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ABSTRACT 
 

A basic understanding of fluid flow through a porous media facilitates a comprehensive 

understanding of internal erosion in embankment dams. Hence, it is necessary to reveal 

the detailed seepage flow, the flow-induced forces acting within the porous media and the 

fluid flow deformation of the porous media. In order to increase the knowledge of the 

fluid flow a Computational Fluid Dynamics approach is applied to investigate different 

flow regimes. The regimes ranges from creeping flow, where a Darcy law formulation is 

sufficient, via an inertia dominated region, where a non-linear term must be added to the 

Darcy’s law such as the Ergun equation, to the turbulent region, where the full Navier-

Stokes equations must be solved including a Reynolds decomposition. Since it is not 

obvious when these transitions takes place the CFD-simulations are used to calculate the 

apparent permeability, the Blake-type friction factor and the normal and shear forces for a 

variety of model geometries. This includes quadratic and hexagonal packing of cylinders 

as well as spheres. One result is that the Reynolds number, where inertia-effects become 

significant, varies with the packing and the porosity. For a quadratic arrangement of 

cylinders this occurs around a Reynolds number about 10 while for a hexagonal 

arrangement it takes place between 30 and 50 depending on the porosity. Another result is 

that for quadratic arrangement the turbulent set-up at high Reynolds number gives higher 

forces than a corresponding laminar set-up regardless of the porosity. For hexagonal 

packing a turbulent set-up can, however, give lower forces. These ranges, regarding the 

Reynolds number, have been utilized in order to develop an expression for theoretical 

limits of the effective diameter and the applied pressure gradient to be applied when 

designing down-scaled geotechnical experimental setups.  

 

Regarding the deformation of the porous media there are several methods that has the 

potential to model the internal erosion process. One way is a mesh deformation approach 

where the normal and shear forces acting on the particles generate the motion. This 
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methodology requires that the computational mesh is upgraded in every time-step 

resulting in rather computational heavy simulations. Another way is to combine CFD-

simulations of flow in the vicinity of single particles with Monte-Carlo simulations of a 

system of a large number of particles by using the fact that the distribution of the stream 

function follows the known principle of minimal dissipation rate of energy. Main result is 

that the more compact the system is the larger is the possible relative change of 

permeability by applying a high flow rate. When applying this technique on a classical 

geotechnical experimental setup, the No Erosion Filter test, results indicate that the 

developed model captures the main characteristics of the sought particle transportation, 

both for a sealing as well as a non-sealing design of the filter and fine combination.  
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ABSTRACT (SWEDISH) 
 

För en övergripande förståelse av inre erosion i fyllnadsdammar är det viktigt att få en 

grundläggande förståelse av villkoren för flöde genom porösa material. Därför är det 

nödvändigt att belysa de detaljerade flödesförhållandena, flödesinducerade krafter som 

verkar inom porösa material och flödesinducerad deformering av porösa material. För att 

öka kunskapen om dessa flöden är ”Computational Fluid Dynamics” -simuleringar ett 

lämpligt tillvägagångssätt att använda för att undersöka olika flöden. Dessa villkor ger 

upphov till olika flödesregimer allt från krypande flöde, där en formulering baserad på 

Darcy’s lag är tillräcklig, via en region dominerad av tröghetseffekter, där en icke-linjär 

term måste läggas till Darcy’s lag såsom är fallet i Ergun’s ekvation, till den turbulenta 

regionen, där de fullständiga Navier - Stokes ekvationer måste lösas. Men när dessa 

övergångar sker är inte uppenbart, därav användandet utav CFD-simuleringar för att 

beräkna den skenbara permeabilitet, en friktion faktor av Blake-typ och de normala och 

skjuvkrafter för olika modellgeometrier. Detta inkluderar kvadratiska och hexagonala 

packningar av cylindrar samt sfärer. Ett resultat är att Reynoldstalet där 

tröghetseffekterna blir betydande, varierar med packning och porositet. För en kvadratisk 

packning av cylindrar inträffar detta runt ett Reynolds tal omkring 10 medan för en 

hexagonal packning äger den rum mellan 30 och 50 beroende på porositet. Ett annat 

resultat är att för kvadratisk packning med turbulenta inställningar genereras högre krafter 

vid höga Reynolds tal än en motsvarande laminär inställning och detta sker oavsett 

porositet. För hexagonal packning kan en turbulent inställning ge lägre krafter. Dessa 

flödesregimer har använts för att fastställa ett matematiskt uttryck för de teoretiska 

gränserna gällande den effektiva diametern och lämplig tryckgradient för design utav 

nedskalade geotekniska experiment.  

 

När det gäller deformering utav ett poröst material finns flera metoder som har potential 

att modellera den inre erosions processen. Ett sätt är en nätdeformationsmetod där normal 
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och skjuvkrafter som verkar på partiklarna genererar rörelse utav det porösa materialet. 

Denna metod kräver att beräkningsnätet uppdateras i varje tidssteg vilket genererar 

ganska beräkningsintensiva simuleringar. Ett annat tillvägagångssätt är att kombinera 

CFD-simuleringar utav flödet i närheten av enstaka partiklar med Monte Carlo-

simuleringar på ett större system med partiklar. De beräknade parametrarna kombineras 

på det större systemet där minimering utav dissipationen ger oss ett linjärt 

ekvationssystem med avseende på strömfunktionen. Från strömfunktionen beräknas 

fördelningen av krafter på strukturen som ger upphov till en omfördelning av partiklarna, 

detta för att kunna förutse förändringar i permeabiliteten hos det stora systemet av 

partiklar. Huvudresultatet är att ju mer kompakt systemet är desto större är den möjliga 

relativa förändringen utav permeabilitet genom att tillämpa ett högt flöde. Om man 

tillämpar denna teknik på ett klassisk geotekniskt experiment, No Erosion Filter test, så 

indikerar resultaten att metoden beskriver huvuddragen vad gäller transport utav partiklar 

i ett poröst material bestående utav en zon med fint material som kopplar till en filter zon.  
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ABSTRACT (NORWEGIAN) 
 

En grunnleggende forståelse av betingelsene for væskestrømning gjennom porøse medier 

er viktig for å få en helhetlig forståelse av fenomenet indre erosjon i demninger. Det er 

nødvendig å belyse de detaljerte strømningsforhold, hvilke krefter skapt av strømning 

som oppstår i et porøst materiale, samt deformasjon i porøse materialer skapt av 

væskestrømning. For å øke kunnskapen om væskestrømning er ”Computational Fluid 

Dynamics”(CFD)-simuleringer benyttet for å undersøke ulike strømningsregimer. Ulike 

strømningsregimer fra liten strømning (creeping flow), hvor Darcys lov er tilstrekkelig, 

gjennom et strømningsområde dominert av treghetsvirkninger, hvor en ikke-lineær 

parameter må legges til Darcys lov, hvilket er tilfelle i Erguns ligning, til det turbulente 

strømningsområdet, der de komplette Navier–Stokes-ligninger skal løses. Det er ingen 

klare grenser for hvor disse overgangene skjer, derfor brukes her CFD-simuleringer for å 

beregne tilsvarende permeabilitet, en friksjonsfaktor av Blake-typen og de normale og 

skjærkrefter for forskjellige modellgeometrier. Dette inkluderer kvadratisk og heksagonal 

geometri av sylindere og sfærer. Ett resultat er at Reynolds tall med betydelige 

treghetseffekter varierer med pakking og porøsitet. For en kvadratisk pakking av 

sylindere skjer dette ved et Reynolds tall rundt 10, og for en heksagonal geometri skjer 

det mellom 30 og 50 avhengig av porøsitet. Et annet resultat er at for kvadratisk geometri 

med turbulente betingelser genereres høyere krefter ved høye Reynolds tall enn 

tilsvarende ved laminære betingelser uavhengig av porøsiteten. For den heksagonale 

geometrien kan en turbulent betingelse gi lavere krefter. De forskjellige 

strømningsregimene basert på Reynolds tall er brukt til å utvikle et matematisk uttrykk 

for de teoretiske grensene for en effektiv diameter og en egnet trykkgradient fra 

nedskalerte geotekniske eksperimenter.  

 

Ved deformasjon av et porøst materiale er det flere metoder som har potensial for å 

modellere den indre erosjonsprosessen. Én måte er en ”mesh deformation”–tilnærming, 
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der normalkrefter og skjærkrefter virker på partiklene og genererer bevegelse. Denne 

tilnærmingen krever at beregningsnettet (computational mesh) oppdateres for hvert 

tidstrinn, som genererer beregningsmessig intensive simuleringer. En annen måte er å 

kombinere CFD-simuleringer av væskestrømning i nærheten av enkeltpartikler med 

Monte Carlo-simuleringer i et større system av partikler. De beregnede parametrene 

kombineres i det større systemet der minimering av dissipasjonen gir oss et lineært 

system av ligninger som funksjon av strømningsfunksjon. Fra strømningsfunksjonen 

beregnes fordelingen av krefter på den store strukturen som gir opphav til en omfordeling 

av partikler for å kunne forutse endringer i permeabilitet i det store systemet av partikler. 

Det viktigste resultatet er at jo mer kompakt systemet er, desto større er potensialet til den 

relative endringen av permeabiliteten der en bruker en stor vannmengde.  
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PART I 
SUMMARY 

 

 



 

 

 



 

 
1. INTRODUCTION 
 

 1.1 Hydropower  
 

Hydropower is a renewable energy source which produces electricity from the force or 

energy of streaming water. The most efficient way of doing this is to use the head 

difference between two reservoirs and thus convert stored energy potential into electricity 

via a turbine and generator system. In Sweden hydropower generates about 50% of the 

total electricity (68TWh in 2008), Svensk energi (2009) and about 15% of it in the world 

(3 100TWh in 2007), IEA (2009). The first larger hydropower plant in Sweden started to 

operate for about 100 years ago and in the 1970s the latest large plants were put into 

production. Hence, most of the hydropower plants in Sweden are old which has initiated a 

number of projects on refurbishments. The reservoirs located up-stream the hydropower 

plants are often a result of man-made structures or barriers like dams of which the two 

main types are called embankment dams and concrete dams. With the increasing age of 

the dams it is essential to make sure that their stability and sealing function remains also 

for a number of years to come. Since, the dams that construct the needed reservoirs for 

the energy conversion is vital for the function of the system, hence the need in a stable 

structure that withstands the requirements and that holds for any new extra tensions. One 

of the potential failure modes regarding embankment dams are internal erosion processes 

and hence the desire to model this process in an appropriate way.  

 

Hydropower is more and more run at off design conditions due to the present deregulated 

energy market. Consequently to have an optimal hydropower that, for instance, can run at 

maximum level when the winnings are high, the plants must be modernized and adapted 

to the present energy market. Another aspect is the new requirements on renewable and 

“green” energy sources making the prospect of redesigning old hydropower plants even 

higher. The demand on hydropower as a short term regulating source is also increasing in 
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order to take care of more frequent and larger fluctuations in the energy system, mostly 

due to the on-going expansion of windpower,. Such a short term regulating generates new 

question for the hydropower, such as: How does a more frequent alteration in water level 

in the reservoir influence the dams? Of course, this change the hydraulic gradient inside 

the dam and it becomes crucial to increase the knowledge on how the flow through the 

dam is affected due to this new demand.  

 

In Sweden there are about 10 000 dams of which 700 are hydropower dams and of which 

about 140 are considered large dams, according to the ICOLD standard, ICOLD (2003), 

(dam crest higher than 15 m). The dams are classified according to risk and 150-200 are 

considered to be high risk classified, according to RIDAS (2008), these are called dams 

of “konsekvensklass 1a and 1b” which means that there, in case of dam breach, exists a 

risk of loss of human lives or considerable damage to structures or the environment. Most 

of these high consequences dams are coupled to the hydropower industry.   

 

Regarding Swedish hydropower as a whole the challenge for the energy companies is not 

to build new plants instead focus is set on the service and administration of the existing 

power plants, in order to oblige the updated demands listed above A substantial 

regeneration of existing plants has been initiated, still ongoing, and is also planned to 

increase in rate according to the aging of the existing facilities and also the increase in 

electrical prices, which makes the investments even more profitable. Substantial 

reconstructive works regarding increasing the safety measures is also ongoing, in order to 

adapt to the new legislations and recommendations according to Flödeskommittén (1990) 

and RIDAS (2008) and also upcoming climate changes. Examples of these reconstructive 

projects can be the work performed, and still ongoing, in the Luleå river, (Vattenfall, 

investments of about 1 350 million sek in recent years and about 1 000 million sek 

ongoing) where several of the embankment dams have been heightened and reinforced, 

by toe berm reinforcements for instance.  

 

Luckily there have not been any high consequence accidents during the latest decades in 

Sweden but there have been some reports on incidents that could have developed into 
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more serious cases, ELFORSK (1999). Hence, in order to increase the knowledge about 

internal erosion, for instance, and its different processes we hereby try to combine 

geotechnical and fluid dynamics approaches in order to describe the process and 

eventually find a way to properly model the processes present in the embankment dams in 

Sweden.  

 

 

 1.2 Swedish Hydropower Centre – SVC  
 

The research presented here has been a part of the Swedish Hydropower Centre (SVC) 

which is a centre gathering most of the hydropower research in Sweden. SVC started in 

2005 to ensure that the hydropower industry in Sweden should be well prepared when 

considering personnel in the years to come and to develop the research and development 

in the area that has changed from leading in the construction and design of dams to 

management and maintenance.  

 

SVC summarises itself in the following text: “SVC comprises two skill areas; Hydraulic 

engineering and Hydroturbines and generators. SVC's vision is to safeguard Sweden's 

knowledge and skill supply for efficient and reliable hydropower production as an 

important part of the country's energy supply, as well as for dam operating safety. Two 

overarching goals in SVC is to create high-quality, long-term sustainable competence 

bearers in places of learning linked to SVC as well as to meet the interests and needs of 

society, the industry and universities. Our vision and goals will be achieved by linking 

universities to SVC's skill areas and giving them the financial conditions, as well as 

contributing knowledge, to establish undergraduate and postgraduate programmes in 

hydropower technology. Close collaboration between society, the industry and 

universities has been established through an active forum and effective communication 

between representatives of society, the industry and universities”, SVC (2008).  
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 1.3 Thesis aim and scope 
 

The aim with this work is to increase the knowledge of internal erosion processes in 

embankment dams, which can be considered as flow in and deformation of porous media. 

The approach is to start from a micro-mechanical description of the problem and then 

advance up in scale and then consider larger systems of particles. With this approach we 

strive to combine the traditional geotechnical approach with new fluid mechanics ideas 

regarding permeability modelling and describing the material in different ways. All of 

this is performed with parallel computing of both laminar and turbulent simulations in 

order to determine the effective forces acting within the porous media and to model the 

deformation of a porous media.  
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2 DAMS 
 

The International Commission on Large Dams (ICOLD) has the following definition of a 

dam, ICOLD (2009):  

A dam is a man-made obstacle to naturally flowing water built for one or more of the 

following purposes:  

- Storing water for farm irrigation, hydro-electricity-, water supply to town or industry, 

prevention of flooding, maintaining the water level in the highest reaches of canals, etc.  

- Raising the water level to provide a head which can be turbined in an electricity 

generating powerstation at the dam toe, or to divert the river flow into a canal, tunnel or 

pipeline.  

- Forming an artificial lake for navigation, leisure, activities, etc.  

- Preventing water from the downstream side moving inland to protect farmland against 

seawater encroachment, maintain a reserve of fresh water in an estuary, create polders for 

land reclamation, etc. 

 

 

 2.1 Different types of dams 
 

There exist several types of dams and most of them can be divided into two categories, 

embankment dams and concrete dams. All dams, at least those coupled to hydropower, 

are constructed with the same goal which is to control the water that should be diverted to 

another area or stored to be used at another more suitable time and finally raise the 

available head of the system. When designing these system of dams and powerstations it 

is of importance to choose the dam suitable for the site and with great attention on dam 

safety, since human lives can be at stake and besides high costs are coupled to the 

development of an hydropower plant as well. Each of the two main categories embraces 
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several types of potential designs where the most common ones are described in this 

chapter.  

 

Some of the most common embankment dam is described in figures 2.1 - 2.4. The design 

of them can be quite simple with only one zone, such as homogenous earthfill, see figure 

2.1 up to more complex ones, such as central core designs see figure 2.4 where several 

zones of different porous materials are present. If there is a need one can also include 

different drains as well, as outlined in figures 2.2 and 2.3. Other variants as different 

types of material facing the water, concrete face for instance, may also be applied, see 

figure 2.3. There exists several other types of dams as well like; hydraulic fill, concrete 

face earthfill, asphaltic core rockfill, bituminous concrete face earth and rockfill, steel 

face rockfill, geomembrane face earth and rockfill as well as earlier designs such as 

puddle core earthfill, earthfill with concrete core wall and hydraulic fill but these are not 

illustrated here. The homogenous earthfill dam is the oldest design but is today only used 

for small scale embankments. The development is driven to more advanced materials, 

more zones and also different drainage materials and drainage zones. Another 

development is the use of sloping cores with the aim to get a uniform pressure gradient 

throughout the embankments.  

 

 
Figure 2.1 a – Homogenous earthfill. b – Zoned earthfill. 

 

 
Figure 2.2 a – Earthfill with toe drain. b – Earthfill with horizontal drain. 
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Figure 2.3 a – Earthfill with vertical and horizontal drain. b – Concrete face rockfill. 

 

 
Figure 2.4 a – Earth and rockfill – central core. b – Earth and rockfill – sloping 

upstream core. 

 

One type of concrete dams, the concrete gravity dams, see figure 2.5, rely on the weight 

of the concrete to withstand the forces imposed on the dam. Concrete arch dams, see 

figure 2.6, transpose these forces into the abutment foundation by the arching action and 

generally impose higher loads on the foundations. Modern concrete gravity and arch 

dams have a gallery in the dam from which grout holes are drilled to reduce the rock mass 

permeability of the foundation. Grouting, combined with drainage holes reduces the uplift 

pressures within the dam foundation and at the dam foundation contact. Figure 2.7 show 

one type of a buttress dam. Depending on the configuration of the buttress this dam type 

may impose large stresses on the dam foundation.  
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Figure 2.5 Concrete gravity dam, to the left is the side view and to the right is the top 

view.  

 

 
Figure 2.6 Concrete arch dam, to the left is the side view and to the right is the top view.  

 

 
Figure 2.7 Buttress dam, to the left is the side view and to the right is the top view.  
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In Sweden the predominating choice of design is a central core embankment dam 

constructed from a moraine material (usually glacial till), Vattenfall (1998). Hence, most 

of the dams in Sweden are embankments dams and I hereafter focus on these structures 

throughout the rest of the thesis. 

 

 

 2.2 Embankment dam failures and accidents 
 

It is often difficult to precisely determine the cause to a dam accident or failure. Several 

types of processes might be involved in an accident and multiple modes in a failure. 

Internal erosion has a tendency to destroy evidence of initial leaks which might have 

existed. As Sherard (1986) noticed, ”another common problem is that different interested 

parties have different interests in the outcome of the investigations. It is natural that the 

designer desires to show that the design is flawless, that the engineer who controlled the 

construction wants to show that the construction supervision was done carefully, and that 

the owner wants to establish that someone is clearly responsible, etc.” This might obstruct 

the investigation process and lead to that no definite conclusions, agreed upon by all 

parties, can be drawn. However, Peck (1980) states that a failure of a dam is seldom the 

consequence of a single shortcoming. ”Usually there is at least one other defect or 

deficiency, and the failure occur where two or more coincide. This inference supports the 

principle of designing to provide defence in depth, the ´belt and suspenders´ principle 

long advocated by Arthur Casagrande. It postulates that if any defensive element in the 

dam or its foundation should fail to serve its function, there must be one or more 

additional defensive measures to take its place.” Still more research in the fields of 

internal erosion processes as well as dam monitoring and surveillance might provide the 

knowledge necessary for a better understanding of the reasons for dam incidents. 

 

A statistical analysis of embankment dam failures and accidents is thoroughly presented 

in Foster et al. (2000a), based on a large database of embankment dam incidents as well 

as a population database for embankment dams. The study is specifically focusing on 
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internal erosion and slope stability problems. The result provides useful insights into the 

factors which contribute to dam incidents.  

 

The historical average frequency of failure is estimated to be 1.2 % over the life of the 

dam. Failure by overtopping and piping are the most common modes of failure while 

failure by slides is less common. In the case of piping failure, the incidence of piping 

through the embankment is two times higher than piping through the foundation and 

twenty times higher than piping from the embankment into the foundation. Downstream 

slide failures are more common than upstream ones. Most of the failures occur during 

operation of the dam. Further, it was noticed in Foster et al. (2000a) that about half of all 

piping failures through the embankment are associated with the presence of conduits. The 

different modes of piping associated with conduits are: piping into the conduit, along and 

above the conduit or out of the conduit, see further Fell et al. (2005). 

 

Foster et al. (2000a) studied the factors affecting the frequency of incidents of: piping 

through the embankment, piping through the foundation, piping from the embankment 

into the foundation, downstream sliding and upstream sliding. All types of incidents were 

examined with regard to dam characteristics as e.g. dam zoning, year of construction, 

dam heights, filters, core soil types, compaction, location of conduits, foundation geology 

and foundation cutoff. The paper contains a great number of important observations and 

is highly recommended for further reading. 

 

The time to develop failure and the warning signs which may be evident prior to failure 

are important factors on assessing whether actions to prevent failure are possible or what 

warning time will be available for evacuation of the population at risk downstream of the 

dam. In Fell et al. (2003) a method is presented that gives an approximate estimation of 

the time for progression of internal erosion and piping, and the subsequent development 

of a breach leading to failure in embankment dams and their foundations. Guidance is 

also provided on the detectability of internal erosion and piping, taking account of the 

mechanism of initiation, continuation, and progression to form a breach, for internal 

erosion and piping in the embankment, the foundation and from the embankment to 
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foundation. The development of piping is often a very fast process, leaving little time for 

proper actions. The case studies of piping failures and accidents included in Foster et al. 

(2000b) revealed that for most failures, breaching of the dam took place within 12 h from 

initial visual indication of piping, and in many cases this process took less than 6 h. 

About two thirds of the failures occurred on first filling or in the first 5 years of operation.  

 

Fell et al. (2003) noticed that it is often not possible to identify the time of initiation of 

erosion, and the first signs of erosion tend to be at the progression phase, with a 

concentrated, often muddy leak. The problem to detect that internal erosion has been 

initiated relates to the typical processes of initiation: backward erosion, concentrated leak 

and suffusion. Fell et al. (2003) points out that backward erosion ”would not necessarily 

be expected to be preceded by large increases in seepage during the time the erosion is 

gradually working back from the downstream exit point. When the erosion has 

progressed to within a short distance of the reservoir/foundation interface, it breaks 

through rapidly or very rapidly”. Concentrated leak piping ”could be expected to initiate 

very rapidly or rapidly once the reservoir level reaches the critical level at which erosion 

begins in cracks or high permeability zones; or the critical level at which hydraulic 

fracture initiates”. Suffusion ”is likely to be a more slowly developing process, 

accompanied by more gradual increases in seepage, and changes in pore pressure with 

time”. Further, it is much to learn about dam failures and accidents by reading case 

histories, see e.g. Vogel (2004), Watts et al. (2002) and Von Thun (1996). 

 

 

 2.3 Internal erosion susceptibility of glacial till 
 

The soil fractions that are considered as most susceptible to erosion are relatively uniform 

coarse silt and fine sand. Cohesive soils as clays are more resistant to erosion as long as 

the chemical bonds are not destroyed, Srbulov (1988). It seems like some core materials 

of glacial origin can be particularly susceptible to internal erosion. Glacial till is of special 

interest since it is a common core material in Swedish dams Foster et al. (2000a) have 
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studied if the geological origin of the core has any influence on the incidence of piping. It 

was concluded ”that dams with core materials of glacial origin have experienced more 

piping accidents (i.e., initiation of piping) than those built from other materials but have 

experienced fewer failures”. In many of the incidents have sinkholes appeared on the 

crests and slopes of the embankment dams. Milligan (1976) discusses geotechnical 

aspects of glacial tills and states that ”because of the dense and impermeable nature of 

many tills, the term ´till´ is generally considered to represent an ´ideal´ material for the 

foundations of heavy structures and for rolled earth fill as in dams. The heterogeneous 

nature of till deposits in situ and their wide variation in engineering properties, make till, 

on occasion, far from a ´ideal´ material.” According to Sherard (1979) the troubles took 

place in dams comprised of remarkably similar coarse, broadly graded soils that are 

frequently of glacial origin. Milligan (2003) mentions that ”the characteristic feature of 

these glacial tills is that they are reasonably similar in gradation throughout the world, but 

the character of the fines content depends on the source rock”. Case studies of dam 

incidents can be found in e.g. Milligan (2003), Norstedt and Nilsson (1997) and Sherard 

(1986). Many completely successful dam cores have been constructed of coarse grained, 

broadly graded glacial soils. Problems seem to develop only under unusual 

circumstances. 

 

A number of explanations for the internal erosion susceptibility of glacial till can be 

found in the literature. Sherard (1979) states that it is due to the fact that broadly graded 

coarse soils are internally unstable implying that the fine particles will erode through the 

coarse particles in a concentrated leak. Hence, the soil fines may erode selectively leaving 

the coarse sand and gravel particles behind in the core. This may cause progressive 

collapse of the material above the initial leakage channel, which may eventually reach the 

dam surface and show up as a sinkhole or crater. Observe that this implies that the coarser 

particles are dependent on a matrix of fines, which is common for glacial moraine 

(Sherard and Dunnigan, 1989), and the fines are carrying the embankment compressive 

stresses. In addition, it was noticed by Sherard (1979) that sinkholes in the downstream 

shell are more dangerous than in the upstream shell if the dam has a central core, because 

a downstream sinkhole can reduce the lateral support for the core allowing it to move 
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locally downstream under the water pressure. On the contrary, Milligan (2003) means 

that many tills, except when badly gap-graded, are highly stable to seepage and that 

internal erosion of broadly graded till core materials often is a consequence of segregation 

during placement. Foster et al. (2000a) writes that ”it is possible that these glacial soils 

are more erodible because their fine silt and clay size fractions are finely ground rock, 

rather than more common clay minerals”. Ravaska (1997) obtained test results that 

pointed out that the higher the specific surface area is the better the capability of the till to 

resist erosion. Milligan (2003) states that ”most of the incidents, not exclusively, 

apparently occur in tills of lower plasticity”. The term plasticity is a measure of the ability 

of a soil to undergo unrecoverable deformation without cracking and is therefore also 

important for the ability of the soil to resist internal erosion. 

 

 

 2.4 Internal erosion processes  
 

According to Fell et al. (2005), four conditions must exist for internal erosion and piping 

to occur. These are: ”1) there must be a seepage flow path and a source of water; 2) there 

must be erodible material within the flow path and this material must be carried by the 

seepage flow; 3) there must be an unprotected exit, from which the eroded material may 

escape and 4) for a pipe to form, the material being piped, or the material directly above, 

must be able to form and support ´roof´ for the pipe”. 

 

In a central core earth and rockfill dam there are mainly three processes, Fell et al. (2005) 

which can initiate piping: backward erosion, concentrated leak and suffusion. Backward 

erosion is initiated at the exit point of seepage and the erosion is gradually progressing 

backward forming a pipe. Concentrated leak initiates a crack or a soft zone emanating 

from the source of water to an exit point. Erosion gradually continues along the walls of 

the erosion hole intensifying the concentrated leak. Suffusion is the process where the 

fine particles of the soil wash out or erode through the voids formed by the coarser 

particles. This can be prevented if the soil has a well graded particle size distribution with 
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sufficiently small voids. Soils are called internally instable if suffusion takes place and 

internally stable if particles are not eroding under seepage flow. 

 

Piping can occur in the embankment, through the foundation and from the embankment 

into the foundation. Conceptual models for development of failure by piping for these 

three cases are presented in figure 2.8 to figure 2.11. In addition, a failure path diagram 

for failure by piping through the embankment is shown in figure 2.12. Similar failure path 

diagrams for failure by piping through the foundation and from the embankment into the 

foundation can be found in Fell et al. (2005) or Foster (1999). External erosion problems 

are described in e.g. Skoglund and Solvik (1995). 

 

 
Figure 2.8 Conceptual model for the development of failure by piping in the embankment 

by backward erosion.  

 

 
Figure 2.9 Conceptual model for the development of failure by piping in the embankment 

by concentrated leak.  
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Figure 2.10 Conceptual model for the development of failure by piping in the foundation.  

 

 
Figure 2.11 Conceptual model for the development of failure by piping from the 

embankment to the foundation.  
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Figure 2.12 Failure path diagram for failure by piping through the embankment.  

 

A more elaborate description and a thorough literature survey on internal erosion are 

performed in paper G and Mattsson et al. (2008). 
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3 FLOW IN POROUS MEDIA 
 

When considering flow through porous media a number of applications come into mind, 

such as, ground water flow, flow through embankment dams, paper-making, composites 

manufacturing, filtering and drying and sintering of iron ore pellets. In some of these 

applications the characteristics of the flow is unknown while for others higher demands 

on the environment, security and process efficiency implies that the flow must be studied 

in more detail than previously done. For internal erosion in embankment dams higher 

demands on security implies that we need to know more about the characteristics of the 

flow and the interaction between the flow and the dam.  

 

 

 3.1 General 
 

Creeping flow of a Newtonian fluid through porous media follows Darcy’s law on a 

global scale which may be written in the following way:  
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v ,      (3.1) 

 

in a general form, and in one-dimensional form 
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In these equations vi is the superficial velocity vector, Kij the permeability tensor,  the 

dynamic viscosity of the fluid, p the pressure, Q the flow rate through an area A and p 
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the pressure drop over an length L in the stream-wise direction. The permeability is set by 

the geometry of the porous media and a number of expressions have been derived for this 

relationship. For flow perpendicular to an array of cylinders the following equation is 

strictly valid for low porosities  and the error is less than 10% for a porosity of 0.65, 

Gebart (1992) 
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where C and min are determined from the geometrical arrangement (such as quadratic or 

hexagonal arrangement). When the flow in the pores is fully or partly turbulent which 

may be the case for the flow in embankment dams a non-linear term is often introduced 

for flow of a Newtonian fluid to form the Forchheimer equation 
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where b is a property of the porous media and m, in this case, is a measure of the 

influence of fluid turbulence, Forchheimer (1901) and Papathanassiou et al. (2001). As a 

special case of equation 3.4 Ergun derived the following expression 
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by fittings to experimental data, Ergun (1952). In this equation pF is the pressure 

represented as a force, g is the gravitational constant, Dp the effective diameter of 

particles and  the density of the fluid. In between the creeping flow region and the 

turbulent one, laminar inertia gives a substantial contribution to the resistance to flow and 
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experiments have indicated that it is possible to use equation 3.4 & 3.5 for this case as 

well. Hence, measurements of averaged quantities have thus shown that the transition 

from laminar to turbulent flow is smooth. In accordance with this observation Dybbs and 

Edwards (1984) conclude, from their experimental visualisations of flow around 

cylinders arranged in an array, that there is a smooth transition from an unsteady laminar 

flow regime to a highly unsteady and chaotic flow regime. They also state that further 

investigations on the nature of these regimes are needed in order to give insight to 

velocity distributions and various transport phenomena inside porous media. Results in 

Seguin et al. (1998) indicate that the local transition within a porous media takes place at 

various global Re since the local velocity as well as the characteristic length scales varies 

as a function of spatial co-ordinate. Hence laminar and turbulent flow may co-exist. This 

certainly affects the forces on individual particles within a porous media. Another result 

in Seguin et al. (1998) is that when increasing Re the velocity gradient starts to fluctuate 

at an increasing rate until a certain Re where this rate is stabilised. 

