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Sammanfattningar 

Onsdag 4:e juni 
Plenar 1     
10:00 - 11:00   Lokal: LKAB-salen    
Ordförande: Thomas Gustafsson 

Systemidentifiering - Var är vi och vart är 
vi på väg? 
Lennart Ljung 

Med systemidentifiering menar reglerteknikerna att 
bygga matematiska modeller av dynamiska system 
från mätningar av in- och utsignaler. Termen har i år 
52 år på nacken. Huvudlinjerna för området drogs upp 
för mer än 40 år sedan. Samtidigt har vi sett en snabb 
utveckling av modellbyggestekniker i besläktade 
vetenskaper, statistik, "learning theory", artificiella 
neuronnät, ekonometri, kemometri, visualisering osv. 
Var står systemidentifiering idag i denna rika och 
något vildvuxna omgivning? Vilka forskningproblem 
inom statistisk modellering är öppna och potentiellt 
givande för reglertekniker? Föredraget försöker ge en 
personlig bild av dessa båda frågor. 

Teori 1     
11:10 - 12:10   Lokal: LKAB-salen    

Power Series Solution of the Hamilton-
Jacobi-Bellman Equation for DAE Models 
with a Discounted Cost 
Johan Sjöberg och Torkel Glad 

This paper considers infinite horizon optimal 
feedback control of nonlinear models with discounted 
cost. The paper includes two extensions of existing 
results about optimal feedback control. First, it is 
proven that for real analytic state-space models, a 
time-invariant real analytic feedback solution exists, 
even when the cost function includes a discount 
factor, provided certain regularity conditions. Second, 
the result is generalized to nonlinear DAE models as 
well. The feedback solution is valid in a neighborhood 
of the origin. In both cases, explicit formulas for the 
series expansions of the cost function and control law 
are given. 

On H-infinity model reduction of MIMO 
systems 
Aivar Sootla, Anders Rantzer, och Georgios 
Kotsalis 

In this paper we study multi-input-multi-output 
(MIMO) extensions of a recently proposed model 
reduction algorithm for single-input-multi-output 
(SIMO) linear time-invariant (LTI) systems. We 
discuss three versions, including a trivial modification 
of the SIMO method. Reduced models are found by 
solving a convex problem with Linear Matrix 
Inequality (LMI) constraints given a state space 
model or a frequency-sampled version. We construct 
examples that illustrate the properties of methods, 
compare algorithms and apply them on an industrial 
bench-mark. 

Tools and Languages for Modeling and 
Optimization of Large-Scale Dynamical 
Systems 
Johan Åkesson och Karl-Erik Årzén 

High-level modeling languages are receiving 
increased industrial and academic interest within 
several domains, such as chemical engineering, 
thermo-fluid systems and automotive systems. One 
such modeling language is Modelica. Modelica is an 
open language, specifically targeted at multi-domain 
modeling and model reuse. Key features of Modelica 
include object oriented modeling, declarative equation 
modeling, a component model enabling acausal 
connections of submodels, as well as support for 
hybrid/discrete behaviour. These features have proven 
very applicable to large-scale modeling problems in 
various fields. While there exist very efficient 
software tools for simulation of Modelica models, 
tool support for static and dynamic optimization is 
generally weak. Furthermore, specification of 
optimization problems is not supported by Modelica. 
Since Modelica models represent an increasingly 
important asset for many companies, it is of interest to 
investigate how Modelica models can be used also for 
optimization. This contribution gives an overview of a 
project targeted at i) defining an extension of 
Modelica, Optimica, which enables high-level 
formulation of optimization problems, ii) developing 
prototype tools for translating a Modelica model and a 
complementary Optimica description into a 
representation suited for numerical algorithms, and 
iii) performing case studies demonstrating the 
potential of the concept. 



Processindustri 1     
11:10 - 12:10   Lokal: Alfa109    

Modelling for Feedback Control of Weld 
Penetration - applied to Gas Tungsten Arc 
Welding 
Fredrik Sikström och Anna-Karin 
Christiansson 

This paper addresses an approach for modelling of 
fusion welding to be used in model-based controller 
design with the design criterion to obtain full 
penetration despite disturbances. A part-goal is to 
obtain a low order model of the relation between the 
control signal, which is the weld current, and the 
measured output, which is a moving spot temperature 
measurement, and both experimental work and finite 
element simulations are performed. The experimental 
setup is robotised gas tungsten arc welding (bead-on-
plate), and the temperature is measured by an infrared 
pyrometer. Measurements have been performed and 
evaluated together with corresponding simulation 
results. The low order model obtained from 
parametric system identification was successfully 
used for controller design. An evaluation of the 
closed-loop simulation showed improved weld 
penetration compared to an open-loop situation. The 
approach is generic in that it opens up for use for any 
weld power source and any suitable output 
measurement. 

Modellbaserad simulering och 
regleroptimering i LKAB:s förädlingsverk 
Roger Öström och Mats-Ola Finn 

Till LKAB:s nya förädlingsverk i Kiruna och 
Svappavaara utvecklas dynamiska simulatorer för 
process och styrsystem. Simulatorernas 
användningsområden är processdesign till stöd för 
konstruktion eller modifiering, operatörsträning från 
en operatörsmiljö som är identisk med den skarpa och 
test av styrsystemskod och 
reglerdesign/reglertrimning redan på 
utvecklingsstadiet. Detta alltså före drifttagning i 
fabrik, istället för som brukligt under drifttagning. I 
Svappavaara har en simulator för flotationen använts 
för att testa ut kod samt utbildning av operatörer. 
Redan i början av drifttagningen visade det sig att 
simulatorn sparat in mycket tid. 

 

Överordnad optimerand reglering av 
ångnätet vid Södra Cell Mörrum 
Frida Ekström och Veronica Olesen 

Vid Södra Cell Mörrum tillverkas sulfatmassa för 
vidare transport till olika pappersbruk. 
Massatillverkningsprocessens olika steg är stora 
konsumenter av ånga och hetvatten. Med mål att öka 
ekonomin i processen genom att minska 
ångöverskottet, öka elproduktionen och optimera 
fjärrvärmeproduktionen har en överordnad 
optimerande reglering tagits fram och implementerats 
med goda resultat. Till den nya regleringen har även 
en operatörssimulator designats. 

Robotik 1     
11:10 - 12:10   Lokal: Alfa 209/210    

Adaptive Tracking with Application to a 
Flexible Transmission System 
Magnus Nilsson 

This contribution examines the performance of a two-
degrees-of-freedom controller with limited adaptive 
features when applied to a benchmark problem for 
robust control. A general design procedure is 
explained and exemplified before simulations are 
carried out. Simulations indicate that the controller 
has potential to perform well if applied on the real-
world system. However, if the reference-response 
bandwidth is increased, sudden load changes may 
lead to unacceptable transients for the output. 

Recursive Smoothing Splines in Mapping, 
Matching and Navigation for Mobile 
Robots 
Maja Karasalo, Xiaoming Hu, Danica 
Kragic, och Giacomo Piccolo 

In this paper periodic smoothing splines are used by 
mobile robots to recover the contour of encountered 
obstacles in the environment. The splines are 
generated through minimizing a cost function subject 
to constraints imposed by a linear control system and 
accuracy is improved iteratively using a recursive 
spline algorithm. The filtering effect of the smoothing 
splines allows for usage of noisy sensor data and the 
method is robust to odometry drift. Experimental 
evaluation is performed for contour reconstruction 
using a SICK laser scanner mounted on a PowerBot 
from ActivMedia Robotics. 



A Benchmark Problem for Robust 
Control of a Multivariable Nonlinear 
Flexible Manipulator 
Stig Moberg, Jonas Öhr, and Svante 
Gunnarsson 

A benchmark problem for robust feedback control of 
a manipulator is presented. The system to be 
controlled is an uncertain nonlinear two link 
manipulator with elastic gear transmissions. The gear 
transmission is described by nonlinear friction and 
elasticity. The system is uncertain according to a 
parametric uncertainty description and due to 
uncertain disturbances affecting both the motors and 
the arms. The system should be controlled by a 
discrete-time controller that optimizes performance 
for given robustness requirements. The control 
problem concerns only the disturbance rejection. The 
proposed model is validated by experiments on a real 
industrial manipulator. 

Teori 2     
13:10 - 14:30   Lokal: LKAB-salen    

The use of Nonnegative Garrote for Model 
Reduction of ARX models 
Christian Lyzell, Jacob Roll, och Lennart 
Ljung 

Order reduction of linear regression models has been 
thoroughly researched in the statistical community for 
some time. Different shrinkage methods have been 
proposed, such as the Ridge and Lasso regression 
methods. Especially the Lasso regression has won 
fame because of its ability to set less important 
parameters exactly to zero. However, these methods 
do not take dynamical systems into account, where 
the regressors are ordered via the time lag. To this 
end, a modified variant of the nonnegative garrote 
method will be analyzed. 

Leakage Detection in Hydraulic Systems 
by Means of Static Feedback Observers 
Maria Werlefors och Alexander Medvedev 

Nonlinear observers with static feedback are 
considered for leakage detection in hydraulic servo 
systems. Two issues, namely fast dynamics reduction 
and elimination of multiple stationary points in the 
estimation error dynamics, are treated. It is shown that 
leakage detection performance is not degraded by the 
use of a reduced plant model, and that static feedback 
offers enough degrees of freedom to render one and 
only one stable stationary point of the error dynamics 
and that is at the origin. An algebraic condition 
guaranteeing the above property for the considered 
class of observers is provided. 

A tailored inexact interior-point method 
for systems analysis 
Janne Harju Johansson och Anders Hansson 

Within the area of system analysis there are multiple 
problem formulations that can be rewritten as 
semidefinite programs. Increasing demand on 
computational efficiency and ability to solve large 
scale problems make the available generic solvers 
inadequate. In this paper structure knowledge is 
utilized to derive tailored calculations and to 
incorporate adaptation to the different properties that 
appear in a proposed inexact interior-point method. 

Identification of Cascade Systems 
Bo Wahlberg, Håkan Hjalmarsson, och 
Jonas Mårtensson 

The objective of this contribution is to discuss some 
aspects of system identification of cascade systems. 
Models of such systems are important in for example 
cascade control applications. We will restrict our 
attention to systems with one input signal and two 
output signals. First, we will analyze some 
fundamental limitations regarding the statistical 
properties of such estimated models and in particular 
why it can be difficult to identify cascade systems 
where the sub-transfer functions are close to each 
other. We will then show how an unstructured SIMO 
model estimate can be used to find a cascade system 
model using an indirect prediction error method or 
balanced model reduction. 

Kommunikation 1     
13:10 - 14:30   Lokal: Alfa109    

Implementational Aspects of Distributed 
Kalman Filtering 
Peter Alriksson 

In this paper, some implementational aspects of a 
model based sensor fusion algorithm for sensor 
networks are studied. The algorithm, referred to as 
distributed Kalman filtering is presented elsewhere. 
Here we focus on the effects of packet loss and how 
to maintain synchronization without additional 
communication. Both these aspects are formally 
analyzed and investigated through experiments. The 
algorithm is also demonstrated on a typical signal 
tracking application, where the energy versus 
performance trade off is studied. 



ACK-Clocking Dynamics: Modelling the 
Interaction between Windows and the 
Network 
Krister Jacobsson, Lachlan L. H. Andrew, 
Ao Tang, Karl H. Johansson, Håkan 
Hjalmarsson, och Steven H. Low 

A novel continuous time fluid flow model of the 
dynamics of the interaction between ACK-clocking 
and the link buffer is presented. A fundamental 
integral equation relating the instantaneous flow rate 
and the window dynamics is derived. Properties of the 
model, such as well-posedness and stability, are 
investigated. Packet level experiments verify that this 
new model is more accurate than existing models, 
correctly predicting qualitatively different behaviors, 
for example when round trip delays are 
heterogeneous. 

Communication-Aware Trajectory 
Tracking 
Magnus Lindhé och Karl Henrik Johansson 

This paper investigates the scenario of a robot making 
a tradeoff between tracking a time-varying reference 
trajectory and stopping to communicate at points 
where the radio signal strength is high. Under the 
assumption that the signal is subject to multipath 
fading, we formulate this as a hybrid optimal control 
problem with penalties on tracking error, 
communication buffer length and control power. The 
problem is then solved using relaxed dynamic 
programming, resulting in control laws for the 
discrete switching sequence and the continuous 
control. We finally illustrate the results through 
simulations under non-ideal conditions, confirming 
that the system maintains a bounded buffer size and 
zero-mean tracking error. 

Reglering över trådlös länk 
Alf J. Isaksson, Jerker Delsing, och Karl H. 
Johansson 

Detta föredrag beskriver arbetet inom ett pågående 
EU-projekt med att studera metoder för trådlös 
reglering inom processindustrin. 

Fordon 1     
13:10 - 14:30   Lokal: Alfa 209/210    

On the Design of Cooperative Road 
Infrastructure Systems 
Wolfgang Birk och Evgeny Osipov 

This paper discusses the design of cooperative road 
infrastructure systems for infrastructure-based driving 

support functions. The background of such systems is 
mapped out and it is shown that there is a need for a 
cross disciplinary approach. Using an example of a 
support function, namely the overtaking support, it is 
shown that such a system is feasible. The different 
challenges and technological problems that are 
identified are given and the future work is indicated. 

Physics-based Modeling and Control of 
HCCI Engines 
Anders Widd, Per Tunestål, och Rolf 
Johansson 

Due to the possibility of increased efficiency and 
reduced emissions, Homogeneous Charge 
Compression Ignition (HCCI) is a promising 
alternative to conventional internal combustion 
engines. Since ignition timing in HCCI is highly 
sensitive to operating conditions and lacks direct 
actuation, it is a challenging subject for closed-loop 
control. This paper presents results on model-based 
control of ignition timing and work output using a 
cycle-resolved physical model incorporating cylinder 
wall temperature dynamics. The model is based on 
first principles and empirical relationships. The model 
was used to design model predictive controllers able 
to simultaneously control the indicated mean effective 
pressure and the combustion phasing. The control 
signals were inlet valve closing and intake 
temperature. 

Approximate Dynamic Programming 
Applied to Parallel Hybrid Powertrains 
Lars Johannesson 

The extra degree of freedom offered in hybrid electric 
vehicles have inspired many researchers to formulate 
and solve optimal control problems of various kinds. 
This paper presents an Approximate Dynamic 
Programming scheme that efficiently solves the 
optimal power split between the internal combustion 
engine and the electric machine in parallel hybrid 
powertrains. Gear switches and switches between 
hybrid and pure electric mode are formally treated. 
The scheme combines two ideas to reduce the 
computational time of the iterations performed in the 
dynamic programming. First, the value function is 
approximated using piecewise linear functions on a 
sparse grid. Secondly, by using model approximation 
the iterations performed in the dynamic programming 
are reduced to solving scalar quadratic problems. In 
the simulations the approximation scheme is able to 
find a good approximation of the optimal control 
trajectory. 



Utilizing Model Structure for Efficient 
Simultaneous Localization and Mapping 
for a UAV Application 
Thomas Schön, Rickard Karlsson, David 
Törnqvist, Gianpaolo Conte, och Fredrik 
Gustafsson 

This contribution aims at unifying two recent trends 
in applied particle filtering (pf). The first trend is the 
major impact in simultaneous localization and 
mapping (slam) applications, utilizing the fastslam 
algorithm. The second one is the implications of the 
marginalized particle filter (mpf) or the Rao-
Blackwellized particle filter (rbpf) in positioning and 
tracking applications. Using the standard fastslam 
algorithm, only low-dimensional vehicle models are 
computationally feasible. In this work, an algorithm is 
introduced which merges fastslam and mpf, and the 
result is an algorithm for slam applications, where 
state vectors of higher dimensions can be used. 
Results using experimental data from a uav 
(helicopter) are presented. The algorithm fuses 
measurements from on-board inertial sensors 
(accelerometer and gyro) and vision in order to solve 
the slam problem, i.e., enable navigation over a long 
period of time. 

 
Plenar 2     
15:30 - 16:30   Lokal: LKAB-salen    
Ordförande: Thomas Gustafsson 

Automationens biverkningar 
Håkan Alm 

Med hjälp av automation kan vi avlasta människor 
från farliga eller direkt olämpliga arbetsuppgifter. Vi 
kan även öka säkerheten i komplexa system med hjälp 
av automation och naturligtvis öka produktionen av 
varor och tjänster. Men, på samma sätt som solen har 
sina mörka fläckar så finns vissa problem, eller 
biverkningar, förknippade med automation. Om man 
känner till de biverkningar som kan uppträda vid 
automation av processer så kan man även vidta 
åtgärder för att minska dessa negativa effekter. Jag 
kommer i denna presentation att redovisa de kända 
problem som kan uppstå i samband med automation 
och även de åtgärder man kan vidta för att minska 
dessa problem. 



Torsdag 5:e juni 
Plenar 3     
09:00 - 10:00   Lokal: LKAB-salen 
Ordförande: Thomas Gustafsson 

Regleroptimering i 
kraftvärmeanläggningar 
Jonas Öhr och Urban Holmdahl 

Kraftvärmeanläggningar består av flera processavsnitt 
vars tillgänglighet, verkningsgrad och kondition i stor 
utsträckning beror av hur intilliggande processavsnitt 
fungerar. Exempelvis så är ångturbinernas 
effektfaktor i stor grad beroende av fjärrvärmenätens 
framledningstemperatur, och temperaturen hos tillförd 
ånga. Om temperaturen hos tillförd ånga blir alltför 
låg, så trippar (stannar) turbinen. På grund av 
bristande prestanda hos reglersystemen avviker ofta 
processvariabler från önskade börvärden, vilket leder 
till sämre tillgänglighet, sämre verkningsgrad och 
kortare livslängd. 

Teori 3     
11:00 - 12:00   Lokal: LKAB-salen    

Comparison of Three Frisch Methods for 
Errors-in-Variables Identification 
Mei Hong, Torsten Söderström, Umberto 
Soverini, och Roberto Diversi 

The errors-in-variables framework concerns static or 
dynamic systems whose input and output variables are 
affected by additive noise. Several estimation 
methods have been proposed for identifying dynamic 
errors-in-variables models. One of the more 
promising approaches is the so-called Frisch scheme. 
This paper describes three different estimation criteria 
within the Frisch context and compares their 
estimation accuracy on the basis of the asymptotic 
covariance matrices of the estimates. Some numerical 
examples support well the theoretical results. 

Extended balanced truncation 
Henrik Sandberg 

An extension to balanced truncation is presented. 
Balanced truncation is a standard method for model 
reduction and it has many good properties, such as 
preservation of model stability and a priori error 
bounds. Balanced truncation is done using 
controllability and observability Gramians. The 
Gramians can be found by solving a set of linear 
matrix inequalities. In this paper, we show that these 

linear matrix inequalities can be extended so that the 
number of decision variables are at least doubled. 
This leads to the concept of extended Gramians. It is 
shown that all the good properties of balanced 
truncation also hold for extended balanced truncation. 
It turns out that extended balanced truncation is 
especially useful when there are additional structure 
constraints in the model to be reduced. This is useful 
in controller reduction, for example. 

Frequency content in an axially impacted 
bar subject to boundary conditions 
Agnes Rensfelt och Torsten Söderström 

We analyze the frequency contents of strain waves in 
an axially excited bar, where one end of the bar is 
subject to a free end boundary condition. The analysis 
is treated in the context of identification of 
viscoelastic materials. The free end boundary 
condition leads to very particular constraints on the 
wave propagation in the bar and it is shown how this 
influences the identification. Wave propagation in 
both elastic and viscoelastic materials is treated, and 
the validity of the analysis confirmed through 
simulated and (in the case of viscoelastic materials) 
experimental data. The analysis is then used in order 
to interpret the large frequency variations in previous 
studies concerning the accuracy of the estimate and 
optimal input signal, respectively. 

Robotik 2     
11:00 - 12:00   Lokal: Alfa109    

How Springs Can Help to Generate 
Periodic Motions for the Pendubot 
Uwe Mettin, Pedro La Hera, Leonid 
Freidovich, och Anton Shiriaev 

In the field of robotics the energy spent for actuation 
is always an issue. It is often the case that some 
desired motions cannot be achieved by the robot due 
to the saturation of actuators. This constraint rises the 
question of how to modify the mechanical design in 
order to achieve better performance. In this paper the 
use of springs is studied as additional actuation help 
in concert with a comparably weak DC motor. An 
underactuated planar two-link robot, the so-called 
Pendubot, is used for demonstration. The virtual 
holonomic constraint approach serves as tool to 
generate and stabilize desired periodic motions. The 
primary objective is to show how, by the use of this 
approach and additional spring actuation, it is possible 
to achieve desired periodic motions by reducing the 
control efforts of the DC motor. 



Frequency-Domain Gray-Box 
Identification of Industrial Robots 
Erik Wernholt och Stig Moberg 

This paper considers identification of unknown 
parameters in elastic dynamic models of industrial 
robots. Identifying such models is a challenging task 
since an industrial robot is a multivariable, nonlinear, 
resonant, and unstable system. Unknown parameters 
(mainly spring-damper pairs) in a physically 
parameterized nonlinear dynamic model are identified 
in the frequency domain, using estimates of the 
nonparametric frequency response function (FRF) in 
different operating points. The nonlinear parametric 
robot model is linearized in the same operating points 
and the optimal parameters are obtained by 
minimizing the discrepancy between the 
nonparametric FRFs and the parametric FRFs (the 
FRFs of the linearized parametric robot model). In 
order to accurately estimate the nonparametric FRFs, 
the experiments must be carefully designed. The 
selection of optimal operating points for the 
experiments is also part of the design. Different 
parameter estimators are compared and experimental 
results show the usefulness of the proposed 
identification procedure. The weighted logarithmic 
least squares estimator achieves the best result and the 
identified model gives a good global description of 
the dynamics in the frequency range of interest. 

Automatic Kinematic Calibration of a 
Robot Using Vision 
Isolde Dressler, Carl Olsson, Karl Åström, 
Anders Robertsson, and Rolf Johansson 

A fully automated method for kinematic calibration of 
a robot using vision is presented and tested in 
experiments on a Gantry-Tau parallel robot. A tool 
chooses appropriate measurement poses for the robot 
given a kinematic model with roughly estimated 
parameters. The calibration experiment is then 
performed automatically with a PC managing the 
communication between cameras and robot controller. 
A pattern detection algorithm determines the robot 
poses from the pictures and then the parameter 
calibration is carried out. An estimate for the 
positioning error resulting from measurement and 
modeling errors is given. In an experiment with a 
Gantry- Tau parallel robot the method is shown to 
give good results. The method can in principle be 
applied to any kind of robot and makes kinematic 
calibration carried out by non-experts possible. This 
research opens up for new possibilities in robot 
control with vision feedback or dynamical pose 
estimation of robots. 

Fordon 2     
11:00 - 12:00   Lokal: Alfa 209/210    

Gearbox systems mathematical modelling 
and computer simulation for fault 
detection 
Walter Bartelmus 

The paper deals with mathematical modeling and 
computer simulation of gearbox driving systems with 
a signal and double stage cylindrical and planetary 
gearbox with torsional and lateral vibration 
Mathematical modeling and computer simulations are 
used for supporting diagnostic inference. Vibration is 
thought as a signal of gear condition. It is stressed that 
to vibration generated by gear have influence many 
factors. These factors are divided into four groups: 
design, production technology, operational, condition 
change. The condition change of a gearbox is given 
by gear faults that are divided as local faults as a tooth 
crack or breakage or distributed faults as pitting, 
scuffing, erosion. The faults are modeled in the case 
of a crack as a change of tooth stiffness in the case of 
distributed faults is given multi-parameter function. 
Simulated signals are undertaken signal analysis by 
spectrum, cepstrum, time-frequency spectrogram, 
demodulation and load yielding characteristic. It has 
been shown by computer simulation that local and 
distributed faults are identified by cepstrum. For 
explicit fault identification time-frequency 
spectrogram has to be additionally used. The 
computer simulation results are confirmed by analysis 
of measured vibration signals received from. 

Predicting Critical Curve Situations; a 
Study of Different Vehicle Models 
Mohammad Ali, Claes Olsson, and Jonas 
Sjöberg 

In this paper various vehicle models such as point 
mass and single track model are evaluated and 
compared. Maximum velocity the vehicle can have 
while still being able to follow a curve is investigated. 
This is done by simulations where the future path of 
the vehicle is assumed to be known. It is shown that 
the level of detail in the dynamic model has a 
significant impact on the results. 

Automatic Vehicle Model Simplification 
Nikolce Murgovski, Jonas Fredriksson, och 
Jonas Sjöberg 

The work in this paper describes the development of a 
tool for automatic generation of simplified vehicle 
models where the dynamics describing transient 
behavior is replaced by static relations. The basic idea 
is to simulate the dynamic model at each one of a set 



of gridded values until steady state is reached. The 
static relation is then stored as a map. The simplified 
models are to be used in generation of optimal control 
strategies for hybrid vehicle driveline where 
simulation time needs to be reduced. When fuel 
consumption is regarded steady state conditions are 
dominant and transients occur once in a while. This 
motivates the use of a static map in optimization 
routines. The tool is designed in that way that the user 
specifies which states should be replaced by static 
relations, and which should be kept as states in the 
model. Typically, all states describing transients when 
demanded torque is changed are removed, and slow 
varying states, such as the state of charge of the 
battery and the chosen gear, are kept. Part of the work 
was to decrease the simulation time needed for the 
map generation. Properties and bottlenecks of the tool 
and the solution it produces are investigated. 

Teori 4     
13:00 - 14:20   Lokal: LKAB-salen    

Low-order feedforward design optimizing 
the closed-loop response 
Alf J. Isaksson, Mats Molander, och Per Erik 
Moden 

This paper describes optimal design of feedforward 
compensators taking an already designed feedback 
controller into account. 

Observer-Based Residual Generation for 
Linear Differential-Algebraic Equation 
Systems 
Carl Svärd och Mattias Nyberg 

Residual generation for linear differential-algebraic 
systems is considered. A new systematic method for 
observer-based residual generation is presented. The 
proposed design method places no restrictions on the 
system to be diagnosed. If the fault of interest can be 
detected in the system, the output from the design 
method is a residual generator in state-space form that 
is sensitive to the fault of interest. The method is 
iterative and relies only on constant matrix operations 
such as multiplications, null-space calculations and 
equivalence transformations, and thereby 
straightforward to implement. An illustrative 
numerical example is included, where the design 
method is applied to a non-observable model of a 
robot manipulator. 

Model Quality Estimation in Systems with 
Time-Varying Uncertainty: Application to 
an Overhead Crane 
Soheil Salehpour och Andreas Johansson 

The problem of estimating bounds for timevarying 
parameter perturbations using measurement data is 
addressed. An estimate of the perturbation is 
produced based on a quantized approximation of the 
uncertainty and the sparse nature of its derivative. As 
an illustrative example, we apply the method to 
measurement data from an overhead crane. 

Regression with Manifold-Valued Data 
Henrik Ohlsson, Jacob Roll, och Lennart 
Ljung 

High-dimensional regression problems are becoming 
more and more common with emerging technologies. 
However, in many cases data are constrained to a low 
dimensional manifold. The information about the 
output is hence contained in a much lower 
dimensional space, which can be expressed by an 
intrinsic description. By first finding the intrinsic 
description, a low dimensional mapping can be found 
to give us a two step mapping from regressors to 
output. In this paper a methodology aimed at 
manifold-valued identification problems is proposed. 
A supervised and a semi-supervised method are 
presented, where the later makes use of given 
regression data lacking associated output values for 
learning the manifold. As it turns out, the presented 
methods also carry some interesting properties also 
when no dimensional reduction is performed. 

Processindustri 2     
13:00 - 14:20   Lokal: Alfa109    

Modellbaserad simulering och 
regleroptimering av ångsystem 
Magnus Aråker 

I artikeln redogörs för olika simulerings- och 
optimeringsaspekter kring Optimations koncept för 
reglering av ångsystem i massa- och pappersindustrin. 
För att presentera konceptet och resultatet av det 
används installationen vid Korsnäs Frövi som 
exempel. Genom ett för Frövi helt nytt koncept som 
utarbetats och förfinats i simulator har prestanda 
förbättrats avsevärt. Ett komplext system med 29 
interagerande regulatorer har förenklats och ersatts 
med 4 konventionella PI-regulatorer. Förutom detta 
har simulatorn bidragit till högre kvalitet på underlag, 
utbildning och FAT* och därmed en avsevärt 
förkortad drifttagningstid. 



Commissioning of Nonlinear Model 
Predictive Controllers 
Staffan Haugwitz, Erik Wilsher, Kai Hofsten, 
Ketil Strand Andersen, Øyvind Moen, och 
Bjørn Glemmestad 

This paper reports on the commissioning of nonlinear 
model predictive controllers (NMPC) to the reactors 
in Borealis new polypropylene plant in Burghausen, 
Germany. The polypropylene is processed in three 
continuous reactors in series, to allow various product 
qualities. The NMPC controllers use 1st principle 
models to predict the future behaviour of the plant and 
utilizes a SQP optimization algorithm to find optimal 
input values. Dynamic simulations show the closed-
loop response of the process during a grade change. 
The real closed-loop tests will be started in March 
2008. 

Identification-based Modeling and 
Control of Hydraulically actuated 
Forestry Cranes 
Pedro La Hera, Andrej Zanhar, Uwe Mettin, 
Simon Westerberg, och Anton Shiriaev 

This article presents an example of experimental 
system identification based modeling and control 
carried out in an electro-hydraulic actuated crane. 
This development formulates an experimental 
approach to achieve distributed feedback control 
aiming at the automation of different tasks for 
hydraulic actuated machines. The particular setup 
used in this case is a crane of the type used on forestry 
vehicles known as forwarders, which travel off-road 
collecting logs cut by the harvesters. Different 
nonlinear dynamics are identified and used later for 
closed loop control. The control technique to be 
presented is able to asymptotically track a reference 
trajectory despite model uncertainties in the 
mechanics and hydraulic system dynamics. The 
performance is experimentally verified. 

Internal interconnections impact on 
process operability 
Karin Eriksson och Anders Karlström 

This paper was first presented at the International 
Mechanical Pulping Conference in Oslo in June 2005. 
In September 2007 it was submitted to Pulp and Paper 
Canada and currently it is in their peer-review 
process. Abstract A model structure for a TMP 
production line, including all the internal 
interconnections, has been derived. Simulation results 
show that the model structure reflects the 
characteristics of the interconnected process and that 
the nature of the disturbance pattern arises from the 
fact that so many internal interconnections are 
present. The model can deliver insight into how 

modifications of the plant design would affect the 
production performance. Besides performance, the 
internal interconnections also influence the process 
operability, which demonstrates the importance of 
considering control aspects at the process design 
stage. 

Kommunikation 2     
13:00 - 14:20   Lokal: Alfa 209/210    

Scheduling of Event-Based Controllers on 
a Shared Network 
Anton Cervin och Toivo Henningsson 

We consider a system where a number of 
independent, time-triggered or event-triggered control 
loops are closed over a shared communication 
network. Each plant is described by a first-order linear 
stochastic system. In the event-triggered case, a 
sensor at each plant frequently samples the output but 
attempts to communicate only when the magnitude of 
the output is outside of a threshold. Once access to the 
network has been gained, the network is busy for T 
seconds (corresponding to the communication delay 
from sensor to actuator), after which an impulse 
control action is applied to the plant. Using numerical 
methods, we compute the minimum-variance control 
performance under various common MAC-protocols, 
including TDMA, FDMA, and CSMA (with random, 
dynamic-priority, or static-priority access). The 
results show that event-triggered control under CSMA 
gives the best performance throughout. 

Breath: a Self-Adapting Protocol for 
Wireless Sensor Networks in Control and 
Automation 
PanGun Park, Carlo Fischione, Alvise 
Bonivento, Karl Henrik Johansson, och 
Alberto Sangiovanni-Vincentelli 

The novel cross-layer protocol Breath for wireless 
sensor networks is designed, implemented, and 
experimentally evaluated. The Breath protocol is 
based on randomized routing, MAC and duty-cycling, 
which allow it to minimize the energy consumption of 
the network while ensuring a desired packet delivery 
end-to-end reliability and delay. The system model 
includes a set of source nodes that transmit packets 
via multi-hop communication to the destination. A 
constrained optimization problem, for which the 
objective function is the network energy consumption 
and the constraints are the packet latency and 
reliability, is posed and solved. It is shown that the 
communication layers can be jointly optimized for 
energy efficiency. The optimal working point of the 
network is achieved with a simple algorithm, which 
adapts to traffic variations with negligible overhead. 
The protocol was implemented on a test-bed with off-



the-shelf wireless sensor nodes. It is compared with a 
standard IEEE 802.15.4 solution. Experimental results 
show that Breath meets the latency and reliability 
requirements, and that it exhibits a good distribution 
of the working load, thus ensuring a long lifetime of 
the network. 

Feedback and Resource Reservations in 
Wireless Terminals 
Mikael Lindberg, Karl-Erik Årzén, and 
Johan Eker 

This paper discusses the motivation, objectives, and 
research challenges of the new EU FP7 STREP 
project ACTORS (Adaptivity and Control of 
Resources in Embedded Systems ) coordinated by 
Ericsson. ACTORS aims to improve and simplify 
multimedia computing on embed- ded platforms. By 
combining virtualization through reservation-based 
scheduling, feedback control and data-f low 
programming methods, a higher degree of efficiency, 
predictability and adaptability can be achieved. 
Temporal isolation, as provided by the resevation 
based scheduling schemes, is a key mechanism for 
increasing robustness in complex soft- ware 
environments. Feedback is applied on several levels 
in order to control the allocation of system resources 
and to facilitate graceful Quality of Service (QoS) 
scaling depending on allocations. Control theory can 
be used to make the behavior of these feeback loops 
predictable and robust even on less known platforms. 
Data-f low modeling in the form of the actors 
language CAL is used to increase efficiency in code 
generation and to provide a programming 
environment in which details of scheduling and actor-
to-actor communication is hidden from the user. This 
increases the predictability of the real-time properties 
of a system and also makes it possible realise some or 
all parts of the system as hardware, transparently to 
the implementor. Since CAL is a smaller and more 
constrained language than C /C++ the possibilities to 
generate efficient code are larger. This is particularly 
important for next generation of multi-core 
microprocessors with special instruction sets for 
media processing. CAL is also in the process of being 
adopted as the specification language for codecs in the 
MPEG-4 standard. 

Predictive Compensation for 
Communication Outages in Networked 
Control Systems 
Erik Henriksson, Henrik Sandberg, och Karl 
Henrik Johansson 

A predictive outage compensator co-located with the 
actuator nodes in a networked control system can be 
used to counteract unpredictable losses of data in the 
feedback control loop. When a new control command 
is not received at the actuator node at an appropriate 

time instance, the predictive outage compensator 
suggests a replacement command based on the history 
of past control commands. It is shown that a simple 
tuning phase together with the monitoring of the 
control history can lead to a compensator that can 
improve the closed-loop control performance under 
communication outages considerably compared to 
traditional schemes. Performance bounds are given 
that relate the quality of the tuning phase, the 
complexity of the compensator with the length of the 
communication outage period. Zero-order-hold 
(holding the past control command if the current is 
lost) and applying an a priori decided constant signal 
(using a predefined value on the control command if 
the current is lost) are special cases of the more 
general compensation scheme presented. The 
predictive outage compensator is illustrated through 
computer simulation with communication outages. 
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A New Approach to the Dynamic RGA 
Analysis of Uncertain Systems 
Wolfgang Birk och Miguel Castano Arranz 

This paper deals with DRGA analysis for uncertain 
systems. Uncertainties in a process model can be 
translated into uncertainties in the DRGA which 
might invalidate the decision on the variable paring in 
decentralized control. Bounds for the uncertainties in 
the DRGA of a multivariable process are derived for a 
given nominal process model with known uncertainty 
region. The resulting uncertainty region for the 
DRGA is used to assess the validity of decisions 
based on the nominal DRGA. The methodology for 
the computation of the bounds is currently restricted 
to the 2-by-2 case. Beside an explanatory example, a 
case study on a coal injection vessel is conducted and 
discussed. 

On the Tradeoff between Feedback 
Properties and Disturbance Attenuation 
for a Cantilever Beam System 
Peter Nauclér och Torsten Söderström 

It is well known that in control systems where the 
performance variable is measured for feedback, crude 
models are often sufficient in order to obtain high 
performance and stability robustness. In this paper, 
we consider the case where the performance variable 
differs from the one measured. In this situation it is 
conceptually easy to apply a control strategy that 
minimizes the performance variable. However, it is 
shown that such control laws require detailed system 
models and stability robustness may become an 
important issue. This is especially so for systems of 
lightly damped structures, where the difficulties arise 
from a number of lightly damped zeros of different 
transfer functions. This issue is highlighted using the 
example of feedback control of a flexible cantilevered 
beam. 

Software for Robust PID Design 
Olof Garpinger och Tore Hägglund 

This report presents a fast, interactive and easily 
modifiable software tool for robust PID design. The 
Matlab based program is supposed to give people 
with moderate knowledge on PID control a possibility 
to learn more and also be a future part of an autotuner. 
The PID design is made by minimizing the integrated 

absolute error value during a load disturbance on the 
process input. The optimization is performed with 
constraints on the sensitivity and complementary 
sensitivity function, providing a robust closed loop 
system. Nelder Mead optimization is used with the 
AMIGO method providing an initial controller. 

Breath: a Self-Adapting Protocol for 
Wireless Sensor Networks 
PanGun Park, Carlo Fischione, Alvise 
Bonivento, Karl Henrik Johansson, och 
Alberto Sangiovanni-Vincentelli 

The novel cross-layer protocol Breath for wireless 
sensor networks is designed, implemented, and 
experimentally evaluated. The Breath protocol is 
based on randomized routing, MAC and duty-cycling, 
which allow to minimize the energy consumption of 
the network while ensuring a desired packet delivery 
end-to-end reliability and delay. The system model 
includes a set of source nodes that transmit packets 
via multi-hop communication to the destination. A 
constrained optimization problem, for which the 
objective function is the network energy consumption 
and the constraints are the packet latency and 
reliability, is posed and solved. It is shown that the 
communication layers in this way can be jointly 
optimized for energy efficiency. A simple algorithm 
is presented that is able to reach the optimal working 
point of the network and adapt to traffic variations 
with negligible overhead. The protocol has been 
implemented on a testbed with off-the-shelf wireless 
sensor nodes. It is compared with a standard IEEE 
802.15.4 solution. Experimental results show that 
Breath is able to meet the latency and reliability 
requirements. Furthermore, it exhibits a good 
distribution of the working load, thus ensuring a long 
lifetime of the network. 

Comparison of some Gramian based 
interaction measures 
Björn Halvarsson 

In this paper different interaction measures are 
reviewed and compared. In particular, the two 
Gramian based interaction measures the Hankel 
Interaction Index Array (HIIA) and the Participation 
Matrix (PM) are considered. Moreover, motivations 
for incorporating the concept of output controllability 
in an interaction measure are given and a H2 norm 
based interaction measure is investigated. 



Time optimal control of variable camshaft 
timing 
Fredrik Bruzelius och Stefan Solyom 

Timing of the camshaft is essential to the engine 
control. The capability to control this timing opens up 
for performance improvements and fuel consumption 
reductions. This paper describes a minimum-time 
control strategy for an electrically actuated variable 
camshaft timing (VCT). The main objective is to 
derive a controller for large set-point changes under 
limited actuator capabilities 

On Nonlinear Transformations of 
Stochastic Variables and its Application to 
Nonlinear Filtering 
Fredrik Gustafsson och Gustaf Hendeby 

A class of nonlinear transformation-based filters 
(NLTF) for state estimation is proposed. The 
nonlinear transformations that can be used include 
first (TT1) and second (TT2) order Taylor 
expansions, the unscented transformation (UT), and 
the Monte Carlo transformation (MCT) 
approximation. The unscented Kalman filter (UKF) is 
by construction a special case, but also nonstandard 
implementations of the Kalman filter (KF) and the 
extended Kalman filter (EKF) are included, where 
there are no explicit Riccati equations. The theoretical 
properties of these mappings are important for the 
performance of the NLTF. TT2 does by definition 
take care of the bias and covariance of the second 
order term that is neglected in the TT1 based EKF. 
The UT computes this bias term accurately, but the 
covariance is correct only for scalar state vectors. This 
result is demonstrated with a simple example and a 
general theorem, which explicitly shows the 
difference between TT1, TT2, UT, and MCT. 

Index reduction of index 1 DAE under 
uncertainty 
Henrik Tidefelt och Torkel Glad 

This paper examines an index reduction method for 
linear time-invariant differential algebraic equations, 
with uncertainty in the equation coefficients. When 
the bottom block of a block upper triangular leading 
matrix contains no elements that can be distinguished 
from zero, the natural action to take is to replace all 
numbers in the block by exact zeros, and then proceed 
with index reduction by differentiation. Conditions 
are given under which zeroing of an uncertain small 
block gives a small deviation in the solution. 

Observer Design and Model 
Augmentation for Bias Compensation 
Applied to an Engine 
Erik Höckerdal, Erik Frisk, och Lars 
Eriksson 

A systematic design method for reducing bias in 
observers is developed. The method utilizes an 
observable default model of the system together with 
measurement data from the real system and estimates 
a model augmentation. The augmented model is then 
used to design an observer which reduces the 
estimation bias compared to a default observer. A key 
result is the theoretical analysis that characterizes the 
possible augmentations is also conducted. The method 
is applied to a truck engine where the resulting 
augmented observer reduces the estimation bias with 
50,% in an ETC. 

The Cost of Complexity in Identification 
of FIR Systems 
Cristian Rojas, Märta Barenthin, James 
Welsh, och Håkan Hjalmarsson 

In this paper we investigate the minimum amount of 
input power required to estimate a given linear system 
with a prescribed degree of accuracy, as a function of 
the model complexity. This quantity is defined to be 
the 'cost of complexity'. The degree of accuracy 
considered is the maximum variance of the discrete-
time transfer function estimator over a frequency 
range wB. It is commonly believed that the cost 
increases as the model complexity increases. The 
objective of this paper is to quantify this dependence. 
In particular, we establish several properties of the 
cost of complexity. We find, for example, a lower 
bound for the cost asymptotic in the model order. For 
simplicity, we consider only systems described by 
FIR models and assume that there is no 
undermodelling. 

A mathematical programming approach 
to deadline-constrained transmission 
scheduling in wireless HART networks 
Pablo Soldati och Mikael Johansson 

This paper considers transmission scheduling of 
deadline-constrained data in a wirelessHART 
network. We develop a mathematical programming 
formulation and discuss efficient scheduling 
heuristics. We use the framework to schedule 
transmissions in a non-trivial network, and show how 
our results can be used to study design trade-offs such 
the use of multiple channels and multiple access 
points. 



A Simple Peer-to-Peer Algorithm for 
Distributed Optimization in Sensor 
Networks 
Björn Johansson, Maben Rabi, och Mikael 
Johansson 

We propose a distributed algorithm that solves a 
special class of optimization problems using only 
peer-to-peer communication. One application is 
parameter estimation problems in sensor networks. 
Current decentralized algorithms for solving this class 
of optimization problems typically rely on passing 
around a parameter estimate in a ring consisting of all 
network nodes. In our algorithm, which extends the 
randomized incremental subgradient method with 
fixed stepsize due to Nedich and Bertsekas, nodes 
maintain individual estimates and need to exchange 
information only with their neighbors. We establish 
approach of the solution to an interval around the 
optimum value. We illustrate the algorithm's 
performance, in terms of convergence rate and 
communication cost relative to alternative schemes, 
through several numerical examples. 

Computing The Ideal Racing Line Using 
Optimal Control 
Thomas Gustafsson och Johan Sjöberg 

In this paper, optimal control is used as a method to 
compute the ideal racing line. The objective is to find 
the ideal racing line for an entire lap when driving a 
specific car. To easier find a solution for an entire 
track at once, the problem is divided into subproblems 
by dividing the track in segments that can be solved 
independently. To be able to connect the different 
segments correctly, they need to be overlapping. In 
racing, different car setups are required for each track. 
The optimal car setup can also be computed using 
optimal control for a given track. Parameters to be 
optimized are for example front and rear wing angles 
or roll stiffness distribution. 

Road Grade Estimation for Look-Ahead 
Vehicle Control 
Per Sahlholm och Karl Henrik Johansson 

Look-ahead cruise controllers and other advanced 
driver assistance systems for heavy duty vehicles 
require high precision digital maps. This contribution 
presents a road grade estimation algorithm for 
creation of such maps based on Kalman filter fusion 
of vehicle sensor data and GPS positioning 
information. The algorithm uses data from multiple 
traversals of the same road to improve previously 
stored road grade estimates. Measurement data from 
three test vehicles and six road traversals have been 
used to evaluate the quality of the obtained road grade 
estimate compared to a known reference. The 
obtained final grade estimate compares favorably to 

one acquired from a specialized road grade 
measurement vehicle with a DGPS receiver and 
inertial measurement unit. 

Robustness of intracellular oscillators 

Camilla Trané 

Many vital biological functions correspond to self-
sustained periodic oscillations generated within the 
cell. Examples include nerve cell oscillations, cell 
cycle control and the circadian clock. The oscillations 
are in all cases generated by biochemical reaction 
networks involving genes, proteins and metabolites. It 
is usually of paramount importance that the 
oscillations are robust, i.e., that they are maintained in 
the presence of internal and external disturbances. In 
this work we consider a control theoretic approach to 
robustness analysis of intracellular oscillators, with a 
focus on the circadian clock. The circadian clock is a 
gene regulatory network in which genes are 
transcribed into mRNA which produce proteins that 
subsequently regulate the activity of other genes. The 
mammalian clock involves a large number of genes 
that together form an intricate network in which a 
large number of feedback loops are embedded. The 24 
hour oscillations emerging from the circadian clock 
network are known to be highly robust. An important 
aim in this work is to determine how this robustness is 
related to the network architecture. Robustness of 
biological systems are typically investigated either by 
complete removal of components, e.g., single genes, 
or by perturbing model parameters. Here we consider 
an approach based on robust control theory in which 
we add dynamic perturbations to the network 
interactions, and determine the smallest relative 
perturbation that qualitatively changes the network 
behavior. Rather than performing the analysis with 
the network in an oscillating state, we consider 
perturbations that translate the underlying steady-state 
into a Hopf bifurcation point. A Hopf point 
corresponds to a limit cycle collapsing into a steady-
state. We apply the proposed robustness analysis to 
several recently published models of circadian 
oscillators in mammals and plants. The main 
objective, apart from quantifying the robustness of the 
oscillators, is to elucidate the mechanisms underlying 
the oscillations and their robustness. In particular, it is 
of interest to determine if the complete networks are 
required for robust oscillations, or if specific 
substructures can be identified. We find that, while 
some models essentially rely on a single feedback 
loop for generating the robust oscillations, most 
models correspond to a network architecture in which 
a central negative feedback loop provide for the 
oscillation while other interactions provide feedback 
mechanisms that increase the robustness of the 
oscillations. Furthermore, in some models we find 
redundant loops that provide failure tolerance in the 
face of large perturbations, such as severe gene 
mutations. 



On inference of gene regulatory networks 
- identification of MIMO systems with 
different time-scales 
Torbjörn E.M. Nordling 

Gene regulatory networks can be viewed as MIMO 
systems consisting of strongly interacting systems 
with widely differing time-scales. This poses specific 
problems in inferring the network structure from 
measurements of gene activities. We here present an 
iterative experiment design algorithm for 
identification of such systems, aimed at identifying 
the network structure with a specified accuracy using 
a minimum number of steady-state experiments and 
measurements. The design is based on a state-space 
description of the network, in which identification of 
the network structure corresponds to determination of 
the Jacobian from measurements of all state variables, 
i.e. gene activities. Each step of the design strives to 
span a new direction of the state-space with a certain 
variance. We also present an upper bound on the 
relative estimation error. We apply the proposed 
design to a biological example where the primary aim 
is to identify the intrinsic feedback within the system. 
A cell can be seen as a chemical plant, where all 
processes are controlled by the genome. Based on 
environmental and internal signals the gene regulatory 
system controls the production of the cell. Toxic 
substances have to be maintained on a low level, 
while indispensable substances are obtained in 
sufficient quantities. The same pathway may contain 
both toxic and indispensable intermediates linked 
through both fast and slow reactions, which all need 
to be properly regulated. Therefore the gene 
regulatory system contains numerous feedback loops 
operating at different time-scales in a non-separable 
way. Biologists are currently trying to map out the 
gene regulatory system of various functions based on 
measurements of gene expression, making our 
example a highly relevant problem. 

Connectivity Constrained Multi-UGV 
Surveillance 
David Alireza Anisi, Petter Ögren, och 
Xiaoming Hu 

This paper addresses the problem of connectivity 
constrained surveillance of a given polyhedral area 
with obstacles using a group of Unmanned Ground 
Vehicles (UGVs). The considered communication 
restrictions may involve both line-of-sight constraints 
and limited sensor range constraints. In this paper, the 
focus is on dynamic information graphs which are 
required to be kept recurrently connected. The main 
motivation for introducing this weaker notion of 
connectivity is security and surveillance applications 
where the sentry vehicles may have to split temporary 
in order to complete the given mission efficiently but 
are required to establish contact recurrently in order to 
exchange information or to make sure that all units 

are intact and well-functioning. From a theoretical 
standpoint, recurrent connectivity is shown to be 
sufficient for exponential convergence of consensus 
filters for the collected sensor data. 

Modeling and solving uncertain 
optimization problems in YALMIP 
Johan Löfberg 

A considerable amount of optimization problems 
arising in the control and systems theory field can be 
seen as special instances of robust optimization. Much 
of the modeling effort in these cases is spent on 
converting an uncertain problem to a robust 
counterpart without uncertainty. Since many of these 
conversions follow standard procedures, it is 
amenable to software support. This paper presents the 
robust optimization framework in the modeling 
language YALMIP, which carries out the uncertainty 
elimination automatically, and allows the user to 
concentrate on the high-level model instead. 

Construction and Control of an 
Educational Lab Process - The Gantry 
Crane 
Per-Ola Larsson och Rolf Braun 

In this paper, we describe the construction and control 
of a gantry crane that is used in courses at the 
Department of Automatic Control, Lund university. 
Two different models of the crane are developed. A 
thorough example of path following, including on-line 
time-varying input/state-transformations and LQG 
control, used in a laboratory exercise is shown 
together with experimental results. Time-optimal 
trajectories for position control, with constraints on 
positions, load angles, and control signals are 
computed using Modelica and Optimica. 

Stable Target Tracking using Observer 
Based Velocity Estimation 
Tove Gustavi och Xiaoming Hu 

In applications where mobile robots are used to track 
non-cooperative moving objects it is often required 
that not only the position but also the velocity of the 
moving target can be measured. In this paper, we 
consider the case where the tracking robots are 
equipped only with vision and position sensors and 
are unable to measure target velocity directly. Instead, 
two separate observers for target velocity are 
proposed and shown to stabilize the two tracking 
controls used by the robots. To evaluate the observers, 
results from simulations with observer based velocity 
estimates are compared to corresponding results 
where the velocity estimates are given by the standard 
Extended Kalman Filter algorithm. 



Planetary gearbox condition monitoring 
and diagnostic method 
Walter Bartelmus och Radoslaw Zimroz 

In the paper the method is understand as a manner or 
means of procedure a systematic and regular way of 
accomplishing the task of condition monitoring and 
diagnostic of gearboxes. The condition monitoring 
and diagnostic is based on factor analysis influencing 
vibration signal from which after signal processing 
diagnostic symptoms are recognised and used for 
gearboxes evaluation and making decision. The factor 
analysis takes into consideration four groups of 
factors, which can be identify as; design, production 
technology, operation, change of condition factors, 
This root cause factor analysis leads to condition 
change possibility expectation, choice of ways of 
vibration signal analysis, and current prognosis of 
condition change. The method is developed on the 
root cause factor analysis and vibration measurement 
on real objects in industrial environment during 
gearbox operation, which may be characterised as 
varying external load. for an introductory 
consideration 

Congestion control for small queues: 
analysis and evaluation of a new protocol 
Niels Möller och Karl Henrik Johansson 

A new congestion control protocol is presented, 
analyzed and experimentally evaluated. It consists of 
the standard inner-loop ACK-clock and a novel outer-
loop adjusting the window size based on congestion 
signaling from the network. The aim of the new 
protocol is to maintain the efficiency and fairness 
properties of TCP, but with significantly smaller 
bottleneck queues and thereby it takes the sharing 
with real-time traffic into account. Stability properties 
of the protocol is proved using a recent fluid-flow 
traffic model. Experimental comparisons with New 
Reno and Vegas illustrate the advantages of the new 
protocol with respect to throughput, delay, utilization, 
and fairness. 

Parameter Estimation and Change 
Detection in Linear Regression Models 
Using Mixed Integer Linear Programming 
Soheil Salehpour, Andreas Johansson, och 
Thomas Gustafsson 

We present a method for change detection and 
parameter estimation in change in the mean models 
and AR(X) model. The method is based on the 
assumption of piecewise constant parameters resulting 
in a sparse structure of their derivative. To illustrate 
the algorithm and the performance of it, we apply it to 
the change in the mean model and compare it with 
four other change detection algorithms. Two 
applications are treated with good results, fuel 

monitoring and airbag control. The AR(X) change 
model, shows the good performance of this method in 
two illustrative examples. 

Light-Duty Diesel Engine for 2012 - 
Engine Control 
Mikael Thor 

This paper is intended as a short introduction to the 
Light-Duty Diesel Engine for 2012 – Engine Control 
project. The project is carried out within the 
Combustion Engine Research Center (CERC) 
framework at Chalmers University of Technology and 
is focusing on closed-loop control of light-duty diesel 
engines. The motivation for the project is the 
challenge of meeting new emission legislations for 
light-duty diesel engines. These legislations are 
becoming more and more stringent and therefore new 
combustion modes, along with new ways to control 
these modes, need to be investigated. This paper will 
present a short background and motivation for the 
project along with a project outline. The concept of 
closed-loop cylinder individual combustion phasing 
control will also briefly be described. This concept is 
the focus of the first part of the project. Also included 
in this paper is a description of the experimental 
equipment used in the project and, to conclude, a 
short discussion on past, present and future work in 
the project is provided. 

A Dual Gradient Projection Quadratic 
Programming Algorithm Tailored for 
Model Predictive Control 
Daniel Axehill och Anders Hansson 

The objective of this work is to derive a QP algorithm 
tailored for MPC. More specific, the primary target 
application is MPC for discrete-time hybrid systems. 
A desired property of the algorithm is that warm starts 
should be possible to perform efficiently. This 
property is very important for on-line linear MPC, and 
it is crucial in branch and bound for hybrid MPC. In 
this paper, a dual active set-like QP method was 
chosen because of its warm start properties. A 
drawback with classical active set methods is that 
they often require many iterations in order to find the 
active set in optimum. Gradient projection methods 
are methods known to be able to identify this active 
set very fast and such a method was therefore chosen 
in this work. The gradient projection method was 
applied to the dual QP problem and it was tailored for 
the MPC application. Results from numerical 
experiments indicate that the performance of the new 
algorithm is very good, both for linear MPC as well as 
for hybrid MPC. It is also noticed that the number of 
QP iterations is significantly reduced compared to 
classical active set methods. 



Performance and robustness for ILC 
applied to flexible systems 
Johanna Maria Wallén, Mikael Norrlöf, och 
Svante Gunnarsson 

When an ILC algorithm is applied to an industrial 
robot, the goal is to move the tool along a desired 
trajectory, while only the motor position can be 
measured. In this paper aspects of robustness and 
performance are discussed when an ILC algorithm is 
applied to a flexible two-mass system. It is shown that 
the stabilising controller of the two-mass system also 
directly affects the robustness properties of the ILC 
algorithm. A classical non-causal P-ILC algorithm 
and a model-based ILC design using optimisation are 
applied to the system, based on the error for the first 
mass. Performance and robustness of the algorithms 
are compared when model errors are introduced in the 
system, showing that the optimisation-based approach 
can handle larger model uncertainties. It is illustrated 
that the performance of the overall system, when 
considering position of the second mass, is the 
practical limit compared to the limiting factor of the 
robustness of the ILC algorithms. 

Recursive State Estimation for Linear 
Systems with Mixed Stochastic and Set-
Bounded Noise 
Toivo Henningsson 

Recursive state estimation is considered for discrete 
time linear systems with mixed process and 
measurement noise that is a sum of stochastic and 
(convex) set-bounded disturbances. The state estimate 
is formed and updated as a linear combination of 
initial guess and measurements, giving an estimation 
error of the same mixed type. An ellipsoidal over-
approximation to the set-bounded part of the 
estimation error allows to formulate a linear matrix 
inequality (LMI) for optimization of the filter gain, 
considering both parts of the estimation error in the 
objective. With only stochastic disturbances, the 
standard Kalman Filter is recovered. The state 
estimator is shown to work well for an event based 
estimation example, where measurements are very 
coarsely quantized. 

Sporadic Control of Scalar Systems with 
Delay, Jitter and Measurement Noise 
Anton Cervin och Erik Johannesson 

Event-triggered control is a promising alternative to 
time-triggered control, especially for severely 
resource-constrained networked embedded systems. 
Previous work has shown that event-triggered control 
can reduce both the output variance and the average 
control rate in scalar linear stochastic systems 
compared to time-triggered control. It has also been 
shown how a minimum inter-control interval can be 

imposed, hence the term "sporadic control". In this 
work we extend the analysis of event-triggered 
impulse control of first-order linear stochastic systems 
to handle general sampling intervals and minimum 
inter-control intervals, control delay and control jitter, 
and measurement noise. The results show that the 
advantage of sporadic control remains also in these 
cases. 

Control of Series Hybrid Electric Vehicles 
- Modelling and Specifications 
Magnus Neuman 

A model of a series hybrid electric vehicle (HEV) is 
presented and some properties of its dynamics are 
investigated. Before proposing a feedback control of 
the system a set of specifications are listed that the 
series HEV including its control has to fulfill. The 
specifications concern fuel consumption, emissions, 
noise and expected customer demands. A simple 
feedback control is evaluated and some conclusions 
are drawn about the system's stability. Based on the 
specifications, a feedforward mechanism is proposed 
to further reduce the vehicle's fuel consumption.



Stable Target Tracking using Observer
Based Velocity Estimation

Tove Gustavi and Xiaoming Hu ∗
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Abstract: In applications where mobile robots are used to track non-cooperative moving objects
it is often required that not only the position but also the velocity of the moving target can
be measured. In this paper, we consider the case where the tracking robots are equipped only
with vision and position sensors and are unable to measure target velocity directly. Instead,
two separate observers for target velocity are proposed and shown to stabilize the two tracking
controls used by the robots. To evaluate the observers, results from simulations with observer
based velocity estimates are compared to corresponding results where the velocity estimates are
given by the standard Extended Kalman Filter algorithm.

1. INTRODUCTION

The problem of designing motion controls for mobile
robots following either a leader or a moving target is
well studied. In Kumar et al. (2002) for instance, leader-
following formation controls based on a unicycle model
are proposed. Other related work, based on the same
model, can be found in Beard et al. (2003); Egerstedt
and Hu (2001); Kang et al. (2004); Tanner et al. (2004);
Sastry et al. (2003); Pappas et al. (2005). A common
assumption in much of the work done in this area is that
the velocity of the leader/target is directly accessible to
the followers, either because the leader robot has some
means of communicating its velocity to its followers or
because a central processing unit can compute the target
velocity using measurements from a distributed network
of sensors and send the information back to the individual
robots. In many robotic systems this is not the case
and a reoccurring problem in robot control is therefore
to estimate the velocity of a neighbor using only local
sensor data. For example, image based velocity estimation
has been subject to much attention within the field of
computer vision. Lately, the problem of velocity estimation
has received renewed topicality in the development of
intelligent safety and navigation system in the automotive
industry, described for instance by Chang et al. (2004).

In this paper we consider a leader-follower system where
the follower is equipped only with range sensors (for
instance IR) and a vision system. No radio communication
between the leader and the follower is possible. The
goal of the follower is to track the moving leader with
a fixed relative distance and bearing angle. Depending
on the desired bearing angle, the motion of the follower
is decided by one of two control algorithms presented
in Section 3. In both algorithms, and in many similar
algorithms in literature, the velocity of the target/leader
is required as input. The fact that the estimated speed
needs to be incorporated into the robot’s own motion
control makes the velocity estimation more critical. It is

well-known that with this sort of feedback in the system,
direct computation of the target speed using unfiltered
measurements on distance and bearing angle tend to
increase measurement errors and induce instability in the
system. The standard method for dealing with noisy data
in nonlinear systems is Extended Kalman Filtering (EKF).
In this paper we, instead, use the fact that the considered
system is locally observable and we solve the problem of
stabilizing the leader-follower controls by, for each of the
two control algorithms, designing a separate observer for
target velocity that stabilizes the system.

The paper is organized as follows. In Section 2 and 3
we describe the system and the control algorithms. In
Section 4 we treat the subject of target velocity estimation
and state the main results on stability. In Section 5
the theoretical results are verified in simulations and,
for comparison, the performances of the observer based
control algorithms are compared to the corresponding
results given by EKF. Finally, in Section 6, the results
are discussed and evaluated.

2. THE SYSTEM

In the application studied in this paper, the objective is to
control the velocity, v, and angular velocity, ω, of a mobile
robot so that it will follow a moving target with a given
distance, d0, and bearing angle, β0. In the paper we only
treat the case with one tracking robot, but the results can
easily be extended to multi-agent systems. The robot is
assumed to have unicycle dynamics, i.e., it can be modeled
as

ẋ= v cosφ

ẏ = v sinφ (1)

φ̇= ω.

The mathematical model for the target is not specified, but
it is assumed that the target has a well defined orientation
and that the motion of the target is restricted to be along



the axis of orientation. It is also assumed that the motion
of the target is smooth and that the velocity and angular
velocity is bounded.
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Fig. 1. Mobile robot tracking a moving target.

In order to navigate, the robot completely relies on in-
formation obtained from its sensors. In this case, the
tracking robot is assumed to be equipped with on-board
range sensors, making it possible to measure relative angle
and distance to target, and a vision system that enables
visual estimation of the difference in orientation between
the tracking robot and the target. Orientation estimation
based on camera images is a well studied area in computer
vision/robotics (see for instance deMenthon and Davis
(1995), Ekvall (2007)) and the reader is therefore referred
to literature for further details on this topic.

Let d and β denote the actual distance and bearing angle
to target, as measured by the sensors, in oppose to d0

and β0 which denote the desired values on d and β. Then
the tracking errors can be defined to be ∆d = d − d0,
∆β = β − β0 and γ = φ − φT , where γ is the difference
in orientation between the tracking robot and the target.
The error dynamics for the system are obtained by taking
the time derivatives of the tracking errors. By using the
connection between global and relative coordinates it is
possible to express the error dynamics as a function of
angles and distances.

∆ḋ=−v cos(∆β + β0) + vT cos(∆β + γ + β0)

γ̇ = ω − ωT (2)

∆β̇ =−ω + v sin(∆β+β0)−vT sin(∆β+γ+β0)
d0+∆d

In the equations above, vT and ωT denote the velocity
and angular velocity of the target. The objective of the
tracking control is to drive the robot as close as possible
to the desired state where the tracking errors equals zero,
or in other words to stabilize the system (2) in (∆d =
0, γ = 0,∆β = 0).

3. TRACKING CONTROL

We assume for this application that the desired distance
between the tracking robot and the moving target is d0 > 0
and that the desired bearing angle to target is β0 ∈ [0, π

2 ]
rad. (the case β0 ∈ [−π

2 , 0] can of course be treated
equivalently). To obtain the desired tracking for the whole
range of possible values of β0 we need two different control
algorithms. For the serial case (β0 ∈ [0, π

2 )) we use a

simple proportional controller (described by Gustavi and
Hu (2006))

v =
c0d cos (β − β0)− c0d0 + vT cos (γ + β0)

cos(β0)

ω =
c0d sin(β)− c0d0 sin(β0)− vT sin(γ)

d0 cos(β0)
, (3)

where c0 > 0. The derivation of (3) is quite straightforward
and intuitive and the result is a robust control that globally
drives ∆d and ∆β to zero. However, there is no upper
bound on the magnitude of the control actions as β0

approaches π/2. Parallel tracking (β0 = π
2 ) is generally

more difficult to achieve than serial tracking since it has
to be at least partially based on a prediction on the motion
of the target. For the parallel case we propose the following
control

v = vT + c1(d− d0) cos(β)− c2(β − β0)

ω = c3(β − β0)− c4(d0 − d sin(β))− c5γ, (4)

where c2 ≥ 0, cj > 0, j = 1, 3, 4, 5. Because of the
different approach, parallel tracking is more sensitive to
noise than serial tracking. Also, the velocity of the tracking
robot must constantly be adjusted depending on the
curvature of the trajectory, even if the velocity of the target
is constant. With control (4), c2 = 0 gives sufficiently good
tracking if ωT ≈ 0. With more challenging trajectories,
stability may be increased by setting c2 > 0.

Implementation of the control algorithms above requires
access to measurements or estimates of d, β, γ, and vT . If
the true value of vT is known, both control algorithms can
be shown to stabilize the system (2). In fact, for the serial
tracking control (3), access to an estimate of the target
speed, vT , is not necessary for stability, the control is
stable even if vT is set to zero (see Gustavi and Hu (2006)).
However, setting vT = 0 results in a static positioning error
relative the target, so even a rough estimate of the speed
of the target could significantly improve performance of
the tracking control. For the parallel tracking control (4),
a good estimate of the target speed is essential in case the
true vT is not known.

4. ESTIMATION OF TARGET SPEED

There exist a number of methods that could be used to
obtain an estimate of vT based on sensor output. The
most commonly used method for nonlinear systems, such
as the one at hand, is probably Extended Kalman Filtering
(EKF). EKF is an ad hoc extension of the linear Kalman
filter. It is well documented and often gives a good result,
but it is not guaranteed to converge and is known to
fail sometimes. In this paper we therefore suggest another
approach, based on the observability of the system. We
show that it is possible to construct observers for target
velocity that stabilize the system (2). If a sufficiently good
observer can be found, this method for velocity estimation
is very efficient as it requires a minimum of computations.
In Section 4.2 we propose two observers and state some
results on stability, but for comparison we first review the
EKF algorithm, and show how it can be applied to this
problem.



4.1 State estimation using EKF

In order to use the EKF algorithm to estimate the velocity
of a moving target, vT , the system equations (2) have to
be modified and expressed in discrete time and vT must
be considered as an extra state variable. Since γ in (2)
is measurable and not depending on any of the other
state variables we can consider γ to be a known input
to the system and not a state variable. Thus, the modified
system (2) now has three state variables; ∆d, ∆β and vT .
The system equations for ∆d and ∆β are known from (2),
but the time dependency of vT is unknown and therefore
modeled as white noise with standard variation b. With

ξ1,i = ∆βi + β0

ξ2,i = ∆βi + β0 + u3,i,

the discrete time system equations for the modified system
can be written as

∆di = ∆di−1 + ∆t(−u1,i cos ξ1,i + vT,i−1 cos ξ2,i)

∆βi = ∆βi−1 + ∆t(−u2,i + u1,i sin ξ1,i−vT,i−1 sin ξ2,i

d0+∆di−1
)

vT,i = vT,i−1 + bwi,

with output

z1,i = ∆di−1 + c1ν1,i

z2,i = ∆βi−1 + c2ν2,i

and control input

u1,i = vi

u2,i = ωi

u3,i = γi.

In the above equations, w, ν1 and ν2 represent normalized
white noise. The control input u3 = γ is assumed to be
measurable, while u1 = v, and u2 = ω are computed
from the tracking control using measured output from the
system and the latest estimate of vT .

After adapting the system to the required mathematical
form, the EKF algorithm can be applied to obtain the
desired state estimates (see for instance Anderson and
Moore (1979)). The EKF algorithm is not guaranteed
to converge, and in this case simulations show that the
problem is ill-conditioned. The Kalman gain easily grows
to cause large fluctuations in the estimated state vector.
Analyzability of the system is complicated by the fact
that the control input, u, is implicitly depending on the
current state of the system, so the underlying reason for
the stability problem is hard to trace. To improve the
behavior of the filter, the Kalman gain was multiplied by
a factor 0.05. The introduction of a constant factor < 1
improved robustness significantly, but unfortunately also
caused an increased convergence time.

4.2 Observer based estimation of target velocity

If either (3) or (4) is plugged into (2) and vT is considered
as an extra state variable, then one can easily show that
the augmented system is locally observable if ∆d, γ and

∆β are considered as output. Thus, it is at least possible
to design a local, possibly even global, observer for vT ,
provided that some assumptions can be made on the target
dynamics.

We first consider the case β0 ∈ [0, π
2 ). We know that it is at

least possible to design a local observer, but in this case our
aim is to design a nonlocal and reduced dimension observer
that, together with tracking control (3), stabilizes the
error dynamics (2). We propose the following dynamical
equation for the observer (with cz1 > 0):

ż1 = cz1 cos(γ + β0)(d cos(β − β0)− d0). (5)

Theorem 1. Suppose the motion of the target satisfies the
following condition:
vT (t) ≥ v0 > 0, v̇T (t) ∈ L2[0,∞), ωT (t) ∈ L2[0,∞).

Then, using control (3) in the system (2) with vT replaced
by the observer (5) and c20 > cz1/d0, we have as t → ∞
globally

∆d→ 0, ∆β → 0.
Further more, γ → 0 from almost everywhere.

Proof. Let the desired position coordinates of the track-
ing robot be denoted (x0, y0) and define

xe = x0 − xT

ye = y0 − yT

∆z1 = z1 − vT ,

where (xT , yT ) are the coordinates of the target. Then,
after plugging in the control (3), where vT is replaced by
z1, the error dynamics (2) can be rewritten as

ẋe =−c0xe + ∆z1 cosφT

ẏe =−c0ye + ∆z1 sinφT

∆ż1 =−cz1 cos(γ + β0)[xe cos(φ+ β0) (6)

+ye sin(φ+ β0)]− v̇T

γ̇ = ω − ωT .

Now let

x̄e = sinφTxe − cosφT ye

ȳe = cosφTxe + sinφT ye.

Expressed in new coordinates, system (6) becomes

˙̄xe =−c0x̄e + ωT ȳe

˙̄ye =−c0ȳe + ∆z1 − ωT x̄e (7)

∆ż1 = cz1(
sin(2γ+2β0)

2 x̄e − cos2(γ + β0)ȳe)− v̇T

γ̇ =
c0

d0 cos(β0)
(x̄e cos γ + ȳe sin γ − vT sin γ)− ωT .

The system is defined on R3 × S1. When setting ωT =
0, v̇T = 0, there are two equilibria for the system:

(x̄e, ȳe,∆z1, γ) = (0, 0, 0, 0) and

(x̄e, ȳe,∆z, γ) = (0, 0, 0, π),



provided that we define γ to be in the interval (−π, π].
It is easy to show that the first equilibrium is locally
exponentially stable and the second one is unstable. We
shall now show that the domain of attraction for the first
equilibrium is R3 × S1\{0, 0, 0} × {π}.

Let us first treat γ(t) as a time-varying function in the
first three equations of (7). Define the Lyapunov function

V = L(x̄e)2 + (ȳe − 1
c0

∆z1)2 +
1
c20

(∆z1)2,

where L > 0 is a constant. If L is chosen to be suffi-
ciently large, it is possible to show that V̇ ≤ 0 and that
(x̄e(t), ȳe(t),∆z1(t)) will converge to zero exponentially if,
for some constant a > 0,∫ t

0

cos2(γ(s) + β0)ds ≥ at (8)

when t is sufficiently large.

Letting V̇ = 0 implies that x̄e(t) = 0, c0ȳe(t) = ∆z1(t)
and cos(γ(t) + β0)∆z1(t) = 0. Suppose ∆z1(t) 6= 0, then
it follows from (7) that

∆ż1 = −cz1

c0
cos2(γ + β0)∆z1 (9)

γ̇ =
c0

d0 cos(β0)
(

1
c0

∆z1 − vT ) sin γ.

Provided that vT > 0, it is easy to see from (9) that
(∆z1(t), γ(t)) → (0, 0) as long as γ(0) 6= π. However, if
γ(0) = π, then (∆z1(t), γ(t))→ (0, π). Thus, the first three
state variables in (7), i.e., (x̄e(t), ȳe(t),∆z1(t)), globally
converge to zero exponentially for all values of γ(0) if
vT > 0. As for γ, it will converge to zero from all initial
values except from γ(0) = π.

By the well known classical results on input to state
stability (see for example Khalil (1996)), we know that
for any given initial condition, (x̄e(t), ȳe(t),∆z1(t)) will
remain to be L2 if the “inputs” ωT and v̇T are L2, which
is our assumption. This implies that ∆d and ∆β are L2.
The additional assumption that vT (t) ≥ v0 > 0 assures
that sin γ is also L2. By recursion we can show that in
a cascaded system, where robot j is set to follow robot
j − 1, all v̇j , ωj , j ≥ 1 are L2, and vj(t) ≥ 1

2v0 when t is
sufficiently large.

Now we consider the case β0 = π
2 . In this case we propose

an observer that, in combination with tracking control (4),
locally stabilizes the error dynamics (2). The new observer
is defined by

ż2 = −cz2(β − β0) cos(γ). (10)

Theorem 2. Suppose the motion of the target satisfies the
following condition:
vT (t) ≥ v0 > 0, v̇T (t) ∈ L2[0,∞), ωT (t) ∈ L2[0,∞).

If the control for the tracking robot is given by (4)
with c2 = 0 and with vT replaced by the observer z2
defined by eq. (10), then for some choice of constants
c1, c3, c4, c5 > 0, the equilibrium (d, γ, β) = (d0, 0, β0) is
locally exponentially stable.

Proof. Let vT in control (4) be replaced by the ob-
server z2. Insert the control (4) in (2), define ∆z2 =
z2 − vT and linearize the system around the equilibrium
(∆d, γ,∆β,∆z2) = (0, 0, 0, 0). This gives

∆ḋ=−vT γ

γ̇ = c4∆d− c5γ + c3∆β + ωT (11)

∆β̇ =−c4∆d+ c5γ − c3∆β +
1
d0

∆z2 + ωT

∆ż2 =−cz2∆β − v̇T .

The associated system matrix is

A =


0 −vT 0 0
c4 −c5 c3 0

−c4 c5 −c3 1
d0

0 0 −cz2 0

 . (12)

The matrix A is, in general, time-varying (vT is time-
varying). The following lemma gives us a sufficient condi-
tion for uniformly asymptotic stability. The lemma can be
proved in the same spirit as that of Theorem 2 in Brockett
(1970)(p. 206).
Lemma 3. Considering a time varying matrix A. Assume
that A is bounded and the real part of all the eigenvalues
of A satisfy Reλ(t) ≤ γ < 0 for all t, and ‖Ȧ‖ ∈ L2(0,∞).
Then ẋ = Ax is exponentially stable.

By constructing the characteristic polynomial of A and
using Routh-Hurwitz criterion, one can show that all
eigenvalues of A have negative real part if and only if

c5cz2

(c3 + c5)
> vT c4d0. (13)

Thus, if an upper bound on vT is known, the control
parameters can be designed in order to give stable tracking
for all possible vT . Under the given assumptions, we can
show recursively (analogous to the previous theorem) that
in a cascaded system v̇j , ωj are in L2[0,∞) for all robots
j ≥ 1.

For the case c2 > 0, an inequality corresponding to that
of eq. (13) can be derived. This inequality becomes more
complex than for the case c2 = 0 and is therefore not as
useful in the process of choosing the constants. It can,
however, be used to verify stability for a given set of
constants.

5. SIMULATIONS

The simulations in this section are made in order to evalu-
ate the tracking performance of the control algorithms (3)
and (4) when combined with the proposed observers (5)
and (10). For comparison, corresponding simulation results
for EKF based tracking are also presented. The perfor-
mances of the observers, in terms of deviations from true
target speed, are studied separately.

To simulate measurement errors, white noise was added
to the “measurements” of d, β and γ. The noise had
standard deviation 0.1d0 for distance measurements and
π
16 for angular measurements. Pre-filtering of data is likely
to improve the results but was not used in the simulations
presented here.
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Fig. 3. EKF-estimate of target speed (solid line) and
true target speed (dotted line) from a simulation
with tracking control (3), β0 = 0 and sinusoidal
target trajectory.
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Fig. 4. Observer estimate of target speed (solid line)
and true target speed (dotted line) from a sim-
ulation with tracking control (3), β0 = 0 and
sinusoidal target trajectory.

β0 = 0 β0 = π
4

Observer EKF Observer EKF

mean ∆d/d0 0.0795 0.0805 0.0819 0.0805
std ∆d/d0 0.1773 0.2680 0.2182 0.1995
mean ∆β -8.814e-04 -6.347e-4 0.0015 0.0036

std ∆β 0.0453 0.0461 0.0659 0.0637
mean ∆z1 0.0282 0.0289 0.0322 0.0342

std ∆z1 0.1331 0.1923 0.2042 0.1863

Table 1. Error data obtained from a set of
simulations with control (3) running over 25

periods of a sinusoidal reference trajectory.

We first study control (3) and the corresponding ob-
server (5). The allowed reference angles for this control are
β0 ∈ [0 π

2 ). In the simulations, the target was set to follow a
sinusoidal path (see fig. 2) with a slowly varying speed. The
simulations using the EKF-estimate and the simulations
using the observer (5) showed that the positioning and
estimation errors were, more or less, of the same magnitude
for the two approaches (see table 5). The observer based
control showed a slightly better performance at reference
angles close to β0 = 0 while the EKF based control gave
a slightly smaller spread at large values on β0. Fig. 3
and 4 show the estimated and real target speed for two
simulations with β0 = 0, using the EKF-approach (fig. 3)
and the observer based-approach (fig. 4).

Let us now consider control (4) and the corresponding
observer (10). This control is only valid for β0 = π

2 .
Contrary to the case β0 = 0, the desired speed of the
tracking robot in this case is strongly depending on the
curvature of the trajectory. Not only does this make
tracking more difficult on curved trajectories, it also affects
the possibilities to correctly estimate target speed with a
simple observer. We shall therefore study the two cases
ωT = 0 and |ωT | > 0 separately (although convergence
can only be shown for ωT ∈ L2).

Fig. 2. Target and tracking robot and their trajectories
after a simulation with serial tracking control, β0 = 0.

In fig. 5 and 6, estimated and real target velocity for the
EKF-approach and the observer-approach are shown for
two simulations where the target was moving on a straight
trajectory (ωT = 0) with varying speed. Even if velocity
estimates are worse for these simulations than for the
simulations with β0 = 0 they are still sufficiently good to
obtain stable tracking. The mean and standard deviation
of the positioning errors ∆d and ∆β from the simulations
corresponding to fig. 5 and 6 are shown in table 5.

Finally we consider the case β0 = π
2 and |ωT | > 0. The

target was set to move with varying velocity on a sinusoidal
trajectory similar to the trajectory shown in fig. 2 but with
ωT restricted to a smaller interval. In this very challenging
test, the EKF-estimate fails to reliably detect changes in
target velocity and presents an almost random behavior.
The observer, on the other hand, clearly shows a periodic
behavior. This behavior, however, is depending rather on
the shape of the target trajectory than on the target
velocity. Additional simulations with constant ωT > 0
(target turning away from the follower) has shown that
the observer (10) consequently overestimates target speed,
while setting ωT < 0 (target turning against the follower)
results in an underestimation of vT . If (10) is considered
mainly as a state estimate for target velocity, then this
is indeed a poor result. If, on the other hand, the main
purpose of the observer is to stabilize the corresponding
tracking control, it turns out that the suggested parallel
control (4) in practice works better with the proposed
observer than with the true target velocity plugged into
the control equations. As long as the curvature of the
target trajectory is sufficiently small, the observer based
control is quite robust. The EKF based control on the
other hand suffers more from the inability to estimate
target speed. Compared to the observer based control it
shows a significantly increased risk for looping when ωT

ωT = 0 ωT varying
Observer EKF Observer EKF

mean ∆d/d0 0.1082 0.1079 0.1104 0.1486
std ∆d/d0 0.1054 0.1154 0.1142 0.1465
mean ∆β -8.2850e-4 0.0387 0.0011 -0.0061

std ∆β 0.1423 0.1812 0.1503 0.4321
mean ∆z2 0.0035 0.0292 0.0059 0.0223

std ∆z2 0.0730 0.1390 0.1779 0.1508

Table 2. Error data obtained from a set of
simulations with control (4) running over 25

periods of a sinusoidal reference trajectory.
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Fig. 5. EKF-estimate of target speed (solid line) and
true target speed (dotted line) from a simulation
with tracking control (4), β0 = π

2 and straight
target trajectory (ωT = 0).
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Fig. 6. Observer estimate of target speed (solid line)
and true target speed (dotted line) from a sim-
ulation with tracking control (4), β0 = π

2 and
straight target trajectory (ωT = 0).

takes on large values (see fig. 5). In a simulation that ran
over 25 periods of the sinusoidal reference trajectory, the
follower made 13 loops when using the EKF based control
while it avoided making one single loop when using the
observer based control during the same period of time.

Fig. 7. Target and tracking robot and their trajectories
after a simulation with EKF based control (4). Note
the loop made by the follower when |ωT | is large.

6. CONCLUSIONS

Simulations have shown that both the EKF-approach and
the observer-approach produces good estimates of target
velocity and give stable tracking with small tracking errors
when β0 is close to zero. As expected, results were not quite
as good for the more difficult case β0 = π

2 . As long as the
target was following a straight trajectory, both methods
were able to produce good estimates of target velocity, but
in the simulation with curved trajectories, the estimation
of target velocity was poor for both methods. Despite this,
the tracking performance of the observer based tracking
control was still good as long as the curvature of the
reference path was sufficiently small.

If computation time is compared for the observer based ap-
proach and the simple EKF-approach used in these simu-
lations, it is found that the observer-approach is more time
efficient. With the observer-approach, the new estimate for
target speed is computed directly from available sensor
data, while in the EKF-method, several computations,
including the inverse computation of a matrix, must be
made in each step of the algorithm. In real time applica-
tions computation time is often critical so this is a strong
motivation for using the observer based approach instead
of the EKF-approach. Also, stability for the observer based
method is not only verified in simulations, but for some
special, but important, cases it has been proved mathe-
matically. The results in this paper suggest that, for the
application described here, the observer based estimation
method would in most cases be the most suitable.
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Gene regulatory networks can be viewed as MIMO systems consisting of strongly 
interacting systems with widely differing time-scales. This poses specific problems in 
inferring the network structure from measurements of gene activities. We here 
present an iterative experiment design algorithm for identification of such systems, 
aimed at identifying the network structure with a specified accuracy using a minimum 
number of steady-state experiments and measurements. The design is based on a 
state-space description of the network, in which identification of the network structure 
corresponds to determination of the Jacobian from measurements of all state 
variables, i.e. gene activities. Each step of the design strives to span a new direction 
of the state-space with a certain variance. We also present an upper bound on the 
relative estimation error. 
 
We apply the proposed design to a biological example where the primary aim is to 
identify the intrinsic feedback within the system. A cell can be seen as a chemical 
plant, where all processes are controlled by the genome. Based on environmental 
and internal signals the gene regulatory system controls the production of the cell. 
Toxic substances have to be maintained on a low level, while indispensable 
substances are obtained in sufficient quantities. The same pathway may contain 
both toxic and indispensable intermediates linked through both fast and slow 
reactions, which all need to be properly regulated. Therefore the gene regulatory 
system contains numerous feedback loops operating at different time-scales in a 
non-separable way. Biologists are currently trying to map out the gene regulatory 
system of various functions based on measurements of gene expression, making our 
example a highly relevant problem. 
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Many vital biological functions correspond to self-sustained periodic oscillations 
generated within the cell. Examples include nerve cell oscillations, cell cycle control and 
the circadian clock. The oscillations are in all cases generated by biochemical reaction 
networks involving genes, proteins and metabolites. It is usually of paramount 
importance that the oscillations are robust, i.e., that they are maintained in the presence of 
internal and external disturbances. 
 
In this work we consider a control theoretic approach to robustness analysis of 
intracellular oscillators, with a focus on the circadian clock. The circadian clock is a gene 
regulatory network in which genes are transcribed into mRNA which produce proteins 
that subsequently regulate the activity of other genes. The mammalian clock involves a 
large number of genes that together form an intricate network in which a large number of 
feedback loops are embedded. The 24 hour oscillations emerging from the circadian 
clock network are known to be highly robust. An important aim in this work is to 
determine how this robustness is related to the network architecture. 
 
Robustness of biological systems are typically investigated either by complete removal of 
components, e.g., single genes, or by perturbing model parameters, e.g. [1,2,3]. Here we 
consider an approach based on robust control theory in which we add dynamic 
perturbations to the network interactions, and determine the smallest relative perturbation 
that qualitatively changes the network behavior. Rather than performing the analysis with 
the network in an oscillating state, we consider perturbations that translate the underlying 
steady-state into a Hopf bifurcation point. A Hopf point corresponds to a limit cycle 
collapsing into a steady-state. 
 
We apply the proposed robustness analysis to several recently published models of 
circadian oscillators in mammals and plants [1,4,5,6,7]. The main objective, apart from 
quantifying the robustness of the oscillators, is to elucidate the mechanisms underlying 
the oscillations and their robustness. In particular, it is of interest to determine if the 
complete networks are required for robust oscillations, or if specific substructures can be 
identified. We find that, while some models essentially rely on a single feedback loop for 
generating the robust oscillations, most  models correspond to a network architecture in 
which a central negative feedback loop provide for the oscillation while other interactions 
provide feedback mechanisms that increase the robustness of the oscillations. 
Furthermore, in some models we find redundant loops that provide failure tolerance in 
the face of large perturbations, such as severe gene mutations. 
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Abstract: This paper addresses the problem of connectivity constrained surveillance of a given
polyhedral area with obstacles using a group of Unmanned Ground Vehicles (UGVs). The
considered communication restrictions may involve both line-of-sight constraints and limited
sensor range constraints. In this paper, the focus is on dynamic information graphs, G, which
are required to be kept recurrently connected. The main motivation for introducing this weaker
notion of connectivity is security and surveillance applications where the sentry vehicles may
have to split temporary in order to complete the given mission efficiently but are required to
establish contact recurrently in order to exchange information or to make sure that all units are
intact and well-functioning. From a theoretical standpoint, recurrent connectivity is shown to
be sufficient for exponential convergence of consensus filters for the collected sensor data.

1. INTRODUCTION

I
n both civil and military applications, surveillance is
performed in order to assist in the prevention, detection

and monitoring of intrusion, theft or other safety-related
incidents. Facilities that require such supervision are nu-
merous and include airport facilities, storage buildings,
power plants, harbors and factories.

The surveillance and security solutions of today are based
on a combination of human guards, electronic systems
(cameras, intrusion alarms), physical security (fences,
gates) and software (verification, logging). However, recent
scientific and technological developments enable more au-
tonomous and mobile complementary solutions. From a
performance standpoint, the potential benefits of using a
group of security or surveillance UGVs include cost savings
and reduced risk exposure for human guards. It is therefore
not surprising that the research area of surveillance vehicle
control is active and growing. In this paper, we extend
our previous work, Anisi and Ögren [2008], on cooperative
surveillance using multiple UGVs.

Informally, the Connectivity Constrained UGV Surveil-
lance Problem (CUSP) studied in this paper is the follow-
ing: Given a set of surveillance UGVs and a user defined
area to be covered, find waypoint paths such that:

• the so-called information graph is kept recurrently
connected,

• the area is completely surveyed,
• the cost for performing the search is minimized.

? Funded by the Swedish defence materiel administration (FMV)
through the Technologies for Autonomous and Intelligent Systems
(TAIS) project, 297316-LB70485.

A more formal statement of CUSP is provided in Section 3
and a typical surveillance mission can be seen in Figure 1.

The main contribution of this paper is to present a
concurrent task- and path planning algorithm which can
handle connectivity constraints of both line-of-sight and
limited sensor range types in the presence of obstacles.
Along the way, we introduce the notion of recurrent
connectivity for graphs and show that it is sufficient for
convergence of consensus filters processing the collected
sensor data.

The remainder of this paper is organized as follows.
Section 2 provides a concise exposition of related work.
The considered problem is formally defined in Section 3
and the proposed algorithm for solving it can be found
in Section 4. Simulations illustrating the approach are
presented in Section 5 and finally, the paper is concluded
in Section 6.

2. RELATED WORK

A number of publications have been devoted to different
aspects of the communication maintenance problem for
mobile platforms. The great majority of these papers have
focused on the sensor range constraint and often deal with
obstacle-free environments, see e.g. Spanos and Murray
[2004], Kim and Mesbahi [2006], Zavlanos and Pappas
[2005, 2007], De Gennaro and Jadbabaie [2006], Ji and
Egerstedt [2007]. To the best of our knowledge Schouwe-
naars et al. [2006] and Esposito and Dunbar [2006] are
the only works that consider communication restrictions
involving both limited sensor range and line-of-sight con-
straints in the presence of obstacles. Below, both these
papers will be discussed in detail.



(a) (b)

(c) (d)

Fig. 1. A four snapshot illustration of a surveillance
mission. The two UGVs start off to the left, depicted
in Figure 1(a), and maintain connectivity recurrently
at the three surveillance instances, Figures 1(b)- 1(d).
The area already visited is shadowed and the mission
is completed once the entire area is surveyed. Notice
how the vehicles are allowed to split temporarily in
order to pass on different sides of the obstacles.

The problem formulation in Schouwenaars et al. [2006] is
reminiscent of the one considered in Nguyen et al. [2003],
namely optimal path planning for a number of relay vehi-
cles that have the mission of maintaining a chain of line-
of-sight communication links that connect a given leader
vehicle to the ground station. In accordance with their
previous work in multi-vehicle path planning, Schouwe-
naars et al. use binary variables to capture connectivity
between subsequent relay vehicles and end up solving a
mixed integer linear program (MILP).

The problem considered in Esposito and Dunbar [2006]
is the most closely related one to our work. However,
Esposito and Dunbar:

• aim at reaching a final configuration while our high-
level objective is to complete the surveillance mission.

• utilize a potential function to synthesize a feasible
movement direction for the vehicles.

• consider the case when a fixed information graph is
given a priori and maintain these given links intact
throughout the entire duration of the motion 1 .

Dynamic or time-varying information graphs have also
been studied in frameworks other than the one considered
in this paper. In particular, results in various applications
of information consensus, such as flocking (Olfati-Saber
[2006]), rendezvous (Lin et al. [2003]) and formation sta-
bilization (Fax and Murray [2002]), heavily rely on some
1 This is equivalent with maintaining 1-hop connectivity of G.

notion of (joint) connectivity of the underlying information
graph. Consequently, a fundamental research issue over
the last few years has been the search for a less restrictive
notion of connectivity which still renders the consensus
control convergent (see Jadbabaie et al. [2003], Moreau
[2005], Ren and Beard [2005]). Theorem 1 relates these
results to the notion of recurrent connectivity introduced
below.

3. PROBLEM FORMULATION

In this section we first informally state the Connectivity
Constrained UGV Surveillance Problem (CUSP). A more
formal statement is given in Problem 1. Along the way, the
terminology used in these formulations is properly defined.

Informally, the problem we are studying is the following:
Given a set of surveillance UGVs and a user defined area
to be covered, find waypoint paths such that every point
of the area can be seen from a waypoint on a path, the
information graph is kept recurrently connected in the
presence of both line-of-sight constraints as well as limited
sensor range constraints (see Definitions 5 and 6) and the
cost for cooperatively performing the search is minimized.

This problem formulation is an extension of the one
considered in Anisi and Ögren [2008] where connectivity
constraints where not taken into account.
Remark 1. (Re-connection instances). It is important to
note that in CUSP, the re-connection of the information
graph does not occur at arbitrary time instances. In fact,
G is required to re-connect at the surveillance critical time
instances, i.e. exactly when the overall mission is being
collectively solved.

The areas to be searched in this paper are all going to
be so called orthogonal polygons with holes (obstacles),
thus we denote them A, for area. The orthogonality of the
polygon is due to the nature of Algorithm 1. It should
however be noted, that finding a maximal convex cover of
a general environment is not a hard problem, and the rest
of the solution proposed in Algorithm 2 is not limited to
the orthogonal case.
Definition 1. (Orthogonal polygons with holes). A polygon
Q in the plane is an ordered sequence of points q1, . . . , qn ∈
R2, n ≥ 3, called vertices of Q together with the line seg-
ments qi to qi+1 and qn to q1, called edges. In the following
we assume that none of these edges intersect. A polygon is
called orthogonal if adjacent edges are orthogonal. Given
a polygon Q and a set of m disjoint polygons Q1, . . . , Qm

contained in Q we call the set A = Q \ {Q1 ∪ ... ∪Qm} a
polygon with m holes.

To be able to require that A is completely searched we
state the following definitions and lemma.
Definition 2. (Guardiance). Given two points p and q in
A we say that p is visible from q if the line segment joining
p and q is contained in A, i.e.

αp + (1− α)q ∈ A, ∀α ∈ [0 1].
A set of points H = {h1, . . . , hk} ⊂ A guards A if for all
p ∈ A there exists hi ∈ H such that p is visible from hi.
Definition 3. (Maximal convex cover). A convex cover C
of A is a set of convex sets C = {ci} such that A ⊆ ∪ici.



We define a maximal convex cover of A to be a convex
cover C = {ci} of A, such that for all i, there is no convex
set s ⊆ A such that s ⊃ ci.
Definition 4. (Visiting waypoint path). A waypoint path
P is an ordered set of points P = {p1, . . . , pn}. Any
convex cover C is said to be visited by the waypoint path
P = {p1, . . . , pn} if ∀ci ∈ C ∃pj ∈ P : pj ∈ ci.

Given the above definitions, the following lemma can be
stated.
Lemma 1. If there exists a convex cover C of A such that
the waypoint path P visits C, then P guards A

Proof. See Anisi and Ögren [2008].

The last concepts needed to make a formal statement of
the CUSP are concerned with the information graph.
Definition 5. (Information graph). Let V = {v1, . . . , vN}
denote the vertex set representing the N UGVs. The
communication graph, Gc(t) = (V, Ec(t)), is induced by

eij ∈ Ec(t) ⇔ ‖pi(t)− pj(t)‖ ≤ R,

where R denotes the limited sensor range 2 and pi(t) is
the position of UGV i at time t. The sensing graph,
Gs(t) = (V, Es(t)), is induced by free line-of-sight, more
precisely,

eij ∈ Es(t) ⇔ αpi(t) + (1− α)pj(t) ∈ A, ∀α ∈ [0 1].
Finally, the information graph, G(t) = (V, E(t)), is defined
as the union of the sensing- and communication graph, i.e.
E = Ec ∪ Es

3 .

In this setting, the sensing graph captures the passive
information flow among the UGVs gathered by the on-
board sensors, while the communication graph represents
active transmission of inter-vehicle information (cf. Fax
and Murray [2002]). This distinction is important to make
in various applications, e.g. military missions where pas-
sive sensing is encouraged while active transmission, which
might imply enemy exposure and thereby jeopardize the
mission, should be avoided.
Definition 6. (Recurrent connectivity). A graph, G, is said
to be recurrently connected if there exists T < ∞ such that

∀t ∈ R+,∃ T ′ ∈ [t t + T ] : G(T ′) ∈ C.

Here, C denotes the set of connected graphs.

Definition 6 implies that one never have to wait for more
than T time units until G is re-connected.
Problem 1. (CUSP). Given N vehicles and a polyhedral
area A, the Connectivity Constrained UGV Surveillance
Problem (CUSP) is to find a set of waypoint paths P =
{P 1, . . . , PN} that solve the following optimization prob-
lem

min
P

n−1∑
j=1

max
i∈Z+

N

||pi
j − pi

(j+1)||

s.t. ∪i P i guards A

GP (j) ⊆ C, ∀j
2 Assuming a uniform bound on the range of all sensors, R, is merely
a matter of notational convenience. An extension to allow different
sensor ranges is straightforward.
3 Intersection can also be used without any conceptual implications.

Here P (j) = {p1
j , . . . , p

N
j } denotes the UGV positions at

time instance j and GP (j) is the induced information graph
when the vehicles are at P (j). Further, C is the set of
connected graphs on N vertices, P i = {pi

1, . . . , p
i
n}, Z+

N =
{1, . . . , N} and the start and finish positions, denoted by
pi
1, p

i
n, i ∈ Z+

N may be given.
Remark 2. (Interdependence). In CUSP, the inter-vehicle
dependence stems both from the imposed guarding and
connectivity constraints, as well as the non-separable ob-
jective function.

3.1 Recurrent connectivity and consensus reaching

So far, our main focus has been on planning waypoint
paths for the UGVs. Along these paths, information can be
collected by the on-board sensors and propagated through
the links of G(t). In this section, we study the issue of
convergence of information filters for the collected sensor
data.

We assume that each UGV measures some quantity yi ∈
Rn that is then communicated to the others and used as
input to a consensus filter

ẋi =
∑
j∈Ni

aij [(xj(t)− yj(t)) + (yi(t)− xi(t))]. (1)

Let x = (x1, · · · , xN )T , then using standard notations in
graph theory, (1) can be rewritten as

ẋ = −L(x− y), (2)
where L is the Laplacian matrix. Let e = x − y, then we
have

ė = −Le− ẏ.

Let us assume ẏ is small and focus on
ė = −Le. (3)

This assumption implies that the information filter varies
on a faster time-scale than the quantity being agreed upon.

It is well known (see e.g. Jadbabaie et al. [2003], Ren and
Beard [2005]) that if the graph is (jointly) connected, then
a consensus can be reached in (3). The next theorem shows
that a consensus can also be reached for (3) if the graph
is recurrently connected.
Theorem 1. (Consensus Reaching). Suppose the informa-
tion graph is recurrently connected with a dwell time τ ,
then the frequently adopted “Laplacian protocol” (3) will
exponentially converge to a consensus in the agreement
space provided that the weights aij are properly tuned.

Proof. Since recurrent connectivity implies that G is
jointly connected over all time intervals [t t + T + ε) for
any arbitrary constant ε > 0, the result follows directly
from Theorem 2 in Jadbabaie et al. [2003].

4. PROPOSED SOLUTION

In this section we will propose a solution to the CUSP
described in Section 3. In our previous work, Anisi and
Ögren [2008], it was shown that the considered problem
is a generalization of the so called Multiple Traveling
Salesman Problem (MTSP). It is a well known fact that
the MTSP and the closely related Multi Vehicle Rout-
ing Problem (MVRP) are NP-hard, and thus represent



optimization problems that are in general very hard to
solve to optimality, see e.g. Bektas [2006], Laporte [1992].
Knowing this, we can not hope to solve all CUSP instances
to optimality in reasonable time but must adopt heuristic
solution methods. The decomposition method suggested
in this paper is reminiscent of the one presented in Anisi
and Ögren [2008], in the sense that they both encompass
three subproblems as depicted in Figure 2. In fact, it turns

Find feasible paths and 
evaluate the cost

Assign and order the convex
sets using Tabu Search

Find a maximal convex cover

Fig. 2. The solution relies on a three step decomposition
method.

out that extension of the results of Anisi and Ögren [2008]
in order to capture the connectivity constraints present
in CUSP, do not require any modifications to the top
two subproblems at all. Consequently, it is only the last
subproblem that will be described in detail below.

In the first subproblem, the computationally intractable
problem of finding the optimal paths that enable complete
area surveillance, is turned into a finite dimensional combi-
natorial optimization problem. This is achieved by finding
a maximal convex cover of A, as follows:
Algorithm 1. (Maximal convex cover).

(1) Make a discretization of the area A and construct
the corresponding graph representation. Since A is
orthogonal, a variable sized grid can be created with
grid boundaries intersecting all points in the polygon
Q and holes Q1, . . . , Qm.

(2) Find a yet uncovered cell, p.
(3) Start growing a rectangle ck from p, until it is

bounded by the polygon or the holes on all four sides.
(4) While uncovered cells exist, goto 2.

When no more uncovered grid cells can be found the
process terminates and A is covered, A ⊆ ∪kck.

The second subproblem involves assignment and ordering
of the convex sets in the cover. Since this is a modified
version of the MVRP and it was established in Cordeau
et al. [2002], Laporte [1992], Thunberg et al. [2008] that
Tabu Search (TS) is a highly efficient heuristic for a wide
range of routing problems, it is reasonable to make TS a
part of our solution method as well. To this end, let M
denote the number of convex sets used in the cover and
assign the id numbers 1, . . . ,M to these sets ck, k ∈ Z+

M .
Let furthermore the N vehicles have id numbers M +
1, . . . ,M + N . The search space for the TS then consists
of all permutations of the id numbers, i.e. Z+

M+N . The
interpretation of a sequence of id numbers is best explained
by means of the following example: Let M = 7, N = 3,
and the final sequence be

π = (1, 8, 4, 3, 9, 5, 2, 10, 7, 6).
This corresponds to the following assignments.

Set with id numbers assigned to UGV with id number

1 4 3 8
5 2 F 9
7 6 F 10

Table 1.

Most of the details of the implementation are identical
to those presented in Ögren et al. [2006]. Hence, the
interested reader is referred to that paper for a fuller
description. We just note that the meaning of the F
symbol will be clear from Remark 3 below, and that the
neighborhood search is performed by pairwise interchang-
ing components in the current permutation. Also, the Tabu
condition corresponds to requiring a minimum number of
iterations before switching a particular pair again.

The third subproblem, which is called as a subroutine of
the second one, addresses two core problems, namely:

• generation of a feasible waypoint path,
• evaluation of the objective function in the TS.

In the TS above, each UGV is assigned a number of convex
sets to visit and an order of visitation. Let Iπ

i denote the
set assigned to vehicle i ∈ Z+

N and let Iπ
i (j) denote the

jth component of it. Let further Vk denote the nodes in
A associated with the set ck, k ∈ Z+

M . The connectivity
constraint imposed on CUSP occurs maxi∈Z+

N
|Iπ

i | times 4

(cf. Remark 4). At every such re-connection instance, j,
we require pi ∈ VIπ

i
(j), i.e. each vehicle is inside the

appropriate convex set, but also that the information
graph is connected. Next, we discuss how this may be
achieved in an algorithmic manner.

4.1 An algorithm for generating feasible waypoints

The convex sets that have to be visited at the jth

re-connection instance are {Iπ
1 (j), · · · , Iπ

N (j)} (see Re-
mark 3). The connectivity constraint is imposed by looping
through all the nodes of one of these convex sets and
start growing a tree having this node as its root. Next,
all nodes that are adjacent 5 to this root and belong to
one of the sets in {Iπ

1 (j), · · · , Iπ
N (j)}, are added as leaves.

These new leaves may then give rise to new adjacent nodes
that are augmented at the top of the tree. Throughout
this process, one must keep lists of all convex sets that
have been visited in the current tree. If one of these lists
equal a permutation of {Iπ

1 (j), · · · , Iπ
N (j)}, we have found

N nodes that respect the communication constraints. This
is since only adjacent nodes were added and the chain of
nodes are originating from a tree and are hence connected.
On the other hand, if the loop comes to an end without
having found a tree that contains one node from each of
the N sets, Iπ

1 (j), · · · , Iπ
N (j), we indicate it by setting the

associated objective function to ∞.
Remark 3. (Information relays). In general, there may be
UGVs that are assigned to visit strictly less than maxi∈Z+

N
|Iπ

i |
4 Here, |I| denotes the cardinality of the set I.
5 Here, both line-of-sight as well as maximum distance constraints
are imposed.



convex sets. This fact has been indicated by the F symbol
in Table 1. The way we take advantage of this possibility
is to utilize those UGVs that have already visited all the
convex sets assigned to them, as information relays. More
precisely, the F symbol is interpreted as a fictitious set to
be visited. This fictitious set contains all free nodes in A
and is referred to as a relay set. By this construction, the
free UGVs may visit any node in A and hence will move
to a position that renders the induced information graph
connected, i.e. act as an information relay.
Remark 4. (Re-connection frequency of G). The above pre-
sented algorithm will require G to be connected between
dM

N e and M times. It may be noted that the more “com-
plicated” or challenging the area A is (as defined by a
greater number of convex sets required for a complete
cover), the more frequently are the vehicles required to re-
connect and thereby perform “confirmation checks”. This
is a very appealing property from a tactical point of view.
Nevertheless, if these given limits for connectedness of G
are found to be too sparse in time, one has the opportunity
to re-connect G more frequently by inserting columns of
relay sets (indicated by F in Table 1 and elaborated
upon in Remark 3). Obviously, this enhancement of the
connectedness of G occurs at the cost of computational
effort. In the limiting case, one may require G to stay con-
nected at all time-steps. As such, this papers generalizes
previous work which aim at keeping the information graph
connected throughout the entire duration of motion.

4.2 Functional evaluation

Regarding the evaluation of the objective function, it has
already been mentioned that the objective function is
set to ∞ for those permutations that are infeasible with
respect to the connectivity constraints. In those cases when
the algorithm of Section 4.1 successfully returns a feasible
configuration, we require the N vehicles to simultaneously
pass through the set of waypoints that render connectivity
maintenance possible. To this end, at each re-connection
instance, j, the time of rendezvous is dictated by the UGV
which has longest distance to travel. If we let n denote the
number of re-connection instances (which may be greater
than maxi∈Z+

N
|Iπ

i |, cf. Remark 4) the objective function
becomes

n−1∑
j=1

max
i∈Z+

N

‖pi
j − pi

(j+1)‖. (4)

4.3 Proposed algorithm

Having described the three subproblems in some detail, we
are now ready to state the overall solution algorithm.
Algorithm 2. (Proposed solution). The algorithm consists
of the following three steps:

(1) Create a maximal convex cover C = {c1, . . . , cM} of A
in accordance with Algorithm 1.

(2) Assign and order the convex sets using TS.
(3) Generate a feasible waypoint path in accordance

with the algorithm of Section 4.1 and calculate the
corresponding objective value according to (4). While
the maximal number of TS iterations have not been
reached, goto 2.

Proposition 1. Algorithm 2 produces feasible solutions to
Problem 1.

Proof. This is clear from Lemma 1 and the following three
observations regarding Algorithm 2:

• a convex cover is created in step 1,
• all sets are assigned to different UGVs in step 2,
• the waypoint paths created in step 3 visit all assigned

sets and respect the connectivity constraints.

It is now time to run some simulation examples.

5. SIMULATIONS

In this section, a small selection of the simulations made
is presented. The objective is to highlight some of the key
characteristics of the proposed solution method. Through-
out this section, the search area A is chosen to be all of
the obstacle free space.

Referring to Figure 3, the area representation is a ran-
dom matrix with obstacle density ρ = 0.3. The starting
positions of the two UGVs are chosen randomly while the
final positions have been optimized by Algorithm 2. The
most important aspect to notice is that the two UGVs are
not restricted to pass on the same “side” of the obstacles
but are nevertheless recurrently connected at the four
surveillance instances, Figure 3(a)- 3(d). Also, notice that
the area is completely surveyed and that the solution is
merely locally optimal. This is since both TS and the
proposed path planning algorithm are heuristic methods.

(a) (b)

(c) (d)

Fig. 3. The UGVs are free to pass on different “sides” of the
obstacles but are nevertheless recurrently connected
at the four surveillance instances.

Figure 4 illustrates surveillance of the so called “Manhat-
tan grid”. In this example, the cooperative nature of the
solution becomes even more apparent. The two UGVs are



dropped off at the upper left corner in A and move down-
wards in order to fulfill their common goal of complete cov-
erage. In essence, the UGV whose waypoint path has been
depicted in dashed/black surveys the vertically aligned
streets while the other one (solid/red) covers the others.
Notice how the inter-vehicle connectivity is maintained
cooperatively as the UGVs timely pass the horizontally
aligned streets. Also in this example, the fact that the
final solution is merely locally optimal is apparent from
the dashed/red waypoint path, which could rather be a
straight line segment.

(a) (b)

(c) (d)

Fig. 4. Complete surveillance of the so called “Manhattan
grid”. Notice how the inter-vehicle connectivity is
maintained cooperatively as they timely pass the
horizontally aligned streets.

6. CONCLUDING REMARKS

An important problem in cooperative UGV surveillance
is to make sure that the sensor data can reach all team
members but also be transmitted back to the operator.
In this paper, we presented a cooperative path and task
planning algorithm that made sure that the whole surveil-
lance area was covered, and at the same time the entire
UGV group was recurrently connected in order to exchange
information and upload it to the operator. We defined
recurrently connected to mean that there in an upper
bound on the time intervals during which the information
graph is not connected. From a theoretical standpoint,
it was shown that recurrent connectivity is sufficient for
exponential convergence of consensus filters.

In the proposed approach, the frequency of the connected-
ness of the information graph was a design parameter (see
Remark4). As such, this paper generalizes previous work
which aim at keeping the information graph connected
throughout the entire duration of motion.
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Modeling and solving uncertain
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Abstract: A considerable amount of optimization problems arising in the control and systems
theory field can be seen as special instances of robust optimization. Much of the modeling
effort in these cases is spent on converting an uncertain problem to a robust counterpart
without uncertainty. Since many of these conversions follow standard procedures, it is amenable
to software support. This paper presents the robust optimization framework in the modeling
language YALMIP, which carries out the uncertainty elimination automatically, and allows the
user to concentrate on the high-level model instead.

Keywords: Uncertainty descriptions; Robust linear matrix inequalities; Convex optimization

1. INTRODUCTION

The basic problem addressed in this paper is uncertain
optimization problems.

min
x

max
w

f(x,w)

s.t g(x,w) � 0 ∀w ∈ W
To keep notation at a minimum, we write g(x,w) � 0
here, but keep in mind that these constraints may include
elementwise inequalities, equality, integrality, second-order
and semidefinite cone constraints.

In short, there are two ways to address this class of
problems. Historically, probabilistic approaches where con-
straints are added by sampling from the uncertainty have
been common. The disadvantage with this approach is of
course that it only gives an (optimistic) approximation,
and thus no guaranteed solutions. It is however possible
to obtain statistical confidence results, in particular in the
convex case Calafiore and Campi (2005).

Recently, a more strict approach has become popular. The
paradigm here is to convert the problem to a certain prob-
lem, by in some way removing the uncertainty, using meth-
ods such as explicit maximization, duality properties, or
conservative relaxation methods. These approaches have
to a large extent gained popularity due to developments
in the convex and conic optimization field Ben-Tal and
Nemirovski (1998); Ben-Tal and Nemerovskii (2002). This
paradigm, commonly referred to as a worst-case approach,
is what we concentrate on in this paper.

Many robust optimization problems falls into standard
cases, which can be converted to certain counterparts
by standard but error-prone and cumbersome reformula-
tions. Our goal is to supply an extension to the modeling
language YALMIP Löfberg (2004) for modeling robust
optimization problems in an intuitive format, and let the
software package take care of the reformulations. In other
words, it is the robust optimization correspondence of
the convex programming reformulations in the ”nonlinear

operator”-framework in YALMIP and the similar ”disci-
plined convex programming” framework in CVX Grant
et al. (2007). The outcome of the feature presented in
this paper is a new optimization problem which solves the
worst-case scenario.

min
x,y

f̃(x, y)

s.t g̃(x, y) ≤ 0
Typically, the problem is changed considerably from the
original problem, indicated by the new objective, con-
straints and additional variables, introduced in order to
eliminate the uncertainty. While the original uncertain
problem, for instance, is a linear program, the robust
counterpart can become a semidefinite program. Even
worse, the robust counterpart may not even be a tractable
problem. In the following sections, we will outline the basic
ideas in the proposed robust optimization extension, and
introduce the uncertainty scenarios that are supported.

2. NOTATION

Matrices will generically be denoted using capital let-
ters while vectors are in small letters. Inner product
trace(ATB) will be written as A • B. Cone constraints
are indicated using the � operator. The cone can be
either the positive orthant cone, second order cone, or
the cone of semidefinite matrices. To simplify notation,
conic constraints in dual form C −∑m

i Aiwi � 0 will be
written in the operator form C −AT (w) � 0. The primal
form conic constraints, Ai • X = bi, i = 1 . . .m, will be
written compactly as A(X) = b. The cones might be direct
products of several cones, possibly of different type, and
the data is partitioned accordingly. For simplicity though,
one may think of all cone constraints as having only one
element.

3. GENERAL FRAMEWORK

The first and most important idea in the robust opti-
mization framework in YALMIP is that uncertain mod-



els should be modeled using exactly the same syntax as
certain models. Hence, the only addition to the modeling
language is a new command uncertain, which declares a
set of variables as uncertain.

When YALMIP encounters a model with uncertain vari-
ables, three main steps occur. To begin with, the vari-
ables explicitly declared as uncertain are detected, and
constraints involving only these variables are separated
from the model. These constraints constitute (the initial)
uncertainty description.

YALMIP then applies an expansion of the remaining
model, to model all advanced nonlinear operators, such as
absolute values and norms, typically using graph represen-
tations. Note that the expansion of expressions that only
involve uncertain variables might generate new variables
and constraints, which have to be added to the list of
uncertain variables, and to the uncertainty description.
As an example, if the uncertainty description is defined in
the modeling language as |w|∞ ≤ 1, the set of uncertain
variables and associated uncertainty set after the expan-
sion is performed will be {(w, t) : −t ≤ w ≤ t, t ≤ 1}.
The introduction of the auxiliary, and strictly speaking
redundant, variable t is a consequence of the way YALMIP
models nonlinear operators, such as norms.

A complication in terms of implementation is that the
modeling language has to treat the uncertainty as a
constant during the convexity propagation and expansion.
For instance, the constraint |xw| ≤ 1 is not convex, and
could thus lead to problems when convexity analysis is
performed by YALMIP to decide on how to model the
absolute value operators. However, the standard graph
model −1 ≤ xw ≤ 1 will be derived, since the modeling
language temporarily treats w as a constant and thus sees
an affine term inside the absolute value operator. After
this expansion has been made, the model is conceptually
in YALMIP standard form (no high-level operators such
as norms, absolute values, etc.), albeit parameterized in
the w variables.

At this point, the robustification should take place. De-
pending on the class of uncertain constraints, and the
uncertainty model, different approaches are used. The
process of removing the uncertainty and deriving a ro-
bust counterpart is called the filtering step, and there are
currently five filters implemented, as outlined in the next
section.

Once the filter has been applied, a standard YALMIP
model with no uncertainty has been generated, and can be
solved using any installed solver suitable for the problem
or manipulated further by the user.

Important to understand is that the uncertainty modeling
and the derivation of robust counterparts is a feature that
is (essentially) completely integrated in the infrastructure
of YALMIP. Hence, nothing prevents a user to, e.g., de-
fine uncertain sum-of-squares problems with combinatorial
constraints. The modeling languages performs the sum-of-
squares compilation, uncertainty removal, and addition of
combinatorial constraints separately in a modular fashion.

4. THE FILTERS

The mechanism of converting a problem with uncertainty,
to the corresponding certain counterpart, is called the
filtering step in the robust optimization framework in
YALMIP.

At the moment, five different filters are implemented. The
goal is to extend this list in future versions, but the current
set of scenarios are considered the most important in
practice.

4.1 Duality filter

The duality filter is applicable to elementwise constraints
with coefficients linearly parameterized in the uncertain
variable, and the uncertainty constrained to an intersec-
tion of linear, second order and semidefinite cones. Con-
sider a single elementwise constraint

(Aw + b)Tx+ (cTw + d) ≤ 0 ∀w : E −FT (w) � 0

By writing the left-hand term as (ATx+c)Tw+(bTx+d),
it follows from duality theory of conic optimization that
the maximum of this function, over w, is less than or equal
to 0 if and only if 1 there exist a Z such that the following
condition holds Ben-Tal and Nemerovskii (2002)

E • Z + bTx+ d ≤ 0,F(Z) = ATx+ c, Z � 0

This is a very general and useful result. A major drawback
is however that the filter can lead to a substantial increase
of problem size, since a new variable Z, and the associated
constraints, have to be introduced for every uncertain
constraint. Hence, when possible, more specialized filters
should be used.

Note that the strong duality arguments are employed in
the w-space. Hence, additional complicating constraints on
x, such as integral variables or other convex or nonconvex
constraints, does not influence the correctness of the
method. Of course, this holds also for the remaining four
filters.

4.2 Enumeration filter

A classical uncertainty case is constraints where the pa-
rameterization is linear in the uncertainty, and the un-
certainty is constrained to a polytopic set. To simplify
notation, let Aw(x) denote the parameterized operator∑
Ai(w)xi where each matrix Ai is linearly parameterized

in w. Consider the following uncertain conic constraint

(CT (w) +D) + (BT (x) +AT
w(x)) � 0 ∀w : Ew ≤ f

This is the case that arise, e.g., in stability analysis of
polytopic systems Boyd et al. (1994), where w corresponds
to parameters in an uncertain system and x corresponds
to the variables parameterizing a Lyapunov matrix.

From convexity, it follows that it is sufficient to study the
vertices of the polytope Ew ≤ f . Hence, if we let {wi} de-
note the vertex enumeration of the uncertainty polytope,
1 Assuming strict complementarity, which in our case means that
the uncertainty set has a strict interior.



the robustified constraint is given by the intersection of
the conic constraint evaluated at the vertices {wi}.

(CT (wi) +D) + (BT (x) +AT
wi

(x)) � 0
The problem with this approach is obvious; simple poly-
topes can generate intractably many vertices. As a trivial
example, the unit-cube in Rn has 2n vertices.

4.3 Explicit maximization

Specializing the problem structure further, we arrive at
a case where we actually can perform the maximization
over the uncertainty analytically. Consider an elementwise
constraint linearly parameterized in an uncertainty which
is constrained to a norm-ball.

(cTw + d) + (Aw + b)Tx ≤ 0 ∀w : |w|p ≤ 1
The maximum over w can be derived by using the fact that
max|w|p≤1q

Tw is |q|p∗ where | · |p∗ denotes the dual norm
Boyd and Vandenberghe (2004). Hence, the robustified
constraint is

(bTx+ d) + |c+ATx|p∗ ≤ 0
The current implementation only exploits this result for
the (possibly scaled and translated) ∞-norm case, where
the dual norm is the 1-norm. Other standard conic-
representable cases (1-norm and 2-norm) are dealt with
using enumeration and duality filters. More general cases
are however expected to be supported in the explicit filter
in a future release.

4.4 Pólya filter

The filters above are all exact, in the sense that the
robustified constraints are both sufficient and necessary
for the original constraints to be robustly satisfied. Un-
fortunately, there are not many more cases where simple
sufficient and necessary counterparts are available Ben-
Tal and Nemirovski (1998). Instead, one has to rely on
conservative approximations. One common case where a
simple conservative result is available is polynomially pa-
rameterized elementwise or semidefinite constraints, with
the uncertainty constrained to a simplex.

p(x,w) � 0 ∀w :
m∑

i=1

wi = 1, w ≥ 0

Since w is constrained to a simplex, the constraint is
trivially equivalent to p(x,w) (

∑m
i=1 wi)

N � 0 for arbitrary
N . If we assume that p(x,w) is homogeneous 2 in w,
the polynomial p(x,w) (

∑m
i=1 wi)

N � 0, when seen as
a polynomial in w with coefficients parameterized in x,
is non-positive if all coefficients are non-positive. This
follows trivially since w is non-negative. Hence, a sufficient
condition is

coefficientsw{p(x,w)(
m∑

i=1

wi)N} � 0

2 This is not a restriction, since any polynomial can be rendered
homogeneous on a simplex by multiplying monomial terms with
suitable powers of

∑m

i=1
wi.

Note that this trivially also holds for the symmetric matrix
polynomial case, i.e., when p(x,w) is a matrix polynomial,
with matrix coefficients functions of x.

The reason we denote the filter Pólya, is due to a result
of Pólya, stating that for a finite sufficiently large N , the
condition is necessary 3 Hardy et al. (1952). However, a
bound on this sufficiently largeN is typically unreasonably
large, and depends on the parameterized coefficients, so
the necessity result is of no direct use to us. Instead, the
user has to specify N and hope that the relaxation is
sufficiently tight. Necessity in the matrix case has recently
been shown in Scherer (2005).

An important feature of this approach, compared to more
advanced schemes using recent developments in convex
optimization based relaxations of polynomial problems,
such as sum-of-squares and moment relaxations, is that
an elementwise constraint leads to elementwise constraints
in the robust counterpart. In other words, the problem
class does not change. Nevertheless, since YALMIP has
support for sum-of-squares reformulations and moment
relaxations, future versions may have support for stronger
relaxations, at the cost of problem complexity.

4.5 Elimination filter

If everything else fails, our last resort is to constrain the
decision variables such that the uncertainties disappear
from the constraint. Consider a polynomially parameter-
ized constraint, with arbitrary uncertainty description.

p(x,w) � 0 ∀w ∈ W
If we see this as a polynomial in w with coefficients
parameterized in x, a trivial sufficient condition is obtained
by constraining the coefficients to be zero.

p(x,w) � 0, coefficientsw{p(x,w)} = 0

Although this condition is trivial, it is actually rather use-
ful in some situations, as mentioned in one of the examples
in the next section. Additionally, the elimination filter
is the only option when an equality constraint involves
uncertain variables.

4.6 Comparison of filter complexity

As a simple illustration of the three first approaches
to derive a robust counterpart, consider a robust linear
programming problem with the constraint (A ∈ Rm×n)

A(x+ w) ≤ b ∀ − 1 ≤ w ≤ 1

This set of uncertain constraints can be robustified us-
ing the duality approach, the enumeration approach, and
the explicit maximization. The explicit maximization ap-
proach will lead to the robustified constraint Ax+|A|1 ≤ b,
where 1 denotes a vector of ones and |A| is elementwise
absolute value. In other words, the size of the problem
remains the same. The enumeration approach would lead
3 To be precise, the theorem concerns a strict inequality of a
homogeneous polynomial, and the restriction on the simplex can be
relaxed to any set in the positive orthant not including the origin.



to the constraints A(x+ vi) ≤ b, where vi denotes the 2n

vertices of the unit cube. Hence, the original set of con-
straints are replicated 2n times, thus leading to a quickly
growing problem size.

Finally, the duality based approach leads to a model with
2nm+n variables, nm equality constraints, and m+2nm
inequality constraints 4

From this simple comparison, it should be clear that the
choice of filter can make a huge impact on the resulting
problem. The current implementation always tries to apply
the explicit maximization scheme first. If this filter not is
applicable, it resorts to the enumeration scheme if possible.
The duality based scheme is only used if necessary, or if
an explicit choice is made via an option structure that is
available for the user to guide the conversion.

5. EXAMPLES

To illustrate the use of the software package, we will solve
a couple of uncertain optimization problems, arising in
control theory and robust optimization in general.

5.1 Robust linear programming

As a first example, we simply implement the robust linear
programming problem from Section 4.6, minimize cTx
subject to A(x+ w) ≤ b where |w| ≤ 1.

x = sdpvar(n,1);
w = sdpvar(n,1);

C = [A*(x+w) <= b,
abs(w) <= 1,
uncertain(w)]

O = c’*x

solvesdp(C,O);

For a user familiar with YALMIP, the only new model-
ing construct is the command uncertain which declares
a variable uncertain. The actual uncertainty set will be
extracted automatically from the model. After extract-
ing the uncertainty model and analyzing the uncertain
constraints, a suitable filter will be applied to derive the
robust counterpart, which will be solved with a suitable
solver, in this case any installed linear programming solver.
In this case, the explicit maximization filter will be ap-
plied. Note that according to the discussion in Section
3, the uncertainty model will be expanded to the model
{(w, t) : −t ≤ w ≤ t, t ≤ 1}. This uncertainty set only im-
plicitly defines a simple box-bounded set. However, since
this case is so common, and the use of the absolute value
operator is common among users, YALMIP implements
some specialized code to analyze the uncertainty set to
detect the redundant variables t and project the problem
to the standard box-bounded case.

4 For every row ai, we have to maximize aT
i w subject to−1 ≤ w ≤ 1.

Since the dimension of w is n, there are 2n inequalities in the
uncertainty constraint set. There will thus be 2n dual variables
for each row. The dual variables are constrained by n equality
constraints and 2n inequality constraints. Summing up and adding
the original constraints and variables leads to the result.

5.2 LPV Stabilization

Our task is to compute a state-feedback u = Kx for
the parameter-varying system ẋ = A(ρ)x + Bu, where
A is linearly parameterized in the variable ρ, which is
constrained to a simplex. Without going into details, a
controller that minimizes an upper bound on

∫
xTQx +

uTRu can be found by solving the following uncertain
semidefinite program in the variable L and the inverse
Lyapunov matrix Y Boyd et al. (1994).

max trace(Y )−(AY +BL)− (AY +BL)T Y LT

Y Q−1 0
L 0 R−1

� 0

The feedback matrix can be recovered as K = LY −1. This
problem can be solved easily using our framework, since
it fits into the enumeration scenario. However, to make
matters more challenging, we complicate the problem
slightly. To decrease conservativity, we use a parameterized
inverse Lyapunov function Y =

∑
αiYi. The problem with

this parameterization is that the product A(ρ)Y (ρ) yields
bilinear terms. Hence, the enumeration scheme cannot
be used. However, if the matrix A(ρ) has a particular
structure, some terms in Y can still be parameterized,
without giving rise to any bilinear terms. This is where
the elimination filter comes into play. By simply using
a full parameterization, and letting YALMIP derive the
robust counterpart, YALMIP will automatically constrain
the structure of Y so that no bilinear terms are generated.
After this elimination is done, the remaining uncertainty is
dealt with using enumeration. A slightly less conservative
approach can be obtained by using the Pólya filter instead.
This approach will allow nonlinear terms, and will use the
conservative relaxation outlined in the previous section.
The following code illustrates how we would solve a
problem in the case when ρ is two-dimensional, for a
system with n states and m inputs, using a Polya filter
with N = 1. 5 .

rho = sdpvar(2,1)
A = A1*rho(1) + A2*rho(2);

Y0 = sdpvar(n,n);
Y1 = sdpvar(n,n);
Y2 = sdpvar(n,n);
Y = Y0 + rho(1)*Y1 + rho(2)*Y2
L = sdpvar(n,m);

S = -A*Y-B*L;
C = [[S+S’ Y L’;

Y inv(Q) zeros(n,m);
L zeros(m,n) inv(R)] > 0]

C = [C, 0 <= rho, sum(rho) == 1]
C = [C, uncertain(rho)]
O = -trace(Y);
options = sdpsettings(’robust.polya’,1);
solvesdp(C,O,options)

5 A complete implementation can be found in the YALMIP wiki
control.ee.ethz.ch/ joloef/wiki/pmwiki.php?n=Examples.LPV



5.3 Uncertain sum-of-squares

As a final example, we solve a problem where we show-
case the integration of different modules in YALMIP. Here,
illustrated by combining the robust optimization module
with the sum-of-squares capabilities of YALMIP, described
in detail in Löfberg (2008).

A nonlinear system is described by the following differen-
tial equation.

ẋ1 =−3
2
x3

1 −
1
2
x2

1 − x2

ẋ2 = 6x1 − wx2

The model is not known exactly, due to the uncertain
parameter w ∈ W = {w : 3 ≤ w ≤ 5}. Our goal is to show
that the nonlinear system is stable for any w ∈ W, and our
approach to do this is to construct a polynomial Lyapunov
function, and prove robust (asymptotic) stability using
sum-of-squares techniques.

The uncertain variable w does not pose a problem for
standard sum-of-squares techniques. Including informa-
tion about uncertainty in the differential equation can be
done relatively easily in a sum-of-squares framework by,
e.g., suitable application of the positivstellensatz, Parrilo
(2003). However, we will apply a robust optimization ap-
proach instead.

To prove stability, we introduce a polynomial Lyapunov
function V (x) = cT v(x). For stability, we require

V (x)> 0 ∀x 6= 0

V̇ (x)< 0 ∀x 6= 0, w ∈ W
A sum-of-squares approach tries to find symmetric ma-
trices Q1 and Q2 such that V (x) = h(x)TQ1h(x) and
V̇ (x) = −h(x)TQ2h(x), given a polynomial basis h(x). By
writing the sum-of-squares problem in image form Parrilo
(2003), the semidefinite problem that arise will include two
constraints, Q1(c) � 0 and Q2(c, w) � 0∀w ∈ W.

We begin by defining the variables and basic expressions
involved in the problem. Without any deeper thought,
we use a fourth order polynomial, and bound the Lya-
punov function and its negative derivative from below
by a quadratic function to ensure that the functions are
positive definite (instead of using positive definite ma-
trix constraints, which strictly speaking is impossible in
practice, and can be a conservative way to impose strict
definiteness of the polynomials 6 )

sdpvar x1 x2 w
f = [-1.5*x1^2-0.5*x1^3-x2;

6*x1-w*x2];
x = [x1;x2];
[V,c] = polynomial(x,4);
dVdt = jacobian(V,x)*f;
r = x’*x;

The sum-of-squares constraints and the uncertainty model
are defined and the problem is solved. If feasible, robust
asymptotic stability is proven.
6 Methods to impose strict inequalities in a sum-of-squares setting
is a delicate issue beyond the scope of this discussion.

C = [uncertain(w),3<=w<=5];
C = [C,sos(V-r),sos(-dVdt-r)];
solvesdp(C,[],[],c);

Behind the scenes, YALMIP will derive the matrices
Q1(c) and Q2(c, w). Since Q2(c, w) is linear in w and
w is described by a polytope, the enumeration filter is
applicable and is used to eliminate the uncertainty.

6. CONCLUSION

A software framework for robust optimization has been
presented. The modeling language in YALMIP allows users
to concentrate on the application model, while YALMIP
takes care of reformulations required to remove uncer-
tainty in the problem and compute robust solutions.

The implementation is currently limited to a small number
of standard uncertainty cases, albeit they have to be
considered the most common cases found in practice.
Additional scenarios will be available in future versions.

In addition to more uncertainty scenarios, the framework
will hopefully be extended to support a broader class of
optimization problems, such as general convex problems,
and uncertain geometric programs. The current version is
primarily meant for problems with (mixed-integer) conic
representable constraints.
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Abstract
This paper discusses the motivation, objectives, and research chal-

lenges of the new EU FP7 STREP project ACTORS (Adaptivity and
Control of Resources in Embedded Systems) coordinated by Ericsson.
ACTORS aims to improve and simplify multimedia computing on embed-
ded platforms. By combining virtualization through reservation-based
scheduling, feedback control and data-flow programming methods, a
higher degree of efficiency, predictability and adaptability can be achieved.

Temporal isolation, as provided by the resevation based scheduling
schemes, is a key mechanism for increasing robustness in complex soft-
ware environments. Feedback is applied on several levels in order to
control the allocation of system resources and to facilitate graceful Qual-
ity of Service (QoS) scaling depending on allocations. Control theory
can be used to make the behavior of these feeback loops predictable and
robust even on less known platforms.

Data-flow modeling in the form of the actors language CAL is used
to increase efficiency in code genration and to provide a programming
environment in which details of scheduling and actor-to-actor communi-
cation is hidden from the user. This increases the predictability of the
real-time properties of a system and also makes it possible realise some
or all parts of the system as hardware, transparently to the implemen-
tor. Since CAL is a smaller and more constrained language than C/C++
the possibilities to generate efficient code are larger. This is particularly
important for next generation of multi-core microprocessors with special
instruction sets for media processing.

CAL is also in the process of being adopted as the specification lan-
guage for codecs in the MPEG-4 standard.
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1 Introduction
Modern embedded systems are characterized by severe resource limitations,
high (and increasing) complexity, and stringent performance requirements.
It is increasingly common that the processors used in embedded systems
host multiple, relative unrelated functions or applications. For example, in
future integrated automotive control systems several functions will be hosted
on the same ECU. Another example is cellular phone devices where multiple
media streams need to coexist, e.g., MP3 audio, video streaming, with web-
browsing.

