum shear the average stress in the NSMR carbon fibre reinforce-
ment is 1172.6 MPa and in crack 1663.1 MPa. The steel reinforcement is yield-
ing. On the compression side the longitudinal strain is -1.17 mm/m and on the 
tension reinforcement side 4.72 mm/m, which should be compared with the next 
two figures from the main loading test for the whole cross section of the bridge. 
The compression strain is close to the measured strains. The calculated strains 
of the steel and carbon fibre reinforcement didn’t follow the measured ones.  In 
the loading test the steel reinforcement didn’t yield before load level near 11 
MN. 
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Figure 2.22 Strain in the concrete, carbon fibre rods and reinforcement in the east beam at 
mid span (line 4) from the main loading test. Fig. 2.22 and Fig.2.23 are for the 
total load for whole bridge and therefore the loads from Fig.2.19-21 have to be 
multiplied with factor 2. The stars in different colours are the values of longitu-
dinal strains presented in respective figures. Calculated strains in the upper side 
of the beam follow roughly the measured strains. Calculated strains in the bot-
tom side of the beam are much higher than the measured strains.
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Figure 2.23 Sectional strain at different load levels in the east beam at line 4 from the main 
loading test.

Figure 2.19

Figures 2.20 and 2.21
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Figure 2.24 Final failure, after maximum shear the cross section is going towards failure. 
Something happens in the calculation, which doesn’t have correlation in the re-
ality during the loading test. It looks like the bond capacity is exceeded and the 
NSMP carbon fibre reinforcement has become not functioning. This Response -
calculation doesn’t consider the epoxy glue, in which the NSRP rods are embed-
ded. The glue kept the NSMP in place through all test loading until failure. Ob-
viously the epoxy glue has an ability to transform the bond stresses more uni-
formly. This should be investigated further.

Figure 2.25 Final failure. The shear force at failure is 1471kN, but the maximum shear is 
1764 kN, see control charts to the left.
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The failure state is shown for the same load case but without influence of moment in 
Fig.2.26 and without influence of both moment and axial load in Fig.2.27.

Figure 2.26  If the calculation is run without influence of moment the cross section shows 
shear capacity of 2917.7 kN which is 89,7 % of the final failure shear of 3254kN 
according to frame calculation. In this calculation the axial load is fit to become 
close to the axial load of 914 kN in the frame calculation. 

Figure 2.27 If a calculation is run without influence of both moment and axial load the cross 
section shows shear capacity of 2686 kN
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2.4 Summary and comparisons

Figure 2.28 Shear capacities according to different models in codes for shear.

The actual maximum shear in the northern beam below the steel beam is 3254 kN according to 
the frame calculation in Table 1.2.

For mean material values according to Table 4.1 in the main rapport, Puurula (2012) and SB-
7.3 App B (2008), the calculations give the following shear capacities:

Swedish Code, BBK 94: 

Yield limit: (Vc + Vs ) + Vp= 2100 + 81 = 2181 kN
Ultimate limit: (Vc + Vs ) + Vp= 2845 + 81 = 2926 kN

Eurocode 2 (2002):

Various values of the angle of the compression struts give:

yield limit: 1107 kN , ultimate limit: 1850 kN
yield limit: 1581 kN , ultimate limit: 2643 kN

is the measured angle for compression strut after failure at test
yield limit: 2767 kN , ultimate limit: 4626 kN
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Modified Compression Field Theory, MCFT:
MCFT, (1), moment, shear and axial forces  considered, 1764 kN  
MCFT,(2), shear force considered, 2686 kN
MCFT, (3), shear and axial forces considered, 2918 kN  

The shear capacity calculations show that shear failure was to be avoided only by the Eurocode 
prediction with ultimate stress for stirrups and compression strut a
calculations of shear capacities according to different codes give lower values than the shear 
force according to the frame calculations. Calculations according to Eurocode 2 give a large 
interval in shear capacity depending on the material and the compression strut angle values 
used. A combination of the shear and axial forces gives the highest shear capacity for MCFT 
while the combination of moment, shear and axial forces considered gives a conservative value 
in class with Eurocode 2. Swedish Code, BBK 94 with the addition model gives the closest 
estimate of the shear capacity when ultimate strength is used for stirrups if compared with the 
nonlinear frame calculation. 

3. Statistical evaluation

In the following calculations based on probabilistic assessments of the load carrying capacity 
on the Övik Bridge are presented. 

3.1 Concrete compression strength

According to the original drawings the bridge was built in 1955 using concrete quality K400 
with a nominal concrete strength of 400 kp/cm2 = 70 MPa. 

Compressive and tensile concrete strengths have been tested during 2006 on drilled cores with 
the height and diameter of approximately 100 mm. The locations where cores have been drilled 
are shown in Fig.3.1.

Three days before testing the drilled cores were cut into suitable length. For the specimens used 
in the uniaxial tensile test a notch was milled and they were then air-cured in the laboratory at 
room temperature until the testing day (about 3 days). 
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Figure 3.1 Illustration of the Övik bridge showing the locations of the drilled 
                 cores. Concrete compressive strength tests

The tests have mainly been performed at LTU in Luleå, Sweden. Additional tests were per-
formed at Savonia University of Applied Sciences in Kuopio, Finland, see SB-7.3 App B 
(2008).

Figure 3.2 Cross section of the Övik –bridge. 
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3.1.1 Anderson-Darling statistic
Anderson-Darling statistic, MiniTab (2011), measures how well the data follow a particular 
distribution. The better the distribution fits the data, the smaller this statistic will be. Anderson-
Darling statistic is used to compare the fit of several distributions to see which one is best or to 
test whether a sample of data comes from a population with a specified distribution. For exam-
ple, you can use the Anderson-Darling statistic to choose between the Weibull and lognormal 
distributions for a reliability data analysis or to test whether data meets the assumption of nor-
mality for a t-test.

The hypotheses for the Anderson-Darling test are:

H0: The data follows a specified distribution

H1: The data does not follow a specified distribution

If the p-value (when available) for the Anderson-Darling test is lower than the chosen signifi-
cance level (usually 0.05 or 0.10), the conclusion is that the data does not follow the specified 
distribution. Minitab does not always display a p-value for the Anderson-Darling test because it 
does not mathematically exist for certain cases. 

If you are trying to determine which distribution the data follow and you have multiple Ander-
son-Darling statistics, it is generally correct to compare them. The distribution with the small-
est Anderson-Darling statistic has the closest fit to the data. If distributions have similar Ander-
son-Darling statistics, one should be chosen based on practical knowledge.

If the distribution fits your data:
- The plotted points will roughly form a straight line.
- The plotted points will fall close to the fitted distribution line.
- The Anderson-Darling statistic will be small, and the associated p-value

will be larger than your chosen a-level.

3.1.1.1 Results from concrete compressive tests performed at LTU
Test results are summarised in Table 3.1 and Table 3.2. For the two beams the mean concrete 
compressive strength is 68.5 MPa with a standard deviation of 8 MPa and a coefficient of vari-
ation of 12 %. 

If the two beams are considered individually the mean concrete compressive strength for the 
east beam is 67.7 MPa with a standard deviation of 10.2 MPa and a coefficient of variation of 
15 %. The same values for the west beam are 69.3 MPa, 7.5 MPa and 11%.
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Table 3.1 Concrete compressive tests on bridge beams. Locations of samples see Fig.3.1.

Test no.
Height Diameter Weight Loading 

rate
Failure 

load
Density Compressive

strength Location

[mm] [mm] [kg] [kN/s] [kN] [kg/m3] [MPa]

1:1 94 94.5 1.554 6.9 412 2357 58.7 West beam
1:2 94 94.5 1.591 6.9 460 2413 65.6 West beam
2:1 94 94.2 1.586 6.9 549 2421 78.8 West beam
3:1 93.8 94.5 1.569 6.9 488 2385 69.6 East beam
3:2 94 94.5 1.585 6.9 537 2404 76.6 East beam
4:1 94.0 94.5 1.553 6.9 432 2356 61.6 East beam

Anderson-Darling normality test for the concrete compressive test values for bridge beams in 
Table 3.1 gives plots in Fig.3.3.
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Figure 3.3     Anderson-Darling normality test: To the left: the compressive strength values of 
the bridge beams are tested to fill the assumption of normal distribution and to 
the right: the log10 –values of the same values have been tested to follow the 
normal distribution i.e. if the values follow the lognormal distribution. AD value 
for the lognormal test is lower and P-value is higher indicating that the values 
are closer to the lognormal distribution than the normal distribution. The differ-
ence however is not large.
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For the west wing the mean concrete compressive strength is 85.9 MPa with a standard devia-
tion of 9.8 MPa and a coefficient of variation of 11 %. 

Table 3.2 Concrete compressive tests on wings. Locations of samples see Fig.3.1.

Test no.
Height Diameter Weight Loading 

rate
Failure 

load
Density Compressive

strength Location

[mm] [mm] [kg] [kN/s] [kN] [kg/m3] [N/mm2]

10:1 94.6 94.5 1.594 6.9 662 2402 94.4 West wing

10:2 94.5 94.4 1.590 6.9 623 2404 89.0 West wing

10:3 94.3 94.5 1.554 6.9 450 2350 64.2 West wing

11:1 94.3 94.5 1.608 6.9 685 2431 97.7 West wing

11:2 94.6 94.5 1.608 6.9 622 2423 88.7 West wing

11:3 94.3 94.5 1.573 6.9 601 2378 85.7 West wing

12:1 94.5 94.5 1.611 6.9 632 2431 90.1 West wing

12:2 94.4 94.6 1.615 6.9 561 2434 79.8 West wing

12:3 94.3 94.5 1.607 6.9 585 2430 83.4 West wing
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Figure 3.4    To the left the compressive strength values of the wing are tested to fill the as-
sumption of normal distribution and to the right the log10 –values of the same 
values have been tested to follow the normal distribution i.e. if the values follow 
the lognormal distribution. AD values for both values are high and P-values are 
low indicating that the values are not close to either the lognormal or to the 
normal distribution. The lowest values seems to disturb the test indicating that 
there have possible been some kind of problems with the test such as a big ag-
gregate stone in the sample lowering the compressive strength. In the next fig-
ures this lowest value has been removed from the test.
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Figure 3.5 The same test as in the Fig.3.4 but the lowest value has been removed.  The nor-
mality test values are now much better. Again the lognormal test gives the lowest 
AD value and the highest P-value indicating that the lognormal distribution fits 
best to the compressive values for the bridge wings.

3.1.1.2 Results for axial tensile strength derived from splitting tests 

The axial tensile strength is set to 90% of the splitting strength; see EC2-1 (2004).

Beams - The mean axial tensile strength for the east beam is 3.1 MPa with a standard deviation 
of 0.2 MPa and a coefficient of variation of 5 % (for the splitting strength the same values are 
3.5 MPa, 0.2 MPa and 6%).

The mean axial tensile strength for the west beam is 3.4 MPa with a standard deviation of 0.6 
MPa and a coefficient of variation of 20 % (for the splitting strength the same values are 3.4 
MPa, 0.6 MPa and 19%).

The mean axial tensile strength for both beams is 3.1 MPa with a standard deviation of 0.4 
MPa and a coefficient of variation of 13 % (for the splitting strength the same values are 3.4 
MPa, 0.4 MPa and 13%).

Table 3.3 The axial tensile strength derived from splitting tests performed on cores obtained 
from the two beams. The axial tensile strength is set to 90% of the splitting 
strength, EC2-1 (2004).

Test no. Height Diameter Weight Density Failure 
load

Splitting
strength

Axial tensile 
strength

Location

[mm] [mm] [kg] [kg/m3] [kN] [MPa] [MPa]

1:a 94.6 94.5 1.588 2393 38 2.7 2.4 West beam

1:b 94.5 94.5 1.590 2399 48 3.4 3.1 West beam

2 94 94.3 1.534 2337 56 4.0 3.6 West beam

3 94.6 94.6 1.578 2373 46 3.3 3.0 East beam

4:a 94.6 94.5 1.597 2407 48 3.4 3.1 East beam

4:b 94 94.5 1.564 2372 51 3.7 3.3 East beam



Sustainable Bridges SB7.3 Field Test of a Swedish Concrete Bridge                                     

App. H. 2D Frame, BBK, EC-2, MCFT and Probabilistic Methods

53

Wings -The mean value of the axial tensile strength is 3.9 MPa with a standard deviation of 0.6 
MPa and a coefficient of variation of 15 %. For the splitting strength the same values are 4.3 
MPa, 0.6 MPa and 15%.
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Figure 3.6 To the left the tensile strength values of the beams are tested to fill the assump-
tion of normal distribution and to the right the log10 –values of the same values 
have been tested to follow the lognormal distribution i.e. if the values follow the 
lognormal distribution. AD value for the lognormal test is higher and the P-
value is lower indicating that the values are closer to the normal distribution 
than the lognormal distribution. Lognormal distribution however fits quite well
visually to the tension test values and the P-value is higher than if the a-level is 
chosen to 0.05. The probability of making a wrong choice if the lognormal dis-
tribution was chosen wouldn’t be that high. The nature of the tension test is rela-
tively unsecure because of the brittle behavior of the concrete in the test. This 
should be investigated closer.

Table 3.4 The axial tensile strength derived from splitting tests performed on cores ob-
tained from the east wing. The axial tensile strength is set to 90% of the splitting 
strength, EC2-1 (2004).

Test 
no. Height Diameter Weight Density Failure

load
Splitting
strength

Axial tensile
strength

Location

[mm] [mm] [kg] [kg/m3] [kN] [MPa] [MPa]
13:1 94.4 94.5 1567 2366.6961 58 4.1 3.7 east wing
13:2 94.5 94.5 1573 2373.244 56 4.0 3.6 east wing
13:3 94.2 94.5 1591 2408.0459 68 4.9 4.4 east wing
14:1 93.9 94.2 1552 2371.5562 72 5.2 4.7 east wing
14:2 94.1 94.2 1599 2438.1821 68 4.9 4.4 east wing
15:1 93.8 94.2 1577 2412.3269 53 3.8 3.4 east wing
15:2 94 94.1 1580 2416.9023 58 4.2 3.8 east wing
15:3 94 94.1 1573 2406.1945 46 3.3 3.0 east wing
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Figure 3.7    To the left the tensile strength values of the wings are tested to fill the 
assumption of normal distribution and to the right the log10 –values of 
the same values have been tested to follow the normal distribution i.e. if 
the values follow the lognormal distribution. Lognormal test gives lowest 
AD value and highest P-value indicating that the lognormal distribution 
fits best to the tensile test values for the bridge wings. The differences are 
however quite small.

According to the investigation done above the lognormal distribution is assessed to get the best 
fit to concrete test values. Lognormal distribution is also commonly used for the material val-
ues. The lognormal distribution is thereby used in the following statistical evaluation of the 
load carrying capacity of the Övik Bridge.
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3.2 Probabilistic assessment of structures

The basic structural problem is written as; see e.g. Melchers (1999) 

R-S             (3.1)

where

R is the resistance and S is the load effect.