 

Returning to the global description of the flow, the Ergun equation has shown best 

agreement with a bed of randomly distributed spheres and is therefore not optimal for all 

geometries. Instead the following expression is proposed by Nemec and Levec (2005) 
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where Re* and Ga* are defined as  
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and where the material dependent constants A* and B* range between 180 - 280 and 1.9 - 

4.6 respectively. This reveals that additional variables to  and Dp need to be introduced 

in order to fully describe the relation between the detailed geometry and the resistance to 

flow through porous media. Another common way to globally relate pressure to flow rate 

is by the Blake-type friction factor defined as: 
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Introducing this relationship into the Ergun Equation, equation 3.5, yields 

 

Re'
15075.1'f     (3.10) 

 

which resembles experimental data and where the modified Re is defined as 

 

1
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This definition of Re stem from Ergun (1952) with the hydraulic diameter and the real 

average velocity set as the characteristic length, L, and the characteristic velocity, U, 

respectively where Re, in general terms, is expressed as:  

 

ULRe      (3.12) 
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where  is the kinematic viscosity. As pointed out in Comiti et al. (2000) equation 3.11 is 

just one way of defining Re for porous media. As characteristic length the typical size of 

the pores, the typical size of the particles and the square root of the permeability of the 

porous media have also been employed while the characteristic velocity often is set to be 

the superficial velocity.  

 

Since there exist several ways of describing the, in fluid mechanics, so essential Reynolds 

number we will here derive and compared a couple of those for a quadratic arrangement 

of cylinders. It will namely turn out that comparisons between results from the 

simulations are critically dependent on which Re that is used. Hence let:  
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where Ua is the average velocity within the array, U0 the porous media superficial 

velocity, Dh the hydraulic diameter of the array, Vp the volume of the pore space within 

the array. As the surface of the solid phase within the array and Dp the diameter of the 

cylinders. The resulting Re then becomes  
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The interpretation is that when  increases, an increase of the scale of the pores combined 

with an overall decrease in velocity results in a Re that increases with  keeping the flow 

rate constant, see figure 3.1. Another way of defining Re is to set the typical length scale 
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to the diameter of the cylinders while still using the same definition of the velocity as 

above to form:  

 

pD DU 0Re .     (4.3) 

 

This Re is not coupled to the detailed geometry of the array and has been termed the 

interstitial Re, Comiti et al. (2000). For a given size of the cylinders it relates Re to the 

actual averaged velocity within the array. Hence ReD decreases with porosity, see figure 

3.1. A third possible way to define Re is to find a typical length scale in the pore space 

within the array. One such scale is the distance between the fibres, d. In this gap a 

corresponding velocity Ud may be identified. These quantities are usually not known but 

after some algebra, the following Re materializes:  
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As for ReDh, Red increases with porosity, see figure 3.1. The typical length scale can also 

be linked to the permeability of the array, hence 
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also in this case Re increases with the porosity. The magnitude of it is, however, much 

lower than for the other definitions of Re for the porosities studied, see figure 3.1. In this 

context it is also of interest to notice that ReS based on the superficial velocity and the 

diameter of the sphere is independent on the porosity and equal to one for all > 0 in 

figure 3.1.  
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Figure 3.1: Comparison between different Reynolds number formulations, for a variety of 

porosities.  

 

 

 3.2 Unit-cell representation of the porous media 
 

Flow through porous media can be modelled in a number of ways, the two main 

approaches is micromechanical, where the small particles that the porous media consist of 

is modelled, or the continuum approach where the material is considered as a whole 

structure. The main focus in this thesis is on the micromechanical approach and then 

especially the unit-cell approach where the main structure is described with small cells by 

using symmetry and periodicity on as well two as three dimensional arrangements.  
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Regarding flow in two dimensions the different structures investigated are quadratic- and 

hexagonally packed cylinders, see figure 3.2, used to reveal some fundamental flow 

phenomena important for internal erosion in embankment dams. In many cases a unit cell 

is defined but also larger systems of cylinders have been investigated to ensure that the 

unit-cell approach captures the main flow features and not only local phenomena. Both 

the quadratic and the hexagonal arrays are analysed for different porosities ranging from 

0.3 to 0.6 for the quadratic case and from 0.2 to 0.7 for the hexagonal case. The flow 

though the quadratic array is characterised by an diverging and converging flow while for 

the hexagonal arrangement the fluid meander around the particles.  

 

             

R

L

L

Figure 3.2: Schematic sketch of the computational domain, for the quadratic 

arrangement of cylinders, to the left is the setup for most of the simulations and to the 

right is the setup for the transient simulations.  

 

In order to prepare the geometries for simulations, they are discretized with ANSYS 

ICEM CFD, where the fluid domain is divided into small control volumes. Then mesh 

convergence studies are performed making sure that the quality of the discretizations has 

been good enough. To exemplify one such study for a quadratic arrangement yielded an 

error less than 0.3‰ when using 370 000 nodes, see Hellström and Lundström (2006). 

Attention is also directed towards the resolution of the y-plus value, for all turbulent 

simulations. For the case of the quadratically packed cylinders the grid is, for instance, 

adjusted so that the maximum y-plus value for the simulation with Re’ = 2 000 are 1.3. 

This is within the recommendations from the ANSYS CFX-manual, CFX ® (2005) 
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stating that the y-plus value should be lower than 2 and the requirements according to the 

Best Practice Guidelines in ERCOFTAC (2000) where the conditions are that the y-plus 

should be below 4 and close to unity.  

 

For the three-dimensional setups focus is set on hexagonal packing of spheres see figure 

3.3 with and without a perturbation in the form of a small particle inserted in the middle 

of the geometry see figure 3.4. Simulations are performed both with the disturbance, of 

whose size is varied from 5% of the spheres diameter to 33%, and without the disturbance 

as well. Regarding the disturbance particle it remains fixed in space in one set of 

simulations in order to determine what effect it has on the flow and also the order of 

magnitude of the forces acting on the particle. In a second set of simulations the 

disturbance particle is allowed to move with the aid of the mesh deformation function 

present in ANSYS CFX and a procedure to update the geometry, see figure 3.5. Just as 

for the two-dimensional case a mesh convergence study is performed for the undisturbed 

arrangement with grids ranging from 160 000 nodes to 1 300 000 nodes, Hellström et al. 

(2007) resulting in the grid chosen, corresponding to 530 000 nodes, giving a 

discretization error of 1%. This is somewhat larger than for the two-dimensional cases at 

similar Reynolds number, which is expected since the geometry and thus the grid, is more 

complex.  

 
Figure 3.3 The hexagonal packed array of spheres.  
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Figure 3.4 The unit-cell of the sphere setup used for the simulations.  

 

 
Figure 3.5 The unit-cell for the particle motion simulations.  

 

Finally an additional set of geometries are chosen for input to some Monte-Carlo 

simulations presented in this thesis. These geometries are based on perfect quadratic and 

hexagonal two-dimensional packing as shown in figure 3.6. The geometries are however 

altered by letting h remain constant, equal to one, throughout all the variations and then 

letting the radius to vary from 0.6 to 0.99, for the hexagonal arrangement, and from 0.7 to 

0.99, for the rectangular arrangement, while the porosity is varied from 0.2 to 0.6 for the 

hexagonal case and from 0.25 to 0.6 for the rectangular case. All in all this results in 34 

different geometries. Also for this case a mesh refinement study was performed yielding 
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an estimated error of about 0.1 per mill, see paper D. For this case also a Richardson 

extrapolation was performed indicating an apparent order of 2.8. To conclude all 

simulations are performed with Quality and Trust, in accordance with the requirements in 

ERCOFTAC (2000).  

 

                    

S S

Figure 3.6 The geometries used for CFD-simulations as input to the Monte-Carlo-

simulations. Left: rectangular package, right: hexagonal package. S denotes the area 

where the vorticity is averaged. Half spacing between neighbouring fibres in horizontal 

direction – 1, size of cathetus opposite to fibre – h, radius of fibre r0’. 

 

 

 3.3 Computational Fluid Dynamics-approach 
 

When modelling fluid flow phenomena Computational Fluid Dynamics (CFD) is a 

powerful tool at hand since it can supply reliable results with reasonable use of CPU. In 

the CFD codes the flow is described by a set of partial differential equations which 

generally cannot be solved analytically, except in special cases. Instead they are 

approximated by methods of discretization into a system of algebraic equations which 

then can be solved at discrete locations both in space and time. To solve the algebraic 

equations a number of methods can be applied, such as the Finite Volume Method 

(FVM), being the most common one, the Finite Element Method (FEM), the Finite 

Difference Method (FDM) and the hybrid Control-Volume-based Finite Volume Method 

(CV-FEM). The software used throughout this thesis is different versions of ANSYS 

CFX which is a hybrid method based solver, utilizing the CV-FEM Method. This method 
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combines Finite Volume and Finite Elements methods, where the governing equations are 

discretized using both shape functions and difference schemes, the pressure gradient and 

the diffusion are obtained with shape functions while the advection term is discretized 

with a difference scheme where the order of accuracy is chosen to match the grid spacing.  

 

The approach chosen in this thesis is fundamental in the respect that the fluid flow is 

solved with the Navier-Stokes Equations and thus inertia and viscosity is regarded in all 

simulations. To start with and for the major part of the simulations presented in this thesis 

the equations are set-up for laminar flow of an incompressible fluid according to:  
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   (3.13) 

 

and 
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Then for some of the simulations the flow is allowed to be turbulent and in order to solve 

the equations the method of Reynolds-Averaging is applied by decomposing the total 

velocity u~  into a mean U and fluctuation component u, i.e. uUu~ , where uU ~ , 

resulting in the following equations:  

 

jijjjiijijti uuUpUUU
,,,,,

1
   (3.15) 

 

and  

 

0,iiU .      (3.16) 
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Here  is the kinematic viscosity and jiuu  are the Reynolds stresses. These equations 

represent the mean flow characteristics where turbulent effects are modelled via the 

Reynolds stresses, in order to obtain closure. Since focus is set on flow around a number 

of periodically arranged cylinders having curved surfaces, the Shear-Stress-Transport 

(SST) is applied, see Menter (1993), because of its good behaviour when considering 

adverse pressure gradients flows and separating flow. In the SST-model the best 

ingredients from the k-  and the k-  models are combined via a blending factor. This 

factor activates the k-  model in the near-wall region and the k-  model in the bulk, 

yielding that the shift from the k-  to the k-  formulation takes place in the logarithmic 

part of the boundary layer. The model is based on the assumption that the principal shear-

stress is proportional to the turbulent kinetic energy, which is introduced into the 

definition of the eddy-viscosity, the so-called Bradshaw’s assumption. The mathematical 

formulations thus develop into:  
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     (3.18) 

 

where k is the turbulent kinetic energy, Sij the turbulent stress tensor,  the turbulent 

frequency, T the turbulent dynamic viscosity, T the turbulent kinematic viscosity and *, 

k, , , F1 and 2 are constants, see Menter (1993).  

 

For some of the simulations, papers A and B, the laminar and turbulent set-ups are both 

used to calculate the flow through a porous media at a variety of Reynolds numbers from 
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fractions of one up to values near to 10 000. Obviously the laminar and turbulent 

simulations are thus applied in areas of Reynolds numbers where they are usually not 

valid. It will however turn out that a number of interesting results are generated by this 

approach.  

 

In order to shorten the computational time the simulations are run in parallel and the 

CFD-software used, ANSYS CFX, scales very well, the scalability is almost ideal, when 

the number of partitions are increased, see paper H, where a parallelization study is 

performed. The partitioning may be done in a number of ways and there are several types 

of communication methods. The parallelisation strategy in CFX-5.7.1 (the version of 

CFX used in paper H) is based on the Single Program Multiple Data (SPMD) model, 

which basically runs identical versions of the software on several processors. It is 

designed so that all numerical intensive tasks are run in parallel while the administrative 

tasks (like input/output) are performed in a sequential manner by the master process. The 

communication between the processors is done with either Parallel Virtual Machine 

(PVM) or the MPICH message-passing libraries (MPI – message passing interface). In 

this case only the MPICH implementation is tested since it was considerably faster than 

the PVM implementation. For example, it reduced the execution time per outer solver 

iteration with about 1.4%, and the preparation and finalisation of the solver solution by 

more than 100%. A disadvantage of the MPICH as compared to the PVM implementation 

is, however, that it is not completely interoperable between all supported platforms. The 

decomposition of the grid into a number of partitions, which then are distributed and 

solved on separate processor in CFX-5.7.1, can be of either equal or unequal size 

depending on whether the computer network is homogeneous or heterogeneous. This 

decomposition is node based since it is consistent with the node base coupled solver. 

Three main base partitioners are available in the code and the MeTiS partitioning method 

is the recommended one due to its fast and efficient algorithm. The other two base 

partitioners are the Recursive Co-ordinate Bisection and the Optimised Co-ordinate 

Bisection, which may be preferable in some cases where the memory requirement is 

restricted. In addition, four additional partitioners exists (User Defined Direction, Radial, 

Circumferential and Junction Box) where the user can specify the direction of the 

 32 



 

decomposition. In this work, however, only the MeTiS algorithm was tested since all of 

the other partitioners contained, in general, larger overlap regions. The MeTiS algorithm 

uses the advanced Multilevel Graph Partitioning Method, as follows. A graph is first 

build up containing the topology information of the mesh to be partitioned. Then the 

graph is coarsened down and a bisection of each coarsened graph is calculated. Finally 

the resulting partitions are projected back to the original graph, by consequently refining 

the partitions. For more details of the parallelisation in the CFX-5.7.1 software please see 

further CFX-manual, CFX ® (2005).  
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4 PERMEABILITY MODELLING IN POROUS MEDIA 
 

The flow through porous media is determined by its composition. Hence it is necessarily 

to have a fundamental and thorough understanding of the detailed pore geometry or, 

when considering the porous medium as a continuum, variables such as its porosity and 

permeability. These variables are present in the equations describing the main flow 

features, see Bear (1972), and may be measured or modelled.  

 

When doing this it is, however, of outmost importance to know the validity range of the 

global equations presented in chapter 3.1. Fand et al. (1987), for instance, perform an 

experimental study of flow through simple and complex porous media with the 

conclusions that Darcy’s law is valid for Re, based on the superficial velocity and the 

diameter of the sphere, ReS, below 2.3, inertia need to be considered when 5 < ReS < 80 

and turbulence is the dominating mechanism contributing to the losses when ReS is above 

120. This range was extended in an experimental study on a pore scale by Lesage et al. 

(2004) who concluded that the flow is laminar for ReS below 110 and turbulent for ReS 

above 280 which are also in agreement with additional results presented in Hlushkou and 

Tallarek (2006). The experiments performed in Seguin et al. (1998) indicates that the 

flow is laminar until Re, based on average pore-space and average pore velocity, Red, 

reaches 180 and the fully turbulent region starts when Red becomes equal to 900. Hence 

similar results to those presented above are obtained. McFarland and Dranchuk (1976) 

found out that transition to turbulent flow took place for Re from 0.241 to 4.56, where Re 

is based on the Darcy superficial velocity and a length parameter equal to the product of 

the permeability and a inertial resistance coefficient, a definition leading to the relatively 

small values for the transition. Yet another way of defining Re was used by 

Venkataraman et al. (1998) who related Re to the square root of the permeability, ReK. As 

apparent there are several ways to define Re in a porous media and a variety of critical Re 
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for inertia and turbulence have been proposed. The latter is confirmed by Scheidegger 

(1972) who state that there is an uncertainty in the critical Re for inertia by a factor 750.  

 

In order to understand porous media flow a number of numerical methods have been 

applied as outlined by Ziólkowska and Ziólkowski (1988). The increases in computer 

capacity the latest decades facilitate even more detailed studies including the ones here 

presented, see papers A, B and F, Ghaddar (1995), Koch and Ladd (1997), Pedras and de 

Lemos (2003). Lattice-Boltzmann simulations have also been performed in order to 

bridge the gap between Stokes flow and moderate Re simulations of flow in porous 

media, Hill et al. (2001). In Beetstra et al. (2007) this technique was applied for a variety 

of solid volume fractions and Reynolds numbers up to ReS of 1 000.  

 

In order to increase knowledge on when the flow characteristics alter from creeping to 

inertia dominated and from inertia dominated to seemingly turbulent, CFD-simulations 

on model materials such as those in figures 3.2 – 3.4 are performed. For all cases the flow 

is solved with the full Navier-Stokes Equations. The flow through the two-dimensional 

cases is also solved by introducing the turbulence models described in the previous 

chapter. Effects of inertia will show up as a deviation from pure Darcian behaviour while 

any appearance of turbulence may materialise as a difference between simulations 

performed with and without using turbulent models. For the quadratic array of cylinders 

the critical Re’ when inertia come into play is about 10, see figure 4.1 and paper A, while 

for hexagonal arrangement the critical Re’ is about 30 to 50, see figure 4.2, and paper B. 

When considering flow through an arrangement of spheres, i.e. a three dimensional case 

the critical Re’ is about 10, see figure 4.3, and Hellström et al. (2007). For all geometries 

it is then assumed that the inertia-dominated region stretches all the way to an apparent 

turbulent region. The start-up of this region is, as explained above, found when a 

turbulent set-up seems to mimic the flow in a better way than a laminar one. This 

apparent onset of turbulence is, however, dependent on the porosity when plotting the 

results as a function of Re’, see figure 4.1. For the quadratic arrangement this onset 

becomes practically independent on solid fraction, with another definition of Re, for 
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further details see paper A. This quite interesting result does not apply to the hexagonal 

arrangement, compare figure 4.1 and 4.2.  

 

 
Figure 4.1 The apparent permeability divided by the creeping flow permeability for the 

three porosities 0.3, 0.4 and 0.6 of the quadratic arrangement, both the values for the 

laminar and also the turbulent case.  
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Figure 4.2 The apparent permeability divided by the creeping flow permeability for 

hexagonal arrangement with porosities from 0.2 to 0.7 simulated with laminar and 

turbulent setups.  
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Figure 4.3 The apparent permeability scaled with the creeping flow permeability for the 

hexagonal arrangement of spheres.  

 

Another way of evaluating the simulated results is to compare the Blake-type friction 

factor as derived from the simulations with experimentally derived equations, equation 

3.5, 3.6, 3.9 and 3.10. It is clear from figures 4.4 and 4.5 that regarding the quadratic 

arrangement the turbulent and laminar setups differ quite a lot but for the hexagonal 

arrangement the difference is less, the curves rather keep together and level out for both 

setups, see figure 4.6. Regarding the three-dimensional array the friction factor does not 

seem to be dependent on the radius-ratio between the disturbance particle and the spheres, 

see figure 4.7.  
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Figure 4.4 The Blake-type friction factor calculated for the simulations of the quadratic 

arrangement as well as the Ergun equation and the modification by Nemec & Levec for 

the different porosities.  

 

 
Figure 4.5 The Blake-type friction factor calculated for the simulations of the quadratic 

arrangement, with turbulent setup, as well as the Ergun equation and the modification by 

Nemec & Levec for the different porosities.  

 

39 



1,E-01

1,E+00

1,E+01

1,E+02

1,E+01 1,E+02 1,E+03 1,E+04
Re'

B
la

ke
 ty

pe
 fr

ic
tio

n 
fa

ct
or

porosity 0.2 turb
porosity 0.2 lam
porosity 0.3 turb
porosity 0.3 lam
porosity 0.4 turb
porosity 0.4 lam
porosity 0.5 turb
porosity 0.5 lam
porosity 0.6 turb
porosity 0.6 lam
porosity 0.7 turb
porosity 0.7 lam
Ergun
modified Ergun, low
modified Ergun high

 
Figure 4.6 The Blake-type friction factor calculated from simulations, the Ergun equation 

and the upper and lower limit approaches by Nemec & Levec, for hexagonal 

arrangement, zoomed in for illustration purposes.  
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Figure 4.7 The Blake/type friction factor for the hexagonal arrangement of spheres, 

simulations compared with the Ergun and Nemec & Levec equations.  

 

When further scrutinising the simulations it is apparent that the turbulent kinetic energy 

for the quadratic case is larger than for the hexagonal case, see figures 4.8 – 4.9. The 

vortices created for the different setups differ as well, indicating that in order to resolve 

the flow field properly the flow should be assumed to be turbulent, see figures 4.10 – 
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4.11. For these promising turbulent simulations the Shear Stress Transport turbulence 

model is utilized. Also other turbulence models have been applied showing that the best 

result is achieved with the SST-model, see paper A and B, within the least simulation 

time required.  

 

 
Figure 4.8 Contour plot of the turbulent kinetic energy for the turbulent configuration of 

the quadratic packing with porosity 0.4 and Re’ = 19 000.  

 

 
Figure 4.9 Contour plot of the turbulent kinetic energy for the turbulent configuration of 

the hexagonal packing with porosity 0.4 and Re’ = 19 000.  
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Figure 4.10 Vectors representing the velocity of the turbulent setup of a quadratic 

packing with porosity 0.4 and Re’ = 19 000.  

 

 
Figure 4.11 Vectors representing the velocity for the turbulent setup of a hexagonal 

packing with porosity 0.4 and Re’ = 19 000.  

 

When scrutinizing the results from the three-dimensional simulations in detail it becomes 

evident that inertia effects come into play and the flow field becomes more disordered as 

Reynolds number is increased, see figures 4.12 and 4.13, and the shift in position of 
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maximum velocity between the figures and the laminar eddies appearing in figure 4.13. 

Regarding the flow filed for the perturbed geometry it becomes less well-organized as the 

particle size is increased as well as when the Reynolds number is increased (as would be 

expected), see figures 4.14 and 4.15. 

 

 
Figure 4.12 Velocity vectors and contour pressure plots of the hexagonal arrangement of 

spheres, Re’ = 0.02.  
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Figure 4.13 Velocity vectors and contour pressure plots of the hexagonal arrangement of 

spheres, Re’ = 45.  

 
Figure 4.14 Velocity vectors and contour pressure plots of the perturbed hexagonal 

arrangement of spheres where r/R = 0.05 and Re’ = 0.5. 
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Figure 4.15 Velocity vectors and contour pressure plots of the perturbed hexagonal 

arrangement of spheres where r/R = 0.33 and Re’ = 45.  

 

The discussion so far has shown that the character of the flow vary with as well the 

Reynolds number as the detailed geometry. Hence when performing geotechnical down-

scaled experiments, such as filter tests or measurements of the hydraulic conductivity [m 

s-1] or permeability [m2] in soils it is not evident if the flow is Darcian, inertia dominated 

laminar or turbulent. Different flow conditions might have influence on the resulting 

permeability due to inertia dominated or even turbulent flow, see figure 4.1 – 4.3. Hence, 

in order to define limits for the experiments a study on how certain parameters influence 

the type of flow that results, see paper C.  

 

When combining the Darcy law (equation 3.2) with the Reynolds number (equation 3.11) 

and the permeability relation described in the Gebart equation (equation 3.3) an 

expression for the effective diameter is derived as follows  
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for quadratic and hexagonal arrangements, respectively. The relation between the 

parameters in these expression may be presented in several ways, see paper C. As an 

example the effective diameter may be plotted as a function of the pressure gradient for 

two different porosities (  = 0.3 and 0.4), see figure 4.16 where the Reynolds number is 

chosen to be 10 in accordance with results from figure 4.1 – 4.3. The values for both the 

quadratic, solid line, as well as the hexagonal parameter, dashed line, is displayed since, 

most likely, a natural material is a combination of these two descriptions.  
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Figure 4.16 The effective diameter as a function of hydraulic gradient for quadratic and 

hexagonal arrangements and for porosity  = 0.3 and 0.4 []. 
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5 FORCES ON PARTICLES WITHIN POROUS 

MEDIA 
 

A micromechanical study of internal erosion processes also requires that the forces acting 

on the particles are scrutinized. Of particular interest in this thesis is the hydrodynamic 

forces generated by the flow. Hence, in order to map out what forces are present a study 

on the flow induced forces is performed both for the two and three dimensional 

arrangements of cylinders and spheres presented in the previous section.  

 

A detailed study of the geometry clarifies that the forces acting on the cylinders/spheres 

can be divided into a normal and a shear force component corresponding to the pressure 

and wall shear acting on the geometry, respectively. Hence, each force is computed as the 

area-integral of the corresponding variable acting on the particles of interest. The forces 

that are of most interest are the ones acting in the main flow direction, since these are the 

most likely to initiate motion of the particles.  

 

When comparing the normal and shear forces it becomes evident that the normal force 

dominates over the shear force and that both forces increases with Re’, see figures 5.1 - 

5.5 and papers A, B and F, which holds for both the two and the three dimensional cases. 

Although, for the three-dimensional case the difference between the normal and shear 

forces is much smaller, see figures 5.4 and 5.5. Theoretically it can be shown that normal 

forces increase in importance as the system becomes denser see paper D 

 

The forces also show a dependency on the porosity and the type of packing, as shown in 

figures 5.1 - 5.3. Also notice that at high Re’ the forces calculated with a turbulent set-up 

is larger than the laminar ones, see figures 5.1 – 5.5.  
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Figure 5.1 The shear force acting on the cylinder normalized with the cylinder area as a 

function of Re’ and porosity. 

 
Figure 5.2 The normal forces acting on the cylinder normalized with the cylinder area as 

a function of Re’ and porosity. 
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Figure 5.3 Total force acting on the hexagonally arranged cylinders normalized with the 

fibre area, both the laminar and turbulent setups, as a function of Re’ and porosity. 
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Figure 5.4 The normal force acting on the spheres normalized with the sphere area for 

the three-dimensional arrangement of spheres.  
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Figure 5.5 The shear force acting on the spheres normalized with the sphere area for the 

three-dimensional arrangement of spheres. 

 

So far, the discussion has been focused on particles being embedded in a system of equal 

sized particles. It is, however, also of interest to derive forces on particles belonging to a 

system of unequal sized particles. An extreme of this is the three-dimensional array of 

spheres with perturbation particles that was studied in paper F, see Figures 4.14 and 4.15. 

One result is that the relative force acting on the perturbation particle, in the main flow 

direction, decreases as the ratio between the radius of the perturbation particle and that of 

the spheres is increased as can be seen in figure 5.6. The results also yields that the 
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normal, as well as, the total forces even change signs, see figure 5.6. In this case the shear 

and normal forces are in the same range and thus the total force per unit area becomes 

strongly dependent on the size of the particle. Hence not only the Reynolds number is of 

importance for the force on the particle, also its geometry.  
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Figure 5.6 The normal and total forces acting on the particle normalized with the area of 

the particle, the disturbance particle in the hexagonal arrangement of spheres.  

 

The results in figure 5.6 can be explained from studies of the spatial distribution of the 

shear stress and the pressure on the particles. The low wall shear areas increase in size as 

a function of particle radius, see blue areas in figure 5.7 and high pressure zones evolves 

on the downstream side of the particle see figure 5.8. The flow field generated even 

results in that the main low pressure zone moves from the down-stream side of the 

particle to its up-stream side hence the decrease in force magnitude presented in figure 

5.6.  
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Figure 5.7 The wall shear acting on the particle for the following cases: top left r/R = 

0.05, top right r/R = 0.1, bottom left r/R = 0.2 and bottom right r/R = 0.33, dark indicates 

low wall shear.  

 

 
Figure 5.8 The pressure field on the particle for the following cases: top left r/R = 0.05, 

top right r/R = 0.1, bottom left r/R = 0.2 and bottom right r/R = 0.33, dark indicates low 

pressure.  
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6 PARTICLE MOTION OF A POROUS MEDIUM  
 

When the hydrodynamic forces acting on the particles have been derived then the 

question is if the particles subjected to the forces are going to start to move or if they will 

remain fixed in their original location. In this chapter two different ways of describing 

particle movement are considered. First a CFD-based mesh deformation approach is 

described and then a new method where CFD-simulations, on small unit-cells, are 

combined with Monte Carlo-simulations, on larger systems of particles, is presented.  

 

 

 6.1 CFD-approach to particle motion 
 

The main feature of the CFD-approach is that the motion of the particles generates a 

deformation of the mesh. This requires a remeshing which is done within the capabilities 

of ANSYS CFX. The remeshing procedure must be performed in every time-step, or at 

least before the particle has moved long enough, in order to prevent negative volume 

elements and an inevitable break-down of the simulations. In order to resolve the flow 

around the particles the mesh should be relatively fine with sufficiently small elements 

which in its turn leads to small time-steps since the motion of the particles should be quite 

small in order to give a good remeshing. The particle should not move to long between 

each time-step due to the convergence criteria and that the remeshing should keep up with 

the motion of the particle, to avoid penetrating elements, negative volume elements, as 

previously mentioned. The motion of the particle is determined only by the fluid flow 

induced forces, due to the pressure and the wall shear forces. Gravity is not considered in 

this stage in order to isolate the effects from the fluid flow and to simplify the 

simulations. In order to evaluate the method of mesh deformation the geometry chosen 

for the problem is a well ordered material rather than a real material. Hence, the geometry 

chosen for this approach is a hexagonal arrangement of spheres with a perturbation 
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particle in the middle, see figure 3.5, where the perturbation particle is free to move i.e. 

no force retain the particle to its original position. The method in itself is promising with 

a good behaviour of the deformation as illustrated in figure 6.1 and in paper F.  

 

 
Figure 6.1 The motion of the perturbation particle is illustrated over a time of almost 

1.5s: velocity vectors and contour pressure plots for the perturbed geometry where r/R = 

0.05 and with a Reynolds number of 5. Top left t = 0s, top right t = 0.1s, middle left t = 

0.23s, middle right t = 0.5s, bottom left t = 1s and bottom right t = 1.46s.  

 

One drawback with this method is that it becomes computational heavy already for a 

small system of particles since the method requires that the simulation is performed time 

resolved with a small time step as explained previously, see further paper F. Hence 
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although very promising the approach needs some sort of improvement to be more 

suitable including more efficient solution schemes and increased computer capacity.  

 

 

 6.2 Deformation of porous media 
 

These simulations has its starting point in the minimization of the dissipation rate of 

energy and uses a combination of input values from CFD simulations and solves the 

resulting system of equations with a Monte Carlo technique. The method is briefly 

described here but the details of the method are described in paper D.  

