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A b s t r a c t 

TV holography is an optical non-contacting whole field technique to measure 
deformation. Names as ESPI or Electronic speckle pattern interferometry, Electro-optic 
holography and Electronic holography are commonly used for this real-time video based 
interferometric technique. Shearography has become an important tool in non destructive 
testing. It is a TV holography technique that measures spatial derivatives of 
deformations. The introduction chapter of this thesis includes examples of applications 
and gives a brief description of the techniques. The following chapters contain scientific 
papers which describe the further development and new applications of TV holography 
and shearography. 

First, a new algorithm called temporal phase unwrapping is described for use in step 
loaded interferometric measurements. Spatial unwrapping that can cause problem is 
avoided. Main advantages are; it is inherent simple, errors are constrained within the 
high-noise regions and real discontinuities are automatically unwrapped correctly. The 
algorithm has been applied to shape measurements using projected fringes and phase 
stepping. This technique easily measures the shape of three dimensional discontinuous 
objects. 

Then, a technique is developed aimed to simplify pulsed laser holographic experiments. 
It is a TV holographic technique that allows quantitative measurements from only two 
recorded single exposure frames. It can be applied to sequences of recorded frames for 
time resolved experiments. Furthermore, the alignment of the set-up is simple compared 
to other similar techniques. 

Thirdly, a new optical design is presented which makes two simultaneous experiments 
on one camera possible. The design has been used for combined out-of-plane sensitive 
TV holography and shearography experiments as well as for comparative applications. 
The two quantities can be measured precisely from one single experiment. The 
comparative configuration offers simultaneous visualisation of both the test object and its 
difference with respect to a master in real-time. It might become a useful tool in 
production quality control. 

In the last part, reciprocal principles are combined with TV holography techniques. 
Hidden forces and sound distributions are measured, and non-contacting vibration 
exciters are calibrated. The methods are fast and easy to use and can also be used with 
other measurement techniques and even with point techniques. The sound distribution 
measurements are applied to vibration modes of a violin. 
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1. I N T R O D U C T I O N 

Modern light weight structures and whole field numerical simulations require non-con

tacting field measuring techniques. TV holography and shearography offer efficient 

ways to measure fields of deformation and slope change. The techniques are contact 

free and visualise the deformation in real time. This doctoral thesis contains papers 

which describe the further development of such techniques. It also gives some new 

applications of TV holography and electronic shearography for use in experimental 

mechanics. 

Gabor presented the principles of holography in 1948 [1] as a way to increase the 

resolution in electron microscopy. For this, he was awarded the Nobel prize in physics 

in 1971. However, a major drawback of his technique was the quality of the recon

structed image. This problem was solved when Leith and Upatnieks presented the off-

axis reference beam technique [2]. The development of the off-axis technique and the 

first laser in 1960 resulted in a surge of activity in holography. Almost simultaneously 

several groups invented holographic interferometry. Powell and Stetson introduced 

holographic interferometry for vibration analysis in 1965 [3], Some of the inherent 

problems of holographic interferometry stimulated the development of speckle pattern 

interferometry. The technique was described initially by Leendertz in 1970 [4]. Up to 

that point, photographic film was used to record the holograms or the speckle patterns. 

In 1971 the first papers appeared that proposed the use of video techniques to record the 

hologram [5, 6]. and important work has since then also been published by others [7, 8]. 

The use of electronic recording media was often called Electronic Speckle Pattern 

Interferometry or ESPI. A major feature of ESPI is that it enables real-time fringes to 

be presented upon a TV monitor without any photographic processing. Since then, this 

technique has been improved to include image processing using computers and 

techniques such as phase stepping. In the literature, commonly used names for ESPI 

are: TV holography (used in this text), DSPI (Digital Speckle Pattern Interferometry), 

Video Speckle Interferometry, Electro-optical holography or Electronic holography. 

TV holography and shearography are today used in a wide range of applications within 

experimental mechanics [9, 10, 11, 12, 13]. 

Below some applications are mentioned in section 2 and a brief description of TV 

holography and shearography are given in section 3 and 4 respectively. Finally, the 

appended papers are summarised in section 5. The book Optical metrology by Gåsvik 

gives a good introduction to the field of optical methods in experimental mechanics 

[13]. Important scientific papers are found in the SPIE Milestone series ref. 14 and 15. 
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2. E X A M P L E S O F A P P L I C A T I O N S 

TV holography is best known as a ful l field deformation measuring technique, both for 

static loading and for vibration analysis. However, the technique can also be used to 

measure shape (contouring) or even sound field distributions (phase objects) and for 

non-destructive testing. In the following, applications and experimental results from 

projects performed at the division are shown where TV holography and shearography 

play important roles. 

2.1 Deformation measurements 

In a double exposed holographic interferometric experiment, one component of the de

formation vector field is measured. The complete deformation vector can be measured 

using several views. Static or quasi-static deformation fields caused by external or 

internal forces, heat or relaxation can be measured. Figure 1 shows a typical result from 

a TV holography measurement of the out-of-plane deformation field of a loaded plate. 

The rectangular plate is supported along the top and bottom edges. A bending couple is 

Figure 1. The out-of-plane deformation from a double exposure experiment on an 
aluminium plate. The plate is supported at all four sides and loaded with a 
bending couple at the centre, (a) the interferogram, (b) the wrapped phase 
map, (c) the unwrapped phase map where white correspond to a hill and 
black the bottom of a valley and (d) a 3D-plot of the measured deformation. 
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applied at the centre of the plate at the back side, not seen. The bright and dark lines in 

the figure 1(a) are interference fringes and connect points of equal deformation as 

contour lines. The contour interval is one half of the laser light wavelength X(X = 0.532 

| im for the green laser light used). In other words, the nine fringes in figure 1(a) 

correspond to a deformation of 4.5 X = 2.4 pm. In practice one can resolve up to about 

20 fringes over the field of view, that is a measured deformation of 10 X with a 

resolution better than A/20. Paper G makes use of static TV holographic measurements 

in combination with reciprocity to determine unknown loads. 

In ref. 16, TV holography was used in combination with a multi-channel pressure sensor 

to measure the pressure distribution under sand piles. The deformation of 13x13 defor-

mable steel diaphragms were measured which determined the pressure at all 169 

sensors. With a monotonically-increasing load and suitable calibration, each pressure 

value was measured in a range of 0-2.74 kPa with 1% accuracy. 

2.2 Modal analysis 

Experimental modal analysis gets more and more important as structures and materials 

become more sophisticated. Modal analysis refers to the process of determining 

parameters such as resonance frequencies, damping factors and modal vectors (mode 

shapes). Modal parameters may be calculated analytically or determined from 

experiments. The experiments are often used to verify an analytical model. It is 

common to apply the measured results for structural modifications or to explain the 

dynamics of an existing structure. 

Accelerometers or other contacting experimental techniques can be used for 

experiments on stiff and heavy objects. For thin and weak structures the object 

behaviour can be considerably disturbed by the mass loading from accelerometers and 

Figure 2. Optical modal analysis of a steel plate. The plate is supported at the horizontal 
sides and free to move at the vertical sides, (a) A time-average interferogram 
of an eigenmode and (b) a 3D-plot of the measured deformation. 
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exciters. A non-contact technique such as TV holography or laser Doppler vibrometry 

(LDV) is then to be preferred. LDV is a well known optical point measuring technique 

[17]. 

In an experiment using TV holography, mode shapes are visualised as time-average 

interferograms on a TV monitor in real time, see figure 2(a). These interferograms 

show fringes which are a little different to the double exposure ones, compare with 

figure 1(a). A broad white line in the time-average interferogram marks areas of zero 

vibration, i.e. the nodal lines, and the black lines (fringes) are iso-vibration lines. Going 

from one such fringe to the next corresponds to a change in vibration amplitude of about 

0.1 micrometer. Figure 2(b) shows a 3D-plot of the measured mode-shape. 

The violin consists of a shell structure enclosing an air cavity. Complicated mode 

shapes have been analysed using TV holography [18]. In figure 3 an important 

vibration mode of the violin is shown, usually found at about 550 Hz. This mode is an 

effective sound emitter in the low frequency range and may be referred to as a quality 

mark of the violin [19]. As shown in figure 3 it is possible to determine both the 

vibration amplitude and phase distributions with TV holography [20, 21]. The phase 

distribution is sometime quite important. The same technique also measures small 

vibration amplitudes (< A/20). 

Figure 4 shows three mode shapes in the cylindrical wall of an organ pipe. The pipe 

resonances were analysed in a project together with the local organ builder "Grönlunds 

orgelbyggeri" in Gammelstad, Luleå. The project tried to answer the question: How do 

different alloys and ways of machining the pipes influence the structural behaviour of 

the pipe? The results of the experiments showed that the alloy was the most important 

Figure 3. (a) Amplitude and (b) phase distributions of a violin vibrating at 540 Hz are 
shown. This mode is referred to as the most important one in the lower fre
quency range. In (a), light and dark grey correspond to nodes and anti nodes 
respectively. In (b), white and black represent places of +% and -Tt in vibration 
phase, respectively. 
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factor [22,23]. 

Surrounding or enclosed air affects modes of 

vibration, especially noticeable for thin walled 

structures. This effect is most often neglected 

in theoretical modal analysis. The air-structural 

coupling effect was analysed by Isaksson et. al. 

[24]. TV holography was used for modal 

analysis of a simplified closed violin model. 

When enclosed air was exchanged to a more 

dense gas, a clear effect was found. The 

frequency of the most effected wall resonance 

was changed from 788 Hz to 769 Hz. In such 

experiments the non-contacting technique is a 

necessity not to influence the object response. 

2.3 Sound fields 

Sound fields propagating in air have been 

measured both directly and indirectly using TV 

holography. Reciprocity is an indirect method 

where the source point and the measured output 

point are interchanged. Dynamic reciprocal 

principles can be used to determine sound 

distributions from vibration measurements. The 

reciprocal experiment uses a small loudspeaker 

for excitation at the usual microphone position 

and measures the harmonic deformation of the object, for example with TV holography. 

The measured vibration amplitude is proportional to the sound level at the loudspeaker 

position. This technique is the subject of paper I . 

In 1994, Løkberg presented the first pictures of sound-fields recorded by TV holography 

with a technique he called "Sound in flight" [25, 26]. The small amplitude version of 

TV holography was used to detect the refractive index variations caused by the 

harmonic sound field. A 3-dimensional tomographic reconstruction of the sound-field 

has been achieved using results from several projections [27]. Figure 5 shows the 

amplitude and phase maps from one projection of the sound field generated by a 

loudspeaker. A phase stepped small amplitude technique has been used to determine 

these results [28]. The sound level in the room was about 115 dBA at a frequency of 
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6800 Hz. The wavelength of the sound in air is about 50 mm and is seen in the 

amplitude and phase maps. 

2.4 Shape measurements 

TV holography techniques have also been used for contouring, i.e. to measure the shape 

or profile of 3-dimensional objects. One way to do this is to place the object in a tank 

with a transparent liquid and change the refractive index of the liquid, that is a two 

wavelength technique. Paper E describes a new optical design for contouring giving 

both the shape and the slope simultaneously using a two wavelength technique. It is 

Figure 5. Amplitude and phase maps visualising the harmonic sound field from a 
loudspeaker. The loudspeaker is placed in the right part of the figure and 
facing to the left. 

Figure 6. A 3D-plot of a part of a keyboard measured with a new white light fringe 
projected system based on paper B. 
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also possible to measure the shape by a rotation of the object or by changing the 

illumination angle [29]. 

Another way is to project fringes onto the object [30]. This is, however, a triangulation 

technique and not an interferometric technique as TV holography. The TV holography 

system can easily be modified for such experiments. Paper B proposes a new fringe 

projection technique to measure the shape of discontinuous objects. Figure 6 shows the 

shape of parts of a keyboard measured with this new technique based on the ideas in 

paper B. In paper B laser light was used to illuminate the object with interferometric 

fringes. A set-up with a white light projector and a spatial light modulator (SLM) has 

been used to determine the results shown in figure 6. 

2.5 Non destructive testing 

Non destructive testing (NDT) has important industrial applications. Examples of NDT 

methods are comparative experiments, experimental modal analysis and shearography. 

A comparative experiment between a master and a test object is an efficient way of 

quality control. This can be done by direct optical comparison of the two objects [31]. 

Paper F proposes a new optical configuration for such experiments. 

Experimental modal analysis can be used to determine material properties. Fallström et. 

Figure 7. Electronic shearography is used for non-destructive testing of a ceramic 
material, (a) A vertical crack is clearly seen by shearography as a thin line 
in the centre of the sample, (b) The crack is not easily detected using 
ordinary out-of-plane sensitive TV holography. 
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al. have developed a technique to determine the two Young's moduli and the shear 

modulus in orthotropic plates from measured resonance frequencies [32]. This 

technique in combination with TV holography has been used to determine material 

parameters for wood plates for violins as well as for plates of composite materials [33, 

34]. Other vibration techniques can also be used together with this technique to 

determine material properties. 

In the aircraft industry it is important to be able to detect local delaminations in 

composite materials in vital components. Shearography has successfully been used to 

visualise delaminations [35]. By slightly heating the surface of the composite, delamita-

tions can be detected without damaging the object. Shearography has also been used to 

test ceramic materials for aircraft engines. In figure 7, two different phase maps of the 

same ceramic object are shown. A crack in the centre of the object becomes visible in 

the upper shearography image (7a). This is due to the fact that shearography is highly 

sensitive to local variations in the deformation field. This is an important reason for the 

use of shearography in non-destructive testing. It is difficult or impossible to see the 

same crack in the lower image (7b), which is from an out-of-plane sensitive TV 

holography experiment. Another important advantage of shearography is that it is 

insensitive to noise in the environment. The reason for this stability is that the two 

interfering laser beams have almost the same path way and are subjected to equal 

disturbances. In many other interferometric set-ups, the two beams are subjected to 

different disturbances and that difference will be measured. 

1 1 
Video recorder 

Video printer 
lb \ 

Figure 8. Schematics of the measuring system. 
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3. T V H O L O G R A P H Y 

In the early 1970s, analogue television cameras were used to record one frame before 

and one after the deformation. The analogue signals from the camera were amplified, 

rectified and filtered to obtain the interferogram. Both subtraction and addition of the 

two frames were used [10]. Phase stepping and digitising of the images have since then 

become common. Today, the TV holography technique is a fast and user friendly expe

rimental tool. Figure 8 shows the main parts of the TV holography system used at the 

division of Experimental Mechanics at Luleå University of Technology. A CCD 

(charge couple device) camera in the optical head records images of the laser-

illuminated object. The images are processed by an on-line electronic image processor 

and the resulting interferograms are presented by the TV monitor in real time. Figure 

1(a) shows such an interferogram from a double exposure experiment and figure 2(a) 

shows a time-average interferogram of a sinusoidally vibrating object. The 

interferograms can be stored in the computer, recorded by the video recorder, or printed 

by the video printer. Further image processing can result in 3-D plots of the measured 

deformation. (See figure 1(d) and 2(b).) The lasers used were continuous-wave 

frequency-doubled Nd:YAG lasers of 80 or 450 mW emitting visible green light at 532 

nm. The system was originally developed at United Technology Research Centre and is 

further described in references 36-38. 

The optical part of the system can be arranged in several different ways to obtain a 

suitable measuring sensitivity, e.g. for out-of-plane or in-plane deformation 

Figure 9. Optical head for TV holography experiments sensitive to out-of-plane 
deformations in the z-direction. BS: beam splitter; PS: phase stepped 
mirror; PM: sinusoidal phase modulating mirror; SAM: speckle average 
mechanism; R: relay lens; CCD: video camera. 
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measurements [10, 11]. Shearography is the term used when the optical head is 

arranged to measure the spatial derivative of the out-of-plane deformation. A l l these 

techniques measure the optical phase change in each image point of the examined area. 

The optical phase change is caused either by a change in geometrical path length or by a 

change in refractive index along the optical path or both. A deformation of the object 

surface results in a change in the geometrical path length and the object is often referred 

to as an amplitude object. A phase object, like water or air, introduces a change in 

refractive indices which gives rise to a change in optical phase. 

An often used optical head for TV holography is shown in figure 9 and it measures the 

out-of-plane deformation field, that is the deformation component along the z-axis. In 

general, the projection of the deformation vector along the sensitivity vector is 

measured. In figure 9 is the sensitivity vector along the bisector of the illumination and 

the observation directions and that is almost along the z-axis. A beamsplitter (BS) 

divides the laser light to produce a reference and an object beam. The smooth reference 

beam illuminates the CCD detector via a phase stepping mirror (PS) and an optical 

fibre. The object beam illuminates the diffusely reflecting object and a video lens 

images the object onto the CCD detector. The reference and the object light fields 

interfere on the detector surface. The irradiance at the detector is recorded by the camera 

and sequences of such frames are processed to obtain the final interferogram presented 

on the monitor. How the frames are processed depends on whether the experiment is a 

double exposure or a vibration experiment. To reduce the spatial speckle noise in the 

interferograms, a speckle average mechanism (SAM) is placed in the object beam. The 

SAM alters the object illumination angle in small steps to produce uncorrected speckle 

patterns which are averaged to reduce the noise in the interferograms. The optical 

Figure 10.Optical head for TV holography experiments sensitive to in-plane 
deformations in the x-direction. BS: beam splitter; PS: phase stepped 
mirror; M: mirror; SF: spatial filter and beam expander; CCD: video camera. 
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arrangement for in-plane deformation field measurements is shown in figure 10. The 

deformation component along the x-axis is measured with this set-up. 

3.1 Double exposure measurements 

In a double exposure experiment the optical phase change between two object states is 

measured. This phase change is most often caused by a deformation of the test object, 

but as seen in section 2 there are several other possibilities. Assuming stationary condi

tions during the exposure time, the irradiance at a pixel (x,y) in the first recorded image 

can be written as 

where subscripts o and r refer to the object and the reference light respectively. 8(x,y) is 

the random phase difference between the smooth reference and speckled object light. 

After deformation the irradiance becomes 

I ( x , y ) = I 0 ( x , y ) + I r ( x , y ) + 2 A / I 0 ( x , y ) I r ( x , y ) c o s ( e ( x , y ) + i2 (x ,y ) ) , (2) 

where £2(x,y) is the optical phase change to be measured. During the experiment an in

terferogram is used to visualise the result, see figure 1 (a). The interferogram can 

mathematically be described as 

where Idc(x,y) is the background intensity and y(x,y) the visibility of the fringes. Going 

from one fringe to the next corresponds to a phase change of ±27t. The sign of this 

phase change can not be determined from one such interferogram. Today it is common 

to use several phase stepped images to determine the phase. There are three unknown in 

eq.(3) ( L j c , y and £2), thus at least three phase stepped images have to be used to 

determine the phase Q.. Creath has reviewed and analysed a number of useful phase 

stepping techniques for phase evaluation [12, 39, 40]. The phase is with such methods 

determined within an interval of [-7t, + T C ] . One such wrapped phase map is shown in 

figure 1(b). Thus, the sign ambiguity is resolved by the phase stepping. Phase 

unwrapping is used to obtain the continuous phase distribution from the wrapped phase 

map, see figure 1(c) [40, 41]. 

The way by which Q(x,y) is related to the deformation vector depends on the optical 

set-up [11]. I f the out-of-plane configuration in figure 9 is used with parallel 

illumination and observation directions along the z-axis, the out-of-plane deformation 

w(x,y) is determined from 

I ( x , y ) = I 0 ( x , y ) + I r ( x , y ) + 2 ^ I 0 ( x , y ) I r ( x , y ) cos(9(x,y)), (1) 

(3) 
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w ( x , y ) . (4) 

Thus, one fringe in the interferogram or one sequence in the wrapped phase map 

( Q ( x , y ) = 2TC) is equal to a deformation change of X/2 or here about 0.27 um. For the 

in-plane sensitive set-up in figure 10, the measure phase Q(x,y) is related to the 

deformation component u(x,y) as 

where u is along the x-axis and 2a is the angle between the illumination beams. For a = 

45°, one fringe in the interferogram is equal to an in-plane deformation difference of 

XN2 = 0.707A.. Vibrations can also be measured with the double exposure technique i f 

short exposure times are used. Valera et. al. have developed a stroboscopic technique to 

determine both the amplitude and the phase of harmonic vibrating objects [42]. 

However, it is more common to use the time-average technique for vibrating objects. 

3.2 Time-average measurements of harmonic vibrations 

In a time-average measurement, the exposure time is long compared to the vibration pe

riod. The intensity in the recorded frame will then be [36] 

I ( x , y ) = I 0 ( x ) y ) + I r ( x , y ) + 2Vl 0 (x ,y ) I r (x ,y )cos (e (x ,y ) )M[Q(x ,y ) ] , (6 ) 

where M[Q(x,y)] is called the fringe locus function. It is equal to the zero order Bessel 

function J0[£2(x,y)] for a harmonic single frequency object excitation. To get true 

Bessel fringes the exposure time should be longer than the time needed for about 5 

vibration periods [43]. However, in practice it is no problem to apply TV holography to 

vibrations down to TV frequency (usually 25 or 30 Hz). The fringe pattern wil l still 

look as a zero order Bessel one, but care most be taken in numerical evaluation. Phase 

stepping is also possible in vibration experiments. I f a four frame technique is used, the 

following phase stepped frames are recorded in steps of njt/2, n=0,1,2,3 

I 1 ( x , y ) = I 0 ( x , y ) + I r ( x , y ) + 2 V l 0 ( x , y ) I r ( x , y ) cos(e(x ,y))J 0 [Q(x,y)] , (7a) 

l2 (x ,y) = I 0 ( x , y ) + I r ( x ! y ) + 2^I 0 (x ,y) I r (x ,y)cos(9(x ,y) + 7: /2)Jo[f i (x ,y)] , (7b) 

I 3 ( x , y ) = I o ( x , y ) + I r ( x , y ) + 2Vl o (x ,y) I r (x ,y)cos(e(x ,y) + j : ) J 0 [ Q ( x , y ) ] , (7c) 

(5) 

I 4 ( x , y ) = I 0 ( x , y ) + I r ( x , y ) + 2 A / I 0 (x ,y)I r (x ,y)cos(6(x,y) + 3 * / 2 ) J 0 [ Q ( x , y ) ] . (7d) 
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The time-average interferogram I o u t shown on the monitor is calculated by the image 

processor from the last four recorded frames using the relation 

Iou t (x ,y ) = ^ ( I i - I 3 ) 2 + ( l 4 - l 2 ) 2 = 4 | V l o ( x , y ) I r ( x , y ) J 0 [ Q ( x , y ) ] | . (8) 

Eq. (8) is updated and presented as i f in real-time at TV-rate. For harmonic vibrations 

the intensity becomes proportional to the zero order Bessel function 

I o u t ( X ) y ) o c | J 0 [ Q ( x , y ) ] | . (9) 

Such interferograms are shown in figure 2(a) and 4. It is not possible to know i f anti-

nodes are in or out-of-phase with each other from such an interferogram. This problem 

is solved by harmonic phase modulation using a vibrating mirror in the object beam, 

that is introducing a bias vibration. The bright nodal line in the interferogram will then 

be shifted to the parts of the object which have equal amplitude and phase as the bias 

vibration of the mirror. A second piezo mounted mirror, PM in figure 9, is used for the 

bias vibration. Mohan et. al. has combined phase stepping and bias vibration on one 

mirror in a desensitised set-up [44]. This simplification can be applied in other set-ups 

as well. For post processing or numerical evaluation of vibration maps, there are two 

techniques available for time-average interferograms. Both techniques have been used 

with the present system and are mentioned below. 

