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Abstract
Modern hydro power turbines are very efficient (the efficiency can be over 90%). However,
the possibility to improve their efficiency is motivated by the high value they are creating.
Only small improvements would generate large profits. In addition, the energy market has
gone through changes that may force energy companies to operate their turbines at off-design
conditions. Computational Fluid Dynamics (CFD) together with model tests are important
tools for designers of hydro power turbines. However, to be able to use CFD instead of model
tests (or in combination with model tests) when performing maintenance, improving or
building new turbines, the simulations have to be accurate.

This work is about high precision numerical water flow simulations of hydro power related
applications, and especially draft tube flows. Because of the accuracy requirements for these
types of simulations, the work has been divided into several steps; verification or solving the
equations right, validation or solving the right equations and modeling, e.g. turbulence models
and boundary conditions. The purpose of a draft tube is to permit complete utilization of the
suction height and the use of a large portion of the kinetic energy at the outlet of the runner in
a hydro power plant. Without a draft tube, the turbine would be inefficient (especially low
head turbines). Simulating draft tube flows is a challenge because of the complicated nature of
the flow field that includes swirl, separation, streamline curvature, diffuser flow, change in
cross sectional shape from inlet to outlet, etc. To improve the efficiency of a hydro power
plant by simulating/optimizing the flow in the draft tube, it is therefore necessary to do this
accurately; i.e. one must know how large the iterative and the grid errors are.

Verification or solving the equations right is about estimation of iterative and grid errors in
CFD. Four of the papers in this thesis include verification. Three of the papers are about draft
tube flows in different draft tubes. The remaining paper is about the flow field in a curved
channel. The conclusion is that for draft tube simulations several millions of grid points are
needed to achieve a small grid convergence error.

Validation or solving the right equations (and modeling) has included investigation of a
turbulence model, an averaging technique for the flow field in the runner and transient RANS
simulations. In the first case where the flow field in a curved rectangular channel was
investigated it was concluded that the numerical error was very small. But still the simulation
could not predict the experiments well enough. The reason for being able to make such a
conclusion is that the numerical errors were known. Without knowing anything about the
accuracy of CFD simulations, nothing can be said about the accuracy of the turbulence model
itself.

The averaging technique is called time-phase averaging and has been developed to make it
possible to simulate the flow field in a complete hydro power turbine, including penstock,
spiral casing, stay vanes, guide vanes, runner and draft tube. Computations including more
than just single parts of a turbine are necessary when changes in geometry of a part affects the
boundary conditions for another part (or the same part). The mesh requirement and the
computational time are considerably reduced when using time-phase averaging compared to a
full simulation with a sliding mesh model for the runner or a multiple reference frame.

The final step in this work has been focused on the Turbine 99 workshop, in cooperation with
Vattenfall Utveckling. The goal with the workshop was to determine state-of-the-art of CFD
simulations in hydraulic turbine draft tubes by comparison with accurate pressure and laser



doppler velocity data. The preparations for the workshop included making the geometry
electronically available, writing a document about the requested data, writing a document
about the boundary conditions (by Urban Andersson, Vattenfall Utveckling) and compiling
experimental data and the CFD-data supplied by the workshop participants. Two of the papers
in this thesis deal with the geometry from the Turbine 99 workshop. In the second paper
transient RANS simulations are included. These improved the predictions of the flow field
dramatically compared to the first paper that only included steady state simulations. Other
important reasons for the improved agreement with experiments were an improved grid
quality and grid topology.

To summarize: It is today possible to simulate the flow in separate parts of a complete hydro
power plant with high accuracy. To accomplish this it is necessary to have control of the
numerical model: i.e. grid, boundary conditions, numerical errors, etc. It is a fact that CFD is
not an automatic tool that will produce the same results independent of the user. That is why it
is so important to calculate and report numerical errors. Looking into the future, it will
probably be possible to simulate/optimize a complete hydro power plant (penstock, spiral
casing, stay vanes, guide vanes, runner and draft tube), time-dependent, perhaps including the
dam, for different operating conditions within reasonable time. However, the Turbine 99
workshop showed that at least for the draft tube improvements of the mathematical model are
still necessary.
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Introduction

Today, hydro power is responsible for about 50% of the total electricity production in Sweden
(Bartle and Taylor, 1999). The average hydro power production in Sweden is 63000
GWh/year and 16246 MW hydro capacity is installed (Bartle and Taylor, 1999). The value of
this production is 13 billion SEK/year (Elforsk, 1998). This production is very valuable for
Swedish industry (paper, steel, etc.) as well as the society as a whole.

A special feature of the Swedish electricity market is that it has been open to competition
since 1 January 1996, a development that already has taken place in Norway and Finland. On
the deregulated energy market, where it is necessary to operate turbines primarily when it is
most profitable, there is an increased risk that the turbines are operated under off-design
conditions, i.e. outside the point of highest efficiency. Most likely the original design concept
becomes invalid when the market conditions have changed so dramatically. Taking this into
account, especially when runners are replaced, a better understanding of the processes that
makes turbines efficient is becoming increasingly important.

Modern hydro power turbines are very efficient (often the efficiency is over 90%). However,
even very small efficiency improvements could be very valuable since the value of the
production is high. This demands accurate methods when replacing parts or changing the
design of an existing plant to still be able to maintain or increase the efficiency. Today,
Computational Fluid Dynamics (CFD) together with model tests are important tools for
designers of hydro power turbines. However, to be able to use CFD instead of model tests (or
in combination with model tests) when performing maintenance, improving or building new
turbines, the simulations have to be accurate. That is why the primary scope of this thesis is
to perform accurate predictions of the flow field in hydro power turbines and especially in the
draft tube. Runner computations have already been performed with great success (Sottas and
Ryhming, 1993), (Borresen et. al, 1994), that is why this thesis is focusing on the challenging
and demanding flow field in a draft tube.

Many of the turbines in Sweden are quite old and less efficient than modern turbines. This
does not mean that it is easy to improve their efficiency. For example, replacing the runner of
an old plant has to be done carefully, since it is not necessary that using a modern runner
design is the best replacement. A large part of the turbines are underground machines. This
makes it difficult to change the geometry of the waterways by removing material (e.g. in the
draft tube). The strength of the plant might be changed if material is removed, something that
cannot be allowed. A better strategy is to replace the runner or change the draft tube geometry
by adding material to make the plant more efficient. When planning to build a new runner or a
replacement runner, turbine manufacturers do not have to start from the beginning to decide
the shape. Construction of hydro power turbines is not a new science. The manufacturers are
experienced and can look back at many different designs for different conditions. However,
every new runner has to be adjusted to its particular environment. Making these small
adjustments to the geometry and to make sure that the shape of the turbine is sufficiently
efficient is one of the purposes of model tests.

Improving the performance of hydro power turbines is also difficult because the devices
involved affect each other. Changing the geometry of one part affects the neighboring parts.
For example if the draft tube diffuser angle is changed, this will affect the flow field at the
inlet of the draft tube. This makes it impossible to improve the performance of the draft tube
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by CFD calculations of the draft tube only. At least the runner or perhaps the whole turbine
has to be included in a combined calculation/optimization. However, a numerical simulation
in a complete turbine requires a very large numerical model (a large grid or mesh). If detailed
knowledge of the flow field in the runner is not important, but the influence of the runner on
the surrounding parts is, a simplified model of the runner can be of great use. For example
when trying to improve the performance of the draft tube or the spiral casing. In this thesis
such a model (time-phase averaging) for the runner is presented.

The methods that are available for improving the performance of hydro power turbines
include experiments (model tests) or theoretical models. In this thesis, theoretical models are
represented by numerical models of the flow field or CFD (CFD = Computational Fluid
Dynamics). Today the hope is that CFD will replace (and it already does to some extent)
model testing. Model testing is very expensive. To perform a complete model test of a Francis
turbine (runner diameter of about 500 mm) up to 4 runners are needed. The cost to
manufacture 4 runners is about 116000 Euro (Videhult, Personal communication). The cost
for a commercial CFD code and a large computer that is fast enough and has enough memory
to handle such applications is of the same order, but then several “numerical experiments” can
be performed. However, it is necessary to include the cost of upgrading of both software and
hardware to enable comparison between model tests and experiments. The problem is that
numerical experiments are not as reliable as model tests (especially for the complex flow field
in a draft tube). However, there are errors introduced when performing model test as well,
because of the need to use scaling laws to convert model performance to prototype
performance. However, it has yet to be proven that CFD outperforms model testing. To be
able to increase and demonstrate the accuracy of CFD, methods for estimating numerical
errors has to be developed. This is what a large part of this thesis deals with.

CFD (= Computational Fluid Dynamics) is a technique for solving the equations that govern
fluid flow on computers. This technique has become so important that it now occupies the
attention of perhaps a third of all researchers in fluid mechanics and the proportion is still
increasing (Ferziger and Peric, 1996). One of the reasons for its popularity is that it can be
used to solve real world problems. Solving the equations for fluid flow exactly is almost
always impossible, except in some special cases. In CFD, the equations of fluid flow have to
be discretized, which means that the domain of interest (e.g. the air surrounding a car or the
water inside a turbine) has to be subdivided into small elements (together they are called the
grid or the mesh). This also means that the solution (the velocity, pressure, etc.) is not
available in the entire flow domain but only at each element. It is important to understand that
a CFD solution to a particular problem involves approximations at several levels. The
equations being solved are a model of reality, not reality itself. Secondly, when the equations
are discretized, approximations are introduced. If it was possible to use an infinite number of
elements it would be possible to get very close to the exact solution. But since computers are
not infinite fast with infinite memory, there is a limit on the number of elements that can be
used. Therefore we can not resolve everything inside the flowing fluid. The actual CFD
solving process is often done in steps (iterations) towards the exact solution. This process has
to be stopped at some level which means that the exact solution to the discretized equations is
never reached (but it is possible to get very close) (Ferziger and Peric, 1996). Determining the
errors introduced by the limitations on the number of iterations and elements is an important
part of this thesis.

This thesis will start with a short historical background. Then the issue of choosing the turbine
will be considered, followed by two chapters about draft tubes, which has played a major role
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in this work. The first chapter is about the purpose of the draft tube. The second chapter is
about design and calculations of the flow field in draft tubes. Because accurate simulations are
desired in this case, verification and validation is the subject of the following chapter. This is
followed by a chapter about the time-phase averaging method mentioned above.  Turbulence
modeling is the subject of the last chapter.

Historical background

In a historical perspective a number of different types of hydro power turbines have existed
but nowadays, four types of turbines are the most common: Francis, Kaplan, Pelton and Bulb
turbines (Holmén, 1999). The first practical usable turbines were created by Fourneyron in
1827 (France) and by N.E. Safonov in 1837 (Russia), (Krivchenko, 1994). These turbines
where outward flow turbines where the water moved from the center to the periphery. An
English engineer, Francis, created an inward flow turbine in 1847 while working in the United
States. This was a reaction turbine where the guide vanes were surrounding the runner. In
1913, Victor Kaplan invented the adjustable blade turbine, which improved the power-
generating characteristics. The Pelton turbine is a bucket turbine invented in 1880 by Pelton.
This is a turbine of impulse type, suitable for high heads. This type of turbine will not be
considered in this thesis because in Sweden, the low-head Kaplan and medium-to-high-head
Francis turbines are the most common. Other types of water turbines are also used, e.g. mixed
flow (Deriaz), cross-flow, propeller type, reversible-pump turbines, turbines operated by tidal
flow, Turgo type (impulse turbine), etc. but the importance of these types in Sweden is
marginal.

Choosing the turbine

Why are there so many different types of hydro power turbines? The answer is that an
efficient water turbine must have a certain shape depending on the flow rate and the head
(Figure 1). To be able to choose the correct type of water turbine they can be classified by a
number, the specific speed, defined as:

n
n P
Hs = 5 4/ (1)

where n is the speed of the turbine at the highest possible efficiency and P is the power in kW
(Daugherty et. al, 1989) or horsepower (Krivchenko, 1994). If a turbine is made of such a size
as to develop 1 kW under 1 m head, then ns would be the number of revolutions per minute. It
is also possible to express the specific speed using the flow rate Q because P=ρgQH (in
reality P=ηρgQH, where η is the efficiency, because not all the head can be converted to
power). The specific speed defined by eq. (1) is not dimensionless. A non-dimensional
specific speed can be defined as:

( )
n

n P

gH
s0 5 4=

ρ
/  (2)

This definition will result in another numerical value than the specific speed defined by eq.
(1) but this has no significant drawback compared to the traditional definition. There is a
certain confusion about the definition of specific speed in the literature, so one has to be



4

careful when using this number, c.f. (Dixon, 1998), (Raabe, 1984), (Krivchenko, 1994) and
(Daugherty et. al, 1989).

Figure 1 Specific speed, eq. (1), vs. efficiency.  For very low specific speed
Pelton turbines have the highest efficiency, for medium specific speed Francis

turbines and for high specific speed, Propeller (or Kaplan) turbines are the
most efficient (from Daugherty et. al, 1989).

To be able to create curves as in Figure 1 a database of several turbines are needed. Figure 1
shows only the maximum efficiency of a large number of turbines. This curve can be used in
the following way: Decide calculate or estimate the parameters that are necessary to calculate
the specific speed: power, head and speed. Use figure 1 to choose the right type of turbine.
This is at least a good starting guess. Then the turbine can be optimized for its particular
environment, adjusted for cavitation, etc.

Depending on the specific speed, a turbine of a certain type can look quite different. Figure 2
shows two turbines, both are Francis turbines, but they look quite different because they are
designed for different operating conditions. (a) is designed for high head or low speed and (b)
for high speed or low head. It is desirable to design a turbine having as high specific speed as
possible because the runner is smaller (less expensive to manufacture) but this also creates
higher speeds inside the turbine which increases the risk for cavitation.

Figure 2 Two Francis turbines. (a) has a specific speed of 81 and (b) has a
specific speed of 304, (from Daugherty et. al, 1989).
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The draft tube

Even if the runner plays an important part for the performance of a hydro power plant a good
runner design is not enough. From a fluid dynamics perspective, a plant includes the
following parts: penstock, spiral casing, stay vanes, guide vanes, runner, draft tube and
tailrace (figure 3). Figure 3 is an example of the enormous size of some modern hydro power
turbines.  As an example: the penstock (the inlet pipe) has a diameter of 10.5 m, it is 142 m
long and has a rated discharge of 690 m3/s (!). That is 12420 m3/s for all units together. Each
unit has a rated power of 715 MW and the weight of the runner (Francis) is 290 000 kg. The
total weight of each unit is 3300000 kg.  One year of continuous run of all of these units
would produce 112 TWh. In Sweden this would be enough to provide the whole country with
energy for 4 months. Figure 4 presents a more detailed view of the parts surrounding the
runner.

Figure 3 One of the 18 units in the Itaipu power plant, Brazil (from the web page
www.itaipu.gov.br).
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Figure 4 Spiral casing, wicket gate, runner and draft tube (The U8 power plant
at the Porjus Hydro Power Centre, Sweden), (courtesy of GE Energy (Sweden)

AB, Kristinehamn)

Because the available heads in Sweden are quite low, the draft tube is an important part of a
hydro power plant. For very low head where bulb turbines are the most suitable, the draft tube
can be the single most important part of the plant. The purpose of the draft tube is to convert
some of the kinetic energy of the flow from the runner into pressure energy and thereby
increase the efficiency of the turbine. It also guides the vertical flow immediately after the
runner to a horizontal flow that can continue downstream. To illustrate the importance of the
draft tube we will follow the analysis of Krivchenko (1994). The analysis will use the notation
in figure 5 that shows two runners, one with and one without draft tube.

Figure 5 A Kaplan runner with (a) and without (b) draft tube.



7

To explain the effect of the draft tube the energy equation is set up between 1-1 and 2-2 in
figure 5a:

p
g

z
v

g
p

g
z

v
g

ha a
suc

1
1

1
2

2
2

2
2

2 2ρ ρ
+ + = + + + (3)

where pa is the absolute pressure, v is the mean velocity and z is the level and hsuc are the
hydraulic losses in the draft tube. If we assume that the installation height Hs is approximately
equal to z1, eq. (3) yields
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 (4)

For the runner without a draft tube (Figure 5b) the pressure at the turbine outlet is pa1=patm.
This shows that the draft tube creates a pressure immediately below the runner that is lower
than what is possible without a draft tube. To explain why this is advantageous for the
efficiency of the turbine we can express the power P generated by the runner with the aid of
the energy equation between level 0-0 and 1-1 (figure 5).

( ) ( )P
Qg g

p p z z
g

v va aηρ ρ
= − + − + −

1 1
20 1 0 1 0

2
1
2( ) (5)

or

P Q p pa a= −η ( )0 1 (6)

if we assume that the difference in height between level 0-0 and 1-1 is low and use eq. (4) this
results in

( ) ( )P
Qg g

p p
g

v v H
v v
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P P H
v v

h Qgnd s suc= + + − −








1

2
2
2

2 2
ηρ (8)

where Pnd represents the power output without draft tube (figure 5b). For a properly designed
draft tube the losses hsuc are low compared to Hs and v2 is much smaller than v1. Hence, the
produced power is increased by

H
v

Qgs +








1

2

2
ηρ (9)
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For low and medium head turbines the suction height and and the dynamic head at the turbine
outlet are a significant fraction of the static head. This means that an important efficiency
improvment is obtained by the addition of the draft tube.

Eq. (8) shows that when a draft tube is present downstream the runner the losses consist of
outlet losses v2/2g and internal losses hsuc. To reduce v2 the outlet area of the draft tube should
be as large as possible but without increasing the internal losses too much. According to
(Krivchenko, 1994) the cone angle θ should be less than 8° if the flow is purely axial but in a
real turbine this angle can be increased to 12° to 14° without increasing the internal losses.
This can be achieved if some swirl is present downstream the runner that prevents separation
(because of the centrifugal forces) from the draft tube walls.

Design of draft tubes

Before 1960, the design of draft tubes was based primarily on model testing (trial and error),
(Holmén, 1999). Model testing was started around 1925-1930 thereby making it possible to
predict the performance of full size turbines. Research about optimization of diffusers (a draft
tube is a kind of diffuser) was sponsored by NACA for gas and steam turbines and a paper
about design of straight-walled diffusers was published in 1959 (Kline et. al, 1959). This
paper demonstrated the limits for pressure recovery for both straight-walled and conical
diffusers. It showed that the optimum recovery factor for the ratio of wall length to throat
width against diffuser angle resulted in a straight line. These results were in 1960-65 used to
develop a method for designing draft tubes for hydro power turbines. This method consists of
a diagram for checking the point where boundary layer separation occurs (Holmén, 1999). A
one-dimensional integral method for calculation of boundary layer growth and separation was
developed in 1975-85 (Holmén, 1999). This method was developed for straight-walled and
conical diffusers but later also for hydraulic turbine draft tubes. This method showed that the
pressure recovery factor (the performance of the draft tube) is a strong function of the
boundary layer thickness at the inlet of the draft tube (Holmén, 1999). Today numerical
simulations (CFD) can replace (and it already does in some cases) some of the model testing.
Some examples of CFD simulations of draft tube flows can be found in (Sottas and Ryhming,
1993), (Agouzoul et. al, 1990), (Vu and Shyy, 1990), (Ventikos et. al, 1996) and (Landrieux
and Combes, 1998).

Draft tube computations are a challenging task compared to runner computations. This is
because the flow field includes a number of complicated flow phenomena (swirling flow,
streamline curvature, cross section changes (from circular to rectangular), separation, vortex
ropes, unsteady flow and three-dimensionality). The flow field in a runner is less complicated
because the flow field is accelerating (the blade spacing is decreasing downstream) through
the runner. For example, 3D Euler codes have been used with success for the flow field in
Francis runners (Sottas and Ryhming, 1993), (Borresen et. al, 1994). The problem is that
using CFD is not as reliable as model tests (especially for complex flow fields). Errors are
also introduced when performing model tests, because it is necessary to scale the results to
convert model data to full-scale data. However, it has not yet been shown that CFD can
completely replace model testing (if that is the goal). To make sure that CFD will be a reliable
tool for design of hydro power turbines and other mechanical devices where fluid mechanics
plays an important role, the quality and trust of CFD must be established.
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CFD Simulations of hydro power flows

Verification and validation

If a result from a CFD simulation should be useful, it is necessary to know if the result can be
trusted. For example if the simulation results from two draft tube designs are compared,
which one has the best performance? Another example is to decide which one of several
turbulence models that has the closest agreement with an experiment. To be able to make
decisions of this kind it is necessary to know the magnitude of the errors, both in the
experiment and the simulation. This thesis deals mostly with errors in simulations. For a
discussion about experimental errors see (Dally et. al, 1984).

As stated by (Metha, 1998), verification and validation are the processes for measuring the
credibility of simulations (see also figure 6). Figure 6 describes the complex process of CFD
simulation: Reality is the real world (Actual reality) or the measured world (Virtual reality).
In practice we only know approximately the behavior of the real world due to experimental
uncertainties. The Conceptual model is the partial differential equations that model the reality
and the Simulation model is the discretized version of the conceptual model. Verification is to
show that the solution of the Simulation model really is a solution very close to the
Conceptual model. Validation is to show that the Simulation model (which is a model of the
Conceptual model) is close to Reality. If it is possible to solve the Conceptual model (an exact
solution) without creating a Simulation model the validation process can be applied directly to
the Conceptual model. This was the only alternative before the arrival of high speed
computers.

Figure 6 CFD Simulation paradigm according to Metha, (1998).

The process of verification can be defined as a demonstration that the numerical solution of a
set of partial differential equations is correct (Roache, 1998a). In the context of CFD it usually
means that the solution should be converged, i.e. both the iterative and grid convergence
errors should be small enough (small enough is different depending on the particular case and



10

the requirements). In the verification process it does not matter which set of partial differential
equations that is solved, it is only necessary to show that it is solved accurately. When the
verification process is finished and it is demonstrated that the numerical errors are acceptable,
comparisons with the reality (validation) can be done, or at least the best representation of
reality that can be made, i.e. measurements.

Verification can also be defined as taking care of numerical uncertainties and validation as
taking care of modeling uncertainties. (Coleman and Stern, 1997) list possible sources to
numerical and modeling uncertainties. Numerical uncertainties are caused by the numerical
solution of the mathematical equations and include discretization, artificial dissipation,
iterative and grid non-convergence, local and global non-conservation of mass, momentum,
energy, computer round-off, etc. (Coleman and Stern, 1997). Modeling uncertainties are
caused by assumptions and approximations in the mathematical model of the physical
phenomena in question and includes uncertainties from geometry, mathematical equations,
coordinate transformation approximations, free-surface boundary conditions, turbulence
models, etc. (Coleman and Stern, 1997).