 

In order to apply the minimization technique there is a need in input from CFD-

simulations which are conducted on two-dimensional geometries, well ordered arrays of 

cylinders, see figure 3.6. The inputs created are based on the vorticity in different regions, 

one example of these inputs is illustrated in figure 6.2.  
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Figure 6.2 Distribution of B as a function of h and r’0.  

 

The flow condition for this study is assumed to be strictly laminar with creeping flow in 

the pores as a first assumption. The received values for the rectangular and hexagonal 

arrangement are combined by approximations for the larger system of particles that are 
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statistically distributed within a fully periodic box. The geometry is then divided by 

Delaunay triangulation and a modified version of Voronoi diagrams and, finally, the 

received linear system of equations is then simulated by the Monte Carlo code where the 

minimization of the dissipation rate of energy is applied. One result is that the 

permeability develops over time for the simulation due to the deformation of the system, 

see figure 6.3, and another result is that the numerical accuracy is highly dependent on the 

number of particles that are included in the geometry, see figure 6.3.  

 

 
Figure 6.3 a – Evaluation of the permeability during motion of approximately 1 000 

particles (solid) and convergence parameter (dashed) at two porosities but with the same 

dimensionless pressure gradient u = 0.1. Solid curve with porosity  = 0.3, n = 37 

demonstrates possible decrease in permeability for a random system with only 37 

particles. b – Change of permeability for various distributions of particle sizes as a 

function of dimensionless pressure gradient u at  = 0.3.  

 

The obtained permeability distribution for randomly packed particles of equal size nearly 

fits between that for hexagonal and rectangular packing as derived by analysis in Gebart 

(1992) and Lundström and Gebart (1995) as it should since the obtained stochastic 

distribution of particles is a combination between these two arrangements, see figure 

6.4a. The permeability for the random packing follows that for a hexagonal array for 

system with porosity  < 0:25 whereas for lower packing it is closer to a rectangular 

array. The CFD calculated permeability also agrees well with analytic estimation by 

Westhuizen and Plessis (1996) and an almost coinciding estimation by Tomadakis and 
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Robertson (2005), see figure 6.4a. The streamlines generated for the same case do not 

follow straight trajectories due to the stochastic distribution of particles, see figure 6.4b. 

Implications of this is that the forces on the individual particles are generally not directed 

along the main stream and that the force on certain particles can be considerably larger 

than on others as exemplified in figure 6.5a. The length scale of the velocity and the force 

correlations is inversely related with density of packing since a decrease of porosity 

makes the packing more regular, White and Nepf (2003). It can also be seen that the flow 

induced forces within the system can be directed in all kinds of directions, see figure 6.5.  
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Figure 6.4 a – Permeability for a system of equal sized particles, squares. The solid 

curves denote analytical results from Gebart (1992) and Lundström and Gebart (1995). 

The dashed curve corresponds to analytical estimation for random array of cylinders in 

Westhuizen and Plessis (1996). b – Stream function in a system with approximately 2 400 

particles and  = 0.25. The flow is oriented upwards in the figure with a 10° inclination 

to the left.  
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Figure 6.5 a – Distribution of drag force on a system with about 240 particles. b – The 

relative shift of the particles at u = 0.1, dimensionless pressure gradient. Hollow black 

circles – initial position, filled red circles – final positions, blue lines – modified Voronoi 

diagrams. The flow is oriented upwards with a 10° inclination to the left.  

 

 

 6.3 Deformation of porous media, modelling of the No 

Erosion Filter-test 
 

In order to apply the model developed in the previous chapter on a more realistic 

description of a geotechnical material we hereby investigate the possibility to model the 

No Erosion Filter (NEF) test as described by Sherard and Dunnigan (1989). This is a 

widely spread and often used method to determine the filter criteria for embankment 

dams. The flow inside the NEF-test, due to an applied pressure gradient, both initiates 

and progresses an internal erosion phenomena. Where the transportation of particles, of 

course, is from the fine zone into the base specimen and depending on the design of the 

filter it either seals the initiated leakage or the fine particles continues throughout the 

filter, see further Sherard and Dunnigan (1989). The model applied here, as briefly 

described in the previous section and developed in paper D and E, captures both these 

cases in a satisfactory way, see figure 6.6 and 6.7. Although, the particle transportation as 

described in Sherard and Dunnigan (1989) is more radial than the one captured in this 
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study the overall trend is mimicked and shows great potential for further development, for 

instance with an longer (streamwise direction) zone of fine graded material it is likely to 

better resemble the description by Sherard and Dunnigan (1989).  

 

a b  

c d  
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e f  

Figure 6.6 Development of particle configuration due to flow-induced forces for the flow 

directed downwards in the figure: a- initial configuration, b-f – intermediate stages. 

 

a b  

Figure 6.7 Intermediate stage for unsuccessful sealing. a – distribution of particles, b – 

distribution of the stream function. 
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7 CONCLUSIONS AND FUTURE WORK 
 

A literature review as well as an analysis of a quadratic array of cylinders yields that a 

number of different Reynolds numbers can be defined for a porous media. The analysis 

further shows that this number can be independent on the porosity of the porous media 

(ReS) as well as increase (Re’, Red and ReK) or decrease (ReD) with it. The outcome of a 

comparison of results is thus critically dependent on which Re that is used. 

 

The different flow regions when considering flow in a porous media are dependent on the 

packing order and the porosity, and the set-up of the equations describing the flow needs 

to be modified accordingly. The change from creeping to the inertia dominated flow takes 

place at about Re’ = 10 for a quadratic arrangement of cylinders as well as for 

hexagonally arranged spheres but for hexagonally arranged cylinders it stretches all the 

way up to Re’ = 50 depending on the porosity of the material. One application of this 

definition of flow regimes is the possibility to derive an upper theoretical limit regarding 

effective diameters and applied pressure gradients, suitable for when designing 

geotechnical experiments. Hence, such an expression is thus developed. It turns out to 

more difficult to derive a general criteria yielding when turbulence need to be considered. 

For the two dimensional case of quadratic packed cylinders an analysis indicate that the 

flow is turbulent for Red > 300 for all porosities. However, the onset of turbulence for the 

hexagonally arranged cylinders is not captured at all with Red  at least for the range of Re’ 

investigated here, up to 19 000.  

 

In order to predict the normal and shear forces acting in the porous media it is essential to 

make the right choice between laminar and turbulent setup since the force prediction 

differ considerably at high Re. This is, for instance, vital for the modelling of internal 

erosion in embankment dams. The forces on individual particles is always predicted to be 

higher when using a turbulent model as compared to a laminar one for quadratic 
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arrangement at high Re’ while for hexagonal arrangement no such distinct conclusions 

can be made. A final conclusion is that the higher the porosity is the lower is the force for 

the same Re’. Regarding the hexagonal arrangement of spheres one can find that 

regardless of the size of a perturbing particle and regardless if permeability or forces on 

individual particles are sought for, inertia effects must be taken into account when the 

Reynolds number is depending on the limit chosen. Interestingly the forces per unit area 

on the spheres increases monotonically with Reynolds number while the forces per unit 

area on the perturbing particle sometimes decreases as a function of Reynolds number. 

The net force on the perturbing particle can even be opposite to the main flow direction. 

This may be due to the growth and relocation of wall shear and pressure zones. Hence 

when it comes to initiating and progressing of internal erosion in embankment dams this 

study has indicated that statistical variations in geometry must be considered and that this 

variation must be based on detailed studies of the flow around the grains.  

 

When considering the mesh deformation approach of simulating motion of particles in 

porous media, the method has shown a promising potential but it still needs to be further 

investigated, in order to get reliable results. CFD simulations of unit cells of porous 

media accompanied with minimisation of dissipation rate of energy of a large system is 

found to be an effective tool to study flow-induced statistical variations in permeability 

through randomly packed systems. The more compact the system is the larger is the 

possible relative change of permeability by applying high flow rates. The permeability of 

large random arrays increases always especially for compact systems with equal size of 

the particles. Nevertheless, the permeability can also decrease for specially ordered or 

small systems. Since only elastic deformations are assumed for the matrix of particles the 

configuration is fully reversible. The minimisation of dissipation rate of energy 

accompanied with Voronoi discretization of the particle system is found to be an effective 

tool that can model the erosion of complicated systems. In particular experimental 

observations of how the erosion takes place in a No Erosion Filter (NEF) test rig can be 

captured. The simulations showed that Sherard and Dunnigan’s explanation of successful 

sealing seams correct but, instead of radial shift of particles along the interface of the 
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layers the motion is slightly diagonal along the cracks present in the structure of fine 

grained particles. 

 

Regarding the future work the three dimensional study on hexagonally arranged spheres 

should be increased in range of Re’ to, hopefully, capture the area where the turbulent 

effects becomes significant for the flow and also to investigate if there exist an influence 

when considering the porosity of the structure. When considering the two dimensional 

case of hexagonally arranged cylinders it would be worth to scrutinize the effects of 

turbulence for high Re’, develop the investigation performed here for higher Re’ and also 

look into possible effects of other turbulence models for this case. It would also be 

interesting to investigate the influence of a graded material as well, both for two and three 

dimensional simulations. In order to create at better link between the simulated values 

and the real world, some experiments on how the flow characteristics changes with the 

different regimes would be interesting to perform. In order to compare with quantifiable 

data on the flow characteristics for the different flow regions. However, when performing 

such an investigation the flow phenomena occurring inside the porous media is quite 

difficult to capture, hence, one of the challenges is to design an experiment in order to 

achieve optical visibility for these conditions. Another thing that might be interesting to 

investigate is how a porous media behave close to solid structures, such as concrete 

structures within the vicinity of embankment dams.  

 

Regarding the mesh deformation simulations it would be interesting to enhance the 

description of the forces retaining the perturbation particle , the material itself including 

three dimensional, in order to better mimic the real conditions in the soil and, of course, 

to include the gravitational effects. It would also be interesting to design an experiment in 

order to compare the method in more detail with different parameters, such as forces; 

pore pressures and so fort, and also to develop the method further.  
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8 DIVISION OF WORK  
 

The Division of work between the authors to the eight papers are presented below.  

 

Paper A:  

Laminar and Turbulent Flow through an Array of Cylinders 

Hellström, J. G. I., Jonsson, P. J. P. and Lundström, T. S. 

 

All of the simulations were performed by Hellström and Jonsson. Analysis of the results 

and writing of the paper was performed by Hellström and Lundström.  

 

Paper B:  

Fluid flow induced forces on particles located within ordered porous media 

Hellström, J. G. I. and Lundström, T. S. 

 

Simulations performed by Hellström and the analysis and writing of the paper were 

performed by Hellström and Lundström.  

 

Paper C:  

Theoretical limits of the pressure gradient applied to drive the flow during geotechnical 

experiments 

Hellström, J. G. I., Lundström, T. S., Jantzer, I. and Knutsson, S. 

 

Theoretical investigation and analysis was performed by Hellström and Lundström based 

on discussions by Hellström, Lundström, Jantzer and Knutsson and the writing of the 

paper were performed by Hellström, Lundström, Jantzer and Knutsson.  
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Paper D:  

Mechanisms of flow-induced deformation of porous media 

Hellström, J. G. I., Frishfelds, V. and Lundström, T. S. 

 

CFD-simulations performed by Hellström, Monte Carlo-simulations performed by 

Frishfelds, analysis of the results and writing of the paper by Hellström, Frishfelds and 

Lundström.  

 

Paper E:  

Fluid Flow Induced Internal Erosion of Porous Media, Modelling of the No Erosion 

Filter Test Experiment 

Frishfelds, V., Hellström, J. G. I., Lundström. T. S. and Mattsson, H.  

 

CFD-simulations performed by Hellström, Monte Carlo-simulations performed by 

Frishfelds, analysis of the results and writing of the paper by Hellström, Frishfelds, 

Lundström and Mattsson.  

 

Paper F:  

Flow induced forces in porous media – with application to internal erosion - 

Hellström, J. G. I. and Lundström, T. S.  

 

Simulations performed by Hellström and the analysis and the writing of the paper were 

performed by Hellström and Lundström. 

 

Paper G:  

On numerical modelling of internal erosion in embankment dams 

Mattsson, H., Hellström, J. G. I., Lundström, T. S. and Knutsson, S.  

 

Literature investigation and development of the research idea were performed by 

Mattsson, Hellström, Lundström and Knutsson.  
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Paper H:  

Parallel CFD simulations of an original and redesigned hydraulic turbine draft tube 

Hellström, J. G. I., Marjavaara, B. D. and Lundström, T. S.  

 

All analysis was done by Hellström under supervision of Marjavaara. The paper was 

written by Hellström, Marjavaara and Lundström.  
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Abstract 
When modelling fluid flow through porous media it is necessary to know when to 

take inertia-effects into account as well as when to switch to a turbulent 

description of the flow. From an engineering point of view the problem is often 

solved with the empirically derived Ergun equation or a recently upgraded version 

by Nemec & Levec. The drawback with this approach is, however, that the 

mechanisms for the transitions between the three states of flow are not revealed 

and time-consuming experiments have to be performed. In order to increase the 

knowledge of the detailed flow numerical studies of flow through arrays of 

quadratically packed cylinders at a variety of Re are here carried out. One result is 

that the laminar and turbulent approaches used both mimic experimental results 

for low Re while for higher Re only the turbulent approach resembles the 

empirically derived equations. The deviation from Darcy’s law for different 

porosities of the array can be defined by usage of a Re based on the hydraulic 

radius and the averaged interstitial velocity. However, to find a common Re when 

turbulence need to be accounted for, another Re solely based on the averaged 

interstitial velocity and the diameter of the cylinders was used. It is furthermore 



found that at low Re the laminar and turbulent set-ups give practically the same 

velocity fields while the turbulent dissipation at higher Re results in larger 

circulation zones and weaker jets.  

 

Keywords: Porous media, Turbulence, Computation, Fluid mechanics, 

Hydrodynamics.  

 

 

Introduction 
Flow through porous media is of importance for a huge number of technical areas 

including ground water flow, flow through embankment dams, paper-making, 

composites manufacturing, filtering and drying and sintering of iron ore pellets. In 

some of these applications the characteristic of the flow is unknown while for 

others higher demands on the environment, security and process efficiency 

implies that the flow must be studied in more detail than previously done. In the 

present case we want to derive forces on individual particles in connection to flow 

through embankment dams and we therefore need to know when inertia effects 

should be accounted for and when turbulence comes into play. In this context it 

also becomes important to decide how to define the Reynolds number (Re). We 

have therefore carried out a Computational Fluid Dynamics (CFD) based micro-

mechanical investigation of flow through porous media ranging from creeping, 

strictly Darcian, to fully turbulent.  

 

Creeping flow of a Newtonian fluid through porous media follows Darcy’s law on 

a global scale according to: 
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in a general form and  
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in one-dimensional form. In these equations vi is the superficial velocity vector, 

Kij the permeability tensor,  the dynamic viscosity of the fluid, p the pressure, Q 

the flow rate through an area A and p the pressure drop over an length L in the 

stream-wise direction. The permeability is set by the geometry of the porous 

media and a number of expressions have been derived for this relationship. For 

flow perpendicular to an array of cylinders the following equation is strictly valid 

for low porosities  and the error is less than 10% for  = 0.65, Gebart (1992) 
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where C and min are determined from the geometrical arrangement (such as 

quadratic or hexagonal arrangement). When the flow in the pores is fully or partly 

turbulent a non-linear term is often introduced for flow of a Newtonian fluid to 

form the Forchheimer equation 
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where b is a property of the porous media and m, in this case, is a measure of the 

influence of fluid turbulence, Forchheimer (1901) and Papathanassiou et al. 

(2001). As a special case of (4) Ergun derived the following expression 
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by fittings to experimental data, Ergun (1952). In this equation pF is the pressure 

represented as a force, g is the gravitational constant, Dp the effective diameter of 

particles and  the density of the fluid. In between the creeping flow region and 

the turbulent one, laminar inertia gives a substantial contribution to the resistance 

to flow and experiments have indicated that it is possible to use (4) & (5) for this 

case as well. Hence, measurements of averaged quantities have thus shown that 

the transition from laminar to turbulent flow is smooth. In accordance with this 

observation Dybbs and Edwards (1984) conclude, from their experimental 

visualisations of flow around cylinders arranged in an array, that there is a smooth 

transition from an unsteady laminar flow regime to a highly unsteady and chaotic 

flow regime. They also state that further investigations on the nature of these 

regimes are needed in order to give insight to velocity distributions and various 

transport phenomena inside porous media. Results in Seguin et al. (1998) indicate 

that the local transition within a porous media takes place at various global Re 

since the local velocity as well as the characteristic length scales varies as a 

function of spatial co-ordinate. Hence laminar and turbulent flow may co-exist. 

This certainly affects the forces on individual particles within a porous media. 

Another result in Seguin et al. (1998) is that when increasing Re the velocity 

gradient starts to fluctuate at an increasing rate until a certain Re where this rate is 

stabilised. 

 

Returning to the global description of the flow, the Ergun equation has shown best 

agreement with a bed of randomly distributed spheres and is therefore not optimal 



for all geometries. Instead the following expression is proposed by Nemec and 

Levec (2005) 
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where Re* and Ga* are defined as  
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and where the material dependent constants A* and B* range between 180 - 280 

and 1.9 - 4.6 respectively. This reveals that additional variables to  and Dp need 

to be introduced in order to fully describe the relation between the detailed 

geometry and the resistance to flow through porous media. Another common way 

to globally relate pressure to flow rate is by the Blake-type friction factor defined 

as: 
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Introducing this relationship into the Ergun Equation (5) yields 

 

Re'
15075.1'f                     (10) 

 

which resembles experimental data and where the modified Re is defined as 
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QDp
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This definition of Re stem from Ergun (1952) with the hydraulic diameter and the 

real average velocity set as the characteristic length, L, and the characteristic 

velocity, U, respectively where Re, in general terms, is expressed as: 

 

ULRe      (12) 

 

where  is the kinematic viscosity. We will mainly use Re’ throughout this paper 

but as pointed out in Comiti et al. (2000) this is just one way of defining Re for 

porous media. As characteristic length the typical size of the pores, the typical 

size of the particles and the square root of the permeability of the porous media 

have also been employed while the characteristic velocity often is set to be the 

superficial velocity.  

 

The validity of the global equations presented above has been thoroughly 

investigated. Fand et al. (1987), for instance, perform an experimental study of 

flow through simple and complex porous media with the conclusions that Darcy’s 

law is valid for Re, based on the superficial velocity and the diameter of the 

sphere, ReS, below 2.3, inertia need to be considered when 5 < ReS < 80 and 

turbulence is the dominating mechanism contributing to the losses when ReS is 

above 120. This range was extended in an experimental study on a pore scale by 

Lesage et al. (2004) who concluded that the flow is laminar for ReS below 110 and 

turbulent for ReS above 280 which are also in agreement with additional results 

presented in Hlushkou and Tallarek (2006). The experiments performed in Seguin 

et al. (1998) indicates that the flow is laminar until Re, based on average pore-



space and average pore velocity, Red, reaches 180 and the fully turbulent region 

starts when  Red becomes equal to 900. Hence similar results to those presented 

above are obtained. McFarland and Dranchuk (1976) found out that transition to 

turbulent flow took place for Re from 0.241 to 4.56, where Re is based on the 

Darcy superficial velocity and a length parameter equal to the product of the 

permeability and a inertial resistance coefficient, a definition  leading to the 

relatively small values for the transition.  Yet another way of defining Re was 

used by Venkataraman et al. (1998) who related Re to the square root of the 

permeability, ReK. As apparent there are several ways to define Re in a porous 

media and a variety of critical Re for inertia and turbulence have been proposed. 

The latter is confirmed by Scheidegger (1972) who state that there is an 

uncertainty in the critical Re for inertia by a factor 750.  

 

In order to understand porous media flow a number of numerical methods have 

been applied as outlined by Ziólkowska and Ziólkowski (1988). The increases in 

computer capacity the latest decades facilitate even more detailed studies 

including the one here presented. In the numerical investigation by Koch and 

Ladd (1997) the drag is calculated for some arrays of cylinders. One result is that 

the magnitude of the drag per unit length on cylinders in a square array at 

moderate Re is strongly dependent on the orientation of the pressure gradient. 

Another is that in random arrays, the drag makes a transition from quadratic to a 

linear Re-dependence at ReD, based on the diameter of the cylinders and the 

average interstitial velocity, between 2 and 5. Ghaddar (1995) considers also flow 

through a regular array of cylinders showing that the flow becomes unsteady for 

Re’ greater than 150. On the other hand Pedras and de Lemos (2003) present a 

strategy for computations of turbulent simulations in porous media using a low-Re 

k-  model which show good agreement with published data with a steady flow 

assumption.  



 

Lattice-Boltzmann simulations have also been performed in order to bridge the 

gap between Stokes flow and moderate Re simulations of flow in porous media, 

Hill et al. (2001). In Beetstra et al. (2007) this technique was applied for a variety 

of solid volume fractions and Reynolds numbers up to ReS of 1 000. 

 

The short literature survey presented above yields that it is not clarified which Re 

to use when defining when inertia becomes important and the onset of turbulence. 

It is furthermore not apparent how inertia and turbulent flow are composed in a 

porous media although the experiment by Dybbs and Edwards (1984) and Seguin 

et al. (1998) are a very good starting point. In this paper we therefore perform a 

CFD-based micro-mechanical investigation ranging from creeping, strictly 

Darcian flow, to fully turbulent, full Navier-Stokes equations flow, in order to 

investigate the limitations of the equations for flow through a quadratic array of 

cylinders packed at different solid fractions. We perform the simulations with 

very fine meshes (high accuracy) and with a laminar flow set-up (creeping to 

turbulent Re) as well as with a two-equation turbulence model (creeping to 

turbulent Re). This enables us to, in detail, study the flow field and do simulations 

at much higher Reynolds numbers than practically possible with the Lattice-

Boltzmann technique, Beetstra et al. (2007). The outcomes from laminar and 

turbulent flow set-ups are then compared to each other and to results from the 

literature.  

 

 

Governing equations 
To be able to capture the complete flow field as a function of Re the Navier-

Stokes Equations are applied. To start with the equations are set-up for laminar 

flow of a Newtonian and incompressible fluid according to: 



 

jjiijijti upuuu ,,,,
1  and 0,iiu .          (13 & 14) 

 

Then at a second stage the flow is allowed to be turbulent by applying Reynolds-

Averaging by decomposing the total velocity u~  into a mean U and fluctuation 

component u, i.e. uUu~ , where uU ~ , resulting in the following equations 

 

jijjjiijijti uuUpUUU
,,,,,

1  and 0,iiU .         (15 & 16) 

 

Here  is the kinematic viscosity and jiuu  are the Reynolds stresses. These 

equations represent the mean flow characteristics where turbulent effects are 

modelled via the Reynolds stresses, in order to obtain closure. Since focus is set 

on flow around a number of periodically arranged cylinders having curved 

surfaces, the Shear-Stress-Transport (SST) is applied, Menter (1993), because of 

its good behaviour when considering adverse pressure gradients flows and 

separating flow. In the SST-model the best ingredients from the k-  and the k-  

models are combined via a blending factor. This factor activates the k-  model in 

the near-wall region and the k-  model in the bulk, yielding that the shift from the 

k-  to the k-  formulation takes place in the logarithmic part of the boundary 

layer. The model is based on the assumption that the principal shear-stress is 

proportional to the turbulent kinetic energy, which is introduced into the definition 

of the eddy-viscosity, the so-called Bradshaw’s assumption. The mathematical 

formulations thus develop into 
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where k is the turbulent kinetic energy, Sij the turbulent stress tensor,  the 

turbulent frequency, T the turbulent dynamic viscosity, T the turbulent kinematic 

viscosity and *, k, , , F1 and 2 are constants, Menter (1993). 

 

The laminar and turbulent set-ups are both used to calculate the flow through a 

porous media at a variety of Reynolds numbers from fractions of one up to values 

near to 10 000. Obviously the laminar and turbulent simulations are thus applied 

in areas of Reynolds numbers where they are usually not valid. It will however 

turn out that a number of interesting results are generated by this approach.  

 

 

Geometry and numerical verification 
The geometry chosen for this study is an array of quadratically packed infinite 

long cylinders for which a unit-cell approach is applied where, for each porosity 

two unit-cells are defined, see figure 1, that are divided into finite volumes with 

aid of ANSYS ICEM CFD 10.0 Hexa. In order to get a high-quality design of the 

numerical grid a block structure is created that is projected onto respective unit-

cell. The 8 blocks used in this procedure are arranged so that the main flow 

features in the unit-cells can be resolved. For laminar flow it has previously been 

shown that the quality of the grid is by all means good enough yielding an error of 

less than 0.3‰ when using 370 000 nodes, Hellström and Lundström (2006). The 

flow field is solved with the commercial software ANSYS CFX 10.0 and the 

computational domain is parallelized with the MeTis partitioning method and 

simulated on homogenous Windows and LINUX clusters. For the Windows part 



of the simulations the MPICH-1.2.5 message-passing libraries (MPI) are applied 

and for the LINUX part a HP-MPI-2.1 routine is chosen, see Hellström et al. 

(2006). For the turbulent simulations measures are taken to keep the y-plus value 

low enough. This is a dimensionless distance from the wall used to provide 

information on the near wall resolution. To exemplify, when Re’ is equal to 2 000 

the maximum y-plus is 1.3. This is within the limits of the recommendations in 

the CFX-manual CFX® (2005) stating that the y-plus value should be lower than 

2, and the requirements in ERCOFTAC Best practice Guidelines (2000), where 

the conditions are that y-plus should be below 4 and close to unity. 

 

The boundary conditions of the unit-cell are defined as follows, the top and the 

bottom part are symmetry-planes, the cylinder wall is assumed to be smooth with 

a no-slip condition and the left and right hand sides are periodic domain 

interfaces, all in all, representing the repeatable structure of the array. In order to 

drive the flow a momentum source is defined in a subdomain. The advection 

scheme used to solve the continuity and momentum equations are chosen to be 

strictly second order accurate by setting the specified blend factor equal to one in 

CFX-Pre. The simulations are furthermore assumed to be well converged when 

the Root Mean Square (RMS) residuals have dropped 5-6 orders of magnitude and 

when the maximum residuals are less than 1.5 orders of magnitude above the 

RMS-residuals.  

 

For the unsteady calculations a second order backward Euler scheme is applied 

and the time step is selected so that the Courant number is between 0 and 5, where 

the Courant number is defined as the fluid velocity times the timestep divided by 

the mesh size. To discern the unsteady behaviour of the simulations a number of 

monitor-points were introduced recording pressure at nine locations and also 

logging the massflow at the domain interfaces. Most turbulent simulations were 



performed with the SST-model of reasons already presented, other turbulence 

models tested gave similar results and thus indicate the same behaviour but need 

more CPU. 

 

In order to decrease the usage of CPUs most simulations were initially based on 

former runs, in particular each turbulent simulation was, when appropriate, based 

on its laminar counterpart, that is, the laminar simulation with the same pressure 

gradient. For the laminar simulations as well as the turbulent simulations with 

high pressure gradients there is no initial guess of the velocity field. Initial 

conditions for the turbulent kinetic energy and the eddy frequency were 0.03 m2/s2 

and 300 Hz, respectively based on experience from former simulations and post-

processing. For the periodic domain interface boundaries the turbulence option is 

set as a conservative interface flux. To ensure that the selected values of the 

turbulent parameters are relevant for the problem studied a perturbation analysis 

was carried out. The variations introduced, only weakly influence the results 

indicating that the solutions obtained are stable in this context. 

 

At higher Re the laminar simulations were performed by an unsteady approach 

since the steady simulations indicated problems like oscillating residuals and 

unstable values of the massflow. This is in agreement with the results in Ghaddar 

(1995) and Seguin et al. (1998) who got indications of an oscillating numerical 

solution and experimentally derived velocity gradient as described in the 

introduction. For the turbulent set-up this behaviour was not observed which also 

follows the experimental results in Seguin et al. (1998) showing that the 

fluctuation rate of velocity gradient stabilizes at a certain Re. Hence, all turbulent 

simulations were performed with steady flow approach.  

 

 



Reynolds numbers for a quadratic array of cylinders 
As stated in the introduction there are several ways to define Re and we will here 

derive and compared a couple of those for a quadratic arrangement of cylinders. It 

will namely turn out that comparisons between results from the simulations are 

critically dependent on which Re that is used. Hence let: 
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where Ua is the average velocity within the array, U0 the porous media superficial 

velocity, Dh the hydraulic diameter of the array, Vp the volume of the pore space 

within the array. As the surface of the solid phase within the array and Dp the 

diameter of the cylinders. The resulting Re then becomes  
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The interpretation is that when  increases, an increase of the scale of the pores 

combined with an overall decrease in velocity results in a Re that increases with  

keeping the flow rate constant, see figure 2. Another way of defining Re is to set 

the typical length scale to the diameter of the cylinders while still using the same 

definition of the velocity as above to form: 

 

pD DU 0Re                     (21) 

 

This Re is not coupled to the detailed geometry of the array and has been termed 

the interstitial Re, Comiti et al. (2000). For a given size of the cylinders it relates 



Re to the actual averaged velocity within the array. Hence ReD decreases with 

porosity, see figure 2. A third possible way to define Re is to find a typical length 

scale in the pore space within the array. One such scale is the distance between the 

fibres, d. In this gap a corresponding velocity Ud may be identified. These 

quantities are usually not known but after some algebra, the following Re 

materialize: 
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                    (22) 

 

As for ReDh, Red increases with porosity, see figure 2. The typical length scale can 

also be linked to the permeability of the array, hence 
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also in this case Re increases with the porosity. The magnitude of it is, however, 

much lower than for the other definitions of Re for the porosities studied, see 

figure 2. In this context it is also of interest to notice that ReS defined in the 

introduction is independent on the porosity and equal to one for all > 0 in figure 

2.  

 

 



Results and discussions 
For the simulation carried out with the full Navier-Stokes Equations and a laminar 

flow assumption there is a drop in permeability at Re’  10, see figure 3. As Re’ is 

increased furthermore the curve for the apparent permeability then makes a 

smooth bend and seems to level out. In reality and at the high end of this curve it 

is likely that large scale eddies are generated that strongly affects the flow field. 

Before presenting results from the simulations with a turbulent flow assumption 

let us study the flow field calculated for various set-ups with the laminar flow 

hypothesis. 

 

As Re’ is increased a sort of jet is formed transporting most of the fluid through 

the porous medium which is in agreement with measurements of velocity profiles 

in Johns et al. (2000). Also the stagnation point on the left hand side of the 

cylinder climbs “uphill” towards the top of the cylinder and the corresponding 

recirculation zone becomes smaller and seemingly more chaotic, see figure 4. At 

very low Re’ the circulation generated is acting on a larger scale while as Re’ 

increases the structures splits into several zones and the contribution from the 

circulation taken as a whole to the overall resistance to flow becomes more 

significant, see figure 4. The fact that the circulation zone becomes smaller at 

even higher Re’ may explain the result that the apparent permeability levels out, 

cf. figure 3 and 4.  