The desired state can be formulated as

R-             (3.2)

Failure occurs when 

R-S < 0              (3.3)

The problem becomes probabilistic and a reliability problem when the statistical distribution of 
the variables is taken into account. The basic structural problem can be rewritten as

p f = P(R- (3.4)

where pf is the probability of failure

or in general

pf                  (3.5)

where G( ) is termed the ‘limit state function’ and the probability of failure is identical with the 
probability of limit state violation.

General (marginal) density functions fR and fS for R and S respectively are shown in Fig.3.8
together with the joint (bivariate) density function fRS(r,s). For any infinitesimal element 
the latter represents the probability that R takes on a value between r and and S a value 
between s and as and each approach zero. In Fig.3.8 the equations are represented 
by the hatched failure domain D, so that the failure probability becomes

pf = P[(R- = ,RS
D

f r s drds               (3.6)

When R and S are independent, fRS(r,s)=fR(r)fS(s) Eq.3.6 becomes:

s r

f R Sp P R S f r f s drds                            (3.7)
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Figure 3.8 Two random variables joint density function fRS(r,s), marginal density functions 
fR and FS and failure domain D.  Melchers (1999)

Noting that for any random variable X, the cumulative distribution function is given by

( )
x

x xF x P X x f y dy            (3.8)

Provided x the common, but special case when R and S are independent 
Eq. 3.8 can be written in the single integral form

( 0)f SR
p P R S F x f x dx              (3.9)

FR(x) is the probability that or the probability that the actual resistance R of the member 
is less than some value x. Let this represent failure. The term fs(x) represents the probability 
that the load effect S acting in the member has a value between x and in the limit as 

. By considering all possible values of x, i.e. by taking the integral over all x, the total fail-
ure probability is obtained. This is seen in Fig.3.9 where the density functions fR and fS have 
been drawn along the same axis.

Figure 3.9 Basic R – S problem: fR( ) fS( ) representation, Melchers (1999)



Sustainable Bridges SB7.3 Field Test of a Swedish Concrete Bridge                                     

App. H. 2D Frame, BBK, EC-2, MCFT and Probabilistic Methods

57

In Fig 3.10 the definition of the safety index for a normalized failure function, see also
Fig.12, is presented. 

Figure 3.10 for a normalized failure function. 
                            Figure modified from course material in structural safety, LTU.

3.3 First – order second – moment reliability method 

3.3.1 The Hasofer-Lind safety index

In the general case the density functions and the failure domain is described in Schneider 
(1997) as in Fig.3.11. The respective two-dimensional joint probability density is represented
as a hump. Its volume is 1 and the contours are concentric curves. 

In Fig.3.11 R and S are plotted as marginal probability density functions on the r and s axes. 
The limit state equation G = R - S = 0 separates the safe from the unsafe region, dividing the 
hump volumetrically into two parts. The volume of the part cut away and defined by s > r
corresponds to the probability of failure. The design point (r*;s*) lies on this straight line 
where the joint probability density is greatest: if failure occurs it is likely to be there. 

Figure 3.11 Un-normalized variables. Schneider (1997)
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The procedure when defining the Hasofer-Lind -safety index is as follows

First step: 

Normalize the basic variables by, see Fig.3.12:

( )
( )

i i
i

i

X E XZ
D X

(0,1)Zi N              (3.10)

where E(Xi) is the expectation value and D(Xi) the standard deviation for the stochastic varia-
ble X.

Second step:

Express the failure function in normalized basic variables

,...i ng Z g z z (3.11)

Figure 3.12 Non-linear failure function. Normalized variables.
                      Schneider (1997)

The safety index is defined as the shortest distance from origin in the z-coordinate system to 
the failure surface g(z1,z2)=0, see Fig.3.12.

Third step:

In the failure point the failure function g(zi,…,zn) = 0 is approximated with i n
where is the sensitivity factor for which the following is valid, see Fig.3.13

2 2... 1i n
(3.12)
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Figure 3.13 Sensitivity factor

The normal vector to g(zi,…,zn) in the failure point i n is given by the vector

,..., ,...,,...,i i n n i i n n

i n

g g
z z

              (3.13)

The length of this normal vector is

2 2

,..., ,...,,...,i i n n i i n n

i n

g g
z z

              (3.14) 

In the failure point the normal vector coincides with the unit vector ( ,...,i n )

2 2

,..., ,...,,...,

i
i

i i n n i i n n

i n

g
z

g g
z z

                        (3.15)

2 2

,..., ,...,,...,

n
n

i i n n i i n n

i n

g
z

g g
z z

                 (3.16)

In the general case, a non-linear iterative method is used to calculate the safety index and 
sensitivity index i… n

Usually the convergence is good with the Newton - Raphson method.

There are computer programs available which perform these calculations with ease, e.g. the 
VaP, Variables Processor program presented in Section H.3.5.
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3.4 Monte Carlo simulation 

With Monte-Carlo simulation, the exact or approximate calculation of the probability density 
and of the parameters of an arbitrary limit state function of variables

G=G(a0,X1,X2,...Xi,...Xn)                                   (3.17)

is replaced by statistically analysing a large number of individual evaluations of the function 
using random realizations xik of the underlying distributions Xi see Fig.3.14.

Figure 3.14 Simulation procedure for member strength statistical properties.
Melchers (1999).

The index "k" stands for the "k"-th simulation (k = 1, 2 ... z) of a set of Xi. Each set of the k
realizations gives a value 

gk = G(a0, X1k X2k, ... Xik,... Xnk)                                        (3.18)

Figure 3.15 Random number, Schneider (1997)
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The resulting z numbers gk are evaluated statistically. The heart of the method is a random 
number generator that produces random numbers aik between 0 and 1, see Fig.3.15. Such a 
number is interpreted as a value of the cumulative distribution function FXi(xi) and delivers the 
associated realization xik of the variable Xi.

In some computer programs, e.g. VaP (Variables Processor), the resulting values gk are contin-
uously presented in a histogram, see Fig.3.16, thus giving immediately a picture of the proba-
bility density of gk.

Figure 3.16 A typical histogram as a result of a Monte Carlo simulation computed with the 
VaP program to illustrate the probability density of the Vc.

Monte Carlo simulation computed with the program VaP produces following information con-
nected to Fig.3.16:

Crude Monte Carlo Analysis of Vc:

> 1 run with 100000 samples:

1.  mean = 1779  sdev = 317.1  skew = 0.532  kurt = 3.48  p = 0.000000

These histograms are usually approximated by some of the most common distributions. Stand-
ard deviation is a measure of dispersion of the distribution. In Schneider (1997) the higher 

u-
ter than zero indicate a left 

Values greater than 3 indicate a distribution which is flatter in the region of the tails than the 
normal distribution.

3.5 Variables Processor, VaP 

The program was developed at the Institute of Structural Engineering, Swiss Federal Institute 
of Technology.

The program VaP (Variables Processor) processes stochastically defined numerical quantities 
Xi, so-called variables, in given algebraically defined functions G(Xi). VaP computes the ex-
pectation, the standard deviation and, if applicable higher moments of G, shows the shape of 
the probability density function of G, and calculates the probability that G is less than zero. All 
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input is introduced by means of clearly arranged windows, by inputting the corresponding 
algebraic functions as well as by clicking and inputting numerical values. All input values can 
be easily changed at any time. In this way the sensitivity of the result to parameter variation 
can be readily investigated.  

Windows 

The central window of VaP on the computer screen is the Results window designed as an edi-
tor and compatible to normal text editor programs. Into this window the confirmation of the 
input data and the results of all computations are written. Figures - e.g., histograms, probability 
density functions or the results of computations with the Monte Carlo method - can be stored 
as a bit-map and, later on, processed further. Another window, called Inspector, shows the 
input functions and lists the associated variables. The variables are defined in the Variables 
window. All input can be saved and called again later.  

Input 

The user first defines, directly in the Inspector window, the function in the form of an algebraic 
expression and thus defines the mathematical model for the problem at hand. All terms appear-
ing in this expression are assumed to be variables. VaP manages several functions linked to-
gether by common variables. In the Variables window the usual distribution types are available 
by a mouse click. In order to facilitate changing of the distribution type, the moments - the 
mean and the standard deviation of the variables - are input values. The input can be switched 
from Moments to Parameters of the variable. Variables may also be defined by means of a 
histogram. In this way actual test results can be introduced into the computation.  

Solution Methods 

The analysis of a defined function is carried out using well-known methods The First Order 
Reliability Method (FORM), the crude Monte Carlo method (MC) and a numerical integration 
method (MOMENTS) have been implemented. The latter delivers the computational result in 
the form of the accompanying moments and the parameters of the equivalent Johnson curve, 
while the Monte Carlo method provides the results in the form of a histogram.

.

Figure 3.17 Windows in VaP, Variables Processor program.
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3.6 BBK 94, VaP 

Statistical evaluation

Addition model

Limit state function for shear according to BBK 94

)(SVVV
SRV

sc

(3.19)

where

0.3fct 0.02)50(10.9db wcV

s
0.9dfA2 svsvsV

3.6.1 Vc , contribution of concrete

Table 3.5. Summary of bending reinforcement received from drawings on the
                  Övik Bridge.

Bending reinforcement, As:

Main bending reinforcement 25 25 12272 mm2

Reinforcement in slab bottom 0,5*13 10 511 mm2

Carbon fibre rods in slab bottom 9*Af = 9*100 mm2 900 mm2

As, total 13682 mm2

=As/bwd 0,0138 max 0,02

0,9 for  d > 1,0m

Function Vc :

Vc = bw*d*0.9*(1+50*0.0138)*0.3*fct          BBK 94 (Eq. 3.7.3.2a)                (3.20)
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Variables of Vc:

Table 3.6        Summary of stochastic variables of Vc , contribution of concrete. Geometrical 
variables are received from drawings on the Övik Bridge, tensile strength values are from 
material tests, see Table 4.1 in the main rapport, Puurula (2012) and SB-7.3 App B (2008).

Variable Unit Symb Distribu-
tion

mean
x

Standard-
deviation

x

COV (%)

Width m bw Normal 0,95          0,010
Effective 
height

m d Normal 1,04  0,010

Tensile 
strength

MPa fct    Lognormal 2,2 0,5 22,7 %

Vc (E[X]) = 991.8 kN

Crude Monte Carlo Analysis of Vc:

Figure 3.18 Crude Monte Carlo Analysis of Vc , contribution of concrete, according to 
BBK94.

> 1 run with 100000 samples:

1.  mean = 0.9925  sdev = 0.2255  skew = 0.686  kurt = 3.85  p = 0.000000

COV= 22,7 %

Histogram counted as lognormal distribution gives the characteristic value, 5% fraction: 

)05,0(1VcCOV
Vcck eV

Vck= 683 kN
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3.6.2 Vs , contribution of shear reinforcement

Table 3.7   Summary of stochastic variables of Vs , contribution of shear reinforcement.
Geometrical variables are received from drawings on the Övik Bridge, tensile 
strength values are from material tests, see Table 4.1 in the main rapport, Puurula 
(2012) and SB-7.3 App B (2008).

Variable Unit Symb Distri-
bution

Xnom mean

x x

standard-

deviation

x

x

COV

[%]

The cross-sectional area of the shear 
reinforcement

mm2 Asv Normal 201,06 1,02*
Xnom

205,08 x 3,08 1,5 %

The design yield strength of the shear 
reinforcement

MPa fsv Log-

normal

441 12 2,72 
%

Effective height m d Normal 1,04 0,01

Spacing of the stirrups m s Log-
normal

0,15 0,015

Function Vs :

Vs = 2*Asv*fsv*0.9*d/s BBK94 (Eq.3.7.4.2a) (3.21)

Vs (E[X]) = 1128.7 kN

Crude Monte Carlo Analysis of Vs:

Figure 3.19 Crude Monte Carlo Analysis of Vs, contribution of shear reinforcement, 
                       according to BBK94.

> 1 run with 100000 samples:
1.  mean = 1.14e+06  sdev = 1.2e+05  skew = 0.320  kurt = 3.17  p = 0.000000
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COV= 10,5 %

Histogram counted as lognormal distribution gives characteristic value 

)05,0(1VsCOV
Vssk eV

Vsk = 959 kN

3.6.3 VR, shear resistance 

Funktion VR :

VR = Vc+Vs (3.22)

where

Vc and Vs are from Monte Carlo simulations in Sections H.3.6.1-2.

Table 3.8 Summary of stochastic variables of VR, shear resistance received from 
            Sections H.3.6.1-2.

Variable Symb Distribution Mean
Standard 
deviation

COV
[%]

Vc, contribution of 
concrete kN Vc Lognormal 992.5 225.5 22,7

Vs, contribution of 
shear reinforcement kN Vs Lognormal 1140 120  10,5 

VR (E[X]) = 2132.5 kN

The expected value differs from the VR = 2100 kN in Table 2.3 because of the cross section of 
the stirrups are assumed to be 1.02*A .
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Crude Monte Carlo Analysis of VR :

Figure 3.20 Crude Monte Carlo Analysis of VR, shear resistance, according to BBK94. 

> 1 run with 100000 samples:
1.  mean = 2134   sdev = 256.4  skew = 0.526  kurt = 3.63  p = 0.000000

2134  kN 
256.4 kN 

COV = 12,0 %

Histogram counted as normal distribution gives characteristic value

05,01
pkV

VRk, = 1712 kN 

Histogram counted as lognormal distribution gives characteristic value 

)05,0()(
,

1VsCOV
Vskshear eV

VRk, = 1751 kN 

If calculated with the lesser of the values above dimensioning value, VR in the ultimate state 
becomes

VRd,FRP = 1712/1,2 = 1427 kN

3.6.4 VS, shear load effect
Concrete, ballast and steel beam self-weights and soil pressure represent only 2.2 percent of the 
total shear below the steel beam, the point load stands for the rest. There must be different kind 
of insecurities involved in the point load. Also the frame model used in the frame calculations 
involves many assumptions. However the point load was well documented and therefore it 
should be reasonable to assume that shear force is deterministic.

According to VS calculated according to frame calculation

VS = 3254 kN
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3.6.5 V(R-S), FORM Analysis of shear capacity 

Limit State Function

(3.23)

V(R-S) = bw*d*0.9*(1+50*0.0138)*0.3*fct*1000+2*Asv*fsv*0.9*d/(s*1000)-VS     

Crude Monte Carlo Analysis of V(R-S):

Figure 3.21 Crude Monte Carlo Analysis of the Limit State Function, V(R-S), according to 
BBK94.

V(R-S)(E[X]) = -951.497 kN

> 1 run with 100000 samples:

1.  mean = -941.4  sdev = 255.7  skew = 0.523  kurt = 3.57  p = 0.998160

Table 3.9 Summary of FORM Analysis of V(R-S):

FORM Analysis of V(R-S):

HL - Index = -2.96        P(G<0) =   0.998

Name        Alpha        Design Value

Asv -0.043          205.476
bw          -0.044             0.951
d            -0.068            1.042
fct           -0.950             4.033
fsv -0.079         443.644
s             0.288             0.137

Sensitivity analysis shows that fct tension strength is the most important factor with Alpha=
-0.95, the second most important factor is the space between stirrups, s with Alpha=0.288.
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The probability for failure is 99,8 %.