The paper by Metha (1998) occurred in a special section (May 1998) of the AIAA Journal
about Credible Computational Fluid Dynamics Simulations and shows that the area of
verification and validation of CFD is an ongoing and important research area. An example
from this special section is (Rizzi and Vos, 1998) who suggests a systematic process of
validation where the first step is to define a taxonomy of generic flow cases. The next step is
to collect a well-documented test case for each of these flow classes. This information should
then be published on the WWW making it possible for the CFD community to access,
download and comment on these data. However, the non-linear nature of many problems
prevents a definite conclusion about the behavior of a model for a complex flow case based
upon simple elementary cases. Another approach has therefore been advocated by e.g. (Gebart
et al., 2000) in which a well documented experiment on a complex flow situation is compared
with simulations. Another example from the AIAA journal special section is (Habashi et. al,
1998) who propose a mesh optimization approach, which is a first step towards user-, mesh-
and solver independent CFD. Their work also points to the fact that using optimal meshes
makes the solution much more insensitive to the order of the numerical scheme.

Additional work in this area of research includes editorial statements by professional journals
(Gresho and Taylor, 1994), (AIAA, 1994), (ASME, 1993). (Gresho and Taylor, 1994)
represents the International Journal for Numerical Methods in Fluids. They state that 1) the
problem statement and method description must be sufficiently clear and complete and 2) The
numerical solution must be supplemented by an acceptable accuracy estimation. (AIAA,
1994) states that the AIAA journals will not accept for publications any paper reporting
numerical solutions that fails to address accuracy of the computed results. (ASME, 1993)
presents a more detailed policy were requirements on the order of numerical scheme, grid-
independence, iterative convergence, temporal accuracy, boundary conditions and initial
conditions are stated. These policies are necessary because they will encourage presumptive
authors to include numerical accuracy issues in their papers. It is also necessary if the
credibility and status of these journals should maintain.

Specific methods to estimate errors in numerical simulations and examples of applying such
methods to various applications are presented by e.g. (Hayase, 1999) who compares the
central differencing scheme with the QUICK scheme applied to the turbulent flow in a square
duct. (Celik and Karatekin, 1997) investigates the use of Richardson extrapolation applied to a
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backward facing step. In this paper they show how Richardson extrapolation can be used
when oscillatory grid convergence is encountered. A good introduction in this area is (Celik
et. al, 1993) where a number of authors present different techniques for estimating errors in
CFD. (Roache, 1994) suggests that a Grid Convergence Index (GCI) should be used when
reporting grid convergence errors. The idea behind GCI is to relate the error for any grid
refinement using any order of the method, to that for a grid doubling using a second order
method. Roache (1998b) has also written a book dealing with verification and validation for
CFD. (Demuren and Wilson, 1994) investigates uncertainties due to truncation error,
discretization error, outflow boundary conditions, incomplete iterative convergence and grid
aspect ratios applied to a backward facing step. (Zingg, 1992) studies grid convergence errors
and the effect of the outer location of the grid boundary for transonic flow around an airfoil.
(Karniadakis, 1995) proposes the use of a numerical error bar to report errors in CFD where
the errors from boundary conditions, computational domain size, temporal errors and spatial
errors are separated from each other. A guideline for assessing the credibility of CFD has
recently been developed by AIAA (AIAA, 1998). ERCOFTAC has also created a similar
guide (Casey, 1999).

An example of a complete verification-validation process is the simulation of the flow field
around a car in order to calculate the drag coefficient. First the magnitude of the numerical
errors must be calculated or approximated. By this it is meant that it must be shown that the
grid is fine enough. The drag coefficient must be computed using several grids of different
size. Using the solutions from these grids it is then possible to calculate the error for the drag
coefficient (the technique for calculating grid errors in general is explained in paper A1-A3).
If the error is too large, finer grids must be generated and the errors must be calculated once
again. This process is repeated until the error is small enough. “Small enough” can be
anything from 0.1% to 30% error. Deciding what is an acceptable error depends on the
circumstances and what the results will be used for. Only after the errors have been estimated,
comparison with experimental data (e.g. wind tunnel measurements) can be done. If
comparison with experiment is done before the numerical errors are known, it is impossible to
decide if the cause to the difference between experiment and simulation is a consequence of
the partial differential equations being solved (e.g. a turbulence model) or the numerical
errors.

Estimating iterative convergence errors

The iterative convergence error can be defined as the difference between the current and the
exact solution to the discretized equations on the same grid (Demuren and Wilson, 1994).
This error is difficult to define with a single global value. A common method to estimate the
error is to utilise the residuals when the current solution is substituted into the discrete
equations. One then often sums the absolute values of the residuals in all cells (the L1 norm)
(Ferziger and Peric, 1996) to get a global measure on the error. This value is called the
absolute residual source sum or, colloquially, the residual.

A number of methods are available for estimating the iterative convergence error (Ferziger
and Peric, 1996). They are all based on the assumption that a non-linear system of equations
has an almost linear behaviour close to the converged solution. This is true for a non-linear
system if the solution is close to being converged. The task is then to estimate the largest
eigenvalue or spectral radius of the iteration matrix from the solution at different iteration
levels. If the eigenvalues are real, the error reduction will be exponential (see figure 7a). The
eigenvalues can also be complex which will result in an oscillating error (see figure 7b).
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However, in this thesis a different route is taken that does not require calculation of the
eigenvalue but which involves more iterations.

The absolute residual source sum in the pressure correction equation can be physically
interpreted as an artificial mass source. A small mass source corresponds to a solution that
satisfies the continuity equation well. The mass source residual can be normalised with the
total mass flow into the computational domain so that an objective measure of the relative
error can be obtained. For the other equations it is difficult to define an objective
normalisation factor. Hence it is difficult to determine whether the solution has converged for
all equations by reference only to the value of the absolute residual source sums. We have
therefore adopted the procedure to inspect the whole convergence history in addition to the
level of the residual source sum. Figure 7a shows a typical residual plot for a computation of
the draft tube in figure 8. The choice is to take the ”knee” (indicated with an arrow in figure
7a) as a sign of convergence if at the same time the value of the residual source sum has
dropped several orders of magnitude compared to its value after the second iteration.

      

Figure 7 a) (left figure) Residual plot for all equations for a grid consisting of
122976 cells (geometry in figure 8). The arrow indicates the ”knee” that is used
as a sign of convergence (from paper A1). b) (right figure) Typical example of
oscillating convergence (from a simulation of the flow field in a contraction).

Estimating grid convergence errors

This section will explain how Richardson extrapolation can be used to estimate grid
convergence errors. First, the grid convergence error is defined as (Celik and Zhang, 1995):

e r
exact h

exact
=

−φ φ
φ (10)

where φexact is the exact value of and interesting quantity (e.g. the loss coefficient of a duct
flow or the drag coefficient in an external flow) and φh is the value from a grid having grid
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cell size h. Because the exact value is not known one can use an extrapolated value as an
approximation, and define an approximate relative error.

e r
extrapolated h

extrapolated
≈

−φ φ
φ (11)

By using Richardson extrapolation or a similar method it is possible to obtain such an
approximation. The extrapolated value is obtained as follows (Celik and Zhang, 1995). If it is
assumed that the error is a continuos function of a representative measure h of the grid size it
becomes possible to express the error as:

ε φ φh exact h 1 2
2

3
3a h + a h a h= − = + +... (12)

where h is the grid cell size and ai are coefficients which can be functions of the coordinates
but do not depend on h in the asymptotic range. For sufficiently small h this can be written as:

ε φ φ αα αh exact h
ph)= − = C( (13)

where α is the grid refinement factor, p is the order of the method and C is a coefficient that
can be a function of the coordinates. By using eq. (13) for three different grid refinement
factors, α1 (=1 in most cases), α2 and α3, the following three equations for p, the extrapolated
value and C can be derived (Celik and Zhang, 1995):
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C =
h

extrapolated h
p

φ φ−
 (16)

By first using eq. (14) to check that the order p of the method agrees with what is expected
from a formal error analysis and then eq. (15) (Richardson extrapolation) to get an
approximation of the exact value, this will finally, by the use of eq. (11), estimate the grid
convergence error. However, if the exact solution φ is zero, this error estimator becomes
singular and it is probably necessary to choose another variable for the error analysis.

Results

Paper A1-A4 in this thesis deal with verification and validation. Paper A1 deals with
verification only (no experiments were available), paper A2-A4 deals with both verification
and validation. Paper A1, A3 and A4 show how these techniques are applied to two different
draft tubes and paper A2 deals with the flow field in a curved rectangular channel. Paper A2
is summarized in the chapter about turbulence modeling.
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Summary of paper A1

In paper A1, entitled Estimation of Numerical Accuracy for the Flow Field in a Draft tube
(figure 8), the numerical errors due to the grid and the numerical scheme were investigated.
The effects of using double or single precision arithmetic and changing the under relaxation
factors were also investigated. The turbulence was modelled using the standard k-ε model and
wall function boundary conditions although it is well known that this model is unable to
represent all details of the flow accurately (Hanjalic, 1994). The argument for the use of this
simple model in paper A1 was that the main interest was to investigate methods for error
estimation and that the k-ε model was believed to be sufficiently complex to give rise to
similar numerical difficulties as a more complex model would do.

Figure 8 Pressure contours in the symmetry plane for the draft tube in paper
A1. 122976 is the number of grid points.

Four grids (122976 to 4592 cells) and two numerical schemes (hybrid differencing and
CCCT) were used in the investigation. The geometry of the draft tube was taken from the
model turbine at the IMHEF laboratory at EPFL (Sottas, 1993). The iterative error was very
small for all grids (of the order 10-4% for the CCCT scheme and 10-10% for the hybrid
scheme). The grid error (based on the pressure recovery factor) was about 10% for the finest
grid and the apparent order of the numerical schemes were 1.6 for CCCT (formally second
order) and 1.4 for hybrid differencing (formally first order). Changing from double to single
precision leads to an increased value of the mass residuals showing that double precision
arithmetic should be used. A reduction of the under relaxation factors in all equations lead to a
reduction of the mass residual. The conclusions were that there are several methods available
that can be used in practical simulations to estimate numerical errors and that in this particular
case, the errors were large. It is recommended that Richardson extrapolation should be used
where it is possible, i.e. if it is possible to generate grids that are large enough (cf. Estimating
grid convergence errors). Curve fitting can also be used but then it is necessary to assume the
order of the numerical scheme. The methods for estimating the errors also made it possible to
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compute the necessary grid size for a target value of the grid error. For a target value of 1%,
the necessary grid size for this case was computed to 2000000 cells.

Summary of paper A3

Paper A3 deals with a simulation of the three-dimensional flow field in the Turbine 99 draft
tube (figure 9) using a Reynolds stress turbulence model. The Turbine 99 Workshop
(sponsored by IAHR and ERCOFTAC) was organized in cooperation with Vattenfall
Utveckling AB (Vattenfall is one of the largest energy groups in the Nordic countries, and
accounts for over 20% of electricity sales in the region.). The goal with the workshop was to
determine state-of-the-art of CFD simulations in hydraulic turbine draft tubes by comparison
with accurate pressure and laser doppler velocity data. The preparations for the workshop
included making the geometry electronically available (IGES, STEP and SDRC-IDEAS
formats on the Turbine 99 web-page), writing a document about the requested data (velocity,
pressure, engineering quantities), writing a document about the boundary conditions (by
Urban Andersson, Vattenfall Utveckling) and compiling experimental data and the CFD-data
supplied by the workshop participants (with help from Fredrik Engström and Jörgen Burman
at Luleå University of Technology). More information can be found on the web page for
Turbine 99, www.mt.luth.se/~rikard/turbine99.html.

Figure 9 The Turbine 99 draft tube geometry (paper A3).

Paper A3 was one of the 17 papers at the workshop and focuses on boundary conditions, grid
quality, numerical errors, analysis of the resulting flow field and comparison to experimental
data. The incomplete measurements at the inlet made it necessary to estimate the boundary
conditions for the radial velocity, some of the Reynolds stresses and the turbulent length scale.
This is a common problem when trying to simulate “real” cases since it is unusual that all
velocity components, Reynolds stresses or length scales that must be specified for a
simulation are known. However, in the workshop case there is probably much more
information available than what is common. More commonly the only available information
would be the flow rate and the runner speed for a draft tube simulation.

The creation of the geometry and grid was a major part of the work. The block-structured grid
used required drastic re-construction of the original CAD geometry. This was necessary in
order to achieve a high quality grid (which is necessary to achieve good iterative
convergence), especially at the upper wall where the cross section changes from being
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circular to rectangular. The grid for this part of the geometry can be seen in figure 10. This
grid is one way to achieve a high quality mesh. There are several other possible ways to
reconstruct the geometry (change the topology of the block-structured grid) but the one used
was sufficient to generate an acceptable grid.

Figure 10 The block topology at the upper wall (The Turbine 99 draft tube).

If the original topology (figure 11) was used, almost zero-degree angle elements were
generated at the sidewall of the draft tube (from the left hand corner of the partial grid in
figure 11 and continuing downwards).

Figure 11 Result of grid generation when using the original surfaces (The
Turbine 99 draft tube).

The large errors in these badly shaped elements made it impossible to achieve a converged
solution during the initial test calculations. This shows how important a good mesh is to the
solution.

The numerical errors, grid and iterative errors were estimated to 3-7% and 0.8-0.002%,
respectively. Using the criteria recommended by Ferziger and Peric, (1996), the convergence
for some of the variables was unsatisfactory. This can indicate that trying to reach a steady
state solution in this case is not possible. Transient simulations are discussed in paper A4.
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Comparison with pressure measurements at the upper and lower centerline yielded
qualitatively satisfactory results for the finest grid (700000 grid points). The possibility to use
such a fine grid (compared to paper A1) depended mainly on the access to a fast parallel
computer. However, the predicted pressure recovery factor was 22% lower than the measured
value. The reason for this difference might be that the outer boundary layer at the inlet of the
draft tube was not resolved enough.  Applying the law of the wall and wall functions (cf. the
chapter about turbulence modeling) too far from the wall can also result in a wrongly
predicted pressure. The assumption of a radial velocity (that was not measured) at the inlet
can also influence the pressure distribution at the inlet. As a consequence of the relatively
poor agreement with experiments an extended investigation was started (see paper A4)

Summary of paper A4

In Paper A4 the modeling of the draft tube in paper A3 was improved. The differences
between paper A3 and A4 were new boundary conditions, grid topology, geometry (figure 12)
and the inclusion of new steady state and transient simulations. These changes dramatically
improved the results for both the pressure recovery factor and detailed flow data. The same
turbulence model was used in both paper A3 and A4. The error in the prediction of the
pressure recovery factor was reduced to 0.45% in the steady state simulation despite the poor
convergence rate that still remained in this simulation.

Figure 12 Computational grids using the a) the old grid topology (upper figure)
with 515752 grid points, (paper A3) and b) the new grid (lower figure) with

405543 grid points including the outlet tank, (paper A4). The new grid has an
improved distribution of grid points, especially below the runner cone.
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To resolve this problem several different numerical techniques (under relaxation, false time
stepping, different linear equation solvers, different strategies for the non-linear iterations,
etc.) were tried, but this did not improve the iterative convergence sufficiently. Therefore it
seemed reasonable to perform transient RANS simulations. This improved the convergence
and the agreement between experiments and simulations for the velocity field in a
downstream cross section. The pressure recovery factor and the flow field never reached a
steady state in the transient simulation but the time-average of the transient value seemed to
be converging towards a value close the experiment. The flow field was changing mostly
inside the outlet tank that was included in this simulation (Figure 12). In the rest of the draft
tube the flow field was almost steady. The steady state simulation of this case resulted in a
vortex ring in the outlet tank. This solution was used as initial guess for the transient
simulation. The transient solution showed that the vortex ring was convected downstream. At
the end of the transient solution inflow at the outlet was encountered. This is not compatible
with the outlet boundary conditions and resulted in a lower convergence rate.

The conclusions from paper A4 is that the quality of the numerical model (especially the grid)
is very important and that this quality must be ensured before any conclusions can be drawn
about e.g. the turbulence model. Transient RANS simulation seem to be a promising way to
solve these types of problems and can be an alternative when LES is too demanding and
stationary RANS does not work. However, the question still remains if transient RANS
simulations really represent reality. Can time- phase- or ensemble averaging be used in all
regions of flow fields of this type or are LES and DNS the only solutions? Comparing a
simulation of this type with e.g. full field PIV measurements would be very interesting and
could perhaps give an answer to this question.

The experiences from this work suggest that future work should include simulations for
longer times, further investigations of the influence of grid topology and the inclusion of an
equalization wall downstream the outlet tank.

Time-phase averaging

One of the conclusions from paper A1 and A3 was that a very fine grid was needed to
compute the flow field accurately in the draft tube. If other parts of the turbine like the spiral
casing and guide vanes should be taken into account in a simultaneous calculation of a
complete hydro power turbine, the requirements on mesh size becomes quite large. One
reason for doing such a simulation is that the coupling between the flow field from the runner
and that in the draft tube is strong, so it is not possible to calculate each part separately. For
example, if there is a need to use some optimization method to be able to improve the draft
tube performance, it is probably not possible to perform such an optimization for the draft
tube only. The reason for this is that changing the draft tube geometry would result in a
change of the inlet boundary conditions of the draft tube. Another reason for the development
of the time-phase model is that the refurbishment of old hydropower installations and the
development of new installations has increased the interest for better design tools to improve
the efficiency. Computational fluid dynamics has been used with great success to improve the
design of the runner. However, extensive model testing has been necessary to improve the
design of the surrounding waterways. Even after testing, some uncertainty remains concerning
the difference between the model scale and the full-scale turbine system. The current trend is
therefore to include as much as possible of the water conduits with a simultaneous solution of
the flow in the turbine runner in an effort to reduce the need for model testing. It would
therefore be of great interest to develop a method which takes into account the runner in an
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approximate way. This is what the time-phase averaging method in Paper B1 does. The
importance of interaction between turbine components and some examples of complete
turbine simulations are given in (Sabourin et. al, 1996), (Riedelbauch et. al, 1996), (Sick et.
al, 1996), (Keck et. al, 1996), (Drtina et. al, 1998) and (Ruprecht et. al, 1998). (Drtina et. al,
1998) used a grid consisting of 1075000 grid points for the complete turbine system (spiral
casing, stay vanes, wicket gate, distributor, runner and draft tube). To simulate this case they
used a 12 processor SGI Power challenge. For the combined distributor, runner and draft tube
the CPU-time was 65 hours. This simulation was used as initial guess for other operating
points, reducing the CPU-time to 16-25 hours. (Drtina et. al, 1998) also performed a spiral
casing simulation that used 3 days of CPU-time on a single processor.

(Drtina et. al, 1998), (Sick et. al, 1996) and  (Keck et. al, 1996) used the Tascflow commercial
software package to simulate the interaction between rotating and stationary parts. This
software package includes many different models to simulate multiple frames of reference
(MFR). Three types of MFR are available: Stage averaging where two or more blade passages
are solved simultaneously with circumferential averaging between rotating and stationary
regions. Steady state solutions are then obtained in each reference frame. Frozen Rotor where
for example one can predict the steady state flow of an impeller + volute, where the impeller
is solved in a rotating frame, the volute is solved in the stationary frame. The two frames of
reference connect in such a way that they each have a fixed relative position throughout the
calculation, but with the appropriate frame transformation occurring across a sliding interface.
True Transient that predicts the true transient interaction of the flow between a stator and
rotor passage. In this approach the transient relative motion between the components is
simulated.

Other approximate methods

Another approximate method to model turbomachinery flow is the quasi-three-dimensional
technique that uses passage averaging. In this technique the flow field is divided into a
number of blade-to-blade surfaces (S1) and one hub-to-tip surface (S2). A passage averaged
radial equilibrium equation is solved at a mean S2 surface and exact solutions of the tangential
and axial momentum equations are solved at several S1 surfaces. In passage averaging the
governing equations are averaged in space between two runner blades. This yields equations
similar to the original equations plus blade force terms and fluctuating terms due to blade-to-
blade variation of flow properties. These fluctuating terms are evaluated from a blade-to-blade
solution of the tangential and axial momentum equations (Lakshminarayana, 1996), (Hirsch
and Dring, 1987), (Jennions and Stow, 1985). Time-phase averaging is also similar to the so-
called “fictitious domain” methods or “virtual boundary” methods (Revstedt, 1999). The idea
in this case is to determine the effect an object has on the fluid by adding source terms to the
momentum equations. Methods of this kind has been applied and developed by e.g.
(Glowinski et. al, 1995), (Goldstein et. al, 1993) and (Bertrand et. al, 1997).

Time-phase averaging is based on an idea by (Tucker and Dessenberger, 1994) originally
devoted to flow and rheology in polymer composites manufacturing. The essence of the
model is similar to the time averaging technique used by Adamczyk (Adamczyk, 1985), but
with different averaging time and different mathematical notation that makes it possible to use
the model in a general case, i.e. both for axial and radial machines.
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Summary of paper B1

Paper B1 deals with the mathematical derivation of the time-phase averaging model. The
time-phase procedure eliminates the need for representation of the runner geometry in the
computational grid. An exact mathematical model was derived for the flow through a
hydraulic turbine system. The time-phase average of an arbitrary variable (denoted by φ
below) is defined as

〈 〉 =
+

∫φ φ
1
T

X x t x t dt
t

t T

( , ) ( , ) (17)

where T is the length of the averaging interval and X denotes the phase function (Tucker and
Dessenberger, 1994) which is defined as

( )Χ x t, =




1     if x is in the fluid
0     if x is in the solid

(18)

i.e. X=0 means that the point x  is inside a runner blade and X=1 that x  is between two
blades. The time phase averaged variables are governed by the same equations as the RANS
except that a virtual mass force appears in the momentum equations. Direct application of
time-phase averaging (in a stationary coordinate system) of all terms in the Reynolds
averaged Navier-Stokes (RANS) equations and the mass conservation equation for an
incompressible fluid yields
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where p and s represents the pressure and suction sides of the runner blades and
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Hence, the time phase averaged variables are governed by the same equations as the RANS
(Term 1-5 in eq. (19) and eq. (20)) except that a virtual mass force appears in the momentum
equations (Term 6-9 in eq. (19)). Term 6 represents the wall shear stress (drag force) on the
runner blade surfaces and term 7 represents the lift force on the runner blades. Term 8 and 9
has not been investigated in great detail but what can be said is that term 8 is small if the
runner blades are thin. Term 9 is analogous to the Reynolds shear stresses in the Reynolds
averaged Navier-Stokes. Each of the terms can be calculated from a known solution with an
isolated runner. The resulting equations contains a time derivative term (term 1) and are
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capable of predicting flow transients with a time scale significantly larger than the blade
passing period (typically 10 ms). Such transients can be expected in e.g. the draft tube and are
known from practical operation of turbines to be a problem source. One example is the U8
turbine at the Porjus Hydro Power Center where pressure oscillations with a frequency
between 1 and 5 Hz occur for off-design operating points (cf. paper A4 where transient
simulations of the flow field in a draft tube are performed).

The exact terms produced by the time-phase averaging can be calculated exactly in a separate
runner simulation. In paper B1, however, the effect of the extra terms is calculated
approximately by assuming that the pressure term dominates, that the runner blades are thin
and that the flow adheres to the blades (no separation). The implementation of the model is
done with a penalty force that is proportional to the difference between a target velocity that
depends on the blade geometry and the most current iteration value of the velocity.