 

The laminar flow simulations may also be compared to experiment on the global 

scale by using the, empirically derived and previously defined Blake-type friction 

factor i.e. (9) & (10). The simulated values correspond very well to the Ergun-

equation and its modified version until Re’  30 but as Re’ is allowed to increase 

further the simulated results start to deviate from this equation, see figure 5. To 

exemplify, the difference between the case of porosity 0.6 and Ergun Equation is 



about 20% at Re’ = 30. This indicates that other mechanisms than inertia effects 

such as turbulence become important when Re’ is larger than about 30.  

 

When comparing the results from the turbulent simulations, denoted as white 

symbols in figure 6, with the laminar equivalents, denoted with black symbols in 

figure 6, it is shown that the SST-formulation captures the main feature of the 

flow field even at very low Re’s. Increasing Re’ further implies that the turbulent 

simulations give lower apparent permeability values than the laminar ones. This is 

expected and there is no sign of a rapid transition, as the one in pipe flow being in 

conformity with the results in Seguin et al. (1998) although the mechanisms 

differs slightly. In Seguin et al. (1998) the smooth transition is attributed to that 

the transition appears at different Reynolds numbers within different pores while 

the simulations here presented rather indicate that the smooth transition is a result 

of an interplay between inertia and turbulence within a single pore. A comparison 

of the results at 3 solid fractions yields that the deviation between the laminar and 

turbulent set-ups takes place for Re’ ranging from 100 to 600, depending on the 

porosity. This fact stresses that Re’ denote the onset of inertia while another Re 

yielding the onset of turbulence has to be defined.  

 

When comparing the simulated values with the Ergun and the modified Ergun 

equation the discrepancy for Re’ > 30 is now reduced, cf. figure 5 and 7. This 

confirms that turbulence need to be considered at Re’ larger than 100 - 600. This 

very large range can, however, be considerably reduced by instead plotting the 

results as a function of ReD which is directly related to the average velocity within 

the porous media, see figures 8 and 9. The deviation between the laminar and 

turbulent simulations now takes place at practically the same ReD (ReD = 300) 

regardless of the porosity.  

 



By scrutinizing the averaged turbulent velocity field in detail it can be seen that 

the large circulation zone has more or less the same position for all Re’ but 

increases in strength with Re’, see figure 10. When comparing with the results 

from the laminar setup, figure 4, the jet formed has a much weaker development 

as a function of Re’ confirming that the turbulent energy losses are more evenly 

distributed in the bulk flow, figure 10. The next significant flow feature after the 

jet for the turbulent flow, shows up on the right hand side of the cylinder where a 

distinct separation materialises as the large circulation zone increases in strength. 

The point of separation climbs closer to the top of the cylinder as Re’ increases, 

see figure 11. This pre-departure of the jet from the cylinder may cause a 

relatively lower resistance to flow and be one of the reasons to why the simulated 

results deviates from the Ergun equation at Re’ > 300 for  = 0.4, see figure 7. 

Such a deviation has to the authors knowledge not been reported in the literature 

and may be related to either the geometrical set-up used in this investigation or the 

fact that rather high Re’ (higher than before) have been simulated with very high 

accuracy (better than before). As a final remark it is evident that at low Reynolds 

numbers the flow fields produced by the laminar and turbulent set-ups are 

practically the same. 

 

The force per unit area acting on the cylinder increases dramatically with Re, see 

figures 12 and 13. It is also evident that a turbulent flow assumption will generate 

larger forces on the cylinder than a laminar one and that the normal forces are 

considerably larger than the shear forces, see figures 12 and 13. This result is of 

great importance when, for instance, considering internal erosion in embankment 

dams. Since larger forces on the particles imply a larger risk of initiation of the 

process for the dam and the possibility of formation of a sinkhole and/or 

progression of the process for the dam to reach the breaching condition. Hence the 

knowledge of the size and distribution of the forces acting inside the porous media 



is important to understand and to know which simulation approach to use for the 

given flow conditions, since the forces for high Re differ as much as one decade 

when comparing laminar and turbulent setups.  

 

 

Conclusions  
A literature review as well as an analysis of a quadratic array of cylinders yields 

that a number of Re can be defined for a porous media. The analysis further shows 

that this number can be independent on the porosity of the porous media (ReS) as 

well as increase (Re’, Red and ReK) or decrease (ReD) with it. The outcome of a 

comparison of results is thus critically dependent on which Re that is used. 

 

CFD simulations for flow through a quadratic array of cylinders at three solid 

fractions with as well a laminar as a turbulent set-up are then performed. All 

simulations are in good agreement with each other and with experimental data, as 

to permeability and friction factor, from the creeping flow region up to Re’ of 

about 30. The turbulent simulations with the Shear Stress Transport turbulence 

model thus capture main flow feature even at very low Re’ flows. In conformity 

with data in the literature all simulations yields a Re’ of about 10 when inertia-

effects must be taken into account. For higher values of Re’ than 30 the laminar 

flow simulations produce results that differs from as well the simulations with a 

turbulent formulation as experimental data from the literature. The results from 

the latter two are however similar indicating that the point where turbulence must 

be considered can be defined as the Re where the laminar and turbulent 

simulations starts to deviate from each other. To get a similar conformity 

regarding this possible on-set of turbulence as for the on-set of inertia ReD must be 

used instead of Re’. By doing this it is found that turbulent flow needs be 

considered when ReD is above 300 since the laminar set-up of equations fails to 



predict the experimental results over this value. The difference between Re’ (or 

ReDh) and ReD is that for the latter only the increase in interstitial velocity is 

captured when the porosity is decreased while in the former also the decrease in 

hydraulic diameter is modelled.  

 

A detailed comparison between the flow fields for the laminar and turbulent set-

up furthermore yields that a pronounced jet formed close to the middle of the gap 

for the laminar case is smeared out in the turbulent case. It is also found that 

circulation zones formed are larger when using a turbulent formulation.  

 

In order to predict the normal and shear forces acting in the porous media it is 

essential to make the right choice between laminar and turbulent setup since the 

force prediction differ considerably at high Re. This is, for instance, vital for the 

modelling of internal erosion in embankment dams.  

 

It now remains to link the results obtained in this study to as well other ordered 

materials as more disordered as those used in an embankment dam including 3D, 

wall and effects of a multi disperse system.  
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Figure 1: Schematic sketch of the computational domains, to the left is the unit-cell for 

the steady simulations and to the right the unit-cell for the unsteady simulations. 
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Figure 2: Comparison between different Reynolds number formulations, for a variety of 

porosities.  
 



 
Figure 3: The apparent permeability divided by the true permeability for the three 

porosities studied here 0.3, 0.4 and 0.6.  

 

 
Figure 4: Vectors representing the velocity for the laminar configuration with different 

Re’ for the porosity of 0.4; top left Re’ = 0.02, top right Re’ = 200, bottom left Re’ = 1 

000 and bottom right Re’ = 4 000. 

 



 
Figure 5: The Blake-type friction factor calculated for the simulations as well as the 

Ergun equation and the modification by Nemec & Levec for the different porosities. 

 

 
Figure 6: The apparent permeability divided by the true permeability for the three 

porosities 0.3, 0.4 and 0.6, both the values for the laminar and also the turbulent case. 

 



 
Figure 7: The Blake-type friction factor for the Ergun and the modified Ergun equation 

as well as the simulated values, only the turbulent ones. 
 

 
Figure 8: The apparent permeability divided by the true permeability for the three 

porosities 0.3, 0.4 and 0.6, both the values for the laminar and also the turbulent case 

plotted with respect to the new ReD. 

 



 
Figure 9: The apparent permeability divided by the true permeability for the three 

porosities 0.3, 0.4 and 0.6, zoomed in at the area where the onset takes place, both the 

values for the laminar and also the turbulent case plotted with respect to ReD.  

 

 
Figure 10: Vectors representing the velocity field for the turbulent configuration with 

different Re’ for the porosity of 0.4; top left Re’ = 1.5, top right Re’ = 200, bottom left 

Re’ = 1 000 and bottom right Re’ 2 000. 

 



 
Figure 11: The length of the vectors represent the velocity and the velocity gradient, 

, is displayed on the cylinder wall for different Re’-numbers: top left: Re’ = 1.5, 

top right: Re’ = 65, middle left: Re’ = 120, middle right: Re’ = 210, bottom left: Re’ = 

1 000 and bottom right: Re’ = 2 000, when the velocity gradient turn black the gradient 

switches sign and separation occurs. 
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Figure 12: The shear force acting on the cylinder for different porosities. 

 

 
Figure 13: The normal forces acting on the cylinder for different porosities. 
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ABSTRACT 
Purpose – Forces on particles located within a porous media as a function of its detailed 

geometry, Reynolds number and the type of equations solved are here derived. 

Design/methodology/approach – Flow through arrays of cylinders is solved with 

Computational Fluid Dynamics so that the apparent permeability, the Blake-type friction 

factor and the forces acting on the particles can be found. The simulations are carried out 

for Re ranging from creeping flow to high Re flow, considering flow in porous media, and 

for a wide range of porosities of quadratic and hexagonal arrangement of cylinders. All 

cases are solved with both a laminar and a turbulent setup. 

Findings – For a hexagonal arrangement it is here shown that inertia-effects become 

significant for Re’ between 30 and 50 dependent on the porosity, as compared to 

quadratic arrangement where this occurs for Re’ around 10. Another main result is that for 

quadratic packing the turbulent setup always gives higher forces than a laminar one for 

high Re’ regardless of porosity while no such conclusions can be made for hexagonal 

arrangement.  

Research limitations/implications – Regarding the hexagonal arrangement it could be 

interesting to go even higher in Reynolds number where turbulence is anticipated to 

become more significant.  

Originality/value – The approach presented has previously not been applied on several 

types of arrays. The results lay grounds for a model that predicts the forces acting on 

particles in a porous media and finally internal erosion in an embankment dam.  

Keywords: Computational Fluid Dynamics, Flow in Porous Media, Flow Induced 

Forces, Permeability modelling. 

Article type: Research paper.  



1. INTRODUCTION  
When a fluid flows through a porous media the solid phase becomes subjected to a load. 

This may occasionally lead to a modification or even collapse of the structure of the 

materials. In reality this relates to a number of applications including failure of 

embankment dams (Mattsson et al., 2008), rupture of iron ore pellets during shock drying 

(Ljung et al., 2009) and breakage of wood fibre networks during manufacturing of 

medium density fibre boards (Pettersson et al., 2007). The flow characteristics and thus 

the forces generated will vary as a function of pore geometry and ambient conditions. 

General rules for when the flow field is transformed from one mode to another and how 

the choice of mode influence the computed forces on individual particles should therefore 

be derived. Both these issues will be here addressed.  

 

Regarding the dynamics of the fluid there exist several equations valid in different flow 

characteristic regions. When the fluid is creeping in the pores Darcy’s law applies 

according to 
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where equation 1 represents the general form of Darcy’s law and equation 2 its one-

dimensional simplification. In these equations vi is the superficial velocity, Kij the 

permeability,  the dynamic viscosity of the fluid, p the pressure, Q the volumetric flow 

rate through an area A and p the pressure drop over a length L in the stream-wise 

direction. The permeability, Kij, is in its turn dependent on the geometry of the porous 

media as has, for instance, been described in the Kozeny-Carman equation 
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where B is a constant, S the specific particle surface and  is the porosity, (Bear, 1972). 

For flow perpendicular to an array of cylinders (Gebart, 1992) derived the following 

equation 
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where C and min depends on the arrangement (such as quadratic or hexagonal). 

 

When the flow in the pores increases an additional non-linear term needs to be introduced 

resulting in the so called Forchheimer equation 
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where b is a property of the porous media and m is a measure of the influence of inertia 

(Forchheimer, 1901). Increasing the Reynolds number even more the flow becomes 

turbulent, or at least show turbulent-like behaviour, but experiments (Bear, 1972; 

Hlushkou and Tallarek, 2006) as well as numerical simulations (Hellström et al., 2009) 

has indicated that it is possible to use equation 5 for this case as well. A modified and 

more engineering applicable version of equation 5 was presented by (Ergun, 1952) by 

fittings to experimental data according to the following expression 
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where pf is the pressure represented as a force, g is the gravitational constant,  the 

fractional void volume in the bed, Dp the effective diameter of the particles and  the 

density of the fluid. The Ergun equation has shown best agreement with a bed of 



randomly distributed spheres and is therefore not optimal for all geometries, such as well 

structured arrays of material. The equation has therefore recently been generalized by 

(Nemec and Levec, 2005) to yield the following expression 
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where A and B are tabulated material dependent constants. Experiments yield that the 

values of A and B range from 180 to 280 and 1.9 to 4.6 respectively. This rather huge 

variation indicates that the knowledge of the material in itself must be improved a topic 

that will be addressed in this study. The modified Reynolds and Galileo numbers 

appearing in equation 7 are defined as 
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according to (Niven, 2002), where Re* represents the true averaged velocity in the pores 

taking the pore volume fraction  into account and including the tortuosity . The Galileo 

number in its turn gives us the ratio between the gravitational and viscous forces and is 

strongly dependent on particle diameter and the pore volume fraction. 

 

Another common way of relating pressure to flow rate is by the Blake-type friction factor 

that may be defined as: 
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Introducing this relationship into the Ergun equation, equation 6, results into the 

following expression 
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The expression 11 resembles experimental data and where the modified Reynolds number 

used is defined as 
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This way of writing Re originates from the investigation performed by Ergun where Re is 

related to the hydraulic diameter of the material and the true averaged velocity within it 

(Ghaddar, 1995). Several other forms of Re has been derived with a characteristic length 

of, for instance, the diameter of a representative object or the pores in the media and a 

characteristic velocity based on the superficial velocity or the averaged velocity within a 

pore.  

 

Numerous researchers have investigated the validity of the equations described above 

where, for instance, the review-article by (Hlushkou and Tallarek, 2006) analyses the 

flow regions, creeping, viscous-inertial and turbulent, from a macro-scale transport 

behaviour point of view with the results that the flow is laminar until a superficial Re of 

the order of 100, while (Lesage et al., 2004) concluded that the flow is laminar for a 

particle Re below 110 and turbulent for a particle Re above 280. (Edwards et al., 1990) on 

their turn showed that orientation-dependent permeabilities of both square and hexagonal 

monodisperse arrays are observed to diminish with the increase of Re, indicating that new 

mechanisms are introduced being less sensitive to the detailed geometry. In the numerical 

investigation by (Koch and Ladd, 1997) it was shown that in random arrays of cylinders, 

the drag makes a transition from quadratic to a linear Re-dependence at Re, based on the 

diameter of the cylinders and the average interstitial velocity, between 2 and 5.  

 



In this paper numerical simulations are carried out with the aid of Computational Fluid 

Dynamics (CFD), in order to compare the flow through arrays of cylinders in quadratic or 

hexagonal packing. One reason to choose these patterns is that at low Re and regarding 

permeability high porosity random arrays resembles quadratic arrays while low porosity 

random arrays act like hexagonal arrays hence the approach may represent a variety of 

arrangements. In the simulations the flow is allowed to span from the creeping region to a 

seemingly fully turbulent region. In addition forces on individual cylinders are calculated. 

The simulations are performed both with a laminar and a turbulent set-up; the laminar 

approach was used in the laminar-, the viscous-inertial- and the turbulent regions, and the 

turbulent approach in all these three regions as well.  

 

Two turbulence models are examined the Shear-Stress-Transport-model (SST) which is a 

two-equation model and consists of a combination of the k-  and the k-  models implying 

that the k-  formulation is used in the near-wall region while the k-  formulation is 

applied in the bulk flow region where the shift takes place in the logarithmic part of the 

boundary layer (Menter, 1993). The other and more complex model tested is the Baseline 

Reynolds Stress turbulence Model (BSL RSM) which is a combination of a  based and a 

 based Reynolds Stress Model formulation, in the same way as for the SST-model, but 

here the model utilizes the six equations available through the Reynolds Stress approach, 

(CFX, 2006), resulting in a more elaborate and complex description of the turbulence.  

 

2. GEOMETRY AND NUMERICAL VERIFICATION 
The geometry chosen for this investigation is infinitely long cylinders, packed in 

quadratic and hexagonal patterns, for which unit-cells are defined and discretized with the 

aid of ANSYS ICEM CFD Hexa, see Figure 1. Boundary conditions for representation of 

the repeatable structure of the array of cylinders are constructed as follows: the top and 

bottom parts of the unit-cells are symmetry-planes, the cylinder walls are assumed to be 

smooth with a no-slip condition and the left and right hand sides are periodic domain 

interfaces.  

 



 
Figure 1 Schematic sketch of the computational domain, arrows indicate main flow direction. 

 

ANSYS CFX is used to solve the flow and the grid size finally chosen (about 370 000 

nodes) gives an error estimated to be less than 0.3 ‰ (Hellström and Lundström, 2006). 

Regarding the turbulent simulations measures are taken to keep the maximum y-plus low 

enough. To exemplify, for the turbulent simulation with Re’ = 2 000 the maximum y-plus 

is 1.3 as compared to the recommendations stating that it should be less than 2, (CFX, 

2006), and below 4 and close to unity (ERCOFTAC, 2000), for the turbulence models 

used in this study. To drive the flow in the unit-cell a momentum source is defined in a 

sub-domain. The simulations are performed on a LINUX-cluster with HP-MPI-2.1 as the 

communication protocol and the partitioning method applied is MeTis and the cluster, as 

well as ANSYS CFX, follows good scale-up when considering partitioning and solving 

the CFD-problems in parallel, (Hellström et al., 2007).  

 

The advection scheme used to solve the continuity and momentum equations are chosen 

to be strictly second order accurate by setting the specified blend factor equal to one in 

CFX-Pre. The simulations are furthermore assumed to be well converged when the Root 

Mean Square (RMS) residuals have dropped 5-6 orders of magnitude, when the RMS-

residuals are below 1e-10 and when the maximum residuals are less than 1.5 orders of 

magnitude above the RMS-residuals, (ERCOFTAC, 2000). For the unsteady calculations 

a second order backward Euler scheme is applied for the time discretization and the time 

step is selected so that the RMS Courant number is between 0 and 5 by the use of an 

adaptive time step. To trail unsteady behaviour of the simulations a number of monitor-

points were introduced recording the pressure at nine locations and also logging the mass 

flow at the domain interfaces. The turbulent kinetic energy was initially chosen to 0.03 

m2/s2 and the eddy frequency is set to 300 Hz based on experience from former 



simulations and post-processing. For the periodic domain interface boundaries the 

turbulence options is set as a conservative interface flux. A perturbation analysis of the 

selected values for the turbulent parameters yielded that the variations introduced only 

weekly influence the results. For the laminar set-up at high Re the simulations were 

performed by an unsteady approach since the steady simulations gave oscillating 

residuals and unstable values of the mass flow. This behaviour was not observed for the 

turbulent simulations, hence no unsteady simulations was performed for the turbulent set-

up.  

 

3. RESULTS AND DISCUSSION 
To start with it was shown that the simulations with the BSL RSM turbulence model 

provide practically the same permeability data as the simulations with the SST-model, see 

Figure 2. Hence, since the SST turbulence model requires less CPU it will be used 

throughout the rest of this paper.  
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Figure 2 Apparent permeability divided by creeping flow (true) permeability for hexagonal 

arrangement at a porosity of 0.5 for two turbulence models. 

 
For quadratic arrangement inertia becomes significant at Re’  10 independent of the 

porosity of the array which is in agreement with data presented in the literature (Hlushkou 



and Tallarek, 2006; Hellström et al., 2009; Hellström and Lundström 2006), see the plots 

for the laminar set-up in Figure 3. The next significant result is that the laminar and 

turbulent approaches give similar results up to a certain point where the solution of the 

turbulent formulation starts to give lower permeability data. Hence the point is found 

were the contribution to the overall losses from the modelled turbulence grows to be 

important when compared to the pure viscous ones and those that can be traced to inertia 

effects. If the turbulence models utilized follow experimental data, as actually presented 

in (Hellström et al., 2009), the apparent on-set of turbulence for these particular 

geometries can be found. In contrary to inertia this on-set is dependent on the detailed 

geometry giving a characteristic Re’ that varies from 200 to 700 for the porosities 

considered. This diversity can be avoided if a reformulated, ReD based on the true 

velocity within the porous media and the cylinder diameter is used but then the inception 

of inertia becomes dependent on ReD (Hellström et al., 2009).  
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Figure 3 Apparent permeability divided by creeping flow permeability for quadratic arrangement 

with porosities, 0.3, 0.4 and 0.6 for laminar and turbulent set-ups. 

 

A third result of the simulations performed is that inertia comes into operation when Re’ 

is between 30 and 50 for the hexagonal packing which considerably exceeds the value for 



the quadratic packing and those found in the literature, see Figure 4. Another feature of 

the simulations with the hexagonal array, being rather surprising, is that laminar and 

turbulent formulations give equivalent permeability values for Re’ = 0.02 – 8 000, i.e. 

over the whole span tested, for most of the porosities. For some of the porosities the 

difference between laminar and turbulent setups is significantly larger than for the 

quadratic case. The reformulated Reynolds number, ReD that captured the apparent on-set 

of turbulence for the quadratic arrangement, fails to predict the same on-set for the 

hexagonal packing, see Figure 5, while it, for neither arrangement, can be used to predict 

when inertia-effects become significant, compare Figure 4, Figure 5 and (Hellström et al., 

2009). 
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Figure 4 Apparent permeability divided by creeping flow permeability for hexagonal arrangement 

with porosities 0.2 to 0.7 simulated with laminar and turbulent setups. 

 



0

0,2

0,4

0,6

0,8

1

1,2

0,01 0,1 1 10 100 1000 10000 100000ReD

ap
pr

en
t /

 "t
ru

e"
 p

er
m

ea
bi

lit
y

porositet 0.2 laminar

porositet 0.2 turbulent

porositet 0.3 laminar

porositet 0.3 turbulent

porositet 0.4 laminar

porositet 0.4 turbulent

porositet 0.5 laminar

porositet 0.5 turbulent

porositet 0.6 laminar

porositet 0.6 turbulent

porositet 0.7 laminar

porositet 0.7 turbulent

 
Figure 5 Apparent permeability divided by creeping flow permeability versus ReD for hexagonal 

arrangement for various porosities and setups.  

 

This indicates that turbulence is a second order effect regarding the losses for some of the 

cases. A comparison of vector plots for the two geometrical set-ups and for flow at high 

Re’ yields that the jet formed in the hexagonal array is not straight enabling a inertia 

dominating flow, compare Figure 6 and Figure 7, and the production of turbulent kinetic 

energy, k, is considerably lower strengthening the idea that turbulence can be a second 

order effect for the hexagonal array of cylinders also for Re’ as high as 19 000, compare 

Figure 8 and Figure 9. 

 



 
Figure 6 Vectors representing the velocity for the turbulent setup of a quadratic packing with 

porosity 0.4 and Re’ = 19 000. 

 

 
Figure 7 Vectors representing the velocity for the turbulent setup of a hexagonal packing with 

porosity 0.4 and Re’ = 19 000. 

 



 
Figure 8 Contour plot of the turbulent kinetic energy for the turbulent configuration of the 

quadratic packing with porosity 0.4 and Re’ = 19 000. 

 

 
Figure 9 Contour plot of the turbulent kinetic energy for the turbulent configuration of the 

hexagonal packing with porosity 0.4 and Re’ = 19 000. 

 



When comparing the numerical data with experiments from the literature, i.e. equations 6 

and 7 by usage of the Blake-type friction factor, derived in equation 10 and 11, it is 

possible to see that the turbulent simulations level out at Re’ about 100 just as the 

experimental results, although the simulations generates lower friction factors, see Figure 

10. The laminar simulations for the hexagonal geometry follow this trend while those for 

the quadratic arrangement do not; see (Hellström et al., 2009). However, at high 

porosities the difference between laminar and turbulent setup becomes large also for the 

hexagonal packing, see Figure 10. This again suggests that the observed levelling out of 

the friction factor may be due to two mechanisms turbulence (quadratic packing) and 

extensive inertia (hexagonal packing) which is also strengthened by the kinetic energy 

results presented in Figure 8 and 9.  
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Figure 10 The Blake-type friction factor calculated from simulations, the Ergun equation and the 

upper and lower limit approaches by Nemec & Levec, for hexagonal arrangement, zoomed in for 

illustration purposes.  

 

It is apparent that the forces on the quadratic packed cylinders are higher as compared to 

the hexagonal packed ones for equivalent Re’, see Figure 11. It can also be seen that for 

the quadratic packing the total forces differ significantly, when comparing the laminar 

with the turbulent results while they are similar for the hexagonal set-up, see Figure 11. 



Moreover the normal forces dominate over the shear forces for all cases with hexagonal 

set-up, see Figure 12 and Figure 13 and the difference between the laminar and the 

turbulent set-up is minimal also when making this division. When comparing the findings 

in (Hellström et al., 2009) regarding the difference between laminar and turbulent force 

prediction, where the difference is quite clear for high Re’, with Figure 11 it is obvious 

that the arrangement plays an important role when estimating forces within a porous 

medium. A final and important conclusion can be derived by in detail scrutinizing the 

results for the hexagonal packing at different porosities. It turns out that the laminar set-

up give rise to lower forces for low porosities and high porosities as compared to the 

turbulent set-ups at high Re’, see Figure 14. While at intermediate porosities the turbulent 

set-up gives lower forces on the cylinders, see Figure 14. And finally, for the same Re’ the 

higher the porosity is the lower is the corresponding force, see Figures 11 - 14. Hence, in 

order to predict the forces in any well structured porous medium it is crucial to have a 

fundamental and detailed understanding of the material investigated. For example, when 

considering internal erosion in embankment dams it is essential to know the magnitude of 

the forces acting inside the building-material in order to estimate if the erosion process 

starts and also, even more important, if it progresses so that the dam may reach the 

breaching condition with catastrophically consequences.  
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Figure 11 Total force acting on the cylinders normalized with the fiber area. 
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Figure 12 Normal force acting on the cylinders normalized with fiber area for hexagonal 

arrangement.  
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Figure 13 Shear force acting on the cylinders normalized with fiber area for hexagonal 

arrangement. 
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Figure 14 Total force acting on the cylinders for hexagonal arrangement. The force is normalized 

with the fibre area; solid line is laminar set-up and dashed turbulent. Upper lines denote porosity 

0.2 and lowest lines represents porosity 0.7. 

 

4. CONCLUSIONS  
Three flow regimes: Darcy flow, laminar inertia flow and turbulent flow can be identified 

for the quadratic packing but for the hexagonal array, the turbulent flow regime, or the 

regime where turbulence is significant for the apparent permeability, is not found with the 

method used in this paper even if Re’ is as large as 19 000. This can possibly be traced to 

the extensive creation of inertia rather than the production of turbulent kinetic energy as 

the fluid moves between the cylinders. It is also found that the Darcy flow regime 

stretches all the way to Re’ = 50 for the hexagonal arrangements as compared to Re’ = 10 

for the quadratic ones. This is most likely due to the stronger jet and swirls for the 

quadratic case. For the quadratic packing the Shear Stress Transport model seems to 

mimic the flow in a satisfactory way all the way from low Re’ Darcy flow to turbulent 

ones although it is developed for high Re-flows.  

 

When regarding the Blake-type friction factor, for the hexagonal arrangement it gives the 

same indication for both the laminar and turbulent setups, i.e. the friction factor levels out 



for high Re’. This levelling out behaviour is not observed for the quadratic array where 

the friction factor remains strictly linear, for the laminar setup, throughout all the 

simulations, even for high Re’. The forces on individual particles is always predicted to 

be higher when using a turbulent model as compared to a laminar one for quadratic 

arrangement at high Re’ while for hexagonal arrangement no such distinct conclusions 

can be made. A final conclusion is that the higher the porosity is the lower is the force for 

the same Re’.  
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Abstract 
In laboratory testing of hydraulic conductivity the tests have to be designed in a way that 

the obtained results reflect the conditions in-situ in order to get realistic values. However, 

there are a number of practical issues to deal with. One is that tests can not be too time-

consuming as e.g. time is very often a critical factor and costs are related to time has to be 

considered. It is also crucial to have a fundamental understanding of how the flow 

changes characteristics as the operating parameters are altered, i.e. the applied pressure 

gradient, the porosity of the material and the viscosity of the fluid used. If these 

parameters are applied and changed without basic knowledge about their impact on the 

character of the flow generated the overall flow situation inside the porous media might 

be different from what is expected. A theoretical investigation is thus performed on the 

limits of some of these parameters. When determining the limits it is essential to know 

when the flow changes character, from creeping flow to an inertia-dominated flow and to 

a seemingly turbulent flow. A discussion yields that when the Reynolds number is larger 

than 10 the flow is to be considered as inertia-dominated. Based upon this an upper limit 

for Darcian flow with respect to pressure gradient, effective diameter and porosity is set. 

This shows, for instance, that the effective diameter in this context is strongly dependent 

on both the applied pressure gradient as well as the porosity of the sample  

 

 

 



Introduction 
Hydraulic conductivity [m/s] (or true permeability [m2]) in soils is a parameter being of 

major interest in geotechnical engineering. It very often has to be determined in either in-

situ or in laboratory tests. If possible it can be determined in both. When performing 

laboratory experiments, it is not evident beforehand if the flow is Darcian, inertia 

dominated laminar or turbulent. In such tests it is common practice to apply higher 

gradients on the sample than those occurring in nature, due to practical reasons. Testing 

samples with low gradients similar to those found in nature is usually not suitable because 

of the extensive and often inappropriate time needed for laboratory testing including 

working time in laboratory. Measuring accuracy is also a factor to take into consideration. 

However, speeding up the procedure might influence the results from a fluid dynamics 

point of view. An in-situ Darcian flow may turn into an inertia dominated laminar flow 

and an inertia dominated flow may become turbulent in the down-scaled laboratory 

experiments. In any case, since the flow conditions have a large influence on the forces 

that are present in the porous media and also on the resulting hydraulic conductivity, the 

different flow conditions may have significant effects on the results from the experiments. 

One way to experimentally derive if the flow is Darcian or not, is to apply different 

pressure gradients and then find out if the hydraulic conductivity [m/s] or the true 

permeability [m2] is independent of the pressure gradient or not, see Lundström et al. 

2002. A dependency indicates a non-Darcian behaviour but may also be a result of other 

phenomena such as: redistribution of the particles, a too compliant measuring cell or 

leakage at the edges of the measuring cell. Hence, to be able to, better interpret such 

results it is of interest to derive the theoretical limits on the governing variables and 

parameters in geotechnical experiments.  