3.2.1 E v a l u a t i o n by fringe shift ing 

Stetson and Brohinsky developed a fringe shifting technique in 1988 [36, 45]. Three 

interferograms are used. One without bias vibration, one with positive bias and one 

with negative bias vibration. The negative bias vibration is 180° out-of-phase with the 

positive one. From these three interferograms the vibration amplitude is calculated, see 

figure 2(b). Al l three such interferograms from a shearography experiment can bee seen 

in paper H, figure 6. The procedure of the fringe shifting technique is similar to the 

evaluation of double exposure experiments. This technique assumes that the vibration 

phase distribution is pure (parts of the object are either in or out-of-phase). I f the object 

is lightly damped and has well separated modes in the frequency domain, the phase 

distribution is pure and this technique is very useful. In practice this technique works 

fine when there are about five fringes in the interferogram, i.e. the object has a 

maximum vibration amplitude of about 0.6 pm. 

3.2.2 Bessel-slope evaluation of smal l amplitudes 

Sinusoidal phase modulation is also used in the Bessel-slope technique, initially descri

bed by Høgmoen and Løkberg in 1977 [20]. The amplitude of the bias vibration is 
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Relative intensity 

Figure 11. Relative intensity vs. vibration amplitude and the linear part of the Jo2 

function, used to measure small vibrations. Wbias is the vibration amplitude 
of the phase modulation. 

adjusted to about one half of the first dark fringe in a time-average interferogram, see 

figure 11. Thus, a small object vibration on top of this bias vibration will cause a relati

vely large intensity change in the interferogram, as the slope of the fringe function is 

large at this amplitude. Five or six interferograms with different bias vibration for 

calibration and measurements are used in the post processing as well as several re

cordings in combination with averaging. The details of the technique are described in 

ref. 21. Both the vibration amplitude and phase distribution are measured as shown in 

figure 3. The technique is limited to vibration amplitudes less than A/20 and it has been 

used to measure amplitudes down to A/3000. For this unofficial "world record" in small 

amplitude measurements using TV holography, Ellingsrud and Rosvold used 52,800 

frames to measure a vibration amplitude threshold below 0.2 nm. 

The high sensitivity of the technique offers an opportunity to visualise harmonic sound 

fields as mentioned in section 2.3. The Bessel-slope technique also has advantages in 

applications where the phase distribution is non trivial. 

4. S H E A R O G R A P H Y 

So far TV holography with out-of-plane and in-plane sensitive optical heads have been 

described. Other optical heads can be used together with the same electronic system. 

Shearography is one important version of the TV holographic technique which 

measures spatial derivatives of the object field. The first papers describing shea-
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rography are from 1973-74. Photographic plates were then used to record the speckle 

patterns [46, 47]. 

4.1 Spat ia l derivatives of deformation fields 

The optical head for shearography that has been used in Luleå is shown in figure 12. 

Two images of the same object are sheared, that is, translated a short distance relative to 

each other and added into one image. Light from two neighbouring points of the object 

is thus interfering at the same point at the CCD detector. A difference in deformation of 

these points wi l l result in a phase change. A Michelson interferometer set-up, (see 

figure 12) is used to introduce the shear Ax or Ay by tilting one of the mirrors. Phase 

stepping is introduced in one arm of the interferometer by a piezo mounted mirror. The 

recorded frames are treated by the system as before. For parallel observance and illumi

nation directions and with a shear in the x-direction of Ax, the relation between mea

sured optical phase Q and slope change dw/dx is [47] 

Q ( x , y ) = 4 * ^ Z ) A x ( 1 0 ) 

A dx 

assuming a small shear Ax. I f the shear distance is not sufficiently small, a difference 

quotient Aw/Ax is measured. Thus, the sensitivity is selected by adjusting the shear dis

tance Ax or Ay with the tilted mirror M2. 

Shearography is less sensitive to environmental noise than most other optical set-ups 

since the two interfering beams travels almost along the same optical path, compare 

figure 12 with figures 9 and 10. 

Illumination 

Video lens 

]—' Object beam 

Object 

Figure 12. Optical head for electronic shearography, which measures the slope change 
of the object surface. M l , M2: mirrors; R: relay lens; CCD: video camera. 
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It is sometimes favourable to use shearography for deformation measurements, larger 

amplitudes can be measured and the sensitivity can be adjusted. The numerically evalu

ated result is integrated to achieve the deformation field. Mohan et. al. have used both 

phase stepping and sinusoidal phase modulation to apply shearography to vibration ex

periments [48]. 

5. T H E T H E S I S 

Our TV holography system was installed in 1991. It gives high quality fringes at TV-

rate and is therefore suitable for real-time visualisation. It is designed to be very 

flexible and simple to use with different optical configurations. The most modern 

versions of TV holography are more compact and integrated, e.g. the image processor 

may be integrated in the host computer. The optical heads are small compact units, 

optical fibres are in common use and systems with several CCD detectors are available. 

The nine appended papers can be divided into four groups as follow. 

5.1 Tempora l phase unwrapping 

In paper A a new algorithm is presented which makes spatial phase unwrapping 

unnecessary. The technique can be used in experiments where the load is applied in 

small steps. A further advantage of the algorithm is its inherent simplicity involving 

only a summation of the phase differences between small loading steps. The results 

shown in paper A are from a tensile test and using an in-plane sensitive set-up. This 

technique can in principle be implemented in real-time systems to directly measure and 

visualise continuos phase maps, such as the one shown in figure 1(c). A research group 

at Loughborough University of Technology are in progress to build such a real-time 

system using the present algorithm. This paper is also published in the SPBE Milestone 

series Selected Papers on Interference, Interferometry, and Interferometric Metrology 

[15]. 

Paper B describes a new application of the algorithm to measure shape. Discontinuous 

objects are measured using a fringe projection technique. A patent has been applied for, 

based on this idea. The technique is being developed for large objects using a white 

light projector. Figure 6 is from the first experiment with the white light projector. The 

technique has a wide range of applications. With a fast real-time system to process the 

data, it can be applied to effective and precise shape measurements. Thus, it may be 

used for mobile robot navigation or measurements of a persons movement in a virtual 

reality system. 
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5.2 T i m e resolved T V holography 

So fare, temporal techniques have been mentioned for quantitative measurements. I.e., 

several phase stepped frames have been used at each object state. However, it is also 

possible to use spatial techniques. Paper C presents a spatial fringe modulation 

technique for numerical evaluation of interferograms in spite of the fact that only one 

recording of the object is taken at each object state. This have been achieved using 

large object speckles covering several neighbouring pixels coded by a slightly off-axis 

reference beam. This technique is now being implemented in a pulsed laser system for 

time resolved TV holography at the division of Experimental Mechanics at Luleå 

University of Technology. This should simplify numerical evaluation of pulsed 

holographic experiments a lot. 

5.3 Simultaneous measurements on one detector 

The next three papers concern optical design. Paper D proposes an optical 

configuration for the simultaneous measurement of out-of-plane deformation and slope 

change. This technique eliminates the use of a multiaperture configuration and 

measures both quantities in a single experiment. In paper E phase stepping was 

introduced to improve the experiments. The technique was also applied to a two 

wavelength contouring experiment to measure both shape and slope of continuous 

objects. Paper D has recently been selected to appear in a new volume of the SPIE 

Milestone series Electronic Speckle Pattern Interferometry: Principles and Practice. 

The design was modified in paper F for comparative vibration analysis. It measures the 

vibration amplitude of the test object and its difference relative to its master in real-time. 

In addition to other comparative configurations, the present design offers simultaneous 

visualisation of the results. The technique can be used in production to classify the 

quality of products. It can also be used for static comparative applications. 

5.4 Rec iproc i ty i n statics and dynamics 

The last three papers describe reciprocal applications of TV holography and shea

rography. Paper G presents an easy to use and fast method to determine static external 

or internal forces. This method can also be combined with other measuring techniques. 

It is also possible to determine "hidden" loads as the force at the supports. 

Dynamical reciprocity is applied in the last two papers. A technique to calibrate the 

applied force from non-contacting exciters for modal analysis is described in paper H. 

Non-contacting excitation is to be preferred in TV holography experiments to obtain a 

completely non-contact analysis of the object. The last paper make use of reciprocal 
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measurements of sound distributions for modes of vibration of a violin. These 

experiments were performed in an ordinary laboratory. 
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Temporal phase-unwrapping 
algorithm for automated interferogram analysis 

J. M. Huntley and H. Saldner 

A new algorithm is proposed for unwrapping interferometric phase maps. Existing algorithms search 
the two-dimensional spatial domain for 2-n- discontinuities: only one phase map is required, but phase 
errors can propagate outward from regions of high noise, corrupting the rest of the image. An 
alternative approach based on one-dimensional unwrapping along the time axis is proposed. It is 
applicable to an important subclass of interferometry applications, in which a sequence of incremental 
phase maps can be obtained leading up to the final phase-difference map of interest. A particular 
example is quasi-static deformation analysis. The main advantages are (i) it is inherently simple, (ii) 
phase errors are constrained within the high-noise regions, and (iii) phase maps containing global 
discontinuities are unwrapped correctly, provided the positions of the discontinuities remain fixed with 
time. The possibility of real-time phase unwrapping is also discussed. 

Key words: Phase unwrapping, moiré, speckle and holographic interferometry, automatic fringe 
analysis. 

Introduction 

Optical in ter ferometr ic techniques such as mo i ré , 
and speckle and holographic in ter ferometry have 
been developed for measurement of a wide range of 
physical parameters such as displacement, s train, 
v i b r a t i o n , surface p rof i l e , and re f rac t ive index. 
They have advantages over other techniques i n being 
noncontact ing and prov id ing whole-field in fo rmat ion , 
bu t they o f t en need numerical in terpre ta t ion to be of 
opt imal use to the scientist or engineer. W i t h a l l 
these techniques the parameter being measured is 
encoded i n the f o r m of a two-dimensional (2-D) f r inge 
pat tern. Two principal methods exist fo r extract ing 
the under ly ing phase d is t r ibu t ion: (i) s h i f t i n g the 
fringes t h r o u g h known phase increments and (ii) 
Fourier t r ans fo rmat ion o f a single pat tern containing 
carrier fr inges. A review o f these methods is given 
by Reid . 1 However, i n bo th cases the calculated 
phase values are wrapped onto the range - T T to T T , and 
the process o f phase unwrapping, i.e., restorat ion of 
the u n k n o w n mul t ip le of 2TT to al l pixels, must be 
carried ou t before the parameter can be deduced f r o m 

J . M. Huntley is with the Cavendish Laboratory, University of 
Cambridge, Madingley Road, Cambridge CB3 O H E , UK. H. 
Saldner is with the Division of Experimental Mechanics, Luleå 
University ofTechnology, Luleå S-95187, Sweden. 

Received 29 June 1992. 
0003-6935/93/173047-06$06.00/0. 
© 1993 Optical Society of America. 

the phase d is t r ibu t ion . Phase unwrapping is there
fore central to most algori thms fo r automatic f r inge 
analysis. 

Existing Phase-Unwrapping Algorithms 

The normal method o f phase unwrapping involves a 
spatial comparison o f phase values at neighboring 
pixels. Consider the phase map shown i n Fig. 1(a), 
i n which black represents - T T and whi te is + T T . 
Given the phase at pixel P, the phase at any other 
pixel [Q i n Fig . 1(a)] can be unwrapped by counting 
the number of 2-rr discontinuities along any path (say, 
A or B) l i n k i n g pixels P and Q. Denot ing the se
quence of phase values along the path by 4>(i) (i = 0, 
1 , 2 , . . . , N), the number of discontinuities d{i) (i = 1, 
2, . . . ,N) between two adjacent pixels, i - 1 and i, 
can be calculated as 

d(i) = [{*(;) - w - i ) ] / 2 i r } ] , ( i ) 

where [ ] denotes rounding to the nearest integer. 
I n detecting the f r inge edges this way i t is assumed 
impl ic i t ly tha t the image digitizer samples the fr inge 
pat tern at a spatial frequency of at least twice the 
highest spatial frequency present i n the pattern, i n 
accordance w i t h the Shannon sampling theorem. 
The t rue phase change between two neighboring 
pixels, i - 1 and i, should then be i n the range - I T to 
T T . Values outside th i s range therefore indicate tha t 
a 2TT discontinui ty lies between the two pixels and 
result i n a value of d of either —1 or + 1 . The total 
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Fig. 1. Conventional (spatial) phase-unwrapping method. The 
phase at Q relative to P is obtained from the number of 2-rr 
discontinuities crossed by any path (e.g., A or B): (a) noise-free 
case, (b) noise-induced discontinuity sources 1 and 2, which cause 
unwrapping errors dependent on the path taken. 

number of 2TT discontinuit ies along the pa th is calcu
lated as 

V - 2 d(i (2) 

and 2-rrv is t hen subtracted f r o m the phase at pixel Q. 
I n the example shown i n Fig . 1(a), v = - 3 . 

Phase unwrapp ing can i n principle be carried out 

by any path, since the under ly ing phase d is t r ibu t ion 
is a single-valued func t i on of posit ion i n the image. 
The simplest method involves unwrapping each row; 
the rows are then phase adjusted relative to one 
another by unwrapp ing along a single co lumn. 2 

However, the presence of noise causes unwrapping 
errors. Figure 1(b) is a simple i l lus t ra t ion , i n which 
a break i n the phase step (owing to noise) occurs at 
the center o f the map. Points 1 and 2 can be 
regarded as discontinuity sources, since they mark 
the start or the t e rmina t ion o f a 2 u discontinuity. 
The value of v then depends on the path by which 
unwrapp ing takes place: path A has vA = - 3 , 
whereas pa th B has vB = - 2 . The presence of noise 
can therefore result i n large (2TT) phase errors i n 
regions o f the image wel l away f r o m the noise. 

Discont inu i ty sources can also arise i n a phase map 
for other reasons. I f the fr inges are not sampled at a 
suff ic ient ly h igh spatial frequency, the t rue phase 
change between pixels can lie outside the range - T T to 
TT and w i l l be misinterpreted by the phase-unwrap
p ing procedure out l ined above. A second possibility 
is tha t the f r inge pat tern may be inherent ly discontin
uous; fo r example, an object containing holes or 
cracks, or consisting of several independent compo
nents, can have fr inges t e rmina t ing on the free 
surfaces. These situations are discussed i n greater 
detail i n Ref. 3. 

A wide variety of par t ia l solutions to these prob
lems has been suggested over the past 5 y r . Cellular 
automata methods 4 5 use simple neighborhood rules 
tha t are applied sequentially to a l l pixels i n the image. 
Many global i terations are required f o r convergence, 
and at tempts have been made to increase the process
ing speed by the use o f an array processor. 5 Huntley* 
described an alternative method based on identifica
t i o n of the discontinuity sources; cuts are then placed 
between sources of opposite sign. I n the example 
shown i n Fig . 1(b), discont inui ty sources 1 and 2 
wou ld be l inked by a cut, wh ich then acts as a barr ier 
to unwrapping . This method guarantees tha t the 
phase map is unique and independent of the path by 
which unwrapp ing takes place. Since publicat ion of 
Ref. 6, we have learned o f a s imilar approach by 
Goldstein et al.7 for unwrapp ing satellite radar phase 
maps. Bone has pointed out tha t the success of the 
cellular automata method i n coping w i t h noise lies i n 
the i n i t i a l masking o f the discont inui ty sources, not 
w i t h the cellular automata method i tself . 8 I t seems 
tha t i n the example given i n Ref. 4 (Fig. 10) the masks 
chosen happened to be large enough to bridge the gap 
between discontinui ty sources, acting as the cuts 
described i n Refs. 6 and 7. The masked phase map 
could then have been unwrapped much faster by a 
more conventional a lgo r i thm i n place o f the cellular 
automata method. Gier lo f f has proposed a method 
tha t identif ies regions of the phase map w i t h i n which 
the phase is continuous. 9 These regions are then 
phase sh i f ted w i t h respect to one another to minimize 
the length of inconsistent boundaries. This ap
proach has greater noise i m m u n i t y t h a n the original 

3048 APPLIED OPTICS / Vol. 32, No. 17 / 10 June 1993 



algor i thm, bu t i t does not search explici t ly fo r the 
discontinuity sources and can therefore sometimes 
break down. A novel a lgor i thm based on min imiz ing 
high-frequency energy has been proposed by Green 
and Walke r . 1 0 However, th i s has been developed for 
the one-dimensional (1-D) case only, and even here i t 
sometimes fai ls w i t h noisy data. I n summary, the 
cut methods 6- 7 appear to be the most successful at 
unwrapping continuous phase maps contaminated by 
noise. 

Recently, some attempts have been made to deal 
w i t h the more d i f f i cu l t problem of t rue discontinuities 
in the phase map, either alias induced or caused by 
specimen boundaries. Bone has suggested identifica
t ion of these discontinuities by searching fo r regions 
in which the phase curvature exceeds some threshold. 8 

However, th is method fai ls when the first derivative 
of phase is continuous across a boundary. The 
calculation of second derivatives also leads to prob
lems w i t h noisy data, such as f r o m speckle in terferom
etry, i n which substantial filtering of the data would 
be required. Judge has described a method i n which 
the image is subdivided into tiles, which are un
wrapped ind iv idua l ly . 1 1 The tiles are then phase 
adjusted relative to one another, i n an order deter
mined by factors such as f r inge density and number 
of discont inui ty sources w i t h i n neighboring tiles. 
Once again, the a lgor i thm is not guaranteed to find 
t rue discontinuities. 

We present a d i f ferent approach, based on a 1-D 
unwrapping along the t ime axis rather than on a 2-D 
spatial unwrapping . I t is applicable to an impor tant 
subclass o f in te r fe romet ry applications, i n which one 
is interested i n phase changes (rather t h a n absolute 
phase values) occurr ing over t ime and i n which a 
sequence o f incremental phase maps can be obtained 
leadingup to the f ina l phase-difference map of interest. 
A part icular example is deformat ion analysis; for 
example, by m o i r é or speckle interferometry, i n which 
the phase change is proport ional to surface displace
ment. The concept is s imilar to tha t used i n existing 
methods f o r length measurement, i n which the phase 
jumps owing to changes i n the length of one a rm of an 
interferometer are recorded and used to produce a 
real-time unwrapped phase value. However, exten
sion to an in te r fe rogram analysis system, consisting 
of a 2-D array o f phase sensors, has not been sug
gested before i n the l i terature , to the best of our 
knowledge. The main advantages of the method are 
its s implici ty and the fact tha t i t is guaranteed to 
produce a correct unwrapp ing of phase maps contain
ing physical boundaries o f the object, provided the 
boundaries do not change w i t h t ime. 

Temporal P h a s e Unwrapping 

The basic idea behind the proposed method is tha t the 
phase at each pixel is measured as a func t i on of t ime. 
Unwrapp ing is then carried out along the t ime axis 
for each pixel independently of the others. Thus 
boundaries and regions w i t h poor signal-to-noise 
ratios do not adversely influence good data points. 

Fig. 2. Temporal phase-unwrapping method. A stack of 2-D 
phase maps is assembled to form a 3-D phase distribution fffm, n, t) 

t ~ 0. 1, 2, . . . , s). Unwrapping along the t axis (e.g., P to Q. 
avoids phase boundaries and noise encountered by spatial unwrap
ping (e.g., Q to Rl. 

The concept is i l lus t ra ted in Fig. 2: in this example, 
the object consists of two unconnected circular regions. 
A set of 2-D phase maps is assembled, fo rming a 
three-dimensional (3-D) phase dis t r ibut ion. <b(m, n, 
t) is used to denote the phase at pixel (m, n) i n the f t h 
phase map (t = 0, 1, 2, . . . , s). I n the absence of 
noise or boundaries one can unwrap along any path 
w i t h i n the 3-D space, provided t> is sampled at a 
suff icient ly h igh frequency, both spatially and tempo
ral ly . I n practice the phase maps include boundaries 
and regions of h igh noise; i f the phase-unwrapping 
pa th crosses these regions, 2 - phase errors can occur. 
I n the 3-D phase map these forbidden regions f o r m 
structures oriented along the t ime axis, provided the 
boundaries do not change w i t h t ime, and can there
fore be avoided completely by unwrapping along 
paths parallel to the t ime axis (PQ i n Fig. 2, for 
example). Firs t , the 2-rr discontinuities are calcu
lated by extending Eq. (1) to three dimensions: 

dim, n, t ) = [A#{wi, n, « ) / 2 T T ] , (3) 

where A<P(m, n, t) is the difference between the ttb. 
and (t - l ) t h phase maps, or 

A4>(m, n, t) = 4>(m, n, t) - <t>(m, n, t - 1). (4) 

The to ta l number o f 2TT discontinuities up to the sth 
phase map is calculated as 

v(m, n, s) = X d(m, n, t), (5) 
1=1 

and 2 T T V ( O T , n, s) is t hen subtracted f r o m 4>(m, n, s) to 
obtain the phase at Q. 

The sampling-rate requirement is identical to that 
fo r spatial unwrapping: at least two samples per 
cycle, g iv ing rise to unwrapped phase differences 
between neighboring data points i n the range —r to 
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-rr. For a phase-stepping system there is no problem 
i n principle of achieving this temporal resolution, 
since i t is assumed impl ic i t ly tha t the deformat ion 
rate is suff icient ly low for negligible phase change to 
occur over the t ime scale required to digitize one set 
of phase-stepped images. 

The conceptual approach out l ined above can be 
signif icantly s impl i f ied i n practice when the phase 

maps are measured by phase-stepping in ter ferometry . 
For a four-step interferometer, fou r intensi ty values 
I i , . . . , I t are measured, separated by phase steps of 
T T / 2 : 

4 ( f ) = Ir + I0 + 2ArA0 cos[*(f) + d>„], 

[4>„ = (ra - l h r / 2 , n = 1, 2, 3, 4], (6) 

where Ar and A0 are the reference and object beam 
amplitudes w i t h corresponding intensities I r and /„ . 
In(t), 1„ I0, Ar, A0, and $ ( i ) are a l l funct ions of m and ra, 
but the spatial dependence is dropped f r o m Eq. (6) fo r 
simplicity. The phase maps can be calculated accord
ing to the f o r m u l a 

where 

M^t) = Ut) - Ij(t) (8) 

(see, fo r example, Ref. 12). The phase values 0 ( f ) a l l 
lie i n the range —rr to + T T because of the inverse 
tangent operation, so tha t A<t>(i) always Hes i n the 
range -2-rr to + 2 T T , by Eq. (4). Normal ly , A<t> is i n 
the range —rr to + T T , bu t i t is i n the range - 2 T T to —rr 
or + T T to + 2 T T when a 2-rr phase discont inui ty is 

crossed. Values of A * l y i n g outside the range - T T to 
+ T T produce nonzero values of d{t) [Eq. (3)] and 
therefore contr ibute to the unwrapping requirement 
of the final (s.th) map [see Eq. (5)]. However, A<J>(f) 
can be calculated instead direct ly f r o m i \ ( r ) , . . . , I 4 ( t ) 

and h{t - 1), . . . , J 4( r - 1) (Ref. 13): 

J AZ 4 2 MAZ 1 3 ( r - 1) - A J 1 3 f f l A / 4 2 ( r - 1 ) ' 
{ t> ~ t a n [ A J 1 3 ( f ) A / 1 3 ( i - 1) + Mi2(t)Mi2(t - 1) ' 

(9) 

The use of Eq . (9) produces the same numerical 
value fo r A<t> (to w i t h i n an integral mul t ip le o f 2TT) as 
does calculation by Eqs. (7), (8), and (4), except t ha t 
A<E> is undefined i f bo th A / 4 2 and A / l 3 are zero fo r 
ei ther the f t h or (t - l ) t h image. This case corre
sponds to pixels w i t h zero modulat ion, i n wh ich no 
va l id phase measurements can be made anyway. 
The impor tan t point is tha t the A $ values calculated 
by Eq. (9) lie automatically i n the range —rr to + T T ; 
th i s means tha t provided the deformat ion is suf f i 
ciently smal l (i.e., a temporal samphng rate of at least 
two samples per cycle), a l l elements of the unwrap
p ing m a t r i x d(m, ra, t) are zero, by Eq. (3). The s th 

phase map can therefore be calculated by summing 
the phase differences w i t h no f u r t h e r unwrapping 
required: 

s 

*(TO, n, s) = 2 n, t). (10) 
(=1 

The unwrapp ing procedure i n the case of phase-
stepping in te r fe romet ry is therefore in t r ins ica l ly sim
ple, w i t h no condit ional jumps required i n the pro
gram to implement i t . For this reason i t could i n 
principle be carried out i n hardware by a real-time 
f r ame processor, as discussed below. 