3.7 Eurocode 2, VaP

Statistical evaluation

Truss model

Limit state function for shear according to EC2.

)(. SVV
SRV

sRd

(3.24)

where

cot, ywd
sw

sRd zf
s

AV
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3.7.1 VRd,s, contribution of shear reinforcement

Table 3.10 Summary of stochastic variables in the truss model, VRd,s, contribution of shear
reinforcement, according to EC2. Geometrical variables are received from draw-
ings on the Övik Bridge, tensile strength values are from material tests, see Table 
4.1 in the main rapport, Puurula (2012) and SB-7.3 App B (2008).

Variable Unit Symb Distri-
bution

Xnom mean

x x

standard-

deviation

x

x

COV
[%]

The cross-sectional area 
of the shear reinforce-
ment

mm2 Asv Normal 201,06 1,02*
Xnom

205,08 x 3,08 1,5

The design yield strength 
of the shear reinforce-
ment

MPa fsv Log-
normal

441 12 2,72

Inner lever arm m d Normal 1,04 0,01

Spacing of the stirrups m s Log-
normal

0,15 0,015

Determi-
nistic

1,43 35

V(S) Determi-
nistic

3254

Function VRd,s :

(EC2 Eq 6.8) (3.25)

VRd,s (E[X]) = 1620.93 kN

The expected value differs from the VR = 1581 kN in Table 2.5 because of the cross section of 
the stirrups are assumed to be 1.02*A .

cot, ywd
sw

sRd zf
s

AV
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Crude Monte Carlo Analysis of VRd,s:

Figure 3.22 Crude Monte Carlo Analysis of function VRd,s , contribution of shear reinforce-
ment according to EC2.

> 1 run with 100000 samples:
1.  mean = 1637   sdev = 172.6  skew = 0.315  kurt = 3.19  p = 0.000000

1637 kN 
172.6 kN 

COV 10,5 %

3.7.2 V(R-S), FORM Analysis of shear capacity 

Limit State Function

V(R-S) = 2*Asv*fywd*z*1.43/(1000*s)-VS        (3.26)

Table 3.11. Summary of FORM Analysis of shear capacity, V(R-S) according to EC2

G(E[X]) = -1451.07

FORM Analysis of V(R-S):

HL - Index = -6.04        P(G<0) =       1

Name        Alpha        Design Value

Asv -0.141         207.714
fywd -0.260         460.057
s              0.950              0.084
z             -0.101              0.946

Sensitivity analysis shows that the space between stirrups, s, with Alpha = 0.95 is the most 
important factor and second important factor is tension strength of stirrups, fywd , with Alpha=
-0.26. 

The probability for failure is100 %.
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4. Summary

Figure 3.23   Distributions for shear, resistance, VR, according to Swedish Code, BBK 94 and 
EC2 and load effect, VS.

Eurocode, EC2 with variable truss angle model gives lower capacity compared with the Swe-
dish Code, BBK94 with addition model. Both models give clearly lower shear capacity for the 
Övik Bridge than it could sustain in the loading test.

Distributions in Fig.3.23 show clearly that the shear failure was to be expected when the de-
terministic shear load VS = 3254 kN from frame calculations exceeded the highest value of the 
BBK94 distribution.  Distribution for BBK94 has larger deviation on a higher level from the 
mean value compared with EC2.

References are given in the main rapport.
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1. Introduction

The intention with this report is to model the Örnsköldsvik Bridge in a way which 
corresponds to the behavior of the bridge during the test loading. 

A shell model combined with wires as edge beams of the bridge is investigated. The 
bridge is slightly curved and skewed. The bridge is modelled in the finite element 
analysis software Brigade (2012).

The aim of this rapport is also to compare these Brigade calculations with test results, 
with earlier performed Brigade calculations with a straight model of the bridge and 
with the Skanska calculations with Lusas (2008) software. Cross sectional behavior 
and capacity is investigated according to modified compression field theory, MCFT,
with the software Response (2000).

2D-frame calculations are performed with Strusoft software Frame analysis (2012).

The bridge material is concrete. The concrete is modelled according to mean material 
properties from tests carried out during 2006 as both linear elastic and non-linear. All 
load, material and safety factors are set to 1.0.

Finally the results of the 2D and 3D calculations are compared with each other.

Figure 1.1
The Örnsköldsvik                   
Bridge in the test                   
situation.
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2. 3D -shell model 

2.1 General
In this section the Övik Bridge is modelled with shell elements, beam elements, wires in 
Fig.2.1, are representing the edge beams. With 3D -modelling it is possible to capture the tor-
sion moment which has been missing in the previous 2D –frame calculations in Appendix H.

2.2 Loads 
Loads applied on the bridge:

- self-weight of the concrete
- ballast on the bridge
- earth pressure outside of the North support
- self-weight of the steel beam 
- load from the steel beam

Figure 2.1 The bridge is modelled with shell elements and ‘wires’ with assigned beam 
elements.

The main geometry of the shell model of the bridge is according to Skanska calcula-
tions, see SB7.3(2008), Appendix G, Fig.2. The bridge deck and the edge beams are 
modelled here as in Fig.2.2.

The thicknesses of the shell elements are according to Lusas calculations performed 
by Skanska, see SB7.3(2008), Appendix G, Fig.4.
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Figure 2.2 The red line in the middle of the slab in the figure shows how the bridge 
slab is located in the cross section of the model. The blue edge beams are 
modelled as ‘wires’ with assigned beam elements according to the figure.

The shell elements are of type S4R: linear quadrilateral, 4-node doubly curved thin or 
thick shell, reduced integration, hourglass control, finite membrane strains. The sides 
of the mesh elements are approximately 0.35.

The edge beams are of shear-flexible element type B31: 2-node linear beam in space. 
The beam element length is approximately 0.17 m. The location of the ‘wires’ is fixed 
in order to get the right eccentricity of the point loads. The beam profile according to 
the blue area in Fig.2.2 is applied as a generalized numerical profile. The point loads 
applied from the steel beam at the test 2 * P = 2 * 5850 kN and the self weight of the 
steel beam 2 * 34 kN were distributed on the two flanges of the steel beam. 
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2.3 Results 

In Fig.2.3 the cross section force diagrams are presented for the load case when all 
loads are applied at the same time. The max values are collected in Table 2.1.

Figure 2.3 Deflections and cross section forces of the edge beams according to 
Brigade calculation. The x-coordinate starts from the left end of the edge
beams, see Fig. 2.1.
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Figure 2.3 Deflections and cross section forces of the edge beams 
according to Brigade calculation. The x-coordinate starts from 
the left end of the edge beams, see Fig. 2.1.
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Figure 2.3 Deflections and cross section forces of the edge beams according to 
Brigade calculation. The x-coordinate starts from the left end of edge 

beams in Fig.2.1.

Figure 2.4 Cross section forces from diagrams in Fig.2.3 placed in same diagram.
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Table 2.1 presents a comparison of the maximum section forces according to Brigade 
and Lusas calculations when all loads are applied at the same time on each edge beam.

Table 2.1 Comparison of the maximum section forces from Brigade and Lusas calcu-
lations when all loads are applied at the same time on each edge beam. 
Note that the maximum section forces do not act in the same cross section. 

East edge beam West edge beam

Brigade Lusas Brigade Lusas

curved 
model

P=5850 
kN

straight 
model

P=5750 
kN P=5750 

kN

curved 
model

P=5850 
kN

straight 
model

P=5750 
kN P=5750 

kN

Vertical 

displace-
place-
ment

33,2
mm

24
mm

30
mm

32,5
mm

23
mm

30
mm

Axial 
force

7.15
MN

7.5
MN

7.5
MN

7.08
MN

7.5
MN

7.8
MN

Bending 

moment

8.53
MNm

7.25
MNm

8,48
MNm

7.2
MN m

-

Shear 
force

3.24
MN

3.32
MN

2.6
MN

3.27
MN

3.4
MN

2.3
MN

Torsion

moment

1.3
MNm

1,35
MNm

1.56
MNm

1.02
MNm

1
MNm

1.73
MNm
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2.4 3D -shell model combined with Modified Compression Field 
Theory

When cross section forces obtained from Brigade shell model calculation are used as 
input in Response (2000), which calculates the cross section response to increasing 
loads, the following results are obtained for the East edge beam. The cross section 
forces according to Brigade are taken in the section x = 25,456 m in Fig.2.5, close to 
the section where the failure was initiated. The strains in Fig.2.11 are measured below 
the edge beam i.e. about 1.35 meter from the cross section considered in the calcula-
tions with Response presented here.

Figure 2.5 Cross section forces used in Response calculations are from Brigade cal-
culation results in section A. The figure shows the West edge beam, the 
East edge beam is in the other side of the bridge. The yellow shaded are
corresponds to the yellow failure area in Fig.2.14.

P

anchor

X = 25,456 m

A

AA
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2.4.1 East edge beam with Response

Figure 2.6 Input page in Response for Brigade cross section forces for the East edge beam in 
section A in Fig.2.5. Material values are the mean values according to the materi-
al tests, see Table 4.1 in the main rapport, Puurula (2012) and SB-7.3 App B 
(2008).

Figure 2.7 Cross section behaviour according to Response for Brigade cross section forces 
for the East edge beam in section A in Fig.2.5, stresses and strains at load level 
axial load = 5601.4 kN, moment = 4940.2 kNm and shear = 2236.2 kN. Stirrups 
start yielding and shear on crack is close to failure.

Stir-
rups 
start 
yielding

Close to failure
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Figure 2.8 Cross section behaviour according to Response for Brigade cross section forces 
for the East edge beam in section A in Fig.2.5, stresses and strains at load level 
axial load = 6054.3 kN, moment = 5333.9 kNm and shear = 2431.3 kN.

Figure 2.9 Cross section behaviour at failure according to Response for Brigade cross section 
forces for the East edge beam in section A in Fig.2.5, stresses and strains at fail-
ure.

Stir-
rups 
are 
yielding

Shear 
failure 
in
crack

Shear
failure 
in
crack

longi-
tudinal 
rein-
force-
ment is
yield-
ing

Stir-
rups 
are 
yielding
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Figure 2.10 Cross section behaviour for Brigade cross section forces for the East 
edge beam at failure in section A in Fig.2.5. Stresses and strains in the 
reinforcement. Stirrups are yielding. Longitudinal strains on compres-
sion side are about one half of the measured strains and on the tensile 
side strains are close to the measured strains when yielding during at the 
test, see Fig.2.11. Longitudinal tensile reinforcement is yielding as it was 
yielding at failure during the test. 
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Figure 2.11 Strain in the East edge beam, measurement line 4, below the steel beam. 
Blue line is carbon fibre reinforcement, red line steel reinforcement and 
black line concrete compression.
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In the cross section x = 25,456 m, which is very close to the place where the failure 
was initiated i.e. the right end of the failure crack in Fig.2.5, the ration between Bri-
gade cross section shear effect and Response shear capacity is 0.93 without considera-
tion of shear due to torsion.

2.4.2 Design shear force when torsion moment is included

According to the Swedish Code, BBK 04 (2004), chapter 3.8.6 stirrups can be de-
signed for the combined action of shear force and torsion moment when the truss 
model for calculating the shear capacity is used. Massive cross section can be treated 
as a fictive box cross section according to Fig.2.12. Effect of the torsion moment in 
form of shear force according to equation 3.8.6 in BBK 04 can be added to the shear 
force in the actual box wall when the direction of the shear force due to torsion mo-
ment has been taken into account, see Fig.2.13.

The shear forces are known from previous Brigade calculations. The equivalent shear 
force due to the torsion moment can be calculated as:

(2.1)

Figure 2.12 Definitions in Eq.2.1.

where, in the cross section x = 25,456 m  in Fig.2.5

TSd = 1255 kNm torsion moment in the cross section x = 25,456 m

Aef = 865847 mm2 (effective area according to 3.8.4, BBK 04)

zef = 970 mm (see figure)
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Vd = 0.5*VSd + VTd (2.2)

where

VSd = 2657 kN     the shear force from Brigade calculations in cross section x = 25,456 
m, Table 2.2

VTd =  703 kN the shear force from Brigade calculations in cross section 
x = 25,456 m calculated due to the torsion moment according to the 
BBK 04 equation (3.8.6) above in Eq.2.1.

Vd becomes

Vd1 = 0.5*2657 kN + 703 kN = 2031,5 kN

Vd2=  0.5*2657 kN  - 703 kN =   625,5 kN
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The calculation of the design shear force is shown in Fig. 2.13.

+

=

Figure 2.13 Calculation of design shear force by combining actual shear   and tor-
sion moment. Note the opposite and outwards acting torsion moments.

Td

VSd = 0,5*2657= 1328,5 kN

VSd =1328,5 kN

VSd2=625,5 kN

VSd1=2031,5 kN

VTd = 703 kN

VTd = 703 kN 
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The design shear force at the outer side of the edge beam becomes thereby VSd =
2031,5 kN, which is to be compared with the shear capacity according to truss truss 
model used in the EuroCode.

The shear capacity according to the truss model for only half of the edge beam with 
one stirrup leg 150 is according to Appendix H, Section 2.2.3, VR=
0,5*2643=1312 kN, when the ultimate tensile strength fsv=738 MPa is used for stir-
rups in the shear capacity calculation. When the yield strength fsv=441 MPa is used 
for stirrups the shear capacity becomes, VR= 0,5*1581=790 kN. These comparisons 
indicate a clear shear failure.

According to Response calculations in Fig.2.7-10 the stirrups have not used all their 
capacity at the failure. The tensile stress in stirrups is 443 MPa at crack according to 
Fig.2.10. The ultimate failure stress of stirrups is 738 MPa according to Table 4.1 in the 
main rapport, Puurula (2012) and SB-7.3 App B (2008). It can be interesting to evaluate the 
shear capacity according to the truss model used in the EuroCode due the difference 

sv = 738-443= 295 MPa in the cross section x = 25,456 m.

(3.3)

VEval = half of the shear force at failure according to Response, Table 2.2, column  7 +
shear capacity calculated according to EuroCode, equation 5.3, using measured 

fsv calculated above,
Eq.3.3.

VEval = (Table 2.2, column 7 VRd,s = 2857/2+529 = 1957 kN

The ratio between Brigade shear force effect according to Fig.2.13 and Response 
shear capacity added with the rest capacity of stirrups in cross section x = 25,456 m 
becomes thereby 2031,5/1957=1,04 indicating a shear failure.

kN
s
zfAV svsvsRd 52910*35cot

15,0
04,1*9,0)443738(

4
16*cot 3

2

,
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Table 2.2 Shear forces for the East edge beam according to Brigade and correspond-
ing capacity calculations with Response when ‘All loads are applied at the 
same time’, P=5850 kN, on each edge beam.