As mentioned above, the current trend is to include as much as possible of the water conduits
with a simultaneous solution of the flow in the turbine runner in an effort to reduce the need
for model testing. However, if high numerical accuracy is required the number of mesh points
for a complete model of the turbine system has to be at least 107 (based on previous
experience, see paper A1). Using this model, the mesh requirement and the computational
time are considerably reduced compared to a full simulation with a multiple reference frame
model for the runner.

A complete hydro power plant was simulated with the new model including all parts
simultaneously (figure 13). This captured the coupling between penstock, spiral casing and
draft tube. It was demonstrated that non-uniformities in the flow before the turbine, e.g. from
an unoptimised spiral casing, are preserved and convected through the runner as if a sliding
mesh model had been used. This makes simultaneous optimization of all parts of the turbine
system for a fixed runner geometry possible.

Figure 13 The turbine system geometry in paper B1. The surface plot shows
the pressure variation and the slice through the draft tube shows the

magnitude of the velocity.
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Turbulence modeling

Draft tube flows include a number of challenging flow phenomena (swirling flow, streamline
curvature, cross section changes (from circular to rectangular), separation, vortex ropes,
unsteady flow and three-dimensionality. This is indeed a challenge for even the most
advanced turbulence models. This was clearly seen when studying the results from the
Turbine 99 workshop, held 20-23 June 1999 in Porjus, Sweden, where the scatter in
predictions even with similar models was large. It is clear that there exist many turbulence
models of various kinds, but there still does not exist a universal turbulence model that can
cope with all kinds of flow phenomena. LES (Large Eddy Simulation) and DNS (Direct
Numerical Simulation, which is not turbulence modeling) are not included in this thesis. This
is because of the high Reynolds numbers (of the order 106) encountered in hydro power flows.
These flows requires very large grids if LES or DNS simulations should be performed (of the
order 1010 grid points for DNS and 109 grid points for LES (Wilcox, 1998)). The types of
turbulence models used in this thesis can be divided into four main categories (Wilcox, 1998).

• Algebraic models
• One-equation models
• Two-equation models
• Stress-Transport models

These models are based on Reynolds averaging of the momentum and mass conservation
equations. The most common type of averaging is time averaging, but spatial averaging and
ensemble averaging is also used. Reynolds averaging of the Navier-Stokes equations results
in:
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where − ρu uj i
' '  is the Reynolds Stress tensor. Eq. (21) is known as the Reynolds Averaged

Navier-Stokes equation (RANS). τij j iu u= − ' '  is the specific Reynolds stress tensor. By the
Reynolds averaging procedure we have created a new variable, the Reynolds stress tensor, but
no additional equations. The equation for the specific Reynolds stress tensor is (Wilcox,
1998)
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C u u u pu puijk i j k i jk j ik= + +ρ δ δ (22d)

where eq. (22b) represents the pressure-strain redistribution, eq. (22c) is the dissipation tensor
and eq. (22d) is turbulent diffusion. The second term in eq. (22a) is advection and the first two
terms on the right side is the production of turbulent stress by the mean flow. However,
equation (22a) for the Reynolds stress tensor has generated new unknown variables. It is
possible to generate equations for these variables as well, but this will only create new
unknowns and so on. This is called the closure problem of turbulence. To create turbulence
models we have to stop at some level and model the unknown terms in terms of known
quantities.

A two-equation model (k-ε) (Paper A1 and B1) and a Stress-Transport model (Paper A2, A3
and A4) have been used in this work. The Stress-Transport model is described in detail in
paper A2.

Wall treatment

Close to walls some turbulence models are no longer valid. The models fails to predict C in
the law of the wall, (Wilcox, 1998).

U y C+ += +
1
κ

ln( ) (23a)

U
U
u

+ =
τ

(23b)

y
u y+ = τ

ν
(23c)

This is a problem the k-ε model (Launder and Spalding, 1974) shares with almost all types of
turbulence models.  To solve this problem wall functions or the low-Reynolds-modeling
method are used. In low-Reynolds models the equations are modified by introducing damping
functions that eliminates the need for wall functions (Hanjalic, 1994). Since low-Reynolds
models requires very fine grid resolution close to walls it has not been possible to use such
models in this work. Using low-Reynolds models can also be the source of convergence
difficulties due to the singular behavior of ε close to solid walls (Wilcox, 1998).

The law of the wall is valid in the log layer of a turbulent boundary layer. By definition, this
layer is sufficiently close to the boundary that inertial terms can be neglected yet sufficiently
distant that the viscous stress is negligible compared to the Reynolds stress, Wilcox (1998).
This region is typically between y+=30 to y=0.1δ, where δ is the boundary layer thickness,
Wilcox (1998). The wall functions for the k-ε model are

k
u
C

= τ

µ

2

(24a)
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(24b)

where y is the distance from the wall and uτ is the friction velocity defined as

u w
τ

τ
ρ

= (25)

where τw is the wall shear stress. κ is the Karman constant that appears in the law of the wall.
In turbulence modeling this information is used to derive the friction velocity using eq. (23)
and then eq. (24) is used for k and ε at the first grid point adjacent to the wall. Because the
law of the wall is valid between specific values of y+, the computational grid has to be
generated to satisfy this condition. The recommendation is that y+ should be between 30 and
100 (Hallbäck, 1996). The drawback with this method is that the near wall behaviour of real
flows sometimes do not conform to the law of the wall which is the basis for wall functions.
This is a problem that is most notable for separated flows, Wilcox (1998).

Summary of paper A2

In paper A2 the problem with wall functions was encountered. In this paper the three-
dimensional steady turbulent flow in a curved rectangular duct was examined (figure 14). The
turbulence model used was a Reynolds stress model, (Daly and Harlow, 1970), (Rotta, 1972),
(Naot et al., 1970). The grid error was estimated to about 1% and the iterative error was about
0.05-0.46%, depending on the grid size. Grid sizes between 14430-160370 grid points were
used.

Figure 14 The inlet and bend of the curved channel geometry in paper A2.
Streamlines and pressure contours are visible. Only half the channel is visible

since a symmetry boundary condition was used.
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When comparison between measurements and simulations of the mean velocities and
secondary flow where made for several cross sections along the channel the agreement was
qualitatively good. However, a comparison between measurements (Kim and Patel, 1994) and
simulation for the pressure difference and the wall shear stress yielded an error of 30%. The
simulation resulted in a too large wall shear stress compared to measurements. This resulted
in a too large predicted pressure gradient. The dynamics of the flow field were captured well
in the channel and the numerical errors were small. The remaining error therefore had to come
from the wall treatment, i.e. the wall function approach. The conclusion of the above was that
the wall treatment needs improvements. Before making any changes to the turbulence model
itself, the treatment of the depending variables in the near-wall region has to be improved.

Conclusions

When summarizing this work, it is clear that to achieve accurate solutions using CFD, the
quality and size of the grid is very important. Without a (large) high quality mesh (small grid
convergence error) it does not matter if the turbulence model is very advanced and
complicated. Without knowing anything about the grid error, nothing can be said about the
ability of the turbulence model to model reality.  To be able to calculate the grid error it is
necessary to perform the same computation using several grids. This is a time consuming
task, and that is probably why error estimation of this kind has not been performed routinely
in the past. A minimum of three grids is needed and because it is difficult to know the
required resolution in advance (to reach the asymptotic range), the experience from this work
is that in most cases more than three grids are needed. If the asymptotic range is not reached,
new grids of higher resolution have to be created and the error estimation process has to be
repeated.

As often stated, the computer speed is increasing all the time and will probably continue to do
so for several years to come. Since the available memory also has increased, larger and larger
grids can be used. In 1989, when the GAMM Workshop (Sottas and Ryhming, 1993) about
flow field simulations in a Francis turbine was held, the grid size varied from 5082-63125
grid points for the draft tube. In 1999 at Turbine 99 - Workshop on Draft Tube Flow (Gebart
et al., 2000) the grid size varied from 41000-728000 grid points. It is likely that the choice of
grid sizes in both cases had much to do with available computer resources. According to
paper A1 and A3, the necessary grid size for a steady state computation of the flow field in a
draft tube is of the order several millions grid points (if 1% is considered to be an acceptable
grid convergence error). To be able to handle such grid sizes is not far away; in fact it is being
done already in special cases (if sufficient computer resources are available). An example of a
very large CFD computation is the simulation of a complete aircraft configuration using a
mesh consisting of 24.7 million grid points (Mavriplis and Pirzadeh, 1999).

The steady state solution on each mesh should be iteratively converged (this can be very
difficult for certain cases). Choosing the right combination of under relaxation, false time
stepping, etc. can often solve these kinds of problems. But if it is difficult to obtain a steady
state solution to a certain problem it is reasonable to switch to a transient simulation.
However, using a RANS model in combination with a transient simulation raises the question
of time scales (cf. paper A4). More information about the behavior of turbulence models
(RANS) in unsteady flows can be found in (Leschziner, 1998). Generally one can say that
turbulence models (RANS) can be used only if the unsteadiness is quasi-steady or slow but
not if it is moderate or fast (Leschziner, 1998).
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When comparing experiments and CFD simulations the errors should be reported for both the
experiment and the simulation, and if possible, included in plots and tables of simulation
results. It is not enough to just state that the simulation is in “close agreement” with
experimental data. The use of higher order numerical schemes like the second order “higher-
order upwind” or the third order QUICK scheme for the convective terms are also
recommended, because it is possible to achieve (almost) grid independent solutions much
faster than with the numerically diffusive first order upwind.

The time-phase-averaging model (paper B1) is an attempt to reduce the mesh size for
computations of complete turbine systems and to eliminate the need to include the runner
geometry in the grid. An exact mathematical model for the time-phase-averaged variables was
derived for the flow through a runner. It was demonstrated that non-uniformities in the flow
before the turbine were preserved and convected through the runner as if a sliding mesh
model had been used. This makes simultaneous optimization of all parts of the turbine for a
fixed runner geometry possible. Using this model, the grid requirement and the CPU-time are
considerably reduced compared to a full computation with a multiple reference frame model
for the runner.
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Abstract The potential for overall efficiency improvements of modern hydro power turbines is a
few percent. A significant part of the losses occurs in the draft tube. To improve the efficiency by
analysing the flow in the draft tube, it is therefore necessary to do this accurately, i.e. one must
know how large the iterative and the grid errors are. This was done by comparing three different
methods to estimate errors. Four grids (122,976 to 4,592 cells) and two numerical schemes
(hybrid differencing and CCCT) were used in the comparison. To assess the iterative error, the
convergence history and the final value of the residuals were used. The grid error estimates were
based on Richardson extrapolation and least square curve fitting. Using these methods we could,
apart from estimate the error, also calculate the apparent order of the numerical schemes. The
effects of using double or single precision and changing the under relaxation factors were also
investigated. To check the grid error the pressure recovery factor was used. The iterative error
based on the pressure recovery factor was very small for all grids (of the order 10±4 percent for
the CCCT scheme and 10±10percent for the hybrid scheme). The grid error was about 10 percent
for the finest grid and the apparent order of the numerical schemes were 1.6 for CCCT (formally
second order) and 1.4 for hybrid differencing (formally first order). The conclusion is that there
are several methods available that can be used in practical simulations to estimate numerical
errors and that in this particular case, the errors were too large. The methods for estimating the
errors also allowed us to compute the necessary grid size for a target value of the grid error. For a
target value of 1 percent, the necessary grid size for this case was computed to 2 million cells.

Introduction
Proper runner design is the single most important step in the design of low
head hydraulic turbines. The current design methods for the runner have
reached a high level of refinement and make it possible to accurately predict the
performance of the runner (Sottas and Ryhming, 1993). In the quest for better
efficiency the attention is therefore today shifted towards the performance of
other parts of the turbine system that are in contact with the water. One of the
most important of these is the draft tube which is the curved diffuser that starts
immediately after the runner and ends in the `̀ tailrace'' tunnel downstream of
the power plant. In the draft tube a significant fraction of the total losses of the
turbine system occurs (Raabe, 1984). The purpose of the draft tube (Figure 1) is
to convert some of the kinetic energy of the flow from the runner into pressure

This work was conducted within the Turbine-99 collaboration where the partners are Vattenfall
Utveckling AB and LuleaÊ University of Technology. The financial support of the Swedish
National Board for Industrial and Technical Development, Elforsk, and Kvaerner Turbines AB
is gratefully acknowledged.
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energy and thereby increase the efficiency of the turbine. It also guides the
vertical flow immediately after the runner to a horizontal flow that can continue
downstream. The flow into the draft tube has very little swirl, or streamwise
vorticity, when the turbine is operating at best efficiency. However, it is not
uncommon for the turbine to operate at other conditions than at its best
efficiency point and in this case the flow will have a significant swirl.

The efficiency of a well designed turbine system is often as high as or higher
than 93 percent (DahlbaÈck, personal communication) which means that the
potential for improvement of the overall efficiency is of the order of a few
percent. This in its turn means that in order for a computer simulation to be
useful it must be accurate to within a few percent, at least for quantitative
predictions. For qualitative studies of the relative performance of different
design options it may be acceptable with larger errors, as long as the trends are
captured correctly. To achieve the necessary accuracy in a numerical prediction
one must have an accurate mathematical model for the turbulent flow, i.e. the
Reynolds stresses and be able to estimate the numerical errors in computations
with this model.

The present paper presents an assessment of some methods to estimate
errors in draft tube simulations objectively. The error estimates are also used to

Figure 1.
Draft tube geometry
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estimate the grid size that is necessary for accurate simulations of draft tube
flows. The accuracy of turbulence models for the swirling flow in draft tubes
will be the subject of a future paper.

The geometry of the draft tube was taken from the model turbine at the
IMHEF laboratory at EPFL (Sottas and Ryhming, 1993). The flow in this draft
tube has been analysed by several groups (Sottas and Ryhming, 1993) but none
of them have done a formal error estimation.

Proposals for error estimation in complex flows are given by several
authors: Celik and Zhang (1995); Ferziger (1993); Demuren and Wilson (1994);
Wilcox (1993); Zingg (1992); Roache (1994); Celik et al. (1993); Ferziger and Peric
(1996) and Celik and Karatekin (1997). In particular, the use of Richardson
extrapolation (Celik and Zhang, 1995; Ferziger and Peric, 1996; Celik and
Karatekin, 1997) opens up the possibility of both estimating errors and
improving the results. However, there are situations in which Richardson
extrapolation fails, e.g. when the reduction of the error due to grid refinement is
non-monotonous or when the mesh is so coarse that the numerical errors do not
decrease with decreasing mesh size in the way predicted by asymptotic
analysis. Celik and Karatekin (1997), proposed a practical method for handling
of cases with non-monotonous convergence. However, this method has only
been applied to the case of a backward facing step and remains to prove that
the method is valid in a general case. In the cases when Richardson
extrapolation fails it is still useful as a warning that the solution needs further
inspection before it can be trusted (Celik and Zhang, 1995).

The use of Richardson extrapolation has been thoroughly investigated for
laminar flow (Ferziger, 1996) and has been found to give accurate results if the
grid is sufficiently fine. It has also been applied to the two-dimensional flow
over a backward facing step (Celik and Karatekin, 1997) where the method also
gave an accurate extrapolation. However, this does not automatically imply
that the method is useful for 3D turbulent flow with swirl in complex geometry.
It is therefore the purpose of this paper to improve the confidence in the
proposed methods for engineering type calculations by systematically
investigating the flow in the draft tube geometry.

The use of wall function boundary conditions, which we have used in all
computations presented below, gives rise to specific problems. One difficulty is
that the grid refinement cannot be done all the way to the wall since the grid
point closest to the wall has to be in the logarithmic region at y+ > 30. However,
if the near wall grid points are kept at a constant distance from the wall it is
expected that Richardson extrapolation can still be used (Celik and Zhang,
1995). The advantage with wall functions is that the number of grid points can
be reduced while the resolution of the internal flow is the same as with low
Reynolds number versions of the turbulence models. An additional advantage
with wall functions is that the convergence is better than with low Reynolds
number modifications of the turbulence equations (Chen and Patel, 1988). The
drawback is that the near wall behaviour of real flows sometimes does not
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conform to the law of the wall which is the basis for wall functions. However,
whether the law of the wall is valid or not for draft tube flows is the subject of
an ongoing study in our group and will be presented in a future paper.

The paper is organised with a summary of computational details in the next
section followed by a discussion of iterative convergence and grid convergence.
Finally, conclusions about the proper way to estimate errors are drawn based
on the present results.

Computational details
A commercial code (AEA-CFX) was used for solving the draft tube flow (AEA
Technology, 1995). It is a finite-volume based code using a structured non-
staggered multi-block grid. The data transfer between blocks is done by the
introduction of dummy cells outside the boundary of each block. This makes
each block overlap a neighbouring block. The interior values in one block
become the boundary conditions for the neighbour block and vice versa (AEA
Technology, 1995).

All terms in all equations were discretised using second-order centred
differencing (CDS) apart from the convective terms. The convective terms in
the momentum equations were discretised using higher-order upwind
differencing (HUW) (AEA Technology, 1995), which is a second-order method.

For the k and " equations two different differencing schemes were tested,
either hybrid differencing (HDS) or curvature compensated convective
transport (CCCT). Hybrid differencing is formally only a first order scheme but
it is widely used for engineering calculations due to its positive impact on
convergence. It is therefore of interest to see what the penalty for the use of this
method in the k and " equations is. For the comparison we chose CCCT because
it is second order and boundedness preserving (Gaskell and Lau, 1987).

For the pressure correction equation the formally second order accurate
central differencing scheme (CDS) was used.

The expected overall behaviour of the numerical scheme is second order
when CCCT is used in the k and " equations. When hybrid differencing is used
the expected overall behaviour is somewhere between first and second order.

The turbulence was modelled using the standard k-" model and wall
function boundary conditions although it is well known that this model is
unable to represent all details of the flow accurately (Hanjalic, 1994). The
argument for the use of this simple model in the present paper was that the
main interest was to investigate methods for error estimation and that the k-"
model was believed to be sufficiently complex to give rise to similar numerical
difficulties as a more complex model would do.

Six equations had to be solved: u, v and w-velocity, pressure correction,
turbulent kinetic energy k and turbulent dissipation ". The SIMPLEC
algorithm was used for the pressure-velocity coupling (Van Doormal and
Raithby, 1984). Different equation solvers, under-relaxation factors and
differencing schemes were used depending on the equation (see Table I). The
under-relaxation factors used are the default values for AEA-CFX (AEA
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Technology, 1995) and these are believed to be sufficiently large to avoid
unconverged solutions that appear to be converged due to heavy under-
relaxation (more about this below).

Boundary conditions
The velocity and turbulent quantities were set at the inlet, the pressure and
normal derivatives at the outlet and wall functions were used at the wall. The
wall cell was for all mesh sizes chosen so that the outer control volume
boundary was at y+�15, to improve the accuracy of the wall function (Wilcox,
1993). The implementation of wall functions in AEA-CFX is done by solving
the equation for the turbulent kinetic energy in the control volume immediately
adjacent to the wall. The dissipation can then be calculated using wall
functions. The velocity is finally obtained from the law of the wall by
calculating the wall shear stress �w and the wall coordinate y+. The tangential
and normal velocities (Figure 2) were set according to measured values along
one radius (Sottas and Ryhming, 1993) assuming axisymmetry at the inlet
(Sottas and Ryhming, 1993). To apply these values to grid nodes at the inlet,
linear interpolation was performed to the nodes. The turbulence quantities k
and " were set to constant values (AEA Technology, 1995) at the inlet
calculated from the formulas

kinl ÿ cp1u
2
inl � 0:01230 �1�

"inl � k3=2

cp2D
� 0:01131 �2�

where uinl is the mean inlet velocity, cp1 and cp2 are empirical constants (AEA
Technology, 1995) with values 0.002 and 0.3 respectively, and D is the outlet
diameter of the runner. This means that a turbulent length scale of

C�
k3=2

"inl

� 0:025 � D �3�

Table I.
Differencing schemes,
under-relaxation factors
and solver methods for
the linearised equations
used in the
computations

Equation Differencing scheme Under relax. factor Linear solver

u velocity HUW 0.65 BLST
v velocity HUW 0.65 BLST
w velocity HUW 0.65 BLST
pressure CDS 1.00 ICCG
k HDS, CCCT 0.70 LRLX
" HDS, CCCT 0.70 LRLX

Note:
BLST = block stone, ICCG = preconditioned conjugate gradients, LRLX = line relaxation
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or 2.5 percent of the runner outlet diameter and a turbulence intensity of���������
kinl

1
2 u2

inl

s
� 6:3% �4�

are assumed.
At the outlet the pressure was set to a constant value and for all other

variables a zero value of the first order derivatives at the outlet was adopted.
The flow was therefore supposed to be fully developed at the outlet.

Computational grids
The draft tube calculations were performed on four different grids: a fine grid
(grid 1), an intermediate grid (grid 3) having twice the grid cell size, a coarse
grid (grid 4) having three times the grid cell size compared to the finest grid,
and finally a grid between the fine and the intermediate (grid 2). The relevant
numbers are listed in Table II.

Figure 2.
Inlet swirling velocity

distribution

Table II.
Grid and relative cell

sizes

Grid no. No. of grid points Cell size (equation (18))

1 122,976 1
2 79,079 1.16
3 15,372 2
4 4,592 2.99
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The grids were constructed with 40 blocks to properly resolve the sharp
corners in the bend of the IMHEF (Sottas and Ryhming, 1993) model draft tube
(see Figure 1). The circular cross sections were subdivided into five regions,
with a central quadratic region, to avoid the degenerated control volumes at the
outer circumference that appear when a mesh with only one region is used for a
circular surface.

Iterative convergence
The iterative convergence error can be defined as the difference between the
current and the exact solution to the discretised equations on the same grid
(Demuren and Wilson, 1994). This error is difficult to define with a single
global value. A common method to estimate the error is to utilise the residuals
when the current solution is substituted into the discrete equations. One then
often sums the absolute values of the residuals in all cells (the L1 norm)
(Ferziger and Peric, 1996) to get a global measure on the error. This value is
called the absolute residual source sum or, colloquially, the residual.

A number of methods are available for estimating the iterative convergence
error (Ferziger and Peric, 1996). They are all based on the assumption that a
non-linear system of equations have an almost linear behaviour close to the
converged solution. The task is then to estimate the spectral radius of the
iteration matrix from the solution at different iteration levels. The
underpinning mathematics of the method is flawless but the implementation in
practice involves fine tuning of a few algorithmic parameters. We have
therefore chosen to take a different route (described below) that involves no fine
tuning but which involves more iterations.

The absolute residual source sum in the pressure correction equation can be
physically interpreted as an artificial mass source. A small mass source
corresponds to a solution that satisfies the continuity equation well. The mass
source residual can be normalised with the total mass flow into the
computational domain so that an objective measure of the relative error can be
obtained.

For the other equations it is difficult to define an objective normalisation
factor. Hence it is difficult to determine whether the solution has converged for
all equations by reference only to the value of the absolute residual source
sums. We have therefore adopted the procedure to inspect the whole
convergence history in addition to the level of the residual source sum. Figure 3
shows a typical residual plot for a computation of the draft tube in Figure 1.