 

The character of the flow in a hydraulic conductivity measurement is set by the applied 

pressure gradient, the viscosity of the liquid and the geometry of the porous media. The 

pressure gradient driving the flow through a geological structure is typically in the range 

of one and lower, see Bjelkevik (2005). The porous media is, in its turn, often quantified 

by its porosity and the characteristic sizes of the particles forming it. The porosity is 



normally in the range of 0.2 to 0.5 for a geological material, while the characteristic size 

of the grains can vary to a large extent. Particle size normally varies with several orders 

of magnitude. For example, Hazen found that the relationship between the pore size and 

the hydraulic conductivity was proportional and that an increase in hydraulic conductivity 

is related to the square of a ‘characteristic grain size’ De, see Terzaghi et al. (1996). The 

characteristic grain size that governed the hydraulic conductivity was set to D10, i.e. a 

10% limit of the particles of the soil. Kenney et al. (1984) stated that the permeability was 

primarily dependent on the finer particles with the grain size D5. Sherard et al. (1984) 

found this grain size to be D15, whereas Fell et al. (2005) agree with Hazen on D10 being 

the defining factor. This discussion shows there are many definitions of the characteristic 

grain size for geotechnical experiments. Nevertheless, it is generally agreed upon that it is 

the fine particles are roughly 5 to 15 % of the soil which considerably affects the 

hydraulic conductivity. 

 

In this note it is our aim to show at which condition the flow is Darcian and non-Darcian 

and thus clarify under which conditions a geotechnical experiment should be performed, 

from a fluid dynamics point of view.  

 

 

Theory 
In order to increase the knowledge of the flow regimes outlined in the introduction, 

simulations with Computational Fluid Dynamics (CFD) were performed on well ordered 

porous media, i.e. quadratic and hexagonal arrangements of cylinders, as well as 

hexagonal arrangement of spheres, see Hellström et al. (2007), Hellström and Lundström 

(2008), Hellström et al. (2009) and Hellström and Lundström (2009). A general 

conclusion from these simulations is that when the fluid is creeping in the pores the 

results follows Darcy’s law according to  
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where vi is the superficial velocity, Kij is the permeability tensor,  the dynamic viscosity 

of the fluid and p the pressure. These results are also in agreement with a large number of 

results presented in the literature. When the Reynolds number in the simulations is 

increased Darcy’s law does not apply any more. The equation must therefore be modified 

by including non-linear terms, as done in the Ergun equation: 

 

pp

F

D
A
Q

D
A
Q

g
L
p

2

323

2 175.11150
 (2) 

 

where pf is the pressure represented as a force, L the length over which the pressure drop 

is active, g the gravitational constant, Dp the effective diameter of particles,  the density 

of the fluid,  the porosity of the media and Q is the flow rate through an area A, Ergun 

(1952). A further increase of the Reynolds number results in turbulent flow and the 

Navier-Stokes equations need to be modified to include the Reynolds stresses. When 

performing CFD-simulations the Reynolds Averaged version of these equations is often 

applied:  
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where the real velocity is decomposed into a mean U and a fluctuating component u,  is 

the kinematic viscosity and jiuu  are the Reynolds stresses. These equations represent 

the mean flow characteristics where the turbulent effects are modelled via the Reynolds 

stresses, in order to obtain closure. The turbulence model used in these simulations is 

performed with the Shear Stress Transport (SST) model, Menter (1993), where the k-  

and k-  formulations are combined. This implies that, the positive qualities from each 

formulation is utilized in different regions; i.e. the k-  model in the near wall region and 

the k-  formulation in the bulk.  



 

Considering the performed simulations it becomes clear that inertia must be taken into 

account for Re’  10 in case of a quadratic arrangement of cylinders, see figure 1 and 

Hellström et al. (2009), and for Re’ between 30 and 50 in case of a hexagonal setup, see 

figure 2 and Hellström and Lundström (2009). The definition of Re’ used originates from 

Ergun (1952):  
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Turbulent effects are significant when Re’ is above 200 - 700 for the quadratic 

arrangement dependent on the porosity, see figure 1 and Hellström et al. (2009). 

However, when applying a different definition of the Reynolds number ReD, called the 

interstitial Reynolds number, Comiti et al. 2000 and Hellström et al. (2009) the region 

where turbulence becomes significant is strictly above ReD = 300, see Hellström et al. 

(2009). For the hexagonal arrangement, there is no distinct difference between the inertia 

dominated laminar values for the permeability and those obtained with a turbulent 

formulation, throughout the whole span tested, i.e. Re’ up to 8 000, see figure 2 and 

Hellström and Lundström (2009). This indicates that turbulent flow might be a second 

order effect, as compared with inertia, for this kind of geometry. Hence focus in this 

paper is set on the limit between Darcian flow and inertia dominated laminar flow. When 

performing the simulations on a three-dimensional geometry with hexagonal packing of 

spheres, it becomes clear that the inertia-dominated region starts at Re’ = 10, see figure 3 

and Hellström et al. (2007).  

 



0

0,2

0,4

0,6

0,8

1

1,2

0,001 0,01 0,1 1 10 100 1000 10000 100000

Re'

ap
pa

re
nt

 / 
"t

ru
e"

 p
er

m
ea

bi
lit

y

porosity 0.6, laminar
porosity 0.6, turbulent
porosity 0.4, laminar
porosity 0.4, turbulent
porosity 0.3, laminar
porosity 0.3, turbulent

 
Figure 1. Apparent permeability divided by creeping flow permeability for quadratic 

arrangement with porosities 0.3, 0.4 and 0.6 for laminar and turbulent setups. 
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Figure 2. Apparent permeability divided by creeping flow permeability for hexagonal 

arrangement with porosities from 0.2 to 0.7 simulated with laminar and turbulent setups.  
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Figure 3. Apparent permeability divided by the creeping flow permeability for 

hexagonally packed spheres. Upper dotted line corresponds to 1% deviation from the 

creeping flow permeability and the lower to 10%.  

 

As clearly illustrated above there is a significant influence on the permeability prediction 

from the ambient flow conditions, hence, the limit of the parameters that affect the 

experimental setup need to be studied.  

 

 

Definition of limits 
In order to avoid inertia effects it is obvious from the discussion above that Re’ should be 

below 10. This is the limit for quadratic 2D and hexagonal 3D packing and it is lower 

than what is obtained for hexagonal 2D packing. Assuming that the fluid is water for all 

experiments, equation 5 yields that a low Re’ can be achieved with a low average velocity 

of the water and/or a small characteristic diameter within the porous media. The velocity 

(Q/A in equation 5) may now be replaced with the permeability by usage of the one-

dimensional form of equation 1 where the permeability K, may be described with the 

Gebart equation, Gebart (1992). From this equation K may be described as a function of 

the diameter and porosity, K = f( ) d2 where f( ) can be written as  
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for a quadratic and a hexagonal arrangement, respectively. The diameter may now be 

solved to yield 
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In order to investigate what effect the different parameters have on the effective diameter 

three cases are defined, see Table 1 and please notice that the diameter that results will be 

presented for both quadratic and hexagonal packing. This is done since the natural 

material most likely is dominated by a combination of these two arrangements; hence the 

effective diameter is likely to be in the range between the curves for these two cases. The 

temperature is set to 20°C resulting in the following viscosity of the water 1.004 10-6 

m2/s. 

 

Table 1. The range of variations of the different parameters. 

Re’ []   [] p / L [Pa m-1] 

10 0.3 and 0.4 1 104 – 5 105

10 0.1 – 0.9 1 104, 1 105 and 5 105

0.0001 - 100 0.3 and 0.4 1 105 and 5 105

 

 

 



Results and discussion  
The analysis gives indications of which combinations of effective diameter and pressure 

gradient that yield Darcian flow, see figure 4. To exemplify, if the effective diameter is 

small, < 0.4 mm (i.e. fine sand and smaller), high hydraulic gradients, about 50 m/m, may 

be applied while still generating Darcian flow, see figure 4. It is also obvious that the 

porosity as well as the type of arrangement increases in importance with an increasing 

value of the effective diameter, see figure 4. Another result is that when the porosity is 

low the difference between the diameter based on the quadratic and hexagonal effective 

diameter increases, see figure 5 and 6. This is logical since the minimum porosity for the 

quadratic case with equally sized particles is equal to 1 –  / 4  0.2, while the lower limit 

for the hexagonal case for same condition is equal to 1 -  / 2 3  0.09, Gebart (1992). 

Also the limit of the effective diameter decreases as the gradient is increased, see figure 6. 

Regarding the range of Re’ in figure 6, it is important to notice that since inertia-effects 

come into play above 10 and equation 1 does not apply. This imply that the curves for  

Re’ > 10 are only indication awaiting for further analysis rather than exact values.  
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Figure 4. The effective diameter as a function of hydraulic gradient for quadratic and 

hexagonal arrangements and for porosity 0.3 and 0.4 []. 
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Figure 5. The effective diameter as a function of the porosity both for the quadratic and 

hexagonal arrangements and for three hydraulic gradients, 1 104, 1 105 and 5 105 [Pa 

m-1].  
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Figure 6. The effective diameter as a function of Reynolds number both for the quadratic 

and hexagonal expressions of f( ) for two different porosities, 0.3 and 0.4 [] and two 

different gradients, 1 105 and 5 105 [Pa m-1].  

 



 

Conclusions  
An expression for the upper limit of the effective diameter for a hydraulic 

conductivity/permeability measurement is developed, in order to avoid inertia-effects to 

take place within the experiment. The features of the resulting expression is investigated 

as well showing that the effective diameter in this context is strongly dependent on both 

the applied pressure gradient as well as the porosity of the sample.  
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Flow induced alteration in permeability of deformable systems of particles is studied. Low

Reynolds number transversal flow through random arrays of aligned cylinders is consid-

ered by using a combined methodology of directly solving the two-dimensional Stokes

equations for the flow in the vicinity of two particles and minimisation of the dissipation

rate in a system of thousands particles. Main results are that the more compact the sys-

tem is the larger is the possible relative change of permeability by applying a high flow

rate. The permeability of large random arrays increases always which is most apparent

for compact systems with equal sized particles. The permeability can also decrease but

then for structured or small systems.

1. Introduction

When a fluid penetrates a porous medium consisting of particles each particle is sub-

jected to a force. The particles may then redistribute changing as well the detailed flow

field as the overall permeability. To study this phenomenon we here solve the accurate

Navier-Stokes equations for a number of two-dimensional unit-cells representing a large
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structure through relevant boundary conditions. In this way, the dependence of basic

parameters that characterise the flow around this cell is derived as functions of geomet-

rical parameters. Then these small parts are combined into a complete system using the

fact that the distribution of the stream function obeys the known principle of minimal

dissipation rate of energy. As an initial study the flow is assumed to be laminar, hence

the applied pressure gradient is low, giving a low Reynolds number relevant for this case.

The driving force for this study is internal erosion processes in embankment dams with

focus on bulk filtration within Swedish moraine soil. The effects from the depression level

and the fluid front are left for future studies, where particularly large local deformations

are possible, Sommer & Mortensen (1996); Preziosi et al. (1996). The methodology here

presented and the results obtained are, however, of general character and can be of inter-

est in a number of applications including composites manufacturing, Lomov et al. (2001);

Frishfelds et al. (2007). For embankment dams the change in the materials permeability

sometimes is of an accelerating character, i.e., if the permeability has increased then the

flow rate intensify with a corresponding potential increase of the erosion to occur and

the permeability alters which finally may lead to sudden breach of the dam or a sink-hole

to appear. From a theoretical point of view fluid flow can both increase the permeability

by widening fractures and defects in porous material or also decrease the permeability

because of clogging or blocking as smaller particles infiltrate into the spaces between the

larger ones, Khuzhaerov (1990). Detailed numerical estimations of these natural processes

in a randomised porous material are still insufficient despite a number of investigations

about the fluid flow through them. In order to properly study statistical effects of per-

meability alterations the system should consist of a large number of unequally-sized

particles around 1 000 or more with an arbitrary distribution because the change in

the overall permeability is a many body effect Lundström et al. (2004); Frishfelds et al.
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(2007). Solving the flow in such a system directly with Navier-Stokes equations becomes

too computational heavy especially since the change of particle distribution most likely

is accompanied with a re-meshing procedure. Use of cellular automata with empirical

relations is one possibility of handling the flow through a large number of particles as

shown in Brosa & Stauffer (1991), where the flow is studied between partially overlapping

cylinders. Sangani & Yao (1988); Sangani & Mo (1994) introduced a multipole represen-

tation of the velocity disturbances for Stokes flow through arrays of randomly positioned

cylinders applying lubrication theory with good statistical accuracy. Koch & Ladd (1997)

used a lattice-Boltzmann formulation randomising the positions of several cylinders in

a unit cell enabling a study of flow at moderate Reynolds numbers. Hoef et al. (2005)

extended the lattice-Boltzmann method to bidisperse arrays of spheres and found a cor-

rection of permeability originating from the difference in particle size. A finite element

method approach is also possible but even with parallel computing, computational re-

sources limit the number of cylinders that can be studied, Ghaddar (1995). In order to

deal with this an implementation of the boundary element method was done in Chen &

Papathanasiou (2008) facilitating a study of the permeability of nearly 600 stationary

cylinders in random as well as ordered arrays. Berlyand & Panchenko (2007) proposed a

discrete methodology aimed at finding the effective viscosity of a two-dimensional random

array of equal sized particles using Delaunay triangulation and minimising dissipation

rate afterwards. Our tactic is in many aspects similar with the major differences that the

local analysis of the flow through single gaps between neighbouring particles is treated

differently and focus is set on the deformation of porous media.

In this context, it is important to know what kind of interactions that exist between

the particles subjected to fluid flows. Bampalas & Graham (2008), for instance, showed

that viscous effects have to be added in order to get the correct direction of interaction
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between two cylinders. Moreover, interactions between cylinders are more evident when

the cylinders are placed in parallel than if they are arranged in series. Sphere doublets as

agglomerates are common in nature and as shown by Derksen (2008) they can potentially

break in the presence of intense flow. All such pair-wise interactions come into play when

considering flow through a random packing of particles as done in the present study.

The motion of the particles in this case is, however, more restricted in particular regard-

ing packing with low porosity. Nevertheless, as will be shown, the effect of flow-induced

displacements can be substantial for macroscopic parameters such as permeability.

2. Theory

Focus is set on two-dimensional systems of particles or equivalently systems of cylin-

ders. It has been shown that the method applied, two- or three-dimensional, influence the

actual level of the permeability of systems of random as well controlled distribution of

local permeabilities, Lundström et al. (2004). In the same study it is, however, also shown

that main trends of three-dimensional systems are captured with a two-dimensional ap-

proach. A two-dimensional approach is furthermore certified by the fact that the flow

in several interesting porous media is two-dimensional, e.g. the flow in arrays of par-

allel fibres during composites manufacturing. Hence the results here presented apply

directly on processes such as composites manufacturing but conclusions from Lundström

et al. (2004) indicate that they are relevant for internal erosion processes, as well. The

additional dimension makes it generally more easy for the fluid to move around parti-

cles possible making the result more smoother. Furthermore, change of permeability of

porous system with flow-induced forces has not been studied properly in the particle

level. Therefore, we start with the simplest case namely two-dimensional low-Reynolds

number flow.
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2.1. General relations

It is assumed that the flow follows Darcy law according to

v = −K

μ
∇P (2.1)

which can be seen as potential at constant permeability K and dynamic viscosity μ

implying that the vorticity ω = ∇ × v tends to zero. Thus the stream function ψ in

v = ∇ × ψ satisfies the equation

∇ × (∇ × ψ) = ω = 0. (2.2)

If the permeability is inhomogeneous then the vorticity can have non-zero values. In this

case the stream function follows the equation

∇ ×
( μ

K
∇ × ψ

)
= 0. (2.3)

So, if the local permeability is known the flow distribution can be solved since there is

only one component that is directed out of the plane for two-dimensional flow.

The local permeability in a porous media is a complicated function of the local geometry

which in this case consists of a distribution of round particles or cylinders, see figure 1(a).

Let us treat these particles as non-permeable, which means that the stream function for

the surface of each particle is constant ψ = ψi, where i = 1 . . . n is the index of the

particle. The difference in stream function between two particles is just the flow rate in

the gap between the two particles in question. Moreover, non-slip boundary conditions

are applied by setting the tangential velocity at the surface of the particle to zero

vτ |r=r0
=

1
r

∂

∂r
(rψ)

∣∣∣∣
r=r0

= 0, (2.4)

where r0 is the radius of the particle. In order to drive the flow through the system of

particles the stream function is specified at the boundaries and then the corresponding

pressure gradients is calculated from the known velocity distribution.
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Figure 1. a- Calculation of a 2D filtration moving upwards in the figure. The system in divided

into modified Voronoi diagrams (blue-solid lines) and Delaunay triangles (green-dashed lines).

Division of Voronoi diagrams into small triangles (red-dotted lines). b- Schematic view of the

triangles and the corresponding particles.

2.2. Modified Voronoi diagrams

Let us divide the system of particles into n cells, so that each cell contains one particle.

The natural way is to employ Voronoi diagrams that is mutually related with Delaunay

triangulation. Several algorithms like Bowyer-Watson, Fortune’s and Lloyd’s algorithms

exist regarding how to proceed for system of equal particles, Berg et al. (2000). In classical

formulation Voronoi diagrams consist of hyperbolas rather than lines for arrays of unequal

round particles since each point of the Voronoi curve should be equally spaced relative to

the two nearest particles. In order to simplify the geometry of each cell to polygons let us

make the partition using a modified version of the Voronoi diagrams consisting of straight

lines also for particles with unequal size. In this case, a point on a Voronoi line may not

be located exactly between the surfaces of the two nearest particles. The algorithm starts

by finding the nearest neighbour, i.e., the second corresponding particle for each given

particle. Then a third particle is found in the anticlockwise direction having minimal total

distance to the surfaces of the two existing particles and a potential Delaunay triangle is
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drawn through the centres of these particles. This approach may be compared to classical

Delaunay triangulation where the total distances between the centres of particles are

minimised. Next, the third particle replaces the second one and the procedure continues

until a full anticlockwise cycle is completed around the first particle. The procedure,

however, does not guarantee perfect triangulation and the Delaunay network is corrected

afterwards by inserting additional Delaunay lines and removing bad ones so that the total

spacing along the Delaunay lines between 4 neighbouring particles becomes minimal. The

triangulation is shown by green-dashed lines in figure 1(a). If the particles are of equal

size then the corners of a Voronoi line are placed in the circumcentres of each Delaunay

triangle. This tactic fails for different sized particles where a circumcentre may end up

within a particle. Therefore, two edges of the Delaunay triangle with minimal spacings

between the surfaces of particles are defined. Next, orthogonal lines are drawn from

the midpoints of these two spacings and their cross-point acts as a corner of a Voronoi

diagram resulting in the grid shown by blue-solid lines in figure 1(a). This procedure

guarantees that none of the Voronoi lines come into contact with the particles. At least

2/3 of the Voronoi lines are exactly perpendicular to the corresponding edges of the

Delaunay triangle and divides the closest distance between two neighbouring particles

into two identical parts. The Voronoi lines not being perpendicular to its corresponding

Delaunay edge are more distant from the particles and are relatively short. E.g., the

Voronoi line between particle 1 and 6 in figure 1(a) is such a one.

2.3. Minimisation of dissipation rate

Finally, the Voronoi diagrams are divided into small triangles as indicated by the red-

dotted lines in figure 1. For each red triangle one corresponding corner is within particle

i with a constant stream function ψi. The side opposite to this corner has a neighbouring

triangle. The last triangle is located in another particle j where the stream function is
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ψj . Therefore, the stream function varies smoothly from ψi to ψj throughout these two

triangles. Moreover, the non-slip boundary condition (2.4) at the surface of the particles

further limits the possible variation of the stream function. Suppose that the approxi-

mation of the stream function through these triangles is known. Then, the vorticity can

be calculated at each spatial position inside these triangles: ω = ∇× (∇×ψ), where the

value of the stream function and the vorticity between particles i and j at the crossing

with the Voronoi lines are ψij0 and ωij0, respectively, see figure 1(b). If the particles

are of equal size the corresponding triangles are also equal and it can be assumed that

ψij0 ≈ (ψi + ψj)/2 and ωij0 ≈ 0. Then the quadratic average of vorticity in the area Sij

at particle i adjacent to particle j is

〈ω2
ij〉 = Aij

(ψij0 − ψi)2

d4
ij0

, (2.5)

where Aij is some dimensionless variable, dij0 the distance between the particle i and

the Voronoi line that separates particles i and j. In a more general case when ωij0 �= 0

the following relationship materialises

〈ω2
ij〉 = Aij

(ψij0 − ψi)2

d4
ij0

+ 2ωij0Cij
ψij0 − ψi

d2
ij0

+ ω2
ij0, (2.6)

where Cij emanates from the average vorticity in a small area Sij

〈ωij〉 = Cij
ψij0 − ψi

d2
ij0

. (2.7)

Repeating the same procedure for all adjacent triangles the overall vorticity distribution

results. The higher the absolute values of vorticity are the higher is the dissipation rate

of energy for this system, Milne-Thomson (1996). In the case of laminar flow the total

dissipation rate tends to go to a minimum, Berlyand & Panchenko (2007); Kim & Karilla

(1991). So, the following functional should be minimised

Φ[ψ] = μ

∫
ω2dS, (2.8)
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where the integral is calculated over the total plane in figure 1(a). This can be discretised

by using (2.6) and by replacing the integration in (2.8) by a summation over all of

the triangles. Afterwards, the total sum must be minimized with respect to the stream

functions ψi, the middle values ψij0 and the vorticities ωij0. Observing the relations

ψij0 = ψji0 and ωij0 = ωji0 and excluding these two quantities by minimising (2.8) the

dissipation rate becomes

Φ[ψ] = μ
∑
i<j

(ψi − ψj)2

d4
ij0d

4
ji0

Aji(Aij − C2
ij)Sij + Aij(Aji − C2

ji)Sji

Aij−C2
ij

d4
ij0

Sij

Sji
+ Aij

d4
ij0

− 2CijCji

d2
ij0d2

ji0
+

Aji−C2
ji

d4
ji0

Sji

Sij
+ Aji

d4
ji0

(2.9)

whereas for particles of equal size the expression simplifies to

Φ[ψ] = μ
∑
i<j

(ψi − ψj)2
AijSij

2d4
ij0

. (2.10)

There is quadratic dependence of the dissipation rate on the stream function according to

(2.9), (2.10). Hence, the obtained system of equations after minimization is fully linear,

e.g., for (2.10)

∑
i�=j

AijSij

d4
ij0

(ψj − ψi) = 0 (2.11)

which can be solved by the use of traditional methods for sparse linear systems of equa-

tions. The size of the linear system becomes identical to the number of particles. It is,

therefore, possible to describe systems that contains 1 000 particles or more. Additional

accuracy can be obtained by adding more nodes of the stream function at the corners of

the Voronoi diagrams and minimizing the dissipation rate of energy also with respect to

these ones.

2.4. Force on particle

A fluid can only generate tangential viscous stresses on a solid surface with a non-

slip boundary condition. Thus, in order to calculate the drag force on the particle, the

vorticity must be known near to it. This can be achieved if we have already calculated the
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flow fields with respect to the stream function. The total viscous drag force at particle i

in the triangle directed towards particle j is equal to

fviscous
i = μri

∑
j

τ ij

〈
ωarc

ij

〉
Δϕij , (2.12)

where τ ij is the tangential anticlockwise direction with respect to the surface of the

particle,
〈
ωarc

ij

〉
is the average vorticity along the arc of the surface and Δϕij is the angle

of the section. Normal force depends on the pressure P distrubution around the particle:

fnormal
i = ri

∫ 2π

0

P (ϕ)nϕdϕ, (2.13)

where nϕ is the normal direction at the particle. The change of pressure around the

surface of the particle according to the momentum equation is

P (ϕ) = P (0) + μ

∫ ϕ

0

(
∂ω

∂n

)arc

(φ)dφ (2.14)

hence the pressure depends on the derivative of the vorticity in normal n direction from

the surface of the particle. Inserting (2.14) in (2.13) and applying partial integration, the

normal force can be expressed as tangential one

fnormal
i = μr2

i

∫ 2π

0

τϕ

(
∂ω

∂n

)arc

(ϕ)dϕ = μr2
i

∑
j

τ ij

〈(
∂ω

∂n

)arc

ij

〉
Δϕij . (2.15)

Combining viscous (2.12) and normal (2.15) forces the following force on particle i results

f i = μri

∑
j

τ ij

(〈
ωarc

ij

〉 − ri

〈(
∂ω

∂n

)arc

ij

〉)
Δϕij ≈ μri

∑
j

τ ij

〈
ωarc

ij

〉
1 − ŕij

Δϕij , (2.16)

where the normal derivative of the vorticity is expressed by vorticity at the particle, ŕij

is the radius of the particle divided by the distance between the centre of the particle

and the corresponding Voronoi line j. Thus the normal force dominates for higly packed

systems. Similarly to (2.5) and (2.7) an expression exist for the average vorticity along

the arc at the border of particle i within section Sij according to

〈ωarc
ij 〉 = Bij

ψij0 − ψi

d2
ij0

(2.17)
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where Bij is a dimensionless variable. Moreover, the clockwise and anticlockwise viscous

force can be expressed in the following way if it is not compensated with a momentum

that can lead to rotation of the particle

Mi = ri

∑
j

fviscous
ij · τ ij = ri

∑
j

μ
〈
ωarc

ij

〉
. (2.18)

For round particles this variable does not change anything if there is a total slip between

the particles and if Magnus effects can be neglected.

2.5. Permeability

The sum of all drag forces on the particles should be equal to the driving pressure

difference. Hence, Darcy law can be rewritten accordingly

〈v〉 =
K

μ

∑
ij f ij∑
ij Sij

, (2.19)

where 〈v〉 denotes the average velocity of the system if wall effects are neglected. From

this relation the permeability tensor K can be obtained. Permeability becomes a scalar

and isotropic for large enough random systems.

2.6. Elastic deformations

In practice the viscous force on the particles is somehow balanced with other kinds of

forces like gravity, mechanical stresses, etc., as long as the process is reversible. For com-

posites that consist of fibre bundles, the motion of fibres is restricted by elastic and plastic

deformations of the fibre networks. In general, it is hard to predict the accurate mecha-

nism for an arbitrary case. Let us consider the following simple mechanism characteristic

for long trees in dense forest. The root of the tree is attached to the ground whereas

the upper part of the tree shifts in the strong wind, the stronger the wind, the stronger

the deformations, which leads to a change of wind permeability of the forest. The elas-

tic force fR
i that opposes the wind force in the first approximation is just Hooke’s law:
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fR
i = −ki(Ŕi−Ri), where Ri is the position of tree i with no wind and Ŕi represents the

new position of the top of the tree. Let us, for simplicity, assume that the spring constant

ki is proportional to the cross-sectional area of the tree: ki = πr2
0k0 so that slender trees

bend easier since the Stokes drag force is proportional to the diameter of the tree for a

two-dimensional flow through the forest. This forest approach can be directly adapted

to deformations within a porous media. We are however mostly interested in the change

of permeability rather than shifting of the system as a whole. So, only relative motions

of the particles are of importance. Therefore, let us exclude the driving force component

oriented along the main flow direction, hence

f́ i = f i − ki

∑
j f j∑
j kj

. (2.20)

Equation (2.19) enables us to define a dimensionless velocity u that characterises the

ability of flow to create the substantial deformation in the porous material. Substantial

deformation occurs if the average shift of the particles in the flow is comparable with the

size of the particles. The shift of a regular array of particles by a distance equal to the

particle radius r0 is caused by a velocity

v0 =
K

μ

k0πr2
0r0

1
1−Ππr2

0

, (2.21)

where Π denotes porosity. Thus the dimensionless velocity u for an arbitrary system can

be defined as

u =
v

v0
= v

μ

K0k0r̄0(1 − Π)
, (2.22)

where r̄0 is the average radius of particles in the system and K0 is the permeability

without deformation of the porous medium. It is considered that the Reynolds number

remains low for u ≈ 1 as for the flow of viscous fluid through easily deformable media. A

more natural interpretation of u is a dimensionless pressure gradient, i.e., the pressure

gradient with respect to the density of an elastic force when the particles are shifted by
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Figure 2. The geometries used for CFD: a- rectangular array, b- hexagonal array. S denotes

the area where the vorticity is averaged. c- Grid convergence study. The grid spacing is shown

in m for the system with the half distance between the neighbouring particles equal to 1 mm.

a distance of r̄0 in the flow direction:

u = − (∇P )0
k0r̄0(1 − Π)

. (2.23)

3. Calculation of A, B, C

The dimensionless variables A (2.5), B (2.17) and C (2.7) are obtained from simula-

tions with Computational Fluid Dynamics (CFD) performed with ANSYS CFX 11.0 on

model geometries with varying porosities in a similar manner as done in Lundström et al.

(2006) and Hellström et al. (2009). The relative radius ŕ0 of the geometries varies from 0.7

to 0.99 for rectangular arrays and from 0.6 to 0.99 for hexagonal arrays and the porosity

Π ranges from 0.25 to 0.6 for rectangular packing and from 0.1 to 0.6 for hexagonal pack-

ing, see figure 2(ab). The geometry is discretised with the grid generator ANSYS ICEM

CFD 11.0 and a grid study is performed with the average squared vorticity at S as the

representative parameter for the model. A Richardson extrapolation of the grids results

in an apparent order of 2.8 and the grid of choice gives an estimated error of about 0.1

per mill, see figure 2(c). The simulations are carried out with a laminar flow assumption

and with boundary conditions representing a well structured repeatable material. This is
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Figure 3. a- Distribution of B as a function of h and ŕ0. b- Distribution of h as function of ŕ0.

Rhombi connected by line - points calculated by CFD: aqua - rectangular packing, lime - hexag-

onal packing. Rectangles - points used for random package of approximately 150 particles with

Π = 0.3: colour changes from blue - rectangular packing to red - hexagonal packing according

to (3.2).

realised with the use of symmetry conditions and domain interfaces. In order to drive the

flow a sub domain is defined with a general momentum source mimicking the pressure

gradient. The simulations are assumed to be well converged when the Root Mean Square

residuals have dropped 5-6 orders of magnitude and the maximum residuals are less than

1.5 orders of magnitude higher, following the guidelines from ERCOFTAC (2000).

Only low-Reynolds number flows are considered. The application to large-Reynolds num-

ber flows is possible but the expression for the functional (2.8) to minimise is different,

Chefranov & Chefranov (2003). However, low-Reynolds number flows are more charac-

tersitic for a porous media. Moreover, because change in permeability of porous media

due to flow-induced forces is not much investigated, it makes no sense to introduce non-

linearity in these simulations.

The variables A, B and C are then calculated based on results from these simulations.