Bri-
gade

Bri-
gade Brigade

Bri-
gade

Bri-
gade

Re-
sponse

Re-
sponse

Re-
sponse

Re-
sponse

Brigade
/Re-
sponse

AllLoads
SF2

AllLoads
SF2

AllLoads
SM3

AllLoads AllLoads AllLoads
SF2

AllLoads
SF2

Addi-
tional 
shear 

capacity 
Euro-
Code

AllLoads
SF2

X Shear
Shear
/2

Torsion
moment

Shear
due
tor-
sion

Shear
/2 +
shear
due 
tor-
sion

(one 
stirrup 
leg) Shear

Shear/
2

Shear 

accord-
ing
to
Euro-
Code
(one 
stirrup 
leg)

Re-
sponse 
shear/2
+
shear
Euro-
code
(one 
stirrup 
leg)

Shear
rate

VBd

VBd/
2 T VTd

VBd/
2+ 
VTd VRd

VRd/
2 Rd

VEval=
VRd/2

+
Rd

m kN kN kNm kN kN kN kN kN kN

col 1 2 3 4 5 6 7 8 9 10
22,402 3236 1618 -479 268 1886 3096 1548 489 2037 0,93
22,756 3239 1620 -391 219 1839 2914 1457 513 1970 0,93
23,111 3240 1620 -282 158 1778 2727 1363 531 1894 0,94
23,465 3244 1622 -156 87 1709 2544 1272 532 1804 0,95

steel-
beam 23,760 1774 887 153 86 973 1805 903 532 1435 0,68
flange 
1 24,010 305 153 451 253 405 280 140 532 672 0,60

24,141 304 152 504 283 435 278 139 532 671 0,65
steel-
beam 24,260 -1046 -523 725 406 929 1124 562 532 1094 0,85
flange
2 24,378 -2581 -1291 979 548 1839 2494 1247 532 1779 1,03

24,558 -2553 -1277 1032 578 1855 2671 1335 532 1868 0,99
24,737 -2571 -1285 1094 613 1898 2815 1408 532 1940 0,98
24,917 -2586 -1293 1143 640 1933 2964 1482 532 2014 0,96
25,097 -2608 -1304 1189 666 1970 3120 1560 514 2074 0,95
25,276 -2631 -1315 1223 685 2001 3257 1629 491 2120 0,94
25,456 -2657 -1329 1255 703 2031 2857 1429 529 1957 1,04
25,636 -2684 -1342 1274 713 2056 2979 1489 516 2005 1,03
25,815 -2712 -1356 1288 722 2078 3098 1549 502 2050 1,01
26,175 -2772 -1386 1297 727 2113 3349 1675 471 2145 0,98
26,534 -2832 -1416 1281 717 2133 3593 1797 407 2204 0,97
27,073 -2921 -1460 1215 681 2141 3782 1891 391 2282 0,94
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Response program produces the cross section response for the increasing load with the 
initial start values and increments of axial load, bending moment and shear force. The 
maximum ratio between Brigade cross section forces and Response capacity, the utili-
zation rate, at the cross section x = 25,456, becomes 1.04. At position x = 24,378 m 
there is also a critical cross section with the utilization rate of 1.03, see Fig.2.14.

Figure 2.14 Utilization ratio = (Brigade shear force / 2 + shear due torsion) / (Re-
sponse shear capacity / 2 + the rest shear capacity by EuroCode for one 
stirrup leg) according to the calculation presented in this chapter, for 
both edge beams. The yellow area corresponds to the yellow failure area 
in Fig.2.5.

The lower limit of shear crack angle degree) according to EuroCode 
gives the upper limit of the shear capacity VRd,s=2766 kN for both legs of stirrups.
When compared with only shear according to Brigade in Table 2.2, x = 25,456 m, the 
utilization rate becomes 2657/2766 =0,96.
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3. 2D -frame model 

The East half of the bridge is modelled in frame calculations, see Appendix H, Section 
1. In this chapter, calculations are performed for the cross section forces in the cross 
section shown in Fig.3.1, where the ruptured stirrup was found; see Fig.4.19 in the 
main rapport, Puurula (2012), and where the utilization ratio Brigade/Response re-
ceived the highest value.

3.1 Cross section investigated
Loadcase, when all loads are applied at the same time

Figure 3.1 Cross section diagrams at failure load. Response calculations in this chap-
ter are performed with cross section forces in section A in the figure. Forc-
es in this cross section and the results are listed in Table 3.1.
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3.2 2D -frame model combined with Modified Compression 
Field Theory

Figure 3.2 Start page in Response program for the 2D-frame calculation, 2nd order 
cross section forces for cracked section analysis in section A, x = 25.456 m 
in Fig.2.5. In this figure the model consists of half of the bridge cross sec-
tion. Note the difference of cross section compared with Fig.2.6. 

Figure 3.3 The maximum the cross section can resist is 2556,8 kN in shear with the 
same time moment of 5122,1 kNm. Stirrups are yielding.
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Figure 3.4 Reinforcement stresses at failure state. Stirrups have reached the yield 
limit and yielding has spread out on the entire length of the stirrup leg. 
Longitudinal stress in FRP reinforcement is 1307,5 MPa. 

Max stress in stirrups according to Brigade calculations was 448 MPa, Fig 5.20 in the main 
rapport, Puurula (2012), compared with 441 MPa in Response calculations in Fig 3.4. Stress 
in stirrups is evenly distributed in Response calculation but in Brigade calculations stress has a 
clear peak value in the bottom of the outer leg. 
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4. Train Load BV 2000, Surface Load, shell model 

Train Load BV 2000, Surface Load is presented in next figures, Fig 4.1 and 4.2. The 
train is modelled with surface loads instead of axle loads, thus giving a slightly lower 
response. This is applicable when the ballast allows spreading of pressure from point 
loads, reducing the response on the deck.

According to the Swedish Design Code for Railway Bridges, BV Bridge (2003), it is 
required to evaluate the response of the live loads not only for the intended position of 
the tracks, but also for the case when the tracks, due to thermal deformations, are 
moved 10 cm to either side of the intended position.

Figure 4.1 In the picture on the left, the number of axles and axle load intensities for 
Train Load BV 2000, Surface Load, are defined. To the right: lane and ax-
le widths, number of simultaneous vehicles and reduction factors.
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Figure 4.2 Load coefficients for the load combination Permanent + Train-Loads.

Figure 4.3 Enveloped largest vertical displacements for the load case
Permanent + Train –loads. Deformations are scaled up 400 fold.
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In the following Fig.4.4 a)-e), enveloped cross section forces for the East edge beam 
are presented for the Train Load BV 2000, Surface Load. The enveloped forces are the 
maximum and minimum displacements and forces for each cross section along the 
edge beam when the train load is moving with the steps of 0.25 m over the bridge.
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Figure 4.4 The enveloped cross section forces for the North-East edge beam for the
Train Load BV 2000, Surface Load. The enveloped forces are the maxi-
mum and minimum forces for each cross section along the edge beam 
when the train load is moving with the steps of 0.25 m over the bridge.

a) Vertical displacements
b) Axial forces
c) Bending moments
d) Shear forces
e) Torsion moments
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5. Discussion and Conclusions

In this section different results from previous sections will be compared in Table 5.1.

Table 5.1 Comparison of cross section force effects according to Brigade shell model 
and 2D-frame model versus Response capacity calculations in section A, x 
= 25.456 m, see Fig.2.5, where the failure occurred with a ruptured stir-
rup.

Shear Bending 
moment

Axial load

kN kN kNm kN

Brigade 
(shell model)
Section 2.4.2

2031* 2657 5816 6606

Response
Section 2.4.1

1957* 2857 6227 7075

Brigade/Response
Section 2.4

1.04 0,93 0,93 0,93

2D-frame
Section 3.1

3306 7119 1069

Response
Section 3.2

2557 5122 799

2d-frame/Response
Section 3

1,29 1,29 1,34

* outer stirrup leg incl. shear of torsion

Brigade cross section forces correlate quite well with Response capacities, the ratio 
Brigade/Response is 0.93. Even closer agreement can be reached when torsion is taken 
into account with Brigade/Response ratio 1.04.

2D -frame force effect versus Response force effect does not show any close correla-
tion with Brigade/Response ratio becomes 1.29 - 1,34. 2D -frame calculation does not 
give the torsion of the edge beams.

There is a much higher axial compression load in the Brigade shell model compared 
with the 2D-frame calculation because the tension force in the slab needs to be bal-
anced in the edge beams to maintain the equilibrium of longitudinal forces in the cross 
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section through the bridge. The lower compressive axial force leads inevitably to less 
correlation between 2D frame and Response compared with Brigade/Response.

The bridge can sustain at least 10- fold load in bending moment compared with Train 
Load BV 2000 with 33 ton axel load. This is for the bridge when it is strengthened
with NSMR, carbon fibre rods. The maximum enveloped moment in Fig.4.4 c) is 
compared with the maximum moment in Table 6.1 in the main rapport, Puurula 
(2012) due to the point load from the steel beam.

References are given in the main rapport, Puurula (2012).
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1. General
In this appendix the bending moment capacity calculations are presented of the Övik Bridge 
strengthened with rectangular bars of Carbon Fibre Reinforced Polymers (CFRP) which were 
mounted as Near Surface Mounted Reinforcement (NSMR) in the sawed grooves in the soffit 
of the bridge edge beams.

The strengthening with carbon fibre rods is described in detail in the FRP strengthening hand-
book, Täljsten,et al. (2006, 2011). The following Sections 1- 3 are extracts from the handbook 
regarding FRP strengthening in bending.

For design, two stages are to be studied. 

In the first stage, the actual condition prior to strengthening, the condition of linear strain in the 
structure is investigated, as well as the actual condition of steel reinforcement and the com-
pressed concrete and finally whether the tensile side in the bottom of the concrete beam is 
cracked or not.

The second stage involves the design for increased bending moment capacity as a result of 
demand for higher load capacity.

2. Condition before strengthening
Here the structure is examined in the serviceability limit state, SLS. The strains in the servicea-
bility limit state are normally calculated according to the theory of elasticity with constant 
modulus of elasticity for concrete and steel, see The Swedish handbook for concrete structures 
BHB-K (1990). The effect of creep in concrete as a result of long-term loading can be taken 
into consideration through a reduced modulus of elasticity:

1
EE c

ce                                                                               (1)

where is the creep factor.

The section can be assumed to be uncracked and the entire cross-section effective if the con-
crete’s designed tensile strength for the service limit state is not exceeded according to the 
Swedish concrete design code, BBK 94 (1994):

ct
4

ct
cbt

f
h
4.06.0

f
kf                                                         (2)

where the concrete beam is in stage I, see Fig.1

k = depends on the dimensions of the structure

fct = tensile strength of the concrete
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        = a factor that accounts for the reinforcement aggressive environment,  
             = 1 for not corrosive environment 

In stage II the concrete’s tensile strength is exceeded, and the entire tensile zone of the concrete 
cross-section, the so-called tension zone, is cracked. Stage III represents the condition at ulti-
mate limit state, ULS. Fig.1 shows the different stages schematically.  

 
Figure 1   Different stages for a beam section subjected to bending, general loading case.  
                  Täljsten, B. (2006). 
  
Assuming composite action and applying Hooke’s law gives: 

sc  , and css
s

s

c

c

EE
                                                 (3) 

where 

c

s
s E

E                                                                                           (4) 

2.1   Stage I, when the cross section is uncracked 

If ct < fcbt then the cross-section is uncracked. This is checked by calculating the concrete’s 
strain in a studied cross section in the beam:  

0 0
c

c s s 1

M My y
I I I

                                                               (5) 

Ic and Is are the concrete’s and steel’s moment of inertia respectively. I1 is usually known as the 
ideal moment of inertia. The distance to the centre of gravity from the beams upper side, y0, 
can be calculated according to: 

ssc

sssc,tpc
0 A1A

dA1yA
y                                                                 (6) 
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which can be written for a rectangular concrete section as:

ss

sss

0 A1bh

dA1
2
hbh

y                                                               (7)

The maximum stress can in the beam’s top, co and bottom side, cu respectively be expressed 
as:

0
0 0

co 0
c s s 1

M My y
I I I

                                                       (8)

0 0
cu 0 0

c s s 1

M Mh y h y
I I I

                                      (9)

The stress in the steel reinforcement is:

0 0
s s s 0 s s 0

c s s 1

M Md y d y
I I I

                                           (10)

The ideal moment of inertia for a rectangular section with width b and height h is in stage I:

23
21

12 21 c s s 0 s s s 0
bh hI I I bh y A d y          (11)

Hooke’s law applies to an un-cracked cross section:

co
co

ceE
                                                                      (12)

cu
cu

ceE
                                                                               (13)
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2.2 Stage II, when the cross section is cracked
In stage II the cross-section is cracked, ct > fcbt, and only the concrete contribution from the 
compressed area is included in the calculation, see Fig.2.

Figure 2 Rectangular concrete cross section in stage II. Täljsten, B. (2006).

In the case in Fig.2 with only bending moment, the axis of the centre of gravity coincides with 
the neutral plane and its position is determined from an equation for the static moment around 
the neutral plane. 

0
b

dA2
x

b
A2

xxdA
2
xbx sssss2

sss       (14)

The moment of inertia in stage II can be calculated according to:

2
sss

23

2 xdA
2
xbx

12
bxI                                      (15)

co can be calculated as earlier in Eq.12.

3. Design for strengthening

3.1 Possible modes of failure 
When the beam’s actual strain distribution is known, the design for strengthening can begin. In 
regard to strengthening, it is assumed at this phase that the beam either reaches crushing in the 
compression zone or that the laminate reaches its ultimate limit strain. With a double-
reinforced cross-section the following design cases will be treated:

I. Failure in laminate with yielding in the compression steel reinforcement
II. Failure in laminate without yielding in the compression steel reinforcement
III. Crushing of concrete as well as yielding in the compression steel reinforcement 
IV. Crushing of concrete without yielding in the compression steel reinforcement
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The failure criteria, see BBK 94 (1994), for concrete and laminate when designing during the 
failure stage are: 

5.3cuc ‰  and fuf 6.0 ; 
nm

fk
f

E
E   respective                         (16)  

In the following calculation the mean material values without any reduction coefficients are 
used to predict the behaviour during the loading test.  
When strengthening for increased moment capacity in the ultimate limit stage.  
 
it is assumed that the tensile steel reinforcement reaches its yield point. For a beam that is as-
sumed to have a rectangular cross-section and be reinforced and strengthened with externally 
bonded reinforcement in the form of a laminate on the tensile side, strain and stress distribution 
in the ultimate limit state is given in Fig.3. The stress block in the compressed concrete zone 
becomes similar to the concrete’s - -diagram. If this is known, the corresponding pressure 
resultant and its relative position in the compression block can be calculated. 

 
Figure 3   Stress and strain diagram for a cross-section of a rectangular beam.  
                   Täljsten, B. (2006). 

For a general compressive stress distribution according to Fig.3 c) the horizontal equilibrium 
equation gives: 

fs
'
sc FFFF                                                                                          (17) 

The moment capacity equations for different failure types are presented in the FRP handbook, 
Täljsten, B. (2006). 
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4. FRP strengthening calculations for the Övik Bridge

FRP strengthening calculations for the Övik Bridge presented here are performed according to 
FRP handbook, Täljsten, B. (2006).