We have chosen to take the `̀ knee'' (indicated with an arrow in Figure 3) as a
sign of convergence if at the same time the value of the residual source sum has
dropped several orders of magnitude compared to its value after the second
iteration. It is believed that the final value of the residual source sum depends
on the discretisation scheme, the amount of under relaxation and on the
machine precision. This assumption is made more credible by the observation
that a change from double to single precision leads to an increased value of the
mass residuals from 3.95*10±4 to 6.51*10±1 for grid 2 and the CCCT scheme (all
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other computations were done in double precision). A reduction of under
relaxation factor in all equations with 10 percent for grid 2 and the CCCT
scheme leads to a reduction of the mass residual from 3.95�10±4 to 3.40�10±5. It is
also shown below how a change of differencing scheme affects the final level of
the residuals (see Table III).

However, even if the `̀ knee'' criterion is satisfied convergence is not
guaranteed (but very likely). To avoid `̀ false convergence'' we also monitored
the values of all variables at a monitor point where the solution was believed to

ITERATIONS

RESIDUALS

1.0E+05

1.0E+03

1.0E+01

1.0E–01

1.0E–03

1.0E–05

1.0E–07

1.0E–09

1.0E–11

1.0E–13

1.0E–15

1.0E–17

1.0E–19

1.0E–21
0.0E–00 1.0E+04

Key
EPSILON
K
MASS
W VELOCITY
V VELOCITY
U VELOCITY

Figure 3.
Residual plot for all
equations for grid 1

(HDS, 122,976 cells). The
arrow indicates the

`̀ knee'' that is used as a
sign of convergence.

Notice that more than
5,000 iterations are
necessary to reach

convergence with this
grid

Table III.
Mass source residuals

for the four different
grids using hybrid

differencing or CCCT

Grid
Absolute mass
source residual

Normalised mass
source residual

Residual reduction
factor

1 HDS 1.28*10±9 3.44*10±10% 1.6*1012

2 HDS 1.25*10±9 3.36*10±10% 1.4*1012

3 HDS 1.24*10±9 3.33*10±10% 5.8*1011

4 HDS 1.38*10±9 3.71*10±10% 5.8*1011

1 CCCT 2.16*10±4 5.81*10±5% 9.2*106

2 CCCT 3.95*10±4 1.06*10±4% 4.5*106

3 CCCT 7.08*10±4 1.90*10±4% 1.0*106

4 CCCT 1.87*10±3 5.03*10±4% 4.3*105

Note: The total mass flux into the draft tube was 372 kg/s. The residual reduction factor is
the ratio of the residuals after the first and the last iteration
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have strong gradients. When these monitor values stayed constant in at least
six digits for several iterations at the same time as the previous convergence
criterion was satisfied we considered the solution to be fully converged.

The resulting mass source residual when all rules above have been followed
is summarised for the four computational grids in Table III. Notice that the
normalised mass source residual is typically less than 10±9 for HDS. For the
CCCT scheme the mass source residual after convergence is significantly
higher. However, the continuity error is still negligible in comparison to the
total flow into the computational domain.

The underlying reason for the differences in the final residuals between HDS
and CCCT is outside the scope of the present paper. However, the numerical
experiments described above indicate that the final level of the residuals are
due to round off and cancellation errors. It is therefore likely that the difference
is due to the detailed differences in the floating point operations that yields the
converged (within the machine precision) solution.

Grid convergence
In this section three different error estimation methods are described. They will
later be applied to the computational results.

Richardson extrapolation
Richardson extrapolation seems to be the most widely used method to estimate
the grid convergence error. For example Ferziger (1993); Demuren and Wilson
(1994); Wilcox (1993); Zingg (1992); Roache (1994) and Ferziger and Peric (1996)
all use Richardson extrapolation to estimate the error in the solution. One
interesting approach is proposed by Roache (1994) who introduces the Grid
Convergence Index (GCI), which is based on Richardson extrapolation, to report
grid refinement studies in CFD. The idea behind GCI is to relate the error for
any grid refinement using any order of the method, to that for a grid doubling
using a second order method, i.e. Roache (1994) suggests that grid doubling and
second order methods should be the `̀ standard'' method to compare with. To
use the GCI one has to perform two calculations, one on a fine grid and one on a
coarse grid. The GCI is defined as (Roache, 1994):

GCI � 3j"j
rp ÿ 1

�5�

" � f2 ÿ f1

f1
�6�

r � h2

h1
�7�

where r is the grid cell ratio between coarse (h2) and fine grid (h1), p is the order
of the method used, h is the cell size, " is the relative difference between the
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grids f1 and f2, the solutions from the fine and coarse grid, respectively. One
interesting thing about the GCI, because it is based on Richardson
extrapolation, is that it is applicable not only to grid values but also to solution
functionals like efficiency and to plotted curves. A problem with GCI is that it
becomes singular if the value f1 is zero.

Another approach is presented by Celik and Zhang (1995). The exact relative
grid convergence error is defined as:

er � �exact ÿ �h

�exact
�8�

where �exact is the exact value and �h is the value from a grid having grid cell
size h. Because the exact value is not known one can use an extrapolated value
as an approximation (Celik and Zhang, 1995), and define an approximate
relative error.

er;approx � �extrapolated ÿ �h

�extrapolated
�9�

By using Richardson extrapolation or curve fitting it is possible to calculate
�extrapolated. The extrapolated value was first obtained as follows (Celik and
Zhang, 1995). The error can, if the mesh is sufficiently fine, be expressed as:

"h � �exact ÿ �h � a1h� a2h
2 � a3h

3 � . . . �10�
where h is the grid cell size and ai are coefficients which can be functions of the
coordinates (depending on the numerical scheme some of them might be zero)
but do not depend on h in the asymptotic range. The error probably depends on
h in a complex way if h is large due to the non-linearity of the governing
equations. In that case many terms must be included in equation (10), but for
sufficiently small h only the leading term matters:

"�h � �exact ÿ ��h � C��h�p �11�
where � is the grid refinement factor (the grid cell ratio between the finest grid
and the present grid), p is the order of the method and C is a coefficient that can
be a function of the coordinates. By using equation (11) for three different grid
refinement factors �1 (=1 in most cases), �2 and �3, the following three
equations for p, the extrapolated value and C can be derived:

��2h ÿ ��3h

��1h ÿ ��2h

� �
p
3 ÿ �p

2

�p
2 ÿ �p

1

�12�

�extrapolated � �
p
2�h ÿ ��2h

�p
2 ÿ 1

�13�
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C � �extrapolated ÿ �h

hp
�14�

By first using equation (12) to check that the order p of the method is close to
the expected value and then equation (13) (Richardson extrapolation) to get an
approximation of the exact value, this will finally, by the use of equation (9),
give an estimate of the grid convergence error.

Although equations (5) and (9) combined with equation (13) are derived in
different ways, they are very similar. By rewriting equations (5) and (9) as:

Equation (5) �) GCI � 3

rp ÿ 1

�rh ÿ �h

�h

�15�

Equations (9) and (13) �) er � �h ÿ �ah

�p�h ÿ �ah

�16�

it is obvious that the two error estimates are normalised differences between
the solutions on the two finest grids. The best estimate of the actual grid
convergence error is probably obtained with equation (16). The GCI equation
(15) is more conservative by having a `̀ factor of safety''. Notice the difference
between r and � where r is the ratio between two adjacent grids in a sequence,
whereas � is always referred to the finest grid in the sequence.

The cell size ratio indicator (� or r, cf. equations (15) and (16)) was calculated
using

c � N1

N2

� �1=3

�17�

where N1 is the number of control volumes for the fine grid and N2 for the
coarse grid (cf. Table II). This definition was chosen to make it possible to
characterise the cell size with a single parameter so that equation (16) could be
used. However, for this to be justified it is important that the distribution of
grid points is geometrically similar (or almost) for all grids.

The error estimator used (equation (16)) also requires (because of the
assumptions connected to Richardson extrapolation (Roache, 1994)) that the
solutions are in the asymptotic range, i.e. the error must have the same
variation between the grids as predicted by a Taylor-series analysis of the
numerical scheme. Hence, a separate check should always be done that this is
the case.

Curve fitting
The second method to obtain �extrapolated was least square curve fitting. The
function used for the curve fitting was assumed to depend on the cell size in the
same way as indicated by an asymptotic analysis of the discretisation scheme:

� � �extrapolated � bhp �18�
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where p is the order of the numerical scheme (for a second order scheme p = 2).
The values from several computational grids are used together with a least
squares fit to obtain values of the constants in equation (18). The resulting
�extrapolated from the curve fitting was used in equation (9) to estimate the grid
convergence error.

Grid convergence: results
The pressure recovery factor was used to check grid convergence. It is defined
as (Agouzoul, 1990),

Cpr � Pout ÿ Pin

1
2 ��u2

m;in � w2
m;in�

�19�

where Pout is the outlet static pressure (the outlet boundary condition was
constant pressure), � is the density, um;in is the mean inlet velocity and wm;in is
the mean inlet swirl velocity. The mean inlet static pressure, Pin, is a direct
result of the whole field solution for all variables. The pressure recovery factor
indicates the degree of conversion of kinetic energy into static pressure
(Agouzoul et al., 1990) where a higher value means higher efficiency for the
draft tube. The exact value of the pressure recovery factor depends on the
whole field solution and can be seen as an integral property of the solution.

The pressure recovery factor differed greatly between grid 4 and the other
grids, indicating that grid 4 is too coarse. Indeed, detailed inspection of the
whole field solution (see Figure 4) revealed qualitative differences between the
solution on grid 4 and the other solutions. Notice the absence of pressure
extrema at the corners of the outer edge of the elbow in Figure 4 for the coarsest
grid. The pressure recovery factor for the various grids and two different
schemes (hybrid and CCCT) is shown in Table IV.

Notice that the difference between the results in Table IV with the two
differencing schemes is in the third significant digit. However, a calculation of
the apparent order of the numerical scheme (equation (12)) shows that the
CCCT scheme has an order of about 1.6 while the hybrid scheme has an
apparent order of 1.4 (see Table V). A calculation based on the coarsest grid
yields a much lower order for both schemes, which indicates that the coarse
grid results cannot be used for Richardson extrapolation.

The expected apparent order of the CCCT scheme is 2 (compared to the
calculated value of 1.63 for the finest three grids), hence, it is likely that the
grids are still slightly too coarse to yield an error that scales with the mesh size
in the asymptotic way. An error estimate can still be computed but must be
regarded as an approximation only. The computed error estimates for the
pressure recovery factor (equation (19)) are shown in Table VI.

Based on estimate 1 in Table VI it appears that the relative error in the
computed value of the pressure recovery factor with the finest grid is about 10
percent. This is a surprisingly large error since the finest grid had 122,976 cells.
However, it should be kept in mind that the flow in the elbow draft tube takes
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Table IV.
Pressure recovery
factor for grid 1-4

Grid no. Cpr/hybrid Cpr/CCCT

1 0.4051 0.4044
2 0.4155 0.4146
3 0.4808 0.4832
4 0.5609 0.5621

4592 15372

79079
122976

Figure 4.
Pressure contours in the
symmetry plane for all
grids. Notice the lack of
local pressure extrema
at the outer edge of the
elbow for the coarsest
grid

Table V.
Apparent order from
equation (12) of the
numerical scheme for
different grid
combinations

Grid combination Order p/hybrid Order p/CCCT

1,2,3 1.44 1.63
1,3,4 1.12 1.02
2,3,4 1.08 0.95

Table VI.
Estimated relative error
in the pressure
recovery factor with
three different error
estimation methods

Method
Estimate 1, equations

(9) (12) (13)
Estimate 2, GCI

equation (5)

Estimate 3 equations
(9) (18), grid 1,2,3,

using p = 2

Fine grid/hybrid 0.12 0.33 0.063
Fine grid/CCCT 0.10 0.28 0.067



Numerical
accuracy for the

flow field

485

place in a very complicated geometry (sharp corners in the bend) and exhibits a
very complex behaviour (swirl, streamline curvature and separation). The
complete resolution of all small scale features of the mean flow will require a
very large number of grid points.

Having seen that 122,976 cells are too few to resolve all features of the flow
one may ask how fine the mesh should be to yield an acceptably small error. If
the error is set to a target value, of 1 percent, equation (19) can be used to
estimate the necessary grid refinement to about 2 million cells. This grid size
was too fine to allow us to compute the flow with our available computer
resources. However, ongoing work on a more powerful parallel computer will
allow us to check this in the near future.

Conclusions
This paper presents an assessment of methods to estimate numerical errors in
complex three-dimensional flows. The methods can be divided into two parts,
estimates of iterative convergence error and estimates of grid convergence
errors.

Iterative convergence error was estimated by inspection of plots of the
absolute residual source sums for all equations (see Figure 3). As a sign of
convergence it was required that the residual curves should exhibit an initial
significant decrease by several orders of magnitude followed by a relatively
constant level of the residual sums. Numerical experiments with variations of
solution parameters and differencing scheme indicate that the resulting
solution is converged within machine precision.

The proposed iterative convergence error estimate is more conservative than
the methods based on estimates of the spectral radius of the iteration matrix
(Ferziger and Peric, 1996). The present method is also much easier to
implement but the price for the convenience is that extra work has to be spent
to get to a converged solution.

The grid convergence error was estimated using Richardson extrapolation
and curve fitting. To use Richardson extrapolation as an error estimator at
least three grids are necessary so that a reliable test of whether the solutions
are in the asymptotic range can be made. Applied to the pressure recovery
factor this resulted in a grid error of about 10 percent for the finest grid. The
apparent order of the scheme was in this case 1.6 instead of the expected value
of 2.0. This indicates that the sequence of grids was too coarse to be considered
as being in the asymptotic region where the grid error is proportional to the
mesh size to some power only. An estimate of the number of cells that would
give an error of less than 1 percent in the pressure recovery factor shows that
the grid should have at least 2 million cells.

Although the computations appear to have been done with a mesh that was
too coarse to be ideally suited for the Richardson extrapolation based error
estimators it appears that the methods are useful in practical situations. If the
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apparent order of the scheme is not close to the theoretical value one should
regard the error estimate with caution. However, the results can still be used to
compute the necessary grid refinement that would give an acceptable error.
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ABSTRACT

The problem of estimating the error in numerical flow
simulations is very important. One case where this is
particularly true is in the assessment of turbulence models,
where the numerical errors must be known in order to separate
them from model errors. In this paper, the three-dimensional
steady turbulent flow in a curved rectangular duct has been
examined. The Reynolds number was 224000 based on the
channel width. At the inlet the flow pattern was already
complicated, with a pair of vortices inside the top-wall
boundary layer. The results from this case has already been
presented (Bergström, 1996) but the numerical accuracy and
turbulence modelling has not been studied in detail until now.
The measurements for the curved channel case were extensive
and well suited for checking the turbulence model. The
numerical accuracy concerning iterative and grid-convergence
was controlled by a grid- and iterative error, respectively. The
grid error gives a way to report the number of grid cells needed
for a virtually grid-independent solution. A secondary result of
the error estimation is that a better approximation to the exact
solution is obtained. A Reynolds stress model was used to
model the turbulence. The model was seen to be able to capture
the most important flow phenomena in the channel.

INTRODUCTION

The errors in numerical flow simulations can be divided in
two parts, iterative- and grid convergence error. The iterative
error is the difference between the current and the exact
solution on the same grid. The grid convergence error is the
difference between the converged solution on a fixed grid and
the exact solution. Most important is that the solution should be
as close to grid independence as possible. It is of course

impossible to achieve a perfectly grid-independent solution (it
would require an infinite number of grid nodes), but it is
possible to be close. Moreover, it is possible to estimate the
grid error with Richardson extrapolation but the requirements
for the use of Richardson extrapolation were not fulfilled in the
case presented in this paper. Therefore another method based
on the asymptotic behaviour of the discretisation equations was
used to estimate the grid error.

These considerations will be applied to the simulation of
the flow field in a curved channel. The case in question was one
of the test cases in the 5th ERCOFTAC/IAHR Workshop on
Refined Flow Modelling (Bergström, 1996). This workshop
concentrated mostly on the quality of the different turbulence
models used for the curved channel flow. Measurements by
Kim and Patel (1994) were used for comparison.

The turbulence model used is a Reynolds stress model
(Daly and Harlow, 1970), (Rotta, 1972), (Naot et al, 1970),
where equations for the individual Reynolds stresses is derived
and modelled. This model is similar to the more well known
Launder-Reece-Rodi model (Wilcox, 1993). The difference
between the model in this paper and the Launder-Reece-Rodi
model are different expressions for the turbulent diffusion and
the pressure strain. A Reynolds stress model was chosen
because the curved channel flow can be classified as a complex
flow situation, i.e. flow with curvature, secondary flow motion
and three-dimensionality. In these types of flows simpler
models fail to predict the flow field correct, and a Reynolds
stress model should be employed (Lakshminarayana, 1986).
The Reynolds stress models naturally include such effects of
streamline curvature, secondary motions, etc., (Wilcox, 1993).
Of course, because the model consists of seven additional
equations compared to two additional equations for a two-
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equation model, the computational time increases and it might
also be more difficult to achieve a converged solution (although
not in this case). But with the computers of today the
advantages surpass the disadvantages.

THEORY

Numerical method

The CFD code used for solving the curved channel flow is
the commercial code CFX-F3D (CFX 4.1 Flow Solver User
Guide, 1995). It is a finite-volume based code using a structured
non-staggered multi-block grid. To avoid chequerboard
oscillations in pressure and velocities, the Rhie-Chow (1983)
interpolation method is used.  The data transfer between blocks
are done by the introduction of dummy cells outside the
boundary of each block. This will make each block overlap a
neighbour block. The interior values in one block will become
the boundary conditions for the neighbour block and vice versa
(CFX 4.1 Flow Solver User Guide, 1995).

All terms in all equations are discretised using second-
order centred differencing apart from the convective terms. The
convective terms are discretised using CCCT (Alderton and
Wilkes, 1988), a second-order method.

The SIMPLEC (Van Doormal and Raithby, 1984)
algorithm is used for the pressure-velocity coupling. This
method differs from the SIMPLE (Patankar, 1980) method by a
different expression for the velocity correction and different
coefficients in the pressure correction equation. This makes it
unnecessary to under relax the pressure correction. It also
makes the SIMPLEC algorithm more economic than the
SIMPLE algorithm and less sensitive to selection and amount of
under relaxation.

Numerical Accuracy

Iterative convergence error

The iterative convergence was controlled by the residuals
of the equations. The residual for the pressure correction
equation is defined as the sum of the absolute values of the net
mass flux into or out of every cell in the flow. The iterative
convergence error was defined as

ei =
MSR
TMF

(1)

where MSR is the mass source residual (the residual for the
pressure correction equation) and TMF is the total mass flux
into the domain. This is of course not enough for the solution to
be converged. The residuals for the momentum and turbulence
equations were also monitored. The reduction by 3 or more
orders of magnitude was taken as a sign of convergence. Figure
1 shows the residual versus iteration step for grid 1. The grids
are listed in table 1.

Grid Number of grid cells
1 160370
2 111750
3 69342
4 43956
5 14430

Table 1. Grid sizes.

Grid convergence error

The grid convergence error is defined as (Celik and Zhang,
1995):

er
exact h

exact
= −φ φ

φ
(2)

where φexact is the exact value and φh is the value from a grid
having grid cell size h. Because the exact value is not known
one can use an extrapolated value as an approximation, and
define an approximative relative error.

e r
extrapolated h

extrapolated
≈

−φ φ
φ

(3)

By using Richardson extrapolation or a similar method it is
possible to obtain such an approximation. The extrapolated
value is obtained as follows (Celik and Zhang, 1995). The error
can be expressed as:

ε φ φh exact h 1 2
2

3
3a h + a h a h= − = + +... (4)

where h is the grid cell size and ai are coefficients which can be
functions of the coordinates but do not depend on h in the
asymptotic range. For sufficiently small h this can be written as:

ε φ φ αα αh exact h
ph)= − = C( (5)

where α is the grid refinement factor, p is the order of the
method and C is a coefficient that can be a function of the
coordinates. By using eq.(5) for three different grid refinement
factors, α1 (=1 in most cases), α2and α3, the following three
equations for p, the extrapolated value and C can be derived
(Celik and Zhang, 1995):
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C =
h

extrapolated h
p

φ φ−
 (8)

By first using eq.(6) to check that the order p of the method
is correct and then eq.(7) (Richardson extrapolation) to get an
approximation of the exact value, this will finally, by the use of
eq.(3), estimate the grid convergence error. However, if φ is
zero, this error estimator becomes singular and it is probably
necessary to choose another variable for φ. For the present case
this is not a problem because the pressure loss which is non-
zero is used as the variable φ.

Turbulence model

The turbulence model used is a Reynolds stress model,
(Daly and Harlow, 1970), (Rotta, 1972), (Naot et al, 1970). It
uses individual equations for the Reynolds stresses and one
equation for the dissipation. The exact form of the
incompressible Reynolds stress equation is (Wilcox, 1993):
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C u u u pu puijk i j k i jk j ik= + +ρ δ δ (12)

where eq.(10) represents the pressure-strain redistribution,
eq.(11) is the dissipation tensor and eq.(12) is turbulent
diffusion. The second term in eq.(9) is advection and the first
two terms on the right side is the production of turbulent stress
by the mean flow.

The turbulent diffusion is modelled using a gradient-type
model (Daly and Harlow, 1970).
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The pressure strain is written as the sum of three terms

Π ij ij ij ij w= + +φ φ φ, , ,1 2 (14)
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and

P =
1
2

Pkk (18)

is the production of Reynolds stress by the mean flow.

Eq.(15) is the return to isotropy term (Rotta, 1972) and
eq.(16) is the return to isotropy of production term (Naot et al.,
1970). The last wall reflection term φij,w, (Gibson and Launder,
1978), is omitted in the present turbulence model (CFX 4.1
Flow Solver User Guide, 1995).

For the dissipation tensor it is assumed that the turbulence
is locally isotropic (Wilcox, 1993), such that

ε δ εij ij= 2
3

(19)

Finally an expression for ε is needed. The quantity ε is the
same that appears in the turbulent kinetic energy equation and
therefore a modelled ε-equation is used.
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The constants in the model are:

cs c1s c2s C1 C2 σε
0.22 1.8 0.6 1.44 1.92 cs/0.16

Table 2. Values of turbulence model constants.

Model assumptions

When the iterative and grid convergence errors have been
checked the remaining errors must come from the wall
treatment and/or the turbulence model itself.

Turbulence model

In the model there are three parts to consider:

1. pressure-strain redistribution Πij
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2. dissipation tensor εij
3. turbulent diffusion Cijk

In the model assumptions there are effects that are not
considered. For the dissipation tensor it is the anisotropy effects
(Wilcox, 1993). The turbulent diffusion is modelled using a
simple gradient-type model (Daly and Harlow, 1970). This
approach is still used in more modern RSM models (Wilcox,
1993), although it could be modelled using more recent models
(Wilcox, 1993). The pressure-strain term is more important
because it is of the same order as production, Pij. Therefore it
plays an important role in engineering flows. Second, because it
consists of unmeasureable correlations, the pressure-strain term
is difficult to model (Wilcox, 1993). Finally, the wall reflection
term for the pressure strain is omitted (CFX 4.1 Flow Solver
User Guide, 1995).