To exemplify the distribution of B is illustrated in figure 3(a). The obtained values for

A, B and C somewhat differ for rectangular and hexagonal packings at the same h and
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ŕ0 therefore the isolines from respective set of geometries are merged in the overlap-

ping area. In order to obtain better correspondence the system is analysed locally to see

which packing is most representative, see figure 1(b). If the sizes of the neighbouring half

Voronoi branches q1 and q2 are equal then hexagonal data is applied. Thus, for the part

of area Sij it is assumed that:

Aij = (1 − q)Arect
ij + qAhex

ij , (3.1)

where q is (see figure 1(b))

q =

√
min(q1, q2)
max(q1, q2)

. (3.2)

It is furthermore assumed that B and C can be expressed in a similar manner. The

matching variable q ranges from 0 for rectangular packing to 1 for hexagonal packing.

This is shown in figure 3(b) by rectangular points characteristic for a typical random

package, where the colour alter from blue for rectangular packing to red for hexagonal

packing. Thus the points used for the CFD studies correspond well to real local conditions

of random packing.

If the particles are located close together, implying that the relative radius ŕ0 is close to

unity, there is a need for an asymptotic relationships for A, B and C. For rectangular

packing these relationships may be estimated with the following expressions

A ≈ 9π

4
√

2
(1 − ŕ0)3/2

h − ŕ2
0arctanh

· 1

1 +
(

1−ŕ0
h

)2 , (3.3a)

B ≈ 3π

2
√

2

√
1 − ŕ0

arctanh
· 1

1 + 0.5
(

1−ŕ0
h

)2 , (3.3b)

C ≈ 3π√
2

(1 − ŕ0)3/2

h − ŕ2
0arctanh

· 1
1 + 3.6 1−ŕ0

h

, (3.3c)

where the first parts before the ”·” sign denote analytical result at small spacing between

neighbouring particles and the last parts are corrections following CFD calculations to

approximate beahaviour at larger spacings. These expressions are derived by a theory
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analogous to Berlyand et al. (2005) who approximated the shape of particles as parabolic

near the closest distance between neighbouring particles and assumed that significant

vorticity exists only in close proximity of that area (see also Gebart (1992)). The term

h− ŕ2
0arctanh in the denominator represents the area 2S in figure 2(ab) as it follows from

averaging in that area. Without the correction terms the formulas (3.3) are valid only

for higher packing than ŕ = 0.85 with accuracy higher than 5% but the correction term

allows to extend the range up to ŕ = 0.65. Such simple analytical estimations do not apply

to for hexagonal packing where the average vorticity appears to be with higher absolute

values. The main reason for that is that the presence of the third particle at the end of the

channel between two neighbouring particles dramatically changes the flow distribution

and parabolic velocity profile through the line that connects two neighbouring particles

cannot be assumed. Moreover, significant vorticity is present also well beyound the close

proximity of the line connecting two neighbouring particles. Hence, we need to use a

table as the one in figure 3(a).

3.1. Influence of flow direction

The CFD simulations are carried out primarily for one orientation of the lattice with

respect to the stream direction, when the value of the stream function is constant along

the Voronoi line, see figure 1(b) and 2(a). Now, let us discuss how the orientation of the

flow could influence the equations regarding the average vorticities in (2.5), (2.17) and

(2.7). The average vorticity inside the upper area Sij can be better approximated by

linear expressions from values of the stream function at the corners of the right triangle

ψi, ψij0 and ψc (see figure 1(b)) using a symmetric 2×2 matrix Aij instead of scalar

(2.5) or vectors Bij instead of scalar (2.17) and Cij instead of scalar (2.7):

〈ω2
ij〉 =

1
d4

ij0

Δψij
T AijΔψij , 〈ωarc

ij 〉 =
1

d2
ij0

BT
ijΔψij , 〈ωij〉 =

1
d2

ij0

CT
ijΔψij (3.4)
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with a vector Δψij
T = (ψij0 −ψi, ψc −ψi). The coefficients of the symmetric matrices

(3.4) can be obtained by flow calculations at only three or even two different directions

of the flow. For a particular case with quadratic packing and ŕ0 = 0.85 (Π=0.43), the

matrix and vectors according to CFD appears to be

Aij =

⎛
⎜⎜⎝ 0.71 −0.029

−0.029 0.009

⎞
⎟⎟⎠ , Bij =

⎛
⎜⎜⎝ 1.68

−0.046

⎞
⎟⎟⎠ , Cij =

⎛
⎜⎜⎝ 0.61

−0.074

⎞
⎟⎟⎠ . (3.5)

according to simulations performed at 0◦, 15◦, 30◦, 45◦, 60◦, 75◦ and 90◦ orientations to

the main stream direction. As can be seen the leading matrix elements dominates and

the error originating from disregarding rotation is small. The angle averaged error is 3%

for scalar A and B but the matrix (vector) form reduces the error to 0.3%. The angle

averaged error is higher - 8% for a scalar representation of C but this variable has only

secondary importance and in vector form (3.4) the error reduces less than 0.1%. The

error for a scalar representation is even lower for denser packing but higher for sparser

ones. The equations (3.4) provides a major step to improve the accuracy concerning the

direction of the flow.

4. Numerical set-up of the system

4.1. Layout of system

A fully periodic box is used to avoid wall effects. This, however, implies that the total

porosity cannot change unless the size of the system is changed. The orientation of the

main stream can be arbitrary. The initial positions of the particles in the system are

introduced by a Monte Carlo method, Chen & Papathanasiou (2008). In his method we

choose a random shift of the particle in x and y directions, i.e. Δx and Δy, respectively.

The jump is within a certain square with size 2L: |Δx| < L and |Δy| < L, where L is

proportioanl to the average spacing between neigbouring particles in the system. If the
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new position is not occupied the jump occurs. The movability of a particle is inversely

dependent on its size as in a system with Brownian dynamics. Typically, 105 jumps per

particle are performed till the distribution becomes homogeneous, isotropic and random.

This is further tested by pairwise distribution function versus the direction. The size of

the system is chosen to be 0.1×0.1 mm2 with up to 3 000 particles having an average

radius from 0.5 to 3 μm. The radius of particles is homogeneously distributed in a given

interval. In the case of equal sized particles and low porosity highly packed hexagonal like

regular distribution forms and large distance correlations in particle positions occurs that

can lead to anisotropy. Therefore, the number of particles in a compact system should

be large enough in order to consider the system as a random one.

4.2. Relaxation

The Monte Carlo Metropolis algorithm, Ziman (1979), with a simulated annealing tech-

nique is applied to study the motion of particles until a stationary solution is obtained.

The potential jumps are introduced in the same way as described in the previous subsec-

tion. The probability for the particle to jump depends on the change of energy ΔE, i.e.

proportional to exp(−ΔE/T ), where T is some temperature parameter. Only one jump

at each step in the system is randomly selected depending on all the probabilities. Oth-

erwise the jumps could interfere with each other. The temperature parameter decreases

by approaching the stationary distribution in order to simulate the anealing. As one iter-

ation we denote that number of jumps match the number of particles. Because the local

force distribution essentially depends on particle configuration the Voronoi diagrams and

flow distribution are updated after each iteration. The Monte Carlo method does not

pretend to be the most suitable method for this case as it requires a number of iterations

and the fact that natural fluctuations are present despite that simulated annealing is
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used. Nevertheless, the algorithm is very simple and it enables us to correctly describe

any structural changes in the configuration of particles.

5. Results and discussion

The obtained permeability distribution for randomly packed particles of equal size

nearly fits between that for hexagonal and rectangular packings as derived by analysis in

Gebart (1992) and Lundström & Gebart (1995) as it should since the obtained stochastic

distribution of particles is a combination between these two packings, see figure 4(a). The

permeability for the random packing follows that for a hexagonal array for system with

Π < 0.25 whereas for lower packing it is closer to a rectangular array. The CFD calculated

permeability also agrees well with analytic estimation by Westhuizen & Plessis (1996)

and an almost coinciding estimation by Tomadakis & Robertson (2005), see figure 4(a).

The streamlines generated for the same case do not follow straight trajectories due to the

stochastic distribution of particles, see figure 4(b). Implications of this is that the forces

f i on the individual particles are generally not directed along the main stream and that

the force on certain particles can be considerably larger than on others as exemplified in

figure 5(a). The length scale of the velocity and the force correlations is inversely related

to the density of the packing since a decrease of porosity makes the packing more regular,

White & Nepf (2003).

We may now study a system where there is a significant variation in particle size with

focus on the motion of particles under an applied relative force (2.20). In such a system

the small particles are generally subjected to the largest movement since they are more

compliant according to the assumptions made. Whether the shift causes increase or

decrease of the local permeability depends on several factors related to the local particle

configuration. Typically, a shift of particle to the side of the main flow direction causes
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a b

Figure 4. a- Permeability for a system of equal sized particles, squares. The solid curves denote

analytical results from Gebart (1992); Lundström & Gebart (1995). The dashed curve correspond

to analytical estimation for random array of cylinders in Westhuizen & Plessis (1996). b- Stream

function in a system with approximately 2 400 particles and Π = 0.25. The flow is oriented

upwards in the figure with a 10◦ inclination to the left.
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Figure 5. a- Distribution of drag force f i on a system with about 240 particles. b- The relative

shift of the particles at u = 0.1. Hollow black circles - initial position, filled red circles - final

position, blue lines - modified Voronoi diagrams. The flow is oriented upwards in the figures

with a 10◦ inclination to the left.

an increase in permeability while a shift along the stream can cause local blocking of

the flow and thus a decrease in permeability. Series of simulations showed that small

fluid-induced deformations in randomly packaged system always result in an increase
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a b

Figure 6. a- Evaluation of the permeability during motion of approximately 1 000 particles

(solid) and convergence parameter (dashed) at two porosities but with the same dimensionless

pressure gradient u = 0.1. Solid curve with Π = 0.3, n = 37 demonstrates possible decrease in

permeability for a random system with only 37 particles. b- Change of permeability for various

distributions of particle sizes as a function of dimensionless pressure gradient u at Π = 0.3.

in the permeability. For example, the permeability in figure 5(b) increases by about 10

% as shown by the curve with Π=0.3 in figure 6(a). The Monte Carlo iterations are

performed until the residual stress acting as a convergence parameter is minimised, see

figure 6(a). These stresses may not converge to zero as flow-induced forces can press the

particles together hindering further motion. The larger amount of particles the periodic

box contains the smother the relaxation curves becomes. The convergence of iterations

is slower for denser packings since even a small shift of particle positions can cause

substantial change of the detailed flow pattern and the Voronoi diagrams needs to be

frequently up-dated, see the curve for Π=0.25 in figure 6(a). The permeability increases

almost linearly when increasing the flow rate up to u = 0.1 meaning that ΔK/K0 ≈ βu

with a positive constant β ≈ 2 ± 1 for dense packings, that is, with porosity ranging

from 0.25 to 0.35, see figure 6(b). This may not be the case if other initial distributions

than random are considered or if the system is too small as exemplified for a system with

only 37 different sized particles in figure 6(a). For this system the permeability decreases



22 J. G. I. Hellström, V. Frishfelds and T. S. Lundström

with about 5 %. The statistical error can be minimised both by increasing the number

of particles in the system n and increasing the number of different simulations with

the same settings m as it is approximately proportional to 1/
√

nm. For the particular

case of equal sized particles and porosity Π = 0.3 the relative tripled standart deviation

for permeability is ≈ 1000/
√

nm % and for β the relative error is two times larger.

The size of the system n should not be too small as periodic boundary conditions can

still influence the accuracy. As mentioned above, the particle distribution may become

anisotropic for compact systems of equal sized particles. Hence, the size of the system

need to be increased even more for low porosities in order to consider the system as

random. The large statistical error does not enable us to draw a strict conclusion on

how the variations in particle size influence the change of permeability as the behaviour

of permeability is much the same but larger differences in particle sizes leads to larger

statistical fluctuations. The response of the permeability at high flow rate with u ≈ 1 can

presently not be derived because convergence worsens with increasing u and existence

of a unique stationary solution is put into jeopardy. Since a random initial distribution

of particles is chosen the properties of the material in the statistical limit are initially

isotropic. However, the properties of the deformed material becomes anisotropic. This is

interesting for internal erosion since using hydropower as a regulating resource implies

that the level of the water in the dam will change more frequently than before with a

corresponding change of flow direction within the dam and thus an alteration in direction

of anisotropy of the porous material.

6. Conclusions

CFD simulations of unit cells of porous media accompanied with minimisation of dis-

sipation rate of energy of a large system is found to be an effective tool to study flow-
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induced statistical variations in permeability through randomly packed systems. The

more compact the system is the larger is the possible relative change of permeability by

applying high flow rates. The permeability of large random arrays increases always espe-

cially for compact systems with equal size of the particles. Nevertheless, the permeability

can also decrease for specially ordered or small systems. Since only elastic deformations

are assumed for the matrix of particles the configuration is fully reversible. It would

be interesting to include some plastic deformations in the future in order to scrutinise

irreversible changes in the layout.

The research presented was carried out as a part of ”Swedish Hydropower Centre -

SVC”. SVC has been established by the Swedish Energy Agency, Elforsk and Svenska

Kraftnät together with Lule̊a University of Technology, The Royal Institute of Technol-

ogy, Chalmers University of Technology and Uppsala University. It was also sponsored

by the Faculty of Engineering at Lule̊a University of Technology.
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Abstract 
To study internal erosion in depth it is necessary to know either the detailed flow or how 

it varies in a statistical manner. The reason for this is that internal erosion will initiate 

exactly where the forces from the fluid are higher than the forces that keep the particles 

together. Hence, a new model is here developed where fluid flow induced deformations 

of a large number of particles is studied. The model is applied to the no erosion filter test 

and simulated results resemble experimental results from the literature. To exemplify 

both successful and unsuccessful sealing can be simulated. In the model, minimisation of 

the dissipation rate of energy is accompanied with discretization of the system with 

modified Voronoi diagrams. Then Computational Fluid Dynamics is applied to solve the 

flow within each part of the Voronoi diagrams.  

 

 

Introduction 
A previously suggested approach to model internal erosion processes is here further 

developed and validated with results from the No Erosion Filter (NEF) test rig, see 

Sherard and Dunnigan (1989). The overall ambition is to suggest a new way to model the 

internal erosion process on real dams where Computational Fluid Dynamics (CFD) 

simulations on small well defined geometries are combined with Monte Carlo-



simulations on larger systems of particles for which the minimum of the energy 

dissipation rate is calculated.  

 

It has been claimed that the internal erosion process is the driving force in almost 50% of 

the failure statistics for large embankment dams, when considering the failures for such 

dams up to year 1986, see Foster et al. (2000a). When investigating embankment dams 

and, in particular, embankment dam failures it is therefore evident that the process of 

internal erosion by mechanisms such as piping through the embankment, piping through 

the foundation and piping from the embankment into the foundation must be further 

scrutinized, Foster et al. (2000b).  

 

In order to predict and understand internal erosion processes numerical modelling can be 

a useful tool in geotechnical engineering since it is theoretically possible to model a wide 

range of problems. Embankment dams, being geometrically simple structures, are 

especially attractive to model numerically in order to get an early warning of potential 

hazardous processes, not visible on the outside but that can be in progress inside the dam. 

The main problem with numerical modelling (e.g. noticed by Fell et al. 2005) is that those 

performing such analyses normally need specialist knowledge in a wide range of 

technical subjects. At the same time, numerical software is within reach for almost 

anyone with a computer. Often, commercial software are extremely user-friendly which 

makes it easy to produce results, even erroneous ones, often presented in the form of 

colourful plots. In practical modelling of dams, there are always uncertainties whether a 

dam has the designed characteristic and behaviour after construction. This is certainly a 

challenge for a user of numerical software which obviously besides detailed 

understanding of the computer program and its mathematical basis must have engineering 

judgement and practical experience. If the model does not represent the dam the outcome 

of the computation is put into jeopardy. It is likely that erosion processes could be 

concentrated to or initiated at zones with segregated material. Hence, the placement of 

some common types of core and filter materials should be paid attention to in studies of 

internal erosion validating experiments with, for instance, the No Erosion Filter (NEF) 

test and detailed modelling of the flow at the interface between different soils.   



 

The Finite Element Method (FEM) has been used to estimate stresses and deformations in 

embankment dams for about 30 years, see e.g. Sherard (1986), Ng and Small (1999), 

Zhang and Du (1997), Day et al. (1998), Sharif et al. (2001) and Huang (1996). However, 

the processes of internal erosion have not been modelled in a general manner. When 

modelling internal erosion it can be convenient to start to model the fluid flow through 

the porous media building the embankment dam. The modelling can be performed in 

numerous ways as outlined by Bear (1972). It can, for instance, be convenient to apply 

Hodographic methods in which the boundaries of the fluid including the free surface 

within the dam are transformed to form simpler geometries. Although the flow, in it-self, 

can be treated with explicit expressions such as Darcy’s law non-homogeneous and 

anisotropic permeabilities and the naturally formed free surface often makes realistic 

modelling with analytical tools complex. One possible way to model the flow through 

embankment dams is instead to solve for the momentum equations for two phases and 

then add an advection equation to deal with the motion of the surface formed between the 

phases, the air and the water, for instance. To deal with the sharp transition in viscosity 

and density a modified Heaviside-step function can be introduced, see Sharif et al. 

(2001). Adaptive FEM analysis of free surface flow is also applicable, Sheng-Hong 

(1996). Another method is to combine spectral analysis with a Laplace transform in order 

to model the transport of material through for instance the riprap, Wörman and Xu 

(2001). A combination of the finite element method with a stochastic approach and the 

FEM part is used to solve the mechanical behaviour of the earth structure while the 

stochastic method is used for the probabilistic part of the earth modelling, Mellah et al. 

(2000). Numerical procedures based solely on the finite element method are also 

common. Such a technique can, for instance, be applied to hydraulic fracturing in the core 

of earth and rock-fill dams. The finite element procedure makes then use of special joint 

elements that allow fluid flow and fracture to be modelled allowing the progress of pore 

pressure in the core of a dam to be simulated, Ng and Small (1999). The Finite Volume 

Method can be used to solve the flow through the porous material. With such approaches 

the main flow features are resolved in a better way, see Elforsk (1999) and Elforsk 

(2005). An alternative procedure in the finite element method could be to treat internal 



erosion numerically as a type of localisation and describe the constitutive behaviour with 

micromechanical models in localized zones, see Mattsson et al. (2008) and Mattsson et al. 

(2009) 

 

Nevertheless, to study internal erosion it is necessary to know either the detailed flow or 

how it varies in a statistical manner. The reason for this is that internal erosion will 

initiate exactly where the forces from the fluid are higher than the forces that keep the 

particles together. Hence a new approach based on micromechanics is here suggested. 

One of the main difficulties of the internal erosion process is the multitude of scales in an 

embankment dam, the whole dam, with its unique permeabilities and porosities, the micro 

scales representing the pores inside the porous material and at least one scale in-between 

representing inhomogenities like rocks in a filter material. Due to these multitudes of 

scales it can be beneficiary to apply a continuum approach for the whole dam and use the 

results from such a model as input to a micro-mechanical based model on the flow in the 

pores and the process of particle transportation. In order to model the latter part we 

hereby apply a combination of CFD-simulations and Monte-Carlo simulations on a well 

known geometry, in order to describe the mechanisms on the small scale. The geometry 

chosen for this case, the NEF test rig, is a natural choice due to its small controllable scale 

which makes it suitable to model, and since it is well recognized and represents a test rig 

that is widely used. Of particular interest is the connection zone between the base 

specimen and the filter, see Sherard and Dunnigan (1989).  

 

 

Experimental background 
Flow through porous media, which embankment dams can be considered as, is generally 

modelled by a continuum approach implying that the flow in the pores is averaged and 

that averaged quantities such as the permeability are introduced.  

 

The flow through porous materials is often described by Darcy’s law that gives a linear 

relationship between the flow rate and the pressure. The law was originally derived from 



experiment, see Bear (1972), Scheidegger (1972) and Dullien (1992), but Tucker III and 

Dessenberger (1994) have shown that the law can be derived from the Navier-Stokes 

equations. The conditions are that inertia and long-range viscous effects are negligible of 

which the former is generally a too crude assumption for at least the final stages of 

internal erosion. Let us, however, for the moment stick to the stated assumptions and 

write Darcy’s law in its general form: 

 

j
ij

i P
K

v ,      (1) 

 

where vi is the superficial velocity, Kij the permeability tensor,  the viscosity and P the 

pressure. An obvious interpretation of (1) is that the permeability can vary as a function 

of direction and it is also important to notice that: 

 

i
i

vu       (2) 

 

where ui is the average velocity in the pores and  the porosity. In this rigorous form of 

Darcy’s law the permeability is solely dependent on the detail geometry of the porous 

material and has the unit [m2]. In the literature describing embankment dams it is also 

common to give the permeability the unit [m/s] and call it hydraulic conductivity or 

velocity, Fell et al. (2005). This implies that the viscosity and the gravitational constant 

are incorporated in the actual permeability value. The advantage of this approach is that a 

velocity-like component is explicitly given. The draw-back is that the actual value is 

dependent on the conditions for the measurements. 

 



 
Figure 1. Set-up by Darcy. 

 

The permeability of a porous material is generally obtained from measurements although 

numerous models often based on the micro geometry of the porous media have been 

derived. The models are developed for special cases and measurements need to be carried 

out in order to calibrate the models, see Gebart (1992). Many methods for the 

experimental assessment of the permeability tensor have been proposed following the 

experiments by Darcy, see Figure 1; Kershaw (1972), Adams et al. (1988), Pikulik et al. 

(1991), Parnas and Salem (1993), Parnas et al. (1995), Young and Wu (1995), Gebart and 

Lidström (1996), Lekakou et al. (1996), Weitzenböck et al. (1998), Lundström et al. 

(1999) and Lundström et al. (2000). When dealing with internal erosion processes yet 

another set of methods have been developed many of which are based on the experiment 

by Darcy. These include, for instance, the slot test and the slurry test, described in detail 

in Sherard et al. (1984). These tests are very useful when determining the filter boundary 

size, D15B, but they do not capture the internal erosion in a successful ways since they 

only indicate small amount of erosion in the tests, Sherard and Dunnigan (1989). Hence 

in order to better describe the phenomena of internal erosion the NEF-test was developed 



which tends to work very well for coarse-grained impervious soils, for cases the slot and 

slurry tests were found to not perform in a satisfactory way, Sherard and Dunnigan 

(1989). The NEF-test consists of a base specimen (often a core material) that is in contact 

with the filter and a performed hole is located in the centre of the base specimen working 

as an initiation of internal erosion process. In order to stabilize the base specimen a coarse 

gravel fill is located above it, to weigh it down, which in its turn is creating an evenly 

distributed inlet flow condition. In the same way as for the Darcy experimental setup the 

flow is driven with a pressure gradient, see figure 1. Interesting observations from the 

NEF-test are that for a sealing set-up the particles move down the preformed hole to seal 

the filter forcing the fluid to move radially along the interface between the base and the 

filter material forming a circumferential slot between the two types of porous materials 

Sherard and Dunnigan (1989). For a non-sealing set-up the particles just migrate through 

the filter and hence, widening the beforehand formed hole, Sherard and Dunnigan (1989).  

 

 

General relations 
Darcy law, equation (1), can be seen as a potential for constant permeability and dynamic 

viscosity implying that the vorticity  =   v tends to zero. In general this is not the case 

and the stream function  emanating in v =    satisfies 

 

0
K

.    (3) 

 

On a microscopic level the flow field is the solution of the following set of equations 

 

0 ,    (4) 

 

for low Reynolds numbers. Accompanying it with a non-slip boundary condition at the 

particle surfaces the solution of equation (4) is,  



dS2 ,    (5) 

 

by using a variational calculus, equivalent to the minimisation of vorticity. 

 

 

Modified Voronoi diagrams 
Consider now a system of particles representing the core (base material) or the filter in a 

No Erosion Filter (NEF) test rig. Let us divide the system of particles into n cells, so that 

each cell contains one particle. The natural way is to employ Voronoi diagrams that are 

mutually related with Delaunay triangulation. In classical formulation, Voronoi diagrams 

consist of hyperbolas rather than lines for arrays of unequal circular particles since each 

point of the Voronoi curve should be equally spaced relative to the two nearest particles. 

In order to simplify the geometry of each cell to polygons let us make the partition using 

a modified version of the Voronoi diagrams consisting of straight lines also for particles 

with unequal size. In this case, a point on a Voronoi line may not be located exactly 

between the surfaces of the two nearest particles. The algorithm starts by finding the 

nearest neighbour, i.e., the second corresponding particle for each given particle. Then a 

third particle is found in the anticlockwise direction having minimal total distance to the 

surfaces of the two existing particles and a potential Delaunay triangle is drawn through 

the centres of these particles. This approach may be compared to classical Delaunay 

triangulation where the total distances between the centres of particles are minimised. 

Next, the third particle replaces the second one and the procedure continues until a full 

anticlockwise cycle is completed around the first particle. The procedure, however, does 

not guarantee perfect triangulation and the Delaunay network is corrected afterwards by 

inserting additional Delaunay lines and removing bad ones so that the total spacing along 

the Delaunay lines between 4 neighbouring particles becomes minimal, globally. The 

triangulation is shown by the green-dashed lines in figure 2a. If the particles are of equal 

size then the corners of a Voronoi line are placed in the circumcenter of each Delaunay 

triangle. This tactic fails for different sized particles where a circumcenter may end up 

within a particle. Therefore, two edges of the Delaunay triangle with minimal spacing 



between the surfaces of particles are defined. Next, orthogonal lines are drawn from the 

midpoints of these two spacing and their cross-point acts as a corner of a Voronoi 

diagram resulting in the grid shown by blue-solid lines in figure 2a. This procedure 

guarantees that none of the Voronoi lines come into contact with the particles. At least 

2/3 of the Voronoi lines are exactly perpendicular to the corresponding edges of the 

Delaunay triangle and divide the closest distance between two neighbouring particles into 

two identical parts. The Voronoi lines not being perpendicular to its corresponding 

Delaunay edge are more distant from the particles and are relatively short. E.g., the 

Voronoi line between particle 1 and 6 in figure 2a is such a one. 
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Figure 2. a – Calculation of a 2D filtration moving upwards in the figure. The system is 

divided into modified Voronoi diagrams (blue-solid lines) and Delaunay triangles (green-

dashed lines). Division of Voronoi diagrams into small triangles (red-dotted lines). b – 

Schematic view of the triangles and the corresponding particles.  

 

 

Minimisation of dissipation rate 
In next stage the Voronoi diagrams are divided into small triangles as indicated by the 

red-dotted lines in figure 2. For each red triangle one corresponding corner is within 

particle i with a constant stream function i. The side opposite to this corner has a 



neighbouring triangle. The last triangle is located in another particle j where the stream 

function is j. Therefore, the stream function varies smoothly from i to j throughout 

these two triangles. The value of the stream function at the point where Delaunay line that 

connects particles i and j crosses with corresponding Voronoi line ij0 is between the 

values i to j and is arithmetic average for equal sized particles. The quadratic average 

of vorticity in the area Sij at particle i adjacent to j can be approximated by the stream 

function  

 

2
02

0

0
04

0

2
02 2 ij

ij

iij
ijij

ij

iij
ijij d

C
d

A   (6) 

 

where Aij, Cij originates from either the squared average vorticity or average vorticity in a 

small area Sij  

 

4
0

2
02

ij

iij
ijij d

A , 2
0

0

ij

iij
ijij d

C ,  (7) 

 

where dij0 is the distance between the particle i and the Voronoi line that separates 

particles i and j, ij0 is value of stream function at the point where Delaunay line that 

connects particles i and j crosses with corresponding Voronoi line. When repeating the 

same procedure for all adjacent triangles the overall vorticity distribution results. The 

higher the absolute values of vorticity are the higher is the dissipation rate of energy for 

this system, Milne-Thomson (1996). Therefore, we just need to insert squared vorticity in 

(4) and minimise afterwards. This can be discretised by using (6) and by replacing the 

integration in (4) the dissipation rate becomes 
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There is quadratic dependence of the dissipation rate on the stream function according to 

(8). Hence, the obtained system of equations after minimization is fully linear,  
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 (9) 

 

which can be solved by the use of traditional methods for sparse linear systems of 

equations. The size of the linear system becomes identical to the number of particles. It is, 

therefore, possible to describe systems that contains about 10 000 particles. This is 

important considering the simulation of the NEF experiment since the part of the system 

that is important for sealing contains thousands of particles. Additional accuracy can be 

obtained by adding more nodes of the stream function at the corners of the Voronoi 

diagrams and minimizing the dissipation rate of energy also with respect to these ones. 

 

 

Forces on particles 
A fluid can only generate tangential viscous stresses on a solid surface with a non-slip 

boundary condition. Thus, in order to calculate the drag force on the particle, the vorticity 

must be known near to it. This can be achieved if we have already calculated the flow 

fields with respect to the stream function. The total viscous drag force for particle i in the 

triangle directed towards particle j is equal to  
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where ij is the tangential anticlockwise direction with respect to the surface of the 

particle, arc
ij is the average vorticity along the arc of the surface and ij is the angle of 

the section. The normal force depends on the pressure P distribution around the particle: 
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where n  is the normal direction at the particle. The change of pressure around the surface 

of the particle according to the momentum equation for low Reynolds numbers is 
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Hence the pressure is dependent on the derivative of the vorticity in the normal n 

direction from the surface of the particle. Inserting (12) in (11) and applying partial 

integration the normal force can be expressed as a tangential one 
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Combining the viscous (10) and normal (13) forces the following force on particle i 

results 
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where the normal derivative of the vorticity is expressed by vorticity at the particle,  is 

the radius of the particle with respect to distance between the centre of the particle and 

the corresponding Voronoi line j. Thus the normal force dominates for highly packed 

systems of particles. Similarly to (7) an expression exist for the average vorticity along 

the arc at the border of particle i within section S

ijr

ij according to 
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where Bij is a dimensionless variable. Gravitational forces are currently not accounted for 

in order to set focus on the flow-induced forces but can easily be included in future 

studies. 

 

The sum of all drag forces on the particles should be equal to the driving pressure 

difference. Hence, Darcy law can be rewritten accordingly 
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where v  denotes the average velocity of the system if wall effects are neglected. From 

this relation the permeability tensor K can be obtained. Permeability becomes scalar and 

isotropic for large enough random systems. 

 

 

Deformations 
In practice the viscous force on the particles is somehow balanced with other kinds of 

forces like gravity, mechanical stresses, etc., as long as the process is reversible. To 

exemplify for textiles that consist of fibres gathered in bundles, the motion of the fibres 

generated by a viscous and moving fluid is often restricted by elastic and plastic 

deformations of the fibre networks. It is, however, difficult to predict the accurate 

mechanism for an arbitrary case. For the soil we assume completely plastic deformations 

of particle networks. This deformation is, in reality, hindered by friction and cohesion 

forces between particles in addition to pure geometrical obstacles, i.e. stationary particles. 