In the systems of today, resource usage in terms of CPU, memory, power,
bus utilization, etc., is done in a most ad-hoc manner. Moreover, software
components that in some respect misuse the common resources are hard
to detect and reconfigure. By introducing virtualization, or virtualization-
like techniques, including everything from virtual machines to bandwidth
scheduling, we have the necessary means for providing different levels of
isolation. Virtualization such as reservation-based scheduling allows func-
tions and applications to share the processor without temporal or spatial
interaction. Reservations can easily be composed, are easier to develop and
test, and provide security support.

In many embedded systems worst-case designs are unfeasible for several
reasons. One of these is the over-provisioning of resources that this typically
implies. Other reasons are uncertainties associated with worst-case resource
utilization estimates and on-line changes in objectives, external conditions
and use cases. In a feedback-based resource management system, the alloca-
tion of resources is based on a comparison of the actual resource utilization
by, e.g., a set of activities or tasks, with the desired resource utilization. The
difference is then used for deciding how the resources should be allocated
to the different activities. The decision mechanism constitutes the feedback
controller in the scheduling scheme. Feedback control makes it possible to
deal with uncertainties and variations in a controlled way.

2 Mobile Multimedia Systems
With the growing complexity of mobile devices, now typically not only in-
cluding voice and text communication but also streaming video, games and
camera functionality, utilization of the severely constrained resources in a
way so that user experience is maximized becomes a central problem. The
load on the system as a user initiates and switches between multiple simul-
taneous tasks is highly unpredictable. The user can receive a phone call
while viewing a video, or listen to music while sending and receiving SMS
messages. Not uncommonly, these tasks can be computationally intensive
and exhaust the available resources. Unlike in traditional real-time scenar-
ios where a task which would overload the system would not be admitted,
the user generally will not accept being denied functionality. Neither are
static analysis-based worst-case design techniques applicable as that would
normally lead to under-utilized hardware.

In order to maintain a low unit cost, small form factor and still give good
battery life and other operational properties, developers of large volume em-
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bedded systems, for example, multimedia devices are prepared to go to great
length in order to maximize utilization of available computing resources,
even if this means violating best practices in software development. Devel-
opment and maintenance costs are considered secondary to the benefits that
are achieved in this way.

Key resources in cellular terminals are the CPU time and the battery
power. The abstractions provided to the developer for managing these re-
sources, are, however, very low-level, consisting in most cases only of threads,
priorities, and discrete processor modes. The CPU time is a global resource,
that is shared by all applications, e.g., media streams, on the terminal. A
misbehavior, e.g., overrun, in one application will have global consequences,
making the total system very fragile. This makes modular and platform
based development, as well as testing, expensive.

3 The ACTORS Project
The ACTORS project is a recently started three year EU FP7 STREP project
with the aim to improve the efficiency, predictability, and adaptivity of em-
bedded multimedia systems. The project is coordinated by Ericsson, and
consists of, in addition to Ericsson, four university partners and two SME
partners. The ACTORS project combines virtualization through reservation-
based scheduling, with feedback control, and with data-flow based modelling
of media streams.

3.1 Data-Flow Based Modeling
The evolution of computer hardware is constantly brings new exciting fea-
tures, which are programmed from a never-changing tool chain. The stan-
dard imperative programming model (e.g. C/C++) is not always the best
choice for utilizing modern hardware to the maximum. By raising the ab-
straction level a few steps we can present the algorithm developer with a less
cluttered programming view and at the same time generate code with an im-
proved level of quality. For a large class of embedded system applications
including feedback control, signal processing and multimedia streaming and
processing, dataflow models and dataflow languages, in particular actor lan-
guages have superior properties.

Actors provides a logical separation of different aspects of an algorithm,
namely

• the implementation

• the communication, and

• the scheduling.

This allows for development of predictable systems composed from a set of
reusable components, i.e. actors. In traditional programming methods these
different properties of an algorithm are interwoven, and often not formally
specified, which makes composition and analysis of expected behaviour im-
possible. A typical example is the use of threads, which do not compose well.
The behaviour of one thread is a function of the behaviour of all the threads
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Figure 1: Network of CAL actors.

in the system, which makes local analysis impossible and global analysis
often infeasible. Actors are completely agnostic to the underlying method of
coordination, be it threads or some other mechanism. Similarly, communi-
cation between actors is orthogonal to the implementation of the algorithm,
which means that the same actors may be reused in a number of varying
models and still have a predictable behaviour. An actor application consists
of a network of actors, which in turn may be view as an actor itself, and
hence provides a proper and predictable mechanism for encapsulation and
modularisation. How the actors communication internally and how they are
scheduled is depending on particular model of computation (MoC) for that
network. Actors and actor networks may be composed in a hierarchical fash-
ion and may also have different MoCs. This is sometimes referred to as
hierarchical heterogeneity.

The ACTORS project is based on the CAL language, [8], a data flow ori-
ented actors language, [11], that has been recently specified and developed
as subproject of the Ptolemy project at the University of California at Berke-
ley [7]. CAL is a textual language that is used to define the functionality
of dataflow components called "actors," which can then be composed into
network of actors using a XML based specification language. Such an XML-
based description, called a CAL Network Language (CAL-NL), can be edited
or generated automatically by a graphical composition tool in current CAL
editing and simulation frameworks. An example of a network of actors is
shown in Figure 1.

An actor is a modular component that encapsulates its own state. The
only interaction between actors is through FIFO channels connecting "out-
put ports" to "input ports," which they use to send and receive "tokens." This
strong encapsulation leads to loosely coupled systems with very manageable
and controllable actor interfaces. The modularity of an actor assembly fos-
ters concurrent development, it facilitates maintainability and understand-
ability and makes systems constructed in this way more robust and easier
to modify.

A "token" is a unit of data (of potentially arbitrary size and complexity,
as chosen by the designer) that is sent and received atomically. Each actor
input is associated with a queue of tokens waiting in front of it. When a
token is sent it is conceptually placed in the queue of each input connected
to the output the token originates from. Eventually, the receiving actor(s)
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will read it, and thereby consume it, i.e. remove it from the input queue.
Every actor executes in a (possibly unbounded, i.e. non-terminating)

sequence of steps, also called "transitions." During each such step, an actor
may do any of the following three things: read and consume input tokens,
modify its internal state, and produce output tokens.

The description of an actor in CAL is structured into "actions." Each ac-
tion defines a kind of transition the actor can perform under some conditions.
These conditions may include the availability of input tokens, the value of
input tokens, the state of the actor, and the priority of that action.

An actor may comprise any number of actions. Its execution follows a
simple cycle:

1. Determine, for each action, whether it is enabled, by testing all the
conditions specified in that action.

2. If one or more actions are enabled, pick one of them to be fired next.

3. Execute that action, i.e. make the transition defined by it.

4. Go to step 1.

Steps 1 and 2 are called "action selection." For many complex actors, such
as the parser of an MPEG-4 SP decoder, defining the logic of how an action
is chosen is the core of the design. CAL provides a number of language con-
structs for structuring the description of how actions are to be selected for
firing. These include action guards, finite state machines, and action prior-
ities. In this way, the process of action selection is specified in a declarative
manner by the designer. As a result the actor becomes more compact and
easier to understand. Once selected, an action is executed.

3.1.1 Code Generation

Since CAL is a smaller and more constrained language than C/C++ the pos-
sibilities to generate efficient code are larger. This is particularly important
for next generation of microprocessors with special instruction sets for media
processing. In ACTORS code generation is performed from CAL directly to
machine language, e.g., to ARM11 multicore platforms.

3.2 Reservation-Based Scheduling
Reservation-Based scheduling schemes (RBS) can be derived from several
base technologies, most commonly Bandwidth Servers or Fair Queueing
schemes. Bandwidth Servers have their roots in traditional real-time theory
while Fair Queuing was originally conceived for use in network routing.

3.2.1 The Constant Bandwidth Server

The concept of bandwidth servers comes originally from Dynamic Priority
Servers, a mechanism to handle aperiodic or sporadic tasks in fixed priority
systems. The Constant Bandwidth Server (CBS) [1], is the today most used
bandwidth server technique for RBS and is built on top of a regular EDF
scheduler.
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A CBS represents a budget of a specific resource characterized by a quan-
tity and a period for renewal. A task bound to the CBS consumes the budget
as it executes, using a deadline based on the CBS renewal period. When
the budget is depleted, the CBS replenishes the budget fully and moves the
deadline one period ahead, thereby preserving the rate at which the budget
may be spent.

Consider a set of tasks ! i where a task consists of a sequence of jobs Ji, j
with arrival time ri, j, Ci the WCET of any job (MET1 for soft real-time tasks)
in the sequence and Ti the minimum arrival interval between jobs (desired
activation period for soft real-time). For any job, we assign a deadline di, j =
ri, j+Ti .

A CBS for the task ! i can then be defined as:

• A budget cs and by a pair (Qs, Ts) where Qs is the maximum budget and
Ts is the period. The ratio Us = Qs/Ts is called the server bandwidth.
At each instant, a fixed deadline ds,k is assigned with the server with
ds,0 = 0.

• The deadline di, j of Ji, j is set to the current server deadline ds,k. If the
server deadline is recalculated, then so is the job deadline.

• When a job associated with the server executes and consumes a re-
source, cs is decreased by the same amount.

• When cs = 0 the budget is replenished to the value of Qs and the
deadline is recalculated as ds,k+1 = ds,k+Ts. This happens immediately
when the budget is depleted, the budget cannot be said to be 0 for any
finite duration.

• Should Ji, j+1 arrive before Ji, j is finished, it will be put in a FIFO
queue.

3.2.2 CBShd

One possible drawback with the CBS algorithm when dealing with things
sensitive to deadline overrun is that although the server is completely re-
plenished when budget cs is exhausted, the new deadline might be too far
into the future. The CBShd algorithm, [3] changes the replenishment rule to
better handle this. If cr

i, j is the remaining computational need for Ji, j when
the budget is exhausted, we apply the following replenishment rule:

i f (cr
i, j ! Qs)

cs = Qs;
ds,k+1 = ds,k + Ts;

else
cs = cr

i, j;

ds,k+1 = ds,k + cr
i, j/Us

This means that is the overrun is less than the budget, the new deadline
will be calculated less pessimistically.

1Mean Execution Time
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3.2.3 Fair Queuing

Fair Queuing (FQ) scheduling [6] deals with the problem of splitting a shared
resource between users in a fair way so that an ill behaved user would not
be able to steal from the others. Although shares are not specified explic-
itly (in the telecommunications world it is common to assume that the in-
volved parties would want to split all available bandwidth between them),
the scheduling algorithm is responsible for making sure all users gets their
allocated ("fair") share.

Fairness as a concept was introduced in [12], but the original article
provides little formal analysis. A simple definition would assume that we
have a finite resource D and n users of that resource. Each user "deserves"
a fair share equal to D/n of this resource, but is allowed to ask for less, in
which case the difference can be allocated to a user who would like more.
Let di denote the share a user requests and ai the share he is given. We now
define the fair allocation such that the fair share df is computed subject to
the following two constraints:

n!
i=1

ai = D (1)

ai = min(di, df ) (2)

The basis for FQ is a theoretical resource sharing scheme called Gen-
eralized Processor Sharing (GPS), in which the resource is assumed to be
infinitely divisible and that all users can be served simultaneously. This
configuration is sometimes called "fluid resource sharing", as the scheme
mimics that of a water pipe system. In the case of a fluid system, the above
definition of fairness is usable, since it is possible to at all times serve the
fair share to the users.

Basic FQ uses the a simulated GPS to calculate the order in which tasks
would have completed execution and then schedules them in increasing finish
order. Obviously, this will lead to the same long time behaviour, while not
achieving the same short term fairness.

While simple enough to understand and implement, FQ is inefficient
in that it requires on-line simulation of the GPS model to calculate the
scheduling order. A number of alternative algorithms exist that deal with
this problem, e.g. Start-time Fair Queuing (SFQ) [10]. An important FQ
derivative is the Completely Fair Scheduler (CFS) currently used in the
Linux 2.6 kernels.

3.3 Feedback-Based Reservation Scheduling
One problem when doing RBS is that the execution time for a periodic task
may vary over time. As we do not want to base our calculations on the worst
case, we are likely to miss a few deadlines. While the CBS and FQ schemes
can handle transient overruns, non transient changes will lead to eventually
infinite deadlines or full scheduling queues respectively (instability). One
way to remedy this would be to dynamically set the processor share based
on prior overrun statistics in a feedback control manner.
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In [2] Abeni and Buttazzo introduces a metric call the scheduling error
for use with CBS type algorithms. If we have a periodic task ! i whose with
period is Ti, then the scheduling error !s is defined as

!s = ds " (ri, j + Ti) (3)

that is the difference between the server deadline and the task’s soft dead-
line. We can now apply feedback control on the scheduling error, using the
allocated server bandwidth Qs as our control signal and try to drive !s to-
wards 0. In [2], a simple update law is used to adjust the allocated bandwidth

Qs(k+ 1) = Qs(k) +
Q
Ti

!s(k) (4)

where Q is a design constant, principally a P-controller on velocity form.
Later articles (e.g. [5]) suggests more refined design methods, including
invariant based designs and dead beat controllers.

3.3.1 Quality of Service Based Feedback Scheduling

Using the scheduling error for feedback becomes problematic when schedul-
ing processes that does not have defined deadlines or periods. An alternative
way would then instead be to study the quality of the output from the pro-
gram, sometimes called its Quality of Service (QoS). For a media player
type of application, this could for instance be the frame rate or how often
the player needs to skip frames to keep up.

The main disadvantage with using QoS is that it requires a model that
describes the relation between the QoS and the scheduling parameters in
order to work, which can be very different from application to application.
It can also be arbitrarily hard to read the QoS from the application if it is
not able to report it by itself.

3.3.2 Global vs Local Feedback

A complementary way of introducing feedback is to let the applications adjust
their behaviour (primarily resource consumption) according to the amount
afforded to it by the scheduler. A movie player could skip frames or perhaps
use some short cuts when decoding images while an encoder could reduce
bit rate or image processing. Figure 2 shows a schematic over how the loops
can be structured.

In Figure 3 another view of the relationship between the global and the
local feedback is shown. The global resource or QoS manager dynamically ad-
justs the relative sizes of the reservations using feedback from the obtained
QoS of the different applications. Within each reservation an application,
e.g., a media stream executes, modeled as an actor network where the actors
are allocated one or several of the threads of the underlying OS. Each reser-
vation also contains a local reservation or QoS manager that is responsible
for adjusting the resource consumption of the application using, e.g., frame
skipping or rate adjustments.
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Figure 2: Schematic of global and local feedback loops

4 Open Issues and Challenges
Modern developments in mobile computing is bringing new challenges to the
area of reservation-based scheduling and resource management.

Commodity Hardware More often than ever, platform designers are opt-
ing for off-the-shelf designs and components in order to reduce costs and to
be able to benefit form the rapid development in low power CPU technology.
While such solutions are often highly power efficient for best effort type sit-
uations, multi-level caches, CPU frequency scaling and other power saving
features reduces the predictability of the platform. This puts an even higher
demand on algorithms based on feedback and adaptation, such as the ones
investigated by [2] and [4].

Multi-core The general direction most CPU brands is taking is towards
multi-core solutions, with both symmetric and asymmetric core sets. Partic-
ularly the desire for 3D graphics and video playback has brought specialized
hardware, which introduces specialized resources. While SMP scheduling is
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Figure 3: Global and local feedback of actors-based applications.

quite known, how to dynamically manage resources over asymmetric CPU
sets still needs to be further investigated.

Global QoS optimization The limited resources in a wireless terminal
can often be insufficient to maintain maximum QoS for all running appli-
cations at all times, especially when doing multimedia tasks such as video
playback or playing 3D games. Strategies for optimizing overall user experi-
ence during overload while still maintaining any hard real-time constraints
must be investigated.

Virtualization and Hierarchical Scheduling By partitioning the hard-
ware into separate logical units, applications (even operating systems) can
be made to believe they are executing in a dedicated environment. This had
advantages e.g. when creating a safe sandbox for 3rd party software but
introduces yet another layer of scheduling. If top level schedulers are to be
kept reasonably complex, decisions should be distributed over the hierarchy
in a way so that the overall system performance is optimized without the
need for globally aware schedulers. Distributed control systems have been
investigated in e.g. [13].

Multidimension Reservations and Resource Trading For many tasks,
access to the CPU is not enough. Network bandwidth, storage I/O and even
other applications (such as display servers or messaging systems) are things
that could be required for a task to complete. Current reservation based
schedulers often deal in only one resource (most commonly CPU) and mul-
tidimensional reservations need more investigation. If a task is waiting for
another to complete, it might be in the first task’s interest to temporarily
lend the other some of its resources, making sure it completes in a timely
fashion. It could also be that one task suddenly gets an increased need for
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one particular resource and could benefit by trading some of its other un-
used resources for this. The concept of resource trading was first discussed
by [14].

Fair-Queuing (FQ) Based Schedulers With the introduction of the
Completely Fair Scheduler in the Linux 2.6.23 kernel, the family of sched-
ulers derived from Fair Queuing are perhaps now more interesting for reser-
vation scheduling than ever. Fairness is an interesting notion when schedul-
ing applications that do not display the regular real-time characteristics of
deadlines, periods or WCETs. Using these types of schedulers for multi-
media is investigated by e.g. [9], who also shows that they are suitable for
hierarchical scheduling structures.

5 Summary
The objective of the ACTORS project is to improve the efficiency, predictabil-
ity, and adaptivity of embedded multimedia systems. In ACTORS reservation-
based scheduling, feedback control, and data-flow based modelling of media
streams will be combined.
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Abstract: In this paper, we describe the construction and control of a gantry crane that is used
in courses at the Department of Automatic Control, Lund university. Two different models of
the crane are developed. A thorough example of path following, including on-line time-varying
input/state-transformations and LQG control, used in a laboratory exercise is shown together
with experimental results. Time-optimal trajectories for position control, with constraints on
positions, load angles, and control signals are computed using Modelica and Optimica.

1. INTRODUCTION

Gantry cranes are versatile and come in many different
sizes. Their movements are fundamental and consists of
hoisting of the load and moving the load pivot point in
a plane. Some gantry cranes are used in dock-areas lifting
large containers while others might be found in mechanical
workshops lifting small engines. They all have at least
one thing in common, the load can exhibit pendulum like
swinging motions which can result in e.g., damage to load,
surrounding environment, or even the gantry crane itself.
The dynamics of a gantry crane are non-linear and highly
oscillative and constitutes therefore an interesting control
problem.

This paper will describe the construction of a labora-
tory sized gantry crane at the Department of Automatic
Control, Lund University. The crane has been used in a
teaching environment where circular path following was
considered. The implemented control system will be out-
lined in detail and experimental results will be shown.

A method of computing time-optimal trajectories for a
gantry crane using Modelica and Optimica, and resulting
trajectories, will be shown. The trajectories can be used
as feed-forward and state reference signals.

The outline of the paper is as follows. In Section 2 the
construction, including mechanical design, actuators and
sensors, are described. Section 3 gives example of control
objectives for the gantry crane, while Section 4 shows a
thorough example of path following. Future work of the
crane is presented in Section 5 and Section 6 gives a brief
summary.

2. SYSTEM DESIGN

The gantry crane is constructed to be used in both labo-
ratory exercises and student projects at the Department
of Automatic Control, Lund University, but nevertheless,
also in research at the department. With this in mind,
it is advantageous if the crane can be easily repaired in
case of accidents and wear. This requires vast knowledge

of the mechanical and electrical construction of the crane.
There do exist companies that concentrate on building
laboratory processes. Although, a bought in process might
be hard to repair for local engineer. The solution to this
problem was to build the crane by local design, giving
detailed construction knowledge at the same time.

The crane construction was developed with particularly
four items in mind. First of all, the different parts of
the crane should be low cost. This is mainly due to
economical reasons in case of e.g. repairments. Secondly,
the constructed gantry crane should be small enough to
easily be stored when not in use and also easy to transport
in, for instance, case of demonstrations. The third item
that was considered was the notion of modularity. There
exist an ambition that the different systems used in courses
should be build up by modules, both to save space and
facilitate maintenance. Replacing a module on a process
should amend its behavior in such a way that it can be used
in another teaching situation. And fourthly, as discussed
above, it should be repairable by local engineers.

2.1 Mechanical Design

An ordinary gantry crane is constructed with two foun-
dation legs on separate rails connected together with an
upper rail where a movable trolley is placed. Due to the
above discussed constraints on the design, the trolley and
the upper rail are in one solid piece. The movement is
thus managed by moving the whole upper rail, and the
crane body on a lower rail, see Figure 1. The rails are of
lengths 1 m and 0.4 m, respectively. Thus, it fits nicely on
a normal sized table, with the load hanging on the side. On
the back of the upper rail, a hoisting reel is placed together
with its drive, giving the opportunity to hoist the load. In
the trolley position, i.e., the pivot point of the load, an
arm is placed that give measurements of load angles.

2.2 Actuators

For movement along the rail directions, DC motors with
gear wheels are used. The motors are of type Faulhaber



Fig. 1. The laboratory sized gantry crane. The crane can
be moved in the directions of the rails and the load
can be hoisted.

3257CR 12V. Hoisting of the load is performed by a smaller
type of DC motor, a Fabr Micro Motors HL149 12V. They
are both driven by PWM signals generated automatically
from MEGA16 micro processors placed on the crane.

2.3 Sensors

The sensors on the gantry crane can essentially be divided
into two categories, control sensors and calibration/safety
sensors. The control sensors give measurements that are
used by control algorithms while the calibration/safety
sensors are used for e.g., rail end detection.

Control sensors The crane is equipped with five control
sensors. Two of them are build-in encoders in the rail DC
motors. These give high resolution of the position, 512
pulses/6 cm. If desired, these measurements can be used
successfully for velocity estimation.

The load hoisting motor do not have a build-in encoder.
Instead, an external encoder with a resolution of about
300 pulses/6 cm is mounted on the shaft. Also this mea-
surement can be used for velocity estimation.

Load angles are measured using an arm that can move
in two directions, see Figures 1 and 2. The angle from
the vertical plane to the plane indicated in the figure,
is denote α, while the angle in the plane is denoted β.
The arm, made of aluminum, is mounted on the rail using
high performance bearings and will therefore not affect the
movement of the load in a considerable manner. The load
runs through a small hole in the arm, enabling hoisting.

The measurements are obtained by movement of magnetic
flux. At the arm, there are two magnets mounted together
with two Hall elements, see Figure 1. The Hall elements,
incorporated in small IC circuits, outputs a voltage that is,
in the ideal case, directly proportional to the magnetic flux
direction. This is with the prerequisite that the magnet is
mounted above the Hall elements with a certain initial
distance and angle. In practice this placement is hard
to achieve and since the output voltage is very sensitive
to these parameters, the measurements are in practice
non-linear functions of the angles. The Hall elements has,
in a worst case displacement of a diametral magnet, an
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Fig. 2. Definitions of angles α and β measured by load
arm.

absolute error of about 1◦. However, the crane uses axial
magnets, which most probably increases the absolute er-
ror. Calibration, in form of look-up functions that translate
from voltages to radians, is therefore a necessity prior
usage. Note that the two magnet/Hall-element sensors
must be calibrated separately and will have separate look-
up functions. It was found that polynomial functions of
order three were sufficient. Typical measurements of the
angles can be found in Figure 3, where the load is in an
almost circular orbit, and hence the two signals are almost
perpendicular. Note that the measurements, in practice,
do not have any mentionable noise.
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Fig. 3. Example of measurements of α(t) and β(t) when
the load is in an almost circular orbit.

Calibration/Safety Sensors In addition to the control
sensors, there are four sensors used for safe maneuvering
and initialization of the crane. Two sensors, magnetic
switches, are placed on the ends of the rails indicating
if the crane is at the end point. These can be used for
initialization of the crane, e.g., position calibration.

At the hoisting motor and the load pivot point, two
magnetic switches are placed to constrain the load length,
see Figure 1. Using a small magnet mounted on the
load string between the hoisting motor and pivot point,
indications are given. These two sensors can be used for
load length calibration.

A safety sensor is also placed at the hoisting motor, a
switch that removes the drive stage and shuts down the
hoisting motor. The switch is set by the magnet on the



string mentioned above. This is needed for protection of
the load arm from the load mass if the load is hoisted up
too far. Thus, there is a lower bound on how short the load
can be, which is the arm length.

An additional precaution is that the cogs on the rails do
not go all the way to the rail ends. That is, if the crane
goes too far out, the gear weels can not drive the crane.
This saves the motors if a faulty control is implemented.

2.4 Micro Processors

To collect data and actuate the motors, Atmel MEGA16
micro-processors are used. These are convenient since they
offer important features such as A/D conversion, RS232
communication, PWM signal generation for actuation and
a protocol for inter-processor communications, I2C.

The crane is equipped with two of these processors. One
actuates and receives measurements from the rail motors,
and receives signals from the calibration sensors on the
rails. The second actuates, and receive measurements
from, the hoisting motor, and take measurements from
the calibration/safety sensors concerning the load. This
processor acts as the master, and is connected to a PC
using common serial communication, (RS232), while the
former is the slave in the inter-processor communication.

2.5 Process Modularity

As mentioned in Section 2, one of the constraints in the
design of the crane was modularity, which indeed the
constructed crane has.

For instance, if the upper rail together with the load is
removed, an ordinary pendulum can be mounted. Now,
control of an inverted pendulum can be studied and
implemented using the existing electronics.

Another example is removal of the crane body and upper
rail, and leave only the long rail. This enables other carts
to be placed on the rail, for instance, mass-spring systems.

3. CONTROL OBJECTIVES

The gantry crane is versatile in the sense of control objec-
tives. The most common objective is probably downward
position damping with references on positions and load
length. Another objective is path following, i.e., a spec-
ified path is obtained using an optimization procedure.
The path can be generated regarding e.g., time-optimal
movement with constrained load sway.

4. PATH FOLLOWING - A LABORATORY
EXERCISE

The gantry crane has been used successfully in a labora-
tory exercises in a course at the Department of Automatic
Control, Lund University. In the course, which is aimed at
multivariable control, LQG is teached. When using LQG, a
linear model is of course required. Using the most common
control objective, i.e., damping of the downward position
of the load, the linearized model becomes essentially two
decoupled pendulums which is not suitable in a multivari-
able course where gain-scheduling is not teached. This also
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Fig. 4. Crane layout and coordinates. The pivot point of
the crane load can be moved in the (px, py)-plane.

removes the path following objectives where the goal is to
keep the load in downwards position.

To have a system that do not have decoupling properties
at linearization, the control objective was set to path
following with the load mass in a circle with certain radius
while, essentially, not moving the crane. The only inputs
to be used were the accelerations in the rail directions.
The model of this system will have coupled structure after
linearization.

4.1 Modeling

Since the control objective is to make the load go in a
circular orbit, using spherical coordinates for the load
is preferable. However, the rail position expression is
simplified using cartesian coordinates. If we introduce, as
in Figure 4,

• pivot point px(t), py(t)
• load angles θ(t) and ψ(t)
• load length lo

we can express the position of the load, (xl(t), yl(t), zl(t)),
as, see for instance Aston (1999),

xl(t) = px(t) + lo sin θ(t) cosψ(t)
yl(t) = py(t) + lo sin θ(t) sinψ(t)
zl(t) = lo cos θ(t).

Note here that we have a fixed length of the load, the
hoisting motor will not be used.

By Lagrange mechanics framework, a physical model of
the crane can be derived. The kinetic and potential energy
of the crane, and the Lagrange function is then given,
respectively, by

T (t) =
1
2
M

(
ẋ2

l (t) + ẏ2
l (t) + ż2

l (t)
)

+
1
2
m1ṗ

2
x(t)

+
1
2
m2

(
ṗ2

x(t) + ṗ2
y(t)

)
+

1
2
I1

(
ṗx(t)
r1

)2

+
1
2
I2

(
ṗy(t)
r2

)2

+
1
2
I3

(
ṗy(t)
r3

)2

V (t) = −Mgzl(t)
L(t) = T (t)− V (t) (1)



where
M - weight of crane load
m1 - crane body weight (rail motors, electronics, etc)
m2 - bridge weight in py-direction including

hoisting motor
I1 - moment of inertia of px-direction motor
I2 - moment of inertia of py-direction motor
I3 - moment of inertia of hoisting motor
r1 - radius of the px-direction motor pinion
r2 - radius of the py-direction motor pinion
r3 - radius of the hoisting motor pinion

Assuming that the crane is much heavier than the load,
which is a reasonable assumption for the constructed
crane, the movement of the load will not affect the position
of the crane. Thus, we do not need to use the Lagrange
function for the generalized coordinates px(t) and py(t).
Instead, we will assume that we have the capability of
using the accelerations, i.e., p̈x(t) and p̈y(t), in these
directions as control inputs.

Applying the Lagrange function with the generalized co-
ordinates θ(t) and ψ(t), i.e.,

d

dt

∂L

∂θ̇(t)
− ∂L

∂θ(t)
= 0

d

dt

∂L

∂ψ̇(t)
− ∂L

∂ψ(t)
= 0

we get the following equations of motions for the gantry
crane

2lθ̇ψ̇ cos θ + lψ̈ sin θ − ux sinψ + uy cosψ = 0 (2)

g sin θ + lθ̈ − 1
2
lψ̇2 sin 2θ + ux cos θ cosψ (3)

+ uy cos θ sinψ = 0
where ux(t) and uy(t) are accelerations in the correspond-
ing rail directions.

We can see that, since a specified radius of the load orbit
corresponds to a specified θ, the control authority will
depend on ψ.

4.2 Linear Time Varying Model

The LQG control structure requires a linear model. Lin-
earizing around the desired trajectory, translating the
specified radius to an angle θo yields the following tra-
jectory, 

py(t)
ṗy(t)
px(t)
ṗx(t)
θ(t)
θ̇(t)
ψ(t)
ψ̇(t)
ux(t)
uy(t)


=



0
0
0
0
θo

0
ωot
ωo

0
0


where ωo is the rotational velocity of the load. Note that,
for a circular orbit of the load, the angle θo and ωo are
related as

ωo =
√

g

lo cos θ0

where lo is desired length of load. Thus, essentially, the
orbit is defined by only θo.

A straight forward linearization around this trajectory
results in the following time varying system where the
states are deviations from the trajectory, i.e.,

∆ṗy

∆p̈y

∆ṗx

∆p̈x

∆θ̇
∆θ̈
∆ψ̈


=



0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 s1 0 s2
0 0 0 0 0 s3 0





∆py

∆ṗy

∆px

∆ṗx

∆θ
∆θ̇
∆ψ̇



+



0 0
0 1
0 0
1 0
0 0

−b cosψ(t) −b sinψ(t)
a sinψ(t) −a cosψ(t)


(

∆ux

∆uy

)
,

where ψ(t) = ωot and

s1 = ω2
o cos(2θo)− g

l
cos θo a =

1
l sin θo

s2 = ωo sin 2θo b =
cos θo

l
s3 = −2ωo cot θo.

Note that the deviation from ψ do not occur as a state.
It can be removed since no other state depend on it. It
might also be physically impossible for the load to follow
ωot exactly since it will depend on experiment start time.

The angles θ(t) and ψ(t) can be calculated from the
measurements as

θ(t) = arccos (cosα(t) cos β(t)) (4)

ψ(t) = arctan
(

tanβ(t)
sinα(t)

)
(5)

Note that ψ is undefined if sinα = 0, i.e., it is discon-
tinuous in π intervals. It can easily be reconstructed to a
continuous signal by calculating a running offset on the
angle.

4.3 State and Control Signal Transformations

Since we need a linear time invariant system to design
the controller, introduce a coordinate system that rotates
with the load. The model can be transformed into these co-
ordinates using the time dependent input transformation
matrix P (ψ(t)) and state transformation matrix T (ψ(t)),

P (ψ(t)) =
(

cosψ(t) − sinψ(t)
sinψ(t) cosψ(t)

)
(6)

T (ψ(t)) = blockdiag (T11(ψ(t)), I3) (7)
where the sub matrix

T11(ψ(t)) =

 0 − sinψ(t) 0 − cosψ(t)
cosψ(t) 0 − sinψ(t) 0
sinψ(t) 0 cosψ(t) 0

0 cosψ(t) 0 − sinψ(t)


Applying the transformations as



∆uxy(t) = P (ψ(t))u(t) (8)
x(t) = T (ψ(t))∆x(t) (9)

where ∆uxy(t) and ∆x(t) are the control signal and state
vector, respectively, in the time varying linear system,
gives a time invariant system

ẋ(t) =



0 0 0 −ωo 0 0 0
0 0 −ωo 1 0 0 0
−1 ωo 0 0 0 0 0
ωo 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 s1 0 s2
0 0 0 0 0 s3 0


︸ ︷︷ ︸

A

x(t)+



−1 0
0 0
0 0
0 1
0 0
−b 0
0 −a


︸ ︷︷ ︸

B

u(t).

(10)
where ωo is the rotational velocity and si, a and b are the
constants defined above.

This system, with as above defined A and B matrices, will
be used in the forthcoming LQG design.

The eigenvalues of the system matrix A are
λ1,2 = ±iωo λ3,4 = ±iωo

λ5,6 = ±i√s1 + s2s4 λ7 = 0.

We thus have a highly oscillative system to control.

4.4 Control Structure

The control structure is hierarchical, two local loops con-
cerning motor control and one outer for the over all control
objective. Thus, the outer loop will generate reference
signals for the local motor loops.

The modelling assumes that we can control the acceler-
ations in the rail directions. Since we do not have direct
measurements of the accelerations and we not have direct
access to the currents in the DC motors, a simple solution
is to control the velocity in the different rail directions
instead. If this control is fast enough, reference trajectories
can be generated by integrating the acceleration reference.
In the outer loop, we will control the velocities, preventing
drift in the reference generating integrator. The velocities
are estimated using ordinary first order derivative filters,
i.e,

Gṗi(s) =
s

1
30s+ 1

, i = x, y

that are sampled with period h = 10 ms. The velocities
are controlled by PI controllers and friction compensators
using the signs of the velocity references,

umotor,i(t) = uPI,i(t) + αi · sgn(vref,i(t))

vref,i(t) =
1
s
ui(t), i = x, y

where ui(t) are the acceleration references generated by
the outer loop, i.e, the control signals in the linear time-
invariant model in Eq. (10).

Typical values of the PI controllers parameters are
K = 3 Ti = 0.15

when using normalized motor control signals, umotor,i(t) ∈
[−1, 1] and measurements/references in SI-units.

The outer controller is an ordinary LQG controller, i.e., a
controller that minimizes

J =

∞∫
0

(
xT (t)Q1x(t)dt + uT (t)Q2u(t)

)
dt

with the structure
˙̂x(t) = Ax̂(t) +Bu(t) +K(y(t)− Cx̂(t))
u(t) = −Lx̂(t)

The measurements used in the Kalman filter are x2, x3, x5.
These are the positions ∆px and ∆py and the angle ∆θ
transformed using sub matrices in T (ψ(t)), see Eqs. (7)
and (9). Prior the control signal u(t) is applied it is
transformed using P (ψ(t)), see Eqs. (6) and (8). Thus,
the measurement of ψ is necessary for transformations.

Due to simplicity, only diagonal weight and noise covari-
ance matrices were considered in the LQG design.

4.5 Experimental results

Design and evaluation of LQG controllers were performed
in Matlab/Simulink using a model of the crane, with
local motor-loops modelled as first order systems with
an experimentally estimated time constant. The switch to
hardware was straightforward, no retuning had to be done.

In the experimental setup, desired θ was set to 30◦. The
crane was initialized to the position px(t) = py(t) = 0
with the load following an approximate circular orbit of
about 12◦, see Figure 5. As the controllers were activated,
the load is driven close to the desired trajectory. Only a
small movement and acceleration of the crane is required,
about 5 cm in each rail direction and less than 1.5 m/s2,
respectively, see Figure 6.

A load disturbance was introduced at approximately 14 s,
an object interrupts the circular movement yielding θ to
decrease to about 5◦.

One can see that the load angle is not constant, which
is due to many factors. First of all, θ(t) is computed
using two measurements, see Eq. (4), which are separately
computed using non-linear look-up functions. In addition
to that, the Hall elements might have errors as mentioned
in Section 2.3. One must also take into consideration that
the rail drives are implemented using gear wheel, which
gives a certain amount of backlash that is not compensated
for.

5. FUTURE WORK

As mention in Section 3, the probably most common
control objective is downwards damping with reference on
position. A control strategy that can be used in this case
is feed-back and an off-line trajectory optimization. The
trajectory is used as feed-forward and reference signal to
states of the crane. The feed-back is then used on the state-
errors.

Below, time-optimal trajectories for positioning of the
crane, with constraints on both load angles, crane veloc-
ities, and control signals, will be derived using Modelica
and Optimica. The trajectories are supposed to be used in
future work, being implemented on the real gantry crane
using Matlab/Simulink.
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5.1 Time-Optimal Control

To generate optimal trajectories a model is needed. How-
ever, the model in Eqs. (2)-(3) can not be used since it is
singular in the downward position, ψ is not well defined.
By instead using the angles defined in Figure 2, we can
express the position of crane load as, see e.g., Aston (1999)

xl(t) = px(t) + l(t) cosβ(t) sinα(t)
yl(t) = py(t) + l(t) sinβ(t)
zl(t) = l(t) cosβ(t) cosα(t)

Note here that the length of the load is not constant but
rather a function of time compared to the model used in
Section 4, since we now will use the hoisting mechanism
on the crane.

Using the Lagrange function defined in Eq. (1) with the
above definition of load position, we can calculate

d

dt

∂L

∂α̇(t)
− ∂L

∂α(t)
= 0

d

dt

∂L

∂β̇(t)
− ∂L

∂β(t)
= 0

This gives the equations of motions now expressed in α(t)
and β(t), i.e.,

ux cosα+lα̈ cosβ+g sinα+2l̇α̇ cosβ−2lα̇β̇ sinβ = 0 (11)

lβ̈ + g cosα sinβ+2l̇β̇ + lα̇2 sinβ cosβ
+uy cosβ − ux sinβ sinα = 0 (12)

The control signals in this system are ui, i = x, y, l, i.e.,
the accelerations in along the rails and hoisting direction.

The optimization problem is now to find control signals ui

such that we fulfill constraints on e.g., maximum angles,
velocities, and positions. Using Modelica, it is easy to
simulate the equations of motions. By Optimica, which is
an extension of Modelica with language constructs which
enables formulations of optimization problems based on
Modelica models, the optimization problem can be solved
numerically. See for instance Åkesson (2007) for more
information on Optimica.

The movement of the crane considered here will be posi-
tioning. From the initial state of positions, velocities, and
control signals equal to zero, and with load length 0.4 m,
move the crane 0.8 m and 0.3 m, in the px and py direction,
respectively. At the end, the load length should be 0.4 m.

The trajectories will be time-optimal, with additional con-
straints on positions and control signals. End constraints
on velocities and control signals are added for the crane
to be, and stay, at rest when desired position is reached.
Limits on |u̇i(t)| and |üi(t)| are used, otherwise the con-
trol signals in the optimal solution will be of bang-bang
character or have rapidly changing derivatives that might
not be feasible in practice. The optimization problem can
be posed as follows, where tf denotes end time,

min
ux,uy,ul

t∫
0

1 dt (13)

subject to
Eqs. (11)− (12)

0 ≤x(t) ≤ 0.8
0 ≤y(t) ≤ 0.3

0.2 ≤l(t) ≤ 0.6

|α(t)| ≤ 0.3, |β(t)| ≤ 0.15

|ui(t)| ≤ 2, |u̇i(t)| ≤ 5, i = x, y

|ul(t)| ≤ 1, |u̇l(t)| ≤ 3
|üj(t)| ≤ 100, j = x, y, l

px(tf ) = 0.8, ṗx(tf ) = 0
py(tf ) = 0.3, ṗy(tf ) = 0

l(tf) = 0.4, l̇(tf ) = 0
α(tf ) = 0, α̇(tf ) = 0

β(tf ) = 0, β̇(tf ) = 0
uk(tf ) = 0, u̇k(tf ) = 0, k = x, y, l
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Solving the considered optimization problem using Opti-
mica results in the position and load length trajectories in
Figure 7 and load angles in Figure 8. The control signals
ux(t), uy(t) and ul(t), i.e., the accelerations of the motors,
are found in Figure 9. The movement time is about 1.94 s.
Constraints are active on both the angles and the control
signals.

No sharp edges are found in the control signals due to
the constraints on u̇i(t) and üi(t). If these constraints are
removed, the trajectory length will be approximately 1.5 s.

The generated trajectories will in future work be used as
feed-forward control signals and state reference signals.

6. SUMMARY

In this paper we have considered the construction of a
laboratory sized gantry crane. Two different non-linear
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Fig. 9. Control signals ux(t), uy(t) and ul(t) when using
time-optimal trajectories.

models of the gantry crane has been derived. A path
following example, with on-line time-varying state and
control signal transformations and LQG control, has been
thoroughly discussed and successful experimental results
were shown.

Time-optimal trajectories has been derived using Modelica
and Optimica and will in future work be used in an
experimental situation.
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Planetary gearbox condition monitoring and diagnostic method
By Walter Bartelmus, Radoslaw Zimroz
Wroclaw University of Technology 
Vibration and Diagnostic Scientific Laboratory

Abstract

In the paper the method is understand as a manner or means of procedure a systematic and 
regular way of accomplishing the task of condition monitoring and diagnostic of gearboxes. 
The condition monitoring and diagnostic is based on factor analysis influencing vibration 
signal from which after signal processing diagnostic symptoms are recognised and used for 
gearboxes evaluation and making decision. The factor  analysis takes into consideration four 
groups of factors, which can be identify  as; design, production technology, operation, change 
of condition factors, This root cause factor analysis leads to condition change possibility 
expectation, choice of ways of vibration signal analysis, and current prognosis of condition 
change. The method is developed on the root cause factor analysis and vibration measurement 
on real objects in industrial environment during gearbox operation, which may be 
characterised as varying external load. The paper gives rather hints on condition monitoring 
and diagnostic more details will be given during paper presentation.          

1.Introduction

To develop  a condition monitoring and diagnostic method there is the need to consider factors 
which have influence on vibration diagnostic signals. Fig.1 shows that the factors are the 
primary and secondary. The primary factors can be divided as the design and production 
technology factors. The secondary factors can be divided as the operation and change of 
condition factors. Fig.1 also shows that one can continue the division of factors into more 
details factors, such deeper consideration on the factor’s division is given in [1].   

Fig. 1. Factors affecting diagnostic signal



In Fig.1 is seen a complex gearbox system for which the first stage is a planetary gearbox 
with a stationary rim. The planetary gearboxes considered consist of: a sun gear z1 =39 teeth, 
planetary gear z2=27 and rim gear z3=93. 

 
a)                                                            b)

Fig.1 a) Part of driving system for a bucket wheel with planetary gearbox (gears: z1 – sun, z2 – 
planet, z3 – stationary rim, z4 – z9 three stage cylindrical gearbox b) Three independent drives 
of bucket wheel

Considering the system given in Fig.1a) and using notation f12 as meshing frequency  for a pair 
of gear wheels marked in Fig.1 as z1, z2, z3 

      (1)

where n1 - input rotation velocity RPM
The arm frequency is

 (2).

A planet passing frequency is fp= sfa = = 18.68 Hz; where s- number of planets.
Taking into consideration a gearbox system ratio, electric motor speed and number of buckets 
one can count a bucket digging frequency and its period, which in considered case is  fb= 
0,55Hz, Tb=1.8s 
a)                                                                     b)



Fig.2 Time [s] – frequency [Hz] spectrograms a) signal from gearbox before replacement b) 
signal from replaced gearbox 

Fig.2 shows time frequency spectrograms for a gearbox in bad condition Fig.2a and in good 
condition Fig.2b). In Fig.2a) one can see group  of horizontal lines separated with the period 
equivalent an arm frequency  fa= 4.67Hz, Ta= 0.21s. The spectrogram also shows the period 
Tb=1.8s. The spectrogram Fig.2a shows that a planetary gearbox is in bad condition as a result 
of frictional wear of components. After amplitude demodulation of vibration signal one can 
see grater influence of periodic varying load if the gearbox is in bad condition.

Fig.3 Envelopes proportional to load variation  a) signal from gearbox before replacement b) 
signal from replaced gearbox 

Fig.4 shows another scheme of a driving system which condition have been evaluated. It is a 
compact system which consists of an electric motor, one stage bevel gear (gears z1, z2), 
planetary  gearbox with rotating sun z3 and rotating rim z5 and a planet z4. The power in the 
compact system is transmitted to the main gear z9 through two pinions z8 to accomplish it two 
gear are added z6 and z7. The system is loaded by a varying load which in the case of 
frictional wear of rolling elements bearings is yielding under load more than the system in 
good condition. 



Fig.4 Investigated driving system

As a result  of increased backlash in rolling element bearings which comes from influence of 
harsh environment of an industry place and increased dynamic interaction occurs as shows 
Fig.5.

Fig.5 Interection of gearbox elements condition and influence of environment 

 

Fig.6 Distributions of features for two the same gearbox systems, green distribution for  
system in good condition, red distribution for system in bad condition 

Fig.6 shows the distribution of vibration features for two diagnosed planetary  gearboxes;  green 
distribution for a gearbox in good condition, red distribution for a gearbox  in bad condition. 
For more robust diagnostic evaluation the new way signal presentation is given in Fig.7.  
 



Fig.7 New way of vibration parameters presentation, green colour represents condition of 
good gearbox, red bad gearbox 

In Fig.7 one can see good separation of diagnostic features for good and bad condition of 
gearboxes. Beside the considered ways of signal analysis other ways were taken and 
presented in [2-5]. Using all these ways should leads to systematic procedure which gives 
planetary  gearbox condition monitoring and diagnostic method. The method should gives 
possibility to identify  local faults in gears and rolling elements bearings and also distributed 
faults. Beside of this the method should give possibility to evaluate increasing backlash in 
rolling elements bearings.
   
Conclusions 

In the paper is given several different ways of signal analysis, which should leads to the 
systematic consideration on planetary gearbox condition. This way will be clarified during 
paper presentation.  
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Parameter Estimation and Change Detection in Linear Regression
Models Using Mixed Integer Linear Programming

Soheil Salehpour , Andreas Johansson and Thomas Gustafsson

Abstract— We present a method for change detection and
parameter estimation in change in the mean models and AR(X)
model. The method is based on the assumption of piecewise
constant parameters resulting in a sparse structure of their
derivative. To illustrate the algorithm and the performance of it,
we apply it to the change in the mean model and compare it with
four other change detection algorithms. Two applications are
treated with good results, fuel monitoring and airbag control.
The AR(X) change model, shows the good performance of this
method in two illustrative examples.

Index Terms— change detection, change in the mean model,
AR model, ARX model, MILP, sparsity, optimization.

I. INTRODUCTION

THE areas of change fault detection are quite active
fields, both in research and applications. Faults occur

in almost all systems, and change detection has the role of
locating the fault occurance in time and to give an alarm.

In [1] and [2] surveys off-line formulations of single and
multiple change point estimation. In segmentation, the goal
is to find a sequence kn = (k1, k2, · · · , kn) of time indices,
where both the number n and the locations ki are unknown,
such that the signal can be described as piecewise constant,
i.g. the change in the mean model as.

y(t) = θ(t) + e(t) (1)

where V ar(e(t)) = σ2 and if the signal model has the form
of linear regression

y(t) = φ(t)T θ(t) + e(t) (2)

where ki−1 < t ≤ ki, and for an ARX model

φ(t)T = (−yt−1, ...,−yt−na
, ut−nk

, ..., ut−nk−nb+1)
θ(t)T = (a1

t , a
2
t , ..., a

na
t , b1

t , b
2
t , ..., b

nb
t )

In change detection, θ(t) assumed piecewise constant,
which gives a sparse structure of its derivative.

In Section II, a bound for the noise is defined. A MILP
(Mixed Integer Linear Programming) algorithm to minimize
the sparsity of a matrix is described and a method besed on
this algorithm estimates the parameters. Simulation results
are given in Section III. Section IV gives some concluding
remarks and directions for future work.

II. PRELIMINARIES

The vector of dimension n where each element is 1 is
denoted as 1n = [1, 1, ..., 1]T and In is the identity matrix
of dimension n.
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A. Noise Bound

To bound the noise e(k) we will use the window norm,
which for continuous time signals is defined as [6]

‖e‖ω = sup
t≥0

∫ t

0

ω(t− τ) |e(τ)| dτ

where ω(t) is nonnegative and bounded by an exponentially
decreasing function. In [5] a discrete time window norm is
defined as follows
Definition 1: A window sequence is a sequence ω : Z+ →
R+, which is not identically zero and satisfies ω(k) ≤ ce−ak

for all k ≥ 0 and some positive c and a.
Given a window sequence ω(k), the window norm for a
discrete time signal e(k) may then be defined as

‖e‖ω = sup
k≥0

k∑
i=0

ω(k − i) |e(i)| (3)

It is remarked that (3) satisfies all properties of a norm,
but the proof is omitted. It is straightforward to see that the
window norm is equal to the l∞-norm by choosing ω as
the unit pulse function. The drawback of l∞-norm is that
it only considers the peak value of the signal without any
averaging and may therefore be conservative. This problem is
handled in the window norm by choosing a window function
that averages over a suitable time interval, i.e. a pulse
function with non-unit duration or a decaying exponential
function.The window norm actually approaches the l1-norm
by letting ω approach a unit step function. An assumption
on the noise e = [e1, ..., el] may now be expressed as

‖ej‖ω ≤ εj , j = 1, . . . , l (4)

We assume that each ω(k) is monotone decreasing for
k > 0. Then, as showed in [5] for scalar e, the condition (4)
can be expressed as

W |E| ≤ 1N+1 ⊗ ε (5)

where

W =

⎡⎢⎢⎢⎣
ω(0) 0 . . . 0
ω(1) ω(0) . . . 0

...
...

. . .
...

ω(N) ω(N − 1) · · · ω(0)

⎤⎥⎥⎥⎦
E = [e(1), · · · , e(N)]T and ε = [ε1, ε2, . . . , εl]

T .



B. Sparse Matrix

In numerical analysis, a sparse matrix is a matrix popu-
lated primarily with zeros. The concept of sparsity is useful
in complex systems and many application areas such as
network theory. Huge sparse matrices often appear in science
or engineering when solving partial differential equations.

One common approach to seeking a sparse description
is based on l1-norm regularization [3] which produces an
approximation with a sparse structure.

In this article, we represent an exact solution of maxi-
mization of sparsity by using MILP (Mixed Integer Linear
Programming) to minimize the number of non-zero elements
in a matrix or vector [7].

We consider the logical variable δij ∈ {0, 1} and the
matrix S = (sij)i,j=1...N to be related as

δij = 1 ↔ sij 	= 0
δij = 0 ↔ sij ≡ 0 (6)

and we aim to minimize
∑N

i,j=1 δij for i, j = 1, . . . , N .
First, we assume δij = δ1

ij + δ2
ij and (6) is re-written as

(δ1
ij , δ

2
ij) = (1, 0) ↔ sij > 0

(δ1
ij , δ

2
ij) = (0, 0) ↔ sij = 0

(δ1
ij , δ

2
ij) = (0, 1) ↔ sij < 0

We establish a more practical link between logical and real
variables by using MILP inequalities

mδ1
ij −Mδ2

ij ≤ sij ≤ Mδ1
ij −mδ2

ij

δ1
ij + δ2

ij ≤ 1 (7)

where m = mini,j(|sij |) and M = maxi,j(|sij |). Then, a
MILP is formulated for maximizing sparsity of S as

minimize
∑N

i,j=1(δ
1
ij + δ2

ij)
subject to: (7)

(8)

Here, we also represent an approximation method which is
more practical in a numerical sense [7]. This method instead
minimizes the number of elements of a matrix which are
larger than a certain threshold. If we consider μ as threshold,
the logical variables are changed into

δij = 1 ↔ |sij | > μ

δij = 0 ↔ |sij | ≤ μ

Then, the inequalities in (7) are substituted in (8) by

2μδ1
ij −Mδ2

ij − μ ≤ sij ≤ Mδ1
ij − 2μδ2

ij + μ

δ1
ij + δ2

ij ≤ 1 (9)

where M = maxi,j(|sij |) + μ and μ is a small number.

C. Method Based on MILP and the Derivative of Parameters

The differentiation of a piecewise parameter produces a lot
of zero samples and thus, it has a sparse structure. The time-
derivative of θ is approximated by (Δθ)(k) = θ(k)−θ(k−1).

Then, the following sparsity property of its derivative is
used for estimating the parameters [7]. With the definitions

σi = [δ1
1i, δ

2
1i, · · · , δ1

qi, δ
2
qi] for i = 1, · · · , N,

ΣN = [σ0, σ1, · · · , σN−1]T , U = INq ⊗ [M,−2μ],
L = INq ⊗ [2μ,−M ] and Λ = INq ⊗ [1, 1]

where q = na +nb, the sparsity constraint (9) applied to the
derivative ΔΘ may be expressed as

LΣN − 1Nqμ ≤ ΔΘ ≤ UΣN + 1Nqμ

ΛΣN ≤ 1Nq (10)

where ΔΘ = [Δθ(1)T Δθ(2)T · · ·Δθ(N)T ]T . Also, let
Ym = [ym(1)T ym(2)T · · · ym(N)T ]T , where ym(k) are
the measured outputs of (1) or (2). We now use the constraint
(10), and MILP-optimization to formulate

minimize
ΣN ,Π

12NqΣN + Hε

subject to: (10)
W |Ym − ΞΘ| ≤ ε

(11)

where H is a weight for the noise, and Ξ = INq in (1) and
Ξ = diag(φ(1)T , φ(2)T , · · · , φ(N)T ) in (2).

III. SIMULATION RESULTS

To give some idea of the performance of the MILP-
optimization method, we apply it to the change mean model
(1) and the change AR(X) model (2).

First, we consider one abrupt change of magnitude 4 in
the mean signal (Fig. 1(a)), where the noise is Gaussian
with variance 1. The window function ω in the norm ‖.‖ω is
chosen as pulse function with duration time (DT) correspond
to 10. The result compares with four different change point
estimations in the statistical literature [1], i.e. the Bayesian
approach, the maximum likelihood approach and two non-
parametric approaches. The root mean square parameter error
(RMSE) for different variances of noise vs. S/N is showed in
Fig. 2(a) and the scaled mean square parameter error (SMSE)
for the different amplitude of the second mean change vs.
S/N is depicted in Fig. 2(b), where the MSE and SMSE are
definded as follows.

RMSE =

∑N
t=1

∥∥∥θ(t)− θ̂(t)
∥∥∥2

N

SMSE =

∑N
t=1

∥∥∥θ(t)− θ̂(t)
∥∥∥2

∑N
t=1 ‖θ(t)‖2

The result in Fig. 2 shows that the MILP-optimization
method applies less RMSE and SMSE in higher S/N .

In the next simulation, there are three abrupt change of
magnitudes 2,3,4, respectively. The noise is Gaussian with
variance 1 and DT = 5. The result is depicted in Fig. 1(b),
and the algorithm properly finds the change of mean value
and estimate the magnitude of it.

Then, two illustrative applications are given here, fuel
monitoring and airbag control [1]. The MILP-optimization
method is applied to the fuel consumption filter problem with
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Fig. 1. The change in the mean model. The mean of signal (solid) and the
mean model and Gaussian noise with σ2 = 1 (-.) (a) An abrupt change of
magnitude 4. (b) Three abrupt change of magnitudes 2,3,4.

DT = 20, 5 and to the airbag control with DT = 400, 100,
which gives good detection of the change mean in both
applications where the more change is detected whenever
DT is decreased.

In purpose to test the AR change model, we consider the
AR parameters (dash and dot) in Fig. 5(a) with a Gaussian
noise with variance 0.1, y(0) = 1 and DT = 5, which the
output is depicted in Fig. 5(b). The method gives a good
estimation of parameters and the change of them (solid line
in Fig. 5(a)).

The method is applied to ARX change model with na = 2
and nk = nb = 1, where the parameters are showed in Fig.
6(a) (dash and dot), which the output and input are depicted
in Fig. 6(b), and DT = 5. The good estimation of parameters
and the change detection of them is showed in Fig. 6(a) (solid
line). However, the disadvantage of this method is the long
run time of the MILP-optimization.

IV. CONCLUSIONS AND FUTURE WORK

An optimization approach is presented to estimate the
mean of signal and the parameters of the AR(X) model. Two
signals are used as illustraive examples and is compared with
four other different point change detection. Two applications
are tested here, i.e. fuel monitoring and airbag control.The
method is applied to the AR(X) change model in two
examples.

10
−2

10
−1

10
0

10
1

10
2

10
3

10
4

10
5

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

S/N

(a)

10
−2

10
−1

10
0

10
1

10
2

10
−4

10
−3

10
−2

10
−1

10
0

10
1

S/N

(b)

Fig. 2. (+) MILP-optimization methdo, (o) Bayesian approach, (square)
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Fig. 3. The fuel consumption mesurement data (-.), the estimate mean
signal (solid). (a) DT = 5 (b) DT = 20
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Fig. 4. The airbag control mesurement data (-.), the estimate mean signal
(solid). (a) DT = 100 (b) DT = 400
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Fig. 5. The AR change model with a Gaussian noise (σ2 = 1). (a) The
estimate parameters (solid) and parameters(-.) (b) The output
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Fig. 6. The ARX change model with a Gaussian noise (σ2 = 1). (a) The
estimate parameters (solid) and parameters(-.) (b) The output (solid) and
input (-.)

For future research, other properties of noise and pertur-
bations may also be exploited, e.g. that the noise is expected
to be random and uncorrelated with the perturbations.
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Congestion control for small queues:
analysis and evaluation of a new protocol

Niels Möller Karl Henrik Johansson

Abstract— A new congestion control protocol is presented,
analyzed and experimentally evaluated. It consists of the stan-
dard inner-loop ACK -clock and a novel outer-loop adjusting the
window size based on congestion signaling from the network.
The aim of the new protocol is to maintain the efficiency
and fairness properties of TCP, but with significantly smaller
bottleneck queues and thereby it takes the sharing with real-
time traffic into account. Stability properties of the protocol
is proved using a recent fluid-flow traffic model. Experimental
comparisons with New Reno and Vegas illustrate the advan-
tages of the new protocol with respect to throughput, delay,
utilization, and fairness.

I. I NTRODUCTION

To a first approximation, Internet traffic can be divided
into two types:TCP traffic and real-time traffic. TheTCP
traffic includes services such as web-browsing and peer-to-
peer file sharing, and it is dominating the current Internet.
In a recent study of the traffic mix in Deutsche Telekom’s
ADSL network [1], more than 90% of the traffic was using
TCP, and a significant proportion thereof was peer-to-peer
file-sharing. Real-time traffic includes services such as voice
over IP and online gaming. The quality of real time services
degrade severely if they share a bottleneck link withTCP
traffic, which is based on additive–increase multiplicative–
decrease (AIMD ), since TCP makes the queues grow and
thereby causes a queuing delay on the order of 200 ms.

The main objectives of congestion control mechanism are
to avoid network overload, ensure that bottlenecks are fully
utilized, share resources between flows in a fair manner, and
react to changes in network load as well as in the network
topology. TCP New Reno usually achieves these objectives,
with some well-known problems for network paths with
very large capacity or delay, and for wireless links that
are characterized by a significant packet loss probability
unrelated to congestion, or highly variable delay. For such
network topologies,TCP New Reno have problems with
achieving full utilization. To this list of objectives, we add
in this paper the requirement that queuing delays should be
kept small at all links, including bottlenecks.TCP New Reno
does not attempt to minimize the queue size. Bottleneck
routers will drop packets due to overflow of the router buffer.
Furthermore, the buffer size is usually large, the old rule of
thumb for buffer sizing corresponds to a queuing delay on
the order of 200 ms when the buffer is close to full [2].
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Swedish Strategic Research Foundation.
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The main contribution of this paper is a new congestion
control mechanism that takes the sharing with real-time traf-
fic into account. We aim for much smaller queues thanTCP,
resulting in smaller queuing delays and delay fluctuations.In
addition, we are able to almost eliminate packet losses due
to congestion. We describe the effect that real-time cross
traffic has on the queuing dynamics, and take this effect
into account when analyzing the stability of the congestion
control mechanism.

A simple approach to reduce queuing delay is to reduce the
buffer size by one or a few orders of magnitude, compared
to the old rule of thumb [3], [4]. Small buffers may however
lead to lead to high packet loss rates and high variability in
TCP throughput [5]. Another, more sophisticated, approach
is to use AQM, with the most widely implementedAQM
scheme being Random Early Detection (RED). Good tuning
of the parameters ofAQM schemes, andRED in particular, is
challenging [6], [7]. Both these approaches work best when
there are a large number ofTCP flows sharing the bottleneck,
and they are less useful when there are only one or a couple
of flows, e.g., in a scenario where two users share anADSL
line.

The protocol proposed in this paper uses the cascaded
control structure shown in Fig. 1. The signaling structure
is the same as when usingAQM together withECN [8]. With
the standardECN mechanism, sources are required to treat
the arrival of a congestion mark in the same way as a packet
loss, and react by halving the window size. The new protocol
uses a softer, additive, update to the window size in response
to a congestion mark. Using an feedback signal from the
network that is added to the source’s window size is similar
in spirit to XCP [9], although we use much lighter signaling.

The new protocol is also related to delay-based congestion
control, in particularTCP Vegas [10], in that small queue
sizes are a design objective. However, delay feedback is used
only in the inner-loop, i.e., theACK-clock, while the outer-
loop adjusts the window size based on explicit feedback
from the network. So in the cascaded control structure, the
two loops use different feedback signals. Another important
difference is that the new protocol has a per-link tuning knob.
If a particular link needs a higher average queue size, e.g.,
due to a traffic mix with larger fluctuations in the arrival
rate, or a time varying capacity, the average queue size can
be increased by local tuning.

A cascaded control structure is also used in [11]: The con-
troller adjusts the window size, and then the corresponding
sending rates and queue sizes are determined by the window
sizes. The novelty in this paper is that we take into account
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Fig. 1. Control structure for the congestion control protocol.

the dynamic properties of the relationship between window
sizes and queue sizes. The control structure is similar also
to that in primal-dual congestion control schemes, although
our approach is window-based rather than rate-based. One
important difference is that we have two different signals
that are fed back from the network to the sources: delay
and congestion indication. For this reason, the protocol
does not fit easily into the utility maximization framework.
This problem is shared with the family of loss-delay based
congestion control protocols [12], [13], [14].

The outline of the paper is as follows. Section II describes
the new protocol. A fluid-flow model for the protocol in a
bottleneck scenario is developed in Section III. It is showed
in Section IV that the closed-loop model is well-posed and
that it has a unique asymptotically stable equilibrium. Fair-
ness is also discussed. Experimental evaluation throughns2
simulations is presented in Section V, where the performance
of the new protocol is compared withTCP New Reno and
TCP Vegas. Section VI gives the conclusions and some
further work.

II. PROTOCOL DESIGN

We are looking for a new congestion control mechanism,
which addresses the main shortcoming ofTCP, i.e., the large
queuing delays at bottlenecks. We intend to have no packet
losses in normal operation, and instead rely on congestion
feedback generated by the network. The proposed scheme
is structurally very similar to standardTCP/AQM, with some
subtle but crucial differences in the handling at both end
hosts and routers.

The new protocol is window-based. TheACK-clock is
a simple and efficient per-packet rule which controls the
sending rate. Since this inner-loop is stable, for arbitrary
propagation delay in the network [15], [16], we keep the
ACK-clock inner-loop, and just modify the window control.
This gives the cascaded control structure in Fig. 1.

The proposed protocol is fairly simple. Each source makes
the following update of its window sizew for each received
ACK:

w′ :=


m2

w
if congestion bit clear

m2

w
−m if congestion bit set

wherem is the packet size. Each router sets the congestion
mark bit of forwarded packets stochastically with probability

p(t) =
q(t)

q(t) + q0

whereq(t) is the queue size andq0 a design parameter, which
is set based on the expected bandwidth–delay product of
flows using the link, or adapted to observed queue behavior
at the link.

In the following we describe the motivation for the additive
increase, additive decrease, and congestion feedback in some
more detail.

A. Additive increase

The lack of feedback in the absence of congestion, and
the desire to have efficient utilization of resources, requires
some mechanism that keeps the sending rates growing in the
absence of congestion. This growth rate is going to be one
of the system parameters, and for stability reasons, it makes
sense to scale it down with theRTT. Hence, we keep the
additive increase part ofTCP in our new protocol: in the
absence of congestion, increase the window size bym bytes
per RTT, wherem is a system parameter.

With the flow analogy in mind, additive increase can be
thought of as a pressure applied by the sources, which forces
more fluid into the system, filling up the pipes, and when
the pipes are full, the pressure causes queues to grow. For
an effective congestion control, we must design a way for
the queues to impose a back-pressure on the fluid.

B. Additive decrease

With the multiplicative decrease mechanism ofTCP New
Reno, feedback is a relatively rare event, and the response
to each feedback event is strong.

The long interval between feedback events is a conse-
quence of theAIMD mechanism, and the average interval is
long also when usingAQM and ECN in routers. We aim for
more frequent signalling in the new protocol, with an average
of one feedback event perRTT. To get there, we need a softer
response to each event: For each receivedACK carrying a
congestion indication, the window size is decreased by one
packet. With this rule, senders will no longer operate in open-
loop for long time periods.

Another important benefit is that from a router’s point of
view, the system becomes more predictable. Under the one-
packet decrease rule, when a router decides to set a mark bit,
the effect is that one packet less will be arriving a round-
trip time later. For comparison, considerAQM with ECN and
multiplicative decrease, where the corresponding flow will
halve its window. Since the window size is unknown, in
this case both the timing and themagnitudeof the effect is
unknown. With the one-packet decrease rule, the magnitude
of the response is known, only theRTT is uncertain. For this



reason, we expect that using additive decrease will make it
easier to design a protocol that is robust. .

C. Congestion feedback

The amount of signalling that can be sent from the network
to the sources is limited. One common approach is to piggy-
back a congestion indication on packets forwarded to the
receiver, which copies the information into the corresponding
acknowledgment and sends it back. One subtle advantage
with this approach is that if the congestion signal is lost, that
implies that a data packet (or acknowledgment) is lost too,
which is going to be noticed by the sender. We will therefore
assume that we can allocate one bit of information in the
packet header, analogous to the standardizedECN bits. The
main difference toECN is that the response we are defining
for the sender is different, and also the rules for setting the
bit are different.

One consequence of feedback based on packet marking is
that the congestion signal generated by a bottleneck, i.e.,
the mark probabilityp, is distributed to flows using that
bottleneck in proportion to the rate of each flow. For loss-
based congestion control, such asTCP New Reno, the signal
loss rate per unit timehas the same property. When each
source gets a congestion signal proportional to the rate of the
flow, fairness and congestion control are partially decoupled.
Fairness, i.e., sharing of capacity between flows, will depend
primarily on the way sources react to the congestion signal.
Congestion control, on the other hand, is related to the mark
probabilityp and the response of the aggregate of flows. We
use a marking rule with a single parameter:

p(q) =
q

q0 + q
(1)

so we let the marking probability be determined by the
instantaneous queue size, since that is the state variable we
want to control. The queue dynamics provides about the right
amount of low-pass filtering of the arrival rate: The queue
absorbs small fluctuations, and only if a disturbance is large
enough to result in a significant change in the queue size, it
is relevant for congestion control.

We have one design parameter,q0. A largeq0 corresponds
to a small gain fromq to p. We will see thatq0 should
be chosen to be of the same order as the bandwidth-delay
productcτ , and that the equilibrium size of the queue will
be significantly smaller thanq0.

The feedback to be attached to a packet can, in principle,
be attached at any time the packet is in the queue. In practice,
the most common alternatives are to mark packets either at
arrival to the queue, or just before they are transmitted. In
the analysis, we will assume that packets are marked at exit
from the queue, since this minimizes the signaling delay.
Marking packets at arrival has the advantage of giving a
higher correlation between the marks seen by a flow and the
burstiness of that particular flow.

III. SYSTEM MODEL

In this section we develop a fluid-flow model for the new
protocol in a scenario with a single bottleneck. The model

analyzed in next section. The capacity of the bottleneck is
c and the roundtrip propagation delay (excluding queuing
delay) isτ . The bottleneck is shared with constant rate real-
time cross traffic, such that a proportionγc of the capacity is
available, with0 < γ ≤ 1. The state variables are the queue
sizeq(t) and the window sizew(t).

We first consider the inner-loop, theACK-clock. In Fig. 1,
open up the outer-loop, and view the window sizew(t) as an
input to the system, and the queue sizeq(t) at the bottleneck
as the system output. Letr(t) denote the sending rate. Before
its relation to window size and queue size is discussed, we
write down the queue dynamics:

q̇(t) =

{
r(t)− γc q() > 0
max(0, r(t)− γc) q(t) = 0

(2)

For brevity, we will sometimes omit the non-negativity
constraint that forcesq(t) ≥ 0. To capture the influence of
the parameterγ, we use thejoint link model

r(t) =
w(t− τ)

τ + q(t− τ)/c
+ ẇ(t)

The first term can be interpreted as the rate of receivedACKs,
while the second terms are additional packets that are sent or
omitted following a change of the window size. Substituting
into (2) we get

q̇(t) =
w(t− τ)

τ + q(t− τ)/c
+ ẇ(t)− γc (3)

This model unifies theintegrator modelwhich puts r =
w/(τ +q/c), which is used in much of theTCP literature [7],
[17], and thestatic modelq(t) = w(t)− cτ , which takes the
ACK-clock into account [18], but which does not handle real-
time cross traffic.

It is important that (3) isstable. Both the static gain and
the convergence time constant grow asγ is decreased, i.e.,
if the level of real-time cross traffic is increased. To capture
the influence is the main advantage of this joint link model.
We refer to [19], [16], for further discussion and validation
of the joint link model.

The outer-loop, i.e., the window controller, is derived from
the window update law together with the router’s marking
probability (1). The additive increase of the window size is
m, while the additive decrease over oneRTT is pw, i.e., the
number of marked packets within one window. This gives

ẇ(t) =
1

τ + q(t− τ)/c

(
m− q(t− τ)

q0 + q(t− τ)
w(t)

)
(4)

Closing the loop with queue dynamics (3) and window
control (4) gives

ẇ(t) =
1

τ + q(t− τ)/c

(
m− q(t− τ)

q0 + q(t− τ)
w(t)

)
q̇(t) =

{ w(t−τ)
τ+q(t−τ)/c + ẇ(t)− γc q(t) > 0

max
(
0, w(t−τ)

τ+q(t−τ)/c + ẇ(t)− γc
)

q(t) = 0
(5)

This system of non-linear time-delayed differential equations
is further analyzed in next section.



IV. A NALYSIS

Due to the non-negativity constraintq(t) ≥ 0, the right
hand side of (5) is discontinuous at the border, and hence
not Lipschitz. Since the standard results on existence and
uniqueness of solutions does not hold in this setting, we
derive the following result.

Theorem 1:Assume thatf is continuous and thatφ is
non-negative, integrable, bounded, and right-hand continu-
ous. Then there exists a uniquex such that

ẋ(t) =

{
f(t, x(t− 1)) x(t) > 0
max(0, f(t, x(t− 1))) x(t) = 0

for t ≥ 0, with initial conditionx(t) = φ(t) for −1 ≤ t ≤ 0.
Proof: See [16].

For any positive parameters, Eq. (5) has a unique equilib-
rium, given by the solutionw∗ andq∗ of the equations

mq0 = q∗(w∗ −m)
w∗ = γ(q∗ + cτ)

(6)

It is clear thatq∗ > 0 and w∗ > max(m, γcτ). These
equilibrium equations can be solved explicitly:

w∗ =
γcτ + m

2
+

√
(γcτ −m)2

4
+ γq0m

q∗ = −γcτ −m

2γ
+

1
γ

√
(γcτ −m)2

4
+ γq0m

In particular, for largeq0, bothq∗ andw∗ grow as√q0. We
can also solve forq0 in terms ofq∗,

q0 = q∗
(

γ(cτ + q∗)
m

− 1
)

To get an equilibrium queue of one packet,q∗ = m, it
requires that

q0 = γcτ + γm−m ≤ cτ

So it should be a reasonable small-buffer tuning to putq0 =
cτ ; this choice givesw∗ = γcτ + m andq∗ = m/γ.

Next we study the system behavior close to the equilib-
rium. We will use the following lemma.

Lemma 2:Let A, B, C and D be positive, and assume
that

A ≤ 1
BD ≤ C ≤ D ≤ 1

Then the system

ẋ(t) = −
(

A 0
A 0

)
x(t)−

(
0 B
−D B + C

)
x(t− 1)

is globally asymptotically stable.
Proof: See Appendix I.

The stability of the closed-loop system is stated next.
Theorem 3:Let c > 0 be the total capacity of the

bottleneckγc, 0 < γ ≤ 1, available capacity. Letτ > 0
be the propagation delay, andm > 0 the packet size. If

q0 ≥ cτ , then the system (5), describing the queueing and
window dynamics, is asymptotically stable.

Proof: Let q∗ and w∗ denote the equilibrium values,
i.e., the solutions to Eq. (6). Putq(t) = q∗+ q̃(t) andw(t) =
w∗+ w̃(t), and assume that̃q > −q∗, so that the queue does
not underflow. Ignoring higher order terms, the linearized
system is

˙̃w(t) =
1

τ + q∗/c

(
− q∗

q0 + q∗
w̃(t)− q0w

∗

(q0 + q∗)2
q̃(t− τ)

)
˙̃q(t) =

1
τ + q∗/c

(
− q∗

q0 + q∗
w̃(t) + w̃(t− τ)

−
(

γ +
q0w

∗

(q0 + q∗)2

)
q̃(t− τ)

)
Scale time, by the change of variables

v(t) =
(

w̃(τ t)
q̃(τ t)

)
Then the system is of the form

v̇(t) = −
(

A 0
A 0

)
v(t)−

(
0 B
−D B + C

)
v(t− 1)

where

A =
τ

τ + q∗/c

q∗

q0 + q∗

B =
τ

τ + q∗/c

q0w
∗

(q0 + q∗)2

C = γ
τ

τ + q∗/c

D =
τ

τ + q∗/c

Sincew∗ = γc(τ + q∗/c), the assumptionq0 ≥ cτ implies
that

B =
τ

τ + q∗/c

q0w
∗

(q0 + q∗)2
=

q0

q0 + q∗
γcτ

q0 + q∗
< γ

It is then clear that0 < A < 1 and BD < C ≤ D < 1.
Stability of the linearized system follows from Lemma 2.
Then the equilibrium of the non-linear system is locally
asymptotically stable.
On fairness of the new protocol, note that when generalizing
the model to several flows and bottlenecks, it is worth noting
that if several flows share the same set of bottlenecks, they
will all experience the same mark probabilityp. The window
update law implies that in equilibriummk − w∗

kp∗ = 0 for
each flow k. Hence w∗

k = mk/p∗, so the window sizes
of all flows, measured in number of packets, is the same.
This equilibrium property is shared withTCP New Reno, and
implies that in this case, the rate of flowk is proportional to
mk/RTTk. This indicates that fairness properties of the new
protocol will be close to those ofTCP New Reno. Fairness
for a general network topology is analyzed in more detail
in [16].
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Fig. 2. The evolution of the queue size, forq0 = 10, 40, 70, and 100.
The behavior agrees well with the presented stability analysis.

V. EXPERIMENTAL EVALUATION

Experimental evaluation throughns2 simulations is pre-
sented in this section. The performance of the new protocol
is compared withTCP New Reno andTCP Vegas. First,
however, tuning of the protocol parameterq0 is discussed
through simulation of the model developed in Section III.

A. Fluid-flow simulation

To get a better understanding of the dynamics, and the
design parameterq0, we have performed a series of simula-
tions based on the fluid-flow system model (5). We consider a
10 Mbit/s link, with a roundtrip propagation delay of 50 ms,
and with 30% non-responsive cross-traffic (i.e.,γ = 0.7).
The packet size is 1500 bytes. The bandwidth delay product
is 42 packets. The initial conditions areq(t) = 0 and
w(t) = w∗ for t ≤ 0.

In Fig. 2, we see the evolution of the queue size for some
values of the design parameterq0. By Theorem 3, the system
is stable whenq0 ≥ 42 packets. We see that increasingq0

makes the system less oscillatory, and the equilibrium queue
size gets larger. Forq0 = 40 packets, the system converges
slowly. For the smallest value,q0 = 10 packets, the system is
unstable and converges to a limit cycle. The amplitude of this
limit cycle is quite small, in comparison to the transients for
stable choices ofq0. So from a practical perspective, the main
problem caused by this instability is a waste of resources,
since the queue gets empty which implies underutilization
of the bottleneck link, not large delay and delay fluctuations
degrading the quality of real-time applications.

B. Comparison with otherTCP versions

The fluid flow model neglects important packet-level fea-
tures of the proposed mechanism, in particular, it does not
capture the limited information about the mark probabilityp.
To see how the mechanism behaves at the packet level, it has
been implemented in thens2 simulator. The implementation
has a few small changes to a standard implementation:

• Two new bits in thens2 packet header, analogous to
the ECN and ECN echo bits, have been added.

New Reno Vegas New protocol
Loss rate (%) 4.27 0.00 0.02
Utilization (Mbit/s) 1.64 1.88 1.90
TCP throughput (Mbit/s) 1.02 1.39 1.40
Queue average (packets) 7.26 2.90 3.77

std. dev. (packets) 7.12 2.46 3.41
Forward delay average (ms) 114.66 75.78 80.84

std. dev. (ms) 40.11 13.74 19.61

TABLE I
RESULTS FOR THE SINGLE LINK, SINGLE FLOW SCENARIO.

• TheAgent/TCPSink class handles reception ofTCP
data and sending ofACK packets. It is extended to copy
the new mark bit from eachTCP data packets to the
correspondingACK.

• TheQueue/DropTail class implements the simplest
queueing discipline, drop tail. This class is extended
with a new attributeq0. The new marking scheme is
enabled, by settingq0 to a positive value. When enabled,
packets are marked at arrival with a probabilityq/(q0 +
q).

• The Agent/TCP/Newreno class implements the
sending side ofTCP New Reno. It is modified to
examine the echoed mark bit of receivedACKs, and
to decrease current window size by one packet for each
received mark.

Neither the slow start phase or New Reno’s reaction to
packet losses is modified at all. To force theTCP sender to
leave the slow start phase, the initial slow start thresholdin
all the simulations were set to a value close to the product
of the RTT and the fair share.

We compare the results toTCP New Reno andTCP Vegas.
We are interested both in end-to-end properties, such as
throughput and delay, and per-link properties such as queue
size, utilization and loss rate.

1) Single link, single flow:The first scenario uses a single
TCP flow over a single bottleneck. The bottleneck capacity
is 2 Mbit/s, and the roundtrip propagation delay (excluding
queueing delay) is 100 ms. This implies a bandwidth delay
product of 16 packets. The buffer size is set to 21 packets,
and q0 is set to 32 packets. The simulation runs for 60 s,
with a file transfer starting at time 0.1 s. The bottleneck link
is shared with Poisson cross-traffic, 20% of the capacity,
increased to 40% during the interval 20–40 s. The response
to this step is illustrated in Fig. 3.

Table I shows average properties. Compared toTCP New
Reno, the new mechanism almost eliminates packet losses,
while at the same time theTCP throughput is increased and
the queueing delay is reduced. The performance is similar
to the performance withTCP Vegas.

2) Single bottleneck, two flows:For the next scenario, we
keep the same 2 Mbit/s bottleneck link with 20% Poisson
cross-traffic, and start two flows in parallel. The first flow
has a roundtrip propagation time (excluding queueing delay)
of 20 ms, and the second flow has a five times larger delay,
100 ms. The buffer size is set to 30 packets, andq0 is set to
15 packets.
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Fig. 3. Window size (w) and bottleneck queue size (q) for a short segment of a simulation with a single bottleneck and a congestion controlled flow
sharing the bottleneck with Poisson cross-traffic. Att = 20 s, the cross-traffic intensity is increased from 20% to 40% oflink capacity. Left to right: New
Reno, Vegas, and the new protocol. Note the different scale on the vertical axis.

New Reno Vegas New protocol
Flow #0 #1 #0 #1 #0 #1
TCP throughput (Mbit/s) 1.22 0.38 0.82 0.78 1.17 0.42
TCP window (packets) 14.96 7.77 4.28 9.37 5.81 5.21

std. dev. 4.37 2.95 0.47 1.49 1.16 1.20
Forward delay average (ms) 135.55 178.34 50.79 92.95 45.58 88.53

std. dev. (ms) 37.33 35.61 11.15 11.09 13.76 13.41

TABLE III
RESULTS FOR A SINGLE LINK AND TWO FLOWS, PER-FLOW VALUES.

New Reno Vegas New protocol
Loss rate (%) 1.56 0.00 0.00
Utilization (Mbit/s) 2.00 2.00 1.99
Queue average (packets) 19.27 5.79 4.58

std. dev. (packets) 6.00 1.91 2.32

TABLE II
RESULTS FOR A SINGLE LINK AND TWO FLOWS, PER-LINK VALUES .

New Reno Vegas New protocol
Flow #0 #1 #0 #1 #0 #1
Throughput 0.11 1.49 0.88 0.71 0.12 1.48
Window 4.49 13.05 25.48 4.40 2.94 7.06

dev. 2.01 3.57 10.08 0.75 0.75 1.26
Delay 323.05 91.29 270.83 62.56 181.30 44.63

dev. 46.30 26.29 51.95 24.14 23.59 12.49

TABLE V
RESULTS FOR THE“ PARKING-LOT” TOPOLOGY, PER-FLOW VALUES.

Average per-link quantities are summarized in Tab II.
Here, the new mechanism and Vegas still look similar,
reducing loss and delay as compared to New Reno. Average
per-flow quantities are summarized in Tab. III. The sharing
of capacity is roughly the same for the new protocol and New
Reno; the flow with the longer delay gets approximately a
third of the throughput of the flow with the shorter delay.
With Vegas, the two flows get almost the same throughput.
For both the new protocol and New Reno, flows that share
the same set of bottlenecks are expected to have the same
equilibrium window size. In this experiment, that is not the
case for the two New Reno flows.

3) “Parking-lot” topology: In the final scenario, we have
three bottleneck links in series. The links are still 2 Mbit/s,
with both the buffer size andq0 set to 20 packets. Over each

link, there is oneTCP flow, and 20% Poisson cross-traffic.
These short flows have 20 msRTT excluding queueing. We
also add one longRTT flow, traversing all three bottlenecks,
with an RTT of 150 ms excluding queueing.

Average per-link quantities are summarized in Tab. IV.
We see that Vegas reduces queueing delay a bit compared
to New Reno. While it reduces packet losses, there is still
a significant packet loss (different for the three links). The
new mechanism reduces queueing further, and it eliminates
packet losses. Average per-flow quantities are summarized
in Tab V. Flow #0 is the long flow, and flow #1 is one of
the short flows. We see that the end-to-end delay and delay
jitter is reduced considerably. If we compare the throughput
between the long flow and the short flows, we see that the
sharing is similar for the new protocol and New Reno; a
short flow gets≈ 13 times the throughput of the long flow.
For Vegas, the picture is very different. Vegas aims to give
all flows the same throughput, and in this example, the long
flow gets slightly larger throughput than a short flow.

VI. CONCLUSIONS

We have proposed a new congestion control protocol,
consisting of the standardACK-clock based inner-loop, and
a novel outer-loop that adjusts the window size. Routers
mark packets with a probability depending on their instan-
taneous queue size. In the absence of marks on received
ACKs, sources increase their window sizes linearly. When a
markedACK is received, the source subtract the size of the
corresponding data packet from its congestion window.

The rule of reducing window size by one packet on
the reception of a markedACK is a subtle change from
standardECN processing, which has two important benefits:
The frequency of packet marks can be much higher than



New Reno Vegas New protocol
Loss 1.96 1.99 1.67 0.25 0.14 0.09 0.00 0.00 0.00
Util. 2.00 2.00 2.00 1.99 1.99 1.99 1.99 1.99 1.99
Queue 11.98 12.07 11.94 8.78 8.45 8.58 4.37 4.43 4.33

dev. 4.32 4.37 4.35 4.02 3.92 3.71 2.15 2.16 2.09

TABLE IV
RESULTS FOR THE“ PARKING-LOT” TOPOLOGY, PER-LINK VALUES .

with standardAQM/ECN schemes, on average, a flow in
equilibrium will get receive one markedACK per RTT. In
this way, sources are provided with more information about
the network state. Furthermore, from a router’s point of view,
the effect of the decision to mark a packet becomes much
more predictable, since it does not depend on the unknown
window size of the corresponding flow.

The proposed marking scheme uses a single parameter,
q0, per link. The value should be on the same order as
the expected value of the bandwidth-delay product of flows
using the link. We believe tuning of this parameter should
be fairly easy. Larger values results in a larger equilibrium
queue size and a more stable system, while smaller values
result in a smaller equilibrium queue size. For small values
of q0, the system is unstable, but in our simulation, this
instability corresponds to small oscillations of the queuesize
and queue underflow, which indicates that the penalty for
choosing a too smallq0 is reduced link utilization, not large
queue oscillations.

The proposed protocol has been implemented inns2, and
simulated over a single link topology, and over a “parking-
lot” topology with several bottlenecks. The simulations show
that the proposed protocol maintains full utilization and small
queueing delays. Furthermore, each flow gets a share of
capacity close to what the flows would get if they were all
using TCP New Reno.

The fundamental difference from commonTCP/AQM
schemes is that the feedback from the network is applied
additively to the window sizes. This is a promising approach
for making congestion controlled traffic, including peer-to-
peer file-sharing of large files, coexist nicely with real-time
traffic.

The development of the new congestion control protocol in
this chapter is not complete, but suggests some further work.
Interesting problems include to investigate the equilibrium
and dynamical properties when a large number of flows share
a bottleneck. Moreover, the slow start mechanism needs
further studies. InTCP New Reno, the first transition from
the slow start state to congestion avoidance state happens
after the first packet loss. If packet losses are eliminated,
this transition must be based on some other signal. We need
a slow-start like mechanism that can grow the window size
quickly when the network is uncongested, and, based on
received packet marks, switch to congestion avoidance before
the bottleneck queue grows large.
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APPENDIX I
PROOF OFLEMMA 2

Form the characteristic function

f(s) = s2 + As +
(
AC + (B + C)s

)
e−s + BDe−2s



We use the standard contour around the right half-plane. Put
s = iω, then

f(iω) = −ω2 +(B +C)ω sin ω +AC cos ω +BD cos 2ω

+ iω

{
A + (B + C) cos ω −AC

sinω

ω
−BD

sin 2ω
ω

}
Consider the interval0 < ω ≤ π/2. Then

Im f(iω)
ω

= A

(
1− C

sinω

ω

)
+ (B + C) cos ω − 2BD cos ω

sinω

ω
> (C + B − 2BD) cos ω ≥ B(1−D) cos ω ≥ 0

We also havef(0) = AC +BD > 0. Next, consider the real
part, andω ≥ π/2. First, assume thatπ/2 ≤ ω ≤ π. Then
cos ω ≤ 0, andsinω ≥ 0, so that

Re f(iω) = −ω2 + (B + C)ω sin ω + AC cos ω + BD cos 2ω

≤ −ω2 + (B + D)ω sin ω + BD cos 2ω

Now, fix anω in the interval. We have two cases: Ifω sin ω ≥
cos 2ω, then the largest value is attained whenB = D = 1,
and

Re f(iω) ≤ −ω2 + 2ω sinω + cos 2ω

= (cos ω − sinω + ω)(cos ω + sinω − ω) < 0

For the final inequality, the second factor is clearly negative,
and the first factor is positive, sincecos ω − sinω + ω ≥
−√2 + π/2 > 0. Otherwise, ifω sin ω < cos 2ω, then the
maximum value is attained in the limit asB = 1 andD → 0,
or vice versa. Hence

Re f(iω) ≤ −ω2 + ω sin ω = ω(sinω − ω) < 0

This shows thatRe f(iω) < 0 for all π/2 ≤ ω < π. Finally,
assume thatω ≥ π. Then

Re f(iω) = −ω2 + (B + C)ω sinω

+ AC cos ω + BD cos 2ω

≤ −ω2 + 2ω + 2 = −(ω − 1)2 + 3

≤ −(π − 1)2 + 3 < 0

Since f(0) = AC + BD > 0, and f(iω) avoids the
fourth quadrant for allω > 0, it follows that the curve does
not encircle, nor pass through, the origin. By the argument
variation principle,f(s) does not have any roots in the right
half-plane, and hence the system is stable.
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Abstract: It is well known that in control systems where the performance variable is measured
for feedback, crude models are often sufficient in order to obtain high performance and stability
robustness. In this paper, we consider the case where the performance variable differs from the
one measured. In this situation it is conceptually easy to apply a control strategy that minimizes
the performance variable. However, it is shown that such control laws require detailed system
models and stability robustness may become an important issue. This is especially so for systems
of lightly damped structures, where the difficulties arise from a number of lightly damped zeros
of different transfer functions. This issue is highlighted using the example of feedback control of
a flexible cantilevered beam.
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1. INTRODUCTION

In many control applications it is not possible to directly
measure the performance variable that is to be controlled.
Such situations occur whenever it is difficult, expensive or
even impossible to measure some desired physical quantity.
For control systems where the performance variable is
measured for feedback it is well known that only crude
models are needed, since feedback performance is ro-
bust with regard to model uncertainties. The drawback
with feedback control is that the closed loop system
may become unstable and therefore stability robustness
is an important issue for feedback systems [Skogestad and
Postlethwaite, 2005].
This is in contrast to feedforward control, which does
not affect the stability of the controlled system but very
detailed models are needed in order to achieve high per-
formance.
For systems where the performance variable is not directly
measured it is conceptually straightforward to apply feed-
back control with the purpose to control another variable
apart from the one measured. In order to accomplish this,
a model of the full system is needed. However, it turns
out that such feedback control systems may suffer from
the drawbacks of both feedback and feedforward control.
A very detailed model of the system is required and the
closed loop system may become unstable [Freudenberg
et al., 2003]. Especially, systems with lightly damped ze-
ros appears to be difficult to control. Such systems are
common in the fields of vibration and noise control [Fuller
et al., 1996, Preumont, 2002, Moheimani et al., 2003].
In this paper we consider vibration control of a flexible can-
tilevered beam, which is a commonly used example in the
vibration control literature [Meirovitch, 1997, Moheimani

et al., 2003]. It is shown that feedback properties is prob-
lematic for the case when the performance variable is not
measured for feedback. The work is inspired by the paper
Nauclér et al. [2005], where it was noticed that deflection
control from strain measurements imposed severe stability
robustness problems.

2. PROBLEM FORMULATION

Consider a dynamic system on state space formẋ(t) = Ax(t) + Bu(t) + Nw(t)z(t) = Mx(t) + Dzuu(t) + Dzww(t)y(t) = Cx(t) + Dyuu(t) + Dyww(t) (1)

where x is a vector of state variables, u is the control
signal, w is a disturbance entering the system, y is the
measured variable and z is the performance measure that
we are to control. The variables u, w, z and y are all
assumed to be scalar valued. It is straightforward to find
a feedback control law designed to make the z variable
‘small’ in some sense. This can be performed using for
example LQG control theory. The criterion to minimize
then can be written asV = limn!1 1n nZ

0

[q1z2(t) + u2(t)]dt
where q1 is a design variable, chosen to obtain some desired
closed loop performance. In this paper, the LQG controller
will be compared to an ‘ideal’ controller that is derived
from the model of the system.
The transfer function representation of (1) can be written
as Y (s) = Gyu(s)U(s) + Gyw(s)W (s)Z(s) = Gzu(s)U(s) + Gzw(s)W (s)
where



-
-
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Fig. 1. Block diagram of the control problem.Gyu(s) = Byu(s)A(s) = C (sI �A)�1 B + Dyu (2)Gyw(s) = Byw(s)A(s) = C (sI �A)�1 N + Dyw (3)Gzu(s) = Bzu(s)A(s) = M (sI �A)�1 B + Dzu (4)Gzw(s) = Bzw(s)A(s) = M (sI �A)�1 N + Dzw: (5)

Furthermore, we introduce the feedback control lawU(s) = �K(s)Y (s) = �BK(s)AK(s)Y (s):
Notice that the definition of (2)–(5) by use of (1) restricts
the zero polynomials Bij to take any form. They must have
a physical interconnection.
For flexible structures the pole polynomial A(s) depends
on the material and geometric properties of the structure.
It is independent on the sensor location and the type of
variable that is considered. Therefore, all channels Gij
share the same pole polynomial. This is not the case for
the zero polynomials.
A block diagram of the control problem is depicted in
Figure 1.

3. CLOSED LOOP TRANSFER FUNCTIONS AND
HIGH GAIN FEEDBACK

For closed loop systems the sensitivity function plays a key
part. It is given byS(s) = 1

1 + Gyu(s)K(s) (6)

and it shows how sensitive the closed loop system is to
modeling errors. The sensitivity function also shows the

effect of the disturbance on the measured output y. More
specifically, Y (s) = Gyw(s)S(s)W (s)
in closed loop. However, it does generally not show the
effect of the disturbance on the performance variable z.
This effect is given byZ(s) = TzwW (s)
where Tzw = Gzw(s)� K(s)Gzu(s)Gyw(s)

1 + Gyu(s)K(s) (7)

and as in Freudenberg et al. [2003] we define the distur-
bance response ratio asRzw(s) = Tzw(s)Gzw(s)
which can be used to relate the closed-loop to the open-
loop response.
In our case, where all transfer functions share the same
pole polynomial, (7) modifies toTzw(s) = Bzw(s)A(s) � BK(s)Bzu(s)Byw(s)A(s) [A(s)AK(s) + Byu(s)BK(s)] :
From the expression (6) we see that high gain feedback
can be used in order to make S small (unless Gyu contains
right half plane zeros). This may not be the case for Tzw
in (7). High gain feedback yields

limK(s)!1Tzw(s) = Bzw(s)Byu(s)�Bzu(s)Byw(s)A(s)Byu(s)
which differs from zero, unlessBzw(s)Byu(s)�Bzu(s)Byw(s) � 0:
This is rarely the case unless the performance variable is
measured for feedback. This fact is next illustrated in two
simple examples.

Example 1

Consider a system with z = y defined by the transfer
functionsGyu(s) = Gzu(s) = 1s+ 1Gyw(s) = Gzw(s) = 1 (i.e. Byw = Bzw = A)
and the proportional (and constant) feedback control lawU(s) = K(s)Y (s) = BK

1 Y (s):
The closed loop response becomesZ(s) = Y (s) = s + 1s+ 1 + BKW (s)
which can be made arbitrarily small by use of high gain
feedback (BK !1). 2
Next, we treat the case with z 6= y where the gain of Gzu
differs from the gain of Gyu. Surprisingly, the disturbance
response will behave completely different if high gain
feedback is employed.



Example 2

Consider now the systemGyu(s) = 1s + 1Gzu(s) = 2s + 1Gyw(s) = Gzw(s) = 1
and the high gain proportional controllerK(s) = BK ; BK !1
which yields the closed loop disturbance responseZ(s) = �W (s):
Obviously, the performance of the high gain controller is
very poor. In contrast to Example 1, the disturbance is
not attenuated at all. Still, the sensitivity function goes to
zero with the high gain controller. 2

4. A PERFECT DISTURBANCE CANCELLATION
CONTROLLER AND THE Γ-FUNCTION

As indicated in the previous section high gain feedback
may not be fruitful for disturbance rejection. Specifically,
it is likely not possible to achieve arbitrarily good per-
formance. In Freudenberg et al. [2003] a perfect feedback
cancellation controller is derived. It is given byKC(s) = Gzw(s)Gzu(s)Gyw(s)�Gzw(s)Gyu(s) (8)

and it yields Tzw(s) � 0:
The controller may not realizable and/or stabilize the
closed loop system. Conditions under which the controllerKC makes the closed loop system stable are discussed in
Freudenberg et al. [2003].
In any case, a controller that is designed to make Tzw(i!)
small over a certain frequency interval must approximateKC(i!) over that particular frequency range [Freudenberg
et al., 2003].
The disturbance cancellation controller depends precisely
on the model of the system to control. Its ability to perform
efficient disturbance rejection depends on the accuracy of
the models. Also, since feedback is involved, the closed
loop system may become unstable. Therefore, control of
a performance variable that is not measured for feedback
shares the drawbacks of both feedforward and feedback
control.

Example 2 (revisited)

In this example high gain feedback was not successful.
The ideal disturbance cancellation controller actually is
a proportional differentiating controller (PD),KC(s) = s+ 1
that drives the performance variable identically to zero.
The sensitivity function becomesS(s) = 1

2
which implies that the disturbance response to the mea-
sured variable will be attenuated with a factor of 2 com-
pared to the open loop case. However, KC is not proper

and therefore it needs to be modified before implementa-
tion. 2
By inspection of the equations (6) and (7) one may imagine
that there exists a tradeoff between making the sensitivity
function S and the disturbance response Tzw small. Such
a tradeoff does exist and the difficulty of this tradeoff is
indicated by

Γ(s) = Gzu(s)Gyw(s)Gzw(s)Gyu(s) = Bzu(s)Byw(s)Bzw(s)Byu(s) : (9)

Notice that the dimensionless quantity given by (9) only
depends on the system to control and not on the feedback
design. The function Γ(s) has a number of interesting
properties [Freudenberg et al., 2003]:

1. If Rzw(i!) ! 0, thenS(i!) ! 1� 1
Γ(i!) (10)

2. If S(i!) ! 0, thenRzw(i!) ! 1� Γ(i!)
Thus, if Γ = 1 (or Γ � 1) there exists no (little) tradeoff
between feedback properties and disturbance attenuation.
Then, it is possible to make S and Rzw (and hence Tzw)
small simultaneously.
However, a severe tradeoff problem exists if jΓ(i!)j is either
very large or very small for some frequencies !. This is
the case if the transfer functions have a number of lightly
damped zeros that are not shared between BzuByw andBzwByu.
It is well known that right half plane zeros impose that
the sensitivity function must satisfy certain interpolation
constraints in order for the closed loop system to be
stable [Goodwin et al., 2001]. Therefore, right half plane
zeros limits the achievable closed loop bandwidth. The Γ-
function (9) implies that the general disturbance attenua-
tion problem is difficult as long as there exist zeros close to
the imaginary axis. Thus, also left half plane zeros impose
control difficulties.
By use of Γ(s) we will investigate the difficulty of vibration
control for a flexible structure where the performance
variable is not measured for feedback. Models from two
different modeling techniques will be considered.

5. MODELING OF A PIEZOLAMINATED
CANTILEVERED BEAM

Consider a cantilevered flexible beam as shown in Figure 2.
A pair of piezoelectric patches are used as actuator in the
structure. They are arranged so that they generate flexural
waves when a voltage is applied. The measured outputy is the signal from a pair of strain sensors, positioned
at r = ry . The performance output z is here considered
to be the transversal deflection at position r = rz and
the external disturbance w is a force applied at positionr = rw.
We consider two types of materials and modeling strategies
for the system. The first type is a beam of a viscoelastic
material. It exhibits the property that if the deformation



u(t)y(t) z(t) w(t)
rr1 r2ru; ry rwrz

Fig. 2. An experimental setup of a flexible beam with
piezoelectric patches.

is specified, the current stress depends on the entire
deformation history. This is the difference between a
viscoelastic material and a elastic material, where the
current stress depends on the current strain (a relation
given by Young’s modulus).
The modeling of the viscoelastic beam is quite involved
and one may ask if the control difficulties are due to
the rather special modeling technique. For purpose of
comparison, we therefore also model the system for the
pure elastic case. This can be performed using the modal
analysis technique which is a mainstream approach for
modeling of simple flexible structures. In both cases it is
assumed that the shear deformation is negligible compared
to the bending deformation so that the dynamics of
the beam can be described by the Euler-Bernoulli beam
equation [Timoshenko, 1955, Moheimani et al., 2003]�2�r2

hEbIb �2z(t; r)�r2

i
+ �bAb �2z(t; r)�t2 = f(t; r)

where z is the transversal deflection at time instance t
at position r. The quantities Eb, Ib, Ab and �b represent
the Young’s modulus, moment of inertia, cross-section area
and density of the beam, respectively. The variable f(t; r)
some distributed axial force (e.g. external disturbance or
force generated by the piezoelectric elements).
The boundary conditions of the aluminum cantilevered
beam arez(t; 0) = �z(t; 0)�r = �2z(t; lb)�r2 = �3z(t; lb)�r3 = 0:
and it is assumed that the piezo electrical elements are
thin compared to the base structure, so that their effect
on the structural properties is negligible.
For the viscoelastic beam, the modeling is more complex
since the piezo patches are relatively much stiffer than
the beam. The beam is divided into three parts that
are tied together with eight compatibility conditions. The
modeling also differs in the sense that disturbing force is
restricted to enter at the tip of the beam as a boundary
condition, Nauclér et al. [2005].
The strain y is related to the transversal deflection troughy(t; r) = �h(r)

2
�2z(t; r)�r2 (11)

where h is the height of the beam at position r.
The technical data of the beam and the piezoelectric
patches can be found in Table 1.

Table 1. Properties of the beam and the
piezoelement.

Beam length, lb 0.59 m
Beam width, wb 0.01 m
Beam thickness, hb 0.002 m
Beam density (viscoelastic), �b 1183 kg/m3

Beam density (elastic), �b 2770 kg/m3

Beam Young’s mod. (elastic), Eb 7.0�1010 N/m2

Piezo position r1 0.10 m
Piezo position r2 0.14 m
Piezo width, wp 0.01 m
Piezo thickness, hp 0.00025 m
Piezo density, �p 7878 kg/m3

Piezo Young’s mod. 6.7 �1010 N/m2

Piezo charge constant, d31 -2.1�10�10 m/V
Piezo voltage constant, g31 -11.5�10�3 Vm/N
Piezo coupling coeff., k31 0.340

5.1 Viscoelastic Beam

The viscoelastic beam system was modeled and controlled
in Nauclér et al. [2005]. It was noticed that if the mea-
sured variable was employed as performance signal it was
possible to robustly control the system using LQG control
theory. However, if the transversal deflection was to be
controlled from strain measurements, the stability margin
of the closed loop system was extremely poor. In the
sequel, we will utilize the tools from Section 4 to further
analyze the difficulties of the control problem. The model-
ing details are left out and can be found in Nauclér et al.
[2005].

5.2 Aluminum Beam and the Modal Analysis Technique

The modal analysis technique can be applied to simple
structures with no (or very little) damping. A solution of
the form z(t; r) =

1Xk=0
qk(t)�k(r)

is then sought. The details of the modeling can be found
in for example Moheimani et al. [2003], Meirovitch [1997]
and Moheimani et al. [1998]. Here, we briefly state the
modeling procedure.
For the cantilevered beam, the mode shapes �k takes the
form �k(r) = lb� cosh(�kr)� cos(�kr)� �k [sinh(�kr)� sin(�kr)] �
where �k = cos(�klb) + cosh(�klb)

sin(�klb) + sinh(�klb)
To find �k the transcendental equation

cos(�klb) cosh(�klb) = �1 (12)
needs to be solved. It can be performed by a numerical
search. The �k variables are related to the natural fre-
quencies of the beam through!k = �2ksEbIb�bAb :



Transfer function models of the system are obtained upon
Laplace transformation and utilization of the orthogo-
nality between the mode shapes �k. For the transversal
deflection, the transfer functions take the formGzu(s) =

NXk=1

�k(rz) [�0k(r2)� �0k(r1)]s2 + 2�k!k + !2k Cp�bAbl3b (13)Gzw(s) =
NXk=1

�k(rz)�k(rw)s2 + 2�k!k + !2k 1�bAbl3b (14)

where N !1 andCp = Epd31wb(hp + hb)
is a geometric constant. In the expression for Cp the
effect of the double actuator is taken into account. Upon
application of (11), the transfer functions from the inputs
to the measured strain isGyu(s) =

NXk=1

�00k(ry) [�0k(r2)� �0k(r1)]s2 + 2�k!k + !2k �h(ry)Cp
2�bAbl3b (15)Gyw(s) =

NXk=1

�00k(ry)�k(rw)s2 + 2�k!k + !2k �h(ry)
2�bAbl3b : (16)

There are a number of practical issues to consider when
dealing with the transfer functions (13)–(16). First of all
it is not possible to compute the infinite sums. Here it is
chosen to simply truncate the sums (choose a finite N).
There exists, however, more sophisticated techniques that
correct for the neglected dynamics, see e.g. Moheimani
et al. [2003]. For numerical computations, the frequency
axis is re-scaled and we use scaling of the variables so that
the different signals are of equal magnitude [Skogestad and
Postlethwaite, 2005]. The resulting transfer functions have
the appearanceGsyu(s) = duGyu(2s=!N)=dyGsyw(s) = dwGyw(2s=!N)=dyGszu(s) = duGzu(2s=!N)=dzGszw(s) = dwGzw(2s=!N)=dz
where di is the maximum expected value of variable i. We
set du = 250 Volt and dw = 1 (impulse of amplitude 1).
The scaling factors dy and dz depends on the disturbancew and the position of z and y.

6. DISTURBANCE ATTENUATION FOR THE
FLEXIBLE STRUCTURE

In this section we compare the perfect disturbance cancel-
lation controller (8) with a controller obtained using LQG
control theory [Goodwin et al., 2001]. This is performed
for both of the two beam systems. The position of y, z andw are set to ry = rz = r1 + r2

2rw = lb;
see Figure 2 and Table 1.

6.1 The Viscoelastic Beam

If LQG control theory is employed with the purpose to
control the transversal deflection z from strain measure-
ments y, a loop gain and a sensitivity function as depicted
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Fig. 3. Loop gain (solid) and sensitivity function (dashed)
for the viscoelastic beam controlled using LQG.
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Fig. 4. Disturbance response. Open loop, Gzw (solid) and
closed-loop, Tzw (dashed) for the viscoelastic beam
controlled using LQG.

in Figure 3 can be obtained. It can be seen that even
though the strain sensor is collocated with the actuator
the stability margin is extremely poor.
Figure 4 shows the open-loop and controlled disturbance
response in the frequency domain. It can be seen that
the first peak is attenuated, whereas the peaks with lower
magnitude are left almost unaffected.
The severity of the control problem can be analyzed using
the Γ-function (9). It is plotted together with the loop gain,
obtained with the ideal disturbance cancellation controllerKC (8), see Figure 5. It can be seen that jΓj has several
dips and therefore the control problem is difficult. In
order to attenuate the disturbance any controller must
approximate the ideal controller KC over the frequency
interval of interest. A comparison between Figures 3 and
5 shows that this is indeed the case. Here, the controllerKC is actually not stabilizing, but the LQG controller is.

6.2 The Aluminum Beam

For the case of an aluminum beam the modeling outlined
in Section 5.2 is employed. The transfer function sum is
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Fig. 5. Control using KC . Loop gain (solid) and Γ (dashed)
for the viscoelastic beam

truncated at N = 10 and the relative damping is set to�k = 0:001, k = 1; � � � ; 10.
We begin by inspecting the Γ-function and the sensitivity
limit 1 � 1=Γ, defined in (10), for perfect disturbance
rejection. Their respective modulus are depicted in Figure
6. The curves show that the control problem indeed is
difficult. The Γ-function has a large number of peaks
and dips. These are due to the lightly damped zeros of
all the transfer functions. The curves indicate that is is
difficult to make Tzw and the sensitivity function small
simultaneously.
We conclude with a comparison between the disturbance
cancellation controller and a controller obtained by use
of LQG control theory. For these two controllers, the loop
gains are shown in Figure 7. Also here, the LQG controller
mimics KC and the stability robustness is very poor. As
before, the controller KC is not stabilizing the system,
whereas the LQG controller does.

7. CONCLUSIONS

By use of the example of a flexible cantilever beam, the
difficulty of controlling a performance variable that is not
measured for feedback have been depicted. The problem is
due to the lightly damped zeros of the flexible structure.
We have illustrated the difficulties of controlling the
transversal deflection from strain measurements when the
two variables are positioned at the same point in space.
However, difficulties may appear whenever one tries to
control:

1. A different physical quantity apart from the one mea-
sured.

2. The same physical quantity as the one measured but
at a different position.

This is due to the fact the transfer functions Gyu, Gyw,Gzu and Gzw do not share zero polynomials.
It is possible to obtain satisfactory disturbance rejection,
but this is likely to be to the expense of stability robust-
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Fig. 7. Loop gain for the aluminum beam. LQG controller
(solid) and ideal disturbance controller (dashed).

ness. For controllers that mimic the perfect cancellation
controller KC over a wide frequency range, the loop gain
and sensitivity function indicated severe robustness prob-
lems. Therefore, minimization of control variables apart
from the one measured may be quite difficult in practice.
The Γ-function presented by Freudenberg et al. [2003]
provides an efficient tool to analyze the severity of the
control problem.
As indicated by the examples in this paper, high distur-
bance rejection performance suffers from the disadvantages
of both feedback and feedforward control. Stability is prob-
lematic and very detailed and accurate models are needed.
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1. INTRODUCTION

The PID controller is by far the most common controller
in industry today. Even so, a lot of these controllers
are poorly tuned. Two of the main reasons for that is
lack of knowledge and time among the operators. As a
consequence, many controllers are set to default values. In
other cases, the derivative part is turned off because it was
not used correctly, giving noisy signals. It would therefore
be a good idea to educate the operators in the possibilities
of the PID controller and to provide them with simple and
fast design tools. This report briefly describes a program
that achieves both goals and should be useful for people
in the industry as well as for academics.

There are many PID design methods available today and
some of the most famous are collected and analysed in
Åström and Hägglund (2005). Of these, the MIGO and
AMIGO methods (also see Panagopoulos et al. (2002)
and Hägglund and Åström (2004)) are probably those
most worth mentioning in connection to this work. They
are based on optimization of load disturbance rejection
under robustness constraints. A further development of
the MIGO method, and largely based on the same method
as used in this work, was presented in Nordfeldt (2005).
An advantage with Nordfeldt’s method is that it also
works for some more advanced process structures. This
report focuses on the software that solves the optimization
problem and how it can be used to increase people’s
understanding of PID control.

The proposed PID control design method is incorporated
in several Matlab functions. There are many good reasons
to have a software based tool for control design and
analysis. In Åström and Hägglund (2001) it is pointed
out that it would be of great value to have software
that can give persons with moderate knowledge on PID
controllers a possibility to experiment on those and at
the same time be able to use the program to build
controllers for a real plant, by incorporating it into an
autotuning procedure. For simulation experiments and real
use purposes, the presented software is able to provide
a well working controller with analysis tools in just a
few seconds time. The advanced user should also be
able to modify the optimization problem to broaden the
possibilities.

2. DESIGN CRITERION

The proposed PID controller design tool is mainly meant
to work well for systems common in process industry.
The kind of plants encountered there are often stable,

monotone and primarily affected by low frequency load
disturbances.

In order for the controller design to work well on a process,
P (s), it is important to take all system signals into consid-
eration, especially if optimization is used. Figure 1 shows a
block diagram of the system that the PID controller, C(s),
is designed for. There are two external signals entering the
system, namely load disturbance d (mainly low frequency)
and measurement noise n (assumed high frequency). Of
the closed loop transfer functions, those of greatest interest
for this paper are the complementary sensitivity function
T (s) and the sensitivity function S(s), defined as

T (s) =
P (s)C(s)

1 + P (s)C(s)
, S(s) =

1
1 + P (s)C(s)

.

The PID controller is on parallel form with a second order

C(s) P (s)

−1

d

yue

n

ΣΣ

Fig. 1. A load disturbance, d, and measurement noise, n,
act on the closed loop system with process P (s) and
PID controller C(s).

low pass filter

C(s) = K(1 +
1

sTi
+ sTd) · 1

1 + sTf + (sTf )2/2
,

on the measurement signal. Tf , is chosen to weight the
degree of measurement noise rejection.

The objective of the proposed PID design method is
to find the PID controller giving the least integrated
absolute error (IAE) value when a load disturbance d,
modelled as a step, is acting on the closed loop system. The
optimization is done under the constraints that the closed
loop system is stable and that the open loop Nyquist curve
is tangent to one or two prespecified circles in the complex
plane without entering either of them (see Figure 2), thus
maximizing the gain. These two circles are called the Ms-
and Mp-circles, which sizes and positions are given by

Ms = max
ω

|S(iω)|, Mp = max
ω

|T (iω)|,
hence the names. The resulting, non-convex, optimization
problem can be written as



min
K,Ti,Td∈R+

∞∫
0

|e(t)|dt = IAEload (1)

subject to |Go(iω)− CMs |2 ≥ R2
Ms

∀ω ∈ R+,

|Go(iω)− CMp |2 ≥ R2
Mp

∀ω ∈ R+,

|Go(iωs)− CMs |2 = R2
Ms

,

|Go(iωp)− CMp |2 = R2
Mp

,

where e(t) is the control error, Go(iω) is the open loop
frequency response, ωs are frequencies for which Go(iω)
is tangent to the Ms-circle and vice versa for ωp on the
Mp-circle. Either ωs or ωp could be an empty vector, but
not at the same time. The radius and centre point of
the Ms-circle are denoted by RMs and CMs respectively,
with corresponding measures for the Mp-circle, RMp and
CMp . Small Ms- and Mp-values result in large circles. In
the software, the maximum allowed Ms- and Mp-values
can be prespecified by the user (Ms = Mp = 1.4 is
default, resulting in 41.8◦ phase margin). The Ms- and
Mp- criterions are known to set the closed loop robustness
towards process variations, disturbances and nonlinearities
as described in Åström and Hägglund (2005). MIGO on
the other hand uses a simplified robustness criterion called
the M -circle, defined as the smallest circle that can be
drawn around both the Ms- and Mp-circle.
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Fig. 2. The Ms-circle (dashed), Mp-circle (dash-dotted)
and the open loop Nyquist curve (solid) when the
optimization criterions are fulfilled.

3. ALGORITHM OVERVIEW

The main goal of the new design algorithm was to develop
a fast, interactive and easily modifiable software tool for
robust PID design.

A non-convex optimization problem like (1) may have
many local minima. It is therefore hard to guarantee that
the solution obtained always is the global solution. It is
also difficult to draw any general analytical conclusions as
the problem is far from trivial. The method of gridding
does however give a possibility of drawing surface plots of
the cost function. These can be used to determine whether
or not it is likely that a given solution is in fact the global

minimum. This is also the major reason why gridding is
an optional optimization method in the proposed design
program.

Analysis of many cost function surfaces have shown that
if not all, then at least a lot of them only have one
minimum. This finding gave the idea to use a faster and
more advanced optimization tool than gridding, called the
Nelder Mead (NM) method, Nelder and Mead (1965), in
order to find the minimum.

The new algorithm can be summarized by

(1) Given a linear transfer function, initial PID parame-
ters are chosen using the AMIGO method.

(2) NM optimization finds the PID controller giving the
minimum cost function in the Ti-Td plane.
(a) For each Ti-Td couple, a proportional gain, K, is

found such that the constraints are fulfilled.
(b) Simulink simulations are used to calculate IAE-

values in the points through which the NM
method proceeds.

An interactive program menu has been added to make
it possible for the user to change a number of settings
in the algorithm as well as for the presentation of the
results. When the program is run in Matlab, the menu
will come up unless the opposite is stated by the user.
New default values for the optimization can also be set
as input parameter. This is especially useful for batch
runs, when you may want to choose the settings before
a number of program runs are started. An experienced
user should easily be able to modify the program, to for
instance, change the optimization method or at least to
change the cost function.
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H. Panagopoulos, K.J. Åström, and T. Hägglund. Design
of PID controllers based on constrained optimisation.
IEE Proceedings - Control Theory & Applications, 149
(1):32–40, 2002.



Breath: a Self-Adapting Protocol for
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1 Abstract

The novel cross-layer protocol Breath for wireless sensor net-
works is designed, implemented, and experimentally evaluated.
The Breath protocol is based on randomized routing, MAC and
duty-cycling, which allow to minimize the energy consumption
of the network while ensuring a desired packet delivery end-to-
end reliability and delay. Experimental results show that Breath
is able to meet the latency and reliability requirements. Further-
more, it exhibits a good distribution of the working load, thus
ensuring a long lifetime of the network.
Keywords: Wireless Sensor Network, Power control, MAC,
duty cycle, optimization.

2 System model
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The network nodes are organized into sources and destination
node together withh − 1 blocks. TheCid shows the group ID
of each block

3 The Breath Protocol
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CSMA/CA

Beacon

Received

Time Out
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State machine description of the Breath protocol
A node sends a data packet to a node randomly selected in a
forwarding region, which is located in the direction towardthe
sink node. Each node does not stay in an active state all time,
but goes to sleep for a random amount of time, which depends
on the traffic conditions. Hence, the duty-cycling algorithm is
randomized.

P : min
h,µc

Etot(h, µc)

s.t. Pr[D(h, µc) ≤ τ ] ≥ ∆ ,

ψ(h, µc) ≥ Ω .

The protocol is tuned through a constrained optimization prob-
lem. The objective function is the total energy consumption
for transmitting and receiving packets from the source to the
destination. The constraints are given by an end-to-end delay
probability, and a packet reception probability. The decision
variables of the optimization problem are the cumulative wake-
up rateµc of each cluster and the number of blocks,h− 1.

4 Experimental Implementation

The effectiveness of the Breath protocol is validated through
an extensive set of experiments. The protocol has been
implemented on Tmote Sky nodes. It has been compared
with a standard implementation of IEEE 802.15.4 which
sets a fixed sleep schedule, defined byCTac whereC is inte-
ger number (i.e.,C = 1 andC = 4 are setting for case A and B).
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E2E delay: The end-to-end delay perfectly meets the con-
strains. It is interesting to observe that end-to-end delay
decreases as the traffic rate increases. Breath has an interme-
diate behavior with respect to IEEE 802.15.4A and B after
λ = 7.
PRR: Breath presents an excellent behavior in any situation of
channel condition and for any traffic rate. It is interesting that
the PRR is stable around the required reliability for Breath, and
in any different traffic rate and environment. IEEE 802.15.4 do
not ensure the constraint satisfaction for large traffic rates.
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Mean of the duty cycle both in IEEE 802.15.4 A,B and Breath with 

reliability constraint 0.9 and 0.95 over the different number of 

intermediate nodes 5, 10 and 15 pckt/s in AWGN environment.

Duty cycle: The duty cycle increases linearly with the traffic
rate and reliability constraint. Note that IEEE 802.15.4 A and
B do not exhibit a clear relationship with respect to traffic
rate and have almost flat duty cycle around42% and 18%.
Furthermore, the duty cycle has proportional relation with
respect to density of nodes.
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It shows the duty cycle of each intermediate node for
λ = 5 pckt/s andΩ = 0.95. These experimental results
show a fair uniform distribution of the duty cycles among all
intermediate nodes.
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Comparison of some Gramian based interaction measures

Björn Halvarsson

Abstract— In this paper different interaction measures are
reviewed and compared. In particular, the two Gramian based
interaction measures the Hankel Interaction Index Array
(HIIA) and the Participation Matrix (PM) are considered.
Moreover, motivations for incorporating the concept of output
controllability in an interaction measure are given and aH2

norm based interaction measure is investigated.
Index Terms— Decentralized control, interaction measures,

multivariable systems.

I. I NTRODUCTION

There are today several different measures for quantifying
the level of input-output interactions in multivariable sys-
tems. The perhaps most commonly used is the Relative Gain
Array (RGA) introduced by [3]. The RGA is a measure that
can be employed in order to decide a suitable input-output
pairing when applying a decentralized control structure. It
can also be used to decide whether a certain pairing should
be avoided. This measure, however, suffers from some major
disadvantages. For instance it only considers the plant in one
frequency at the time and it often provides limited knowledge
about how to use multivariable controllers.

A different approach for investigating channel interaction
was employed by [4] when considering observability and
controllability Gramians in so called Participation Matrices
(PM). In a similar approach [24] introduced the Hankel Inter-
action Index Array (HIIA). These Gramian based interaction
measures seem to overcome most of the disadvantages of the
RGA. One key property of these is that the whole frequency
range is taken into account in one single measure. Further-
more, these measures seem to give appropriate suggestions
for both decentralized and full multivariable controller struc-
tures. For applications and comparisons between the RGA
and various types of Gramian based interaction measures,
see for instance [19], [2], [20] and [9].

The use of the systemH2 norm as a base for an interaction
measure has been proposed by [2] as an alternative to the
HIIA. TheH2 norm based interaction measure is investigated
and its connection to the concept of output controllabilityis
clarified.

II. SYSTEMS DESCRIPTION

Consider a stable continuous-time linear time-invariant
system with inputs at timet given by theq × 1 vectoru(t)
and outputs at timet given by thep × 1 vector y(t). The

Björn Halvarsson is with the Division of Systems and Control, Depart-
ment of Information Technology, Uppsala University, P O Box337, SE-
751 05 Uppsala, Sweden.Bjorn.Halvarsson@it.uu.se

system can be described as a state-space realization

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) (1)

whereA, B andC are matrices of dimensionn× n, n× q
andp×n, respectively.x(t) is the state vector. Furthermore,
a stable discrete-time linear time-invariant system

x(t + 1) = Ax(t) + Bu(t),
y(t) = Cx(t) (2)

is considered. Note that(A, B, C) both denote the
continuous-time system matrices and the discrete-time
system matrices. These do not generally coincide; what
triplet of matrices that are referred to will be clear from the
context.

III. C ONTROLLABILITY

A. State controllability for continuous-time systems

The concepts of state controllability and state observability
were introduced by Kalman, see e.g. [13], [15] and the
references therein. State controllability can be investigated
by considering thecontrollability Gramian, P , defined for
stable time-invariant systems as

P ,
∫ ∞

0

eAτBBT eAT τ dτ. (3)

If P has full rank the system is state controllable. Similarly,
a stable system will bestate observableif the observability
Gramian,Q, defined as

Q ,
∫ ∞

0

eAT τCT CeAτ dτ (4)

has full rank. The rank ofP is the dimension of the
controllable subspace corresponding to the given system,
and correspondingly, the rank ofQ is the dimension of the
observable subspace of the same system.

B. State controllability for discrete-time systems

The discrete-time case can be treated similarly. The dis-
crete controllability GramianP and the discrete observability
GramianQ are given by [1], [22]

P = WcW
T
c , Q = WT

o Wo, (5)

whereWc andWo are the extended controllability Gramian
and the extended observability Gramian defined forN ≥ n,



N ∈ Z+, as

Wc , [B AB . . . AN−1B], (6a)

Wo ,


C

CA
...

CAN−1

 . (6b)

If N = n these are the standard controllabililty and observ-
ability matrices. Note that in the continuous-time case,P
andQ cannot be obtained fromWc andWo. Also, note that
the same symbols are used for both the continuous-timeP
andQ and for the discrete-time counterparts.

C. Output controllability

In practical control problems it is often more relevant to
be able to control the outputs rather than the states. [15]
discussed time-varying plants of the form given in (1) and
defined a plant as being“completely output-controllable on
[to, tf ] if for given t0 and tf any final outputy(tf ) can be
attained starting with arbitrary initial conditions in theplant
at t = t0.” For a plant without a direct term this holds if and
only if the Gramian

Poc(t0, tf ) ,
∫ tf

t0

Hy(tf , τ)HT
y (tf , τ)dτ (7)

is non-singular [15] whereHy is the impulse response
matrix. For linear time-invariant stable plants witht0 set to
0 the Gramian in (7) transforms to the output controllability
Gramian given by

Poc =
∫ ∞

0

CeAτBBT eAT τCT dτ = CPCT . (8)

In contrast to the state controllability Gramian (P ), Poc is
independent of the selected state-space realization, see [8].

IV. T HE RELATIVE GAIN ARRAY (RGA)

The static RGA for a quadratic plant is given by

Λ(G(0)) = G(0)⊗ (G(0)−1)T (9)

where G(0) is the steady-state transfer function matrix and⊗
denotes the Schur product (i.e. elementwise multiplication).
Each element in the RGA can be regarded as the quotient
between the open-loop gain and the closed-loop gain. Hence,
the RGA element (i, j) is the quotient between the gain in
the loop between inputj and outputi when all other loops
are open and the gain in the same loop when all other loops
are closed. For a full derivation of the RGA, see e.g. [3], [14]
or [21]. The rule is to choose pairings that have an RGA-
element close to one. Pairings corresponding to negative
RGA-elements should definitely be avoided.

V. GRAMIAN BASED INTERACTION MEASURES

A. The Hankel norm

The Hankel norm for a system with transfer functionG
(continuous-time or discrete-time) can be calculated as

‖G‖H =
√

λmax(PQ) = σH
1 (10)

where σH
1 is the maximum Hankel singular value (HSV).

This measure is invariant with respect to the state-space
realization and it is therefore well suited as a combined
measure for (state) controllability and (state) observability.
In fact, the Hankel singular values can be interpreted as a
measure of the joint controllability and observability of the
states of the considered system, see for instance [5], [21]
and [16]. Furthermore, the HSV:s ofG can be regarded as
measures of the gain between past inputs and future outputs
since these are the singular values of the Hankel matrix
(defined below) for discrete-time systems, or equivalently, of
the Hankel operator for continuous-time systems [26], [21],
[23], [1], [22], [7], [24]. To see this, consider the discrete-
time system given in (2). Assume starting from zero initial
state, the influence of the past inputs on the statex(0) is
given by [7], [22]

x(0) = [B AB ... ]︸ ︷︷ ︸
Wc

 u(−1)
u(−2)

...

 (11)

and the influence of the initial statex(0) on the future outputs
is given by [7], [22] y(0)

y(1)
...

 =

 C
CA

...

x(0) = Wox(0) (12)

where it is assumed thatu(t) = 0 for t ≥ 0 andN → ∞.
Combining (11) and (12) the result is the following expres-
sion that links the past inputs to the future outputs via the
statex(0) at time zero [22], [1] y(0)

y(1)
...

 = Wox(0) = WoWc︸ ︷︷ ︸
Γ

 u(−1)
u(−2)

...

 . (13)

Γ is the (infinite dimensional) Hankel matrix which in the
considered case can be expressed as

Γ =

 CB CAB . . .
CAB CA2B . . .

...
...

 . (14)

The Hankel singular values equal the non-zero singular
values of the Hankel matrix.

In the continuous-time case, the counterpart to the Hankel
matrix is the Hankel operator. For a more thorough descrip-
tion of the continuous-time Hankel operator, see e.g. [7],
[26], [1], [23], [2], [22] and [8].



B. The Hankel Interaction Index Array (HIIA)

A stable MIMO system represented by(A, B, C) can be
split into fundamental SISO subsystems(A, Bj , Ci) with
one inputuj and one outputyi each, whereBj is the j:th
column in B, Ci is the i:th row in C, see [4] and [19].
For each of these, the controllability and the observability
Gramians can be calculated. Furthermore, the controllability
and observability Gramians for the full system will be the
sum of the Gramians for the subsystems. If the Hankel norm
is calculated for each fundamental subsystem and arranged
in a matrixΣ̃H given by

[Σ̃H ]ij = ‖Gij‖H (15)

this matrix can be used as an interaction measure. A normal-
ized version is the Hankel Interaction Index Array (HIIA)
proposed by [24]:

[ΣH ]ij =
‖Gij‖H∑
kl‖Gkl‖H

. (16)

With the normalization, the sum of the elements inΣH is
one. The larger the element, the larger the impact of the cor-
responding input signal on the specific output signal. Hence,
expected performance for different controller structurescan
be compared by summing the corresponding elements in
ΣH . The aim is to find the simplest controller structure that
corresponds to a sum as near one as possible. Of course,
a big difficulty could be to decide whether an entry in the
HIIA matrix is large enough to be relevant or not, and there
are currently no clear rules for this.

When Gij = 0 the Gramian product,PjQi, will be zero
and so will the corresponding element in the matrixΣH .
This implies that the structure ofΣH will be the same as the
structure ofG. Hence, the HIIA can also be used to evaluate
other controller structures than just the decentralized ones.

C. The Participation Matrix (PM)

The Hankel norm is given by the largest HSV. For elemen-
tary (SISO) subsystems with several HSV:s it can be argued
that a more relevant way of quantifying the interactions is
to take into account all of the HSV:s, at least if there are
several HSV:s that are of magnitudes close to the maximum
HSV. This is what is done in the participation matrix (PM)
approach proposed by [4]. Each element in the PM is defined
as

[Φ]ij =
tr(PjQi)
tr(PQ)

(17)

wheretr denotes the trace.tr(PjQi) is then the sum of the
squared HSV:s of the subsystem with inputuj and outputyi.
Note thattr(PQ) equals the sum of alltr(PjQi). See [19]
and [18] for a further discussion of PM theory and properties.

VI. A N INTERACTION MEASURE BASED ON THEH2

NORM

A. TheΣ2 interaction measure

[2] suggests a new interaction measure, here denotedΣ2,
similar to the HIIA but with the Hankel norm interchanged

by theH2 norm, i.e.

[Σ2]ij =
‖Gij‖2∑
kl‖Gkl‖2 . (18)

This measure is normalized in the same way as the HIIA
and the PM and should be used in the same manner as these
to analyse the interactions present in MIMO systems.

B. TheH2 norm

The systemH2 norm for a stable and strictly proper
system with transfer functionG(s) is given by [21]

||G(s)||2 =

√
1
2π

∫ ∞

−∞
tr

(
G∗(jω)G(jω)

)
dω. (19)

By the use of Parseval’s relation, the above equation can be
expressed as [21]

||G(s)||2 = ||g(t)||2 =

√∫ ∞

0

tr
(
gT (τ)g(τ)

)
dτ

=

√√√√∑
i,j

∫ ∞

0

|gij(τ)|2dτ (20)

whereg is the impulse response matrix. Hence, the squared
H2 norm can be interpreted as a measure of the energy of the
impulse response, see e.g. [27] and [26]. For a SISO system
(19) becomes

||G(s)||2 =

√
1
2π

∫ ∞

−∞
|G(jω)|2dω. (21)

Consequently, the squaredH2 norm is proportional to the
integral of the squared magnitudes in the Bode diagram.
Furthermore, in the case of white noise input theH2 norm
can be interpreted as the rms of the output signaly(t), see
e.g. [21], [6], [8].

C. Calculation of theH2 norm

For a stable strictly proper systemG given by the state
space description(A, B, C) theH2 norm may be calculated
as

||G||2 =
√

tr
(
BT QB

)
=

√
tr

(
CPCT

)
. (22)

For SISO systemsCPCT reduces to a scalar. Therefore, for
the considered fundamental subsystems inΣ2, tr(CPCT ) =
CPCT and consequently, in this particular case,CPCT =
BT QB. Hence,[Σ2]ij in (18) can be calculated as

[Σ2]ij =

√
CiPjCT

i∑
kl

√
CkPlCT

k

. (23)

Consequently, the definition of output controllability given
by [15] and (7–8) indicate that the considered measure in
fact is a measure of the output controllability of the plant.



D. Energy interpretation for discrete-time SISO systems

Consider a discrete-time SISO system of the form given
in (2). ThenBT QB can be expressed as (use (5), (6b) and
(14))

BT QB = BT WT
o WoB = BT WT

o

 CB
CAB

...


︸ ︷︷ ︸

Γ1

= ΓT
1 Γ1 = γ1γ

T
1 (24)

whereΓ1 is the first column of the Hankel matrix given in
(14) which in the considered SISO case equals the transpose
of the first row (γT

1 ). As can be seen from the first row of
(13)

y(0) = γ1

 u(−1)
u(−2)

...

 .