The geometry of the Övik Bridge is illustrated in Fig.4-5.

Figure 4 The FRP strengthening calculations are performed for half of the 
mid-section B-B, see Fig.5, of the edgebeam in section A-A.

Figure 5 Section B-B shows the cross section of the bridge used in FRP strength-
ening calculations. The studied East half is black/shaded.
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The following FRP strengthening calculations are performed for the East half of the bridge 
section illustrated with black colour in Fig.5.

4.1 Material values

Table 1   Mean material values according to SB- 7.3. (2008)

Concrete: Ec 25,5 GPa

fctm 2,2 MPa
short 
term

long 
term

fccm 68,5 MPa

creep 
factor 

e 0 2

cu 0,0035 Ece 25,5 8,5
0,8

Steel: Es 198,3 GPa s, yield 0,0031
fst 411 MPa

ultimate strength fstu 706,6 MPa
Edge beam top rein-
forcement

As' 3927 mm2 8 25

Edge beam bottom 
reinforcement 

12272 mm2 25 25
Slab bottom
reinforcement 511 mm2

0,5*13
10

Total bottom rein-
forcement As 12782 mm2

FRP: Efm 260 GPa

ffum 2500 MPa

Af 900 mm2

fu 0,008
Dimensions h 1,1 m

Proportion factor:

short 
term

e=0
long term

e=2

7,8 23,3                                     (18)

10,2 30,6                                     (19)

(1 )s s c
s

ce c

E E
E E

(1 )f f c
f

ce c

E E
E E
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4.2 Before strengthening

4.2.1 Uncracked section, stage I

The calculation starts with a control, if the cross-section is cracked due to the original load, 
stage I, before strengthening

Figure 6 Cross section properties for half of the bridge.

Table 2   Cross section values for half of the bridge, see definitions Fig. 3.

Ac 1,751 m2

ytp,c 0,6249 m

ds 1,019 m

ds' 0,06 m

The position of the centre of gravity is determined from the top of the beam:
' '

,
0 '

1 1
0,635 m

1 1
c tp c s s s s s s

c s s s s

A y A d A d
y

A A A
                                        (20)

The ideal moment of inertia, I1 can then be calculated                 (21)

23 22 ' '
0 0 0

4

( 1) 1 1
12 2

0,236 m

1 c s s c s s s s s s
bh hI I I A y A d y A d y
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The frame calculations for the Övik Bridge are explained in detail in the 
Appendix I, section I.4. In Fig. 7 loads on the bridge are shown.

Figure 7 Loads on the Övik Bridge.

The maximum stress in the beam's over and underside respectively can 
be calculated in the elastic stage I; see Fig.1 for a loadcase with

- All permanent loads and Point load = 2880 kN, Preloading of beam, 
short term, nonlinear, second order, no creep, see Fig.8:

Figure 8 Maximum moment in the loadcase, Pointload = 2880 kN, Preloading of beam be-
fore strengthening with FRP, nonlinear, second order, short term, no creep.

0 4

5743 0,635 15,5 MPa
0,236

0 0
co 0

c s s 1

M M kNmy y m
I I I m

(23)

M0, max = 5743 kNm
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4

5743 (1,1 0,635) 11,3 MPa
0,236

0 0
cu 0 0

c s s 1

M Mh y h y
I I I

kNm m
m

. (24)

which clearly exceeds the concrete’s tensile capacity according to Eq.2:

(25)

4.2.2 Crack moment

The moment, when the cross section cracks, becomes

1,105MNm1
crack m

0

IM
h y

(26)

which corresponds to a point load P = 454 kN.

4.2.3 Cracked section, stage II

The cross-section is thereby in stage II for P = 454 kN, see Fig.2 and Fig.9. The compression 
reinforcement that replaces the concrete area is enlarged by s-1 and the tensile reinforcement 
by s. First, the distance to the neutral layer is calculated, see Fig.9.

Figure 9 Cross section’s moment of inertia in stage II before strengthening with NSMR, car-
bon fibre rods.

4

0.40.6 2,18 MPam ctmf
h
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2
' '( 1) ( ) ( )

2 s s s s s s
bx A x d A d x (27)                            

btop = 1,423 m

(28)

a1 = 0,177 a2 = -0,145

x = 0,302 m           (29)

The cross section's moment of inertia in stage II can then be calculated with Eq.30
23 2 2' '( 1)

12 22 c s s s s s s s s
bx xI I I bx A x d A d x (30)

Table 3   The cross section's moment of inertia in stage II

short term
e=0

long term
e=2

I2 0,065725 0,1715 m4

With M01, max =  5743 kNm, All loads, Pointload = 2880 kN, Preloading of beam before 
strengthening with FRP, non-linear, second order, short term, no creep e = 0, the stresses are 
obtained in stage II:

01
4

2

5743 0,302 m 26,4 MPa
0,065725 mco

M kNmx
I

         (31)

01
4

2

57437,8 (1,019 0,302)
0,065725 m

= 487,3 MPa

s s s
M kNmd x m
I          (32)

With the bending moment, M02 = 247 kNm, see Fig.10, during actual strengthening for the load 
case without pointload and steelbeam, non linear, second order, long term creep, e=2, stresses 
can be calculated in stage II to (if the cross section is assumed to have been cracked during the
use of the bridge in the serviceability state):

2
1 2 0x a x a
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Figure 10 The bending moment diagram, M02 , during actual strengthening for the 
load case self weight of concrete and ballast, soil pressure, non linear, 
second order, long term creep, e=2 in stage II.

2

247 0,302 0,4 MPa
0,1715

02
c0

M kNmx
I

(33)

2

8,0 MPa02
s0 s s

M d x
I

(34)

The corresponding initial strains before strengthening become 

0,051 ‰co
co c0

efE
(35)

0,040 ‰s0
s s0

sE
(36)

( ) 0,045 ‰s
u u0

s

h x
d x

(37)

4.3Moment capacity of strengthened cross section 

The most probable cause of failure was failure type I or II. Here the moment capacity accord-
ing to the failure type II, failure in laminate without yielding of the compression steel rein-
forcement is presented, because it was the failure mode closest to the actual failure according 
to the measurements during the loading test.

The calculation scheme in Eq.38-41 is according to Täljsten, B. (2006) for failure type II in 
ultimate limit state in Fig.1 stage III and Fig.3c.

Moment equilibrium becomes: (38)

M02, max = 247 kNm
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xhAExdfAdxEA
xh

dxM fffsys
'
ss

'
suof

'
s

and horizontal equilibrium:

fffysssuf
s

cc AEfAEA
xh

dxbxf '
0

'
                               (39)

where x can be solved with the help of a quadratic equation:

2
1 2 3 0C x C x C (40)

1

'
2 0

' '
3 0

cc

cc f u s s s y f f f

f u s s s s y f f f

C f b

C f bh A E A f E A

C A E d A f E A h

                                  (41)

Eq.40 gives the position of the neutral layer 

x = 0,089 m                                                                         (42)

Eq.38 gives the moment capacity
Mcap = 7,15 MNm                                                                                                        (43)

In the Fig.11 the maximum moment according to non-linear frame calculation is 

Mmax = 10.36 MNm

The difference will now be discussed.

If the same calculation as in Eq.38-43 is performed with the ultimate strength for the longitudi-
nal reinforcement fstu = 706,6 MPa the moment capacity will increase from 7,15 MNm to

Mcap = 10,68 MNm                                                                                                      (44)

This would require large deformations which are not possible because the strains of the carbon 
fibre reinforcement are limited. Anyhow, it gives a hint of the moment reserves in the bridge.

The FRP -rods were never tested in tension, which causes uncertainties about their ultimate 
strain. If the same calculation in Eq.38-43 is performed with the stress in the longitudinal rein-
forcement fst = 516 MPa as the result was in the 
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Brigade 3D, nonlinear calculation at failure load in Fig 7.32 in Puurula (2012) and the ultimate 
strain for FPR fu = 11 ‰ the moment capacity will become

Mcap = 9,14 MNm                                                                                                      (45)

At the supports the stress in the tensile reinforcement was about 100 MPa above the yield stress 
at the failure load according to Brigade 3D nonlinear calculation, see Fig 7.31 in Puurula 
(2012). This gives more moment, , in average, at supports compared to the frame calcula-
tion

234 491 mm 100 MPa 0,725 m
     = 1,21 MNm

s stm sM A f z

                                                                 

(46)

where zs is an estimate of the inner lever arm at the support with no strengthening

The increase of stiffness due to the stresses in the hardening part of the stress strain diagram
and the extra moment thereof, in Eq.46, was not taken into account at the time of the frame 
calculations of the bridge. Instead, the frame calculations were performed with the assumption 
that the yield stress was the highest stress level the reinforcement could take. If is subtract-
ed from the maximum moment, Mmax , according to the frame calculation, Fig.11, the maxi-
mum moment becomes

Mmax = 10,36 - 1,21 = 9,15 MNm                                                                                 (47)

which is close to the moment capacity in Eq.45 Mcap = 9,14 MNm.

Another estimate to check the moment capacity is to calculate next with the inner lever arm of
Eq.42 and steel reinforcement stresses from Brigade  Fig 7.32 in Puurula (2012)

2 212782mm 516 MPa 0,996 m+900mm 2500MPa 1,056 m
     = 6,57+2,37
     = 8,94 MNm

check s stm s f ftm fM A f z A f z

         (48)

which is quite in line with the moment capacity in Eq.45 Mcap = 9,14 MNm.
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In the Fig.11 moment diagram for the failure load, Pointload = 5850 kN is shown.

Figure 11 Moment diagram for the load case: All loads, P = 5850 kN, non-linear, second 
order theory.

Mmax = 10,36 MNm
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4.4   Stresses and strains after strengthening 
 

The stresses and strains will now be calculated for three different load levels, 
P = 2880 kN, 4000 kN and 5750 kN. The FRP strengthening and the geometry of the cross 
section of the bridge is shown in Fig. 12-13. 

 
Figure 12   Cross section of the bridge 

 
Figure 13   Cross section’s moment of inertia in stadium II after strengthening with NSMR, 

carbon fibre rods 

At the load level P = 2880 kN and 4000 kN the cross section is in stadium II, and at the load 
level P = 5850 kN the cross section is in stadium III. The distance to the neutral layer from the 
beams upper side can be calculated according to, see Fig. 2 resp 3: 

stage II: 
2

' '( 1) ( ) ( ) ( )
2 s s s s s s f f f

bx A x d A d x A d x                         (49) 

stage III: ' '0.8 0.6 ( 1) ( ) ( ) ( )s s s s s s f f fb x x A x d A d x A d x           (50) 

which can be written in the form: 
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which can be written in the form:

Table 4 The distance to the neutral layer from the beams upper side in stage II and III for the 
cross section in Fig.13.

stage II stage III

a1 0,190 0,198

a2 -0,159 -0,165

x2 0,315 m x3 0,319 m

The moment of inertia can be calculated with

2

23 2 22' '( 1)
12 2

c s s f f

s s s s s s f f f

I I I I

bx xbx A x d A d x A d x
(51)

Table 5 Moment of inertia in stage II and III for the cross section in Fig.13.

e=0

Stage II Stage III

I2 = 0,071368 m4 I3 = 0,071383 m4

2
1 2 0x a x a
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Stresses and strains in the serviceability limit state with P-load = 2880 kN, stadium II, after 
strengthening with NSMR, carbon fibre rods

Mmax in the serviceability limit state with P-load = 2880 kN, Fig. 8 5743 kNm

M02, moment during strengthening, Fig 10 248 kNm

Moment increase due to loading, Mmax - M02 = 5495 kNm

Table 6 Stresses and strains at load, P = 2880 kN, after strengthening

Mmax-M02 M02 total
Mmax-
M02 M02 total

MPa MPa MPa

short 
term

creep, 
e=0

long term
e=2

c0=
0,0035

24,2 0,4 24,6 0,00095 0,0000511 0,00100

s, yield=
0,0022

421,8 8,0 429,4 0,00213 0,00004 0,00217

fu=
0,008

610,7 0 610,7 0,00235 0 0,00235

2
2

M x
I

2
2

s s s
M d x
I

2
2

f f f
M d x
I
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Stresses and strains in the serviceability limit state with P-load = 4000 kN, stadium II, after 
strengthening with NSMR, carbon fibre rods

Mmax , P = 4000 kN 7411 kNm

M02 , moment during strengthening  248 kNm

Moment increase due to loading, Mmax -M02= 7163 kNm

Table 7 Stresses and strains, P = 4000 kN, after strengthening

Mmax
-M02 M02 total

Mmax-
M02 M02 total

MPa MPa MPa

short 
term

creep, 
e=0

long 
term

e=2
c0=

0,0035
31,6 0,4 32,0 0,00124 0,000051 0,00129

s, yield=
0,0022

549,8 8,0 557,9 0,00277 0,000040 0,00281

fu=
0,008

796,1 0 796,1 0,00306 0 0,00306

The calculation is performed for linear conditions but as s > sy the obtained steel stresses will 
be too high.

2
2

M x
I

2
2

s s s
M d x
I

2
2

f f f
M d x
I
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Stresses and strains in the ultimate limit state with P-load = 5850 kN,
stadium III, after strengthening with NSMR, carbon fibre rods

Mmax at failure, P = 5850 kN according to frame calculation was: 10363 kNm (Fig.11)

M02 , moment during strengthening 248 kNm (Fig.10)

Moment increase due loading, Mmax - M02= 10115 kNm

Table 8 Stresses and strains at failure load, P = 5850 kN, after strengthening calculated.

Mmax
-M02 M02 total

Mmax
-M02 M02 total

MPa MPa MPa

short 
term

creep, 
e=0

long 
term

e=2
c0=

0,0035
45,3 0,4 45,7 0,00178 0,0000511 0,00183

s, yield=
0,0022

770,8 8,0 778,8 0,00389 0,00004 0,0039

fu=
0,008

1116,8 0 1116,8 0,0048 0 0,0043

The calculation is performed for linear conditions but as s > sy the obtained steel stresses will 
be too high.

3
3

M x
I

3
3

s s s
M d x
I

3
3

f f f
M d x
I
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4.4.1 Comparison between the calculated and the measured strains

In Fig.14 the location of sensors is shown.

Figure 14 Plan with location of sensors.

Example of designation:

CaB4-10E-3

Ca (= Carbon fibre), B (= Bottom of beam), 4 (= Transversal line 4), -10 (= Deviation from 
transversal line 4, South 10 cm), E (= East line/beam), -3 (= Deviation from longitudinal East 
line, West 3 cm).

Figure 15 CoT4W-40 is the longitudinal compressive strain in the concrete in top of the 
beams in mid-span, StB4E+3 is the longitudinal tensile strain in the steel rein-
forcement and CaB4-10E-3 is the longitudinal tensile strain in carbon fibre rein-
forcement in line 4.