Wall treatment

The near wall region was modelled using wall functions (CFX
4.1 Flow Solver Guide, 1995) for the three mean velocity
components and dissipation, and the remaining six Reynolds
stress components were calculated by linear extrapolation from
values in control volumes interior to the flow (Clarke and
Wilkes, 1989). In order to get a grid independent solution y+
should be between 30-100 (Hallbäck et al., 1996) at the last
node close to the wall. The value for the different grids was
approximately y+=50, (table 3).

Number of grid cells Mean y+ value
160370 45.89
111750 49.02
69342 45.28
43956 49.28
14430 51.64

Table 3. Mean y+ value for all grids.

In order to use a correct y+ value at the wall, the wall shear
stress and the distance to the wall must be known

y y
l

yu y w+ = = =
*

τ

ν ν
τ
ρ

(21)

Because it is not possible to know the shear stress in
advance an y+ value can not be predicted. One has to make a
guess and then adjust the grid to get a reasonable mean y+
value.

RESULTS

Iterative convergence error

Using eq. (1) for the grids resulted in the iterative
convergence error listed in table 4.

Grid Grid cells MSR (kg/s) ei
1 160370 1.09E-3 0.0451%
2 111750 1.90E-3 0.0786%
3 69342 2.63E-3 0.1087%
4 43956 2.75E-3 0.1137%
5 14430 1.12E-2 0.4631%

Table 4. Iterative convergence error ei. MSR is the mass source
residual.

It does seem to be a connection between the iterative
convergence error and the number of grid cells. A coarser grid
gives a larger iterative error. The total mass flux used for
calculating ei was 2.4185 kg/s.

Grid convergence error

To check the grid convergence error, the static pressure
loss in the channel was used as the variable. The pressure loss
for the grids are listed in table 5 and shown against cell size in
figure 2.

Grid Grid cells Pressure loss (Pa)
1 160370 81.55202
2 111750 81.64278
3 69342 82.31980
4 43956 82.53710
5 14430 84.31686

Table 5. Total pressure loss for grids 1-5.

Because the discretisation schemes are second order for all
terms, eq. (6) should render a p equal to about 2. However, eq.
(6) is meaningful only when the solutions converge
monotonically as the grid is refined and when the two values
from the finest grids are in the asymptotic range. As can be seen
from table 5 and figure 2, this might be possible. But when
using eq. (6) for grids 1,2 and 3 this gives p=11.94, i.e. not the
expected value of about 2. There is also a possibility that the
solution does not converge monotonically but in a oscillatory
way as the grid is refined. Then Richardson extrapolation will
not work (Celik and Zhang, 1995).

Instead a least square curve fitting method was tested. This
method tries to fit functions to discrete data by minimising the
sum of the squares error. Grid 5 was assumed to be too coarse
as is suspected when studying table 5. Therefore it was not used
in the curve fitting. The discretisation schemes were second
order accurate. Therefore the pressure losses for grid 1-4 were
fitted to a second order function

∆ ∆p h p Chexact( ) = + 2  (22)
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where h is the cell size. This resulted in
∆pexact=φextrapolated=80.762 Pa and by using eq. (3) a grid
convergence error of er=0.98% was obtained. In figure 2 the
curve obtained from eq. (22) can be seen.

Comparison to experimental data

In the channel several variables were measured at different
locations. It is not possible to show all the measurements
compared to CFD data, it would require too much space. The
comparisons will therefore be made at selected locations, at U1
(where the calculation domain starts and the inlet boundary
conditions are set), U2, 45 and D2 as shown in figure 3. Also
the pressure at the walls at half the channel height was
measured as well as some of the Reynolds stress components
and the turbulent kinetic energy.

 Only half the channel was simulated and measured (Kim
and Patel, 1994). Therefore a symmetry boundary condition
was used in the centre of the channel. The figures (fig. 4-11) are
non-dimensionalised in the y- and z-coordinates by the channel
width H.  The height of the cross section views (fig 4-11) are
less than half the channel height 3H. The real cross section in
the channel has an aspect ratio of 6 as shown in figure 3. The
velocities are non-dimensionalised by the free stream velocity at
U1, U0=16 m/s. The convex inner wall of the bend has a radius
of 3 channel widths and the outer convex wall 4 channel widths.

Description of measurements

The description of the results below are for only half the
channel.

 At the inlet, cross section U1, the main feature of the flow
field is a pair of vortices in the boundary layer of the bottom
wall (fig. 8, Experiments). These were created by the
contraction of the wind tunnel used in the experiment (Kim and
Patel 1994). These vortices can still be seen in section U2 (fig
9, experiments) just before the bend. At section 45 (fig. 10,
Experiments) the two inlet vortices has been smeared out
because of the new vortex formed. This new vortex is created
by the curvature-induced pressure gradients which drives fluid
from the concave to the convex wall. The vortex has moved
towards the centre of the channel in section D2 (fig. 11,
Experiments).

The mean U-velocity (normal to cross section) field at
cross section U1 (fig. 4, Experiments) is also affected by the
vortex pair in the bottom wall boundary layer. At section U2
(fig. 5, Experiments) the effect from the vortices is still present
and the influence from the bend can be seen from the increased
velocity near the convex wall induced by the favourable
pressure gradient along the wall. The increased velocity at the
inner wall is clearly seen in cross section 45 (fig. 6,
Experiments). At cross section D2 (fig. 7, Experiments) the
mean velocity is influenced by the vortex in figure 11 and the
velocity profile is much fuller near the outer wall. The fuller
velocity profile is consistent with the effect of concave
curvature, which acts to increase turbulent mixing and leads to

increased velocity close to the outer concave wall (Kim and
Patel 1994).

Mean Velocity comparison

Section U1 (fig. 4) is where the boundary conditions are set
and the calculation domain starts. These two contour plots (fig.
4) of the mean U-velocity (normal to the cross section) should
therefore be exactly the same. However, this is not the case.
This can depend on the grid distribution in the cross section and
the interpolation of measurement onto the grid. Section U2 (fig.
5) is just before the bend. The bend seems to have some
upstream effect in this area. This is not predicted by the
numerical simulation. Section 45 (fig. 6) is in the middle of the
bend. Here the acceleration of the fluid at the inside wall is well
predicted. Section D2 (fig. 7) is after the bend. The shape of the
U-velocity profile is well predicted but an area of high velocity
to the right for the numerical simulation cannot be seen in the
experiments.

Secondary flow comparison

Section U1 (fig. 8) is where the boundary conditions are set and
the calculation domain starts. The plots are almost identical, as
they should be. Section U2 (fig. 9) is just before the bend. The
experiments shows two vortices in this area. This is not
predicted well enough by the numerics but there is at least a
tendency for the vortices to appear in the simulation. Section 45
(fig. 10) shows the middle of the bend. The magnitude of the
secondary velocities seems to be too high and the centre of the
vortex is too far away from the wall. Section D2 (fig. 11) is
after the bend. The centre of the vortex has moved and that is
also the case in the simulation result. However, the simulation
does not predict the centre location exactly.

Pressure  and shear stress comparison

The wall shear stress had an error scaled by the measured
values of about 30% when comparing measurements and
simulations at the walls (fig. 3) of the cross sections
(Bergström, 1996).

The pressure was measured along the walls in the centre of
the channel. The pressure difference at the inside and outside
wall between a point a small distance from the inlet and a point
far upstream after the bend was compared (table 6).

∆p Inner wall ∆p Outer wall
Experiment 43.7 Pa 44.5 Pa
Simulation 57.4 Pa 57.5 Pa

Table 6. Pressure difference comparison between measurements
and simulation.

This gives an error scaled by the measured pressure
difference of about 30% for the inner and outer wall.
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 DISCUSSION

The flow field in a curved channel has been simulated by
using the numerical code CFX-F3D and a Reynolds stress
turbulence model (Daly and Harlow, 1970), (Rotta, 1972),
(Naot et al, 1970). The grid error was estimated to about 1%
and the iterative error was satisfactory low, about 0.05-0.46%,
depending on the grid size. In this case even finer grids should
have been used in order to estimate the grid convergence error
by the use of Richardson extrapolation. An attempt was done to
estimate the grid error by curve fitting to the formal truncation
error of the numerical method (2nd order). The result seemed
reasonable and it is concluded that this method can be used as
an alternative to Richardson extrapolation.

The turbulence model used, (Daly and Harlow, 1970),
(Rotta, 1972), (Naot et al, 1970), behaved well and all the main
flow phenomena were captured qualitatively.

The simulation result for the U-velocity in the middle of the
bend was predicted well. Upstream of the bend the acceleration
effects was not captured by the model. Downstream of the bend
the model captured the mean U-velocity good, except for a too
high velocity near the concave wall. The main features of the
secondary velocities were simulated well upstream of the bend
but the location and strengths of the vortices could have been
more precisely predicted. In the middle and downstream of the
bend the new vortex formed was captured by the simulation but
the strength and the location was not predicted exactly.

Even if the mean velocities and secondary flow was
simulated well, a comparison between measurements and
simulation for the pressure difference and the wall shear stress
yielded an error of 30%. The simulation resulted in a too large
wall shear stress compared to measurements. This should result
in a too large predicted pressure gradient. As shown in the
comparison, this is the case. The dynamics of the flow field are
captured well in the channel but not at the walls and the
numerical error is small (1% grid error and 0.05-0.46% iterative
error). The remaining error therefore must come from the wall
treatment, i.e. the wall function approach.

The conclusion of the above must be that the wall treatment
is not good enough. Before making any changes to the
turbulence model itself, the treatment of the depending
variables in the near-wall region must be improved.
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Fig. 1. Typical residual plot for the curved channel (grid 1,
160370 cells). The yellow curve is the mass source residual on
which the iterative error is based. The high residual value for
the dissipation is present for all grids. For all grids the iterative
procedure has been stopped when the residuals has levelled out
to a constant value as can be seen in the figure.

Fig. 2. Pressure loss versus cell size. Cell size=(160370/No. of
cells)1/3. The pressure loss from grid 5 is not shown in this
figure. The pressure loss unit is Pascal.

Fig. 3. Geometry of the curved channel and measurement
locations. Comparison between experimental and CFD data will
be made at sections U1 (where the calculation domain starts and
the inlet boundary conditions are set), U2 before the bend, 45 in
the middle of the bend and D2 after the bend. The calculation
domain is limited by the shadowed area in the section view.

 

Fig. 4. This is section U1 showing the U-velocity. The outside
wall is to the right in figures 4-7. This is where the boundary
conditions are set and the calculation domain starts. These two
contour plots should therefore be exactly the same. However,
this is not the case. This can depend on the grid distribution in
the cross section and the interpolation method used.

 

Fig. 5. This is section U2 showing the U-velocity just before the
bend. The bend seems to have some upstream effect in this area.
This is not predicted by the numerical simulation.
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Fig. 6. This is Section 45 showing the U-velocity in the middle
of the bend. Here the acceleration of the fluid at the inside wall
is well predicted.

 

Fig. 7. This is section D2 after the bend. The shape of the U-
velocity profile is well predicted but an area of high velocity to
the right for the numerical simulation cannot be seen in the
experiments.

 

Fig. 8. Section U1, secondary flow. The outside wall is to the
right in figures 8-11. This is where the boundary conditions are
set and the calculation domain starts. The plots are almost
identical, as they should be.

 

Fig. 9. Section U2, secondary flow. This is just before the bend.
The experiments shows two vortices in this area. This is not
predicted well enough by the numerics but there is at least a
tendency for the vortices to appear in the simulation.

 

Fig. 10. Section 45, secondary flow. This is in the middle of the
bend. The magnitude of the secondary velocities seems to be
too high and the centre of the vortex is too far away from the
wall.

 

Fig. 11. Section D2, secondary flow. This is after the bend. The
centre of the vortex has moved and the simulation does not
predict the centre location exactly.
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ABSTRACT
A simulation of the three-dimensional flow field in the

Turbine 99 draft tube using a RST closure is reported in this
paper. The best efficiency point measurements were used as
boundary conditions. The report focuses on boundary
conditions, grid quality, numerical error, analysis of the
resulting flow field and comparison to experimental data. The
incomplete measurements at the inlet made it necessary to
estimate boundary conditions for the radial velocity, the
Reynolds stresses and the turbulent length scale. A block-
structured grid was constructed to achieve a grid of high quality,
which made it necessary to reconstruct the initial surface
topology of the draft tube. The numerical errors, grid and
iterative errors were estimated to 3%-7% and 0.8-0.002%,
respectively. Comparison with pressure measurements at the
upper and lower centerline yielded satisfactory results for the
finest grid (700000 grid points). Comparison with velocity
measurements at a cross section further downstream yielded
qualitatively good results for the main flow but poor agreement
for the secondary flow. The flow field had several interesting
flow phenomena including the vortex below the runner cone
and a large separated region at the outlet.

INTRODUCTION
The Turbine 99 workshop is aimed to be a follow-up to the

GAMM Workshop held at EPFL in Switzerland, 1989 (Sottas
and Ryhming 1993) where the most advanced numerical
simulations at that time were used. The goal with the Turbine 99
workshop is to assess current state-of-the art numerical
simulations of the flow field in a hydraulic turbine draft tube by
comparing numerical calculations with LDV and pressure
measurements.

The draft tube is a scale model (1:11) of the real draft tube
belonging to the Hölleforsen hydro power plant. It is situated in
the Indals River and was started in 1949. The real plant has a
head of 24.9 m, delivers 140 MW (three turbines), rotates with

125rpm and has a flow rate of 149.0 m3/s. The model turbine
has a head of 4.5 m, speed of 595 rpm, flow rate of 0.533 m3/s
and delivers approximately 32 kW. The geometry of the draft
tube is a typical design from the 1940’s with a sharp outer
corner in the bend (figure 1).

The experiments were made at Vattenfall Utveckling,
Älvkarleby, Sweden (Andersson and Karlsson, 1999a and
1999b). The data supplied for the workshop were conducted at
60% load, close to the highest efficiency for the system. Two
cases were measured (both at a head of 4.5 m), one at the
highest efficiency point (Q=0.533 m3/s) on the propeller curve
and one at a higher flow rate (Q=0.544 m3/s). Laser Doppler
Velocity measurements at one cross section further downstream
of the draft tube were conducted as well as the inlet boundary
conditions. Pressure measurements at several locations at the
walls were also conducted.

One engineering quantity, the pressure recovery factor, will
be used, in conjunction with detailed data, to compare the
measurements with the calculations. The present contribution
will focus on the construction of the grid, numerical errors and
the boundary conditions.

 It is important that the solution from a CFD calculation is
close to being grid independent. However, it is in most cases
impossible to achieve a completely grid independent solution.
Therefore it is necessary to estimate the errors. The errors in
numerical flow simulations can be subdivided in two parts, grid
errors and iterative errors. Grid errors (discretization errors)
were estimated by using Richardson extrapolation to estimate
the solution for a grid having infinitely many grid points. This
estimation can then be used to calculate the error. These
methods require the use of several grids in a sequence (at least
three), (Bergström and Gebart 1999), (Ferziger and Peric,
1996).
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Iterative errors can be calculated in several different ways,
e.g. using the residuals or to calculate an estimate of the real
iterative error, (Ferziger and Peric, 1996). In the present case
the residuals were used. Because of the coupling between the
iterative error and the residual, the reduction of the residuals of
a certain order of magnitude implies that the error has decreased
by a comparable amount, (Ferziger and Peric, 1996).

Closely connected to the convergence rate and the
numerical error is the grid quality. If a poor grid is generated,
this might result in poor convergence or divergence. In this
case, where a block-structured grid is used, it is important how
the geometry is divided into subdomains (or “blocks”). Keeping
the control volume edges as orthogonal as possible was one of
the problems which were encountered when trying to generate
the grid for the Turbine 99 case.

One of the challenges in engineering calculations is how to
treat boundary conditions at inlet and outlet. Such a problem, as
in the current case, is the incompleteness of the boundary
conditions, i.e. not all the necessary inlet and outlet conditions
are given as input data for the calculations. This missing
information must be estimated, guessed or in some way
prescribed. This is a common problem when trying to simulate
“real” cases. Usually we do not know all velocity components,
Reynolds stresses or length scales that must be specified for a
simulation. In the workshop case there is probably much more
information available than what is common. More commonly
the only available information would be the flow rate and the
runner speed for a draft tube simulation. One way to get all the
necessary information at the inlet of the draft tube would be to
simulate the flow field separately in the runner. However, a
runner simulation would also need inlet information that might
not be so easily obtained (but probably easier than for the draft
tube inlet).

Starting by describing the numerical method this report
continues with the turbulence model, treatment of the boundary
conditions, grid generation, numerical errors, comparison to
experimental data and finally some required results for the
workshop.

Fig. 1 The Turbine 99 draft tube geometry.

NUMERICAL METHOD
The code used for solving the governing equations is the

parallel version of the commercial code CFX (AEA
Technology, 1997). It is a finite volume based code using a
structured non-staggered multi-block grid. To avoid
checkerboard oscillations in pressure and velocities, the Rhie-
Chow (1983) interpolation method is used.  The data transfer
between blocks is done by the introduction of dummy cells
outside the boundary of each block. This will make each block
overlap a neighbor block. The interior values in one block will
become the boundary conditions for the neighbor block and
vice versa (AEA Technology, 1997).

All terms in all equations are discretized using second-
order centered differencing apart from the convective terms in
the momentum equations. The convective terms are discretized
using higher order upwind, a second-order method. The
convective term in the remaining equations are discretized using
hybrid differencing.

The PISO algorithm (Jang et. al, 1986) is used for the
pressure-velocity coupling. This algorithm was found to give
better iterative convergence rate than the SIMPLEC algorithm.
The PISO algorithm (which is originally a time-marching
procedure) uses one or several correction steps (additional
pressure correction equations), (Jang et. al, 1986).

TURBULENCE MODEL
The turbulence model is a Reynolds stress model, (Daly

and Harlow, 1970), (Rotta, 1972), (Naot et. al, 1970). It uses
individual equations for the Reynolds stresses and one equation
for the dissipation. The terms that must be modeled in the
Reynolds stress equation are the turbulent diffusion and the
pressure strain. The turbulent diffusion is modeled using a
gradient-type model (Daly and Harlow, 1970). The pressure
strain is written as the sum of three terms. A return to isotropy
term by (Rotta, 1972), a return to isotropy of production term
by (Naot et. al., 1970) and a wall reflection term (Gibson and
Launder, 1978), which is omitted in the present turbulence
model (AEA Technology, 1997).

For the dissipation tensor it is assumed that the turbulence
is locally isotropic. A modeled ε-equation similar to the one
used in the k-ε model is used. More details about the model can
be found in (Bergström, 1997) and (AEA Technology, 1997).

BOUNDARY CONDITIONS

Inlet and outlet boundary conditions
At the inlet, the measurements from the highest efficiency

point on the propeller curve (case T) at the Ia(1) radius were
used. At this location the axial (U) and tangential (V) velocity
components were measured. Also the root mean square values
of U and V, u’ and v’ and the cross correlation of U and V, u’v’
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were measured. This is not enough information for a simulation
using the current Reynolds stress model. The missing data were
the radial velocity, one of the normal Reynolds stresses w’w’,
all Reynolds shear stresses and the turbulent dissipation which
must be specified for the current turbulence model. The
velocities were not measured all the way to the walls (the draft
tube wall and the rotating runner cone wall) so some estimation
of the velocity variation from the last measurement point up to
the wall must be done.

Radial velocity
The radial velocity was computed assuming that the

velocity vector was parallel to the walls at the runner cone wall
and the outer draft tube wall. The angle of the walls at the inlet
measured from a vertical plane was θ = 16.8 degrees at the
runner cone wall and θ = –6.9 degrees at the outer draft tube
wall. This angle was used to calculate the radial velocity as:

u ur axial= tan( )θ     (1)

where the angle θ was assumed to vary linearly from the runner
cone to the outer wall (figure 2).
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Fig. 2 Assumed radial velocity.

Axial and tangential velocities
The axial and tangential velocities were measured from

r=103.5 mm to r=235.9 mm so the variation close to the wall
(rinner=98.09 mm router=236.46 mm) had to be estimated. At the
outer draft tube wall the velocity was specified close enough to
the wall to make a linear interpolation to the no-slip condition at
the wall possible.

At the inner wall (the runner cone) the velocity profile was
assumed to have the same boundary layer thickness as at the
outer wall. Then a fourth order polynomial velocity profile was
assumed close to the inner wall. This requires the value and the

derivative of the velocity at the wall and at the outer edge of the
boundary layer. Of these four conditions only the derivative at
the wall could not be calculated from experiments. Then the
derivative (dU/dr) at the inner wall was adjusted until the inner
and outer boundary layer had approximately the same thickness
(~ 4 mm). The final velocity profile can be seen in figure 3.
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Fig. 3 Assumed axial velocity

The same procedure was used for the tangential (or
azimuthal) velocity profile (figure 4).
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Fig. 4 Assumed tangential velocity. The high peak at
the inner radius is the velocity of the runner cone.

Reynolds Stresses
To calculate the Reynolds stresses from the given rms

values of the velocities it was assumed that
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u u u ui i i i' ' ' '= ⋅ (2)

The Reynolds stresses were then linearly interpolated from
the experimental data (figure 5 shows the rms values). The u’
and v’ profiles are quite similar so it was assumed that w’=v’,
i.e. that the turbulence is approximately isotropic at the inlet of
the draft tube. The only Reynolds shear stress given was u’v’.
This stress was about 10% of the normal stresses. Because no
information about the remaining shear stresses (u’w’ and v’w’)
were given and the fact that the u’v’ stress was small, all
Reynolds shear stresses were set to zero

u v v w u w' ' ' ' ' '= = = 0 (3)

Both the velocities and the Reynolds stresses were assumed
to be axisymmetric at the inlet. This made it necessary to
transform both these quantities depending on the azimuthal
positions at the inlet of the draft tube.
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Fig. 5 The rms values of the axial (u’, blue, dash-
dotted curve) and tangential velocities (v’, red, upper

curve)

Turbulent dissipation εεεε
The turbulent dissipation ε was calculated by assuming that

ε µ= C k
l

3 2/
 (4)

where k is the turbulent kinetic energy (which can be calculated
from the normal Reynolds stresses) and Cµ is a model constant
(same as in the k-ε model Cµ=0.09 ). In order to use this
relationship the turbulent length scale or integral scale (l) has to
be specified. (Tennekes and Lumley, 1972) define l as the size
of the largest eddies or the width of the flow. In this case it
seemed reasonable to assume that the largest eddies were of the

same size as the smallest distance between the runner blades.
The Kaplan runner in the test case has 5 blades and the runner
blade angle was about 25 degrees measured from a horizontal
plane (Urban Anderson, Personal communication). The smallest
distance at the mean radius (167 mm) was then 0.09 m.

Wall boundaries
In the current Reynolds stress model, a wall function

approach is only used for the dissipation but not for the
Reynolds stresses. The Reynolds stresses are linearly
extrapolated from values in control volumes interior to the flow
(Clarke and Wilkes, 1989).