︸ ︷︷ ︸
U

(25)

Therefore the power of y(0) may be calculated as

|y(0)|2 = yT (0)y(0) = UT γT
1 γ1U

= UT BT QBU (26)

Equation (26) indicates that the quantityBT QB = CPCT ,
i.e. the squaredH2 norm, of each fundamental subsystem can
be seen as the coupling in terms of the energy transmission
rate (power) between the past inputsU and the current
output y(0). This view supports the previously discussed
interpretations of theH2 norm in Section VI-B.

E. Properties of theH2 norm based interaction measureΣ2

1) Independence of realization:TheΣ2 is independent of
the selected realization. This follows from the definition in
(18). It is also a consequence ofCPCT being independent
of realization (see [8] for a proof).

2) Preservation of structure:The structure of the plant,
G, is preserved inΣ2. To see this, assumeGij = 0 for some
i, j 6= 0. Then tr(CiPjC

T
i ) = ||Gij ||2 = 0 and the stated

property follows.
3) Frequency scaling:One advantage of the HIIA and the

PM is that they are insensitive to frequency scaling. It can
be verified (see [19]) that for a frequency scaled system with
transfer functionGij(s/ξ) the corresponding controllability
and observability Gramians transform tôPj = Pj/ξ and
Q̂i = ξQi and clearly,P̂ Q̂ = PQ which explains why
the PM and the HIIA are preserved. However, the quantity
CiPjC

T
i will be affected by the frequency scaling since

ĈiP̂jĈ
T
i = CiP̂jC

T
i = Ci

Pj

ξ
CT

i . (27)

Fortunately, the influence of the frequency scaling on the
interaction measureΣ2 given in (18) will be canceled in
the normalization since it corresponds to a division by∑

kl

(
CkP̂lC

T
k )

1
2 =

∑
kl(Ck(Pl/ξ)CT

k )
1
2 .

4) Time delays:Since time delays may alter the process
dynamics significantly, knowledge of these is important when
selecting the controller structure. Since only discrete time
systems are able to model time delays in finite-dimensional
state-space models the following discussion will address this
type of systems.

[19] shows that the PM is able to indicate the presence of
a time delay. In fact, it is proved that a pure time delay of
1/zℓ, ℓ ∈ N, applied at the output of the non-delayed system,
gives an extra contribution to the expressiontr(PQ) for the
delayed system:

tr(PℓQℓ) = tr(P0Q0) + ℓ · C0P0C
T
0

= tr(P0Q0) + ℓ||G0||22 (28)

where the index0 is used for the non-delayed system and the
index ℓ for the delayed system. Following the proof therein,
it can be verified that the quantityCPCT will not be affected
by the time delay, i.e.

CℓPℓC
T
ℓ = C0P0C

T
0 . (29)

HenceΣ2 is unaffected by time delays. However, as will be
illustrated later in Example 3 in Section VII, the presence of a
time delay is by itself not a sufficient reason to include – nor
exclude – that particular input-output pair in the controller.

VII. E XAMPLES

A. Example 1

First consider the2× 2 process given by:

G(s) =

[
5e−40s

100s+1
e−4s

10s+1
−5e−4s

10s+1
5e−40s

100s+1

]
. (30)

This process has been extensively analysed by [17] and [25]
with the conclusion that the anti-diagonal pairing is preferred
for decentralized control. One reason for this is that the
anti-diagonal pairing corresponds to faster elements inG.
[17] came to this conclusion using the dynamic relative
gain array (DRGA) and verified it in a simulation study
involving optimal decentralized PI controllers. [25] usedthe
effective relative gain array (ERGA) with the same result.
The interaction matrices are:

Λ(G(0)) =
[

0.8333 0.1667
0.1667 0.8333

]
,

ΣH =
[

0.3125 0.0625
0.3125 0.3125

]
,

Φ =
[

0.3289 0.0132
0.3289 0.3289

]
,

Σ2 =
[

0.1726 0.1091
0.5457 0.1726

]
.

The time delays have been approximated by third order
Padé approximations. The static RGA, the HIIA and the
PM suggest the diagonal pairings for decentralized control.
However, the recommendation from theΣ2 is the anti-
diagonal pairing which is in agreement with the findings by
[17] and [25]. Note that the recommendation from the RGA
evaluated at frequencies& 10−1.7 rad/s is the anti-diagonal.



B. Example 2

As a second example, consider the3×3 process given by:

G(s) =
1− s

(1 + 5s)2

 1 −4.19 −25.96
6.19 1 −25.96
1 1 1

 . (31)

This process is used by [12] as an example of when the
RGA does not recommend the most desirable pairing. The
interaction measures are:

Λ(G(0)) =

 1.0009 5.0010 −5.0019
−5.0028 1.0009 5.0019
5.0019 −5.0019 1.0000

 ,

ΣH = Σ2 =

 0.0149 0.0623 0.3857
0.0920 0.0149 0.3857
0.0149 0.0149 0.0149

 ,

Φ =

 0.0007 0.0125 0.4784
0.0272 0.0007 0.4784
0.0007 0.0007 0.0007

 .

The RGA recommends the diagonal pairing and it does
not change with frequency. However, as found by [12] this
pairing is not suitable due to instability issues. Instead,the
pairing that corresponds to the RGA elements with values
near 5 is recommended. The same pairing suggestion is
found by [10] when considering loop-by-loop interaction
energy. The HIIA, the PM andΣ2 all give the same pairing
recommendation for decentralized control:u1 – y2, u2 – y3

and u3 – y1 (note that the HIIA andΣ2 coincide in this
particular case). This is not surprising since the dynamics
are the same for all the elementary subsystems. Therefore
ΣH , Φ andΣ2 are scaled versions ofG(0) in this particular
case. For the HIIA the suggested pairings give a sum of0.54.
However, if the rule of avoiding pairings corresponding to
negative RGA elements is obeyed, the HIIA, the PM andΣ2

suggest the very same pairing as the one recommended by
[12] and [10]. This gives for the HIIA a sum of0.46.

C. Example 3

In the third example a discrete-time system with time delay
is considered and the suggested pairing recommendations are
tested in control simulations. The system is given by

G(z) =

[
0.5

(z−0.5)
0.15

(z−0.8)zℓ

0.1
(z−0.5)(z−0.8)

0.3
(z−0.7)

]
. (32)

When the nonnegative integerℓ > 0 there is a time delay
present in the channel betweenu2 andy1. This system has
previously been analysed by [19] using the PM. Withℓ = 0
the following interaction matrices result:

Λ(G(0)) =
[

4.0000 −3.0000
−3.0000 4.0000

]
,

ΣH =
[

0.2882 0.1801
0.2774 0.2543

]
,

Φ =
[

0.3171 0.1239
0.3122 0.2469

]
,

Σ2 =
[

0.3746 0.1622
0.1907 0.2725

]
.

0 5 10 15 20 25 30 350
0.2
0.4
0.6
0.8

1
1.2
1.4

O
ut

pu
ts

Time (s)

Diagonal control

0 5 10 15 20 25 30 350
0.2
0.4
0.6
0.8

1
1.2
1.4

O
ut

pu
ts

Time (s)

Diagonal control of the time delayed plant

Fig. 1. Plant outputs for decentralized diagonal control ofthe system (32)
in Example 3. The upper plot shows the control of the plant with ℓ = 0 and
the lower plot control of the delayed one (ℓ = 10). The solid lines show
output 1 and the dashed ones output 2.

All of the interaction quantifiers favour the diagonal pairing,
i.e. u1 – y1 and u2 – y2, for decentralized control. The
RGA also indicates, with negative elements, that the anti-
diagonal pairing should be avoided due to instability issues.
As pointed out by [19], better control performance could be
expected if a sparse controller structure is designed which
also includes the coupling betweenu1 andy2.

Whenℓ = 10 the HIIA and the PM change to

ΣH =
[

0.2631 0.2514
0.2533 0.2322

]
, (33)

Φ =
[

0.2193 0.3941
0.2159 0.1707

]
. (34)

Recall that theΣ2 (and the RGA) remains unaffected by the
time delay. The PM is able to detect time delays and this
is what is seen in (34). Now the PM recommends the anti-
diagonal pairing in contrast to bothΣ2 and the RGA. It is
hard to draw any clear conclusions from the HIIA in (33).
To validate the relevance of these pairing recommendations
decentralized, integrating, controllers were designed using
a polynomial pole-placement methodology. The results are
illustrated in Fig. 1. The upper plot shows the plant outputs
for the system without the extra time delay controlled by a
diagonal controller. The sampling time was set to 0.5 s in all
of the control simulations. For each of the selected channels
a SISO controller was designed with poles inz = 0.4. Unit
step changes were applied at time 0 and 15 s. The lower
plot shows control of the plant with the very same controller
but when the extra time delay ofℓ = 10 is introduced.
Furthermore, for the delayed system a controller with anti-
diagonal pairing as suggested by the PM were designed. The
poles were placed in different locations and the time delay
was accounted for in the controller but stable control with
satisfactory performance of the plant could not be obtained
unless the two input-output channels that were not included
in the controller (i.e.u1 – y1 andu2 – y2) were detached.



The control simulations indicate that the presence of a time
delay by itself is not a reason enough to say that this partic-
ular input-output pair should be included in the controller
when a decentralized controller structure is desired. This
is, for this particular example, in contrast to the indications
given by the PM, but in agreement with those of theΣ2.

VIII. C ONCLUSIONS

Theoretical arguments for including theH2 norm in an
interaction measure were given in Section VI. As seen,
the (squared)H2 norm can be given various useful energy
interpretations. Furthermore it can be seen as a measure of
the output controllability of the plant. Some fundamental
properties of theH2 norm based interaction measureΣ2 were
derived. TheΣ2 was found to be unaffected by time delays.
The other Gramian based interaction quantifiers, the Hankel
Interaction Index Array (HIIA) and the Participation Matrix
(PM), are not.

In Section VII different interaction measures, including the
Σ2, were compared in the analysis of different multivariable
systems. In the first example theΣ2 was able to select the
proper pairings in contrast to the static RGA, the HIIA and
the PM. In the second example, the HIIA, the PM and theΣ2

proposed the correct pairings if their recommendations were
combined with the use of the RGA rule of avoiding pairings
that correspond to negative RGA elements. This indicates
that it could be beneficial to consider several different
interaction measures when solving the pairing problem. This
is the approach in e.g. [11]. However, to give general rules
for how to design such a pairing algorithm is out of the scope
of this paper.

Furthermore, it was found that the presence of a time
delay in one of the input-output channels does not necessarily
imply that this channel should be selected – or avoided (see
[8] for a discussion of this case) – for decentralized control
design. The impact of a time delay has to be evaluated in
each separate case.

In other examples analysed by [8] it was found that often
the Σ2 is similar to the HIIA and the PM. This and the
results presented here motivate a further study ofΣ2 as an
interaction measure.
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Abstract: Timing of the camshaft is essential to the engine control. The capability to control
this timing opens up for performance improvements and fuel consumption reductions. This
paper describes a minimum-time control strategy for an electrically actuated variable camshaft
timing (VCT). The main objective is to derive a controller for large set-point changes under
limited actuator capabilities.

1. INTRODUCTION

This article illustrates how the variable camshaft timing
can be controlled using optimal control theory. Variable
camshaft timing is a method to enhance the combustion
in piston engines by way of controlling the pressurizing of
the cylinders. This is done by altering the timing of the
camshaft that lifts the intake and outlet poppet valves.
This altering enables a more efficient combustion over
a wider range of engine speeds compared to fixed valve
timing, and can increase the fuel efficiency and lower the
emissions.

Here, an optimal control strategy is taken to control the
camshaft timing. A simple linear system model is derived
and used as a base for the control design. The main
objective of this controller is to handle large set point
changes or when the timing is deviating largely from the
set point due to external disturbances. Simulations of the
closed loop system illustrates the typical performance of
the system.

Although the algorithm is developed for an electrically
actuated system, it can be used for hydraulic systems as
well.

2. VARIABLE CAMSHAFT MODEL

As described in Solyom et al. [2005], an electrical VVT is
modeled by,

dαV V T

dt
=

720
λ

(
1
2

100
6000

ne − ωm

)
2πJ

dωm

dt
= KII −KN60ωm

(1)

where,

• J , is the sum of the moments of inertia in the
controlled system, that is, electric motor and gearbox,

• ωm, is the angular speed of the electric motor
[camshaft rotations/s],

• ne, is engine speed [rotations/min],
? This work was supported by Volvo Cars Corporation

• αm, electric motor angles,
• αc, crank angles (after the gearbox),
• λ, gearbox transfer ratio. For the considered system
• I, the actuator current,
• KI ,KN , are constants describing the torque delivery

of the electric motor

Define the VVT speed as,

ωV V T = ωm − 1
120

ne,

then the system (1) can be written as,
dαV V T

dt
=

720
λ

ωV V T

2πJ
dωV V T

dt
= KII −KN60

(
ωV V T +

1
120

ne

) (2)

and in order to eliminate the affine term, a term is
introduced in the control signal, which has the physical
interpretation of a hold current,

IH =
neKN

2KI
(3)

Denoting

a = −60KN

2πJ

b =
KI

2πJ

c =
−720

λ

and eliminating the affine term using the input,
u = I − IH ,

the system (1) becomes,
dαV V T

dt
= cωV V T

dωV V T

dt
= aωV V T + bu

(4)

3. MINIMUM-TIME CONTROL

The control problem is to ensure convergence of the VVT
angle to a desired set point in the shortest possible time,



that is to control the states of a dynamical system or some
combination of them to a desired value while guaranteeing
minimum time convergence.

This type of problem
min T
s.t. x(T ) = xT

ẋ = f(x, u, t)
umin ≤ u ≤ umax

is well documented in the literature and the solution is
given by Pontryagin’s maximum principle, see for example
Kirk [1970], Glad et al. [1997]. According to the Pon-
tryagin’s minimum principle, the optimal solution of the
original problem is also a solution to

min λT f(x, u, t) + 1
s.t. f(x(T ), u(T ), T ) = 0

−λ̇T = λT fx(x, u, t)
umin ≤ u ≤ umax

Usually the solution is given in open form, that is in form of
a trajectory of the control signal that ensures convergence
of the desired state in minimum time. This trajectory
depends on initial conditions and usually implies very
involved computations.

In case of linear system, such as that in (4), the problem
is simpler. The solution must minimize,

λ(Ax + Bu) + 1
at all time in the interval t ∈ [0, T ] which implies that u
must be chosen from its extreme values, depending on the
sign of the co-state λ and the system state x. The solution
hence consists of a piecewise constant control signal at
its extreme values. Moreover it has been shown that the
control signal switches at most 2 times. However the
switching time computation depends on the initial state
and is rather involved, henceforth limiting its usefulness
in industrial applications.

In case of a servo system, such as (4), it is however possible
to write the solution in closed form, i.e. a closed loop
controller can be derived that guarantees time optimality.
This approach is used in Glad et al. [1997] as well for a
similar system. The idea is to find the trajectories that
passes through the final state xT . This trajectory defines
the switching surface of the control signal. The trajectories
can be found by eliminate the time dependence from (4)
and obtain a closed form for the state interdependence of
the trajectories. By dividing the first and the second row
of the linear system (4),

dαV V T

dt
dωV V T

dt

=
dαV V T

dωV V T
=

cωV V T

aωV V T + bu
, (5)

a relation without an explicit time dependence between
the two states is obtained. As the control stimuli is known
to be constant over time intervals the differential equation
(5) can be solved for a constant input u = u0. The solution
is given by,

αV V T =
c

a
ωV V T − cbu0

a2
log |aωV V T + bu0|+ ξ, (6)

where ξ is an integration constant and is chosen such that
the trajectory is crossing the end point (αV V T , ωV V T ) =
(αT , ωT ) , i.e.
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Fig. 1. The phase plot of (4) with u = umax
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Fig. 2. The phase plot of (4) with u = umin

ξ = − c

a
ωT +

cbu0

a2
log |aωT + bu0|+ αT (7)

According to Pontryagin’s maximum principle, the control
signal is piecewise continuous and takes the values of
its extrema, umax and umin . Figure 1 and Figure 2
show trajectories and the phase plot of system (4) for
u = umax and u = umin respectively. Observing that the
only trajectory that passes the origin in Figure 1, when
u = umax is for ωV V T ≤ 0 and ωV V T ≥ 0 in Figure 2,
when u = umin implies that a choice of

u0 =
{

umax, ωV V T ≤ 0
umin, ωV V T > 0

guarantees that the (6) with a constant according to (7)
passes through the origin. For the more general case, when
the end point is arbitrary (αT , ωT ), this choice is given by,

u0 =
{

umax, ωV V T ≤ ωT

umin, ωV V T > ωT
(8)

These two trajectories of the system (4), using only the
extreme values of the control stimuli, is the only two tra-
jectories that passes trough the origin. A control strategy
that reaches one of these two trajectories will guarantee a
convergence to the end point. Hence, the superimposing of
these two trajectories will serve as a switching surface of
the control strategy. The complete control strategy is then
given by,

u =
{

umax, σ ≥ 0
umin, σ < 0,

(9)

where the switch surface is given by

σ = −αV V T +
c

a
ωV V T − cbu0

a2
log |aωV V T + . . .

bu0| − c

a
ωT +

cbu0

a2
log |aωT + bu0|+ αT

(10)
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and u0 is given by (8).In case the control interval is
symmetric, i.e. umax = −umin, (9) can be replaced by
a sign function on the switching surface. A phase plot is
depicted in Figure 3. It can be noticed in Figure 3, that
the switching surface described by σ in (10) is also the
trajectory leading to the end point.

A typical simulation result is shown Figure 4. The VVT
angle is converges to its set point of 2 rad in 0.02 seconds.
Notice the bang bang behavior of the control signal,
achieving its maximum and minimum values at ±30.

4. CONCLUSION

The above mentioned algorithm is thought for situations
when there are big step changes in the reference VVT
position, or when due to some disturbance the actual
VVT position is far from the desired one. However, the
algorithm should not be used in servo problems, that is if
a continuously varying reference VVT position is fed into
the system, this should be handled by a complementary
controller.

Moreover, due to the fact that the proposed algorithm is
discontinuous it will potentially induce limit cycles closed
to the reference point. This should be avoided by switching
to another controller (e.g. PID) close to the reference
point, and use the above mentioned algorithm to drive
the states close to the reference value in minimum time.

Optimal control strategies are known to be sensitive to
model errors and disturbances. The optimal control strat-
egy suggested here should be complemented with some ad-
ditional features in order to make it robust to model errors
and disturbances before implementation. For example, this
could be done by introducing filters in the controller, like
in Liu et al. [1997] or by introducing hysteresis or memory

like constructions to avoid limit-cycles and scattering on
the switching surface.
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ABSTRACT
A class of nonlinear transformation-based filters (NLTF) for state es-
timation is proposed. The nonlinear transformations that can be used
include first (TT1) and second (TT2) order Taylor expansions, the
unscented transformation (UT), and the Monte Carlo transforma-
tion (MCT) approximation. The unscented Kalman filter (UKF) is by
construction a special case, but also nonstandard implementations
of the Kalman filter (KF) and the extended Kalman filter (EKF) are
included, where there are no explicit Riccati equations.

The theoretical properties of these mappings are important for
the performance of the NLTF. TT2 does by definition take care of
the bias and covariance of the second order term that is neglected in
the TT1 based EKF. The UT computes this bias term accurately, but
the covariance is correct only for scalar state vectors. This result is
demonstrated with a simple example and a general theorem, which
explicitly shows the difference between TT1, TT2, UT, and MCT.

Index Terms— unscented transform, nonlinear transformation,
extended Kalman filtering, nonlinear filtering, Kalman filter

1. INTRODUCTION

The unscented transformation (UT) [1–3] has received considerable
attention during the last decade. Its main idea is to compute approxi-
mations of the first and second moment of a nonlinear transformation
z = g(x). Its main application is in nonlinear filtering to improve the
extended Kalman filter (EKF) [4–6] leading to the unscented Kalman
filter (UKF).

Many successful applications of the UKF have been reported.
One important case occurs in target tracking, where the UT is suc-
cessful in converting range and bearing in radar measurements into
Cartesian coordinates, see Table 2 and Fig. 1. In this case, the UT
provides a good estimate of the first two moments, and the measure-
ment update in UKF shows an obvious improvement over EKF when
the relative range and bearing uncertainty is large.

Four approximative transformations are compared in Tables 1
and 2, and will be discussed in the paper:
TT1: First order Taylor expansion leading to Gauss’ approximation

formula. TT1 applied to nonlinear filtering leads to the stan-
dard EKF, in the sequel called EKF1.

TT2: Second order Taylor expansion, which compensates the mean
and covariance with the quadratic second order term [4, 6, 7].
TT2 applied to nonlinear filtering leads to EKF2 [8].

The authors gratefully acknowledge fundings from SSF (Swedish Foun-
dation for Strategic Research) Strategic Research Center MOVIII, and VR (the
Swedish Research Council) project Sensor Informatics.

UT: The unscented transformation [1], with a standard ‘std’ and a
modified formulation here denoted ‘mod’ with more degrees
of freedom. This leads to UKF.

MCT: The Monte Carlo transformation (MCT) approach, which in
the limit should compute correct moments.

Section 2 explains these approximations in some more detail. A first
contribution is to show that UKF attains its claimed properties only
for mappings g(x) for a scalar x. Generally, the covariance will be
biased compared to TT2.

It is frequently stated in literature that the UT computes correct
first and second order moments when the transformed random vari-
able, x, is Gaussian. The following quote is a typical statement
from [3]:

“These sample points [used in the UT ] completely capture the
true mean and covariance of the GRV [Gaussian random vari-
able], and when propagated through the true nonlinear system,
captures the posterior mean and covariance accurately to the
3rd order (Taylor series expansion) for any non linearity.”

It is easy to show by example that this statement is false. Table 1
provides one revealing example, and it is more generally shown in
Theorem 1.

A general advantage of UKF compared to EKF is that only func-
tion evaluations are needed, therefore Jacobians and Hessians of the
nonlinear functions do not have to be available, or even exist. That is,
general mappings such as smoothed table lookups or function calls
are allowed. As a second, minor, contribution in Section 3, is to point
out that both EKF1 and EKF2 can be implemented with only function
evaluations. The numerical values in Tables 1 and 2 are computed
this way with general-purpose transformation implementations.

A more important third contribution is the introduction of a new
class of nonlinear-transformation-based filters (NLTF) in Section 5,
where TT1, TT2, UT and MCT can be applied independently in the
time and measurement update of the KF.

2. NONLINEAR TRANSFORMATIONS REVISITED

This section details the different transformations considered in this
paper.



2.1. Taylor Expansion

Consider a general nonlinear transformation and its second order
Taylor expansion

z = g(x) = g(µx) + g′(µx)(x− µx)

+
ˆ

1
2
(x− µx)T g′′i (ξ)(x− µx)

˜
i| {z }

r
`

x;µx,g′′(ξ)
´ , (1)

where nx is the dimension of the vector x ∈ Rnx , and z ∈ Rnz .
The notation [vi]i is used to denote a vector in which element i is vi.
Analogously, the notation [mij ]ij will be used to denote the matrix
where the (i, j) element is mij .

2.2. Summary of Approximative Transformations

To summarize, the following options are available for the transfor-
mation of x ∼ N `

µx, Px

´
using g. The result is a Gaussian approx-

imation z ∼ N `
µz, Pz

´
.

TT1: First order Taylor approximation:

µz = g(µx) Pz = g′(µx)Px

`
g′(µx)

´T (2)

TT2: Second order Taylor approximation:

µz = g(µx) + 1
2
[tr(g′′i (µx)Px)]i (3a)

Pz = g′(µx)Px

`
g′(µx)

´T
+ 1

2

h
tr

`
Pxg′′i (µx)Pxg′′j (µx)

´i
ij

(3b)

UT: Unscented transform approximation: First define, ui and σi

from the singular value decomposition (SVD) of the covariance ma-
trix Px,

Px = UΣUT =

nxX
i=1

σ2
i uiu

T
i ,

and then let

x(0) = µx, x(±i) = µx ±
√

nx + λσiui,

ω(0) =
λ

nx + λ
, ω(±i) =

1

2(nx + λ)
,

where i = 1, . . . , nx. Let z(i) = g(x(i)), and apply

µz =

nxX
i=−nx

ω(i)z(i), (5a)

Pz =

nxX
i=−nx

ω(i)(z(i) − µz)(z
(i) − µz)

T

+ (1− α2 + β)(z(0) − µz)(z
(0) − µz)

T , (5b)

where ω(0)+(1−α2+β) is often denoted ω
(0)
c and used to make the

notation more compact for the covariance matrix expression. This is
the ‘mod’ version of the UT, to get the ‘std’ version remove the last
term in (5b), i.e., ω(0) = ω

(0)
c .

MCT: Monte Carlo Transformation:

x(i) ∼ N `
µx, Px

´
, i = 1, . . . , N,

z(i) = g(x(i)),

µz =
1

N

NX
i=1

z(i), (6a)

Pz =
1

N − 1

NX
i=1

`
z(i) − µz

´`
z(i) − µz

´T
. (6b)

The design parameters of UT have the same notation as in UKF
literature (e.g., [3]):

• λ is defined by λ = α2(nx + κ)− nx.

• α controls the spread of the sigma points and is suggested to
be approximately 10−3.

• β compensates for the distribution, and should be chosen as
β = 2 when x is Gaussian.

• κ is usually chosen to zero.

• ω(0) = 1− nx
3

for UT (std) when x is Gaussian.

Note that nx + λ = α2nx when κ = 0, and that for nx + λ → 0+

the central weight ω(0) → −∞. Furthermore,
P

i ω(i) = 1.
In summary, TT1 is a computationally cheap approximation,

TT2 recovers the first two moments if the gradient and Hessian are
available (for Gaussian distributions and quadratic functions TT2 is
completely correct, otherwise often a good approximation), the MCT
approach is asymptotically correct, and that the UT is a fairly good
compromise between TT2 and MCT, that improves computational
complexity to MCT and the need for prior knowledge to TT2.

2.3. Nonlinear Filtering

Basically, the nonlinear filters in literature are based on the follow-
ing:

• EKF in its classical formulation is based on the Kalman filter
recursions using the constant and linear terms in (1). This is
the EKF1 algorithm. EKF1 works well as long as the rest term
is small. Small here relates both to the state estimation error
and the degree of nonlinearity of g. As a rule of thumb, the
rest term is negligible if either

– the model is almost linear,

– the signal-to-noise ratio (SNR) is high, in which case
the estimation error can be considered sufficiently
small.

• The EKF1 is often still useful if dithering is used to mitigate
the effect of linearization errors. That is, the noise covari-
ances in the state-space model can be increased by the MSE
contribution of the mean (bias) and covariance of the second
order Taylor term. This is part of the inevitable tuning process
of Kalman filters.

• The second order compensated EKF, referred to as EKF2, ap-
proximates the rest term r(x; µx, g′′(ξ)) with r

`
x; µx, g′′(µx)

´
,

and compensates for the mean and variance of this term. This
works well if g′′ varies little over the principal support of x.

• UKF estimates the first moments of the nonlinear transforma-
tion in (1), without explicitly computing, or even assuming
existence, of any derivatives of g.

There are several links and interpretations connecting UKF and EKF
as will be pointed out in Section 4.



Table 1. Nonlinear approximations of xT x for x ∼ N (0n, In×n).
The theoretical distribution is χ2(n) with mean n and variance 2n.
The mean and variance are below summarized as a Gaussian distri-
bution. 10000 Monte Carlo simulations. ω(0) = 1− n

3
for UT (std),

and α = 10−3, β = 2, and κ = 0 for UT (mod).

n TT1 TT2 UT (std) UT (mod) MCT

1 N (0, 0) N (1, 2) N (1, 2) N (1, 2) N (1.0, 2.2)

2 N (0, 0) N (2, 4) N (2, 2) N (2, 8) N (2.0, 4.1)

3 N (0, 0) N (3, 6) N (3, 0) N (3, 18) N (3.0, 6.3)

4 N (0, 0) N (4, 8) N (4,−4) N (4, 32) N (4.0, 8.4)

5 N (0, 0) N (5, 10) N (5,−10) N (5, 50) N (5.18, 10.4)

n N (0, 0) N (n, 2n) N (n, (3− n)n) N (n, 2n2) —

3. NUMERIC TAYLOR TRANSFORMATIONS

It is a trivial fact that the Jacobian and Hessian in TT1 and TT2,
respectively, can both be computed using numerical methods. Nev-
ertheless, this fact is seldom explicitly stated in literature. It is worth
stressing that both g′i(x) and g′′i (x) are computed using numerical
methods in Tables 1 and 2. That is, only function evaluations of the
nonlinear function g(x) are assumed to be available.

4. ANALYSIS OF THE UNSCENTED TRANSFORM

In this section the UT will be analyzed and expressions for the result-
ing mean and covariance are given and interpreted in the limit as the
sigma points approach the center point. The results are exemplified
numerically.

4.1. Main Result

Theorem 1 (First and second moments of UT). Consider a nonlin-
ear mapping of the random stochastic variable x, with mean µx and
covariance Px, to z, g : Rnx 7→ Rnz . The UT yields mean µz and
covariance Pz asymptotically as the sigma points in UT tend to the
mean, i.e., λ → −n+

x , given by

µUT
z = g(µx) + 1

2

ˆ
tr(g′′i Px)

˜
i
, (7a)

P UT
z = g′(µx)Px

`
g′(µx)

´T

+ (β−α2)
4

ˆ
tr

`
Pxg′′i (µx)

´
tr

`
Pxg′′j (µx)

´˜
ij

(7b)

Furthermore, µUT = µTT2 for all nx, α, β, and κ, whereas P TT2
z =

P UT
z is only guaranteed to be true if β − α2 = 2 and nx = 1.

In general, the covariances of TT2 and UT are different. Note
that the trace in (3b) turns into a product of two traces in (7b), and
generally tr(AB) 6= tr(A) tr(B) unless A or B is scalar. The rea-
son for the difference is that the UT cannot express the mixed sec-
ond order derivatives needed for the TT2 compensation term without
increasing the number of sigma points. The result of this approxi-
mation depends on the transformation and must be analyzed for the
case at hand.

Proof. A proof of this theorem can be found in the technical report
[9].

4.2. Numerical Illustrations

The first illustration of the transformation is to approximate the dis-
tribution of xT x when x is a white Gaussian stochastic vector. The
results are given in Table 1. In this case, Px = I , g′(0) = 0, and
g′′(0) = I , and the asymptotic UT result (given by Theorem 1) is

mz = n Pz = (β − α2)n2.

Note especially how poor the TT1 and UT (std) approximations are,
and that neither of the two UT versions gives the correct approxima-
tion for this quadratic transformation.

The second illustration is the transformation of range, x1, and
bearing, x2, to Cartesian coordinates, z1, z2. That is, z1 = x1 cos x2

and z2 = x1 sin x2. Numerical results for different bearings are
presented in Table 2.

For this case (numeric values are for x1 = 20, x2 = π
4

),

g′ =

„
cos x2 −x1 sin x2

sin x2 x1 cos x2

«
=

√
2

2

„
1 −20
1 20

«
g′′1 =

„
0 − sin x2

− sin x2 x1 cos x2

«
=

√
2

2

„
0 −1
−1 −20

«
g′′2 =

„
0 cos x2

cos x2 −x1 sin x2

«
=

√
2

2

„
0 1
1 −20

«
.

It follows from (3) and Theorem 1 that

µUT
z =

`
13.4
13.4

´
= µTT2

z

P UT
z = β−α2

4

`
43.0 −37.0
−37.0 43.0

´ 6= 1
2

`
43.1 −37.1
−37.1 43.1

´
= P TT2

z ,

for the third row in Table 2. The same result is illustrated in Figure 1.
Note again how TT1 stands out with poor approximations.

Fig. 1. Distributions on the last row in Table 2. The covariance
ellipses for TT2, UT (std and mod), and MCT practically coincide,
where as the light-gray (green) TT1 ellipse is clearly different.

5. NONLINEAR-TRANSFORMATION-BASED FILTERS

Consider the nonlinear state space model

xk+1 = f(xk, uk, wk), (8a)
yk = h(xk, uk, ek), (8b)

where xk is the state vector, uk known input, wk process noise, yk

measurements, and ek the measurement noise. The Bayesian non-
linear filtering problem is to compute, or approximate, the posterior
distribution p(xk|Yk), where Yk = {yi}k

i=1. A general algorithm
that includes EKF and UKF as special cases is outlined in this section.



Table 2. Nonlinear approximations of the radar observations to Cartesian position. The mean and variance are below summarized as a
Gaussian distribution. 10000 Monte Carlo simulations. ω(0) = 1

3
for UT (std), and α = 10−3, β = 2, and κ = 0 for UT (mod).

X TT1 TT2 UT (std) UT (mod) MCT

N
“
( 20

0 ), ( 1 0
0 0.1 )

”
N`

( 20
0.0 ), ( 1.0 0.0

0.0 40.0 )
”

N
“
( 19.0
−0.0 ), ( 3.0 0.0

0.0 40.1 )
”

N
“
( 19.0

0.0 ), ( 2.9 0.0
0.0 36.2 )

”
N

“
( 19.0

0.0 ), ( 3.0 0.0
0.0 40.0 )

”
N

“
( 19.0
−0.1 ), ( 2.9 0.3

0.3 36.6 )
”

N
“
( 20

π/6 ), ( 1 0
0 0.1 )

”
N

“
( 17.3
10.0 ), ( 10.7 −16.9

−16.9 30.3 )
”
N

“
( 16.5

9.5 ), ( 12.3 −16.1
−16.1 30.8 )

”
N

“
( 16.5

9.5 ), ( 11.2 −14.4
−14.4 27.8 )

”
N

“
( 16.5

9.5 ), ( 12.3 −16.0
−16.0 30.7 )

”
N

“
( 16.3

9.8 ), ( 12.2 −15.4
−15.4 27.9 )

”
N

“
( 20

π/4 ), ( 1 0
0 0.1 )

”
N

“
( 14.1
14.1 ), ( 20.5 −19.5

−19.5 20.5 )
”
N

“
( 13.4
13.4 ), ( 21.5 −18.5

−18.5 21.6 )
”
N

“
( 13.5
13.5 ), ( 19.5 −16.6

−16.6 19.5 )
”
N

“
( 13.4
13.4 ), ( 21.5 −18.5

−18.5 21.5 )
”
N

“
( 13.3
13.6 ), ( 20.3 −17.1

−17.1 20.0 )
”

5.1. Algorithm

The class of nonlinear transformation-based filters (NLTF) discussed
here is based on a general algorithm consisting of a time update„

xk

vk

«
∼ N

„„
x̂k|k
0nv,1

«
,

„
Pk|k 0
0 Q

««
(9a)

xk+1 = f(xk, uk, vk)
approx.∼ N `

x̂k+1|k, Pk+1|k
´
, (9b)

and a measurement update„
xk

ek

«
∼ N

„„
x̂k|k−1

0ne,1

«
,

„
Pk|k−1 0

0 R

««
(9c)„

xk

yk

«
=

„
xk

h(xk, uk, ek)

«
approx.∼ N

„„
x̂k|k−1

ŷk|k−1

«
, P

(x
y)

k|k−1

«
. (9d)

To complete the measurement update, the Kalman filter gain Kk and
measurement update can be computed as

Kk = P xy
k|k−1(P

yy
k|k−1)

−1, (9e)

x̂k|k = x̂k|k−1 + Kk(yk − ŷk|k−1), (9f)

Pk|k = Pk|k−1 −KkP yy
k|k−1K

T
k , (9g)

where the mean and covariance of the joint distribution of (xT
k , yT

k )T

is given by a block partitioning of P (x
y).

That is, the posterior distribution p(xk|Yk) is at each stage ap-
proximated with a Gaussian distribution. The two approximations
above can be computed with TT1, TT2, UT, or MCT, respectively.
This yields in total 16 different versions of UKF/EKF.

5.2. Discussion

Both the computational complexity and accuracy of the transforma-
tions increase in the same way for TT1, UT, TT2 and MC. As a user
guideline, the choice of transform in the time and measurement up-
date, respectively, of the NLTF is a compromise between accuracy
and complexity, and it basically only depends on the degree of non-
linearity in the dynamics f and measurement relation h . We point
out the following properties of the class of NLTF in (9):

• UKF is obtained using the UT in both time and measurement
updates.

• A Riccati-free implementation of EKF1 is obtained using TT1
in both time and measurement updates. The algebraic equal-
ity of the EKF1 on standard form, using the Kalman filter Ric-
cati equation for the covariance, can be shown using the (9b),
(9d), (9e), and (9g), which implicitly implements the Riccati
equation.

• A Riccati-free implementation of the standard KF is obtained
in case the model (8) is linear. Again, the Riccati equation is
implicitly updated in (9b), (9d), (9e), and (9g).

• If either the dynamics in (8a) or the measurement relation in
(8b) is linear, then the TT1 update can be used in the cor-
responding update without approximation. This simple fact
appears not to be mentioned in the UKF literature.

• Another fact not explicitly mentioned in literature is the pos-
sible inclusion of a Monte Carlo update. For very nonlinear
mappings, this might be the most feasible alternative.

6. CONCLUSIONS

The unscented transformation (UT) has been analyzed in comparison
with the comparable alternative based on a first (TT1) and second
(TT2) order Taylor expansions. Both UT and TT2 aim at approxi-
mating the mean and covariance of a nonlinear mapping g(x) of a
stochastic variable x with second order accuracy. It was first shown
by a counter-example that UT fails with its mission in a simple ex-
ample, and then a general result was stated that the mean term of UT
approaches the TT2 mean, but the covariances are only the same for
a scalar x in general. A class of nonlinear-transformation-based fil-
ters (NLTF) was proposed for state estimation in nonlinear systems.
This includes the unscented Kalman filter (UKF) as a special case,
but also Riccati-free versions of the standard Kalman filter (KF) and
extended Kalman filter (EKF). It also allows arbitrary combinations
of UT, TT1, TT2 and a Monte Carlo transformation (MCT) step in
the measurement and time updates, respectively. All these reported
algorithms are available in version 1.1 of the Signals and Systems
Lab of Comsol script (http://www.comsol.se).
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Abstract: This paper examines an index reduction method for linear time-invariant differential algebraic
equations, with uncertainty in the equation coefficients. When the bottom block of a block upper
triangular leading matrix contains no elements that can be distinguished from zero, the natural action
to take is to replace all numbers in the block by exact zeros, and then proceed with index reduction
by differentiation. Conditions are given under which zeroing of an uncertain small block gives a small
deviation in the solution.

1. INTRODUCTION

This paper is concerned with homogeneous square LTI (linear
time-invariant) DAE (differential-algebraic equations), that is,
equations in the form

E x′(t) +Ax(t) = 0 (1)
where E and A are square, possibly singular, matrices. The
vector-valued function x is the unknown, which is to be solved
for given initial conditions; x(0) = x0. Only square equations
will be considered, so square is dropped from the notation from
here on.

Understanding sensitivity with respect to small parameters in
LTI DAE is in general fundamental for the treatment of equa-
tions that are not known exactly. Such equations may, for in-
stance, be the result of system identification, and shall not be
confused with DAE which can be analyzed using only structural
information (that is, the pattern of exact zeros in the matrices
defining the equations). The immediate application is, as sug-
gested by the paper title, to gain a better understanding of index
reduction. However, since failing to understand index reduction
would imply that we cannot make sense of the equations at
hand, another prospect application is to come up with good
notions of well-definedness of DAE under uncertainty. Still,
there are many numerical solvers for DAE which are in use,
although they do not consider these issues. As a consequence,
the error bounds they deliver (if any) along with the solution do
not take the index reduction process into account. It is believed
that the kind of sensitivity analysis performed in this paper can
fill this gap, thereby proving its practical usefullness besides its
otherwise rather esoteric bearings.

It should be stressed from the beginning, that the technical
results in this paper can at most be seen as a first step on a
long journey — these results must be much generalized before
being applicable to, for instance, quasilinear DAE of unknown
index. However, the paper as a whole can also be viewed as a
novel approach on how to think of the problem, namely that
we shall seek assumptions that enable us to make sense of
index reduction. While several sets of assumptions may enable
this, they will differ in how easily they can be established in
applications, and how tight error bounds they may produce in

? With financial support from the Swedish Research Council.

the future. Hence, we also consider this paper as a first step in
a development towards more viable assumptions.

Notation: In the calculations to come, an uncertain matrix E
will prevail. The set of all possible E shall be determined by
context, and will not be part of our notation. For compactness,
we shall write dependence on E with a subscript. For instance,
writing yE(ε) means the same as writing y( ε, E ) or even
y( ε, E(ε) ). We also need compact notation for limits that are
uniform with respect to E, and those that are not. Writing
yE(ε) = OE(ε) means

∃ k0, ε∗ > 0 : ε ∈ [ 0, ε∗ ] ⇒ sup
E
|yE(ε)| ≤ k0 ε

while writing yE(ε) = OE(ε) means

∀ E : ∃ k0, ε∗ > 0 : ε ∈ [ 0, ε∗ ] ⇒ |yE(ε)| ≤ k0 ε

Think of this notation as follows: E being a subscript on O
means that the constants of the O are functions of E; we could
have written “∀ E : ∃ k0

E , ε
∗
E > 0 : . . .” to emphasize

this dependency. Also, E being a superscript can be used as
a reminder of the supE in the definition.

New symbols are sometimes constructed by adding “over-bars”
to existing symbols. For instance, this means that Ē does not
denote some operation performed on E, but is just a mnemonic
way of constructing a symbol that should remind of E.

The symbol I denotes the identity matrix. The norm used for
vectors is the Euclidean norm. The norm used for matrices is the
spectral norm, unless where a subscript “F” is used to indicate
the Frobenius norm. Accordingly, the condition number of a
matrix A refers to ‖A‖ ∥∥A−1

∥∥ based on the spectral norm.

2. BACKGROUND

Performing row operations on (1) typically gives matrices of
the following form, where ε is a small number:

K0E =
(
E11 E12

0 εE22

)
K0A =

(
A11 A12

A21 A22

) (2)

The influence of the block εE22 on system properties is the
subject of the present paper.



The issue with perturbations in DAE has been considered pre-
viously in Mattheij and Wijckmans (1998). While their setup is
different to ours, we share many of their observations. However,
their way of approaching the issue — even their way of for-
mulating the problem — differs from ours. Consequently, their
results are not immediately competing with ours. Their work
is referred to in Kunkel and Mehrmann (2006, remark 6.7),
as the latter authors remark that a perturbation analysis is still
lacking in their influential framework for numerical solution of
DAE. Although the current paper deals with perturbation related
more to index reduction by shuffling, it is hoped that our work
will inspire the development of perturbation analysis in other
contexts as well.

The question of how the solution depends on the small pa-
rameter ε is related to the so-called singular perturbation the-
ory, well developed in Kokotović et al. (1986). In that setup,
E11 = I , E12 = 0, and E22 = I , so one essentially deals with
an ODE with time-scale separation. The important difference
to our setting is that they consider E22 known and of perfect
condition (it is the identity matrix).

3. ANALYSIS

The analysis in this paper is limited to DAE of index at most 1.
We first consider equations of index 0, before taking on the
slightly more involved systems of index at most 1.

3.1 Preparation

Consider the LTI DAE

Ē x̄′(t) + Ā x̄(t) = 0 (3)
with uncertain matrices. We are interested in a situation where
the uncertainty can be parameterized as follows

0 =
(
E11 E12

0 E22

)
x̄′(t) +

(
A11 A12

A21 A22

)
x̄(t) (4)

with square blocks on the diagonal. The matrix E22 is not
assumed to be known except for a small bound on ‖E22‖.
As is rather natural for equations appearing in this for, E11 is
assumed non-singular. The limiting system as ‖E22‖ → 0,

0 =
(
E11 E12

0 0

)
x̄′(t) +

(
A11 A12

A21 A22

)
x̄(t) (5)

is assumed to be of index 1, that is,(
E11 E12

A21 A22

)
(6)

is non-singular.

The purpose of the paper is to find conditions that gurantee that
the solutions of (4) are close to the solutions of (5) if ‖E2‖ is
sufficiently small.

As a first step in the analysis the system is transformed into a
more convenient form.
Lemma 1. The system (4) can be transformed into the form

x′(t) = M11(ε)x(t) +M12(ε) z(t)
εE(ε) z′(t) = M21(ε)x(t) +M22(ε) z(t)

(7)

where, in a neighborhood of the origin, all matrices are analytic
with known bounds on their derivatives 1, the Mij are known
1 When speaking of bounded derivatives, we always refer to the first order
derivatives.

at the origin, M22(0) is non-singular, and ‖E(ε)‖ = 1. The
change of variables does not depend on the uncertain E22.

Proof. The new form is obtained using a transformation of
variables

x̄ =
(
I −E−1

11 E12

0 I

)(
x
z

)
In the notation of (7), this yields

εE(ε) = E22

−M11(ε) = E−1
11 A11

−M12(ε) = E−1
11 A12 − E−1

11 A11E
−1
11 E12

−M21(ε) = A21

−M22(ε) = A22 − E−1
11 E12A21

Here, ε is identified as ‖E22‖, and the statements regarding the
matrix functions Mij are trivial since they are constant (they
neither depend explicitly on ε, nor do they depend implicitly on
ε viaE22). To see thatM22(0) is non-singular, post-multiply the
non-singular (6) by the non-singular matrix defining the change
of variables:(
E11 E12

A21 A22

)(
I −E−1

11 E12

0 I

)
=
(
E11 0
A21 A22 − E−1

11 E12A21

)
Non-singularity of this matrix implies that the lower right
block, which equals −M22(0), is also non-singular. 2

The reason expressions in lemma 1 which are free of ε are still
considered parameterized by ε is to obtain similarity to results
appearing later in the paper. Besides, since the form (7) is the
starting point for the derivations to follow in the paper, this
possible dependency on ε adds to the generality of the results.
Remark 1. Note that lemma 1 implies that we can concentrate
on the form (7), since OE( ε ) convergence in (x, z ) implies
OE( ε ) convergence in x̄ due to the change of variables being
known. Also note that a change of variables (or if there would
be any row operations) will not alter the eigenvalues, which will
always be the system poles.

Notation: From here on, we drop the in a neighborhood of the
origin from our notation. Further, since element-wise bounds
give norm bounds, and vice verse, we also drop the norms from
our notation when speaking of bounded matrices. Hence, for
example, we simply write that E′22 is bounded.

3.2 Singular perturbation in ODE

The derivation in this section follows the structure in Kokotović
et al. (1986). In their analysis, results come in two flavors; one
where approximations are valid on any finite time interval, and
one where stability of the slow dynamics in the system make the
approximations valid without restriction to finite time intervals.
In the present treatment, it is from here on assumed that only
finite time intervals are considered, but the other case is treated
just as easily.
Lemma 2. There exists an analytic matrix function LE(ε), such
that the change of variables,(

x
z

)
=
(

I 0
LE(ε) I

)(
x
η

)
(8)

transforms (7) into the system (dropping ε)



(
I
εE

)(
x′(t)
η′(t)

)
=
(
M11 +M12 LE M12

0 M22 − εE LE M12

)(
x(t)
η(t)

)
(9)

The matrix LE satisfies
LE(0) = −M−1

22 (0)M21(0) (10)
and its derivative has a known bound.

Proof. Applying the change of variables shows that x is elimi-
nated from the η′ equation provided LE(ε) satisifies

0 = M21(ε) +M22(ε)LE(ε)
− εE(ε)LE(ε)

(
M11(ε) +M12(ε)LE(ε)

)
(11)

For ε = 0 there is the solution
LE(0) = −M−1

22 (0)M21(0)
The derivative of the right hand side of (11) with respect to
LE at ε = 0 is M22(0), which is non-singular. It follows from
the analytical implicit function theorem, Hörmander (1966),
that the equation can be solved to give an analytical LE .
Differentiating (11) with respect to ε and evaluating near ε = 0
reveals a known bound on L′E . 2

Let the initial conditions for (7) be
x(0) = x0, z(0) = z0

Lemma 3. If the initial conditions x0 and z0 are chosen to make
the DAE consistent for ε = 0, that is,

0 = M21(0)x0 +M22(0) z0 (12)
then the initial condition η(0) = η0(ε) for the second equation
of (9) satisfies

η0(ε) = −(M22(0)−1M21(0) + LE(ε))x0 (13)
In particular η is an analytic function with

η0
E(ε) = OE(ε) (14)

Proof. From the definition of the variable change z =
LE(ε)x+ η it follows that

η0
E(ε) = z0 − LE(ε)x0

Substituting z0 from (12) gives (13) while (10) and the known
bound on E′ gives (14). 2

Introduce the notation

M(ε)
4
= M22(ε)− εE(ε)LE(ε)M12(ε) (15)

To emphasize the difference between uniform and pointwise
convergence with respect to the uncertainty, the following
lemma gives a pointwise result to be contrasted with lemma 5.
Lemma 4. AssumeE(0) is non-singular and thatE(0)−1M(0)
has all its eigenvalues strictly in the left half plane. Then, for
t ≥ 0,

|η(t)| = OE( ε ) (16)

Proof. If E(0) is invertible, then E(ε)−1 exists and is analytic.
With the variable change t = ετ we get

∂η

∂τ
= E(ε)−1M(ε) η, η(0) = η0

with the solution
η(τ) = eE(ε)−1M(ε) τη0

SinceE(0)−1M(0) has all eigenvalues in the left half plane the
norm of eE(0)−1M(0) τ is bounded. Since all the matrix elements

are analytic in ε there are, for eachE, positive constants C1 and
ε0 such that ∥∥∥eE(ε)−1M(ε)τ

∥∥∥ ≤ C1, 0 ≤ ε < ε0

Since η0 = OE(ε) the result follows. 2

If E(0) is singular other estimates are possible.

Since the location of the poles of a system conveys interesting
information that has engineering interpretation, we give a result
in terms of the locations.
Lemma 5. In addition to the assumptions of lemma 3, assume
E(ε) is known to be non-singular and that there exist R0 > 0
and φ0 < π/2 such that for λ being a pole of (7),

|λ| > R0 =⇒ |arg(−λ )| < φ0

Also assume that the DAE is not close to index 1 in the sense
that there exists a bound κ0 on the condition number of E(ε).

Then, for any fixed t1 ≥ t0, for all t ∈ [ t0, t1 ],

|ηE( t, ε )| = OE(ε)

Proof. The isolated system in η has the state-feedback matrix

Mη(ε)
4
=

1
ε
E(ε)−1M22(ε)− LE(ε)M12(ε)

Recall that ‖E(ε)‖ = 1. Hence the condition number bound
gives

∥∥E(ε)−1
∥∥ ≤ κ0, and hence ‖Mη(ε)‖ < κ0+1

ε ‖M22(0)‖
for sufficiently small ε. By lemmas 13 (see section A) and 3,
it only remains to show that ε α(Mη(ε) ) can be bounded by a
negative constant. By showing that the there exists a constant
k1 > 0 such that any eigenvalue λ of εMη(ε) is larger in
magnitude than k1 as ε → 0, it follows that all eigenvalues
of Mη(ε) approach infinity like k1

ε , as ε → 0. It then follows
that they will all satisfy the argument condition for sufficiently
small ε, and that α(Mη(ε) ) < −k1

ε cos( φ0 ).

This is shown by using that all eigenvalues of εMη(ε) are

greater than
∥∥∥( εMη(ε)

)−1
∥∥∥−1

, where (dropping ε)∥∥∥( εMη

)−1
∥∥∥−1

=
∥∥∥∥(E−1

(
M22 − εE LE M12

) )−1
∥∥∥∥−1

≥
∥∥∥(M22 − εE LE M12

)−1
∥∥∥−1

≥
∥∥∥(M22 − εE LE M12

)−1
∥∥∥−1

F

Here, it is clear that the limit is positive since M22(0) is non-
singular, but to ensure that there is an ε∗ > 0 such that∥∥∥( εMη(ε)

)−1
∥∥∥−1

is greater than some positive constant for all
ε ∈ [ 0, ε∗ ], we must also show that the derivative with respect
to ε is finitely bounded independently of E. By differentiability
of the matrix inverse and Frobenius norm, this follows if the
derivative of the inverted matrix is bounded independently of
E, which is readily seen. 2

Continuing on the result of lemma 2, the following lemma
shows that the influence of η on x is small.
Lemma 6. There exists a change of variables,(

x
η

)
=
(
I εHE(ε)E(ε)
0 I

)(
ξ
η

)
(17)

such that the implicit ODE (9) can be written (dropping ε)



(
I
εE

)(
ξ′(t)
η′(t)

)
=
(
M11 +M12 LE 0

0 M22 − εE LE M12

)(
ξ(t)
η(t)

)
(18)

and for sufficiently small ε, ‖HE(ε)‖ is bounded by a constant
independently of E.

Proof. Applying the change of variables and then performing
row operations on the equations to eliminate η′ from the first
group of equations, lead to the condition defining HE(ε):

0 =
(
M11(ε) +M12(ε)LE(ε)

)
εHE(ε)E(ε) +M12(ε)

−HE(ε)
(
M22(ε)− εE(ε)LE(ε)M12(ε)

)
(19)

It follows that

HE(0) = M12(0)M22(0)−1

which is clearly bounded independently of E. The equation
is linear in HE(ε) and the coefficients depend smoothly on ε,
so the solution is differentiable at ε = 0. It thus remains to
show that the derivative of HE(ε) with respect to ε at 0 can be
bounded independently of E. As with LE , the bound on the
derivative of H ′

E can be revealed by differentiating (19) with
respect to ε. 2

Recall remark 1 and consider (7). Let the solution at time t
be denoted xE( t, ε ), and let x( t, 0 )

4
= xE( t, 0 ) to em-

phasize that E does not matter if ε = 0. Let z( t, 0 )
4
=

−M−1
22 (0)M21(0)x( t, 0 ).

Theorem 7. Consider the form (7). Assume that the initial
conditions are consistent with ε = 0, and that there exists a
bound κ0 on the condition number of E(ε). Assume there exist
R0 > 0 and φ0 < π/2 such that for λ being a system pole,

|λ| > R0 =⇒ |arg(−λ )| < φ0

Then

|xE( t, ε )− x( t, 0 )| = OE(ε) (20)

|zE( t, ε )− z( t, 0 )| = OE(ε) (21)

Proof. Define LE(ε) and HE(ε) as above, and consider the
solution expressed in the variables ξ and η. Lemma 5 shows
how η is bounded uniformly over time and with respect to E.
Note that x( t, 0 ) coincides with ξ( t, 0 ), so the left hand side
of (20) can be bounded as

|xE( t, ε )− x( t, 0 )|
= |ξE( t, ε ) + εHE(ε)E(ε) ηE( t, ε )− ξ( t, 0 )|
≤ |ξE( t, ε )− ξ( t, 0 )|+OE( ε2 )

To see that the first of these terms is OE(ε), note first that
lemmas 3 and 6 give that the initial conditions for ξ are only
OE( ε2 ) away from x0. Hence, the restriction to a finite time
interval gives that the contribution from initial conditions is
negligible. The contribution from perturbation of the state-
feedback matrix for ξ depends on the perturbed matrix in a
non-trivial manner, but useful bounds exist. (Van Loan, 1977)
Since lemma 6 shows that the size of the perturbation isOE(ε),
it follows that the contribution isOE(ε) at any fixed time t. The
constants of the OE(ε) bounds will of course be a continuous
function of time, and since the time interval of interest is
compact, it follows that a dominating constant exists.

Concerning z (recall the definition of z( t, 0 )),

∣∣zE( t, ε ) +M−1
22 (0)M21(0)x( t, 0 )

∣∣
≤ ∣∣zE( t, ε ) +M22(0)−1M21(0)xE( t, ε )

∣∣
+
∣∣M22(0)−1M21(0) (x( t, 0 )− xE( t, ε ) )

∣∣
≤ |zE( t, ε ) + LE(ε)xE( t, ε )|+OE(ε) |xE( t, ε )|

+
∥∥M22(0)−1M21(0)

∥∥ OE(ε)

= |ηE( t, ε )|+OE(ε) |xE( t, ε )|
+
∥∥M22(0)−1M21(0)

∥∥ OE(ε)

= OE(ε)
since |xE( t, ε )| can be bounded over any finite time inter-
val. 2

3.3 Singular perturbation in index 1 DAE

With the exceptions of lemmas 2, 3, and 6, the theorems so far
require, via lemma 5, that E (or E22) have bounded condition
number. However, it is possible to proceed also when some
singular values are exactly zero, if assuming that the DAE is not
close to index 2. Next, the results of the previous section will
be extended to this situation by revisiting the relevant proofs.

Common to the proofs in this section is the observation that
there is a non-empty interval including 0 of positive ε values in
which the perturbation has constant rank. Since there are only
finitely many possible values for the rank to take, proving an
OE(ε) result for the case when the rank is known immediately
leads to the correspondingOE(ε) for the case of unknown rank.
Lemma 8. (Compare lemma 5.)

In addition to the assumptions of lemma 3, assume the per-
turbed DAE is known to have index no more than 1, and that
there exist R0 > 0 and φ0 < π/2 like in lemma 3. Also assume
that the ratio between the largest and smallest non-zero singular
value of E is bounded by some constant κ0. Then, for any fixed
t1 ≥ t0, for all t ∈ [ t0, t1 ],

|E(ε) ηE( t, ε )| = OE(ε)

Proof. The case of index 0, when E is full-rank, was treated in
lemma 5, so it remains to consider the case of index 1. When
the rank is zero, E = 0 and it is immediately seen from (9) that
η must be identically zero and the conclusion follows trivially.
Hence, assume that the rank is neither full nor zero and let

E(ε) = (U1(ε) U2(ε))
(

Σ(ε) 0
0 0

)(
V1(ε)T

V2(ε)T

)
be an SVD of E(ε) where Σ(ε) is of known dimensions and
has condition number less than κ0. It must be ensured that
the components of the SVD have bounded derivatives, but
the existence of such a factorization follows by modifying
Steinbrecher (2006, theorem 2.4.1) to suit our needs. Applying

the unknown change of variables η = V (ε)
(
η′1
η′2

)
and the row

operations represented by U(ε)T, (9) turns into (dropping ε)(
I 0 0
εΣ 0
0 0

) ξ̄(t)
η̄′1(t)
η̄′2(t)


=

(
M11 +M12 LE M12 V1 M12 V2

0 A22 A23

0 A32 A33

)(
ξ(t)
η̄1(t)
η̄2(t)

)
where, for instance and in particular, (dropping ε)



A33
4
= UT

2 M22 V2 − ε UT
2 E LE M12 V2

= UT
2 M22 V2

Since the DAE is known to be index 1, differentiation of the
last group of equations shows that A33(ε) is non-singular, and
hence the change of variables(

η̄1(t)
η̄2(t)

)
=
(

I 0
−A33(ε)−1A32(ε) I

)(
¯̄η1(t)
¯̄η2(t)

)
(22)

leads to the DAE in ( ξ, ¯̄η1, ¯̄η2 ) with matrices (dropping ε)(
I 0 0
0 εΣ 0
0 0 0

)

−
M11 +M12 LE M12 V1 −M12 V2A

−1
33 A32 M12 V2

0 A22 −A23A
−1
33 A32 A23

0 0 A33


It is seen that ¯̄η2 = 0 and that ¯̄η1 is given by an ODE with state-
feedback matrix

M ¯̄η1(ε)
4
=

1
ε

Σ(ε)−1
(
A22(ε)−A23(ε)A33(ε)−1A32(ε)

)
Just like in lemma 5 it needs to be shown that the eigenvalues
of this matrix tend to infinity as ε→ 0, independently of E, but
here we need to recall that E is not only present in Σ(ε), but
also in the unknown unitary matrices U(ε) and V (ε). Again,
we do this by showing

lim
ε→0

sup
E

∥∥∥( εM ¯̄η1(ε)
)−1
∥∥∥−1

> 0

Using ‖Σ(ε)‖ = ‖E(ε)‖ ≤ 1, and that(
A22(ε) A23(ε)
A32(ε) A33(ε)

)−1

=
((

A22(ε)−A23(ε)A33(ε)−1A32(ε)
)−1

?
? ?

)
implies∥∥∥∥∥

(
A22(ε) A23(ε)
A32(ε) A33(ε)

)−1
∥∥∥∥∥

≥
∥∥∥(A22(ε)−A23(ε)A33(ε)−1A32(ε)

)−1
∥∥∥

we find∥∥∥( εM ¯̄η1(ε)
)−1
∥∥∥−1

=
∥∥∥(A22(ε)−A23(ε)A33(ε)−1A32(ε)

)−1
Σ(ε)

∥∥∥−1

≥
∥∥∥(A22(ε)−A23(ε)A33(ε)−1A32(ε)

)−1
∥∥∥−1

≥
∥∥∥(U(ε)T

(
M22(ε)− εE(ε)LE(ε)M12(ε)

)
V (ε)

)−1
∥∥∥−1

=
∥∥∥V (ε)T

(
M22(ε)− εE(ε)LE(ε)M12(ε)

)−1
U(ε)

∥∥∥−1

=
∥∥∥(M22(ε)− εE(ε)LE(ε)M12(ε)

)−1
∥∥∥−1

and just like in lemma 5 the expression gives that the eigen-
values tend to infinity uniformly with respect to E, and hence
that ε can be chosen sufficiently small to make |¯̄η1| bounded by
some factor times |¯̄η1(0)|. Further,

|¯̄η1(0)| =
∣∣∣∣(¯̄η1(0)

¯̄η2(0)

) ∣∣∣∣ = ∣∣∣∣(η̄1(0)
0

) ∣∣∣∣
≤
∣∣∣∣(η̄1(0)
η̄2(0)

) ∣∣∣∣ = ∣∣η0
E(ε)

∣∣ = OE(ε)

Using this, the conclusion finally follows by taking such a small
ε: (dropping ε)

|E ηE( t, ε )| =
∣∣∣∣E V ( I 0

−A−1
33 A32 I

)(
¯̄η1(t)

0

) ∣∣∣∣
≤
∥∥∥∥U (Σ 0

0 0

)
V TV

(
I 0

−A−1
33 A32 I

)∥∥∥∥OE(ε)

=
∥∥∥∥(Σ 0

0 0

)∥∥∥∥OE(ε) = OE(ε)

2

Corollary 9. Lemma 8 can be strengthened when z has only
two components. Then, just like in lemma 5, the conclusion is

|ηE( t, ε )| = OE(ε)

Proof. The only rank ofE that needs to be considered is 1, and
then A33(ε)−1A32(ε) will be a scalar. From (22) it follows that
A33(ε)−1A32(ε) ¯̄η1(0) = OE(ε), which is then extended to all
later times t, and hence∣∣∣∣(η̄1(t)η̄2(t)

) ∣∣∣∣ = ∣∣∣∣( ¯̄η1(t)
−A33(ε)−1A32(ε) ¯̄η1(t)

) ∣∣∣∣ = OE(ε)

2

Theorem 7 can be extended as follows.
Theorem 10. Consider the setup (7), but rather than assuming
that E be of bounded condition, it is assumed that E is a matrix
with ‖E‖ ≤ 1, bounded ratio between the non-zero singular
values, and that the perturbed equation has index no more than
1. Except regardingE, the same assumptions that were made in
theorem 7 are made here. Then

|xE( t, ε )− x( t, 0 )| = OE(ε) (23)
|zE( t, ε )− z( t, 0 )| = OE(ε) (24)

where the rather useless second equation is included for com-
parison with theorem 7.

Proof. Define LE(ε) and HE(ε) as above, and consider the
solution expressed in the variables ξ and η. Lemma 8 shows
how E(ε) η is bounded uniformly over time. Note that x( t, 0 )
coincides with ξ( t, 0 ), so the left hand side of (23) can be
bounded as

|xE( t, ε )− x( t, 0 )|
= |ξE( t, ε ) + εHE(ε)E(ε) ηE( t, ε )− ξ( t, 0 )|
≤ |ξE( t, ε )− ξ( t, 0 )|+OE( ε2 )

The conclusion concerning x then follows by an identical argu-
ment to that found in the proof of theorem 7. The weak conclu-
sion regarding z follows by noting that, in lemma 8, givenE(ε),∥∥A33(ε)−1A32(ε)

∥∥ approaches some finite value as ε → 0,
since A33(ε) must approach a non-singular matrix. 2

Corollary 11. (Main theorem). Theorem 10 can be strength-
ened in case z has only two components. Then (24) can be
written with OE(ε) on the right hand side.

Proof. Follows by using corollary 9 in the proof of theo-
rem 10. 2

4. DISCUSSION

To conclude, we make some remarks on the scope of the results
and the assumptions used, and include an example that indicate
a direction for future research.



4.1 Scope

We believe that the results presented have given insight into the
properties of index reduction under uncertainty. However, there
are obviously many desirable extensions. We note the following
ones:

• More quantitative results.
• Replacement of singular value and condition number con-

ditions with more intuitive or application oriented ones.
• Less conservative bounds in lemma 13.

Although more precise bounds in lemma 13 can readily be
extracted from the proof, easily obtained bounds will not be
good enough. Having excluded the possibility of bounding
η by looking at the matrix exponential alone, it remains to
explore the fact that we are actually not interested in knowing
the maximum gain from initial conditions to later states of the
trajectory of η, but the initial conditions are a function of E,
and hence it might be sufficient to maximize over a subset of
initial conditions.

4.2 Example

In this section we follow up the discussion on the condition
number in the previous section by providing an example which
should shed some more light on — and stimulate future re-
search on — the problem of singular perturbation in DAE.

In this example, the bounding of η over time is considered in
case η has two components. For simplicity, we shall assume
that η is given by

η′(t) =
1
ε
E−1M22 η(t)

where M22 = I , and we set ε = 1. By selecting E as

E =
(−δ 1− δ

0 −δ
)

where δ > 0 is a small parameter we ensure ‖E‖ ≤ 1, and
since

E−1 =
(
−1/δ 1/δ2 − 1/δ

0 −1/δ

)
we see that both eigenvalues are perfectly stable and far into
the left half plane, while the off-diagonal element is at the same
time arbitrarily big. It is easy to verify using software that the
maximum norm of the matrix exponential grows without bound
as δ tends to zero. This shows that using only the norm of the
initial conditions is not enough if we would like to find a bound
on |η(t)| which does not depend on the condition number of E.
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Appendix A. PRELIMINARIES

In this section, we state two bounds on the norm of the matrix
exponential. They are much more simple than tight.
Lemma 12. Let A be a linear map from an n-dimensional
space to itself. Let α(A ) denote the largest real part of the
eigenvalues of A. Then∥∥eA t

∥∥ ≤ eα( A ) t
n−1∑
i=0

( 2 ‖A‖ )i ti

i!
(A.1)

Proof. Let QHAQ = D + N be a Schur decomposition of A,
meaning that Q is unitary, D diagonal, and N nilpotent. The
following bound, derived in Van Loan (1977),∥∥eA t

∥∥ ≤ eα( A ) t
n−1∑
i=0

‖N‖i ti
i!

readily gives the result since ‖N‖ = ‖QHAQ−D‖ ≤ ‖A‖ +
‖A‖. 2

Lemma 13. If the map A is Hurwitz, that is, α(A ) < 0, then
for t ≥ 0, ∥∥eA t

∥∥ ≤ e2 e−1 n
‖A‖

−α( A )

Proof. Let f( t )
4
=
∥∥eA t

∥∥. From lemma 12 we have that

f( t ) ≤
n−1∑
i=0

( 2 ‖A‖ )i ti

i!
eα( A ) t =:

∑
i

fi( t )

Each fi( t ) can easily be bounded globally since they are
smooth, tend to 0 from above as t→∞, and the only stationary
point is given by f ′i( t ). From

f ′i( t ) = eα( A ) t ( 2 ‖A‖ )i ti−1

i!
(t α(A ) + i)

it follows that the stationary point is t = − i
α( A ) . Hence,

fi( t ) ≤ fi

(
− i

α(A )

)
=

(
2 ‖A‖
−α( A )

)i

ii

i!
e−i

≤
(

2 e−1 n ‖A‖
−α( A )

)i

i!
and it follows that

f( t ) ≤
n−1∑
i=0

(
2 e−1 n ‖A‖

−α( A )

)i

i!
≤

∞∑
i=0

(
2 e−1 n ‖A‖

−α( A )

)i

i!

= e2 e−1 n
‖A‖

−α( A )

2
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Abstract

A systematic design method for reducing bias in observers

is developed. The method utilizes an observable default

model of the system together with measurement data from

the real system and estimates a model augmentation. The

augmented model is then used to design an observer which

reduces the estimation bias compared to a default observer.

A key result is the theoretical analysis that characterizes

the possible augmentations is also conducted. The method

is applied to a truck engine where the resulting augmented

observer reduces the estimation bias with 50 % in an ETC.

1 Introduction

In all model based control or diagnosis systems, the
performance of the system is directly dependent on
the accuracy of the model. Further, modeling is time
consuming and, even if much time is spent on physi-
cal modeling, there will always be errors in the model.
This is especially true if there are constraints on the
model complexity, as is the case in most real time sys-
tems. Another scenario is that a model developed for
some purpose, e.g. control, exists but needs corrections
before it can be used in for example diagnosis.

In many applications, for example engine control and
engine diagnosis, it is crucial to have unbiased esti-
mates. In model based diagnosis, the true system is
often monitored by comparing measured signals to es-
timated signals. If the magnitude of the difference, the
residual, is above a certain limit a decision that some-
thing is wrong is made. In engine control, the goal
is to maximize torque output while keeping the emis-
sions below legislated levels and the fuel consumption
as low as possible. For diesel engines this is especially
hard since the control system does not have any feed-

back information from a λ- or NOx-sensor and have to
rely on estimated signals instead. In both cases, biased
estimates impairs the performance.

The objective of this work is to develop a systematic
method for reducing estimation bias in model based
observers without involving further modeling efforts.

The model utilizes an observable model of, and mea-
surement data from a true system. The given model,
referred to as the default model, and the measured
inputs and outputs from the true system are used to
estimate a suitable model augmentation. Then, the
augmented model is used to design an observer that is
shown to give estimates with reduced bias compared to
an observer based on the default model. A key result is
a theoretical characterization of all possible augmenta-
tions. Finally the method is evaluated on a non-linear
diesel engine model with experimental data from an
engine test cell.

2 Problem Formulation

Previous experience at Scania CV AB of state estima-
tion based on an existing state-space model of a truck
engine reveals that the model captures dynamic behav-
ior reasonably well but suffers from stationary errors.
Designing an observer based on this model results in
biased estimates and how to reduce this problem in a
systematic manner is the topic of this paper.

The starting point is an existing model, referred to
as the default model, that is provided in state-space
form

ẋ = f(x, u) (1a)
y = h(x), (1b)

where x is the state-vector, u the known control inputs,
y the measurement vector, and f and h are non-linear
functions.

1
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The objective is to find a systematic way to design
an observer that gives an unbiased estimate of either
the complete state x or a function of the state z = g(x).
This should be done even though the default model is
subjected to significant bias errors. A direct approach
to compensate for constant, or slowly varying, biases
is to augment the default model with bias variables q
as

ẋ = f̃(x, u, q) (2a)
q̇ = 0 (2b)

y = h̃(x, q) (2c)

and design the observer using this augmented model.
If the augmentation captures the true modeling errors
and the augmented system is observable, the observer
estimates can be made unbiased.

An obvious question is then how to introduce the
bias variable q in the model equations. One way is
through process knowledge but in this paper we pro-
pose an estimation procedure based on available mea-
surement data. Besides the natural restriction, that
the augmented model (2) is observable, it is also de-
sirable to not introduce more extra bias states than
necessary. It is therefore desirable to find a bias vec-
tor q with as low dimension as possible that manages
to reduce the bias. Another reason for finding a low
dimensional bias is that, since the model is a first-
principles physical model, bias in multiple states may
be explained by one underlying bias affecting all these
states. For example, bias in two pressures can orig-
inate from a bias in the mass flow between the two
volumes or an incorrect modeling of energy conserva-
tion can give rise to bias in several states connected to
the energy.

In the model (1) there are two natural ways to in-
troduce biases, in the dynamic equation (1a) or in the
measurement equation (1b). In the truck engine appli-
cation the sensors, intake and exhaust manifold pres-
sures and turbine speed, are considered more reliable
than the model and the bias augmentation is therefore
introduced in the dynamic equations according to

ẋ = f(x−Aqq, u) (3a)
q̇ = 0 (3b)
y = h(x). (3c)

where a stationary point of the system is moved by
Aqq. The matrix Aq is thus a description on how

the underlying bias variable q influences the station-
ary value of the state variable x. The model (3) will
be referred to as the augmented model.

2.1 Problem outline

Based on the discussion above, the problem studied in
the sections to follow can now be stated as: Given a
default model (1) and available measurement data, find
a low order bias augmented model (3) and design an
observer that estimates x with reduced bias compared
to using the default model. The observer should also
be implementable in an Engine Control Unit (ECU).

To solve the problems, some issues need to be ad-
dressed. First, which matrices Aq are at all possi-
ble? Not all are possible since we require that the
augmented system should be observable and a char-
acterization of possible augmentations is derived in
Section 3. Among these possible bias augmentations,
which should be used? Section 4 describes three ap-
proaches for how to estimate a, for bias compensation,
suitable low order Aq based on measurement data. Sec-
tion 5 finally summarizes the procedure and Section 6
presents two examples of the proposed estimator de-
sign methodology applied to a Scania diesel engine us-
ing simulated and real measurement data respectively.

2.2 Discretization

As a first step, the nonlinear augmented model (3) is
transformed to a linearized time discrete model. A
reason for the discretization is the demand on the im-
plementation, which will be done in the ECU as a time
discrete system. An Euler forward discretization with
step size Ts seconds is used. The reasons for the lin-
earization are, to simplify the observability analysis
and to get a model that fits into the EKF frame-work
used in the observer design. It is further assumed that
conclusions on observability made locally can be used
to draw conclusions of the global observability prop-
erties of the model. This gives the following model

[
xt+1

qt+1

]
=

[
I + TsA −TsAAq

0 I

] [
xt

qt

]
+

[
B
0

]
ut (4a)

yt =
[
C 0

] [
xt

qt

]
, (4b)

where

A =
∂f

∂x

∣∣∣∣ x=x0
u=u0

, B =
∂f

∂u

∣∣∣∣ x=x0
u=u0

, and C =
∂h

∂x

∣∣∣∣ x=x0
u=u0



3 Possible augmentations 3

3 Possible augmentations

Augmenting a model with more states may affect the
observability of the model. Since the purpose of the
augmented model is to use it for estimation, observ-
ability has to be maintained also after the augmenta-
tion. To find which augmentations that are possible an
observability investigation of the augmented model is
performed. The aim is to derive a necessary and suffi-
cient condition on Aq such that the augmented model is
observable. The observability criterion used is known
as the Popov-Belevitch-Hautus(PBH)-test [1].

Theorem 1. A pair (C,F ) is observable if and only
if the matrix

O =
(

C
F − λI

)
has full column rank for all λ ∈ C.

To proceed, two assumptions regarding the default
model are made. First, the default model is used for
observer design and is therefore assumed to be observ-
able. Second, A is assumed to be invertible, which is
the case in the application example. Now, using Theo-
rem 1 and the two assumptions above, the main result
of this section can be formulated as

Theorem 2. Assume that (C,A) in (4) is an observ-
able pair and that A is non-singular, then the aug-
mented system is observable if and only if

ImAq ∩KerC = {0}
which is equivalent to CAq having full column rank.

Proof. The PBH-test applied to the augmented model
(4) gives

Oaug =

 C 0
I + TsA− λI −TsAAq

0 I − λI


Since the default model is assumed to be observable,
the upper left block in Oaug has full column rank for all
λ and Oaug can lose rank only for λ = 1. It is therefore
sufficient to check the column rank of(

C 0
TsA −TsAAq

)
Which is equivalent to requiring that the only solution
to

Cx = 0
TsA(x−Aqq) = 0

is x = 0, q = 0. Since A is non-singular this is equiva-
lent to,

Cx = 0
x = Aqq

Hence the augmented system is observable if and
only if

ImAq ∩Ker C = {0}
or, equivalently, that the matrix CAq has full column
rank.

This means that the space spanned by the columns
in Aq can not lie in the null space of C for the aug-
mented model to be observable.

A closer look at the requirement that CAq has to
have full column rank convey some interesting results.
Firstly, it is easily seen that the number of augmented
states, nq = dim q, never can exceed the number of
measurement signals, ny = dim y, i.e. nq ≤ ny.
Secondly, imagine a C that has one or several zero
columns, then the product CAq will not contain any
information from those rows in Aq corresponding to
the zero columns in C. That is, those rows in Aq that
correspond to zero columns in C will not contribute to
the observability.

Also note that the following results regarding ob-
servability are not dependent on the method chosen
for discretization. As long as Ts is chosen small enough
the results are valid also for, e.g. zero-order-hold [3].

Possible augmentations of a small system with in-
vertible A, and

C =
[
1 0 0
0 1 0

]
1. An augmentation

Aq =

1 0
0 0
0 1


is not observable since

CAq =
[
1 0
0 0

]
and does not have full column rank. The reason
for this is that the second column in Aq only has
non-zero components in the row corresponding
to the zero column in C.
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2. However, if either of the two zeros in the second
column of Aq is interchanged to, for example a
one, the augmentation becomes observable.

Aq =

1 0
0 1
0 1

 ⇒ CAq =
[
1 0
0 1

]

4 Augmentation estimation

The next question is how to find a suitable augmen-
tation, that fulfills the requirements derived in Sec-
tion 3, using data (y, u) from the real system. Three
approaches for how to estimate a suitable augmenta-
tion have been developed. In the following, I + TsA is
substituted for F to increase readability.

4.1 Approach 1

The first approach utilizes the discretized linearization
directly,

xt+1 = Ftxt + (I − Ft)Aqqt + Btut

yt = Ctxt

Inverting the measurement equation and inserting the
resulting x in the dynamic equation, gives

Aqqt = (I − Ft)−1(C†
t+1yt+1 − FtC

†
t yt −Btut),

where † denotes the pseudo inverse. To find a suit-
able augmentation, the Aqqt’s are collected in a ma-
trix, RAqqt

= [Aqq1, . . . , AqqN ], which is analyzed by
singular value decomposition (SVD). Here it is crucial
that the SNR is high enough, otherwise the noise is
a dominating part of Aqqt and an SVD would give a
basis for the noise, not the bias. However, if the SNR
is high enough the SVD gives a basis for the space in
which the bias moves and Âq can be chosen to span
that space.

An advantage with this approach over the other two
is that there is no need for computing any intermediate
observer for estimating the augmentation. A disadvan-
tage, besides that C has to have full column rank, is
that, since no filter is involved, it is sensitive to mea-
surement noise.

4.2 Approach 2

The second approach is based on an SVD of the resid-
uals originating from an observer based on the default

model. Here, the observer is an extended Kalman fil-
ter (EKF) [2], where the noise covariance matrices Q
and R are design parameters tuned by the user. The
estimation error becomes,

et+1 = xt+1 − x̂t+1|t+1

= Ftxt + (I − Ft)Aqq + Btut−
(Ftx̂t|t + Btut + Kt(yt+1 − CtFtx̂t|t − CtBtut))
= {yt+1 = CtFtxt + Ct(I − Ft)Aqq + CtBtut}
= (Ft −KtCtFt)et + (I −KtCt)(I − Ft)Aqq

(7)

Equation (7) requires that the estimation error is
known which normally is not the case, hence the resid-
uals,

rt = yt − ŷt|t = Ct(xt − x̂t|t) = Ctet, (8)

are used for estimating an augmentation. The fact
that residuals from an observer is used instead of the
measurements makes this approach less sensitive to low
SNR, compared to Approach 1.

Here, solely stationary parts of the residuals are in-
volved when searching an appropriate augmentation,
Aq. In the example the stationary parts are separated
out through visual inspection of the data at hand. It
would be possible to use also dynamical parts of the
residuals and a dynamical inverse. The reason for not
utilizing these is to prevent dynamical estimation er-
rors from affecting the estimation of the constant or
slowly varying bias. This results in

rstat = Cstatestat

= Cstat(I − Fstat + KstatCstatFstat)−1×
(I −KstatCstat)(I − Fstat)Aqqstat

According to this Aq can be found by first finding the
stationary residuals in a set of system operating points,
collect these in the same way as in Approach 4.1, and
perform an SVD. The SVD returns a basis for the
residuals, Vr, and Aq can be estimated as

Âq = (Cstat(I − Fstat + KstatCstatFstat)−1×
(I −KstatCstat)(I − Fstat))†Vr (9)

4.3 Approach 3

An alternative to Approach 2 for finding Aq is to aug-
ment the default model with as many extra states as
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possible. According to Theorem 2, CAq has to have
full column rank. This means that Aq can have a maxi-
mum of ny columns, one non-zero element per column,
and these non-zero elements have to correspond to non-
zero columns of C. Run the observer based on the
augmented model, perform an SVD on the stationary
parts of the augmented states, and assemble Aq.

An advantage with this approach is that no inver-
sions as those in (9) are needed. A disadvantage is
that the order of the observer may become quite large
during the augmentation estimation. In the worst case
the order of the augmented model will be twice the
order of the default model.

Here the maximum possible augmentation is illus-
trated for a default model with

C =
[
1 0 0
0 1 0

]
Let × denote a non-zero element, then some possible
augmentations are

A1
q =

× 0
0 ×
0 0

 , and A2
q =

0 ×
× 0
0 0


since

CA1
q =

[× 0
0 ×

]
, and CA2

q =
[

0 ×
× 0

]
,

which have full column rank. While an augmenta-
tion

A3
q =

× 0
0 0
0 ×

 is not possible since CA3
q =

[× 0
0 0

]

does not have full column rank.

4.4 Remarks

The SVD returns a matrix, Vr, containing orthogonal
vectors spanning the space in which the bias moves and
the corresponding singular values. The singular values
constitute the diagonal of a matrix, Sr and the i:th
diagonal element corresponds to the i:th column in Vr.
The singular values in Sr are ordered in descending
order which means that the far left columns, corre-
sponding to large singular values, represent the most
dominating directions along in the space in which the
bias moves. Therefore the dimension of q can be found

by comparing the singular values in Sr, and picking the
most significant ones. Then the corresponding columns
of Vr are used in the estimation of Âq.

Also note that, according to the discussion in the
end of Section 3, the properties of C place restrictions
on which Aq:s that are possible to find. The conclusion
of that discussion is that rows in Aq corresponding to
zero columns in C become zero in the estimation step.
As a consequence, the observer based on an estimated
augmentation may not be able to reduce the bias in
the estimates to acceptable levels. This problem can
be circumvented in, for example one of the two fol-
lowing ways. The first is for an engineer to design an
Aq not possible to find through estimation, for exam-
ple through knowledge of the underlying physics. The
second is to add extra sensors to the true system to
acquire a full column rank C which enables estimation
of all rows in Aq.

The example below illustrates the remarks regarding
the affects the properties of C have on the augmenta-
tion estimation.

Consider a true system with

F =

 1 1 −1
−1 0 1
1 1 −1

 , and C =
[
1 0 0
0 1 0

]

and a true bias,

Aq =

1
1
1


Then the estimation of Aq, according to (9), will
have the following structure

Âq =

××
0


That is, rows in Âq corresponding to zero columns
in C can not be estimated.

5 Method

The procedure can be summarized in three steps.

Step 1 - Linearize and discretize the model if neces-
sary. Normally, the default model is a non-linear
time continuous model, (1), and has to be lin-
earized and discretized. There are several ways
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to discretize a model, Euler forward/backward,
central difference etc, that have different stability
properties.

Step 2 - Find an appropriate augmentation, Aq, and
compile an augmented model (4). Here the de-
signer has a choice, either to estimate an augmen-
tation from measured data using one of the three
approaches presented in Section 4, or introduce
an augmentation found in some other way. With
good knowledge of the system, the designer might
have some idea of what is causing the bias in the
estimates and can chose an appropriate Aq.

Step 3 - Design an observer based on the augmented
model (3) and the Aq found in Step 2.

6 Experimental Evaluation

To evaluate the method two experiments are performed
on a non-linear model of a truck engine.

In the first experiment the method is applied to syn-
thetic data created by introducing known biases in a
non-linear model of a Diesel engine with three states.
The states, x1, x2, and x3, represent intake and ex-
haust manifold pressures, and turbine speed respec-
tively, see Appendix A. In the second experiment,
real data from the engine is used together with the en-
gine model to illustrate the gain in a real application.
In both experiments the stationary parts of the data
used in the augmentation estimation are separated out
through visual inspection.

Here estimation Approach 3 is chosen in both ex-
periments. The observer based on the default model is
referred to as the default observer while the observer
based on the augmented model is referred to as the
augmented observer.

In these examples an exhaust pressure sensor is used
both for the estimation of Âq and in the evaluation of
the augmented observer. However, note that the extra
pressure sensor is not used in the resulting augmented
observer. This illustrates that additional sensors can
be utilized in the design steps to gain more knowledge
about the system. Here the additional sensor provides
valuable information when Âq is estimated since there
is no prior knowledge of what states the bias influences.
This is natural since most information can be extracted
if all states are measured during the design, however it
is not a necessity for the proposed procedure.

6.1 Simulation study

The introduced bias is represented by

Aq =

1 −2
2 1
0 0.2


and two slowly varying biases q1 and q2. This Aq

means that there are two independent biases affecting
the model states which varies between approximately
0 and 10 % of the state values. The default system
has the linear measurement equation where y1 = x1

and y2 = x3. However, according to the discussion
in Section 4.4, an augmentation as the one introduced
in this example can not be estimated without a direct
connection between x2 and y. Therefore the measure-
ment equation is extended with an extra sensor for x2.
To make the simulation more realistic, white system
and measurement noise are added in the creation of
the synthetic data. Using the synthetic data and the
default model the augmentation estimation results in

Σ ≈
5.0259 0 0

0 4.8669 0
0 0 0.0024

 105,

and

Âq ≈
−0.8295 −0.5527

0.5515 −0.8233
0.0881 0.0123


where Σ indicates that there are two slowly varying
biases present. Hence, Âq is estimated using the first
two columns of U .

At a first look Âq does not appear similar to Aq.
However, the crucial fact is that the columns of Âq

and Aq span, approximately, the same space. A closer
look reveals that the elements in the bottom row is
significantly smaller than the other elements, and that
the factor between row one and two is approximately 2.
That is, the only thing that differs, besides a scaling,
is that the signs do not match.

An observer is created using EKF methodology and
a model augmented according to this estimated Âq.
The performance is compared to the default observer.
The state estimates are presented in Figure 1 together
with the true states. It is easily seen that the aug-
mented observer estimates x1 and x3 better than the
default observer while they both seem to estimate x2

equally well.
Since it is hard to make any further observations

regarding the estimate of x2 based on the estimates
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Fig. 1: True states and estimated states using de-
fault and augmented observer in the simulation
study.

themselves the estimation errors are plotted in Fig-
ure 2. Here it can be seen that all estimates become
better with the augmented observer than with the de-
fault observer.

6.2 Application to real measurement
data

In a final experiment the procedure is applied to a
real application where the exhaust manifold pressure
is estimated without using a sensor measuring it. The
exhaust manifold pressure is chosen since it is hard
to measure due to strong pulsations in the exhaust
gases. An augmentation is estimated using data from
two stationary operating points in the European tran-
sient cycle (ETC) of about 1000 samples each resulting
in

Σ ≈
4.8459 0 0

0 0.1511 0
0 0 0.0032

 105,

and

Âq ≈
−0.1920
−0.9808
−0.0330


where Σ indicates that there is one dominant slowly
varying bias present. Hence, Âq is estimated by the
first column of U .
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Fig. 2: Estimation errors using default and augmented
observer in the simulation study.

Tab. 1: Mean and maximum estimation errors using
default and augmented observer for the appli-
cation to real measurement data.

Max abs. error Mean error
Def. Aug. Def. Aug.

x1[Pa] 4719 5060 -420 -9
x2[Pa] 179971 174072 16370 8410

x3[rad/s] 2853 2529 154 117

The augmented observer is compared to the default
observer. Here the true states are approximated by
non-causal, low-pass filtered measurements, where the
filter has a cut off frequency of 2 Hz. In Table 1 it can
be seen that the mean errors for are x2 is about 50 %
smaller for the augmented observer than for the de-
fault observer while the maximum absolute errors are
approximately the same. Note that an ETC is a quite
dynamic cycle and does not contain many stationary
parts. With this in mind, and the fact that the aim
of the method is to reduce stationary bias, a reduc-
tion of the mean error with about 50 % in an ETC is
a promising result. Figure 3 shows the state estimates
and Figure 4 shows the estimation errors. In Figure 4
it can be seen that the maximum estimation errors oc-
cur in transients and, since the method used reduces
stationary bias, it is the mean error that is of main
interest.
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Fig. 3: State estimates using default and augmented
observer applied to real measurement data.

7 Conclusions

A method for bias compensation in model based ob-
servers is developed. The idea is to find a low di-
mension augmentation of the model that describes the
model biases. This augmented model is used to design
an augmented observer, that results in a state estimate
with reduced bias. A key result is a theoretical char-
acterization of all possible bias augmentations.

The method is successfully applied to a diesel engine
with variable geometry turbine (VGT) and exhaust gas
recirculation (EGR), using a non-linear default model
and input, and output data from an engine in a test
cell. It is shown that an augmentation according to the
suggested augmentation procedure reduces the mean
estimation error, i.e. the bias.

A Engine Model & Data

The model, on which the method is applied, is a third
order non-linear state space model of a six cylinder
Scania diesel engine with VGT and EGR. The model
states are intake and exhaust manifold pressures and
turbine speed, and the inputs are injected amount of
fuel, engine speed, VGT and EGR positions. It is
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Fig. 4: Estimation errors using default and augmented
observer applied to real measurement data.

based on a model developed in [4] but slightly sim-
plified. The simplifications are that the states for
the EGR mass fraction and actuator dynamics are re-
moved.

The data is collected in collaboration with Scania.
The data is from a six cylinder Scania diesel engine
with VGT and EGR in a test cell and was collected
during an ETC.
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Abstract: In this paper we investigate the minimum amount of input power required to estimate
a given linear system with a prescribed degree of accuracy, as a function of the model complexity.
This quantity is defined to be the ‘cost of complexity’. The degree of accuracy considered is
the maximum variance of the discrete-time transfer function estimator over a frequency range
[−ωB , ωB]. It is commonly believed that the cost increases as the model complexity increases.
The objective of this paper is to quantify this dependence. In particular, we establish several
properties of the cost of complexity. We find, for example, a lower bound for the cost asymptotic
in the model order. For simplicity, we consider only systems described by FIR models and assume
that there is no undermodelling.

1. INTRODUCTION

The purpose of system identification is to construct math-
ematical models of dynamical systems from experimental
input/output data. To this end, a judicious choice of
the input signal is crucial. This has motivated substan-
tial interest in the topic of optimal experiment design.
Indeed, many results have appeared on this topic, both
in the statistics literature [Cox, 1958, Kempthorne, 1952,
Fedorov, 1972] and in the engineering literature [Mehra,
1974, Goodwin and Payne, 1977, Zarrop, 1979, Jansson,
2004].

A key point as to why system identification can work in
practice lies in the nature of the input signal: it is noted
that experiment design can emphasize system properties
of interest, while properties of little or no interest can be
‘hidden’ [Hjalmarsson, 2005, Hjalmarsson et al., 2006]. As
remarked in [Hjalmarsson et al., 2006], some properties
can be more easily estimated than others, in the sense that
the amount of input power needed to estimate them with a
given level of accuracy does not depend on the complexity
of the model considered. However, some properties do
depend on the model order. For example, it has been
shown that the cost of estimating the transfer function at
a particular frequency, or one non-minimum phase zero, is
independent of the model order [Hjalmarsson et al., 2006].

This paper can be considered as an extension of the study
of this phenomenon. Here we investigate the minimum
amount of input power needed to estimate a given linear
system with a prescribed degree of accuracy, as a function
of the model complexity. This quantity is defined to be the
‘cost of complexity’. The degree of accuracy considered
is the maximum variance of the discrete-time transfer
function estimator over a frequency range [−ωB , ωB ].
For simplicity, we restrict the model class to systems
described by FIR models. Also, we assume that there is
no undermodelling, i.e. that the true system belongs to
the model structure.

? This work was supported by the Swedish Research Council.

The contribution of this paper consists of establishing sev-
eral properties for the dependence of the cost on the model
complexity. We believe that these results can provide
a better understanding of the relationship between the
amount of information that we ask to be extracted from a
system, and the sensitivity of the cost of the identification
with respect to the model complexity. This appears to be
a key for understanding why system identification works
for complex systems.

In order to study the problem posed in this paper, we
employ a semidefinite optimization approach [Hildebrand
and Gevers, 2003, Jansson and Hjalmarsson, 2005, Bom-
bois et al., 2006]. In particular, the input design problem is
formulated in terms of Linear Matrix Inequalities (LMIs)
and the problem reduces to studying the positivity of a
specific Toeplitz matrix.

This paper is organised as follows. The problem is for-
mulated in Section 2. The main results are presented in
Section 3 and a numerical example is provided in Section 4.
Section 5 concludes the paper.

2. PROBLEM SET-UP

Consider the FIR system with input u(t) and output y(t),

y(t) = [θo
no

]T Λno(q)u(t) + eo(t) = G(q, θo
no

)u(t) + eo(t),

where Λno(q) := [ 1 q−1 · · · q−no ]T with q−1 denoting the
backward time shift operator and θo

no
= [ bo

0 · · · bo
no

]T .
Furthermore, eo(t) is zero mean white noise with variance
σ2

o , and the input signal is considered to be wide-sense
stationary. The model to be fitted to this system is given
by

y(t) =
n∑

k=0

bku(t− k) + e(t) = [θn]T Λn(q)u(t) + e(t).

where n ≥ no. Consider the following autocovariance
representation for the power spectrum of u(t):



Φu(ω) :=
∞∑

k=−∞
rke−jωk. (1)

Note that r0 corresponds to the input power, i.e. r0 =
1
2π

∫ π

−π
Φu(ω)dω. The (normalised) associated asymptotic

covariance matrix of the estimated parameter vector is

lim
N→∞

NE[(θ̂N,n − θo
n)(θ̂N,n − θo

n)T ] = σ2
oT−1

n ,

where θ̂N,n is the Prediction Error (PE) parameter esti-
mator of order n based on N observations of input/output
data, θo

n := [ bo
0 · · · bo

no
0 · · · 0 ]T and Tn := T ({rk}n

k=0)
is a Toeplitz matrix of the vector [ r0 r1 · · · rn ] [Ljung,
1999]. In order for Φu to define a spectrum, it must satisfy

Φu(ω) ≥ 0, |ω| ≤ π. (2)
We will design the sequence r0, r1, . . . , rn. However, we
must ensure that there exists an extension rn+1, rn+2, . . .
such that the nonnegativity constraint (2) holds. A nec-
essary and sufficient condition for the existence of such
an extension is that Tn ≥ 0 [Grenander and Szegö, 1958,
Byrnes et al., 2001, Lindquist and Picci, 1996].

In this paper we study the input design problem

min
Φu

1
2π

∫ π

−π

Φu(ω)dω

s.t. Φu(ω) ≥ 0, |ω| ≤ π

lim
N→∞

N Var {G(ejω , θ̂N,n)} ≤ 1
γ

, |ω| ≤ ωB .

(3)

where “s.t.” denotes “subject to”.

By the Gauss’ approximation formula [Ljung, 1999,
page 292],

lim
N→∞

N Var{G(ejω , θ̂N,n)} = σ2
oΛ∗n(ejω)T−1

n Λn(ejω). (4)

This formula is valid when Tn is non-singular, i.e. when
Tn > 0 (since Tn must be positive semidefinite in order to
define a proper spectrum Φu). Under this assumption, by
applying Schur complements [Boyd et al., 1994, page 7],
the second constraint in (3) can be written as

Tn − σ2
oγΛn(ejω)Λ∗n(ejω) ≥ 0, |ω| ≤ π.

Thus, problem (3) can be reformulated, for ωB ∈ (0, π],
as:

min
r0,...,rn

r0

s.t. Tn − σ2
oγΛn(ejω)Λ∗n(ejω) ≥ 0, |ω| ≤ ωB .

(5)

(see e.g. [Hjalmarsson et al., 2006]). The constraint Tn > 0
has not been included in (5), because it can be shown (see
Lemma 10 in Appendix C) that Tn > 0 holds for any
solution of (5) if ωB > 0.

The case where ωB = 0 will be treated separately in
Remark 1 of the next section, since, in this case the optimal
solution gives a singular matrix Tn.

Let us denote by ropt
0 the solution to (5). The focus of

this paper is thus to study the dependence of ropt
0 on the

variables n, ωB and γ, by analyzing the frequency-wise
LMI

Tn − σ2
oγΛn(ejω)Λ∗n(ejω) ≥ 0, |ω| ≤ ωB . (6)

The constraint (6) is infinite dimensional due to the
dependence on the continuous variable ω. However, us-
ing the Generalised Kalman-Yakubovich-Popov (KYP)
Lemma [Iwasaki and Hara, 2005], the dependence on ω
is eliminated and thus (6) can be written as a finite
dimensional problem. The trade-off is that we add two new

matrix variables and that the dimension of the semidefinite
program increases.

3. MAIN RESULTS

In this section the main results of this paper are presented.
We start by stating some general properties of ropt

0 in
Propositions 1 and 2. The implication of these propositions
is that the more information we require for the model, the
larger the cost. In particular, Proposition 1 shows that the
cost is a non-decreasing function of n. Proposition 2 shows
that the cost is a non-decreasing function of ωB.
Proposition 1. (Monotonicity of ropt

0 with respect to n). The
optimal cost of (5), ropt

0 , is a monotonically non-decreasing
function of n.

Proof. Notice that

Tn+1 − σ2
oγΛn+1(ejω)Λ∗n+1(e

jω) =
[

An Bn+1

B∗n+1 r0 − σ2
oγ

]
,

where
An := Tn − σ2

oγΛn(ejω)Λ∗n(ejω)

Bn+1 :=

 rn+1 − σ2
oγej(n+1)ω

...
r1 − σ2

oγejω

 .

Thus, if Φu satisfies An+1 ≥ 0, it also satisfies An ≥
0, for every ω ∈ [−ωB, ωB ]. This means that ropt

0 is
monotonically non-decreasing in n. (This result can easily
be extended to general model structures.) �
Proposition 2. (Monotonicity of ropt

0 with respect to ωB).
Let ropt,1

0 and ropt,2
0 be the optimal costs of the input

design problem (3) for ωB = ωB1 and ωB = ωB2, respec-
tively, and a fixed model order n. If 0 ≤ ωB1 < ωB2 ≤ π,
then ropt,1

0 ≤ ropt,2
0 .

Proof. Follows from the fact that the set of allowable
input spectra Φu decreases with increasing ωB . �

The remaining results of this paper are consistent with
Propositions 1 and 2. In the next theorem an upper bound
for ropt

0 is derived by restricting the input spectrum to
white noise spectra, i.e. rk = 0, k 6= 0. This means that
the only decision variable in (5) is r0.
Theorem 1. (White noise input spectrum). For the case
of white noise input spectra, we have ropt

0 = ropt
whitenoise :=

(n + 1)σ2
oγ.

Proof. White noise corresponds to rk = r0δk, where δk is
defined by δ0 = 1 and δk = 0 for k 6= 0. From (4) we obtain
σ2

o

r0
Λ∗n(ejω)Λn(ejω) ≤ 1/γ. Since Λ∗n(ejω)Λn(ejω) = n + 1,

we obtain ropt
0 = (n + 1)σ2

oγ. �

From this theorem it is concluded that if we restrict
the input to white noise, the cost is proportional to the
model order n + 1 and the precision γ, but independent
of the bandwidth ωB . Note that ropt

whitenoise constitutes
an upper bound for ropt

0 due to the restriction in the
structure of the input spectrum. The next theorem appears
in [Hjalmarsson et al., 2006]. It considers the case when
ωB = 0, i.e. it provides a lower bound for ropt

0 . Also, it
shows that if we are only interested in estimating the static
gain of the system, the optimal input is independent of the
model order.



Theorem 2. When ωB = 0, the optimal cost is given by
ropt
0 = σ2

oγ.

Proof. This proof is a particular case of the proof of
Theorem 3.1 of [Hjalmarsson et al., 2006]. Here we have
that

Tn − σ2
oγΛn(1)Λ∗n(1) ≥ 0

⇔


r0 − σ2

oγ r1 − σ2
oγ · · · rn − σ2

oγ
r1 − σ2

oγ r0 − σ2
oγ · · · rn−1 − σ2

oγ
...

...
. . .

...
rn − σ2

oγ rn−1 − σ2
oγ · · · r0 − σ2

oγ

 ≥ 0. (7)

A necessary condition for (7) to hold is r0 ≥ σ2
oγ, hence

ropt
0 ≥ σ2

oγ. On the other hand, if we take φu(ω) =
(σ2

oγ)δ(ω) (e.g. by taking u to be a constant equal to σ2
oγ),

we have ri = σ2
oγ for i = 0, . . . , n, which implies that

ropt
0 ≤ σ2

oγ. This then implies that ropt
0 = σ2

oγ. �

This theorem presents a loose lower bound for ropt
0 due to

the fact that ωB is fixed to zero. In Theorem 3 we derive
a more refined lower bound (asymptotic in n) for ropt

0 ,
where ωB is allowed to vary. However, before stating the
theorem, we make a heuristic observation regarding ropt

0
by exploiting the asymptotic variance formula in [Ljung,
1985].
Observation 1. Using Ljung’s asymptotic variance for-
mula [Ljung, 1985], the condition

lim
N→∞

NVarG(ejω , θ̂N,n) ≤ 1/γ

can be approximately replaced by (n + 1) σ2
o

Φu(ω) ≤ 1/γ.
This implies that

1
2π

π∫
−π

Φu(ω)dω ≥ 1
2π

ωB∫
−ωB

Φu(ω)dω ≥ (n+1)
σ2

oωBγ

π
, (8)

however, if we take

Φu(ω) =
{

(n + 1)σ2
oγ, if ω ∈ [−ωB, ωB ]

0, otherwise,

(8) turns into an equality. Therefore a heuristic observation
is that ropt

0 is asymptotically proportional to the model
complexity n + 1, to the accuracy γ and the bandwidth
ωB . This derivation of the asymptotic cost is not entirely
rigorous (since Φu(ω) also depends on n), which calls for
some more detailed calculations. �

In the following theorem, we establish the findings made
in Observation 1 in a rigorous fashion.
Theorem 3. (Lower bound for the asymptotic cost). Assume
that 0 < ωB < π. Then, there is an nas ∈ N, depending
on σ2

o , γ and ωB, such that, for all n ≥ nas,

ropt
0 ≥

[
(n + 1)

ωB

π
+ 1
]
σ2

oγ.

Proof. See Appendix A. �
Remark 1. The solution of (3) for ωB = 0 does not give
a non-singular matrix Tn. However, if we add a small
perturbation, say ε > 0, to r0, we obtain a non-singular
Tn. Thus, ropt

0 = σ2
oγ is the infimum value of r0, but it is

not actually attainable, in the sense that the right hand
side of (4) is not defined for det Tn = 0, even though the
variance of G(ejω , θ̂N,n) is meaningful in this case. In fact,
in engineering terms, it is possible to generate the solution
of this case by using a constant signal, which will give a
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Fig. 1. The optimal cost (ropt
0 ) from (5) versus model

order n (solid); lower bound given by Theorem 2
(−	−); asymptotic lower bound for ropt

0 , c.f. Theorem 3
(dashed); the white noise solution ropt

whitenoise (−C−).

consistent estimator of the steady state gain of the system.
�

To summarize, the results of Propositions 1 and 2 are
consistent with the fact that all bounds derived for ropt

0
are asymptotically affine in n, ωB and γ. An upper bound
for ropt

0 was derived in Theorem 1. The lower bound
presented in Theorem 3 can be seen as a refinement of
the result in Theorem 2 in the case where ωB is allowed
to vary. Furthermore, Theorem 3 establishes the findings
of Observation 1 in a rigorous fashion.

4. NUMERICAL ILLUSTRATION

Let σ2
o = 1, ωB = 0.15π and γ = 1. In Figure 1, the

optimal solution ropt
0 is plotted together with the bounds

presented in Section 3. It is seen from the figure that the
asymptotic lower bound given in Theorem 3 is a tighter
bound (i.e. closer to ropt

0 ) than the simple bound given in
Theorem 2.

5. CONCLUSIONS

In this paper we have studied the minimum amount of
input power, ropt

0 , needed to estimate an FIR model with
prescribed precision γ over the frequency range [−ωB , ωB],
as a function of the model order n. It is assumed that n is
large enough to capture the true system. Several properties
of ropt

0 are derived. It is shown that if n is large enough,
ropt
0 is proportional to n, ωB and γ. A loose upper bound

for ropt
0 is given by a white noise input spectrum. The

main contribution of this paper is that we provide a tighter
asymptotic lower bound for ropt

0 . This bound quantifies the
cost of extracting more information about the system and
overmodelling. In simple terms, it can be concluded that,
asymptotically in n,

ropt
0 ∝ nωBσ2

oγ.

Hence, the results of this paper illustrate that the amount
of information we ask to be extracted from the system



determines how sensitive the cost of the identification
experiment is with respect to the system (and model) com-
plexity. This in turns means that the cost of identification
can be kept low for complex systems if features of little or
no interest are not excited.

Appendix A. PROOF OF THEOREM 3

By pre- and post-multiplying (6) by Λ∗n(ejβ) and Λn(ejβ),
respectively, where β ∈ [0, π], it must hold that

Λ∗n(ejβ)TnΛn(ejβ) ≥ σ2
oγ|Λ∗n(ejβ)Λn(ejω)|2,

|ω| ≤ ωB , β ∈ [0, π]. (A.1)
Now,

|Λ∗n(ejβ)Λn(ejω)|2 =
∣∣∣ n∑

k=0

ej(β−ω)k
∣∣∣2 =

sin2(n+1
2 [β − ω])

sin2( 1
2 [β − ω])

and

Λ∗n(ejβ)TnΛn(ejβ) =
n∑

m=−n

(n + 1− |m|)rke−jβm.

This implies that (A.1) is equivalent to
n∑

m=−n

(
1− |m|

n + 1

)
rke−jβm ≥ σ2

oγ
1

n + 1
sin2(n+1

2 [β − ω])
sin2( 1

2 [β − ω])
,

|ω| ≤ ωB, β ∈ [0, π]. (A.2)
The right hand side of (A.2) is the Fejér kernel Fn and, by
Lemma 6, the left hand side of (A.2) is the convolution of
Fn and Φu. Thus, (A.2) is equivalent to

1
2π

[Φu ∗ Fn](β) ≥ σ2
oγFn(ω − β), |ω| ≤ ωB , β ∈ [0, π].

(A.3)
This expression can be further simplified by taking the
supremum over ω ∈ [−ωB , ωB], and using Lemma 7. This
implies that (A.3) is equivalent to

1
2π

[Φu ∗ Fn](β) ≥
{

(n + 1)σ2
oγ, if β ∈ [0, ωB ]

σ2
oγ sup

β−ωB<x<β
Fn(x), if β ∈ (ωB , π].

(A.4)
Notice that, by Tonelli’s Theorem [Bartle, 1966, page 118],
the periodicity of Φu, and Lemma 8,

1
2π

∫ π

−π

[Φu ∗ Fn](β)dβ =
∫ π

−π

Φu(β)dβ.

Thus, if we integrate both sides of (A.4) using
F̃n(y) := sup

y<x<β
Fn(x) − Fn(y) ≥ 0, y ∈ (0, π − ωB ],

and divide by 2π, we obtain
1
2π

∫ π

−π

Φu(β)dβ ≥ (n + 1)
ωBσ2

oγ

π
+

σ2
oγ

π

∫ π−ωB

0

Fn(β)dβ

+
σ2

oγ

π

∫ π−ωB

0

F̃n(β)dβ. (A.5)

Let N ∈ N be such that, for every n ≥ N ,

ε :=
σ2

oγ

π

∫ π−ωB

0

F̃n(β)dβ > 0. (A.6)

The existence of such an N comes from the fact that
supy<x Fn(x) = Fn(y) does not hold for every y ∈
(0, π] (since Fn is not monotonically decreasing), and by
Lemma 9,

lim
n→∞

[∫ π−ωB

0

F̃n(β)dβ −
∫ π

0

F̃n(β)dβ

]
= 0.

Moreover, by Lemma 9, there is an N ′ ≥ N such that, for
every n ≥ N ′, ∫ π

π−ωB

Fn(β)dβ <
επ

σ2
oγ

.

Therefore by Lemmas 8 and 5 we have

σ2
oγ

π

∫ π−ωB

0

Fn(β)dβ (A.7)

=
σ2

oγ

π

∫ π

0

Fn(β)dβ − σ2
oγ

π

∫ π

π−ωB

Fn(β)dβ > σ2
oγ − ε.

Thus, by rewriting (A.5) and (A.7), and using (A.6), we
obtain the lower bound

1
2π

∫ π

−π

Φu(β)dβ ≥ (n + 1)
ωBσ2

oγ

π
+ σ2

oγ, n ≥ N.

This means that, for n sufficiently large, the optimal cost
satisfies the asymptotic lower bound

ropt
0 ≥

[
(n + 1)

ωB

π
+ 1
]
σ2

oγ. (A.8)

Appendix B. PROPERTIES OF THE FEJÉR KERNEL

The Fejér kernel Fn is defined as

Fn(x) :=
1

n + 1
sin2(n+1

2 x)
sin2( 1

2x)
, x ∈ R.

Properties of the Fejér kernel, necessary to establish the
proof of Theorem 3, are given below.
Lemma 4.

Fn(x) =
1

n + 1

n∑
k=0

k∑
l=−k

ejlx.

Proof.

1
n + 1

n∑
k=0

k∑
l=−k

ejlx =
1

n + 1

n∑
k=0

e−jkx − ej(k+1)x

1− ejx

=
1

n + 1

n∑
k=0

ej(k+1/2)x − e−j(k+1/2)x

ejx/2 − e−jx/2

=
1

n + 1

n∑
k=0

sin([k + 1/2]x)
sin(x/2)

=
1

n + 1
1

sin(x/2)
Im

{
n∑

k=0

ej(k+1/2)x

}

=
1

n + 1
1

sin(x/2)
Im
{

ejx/2 1− ej(n+1)x

1− ejx

}
=

1
n + 1

1
sin(x/2)

Im
{

1− cos([n + 1]x)− j sin([n + 1]x)
−2j sin(x/2)

}
=

1
n + 1

1
sin2(x/2)

1− cos([n + 1]x)
2

=
1

n + 1
sin2(n+1

2 x)
sin2(x/2)

= Fn(x).
�

Lemma 5. Fn(x) ≥ 0 and Fn(−x) = Fn(x).

Proof. Follows directly from the definition. �



Lemma 6. If g : Z → R has Fourier transform G, then

n∑
m=−n

[
1− |m|

n + 1

]
gme−jωm =

1
2π

[G ∗ Fn](ω), ω ∈ [−π, π].

Proof.
n∑

m=−n

[
1− |m|

n + 1

]
gme−jωm

=
1

n + 1

n∑
m=−n

(n + 1− |m|)gme−jωm

=
1

n + 1

n∑
k=0

n∑
l=0

gk−le
−jω(k−l)

=
1

n + 1

n∑
k=0

k∑
p=−k

gpe
−jωp

=
1

n + 1

n∑
k=0

k∑
p=−k

1
2π

∫ π

−π

G(β)ejβpdβe−jωp

=
1
2π

∫ π

−π

G(β)
1

n + 1

n∑
k=0

k∑
p=−k

ej(β−ω)pdβ

=
1
2π

∫ π

−π

G(β)Fn(β − ω)dβ

=
1
2π

[G ∗ Fn],

where we have used Lemmas 4 and 5. �
Lemma 7. Fn(x) ≤ Fn(0) = n + 1 for all x ∈ [−π, π].

Proof.

Fn(0) = lim
n→∞

1
n + 1

sin2(n+1
2 x)

sin2(x
2 )

= n + 1.

On the other hand, by Lemma 4, for all x ∈ [−π, π] we
have that

|Fn(x)| = 1
n + 1

n∑
k=0

k∑
l=−k

ejlx

=
1

n + 1

n∑
k=0

n∑
p=0

ej(k−p)x

=
1

n + 1

∣∣∣∣∣
n∑

p=0

ejkx

∣∣∣∣∣
2

≤ 1
n + 1

(
n∑

p=0

|ejkx|
)2

= 1.

�
Lemma 8.

1
2π

∫ π

−π

Fn(x)dx = 1.

Proof. By Lemma 4,

1
2π

∫ π

−π

Fn(x)dx =
1
2π

∫ π

−π

[
1

n + 1

n∑
k=0

k∑
l=−k

ejlx

]
dx

=
1

n + 1

n∑
k=0

k∑
l=−k

1
2π

∫ π

−π

ejlxdx

=
1

n + 1

n∑
k=0

k∑
l=−k

δl

=
1

n + 1
(n + 1)

= 1.
�

Lemma 9. For every δ > 0,

lim
n→∞

∫ π

δ

Fn(x)dx = 0.

Proof. For δ ≤ x ≤ π, we have

Fn(x) =
1

n + 1
sin2(n+1

2 x)
sin2(x

2 )
≤ 1

n + 1
1

sin2( δ
2 )

.

Thus

0 ≤
∫ π

δ

Fn(x)dx ≤ 1
n + 1

π − δ

sin2( δ
2 )
→ 0

as n →∞. �

Appendix C. TECHNICAL LEMMA

Lemma 10. Let ωB ∈ (0, π]. Then, if {rk}n
k=0 is a solution

to the input design problem (6), it satisfies Tn > 0.

Proof. Pick n+1 different numbers {ωk}n
k=0 from [0, ωB].

Then, from (6), the solution {rk}n
k=0 satisfies

Tn − σ2
oγΛn(ejω1)Λ∗n(ejω1) ≥ 0, for i = 0, . . . , n.

(C.1)
By summing (C.1) over i = 0, . . . , n, and dividing by n+1,
we obtain

Tn − σ2
oγ

(n + 1)
UU∗ ≥ 0, (C.2)

where

U := [ Λn(ejω0 ) · · · Λn(ejωn) ] =


1 · · · 1

e−jω0 . . . e−jωn

...
...

e−jnω0 . . . e−jnωn

 .

Notice that U∗ is a Vandermonde matrix [Horn and
Johnson, 1990, page 29], whose determinant is

det(U∗) =
∏

0≤i<k≤n

(ejωk − ejωl) 6= 0.

Thus, UU∗ > 0, hence by (C.2) we conclude that Tn > 0.
�
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A mathematical programming approach to deadline-constrained
transmission scheduling in wireless HART networks

Pablo Soldati and Mikael Johansson

Abstract— This paper considers transmission scheduling of
deadline-constrained data in a wirelessHART network. We
develop a mathematical programming formulation and discuss
efficient scheduling heuristics. We use the framework to sched-
ule transmissions in a non-trivial network, and show how our
results can be used to study design trade-offs such the use of
multiple channels and multiple access points.

I. I NTRODUCTION

Although industrial wireless is almost a hundred years
old [1], the emergence of low-cost low power radios along
with the recent surge in research on wireless sensor networks
and networked control raises expectations of a much wider
deployment [2]. However, one of the main industrial con-
cerns about a larger investment in wireless technologies has
been the absence of networking standards (alongside with
security concerns and the lack of proven operational relia-
bility). This has been acknowledged by major standardization
bodies and automation system vendors, and several standards
for industrial wireless networks are developed. The first of
these to be finalized, wirelessHART, was accepted in the fall
of 2007 and is now publicly available [3].

To guarantee real-time data delivery, the wirelessHART
protocol relies on time division multiple access, i.e. the
scheduling of transmission rights to links over time. The
construction of the global transmission schedule is performed
by a central unit called the network manager (a more
detailed review of the standard follows in Section II). Thus,
contrary to the philosophy of decentralization advocated in
ad-hoc networks, the wirelessHART standard ”pushes” the
complexity of ensuring reliable and expedite data transfers
to the network manager. At the same time, there are very
few published results on how to schedule real-time traffic in
multihop wireless networks. There is indeed a large body of
literature on transmission scheduling for multihop wireless
networks, but this research considers saturated traffic sources
and attempts to minimize schedule length under average traf-
fic rate requirements on links. As demonstrated in Section II-
A, the real-time scheduling problem is different and existing
results are not immediately applicable.

In this paper, we take a first step towards systematic
scheduling of data transfers in multihop wireless networks.
In particular, we consider deadline-constrained scheduling
of transmissions in a wirelessHART network. We develop a
mathematical programming formulation and discuss efficient

This work was supported in part by Vinnova, the Swedish Research
Council, and the European Commission.

The authors are with the school of Electrical Engineering, KTH, SE-
10044 Stockholm, Sweden. Email:{firstname.lastname}@ee.kth.se

scheduling heuristics. We use the framework to schedule
transmissions in a non-trivial network, and show how our
results can be used to study design trade-offs such the use
of multiple channels and multiple access points.

Although wirelessHART only standardizes wireless trans-
missions of HART messages, current drafts of the more am-
bitious ISA100-11a standard uses the same networking layer
and, unless the standards development takes an unexpected
turn, the results in this paper will apply also to ISA100.

II. W IRELESSHART
The wirelessHART standard supports low-cost wireless

industrial communications for low-bandwidth applications
such as asset management, process monitoring to non-critical
control. A wirelessHART network provides wireless con-
nectivity to field devices (such as sensors and actuators)
and handheld units via a gateway. Although a network only
has one logical gateway this gateway might have several,
possibly non-collocated, access points. The radio resources
are allocated and monitored by a single unit called the
network manager, see Figure 1.

G W

G W

Network 

manager

Gateway

Devices

Handheld

Fig. 1. Example of wirelessHART network infrastructure.

The physical layer of wirelessHART uses IEEE 802.15.4
compatible direct-sequence spread spectrum radios and per-
forms channel hopping on a per transaction basis. The link
layer uses time-division multiple access, where communi-
cation is performed in globally synchronized time slots. In
the current version of the standard, a time slot is 10ms
long, and all 16 channels defined by IEEE802.15.4 are
available for use. A specific time slot might be shared or
dedicated. In shared time slots, devices contest for access
using an ALOHA-like scheme. In dedicated time slots,
on the other hand, only transmitters that have received
transmission rights in that slot are allowed to transmit. The



standard does not allow reuse, in the sense that only one
transmitter can be scheduled for access in each channel
during a (dedicated) time slot. Transmissions can either be
unacknowledged broadcast (one sender to many receivers)
or acknowledged unicast (one sender to one receiver). The
construction and dissemination of the transmission schedule
is performed centrally by the network manager. Although the
network maintains a single schedule, the schedule is typically
organized into several superframes which are run in parallel.
This organization of the schedule is useful for supporting
multiple traffic classes and for efficient handling of networks
in which devices has a large difference in scan rates.

Data might be transmitted directly from the field devices
to the gateway (single hop routing) but can also reach the
gateway by multihop routing where other devices assist in
forwarding the data to its destination. The standard supports
two classes of multihop routing: graph-based routing and
source-based routing. In source-based routing, a single route
from each data source to its destination is set up. Graph-
based routing, on the other hand, allows for multiple for-
warding choices at each hop, which significantly increases
diversity and hence reliability of end-to-end communications.

A. Related work

Scheduling problems have been widely studied for over
half a century and many formulations have been proven to
be NP-complete [4], [5],e.g. the multiprocessor scheduling
problem [6]. In other cases, scheduling problems in flexible
manufacturing systems have been addressed by combining
network flow modelling and integer programming [7].

Scheduling transmission rights for nodes or links in
wireless systems is usually coupled with other networking
aspects, such as routing, end-to end rate requirements, etc.
Previous work on static and distributed link scheduling
in packet radio networks include [8]-[17]. Algorithms for
unicast and broadcast scheduling in multihop radio networks
are presented in [12]. The proposed algorithms can schedule
tree networks optimally, and arbitrary networks so that the
schedule is bounded by a length that is proportional to
a function of the network thickness times the optimum.
However, as mentioned in [10], [13], finding an optimal
broadcast schedule is NP-complete. Joint routing and link
scheduling to minimize the schedule length for given data
load is considered in [15]. All the results above consider
saturated data sources and focus on average link rate perfor-
mance. As such, the algorithms do not immediately apply to
scheduling of deadline constrained traffic. This is illustrated
in the example below.

Example 1:Consider the network shown in Figure 1, and
assume that nodes b, c and d simultaneously produce one
unit of data that need to be forwarded to the root node a.
Since link 2 needs to forward the traffic from both nodes
c and d, the average traffic load on the links are (1,2,1).
Assuming that node c cannot receive and transmit at the
same time, the minimum schedule length is three slots ad the
three schedulesS1, S2 in S3 in Figure 1 are all valid optimal
schedules. In this case,S1 andS2 evacuates the data within a

single superframe, while the schedule S3 fails to deliver the
data from node d in the same superframe it was produced.
Thus, minimal schedules for average rate constraints are not
necessarily optimal in the number of time slots required for
delivering data to their destination. The relation is even more
diffuse when different data has different deadlines.

b c

d

a

1 2

3

={[1,3], [2], [2]}

={[2],[1,3],[2]}

={[2],[2], [1,3]}

S1

SS3

S2

Fig. 2. The simple data collection network in Example 1

III. L INK SCHEDULING VIA OPTIMIZATION

In this section we derive a mathematical programming
model for link scheduling of deadline-constrained data trans-
fers in wirelessHART networks.

A. Problem formulation

We represent the network by a directed graphG = (N,L),
with nodesn ∈ N located at fixed positions in the plane.
The presence of a link(n,m) ∈ L in the graph means that
noden can transmit data reliably to nodem under normal
radio conditions. In this paper, we will assume that the
network topology remains fixed over time. Data is produced
at individual nodesn(d)

0 ∈ N at given timest(d)
0 . Associated

to each data transfer is a deadlinet
(d)
f when the data has to

be delivered at its destination noden(d)
f ∈ N . Our problem

is to construct a link schedule that delivers the data on time.
The schedule should assign transmission rights to links.

There is a maximum ofC channels for use in the network,
and in each time slot only one transmission can occur in
each frequency. Moreover, current radio platforms impose
the limitations that a node can only receive or transmit one
data packet per time slot (i.e. primary constraints, activate at
most one of its incoming or outgoing links). Therefore, at the
abstraction level the channel allocation can be reformulated
as a link scheduling problem for single-carrier STDMA-like
network based on primary constraints and with a maximum
cardinality constraintC. This observation is crucial to reduce
the problem complexity in terms of number of variables and
constraints. We will also assume that the node can buffer a
maximum ofBn data packets.

B. Time-expanded graphs and dynamic network flows

One way to deal with network flows over time is to
use time-expanded graphsGT = (NT , LT ) [18]. These are
obtained from the network topology graphG = (N,A) via

NT = {nt : n ∈ N, 0 ≤ t ≤ T}



wherent is the t-th time copy of the noden ∈ N and

LT = {(nt,mt+1) : (n,m) ∈ L}.
We will use the shorthand notationlt ∈ LT to denote the
t-th time copy of linkl ∈ L. A deadline-constrained flow on
G can then be modelled as a classical network flow on the
time expanded graphGT ; see Figure 3 for an illustration.

b

c

d

a

t=0

...

t=1 t=2 t=T

Fig. 3. A simple network and the corresponding time-expanded grpah. The
grey arrows denote hold-over links.

Depending on how the network flow problem is formu-
lated, it can be useful to introduce hold-over links,

HT = {(nt, nt+1) : n ∈ N}
to model buffering of data in a node over time, and then
consider network flow in the associated graphGH

T =
(NT , LT ∪HT ). We will explore both formulations below.

For convenient notation, we introduceI(nt) = {lt =
(mt−1, nt) ∈ LT } as the set of incoming links to nodent

andO(nt) = {lt = (nt,mt+1) ∈ LT } as the set of outgoing
links from nodent. Note in particular thatI(nt) andO(nt)
do not include hold-over links.
C. A mathematical programming formulation

We introduce variablesx(d)
lt ∈ {0, 1} with x

(d)
lt = 1 if data

packetd is scheduled for transmission on linklt ∈ LT , and
0 otherwise. The limits on the number of channels∑

l

∑
d

x
(d)
lt ≤ C for all t (1)

and the radio constraints can be written as∑
lt∈I(nt)∪O(nt)

∑
d

x
(d)
lt ≤ 1 for all nt ∈ NT (2)

We model the production and consumption of data packets
over time by a variable

s
(d)
nt =


−1 if n = n

(d)
0 and t = t

(d)
0

1 if n = n
(d)
f and t = t

(d)
f

0 otherwise

and letb(d)
nt encode if the data packetd is buffered at node

n at timet (i.e., b
(d)
nt = 1 if data packetd is buffered at node

n at time t, and 0 otherwise). Then, the flow conservation
constraints can be written as

b
(d)
nt = b

(d)
n(t−1) +

∑
lt∈I(nt)

x
(d)
lt −

∑
lt∈O(nt)

x
(d)
lt + s

(d)
nt (3)

for each nodent ∈ NT and each data flowd. The buffer
occupancy constraint now reads∑

d

b
(d)
nt ≤ Bn for all nt ∈ NT (4)

We consider the objective of minimizing a linear cost of link
activations,i.e. to minimize∑

d

∑
l

∑
t

wltx
(d)
lt (5)

Some examples of relevant link costs include time,e.g.,
wlt = t (to discourage long schedules), transmit powerwlt =
Pl where Pl denotes the power used in transmitting and
receiving nodes of linkl (to minimize power consumption)
or wlt = log(pl) wherepl is the success probability for a
transmission on linkl. To sum up, the deadline-constrained
scheduling problem is

minimize
∑

d

∑
l

∑
t wltx

(d)
lt

subject to (1), (2), (3), (4)
(6)

This problem is a mixed integer linear programming problem
that can be solved using off-the-shelf software for combina-
torial optimization. Unfortunately, like the case of maximal
matching [6], the linear programming relaxation obtained
by disregarding the integrality constraints on the decision
variablesxl has a fractional solution in general, and a branch-
and-bound or branch-and-cut framework needs to be adopted.

D. Aggregation by commodities

When multiple sources produce data with the same desti-
nation node and the same deadline, the number of variables
in the optimization formulation can be reduced by aggre-
gating this data into a single commodity (in a way, not dis-
cerning between individual packets with the same destination
and the same deadline). Here, the formulation above remains
the same except for the definition of the variablessd

nt which
are now1 for each pair of data production sources (nodes)
and production times, negative the number of data sources
for the reception node at the desired deadline, and zero
otherwise. As we will see below, this trick can be applied to
an important class of scheduling problems.



E. An important special problem: data evacuation

A specific feature of wirelessHART is that no device-
to-device communication is permitted: all communication
has to go through the gateway. Moreover, in many cases
the rate requirements within a specific superframe are often
heterogeneous (i.e. data is produced with the same frequency
by all nodes, and the deadlines are comparable). It can then
be of interest to study the problem of scheduling the network
so that all data, produced at various nodes at the same time,
reach the gateway with a minimum delay. Such problems are
often calledevacuation problems.

In our framework, the minimum time data evacuation
problem is formulated by aggregating all data produced in
the network as a single commodity, lettings

(d)
n0 = 1 if n 6= g,

whereg denotes the gateway,s(d)
gT = |N | − 1 and s

(d)
nt = 0

otherwise, and then solving

minimize
∑

t tzt

subject to xlt ≤ zt ∀l, t
(1), (2), (3), (4)

(7)

Compared with the generic deadline-constrained scheduling
problem, the data evacuation problem has a lot of additional
structure. We will exploit this in Section IV to come up with
efficient heuristics for its solution.

IV. A HEURISTIC FOR DATA EVACUATION

For large networks, the number of equations constraints
and optimization variables in problem (6) quickly grow
with the number of gateways, nodes, links, frequencies and
maximum superframe length, making the computation effort
hard. Rather than solving the problem at once, we propose
to use a heuristic that scales better with the network size,
while keeping the schedule length close to the optimal one.
Specifically, we propose to repeatedly restrict the problemto
a single time slot and augment the schedule until all packets
can be delivered to the gateway.

Separating the problem into individual time slots does not
guarantee to minimize the upstream schedule length. More
importantly, solving isolated single-step problems couldre-
sult in routing loops where data is forwarded in a cycle be-
tween multiple nodes without making any progress towards
its destination. To cope with this issue, we use breadth-
first search for partitioning the nodes into disjoint layers
(layer0, layer1,. . . ) based on their distance (hop count) from
the gateway. Leth = (h1, . . . , hN )T be the vector with
entries representing the number of hops separating each node
from the gateway, i.e. its layer. For each link, we define the
forward progressfl as the difference between the valueshn

of its transmitter and receiver. In mathematical form we have

f = AT h

Note thatfl takes values1 if a packet moves toward the
gateway,−1 if it moves away from the gateway and0
otherwise. In order to minimize the number of transmissions
required for all packets to be delivered at the gateway, we
propose to schedule packet transmission only on links with
nonnegative forward progress, i.e. require thatxltfl ≥ 0.
Hence, at each iteration we propose to solve

minimize
∑

l wltxlt +
∑

n hnbnt

subject to bnt = bn(t−1) +
∑

lt∈O(nt)

xlt −
∑

lt∈I(nt)

xlt∑
l xlt ≤ C∑
lt∈I(nt)∪O(nt)

xlt ≤ 1
bnt ≤ Bn

xltfl ≥ 0

(8)

where we have aggregated flows on the destination (and
dropped superscript(d)), and introduced an additional term∑

n hnbnt in the objective function to penalize having many
packets in low layers (which take longer time to evacuate
from the network). In each iterationt, bn(t−1) is known and
fixed. In the first iteration,t = 0, bn(−1) is set to 1 for all
nodes except the gateway. Packets that are received by the
gateway are removed from the system and the iteration stops
when all packets have reached the destination.

Note that the formulation above can be simplified further
by using the buffer constraint to eliminate the variable
bnt from the objective. Further, both the forward progress
constraint and the buffer limit constraints can be accounted
for by pruning away links that cannot be activated in the slot.
Similarly, to reduce complexity even further, we remove all
outgoing links from nodes that do not buffer any data at
time t−1. The resulting problem turns out to be a weighted
matching on the reduced graph problem with a maximum
cardinality constraint,e.g.

minimize
∑

l w
′
ltxlt

subject to
∑

l xlt ≤ C∑
lt∈I(nt)∪O(nt)

xlt ≤ 1

It is this problem that we solve repeatedly to quickly obtain
reasonably good, albeit suboptimal, schedules.

V. NUMERICAL EXAMPLES

To illustrate the feasibility of our approach, and to demon-
strate how the framework allows to gain insight into tech-
nology tradeoffs we consider the network in Figure 4. This
network, taken from the standard documents, has 14 nodes
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Fig. 4. A sample 13-node network topology.

and 46 directed communication links. One node, marked with
a square, is the gateway while the other ones are field devices.

For sake of simplicity, we consider a data evacuation
formulation, where all 13 field device nodes produce data
simultaneously which they need to forward to the gateway
as quickly as possible. We are interested in studying how
the evacuation time (schedule length) depends on critical
network parameters. Specifically, we consider the impact of
having multiple access points at the gateway (so that the
gateway can receive data from more than one field device
simultaneously), the number of channels allocated to the
data evacuation task (the fewer channels we can do with,
the more channels can be reserved for other traffic classes
or other networks), and the number of buffers for mesh
forwarding (which limits the admissible load on bottleneck
nodes). The results of the study are shown in Figure 5. Here
we can see how the schedule length is drastically reduced as
the number of channels allocated to the network increases.
At around 5-6 channels, the benefits diminish and it is the
primary constraints (that nodes can only communicate with
one other node at a time) that limit how fast the data can
reach the gateway. Similarly, there is a clear benefit of having
more than one access point at the gateway, but for evacuation
of data it is hard to make use of multiple access points
throughout the full schedule. To understand why, consider
Figure 4 where the thickness of the full lines correspond
to the number of transmission opportunities scheduled to
the individual links (the scenario in this case is two access
points and two channels). Thus, once data is drained from
the ”lower” parts of the network, it is primary constraints of
bottleneck nodes and not the number of access points that
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Fig. 5. Minimal schedule lengths as function of the number of channels
allocated to the network and the number of access points.

limit how fast data can be evacuated. It might very well be
that in a network with more traffic, one could indeed make
better use of multiple access points throughout the schedule,
but no such conclusions can be drawn from our study.