A comparison between the calculated values and the measured ones is shown in Fig.16 and 17.
It can be seen that the measured strains are smaller than the calculated ones especially for two 
lower loads P = 2800 and P = 4000 kN.. This is probably due to the positive influence of the 
concrete between the cracks and that the measured strains may have been recorded between 
cracks. For the failure load P = 5850 kN the calculated strains are smaller than the measured 
ones due to yielding and unlinearity.

LOAD 
LINE

21 4 5 6 83 7

MIDDLE 
LINE

EAST LINE

WEST LINE
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Figure 16 Sectional strain at different load levels in the east beam at line 4.

Figure 17 Strain in the concrete, carbon fibre rods and reinforcement in the east beam at
midspan (line 4) from the main loading test. Fig. 16 and 17 are for the total load 
for the whole bridge and therefore the loads in tables 7-9 have to be doubled. The 
stars in different colours are the values calculated in the respective tables. The 
colour of the stars corresponds to the colour of the curves with the same colour. 
The calculated strains follow roughly the measured strains.

-4000 -2000 0 2000 4000 6000 8000 10000 12000

Strain [ m/m]

0

130
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9 MN
10 MN
11 MN
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-4000 -2000 0 2000 4000 6000 8000 10000 12000
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0
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6
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L
o
a
d
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CoT4E+40
CaB4-10E-3
StB4E+3

Table 5 P = 2880 kN

Table 6 P = 4000 kN

Table 7 P = 5850 kN
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4.5 Moment capacity of the cross section before strengthening

The next calculation follows the scheme for calculating the moment capacity presented in 
Swedish handbook for concrete structures BHB-K (1990) section 3.6:434 for double reinforced 
rectangular beams. The calculations are performed with the assumption of linear strains over 
the cross section in Fig.18.

The moment capacity is divided into two parts. MI is the moment contribution corresponding 
to the tension reinforcement area As(I) for a single reinforced cross section. MII is the moment 
contribution corresponding to the compression reinforcement As

’ and the tension reinforcement 
area As(II).

Figure 18 Double reinforced rectangular beams. The moment capacity is divided to two 
parts, MI and MII.
Swedish handbook for concrete structures BHB-K (1990).

' '( )II s scM A f d d (52)

'
( )s II st s scA f A f (53)

( ) ( )s I s s IIA A A which gives ( )
( )

s I st
s I bal

cc

A f
bdf

(54)

0,8

1
735

bal
ykf

(fyk in MPa) (55)

_
2

I ccM mbd f (56)

I IIM M M (57)

the assumption s’=  fst is checked according to
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' '
'

' '
'

' ' '

0,8(1 )s cu cu
c

sc s sy
s

s s s sy

x d d
x d

f if

E if

(58)

Two iterative calculations are performed to check the stress in the compressive reinforcement 
according to Eq.53.

The first calculation with start values s s =  fst = 411 MPa, where both the compression 
and tensile reinforcement reaches it yield limit,  ends up to

M = MI + MII = 0,780 + 4,500 = 5,28 MNm                                                           (59)

with s’=  207,2  MPa

The second calculation start values s’=  fst = 411 MPa, where the compression reinforcement 
reaches it yield limit and that the tension reinforcement reaches the ultimate limit for tension, 

s =  fstu = 706,6 MPa ,  ends up to 

M = MI + MII = 1,35 + 6,59 = 7,94 MNm                                              (60)

with s’=  359,4 MPa
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4.6 Effect of the FRP strengthening on the shear reinforcement
at debonding

The model used for shear in EuroCode, the variable-angel truss model, is presented in Fig.2.7
in Appendix H.

The failure in the loading test of the Övik Bridge was initiated by a loss of bond in the interface 
between FRP reinforcement/epoxy and concrete followed by redistribution of strains, see 
Fig.19. After debonding the FRP reinforcement acted as a tensile rod outside the concrete. 

Figure 19 Schematic figure of bridge with diagrams of shear (V), moment (M), and strain 
in the fibre 
form as the moment diagram. This means tension in the mid section under the 
load P and compression close to the supports, where the fibre bars ended. After 
bond failure, the strain is reduced under the load P at the same time as it is in-
creased in the region where the moment diagram changes sign. The effect will be 
that the force in the fibre bars under the load P will be reduced. After debonding 
the FRP reinforcement acts as a tensile rod outside the concrete.

Just before debonding there was a well visible shear crack, which indicates that the stress in 
stirrups at the shear crack has reached the yield limit. The studies of measurements and videos 
have shown that the loading from the steel beam was not increased at the moment when the 
shear crack opening happened. The stress in the FRP reinforcement and the tensile steel rein-
forcement decreased suddenly because of the debonding and the stress in stirrups increased 
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from somewhere above the yield limit up to the ultimate stress also very suddenly causing the 
final failure of the bridge.

According to the variable-angle strut model used in Eurocode 2 (2004) the angle of the shear 
crack increases when the stress in the tensile reinforcement decreases, see Fig.19 b). The in-
creased shear crack angle leads to a shorter shear crack. There are therefore fewer stirrups 
which cross the shear crack and which could carry the shear force which also increases the 
tensile stress in the stirrups.

To get an idea of the forces which lead to the finale failure the difference between the yield and 
ultimate stress for 16 stirrups is calculated

296,3st stu styf f f 737,4 - 441,1= MPa          
(61)

The shear crack angle was measured from the failure photo to , Fig.20.  The length of 
the shear crack will then become

/ tan(35 ) 1,1 / tan(35 ) 1,57shearcrackl h m m                                                  (62)

Figure 20 Stirrups crossing the shear crack. The maximum strain is s = 5.5 10-3 > y = 2 10-3

The total shear force, Vs,tot for both legs of stirrups for 16 stirrups crossing the shear crack 
becomes with Eq.2.17 according to Eurocode 2 (2004) in Appendix H

                   

(63)
6 6

,

= (1,57/0,15)×2×201×10 ×0,9×

co

1,019×296,3×10 cot35°
= 1633 k

t

N

shearcrack
s tot sw st

lV A z f
s
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where

s is the spacing of the stirrups
Asw is the cross-section area of the shear reinforcement
z is the inner lever arm, the approximate value z = 0.9d is used

fst is the design yield strength of the shear reinforcement 
is the angle between concrete compression struts and the main tension chord

The corresponding tensile force, t , in the longitudinal reinforcement due to shear Vs can be 
calculated with Eq.2.20 according to Eurocode 2 (2004) in Appendix H

,

0,5*1633 kN×cot35°
= 1166 kN

t s totF = 0.5V cot
=                        (64)

The ultimate strain for FRP reinforcement in Table 1
FRP reinforcement corresponding to the strain drop of ‰ is calculated

9 20,001 260 10 9 100 234f f fF E A Pa mm kN                             
(65)

The stress in the steel reinforcement according to Brigade non linear 3D calculation was about 
516 MPa, see Fig 7.32 in Puurula (2012) which in the hardening part of the stress strain curve 
in the material test. If it is assumed that the drop in stress due to the strain loss of the debond-
ing causes the stress to drop to the lowest value in the yield plateau part of the stress strain 
curve the stress will then become 397,8 MPa, see Table 4.2 in Puurula (2012).

The drop in tensile stress will then become 

516 397,8 118,2s MPa (66)

The drop in total tensile force in the steel reinforcement will become
2

225118,2 25 1451
4s s sF A MPa mm kN (67)

Together the drop in tensile force will then become

234 1451 1685f sF F F kN                                    
(68)

which clearly exceeds t = 1166 in Eq.64

i.e.

1 ‰  drop in strain in the FRP and steel reinforcement causes bigger increase of stress in stir-
rups than is required for all stirrups, both legs, crossing the shear crack to increase the stress 
from yield stress to ultimate stress.

The stresses in the stirrups of the outer load from the steel beam are not evenly distributed as 
can be seen in Fig.21.
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Figure 21 Stresses in stirrups at failure load on the north side of the bridge 
according to Brigade calculation.

Fig.21 can be compared with the photos in Fig.22 taken on the same side of the bridge at fail-
ure. The location of the broken stirrup and the location of rupture in the stirrup coincide in the 
both figures. 

Figure 22 a) Shear crack at failure on the north side of the bridge. 
                 b) The ruptured stirrup

It is close to assume that the ultimate stress after the increased stresses due to the bond failure 
was reached first in this most stressed stirrup in Fig.21-22. After the rupture of this first stirrup 
the failure proceeded as a chain reaction through the stirrups which crossed the shear crack. 
This chain reaction was anyhow not possible to be verified because only one broken leg of one
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stirrup on both sides of the bridge was visible in the shear failure crack. The wide shear crack 
through the entire bridge indicates anyhow that the stirrups were ruptured along the crack.

It is thereby shown that the bond failure of FRP with following drop in strain in the tensile 
reinforcement and increasing stress in stirrups can have been the triggering reason for the shear 
failure of the entire bridge.

5. Summary

The moment capacity increases 33% from M = 5.28 MNm (Eq. 58) when the cross section is 
not strengthened to M = 7.15 MNm (Eq. 43) when the cross section is strengthened with 9*100 
mm2 bars of FRP under the assumption that the yield limit fy = 411 MPa is the highest stress 
allowed in the tensile reinforcement.

There is a gap between the maximum moment according to the frame calculation M = 10.36 
MNm and M = 7.15 MNm when the cross section was strengthened with FRP.

The difference can be explained with the uncertainties in the material values and the uncertain-
ties in what strength values to use in the capacity calculations. Moreover at the time of the 
frame calculations the used software could not utilize the hardening part of the stress strain 
diagram. The moment capacity reserves at supports where therefore not taken into account 
which increased the field moments. 

The measured strains are slightly smaller than the calculated ones especially for lower load. 
This is probably due to the positive influence of the concrete between the cracks and that the 
measured strains are recorded somewhere between cracks.

It’s shown that a drop in strain due to the bond failure of NSMR causes enough energy release 
to trigger the stresses in stirrups which cross the shear crack to increase from yield to ultimate 
stress. Bond failure was thereby the probable ultimate reason to the shear failure of the entire 
bridge.

References are given in the main rapport.
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1. General

The aim with this appendix is to present some of the main features of FEM of reinforced 
concrete. Both geometrical and material non-linearities are presented on the element level and 
how they are treated in the code level. Damaged plasticity model to describe the behavior of 
the concrete used in this thesis is presented. References are given the main rapport.

Figure 1.1 A classical linear problem, NLF (2009).

The deflections of the structure are generally not taken into account in linear formulations of 
the finite element equations, see Fig.1.1. It is assumed that displacements are small compared 
to the geometry of the structure. That is why the stiffness matrix of the structure is derived for 
the original undeformed structure. The boundary conditions prescribe some of the degrees of 
freedom.  In the equation system loads are known when the displacements are unknown and 
vice versa. The equation system needs to be solved only once because there exist a linear 
relationship between loads and displacements.

In the FE formulation of linear static problems, see Fig.1.2 the following steps can be 
distinguished

Step 1: Approximate the displacement field by means of 
the form function H and the nodal displacements p

Step 2: Use this approximation to compute the strains .
This leads to the matrix B (strain-displacement matrix)
which contains the derivatives of the form functions in H

Step 3: Compute stresses using the constitutive 
matrix C which contains the elastic constants defining 
the material

Step 4: Use the principle of virtual work to express
equilibrium. This eventually leads to the equilibrium 
equations at element and subsequently structural level

Figure 1.2 Steps in the FE formulation of linear static problems, NLF (2009).
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2. Non-linear FEM

Non-linear FEM applied in structural analysis consists of implementing different kinds of
non-linearities in the calculations. The most common sources to non-linearities come from
geometrical and material non-linearities. In this appendix non-linearity originating from 
contact problems is also treated.

3. Geometrical non-linearity

The deflections of the structure are taken into account in the non linear formulation of finite 
element equations. This leads to element equations which are dependent of forces acting on the 
element. E.g. in the corotational formulation the motion of the element is decomposed into a 
rigid body motion and a small deformational part, see Fig.3.1 a).

Figure 3.1 The corotational element, NLF (2009).

The element equation becomes in global coordinates:

1 2( )T
g e N MK B K B B N B M M

where

B, BN and BM -matrices are transformation matrices derived from the configuration in 
Fig.3.1 b)
N is the axial force acting on the element
M1 and M2 are moments acting at the ends of the element
Ke is the local element matrix

                                                                                   (3.1)
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4. Material non-linearity

When material shows non-linear behavior under loading the stresses are not linearly 
proportional to the strains. After the loading is removed remaining strains still exists.

4.1 Non-linear steel 

Basic plasticity

Elastoplastic deformations may appear when the displacements in a structure are no longer
small. In such cases, the non-linear FEM formulation must include both geometrical and 
material non-linearities.

1D elastoplasticity

For bars and beams without shear effects, the stress and strain vectors have only one 
component, and .
Assuming a bilinear law and isotropic strain hardening, the elastoplastic stress- strain relation 
is given by the Fig.4.1.

Figure 4.1 Strain hardening, NLF (2009).

After yielding, consider a further load application resulting in an incremental increase of stress,
, accompanied by an incremental change of strain .

Strain hardening parameter

After yielding, consider a further load application resulting in an incremental increase of stress 
, accompanied by an incremental change of strain . The strain can be separated into 

elastic, e, , and plastic, p, , components.

                                                   
                                                                                                     (4.1)

The relation between the stress increment and the strain increments is

e p
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ET ; E e ;                                                         (4.2)

The expression of H is obtained using

                                    
(4.3)

which 

gives the strain hardening parameter as

                                                                                                                  (4.4)

After an updating procedure where an elastic predictor is used to update 1 to B, the stress 2
can be calculated. If B < 01 then the deformations are elastic and

, = , =                                                   (4.5)                                         

if  B > 01 the deformations are elastoplastic and

                                                                          (4.6)

2D elastoplasticity

For many 3D problems as well as for thin plates and shells, plane stresses are involved. A von 
Mises material with isotropic strain hardening is considered.

The yield function, see Fig 4.2, is 

                                                       (4.7)

where 

e is the effective stress, o the yield stress and ps the equivalent plastic strain.
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Figure 4.2 a) The yield surface 
b) procedure to return the stresses to the yield surface

NLF (2009)

For the 2D case the yield surface expands in a similar way as in a 1D case. When the loading 
increases and the strains grow beyond the yield limit a calculation procedure has to be 
performed. A predictor is applied from stress state 1, 1, up to B. If B ) is inside the yield 
surface the material has remained elastic, if not the deformation is elastoplastic and a procedure 
is necessary to return the stresses to the updated yield surface.

4.2 Non-linear concrete

Size effect in shear

For members without stirrups, the shear stress at failure decreases as the member depth 
increases and as the maximum aggregate size decreases. Larger crack widths occur in larger 
members. Crack widths increase both with the tensile strain in the reinforcement and with the 
spacing between cracks. For the same strain in bending reinforcement doubling the depth of the 
beam will double the crack widths at mid-depth of a beam. Intermediate longitudinal bars 
reduce the crack spacing near mid-depth and increase the shear capacity. 