Outlet
At the outlet all quantities were given a zero normal

gradient except for velocities, which were given a constant
gradient. The pressure is extrapolated from upstream values.
This is equivalent to assume that the flow field is fully
developed at the outlet. Initially the velocity is first given a zero
normal gradient. The difference from actual mass flow rate is
then calculated. Then a constant multiplied by the outward
going normal is added to the velocities in order to ensure exact
global mass conservation.

GEOMETRY AND GRID GENERATION
The basis for the 3D geometry construction for this test

case was the original paper drawing of the model draft tube.
This paper drawing was converted to a 3D solid model using
the CAD software I-DEAS. This task caused some trouble
because the real draft tube was not exactly constructed by the
measures in the paper drawing. After consulting Urban
Andersson at Vattenfall Utveckling, Sweden (who also
conducted the boundary condition measurements for this
workshop) the geometry was adjusted to be as close as possible
to the real geometry.  This geometry was then converted to
several CAD formats. In this case the IGES format was used.

The solver used, CFX 4.2 (AEA Technology, 1997), is a
block-structured code. The geometry must therefore be
subdivided into several inter-connecting solids before creating
the grid. The surfaces of the original model were not suited to
create a mesh of high quality, a must if good convergence rate
should be possible. The original model was therefore redrawn
quite drastically in order to achieve a well-behaved grid.

The most critical task was to create a high quality mesh at
the upper wall of the bend. The grid for this part of the
geometry can be seen in figure 6. This grid is one way to
achieve a high quality mesh. There are probably several other
possible ways to reconstruct the geometry.
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Fig. 6 The block topology at the upper wall.

If the original topology (figure 7) was used, almost zero-
degree angle elements were generated at the sidewall of the
draft tube.

Fig. 7 Result of grid generation when using the
original surfaces.

 The large errors in these badly shaped elements made it
impossible to achieve a converged solution during the initial
test calculations. This shows how important a good mesh is to
the solution.

NUMERICAL ERRORS
The largest numerical error in Computational Fluid

Dynamics is the discretization error or grid error as found out
by (Bergström and Gebart, 1999). This error will be considered
first. The second error, the iterative error, is usually a smaller
problem than the discretization error.

Grid error
Richardson extrapolation was used to calculate the grid

error as described in (Ferziger and Peric, 1996). This method
expand the discretization error as the leading term in a Taylor
series:

ε φ φ ααh exact h
pa h +H= − = 1 ( ) (5)

where h is the grid cell size, α is a grid refinement factor and a1

is a coefficient that depends on the derivatives but do not
depend on h. Eq. (5) can be used for three grids in a sequence
resulting in an expression for p, the actual order (as opposed to
the formal order) of the numerical scheme.

φ φ
φ φ

α α
α α

α α

α α

2 3

2

3 2

2 1

h h

h h

p p

p p
1

−
−

=
−
− (6)

The three grids have to be in the asymptotic range for this
analysis to work (h has to be small enough). p can then be used
to calculate an approximation of the exact solution (φextrapolated).
α is a grid refinement factor defined as

α=
N
N

/
1

2

1 3





 (7)

where N1 is the number of control volumes (or grid points) for
the finest grid and N2 for a coarser grid. Then the grid error can
be estimated using:

er approx
extrapolated h

extrapolated
, =

−φ φ
φ

 (8)

A question remaining to be answered is what value φh one
should use to calculate the grid error. A natural suggestion in
this case would be the pressure recovery factor that is one way
to describe the efficiency of the draft tube. The pressure
recovery factor is defined as:

C
P P

Q
A

pr
out wall in wall

in

=
−









: :

1
2

2

ρ

(9)

where Pout:wall and Pin:wall are the mean wall pressures at the
outlet and inlet. This definition is adopted because the pressure
measurements were only conducted at the walls. The number of
grid points, the grid refinement factor and the pressure recovery
factor are presented in table 1.
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Grid No. of grid points α Cpr Cpr - s
1 725779 1 0.87174 0.93217
2 515752 1.1206 0.87838 0.94154
3 361279 1.2618 0.86549 0.93217

Table 1. Grid sizes, grid refinement factors and
pressure recovery factor. Cpr is based on wall

pressure.  Cpr-s is based on mean values at the inlet
and outlet surfaces.

Using the values of table 1 (the Cpr based on wall pressures) in
eq. (6) yielded a negative left-hand side. This suggests that the
error decreases with alternating sign, i.e. we have oscillatory
grid convergence (Celik and Karatekin, 1997). Celik and
Karatekin suggest an alternative way of calculating the actual
order p for this case:

φ φ
φ φ

α α
α α

α α

α α

2 1
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h h
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p p

p p
2

−
−

=
+
+ (10)

This equation resulted in p=5.668. This is of course not a
reasonable value of p (which should be between 1 and 2
because both higher order upwind and hybrid differencing is
used). This can depend on the way in which the grid is refined.
The grid is not refined equally in all direction because of the
necessity to have a fine grid close to the walls. If the
Richardson extrapolation method should be meaningful, grids
even finer than the finest used here would have to be generated.
It is possible that the coarsest grid (361279 grid points) is still
not fine enough.

However, it is possible that the two finest grids are in the
asymptotic range and then it is still possible to estimate the grid
convergence error. But then the actual order p can not be
calculated. A natural suggestion would be to calculate the error
using Richardson extrapolation using both p=1 and 2. In this
way we will at least get an upper and lower limit for the grid
convergence error (but one can not be absolutely sure that the
grids really are in the asymptotic range). Richardson
extrapolation can be expressed as (Bergström, 1997):

φ
α φ φ

α
α

extrapolated

p
h h

2
p=
−
−

2 2

1   (11)

Assuming p=2 yields φextrapolated=0.84578 and er,approx=-
3.06950% and for p=1, φextrapolated=0.81669 and er,approx=-
6.74108%. To summarize: the error varies between 3-7% if p is
assumed to be between 1 and 2.

A plot of Cpr for the three grids is shown in figure 8. The curves
in this figure are obtained by solving for η in:

φ α φ ηα( ) = +extrapolated
p (12)

   Fig. 8 Richardson extrapolation (p=1 and 2) applied
to the result from three grids in a sequence. alpha is
the grid refinement. The box, circle and plus symbols

are the results from grid 1,2 and 3, respectively.

Eq. (7), (11) and (12) can also be used to estimate the necessary
grid size for a grid error of e.g. 1%. This results in a necessary
grid size of 3.9*106 grid points for p=2 and 222*106 for p=1.
Unfortunately, due to available computer resources it is not
possible to check if these really are the required grid sizes.
However, we still do not know for sure that the grids are in the
asymptotic range making it a bit hazardous to conclude
anything about the grid convergence error.

Iterative error
The iterative convergence was controlled by the residuals

of the equations. The residuals are coupled to the real iterative
error. This means that a reduction in the residuals implies a
reduction in the iterative error. If zero initial values are used as
a starting guess then the initial error will be equal to the solution
itself. E.g. if the residuals have fallen about 4 orders of
magnitude, then the error should have fallen by a comparable
amount, i.e. the error is about 0.01% of the solution, (Ferziger
and Peric, 1996). (Ferziger and Peric, 1996) also suggest that
the iterations can be stopped when the residuals for the inner
iterations have decreased 1-2 orders of magnitude (Table 2) and
3-5 orders of magnitude for the outer iterations (Table 3). The
convergence criterion for the outer iterations is fulfilled for all
equation except for some of the Reynolds stresses. For the inner
iterations the convergence criterion is fulfilled for all equation
except for the pressure correction equation. However, it should
be noted that table 2 only shows the average reduction in the
residuals for all outer iterations.
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u-velocity residuals 1,79*101

v-velocity residuals 1,72*101

w-velocity residuals 1,64*101

mass source residuals 5,88*100

ε  residuals 1,10*101

uu residuals 5,56*101

vv residuals 5,00*101

ww residuals 4,76*101

uv residuals 5,56*101

vw residuals 4,55*101

wu residuals 5,26*101

Table 2. Average reduction in residuals for the inner
iterations (ratio of the initial residual and the final

residual).

Residual Reduction      Error
u-velocity residuals 1.4*104 0.007%
v-velocity residuals 6.2*103 0.016%
w-velocity residuals 6.4*103 0.016%

mass source residuals 5.3*104 0.002%
ε  residuals 3.0*103 0.033%
uu residuals 4.9*102 0.204%
vv residuals 4.4*102 0.227%
ww residuals 1.2*102 0.833%
uv residuals 1.3*103 0.077%
vw residuals 4.2*102 0.238%
wu residuals 5.8*102 0.172%

Table 3. Reduction in residuals of the outer iterations
(ratio of residuals from second and last iterations)

and error for each variable.

COMPARISON TO EXPERIMENTAL DATA

Pressure measurements
Pressure measurements were (after the workshop) available

at the upper and lower centerline of the walls and at the walls at
the inlet and outlet of the draft tube. Figures 9 and 10 shows the
pressure for the three grids at upper and lower centerline and
the measured pressure.

Fig. 9 Pressure at the upper centerline. The pressure
has been normalized by dividing the pressure at all

locations by the pressure at the first point (at
Distance=0). Distance is the distance in meters from

the inlet of the draft tube.

Fig. 10 Pressure at the lower centerline. The pressure
has been normalized by dividing the pressure at all

locations by the pressure at the first point (at
Distance=0). Distance is the distance in meters from

the inlet of the draft tube.

Figure 9 shows that grid 1 (725779 grid points) agrees
quite well with experiment except for the pressure drop at
Distance=0.5 which is over predicted and an area of too high
pressure between Distance=1 to 2. Grid 1 shows the same
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agreement for the lower centerline (fig. 10) but the pressure is
too high between Distance=0.5 to 1.5.

Sorting the pressure recovery factor by increasing values
results in the order: Grid 1, Grid 3 and Grid 2. The pressures at
the upper and lower centerline behave in the same way. This
again indicates that at least the solution from the coarsest grid is
not in the asymptotic range (required for eq. 6 to work).

Velocity measurements
The velocity was measured at the inlet (the boundary

conditions for the workshop) and at a cross section further
downstream (named cross section III in the workshop) (figure
11).

Fig. 11 Location of cross section III. A contour plot
visualizes the velocity component perpendicular to

the cross section.

In figure 12 the velocity component perpendicular to cross
section III is plotted. The agreement is at least qualitatively
close to the experiments. There is a low speed area to the left
and lower left in both experiment and simulation and a high-
speed area in the lower right corner.

Fig. 12 Velocity perpendicular to cross section III. The
upper part shows the CFD result from Grid 1. The

gray scale is the same for both pictures.

Figure 13 shows the v-velocity component (in positive y-
direction) in cross section III. For this component the agreement
is not good. The experiments indicate that there is one large
vortex rotating in the anti-clockwise direction but the simulation
predicts two counter rotating vortices (cf. fig. 14).
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Fig. 13 V-velocity (in positive y-direction to the right in
the figure) at cross section III. The upper part shows

the CFD result from Grid 1. The gray scale is the same
for both pictures.

Fig. 14 Secondary velocity in cross section III.

Engineering quantities
A number of  engineering quantities were requested for the

workshop. These are presented in table 4. All values are for grid
1.

Quantity Inlet Cross section III
αaxial 1.0488 1.1763
αswirl 6.1553*10-2 2.0140*10-2

β 1.1026 1.0362
S 0.1816 6.0363*10-2

Table 4. Engineering quantities required for the
Turbine 99 workshop.

αaxial and αswirl are kinetic energy corrections factors
(Staubli and Deniz, 1994), β is the momentum correction factor
(Daugherty et. al, 1989) and S is the Swirl intensity (Seeno et.
al, 1978).

The predicted pressure recovery factor was Cpr=0.87174
and the energy loss coefficient was ζ=0.1135 (for the finest
grid). The measured pressure recovery factor was
Cpr=1.122767. The error is 22%; i.e. the simulated pressure
recovery factor is 22% lower than the measured value.

Flow field and pressure distribution
The most striking result from the simulation is the large

vortex that starts just below the runner cone and extends all the
way down to the bottom wall (figure 15). This was expected,
e.g. (Batchelor, 1967) shows analytically that in the case of a
rotating flow inside a pipe having a inner boundary shaped as a
cone, the azimuthal velocity becomes infinitely large
downstream the apex of the cone.

Fig. 15 The vortex below the runner cone visualized
by vortexlines. The vortexlines correspond to the
vorticity vector as streamlines correspond to the

velocity vector.
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The vortex is also an area of recirculation as shown in
figure 16. The velocity in the area below the cone is directed
upwards towards the cone. This is because of the high rotational
speed in the vortex inducing a low pressure just below the cone
(figure 17). Flow visualizations with fluorescent dye showed
qualitatively the same results.

Fig. 16 The vortex visualized using two planes (x=0
and y=0) representing the velocity (m/s) in the z-

direction (w). The w-velocity is positive in the vortex
indicating an upward flow in this area.

Fig 17 The low pressure (Pa) in the area below the
apex of the cone forcing the flow field upwards.

Separated regions were one of the phenomena of interest
for the workshop. This simulation results in three regions close
to the outlet where separation occurs, the largest one
downstream the edge at the upper wall. Figure 18 shows these
three regions. A closer view of the largest region is shown in
figure 19.

Fig. 18 Separated regions visualized by iso-surfaces
of the x-components of the velocity (ux=0).

Fig. 19 The separated region at the upper wall (y=-
0.33). The colors represent the pressure distribution
and shows the adverse pressure gradient inducing

the separation.

The separation zones are also visible at the outlet.
Visualizing the flow field (figure 20) also shows that large
velocities at only a small part of the outlet dominate the flow.
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Fig. 20 The outlet flow field. The flow field is non-
uniform with large velocities at the y>0 lower corner
of the outlet. There are also low magnitude inward
velocities in two regions indicating two separation

zones. (Cf. figure 18).

There were no further major separation or recirculation
zones found in the domain in addition to the ones already
mentioned.

COMPUTER REQUIREMENTS
CFD simulations of this type undoubtedly require large

computers. In this case a parallel version of the code was used
on a 10 processor Silicon Graphics Onyx2 at High Performance
Computing Center North (HPC2N) in Umeå, Sweden. CPU
time, number of iterations and number of processors for all
grids are reported in table 5.

No. of grid points No. of iter. CPU time  processes
725779 2000 9.5 hours 6
515752 2000 6.8 hours 6
361279 2000 6.2 hours 4

Table 5. Computational times for all grids.

DISCUSSION
Starting with the boundary conditions at the inlet it was

necessary to make additional assumptions about the velocity
variation in the boundary layer. However, the question is how
important this really is. Even if the grids were large, the radial
resolution of the grid was only 11 control volumes at the inlet
(with smaller control volumes at the walls but not fine enough
to completely resolve the boundary layer). This means that the
variation of the velocity in the boundary layer in the simulation
really is no better than the original measurements. The reason
for using such a “small” number of control volumes at the inlet
is that one have to decide were the grid should be refined (and

to some extent, how the geometry is divided into subdomains).
In this case it was decided that the grid should have as equal
resolution as possible in all directions in order to be sure that all
flow phenomena were captured. It is of course possible to guess
in advance where interesting areas in the computational domain
exist and create a finer grid there. However, it is possible that
some unexpected phenomena arise.

The prediction of the pressure recovery factor is dependent
on the pressure at the walls, which in turn is dependent on the
prediction of the remaining variables close to the wall. One of
the reasons for the poorly predicted pressure recovery factor
can be that the wall boundary conditions for the Reynolds
stresses are not defined by wall functions in the present code.
Instead, the Reynolds stresses are linearly extrapolated from
values in control volumes interior to the flow (Clarke and
Wilkes, 1989). Using wall functions for the Reynolds stresses
might improve the solution, e.g. like the work by (Perzon,
1997). A wall treatment similar to the work by (Perzon, 1997)
will be included in a future project.

The creation of the geometry and grid was a major part of
the work. The block-structured grid used required drastic re-
construction of the original CAD geometry. This was necessary
in order to achieve a high quality grid (which is necessary to
achieve good iterative convergence), especially at the upper
wall where the cross section changes from being circular to
rectangular. If the original CAD surfaces were used to create the
subdomains, large errors in badly shaped elements at the upper
wall made it impossible to achieve a converged solution during
the initial test calculations. This shows how important a good
mesh is to the solution.

The problem of achieving a high quality grid always
appears when a block-structured grid is used in combination
with a complicated geometry. There are of course some rules of
thumb one can follow when creating the grid, but each time a
new geometry is encountered completely new problems arise. It
is possible that the use of an unstructured grid makes grid
generation easier in this case. However, if a block-structured
grid is the only choice, a way of improving the quality of the
grid can be the use of more advanced grid generation software
available (e.g. ICEM). This can help the user to create block-
structured grids of higher quality, but in the end it is still up to
the user to decide the topology of the grid. This can be a
problem when comparing results from calculations where the
same original geometry has been used, but different topologies.
One at least can hope that grid refinement studies show that the
topology is of secondary importance. However, this is yet to be
proven.

The grid error was 3%-7% depending on the assumed order
of the differencing schemes and the iterative error was
approximately 0.8-0.002% depending on the variable. The
errors were generally larger for the Reynolds stresses. This
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shows that the iterative error is smaller than the grid
convergence error. A result also found out by (Bergström and
Gebart, 1999). Following the recommendations by (Ferziger
and Peric, 1996) the solution has not converged for some of the
variables. This can indicate that trying to reach a steady state
solution in this case is not possible. A transient simulation
should be included in a future study of this case.

In this study the asymptotic range was not reached for the
present grid sequence. The most obvious reason is that the grids
are too coarse. It is also possible that only the coarsest grid is
outside the asymptotic range. The only way to answer this
question would be to create one or several larger meshes.
However, it is also possible that the present grids are sufficient
and that the poor iterative convergence (towards a steady state
solution) for the Reynolds stresses is the reason for not reaching
the asymptotic range. But as mentioned above, it might not be
possible to reach a steady state solution in this case.

The comparison with pressure measurements at the upper
and lower centerlines shows quite good agreement for the finest
grid except for the pressure drop at the upper centerline and the
area of maximum pressure at the lower centerline. The pressure
drop at the upper centerline occurs at the end of the first conical
section of the draft tube (this pressure drop is visible to the right
in figure 17). The reason for the disagreement in this area is
probably that the grid is not fine enough in this area to resolve
this sharp drop. The area of high pressure at the lower
centerline consists of two maximums, the first one also visible
in figure 17 to the lower left and a second, more widespread
area, at the lower back corner of the draft tube. Visualizations
(Andersson and Karlsson, 1999a and 1999b) show that there is
a quite large vortex in this corner. This vortex was not predicted
in the simulation, explaining why the pressure is wrongly
predicted in this area.

The pressure recovery factor was found to be 22% lower
than the measured value. The reason for this (except for the
reasons mentioned above) might be that the outer boundary
layer at the inlet of the draft tube is not resolved enough.
Applying the law of the wall and wall functions too far from the
wall can result in a wrongly predicted pressure. The assumption
of a radial velocity (fig. 2) which was not measured at the inlet
can of course also influence the pressure distribution at the
inlet.

The result from the simulation shows two main phenomena.
The first is the vortex downstream the runner cone. This vortex
is probably unsteady, with the core of the vortex rotating itself
and parts of this vortex coming off, affecting the flow field all
the way to the outlet. This makes it questionable if a steady state
solution of this problem is possible to reach. However, a pure
transient simulation of this case would require transient
boundary conditions at the inlet and the computational time
would probably be very long if high resolution in time is

desirable. It is also possible to conduct a transient simulation of
this case with the presently available boundary conditions. This
can probably shed some light on why is it difficult to reach a
steady state solution. However, one might ask if turbulence
models based on RANS are suited for transient simulations.
Information about the behavior of turbulence models (RANS) in
unsteady flows can be found in (Leschziner, 1998). Generally
one can say that turbulence models (RANS) can be used only if
the unsteadiness is quasi-steady or slow but not if it is moderate
or fast (Leschziner, 1998).

The second phenomenon is the large separation region at
the upper wall. This region stretches out outside the outlet.
Because an assumption of a fully developed flow at the outlet is
assumed the region outside the draft tube should be included in
the simulation. This however, will make the grid even larger
and the equalization wall in the tank downstream the draft tube
has to be modeled in some way. Also, the small fraction of
incoming fluid into the outlet of the draft tube is probably not a
large error source in the calculation.
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Abstract

Transient and steady state simulations of the three-
dimensional flow field in a scale model draft tube
are considered in this paper. The task of this work
has been to perform simulations with high
precision. This particular case has been studied
previously where poor agreement with
experimental data was encountered. A new
approach to the problem was to create a model
consisting of new boundary conditions, grid
topology and geometry. Using this model it was
still very difficult to obtain satisfactory
convergence towards a steady state solution.
However, despite the poor convergence rate in the
steady state simulation, the prediction of the
pressure recovery factor (a global quantity) was
excellent. The error was only 0.45%. To solve the
convergence problems, the next level of modeling
was chosen: transient RANS. This resulted in an
improved convergence rate and agreement with
detailed experimental data (velocity field
measurements). However, simulating time-
averaged flows transiently raised some questions.
Most important whether this is compatible with the
turbulence model or not. The conclusion is that this
must be investigated further. The same turbulence
model was used in both the present and the
previous work. The conclusion is therefore that
control of the numerical model must be established
before any conclusion about the conceptual model
can be made.

Introduction

This paper will consider transient and steady state
simulations of the flow field in a draft tube of a
hydro power plant (Fig. 1). The draft tube is a 5 m
long scale model (1:11) of a draft tube belonging to
an existing hydro power plant (Sweden). The model
turbine data are: head 4.5 m, speed 595 rpm, flow
rate 0.533 m3/s and it delivers approximately 32
kW. The draft tube is a typical design from the
1940’s with a sharp outer corner in the bend (Fig.
1).

Draft tube flows are challenging because of the
complex geometry and the complicated inlet
boundary conditions that result in very interesting
flow patterns. The geometry is usually a curved
diffuser where in this case the cross section changes
from circular to rectangular and back to circular at
the outlet. The swirling inlet flow field complicates
the flow field further. The difficulty in predicting
this flow was encountered at the Turbine 99
workshop in Porjus, Sweden 20-23 June 1999
(from which the geometry is taken). One of the
tasks at this workshop was to calculate the pressure
recovery factor, which is a measure of the
efficiency of the draft tube, and the spread in results
was large indicating the difficulties with simulating
these types of flows (Gebart et al., 2000).

In the workshop contribution by the author
(Bergström, 1999), poor iterative convergence was
encountered (the reduction of the residuals was
insufficient) and the difference between the
measured and calculated pressure recovery factor
was quite large (the simulated pressure recovery
factor was 22% lower than the measured value).
The goal of the present work is to resolve these
problems by improving the model of the draft tube.
The previous work included only steady state
simulations (Bergström, 1999). The present model
includes a new grid topology, geometry, boundary
conditions and transient simulation.

Simulating a time dependent turbulent flow field
using RANS requires some consideration. The
Reynolds Averaged Navier-Stokes are usually time-
averaged. Simulating a time-averaged quantity in
time may seem like a contradiction. But as pointed
out by Kourta (1999), the same equations and the
same number of unknown correlations are obtained
when using ensemble averaging as when using time
averaging. Ensemble averaging allows transient
simulations. In ensemble- (or phase-) averaging, the
velocity is triple decomposed

u U U u= + + ′~ (1)

where U  is a time-mean value, ~U  is a varying
(periodic) component and u´ is the turbulent



fluctuation. The time varying flow field (U + ~U )
will be determined by the ensemble-averaged
Navier-Stokes equations, and the ensemble-
averaged Reynolds stresses must be determined by
a turbulence model (Rodi, 1997).