A. Comparison with heuristic

We are now ready to compare the optimization problem (6)
with the heuristic approach proposed in Section IV using
the previous example. Besides, we find a theoretical lower
bound of the schedule length by allowing an infinite number
of channels and unlimited buffers in nodes. Figures 6(a)
and 6(b) show the schedule length for both optimal and
heuristic solution approaches and compare them with the
lower bound, in this case for different constraints on the num-
ber of packets that can be buffered in the nodes. Specifically,
for a single access point both approaches achieve the bound
using3− 4 channels, whereas for larger numbers of access
points, the channels required to achieve the bound increases
to 5− 6. Besides, Figure 6(a) shows that in relatively small
networks the impact of having small buffer size can be
compensated by increasing the number of channels, while
the is no gain in increasing the number of access points over
a certain threshold (two for this network). The difference
in schedule length between the optimal and the heuristic is
small (1-3 time slots) for all scenarios, but the differencein
computation time is dramatic: as the number of channels and
access points increase, the optimization problem (6) can be
quite demanding to solve and the integer programming solver
will need 10s of minutes to schedule the network, while the
heuristic has always run in a couple of seconds.
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(a) Optimal solution approach.
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(b) Heuristic solution approach.

Fig. 6. Schedule length for optimal and heuristic solution approaches as a function of the number of channels, number of access points and fixed buffer
size from1 to 4. The dashed lines represent the theoretical lower bound on schedule length that can be achieved by relaxing the both channel and buffer
size constraints.

VI. CONCLUSIONS AND FUTURE WORK

A. Conclusions

WirelessHART is one of the first standards for multihop
wireless industrial communications which, if embraced by
industry, could enable a much deeper penetration of wireless
devices in monitoring and process control loops. A disadvan-
tage of the standard, however, is that it puts all the burden of
scheduling all transmissions in the network on the network
manager. At the same time, there are very few published
results on how to solve the associated scheduling problems.

In this paper we have taken some initial steps towards de-
veloping theory and methodology for transmission schedul-
ing in wirelessHART networks. We have studied the problem
of link scheduling for deadline-constrained data in multi-hop
multi-channel wireless networks, developed a mathematical
programming formulation and discussed efficient scheduling
heuristics. We used the framework to schedule transmissions
in a non-trivial network, and showed how our results can
be used to study design trade-offs such the use of multiple
channels and multiple access points.

B. Future works

There are many natural continuations of this work. First,
the theoretical properties of our scheduling formulation
should be investigated in more detail. For example, the LP
relaxation of the weighted maximal matching problem has
a fractional solution, but the addition of extra constraints

allows for polynomial time algorithms. It would be interest-
ing to see if similar results could be derived for our, more
general, formulation. In a similar spirit, the structure ofdata
evacuation on trees could probably be exploited further and
more efficient algorithms could be devised.

In another direction, it is important to investigate how to
make the link scheduling more reliable in face of link out-
ages. One could imagine addressing this either by scheduling
retransmission attempts, or to schedule data forwarding on
multiple paths. Both alternatives are supported by the stan-
dard. To assess what is the best practical solution, and to
extend the mathematical programming formulation to include
these issues, is an important topic of future research.

Finally, in this paper the deadlines are given. A natural
consideration would be to do joint design of the control,
monitoring or estimation algorithms running over these net-
works, and the individual deadlines for data transmissions.
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A Simple Peer-to-Peer Algorithm for Distributed Optimizatio n in
Sensor Networks

Björn Johansson, Maben Rabi and Mikael Johansson

Abstract— We propose a distributed algorithm that solves
a special class of optimization problems using only peer-to-
peer communication. One application is parameter estimation
problems in sensor networks. Current decentralized algorithms
for solving this class of optimization problems typically rely
on passing around a parameter estimate in a ring consisting
of all network nodes. In our algorithm, which extends the
randomized incremental subgradient method with fixed stepsize
due to Nedíc and Bertsekas, nodes maintain individual estimates
and need to exchange information only with their neighbors.
We establish approach of the solution to an interval around the
optimum value. We illustrate the algorithm’s performance, in
terms of convergence rate and communication cost relative to
alternative schemes, through several numerical examples.

I. I NTRODUCTION

Many tasks of wireless sensor networks, including esti-
mation, detection, localization, and resource sharing, can be
cast as optimization problems (see, for example, [7] and [3]).
To solve these problem optimally without relying on a single
node (hence increasing system robustness) and minimizing
the energy consumption needed for signalling and coordi-
nation, there is a desire to devise decentralized algorithms
that can provide this functionality in sensor networks. This
paper proposes an optimization approach that solves a rather
general optimization problem, applicable to many of the tasks
outlined above, relying only on peer-to-peer communication.

A. Problem Formulation

We consider the following specific class of optimization
problems

minimize
θ,x1,...,xN

∑N
i=1 fi(xi, θ)

subject to xi ∈ Xi, i = 1, ..., N
θ ∈ Θ.

(1)

Here fi(xi, θ) is a cost function associated with nodei,
xi is a vector of variables local to nodei, andXi is the
feasible set for the local variables. The setΘ is the feasible
set of a global (network-wide) decision variableθ. Although
our algorithms are readily extended to the vector case, we
will assume thatθ is scalar to simplify notation. We assume
that fi are convex functions and thatXi and Θ are convex
sets1with non-empty interior. Associated to the problem is a
communication topology represented by a graphG = (V, E)

This research was partially funded by the Swedish Research Coun-
cil, the Swedish Foundation for Innovation Systems, and the European
Commission. The authors are with the School of Electrical Engineering,
Royal Institute of Technology (KTH), 100 44 Stockholm, Sweden. Email:
firstname.lastname@ee.kth.se.

with vertex setV = {1, ..., N} and edge setE ⊆ V × V.
The presence of an edge(i, j) in E means that nodei can
communicate directly with nodej, and vice versa. The graph
G hasN nodes (vertices).

Although the communication structure is dictated byG,
one can structure the inter-node communications for com-
puting the optimizer(x, θ) in many ways. The most obvious
way is acentralizedapproach where nodes pass information
about (fi,Xi) to a central node that solves the convex
optimization problem (1) using, for example the techniques
in [3], and distributes the solution to the nodes. This solution
is sensitive to the failure of a single node (the central node),
requires individual nodes to reveal their cost functions and
constraint sets, and demands potentially complex information
transfer from nodes to the computational unit. Another
alternative usesestimate passing: the nodes are organized
in a ring, and the current estimate of the optimizer is
passed from one node to the other [7]. There also exists a
randomized version where the estimate is sent to a randomly
chosen node in the network [1]. When a node receives the
current estimate, it performs a local update accounting for
its own cost function and constraints, before passing the
modified estimate to the next node. In this approach, nodes
do not need to reveal their private objectives and constraints,
but the method requires reliable communications (typically
over multiple hops) as the messages conveying the current
estimate must not be lost.

Our approach is an extension of the randomized version
of the estimate passing scheme. Instead of nodes sending the
estimate to a randomly chosen node in thewhole network,
we show that it is sufficient to send to arandom neighbor.
Thus, our scheme can be implemented without relying on
complex and energy consuming multi-hop communications.
The transition probabilities, which determine how the pa-
rameter estimate is passed around in the network, can be
computed using local network topology characteristics.

B. Related Work

A similar problem formulation for sensor network appli-
cations is considered by [7] and [8]. In [7], the incremental
subgradient method (see for example [1]) is applied to the
primal problem formulation. The result is an algorithm where
a parameter estimate is circulated in the network, and each

1The optimization problem is especially easily solved if the sets are
described by upper and lower bounds or by quadratic constraints. If the
sets are more complicated, the algorithm we develop still works, but the
computational burden on each node will significantly increase.



node refines the estimate. This approach is extended in [8],
into an algorithm that exploits the clustered structure of many
sensor networks: within each cluster, the primal incremental
subgradient method is used to reach consensus of the optimal
parameter estimate, given the data in the cluster. The clusters
then fuse their estimates, and the optimization within each
cluster is repeated. This scheme is iterated until convergence
is reached. A related problem formulation for the case of
distributed least-squares estimation in sensor networks is
investigated in [9]. In that paper, a peer-to-peer approach
is combined with consensus algorithms.

Subgradient algorithms with randomization and dimin-
ishing stepsizes (also called stochastic quasi-gradient meth-
ods) are well-known in stochastic optimization theory [4].
However, our approach is an extension of the less known
randomized incremental subgradient algorithm withfixed
stepsize [1], [6].

C. Outline

We start with presenting our algorithm and proving its
convergence properties in Section II. We then describe some
extensions to tackle practical issues in Section III. In Sec-
tion IV, we focus on the specific problem of parameter
estimation via Huber norm minimization. Our approach
is compared with other algorithms. Finally, the paper is
concluded with Section V.

II. PEER-TO-PEER OPTIMIZATION ALGORITHM

We rewrite (1) as

minimize
θ

∑N
i=1 qi(θ)

subject to θ ∈ Θ,
(2)

where qi(θ) = minxi∈Xi
fi(xi, θ) and we introduceq⋆ as

the optimal value of (2) andq(θ) =
∑N

i=1 qi(θ). Let each
(convex) componentqi(·) have a subgradientgi(θ) at θ
and assume that each of these subgradients are bounded as
follows

|gi(θ)| ≤ C for all θ ∈ Θ and all i = 1, ..., N.

We now develop an extension of the randomized incremen-
tal subgradient method (RISM) [1]. The update equation of
the estimate,θk, of the optimizer is

θk+1 = PΘ {θk − αgwk
(θk)} , (3)

wherePΘ{·} denotes projection on the setΘ andα > 0 is
a fixed stepsize. In the standard RISM, the random variable
wk is IID and takes on values from the set{1, ..., N} with
equal probability. This means that the estimate is passed
around between randomly chosen nodes in the network, and
successive estimates could be updated by nodes possibly
several hops away. Intuitively, we should save energy spent
on communication if the estimate is sent to a neighboring
node instead, and this is precisely what we can do when
we let wk be the state of a Markov chain corresponding to
the communication structure. Thus, in our extension,wk is
the state of a special Markov chain that takes on values in
the finite set{1, 2, . . . , N} and has the transition matrixP .

Algorithm 1 Peer-to-peer optimization algorithm, MRISM.
1: Initialize θ0 andα. Setk := 0 andwk = 1.
2: loop
3: At nodewk, computegwk

(θk) for qwk
(θk).

4: θk+1 := PΘ{θk − αgwk
(θk)}.

5: Sendθk+1 to a random neighbor,wk+1, with transi-
tion probability according toP .

6: k := k + 1.
7: end loop

The speciality of the Markov chain lies in the fact that its
transition matrix respects the communication topology of the
graphG.

We assume that the Markov chain is irreducible, acyclic,
and has the uniform distribution as its stationary distribution.
This assumption means that the underlying communication
structure is connected; after a sufficient amount of time the
chain can be in any state; and that all states in the chain will
be visited the same number of times in the long run. Now the
question is how to construct the transition matrix using only
local information. It turns out there is a simple way to do this
using the so called Metropolis-Hastings scheme [2]. If the
underlying communication topology is connected, then all
assumptions on the transition matrix are valid if the elements
are set to

[P ]ij =
min{ 1

di
, 1

dj
} if (i, j) ∈ E and i 6= j∑

(i,k)∈E max{0, 1
di
− 1

dk
} if i = j

0 otherwise,
(4)

wheredi is nodei:s number of edges.
To summarize, we make the following assumptions on the

optimization problem and the Markov chain.
Assumption 1:a) The functionsfi(·) are convex, and the

setsXi and Θ are convex with non-empty interior. b) The
subgradients are bounded as follows,|gi(θ)| ≤ C for all θ ∈
Θ and all i = 1, ..., N . c) The Markov chain corresponding
to the graphG is irreducible, acyclic, and has the uniform
distribution as its stationary distribution.
The peer-to-peer algorithm is described in pseudocode in
Algorithm 1 (MRISM, Markov randomized incremental sub-
gradient method). We now proceed to show its convergence.
The main idea of the proof is that we can look at the estimate
in one node (state). Since the Markov chain is recurrent and
has the uniform distribution as its stationary distribution, the
algorithm will return to this node and we can look at what
”happens” during such an excursion on average.

A. Preliminaries

To show convergence we need three lemmas. The first
lemma concerns the average number of visits to other nodes
over a return time.

Without loss of generality, we letwk = 1 and letRk(1)
be the random time (the return time) it takes for the Markov



chain to return to state1 for the first time, i.e.,

Rk(1) = inf
t
{t− k|wk = 1, wt = 1, t ≥ k + 1} .

Successive first return times to a state form an IID sequence,
because of the Markov property, and we note that the
statistics ofRk(1) will not depend onk. Furthermore, we
let vk(j) be the random number of visits to statej during
the time interval[k + 1, k + Rk(1)].

Lemma 2:Under Assumption 1, we have that(
E[vk(1)] . . . E[vk(N)]

)
= 1⊺

N .

Proof: Let the Markov chain have the following transi-
tion matrix

P =
(

p11 P12

P21 Q

)
,

where p11 is the probability of staying in state1. Due to
the definition ofRk(1) andvk(·), it follows thatvk(1) = 1.
Now consider the Markov chain with transition matrix

P ′ =
(

1 0
P21 Q

)
.

This new chain has the same state space as the original and
has the first row of the transition modified from

(
p11 P12

)
to

(
1 0 . . . 0

)
. This makes state1 absorbent and every

other state transient in the new Markov chain. If the absorb-
ing chain is started in a transient statem, then the expected
number of visits to transient staten (including the starting
position),[Z]mn, is given by (theN −1×N −1 matrix) [5,
Theorem 3.2.4]

Z = (I −Q)−1.

If we now consider the original Markov chain with transition
matrix P , then if we start in state1, the expected number of
visits to the other states before returning to state1 are given
by (

E[vk(2)] . . . E[vk(N)]
)

= P12Z.

Thus, we have
(
E[vk(1)] . . . E[vk(N)]

)
=

(
1 P12Z

)
.

It turns out that the vector of expected visits is an eigenvector
to P since(

1 P12Z
)
P =

(
1 P12Z

) (
p11 P12

P21 Q

)
=

(
p11 + P12ZP21 P12Z(I −Q + Q)

)
=

(
1 P12Z

)
,

where the last step follows fromZP21 = 1N−1 [5, Theo-
rem 3.3.7], where1N−1 denotes theN − 1 column vector
with all entries equal to one. The transition matrixP has
only one eigenvector with eigenvalue1, namely the invariant
distribution [5, Theorem 4.1.6]. SinceP is assumed to have
a uniform stationary distribution, we have desired result.

The second lemma concerns the second moments of the re-
turn times,Rk(i) = inft {t− k|wk = i, wt = i, t ≥ k + 1}.

Lemma 3 ([5, Theorem 4.5.2]):Under Assumption 1, the
second moments of the return timesRk(i) are finite and are
given as

E
[
R2

k(i)
]

= 2[Γ]iiN2 −N,

with Γ = (I − P + limn→∞ Pn)−1
.

The last lemma concerns a bounding inequality that we
will use in the main proof.

Lemma 4:Under Assumption 1, the sequence{θl}∞l=k

generated by Algorithm 1 fulfills

E
[∣∣θk+Rk(i) − y

∣∣2∣∣∣θk, wk

]
≤

|θk − y|2 − 2α (q (θk)− q (y)) + α2C2K, (5)

with K < ∞.
Proof: Without loss of generality, we focus on the case

wherei = 1. Using the definition of a subgradient and that
the subgradients are assumed to be bounded, we have for
any y ∈ Θ

|θk+1 − y|2 ≤ |θk − y|2 − 2αgwk
(θk) (θk − y) + α2C2

≤ |θk − y|2 − 2α (qwk
(θk)− qwk

(y)) + α2C2.

Along the same lines of reasoning, we get the family of
inequalities

|θk+1 − y|2 ≤ |θk − y|2 − 2α (qwk
(θk)− qwk

(y)) + α2C2,

|θk+2 − y|2 ≤ |θk+1 − y|2
− 2α

(
qwk+1 (θk+1)− qwk+1 (y)

)
+ α2C2,

and so forth up to∣∣θk+Rk(1) − y
∣∣2 ≤ ∣∣θk+Rk(1)−1 − y

∣∣2
−2α

(
qwk+Rk(1)−1

(
θk+Rk(1)−1

)− qwk+Rk(1)−1 (y)
)
+α2C2.

Combining all of them together we get∣∣θk+Rk(1) − y
∣∣2 ≤ |θk − y|2

− 2α

Rk(1)−1∑
j=0

(
qwk+j

(θk+j)− qwk+j
(y)

)
+ Rk(1)α2C2,

which can be rewritten as∣∣θk+Rk(1) − y
∣∣2 ≤ |θk − y|2

− 2α

Rk(1)−1∑
j=0

(
qwk+j

(θk+j)− qwk+j
(θk)

)
− 2α

Rk(1)−1∑
j=0

(
qwk+j

(θk)− qwk+j
(y)

)
+ Rk(1)α2C2. (6)

Notice that

qwk+j
(θk)− qwk+j

(θk+j) ≤
∣∣gwk+j

(θk)
∣∣× |θk+j − θk|

≤ C |θk+j − θk|
≤ αjC2.

This enables us to rewrite inequality (6) as follows∣∣θk+Rk(1) − y
∣∣2 ≤ |θk − y|2

− 2α

Rk(1)−1∑
j=0

(
qwk+j

(θk)− qwk+j
(y)

)
+ α2C2R2

k(1).



Using vk(j) as defined in Lemma 2, we express (6) as∣∣θk+Rk(1) − y
∣∣2 ≤ |θk − y|2

− 2α
N∑

j=1

vk(j) (qj (θk)− qj (y)) + α2C2R2
k(1). (7)

Now, given only the historyθk andwk we have

E

 N∑
j=1

vk(j) (qj (θk)− qj (y))

∣∣∣∣∣θk, wk

 =

N∑
j=1

E[vk(j)] (qj (θk)− qj (y)) = qj (θk)− qj (y) ,

due to the Markov property and Lemma 2. Now let

K = max
i

E
[
R2

k(i)
]
,

using Lemma 3. If we combine the above parts, we have the
desired result.

B. Convergence

We cannot guarantee convergence for Algorithm 1, but we
can guarantee approach to the optimum value of the function
to within a computable error. Fixi to be a state of the Markov
chain{wk}. We want to show that it is possible to describe
how much closer theθ-sequence gets to the optimum set on
average, every time the chain returns to the statei. This is a
meaningful approach since the time horizon can be counted
in terms of successive random return times to the special
statei.

Theorem 5:Let {θk} be generated by Algorithm 1. Under
Assumption 1 and with probability 1, the following holds
for all i = 1, ..., N . Let the subsequence{θi

k} of {θk} be
formed by sampling{θk} whenever{wk} visits the statei.
This subsequence fulfills{

infk≥0 q
(
θi

k

)
= q⋆, if q⋆ = −∞

infk≥0 q
(
θi

k

) ≤ q⋆ + αC2K
2 , if q⋆ > −∞.

Proof: Without loss of generality, we can assume that at
time zero, the chain is in statei. With probability 1, all states
are visited infinitely often since the stationary distribution is
uniform, and thus we can form the subsequence{θi

k} of {θk}
by sampling it whenever{wk} visits the statei.

Now the proof proceeds similarly as the proof of Propo-
sition 3.1 in [6]. Given a positive integerM , let yM ∈ Θ be
such that

q (yM ) =

{
−M, if q⋆ = −∞
q⋆ + 1

M , if q⋆ > −∞.

Consider the level setLM defined by

LM =
{

θ ∈ Θ
∣∣∣q(θ) ≤ q (yM ) +

1
M

+
αC2K

2

}
.

This set includesyM . We now derive a new sequence from
{θi

k}. Define the sequence{sk} as follows

sk =

{
θi

k if θi
j /∈ LM ∀j ≤ k

yM otherwise.

Whensk /∈ LM , by settingy = yM in (5), we get

E
[
|sk+1 − yM |2

∣∣∣{sj}k
0 , {wj}k

0

]
≤ |sk − yM |2

+ α2C2K − 2α (q (sk)− q (yM )) .

On the other hand, wheneversk ∈ LM , the sequence is
forced to stay atyM , and we have the trivial inequality

E
[
|sk+1 − yM |2

∣∣∣{sj}k
0 , {wj}k

0

]
≤ |sk − yM |2 + 0.

If we definezk through

zk =

{
2α (q (sk)− q (yM ))− α2C2K if sk /∈ LM

0 if sk ∈ LM .

we can write

E
[
|sk+1 − yM |2

∣∣∣{sj}k
0 , {wj}k

0

]
≤ |sk − yM |2 − zk, ∀k.

Whensk /∈ LM , we have

(q (sk)− q (yM )) ≥ 1
M

+
αC2K

2
,

which is equivalent to

2α (q (sk)− q (yM ))− α2C2K ≥ 2α

M
.

Hence,zk ≥ 0 ∀k, and by the Supermartingale Convergence
theorem [1, Proposition 8.2.10], we have with probability1
that

∑∞
k=0 zk < ∞, which means that with probability1,

zk = 0 for all k greater than some finite number. This is
true because the series2α

M

∑∞
k=0 1 is divergent.

This means that with probability1, the sequence{sk}
equalsyM starting from some finite value ofk. Thus,

inf
k≥0

q
(
θi

k

) ≤ {
−M + 1

M + αC2K
2 , if q⋆ = −∞

q⋆ + 2
M + αC2K

2 , if q⋆ > −∞.

By letting M go to∞, we are able to prove the theorem.
Corollary 6: With probability 1, the following holds for

the sequence{θk} generated by Algorithm 1{
infk≥0 q (θk) = q⋆, if q⋆ = −∞
infk≥0 q (θk) ≤ q⋆ + αC2K

2 , if q⋆ > −∞.
This corollary is valid because the infimum over a subse-
quence cannot be lower than that over the original sequence.

III. E XTENSIONS

According to Theorem 5, the best estimate at each node
will be in a interval around the optimal value. However, it
is impossible to find out which the best estimate is in a
decentralized way. A pragmatic solution is to use the estimate
last computed by the node,{

φk+1(j) = θk+1 if wk+1 = j
φk+1(j) = φk(j) otherwise,



whereφk(j) is the local estimate of the optimizer for node
j at time k. However, there are two problems with this
approach: oscillations and bias.

As we will see in the numerical examples, Section IV, the
local estimates in each node usually oscillate. One way to
mitigate this problem is to form the local estimate,φk(j),
in each node by taking the mean value of the estimates
that have passed the node. However, if we desire to track
a changing parameter, then the mean should be taken over a
fixed window.

The second problem, bias, occurs if the network is large
and sparsely connected. Then the estimate will take a long
time to traverse the network, and the estimate could get stuck
in one area. This means that some nodes will not receive any
updates and the estimates will be biased. A simple way to
tackle this predicament is to pass around several estimates.
More precisely, we execute several independent versions of
MRISM in parallel. The local estimate can be formed by
taking the arithmetic mean of a fixed number of the most
recent estimates that pass through the node. This average
is computed at a node without regard to which instance of
the MRISM algorithm that produced the estimates. This will
hasten convergence and promote exploration of the network.
However, the energy consumption will also increase.

A potential threat to the algorithm is that estimates can
be lost while in transit. Due to the decentralized nature of
the algorithm, it is impossible to know if the estimate is lost
or just being passed around in a distant part of the network.
This problem can be solved using the following scheme: If a
node has not received an estimate within a fixed time frame,
then it initiates a new estimate, for example its own local
estimate, and starts passing it around.

IV. N UMERICAL EXAMPLES

We investigate the performance of Algorithm 1 (MRISM)
and its extension to multiple estimates (MMRISM, multiple-
MRISM) by comparing them with existing algorithms in
two sensor networks with different topologies. In MMRISM,
we use three estimates and take the average of the 10 last
estimates that has passed each node as the local estimate. We
compare with the RISM and the deterministic incremental
subgradient method (ISM).

The objective is to solve the optimization problem (2) with
qi(θ) =

∑10
j=1 h(θ−yij), whereyij is thej:th measurement

for nodei andh(·) is the Huber norm, which is an alternative
to the Euclidean norm. Seeking an estimate that minimizes
the aggregate Huber norm of deviations from data results in
less sensitivity to outliers in the data compared to that forthe
Euclidean norm. The Huber norm is a differentiable convex
function and is defined as follows

h(θ) =
{

1
2θ2, |θ| < β

β(|θ| − β
2 ), |θ| ≥ β,

where β is a positive tuning parameter. This implies that
the subgradient (gradient in this case) is bounded as follows,
|∇qi(θ| ≤ 10β. We assume that each node have10 mea-
surements according toyij = 10 + 10eij , where{eij} is an
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Fig. 3. Performance in the random 10 node network.

IID collection of Gaussian random variables with zero mean
and variance1. Each node also has one outlier, which is a
Gaussian random variable with zero mean and variance 50,
in its data. The stepsize is set toα = .05.

We use the average normalized deviation from an opti-
mizer

∑N
i=1 ||φk(i)−θ⋆

Nθ⋆ || as performance metric. The energy
consumption is assumed to be proportional to the distance2

the estimates have travelled when passed around in the
network.

We investigate the performance for 2 random networks
with 10 and 40 nodes, respectively. The nodes are randomly

2Note that this is an optimistic measure of communication cost, asin most
wireless networks the required energy expenditure increases as distanceα
for α ∈ [2, 4].
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TABLE I
THE MEAN AND VARIANCE OF THE AVERAGE PERFORMANCE(AP) AND

THE ENERGY CONSUMPTION(EC) IN 1000 REALIZATIONS FOR THE10
NODE RANDOM NETWORK.

ISM RISM MRISM MMRISM

Mean(AP) 0.243 0.244 0.244 0.0808
Variance(AP) - 0.0000147 0.0000225 0.000876

Mean(EC) 169.0 154.0 88.9 266.0
Variance(EC) - 48.7 31.7 91.1
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Fig. 5. Performance in the random 40 node network.

placed in a1 × 1 area, and only nodes that are at most
radiusr apart can communicate with each other. The radius
r is increased from zero until the network is connected.

The topology, performance, and energy consumption of
the 10 node network is shown in Fig. 1, Fig. 3, and Fig. 4, re-
spectively. The performance plot suggests that the MMRISM
has the best performance and the others are tied. However,
it turns out that the performance is highly dependent on the
realization. In order to capture the average efficiency, 1000
realizations were simulated and the average performance
and energy consumption for each of these realizations were
saved. Now we know how the average performance and
energy consumption depend on the realization. To get a
compact measure, the average and variance of these time
series were evaluated, see Table I. The MMRISM has the best
performance also in this average respect. The performance of
the MRISM is still tied with the other two, but the MRISM
has much lower energy consumption.

The topology, performance, and energy consumption of
the 40 node network is shown in Fig. 2, Fig. 5, and Fig. 6,
respectively. The performance plot suggests that the MRISM
and MMRISM perform worse than the deterministic and
stochastic. This is also verified in the 1000 realization
average, presented in Table II. However, the MRISM and
MMRISM both have significantly lower energy consumption.

V. CONCLUSIONS

We propose a distributed algorithm, MRISM, that solves
a special class of optimization problems using only peer-to-
peer communication. Our algorithm extends the randomized
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Fig. 6. Energy consumption in the random 40 node network.

TABLE II
THE MEAN AND VARIANCE OF THE AVERAGE PERFORMANCE(AP) AND

THE ENERGY CONSUMPTION(EC) IN 1000 REALIZATIONS FOR THE40
NODE RANDOM NETWORK.

ISM RISM MRISM MMRISM

Mean(AP) 0.00840 0.0103 0.0141 0.0155
Variance(AP) - 0.00000126 0.00000532 0.0000386

Mean(EC) 545.0 574.0 168.0 505.0
Variance(EC) - 82.9 13.8 40.4

incremental subgradient method with fixed stepsize due to
Nedíc and Bertsekas. The main merits of the proposed
algorithm is its simplicity and energy efficiency through the
strategy of one-hop estimate passing.

The numerical examples clearly show that the MRISM
saves a significant amount of energy. The optimization
performance of the MRISM is well on par with the other
existing algorithms. We can also see that the use of multiple
estimates, MMRISM, boosts initial convergence, and in some
cases also the overall rate of convergence.
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Abstract: In this paper, optimal control is used as a method to compute the ideal racing line.
The objective is to find the ideal racing line for an entire lap when driving a specific car. To
easier find a solution for an entire track at once, the problem is divided into subproblems by
dividing the track in segments that can be solved independently. To be able to connect the
different segments correctly, they need to be overlapping. In racing, different car setups are
required for each track. The optimal car setup can also be computed using optimal control for
a given track. Parameters to be optimized are for example front and rear wing angles or roll
stiffness distribution.
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1. INTRODUCTION

This paper will deal with some aspects of using optimal
control as a method to compute the ideal racing line.
The ideal racing line is the path you must drive along in
order to achieve the fastest lap possible. This knowledge
can be useful when developing cars or to improve driving
strategies. Optimal control has earlier been used in studies
of single maneuvers in for example, (Velenis and Tsiotras,
2005; Velenis et al., 2007a,b). Entire tracks have also been
studied in Casanova (2000).

This paper uses a similar approach as used in Danielsson
(2007), where Optimica is used together with Ampl and
Ipopt. The largest improvement introduced in this work
is that the track can be longer and have a more complex
layout and that a more complex vehicle model is used.

To avoid the need for real tracks and cars, a car simulator
called Racer is employed, see Gaal (2008). The track and
car properties can be extracted and the simulator can also
be used to create initial guesses. Racer can also be used as
a tool to present the computed ideal racing line as driving
instructions to be followed by a human driver.

2. PROBLEM FORMULATION

The goal is to minimize the lap time for a track when
considering the behavior of a specific car. Furthermore,
the car is not allowed to drive outside the track. Optimal
control is a method well suited for solving this kind of
problem. The optimal control problem can be formulated
as

min
u(t)

tf (1a)

s.t.
ẋ(t) = f(x(t), u(t)) (1b)

|d(t)| ≤ w(t)
2

(1c)

where the lap time, tf , is to be minimized with respect
to a vehicle model, (1b) using the control signals u(t). To
make sure the car stays on track, the constraint (2c) is
introduced, stating that the distance from the road center
line, d, must be smaller than the current road width, wt.
The control signals are u(t) = [ust(t), utb(t)], where ust(t)
is the steering angle and utb(t) is the combined throttle
and brake signal. In the optimal control problem, the time
is considered the independent variable. However, since
parameters that describe the track are given as functions
of their position along the track, it is more natural to have
the distance from the beginning of the track along the
road center line, as depicted in Figure 1, as independent
variable (Casanova, 2000). This distance is denoted s. The
new optimal control problem is formulated as

min
u(t)

∫ sf

s0

SCF

(
x(s)

)
ds (2a)

s.t.
ẋ(s) = SCF

(
x(s)

)
f
(
x(s), u(s)

)
(2b)

|d(s)| ≤ w(s)
2

(2c)

where sf is the track length and SCF is a scaling factor
given as

SCF

(
x(s)

)
=

=
1− d(s)kt(s)

vx(s) cos
(
ψv(s)− ψt(s)

)− vy(s) sin
(
ψv(s)− ψt(s)

)
where d is the vehicle distance from the road center, vx

and vy are the vehicle longitudinal and lateral velocity,
respectively, ψv is the vehicle yaw angle, ψt is the tangent
angle of the road center line and kt is the track curvature.
See (Casanova, 2000, chap. 4.2) for a complete derivation.
Note that the optimal control problem is transformed to
a fixed “final time” problem.



The track and vehicle models used in this paper are
described in Gustafsson (2008). The track can have an
arbitrary layout but must be entirely flat.

s

Start/Finish

Fig. 1. The figure illustrates the track distance s.

3. IMPLEMENTATION

Four different tracks are used. Two are obtained from
Racer, one is reconstructed from a photograph and the
last one is custom made by hand. The vehicle and track
models are implemented using the Modelica language.
The track layout is represented by spline functions. The
optimal control problem is then formulated and tran-
scribed using the Optimica software. Optimica uses a di-
rect collocation method to create a nonlinear programming
problem, where the model equations and control variables
are discrete. See Åkesson (2007) for more information on
the Optimica software. Optimica formulates the non-
linear programming problem as Ampl code, see Fourer
et al. (2003). The problem is then solved using Ipopt,
see Wächter and Biegler (2006).

The resulting nonlinear optimization problem requires an
initial guess to be solved. The initial guess is obtained from
Racer. The initial guess can not be obtained directly from
Racer since the vehicle model differs too much from the
model used in this paper. Instead, only the driven path and
the velocity history are used. These are used as references
to be followed by a driver model proposed in Casanova
(2000). By simulating our vehicle model when the driver
model tries to follow references created in Racer, we
obtain an initial guess that is consistent with the vehicle
model used when solving the optimization problem. An
overview of the software usage is shown in Figure 2.

4. DECOUPLED ROAD SEGMENTS

When a track is long there are sometimes difficult to
find a solution for the entire track at once. The Ipopt
software either fails to converge to a solution at all or
far too many iterations are required to find a solution
within reasonable time. The ideal racing line can easily
be computed for shorter tracks. It could therefore be
useful to divide the track into subsections and solve the
problem for each of these segments independently, one
at a time, as illustrated in Figure 3. This would also
require less memory and since the problems are solved

Ipopt

AMPL

OptimicaModelica 

model

Vehicle

model

Track

model

Racer track Custom track

Optimal 

racing line

Fig. 2. The figure shows the software usage.

independently, the computations could be performed in
parallel to decrease the time required to find a solution.

When the track is divided, we have to make sure that the
same result is obtained as if the entire lap was solved all
at once. The main problem with this technique is that the
start and end point of each segment will not be part of the
ideal lap. The vehicle state in a starting point would only
be based on the initial guess and do not take into account
the track outside the current segment.

Imagine driving the car and somewhere on the track, you
turn over to the side of the road and then you continue
driving. Then, after a few corners you will reach the desired
speed, and the driven line is no longer affected by the
stop you made earlier. It is therefore natural to make the
assumption that we always can find a point further down
the track that are independent of our current position and
speed. This is a useful assumption that will allow us to
overcome the starting point problem by simply start a
couple of curves before the desired segment starts. This
idea is tested in Figure 4, where the car position is forced
to leave the optimal line. This is what would happen
when starting in a joint between two sections. However,
the two lines are converging after a couple of corners and
the car then follows the ideal line. By dividing the track
in overlapping segments where the overlap is sufficiently
long it should be possible to join the segments together
seamlessly, see Figure 5 for an example.

4.1 Results

The longest track considerer is Brands Hatch. This track
is four kilometers long and is divided into five overlapping
segments. The last segment has an overlap passing the
start and finish line. This makes it possible to achieve a
continuous lap, as it would be in the middle of a race
where the driver at the end of each lap must prepare
for the next one. The problem is to find the amount of
overlap needed. The overlap should be as short as possible
to achieve a smaller problem size. To be able to join the
result from two segments, we must find a point on the
track where the car is driving along the ideal line in both



Fig. 3. The track is divided into shorter segments.

Fig. 4. The figure shows the driven line (dashed), when the
starting point not is a part of the ideal line (solid).

Fig. 5. To obtain the ideal racing line for a segment, the
optimization problem need to be solved for a larger
overlapping intervall.

segments. The ideal line is reached when the vehicle state
is decoupled from the state at the segment start and end
point. Figure 6 shows where the first two segments of
Brands Hatch can be joined. In Figures 7 and 8, the vehicle
speed and distance from the road center line is shown. It
appears to be required that the car has passed at least one
corner before the ideal line is reached. The car must also
have the correct velocity.

5. THE IDEAL RACING LINE

Most of the initial guesses used in this paper, is based
on telemetry from Racer by trying to drive as fast as
possible. To evaluate the importance of a good initial
guess, three artificial initial guess was created. Instead
of driving in a way that minimized the lap time, the
driver follows the center line, the left road boundary or the
right road boundary. The vehicle velocity is only a rough
estimate far from the optimal velocity. The velocity in the

Fig. 6. The figure shows where the first segments can
be joined (square). The first segment (solid) has its
end points marked by circles. The second segment
(dashed) has its endpoints marked by dots.
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Fig. 7. The car distance from the road center line when
joining two segments. The distance is limited by
the road boundaries (dash-dotted). A possible point
where the two segments can be joined is marked by
a square. The first segment (solid) has its end points
marked by circles. The second segment (dashed) has
its endpoints marked by dots.
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Fig. 8. The car velocity when joining two segments. A
possible point where the two segments can be joined
is marked by a square. The first segment (solid) has
its end points marked by circles. The second segment
(dashed) has its endpoints marked by dots.



initial guess is compared to the optimal one in Figure 9.
All three initial guess resulted in identical solutions. This
indicates that if the obtained solution only is a local
minimum, it should not have been caused by the choice
of initial guess. There are however some indications that
the number of iterations required to solve the problem
increases when the initial guess is too far away.
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Fig. 9. The car velocity when comparing the initial guess
(dashed) and the ideal line (solid).

5.1 Comparing two cars

Two completely different cars are used to find out if the op-
timal racing line is highly vehicle dependent. The purpose
is not to identify properties responsible of changing the
line, but to investigate if the difference is noticeable. The
first car is a Ferrari 333 SP which is specifically build for
racing, with high aerodynamic downforce, low weight and
a high performance engine. A sketch of the car is shown in
Figure 10. The second car is a Ferrari 360 Modena. This
car is a standard sports car, very different from previous
one. It has almost twice the weight and yaw inertia. The
car has much lower aerodynamic downforce due to the lack
of wings. It has a higher center of gravity, tires with less
grip and about 20% less engine torque. A sketch of the car
is shown in Figure 11.

Fig. 10. Ferrari 333 SP

Fig. 11. Ferrari 360 Modena.

The ideal racing line is computed for the Brands Hatch
when driving both cars. The results can be compared in
Figure 12. The main difference occurs at the start and
finish straight. The Ferrari 360 Modena uses the left side
to prepare for the first right hand corner. It is possible
that the Ferrari 360 Modena is required to use a larger
cornering radius due to the reduced grip.
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Fig. 12. Comparing the ideal racing line between a Ferrari
333 SP (solid) and a Ferrari 360 Modena (dashed).

6. OPTIMAL CAR TUNING

In racing, a lot of work is performed to make sure the
car is properly tuned to give the fastest lap possible. This
is mainly done by test driving and by simulations, which
require a lot of time and money. In this section, a different
approach is tested. The idea is not only to find the ideal
racing line, but also to find the optimal car setup. It
cannot entirely replace test drives due to model errors,
but it could probably decrease the number of test drives
required. The computed optimal setup will at least give a
good hint on which setup to start with. However, it is also
important to take into consideration that the car must
be well-behaved and easy to drive since at the end it is
supposed to be driven by a human. This requirement is
not always satisfied for the optimal setup.

To find the optimal setup, the model parameters to be
tuned will be treated as constant control inputs. For some
model parameters constraints are needed to ensure that no
physically impossible values are attained. The solution to
the optimal control problem will then be both the optimal
racing line and the optimal car setup for the current track.
The new optimal control problem will then have the same
structure as (2) but with the control signals given as

u(s) = [ust(s), utb(s), ϕf , ϕr]
where ϕf and ϕr are the front and rear wing angles
respectively.

6.1 Optimized parameters

The parameters to be optimized are longitudinal weight
distribution, brake bias, roll stiffness distribution, front
and rear wing angles. All these parameters affect the
oversteer/understeer(OU)-properties of the car. The op-
timally tuned car should then have the optimal balance
between oversteer and understeer. In racing, it is common
to have a slightly oversteered car. The purpose is to coun-
teract the understeer often induced when braking.

Longitudinal weight distribution In racing, the car is
often designed to weigh less than the required weight
limit. In this way, extra weight can be added to the
car at a desired position in order to change the weight
distribution. Moving weight forward will change the car
towards understeer, according to (Russ, 2007; Wan, 2000).



Brake Bias The brake bias affects how the braking
torque is distributed between the front and rear wheels.
The brake distribution is normally biased toward the front
wheels. A typical brake bias is 60/40 which means that
60% of the brake torque is applied to the front wheels.
Moving brake torque forward will change the car towards
understeer.

Roll stiffness distribution The roll stiffness distribution
measures how roll stiffness is distributed between the front
and rear wheels. This is determined by the stiffness of
springs and anti-roll bars. Increasing roll stiffness at the
front wheels will change the car towards understeer.

Wing angles Front and rear wing angle affects aerody-
namic downforce applied at front and rear wheels. For
higher angles, the downforce is increased, but also the
drag. Therefore, the choice of angles is a compromise be-
tween a high top speed and a large grip. The ratio between
front and rear downforce will affect the OU-properties of
the car. Increasing the front wing angle or decreasing the
rear wing angle change the car towards oversteer.

6.2 Results

The optimal parameters are highly dependent on the track.
For example, higher wing angles give higher cornering
speed but lower top speed. This means that a track
with many corners will benefit from high wing angles
while a track with long straights require lower angles due
to the increased air resistance. Since the result is track
dependent the technique described in Section 4 cannot
be used. This would give different optimal parameters for
different segments. We will therefore only use the first two
kilometers of Brands Hatch.

The car to be tuned is the Ferrari 333 SP. In Racer,
this car is understeered for the default setting. The OU-
properties of the car are tested by driving the car on a cir-
cle of constant radius and studying how the steering angle
changes when the speed is increased. If an increased speed
requires a higher steering angle, the car is understeered,
while if the opposite is true, the car is oversteered. The
result of the optimized setups is shown in Figure 13.

Wing angle When optimizing the wing setup, the new
angle of the front wing is at its maximum value of 40◦. This
indicates that the straights are not long or fast enough to
limit the cars performance by the increased air resistance.
The rear wing should have an angle of 34◦, showing that
it is more important to have a well-balanced car than
just pure grip, since increasing this angle would increase
understeer. The setup results in a slightly oversteered car.

Weight Distribution Weight is moved towards the rear
wheels and we get a slightly oversteered car, which accords
with the theory presented earlier.

Roll stiffness distribution The roll stiffness is moved to
the rear wheels as much as possible, but the understeer
is only slightly reduced. This property has apparently
not enough effect on the balance of the car to achieve
oversteering.

Brake Bias The original car setup has a brake bias of
55/45. When the brakes are tuned, a brake bias of 40/60
is obtained. The driving style is completely changed where
high slip angles are used and countersteering is required to
pass a corner. By moving brake torque towards the rear,
we get an oversteered car during braking. Even though
this setup gives a faster lap, the ideal racing line would be
hard to achieve by a human driver and furthermore the
tires would quickly be worn out.

In addition, the brake bias was also optimized when the
original car is heavily oversteered. Now the new optimal
brake bias becomes 59/39. This means that the brake bias
is now moved forward to reduce oversteer.

Combined Wing angles, roll stiffness and weight dis-
tribution is optimized simultaneously and gives an even
more oversteered car. None of the parameters reaches their
limits. The optimized car has reduced the lap time by
12% which is lower than any lap time achieved when the
parameters were optimized separately. Test drives in the
car simulator with this setup, shows the same order of
magnitude in time reduction.
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Fig. 13. The over- understeer properties when optimizing
different model parameters.

7. CONCLUSIONS

This type of problem turns out to have a natural tendency
to easily be divided into smaller subproblems that can
be solved independently of each other. The results from
these subproblem can be joined together seamlessly by
using overlapping segments. The ability to find a solu-
tion is significantly improved by dividing the track into
shorter segments. The longest segment is half the length
of the original track which then is the largest optimization
problem that needs to be solved. The result is then lower
memory requirements and no limit in track length. Since
problem size can be reduced by shortening the segments,
the accuracy can be improved by increasing the grid den-
sity. If the introduction of more complex vehicle and track
models yields new convergence issues, even shorter seg-
ments can be chosen in order to solve these issues. Since all
segments can be solved independently, the computations
can be performed in parallel to reduce the time required
to find a solution.

The car setup can be optimized by using optimal control
and treating the properties to be optimized as constant



input variables. Several properties can be optimized simul-
taneously to obtain a better result than if each property is
optimized one by one. After the optimization of the model
parameters described in this paper, the optimal car setup
is a slightly oversteered car which accords well with the
standard setup used in racing. However, when optimizing
it is important to remember that the car setup must yield
an easy car to drive since at the end it is supposed to be
driven by a human driver, and the optimal car setup is of
no use if the car is impossible to drive. Since the vehicle
model is not perfect, the optimal setup is probably only
usable as an initial setup. The final tuning must still be
done by test driving the real car.
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Abstract: Look-ahead cruise controllers and other advanced driver assistance systems for
heavy duty vehicles require high precision digital maps. This contribution presents a road grade
estimation algorithm for creation of such maps based on Kalman filter fusion of vehicle sensor
data and GPS positioning information. The algorithm uses data from multiple traversals of the
same road to improve previously stored road grade estimates. Measurement data from three test
vehicles and six road traversals have been used to evaluate the quality of the obtained road grade
estimate compared to a known reference. The obtained final grade estimate compares favorably
to one acquired from a specialized road grade measurement vehicle with a DGPS receiver and
inertial measurement unit.

1. INTRODUCTION

Modern heavy duty vehicles (HDV) employ several elec-
tronic control systems which utilize information about the
vehicle and its environment to increase efficiency, safety
and comfort. The road grade is one key variable which
heavily influences the longitudinal dynamics and energy
flow in a heavy duty vehicle. Knowledge of the current
and future road grade can be used in engine and gearbox
control systems to help meet the instantaneous power
demand while keeping fuel consumption and environmen-
tal impact as low as possible. If the road grade for the
kilometer directly ahead of the vehicle is known, it is
possible to automatically adjust the speed in advance of
up- and downhill sections and thus conserve fuel without
increasing trip time. The preview road grade information
can also be utilized when determining if a gearshift should
be performed or the state of some energy buffer changed.

Information about the current state of the vehicle is com-
monly acquired through various on-board sensors. Infor-
mation about factors which will influence the vehicle in
the future cannot generally be sensed directly. However,
a map with stored information from previous trips can
provide the required look-ahead information and enable
new control algorithms to improve overall vehicle perfor-
mance. In order to use the map the vehicle needs to be
able to position itself, both when writing to and reading
from the map. Satellite positioning receivers are already
commonplace in vehicles, and they may be used for this
task as well as other position-based services. Digital maps
are widespread, but mostly used for navigation rather than
direct vehicle control.

A sufficiently detailed road grade estimate is currently
not generally available in navigation maps, and has to
be obtained by other means. One method is to use on-

⋆ This has been accepted for publication and will appear at the 17th
IFAC World Congress, July, 2008.

board sensors to estimate the road grade and create a
map as the vehicle drives down the road. If a road is
driven frequently, many estimates of the road grade can
be obtained. These can be used to increase confidence in
the created map. This paper investigates properties of a
proposed method for road grade estimation. The method
combines road grade estimates based on standard mounted
on-board sensors and information from a GPS receiver for
many overlapping road traversals into a road grade map.
Each time a known road is driven the map is updated. The
method has been implemented and results from tests with
the three types of HDVs shown in Figure 1 are presented.

Fig. 1. Vehicle types used for verification of the proposed
road grade estimation method. Starting from the left a
tractor-semitrailer combination (A), tractor only (B),
and rigid truck (C) were used.

1.1 Related Work

The potential for improved energy efficiency through speed
optimization based on future road grade has recently been
treated, e.g., Terwen et al. [2004], Hellström et al. [2007],
Fröberg and Nielsen [2007]. Knowledge of future energy
needs combined with new auxiliary units which enable
improved power consumption scheduling over time can
improve total energy efficiency, as explored in Pettersson
and Johansson [2006]. In this context the future road grade
is assumed to be known, for example from a map. A
multitude of methods for estimating the road grade can
be found in the literature. One approach is to use a sensor



to directly measure the grade. A direct road grade sensor
for automotive use is described in a patent application filed
as early as 1971 by Gaeke [1974]. A GPS receiver with 3D
velocity output is used for example in Bae et al. [2001]
where the grade is calculated from the ratio of the vertical
and horizontal velocities. Such a method relies heavily
on the existence of a high quality GPS signal, something
which is not always available. The idea of using vehicle sen-
sor information to find the road grade has been explored
in Lingman and Schmidtbauer [2001] where a Kalman
filter is used to process a measured or estimated propulsion
force or estimated retardation force and a measured veloc-
ity. A similar method, where the grade is estimated using
Recursive Least Squares based on a simple motion model
has been suggested by Vahidi et al. [2005]. On-line road
grade estimation based on accelerometers or a calculated
driveline torque and a vehicle model is state-of-the-art
in today’s vehicles. These methods have the advantage
of not needing any extra sensors, such as the GPS, but
hence don’t provide the extra bias compensation or easy
inclusion of data from multiple road traversals. Earlier
treatments of the proposed grade estimation method can
be found in Sahlholm et al. [2007b,a].

1.2 Contribution

This paper introduces a method for HDVs to estimate
the road grade using only standard mounted sensors and
a GPS receiver. Two implementations are presented, one
based on a non-linear vehicle model and extended Kalman
filtering and one based on a piecewise linear model and a
standard Kalman filter. The method includes a systematic
way of improving the current grade estimate using new
passes over a known road segment. Incremental improve-
ments are made possible by the use of spatial sampling
and storage of the estimated error covariance matrix for
the current road grade estimate. The storage requirement
for a particular road will not grow as new measurements
are incorporated. A step by step illustration of the effects
of adding new measurements is presented. The proposed
method is evaluated using three test vehicles driven a total
of six times over the same test road segment. The obtained
final grade estimate compares favorably to one acquired
from a specialized road grade measurement vehicle with a
DGPS receiver and inertial measurement unit.

1.3 Outline

The paper is organized as follows. Section 2 describes
the the road grade estimation method by introducing the
vehicle model and the filtering, smoothing and data fusion
steps. It also explains the experimental setup. Results are
given in section 3, and the paper ends with conclusions
and a discussion in section 4.

2. METHODOLOGY

A non-linear vehicle model and an extended Kalman
filter (EKF) are used to estimate the road grade. A
piecewise constant linear version of the vehicle model is
also developed as a tool to evaluate the effect of the non-
linearity. Road grade estimates based on six test runs
on highway E4 south of Södertälje, Sweden have been
calculated and merged using a the proposed method.

2.1 Vehicle Model and Measurements

The first step of the road grade estimation method is
to combine a driving torque estimate from the engine
control unit and vehicle speed measurements from the
wheel sensors with GPS data. A longitudinal vehicle model
is used to relate the sensor signals to the road grade.
The road grade can be calculated from the model when
the vehicle mass, engine torque, active gear and vehicle
speed are all known. In this work the vehicle mass has
been assumed known, which is reasonable in a lab setting
but not in the real world. In a real system the mass will
have to be estimated, which introduces an additional error
source in the grade estimate. The engine torque estimate
comes from the on-board engine management system and
is based on fuel injector opening times. The current gear
is continuously reported from the gearbox management
system, and the vehicle speed is measured by standard
mounted wheel speed sensors. The most important forces
affecting the vehicle are shown in Figure 2. The forces

Froll

FgravityFairdrag

Fbrake Fengine
α

Fig. 2. Longitudinal forces acting on the vehicle.

are generally time varying, time has been left out of
the equations for clarity. Fengine = itifηtηf

rw
M is the net

engine force. Knowledge of the current gear yields the
gear ratio it and the efficiency ηt from tables. The final
gear ratio if , efficiency ηf and wheel radius rw are known
vehicle constants. M denotes the engine torque. Fairdrag =
1
2cwAaρav

2 is known through the measured vehicle speed
v and the constants air drag coefficient cw, vehicle frontal
area Aa, and air density ρair. A very simple model Froll =
mgcr gives the rolling resistance from the vehicle mass m,
gravity g, and coefficient of rolling resistance cr. The road
grade α enters the model through the gravity induced force
Fgravity = mg sin α. The brake force Fbrake is excluded
from the model since it is generally unknown in a standard
HDV, its influence is considered at a later stage. The
total dynamic vehicle mass is expressed as mt = Jw

r2
w

+

m + i2t i2f ηtηfJe

r2
w

where Jw and Je represent the inertia of
the engine and the wheels respectively. Newton’s laws of
motion are used to attain a differential equation describing
velocity changes based on forces.

A GPS receiver provides a three dimensional position
(latitude, longitude, and altitude) together with a signal
indicating the number of satellites used for the position fix.
The vehicle speed and the road grade are used to calculate
the time derivative of the altitude and thus provide a link
between the GPS and the vehicle model. Changes in the
road grade are assumed to be random on the time scale
of the filter, and are thus not modeled. The engine torque
is regarded as an input signal u(t) = M(t). Put together
with the state vector x = [v z α]T this gives the continuous
time vehicle and road model ẋ(t) = f(x) with



v̇(t) =
1

mt
(Fengine

− Fairdrag − Froll − Fgravity)
ż(t) =v(t) sin α(t)
α̇(t) =0

(1)

See Kiencke and Nielsen [2003]. In order to easily obtain
estimates at specific spatial locations rather than time in-
stants a spatially sampled version of the model is derived.
The continuous model is then discretized with the distance
step ∆s. The discretized model is[

vk

zk

αk

]
︸ ︷︷ ︸

xk

=

 vk−1 + ∆s
dvk−1

ds
zk−1 + ∆s sin αk−1

αk−1


︸ ︷︷ ︸

fk(xk−1,uk−1)

+

wv
k−1

wh
k−1

wα
k−1


︸ ︷︷ ︸

wk−1

(2)

The rate of change in velocity is given
dvk−1

ds
= c1

Mk−1

vk−1
− c2vk−1 − c3

1
vk−1

(cr + sinαk−1) (3)

c1 =
rwitifηtηf
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w + i2t i

2
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1
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2
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r2
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Jw + mr2
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2
f ηtηfJe

It can be noted that the values of c1,c2, and c3 depend
on the vehicle parameters as well as the selected gear.
The presence of the efficiencies ηt and ηf also make the
expression (3) dependent on whether the net engine torque
is positive or negative.

To evaluate the influence of the nonlinearity in the vehicle
model a piecewise constant linear version is derived. The
linear model is changed at gear changes and depends on
the direction of power flow in the drive line. Each gear
and power flow direction will lead to a different mode,
denoted by m, with a specific required torque to maintain
a constant speed, and equilibrium in the model. The linear
discretized model around the equilibrium xm is given by
the system transition matrix Fm and the input model G
according to

x̃k = Fmx̃k−1 + Gũk−1 (4)
where x̃ = x− xm is the state relative to the linearization
point and ũ = M −Mm is the relative engine torque. The
transition matrix is given by Fm = I + ∂f

∂x

∣∣∣
xm,um

∆s.

Two states and the input torque M are available for
the state estimation. The measured states are the vehicle
velocity v and the altitude z. This leads to a linear
measurement equation

yk =
[
1 0 0
0 1 0

]
︸ ︷︷ ︸

Hk

[
vk

zk

αk

]
+

[
ev
k

ez
k

]
︸︷︷︸

ek

(5)

which is be used with both the linear and non-linear vehicle
models.

2.2 State Estimation

Two different Kalman filters are used to estimate the road
grade and other model states. The non-linear model is used

together with an EKF, and the piecewise linear model with
a standard Kalman filter (KF).

Fig. 3. Overview of the data filtering, smoothing and fusion
of the proposed road grade estimation method.

Using the notation of the previous section the estimation
model for the nonlinear EKF with a linear measurement
equation is given by

xk = f(xk−1, uk−1) + wk−1

yk = Hxk + ek
(6)

The process and measurement noise covariances are up-
dated depending on the characteristics of the driving sit-
uation and GPS positioning conditions. In the EKF the
non-linear model is linearized around the current state at
every time step. The obtained transition matrix Fk is then
used to complete the steps of the standard Kalman filter
recursions. These recursions are described by two update
steps: a time update and a measurement update. In the
time update the system model is used to predict the future
state of the system. Using the notation x̂k|k−1 to denote
the quantity x̂ at time k based on information available
up to time k − 1 the time update is done according to

x̂k|k−1 = f(xk−1, uk−1)

Pk|k−1 = FkPk−1|k−1F
T
k + Qk

(7)

Similarly to Fm in the piecewise linear model the tran-
sition matrix Fk is defined to be the Jacobian Fk =
∂f
∂x

∣∣∣
x̂k−1|k−1,uk−1

. Pk|k−1 is the estimated error covariance,

and Qk = E[w2
k] is the process noise covariance. After

the time update the measurement at time k is used in a
measurement update to improve the estimate. The mea-
surement update is described by

Kk = Pk|k−1H
T (HPk|k−1H

T + Rk)−1

x̂k|k = x̂k|k−1 + Kk(yk −Hx̂k|k−1)
Pk|k = (I −KkH)Pk|k−1

(8)

Here Kk is the Kalman gain, and Rk = E[e2
k] is the

measurement noise covariance.

The piecewise constant linear model is used with a regular
Kalman filter. At each mode change between different
linearizations the final state of the old filter is used to
initialize the new one. The linear system model in each
mode is

x̃k = Fmx̃k−1 + Gũk−1 + wk−1

ỹk = Hx̃k + ek
(9)



where ỹk = yk −Hxm. This leads to the KF time update
equations

x̂k|k−1 = Fmx̂k−1|k−1 + Guk−1

Pk|k−1 = FkPk−1|k−1F
T
k + Qk

(10)

The measurement equations are identical to the EKF case.

For this method the true process and noise covariances
Rk and Qk are not known from the start. Instead they
are used as time varying design parameters to tune the
filter to different driving situations. To simplify the design
the noise covariance matrices were chosen to be diagonal.
The diagonal elements are directly associated to the three
model states and two measured quantities. For normal
driving at a fixed gear Qk was tuned to give a filter with
a time constant similar to the one used to produce our
reference road grade estimate. Rk was adjusted depending
on the number of GPS satellites available. While other
factors also affect the GPS position accuracy the number
of satellites was the only relevant signal available from
the satellite receiver used. When satellite coverage was
lost a very high variance for was set for the altitude
measurement, causing the grade estimate only to depend
on vehicle signals. Driving events such as gearshifts and
braking affect the vehicle in ways that are not covered
by the relatively simple vehicle model given in (1). To
account for this the process variance for the velocity state
was increased during those events.

By carrying out the estimation off-line when complete
road sections have already been recorded it is possible
to use smoothing to compensate for the filtering delay
and include later measurements in the estimate for each
data point. Rauch-Tung-Striebel fixed point smoothing
algorithm, introduced in Rauch et al. [1965], was used in
this work.

2.3 Data Fusion

In order to merge data from many passes over the same
road segment a distributed data fusion method is used.
The distributed approach has the important advantage
that the data which has to be stored does not increase
as additional measurements of known road segments are
incorporated into the map. For each road segment, the
map consists of the road related states (altitude z and
slope α) and the associated estimated error covariance
estimates for those states. Based on the estimated error
covariances stored in the map and the estimated error
covariances of a new smoothed estimate an updated map
is created each time a new measurement of a road segment
becomes available. The new map becomes a weighted
average of the two sources

P f
k = ((P 1

k )−1 + (P 2
k )−1)−1

x̂f
k = P f

k ((P 1
k )−1x̂1

k + (P 2
k )−1x̂2

k)
(11)

where P f
k is the resulting error covariance, x̂f

k is the
new state estimate for the map. The quantities P 1

k , P 2
k ,

x̂1
k, and x̂2

k are the source estimates and estimated error
covariances. Details on the data fusion algorithm (11) can
be found in Gustafsson [2000].

2.4 Experiment setup

The proposed road grade estimation algorithm has been
tested on highway E4 south of Södertälje in Sweden. Three
test vehicles, representing the different types shown in
Figure 1 were used. Important properties for the test
vehicles are listed in Table 1. A total of six round-trip
measurements were conducted. The different vehicles were
driven on different days under varying weather conditions.
Most of the signals needed for the road grade estimation
are available on the CAN bus of stock production trucks.
These are the vehicle speed, engine torque (calculate based
on fuel injection times), current gear, gearshift status,
and brake utilization. The CAN bus signals were recorded
using a laptop. There was no GPS data available on the
vehicle bus, instead an external VBOX GPS receiver with
a CAN interface was used. The GPS data was logged using
the same computer as the vehicle data.

Table 1. Key properties of the test vehicles
used to collect experiment data.

Vehicle Configuration Weight Axles Meas.

A Tractor and semi-trailer 39 t 5 1,2,3

B Tractor 13 t 2 4,5

C Rigid truck 21 t 3 6

The absolute position obtained from the GPS was used
to synchronize data from the different measurements. A
reference point was chosen in one of the measurements, the
closest points in the other measurements were then used
as their respective starting points. From the starting point
the traveled distance information in each measurement was
used to resample all signals to a common distance vector.
With common distance indexing it was then possible to
complete the road grade estimation and data fusion steps.

3. RESULTS

Road grade estimates obtained from regular highway driv-
ing at the normal cruising speed are very good. Using
more than one road traversal and more than one vehi-
cle improves the final grade estimate. All result figures
presented share the same distance scale for easy cross-
referencing. A reference grade profile obtained from a
specialized measurement vehicle is used to evaluate the
estimates. Figure 4 shows the agreement of the final grade
estimate with the reference for a part of the test road.
The part of the test road shown in Figure 4 contains a
downhill section, from s = 1000 m to s = 2600 m. Around
s = 2000 m vehicle A needs to apply the brakes in order to
avoid over speeding. During braking the torque affecting
the vehicle is unknown. The process noise term in Qk

corresponding to the velocity state is increased in order
to decrease the reliance on the model and increase the
estimated slope error covariance.

Figure 5 shows a comparison of the smoothed estimates
from all six traversals with the final grade estimate and
the reference grade profile. The downhill section from
s = 1300 m to s = 2300 m is the hardest part of the
test road to estimate accurately. The mean value at each
sample point is included to illustrate the effect of the data
fusion step. The grade maps resulting from the progressive
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(a) The first measurement forms a road grade
map by itself. Estimation errors cause it to
differ from the reference road grade.
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(b) When a second measurement is added
to the one in (a) a new road grade map is
obtained. The large disturbance in measure-
ment two at s = 1900 m has high uncertainty
and thus a low weight in the data fusion.
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(c) The third estimate from vehicle A does
not differ much from the map based on the
previous two road traversals.
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(d) The larger difference in the fourth es-
timate is probably due to different model
parameter errors in relation to vehicle B.

800 1000 1200 1400 1600 1800 2000 2200 2400 2600 2800
−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

Distance [m]

G
ra

de
 [%

]

(e) Estimate five is based on vehicle B, just
like the one in (d).
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(f) When the sixth estimate, recorded with
vehicle C, has been added the map is com-
plete.

Fig. 6. As more measurements are added the road grade map is improved. The sub-figures (a)-(f) show the progression
as six measurements are combined into one road grade map. Each figure shows the latest measurement (dashed),
the road grade map based on all measurements added so far (solid) and the reference road grade (dotted).

inclusion of the six recorded road traversals can be seen in
Figure 6.

The results from using the piecewise constant linear model
instead of the time-varying non-linear model indicated
only marginal changes in the estimated slope. A compari-
son of road grade estimates obtained with the two methods
is shown in Figure 7. The main non-linearity in the vehicle
model, for the magnitude of slopes considered, is in the ve-
locity. The linear model is only valid for velocities close to
the linearization point of 80 km/h. During most of the test
road measurements the velocity of the measuring vehicle
was close to this value. The proposed method is primarily
suited for highway estimation, and it would probably be
wise to reject any data sets with large velocity deviations.

4. CONCLUSIONS AND DISCUSSION

For the investigated test cases the piecewise linear model
performs in a similarly to the time-varying non-linear
model for the task of estimating highway grades. This
opens up possibilities both to lower the computational
requirements and to gain more insight into how the fil-
ter can be improved. One such planned extension is the
estimation of the true process and measurement noise co-
variances Q and R. Better synchronization of the different
measurement runs by the use of more reference positions is
likely to improve the performance gain from using multiple
traversals.

Measurements from more vehicles and more road passes
will make it possible to deduce more precisely what grade
estimation errors are random and reduced with additional
data, and which are systematic and more crucial to deal
with in the method. Further analysis of the linear vehicle
models can help identify areas for improvement. Already
at this stage the proposed method is feasible for collecting
road grade data of sufficient quality for model predictive
control based energy optimization of the vehicle longitu-
dinal motion.
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Abstract: We analyze the frequency contents of strain waves in an axially excited bar, where
one end of the bar is subject to a free end boundary condition. The analysis is treated in
the context of identification of viscoelastic materials. The free end boundary condition leads
to very particular constraints on the wave propagation in the bar and it is shown how this
influences the identification. Wave propagation in both elastic and viscoelastic materials is
treated, and the validity of the analysis confirmed through simulated and (in the case of
viscoelastic materials) experimental data. The analysis is then used in order to interpret the large
frequency variations in previous studies concerning the accuracy of the estimate and optimal
input signal, respectively.

Keywords: Wave propagation, frequency content, viscoelastic materials, nonparametric
identification

1. INTRODUCTION

Wave propagation experiments on an axially excited bar
specimen is commonly used to identify material functions
of viscoelastic materials, see for example Blanc (1993);
Hillström et al. (2000); Pintelon et al. (2004); Sogabe
and Tsuzuki (1986). In many cases, the experiment is
designed so that one end of the bar is left free. This
free end condition leads to very particular constraints on
the wave propagation in the bar, which in turn influences
the identification. In previous studies it was for example
found that the quality of the estimated material function
varies significantly with frequency, a behavior that can be
explained through the work in this paper. The aim of the
work is to examine how the boundary conditions affect
the frequency content of the waves propagating in the bar,
and to use this study in order to further understand what
influence this design aspect may have on the identification.

We here focus on the identification problem described in
Hillström et al. (2000), where nonparametric identification
of the frequency dependent complex modulus E(ω) of
a viscoelastic material is concerned. In Hillström et al.
(2000), the complex modulus of the material is identified
based on the frequency domain wave equation

∂2ε(x, ω)
∂x2

= − ρω2

E(ω)
ε(x, ω), (1)

which describes the propagation of strain waves in an
axially excited bar, see Fig. 1. In (1), ε(x, ω) denotes the
Fourier transform at frequency ω of strain measured at
location x along the bar and ρ denotes the density of
the material. This identification problem has been further
studied in for example Mossberg et al. (2001) where the
variance of the achieved estimates was treated, and in
⋆ This research was partially supported by the Swedish Research
Council, contract 621-2004-5169.

Fig. 1. An axially excited bar

Rensfelt and Söderström (2006) where optimal excitation
of the bar was considered. In both these cases, a study of
the frequency contents of the measured signal may further
elucidate the results.

This paper treats bars made of linearly elastic as well
as viscoelastic materials. The study on elastic bars is
closely related to the eigenvalue problem for rods in axial
vibration, as described in Meirovitch (1997), and serves
as foundation for the more complex viscoelastic case. A
description of elastic and viscoelastic materials, and the
difference between them, can be found in Section 2. In
Section 3 the analysis of the frequency contents in the
measured signal is carried out. The case of elastic materials
is first addressed followed by a similar analysis in the
viscoelastic case. In Section 4, the identification problem
described in Hillström et al. (2000) is treated and it is
shown how the frequency contents of the measured signal
may influence the results of the identification. Finally,
conclusions are given in Section 5.

2. ELASTIC AND VISCOELASTIC MATERIALS

The relationship between stress (force per unit area) and
strain (elongation per unit length) in an linearly elastic
material is described by the simple Hooke’s law

σ(t) = Eε(t) (2)
where E is the Young’s modulus of linear elasticity.
Young’s modulus is a material specific constant, which
means that there is a instantaneous relationship between



the stress and the strain in an elastic material. In other
words, as soon as the force put on to the material is
released, the material will immediately go back to its
original shape. Viscoelastic materials on the other hand
exhibit viscous, as well as elastic, effects. The viscous
effect in the material acts as a form of damping, which
means that when the stress put onto the material is re-
leased, the material will only slowly return to its original
shape. For a viscoelastic material we hence have a time
dependence between the stress and the strain, i.e. the
material response is determined not only by the current
state of stress but also by all past states. Similarly, if
the deformation is specified, the current stress depends on
the entire deformation history. For a linearly viscoelastic
material, this can be expressed as

σ(t) =
∫ t

−∞
Y (t − τ)ε̇(t)dτ, (3)

where Y (t) is called the relaxation modulus and ε̇(t) is
the time derivative of the strain ε(t). The convolution
relationship in (3) is in frequency domain translated into
a multiplication

σ(ω) = E(ω)ε(ω), (4)
where σ(ω) and ε(ω) denote the Fourier transformed
stress and strain, respectively. Note that E(ω) = iωY (ω),
where Y (ω) is the Fourier transform of the relaxation
modulus Y (t). Knowledge about the complex modulus is
very important in order to understand how a viscoelastic
material behaves when used in an environment where it is
subject to stress of various kind.

The complex modulus can be identified through strain
waves propagating in an axially excited bar. This is a
convenient technique for estimating E(ω) in the frequency
band 102 − 104 Hz. The wave propagation is then be
described by the frequency domain wave equation (1). The
general solution to this equation is given by

ε(x, ω) = P (ω)e−γ(ω)x + N(ω)eγ(ω)x (5)
where P (ω) and N(ω) are complex valued functions of ω,
and can be interpreted as amplitudes of waves traveling in
positive and negative x direction respectively. The complex
valued, frequency dependent function γ(ω) in (5) is called
the wave propagation function and is in the viscoelastic
case given by

γ(ω) =

√
− ρω2

E(ω)
. (6)

If γ(ω) is expressed in terms of its real and imaginary
parts, i.e.

γ(ω) = α(ω) + ik(ω), (7)
it is clearly seen from (5) that the real part of the wave
propagation function, α(ω), acts as a damping factor for
waves at frequency ω, while the imaginary part, k(ω), is
the corresponding wave number. The wave number k(ω)
is an odd function, positive for ω > 0, and the damping
factor α(ω) a positive even function, Hunter (1960). By
definition, the wavelength for waves at frequency ω can be
obtained through the wave number as

λ(ω) = 2π/|k(ω)|. (8)

The frequency domain wave equation (1) also describes
wave propagation in an elastic bar. The complex modulus
E(ω) is then replaced by the constant Young’s modulus

E in (2) and the wave propagation function γ(ω) in (5) is
given by

γ(ω) =

√
−ρω2

E
, (9)

which is a purely imaginary function of ω. Hence, in the
elastic case

γ(ω) = ik(ω), k(ω) =
√

ρ/E(ω)ω (10)
and the damping factor α(ω) = 0. This implies that if
the material is excited initially and then allowed to vi-
brate freely, the vibrations will continue eternally without
ever damping out, i.e. the system is conservative. This,
however, is a mathematical idealization, and ideally elastic
materials do not exist in practice. Elastic theory is never-
theless useful when the damping is very low, and many
materials such as most metals follow Hooke’s law with
high accuracy. Examples of materials where the damping
is not negligible, and has to be considered in a viscoelastic
framework, include many types of plastics.

3. ANALYSIS OF FREQUENCY CONTENTS

When an experiment is designed so that an end of the
bar is left free, the strain at that end will be identically
equal to zero. If we for example have a free end at x =
0, then ε(0, t) = 0 for all t. Consequently, the Fourier
transformed strain at that end will also equal zero, i.e.
ε(0, ω) = 0. In the following two subsections we will
examine the frequency contents of the measured strain
signal in bars made of elastic and viscoelastic material,
respectively, where one end of the bar is free. The bar is
excited (strained) at the end opposite to the free end, and
it is here assumed that the only influence at this end is
that of the excitation. The frequency domain strain at the
excited end is therefore the same as the Fourier transform
of the strain excitation. This assumption can, however, be
relaxed and the analysis modified to cover all cases where
the power of the strain at the excited end is limited for all
frequencies.

3.1 Elastic materials

Consider a bar as in Fig. 1 made of an elastic material with
ends in x = 0 and x = L. The bar is suspended in such a
way that there is a free end at x = 0 and then excited at
x = L. This gives the following boundary conditions

ε(0, ω) = 0 (11)
ε(L, ω) = u(ω), (12)

where u(ω) denotes the Fourier transform of the strain
excitation. As the wave propagation function of an elastic
material is purely imaginary, see (10), the solution to the
frequency domain wave equation (5) can be written as

ε(x, ω) = A(ω) cos
(
k(ω)x

)
+ B(ω) sin

(
k(ω)x

)
. (13)

The complex valued amplitudes A(ω) and B(ω) are given
by

A(ω) = N(ω) + P (ω) (14)
and

B(ω) = i(N(ω) − P (ω)). (15)
By applying boundary condition (11) to (13) we may
conclude that A(ω) = 0, and equation (13) hence simplifies
to

ε(x, ω) = B(ω) sin
(
k(ω)x

)
. (16)
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Fig. 2. Frequency domain strains |ε(x, ω)| for simulated
aluminium bar (solid line), and frequency response of
the simulated input signal in Fig. 3 (dashed). Frequen-
cies fulfilling (18) marked with (∗), and frequencies
fulfilling (19) marked with (o).

If the second boundary condition, (12), is applied to this
equation, we get the following expression for the amplitude
B(ω)

B(ω) =
u(ω)

sin
(
k(ω)L

) . (17)

Under the assumption that the power of the input signal
is finite for each frequency, a condition that is fulfilled
in most practical applications, we see from (17) that
|B(ω)| approaches infinity for those frequencies where
| sin (

k(ω)L
)| = 0. This is fulfilled when k(ω)L = nπ or

equivalently when
k(ω) =

nπ

L
. (18)

The frequency domain strains will hence be amplified
for frequencies where the wave number fulfills (18). This
corresponds to the eigenmodes of a bar in axial vibration
where the free end condition is fulfilled at both ends of
the bar, see Meirovitch (1997). On the other hand, from
(16) we can expect the frequency domain strain measured
at position x to vanish when sin

(
k(ω)x

)
= 0, i.e. when

k(ω)x = nπ or equivalently when

k(ω) =
nπ

x
. (19)

Note that from (8), this corresponds to measuring the
signal at integral multiples of half a wavelength from the
free end at x = 0, i.e. at the nodes of the sine wave in (16).

In Fig. 2, simulated frequency domain strains from a wave
propagation experiment on an elastic bar is shown. The
bar is axially excited at x = L by the pulse shown in
Fig. 3, and then left to vibrate freely. The length of the
bar is L = 2 m and the strains are simulated through
(5) and (9). The amplitudes P (ω) and N(ω) are given
by (11) and (12), where u(ω) is the Fourier transform of
the exciting pulse in Fig. 3. In the simulations, Young’s
modulus was set to E = 71 GPa which corresponds well
to the elastic behavior of aluminum (Al). The simulated
strain is measured at position x = 1.6 m. As can be seen
from Fig. 2, the frequencies that fulfills (18) corresponds
well with the peaks of the measured frequency domain
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Fig. 3. The excitation pulse.

strain signal. Furthermore, the frequencies for which the
wave number fulfills (19) corresponds well with the dips
in the strain signal. At f = 9.7 kHz, the two conditions
coincide and the peak is counteracted by the dip.

3.2 Viscoelastic materials

The same type of analysis as for the elastic case can also be
performed for a viscoelastic material. Now instead consider
a viscoelastic bar with a free end in x = 0. The bar is
excited at x = L, which gives the same set of boundary
conditions as in the elastic case, see (11) and (12). If
boundary condition (11) is applied to (5) this expression
simplifies to

ε(x, ω) = C(ω) sinh
(
γ(ω)x

)
, (20)

where C(ω) is given by
C(ω) = 2N(ω). (21)

By applying the second boundary condition, (12), to (20)
we get the following expression for the amplitude C(ω)

C(ω) =
u(ω)

sinh
(
γ(ω)L

) . (22)

As in the elastic case, we may conclude that |C(ω)| is big
when | sinh

(
γ(ω)L

)| is small, and hence that we should
expect the frequency domain strains to be amplified for
frequencies where this is fulfilled. On closer inspection,
| sinh

(
γ(ω)L

)| can be written as

| sinh
(
γ(ω)L

)| =
(
F

(
α(ω), k(ω)

))1/2

, (23)

where
F

(
α(ω), k(ω)

)
= cosh2

(
α(ω)L

)
sin2

(
k(ω)L

)
+ sinh2

(
α(ω)L

)
cos2

(
k(ω)L

)
.

(24)

From (24) we see that in order for | sinh
(
γ(ω)L

)| to be
small, then sin2

(
k(ω)L

)
must be small since cosh(y) ≥ 1

for all y. This gives the approximate condition

k(ω) ≈ nπ

L
, (25)

which corresponds to (18) in the elastic case. Secondly, if
(25) is fulfilled we also need sinh2

(
α(ω)L

)
to be small.

This corresponds to α(ω) being sufficiently close to zero.
We can hence expect the frequency domain strains to
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Fig. 4. Frequency domain strains |ε(x, ω)| for simulated
PMMA bar (solid line), and frequency response of the
simulated input signal in Fig 3 (dashed). Frequencies
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Fig. 5. Damping factor α(ω) of PMMA (simulated).

be amplified for frequencies for which the wave number
fulfills (25), and for which the damping factor α(ω) is
low enough. To determine what value of α(ω) can be
considered as sufficiently low, or to determine the exact
minima of | sinh

(
γ(ω)L

)|, further analysis is needed, which
is beyond the scope of this paper.

We may also expect a decrease in signal power when
| sinh

(
γ(ω)x

)| is small, see (20). Following the analysis
above we get the approximate condition

k(ω) ≈ nπ

x
, (26)

and that the damping factor α(ω) is sufficiently low.
Similarly to the elastic case, the condition (26) corresponds
to the signal being measured at integral multiples of half
a wavelength from the free end at x = 0, see (8).

In Fig. 4, simulated frequency domain strains from a wave
propagation experiment on an viscoelastic bar is shown.
The bar is axially excited at x = L by the pulse shown

in Fig. 3, and then left to vibrate freely. The length of
the bar is L = 2 m and the strains are simulated through
(5) and (6). The amplitudes P (ω) and N(ω) are given by
(11) and (12), where u(ω) is the Fourier transform of the
exciting pulse in Fig. 3. Data for the complex modulus of
the specimen was generated from the standard linear solid
model Zener (1948),

E(ω) =
E2(E1 + iωη)

E1 + E2 + iωη)
, (27)

with model parameters E1 = 56 GPa, E2 = 5.6 GPa and
η = 2 kPa·s. This choice of parameters applies of the dy-
namic behavior of the weakly damped PMMA (plexiglass).
The corresponding damping factor α(ω) is shown in Fig. 5.
The simulated strain is measured at position x = 1.6 m.
As can be seen from Fig. 4, the frequencies for which the
wave number fulfills (25) corresponds well with the peaks
in the measured frequency domain strain signal. As the
damping α(ω) grows higher with increasing ω, the peaks
become less prominent and starts to deviate slightly from
the frequencies given by (25). Furthermore, the frequencies
for which the wave number fulfills (26) corresponds well
with the dips in the measured frequency domain strain
signal. These two conditions coincide at f = 2.6 kHz and
f = 5.3 kHz, where the peak is accordingly counteracted
by the dip.

3.3 Experiment on a viscoelastic bar

In Hillström et al. (2000), experiments were made on a
viscoelastic PMMA bar in order to identify the complex
modulus of the material. The ends of the bar were located
at x = 0 and x = L, where L = 2 m is the length
of the bar. The bar was suspended in such a way that
the end at x = 0 was free, and then axially excited at
x = L through a strain pulse generated by the use of a
steel hammer. The resulting strain data was collected at
sensor locations x = {0, 0.290, 0.646, 1.078, 1.600} m for
N = 4096 discrete time instances with a sampling interval
of T = 20 µs, and then transformed into the frequency
domain using the discrete Fourier transform (DFT). In
Mossberg et al. (2001), the time domain measurement
noise was found to be very close to white with variance
σ2

t ≈ 3.6 · 10−14 for the frequency band of interest. The
Fourier transformed noise will then also be approximately
white with variance σ2

f = N ·σ2
t , see the analysis in Mahata

et al. (2003).

In Fig. 6, the frequency domain strain signal measured at
sensor location x = 1.6 m is shown. As in the simulated
data case we see that the frequencies for which the wave
number fulfills (25) corresponds well with the peaks in
the strain signal and that the frequencies for which the
wave number fulfills (26) corresponds well with the dips.
At f = 2.7 kHz and f = 5.4 kH, these two conditions
coincide, and accordingly no prominent peak or dip can
be detected.

4. IDENTIFICATION OF VISCOELASTIC
MATERIALS

In this section, we investigate how the frequency con-
tents in the measured signal influences the identification
problem described in Hillström et al. (2000). In Hillström
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Fig. 6. Frequency domain strains |ε(x, ω)| from experiment
on a PMMA bar (solid line). Frequencies fulfilling
(25) marked with (∗), and frequencies fulfilling (26)
marked with (o).

et al. (2000), the experimental data in the previous sub-
section were used to identify the complex modulus of the
viscoelastic material through the frequency domain wave
equation (1). Using (1), the strain at each of the sections
x = {xi}n

i=1 form the system of equations
ε(ω) = A(ω)z(ω), (28)

where
ε(ω) = [ε(x1, ω) · · · ε(xn, ω)]T , (29)

A(ω) =

e−γ(ω)x1 eγ(ω)x1

...
...

e−γ(ω)xn eγ(ω)xn

 , (30)

z(ω) = [P (ω) N(ω)]T . (31)
At each section xi a pair of strain gauges are mounted and
connected to a bridge amplifier to extract the contribution
from the extensional waves, Hillström et al. (2000). An
estimate of the wave propagation function γ(ω), and
through (6) the complex modulus E(ω), can be found by
minimizing the loss function

U
(
γ(ω), z(ω)

)
= ‖εM(ω) −A(ω)z(ω)‖2 (32)

with respect to γ(ω) and z(ω). In (32), the vector εM(ω)
contains the DFTs of the actual strain measurements
which are assumed to be corrupted by measurement noise.
The unknown amplitudes P (ω) and N(ω) act as nuisance
parameters, giving a total of three unknowns, and the
number of sensors needed for identification must thus be
n ≥ 3.

4.1 Accuracy of estimate

In order to get accurate estimates of the complex modulus,
it is important that the measured signal is of good quality
and that the signal-to-noise ratio (SNR) is sufficiently large
for all frequencies under consideration. The quality of the
achieved estimates for the identification problem described
in this section is treated in Mossberg et al. (2001) and
Mahata et al. (2003), where it was found that the variance
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Fig. 7. Standard deviation of estimate (solid). Frequencies
fulfilling (25) marked with (∗).

of the estimate at any particular frequency is inversely
proportional to the SNR at that frequency.

In Fig. 7, the standard deviation of the estimates from the
experimental data described in Section 3.3 is shown. As
can be seen, the dips in standard deviation corresponds
well with the peaks in the measured strain signal, i.e. the
standard deviation is low for those frequencies for which
the wave number fulfills (25). The reason for this behavior
is that since there is more signal power at these frequen-
cies, the SNR will become larger with a lower variance
as a result. The dips in the strain signal does not have
an as obvious effect on the resulting standard deviations.
This is because these dips are dependent on where on the
bar the signal is measured, see (26). In the experiment
described in Section 3.3, the strain waves are measured
at five distinct points along the bar. The spacing between
the sensors are chosen so as to minimize the possibility
of condition (26) being fulfilled at all five sensors for any
particular frequency. For each frequency, we hence have
at least a few measurements with reasonable signal power
and large SNR, which in turn counteracts ensuing peaks in
the standard deviation. If instead all sensors were spaced
uniformly on the bar, so that there was a equal distance
h between any two adjacent sensors, then (26) would be
fulfilled at all sensors for some frequencies. The signal
power would then be low for all measurements, with a
low SNR as a result, and peaks in the standard deviation
could be expected, see the discussion in Hillström et al.
(2000).

4.2 Optimal input signal

In Rensfelt and Söderström (2006), optimal excitation
for the given identification problem was investigated 1 .
The basis for the investigation was that there is a linear
dependency g(x, ω) between the input signal and the
strain measured at position x, i.e. ε(x, ω) = g(x, ω)u(ω).
1 In this study the input signal was chosen as normal force rather
than strain. The relationship between the strain ε(ω) and normal
force N(ω) is ε(ω) = N(ω)/(AE(ω)), where A is the cross sectional
area of the bar and E(ω) the complex modulus. The optimal input
is to be implemented using a shaker.
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The amplitude of the transfer function g(x, ω) for x =
1.6 m is shown in Fig. 8. As may be expected, there
is good agreement between the peaks in |g(x, ω)| and
the frequencies where the strain signal is amplified, i.e.
the frequencies for which the wave propagation function
satisfies (25). The frequencies where the strain signal is
instead damped, i.e. the frequencies for which the wave
propagation function satisfies (26), also corresponds well
with the dips of |g(x, ω)|. The poles of this transfer
function can be used to estimate a parametric model for
the complex modulus, as in Pintelon et al. (2004).

In Fig. 9, the D-optimal input spectrum from Rensfelt and
Söderström (2006) is shown. As can be seen, the input
power is significantly lower for those frequencies for which
the wave propagation function satisfies (25). Since these
frequencies are amplified in the bar, it is instead preferable
to concentrate energy of the input signal to frequencies
that are not amplified or even damped out.

5. CONCLUSION

In this paper, we investigated how the frequency content
of strain waves propagating in an axially excited bar influ-
ence the identification of material functions of viscoelastic
materials. One end of the bar was assumed to be free
and it was shown how this boundary condition causes the
measured strain signal to be amplified for some frequen-
cies, while others are damped out. How this may influence
the identification was illustrated through the identifica-
tion problem described in Hillström et al. (2000), where
nonparametric identification of the complex modulus of a
viscoelastic material is concerned.

Wave propagation in bars made of elastic and viscoelastic
materials were considered, respectively. In the elastic case,
the analysis yield exact results and is closely related
to the eigenvalue problem for bars in axial vibration
described in Meirovitch (1997). For viscoelastic materials
the results are approximate and apply to frequencies
where the damping is sufficiently low. The validity of the
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Fig. 9. Optimal input signal (solid). Frequencies fulfilling
(25) marked with (∗).

approximate results are confirmed through experiments
on bars made of the weakly damped material PMMA
(plexiglass). In particular the analysis explains why the
variances of the estimates as well as the spectrum of the
optimal excitation vary strongly with frequency.
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Abstract: The errors–in–variables framework concerns static or dynamic systems whose
input and output variables are affected by additive noise. Several estimation methods have
been proposed for identifying dynamic errors–in–variables models. One of the more promising
approaches is the so–called Frisch scheme. This paper decribes three different estimation criteria
within the Frisch context and compares their estimation accuracy on the basis of the asymptotic
covariance matrices of the estimates. Some numerical examples support well the theoretical
results.
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1. INTRODUCTION

The Errors–In–Variables (EIV) framework concerns static
or dynamic systems whose input and output variables are
affected by additive noise. These models play an important
role in several engineering applications like, for example,
time series modeling, direction–of–arrival estimation, blind
channel equalization, and many other signal and image
processing problems; see Van Huffel (1997); Van Huffel and
Lemmerling (2002). Many different solutions have been
proposed for the identification of EIV models. An overview
can be found in Söderström (2007b).

Among these methods, the so–called Frisch scheme is one
of the more interesting. Its roots are in Frisch (1934), with
reference to static problems; the extension to dynamic
systems was proposed in Beghelli et al. (1990). One of the
main difficulties of the method concerns its application to
real cases, when for several reasons (limited number of the
available samples, non–linearities in the system, etc.) the
assumptions behind the scheme are not exactly satisfied.
In these cases the identification procedure does no more
lead to a single solution, unless a selection criterion is
introduced.

One of the first criteria that has shown remarkable robust-
ness properties was originally proposed in Beghelli et al.
(1993) and further in Diversi et al. (2004). This criterion,
denoted here as Frisch–SR, relies on the shift properties
of time–invariant systems and is based on rank deficiency
conditions of the noise–free covariance matrix.

⋆ This research was partially supported by The Swedish Research
Council, contract 621-2005-4207, and The Italian Ministry for Uni-
versity and Research.

Another robust criterion, characterized by a high level
of estimation accuracy, was proposed in Diversi et al.
(2003). This approach, denoted as Frisch–CM, relies on
a comparison between the true and estimated statistical
properties of the EIV system residuals.

A third criterion, characterized by a good compromise
between computational efficiency and estimation accuracy,
was introduced in Diversi et al. (2006). This method,
denoted as Frisch–YW, relies on the properties of the high
order Yule–Walker equations and is characterized by the
same asymptotic properties of the Frisch–SR, as shown in
Hong et al. (2007).

For the three Frisch alternatives, it is of interest to know
which one gives the best estimation accuracy. This paper
compares these criteria on the basis of the asymptotic
covariance matrices of the estimates.

It will be shown that for moderate signal–to–noise ratios
(SNR) no alternative is better than the other, both for the
system parameters and noise variances. On the contrary,
for high SNR the noise variances can, in general, be better
estimated when the Frisch–CM is used.

2. PROBLEM STATEMENT AND NOTATIONS

Consider a linear and single input single output (SISO)
system given by

A(q−1)y0(t) = B(q−1)u0(t), (1)

where u0(t) and y0(t) are the noise-free input and output,
respectively. Further, A(q−1) and B(q−1) are polynomials
described as

A(q−1) = 1 + a1 q−1 + · · ·+ ana
q−na ,

B(q−1) = b0 + b1 q−1 + · · ·+ bnb
q−nb .

(2)



We assume that the observations are corrupted by additive
measurement noises ũ(t) and ỹ(t). The available signals are
in discrete time and of the form

u(t) = u0(t) + ũ(t), y(t) = y0(t) + ỹ(t). (3)

The following assumptions are introduced.

A1. The dynamic system (1) is asymptotically stable,
observable and controllable.

A2. The polynomial degrees na and nb are a priori known.
A3. The true input u0(t) is a zero-mean stationary er-

godic random signal, that is persistently exciting of
sufficiently high order.

A4. The input noise ũ(t) and the output noise ỹ(t) are
both independent of u0(t) and mutually independent
white Gaussian noise sequences of zero mean, and
variances λu and λy, respectively.

The problem of identifying this EIV system is concerned
with consistently estimating the parameter vector θ0 =
(a1 . . . ana

b0 . . . bnb
)T and the noise variances λu and

λy from the measured noisy data {u(t), y(t)}N
t=1. We

introduce the regressor vector

ϕ(t) = (−y(t− 1) · · · − y(t− na) u(t) . . . u(t− nb))T

= (−y0(t− 1) · · · − y0(t− na) u0(t) . . . u0(t− nb))T

+(−ỹ(t− 1) · · · − ỹ(t− na) ũ(t) . . . ũ(t− nb))T

, ϕ0(t) + ϕ̃(t), (4)
where ϕ0(t) and ϕ̃(t) denote the noise-free part and the
noise contribution part of ϕ(t), respectively. For conve-
nience, we utilize the extended regressor φ(t) and the true
extended parameter vector Θ0 as

φ(t) = (−y(t) ϕT (t))T , Θ0 = (1 θT
0 )T . (5)

In a similar way the extended vectors φ0(t) and φ̃(t) can
be defined. Some further expressions are introduced for
the regressor vector and the system parameter vector,
partitioned as

ϕy(t) = (−y(t− 1) · · · − y(t− na))T ,

ϕu(t) = (u(t) . . . u(t− nb))T , φy(t) = (−y(t) ϕy(t)T )T ,

θ =
(

a
b

)
, a =

 a1

...
ana

 , b =

 b0

...
bnb

 , ā =
(

1
a

)
. (6)

For a general random process x(t), we define its covariance
function rx(τ) as:

rx(τ) = E(x(τ)x(t− τ)), τ = 0, ±1, ±2, . . . . (7)
where E is the expectation operator. Further, the cross–
covariance matrix between two random vectors x(t) and
y(t) and the cross-covariance vector between random vec-
tor x(t) and random variable z(t) are denoted as

Rxy = Ex(t)yT (t), rxz = Ex(t)z(t). (8)

3. THREE VARIANTS OF THE FRISCH SCHEME

The Frisch scheme was first proposed by Ragnar Frisch,
Frisch (1934). It was developed to identify dynamic EIV

systems in Beghelli et al. (1990) and was further elabo-
rated in Beghelli et al. (1993); Diversi et al. (2003, 2004,
2006). Consider the relation

φT
0 (t)Θ0 =−A0(q−1)y0(t) + B0(q−1)u0(t) = 0. (9)

It follows from (9) that

Rφ0φ0Θ0 = E(φ0(t)φ0(t)T )Θ0 = 0. (10)
Hence matrix Rφ0φ0 is singular (positive semidefinite),
with at least one eigenvalue equal to zero. Since it holds
that Rφφ = Rφ0φ0 + Rφ̃φ̃, relation (10) can also be
expressed as (

Rφφ −Rφ̃φ̃

)
Θ0 = 0, (11)

where

Rφ̃φ̃ =
(

λyIna+1 0
0 λuInb+1

)
. (12)

The relations (11) and (12) are the basis for the Frisch
method. They constitute a system of na +nb +2 equations
in na + nb + 3 unknowns. The solution of this system of
equations can thus be expressed, in general, as a function
of one variable, for example λu. In fact, if an estimate of
λu is available, the value of λy that satisfies (11) is given
by

λy =λmin(Rφyφy
−Rφyϕu

(Rϕuϕu
−λuInb+1)−1Rϕuφy

),(13)

where λmin(R) denotes the smallest eigenvalue of R (see
Beghelli et al. (1990)). Therefore, it can be stated that, in
general, the solution of the nonlinear system of equations
(11) and (12) is univocally determined if at least one
additional equation is introduced. In this paper three
alternatives will be considered.

• One choice is to evaluate the Frisch equations for
an extended model by using an additional extended
regressor ϕ(t). This method was proposed in Beghelli
et al. (1993); Diversi et al. (2004).

• The second alternative is to compute residuals and
compare their statistical properties with what can be
predicted from the model, proposed in Diversi et al.
(2003).

• The third alternative is to use the Yule-Walker equa-
tions, proposed recently in Diversi et al. (2006).

For the first alternative, denoted as Frisch–SR, the ex-
tended Frisch equation will be

(Rφ̄φ̄ −R ¯̃
φ

¯̃
φ
)Θ̄0 = 0, (14)

where

φ̄ =
(

φ(t)
ϕ(t)

)
,

¯̃
φ =

(
φ̃(t)
ϕ̃(t)

)
, Θ̄0 =

(
Θ0

0

)
. (15)

The model extension can, for example, mean that an
additional A parameter is appended. In that case, ϕ(t) =
−y(t − na − 1). Another possibility is to append an
additional B parameter, leading to ϕ(t) = u(t − nb − 1).
Furthermore, it is also possible to let ϕ(t) be a vector.
The number of new relations derived will be equal to the
dimension of ϕ(t). In this alternative of the Frisch method,
two functions λy(λu) of type (13) are evaluated, referring



to the nominal model and the extended one, respectively.
They correspond to two curves in the (λu, λy) plane. The
curves will ideally have one unique contact point, which
defines the estimates, see Figure 1. See Beghelli et al.
(1993); Diversi et al. (2004) for details.

P

B
A

λu

λy

λ̂u

λ̂y(λ̂u)

Fig. 1. Illustration of the principle for the Frisch estimation
using an extended model.

For the second alternative, denoted as Frisch–CM, an
additional relation is given as

d

dλu
VN (λu) |λu=λ̂u

= 0. (16)

The estimated λ̂u is determined as the minimizing element
of the criterion

λ̂u = arg min
λu

VN (λu). (17)

The criterion VN (λu) is defined as

VN (λu) = δT Γδ, (18)
where Γ is a user chosen, positive definite weighting
matrix. The vector δ is

δ =
(

r̂ǫ(1)− r̂ǫ0(1) · · · r̂ǫ(m)− r̂ǫ0(m)
)T

. (19)

Note that r̂ǫ(0)−r̂ǫ0(0) is not used because it automatically
equals to zero Söderström (2007a). The maximum lag m
used in (19) is to be chosen by the user. In expression (19),
r̂ǫ(k) are the sample covariance elements

r̂ǫ(k) =
1
N

N∑
t=1

ǫ(t, θ̂)ǫ(t + k, θ̂). (20)

where the residuals ǫ(t, θ̂) are defined as

ǫ(t, θ̂) = Â(q−1)y(t)− B̂(q−1)u(t). (21)
The theoretical covariance elements r̂ǫ0(k) are based on
the model

ǫ0(t) = Â(q−1)ˆ̃y(t)− B̂(q−1)ˆ̃u(t), (22)

where ˆ̃y(t) and ˆ̃u(t) are zero mean white noise sequences
of variances λ̂y and λ̂u, respectively.

In the third variant, denoted as Frisch–YW, the high
order Yule-Walker equations are used Diversi et al. (2006).
Similar as the extended model alternative, a regressor
vector is introduced as

ϕ(t) = ( u(t− nb − 1) . . . u(t− nb − p) )T
. (23)

Because of Assumption A4 and equation (9), we get the
following high order Yule-Walker equations

(Rϕφ)Θ0 = 0 ⇔ (Rϕ
0
φ0)Θ0 = 0. (24)

The noise variances λu and λy are then evaluated by
searching the minimum of the cost function

J(λu, λy) = ||RϕφΘ0||2 = ΘT
0 RT

ϕφRϕφΘ0, (25)

with the constraint (13).

We stress that there are different user choices for the
three variants of Frisch. For Frisch–SR, we have freedom
to choose the ways to extend the system model, such as
adding one A or B parameter, or several A and/or B
parameters. If the extended model has only one additional
parameter, then the number of equations is equal to
the number of unknowns. If the extended model has
more additional parameter, we will choose not only the
parameters included in the extended vector, but also
some possible weightings. For Frisch–CM, we will choose
the number of the residual lags m. If m > 1, we have
overdetermined equations and a suitable weighting will
also be chosen by us. Similarly, for Frisch–YW, the number
and the type of the Yule-Walker equations and the possible
weighting are the user choices. In general, for Frisch–CM
and Frisch–YW, the number of equations is mostly larger
than the number of the unknowns.

4. ALGORITHMIC ASPECTS

A recent analysis in Hong and Söderström (2007) has
shown that the equations used in Frisch–SR and in the
BELS method Zheng (1998) are equivalent when the
same extended model is used. Under Assumption A4, the
relations used in Frisch–SR equal to the following three
equations

(Rϕϕ −Rϕ̃ϕ̃) θ0 = rϕy, (26)

ryϕθ0 = ry(0)− λy, (27)

Rϕϕθ0 = rϕy. (28)

The first two equations (26) and (27) are coming from the
basic Frisch equations (11) and (12), and equation (28) can
be derived from equation (14), which is used in Frisch–SR.
See Hong and Söderström (2007) for a detailed proof.

In Frisch–YW, besides the basic Frisch equations (11) and
(12), we use the equation (24), which can easily be further
expressed as

(Rϕφ)Θ0 =0 ⇔ (−rϕy Rϕϕ)
(

1
θ0

)
=0 ⇔ Rϕϕθ0 =rϕy,

i.e. equation (24) is also equivalent to equation (28).
It follows that Frisch–SR and Frisch–YW are equivalent
from the equations point of view providing that the same
regressor vector ϕ(t) is used.

For the Frisch–CM, no explicit regressor vector ϕ(t) is
used, and equation (16) can not be rewritten as (28).
Frisch–CM is therefore different from Frisch–SR and
Frisch–YW.

In all three Frisch methods we have a set of (overde-
termined) nonlinear equations to solve. The statistically



best way (in terms of covariance matrix of the parameter
estimates) for the case of more equations than unknowns,
is to solve all equations simultaneously in a weighted sense.
The sets of nonlinear equations (26)–(28) or (26), (27),
(16) can be written as

f(ϑ) = 0, (29)
where

ϑ = (θT , θT
λ ) θλ = (λu, λy)T . (30)

Then the parameter vector ϑ can be estimated by

ϑ̂ = arg min
ϑ
||f(ϑ)||2W = arg min

ϑ
fT (ϑ)Wf(ϑ), (31)

where W is a positive definite weighting matrix designed
by the user. There is an optimal choice of the weighting
matrix, see Söderström and Stoica (1989), but the optimal
weighting is computationally rather complex to derive
explicitly.

In the described Frisch scheme methods, on the contrary,
a different approach is followed. In fact, some of the equa-
tions are forced to hold exactly and some others approxi-
mately. This can be formulated as an optimization problem
with equality constraints. In particular, the basic Frisch
equations (11)–(12), must hold exactly. The remaining
equations, that depend on the specific criterion, will hold
approximately.

The previous discussion concludes that the equations used
in Frisch–SR and Frisch–YW are equivalent, while Frisch–
CM is different. It means that the asymptotic statistical
properties of Frisch–SR and Frisch–YW should be the
same but differ from Frisch–CM. However, the methods
have different performances depending not only on the
equations that they use but also on the techniques utilized
for finding the solution. For example, the BELS method
Zheng (1998), which use a certain iterative algorithm,
is not the best way to solve the set of equations. It
can have convergence problems when the signal-to-noise
ratio (SNR) is low. If the equations are solved using a
variable projection algorithm then the performance will
be improved, Söderström et al. (2005).

5. COMPARISON AND ANALYSIS OF THE
ASYMPTOTIC COVARIANCE MATRICES OF THE

ESTIMATES

For the three Frisch alternatives, it is of interest to know
which one gives the best estimation accuracy. A statistical
analysis of the accuracy can facilitate the evaluation and
comparison of the methods. When the data number N →
∞, an asymptotic covariance matrix of the parameter
estimates is defined as

P , lim
N→∞

{
NE(ϑ̂− ϑ0)(ϑ̂− ϑ0)T

}
, (32)

where ϑ̂ and ϑ0 denote the estimate and the true value of ϑ,
respectively. Assume that ϑ̂ is close to the true parameter
vector ϑ0 for large N . Then we linearize each equation
used in the methods into the generic form

αθ θ̃ + αλu
λ̃u + αλy

λ̃y ≈ β. (33)
The coefficients αθ, αλu

, αλy
are deterministic variables,

while β is a random term which has zero mean and a

variance that decreases when N increases. Under the given
assumptions in Section 2, the estimated parameter ϑ̂ is
asymptotically Gaussian distributed√

N(ϑ̂− ϑ0)
dist−→ N (0, P ), (34)

where

P = lim
N→∞

NE
{

(ϑ̂− ϑ0)(ϑ̂− ϑ0)T
}

= (GT WG)−1GT WQWG(GT WG)−1. (35)
The coefficients αθ, αλu

, αλy
appear as elements of G. The

block elements of Q are covariance matrices of the random
terms β. A key step for realizing (35) is to consider f(ϑ)
in (29) near the true value ϑ0 and approximate it as

f(ϑ)≈ f(ϑ0) +
∂f

∂ϑ
(ϑ̂− ϑ0)

∆= f(ϑ0) + G(ϑ̂− ϑ0).(36)

If choosing the weighting matrix W in (31) as

W = Q−1, (37)
we will get the optimal minimal covariance matrix

Popt = (GT WG)−1. (38)
See Söderström and Stoica (1989) for a proof. However,
this result is normally complicated to utilize in practice,
because the matrix Q, which is parameter ϑ related, needs
to be known first before using (37).

The asymptotic covariance matrix P of the estimates
for Frisch–CM has been derived in Söderström (2007a).
For the equations used in Frisch–SR and Frisch–YW, we
already proved that they are equivalent to each other and
also equivalent to the equations used in BELS providing
the same additional regressor vector ϕ(t) is used. If these
equation sets are treated in the same way (using the
same weighting etc.), the asymptotic covariance matrices
of the Frish–SR and Frisch–YW methods will be identical
to that of the BELS methods, which has been given in
Hong and Söderström (2007). Hence we have the explicit
expressions of the asymptotic covariance matrices for all
three Frisch methods. For simplicity, only Gaussian data
are considered here. The results can be extended to handle
more general data as shown in Söderström (2007a) and
Hong and Söderström (2007).

In this section, we use the asymptotic theoretical covari-
ance matrices derived in Hong and Söderström (2007) and
Söderström (2007a) to numerically analyze the asymp-
totic estimation accuracy of the Frisch–SR and Frisch–
CM methods by means of examples. For the Frisch–SR,
we choose the extended vector as ϕ(t) = −y(t−na−1). In
Frisch–CM, the lag m equals 5 and the weighting matrix Γ
is taken as in Diversi et al. (2003) and Söderström (2007a):

Γ = diag ( 2m, 2(m− 1), . . . , 2 ) . (39)

Example 1. Consider a second-order system

(1− 1.5q−1 + 0.7q−2)y0(t) = (2.0q−1 + 1.0q−2)u0(t), (40)

where the noise-free input u0(t) is the ARMA(1,1) process

(1− 0.5q−1)u0(t) = (1 + 0.7q−1)e(t), (41)

and e(t) is a zero-mean white noise with unit variance.
The variances of the white measurement noises at the



input and output sides are equal to 1 and 4, respectively.
Assume ϕ(t) = −y(t−3). Then the theoretical normalized
asymptotic covariance matrix of the Frisch–SR scheme is

PFrisch−SR =


0.33

−0.26 0.22
−2.03 1.27 57.47

3.42 −2.32 −58.07 69.99
−0.14 0.25 −29.88 21.36 96.54
−0.07 −0.01 14.75 −11.51 −14.49 11.36

 ,

and Frisch–CM leads to

PFrisch−CM =


0.44

−0.34 0.28
−2.36 1.59 46.6

4.45 −3.17 −52.5 73.3
−0.68 0.63 −22.1 11.6 97.1

0.29 −0.26 7.22 −3.34 −13.0 9.0

 .

The results of this example show that, for some param-
eters, using Frisch–CM method gives better estimation
accuracy than using Frisch–SR, while for some other pa-
rameters Frisch–SR works better instead.

Comparisons with other numerical examples, Hong et al.
(2007) have shown that, when both input and output
sides have moderate SNR, the accuracies of the Frisch–
SR and Frisch–CM estimates differ for all the parameters.
No alternative is always better than the other. Depending
on the system, the noise-free input signal, comparison
criterion etc, one or the other version of the Frisch scheme
may be considered to give the best result.

Next we will examine the accuracy properties of the three
Frisch methods when both input and output SNR are high.
Assume the noise free input u0(t) is an ARMA process

u0(t) =
C(q−1)
D(q−1)

e(t), (42)

where e(t) is zero mean white noise with variance equals
λe. Keeping λu and λy as constant and letting λe → ∞,
that is both input and output SNR tend to high values, we
have the following two lemmas, whose proofs are reported
in Hong et al. (2007). For simplicity, no weighting is
considered here.
Lemma 1. For Frisch–CM, the G and Q matrices in (35)
can be partitioned, according to (30), as follows

GCM =
(

λeM11 M12

0 M22

)
, (43)

QCM =
(

λeT11 + T̃11 T12

T21 T22

)
, (44)

where all dependencies on λe are as shown. For the
asymptotic covariance matrix P , which is expressed as

P =
(

P11 P12

PT
12 P22

)
, (45)

it follows that P11 depends on λe, and when λe becomes
very large, that is for (very) large SNR,

lim
λe→∞

(λeP11) = M−1
11 T11M

−T
11 . (46)

For P12, it holds that

λeP12 = M−1
11 T12M

−T
22 −M−1

11 M12M
−1
22 T22M

−T
22 .(47)

Furthermore, the block element P22 does not depend at all
on λe.
Lemma 2. For Frisch–SR and Frisch–YW, the G and Q
matrices in (35) can be partitioned as

GSR/YW =
(

λeM11 M12

λeM21 M22

)
, (48)

QSR/YW =
(

λeT11 + T̃11 λeT12 + T̃12

λeT21 + T̃21 λeT22 + T̃22

)
. (49)

(Note that the bock matrices Mij , Tij and T̃ij are not the
same in (43), (44) as in (48), (49).) It follows that the block
elements P11, P12 and P22 of matrix (45) all depend on λe.
When λe becomes very large, that is for (very) large SNR,

lim
λe→∞

(λeP11) = (V11T11 + V12T21)V T
11

+(V11T12 + V12T22)V T
12, (50)

lim
λe→∞

P12 = (V11T11 + V12T21)V T
21 + (V11T12 + V12T22)V T

22,

(51)

lim
λe→∞

P22 = ∞, (52)

where
G−1 =

1
λe

(
V11 V12

λeV21 λeV22

)
. (53)

We present an illustrative example to show the perfor-
mance as stated by the preceding lemmas.

Example 2. Consider a first-order system given by

(1− 0.8q−1)y0(t) = 2.0q−1u0(t). (54)

where u0(t) is the same as in Example 1. We increased
the variance of the noise–free input λe from 1 to 108 and
kept the variances of the measurement noises λu and λy
as 1 and 2, respectively. For the asymptotic covariance
matrices of the estimated parameters by using Frisch–SR
and Frisch–CM, their block elements P11, P12 and P22 are
listed in Table 1 and Table 2. For Frisch–CM, the values
of the following items were calculated as

M−1
11 T11M−T

11 =

(
5.78e− 02 1.74e− 01
1.74e− 01 2.19e + 00

)
,

M−1
11 T12M−T

22 −M−1
11 M12M−1

22 T22M−T
22 =

(−2.43e+00 7.94e−01
−2.54e+01 8.30e+00

)
,

M−1
22 T22M−T

22 =

(
9.48e + 01 −2.43e + 01
−2.43e + 01 1.13e + 01

)
,

and for Frisch–SR we have

(V11T11+V12T21)V T
11+(V11T12+V12T22)V

T
12=

(
6.31e−02 2.41e−01
2.41e−01 3.0e+00

)
,

(V11T11+V12T21)V T
21+(V11T12+V12T22)V

T
22=

(−2.31e−01 9.46e−02
−2.71e+00 1.11e+00

)
.

We see that the equations (46)-(47) and (50)-(51) in
Lemmas 1 and 2 are well supported by the numerical
results.

The preceeding analysis of the asymptotic covariance
matrices of Frisch methods shows that the estimates for
the system parameter θ for both Frisch–SR and Frisch–CM
are good. The variances of the estimates decrease when



Table 1. The asymptotic covariance matrices of Example 2 with different SNR for Frisch–SR
method. (Note: the blocks of the matrix, P11, P12 and P22, are given.)

λe P11 P12 P22

1 6.84e-02 2.99e-01 -4.58e-01 1.61e-01 3.52e+01 -4.74e+00
2.99e-01 3.70e+00 -5.44e+00 1.92e+00 -4.74e+00 5.23e+00

10 6.36e-03 2.47e-02 -2.53e-01 1.01e-01 1.14e+02 -3.69e+01
2.47e-02 3.07e-01 -2.98e+00 1.19e+00 -3.69e+01 1.85e+01

100 6.32e-04 2.42e-03 -2.33e-01 9.53e-02 8.98e+02 -3.58e+02
2.42e-03 3.01e-02 -2.73e+00 1.12e+00 -3.58e+02 1.50e+02

1000 6.31e-05 2.41e-04 -2.31e-01 9.47e-02 8.74e+03 -3.57e+03
2.41e-04 3.00e-03 -2.71e+00 1.11e+00 -3.57e+03 1.47e+03

1e+08 6.31e-10 2.41e-09 -2.31e-01 9.46e-02 8.71e+08 -3.57e+08
2.41e-09 3.04e-08 -2.71e+00 1.11e+00 -3.57e+08 1.46e+08

Table 2. The asymptotic covariance matrices of Example 2 with different SNR for Frisch–CM
method. (Note: the blocks of the matrix, P11, P12 and P22, are given.)

λe P11 P12 P22

1 1.33e-01 9.52e-01 -2.43e+00 7.94e-01 9.48e+01 -2.43e+01
9.52e-01 1.03e+01 -2.54e+01 8.30e+00 -2.43e+01 1.13e+01

10 6.52e-03 2.52e-02 -2.43e-01 7.94e-02 9.48e+01 -2.43e+01
2.52e-02 3.00e-01 -2.54e+00 8.30e-01 -2.43e+01 1.13e+01

100 5.85e-04 1.82e-03 -2.43e-02 7.94e-03 9.48e+01 -2.43e+01
1.82e-03 2.27e-02 -2.54e-01 8.30e-02 -2.43e+01 1.13e+01

1000 5.79e-05 1.75e-04 -2.43e-03 7.94e-04 9.48e+01 -2.43e+01
1.75e-04 2.20e-03 -2.54e-02 8.30e-03 -2.43e+01 1.13e+01

1e+08 5.78e-10 1.74e-09 -2.43e-08 7.94e-09 9.48e+01 -2.43e+01
1.74e-09 2.19e-08 -2.54e-07 8.30e-08 -2.43e+01 1.13e+01

the SNR increases and tends to a limit. The two limits of
the estimates by Frisch–SR and Frisch–CM are different.
For the noise parameters λu and λy, in general, Frisch–
CM gives better estimates than Frisch–SR. In Frisch–CM,
the estimates for the noise variances λu and λy keep the
same accuracy when the SNR increases. In Frisch–SR,
the variances of the estimates for λu and λy continuously
increase with increasing SNR.
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Abstract: The objective of this contribution is to discuss some aspects of system identification of cascade
systems. Models of such systems are important in for example cascade control applications. We will
restrict our attention to systems with one input signal and two output signals. First, we will analyze some
fundamental limitations regarding the statistical properties of such estimated models and in particular
why it can be difficult to identify cascade systems where the sub-transfer functions are close to each
other. We will then show how an unstructured SIMO model estimate can be used to find a cascade
system model using an indirect prediction error method or balanced model reduction.

Keywords: System identification, cascade systems, variance analysis, model reduction.

1. INTRODUCTION

System identification concerns the construction and validation
of mathematical models of dynamical systems from experimen-
tal data. Important issues when designing the experiment are the
choices and locations of the measurement sensors. For example,
if all internal states of a linear dynamical system are mea-
surable, the state-space equations can be effectively estimated
using a standard least squares method. Most classical system
identification methods concern, however, single-input single-
output (SISO) systems, where the input signal and correspond-
ing output signal are pre-specified by the choice of sensors and
actuators. Many of these results can be generalized to multi-
input multi-output (MIMO) systems. In particular, subspace
system identification methods have shown very useful when
dealing with the MIMO case. It is, however, important to take
the structure of the underlying system into account when spec-
ifying the model structure. The objective of this contribution
is to analyze identification of systems with a cascade or series
structure as illustrated in Fig. 1.

u
G1 G2

e1 e2
Σ Σ

y1 y2

u2

Fig. 1. Cascade system.

We will in more detail study systems with one input signal and
two output signals. The following notation will be used.

y1(t) = G1(q)u(t)+ e1(t)

y2(t) = G2(q)G1(q)u(t)+ e2(t)

Here the input signal is denoted by u(t) and the two output
signals are y1(t) and y2(t), respectively. The transfer functions
are G1(q) and G2(q), and e1(t) and e2(t) are the measurement
noise processes. The input to G2(q) is denoted by u2(t), and
sometimes we will use the notation G3(q) = G2(q)G1(q) for
the transfer function from u(t) to y2(t).
1 This work was partially supported by The Swedish Science Foundation and
the Linnaeus Center ACCESS at KTH.

We assume that the dimensions of the input and the two output
signals are all one (the scalar case).

Cascade systems are very common in both process control
and in control of servo mechanical systems. In process control
application, the primary output y2(t) is often a quality variable
such as temperature or levels, while the secondary output y1(t)
typically concerns an intermediate variable such as flows or
pressures. In mechanical application y1(t) is often a rate while
y2(t) is a position. The quality of the sensors for measuring the
two outputs can be quite different. We will model this by the
choice of the variances of e1(t) and e2(t). High variance means
a poor measurement quality.

Another important example of a cascade system is when
G2(q) is the transfer function of an extra sensor used to mea-
sure y1(t). This sensor may have some unknown characteris-
tics/parameters that have to be estimated.

There are several questions that have to be answered and im-
portant user choices to be made when applying system identi-
fication methods to a data set obtained from a cascade system
of the form {u(t),y1(t),y2(t)}. Any single-input-multi-output
(SIMO) system identification method, such as subspace system
identification, can be applied, but it is often not straightforward
to impose the cascade model structure. For example, a subspace
system identification method would return an estimate of the
form

x(t +1) = Ax(t)+Bu(t)

y1(t) = C1x(t)

y2(t) = C2x(t)
where the specific state-space realization is indirectly given by
the method. A natural estimate of G1(q) is C1(qI−A)−1B. Due
to uncertainty in the estimate of C1(qI−A)−1B, it is, however,
not trivial to find a minimal state space realizations of G1(q).
It is also rather complicated how to find the transfer function
G2(q) from estimates of the state space matrices (A,B,C1,C2).
This is a topic that will be further studied in this paper.

From an engineering point of view it is common to first estimate
G1(q) from the data {u(t),y1(t)} and then in a second step iden-
tify G2(q) from data {û2(t),y2(t)}, where û2(t) is an estimate of



the input signal u2(t) to the second subsystem G2(q). There are
several options for determining this input signal. If the model
estimate Ĝ1(q) is reliable one can use û2(t) = Ĝ1(q)u(t). The
other extreme would be to take û2(t) = y1(t). It is of course
also possible to use an optimal predictor of u2(t) based on the
statistical properties of e1(t). In all these cases this introduces
input noise/uncertainty, which may cause systematic estimation
errors if a standard system identification method is applied
to estimate G2(q) from the data {û2(t),y2(t)} . A solution
would be to use a more advanced errors-in-variables method,
see Söderström [2006] for a recent overview.

It is of course possible to apply a Prediction Error Method
(PEM) or the Maximum Likelihood (ML) method, Ljung
[1999], to a constrained model structure that only allows
for models of cascade form. Because of the product product
G1(q)G2(q) simple linear in the parameters model structures
such as FIR or ARX models are not directly applicable. How-
ever, structured PEM and ML are asymptotically statistically
optimal methods to solve the structured cascade system identi-
fication problem.

For state-space models one can use model structures with a
constrained cascade state-space realization, e.g.

x1(t +1) = A1x1(t)+B1u(t)

x2(t +1) = B2C1x1(t)+A2x2(t)

y1(t) = C1x1(t)

y2(t) = C2x2(t)

Here (A1,B1,C1) are the matrices of a state-space realization of
G1(q), and (A2,B2,C2) correspond to a state-space description
of G2(q).

The outline of this paper is as follows. First we will analyze
the statistical properties of PEM estimates of cascade systems.
This will be inspired by a recent geometric approach to variance
analysis in system identification developed in Mårtensson and
Hjalmarsson [2007a,b], Mårtensson [2007].

In the second part of the paper we will discuss how to find cas-
cade model structures using indirect prediction error methods
proposed in Söderström et al. [1991]. We will also discuss how
this relates to model reduction.

2. VARIANCE ANALYSIS: FIR EXAMPLE

To illustrate the statistical properties of PEM cascade model
estimates we will start with a very simple example. Consider
the model structure

y1(t) = G1(q)u(t)+ e1(t)

y2(t) = G2(q)G1(q)u(t)+ e2(t)
with two first order FIR transfer functions

G1(q) = 1+b1q−1

G2(q) = 1+b2q−1

Here the parameters b1 and b2 need to be estimated from data
{u(t),y1(t),y2(t)}. Let the true values of the FIR parameters be
denoted by bo

1 and bo
2. Furthermore, assume that the measure-

ment noise processes {e1(t)} and {e2(t)} are independent white
noise stochastic processes with variances λ1 and λ2, respec-
tively. Let the input signal u(t) be white noise with variance 1.

The asymptotic covariance of the PEM estimate of b1 and b2
given N measurements of {u(t),y1(t),y2(t)}, which also in this
case corresponds to the Cramér-Rao lower bound, is then given
by M−1, where

M = NE{ψ(t)ψT (t)}

ψ(t) =


u(t−1)√

λ1

u(t−1)+bo
2u(t−2)√

λ2

0
u(t−1)+bo

1u(t−2)√
λ2


This gives that the asymptotic variance of the parameter esti-
mate of the first subsystem G1 equals

Var b̂1 ∼ 1
N

λ1

1+ λ1(bo
1−bo

2)
2

λ2(1+(bo
1)

2)
We have used the notation∼ to stress the asymptotic (large data
records) relation. This variance expression reveals some well
known properties, but also some more novel results:

• In case only the output from the first system y1(t) is used
to estimate b1, the asymptotic variance of the FIR estimate
equals

Var b̂1 ∼ λ1

N
This corresponds to setting λ2 = ∞ in the general expres-
sion.

• If the quality of the first measurement y1(t) is much worse
than for the second one y2(t), i.e.

λ1 >> λ2

we have (by letting λ1→ ∞)

Var b̂1 ∼ λ2

N
(1+(bo

1)
2)

(bo
1−bo

2)
2

Notice that it is not possible to separate bo
1 from bo

2 using
only y2(t). Notice that bo

1 = bo
2 gives further problems, as

will be discussed below.

• Unless bo
1 = bo

2, adding an additional sensor y2(t) strictly
improves the quality of the estimate. However, if the two
transfer functions are identical, i.e. bo

1 = bo
2, no improve-

ment is obtained from the second output y2(t), and the
variance will equal

Var b̂1 ∼ λ1

N
which is the same as for the only y1(t) case discussed
above. This is a special case of a recent result of Mårtens-
son and Hjalmarsson [2007b], and as will be shown in next
section holds for more general model structures. We will
study in detail why this is the case.

It is of course possible to estimate a second order FIR model

G3(q) = G1(q)G2(q)

= (1+b1q−1)(1+b2q−1) = 1+ b̄1q−1 + b̄2q−2

from only {u(t),y2(t)} without any problem. It is, however,
impossible to decide from only y2(t) which of the two roots
of this polynomial that corresponds to G1. Furthermore, a first
order perturbation analysis reveals that( ∆b1

∆b2

)
=
( 1 1

b2 b1

)−1
(

∆b̄1
∆b̄2

)



Hence, this mapping is not invertible if b1 = b2 and even
a small perturbation in coefficient b̄1 or b̄2 can give a large
perturbation in the roots. This is of course a well known result
in e.g. numerical analysis. Notice that the FIR model of G3 is
more general in the sense that it also covers complex valued
roots. The asymptotic covariance matrix of the estimates of b̄1
and b̄2 from measurement of only y2(t) equals

Cov
( ˆ̄b1

ˆ̄b2

)
∼ λ2

N

( 1 0
0 1

)
which by the perturbation analysis gives

Cov
(

b̂1
b̂2

)
∼ λ2

N

( 1 1
bo

2 bo
1

)−1( 1 1
bo

2 bo
1

)−T

=
λ2

N
1

(bo
1−bo

2)2

(
1+(bo

1)
2 −(1+bo

1bo
2)

−(1+bo
1bo

2) 1+(bo
2)

2

)
Hence, we again obtain

Var b̂1 ∼ λ2

N
(1+(bo

1)
2)

(bo
1−bo

2)
2

if only y2(t) is measured.

If it is known in advance that G2 = G1, one should of course
use this constraint in the model structure and in this example
only estimate one parameter b1, since b2 = b1. The asymptotic
variance of estimate will then be

Var b̂1 ∼ 1
N

λ1

1+ λ1(4+4(bo
1)

2)
λ2

If λ1 >> λ2 we obtain

Var b̂1 ∼ 1
N

λ2

4+4(bo
1)2 ,

which of course behaves well. Hence, using the information that
G2 = G1 really improves the estimated model quality.

3. VARIANCE ANALYSIS: GENERAL CASE

The observation and results from the simple example above can
be extended to the general case using the geometric variance
analysis framework of Mårtensson and Hjalmarsson [2007a,b].
It is also possible to use simple direct matrix computations, as
will shown in this section.
Let G1(q,θ1) and G2(q,θ2) be arbitrary models of the cascade
system with independent parameterizations

y1(t) = G1(q,θ1)u(t)+ e1(t)

y2(t) = G2(q,θ2)G1(q,θ1)u(t)+ e2(t)
and define

ψ(t) =


G′1(q,θ o

1 )u(t)√
λ1

G2(q,θ o
2 )G′1(q,θ o)u(t)√

λ2

0
G′2(q,θ o

2 )G1(q,θ o
1 )u(t)√

λ2


where prime denotes differentiation with respect to the parame-
ter vectors. The asymptotic covariance matrix of the parameter
estimate is then given by

Cov
(

θ̂1
θ̂2

)
∼M−1

where
M = NE{ψ(t)ψT (t)}

See e.g. , Ljung [1999] for details.

Assume now that the two true transfer functions are identical
G2(q,θ o

2 ) = G1(q,θ o
1 ) = G(q,θ o)

and that we are using the same model structure for both
G1(q,θ1) and G2(q,θ2) and hence

G′2(q,θ
o
1 ) = G′1(q,θ

o
2 ) = G′(q,θ o)

This means that M will have the block structure

M =
(

A+B B
B B

)
where

A =
N
λ1

E{[G′(q,θ o)u(t)][G′(q,θ o)u(t)]T ,}

B =
N
λ2

E{ [G′(q,θ o)G(q,θ o))u(t)]

× [G′(q,θ o)G(q,θ o))u(t)]T},
• The matrix A−1 is the asymptotic covariance matrix of θ̂1

if only y1(t) is available,
• The matrix B−1 is the asymptotic covariance matrix of θ̂2

if G1(q) is known (or equally λ1 = 0).

It is now easy to verify that

M−1 =
(

A−1 −A−1

−A−1 A−1 +B−1

)
and hence

Cov
(

θ̂1
)∼ A−1

Cov
(

θ̂2
)∼ A−1 +B−1

Key Results: If G2(q,θ o
2 ) = G1(q,θ o

1 ) = G(q,θ o), we can
make the following observation:

• Since the asymptotic covariance matrix of θ̂1 equals A−1,
the quality of the estimate of θ1 is never improved by
measuring y2(t). This is independent of the quality of the
second measurement!

• The covariance of the estimate of θ2 equals A−1 + B−1,
and is thus always larger than or equal to the covariance
of θ̂1, since

A−1 +B−1 ≥ A−1

This is true even if one has noise free measurements of
y2(t). It is also always larger than or equal to B−1, which
corresponds to setting λ1 = 0, i.e. a perfect sensor for
y1(t).

If it is known in advance that G2 = G1, this should of course be
used in the model structure,

y1(t) = G(q,θ)u(t)+ e1(t)

y2(t) = G(q,θ)G(q,θ)u(t)+ e2(t)

The asymptotic covariance matrix M−1 of θ̂ can then calculated
using

ψ(t) =
(

G′(q,θ o)u(t)√
λ1

2G′(q,θ o)G(q,θ o)u(t)√
λ2

)
in M = NE{ψ(t)ψT (t)}. This means that M = A + 4B with
the notation above. Hence, the variance can be considerably
smaller than for the case with separate parameterizations for
which M = A, since

(A+4B)−1 < A−1

for positive definite matrices A and B.



Standard model validations tools can be used to test the hy-
pothesis θ o

1 = θ o
2 from the estimates.If the answer is affirma-

tive then, in a second step, constrain the parametrization to
G2 = G1 = G.

4. INDIRECT PEM

The cascade system identification problem fits well into the
framework of indirect prediction error methods for system
identification developed in Söderström et al. [1991]. Ordinary
PEM and indirect PEM have the same asymptotic statistical
properties.

Let us illustrate this idea using the previous simple FIR exam-
ple. Assume that we estimate two independent model structures

y1(t) = u(t)+b1u(t−1)+ e1(t)
y2(t) = u(t)+ b̄1u(t−1)+ b̄2u(t−2)+ e2(t)

For a cascade system we then have
b̄1 = b1 +b2, b̄2 = b1b2

Let us in a first step estimate the three parameters (b1, b̄1, b̄2).
This can be done solving two independent least squares prob-
lems. Assume that the input signal u(t) is white noise with
variance 1. Then

Cov(b̂1,
ˆ̄b1,

ˆ̄b2)T ∼M−1 =
1
N

diag(λ1, λ2, λ2)

The idea of the indirect PEM approach now is to solve equa-
tions

b1 = b̂1, b1 +b2 = ˆ̄b1, b1b2 = ˆ̄b2
with respect to b1 and b2 in a weighed least squares sense,

V (b1,b2) = [(b1− b̂1) (b1 +b2− ˆ̄b1) (b1b2− ˆ̄b2)]
1
N

M

×[(b1− b̂1) (b1 +b2− ˆ̄b1) (b1b2− ˆ̄b2)]
T

with respect to b1 and b2. In the example with a white input
signal, we obtain the cost function

V (b1,b2) =
(b1− b̂1)2

λ1
+

(b1 +b2− ˆ̄b1)2

λ2
+

(b1b2− ˆ̄b2)2

λ2

This is still a non-quadratic minimization problem, but is rather
straightforward to handle. This idea can of course be extended
to the general case.

5. MODEL REDUCTION

As illustrated by the indirect PEM example the problem of
estimating two SISO models or an unstructured SIMO model
and then in a second step find a structured cascade model is
closely related to model approximation. It is, however, impor-
tant to take the statistical properties of the model into account
when doing the model reduction. A simple approach is to first
estimate G1 from u(t) and y1(t) and then the series transfer
function G3 = G2G1 from u(t) and y2(t). Denote the corre-
sponding estimates by Ĝ1 and Ĝ3, respectively. To find the
cascade transfer function G1 and G2 we can minimize the cost
function

V̄ (G1,G2) =
1
λ1

∫ π

−π
|G1(eiω)− Ĝ1(eiω)|2Φu(ω)dω

+
1
λ2

∫ π

−π
|G2(eiω)G1(eiω)− Ĝ3(eiω)|2Φu(ω)dω

where Φu(ω) is the input spectral density. This approach is
called the asymptotic ML approach in Wahlberg [1989], and
is closely related to PEM methods. It can also be generalized

to cover the colored noise case. For a white input signal the
spectral density Φu(ω) is a constant and it is easy to verify that
then

V̄ (G1,G2) = V (b1,b2)
for the FIR example. Hence, the asymptotic ML estimate and
the indirect PEM estimate will for the white input case coincide.

The idea of using model reduction to find structured models,
which be discussed below, has been motivated by the discussion
of applications of subspace methods in process industry given
in Wahlberg et al. [2007]. Assume now that we have estimated
a SIMO state-space model, using e.g. a subspace approach,
resulting in an unstructured state-space model estimate

x(t +1) = Âx(t)+ B̂u(t)

y1(t) = Ĉ1x(t)

y2(t) = Ĉ2x(t)
We will assume that the true system and the corresponding
estimate are both stable. For an exact estimate it would then be
possible to use a state-space vector transformation to the trans-
form estimated model to a cascade state-space representation

x1(t +1) = A1x1(t)+B1u(t)

x2(t +1) = B2C1x1(t)+A2x2(t)

y1(t) = C1x1(t)

y2(t) = C2x2(t)
However, due to model mismatch this would not be possible for
an estimated model.
The following approximation approach is then possible:

Step 1 Find a reduced order model approximation of

x(t +1) = Âx(t)+ B̂u(t)

y1(t) = Ĉ1x(t)
Since the corresponding transfer function is an estimate of
G1 it should be possible to find a good n1-order model with
reduced number of states using e.g. a balanced model reduction
approach Moore [1981]. The idea is to transform the system to
a balanced realization using state variable transformation(

x1(t)
x̄2(t)

)
= Tbx(t)

We will not give any details on balanced model reduction and
how to find e.g. Tb, but this is in principle straightforward
solving linear Lyapunov equations. This will give the approxi-
mation

x1(t +1) = Â1x1(t)+ B̂1u(t)

x̄2(t +1) = Ā21x1(t)+ Â2x̄2(t)+ B̄2u(t)

y1(t) = Ĉ1x1(t)

y2(t) = C̄21x1(t)+Ĉ2x̄2(t)
where

TbÂT−1
b =

(
Â1 Ā12
Ā21 Â2

)
TbB̂ =

(
B̂1
B̄2

)
,

(
Ĉ1

Ĉ2

)
T−1

b =
(

Ĉ1 C̄12
C̄21 Ĉ2

)
The balanced realization G1-approximation has been obtained
by neglecting the contributions from Ā12x̄2(t) in the update



equation of x1(t + 1) and removing C̄12x̄2(t) from the y1(t)-
equation.