Experiment 

The proposed method was investigated using the 
electronic holography system at L u l e å Univers i ty of 
Technology, which was developed at U n i t e d Technol
ogies Research Centre . 1 3 This is a speckle interfer
ometer tha t incorporates a pipeline parallel proces
sor; i t can display real-time fringes, at T V rates, of an 
object undergoing deformation. The interferometer 
was configured to measure the hor izonta l in-plane 
displacement component (two object beams at equal 
angles to the optic axis), w i t h a sensitivity of 0.433 
u .m/f r inge , and i t was used to observe deformations 
i n a disk (10-mm diameter) under ver t ical compres
sion between two curved anvils (diametral compres
sion, or the Braz i l ian test). A sequence of 17 sets o f 
phase-stepped images was saved on disk; small load 
increments were applied between successive record
ings. Images were then transferred to a Sun SPARC-
stat ion 2 computer fo r f u r t h e r analysis, w i t h the 
a lgo r i thm coded i n FORTRAN 77. The FORTRAN func
t i o n A T A N 2 was used to calculate the required 
four-quadrant inverse tangents. 

F igure 3 shows the phase map reconstructed f r o m 
the 1st and 17th sets of images, which represent the 
to ta l deformat ion occurring over the course o f the 
experiment. The fr inges are essentially horizontal , 
wh ich is characteristic of a rigid-body ro ta t ion o f the 

Fig. 3. Wrapped phase map for a disk undergoing compression 
between two anvils. The disk diameter is 10 mm; black represents 
—TT, white +TT. 
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disk. Phase unwrapping of th i s image is d i f f icu l t 
owing to the complicated specimen geometry. There 
are three separate regions o f continuous phase, and 
errors occur i f unwrapp ing takes place across the 
boundaries between them. Noise is also a problem 
w i t h speckle in terferometry , par t icular ly w i t h the 
in-plane configurat ion, wh ich involves interference 
between two speckle patterns ra ther than between a 
speckle pa t te rn and a clean reference wave. Figure 4 
shows the d is t r ibu t ion o f d iscont inui ty sources for 
the phase map i n Fig. 3. The h igh density of sources 
would cause problems fo r most phase-unwrapping 
algorithms. The problems can of course be circum
vented to some extent: most discont inui ty sources 
can be removed by smoothing the sine and cosine 
fringes sufficiently pr ior to calculat ing the phase 
dis t r ibut ion bu t at a cost of reduced spatial resolution. 
The boundary problem can be avoided by setting up 
masks manual ly and unwrapp ing each of the regions 
i n t u r n , bu t there is s t i l l the d i f f i cu l ty o f adjust ing the 
regions relative to one another by the correct mul t ip le 
of 2-rr. 

By comparison, the boundaries present no problem 
to the temporal phase-unwrapping approach since 
they do not change w i t h t ime . The speckle noise 
tha t produced the discont inui ty sources i n Fig. 4 
occurred at pixels w i t h low-intensi ty modula t ion [i.e., 
pixels fo r which the t e r m 2ArA0 i n Eq. (6) is close to 
zero]. The in ter fer ing speckle patterns remain essen
t ia l ly f ixed relative to the camera pixels, so the noise 
does not prevent successful unwrapp ing of the high-
modulat ion pixels. 

I n order to apply the a lgo r i thm i t was necessary to 
compensate fo r the phase d r i f t s occurr ing between 
each set of phase-stepped images. I t took 25 s to 
save each set to disk, d u r i n g which t ime d r i f t s of at 
least -rr could occur. Compensation was applied by 
not ing tha t the lower anv i l was f ixed. For each 
phase map the measured phase averaged over a small 
region of th is anvil was therefore subtracted f r o m all 
phase values i n the image, w i t h 2— being added or 

Fig. 4. Distribution of discontinuity sources for the phase map 
shown in Fig. 3. Positive and negative sources are represented as 
white and black, respectively, on a gray background. 

Fig. 5. Unwrapped phase map corresponding to Fig. 3, formed by 
summation of intermediate phase differences. 

subtracted when necessary to keep a l l phases wi th in 
the range - T T to T T . 

Resu l ts 

The phase map produced by applying th is algorithm 
to the 17 sets of phase-stepped images is shown i n 
Fig. 5. This represents the same deformat ion state 
as the wrapped map in Fig. 3 bu t w i t h the 2-rr 
discontinuities removed. Some pixels s t i l l have 2TT 
phase errors, owing to the low signal-to-noise ratio at 
these points i n the speckle pat tern. I f f u r t h e r numer
ical analysis is to be carried out (e.g., least-squares 
fitting and calculation of s t rain fields), these points 
can be excluded by a simple test o f the speckle 
intensi ty modulat ion. Al ternat ively , i f the displace
ment f ield i tself is o f interest, the phase errors can be 
largely corrected by a localized spatial unwrapping, as 
shown i n Fig. 6. I n this case each pixel was com
pared [i.e., by d calculated f r o m Eq. (1)] w i t h its 
neighbors w i t h i n a 3 x 3 box tha t had greater-than-

Fig. 6. Phase map from Fig. 5 after further localized spatial 
unwrapping (see text). Gray levels from black to white cover a 
total phase range of 31.5 rad. 
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average modulation. The most commonly occurring 
value of d was then used to unwrap the pixel. 

It is worth re-emphasizing that no data smoothing, 
windowing, or manual intervention was required to 
carry out the unwrapping of the image shown in Fig. 
5. This would not have been possible with any of the 
existing spatial phase-unwrapping algorithms. Re
gions of low modulation (such as the anvils) result in 
phase-unwrapping errors, but the errors are confined 
to those regions and do not spread across regions of 
good data. A further advantage of the algorithm is 
its inherent simplicity, involving just a summation of 
phase differences. This makes it amenable to imple
mentation on a parallel processor. 

In principle the phase unwrapping could be carried 
out in real time by keeping a running total of phase 
differences calculated from successive frames. The 
calculation of the inverse tangent could be achieved 
through the use of a lookup table. A real-time 
system would involve the summation of many small 
phase differences (of order 10 3 for an experiment 
lasting a few tens of seconds), so the buildup of noise 
needs to be considered. However, the noise arises 
purely from rounding errors and not from noise in the 
intensity values of intermediate images. It is shown 
in Section 3 that the same numerical value (except for 
an integral multiple of 2-rr) is obtained for A$(m, n, t) 
from two sets of phase-stepped images, whether it is 
calculated by Eq. (9) or by Eqs. (7), (8), and (4). 
Summation of A<I>(m, n, t) up to the sth image is 
therefore equivalent numerically to calculation of 
<b(m, n, s) - ${m, n, 0): phase errors in the interme
diate values of A$ cancel out automatically. This 
result was checked in the present example by compar
ing the two phase maps shown in Figs. 3 and 5. 
Double-precision floating-point representation was 
used (8 bytes per number). The root-mean-square 
discrepancy between the maps, after adding appropri
ate integral multiples of 2-rr and ignoring points with 
zero modulation, was only 10~ 8 rad. The extra noise 
introduced by real-time summation of phase differ
ences would therefore be negligible, provided the 
inverse-tangent lookup table and the intermediate 
registers had sufficient resolution. 

C o n c l u s i o n s 

A new approach to phase unwrapping has been 
proposed. Algorithms described previously involve 
searching for 2-rr discontinuities in the spatial domain: 
only one phase map is required, but phase errors can 
propagate out from regions of high noise, corrupting 
the rest of the image. Noise-immune algorithms 
have been developed, but these are rather complex 
and cannot cope with phase maps containing true 
phase discontinuities. By contrast the algorithm 
proposed here treats each pixel independently of the 
others, with unwrapping being carried out in the time 
domain. Although many intermediate phase maps 
are required, the approach is inherently simple and 
robust, and phase errors are constrained to remain 
within regions of low signal-to-noise ratio. Maps 

containing true phase discontinuities are also un
wrapped correctly, provided the positions of the dis
continuities do not change with time. The method is 
applicable to situations in which the phase map builds 
up slowly (I d<\>/di \ < T T / T at all pixels throughout the 
experiment, where T is the phase sampling interval) 
and where one is interested in phase changes rather 
than absolute phase values. It is therefore suitable 
for many quasi-static deformation problems, though 
not for faster dynamic events. Real-time phase un
wrapping should also be a feasible possibility. 

The authors are pleased to acknowledge J. E. 
Field's encouragement of this collaborative project, 
and they thank Lars Benckert and N.-E. Molin at 
Luleå University of Technology for support during 
the time the research was carried out. J. M. H. is 
grateful to the Royal Society for a research fellow
ship. 

References 

1. G. T. Reid, "Automatic fringe pattern analysis: a review," 
Opt. Lasers Eng. 7, 37-68 (1986). 

2. M. Takeda, H. Ina, and S. Kobayashi, "Fourier-transform 
method of fringe-pattern analysis for computer-based topogra
phy and interferometry," J . Opt. Soc. Am. 72,156-160 (1982). 

3. W. Osten and R. Höfling, "The inverse modulo process in 
automatic fringe analysis: problems and approaches," in 
Proceedings of the International Conference on Hologram 
Interferometry and Speckle Metrology, K. A. Stetson and R. J . 
Pryputniewicz, eds. (Society for Experimental Mechanics, 
Bethel, Conn., 1990), pp. 301-309. 

4. D. C. Ghiglia, G. A. Mastin, and L . A. Romero, "Cellular-
automata method for phase unwrapping," J . Opt. Soc. Am. A 
4,267-280(1987). 

5. A. Spik and D. W. Robinson, "Investigation of the cellular 
automata method for phase unwrapping and its implementation 
on an array processor," Opt. Lasers Eng. 14,25-37 (1991). 

6. J . M. Huntley,' 'Noise-immune phase unwrapping algorithm," 
Appl. Opt. 28,3268-3270 (1989). 

7. R. M. Goldstein, H. A. Zebker, and C. L . Werner, "Satellite 
radar interferometry: two-dimensional phase unwrapping," 
Radio Sci. 23, 713-720 (1988). 

8. D. J . Bone, "Fourier fringe analysis: the two-dimensional 
phase unwrapping problem," Appl. Opt. 30,3627-3632 (1991). 

9. J . J . Gierloff, "Phase unwrapping by regions," in Current 
Developments in Optical Engineering II, R. E . Fischer and 
W. J . Smith, eds., Proc. Soc. Photo-Opt. Instrum. Eng. 818, 
2-9 (1987). 

10. R. J . Green and J . G. Walker, "Phase unwrapping using a 
priori knowledge about the band limits of a function," in 
Industrial Inspection, D. W. Braggins, ed., Proc. Soc. Photo-
Opt. Instrum. Eng. 1010, 36-43 (1989). 

11. T. R. Judge, "Quantitative digital image processing in fringe 
analysis and particle image velocimetry," Ph.D. dissertation 
(University of Warwick, Warwick, U K 1992). 

12. K. Creath, "Phase-measurement techniques for nondestruc
tive testing," in Proceedings of the International Conference 
on Hologram Interferometry and Speckle Metrology, K. A. 
Stetson and R. J . Pryputniewicz, eds. (Society for Experimen
tal Mechanics, Bethel, Conn., 1990), pp. 473-479. 

13. K. A. Stetson, "Theory and applications of electronic 
holography," in Proceedings of the International Conference 
on Hologram Interferometry and Speckle Metrology, K. A. 
Stetson and R. J . Pryputniewicz, eds. (Society for Experimen
tal Mechanics, Bethel, Conn., 1990), pp. 294-300. 

3052 APPLIED OPTICS / Vol. 32, No. 17 / 10 June 1993 



p. 



Surface profiling of discontinuous objects B l 

Temporal phase unwrapping: application to 
surface profiling of discontinuous objects 
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A b s t r a c t 

The recently proposed technique o f temporal phase unwrapping has been 

used to analyse the phase maps f r o m a projected-f ringe phase-shifting 

surface profi lometer . A sequence o f maps is acquired whi ls t the f r inge 

pi tch is changed; the phase at each pixel is then unwrapped over time in 

dependently o f the other pixels in the image to provide an absolute mea

sure o f surface height. The main advantage is that objects containing 

height discontinuities are prof i led as easily as smooth ones. This contrasts 

w i t h the conventional spatial phase unwrapping approach f o r which the 

phase j u m p across a height discontinuity is indeterminate to an integral 

mul t ip le of 2%. The error i n height is shown to decrease inversely w i t h 

the number o f phase maps used. 

Keywords : phase unwrapping, p rof i lomet ry , shape measurement, pro

jected fringes, grating methods 
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I N T R O D U C T I O N 

The use of projected fringes for measurement of surface profile is a well-developed tech

nique.1"3 Parallel fringes are projected onto the object surface, either by a conventional 

imaging system or by coherent light interference patterns. I f the projection and observa

tion directions are different, the phase distribution of the measured fringe pattern includes 

information on the surface height profile of the object. The sensitivity can be improved by 

viewing through a line grating: the technique is then referred to as projection moiré. 

Automated analysis of the fringe patterns is normally carried out either by the Fourier 

transform method, or by phase-stepping of the fringe patterns. Both produce wrapped 

phase maps (i.e., phase values lying in the range - T O to +TC); the 2TE phase jumps must 

then be removed by the process known as phase unwrapping to recover the surface 

shape. Phase unwrapping is normally carried out by comparing the phase at neighbouring 

pixels and adding or subtracting multiples of 2ic to bring the relative phase between the 

two pixels into the range -it to + T C . This causes problems when the technique is applied 

to real engineering objects since such objects often contain sudden jumps in profile. 4 ' 5 It 

can then become impossible to unwrap correctly across such real discontinuities and large 

(multiples of 2TT) phase errors can propagate across the image. The problem can be redu

ced in principle by measuring several phase maps at different sensitivities.6-7 Only one 

unwrapped map will then be consistent with all the wrapped maps. White light interfero

metry can also measure absolute surface heights,8 but is difficult to apply when the height 

variations exceed the range of a piezo-electric translator (PZT), typically a fraction of a 

mm. 

In this paper we show how the temporal phase unwrapping method described in Ref. 9 

can be applied to the problem of profiling discontinuous objects. The basic idea is to vary 

the pitch of the fringes over time. A sequence of phase maps is recorded, forming a three-

dimensional phase distribution. The phase at each pixel is then unwrapped along the time 

axis; since the unwrapping path does not cross object discontinuities, 2k phase errors do 

not propagate across the image as with conventional spatial unwrapping approaches. The 

method is simple and robust. In the case of coherent light projection systems, the techni

que also has the advantage that aberrations in the system are automatically cancelled so 

that high accuracy measurements can be made without the need for calibration with a flat 

reference surface. 
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T E M P O R A L P H A S E U N W R A P P I N G 

A P P L I E D T O S U R F A C E P R O F I L I N G 

In this section we show how temporal phase unwrapping can be used to extract surface 

profiles from phase measurements made by a fringe projection system of variable sensi

tivity. For simplicity, coherent collimated light projected fringes are considered here, but 

the same principle can be easily extended to other projection systems. 

A coherent light system consists of two beams of light propagating almost colinearly. A 

Michelson interferometer (see Fig. 1) is one convenient means of achieving this.1 The 

two beams will be denoted A and B; they are assumed to be collimated and to have equal 

amplitudes a0. Mirror M j controls the angle of beam A. When the rth fringe pattern is re

corded (f = 0,l,2...s) the complex amplitudes of the beams in the (x,y,z) coordinate 

system of Fig. 1 can be written 

length) and <pA and <pB represent for example curvature of the wave front due to aberra

tions in the system or a small initial tilt relative to the z axis. kx{Q) and (0) are defined 

to be zero. The change in k. is zero to first order in kx and ky and can therefore be ne

glected for small tilts. 

The beams intercept the object surface and the scattered light from both beams leaving a 

given point (x,y,z) on the object travels along the same optical path onto the image 

plane. The phase between the scattered light from the two beams can be measured (for 

example using the phase-stepping method),7 giving 

CD 

(2) 

k-=(kx,kt,kz) is the wave number of the light (|k| = 27t/A, where A is the wave-

0 ( 0 = <pB(x,y) - a)A (x,y) - kx(t)x - ky(t)y 
(3) 

The phase change produced by tilting the mirror for the sth map is 

O(s)-<SK0) = -kx(s)x-k (s)y 
(4) 
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In the coordinate system (x' ,y' ,z') of the object, where z = z' (x' ,>•') is the surface pro

file to be measured, the change can be written 

O(s) - 0 ( 0 ) = -kx (s)x' +k v (s)(y' sin a + z' cos a) ^ 

where a is the projection angle measured relative to the reference plane z' = 0. I f the 

phase surface O ( j ) - O ( 0 ) can be unwrapped correctly, the plane 

<t>p = -kx(s)x' +kx(s)y' sina can be subtracted to give a phase map directly proportional 

(with a scaling factor kfs)cosa) to the height profile of interest. The effect of the optical 

system's aberrations is cancelled out, and provided the values kx(s), ky(s) and a are 

known, no reference plane is therefore required for calibration purposes. 

The unwrapped phase change O(s) - O(O) will not in general lie within the range (-rc, 

+TC) for all points in the image since there will normally be at least several fringes across 

the field of view. The temporal phase unwrapping algorithm9 can be applied here provi

ded a sequence of phase maps O ( r ) (t = l,2,...s) is acquired during the tilting procedure 

such that the time-varying phase at each pixel is measured at least twice per cycle. I f 

SF OL-, BS 

3j—9-
M 1 

Me 

S 
>5 

PZT 

Figure 1. Optical arrangement for shape measurement by projected fringes. SF: spatial 
filter; OL1: objective lens (collimator); OL2: objective lens (image formation); 
BS: beam splitter; M l , M2: mirrors; PZT: piezo-electric translation stage; 
CCD: video camera. 
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kx(t) = 0 and the object is known to be contained within the rectangular region 

-Y < y' < Y, -Z<z' <Z then the change in ky between any two phase measurements 

must satisfy the equation 

ktt)-k.,(t-l)< it I (Y sina + Zcosa) , , . 
(6) 

Physically, this corresponds to the introduction of no more than one additional fringe 

across the field of view between two successive measurements and requires mirror M i to 

be tilted by a constant angle between each pair. The sequence of phase values at each 

pixel can then be unwrapped by adding or subtracting integral multiples of 2n to bring the 

phase change between any two phase values into the range (-Tt, rc). As noted in Ref. 9, 

this unwrapping procedure becomes particularly simple in the case of phase-stepping 

analysis of the fringes. For example, in the four-frame technique,7 incremental phase 

maps 

A<P(?) = <D(i)-<P(/-l) 

can be calculated as 

(7) 

A4>(r) = tan~ 
A / 4 2 ( f ) A / , 3 ( f - l ) - A / 1 3 ( f ) A / 4 2 ( f - l ) 

A / 1 3 ( r ) A / 1 3 ( r - l ) + A 7 4 2 ( 0 A / 4 2 ( r - l ) (8) 

where 

AIij{t) = Ii(i)-Ij(t) (9) 

The ith phase map can then be calculated by simply summing the phase differences, with 

no further unwrapping required: 

s 

4>(s) - <I>(0) = £ A4>(t) 
t=i 

(10) 
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Figure 2. Wrapped phase maps showing shapes of discontinuous objects, (a) test plate 
containing vertical grooves of varying depths; (b) 6-pin integrated circuit on 
circuit board; (c) two adjacent teeth from replica of human jaw. Black and 
white represent phases of -Tt and +Tt, respectively. 
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E X P E R I M E N T A L 

The temporal phase unwrapping approach to surface profilometry was tested experimen

tally using the apparatus shown in Fig. 1. The beam from an 80 mW frequency-doubled 

diode-pumped YAG laser (k = 532 nm) was spatially filtered and then collimated by ob

jective lens OL}. The angle between the two beams was adjusted by tilting mirror M i ; it 

was possible to do this manually for the relatively small fields of view considered here, 

though the use of a PZT tilting stage would be desirable for larger objects. Phase steps of 

TC/2 were introduced between successive TV frames by moving mirror M 2 on a PZT 

translation stage. Objective lens O L 2 was a Nikon 35-135 zoom lens. The focal length 

used during the experiments was approximately 100 mm, and the aperture ratio of f/3.5 

gave a speckle diameter of 3.5 p.m. This compares with an active pixel area of 5.8x7.4 

| im 2 : it is important to have several speckles per pixel otherwise speckle noise can be

come significant. 

The images were acquired using the electronic holography system at Luleå University of 

Technology, which was developed at United Technologies Research Centre.10 The sys

tem incorporates a pipeline processor that allows fringe patterns corresponding to the 

change in phase distribution to be displayed in real time. Sequences of typically 20-30 in

cremental phase-stepped images were saved on disc for each of the objects investigated. 

The images were then transferred to a Sun SPARCstation 5 computer for further analy

sis. Incremental phase maps were determined by Eq. 8 using the FORTRAN function 

ATAN2 to calculate the required four-quadrant inverse tangents. 

Figure 2 shows wrapped phase maps of the three objects under investigation. The first 

(Fig. 2(a)) was a test object consisting of three 4-mm wide vertical grooves, on 6-mm 

centres, machined in a flat piece of plastic. The edges of the first and third grooves are 

visible on the left and right sides of the image. The depths of the three grooves were re

spectively approximately 1 mm, 2 mm and 4 mm. It is impossible to unwrap this phase 

map correctly by conventional spatial methods since the phase jumps at the groove edges 

are too large (they fall outside the range ( - T C , TC)). The relative depths of the grooves are 

therefore uncertain to integral multiples of 2TC. The test object was illuminated along the 

grooves to avoid shadowing, i.e. from below in Figure 2(a). Figure 2(b) is a wrapped 

phase map of an integrated circuit on Veroboard; again the height of the pins relative to 

the top surface cannot be determined from this single image. Figure 2(c) is a map of a 

molar tooth and two neighbours from a dental training mouth. There is no unwrapping 

path from one tooth to the next so that their relative heights cannot be determined by the 

conventional method. The integrated circuit and teeth were measured "as found", without 

painting their surfaces. The camera was turned 90° in the last two experiments, thus they 
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were illuminated from the right in Figure 2(b) and (c). Angle a was set to 20° ((a) and 

(b)) and to 40° (c). 

When the incremental phase maps were calculated by Eq. (8), it was found that the phase 

change at the centre of the measurement volume (x' = y' = z' = 0) was non-zero. This was 

because the rotation axis for mirror M i did not pass through the centre of beam A so that 

the fringes moved in from one side of the field of view rather than equally from both si

des. The phase at the centre of each incremental phase map was therefore subtracted from 

all the phase values in the image, and 2TC added or subtracted as necessary to keep them 

all within the range -TC to TC. This allowed a greater tilt to be made between two successive 

exposures. 

Once the final phase change <5(s) - 0 ( 0 ) was calculated by Eq. (10), the values of kx(s) 

and kr(s) were obtained by least squares fits along two perpendicular directions of a ref

erence plane which was arranged to be within the field of view. This was necessary to 

obtain the scaling factor relating phase to depth since the amount of tilt introduced was 

not known precisely; as noted earlier, the need for such a reference surface would have 

been avoided if the movement of M i could have been more precisely controlled. 

y [ m m ] 

x [ m m ] 

Figure 3. Phase map from Fig. 2(a) unwrapped by temporal phase unwrapping 
algorithm using 22 incremental maps. 
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R E S U L T S A N D D I S C U S S I O N 

Figure 3 shows the result of unwrapping the phase map of Fig. 2(a) through 22 interme

diate images. The differences in height between the three grooves have been successfully 

detected. This has been achieved by direct implementation of the temporal phase un

wrapping algorithm (Eq. 10) without data smoothing, windowing or manual interven

tion, and would not have been possible with any of the existing spatial phase-unwrapping 

algorithms. 