To mimic the friction and cohesion forces we take a heuristic approach and assume that 

the particles are located at the surface of a highly viscous fluid that inhibit motion. The 

driving forces for the motion of the particles is then created by a less viscous fluid that is 



allowed to move in two-dimensions over the viscous fluid generating a force directly on 

the particles and only indirectly on the highly viscous fluid. Smaller particles move more 

easily and, therefore, the respective resistant force is set proportional to the diameter of 

the particle. Because the Stokesian driving force is also proportional to the diameter of 

the particle, the free particles move with the same speed. The resistive force for the large 

filter particles is set 103 times higher, so that they practically remain rigid except for 

small part at the outlet of channel where particularly large pressure gradients are possible. 

 

In order to simulate the friction and cohesion between the particles, the viscosity is set 

higher for closely placed particles. That mimics the close range frictional forces. An 

arbitrary relationship can be selected and let here set the effective viscosity to be 

inversely proportional to the squared distance dij0 between the particle and the 

corresponding Voronoi line: 
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where d0 is a distance parameter which characterises the distance of interaction between 

the particles which is chosen to be around the average size of the particles for the current 

simulations. 

 

 

CALCULATION OF A, B, C 
The dimensionless variables A (7), B (15) and C (7) are obtained from simulations with 

Computational Fluid Dynamics (CFD) performed with ANSYS CFX 11.0 on model 

geometries with varying porosities in a similar manner as done in Lundström et al. (2006) 

and Hellström et al. (2009). The relative radius r´0 of the geometries varies from 0.7 to 

0.99 for rectangular arrays and from 0.6 to 0.99 for hexagonal arrays and the porosity  

ranges from 0.25 to 0.6 for rectangular packing and from 0.1 to 0.6 for hexagonal 



packing, see figure 3ab. The geometry is discretised with the grid generator ANSYS 

ICEM CFD 11.0 and a grid study is performed with the average squared vorticity at S as 

the representative parameter for the model. A Richardson extrapolation of the grids 

results in an apparent order of 2.8 and the grid of choice gives an estimated error of about 

0.1 per mill, see figure 4a. The simulations are carried out with a laminar flow 

assumption and with boundary conditions representing a well structured repeatable 

material. This is realised with the use of symmetry conditions and domain interfaces. In 

order to drive the flow a sub domain is defined with a general momentum source 

mimicking the pressure gradient. The simulations are assumed to be well converged when 

the Root Mean Square residuals have dropped 5-6 orders of magnitude and the maximum 

residuals are less than 1.5 orders of magnitude higher, following the guidelines from 

ERCOFTAC (2000). The variables A, B and C are then calculated based on results from 

these simulations. To exemplify the distribution of B is illustrated in figure 4b. The 

obtained values for A, B and C somewhat differ for rectangular and hexagonal packings at 

the same h and r0 therefore the isolines from respective set of geometries are merged in 

the overlapping area. In order to obtain better correspondence the system is analysed 

locally to see which packing is most representative, see figure 2b. If the sizes of the 

neighbouring half Voronoi branches q1 and q2 are equal then hexagonal data is applied. 

Thus, for the part of area Sij a linear approximation is assumed (see figure 2b): 
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It is furthermore assumed that B and C can be expressed in a similar manner. The 

matching variable q ranges from 0 for rectangular packing to 1 for hexagonal packing. 
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Figure 3. The geometries used for the CFD-simulations, a - is the rectangular setup and 

b - is the hexagonal arrangement. S denotes the area where the vorticity is averaged. 

 

a b
0.6 0.7 0.8 0.9 1.0

0.0

0.5

1.0

1.5

2.0

 rectangular points
 hexagonal points

h

r
0
'

0.000

4.400

8.800

13.20

17.60

22.00

26.40

30.80

35.20B

 

Figure 4. a- Grid convergence study. The grid spacing is shown in [m] for the system 

with the half distance between the neighbouring particles equal to 1 [mm]. b- distribution 

of B as a function of h and r’0. 

 

 

Influence of flow direction 
The CFD simulations are carried out primarily for one orientation of the lattice with 

respect to the stream direction, when the value of the stream function is constant along 

the Voronoi line, see figure 2b and 3a. Now, let us discuss how the orientation of the flow 

could influence the equations regarding the average vorticities in (6) and (15). The 

average vorticity inside the upper area Sij can be approximated by linear expressions from 



values of the stream function at the corners of the right triangle i, ij0 and c (see figure 

2b) if the vorticity at the Voronoi line is either constant or small. Calculations made with 

CFD showed that (6) can be improved by adding a term that represents variation of the 

stream function along a Voronoi line 
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where dc is the distance from the outer corner of the triangle to the particle i and A*ij is a 

dimensionless coefficient that according to CFD calculations is around 2, with the same 

order of magnitude as Aij . Since dc
4 >> dij0

4 for packing with porosity  smaller than 0.4 

then the second part in (19) can be neglected as a first approximation. The additional part 

that originates from the change of the stream function along a Voronoi line for (0)  in 

(15) has even smaller effect than in (19). Thus (15) should work acceptably, too, for any 

orientation with respect to the local flow direction and according to CFD calculations at 

various stream directions the angle averaged error made with this does not exceed 3 % for 

porosities lower than 0.5. 

 

 

Set-up of the system 
In the Sherard and Dunnigan’s experiments, fine grained particles are placed on top of the 

filter particles. Above the fine grained particles another layer with large particles is 

placed. At the centre of the fine grained layer a channel is formed that is oriented along 

the main flow direction. 

 

Because the most important part in the NEF experiment is the surface between the fine 

grained layer and filter layer the system presented in figure 5 is modeled. In order to 

avoid wall effects, the system is periodic in both the x- and y-directions. The initial 

particle positions in each layer are obtained by a Monte Carlo procedure shifting the 

position of particle in a random direction by random distance, Chen & Papathanassiou 



(2008). The size of the particles can differ up to 30 times. An automatic time step is 

chosen in such a way that the maximal distance a particle has moved does not exceed the 

average size of the particle. Overlapping of particles is prohibited. 

 

 
Figure 5. The periodic configuration of fine particle layer with a channel placed 

between the filter particle layers. The corresponding Voronoi mesh is showed by 

blue lines. 

 

 

 

 



Results and discussion 
The simulations shows that the model outlined above clearly capture the main features of 

erosion in a NEF experiments as experimentally derived by Sherard and Dunnigan 

(1989). The characteristic scenario is shown in figure 6. First, the particles present in the 

channel fill the spaces between the filter particles at the end of the beforehand formed 

channel, see figure 6b. At this stage the fine sized particles beyond the channel remain 

fixed at their original places. When the end of the channel starts to get blocked, the 

process continues at the corners of the channel and more core particles move into the 

filter, see figure 6c. This sealing action then continues radially from the channel, see 

figure 6d and 6e. This is the most interesting stage as it involves creation of fractures, see 

figure 6d, in the rigid layout of the fine sized particles. The simulations furthermore show 

that the particles tend to move in a direction diagonal from the channel while Sherard and 

Dunnigan in their experimental work observed a radial shift of particles from the channel. 

This discrepancy may be reduced if the thickness of the fine grained layer is increased or 

if the size of the particles in the fine grained layer is reduced in the simulations. Such 

actions would decrease the flow rate through the interior of the fine grained soil. A 

constant flow rate is assumed through the system. Therefore, the deformation continues 

also after a good sealing because of instantaneous high pressure gradients when the local 

leakage is blocked. Hence, the fluid finds the place with weakest resistance through the 

sealed thin layer and subsequent filling of open cracks and better local sealing. This is 

shown in figure 6f, where the filling of the end of channel continues. Due to sealing of the 

layer formed perpendicular to the flow direction, the permeability is reduced by orders of 

magnitude during the course of the simulations, see figure 7. The reduction in 

permeability is not monotonous since slight shift of filter particles is possible especially at 

the end of the channel with the largest pressure gradient. Thus, the structure of the filter 

materials directly at the end of the channel is especially important and determines the 

scenario of the process. The form and size of the channel remains approximately constant 

during the action of the flow-induced forces if the filter material is sufficiently packed as 

in figure 6.  

 



If the size of the fine grained particles is much smaller than the interparticle spacing of 

the filter layers then the small particles can travel through the filter layer and sealing does 

not occur. This exemplifies an unsuccessful Sherard and Dunnigan’s experiment, see 

figure 8. Moreover, the thickness of the channel becomes larger and some open space can 

form between the layers as also indicated by Sherard and Dunnigan. Almost all the stream 

goes through the first part of the channel (see stream lines in figure 8b) but stream rate at 

the exit of channel depends on the contact properties of the two layers. 

 

Notice that focus is set on two-dimensional systems of particles. It is likely that the 

results will differ for three dimensional systems of particles, In, Lundström et al. (2004) it 

is, however, shown that main trends regarding permeability of three-dimensional systems 

are captured with a two-dimensional approach. 
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Figure 6. Development of particle configuration due to flow-induced forces for the flow 

directed downwards in the figure: a- initial configuration, b-f – intermediate stages.  
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Figure 7. Reduction of the total permeability upon sealing. 

 

a b  

Figure 8. Intermediate stage for unsuccessful sealing. a – distribution of particles, b – 

distribution of the stream function. 

 

 

Conclusions 
The minimisation of dissipation rate of energy accompanied with Voronoi discretization 

of the particle system is found to be an effective tool that can model the erosion of 



complicated systems. In particular experimental observations of how the erosion takes 

place in a No Erosion Filter (NEF) test rig can be captured. The simulations showed that 

Sherard and Dunnigan’s explanation of successful sealing seams correct but, instead of 

radial shift of particles along the interface of the layers the motion is slightly diagonal 

along the cracks present in the structure of fine grained particles. Future work involves an 

improvement of the existing model and application of the technique suggested to other 

geometrical configurations within an embankment dam. 
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ABSTRACT 
For a comprehensive understanding of internal erosion in 
embankment dams it is necessary to elucidate the 
detailed seepage flow. A neat tool that can be used for 
this purpose is Computational Fluid Dynamics with which 
forces on individual particles in a porous media can be 
derived. The model geometry chosen to represent the 
porous media is a hexagonal array of spheres into which 
smaller particles are introduced that are supposed to 
move at a certain level of flow induced forces. It is shown 
that the method for mesh deformation introduced has a 
potential to model internal erosion.  
 
INTRODUCTION 
Flow in porous media takes place in many technical 
areas such as ground water flow, flow through 
embankment dams, paper-making, composites 
manufacturing, filtering and drying of iron ore pellets. 
When emphasizing on the internal erosion process it 
comes clear that it is not completely understood although 
dam failures, accidents and deterioration of dams are 
closely related to it. Even if dams generally can be 
considered as safe constructions, a large part of the 
present knowledge about problems associated with 
internal erosion is a result of studies of former dam 
incidents. This circumstance is almost inevitable since 
internal erosion processes are very complex and take 
place inside the embankment or foundation making the 
erosion transparency limited until it has progressed 
enough to be visible or detected by measurements. 
Instrumentation inside a dam could perhaps detect 
erosion at an early stage but at the same time internal 
erosion has a tendency to concentrate adjacent to 
different kinds of installations, so it is not desirable to 
have more installations than necessary, Fell, MacGregor, 
Stapledon & Bell 2005. It is therefore crucial to increase 
the knowledge of the mechanisms behind internal 
erosion so that observations made can be better 
interpreted and the actions taken more focused. 

When considering fluid flow problems coupled to 
internal erosion, or any  application of porous media flow, 
the detailed as well as the global flow characteristics vary 
as a function of pore geometry and ambient conditions. 
As long as the fluid is creeping in the pores Darcy’s law 
applies according to  
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where Eq. 1 represents the general form of Darcy’s law 
and Eq. 2 its one-dimensional simplification. In these 
equations vi is the superficial velocity, Kij the 
permeability,  the dynamic viscosity of the fluid, p the 

pressure, Q the volumetric flow rate through an area A 
and p the pressure drop over an length L in the 
stream-wise direction. The permeability is dependent 
on the geometry of the porous media as has, for 
instance, been derived by Kozeny and Carman 
according to 
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where B is a constant, S the specific particle surface 
and  is the porosity, (Bear 1972). For flow 
perpendicular to an array of cylinders Gebart 1992 
derived the following equation, being valid as long as  
is small enough 
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where C and min depend on the geometrical 
arrangement (such as quadratic or hexagonal).  
 When the Reynolds number increases there is a 
need to introduce a non-linear term resulting in the 
Forchheimer equation 
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where b is a property of the porous media and m is a 
measure of the influence of inertia (Forchheimer 1901). 
Increasing Reynolds number even more the flow 
becomes turbulent but earlier results presented by 
Hlushkou & Tallarek 2006 and Bear 1972 as well as 
numerical simulations by Hellström, Jonsson & 
Lundström 2008 have indicated that Eq. 5 can be used 
for this case as well although it is inevitable to switch to 
a fully turbulent description above a certain region of 
Reynolds number.  
 A modified version of Eq. 5 was presented by Ergun 
in 1952 by fittings to experimental data according to the 
following expression 
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where pf is the pressure represented as a force, g is the 
gravitational constant,  the fractional void volume in 
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the porous media, Dp the effective diameter of the 
particles and  the density of the fluid (Ergun 1952). 
The Ergun equation has shown best agreement with a 
bed of randomly distributed spheres and is therefore 
not optimal for all geometries, such as well structured 
arrays of material. The equation has therefore recently 
been generalised by Nemec & Levec to yield the 
following expression 
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 Several researchers have investigated the validity of 
the equations described above where, for instance, the 
review-article by Hlushkou & Tallarek analyses the flow 
regions, creeping, viscous-inertial and turbulent from a 
macro-scale transport behaviour point of view with the 
result that the laminar region end at a superficial 
Reynolds number at the order of 100 (Hlushkou & 
Tallarek 2006). Lesage, Midoux & Latifi performs an 
experimental investigation on pore-scale in order to 
identify the three flow regimes (laminar, inertial and 
turbulent) and the threshold values for the regions are: 
laminar flow for particle Reynolds number below 110 
and turbulent-like flow regime for particle Reynolds 
number above 280 and a transient regime in between, 
Lesage, Midoux & Latifi 2004). The influence of 
apparent permeability with respect to the Reynolds 
number in periodic arrays is calculated by Edwards, 
Shapiro, Bar-Yoseph & Shapira indicating that the 
orientation-dependent permeabilities of both square 
and hexagonal mono-disperse arrays are observed to 
diminish with increasing Reynolds number, (Edwards, 
Shapiro, Bar-Yoseph & Shapira 1990).  

 
where A and B are tabulated material dependent 
constants derived from experiments, revealing that the 
knowledge of the material in itself must be improved 
(Nemec & Levec 2005). The modified Reynolds- and 
Galileo number appearing in Eq. 7 are defined as, 
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 In several areas of application not only the 
resistance to flow is of interest but also forces on 
individual particles. To exemplify, is it well-established 
that, in a start-up phase of internal erosion in 
embankment dams, individual particles become mobile 
when subjected to high enough hydrodynamic forces. It 
is therefore also in place to do detailed studies of the 
net-force on individual particles rather than applying a 
continuum assumption valid for a homogenous porous 
bed. Therefore in this paper numerical simulations are 
carried out with the aid of Computational Fluid 
Dynamics (CFD), in order to derive the forces acting on 
a particle inside a porous media and investigate if it is 
at all possibility to model the movement of such a 
particle. The simulations are carried out with a laminar 
flow assumption including inertia. 

 
where Re* represents the true averaged velocity in the 
pores taking the volume fraction  into account and 
including the particle shape factor  (Niven 2002). Ga* 
in its turn gives us the ratio between gravitational and 
viscous forces and is strongly dependent on particle 
diameter and pore volume fraction.  
 Another common way of relating pressure to flow 
rate is by the Blake-type friction factor that may be 
defined as 
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NUMERICAL SETUP  

Introducing this relationship into the Ergun equation 
results in the following expression 
 

Re'
15075.1'f  (11) 

In order to keep the computational time on a reasonable 
level but still model a relevant geometry an array of 
hexagonally packed spheres is studied in which a unit-
cell is defined, Figs. 1 & 2. To resemble a more natural 
material a perturbation is introduced in the form of a 
particle whose size is varied while the particle location in 
space remains fixed throughout the whole series of 
simulations.  

 
which resembles experimental data and where the 
modified Reynolds number is defined as  
 

1
1Re' A

QDp
. (12) 

 
This way of expressing the Reynolds number originates 
from the investigation performed by Ergun where the 
Reynolds number is related to a diameter characteristic 
for the material (Ghaddar 1995). There exist several 
expressions for the Reynolds number where the 
definition of the characteristic length and the averaged 
velocity differs.   

Fig. 1 The hexagonal packed array of spheres 
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Fig. 2 The unit-cell used for the simulations. 
 
To solve the flow in the unit-cell a commercial CFD code, 
ANSYS CFX11.0 is used with the assumption of steady, 
incompressible and laminar flow resulting in the following 
governing equations  
 

jjijjij upuu ,,,
1

 and . (13 & 14) 0,iiu

 
The discretization scheme for the continuity and 
momentum equations are strictly second order accurate 
which is realized by setting the specified blend factor 
equal to one in CFX. Regarding the boundary conditions 
of the unit-cell they are defined as follows; the top, 
bottom, left and right sides are all symmetry-planes, the 
front and back are defined as periodic domain interfaces 
representing the repeatable (stream-wise) structure of 
the array while the spheres and the particle are 
considered to be walls with no-slip conditions. In order to 
drive the flow a momentum source, of varied magnitude, 
is defined in a sub-domain. The simulations are 
furthermore assumed to be well converged when the 
Root Mean Square (RMS) residuals have dropped 5-6 
orders of magnitude and when the maximum residuals 
are less than 1.5 orders of magnitude above the RMS-
residuals. For the discretization of the computational 
domain, i.e. a division of the geometry into finite volumes, 
ANSYS ICEM CFD 11.0 is used with focus set on high 
grid quality considering parameters such as the minimum 
angle and aspect ratio of the volumes. To solve the flow 
ANSYS CFX11.0 is run in parallel mode using the MeTis 
partitioning method on a homogenous LINUX cluster for 
which the communications are handled by the HP-MPI-
2.1 routine, which an excellent scaling of the problem 
according to Hellström, Marjavaara & Lundström 2007. 
The grids chosen for the simulations are based on a grid 
refinement study with 8 grid successively finer grids from 
160 000 nodes to 1 300 000 nodes performed in 
Hellström, Ljung & Lundström 2007. Based on this study 
it is moreover decided to use a grid consisting of 530 000 
nodes, which corresponds to a discretization error of 
approximately 1 %. For this mesh the strength of the 
momentum source is varied in order to derive the forces 
acting on the spheres and the particle in the array as a 
function of Reynolds number and radius of the particle. 
 
 Finally an investigation on the possibility to model 
movement of the particle is performed. The geometry is 

then expanded is size so that the whole particle is 
modeled, see Fig. 3.  
 

 
Fig. 3 The unit-cell for the particle motion simulations 
 
The simulations are solved by assuming unsteady 
conditions in order to track the movement, which 
corresponds to solving the Eqs. 13 & 14 with an 
unsteady setup. When the particle starts to move the 
mesh needs to be updated which is achieved by the 
mesh-deformation function available in CFX. The 
movement is based on the normal and shear forces 
acting on the particle, the normal force correlates to the 
pressure and the shear force corresponds to the 
gradient-induced wall shear. To start with there are no 
forces retaining the particle so the movement starts 
momentarily. 
 
RESULTS AND DISCUSSION 
The results are in line with earlier simulations regarding 
the apparent permeability, (Hellström, Jonsson & 
Lundström 2008 and Hellström & Lundström 2006). 
When plotting the Blake-type friction factor, see Eqs. 10 
& 11. as a function of Reynolds number is clear that the 
slopes match and the trends resemble each other but 
there is a shift in magnitude see Fig. 4. This indicates 
that the constants in Eqs. 10 & 11 need to be updated for 
the geometry in focus. In this context it is worth noticing 
that the Ergun equation as well as the one by Nemec & 
Levec captures the simulated values in a better way for 
quadratically packed cylinders, (Hellström, Jonsson & 
Lundström 2008 and Hellström & Lundström 2006). This 
is rather surprising since the equations are based on 3D 
experimental data and are thus anticipated to be better 
described by a hexagonal arrangement. 
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Fig. 4 The Blake-type friction factor for the different 
Reynolds number. 
 
From an internal erosion, point of view it is of great 
importance to identify the magnitudes of the forces acting 
on particles in order to determine whether internal 
erosion may occur. In order to get a hint of this for a real 
case the shear and normal forces on the model material, 
the spheres, are here calculated as a function of Re’. As 
predicted by Darcy’s law, the normal force increases 
almost linearly with increasing Re’, until a Re’ of about 10 
then there is an accelerated increase in magnitude which 
is probably caused by inertia effects see Fig. 5. The 
shear force shows a similar behavior although even more 
distinct see Fig. 6. It is however clear that the normal 
forces are considerably larger than the shear forces 
implying that the non-linearity seen in the shear force is 
of less importance when considering total forces on the 
spheres.   
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Fig. 5 The normal force acting on the sphere scaled with 
its area. 
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Fig. 6 The shear force acting on the sphere scaled with its 
area. 
 
When scrutinizing the results in detail it is evident that 
inertia effects come into play and the flow field becomes 
more disordered as Reynolds number is increased, see 
Figs. 7 & 8, and the shift in position of maximum velocity 
between the figures and the laminar eddies appearing in 
Fig. 8. In these figures the length and colors of the 
vectors correspond to the magnitude of the velocity, 
where blue denote low velocity and red denote high. Also 
the contour plots on the spheres denote the pressure 

distribution. In this case dark blue indicate low pressure 
while light blue high pressure. Notice that the scaling in 
Figs. 7 & 8 is different. 
 

 
Fig. 7 Velocity vectors and contour pressure plots, Re’=0.02. 
 

 
Fig. 8 Velocity vectors and contour pressure plots, Re’=45. 
 
When introducing the perturbation particle the Blake-type 
friction factor does not seem to be dependent on the r/R-
ratio, see Fig. 9, as is actually the case for the 
permeability (Hellström, Ljung & Lundström 2007). 
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Fig. 9 The Blake-type friction factor for the simulations 
compared with the Ergun and Nemec & Levec equations. 
 
The forces acting on the perturbation particle decreases 
as the radius-ratio is increased and the normal, as well 
as, the total forces even changes in sign see Figs. 10 & 
11. In this case the shear and normal forces are in the 
same range and thus the total force per unit area 
becomes strongly dependent on the size of the particle. 
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Hence not only the Reynolds number is of importance for 
the force on the particle also its geometry. 
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Fig. 10 The shear forces acting on the particle normalized 
with the area of the particle. 

Fig. 13 The pressure field on the particle for the following 
cases: top left r/R = 0.05, top right r/R = 0.1, bottom left r/R = 
0.2 and bottom right r/R = 0.33, dark indicates low pressure.  
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Regarding the flow filed for the perturbed geometry it 
becomes less well-organized as the particle size is 
increased as well as when the Reynolds number is 
increased (as would be expected), Figs. 14 & 15.  
 The forces on the particle is of course just an 
indication on the forces that might occur in a natural 
material since the distortion particle remains fixed in the 
same position during the whole simulation. In a real case 
the particle would rather start to move when the forces 
become high enough and, of course, if there is a path 
available for the particle to travel. 

 
Fig. 11 The normal and total forces acting on the particle 
normalized with the area of the particle. 

  
The results in Figs. 10 & 11 can be explained from 
studies of the spatial distribution of the shear stress and 
the pressure on the particles. The low wall shear areas 
increase in size as a function of particle radius, see blue 
areas in Fig. 12 and high pressure zones evolves on the 
downstream side of the particle see Fig. 13. The flow 
field generated even results in that the main low pressure 
zone moves from the down-stream side of the particle to 
its up-stream side hence the decrease in force 
magnitude presented in Fig. 11.  
 

 
Fig. 12 The wall shear acting on the particle for the following 
cases: top left r/R = 0.05, top right r/R = 0.1, bottom left r/R = 
0.2 and bottom right r/R = 0.33, dark indicates low wall 
shear. 
 

 
Fig. 12 Velocity vectors and contour pressure plots for the 
perturbed geometry where r/R = 0.05 and with a Reynolds 
number of 0.5. 
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CONCLUSIONS 
Regardless of the size of the perturbing particle and 
regardless if permeability or forces on individual 
particles are sought for, inertia effects must be taken 
into account when the Reynolds number is in the region 
of 1-30, depending on the limit chosen. Interestingly the 
forces per unit area on the spheres increases 
monotonically with Reynolds number while the forces 
per unit area on the perturbing particle sometimes 
decreases as a function of Reynolds number. The net 
force on the perturbing particle can even be opposite to 
the main flow direction. This may be due to the growth 
and relocation of wall shear and pressure zones. 
Furthermore the results presented here correspond well 
with earlier presented experimental results. Hence 
when it comes to initiating and progressing of internal 
erosion in embankment dams this study has indicated 
that statistical variations in geometry must be 
considered and that this variation must be based on 
detailed studies of the flow around the grains. And 
finally on the numerics the mesh deformation approach 
of simulating motion of particles in porous media has 
shown a promising potential but it still needs to be 
further investigated, in order to get reliable results. 

 
Fig. 15 Velocity vectors and contour pressure plots for the 
perturbed geometry where r/R = 0.33 and with a Reynolds 
number of 45. 
 
For the simulations where the particle is free to start to 
move the choice of time-step is crucial in order to get 
convergence and to get stable values on the normal and 
shear forces. One interesting result is that, the 
movement is crucially dependent on the time-step. When 
it is large, the particle first starts to move along with the 
flow but then switch direction and starts to travel against 
the main flow direction. When the time-step is decreased 
the particle follows the main flow-direction, cf. Fig. 16. 
The latter movement seems more realistic at least from 
an engineering point of view. These results indicate that 
the method of mesh deformation has a potential as a 
numerical tool for calculating motion of particles in 
micromechanical studies of porous media but the quality 
of results needs to be investigated further. In addition 
gravitation effects should be included.  
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Abstract: Internal erosion in embankment dams is not a completely understood phenomenon. Dam failures, 
accidents and deterioration of dams caused by ageing effects do take place as a result of internal erosion. 
Even if dams generally should be considered as safe constructions, a large part of the present knowledge 

about problems associated with internal erosion is a result of studies of former dam incidents. This 
circumstance is almost inevitable since internal erosion processes are very complex and take place inside the 
embankment or foundation making the erosion transparency limited until it has progressed enough to be 
visible or detected by measurements. The research groups overall objective is to develop a numerical model 
that can capture the processes of internal erosion in a physically sound fashion in the simulation. In the paper 
a new innovative research program to accomplish this is presented. By utilizing e.g. the finite element 

method, based on a continuum approach, stresses, strains, deformations and pore pressures in an 
embankment dam can be theoretically analysed and conclusions drawn about initiation of internal erosion 
processes. Our approach, when initiation is established, is to interpret internal erosion numerically as a type 
of localisation and describe the constitutive behaviour with micromechanical models in localised zones. It is 
of considerable importance that the localisation model, the micromechanical model and the finite element 
model are mathematically consistent with each other. Such a final software, containing a model that 

simulates internal erosion could be useful for: an increase of the knowledge about internal erosion processes, 
evaluating the risk for dam incidents caused by internal erosion, estimating the time for progression of 
internal erosion and piping, studying self-healing of leaks, changes in filter behaviour subsequent to particle 
accumulation and ageing effects in dams, analysing the amount of instrumentation needed in a dam and the 
proper location for monitoring and surveillance as well as designing dams to mention some examples. It is 
therefore apparent that the route suggested has a high potential to become a tool for future improvements 

regarding dam safety issues. 

Key words:  internal erosion, numerical modelling, embankment dams, localisation 
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1 Numerical modelling of embankment dams 

Numerical modelling can be a useful tool in geotechnical engineering since a wide variety of 
problems is theoretically possible to model. Embankment dams, that geometrically are quite simple 
structures, are especially attractive to model numerically in order to get an early notion of potential 
hazardous processes, not visible on the outside but that can be in progress inside the dam. The main 
problem with numerical modelling (e.g. noticed by Fell et al., 2005) is that those performing such 
analyses normally need specialist knowledge in a wide range of technical subjects. At the same 
time, numerical software is within reach for almost anyone with a computer. Not seldom, 
commercial software are extremely user-friendly which makes it easy to produce results, even 
wrong ones, often presented in the form of colourful plots. The books by Potts and Zdravkovi´c 
(1999, 2001) and Muir Wood (2004) are examples of very good texts on the subject ”numerical 
modelling in geotechnical engineering”; the books contain many valuable general advises about 
how numerical modelling should be performed. 
 In practical modelling of dams, there will probably always exist uncertainties whether the dam 
will have the same characteristic and behaviour after construction that was intended at the design 
stage or not. This is certainly a challenge for a user of numerical software which obviously besides 
detailed understanding of the computer program and its mathematical basis must have engineering 
judgement and practical experience; since if the model is not representative for the actual dam the 
outcome of the computation must be questioned. It is not realistic to believe, that a precise 
prediction of the performance of the dam is always possible and with that in mind a user should 
avoid to draw to “high-flying” conclusions. Examples of insecurities, to deal with in embankment 
dam engineering are discussed in e.g. Milligan (2003). Especially, the high probability of 
segregation at handling and placement of some common types of core and filter materials should be 
paid attention to in studies of internal erosion. It is likely that erosion processes could be 
concentrated to or initiated at zones with segregated material. 
 There has been much progress in the field of numerical modelling of advanced geotechnical 
problems during the last decades. To the authors´ knowledge, the processes of internal erosion in 
embankment dams have, however, still not been incorporated successfully in such numerical 
models. A possible explanation for this could be that soil normally is interpreted as a continuum in 
commercial numerical software, while the analysis of formation of cracks, softened zones and pipes 
as a result of the erosion process, almost certainly need some additional approach based on e.g. 
localisation. The plan of the research group is therefore to treat internal erosion numerically as a 
type of localisation and describe the constitutive behaviour with micromechanical models in 
localised zones, see Section 3. It is, of course, also important to have sufficient knowledge of the 
fundamental mechanical behaviour of internal erosion to be able to model it in a proper way, see 
Section 2. 
 To receive information about potential internal erosion problems in a dam at an early stage, 
geophysical methods are a promising alternative or complement to numerical methods. However, 
still much research and development are needed to be able to trust the results from geophysical 
methods if they are to be utilised for permanent monitoring and surveillance of dam structures, 
Elforsk (2001). For example, it is essential to understand more about the accuracy of which 
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geophysical measuring techniques can be expected to capture measurable parameters related to 
internal erosion (e.g. density changes, seepage flow, hydraulic conductivity, temperature, seismic 
velocity, dielectricity and resistivity) and how such measurable parameters are affected by the 
mechanical processes of internal erosion, see e.g. Johansson (1997) and Elforsk (2001). 
 Notice, when internal erosion processes can be successfully modelled numerically and the 
behaviour is included in general software, such software might be utilised to study how sensitive 
measurable parameters in geophysical methods are to internal erosion processes in a dam structure. 
In general, it seems like numerical modelling is a great complement to geophysical methods in 
order to detect internal erosion at an early stage. A vision can even be to use measurements and 
numerical tools in-situ for direct control of the dam safety. 