Concrete in compression

Cracking is the basic reason for failure in concrete. Microcracks form between aggregate and 
cement paste due to their different mechanical properties, shrinkage and thermal movements. 
Macrocracks start from propagating microcracks.  When the load is increased microcracks 
remain stable up to about 30 % of the ultimate load. After that micro cracks become longer and 
wider and the amount of micro cracks increases. When the load is increased up to 70 and 90 % 
the microcracks are bridged so that continuous macrocracks are formed. The crack lengths and 
widths increase rapidly after the loading is up to 85 % of the compression strength. As the 
loading is increased further the cracks tend to orientate parallel to the direction of the applied 
load. After the peak compression strength is reached cracks grow rapidly both in lengths and 
width. Deformations which occur in the descending part of the stress/strain curve coalesce in 
damage bands. In these damaged parts of the concrete stresses decrease and relieve but the 
strains increase. This leads to unloading of the other parts of the structure leading to 
localization of concrete in compression. In reinforced structures this localization effect is 

a) b)
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spread out due to the ductile properties of reinforcement. The probability that damage bands 
form because of local weaknesses in a structure is higher in large structures than in small 
structures. That is why larger structures can show lower compressive strength in terms of 
stress. Structural tests performed in laboratories are done on small-scale models. The
differences with large existing structures must be considered when the real safety is to be 
determined. Neville (1996).

Confinement and compression softening

Figure 4.3 a) dilation
                   b) confinement in the compressive zone

               c) confinement increases the stiffness and the strength of concrete
                      Leskelä (2006)

When the increase of volume, dilation in Fig.4.3 a), is prohibited in the direction perpendicular 
to the loading, the concrete can sustain higher compressive stresses. The compressed zone in 
the cross section of a beam provides an example of confinement Fig.4.3 b). The stirrups, the 
longitudinal bars and the part under the neutral axis prevent the dilatation of the concrete. 
According to CEB and Eurocode 2 the strength as well as stiffness of the concrete is enhanced 
by the confinement, see Fig.4.3 c).

Figure 4.4 Confinement of concrete, CEB-FIP (2007).

In Fig.4.4 a), the growth of the compressive strength as a function of increased lateral 
confinement is shown as well as the increase of ductility of concrete. The volume increase of 
concrete, dilatancy, due to progressive growth of micro cracking in concrete occurs in the final 
parts of the loading.

According to Kent and Park (1971) and modified by Scott et al., (1982), the post peak strength 
and ductility is enhanced due to the confinement effect, Fig.4.4 b).
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Concrete in tension

Plain concrete

When plain concrete cracks, cracks in the beginning of the crack width propagation are still 
able to transform stresses from one side of the crack to the other side. This capability is caused 
by the fact that all cohesion or bringing stresses are not exceeded at once and because of the 
interlocking effects due to raw crack surfaces. Hillerborg el al. (1976) proposed a fracture 
mechanical model to describe this non-linear phenomenon.  The model is based on a discrete 
crack model presented in the Fig.4.5.

Figure 4.5 A traction –free crack of length a0 terminating in a fictious crack with residual 

stress intensity factor KI=0).
Reproduction from Hillerborg et al. (1976; Karihaloo (2003) and Malm (2009).

The stress is zero at the tip of a pre-existing macro crack and increases up to the tension 
strength of concrete, ft. The fracture process zone, lp, corresponds to the softening part of the 
tension-crack width curve in Fig.4.6. The decrease of these bringing stresses in the fracture 
process zone as the crack width increases is called tension softening and models based on the 
fracture energy (GF) are usually used to quantify the effect. GF is defined as the amount of 
energy which is needed to open a unit area of a crack to obtain a stress free crack and it 
quantifies the disruption of intermolecular bonds that occurs when a traction free surface is 
created. 

Figure 4.6 Determination of fracture energy, GF. To the left: A schematic stress-deformation 
curve showing the definitions used for the peak stress, fpeak, the elastic modulus Ec,

peak, and the crack width, w. To the right: The 
stress-crack-width-curve defining the fracture energy GF and the maximum crack 
width obtained in a test, wmax , SB-7.3, App B (2007).
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The dilation angle –parameter in Abaqus is one of the material parameter of concrete. With 
higher dilation angle values concrete behaves in a ductile way and with lower dilation angle 
values concrete behaves in a brittle way. When concrete behaves in a ductile way the formation 
of macro cracks in Fig 4.7 is delayed and cracks are more evenly distributed or open cracks 
never develop. This leads to higher capacity because the reinforcement stresses are also more 
evenly distributed and developed later.

Figure 4.7  Formation of macro cracks in tensile test of concrete, Plos ( 2009).

Reinforced concrete

The tensile stress in the reinforcement causes a 3D radiating conical stress state around the 
reinforcement bar, see Fig.4.8, when the ribs of the reinforcement bar are pushing the 
surrounding concrete. This stress can be divided into two components. To a component which 
is directed along the bar, called the bond stress, causing cracks perpendicular to the bar and to a
component which is directed perpendicular to the bar, called splitting stress tends to cause 
longitudinal cracks. 

Figure 4.8 Bond and splitting stresses between a deformed bar and the surrounding concrete. 
a) Stress on the reinforcing bar
b) stress on the concrete and its components. 

Magnusson (1997) and Lundgren (1999).
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Concrete cracks in tension. Between the primary cracks, the bond stresses will give rise to 
three-dimensional conical compression struts in Fig 4.9 a). Secondary concrete cracks, caused 
by the local bond and splitting stresses will occur between the primary cracks, caused by 
bending in Fig. 4.9 b).

Figure 4.9 Cracking in reinforced concrete, Maekawa et al (2003).

The sum of bond, splitting, primary and secondary cracks with the embedded reinforcement in 
combined action with concrete is defined as tension stiffening. 

Macroscopic tension stiffening behavior can be considered as being caused by an average 
tensile stress in the concrete between the cracks, Fig. 4.10. Stresses at the cracks are zero in 
concrete and maximum in reinforcement while stresses between cracks increase in concrete 
and decrease in reinforcement.  

Figure 4.10       A reinforced concrete member is subjected to a tensile force which forces it to 
crack, CEB-FIP (2007).

Bond cracking is studied in a micro analysis with very small elements. A tension-softening 
model produces about the same macroscopic tension stiffening behavior as that observed in 
experiments, Fig. 4.11.

a) b)
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Figure 4.11 Modeling of tension stiffening with tension softening, CEB-FIP (2007).

Tension stiffening has also an effect on the stiffness of the structure due to the interaction 
between the reinforcement and concrete as shown in Fig.4.10. This effect is illustrated in Fig.
4.12 as the difference between bare-bar and member response.

Figure 4.12 Tension stiffening effect. CEB-FIP (2007).

Applying tension stiffening in macro scale with a perfect bond between reinforcement and 
concrete in the FEM model allows the use of large elements which leads to more efficient 
calculations. The tension stiffening increases the stiffness of the structure but it doesn’t 
increase the load carrying capacity. The stresses in the reinforcement at cracks are not allowed 
to exceed the ultimate rupture stress. This forms a limit to the ability of the structures to sustain 
a load.

A perfect bond in the FEM model is to be preferred because slip between reinforcement and 
concrete is a highly nonlinear problem which leads to a need for increased computational 
efforts with smaller elements and shorter steps for calculation. It also increases the risk for 
convergence problems. 

The conclusion to be drawn of the concrete properties presented in this chapter is that it is
possible to get close to exact results only in very small scale studies. To capture the real 
behavior the element mesh must be very dense with element sizes as small as a few 
millimeters. When studying larger members with larger elements the material properties should
always be the average ones, which lump a suitable amount of properties together. 
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4.3 Modeling of reinforcement

Reinforcing bars in structural concrete are generally assumed to be one-dimensional line 
elements without transverse shear stiffness or flexural rigidity. Reinforcement in a nonlinear 
concrete analysis can generally be treated as either smeared or discrete.

Smeared reinforcement involves calculating an average stress-strain relationship that applies to 
the entire element area and is included directly as part of the overall concrete element stiffness 
matrix. The rebar layer method is used in the Abaqus program to define reinforcement in shell, 
membrane and surface elements. A layer is treated as an equivalent ”smeared” orthotropic 
layer with a constant thickness equal to the area of each reinforcing bar divided by the 
reinforcing bar spacing. 

Discrete reinforcement has the advantage of providing a one-to-one correspondence between 
the real structure and the model leads to a corresponding lower likelihood of input errors.
Discrete reinforcement bars are embedded in the concrete which is divided into solid 
continuum host elements. The degrees of freedom at the embedded node of the reinforcement 
bar will be constrained to the interpolated values of the degrees of freedom of the host element. 

5. Failure and initial yield criteria 

The properties of concrete are affected by the increasing confining pressure. To capture these 
effects the actual stress state is divided into hydrostatic pressure and deviatoric stresses. The 
hydrostatic pressure is characterized by the stress state when principal stresses in all directions 
are equal and are located in the hydrostatic axis. For any stress point P, Fig.5.1 a), we may 
locate a plane which is perpendicular to the hydrostatic axes and which contains the point P.  
This plane is called the deviatoric plane and it contains the line PN. When viewed in the 
direction of the hydrostatic axis, the projection of the 1- 2- and 3-axes on the deviatoric 
plane are shown in the Fig.5.1 b). The failure surface in the deviatoric plane can be expressed 
by

                                                                             (5.1)

where

1I ii ;                                                                                                            (5.2)

where sij is the deviatoric stress tensor defined by 

1

3
sij ij ijkk                                                                                              (5.3)

1
2 2

J s sij ji

( , , cos 3 ) 01 2F I J
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Figure 5.1 a) Haigh-Westergaard coordinate system
b) Deviatoric plane perpendicular to the hydrostatic axis and containing line NP.

Ottosen et al (2005).

5.1 von Mises criterion for steel

For initial yielding, steel is characterized by the hydrostatic stress having no influence. As the 
hydrostatic stress I1 has no influence on the yielding, and if the influence of is ignored 
the following yield surface criterion can be obtained

3 02J yo                                                                                            (5.4)

where yo is the initial yield stress

This criterion represents a cylindrical surface in the principal stress space with the meridians 
being parallel with the hydrostatic axis and only deviatoric stresses influence the criterion. The 
trace in the deviatoric plane of yield surface consists of a circle with a centre point on the 
hydrostatic axis and the meridians are parallel with and at the same distance to the hydrostatic 
axis, Fig 5.2.
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Figure 5.2 Von Mises criterion; 
a) deviatoric plane; b) meridian plane; c) von Mises yield surface for steel in the 

principal stress space. Ottosen et al (2005).

5.2 Drucker-Prager criterion for concrete

Failure of concrete is characterized by the following; the hydrostatic stress has a strong 
influence, inclusion of the term is of importance and the failure surface is convex. Even 
though the term is of great importance, it is ignored in Drucker-Prager criterion because 
the term complicates the criterion considerably. The yield criterion then becomes 

( , ) 01 2F I J                                                                                                             (5.5)

The simplest possible explicit form of Eq.5.5 is a linear relation between I1 and 

3 02 1J I                                                                                                (5.6)

where and are material parameters.

If =0, the Drucker-Prager yield criterion reduces to the von Mises yield criterion. The trace of 

2J
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the yield surface on the deviatoric plane is described by a circle, Fig 5.3 a). The meridian is the 
same irrespective of the -angle and the meridian makes a certain slope with the hydrostatic 
axis, Fig 5.3 b). The Drucker-Prager yield surface in the principal stress space is depicted in 
Fig 5.3 c).

Figure 5.3 Drucker-Prager criterion; 
a) deviatoric plane; b) meridian plane c) yield surface in the principal stress 
space. Ottosen et al (2005).

5.3 Damaged plasticity model for concrete 

All 3D –FEM calculations in this thesis are performed using Brigade finite element software. 
Brigade program is based on Abaqus. In Brigade it is possible to choose different constitutive 
material models. The material model implemented to describe the behavior of concrete in this 
thesis is the one called damaged plasticity model.

Under low confining pressure (less than four or five times the ultimate compressive stress in 
uniaxial compression loading), concrete behaves in a brittle manner; the main failure 
mechanisms are cracking in tension and crushing in compression. The brittle behavior of 
concrete disappears when the confining pressure (hydrostatic stress) is sufficiently large to 
prevent crack propagation. In these circumstances failure is driven by the consolidation and 
collapse of the concrete microporous microstructure, leading to a macroscopic response that 
resembles that of a ductile material with work hardening. Brittle behaviour of concrete is 
characterized by cracks which form in a discrete manner. When concrete behaves in a ductile 
way stresses are distributed more evenly, cracks form in a later stage and they are also more 
evenly distributed leading to higher capacity.
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The plastic-damage model in Abaqus is based on the models proposed by Lubliner et al. (1989) 
and by Lee and Fenves (1998). 

Hardening variables

Damaged states in tension and compression are characterized independently by two hardening 
variables, which are referred to as equivalent plastic strains in tension and compression, 
respectively.

The evolution of the hardening variables is given by an expression of the form

pl
tpl
pl

c

; ( , )pl pl plh                                                                      (5.7)

Microcracking and crushing in the concrete are represented by increasing values of the 
hardening variables. These variables control the evolution of the yield surface and the 
degradation of the elastic stiffness. 

Dilatancy

Plastic deformation is accompanied by an increase in volume. When the micro cracks start 
growing the volume of the concrete increases. This property is known as dilatancy and is a 
consequence of the dependency of yield function on hydrostatic pressure. For any yield surface 
open in the direction of the negative hydrostatic axis, a plastic volume expansion will take 
place at yield if an associated flow rule is used, see Fig. 5.4. The horizontal component of 

pad ij represents the plastic volume change and is positive in the tension direction of the 

hydrostatic axis. When non associated flow is considered, see Fig. 5.6 a), the direction of the 
plastic flow is not perpendicular to the yield surface. The increase of volume still occurs and is 
zero only if the direction of the plastic strain is perpendicular to the hydrostatic axis.

Figure 5.4      Dilatancy, plastic deformation is accompanied by an increase in volume in the 
tension direction of the hydrostatic axis. Chen (2007).
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Damage and stiffness degradation

A material is characterized as softening when a considerable part of the total deformation 
capacity remains when the peak load is reached. Concrete is a material with pronounced 
softening. After cracking in tension the structure will still take large deformations before the 
total failure, Fig.5.5 a) or in compression after reaching its peak compressive capacity Fig.5.5
b).

The global stiffness of the structure is diminished when concrete is unloaded after the peak 
load. To handle this in computer simulations two variables, dt and dc .are used They vary from 
zero, corresponding to undamaged concrete, to one, corresponding to complete loss of 
stiffness, when the concrete is fully damaged.

Figure 5.5 a) Response of concrete to uniaxial loading in tension and cracking strain ck
t .

b) Response of concrete to uniaxial loading in compression and crushing,
compressive inelastic strain in

c . Abaqus (2002).
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Yield condition

The yield function used in the concrete damage plasticity model is 

max max

1 ˆ ˆ( , ) 3 ( ) ( ) 0
1

pl pl pl
c cF q p

     
(5.8)

where

1 : I
3

p
                                                                                                                 

(5.9)

is the effective hydrostatic pressure;

3 S:S
2

q
                                                                                                                    

(5.10)

is the Mises equivalent effective stress;

S= I+p                                                                                                                           (5.11)

is the deviatoric part of the effective stress tensor ; and max
ˆ is the largest eigenvalue of ,

for max
ˆ = 0 the yield surface reduces to Drucker-Prager yield function.