Calculated cross-sections along row 256 (about half way up Fig. 2(a)) are shown in Fig. 

4 for different values of s, the number of incremental phase maps used during unwrap

ping. Figure 4(a) is the result of just a single map whereas 5 = 6 and 22 for Fig. 4(b) and 

(c), respectively. Figure 4(c) is the cross-section through the surface plot shown in Fig. 

3. The reduction in noise that occurs as the experiment progresses is significant. Figure 

4(a) is the result that would have been obtained with a conventional projected-grating 

method of very high grating spacing and therefore low sensitivity. Although the steps 

have been successfully detected, the signal-to-noise ratio is poor. Each incremental phase 

map looks broadly similar to Figure 4(a). It is therefore intuitively appealing to regard 

this unwrapping method as a kind of averaging procedure, in a similar way to noise re

duction by speckle averaging in speckle interferometry.11 It is important to realise, how

ever, that whereas normally one averages over s independent random variables to obtain 

E 0 

£ - 1 

£ -2 
D. 0) _o 
D J  

-4 

£ ° 
£ - 1 
£ -2 
D-

0) ~ 
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-5 
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-1 

-2 

-3 

(a) 

(c) 

VlrtWdJ 

-

-

6 
x [mm] 

10 

Figure 4. Cross-sections of test object surface profile (central row of Fig. 3) obtained 
by unwrapping through (a) 1; (b) 6; (c) 22 incremental maps. 
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an improvement in signal-to-noise ratio of Vs , in this case the A<t>(f) values being 

averaged in Eq. (10) are clearly not independent. For example, A<E>(f) = <£>(t) - <E>(? -1) 

and A$(r + 1) = +!)-<*>(*) so that AO(0 + AO(r + 1 ) = 0 ( f +1) - 0 ( r -1) and er

rors in measuring O(f) automatically cancel out. In the same way, the only phase values 

contributing to errors in the final surface profile are those in the t = 0 and t = s phase 

maps. One would therefore expect the error in surface height at a given point to vary as 

lis instead of IN s . This result was checked by calculating the standard deviation in mea

sured height for a small flat region (25 by 25 pixels) of the test plate from Fig. 2(a). The 

standard deviation is plotted in Fig. 5 versus the total phase range over the object (i.e., 

the variation in phase (O(s) - 0(0)) in going from the minimum to maximum value of 

(ysina + zcosa)). As expected, the errors drop off as lis (solid curve) rather than as 

iNs (dashed curve). This has important implications for high precision measurements 

since the time required to achieve a height accuracy of a is proportional to o and not to 

o 2 . The standard deviation at s = 22 images is 21.1 |im, which is 0.28% of the full depth 

range of the object. The groove depths obtained by averaging the data points within each 

groove from the cross-section in Fig. 4(c) were 1.13, 2.15 and 4.12 mm respectively. 

These compare well with the values 1.11, 2.09 and 4.08 mm measured at the same cross-

section on the sample with a conventional contacting dial gauge. 

0 10 20 30 40 50 60 
Phase range 

Figure 5. Standard deviation in surface height as a function of the total phase range 
across the image. The circles (O) correspond to the results shown in Fig. 4. 
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Figures 6 and 7 show the result of unwrapping the phase maps of Fig. 2(b) (integrated 

circuit) and 2(c) (teeth) ( j = 22 and 10 , respectively). In the case of Fig. 6, two of the 

AO(r) maps were found to have a phase range of more than ±rc due to too large a tilt of 

mirror M i , and were therefore dropped from the summation of Eq. (10). This situation 

would not arise i f M i were controlled more precisely, for example using a PZT. The 

noise levels are somewhat higher than for the test plate because of the much wider ranges 

of surface reflectivity: measurements on the integrated circuit, for example, had to cope 

with both the matte black plastic case and the highly reflective metal pins. Nevertheless, 

the heights of the case and pins relative to the Veroboard reference surface have been cor

rectly determined. In the case of the Fig. 7, the relative heights of the central molar and its 

two neighbours have also been correctly measured despite the lack of a continuous un

wrapping path between them. 

Figure 6. Phase map of the integrated circuit from Fig. 2(b) unwrapped by temporal 
phase unwrapping algorithm using 22 incremental maps. 

Figure 7. Phase map of molar teeth from Fig. 2(c) unwrapped by temporal phase un
wrapping algorithm using 10 incremental maps. 
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C O N C L U S I O N S 

The combination of interferometncally-generated projected fringes, phase-stepping, and 

temporal phase unwrapping has resulted in a new and more powerful method of measur

ing surface profile. Unwrapping the measured phase at each pixel over time as the fringe 

pitch is changed has two advantages: (1) aberrations in the optical system are cancelled so 

that a reference flat is not required for calibration; (2) a measurement of absolute height is 

obtained at each pixel without reference to any of its neighbours. This second point 

means that profiles of objects containing height discontinuities can be measured as easily 

as smooth ones. Shadowing affects the images to the same extent as with conventional 

projected fringes, although phase errors are constrained to remain within the shadowed 

regions and not to propagate to affect regions of good signal-to-noise ratio, as is the case 

with conventional spatial unwrapping methods. Although many intermediate phase maps 

are required, the approach is inherently simple and robust. The height error at a given 

pixel varies inversely with the number s of phase maps through which the unwrapping is 

carried out, and a standard deviation of 0.28% of the ful l depth range of the object was 

obtained for s = 22. In principle this method could be implemented on a pipeline proces

sor: a system using four phase steps per image, operating at 30 Hz, would unwrap 

through 20 images in under 3 s. 

We are pleased to thank N.-E. Molin and L. R. Benckert for support and helpful discus

sions during the time the research was carried out. Useful comments from M. Sjödahl are 
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Fourier-transform evaluation of phase 
data in spatially phase-biased TV holograms 

Henrik O. Saldner, Nils-Erik Moiin, and Karl A. Stetson 

TV holograms for spatial phase stepping are formed with a small angular offset between the object and 
the reference beams to give a spatial frequency bias to the pattern recorded by the TV camera. It is 
common to set the bias so that there is a 90° or 120° phase shift between adjacent pixels and to use the 
irradiance of three or more adjacent pixels to evaluate the phase of the interference. We report the 
Fourier-transform evaluation of such recordings to obtain their phase data. We also demonstrate the 
direct calculation of the phase difference between successive recordings without intermediate calcula
tion of the random phase of each hologram. This technique is proposed as an approach to pulsed TV 
holography. © 1996 Optical Society of America 

1. Introduction 

I n recent years a method for in te r fe rogram analysis 
called spat ial phase s h i f t i n g has been developed, 1" 3 

which allows analysis of the phase f u n c t i o n of a 
single in te r fe rogram, and i t has become an attrac
t ive approach to pulsed-laser holography. This 
method appears to have originated w i t h M e r t z 4 and 
involves in t roduc ing a spatial frequency carr ier to 
the f r inge pa t t e rn so tha t neighboring pixels have 
approximately 120° or 90° phase difference. I r r a d i 
ance values for sets of three pixels are recorded, and 
interference phase values are calculated from t h e m 
i n the manner of a temporal ly phase-shifted interfero
gram. This method presumes there is l i t t l e var ia
t ion i n the ampli tudes of the i n t e r f e r ing waves over 
any set of 3 pixels, and a l though th is is a good 
approximat ion fo r interferograms of aerodynamic 
phenomena, 1 i t is not t rue i n general for those 
invo lv ing d i f fuse ly ref lec t ing objects. 3 

A n a l ternat ive method has also become popular 
tha t uses Four ier t r ans fo rms 5 and appears to have 
originated w i t h Takeda et al.e I n th i s method a 
spatial offset is in t roduced in to the interference 
pat tern ; i t is d igi t ized in to pixels, and a Four ier 
t r ans fo rm is per formed of the pixel pa t te rn . I f the 
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spatial frequency content of the ampli tude varia
tions of the i n t e r f e r i n g waves is less t h a n the spatial 
offset, then the Four ier spectrum w i l l exhibi t three 
dist inct parts. One of the outer parts can be w i n 
dowed o f f f r o m the rest, sh i f t ed to zero frequency, 
and inverse t rans formed to y ie ld a complex funct ion 
whose phase angle is the interference phase funct ion 
of the or ig inal in te r fe rogram. This phase can be 
obtained by t a k i n g the arctangent of the rat io of the 
imaginary to real parts of the complex funct ion. 
Four ier - t ransform methods have also been applied 
to holographic in t e r f e romet ry and shearography by 
means of direct d ig i t a l reconstruction of holograms.' 

The purpose of th i s paper is to show that the 
Four ier - t ransform method can be used to evaluate 
spatial ly phase-shifted interferograms of d i f fusely 
reflect ing objects i n w h a t is called T V holography or 
electronic speckle pa t t e rn interferometry. This pro
cess has antecedents i n the temporal frequency 
f i l t e r i n g of T V signals fo r analysis of in terferograms 8 

and for holographic in te r fe rogram display. 9 I n these 
earlier works , the i n d i v i d u a l T V scan signals were 
subjected to electronic processing, whereas i n this 
w o r k the T V images are d ig i t ized and processed w i t h 
computer methods. We believe tha t for diffuse 
fields3 th is approach is less error prone than spatial 
phase s h i f t i n g because d i f fuse fields are nonuni fo rm 
and tha t i t is a more pract ica l method of per forming 
holographic in t e r fe romet ry t h a n direct d ig i ta l recon
s t ruct ion . 7 

2. Theory 

Let the complex field of the image formed on the 
camera detector be S(x, y) and the reference f ie ld be 
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A expiikx), where x and y are the image coordinates, 
A is a constant, i is the square root of - 1 , and k is a 
constant de f in ing the spatial f requency offset of the 
reference beam. The in tens i ty Ux, y) on the camera 
detector is 

Ux, y) = A 2 + AS[x, yhxp.-ikx) 

+ AS*<x,y}exT,{ikx) + \S(x,y)\2, CXI 

where * denotes a complex conjugate. 
Equat ion (1) is Four ie r t ransformed w i t h respect to 

the spatial f requency variables £ and iJj. Le t us 
iden t i fy the fo l l owing t rans form pairs: 

Ix.y — 11. o. S X. y — S £. O. 

The Fourier t r a n s f o r m of Eq. 1; becomes 

I t . é = .4-fig, 4») + A S i -k,x\) • AS* k - i, *) 

+ S(| , il;) * S*%, f i , (2) 

where * denotes a convolution. The f i r s t t e r m is a 
delta func t ion at the or ig in tha t corresponds to the 
t r ans fo rm of the average irradiance of the image. 
The second and the t h i r d terms are Four ier t rans
forms of the image f i e ld and, as such, correspond to 
images of the field passing th rough the aperture o f 
the lens used to f o r m the image. They appear 
shi f ted i n the spat ia l frequency plane because of the 
angular offset of the reference beam. The f o u r t h 
t e r m is the halo corresponding to the t r ans fo rm of 
the image speckle pa t te rn and is the convolution of 
the aperture image w i t h itself. A t th i s point , one of 
the image terms, for example, S{£ + k, is sepa
rated f r o m the rest of the pat tern , sh i f ted to the 
or igin , and subjected to an inverse Four ier t r ans fo rm. 
This yields the resu l t 

S £ , v|>! • S(x, y), 

f r o m wh ich i t is possible to extract the phase angle 
by the f o r m u l a 

<b = arctan Im.Sjt . y Ke S x. y 

ifRe^Six, y i is posit ive and 

<(> = arctan{Im[Su;, yf/Re[S(x, y)}} 

+ I T sgnjlmlSta:, y)]j 

(3a) 

(3b) 

i f Re[Six, y}] is negative. 
Our goal is not to obtain the phase of the image 

f ie ld but to obta in the phase change of the image field 
between two exposures. I t is common to subtract 
the results of t w o calculations v i a Eqs. (3) for the 
fields before and af te r the deformat ion; however, 
doing this by i t s e l f is h igh ly undesirable because the 
phase of the speckled image field <b is randomly 
dis t r ibuted between ± T T . Because the change i n 
phase Ad> tha t is due to the deformat ion is added to 
the random phase cb, the result may l ie above, below, 
or w i t h i n the l i m i t of ± T T at which i t w i l l be wrapped 

because of the arctangent calculation. W h e n the 
two phases are subtracted, the values range between 
± 2 T T , and A<J> is peppered w i t h random-phase wraps 
of ± 2 T T , w h i c h are most numerous around the t ransi
tions of ± T T . The random-phase wraps may be 
e l iminated by rewrapping the Acb values to ± T T , or 
the phase difference may be calculated d i rec t ly by 
the f o r m u l a published or ig inal ly by Stetson, 1 0 which 
eliminates the random phase from the calculation. 
I f we use primes to denote the field a f te r the deforma
t ion , 

A 6 • arctan R e S l m S ' - I m S Re S' 

I m S I m 6" + Re S Re S' . (4) 

E i the r method for calculat ing Ad> el iminates the 
need for s h i f t i n g the windowed spectrum to zero 
spat ia l frequency. The spatial frequency offset i n 
Eq. (2) corresponds to an addit ive l inear phase, 
wh ich , l ike the random phase, disappears when the 
phase difference is calculated. 

I f we are to separate one of the image terms i n Eq. 
(2), e.g., S(i; + k, f r o m the other terms, the aper
ture mus t be sized relat ive to the angular offset of 
the reference beam, wh ich , i n t u r n , mus t be chosen 
relat ive to the resolution of the camera. Le t ph and 
pv be the hor izontal and the ver t ica l p ixe l spacings. 
The aperture tha t t ransmi ts the most l i g h t is a pair 
of ver t ica l slots i n the configurat ion used by Bieder
mann and E k 9 and is shown i n Fig. 1. The height of 
the slot is chosen so tha t the f r inge spacing of the 
interference of rays from the top and the bot tom is 
twice the ver t ica l p ixe l spacing, wh ich defines the 
Nyquis t sampling l i m i t . I f H is the slot height , X is 
the wavelength, and z is the distance of the aperture 
f r o m the camera, then 

H = z\/2pv (5a) 

As can be seen i n F ig . 1, the slots are separated by 
twice the slot w i d t h , and the reference-beam source 
is located at the center. The slot w i d t h , W, is set so 
tha t the interference of the reference beam w i t h rays 
coming from the outer edges of the slot f o r m fringes 
tha t have a horizontal period twice the horizontal 
pixel spacing. Therefore 

W = z\/4ph (5b) 

• 
T 

H 

i 

! 
— 2W 

W 

Fig. 1. Aperture with a pair of vertical slots with the reference 
beam positioned symmetrically between them as proposed in 
Ref. 9. 
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Fig. 2. Fourier spectrum of the hologram obtained by the two-slit 
aperture as in Fig. 1. 

I n pr inciple , the Four ie r spectrum of the image 
recorded by this aper ture should appear as i n F ig . 2, 
w h i c h shows the cent ra l autocorrelat ion located 
between the images of the two apertures and two 
addi t ional autocorrelat ion spectra beyond them. 
I n practice, the outer autocorrelat ion terms are 
at tenuated by the resolut ion l i m i t of the T V camera. 
I n the experiments per formed i n th i s paper, how
ever, the double-slot aper ture was not available. 

3. Experiment 

Figure 3 shows the in ter ferometer pa r t of the TV-
holography sys tem 1 1 used to provide an image-plane 
T V hologram w i t h a smal l angular offset to the 
reference beam. The object is imaged by the optical 
system (the video lens, the mir ror , the relay lens) and 
reflected at the f r o n t surface of the beam spl i t ter 
onto the photosensitive surface of the CCD camera 
(NEC TI-23A w i t h p ixe l spacing of 12.8 urn horizon
t a l l y and 9.9 p m vert ical ly) . A smooth spherical 
reference beam emana t ing f r o m a single-mode opt i 
cal fiber passes t h r o u g h the beam spli t ter , where i t 
combines w i t h the object beam. The end of the fiber 
is located so tha t i t appears to be the same distance 
from the beam spl i t te r as the aperture. The fiber is 
cut to a length t h a t equalizes, approximately, the 
optical pa th lengths o f the object and the reference 
beams, i n order to ensure the i r m u t u a l coherence. 
The f iber end is held by an adjustable mount , s l igh t ly 
o f f axis. 

The angle between the reference field and the 
object field was adjusted to y i e ld approximate ly 4 to 
5 pixels between each carr ier f r inge . The present 
technique tolerates a va ry ing fringe spacing over the 
detector surface so tha t se t t ing the angle is not 
cr i t ica l and cal ibrat ion is qui te simple. When the 
aperture of the video lens used i n th i s experiment 
was min imized , i t turned out not to be circular but, 
for tunately, more l ike one of the sli ts i n F ig . 1, and its 
size was adjusted so tha t one object speckle covered 
~5 hor izonta l neighboring pixels . Because no spa
t i a l phase coding was necessary i n the ver t ical 
direct ion, the vertical-slot aper ture could be used to 
provide more l igh t . The in tens i ty of the reference 
beam was adjusted to be approximate ly equal to the 
object beam to maximize contrast of the interference 
fr inges. 

The video signals from the camera were captured 
by a d ig i t a l image processor, w h i c h saved them i n 
computer memory. Before image capture, the i npu t 
gain and the black level were set on the analog i npu t 
section of the processor. F igure 4 shows a pa r t of 
the image plane hologram consisting of 50 x 50 
pixels, w i t h a f r inge spacing o f 4 to 5 pixels w i t h i n 
each speckle. 

Figure 5 shows the two-dimensional fast Fourier 
t r ans fo rm (FFT) of the recorded hologram. I t has 
three m a i n areas i n the spat ia l frequency plane as 
opposed to the five areas i n F ig . 2, w h i c h wou ld be 
the Four ier spectrum i n the double-slit case. The 
phase-biased parts of the spectrum are clearly sepa
rated from the central self-interference spectrum. 
A rectangular cut-off filter was used to separate the 
biased pa r t of the Fourier spectrum, shown inside 
the wh i t e rectangle onto the right i n F ig . 5. This 
par t of the spectrum was t r ans fo rmed back to the 

Illumination beam 
B E 

V -
Object 
beam 

Image of R 

the aperture 

Video lens 

Off-axis 
reference beam 

Fig. 3. Interferometer of the TV-holography system used to 
record the spatially phase-biased T V holograms. The single-slot 
aperture is placed inside the video lens. B E , beam expander; M, 
mirror; R, relay lens; BS, beam splitter; C C D , charge-coupled-
device camera. 

Fig. 4. Part (50 x 50 pixels) of a recorded hologram as seen by the 
CCD camera with approximately 4 to 5 pixels between the carrier 
fringes. 
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Fig. 5. Fourier spectrum of the recorded hologram for a single-
slot aperture and a smooth off-axis reference beam. The area 
within the white frame was used for the inverse F F T transforma
tion. 

space domain by an inverse FFT, and its real and 
imaginary parts as described i n the theory section 
were stored. 

The object—a rectangular, a l u m i n u m plate, 100 
m m x 80 m m x 0.7 m m i n dimensions and painted 
white—was clamped along the upper and the lower 
edges. The out-of-plane deformat ion f ie ld of the 
upper-r ight pa r t of the plate was measured i n th i s 
experiment. A screw was fastened to the center of 
the back of the plate as a canti lever p in , perpendicu
lar to the plate. B y p u t t i n g a smal l load on this p in , 
we introduced a bending moment i n the center of the 

260 300 

Fig. 6. Deformation field of the object displacement shown as a 
wrapped phase map calculated by use of Eq. (41. 

100 300 DOC 400 50C 

Fig. 7. Unwrapped phase map showing the out-of-plane deforma
tion field of the object. The circular area in the lower left is a 
mask used in the phase unwrapping to remove areas with too high 
a fringe density and too much noise. 

plate t h a t forced the upper h a l f of the plate to deform 
i n w a r d and the lower par t outward . Two record
ings on separate T V frames were made, one before 
and one af te r deformation of the object. These 
images were processed to produce the real and the 
imag ina ry parts of the two inverse-fi l tered trans
forms as described above. 

Figure 6 shows the wrapped phase map obtained 
by Eq. (4). Convolution w i t h a 3 x 3 kerne l was used 
to smooth the data i n the real and the imaginary 
images. The wrapped phase map was unwrapped 
w i t h the noise-immune a lgor i thm described by Hunt
ley, 1 2 and the resu l t ing deformation field is shown in 
Fig . 7. The out-of-plane deformation of the object is 
coded i n d i f fe ren t gray levels, where wh i t e is -1.13 
and black is 0.81 pm. The round circle i n the 
picture is a mask tha t removes the par t of the object 
i n w h i c h the f r inge spacing is too smal l to be 
spat ia l ly resolved i n the presence of the noise com
pare to Fig . 6). 

4. C o n c l u s i o n and D i s c u s s i o n 

The w o r k presented i n this paper establishes that 
the technique of Four ier - t ransform processing can 
be used to evaluate spat ial ly phase-biased T V holo
grams and t h a t the results y ie ld successful phase 
maps for object deformations. A major reason for 
the development of th is technology is i ts potential 
applicat ion to electronic recording of holograms w i t h 
pulsed lasers, and i t is thought tha t th is method may 
offer advantages over the earlier method described 
i n Ref. 3. F i r s t , the a l ignment of the reference-
beam offset is less cr i t ica l t h a n w i t h the spatial 
phase-step method. Second, th is method does not 
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assume constant object-beam irradiance over sets of 
3 pixels and should be less prone to error. Th is 
reduced sens i t iv i ty to error should require less 
smoothing of the f i n a l data, and this reduced smooth
i n g should a l low bet ter object resolution. Increased 
resolution over t h a t presented i n Ref. 3 should also 
be possible i n bo th techniques by the use of an 
in te r l ine t ransfer CCD T V camera w i t h progressive 
scanning, where the rows are read i n order ra ther 
t h a n by in ter laced scanning. The experiments per
formed here are, i n fact, representative of w h a t 
would be obtained w i t h this type of camera because 
entire T V f rames are captured and processed. 

A t present, the F F T operations are carr ied out i n 
the host computer t h a t operates the electronic holog
raphy system or w i t h i n a compatible computer. A 
faster a l te rna t ive is available th rough the use of a 
F F T processing board tha t can be resident w i t h i n the 
holographic processor itself. I t is expected tha t , 
w i t h a resident F F T processor board, the phase could 
be displayed w i t h i n seconds af ter the recording of 
the hologram. This wou ld al low the user to evalu
ate the data i n the process of test ing. I n many 
pulsed-laser applications, expensive test setups are 
involved i n the project such as spin rigs, w i n d 
tunnels, tensile tes t ing machines, etc., and the delay 
required fo r chemical processing of holograms of ten 
ties up a costly test faci l i ty . The use of electronic 
holography w i t h r ap id F F T processing of the in ter 
ferograms m a y make i t possible to reduce the cost of 
such tests by a s ignif icant amount, and such eco
nomic improvement may make holographic tes t ing 
i n such r igs more cost effective. 

This project was supported by the Swedish Re
search Counci l for Engineer ing Sciences, TFR. 
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An optical configuration is presented for simultaneous measurement of out-of-plane displacement and slope change 
in electronic speckle pattern interferometry. Experimental results for a rectangular plate clamped along the 
edges and loaded at the center are presented. 