2 Internal erosion processes 

The soil fractions that are considered as most susceptible to erosion are relatively uniform coarse 
silt and fine sand. Cohesive soils as clays are more resistant to erosion as long as the chemical 
bonds are not destroyed, Srbulov (1988). 
 According to Fell et al. (2005), in their textbook about geotechnical engineering of dams, four 
conditions must exist for internal erosion and piping to occur. These are: ”1) there must be a 
seepage flow path and a source of water; 2) there must be erodible material within the flow path 
and this material must be carried by the seepage flow; 3) there must be an unprotected exit, from 
which the eroded material may escape and 4) for a pipe to form, the material being piped, or the 
material directly above, must be able to form and support ´roof´ for the pipe”. 
 There are three main internal erosion processes that can initiate piping: backward erosion, 
concentrated leak and suffusion. Backward erosion is initiated at the exit point of seepage and the 
erosion is gradually progressing backward forming a pipe. Concentrated leak initiates a crack or a 
soft zone emanating from the source of water to an exit point. Erosion gradually continues along 
the walls of the erosion hole intensifying the concentrated leak. Suffusion is the process where the 
fine particles of the soil wash out or erode through the voids formed by the coarser particles. This 
can be prevented if the soil has a well graded particle size distribution with sufficiently small voids. 
Soils are called internally instable if suffusion takes place and internally stable if particles are not 
eroding under seepage flow. 
 Piping can occur in the embankment, through the foundation and from the embankment into the 
foundation. Embankment dams are normally constructed in zones of different materials. Different 
compressibilities of the various zones might lead to internal redistribution of stresses and uneven 
settlements, which might cause cracks or ”soft zones” where internal erosion can be initiated. 
Cracks can also occur later on by hydraulic fracturing. All of that described above are examples of 
mechanical processes that are theoretically possible to model numerically. 
 Installation of instruments for monitoring and surveillance into the dam core results in a 
potential weakness, since internal erosion and piping might initiate along the instruments installed. 
Many common modes of initiation of internal erosion might not be easily detectable with such 
installations (Fell et al., 2003); detection might however be possible once erosion has progressed. 
Further, standard instruments for monitoring and surveillance normally have a shorter life length 
than the dam structure itself. If instruments cease to function, they must be replaced, which is a 
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process that might cause damage to the dam during drilling and backfill grouting operations or the 
dam owner must go on without the information. 
 It is often difficult to precisely determine the cause of a dam incident or failure. Several types of 
processes might be involved in an incident and multiple modes in a failure. Internal erosion has a 
tendency to destroy evidence of initial leaks which might have existed. Statistical data (Foster 
et al., 2000a), however, shows that failure by overtopping and piping are the most common modes 
of failure while failure by slides is less common. 
 The time to develop failure and the warning signs which may be evident prior to failure are 
important factors on assessing whether actions to prevent failure are possible or what warning time 
will be available for evacuation of the population at risk downstream of the dam. The development 
of piping is often a very fast process, leaving not much time for proper actions. The case studies of 
piping failures and accidents included in Foster et al. (2000b) revealed that ”in the majority of 
failures, breaching of the dam occurred within 12 h from initial visual indication of piping 
developing, and in many cases this took less than 6 h”. About two thirds of the failures occurred on 
first filling or in the first 5 years of operation. For the piping accidents it was found that ”the 
emergency situation often lasted several days, with piping reaching a limiting condition, allowing 
sufficient time to draw the reservoir down or carry out remedial works to prevent breaching”. 
 Fell et al. (2003) noticed ”that in most cases it has not been possible to identify the time of 
initiation of erosion, and the first signs of erosion tend to be at the progression phase, with a 
concentrated, often muddy leak”. The problem to detect that internal erosion has been initiated 
relates to the typical processes of initiation: backward erosion, concentrated leak and suffusion. 
Fell et al. (2003) points out that backward erosion ”would not necessarily be expected to be 
preceded by large increases in seepage during the time the erosion is gradually working back from 
the downstream exit point. When the erosion has progressed to within a short distance of the 
reservoir/foundation interface, it breaks through rapidly or very rapidly”. Concentrated leak piping 
”could be expected to initiate very rapidly or rapidly once the reservoir level reaches the critical 
level at which erosion begins in cracks or high permeability zones; or the critical level at which 
hydraulic fracture initiates”. Suffusion ”is likely to be a more slowly developing process, 
accompanied by more gradual increases in seepage, and changes in pore pressure with time”. 
 The safety of large embankment dams is strongly dependent on the reliability of the 
performance of their critical filters. Existing filter design criteria are in most cases empirically 
derived, implying that a lot of knowledge can be gained by taking a mechanical approach to the 
problem. More research would also be desirable in the field of ageing effects of dams and 
uncertainties of core/filter appearance during and after accidents, incidents etc. For this, numerical 
modelling also seems to be a promising approach. 

3 Concept for numerical modelling of internal erosion 

In recent years, numerical methods have been used to an increasing degree for solving more 
complicated problems in geotechnical engineering. A wide range of problems have been analysed 
with the finite element method (FEM), the finite difference method (FDM) and more recently the 
boundary element method (BEM). By utilizing e.g. the finite element method, based on a 
continuum approach, stresses, strains, deformations and pore pressures in an embankment dam can 
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be theoretically analysed and it might be possible to draw conclusions from that information about 
the initiation of internal erosion processes. An approach worth considering, when initiation is 
established, is to interpret internal erosion numerically as a type of localisation and describe the 
constitutive behaviour with micromechanical models in localised zones. The mathematical 
description of the strain localisation phenomenon is nowadays an intensive research area (see e.g. 
Adachi et al., 1997) and, hopefully, models for strain localisation could give valuable input to the 
formulation of internal erosion localisation. 
 The failure of a soil material is usually accompanied by formation of narrow zones with highly 
localised deformation. The development of such localised deformation zones might cause 
significant stress redistribution and strength reduction by softening, which can lead to a 
progressively developing slip line that induce failure of the entire soil structure. A typical example 
in geotechnical engineering is the progressive development of the slip surface in a slope stability 
failure. With conventional finite element techniques is it difficult to capture deformation that is 
localised to narrow zones. If a very dense element mesh is used, it would be theoretically possible 
to capture the localised deformation. However, this is normally not practicable due to large 
computational costs. In addition, is the conventional FEM technique not suitable for describing the 
kinematics at localised failure and the constitutive laws included might not be representative for the 
material in the localised zone. There exist a lot of different strategies for numerical modelling of 
localisation, Tano (2001). In e.g. discrete crack formulations the shear bands are following the 
boundaries of the elements and a remeshing algorithm is necessary, when the path is not known in 
advance, in order to be able to get cracks in the proper directions. In formulations based on 
element-embedded discontinuities, e.g. the inner softening band method described by Tano (2001), 
remeshing is normally avoided and relatively large elements can be used. 
 The choice of a suitable strain localisation model for reformulation into an internal erosion 
localisation model might not be an easy task. For example Tano (2001) wrote the following 
sentences about strain localisation models. ”Many methods have been developed and their 
popularity is switching continuously. No method seems to lead to correct results for all types of 
localisation analyses. Some of the methods are mathematically elegant but may be impractical in 
large scale modelling due to the requirement of very dense finite element meshes.” 
 One way forward is to develop a numerical model for internal erosion processes based on 
micromechanical soil properties and implement it mathematically as a type of localisation in e.g. 
finite element software. Besides the ordinary application for analysis of deformation and stability in 
geotechnical engineering projects, such a software could be useful for: increasing the knowledge 
about internal erosion processes, evaluating the risk for dam incidents caused by internal erosion, 
estimating the time for progression of internal erosion and piping, studying self-healing of leaks, 
changes in filter behaviour subsequent to particle accumulation and ageing effects in dams, 
analysing the amount of instrumentation needed in a dam and the proper location for monitoring 
and surveillance, designing dams etc. In Figure 1, numerical modelling of backward erosion treated 
as a localisation in the finite element method is illustrated. 
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Figure 1. Numerical modelling of internal erosion 

A fundamental understanding of the physical processes involved in internal erosion is required to 
be able to successfully formulate models for the constitutive behaviour in localised zones. 
Theoretical formulations of a model for internal erosion should be complemented by performing 
laboratory tests. In the theoretical formulations, the following matters should be paid attention to: 

Performing a literature survey of strain localisation models that could be useful as a 
mathematical base for micromechanical internal erosion localisation models. 
Examining which physical quantities that are of importance and should be included in the 
internal erosion model. 
Formulating a micromechanical model for internal erosion (or utilising an existing). 

It is very important that the localisation model, the micromechanical model and the finite element 
model are mathematically consistent with each other. Otherwise, the whole exercise of developing 
models that should be used for practical purposes is utterly pointless. Appropriate laboratory tests 
on internal erosion must be designed and tests performed. The test result is expected to give useful 
information about internal erosion processes as well as important physical quantities. It is desirable 
that foremost measurable quantities are included as parameters in the models. Internal erosion 
models should be based on test results and the type of tests needed is influenced of the type of 
models chosen, so it is very important that the theoretical work and the practical laboratory work 
are performed simultaneously and interactive. 
 Continuum formulations of flow through porous media often results in equations consisting of a 
few unknown parameters such as the permeability. The physical background of such parameters can 
often be traced to the detailed flow in the pores and it is therefore in place to study the flow on this 
level, as well. The forces on individual particles have been exploited for certain geometries and for 
a number of flow conditions. We however need to investigate further higher Reynolds number 
flows, more complex geometries and instationary conditions. 
 The forces from the micromechanical models must be balanced by gravity and forces that 
emanates from particle interactions for the dam to be stable. As a first, and most simple, criteria the 
size distribution of the particles being subjected to hydrodynamic pressure is compared to the pore 
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size distribution of the porous medium. Hence the particles will move if they are small enough 
independent on magnitude of the force on it. In reality, however, the hydraulic forces must exceed 
particle interaction forces and or gravitational forces keeping the particles in place at normal 
conditions. The forces are strongly dependent on the size of the particles and therefore dependent 
on different phenomena such as cohesion, adhesion and static friction. 
 When the internal erosion model is developed and included in software it is essential to evaluate 
its behaviour. Since dams are complex structures it is not advisable to evaluate the model directly 
on a dam; some simpler structure would be preferable. The evaluation of the model may be carried 
out in two simplified steps before real dams are studied. First, laboratory tests performed, 
according to the discussion above, could be numerically simulated and the numerical result could 
be compared to the laboratory test result. It would be advantageous if this kind of evaluation could 
be performed continuously, if possible, during the development of the model. As a second step, 
small scale internal erosion tests ought to be performed on model dams. These tests will be 
numerically simulated and numerical and laboratory test results compared. An example of a small 
scale test on a model dam at Vattenfall Research and Development in Älvkarleby is shown in 
Figure 2. 

Figure 2. Model test at Älvkarleby 

A more thorough literature survey on internal erosion and the prospect to model it numerically can 
be found in Mattsson et al. (2008). 
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Abstract

The design of hydraulic turbine draft tubes has traditionally been based on simplified analytic methods, model and full-scale exper-
iments. In the recent years the use of numerical methods such as computational fluid dynamics (CFD) has increased in the design process,
due to the rapid escalation in computer performance. Today with parallel computer architectures, new aspects of flow can be considered.
However, several problems have still to be solved before CFD can routinely be applied in product development. This paper aims to inves-
tigate the parallel performance of commercial CFD software on homogeneous computer networks, as common solutions encountered in
the industry today. In addition, the efficiency improvements obtained in earlier experiments by modifying the shape of the draft tube will
be considered, to deduce if the improvements can be captured with aid of CFD. Results from both the steady and the unsteady CFD
simulations show that almost full scalability is obtained with the commercial CFD software CFX-5.7.1. Furthermore, no noticeable
improvement in the pressure recovery factor or the flow field is noticed in the CFD simulations as compared to experiments. The dis-
crepancy may be to the applied inlet boundary conditions and/or the turbulence model.
� 2006 Elsevier Ltd. All rights reserved.

Keywords: CFD; Parallel computing; Draft tube; Hydropower

1. Introduction

A hydropower plant converts the potential energy of
water stored in a dam into electricity by the hydraulic tur-
bine and the generator. In general, one of three types of
turbines is chosen depending on the head and discharge
of the hydropower plant: either a Pelton, a Francis or a
Kaplan turbine. A Pelton impulse turbine is suited for high
heads and low discharges, while Francis and Kaplan reac-
tion turbines are more appropriate for medium and low
heads, respectively, and high discharges. Turbines are gen-
erally highly effective, transforming up to about 95% of the

available head into electric energy [1]. Even small efficiency
improvements in the turbine are of interest for the industry
due to huge production volumes, especially in the runner
and draft tube since they are responsible for a large amount
of the losses in medium and low headed turbines [2]. The
design of these two components has traditionally been
based on simplified analytical methods, model tests and
full-scale tests. The use of numerical methods such as com-
putational fluid dynamics (CFD) in the design process has,
however, increased considerably due to the rapid develop-
ment in computer technology, and it is an area that will
definitely continue to evolve. So far, most of the work
has been focused on the runner, but with enhanced com-
puter performance more attention is shifted towards the
draft tube and, in particular, to the reliability of CFD sim-
ulations in this context [3–8]. This is due to the fact that
CFD predictions of the flow field in draft tubes are very
challenging and time consuming, caused by complex flow
features such as turbulence, unsteadiness, swirl, separation

0965-9978/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.
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and secondary flow. Nowadays, with parallel computer
architectures, computer power is approaching sufficient
and, consequently, CFD predictions of the main flow fea-
tures are becoming quite accurate. However, models for
turbulence still need to be tested and sensitivity to the
applied boundary conditions needs to be investigated fur-
ther. Automatic shape optimisation of draft tubes with
the aid of CFD as well as computer optimisation have also
been performed recently, where the CPU requirements are
even more demanding due to the fact that several CFD
simulations have to be evaluated for different draft tube
geometries before an optimal design can be found [9,10].
Results from these studies show, however, the potential
of using CFD and computer optimisations in the design/
rehabilitation process of hydraulic turbine draft tubes.
However, several problems also have to be solved here,
before the technique can be routinely applied in product
development. For example, the stability of the estimated
optimum design is often unknown and it is not obvious
how to choose the best optimisation technique.

To solve these problems in an efficient and accurate way
there exists today an array of CFD software and a variety
of parallel computer architectures, using either shared or
distributed memory configuration with a homogeneous or
heterogeneous network of computers. This paper aims to
investigate the parallel performance of a common solution
strategy (commercial CFD software + parallel computer
architecture) often applied in the industry in order to solve
3D complex flow in a hydraulic turbine draft tube. The
chosen CFD software, which is representative of modern
numerics, is CFX-5.7.1 from ANSYS [11], and the parallel
computer architecture is a homogeneous Windows cluster
with dual Intel Xeon 2.4 GHz 32-bit processors, with 2
GB ram available on each node and with a 1 Gb/s commu-
nication bandwidth network. For decomposition of the
grid the MeTiS partitioning method is selected, and for
communication between the nodes the MPICH message-
passing libraries (MPI) are used [11].

From a turbine designer point of view, the surpris-
ingly small efficiency improvements obtained in earlier
CFD simulations by Marjavaara [10], compared to
experiments by Dahlbäck [12], will be investigated in
detail here. In the latter case a total efficiency improve-
ment of about 0.5% was obtained in the turbine, while
in the former case an improvement in the pressure reco-
very of about 0.02% was obtained in the draft tube. The
inconsistency can be traced to the assumptions made
about the applied inlet boundary conditions, the turbu-
lence model and/or the steady/unsteady flow behaviour
[10]. In this paper the steady/unsteady hypothesis will
be evaluated by carrying out both steady and unsteady
CFD simulations.

The paper is organised as follows: Section 2 describes
the two draft tube geometries investigated. Section 3 pre-
sents details of the CFD simulations, and in Sections 4
and 5 the results and conclusions of the parallel perfor-
mance and the CFD analysis are presented.

2. Geometrical description

The main purpose with a draft tube is to convert
dynamic pressure into static pressure and thereby increase
the efficiency of the turbine. This is done by gradually
increasing the cross-section area and consequently deceler-
ating the fluid flow motion, see Fig. 1. A common measure
of its performance is the pressure recovery factor Cp, being
defined as:

Cp ¼
1

Aout

R
Aout

pdA� 1
Ain

R
Ain

pdA

1
2
q Qin

Ain

� �2
; ð1Þ

where A is the area, p is the static pressure, Q is the flow
rate, q is the density and the subscripts ‘in’ and ‘out’ are
correspond to the inlet and outlet, respectively. This mea-
sure will be used here in order to compare the draft tube
performance with the original and the redesigned draft
tube geometry of Hölleforsen Kaplan turbine, located in
Indalsälven, Sweden. The original draft tube geometry is
well mapped out in two ERCOFTAC Turbine-99 Work-
shops [4] by using a 1:11 scale model of the real turbine
including the spiral case and the draft tube. The design
of this draft tube is representative of designs in the
1940s and is characterised by a sharp heel, see Fig. 1.
In the redesigned draft tube geometry, suggested by Dahl-
bäck [12], a removable curved insert has been placed in
the sharp heel corner in order to make it smoother, see
Fig. 2.

3. CFD simulations

The 3D flow field in the two draft tube geometries are
solved with the commercial CFD code CFX-5.7.1, with
respectively incompressible, turbulent, steady and unsteady
flow assumption. The CFX-5.7.1 solver is based on the
finite volume method applied on an unstructured grid.
The solver is coupled, meaning that the hydrodynamic
equations are solved in a single step [11]. In this case the
flow field is calculated based on the Reynolds-Averaged
Navier Stokes (RANS) equations which are derived
from the governing Navier–Stokes equations by decompos-
ing the total velocity ~u into a mean U and fluctuation

Fig. 1. A CAD model of Hölleforsen draft tube.
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component u (i.e. ~u ¼ U þ u, where U � �~uÞ, resulting in the
following equations:

otU i þ UjojU i ¼ � 1

q
oiP þ mr2Ui � ojujui; ð2Þ

oiU i ¼ 0: ð3Þ

where q is the fluid (water) density, P is the pressure, m is
the viscosity and uiuj are the Reynolds stresses. These equa-
tions represent the mean flow characteristics where the tur-
bulent effects are modelled via the Reynolds stresses. To
obtain closure, the Reynolds stresses are modelled with
the standard k–e turbulence model and with scalable wall
functions [11]. Theoretically, a more ‘‘advanced’’ turbu-
lence model would predict the flow field more accurately,
but the standard k–e turbulence model is used here since
it has been shown that this model is able to predict the
main flow features quite accurately with reasonable usage
of CPU, as compared to Reynolds stress models and LES
models [4]. In the standard k–e turbulence model the Rey-
nolds stresses are modelled with the constitutive equation,
and thus the Reynolds stresses are linearly related to the
strain:

�ujui ¼ 2mT Sij � 2

3
kdij; ð4Þ

where mT is the eddy viscosity and Sij is the mean strain
tensor:

Sij ¼ 1

2
ðoiU j � ojU iÞ: ð5Þ

The eddy viscosity is modelled by predicting the velocity
and length scales (u and l) of the eddy viscosity (mT � l * u)
with the turbulent kinetic energy k and the turbulent dissi-
pation rate e (u � k1/2 and l � k3/2/e), i.e.:

mT ¼ Cl
k2

e
; ð6Þ

where Cl is a model constant. The turbulent kinetic energy
and the dissipation rate in Eq. (6) are described by:
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with the following standard values on the model constants:
Cl = 0.09, Ce1 = 1.44, Ce2 = 1.92, rk = 1 and re = 1.3. For
a more elaborate derivation of these equations please read
[13].

3.1. Numerical discretisation

The numerical discretisation in CFX-5.7.1 is node based
and it uses shape functions to evaluate the derivatives for
the pressure gradient term and the diffusion terms in the
momentum, continuity and turbulent equations (Eqs. (2),
(3), (7) and (8)). A second order accurate scheme was cho-
sen for the discretisation of the advection term in the
momentum and continuity equations (Specific Blend, with
a blend factor of 1.0) while only a first order accurate
scheme was used for the turbulent equations (First Order
upwind) due to boundness problem, which may reduce
the accuracy. For the unsteady CFD simulations the sec-
ond order Euler backward scheme was applied for the
unsteady term. The total time for the unsteady CFD simu-
lation was set to 40 s, to ensure that the CFD simulations
were well converged. The time-step was set to 0.1 s which
corresponds to approximately one runner rotation. More
details about the numerical discretisation in the CFX-
5.7.1 software can be found in [11].

3.2. Parallelisation

The parallelisation strategy in CFX-5.7.1 is based on the
Single Program Multiple Data (SPMD) model, which basi-
cally runs identical versions of the software on several pro-
cessors. It is designed so that all numerical intensive tasks
are run in parallel while the administrative tasks (like

Fig. 2. Two draft tube geometries, the original geometry (left) and a sharp heel modification of it (right).
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input/output) are performed in a sequential manner by the
master process. The communication between the proces-
sors is done with either Parallel Virtual Machine (PVM)
or the MPICH message-passing libraries (MPI – message
passing interface). In this case only the MPICH implemen-
tation is tested since it was considerably faster than the
PVM implementation. For example, it reduced the execu-
tion time per outer solver iteration with about 1.4%, and
the preparation and finalisation of the solver solution by
more than 100%. A disadvantage of the MPICH as com-
pared to the PVM implementation is, however, that it is
not completely interoperable between all supported
platforms.

The decomposition of the grid into a number of parti-
tions, which then are distributed and solved on separate
processor in CFX-5.7.1, can be of either equal or unequal
size depending on whether the computer network is homo-
geneous or heterogeneous. This decomposition is node
based since it is consistent with the node base coupled sol-
ver. Three main base partitioners are available in the code
and the MeTiS partitioning method is the recommended
one due to its fast and efficient algorithm. The other two
base partitioners are the Recursive Co-ordinate Bisection
and the Optimised Co-ordinate Bisection, which may be
preferable in some cases where the memory requirement
is restricted. In addition, four additional partitioners exists
(User Defined Direction, Radial, Circumferential and
Junction Box) where the user can specify the direction of
the decomposition. In this work, however, only the MeTiS
algorithm was tested since all of the other partitioners con-
tained, in general, larger overlap regions. The MeTiS algo-
rithm uses the advanced Multilevel Graph Partitioning
Method, as follows. A graph is first build up containing
the topology information of the mesh to be partitioned.
Then the graph is coarsened down and a bisection of each
coarsened graph is calculated. Finally the resulting parti-
tions are projected back to the original graph, by conse-
quently refining the partitions. For more details of the
parallelisation in the CFX-5.7.1 software please see [11].

3.3. Numerical setup

At the inlet of the two draft tube geometries exactly the
same steady boundary conditions (velocity components,
radial velocity assumption, dissipation length scale, etc.)
used in the second ERCOFTAC Turbine-99 Workshop
were applied [4]. At the outlet of the fluid domain a zero
average static pressure condition was employed and the
walls were considered rough, with a roughness of

1e�5 m. The roughness effects are accounted in CFX-
5.7.1 by modifying the logarithmic profile of the wall func-
tions, such that it moves closer to the wall [11].

The unstructured computational grids (containing both
tetrahedral and prism elements) were generated by the
commercial grid generator ICEM CFD 5.0 [14]. To mini-
mise the variation in numerical errors as a function of grid
topology, the same mesh parameters were applied to both
draft tube geometries. To ensure that the grid topology also
had as good quality as possible (near wall resolution,
angles, aspect ratios, etc.) the grid resolution is non-uni-
form, with higher density of grid points near the walls
and near the inlet boundary. Grids of different sizes were
tested in order to determine the grid that provided the best
balance in terms of solution convergence and solution run
time. The selected grids consisted of 1470k and 1445k
nodes (respectively, original and redesigned geometry)
and had a minimum angle of about 11�, a max. edge length
ratio of about 280 and a max. element volume ratio of
about 30.

Note that in order to improve the convergence rate and
minimise the risk of solver failing, an initial guess was used
for both the steady and unsteady CFD simulations. An ini-
tial guess for the steady calculations was generated by using
a first order accurate scheme (First Order upwind) for all
equations, and an outlet that allows both in and out flow
from the fluid domain. The initial guess for the unsteady
calculations was simply the steadiest, one. In addition the
outlet of the draft tube geometry was extended down-
stream, to prevent it crossing a possible recirculation at
the actual outlet.

4. Result

4.1. Parallel performance

The evaluation of parallel performance in the CFX-5.7.1
software was performed on a homogeneous Windows clus-
ter with dual Intel Xeon 2.4 GHz 32-bit processors, with
2 GB ram available on each node and with the 1 Gb/s com-
munication bandwidth network mentioned earlier. Only
the original draft tube geometry was considered in the eval-
uation since it is expected that both geometries will give
about the same speedup. The parallel efficiency obtained
in this case was almost ideal, as shown in Table 1 where
the efficiency (for the initial, steady and unsteady CFD sim-
ulations) is presented for 6–12 processors. It is, however,
noticed (in Table 1) that the execution time for the steady
calculations with six processors differs from the rest of the

Table 1
The efficiency (and total execution time) related to the six processor configuration

# Proc./6 Initial Steady Unsteady

1 100 (5.18 · 104 s) 100 (6.55 · 104 s) 100 (3.80 · 105 s)
1.33 94.75 (4.10 · 104 s) 161.07 (3.05 · 104 s) 96.61 (2.95 · 105 s)
1.67 98.04 (3.17 · 104 s) 173.85 (2.26 · 104 s) 101.33 (2.25 · 105 s)
2 95.57 (2.71 · 104 s) 167.09 (1.96 · 104 s) 97.93 (1.94 · 105 s)
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CFD simulations, indicating that there was a problem with
the processor availability, memory availability or commu-
nication bandwidth during this simulation [15]. Note that
six processors was the minimum number of CPUs neces-
sary to avoid memory swapping in the CFD simulations,
and that the same mesh partition was used for the initial,
steady and unsteady calculations. The total execution time
for the unsteady CFD simulation with 12 processors was
about 2 days and 6 h, where the communication time was
about 4% of the total time and increased slightly with the
number of processors.

4.2. Flow analysis

Results from both the steady and unsteady CFD simu-
lations show on small efficiency improvements (pressure
recovery) compared to the experiments performed by
Dahlbäck [12], but they are in accordance with the CFD
simulations performed by Marjavaara [10]. For example,
an enhancement in the pressure recovery factor for the

redesigned draft tube geometry, compared to the original
draft tube geometry, of about 0.006% for both the steady
and unsteady CFD simulations, see Table 2. This should
be weighed against a total efficiency improvement in the
experiments of about 0.5%. It is also noticed that there
are small differences between the steady and unsteady
CFD simulations, about 0.001%, see Table 2.

Likewise, the velocity and pressure fields are nearly iden-
tical in the CFD simulations but in conflict with the exper-
imental result by Dahlbäck [12], see Figs. 3 and 4. The
only difference in the flow field is obtained in the sharp heel
corner where the separated region disappears in the rede-
signed geometry, as expected. However, there were no effi-
ciency improvements, see Fig. 5. The CFD simulations
performed here also show positive agreement with the sim-
ulations carried out in the two ERCOFTAC workshops on
the original geometry. Regions with separated flow, sec-
ondary flow after the sharp heel corner with two main vor-
tices, and a vortex rope moving from one side of the draft
tube to the other is captured, compare [4].

The average y+ values at near wall nodes for the two
CFD simulations were about 250, which may reduce the
accuracy of the calculations since they are higher than
the recommended value of 100 [11]. However most of these
values can be traced to the extension of the draft tube,
where their effects should not be critical. Removing the
extension the average y+ is also getting closer to 100, which

Table 2
The pressure recovery factor for the original and redesigned geometry

Geometry Steady Unsteady

Original 0.95878 0.95880
Redesigned 0.95314 0.95319

Fig. 3. Streamlines from the runner and velocity contour plots for the original geometry (left) and redesigned geometry (right).

Fig. 4. Pressure distribution at a mid plane for the original geometry (left) and redesigned geometry (right).
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are more satisfactory but not optimal. Each CFD simula-
tion was assumed converged when all root mean square
(RMS) residuals had drop to about 10�8, which is sufficient
for most industrial engineering applications [11].

5. Conclusion

The present paper illustrates the need of parallel com-
puting architectures when performing draft tube CFD
simulations due to lack of RAM memory and to reduce
the overall computational time. This High Performance
Computing requirement is even more essential when the
grid becomes finer, when more advanced turbulence mod-
els are used and when performing shape optimisations.
Using the commercial CFD software CFX-5.7.1, almost
ideal speedup can be obtained for draft tube flow simula-
tions, which reduces the execution time satisfactorily. If
MPICH communication is also available on the specific
platforms used, the execution time can be reduced even
further.

The result of the calculated flow field in both draft tube
geometries (original and redesigned) agrees well with CFD
simulations previously performed by Marjavaara (original
and redesigned) [10] and by participants in the two
ERCOFTAC Workshops (only original) [4]. Conversely,
there were no improvements in the pressure recovery
between the original and redesigned draft tube geometry
for both the steady and unsteady CFD simulations com-
pared, to the experiment by Dahlbäck [12]. An example
of this would be the inlet velocity profile used for the draft
tube geometry modifications, which remains fixed during
the CFD simulations. This implies that including the run-
ner in the calculations may give better agreement. A finer
grid (especially the near wall resolution) and a more
advanced turbulence model would certainly also predict
the flow field more accurately. Note that the unsteadiness
of the unsteady CFD simulation can be discussed in this
case, since it is based on the RANS equation, a standard
k–e turbulence model and fixed steady inlet boundary con-

ditions. All of these suggestions imply more expensive cal-
culations, some of them which can only be realised by
intensifying the parallel computation with the method
studied here.

Acknowledgments

The authors gratefully acknowledge the support pro-
vided by Vattenfall Utveckling AB, the Swedish Agency
for Innovation Systems (VINNOVA) and the participating
industries in the Polhem Laboratory that made this work
possible.

References

[1] ASME. The guide to hydropower mechanical design. Kansas City:
HCI Publications; 1996.

[2] Eberle P, Couston M, Sabourin M. Refurbishment of low head
Francis turbines. In: Avellan F, Ciocan G, Kvicinsky S, editors.
Proceedings of the XXIst IAHR symposium on hydraulic machinery
and systems. Lausanne: IAHR; 2002.

[3] Avellan F. Flow investigation in a Francis draft tube: the FLINDT
Project. In: Proceedings of 20th IAHR symposium on hydraulic
machinery and system, Charlotte, NC, US; 2000.

[4] Turbine-99. The IAHR workshops on draft tube flow. URL: http://
www.turbine-99.org/, cited May 2005.

[5] Mauri S. Numerical simulation and flow analysis of an elbow diffuser.
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