Step 2: The difficulty is now how to find x2(t) to give a cascade
realization. Let us try to use the state-space transformation

x2(t) = T x1(t)+ x̄2(t)
Then

x2(t +1) = (T Â1 + Ā21)x1(t)
+ Â2(x2(t)−T x1(t))+(T B̂1 + B̄2)u(t)
= (T Â1 + Ā21− Â2T )x1(t)
+ Â2x2(t)+(T B̂1 + B̄2)u(t)

y2(t) = (C̄21−Ĉ2T )x1(t)+Ĉ2x2(t)

Hence, if we could find T and B̂2, such that

(T Â1 + Ā21− Â2T ) = B̂2Ĉ1

T B̂1 + B̄2 = 0

C̄21−Ĉ2T = 0 (1)

the the matrices (Â2, B̂2,Ĉ2) would give a state-space realiza-
tion of G2. This relations form a set of linear equations in the
elements of T and B̂2. The dimension of the matrix T is n2×n1,
where n1 is the order of the G1 approximation, n2 is the order of
G2 and n = n1 +n2 is the dimension of the original system. We
also have n2 free parameters in B̂2. The number of equations
in (1) is n1 + n2 + n1n2, which should be compared with the
number of free parameters n2 + n1n2. This means that we in
general due to uncertainty cannot expect to exactly solve these
equations, and have instead to confine with e.g. a least squares
solution. Notice that not all SIMO system can be transformed
to a cascade realization! This is the reason why we have more
equations than parameters.

Another approach closely related to cascade control is to find a
high gain controller for the inner loop, e.g.

u(t) =−K(y1(t)− r2(t))
such that the closed loop system is stable and

KĜ1

1+KĜ1
≈ 1

Here r2(t) is the reference signal to the second system. The
interpretation of the approximation is that the dynamics of
closed loop inner system should be much faster than G2. Next
do model reduction of

x(t +1) = (Â−KB̂Ĉ1)x(t)+KB̂r2(t)

y2(t) = Ĉ2x(t)

to find a reduced order state-space model of G2. This is closely
related to using the inverse

K
1+KĜ1

≈ 1
Ĝ1

and performing model reduction of
K

1+KĜ1
Ĝ3

to find G2. Here Ĝ3 is an estimate of G2G1 obtained from the
data {u(t),y2(t)}. An advantage of using this inverse is that
stability of the transfer functions is preserved. See Markusson
[2002] for more ideas of using feedback inversion in system
identification.

6. CONCLUSION

The objective of this contribution has been to discuss some
important issues in identification of cascade systems. We have
used a simple analytic FIR example to explain the fundamental
quality problems when the two transfer functions of the subsys-
tems to be estimated are almost identical.
Cascade systems correspond to SIMO system identification.
The problem of identification of MISO has recently been thor-
oughly investigated by Gevers et al. [2006] and Mårtensson
[2007]. Many of these results can be modified to the SIMO
case. It would be interesting to further study this connection.

We have also shown how to use model reduction as a tool to find
models with a cascade structure from unstructured estimates.
The proposed method is quite ad hoc and the problem of
cascade structured model reduction is more or less open. It
would for example be interesting to find error bounds on the
approximation error.

An important remaining problem is input design for identifi-
cation of cascade systems. Notice that the input signal to the
second subsystem is

u2(q) = G1(q)u(t)
which consequently is directly colored by the the first unknown
subsystem. Hence, a good input for identification of G1 may
give a bad input to G2 and vice versa.
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Abstract

Residual generation for linear differential-algebraic systems

is considered. A new systematic method for observer-

based residual generation is presented. The proposed de-

sign method places no restrictions on the system to be di-

agnosed. If the fault of interest can be detected in the

system, the output from the design method is a residual

generator in state-space form that is sensitive to the fault

of interest. The method is iterative and relies only on con-

stant matrix operations such as multiplications, null-space

calculations and equivalence transformations, and thereby

straightforward to implement. An illustrative numerical

example is included, where the design method is applied to

a non-observable model of a robot manipulator.

1 Introduction

The aim of fault diagnosis is to detect and isolate faults
present in a system. With the rising demand for reli-
ability and safety of technical systems, fault diagnosis
has become increasingly important. One approach is
to generate a set of residuals where different subsets
of residuals respond to different subsets of faults. For
this reason decoupling of faults in residuals is funda-
mental. Furthermore, decoupling can also be used to
handle disturbances or unknown inputs.

Differential-algebraic equation (DAE) systems, or
descriptor systems, are important in the residual gen-
eration context since DAE-systems appear in large
classes of technical systems like mechanical-, electrical-
, and chemical systems. Further, DAE-systems are
also the result when using physically based object-
oriented modelling tools, e.g. Modelica, [13].

For the class of linear state-space systems, resid-
ual generation is an extensively studied area. Main
approaches are for example the parity-space method,
[2], the factorization approach e.g. [5], and different
observer-based methods, [1], [12], [8]. For the more

general class of linear DAE-systems, the list of previous
works is not as extensive but includes parity-space ap-
proaches, [17], [10], parity-space-like approaches, [15],
[20], a parametric approach, [4], and several observer-
based methods, [7], [18], [11].

Several of the above mentioned residual genera-
tion approaches for DAE-systems have limitations
since they have restrictions on the system to be di-
agnosed. The observer-based methods [18] and [11],
both assumes observability and so does the parity-
space method, [17]. In addition, [11], does not handle
decoupling in the measurement equation. Observabil-
ity is not assumed in [10], but instead decoupling is
not considered.

The main contribution in this paper is a new
observer-based method for residual generation in lin-
ear DAE-systems. In contrast to the above mentioned
methods, no restrictions are placed on the system to
be diagnosed. This means that if the fault of interest is
possible to detect, a residual generator can be designed
with the proposed method. The method is based
only on constant matrix operations such as multiplica-
tions, null-space calculations and equivalence transfor-
mations, and thereby straightforward to implement.

The paper is organized as follows. Section 2 presents
preliminaries and states the problem formulation and
objective. In Section 3, the principles of the design
method is preseneted. Section 4 verifies, in two the-
orems, that the objective is met with the proposed
design method. In Section 5 the method is applied to
a non-observable DAE model of a robot manipulator
and Section 6 concludes the paper. An appendix sum-
marizes the design method as a ready-to-implement
algorithm.

2 Preliminaries and Problem Formulation

Consider the linear time-invariant differential-
algebraic equation (DAE) system described by

1



3 Principles of the Design Method 2

Eẋ = Ax+Bu+ Fd+Hf (1a)
y = Cx+Du+Gd+ Jf (1b)

where x ∈ Rn, u ∈ Rp, y ∈ Rm, d ∈ Rq, and f ∈ Rs

are vectors of the states, inputs, outputs, disturbances,
and faults of interest respectively. The inputs and out-
puts are considered as known variables and the states,
disturbances and faults as unknowns. The matrix
E ∈ Rk×n may be singular and the disturbance-vector
d consists of faults and unknown inputs that are to be
decoupled. The matrices A, B, F , H, C, D, G, and J
are all constant real-coefficient matrices of appropriate
dimensions.

Before stating the main objective, the notion of fault
detectability is needed. First, let ONF denote the set
of all known trajectories u and y consistent with the
DAE-system (1) under the presence of no faults, i.e.

ONF = {[u, y]|∃x, d;Eẋ = Ax+Bu+ Fd,

y = Cx+Du+Gd} . (2)

Note that u, y, x, and d are here considered to be tra-
jectories. In a similiar way, Of is defined as the corre-
sponding set when the fault f is allowed to be non-zero.
Or formally,

Of = {[u, y]|∃x, d, f ;Eẋ = Ax+Bu+ Fd+Hf,

y = Cx+Du+Gd+ Jf} .
(3)

The sets ONF and Of will in the sequel be referred to
as observation sets. With ONF and Of defined, fault
detectability can now be defined, see also [15].

Definition 1 (Fault Detectability). Fault f is de-
tectable in (1) if Of 6⊆ ONF .

It may be noted that fault detectability is a system
property.

To check if given trajectories of u and y belongs to
the observation set ONF or not, i.e if a fault is present
in the system, residuals can be used. In this work, only
residuals that are outputs from state-space systems are
considered, leading to the following definition.

Definition 2 (Residual Generator). The linear time-
invariant state-space system

ξ̇ = Āξ + B̄u+ M̄y (4a)

r = C̄ξ + D̄u+ N̄y (4b)

is a residual generator for (1) and r is a residual if

[u, y] ∈ ONF ⇒ lim
t→∞ r = 0. (5)

Note that r may here be multi-dimensional.
The problem can now be formulated as follows.

Given the system (1), where it is assumed that the
fault f is detectable, the objective is to create a resid-
ual generator for (1) where the residual is sensitive to
f , that is, the transfer function from fault to residual
is non-zero.

3 Principles of the Design Method

As stated in the problem formulation, the input to the
design method is assumed to be a DAE-system on the
form (1), where f is detectable. The design method
consists of two main parts. First, a system in state-
space form with no disturbances present is extraced
from the input system. This is done iteratively, where
disurbances are decoupled and the dimension of the
system is reduced in each step. Second, a residual gen-
erator based on the decoupled system is designed. The
principles of the design method are presented below.

Step 1: Write the system on the form[
E
0

]
ẋ =

[
A
C

]
x+

[
B
D

]
u+

[
M
N

]
y+[

F
G

]
d+

[
H
J

]
f (6)

Step 2: Let

r = rank
[
F
G

]
, (7)

and

P =
[
P1 P2

P3 P4

]
, (8)

with P1 ∈ R(k+m−r)×k, P2 ∈ R(k+m−r)×m, P3 ∈
Rr×k, P4 ∈ Rr×m chosen such that the rows of[
P1 P2

]
form a basis for the left null-space of[

F
G

]
, and the rows of

[
P3 P4

]
form a basis for

the image of
[
F
G

]
. This implies that

rank P = k +m, (9)
P1F + P2G = 0, (10)

rank (P3F + P4G) = r. (11)

Step 3: Pre-multiply (6) with the full-rank matrix P .
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Since (10) holds, the result becomes

P1Eẋ = (P1A+ P2C)x+ (P1B + P2D)u+
(P1M + P2N)y + (P1H + P2J)f (12a)

P3Eẋ = (P3A+ P4C)x+ (P3B + P4D)u+
(P3M + P4N)y + (P3F + P4G)d+
(P3H + P4J)f. (12b)

Step 4: Due to (11), the matrix (P3F + P4G) has full
row-rank. Therefore, (12b) does not contain any
usable information and is discarded.

Step 5: Let t = rank (P1E). If t = n, go to step 8,
otherwise continue to step 6.

Step 6: Find, by e.g. singular-value decomposition,
non-singular matrices U and V such that

U (P1E)V =
[
Σ 0
0 0

]
, (13)

where Σ ∈ Rt×t is a non-singular matrix.

Step 7: Pre-multiply (12a) with U , then introduce the
non-singular state-transformation

w = V −1x, w =
[
w1

w2

]
, (14)

where w1 ∈ Rt and w2 ∈ R(n−t) to obtain[
Σ
0

]
ẇ1 =

[
A1

A3

]
w1 +

[
A2

A4

]
w2+[

B1

B2

]
u+

[
M1

M2

]
y +

[
H1

H2

]
f, (15)

where[
A1 A2

A3 A4

]
= U(P1A+ P2C)V,[

B1

B2

]
= U(P1B + P2D),

[
M1

M2

]
= U(P1M + P2N),[

H1

H2

]
= U(P1H + P2J), (16)

and A1 ∈ Rt×t, A4 ∈ R(k+m−r−t)×(n−t), B1 ∈
Rt×p, M1 ∈ Rt×m, and H1 ∈ Rt×s. The variable
w2 is now seen as a disturbance, and hence the
system (15) is on the same form as (6). Return to
step 1 with the system (15) as input.

Step 8: Find a non-singular matrix U such that

U (P1E) =
[
Π
0

]
, (17)

where Π ∈ Rn×n is non-singular.

Step 9: Pre-multiply (12a) with U , then multiply the
dynamic part of the result with Π−1, to obtain

ẋ = Ā1x+ B̄1u+ M̄1y + H̄1f (18a)
0 = A2x+B2u+M2y +H2f (18b)

where

Ā1 = Π−1A1, B̄1 = Π−1B1,

M̄1 = Π−1M1, H̄1 = Π−1H1,[
A1

A2

]
= U(P1A+ P2C),

[
B1

B2

]
= U(P1B + P2D),[

H1

H2

]
= U(P1H + P2J),

[
M1

M2

]
= U(P1M + P2N).

(19)

Step 10: Find a matrix L ∈ Rn×m such that all eigen-
values of the matrix (Ā1+LA2) have negative real-
parts. Pre-multiply (18) with the non-singular
matrix

Q =
[
I L
0 I

]
(20)

to obtain

ẋ = (Ā1 + LA2)x+ (B̄1 + LB2)u+ (M̄1 + LM2)y+

(H̄1 + LH2)f (21a)
0 = A2x+B2u+M2y +H2f. (21b)

Step 11: Design the residual generator as

ξ̇ = (Ā1 + LA2)ξ + (B̄1 + LB2)u+ (M̄1 + LM2)y
(22a)

r = A2ξ +B2u+M2y. (22b)

The design method is summarized as a ready-to-
implement algorithm in Appendix A.

Remark 1. Step 10 requires that (18) is observable or
at least detectable, see e.g. [16]. If this is not the case,
the canonical structure theorem, e.g. [6], can be used
to extract the observable subsystem from (18), which
instead is used in step 10.
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Remark 2. The states ξ in (22) is actually an esti-
mate of a linear combination of the states x in (1),
and (22) is sometimes referred to as a FDI (Fault De-
tection and Isolation) observer, see e.g. [8]. It may
also be noted that observer-based residual generation
has strong connections with the design of unknown-
input observers, see e.g. [14] for state-space systems
and e.g. [19] for DAE-systems. The aim in these
works is to estimate the states of the system and not
generate a residual suitable for fault detection. How-
ever, if an observer for a system can be designed, a
residual can be created as the difference between mea-
surements and estimated states.

Remark 3. Throughout this work, it assumed that the
system to be diagnosed is a DAE-system and the de-
sign method is described in this framework. Still, the
method can likewise be applied to a state-space system,
i.e. a system where E = I.

4 Correctness of the Design Method

In this section it is verified that the objective stated
in Section 2 is met. That is, that the output from the
proposed design method is a residual generator for (1),
and that the corresponding residual is sensitive to the
fault f .

Since the design method (or algorithm, as in Ap-
pendix A) is iterative, the following result is needed.

Lemma 1. With (1) as input, the design method ter-
minates.

Proof. The system (1) has k +m equations. In step 4
at least one equation is removed. Since t ≥ 0 in step
5, the algorithm will terminate, if not earlier, after at
most k+m iterations when the remaining system is of
zero dimension.

4.1 Residual Generator Property

The output from the design method is (22) which is
based on the system (21), obviously different from (1).
A key property for (22) to be a residual generator for
(1) is that the systems (1) and (21) have equal ob-
servations sets. This means that designing a residual
generator for (1) is equivalent to designing a residual
generator for (21). This property is the result of the
following lemma.

Lemma 2. Let (1) be the input to the design method,
ONF defined by (2) and Of by (3). Let O′NF be the set
of trajectories u and y consistent with (21) when f = 0

and O′f the corresponding sets when f is allowed to be
non-zero. It holds that ONF = O′NF and Of = O′f .

Proof. Given (1) as input to the design method,
Lemma 1 states that the method will terminate. Two
scenarios of execution of the steps 1 to 11 are possible.
Either steps 1-5 followed by steps 8-11 is performed di-
rectly, else steps 1-7 will be iterated until the condition
in step 5 holds, and then steps 8-11 will be performed.
In both cases, steps 3, 9, and 10 consist of multiplica-
tion with non-singular matrices and does not change
the sets Of and ONF in any of the execution cases.
The same holds for step 7 in the second case. Hence,
the critical part is step 4, where equation (12b) is dis-
carded. For the first execution case it must be shown
that the observation sets are equal for (12) and (15)
and for the second case that the same holds for (12)
and (18). Or in other words for both cases, that (12b)
can be discarded without loosing any usable informa-
tion. Here, the second case is considered and the first
case can be shown in the same manner. Since it is
trivial that the observation sets for (12) are subsets
of the observation sets for (18), only the reverse in-
clusion is shown. Let x̃, ũ, and ỹ be trajectiories sat-
isfying (18) when f = 0. Since (12a) and (18) are
related by a non-singular transformation, x̃, ũ, and ỹ
also satisfies (12a). As a consequence of step 2, (11)
holds. This implies that the matrix (P3F + P4G) has
full row-rank and hence the matrix has a right-inverse.
Denote this right-inverse R and choose

d̃ = RP3E ˙̃x−R(P3A+ P4C)x̃−
R(P3B + P4D)ũ−R(P3M + P4N)ỹ. (23)

With d̃ and the previously defined x̃, ũ, and ỹ, the
equation (12b) is satisfied. This shows that (12b) does
not contain any usable information and can be dis-
craded. The reasoning can be repeated for the case
when f is allowed to be non-zero to show that the ob-
servation sets are equal for (12) and (18), which com-
pletes the proof.

With help of Lemma 2, it can be shown that the
first part of the stated objective is met.

Theorem 1. Let (1) be the input to the design method
and (22) the output. The system (22) is a residual
generator for (1) and r in (22b) is a residual.

Proof. Assume f = 0 and let [u, y] ∈ ONF , where
ONF is the set defined in (2). Lemma 2 then implies
that u and y also satisfy (21). By subtracting (21a)
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from (22a) and (21b) from (22b) the autonomous sys-
tem

λ̇ = (Ā1 + LA2)λ (24a)
r = A2λ, (24b)

is obtained, where λ = ξ − x. Since, according to step
10, the matrix L is chosen such that all eigenvalues
of (Ā1 + LA2) have negative real-parts, it follows di-
rectly that limt→∞ r = 0 and hence (22) is a residual
generator for (1) and (22b) is a residual.

4.2 Fault Sensitivity

The aim of this section is to show that the residual
generator (22) is sensitive to the fault f , i.e. that
the transfer function from f to the residual r is non-
zero. However, the residual generator (22) is written
on a form without faults. By again, as in the proof
to Theorem 1, subtracting (21a) from (22a) and (21b)
from (22b), the relation between f and r can be de-
scribed as

λ̇ = (Ā1 + LA2)λ− (H̄1 + LH2)f (25a)
r = A2λ−H2f, (25b)

where λ = ξ − x.
From (25), the transfer function from fault to resid-

ual can be written as

Grf (s) = A2

(−sI + Ā1 + LA2

)−1 (
H̄1 + LH2

)−H2.
(26)

The result that verifies that the second part of the
objective is met with the design method here follows.

Theorem 2. Let (1) be the input to the design method
and (25) the output. If f is detectable in (1), the trans-
fer function from fault to residual (26) is non-zero.

Proof. The transfer function (26) can by power-series
expansion of

(−sI + Ā1 + LA2

)−1 be written as

Grf (s) = A2

(−sI + Ā1 + LA2

)−1 (
H̄1 + LH2

)−H2 =

−
∞∑

i=1

A2

(
Ā1 + LA2

)i−1 (
H̄1 + LH2

)
s−i −H2.

(27)

To show the contrary of the claim, i.e. that Grf (s) = 0
implies Of ⊆ ONF , assume Grf (s) = 0. Using (27),
Grf (s) = 0 is equivalent to

H2 = 0, (28)

A2

(
Ā1 + LA2

)i−1 (
H̄1 + LH2

)
= 0, i = 1, . . . ,∞.

(29)

As a consequence of the Cayley-Hamilton theorem,
A2

(
Ā1 + LA2

)i−1, for i ≥ n + 1, can be written as a
linear combination of

A2, A2

(
Ā1 + LA2

)
, . . . , A2

(
Ā1 + LA2

)n−1
, (30)

therefore it is sufficient to consider the matrix

Ω =


A2

A2

(
Ā1 + LA2

)
...

A2

(
Ā1 + LA2

)n−1

 . (31)

The condition (29) clearly implies
(
H̄1 + LH2

) ∈
Ker Ω and the two cases rank Ω = n and rank Ω < n
will now be studied separately.

For the first case, i.e. when (22) and (25)
are both observable, dim Ker Ω = 0 which implies(
H̄1 + LH2

)
= 0. From (28), H2 = 0 and it must

hold that Of = ONF .
For the second case, let [ũ, ỹ] ∈ Of . This means that

there exist trajectories, say f̃ and x̃ with x̃(t0) = x̃0,
such that

˙̃x = (Ā1 + LA2)x̃+ (B̄1 + LB2)ũ+ (M̄1 + LM2)ỹ+

(H̄1 + LH2)f̃ (32a)

0 = A2x̃+B2ũ+M2ỹ +H2f̃ . (32b)

It will now be shown that there exists a trajectory ζ
that along with the trajectories ũ and ỹ satisifies (32)
when f̃ = 0. Consider the residual generator (25) and
let λ̃(t0) = λ̃0 ∈ Ker Ω. This implies that λ̃ will be
a trajectory in the non-empty unobservable subspace
of (25). Evaluation of (25) with the initial state λ̃0,
together with (28) and (29), yields r ≡ 0 independent
of f . In particular, this holds for f = f̃ and hence

˙̃
λ = (Ā1 + LA2)λ̃− (H̄1 + LH2)f̃ (33a)

0 = A2λ̃−H2f̃ . (33b)

Now form ζ = x̃ + λ̃, ζ(t0) = x̃0 + λ̃0, and combine
(32) with (33) to obtain

ζ̇ = (Ā1 + LA2)ζ + (B̄1 + LB2)ũ+ (M̄1 + LM2)ỹ
(34a)

0 = A2ζ +B2ũ+M2ỹ. (34b)

Thus, there exists a trajectory ζ satisfying the fault-
free system (34) so that [ũ, ỹ] ∈ ONF , implying Of ⊆
ONF and the proof is complete.
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Remark 4. The two systems (22) and (25) are two
ways of writing a residual generator. The form (22) is
the so called computational form, and (25) is usually
referred to as internal form.

5 Example

To illustrate the design method, it is applied to a DAE
model of a three-link planar manipulator from [7] and
[9], see Figure 1. The objective of the manipulator is to
apply a constant horizontal force in the region between
point A and B, e.g. for cleaning the region. The ma-
nipulator consists of an end-effector, three rods, and
three joints. Via actuators at every joint, a torque
can be applied to move the effector repeatedly be-
tween A and B. The manipulator is equipped with four
sensors measuring the height of the end-effector, the
contact force in the horizontal direction, and track-
ing signals. The DAE model has three states for the

A

B

Fig. 1: The three-link planar manipulator

Cartesian coordinates of the end-effector, three states
for the derivatives of the Cartesian coordinates, two
states for Lagrangian multipliers, and three states for
the controller, altogether 11 states. In this example,
the original fault model has been extended with a sen-
sor fault. The process is subjected to 3 faults. Fault
f1 represents a fault in actuator 1, f2 a fault in the
tracking reference signal, and f3 a fault in sensor 4.
Hence, the form of the DAE is

Eẋ = Ax+Bu+Hf (35a)
y = Cx+ Jf, (35b)

where x ∈ R11, u ∈ R3, y ∈ R4, and f ∈ R3. Numeri-
cal values of the matrices E,A,B, and C can be found
in [7] or [9]. The matrix E is square with rank E = 9
and (35) is regular. Further, the system (35) is not

impulse observable ([3]), since

rank

E A
0 E
0 C

 = 18 6= rank E + n = 9 + 11 = 20.

(36)
This means that methods assuming observability, for
example [18], [11], and [17], can not be applied to the
system.

The design objective is to create three residual gen-
erators for (35), each monitoring one fault. In residual
generator 1, the transfer function from fault f1 should
be non-zero, and the same should hold for fault f2 in
residual generator 2 and for fault f3 in residual gener-
ator 3. Since each residual generator should monitor
only one fault, two faults need to be decoupled in each
residual generator. This means that f2 and f3 are seen
as disturbances in residual generator 1 and the matrix
F1 =

[
H2 H3

]
, and G1 =

[
J2 J3

]
can be formed,

where Hi and Ji denotes the i:th column of the matri-
cesH and J respectively. In the same way the matrices
F2, G2, F3, and G3, with the columns from H and J
corresponding to the faults to be decoupled in each
residual generator, are created.

Performing the design according to the method in
Section 3 with the three different configurations of sys-
tem (35) as input, three disturbance decoupled sys-
tems on the form (18) with 6, 5, and 5 states respec-
tively are obtained. For all three input systems, the
algorithm terminates after 3 iterations. The three sys-
tems are all observable, and hence it is straightforward
to perform step 10. For all three residual genereators,
the poles are placed in -1.

All three residual generators have two-dimensional
residuals. By calculating the transfer functions from
fault to residual for each residual generator, it can be
verified that Grfi

(s) = 0, when i = 2, 3 for residual
generator 1, when i = 1, 3 for residual generator 2, and
when i = 1, 2 for residual generator 3. To verify that
the design objective is met, the transfer functions from
the monitored faults to the residual for each residual
generator is shown in Figures 2(a), 2(b), and 2(c). It
is clear that all transfer functions are non-zero.

6 Conclusions

Residual generation for linear DAE-systems has been
considered. A new systematic method for observer-
based residual generation has been presented. In con-
trast to several previous methods, no restrictions such
as observability is placed on the system to be diag-
nosed. This means that if the fault of interest is
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detectable in the system to be diagnosed, a residual
generator can be designed with the design method in
this paper. It has been verified in Theorem 1 and 2
that the output from the design method is indeed a
residual generator, and that the corresponding trans-
fer function from fault to residual is non-zero. Finally
note that even though the design method has been
described in the framework of DAE-systems, it can
likewise be applied to state-space systems.
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A Design Algorithm

The design method is here summarized as an algorithm
in which the following functions has been used

• null computes a basis for the null-space of a ma-
trix.

• svd performs a singular-value decomposition.

• stabilize computes a feedback gain such that all
eigenvalues of the resulting matrix have negative
real-parts.

Algorithm 1
Input: Matrices E, A, B, F , H, C, D, G, and J

corresponding to a system on the form (1) where
E ∈ Rk×n.

Output: Matrices Ā, B̄,M̄ , C̄, D̄, and N̄ correspond-
ing to a residual generator on the form (4).
N := I
t := 0
while t 6= n do[

P1 P2

]
:= null(

[
F
G

]T

)T

t := rank P1E
(U,Σ, V ) := svd(P1E)[
B
D

]
:= U(P1B + P2D)[

H
J

]
:= U(P1H + P2J)[

M
N

]
:= U(P1M + P2N)

if t 6= n then
E := Σ[
A F
C G

]
:= U(P1A+ P2C)V

end if
end while[
A
C

]
:= U(P1A+ P2C)

L := stabilize(Σ−1A,C)
Ā := Σ−1A+ LC
B̄ := Σ−1B + LD
M̄ := Σ−1M + LN
C̄ := C
D̄ := D
N̄ := N
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Fig. 2: Transfer functions from monitored faults to
residuals in the obtained residual generators
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Abstract— Within the area of system analysis there are mul-
tiple problem formulations that can be rewritten as semidefinite
programs. Increasing demand on computational efficiency and
ability to solve large scale problems make the available generic
solvers inadequate. In this paper structure knowledge is utilized
to derive tailored calculations and to incorporate adaptation
to the different properties that appear in a proposed inexact
interior-point method.

I. INTRODUCTION
In this paper a structured semidefinite programming (SDP)

problem is described and a tailored algorithm is proposed and
evaluated. The problem formulation, defined later, can for
example be applied to analysis of polytopic linear differential
inclusions (LDIs). The reformulation from a system analysis
problem to a SDP is described in [BLFB94] and [GAC96].

The software packages available to solve SDP problems
are numerous. For example, if YALMIP, [L0̈4], is used as
an interface, nine available solvers can be applied. Some
examples of solvers are SDPT3, [TTT06], DSDP, [BY05]
and SeDuMi, [Stu01], [P0́5]. These solvers will rewrite the
optimization problem on a general form to solve the SDP.
The problem size will increase with the number of constraints
and the number of the matrix variables. Hence, for large
scale problems, generic solvers will not yield an acceptable
solution time or terminate within an acceptable number of
function calls. It is necessary to utilize the problem structure
to speed up the performance. Here an algorithm is described
that uses inexact serch directions in an interior-point method.
A memory efficient iterative solver is used to solve a linear
system of equations in each step of an interior-point method.
In each step of the algorithm, the error tolerance for the
iterative solver decreases and hence the initial steps are less
expensive to calculate than the last ones.

Iterative solvers for linear systems of equations are well
studied in the literature. For optimization and precondi-
tioning for interior-point methods see [BR07], [BGZ04],
[RS03], [KGW00] and [VB95]. For the related potential-
reduction method, the use of iterative solvers are discussed in
[CDDSdS07] and [VB95]. In [GH03] and [HV01] a potential
reduction method is applied and an iterative solver for the
search directions is used. The problem discussed in the last
two papers is closely related to the problem described in this
work. In [GH03] a feasible interior-point method is used and
hence the inexact solutions to the search direction equations
need to be projected into the feasible space at a high cost. In
[VB95] this was circumvented by solving one linear system
of equations for the primal search direction and another linear
system of equations for the dual search direction, however
also at a high computational cost. Furthermore, solving the
normal equations in [GH03] resulted in an increasing number
of iterations in the iterative solver when tending towards
the optimum. In this paper augmented equations are solved,

This work was supported by CENIIT.

which results in an indefinite linear system of equations.
Hence no increase in the number of iterations in the iterative
solver has been observed. The behavior of constant number
of iterations in the iterative solver has also been observed in
[Han00] and [CDDSdS07]. In [CT07] the same behavior was
noted and there the augmented equations are solved when the
iterate is close to the optimum.

A problem similar to the one discussed in this paper
has been investigated in [VBW+05], [WH04] and [GH03].
However, the problem classes do not coincide since the
constraints in this work are not separable.

In [HJH08] some preliminary results were presented.
However, it was noted that the convergence of the iterative
solver was only satisfactory initially in the algorithm and
hence further work was needed to cover a larger class of
problems. The two stage method described in this paper
enables the solution of problems with larger degree of
freedom in the problem parameters.

The remaining part of the paper is organized as follows.
First the optimization problem is formulated and some math-
ematical preliminaries are presented. Then a brief discus-
sion of optimality conditions and the inexact interior-point
method is presented. When the overall algorithm is defined
the equations to find the search directions are given and
the solution of that linear system of equations is discussed.
A new preconditioner is suggested and described in detail.
Finally some computational results are presented where the
proposed algorithm is compared to the SDPT3 solver.

II. PROBLEM FORMULATION

The space of symmetric matrices of size n is denoted Sn.
The optimization problem to be solved is

min cT x + 〈C,P 〉 (1)
s.t. Fi(P ) + Gi(x) + Mi,0 = Si, i = 1, . . . , ni

Si � 0

where the decision variables are ∈ Sn and x ∈ Rnx ,

Fi(P ) =
[Li(P ) PBi

BT
i P 0

]
=
[
AT

i P + PAi PBi

BT
i P 0

]
(2)

and

Gi(x) =
nx∑

k=1

xkMi,k, (3)

with Ai ∈ Rn×n, Bi ∈ Rn×m, C ∈ Sn and Mi,k ∈ Sn+m.
The inner product 〈C,P 〉 is Trace(CP ), and Li : Sn → Sn is
the Lyapunov operator with adjoint L∗i (X) = AiX + XAT

i .
Furthermore, the adjoint operators of Fi and Gi are

F∗
i (Zi) = [Ai Bi]Zi

[
In
0

]
+ [In 0]Zi

[
AT

i

BT
i

]
(4)

and
G∗i (Zi)k = 〈Mi,k, Zi〉, k = 1, . . . , nx (5)



respectively, where Zi ∈ Sn+m.
When we study (1) on a higher level of abstraction the

operator A(P, x) = ⊕ni
i=1(Fi(P )+Gi(x)) is used. Its adjoint

is A∗(Z) =
∑ni

i=1(F∗
i (Zi),G∗i (Zi)) where Z = ⊕ni

i=1Zi.
Also define S = ⊕ni

i=1Si and M0 = ⊕ni
i=1Mi,0.

For later use we define z = (x, P, S, Z) and the corre-
sponding finite-dimensional vector space Z = Rnx×Sn+m×
Sn+m × Sn+m with its inner product 〈·, ·〉Z .

Throughout the paper it is assumed that the mapping A has
full rank. If this is not the case, the problem can be rewritten
as an equaivalent problem with full rank, see [WH04] for
details.

III. INEXACT INTERIOR-POINT METHOD

Optimality conditions
In this work a primal-dual interior-point method is imple-

mented. For such algorithms the primal and dual problems
are solved simultaneously. The primal and dual for (1) with
the higher level of notation are

min cT x + 〈C,P 〉 (6)
s.tA(P, x) + M0 = S

S � 0

and

max − 〈M0, Z〉 (7)
s.tA∗(Z) = (C, c)

Z � 0

respectively. If strong duality holds, the Karush-Kuhn-Tucker
conditions defines the solution to the primal and dual
optimization problems, [BV04]. The Karush-Kuhn-Tucker
conditions for the optimization problems in (6) and (7) are

A(P, x) + M0 = S (8)
A∗(Z) = (C, c) (9)

ZS = 0 (10)
S � 0, Z � 0 (11)

Define the complementary slackness ν as

ν =
〈Z, S〉

n
(12)

To derive the equations for the search directions in the next
iterate z+ = z + ∆z is defined and inserted into (8)–(11).
Then a linearization of these equations is made. In order
to obtain a symmetric update of the matrix variables we
introduce the symmetrization operator H : Rn×n → Sn that
is defined as

H(X) =
1
2
(
R−1XR + (R−1XR)T

)
(13)

where R ∈ Rn×n is a so called scaling matrix. For a
thorough description of scaling matrices, see [WSV00] and
[Zha98]. The described procedure results in a linear system
of equations for the search directions

A(∆P,∆x)−∆S = −(A(P, x) + M0 − S) (14)
A∗(∆Z) = (C, c)−A∗(Z) (15)

H(∆ZS + Z∆S) = σνI −H(ZS) (16)

It is known that if the operator A has full rank, Z � 0 and
S � 0, then the linear system of equations in (14)–(16) has a
unique solution. See Theorem 10.2.2 in [WSV00] for details.

Interior-point method
Now we are ready to define the algorithm. The algorithm

is based on a set Ω defined as

Ω = {z = (x, P, S, Z) | S � 0, Z � 0, (17)
‖A(P, x) + M0 − S‖2 ≤ βν,

‖A∗(Z)− (C, c)‖2 ≤ βν,

γνI � H(ZS) � ηνI}
where the scalars β, γ and η will be defined later on.
Below the overall algorithm, which is taken from [RW97],
is summarized, and adapted to semidefinite programming.

Algorithm: Interior-point method
0. Initialize the counter j = 1 and choose 0 < η <

ηmax < 1, γ ≥ n, β > 0, κ ∈ (0, 1), 0 < σmin <
σmax < 1/2, ε > 0, 0 < χ < 1 and z0 ∈ Ω.

1. Evaluate stopping criteria. If fulfilled, terminate the
algorithm.

2. Choose σ ∈ (σmin, σmax).
3. Compute the scaling matrix R.
4. Solve (14)–(16) for search direction ∆zj with a residual

tolerance εσβν/2.
5. Choose a step length αj as the first element in the

sequence {1, χ, χ2, . . .} such that zj+1 = zj+αj∆zj ∈
Ω and such that
νj+1 ≤ (1− ακ(1− σ)

)
νj .

6. Update the variables, zj+1 = zj + αj∆zj and the
counter j := j + 1.

7. Return to step 1.
Note that any iterate generated by the algorithm is in Ω,
which is a closed set, since it is defined as an intersection
of closed sets, see [HH07].

Convergence
For a detailed description and a convergence proof, see

[HH07].

IV. SEARCH DIRECTIONS

It is the solution of (14)–(16), which is performed in step 4
of the algorithm, that requires the most effort in an interior-
point method. In order to study (14)–(16) in more detail
rewrite them as

Wi∆ZiWi + Fi(∆P ) + Gi(∆x) = D1,i, ∀i (18)
ni∑

i=1

F∗
i (∆Zi) = D2 (19)

ni∑
i=1

G∗i (∆Zi) = D3 (20)

where Wi = RiR
T
i ∈ Sn. In this work Wi are the Nesterov-

Todd (NT) directions. For details on the NT scaling matrix
see [NT97]. Note that the linear system of equations (18)–
(20) is indefinite.

V. ITERATIVE SOLVER

The number of available algorithms to solve a linear
system of equations with an iterative solver is large. Choos-
ing solver is highly problem dependent. Properties such
as definite/indefinite coefficient matrix, Hermitian or non-
Hermitian coefficient matrix determine which algorithm is
applicable. Additionally the choice of preconditioner will af-
fect what algorithm that is to be used. In [Gre97] algorithms
are explained and studied in detail and in [BBC+94] the
implementational details are discussed.



In the described problem an indefinite system is to be
solved, hence algorithms for indefinite systems will be the
main focus. Additionally the preconditioner will be indef-
inite, which restricts the choice even further. Examples of
iterative solvers that handle an indefinite coefficient matrix
and an indefinite preconditioner are the bi-conjugate gradient
method and its stabilized version (BiCG and BiCGstab), the
quasi minimal residual (QMR) method, and various versions
of the generalized minimal residual (GMRES) method.

Here the symmetric quasi-minimal residual method
(SQMR) is chosen. SQMR is the only solver that utilizes
that the coefficient matrix is symmetric. Another positive
property is that SQMR does not require as much storage
as the theoretically optimal GMRES solver. An undesired
property is that the residual is not included in the algorithm.
Hence, it must be calculated if a guaranteed residual is
required from the iterative solver.

In [FN91] and [FN94] the original SQMR algorithm
description is presented. To simplify the description, we
rewrite (18)–(20) as B(∆z) = b and denote the invertible
preconditioner P(∆z) = p. The described algorithm is
SQMR without look-ahead for the linear system of equations
written on operator formalism.

Algorithm: SQMR
0. Choose ∆z0 ∈ Z and preconditioner P(·). Then set

r0 = b − B(z0), t = r0, τ0 = ‖t‖2 =
√〈r0, r0〉,

q0 = P−1(r0), ϑ0 = 0, ρ0 = 〈r0, q0〉, and d0 = 0.

For j = 1, 2, . . .
1. Compute t = B(qj−1), vj−1 = 〈qj−1, t〉.

if vj−1 = 0, then Terminate
else
αj−1 = ρj−1

vj−1
and rj = rj−1 − αj−1t

end
2. Set t = rj , ϑj = ‖t‖2/τj−1, cj = 1/

√
1 + ϑ2

j , τj =
τj−1ϑjcj , dj = c2

jϑ
2
j−1dj−1 + c2

jαj−1qj−1 and ∆zj =
∆zj−1 + dj .
if ∆zj has converged, then Terminate
end item[3.] if ρj−1 = 0, then Terminate
else
uj = P−1(t), ρj = 〈rj , uj〉, βj = ρj

ρj−1
, and qj =

uj + βjqj−1.
Here b, p, r, t, q, d ∈ Z and τ , ϑ, ρ, v, α, c ∈ R.

VI. PRECONDITIONERS

The construction of a good preconditioner is highly prob-
lem dependent. A preconditioner should reflect the main
properties of the original equation system and still be in-
expensive to evaluate. There is a wide variety of precon-
ditioners in the literature. In [BGL05] the general class of
saddle point problems are studied and some preconditioners
are discussed. Here only the preconditioners applicable to
the augmented equations are discussed.

There are many strategies to approximate the linear system
of equations to obtain a preconditioner. A popular choice is
to approximate the symmetric and positive definite (1, 1)-
block of the coefficient matrix with some less complicated
structure. Common approximations are to use a diagonal
matrix or a block-diagonal matrix. A collection of such
methods can be found in [BR07], [FGG07], [DGSW06],
[BGZ04] and [KGW00]. In Preconditioner I this is one of
the core ideas.

Another strategy of preconditioning is to replace the
coefficient matrix with a non-symmetric approximation that
is easier to solve, as described in [BG04] and [BG06].

Finally, incomplete factorizations can be used. This is
recommendable especially for sparse matrices, see [Saa96]
for further details.

In this work a two phase algorithm is described. The
two separate phases are due to the change of properties
when the iterates tend toward the optimum. The use of
two separate preconditioners have previously been applied
to linear programming problems in [CT07] and [BCO07].

Preconditioner I

This preconditioner is based on the assumption that the
Wi matrices can be described by a scalar value, Wi =
wi · In+m, ∀i and that the constraints are closely related
Fi ≈ F̄ , ∀i and Gi ≈ Ḡ, ∀i. This results in a preconditioner
that can be condensed to solving a linear system of equations
of the same size as if there were only one constraint in the
optimization problem with a simple scaling matrix. For a
thorough description and simulation results, see [HJH08],
where it was noted that the described assumption is only
valid in the initial steps of the algorithm. An explanation is
that when the iterates tend to the boundary of the feasible
region the eigenvalues of Wi for the active constraint are
not close to each other. A clustering of the eigenvalues into
two clusters has been noted. Hence, the assumption that
Wi can be described by a scalar value is not valid. Similar
behaviour has been noted in [GMPS92]. However, when the
assumption is valid the preconditioner is much faster than
solving the original system of equations. Thus it is used as
a preconditioner for the initial phase of the algorithm.

Preconditioner II

The inspiration to Preconditioner II is found in [GMPS92].
In that work the analysis is applied to each row. Furthermore,
the problem is reformulated to obtain a definite coefficient
matrix since the chosen solver require a definite precon-
ditioner. Here we will instead identify the constraint that
indicates clustering of the eigenvalues and look at the linear
system of equations on a block structure to construct an
indefinite preconditioner.

First define the symmetric vectorization operator
svec(X) = (X11,

√
2X12, . . . , X22,

√
2X23, . . .)T . The

svec operator yield a symmetric coefficient matrix when
applied to (18)–(20).

To illustrate how Preconditioner II works, the vectorized
version of (18)–(20) is studied for the case ni = 2. The linear
system of equations for the search directions in a vectorized
form is given byH1 0 F1 G1

0 H2 F2 G2

FT
1 FT

2 0 0
GT

1 GT
2 0 0


svec(∆Z1)

svec(∆Z2)
svec(∆P )

∆x

 =

svec(D1,1)
svec(D1,2)
svec(D2)

D3


(21)

For a thorough discussion of vectorized equation systems
in optimization when using the Nesterov-Todd direction, see
[TTT98].

When the algorithm tends towards the boundary of the
feasible, the eigenvalues for the corresponding matrix Wi
grow and hence the eigenvalues for Hi will become large.
As Hi � Fi, Gi the dual variable Zi is not highly effected
by Fisvec(∆P )+Gi∆x and thus the approximations Fi ≈ 0
and Gi ≈ 0 are good. For simplicity let this be thecase for
the first constraint. This results in an approximation of (21)



asH1 0 0 0
0 H2 F2 G2

0 FT
2 0 0

0 GT
2 0 0


svec(∆Z1)

svec(∆Z2)
svec(∆P )

∆x

 =

svec(D1,1)
svec(D1,2)
svec(D2)

D3


(22)

Now the linear system of equations in the preconditioner can
be solved as if we had a single constraint to retrieve ∆P , ∆x
and ∆Z2. The remaining dual variable ∆Z1is easily found
by a matrix inverse.

Now the general preconditioner is derived. To obtain the
equations for Preconditioner II, let the most important con-
straint be denoted by p. The importance is found by studying
the condition numbers of Wi. A large value indicates that
Hi � Fi, Gi. The preconditioner equations on operator form
are

Wi∆ZiWi = D1,i, i 6= p (23)
Wp∆ZpWp + Fp(∆P ) + Gp(∆x) = D1,p (24)

F∗
p (∆Zp) = D2 (25)
G∗p(∆Zp) = D3 (26)

Efficient solution of a single constraint problem: Imposing
low rank on the basis matrices of the dual variable is used
to construct and solve an equation system at a total cost of
O(n4). For details of the parametrization of the dual variable,
see [Wal05] while the usage of low rank basis matrices is
presented in [HWH06].

First study the equations (24)–(26). Then find a
parametrization of the dual variable such that

∆Zp = F0 +
kmax∑
k=1

∆fk · Fk (27)

One such parametrization is

Fk =



[
Ek(11) 0

0 0

]
l = 0

[
Ek(11) Ek(12)

ET
k(12) 0

]
k = 1, 2, . . . ,mn

[
0 0
0 Ek(22)

]
k = mn + 1, . . . , kmax

where kmax = mn + m(m+1)
2 , Ek(12) is the standard basis

for unstructured n × m matrices, Ek(22) is the standard
basis for symmetric m ×m matrices and each Ek(11), k =
1, 2, . . . ,mn, is related to Ek(12) through

F∗(Fk) = 0 (28)

Moreover, F0 solves

F∗(F0) = C (29)

Thus, to obtain the parametrization we have to solve mn+1
Lyapunov equations with respect to Ek(11).

Every basis matrix Fk, k = 1, . . . ,mn satisfies (28). By
taking the inner product with each basis matrix Fk and (24)
the ∆P variable is eliminated since

〈Fk,Wp∆ZpWp + Fp(∆P ) + 〈Fk,Gp(∆x)〉 =
〈Fk,Wp∆ZpWp〉+ 〈F∗(Fk),∆P 〉︸ ︷︷ ︸

=0

+〈Fk,Gp(∆x)〉 =

〈Fk,Wp∆ZpWp〉+ 〈Fk,Gp(∆x)〉 = 〈Fl, D1,p〉

Now insert (28) to get an equations system in the
parametrization variables. This results in a symmetric system
of equations (

H G
GT 0

)(
∆f
∆x

)
=
(

dz

dx

)
(30)

where Hij = 〈FiWp, FjWp〉, Gij = 〈Fi,Mj〉, dz
k =

〈Fk, D1,p〉 − 〈FkWp, F0Wp〉 and dx
j = D3 − 〈F0,Mj〉. The

vector ∆f is (∆f1, . . . ,∆fkmax
)T . Hence a system with

kmax + nx variables is to be solved.
Additionally the basis matrices Fk have low rank. The low

rank property can be introduced by a block-diagonalization
of the system matrix Ap, see [HWH06] for details. Intro-
ducing this structure results in that the basis matrices can be
written as

Fk =
qmax∑
q=1

vk,qv
T
k,q (31)

where vk,q ∈ Rn+m and qmax is the rank of Fk. Hence (30)
is solved in O(n4) when the low rank property is utilized to
construct the matrix H as

Hij = 〈FiWp, FjWp〉 =
∑
q,r

vT
i,qWpvj,rv

T
j,rWpvi,q (32)

where Wpvi,q is pre-calculated for all i and q in each iteration
of the algorithm.

To conclude, the algorithm for efficient solution of a KYP-
SDP is summarized below.

Algorithm: KYP-SDP
0. Block-diagonalize the system matrix Ap and find the

basis matrices Fk and their low rank description vk,1
and vk,2.

1. Construct (30) to obtain a linear system of equations in
the variables ∆x and ∆f ′.

2. Solve the linear system of equations to obtain ∆x and
∆f .

3. Reconstruct ∆P and ∆Zp.
Note that step 0 and the construction of G in (30) only has
to be done once if the most affecting constraint does not
change.

Summarizing the described preconditioner in an algorithm
results in

Algorithm: Preconditioner II
1. Identify the constraint that affects the variables ∆P and

∆x the most. Denote it by p.
2. Solve a KYP-SDP by imposing and utilizing low rank

to obtain ∆P , ∆x and ∆Zp.
3. Calculate ∆Zi = W−1

i D1,iW
−1
i , i 6= p

Note that the use of NT-directions make the inversion of Wi
inexpensive.

Initialization
For comparable results, the initialization scheme given in

[TTT06] is used for the dual variables,

Zi = max
(
10,

√
n + m, max

k=1,...,nx

(n + m)(1 + |ck|)
1 + ‖Mi,k‖F

)
In+m

where ‖ · ‖F denotes the Frobenius norm of a matrix. The
slack variables are chosen as Si = Zi while the primal
variables are initialized as P = In and x = 0̄.



VII. COMPUTATIONAL EVALUATION

All examples are run on a Dell Optiplex GX620 with
2GB RAM, Intel P4 640 (3,2GHz) CPU with Linux running
under CentOS 4.1. Matlab version 7.4 (R2007a) is used with
YALMIP version 3 (R20070810), [L0̈4], as interface to the
solver. As comparison SDPT3 Version 4.0 (beta), [TTT06], is
used as underlying solver. Since the intention is to solve large
scale optimization problems, the tolerance for termination is
set to 10−3 for the relative and absolute residual. It is noted
that both SDPT3 and the written solver terminate due to the
relative residual beeing below the desired tolerance in all the
problems in this simulation study.

A comparison of absolute solution times is not always
fair since the choice of implementation language is crucial.
In SDPT3 the expensive calculations are implemented in
C while the overview algorithm is written in Matlab. For
the algorithm described and evaluated in this work the
main algorithm, the iterative solver and Preconditioner I
are written in Matlab. However the construction of the H
matrix from basis matrices of low rank is implemented in
C and that is the operation that requires the most compu-
tational effort. Obviously an implementation in C of the
block-diagonalization and the low rank decomposition would
improve the described solver. The similarity in the level
of implementation in C makes a comparison in absolute
computational time applicable.

The parameters in the algorithm are set to κ = 0.01,
σmax = 0.9, σmin = 0.01, η = 10−6, χ = 0.9, ε = 10−8

and β = 107 · βlim where βlim = max(‖A(P, x) + M0 −
S‖2, ‖A∗(Z) − (C, c)‖2). The choice of parameter values
are based on knowledge obtained during the development
of the algorithm and through continuous evaluation. Note
that the choice of σmax is not within the convergence proof
given in [HH07], however the choice is motivated by faster
convergence in practice and as good convergence as with
σmax ≤ 0.5. This can be motivated by the fact that values
close to zero and one correspond to predictor and corrector
steps respectively.

Switching between the preconditioners is made after ten
iterations. This is equivalent to five predictor-corrector steps.
A more elaborate switching technique could improve the
convergence but for practical use the result is satisfactory.

The only information that Preconditioner II is given is
if the active constraint has changed. This information is
obtained by the main algorithm.

To obtain the solution times, the Matlab command
cputime is used. Input to the solvers are the system
matrices so any existing preprocessing of the problem is
included in the total solution time.

In order to monitor the progress of the algorithm the
residual for the search directions is calculated in each
iteration in the iterative solver. If further improvement is
desired one could use the in SQMR available Biconjugate
Gradient (BCG) residual. However this results in that the
exact residual is not known and hence the convergence might
be affected.

Examples
To evaluate the suggested inexact algorithm with an it-

erative equations solver, randomly generated optimization
problems are solved. The procedure to generate the examples
is described below. For the examples in this section all
randomly generated matrices have a condition number of 10.

Algorithm: Generate example
1. Define the scalar value δ.

2. Generate the mean system matrices Ā,B̄ and M̄k using
gallery.m.

3. Generate the system matrices Ai, Bi and Mi,k as Ai =
Ā ± δ ·∆A, Bi = B̄ ± δ ·∆B and Mi,k = M̄i,k ± δ ·
∆Mi,k

. The matrix ∆A is a diagonal matrix where the
diagonal is generated by rand.m while ∆B and ∆Mi,k

are generated by gallery.m.
4. Define c and C such that a feasible optimization prob-

lem is obtained.

Results
To make an exhaustive investigation, the problem parame-

ters have been varied. The varied parameters and their values
are

n ∈ {10, 16, 25, 35, 50, 75, 100, 130, 165}
m ∈ {1, 3, 7}
ni ∈ {2, 5}
δ ∈ {0.01, 0.02, 0.05}

For each case there are 15 generated examples in order to
find the expected solution time. Naturally all the simulations
can not be given in detail, hence will the results be discussed
as an overview. As an example the case δ = 0.02, ni = 5
and m = 3 with varying n is shown in Figure 1.
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Fig. 1. Solution times for randomly generated problems. Here the problem
parameters are set to ni = 5 and m = 3. The solution times for SDPT3
and the inexact solver using two different preconditioners are plotted as a
function of n.

First the properties of the SDPT3 solver is discussed. This
solver is well tested and numerically stable. It solves all the
problems generated up to n = 75. However, the solver does
not solve the larger problems since the solution times tend
to be unacceptable and for even larger problem the solver
cannot proceed. When n and/or the number of constraints ni
is large, the solver will terminate due to memory restrictions.
This motivate the use of inexact methods using an iterative
solver since an iterative solver will require a substantial less
amount of memory.

The suggested algorithm can solve large problems with
much lower computational time required. A negative prop-
erty that has been noted is that it will not converge on all
the generated problems. Although, when convergence occurs
the solver is always faster than SDPT3 for large problems,
n ≥ 50. For the 2420 generated problems 11% does not
converge due to numerical problems. Naturally the inability



to converge is not uniformly distributed. For δ = 0.01 every
problem is solved and the worst case is when n = 165,
ni = 5, m = 7 and δ = 0.05 with a problem ratio of
47%. This is natural since this example is the one where the
assumptions made in the preconditioners are quite severe.
Best results are obtained for ni = 2 with a failure rate of
8%.

VIII. CONCLUSIONS

A new preconditioner has been proposed to a primal-dual
inexact interior-point method. The use of this preconditioner
close to the optimum enables the solution of large scale
problems. Although the algorithm does not converge due to
numerical problems for some cases, problems that are un-
solvable with generic software are solved with the proposed
algorithm. The results show that structure exploitation and
the use of two separate preconditioners for the iterative solver
gives an efficient algorithm.
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Abstract: Nonlinear observers with static feedback are considered for leakage detection in
hydraulic servo systems. Two issues, namely fast dynamics reduction and elimination of
multiple stationary points in the estimation error dynamics, are treated. It is shown that
leakage detection performance is not degraded by the use of areduced plant model, and that
static feedback offers enough degrees of freedom to render one and only one stable stationary
point of the error dynamics and that is at the origin. An algebraic condition guaranteeing the
above property for the considered class of observers is provided.

Keywords: Hydraulic actuators, observers, nonlinear systems, fault detection

1. INTRODUCTION

Hydraulic servo systems are typically used in heavy-
duty, safety and mission-critical applications, such as
automotive, military and industrial ones, due to their
high power, fast response and compact size (Jelali and
Kroll, 2003). However, because of fluid compressibil-
ity, friction and aging, the dynamics of hydraulic servo
systems are highly nonlinear and uncertain, which
makes them suitable candidates for the application
of advanced control and monitoring techniques. Main
dangers to the function of a hydraulic servo aree. g.
hydraulic fluid leakage and contamination. Therefore,
on-line monitoring and fault detection of hydraulic
components is desirable to assure their service relia-
bility and longevity.

Hydraulic fluid leakage is one of the most critical
faults in hydraulic equipment. Leakage detection can
be addressed within the framework of model-based
fault detection and isolation (FDI), see for instance
(Saberiet al., 2000). A leakage manifests itself as an
extra unmeasurable signal in the mathematical model
of the system and can be detected and evaluated by
comparing the actual output of the servo system to
its estimate based on the nominal model. Such a
comparison is suitably implemented by means of an
observer.

Observers are commonly used for control and moni-
toring of hydraulic systems. In (Bonchiset al., 2001),
friction in a hydraulic system is estimated by an
observer constituting a part of hydraulic servo sys-
tem. A sliding mode observer is considered in (Batur
and Zhang, 2003), in order to design a sliding mode
hydraulic system controller. Nonlinear observers for
fault detection in hydraulic systems have been devel-
oped in,e. g.(Hammouriet al., 2002) and (Garimella
and Yao, 2005), as well as a bilinear observer for the
same purpose in (Yu and Shields, 1996).

In hydraulic systems, either actuator velocity or posi-
tion is measured and used for feedback control, (Jelali
and Kroll, 2003). Designing observers for hydraulic
servo, it is common to consider the actuator velocity
as the system output, seee. g.(Khanet al., 2005), (Yu
et al., 1994), and (Leuschenet al., 2003). There are
however examples of industrial applications where the
system output is instead the actuator position (Bonchis
et al., 2001).

This paper presents a comparative study between ve-
locity and position measurement feedback in nonlin-
ear observers with static gain for a hydraulic system.
Two issues are addressed in detail, namely model
reduction and stationary points of the observer error
dynamics. Both are of great importance but have, for



some reason, so far been underappreciated in the lit-
erature. The choice of static observer feedback is by
no means advocated as an optimal solution, but serves
as a starting point for design. Apart from the feedback
choice, the considered mathematical model of the ob-
server structure is due to (Khanet al., 2005), and stud-
ied in more detail in (Werlefors and Medvedev, 2007),
where multiple stationary points of the observer error
dynamics are first characterized.

The paper is composed as follows. First the mathemat-
ical model of the considered hydraulic system and its
reduction are discussed. Then the full and reduced ob-
server structures arising from different choices of the
system output signal are introduced and analyzed with
respect to convergence of the estimates to the actual
state variables. Finally, an application of the observers
to hydraulic liquid leakage detection is investigated
and illustrated by simulation.

2. SYSTEM MODELING

Consider a hydraulic system containing a pump and a
motor, building up the system pressure. A hydraulic
servo valve determines the direction and magnitude
of the flow of fluid which pushes or pulls a piston
at different speeds. A standard mathematical model
describing such a system can be founde. g. in (Khan
et al., 2005) and is also used in (Werlefors and
Medvedev, 2007)

ẋ1(t) =−Aiβ

Vi
x4(t) +

kdωβ

Vi
g1(x1)x3

ẋ2(t) =
Aoβ

Vo
x4(t)− kdωβ

Vo
g2(x2)x3

ẋ3(t) =−1
τ

x3(t) +
ksp

τ
u(t) (1)

ẋ4(t) =−fd

m
x4(t) +

Ai

m
x1(t)− Ao

m
x2(t).

Herex1 andx2 are the input and output line pressures,
respectively,x3 is the spool displacement,x4 the
velocity of the actuator andu the control signal,i. e.
the input signal to the valve. The nonlinear functions
g1(·) andg2(·) are

g1(x1) =

{ √
Ps − x1, x3 ≥ 0√
x1 − Pr, x3 < 0

g2(x2) =

{ √
x2 − Pr, x3 ≥ 0√
Ps − x2, x3 < 0

Notice here that the system dynamics isnot discon-
tinuous since the nonlinear terms are canceled at the
switching point by the zero value ofx3.

In some servo systems, the piston positionx5 is mea-
sured instead of the actuator velocityx4, incrementing
the number of state variables by one

ẋ5(t) = x4(t). (2)

Table 1. Model parameters and their values

Parameter Value Comment
Ps 102 MPa Supply pressure
Pr 0 MPa Return pressure
fd 1600 Nm−1s Force
β 5 · 103 MPa Effective bulk modulus
Ai 2.0 · 103 mm2 Piston area, head side
Ao 1.5 · 103 mm2 Piston area, rod side
Vi 1.5 · 103 cm3 Volume, head side
Vo 1.5 · 103 cm3 Volume, rod side
τ 3.3 · 10−2 s Time constant
kd 32 mm1/2kg−1/2 Parameter
ω 20 mm Orifice area gradient

ksp 1.6 mmV−1 Parameter
m 20 kg Mass of actuator

In the sequel, servo systems with velocity measure-
ment will be compared to those utilizing position mea-
surement. As a consequence, the output signal differs
in the two cases,

yv(t) = x4(t)

yp(t) = x5(t). (3)

The use of SI-units for the variables and parameters
of the hydraulic servo often leads to an ill-conditioned
and nearly unobservable system, due to numerical
effects. Table 1 summarizes the system parameters in
the units rendering proper scaling.

2.1 Reduction of Fast Dynamics

When the piston velocity is the system output, there
is a problem of fast dynamics in the system. Fol-
lowing a standard procedure (Skogestad and Postlet-
waite, 1996), the fast dynamics is reduced by replac-
ing the differential equation for the piston velocityx4

by the algebraic relationship

x4(t) =
Ai

fd
x1(t)− Ao

fd
x2(t). (4)

Now, inserting (4) into (1), and denoting the states of
the reduced model asz yields the following reduced
model

ż1(t) =−A2
i β

Vifd
z1(t) +

AiAoβ

Vifd
z2(t) +

kdωβ

Vi
g1(z1)z3(t)

ż2(t) =
AiAoβ

Vofd
z1(t)− A2

oβ

Vofd
z2(t)− kdωβ

Vo
g2(z2)z3(t)

ż3(t) =−1
τ

z3(t) +
ksp

τ
u(t) (5)

Once again, when the piston position is measured, it
is evaluated as

ż4(t) =
Ai

fd
z1(t)− Ao

fd
z2(t) (6)

resulting in the system output

yv(t) =
Ai

fd
z1(t)− Ao

fd
z2(t).

yp(t) = z4(t) (7)
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Fig. 1. (a) Piston velocity in the full-order (solid line)
and in the reduced model (dotted line), notice
lack of oscillation in the output of the reduced
model; (b) Piston position in the full-order model
and in the reduced one, the plots almost coincide;
(c) the control signal.

In Fig. 1, the output signalsyv and yp are depicted
for the full-order and reduced system, with a pulse
as the control signalu. Clearly, the fast dynamics are
effectively reduced for the case ofyv with a negligible
loss of modeling accuracy. The effect of fast dynamics
reduction onyp is hardly discernable in the plot which
proves the reduced state redundant in the modeling.

3. OBSERVER DESIGN

Observers are commonly used in fault detection to
evaluate to what extent the input and output signals of
a plant are consistent with a mathematical model. The
difference between the model output and the measured
output signal is called residual. A fault detection ob-
server has to be designed so that a fault in the plant
would manifest itself as a significant and sustained
deviation of the residual from zero. In practice, being
evaluated from measurements and an idealized math-
ematical model, the residual is subject to noise and
model uncertainty and, therefore, is usually thresh-
olded in order to distinguish between faults and dis-
turbances.

3.1 Observer Structures

Any of the models of the hydraulic system consid-
ered above includes both linear and nonlinear state
equations. The state variables governed by nonlinear
dynamics are the same in all cases and denoted as
xn = [x1 x2 ]T . The dimension of the linear part of
the state vectorxl depends on what type of output is
used in the servo system and whether model reduc-
tion is applied or not. Partitioning the state vector as
xT = [xT

n xT
l ] gives the general form

[
ẋn

ẋl

]
=
([

A11 A12

A21 A22

]
+

[
0 g(xn)
0 0

])[
xn

xl

]
+

[
0
Bl

]
u

y=
[
Cn Cl

]
x (8)

The nature of the previously discussed fast dynamics
becomes clear in (8) by evaluating the eigenvalues of
the linear part of the model,i. e. those of the matrixA

A =
[

A11 A12

A21 A22

]
These areλ1(A) = 0, λ2(A) = −1/τ and a pair

λ3,4(A) = −fd

m
±

√
1
m

(
f2

d

4m
− β

(
A2

0

V0
+

A2
i

Vi

))
The eigenvaluesλ3,4(A) are stable and usually com-
plex conjugate with large imaginary parts, which leads
to fast non-diverging oscillations in the system. Log-
ically, when one of the states involved in the oscilla-
tions is reduced, these dynamics disappear from the
model.

For model (8), a state observer with static feedback
can be written as[ ˙̂xn

˙̂xl

]
=

[
A11 A12 + g(x̂n)
A21 A22

] [
x̂n

x̂l

]
+

[
0
Bl

]
u +[

Kn

Kl

]
(y − ŷ) (9)

ŷ =
[
Cn Cl

][
x̂T

n x̂T
l

]T

and the corresponding observer estimation error is
then

e = x− x̂

In what follows, observers given by (9) for full-order
model (1), and reduced model (5), with piston position
or piston velocity measurements (3,7) are studied and
compared. All the combinations yield the following
four cases to consider.

3.1.1. Case 1 Observer (9) designed for the full-
order model (1) with velocity feedbackyv. Expressed
in the form (8), the following applies to this system.

xl =
[
x3

x4

]
;A11 =

[
0 0
0 0

]
, A12 =

0 −Aiβ

Vi

0
Aoβ

Vo

,

A21 =

[
0 0
Ai

m
−Ao

m

]
, A22 =

−1
τ

0

0 −fd

m

,

g(xn)=

 kdωβ

Vi
g1(x1) 0

−kdωβ

Vo
g2(x2) 0

, Bl =

[
ksp

τ
0

]
,

Kn =
[
0
0

]
,Kl =

[
K1

K2

]
, CT

n =
[
0
0

]
, Cl =[0 1].



The state estimation error is given by

ė1(t) =−Aiβ

Vi
e4(t) +

kdωβ

Vi
g1(x1(t))x3(t)

−kdωβ

Vi
g1(x1(t)− e1(t))(x3(t)− e3(t))

ė2(t) =
Aoβ

Vo
e4(t)− kdωβ

Vo
g2(x2(t))x3(t)

+
kdωβ

Vo
g2(x2(t)− e2(t))(x3(t)− e3(t))

ė3(t) =−1
τ

e3(t)−K1e4(t) (10)

ė4(t) =−fd

m
e4(t) +

Ai

m
e1(t)− Ao

m
e2(t)−K2e4(t).

3.1.2. Case 2 Observer (9) designed for the reduced
model (5) with velocity feedbackyv. The model pa-
rameters are

xl =z3;A11 =
β

fd

−A2
i

Vi

AiAo

Vi
AiAo

Vo
−A2

o

Vo

, A12 =
[
0
0

]
,

A21 =
[
0 0

]
, A22 =−1

τ
, g(xn)=

 kdωβ

Vi
g1(z1)

−kdωβ

Vo
g2(z2)

,

Bl =
ksp

τ
,Kl =K,Kn =

[
0
0

]
, Cl =0, Cn =

[
Ai

fd
−Ao

fd

]
.

The state estimation error is given by

ė1(t) =−A2
i β

Vifd
e1(t) +

AiAoβ

Vifd
e2(t)

+
kdωβ

Vi
g1(z1(t))z3(t)

−kdωβ

Vi
g1(z1(t)− e1(t))(z3(t)− e3(t))

ė2(t) =
AiAoβ

Vofd
e1(t)− A2

oβ

Vofd
e2(t)

−kdωβ

Vo
g2(z2(t))z3(t)

+
kdωβ

Vo
g2(z2(t)− e2(t))(z3(t)− e3(t))

ė3(t) =−1
τ

e3(t)−K
Ai

fd
e1(t) + K

Ao

fd
e2(t). (11)

3.1.3. Case 3 Observer (9) designed for the full-
order model with position feedbackyp described by
(1,2). In this case

xl =

x3

x4

x5

;A11 =
[
0 0
0 0

]
, A12 =

0 −Aiβ

Vi
0

0
Aoβ

Vo
0

,

A21 =

 0 0
Ai

m
−Ao

m
0 0

, A22 =


−1

τ
0 0

0 −fd

m
0

0 1 0

,

g(xn)=

 kdωβ

Vi
g1(x1) 0 0

−kdωβ

Vo
g2(x2) 0 0

, Bl =

ksp

τ
0
0

,

Kn =
[
0
0

]
,Kl =

K1

K2

K3

, Cn =[0 0], Cl =[0 0 1].

The state estimation error is given by

ė1(t) =−Aiβ

Vi
e4(t) +

kdωβ

Vi
g1(x1(t))x3(t)

−kdωβ

Vi
g1(x1(t)− e1(t))(x3(t)− e3(t))

ė2(t) =
Aoβ

Vo
e4(t)− kdωβ

Vo
g2(x2(t))x3(t)

+
kdωβ

Vo
g2(x2(t)− e2(t))(x3(t)− e3(t))

ė3(t) =−1
τ

e3(t)−K1e5(t)

ė4(t) =−fd

m
e4(t) +

Ai

m
e1(t)− Ao

m
e2(t)−K2e5(t)

ė5(t) = e4(t)−K3e5(t). (12)

3.1.4. Case 4 Observer (9) designed for the reduced
model (5,6) with position feedbackyp. Here

xl =
[
z3

z4

]
;A11 =

β

fd

−A2
i

Vi

AiAo

Vi
AiAo

Vo
−A2

o

Vo

, A12 =
[
0 0
0 0

]
,

A21 =

 0 0
Ai

fd
−Ao

fd

, A22 =

[
−1

τ
0

0 0

]
,

g(xn)=

 kdωβ

Vi
g1(z1) 0

−kdωβ

Vo
g2(z2) 0

, Bl =

[
ksp

τ
0

]
,

Kn =
[
0
0

]
,Kl =

[
K1

K2

]
, Cn =[0 0], Cl =[0 1].

The state estimation error is given by



ė1(t) =−A2
i β

Vifd
e1(t) +

AiAoβ

Vifd
e2(t) +

kdωβ

Vi
g1(z1(t))z3(t)

−kdωβ

Vi
g1(z1(t)− e1(t))(z3(t)− e3(t))

ė2(t) =
AiAoβ

Vofd
e1(t)− A2

oβ

Vofd
e2(t)

−kdωβ

Vo
g2(z2(t))z3(t)

+
kdωβ

Vo
g2(z2(t)− e2(t))(z3(t)− e3(t))

ė3(t) =−1
τ

e3(t)−K1e4(t)

ė4(t) =
Ai

fd
e1(t)− Ao

fd
e2(t)−K2e4(t). (13)

Fig. 2 shows the piston velocity and the velocity esti-
mated by the observer, in Case 1 and Case 2. Note that
the oscillations are present in the full-order observer
but not in the reduced order observer. Similarly, in
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Fig. 2. System velocity and full-order and reduced
order observer velocity.

Fig. 3, the piston position and its estimate by the ob-
server for Case 3 and Case 4 are presented. Since the
position is the integral of the velocity, the oscillations
in the full-order observer are not visible.
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Fig. 3. System position and full-order and reduced
order observer position.

3.2 Stationary Points and Their Stability

For an observer to be unbiased, it is necessary to
guarantee that there is only one stationary point of
the estimation error equation in a sufficiently large

domain around the origin, and that this point is the
origin itself.

Let x10, x20, x30, andu0 be the stationary values of
state equation (1). The corresponding values for the
reduced model (5) arez10, z20, z30.

To simplify notation, introducec1 = x30kdω and

c2 =



kdωτK1 for case 1
kdωτK for case 2

kdωτ
K1

K3
for case 3

kdωτ
K1

K2
for case 4

c3 =

mK2+fd for case 1

m
K2

K3
+fd for case 3

Proposition 1. The state estimation error dynamics
for observer (9) has one and only one stationary point
and that is the origin provided that the following
inequality is fulfilled

a2 < 4b. (13)

The parametersa andb are defined separately for the
four cases as follows

• Case 1 and Case 3: Foru0 > 0, a andb take the
following values

a =− 1
c2

2c3
(Ai

3 + Ao
3) +

2c1

c2
+

c3

c2β

(
Ai(Ps − x10) + Ao(x20 − Pr)

)
b =

2c1

c2c3

(
Ai(Ps − x10)+Ao(x20 − Pr)

)
+

c1
2

c2
2

+
2c1

c2
2c3

(
Ai

2
√

Ps−x10 + Ao
2
√

x20−Pr

)
while foru0 < 0

a =
1

c2
2c3

(Ai
3 + Ao

3) +
2c1

c2
−

c3

c2β

(
Ai(x10 − Pr) + Ao(Ps − x20)

)
b =− 2c1

c2c3

(
Ai(x10−Pr)+Ao(Ps−x20)

)
+

c1
2

c2
2

− 2c1

c2
2c3

(
Ai

2
√

x10−Pr + Ao
2
√

Ps−x20

)
• Case 2 and Case 4: Foru0 > 0, a andb take the

following values

a =
1
fd

(
Ai(Ps − z10) + Ao(z20 − Pr)

)
−

1
fdc2

2
(Ai

3 + Ao
3) +

2c1

c2

b =
2c1

fdc2

(
Ai(Ps − z10)+Ao(z20 − Pr)

)
+

c1
2

c2
2

2c1

fdc2
2

(
Ai

√
Ps−z10 + Ao

√
z20−Pr

)
while foru0 < 0



a =
1
fd

(
Ai(z10 − Pr) + Ao(Ps − z20)

)
−

1
fdc2

2
(Ai

3 + Ao
3) +

2c1

c2

b =
2c1

fdc2

(
Ai(z10 − Pr)+Ao(Ps − z20)

)
+

c1
2

c2
2

2c1

fdc2
2

(
Ai

√
z10−Pr + Ao

√
Ps−z20

)
Proof. The proof is straightforward by setting the
state estimation error equation equal to zero

[
ėn

ėl

]
=

[
A11 −KnCn A12 −KnCl

A21 −KlCn A22 −KlCl

][
en

el

]
+[

0 g(xn)
0 0

][
xn

xl

]
−

[
0 g(x̂n)
0 0

][
x̂n

x̂l

]
=0

Solving the resulting algebraic equation gives a con-
dition for the state estimation error dynamics to have
only one stationary point, namely the origin.

Investigation of the eigenvalues of the correspond-
ing linearized system show that the unique stationary
point in Proposition can be stabilized by the stationary
feedback. For Case 1, this analysis was performed in
(Werlefors and Medvedev, 2007). Similarly, it can be
shown for the rest of the cases.

Previously, only observer designs that satisfy condi-
tion (1) were illustrated by simulation. However, the
possibility of multiple stable stationary points for an
unfortunate choice of the observer feedback gain is
real. Fig. 4 shows such a situation for Case 1. Depend-
ing on the initial conditions, the residual converges to
zero or to a nonzero value, corresponding to a nonzero
stable stationary point. Naturally, the produced state
estimates are also biased.
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Fig. 4. Residual for the observer in Case 1 when
condition (1) is not satisfied. Depending on the
initial conditions the residual converges either to
zero or to a nonzero stationary value.

4. LEAKAGE DETECTION

The observers presented in the previous section have
been tested by means of simulation as potential candi-
dates for leakage detection in hydraulic servo systems.
The simulated leakage is an external leak on the input

line. It has been modeled as an additional flow,qli(t)
in the first state equation

qli(t) = Alikd

√
x1(t)− Pa

whereAli is the leak area andPa the atmospheric
pressure. The modified state equation now reads

ẋ1(t) =
β

Vi

(−Aix4(t)+kdωx3(t)g1(x1(t))−qli(t)
)
.

Fig. 5a shows the residual for Case 1, given by equa-
tion (10), when a leakage is present on the input line
from t = 2. The leakage effect is clearly visible in the
residual. The fast dynamics in the transients is a result
of fast dynamics both in the plant and the observer.
Notice that there is no oscillation in the residual right
after the start since the initial conditions are the same
in the plant and in the observer and there is no model
mismatch between them. Fig. 5b shows the residual
for Case 2, given by equation (11), under the same
leakage conditions as before. However, the fast tran-
sient dynamics in the residual are contributed by the
plant output measurements and are not present in the
observer. For the position feedback treated in Case 3
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Fig. 5. Residual during a leakage on the input line
from timet = 2 in the full order observer (a), and
in the reduced order observer (b), with velocity
measurement.

and Case 4, the fast dynamics of the hydraulic system
does not pose any difficulty and their behaviors are
very similar, as demonstrated in Fig 6. Clearly, the
leakage detection performance of observers (12) and
(13) is quite similar and the simpler alternative of the
reduced observer looks therefore more appealing.

It is desirable to evaluate the leakage area from the
stationary value of the observer residual. This rela-
tionship is nonlinear and tends to go into saturation
for sizeble leakages, both for the velocity case and po-
sition feedback case, see Fig. 7. Naturally, small leak-
ages are most interesting since they are often masked
in the observer residual by noise and uncertainty.
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5. CONCLUSIONS

Nonlinear observers are investigated as a tool for
fault detection in a hydraulic system. Both systems
with piston position and piston velocity measurement
are considered, as well as full and reduced-order ob-
servers, altogether giving rise to four separate cases
treated in the paper. When the velocity is measured,
the fast dynamics appearing in the system output can
be reduced without loss of leakage detection perfor-
mance. In the position measurement case, the effect
of fast dynamics is not so pronounced, and the model
can be reduced with a negligible modeling error. Thus
model reduction is beneficial regardless of the choice
of the system output signal.

To prevent observer convergence to biased state esti-
mates, an algebraic condition that guarantees the ori-
gin to be the only stationary point of the estimation
error dynamics is obtained. Furthermore, this station-
ary point can be stabilized by means of static observer
feedback.

All the considered observers have been able to detect
hydraulic liquid leakage. However, once again, the
use of reduced-order observers is suitable due to their
lower complexity and the lack of fast oscillations in
the state estimates for the case of piston velocity
feedback.

The relationship between the size of the leak and
stationary value of the corresponding residual is found
to be nonlinear. The residual tends to go into saturation
when the size of the leak increases.
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Dr. Melker Härefors for discussing the results of this
paper.

7. REFERENCES

Batur, C. and L. Zhang (2003). Sliding mode observer
and controller design for a hydraulic motion con-
trol system. In:American Control Conference.

Bonchis, A., P. I. Corke, D. C. Rye and Q. P. Ha
(2001). Variable structure methods in hydraulic
servo systems control.Automatica37, 589–595.

Garimella, P. and B. Yao (2005). Model based fault de-
tection of an electro-hydraulic cylinder. In:Amer-
ican Control Conference.

Hammouri, H., P. Kabore, S. Othman and J. Biston
(2002). Failure diagnosis and nonlinear observer.
application to a hydraulic process.Journal of the
Franklin Institure339, 455–478.

Jelali, Mohieddine and Andreas Kroll (2003).Hy-
draulic Servo-systems : Modelling, Identification
and Control. Springer.

Khan, H., S. C. Abou and N. Sepehri (2005). Non-
linear observer-based fault detection technique
for electro-hydraulic servo-positioning systems.
Mechatronics15, 1037–1059.

Leuschen, Martin. L., Ian. D. Walker and Joseph. R.
Cavallaro (2003). Nonlinear fault detection for
hydraulic systems. In:Fault diagnosis and fault
tolerance for mechatronic systems: recent ad-
vances (F. Caccavale and L. Villani, Eds.).
Springer-Verlag. Berlin Heidelberg.

Saberi, A., A. A. Stoorvogel, P. Sannuti and H. Nie-
mann (2000). Fundamental problems in fault de-
tection and identification.International Journal
of Robust and Nonlinear Control10, 1209–1236.

Skogestad, Sigurd and Ian Postletwaite (1996).Multi-
variable Feedback Control. Wiley. West Sussex,
England.

Werlefors, Maria and Alexander Medvedev (2007).
Design and analysis of a nonlinear observer for a
hydraulic servosystem. In:7:th IFAC Symposium
on nonlinear control systems.

Yu, D. and D. N. Shields (1996). A bilinear fault
detection observer.Automatica32, 1597–1602.

Yu, D., D. N. Shields and J. L. Mahtani (1994). Fault
detection for bilinear systems with application
to a hydraulic system. In:IEEE Conference on
Control Applications.



The Use of Nonnegative Garrote for Model Reduction of ARX
Models

Christian Lyzell, Jacob Roll, and Lennart Ljung

Division of Automatic Control
Linköpings Universitet

SE–581 83 Linköping, Sweden
{lyzell,roll,ljung}@isy.liu.se

Abstract— Order reduction of linear regression
models has been thoroughly researched in the sta-
tistical community for some time. Different shrink-
age methods have been proposed, such as the Ridge
and Lasso regression methods. Especially the Lasso
regression has won fame because of its ability to set
less important parameters exactly to zero.

However, these methods do not take dynamical sys-
tems into account, where the regressors are ordered
via the time lag. To this end, a modified variant of the
nonnegative garrote method will be analyzed.

I. INTRODUCTION

Estimating the orders of arx models is a widely
studied and old topic, see e.g. [1] and [5]. One can
efficiently estimate many arx models of different orders,
by building up a large data covariance matrix, and then
selecting submatrices of that. If we decide upon a certain
sequence in which to increase the model orders, all such
models can be estimated simultaneously in an efficient
manner by qr-factorization, see e.g. [6].

So what more can be said about this old problem? In
this contribution we take a relatively recent statistical
method for regularization, Nonnegative Garrote [4], as a
starting point for a new excursion in the area.

With this method it is possible to define sequences of
natural ordering of model complexity that are not one-
dimensional. We may certainly say that a model with
more poles than another is more complex/flexible, and
similarly for zeros. But is a model with, say, 2 poles and
4 zeros more or less complex than one with say 3 poles
and 2 zeros?

We define a procedure for testing all model orders,
ordered independently in terms of number of zeros and
in number of poles. While the obtained models are
regularized, the procedure still gives insight into which
parameters are the most important ones for giving a good
fit to data.

The presentation is organized as follows: Section II
defines the problem dealt with in this paper: II-A gives a
short review of the arx model structure, II-B a descrip-
tion of the original nonnegative garrote method, as pre-
sented in [4], is given. Also, a modification of the method
for arx model structure is proposed in Section II-C.

Section III presents an algorithm for efficiently solving
the modified nonnegative garrote problem. In Section IV
the algorithm is validated on simulated arx model data.
Finally, in Section V conclusions are drawn and future
work presented.

II. PROBLEM STATEMENT

A. The arx model structure
In this paper, we will focus on the arx model struc-

ture [5]

y(t) + a1y(t− 1) + · · ·+ anay(t− na)
= b1u(t− 1) + · · ·+ bnb

u(t− nb) + e(t), (1)

where u(t) and y(t) denote the input and the output
signals, respectively. It is well known that (1) can be
rewritten as a linear regression

y(t) = ϕT (t)θ + e(t). (2)

where

θ = (a1 · · · ana b1 · · · bnb
)T

ϕ(t) = (−y(t− 1) · · · − y(t− na) u(t− 1) · · · u(t− nb))T

The fir model structure is a special case of the arx

family when no output lag is present.
Given a dataset ZN , {u(0), y(0), . . . , u(N), y(N)},

the least square (ls) parameter estimate for the linear
regression model (2) is then

θ̂N , arg min
θ

VN (θ, ZN ), (3)

where

VN (θ, ZN ) , 1
N

N∑
t=1

(y(t)− ϕT (t)θ)2. (4)

By batching the data

Y =
(
y(1) y(2) · · · y(N)

)T
, (5)

Φ =
(
ϕ(1) ϕ(2) · · · ϕ(N)

)T
, (6)

the optimal solution to (3) can be written

θ̂N =
[
ΦT Φ

]−1
ΦT Y , Φ†Y, (7)



which can be recognized as the Moore-Penrose pseudo-
inverse. (For more information about linear regression
models and the estimation of such, see e.g. [5].)
B. The Nonnegative Garrote

The Nonnegative Garrote (nng) method was first
presented in [4] as a coefficient shrinkage method for
linear regression models in statistics. As the celebrated
Lasso method [8], it uses regularization to punish the
size of the parameters. However, instead of affecting the
parameters directly, the nng method punishes the least
squares solution by attaching weights to it, which in turn
are regularized. Thus, given the least square estimate θ̂
of a linear regression model (2), the nng problem can be
written as

min
N∑

t=1

(
y(t)−

n∑
j=1

wjϕj(t)θ̂j

)2

+ λ
n∑

j=1

wj

s.t. w � 0,

(8a)

where λ is a model complexity parameter, and � denotes
componentwise inequality. As λ increases, the weights of
the less important regressors will shrink, and finally end
up exactly zero. For each given λ, the nng parameter
estimate has the elements wiθ̂i, 1 ≤ i ≤ n, where w is
the optimal solution to (8a). Thus, as λ increases, the
model becomes less complex.
C. Modification

In system identification, one is typically interested
in the estimation of dynamical systems, compared to
the static models used in statistics. In dynamic linear
regression models, the regressors are naturally ordered by
their time lag. The higher model order, the more saved
data is needed. The original nng method (8a) do not take
such orderings into consideration. It just sets the weights
of the less important regressors low, not considering their
order. To be able to punish higher order lags first, one
could modify (8a) by adding some constraints on the
weights. For arx models, these constraints could be

1 ≥ w1 ≥ w2 ≥ · · · ≥ wna ≥ 0 (8b)
1 ≥ wna+1 ≥ wna+2 ≥ · · · ≥ wna+nb

≥ 0. (8c)

This is a natural extension of the nng method, for
model reduction of arx models in system identification.
Note that, contrary to the method in [6], we can let
the ordering of y and u be independent. This yields
automatic order selection, and a natural way to choose
the importance between input lag and output lag, since
both get an equal chance.

The modified nng problem (8), can be rewritten as a
quadratic problem with linear inequality constraints, i.e.

min
1
2
wT Qw + fT w + λ1T w

s.t. Aw � b,
(9)

where Q = 2Θ̂ΦT ΦΘ̂, f = −2Θ̂ΦT Y , Θ̂ , diag (θ̂), and
the inequality constraints are derived from (8b)–(8c).

Given the solution wλ to (9), for a specific λ, the
modified nng parameter estimate is θ̂λ = Θ̂wλ.

III. THE ALGORITHM

An efficient way to solve (9) is to use path following
parametric optimization. This idea is not new and the
application of parametric optimization to the original
nng problem (8a) has already been published in [10].

In the paper [7] it is shown that the problem

min L(x) + λJ(x)
s.t. Ax � b

Āx = b̄

(10)

where L(x) is piecewise quadratic and J(x) is a piece-
wise affine function, both convex, has a piecewise affine
solution path, i.e. the optimal solution x to (10) is a
piecewise affine function of λ ∈ R+. In the modified nng

problem (9), L is quadratic and J is linear as functions
of w, which yields a somewhat simpler solution.

The Lagrangian to (9) is

L(w, µ) =
1
2
wT Qw + fT w + λ1T w + µT (Aw − b), (11)

where µ is a vector of Lagrangian multipliers. This yields
the Karush-Kuhn-Tucker (kkt) conditions [3]

Qw + f + λ1 + AT µ = 0 (12a)
Aw − b � 0 (12b)

µj(Ajw − bj) = 0 (12c)
µ � 0, λ ≥ 0 (12d)

Now, let
J a = {j1, j2, . . . , jnJ } (13)

be the set of active constraints (for µj). Solving (12) is
then equivalent to solving(

Q AT
J a

AJ a 0

) (
w

µJ a

)
=

(−f − λ1
bJ a

)
(14)

Differentiation with respect to λ yields(
Q AT

J a

AJ a 0

) (
∂w
∂λ

∂µJa

∂λ

)
=

(
1
0

)
(15)

These equations are all that is needed to find the piece-
wise affine solution path. The algorithm presented in [7],
tailored for the modified nng problem, is given below in
Algorithm 1.

To find the initial solution, let λ = 0. Then (9) is an
ordinary least square problem with inequality constraints
with the obvious solution w = 1. To find µJ a we need
to solve (12a). Since

Qw + f = 2Θ̂ΦT ΦΘ̂1− 2Θ̂ΦT Y = 2Θ̂ΦT (ΦΘ̂1− Y )

= 2Θ̂ΦT (Φθ̂ − Y ) = 0, (16)

where the last equality follows from the fact that the
regression matrix Φ is orthogonal to the residuals Φθ̂−Y ,
one finds that µJ a = 0.



Algorithm 1 Parametric Optimization for the modified
Nonnegative Garrote

1) Initialization: Set λ = 0, w0 = 1, µJ a = 0 and
J a = {1, 2, . . . , p−1}. Let S = {(λ, w)} = {(0,1)}.

2) Directions: Solve (15) for ∂w
∂λ and ∂µJa

∂λ .
3) Step length: Find the minimal δλ ≥ 0 satisfying

one of the following:
a) If Aj(wλ + ∂w

∂λ δλ) = bj and Aj
∂w
∂λ > 0 for

some j /∈ J a. Then move the corresponding j
to J a.

b) If µj + ∂µj

∂λ δλ = 0 and ∂µj

∂λ < 0 for some j ∈
J a. Then remove the corresponding j from
J a.

If no feasible solution δλ ≥ 0 exists, set δλ = ∞.
4) Update: Set λ := λ+ δλ, wλ := wλ + ∂w

∂λ δλ, µJ a :=
µJ a + ∂µJa

∂λ δλ and add the new solution S :=
{S, (λ, w)}.

5) Termination criterion: Stop if λ = ∞, else continue
from step 2.

IV. Simulations

In this section we will present two examples where the
modified nng algorithm is applied to a simulated system.
In both examples we will use the arx(9,3) model

A(q)y(t) = B(q)u(t) + e(t), (18a)

where the noise is white Gaussian with variance 0.1 and

A(q) = 1− 1.25q−1 + 0.4375q−2 − 0.3594q−3

+ 0.1719q−4 + 0.3125q−5 − 0.2764q−6 (18b)
+ 0.1360q−7 − 0.0769q−8 + 0.0137q−9

B(q) = 1 + 0.25q−1 − 0.25q−2 (18c)

as the true model.
The system (18) was simulated using white Gaussian

noise of unit variance as input, with 2N data points
where N = 1000. The input and output were then
divided equally into estimation ZN

e and validation data
ZN

v .
To validate the different model outcomes, we will use

fit = 100

1−
√∑N

t=1(y(t)− ŷ(t|θ(λ)))2√∑N
t=1(y(t)− ȳ))2

 (19)

which is a measure of how much better the model de-
scribes the process compared to the mean of the output.

For the parameter estimation of the initial arx models
(θ̂ in (8)), the system identification toolbox (sitb) in
Matlab was used.

A. Simulation: Perfect model order
Using the command arx(Ze,[9,3,0]) in Matlab,

which is the true model structure and order (18), one
gets the least square estimate of the parameter vector θ̂.
Plugging this estimate into the nng problem (9) yields a

piecewise affine solution path wλ and the fit values (19),
calculated for validation data ZN

v , shown in Figure 1.
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Fig. 1. The fitλ values for the breakpoints and 1000 uniformly
logarithmic distributed values of λ, calculated on validation data,
for the simulation in Section IV-A.

In Table I, the parameter estimates θ̂λ for different
values of λ (λ = 0 yields the ls estimate θ̂).

We see that a model reduction could be made, without
to much loss in fit value, by choosing λ = λ6. This is an
arx(6,3) model, with a fit value of 95.9 on validation
data. This implies that the nng method may be used
as an alternative method for model reduction of arx

models.
Let us now consider a case where overfitting occurs.

B. Simulation: Overfitting
Now, by running the command arx(Ze,[20,10,0]) in

Matlab, which is an overfitted model of (18), one gets
the least square estimate θ̂ of the parameter vector.
Plugging this estimate into the nng problem (9) yields a
piecewise affine solution path wλ and the fit values (19),
calculated for validation data ZN

v , shown in Figure 2.
The nng parameter estimates θ̂λ for some interesting

breakpoints λ are given in Table II. In Figure 2, we
see that there is a maximum in fit value at λ = λ29,
which corresponds to the correct model order according
to Table II. Thus, it is interesting to see that the nng

method was able to find the correct model order in this
case, and that the estimates for this λ value are quite
near the true parameters.

In sitb there are commands (struc, arxstruc, and
selstruc) for automatic order selection for arx models.
Running these on the same data as above yields a
different solution path compared to Table II. This could
be explained by the fact that once a weight has been
reduced to zero by the nng algorithm, it stays zero, while
arxstruc has full freedom in choosing na and nb just as
long as na + nb is constant. The automatic choice given
by selstruc yields the correct model order (18).



TABLE I
The estimated nng parameters in the simulation in Section IV-A for the some of the interesting breakpoints λ and their

fit value.

λ λ1 λ2 λ5 λ6 λ9 λ12

0 0.34204 5.1801 10.2184 64.5728 101.4516
-1.2625 -1.2593 -1.2343 -1.2135 -1.0506 -0.99427
0.42517 0.41876 0.37972 0.34957 0.14967 0.1071
-0.32125 -0.31437 -0.27963 -0.26101 -0.10834 -0.08092
0.14716 0.14401 0.1281 0.11957 0.048297 0.037069
0.33351 0.32411 0.2903 0.27097 0.10945 0.084008

θ̂λ -0.29512 -0.27663 -0.19921 -0.15468 0 0
0.14266 0.12037 0.025542 0 0 0

-0.080447 -0.053124 0 0 0 0
0.01583 0 0 0 0 0
1.0017 1.0017 1.0017 1.0017 0.99346 0.9732
0.23916 0.23916 0.23916 0.23916 0.2372 0.23236
-0.27722 -0.27722 -0.27044 -0.25955 -0.11118 0

fitλ 99.45 98.68 95.97 95.91 83.90 81.72

TABLE II
The estimated nng parameters in the simulation in Section IV-B for the some of the interesting breakpoints λ and their

fit value.

λ λ1 λ21 λ29 λ37 λ40 λ41

true 0 0.03540 0.2060 7.8785 52.5885 56.2759
-1.2500 -1.2823 -1.2803 -1.2754 -1.2389 -1.1015 -1.0946
0.4375 0.5125 0.5087 0.4993 0.4349 0.3323 0.3238
-0.3594 -0.43171 -0.4285 -0.4206 -0.3614 -0.2780 -0.2728
0.1719 0.2255 0.2237 0.2197 0.1888 0.0913 0.0890
0.3125 0.2728 0.2706 0.2634 0.2284 0.1104 0.1077
-0.2764 -0.2407 -0.2387 -0.2324 -0.1398 0 0
0.1360 0.1271 0.1158 0.1070 0 0 0
-0.0769 -0.1643 -0.0820 -0.0602 0 0 0
0.0137 0.1009 0.02405 0.00684 0 0 0

-0.0403 -0.0088 0 0 0 0
0.0520 0.0114 0 0 0 0
-0.0222 -0.0049 0 0 0 0
-0.0193 -0.0042 0 0 0 0

θ̂λ 0.0145 0.0032 0 0 0 0
-0.0087 -0.0019 0 0 0 0
0.0034 0 0 0 0 0
0.0010 0 0 0 0 0
0.0037 0 0 0 0 0
-0.0062 0 0 0 0 0
-0.0001 0 0 0 0 0

1.0000 0.9933 0.9933 0.9933 0.9920 0.9803 0.9779
0.2500 0.2210 0.2210 0.2210 0.2207 0.2181 0.2176
-0.2500 -0.2281 -0.2281 -0.2281 -0.2213 -0.0100 0

0.0030 0.0022 0 0 0 0
-0.0056 -0.0040 0 0 0 0
0.0020 0.0014 0 0 0 0
0.0224 0.0163 0 0 0 0
0.0189 0.0063 0 0 0 0
-0.0680 -0.0041 0 0 0 0
-0.0305 0 0 0 0 0

fitλ 97.36 98.27 98.71 95.24 84.97 84.75

There is a slight performance difference, in terms of
comparing complexity, for the low model orders used
here in favor for the sitb implementation. But as the
number of parameters grow, the favor turns to the nng

method. The reason for this is that the complexity of an
exhaustive search, as implemented in sitb, is quadratic in
the number of models, while the complexity of the nng

method is linear in the number of parameters.

V. CONCLUSIONS AND FUTURE WORK

In this paper, a new method for model reduction of
arx models was presented and an efficient algorithm
given. The method is a modified variant of the nng

method [4], where constraints on the weights were added
according to the natural order of the regressors in arx

models. Different simulations were given and the results
looks promising, both for model reduction and finding
the true model order.

The regularization parameter λ was used to punish



10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

20

30

40

50

60

70

80

90

100
λ

21
λ

29 λ
37

λ
40λ
41

 

 

fit(λ)
λ−values where solution path changes

Fig. 2. The fitλ values for the breakpoints and 1000 uniformly
logarithmic distributed values of λ, calculated on validation data,
for the simulation in Section IV-B.

both the pole and the zero polynomials, thus giving the
number of poles and the number of zeros equal weight.
This could be extended by splitting the J(w) in (10) into
two sums with two different λ, one for weights on the
poles and one for the zeros. This would need to make
use of a multiparametric programming algorithm and
although they are not as simple as the one presented
for a single parameter, efficient algorithms exists [9].

The new method is easily extended to the multivari-
able case. Here, one could still use one regularization
parameter λ and it would be interesting to observe the
behavior of the algorithm.

References

[1] K. Åström and P. Eykhoff. System identification – a survey.
Automatica, 7:123–162, 1971.

[2] K. Åström and B. Wittenmark. Computer Controlled Sys-
tems, Theory and Design. Prentice Hall, 1984.

[3] S. Boyd and L. Vandenberghe. Convex Optimization. Cam-
bridge University Press, 2004.

[4] L. Breiman. Better subset regression using the nonnegative
garrote. Technometrics, 37(4):373–384, 1995.

[5] L. Ljung. System Identification, Theory for the User. Prentice
Hall, 1999.

[6] S. Niu, L. Ljung, and Å. Björck. Decomposition methods for
solving least-squares parameter estimation. IEEE Transac-
tions On Signal Processing, 44(11):2847–2852, 1996.

[7] J. Roll. Piecewise linear solution paths for parametric piece-
wise quadratic programs with application to direct weight
optimization. Technical Report LiTH-ISY-R-2816, Linköpings
Universitet, 2007. To appear in Automatica.

[8] R. Tibshirani. Regression shrinkage and selection via the lasso.
J. R. Statist. Soc. B, 58(1):267–288, 1996.

[9] P. Tøndel, T.A. Johansen, and A. Bemporad. Further results
on multiparametric quadratic programming. In Conference on
Decision and Control, pages 3173–3178, Maui, Hawaii, 2003.

[10] M. Yuan and Y. Lin. Model selection and estimation in
regression with grouped variables. J. R. Statist. Soc. B,
68(1):49–67, 2006.



Tools and Languages for Modeling and Optimization of
Large-Scale Dynamical Systems

Johan Åkesson and Karl-Erik Årzen
{johan.akesson,karl-erik.arzen}@control.lth.se

Department of Automatic Control, Faculty of Engineering, Lund University

Keywords: Large Scale Dynamic Optimization, Modelica, Modeling of Complex Systems

1. Introduction

High-level modeling languages are receiving in-
creased industrial and academic interest within
several domains, such as chemical engineering,
thermo-fluid systems and automotive systems.
One such modeling language is Modelica, [1].
Modelica is an open language, specifically tar-
geted at multi-domain modeling and model re-
use. Key features of Modelica include object
oriented modeling, declarative equation model-
ing, a component model enabling acausal con-
nections of submodels, as well as support for
hybrid/discrete behaviour. These features have
proven very applicable to large-scale modeling
problems in various fields.

While there exist very efficient software tools
for simulation of Modelica models, tool support
for static and dynamic optimization is generally
weak. Furthermore, specification of optimization
problems is not supported by Modelica. Since
Modelica models represent an increasingly im-
portant asset for many companies, it is of interest
to investigate how Modelica models can be used
also for optimization.

This contribution gives an overview of a
project targeted at i) defining an extension of
Modelica, Optimica, which enables high-level
formulation of optimization problems, ii) devel-
oping prototype tools for translating a Model-
ica model and a complementary Optimica de-
scription into a representation suited for numer-
ical algorithms, and iii) performing case studies
demonstrating the potential of the concept.

The project integrates dynamical modeling
and optimization with computer science and nu-
merical algorithms. One of the main benefits of
the suggested approach is that the high-level de-

scriptions are automatically translated into an in-
termediate representation by the compiler front-
end. This intermediate representation can then
be further translated to interface with different
numerical algorithms. The user is therefore re-
lieved from the burden of managing the often
cumbersome API:s of numerical algorithms. The
flexibility of the architecture also enable the user
to select the algorithm most suitable for the prob-
lem at hand.

2. Optimica

A key issue is the definition of syntax and seman-
tics of the Modelica extension, Optimica. Opti-
mica should provide the user with language con-
structs that enables formulation of a wide range
of optimization problems, such as parameter es-
timation, optimal control and state estimation
based on Modelica models.

At the core of Optimica are the basic op-
timization elements such as cost functions and
constraints. It is also possible to specify bounds
on variables in the Modelica model as well as
to mark variables and parameters as optimiza-
tion quantities, i.e., to express what to optimize
over. While this type of information represents
a canonical optimization formulation, the user is
often required to supply additional information,
related to the numerical method which is used to
solve the problem. In this category we have e.g.,
specification of transcription method, discretiza-
tion of control variables and initial guesses. Op-
timica should also enable convenient specifica-
tion of these quantities.

3. Software Tools

In order to demonstrate the proposed concept,
prototype software tools are being developed.



In essence, the task of the software is to read
the Modelica and Optimica source code and
then translate, automatically, the model and op-
timization descriptions into a format which can
be used by a numerical algorithm. The Mod-
elica/Optimica compiler is developed using the
Java-based compiler construction tool JastAdd,
[5]. For an overview of the computer science as-
pects of the compiler implementations, see [7].

Currently, the front-end of the Model-
ica/Optimica compiler supports a subset of Mod-
elica and a basic version of Optimica. In ad-
dition, a code-generation back-end for AMPL,
[3], has been developed. AMPL is a language
intended for formulation of algebraic optimiza-
tion problems. Accordingly, the compiler per-
forms automatic transcription of the original
continuous-time problem into an algebraic for-
mulation which can be encoded in AMPL. In
the transcription procedure, the problem is dis-
cretized by means of a simultaneous optimiza-
tion approach based on collocation over finite el-
ements, see e.g., [2] for an overview. Finally, the
automatically generated AMPL description may
be executed and solved by a numerical NLP al-
gorithm. For this purpose we have used IPOPT,
[6].

4. A Case Study

The prototype tools have been used to formulate
and solve a start-up problem for a plate reactor
system. The plate reactor is conceptually a tubu-
lar reactor located inside a heat exchanger, and
offers excellent flexibility, since it is reconfig-
urable and allows multiple injection points for
chemicals, separate cooling/heating zones and
easy mounting of temperature sensors. In this
case study, an exothermic reaction, A + B → C ,
was assumed. The reactor was fed with a fluid
with a specified concentration of the reactant A.
The reactant B was injected at two points along
the reactor.

The primary objective of the start-up se-
quence was to transfer the state of the reactor
from an operating point where no reaction takes
place, to the desired point of operation. This
problem is challenging, since the dynamics of
the system is fast and unstable in in some oper-
ating conditions. In addition, the temperature in

the reactor must be kept below a safety limit, in
order not to damage the hardware.

Optimal control and state profiles were cal-
culated off-line and then used as feedforward
and feedback signals in a PID-based mid-ranging
control system.

The experiences from using the Model-
ica/Optimica compiler in this project are promis-
ing, in that the tools enable the user to focus on
formulation of the problem instead of, which is
common, encoding of the problem. For more
details on this case study, see [4].

5. Summary

This contribution gives an overview of a project
targeted at extending the Modelica language to
also support optimization. The goals of the
project include specification of Optimica, devel-
opment of prototype software tools and case stud-
ies. The results are promising, and encourage
further development.
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On H-infinity model reduction of MIMO systems.

Aivar Sootla, Anders Rantzer, Georgios Kotsalis

Abstract—In this paper we study multi-input-multi-output
(MIMO) extensions of a recently proposed model reduction
algorithm for single-input-multi-output (SIMO) linear time-
invariant (LTI) systems. We discuss three versions, including
a trivial modification of the SIMO method. Reduced models
are found by solving a convex problem with Linear Matrix
Inequality (LMI) constraints given a state space model or a
frequency-sampled version. We construct examples that illus-
trate the properties of methods, compare algorithms and apply
them on an industrial bench-mark.

I. INTRODUCTION.

Model reduction problems has received considerable at-

tention in past and several approaches were developed. Bal-

anced Truncation (BT) and Hankel Optimal Model Reduction

(HOMR) are recognized in the control literature, (see, for

example, [6], [2]), due to well-developed theory and a priori

error bounds. Both methods rely on solution of Lyapounov

equations whose size is determined by the order of the

original models. The approximation error of G by HMOR is

bounded as:

σn(G) ≤ ‖G− Ĝh‖∞ ≤
N∑

n+1

σi(G),

where Ĝh is a reduced system, obtain by HOMR, N, n are

orders of original and reduced systems, correspondingly and

σ1(G) ≥ · · · ≥ σN (G) are Hankel singular values of G
(see, for example, [6], [2]). However, the approximation gap

depends on the order of the original system:

‖G− Ĝh‖∞
σn(G)

≤ N − n + 1

The approximation gap of BT depends on the order of re-

duced system as well. Using HMOR and BT on systems with

very big or infinite N produces two problems: computational

cost of solving Lyapounov equations depended on N and

generally unknown approximation gap.

In [5],[8] a new approach to model reduction was de-

veloped. A relaxation was proposed that allows formulation

of model reduction as a convex optimization problem. The

method can be applied to exact models or frequency sampled

models. Frequency sampling makes it possible to use much

less information about original model. In [8], a guaranteed

sub-optimality bound is obtained. The approximation gap of

the method does not depend on the original system order.

A. Sootla and A.Rantzer are with Department of Automatic Control, Lund
University, Lund, Sweden {aivar,rantzer}@control.lth.se

G. Kotzalis is with Department of Electrical and Computer
Engineering, Georgia Institute of Technology, Atlanta, GA, USA
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In this paper we discuss MIMO extensions of the SIMO

model reduction method in [8]. We propose a general heuris-

tic algorithm, with two special cases. One special case is

a straightforward extension of the SIMO method with the

same suboptimality bound. However, this algorithm is rather

restrictive for MIMO systems. The second special case is

more general.

The paper is organized as follows. In section II we describe

reduction algorithms. In III we discuss some properties of the

reduced model. Section IV is dedicated to implementation

of algorithms. We construct examples in II-B,IV-C illustrat-

ing advantages and disadvantages of the methods and we

compare MIMO extensions in IV-D. In IV-E we apply our

reduction method on Shell Oil Fractionator bench-mark.

Notation.

We will use H∞ and H−
∞ to denote spaces of stable and

anti-stable scalar m×m transfer function matrices (TFMs),

where m ≥ 2. The set RH∞ is a subset of H∞ of all proper

rational TFMs, and RrH∞ — a subset of RH∞ of TFMs

with McMillan degree equal to r. If G ∈ H∞ the operation˜ denotes a conjugate in H∞ space: G (̃z) = GT (1/z),
and h▽(z) = zkh˜(z), where h(z) =

∑k
i=0 hizi. Gw is

a frequency response G(ejw) to ω ∈ R
Since we will refer to both Hankel singular values and

singular values (singular value functions) of matrices (of

TFMs) we will use notation σ1(G) ≥ · · · ≥ σN (G), only

when we referring to Hankel singular values. σ(Gw) denotes
the maximal singular value of the matrix Gw.

The norm in H∞ is a L∞ norm of maximal singular value

function of G on the unit circle ‖G‖∞ = sup
w

σ(Gw). The

Hankel norm of a TFM is denoted ‖ · ‖H (see for example

[6]). In this paper we will use one more norm of elements

in Rn×m. Assume first that x ∈ Rm×1, A > 0 ∈ Rm×m,
then we can define a norm ‖x‖2

A = xT Ax. If x ∈ Rm×m,
we can denote norm as ‖x‖2

A = λ(xT Ax).

II. MODEL REDUCTION OF MIMO SYSTEMS.

The basic problem we want to solve can be formulated as:

Gn = arg minbG∈RnH∞
‖G− Ĝ‖∞ (1)

and G ∈ H∞. This problem is not convex and often

suboptimal methods are used. Here we will relax (1) and

obtain a convex optimization problem.

A. General MIMO case algorithm.

Assume Ĝ = ba−1
1 , where a1 =

∑r
0(a1)iz

i is a matrix

polynomial of degree and (a1)r 6= 0, with det(a1) a Schur



polynomial (det(a1) > 0∀z : |z| ≥ 1 ) and b =
∑r

i=0(b1)iz
i

is a matrix polynomial with (a1)i, (b)i ∈ Rm×m ∀i. We

rewrite the problem in new definitions:

min
b,a1

‖G− ba−1
1 ‖∞, (2)

We propose the relaxation to make problem a convex one,

similar relaxation was made in [5]. Instead of (2) minimize

the following over a1, a2, b, c :

‖G− ba−1
1 − ca−▽

2 ‖∞, (3)

where ∆− = ca−▽
2 ,∈ RrmH−∞ is an anti-stable term, c, a2

are matrix polynomials of order less than r− 1 and equal to

r correspondingly. det(a2) is a Schur polynomial and a1, a2

are related in the following way

A = a1a1˜ = a2˜a2 (4)

The relaxation needs motivation. In fact, min ‖G−G−‖∞ =
‖G‖H , where minimization is performed over all possible

anti-stable terms G−. Moreover if we release ∆− term we

will get HOMR:

min
∆−,b,a1

‖G− ba−1
1 −∆−‖∞ = min

b,a1
‖G− ba−1

1 ‖H (5)

Denote:

B + jC = z−r(ba▽
2 + ca1) (6)

The polynomials A, B, C have certain properties to fulfil.

A(z) > 0, if z = ejω ∀ω, making det(a1) a Schur

polynomial (the reduced system ba−1
1 stable). We will fix the

term (A)r to identity, to normalize calculations. Conditions

(A)i = (A)−i = (A)T
i , (B)i = (B)−i, (C)i = (C)−i imply

that A, B, C are trigonometric polynomials and provide a

convenient parametrization. The condition A0 > 0 implies

that the spectral factorization problems (4) can be solved1.

A = I(zr + z−r) +
r−1∑
i=0

(A)i(zi + z−i)

B =
r∑

i=0

(B)i(zr−i + z−r+i)

C = 1
j

r−1∑
i=0

(C)i(zr−i − z−r+i)

There exist one to one correspondence between a1, a2, b, c
and A, B, C. It is obvious that knowing a1, a2, b, c we can

always find A, B, C. On the other hand with known A, B and

C, (4) gives co-prime a1, a2 ,̃ so (6) can be solved uniquely

for b and c. Now we have the problem:

min
A,B,C

γ subject to ‖G− (B + jC)A−1‖∞ < γ (7)

If A = ÃI, where Ã is a scalar polynomial, minimization

problem (7) is equivalent to a convex optimization procedure:

min
A,B,C

γ subject to(
γÃI GÃ−B − jC

∗ γÃ

)
> 0 ∀ω,

1More about this condition in section III-A

where asterisk stands for hermitian transpose of upper right

corner. In MIMO-case we want to get a similar LMI con-

dition, but the minimization problem has to make sense as

well. Rewrite the constraint in (7) for every frequency ω as:

σ(Gw − (Bw + jCw)A−1
w ) < γ, what is equivalent to:

‖Gw − (Bw + jCw)A−1
w ‖I < ‖γ‖I, ∀ω

We propose following relaxation: instead of identity matrix

use Aw :

‖Gw − (Bw + jCw)A−1
w ‖Aw < ‖γ‖Aw ∀ω (8)

One can show that constraint (8) can be rewritten in the form

of LMI:(
γAw GwAw −Bw − jCw

∗ γAw

)
> 0, ∀ω, (9)

Finally we obtain a convex program:

min γ subject to (9) (10)

This is a generalized eigenvalue problem, that can be solved

for sample data model. It is also possible to use exact model

(see, section II-E).

We will use program (10) to find denominator a1 only,

where a1 is a spectral factor of A as in (4). The numerator

will be found from another convex program:

min
b∈C

δ where C =
{
b
∣∣‖G− ba−1

1 ‖ < δ
}

(11)

The described method has a lot of advantages, but there

is major drawback. LMI condition (9) doesn’t imply that

‖G−BA−1‖∞ is small. To show that, we will consider an

example.

B. Example 1. Existence of error bound.

Assume we want to reduce:

G =
[

0 z−n

0 0

]
We can achieve arbitrary small γ solving (10), because

method doesn’t produce nor upper bound, nor lower bound

for σ(A(ejω)). However, computing (11) gives us approxi-

mation error ‖G− ba−1
1 ‖∞ ≤ 1.02. and we still get a better

approximation than HMOR. All the Hankel singular values

of G are equal to 1. So the lower bound is σ6(G) = 1. That
means that the best approximation is in fact a stable TFM

with gain very close to zero. HMOR produces a static gain

TFM, with approximation error
√

2:

Ĝ =
[

0 1
0 0

]
.

Although described algorithm fails to provide error bound

‖G−BA−1‖∞ < Kγ, for any constant K, we can achieve

it if we enforce extra constraints on A.



C. Restriction of denominator to diagonal matrix.

Assume, that our polynomial A has diagonal structure, i.e.

A = ÃI, where Ã(z) > 0 ∀|z| = 1 is a scalar polynomial.

Thus we obtain the similar program:

min γ subject to (12)(
γÃwI GwÃw −Bw − jCw

∗ γÃwI

)
> 0, ∀ω (13)

One can show that constraint (13) enforced for all ω implies

‖G − BA−1‖∞ < γ. In this case the problem is a trivial

extension of SIMO method [8], what allows us to formulate

similar result:

Theorem 2.1: If γ is obtained from minimization proce-

dure (12,13), Ĝrm, δ are obtained from minimization pro-

cedure (11) and σrm+1(G) is a rm + 1-th Hankel singular

value, then:

1) γ ≥ σrm+1(G)
2) ‖G− Ĝrm‖∞ < δ ≤ (rm + 1)γ

D. Relaxing the restriction on denominator.

We would like to have a method with a guaranteed

suboptimal bound as in previous section, but with extra

freedom on A. One way to deal with this problem is relaxing

(12,13) as follows:

min γ subject to (14)(
γÃwI GAw −Bw − jCw

∗ γAw

)
> 0, ∀ω (15)

where A, B, C matrix polynomials from section II-A,

Ã(z) > 0 ∀|z| = 1 is a scalar function and ÃwI < Aw∀ω
Lemma 2.2: If matrix polynomials A, B, C and scalar

function Ã satisfy (15) and constraints described above for

some G, γ, then ‖G− (B + jC)A−1‖∞ < γ,

Proof: Rewrite LMI condition (15) using Schur com-

plement:

γ2Ãw > (Gw − (Bw + jCw)A−1
w ) ·

·Aw(Gw − (Bw + jCw)A−1
w )′

γÃ−1 > σ(G− (B + jC)A−1)A1/2)

γ
(
Ã/σ(A)

)1/2

> σ(G − (B + jC)A−1)

Since Ã/(σ(A)) < 1, result follows after taking supremum

over all ω of the right-hand side of inequality.

Consequence 2.3: Theorem 2.1 is valid for described al-

gorithm.

E. Enforcing LMI conditions for all frequencies

LMI (9) and A(ejω) > 0 can be enforced for all ω at

once using KYP lemma. The simpler condition A > 0 we

examine first. Notice that, A(z) can be written as:

A(z) = A0 +
r∑

i=1

(
Aiz

i + A′iz
−i
)

= Vz˜AmVz (16)

where

Am =


A0 A1 . . . Ar

A′1 0 . . . 0
...

...
. . .

...

A′r 0 . . . 0

 (17)

Vz˜ =
(

I Iz−1 . . . Iz−r
)

(18)

Then the condition A(ejω) > 0 can be enforced for all w
using KYP lemma described in [10].
Rewrite matrix (9) as:

(9) =

„
0 GA

AGe 0

«
+

„
γA B + jC

(B + jC)e A

«
„

0 GA
AGe 0

«
=

„
G 0
0 I

« „
0 A
A 0

« „
Ge 0
0 I

«
Polynomials B, C can be represented the same way as A
polynomial in (16). Then:

(9) = Vw˜MwVw, (19)

where

Vw =

0B@ Vz 0
0 Vz

Vz 0
0 Vz

1CA
0B@ Ge 0

0 I
I 0
0 I

1CA

Mw =

0B@ 0 Am 0 0
Am 0 0 0
0 0 γAm (Bm + jCm)
0 0 (Bm + jCm)e γAm

1CA
As matrix Vw doesn’t depend on any unknown parameter

we can use the same formulation of KYP lemma. Notice

that the dimension of second LMI will equal to 4rm, so the

number of parameters will rise too much and so will the

computational cost. In practice it is more convenient to use

only (16) and enforce LMI (9) on frequency grid.

III. PROPERTIES OF REDUCED MODELS.

A. Spectral factorization.

Assume we have A(z) — matrix polynomial of order

2r : A(z) =
r∑

i=−r

Aiz
r, where Ai = A′−i. We can

write A(z) = Zpr(z) + Z ′pr(z),where Zpr =
r∑

i=0

Aiz
−r.

Transfer function Zpr is proper, with state-space realiza-

tion {AZ , BZ , CZ , DZ}, and invertible DZ matrix. Last

condition is necessary for existence of solution to spectral

factorization problem2 (it also means, that A0 > 0).
Let’s examine the solution from [1]. First we need to solve

the Riccati equation:

Pk+1 = AZPkA′Z − (AZPkC′
Z −BZ)·

· (DZ + D′
Z − CZPkC′

Z)†(AZPkC′
Z −BZ)′

(20)

where A† denotes Moore-Penrose pseudo-inverse. It is shown

that the limit lim
k→∞

Pk = P exists, the equation always has

solution P ≥ 0 and the matrix DZ + D′
Z − CZPC′

Z ≥ 0.

2see, for example, [1], [11]



In fact we would like the term DZ +DZ −CZPC′
Z to be

positive definite, not only positive semi-definite. Notice that

lim
ε→0

(DZ +DZ−CZPC′
Z +εI)−1 6= (DZ +DZ−CZPC′

Z)†,
but the solution Pε of:

Pk+1 = AZPkA′Z − (AZPkC′
Z −BZ)·

·(DZ + D′
Z − CZPkC′

Z + εI)−1(AZPkC′
Z −BZ)′

(21)

is convergent to the solution P of (20), i.e. lim
ε→0

Pε = P, the

matrix DZ + D′
Z −CZPC′

Z + εI is positive-definite and as

follows invertible.

The state-space description of stable factor is given by

a1 · z−r = {AZ , Ba1 , CZ , Da1}, where Da1 = (DZ +D′
Z −

CZPC′
Z + εI)1/2, Ba1 = (BZ − AZPC′

Z)D−1
a1

, and P is

a solution of (21) which converges to the actual solution of

(20). Since we introduced the ε term in Riccati equation we

will always get invertible Da1 matrix. In practice we would

rather solve the following equation:

−ε2I = AZPA′Z − P − (AZPC′
Z −B)·

·(DZ + D′
Z − CZPC′

Z + ε1I)−1(AZPC′
Z − B)′ (22)

The term ε2I is added to get more robust numerically

solution. This way we don’t have to solve the equation (21)

recursively, so the relaxation which should make solution

less accurate, does the contrary.

B. McMillan degree of reduced system.

In this section we will prove that under our assumptions

Ĝ = b(z)a−1
1 (z) ∈ RrmH∞, where a1(z), b(z) are matrix

polynomials of degree r. All the results and definitions can

be found in [4].

If Ĝ = ba−1
1 , then a1, b is called matrix-fraction descrip-

tion. In our problem Ĝ is square matrix, so we can define

poles (MFD) of Ĝ(z) as zeros of det(a1(z)). An MFD

Ĝ = ba−1
1 will be said to be irreducible if b(z) and a1(z)

are right coprime.

Definition 3.1: In general we can always write a1(z) =
(DhcS(z)+L(z)), where S(z) = diag{ski , i = 1, m}, Dhc

— the highest-column-degree coefficient matrix of a1(z) is

a matrix whose ith column comprises the coefficients ski in

the ith column of a1(z).
We will need one known lemma:

Lemma 3.1 ([4]): deg(det(a1(z))) = rm if and only if

the highest-column-degree coefficient matrix Dhc of a1(z)
is invertible.

The main result of this section is that we always get a

realization of degree not more than rm :
Lemma 3.2: If b, a1 a MFD, where A = a1a1˜ is ob-

tained from program:

min γ subject to (9),

then the McMillan degree of the system Ĝ = ba1 is less or

equal to rm.
Proof: First assume that MFD b, a1 is irreducible. If it

the case than the deg(Ĝ) = rm. If not we can always obtain

irreducible MFD and the order deg(Ĝ) would be equal to the

order of reduced denominator ã1.

Notice that we obtain a1 from spectral factorization problem

(described in section III-A). Since Da1 matrix of a1 is

invertible, then in every column there exist at least one non-

zero coefficient of highest degree. Then the highest-column-

degree coefficient matrix Dhc is equal to Da1 and invertible.

After applying lemma 3.1 the results follows.

IV. IMPLEMENTATION AND EXAMPLES.

A. Algorithm.

Basically we have discussed one algorithm with three

different cases:

min γ subject to (23)(
γA1 (GA2 −B − jC)

(GA2 −B − jC)˜ γA2

)
> 0 (24)

1) Matrix case. A1 = A2 = A, where A is matrix

polynomial (section II-A)

2) Scalar case. A1 = A2 = ÃI, where is a scalar

polynomial (section II-C).

3) Mixed case. 0 < A1 ≤ A2 on unit circle, where A1

is a scalar function multiplied with identity matrix and

A2 is a matrix polynomial (section II-D).

The algorithm is described as follows:

(a) First solve (23,24) for given γ. Solution will provide

us with A1, A2, B, C matrices.

(b) Solve the factorization problem for A1. Then minimize

over numerator b as in (11)

(c) Repeat (a-b) with smaller γ, if required.
(d) When the suitable value δ is achieved find the minimal

state-space realization of MFD.

The methods above were implemented using LMI solver

SeDuMi [12] with YALMIP [7].

B. Method of computing minimal state-space realization.

We assume that our MFD is irreducible. It is a reasonable

assumption, since reducibility implies zero-pole cancellation

and as follows lower degree Ĝ. It is obvious that for every

approximation of Ĝ we can find a better approximation

with higher degree McMillan degree then the original one.

Nevertheless there is no strict prof that b, a1 are always right

coprime.

This method is actually considered for strictly proper

TFMs, but it is not so difficult to obtain a strictly proper

from a proper TFM. Assume ba−1
1 is a strictly proper TFM.

Notice that in our case a1(z) = Dhcz
r + DlcΨ(z), where

Ψ′(z) = block diag{[zr−1, ..., 1], . . . , [zr−1, ..., 1]}. Then

b = NlcΨ(z). Denote:

A0
c = blockdiag

{(
0r−1,1 0
Ir−1 01,r−1

)
i

, i = 1, . . . , m

}
[B0

c ]′ = blockdiag
{(

1 0r−1,1

)
i
, i = 1, . . . , m

}
C0

c = In, n = deg det a1 = rm

Then the state-space realization of original TFM ba−1
1 is

{Ac, Bc, Cc} :

Ac = A0
c −B0

cD−1
hc Dlc Bc = B0

cD−1
hc Cc = Nlc (25)
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C. Example 2. Approximation of high order system.

The main advantage of our approach is that we use

less information about original system than HMOR and

BT. There is always a memory restriction on solving hign-

dimensional Lyapounov equations. Assume G is 2 by 2 TFM

with order N = 600 :

G =

(
5 + 5/z + 5/z2 +

600∑
i=3

0.01/zi

)
I2

We weren’t able to apply HMOR and BT on this system.

however, applying MIMO heuristics was successful. We

applied matrix case and mixed case algorithms with 20 points

in the grid and have got a 6-th order approximation with error

δ < 2 · 10−2 in both cases.

D. Example 3. Comparison of algorithms.

We would like to compare the performance of two special

cases and general heuristic algorithm. Although there is no

error bound in general case, example 1 provided us with

hope, that reduced model can be close in H∞ to original

one. We would expect the natural extension to have worse

performance then two other cases. Assume G is a random

2-input 2-output TFM with McMillan degree of 20. We will

Fig. 3. The ’Shell’ heavy oil fractionator.

TABLE I

NAMES, ROLES AND SYMBOLS OF INPUT AND OUTPUT VARIABLES.

Variable Role Symbol

Top Draw Control Input u1
Side Draw Control Input u2
Bottoms Reflux Duty Control Input u3
Intermediate Reflux Duty Measured Disturbance dm
Upper Reflux Duty Unmeasured Disturbance du
Top End Point Controlled and measured output y1, z1
Side End Point Controlled and measured output y2, z2
Top Temperature Measured output y3
Upper Reflux Temperature Measured output y4
Side Draw Temperature Measured output y5, z3
Intermediate Reflux Temperature Measured output y6, z4
Bottoms Reflux Temperature Controlled and measured output y7, z5

reduce the model to 6 states using three cases and HMOR.

The best approximation was found by mixed case algorithm

(see, pic. 1), and both mixed case and matrix case have better

approximation than HMOR almost for every frequency. Most

interesting to compare, of course, mixed and matrix case

algorithms. Although, we get a better error in mixed case,

we get a better upper bound δ in matrix case algorithm.

We can see on bode plot (pic. 2) of original model, mixed

case and matrix case algorithms, that reduced models almost

coincide with each other, but not with original model.

E. Shell Oil Fractionator.

The model is described in [9], but we will use a simplified

version given in [3].

The inputs of the model are: Top Draw, Side Draw, Bot-

toms Reflux Duty, Intermediate Reflux Duty, Upper Reflux

Duty. The Outputs are: Top End Point, Side end Point,

Intermediate Reflux Duty, Bottoms Reflux Duty, Bottoms

Reflux Temperature.

We will consider a transfer function from the inputs

u1, u2, u3, dm, du to outputs z1, z2, z3, z4, z5. In the original

model Intermediate Reflux duty, Upper Reflux Duty are

considered disturbances and Intermediate Reflux Tempera-

ture, Side Draw Temperature are considered just a measured

output. We added them just to make the problem more

interesting.

Now we have a 5 input, 5 output model with delays.

The model is nonlinear, but since all the delays are factors

of sampling time we will get a linear discrete model with



TABLE II

SOME EXPERIMENTAL DATA ON UNIFORM GRID.

Order 20 20 25 25 25

Number of points 16 64 25 50 125

δ for matrix case 0.75 0.88 0.83 0.78 0.84

Actual error (matrix case) 11.13 0.88 5.01 1.022 0.84

δ for mixed case 0.56 1.18 0.45 0.62 0.75

Actual error (mixed case) 3.53 1.19 2.74 0.84 0.74
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Fig. 4. The reduction error of matrix case (solid) and mixed case (dashed)
algorithm with 20-th order approximations.

McMillan degree equal to 72. It worth mentioning that norm

of original system is around 26.1 dB., we will assume that

5% approximation error of norm is allowed, i.e. we want the

error to be not more than 1.

We will compare our algorithms for 20 and 25 order ap-

proximations. The essential problem is choosing the number

of points in the grid (see table II). Too many points create

extra complexity, too less, however, may not provide you

with good approximation. On picture 4 we see maximal

singular value functions of 20-th order approximation error,

approximations are done with 64 points in the frequency grid.

Here clearly matrix case algorithm shows better performance

than mixed case. However, optimal A wasn’t provided by

lowest γ. It is clearly possible in matrix case algorithm, since

there is no error bound on ‖G − BA−1‖∞ < Kγ, for any
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Fig. 5. The reduction error of matrix case (solid) and mixed case (dashed)
algorithm with 25-th order approximations.

constant K.
On picture 5 we see the results of 25-th order approxi-

mations done with 125 points in the frequency grid. In this

case mixed case algorithm has better H∞ approximation.

V. CONCLUSION.

In this paper we have discussed MIMO extensions of [8],

where convex optimization is used to search for low order

models. Unlike the SIMO case, there is no a priori error

bound, but the MIMO extensions are very competitive in

numerical experiments.
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A Dual Gradient Projection Quadratic Programming Algorithm
Tailored for Model Predictive Control

Daniel Axehill and Anders Hansson

Abstract— The objective of this work is to derive a QP
algorithm tailored for MPC. More specific, the primary target
application is MPC for discrete-time hybrid systems. A desired
property of the algorithm is that warm starts should be possible
to perform efficiently. This property is very important for on-
line linear MPC, and it is crucial in branch and bound for
hybrid MPC. In this paper, a dual active set-like QP method
was chosen because of its warm start properties. A drawback
with classical active set methods is that they often require
many iterations in order to find the active set in optimum.
Gradient projection methods are methods known to be able
to identify this active set very fast and such a method was
therefore chosen in this work. The gradient projection method
was applied to the dual QP problem and it was tailored for the
MPC application. Results from numerical experiments indicate
that the performance of the new algorithm is very good, both
for linear MPC as well as for hybrid MPC. It is also noticed that
the number of QP iterations is significantly reduced compared
to classical active set methods.

I. INTRODUCTION

The main motivation for this work is control of discrete-
time hybrid systems in Mixed Logical Dynamical (MLD)
form, [1], using Model Predictive Control (MPC). In the
basic linear setup, the MPC problem can be cast in the form
of a Quadratic Programming (QP) problem. When a hybrid
system is to be controlled, the corresponding optimization
problem is changed from a QP problem into a Mixed Integer
Quadratic Programming (MIQP) problem, and hence, the
term Mixed Integer Predictive Control (MIPC) is sometimes
used. The MIQP problem is solved using branch and bound,
where sometimes a large number of QP problems have to be
solved. In the MIPC application, these QP problems are in
the form of linear MPC problems. The focus in this work is
to solve linear MPC problems efficiently, especially in the
case when several similar problems are solved consecutively.
This property is not only useful for hybrid MPC, but also for
linear MPC where the QP problem is resolved in each time
instant, and in (smooth) nonlinear MPC where solvers based
on Sequential Quadratic Programming (SQP) can be used.
Also in SQP, several similar linear MPC problems have to be
solved before the solution to the original nonlinear problem
is found.

In this work, the problem structure is utilized in two ways
in order to improve performance. First, since the difference
between the optimization problems to be solved often is
small (especially in branch and bound), the solution from
a previously solved problem is reused as a starting point in
a new problem. This procedure is often called a warm start of
the solver. In previous work by the authors, [2], [3], [4], work

D. Axehill and A. Hansson are with the Division of Auto-
matic Control, Linköping University, SE-581 83 Linköping, Sweden,
{daniel,hansson}@isy.liu.se.

from several other researchers, e.g., [5], [6], [7], [8], working
with QP methods has been summarized. Based on their work
and experience, the conclusion was drawn that a dual active
set method is the best choice for the MIPC application, where
numerous similar QP problems have to be solved in order to
solve the original MIQP problem. Early work on dual active
set solvers can be found in, e.g., [9]. A more recent method is
found in [5], which has been refined in, e.g., [10]. Second, in
the dual QP solver to be presented, the Karush-Kuhn-Tucker
(KKT) system is solved using a Riccati recursion. This has
previously been done in primal active set QP solvers, e.g.,
[11], and in interior point solvers, e.g., [12]. The material
presented in this paper is based on an extension of the work
presented in [2] and in [3]. In that work, a dual active set QP
solver tailored for MIPC built on a classical active set method
is presented. In this new paper, the classical active set method
used in [2], [3] has been replaced by a gradient projection
method which has the potential to give better performance,
especially for problems with many active constraints at the
optimum, [13]. Early work on gradient projection methods
can be found in [14] and in [15]. Many articles have been
written about gradient projection. The method is used for
optimal control in, e.g., [13] and [16]. In [17], a method
is presented where basic gradient projection iterations are
combined with conjugated gradient iterations.

The contribution in this paper is a gradient projection algo-
rithm working on the dual MPC problem. Gradient projection
methods have previously been recognized as very appropriate
for optimal control problems with simple constraints, but
not for problems with general constraints. In this paper, it
is shown that the dual MPC problem always get simple
bound constraints, independently of the primal constraints.
Consequently, the gradient projection method is expected
to be efficient when applied to the dual problem. This is
confirmed by numerical experiments in this work.

Because of the limited space in this paper, only the linear
MPC problem is considered in detail. The QP relaxations
used in branch and bound for MIPC will also be of linear
MPC type, but the details are left out. A compact introduction
to the basics of MIQP can be found in [3]. For a complete
treatment, see [4] or Paper D in [18] (available on-line).

A. Notation

In this paper, Sn
++ (Sn

+) denotes the set of symmetric
positive (semi) definite matrices with n rows. Furthermore,
let Z be the set of integers, Z++ be the set of positive (non-
zero) integers, and Zi,j = {i, i+ 1, . . . , j}.