Various optical configurations have been reported 
tha t use speckle interferometry and speckle shear 
in ter ferometry to extract out-of-plane displacement, 
slope, and curvature from a single specklegram. 1 " 3 

These techniques involve the use of a mul t iaper ture 
mask w i t h shearing elements i n front of the imaging 
system. A reference wave is added at the image 
plane o f the lens, either by provision of a smooth 
reference wave at the image plane 2 or by use of 
a smal l ground-glass reference dif fuser i n one of 
the apertures. 1 Such investigations were carr ied out 
by recording specklegrams on photographic plates, 
and the in fo rma t ion was extracted by a f i l t e r i n g 
process. O n the other hand, video techniques such 
as electronic/digital speckle pat tern in terferometry 
and T V holography eliminate the two-stage process 
of recording and f i l t e r i n g encountered i n speckle i n 
ter ferometry and speckle shear in terferometry and 
provide correlation fringes i n real t ime. The tech
nique was demonstrated by Butters and Leendertz. 4 

Since then, such electronic techniques have become 
powerfu l on-line inspection tools for the measure
ment of displacements and displacement derivatives, 
v ib ra t iona l analysis, shape measurement, and non
destructive t e s t ing . 5 " 8 

I n th i s Le t te r we present an optical configura
t ion for simultaneous observation of out-of-plane dis
placement and slope i n real t ime. The technique 
combines the out-of-plane displacement configurat ion 
and a shearography configuration. A t the CCD de
tector plane one ha l f of the detector ar ray records the 
out-of-plane displacement whi le the other h a l f of the 
detector surface provides observation of slope fr inges. 

Figure 1 shows an optical configurat ion for the 
simultaneous measurement of out-of-plane displace
ment and slope change. The object is ü l u m i n a t e d by 
a nearly coll imated laser beam. I t is imaged onto the 
photosensitive surface plate of a CCD camera by mi r 
ror M l and an adjustable b imi r ro r M 2 placed i n the 
arms of a Michelson interferometer setup. A zoom 
video lens i n the front is used together w i t h relay 
lenses before and af ter the Michelson interferometer. 
A f t e r passing through the interferometer, the beams 

become nearly parallel . The t i l t angle between the 
surfaces of b imi r ro r M 2 is adjusted i n i t i a l l y so that i t 
acts as a plane mir ror . A n overlapped image that 
results from mi r ro r M l (image A) and m i r r o r M2 
(image B) is formed on the CCD camera. Mi r ro r 
M l is then t i l t ed so tha t i ts reflected image A falls 
upon one h a l f of the detector plate. S imi la r ly the 
image reflected by mi r ro r M2 is adjusted so that 
image B occupies the other half. A smooth in-line 
reference wave is added w i t h the help of a single-
mode fiber and a beam split ter to image A i n one 
ha l f of the detector. We introduce a shear i n image 
B by t i l t i n g one of the arms i n the b imi r ro r along 
the x direction. Shear along the y direction can 
also be introduced by t i l t i n g one a rm of the b imir ror 
w i t h respect to the y axis. One can see two im
ages on the monitor, one from a conventional out-of-
plane displacement configuration and the other from 
a shearography configuration. The average speckle 
size is adjusted to be w i t h i n the resolution l i m i t of 
the detector. The CCD camera is connected to a 

Fig. 1. Schematic for simultaneous measurement of 
out-of-plane displacement and slope change. M's, mir
rors; BS's, beam splitters; PC, personal computer. 
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commercially available image-processing system tha t 
is interfaced to the host computer. 6 For simplici ty, 
we choose the system's simplest work ing mode, and 
one f rame of the image is recorded w i t h the stan
dard ESPI version on a video store. The object is 
deformed, and this f rame of the image is subtracted 
electronically pixel by pixel f r o m the stored refer
ence frame. The correlation out-of-plane and slope 
fringes are displayed on the monitor . 

I f 11 and 12 are the resul tant intensities at a point 
on one (the out-of-plane) h a l f of the detector, then the 
difference between the f i r s t and second frames tha t 
is due to image A can be w r i t t e n as 7 

AI = I2 - IX 4a.\a2 s in j cb + 
. S0 s m - Cl) 

where a i and a2 are the amplitudes of the object 
and reference speckle fields at tha t point, cb is the 
random phase between the two speckle fields, and S0 

is the phase change introduced by the object defor
mation. ( I n the electronic holography system, devel
oped at Uni ted Technologies Research Center, phase 
stepping of i r / 2 between successive frames can be 
introduced so tha t da rk speckles carried by the ran
dom phase cb can be suppressed, g iv ing high-qual i ty 
interferograms. This phase-stepping fac i l i ty is not 
used here.) 

The video signals are proport ional to the intensi
ties, and hence the subtracted signal V s is propor
t ional to AI. The brightness on the monitor is then 
proportional to V s . The brightness w i l l be m a x i m u m 
when S0 = (2n + 1)A and m i n i m u m when B0 = 2reA, n 
being an integer. A l l those areas where the speckles 
are correlated appear dark because of subtraction. 

The phase change S0 tha t is due to deformation at 
any point (x,y) on the object is given by 9 

S0 = ( k 2 - k 1 ) - L ( x , y ) , (2) 

where k 2 and k j are the propagation vectors of waves 
i n the direction of observation and i l lumina t ion , re
spectively, and L ( x , y ) is the deformation vector. 

The phase difference S0 carries the in format ion 
of the in-plane and out-of-plane displacements. To 
eliminate the in-plane component, we have the ob
ject i l lumina t ion l ie normal ly to its surface. I n our 
experiments we study the case of out-of-plane dis
placement only. Therefore Eq. (2) can be expressed 
as 9 

ATT 

S0 = — w(x,y), 
(3) 

where w(x,y) is the out-of-plane displacement com
ponent and A is the wavelength of the l ight . 

A similar expression can be obtained f r o m the 
second ha l f of the detector plane for the image B . I t 
can be w r i t t e n as 

AI' = r2-i[ 
4a[a2 s inl cb' + — J sin • g 

(4) 

where a i and a'2 are the amphtude contributions tha t 
are due to waves from points (x,y) and (x + Ax,y + 

Ay) on the object at the other ha l f of the detector 
plane as a result of the shearography configuration. 

The phase change Ss is 

Ss = ( k 2 - k a ) • [ L ( x - A x , y - Ay) - L ( x , y ) ] . (5) 

Assuming a shear along the x direction, we can wr i t e 
the phase change Ss for normal i l l umina t ion and 
observation as 5 

4ir Sw . 
Ss = — -j-Ax. 

A ox 
(6) 

One can observe on the monitor two sets of 
f r inge patterns generated by ind iv idua l configura
tions. Thus the present configuration provides real
t ime visualization of out-of-plane and slope fringes 
simultaneously. 

The experiments are conducted on a rectangular 
a l u m i n u m plate having dimensions of 65 m m x 
110 m m x 0.6 m m . The plate is clamped along 
the edges and loaded at the center. The specimen 
is sprayed w i t h matte-white paint to scatter hght 
un i fo rmly and is i l lumina ted normal ly w i t h a 
collimated 80-mW frequency-doubled Nd :YAG laser 
(A = 532 nm). The experimental arrangement is 
explained and shown i n Fig . 1. The b imi r ro r is 
t i l t ed to introduce a shear along the x axis. The 
amount of shear on the object surface is 6 mm. The 
i n i t i a l frame of the object is electronically stored. 

Fig. 2. (a) Out-of-plane displacement fringes (w) and 
slope fringes (Sw/Sx) as seen from the monitor for a 
rectangular aluminum plate clamped along its edges and 
loaded at the center. The shear Ax is 6 mm, and the 
displacement w = 2.5 /j.m. (b) Out-of-plane displacement 
fringe pattern (w) and slope pattern (Sw/Sy) for the same 
object as in (a). The shear Ay is 7 mm. 
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The object is given an —2.5-fj.m central deflection. 
The real- t ime out-of-plane displacement and slope 
fringes as seen from the monitor are shown i n 
Fig. 2(a). The shear (7 mm) is also introduced along 
the y axis, and F ig . 2(b) shows the recorded f r inge 
patterns. The calculated slope changes, from the 
out-of-plane measurements, agree w i t h i n 5% to the 
shear measurements. 

A n electronic speckle pat tern interferometric tech
nique is presented i n this Letter for the measure
ment of out-of-plane displacement and slope. This 
technique eliminates the use of a mul t iaper ture con
f igura t ion and recording materials and provides both 
components simultaneously i n real t ime. Since the 
slope in fo rma t ion is of low sensitivity, large object 
loading is necessary for discernible fr inges to be 
obtained, bu t then the out-of-plane displacement, be
ing very sensitive, w i l l result i n overcrowding of 
fringes. To some extent th is problem can be solved 
by incorporation of an existing method, such as the 
speckle averaging method, 6 to produce high-qual i ty 
interference pat terns i n real t ime. The other advan
tage of the technique is that , w i t h the phase-shifting 
capabilities, i t is possible to measure precisely both 
out-of-plane displacement and slope f r o m a single 
configuration. 

These experiments were performed at L u l e å Uni 
versi ty of Technology when N . Kr ishna Mohan was 
a v i s i t i ng scientist at the laboratory. This research 
was supported by the Swedish Research Council for 
Engineering Sciences. 
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Simultaneous measurement of out-of-plane displacement and slope change 

by electronic holo-shearography 
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ABSTRACT: An electronic holo-shear interferometric technique is proposed for the simultaneous 
measurement of out-of-plane displacement and slope change. The technique multiplexes an out-of-plane 
displacement configuration and a shearography configuration. Experimental results from two different 
applications are presented; a reciprocal approach to measure unknown loads and measurement of shape of a 
high pressure plunger. 

1 INTRODUCTION 

Electronic holography offers a suitable tool to make 
qualitative as well as quantitative measurements of 
both static and dynamic displacement fields. 
Configurations with interferometric sensitivity for 
the measurement of out-of-plane displacement are 
well known. Similarly electronic shearography is 
used to measure the spatial in-plane derivatives of an 
out-of-plane deformation, that is slope change in 
different directions. The electronic speckle 
interferometry technique, ESPI was first 
demonstrated by Butters and Leendertz (1971). 
Since then various optical configurations have been 
reported using video techniques for measurements of 
displacements, displacement derivatives, vibration 
analysis, shape measurement and non destructive 
testing (Erf 1978, Sirohi 1993, Stetson 1987). 
This paper presents an optical configuration for the 

simultaneous measurement of out-of-plane 
displacement and slope change in real time. It is a 
further development of an ESPI configuration 
(Mohan 1993). The technique combines the out-of-
plane displacement configuration and a shearography 
configuration. At the CCD detector plane one half of 
the detector surface provides observation of slope 
fringes. Our system uses a four-frame phase shifting 
technique allowing quantitative evaluation and 
presents high quality interferograms at TV-rate. The 
real time ability of electronic holo-shearography 
makes the measurements easy and fast to implement-

Two applications are presented, for which the 
simultaneous measurement of deformation and slope 
have practical advantages. First an application using 
reciprocity, a method in this case suitable to measure 
an applied unknown couple to a structure. Both the 
out-of-plane deformation and the slope change of the 
structure have to be measured when both forces and 
couples are applied. The second application is 
measurement of shape of a steel plunger, where 
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Figure 1. Schematic for simultaneous measurement 
of out-of-plane displacement and slope. (M, mirror; 
BS, beam splitter.) 

iso-contour lines are detected together with a map of 
the slope in one direction. 

2 OPTICAL CONFIGURATION 

Figure 1 shows an optical configuration for 
simultaneously measurement of slope change and 
out-of-plane displacement. The object is illuminated 
by a nearly collimated laser beam. It is imaged onto 
the photo sensitive surface plate of a CCD camera 
via the phase stepped mirror M l and adjustable bi-
mirrors M2 and M3 placed in the arms of a 
Michelson interferometer set-up. A zoom video lens 
in the front is used together with relay lenses before 
and after the Michelson interferometer. Through the 
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interferometer the beams become nearly parallel. The 
tilt angles of the mirrors M2 and M3 are adjusted so 
that two images are formed on the CCD camera, 
image A and image B. The magnification of the 
imaging system is chosen such that the images A and 
B occupy each half of the detector plate. The image 
formed by the mirror M l is adjusted such that it 
exactly overlap with the image A. A shear in any 
desired direction can be introduced by tilting the 
mirror M2. The image reflected by mirror M3 
interferes with a smooth in-line reference wave, 
added with the help of a phase-stepped mirror M4 
and a single mode fiber via a beam splitter. Two 
images can be seen on the monitor, one represents a 
conventional shearography configuration (A) and the 
other an ordinary out-of-plane sensitive electronic 
holography configuration (B). 

The CCD camera is connected to a commercially 
available image processing system which is 
interfaced to the host computer (Stetson 1989). A 
four frame phase stepping technique is used. Phase 
steeps of 7t/2 are introduced, between successive 
frames, by two piezo electric driven mirrors M l and 
M4. The correlation out-of-plane and slope fringes 
are displayed in real-time on the monitor. 

The measured optical phase difference 5 carries 
information of the displacements. Assuming a shear 
along tlie x-direction in image A and observation in z 
direction (normal to the object), the phase change 8A 
at each pixel can be written as (Hung 1974) 

2_T£ 

T 
. _du _•, dw 

s inØ—+ { l + cos0} — 
dx dx 

Ax (1) 

where G is the angle between illumination and 
observation, u and w are the deformations in x and z 
direction respectively (9w/3x is the slope change in 
x-direction), Ax is the shear distance ai the object 
surface and A, is the wavelength of the laser light. If 
the shear is not small, 3w/3x is the difference 
between points (x,y) and (x+Ax,y). The 
displacement components u and w for each pixel in 
image B are given by (Vest 1979) 

5B = —[usin0 + w { l + cos©}] 
A, 

(2) 

On the monitor two sets of fringe patterns can be 
observed, generated by each individual 
configuration. Thus the present configuration 
provides real time visualisation of slope change and 
out-of-plane deformation simultaneously. 

A - A 

1 

Figure 2. (a) The object used in the reciprocal 
experiment and (b) two load-sets, F' and F" + M", 
with corresponding deformations at the centre line of 
the object. 

3.1 A reciprocal experiment 

There are well-known advantages in performing 
reciprocity experiments compared with direct 
measurements in some applications (Wolde 1973). 
This can also be true in simply mechanical systems 
for example to measure unknown loads. 
In static loading of a linear elastic body with a single 
force the relation between load and deformation is 
given by Maxwell's reciprocity relation (Maxwell 
1864). It is based on symmetry of the influence 
coefficients cji for corresponding forces Pi and 
displacements Uj, ( {U} = [c] (P), cjj = cji) 

If the load is a couple M then the corresponding 
deformation is the slope change, see figure 2b. The 
reciprocal equation is usually written as: 

P l ' (3) 

3 EXPERIMENTS 

Two experiments are described for which 
simultaneous measurement have practical 
advantages. 

The load Pi can either be a force or a couple and the 
con'esponding deformation Ui is a displacement or a 
change in slope respectively. ( ' denotes first and " 
the second loading. The index numbers refer to the 
position.) 
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Figure 3. (a) & (b) Interferograms from two load-
sets, the upper half is the slope change and the lower 
one is the out-of-plane deformation, (c) A plot of the 
measured deformations along the centre line of the 
object 

For several loads Betti-Rayleigh reciprocal theorem 
is used. Fung (1965) describes this theorem as: "Let 
a set of loads Pi' , P2' ... ,Pn' produce a set of 
corresponding displacements Ui ' , U2' ... ,U n ' . Let 
a second set of loads Pi", P2" ... ,Pn", acting in the 
same directions and having the same points of 
application as those of the first loading, produce the 
corresponding displacements Ui" , U2" ... ,U n ". 
Then : 

p i ' u r p ; u ; 

P'U' + p " T j ' . 

1 1 2 2 

-P' U" = 
n n 

•+P"U' 
n n 

(4) 

End of quote. In other words, the mechanical work 
performed by loads from one loading acting on the 
corresponding displacements from the other loading 
are equal. For a single load in each set eq. 4 
becomes equal to eq. 3. 

A sufficient condition for reciprocity in statics is 
linearity. In practical applications with electronic 
holography linearity is often satisfied because of the 
relatively small deformations. 

In the present experiment an unknown support 
couple is determined from measurements where a 
known force is applied. The object, shown in figure 
2a, is a rectangular aluminium plate (2x155x75 
mm3) supported on two sides where it is fixed by a 
screw at each end of the centre line. It is loaded by 
the known force F at the centre. The unknown 
couple which is introduced by the tightened screw at 
the left end is to be determined. Since both a force 
and a couple act as loads, both the out-of-plane 
component and the slope change of the deformation, 
the corresponding deformations, have to be 
measured. The load-sets and measurements are : 

1. With the left screw loose, the out-of-plane 
deformation w' and the slope change a', caused by 
the force F', are measured . 

2. With the left screw tight, the out-of-plane 
deformation w" from force F" is measured. 

Using F' = F" and eq. 4 the unknown couple M" 
becomes: 

M" = 
F'( - w ' ) 

(5) 

The negative sign of a' is due to opposite 
directions of a' and M". The corresponding 
interferograms are shown in figure 3a and 3b. 
For normal illumination and observation directions 

eq. 1 and eq. 2 are reduced to: 

x 47t3w(x,y) 
5 A ( X ' y ) = - - ^ x - A X 

8 B (x,y): 
471 

w(x,y) 

(6a) 

(6b) 

The slope change dw/dx in x-direction is measured 
in the upper and the out-of-plane displacement 
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Figure 4. The high pressure plunger. 
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A plot of the results along the centre line is shown in 
figure 3c. 

With F = F" = 0.260 N, w" = 1.46 urn, w' = 
1.65 u.m and a' = 38xl0"6 , M" can be determined 
from eq. 5 to M" = 0.0050xF = 0.0013 Nm. 

3.2 Measurement of shape 

Contour generation using optical methods, provides 
a non-contact and full field analysis of 3-D objects 
concerning their shapes. It has a variety of 
applications which include quality control, transfer 
of contour information from prototypes to automatic 
controlled machines, biomedical applications and 
measurement of mechanical wear. Shape 
measurement can be achieved by changing the 
parameters like the wavelength of the laser source, 
the refractive index of the surrounding medium or 
the illumination angle. Bergquist and Montgomery 
(1985) have used ESPI for contouring in which one 
of the illumination beams was slightly altered 
between the exposures. An optical method to 
measure contour of slopes of an object surface was 
first introduced by Hung et al (1978). This method 
employs dual index immersion and a multi-aperture 
speckle shear interferometric configuration. Our 
optical configuration (Fig.l) is used with a multiple 
refractive index method to determine the slope of the 
shape and the shape simultaneously. A study of a 
high pressure plunger is made (Fig. 4). The shape of 
and especially the slope of the thicker part of the 
plunger is important for the function of the viscosity 
measuring instrument where the plunger is used. 
The plunger is placed in an immersion tank with a 
transparent liquid of refractive index xi\. A second 
experiment is made with a liquid with index n2- The 
change in refractive index from ni to n2 introduces a 
phase change in both the shear and the out-of-plane 
configurations. The phase shift is related to the 
topographic and slope variations of the specimen. 
For normal illumination and observation the eq. 1 
and eq. 2 become (Vest 1979) 

(b) 
40 20 axis (mm) 

S A ( x , y ) = 

5 R (x ,y) : 

4 it / \dz(x,y) 

y-axis (mm) 

4k i 

T l n r n : 
z ( x , y ) 

(7a) 

(7b) 

Figure 5. (a) Phase map showing the shape to the 
left and the slope in the y-direction to the right, (b) A 
3D-plot of the measured shape of a part of the 
plunger. 

w(x,y) in the lower part of the interferograms. The 
shear Ax is as large as 11 mm in this experiment and 
the slope change is thus approximated by Aw/Ax. 
Using the phase stepping technique the deformation 

fields are evaluated according to eq. 6a and eq. 6b. 

The multiple refractive index method is often 
advantageous since that the sensitivity can be varied 
more conveniently over a relatively large range by 
the use of different liquids. In the present experiment 
ethyl alcohol mixed in water is used to obtain 
required refractive index variation. The first 
exposure is made with pure water and the second 
exposure with a mixture of alcohol and water. Phase 
maps shown in figure 5a give slope contours in the 
y-direction and shape of the plunger. This 
information is extracted from a single experiment for 
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the refractive index variation 0^2-ni) of 0.00021. A 
fringe contour interval of -1 ram in the out-of-plane 
measurement is generated. Figure 5b shows a 3D-
plot of the measured shape of the object 

4 SUMMARY 

An optical configuration for simultaneous evaluation 
of two images on the same detector is presented. An 
advantage of the present configuration over existing 
methods is that only one experiment is needed to 
measure both deformation and slope change. This 
eliminates the error in replication of the loading . 
Two applications are demonstrated, one using 
reciprocity to determine a couple and an other to 
measure shape. This work was supported by the 
Swedish Research Council for Engineering Sciences 
(TFR). 
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Abstract. A comparative time-averaged TV holographic technique that 
allows fringe compensation is presented. The technique employs two 
identical objects, the test and the master, that are subjected to sinusoidal 
vibration to detect the difference in either out-of-plane vibration amplitude 
or phase distributions. In addition, the present optical configuration offers 
simultaneous visualization of vibration amplitudes of the test object. De
tailed theoretical and experimental results are presented. 

Subject terms: speckle interferometry: comparative interferometry: image pro
cessing: holography: vibration analysis: television holography: electronic speckle 
pattern interferometry. 

Optical Engineering 34(2), 486-492 (February 1995). 

1 I n t r o d u c t i o n 

Coherent optical techniques such as holographic interfer
ometry and speckle interferometry have become versatile 
tools in engineering metrology.' 2 Because these techniques 
work with interferometric sensitivity, they suffer from over
crowding of fringes for large deformation. Comparative in
terferometric configurations are adopted by various research
ers to overcome this problem. ' - 8 In this paper, a test object 
is compared with its identical counterpart, namely, the master. 
A fringe-free field is observed when both objects are iden
tically loaded. On the other hand, i f there is a difference in 
deformation between the test object and the master, the re
sultant fringe pattern represents the difference in deformation. 
The optical configuration is extensively applied for flaw de
tection. Impiementation of these comparative interferometers 
for static as well as vibration studies using electronic pro
cessing techniques are of considerable interest in recent 
years. 9 - ' ' Interferometric comparison between two similar 
objects for vibration analysis using video techniques was 
demonstrated for the first time by Lokberg and Slettemoen.9 

Recently, the technique has been used for the separation of 
the amplitudes of the modes without disturbing the individual 
amplitudes in a vibrating system.'- The salient feature of 
electronic processing techniques such as electronic/digital 
speckle pattern interferometry of TV holography is its ability 
to present correlation fringes in real time. ' 3 ' 4 These tech
niques are normally used in two modes of operation: the 
addition or subtraction mode, which is used in static defor-

Paper 3I0I4 received Jan. 26. 1994: revised manuscript received May 2. I994: 
accepted for publication Aug. 31. 1994. 
© 1995 Society of Photo-Optical Instrumentation Engineers. 009I-3286/95/S6.00. 

mation analysis, and the time average method, which is 
mainly applied for studying vibrating objects. In either case, 
fringe overlaid images of the object are obtained, where the 
fringes represent contours of constant surface displacement 
or constant vibration amplitude. In addition, various phase-
shifting methods have been incorporated in electronic pro
cessing to obtain phase maps and hence deformation maps 
from the interferograms.'"' 

Recently we have introduced an optical configuration for 
simultaneous measurement of out-of-plane deformation and 
slope change in electronic speckle pattern interferometry1 6 

(ESPI). The technique multiplexes an out-of-plane displace
ment configuration and a shearography configuration. The 
configuration is modified and implemented in this paper for 
simultaneous measurement of out-of-plane vibration ampli
tudes and its difference with its master. At the CCD detector 
plane, one half of the detector array records the vibration 
amplitude distribution, whereas the other half of the detector 
surface provides the compensation fringes. The optical sys
tem also uses a four-frame phase-shifting technique, allowing 
quantitative evaluation, and presents a high-quality interfer
ogram at TV rate. The configuration is applied to measure 
large vibration amplitudes, and experimental results on alu
minum plates clamped along the two edges are presented. 