1
2

xx x
                                                                                                          

(5.12)

is based on the uniaxial and biaxial compressive strength of concrete and has a value between 
0.08 and 0.12 for normal concrete

( )( ) (1 ) (1 )
( )

pl
pl c c

pl
t t

                                                                             (5.13)

where c and t are the effective tensile and compressive cohesion stresses

0( )
1

pl plc
c c c c

c

E
d                                                                            

(5.14)

0( )
1

pl plt
t c t t

t

E
d                                                                                

(5.15)

The material coefficient enters the yield function only for stress states of triaxial 
compression, when max

ˆ 0 . This coefficient can be determined by comparing the yield 
conditions along the tensile and compressive meridians and is typically equal to 3.
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The size of the yield function depends on the hydrostatic pressure which determines the 
concrete behavior in the hardening region. Plastic potential flow describes the volume change 
that concrete by dilatation is subjected to in higher stress stages. 

Flow rule

The plastic-damage model assumes nonassociated potential flow,

pl G
                                                                                             

(5.16)

The flow potential G chosen for this model is the Drucker-Prager hyperbolic function:

2 2
0 tan tantG                                                                       

(5.17)

where is the dilation angle measured in the p–q plane at high confining pressure; t0 is the 
uniaxial tensile stress at failure; and is a parameter, referred to as the eccentricity, that 
defines the rate at which the function approaches the asymptote (the flow potential tends 
towards a straight line as the eccentricity tends towards zero). Increasing the value of 
provides more curvature to the low potential.

Figure 5.6 The Drucker-Prager hyperbolic plastic potential function in the meridional 
plane. Hibbitt et al (2007).

The function asymptotically approaches the linear Drucker-Prager flow potential at high 
confining pressure stress and intersects the hydrostatic pressure axis at 90°. In the hyperbolic 
model, comparison of yield function, F, and flow potential, G, shows that the flow is 
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nonassociated in the p–q plane, if the dilation angle, , and the material friction angle in the p–
q plane are different, Fig.5.6 a). The hyperbolic model provides associated flow, Fig.5.6 b),
in the p–q plane only, when and the shape of the flow potential and yield surface in the 
p–q plane are the same. 

The dilation angle is used as a material parameter in Abaqus. It measures the inclination the 
plastic potential reaches for high confining pressure. Low values of the dilation angle will 
produce brittle behaviour with microcracks which form macrocracks representing regions of 
highly localized deformation. Higher values of the dilation angle produce more ductile 
behaviour where microcracks are spread more or less uniformly leading to non-localized 
deformation, which leads to higher load carrying capacity according to calculations in this 
thesis.

K is one of the concrete damaged plasticity material parameters, which decide the shape of the 
yield surface and is required of the Brigade/Abaqus software, see Fig 5.7.

Figure 5.7 Yield surfaces in the deviatoric plane, corresponding to different values of  Kc. is 
defined uniquely. The function asymptotically approaches the linear Drucker-
Prager flow potential at high confining pressure stress and intersects the 
hydrostatic pressure axis at 90°. Abaqus (2002).

Failure surface 

Under triaxial loading, experiments indicate that concrete has a fairly consistent failure surface 
that is a function of the three principal stresses. If isotropy is assumed, the elastic limit (onset 
of stable crack propagation) and failure limit can be represented as surfaces in three-
dimensional principal-stress space. Fig.5.8 shows schematically the elastic-limit surface and 
failure surface. For increasing hydrostatic compression (along the 1 2 3 axis), the 
deviatoric sections (planes perpendicular to the axis 1 2 3) of the failure surface are 
more or less circular, which indicates that the failure in this region is independent of the third 
stress invariant. For smaller hydrostatic pressures, these deviatoric cross sections are convex 
and noncircular. 



Load carrying capacity of a strengthened concrete bridge

20

Figure 5.8 Schematic failure surface of concrete in three-dimensional stress space.
Chen( 2007).

If 3 and hydrostatic stress are put to zero the 3D failure surface in Fig 5.8 reduces to the 
Drucker-Prager type yield surface in plane stress, see Fig 5.9.

Figure 5.9 Yield surface in plane stress. Abaqus (2002).



Field Test of a Concrete Bridge in Örnsköldsvik, Sweden      
App  L FEM of reinforced concrete

21

6. Contact non linearity

The third possible source of non-linearity after geometrical and material nonlinearities comes 
from boundary conditions with contact.

Two moving bodies are unloaded until they come in contact. When meeting the contact area 
will be deformed until the contact force stops the relative movement. In many cases the contact 
forces are not perpendicular to the contact areas, as we have both normal force and friction in 
the contact. This is a difficult process to simulate in computers. The first problem is to find the 
contact points on the two bodies. Many different search algorithms have been proposed in the 
literature. The second problem is the sudden application of the new contact forces. If a too big 
force is applied the bodies will part and the contact force vanishes. If a too small force is 
applied the two bodies will penetrate each other. To get a smooth transition many programs 
apply a contact force even before any contact has taken place, called smooth contact, Fig 6.1
a). Hard contact is when no force is applied until contact is at hand Fig 6.1 b.) The third 
problem is friction. As long as the friction force is small we will have stick between the bodies. 
For larger forces relative tangential movement, slip, is possible leading to new contact areas 
being deformed, Fig 6.1 c). Frictional forces result in shear stress, , along the contact surfaces.

Behavior in the contact tangential and normal direction

Figure 6.1 a) soft contact                             
                     b) hard contact
                  c) In BRIGADE/Plus the critical frictional stress depends on contact pressure: 
                         cr = p, where is a friction coefficient. Brigade (2007).

In Brigade/Plus there are two different kinds of slide options. Finite sliding allows arbitrarily 
large sliding between surfaces and large rotations. Small sliding allows small relative sliding 
between surfaces but allows large rotations of the surfaces, as long as the surfaces do not move 
significantly relative to each other. Small-sliding problems do not require the generality of the 
finite-sliding algorithm. Nodes on the surface of the contact interact with a predetermined, 
fixed number of nodes on the other surface throughout the analysis. Small sliding is 
computationally less expensive than finite sliding, especially in three dimensions.

a) b) c)
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7. Non-linear solution technique

The way in which non-linear problems are solved has a great impact on both results and 
computational cost. 

7.1 Path-following procedures

In the following path-following procedures to solve non linear problems, NLF (2009), are 
presented:

- Load control
- Displacement control
- Riks method

Load control

The elements internal force vectors q and tangent stiffness matrices K are assembled into a 
global internal force vector qg which is a function of the displacements and global tangent 
stiffness matrix Kg.

The system of non-linear equations is 

( ) ( )gg d q d F                                                                                             
(7.1)

where 

d is the structural global displacement vector
F fixed external loading vector

load-level parameter

This system is solved step by step. At each step, the system of non-linear equations is solved 
using Newton-Raphson, NR, iterations.

NR iterations are used until ( ) tolg d

where tolerance is chosen considering the maximum load applied to the structure.

Solution using load control

A load increment is applied at each step. Newton-Raphson iterations are used to determine 
the corresponding displacement vector d.
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Figure 7.1 Solution scheme using load control. NLF (2009).

An example of a load control algorithm which follows the scheme presented in Fig 7.1.

Algorithm                                                                                                           (7.2)

Known quantities at the end of the previous step:

( )gq d ( )gK d

new step 

( ) ( )gg d q d F
( )r g d

while   r tol
1( ) ( )gd K d g d

          d d d
          assemble    ( )gq d and ( )gK d

( ) ( )gg d q d F
( )r g d

end
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Displacement control

When displacement control is used an increment of displacement is applied at each step.
Equilibrium is then calculated between inner and outer forces.

This time the system consists of two non-linear equilibrium equations

( ) ( )gg d q d F                                                                                                 
(7.3)

as in the case with load control above

and the auxiliary equation

( ) 0i i ih d d d d                                                                                       (7.4)

which states that a certain increment is applied to the component i of d

The tangent stiffness matrix for this system is 

0

g

a

g g K F
dK hh h

dd                                                                           

(7.5)

Algorithm                                                                                                            (7.6)

Known quantities at the end of the previous step:

( )gq d ( )gK d

while   r tol
assemble    ( )gq d ( )gK d

( , ) ( )gg d q d F
( , )r g d

if r tol
1 ( ,

0a

d g d
K

d d d

end
end
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Need of displacement control

There are several reasons why displacement control can provide valuable information about the 
behaviour of the structure during increasing load/displacement:

- When the displacement is increased instead of the load an equilibrium is calculated 
between the inner and outer forces in spite of the state of loading. Displacement 
control can then also capture parts of the load-displacement curves when the outer 
load is decreasing revealing local maximums on the load-displacement curve, see Fig
7.2.

It is possible:

- to follow the development of the non-linear elastoplastic behaviour of different kinds
of constructions, see Fig 7.3 and Fig 7.4.

- to examine the response of the frame in buckling for a calculated buckling mode, see 
Fig  7.5.

- to analyze the overall behaviour of the structure from when plastic hinges are formed 
in some part of the structure and to follow the process of how a mechanism develops.

- to investigate if the failure mode of a structure is ductile or brittle

Figure 7.2  For the problem in a) solutions according to the load control b) and 
displacement control c) are presented. The load control can’t capture the 
decreasing load response and the solution snaps to the next equilibrium state 
with increasing load. Displacement control finds instead the equilibrium for the 
increasing displacement.
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Figure 7.3 It is possible to follow the development of the non-linear elastoplastic behaviour 
of a frame construction.

Figure 7.4 Elastic response of the arc built up with 2D shell elements can be compared 
with the elastoplastic response.

Figure 7.5 Response of the frame in buckling for a calculated buckling mode. 

Riks method

In nonlinear calculations convergence problems are often present. Riks method can be used to 
overcome these obstacles and to provide solutions in unstable response cases deciding when 
the force or displacement method is preferable to use.
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8. Numerical integration

Numerical integration is needed in non linear analysis when the internal force vector q and the 
tangent stiffness matrix K for an element have to be calculated as they may change in each step 
of the calculation when the load or displacement is increased. As an example consider the 2D 
element in Fig 8.1.

Figure 8.1 2D element with 2 Gauss points along the element and 7 Gauss points in the 
section. NLF (2009),

The internal force vector is of form

T
i

V

q B dV
                                                                                                  

(8.1)

and the tangent stiffness matrix K

T
i T

V

K B C BdV
                                                                                           

(8.2)

The components of B are constants and first order polynom in x. is the actual stress at the 
Gauss point and CT the tangent stiffness matrix at the actual load level. To calculate the 
integrals values, qi and Ki must be calculated at each integration, Gauss, point and then added 
to

14

1
i xi yi

i
q b q w w

                                                                                              
(8.3)

and

14

1
i xi yi

i
K b K w w                                                                                         (8.4)

where wxi wyi form the areas corresponding to the Gauss points in the element.

Numerical integration provides a convenient way to perform an elastoplastic analysis. The 
internal force vector and tangent stiffness matrix for an element can be calculated in cases 
when only a part of the element in some integration points has reached the stress levels beyond 
the yield limit. 
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8.1 Full integration

In full integration Eq.8.3 and Eq.8.4 are calculated for all Gauss points. Linear elements have 
two integration points in x-direction and two integration points in y-direction. Three-
dimensional linear elements have 2 × 2 × 2 integration points and quadratic elements have 3 ×
3 × 3 integration points, see Fig 8.2.

Figure 8.2      Integration points in fully integrated, two-dimensional, quadrilateral elements.
                    Abaqus (2002).

8.2 Reduced integration

To save computational time it is possible to use fewer integration points than in the fully 
integrated elements. In reduced integrations linear elements use only one and in quadratic 
elements 4 integration points, see Fig 8.3.

.

Figure 8.3 Integration points in two-dimensional elements with reduced integration.
                     Abaqus (2002).

The mesh can consist of both reduced and fully integrated elements. 
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9. Mesh

The mesh should be constructed and the element types chosen in a way which describes the 
real behaviour of the structure. To illustrate the risks associated with the element, shear locking 
and hourglassing are presented in this section.

9.1 Shear locking

When a part of a construction is exposed to pure bending as in Fig 9.1, the movement of the 
dotted lines which are parallel in the undeformed structure shall be studied. In the deformed 
shape these lines are still perpendicular to each other at intersections.

Figure 9.1 Deformation of member due pure bending moment M. Abaqus (2002).

If a member subjected to pure bending is modeled with linear elements a situation such as in
Fig 9.2 emerges. Because the edges of the linear elements will always remain straight pure 
bending forces the member to deform in the way shown in Fig 9.2. Bending behaviour is well 
captured because the upper edge is obviously subjected to tension and the lower edge to 
compression.  However the dotted lines are no longer perpendicular to each other indicating 
shear deformation, which is not correct because when a member is subjected for pure bending 
the shear stress would be zero, leading to a too stiff behaviour. This phenomenon is called 
shear locking.

Figure 9.2 Deformation of a fully integrated, linear element subjected to bending moment 
M. Abaqus (2002).

If pure bending is modeled with quadratic elements the same problem doesn’t occur. The edges 
in quadratic elements are able to follow the natural curvature of a bent member as illustrated in 
Fig 9.3.

Figure 9.3 Deformation of a fully integrated, quadratic element subjected to bending 
moment M. Abaqus (2002).
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Because of the risk for shear locking it is recommended that fully integrated, linear elements 
should be used only when the loads will produce minimal bending in your model.

When using linear elements with reduced integration there is only one integration point with 
one vertical and one horizontel dotted line in the middle of the element, Fig 9.4. The length of 
the lines does not chance and the angle between the lines remains 90 degrees indicating that the 
shear locking is eliminated. There is however a drawback with using these elements because a 
single element through the thickness does not detect strain in bending. This zero-energy mode 
is called “hourglassing” which is described in the next chapter.

Figure 9.4 Linear element with reduced integration. Modified from Brigade (2002).

9.2 Hourglassing

Figure 9.5 Deformation of a linear element with reduced integration subjected to bending 
                     moment M. Abaqus (2002).

When a linear element with reduced integrations is subjected to pure bending the dotted lines 
through the integration points don’t change in length and they remain perpendicular to each 
other, see Fig 9.5. This means that the element is not strained at all i.e. the stiffness of the 
element is zero.  Using only one element through a member of a structure means that the 
integration points lie on the neutral axis and therefore the structure cannot resist bending which 
results in endless deformations. It is suggested that at least four linear elements with reduced 
integration should be used through the thickness of the member when modeling structures 
subjected to bending, Fig 9.6. Each element captures either compressive or tensile axial strains 
but not both. The axial strains are measured correctly and the shear strains are zero. This leads 
to correct calculations and low computational cost without hourglassing effect.

Figure 9.6 Four elements through the thickness can capture the straining caused of bending 
which means that the axial strains are measured correctly.
Modified from Brigade (2007).
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