B. Problem Definition
There exist different equivalent optimization problem for-

mulations of the linear MPC problem. For example, it can
be written as a QP problem with only control signals as
free variables, or it can be written as a QP problem where
control signals, states and control errors all are free variables.
The derivations of both formulations for a general linear
MPC problem can be found in [19], or in [18, pp. 65–67].
In this paper, it will be seen that the second alternative is
advantageous from a computational point of view and this
formulation is used in this work. Using this second form, the
MPC optimization problem for a linear time-variant system
can be written as

minimize
x,u,e

1
2

N−1∑
t=0

eT (t)Qe(t)e(t) + uT (t)Qu(t)u(t)+

+
1
2
eT (N)Qe(N)e(N)

subject to x(0) = x0

x(t+ 1) = A(t)x(t) +B(t)u(t), t ∈ Z0,N−1

e(t) = M(t)x(t), t ∈ Z0,N

h(0) +Hu(0)u(0) ≤ 0
h(t) +Hx(t)x(t) +Hu(t)u(t) ≤ 0,
t ∈ Z1,N−1

h(N) +Hx(N)x(N) ≤ 0
(1)

where e =
[
eT (0), . . . , eT (N)

]T
, x =

[
xT (0), . . . , xT (N)

]T
,

u =
[
uT (0), . . . , uT (N − 1)

]T
, and where the matrices

A(t) ∈ Rn×n, B(t) ∈ Rn×m and M(t) ∈ Rp×n define the
system. Furthermore, x(t) denotes the n states of the system,
u(t) denotes the m control inputs, and e(t) denotes the p
controlled outputs. Moreover, Hx(t) ∈ Rc(t)×n, Hu(t) ∈
Rc(t)×m and h(t) ∈ Rc(t) define the inequality constraints,
where c(t) denotes the number of inequality constraints at
time t. Furthermore, the following assumptions are made

Assumption 1: Qe(t) ∈ Sp
++, t = 0, . . . , N

Assumption 2: Qu(t) ∈ Sm
++, t = 0, . . . , N − 1

Note that, when a hybrid MPC problem is solved, the
resulting non-convex MIQP problem can be solved as a
sequence of linear MPC problems in the form in (1), [18].

II. QUADRATIC PROGRAMMING

In this section, the QP problem is introduced and some
basic properties are discussed. Furthermore, the gradient
projection algorithm used in this work is presented. For an
extensive bibliography on QP, see [20]. The MPC problem
in (1) is a QP problem with n̄ variables, p̄ equality constraints
and m̄ inequality constraints in the form

minimize
x1,x2

1
2
[
xT

1 xT
2

] [H̃ 0
0 0

]
︸ ︷︷ ︸

H

[
x1

x2

]
︸︷︷ ︸

x

+
[
f̃T 0

] [x1

x2

]

subject to
[
A1

T
E

A2
T
E

]T

︸ ︷︷ ︸
AE

[
x1

x2

]
= bE ,

[
A1

T
I

A2
T
I

]T

︸ ︷︷ ︸
AI

[
x1

x2

]
≤ bI

(2)

where n̄ = n̄1 + n̄2, x1 ∈ Rn̄1 , x2 ∈ Rn̄2 , H̃ ∈ Sn̄1
++,

f̃ ∈ Rn̄1 , A1 ∈ Rp̄+m̄×n̄1 , A2 ∈ Rp̄+m̄×n̄2 and b ∈ Rp̄+m̄.
Furthermore, E ∈ Zp̄

++ and I ∈ Zm̄
++ denote sets of indices

to rows representing equality constraints and inequality con-
straints respectively in A ∈ Rp̄+m̄×n̄ and b ∈ Rp̄+m̄. The
dual problem to the problem in (2) can be found by forming
the Lagrange dual function and performing maximization
over λ and ν. This is thoroughly described in [2]. By
reformulating the resulting dual maximization problem as
a minimization problem and by removing a constant in the
objective function, the result is a new equivalent QP problem
in the form

minimize
λ,ν

1
2
QD(λ, ν)

subject to A2
T
I λ+A2

T
E ν = 0, λ ≥ 0

(3)

where λ ∈ Rm̄, ν ∈ Rp̄ and

QD(λ, ν) =
[
λ
ν

]T [
A1I
A1E

]
H̃−1

[
A1I
A1E

]T [
λ
ν

]
+

+ 2

(
f̃T H̃−1

[
A1I
A1E

]T

+
[
bI
bE

]T
)[

λ
ν

] (4)

Apart from a known constant and a change of sign, strong
duality holds for the primal problem in (2) and the (with a
slight abuse of notation) dual problem in (3), [4]. The idea
in this work is to solve a primal QP problem in the form
in (2) by solving a dual problem in the form in (3) and then
compute the primal optimal solution from the dual optimal
solution.

A. Gradient Projection for QP
The algorithm presented in this paper is based on a

gradient projection method, which in principle works as an
active set method. However, large changes of the working
set are possible in each iteration. Most properties of active
set methods, like the possibility of efficient warm starts also
hold for this improved method. For an introduction to active
set methods, see, e.g., [21].

In this section, the gradient projection algorithm used in
this work is presented. It is presented for a general problem,
and the efficient computations that utilizes problem structure
will be presented later in the paper.

1) Introduction: A drawback with a classical active set
method is that the working set is changing very slowly. For
each change in the working set, a system of equations for a
Newton step has to be solved. If the initial working set is
very different from the optimal active set, it will take a lot
of effort to reach this set. The idea in a gradient projection
method is to allow a more rapid change of the working
set, which in turn implies that often less Newton systems
have to be solved before the optimal active set is found.
However, when this method is applied to a QP problem
with general inequality constraints, the projection operation
performed in each iteration can become very computationally
expensive. An exception is when the inequality constraints
only consist of upper and lower bounds on variables. An
important example of a problem that has constraints of this
type is the dual QP problem, [21].



Algorithm 1 Gradient projection algorithm for QP, [21]
1: Compute a feasible starting point x0.
2: Define the maximum number of iterations as kmax.
3: k ← 0
4: while k < kmax do
5: if xk satisfies the KKT conditions for (5) then
6: x∗ ← xk

7: STOP
8: end if
9: “Main step 1” (Gradient projection): Starting in xk,

find the Cauchy point xc.
10: “Main step 2” (Improvement): Find an approximate

minimizer x+ to the subproblem in (6), such that
Q(x+) ≤ Q(xc) and such that x+ is feasible with
respect to the constraints in the problem in (5).

11: xk+1 ← xk

12: k ← k + 1
13: end while
14: No solution was found in kmax iterations.

Gradient projection methods are suitable for problems with
many active constraints in the optimum. This property is
important in optimal control applications where often many
control inputs are at their boundaries at the optimum, [13].
The algorithm presented in this work shares some similarities
with the one presented in [17], where the gradient projection
method is combined with a conjugated gradient method. The
differences between the algorithms are that the algorithm
presented in this paper works on the dual QP problem and the
Newton step is computed using a Riccati recursion instead
of conjugated gradient iterations.

The algorithm presented in this work is inspired by the one
in [21]. To simplify the presentation, a generic QP problem
in the form

minimize
x

Q(x) =
1
2
xTHx+ fTx

subject to x ≥ 0
(5)

is considered, where H ∈ Sn̄
+ and f ∈ Rn̄. In the algorithm

presented in this work, analogous ideas are applied to a dual
QP problem in the form in (3).

2) The two main steps of the algorithm: Each iteration
of the algorithm can be considered to consist of two steps;
“Main step 1” and “Main step 2”. The point found in the first
step is called a Cauchy point and it has the property that it
is good enough to guarantee global convergence, [21]. The
purpose of the second step is to improve the convergence
rate. The algorithm applied to a problem in the form in (5)
is outlined in Algorithm 1. In “Main step 1”, the gradient
is computed at the current point. After the gradient has
been computed, a line search optimization along the negative
gradient (i.e., steepest descent) direction is performed. If an
inequality constraint is encountered before a minimizer is
found along the line, the search direction is bent-off such
that the constraint remains satisfied. The idea to project the
search direction onto the feasible set is in this paper used
for different types of search directions and the operation is
here called projected line search. This procedure is illustrated

xk

[xk + αp]
+

Fig. 1: The figure illustrates how the points along the line
starting in the point xk in the direction p are projected back
onto the positive orthant during the projected line search
operation. The resulting path is piecewise linear.

in Figure 1. The search is continued until either a local
optimal solution is found along the resulting piecewise linear
path, the search is stopped by constraints in sufficiently
many directions to make it impossible to continue in any
of the initial directions, or the step size tends to infinity
without any constraints blocking the way. In the latter case,
an eigenvector corresponding to a zero eigenvalue has been
found and the problem is unbounded. In “Main step 2”, a
smaller optimization problem is defined from the original
one, where all constraints that are active after the first step are
kept locked. During this part of the algorithm, subproblems
in the form

minimize
x

Qs(x) =
1
2
xTHx+ fTx

subject to xi = xc
i , i ∈ A(xc)

xi ≥ 0, i /∈ A(xc)

(6)

are solved approximately, where A(xc) denotes the active
set in the last Cauchy point. To obtain global convergence
of Algorithm 1, it is only necessary that the approximate
solution is feasible with respect to the constraints of the
original problem in (5) and that the objective function value
of the approximate solution x+ is not worse than the already
found Cauchy point xc, [21]. A common choice is to run a
conjugated gradient method on the subspace defined by the
locked constraints, [21], [17]. In this work, an alternative
approach has been used. The search direction is taken as
the vector from the current point toward the minimizer of a
problem in the form

minimize
x

Qs(x)

subject to xi = xc
i , i ∈ A(xc)

(7)

which is the Newton step for the problem in (7) since
the problem is quadratic. In this problem, the inequality
constraints in (6) have been disregarded, and it is in this work
solved directly using a Riccati recursion. This is explained
in detail in Section IV-C. The computed step is projected
onto the inequality constraints of the problem in (6). Hence,
this part of the algorithm can be interpreted as a projected
Newton step, which has been previously discussed in, e.g.,
[13]. Note that, it is not in general true that the projection
of the Newton step from (7) onto the feasible set of the
problem in (6) will lead to the true minimizer of (6) in one,
or several, iterations. This potential problem is discussed



in [16], where also a remedy is presented. In this paper,
this problem is avoided in alternative ways. Partly this is
performed by alternating between iterations where the New-
ton step is projected and gradient projection iterations. The
negative gradient direction does not suffer from the problem
and it ensures convergence (under certain assumptions) as
described in [21]. For details, see [18, pp. 155–159].

3) Gradient Projected onto the Nullspace of the Hes-
sian: In this section, the case when the problem in (7) is
unbounded is discussed. When this occurs, there does not
exist any point where the KKT conditions are satisfied. For
simplicity, the equality constraints in (7) are now eliminated
as described in [21, pp. 428–434] and an equivalent problem
in the form

minimize
x

Q̂s(x) = 1
2x

T Ĥx+ f̂Tx (8)

is considered. The KKT system for this reduced problem is

Ĥx+ f̂ = 0 (9)

If f̂ 6∈ range Ĥ there is no solution to the system of equa-
tions in (9). In such a case, an alternative search direction has
to be chosen. One possibility is to choose the steepest descent
direction, but then the convergence rate will be rather slow.
In this work, the search direction is chosen as the projection
of the steepest descent direction onto the nullspace of the
Hessian Ĥ . This choice is motivated in [18, pp. 192–193]
and the resulting direction (with unit length) in the point x0

can be written as

−ĝ(x0) = −P
(
Ĥx0 + f̂

)/∥∥∥P (Ĥx0 + f̂
)∥∥∥ (10)

where P = Z
(
ZTZ

)−1
ZT . The columns in Z form a basis

for the nullspace of Ĥ .

III. THE DUAL MPC PROBLEM

The optimization problem in (1) is in the form in (2).
Hence, the dual optimization problem to (1) is in the form
in (3). Then, without going into details, the dual problem
to (1) can be written as

minimize
x̃,ũ

JD(x̃, ũ) =
1

2
ũ

T
(−1)Q̃ũ(−1)ũ(−1) + q̃

T
ũ (−1)ũ(−1)

+
1

2

N−1X
τ=0

„
x̃

T
(τ)Q̃x̃(τ)x̃(τ) + ũ

T
(τ)Q̃ũ(τ)ũ(τ)

+ 2x̃
T

(τ)Q̃x̃ũ(τ)ũ(τ) + 2q̃
T
ũ (τ)ũ(τ)

«
+ q̃

T
x̃ (N)x̃(N)

subject to x̃(0) = B̃(−1)ũ(−1)

x̃(τ + 1) = Ã(τ)x̃(τ) + B̃(τ)ũ(τ), τ ∈ Z0,N−1ˆ
0 −Ic(N−τ−1)

˜
ũ(τ) ≤ 0, τ ∈ Z−1,N−1

(11)

where x̃ =
[
x̃T (0), . . . , x̃T (N)

]T
,

ũ =
[
ũT (−1), . . . , ũT (N − 1)

]T
and where x̃(τ) ∈ Rñ and

ũ(τ) ∈ Rm̃(τ). For a detailed derivation of the dual problem
in (11), see [2], where also detailed relations to the primal
variables are presented.

By Assumption 1 and Assumption 2, it can be shown,
[18, p. 164], that the following inequality holds[

Q̃x̃(τ) Q̃x̃ũ(τ)
Q̃T

x̃ũ(τ) Q̃ũ(τ)

]
� 0, τ = −1, . . . , N − 1 (12)

Once the optimal solution to the dual problem in (11) is
known, the optimal solution to the primal problem in (1)
can easily be computed.

IV. TAILORED COMPUTATIONS

In this section, tailoring of the most computationally
demanding parts of the algorithm presented in Section II-
A for the specific application MPC is discussed. Because of
the limited space in this paper, some of the algorithms are
only briefly discussed, while others are discussed in detail.
For a complete treatment of all algorithms, including formal
algorithm descriptions, see Paper D in [18].

A. Tailored Projected Line Search

The projected line search operation is performed by first
searching for breakpoints where the search direction is bent
and second performing one-dimensional optimizations along
segments between breakpoints until the first local mini-
mizer is found. See Figure 1. The one-dimensional objective
function on each of those segments is a convex quadratic
function. This makes it easy to find the exact optimizer
for a segment. In this work, the solution of these one-
dimensional optimization problems have been tailored for the
MPC application with a resulting computational complexity
of O(N). This is described in detail in [18, pp. 165–167].

B. Computation of Steepest Descent Direction

The steepest descent direction is the direction of the neg-
ative gradient. The computation of this search direction has
been tailored for the dual MPC problem, and an algorithm
with complexity O(N) has been found. This is described in
detail in [18, pp. 167–168].

C. Newton Step Computation

The Newton step computation is an important part of the
algorithm presented in this paper. In each iteration in “Main
step 2”, the solution to an equality constrained QP in the
form in (7) has to be computed and the result gives the
Newton step. This means that for a subset of the inequality
constrained components in ũ(τ) in the problem in (11), the
inequality constraints are temporarily considered as equality
constraints. For the remaining components in ũ(τ), the
inequality constraints are temporarily disregarded. Denote
the part of ũ(τ) that is subject to an equality constraint v(τ)
(i.e., v(τ) = 0) and the part that is unconstrained w(τ).

1) Efficient Factorization of the KKT System Coefficient
Matrix: After a straightforward elimination of the variable v
(i.e., v = 0), the KKT conditions for the subproblem in (7)
are 24 0 Ã B̃w

ÃT Q̃x̃ Q̃x̃w

B̃T
w Q̃T

x̃w Q̃w

35 "
λ
x̃
w

#
=

"
0
−q̃x̃

−q̃w

#
(13)

where λ =
[
λT (0), . . . , λT (N)

]T
, and where Ã, B̃w, Q̃x̃,

Q̃x̃w, Q̃w, q̃x̃ and q̃w are defined in Appendix A. In order
to solve this system of equations efficiently, the coefficient
matrix is factorized. If there exist matrices P̃ ∈ S(N+1)ñ,



G̃ ∈ S
PN−1

τ=−1 m̃w(τ) and K̃ ∈ R
PN−1

τ=−1 m̃w(τ)×(N+1)ñ such
that

P̃ = Q̃x̃ +
(
I + Ã

)T
P̃
(
I + Ã

)− K̃T G̃K̃

G̃K̃ = −(Q̃T
x̃w + B̃T

w P̃
(
I + Ã

))
G̃ = Q̃w + B̃T

w P̃B̃w

(14)

then the following factorization holds

24 Q̃x̃ ÃT Q̃x̃w

Ã 0 B̃w

Q̃T
x̃w B̃T

w Q̃w

35 =

24`
Ã + B̃wK̃

´T −P̃ −K̃T

0 I 0
0 0 I

35 ·
24 I 0 0

0 I 0

B̃T
w 0 I

35 24−P̃ I 0
I 0 0

0 0 G̃

35 24I 0 B̃w

0 I 0
0 0 I

35 24Ã + B̃wK̃ 0 0

−P̃ I 0

−K̃ 0 I

35 (15)

The existence and uniqueness of such matrices has already
been considered in [22] under the assumption that Q̃w � 0
and it was shown that P̃ � 0 and G̃ � 0. In this work, the
result is generalized to the singular case, i.e., when Q̃w � 0
is singular. Note that, it follows directly from the equation
in (14) that G̃ is uniquely determined by P̃, and that G̃ � 0
if P̃ � 0 since Q̃w � 0. Furthermore, the outer four matrices
in (15) are non-singular. Note especially that Ã + B̃wK̃ is
invertible and lower triangular with diagonal elements equal
to −1 for any choice of Ã, B̃w and K̃, [18, p. 191]. This
implies that the KKT system is non-singular if and only if
the center matrix is non-singular. Notice that, the upper left
block

»
−P̃ I
I 0

–
in this matrix is non-singular. Hence, the KKT

system is non-singular if and only G̃ is non-singular.
It will now be shown that there exist matrices P̃ � 0 and

K̃ such that the equations in (14) hold. These equations can
be expressed in the block matrices of which the involved
matrices consist. The result is

P̃ (N) = 0

G̃(0) = Q̃w(−1) + B̃
T
w(−1)P̃ (0)B̃w(−1)

F̃ (τ + 1) = Q̃x̃(τ) + Ã
T

(τ)P̃ (τ + 1)Ã(τ)

G̃(τ + 1) = Q̃w(τ) + B̃
T
w(τ)P̃ (τ + 1)B̃w(τ)

H̃(τ + 1) = Q̃x̃w(τ) + Ã
T

(τ)P̃ (τ + 1)B̃w(τ)

G̃(τ + 1)K̃(τ + 1) = −H̃
T

(τ + 1)

P̃ (τ) = F̃ (τ + 1)− K̃
T

(τ + 1)G̃(τ + 1)K̃(τ + 1)

(16)

where all equations are to be satisfied for τ = 0, . . . , N −
1 unless otherwise stated. It will now be shown that
there exist matrices P̃ (τ) � 0, and K̃(τ + 1) such that
G̃(τ + 1)K̃(τ + 1) = −H̃T (τ + 1). Furthermore, it will be
shown that P̃ (τ) is unique, also in the case when the
KKT system is singular. It follows directly from (16) that
P̃ (N) � 0. Now, assume that P̃ (τ + 1) � 0 for an arbitrary
τ ∈ {0, . . . , N − 1}. Then, it follows from the equations
in (16) and (12) that F̃ (τ + 1) � 0. Furthermore,»

F̃ (τ + 1) H̃(τ + 1)

H̃T (τ + 1) G̃(τ + 1)

–
=

»
Q̃x̃(τ) Q̃x̃w(τ)

Q̃T
x̃w(τ) Q̃w(τ)

–
+

ˆ
Ã(τ) B̃w(τ)

˜T
P̃ (τ + 1)

ˆ
Ã(τ) B̃w(τ)

˜ � 0

(17)

by the equation in (12), the assumption that P̃ (τ + 1) � 0,
and the fact that the last term in the expression is quadratic.
By the Schur complement formula for positive semidefinite
matrices the following holds

»
F̃ (τ + 1) H̃(τ + 1)

H̃T (τ + 1) G̃(τ + 1)

–
� 0 ⇔

G̃(τ + 1) � 0,
“

I − G̃(τ + 1)G̃
†
(τ + 1)

”
H̃

T
(τ + 1) = 0,

F̃ (τ + 1)− H̃(τ + 1)G̃
†
(τ + 1)H̃

T
(τ + 1) � 0

(18)

where † denotes the pseudoinverse. Furthermore, notice that

P̃ (τ) = F̃ (τ + 1)− H̃(τ + 1)G̃†(τ + 1)H̃T (τ + 1) (19)

which follows from the equations in (16), a basic property
of the pseudoinverse (i.e., G̃ = G̃G̃†G̃) and the symmetry
of G̃(τ +1). By combining (18) and (19), it directly follows
that P̃ (τ) � 0, and by induction it follows that this is
true for all τ = N, . . . , 0. Furthermore, since there exists
a solution K̃(τ + 1) to a system of equations in the form
G̃(τ + 1)K̃(τ + 1) = −H̃T (τ + 1) if(

I − G̃(τ + 1)G̃†(τ + 1)
)
H̃T (τ + 1) = 0 (20)

it is possible to conclude that there exist matrices K̃(τ + 1)
for all τ = N−1, . . . , 0. Note, however, that K̃(τ+1) is not
unique in the case when the KKT system is singular since
G̃(τ) is singular for at least one τ in that case. Finally, it
follows from (19) that P̃ (τ) is independent of the choice of
K̃(τ + 1), and is hence unique.

Summarizing, the factorization exists also in the case
when the KKT system is singular. However, the factorization
is not unique in that case because there is a freedom in
the choice of K̃(τ + 1). Despite this, P̃ (τ) and G̃(τ) are
unique. The factorization can be performed very efficiently
as the well-known Riccati recursion, which is known to have
linear computational complexity in the prediction horizon.
For further details see, e.g., [22].

If the KKT system is singular, this will be found during
the solution process of the equation G̃(τ + 1)K̃(τ + 1) =
−H̃T (τ + 1) in the Riccati recursion. Generally, G̃(τ + 1)
can be factored using, e.g., the QR factorization or the SVD
factorization. Both work also in the singular case and they
can be used to compute the nullspace of G̃(τ + 1), which is
needed in the computation of the nullspace of the entire KKT
system. This will be considered in detail in Section IV-D. An
alternative is to use the Cholesky factorization as in [22] and
monitor if it breaks down.

2) Solving the KKT System Using a Riccati Recursion:
Once the KKT coefficient matrix has been factorized using
the Riccati recursion, the system in (13) can be solved
using backward and forward substitutions, all with linear
computational complexity in the prediction horizon length,
as described in, e.g., [22]. The result is basically the Newton
step, and this computation is only performed if the factoriza-
tion step terminates without any detection of singularity. If
singularity is detected, the search direction presented in the
next section is used. For further details, see [18, p. 172].

D. Inconsistent KKT System

If the KKT system is inconsistent, an alternative search
direction has to be found as discussed in Section II-A.3.
In this section, it is described how such a direction can be
computed efficiently.



1) Nullspace Computation: Consider the factorization of
the KKT system coefficient matrix in (15) and multiply out
the two outer matrices on each side of the center one. The
result is24 Q̃x̃ ÃT Q̃x̃w

Ã 0 B̃w

Q̃T
x̃w B̃T

w Q̃w

35
=

24ÃT −P̃T −K̃T

0 I 0

B̃T
w 0 I

35 24−P̃ I 0
I 0 0

0 0 G̃

35 24 Ã 0 B̃w

−P̃ I 0

−K̃ 0 I

35 , Π
T

ΣΠ

(21)

Note that

ξ ∈ null(ΠTΣΠ)⇔ ΠTΣΠξ = 0⇔ ΣΠξ = 0 (22)

since Π is non-singular. Furthermore,

ΣΠξ = 0⇔ Ση = 0 and ξ = Π−1η (23)

Let the columns of the matrix NΣ be a basis for the nullspace
of Σ, and the columns of NΣΠ a basis for the nullspace of
ΠTΣΠ . It is straightforward to generalize the ideas in (22)
and in (23) in order to compute an entire basis for the
nullspace of ΠTΣΠ using a basis for the nullspace of Σ.
That is, NΣΠ can be computed as

NΣΠ = Π−1NΣ (24)

Note that, Π is non-singular independently of which solution
K̃(τ + 1) that is used. Furthermore, since Π depends on
K̃(τ + 1), Π is non-unique. However, for every choice
of K̃(τ + 1), the columns of NΣΠ form one basis for
the nullspace of ΠTΣΠ since Π is always non-singular.
The computations in (24) can be performed very efficiently
thanks to the structure of NΣ and Π . For further details,
see [18, p. 174].

2) Projection of the Steepest Descent Direction: In this
section, it will be shown how the search direction discussed
in Section II-A.3 can be computed efficiently for this ap-
plication. The desired search direction is the projection of
the negative gradient in the current point onto the nullspace
of the reduced Hessian of the dual subproblem in the form
in (7). By comparing the nullspace equation for the reduced
Hessian (states eliminated) with the nullspace equation for
the KKT system coefficient matrix in (15) it can be shown,
[18, p. 175], that the nullspace of the reduced Hessian can
be computed by computing the nullspace of the KKT sys-
tem coefficient matrix in (15). How this can be efficiently
computed has already been shown in the previous section.

After the nullspace has been computed, the projection of
the gradient onto the nullspace spanned by the columns in
NΣΠ can be found as

ĝ = NΣΠ

(
NT

ΣΠNΣΠ

)−1
NT

ΣΠg (25)

where g is the gradient, and where NT
ΣΠNΣΠ is non-singular

since the columns of NΣΠ are linearly independent because
they are basis vectors. In [18, pp. 192–193], it is shown that
−ĝ is the direction that gives the fastest descent possible in
the nullspace of the Hessian. Due to the structure in NΣΠ ,
the matrix NT

ΣΠNΣΠ is often sparse and the computations
in (25) can therefore often be performed very efficiently. A
truly tailored version of this projection operation is left as
future work.

V. NUMERICAL EXPERIMENTS

In this section, the QP algorithm presented in this paper
is applied to random linear MPC problems. Since the main
objective of this work is control of hybrid systems, also an
MIPC problem is considered. All computational performance
tests have been performed on a computer with two processors
of the type Dual Core AMD Opteron 270 sharing 4 GB
RAM (the code was not written to utilize multiple cores)
running CentOS release 4.6 (Final) Kernel 2.6.9-55.ELsmp
and MATLAB 7.2.0.294. Computational times have been
measured using the MATLAB command cputime.

The random linear MPC problems are in the form in (1)
with n = 10, p = 10, m = 5 and c(t) = 10, t = 0, . . . , N−1
for different values of N in the range 50 to 450. For each
prediction horizon length, 10 stable random systems are
found using the MATLAB function drss. The constraints
are bound constraints on the control signals and are chosen
such that both feasible as well as infeasible problems are
present among the test problems. Out of the 150 problems,
114 are feasible. The reference signal is chosen as a vector
of sinusoids with random phases; one for each output of
the system. Furthermore, the cost matrices in the objective
function have also been chosen randomly, but in a way that
they are symmetric and positive definite.

In the examples, dense and sparse formulations of the
MPC problem have been solved. The sparse formulation is
a formulation in the form in (1). The objective function’s
Hessian and the equality constraints in this problem are
sparse. After eliminating x and e, the result is a new
equivalent QP problem without equality constraints. The
objective function’s Hessian of this problem is dense but
of smaller size since the only free variables are the control
signals u. Warm starts have not been considered in the linear
experiments.

The average computational times measured during this
experiment are shown in the left plot in Figure 2. The
algorithm presented in this paper is implemented in the
function drgpqp. “CPLEX sparse” denotes CPLEX given
a sparse representation of the MPC problem, and the default
settings in CPLEX are used. This means that a primal
Interior Point (IP) solver will be used to solve the problem.
“CPLEX dual sparse” is the sparse formulation solved using
a dual active set solver in CPLEX. “CPLEX dual dense”
is the dense version of the MPC problem solved by a dual
active set solver in CPLEX. As been mentioned previously,
dual active set solvers are preferable in applications where
warm starts are used. Consequently, CPLEX uses its dual
solver as the default solver for the node problems in branch
and bound. Hence, the comparisons between drgpqp and
CPLEX’s dual solvers are the most important ones in this
application where warm starts will be frequently performed.
The primal solver is only shown as a reference. As can
be seen in Figure 2, drgpqp has lower computational
complexity compared to CPLEX’s dual solvers for large
values of N . Note that drgpqp is implemented entirely in
m-code, while CPLEX is running in compiled code. Hence,
the trends are most interesting in this experiment, and the
absolute times are of minor interest. According to the result
in this experiment, the m-coded solver built on the ideas in
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Fig. 2: These plots show the computational times and number
of active set QP iterations for different QP solvers. The
QP algorithm described in this section is drgpqp. The
conclusion drawn is that the computational time as well
as the number of QP iterations grows more slowly for the
algorithm presented in this work compared to other dual
solvers.

this work has lower absolute computational time compared
to the dual solver in CPLEX applied to the sparse problem.
For some reason, the absolute performance is rather bad
for this configuration. Even though the solution returned is
correct, it cannot be excluded that some error occurs, or
some significant overhead is added, e.g., in CPLEXINT
during the call to CPLEX. Another possible explanation
is that CPLEX does not solve this problem formulation
efficiently from scratch, and that the dual solver in CPLEX is
optimized for warm starts rather than solving a problem from
scratch. The computational complexities in this experiment
grow approximately as O(N1.5) for drgpqp, O(N1.2) for
“CPLEX sparse”, O(N1.9) for “CPLEX dual sparse”, and
O(N2.9) for “CPLEX dual dense”. In the right plot in
Figure 2, the average numbers of QP iterations are compared.
Since CPLEX is not open source software, it is hard to make
a fair comparison. The number of iterations presented for
CPLEX is the status variable denoted “simplex iterations”,
which is assumed to be proportional to the number of Newton
steps computed. Note that, the number of reported active
set QP iterations for “CPLEX sparse” is zero, since it is
an IP solver rather than an active set solver. The result
from this experiment indicates that the method used in this
work significantly cuts down the number of QP iterations
needed to reach the optimal solution. It should, however, be
mentioned that each iteration in the algorithm presented in
this work is more expensive than in a classical active set
solver. In future research, an attempt will be made to reduce
the computational time by updating factorizations to a higher
extent than today rather than computing them from scratch.
Furthermore, inexact line searches will be tested instead of
the exact line searches that are used in the current algorithm.

In the second part of the simulations, the algorithm is
applied to an MIPC problem where the attitude of a satellite
is to be controlled. The control signals consist of one real-
valued control signal and two binary-valued control signals.
The discrete-time model has three states. The setup, except
for the QP solver used in branch and bound, is identical to
what has been previously presented in [3], where also further
details about the experiment setup can be found. The average
computational times are presented in the left plot in Figure 3
and the average accumulated (in the branch and bound tree
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Fig. 3: These plots show the computational times and number
of cumulated QP iterations for six different MIQP solvers.
The result is that the algorithm presented in this paper is
the m-code implementation with the best performance for
large values of N . Even though the implementation of the
algorithm in this paper is far behind CPLEX when absolute
computational times are compared, its computational time
grows similar compared to the one of CPLEX, also when
sparsity is utilized by the latter. Furthermore, the right plot
gives an indication of that the algorithm presented in this
work is rather efficient in terms of number of QP iterations.

for each problem) number of QP iterations are presented in
the right plot in Figure 3. Since the branch and bound part of
CPLEX is much more advanced with highly developed pre-
processing and heuristics, etc., than the one in drmigpqp,
drmiqp and miqp, CPLEX has been “detuned” in order
to make the comparison more fair. This is indicated by the
acronym “NPP” (No PreProcessing) in the plots, and the
parameters modified are listed in [18, pp. 191–192].

The MIQP algorithm using the QP solver presented in
this paper is referred to as drmigpqp. Furthermore, miqp
is the freely available solver described in [23] solving a
dense (states and control error eliminated) formulation of
the problem, drmiqp is an implementation of the algorithm
presented in [3], “CPLEX dense NPP” is CPLEX when
given a dense version of the problem and preprocessing has
been turned off, “CPLEX sparse” is CPLEX when given
a sparse version (states kept) of the problem and default
settings are used (i.e., basically all features in CPLEX are
enabled), and finally, “CPLEX sparse NPP” is CPLEX when
given a sparse formulation of the problem and preprocessing
has been turned off. All solvers except miqp are using warm
starts in branch and bound. In this example, for prediction
horizons longer than 20 time steps, the computational com-
plexity for the algorithm presented in this paper grows ap-
proximately as O(N1.5), while for the generic solver miqp,
using the QP solver quadprog, it grows approximately as
O(N3.6). The computational complexity for CPLEX grows
in the default configuration approximately as O(N0.9). After
detuning, CPLEX computational time grows approximately
as O(N1.8) using the sparse formulation and O(N3.6) using
the dense formulation. The implementation of the branch
and bound algorithm used in this work is the one originally
implemented in miqp. Hence, it is exactly the same branch
and bound code used in the results for drmigpqp, drmiqp
and miqp.

The algorithm has also been applied to random problems
similar to those used in the first part of this section, but with
integer variables included in the problem. The performance



in these tests has not been as good as in the satellite example.
The major explanation might be that for more advanced
problems, more nodes have to be explored during branch and
bound and it gets more crucial that the implementation of the
branching is performed efficiently. This will be improved in
the future. Furthermore, even though CPLEX is “detuned”,
it still explores a significant smaller number of nodes than
drmigpqp. This is not a result of the algorithm presented
in this paper, but a result of that the branch and bound part,
and possibly some heuristic, of the code in CPLEX still
cuts away large parts of the tree. The random problems are
thoroughly discussed in [18, pp. 181–183].

Summarizing, the result presented in this paper should be
interpreted like a “proof of concept”. The intention is not to
present the QP solver for MPC and MIPC. To be useful in
practice, there are some features that remain to be added. For
example, for the MIPC application, an efficient preprocessing
algorithm has to be used in and before branch and bound.
Despite that there are improvements that could be made, the
main goal in this work has in large been reached. Especially,
the number of QP iterations has been significantly reduced
compared to a classical active set method.

VI. CONCLUSIONS

The main result in this work is a QP algorithm that
combines several important concepts into an algorithm with
very good computational performance for MPC and MIPC
problems. The algorithm has warm start properties similar
to a classical active set method working in the dual space.
Furthermore, it identifies the active set significantly faster
than a classical active set method. Moreover, all computa-
tions of major complexity, except for a projection operation,
have been tailored for the MPC problem. The projection
operation is not frequently used, but it would be interesting
in the future to fill in this last gap to an all tailored algorithm.
In numerical experiments, the performance is good; for QP
problems the computational complexity grows slower than
the one of CPLEX’s dual solvers as the length of the
prediction horizon grows. Furthermore, the numerical results
indicate that the algorithm solves the problem using fewer
QP iterations than the active set solvers in CPLEX. When
the algorithm is applied to MIPC problems, the performance
is still good on simple problems, but it seems like the branch
process has to be more efficiently implemented to maintain
high performance also in more difficult problems. Examples
of future work are to test inexact line search methods and
to test if more advanced factorization updates are necessary
and how they can be efficiently implemented.

APPENDIX

A. Definitions of Stacked Matrices

Q̃x̃ = diag
“

Q̃x̃(0), . . . , Q̃x̃(N − 1)
”

,

Q̃w = diag
“

Q̃w(−1), . . . , Q̃w(N − 1)
”

,

Q̃x̃w̃ = diag
“

Q̃x̃w(0), . . . , Q̃x̃w(N − 1)
”

,

q̃x̃ =
h
0, . . . , q̃

T
x̃ (N)

iT
, q̃w =

h
q̃

T
w(−1), . . . , q̃

T
w(N − 1)

iT
,

B̃w = diag
“

B̃(−1), . . . , B̃(N − 1)
”

,

G̃ = diag
“

G̃(0), . . . , G̃(N)
”

, P̃ = diag
“

P̃ (0), . . . , P̃ (N)
”

(26)

Ã =

266666664

−I 0 ... 0 0
Ã(0) −I ... 0 0

0 Ã(1)
. . . 0 0

...
...

. . .
. . .

...
0 0 ... Ã(N−1) −I

377777775
, K̃ =

266666664

0 0 ... 0 0
K̃(1) 0 ... 0 0

0 K̃(2)
. . . 0 0

...
...

. . .
. . .

...
0 0 ... K̃(N) 0

377777775
(27)
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Performance and robustness for ILC applied to flexible systems

Johanna Wallén, Mikael Norrlöf and Svante Gunnarsson

Abstract— When an ILC algorithm is applied to an industrial
robot, the goal is to move the tool along a desired trajectory,
while only the motor position can be measured. In this paper
aspects of robustness and performance are discussed when an
ILC algorithm is applied to a flexible two-mass system. It is
shown that the stabilising controller of the two-mass system also
directly affects the robustness properties of the ILC algorithm.
A classical non-causal P-ILC algorithm and a model-based ILC
design using optimisation are applied to the system, based on
the error for the first mass. Performance and robustness of the
algorithms are compared when model errors are introduced
in the system, showing that the optimisation-based approach
can handle larger model uncertainties. It is illustrated that the
performance of the overall system, when considering position of
the second mass, is the practical limit compared to the limiting
factor of the robustness of the ILC algorithms.

I. INTRODUCTION

Traditionally Iterative Learning Control (ILC) has been
applied to systems where the controlled output also is the
measured variable. In industrial robots this is typically not
the case, since the goal is that the tool follows a desired
trajectory while the motor positions can be measured. In this
paper the robot problem is studied using an idealised model,
a flexible two-mass system, where it is assumed that only the
position of the first mass, referred to as the motor position,
is measurable. The position of the second mass, referred to
as the arm position, is only used as an evaluation variable
that should follow the desired arm trajectory.

The ILC method was introduced in [2], [6] and [7], and
robotic applications have been an important field of applica-
tion for ILC ever since, see for example [14] and [22]. The
reason for this is that in many robotic applications the robot
performs the same trajectory repeatedly, starting from the
same initial conditions. In [17] a detailed overview over the
ILC research area is given together with a categorisation of
much of the publications from 1984 until 1998. Publications
between 1998 and 2004 are covered in [1], while a résumé
of recent publications can be found in [3].

This paper discusses robustness and performance aspects
when an ILC algorithm is applied to a flexible system, such
as the system shown in Fig. 1. In [15] and [12] ILC is applied
to flexible systems but it is assumed that the position of
the arm is measurable, while here it is assumed that only
the position of the motor is available. It is assumed that
the system is stabilised by a feedback controller and it is
shown how this controller will directly affect the robustness

This work was supported by the Swedish Research Council (VR).
J. Wallén, S. Gunnarsson, and M. Norrlöf are with Division of

Automatic Control, Department of Electrical Engineering, Linköping
University, SE-58183 Linköping, Sweden, {johanna, mino,
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properties of the ILC algorithm. The next contribution is to
compare a classical non-causal P-ILC algorithm to a model-
based ILC algorithm designed by optimisation [10], when
the ILC update equation only uses the motor position. The
performance of the two design methods is compared and the
robustness is evaluated when model errors are introduced
in the system. The model errors; parameter variations in
arm inertia and spring constant, are motivated by real model
uncertainties found in industrial robot applications. Finally
it is discussed how the robustness of the ILC algorithm can
be related to the performance of the overall system when the
arm position in the two-mass system is considered.

II. PROBLEM DESCRIPTION
A modern industrial robot cannot be described by tra-

ditional rigid body models that are used in classical robot
control. The trend is towards more flexible robots and it is
also a fact that the flexibilities cannot be assumed to be only
in the joints, see [20] and [16]. A good model of an industrial
robot therefore includes joint as well as arm flexibilities and
requires up to 50 spring-mass elements [4].

τ(t), qm(t)

qa(t)

Jm

Ja

k, d
rg

fm

Fig. 1. A flexible two-mass model of the dynamics in a single robot
joint, characterised by spring k, damper d, viscous friction fm, gear
ratio rg, moments of inertia Jm, Ja, torque τ(t), motor angle qm(t) and
arm angle qa(t).

The two-mass model in Fig. 1 is simple compared to an
accurate model of an industrial robot, but it still captures
some of the principle behaviours that can be confirmed
from experiments performed with a robot, see for exam-
ple [21], [25] and [24]. The system can be described by

Jmq̈m(t) =− fmq̇m(t)− rgk
(
rgqm(t)−qa(t)

)
−rgd

(
rgq̇m(t)− q̇a(t)

)
+ kτ u(t),

Jaq̈a(t) = k
(
rgqm(t)−qa(t)

)
+d
(
rgq̇m(t)− q̇a(t)

)
,

(1)

where the parameter values used are presented in Table I.
Introducing x(t) =

(
qa(t) q̇a(t) qm(t) q̇m(t)

)T gives a
linear state-space model of the system. The transfer functions
Gm and Ga, describing the behaviour on the motor side and
from motor to arm side, respectively, are derived directly
from the well-known relation G(s) = C(sI−A)−1B.



TABLE I
PARAMETER VALUES USED IN THE FLEXIBLE TWO-MASS MODEL.

Ts rg Jm Ja k d fm kτ

0.01 0.2 0.0021 0.0991 5 0.0924 0.0713 0.122

The ILC algorithm is applied to the system and the
structure is illustrated in Fig. 2. Since the desired servo
performance is planned to be achieved by the ILC algorithm,
a simple control structure can be used, for example a
controller of PD type, PID type, or an LQG controller. Here,
a PD controller is used including a lag part using a low-pass
filter, giving the following transfer function

F(s) = Kp +
Kds

1+Tf s
=

Kp +(Kd +KpTf )s
1+Tf s

. (2)

The controller parameters are chosen to the following values

Kp = 6, Kd = 0.274, Tf = 0.075, (3)

and the desired tracking of the reference signal on the motor
side and arm side is achieved, as is further described in [24].

The motor-angle reference rm(t) is derived from the arm-
angle reference ra(t) by using a pre-filter as in

rm(t) = Fr(q)ra(t). (4)

To get an ideal correspondence between the arm and motor
reference in the nominal case, the filter Fr is chosen as

Fr(q) =
1
q

1
Ga(q)

, (5)

where Ga(q) is a sampled version of Ga(s) and the factor 1/q
is introduced to make Fr proper. In the robustness analysis
model errors are introduced in the system. The prefilter is
however always based upon the nominal model Ga(q) and the
effect on the performance in terms of tracking the reference
trajectory on the arm side is further discussed in Section V.

ra(t)
rm(t)

∑

uk(t)

e(t)
FFr

u(t)
Gm

qm(t)
Ga qa(t)

−1

Fig. 2. The controlled system illustrated by Gm and Ga; transfer function
from motor torque to motor angle qm(t) and motor angle to arm angle qa(t),
respectively. F represents the feedback controller. The ILC input signal uk(t)
is added to the reference rm(t). The reference ra(t) is filtered by Fr .

III. ILC ALGORITHMS

Two algorithms are presented in this section. The first is a
standard non-causal P-type ILC algorithm, the design is here
referred to as heuristic [18]. The second is an optimisation-
based design and the algorithm uses explicitly a model of
the system.

A. General system description

The general system description when an ILC algorithm
is applied to a linear discrete-time SISO system can be
formulated as

yk(t) = Tr(q)r(t)+Tu(q)uk(t), (6)

where the ILC input signal and the output from the system
are uk(t) and yk(t), respectively, k denotes iteration number
and r(t) is the reference input. The signals are defined on a
finite time interval t = 0, . . . ,N with N number of samples.
Finally, Tr(q) and Tu(q) are stable discrete-time filters. Sys-
tem and measurement disturbances are not included here, but
can easily be treated in this framework.

The update equation for a general first-order ILC algorithm
with iteration-independent operators is given by

uk+1(t) = Q(q)
(
uk(t)+L(q)ek(t)

)
, (7)

where q is the time-shift operator and the linear filters Q(q)
and L(q) are possibly non-causal. The choice of filters are
discussed below for two different design approaches. The
error

ek(t) = rm(t)− yk(t), (8)

is the difference between motor-angle reference and mea-
sured motor angle at iteration k. The update equation (7) im-
plies the standard frequency-domain convergence criterion,
see for example [19],

|1−L(eiω)Tu(eiω)|< |Q−1(eiω)|, ∀ω, (9)

where Tu denotes the transfer function from the applied ILC
input uk(t) to the measured output yk(t). The criterion shows
that the filter Q can be used to improve the robustness of the
ILC algorithm.

The system can be described in matrix form, also called
lifted system description. Let

yyyk =
(
yk(0) . . . yk(N−1)

)T
, (10)

and define rrr and uuuk similarly. In the matrix formulation the
system (6) can be formulated as

yyyk = TTT rrrr +TTT uuuuk. (11)

This system description is more general than the LTI-system
representation presented above because TTT r and TTT u can be
linear time-variant (LTV). When TTT u represents a causal
linear time-invariant system, the matrix TTT u is formed by the
impulse response coefficients of the transfer function Tu(q)
and is described by the Toeplitz matrix

TTT u =


gTr(0) 0 . . . 0

gTr(1) gTr(0)
...

...
. . . 0

gTr(N−1) gTr(N−2) . . . gTr(0)

 . (12)

TTT r is defined analogously, see [10].
Using the matrix description, the update equation for the

ILC algorithm (7) can be written

uuuk+1 = QQQ(uuuk +LLLeeek). (13)



From an implementation point of view the drawback of the
matrix formulation is that the size of the matrices involved
increase with the number of samples N in the reference
trajectory. In practice it is however often possible to use an
equivalent filter formulation, as will be shown in the next
sections.

B. Heuristic ILC design

The heuristic ILC design, described in Algorithm 1, uses
a model of the system to ensure stability and monotone
convergence from the criterion (9). The knowledge can also
be reduced to only a known time delay and size of the first
Markov parameter of the system, but then the criterion (9)
cannot be guaranteed to be satisfied. The filter Q is applied
to get a robust algorithm.

Algorithm 1 Heuristic design
1. Choose the Q filter as a low-pass filter with cutoff fre-

quency such that the bandwidth of the learning algorithm
is sufficient.

2. Let L = γqδ . Choose γ and δ such that the sta-
bility criterion formulated in the frequency domain,
|1−L(eiω)Tu(eiω)|< |Q−1(eiω)|, is satisfied. Normally it
is sufficient to choose δ as the time delay of the system
and 0< γ ≤ 1 to get a stable ILC system.

Normally a learning gain γ close to 1 is preferred for fast
convergence, but γ can be chosen in the range 0 < γ ≤ 1.
Notice however that it is the static gain of Tu that decides
the range for γ; here a static gain of 1 is assumed.

A high cutoff frequency of the robustifying low-pass filter
Q means a filter near the ideal filter Q = 1, and thereby also
a that the error is closer to zero after convergence, as can be
seen in, for instance, [9].

C. Optimisation-based ILC design

The optimisation-based ILC design is based on [10], and
similar work are presented in [8] and [13]. The matrix
formulation (11) is used and the learning filters or matrices
are derived by minimising the quadratic criterion

Jk+1 = eeeT
k+1WWW eeeek+1 +uuuT

k+1WWW uuuuk+1, (14)

subject to the constraint

(uuuk+1−uuuk)T (uuuk+1−uuuk)≤ δ . (15)

The weighting matrices WWW e and WWW u determine the trade-
off between performance and input energy. The optimisation
is solved by introducing the Lagrange multiplier λ , which
yields

J̄k+1 = eeeT
k+1WWW eeeek+1 +uuuT

k+1WWW uuuuk+1

+λ
(
(uuuk+1−uuuk)T (uuuk+1−uuuk)−δ

)
.

(16)

Using the relation (11) implies that

eeek+1 = (I−TTT r)rrr−TTT uuuuk+1. (17)

Differentiating (16) and using (17) gives an optimum where
the derivative is equal to zero. Rewriting the expression gives

uuuk+1 = (WWW u +λ III +TTT T
u WWW eTTT u)−1(

λuuuk +TTT T
u WWW e(III−TTT r)rrr

)
.

(18)

The relation (III−TTT r)rrr = eeek +TTT uuuuk then gives

uuuk+1 = (WWW u +λ III +TTT T
u WWW eTTT u)−1(

(λ III +TTT T
u WWW eTTT u)uuuk +TTT T

u WWW eeeek
)
.

(19)

Comparison to the structure given in (13), and noting that a
model T̂TT u of the system has to be used in the final algorithm,
it gives

QQQ = (WWW u +λ III + T̂TT
T
u WWW eT̂TT u)−1(λ III + T̂TT

T
u WWW eT̂TT u),

LLL = (λ III + T̂TT
T
u WWW eT̂TT u)−1T̂TT

T
u WWW e.

(20)

The design procedure is summarised in Algorithm 2. In [10]
a more thorough discussion of the optimisation-based design
is given and more results are presented. The two algo-
rithms presented here are also compared in the experimental
study [18].

Algorithm 2 Model-based time-domain design using opti-
misation
1. Build a model of the relation between the ILC input and

the resulting correction on the output, that is, find a model
T̂TT u of TTT u.

2. Choose the weighting matrices WWW e and WWW u and calculate
the matrices QQQ and LLL in (20).

3. Evaluate the design in an experiment or a simulation and
change the weights if the result is not according to the
specified performance and/or robustness.

Here the weights are chosen as WWW e = III and WWW u = ρIII, as
in [10]. This gives the matrices QQQ and LLL as

QQQ = (ρIII +λ III + T̂TT
T
u T̂TT u)−1(λ III + T̂TT

T
u T̂TT u),

LLL = (λ III + T̂TT
T
u T̂TT u)−1T̂TT

T
u ,

(21)

which in the frequency domain corresponds to the filtering
operation

Uk+1(q) = Q(q)
(
Uk(q)+L(q)Ek(q)

)
,

Q(q) =
λ + T̂u(q)T̂u(q−1)

ρ +λ + T̂u(q)T̂u(q−1)
,

L(q) =
T̂u(q−1)

λ + T̂u(q)T̂u(q−1)
,

(22)

when T̂TT u is an LTI-system. From this expression [18],
using the convergence criterion (9), it can be seen that the
algorithm satisfies the convergence criterion for all choices
of ρ > 0. Larger values of λ will give a slower convergence
rate, while larger ρ gives a larger asymptotic error, as is
shown in for example [10].



IV. ROBUSTNESS ANALYSIS
Assume that the two ILC design methods presented in

Section III form the filters Q and L from the nominal system
model T̂u. The ILC algorithms are actually applied to a
system with model error,

Tu(q) =
(
1+∆(q)

)
T̂u(q), (23)

where ∆ is assumed to be a norm-bounded non-parametric
uncertainty. The nominal case corresponds to no model error
(∆ = 0). The robustness can be derived as the maximum
|∆| < R(ω) over the frequencies ω for the chosen L and Q
while stability is still achieved. Robust performance is also of
practical interest – how large model variations we can have
and still get the desired performance. Finally, a performance
evaluation of the error on the arm side is considered.

A. Unstructured model error

The model error model from (23) corresponds to the case
where ILC is applied to a system Tu where no structural
knowledge of the components in Tu are known. A model
of Tu can, for example, be found using system identifica-
tion. In [26] different types of model errors are discussed
and [5], [23] show examples applied to ILC.

Introducing the model (23), the frequency-domain conver-
gence criterion (9) results in

|1−L(eiω)
(
1+∆(eiω)

)
Tu(eiω)|< |Q−1(eiω)|, ∀ω. (24)

In this paper Tu is assumed to be a SISO system and therefore
the transfer operators commute. Introducing the notation

∆(eiω) = R(ω)eiϕ(ω) (25)

gives the frequency-domain convergence criterion (24) as

|1− (1+R(ω)eiϕ(ω))L(eiω)Tu(eiω)|< |Q−1(eiω)|, ∀ω.
(26)

The robustness margin can be derived from the optimisation
problem for every frequency ω , formulated as

∆rb(ω) = min
R,ϕ

R(ω)

s.t. |1− (1+R(ω)eiϕ(ω))L(eiω)Tu(eiω)|= |Q−1(eiω)|.
(27)

This can be interpreted as the smallest R for which the
convergence criterion (24) is fulfilled for all ϕ . From (27) it
is clear the robustness margin ∆rb is conservative.

B. Structured model error

When structural knowledge of Tu is available, such as the
controller F and the system Gm in Fig. 2, the model error
can be expressed explicitly in terms of model errors for the
system Gm. The controlled system is then G̃m = (1+∆G)Gm.
The relation between ∆ and ∆G is given from(

1+∆(q)
)
Tu(q) =

(
1+∆G(q)

)
Gm(q)F(q)

1+
(
1+∆G(q)

)
Gm(q)F(q)

, (28)

which implies that

∆(q) =
∆G(q)

1+
(
1+∆G(q)

)
Gm(q)F(q)

. (29)

A robustness margin expressed in terms of uncertainty in Gm
can be derived by solving the following optimisation problem
for each frequency ω , using ∆G(eiω) = R(ω)eiϕ(ω),

∆G,rb(ω) = min
R,ϕ

R(ω)

s.t.
∣∣∣ R(ω)eiϕ(ω)

1+
(
1+R(ω)eiϕ(ω)

)
Gm(eiω)F(eiω)

∣∣∣= ∆rb.
(30)

The robustness margin is also in this case conservative,
since it results in the amplitude of the model error ∆G,rb
of the system Gm that satisfies both the equality (29) and
the convergence criterion (24) for all ϕ . Without actual
knowledge of the phase ϕ of the uncertainty, this is the best
margin that can be achieved.

From (29) it can be seen that, in terms of the model
error ∆, the controller F plays an important role. As small
gain as possible for the relation is desired, to achieve a small
∆. With the sensitivity function for the true system G̃m,

S0(q) =
1

1+ G̃m(q)F(q)
, (31)

the relation (29) can be rewritten to

∆(q) = S0(q)∆G(q). (32)

The design of the controller F and the ILC algorithm
thereby interact and tuning of the controller also influences
the magnitude of the model errors. On example where the
design of the feedback loop and the ILC algorithm is made
in one step using a robust optimal design procedure, is [23].

C. Asymptotic error on the arm side

In this paper it is assumed that the controlled variable,
represented by the position of the second mass in Fig. 1,
cannot be measured. The performance evaluation of the
resulting ILC algorithms has to include the asymptotic error
on the arm side. Starting from the system (6), assuming that
it is stable and that it is controlled by the ILC updating
equation (7), the asymptotic ILC control signal converges to

lim
k→∞

uk(t) =
Q(q)L(q)(1−Tr(q))r(t)
1−Q(q)

(
1−Tu(q)L(q)

) , (33)

and the asymptotic output on the motor side can be computed
from (6). The ILC algorithm is also assumed to satisfy the
convergence criterion (9). The asymptotic output on the arm
side is then achieved using qa(t) = Ga(q)qm(t).

To evaluate the robustness of the complete system, model
errors can now be introduced in the two-mass system.
Stability is achieved by the same criterion as the feedback
loop and the criterion for the ILC algorithm. Important is
instead to analyse robust performance to, for instance, decide
a maximum position error in the tracking of the mass on the
arm side, and check how large variations it is possible to have
in the model parameters and still meet the requirements in
the tracking accuracy. The result should be compared to the
robustness of the ILC algorithm.



V. SIMULATION RESULTS

A. Nominal performance

The two ILC design schemes presented in Section III are
now used to design four ILC algorithms – a slow and fast
nominal tuning approach for each ILC algorithm design.
The idea is to compare the robustness for the slow and fast
algorithms and also compare the two design methodologies,
where the optimisation-based algorithm relies heavily on the
model while the heuristic algorithm uses very few model
knowledge. The Q filter in the heuristic design uses a low-
pass second-order Butterworth filter, applied as a fourth-
order zero-phase filter. The parameters used in the tuning
of the heuristic design are

1) Slow convergence: γ = 0.25, δ = 5 and ωn = 10 Hz.
2) Fast convergence: γ = 0.9, δ = 5 and ωn = 17 Hz.

The parameters used for the optimisation-based ILC algo-
rithm tuning are

1) Slow convergence: λ = 1.4 and ρ = 0.0199.
2) Fast convergence: λ = 0.17 and ρ = 0.00376.
The parameters of the heuristic ILC algorithm and the

optimisation-based ILC algorithm are chosen so that the
convergence rate and final error, measured in ∞-norm on the
motor side, are as similar as possible for the two algorithms,
as can be seen in Fig. 3. The system is driven by a reference
which is a filtered step function, continuous until the third
derivative with respect to time.
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Fig. 3. The error ||ek||∞ on the motor side for the slow and fast tuning
when using a heuristic and optimisation-based ILC design.

The convergence criterion (9) is illustrated in Fig. 4.
For a fast convergence, |1− LTu| should be small and the
optimisation-based approach satisfies this requirement better
than the heuristic design, and hence the optimisation-based
design is better from a performance perspective. From a ro-
bustness perspective, the heuristic design has an extra degree
of freedom since the robustifying Q filter can be chosen
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Fig. 4. Convergence criterion of the two design approaches – heuristic
(upper) and optimisation-based (lower) design – shown for the two cases
of slow and fast tuning.

independently of the L filter. In practice it is easy to extend
the optimisation-based approach to include a separate Q filter
design and hence achieve the same robustness properties as
the heuristic design, but this is not included here.

B. Robustness with respect to parameter variations

The parameter variations in moment of inertia on the arm
side, Ja, and spring constant, k, corresponds to the cases
where the mass on the arm side (including the load) is
incorrect and the stiffness of the gearbox is uncertain. In
Fig. 5 model variations computed from (29) are shown when
Ja and k are changed ±50% from their nominal values. The
solution of the optimisation problem in (27) is also illustrated
in Fig. 5. It can be concluded that the optimisation-based
design is much more robust within the bandwidth of the
ILC algorithm. The robustness margin ∆rb is a conservative
bound and the parameter variations can be higher if only
the convergence criterion (24) is considered. As an example,
the stiffness k can be increased by nearly a factor 2 without
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Fig. 5. Model errors, |∆|, computed from (29) when Ja (upper) and
k (middle) are changed ±50% compared to the robust margin, ∆rb,
from (27) (lower).

violating the convergence criterion (24) while the robustness
gain ∆rb gives an upper bound of approximately 15%.

C. Performance on the arm side

The performance evaluation of the error on the arm side
is computed from the reference signal on the arm side minus
the asymptotic output on the arm side. The error has to satisfy

|ea(t)|= |ra(t)−qa(t)| ≤ 0.02. (34)

In Table II the maximum model errors for the parameters
Ja and k that satisfy the error bound in (34) are given.
These values should be compared to what is achieved in the
robustness analysis in Fig. 5. The robust performance of the
complete system is clearly limited by the specification of the
behaviour on the arm side. In practice it is therefore not the
robustness of the ILC algorithm that limits the actual model
errors that can be introduced. Instead it is the fact that only
motor position is available and the design completely relies
on a feed-forward filter based on the inverse of the nominal
system model. A first step to improve the result could be to
use the model of the system and to estimate the arm position
from motor torque and position measurements. The estimate
could then be used by the ILC algorithm as proposed in [11].
To include arm side measurements in the ILC algorithm is
of course a natural next step, but in the industrial application
this is not straightforward, mainly from a safety and a cost
perspective.

TABLE II
MAXIMUM MODEL ERRORS FOR THE PARAMETERS Ja AND k, GIVING AN

ARM-SIDE BEHAVIOUR SATISFYING |ea(t)|= |ra(t)−qa(t)| ≤ 0.02.

Algorithm Deviation in Ja Deviation in k

Slow heuristic +3.5% +1.3%
−1.15% −3.42%

Fast heuristic +3.5% +1.08%
−0.97% −3.42%

Slow optimisation-based +3.17% +3.72%
−5.09% −3.09%

Fast optimisation-based +3.46% +1.56%
−1.41% −3.35%

VI. CONCLUSIONS

Iterative learning control is applied to a flexible system,
modelled as a two-mass system, and a number of obser-
vations can be made from the results. First, the robustness
of the ILC design is highly dependent on the feedback
design if ILC is applied to a system in closed loop, and
the model errors can be significantly higher compared to the
case when ILC is directly applied to a system. Two ILC
designs have been compared in a simulation study and one
important result is that, independently of the choice of ILC
design method, the resulting ILC algorithm is surprisingly
robust when the system is subject to parameter variations.
It is clear that the bandwidth of the ILC algorithm has an
impact of the robustness, a slow algorithm is more robust
than a fast algorithm, and the optimisation-based algorithm
is better than the heuristic approach, but the overall result
is that the ILC algorithms are very robust. A conservative
robustness margin is derived and the robustness with respect
to parameter variations is evaluated using this margin. The
result is also compared to what is achieved by directly using
the standard convergence criterion, which shows that even
larger variations of the parameters can be introduced. The
final conclusion is that the complete system is much more
sensitive to model errors because of the fact that the con-
trolled variable, the position of the second mass in the two-
mass system, cannot be measured. The reference trajectory
to the ILC algorithm is generated by a feed-forward filter
from the reference trajectory of the second mass, based upon
the nominal system model. From a practical point of view
it is not the robustness of the ILC algorithms that limits the
performance of the complete system, but that the controlled
variable cannot be measured. Including direct or indirect
measurements from the second mass is therefore a natural
next step.

REFERENCES

[1] H.-S. Ahn, Y. Chen, and K. L. Moore. Iterative learning control: Brief
survey and categorization. IEEE Trans. Systems, Man, Cybernetics –
Part C: Appl. Reviews, 37(6):1099–1121, November 2007.

[2] S. Arimoto, S. Kawamura, and F. Miyazaki. Bettering operation of
robots by learning. Journal Robot. Syst., 1(2):123–140, 1984.

[3] D. A. Bristow, M. Tharayil, and A. G. Alleyne. A survey of iterative
learning control. IEEE Control Syst. Mag., pages 96–114, 2006.
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[18] M. Norrlöf and S. Gunnarsson. Experimental comparison of some
classical iterative learning control algorithms. IEEE Trans. Robot.
Autom., 18:636–641, 2002.
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Abstract— High-dimensional regression problems are becom-
ing more and more common with emerging technologies. How-
ever, in many cases data are constrained to a low dimensional
manifold. The information about the output is hence contained
in a much lower dimensional space, which can be expressed by
an intrinsic description. By first finding the intrinsic description,
a low dimensional mapping can be found to give us a two step
mapping from regressors to output. In this paper a methodology
aimed at manifold-valued identification problems is proposed. A
supervised and a semi-supervised method are presented, where
the later makes use of given regression data lacking associated
output values for learning the manifold. As it turns out, the
presented methods also carry some interesting properties also
when no dimensional reduction is performed.

I. INTRODUCTION

With new applications emerging, for instance within
medicine and systems biology, system identification and
regression using high-dimensional data has become an in-
teresting field. A central topic in this context is dimension
reduction.

Sometimes, the system itself is such that the data are
implicitly constrained to a lower-dimensional manifold, em-
bedded in the higher dimension. In such cases, a straight-
forward use of the given measurements as regressors in
an identification algorithm may give an unnecessarily high-
dimensional problem to solve. By instead using a low-
dimensional, intrinsic description of the data on the manifold
as regressors, the identification problem could be simplified
considerably. Transforming to a low-dimensional identifi-
cation problem mitigates the curse of dimensionality and
hence makes sparse regressors into a new less sparse set
of regressors in a low-dimensional context (see [7] for a
discussion about this for classification). Finding the intrinsic
description is a manifold learning problem [19], [15], [17].

The resulting method is a two-step approach, where in
the first step an intrinsic description of the low-dimensional
manifold is found. Using the new regressors, we apply a
regression in a second step in order to find a function
mapping the new regressors to the output (see Figure 1).

This strategy for regression with manifold-valued data was
previously discussed in [13]. However, since an unsupervised
manifold learning approach was used to find the intrinsic
description, no guarantee could be given that the new low-
dimensional regressors would give an easy identification
problem. For instance, a high-dimensional linear problem
could be transformed into a low-dimensional nonlinear prob-
lem.

To overcome this problem, the manifold learning step can
be modified to take into account the fact that the intrinsic
description in the next step will be used as regressors in
an identification problem. In this paper we have chosen
to extend a nonlinear manifold learning technique, Locally
Linear Embedding (LLE) [14]. LLE finds a coordinatization
of the manifold by solving two optimization problems. By
extending one of the objective functions with a term that
penalizes any deviation from a given functional relation
between the intrinsic coordinates and the output data, we
can stretch and compress the intrinsic description space in
order to give an as easy as possible mapping between the new
regressors, the intrinsic description, and the output. Also, as
the regressors, in themselves, contain information about the
manifold they are constrained to, all regressors at hand can
be used to find the intrinsic description. To that end, both a
supervised and a semi-supervised extension of LLE will be
proposed.

As it turns out, the idea of stretching and compressing
the regressor space can be useful, not only for dimension
reduction purposes, but also for nonlinear system identifica-
tion problems where no dimensional reduction is performed.
In this way, we can move the nonlinearities from the identi-
fication problem to the problem of remapping the regressor
space, and thus simplifying the identification step.

Manifold learning algorithms have previously been used
for classification. See for example [2], [8], [21], which
propose Supervised Local Linear Embedding (SLLE). For
regression, linear projection methods have been used to find
low-dimensional descriptions of data [12]. Other approaches,
including dimension reduction, can be found in [10], [11],
[3]. However, not so much has been done concerning
manifold-valued data and regression.

Fig. 1. Overview of the identification steps for a system having
manifold-valued regressor data. X is the regressor space with regressor
data constrained to some low-dimensional manifold. Z is a space, with
the same dimension as the manifold, containing the intrinsic description
of the manifold-valued regressor data. Y is the output space. Common
identification schemes try to find the function f : X→Y by using the original
regressors. However, the same information about the outputs is contained
in the low-dimensional regressor space Z. With a wise intrinsic description,
the low-dimensional function f2 will be considerably easier to find than f .



The paper is organized as follows: The problem is moti-
vated and stated in Sections II and III, respectively. LLE
is presented in Section IV and extended in Sections V
and VI. The extensions are exemplified and compared to
various regression methods in Section VII. We finish with a
conclusion in Section VIII.

II. MANIFOLD-VALUED DATA

Manifold-valued data often appear in areas such as
medicine and biology, signal processing and image pro-
cessing etc. Data are typically high-dimensional with static
constraints giving relations between certain dimensions.

A specific example could be high-dimensional data com-
ing from a functional Magnetic Resonance Imaging (fMRI)
scan [16], [18], [6]. For instance, suppose that the brain
activity in the visual cortex is measured using an fMRI
scanner, while the person in the scanner is looking at a
specific pattern. The activity is given as a 80× 80× 22
array, each element giving a measure of the activity in a
small volume (voxel) of the brain. Furthermore, suppose that
we would like to estimate in what direction the person is
looking. Since this direction can be described using only
two parameters, the measurements should (assuming that we
can preprocess the data and get rid of most of the noise)
be constrained to some manifold. For further discussions on
fMRI data and manifolds, see [16], [18], [6].

Another example of manifold valued data is images of
faces [20]. An image can be seen as a high-dimensional
point (every pixel becomes a dimension) and because every
face has a nose, two eyes etc. the faces, or points, will be
constrained to some manifold.

There is also a connection to Differential Algebraic Equa-
tions, DAEs [9]. In DAEs, systems are described by a combi-
nation of differential equations and algebraic constraints. Due
to the latter constraints, the variables of a system governed
by a DAE will naturally be forced to a manifold.

III. PROBLEM FORMULATION

Let us assume that we are given a set of estimation data
(yest,t , xest,t)

Nest
t=1 generated from

yt = f0(xt)+ et ,

where f0 is a smooth unknown function, f0 : Rnx → Rny ,
and et is i.i.d. white noise. Let xest,t be manifold-valued, i.e.
constrained by

g(xt) = 0, ∀t. (1)

Given a new set of regression vectors xval,t , t = 1, . . . ,Nval,
satisfying the constraint, what would be the best way to
estimate the associated output values?

We will in the following use subindex “est” and “val” to
separate data with known regressors and outputs from data
for which only regressors are known. To facilitate, we use
the notation x = (x1, . . . ,xN), for a matrix with the vectors
xi as columns and x ji for the jth element in xi. Throughout
the paper it will also be assumed that the dimension of the
manifold given by (1) is known. Choosing the dimension

can be seen as a model structure selection problem, similar
to e.g. model order selection.

IV. LOCALLY LINEAR EMBEDDING

For finding intrinsic descriptions of data on a manifold,
we will use the manifold learning technique Locally Linear
Embedding (LLE) [14]. LLE is a manifold learning tech-
nique which aims at preserving neighbors. In other words,
LLE aims to map nearby points on the manifold into nearby
points in the low-dimensional description of the manifold.

LLE is a two-step procedure. Given data consisting of
N real-valued vectors xi of dimension nx, the first step
minimizes the cost function

ε(w) =
N

∑
i=1

∥∥∥∥∥xi−
N

∑
j=1

wi jx j

∥∥∥∥∥
2

(2a)

under the constraints{
∑N

j=1 wi j = 1,
wi j = 0 if ‖xi− x j‖>Ci or if i = j.

(2b)

Here, Ci is chosen so that only K weights wi j become
nonzero. In the basic formulation of LLE, The number K
and the choice of lower dimension nz ≤ nx are the only
design parameters, but it is also common to introduce a
regularization parameter r in (2) [1], [14].

In the second step, let zi be of dimension nz and minimize

Φ(z) =
N

∑
i=1

∥∥∥∥∥zi−
N

∑
j=1

wi jz j

∥∥∥∥∥
2

(3a)

with respect to z = (z1, . . . ,zN), and subject to

1
N

N

∑
i=1

zizT
i = I (3b)

using the weights wi j computed in the first step. The so-
lution z to this optimization problem will be the new low-
dimensional coordinates. By expanding the squares we can
rewriting Φ(z) as

Φ(z) =
N

∑
i, j

(δi j−wi j−w ji +
N

∑
l

wliwl j)zT
i z j

=
N

∑
i, j

Mi jzT
i z j =

nz

∑
k

N

∑
i, j

Mi jzkizk j

=
nz

∑
k

[
zk1 zk2 . . . zkN

]
M


zk1
zk2
...

zkN

 ,
with M a symmetric N-by-N matrix. It can be seen that
the solution to (3) can be found by solving an eigenvalue
problem (cf. the Rayleigh-Ritz theorem [5],

min
z

Φ(z) = N
nz

∑
k

λk

where λk is an eigenvalue of M, λ1 ≤ λ2 ≤ ·· · ≤ λN , and
using that 1

N ∑N
i zizT

i = I).



LLE is a unsupervised method that will find an intrinsic
description without using any knowledge about yt . However,
since our purpose is to use the intrinsic description as new
regressors, there might be better coordinatizations of the
manifold, that could be found by taking the yt values into
account. In the next section, we extend LLE by including
the knowledge of yt in order to get a description that will
facilitate a subsequent identification step.

V. SUPERVISED LLE

To get a simpler identification step when using the com-
puted intrinsic coordinates as regressors, let us modify the
LLE algorithm so that it favors coordinatizations making it
easy to find a function mapping from the new regressors to
the output. To avoid poor intrinsic descriptions, we modify
the optimization problem (3) in the second step of the LLE
algorithm into

min
z

λ
N

N

∑
i, j

Mi jzT
i z j+

(1−λ )
N

N

∑
r
(yr− f2(zr))T(yr− f2(zr)) (4)

subject to
1
N

N

∑
i=1

zizT
i = I.

Here, f2 is a function mapping from the intrinsic description,
zt , to the output, yt . The function f2 could be parameterized,
possibly with constraints on the parameters. The parameters
of f2 and z could be found simultaneously by numerical
optimization. Alternatively, an iterative approach could be
used, alternating between minimizing with respect to z and
with respect to f2. The parameter λ is a design parameter
which can be set to values between 0 and 1. λ = 1 gives
the same intrinsic description as LLE and λ = 0 gives an
intrinsic description satisfying f2(zt) = yt , t = 1 . . .N.

The simplest choice for f2, when zt has the same di-
mension as yt , is f2(zt) = zt . Using this particular choice,
the constraint on zt can be relaxed since the second term
of (4) (1−λ )

N ∑N
r (yr− f2(zr))T (yr− f2(zr)) will keep zt from

becoming identically zero. The problem is then simplified
considerably while many of the properties are still preserved.

The zt variables now acts as estimates of yt and we
therefore set zt = ŷt when using this particular choice of f2.
The optimization problem (3) takes the form

min
ŷ

λ
N

N

∑
i, j

Mi j ŷT
i ŷ j +

(1−λ )
N

N

∑
r
(yr− ŷr)T (yr− ŷr) (5)

which is minimized by

ŷT = (1−λ )(λM +(1−λ )IN×N)−1 yT .

ŷ becomes a filtered version of y. The filtering method
takes into account that the output is associated with some
regressors and aims to make two outputs close to each other
if associated regressors are close. The design parameter λ
decides how much we should rely on the measured outputs.
For a λ equal to one, the information in the the measured
output is seen as worthless. Using a λ equal to zero, the
output is seen as noise-free and obtained as the estimate
from the filter.

A nice way to look at the two-step scheme is by seeing
the term λ

N ∑N
i, j Mi, j ŷT

i ŷ j in (5) as a regularization (cf. ridge
regression [4]). The regularization takes into account that
two regressors are neighbors and tries to translate that to the
outputs. We summarize the simplified supervised LLE using
f2(zt) = zt in Algorithm 1.

Algorithm 1 Simplified Supervised LLE ( f2(zt) = zt )
1) Find the weights wi j minimizing

N

∑
i=1

∥∥∥∥∥xi−
N

∑
j=1

wi jx j

∥∥∥∥∥
2

,

subject to
{

∑N
j=1 wi j = 1,

wi j = 0 if |xi− x j|>Ci or if i = j.

2) With Mi j = δi j −wi j −w ji + ∑nz
k wkiwk j the estimated

output is given by

ŷT = (1−λ )(λM +(1−λ )IN×N)−1 yT .

VI. SEMI-SUPERVISED LLE

The supervised LLE is a smoothing filter and can therefore
be used to reduce noise from measurements. With new
regressors at hand, the filtered outputs can be utilized to
find estimates of the outputs. To generalize to validation
regressors nearest neighbor or an affine combination of the
closest neighbors could for example be used.

With xt constrained to some manifold, however, also the
regressors xt themselves, regardless of knowledge of asso-
ciated output yt , contains information about the manifold.
We could therefore use this information and include all
regressors at hand, even though the output is unknown,
when trying to find an intrinsic description. As we will
see, including the validation regressors also gives us a way
to generalize and compute an estimate for the validation
outputs.

Hence we apply the first step of the LLE algorithm (2)
to all regressors, both estimation and validation regressors.
The optimization problem (3) in the second step of the LLE
algorithm takes the form

min
z

λ
Nest+Nval

Nest+Nval

∑
i, j

Mi jzT
i z j+

(1−λ )
Nest

Nest

∑
r
(yr−f2(zr))T(yr−f2(zr))

subject to
1

Nest +Nval

Nest+Nval

∑
i=1

zizT
i = I. (6)

As for the supervised LLE case, f2(zt) = zt is an inter-
esting choice. Relaxing 1

Nest+Nval
∑Nest+Nval

i=1 zizT
i = I using the

same motivation as in the supervised LLE, (6) has a solution
(using ŷt instead of zt )[

ŷT
est

ŷT
val

]
=

1−λ
Nest

(
λM

Nest+Nval
+

1−λ
Nest

[
INest×Nest 0Nest×Nval
0Nval×Nest0Nval×Nval

])−1[ yT
est

0Nval×1

]
.



Notice that we get an estimate of the validation outputs
along with the filtered estimation outputs. We summarize
the simplified semi-supervised LLE in Algorithm 2.

Algorithm 2 Simplified Semi-supervised LLE ( f2(zt) = zt )
Let xt be the tth element in (xest,t ,xval,t), Nest the number
of estimation regressors and Nval the number of validation
regressors.

1) Find the weights wi j minimizing

Nest+Nval

∑
i=1

∥∥∥∥∥xi−
Nest+Nval

∑
j=1

wi jx j

∥∥∥∥∥
2

,

subject to
{

∑Nest+Nval
j=1 wi j = 1,

wi j = 0 if |xi− x j|>Ci or if i = j.

2) With Mi j = δi j −wi j −w ji + ∑nz
k wkiwk j the estimated

output is given by[
ŷT

est
ŷT

val

]
=

1−λ
Nest

(
λM

Nest+Nval
+

1−λ
Nest

[
INest×Nest 0Nest×Nval
0Nval×Nest0Nval×Nval

])−1[ yT
est

0Nval×1

]
.

The semi-supervised LLE is especially suited for problems
with very few estimation regressors available as seen in the
examples in the next section.

VII. EXAMPLES

To illustrate the supervised LLE and semi-supervised LLE
with f2(zt) = zt , five examples are given. The three first
examples illustrates the ability to deal with manifold valued
data and the two last examples show the algorithm without
making use of the dimension reduction property. Compar-
isons with classical identification approaches, without any
dimensional reduction, are also given.

Due to its simplicity only the simplified supervised and
semi-supervised LLE with f2(zt) = zt and relaxed constraint
are exemplified.

Example 1: Consider the system

x1,t = 8vt cos8vt ,

x2,t = 8vt sin8vt ,

yt =
√

x2
1,t + x2

2,t .

Assume that the output yt is measured with some measure-
ment error, i.e.,

ym
t = yt + et , et ∼N (0,σ2

e )

and that a set of regressor data is generated by the system
with 25 v-values uniformly distributed in the interval [2,3.2].

The regressors, x1,t and x2,t , are situated on a one-
dimensional manifold, a spiral. Figure 2 shows the estimation
data for the case σe = 0.07. By just a look at the plot, it
is easy to see that any linear projection method would not
perform well on this example, the reason being that no matter
which hyperplane is chosen for the projection, there will be
estimation data with different outputs that are projected to
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Fig. 2. Estimation data for Example 1. Dashed line: the function from
which the estimation data was measured.

the same point. Instead, supervised and semi-supervised LLE
seem to be attractive choices. Even though the dimensionality
of the problem is not an issue in this particular example, the
manifold-valued regression data makes it a suitable example.

Using the supervised LLE (Algorithm 1), an estimate
for the noise free estimation output can be computed.
Outputs associated with the validation regressors can then
be computed using an affine combination to generalize the
mapping between regressors and new regressors. The semi-
supervised LLE (Algorithm 2) gives an estimate of the
validation outputs by itself and no method for generalization
is needed. A plot showing the estimated output along with
validation regressors using the semi-supervised LLE is given
in Figure 3.

The performance of the resulting mapping (from validation
regressors to estimated outputs) was evaluated by computing
the mean fit1 for 50 examples, like the one just described.
The result is summarized in Table I. For all 50 experiments,
λ = 10−6, K = 4 and r = 100 for the supervised LLE and
λ = 10−6, K = 11 and r = 10 for semi-supervised LLE.

As seen, the performance of the supervised and semi-
supervised LLE are very good even in this low-dimensional
case. However, to obtain the full benefit of the dimensional
reduction from the LLE algorithm, the dimension of the
regressor space needs to be increased. This is done in the
next example.

Example 2: To exemplify the behavior for a high-
dimensional case, the previous example was extended as
follows. x1,t and x2,t from Example 1 were used to compute

(x̃1, x̃2, x̃3, x̃4, x̃5, x̃6)
= (x2ex1 , x1ex2 , x2e−x1 , x1e−x2 , log |x1|, log |x2|),

(t has been neglected for simplicity) which were used as
the new regressors. However, the data was chosen to be

1 f it = (1− ‖y−ŷ‖
‖y− 1

N ∑t yt‖ )×100
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Fig. 3. Validation regressors together with the estimated outputs for
Example 1. Dashed line: the function from which the estimation data was
measured.

normalized so that the estimation regressors and outputs had
mean zero and unit variance. Using the same estimation and
validation procedure (with Nest = 25, K = 7, r = 10, λ = 0.95
for supervised LLE and Nest = 25, K = 16, r = 10, λ = 0.999
for semi-supervised LLE) as in Example 1, the result shown
in Table I was computed.

Note that in this example the LLE algorithm reduces the
dimension from six to one compared to from two to one in
the previous example. The results indicates the usefulness
of using a dimension reduction before identifying in high-
dimensional cases.

Example 3: We mentioned fMRI data as an example of
manifold-valued data in the introduction. The dimensionality
and the signal-to-noise ratio make fMRI data very tedious to
work with. Periodic stimuli are commonly used to be able
to average out noise and find active areas associated with
the stimuli. However, in this example, measurements from
8× 8× 2 voxels covering parts of the visual cortex were
gathered with a sample period of 2 seconds. To remove noise,
the data was prefiltered by applying a spatial and temporal
Gaussian filter. The subject in the scanner was instructed to
look away from a flashing checkerboard covering 30% of the
field of view. The flashing checkerboard moved around and
caused the subject to look to the left, right, up and down.
Using an estimation data set (40 time points, 128 dimensions)
and a validation set of the same size, the semi-supervised
LLE algorithm was tuned (K = 6, r = 10−6,λ = 0.2). The
output was chosen to 0 when the subject was looking to
the right, π/2 looking up, π looking to the left and −π/2
looking down. The tuned semi-supervised LLE could then
be used to predict the direction in which the subject was
looking. The result from applying the semi-supervised LLE
to a test dataset is shown in Figure 4.

Example 4: Previous examples have all included dimen-
sional reduction. However, nothing prevents us from ap-
plying supervised or semi-supervised LLE to an example

t(s)0 20 60 80

−π/2

0

π/2

π

Fig. 4. Semi-supervised LLE applied to brain activity measurements
(fMRI) of the visual cortex in order to tell in what direction the subject
in the scanner was looking, Example 3. Dashed line symbolize the visual
stimuli used (adjusted in time for the time delay expected).

where no dimensional reduction is necessary. The dimen-
sional reduction is then turned into a simple stretching and
compression of the regressor space. Figure 5 shows data used
as estimation data. Data was generated from

ym
t = 0.08x4

t + et (7)

where xt was sampled from a uniform distribution
U(−10,10) and et ∼N (0,σ2

e ), σ2
e = 30. Table I shows the

result applying the supervised LLE using Nest = 10, K =
3, r = 103 and λ = 10−6 and the semi-supervised LLE using
Nest = 10, K = 24, r = 106 and λ = 10−6. It is quite striking
to see what can be computed using only 10 estimation data
points.
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Fig. 5. Estimation data together with validation regressors and their
estimated output (semi-supervised LLE) for Example 4. ∗ marks the 10
estimation data points. o marks the validation data. Dashed line: the function
from which the estimation data was measured.

Example 5: To exemplify the smoothing properties of the
supervised LLE on a one dimensional example, data was
generated using (7) with σ2

e = 60. Figure 6 shows the



TABLE I
RESULTS FOR EXAMPLE 1, 2 AND 4. THE MEAN FIT (BASED ON 50

EXPERIMENT) FOR SUPERVISED LLE, SEMI-SUPERVISED LLE, AFFINE

COMBINATION AND NLARX WITH SIGMOIDNET OF DIFFERENT ORDERS

(ONLY THE BEST PERFORMING NLARX IS SHOWN).

Ex. Sup Semi-sup affine NLARX of order
LLE LLE comb. 2 3 6

1 63.4% 75.7% 54.7% 57.02%
2 74.6% 80.2% 72.3% 41.9%
4 58.1% 74.5% 51.1% 74.7%

measured output along with the filtered version. N = 35, K =
5, r = 106 and λ = 0.7 were used. As seen, applying the
supervised LLE, data tends to move towards the manifold.
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Fig. 6. Measured outputs together with filtered outputs (supervised
LLE) for Example 5. ∗ marks the 35 measurements, ◦ marks the filtered
measurements. Dashed line: the function which was used to generate the
measurements.

VIII. CONCLUSIONS

The paper discusses an emerging field within system
identification. High-dimensional data sets are becoming more
and more common with the development of new technologies
in various fields. However, data are commonly not filling up
the regressors space but are constrained to some embedded
manifold. Finding the intrinsic description of the regressors,
this can be used as new regressors when finding the mapping
between regressors and the output. Further more, in order
to find an as good intrinsic description of the manifold as
possible, we could use all regression vectors available, even
if the associated output might be unknown.

Proposed is a two-step approach suitable for manifold-
valued regression problems. The first step finds an intrinsic
description of the manifold-valued regressors, and the second
a function mapping the new regressors to the output. A
supervised and semi-supervised version of the approach were
discussed and exemplified with good results.

The approach showed promising results even without
utilizing the built in dimensionality reduction property. The
first step is then turned into a stretching and compression of

the regressor space. This can be seen as a relocationing of
the nonlinearity to the regression space.
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Recursive State Estimation for Linear Systems with Mixed Stochastic
and Set-Bounded Noise

Toivo Henningsson

Abstract— Recursive state estimation is considered for dis-
crete time linear systems with mixed process and measurement
noise that is a sum of stochastic and (convex) set-bounded
disturbances. The state estimate is formed and updated as a
linear combination of initial guess and measurements, giving
an estimation error of the same mixed type. An ellipsoidal
over-approximation to the set-bounded part of the estimation
error allows to formulate a linear matrix inequality (LMI)
for optimization of the filter gain, considering both parts of
the estimation error in the objective. With only stochastic
disturbances, the standard Kalman Filter is recovered. The state
estimator is shown to work well for an event based estimation
example, where measurements are very coarsely quantized.

I. INTRODUCTION
In many control systems, there are some disturbances

that can be modelled to be stochastic, and some distur-
bances that are better modelled as set-bounded uncertainties.
The classical approach to state estimation in such cases is
to approximate the set-bounded uncertainties by stochastic
ones, allowing the use of a standard Kalman Filter. Another
approach is to approximate the stochastic disturbances by
set-bounded ones, and use as state estimator for set-bounded
uncertainty.

However, it is not straightforward to translate between
stochastic and set-bounded disturbances since they combine
in different ways. Two measurements of the same variable
with independent identically distributed (I.I.D.) stochastic
noise combine to form an estimate with only half the error
variance. Two measurements with set-bounded uncertainty
yi = x + zi, |zi| ≤ 1 may on the other hand be little better
than just one ify1 ≈ y2, not uncommon of situations where
the model of set-bounded disturbances is applied.

It is thus useful to be able to deal with both types of
disturbances at the same time, as the estimator proposed in
this paper does. The form is such that very general state
estimation problems with mixed disturbances can be handled,
while the optimization of the filter gain required in each
step can be written as a Linear Matrix Inequality (LMI), and
solved efficiently. Since the basic structure is the same as
in a Kalman Filter, the estimator reduces to a Kalman Filter
when all disturbances are stochastic.

There is much previous work for the cases of only stochas-
tic or only set-bounded noise, and also some variations
on mixing the two. With only stochastic disturbances, the
optimal solution is the classical Kalman Filter (see [5], [6]).
State estimation with set bounded noise is considered in

Toivo Henningsson is with Department of Automatic Control, Faculty of
Engineering, Lund University, Box 118, SE 221 00 Lund, Sweden. Email:
toivo.henningsson@control.lth.se

[1] and [3]. Kalman Filtering with a set-bounded initial
expectation in the prior is treated in [7]. For a different
approach to mixed noise estimation, see [8] and references
therein.

When dealing with set-bounded disturbances, there is the
issue of how to represent the uncertainty sets that arise as
data is combined. Unlike Gaussian noise, there is no general
exact closed form representation of limited complexity. We
first present the general equations, which can be used with
polytopic uncertainty sets. These will however grow quickly
in complexity. We will thus focus on the ellipsoidal approx-
imation of uncertainty sets, that together with a recursive
formulation of the estimator gives a fixed complexity for the
estimator operations. The restriction to uncertainty setsthat
are symmetric around some center point allows increased
efficiency, while covering most interesting cases in practice.

The rest of the paper is laid out as follows. The mixed
state estimation problem to be solved is stated in section
II, including the basic estimator structure. Section III covers
some preliminaries used in the solution. The first step of
the solution is taken in section IV, which shows how to
decompose the problem into the stochastic part, treated in
section V, and the set-bounded part, treated in section VI.
The latter section contains the central theorem to express
the set-bounded part of the filter’s optimization criterionfor a
combination of polytopic and ellipsoidal uncertainties, which
is proved in the appendix. Section VII compares the proposed
estimator with a grid based Bayesian estimator and a Kalman
Filter for an example problem. Conclusions are given in
section VIII.

II. PROBLEM FORMULATION

The estimation problem to be considered is recursive,
meaning that variables at each time step depend only on
variables from the same and previous time step; the previous
estimate is used as initial conditions when forming the
current. All quantities below may be time varying; values
from the previous time step are marked with a− superscript.

The objective is to perform recursive state estimation for
discrete time dynamic systems that evolve according to

x = Ax− + u− + e−d (1)
y = Cx− em (2)

whereA andC are the dynamics and measurements matri-
ces, and the statex, the known control inputu, the measure-
mentsy, the process disturbanceed, and the measurement
noiseem are vectors.



All noise termsei are formed from a stochastic termwi

and a set-bounded termδi,

ei = wi + δi

E(wi) = 0, E(wiw
T
i ) = Ri

δi ∈ ∆i

for some positive semidefinite covariance matrixRi and
convex symmetric uncertainty set∆i. The stochastic terms
of the process and measurement noiseed andem for all times
are assumed to be mutually uncorrelated.

Given the system described above and initial conditions
with mixed noise

x0 = x̂0 + e0,

we want to form a running state estimate as a linear combina-
tion of the initial state and the measurements. The dynamics
(1) are used topredict the next statexp = x̂p + ep from the
previous filtered estimatex−f = x̂−f + e−f :

xp = Ax−f + u− + e−d . (3)

The measurementy is then used to form thefiltered estimate

xf = xp − L
(
Cxp − y

)
=
(
I − LC L

)︸ ︷︷ ︸
X

(
xp

y

)
(4)

using some suitable filter gainL. We wish to chooseL to
minimize the estimation error in some appropriate sense. The
matrix X specifies how to weigh together the predicted state
estimate and the current measurement, and will be used to
represent the action of the filtering step in the following.

III. PRELIMINARIES
The Minkowski sum of two setsX andY is defined as

X + Y = {x + y;x ∈ X, y ∈ Y } .

Similarly, we will let the sumX +y of a setX and a vector
y be the translationX + {y}. The product of a setX and a
matrix A will be interpreted as the element-wise product

AX = {Ax;x ∈ X} .

We will also use the product of two setsX,Y as the stacked
Cartesian product

X × Y =
{(

x
y

)
;x ∈ X, y ∈ Y

}
.

For a matrixA, we denote byA > 0 (A ≥ 0) that A is
positive (semi-)definite. For a block matrix

M =
(

A B
BT D

)
with D > 0, the conditions thatM ≥ 0 and that the Schur
Complement (see [2, ch. 2.1, pp. 7-8]) ofD in M

∆ = A−BD−1BT

is positive semidefinite,∆ ≥ 0, are equivalent.

IV. PROBLEM DECOMPOSITION

Since all estimates are of the form̂x + e, where x̂ is a
point estimate ande describes the error characteristics, the
prediction and filtering steps (3) and (4) can be separated
into the point estimate updates

x̂p = Ax̂−f + u−

x̂f = X

(
x̂p

y

)
and (sinceCx− y = em) the estimation error updates

ep = Ae−f + e−d

ef = X

(
ep

em

)
.

(5)

The minimization of the expected/worst-case estimation error
will guide the selection of the filter gainL, which will then
be used to update the point estimate.L can be optimized
online, or, since it is independent of the point estimate, it
can be calculated ahead of time if the noise characteristics
are known, e.g. if they are periodic or stationary.

The estimation errorsep andef are composed of a stochas-
tic and a set-bounded part, and are updated by updating each
part separately. The two parts will be coupled only in the
search for the optimal filter gainL in the filtering step, which
we find by minimizing the cost function

V (L) = tr W
(
Rf (L) + αr(L)2Pf (L)

)
(6)

whereW > 0 is a weight on the estimation error for different
states,α > 0 is the relative cost of set-bounded error,Rf is
the filtered error covariance, andPf (L) andr(L) bound the
set-bounded error after filtering inside an ellipsoid:

δT
f Pf (L)−1δf ≤ r(L)2 ∀δf ∈ ∆f (L). (7)

Either Pf or r can be fixed for the optimization step,
depending on whether we want to prespecify the shape of
the ellipsoid circumscribed around∆f (L).

To carry out the minimization, we take the following steps:
• Form LMI conditions linear inL for

– the stochastic part:R ≥ Rf (L)
– the set-bounded part:(Pf , r) satisfying (7)

• Minimize
V̄ = tr W (R + αr2Pf )

under these LMI conditions.
When we introduce ellipsoidal approximation of the set-
bounded error∆f , we will merge the prediction and filtering
steps for the set-bounded part to reduce conservatism.

V. STOCHASTIC PART

We consider the update and optimization of the stochastic
estimation error terms. Since

E
(
(Aw)(Aw)T

)
= AE(wwT )AT = ARAT



the prediction and filtering steps (5) give the covariance
updates for the stochastic error terms

Rp = AR−
f AT + R−

d

Rf = X

(
Rp 0
0 Rm

)
︸ ︷︷ ︸

Rpm

XT .

The prediction step is straightforward. To form an LMI for
the filtering step, we first factorRpm as

Rpm = SRpm0S
T , Rpm0 > 0.

By the Schur Complement, the conditionR ≥ Rf or

R−XSRpm0S
T XT ≥ 0

is equivalent to the LMI(
R XS

ST XT R−1
pm0

)
≥ 0,

which is linear inL andR.

VI. SET-BOUNDED PART

We now consider the update and optimization of the set-
bounded estimation error terms. The operations are first
formulated for general uncertainty sets, and then the case
of ellipsoidal over-approximation is treated.

A. General Uncertainty Sets

From the prediction step of (5), we must haveδp ∈ ∆p,

∆p = A∆−
f + ∆−

d .

If ∆−
f and∆−

d are polytopes, so is∆p.
For the filtering step, we have

δf = X

(
δp

δm

)
︸ ︷︷ ︸

δpm

.

The constraint (7) can be expressed for anyδpm ∈ ∆pm =
∆p×∆m as a second order cone constraint whenPf is fixed:

r ≥ ||P− 1
2

f δf || = ||P− 1
2

f Xδpm||

or in general by the Schur Complement (sincePf > 0) as
an LMI

r2 − δT
pmXT P−1

f Xδpm ≥ 0

⇐⇒
(

Pf Xδpm

δT
pmXT r2

)
≥ 0.

If ∆pm is a polytope, it is enough to consider the constraint
at the vertices, since an ellipsoid contains a set of vertices iff
it contains the convex hull of those vertices (the polytope).

B. Ellipsoidal Uncertainty Sets

Now suppose that the filtered set-bounded error from the
previous step∆−

f , and possibly the process or measurement
noise parts∆−

d and∆m, are described by ellipsoids. In this
case we can use the ellipsoid (7) to find an ellipsoidal over-
approximation for∆f to use in the next step. To formulate
(7) as an LMI in this case, we need the following theorem.

Theorem 1 (Ellipsoid Bounding Weighted Ellipsoid Sum):
Given a number of ellipsoidsEi, i = 1 . . . n:

zi ∈ Ei ⇐⇒
{

zi = Gixi + bi

xT
i Qixi ≤ r2

i

the weighted Minkowski sum

A = X
∑

i

Ei =

{
xf = Xz; z =

∑
i

zi, zi ∈ Ei ∀i
}

can be proved by the S-procedure (see [2, ch. 2.6.3, pp. 23-
24]) to be contained in the centered target ellipsoidE ,

xf ∈ E ⇐⇒ xT
f P−1xf ≤ r2 (8)

iff the LMI condition P XG Xb
GT XT Qτ
bT XT r2 −∑i τir

2
i

 ≥ 0 (9)

is satisfied for some scalarsτi ≥ 0, whereb =
∑

i bi, and

G =
(
G1 G2 . . . Gn

)
, Qτ = diag

({τiQi}i

)
.

If n = 1 andr1 > 0, the condition (9) is also necessary for
A ⊆ E .
Proof: See the appendix.

1) Using the theorem:We let P = Pf and z = δpm,
where ∆pm is a sum of ellipsoids. With one centered
ellipsoid (bi = 0) containing each of the previous filtered
error, the process and measurement disturbances:

∆−
f ⊆ E1, ∆−

d ⊆ E2, ∆m ⊆ E3

the set-bounded part gets the prediction step∆p ⊆ AE1 +E2

and the filtering step

∆f ⊆ X(∆p × E3) ⊆ X
(
(AE1 + E2)× E3

)
.

The ellipsoid sum for∆f can thus be expressed with the
theorem, plugging in the ellipsoidsE1, E2, E3, and

G1 =
(

A
0

)
, G2 =

(
I
0

)
, G3 =

(
0
I

)
.

Thus we can use the LMI condition (9) to circumscribe an
ellipsoid around∆f .



2) Variations: We can use more or fewer ellipsoidal terms
for the uncertainty sets∆i, and also polytopic terms. For
polytopic terms, the sumP of all such terms is first formed.
As in the case with only polytopic terms, the LMI must
be written once for each vertex ofP. If P is symmetric, we
need only write half as many LMI:s since the centered target
ellipsoidE sees no difference between the verticesv and−v.
A polytope vertex can be represented by a zero-dimensional
ellipsoid with bi 6= 0.

A polytope that is the sum of one-dimensional polytopes
(line segments) may expressed more economically as a sum
of one-dimensional ellipsoids. However, the result may be
more conservative since forming the sum of ellipsoids relies
on the S-procedure.

The use of bothP andr as variables in the condition (8)
for the target ellipsoid may seem redundant, but it allows to
state a possibly simpler optimization problem if the shape
of the target ellipsoid is fixed. It is of course possible to
constrainP to other spaces than to be fully free or with a
prespecified shape. Another use forr could be to improve
the numerical conditioning of the optimization problem by
guessing the size of the resulting ellipsoid before optimizing
for P .

VII. SIMULATIONS
A. Example System

Consider a double integrator process with dynamics

x(k + 1) =
(

1 h
0 1

)
︸ ︷︷ ︸

A

x(k) + wd(k) +
(

1
2h2

h

)
︸ ︷︷ ︸

B

u(k)

E
(
wd(k)

)
= 0, E

(
wd(k)wd(k)T

)
=

1
4

(
1
3h3 1

2h2

1
2h2 h

)
︸ ︷︷ ︸

Rd

whereh = 0.1 is the sample time,x1 is the position and
x2 the velocity. White process noise enters along with the
control accelerationu.

The measurements are coarsely quantized:

y(k) = round
(
Cx(k)

)
, C =

(
1 0

)
,

where round(x) roundsx to the nearest integer. Using the
current framework, we can model the measurement by

y(k) = Cx(k) + δm(k), δm(k) ∈ ∆m = [− 1
2 , 1

2 ].

With the sampling timeh small enough, we may consider
x1(k) to be almost completely known at allevents, when
y(k) changes value. This measurement may be modelled as

y(k) = Cx(k) + wm(k),

E
(
wm(k)

)
= 0, E

(
wm(k)wm(k)T

)
= Rm,

(10)

whereRm gives a suitable approximation of the error in the
guessCx(k) ≈ 1

2

(
y(k)+ y(k−1)

)
. We takeRm = (Rd)11.

Since the system is unstable, we stabilize it with the
control law

u(k) = − (1 2
)
x̂(k),
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Fig. 1. Test sequence for the observers

which places the poles in approximatelyz = e−h. The state
estimatêx(k) is taken from a simple heuristic state estimator
that:
• runs in open loop between events
• updates at events:

x̂1(k) =
1
2

(
y(k) + y(k − 1)

)
x̂2(k) =

x̂1(k)− x̂1(klast)
h(k − klast)

whereklast is the time index of the last event or known
initial state.

The process was simulated with the heuristic controller to
produce the test sequenceu(k), y(k) in Fig. 1. The corre-
sponding state sequencex(k) can seen in Fig. 2. (together
with state estimates from different estimators)

B. Estimator Implementation For The Example

In this example, the process noise is purely stochastic, and
the set-bounded measurement error∆m can be represented
as an interval symmetric around the origin, so the target
ellipsoid E ⊇ ∆f should enclose the sum of an ellipsoid
for ∆p and the polytope for∆m. Since we have only one
ellipsoid in the sum, (9) is both necessary and sufficient for
the target ellipsoidE to enclose it. Since the polytope∆m

is symmetric with two vertices, we need only one instance
of the LMI condition (9).

C. Performance Comparison

Three filters were compared on the test sequence:
• The Mixed Estimator proposed in this paper using

ellipsoidal over-bounding of∆f in each step, with

α = 1, W =
(

1 −0.3
−0.3 0.4

)
.

The weight matrixW was chosen by lettingW−1 be
roughly proportional to the error covariance of the Grid
Filter (see below) a long time after an event.
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Fig. 2. Actual states and state estimates generated by the observers. Actual
states (solid), Mixed Estimator (dashed), Grid Filter (dotted), Kalman Filter
(dash-dotted). Events are marked with a+ sign.

• A Grid Filter; a discretization of the Bayesian Estimator
for the system (with approximately 32 000 states). See
[4] for more about the Bayesian Estimator for this
system.

• A Kalman Filter that uses only the measurements (10)
at events, and runs in open loop in between

Fig. 2 shows the actual state trajectories together with
the estimates from the three filters. Events are marked with
+ signs. When events are frequent, all estimators seem to
follow the state trajectories reasonably well, especiallyfor
the positionx1. When there is longer time between events,
the Kalman Filter seems to loose track. The Mixed Filter is
much better at following the Bayesian estimate. The strategy
it uses seems to be something like:
• At an event, update the state estimate.
• Continue by open loop predictions some time after each

event, while the prediction error is small.
• When the prediction error becomes too large, start

to incorporate the imprecise measurements that are
available (x1 ∈ y + ∆m).

The weightα for the relative cost of stochastic and set-
bounded errors seems to decide for how long the Mixed Filter
uses the open loop prediction; higherα means more penalty
on the set-bounded error, and thus longer wait before the
imprecise measurements are used. The valueα = 1 used
here seems to give a reasonable tradeoff.

The uncertainty set∆f (a polytope in this example) and
the recursive ellipsoidal over-approximation̂∆f used by the
mixed filter can be seen in Fig. 3, just prior to the event at
t = 13. It is seen that the actual set takes up perhaps2

3 of
the ellipsoid’s volume, and that they seem to more or less
touch at the sharpest corners of the polytope.
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Fig. 3. Actual set bounded error and ellipsoidal approximation used by
the Mixed Filter att = 12.9, just before an event.

VIII. CONCLUSION
This paper describes the design of a state estimator for

linear systems with process and measurement noise of mixed
type; containing both stochastic and set bounded distur-
bances. The estimator structure that is borrowed from the
Kalman Filter is optimal for purely stochastic disturbances,
and allows the stochastic and set-bounded parts of the estima-
tion error to be treated efficiently and almost independently.
Optimization of the filter gain is accomplished by solving a
Linear Matrix Inequality (LMI) problem.

The estimator can value the usefulness of measurements
corrupted by different amounts of stochastic and set bounded
disturbances. The parameterα can be used as a tuning
parameter for the tradeoff between the two types of error.
An example shows that the estimator performs well, and that
α can be used to adjust how long to wait after receiving a
good measurement before incorporating measurements with
interval uncertainty.

The estimator reproduces the behavior of the Kalman
Filter with set-bounded initial expectation in [7] under the
circumstances assumed in that work, when the weightα
goes to zero. Whenα is nonzero, the estimator applies a
higher filter gain to eliminate the set-bounded uncertainty
more quickly.

An open issue is how to choose the state weighting matrix
W in a systematic fashion.
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APPENDIX

Proof of Theorem 1: This development is based on [2, ch.
3.7.4, pp. 46-47]. The construction is extended to be linear
in the transformationX, to handle ellipsoids that are flat in
some dimensions, and to specify the centersbi separately, but
is reduced in that we are only interested in centered target
ellipsoidsE .

To handle the Minkowski sum of ellipsoids, we need a
condition for when one ellipsoid contains the intersectionof
a number of ellipsoids. Given a set of quadratic functions
{fi(x)}i, i = 1 . . . n, one sufficient condition to verify that a
quadratic functionf(x) ≥ 0 whenever allfi(x) ≥ 0 is given
by the S-procedure:

∃ τi ≥ 0, i = 1 . . . n : f(x) ≥
∑

i

τifi(x) ∀x.

The condition is also necessary e.g. whenn = 1 andf1(x) >
0 for somex, see [2, ch. 2.6.3, pp. 23-24].

The condition (9) which we seek to derive is formed by
first constructing an extended space where each term of the
ellipsoid sum has its own coordinates, and forming the set
where all coordinates are within their respective ellipsoids,
which is the intersection of ellipsoidal cylinders. We then
used the S-procedure to circumscribe an ellipsoidal cylinder
parametrized in the sum coordinates.

Let

xT =
(
xT

1 xT
2 . . . xT

n

)
, z =

∑
i

zi.

Then, according to the definitions in the theorem,

z = Gx + b =
(
G b

)︸ ︷︷ ︸
Ge

(
x
1

)
︸︷︷︸

xe

= Gexe.

We take the first step of the S-procedure (usingτi ≥ 0∀i)
by forming the condition

∑
i

τi(r2
i − xT

i Qixi) =

(∑
i

τir
2
i

)
− xT Qτx ≥ 0 (11)

which will always be fulfilled whenzi ∈ Ei ∀i.

The condition for the target ellipsoid,xf ∈ E , xf = Xz =
XGexe is equivalent to

r2 − xT
e GT

e XT P−1XGxe ≥ 0. (12)

Subtracting (11) from (12), we form our S-procedure condi-
tion, which can clearly only be fulfilled for allx if (12) is
fulfilled whenever (11) is:

xT
e


(

Qτ

r2 −∑i τir
2
i

)
︸ ︷︷ ︸

Qe

−GT
e XT P−1XGe

xe ≥ 0.

As we assumex to be arbitrary, we might as well assume
xe to be arbitrary since scaling ofxe with a nonzero constant
does not affect whether the condition holds. The case when
the last entry ofxe is zero is approached when||x|| → ∞.
Thus we can equivalently consider positive semidefiniteness
of the matrix that stands betweenxT

e andxe above.
By the Schur Complement, sinceP−1 > 0, this condition

is equivalent to (
P XGe

GT
e XT Qe

)
≥ 0,

which is exactly (9).
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Abstract: Event-triggered control is a promising alternative to time-triggered control, espe-
cially for severely resource-constrained networked embedded systems. Previous work has shown
that event-triggered control can reduce both the output variance and the average control rate in
scalar linear stochastic systems compared to time-triggered control. It has also been shown how
a minimum inter-control interval can be imposed, hence the term “sporadic control”. In this
work we extend the analysis of event-triggered impulse control of first-order linear stochastic
systems to handle general sampling intervals and minimum inter-control intervals, control delay
and control jitter, and measurement noise. The results show that the advantage of sporadic
control remains also in these cases.

1. INTRODUCTION

Most digital feedback controllers operate in a time-
triggered fashion, where the sampling, control computa-
tion, and actuation are performed periodically. An al-
ternative approach is to sample and control only when
certain events occur. Such schemes may be more natural
in systems that include event-based sensors (e.g. encoder
wheels) or event-based dynamics (e.g. queueing systems).
Event-based control could also be useful for saving CPU
and network bandwidth in networked embedded control
systems, computing and communicating only when some-
thing significant has occurred in the system.

This paper considers event-triggered impulse control of a
scalar linear system driven by white noise. Control actions
are issued only if the magnitude of the output exceeds a
certain threshold. Being very simple, the system readily
allows optimal controllers to be computed and compared
for a range of different parameters. Higher-order systems
introduce a wide range of interesting problems, which will
be tackled in future papers.

1.1 Previous Work

The idea of event-based control is not new (for a survey of
applications, see Åström [2007]), but only in the last few
years have some theoretical results started to appear.

Event-based control of first-order stochastic systems was
first studied by Åström and Bernhardsson [1999]. It was
shown that event-based impulse control of a Wiener pro-
cess requires, on average, only one third of the sampling
rate of a time-triggered controller to achieve the same out-
put variance. The work of Åström and Bernhardsson has
recently been extended and elaborated upon in the PhD
thesis Rabi [2006], which explores, among other things,
event-based control with piecewise constant control signals
and level-triggered sampling.

Event-based control of higher-order systems over networks
was considered in Hristu-Varsakelis and Kumar [2002],

which explored policies for deciding what control loop
should be closed at any given time. They also derived
a sufficient condition for stability of multiple networked
control loops.

Optimal state estimation and optimal control for first-
order systems with a limited, pre-specified number of mea-
surements or controls have been studied in Imer and Basar
[2005] and Imer and Basar [2006]. Assuming a discrete-
time process, optimal time-varying threshold policies were
derived using dynamic programming.

The problem of optimal threshold-triggered sampling of
higher-order discrete-time systems was studied in Cogill
et al. [2006]. They provided an algorithm for computing a
threshold guaranteed to incur a cost within a factor of six
of the optimal achievable cost.

In a recent paper, Johannesson et al. [2007], we introduced
the notion of sporadic event-based control. A sporadic
controller may not issue control actions more often than
every Tc seconds. Thus, such a controller is implementable
and can be predictably scheduled in a real-time system.
This is in contrast to Åström and Bernhardsson’s aperiodic
controller, which might generate events infinitely often.

1.2 Outline and Contributions

In the present paper, we make several extensions to the
analysis of event-based control of first-order stochastic
systems. First (Section 2), we generalize the notion of
sporadic control to allow for different intervals for sam-
pling and control. This is relevant for networked embedded
systems, where it may be cheap to sample but expensive to
communicate. Then (Section 3), we explore how network-
induced delay and jitter affect the performance of sporadic
control systems. Finally (Section 4) we extend the system
model with measurement noise and study optimal filter-
ing and sporadic control. Throughout, numerical results
are reported for stable, marginally stable, and unstable
systems.



2. SPORADIC CONTROL WITH ARBITRARY
SAMPLING INTERVAL

The process to be controlled is given by the stochastic
differential equation

dx = ax dt + u dt + dw, x(0) = 0, (1)

where x is the scalar state, a is the process pole, u is
the control signal, and w is a Wiener process with unit
incremental variance. The control signal is zero except at
discrete sampling instants tk, when it is allowed to be a
Dirac pulse of magnitude uk:

u(t) =
∞∑

k=0

δ(t − tk)uk. (2)

If uk = 0, we say that no control action is issued.

The performance of the system is measured by the station-
ary state cost,

Jx = lim sup
t→∞

1
t
E

{∫ t

0

x2(s)ds

}
, (3)

and by the average control rate (or control cost),

Ju = lim sup
t→∞

1
t
E {Nu(0, t)} , (4)

where Nu(0, t) is the number of (non-zero) control actions
in the interval (0, t). The total cost to be minimized is
given by

J = Jx + ρJu, (5)
where ρ ≥ 0 is a weight. The cost function (5) reflects
a trade-off between the regulation performance and the
average resource (e.g. CPU or network) consumption.

A sporadic event-based controller is defined by three pa-
rameters: the event detection threshold r, the sampling in-
terval Ts, and the minimum inter-control interval Tc ≥ Ts.
We assume that Tc and Ts are chosen in accordance with
the available computing and communication resources,
while r should be chosen to optimize (5). (Previous work,
Rabi [2006], has shown that a simple threshold policy is
indeed optimal for event-based control.)

At time t0 = 0, the controller starts in the active state,
where it samples the process every Ts seconds, taking dis-
crete measurements xk = x(tk). If |xk| ≥ r, the controller
issues the control action uk = −xk, effectively resetting
the process state to zero. The controller then enters the
inactive state where it stays for Tc seconds. Immediately
after returning to the active state, the sampling starts
again. The sampling instants hence progress as

tk+1 =
{

tk + Ts, |xk| < r,

tk + Tc, |xk| ≥ r.
(6)

A typical realization of a sporadic control process with
a = 0 (an integrator), r = 1, Ts = 0.25 and Tc = 1 is
shown in Fig. 1. It is seen that the output is basically kept
within the limits. However, the process may drift outside
the detection band during the inactive intervals or between
two sampling instants.

2.1 Evaluation of Cost

To evaluate the cost functions (3) and (4) for a given value
of r, we compute the stationary distribution of the state in

0 1 2 3 4 5
−2

−1

0

1

2

Time

O
u

tp
u

t

Fig. 1. Sporadic control of an integrator process with detection
threshold r = 1, sampling interval Ts = 0.25 and minimum
inter-control interval Tc = 1. The circles indicate samples, and
the shaded regions show the inactive intervals.

the sampling instants tk (before a possible control action
has been issued). Note that these instants are irregularly
spaced in time if Ts 6= Tc.

Between two sampling instants, the state evolves as

xk+1 =
{

eaTsxk + vk(Ts), |xk| < r,

vk(Tc), |xk| ≥ r,
(7)

where vk(t) is a Gaussian random variable with zero mean
and variance

P (t) =
∫ t

0

e2asds =

{
e2at−1

2a , a 6= 0,

t, a = 0.
(8)

The accumulated state cost from time tk to time tk+1 is
given by

Jactive = Q(Ts) E
{
x2

k

∣∣∣ |xk| < r
}

+ Jw(Ts) (9)

if the controller stays in the active state and by
Jinactive = Jw(Tc) (10)

if the controller enters the inactive state. Here,

Q(t) =
∫ t

0

e2asds =

{
e2at−1

2a , a 6= 0,

t, a = 0
(11)

is the state weight in the sampled cost function, while

Jw(t) =
∫ t

0

P (s)ds =

{
e2at−2at−1

4a2 , a 6= 0,
t2

2 , a = 0
(12)

accounts for the inter-sample noise, see e.g. Åström [1970].

Finally, assuming stationarity, the costs per time unit
become

Jx =
pactiveJactive + pinactiveJinactive

pactiveTs + pinactiveTc
,

Ju =
pinactive

pactiveTs + pinactiveTc
,

(13)

where
pactive = Prob {|xk| < r} = 1− pinactive. (14)

The stationary distribution of xk can be found numerically
by discretizing the state space and then iterating the
distribution according to (7) until convergence.

2.2 Example

To investigate the impact of the sampling interval on per-
formance, we fix Tc = 1 and vary Ts. For each parameter
configuration, we compute the stationary distribution of
xk. In Figs. 2 and 3, we show the state cost Jx and the
control cost Ju as functions of the threshold r for three
different systems. It is seen that, when Ts < Tc, the state
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Fig. 2. State cost Jx for three systems with varying sampling interval
Ts. Note the different vertical scales.
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Fig. 3. Control cost Ju for three systems with varying sampling
interval Ts.

cost initially decreases when r is increased and achieves
a local minimum for some r > 0. At the same time,
the control cost decreases monotonically. This shows that
sporadic control can increase performance and decrease
resource consumption at the same time. Overall, a shorter
sampling interval means faster detection of deviations and
hence lower state cost but also higher control cost.

The optimal threshold r∗ as a function of the weight ρ
is shown in Fig. 4. Here it is again seen that the optimal
threshold is actually non-zero for ρ = 0 if Ts < Tc. Further,
a shorter sampling interval implies that the threshold
should be set higher.

Finally, we compute the optimal achievable cost J∗ for
the integrator for different weights ρ and compare sporadic
control to standard periodic control in Fig. 5. It is seen that
the sporadic controller outperforms the periodic one, and
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Fig. 4. Optimal threshold r∗ for three systems with varying sampling
interval Ts. Note the different vertical scales.
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Fig. 5. Minimum achievable cost J∗ as a function of relative cost of
control ρ, using sporadic and periodic controllers. The system
is an integrator with different sampling intervals.
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Fig. 6. Trade-off between state cost and control cost using sporadic
and periodic controllers for the integrator.

that a shorter sampling interval means lower total cost.
The plot also indicates that there is a smooth transition
from the case Ts = 0 (continuous sampling) to Ts = Tc.
The trade-off between state cost and control cost for the
integrator is made explicit in Fig. 6. It is seen that the
average control rate can be substantially decreased before
the state cost starts to increase if Ts < Tc.

3. DELAY AND JITTER

One of the motivations for event-based control is to save
communication bandwidth in networked control. However,
control over networks always means that delays are in-



duced in the feedback loop. If many applications share
the same network, there may also be delay jitter due to
unpredictable medium access times.

3.1 Constant Delay

We first consider the case of a constant control delay
τ ≤ Tc, meaning that the control action computed at time
tk will not be applied to the process until τ seconds later.
The control signal is now given by

u(t) =
∞∑

k=0

δ(t − tk − τ)uk. (15)

To evaluate the costs, it is necessary to reconsider the
inter-sample behavior in the inactive state. From time
tk up to tk + τ (just before the control action has been
applied), the process evolves as

x(tk + τ) = eaτxk + vk(τ). (16)
The extra state cost during this interval becomes

Q(τ)E
{

x2
k

∣∣∣ |xk| ≥ r
}

. (17)

We assume that the delay is known at design time, so that
the controller can compensate for it by issuing the modified
control action

uk = −eaτxk. (18)
This will bring the expected value of the state to zero for
the remainder of the interval, eventually leading to

xk+1 = vk(Tc). (19)
Note that this expression is identical to the update equa-
tion (7) for the case |xk+1| ≥ r. Hence, viewing the system
only at the sampling instants, the stationary distribution
of xk will remain the same as without the delay. This
implies that Jactive and Ju will not be affected. Jx will
however increase, the new expression for Jinactive in (13)
being

Jinactive = Q(τ)E
{
x2

k

∣∣∣ |xk| ≥ r
}

+ Jw(Tc). (20)

3.2 Delay Jitter

In the case of variable delay, or delay jitter, it is not
realistic to assume that the actual value of the delay
is known when the control action is calculated. Rather,
we suppose that the delay compensation is based on the
estimated average delay, τ̄ . The real delay in each sample
is assumed to be given by a random variable τk with a
given probability density function.

The control signal is now given by

u(t) =
∞∑

k=0

δ(t− tk − τk)uk,

where uk = −eaτ̄xk. Similar to before, from time tk up to
tk + τk in the inactive state, the process will evolve as

x(tk + τk) = eaτkxk + vk(τk). (21)
The extra state cost during this interval is given by

Q(τk)E
{
x2

k

∣∣∣ |xk| ≥ r
}

.

Because of the inexact delay compensation, the state just
after the control action will no longer have expected value
zero, but is given by

x(tk + τ+
k ) =

(
eaτk − eaτ̄

)
xk + vk(τk). (22)

The extra state cost during the final part of the inactive
interval becomes

Q(Tc−τk)
(
eaτk − eaτ̄

)2 E
{
x2

k

∣∣∣ |xk| ≥ r
}

.

Finally, the new state update equation becomes

xk+1 = eaTc

(
1− ea(τ̄−τk)

)
xk + vk(Tc). (23)

In general, τ̄ 6= τk, which means that the stationary
distribution of xk will be different from the jitter-free case.
This implies that both Jx and Ju are affected by the jitter.
Taking the expected value over the different possible τk,
the new expression for the cost during an inactive interval
becomes

Jinactive = E
τk

{(
Q(τk) + Q(Tc−τk)

(
eaτk − eaτ̄

)2
)

× E
{
x2

k

∣∣∣ |xk| ≥ r
}}

+ Jw(Tc).
(24)

3.3 Example

To investigate the impact of delay and jitter on sporadic
control we fix Ts = Tc = 1 and then compare three cases:

• No delay.
• Constant delay τ = 0.5.
• Random delay τk ∈ {0, 1}, where both outcomes have

equal probability. The average delay is τ̄ = 0.5.

In Figs. 7 and 8, we show the state cost Jx and the
control cost Ju as functions of the threshold r for three
different systems. It is seen that both delay and jitter
increase the state cost, which is expected. Jitter is better
than a constant delay for the stable system, while the
opposite is true for the unstable system. As predicted,
the control cost is unaffected by the constant delay, while
the change is very small in the jitter case (indicating that
the distribution does not change much). In the integrator
case, it can be noted that the extra state cost due to delay
is always equal to τ . (Actually, this is true regardless of
the sampling scheme used: event-based, periodic, random,
etc.)
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Fig. 7. State cost Jx for three systems with constant delay or jitter.
Note the different vertical scales.
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Fig. 8. Control cost Ju for three systems with constant delay or jitter.
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Fig. 9. Optimal threshold r∗ for three systems with constant delay
or jitter. Note the different vertical scales.

The optimal threshold r∗ as a function of the weight ρ
is shown in Fig. 9. We observe that a delay increases the
optimal threshold for stable systems but decreases it for
unstable systems. For stable systems, the controller need
not care about small deviations, since it is likely that the
state will decay before the control action takes effect. The
opposite reasoning holds for unstable systems.

Finally, we compare the achievable optimal performance
J∗ of sporadic control to periodic control for the integrator
process in Fig. 10. The sporadic controller outperforms the
periodic controller (except for ρ = 0 where the controllers
coincide, since Tc = Ts). In both cases, a jitter τk ∈{0, 1}
with mean value 0.5 increases the total cost by the same
amount.
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Fig. 10. Minimum achievable cost J∗ as a function of relative cost of
control ρ, using sporadic and periodic controllers. The system
is an integrator with and without jitter.

4. MEASUREMENT NOISE

So far, we have assumed that the controller has access
to perfect measurements of the state variable. We now
investigate the notion of sporadic control in the case when
the measurements are distorted by noise. For simplicity, it
is assumed that Ts = Tc = T .

The sampled system is
xk+1 = Φxk + uk + vk,

yk = xk + ek,

where Φ = eaT . The noise vk and ek are (mutually)
independent zero-mean Gaussian random variables with
V {vk} = σ2

w = P (T ) and V {ek} = σ2
e .

4.1 Controller Structure

Since the system is linear with Gaussian noise, the optimal
state estimate is given by the standard Kalman filter,

x̂k = Φx̂k−1 + uk−1 + K(yk − Φx̂k−1 − uk−1)
= (1−K) (Φx̂k−1 + uk−1) + K(xk + ek),

where K is the Kalman filter gain.

Given x̂k, then xk+1 is Gaussian and

E
{
x2

k+1|x̂k, uk

}
= V {xk+1|x̂k, uk}+ E {xk+1|x̂k, uk}2

= V {xk+1|x̂k}+ (Φx̂k + uk)2 .

The first term is not affected by uk, so the expected
contribution to the cost at time k + 1, given x̂k, is
minimized by uk = −Φx̂k. The same holds for the expected
cost of future states given (x̂k, uk). Thus, the optimal
control law is

uk =
{

0, |x̂k| < r,

−Φx̂k, |x̂k| ≥ r,
(25)

where the threshold r remains to be determined.

4.2 Evaluation of Cost

The cost for a given threshold can be evaluated through
numerical computation of the stationary distribution of
the system and filter states. The closed-loop system may
be regarded as a two-dimensional stochastic process. Let
fx,x̂(v1, v2) be the probability density of the stationary
distribution just prior to any control event. The costs can
then be expressed as



Jd−
x =

∫∫
v2
1fx,x̂(v1, v2) dv1dv2

Ju =
∫∫

|v2|≥r

fx,x̂(v1, v2) dv1dv2.
(26)

Here, the discrete-time state cost Jd−
x = E

{
x2

k

}
is evalu-

ated at sampling instants before any control action. The
variance of the state, after control action, can be found by
going one sample backwards in time:

Jd−
x = Φ2Jd+

x + σ2
w.

The continuous-time state cost is then given by

Jx =
Q(T )

T
Jd+

x + Jw(T ).

The stationary distribution is found numerically by prop-
agating the distribution of the two-dimensional state in a
discretized state-space, until convergence. In order to do
this, we need to know the joint distribution of (xk+1, x̂k+1)
conditioned on Z = (xk, x̂k, uk). Some simple calculations
give that

E {xk+1|Z} = Φxk + uk,

V {xk+1|Z} = σ2
w,

E {x̂k+1|xk+1, Z} = (1−K) (Φx̂k + uk) + Kxk+1,

V {x̂k+1|xk+1, Z} = K2σ2
e .

By the definition of conditional density, we have that
fxk+1,x̂k+1|Z(v1, v2|z) = fx̂k+1|xk+1,Z(v2|v1, z)·fxk+1|Z(v1|z).
Using this, it can be shown that the joint conditional
distribution is Gaussian,

(xk+1, x̂k+1)T |Z ∈ N (µ (z) , R) ,

with parameters given by

µ (z) =
[

Φxk + uk

(1−K) (Φx̂k + uk) + K (Φxk + uk)

]
,

R =
[

σ2
w Kσ2

w

Kσ2
w K2(σ2

w + σ2
e)

]
.

The computations required for a good approximation
are quite demanding since the computation time scales
roughly with the number of grid points to the power of 4.

4.3 Example

To investigate the impact of measurement noise on spo-
radic control, we evaluate the performance for different
values of σe. The state cost Jx is plotted in Fig. 11 as a
function of the threshold r. Not surprisingly, it is seen that
measurement noise yields additional state variance. When
a < 0, Jx approaches a constant as the threshold increases,
for any σe. This is because the open-loop variance is finite
(= −1/2a) and provides an upper bound. For a ≥ 0,
the extra cost seems to be fairly constant for moderate
thresholds.

The corresponding control cost Ju is shown in Fig. 12.
It appears that the control rate changes with the level
of measurement noise when a 6= 0. The reason is that
when σe = 0 it is both necessary and sufficient for |x| to
exceed r at one sample in order to issue a control action.
When there is more measurement noise, the Kalman
filter puts more emphasis on the model and less on the
measurements, which are averaged out. In the stable case
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Fig. 11. State cost Jx for three systems with varying measurement
noise. Note the different vertical scales.
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Fig. 12. Control cost Ju for three systems with varying measurement
noise.

this makes it less likely for |x̂| to exceed r than what it is
for |x|, and thus the control rate decreases. The situation
is reversed in the unstable case. For the integrator process,
these effects balance out, with the interesting result that
the average control rate is invariant to σe.

It is even more interesting to see how measurement noise
affects the optimal threshold r∗, which is plotted in Fig. 13
as a function of ρ. It turns out that for the integrator
process, the optimal threshold is independent of the mea-
surement noise. For other systems, the difference is small.
The conclusion is that the certainty equivalence principle
does not hold for sporadic control with measurement noise,
although there seems to be almost separation between
estimation and control for moderate values of σe and ρ.

Furthermore, it is noted that when σe increases, the opti-
mal threshold r∗ changes in different directions depending
on the sign of a. This is a consequence of the shape of Ju.
Consider e.g. the case when a = −0.5: with measurement
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Fig. 13. Optimal threshold r∗ as a function of relative cost of control
ρ for three systems with varying measurement noise. Note the
different vertical scales.

0 1 2 3
0

0.5

1

1.5

2

2.5

3

 

 σ
e
 = 0

σ
e

2
 = 1

Periodic, σ
e

2
=0

Periodic, σ
e

2
=1

O
p
ti
m

a
l
to

ta
l
co

st
J
∗

Weight ρ

a = 0

Fig. 14. Minimum achievable cost J∗ as a function of relative cost of
control ρ, using sporadic and periodic controllers. The system
is an integrator with and without measurement noise.

noise, the control actions are imperfect since they are
based on an uncertain estimate. It is therefore beneficial
to decrease the control rate somewhat and let the stable
dynamics take care of things. Intuitively, this should lead
to a higher threshold. However, as seen in Fig. 12, the
control rate is already smaller for a given r. In fact, it
is so much smaller that the optimal threshold becomes
somewhat lower. It could be said that the filtering itself
decreases the control rate just a little more than needed,
making r∗ insensitive to σe.

The optimal performance of the sporadic controller is
compared to the standard periodic LQG controller, for an
integrator process with and without measurement noise,
in Fig. 14. It is clear that sporadic control delivers su-
perior performance in terms of the specified cost function.
Moreover, using sporadic control, the performance loss due
to measurement noise is constant when ρ changes. For
periodic control however, there is a slight increase in the
performance loss. Accordingly, the gain of using sporadic
control is actually somewhat larger if there is measurement
noise.

5. CONCLUSIONS

This paper has provided several extensions to the concept
of sporadic impulse control of first-order linear stochastic

systems. Some of the results of this analysis deserve special
attention: a generalization of the two sampling patterns
analyzed in Johannesson et al. [2007] is provided, exhibit-
ing a smooth transition between the two special cases
Ts = 0 and Ts = Tc. It can be noted that the advantage
of sporadic control over periodic control remains even if
there is delay, jitter, or measurement noise. Surprisingly,
the detection threshold should be adjusted in opposite
directions if the delay increases and if the measurement
noise increases. We also note that there is approximate
separation between control and estimation for moderate
parameter values.
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Abstract— This paper considers infinite horizon optimal feed-
back control of nonlinear models with discounted cost. The
paper includes two extensions of existing results about optimal
feedback control. First, it is proven that for real analytic state-
space models, a time-invariant real analytic feedback solution
exists, even when the cost function includes a discount factor,
provided certain regularity conditions. Second, the result is
generalized to nonlinear DAE models. The feedback solution
is valid in a neighborhood of the origin. In both cases, explicit
formulas for the series expansions of the cost function and
control law are given.

I. INTRODUCTION

The standard approach to compute the optimal solution to
an optimal feedback control problem is to use the Hamilton-
Jacobi-Bellman equation (HJB). The problem is that this
equation involves a nonlinear partial differential equation,
which for most problems is very hard to solve analytically.
The idea is to instead compute the optimal solution, i.e.,
the optimal performance criterion and the corresponding
feedback law, expressed as power series expansions. For
state-space models this idea was first considered by [1]. The
results in that paper show that the terms in the power series
expansions can be obtained sequentially, by first solving a
quadratic optimal control problem for the linearized system
and then a series of linear partial differential equations.
Further, a formal proof of the convergence of the power series
is presented in the case when the input signal is scalar and
the system has the form ẋ = f(x)+Bu. In [2], these results
are extended to general state-space systems, ẋ = f(x, u), and
this work is extended even more in [3]. In the earlier works
[1], [2], the functions involved are required to be analytic
functions around the origin. In [3], this requirement is relaxed
to twice differentiability. An alternative proof to the one
presented in [3] is given in [4], where the requirements on
the cost function are relaxed. [5] studied the case when the
dynamics of an external signal generator are included, and
in [6] the case when the system is not stabilizable or not
detectable is investigated. The latter reference also considers
the Hamilton-Jacobi inequality.

In some cases it is interesting to have a bound on the
convergence rate for the states of a system as the time goes
to infinity. For linear systems, this fact was developed already
in [7] and has later been developed in numerous publications.
For other problems, it can be interesting to reduce the penalty
when the time increases, see [8]. The main motivation for

this choice is often that the most important parts of the state
trajectory are those in the beginning, while what happens far
into the future is less interesting. In this paper, both these
cases will be considered.

In practice, the series solution needs to be truncated and
the result is an approximative solution. Therefore, this kind
of methods is often denoted approximative methods even
though the complete power series expansions of the perfor-
mance criterion and feedback law yield the true optimal so-
lution. There are other methods which theoretically describe
the exact optimal solution but in practice are truncated, see
[9] and references therein.

Notation: The notation in this paper is fairly standard. The
Jacobian matrix ∂h

∂x will be denoted hx and (·)[i] will be used
to denote the terms of order i in a power series expansion.
Q � 0 means that Q is a real positive definite matrix. bmc
will denote the integer part of m.

II. PROBLEM FORMULATION

The considered optimal control problem is to minimize
the integral criterion

V (x1,0) = inf
u(·)

∫ ∞

0

L(x1, x3, u)eλt dt (1)

subject to the differential-algebraic system

F̂1(ẋ1, x1, x3, u) = 0 (2a)

F̂2(x1, x3, u) = 0 (2b)

with some initial condition x1(0) = x1,0. The term λ ∈
R is constant and can take arbitrary values both positive
and negative. It will be denoted the discount factor. The
initial condition is assumed to be consistent, i.e., to satisfy
F̂2

(
x1,0, x3(0), u(0)

)
= 0. Furthermore, it is assumed that

following assumption is satisfied.
Assumption 1: It holds that F̂ (0, 0, 0, 0) = 0. Further-

more, F̂1;ẋ1(0, 0, 0, 0) and F̂2;x3(0, 0, 0) are nonsingular.
From the implicit function theorem, it then follows that
there exists a neighborhood Ω of the origin, such that for
(ẋ1, x1, x3, u) ∈ Ω, the DAE model can be written as

ẋ1 = L(x1, u) (3a)
x3 = R(x1, u) (3b)



If the original DAE model not satisfies this Assumption 1, it
is shown in [10] that using so-called index reduction rather
general models can be rewritten in this form.