2 E x p e r i m e n t a l C o n f i g u r a t i o n a n d 

D a t a P r o c e s s i n g 

The schematic of the optical configuration is shown in Fig. 
1, where A and B are two identical objects (A is the test and 
B is the master) and both are illuminated by a laser light of 
near normal incidence. Objects A and B are imaged onto the 
photosensitive surface plate of a CCD camera via a piezo-
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Monitor 

Fig. 1 Schematic for simultaneous measurement of out-of-plane vi
bration amplitudes of a test object A and the difference with its mas
ter B (M, mirror; BS, beamsplitter). 

electrically driven mirror M2 and a mirror M3 placed in the 
arms of a Michelson interferometric configuration. A zoom 
video lens positioned in the front is used together with relay 
lenses positioned before L l and after L2 the Michelson in
terferometer. Through the interferometer then, the beams be
come nearly parallel. Initially both the mirrors are adjusted 
so that on the CCD camera an overlapped image resulting 
from mirror M2 (images A and B) and mirror M3 (images A 
and B) is formed. Now, mirror M3 is tilted so that image A 
from mirror M3 exactly coincides with image B from mirror 
M2. On the monitor, three images, image A, overlapped im
age (A-B), and image B are observed. The magnification of 
the imaging system is adjusted such that only two images, 
namely, A and (A-B) occupy each half of the detector, while 
image B falls outside the target. A smooth in-line reference 
wave is added with the help of a bias modulation mirror M l 
and a single mode fiber via a beamsplitter to image A in one 
half of the detector. Mirror M l can be driven at the same 
frequencies as the object excitation to provide bias vibration. 
Two images can be seen on the monitor, one from a con
ventional out-of-plane sensitive configuration and the other 
from a comparative interferometric configuration. The av
erage speckle size is adjusted to be within the resolution limit 
of the detector. The CCD camera is connected to an image 
processing system, which was developed at United Tech
nologies Research Center1 7 (UTRC), U.S. The image pro
cessor receives data from the CCD camera, processes the 
data, and transmits the image to the monitor. The pipeline 
image processor can process and present the images at TV 
rate. The processor performs either double exposure or time-
averaged interferometry. The processor is controlled by a 
host computer. The host computer also controls the phase 
stepper (the piezoelectrically driven mirror M2). The system 
has speckle averaging facilities to obtain high-quality inter
ferograms. The operation of the system and data processing 
have been described in detail by Stetson,17 Stetson et a l . , I S 

Pryputniewicz and Stetson,19 and Bushman. 2 0 

3 F r i n g e A n a l y s i s 

For sinusoidally vibrating objects, the out-of-plane move
ment of the vibrating test object A at a time t, is given by 

WA(x,y,t) = wA(x,y) cos{2ir/r + 0A(x,y)] , (1) 

where wA(x,y) and GA(x,y) are the amplitude and phase dis
tributions of the test object at point (x,y), respectively, and/ 
is the vibration frequency. 

Similarly for the master or reference object B, the out-of-
plane movement can be expressed as 

WB(x,y.t) = wB(x,y) cos{2TTft + eB(x,y)} , (2) 

where wB(x,y) and BB(x,y) are the vibration amplitude and 
phase distributions of the reference object. The notation (xv) 
is not included in all equations presented in the following. 

3.1 Out-of-Plane Configuration 

Considering the out-of-plane sensitive configuration from 
one half of the detector, the irradiance distribution of each 
frame for object A, operating the UTRC system in time-
averaged mode, can be expressed as' 9 

lN-cv\ + a~si+2aAa„f cos(c\> + AN)M{(SlA) , (3) 

where aA and atcS denote amplitudes of the object and ref
erence fields; <b is the random phase difference between the 
two fields; \ N is the phase step values (0, I T / 2 , TT , and 3TT/2); 
N= 1, 2, 3, 4; Mt(üA) is the characteristic fringe function 
that modulates the interference fringes of the two fields as a 
result of object motion; and fiA is the fringe locus function. 
The phase steps in the present configuration (Fig. 1) is 
achieved by means of phase shift mirror M2. which forms 
image A in one half of the detector. 

For a sinusoidally vibrating object, the characteristic 
fringe function is a zero-order Bessel function of the first 
kind, i.e., 

M,(SlA) = J0(nA) . (4) 

For out-of-plane movement of the vibrating object, the 

fringe locus function for norma] observation and illumination 

can be expressed in terms of vibration amplitude wA(x,y) as1 

From Eq. (5), it can be noted that this relation is independent 
of the vibration excitation frequency. 

Four phase-shifted frames can then be combined in the 
pipeline processor to generate secondary fringes using the 
following relation 1 9- 2 0: 

/ „ u , = [ a i - / 3 ) 2 + ( / 2 - / 4 ) 2 ] ' / 2 = 4 | ^ r e f y 0 ( n / 1 ) | , (6) 

where the subscripts 1, 2, 3, and 4 indicate sequential frames 
from the CCD. The image is displayed live on one half of 
the monitor and represents contours of vibration amplitudes 
of the test object A. The reconstruction of the image is the 
absolute value of the J0 function instead of the usual squared 
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function, which increases the visibility of high-order fringes. 
Note that the alternative four-frame phase-shifting combi
nation used in the pipeline processor reconstructs only the 
cross-interference term, completely eliminating the self-
interference term (random phase cj>) from the object and ref
erence wave. 1 9 ' 2 0 The theory for the enhancement of the 
contrast of the vibration fringes using phase step frame com
binations has been discussed by various researchers. 1 9 - 2 2 It 
is also shown that the contrast of the fringes is dependent on 
parameters such as electronic noise, fringe density, and phase 
step.21 A detailed analysis by evaluating the signal-to-noise 
ratio (SNR) of the electronic signal using single-phase-step 
and multiple-phase-step frame combinations is also re
ported. 2 2 

Quantitative interpretation of electronically stored images 
of vibrating objects depends on determination of (lA. This 
determination can be done by optical shifting of the JQ fringes 
according to J0(£lA + B), where B is the amplitude of the in 
phase bias vibration. This can be achieved in the present 
optical configuration by vibrating the reference mirror M l 
sinusoidally at a frequency and a phase identical to the object 
vibration. The shift in J0 fringes follows similarly to that in 
which phase modulation shifts cosinusoidal fringes in the 
double-exposure method. 1 9 A minimum three images, the 
first without bias, the second with positive bias, and the third 
with negative bias, must be stored in the memory of the host 
computer to enable analyzing the data. The system must op
erate in data mode to provide the sum of the squares of its 
input numbers. The following arithmetic expression is used 
for analysis: 

= ( / , - hf + (/, - / 4 ) 2 = 16a Aa
2

e f M
2 ( | n A + B\) (7) 

The fringe locus function ClA is determined from the pre
ceding arithmetic expression. The shift in Ja fringes follows 
similarly to that in which phase modulation shifts cosine-
squared fringes in the double-exposure method. Note that 
there is an error in the values of SlA obtained from Eq. (7) i f 
Mi = cos because of the inequality between J$ and the cos2 

functions. 1 9 This error is computed for any value of f i A and 
for specific values of B, to create a look-up table. The look
up table is then used to obtain correct values of flA, and the 
resultant data can be used to compute the vibration amplitudes 
using Eq. (5). 

3.2 Comparative Interferometric Configuration 

We now consider the comparative interferometric configu
ration from the second half of the detector array, where the 
image of object A coincides exactly with its identical coun
terpart B. The irradiance distribution of each frame, operating 
the system in time-averaged image mode, can be expressed 

rN=a'A

2 + a'B

2 + 2aAa'B cos(4> + b„)M2(ClA,ClB) , (8) 

where a'A and a'B are amplitudes of the scattered light at the 
second half of the detector plane from objects A and B re
spectively; $> is the random phase difference between the two 
waves; and M2(QA,ÜB) >s t r i e characteristic fringe functions 
for the compared vibration between the objects. 

The concept here follows similarly to the analysis that was 
reported earlier by Molin and Stetson23 for arbitrary phase 

difference between two sources of vibration on one object. 
Following the analysis reported by Aleksoff , 2 4 ' 2 5 we can 

write the characteristic fringe function product for normal 
illumination and observation as 

M2{nA.nB)=j0jy i w \ + w j - 2 w A w B cos (e A -e s ) j 1 / 2 j . 

(9) 

When both the objects are vibrating at the same phase, Eq. 

(9) reduces to 

M2aiA.nB) = J0 

4 -
(10) 

This relation can be used to measure large vibration ampli

tudes. 
One can observe on the monitor two sets of fringe patterns 

generated by individual optical configurations as discussed 
earlier in this section and Sec. 3.1. Thus the present config
uration provides real-time measurement of out-of-plane vi
bration amplitudes and the difference with its identical coun
terpart simultaneously. 

From Eqs. (4), (5), and (9) it can be seen that when object 
A is vibrating and B is stationary (wB = 0), the resultant fringe 
patterns from both configurations are identical. On the other 
hand, i f B is vibrating with equal amplitude, frequency, and 
phase as object A, then the out-of-plane configuration from 
one half of the detector plane represents vibration amplitudes 
of A. while a fringe-free field indicating zero-order fringes, 
or Jo(0)= 1.0, is observed in the other half of the detector 
plane. I f there is a difference in either amplitude or phase 
distribution, or both, then the fringe function is given by Eq. 
(9). A summary of possible information that can be extracted 
from the present optical configuration is given in Table 1. 

4 E x p e r i m e n t a l R e s u l t s a n d D i s c u s s i o n 

The experiments are conducted using two identical rectan
gular aluminum plates of dimensions 50 X 80 X 0.6 mm'. The 
rectangular plates are mounted on two separate mounts and 
are clamped along the two edges. They are excited as equally 
as possible by means of electromagnetic exciters. The spec
imens are sprayed with matt white paint to scatter light uni
formly and are illuminated at nearly normal incidence with 
a collimated 80-mW frequency-doubled N D : Y A G laser 
(X = 532 nm). Mirror M l is connected to a phase shifter, 
which is combined with a multifunction synthesizer, also used 
to excite the object. The unit has a facility to vary either 
amplitude or phase, or both, with high accuracy and stability, 
while exciting the specimens. Mirror M1 is driven at the same 
frequency as that of the object to provide bias vibration. 

Initially, object A alone is allowed to oscillate sinusoidally 
at 503 Hz near its fundamental frequency of 515 Hz, while 
the reference object is at rest. Operating the system in its 
time-averaged image mode, four sequential frames are pro
cessed in the pipeline processor with a TT /2 phase step intro
duced by mirror M2 between each frame. The resultant fringe 
patterns seen on the monitor at TV rate from both the con
figurations are identical. They are shown in Fig. 2(a). These 
fringes represent vibration amplitudes of the test object A in 
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Table 1 Data that can be extracted simultaneously from the present optical configuration. 

CONDITIONS OUT-OF-PLANE CONFIGURATION COMPARATIVE CONFIGURATION 

From test object "A" From comparison between both objects, 

(One half of the detector) "A-B". 

{Second half of detector) 
M| ( f iJ M,(fi A ,fi,)  

a) wA(x,y)=wa(x,y)=0 1.(0) Jo 0) 

b) wA(x,y)=0 MO) J o - w . ( x , y ) 

t) w.(x,y)=o J, 0) J t - f w A ( x , y , l 

d) wA(x,y)=w3(x,y) and 
eA(x,y)=e,(x,y) 

J, "
4 " , il J. 0) 

e) 
w A{ x . v ) = 2w B (x,y) and 
8A(x,y) = 8,(x,y) 

J. > H 
f j wA(x,y)=wB(x,y) '** , il " f V 2 w A ( x , f j wA(x,y)=wB(x,y) 

J. '** , il " f V 2 w A ( x , /)7i-cos{e A - e , } 

8) wA(x,y)=2wB(x,y) and 
eA(x,y) = e , ( x ,y )« /2 

J. " f V 2 w A ( x , y ) ] 

h) 
wA(x-y)=2wB(x,y) and 
eA(x,y) = 8,(x,y)+i; 

J, > A < x , y > ] ^ 2 w A ( x , y 
] 

i) 6A(x,y) = e,(x,y) j_ 
T w A ( x , v ) J J, " ^ ( x . y ) -w . (x .y )} 

both halves because object Æ is at rest. For numerical eval
uation of vibration amplitudes of the test object, mirror M1 
is activated to introduce bias vibration of the reference beam. 
The setting of bias vibration adopted here is the same as 
described in Ref. 19. Operating the system in time-averaged 
data mode, three time-averaged interferograms are recorded 
with zero-bias modulation, positive shift bias modulation, 
and negative shift bias modulation. These patterns depict the 
vibration amplitudes from the left half of the image (out-of-
plane configuration) and are shown in Figs. 2(a), 2(b), and 
2(c). In the right half, the comparative images remain the 
same because of no bias. The 3-D plot shown in Fig. 2(d) 
represents the vibration amplitudes of test object A. It is also 
possible to obtain quantitative data from both configurations 
simultaneously by replacing mirror M3 with a bias modu
lation mirror. This work is not incorporated in the present 
study because of the lack of an additional bias mirror. 

In Fig. 3(a) plate B is excited with equal frequency, am
plitude and phase as plate A at a slightly higher amplitude 
than Fig. 2. The left half of Fig. 3(a) gives the same infor
mation as in Fig. 2(a). whereas the right half gives a zero-
order fringe or a fringe-free field, which indicates that the 
vibrations of the objects are identical. Keeping the frequen
cies and amplitudes of both objects equal but varying the 
vibration phase of reference object B relative to object A, 
results in an increase in the number of fringes in the right 
half of the image. A typical result when reference object B 
is shifted by TT /2 is shown in Fig. 3(b). In the right half of 
the image in Fig. 3(b). the vibration amplitude is enlarged 
by a factor of V 2 compared with the vibration amplitude 
obtained in left half of the image and for a shift of TT it is 
doubled. These results agree well with Eq. (9) and Table 1. 

To measure large vibration amplitudes, initially both the 
objects are allowed to vibrate at the same frequency, ampli
tude, and phase, as shown in Fig. 3(a). Then the amplitude 
of test object A alone is increased and the difference with 
reference object B is recorded and shown in Fig. 4(a). The 
amplitude of reference object B is adjusted such that again 
a fringe-free field is obtained [Fig. 4(b)] in the second half 

of the image. Further increase of the amplitude of object A 
results in detecting the difference in amplitudes with respect 
to object B from the comparative interferometric configu
ration. This analysis is carried out in steps until object A is 
vibrating at a high amplitude [Fig. 4(c)]. Note that the in
formation obtained from the left half of the image resulting 
from out-of-plane configuration appears completely gray, 
whereas the data obtained from the comparative interfero
metric configuration can be used to map the large amplitudes. 
The amplitude at the center of the test object in Fig. 4(c) is 
0.004 mm. 

5 C o n c l u s i o n 

An optical configuration for simultaneous observation of v i 
bration amplitudes of a test object and its difference with its 
master is presented in this paper. The salient feature of the 
method is that it enables study for possible cross-coupling 
between the test specimen with its counterpart, resulting from 
mechanical-acoustical coupling. It was noticed during the 
course of this study that when only the reference object is 
vibrating at high amplitude (5 p.m) there is an influence on 
the test object. The small vibration amplitude of the test object 
(0.2 u.m) can be observed in Fig. 5. Because of this coupling 
between the objects the experiment was not performed at 
fundamental frequency. 

Even though the present investigation pertains to vibration 
analysis, the technique can be extended to static deformation 
measurements, shape measurement, and nondestructive test
ing as well. The technique can be used in the production to 
classify the quality of the products. In mass-produced in
dustrial applications, it is necessary to know the behavior of 
the test object while testing with its prototype, and we feel 
that the proposed optical configuration with phase stepping 
may be useful for such evaluations. 

Acknowledgments 

The experiments were performed at the Luleå University of 
Technology when Dr. Krishna Mohan was a visiting scientist 

OPTICAL ENGINEERING / February 1995 / Vol. 34 No. 2 / 489 



SALDNER, MOHAN, and MOLIN 

';>•" .;s|f 

(a) (b) 

y-axis (mm) 

(c) (d) 
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from the three images. 

at the laboratory. This work was supported by the Swedish 
Research Council for Engineering Sciences (TFR). 

References 

1. C. M. Vest. Holographic Interferometrx, John Wiley, New York 
(1979). 

2. R. K. Erf, Ed.. Speckle Metrology, Academic Press. New York (1978). 
3. P. K. Rastogi. "Comparative holographic interferometry—a tool for 

nondestructive inspection," J. Phys. E 17, 1094-1096 (1984). 
4. P. K. Rastogi, "Comparative holographic interferometry; a nonde

structive inspection system for detection of flaws," Exp. Mech. 25, 
325-337 (1985). 

5. C. Joenathan, A. R. Ganesan, and R. S. Sirohi, "Fringe compensation 
in speckle interferometry—application to nondestructive testing,'' Appl. 
Opt. 25, 3781-3784 (1986). 

6. P. K. Rastogi and P. Jacquot.' 'Measurement of difference deformation 
using speckle interferometry," Opt. Lett. 12, 596-598 (1987). 

7. E. Simova and V. Sainov. "Comparative holographic moiré interfer
ometry for non destructive testing: comparison with conventional ho
lographic interferometry," Opt. Eng. 28, 261-266 (1989). 

8. E. Simova and V. Sainov, "Comparative holographic moiré interfer
ometry: separation of moiré fringes from the carrier interference pat
tern." Opt. Eng. 28, 550-555 (1989). 

9. O. J. Lokberg and G. A. Slettemoen. "Interferometric comparison of 
displacements by electronic speckle pattern interferometry,"' Appl. Opt. 
20,2630-2634(1981). 

10. A. R. Ganesan, C. Joenathan, and R. S. Sirohi, "Real-time comparative 
digital speckle pattern interferometry." Opt. Commun. 64, 501-506 
(1987). 
P. K. Rastogi, M. Barillot. and G. H. Kaufmann. "Comparative phase 
shifting holographic interferometry," Appl. Opt. 30, 722-728 (1991). 
A. R. Ganesan, P. Meinischmidt. and K. D. Hinsch. "Vibration mode 
separation using comparative electronic speckle pattern interferometry 
(ESPI)," Opt. Commun. 107, 28-34 (1994). 

13. R. Jones and C. Wykes, Holographic and Speckle Interferometry. Cam
bridge University Press, Cambridge (1983). 

14. O. J. Lokberg, "Recent developments in video speckle pattern inter
ferometry," Chap. 4 in Speckle Metrology, R. S. Sirohi, Ed., pp. 
157-194, Marcel Dekker Inc., New York (1993). 

15. K. Creath and J. C. Wyant, "Holographic and speckle tests," Chap. 
15 in Optical Shop Testing, 2nd, ed., D. Malacara Ed., pp. 599-651, 
John Wiley & Sons, New York (1992). 

11 

12 

490 / OPTICAL ENGINEERING / February 1995 / Vol. 34 No. 2 



COMPARATIVE TV HOLOGRAPHY FOR VIBRATION ANALYSIS 

N. Krishna Mohan, H. Saldner, and N.-E. Molin. "Electronic speckle 
pattern interferometry for simultaneous measurement of out-of-plane 
displacement and slope." Opt. Lett. 18(20). 1861-1863 (1993). 
K. A. Stetson, "Electro-optic holography system for vibration analysis 
and non-destructive testing." Opt. Eng. 26, 1234-1239 (1987). 
K. A. Stetson. W. R. Brohinsky. J. Wahid, and T.Bushman. "An electro-
optic holoaraphy system with real-time arithmetic processins." J. Non-
dcstruct. Éval. 8, 69-76 (1989). 
R. J. Pryputniewicz and K. A. Stetson. "Measurement of vibration 
patterns usina electro-optic holography." Proc. SPIE 1162, 456-467 
(1989). 
T. Bushman, "Development of a holographic computing system." 
Proc. SPIE 1162, 66-77 (1989). 
C. Joenathan, "Vibration fringes by phase stepping on an electronic 
speckle pattern interferometer: an analysis," Appl. Opt. 30, 4658^t665 
(1991). 
C. Joenathan and B. M. Khorana, "Contrast of the vibration fringes in 
time-averaged electronic speckle-pattern interferometer: effect of 
speckle averaging," Appl. Opt. 31, 1863-1870 (1992). 
N.-E. Molin and K. A. Stetson.' 'Measuring combination mode vibration 
pattern by hologram interferometry." J. Phys. E 2, 609-612 (1969). 

(c) 

F i g . 4 Interferograms recorded for the measurement of large vibra
tion amplitudes. The test object and reference object are vibrating 
at the same frequency and phase but their amplitudes are varied in 
steps; the amplitudes at the center are (a) wA= 1 p.m. wB=0.7 u.m; 
(b) w „ = i v B = 1 u.m; and (c) wA-wB=5 p.m. 

OPTICAL ENGINEERING / February 1995 / Vol. 34 No. 2/491 



SALDNER, MOHAN, and MOLIN 

N. K r i s h n a M o h a n obtained his MSc 
(Tech) degree in applied physics from 
Andhra University, Waltair, and his MS 
(Eng) and PhD degrees in mechanical en
gineering from Indian Institute of Technol
ogy, Madras. His PhD dissertation was on 
white light speckle photography and holo-
speckle techniques in engineering metrol
ogy. His research areas include holo
graphic interferometry, electronic holog
raphy, and shearography and speckle 

metrology using pnotorefractive crystals. He is currently a technical 
officer in the Applied Optics Laboratory, Department of Physics, In
dian Institute of Technology, Madras. He is a member of the Optical 
Society of India. 

F i g . 5 Left fringe patterns show a small influence on the test object 
when only the reference object is forced to vibrate at a high ampli
tude, resulting from mechanical-acoustical coupling between the two 
objects. 

24. C. C. Aleksoff. "Time average holography extended." Appl. Phv.s. Lett. 
14, 23-24 (1969). 

25. C. C. Aleksoff. "Temporally modulated holography." Appl. Opt. 10. 
1329-1341 (1971). 

N i l s - E r i k Molin received his PhD degree 
from the Department of Physics II and In
stitute of Optical Research of the Royal In
stitute of Technology, Stockholm, Sweden, 
in 1970 and joined the Luleå University of 
Technology. Since 1989 he has headed 
the Division of Experimental Mechanics, 
where his main research area is optical 
methods in experimental mechanics. His 
research areas include holographic inter
ferometry, speckle metrology, the mechan

ics of musical stringed instruments, and the strength of materials. 
He is a member of EOS, OSA, and DGAO. 

Henr ik O. S a l d n e r obtained his MSc in 

mechanical engineering from Luleå Uni
versity of Technology, Sweden, in 1991 
and has since been a PhD student in the 
Department of Experimental Mechanics. 
The present work is a part of his PhD stud
ies. His research areas include electronic 
holography and electronic shearography. 

492 / OPTICAL ENGINEERING / February 1995 / Vol. 34 No. 2 



Paper Q 



Applications of Reciprocity, Electronic Holography 
and Shearography in Statics 

by H.O. Saldner and N.-E. Molin 

ABSTRACT—This paper illustrates the use of reciprocity 
in electronic-holography experiments to determine un
known forces or couples acting on a mechanical struc
ture. Electronic holography and electronic shearography 
are simple, fast and contact-free methods for the mea
surement of deformation fields or gradients of deforma
tion fields, both for static and sinusoidal loadings. From 
a first measurement, the deformation field of the struc
ture for a known force is determined. In a second ex
periment, the deformation field for the unknown quantity 
is measured. Reciprocity is then used to determine the 
unknown quantity. These optical methods are useful tools 
for the understanding of reciprocity. 

Introduction 

There are well-known advantages in performing 
reciprocity experiments to direct measurements in some 
applications. ~J This is also true in uncomplicated me
chanical systems, for example, to measure an applied 
couple. In more complicated mechanical-acoustical 
systems, it could be easier to measure the influence 
of a point source to the system itself instead of to 
measure the direct complicated output of the sys-
tern. 4- 5 

New ful l - f ie ld optical-measuring techniques, such 
as electronic holography and electronic shearography, 
make reciprocity experiments even more attrac
t i v e . 6 - 1 0 The object is illuminated with laser light and 
the optical system images and measures the scattered 
object light. From the measurements the deformation 
of the object can be determined quantitatively and si
multaneously for all visible points on the object sur
face, both for two-step and sinusoidal loading. Max
well's reciprocity theorem relates the deformation of 
the object at a point to a force and the slope change 
(spatial derivative) of the deformation to a couple. 