The present turbulence model was originally based
on time averaging. It is possible to simulate
turbulent flows in time using time averaging as
well, but then it is necessary to be cautious when
defining the averaging procedure. If we define the
time-averaging as:

u U u= + ′                         (2a)
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where T2 is the time scale characteristic of the slow
variations in the flow that does not belong to
turbulence (Wilcox, 1998) and T1 is a time scale
larger than the turbulent fluctuations. Using this
definition we can simulate flows in time with a time
step equal to or larger than T.

The preceding arguments make it likely that
transient RANS simulations are a practicable way
to predict flow fields that can not be obtained by
steady state simulations. If these types of
simulations result in better convergence and better
agreement with experimental data they are well
motivated.

In this paper the result from four calculations will
be presented: stationary and transient solutions on
two different grids. Starting by describing the
numerical method this report continues with the
turbulence model, boundary conditions, the time
step, verification, simulation results and
comparison with experimental data (Andersson and
Karlsson, 1999a and 1999b).

Numerical method

The parallel version of CFX (AEA Technology,
1997) was used for both steady state and transient
simulations. This code uses the finite volume
method to obtain the discrete versions of the
governing equations. The grid is of structured
multi-block type. The control volumes are non-
staggered, i.e. all variables are defined at the same
control volumes. Rhie-Chow (1983) interpolation is
used to avoid checkerboard oscillations in pressure
and velocities. To share information between
blocks, “dummy cells” surround each block. These
cells overlap the neighboring blocks (AEA
Technology, 1997).

Second-order centered differencing is used to
obtain the discrete equations apart from the
convective terms in the momentum equations. They
are discretized using higher order upwind (HUW)
or linear upwind (LUDS), a second-order method
(Ferziger and Peric, 1996). Hybrid differencing is
used to discretize the convective term in the
remaining equations. For the transient simulations
the discretization in time is implicit backward
Euler.

For the pressure-velocity coupling the PISO
algorithm (Jang et al., 1986) is used. Better iterative
convergence rate was obtained using this method
compared to the SIMPLEC algorithm. The PISO
algorithm includes one or several additional
pressure correction equations, (Jang et al., 1986).

Turbulence model

The turbulence model is of the second-order closure
type, (Daly and Harlow, 1970), (Rotta, 1972),
(Naot et al., 1970). Six equations are used for the
Reynolds stresses and one equation for the
dissipation ε. The terms that require modeling in
the exact Reynolds stress equation are the turbulent
diffusion and the pressure strain term. A gradient-
type model is used to model the turbulent diffusion
(Daly and Harlow, 1970). The pressure strain
consists of a return to isotropy term modeled by
(Rotta, 1972), a return to isotropy of production
term by (Naot et al., 1970) and a wall reflection
term (Gibson and Launder, 1978), which is omitted
in the present turbulence model (AEA Technology,
1997). The dissipation is assumed to be locally
isotropic. The dissipation equation is similar to the
one used in the k-ε model. More detailed
information about the model can be found in
(Bergström, 1997) and (AEA Technology, 1997).

Boundary conditions

One of the issues in engineering calculations is how
to treat boundary conditions at inlet and outlet. One
common problem, as in the current case, is the
incompleteness of the boundary conditions; i.e. not
all the necessary inlet and outlet conditions are
available as input data for the calculations. This
missing information must be estimated, guessed or
in some way prescribed. This is a common problem
when trying to simulate “real” cases. Usually we do
not know all velocity components, Reynolds
stresses or length scales that must be specified for a
simulation. More commonly the only available
information would be the flow rate and the runner
speed for a draft tube simulation. One way to obtain
all the necessary information at the inlet of the draft
tube would be to simulate the flow field separately
in the runner. However, a runner simulation would



also need inlet information that might not be so
easily obtained (but probably easier than for the
draft tube inlet). In the future it is likely that some
simulation of the full turbine system, including part
of the geometry upstream of the dam, will eliminate
some of the difficulties with inlet conditions.
However, at present and probably a number of
years to come it is necessary to subdivide the
problem due to hardware limitations.

The boundary conditions for this case were
presented in detail in a previous paper about the
simulation in this draft tube (Bergström, 1999).
Only a short summary will therefore be included in
this paper. Since a RSM model (cf. Turbulence
model) was used, 10 variables had to be specified at
the inlet; three velocity components, 6 Reynolds
stresses and the turbulent dissipation.

The velocity field and associated rms values
(turbulent dissipation and radial velocity excluded)
at the inlet were measured along a radius. In the
simulation all variables were assumed to be
axisymmetric at the inlet. Fig. 2-5 shows the inlet
conditions.

The radial velocity was computed assuming that the
velocity vector was parallel to the walls at the
runner cone wall and the outer draft tube wall. The
angle of the walls at the inlet measured from a
vertical plane was θ = 16.8 degrees at the runner
cone wall and θ = –6.9 degrees at the outer draft
tube wall. This angle was used to calculate the
radial velocity as:

u ur axial= tan( )θ     (3)

where the angle θ was assumed to vary linearly
from the runner cone to the outer wall (Fig. 2).

To calculate the Reynolds stresses from the
measured rms values of the velocities (Fig. 5) it
was assumed that

u u u ui i i i' ' * *= ⋅ (4)

where ui
*  are the rms values and u ui i' '  are the

Reynolds stresses. The Reynolds stresses were then
linearly interpolated from the experimental data
(Fig. 5 shows the rms values). The u* and v*

profiles are quite similar so it was assumed that
w*=v*, i.e. that the turbulence is approximately
isotropic at the inlet of the draft tube. The only
Reynolds shear stress measured was u’v’
(Andersson and Karlsson, 1999a and 1999b). This
stress was about 10% of the normal stresses.
Because the remaining shear stresses (u’w’ and
v’w’) were not measured and the fact that the u’v’

stress was small, all Reynolds shear stresses were
set to zero, including the u’v’ stress.

The turbulent dissipation ε was calculated by
assuming that

ε µ= C k
l

3 2/
 (5)

where k is the turbulent kinetic energy (which can
be calculated from the normal Reynolds stresses)
and Cµ is a model constant (same as in the k-ε
model Cµ=0.09). The length scale (Fig. 6) was
specified differently than in Bergström, (1999). The
length scale in Fig. 6 was obtained by making the
same assumption as in Prandtl’s mixing length
theory, i.e. that close to walls the length scale varies
as

l y= κ (6)

or

dl
dy

= κ (7)

where κ=0.41 is the Karman constant (Wilcox,
1998) and y is the distance from the walls. This
information was used as boundary conditions for a
third-order polynomial

l a a y a y a y= + + +0 1 2
2

3
3 (8)

together with l=0 at the walls (the runner cone wall
and the outer draft tube wall). In the previous
simulation of this particular case (Bergström, 1999)
the length scale was assumed to be constant. In the
present case the boundary layer at the inlet was
resolved more accurately, which made it impossible
to achieve a solution (divergence was encountered)
using a constant length scale. Hence, it was
necessary to include the length scale variation,
especially close to the wall. The maximum length
scale obtained in this way was 0.014 m. A
reasonable value to compare with is the smallest
distance between the runner blades (0.09 m) that
should be a good approximation to the size of the
largest eddies at the inlet. (Tennekes and Lumley,
1972) define the turbulent length scale as the size of
the largest eddies or the width of the flow. Hence,
the maximum length scale obtained from eq. (8) is
smaller than the maximum possible.

The time step

What time scales are involved in this case and how
large or small are these time scales compared to the
chosen time step of 0.05 s? This time step was



chosen as large as possible without having to iterate
too many times in each time step. One possibility is
to calculate a turbulent time scale (turbulent
dissipation time).

τ ∝ l
k 1 2/ (9)

and by using eq. (5),

τ
εµ∝ C k                         (10)

This time scale is plotted in Fig. 7 at the inlet.

Another time scale is the blade passing time of the
Kaplan runner. The runner has 5 blades and a speed
of 595 rpm. This results in a blade passing time of
0.02 s.

The chosen time step in the computations is larger
than both these time scales. The requirement that
the time step should be larger than at least the
turbulent time scales is therefore fulfilled (cf.
Introduction). However, if the turbulent time scale,
eq. (10), is calculated in the whole domain (Fig. 8),
time scales larger than the time step occurs. Fig. 8
shows that turbulent time scales up to 0.5 s occurs
and that they increase towards the outlet.

Verification of the numerical
model

It is important that the solution from a CFD
calculation is close to being grid independent.
However, it is in most cases impossible to achieve a
completely grid independent solution. Therefore it
is necessary to estimate the errors. The errors in
numerical flow simulations can be subdivided in
two parts, grid errors and iterative errors (and in
this case temporal errors as well).

The grid quality is closely connected to the
convergence rate and the numerical error. If a poor
grid is generated, this might result in poor
convergence or divergence. In this case, where a
block-structured grid is used, it is important how
the geometry is divided into subdomains (grid
topology). Keeping the control volume edges as
orthogonal as possible was one of the problems
which were encountered when trying to generate
the grid for the draft tube. To be able to control the
shape and location of the blocks, the present grid
(Fig. 9) was generated using the ICEM CFD Hexa
grid generator (ICEM Technologies, 1997). The
optimized grid was generated by specifying the
control volume size at the boundaries, a grid
expansion factor, and a maximum size of the faces
on the surface grid. The grid topology was created

from a single initial block that was split into several
blocks, which then were projected on the
underlying geometry.

Grid errors (discretization errors) for this case has
been estimated previously by Bergström, (1999).
The grid errors were estimated by using Richardson
extrapolation. This method requires the use of
several grids in a sequence (at least three),
(Bergström and Gebart 1999), (Ferziger and Peric,
1996). The numerical errors, grid and iterative
errors were estimated to 3%-7% and 0.8-0.002%,
respectively for a grid consisting of 725779 grid
points (the finest grid used in that case). In the
present case the grid consisted of 405543 grid
points. However, in the paper by Bergström,
(1999), a different topology of the block-structured
grid than in the present case was used. This makes
it necessary to be cautious when comparing the grid
convergence errors for the present grid and
previous grid.

Since two of the simulations are transient the cost
increases dramatically if an error estimation process
should be conducted. It would require at least three
grids where each grid must be solved using at least
three different time steps in order to estimate the
temporal error (nine simulations). The simulation in
this case used 60 CPU hours on a SGI Onyx 2 using
6 processors to simulate the flow field for 15
seconds (for Grid 1, cf. Table 3). The only sensible
choice when estimating the temporal error would be
to decrease the time step (cf. the chapter about the
time step). If we for simplicity assume that each of
the 9 required calculations uses the same amount of
CPU time (60h) the total CPU time would be 540
hours or 22 ½ days. Hence, the cost is very high to
conduct error estimation for this case in both space
and time. Another problem when trying to estimate
the temporal error is that it is not certain that a
specific time step that results in convergence on
one grid works for another grid, complicating the
error estimation further.

Taking all this into account (and the fact that
comparison with experimental data was very
satisfying) only two grids and one time step were
used in the simulations.

Results

To resolve the problems associated to the previous
work (cf. Introduction), several steps were taken. A
new grid was generated (Fig. 9) were the grid
points were more evenly distributed than in the
previous work (Bergström, 1999). In the
experimental configuration, an outlet tank is present
downstream of the outlet of the old geometry (Fig.
1). This was included in the geometry to eliminate



errors from the outlet boundary conditions by
moving them further downstream.

Using the new grid and geometry it was still not
possible to achieve satisfying convergence towards
a steady state solution. Several different numerical
techniques (under relaxation, false time stepping,
different linear equation solvers, different strategies
for the non-linear iterations, etc.) were tried in order
to resolve this problem, but this did not improve the
iterative convergence sufficiently.

The following chapters will present some results
from both the stationary and transient solutions
including comparisons with experiments.

Stationary solution

The steady state solution was obtained after a large
number of initial test calculations where several
different under relaxation factors and false time
steps were used for the momentum equations. It
was concluded that false time stepping (or
relaxation through inertia, Patankar (1980)) was the
most effective method to reduce the residuals as
much as possible (table 1). The false time step was
set to 1.0·10-4 s.

The residuals were used to monitor the iterative
convergence. In the iterative solution process the
intermediate solutions will not satisfy the
discretized equations completely. If the solution
after n iterations, φn, is inserted in the discretized
equations

A Qφ =                         (11)

this will result in

A Qn nφ ρ= −                         (12)

where ρn are the residuals. However, ρn is a vector
and represents the residuals in each control volume.
Therefore a single global value for each equations
is defined as the sum of the absolute values in each
control volume.

The residuals are coupled to the real iterative error,
which means that a reduction in the residuals
implies a reduction in the iterative error (Ferziger
and Peric, 1996). If zero initial values are used as a
starting guess then the initial error will be equal to
the solution itself. E.g. if the residuals have fallen
about 4 orders of magnitude, then the error should
have fallen by a comparable amount, i.e. the error is
about 0.01% of the solution, (Ferziger and Peric,
1996). Ferziger and Peric, (1996), also suggest that
the iterations can be stopped when the residuals for
the inner iterations (linearised equations) have

decreased 1-2 orders of magnitude and 3-5 orders
of magnitude for the outer (non-linear) iterations.
The convergence criterion for the outer iterations is
in the present case (grid 1) almost fulfilled for all
equation except for the momentum equations
(Table 1). For grid 2 the convergence criterion is
fulfilled (Table 2). But the final residual values (the
momentum equations) are still large for both grids.
Since the residuals are not dimensionless it is
difficult to conclude if a residual value of order 102

is large or not.

Table 1 Residual values and reduction of the
residuals for grid 1 (4000 iterations, 405543 grid
points).

Equation Residual at
second

iteration

Final residual Reduction

u 4,75E+05 5,59E+02 8,50E+02
v 9,35E+04 3,79E+02 2,47E+02
w 4,06E+05 4,27E+02 9,51E+02
p 3,49E+03 5,15E-02 6,78E+04
ε 4,46E+04 5,30E-02 8,42E+05
uu 1,01E+04 2,22E-02 4,55E+05
vv 1,00E+04 2,43E-02 4,12E+05
ww 5,06E+03 4,43E-02 1,14E+05
uv 1,39E+02 1,27E-02 1,09E+04
vw 8,41E+01 2,18E-02 3,86E+03
wu 1,60E+02 1,97E-02 8,12E+03

Table 2 Residual values and reduction of the
residuals for grid 2 (4000 iterations, 229930 grid
points).

Equation Residual at
second

iteration

Final
residual

Reduction

u 5.24E+06 5.31E+02 9.87E+03
v 9.94E+05 4.47E+02 2.22E+03
w 3.70E+06 3.03E+02 1.22E+04
p 3.51E+03 4.75E-02 7.39E+04
ε 2.74E+04 1.47E-01 1.86E+05
uu 9.24E+03 4.61E-02 2.00E+05
vv 9.20E+03 5.08E-02 1.81E+05
ww 4.94E+03 6.94E-02 7.12E+04
uv 1.39E+02 2.20E-02 6.32E+03
vw 7.44E+01 5.14E-02 1.45E+03
wu 1.51E+02 4.50E-02 3.36E+03

Since the solution seemed to be very close to being
converged it is of interest to study this solution
further. Where is the error large and where is it
small? Since the error was large for the momentum
equations the residuals in each control volume for
the v-equation was studied  (Fig. 10). Fig. 10 shows
that the errors are large in the vortex rope region



below the runner cone, the diffuser region in the
middle of the draft tube and in the vortex ring
where the flow field enters the outlet tank (cf. Fig.
11). The errors are probably large in these regions
because of sharp gradients and streamline
curvature. A better resolution of the grid in these
areas and higher order numerical schemes could
perhaps solve this problem.

Comparison between simulations
and experiments

To be able to compare with measurements, the
pressure recovery factor is defined as:
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                        (13)

where Pout:wall and Pin:wall are the mean wall pressures
at the outlet and inlet. This definition is adopted
because the pressure measurements were only
conducted at the walls. In table 3 the measured and
calculated (steady state) pressure recovery factor
can be compared.

Table 3 The pressure recovery factor.
Comparison between steady state computations
and experiment.

Pressure
recovery factor

Relative
error

Experiment 1.122767 ± 0.5% ******
Grid 1(405543
grid points)

1.117665 -0.45%

Grid 2 (229930
grid points)

1.071189 -4.59%

The agreement with experimental data is much
better than in the previous paper by Bergström,
(1999) where the pressure recovery factor was
Cpr=0.87174. The only differences between the
present calculations and the ones by Bergström
(1999) are a new grid topology (Fig. 9), the
inclusion of the outlet tank (Fig. 1) and a new
turbulent length scale at the inlet (Fig. 6). This
shows the strong influence of grid quality on the
results.

Richardson extrapolation can be used to calculate
the grid convergence error for the pressure recovery
factor (Bergström and Gebart, 1999). This means
that it is possible to calculate the value for a grid
having an infinite number of nodes using the two
simulated pressure recovery factors in table 1. This
value can then be used to calculate the grid error.
By assuming that the actual order of the numerical
scheme is between 1 and 2 a relative grid error of 8-
17% for grid 1 is obtained.

The computed velocity field at a cross section (Fig.
12) in the middle of the diffuser region was
compared with measurements (Andersson and
Karlsson, 1999a and 1999b). The velocity
component perpendicular to the cross section and a
secondary velocity component in the cross section
were measured (Fig. 13 and 14). Fig. 13 and 14
shows that the averaged transient solution results in
a better agreement to experimental data than the
stationary solution. Compare for example the
contour line representing 1 m/s in Fig. 13. In Fig.
14 for the v-velocity the averaged transient solution
is clearly superior to the stationary solution. The
averaged solution shows the single vortex clearly as
opposed to the steady state solution. This not
surprising since this cross section is in the area of
high errors or residuals for the steady state solution
(Fig. 10).

Transient solution

For this case the same (steady state) boundary
conditions as for the steady state simulations were
used and the steady state solutions were used as
initial conditions. The transient simulations
exhibited very good convergence in the beginning
of the simulation, but the convergence rate was
decreasing after a certain amount of time. The
source of the convergence difficulties is probably
the backflow at outlet that occurs after about 13 s.
The backflow is incompatible with the boundary
condition that is used at the outlet.

The residuals for the momentum equations where in
general 3 orders of magnitude lower at the end of
each time step than in the end of the steady state
simulation. For the remaining equations the
residuals were 1-2 orders of magnitude lower than
in the steady state simulation (25 iterations where
performed each time step). However, the reduction
of the residuals can not be used as convergence
criterion in this case, since the initial guess for each
time step is much closer to the final solution. To be
able to use the reduction of the residuals as
convergence criterion a zero initial guess must be
used (cf. Stationary solution).  However, the very
low residuals at the end of each time step do ensure
convergence.

Fig. 15 shows the time history of the pressure
recovery factor. The pressure recovery factor
increases immediately away from the steady state
solution and then decreases. The decreasing
convergence rate was beginning at approximately
13 seconds for grid 1 where the pressure recovery
factor suddenly drops. Hence, the accuracy of the
results after this time are low and should be
disregarded. The solution obtained by using the
coarser grid seems to converge asymptotically



towards a steady state between 14-15 seconds.
However, any conclusions about this can not be
drawn without continuing the simulation for several
seconds. To continue the simulation by using grid
1, the time step has to be decreased or more
iterations each time step has to be performed. In
any case, continuing this simulation (grid 1) would
require very long computations to add for example
another 15 seconds.

The development of the flow field in the transient
simulation can be studied in Fig 16 (grid 1), where
the development of the vorticity field can be
studied. The first image in Fig. 16 represents 0.25 s
after the simulation was started. This image is
almost equal to the initial conditions (the steady
state simulation). From the subsequent images it
can be concluded that the flow field changes mostly
in the outlet region. In the inlet region below the
runner cone, the flow is almost not changing at all.
After the sequence shown in Fig. 16, the “jet” that
flows out of the draft tube outlet into the tank start
to move downwards. This increases the flow rate in
the lower parts of the outlet tank. To preserve
continuity the flow field start to flow upstream in
the upper part of the outlet tank. This is not
consistent with the outlet boundary conditions. This
is probably the reason for the drop in pressure
recovery factor (Fig. 15) and the reduced
convergence rate at the end of the transient
simulation.

Discussion and Conclusions

In this paper, simulations of the three-dimensional
flow field in a hydraulic turbine draft tube have
been investigated. The problem with convergence
towards a steady state solution in a previous paper
(Bergström, 1999) and the wide spread in the
results from the Turbine 99 Workshop (Gebart et
al., 2000) was the motivation for this study. By
improving the geometry, the boundary conditions
and the grid topology a much better agreement with
experimental data could be obtained. Please note
that the same turbulence model was used in both
the present case and in (Bergström, 1999). This
shows that the quality of the numerical model
(especially the grid topology) is very important and
that this quality must be ensured before any
conclusions about e.g. the turbulence model can be
drawn.

Both steady state and transient RANS simulations
were conducted. The results from the transient
averaged solutions showed better agreement with
experiment than the steady state solution for the
velocity field. However, for the pressure recovery
factor the agreement with experimental data was
very satisfying for the steady state solution (0.45%

error) even though the iterative convergence was
poor. However, it must be kept in mind that the grid
convergence error was estimated to be between 8-
17%.

A question that arose during this work was if a
steady state solution existed in this case since it was
so difficult to obtain such a solution. Perhaps the
non-converged steady state solution was quite close
to a fully converged steady state solution? That is
why the non-converged steady state solutions were
used as initial conditions for the transient
simulations. If such a simulation would converge
towards a steady state solution and differ only
slightly compared to the steady state solution (the
initial condition), then this solution could be used to
further investigate the flow field. However, as has
been shown, the flow field continued to change
during the whole transient simulation.

Transient RANS simulations seems to be a
promising way to solve these types of problems and
can be an alternative when LES is too demanding
and stationary RANS does not work. However, the
question still remains if transient RANS
simulations really represent reality. Can time-
phase- or ensemble averaging be used in all regions
of flow fields of this type or are LES and DNS the
only solutions? Comparing simulation of this type
with e.g. full field PIV measurements would be
very interesting. An interesting feature of the
transient simulations was that regions of large
changes in the flow field occurred in regions where
the turbulent time scale was much larger than the
time step. When the time step was close to the
turbulent time scale almost no movement could be
detected (cf. Fig. 8). However, this brings us back
to the question of time step vs. turbulent time scale.
It seems reasonable to use a time step larger than
the Reynolds averaging time T. It is also necessary
to use an averaging time that is larger than the
turbulent time scale. This creates a problem in the
outlet region where the time step is much smaller
than the turbulent time scale. Is it mathematically
consistent to perform these kinds of simulations?

The experiences from this work therefore suggests
that future work should include simulations for
longer times, further investigations of the time step,
the influence of grid topology and the inclusion of
an equalization wall downstream the outlet tank.
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Fig. 1 The Turbine 99 draft tube geometry.
At the inlet, part of the Kaplan runner cone

is included.
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Fig. 2 Assumed radial velocity.
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Fig. 3 Measured axial velocity (the velocity
component in the negative z-direction, cf.