The assumptions above only guarantee that the DAE
model has an underlying state-space model. However, the
functions L and R may be hard or even impossible to express
in closed form. Therefore, the derived method will rely on
the Taylor series of F̂1, F̂2 and L̂. It means that the following
assumption is needed.

Assumption 2: The functions F̂1 and F̂2 in (2), and L in
(1) are real analytic in W , which is a neighborhood of the
origin (ẋ1, x1, x3, u) = 0.
Analyticity of the functions involved makes it possible to
write them as power series

F̂1(ẋ1, x1, x3, u) =

− E1ẋ1 +A11x1 +A12x3 +B1u+ F̂1h(ẋ1, x1, x3, u)
(4a)

F̂2(x1, x3, u) = A21x1 +A22x3 +B2u+ F̂2h(x1, x3, u)
(4b)

L(x, u) = xTQx+ uTRu+ 2xTSu+ Lh(x, u) (4c)

that are convergent in W . The functions F̂1h and F̂2h include
terms beginning with order two, while the higher order terms
of the performance criterion, that is Lh, is of order three at
least.

The linearization of the system (2) is easily be found as

ẋ1 = Âx1 + B̂u (5a)

x3 = −A−1
22 A21x1 −A−1

22 B2u (5b)

where

Â = E−1
1

(
A11 −A12A

−1
22 A21

)
(5c)

B̂ = E−1
1

(
B1 −A12A

−1
22 B2

)
(5d)

The objective is to find the optimal feedback control
locally around the origin. However, because of the infinite
horizon, the considered class of feedback laws needs to
satisfy some extra conditions.

Assumption 3: The considered feedback laws are de-
scribed by uniformly convergent power series

u(x1) = Dx1 + uh(x1) (6)

where uh(x1) are terms of at least order two. Furthermore,

Re eig(Â+ B̂D) < min(0,−λ
2 )

where Â and B̂ are given in (5).
The last part of the assumption is introduced for two reasons.
First, it is necessary for the proof to have a feedback law that
stabilizes the system, and thereby makes a neighborhood of
the origin invariant. Second, the control law needs to ensure
convergence of the integral criterion, locally.

As can be seen above, the discount factor is used to obtain
a controller for which the linearization of the closed loop gets
a prescribed degree of stability. That is, the poles are placed
to the left of some specific limit, see [11]. It can also be
used to reduce the penalty for large t. This is for example
used in [8]. One interesting fact, that in many cases probably

can be rather important, is that despite that the cost function
is explicitly time-varying, the optimal solution will still be
time-invariant. That the optimal feedback law becomes time-
invariant simplifies the implementation of it. In [11] it is
shown that a discount factor term eλt, in principle, is the only
time-varying element allowed in order to have this property.

III. THE STATE-SPACE MODEL CASE

If the DAE model has no constraints and is explicit in the
states, the optimal control problem can be written as

V (x0) = inf
u(·)

∫ ∞

0

L(x, u)eλt dt

s.t. ẋ = F (x, u)
x(0) = x0

(7)

The solution to this optimal control problem is given by the
following Hamilton-Jacobi-Bellman equation (HJB), see [8],

0 = min
u

L(x, u) + λV (x) + Vx(x)F (x, u)

and the optimal feedback law u∗(x) must solve the equations

0 = L
(
x, u∗(x)

)
+ λV (x) + Vx(x)F

(
x, u∗(x)

)
(8a)

0 = Lu

(
x, u∗(x)

)
+ Vx(x)Fu

(
x, u∗(x)

)
(8b)

In this case, only stabilizing feedback laws are considered
and by just evaluate the cost criterion, it follows that the
optimal return function V (x) must have the structure

V (x) = xTPx+ Vh(x) (9)

where P is a symmetrical matrix and Vh(x) contains the
terms of order three and higher, see [3], [12]. If the expres-
sions for V and u are substituted into (8), the result are two
polynomial equations in x with coefficients including the
unknowns parameters in V and u∗. The following theorem
states when an analytic solution to these equations exists and
how it can be computed for state-space models.

Theorem 1: Consider the optimal control problem (7),
satisfying Assumption 2. Furthermore, assume that the
quadratic part of the cost function (4c) satisfies

(
Q S

ST R

)
� 0.

Then there exists an optimal feedback law u∗(x) satisfying
Assumption 3 if the ARE

0 = (A+λ
2 I)

TP+P (A+λ
2 I)−(PB+S)R−1(PB+S)T +Q

(10a)
has a unique positive-semidefinite solution such that the
matrix A+BD with D given by

D = −R−1(ST +BTP ) (10b)

satisfies
Re eig(A+BD) < min(0,−λ

2 ) (11)

The equations (10) also determines the lowest order terms
in V (x) and u∗(x), respectively. The higher order terms in



V (x) and u∗(x) can be computed recursively by solving

V [m]
x (x)Acx+ λV [m](x) = −

m−1∑
k=3

V [k]
x (x)Bu[m−k+1]

∗ (x)

−
m−1∑
k=2

V [k]
x (x)F [m−k+1]

h (x, u∗)− L
[m]
h (x, u∗)

− 2
bm−1

2 c∑
k=2

u
[k]
∗ (x)TRu

[m−k]
∗ (x)− u

[m/2]
∗ (x)TRu

[m/2]
∗ (x)

(12a)

where m = 3, 4, . . . and Ac = A+BD∗, and

u
[k]
∗ (x) = −1

2
R−1

(
V [k+1]

x (x)B+

k−1∑
i=1

V [k−i+1]
x (x)F [i]

h;u(x, u∗) + L
[k]
h;u(x, u∗)

)
(12b)

for k = 2, 3, . . ..
In the equations above, F [i] denotes the i:th order terms of
F and bic denotes the floor function, which gives the largest
integer less than or equal to i. Moreover, in (12) we use the
conventions that

∑l
k = 0 for l < k and that the terms u[m/2]

are to be omitted if m is odd.
Proof: The full version of the proof of the case with λ = 0
can be found in [3], while the general proof for arbitrary λ
can be found in [12]. Below, a sketch of the most important
steps is presented.

The first step is to evaluate the performance criterion for
arbitrary u(x) such that A + BD satisfies the eigenvalue
condition (11). The closed loop system will, because of
Assumption 2, have the form

ẋ = F
(
x, u(x)

)
= (A+BD)x+ Fh

(
x, u(x)

)
(13)

where Fh(·) is a uniformly convergent power series around
the origin, beginning with terms of order two. The solution
to the closed loop system will be denoted x(t, x0) where
x0 ∈ Rn is the initial value, that is, x(0, x0) = x0. In
a neighborhood of the origin, the following inequality is
ensured by Assumption 3

|x(t, x0)| ≤ C0e
µt|x0|

for some µ that satisfies Re eig(A + BD) < µ <
min(0,−λ

2 ). Using Assumption 2, it then follows that

J
(
x0, u

)
=
∫ ∞

0

L
(
x(t, x0), u(x(t, x0))

)
eλt dt

is uniformly convergent locally around the origin. It can also
be shown that for all such u(x), J(x0, u) will satisfy

0 = λJ(x0, u) + Jx0(x0, u)F
(
x0, u(x0)

)
+ L

(
x0, u(x0)

)
(14)

for x0 in a neighborhood of the origin.
In the next step, it is shown that for an arbitrary p, the

following equation

0 = Lu(x, u) + Fu(x, u)p (15)

has a unique analytic solution u∗(x, p) near the origin in R2n

for which u∗(0, 0) = 0. Furthermore,

u∗(x, p) = − 1
2R

−1(2STx+BT p) + u∗,h(x, p) (16)

where u∗,h(x, p) is a convergent power series in a neighbor-
hood of the origin beginning with second order terms.

The major step is then to show that there exists a u∗(x) =
u∗
(
x, p(x)

)
that satisfies Assumption 3 and solves (15)

with p(x) = Vx(x), since the optimal feedback law have
to satisfy (8b). Here V (x) denotes J(x, u) with u∗(x) as
feedback law. This u∗(x) is then the optimal control, which
can be shown rather forwardly from the fact that R in (4c)
is assumed to be positive definite, see [12].

To show the existence of such a u∗, study the nonlinear
Hamiltonian system(

ẋ
ṗ

)
= H

(
x
p

)
+ r(x, p) (17)

where H is

H =
(

A−BR−1ST − 1
2BR

−1BT

−2(Q− SR−1ST ) −(A−BR−1ST + λI)T

)
and

r(x, p) =(
Bu∗,h + Fh

(
x, u∗(x, p)

)
−2Su∗,h − Lh;x

(
x, u∗(x, p)

)− Fh;x

(
x, u∗(x, p)

))
It can be shown that by using the nonsingular real linear
transformation (

y
q

)
= M

(
x
p

)
where

M =
(
I − 2Q∗P Q∗

2P −I
)
, M−1 =

(
I Q∗

2P 2PQ∗ − I

)
the system (17) is transformed into(

ẏ
q̇

)
=
(
Ac 0
0 −(Ac + λI)T

)(
y
q

)
+ rM (y, q) (18)

where
rM (y, q) = Mr

(
M−1(y, q)

)
The expression for Ac is given by

Ac = A+BD∗, D∗ = −R−1(ST +BTP )

where P and Q∗ are the positive definite solutions to (10a)
and

0 = (Ac + 1
2λ)Q∗ +Q∗(Ac + 1

2λ)T + 1
2BR

−1BT

respectively. This means that if the ARE (10a) has a solution
that satisfies condition (11) with D given by (10b), the
nonlinear Hamiltonian system can divided into two parts
corresponding to y and q in (18). The linearization of the
y-part has eigenvalues that satisfy condition (11), while
the q-part has all eigenvalues to the right of −λ/2 in the
complex plane. Then, it can be shown that there exists an n-
dimensional stable manifold, described by a function p∗(x),
on which the required convergence rate is obtained given



that the eigenvalues of Ac, i.e., the system matrix for the
closed loop system, satisfies the condition (11). In the other
n-dimensions, the solution will not have this property, which
means that the performance criterion will diverge for those
directions.

The step that closes the existence proof is then that if the
control law is chosen as u∗(x0, p∗(x0)), it can be shown that
Vx(x0) = p∗(x0) for x0 in a neighborhood of the origin. It
means that since u∗(x0, p∗(x0)) is the solution to (15) with
p = p∗(x0), it follows that

0 = Fu

(
x0, u∗(x0)

)
Vx(x0) + Lu

(
x0, u∗(x0)

)
and since u∗(x0, p∗(x0)) satisfies the condition in Assump-
tion 3, it follows from (14) that

0 = λV (x0) + F
(
x0, u∗(x0)

)
Vx0(x0) + L

(
x0, u(x0)

)
where we have used the definition that V (x0) = J(x0, u∗).

The equations (10) and (12) used to compute the solution
are then obtained by analyzing the terms of order m and
m − 1 of (8a) and (8b), respectively. These two equations
are polynomial in x and have to be satisfied for x in a
neighborhood of the origin. Therefore, the coefficients for
different orders in x all have to be zero. Then if m = 2
is considered, the obtained equations become (10) while for
m ≥ 3, the outcome are the equations in (12).

The theorem above is formulated in terms of the
ARE (10a). The following lemma shows some typical situa-
tions when the ARE has a solution satisfying the conditions.

Lemma 1: Consider the ARE (10a). Assume the assump-
tions in Theorem 1 are satisfied. Then there exists a unique
positive semi-definite solution such that the eigenvalues of
A+BD satisfies condition (11) if

• λ = 0: (A,B) is stabilizable.
• λ > 0: (A,B) is controllable or (A + 1

2λI,B) is
stabilizable.

• λ < 0: (A+ 1
2λI,B) is stabilizable or (A,B) control-

lable, and the solution yields eig(A+BD) < 0.
Proof: See for example [13] and [11].

Note that under the assumptions about stabilizability or
controllability made above, it is ensured that there exists
a unique positive semi-definite solution such that with D
in (10b), the eigenvalues of A + BD will have real parts
less than −λ/2 (which is necessary in order to obtain
a convergent performance criterion). However, in the case
when λ < 0, it means that the eigenvalues need not satisfy
condition (11) and an extra condition is therefore added in
the lemma. Since the extra condition is included, it is not
guaranteed from the problem data that a solution exists.
However, at least in randomly generated problems, it actually
seems to happen quite often. For these cases the optimal
feedback law is found.

The optimal solution can be computed recursively order
by order. First the lowest order terms are obtained by solving
(10) as

u
[1]
∗ (x) = D∗x, V [2](x) = xTPx

and having these, the higher order terms in V (x) and u∗(x)
are obtained uniquely from (12), in the sequence

V [3](x), u[2]
∗ , V [4](x), u[3]

∗ , . . .

to any order, see [3] or [12]. Furthermore, as can be seen
the optimal solution becomes time-invariant.

Note that the equations obtained from the higher order
terms in (12) are linear in the coefficients from V [m] and
u

[m−1]
∗ , both separately and simultaneously. If solved recur-

sively, rather high orders can be computed. However, the size
of the set of equations grows rather fast with the number
of states which limits the size of the problems that can be
handled. Another small note is that it is not necessary to have
a system that is analytic. If the model is Cr it has been shown
in [6] that the optimal return function up to Cr−2 exists and
can be computed as above.

IV. THE DAE MODEL CASE

To solve the optimal control problem described by (1)
and (2), the problem is rewritten as the following equivalent
optimal control problem

V (x1,0) = inf
u(·)

∫ ∞

0

L̂(x1, u)eλt dt

subject to the dynamics

ẋ1 = L(x1, u)

where L is given by (3a) and

L̂(x1, u) = L
(
x1,R(x1, u), u

)
(19)

This reformulation can always be done because of Assump-
tion 1. Then, in principle, the optimal control problem is a
standard problem in the state variables x1 and state-space
theory is applicable. However, as mentioned earlier, there
is a major computational barrier, namely that L and R are
usually not explicit. However, Assumptions 1 and 2 ensure
the existence of convergent power series of L(x1, u) and
R(x1, u), and using the method in the following section,
these power series can be computed to any order.

A. Power Series Expansion of the Reduced Problem
A keystone in the derived method for solving optimal

control problems for nonlinear DAE models is that the power
series expansions of R(x1) and L(x1, u) can be computed
recursively. Let

ẋ1 = L(x1, u) = L[1](x1, u) + Lh(x1, u) (20a)

x3 = R(t, x1, u) = R[1](x1, u) +Rh(x1, u) (20b)

where both Lh(x1, u) and Rh(x1, u) contain terms in x1

and u beginning with order two.
From (4b) the series expansion of F̂2 is given by

F̂2(x1, x3, u) = A21x1 +A22x3 +B2u+ F̂2h(x1, x3, u)

By combining this equation with (20b), it follows that

0 = A21x1 +A22

{R[1](x1, u) +Rh(x1, u)
}

+B2u+ F̂2h

(
x1,R[1](x1, u) +Rh(x1, u), u

)
The equation above has to be satisfied for all (x1, u) in a
neighborhood of the origin, which means that the first order
term of R(x1, u) will be given by

R[1](x1, u) = −A−1
22 A21x1 −A−1

22 B2u (21)



since all other terms are of higher order than one. Further-
more, since F̂2h(x1, x3, u) has an order of at least two, it
follows that

F̂
[m]
2h

(
x1,R(x1, u), u

)
=

F̂
[m]
2h

(
x1,R[1](x1, u) + . . .+R[m−1](x1, u), u

)
This makes it is possible to derive a recursive expression for
a general order term of R(x1, u) as

R[m](x1, u) =

−A−1
22 F̂

[m]
2h

(
x1,R[1](x1, u) + . . .+R[m−1], u

)
In the same way, (4a), i.e.

F̂1(ẋ1, x1, x3, u) =

− E1ẋ1 +A11x1 +A12x3 +B1u+ F̂1h(ẋ1, x1, x3, u)

can be combined with (20) yielding the equation

0 = −E1L[1](x1, u)− E1Lh(x1, u) +A11x1

+A12

(R[1](x1, u) +Rh(x1, u)
)

+B1u

+ F̂1h

(L[1](x1, u) + Lh(x1, u), x1,R[1](x1, u)
+Rh(x1, u), u

)
By assumption E1 is nonsingular and for notational reasons,
it will in the sequel of this paper, be assumed that it is an
identity matrix. The first term in L(x1, u) is obtained as

L[1] = A11x1 +A12R[1](x1, u) +B1u = Âx1 + B̂u

where

Â = A11 −A12A
−1
22 A21, B̂ = B1 −A12A

−1
22 B2

and the second equality is obtained using (21). Since
F̂1h(ẋ1, x1, x3, u) contains terms of at least order two it
follows that

F̂
[m]
1h

(L(x1, u), x1,R(x1, u), ux
)

=

F̂
[m]
1h

(L[1](x1, u) + . . .+ L[m−1](x1, u), x1,

R[1](x1, u) + . . .+R[m−1](x1, u), u
)

which shows that higher order terms in L(x1, u) can be
computed recursively using the expression

L[m](x1, u) = A12R[m](x1, u)+

F̂
[m]
1

(L[1](x1, u) + . . .+ L[m−1](x1, u), x1,

R[1](x1, u) + . . .+R[m−1](x1, u), u
)

The equations to find the coefficients of R and L will
be linear in the m:th order coefficients. It means that if
the equations are solved recursively, the computation can be
carried out rather fast. However, if the number of variables
in either x1 or x3 are large, the number of equations will
grow rapidly. For physical systems, the DAE model is often
semi-explicit and can be written as

ẋ1 = F̂1(x1, x3, u)

0 = F̂2(x1, x3, u)

The computations above can then be simplified substantially,
since the power series of L(x1, u) is obtained, without
solving any equations, as the composition of the power series
of F̂1 and R.

Having the power series expansions of R(x1, u), the series
expansion of (19) can be computed as

L̂(x1, u) = ( x1
u )T ΠT

(
Q S

ST R

)
Π ( x1

u ) + L̂h(x1, u)

= ( x1
u )T

(
Q̂ Ŝ

ŜT R̂

)
( x1

u ) + L̂h(x1, u) (22a)

where

Π =
(

I 0
−A−1

22 A21 −A−1
22 B2

0 I

)
(22b)

and

L̂h(x1, u) =

= Lh(x1,R(x1, u), u) + 2xT
1 Q12Rh(x1, u)

+ 2R[1](x1, u)Q22Rh(x1, u) + 2uTS2Rh(x1, u)

+Rh(x1, u)TQ22Rh(x1, u) (22c)

B. Existence and Computation of the Solution

Now when the series expansions of L and R are computed,
the method in Section III can be used. That is, Theorem 1
can be modified to the nonlinear DAE case as follows.

Theorem 2: Consider the optimal control problem (1) and
(2). Assume that it satisfies Assumptions 1 and 2. Further-
more, assume that the quadratic part of the cost function
satisfies

(
Q̂ Ŝ

ŜT R̂

)
� 0. Then an optimal feedback law u∗(x)

satisfying Assumption 3 exists if the ARE

0 = (Â+λ
2 I)

TP+P (Â+λ
2 I)−(PB̂+Ŝ)R̂−1(PB̂+Ŝ)T +Q̂

(23a)
has a unique positive-semidefinite solution such that the
matrix Â+ B̂D with D given by

D = −R̂−1(ŜT + B̂TP ) (23b)

satisfies
Re eig(Â+ B̂D) < min(0,−λ

2 )

The higher higher order terms are given by (12) with the
system and cost function replaced by L(x1, u) and L̂(x1, u),
respectively.

Proof: Follows from Theorem 1 after reformulation of
the DAE model as state-space system. For this model, the
power series can be computed to any order.
Some cases for which the ARE (23a) has solutions satisfying
the conditions is provided by Lemma 1. The solution is
computed in the same manner as described in Section III
That is, the optimal solution can be found recursively and in
this case, the sequence becomes

V̄ [2](x1), u
[1]
∗ (x1), R[1](x1, u

[1]
∗ ), L[1](x1, u

[1]
∗ ) . . . (24)

In the Theorem 2, one possible approach to compute the
optimal solution was described, namely to first find the power
series of R(x1, u) and L(x1, u) and then use (12) to compute
the solution. The main motivation for choosing this approach,
is that it makes it easier to prove existence. However, it is also



possible, as shown in [12], to use the following equivalent
set equations

0 = Lu − Vx1 F̂
−1
1;ẋ1

F̂1;u

− (Lx3 − Vx1 F̂
−1
1;ẋ1

F̂1;x3

)
F̂−1

2;x3
F̂2;u (25a)

0 = L+ λV + Vx1 ẋ1 (25b)

0 = F̂1 (25c)

0 = F̂2 (25d)

where L is evaluated in (x1, x3, u), V in (x1), F̂1 in
(ẋ1, x1, x3, u) and F̂2 in (x1, x3, u). The advantage with
this is that one solves for V (x1), u∗(x1), L(x1) and R(x1)
simultaneously which for certain systems can simplify the
computations. For more details see [12].

C. Conditions on the Original Cost Function
The conditions in Theorems 2 are expressed in terms of the

reduced optimal control problem, e.g., Â, B̂ and Q̂. However,
in some cases these conditions can be translated to conditions
on the original data. First consider the condition(

Q̂ Ŝ

ŜT R̂

)
� 0 (26)

Since the variable transformation matrix Π in (22b) has full
column rank, it follows that(

Q S

ST R

)
� 0 ⇒

(
Q̂ Ŝ

ŜT R̂

)
� 0

However, note that the arrow only goes in one direction
and the cost matrix (26) may be positive definite also for
indefinite matrices in the original problem.

In some cases, it is not desired to penalize the variables
x3. In these cases the cost matrix is given by(

Q̂ Ŝ

ŜT R̂

)
= ΠT

(
Q11 0 S1
0 0 0

ST
1 0 R

)
Π =

(
Q11 S1

ST
1 R

)
which means that if the cost matrix for x1 and u is positive
definite, the cost matrix for the reduced system is too.

V. MATHEMATICAL EXAMPLE

In order to illustrate the methods described in this paper,
a small example is presented. It should be mentioned that
larger systems can be solved in the exact same manner. A
scalar example is only chosen in order to keep the notation
short. From a computational point of view, problems with at
least 8 − 10 states for moderate sized orders can be solved
rather fast. Therefore consider the system

ẋ = − sin(x) + u

and the cost function

L(x, u) = x2 + u2 + x3 + xu2 + x2u+ u3

The solution up to order 3 is computed for three different λ.
The eigenvalues to the closed loop system for the different
cases become λ = 2 : Ac = −2, λ = 0 : Ac = −1.41 and
λ = −2 : Ac = −1.24, which all are to the left of their
requirements. One can also see that the pole moves further
into the left half plane when λ is increased. In Figure 1, the
corresponding solutions are depicted. The different curves

are: λ = 2 (dash-dotted), λ = 0 (solid) and λ = −2 (dashed).
As can be seen, the convergence rates are decreasing with
decreasing λ.
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Fig. 1. The solution x(t) for the mathematical example with the initial
condition x(0) = 0.5. The cases are λ = 2 (dash-dotted), λ = 0 (solid)
and λ = −2 (dashed).

VI. CONCLUSIONS

In this paper, it has been shown that for models described
by convergent power series, it is possible to include a dis-
count factor in the cost function and still a time-invariant and
real analytic optimal solution is ensured to exist under certain
regularity conditions. Furthermore, a recursive method to
find the optimal solution is presented. Finally, the method
is extended to also handle nonlinear DAE models.
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ABSTRACT 
 
Feedforward is a powerful method to compensate for a disturbance, before it has shown up in 
the measurement signal. If it is possible to measure the disturbance, it is possible to provide 
the feedback control system with a feedforward compensator compensating for the 
disturbance. Knowing this it is quite surprising how few papers you find on tuning of 
feedforward compensators, while there are literally thousands on PID controller tuning.. 
 
Given the structure in Figure 1, most textbooks only conclude that the ideal feedforward 
compensator is given by 

dpFF GGG 1−−=  

 
 

Figure 1. Blockdiagram with combined feedforward and feedback control. 

 

As is wellknown for many examples of pG  and dG , this compensator cannot be realized. For 

example when the plant has a higher pole-zero excess than the disturbance model, or when the 
delay of the process is larger than that of the disturbance model. Then one needs to derive an 
approximate FFG  , which is not always obvious how to do. Furthermore if the  process and 
disturbance models are high order this leads to a high order feedforward compensator, which 
from a user perspective may not be desirable. 
 

Instead, a simpler model for the feedforward compensator is chosen. In this paper the 

feedforward compensator is selected as a lead/lag filter plus a delay structure, given by the 

transfer function  
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Given this compensator structure and a pre-determined feedback controller, the closed-loop 
transfer function between the disturbance and the process output is given by 
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In the paper a method is presented where clG  is minimized with respect to the parameters of 

FFG , using  a weighted frequency norm. 
Figure 2 below shows an example where the ideal compensator has a time dealy of 10 s, but 
when the rest of the compensator is approximated to fit the lead/lag structure gives a very bad 
performance – actually worse than without feedback. The optimized compensator somewhat 
surprisingly produces a shorter delay, but also much improved performance.  
In the full paper there will be more simulations as well as real data examples. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Simulation comparison between approximate ideal compensator and new method. 
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Extended balanced truncation

Henrik Sandberg

Abstract— An extension to balanced truncation is presented.
Balanced truncation is a standard method for model reduction
and it has many good properties, such as preservation of model
stability and a priori error bounds. Balanced truncation is
done using controllability and observability Gramians. The
Gramians can be found by solving a set of linear matrix
inequalities. In this paper, we show that these linear matrix
inequalities can be extended so that the number of decision
variables are at least doubled. This leads to the concept of
extended Gramians. It is shown that all the good properties of
balanced truncation also hold for extended balanced truncation.
It turns out that extended balanced truncation is especially
useful when there are additional structure constraints in the
model to be reduced. This is useful in controller reduction, for
example.

This is a preprint of a paper that will appear at the
American Control Conference 2008.

I. INTRODUCTION

Model reduction is about systematic simplification of com-
plex models. This is a topic that has received a great deal of
interest at least since the early 1980’s, but still hard problems
remain to be solved. In particular, most available methods
that are guaranteed to deliver good approximations only
apply to linear systems, and these methods are usually not
structure preserving. In this paper, we propose an extension
to balanced truncation that increases the chance of preserving
structures.

Balanced truncation is a standard method to reduce the
order of linear systems. The method was introduced in [1]
and it was later shown in [2] how stability of models is
preserved, and in [3], [4] that simple a priori error bounds
hold. These results were all shown for continuous-time
models. In discrete time, the corresponding results were
shown in [5]. For balanced truncation, the controllability
and observability Gramians are needed. They are obtained
from solving two Lyapunov equations. In [6], it was shown
that if the Lyapunov equations are replaced by linear matrix
inequalities, the error bounds in [5] can be improved. In this
paper, we build upon this idea and introduce more general
(extended) inequalities. The extended inequalities are more
likely than the normal inequalities to have Gramians of
block-diagonal structure. Block-diagonal Gramians are im-
portant for controller reduction [7], for uncertain systems [8],

H. Sandberg is at Royal Institute of Technology (KTH), School of
Electrical Engineering, Automatic Control, SE-100 44 Stockholm, Sweden.
hsan@ee.kth.se

This work was supported in part by the Swedish Foundation for Strategic
Research.

and for reduction of structured and interconnected systems
[9], [10].

Extending linear matrix inequalities the way that it is done
in this paper was first proposed in [11], [12]. In [11], [12], the
applications were stability analysis and controller synthesis
for parameter-dependent models. The same type of extension
was also used in [13], [14] to construct distributed estimators.
Here we use the idea for model reduction.

The organization of the paper is as follows: In Section II,
we introduce the model structure and define what we mean
by model truncation. In Section III, the normal and extended
Gramians are defined, and their equivalence is discussed.
In Section IV, it is shown how the extended Gramians can
be used to prove approximation error bounds and preserve
stability for truncated models. In Section V, it is shown how
one can balanced the extended Gramians, which is required
for the error bounds to apply. Finally, in Section VI extended
and regular balanced truncation is applied to two different
models, and the results are discussed.

II. PRELIMINARIES

We consider linear finite-dimensional discrete-time sys-
tems G, with realization

G
{

x(k + 1) = Ax(k) + Bu(k), x(k) ∈ Rn, u(k) ∈ Rm,

y(k) = Cx(k) + Du(k), y(k) ∈ Rp.

For simplicity, we leave out the time index k in the notation
in the following, and use the notation x+ := x(k + 1), x :=
x(k), u := u(k) etc. Thus, the model is written

G
{

x+ = Ax + Bu, x ∈ Rn, u ∈ Rm,

y = Cx + Du, y ∈ Rp,

in the following. The transfer function G(z) is defined by

G(z) = D + C(zI −A)−1B =:
[

A B
C D

]
,

and the H∞-norm by

‖G‖∞ := sup
z∈C\D̄

|G(z)|.

With ‖u‖[k1,k2] we mean

‖u‖[k1,k2] =

√√√√ k2∑
k=k1

u(k)T u(k)

and ‖u‖ := ‖u‖[0,∞]. Square-summable sequences, ‖u‖ <
∞, belong to the Hilbert space �2. We know that ‖G‖∞ =
sup(u�=0)∈�2

‖y‖
‖u‖ .



To solve the model-reduction problem we should find a
new linear system Ĝ with r < n states such that ‖G − Ĝ‖∞
is small. This is done by truncating the realization, in this
paper. We use the partition

A =
[
A11 A12

A21 A22

]
, B =

[
B1

B2

]
, A11 ∈ Rr×r, B1 ∈ Rr×m,

C =
[
C1 C2

]
, C1 ∈ Rp×r.

A candidate approximation Ĝ is given by

Ĝ
{

x̂+
1 = A11x̂ + B1u, x̂1 ∈ Rr, u ∈ Rm,

ŷ = C1x̂ + Du, ŷ ∈ Rp.

We will compare the state x =
[
x1

x2

]
(x1 ∈ Rr, x2 ∈ Rs) of

G to the state x̂1 of Ĝ, and the output y of G to the output ŷ
of Ĝ, when both models are excited with same input u. We
will also use the signal ẑ2 defined by

ẑ+
2 = A21x̂1 + B2u (1)

later in the paper. One can interpret ẑ2 as an estimate of what
x2 is, given that we have the model Ĝ.

The main benefit with balanced truncation is that it shows
how to choose good coordinates x and approximation order
r such that ‖G−Ĝ‖∞ is guaranteed to be small. As we shall
see, extended balanced truncation has the same benefits, and
give some additional degrees of freedom.

III. EXTENDED LYAPUNOV INEQUALITIES

Controllability and observability Lyapunov inequalities,

P −APAT −BBT > 0, P > 0, (2)

Q−AT QA− CT C > 0, Q > 0, (3)

with symmetric Gramians P = PT , Q = QT ∈ Rn×n

have solutions if, and only if, G is asymptotically stable
(ρ(A) < 1). The Gramians contain information about con-
trollability and observability of the realization and are used to
choose coordinate system for balanced truncation [5], [15].
In this paper, we instead use the extended controllability and
observability Lyapunov inequalities⎡⎣ P AF B

FT AT F + FT − P 0
BT 0 I

⎤⎦ > 0, (4)

⎡⎣G + GT −Q GA 0
AT GT Q CT

0 C I

⎤⎦ > 0, (5)

with extended controllability Gramian (P, F ) and extended
observability Gramian (Q,G). Here P = PT , Q = QT ∈
Rn×n are symmetric and F,G ∈ Rn×n. A key result in this
paper is that (4)–(5) and (2)–(3) in fact are equivalent, see
Theorem 1. The idea of extending inequalities in this way
was first presented by Oliviera et al. in [11], [12]. Similar
equivalences were also stated there. The applications in these
papers were stability analysis and controller synthesis for
parameter-dependent models. Here the focus is on model
reduction.

Theorem 1: The inequalities (2)–(3) have solutions P =
PT , Q = QT if, and only if, the inequalities (4)–(5) have
solutions P = PT , Q = QT and F,G.

Proof: The controllability case is proved in Theorem 1
in [12]. We repeat the idea of the proof here (in the
observability case) since it helps to understand the roles of
P,Q and F,G.

(Necessity) If (2)–(3) holds, choose F = P and G = Q.
In the observability case, using Schur complements [15] we
obtain⎡⎣ Q QA 0

AT Q Q CT

0 C I

⎤⎦ > 0 ⇔
[

Q QA
AT Q Q− CT C

]
> 0

⇔
[
Q 0
0 Q−AT QA− CT C

]
> 0.

(Sufficiency) Assume (4)–(5) have solutions. In the ob-
servability case we have that G + GT > Q > 0, and
(G−Q)Q−1(GT −Q) = GQ−1GT −G−GT +Q ≥ 0 and
thus GQ−1GT ≥ G + GT −Q. From (5) it follows⎡⎣GQ−1GT GA 0

AT GT Q CT

0 C I

⎤⎦ > 0.

If we multiply this inequality with diag {G−T Q, I, I} from
the right and with the transpose from the left, we obtain⎡⎣ Q QA 0

AT Q Q CT

0 C I

⎤⎦ > 0.

Remark 1: If the extended inequalities (4)–(5) are solved,
then the P,Q components of the extended Gramians can
always be used as Gramians in the traditional sense to
solve (2)–(3). For example, for reachability and observability
analysis. The F,G components contain other information.
Their role and use will be shown in the later sections.

If the Lyapunov inequalities (2)–(3) are solved, then the
Gramians P,Q can always be used to construct extended
Gramians (P, P ) and (Q,Q) to solve (4)–(5). However, this
will not give us anything new. The idea is to not choose
F = P,G = Q and utilize the extra degrees of freedom.

IV. MODEL TRUNCATION USING EXTENDED GRAMIANS

We start out this section by making the bold assumption
that the F,G components of the extended Gramians have the
block-diagonal structure

F =
[
F1 0
0 Is · σ

]
> 0, G =

[
G1 0
0 Is · σ

]
> 0. (6)

In Section V, it is shown how it is possible to fulfill this
assumption. No special structure is assumed for the P,Q
components, apart from them being symmetric positive-
definite matrices.

Let us first study the extended observability Lyapunov
inequality (5). After an application of the Schur lemma [15]



we obtain the inequality[
G + GT −Q GA

AT GT Q− CT C

]
> 0. (7)

If we assume the structure (6) for G, and multiply (7) from
the right and left with properly chosen state vectors, we
obtain,⎡⎢⎢⎣−

(
x1 − x̂1

x2

)+

(
x1 − x̂1

x2

)
⎤⎥⎥⎦

T [
G + GT −Q GA

AT GT Q− CT C

]

×

⎡⎢⎢⎣−
(

x1 − x̂1

x2

)+

(
x1 − x̂1

x2

)
⎤⎥⎥⎦ ≥ 0

⇐⇒[
x1 − x̂1

x2

]T

Q

[
x1 − x̂1

x2

]
−

[
x1 − x̂1

x2

]+T

Q

[
x1 − x̂1

x2

]+

+ 2x+T
2 ẑ+

2 σ − |y − ŷ|2 ≥ 0, (8)

where ẑ2 is defined in (1), and we have used the identities

A

[
x1 − x̂1

x2

]
=

[
x1 − x̂1

x2 − ẑ2

]+

, C

[
x1 − x̂1

x2

]
= y − ŷ,[

x1 − x̂1

x2

]+T

G

[
x1 − x̂1

x2 − ẑ2

]+

=
[
x1 − x̂1

x2

]+T

G

[
x1 − x̂1

x2

]+

− x+T
2 ẑ+

2 σ.

Similarly, if we define

F̃ := F−1 =
[
F−1

1 0
0 Is · σ−1

]
,

P̃ := F̃T PF̃ ,

we can multiply the extended controllability Lyapunov in-
equality (4) from the left with diag {F̃ , F̃ , I}T and from
the right with diag {F̃ , F̃ , I}, and we obtain the equivalent
inequality ⎡⎣ P̃ F̃T A F̃T B

AT F̃ F̃ + F̃T − P̃ 0
BT F̃ 0 I

⎤⎦ > 0. (9)

Using the structure of F̃ , we have⎡⎢⎢⎢⎢⎣
−

(
x1 + x̂1

x2

)+

(
x1 + x̂1

x2

)
2u

⎤⎥⎥⎥⎥⎦
T ⎡⎣ P̃ F̃ T A F̃ T B

AT F̃ F̃ + F̃ T − P̃ 0

BT F̃ 0 I

⎤⎦

×

⎡⎢⎢⎢⎢⎣
−

(
x1 + x̂1

x2

)+

(
x1 + x̂1

x2

)
2u

⎤⎥⎥⎥⎥⎦ ≥ 0

⇐⇒

(
x1 + x̂1

x2

)T

(F̃ + F̃T − P̃ )
(

x1 + x̂1

x2

)
−

(
x1 + x̂1

x2

)+T

(F̃ + F̃T − P̃ )
(

x1 + x̂1

x2

)+

− 2x+T
2 ẑ+

2 σ−1 + 4|u|2 ≥ 0, (10)

where we have used the identities

A

(
x1 + x̂1

x2

)
+ 2Bu =

[
x1 + x̂1

x2 + ẑ2

]+

,[
x1 + x̂1

x2

]+T

F̃

[
x1 + x̂1

x2 + ẑ2

]+

=
[
x1 + x̂1

x2

]+T

F̃

[
x1 + x̂1

x2

]+

+ x+T
2 ẑ+

2 σ−1.

If we assume that x(0) = 0 and x̂(0) = 0 and sum the
inequalities (8) and (10) over the time interval [0, T ] we have
that (note the canceling terms)

2σ

T+1∑
k=1

(xT
2 ẑ2)(k) ≥

∣∣∣∣(x1 − x̂1

x2

)
(T + 1)

∣∣∣∣2
Q

+ ‖y − ŷ‖2[0,T ]

(11)
and

− 2σ−1
T+1∑
k=1

(xT
2 ẑ2)(k) + 4‖u‖2[0,T ]

≥
∣∣∣∣(x1 + x̂1

x2

)
(T + 1)

∣∣∣∣2
F̃+F̃ T−P̃ ,

(12)

where |x|2Q means xT Qx. Using these inequalities we have
the following lemma that bounds the input-output approxi-
mation error.

Lemma 1: Assume that G and Ĝ initially are at rest, and
that the F,G components of the extended Gramians have
the structure (6). Then for all inputs u ∈ �2 it holds that
‖y − ŷ‖ ≤ 2σ‖u‖, that is

‖G − Ĝ‖∞ ≤ 2σ.

Proof: Multiply inequality (12) with σ2, and add it to
inequality (11). Notice that the sums containing the sign-
indefinite terms xT

2 ẑ2 cancel. All the remaining terms are
positive and the result follows as T →∞.

Hence, if we truncate states and have block-diagonal F,G
components in the extended Gramians, then the input-output
approximation error is easily bounded. As we see next,
asymptotic stability is also preserved and we can apply the
results recursively.

Lemma 2: Assume that G has extended Gramians in the
form

P =
[
P11 P12

PT
12 P22

]
, P22 ∈ Rs×s, F =

[
F1 0
0 Is · σ

]
,

Q =
[
Q11 Q12

QT
12 Q22

]
, Q22 ∈ Rs×s, G =

[
G1 0
0 Is · σ

]
.



Then the truncated system Ĝ has extended Gramians
(P11, F1) and (Q11, G1). Furthermore, Ĝ is asymptotically
stable (ρ(A11) < 1).

Proof: We only show the result in the controllability
case. Multiply the extended controllability inequality (4)
from the right with⎡⎢⎢⎢⎢⎣

(
Ir

0s×r

)
0n×r 0n×m

0n×r

(
Ir

0s×r

)
0n×m

0m×r 0m×r Im

⎤⎥⎥⎥⎥⎦
and with the transpose from the left. Then we obtain⎡⎣ P11 A11F1 B1

FT AT
11 F1 + FT

1 − P11 0
BT

1 0 I

⎤⎦ > 0.

That is, (P11, F1) is an extended Gramian for Ĝ. Since P11

is a normal Gramian satisfying (2) for Ĝ, asymptotic stability
follows.

V. BALANCED EXTENDED GRAMIANS

In this section, we justify the assumption (6) about block-
diagonal F,G components in the extended Gramians. This
leads to the concept of balanced extended Gramians.

Let us consider coordinate transformations x̄ = Tx, T
invertible. We know that the realization transforms as

Ā = TAT−1, B̄ = TB, C̄ = CT−1, D̄ = D.

How the extended Gramians transform is shown in the next
lemma.

Lemma 3: Under coordinate transformations x̄ = Tx, the
extended Gramians transform as

P̄ = TPTT , F̄ = TFTT ,

Q̄ = T−T QT−1, Ḡ = T−T GT−1.
Proof: Replace A,B,C in (4)–(5) with T−1ĀT ,

T−1B̄, C̄T . If (4) is multiplied with diag {TT , TT , I} from
the right, and with the transpose from the left, then we can
identify P̄ and F̄ . A similar technique is used to prove the
observability case.

The F and G components transform just as the normal
Gramians P and Q. In particular, the eigenvalues

λi(PQ) = λi(P̄ Q̄),
λi(FG) = λi(F̄ Ḡ),

are invariant under coordinate transformations. The numbers
σi =

√
λi(PQ) are often called Hankel singular values. It

is well known that there is a coordinate transformation T
that makes P̄ and Q̄ equal and diagonal [1], [15]. Since F
and G transform in the same way, one could hope that F̄
and Ḡ can also be made equal and diagonal. However, if F
and G are not symmetric, such a coordinate transformation
may not exist. But we can always sacrifice some degrees of
freedom in F and G and make them symmetric.

Lemma 4: Let the F,G components of the extended
Gramians be symmetric. Then there exist a coordinate trans-
formation x̄ = Tx such that

F̄ = Ḡ = Σe = diag {σe,1, . . . , σe,n},
where σe,i :=

√
λi(FG) > 0 are the extended Hankel

singular values of G.
Proof: The transformation T is constructed as in

Theorem 7.5 in [15] using the substitutions P = F and
Q = G.

The extended Gramians are called balanced extended
Gramians if the F,G components have the form Σe. The
main theorem of the paper can now be stated.

Theorem 2: Suppose that

G(z) =

⎡⎣ A11 A12 B1

A21 A22 B2

C1 C2 D

⎤⎦ , A11 ∈ Rr×r,

is asymptotically stable and has balanced extended Gramians
(P,Σe) and (Q,Σe) where Σe = diag {Σe,1,Σe,2} and

Σe,1 = diag {σe,1, . . . , σe,r}, Σe,2 = diag {σe,r+1, . . . , σe,n}.
Then the truncated system

Ĝ(z) =
[

A11 B1

C1 D

]
,

is asymptotically stable, has balanced extended Gramians
(P11,Σe,1) and (Q11,Σe,1), and

‖G − Ĝ‖∞ ≤ 2
n∑

i=r+1

σe,i.

Proof: The theorem follows by iteratively applying
Lemma 1 and Lemma 2 to the balanced realization. The
error bound then follows from the triangle inequality.

Remark 2: It is the F,G components of the extended
Gramians that provide the input-output error bound in The-
orem 2. Obviously, if we use F = P and G = Q, the result
reduces to standard balanced truncation, see Theorem 7.11
in [15]. The point is that the normal Gramians P,Q do not
appear in the result here other than as extra decision variables
in the extended inequalities. Thus we could expect that the
reduced models coming from extended balanced truncation
are at least as good as those coming from regular balanced
truncation.

VI. EXAMPLE

Here we apply balanced truncation and extended balanced
truncation to two different linear systems. The Gramians
are computed using SeDuMi [16] and YALMIP [17]. For
balanced truncation, we solve

min Tr P subject to (2)
min Tr Q subject to (3)

and for extended balanced truncation we solve

min Tr F subject to (4) and F = FT

min Tr G subject to (5) and G = GT .



TABLE I

COMPARISON OF REGULAR (Ĝb) AND EXTENDED (Ĝeb) BALANCED

TRUNCATION IN EXAMPLE 1.

r ‖G − Ĝb‖∞ Upper bound ‖G − Ĝeb‖∞ Upper bound
1 3.84 · 10−1 5.42 · 10−1 3.85 · 10−1 5.04 · 10−1

2 5.63 · 10−2 7.55 · 10−2 5.58 · 10−2 7.12 · 10−2

3 3.18 · 10−3 4.41 · 10−3 3.04 · 10−3 4.71 · 10−3

4 5.72 · 10−5 8.19 · 10−5 5.52 · 10−5 1.46 · 10−4

The conditions F = FT and G = GT are there to guarantee
that the extended Gramians can be balanced, see Lemma 4.
We have chosen to minimize the trace of the Gramians for
simplicity. One could consider more complicated objective
functions since we really want to make the (non-convex)
singular values σ2

i = λi(PQ) and σ2
e,i = λi(FG) small.

The minimization of the trace of Gramians can be justified
as in [18]. We have that

n∑
i=1

σ2
i = Tr (PQ) ≤ (Tr P )(Tr Q),

n∑
i=1

σ2
e,i = Tr (FG) ≤ (Tr F )(Tr G),

(13)

see Proposition 1 in [18]. If the traces of the Gramians are
small, then the singular values are small. The number of
decision variables in extended balanced truncation is twice
as large as for balanced truncation (P, F,Q,G vs. P,Q). This
increases the computation time, but can also lead to better
reduced models. Since the set of admissible F is greater or
equal to the set of admissible P (Theorem 1), we know that
min Tr F ≤ min Tr P , and similarly min Tr G ≤ min Tr Q.
Hence the upper bound in (13) is smaller for extended
balanced truncation. However, this does not mean that the
extended Hankel singular values necessarily are smaller than
the regular Hankel singular values, since this is just an
upper bound (see Example 1). An interesting problem is to
find better objective functions that ensure smaller extended
singular values.

Example 1: In [5], balanced truncation is applied to the
model

G(z)

=
(−1.7328 · 10−3)(z + 1.8381)(z − 0.3321)(z − 0.2813)(z − 0.1667)

(z − 0.7125)5
,

and we use the same model here. In Fig. 1, the regular
and extended Hankel singular values are shown. We note
that σe,i < σi for i = 1, 2, 3. For i = 4, 5, σe,i is slightly
larger than σi. Even if Tr F ≤ Tr P and Tr G ≤ Tr Q it
can happen that particular extended singular values are larger
than the regular ones.

The approximation error and the upper bounds for Ĝb

(balanced truncation) and Ĝeb (extended balanced truncation)
are shown in Table I for various approximation orders r. In
this example, extended balanced truncation gives a smaller
approximation error in all cases, except when r = 1 when
it is 0.3% larger. The error bounds are not always tighter,
however.
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Fig. 1. The Hankel singular values and the extended Hankel singular values
in Example 1.

Example 2: In this example, we want to reduce the order
of and preserve the structure of a linear system. Consider a
closed-loop system

G =
G1

1 + kG1G2
, (14)

where G1 is a 10-th-order model, G2 is a 6-th-order model
in the feedback path, and k is a feedback gain. We want to
find a new model of the structure

Ĝ =
Ĝ1

1 + kĜ1Ĝ2

, (15)

where the orders of Ĝ1 and Ĝ2 are smaller than the orders of
G1 and G2, respectively. This problem can be solved using
balanced truncation if we find block-diagonal Gramians

P = diag {P1, P2}, Q = diag {Q1, Q2},
P1, Q1 ∈ R10×10, P2, Q2 ∈ R6×6,

(16)

that solve (2)–(3) for a special 16-th-order realization of (14),
see [10]. The realization needs to have a special structure so
that it can be written as (15) after truncation. Block-diagonal
Gramians (16) are not guaranteed to exist, however.

Since the decision-variable space is larger in extended
balanced truncation, it is natural to try to find block-diagonal
extended Gramians instead. In fact, it is only the F,G
components of the extended Gramians that need a block-
diagonal structure like (16). The P,Q components can be
full symmetric matrices. Hence, we have a better chance of
success using extended balanced truncation.

Let us compare the methods when we truncate 3 states
from G1 and 2 states from G2 for various choices of feedback
gain k (G is stable when k ≤ 0.15). The approximation error
and the upper bounds are shown in Table II. First, we notice
that extended balanced truncation works for more systems, as
it should. For feedback gains k over 0.09, there are no block-
diagonal regular Gramians. Extended balanced truncation
works up until k = 0.11, however. Second, we notice that the
upper error bounds are much better for extended truncation.
The block-diagonal restriction is a much harder constraint



TABLE II

COMPARISON OF REGULAR (Ĝb) AND EXTENDED (Ĝeb) BALANCED

TRUNCATION IN EXAMPLE 2. ’-’ INDICATES THAT NO BLOCK-DIAGONAL

SOLUTION EXISTS.

k ‖G − Ĝb‖∞ Upper bound ‖G − Ĝeb‖∞ Upper bound
0.06 6.73 · 10−2 1.22 · 10−1 6.73 · 10−2 7.60 · 10−2

0.07 6.73 · 10−2 1.65 · 10−1 6.73 · 10−2 7.97 · 10−2

0.08 6.73 · 10−2 2.87 · 10−1 6.73 · 10−2 8.57 · 10−2

0.09 6.73 · 10−2 2.62 6.73 · 10−2 9.67 · 10−2

0.10 - - 6.73 · 10−2 1.22 · 10−1

0.11 - - 6.73 · 10−2 2.15 · 10−1

0.12 - - - -

for regular balanced truncation, and the sizes of the regular
Gramians P and Q are much larger than the sizes of the
extended Gramians (P, F ) and (Q,G).

VII. CONCLUSIONS

An extension to the balanced truncation method has been
presented. All important properties of balanced truncation,
such as stability preservation and a priori error bounds, hold
in the extended case also. In two examples, it was shown that
extended balanced truncation generally gives better approx-
imations. More important, it is more likely that extended
balanced truncation can preserve internal structures in the
reduced models. This is important in controller reduction
and in model reduction of networked systems, and this will
be further investigated in future work. Another interesting
problem is to find better objective functions of the extended
Gramians to be minimized.
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Model Quality Estimation in Systems with Time-Varying Uncertainty:
Application to an Overhead Crane

Soheil Salehpour and Andreas Johansson

Abstract— The problem of estimating bounds for time-
varying parameter perturbations using measurement data is
addressed. An estimate of the perturbation is produced based
on a quantized approximation of the uncertainty and the sparse
nature of its derivative. As an illustrative example, we apply
the method to measurement data from an overhead crane.

Index Terms— Model quality estimation, time-varying pa-
rameter uncertainty, MILP, sparsity, perturbation, uncertainty,
optimization.

I. INTRODUCTION

THE uncertainties associated with the nominal process
model is a concern in most approaches to feedback

control. The question is how to achieve a tight bound or
shape of the uncertainty by using a set of measurement data.
This active research area is known as model quality estima-
tion. In the existing approaches to model quality estimation,
the true system, see e.g. [1], [2], [3], [4], [5] and [6], is a
linear time-invariant system (where uncertainty is considered
in both H∞ and L1). A time varying linear system is a
more realistic assumption, since nonlinear behavior can then
also be accounted for. However, model quality estimation of
time-varying perturbations appears to be difficult. Here, we
consider a linear system with time-varying parameters as the
model uncertainty. The prime drawback of assuming a para-
metric, time-varying uncertainty description is its possible
shortcoming for describing unmodeled dynamics. However,
if the physics of process is reasonably well-known, then
the unmodeled dynamics can be limited to high frequencies,
which then can often be described by a parametric model.

We will assume a state-space system with affine de-
pendence on the uncertain time-varying parameters. This
structure is frequently used in robust control and estimation
[10] and [11], and can be expressed by using the Kronecker
product as [7]

x(k + 1) = Ax(k) + Bu(k) + P (π(k)⊗ x(k)) +
Dπ(k) + Q(π(k)⊗ u(k))

y(k) = Cx(k) + η(k) (1)

where ⊗ denote the Kronecker product and A ∈ Rn×n, B ∈
Rn×p, C ∈ Rl×n, D ∈ Rn×q, P ∈ Rn×nq, Q ∈ Rn×qp

are constant matrices. The vector x(k) ∈ Rn represents the
state, y(k) ∈ Rl is the measured output and u(k) ∈ Rp is
the input while η(k) ∈ Rl is some additive disturbance. The
vector π(k) ∈ Rq represents the parameter uncertainties, i.e.
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the deviation from the nominal parameter values. Note that
they are allowed to enter both linearly and and bilinearly
with the state x as well as with the input u.

In [14], we present two methods to estimate bounds of
parameter uncertainty in state-space systems. The methods
are based on estimates of the perturbations from measure-
ment data. Since the number of perturbations is usually
larger than the number of measurement signals (q > l),
this requires additional assumptions on the uncertainty. In
[14], we firstly assume that the perturbation and its derivative
is minimal. Then, we suppose the perturbation is minimal
and its derivative is maximally sparse. This later approach is
proved to be particularly fruitful.

In Section II, an approximation of (1) is given and a bound
for the disturbance is defined. A MILP (Mixed Integer Linear
Programming) algorithm to minimize the sparsity of a matrix
is described and a method besed on this algorithm estimates
the perturbations. An overhead crane process is represented
in Section III, and the method is applied to this process in
Section IV. Section V gives some concluding remarks and
directions for future work.

II. PRELIMINARIES

The vector of dimension n where each element is 1 is
denoted as 1n = [1, 1, ..., 1]T and In is the identity matrix
of dimension n.

A. The Biaffine Input/Output System

In this section, we give an approximation of (1) whose
output is affine in the input u and perturbation π. It is derived
in [12] as a 1’st order Taylor approximation of y with respect
to π and may be expressed as

ζ(k + 1) = Aζ(k) + Bu(k)
ξ(k + 1) = Aξ(k) + P (π(k)⊗ ζ(k)) +

Dπ(k) + Q(π(k)⊗ u(k))
ŷ(k) = C(ζ(k) + ξ(k)) (2)

with initial state ζ(0) = x(0) and ξ(0) = 0. By defining the
disturbance ν = r + η , where r denotes the linearization
error, the output of (1) may be expressed as

y(k) = ŷ(k) + ν(k)

Furthermore, by collecting the signals into vectors as

Π = [π(0)T π(1)T · · ·π(N − 1)T ]T

Y = [y(0)T y(1)T · · · y(N)T ]T

V = [ν(0)T ν(1)T · · · ν(N)T ]T



Ω =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 . . . 0
CP (Iq ⊗ ζ(0)) 0 . . . 0

CAP (Iq ⊗ ζ(0)) CP (Iq ⊗ ζ(1)) . . . 0
...

...
. . .

...

CAN−2P (Iq ⊗ ζ(0)) CAN−3P (Iq ⊗ ζ(1))
. . . 0

CAN−1P (Iq ⊗ ζ(0)) CAN−2P (Iq ⊗ ζ(1)) · · · CP (Iq ⊗ ζ(N − 1))

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

Φ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 . . . 0
CQ(Iq ⊗ u(0)) 0 . . . 0

CAQ(Iq ⊗ u(0)) CQ(Iq ⊗ u(1)) . . . 0
...

...
. . .

...

CAN−2Q(Iq ⊗ u(0)) CAN−3Q(Iq ⊗ u(1))
. . . 0

CAN−1Q(Iq ⊗ u(0)) CAN−2Q(Iq ⊗ u(1)) · · · CQ(Iq ⊗ u(N − 1))

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

Ψ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 . . . 0
CD 0 . . . 0

CAD CD . . . 0
...

...
. . .

...

CAN−2D CAN−3D
. . . 0

CAN−1D CAN−2D · · · CD

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,Υ =

⎡⎢⎢⎢⎣
Cζ(0)
Cζ(1)

...
Cζ(N)

⎤⎥⎥⎥⎦ (3)

(2) may also be formulated [12] as

Y = Υ + ΞΠ + V (4)

where Ξ = Ω + Ψ + Φ, and Ω, Φ, Ψ and Υ are defined in
(3).

B. Disturbance Bound

To bound the disturbance ν(k) we will use the window
norm, which for continuous time signals is defined as [13]

‖ν‖ω = sup
t≥0

∫ t

0

ω(t− τ) |ν(τ)| dτ

where ω(t) is nonnegative and bounded by an exponentially
decreasing function. In [12] a discrete time window norm is
defined as follows
Definition 1: A window sequence is a sequence ω : Z+ →
R+, which is not identically zero and satisfies ω(k) ≤ ce−ak

for all k ≥ 0 and some positive c and a.
Given a window sequence ω(k), the window norm for a
discrete time signal ν(k) may then be defined as

‖ν‖ω = sup
k≥0

k∑
i=0

ω(k − i) |ν(i)| (5)

It is remarked that (5) satisfies all properties of a norm,
but the proof is omitted. It is straightforward to see that the
window norm is equal to the l∞-norm by choosing ω as
the unit pulse function. The drawback of l∞-norm is that
it only considers the peak value of the signal without any
averaging and may therefore be conservative. This problem is
handled in the window norm by choosing a window function
that averages over a suitable time interval, i.e. a pulse

function with non-unit duration or a decaying exponential
function.The window norm actually approaches the l1-norm
by letting ω approach a unit step function. An assumption
on the disturbance ν = [ν1, ..., νl] may now be expressed as

‖νj‖ω ≤ εj , j = 1, . . . , l (6)

We assume that each ω(k) is monotone decreasing for
k > 0. Then, as showed in [12] for scalar ν, the condition
(6) can be expressed as

W |V | ≤ 1N+1 ⊗ ε (7)

where

W =

⎡⎢⎢⎢⎣
ω(0) 0 . . . 0
ω(1) ω(0) . . . 0

...
...

. . .
...

ω(N) ω(N − 1) · · · ω(0)

⎤⎥⎥⎥⎦
and ε = [ε1, ε2, . . . , εl]

T .

C. Sparse Matrix

In numerical analysis, a sparse matrix is a matrix popu-
lated primarily with zeros. The concept of sparsity is useful
in complex systems and many application areas such as
network theory. Huge sparse matrices often appear in science
or engineering when solving partial differential equations.

One common approach to seeking a sparse description
is based on l1-norm regularization [8] which produces an
approximation with a sparse structure.

In this article, we present an exact solution of maxi-
mization of sparsity by using MILP (Mixed Integer Linear



Programming) to minimize the number of non-zero elements
in a matrix or vector.

We consider the logical variable δij ∈ {0, 1} and the
matrix S = (sij)i,j=1...N to be related as

δij = 1 ↔ sij 	= 0
δij = 0 ↔ sij ≡ 0 (8)

and we aim to minimize
∑N

i,j=1 δij for i, j = 1, . . . , N .
First, we assume δij = δ1

ij + δ2
ij and (8) is re-written as

(δ1
ij , δ

2
ij) = (1, 0) ↔ sij > 0

(δ1
ij , δ

2
ij) = (0, 0) ↔ sij = 0

(δ1
ij , δ

2
ij) = (0, 1) ↔ sij < 0

We establish a more practical link between logical and real
variables by using MILP inequalities

mδ1
ij −Mδ2

ij ≤ sij ≤ Mδ1
ij −mδ2

ij

δ1
ij + δ2

ij ≤ 1 (9)

where m = mini,j(|sij |) and M = maxi,j(|sij |). Then, a
MILP is formulated for maximizing sparsity of S as

minimize
∑N

i,j=1(δ
1
ij + δ2

ij)
subject to: (9)

(10)

Here, we also present an approximation method which is
more practical in a numerical sense. This method instead
minimizes the number of elements of a matrix which are
larger than a certain threshold. If we consider μ as threshold,
the logical variables are changed into

δij = 1 ↔ |sij | > μ

δij = 0 ↔ |sij | ≤ μ

Then, the inequalities in (9) are substituted in (10) by

2μδ1
ij −Mδ2

ij − μ ≤ sij ≤ Mδ1
ij − 2μδ2

ij + μ

δ1
ij + δ2

ij ≤ 1 (11)

where M = maxi,j(|sij |) + μ and μ is a small number.

D. Method Based on MILP and the Derivative of Uncer-
tainty

We assume that the purturbation is small and slowly
varying and that the disturbance ν is also small. Here, we try
to find the tightest bound for the perturbation. The size of
the perturbation π is measured with supk ‖Fπ(k)‖∞, where
‖.‖∞ is the l∞ vector norm and F is a diagonal weight
matrix.

Scaling of the vectorized perturbation Π is accomplished
by
(I ⊗ F )Π = [(Fπ(0))T (Fπ(1))T · · · (Fπ(N − 1))T ]T

Quantization as a means of approximating signals is
widely used in digital control and other areas. The differen-
tiation of a quantized signal produces a lot of zero samples
and thus, it has a sparse structure. The time-derivative of π
is approximated by (Δπ)(k) = π(k)− π(k − 1).

Our basic assumption is that the perturbations are due to
deterministic physical phenomenae and thus have a non-
random nature. In particular, we assume that the pertur-
bations can be approximated by quantization. Then, the
following sparsity property of its derivative is used for
estimating the uncertainties and bounds for them. With the
definitions

σi = [δ1
1i, δ

2
1i, · · · , δ1

qi, δ
2
qi] for i = 0, · · · , N − 1,

ΣN = [σ0, σ1, · · · , σN−1]T , U = INq ⊗ [M,−2μ],
L = INq ⊗ [2μ,−M ] and Λ = INq ⊗ [1, 1]

the sparsity constraint (11) applied to the derivative ΔΠ may
be expressed as

LΣN − 1Nqμ ≤ ΔΠ ≤ UΣN + 1Nqμ

ΛΣN ≤ 1Nq (12)

where ΔΠ = [Δπ(0)T Δπ(1)T · · ·Δπ(N−1)T ]T . Also, let
Ym = [ym(0)T ym(1)T · · · ym(N)T ]T , where ym(k) are
the measured outputs of (1). We now use the constraint (12),
and MILP-optimization to formulate

minimize
ΣN ,Π

12NqΣN + ‖(I ⊗ F )Π‖∞ + Hε

subject to: (12)
W |Ym −Υ− ΞΠ| ≤ ε

(13)

where H is a weight for the disturbance.

III. APPLICATION TO A PENDULUM PROCESS

We will apply the two methods to an overhead crane
process with the position of the load xp as measurement yc.
The process is modeled as a pendulum where the horizontal
velocity of the suspension point is proportional to the
control signal u. With xs as the position of the suspension
point the linearized process is formulated as

⎡⎣ ẋp

ẍp

ẋs

⎤⎦ =

⎡⎣ 0 1 0
−g/l −c/m g/l

0 0 0

⎤⎦⎡⎣ xp

ẋp

xs

⎤⎦ +

⎡⎣ 0
0
b

⎤⎦u

yc =
[

1 0 0
] [

xp ẋp xs

]T

where g is the acceleration of gravity, l is the length
of the pendulum, c is a friction coefficient, and b is the
proportionality factor converting the control signal into the
speed of the suspension point. The friction coefficient is not
exactly known and will vary with the speed of the load. We
introduce the notation κ = c/m which is thus function of
time.

A simple Euler approximation gives the following
discrete-time system

x(k + 1) =

⎡⎣ 1 h 0
−hg/l 1− hκ(k) hg/l

0 0 1

⎤⎦x(k) +

⎡⎣ 0
0
hb

⎤⎦ uc(k)

y(k) =
[

1 0 0
]
x(k) (14)
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Fig. 1. (u) Input (- - -) and (xs) output (solid line)

where uc(k) = u(kh) and y(k) = yc(kh).
The sampling interval in our simulation is h = 0.1

seconds. Nominal value κ is introduced as κ(k) = κ0+π(k).
Thus, with the definitions

A =

⎡⎣ 1 h 0
−hλ0 1− hκ0 hλ0

0 0 1

⎤⎦ , B =

⎡⎣ 0
0

hb0

⎤⎦
P =

⎡⎣ 0 0 0
0 −h 0
0 0 0

⎤⎦
D =

⎡⎣ 0
0
0

⎤⎦ , Q =

⎡⎣ 0
0
0

⎤⎦
the process may be expressed as (1).

IV. SIMULATION RESULTS

To give some idea of the performance of the algorithm,
we apply it to the pendulum process. In purpose to compute
b, we consider a pulse signal which implies a ramp output
xs as Fig. 1, where a measuring-tape shows that the trolley
moves Δxs = 2.08 meter when it stops. Then, b is computed
as follows.

Δxs

Δt
= bUc

where Δt = 8 second and Uc = 5 volt.
The MILP-optimization method is implemented in the

YALMIP software [9] and is applied to the pendulum pro-
cess. The weighting factor is chosen as F = 1/κ0 and
H = 1/ ‖ym − Cζ‖ω in (14), where we consider κ0 = 0.3.

In purpose to validate the results, the output of (2) with
estimated friction is compared with the measurement data.

We test the algorithm with different kinds of input signals,
and the results of 3 different step and half-sinusoid inputs
are depicted in Fig. 2 to Fig. 7, which shows better tracking
for the model with the uncertain time-varying parameter than
the nominal model. Moreover the change of friction and the
bound on them are showed.
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Fig. 2. (a) (xp) measurement data (solid line), (u) input (- - -), nominal
output of (2) (-.) and output of (2), (b) Estimate friction.
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Fig. 3. (a) (xp) measurement data (solid line), (u) input (- - -), nominal
output of (2) (-.) and output of (2), (b) Estimate friction.
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Fig. 4. (a) (xp) measurement data (solid line), (u) input (- - -), nominal
output of (2) (-.) and output of (2), (b) Estimate friction.
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Fig. 5. (a) (xp) measurement data (solid line), (u) input (- - -), nominal
output of (2) (-.) and output of (2), (b) Estimate friction.
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Fig. 6. (a) (xp) measurement data (solid line), (u) input (- - -), nominal
output of (2) (-.) and output of (2), (b) Estimate friction.
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Fig. 7. (a) (xp) measurement data (solid line), (u) input (- - -), nominal
output of (2) (-.) and output of (2), (b) Estimate friction.



V. CONCLUSIONS AND FUTURE WORK

An optimization approach is presented to estimate the
time-varying parameter uncertainty in state-space system.
Particularly, the case of time-varying friction in an overhead
crane as an uncertainty is addressed.

The promising results of the MILP method shows that
exploiting the non-randomness of the perturbations is a
viable approach to the estimating time-varying parameter
uncertainty.

For future research, other properties of noise and pertur-
bations may also be exploited, e.g. that the noise is expected
to be random and uncorrelated with the perturbations.
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A New Approach to the Dynamic RGA Analysis of Uncertain Systems

Miguel Castaño Arranz†? and Wolfgang Birk†

Abstract— This paper deals with DRGA analysis for uncer-
tain systems. Uncertainties in a process model can be translated
into uncertainties in the DRGA which might invalidate the
decision on the variable paring in decentralized control. Bounds
for the uncertainties in the DRGA of a multivariable process
are derived for a given nominal process model with known
uncertainty region. The resulting uncertainty region for the
DRGA is used to assess the validity of decisions based on the
nominal DRGA. The methodology for the computation of the
bounds is currently restricted to the 2-by-2 case. Beside an
explanatory example, a case study on a coal injection vessel is
conducted and discussed.

I. INTRODUCTION

THE design of process control systems for complex
process plants is a difficult task and mostly based on the

experience of process and design engineers. A critical step in
the design is the choice of manipulated and controlled vari-
able pairs for decentralized control. Usually, these decisions
are based on the indications of variable pairing methods.

One of the first methods that was proposed in the late
1960s is the relative gain array (RGA) and its analysis, [1].
It has been first introduced as an interaction measure between
the different channels in a multivariable process; but it has
also been proved to be useful for other analysis, like stability,
robustness, or decentralized integral controllability. Since
then, many new methods and algorithms combining several
methods were suggested, like partial relative gains [2], the
µ-interaction measure [3] and gramian based measures [4],
[5], [6]. Common to all of them is the need for a multivari-
able process model. Moreover, most methods require linear
time invariant models. These models are then used for the
subsequent design of the individual controllers.

Clearly, all process models are affected by uncertainties
as simplifications and approximations are unavoidable during
modeling. Although control design methods are available that
consider uncertainties there are currently no control structure
design methods that make use of uncertainty descriptions.
Thus, the validity of the decisions based on control structure
methods can not be assessed. Only recently, the effect
of uncertainties on control structure designed methods has
received increasingly attention, i.e. the sensitivity of the RGA
to uncertainties.

Uncertainties mean that there is a set of process models
that represent the real process in different conditions and the

? Corresponding author: miguel.castano@ltu.se.
† Control Engineering Group, Department of Computer Science and Electri-
cal Engineering, Luleå University of Technology, SE-971 87 Luleå, Sweden.
Funding provided by Swedish Governmental Agency for Innovation Systems
(VINNOVA) is gratefully acknowledged.

nominal plant is one of them. Thus, there is a set of RGAs
instead of only a nominal one.

Dan Chen and Dale E. Seborg in [7] proposed an statistical
description of the possible bounds of the values of the
RGA due to uncertainties. In this approach, the variance and
covariance between the gains of the different elements of the
plant are supposed to be known, and the bounds of the static
RGA for three different squared systems are analyzed and
given with a confidence coefficient.

Kariwala and Skogestad derived in [8] a method for
obtaining the maximum possible magnitude of the values of
the RGA due to uncertainties. Although the description of
uncertainties used for this analysis is assumed to cope with
uncorrelated sources of uncertainty for the different elements
of the plant as well as with correlated ones, the computation
of the solution is said to have high computational cost. Only
the maximum value of the magnitude of elements of the
RGA is calculated at one point in frequency domain for each
computation. This is a difference with Dan Chen and Dale
E. Seborg approach, where upper and lower bounds of the
magnitude of the RGA are proposed.

In this paper a geometrical interpretation of the effect of
model uncertainties on RGA elements is used to derive an
uncertainty region for the RGA elements over frequency.
Upper and lower bounds are computed from a symmetrical
uncertainty region around the nominal model. The method
is then applied to an explanatory example and a case study
where a coal injection process for blast furnaces is analyzed.

II. INTRODUCTION TO RGA

The RGA of a square, complex, non-singular nxn matrix
A is defined as

RGA(A) , A⊗A−T

where A−T is the transpose of the inverse of A, and ⊗
is the Schur multiplier, and denotes element by element
multiplication.

The RGA was first introduced in [1] as an static interaction
measure, built upon DC-gains. The RGA is mainly used for
the analysis of interactions in multivariable processes, aiding
the designer to select the proper pairing of inputs and outputs
when decentralized control is possible. The pairing rules of
the RGA can be summarized as:

- values of the RGA close to 1 are preferred for pairing,
- large values of the RGA are related to ill conditioned

plants and should be avoided,
- negative values of the RGA must be avoided due to

stability issues.



The RGA has also been proven to be a useful tool for the
analysis of interactions in frequency domain; the frequency
dependant RGA was first introduced in [9], and is sometimes
named as DRGA. This dynamic extension of the RGA is
straightforward, and is the object of analysis in this paper.

The RGA of a 2-by-2 process G2x2(s)

G(s) =
(
G11(s) G12(s)
G21(s) G22(s)

)
(1)

can be computed as

RGA(G(s)) =
(

λ11 1− λ11

1− λ11 λ11

)
where

λ11 =
1

1− G12(s)G21(s)
G11(s)G22(s)

The element k = G12(s)G21(s)
G11(s)G22(s) has been referred as the

interaction quotient in [10], and has been used in [7] to obtain
the worst-case bounds of the static RGA. This so called
interaction quotient is the basis of the analysis proposed in
this paper.

A. RGA and Model Uncertainty

Assume we have a 2-by-2 MIMO system with nominal
plant G(s) as described in (1) and element by element
multiplicative uncertainty of the form

Π : Gp(s) = G(s)⊗ (I +W (s))

with

W (s) =
(
W11(s) ·∆11(s) W12(s) ·∆12(s)
W21(s) ·∆21(s) W22(s) ·∆22(s)

)
where ∆ij(s), i, j = {1, 2} is any stable transfer function
with |∆ij | 6 1. This represents multiplicative uncertainty in
each of the elements of the form

Gpij
= Gij(s)(1 +Wij(s) ·∆ij(s)),∀i, j = {1, 2}

In this section the term s will be dropped for the sake
of simplicity. Gp represents any particular perturbed plant,
and Π is the uncertainty set, which includes all the possible
Gp. This representation assumes that the different sources
of uncertainty ∆ij are uncorrelated. It has also been used
in [11] for the analysis of the RGA for uncertain systems.
The advantage of multiplicative uncertainty is it’s versatility.
Most of the different representations are easily translatable
into element by element multiplicative uncertainty by the
proper selection of Wij . The weakness of this representa-
tion lies in it’s inability to represent the coupling in the
sources of interaction, since the different ∆ij are assumed
to be independent. This usually gives a more conservative
representation of the uncertainties when other descriptions
like unstructured or structured uncertainty are translated into
this one.

Now, the element λ11 of the RGA for any perturbed plant
Gp can be given as:

λp11 =
1

1− G12·G21
G11·G22

· (1+W12∆12)(1+W21∆21)
(1+W11∆11)(1+W22∆22)
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Fig. 1. Area representing all the possible values of (1 +Wij∆ij)

at a given frequency ω.

In this case, the interaction quotient will be factorized in
two terms; one denoted as Gc = (G12G21)/(G11G22) which
can be referred to as nominal interaction quotient, and which
is only depending on the nominal plant, and a second one
denoted as Wc =

(
(1 + W12∆12)(1 + W21∆21)

)
/
(
(1 +

W11∆11)(1 +W22∆22)
)

which only depends on the uncer-
tainties. λp11 can then be expressed as

λp11 = 1/(1−Gc ·Wc) (2)

The first step in the analysis will be then to obtain all the
possible values of Wc.

B. Bounds for Wc

First the bounds of each of the terms (1+Wij∆ij);∀i, j =
{1, 2} are derived.

Sections II-B and II-C refer to a given frequency ω, and
in the sequel, the term (jω) will be dropped for the sake of
simplicity.

At any given frequency ω, (1+Wij∆ij) represents a disc-
shaped region of radius |Wij | centered in 1.

Inspecting Fig. 1 the maximum and minimum values of the
magnitude and phase of (1+Wij∆ij) can be easily identified
as corresponding to the points A and B respectively. Thus:

|(1 +Wij∆ij)|min = (1− |Wij |)
|(1 +Wij∆ij)|max = (1 + |Wij |)

Obviously, the phase of (1 + Wij∆ij) is bounded by
[
−(

Φij

)
max

,
(
Φij

)
max

]
, where

(
Φij

)
max

= asin(|Wij |) The
conclusion is that, (1 +Wij∆ij) at a certain frequency can
be bounded as a complex region with magnitude included
in the interval

[
(1 − |Wij |), (1 + |Wij |)

]
, and phase within

[−asin(|Wij |), asin(|Wij |)].
Once the possible values of each of the elements (1 +

Wij∆ij) are known, a bound of Wc can be generated at a
given frequency. Assuming that |Wij | ≤ 1; ∀i, j = {1, 2} ,
the maximum and minimum values of |Wc| can be computed
as:

|Wc|max =
(1 + |W12|)(1 + |W21|)
(1− |W11|)(1− |W22|)

|Wc|min =
(1− |W12|)(1− |W21|)
(1 + |W11|)(1 + |W22|)
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Fig. 2. Bounds of |Gc ·Wc| (left) and ΦGcWc (right) represented in frequency domain for the system described in (5).

The phase of Wc is then included in the interval
[−(ΦWc

)max, (ΦWc
)max], where (ΦWc

)max is calculated as
the sum of all the (Φij)max. That is:

(ΦWc)max =
2∑

i=1

2∑
j=1

asin(|Wij |)

C. Bounds of λp11

Now that, the maximum and minimum values of Wc at
a given frequency ω are available, bounds for λp11 can be
derived. Representing Gc and Wc in polar form:

λp11 =
1

1− ((|Gc|∠Φgc) · (|Wc|∠ΦWc
)
)

at any given frequency ω, Gc ·Wc can then be bounded
by:

|Gc ·Wc| ∈
[|Gc ·Wc|min , |Gc ·Wc|max

]
(3)

ΦGcWc
∈ [(ΦGcWc

)min , (ΦGcWc
)max] (4)

where

|Gc ·Wc|min = |Gc| · |Wc|min

|Gc ·Wc|max = |Gc| · |Wc|max

(ΦGcWc)min = ΦGc − (ΦWc)max

(ΦGcWc)max = ΦGc + (ΦWc)max

III. SINGULARITIES AND ROBUST INTEGRITY

The nonsingularity of the plant is a necessary condition to
asses the integrity of a system under decentralized control.
It is also a necessary condition for the RGA to be bounded.
The definition of integrity for nominal systems has been
provided in [12]. A controlled system under decentralized
control is said to achieve integrity if there exists a diagonal
controller with integral action in each of the SISO controllers
for which, the closed-loop system remains stable when the
SISO controllers are brought in and out of service. In [8]
integrity is defined for uncertain systems, also the following
conditions for robust integrity are proposed as a general-
ization of the necessary and sufficient conditions derived in
[13]. For an uncertain system, the system is said to achieve
robust integrity if it achieves integrity for all the uncertainty
set Π.

The necessary conditions for robust integrity are:
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Fig. 3. Complex representation of the possible values of the element
(1−GcWc) at a given frequency ω.

- Gp is nonsingular.
- All the principal submatrices of Gp are nonsingular.

Although they are an extension of the necessary and suffi-
cient condition for nominal systems, these conditions have
only been claimed to be necessary and not sufficient. In a
2-by-2 case, only the first condition is meaningful.

Inspecting (2) it can be observed that λp11 becomes
singular for values of Gc · Wc equal to 1. That is, when
|Gc ·Wc| = 1 and ΦGcWc = 0 simultaneously. In Fig. 2 the
identified bounds of |Gc ·Wc| and ΦGcWc

for the uncertain
model described by (5) are depicted. This model has a
constant value of Wij = 0.15 ∀i, j = {1, 2}.

G(s) =
( 5

0.5s+1
2.4

0.25s+1
2.7

0.4s+1
2.5

0.25s+1

)
(5)

The frequencies where |Gc ·Wc|min ≤ 1 ≤ |Gc ·Wc|max

and (ΦGcWc)min ≤ 0 ≤ (ΦGcWc)max simultaneously, can
be easily identified. At these frequencies, there might exist
a combination of the inputs which make the plant become
singular. If at a given frequency ω, 1 /∈ [|Gc ·Wc|min, |Gc ·
Wc|max], or 0 /∈ [(ΦGcWc

)min, (ΦGcWc
)max], then the plant

remains nonsingular for all possible Gp. This condition is
similar to the one obtained in [11] for a description in which
all the Wij are assumed to be equal.

IV. BOUNDS OF λp11 AT A GIVEN FREQUENCY ω

Recall from Fig. 1 how each of the elements (1+Wij∆ij)
has been bounded by a complex number with magnitude
inside the interval

[
(1 − |Wij |), (1 + |Wij |)

]
, and phase
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Fig. 4. Bounds of |Gc · Wc| represented in frequency domain for the
system described in (7) and (8).

within [−asin(|Wij |), asin(|Wij |)]. Note that, both condi-
tions together describe the area enclosed by the dashed lines,
instead the disc-shaped region described by (1 + Wij∆ij).
This means that the represented area has been overestimated.
Instead, the following bound for the values of Wc is then
proposed:

C ,
(
|Wc|max + (c1 · r2 + c2 · r1) · (cos(θ)− 1)

+r1 · r2 · (cos(2θ)− 1),

(c1 · r2 + c2 · r1) · sin(θ) + r1 · r2 · sin(2θ)
)

θ ∈ [0, 2π] (6)

where

c1 = (1− |W11|2)−1 ; c2 = (1− |W22|2)−1

r1 = (|Wc|max − |Wc|min − 2 · c1 · r2)/2 · c2
r2 = max

i,j
({|Wij |}) · c2

At a given frequency ω, C represents an approximation of
the curve enclosing all the possible vales of Wc in cartesian
coordinates. And it can be applied at the frequencies where
|Wij | ≤ 1; ∀i, j = {1, 2}. In Fig. 3 the created bound
can be observed, and it’s behavior representing the possible
values of (1−GcWc), it is also compared with the previously
overestimated bound described by conditions (3) and (4),
which clearly define the area enclosed by the dashed line.
The inverse of the obtained area will represent the possible
values of the element λp11 . Note that if that area encloses
the point (0, 0), the plant might then become singular in the
uncertainty set at the analyzed frequency. Now an uncertainty
region can be given for a nominal RGA at each analyzed
frequency. The algorithms are implemented in Matlab and
will be discussed with the following examples.

V. EXAMPLE

The RGA of the uncertain system described by (7) and
(8) will be now analyzed.

G(s) =
( 5

0.4s+1
2.75

0.25s+1−2
0.4s‘+1

3
0.3s+1

)
(7)

W (s) =
( 0.25

s+1
s+0.06667
3s2+4s+1

0.24
2s+1

0.3832s+0.01533
0.02s2+2.01s+1

)
(8)
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Fig. 5. Bounds of the element λp11 for the system described in (7) and
(8).

Clearly from Fig. 4, the plant remains nonsingular at the
analyzed frequencies, and the RGA is bounded.

The maximum and minimum values of the magnitude of
the RGA are then generated at different frequencies from
the bounds defined in (6), and depicted in Fig. 5. In this
example the uncertainties described by Wij are low. Each
of the values of |Wij | are lower than 0.25 at any frequency.
The nominal RGA suggests diagonal pairing, but it can be
seen how these values are easily perturbed to values which
mean high interaction between channels and invalidate the
selection for decentralized control design.

This example shows how values of the nominal RGA
which are not close to 1 or 0, can be easily perturbed.
An analysis of the RGA to uncertainties could then be
done to asses or reject the decision taken from the nominal
plant. Evidence suggests that for higher order systems, the
sensitivity of the RGA will get worse.

VI. REAL LIFE EXAMPLE

A. Coal injection vessel

The coal injection vessel is a pressurized multivariable
tank system which is discussed in [14], [15] and [16]. There,
models for the process are derived and successfully used for
the design and analysis of multivariable controllers and a
gas-leakage detection system.

The process can be described shortly as follows. During
the injection phase of the vessel, the pressure control valve
uN and the flow control valve uC are used to release a
constant coal flow from the vessel. The coal flow cannot be
measured directly. The available measurements are the net
weight mT of the vessel, which is the sum of the nitrogen
weight mN and the fine coal weight mC , and the pressure in
the vessel p. A linear physical model for the coal injection
vessel for the injection phase is given by

ẋ(t) = 10−3

[ −0.3234 0.3604
0.2128 −0.2963

]
x(t)

+
[ −0.4878 0.6816

0.5721 −0.3043

]
u(t) (9a)

y(t) =
[ −0.8379 0.6477
−0.0237 −0.0198

]
x(t) (9b)
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Fig. 6. Bode magnitude plot for the nominal process GPCI (solid) with
uncertainty regions (shaded) with upper and lower bounds (dashed).

where u(t) = [uN (t) uC(t)]T and y(t) = [p(t) mT (t)]T .
In the sequel, individual transfer operators are referred to as
GPCIij

and the complete model as GPCI .

B. Error modeling

In order to analyze the effect of uncertainties on the RGA
analysis it is necessary to derive a description for the actual
uncertainty. For this end logged data from the process is
used in order to perform model error modeling (MEM). In
accordance with [17], a high order model Ge relating the
logged input with for the residual output of the linear model
GPCI is derived with the prediction error method. Model
validation is performed using fresh secondary data sets.

The uncertainty regions are then derived in the frequency
domain by constructing a symmetric region around the
nominal process model GPCI . First, an uncertainty region
around Ge +GPCI is computed from the 99.9% confidence
interval. Then, this region is expanded in the upper and lower
magnitude to achieve a symmetric region around GPCI . The
resulting uncertainty regions are depicted in Fig. 6.

Clearly, the uncertainty region is expanding for higher
frequencies. Additionally, the transfer function relating to the
vessel pressure have a larger uncertainty region. A reason for
this can be found in the assumptions and simplifications that
were applied during the modeling, as pressure in the nitrogen
net and fluidization flows in the lower part of the vessels were
ignored. These process variables vary during an injection
cycle and cause disturbances which can be translated into
gain changes and leakages in the valve uN , respectively.

C. Discussion

There are three different frequency regions that are of
interest.

- Low frequencies. Below 10−5rad/sec.
- Frequencies between 10−5rad/sec to 10−3.3rad/sec.
- High frequencies. Above 10−3.3rad/sec.
Below 10−5 rad/sec the element λp11 is close to 0,

suggesting off-diagonal pairing. The gain of the transfer
function GPCI11 is very uncertain, which leads to large
values of W11 in order to represent all the uncertainty
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Fig. 7. Element λp11 on the RGA of the Vessel.

set. The result is that W11 exceeds the value 1; and the
assumption |Wij(jω)| ≤ 1; ∀i, j = {1, 2} made in II-
B is not satisfied. The rest of the elements Wij remain
lower than 1. At frequencies below 10−6rad/sec the nominal
magnitude of λp11 is close to 0.02, values close to 0 (or 1)
imply robustness to uncertainties, so the nominal value can
usually be trusted, unless very large uncertainties are present.
In this case, a very loose upper limit to the magnitude of λp11

can be generated in the following way

λp11 = abs

 1

1− min(|GP CI12 |)·min(|GP CI21 |)
max(|GP CI11 |)·max(|GP CI22 |)

 = 0.26

which still can be used for pairing purposes. Nevertheless,
from process knowledge, we know that an injection cycle
lasts for less than 2000 seconds which means that very low
frequencies are not of interest for control actions.

The second region includes frequencies between
10−5 rad/sec to 10−3.3 rad/sec. Fig. 8 represents the
possible values of the magnitude and phase of Gc ·Wc at
the frequencies where |Wij(jω)| ≤ 1; ∀ω; i, j = {1, 2}.
It can be observed at the represented frequencies above
10−4.62rad/sec that possible values of |Gc ·Wc| include 1,
but 0 is not one of the possible values of Φ(Gc ·Wc). Then,
at these frequencies the plant remains nonsingular, and the
RGA bounded for all the uncertainty set. In Fig. 7 the
bounds of the element λp11 are depicted for this range of
frequencies using the algorithm described in IV. Decisions
about pairing for decentralized control cannot be adopted if
this bounds are taken into consideration.

At frequencies above 10−3.3rad/sec the uncertainty set
becomes larger and the assumption |Wij(jω)| ≤ 1; ∀i, j =
{1, 2} is not satisfied again. The plant GPCI is close to
upper triangularity, and the RGA becomes close to identity,
suggesting diagonal pairing. In this case, the RGA suggests
the correct pairing for decentralized control, but fails to
produce any information about the coupling between the
different channels. In this case the analysis of the RGA to
uncertainties is not of interest, since only perturbations which
can make the plant divert from triangularity can perturb the
RGA in a noticeable way, and this case is not possible in
the uncertainty set.
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Fig. 8. Bounds of |Gc ·Wc| (left) and ΦGcWc (right) represented in frequency domain.

VII. CONCLUSION

Correct decisions in control structure design depend on
the quality of the process models the decisions are based
upon. Hence, uncertainties in a process model affect the
validity of decisions based on the RGA analysis. Therefore
uncertainty regions of the RGA that are computed from
uncertainty regions of a process model are needed. For the
2-by-2 case a methodology is derived that produces tight
bounds for RGA elements. These bounds support engineers
to assess the validity of their decisions and if it is possible to
make decision based on the RGA at all. Clearly, if an RGA
element has a large uncertainty region, it is questionable to
base a decision on the nominal value. Still, the method is
preliminary in the sense that it only addresses the 2-by-
2 case. It has to be generalized to n-by-n cases and its
performance has to be compared with the methods proposed
in [7] and [8].

From the analyzed cases it can be concluded that only
values of the RGA close to 1 or 0, are robust enough to multi-
plicative uncertainty, so a decision on the structure selection
can be made without a previous analysis to uncertainties.
Nevertheless, large uncertainties can invalidate the decisions
taken on the nominal case.

From the model analyzed in Section V it can be concluded
that values of the nominal RGA which differ from 0, or 1,
can be easily perturbed by uncertainties. A real life example
was then analyzed in Section VI to asses the validity of
the conclusions. For a real process like the one analyzed
uncertainties are observed to be even much larger, and the
RGA is clearly perturbed from the nominal values.

Multiplicative uncertainty can only represent symmetric
deviations from the nominal plant, and also the different
sources of uncertainty are assumed to be uncorrelated. This
leads to more conservative representation of the uncertain-
ties. This paper deals with the worst case bounds due to
multiplicative uncertainty. Thus, an analysis of how likely a
process is perturbed in such a way that the RGA becomes
largely uncertain is needed.

REFERENCES

[1] E. Bristol, “On a new measure of interaction for multi-variable process
control,” IEEE Transactions on Automatic Control, vol. AC-11, no. 1,
pp. 133 – 134, 1966/01/.
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Abstract— This paper investigates the scenario of a robot
making a tradeoff between tracking a time-varying reference
trajectory and stopping to communicate at points where the
radio signal strength is high. Under the assumption that the
signal is subject to multipath fading, we formulate this as
a hybrid optimal control problem with penalties on tracking
error, communication buffer length and control power. The
problem is then solved using relaxed dynamic programming,
resulting in control laws for the discrete switching sequence
and the continuous control. We finally illustrate the results
through simulations under non-ideal conditions, confirming that
the system maintains a bounded buffer size and zero-mean
tracking error.

I. INTRODUCTION

In many robotic applications, such as surveillance, envi-
ronmental sampling or mapping, each robot performs some
desired motion while generating sensor information that must
be sent to a base or other robots. Sensing at the wrong
place is as bad as getting relevant measurements that cannot
be transmitted, so the overall performance of the system
depends on making a proper tradeoff between acquiring data
and ensuring good communication.

Such tradeoffs have been investigated for collaborative
sensing [1], [2], where the agents find positions that give
good sensor resolution and good inter-agent communication.
Esposito et al. [3] have shown how to move a formation
among obstacles under a line of sight communication con-
straint and Arkin et al. [4] have studied how to search an
indoor environment while ensuring that all searchers stay
connected with an outside base. These papers all use simple
communication models; the signal quality depends on the
distance or on a line of sight condition. Recently we proposed
a communication model that in many cases is more suitable:
multipath fading [5]. This effect arises if several reflections
of the same signal reach the receiver. The signal strength
will then fluctuate due to positive or negative interference
between the reflections, and it varies over distances in the
order of a wavelength (e.g., about 12 cm for a 2.4 GHz
signal). We showed by measurements that multipath fading
can be a significant effect indoors and presented a method

This work was partially supported by the Swedish Defence Materiel
Administration (FMV) through the TAIS programme 297316-LB704859,
the European Commission through the RUNES and HYCON projects,
the Swedish Research Council and the Swedish Foundation for Strategic
Research.

Fig. 1. Illustration of the considered scenario: A robot follows a patrol
trajectory in an office building, sending infrared camera imagery of each
room to a base station. Since the signal strength fluctuates due to multipath
fading, the robot has to make a tradeoff between stopping at good points
to communicate and keeping up with the reference trajectory.

to find good positions for robots performing stationary tasks
so that the fading could be exploited.

The main contribution of this paper is to study dynamic
communication-aware robot positioning: If a robot tracks
a time-varying reference trajectory in a multipath fading
environment, how should the tradeoff between tracking and
communication be done? An example scenario is illustrated
in Fig. 1: During night, a robot is patrolling one floor of an
office building, collecting infrared camera imagery of each
room that is transmitted to an operator on the ground floor.
The robot follows a predetermined trajectory, but can adjust
its movement along the trajectory to ensure that the images
are fed to the operator with minimum delay. Due to multipath
fading, the link capacity from the robot to a base station
varies when it drives, giving a certain average capacity. But
the robot can also choose to stop at a point with stronger
signal, thereby emptying its buffer faster, at the expense of
lagging behind the reference and having to use more power to
catch up. We ask: What is the optimal way to switch between
driving and stopping, and how should the robot accelerate,
to minimize the tracking error, transmission buffer length
and power consumption in its motors? This problem lends
itself well to a hybrid optimal control formulation. It is well
known that solving such problems can be problematic due
to the “curse of dimensionality”. Therefore we have applied
the method of relaxed dynamic programming, proposed
by Lincoln and Rantzer [6], that alleviates this issue by
approximating the value function with small relative error.

This paper is organized as follows: In the next section we
formulate the problem. In Section III, we provide a model for



the robot dynamics. We then model the onboard buffer and
the communication link for an environment with multipath
fading. In Section IV, we derive the system dynamics as
a switched linear system and formulate an infinite-horizon
hybrid optimal control problem. Using relaxed dynamic
programming, we present an algorithm to compute a con-
troller for both the switch sequence and the continuous
input. In Section V, we simulate the resulting closed-loop
system to illustrate its properties under different non-ideal
conditions. Finally we conclude in Section VI, and indicate
some possible directions of future research.

II. PROBLEM FORMULATION

We consider a robot with state x, input u, position p(x)
and dynamics ẋ = f (x,u), supposed to follow a time-varying
reference trajectory pre f (t). The robot collects information
at a rate r and tries to transmit it to a base station over a
multipath fading channel. Data are stored in a buffer of length
z ≥ 0 and we assume that the environment is static, which
means that the fading is a function of the state of the robot.
The buffer dynamics can thus be expressed as ż = g(r,x).

We can then formulate our problem: Find a control law
u = u(x) such that z is small and p(t) is close to pre f (t). The
control objective is thus to keep the communication latency
small while tracking the desired trajectory.

III. ROBOT AND COMMUNICATION MODELS

In this section, we define a model for the robot and
reduce it to one-dimensional movement along the reference
trajectory. It is formulated as a hybrid model, switching
between driving and standing still. We then present a model
for the communication buffer and how the radio link capacity
varies with the state of the robot.

A. Robot Model

Our approach can be used for several types of robots, such
as single or double integrators or differential drive. Here
we consider a differential drive robot with position p ∈ R2,
bearing θ ∈ [0,2π [ and controls (v,ω). The dynamics are:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

dp1

dt
= v(t) cosθ (t)

dp2

dt
= v(t) sinθ (t)

dθ
dt

= ω(t).

We assume that the robot has a given reference trajectory
pref(t) and is capable of following it, i.e., there exist vref(t)
and ωref(t) so that p(t) = pref(t). To vary the velocity along
the trajectory, we introduce the virtual time s(t), defined by

ds
dt

= γ(t) > 0, s(0) = 0.

Replacing the time t with s(t) allows us to speed up the
system or slow it down, by applying the controls

v(s(t)) = γ(t)vref(s(t))
ω(s(t)) = γ(t)ωref(s(t)).

We consider the one-dimensional movement of the robot
along the reference trajectory and define the position of the
robot, relative to the reference, as

Δ(t) =
∫ t

0
[v(t)− vref(s(t))] dt.

We also introduce the relative velocity ϕ(t) = dΔ
dt . To achieve

a relative velocity ϕ(t) we set the scaling

γ(t) = 1 +
ϕ(t)

vref(s(t))
. (1)

To get smooth motion, we use the acceleration u(t) as
control. We further want to model the fact that many kinds of
robots only consume negligible power when breaking, using
disc breaks or by short-circuiting its electric motors. So we
consider the robot to have two discrete modes: drive and
stop. In the stop mode, we let the relative velocity be
self-stabilizing to the value of −vref. The motion along the
reference trajectory is described as:

stop:

{
Δ̇= ϕ
ϕ̇ =−kv(ϕ− vref)

drive:

{
Δ̇= ϕ
ϕ̇ = u

.

The parameter kv � 1 is chosen to ensure fast convergence
of ϕ to −vref when stopping.

B. Data Buffer Model

The data buffer onboard the robot has size z, inflow rate
r and outflow (or link capacity) c, so its dynamics are

ż = r− c.

Next we describe how c varies with the mode of the robot.
Note that the buffer is lossless, which means that no packets
are discarded.

C. Communication Model under Multipath Fading

The attenuation (or gain) due to multipath fading varies
over robot movements of fractions of a wavelength. In Fig. 2,
we illustrate a representative dataset from measurements. The
graph shows the received signal strength (RSS) for a robot as
it moves along a straight line in a lab room with computers
and equipment reflecting the incoming signal. For details,
see [5]. The average RSS of −58 dBm is marked in the
figure, but almost everywhere, the robot is only a few cm
away from a peak at the higher level of −54 dBm, which is
also marked. A gain of 4 dB may seem small, but can give a
substantial link capacity increase. To illustrate the increase,
we use a result by Zuniga and Krishnamachari [7]. They
derive an expression for the packet reception rate (PRR) as
function of the signal-to-noise ratio (SNR) for the MICA2
sensor motes [8]. The motes have a data rate of 19.2 kbit/s
and a PRR of

PRR =
(

1− 1
2
e−

SNR
1.28

)8F

,

where F is the frame size, i.e., the number of bytes in each
packet. In Fig. 3, we have illustrated what the resulting link
capacity would be for F = 50. A gain in RSS gives the same
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Fig. 3. An illustration of the link capacity for a MICA2 sensor mote as a
function of the signal-to-noise ratio. When the link is on the limit of losing
contact, gaining just a few dB can have a large impact on bandwidth.

gain in SNR, so for a robot on the limit of losing contact,
gaining 4 dB could mean more than a tenfold increase in
bandwidth.

Motivated by this, we derive a simple model for the com-
munication channel: In the drive state, the radio hardware
smoothes the RSS variations, producing an average buffer
outflow cd . But when the robot is in the stop state, we
assume that it can instantly find a point with a higher signal
strength and a higher capacity cs. It is important to point out
that this approach is most useful in the interval cd < r < cs,
since if the inflow is lower than cd the robot is never forced
to stop, and if it is larger than cs, some higher-level protocol
must discard data to stop the buffer from overflowing. Also
note that this does not require accurate navigation, since the
robot can always find a high-capacity position by just driving
a few centimeters in any direction.

IV. HYBRID OPTIMAL CONTROL SOLUTION

In this section, we formulate the problem of this paper as
a hybrid optimal control problem. We then present relaxed
dynamic programming as a way of finding an approximate
solution. We state an algorithm that computes a value func-
tion from which we can derive a control law. Finally we
show how to do this computation in an efficient way.

A. Switched Linear System

To describe the whole system, we collect the robot and
buffer states in the same state vector. We include an integral
state ΔI to allow the controller to attenuate a static error in Δ.
We finally add a constant element to the state vector, which
allows writing the system on linear form. This yields

ẋ = Aσx+Bσu, x = (Δ,ϕ ,ΔI ,z,1)T ,

where the controls are u ∈ R and σ ∈ {0,1}, which corre-
spond to stop and drive, respectively, and

A0 =

⎡⎢⎢⎢⎢⎣
0 1 0 0 0
0 −kv 0 0 −kvvref

1 0 0 0 0
0 0 0 0 r− cs

0 0 0 0 0

⎤⎥⎥⎥⎥⎦ , B0 = 0

A1 =

⎡⎢⎢⎢⎢⎣
0 1 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 r− cd

0 0 0 0 0

⎤⎥⎥⎥⎥⎦ , B1 =

⎡⎢⎢⎢⎢⎣
0
1
0
0
0

⎤⎥⎥⎥⎥⎦ .

We consider a sampled version of the continuous-time
system above, where we suppose u is kept constant between
sampling times and σ only switches at sampling instances.
With sampling time τ , we can express the discrete dynamics
as

x[n+ 1] = f (x[n],u[n],σ [n]) = Φσ [n]x[n]+Γσ [n]u[n],

where
Φσ = eAσ τ and Γσ =

∫ τ

0
eAσ sBσ ds.

B. Cost Function

To maintain low latency and margin for unexpected buffer
inflow, it is desirable to keep the buffer size low. At the same
time we also want to stay close to the reference trajectory and
limit the control magnitude. Both Δ and z will in general not
simultaneously converge to zero, so we introduce a decay
factor λ n, with λ < 1, to get a finite cost in an infinite
horizon control problem. Now, given an initial condition x0,
the optimal control problem is defined as

min
σ [n],u[n]

∞

∑
n=0

(
xT [n]Qx[n]+Ru2[n]

)
λ n (2)

s.t. x[n+ 1] = f (x[n],u[n],σ [n])
x[0] = x0

x4 ≥ 0,

where Q = QT is positive semidefinite and R is a positive
constant.



C. Dynamic Programming

Dynamic programming is based on approximating the
optimal value function (also called cost-to-go) at state x[m],
defined as

V ∗(x[m]) = min
σ [n],u[n]

∞

∑
n=m

�(x[n],u[n])λ n,

where
�(x,u) = xT Qx+Ru2.

Once we have V ∗(x), we can derive the optimal control law
as

(u∗(x),σ∗(x)) = argminu,σ {λV ∗( f (x,u,σ))+ �(x,u)} .

We introduce an approximate value function
Vk(x) : R5 →R such that limk→∞Vk(x) = V ∗(x) and
use value iteration to recursively compute it:

Vk+1(x) = min
u,σ
{λVk( f (x,u,σ))+ �(x,u)} , V0 = 0. (3)

For a given k, the iterate Vk(x) answers the question “what is
the lowest possible cost for k time steps of the system trajec-
tory, given that it starts in x?” The problem is that, if applied
naively, value iteration requires that we consider all possible
switching sequences of length k steps, so the complexity
of our hybrid optimal control problem grows exponentially
with the horizon length k. This “curse of dimensionality” is
a well known drawback of dynamic programming. Before
we present a way to avoid this, we will see how the optimal
control u∗ can be computed for a known switching sequence
of length k.

To facilitate the notation, let Φ = Φσ [n] and Γ= Γσ [n] for
some given mode σ [n]. We also assume that, at time n+ 1,
the value function can be written on quadratic form V ∗(x[n+
1]) = xT [n+1]P[n+1]x[n+1], where P[n+1] is a symmetric
positive semidefinite matrix. Then the optimal cost at time n
is V ∗(x[n]) = xT [n]P[n]x[n], where

P[n] = λΦT P[n+ 1]Φ+Q−λΦTP[n+ 1]Γ

× [
λΓT P[n+ 1]Γ+R

]−1ΓT P[n+ 1]Φλ (4)

and P[n] is positive semidefinite [9]. Further, the optimal
control is

u∗(x[n]) =−[
R+λΓTP[n+ 1]Γ

]−1λΓT P[n+1]Φ x[n]. (5)

If we initialize P[k] = 0, for a known switching sequence of
length k we can thus iteratively compute the optimal cost
V ∗(x[0]) and control signal u∗[n],n ∈ {0, . . . ,k−1}.
D. Relaxed Dynamic Programming

We define a discrete mode trajectory of length k as
σ k

j : {0,1, . . . ,k} → {0,1}. Further, let Nk be the number of
such trajectories in the set {σ k

1 , . . . ,σ k
Nk
} of candidates for

optimality. Now let Πk = {Pk
1 , . . . ,Pk

Nk
} be the set of matrices

Pk
j such that the cost associated with σ k

j is Vk(x[0]) =
xT [0]Pk

j x[0]. Using a sufficiently rich set Πk, we can now

parameterize the approximate value function in a way that
can be used to perform the iteration (3):

Vk(x) = min
j∈{1,...,Nk}

xT Pk
j x.

As mentioned above, even for small k, the set Πk be-
comes prohibitively large if we do not discard some candi-
date switching sequences during the recursion. Lincoln and
Rantzer’s [6] method of relaxed dynamic programming does
just that: at each iteration, it retains only the candidates Pk

j
that are needed to represent the value function with a given
bounded relative error. If this bound is sufficiently large, the
number of candidates will converge to a finite value as k→∞.

More formally, the idea is to find an approximation Vk(x)
of the optimal value function such that, for α ≥ 1 and α ≤ 1,

min
u,σ
{λVk( f (x,u,σ))+α�(x,u)} ≤Vk(x)

≤min
u,σ
{λVk( f (x,u,σ))+α�(x,u)} ∀ x. (6)

Using the appropriate “slack”, the cost-to-go function can be
parameterized by a much smaller set Πk, and we can discard
many candidate switching sequences at each iteration step.
For the discarding procedure, we define Πk = {Pk

1, . . . ,P
k
Nk
}

as the set of matrices Pk
j such that α times the cost for the

switching sequence σ k
j is x[0]TPk

jx[0]. The set Πk and the

matrices P
k
j are defined analogously, using α . The method

to find Vk(x) is presented in Algorithm 1.

Algorithm 1 Relaxed Dynamic Programming
1: k := 0, Π0 = 0n×n

2: while (6) is not fulfilled do
3: k := k+ 1
4: Form Πk and Πk by propagating the matrices

in Πk−1 one step backwards in time, both with
σ = 0 and σ = 1, as defined in (4). This yields
Nk = 2 card(Πk−1).

5: Sort the sets Πk and Πk so that trP
k
1 ≤ . . .≤ trP

k
Nk

and

P
k
j ≥ Pk

j ∀ j.
6: Πk := /0, i := 1
7: while i≤ Nk do
8: if � a convex combination P of matrices in Πk such

that P≤ P
k
i then

9: Add Pk
i to Πk.

10: end if
11: i := i+ 1, Nk := card(Πk)
12: end while
13: end while

Note that step 8 of the algorithm is an S-procedure test to
see if there exists an x such that

xT P
k
i x < min

P∈Πk
xT Px.

If not, then Pk
i is not needed to represent the value function

with sufficient accuracy. Also note that by ordering the
matrices by trace, we ensure that smaller matrices are added
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Fig. 4. The number Nk of matrices in Πk needed to represent the value
function at each iteration step. The vertical axis shows the number of
candidate matrices Nk and Mk as a function of the iteration step k. Nk stops
increasing, indicating that (6) is fulfilled, after about 50 iterations. Without
discarding any candidates, the complexity would grow as Mk = 2k, which
is illustrated for comparison.

first to Πk, which in practice means that we will add fewer
elements.

The stopping criterion for the iteration means that no more
candidate switching sequences need to be added to represent
the value function. This happens when the number Nk of
candidates stops growing, and to determine this we have
used the graph depicted in Fig. 4. For comparison we also
included the number of candidates Mk that would have to be
considered using normal dynamic programming. Note that
Nk does not converge, but rather stops growing and then
displays random variations due to numerical effects and small
random perturbations in the sorting of Πk to make the search
more efficient. The figure shows the result for α = α−1 = 2
and λ = 0.9, which are the parameters used to compute the
controller used in all simulations.

E. Resulting Controller

Using the approximation of the value function, we could
find the optimal mode σ∗(x[n]) as the first mode in the switch
sequence corresponding to the matrix

P∗ = argminP∈Π100
x[n]TPx[n].

The optimal control u∗(x[n]) was then computed using
(5), substituting P∗ for P[n+ 1]. In a resource-constrained
robot, this could also be precomputed and stored as a
look-up table of feedback gains Lj, each associated with a
switching sequence σ100

j . The control signal would then be
u∗(x[n]) =−Ljx[n]. The resulting control law is plotted in
Fig. 5, for the subset ϕ =−vref, ΔI = 0 of the state space.

V. SIMULATION RESULTS

In this section, we first present an illustration of a system
trajectory using the previously derived controller. We then
investigate the sensitivity of the closed-loop system to dis-
turbances in buffer size and link capacity. In all simulations,
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Fig. 5. The resulting control law for the subset ϕ =−vref, ΔI = 0 (corre-
sponding to standing still with an empty integral state in the controller). To
also illustrate σ(x), we have forced the control to u = 0 where σ(x) = 0.
As one would expect, there is a stop region for small Δ. If Δ decreases,
the controller accelerates the robot and if Δ becomes too large, it slows the
robot down.

the sampling time is τ = 0.1 s. We set kv = 100, R = 1 and
Q = diag(1,0,1,5,0). We thus penalize the position error and
integrated error Δ and ΔI , respectively. To reduce the static
error in z, we use a higher penalty Q44.

A. Following a Curved Path

Fig. 6 illustrates the system following a curved reference
trajectory corresponding to vref ≡ 1 and ωref = sin(0.8t). This
means that the reference is moving at constant velocity along
the path, while the robot varies γ as in (1) to perform
the communication-aware tracking. The figure consists of
periodical samples of the robot state, with the height of the
ball over the robot indicating buffer size. Thus the robot
stops at some points to empty its buffer. We have used the
exaggerated rates r−cs = 1 and r−cd =−1 to illustrate the
behavior of the system more clearly.

B. Limit Cycle and Buffer Disturbance Rejection

We have then simulated the system starting with an empty
buffer and perfect reference tracking. As seen in Fig. 7, it
approaches a limit cycle with a period time of 5.6 s, where is
spends 50% of the time in each mode. The relative position Δ
oscillates around zero while there is still a small static error
in z. However, at t = 40 s, extra data is added to the buffer,
and this impulse disturbance is successfully attenuated. Here
we also used r− cs = 1 and r− cd =−1.

C. Robustness to Capacity Variations

As indicated in the derivation of the communication
model, the actual link capacity cs at the position where the
robot stops can vary from the predicted value. We have tested
the robustness of the closed-loop system to this model error
by adding zero-mean white gaussian noise with standard
deviation 2 to cs. With cs = 3, cd = 1 and r = 2, the
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Fig. 6. A trajectory of the system in the (p1, p2,z)-space, sampled with
regular intervals. The robot follows the reference trajectory (thick green
line) while stopping from time to time to reduce the buffer size. The robot
motion is from right to left.

simulations indicate that the system still oscillates around
Δ= 0 and a maintains a bounded buffer size z.

VI. CONCLUSIONS

We have studied a robot performing communication-aware
trajectory tracking in a multipath fading environment. The
problem can be cast as a hybrid optimal control problem,
which can in turn be solved with sufficient accuracy using
relaxed dynamic programming. The resulting controller can
be stored in look-up tables and thus used also on resource-
constrained robots. The only prior information needed about
the radio link is the capacities cs and cd , no map of the signal
strength is needed. The closed-loop system was simulated
under various conditions and it maintains a bounded buffer
size and zero-mean tracking error.

The radio model is derived under the assumption of
stationary multipath fading, but this approach could be used
whenever the signal strength varies in space and it is simple
to find good positions to stop at. Examples of this could be an
underwater robot that can surface to communicate, or a robot
searching office rooms, where the signal may be stronger in
the corridor or near windows.

In our ongoing work, we plan to implement the proposed
control law on a physical robot, validating our approach
with real-world radio characteristics. An interesting future
research question is how to control the robot if it is not
restricted to stay on the reference path, but has the option
of extending its trajectory to visit more potential commu-
nication positions. Especially for slowly moving reference
trajectories, this could increase the probability of finding a
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Fig. 7. An example of a trajectory for the system, starting with an empty
buffer and with perfect reference tracking. The solid blue line represents
the relative position Δ and the dashed green line is the buffer size z. The
robot approaches a limit cycle with a period time of 5.6 s. One can see that
the integral state of the controller forces Δ to oscillate around zero, while
there is still a static error in the buffer size.

spot offering higher link capacity, at the expense of reference
tracking error.
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Implementational Aspects of Distributed
Kalman Filtering

Peter Alriksson
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Abstract: In this paper, some implementational aspects of a model based sensor fusion
algorithm for sensor networks are studied. The algorithm, referred to as distributed Kalman
filtering is presented elsewhere. Here we focus on the effects of packet loss and how to maintain
synchronization without additional communication. Both these aspects are formally analysed
and investigated through experiments.The algorithm is also demonstrated on a typical signal
tracking application, where the energy versus performance trade-off is studied.

Keywords: Distributed control and estimation, Sensor networks

1. INTRODUCTION

Lately, distributed Kalman filtering has been studied in a
number of papers: Olfati-Saber [2007], Carli et al. [2007],
Schizas et al. [2007], Speranzon et al. [2006], Spanos et al.
[2005] and Xiao et al. [2005]. Here we focus the algorithm
presented in Alriksson and Rantzer [2008], but most of
the observations apply to any consensus-based filtering
scheme. Most of the papers above study the problem from
a system theoretic point of view. In this paper, we highlight
some implementational aspects of the problem.

Almost all distributed Kalman filtering algorithms assume
synchronized sampling, however achieving that with the
cheap hardware often used in sensor networks is not trivial.
One option is to apply a clock synchronization algorithm,
but at the cost of increased communication. In Section
4 we instead propose a simple protocol that make use
of the information already transmitted by the distributed
Kalman filter.

When using wireless communication, packet losses are a
major problem. Here we study one source of packet loss,
namely bad transmission timing. The design of commu-
nication protocols, and in particular transmission timing
among nodes, can have a big impact on the reliability of
wireless links. In Section 4.2 the proposed communication
protocol is evaluated both through simulations and exper-
iments.

For clarity, the theoretical problem formulation and com-
putations made online are presented in Section 2. A de-
tailed description on how to choose the different parame-
ters is available in Alriksson and Rantzer [2008].

2. DISTRIBUTED KALMAN FILTER

Consider the following discrete-time linear system
x(k + 1) = Ax(k) + w(k) (1)

where x(k) ∈ Rn is the state of the system and w(k) ∈ Rn

is a stochastic disturbance. The disturbance is assumed to
be a white zero mean Gaussian process with covariance
defined in (3).

The process is observed by N agents, each with some
processing and communication capability. The agents are
labeled i = 1, 2, . . . , N and form the set V . The com-
munication topology is modeled as a graph G = (V , E),
where the edge (i, j) is in E if and only if node i and
node j can exchange messages. The nodes to which node
i communicates are called neighbors and are contained in
the set Ni. Note that node i is also included in the set Ni.

Each node observes the process (1) by a measurement
yi(k) ∈ Rmi of the form

yi(k) = Cix(k) + ei(k) (2)

where ei(k) ∈ Rmi is a white zero mean Gaussian process.
The process- and measurement disturbances are correlated
according to

E


w(k)
e1(k)

...
eN (k)




w(l)
e1(l)

...
eN (l)


T

=


Rw 0 . . . 0
0 Re11 . . . Re1N

...
...

. . .
...

0 ReN1 . . . ReNN

 δkl (3)

where δkl = 1 only if k = l. Note that this is a
heterogeneous setup where each agent is allowed to to take
measurements of arbitrary size and precision. Further, the
disturbances acting on the measurements are allowed to
be correlated.

Each node is only allowed to communicate estimates with
its neighbors and only once between each measurement.
Further the only assumption made on the graph structure
is that it has to be connected, other assumptions such as
requiring it to be loop free are not necessary. No node
is superior to any other and thus no central processing is
allowed after deployment. This setup is somewhat different
from the setup used in for example distributed control
problems where each node in the graph also has dynamics
associated with it. The reader should think of the problem
as for example a network of sensors trying to estimate the
position of an external object they observe.

The goal is to make sure that every node in the network
has a good estimate x̂i(k) of the state x(k).



2.1 Online Computations

The algorithm consists of the two traditional estimation
steps measurement update and prediction, together with
an additional step where the nodes communicate and
merge estimates. We will refer to an estimate after mea-
surement update as local and after the communication step
as regional.

(1) Measurement update
The local estimate x̂local

i (k|k) is formed by the pre-
dicted regional estimate x̂reg

i (k|k − 1) and the local
measurement yi(k)

x̂local
i (k|k) = x̂reg

i (k|k − 1)
+ Ki[yi(k)− Cix̂

reg
i (k|k − 1)] (4)

where Ki is computed offline, see Alriksson and
Rantzer [2008]. The predicted estimate at time zero
is defined as x̂reg

i (0| − 1) = x̂0 where x̂0 is the initial
estimate of x(0).

(2) Merging
First the agents exchange their estimates over the
communication channel. This communication is as-
sumed to be error and delay free. The merged esti-
mate x̂reg

i (k|k) in node i is defined as a linear combi-
nation of the estimates in the neighboring nodes Ni.

x̂reg
i (k|k) =

∑
j∈Ni

Wij x̂
local
j (k|k) (5)

The weighting matrices Wij are computed offline by
the procedure described in Alriksson and Rantzer
[2008].

(3) Prediction
Because the measurement- and process noises are
independent the prediction step only includes

x̂reg
i (k + 1|k) = Ax̂reg

i (k|k) (6)

3. IMPLEMENTATIONAL ISSUES

When designing algorithms for any sensor network, power
consumption and packet losses play a central role. For the
distributed Kalman filter, synchronized sampling is also of
great importance.

The cheap hardware often used in sensor networks usually
has limited clock accuracy. Relative clock drifts among
nodes of the same type of several milliseconds per hour
is not uncommon. Also when nodes are replaced, a restart
of the entire network is not desirable, thus some kind of
clock synchronization is needed. In the literature there are
numerous clock synchronization protocols available (see
e.g. Carli et al. [2008] and Sadler and Swami [2006]),
however most of them rely on additional communication
of for example clock differences. These protocols typically
achieve perfect synchronization, which might not be nec-
essary.

Contrary to what is often assumed, the power consumption
of a sensor node that is listening for packets is of the
same magnitude as when it is transmitting. For example,
the approximate power consumption for a TMote Sky
Mote Corporation equipped with a IEEE 802.15.4 com-
pliant transceiver running Contiki Dunkels et al. [2004]
is presented in Table 1. This shows that when designing

a communication protocol minimizing the time a node is
listening for packets is very important.

Mode Power Consumption

Radio Off 8.7mW
Listening 60mW

Transmitting 62mW

Table 1. Measured power consumption of a
TMote Sky Mote. Note the small difference

between listening and transmitting.

In the literature there are numerous so called duty-cycled
MAC protocols that try to minimize power consumption,
but often at the cost of increased latency, see Buettner
et al. [2006] for an overview. Here we will instead handle
this duty-cycling at the application level avoiding unknown
latencies.

The IEEE 802.15.4 protocol specifies collision avoidance
through CSMA/CA (Carrier sense multiple access with
collision avoidance), so as long as two nodes can hear
each other the application layer in these two nodes can
request a transmission at the same time without the risk of
collision. However, even in this situation, experiments (see
Fig. 1) indicate that the packet loss probability increases
significantly if packet transmission times are not separated
enough. In this example two nodes are transmitting one
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Fig. 1. Measured time separation between packet trans-
missions in node 1 and 2 together with the number
of received packets in node 3 during one experiment.
A time separation higher than approximately 0.25ms
gives virtually no packet loss, whereas the opposite
results in a very unpredictable behaviour with almost
100% packet loss.



packet per second with one byte user data to a third node.
As indicated by the results of a single experiment shown
in Fig. 1, the packet reception in the third node becomes
very unpredictable if transmissions times are not separated
by more than approximately 0.25ms. The dashed lines
in the top part of Figure 1 represents the time interval
when transmissions times are not separated by more than
0.25ms.

4. COMMUNICATION PROTOCOL

The aim of this section is to develop and evaluate a
simple communication protocol that ensures synchronized
sampling while trying to minimize packet loss and power
consumption. The protocol is described in pseudo code
below:

waitUntil(packetReceived())
loop
t=time
sampleProcess()
updateEstimateWithMeasurement()
waitUntil(time>t+t1)
broadcastEstimate()
waitUntil(time>t+t2)
radioOff()
mergeEstimate()
predictEstimate()
waitUntil(time>t+t3)
radioOn()
waitUntil(packetReceived() or time>t+h)

end

It is assumed that radio packets are received, processed
and saved by a high priority process, like an interrupt
handler, during all times when the radio is on. The network
is initialized by inserting an external packet to trigger the
first node, which then triggers its neighbors and so on.

The protocol has three parameters t1, t2,t3 together with
the sampling interval h. The first parameter t1 is the
time a node waits before broadcasting its estimate. By
randomizing this parameter the probability of packet loss
can be reduced. The second parameter t2 is the time a node
waits while it is collecting estimates from its neighbors
before the radio is turned off. This time should be chosen
greater than 2t1 to ensure that a node does not miss
any packets from its neighbors. The third parameter t3
determines how long the radio is turned off. In Fig. 2 the
protocol is illustrated for the case of two nodes, where the
first node triggers the second.

One simple observation is that the sampling spread, that
is the time difference between when the first and last node
samples the process, is upper bounded by t1 times the di-
ameter of the graph (the maximum graph distance between
any two nodes) or the sampling interval h, whichever is
smallest. However, in typical sensor network applications
the sampling period is very long compared to t1, thus the
sampling spread will in general be small relative to the
sampling interval even for graphs with a large diameter.

4.1 Synchronization Analysis

Verifying properties for all possible situations and commu-
nication topologies is an overwhelming task. However for-

h

h

t1

t1

t2

t2

t3

t3

Fig. 2. Illustration of the communication protocol in Sec-
tion 4. Note how the second node is triggered by
the first node. The shaded region illustrates the time
period when the radio is turned off.

mal verification tools like Uppaal Behrmann et al. [2004]
makes it possible to detect many design flaws. The Up-
paal description language is a non-deterministic guarded
command language with data types. Figure 3 shows a
simplified Uppaal description of the possible behaviour of
one node relevant to synchronization issues. For example
as long as t2 is smaller than t3 it does not effect the
synchronizing behaviour of the network, thus it is excluded
from the description. Also note that the timing parameters
are specified in terms of their upper and lower limits
which allows for non-determinism. The incidence matrix
E is used to represent which nodes that can hear when a
node broadcasts a message. An edge marked for example
message? will only fire if the corresponding edge marked
message! fires. A condition such as t<h max associated
with a location must be true for the automaton to be
allowed to remain in that location. Conditions associated
with edges force them to only fire if their conditions are
true.

Init

NotTriggable
t<t3_max

Busy
t<t1_max

WaitingForTrigger
t<h_max

active!

t=0
E[source]
message?

message!

t>=t1_min
source=a

t>=t3_min

t>=h_min
t=0

E[source]

message?
t=0

Fig. 3. Uppaal description of the possible behaviour
regarding synchronization for a node.

To verify a property, a desired behaviour must also be
specified. In Figure 4 a description representing the prop-
erty that all N nodes must sample the process within T
time units from when the first node samples the process



is shown. If the network will synchronize, can thus be
verified by checking that all allowable firing sequences
produced by the N automata will eventually drive the
automaton in Figure 4 to the Sync-state. Note however
that the verification is valid only for one particular com-
munication topology and parameter set. Yet useful insight
of the communication protocol can be gained by examin-
ing various topologies and parameter sets. For example
if t3max < hmin − c1t1min − c2t1max − c3 the network
will synchronize for all possible communication topologies
involving 4 nodes. The constants c1,c2 and c3 depend on
the communication topology, but are small compared to h.
To avoid that a node is triggered more than once within
the sampling interval, t3min must be chosen large enough.
The exact limit depends on the communication topology,
but if t3min > Nt1max this situation can be avoided.

Sync

Checking
nbrSync<N && t<T+1

Waiting

NotChecking
nbrActive<N

nbrSync>=N-1
message?

message?
nbrSync++

t>T
t=0

message?
t=0, nbrSync=1

nbrActive>=N-1

active?

active?
nbrActive++

Fig. 4. Uppaal description of the property that all nodes
must sample the process within T time units from
when the first node samples the process.

4.2 Simulations and Experiments

So far it has been assumed that if a node is considered a
neighbor communication is error free, but of course this is
hardly ever the case. The packet loss probability in real
world applications depend on many things, among which
effects of multipath propagation, external disturbances
and timing of packet transmissions dominate. When de-
signing a communication protocol the first two are out of
control and very hard to analyse and simulate. To analyse
timing effects a tool like TrueTime Andersson et al. [2005]
is very useful. TrueTime is a Matlab/Simulink tool that
supports modeling of both real time kernels and different
network protocols among which IEEE 802.15.4 is one.
As in all simulation studies, verification with real data is
crucial.

In Figure 5 both the simulated and measured difference
between when different nodes sample the process is shown.
Each line represents the difference between one pair of
nodes, as indicated in the figure. In this particular ex-
ample, four nodes all within communication range, are
executing the protocol described in Section 4. Clock drifts
range from 0 to 16ms/h and t1 was equal to 100ms in
all nodes. Note that when two nodes sample the process
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Fig. 5. Measured and simulated difference between when
nodes sample the process. Each line represents the
difference between one pair of nodes. Clock drifts
range from 0 to 16ms/h. The sawtooth behaviour is
due to time quantization.

more than 100ms apart, for example after approximately
6 hours, the slowest one is triggered by a packet from
the fastest one. However, due to a time quantization of
15.625ms the next sampling interval of the slowest node
will be slightly shorter and thus it will not be triggered by
the fastest node the next time. This results in the sawtooth
behaviour that can be seen in Figure 5.

As mentioned before, simulating packet loss accurately can
be very difficult. However when timing effects dominate,
even a simple exponential path loss model like the one used
in TrueTime can be sufficient. In Figure 6 both measured
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Fig. 6. Measured and simulated packet reception in node
one. Note the periods of almost no packet reception
when nodes transmission times are not separated
enough. For example between 3 and 4 hours nodes
3 and 4 interfere and after 16 hours node 1 and
2 interfere a number of times. The simulation and
measurement mismatch is mostly due to differences
in clock drifts and starting times.



and simulated packet reception in node 1 from node 2-4 are
shown for the same time interval as in Figure 5. Note that
when packet transmission times are not separated enough
the packet reception probability drops to almost zero. For
example between 3 and 4 hours nodes 3 and 4 interfere and
after 16 hours node 1 and 2 interfere a number of times.
The length of these intervals depend on the relative clock
drifts among the nodes. Both figures 5 and 6 show that
in some situations a timing based tool like TrueTime can
be used to quite accurately predict the behaviour of a real
system.

Having long periods of poor packet reception is if course
not desirable. One simple way of avoiding this is to
randomize the parameter t1, that is the delay between
sampling the process and transmitting the estimate.

5. CASE STUDY

In this section it will be demonstrated how the proposed
estimation scheme can be used in a situation where a
sensor network is used to estimate the spatial mean of
a time varying signal in an area. Here 16 sensors are used
to measure a signal described by

x(t) = sin
(

2π

100
t

)
+ sin

(
4π

100
t

)
Each node measures x(t) corrupted by Gaussian white
noise with unit variance. Further, the noise is assumed in-
dependent between nodes. The nodes are placed randomly
using a uniform distribution and can communicate if they
are are closer than a maximum distance. Minimizing this
distance while keeping the graph connected results in the
communication topology shown in Figure 7.
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Fig. 7. Communication topology used in the case study.

Two different signal models will be used: an integrator and
a double integrator. The reason for not using a fourth order
model capable of fully describing x(t) is that in general, an
exact model of the signal studied is hardly ever available.

Three different estimation schemes will be compared:

Centralized refers to a scenario where measurements are
fused in a central node without any communication
delay.

Distributed refers to the scheme described in Section 2.1
with the weight selection procedure of Alriksson and
Rantzer [2008].

Local refers to a scenario where no communication is
used. Here each node runs a Kalman filter based on local
information only.

Because none of the two models can describe the signal
perfectly, the process noise covariance parameter Rw for
the two models were estimated from data using the max-
imum likelihood method. Note that the optimal values of
Rw will depend on the sampling interval.

In sensor networks one of the most important trade-offs
is the one between performance and power consumption.
As mentioned in Section 3 the dominating state in terms
of power consumption is when a node is listening for
radio packets. When using the communication protocol
described in Section 4 the radio can be turned off during
long periods, except in the beginning and end of a sampling
interval. As a result, the average power consumption can
be approximated by the following simple model

Paverage ≈ Poff +
(Pon − Poff)(t2 + t′3)

h
h ≥ t2 + t′3 (7)

Here Poff is the idle power consumption, Pon is the average
power consumption when the radio is turned on, t′3 = h−t3
is the time the radio is turned on at the end of a sampling
interval and t2 is the time the radio is on at the beginning
of each sampling interval. Note that t2 and t′3 do not
depend on h.
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Fig. 8. Trade-off between power consumption and perfor-
mance. The power consumption is changed by chang-
ing the sampling interval h.

In Figure 8 the performance of the distributed algorithm,
measured as the mean RMS error among all 16 nodes,
is plotted as function of Paverage for both signal models.
The different power levels where achieved by varying the
sampling interval in a range from 1s to 50s. Numerical val-
ues for the constants in (7) are Pon=62mW, Poff=8.7mW,
t2=125ms and t′3=625ms, which represent typical values
from a TMote Sky Corporation running Contiki Dunkels
et al. [2004]. Note that the qualitative behavior does not
depend on the particular values of these constants. The



benefit of using a more complex signal model is apparent
for all power levels.

Due to the heterogeneity of the communication topology
the performance will differ slightly in different nodes.
Figure 9 shows the RMS error in all 16 different nodes
together with the error achieved by both a Local- (upper
line) and Centralized (lower line) estimator . Here a sam-
pling interval of 10s was used. In general, a node with many
neighbors will perform better, but the relative position in
the graph also effects performance. For example, node 14
performs slightly better than node 1, even though node 1
has more neighbors.
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Fig. 9. RMS error in all 16 different nodes together with
the error achieved by both a Local- (upper line) and
Centralized (lower line) estimator.

6. CONCLUSIONS

In this paper, a number of implementational aspects
of distributed Kalman filtering were discussed. It was
concluded that when designing a communication protocol,
the amount of time a node spends listening for packets
dominates its power consumptions. Also, the amount of
packet loss can be influenced by the transmission timing
of the nodes.

Using this insight, a simple communication protocol that
does not use any extra communication was designed.
This protocol was analysed both formally and through
experiments.

A simulation case study highlighting the power-performance
trade-off was also conducted. This case study showed the
importance of being able to use a more complex signal
model than the simple integrator model often used.

ACKNOWLEDGEMENTS

This work was funded by the Swedish research council.

REFERENCES

Peter Alriksson and Anders Rantzer. Model based infor-
mation fusion in sensor networks. In Proceedings of the
18th IFAC World Congress, 2008.

Martin Andersson, Dan Henriksson, Anton Cervin, and
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Abstract—A novel continuous time fluid flow model of the
dynamics of the interaction between ACK-clocking and the link
buffer is presented. A fundamental integral equation relating the
instantaneous flow rate and the window dynamics is derived.
Properties of the model, such as well-posedness and stability,
are investigated. Packet level experiments verify that this new
model is more accurate than existing models, correctly predicting
qualitatively different behaviors, for example when round trip
delays are heterogeneous.

I. I NTRODUCTION

The Transmission Control Protocol (TCP) is the predomi-
nant transport protocol of the Internet today, carrying about
83% of the total traffic volume [1]. Since Jacobson’s work on
the Tahoe release of BSD Unix in 1988 [2], many modifica-
tions and replacements have been proposed [2–9] to meet the
demands of a modern Internet scaled up in size and capacity.

Most proposed algorithms arewindow based, meaning that
a source explicitly controls a window size, that is the number
of packets that are sent before the sender must wait for an
acknowledgment packet. Research has focused on how to
determine that window size.

There exist many experimental TCP proposals ranging
between purely loss-based versions like CUBIC [5] and H-
TCP [6], and purely delay based schemes like TCP Vegas [7]
and FAST TCP [8], with many algorithms that use both delay
and loss as congestion measures, such as TCP Africa [9] and
TCP Illinois [10].

All of these rely on detailed dynamics of instantaneous
rates and network queue sizes, either to determine which
flow’s packet is being received at the exact time a packet
is dropped, or to determine the precise queuing delays. In
window based schemes, ACK-clocking governs these sub-
RTT phenomena. Despite its importance, the dynamics of the
window mechanism is still not well understood.

A. Window-based transmission control

A schematic picture of the control structure for window-
based transmission control is displayed in Fig. 1. The dy-
namics of the endpoint protocol are represented by the three
blocks: transmission control, window control, and congestion
estimator. The system consists of an inner loop and an outer
loop. In the outer loop, the window control adjusts the trans-
mission window size based on the estimated congestion level

acknowledgments

windo w
contro l

rate

windo w
transmission

contro l congestion
estimator

estimate

network

Fig. 1. System view in window-based congestion control.

of the network. This congestion level is estimated based on
the ACKs, which carry implicit (often corrupted) information
in the form of duplicate, missing and delayed ACKs.