H.O. Saldner is PhD student, and N.-E. Molin is Professor. Luleå 
University of Technology. Division of Experimental Mechanics. 
S-97187 Luleå. Sweden. 

Original manuscript submitted: September 13. 1993. Final manu
script received: March 1. 1994. 

Deformation fields and slope-change fields are quan
tities which are easy to measure with electronic ho
lography and electronic shearography, respectively. 
New possibilities to determine unknown forces and 
couples are thus opened. 

In this paper a short review of the principle of rec
iprocity is given followed by a short description of 
the optical methods used. Two experiments are de
scribed. The first illustrates Maxwell 's reciprocal re
lation and how to determine unknown forces by elec
tronic holography. The second experiment makes use 
of electronic shearography to determine unknown 
couple. 

Reciprocity with Static and Dynamic Loading 

In static loading of a linear-elastic body with a sin
gle force, the relation between load and deformation 
is given by Maxwell 's reciprocal relation. 1 It is based 
on symmetry of the influence coefficients cp for cor
responding forces P, and displacements ur ({«} = 
\c]{P}). 

Cij = Cji (1) 

This relation is illustrated in Fig. 1(a) when a unit 
load P is applied in two positions. I f the load is a 
couple M , then the corresponding deformation is the 
slope change, compare Fig. 1(b). 

The reciprocal equation is usually written as 

P j = PJ 

« 2 u'l (2) 

Where the loads P, can be either a force or a couple 
and the corresponding deformations u, are a displace
ment or a change in slope, respectively, (' indicates 
first and " the second loading and the index numbers 
refers to position.) 

For several loads, the Betti-Rayleigh reciprocal 
theorem is used. Fung 2 describes this theorem as: "Let 
a set of loads PJ, P^, P'„ produce a set of corre
sponding displacements u\, u'2, u'„. Let a second 
set of loads V"u PJ, F„', acting in the same direc-
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Fig. 1—Illustration of Maxwell reciprocity, (a) The sym
metry in the influence coefficients with unit force, (b) 
Generalized force (couple) and corresponding displace
ment (slope change). ' indicates first and " indicates 
the second loading. The index numbers refers to posi
tion 

tions and having the same points of apphcation as those 
of the first loading, produce the corresponding dis
placements u", « 2 , u"„. Then 

P[«T + ViU% • • P X ' = P M + P M + P X 
(3) 

End of quote. In other words, the mechanical work 
performed by loads f rom one loading acting on the 
corresponding displacements from the other loading 
are equal. For one load in each set, eq (3) becomes 
equal to eq (2). A sufficient condition for reciprocity 
in statics is linearity. In practical applications with 
electronic holography linearity is often satisfied. 

Reciprocity for a dynamically loaded system is usu
ally formulated for two loads in the same way as 
Maxwell 's reciprocal relation for static loading. Here, 
however, other corresponding pairs of variables are 
used. In acoustical experiments the variables may be 
sound pressure p(Pa) and volume velocity V(m /s) . 
For mechanical reciprocity we may have force F(N) 
and translation velocity v(m/s) or couple M ( N m ) and 
angular velocity &,(s _ 1 ) . Dynamic reciprocity can also 
be formulated in electrical terms with voltage e(V) 
and current ;'(A) as variables. The validity of dynamic 
reciprocity is more limited than in statics. Wolde 4 used 
the following four sufficient conditions for dynamics: 
The system has to be (1) linear (as for static rec

iprocity), (2) passive, (3) vibrate about a stable equi
librium position and (4) it has to have bilateral ele
ments. The bilateral element is described by an odd 
function. A reciprocity experiments in this paper only 
deal with statics, but the optical measuring techniques 
used also allow the harmonic vibration amplitudes 
(modes of vibration) to be determined. This w i l l be 
the subject of a coming paper. 

A Short Description of Electronic Holography 
and Shearography 

Electronic holography is a noncontact and ful l - f ie ld 
measuring technique well suited to determine dis
placement fields caused by a static, two-step loading 
or by a harmonic vibration. Stetson et al6 describes 
the details of the system consisting of an optical and 
an electronic unit, shown in Fig. 2(a). The diffusely 

(a) 

Fig. 2—(a) A schematic diagram of the electronic-ho
lography system for measuring of out-of-plane dis
placements, (b) Shearography, measuring the slope 
change (spatial derivatives). BS—beam splitter, L— 
lens, M—mirror, O—object and PZfvl—piezoelectric 
mirror 
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reflecting object O is illuminated with a laser and im
aged by a lens-system onto a CCD-array together with 
an in-line reference beam. Earlier such systems were 
often called electronic-speckle-pattern interferometry, 
ESPI systems or sometimes TV-holography systems.7 

Many details and options are similar in these systems, 
but the electronic-holography system differs in that an 
optical phase shift of n/2 is introduced between each 
successive frame in the recording by the CCD-cam
era. Four such phase-shifted recordings in sequence 
at each recording pixel allows a fast electronic pro
cessing unit to process interferograms at TV-rate (30 
picture/s) with much less noise than most other sys
tems. Practically such phase shifts are introduced by 
piezoelectrically movable mirrors, here called PZM. 
The interferograms can also be numerically pro
cessed, see Figs. 3(a) and 3(b), in which first the tra
ditional interferogram and then its numerical three-
dimensional representation are shown. 

With normal-illumination and normal-observation 
directions the out-of-plane deformation w(x,y) of the 
object in the observation direction (z axis), is mea
sured and presented on a monitor at TV-rate as in
terference fringes. The output f rom the measure
ments, the optical phase <p(jr,y), depends upon the out-
of-plane displacement w(x,y) as 

4TT 
cp(x, y) = — w(x, y) 

A (4) 

The wavelength \(532 nm) of the laser light used is 
the green visible light f rom the frequency doubled 80-
mW N d : Y A G laser. The fringes on the object in Fig. 
3(a) are monitored as the cosine-square of the phase, 
tp(x,y). The pattern obtained is called an interfero
gram and is used to evaluate the real deformation 
w(x,y). 

By using the out-of-plane setup in Fig. 2(a), one 
component of the deformation vector u = (u, v, w)T 

is measured. By using several observation directions 
the complete deformation f ield can be determined. 
Often, however, it is enough to measure only one 
component since the constraints often determine the 
other components. 

In reciprocal applications the displacement corre
sponding to a load has to be measured. The optical 
sensitivity direction of the measurements, colinear to 
the load, can easily be adjusted. The in-plane defor
mation component can also be measured with elec
tronic holography but with another optical configu
ration. 8 

I f the loads are couples the corresponding change 
of slope or rotation angle of the out-of-plane defor
mation has to be measured. This can be done by 
changing the optical head of the system into another 
system which measures the slope change, Fig. 2(b). 
This principle was proposed by Hung 9 and is called 
shearography. By the use of a combined optical head, 
which allows both the out-of-plane deformation and 
the change of slope to be measured simultaneously, 1 0 

the number of up and down loading of the structure 

is minimized. For simplicity, we concentrate here on 
the single shearography system where only the slope 
change is measured. 

In shearography, two neighboring points on the ob
ject surface are brought to interfere on the CCD array. 
This is done in a configuration similar to a Michelson 
interferometer, Fig. 2(b). One mirror can be tilted to 
introduce a shear on one of the images relative to the 
other by a distance Ax or Ay. The measured optical 
phase change ips(x,y), refer to Hung, 9 depends on the 
illumination direction 6, wavelength X, out-of-plane 
displacement w(x,y) and the in-plane displacement 
u(x,y) as 

<Py(x, >') = 
2-rr 

(1 + cos 0) 

sin 6 
du(x, y) 

dy 

dw(x, y) 

dy 

Ay 
(5) 

For normal illumination (0 = 0 deg), as in Fig. 2(b), 
the slope change in the y-direction ay(x,y) becomes 

0 deg ^> ay(x, y) • 
3w(x, y) K <pv(jc, y) 

Sy 4-Tf Ay (6) 

and there is no dependence upon the in-plane com
ponent u(x,y). By changing the shear Ay, which is 
done by tilting the mirror, the sensitivity is chosen to 
satisfy the experimental conditions. The advantages 
of using the shearography system instead of the out-
of-plane system are that it measures slope change di
rectly without any numerical treatment of the data, 
and also that the system is much more insensitive to 
mechanical disturbances and disturbances in the air 
between the object and the measuring unit. In shear
ography, the two points on the surface of the object 
which are compared are placed close to each other. 
The light f rom both these points is likely to get an 
equal amount of disturbances. At the interference at 
the detector plane, a subtraction of phase takes place 
which cancels equal amount of disturbance. 

Experiments 

The first experiment has two purposes: to illustrate 
Maxwell 's reciprocity theorem for unit forces and 
secondly to determine an unknown force. The out-of-
plane arrangement in Fig. 2(a) is used. The object is 
an aluminium plate of unknown thickness and it has 
a few holes and a slit. The right half of the object is 
shown in Fig. 3. The plate is supported at two points, 
at point S in Fig. 3(a) and at the left-hand end which 
is outside the image. It is diff icul t to create a finite-
element model of the plate since too little information 
is known about the supports. A unit force, P = 1 
caused by a known mass, perpendicular to the plate 
at point A causes an out-of-plane displacement field 
shown in the interferogram of Fig. 3(a). The displace
ment is constant along a fringe and the fringe there
fore behaves as an isocontour for equal deformation. 
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(e) 

Fig. 3—Deformation fields of the right-hand part of an Al plate, supported at S and at a position outside of the 
picture to the left, (a) A unit force P placed at A. (b) A three-dimensional plot of the deformation in (a), (c) A unit 
force P placed at B. By moving the force from B to C, along a fringe in (a), the deformation at point A will be 
constant, (d) A unit force P placed at C. (e) An unknown force at point D 
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y-axis (mm) 

(c) - (d) 

Fig. 4—(a) In an Al-plate, couples are introduced from a wedge placed between two pegs. Shearography is 
used, (b) The shearogram from a known couple at the lower peg, without the wedge, (c) A three-dimensional 
plot of the obtained slope change field, (d) The slope change and (e) a three-dimensional plot when the wedge 
is placed between the pegs. From this the unknown couple from the wedge can be calculated 
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The out-of-plane displacement between two fringes 
either increases or decreases with one-half of the 
wavelength of the laser light, that is 0.532/2 = 0.27 
u.m f rom one fringe to the other. A three-dimensional 
plot in Fig. 3(b) shows the corresponding displace
ment f ie ld , w(x,y). This kind of quantitative presen
tation is possible to get due to the phase shift which 
is introduced in the optical setup during recording and 
by digital processing. 

Now, suppose we have a linear structure and that 
we move the unit force to another point B . The cor
responding displacement field is shown in Fig. 3(c). 
To check Maxwell 's reciprocity relation in its sim
plest form, eq (1), we count the number of fringes in 
Fig. 3(a) f rom S to B in the first loading which gives 
5.5 bright fringes. Compare that number with the 
number of fringes we get in Fig. 3(c) between S and 
A which are expected to be equal (5.5 fringes —1.5 
u.m). It is pedagogic to count fringes but in real ap
plications the calculated numerical results are used, 
such as in Fig. 3(b), and the results agree within two 
percent. 

Note that i f the unit load in the second loading in
stead is moved along a fringe contour (a displacement 
isoline) in the first loading [Fig. 3(a)], the displace
ment at point A w i l l always be the same, see Fig. 3(d) 
where the unit force is placed at point C. 

I f an unknown force is placed somewhere on the 
structure, we only have to count the number of fringes 
to that point in the first recording and in the same way 
count fringes in the second recording and use eq (2) 
instead. A n unknown point force at point D in Fig. 
3(e) is calculated in that way to be 15/11.5 = 1.3 
times the unit force used. Couples as loads can also 
be determined in this setup f rom eq (2). The slope 
change has, in this setup, to be calculated by differ
entiation of the displacement f ield. A method to avoid 
that is shown in the next experiment. 

In the second experiment, couples acts as loads and 
shearography (Ay = 1.7 mm) is used to measure the 
corresponding deformation, which in this case is the 
slope change. The object, shown in Fig. 4(a), is a 
rectangular aluminium plate (0.5*120*80 mm') 
clamped along the top and bottom edges and free at 
the two vertical sides. It is loaded by bending cou
ples, which are introduced at two pegs, glued to the 
back of the plate (10 mm in between the pegs, di
ameter 4 mm, length 40 mm). A wedge is pressed in 
between the pegs and this creates two unknown cou
ples at the plate surface. It is assumed that the in-
plane forces introduced by the loading can be ne
glected. Betti-Rayleigh's reciprocity formula eq (3) is 
used and the couples f rom the wedge can be mea
sured. A known couple o f M [ = mgl = 5.5*10~ 3 Nm, 
is first applied (without the wedge) by putting a known 
mass m on the lower peg, which gives a known force, 

mg, down along negative y direction, see Figs. 4(b) 
and 4(c). In the second measurement the wedge is 
placed in between the pegs. The corresponding slope 
change is shown in Figs. 4(d) and 4(e). Assuming that 
the unknown couples M " and M? are equal and of op
posite direction, eq (3) becomes 

Numerical results obtained f r o m the calculated slope 
change, Figs. 3(c) and 3(e), are M" = — M ! = (0.913) 
MJ = (5.0 ± 0.1) 10" 3 N m . 

Discussion and Conclusions 

Electronic holography and electronic shearography 
offer a very fast and easy way to visualize and mea
sure displacement and deformation fields or their spa
tial derivatives. In combination with reciprocity these 
systems become powerful tools to determine un
known loads, such as forces or couples. The mea
surements are also very useful to increase the under
standing o f reciprocity. 

Electronic holography is limited to quite small dis
placements (<15 )v for a single loading), a regionswithin 
most structures act as linear for small loads, while 
shearography may easily be adjusted to a wide range 
of sensitivity. 
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Two types of exciters were investigated experimentally. One of the exciters uses a 
small permanent magnet fastened on the object. The force is introduced by the change 
in the electromagnetic field from a coil via an air gap. The second exciter is an 
eddy-current electromagnet one. The amplitude of the forces from these exciters are 
calibrated by using dynamic reciprocity in conjunction with electronic holography. 
These forces strongly depend upon the distance between the exciter and the ob

ject. © 7996 John Wi'lev & Sons. Inc. 

INTRODUCTION 

Experimental modal analysis has become more 

important as structures and materials become 
more sophisticated. Modal analysis refers to the 
process of determining modal parameters like fre
quencies, damping factors, and modal vectors 
(mode shapes) Ewins, (1984). Modal parameters 

may be determined analytically or by experi
ments. The experiments are often used to verify 
an analytical model. I f such a model does not 
exist, the experimentally determined modal pa

rameters can serve as a model of the object. The 
modal parameters may be used for structural 
modifications or to explain the dynamics of the 
structure. 

I f the object is st iff and heavy, accelerometers 
or other contacting experimental techniques can 
often be used. For thin and weak structures the 
object behavior is, however, changed by the mass 
loading f r o m accelerometers. A noncontact tech

nique is then preferred. Today, there are effective 

noncontacting techniques available such as laser 
Doppler vibrometers and electronic holography 
techniques. A review of recent developments in 

electronic holography techniques is described in 
Løkberg (1993). 

In most experiments wi th st iff and heavy ob
jects, the object is forced to vibrate, either f rom 

an impact of the hammer or f rom a frequency 
controlled exciter. I f the object is thin and weak, 
the exciter should be of the noncontacting type. 
Different types of such exciters are loudspeakers, 
eddy-current exciters, and coils with a permanent 
magnet fastened to the object. In this study eddy-

current and permanent magnet exciters were cali
brated using dynamic mechanical reciprocity and 
electronic holography (EH) . The force f rom the 

exciters were calibrated using reference objects 
and a quartz force transducer. 

Two examples of optical modal analysis are 
also presented. Body modes of vibration of a vio

lin were analyzed using E H . Modes of vibration 
of a plate were analyzed using electronic shearog-
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raphy (ES) in the second example. ES is a special 

version of E H and measures the spatial derivative 
of the out-of-plane deformation field. Shearogra
phy is often used for nondestructive testing 

(Hung, 1974). This technique has recently been 
extended by Mohan et al. (1994) to include vibra
tion studies. 

NONCONTACT EXCITERS 

Two types of exciters were studied experimen

tally. Both use forces introduced by changes in 
an electromagnetic field of a coil and a permanent 
magnet. The first type, called type 1. has the mag
net fastened onto the object. For the eddy-current 
type, type I I . the magnet and the coil are mounted 

as one unit separated f rom the object [compare 
Fig. Ha) and (b)]. 

(a) object 

i coil 

core 

(b) conducting 
object 

core 

coil 

F I G U R E 1 Two noncontact exciters, (a) Type I has 
a small permanent magnet, P . fastened onto the object, 

(b) Types II is an eddy-current electromagnet exciter 

with the coil and the magnet as one unit. 

Permanent Magnet and Coil (Type I) 

Figure 1(a) shows the design of the exciter. A 
small permanent magnet is waxed onto the sur

face of the structure. A coil is placed close to 
the permanent magnet with an air gap d. The 
stationary magnetic field f rom the permanent 

magnet interacts wi th the varying electromag
netic field f rom the coil that causes the desired 
out-of-plane force. 

This force depends upon the strength of the 
permanent magnet and the strength of the electro
magnetic field f rom the coil . Because the mag

netic field f rom the coil is proportional to the 
current in the coil , the force is proportional to 
the voltage of the driving signal generator at a 
constant frequency. The relation between voltage 

E and current I is in the jco method related as 

(jcuL + R) I = E. where cu is the angular frequency 
and j is the square root of - 1 . L and R are the 
inductance and the resistance of the co i l , respec

tively. Thus, the force wil l decrease wi th increas
ing frequency. I f R > toL. the force wi l l be approx

imately independent of the frequency. The 

frequency of the force is the same as that of the 
current through the coil . 

The permanent magnet fastened onto the sur

face of the object gives a mass loading and should 
be as small as possible. A cylindrical 0.35-g per
manent magnet, which sticks to an iron plate wi th 

aforce of about I N . was used in the experiments 
(length 3.5 mm. diameter 3.5 mm). T w o different 
coils were used in the present experiments: one 

without core and dimensions (length 16 mm and 
diameter 12 mm), and one with an iron core with 
about 40 windings and dimensions (length 3.0 mm 
and diameter 12 mm). 

Eddy-Current Electromagnet 
Exciters (Type II) 

The eddy-current electromagnet exciter is shown 
in Fig. 1(b). A sinusoidal current in the coil wi l l 

introduce harmonically varying eddy currents in 
the conducting object. The electromagnetic field 
generated by the eddy currents wi l l interact wi th 
the stationary field f r o m the permanent magnet 

and give rise to a force. The principle of this 
exciter can easily be verified in the fo l lowing way: 
place a coil on one side of an object, a thin con
ducting plate. A force wi l l be introduced in the 
object i f a permanent magnet is placed on the 
other side of the plate. 

The eddy current in the object decreases expo-
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nentially wi th depth f r o m the surface. The skin 
depth 8 is defined as the depth in the material 

where the electromagnetic wave is reduced to 
1/e (=0.37) of its initial amplitude. For good con

ductors the skin depth is formulated in Jackson 

(1975) as 

/ 2 
5 = / 1 (1) 

Y fjLOjer 

where OJ is the angular frequency and / J . and fl

are the permeability and the conductivity o f the 
object material, respectively. I f 8 is much less 
than the thickness h of the object, the force wi l l 

be independent of h. For aluminum. 8 is about 8 
mm for frequencies in the range of 100 Hz. In 

most experiments, the forces wi l l depend upon 
the thickness of the object and a calibration of 
the force is needed for different object thick

nesses. The present exciter has a permanent mag
net that sticks to an iron plate with a force of 

about 40 N and wi th about 600 windings. The 

dimensions are length 12.5 mm and diameter 13.2 

mm. The magnet is glued to the iron core of the 
coil in a single unit. 

EH 

The E H system uses a four frame, phase stepped 
speckle interferometric technique. It offers eff i 

cient ways to measure fields of deformation and 
allows the deformation to be visualized in real 
time. Names such as electronic speckle pattern 
interferometry (ESPI). electrooptic holography, 

and T V holography are commonly found in the 
literature for similar techniques. The system used 
was developed at United Technologies Research 
Center (UTRC) in the U.S. by Stetson (1990) and 
Stetson et al. (1989) (see Fig. 2). The object is 

illuminated by a 500-mW frequency doubled Nd: 
Y A G laser (wavelength 532 nm). The image of 
the object interferes with a smooth reference 

beam f rom an optical fiber onto a CCD camera. 

OPTICAL HEAD 

a 

PZM (phase step) PZM 
(bias vib.) 

r 
PC ^ 

386:a 

^ 

Image 
processor 

i L 
Signal generator 

Video recorder TV-monitor 
Video printer 

F I G U R E 2 (a) The optical head of the electronic holography system and the object arrangement used 

for the violin experiment. Three sides of the violin are studied simultaneously via mirrors, (b) Electronic 

components of the system. 
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A piezo mounted mirror (PZM) introduces optical 

phase steps of 90° between subsequent images. 

Four consecutive images are treated by an image 

processorand presented as high quality interfero

grams on a monitor in real time (30 frames/s). A 

host computer controls the image processor and 

the phase stepping P Z M . To grasp the interfero

grams. the object has to be excited at single f re

quencies or by frequency sweeps. 

From an interferogram it is not possible to say 

if the antinode is a " h i l l " or a " 'valley." that 

is, in-phase or out-of-phase compared to other 

antinodes. A second P Z M is therefore used to 

find this important phase relation. The mirror is 

set to vibrate at the same frequency, amplitude, 

and phase as some part of the object. This is often 

called a bias vibration. This part of the object wi l l 

then act as a new nodal line.The real nodal lines 

wi l l be given the number of fringes that corre

sponds to the amplitude of the bias vibration of 

the P Z M . By switching the bias vibration on and 

off . the phase of the antinodes can be determined 

f r o m the increase or decrease of the number of 

fringes in each antinode. This facility is needed 

fo r the study of complicated modes or when the 

object is imaged via mirrors. Numerical evalua

tion of the vibration amplitude distribution can 

also be performed by recording three interfero

grams, without bias, wi th positive bias and with 

negative bias, together wi th a postprocessing rou

tine. The details are described in Stetson and 

Brohinsky (1988). 

To reduce the speckle noise and thus improve 

the quality of the interferograms. speckle averag

ing is possible. A number of interferograms are 

averaged to produce the final interferogram. Each 

interferogram is given a slightly different illumina

tion direction to get a different speckle pattern. 

R E C I P R O C I T Y A N D C A L I B R A T I O N 
O F E X C I T E R S 

In static loading of a linear elastic body wi th a 

single force, the relation between load and defor

mation is given by Maxwell ' s reciprocal relation. 

Maxwell ' s reciprocal relation is described in Fung 

(1965). The equation is usually written as 

3-3. (2) 
u? u, 

where the loads P, can be either a force or a couple 

and the corresponding deformations u, are a dis

placement or a change in slope, respectively 

(' indicates first and " the second loading and the 

index numbers refers to position). Wi th a known 

reference and P[ and measured deformations u i 

and u" , the unknown load P,' can be determined. 

Reciprocity for a dynamically loaded system is 

usually formulated in a similar way as Maxwell 's 

reciprocal relation for static loading (Wolde, 

1973). Here, however, other corresponding pairs 

of variables are used. For mechanical reciprocity 

we may have force F (N) and translation velocity 

v (m/s). The experiments with E H are performed 

at a single frequency where the velocity amplitude 

is proportional to the measured amplitude of 

the vibration. 

This reciprocity relation has been used to cali

brate the amplitude of the force fo r both types of 

exciters. A type I exciter was first calibrated with 

a quartz force transducer on a s t i f f and heavy 

object. This calibrated exciter was then used as 

the reference in the reciprocal experiment. A 

Briiel & K j æ r force transducer (type 8200) was 

used in the experiments. 