Fig. 1).
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Fig. 4 Measured tangential (circumferential)
velocity. The high peak at the inner radius

is the velocity of the runner cone wall.
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Fig. 5 The measured rms values of the axial
(u’, dash-dotted curve) and tangential

velocities (v’, upper solid curve).

Fig. 6 Assumed turbulent length scale.
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Fig. 7 Turbulent time scale at the inlet of the
draft tube. The maximum time scale is

about 0.035 s.

Fig. 8 The contour lines in this figure
represents the turbulent time scale, eq.
(10). The contour lines are plotted in the

midplane of the draft tube.

Fig. 9 The upper part of this figure shows
one of the grids using the old grid topology
(515752 grid points), (Bergström, 1999) and
the lower part is the new grid (405543 grid
points) including the outlet tank. The new
grid has an improved distribution of grid
points, especially under the runner cone.

Fig. 10 The logarithm of the residuals for
the v-equation at the midplane of the draft

tube.



Fig. 11 Velocity vectors at the midplane.
The vortex ring at the inlet of the outlet tank

is an area of high numerical error (cf. Fig.
10).

Fig. 12 Location of the cross section for
comparison with velocity measurements.
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Fig. 13 Contours of the velocity component
perpendicular to the cross section. From
top to bottom: experiment, time-averaged

solution and stationary solution.
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Fig. 14 Contours of the v-velocity
component in the cross section (to the
right in the figure). From top to bottom:
experiment, time-averaged solution and

stationary solution.
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Fig. 16 In this sequence the vorticity
magnitude is represented by contour lines

(grid 1). The vortex ring at the outlet is
convected downstream inside the outlet

tank. Top left: 0.25 s, Top right 1.5 s, Lower
left: 3 s, Lower right: 4.5 s.
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ABSTRACT
The refurbishment of old hydropower installations and the

continuos development of new installations has increased the
interest for better design tools to improve their efficiency.
Computational fluid dynamics has been used with great success
to improve the design of the runner. However, extensive model
testing has been necessary to improve the design of the
surrounding waterways. Even after testing, some uncertainty has
remained concerning the difference between the model scale
and the full scale turbine system. The current trend is therefore
to include as much as possible of the water conduits with a
simultaneous solution of the flow in the turbine runner in an
effort to reduce the need for model testing. However, if high
numerical accuracy is required the number of mesh points for a
complete model of the turbine system has to be at least 107. The
mesh size together with the need for a time dependent mesh in
the runner makes it unlikely that a full simulation with a rotating
runner and advanced turbulence modeling will be possible
within the next several years, even if the most optimistic
estimate of future computer capacity are taken into account. It is
therefore of great interest to find new approximations that will
make a more refined analysis of the waterways external to the
runner possible.

In this paper we present a model for the runner that
preserves any flow non-uniformity existing at the inlet of the
runner in a realistic way through the runner. This has enabled a
complete analysis of the interaction of the flow through the
penstock, spiral casing and guide vanes with the flow in the
draft tube. The mesh requirement and the computational time is
considerably reduced compared to a full simulation with a
sliding mesh model for the runner. The main drawback with the

new model is believed to be that the blade wakes are averaged
out of the problem.

The model we propose is based on a time-phase averaging
technique. The essence of the model is similar to the time
averaging technique used by Adamczyk (Adamczyk, 1985), but
with different averaging time and different mathematical
notation that makes it possible to use the model in a general
case, i.e. both for axial and radial machines. A phase function is
central to the technique and is introduced for weighting in the
averaging procedure. The phase function makes it possible to
time average the flow inside a runner. It is constructed with
generalised functions and a geometrical description of the
suction and pressure side of a runner blade at a reference
position. Exact equations for the time-phase averaged variables
are derived by a formal time-phase averaging of the governing
equations. Some of the terms are accounted for in an
approximate way in the present simulation but it is possible to
calculate better approximations with a simulation of an isolated
runner in a rotating coordinate system. However, even with the
crude approximations that we have used the simulation
produces realistic results for the particle paths through the
runner.

INTRODUCTION
CFD can today be used to simulate very complex flow

situations even using a desktop workstation. But there are still
limitations of the simulation size and complexity. One example
is the simulation of the flow field in a complete hydropower
turbine, including penstock, spiral casing, stay vanes, guide
vanes, runner and draft tube. Investigations have shown that this
is indeed a very large problem. For the draft tube only
(Bergström and Gebart, 1998), a stationary simulation requires
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of the order 106 grid points to achieve a discretisation error of
less than 1%. This means that a simulation of a complete
hydropower turbine would require of the order 107 grid points.
This number of nodes is possible to handle only by the most
powerful computers. However, the geometry also involves a
moving runner and the simulation should incorporate an
accurate turbulence model with high requirements on the mesh
resolution.

A natural first approximation to this problem would be to
try to eliminate the time dependence from the problem by
averaging. This has been done in the past by, e.g. Adamczyk
(Adamczyk, 1985). Adamczyk’s time averaging procedure
involves a gate function that is used to represent the rotating
blade rows in a turbine. This makes it possible to use the
averaging technique inside a turbine.

Another well known method to model turbomachinery flow
is the quasi-three-dimensional technique that uses passage
averaging. In this technique the flow field is divided into a
number of blade-to-blade surfaces (S1) and one hub-to-tip
surface (S2). A passage averaged radial equilibrium equation is
solved at a mean S2 surface and exact solutions of the tangential
and axial momentum equations are solved at several S1
surfaces. In passage averaging the governing equations are
averaged in space between two runner blades. This yields
equations similar to the original equations plus blade force
terms and fluctuating terms due to blade-to-blade variation of
flow properties. These fluctuating terms are evaluated from a
blade-to-blade solution of the tangential and axial momentum
equations (Lakshminarayana, 1996), (Hirsch and Dring, 1987),
(Jennions and Stow, 1985).

Yet another averaging method is local volume averaging. It
is used to derive equations for flow in porous media (Tucker
and Dessenberger, 1994). This is the method that originally
inspired us to the development of the time-phase averaging
technique.

In the present paper we propose an averaging procedure
similar to that proposed by Adamczyk (Adamczyk, 1985). The
main difference with our approach is that the results are
obtained for a general case (both axial and radial machines can
be handled) and that we use Cartesian tensor notation. The
latter makes it easy to implement the results in modern
commercial codes. Adamczyk also uses a different averaging
time. In the present model the averaging time is the time
between two blade passings but in Adamczyk’s model it is the
time for one rotor revolution.

The model requirements are that it should be able to predict
mean flow characteristics, e.g. pressure drop and flow angles in
the runner. It should also allow non-symmetric conditions to
pass through the runner and it should be possible to perform
transient simulations. A limitation with the model is that it will

not be able to predict wakes from the runner blades. The
advantages are that the model does not require a sliding grid
(the runner grid is stationary in the model) and that reduction in
CPU usage and memory requirements is expected. The model
will be useful for optimisation of the parts surrounding the
runner (e.g. draft tube and spiral casing), especially if the details
of the flow in the runner are of less interest.

In the next chapter the basics for the time-phase averaging
technique is described. Then this technique is applied to the
governing equations. To demonstrate the potential of the model
it is applied to a complete hydropower turbine. The model is
then used to simulate both the guide vanes and the runner.

THE TIME-PHASE AVERAGING TECHNIQUE APPLIED
TO A RUNNER

The time-phase average of an arbitrary variable (denoted
by φ below) at a point P is defined as

〈 〉 =
+

∫φ φ
1
T X x t x t dt

t

t T

( , ) ( , ) (1)

where T is the length of the averaging interval and X denotes
the phase function (Tucker and Dessenberger, 1994) which is
defined as

( )Χ x t, =





1     if x is in the fluid
0     if x is in the solid

(2)

i.e. X=0 means that the point x  is inside a runner blade and
X=1 that x is between two blades. Note that the time-phase
average is defined at a point ( x ) fixed in space and that the
solid part is moving. The phase function can be defined in terms
of the moving surfaces (the suction side and the pressure side)
of the blades (see fig. 1). If the runner has constant angular
velocity the flow can be assumed to be time periodic. The
period is defined by the time between two blade passings. With
this assumption it is only necessary to integrate in time over this
period. Because variations in the average flow outside the
runner (with time scale T2) are expected to be slow compared to
the time between two blade passings, it will be possible to
perform transient simulations using this technique. By slow we
mean T1<<T<<T2 where T1 is the time between two blade
passings (typically about 10 milliseconds, cf. Turbine
Specifications) and T2 is the time scale of the slow variations in
the flow. This is similar to the assumptions in Reynolds
averaging (Wilcox, 1998).

Before a formal phase average can be taken of the
conservation equations it is necessary to define the blade
surfaces. Start by considering the equation for the blade surface
when the blade is at a reference position (see fig.1). The
coordinates of the blade surfaces, at the reference position, in a
cylindrical coordinate system are given by
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θ = f r zp ( , )     for the pressure side (3)

θ = f r zs ( , )      for the suction side (4)

where the functions fp and fs must be single valued. Single
valued functions for the description of the runner blades can be
obtained by dividing each blade into two surfaces. This requires
two dividing curves, one at the leading edge and one at the
trailing edge. The dividing curve at the leading edge in a radial
machine is defined by letting a concentric circle around the
runner shrink until it touches the blade at the leading edge and
repeating this procedure for all axial positions along the leading
edge. The intersecting points between the circle and the leading
edge will define the dividing curve. The dividing curve at the
trailing edge is obtained in an analogous way. For an axial
machine the circles would be moved in the axial direction until
they touch the blades. Repetition of the procedure with different
radii would generate the dividing lines. With these definitions it
is possible to define two scalar functions that are zero on the
surface of a moving blade and non-zero everywhere else by

g r z t t f r zp p( , , , ) ( , )θ θ ω= − − (5)

g r z t f r z ts s( , , , ) ( , )θ ω θ= + −   (6)

where ω is the rotational speed (radians/second) of the runner.
Assuming that the runner is rotating in the clockwise direction
(negative θ-direction), the gradient of gp (on the pressure
surface), which is parallel to the surface normal, is pointing in
the positive θ-direction (fig. 1) and the gradient of gs is pointing
in the negative θ-direction (fig. 1).
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Thus, the surface normal vectors defining the surfaces are
pointing out from the blade into the surrounding fluid. Another
important observation is that gp > 0 and gs < 0 (cf. table 1)
before the respective surfaces pass an arbitrary point P if they
started some distance in the anti-clockwise direction from the
point. Both functions change sign after the moment when the
corresponding surface has passed the point P (cf. table 1). It is
now possible to define the phase function X as

( ) ( )Χ ( , ) ( , ) ( , )x t H g x t H g x tp s= − −2 (9)

where H(x) is the Heaviside function (Hoskins, 1979) which is
defined as

H x
x
x

( )
,
,

=
>
<





1 0
0 0

  
  

(10)

The behaviour of the phase function is shown in table 1.

Position of P X H(gp) H(gs) gp gs

Before blade passage 1 1 0 gp>0 gs<0

At the suction side of
the blade

N/D 1 N/D gp>0 gs=0

Inside the blade 0 1 1 gp>0 gs>0

At the pressure side of
the blade

N/D N/D 1 gp=0 gs>0

After blade passage 1 0 1 gp<0 gs>0

Table 1. Values of X, H(gs), H(gp), gp and gs before, during and
after blade passage (N/D= Not Defined).

We will also to need the gradient and the laplacian of the phase
function later. The gradient is

( ) ( ) ( )
( ) ( )

∇ = − ∇ − ∇ =

− −

X x t g g x t g g x t

g n g n

p p s s

p p s s

, ( , ) ( , )δ δ

δ δ
(11)

where δ(g) denotes the Dirac delta function. The laplacian of
the phase function is

( )
( )

∇ =∇⋅ ∇ =

− ∇ + ∇ +∇ ⋅∇ +∇ ⋅∇ =

− ∇⋅ + ∇⋅ +∇ ⋅ +∇ ⋅

2

2 2

X X

g g g g g g g g

g n g n g n g n

p p s s p p s s

p p s s p p s s

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

δ δ δ δ

δ δ δ δ

(12)



                                                                                        4                                           Copyright © 1999 by ASME

Please note that ∇ =g np p  and ∇ =g ns s  applies only on the
runner blade surfaces. We will also need the following integrals

[ ] [ ]

( )

φ
ω

φ φ

ω
φ φ

t

t T

p p p s p s

p p s s

Xdt g x t g x t

n n

+

∫ ∇ = − ∇ + ∇



 =

− +

1

1

( , ) ( , )
(13)

where φp and φs denotes the value of the variable φ on the
pressure and suction side respectively.

F Xdt F
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∫ 2 1
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∂
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∂
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∂
∂

∂
∂

(14)

where Fi is a vector and the subscripts p and s indicates that
quantities within the brackets should be evaluated on the
pressure and suction side respectively. We also need to make a
special treatment of the convective term. To do this we must
expand the instantaneous value of the velocity into two terms
(Tucker and Dessenberger,1994)

u u ui i i= +1
γ

~ (15)

where

γ =
+

∫1
T

Xdt
t

t T

(16)

which is the blade blockage term that appears in passage
averaging (Jennions & Stow, 1985), (Hirsch & Dring, 1987).
The average of the deviations can be expressed in term of the
phase average. By taking the average of eq. (15)

u u u u u ui i i i i i= + = + ⇒ =1 0
γ

~ ~ ~      (17)

Direct application of time-phase averaging of all terms in
the Reynolds averaged Navier-Stokes (RANS) equations and
the mass conservation equation for an incompressible fluid
yields

( )

( ) ( )

ρ ∂
∂
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∂
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(18)

and

∂
∂

u
x

i

i
= 0 (19)

Hence, the time phase averaged variables are governed by the
same equations as the RANS except that the virtual mass force
appear in the momentum equations (last four terms in eq. (18)).

THE MODEL APPLIED TO A COMPLETE HYDRO
POWER PLANT

To apply the model in a complete hydro power plant (fig. 2
and 3) some simplifications were done. It was assumed that the
contribution from the pressure force was dominating and only
this term was taken into account. It was also assumed that the
runner blades were thin. This made the following approximation
possible

( ) ( )F
T

Xpdt
T

p n p n
T

p p n C np p p s s
t

t T

p s m v m= ∇ =− + ≈ − ≈
+

∫1 1 1
ω ω

          (20)

where Cv is a still unspecified factor (see below) and nm is the
surface normal to the mid-surface of the blade. The last step in
eq. (20) is possible since for thin runner blades, the difference
between the normal vectors on the pressure side and suction
side will have approximately the same direction as the mid-
surface normal vector except at the leading and trailing edges.

For the approximate model, we use the approximation
according to eq. (20) for the direction of the mass force that will
replace the runner blades. The magnitude of the flow was
determined by assuming the flow to be tangential to the blades
(in a rotating coordinate system) everywhere in the runner. This
means that the velocity is perpendicular to nm . A target velocity
u , parallel to the blades in a rotating coordinate system, can
then be expressed as (cf. fig 4)

u n u n u n u nm m m m= × × = − ⋅( ) ( )* * *                                 (21)

where u*  is the current iteration value of the velocity. The
velocity is forced towards the target velocity with a ”penalty”
force F defined by
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( )F C u u C u n nm m= − = − ⋅( )* *                                           (22)

which is pointing in the desired direction according to eq. (20).
If the coefficient C is large (C about 106 was used) there will be
a large force that will redirect u* towards u  where necessary.
This model was implemented in the code to get the desired flow
field.  The resulting velocity field will be approximately
tangential to the blades everywhere. The approximation can be
made better by increasing the value of C if desired. However, it
was noticed that very large values affected convergence
adversely.

Turbine specifications
The turbine data are from an 11 MW Francis turbine with a

flow rate of 20 m3/s and a specific speed of ns≈293,
corresponding to n=428.6 rpm. This turbine has 20 guide vanes
and a runner with 15 blades, a diameter of 1.135 m and a width
of b=0.386 m. The inlet blade angle was chosen to be β1=100o.
By using 2-dimensional velocity triangles (fig. 5), the outlet
blade angle was calculated to β2=124o for a purely radial
outflow (α2=90

o
). A linear variation β(r)=kr+m for the blade

angle from outer to inner radius was assumed. The inlet guide
vane angle was calculated to 32o and the guide vanes were
assumed to have the same angle from leading to trailing edge.

The runner is of course highly simplified (see fig. 3) and has
little in common with a real Francis turbine. However, the
purpose of this paper is to assess the time phase model and not
to design a specific blade geometry of a real Francis turbine.
This does not mean that it is not possible to use the time phase
model for a complex runner blade shape. On the contrary, the
time phase model can accommodate any runner geometry, both
axial and radial.

Simulation details
The commercial code CFX 4.2 (AEA Technology, 1997)

was used for solving the Navier-Stokes and mass conservation
equations. It is a finite-volume code using a structured non-
staggered (Rhie-Chow interpolation) multi-block grid. The grid
consisted of 101952 cells.

All terms in all equations were discretised using second-
order centred differencing apart from the convective terms that
were discretised using a higher order upwind scheme for the
velocities and the upwind scheme for the turbulent quantities.

The turbulence model was the standard k-ε model with wall
function boundary conditions although it is well known that this
model is unable to represent all details of the flow accurately
(Hanjalic, 1994). The argument for the use of this simple model

in the present paper is that the main interest was to investigate
the properties of the time-phase average model and not the
accuracy of the turbulence model.

Code implementation
The penalty force formulation, eq. (22), was implemented

in the code as follows. For each grid point in the runner volume
the Cartesian coordinates (x,y) were translated to r,θ-
coordinates. The blade angle for this radius was then linearly
interpolated from the prescribed variation of the blade angle
β(r). This made it possible to calculate the blade normal vectors
in the x and y directions. The forces in the x and y directions, Fx
and Fy, were then calculated using eq. (22). The same method
was used to model the effect of the guide vanes with the
difference that the velocities in eq. (22) are in an absolute
coordinate system. In order to improve convergence the forces
where under relaxed by a factor of α=0.5, i.e.

F F F Fold new old= + −α ( )  (23)

where Fold  is the previous iteration value of the force and Fnew is
the current iteration value.

RESULTS
With the example of a complete hydro power plant (fig. 2),

we can show that the proposed time-phase averaged model can
cope with the flow in the runner and guide vanes (i.e. that the
streamlines are curved as intended) and that it preserves non-
symmetric conditions through the runner.

The simulation shows that the time-phase model for the
runner affects the streamlines inside the runner (fig.6).
However, they are not purely radial at the runner outlet (i.e. α2

is not 90o). This is due to the 2-dimensional derivation of the
outlet blade angle where one of the demands is that the flow
rate must be conserved. This is not the case in the present 3-
dimensional calculation because there is of course also an axial
velocity component in the runner (fig. 7). This makes the outlet
blade angle too small in order to remove the azimuthal velocity
component at the outlet. The effect of modelling the guide
vanes is less clear (fig. 7), but a slight curvature of the
streamlines is present in the area between the outlet of the spiral
casing and the inlet of the runner.  The modelling of the guide
vanes can probably be improved by adjusting the penalty
coefficient C.

The ability to cope with non-symmetric runner inlet
conditions is confirmed by fig. 8. This figure indicates that the
runner inlet flow field is circumferentially non-symmetric and
that this asymmetry is preserved through the runner. This is
especially clear at the 25o position at the inlet and at the 50o

position at the outlet where there is an area of reduced velocity
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magnitude. This is probably due to the “wake” induced by the
spiral casing, at the position indicated by an arrow in fig 9.

CONCLUSIONS
An exact mathematical model is derived for the flow

through a hydraulic turbine system. The time phase procedure
eliminates the need for representation of the runner geometry in
the computational grid and also makes the problem quasi-
stationary.

The resulting equations contains a time derivative term and
are capable of predicting flow transients with a time scale
significant larger than the blade passing period (typically 10
ms). Such transients can be expected in e.g. the draft tube and
are known from practical operation of turbines to be a problem
source. The exact terms produced by the time phase averaging
can be calculated exactly in a separate runner simulation. In the
present paper, however, the effect of the extra terms is
calculated approximately by assuming that the pressure term
dominates, that the runner blades are thin and that the flow
adheres to the blades (no separation). The implementation of
the model is done with a penalty force that is proportional to the
difference between a target velocity that depends on the blade
geometry and the most current iteration value of the velocity.

The runner geometry used in the demonstration of the
model was strongly simplified. However, it is also possible to
use this method for 3-dimensional turbine geometry, e.g. Kaplan
and Francis turbines. Therefore, the next step in the exploration
of this model is to use it in real 3-D turbine geometry to test its
capabilities. In this case all the terms in eq. (18) will be
calculated explicitly to get a better representation of the turbine.
Because real turbines have a complicated geometry, the latest
CAD-technology will be used to derive, e.g. the normal vector
to the runner blades. CAD software often uses NURBS (Non
Uniform Rational B-Splines) representation of the geometry
(Piegl and Tiller, 1995). It is also an advantage to have this
parametric representation when trying to optimise a certain
geometry because the NURBS formulation allows adjustments
of the geometry in a simple way.

A complete hydro power plant was simulated with the new
model including all parts simultaneously. This captured the
coupling between penstock, spiral casing and draft tube. It was
demonstrated in this example that non-uniformities in the flow
before the turbine, e.g. from an unoptimised spiral casing, are
preserved and convected through the runner as if a sliding mesh
model had been used. This makes simultaneous optimisation of
all parts of the turbine system for a fixed runner geometry
possible.
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Pressure side

ns=grad(gs)

np=grad(gp)
eθ
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ez

x

Fig. 1 Definition sketch for the blade surfaces used in time-
phase averaging of the flow in the runner.

Fig. 2 Solid model of a complete hydropower turbine. Only part
of the penstock is visible in the upper left of the figure but the
complete penstock was included in the simulation.

 
br1

r2

Fig. 3 Schematic view of the idealised runner used for the
assessment of the time-phase averaged model.

( )u n u nm m= × ×*

u *

u nm
* ×

nm

( )n u nm m
* ⋅

Fig. 4 Relations needed for the penalty formulation. nm  is the
normal vector to the runner blade, u  is the target velocity and
u*  is the current iteration value of the velocity.

α 1

       β 1

u1

V1v1                 Vr1=V1sin(α 1)

V1cos(α 1)

Fig. 5 Velocity triangle at the inlet of the turbine. α1 is the flow
angle, β1 is the runner blade angle, u1 is the peripheral velocity
of the runner, V1 is the absolute velocity of the water and v1 is
the relative velocity of the
water.
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Fig. 6 Top centre view of the turbine. Showing the effect of the
body forces replacing the guide vanes and runner on the
velocity. The vector plane is located at the mid height of the
runner.

Fig. 7 Side view of the turbine. Notice the axial flow in the
runner. The vector plane coincides with the draft tube mid
plane.
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Fig. 8 Magnitude of the velocity at inlet (upper curve) and
outlet (lower curve) in the centre of the runner.

Fig. 9 Side view (top) and top view of the magnitude of the
velocity. The arrow indicates the connection point between the
spiral casing and the penstock.
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