The reciprocal calibration is performed in the 

fol lowing way: a reference force amplitude is ap

plied to a plate as the known load PJ at position 

1. The amplitude of the vibration field u(x. y)' of 

the whole plate is measured using E H . A second 

force P i , the one we want to calibrate, is applied 

to the plate at position 2 and the second deforma

tion field u(.v. y)" is measured. The two measured 

deformation fields include the deformations at po

sition 1 and 2. that is, u i and u" , respectively. I f 

the vibration and the force are in phase (or out 

of phase) the numerical amplitude values f rom 

the experiments can be used directly in Eq. (2) 

to give the unknown quantity P,'. I f the object 

has a low mechanical damping and i f the frequen

cies are separated f rom an eigenfrequency, this 

phase condition wi l l be fu l f i l led . T w o similar alu

minum plates of different thicknesses were used 

as objects with dimensions 120 x 90 m m 2 and 

thicknesses 0.7 and 2.0 mm. The damping factor 

I of the plates as experimentally determined to 

be I < 0.006 f r o m the sharpness of the lower 

resonances as in Thomson (1988). 

The type I exciter can be used on different 

object materials according to this calibration. But 

the type I I eddy-current exciters have to be cali

brated for each material and thickness. 

R E S U L T S 

A n exciter of type I was first calibrated wi th a 

force transducer for frequencies between 200 and 
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2000 H z . The result is shown in Fig. 3(a). For 
increasing frequency the force gets smaller for 

constant driving voltage and distance d. The de
pendencies o f the distance d (see Fig. 1) was mea

sured using the aluminum plate. Figure 3(b) and 
(c) show this dependence for a type 1 exciter; the 
coi! in (b) has no iron core. The distance d can 

become negative [see Fig. 1(a)]. In Fig. 3(c). a 
coil wi th an iron core is used. Due to the number 
of windings o f the second coil and the iron core, 
the force gets larger for this exciter. A 0.35-g 

permanent magnet is used in graph (b) and (c). 
Both the coils were also tested below and above 
the resonance of the object. An unwanted behav

ior is found for short distances d. most clearly 
seen fo r the coil wi th iron core [Fig. 3(c)]. The 
reason fo r this peculiar behavior above and below 
object resonance is the effect of motion of the 

permanent magnet. Below resonance the object 
deformation and the force wil l be in phase and 

above they w i l l be out of phase for low damped 
objects. The moving permanent magnet influ

ences the force differently in and out of phase. 
For a larger distance d, this effect can be ne

glected and both coils work better, say for dis

tances d > 1.5 mm. Each new coil has to be 
analyzed to get the smallest working distance. 
From Fig. 3(b) and (c) it is tempting to use coils 
only without iron cores, but they need higher 

electrical power to get the same amplitude of the 
force. (Even i f the voltage is less in graph (b), in 
(c) the power is much higher.) 

Results fo r the eddy-current exciterare shown 
in Fig. 3(d) for a 0.7-mm aluminum plate. The 
(d + constant) --' fo rm of the graph is as expected 
due to the cubic decrease with distance of the 

electromagnetic field for a dipole. The unwanted 
behavior described above does not exist for the 

type I I exciters. I f a 2.0-mm aluminum plate is 
used instead, the force wi l l increase 2.2 times. 

Type I 
E = 30 Vp-p 
d = 2.5 mm 

0.032 , 

0.03 

2 0.028 [ 

S 0.020 ! 

~ 0.024 -
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0.02 —^ - » 
20(1 4(H) MM) Slid 100(1 1211(1 140(1 1600 IS00 20110 

Frequency f (Hz) 

0.045 

0.04 

0.035 

5-0.03 

80.025 

0.02 

0.015 

0.01 

0.005 

Type I 
E =30 Vp-p 
coil with iron core 
f - 600 Hz 

below resonance 

above 
resonance 

0 0.5 1 1.5 2 2.5 3 3.5 

Distance d between coil and magnet (mm) 

x 10 

11 i— 

10 -

9 
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6 r 

5 \ 
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3 -
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Type I 
E = 1.6 Vp-p 
coil without core 
f - 600 Hz 

-0..5 0 0.5 1 1.5 2 2.5 3 3.5 
Distance d between coil and magnet (mm) 

0.035 

0.03 f 

0.005 

0 1 2 3 4 5 6 7 

Distance d between exciter and object (mm) 

F I G U R E 3 (a) Force vs. frequency for the reference exciter, type I . (b) and (c) Force vs. distance 
d [see Fig . 1(a)], for two different coils with and without iron core, type I . (d) Force vs. distance d 

[see Fig. 1(b)], for the eddy-current electromagnet exciter type I I for a 0.7-mm aluminum plate. 
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OPTICAL MODAL ANALYSIS 

Short comments f r o m two optical modal analysis 

experiments, where these exciters were used, are 
presented below. 

Body Modes of a Violin 

The first experiment concerns whole body vibra

tions of a v io l in . Because the material is wood, 
a type I exciter was used. The magnet is waxed 
to the treble side of the bridge. Three sides of 
the instrument are observed simultaneously via 

mirrors (compare Fig. 2 and the interferograms 
in Fig. 4). A n interferogram presented live on the 
monitor looks as shown in Fig. 4. Each fringe 
seen on the surface of the violin model connects 

F I G U R E 4 Modal analysis of a violin using electronic 

holography ( E H ) . Three sides of the violin are studied 

simultaneously: the back plate to the left, the top plate 

to the right, and one side of the ribs in the middle of 

the image. Interferograms of two vibration modes: (a) 

at 430 H z and (b) at 465 H z . 

points that are vibrating wi th equal amplitude. 

Going f r o m one such fringe to the next gives a 
change o f about 0.13 /j.m in amplitude. The bright
est part in the interferogram are nodal lines that 

have zero vibration amplitude. 
The optical modal analysis was conducted to 

seek answers to some questions formulated by 

Jansson et al. (1994). One of the questions was: 
Are basic low-frequency vibration modes of a 
musically superior instrument different f rom 
those o f an inferior violin? The details of the ex
periments are given by Jansson et al. (1994). The 

lower modes are found to be quite equal even i f 
differences in shape were observed. A noticed 
difference was how easy the violin was excited. 
It was easier to get large vibrations in a musically 
superior instrument. Figure 4(a) shows a torsion 

mode at 430 Hz. The 465-Hz mode in Fig. 4(b) is 

quite complicated. By the use of the bias vibration 
mirror it was found that the largest antinodes in 

the top (the right part of the image) and the anti-
node in the back are moving out of phase. Notice 

that the ribs vibrate considerably. 

Modal Analysis using ES 

ES is a version of E H where the spatial derivative 

of the out-of-plane deformation field, the slope 
change, is measured (Mohan et al . . 1994). The 
experimental arrangement is shown in Fig. 5. A 

type I I exciter is used at the center of the plate 
on the back side. The object is illuminated by a 
laser light at near normal incidence. I t is imaged 
onto the photo sensitive surface plate of a CCD 

camera via a piezo electrically driven mirror . 

Laser 
N d : Y A G 

I l luminat ion beam 

} Object beam 

F I G U R E 5 The optical head of the electronic shear

ography setup for measurements of a spatial derivative 

of the amplitude of vibration. 
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y-axis (mm) o o x-ax,s (mm) 

F I G U R E 6 Modal analysis of an edge-clamped aluminum plate using electronic shearography ( E S ) . 

The plate is vibrating at its first eigenfrequency at 600 Hz with one antinode at the center of the plate. 

(a) Fringe pattern produced during the time-average recording of the plate with a horizontally shear. 

(b) The same as in (a) but with a positive bias modulation and (c) with negative bias modulation, (d) 

A 3-dimensional plot of the slope change of the vibration amplitude along the x direction, computed 

from the images shown in Fig. 6(a). (b). and tc). (e) The vibration amplitude field evaluated by numerical 

integration of Fig. 6(d). 
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P Z M 1 , and a bias modulation mirror. PZM2, 

placed in the arms of a Michelson interferometer 
configuration. A zoom video lens in the front is 
used along wi th relay lenses (R) before and after 

the Michelson interferometer. Initially both mir
rors are adjusted so that one overlapped image is 

formed. Shear in any desired direction can be 
introduced in the image by tilting the PZM2. For 
vibration studies, the PZM2 can then be driven to 

provide bias vibrat ion. The two laterally sheared 
wave fronts interfere wi th each other on the target 
of the CCD camera. The electrical parts of the 
system are the same as in E H [Fig. 2(b)]. 

The shearography optical arrangement is less 

sensitive to environmental disturbances than or
dinary E H . The reason for that is the quasiequal 
pathway fo r the two interfering images. The use of 

ES in modal analysis also extends the measuring 
range of the amplitude of vibration because the 
sensitivity depends on the shear distance between 

the interfering images that can be set. respec

tively. Figure 6(a)-(c) shows the three interfero
grams used to produce a numerical evaluation of 

the measured slope change. A small bias modula
tion introduces a phase shift of ± r r / 3 in Fig. 6(b) 
and (c) via the PZM2. By postprocessing, the 

measured slope change is quantified [Fig. 6(d)]. 
I f the amplitude of the vibration is searched, sim
ple and stable numerical integration gives the out-

of-plane deformation field [see Fig. 6(e)]. The cali
brated exciter is needed to compare the result 
with other experiments or calculations. 

CONCLUSION 

Reciprocity was used to calibrate the force of 
noncontacting exciters. Two different types of 

exciters were investigated experimentally. Both 
types work as point exciters and will not drive 
vibration modes wi th nodal lines close to the posi
tion of the exciter. The present exciters were not 

compared wi th other types. The first type uses a 
small permanent magnet fastened onto the object 
surface and a fixed coil that, via an air gap. gives 
the excitation force. For a small gap between the 

coil and the permanent magnet, the force f rom 
the exciter becomes quite nonlinear. The smallest 
working distance fo r one coil/permanent magnet 
combination was determined to be about 1.5 mm. 
These type of exciters can be used for noncon

ducting materials like wood and polymer com
posites. The amplitude of the force was calibrated 
and a typical value was 1/100 N . 

The second type of exciter uses the eddy-cur
rent effect and can be used for objects made of 

a conducting material. A coil introduces eddy cur
rents into the object by inductance. The interac

tion between these eddy currents in the object 
and the stationary electromagnetic field f r o m a 

permanent magnet give rise to the force in the 
object. These type o f exciters are true noncontact 
ones, have no mass loading of the object, and are 

recommended for objects made of a conducting 
material. The force depends on the material, the 
thickness of the object, and the distance d be
tween the object and the exciter. The amplitude 

of the force was calibrated and determined to 
about 2/100 N for 0.7-mm aluminum. For a thick
ness o f 2.0 mm. the force gets 2.2 times stronger. 

The author wishes to thank Dr. Bo Kjellmert for helpful 
discussions about the electrodynamics of the exciters, 
and my supervisor Professor Ni ls-Erik Molin for his 
support. This work was supported by the Swedish Re
search Council for Engineering Sciences ( T F R ) . 
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Abstract 

The spatial sound radiation of a violin vibrating in a lower 
frequency range are measured. A mechanical-acoustical 
reciprocity technique is used. The violin is forced to vi
brate using a small loudspeaker and the vibration ampli
tude of the violin is measured optically using electronic 
holography and with an accelerometer. At low modes the 
sound radiation is approximately spherical. At higher fre
quencies, the radiation varies considerably with direction 
and frequency. Measurements are successfully performed 
in an ordinary laboratory room. 

1. Introduction 

The sound radiation of a complex stmcmre such 
as the violin cannot be considered to be spherical 
in the hole frequency range without experimental 
evidence. The violin is not small compared to the 
wavelength of the radiated sound in the impor
tant 500 Hz range. In this paper we address the 
question: How do certain vibration modes couple 
to the radiated sound field? The answer to this 
question has been sought long, but the experi
mental techniques offered earlier somewhat l i 
mited the possibilities [1]. 
The theoretically simplest case of sound radia
tion is that of a simple source. The sound pres
sure p at distance r for a source of strength Q can 
be written as 

p = const Q/r (1) 
When the value of RA « 1, where R is the ef
fective radius of the sound source and A. is the 
wave length of the radiated sound and r » X , 
then eq (1 ) generally describes the sound pres
sure in a free field [2]. This simplified model 

does not describe a box with holes and vibrating 
walls (such as the violin) where the radiation be
comes rather like dipole at low frequencies [3,4]. 
It can be concluded that the sound radiation de
pends on the distribution of vibrations i.e. the 
modal pattern may be important. We should ex
pect close to spherical radiation at low frequen
cies but for more complicated violin vibration 
patterns we cannot be sure. 
There are well-known advantages in performing 
reciprocity experiments to direct measurements 
in some applications. This is also true in uncom
plicated mechanical systems, for example, to 
measure an applied couple [5]. In more compli
cated mechanical-acoustical systems, it is often 
easier to measure the influence of a point source 
on the system than to measure the complicated 
output of the system [6]. The previous method is 
applied in this paper for measuring the spatial 
distribution of sound pressure from a violin. 
New full-field optical measuring techniques, 
such as electronic holography and electronic 
shearography, make reciprocity experiments 
even more attractive [5, 7, 8]. The object is i l 
luminated with laser light and the optical system 
images and measures the scattered object light. 
From the measurements the deformation of the 
object can be determined quantitatively and si
multaneously for all visible points of the object 
surface, both for two-step and sinusoidal loading. 
In this paper a short review of the principle of 
reciprocity is given followed by a short descrip
tion of the optical and acoustical methods used. 
Two experiments are described. The first illus
trates the variation of sound pressure with di-
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rection at resonance and the second the depen
dence of distance to the violin. The optical 
measurements are performed in ordinary labora
tory room. To extend the validity of the results 
the experiments were partly repeated in an 
anechoic room, thus with controlled room 
conditions but without control of the modal 
patterns. 

2. Reciprocity and sound radiation. 

It is difficult to make a lightweight powerful, 
broad band transducer that can be fixed to a 
violin without influencing its function. This dif
ficulty may be circumvented by using a recipro
cal procedure. 
Reciprocity for a dynamically loaded system is 
usually formulated for two loads. The corre
sponding pairs of variables in acoustical experi
ments may be sound pressure p (Pa) and volume 
velocity V (m3/s). The mechanical variables used 
in the present experiments were force component 
F x (N) and translation velocity component v x  

(m/s). The reciprocal equation becomes [6, 
eq.(18)] 

IT. 

<F\-0 

1^ 
PM2 

(2) 

where ' indicates first and " the second loading 
and the index 1 and 2 refers to position. 
In our experiment the loudspeaker (working at 
constant driving conditions, frequency and 
electric current) is giving a constant volume vel
ocity output at position 2. At the violin top plate 
(at a fixed point 1 close to the foot of the bridge 
at the bass bar side in all measurements) the ac
celeration is measured by a small accelerometer. 
Assuming a constant modal mass for the specific 
mode of vibration at the constant frequency, we 
can argue that the measured acceleration is also 
proportional to the velocity at this specific point 
at the violin top plate. As reciprocity applies we 
can argue that the measured acceleration at the 
bridge foot also is a measure of the sound pres
sure we should get at the position of the loudspe
aker for constant driving conditions at the bridge. 
The amplitude of vibration at the bridge foot is 
also observed optically using the electronic ho
lography system. This facility is used partly to 
make sure that the measurements are performed 
at a specific modal shape for the violin and 

partly to check the measured acceleration. In 
fact, the accelerometer is not needed since all 
data can be obtained optical. 
Wolde [6] used the following four sufficient 
conditions for the validity of dynamic recipro
city: The system has to be (1) linear, (2) passive, 
(3) vibrate about a stable equilibrium position 
and (4) it has to have bilateral elements. The bi
lateral element is described by an odd function. 
These requirements seems to be fulfilled in the 
experiments to follow. 

3. A short description of electronic ho
lography. 

Electronic holography is a non-contact and full-
field measuring technique well suited to deter
mine displacement fields caused by a harmonic 
vibration. The details of the system are described 
by Stetson et al. [7]. The technique has lately 
been used for modal analysis experiments on 
violins [9, 10]. Earlier such systems were often 
called Electronic Speckle Pattern Interferometry, 
ESPI-systems or sometimes TV-holography 
systems. The system used, show high quality in
terferograms at TV-rate (30 pictures/s, that is as 
if in "real time''). In reciprocal applications the 
displacement corresponding to a load has to be 
measured. The optical sensitivity direction of the 
measurements can easily be adjusted to be co-li
near to the load. 

4. Experiments in the optical labora
tory. 

A professionally made unvarnished violin 
(labelled N92) was selected for these experi
ments. The violin is of good quality and has the 
resonance (C3 our labellingflI], BI Hutchins la
belling [12]), which seems to be a trademark of 
good instruments [13]. The reciprocity principle 
was used in the experiments, i.e. excitation by a 
small loudspeaker (Fostex 630IB) and recording 
of the acceleration amplitude by a small acce
lerometer (PCB 309A) at the top plate close to 
the bass bar foot of the bridge. Modal shapes and 
vibration amplitudes were also measured 
throughout the experiments optically with the 
electronic holography system. The violin was set 
up on the optical table, standing vertically on top 
of two small rubber blocks (erasers) beside the 
tail piece button and was held at the neck by a 
rubber covered clamp. The loudspeaker was 
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a n 
(a) top plate C3 at 534 Hz back plate Ob) topplate 2548 Hz back plate 

Fig. 1. Interferograms of a violin (N92). Vibration patterns in the top plate to the left and the 
back plate excited by a small loudspeaker at a distance of 0.5 m and 45 degrees at 534 Hz and at 2548 
Hz. 

used to excite the three modes at 424, 479, and 
534 Hz, the last one being the C3 mode. In addi
tion the violin was excited at two high frequen
cies 1755 and 2548 Hz, the last one being in the 
important "bridge hill" range. The loudspeaker 
was placed on a circle centred at the button with 
0.5 m radius and the direction to the violin was 
shifted in steps of 45 degrees. Thus, a measure 
was obtained of the directional radiation in a 
plane perpendicular to the plates and the strings. 
Thereafter the experiment was repeated with the 
same violin but at four directions, perpendicular 
to the top and back plates ± 18.5 degrees but at 
varying distance in steps of 0.1 m from 0.2 to 1.6 
m. A measure of the distance dependence of the 
radiation was obtained. Finally the violin was 
placed in a second position on its side on top of 
the rubber blocks (top and back plates vertical 
but the strings horizontal), and the loudspeaker 
was moved along the 0.5 m circle in steps of 45 
degrees. Thus a measure was obtained of the di
rectional radiation in a plane perpendicular to the 
plates and along the strings. 

5. Experiments in the acoustical labo
ratory. 

In an anechoic chamber the violin was set up on 
a turnable small platform on top of a stand. The 
stand could be turned in calibrated steps of 45 
degrees. The violin was set up first with both 
plates and strings vertically and held in the same 
way as in the optical measurements. Secondly 
the violin was set up with the plates vertically 
and the strings horizontally. The vibrations at the 
bridge were measured with the same accelerome
ter in the same position as before. A loudspeaker 
of the same model was hung in a second stand at 
0.5, 1, 2 and 3 m distance from the violin. The 
frequency responses were recorded with the 
loudspeaker at a distance of 2 m. From these re
cordings the analysis frequencies were determi
ned, C2 at 430 Hz, TI at 480 Hz, C3 at 527 Hz, a 
medium high frequency peak at 1700 Hz and a 
peak in the bridge resonant frequency range to 
2292 Hz. There after the acceleration amplitude 
was measured at the fixed position with the 
loudspeaker at 0.5, 1, 2 and 3 m distances. The 
measurements were repeated with the violin held 
in the second position. These measurements 
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Fig. 2. Measured acceleration amplitude 
at a fixed position of the top plate close to the 
left bridge foot as function of direction in the 
bridge plane to the loudspeaker (at frequencies 
534 Hz and 2548 Hz with loudspeaker distance 
0.5 m, violin N92). 

repeated those in the optics laboratory without 
controlling the specific modal pattern used. 

6. Experimental results 

Illustrations from two of the measured frequen
cies were selected for this presentation. At 534 
Hz the mode labelled C3 was found during the 
optical measurements, see fig. la. The mode has 
two nodal lines as reversed brackets in the back 
plate and in the top plate a mixture of eigenmo-
des can be seen. At 2548 Hz a mode in the range 
of the bridge resonant frequency is found, see 
fig. lb. Both the top and the back plates are vi
brating with a number of antinodes. 

Fig. 3. Measured acceleration amplitude 
(as in fig. 2) but as function of direction and 
distance. 

The acceleration amplitude as function of 
loudspeaker direction is shown in fig. 2. For the 
534 Hz mode in fig. 2a it can be seen that the ac
celeration is rather direction insensitive and thus 
the radiation is rather direction insensitive 
(minimum to maximum has a ratio of 1:2). The 
same applies to the lower two resonant frequen
cies. At the 2548 Hz (cf. fig. 2b) and the 1755 
Hz frequencies the variations with directions are 
large (ratio 1:5). The modal patterns at the two 
higher frequencies were change with loudspea
ker direction. The vibration is thus a combination 
of modes for higher frequencies. 
The sensitivity of the acceleration amplitude to 
distance is shown in fig 3 for the same two fre
quencies and for four different directions. At 534 
Hz it can be seen that the amplitude decreases as 
1/r on the average. The eye monitoring of the vi
bration mode gave that the modal pattern 
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Fig. 4. Measured acceleration amplitude 
in the anechoic chamber at 527 and 2292 Hz as 
function of direction and distance normalised as 
1/r otherwise as in fig. 3. 

remained the same during the measurements. For 
the 2548 Hz there is poor agreement between the 
measured amphtude and the 1/r curve. For three 
of the four directions the initial decay is faster 
than 1/r and the fourth direction indicates a very 
strong directional effect with focusing (an expe
rimental error can how-ever not be excluded). As 
before the other two low frequency curves show 
1/r dependency, even better than fig. 3a. For the 
1755 Hz frequency a more rapid decay than the 
1/r is again shown. 
The above results are all from the experiment in 
the optics laboratory. The accelerometer used in 
the optical experiment is not necessary but ma
kes a detailed comparison possible with the 
following results from the experiments in the 
acoustics laboratory. The amplitude sensitivity as 
function of direction shows close to a circle at 

Fig. 5. Measured acceleration amplitude 
(as in fig. 4) as function of direction and dis
tance. 

527 Hz (ratio of 1:1.3), see Fig. 4a. At the two 
lower frequencies the same spherical radiation 
characteristics apply. At a high frequency at 
2292 Hz, shown in Fig. 4b, the amplitude varies 
considerably with direction (ratio 1:10), which 
also applies to 1700 Hz. Note, the frequencies 
are not exactly the same as in the optics labora
tory experiments, partly due from day to day 
changes of the violin (wood is rather sensitive to 
humidity). However, the behaviour for the diffe
rent frequency ranges are comparable. 
The amplitude as function of distance follows 
the 1/r dependence almost perfectly and inde
pendent of direction for all lower three frequen
cies as well. At 2292 Hz at least three directions 
show a steeper slope than 1/r and again the 
spread is considerable depending on the 
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direction, see Fig. 5. The same results apply to 
1700 Hz. 

7. Conclusions 

The measurements in the optics laboratory of 
radiated sound field was made with a reciprocal 
method and it showed that the radiation in the 
500 Hz range is approximately spherical in spite 
of vibration patterns that are non-simple and the 
reflective surfaces (mainly the optical table.) The 
conclusion that the radiation is spherical in the 
500 Hz range is further supported by similar me
asurements in an anechoic chamber, i.e. an indi
cation that the frequency limit for spherical radi
ation can be set somewhat higher than the com
monly used condition and that this extension also 
includes for vibration modes more complex than 
the breathing sphere. 
In the high frequency range the relations are not 
simple. The radiation varies considerably with 
direction and frequency. The measurements in 
the optics laboratory also show that different 
modes for different directions are coupled to the 
acoustical field. 
The use of reciprocity and electronic holography 
offers a technique to measure the radiativity 
from a vibration object without any changes as 
mass-loading of the object in an ordinary labora
tory room. 
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