B. ACK-clocking

The dynamics of the inner loop are given by so called ACK-
clocking. The transmission of new packets is controlled or
“clocked” by the stream of received ACKs by the transmission
control. A new packet is transmitted for each received ACK,
thereby keeping the number of outstanding packets, i.e. the
window, constant. More sophisticated traffic shaping could
also be considered, but we do not consider such dynamics
in this paper.

The design of the outer loop, i.e., the window adjustment
mechanism, has received ample attention in the literature [2–
9] while the properties of ACK-clocking are often ignored.
ACK-clocking operates at a per-packet time-scale. This makes
it better suited to handle short-term queue fluctuations than
the outer-loop. Furthermore, ACK-clocking has stabilizing
properties in itself.

C. Network fluid flow modeling

To ensure that the network will reach and maintain a
favorable equilibrium, it is important to assess its dynamical
properties such as stability and convergence. Instabilitymeans
that small fluctuations due to varying cross traffic are ampli-
fied, and manifests itself as severe oscillations in aggregate
traffic quantities, such as queue lengths. Following the seminal
work by Kelly [11] there have been numerous studies on
network stability. Network fluid flow models, where packet
level information is discarded and traffic flows are assumed
to be smooth in space and time, have shown to be useful
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Fig. 2. The new model presented in this paper is able to capturea dynamic
step response much better than traditional models in the literature. The graph
shows the queue size. Two window based flows with propagationdelaysd1 =
10 ms andd2 = 190 ms are sharing the bottleneck link. The window of the
first source is subject to a step after 25 s.

in such analysis, for example in [8,12–16]. The validity of
results concerning dynamical properties, however, rely heavily
on the accuracy of the models. Models with fundamentally
different dynamical properties have been used to model ACK-
clocking in window-based schemes (often referred to as “the
link”), i.e., the inner loop in Fig. 1. In [12–15] an “integrator”
link model is used, integrating the approximate excess rate
on the link. On the other hand, in [17] transients are ignored
and a “static” link model is proposed. Furthermore, in [18]
a “joint” link model combining the immediate and long term
integrating effect is proposed and used for stability analysis
in [16]. The motivating example in Section II illustrates the
limited accuracy of these models. This is further elaborated
on in a companion paper [19], which highlights the need
for incorporating important microscopic sub-RTT effects in
macroscopic fluid flow models.

A new link model which captures these sub-RTT effects
is derived in Section III. Properties of this model are found
in Section IV, and it is rigorously validated in Section V.
Conclusions are drawn in Section VI.

II. A MOTIVATING EXAMPLE

Consider a system of two window based flows sending
over a single bottleneck link with capacity150 Mbit/s, with
1040 byte packets, where the sources’ window sizes are kept
constant, i.e., the outer loop in Fig. 1 is disabled. The round
trip delays excluding the queuing delay ared1 = 10 ms and
d2 = 190 ms. The window sizes are initiallyw1 = 210
and w2 = 1500 packets respectively. After convergence,
at 25 seconds,w1 is increased step-wise from210 to 300
packets. The solid pink line in Fig. 2 shows the bottleneck
queue size (in seconds) when this scenario is simulated in
NS-2, exhibiting significant oscillation in the queue. Thisis
in contrast to the dash-dotted, solid and dotted blue lines in
Fig. 2, showing predictions made by existing models of the
inner loop dynamics (see [16] for a discussion). They all
predict smooth convergence similar to first order filter step
responses (with varying time constants) and the reasons will
be discussed in section IV-D. The dashed black line shows the

continuous time fluid model derived in this paper, it shows
almost perfect agreement with the packet level simulation,
even at sub-RTT time scales.

Analyses based on the cruder models may give results that
are qualitatively different than those for the more accurate
model proposed here [19].

III. M ODELLING

A. Preliminaries

Consider a single bottleneck link with capacityc and time
varying queuing delayp(t). Traffic consists ofN flows, with
wn(t) the time varying number of packets “in flight” (sent
but not acknowledged). The instantaneous rate at which traffic
from flow n enters the link isxn(t). The round trip time
between the time a packet of flown enters the link and the
time that the “resulting” packet transmitted in response to
the acknowledgment of that packet enters the link is denoted
τn(t). It consists of a fixed componentdn and a time varying
component due to queuing delay. In the single-link case,
τn(t) = dn + p(t).

The link carries cross trafficxc(t) which is not window
controlled.

Packets are assumed to be transmitted greedily and in FIFO
order at links, which reflects the reality of the current Internet.

Without loss of generality, forward propagation delay is
assumed to be zero.
B. ACK-clocking model

In terms of rates, a link buffer is simply an integrator, inte-
grating the excess rate at the link (modulo static non-linearities
present in the system, such as non-negativity constraints or
drop-tail queues). Thus, the buffer dynamics are naturally
given by

ṗ(t) =
1
c

(
N∑

n=1

xn(t) + xc(t)− c

)
. (1a)

It remains to define the instantaneous ratesxn(t).
1) Instantaneous rate:To discover what can be known

about a source’s instantaneous transmission ratexn based on
knowledge of the window sizewn, consider an arbitrary time
t. Packets transmitted up to timet will be acknowledged by
time t + τn(t), and thus the number of packets “in flight” at
time t + τn(t), namelywn(t + τn(t)), will exactly equal the
number of packets transmitted in the interval(t, t + τn(t)].
That is, forn = 1, . . . , N , we have the constraints∫ t+τn(t)

t

x(T )dT = wn(t + τn(t)). (1b)

(This equation was introduced in passing in [20], but not pur-
sued.) The whole system is described by the delayDifferential
Algebraic Equation(DAE) defined by (1b) and (1a).

It may be convenient to reformulate the model (1) by, for
example, differentiating the constraints (1b). Applying avari-
able transformatioṅBn(t) = xn(t), working with accumulated
packetsBn instead of rates, can also be useful. The model then
reduces from a delay DAE to a recursive update law.

The model is supported by numerical results in Section V.
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IV. A NALYSIS

The model is shown in [21] to have a unique equilibrium,
by showing that the equilibrium ratex∗ maximizes the sum of
the concave utility functionsUn(x∗n) = wn log(x∗n)− dnx∗n.

This section uses a linearization to prove that the queuing
delays are asymptotically stable but the rates may have sus-
tained oscillations.

A. Linearization around equilibrium

In order to study the stability, let us linearize (1) around
its equilibrium (p,w, x, xc). Following the convention that
time delays in variables’ arguments are modeled by their
equilibrium values yields, forn = 1, . . . , N ,

ṗ(t)−
N∑

n=1

xn(t)/c− xc(t)/c = 0, (2a)

xnṗ(t)− ẇ(t + τn) + xn(t + τn)− xn(t) = 0. (2b)

Here variables now denote small perturbations. Taking the
Laplace transform gives an explicit expression for the sources’
queue input rates

xn(s) =
s

e−sτn − 1
(
xne−sτnp(s)− wn(s)

)
. (3)

Thus the linear ACK-clocking dynamics are described by(
c +

N∑
n=1

xn
e−sτn

1− e−sτn

)
p(s) =

N∑
n=1

wn(s)
1− e−sτn

+
1
s
xc(s).

(4)
Modeling non-zero forward propagation delay,τf

n , is achieved
simply by multiplyingwn(s) by e−sτf

n in (4). The linear model
is validated in Section V-B and used for analysis below.

B. Stability

As pointed out in [2], window flow control is stable in
the sense that signals remain bounded. The following theorem
shows the stronger result that the linearized single bottleneck
dynamics (4) relating the windowsw to the queuep are
asymptotically stable, ruling out persistent oscillations in these
quantities, at least locally. LetC+ be the open right half plane,
{z : Re(z) > 0}, andC̄+ be its closure,{z : Re(z) ≥ 0}.

Theorem 1:For all 0 < xn ≤ c, τn > 0, n = 1, . . . , N , the
function Gpw : C̄+ → C1×N whoseith element is given by

Gpwi
(s) =

1

(1− e−sτi)
(
c +

∑N
n=1 xn

exp(−sτn)
1−exp(−sτn)

) , (5)

is stable.
Proof: It is sufficient to confirm that [22]:

(a) Gpw(s) is analytic inC+;
(b) for almost every real numberω,

lim
σ→0+

Gpw(σ + jω) = Gpw(jω);

(c) sups∈C̄+ σ̄(Gpw(s)) < ∞
whereσ̄ denotes the largest singular value.

Conditions (a) and (b) are satisfied if they hold element-
wise. Furthermore

sup
s∈C̄+

σ̄(Gpw(s)) ≤
N∑

i=1

sup
s∈C̄+

|Gpwi
(s)|. (6)

Thus, condition (c) holds if

inf
s∈C̄+

|1/Gpwi
(s)| > 0. (7)

It is therefore sufficient to establish (a), (b) and (c) for the ith
transfer function elementGpwi

(s).
Start with the boundedness condition (c). It is sufficient to

show that there is no sequencesl = σl + jωl ∈ C̄+ with
liml→∞ |1/Gpwi

(sl)| = 0. This will be established by show-
ing that the limit evaluated on any convergent subsequence is
greater than 0. Consider a subsequence withσl → σ, ωl → ω.
Case 1, σ = ∞: 1/Gpwi(sl) → c > 0.
Case 2, σ ∈ (0,∞): By the triangle inequality,

|1− e−slτi | ≥ ∣∣1− |e−slτi |∣∣→ 1− e−στi > 0. (8)

Furthermore,1/(eslτn − 1) lies on the circle with center
1/(A2

l − 1)+ j0 and radiusAl/(A2
l − 1), whereAl = |eslτn |.

Thus liml→∞Re(1/(eslτn − 1)) ≥ −1/(eστn + 1), hence

lim
l→∞

Re

(
c +

N∑
n=1

xn

eslτn − 1

)
≥ c−

N∑
n=1

xn

eστn + 1
=

c−
N∑

n=1

xn+
N∑

n=1

xneτnσ

eτnσ + 1
≥

N∑
n=1

xn

1 + e−τnσ
≥

N∑
n=1

xn

2
> 0.

(9)

Multiplying (8) and (9) givesliml→∞ |1/Gpwi
(sl)| > 0.

Case 3, σ = 0: Note thatRe(1/(ejωlτn − 1)) = −1/2, so

lim
l→∞

Re

(
c +

N∑
n=1

xn

e(σl+jωl)τn − 1

)
= c−

N∑
n=1

xn

2
> 0.

(10)

Thusliml→∞ |1/Gpwi
(sl)| 6= 0 except possibly when the first

factor of (5)1− e−slτi → 0, which occurs whenωτi = 2πm,
m ∈ Z. Let In = 1 if mτn/τi ∈ Z, and0 otherwise. Now

lim
s→j2πm/τi

|1/Gpwi
(s)|

= lim
s→j2πm/τi

∣∣∣∣c(1− e−sτi) + xi +
N∑

n=1
n6=i

xne−sτn
1− e−sτi

1− e−sτn

∣∣∣∣
= xi +

N∑
n=1
n6=i

xn
τi

τn
In > 0, (11)

using L’Hôpital’s rule in the second step whenIn = 1. Thus
liml→∞ |1/Gpwi

(sl)| > 0 for all sequencessl in C̄+ for which
the limit exists, whence (7) holds, and thus (c).

Furthermore, since1/Gpwi
(s) 6= 0, Gpwi

(s) is also non-
singular in C̄+, and therefore analytic as its components
are analytic. This establishes (a). Condition (b) holds since
Gpwi

(s) is analytic inC̄+.
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C. Uniqueness of rates

The results presented until now hold for anyx(t) satisfying
(2). It is possible for the windows not to define unique rates,
due to sub-RTT burstiness. Consider a network in which two
flows with equal RTTsτ share a bottleneck link of capacity
C, and each has windowCτ/2. If the flows alternate between
sending at rateC for time τ/2 and sending at rate0 for
τ/2, and if the “on” periods of flow 1 coincide exactly with
the “off” periods of flow 2, then the total rate flowing into
the bottleneck link is constant, and (2) is satisfied. It is also
satisfied if both sources send constantly at rateC/2.

For a single bottleneck, the rates will be unique unless one
flow has a RTT which is a rational multiple of another flow’s
RTT.

To see this, note that sustained oscillations in the rate
for a constant window correspond to marginally stable (pure
imaginary) poles of (2). Taking the Laplace transform of (2)
and eliminatingp, gives

diag(sesτk)w(s) =
(

1
c

diag(xk)E + diag(esτk − 1)
)

x(s),

(12)
where Ek,l = 1 for all k, l = 1, . . . , N . Since diag(sesτk)
is never singular fors 6= 0, the poles of (12) are the non-
zero values ofs for which the coefficient ofx(s) is singular.
The only imaginary values for which this occurs are when
sτi = j2πb and sτk = j2πa for somei, k = 1, . . . , N and
integersa andb.

For two flows, oscillation occurs atmin(a, b) times per RTT
for the smaller RTT flow. Even ifτ1/τ2 is not exactly rational,
or is a ratio of large integers, slowly decaying oscillations
may exist corresponding to an approximationτ1/τ2 ≈ b/a
for smallera and b. For ǫ = bτ2 − aτ1, there is a pole with
σ + jω ≈ −(2πǫ)2/(τ1 + τ2)3 + j2π(a + b)(τ1 + τ2). When
b/a is a poor approximation toτ1/τ2, ǫ will be large making
σ very negative, and the oscillations will diminish rapidly.

D. Relation to existing models

The model may be simplified by approximating the integral
equation (1b) defining the instantaneous rate, and theN
integral constraints in (1). LetHt(z) =

∫ z

t
x(T )dT − w(z).

By (1b), Ht(t + τ(t)) = 0. Standard approximations to
Ht(z) yield several popular models. Rigorous analysis of the
accuracy in the queuing delayp would demand considering the
coupling between the constraints (1b) and the integration (1a).
However, intuitively, better approximations of the constraint
should lead to greater model accuracy.

1) Ratio models: Most common models takexn(t) ≈
w(t−∆a)/τ(t−∆b), for some choice of∆a and∆b [12–16].
Applying the right-side rectangle rule toHt(t + τ(t)) gives
xn(t + τn(t)) ≈ wn(t + τn(t))/τn(t) +O(τn) whence

xn(t) ≈ wn(t)/τn(t− τn(t̃)) (13)

wheret̃ satisfies̃t+τn(t̃) = t. This is similar to the integrator
model shown in [17] to be overly pessimistic for large RTTs.
More accurate numerical quadrature rules can also be applied.

However such approximate models are of the same (or higher)
complexity as the more accurate model and they furthermore,
surprisingly, seem to tend to be unstable.

By further assuming in (13) that the deviation from the
equilibrium rates are negligible,xn(t) = xn + δxn(t) ≈ xn,
we get a static update of the queue in terms of window updates
as suggested in [17].

2) “Joint” models: Taylor expansion ofHt aroundt yields

0 = Ht(t + τ(t)) = Ht(t) + H ′
t(t)τ(t) +O(τ2)

= −w(t) + (x(t)− ẇ(t))τ(t) +O(τ2). (14)

Dividing by τ(t) gives the rate used by the “joint link model”
[18] as anO(τ) approximation

xn(t) ≈ wn(t)/τn(t) + ẇn(t). (15)

Ignoring the ẇ(t) in (14) givesxn(t) ≈ wn(t)/τn(t). If
ẇn = O(τn) then this is again anO(τn) approximation, albeit
less accurate than (15); otherwise it isO(ẇn).

Taking higher order terms in the Taylor expansion ofH(t+
τ(t)) gives more accurate models. However, this leads to high
order ODE models.

3) Models by Pad́e approximations:An alternative is to
study the linearized model in the Laplace domain (4), and use,
for example, different orders of Padé approximations toe−sτn .
In this context a (0,0) Padé approximation (i.e.e−sτn ≈ 1)
gives the “static link model” introduced in [17], while the
“joint link model” [18] corresponds to a (0,1) approxima-
tion. By a (1,0) approximation, a time-scaled ratio model
is achieved, c.f. [12–16]. A suitable order of approximation
can be chosen, and a nonlinear ODE may then be “reverse
engineered” to approximate the DAE model. This approach is
used with good accuracy in the linear validation example in
Section V-B.

All of the above models are based on smallτ approxima-
tions. However,τ(t) need not be small; in particularτ(t) does
not approach zero in the fluid limit of many packets. Thus,
(1b) should be used whenever it results in a tractable problem
formulation, such as the analysis of loss synchronization and
stability of delay based protocols in [19].

V. M ODEL VALIDATION

In this section the model derived in Section III is validated.
The model is simulated in Simulink, and the simulation output
is compared with packet level data achieved using NS-2. Note
that in the experiments we only execute positive changes of
the window w(t) (remember it represents the packets “in
flight” here). This is to decouple the dynamics of the studied
mechanism from the dynamics of the inherited traffic shaping.
Recall that a negative change is dependent on the rate of
received ACKs.
A. Nonlinear model

We refer to the motivating example in Section II due to
limited space. The solid pink line in Fig. 2 shows the queue
size when the system is simulated in NS-2, the dashed black
line the DAE model (1). The model fits almost perfectly.

Further validation is provided in [21].
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Fig. 3. Validation example. Solid line: NS-2 simulation. Dashed line:
Continuous time DAE model (1).

B. Linearized model

Two window based flows are sending over a bottleneck link
with capacityc = 100 Mbit/s. There is no non-window based
cross traffic, soxc = 0. Initially, w1 = 60 packets andw2 =
2000 packets, with packet sizeρ = 1040 byte. Furthermore,
d1 = 10 ms andd2 = 190 ms, with no forward delay. The
system is started in equilibrium, andw1 is increased by10
at t = 10 s, and 300 ms later it is decreased back to60. The
solid line in Fig. 3 shows the queue size when the system is
simulated in NS-2, the dashed line the linear approximation
(4). The model is good, so the linear approximation seems
valid. (In the simulation of (4), a Padé approximation of order
(17,17) of the exponential functions has been used.)

VI. CONCLUSION

We have provided a rigorous analysis of the dynamics of
the ACK-clocking mechanism in window-based congestion
control for a single bottleneck link. The main result is a fluid
flow model of the system. The model is shown in packet level
experiments using NS-2 to be very accurate and qualitatively
different from its predecessors. The model can be generalized
to a multi-link network [21].

We define the instantaneous rate of each window based
source (as seen by the link) by a fundamental integral equation.
This is in contrast to the customary approach for approxi-
mating the window based sources’ sending rates, and is the
key in the modeling. The system has unique equilibrium
rates. Furthermore we show that a linear approximation of the
model around the equilibrium is asymptotically stable from
the window sizes to the queue size. Many existing models in
the literature are shown to be certain approximations to this
new accurate model. This procedure also provides insight into
how to derive other simplified models.

A natural application of the model is stability analysis of
window based congestion control algorithms. Since the model
captures sub-RTT burstiness it can be used to analyze, e.g.,
loss synchronization. Analyzing how such microscopic effects
influence macroscopic properties is future work, although
exciting initial steps are given in a companion paper [19].
It also remains to explore the implications of the model for
general networks.
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Abstract—We consider a system where a number of indepen-
dent, time-triggered or event-triggered control loops are closed
over a shared communication network. Each plant is described
by a first-order linear stochastic system. In the event-triggered
case, a sensor at each plant frequently samples the output
but attempts to communicate only when the magnitude of the
output is outside of a threshold. Once access to the network has
been gained, the network is busy for T seconds (corresponding
to the communication delay from sensor to actuator), after
which an impulse control action is applied to the plant. Using
numerical methods, we compute the minimum-variance control
performance under various common MAC-protocols, including
TDMA, FDMA, and CSMA (with random, dynamic-priority,
or static-priority access). The results show that event-triggered
control under CSMA gives the best performance throughout.

I. INTRODUCTION

Networked feedback control systems are normally imple-

mented using periodic sampling at the sensor nodes, com-

bined with either time-triggered or event-triggered commu-

nication between the sensor, controller, and actuator nodes.

Periodic sampling allows for standard sampled-data control

theory (e.g. [3]) to be used, although network-induced delay

and jitter may limit the performance [4].

In recent work [2], [6], [8], [7], event-triggered sampling

has been proposed as a means for more efficient resource

usage in networked control. The basic idea is to sample,

communicate, and control only when something significant

has occurred in the system. For first-order stochastic systems,

it has been shown that event-based sampling can significantly

reduce the output variance and/or the average control rate

compared to periodic sampling [2].

When multiple control loops are closed over a shared

medium (like a communication bus or a wireless local-

area network), a multiple access method such as TDMA

(time division multiple access), FDMA (frequency division

multiple access), or CSMA (carrier sense multiple access)

is needed to multiplex the data streams. It is clear that the

choice of access method can have a great impact on the con-

trol performance. Intuitively, TDMA should be suitable for

time-triggered control loops, while CSMA, being a random-

access method, would seem to be well suited for event-

based control. FDMA provides a way to share the bandwidth

without regard to synchronization among the loops, which

could potentially be beneficial for both time-triggered and

event-triggered control. At the same time, less bandwidth

per control loop means longer transmission times and hence

longer feedback delays.

S1 S2

S3

A1 A2

A3

Plant 1 Plant 2

Plant 3

Fig. 1. Multiple control loops are closed over a shared communication
medium. The controller in each loop may be co-located with either the
sensor (S) or the actuator (A).

Multi-loop networked control systems—taking into ac-

count issues such as clock synchronization, medium access,

communication protocols, imperfect transmissions, delay and

jitter, and event-triggered sampling, as well as the control

algorithms themselves—are very complex systems. To fa-

cilitate analysis, great simplifications are needed. In this

paper, we study a scenario where a number of independent

control loops are closed over a shared network (see Fig. 1).

Using very simple models for the plants, controllers, and

network arbitration, we are able to numerically compute and

compare the minimum-variance control performance under

the various medium access protocols. In particular, we apply

recent results in sporadic event-based control of first-order

systems [7], [5] to model and analyze the interaction between

control loops and medium-access schemes. Although far

from an exhaustive study, the results offer some interesting

insight into the suitability of the studied MAC-protocols for

networked control.

The remainder of this paper is outlined as follows. In Sec-

tion II, the system description is given. Section III reviews

how to calculate the stationary variance under time-triggered

and event-triggered sampling. In Section IV, we model the

medium access schemes and describe the co-design problem

associated with each scheme. Section V reports numerical

results for symmetrical integrator plants. In Section VI,

we digress and compare the achievable performance under

global vs local scheduling decisions. Section VII contains

a case study with three asymmetric plants. Finally, the

conclusions are given in Section VIII.
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Fig. 2. Network state transitions. Control events may only be generated
in the idle state.

II. SYSTEM DESCRIPTION

We consider a system where N control loops are closed

over a shared network. Each plant i ∈ 1 . . .N is described

by a first-order stochastic differential equation

dxi(t) = aixi(t)dt + ui(t)dt + σidwi(t), xi(0) = 0, (1)

where xi is the state, ai is the process pole, ui is the control

signal, wi is a Wiener process with unit incremental variance,

and σi > 0 is the intensity of the noise. All noise processes

are assumed independent.

A sensor located at each plant i takes samples of the plant

state at certain discrete time instants {tik}∞k=0:

xi
k = xi(tik). (2)

The sampling can be either time-triggered or event-triggered,

depending on the medium access scheme. After obtaining

a sample, the sensor tries to initiate a control event by

transmitting the value to the actuator. The network is however

a shared resource that only one control loop may access

at a time1. If two or more sensors attempt to transmit at

the exact same time, a resolution mechanism determines

who will gain access to the network. (The other nodes will

simply discard their samples.) Once access has been gained,

the network stays occupied for T seconds, corresponding to

the transmission delay from sensor to actuator. During this

interval, no new control events may be generated (see Fig. 2).

The controller in each loop may be co-located with either

the sensor or the actuator; the network delay is assumed

constant and known, so it does not matter which. The overall

goal is to minimize the total cost

J =
N∑

i=1

J i, (3)

where the performance of loop i is measured by the station-

ary state variance

J i = lim
t→∞

1
t

E
∫ t

0

(xi(s))2ds. (4)

In response to a sample taken at time tik, the actuator is

allowed to emit a Dirac pulse of size ui
k. It is clear (see [5])

that minimum variance is achieved by driving the expected

value of the state at time tik+T to zero, implying the deadbeat

control law

ui
k = −eaiT yi

k. (5)

1This is not true under FDMA. Under FDMA, we rather assume that each
control loop has access to its own private network with lower bandwidth.

The control signal generated by actuator i is hence given by

the pulse train

ui(t) =
∞∑

k=0

δ
(
t− tik − T

)
ui

k. (6)

While it may seem unrealistic to allow Dirac controls, it

allows for a fair and straightforward comparison between

time-triggered and event-triggered control. The Dirac pulse

may be replaced by an arbitrary pulse shape of length no

longer than T at the expense of slightly more complicated

cost calculations.

III. EVALUATION OF COST

We here briefly review how to compute the cost (4) under

time-triggered and event-triggered sampling with a delay and

minimum inter-event interval T . For more details, see [1],

[7], [5]. For clarity, we here drop the plant index i.

A. Time-Triggered Sampling

Under time-triggered sampling, the stationary variance

(4) can be calculated analytically. The sampling instants tk
are known a-priori and do not depend on the plant state,

which will be normal distributed at all times. The (possibly

irregularly) sampled closed-loop system becomes

xk+1 = wk, (7)

where {wk}∞k=0 are independent, zero-mean Gaussian vari-

ables with variance P (tk+1 − tk), where

P (t) =

{
σ2 e2at−1

2a , a 6= 0,

σ2t, a = 0.
(8)

(Note that the delay does not affect the state distribution at

the sampling instants.) Sampling the cost function gives

E
∫ tk+1

tk

x2ds = Q(T ) E(xk)2 + Jv(tk+1 − tk), (9)

where

Q(T ) =

{
e2aT−1

2a , a 6= 0,

T, a = 0
(10)

is the state weight due to delay, while

Jv(t) =

{
e2at−2at−1

4a2 , a 6= 0,
t2

2 , a = 0
(11)

accounts for the inter-sample noise (see e.g. [1]). Finally, we

know that E x2(tk) = P (tk − tk−1). Using the expressions

above, it is straightforward to evaluate the cost under any

static cyclic schedule.

B. Event-Triggered Sampling

Under event-triggered sampling, control events may only

be generated when the network is idle and |x(t)| ≥ r, where
r is the event detection threshold. The state will no longer

be Gaussian, which complicates the calculation of Ex2(tk).
A useful and realistic approximation is to assume that the

sensor does not measure x continuously, but rather uses
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Fig. 3. Time division multiple access (TDMA). A static cyclic schedule
determines which sensor node samples and transmits in which time slot.

fast sampling with the interval Ts ≪ T . The (irregularly)

sampled closed-loop system then becomes

xk+1 =


eaTsxk + wk(Ts), |xk| < r

wk(T ), |xk| ≥ r & won

eaT xk + wk(T ), |xk| ≥ r & lost

(12)

where {wk(t)}∞k=0 is a sequence of independent, zero-mean

Gaussian variables with variance P (t); “won” means that the

sensor node won the network arbitration, while “lost” means

the opposite. Letting the system run in open loop between

the fast samples, the expressions (8)–(11) for the sampled

cost are still valid.

The update equation (12) is useful both for calculation

of the state distribution and for Monte Carlo simulations.

Because of the shared medium, the stationary probability

distributions of x1, . . . , xN are not independent. To eval-

uate the cost using the first approach, it is hence neces-

sary to find the multi-dimensional probability distribution

f(x1, . . . , xN ). This can in theory be done by gridding the

state space and then iterating the distribution according to

(12) until convergence. In practice, this can be done for a few

dimensions, forcing us to rely on Monte Carlo simulations

for N ≥ 3 in this paper.

IV. MEDIUM ACCESS SCHEMES AND CONTROL POLICIES

In this section, we present simple scheduling and control

models for three medium access schemes and discuss how

to derive optimal schedules and control policies.

A. TDMA (Time Division Multiple Access)

In TDMA (see Fig. 3), a cyclic access schedule is de-

termined off-line. In each slot in the schedule, one control

loop has access to the network for T seconds. Since there

is no cost associated with using the network in our problem

formulation, it is obvious that no slot should be left empty,

and that the sensor should always sample and transmit in

its slot. Hence, the optimal control scheme associated with

TDMA will be a pure time-triggered scheme.

For symmetric plants (with ai = a, σi = σ, ∀i), a simple

round-robin schedule is optimal. For asymmetric plants, an

optimal schedule of length n can be found by evaluating the

resulting cost for each possible schedule. (The search for

an optimal schedule can be done more efficiently. The LQ-

optimal cyclic scheduling and control problem for multiple

higher-order plants is treated in [9].)

B. FDMA (Frequency Division Multiple Access)

In FDMA (see Fig. 4), the communication bandwidth is

divided between the nodes, such that each loop receives

a fixed fraction U i of the total capacity
∑N

i=1 U i = 1.

11

2 2

3 3 3

Fig. 4. Frequency division multiple access (FDMA). The bandwidth is
divided into fixed shares, giving each loop a dedicated channel. Within
each share, an event-triggered control loop is implemented.

2 1 2 3 1 1 2 3

Fig. 5. Carrier sense multiple access (CSMA). Each loop is event-triggered.
A static, dynamic, or random priority function determines who will transmit
if many nodes try to access the network at the same time.

Accounting for the lower transmission rate, the delay from

sensor i to actuator i is now T/U i.

It is previously known [7] that event-triggered sampling

with a minimum inter-event interval T is superior to time-

triggered sampling with the interval T , also when there

is delay in the system. Hence, event-triggered control is

the better choice for FDMA. The optimal event detection

threshold and the associated optimal cost can be found

numerically by sweeping r and computing the cost for each

value.

For symmetric plants, an even division of the bandwidth

is optimal. For asymmetric plants, the shares U i can be

found using optimization. Since the cost functions J i(U i) are
smooth and strictly decreasing, it is feasible to use standard

nonlinear optimization tools to find the shares.

C. CSMA (Carrier Sense Multiple Access)

In CSMA (see Fig. 5), any node may try to access the

network as soon as it becomes idle, making it suitable for

event-triggered control loops. If many nodes want to transmit

at the same time, some resolution mechanism must be used.

In shared-medium Ethernet for instance, the collision detec-

tion and random back-off strategy will grant a random node

access to the network (after some delay). In the Controller

Area Network (CAN) on the other hand, access can be

resolved based on either fixed (node) priorities or dynamic

(message) priorities.

We will consider three different resolution mechanisms:

1) Random (CSMA-rand): As in Ethernet or WLAN,

a random node will eventually win the contention. For

simplicity, it is assumed that the resolution time is very small

compared to the transmission time so that it can be neglected.

The overall performance is optimized by selecting suitable

event detection thresholds for the control loops. This is done

by sweeping ri and computing the cost for each value.

2) Static priority (CSMA-statprio): Each sensor node is

assigned a static priority, which determines who will win

the arbitration. Such a scheme can be useful for asymmetric

plants where it is known that some plants are more sensitive

to long access delays than others.

3) Dynamic Priority (CSMA-dynprio): For symmetric

first-order plants, it can make sense to use the control error as
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Fig. 6. Optimal cost per node vs number of nodes when controlling
symmetric integrator plants.

a dynamic priority. It is assumed that the network interface

provides a mechanism (such as message priorities in CAN)

so that priority access can be given to the node with the

largest control error. It is obvious that this scheme will be

better than random priorities. Again, the overall performance

is optimized by selecting event thresholds for the loops.

V. RESULTS FOR SYMMETRIC INTEGRATOR PLANTS

We here present numerical results for N symmetric in-

tegrator plants with ai = 0 and σi = 1. We assume that

the network bandwidth scales in proportion to the number

of plants, such that the transmission delay from sensor to

actuator is T = 1/N when the full bandwidth is utilized.

For the numerical computations, we assume fast sampling

with Ts = T/100.
Under TDMA, the optimal cyclic transmission schedule

is {1, 2, . . . , N}. The sampling period of each loop is 1 and

the delay is T = 1/N , giving the following exact value for

the cost per loop:

J i =
(
Jv(T ) + Q(T ) Ex2(tk)

)
/T =

1
2

+
1
N

. (13)

Under FDMA, each loop receives a share U i = 1/N of the

bandwidth, implying the same performance regardless of the

number of nodes. Computing the stationary state distribution

under event-triggered sampling for different values of r, we
find the optimal threshold r = 1.06, yielding the cost

J i = 1.40. (14)

For the CSMA case, we use Monte Carlo simulations to

find the stationary variance of the plants under random or

dynamic priority access. For each N , we sweep r to find the

optimal threshold and the corresponding optimal cost.

The optimal costs under the various policies described

above for N = 1 . . . 10 nodes are reported in Fig. 6, and

the optimal thresholds under CSMA are shown in Figs. 7. It

is seen that TDMA outperforms FDMA, except for N =
1 where sporadic event-based control has the edge over

periodic control. In turn, both variants of CSMA outperform
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Fig. 7. Optimal threshold vs number of nodes for CSMA with random or
dynamic priority access when controlling symmetric integrator plants.

TDMA, CSMA with dynamic priorities performing slightly

better than CSMA with random access. The results are

not surprising, since CSMA with event-triggered sampling

dynamically allocates the bandwidth to the loop(s) most in

need. A higher event threshold is needed for the random

priority scheme in order to be more selective about which

plant to control.

It is possible to reason about what happens when N →
∞ under the various access schemes. Under TDMA, the

performance approaches J i = 1/2, while under FDMA,

the performance is unaffected by N and is constant Ji =
1.40. CSMA approaches aperiodic event-based control [2]

when N → ∞, regardless of the priority scheme used.

For integrator plants, the optimal cost per plant approaches

J i = 1/6. Hence, CSMA asymptotically gives 67% lower

cost than TDMA and 88% lower cost than FDMA when

the number of control loops increases. Equivalently, one can

reason about the network capacity needed to maintain the

same performance as the number of integrator plants grows.

Here, again, CSMA will asymptotically require 67% less

bandwidth than TDMA and 88% less bandwidth than FDMA

to achieve the same cost per loop.

VI. LOCAL VS GLOBAL KNOWLEDGE

One important assumption in our model is that the de-

cisions as to whether to transmit or not are taken locally

at each sensor node. It was seen above that event-triggered

control under CSMA with dynamic priority access gave

the lowest cost among all the considered schemes. It is

interesting to compare the performance to a controller with

global knowledge of the plant states. Such a controller would

of course not be implementable in a networked setting but

can provide a lower bound on the achievable cost.

We consider the special case of N = 2 symmetric

integrator plants with the minimum inter-control interval and

delay T = 1/2. The optimal local scheme under CSMA

with dynamic priorities was computed above, giving the

optimal cost J i = 0.834 for the threshold r = 0.85. For the
global scheme, we gridded the plant state space in the two
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Fig. 8. Event-triggered control of two integrators: optimal global and local
policies.

dimensions and applied dynamic programming to derive the

optimal control policy. For each state (x1, x2), the controller
has the choice to control to the first plant, the second plant, or

to idle. The resulting optimal global control policy is shown

in Fig. 8, together with the local CSMA policy with dynamic

priorities. It is seen that the control policies are quite similar.

One difference is that the global controller will idle if both

plants have about the same error magnitude, waiting to see

where the processes will go next. The resulting cost under

the global policy is found to be J i = 0.828, which is only

one percent lower than the cost for the optimal local scheme.

VII. RESULTS FOR THREE ASYMMETRIC PLANTS

As a final numerical example, we consider a case where

three asymmetric first-order systems should be controlled:

one asymptotically stable plant, one integrator, and one

unstable plant. The plant parameters are σi = 1 and

a1 = −0.5, a2 = 0, a3 = 0.5.

Further, we let T = 1/3. Here, intuition tells us that

more resources should be allocated to the unstable plant

(Plant 3) while the stable plant (Plant 1) can manage with

less resources.

For TDMA, the total cost was computed for all possible

cyclic schedules of length n = 2, . . . , 12. The optimal

schedule for each value of n is reported in Table I. It is

seen that the best schedule is of length 6: {3, 2, 3, 2, 3, 1},
giving a total cost of J = 2.56. In the optimal schedule, the

stable plant is controlled once per cycle, the integrator twice,

and the unstable plant three times per cycle.

For FDMA, we optimize over the bandwidths U1, U2,

U3 to find the lowest total cost. For each plant, we first

approximate the cost function J i(U) by sweeping r for each

value of U . We then apply nonlinear optimization to find the

optimal shares, yielding U1 = 0, U2 = 0.397, U3 = 0.603
and the total cost J = 3.49. It is interesting to note that

the long delay associated with FDMA apparently makes it

pointless to control the stable plant.

TABLE I

OPTIMAL CYCLIC SCHEDULES FOR THE THREE ASYMMETRIC PLANTS.

Length n Cyclic schedule Total cost J
2 {3, 2} 2.651
3 {3, 3, 2} 2.708
4 {3, 2, 3, 1} 2.588
5 {3, 2, 3, 2, 1} 2.650
6 {3, 2, 3, 2, 3, 1} 2.563
7 {3, 2, 3, 3, 2, 3, 1} 2.589
8 {3, 2, 3, 2, 3, 2, 3, 1} 2.567
9 {3, 2, 3, 3, 2, 3, 2, 3, 1} 2.591
10 {3, 2, 3, 2, 3, 1, 3, 2, 3, 1} 2.573
11 {3, 2, 3, 3, 2, 3, 1, 3, 2, 3, 1} 2.588
12 {3, 2, 3, 2, 3, 1, 3, 2, 3, 2, 3, 1} 2.563

TABLE II

OPTIMAL COSTS FOR THE THREE ASYMMETRIC PLANTS UNDER THE

VARIOUS MEDIUM ACCESS SCHEMES.

Scheme J1 J2 J3 J =
P

Ji

TDMA 0.690 0.889 0.984 2.56
FDMA 1.000 1.177 1.319 3.49
CSMA-rand 0.518 0.668 0.795 1.98
CSMA-statprio 0.537 0.671 0.750 1.96

For CSMA, we consider two arbitration mechanisms:

random access and static priorities. For the random access

scheme, we sweep the three thresholds to find the minimum

cost, giving r1 = 1.1, r2 = 1, r3 = 0.8, and the total cost

J = 1.98. The three loops occupy the network on average

14%, 22%, and 38% of the time, while it is idle 26% of the

time. The relative shares for the loops are not that different

from the ones generated by the optimal cyclic schedule.

For the static priority CSMA case, we assume that the

unstable plant has the highest priority, the integrator has

medium priority, while the stable plant has the lowest pri-

ority. Again sweeping the three thresholds and evaluating

the costs gives the optimal thresholds r1 = 1.0, r2 = 0.9,
r3 = 0.8, and the total cost J = 1.96. The priorities allow for

tighter thresholds to be utilized. The three loops occupy the

network on average 15%, 25%, and 38% of the time, while

it is now idle 22% of the time. It is seen that we obtain a

modest improvement by using static priorities in this case.

The results under the various access schemes are summa-

rized in Table II. We can again conclude that CSMA can

provide better control performance than both TDMA and

FDMA. For this example, CSMA gives 23% percent lower

total cost than TDMA and 44% lower cost than FDMA.

VIII. CONCLUSIONS

This paper has studied a prototypical networked con-

trol co-design problem, where both the control policy and

network scheduling policy have been taken into account.

Although very simple mathematical models were used, some

interesting conclusions regarding the various medium access

schemes could be drawn. CSMA with event-triggered sam-

pling was the superior scheme in all presented examples,

while FDMA performed poorly due to the long transmission

delay.

Even for the simple examples presented in this paper,



quite heavy numerical calculations were required to find the

optimal policies. To make co-design of networked event-

triggered control systems feasible for more realistic systems,

it will be necessary to develop efficient numerical methods

that can handle more complicated models. Some of the

possible model extensions in future work include

• having the controller located in a separate node, mean-

ing that both the transmission from sensor to controller

and from controller to actuator need to be scheduled.

• considering higher-order plants and controllers, includ-

ing event-based observers.

• having more detailed models of real network protocols,

including, e.g., the random back-offs in CSMA/CD.

• having a radio model for wireless networks, where the

access scheme will affect the signal-to-noise ratio in the

receiving node.

• allowing MIMO systems, where each sensor and actu-

ator may reside on a different node in the network.

• modeling measurement noise, variable transmission

times, and lost packets.

REFERENCES
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Användningen av trådlös kommunikation har haft en explosionsartad utveckling under senare 
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Predictive Compensation for Communication Outages in
Networked Control Systems

Erik Henriksson Henrik Sandberg Karl Henrik Johansson

Abstract— A predictive outage compensator co-located with
the actuator nodes in a networked control system can be used to
counteract unpredictable losses of data in the feedback control
loop. When a new control command is not received at the
actuator node at an appropriate time instance, the predictive
outage compensator suggests a replacement command based
on the history of past control commands. It is shown that
a simple tuning phase together with the monitoring of the
control history can lead to a compensator that can improve the
closed-loop control performance under communication outages
considerably compared to traditional schemes. Performance
bounds are given that relate the quality of the tuning phase,
the complexity of the compensator with the length of the
communication outage period. Zero-order-hold (holding the
past control command if the current is lost) and applying an a
priori decided constant signal (using a predefined value on the
control command if the current is lost) are special cases of the
more general compensation scheme presented. The predictive
outage compensator is illustrated through computer simulation
with communication outages.

I. INTRODUCTION

Communication networks are commonly used in dis-
tributed control systems since the seventies [1]. The recent
introduction of wireless technology has led to new challenges
due to the large variations in reliability and quality that radio
links impose. These problems have recently been tackled
through the design of communication protocols suitable for
control (e.g., [2], [3], [4]), through network aware compen-
sation schemes for control and estimation algorithms (e.g.,
[5], [6], [7]), and through joint communication and control
designs (e.g., [8], [9], [10]).

In this paper we focus on the problem of communica-
tion outages in networked control systems. These outages
correspond to short time intervals during which sensor data
do not reach the controller node or control commands do
not reach the actuator node. They are due to variations in
radio conditions, because of moving objects, interference etc.
Typical scenarios in industrial control settings are reported
in [2]. It is hard to prevent communication outages to occur,
and it is difficult to provide accurate stochastic models for
them. Stationary models commonly used in the literature on
networked control can be hard to justify in practice [6], [7].
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A motivating scenario for the contribution of this paper
is the control of the floatation tanks in an ore concentrator
at Boliden in Sweden. This system is being investigated
within the SOCRADES project [11]. It consists of four tanks
in series and is today controlled using four individual PI-
controllers [12]. The control objective is to maintain stable
levels in all tanks, compensating for fluctuations in inflow
and for load disturbances. For this process we are interested
in replacing the wired level and flow sensors with wireless
sensors. In doing so, it is desirable not to have to change the
overall control structure or not even the control parameter
tuning. We look instead for a solution where some additional
compensation is done at the actuator node, but no other
changes are needed in the closed-loop system.

The main contribution of this paper is a new predictive
outage compensator (POC) co-located with the actuator
nodes in a networked control system. The POC counteracts
unpredictable losses of data in the feedback control loop.
No modifications to the existing controller implementation
is needed, which is a desirable feature in many practical sys-
tems. The POC suggests a replacement command based on
the history of past control commands. So by a simple tuning
phase together with the monitoring of the control history,
the closed-loop control performance under communication
outages can be considerably improved.

The outline of the paper is as follows. In Section II the
general idea of the POC is given. Section III describes the
procedure to use it. Section IV shows and describes POC
variants. Qualitative bounds for these are given in Section V.
The POC methodology is then evaluated in Section VI. Con-
cluding discussions and future work are given in Section VII.

II. PREDICTIVE OUTAGE COMPENSATION

The proposed POC is a generalization of the communi-
cation outage compensation algorithms used today such as
zero-order-hold and applying constant outputs. The general
idea is to monitor the control signal and use a signal model
to extrapolate the signal in the event of a communication
outage.

The proposed control setup is shown in Fig. 1. The POC
listens to the control signal sent from the controller. If the
signal is received the POC passes the control signal forward
to the actuator and updates its own internal states using the
received signal. In the case that no control action is received
the POC uses its internal model to extrapolate the control
signal based on the signal model and previous received data.
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A. System Description

First we define the signals and transfer functions describ-
ing the system. In the system modelling it is assumed that
the disturbances entering the system are load disturbances,
here denoted by d(k).

The system output is given by

y(k) = P(q)
(

u(k)+d(k)
)

=
B(q)
A(q)

(
u(k)+d(k)

)
(1)

where B(q) and A(q) are polynomials of degree nB and
nA respectively and q denotes the one step forward shift
operator.

The controller output is given by

uc(k) = C(q)
(

r(k)− y(k)
)

=
S(q)
R(q)

(
r(k)− y(k)

)
(2)

where S(q) and R(q) are polynomials of degree nS and nR
respectively.

B. Predictive Outage Compensator

The POC control signal estimate is given by

û(k) = G(q)d̂(k) =
E(q)
F(q)

d̂(k) (3)

where E(q) and F(q) are polynomials of degree nE and
nF respectively and d̂(k) can be interpreted as a virtual
disturbance.

The control action actuated on the plant is decided by the
switching mechanism inside the POC, given by (4).

u(k) =
{

uc(k) Command from controller received
û(k) Command from controller lost (4)

C. Closed Loop Models

We will from this point onwards for the sake of simplicity
assume that the reference is r(k) ≡ 0. This can be done
without loss of generality since the influence of the reference
can be modelled in the load disturbance. Using this we can
conclude that when communication is working, i.e. the loop
is closed, this gives the system output to be as (5) and the
controller signal to be as (6).(

1+P(q)C(q)
)

y(k) = P(q)d(k) (5a)(
A(q)R(q)+B(q)S(q)

)
y(k) = B(q)R(q)d(k) (5b)

Control
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Control

Generation

Initialization

Outage?
No

Yes

Fig. 2. Flow diagram describing the POC

(
1+P(q)C(q)

)
uc(k) = −P(q)C(q)d(k) (6a)(

A(q)R(q)+B(q)S(q)
)

uc(k) = −B(q)S(q)d(k) (6b)

For the sake of eased notation we introduce the transfer
function from d(k) to uc(k) (7), compare with (6), where
E0(q) and F0(q) are polynomials of degree nE0 and nF0

uc(k) =− B(q)S(q)
A(q)R(q)+B(q)S(q)

d(k) =
E0(q)
F0(q)

d(k) (7)

When communication is lost, i.e. the loop is open, the
system output is as (8).

y(k) = P(q)
(

û(k)+d(k)
)

(8a)

y(k) = P(q)G(q)d̂(k)+P(q)d(k) (8b)
F(q)A(q)y(k) = B(q)E(q)d̂(k)+B(q)F(q)d(k) (8c)

By comparing (3) and (7) one can see that for a smart
choice of F(q), E(q) and d̂(k), and under some assumptions
on the reference and disturbances, we should be able to
get similar or same behavior of the system output when
communication is lost as when it is functioning.

III. PREDICTIVE COMPENSATION PROCEDURE

The method used when designing and running the pro-
posed POC is given in Fig. 2 which shows the different parts
of the work flow in commissioning and running the proposed
algorithm.

A. Initialization

When first commissioning the POC one needs to make
some initial design decisions. The first is to decide the order
of E(q) and F(q). The choice of model order will later show
to be a key factor in the POC performance as it turns out
that zero-order-hold and applying constant signals are special
cases of the general POC.

Another design parameter is the methodology for detecting
packet losses. This problem is left outside the scope of this
paper, however it is assumed to be directly detectable if a
packet has been lost or not.



B. Compensator Tuning

The next stage is to tune the POC by identifying E(q)
and F(q) according to the previously decided model order.
The POC tuning is based on conventional recursive identifi-
cation [13]. In the case that there are packet losses during the
POC tuning phase, one might have to rely on more recent
estimation schemes that takes this uncertainty into account;
for an overview of such schemes see [7].

C. Control Monitoring

This step is the core part of the POC. During this phase
the POC listens to the received control signal uc(k) and uses
it to filter out an estimate of d̂(k) as in (9)

d̂(k) =
F(q)
E(q)

uc(k) (9)

More precisely what is done is

q−nF E(q)d̂(k) = q−nF F(q)uc(k) (10)

which after rearranging gives

e0d̂(k +(nE −nF)) =
= uc(k)+ . . .+ fnF uc(k−nF)−
− e1d̂(k−nF −1+nE)− . . .− enE d̂(k−nF)

(11)

where ei and fi are the coefficients of E(q) and F(q)
respectively. As seen, what one can actually estimate is d̂(k)
shifted back nF−nE which is the relative degree of the POC.

D. Outage Control Generation

When an outage occur an estimate of d̂(k) is used to drive
the POC filter, in order to extrapolate the signal and provide
a control signal to actuate.

When communication is lost and we no longer receive any
control signals, we can no longer estimate d̂(k) using uc(k).
Instead we have to decide on a new policy. This can be done
in several different manners. In this paper we use the method
to hold the last known d̂(k) which we denote by d̄, another
policy is to set d̄ = 0. The general POC is now given by

û(k) =
E(q)
F(q)

d̄ (12)

or more precisely shifted as

q−nF F(q)û(k) = q−nF E(q)d̄ (13)

which in the same way as before gives

û(k) =
(

e0 + . . .+ enE

)
d̄−

− f1û(k−1)− . . .− fnF û(k−nF)
(14)

if uc(k−N) is known then we set û(k−N) = uc(k−N).

IV. POC INTERNAL MODEL COMPLEXITY

Within the proposed framework we have the freedom to
choose different complexity for the general POC (12). Next
we highlight three special cases.

A. Zero POC

This is the simplest version of outage compensation. If no
new control signal arrives to the POC an a priori decided
constant command, zero say, is actuated. This corresponds
to setting F(q) = 1 and E(q) = 0 in (12) so that

û(k) = 0 (15)

B. Hold POC

Another common version of outage compensation is zero-
order-hold in which the action when no command is received
is to keep the last received value. In this framework it
corresponds to choosing F(q) = q−1 and E(q) = 0 giving(

q−1
)

û(k) = 0 (16)

or shifted back in time

û(k) = û(k−1) (17)

C. Optimal POC

The best POC one can use in this framework is to choose
F(q) = F0(q) and E(q) = E0(q), i.e. their true value. This
corresponds to

F0(q)û(k) = E0(q)d̄ (18)

V. WORST-CASE ERROR BOUNDS FOR PREDICTIVE
OUTAGE COMPENSATOR

In order to bound the error in the POC model, the
following lemma is useful.

Lemma 1: Consider the linear time-invariant input-output
model

δ (k) =
k

∑
j=k0

γ(k− j)ρ( j), k ≥ k0,

with impulse response γ( j). It holds that

|δ (k)|6
(

k−k0

∑
j=0
|γ( j)|

)
max

k06 j6k
|ρ( j)|.

For bounded input over the interval [k0,k f ], the maximum
output over the same interval is bounded by

max
k06k6k f

|δ (k)|6
(

k f−k0

∑
j=0
|γ( j)|

)
max

k06k6k f
|ρ(k)|.

Both bounds are tight, i.e., there is an input ρ(k) that
achieves equality.

Proof: Application of Theorem 27.2 in [14].
We are going to use the lemma to bound the difference

between the ideal input from the nominal model, uc(k), and
the input from the POC, û(k), when there is an outage. We
assume that the outage occurs in the time interval k ∈ [0,k f ],
without loss of generality.



First, we re-define the nominal model and the POC model
in the following way, to simplify notation:

uc(k) =
qnF0−1

F0(q)
p(k), (qnF0−1 p(k) = E0(q)d(k)) (19)

û(k) =
qnF−1

F(q)
p̂(k), (qnF−1 p̂(k) = E(q)d̂(k)) (20)

where degF = nF and degF0 = nF0. The signal p(k) can be
thought of as an ”innovation” signal that contains everything
in uc(k+1) that cannot be explained by a linear combination
of uc(k), . . . ,uc(k− nF0 + 1). The signal p̂(k) has a similar
interpretation for û(k).

The model (19) can be realized in the state-space form

x(k +1) = c(F0)x(k)+K p(k)

uc(k) = KT x(k),
(21)

where c(F0) is a companion matrix of the polynomial
F0(q) = qnF0 + f 0

1 qnF0−1 + . . .+ f 0
nF0

,

c(F0) =


− f 0

1 − f 0
2 . . . − f 0

nF0
1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 0

 ∈ RnF0×nF0

and

K =


1
0
...
0

 ∈ RnF0 , x(k) =


uc(k)

uc(k−1)
...

uc(k−nF0 +1)

 ∈ RnF0 .

The model (20) can be realized in exactly the same form
using a companion matrix c(F). If degF < degF0, we can
define the polynomial coefficients fnF +1 = . . .= fnF0 = 0 so
that c(F) ∈ RnF0×nF0 , and both models have the same state
dimension.

If the supervisor model has been run in the control
monitoring mode, as described earlier, and an outage occurs
at k = 0, then the signals û(k),uc(k) when k ∈ [0,k f ] are
given by

û(k) = KT c(F)kx(0)+
k−1

∑
j=0

KT c(F)k− j−1K p̂( j) (22)

and

uc(k) = KT c(F0)kx(0)+
k−1

∑
j=0

KT c(F0)k− j−1K p( j). (23)

Subtracting (23) from (22), the error between ideal and actual
input in outage mode is given by

û(k)−uc(k) = KT [c(F)k− c(F0)k]x(0)

+
k−1

∑
j=0

KT c(F)k− j−1K p̂( j)−
k−1

∑
j=0

KT c(F0)k− j−1K p( j).
(24)

In order to derive simple expressions for the error bounds, the
following assumptions are made. They should be relatively
easy to verify for a given system.

Assumptions 1: It is assumed that both (19) and (20) are
exponentially stable, i.e., there are constants c0 > 0,c > 0,
0≤ λ0 ≤ 1,0≤ λ ≤ 1 such that

‖KT c(F0)k‖1 ≤ c0λ k
0 , ‖KT c(F)k‖1 ≤ cλ k,

where ‖ ·‖1 is the 1-norm of a vector (sum of magnitude of
elements). Furthermore, we assume the actual input and the
innovations are bounded

|uc(k)| ≤ ρu, |p(k)| ≤ ρp,

for all k, and
|p̂(k)| ≤ ρp̂

for k ≥ 0.
The constants λ and λ0 are measures of how fast the

systems are. Using the error model (24) and the assumptions
we are going to analyze the error behavior. A simple example
is also given at the end of this section.

A. Zero POC

In the zero POC, the input is simply set to zero in
outage mode, i.e., û(k) = 0, k > 0. In the model framework
developed here, this means

û(k +1) = 0 · û(k)+ p̂(k),

that is F(q) = 1, together with the outage policy p̂(k) = 0,
k ≥ 0. The error model (24) reduces to

û(k)−uc(k) =−KT c(F0)kx(0)−
k−1

∑
j=0

KT c(F0)k− j−1K p( j),

for k> 0. Applying the triangle inequality and Lemma 1, we
have

|û(k)−uc(k)| ≤ ρu‖−KT c(F0)k]‖1 +ρp

k−1

∑
j=0
|KT c(F0)k− j−1K|,

≤ ρuc0λ k
0 +ρpc0

k−1

∑
j=0

λ k− j−1
0

≤ ρuc0λ k
0 +ρpc0

1−λ k
0

1−λ0
=: Γ0(ρu,ρp,k).

The error bound Γ0 converges exponentially fast with rate
λ0 to ρpc0

1−λ0
.

B. Hold POC

The hold POC can be modelled as before by the model

û(k +1) = û(k)+ p̂(k),

that is F(q) = q−1, together with the outage policy p̂(k) =
0, k ≥ 0. Hence, if there is an outage at k = 0, we have
û(k) = uc(0), for k ≥ 0. The error model (24) reduces to

û(k)−uc(k) = KT [I−c(F0)k]x(0)−
k−1

∑
j=0

KT c(F0)k− j−1K p( j),

since uc(0) = KT x(0). We make the following assumptions
to simplify the expression.



Assumptions 2: Assume there are constants c1 ≥ c′1 such
that

‖KT [I− c(F0)k]‖1 ≤ c1− c′1λ k
0 . (25)

Conservative choices for c1,c′1 that work under Assump-
tions 1 are c1 = 1+ c0 and c′1 = 0.

Applying the assumptions, the triangle inequality, and
Lemma 1, we have

|û(k)−uc(k)| ≤ ρu‖KT [I− c(F0)k]‖1+

+ρp

k−1

∑
j=0
|KT c(F0)k− j−1K|,

= ρu(c1− c′1λ k
0 )+ρpc0

1−λ k
0

1−λ0
=: Γ1(ρu,ρp,k).

The error bound Γ1 converges exponentially fast to ρuc1 +
ρpc0
1−λ0

, at a rate λ0.

C. General POC

For the general POC,

û(k +1) =− f1û(k)− . . .− fnF û(k−nF +1)+ p̂(k),

we make the following assumptions.
Assumptions 3: Assume there are constants c2 ≥ c′2 and

1≥ λ2 ≥ λ ′2 ≥ 0 such that

‖KT [c(F)k− c(F0)k]‖1 ≤ c2λ k
2 − c′2(λ

′
2)

k.

Conservative choices that work under Assumptions 1 are
c2 = c+ c0,λ2 = max{λ ,λ0}, and c′2 = 0.

The error bound is now

|û(k)−uc(k)| ≤ ρu‖KT [c(F)k− c(F0)k]‖1+

+ρp̂

k−1

∑
j=0
|KT c(F)k− j−1K|+

+ρp

k−1

∑
j=0
|KT c(F0)k− j−1K|

≤ ρu(c2λ k
2 − c′2(λ ′2)k)+ρpc0

1−λ k
0

1−λ0
+

+ρp̂c
1−λ k

1−λ
=: Γ2(ρu,ρp,ρp̂,k)

To make the worst-case bound Γ2 small, it is clear that it is
best to use a zero policy for p̂(k), i.e., ρp̂ = 0. It is important
to remember that this is a strict worst-case analysis that
assumes that we have no knowledge whatsoever of p(k). If
we have knowledge of how quickly p(k) evolves, then it can
be very beneficial to choose a nonzero p̂(k) to counteract it,
as shall be seen in Section VI.

D. Example

The transfer function from disturbance d(k) to control
uc(k) is given by −P(q)C(q)/(1+P(q)C(q)). In this simple
example, let us assume the feedback control system is
operating well and can be described by a first-order system
(in continuous time) −ωb

s+ωb
,
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Fig. 3. The worst-case bounds in the example for a system with low
bandwidth, ωbh = 0.1.

i.e., the control system has bandwidth ωb. A zero-order-hold
sampled realization with sampling period h is

uc(k +1) = e−ωbhuc(k)+(e−ωbh−1)d(k) =: λ0uc(k)+ p(k),

where λ0 = e−ωbh, and p(k) = (e−ωbh− 1)d(k). As general
POC, let us use the model

û(k +1) = λ û(k)+ p̂(k),

where λ = e−1.3ωbh. This means that we have overestimated
the actual bandwidth of the system with 30% in the POC.
The other constants in Assumptions 1 are c0 = c = 1, and
we assume control signals uc(k) must be smaller than one,
ρu = 1, and that disturbances d(k) are smaller than 0.1. This
means that ρp = 0.1(1− e−ωbh). Based on the discussion
in Section V-C, we also choose the zero policy for p̂(k),
i.e., ρp̂ = 0. It is also easy to verify that the constants
in Assumptions 2 and 3 can be chosen as c1 = c′1 = 1,
c2 = c′2 = 1, λ2 = λ0, and λ ′2 = λ .

We plot the error bounds Γ0, Γ1, and Γ2 as functions of
outage time k in Figs. 3 and 4. In Fig. 3, the feedback control
system is slow with ωbh = 0.1 and in Fig. 4 the system is
fast with ωbh = 1.0. As can be seen, for the slow system,
the general POC is best for all times, whereas the hold POC
is better than the zero POC for outages shorter than seven
samples. If the bandwidth is increased with a factor 10, then
the hold POC is by far worst for all times. The reason is
that the system is capable of very fast changes, and to hold
a constant input can quickly push the system in the wrong
direction. Also in the fast case is the general POC best for
all times, even though the zero POC does quite well also.

The example has shown that a general POC can do much
better than the traditional hold and zero POCs compensators
both for slow and fast systems, even though the model had
a parameter error of 30%.
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VI. SIMULATION EVALUATION

To give intuition around the boundaries for the three
POC versions in Section V for a more complex system,
simulations are performed on a system consisting of a double
integrator controlled with a lead-lag controller. The continues
time controller is discretized using sampling and zero-order-
hold with a sampling interval of Ts = 0.1s giving

C(q) =
1.95q2−3.80q+1.85

q2−1.82q+0.82
(26)

With this sampling frequency and discretization policy we
will have F0(q) as

F0(q) = q4−3.80q3−5.43q2−3.45q+0.82 (27)

A. Simulation Scenario

The scenario considered in the simulation examples is the
following:

t = 0 The system starts at rest.
t = 2 A load disturbance with amplitude 1 hits the system

and excites it.
t = 5 The communication between the controller and the

actuator is lost and the backup policy is activated.
t = 8 The load disturbance disappears. Since there is

no communication between controller and actu-
ator/compensator the disturbance is invisible and
hence it can not be compensated for. This is a
fundamental limitation for all compensators.

t = 10 Communication is restored and the controller starts
to actuate the system in order to get it back into
rest.

In the following three subsections we discuss the system
behavior under this scenario for the three compared POC
versions.
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Fig. 5. Behavior of the zero POC policy (solid) compared to the Nominal
system behavior (dashed)

B. Zero POC

The response for the system with the zero POC can be
seen in Fig. 5. As seen, when the outage occur, the system
output instantly starts to grow rapidly, taking the system far
away from the desired setpoint. As a consequence of the
large perturbation caused during the outage the controller
has to use a large control signal to stabilize the system once
communication is restored.

C. Hold POC

The hold POC system response can be seen in Fig. 6.
Compared to the zero POC the hold POC initially, for the
first few samples after the outage, manage to keep the system
quite close to the nominal trajectory. However, after these
initial samples the system trajectory starts growing away
from the setpoint, although not as fast as in the zero POC
setup. When communication is restored the controller just as
in the zero POC case needs to use a large control signal to
stabilize the system again.

The large magnitude of the control signal for the zero
POC and the hold POC, once communication is restored,
is dependent on two factors. The first and most apparent
reason is the fact that the system drifts far away from the
setpoint and therefor a large signal is needed. The second
and more subtle reason is that there is a large difference
between the control signal that the controller is computing
and the one that is actuated. This difference will cause wind-
up effects in the controller which also appear in the transient
after communication is restored.

D. General POC

The system response with the general POC is shown in
Fig. 7. In this simulation scenario the internal model of the
POC is chosen as the nominal system (27), giving the optimal
POC. As seen the predicted trajectory follows the nominal
trajectory exactly during the outage up until t = 8s when the
disturbance changes.
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This is the best we can do since we can only follow the
nominal trajectory that was observed prior to the outage.
As the disturbance changes so does the nominal trajectory.
However since communication is lost the POC can not detect
this change of nominal trajectory since it can not measure it.

When communication is restored the controller can use a
small input correction term to get the system stabilized again
after the outage. This is due, relating to Section VI-C, both
to the fact that the drift compared to the nominal trajectory
is small, causing a small control error, and that this in turn
yields a much smaller wind-up term in the controller.

We can also note that the settling time for the nominal
system and the system using the optimal POC are almost
identical.

VII. CONCLUSIONS AND FUTURE WORK

We have presented a new general methodology for com-
pensating for communication losses in networked control

systems. It has been shown that this method gives signifi-
cantly improved performance compared to previously used
compensation schemes without increasing the complexity too
much.

The ongoing work consists of examining how measure-
ments of the disturbances entering the system can be utilized
to get even better performance and tighter bounds on the
error modelling.

Also work is currently being done on implementing the
proposed algorithm on a physical laboratory process as
well as further developing the method for more general
disturbances and systems.
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Breath: a Self-Adapting Protocol for
Wireless Sensor Networks in

Control and Automation
P. G. Park, C. Fischione, A. Bonivento, K. H. Johansson, A. Sangiovanni-Vincentelli

Abstract—The novel cross-layer protocol Breath for wireless
sensor networks is designed, implemented, and experimentally
evaluated. The Breath protocol is based on randomized rout-
ing, MAC and duty-cycling, which allow it to minimize the
energy consumption of the network while ensuring a desired
packet delivery end-to-end reliability and delay. The system
model includes a set of source nodes that transmit packets
via multi-hop communication to the destination. A constrained
optimization problem, for which the objective function is the
network energy consumption and the constraints are the packet
latency and reliability, is posed and solved. It is shown that
the communication layers can be jointly optimized for energy
efficiency. The optimal working point of the network is achieved
with a simple algorithm, which adapts to traffic variations with
negligible overhead. The protocol was implemented on a test-bed
with off-the-shelf wireless sensor nodes. It is compared with a
standard IEEE 802.15.4 solution. Experimental results show that
Breath meets the latency and reliability requirements, and that
it exhibits a good distribution of the working load, thus ensuring
a long lifetime of the network.

Keywords: Wireless Sensor Network, Power control, MAC,
duty cycle, optimization.

I. INTRODUCTION

The deployment of Wireless Sensor Networks (WSNs) for
monitoring and control applications heavily depends on the
possibility to provide an efficient communication infrastruc-
ture. The design of such networked systems has to take into
account a large number of factors that ensure the correct imple-
mentation: the constraints imposed by the applications running
on the network (e.g., end-to-end latency, error probability),
the limited energy resources of WSNs, and the available
implementation hardware platform.

The network design task can be formulated as an optimiza-
tion problem. However, as it was noted in [1], a complex
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interdependence of the decision variables with the network
properties often lead to difficult problems even in simple
network topologies. As a result, it is not possible to provide
a unique solution to the problem of WSNs design, but rather
a set of components not too general (to avoid inefficiencies)
and not too ad hoc (to allow for reusability).

In this paper, we present Breath, an efficient protocol
solution for WSNs for common control and automation ap-
plication: a source of information has to send packets to a
destination using a multi-hop WSN under end-to-end latency
and error probability constraints. The solution is based on a
randomized routing, a randomized Medium Access Control
(MAC) and a randomized sleeping discipline that are jointly
optimized for energy consumption. We introduce an adaptation
algorithm that allows the network to adapt to traffic variations
and reach the optimal working point without communication
or state overhead. Randomized routing allows us to reduce
overhead due to node coordination, state maintenance and
increase robustness on neighboring nodes failures. Random
access to the wireless channel avoids packet collisions, while
the random sleep discipline permits the nodes to minimize
their energy consumption. Since the protocol proposed in this
paper adapts to the network variations enlarging or shrinking
next-hop distance and sleep time of the nodes, we named it
Breath.

There have been many contributions to the problem of
protocol design for WSNs, both in academia (e.g., [2], [3]) and
industry (e.g., [4], [5]). New protocols have been built around
standardized low-power protocols such as IEEE 802.15.4 [6]
and Zigbee [7]. To the best of our knowledge, no protocol in
the literature presents a comprehensive solution that includes
all the relevant characteristics of the physical layer, MAC and
routing, which guarantees latency and reliability constraints
over multi-hop communication, and optimizes for energy
consumption. A first step toward an integrated protocol stack
is visible in [8]. In that paper, a randomized routing protocol,
a randomized sleeping disciple and a joint optimization are
presented. The routing algorithm is called “Region-based
Opportunistic Routing” and it is an extension of the geographic
routing proposed in [9], where the idea of routing through
a random sequence of hops is introduced. Similarly to these
approaches, we present in this paper a solution which routes
packets through a random sequence of nodes.

An important means of ensuring energy savings and longer
network lifetime is enforcing a sleeping discipline, i.e., an
algorithm that turns off a node whenever its presence is not
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required for the correct operation of the network [10], [11].
According to such a discipline, each node goes to sleep for an
amount of time that is a random variable dependent on traffic
and network conditions. In this paper, we present a duty cycle
solution that can be considered as an extension of [12], [13].

In [8] a first level of cross-layer interaction is exploited.
In particular, it is shown how the opportunistic routing and
the randomized sleeping discipline can be jointly optimized
for energy saving while satisfying requirements on end-to-
end delay. However, important aspects as the impact of packet
collisions have not been considered.

In [13], [14], a relevant design methodology has been
presented. Here, we extend and test the design methodologies
of that papers by including collision avoidance mechanism,
and detailed behavior of the physical layer. Especially, the
original contribution is as follows:

1) A comprehensive energy minimization is proposed under
reliability and latency constraints. It takes into account
the overall energy spent to transmit and receive packets,
including an accurate radio power minimization.

2) An algorithm that introduces little communication over-
head and allows for rapid deployment and self adap-
tation of the network to optimal working conditions is
presented.

3) The protocol solution is implemented over a complete
test bed using Tmote Sky sensor nodes [4].

The rest of the paper is organized as follows: In Section II
our protocol is presented. In Section III an optimization
problem is introduced to describe the protocol. In Section IV,
we show how the protocol can be optimized for power con-
sumption and in Section V we present an algorithm to obtain
the optimal working point. An experimental implementation of
the protocol is presented in Section VI. Finally, in Section VII
concluding remarks and future perspectives are given.

II. THE BREATH PROTOCOL

In this section we introduce the system model and the
protocol proposed in this paper.

We consider a scenario where there is a cluster of source
nodes generating data packets associated to a sensed phe-
nomenon. These packets are generated with a rate of λ pckt/s.
Between source nodes and the destination, we assume that
nodes are uniformly deployed to relay these packets. These
intermediate nodes do not generate their own packets, but just
relay those coming from the sources using the randomized
routing. We adopt a randomized routing, because it is simple to
implement, robust and fault tolerant. We assume that each node
knows its location. This information can be either hard-coded
in the node when they are deployed, or it can be obtained
running a positioning algorithm on the network right after de-
ployment. The intermediate nodes are grouped into a number
of clusters or forwarding regions. Clustered network topology
is supported in networks that require energy efficiency, since
transmitting data through intermediate nodes may consume
more than routing directly to the destination [15]. Data packets
can be transmitted only from a cluster to next cluster closer
to the sink. In Fig. 1, the system scenario is depicted. The

DestinationSources

   121−hh

S

0=
id
C

1
d

2
d

1−h
d

Fig. 1. Network nodes are organized into sources, h − 1 blocks, and
destination. Cid = 0, . . . , h denotes the group ID of each block.
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network is abstracted by h − 1 blocks or clusters, as it was
proposed in [8], [12]. These blocks represent the forwarding
regions to which packets can be forwarded. The number of
these clusters and wake-up rate change continuously according
to the traffic and wireless channel conditions (as we see
later). Looking at the network, the continuous enlarging and
shrinking of the cluster size makes our protocol to behave like
a breath, thereby, we denoted our solution the Breath protocol.
We assume that nodes have tunable transmit power. Packets
transmitted by the nodes are of two kinds: data packets, which
contain information related to the sensed phenomenon, and
beacon packets, which carry information related to the control
parameters of the protocol. We assume that data packets and
beacon packets are transmitted at two fixed disjoint frequen-
cies, so to reduce packet collisions. These assumptions are
perfectly compatible with off-the-shelf hardware platforms, as
the Tmote Sky [4].

The Breath protocol is a cross-layer solution. The MAC,
routing, and duty-cycle algorithms are designed and optimized
all together. According to the protocol, a node sends a data
packet to a node randomly selected in a forwarding region,
which is located in the direction toward the sink node. Nodes
in the forwarding region send beacon messages to say that
they are available to receive data packets. The MAC is
probabilistic and does not implement any acknowledgement
or retransmission scheme. Each node, either transmitter or
receiver, does not stay in an active state all time, but goes
to sleep for a random amount of time, which depends on
the traffic conditions. Hence, the duty-cycling algorithm is
randomized. The cumulative wake-up rate, i.e., the sum of
the wake-up rates that a node sees from all nodes of the next
cluster is denoted µc, which is the same for each cluster, as
we see later.
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The detailed behavior of a node is explained in the state
machine of Fig. 2, which we describe in the following:
• Sleep State: the node k turns off its radio and starts a

grenade timer whose duration is an exponentially dis-
tributed random variable with average µk. When the timer
expires, the node goes to the Wake-up State.

• Wake-up State: the node turns its beacon channel on
and broadcasts a beacon indicating its location. Then, it
switches to listen the data channel, and it goes to the Idle
Listen State.

• Idle Listen State: the node starts a grenade timer of
a fixed duration that must be long enough to receive
completely a packet. If a data packet is received, the timer
is discarded, the node goes to the Active-TX State, and
its radio is switched from the data channel to the beacon
channel. If the timer expires before any data packet is
received, the node goes to the Calculate Sleep State.

• Active-TX State: the node starts a waiting timer of
a fixed duration. If the node receives the first beacon
coming from a node in the forwarding region within
the waiting time, it retrieves the node ID and goes to
the CSMA/CA (Carrier Sense Multiple Access/Collision
Avoidance) State. Otherwise if the waiting timer is ex-
pired before receiving a beacon, the node goes to the
Calculate Sleep State.

• CSMA/CA State: the node switches its radio to hear the
data channel. As soon as a node receives a data packet,
it tries to send it to a node in the forwarding region.
In CSMA/CA, the node checks whether the channel is
clear, i.e., if no other node is transmitting at the time. If
the node recognizes a clean channel, then the data packet
is sent. If the channel is not clear, the node waits for an
exponentially distributed random time, and then checks
the channel again. This procedure repeats itself until a
maximum number of tries have been done. If the channel
is never clear, the node discards the data packet and goes
to the Calculate Sleep State. If the channel is clear within
the maximum number of attempts, the node transmits the
data packet and goes directly to the Calculate Sleep State.

• Calculate Sleep State: the node calculates the parameter
µk for the next sleeping time and generates an exponential
distributed random variable having average 1/µk. After
this the node goes back to the Sleep State. The sleeping
parameter µk is computed such that the cumulative sleep
time of the cluster µc can be achieved, according to the
adaptation algorithm given in Section V.

According to the protocol given above, the packet delivery
depends on the cumulative wake-up time and on the number
of forwarding regions. In the next sections, we show how to
tune online these parameters to satisfy delay and reliability
constraints imposed by the application and optimize them for
energy consumption.

III. BREATH OPTIMIZATION PROBLEM

The protocol is tuned by a constrained optimization prob-
lem. The objective function is the total energy consumption
for transmitting and receiving packets from the source to the

destination. The constraints are given by an end-to-end delay
probability, and a packet reception probability. The decision
variables of the optimization problem are the cumulative wake-
up rate µc of each cluster and the number of blocks, h − 1.
The optimization problem is

P : min
h,µc

Etot(h, µc) (1)

s.t. Pr[D(h, µc) ≤ τ ] ≥ ∆ ,

ψ(h, µc) ≥ Ω .

In Problem P , the objective function is the total energy
consumption of the network, denoted as Etot(h, µc). D(h, µc)
is the distribution of the end-to-end delay to transmit a packet
from the source to the sink, τ is the desired maximum end-to-
end delay, and ∆ is the minimum probability with which such
a maximum delay should be achieved. The constraint ψ(h, µc)
is the probability of successful packet delivery from the source
to the sink, and Ω is the minimum desired probability. We
remark here such that ∆ and Ω are the requirements imposed
by the application, and h, µc are the protocol parameters
that have to be adapted to traffic, channel conditions, and
application requirements.

In the following sections, a characterization of Problem P
is given, along with a strategy to achieve the optimal solution,
namely the values of h, µc that minimize the cost function.
As we will see later, some approximations must be done on
the constraints, whereas we use an upper bound of the cost
function. We intend as optimal solution the solution that solves
such an approximated optimization problem. The complex
interdependence of the protocol parameter prevents to model
with exact accuracy the constraints and cost function, as we
discuss next.

A. Latency Constraint

The end-to-end delay between source to destination is given
by the sum of the delays at each hop. There are three sources
of delay per hop:

• Time to wait before the first wake-up of a node in the
next cluster: This time is an exponentially distributed
random variable αi whose intensity µc is the sum of the
wake-up intensities of the nodes in the next cluster i.

• Time to wait clean channel: Before sending a packet,
a node senses if the channel is busy a CSMA/CA mech-
anism. If the channel is busy, then the node waits an
exponentially distributed random back-off time εi with
intensity µε. This operation is repeated at most Mb times,
after which a packet is discarded. The average number of
back-offs is denoted through µb. It can be computed as
follows: Let Phb be the busy channel probability, then

µb =
Mb∑
j=1

j(1− Phb)P
j−1
hb ,

where, according to the analysis carried out in [16],

Phb =
(

λ

µc + λ

)2

. (2)
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where there are h hops to send a packet from source to
destination. Finally, the end-to-end delay is a random variable:

D(h, µc) =
h∑

i=1

(αi + µb εi) . (3)

B. Reliability Constraint

Since we implemented a CSMA/CA scheme, a data packet
can be lost at each hop because of a bad wireless channel or
collisions. The first such an event is modeled with a Bernoulli
model, where the probability of having a good channel during
a single transmission is denoted with p. Recalling that Mb is
the maximum number of tries to perceive a clean channel, the
successful probability to transmit a packet within Mb tries can
be well approximated by 1 − [λ/(µc + λ)]2 ρMb

c where ρc is
an upper bound of collision probability in CSMA/CA State.
Therefore, the reliability constraint can be expressed by

ψ(h, µc) =
h∏

i=1

p

[
1−

(
λ

µc + λ

)2

ρMb
c

]
≥ Ω . (4)

C. Cost Function

The total energy consumption is given by the energy related
to the communication of data packets, and the energy to wake-
up and beckoning, namely Etot(h, µc) = Epck +Ewu. In the
following, we characterize these energies.

Consider the energy spent for transmission and reception
of a data packet for a node in the i th cluster. Let us denote
the energy consumption for radio transmission with Qm(di),
where di is the transmission distance to which a data packet
has to be transmitted from the node. Such an energy is a
function of the radio power used to transmit the packet. The
following expression holds:

Qm(di) = V I(Pt(di)) tm

where V is the voltage consumption at the node, tm is
the transmission time of a data packet, and I(Pt(di)) is
the current consumption of the electronic circuit needed to
transmit packets of radio power Pt(di). The relation between
the current consumption and radio power obviously depends
on the hardware platform. Using Telos sensors, the following
relation holds [17]: I(Pt(di)) ≈ −19Pt(di)4 + 53Pt(di)3 −
53Pt(di)2+29Pt(di)+8.7. In Section V-D, the term Pt(di) is
characterized. Before sending a data packet, the node waits for
a beacon coming from the forwarding region, and perceives
a clean channel in the CSMA/CA. The expected energy
consumption corresponding to this procedure is

µb

(
WR

µc
+
WT

µε

)
,

where WR is power consumption at RX mode and WT is
power consumption at TX mode.

For the reception of a data packet, there is a fixed cost
R due to the RF circuit at the receiver node. Assuming h
hops, and recalling that sources emits λ pckt/s, the total energy
consumption for transmission and reception during a time of

T s is

Epck = Tλ
h∑

i=1

[
Qm(di) + µb

(
WR

µc
+
WT

µε

)
+R

]
. (5)

We would like to remark here that the energy consumption
in (5) has been derived with the implicit assumption that all
packets reach the sink. Obviously, some packet may be lost
before reaching the sink, therefore Equation (5) gives a upper
bound on the energy consumption.

Consider now the energy for wake-up, listening and beck-
oning. Each node randomly cycles between an awake state and
a sleep state. Each time a node wakes up, it spends a given
energy, which is given by the power needed to wake-up Ww

during the wake-up time Tw, plus the energy to listen for the
reception of a data packet within a maximum time Tac. These
two energies give

Eac = WwTw +WR(Tac − Tw) .

After a node wakes up, if transmits a beacon to the next block.
Defining the wireless channel loss probability as 1− p, nodes
have to wake-up on average 1/(1−p) times to create the effect
of a single wake-up so that a transmitter node successfully
receives a beacon. Recalling that there are h hops and a
cumulative wake-up rate per block µc, the total cost in a time
T for wake-ups and beaconing becomes

Ewu =
T

1− p
h∑

i=1

[WwTw +WR(Tac − Tw) +Qb(di)] , (6)

where Qb(di) is the expected energy consumption to transmit
a beacon message at the distance di.

IV. SOLVING BREATH OPTIMIZATION PROBLEM

In this section we propose an approach to the solution of
the Problem P which optimize our protocol. We derive a
characterization of the constraints and the cost function. The
section is concluded with the solution of the problem.

A. Delay Constraint

Consider the end-to-end delay constraint in Equation (3).
Since αi and εi, i = 1, . . . , h are exponentially distributed,
the central limit theorem can be applied. Hence, the delay D
can be approximated with a Gaussian random variable. Con-
sequently, the delay is approximated with D ∈ N(µD, σ

2
D),

where

µD = µb

[
h

µc
+

h

µε

]
,

σ2
D = µ2

b

[
h

µ2
c

+
h

µ2
ε

]
,

Previous equation can be used to express the probability of
the end-to-end delay constraint in Problem P:

Pr[D ≤ τ ] ≈ 1−Q
(
τ − µD

σD

)
≥ ∆ , (7)
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where Q(x) = 1/
√

2π
∫∞

x
e−t2/2dt is the complementary

standard Gaussian distribution. Solving (7) for µc, we obtain

0 < µc(h) ≤ Dc−(h) (8)
µc(h) ≥ Dc+(h)

where Dc−(h) and Dc+(h) are given in (9) and (10). We
evidenced that µc is a function of h due to these constraints.
In that equations, µb,max is an upper bound of the expected
number of back-off tries:

µb ≤ 1
1−max Phb

≤ Ω + 1
Ω

, µb,max ,

where we used the fact that the wake-up rate is bounded as
µc ≥ Ωλ.

The fact that the roots in the expression Dc−(h) and Dc+(h)
must be positive gives the constraints Γ− ≤ h ≤ Γ+, where

Γ− =
τµε

µb,max

Γ+ =
τµε

µb,max
+ 2
(
1−

√
τµε

µb,max
+ 1
)
.

These constraints are useful for the search of the optimal value
of h, as we will see later.

B. Reliability

From the constraint on the reliability (4), it is possible to
express a bound on the cumulative wake-up rate, which after
some simple algebras becomes:

µc(h) ≥ λ
√ pρMb

c

p− Ω1/h
− 1

 . (12)

Note that from the fact that the squared root of previous
inequality must be positive, the constraint h ≤ ln(Ω)

ln(p) is
obtained.

C. Cost Function

Optimizing the cost function Etot(h, µc) = Epck+Ewu has
some difficulties. The radio power used to transmit packets
depends on the distance to which the packet must be sent.
Hence, the cost function can be slightly upper bounded by
considering the worst distance to which a packet must be sent,
which is S/(h− 1). From (5) and (6) we obtain

Epck = Tλ
[
Qm( S

h−1 ) +Qm( S
h−1 )(h− 1)u(h− 1)

+h (µc(h)+λ)2

(µc(h)+λ)2−λ2ρb

(
WR

µc(h) + WT

µε

)
+ hR

]
, (13)

Ewu = Tµc(h)
p

[
hWwTw + hWR(Tac − Tw) + 2Qb( S

h−1 )

+Qb( 2S
h−1 )(h− 2)u(h− 2)

]
, (14)

where u(x) = 1 if x ≥ 0, and u(x) = 0 otherwise. It is
possible to show that the cost function is convex both in h and
µc(h) providing that one assumes h as a real number [16]. We
find the optimal solution in two steps. For each value of h,
the cost function is minimized for µc. The pair h and µc(h)
which minimize the cost function is the optimal solution.

Specifically, from Equation (8) and (12), the conditions of
the optimal wake-up rate are derived from two constraints
with the given value of hops. However, it is possible to
show that the minimum wake-up rate from the constraints
does not guarantee the optimal working point in terms of the
total energy consumption. The derivative of the total energy
consumption Etot(h, µc) is used to find the optimal wake-
up rate that minimizes the objective function. By getting the
derivative of the objective function with respect to the wake-
up rate, the optimal wake-up rate is given by Equation (11).
We assume that (µc(h) + λ)2 À λ2 to achieve the derivative
of Epck. If (11) is within the bounds given by Equation (8)
and (12), then the derivative gives the optimal rate. Otherwise,
recalling the convexity of the cost function, the optimal rate
is given by one of the constraints.

V. ADAPTATION MECHANISMS

In the previous sections, we showed how to determine the
optimal forwarding region and cumulative wake-up rate as the
solution of an optimization problem. Here, we present in detail
some adaptation algorithms that the destination must run to
determine correctly the forwarding region size and wake-up
rate as the traffic rate and channel conditions changes. These
algorithms allow us to adapt the protocol behavior to the
channel condition without high message overhead.

A. Computation of the Protocol Parameters

We assume that all the physical layer abstraction values
can be estimated at the destination. Consequently, the des-
tination node solves the optimization problem as described
in section IV knowing the traffic rate λ and the average
channel condition p. The return value of the algorithm are the
protocol parameters, namely the optimal number of hops h and
cumulative wake-up rate µc, can be piggybacked on beacons
toward the intermediate nodes closer to the destination. Then,
the protocol parameters are forwarded when the nodes wake-
up and send beacons to the next cluster toward the source.
During the initial state, nodes set h = 2 before receiving a
beacon.

B. Estimation of the Node’s Wake-up Rate

Assume there are N nodes in a block. We consider the
natural solution of distributing the cumulative wake-up rate
equally between all nodes. Let µk be the wake-up rate of node
k. The fair solution is µk = µc

N for k = 1, ..., N . However,
a node does not know and cannot estimate efficiently the
number of nodes in its block. By following the same approach
as in [12], an Additive Increase and Multiplicative Decrease
(AIMD) algorithm of the wake-up rate of each node leads to
a fair distribution of the wake-up duties within a single block.
Each node that is waiting to forward a data packet observes the
time before the first wake-up in the forwarding region. Starting
from this observation, it estimates the cumulative wake-up rate
of the forwarding region and it compares it with optimal value
of the wake-up rate µo. If the estimated value is less than or
equal to the optimal value, it communicates to the next hop the
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Dc−(h) = µb,max µε

h
(
τµε − µb,maxh

)− 2
√(

τµε − µb,maxh
)2
h+ (µb,maxh)2(h− 4)(

τµε − µb,maxh
)2 − 4µ2

b,maxh
(9)

Dc+(h) = µb,max µε

(h
(
τµε − µb,maxh

)
+ 2
√(

τµε − µb,maxh
)2
h+ (µb,maxh)2(h− 4)(

τµε − µb,maxh
)2 − 4µ2

b,maxh
(10)

µc(h) =

√
p λhWR

h [WwTw +WR(Tac − Tw)] + 2Qb( S
h−1 ) +Qb( 2S

h−1 )(h− 2)u(h− 2)
. (11)

information to increase additively its wake-up rate, otherwise
it orders the next hop node to decrease multiplicatively its
wake-up rate. The command on the wake-up rate variation is
piggybacked on the data packet and it does not require any
additional message.

However, this approach may generate a load balancing prob-
lem because of different wake-ups rate among intermediate
nodes within a short period. Load balancing is a critical issue
since some nodes may wake-up at higher rate than desired
rate of other nodes, thus wasting energy. To overcome this
situation, each intermediate node runs a simple reset mech-
anism in terms of wake-up rate. If the nodes are uniformly
deployed with high density between source and destination,
we can assign an upper and lower bounds of wake-up rate for
each node. If the wake-up rate of a node is larger than the
upper bound, µk > µo

N (1 + ξ), or is smaller than the lower
bound, µk <

µo

N (1 − ξ), then a node resets its wake-up rate
to µo

N , where ξ assumes a small value. Otherwise, the node
maintains its own wake-up rate, which oscillates between the
upper and lower bound.

C. Adaptation Mechanism
Here the mechanisms described in previous Subsections are

put together to adapt the wake-up rate, and the transmit radio
power of each node. The mechanism makes use of beacons.
Recall that each beacon contains the location information of
the beacon node to adapt the change of hops in the network.
The beacon is used also for synchronization. The adaptation
mechanism that each node runs is described next.
• Init State: A node sets the number of hops, the wake-up

rate, and the estimation of the packet loss probability to
an initial values: h = h0, µi = µ0, p = p0. When a
beacon packet is received, the node goes to the Op State.

• Op State: When a beacon is received, the node retrieves
information on µo, h and location information of beacon
node Lb, estimates the wake-up rate µc of the forwarding
region. If µc < µo the node sends an Additive Increase
(AI) command, else it sends a Multiplicative Decrease
(MD) command on the data packet. Furthermore, the
node sets the data transmission power to Pt(dk) where
dk is the distance between its own location and beacon
node Lb. Go back to Init State.
If a data packet is received, the node retrieves information
on wake-up rate update, if AI then µi = µi + θ, else

µi = µi

φ , (from the experimental results, we obtained
that θ = 3 and φ = 1.05 achieve good performance)
Furthermore, the node runs a reset mechanism for load
balancing of wake-up rate. Go back to Init State.

D. Computation of the Radio Power

In this Subsection, the minimum radio power that ensures
packets to reach a given distance with a given probability is
computed. This ensures the minimization of a component of
the energy consumption (5) that plays a relevant role in the
energy balance [18].

The radio power minimization is based on that the transmit
node receives a beacon from the receiver node. From such a
beacon, the transmitter node can easily compute the distance
from the receiver node. Consider node k transmitting packets
with a radio power level Ptk. The power of a received signal
at the generic distance dk from node k can be expressed as
follows [19]

PL(dk) dB = PL(d0) dB + 10βk log10

(
dk

d0

)
+Xk , (15)

where PL(d0) is the path loss computed at a reference distance
d0, βk is the path loss exponent 2 ≤ βk ≤ 6, and Xk is a
Gaussian random variable having zero average and variance
σ2

k. It is easy to see that the Signal to Interference plus Noise
Ratio (SINR) in dB can be written as follows:

γ(dk) dB = Pr(dk) dB − Pn dB , (16)

where the received power Pr(dk) dB = Pt dB − PL(dk) dB

and Pn denotes the noise floor plus interference.
Assume that nodes use an offset quadrature phase shift

keying modulation (O-QPSK), which is used on Tmote Sky
sensors [4]. The bit error probability Pb for O-QPSK with
coherent demodulation in a slow Rayleigh fading environment,
which exhibits non-selective behavior both in frequency and
in time, can be expressed as [19]

Pb(dk) ≈ 1
2

(
1−

√
γ(dk)

1 + γ(dk)

)
, (17)

where γ(dk) is the average SINR at the distance dk. Recalling
that the power attenuation follows an exponential decay with
respect to distance, and a Gaussian attenuation, the SINR
follows a log normal distribution. Hence, it is easy to see that
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the average of the SINR is given as follows

γ(dk) = eµγk
+σ2

γk
/2 , (18)

where µγk
and σγk

are, respectively, the average and standard
deviation of the SINR in neper unit. By recalling the relation
of the neper units with the dB units, and Equation (18), the
following relation holds true

µγk
= ϕ

[
Ptk dB − PL(d0) dB − 10βk log10

(
dk

d0

)
− Pn dB

]
,

σγk
= ϕσk . (19)

where ϕ = ln 10/10. Given the packet size l, the probability
of successful packet reception Ps at a distance dk is

Ps(dk) = [1− Pb(dk)]l . (20)

By imposing a constraint Pcon on the probability of successful
packet reception at a distance dk from node k, we can translate
the constraint on the average SINR by (17) and (20), thus
obtaining a bound γc. From this we can derive the transmit
radio power necessary to successfully receive packets at a
distance dk with the probability Pcon. After simple algebra,
we have that the minimum transmit power is

Pt dB(dk) = log γc + PL(d0) dB + 10βk log
(
dk

d0

)
+ logPn − ln 10

20
σ2 . (21)

VI. EXPERIMENTAL IMPLEMENTATION

Breath protocol is validated through an extensive set of
experiments. The protocol was implemented on a test bed
of Tmote Sky [4] wireless sensor nodes. The experiments
enable us to assess Breath in terms of delay, reliable packet
transmission and energy consumption of the network. Breath
is compared with a standard implementation of IEEE 802.15.4
[6], as we discuss next.

We consider a typical indoor environment, with concrete
walls. The experiments were performed in a static AWGN
and time-varying Rayleigh propagation environment:
• AWGN environment: nodes and surrounding objects were

static, with minimal time-varying changes in the wireless
channel due to multi-path fading effects. In this case, the
wireless channel is well described by an Additive White
Gaussian Noise (AWGN) model.

• Rayleigh environment: obstacles were moved within the
network, along a line of 20 m. Furthermore, a metal object
was put in front of the source node, so the source node
and the intermediate nodes were not in line-of-sight.
The source was moved on a distance of some tens of
centimeters.

A single node acted as source and generated packets pe-
riodically at different rates (λ = 5, 10 and 15 pckt/s). 15
intermediate nodes were placed to mimic the topology in
Fig. 1. The sources was at a distance of 20 m far from the
destination. The destination node collected packets and then
forwarded them through the USB port to a computer, where the
optimal solution is computed as described in IV-C. The latency
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Fig. 3. Temporal average of the end-to-end delay of Breath and IEEE
802.15.4 X, Y with reliability constraint 0.9 and 0.95 over the traffic rate
5, 10 and 15 pckt/s in AWGN and Rayleigh fading environment.

requirement was set to (τ = 1s) and the reliability to (Ω = 0.9
and 0.95). These requirements were chosen as representative
of some control applications in automation (e.g., latency for
the activation of fans, heaters).

As discussed in the Section I, no comprehensive protocol
can be found in the literature which optimizes simultane-
ously physical layer, MAC and routing in a realistic multi-
hop communication scenario with end-to-end reliability and
latency constraints. Therefore, we decided to compare Breath
against an implementation of the unslotted IEEE 802.15.4
[6], which is similar to the randomized MAC that we use
in this paper. In such an IEEE 802.15.4 implementation, we
set nodes to a fixed sleep schedule, defined by CTac where
C is integer number (recall that Tac is the maximum listening
time of the nodes in Breath). We defined the case X as the
one in which the IEEE 802.15.4 is set with C = 1, whereas
we defined the case Y setting C = 4. Therefore, the case
Y represents a fair comparison between Breath and IEEE
802.15.4, while in the case X nodes are let to listen much
longer time than nodes in Breath. The power level in the
IEEE 802.15.4 implementation where set to −5dBm. We set
the IEEE 802.15.4 protocol parameters to macMinBE= 3,
aMaxBE= 5, macMaxCSMABackoffs= 4. We remark here that
other values for such parameters basically give the same trends
in the experimental results.

A. End-to-End delay

In this section, we report the experimental results related to
the end-to-end delay.

In Fig. 3, the temporal average of the end-to-end delay
for both Breath, and IEEE 802.15.4 X and Y are plotted as
function of the reliability constraint Ω and traffic rate λ in
AWGN and Rayleigh fading environment. The variance of the
end-to-end delay exhibits similar behavior as the magnitude,
so we do not report it due to lack of space. The end-to-end
delay meets perfectly the constrains. Observe that end-to-end
delay decreases as the traffic rate increases. This is due to
the fact that Breath linearly increases the active time of the
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Fig. 4. Packet Reception Rate both in IEEE 802.15.4 X, Y, and Breath
protocol with reliability constraint 0.9 and 0.95 over the traffic rate 5, 10
and 15 pckt/s in AWGN and Rayleigh fading environment.

nodes as the traffic rate increases (see Equation (12)). The
end-to-end delay is larger for worse reliability constraints. The
reason of this is found in the fact that Equation (12) increases
as the reliability constraint Ω. IEEE 802.15.4 X has lower
delay than IEEE 802.15.4 Y because nodes have higher wake-
up time. Breath has an intermediate behavior with respect to
IEEE 802.15.4 X and Y after λ = 7. From these experimental
results, we conclude that Breath and IEEE 802.15.4 meet
perfectly the latency requirements.

B. Packet Reception Rate

In this section we report the packet loss results of Breath.
Fig. 4 shows the packet reception rate (PRR) of Breath and

IEEE 802.15.4 X, Y as function of the reliability constraint
Ω = 0.9, Ω = 0.95 and traffic rate λ = 5, 10, 15 pckt/s in
AWGN and Rayleigh fading environment. Observe that the
PRR is stable around the required reliability for Breath, and
in any different traffic rate and environment. However, IEEE
802.15.4 X and Y do not ensure the constraint satisfaction
for large traffic rates. Specifically, IEEE 802.15.4 Y show
poor PRR in any case, and performance worsen as the the
environment moves from the AWGN to the Rayleigh. Fur-
thermore, even though IEEE 802.15.4 X has a higher duty-
cycle in Fig. 5, it does not guarantee the better PRR in higher
traffic rate. The reason is found in the sleep schedule of
the IEEE 802.15.4 case: the wake-up rate of the fixed sleep
schedule is independent from traffic rate and wireless channel
condition i.e., the fixed sleep schedule is not feasible to support
high traffic and unstable wireless channel. Moreover, the fixed
sleep schedule does not guarantee the uniform distribution
of cumulative wake-up rate within certain time in a cluster,
which means that there may be congestion in a cluster. On the
contrary, Breath presents an excellent behavior in any situation
of channel condition and traffic load.

C. Duty Cycle

In this section we study the energy consumption of the
nodes.
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Fig. 5. Temporal average of the duty cycle both in IEEE 802.15.4 X, Y and
Breath protocol with reliability constraint 0.9 and 0.95 over the traffic rate
5, 10 and 15 pckt/s in AWGN and Rayleigh fading environment.

As energy performance index, we measured the node’s duty
cycle, which is the ratio of the active time to the sleep time of
a node. Obviously, the lower is the duty cycle, the better is the
performance of the protocol in terms of energy consumption.

Fig. 5 shows the temporal average of duty cycle of Breath
and IEEE 802.15.4 X, Y with respect to the different traffic
rates λ = 5, 10, 15 pckt/s and Ω = 0.9, Ω = 0.95 in AWGN
and Rayleigh fading environment. Note that IEEE 802.15.4
X and Y do not exhibit a clear relationship with respect
to traffic rate and have almost flat duty cycle around 42%
and 18% because of fixed sleep time. However, recall that
the active time is influenced also by the packet transmission
attempts. This explain why IEEE 802.15.4 X and Y do not
have a fixed duty cycle, even though they have a fixed listen
time. Considering Breath, observe that the duty cycle increases
linearly with the traffic rate and reliability constraint. As
for the end-to-end delay, this is explained recalling Equa-
tion (12). Recalling the analysis in Section IV-C, since Breath
minimizes the total energy consumption on the base of a
trade-off between wake-up rate and waiting time of beacon
messages, lower wake-up rates do not guarantee lower duty
cycle. Observe that choosing an active time for the nodes of the
IEEE 802.15.4 implementation would obviously obtain energy
savings comparable with Breath, however, the reliability would
be heavily affected (recall Fig. 4). More precisely, ensuing a
duty cycle for the IEEE 802.15.4 implementation comparable
with Breath would be very detrimental with respect to the
reliability.

Fig 6 shows the duty cycle experimental results of each
intermediate node for λ = 5 pckt/s and Ω = 0.95. A fair
uniform distribution of the duty cycles among all intermediate
nodes is achieved. This is an important result, because small
variance of the wake-up rate among nodes signifies that
duty cycle and load are uniformly distributed, with obvious
advantages for the network lifetime.

Fig. 7 reports the case of variable number of intermediate
nodes between the source and the destination in an AWGN
environment. The figures shows how much Breath extends the
network lifetime compared with IEEE 802.15.4 X and Y, as
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a function of node density. Observe that the duty cycle has
proportional relation with respect to density of nodes. With
respect to protocols as [11], this is one of the remarkable
strong points of Breath: the network lifetime is extended by
adding more nodes.

Finally, we observe that Breath does an accurate radio power
control, so that further energy savings are actually obtained
with respect to the IEEE 802.15.4 implementation.

VII. CONCLUSIONS

We designed and implemented the Breath protocol, a cross-
layer protocol for WSNs for real-time control and automation.
The protocol considers physical layer aspects (e.g., power
control, duty-cycling), randomized MAC and routing. The
protocol maximizes the network lifetime under reliability and
end-to-end delay constraints.

We provided a test-bed implementation of the protocol,
building a WSN with TinyOS and Tmote Sky wireless sensors.
An experimental campaign was conducted in order to test
the validity of Breath in an indoor environment with both
AWGN and Rayleigh fading. Experimental results showed
that the protocol achieves the required reliability and the
latency constraints, while minimizing the energy consumption.

It outperformed significantly a standard IEEE 802.15.4 imple-
mentation in terms of both energy consumption and reliability.
Breath showed good load balancing performance, and was well
scalable with the number of nodes.

Future work includes a performance limit analysis, i.e., we
plan to characterize the maximum number of nodes that can
be supported by our protocol, and the minimum end-to-end
delay achievable. We also plan to test the validity of Breath
for outdoor applications. An initial such activity, along with
further experimental results, can be found in [16].
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Predicting Critical Curve Situations as a Tool for Future

Active Safety Systems; a Study of Different Vehicle Models
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Summary

Roadway departure accidents account for a large share of traffic related fatalities. Loss off control
while negotiating a curve is a common pre-crash scenario. Previous attempts to reduce accidents
caused by loss of control has mainly constituted of different vehicle stability control systems. Such
controllers compare measured yaw rate with a reference that is generated by driver intent recognition,
an intervention is issued when the difference becomes to large.

For an understeered vehicle the intervention might be that individual brake force is applied on
the inner wheels in order to generate extra torque in the direction of the curve. In a curve situation
however much of the vehicles weight is redistributed to the outer side hence the friction force generated
by the inner wheels is reduced. Ways to anticipate instability and facilitate countermeasures while
friction is still large at the inner wheels can thus be useful.

This paper develop predictions of whether or not a vehicle will lose control in a curve situation.
The vehicle slip angle is specially considered. When it becomes too large the vehicle is unable to
follow its path and might even start to rotate. Simulations are conducted assuming vehicles future
path to be known where the maximum velocity for the vehicle, while still being able to follow the
path is investigated. The results show that it is theoretically possible for the vehicle to have a very
high velocity and still be able to follow its path. However if the motion is to be stable i.e if the vehicle
should follow the path with a controllable motion and without rotating, the velocity limit is greatly
reduced. Simulations with various vehicle models such as point mass and bicycle model are evaluated
and compared. It is shown that the level of detail in the dynamic model has a significant impact on
the results.
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Roadway departures, Dynamic stability, Active safety
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1



LIGHT-DUTY DIESEL ENGINE FOR 2012 – ENGINE CONTROL

Mikael Thor

Department of Signals and Systems, Chalmers University of Technology
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ABSTRACT

This paper is intended as a short introduction to the Light-
Duty Diesel Engine for 2012 – Engine Control project. The
project is carried out within the Combustion Engine Re-
search Center (CERC) framework at Chalmers University of
Technology and is focusing on closed-loop control of light-
duty diesel engines.

The motivation for the project is the challenge of meet-
ing new emission legislations for light-duty diesel engines.
These legislations are becoming more and more stringent
and therefore new combustion modes, along with new ways
to control these modes, need to be investigated.

This paper will present a short background and motiva-
tion for the project along with a project outline. The concept
of closed-loop cylinder individual combustion phasing con-
trol will also briefly be described. This concept is the focus
of the first part of the project. Also included in this paper
is a description of the experimental equipment used in the
project and, to conclude, a short discussion on past, present
and future work in the project is provided.

1. BACKGROUND

The Light-Duty Diesel Engine for 2012 project is carried
out within the framework of the Combustion Engine Re-
search Center (CERC) at Chalmers University of Technol-
ogy. The project is divided into two subprojects, one focus-
ing on combustion and the other on engine control. Exten-
sive collaboration between the two responsible departments
at Chalmers, the Department of Applied Mechanics and the
Department of Signals and Systems, as well as with the in-
volved industrial partners provides a solid knowledgebase
for the project.

The control part of the project is focusing on closed-
loop control of light-duty diesel engines. This subproject
is a continuation of a previous project, see e.g. [1, 2, 3],
where investigations regarding closed-loop control of spark
ignited engines were performed. The results from this pre-
vious work show that it is possible to control the combus-
tion of a spark ignited engine on a cylinder individual ba-
sis using torque based closed-loop control. One of the first
questions to investigate in the Light-Duty Diesel Engine for

2012 project is whether or not a similar concept could work
for compression ignited engines.

2. PROJECT MOTIVATION

Diesel engines are constantly facing more and more strin-
gent legislation demands regarding emissions, see Table 1.
The main problem concerning the emissions from diesel en-
gines is the trade-off between NOx emissions, emissions of
particulate matter (PM) and fuel consumption. Combus-
tion concepts that decrease NOx emissions tend to increase
PM emissions and vice versa. Strategies that lead to both
low NOx and PM emissions usually result in a significant
increase in fuel consumption and thereby increasing emis-
sions of CO2. This trade-off is often referred to as the diesel
dilemma [4].

Standard NOx (g/km) PM (g/km) Year
Euro III 0.5 0.05 2000
Euro IV 0.25 0.025 2005
Euro V 0.18 0.05 2009
Euro VI 0.08 0.05 2014

Table 1. European emission legislation standards regarding
NOx and PM emissions for light-duty diesel engines.

To deal with this dilemma it is necessary to investigate
new combustion modes as well as new ways to control them.
Today’s engine control systems mainly consist of open-loop
control implementations based on look-up tables. Due to
the fact that the new combustion modes are very sensitive to
ambient conditions, the control systems would benefit from
using closed-loop control.

Another important factor for motivating the need for
closed-loop control of internal combustion engines is the
increasing amount of calibration work needed for the tra-
ditional, look-up table based, way of implementing the en-
gine control strategies. As the number of actuators increase,
so does the number of calibration parameters. For exam-
ple, there are indications that the engine calibration require-
ments will increase by 2-3 orders of magnitude from today
to 2010-2014 due to an increasing number of control para-
meters [5].



3. PROJECT OUTLINE

As will be described in the next section, the first phase of
this project will investigate closed-loop combustion phas-
ing control of a light-duty diesel engine. The main goal
of this investigation is to assess whether or not it is possi-
ble to control the combustion phasing of a light-duty diesel
engine individually for each cylinder based on crankshaft
torque and ion current measurements.

Later stages of the project will investigate closed-loop
control of new combustion modes using the previously men-
tioned sensors. These combustion modes include:

• Partially premixed combustion (PPCI)

• Low temperature combustion (LTC)

• Homogenous charge compression ignition combus-
tion (HCCI)

For these combustion modes, the main challenges for
the control system will consist of stable operation in each
mode, predicting emissions and controlling them directly,
switching between combustion modes as well as transient
control within each mode.

4. COMBUSTION PHASING CONTROL

The first phase of this project will, as previously mentioned,
investigate the possibilities of closed-loop cylinder individ-
ual combustion phasing control based on direct crankshaft
torque and ion current measurements. This section will give
a brief overview of this concept.

4.1. Combustion phasing

The work output from an internal combustion engine is gen-
erated when chemical energy in the fuel is released as heat
by means of combustion. The released heat causes a pres-
sure rise within the cylinder and this pressure produces work
as it, via the piston and connecting rod, rotates the engine’s
crankshaft. The timing of this energy release with respect
to the piston’s position in the cylinder is often referred toas
combustion phasing.

An example of a heat release trace from a diesel engine
combustion using two separate injections of fuel is depicted
in Figure 1. The upper part of the plot describes the heat
release rate, i.e. the time derivative of the released heat,
and the lower part of the plot describes the heat release as
functions of crank angle degree after top dead center (CAD
ATDC). Here, top dead center is defined as the position
where the piston is at its uppermost position. The figure
clearly demonstrates the two distinctive parts, each corre-
sponding to one injection of fuel, that make up the total
combustion event.
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Fig. 1. Typical heat release rate and heat release traces from
a diesel engine combustion including two separate injec-
tions of fuel.

The phasing of the combustion has a large influence
on both engine efficiency and engine out emissions, see
e.g. [6], and it is therefore very important to be able to influ-
ence the combustion phasing in a controlled manner. One
common measure of the combustion timing is the mass frac-
tion burned 50% (MFB50), i.e. the time when 50% of the
total injected fuel mass has burned. In [7] a similar combus-
tion phasing measure based on the produced engine torque
is developed. This combustion phasing measure is called
torque ratio (TR).

4.2. Measurements for closed-loop control

The concept of closed-loop control relies heavily on the
quality of the measured quantities from the process that is
to be controlled. In this application it is therefore of great
importance to feed the controller with a signal that is both
robust and carries a lot of information regarding the com-
bustion. The most commonly used example of such a sig-
nal is the in-cylinder pressure that can be measured directly
using pressure sensors. There are also other ways to pro-
vide the controller with combustion information, including
ion current sensors, a crankshaft speed sensor, a crankshaft
torque sensor and accelerometers mounted on the engine
block. As previously mentioned, this project will assess the
possibilities of implementing closed-loop control of a light-
duty diesel engine using a combination of crankshaft torque
and ion current measurements.

4.3. The control concept for closed-loop cylinder indi-
vidual combustion phasing control

A schematic view of the conceptual control system that will
be used for cylinder individual combustion phasing control



is depicted in Figure 2. The measured torque signal,T , in-
cludes the torque contributions from all cylinders. To be
able to estimate a cylinder individual measure of the com-
bustion phasing it is necessary to separate the measured
torque signal into the torque contributions from each cylin-
der. This is done in the cylinder separation block using a
dynamical model of the crankshaft. When the separation is
done, the idea is to estimate the combustion phasing for each
individual cylinder, using a simple predetermined combus-
tion model, and compare this estimate to the combustion
phasing setpoint. This method allows the combustion phas-
ing to be controlled individually for each cylinder.

Engine

Cylinder
separation

Phasing
estimation

Controller

Ion current
model

Crankshaft
model

Combustion
model

+
_

Phasing
setpoint

T

iion

Fig. 2. A schematic view of the conceptual control system
that will be used for cylinder individual combustion phasing
control.

The ion current measurements,iion, are believed to of-
fer additional information regarding combustion properties
to the controller by means of an ion current model. Hope-
fully, the combination of torque and ion current measure-
ments will provide the controller with detailed information
about the combustion and thus enable good control system
performance.

5. EXPERIMENTAL EQUIPMENT

To collect data and to evaluate control strategies during the
course of this project a 5-cylinder common-rail experimen-
tal light-duty diesel engine, depicted in Figure 3, is used.
This engine will be equipped with a crankshaft torque sen-
sor as well as a system for ion current sensing in one of the
five cylinders. For reference measurements, all five cylin-
ders are equipped with in-cylinder pressure sensors.

The experimental work is conducted in an engine test
cell at the Department of Applied Mechanics at Chalmers
University of Technology. The acquisition of data from the
engine is separated into two systems. One system handles
the experimental sensors, i.e. torque sensor, ion current

sensor, in-cylinder pressure sensors and a high resolution
crankangle sensor. The other system provides access to the
entire engine control system and enables logging of vari-
ables as well as the possibility of altering the calibrationof
the standard open-loop control system.

Fig. 3. The experimental engine used in this project.

6. PAST, PRESENT AND FUTURE WORK

During early 2008 the first measurement campaign of this
project was conducted. Since neither the crankshaft torque
sensor nor the ion current measurement system was avail-
able, the campaign focused on collecting in-cylinder pres-
sure data. The collected pressure data has since been an-
alyzed and is currently used for determining a parameter-
ized combustion model. This model will later on be used in
the combustion phasing estimation algorithm, as depicted in
Figure 2.

The second measurement campaign, in which both the
torque sensor and the ion current sensor system will be avail-
able, is planned to be conducted during the summer of 2008.
This campaign will focus on identification experiments to
design a model of the crankshaft dynamics. Ion current data
will be analyzed as well to assess what kind of information
the ion current signal carries.
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Abstract: The extra degree of freedom offered in hybrid electric vehicles have inspired many
researchers to formulate and solve optimal control problems of various kinds. This paper presents
an Approximate Dynamic Programming scheme that efficiently solves the optimal power split
between the internal combustion engine and the electric machine in parallel hybrid powertrains.
Gear switches and switches between hybrid and pure electric mode are formally treated. The
scheme combines two ideas to reduce the computational time of the iterations performed in
the dynamic programming. First, the value function is approximated using piecewise linear
functions on a sparse grid. Secondly, by using model approximation the iterations performed in
the dynamic programming are reduced to solving scalar quadratic problems. In the simulations
the approximation scheme is able to find a good approximation of the optimal control trajectory.

Keywords: Dynamic Programming, Predictive Control, Hybrid Vehicles, Hybrid Powertrains,
Powertrain Control

1. INTRODUCTION

The extra degree of freedom offered in a hybrid electric
vehicle (HEV) — i.e. the power split between internal
combustion engine (ICE) and electric machine (EM) —
has inspired many researchers to formulate and solve opti-
mal control problems of various kinds, see Sciarretta and
Guzzella [2007] and references therein. The energy man-
agement strategy (EMS) strongly affects the performance
of the HEV, e.g. its fuel efficiency. It is not trivial, how-
ever, to device an EMS which is efficient across a variety
of operating conditions determined by traffic conditions,
topography and driver characteristics. With the availabil-
ity of traffic information from GPS, mobile phones and
digital maps (GIS), predictions of the vehicle propulsion
load can be made. This enables predictive control of the
hybrid powertrain. Previous work within this field includes
Sciarretta et al. [2004], Beck et al. [2006], and Deguchi
et al. [2003].

Previous work by the authors include Johannesson et al.
[2006], where optimal control of the power split of a mild
parallel hybrid was investigated for known routes with a
stochastic model of the speed profile along the route. One
of the conclusions of this study was that if the route is
known to the EMS, the optimal planning will be done on
a long horizon with the topography playing a crucial role.
The results indicated that with a navigation system that
works in conjunction with a traffic information system, it
should be possible to design a controller that achieves close
to the minimal attainable fuel consumption.

Dynamic programming (DP), which was the tool used
in the work mentioned, is a versatile tool, allowing to
⋆ This work was supported by the Swedish Energy Agency.

take into consideration e.g. non-linear models and state
and control constraints; it can also be applied to both
deterministic and stochastic models of the driving mission.
However, a fundamental drawback of dynamic program-
ming is the rapidly growing computational demands as
the problem size increases.

In order to fight this curse of dimensionality, the results
in Johannesson et al. [2006] formed the inspiration for a
novel algorithm for predictive control on known routes; the
basic idea, pursued in Johannesson and Egardt [2007], is
to move as much as possible of the computations outside
the real-time control loop. The algorithm was motivated
by studying the value function for a large number of speed
trajectories along a specific route. For a given position and
SoC, it turned out that the slope of the value function
varies only slightly between the studied speed trajectories.
Hence, a valid approximation for the value function can be
obtained by applying DP to a previously measured drive
cycle, or even to a simulated/predicted one, in an off-
line computation. When actually driving along the route,
the previously stored value function approximation (as a
function of position along the route) is used as terminal
cost in a simple receding horizon controller. The proposed
algorithm resulted in fuel consumption almost identical to
the minimal attainable consumption on the studied route.

The objective of the present contribution is to develop this
idea one step further. The motivation is that even though
we have used the term off-line above, in practice we would
like to recalculate the DP part periodically (although at a
fairly low rate) in order to adjust to model uncertainties,
disturbances and changes in traffic. Hence, it is of interest
to minimize computations in the off-line step. This is
particularly so when we would like to extend the number
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Fig. 1. Layout of the system architecture. The acronym
PE is short for Power Electronics.

Table 1. Vehicle Specifications

Vehicle parameters

Parameter Value

Total vehicle Mass 1600kg
ICE type and max power Atkinson, 43 kW
ICE efficiency Prius 1 data
Maximal EM power 30 kW
Maximum EM torque 300 Nm
Battery type and max power NiMH Battery, 32 kW
Battery capacity 7.5 Ah
Nominal voltage 270 V
Power electronics efficiency 0.95
Gearbox 5 stepped automatic

of states in order to handle gear switching dynamics and
switching between hybrid and pure electric propulsion
(combustion engine stop/start) – which is indeed the case
here.

In order to arrive at the sought computational simplifica-
tions, two ideas will be pursued:

• Approximation of the value function using piecewise
linear functions on a (possibly sparse) grid.

• Model approximation leading to simplification of the
iterations performed in the dynamic programming.

The first idea is very much in line with the rationale
behind the algorithm described above. The second idea
has previously been used in several works including Beck
et al. [2006]. Both approximations will be dealt with in
detail later.

The paper is organized as follows. The vehicle and pow-
ertrain models used are described in the following section.
The subsequent two sections describe the main contribu-
tion of the paper. The paper is ended with simulation
results and conclusions.

2. VEHICLE MODEL

The system architecture for the studied parallel hybrid is
shown in Fig. 1. The vehicle specifications are given in
Table 1. The HEV is powered by an Internal Combus-
tion Engine (ICE) with a modern Nickel Metal Hydride
(NiMH) battery as a buffer. The mechanical power pro-
duced by the ICE is transferred to the driving wheels via
a 5 stepped gearbox and a differential gear. The Electric
Machine (EM) is located between the ICE flywheel and
the gearbox and can add or absorb torque on the shaft. In
order to enable efficient pure electric propulsion, the ICE
can be disconnected from the rest of the powertrain by
opening a clutch.

2.1 Quasi Static Vehicle Model

The objective of the chassis and powertrain model is to
model the efficiency of the power flows in a parallel HEV.
The model is a backwards (inverse) simulation model.

Chassis model The force needed to give the vehicle with
mass m, the acceleration a, at a certain velocity v, and
road grade θ, is modeled by the sum of the inertia force, the
air drag force, the projected normal force and the rolling
resistance force:
F = ma+0.5ρv2CdAfront +mg sin(θ)+frmg cos(θ), (1)

where ρ is the density of air, Cd the vehicle’s air drag coef-
ficient, Afront the vehicle’s front area, g the gravitational
acceleration and fr the roll resistance coefficient.

Powertrain model The propulsion force results in a
torque demand Tdem, defined here at the final drive. Note
that Tdem is defined as negative when power can be
regenerated. The shaft speed at the final drive is denoted
ωdem. The speed of the electric machine, ωEM , is related
to ωdem through the gear ratio, rg, as

ωEM = rgωdem, (2)
where index g, denotes the gear number. The torque
demand must be fulfilled by a sum of torque from the
internal combustion engine, TICE, and torque from the
electric machine, TEM :

TICE − TEM =
ηgTdem

rg
, Tdem ≤ 0 (3)

TICE − TEM =
Tdem

ηgrg
, Tdem > 0, (4)

where ηg, denotes the mechanical efficiency at the selected
gear. Note that TEM , is defined as positive when charging
the buffer. The ICE torque, TICE and the gear, g, are
determined by the EMS. There are no a priori restrictions
on gear changes and the inertia of the engine is not
modeled.

Finally, the logical signal ICEon, also decided by the EMS,
determines if the ICE clutch is closed or opened (the latter
being an option during pure electric propulsion or during
braking):

ωICE = ωEM , ICEon = 1, (5)
ωICE = 0, ICEon = 0. (6)

The starting of the ICE is simplified in the way that we
do not distinguish between if the ICE is started from a
starter or if the clutch is closed.

The fuel mass rate, c(ωICE, TICE), is given by linear
interpolation in a quasi static, fuel mass rate map, see
Fig. 2. When the clutch is open TICE = 0 and c = 0.

The electric machine losses are given by linear interpo-
lation in a loss map and the electric converter efficiency
is modeled as constant. The battery is modeled by a
resistive circuit, shown in Fig. 3. The open circuit voltage
Voc(SoC) and the charge/discharge resistances Rc(SoC)
and Rd(SoC) depend on the State-of-Charge (SoC).

The time derivative of the SoC is determined by:
dSoC

dt
=

i

Qmax
, (7)
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where Qmax is the total capacity. In Fig. 4 the relationship
between TEM and dSoC/dt is shown with four EM speeds
for SoC = 0.5.

A number of restrictions must be considered when sim-
ulating and optimizing the powertrain energy flow. The
battery current and the SoC are limited according to

i ∈ [iEB,min, iEB,max], (8)
SoC ∈ [0, 1]. (9)

It should be noted that to avoid excessive wear of the
battery, the SoC interval used in the optimization is only
15% of the total battery capacity and placed symmetric
around 50% of the total buffer capacity. The ICE and EM
torques, TICE and TEM , are limited by rotational speed
dependent constraints

TICE(ωICE) ≤ TICE,max(ωICE), (10)
TEM (ωICE) ∈ [TEM,min(ωEM ), TEM,max(ωEM )]. (11)

3. DYNAMIC PROGRAMMING

From a given velocity trajectory and topographic profile,
the torque demand trajectory can be calculated using the
chassis model. The trajectories are discretized with an
appropriate sampling time (1 second is used here). The
shaft speed, ωdem,k, and the torque demand, Tdem,k, are
then given for all time steps, k, in the interval 1 ≤ k ≤ N .
With the shaft speed and torque demand trajectories de-
termined, the dynamic states in the vehicle model are the
continuous state, SoC, and the two discrete states, ICEon

and the gear number, g. The control signal is the triple,
uk = (TICE,k, gk+1, ICEon,k+1). With a slight abuse of
notation, the next discrete state is directly determined by
the control signal.

Based on a quantization of the continuous state SoC, a
Dynamic Programming problem is formulated. In the well
known Dynamic Programming algorithm the optimal con-
trol signal is found by backwards iterations of a collection
of value functions from the final time sample N to the first:

J i
k(SoCk) = min

TICE ,j
{ci,k(TICE) + dij

+ Jj
k+1(SoCk+1)}. (12)

For the present formulation, we have a collection of value
functions J i

k(SoCk), i = 1, . . . , n, where n is the number
of admissible discrete states (gears, engine on/off) at the
sample k. Analogously, the value functions at the next
sample, k + 1, are denoted Jj

k+1(SoCk+1), j = 1, . . . , m,
where m is the number of admissible discrete states
(gears, engine stop/start). The current value functions,
J i

k(SoCk), are calculated over a grid in SoC. In (12), linear
interpolation is used to calculate Jj

k+1(SoCk+1).

Gear switches and transitions from engine off to on, are
penalized by the instantaneous cost term dij . The cost,
dij , is a fuel equivalent for changing gear and turning the
ICE on. The fuel equivalent used here is a simplification;
generally the cost would be dependent on the vehicle
speed and torque demand. It would then include the fuel
consumption and the fuel equivalent for the change of SoC
that will result when changing the engine speed during an
ICE start or gear change. Moreover, it would also include
the fuel equivalent for the energy loss that occurs when
changing the gear during brake regeneration and possibly
also a comfort penalty for too many shifts.

The other instantaneous cost term, ci,k(TICE), or perhaps
clearer c(ωICE , TICE), is the fuel consumption. The value
function J i

k(SoCk) is the sum of instantaneous costs that
remain before reaching the final time sample from the
current SoC. The next state of charge SoCk+1 is a function
of ωdem,k, Tdem,k, SoCk and uk.

The control signal u must not violate the constraints (3)-
(6) and (8)-(11).

The value functions J i
N , at the final sample are initiated

with a penalty function. The detail of the grid in SoC,
which J i

k are calculated over determines the accuracy of
the solution.
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3.1 Simulation

After that the DP-iterations (12) have terminated, the
optimal control and state trajectory are simulated from
the initial state, using the value functions J i

k. The optimal
control signal trajectory is thus given by

u∗
k = arg min

TICE ,j
{c(ωICE,k, TICE) + dij

+ Jj
k+1(SoCk+1)}, (13)

where linear interpolation is used to calculate
Jj

k+1(SoCk+1).

4. APPROXIMATE DYNAMIC PROGRAMMING

As mentioned already in the Introduction, the main con-
tribution here is to improve the computational efficiency
of the DP outlined in the previous section. We will deal
with the two main ideas mentioned in the Introduction
separately below. The drive cycle and the topographic
profile that will be used in the simulations are shown in
Fig. 5

4.1 Local linear approximation of the value function

We will now study the numerical sensitivity of the DP-
solution with respect to the detail of the grid in SoC.
The study will be done by comparing two simulations, one
based on a sparse grid and the other on a detailed grid.

Due to lack of measurement data from a real powertrain,
the transition penalties dij , are here simply manually
tuned to produce realistic simulation results, realistic in
the sense that there are not too many gear changes and
ICE turn-on’s. The cost for turning on the ICE is tuned
with the guideline that the ICE should not be turned on
for shorter periods than 10 seconds. A simplified torque
reserve constraint is imposed on the ICE, requiring the
ICE to be turned on when the velocity exceeds 40 km/h.

Simulated SoC-trajectories are shown in Fig. 6 for two
SoC-grids, one with 40 grid points and the other with 2000
grid points. The two grids result in almost identical fuel
consumption, 4.12 l/100km.

In the dynamic programming iteration (12), it is obvious
that, for a specific dynamic state, the local properties
of the value function will determine the optimal control
signal. An example of a value function is shown in Fig. 7.
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The shown value function is locally well approximated by
a linear function of SoC. This is true for all examined
value functions, except when getting close to the hard
constraints on SoC. What determines the required degree
of accuracy of the approximation is the effect on the
computed control signal, obtained by linear interpolation.
When using equally spaced grid with 40 or less grid points,
due to the constraints (8), (11) the linear interpolation
in (12) is actually almost always an interpolation on a
function with only two linear pieces, one for charging
and one for discharging. Applying this piecewise linear
approximation to the jth value function in a neighborhood
of SoC = SoC0 gives

Jj
k+1(SoC0 + ∆SoC) ≈ Jj

k+1(SoC0) + λs(j, SoC0)∆SoC.
(14)

The index s is used to denote that the slope λ is dependent
on the sign of ∆SoC. The similarity between (14) and
the ECMS, see Sciarretta and Guzzella [2007], is due to
the relation between the partial derivative of the value
function in dynamic programming and the costate from
Pontryagin Maximum Principle see Naidu [2003].

4.2 Quadratic programming in the DP iteration

So far, the powertrain model has been treated as a gen-
eral, nonlinear, quasi-static model underlying the optimal



control problem. We will now exploit the particular form
of the nonlinearities, and show how this can be used to our
advantage in the computations.

The first observation is that, for a given engine speed,
ωICE , (or, equivalently, a given vehicle speed and gear)
the fuel consumption is close to linear in the engine torque,
i.e., with a slight abuse of notation,

c(ωICE, TICE) ≈ c0(ωICE) + c1(ωICE)TICE (15)

The second observation is that the electric losses are well
described by a piecewise quadratic function of the electric
machine torque TEM , so that the change of SoC over a
sampling interval ∆t can be written as

SoCk+1 ≈ SoCk + ∆t · [bs0(ωEM , SoC)
+ bs1(ωEM , SoC)TEM + bs2(ωEM , SoC)T 2

EM ]. (16)
The index s is used to denote that the parameters are
dependent on the sign of ∆SoC.

The DP iteration of the ith value function, at time index
k, according to (12) can be rewritten in two steps by
using the approximations (14), (15) and (16). The first
step calculates for each fixed transition i → j (and with
ωICE , ωEM determined by j)

J ij
k (SoCk) = min

TICE

{c0(ωICE) + c1(ωICE)TICE

+ Jj
k+1(SoCk) + λs(j, SoCk)∆t[bs0(ωEM , SoCk)

+ bs1(ωEM , SoCk)TEM + bs2(ωEM , SoCk)T 2
EM ]}. (17)

From (3),(4) we can conclude that the r.h.s. of (17) is
piecewise quadratic in TICE and thus the minimization can
be carried out explicitly by solving two scalar quadratic
problems. For the discrete state corresponding to ICEon =
0, i.e. the engine is switched off, there is no optimization
involved, since TEM is then directly given by the torque
demand.

It remains to take care of the discrete decision variable
in the DP iteration. Once the optimization (17) has been
carried out for every admissible j, the choice of discrete
control is simply determined by

J i
k(SoCk) = min

j
{J ij

k (SoCk) + dij}. (18)

5. RESULTS

The suggested Approximate Dynamic Programming (ADP)
scheme will now be evaluated by comparing with the DP-
solution based on 2000 equally spaced grid points. Note
that ADP scheme is here only used to calculate the value
functions. In the simulations and when calculating the
optimal control signal (13), it is the nonlinear, quasi-static
model that is used for both the ADP-solution and the
nonlinear DP-solution.

The value functions from the ADP scheme are calculated
using 20 equally spaced grid points. The simulated SoC-
trajectories are shown in Fig. 8. The corresponding control
trajectories are shown in Fig. 9 and Fig. 10. From the
figures we see that ADP-scheme is able to produce a close
approximation to the optimal state and control trajectory.
At most time samples the gear choice and the logical signal
ICEon are identical to the DP-solution. In Fig. 10 the ICE
torque is shown for the part of the drive cycle with the
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Fig. 9. Simulated gear and ICE-state trajectories based on
a DP-calculation with 2000 and an ADP calculation
with 20 equally spaced grid points. The black dashed
curves correspond to the accurate DP-solution.

largest differences between the ADP and the DP-solution.
Nevertheless, the trajectories are very similar. By studying
the derivative of the value functions with respect to SoC
along the drive cycle an estimate of the fuel equivalent of
the difference in SoC is provided. Using this estimate, the
difference in fuel consumption between the DP and the
ADP-solution is assessed to 0.8%.

6. CONCLUSIONS

The presented ADP scheme gives the possibility to ef-
ficiently calculate the value functions. By introducing
heuristics many of the discrete transitions could be ruled
out immediately. It is plausible that further improvements
can be made by optimizing the spacing of the grid or by
using some smarter functional approximation of the value
functions.
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SE–581 83 Linköping, Sweden SE–581 83 Linköping, Sweden
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Abstract— This contribution aims at unifying two recent
trends in applied particle filtering (PF). The first trend is
the major impact in simultaneous localization and mapping
(SLAM) applications, utilizing the FastSLAM algorithm. The
second one is the implications of the marginalized particle
filter (MPF) or the Rao-Blackwellized particle filter (RBPF)
in positioning and tracking applications. Using the standard
FastSLAM algorithm, only low-dimensional vehicle models
are computationally feasible. In this work, an algorithm is
introduced which merges FastSLAM and MPF, and the result
is an algorithm for SLAM applications, where state vectors
of higher dimensions can be used. Results using experimen-
tal data from a UAV (helicopter) are presented. The algo-
rithm fuses measurements from on-board inertial sensors (ac-
celerometer and gyro) and vision in order to solve the SLAM
problem, i.e., enable navigation over a long period of time.

Keywords: Rao-Blackwellized/marginalized particle fil-
ter, sensor fusion, simultaneous localization and mapping,
inertial sensors, UAV, vision.

1. INTRODUCTION

The main task in localization/positioning and tracking is to
estimate, for instance, the position and orientation of the ob-
ject under consideration. The particle filter (PF), [1, 2], has
proved to be an enabling technology for many applications of
this kind, in particular when the observations are complicated
nonlinear functions of the position and heading [3]. Further-
more, the Rao-Blackwellized particle filter (RBPF) also de-
noted the marginalized particle filter (MPF), [4–9] enables
estimation of velocity, acceleration, and sensor error models
by utilizing any linear Gaussian sub-structure in the model,
which is fundamental for performance in applications as sur-
veyed in [10]. As described in [9], the RBPF splits the state
vector xt into two parts, one part xp

t which is estimated using
the particle filter and another part xk

t where Kalman filters are
applied. Basically, it uses the following factorization of the
posterior distribution of the state vector, which follows from
Bayes’ rule,

p(xp
1:t, x

k
t |y1:t) = p(xk

t |xp
1:t, y1:t)p(x

p
1:t|y1:t), (1)

where y1:t , {y1, . . . , yt} denotes the measurements up to
time t. If the model is conditionally linear Gaussian, i.e., if

Figure 1. The Yamaha RMAX helicopter used in the exper-
iments. The on-board system is equipped with an IMU sensor
(accelerometer and gyro) and a vision sensor. The on-board
GPS receiver is used for evaluation only.

the term p(xk
t |xp

1:t, y1:t) is linear Gaussian, it can be opti-
mally estimated using the Kalman filter, whereas for the sec-
ond factor we have to resort to the PF.

Simultaneous localization and mapping (SLAM) is an exten-
sion of the localization or positioning problem to the case
where the environment is un-modeled and has to be mapped
on-line. An introduction to the SLAM problem is given in
the survey papers [11, 12] and the recent book [13]. From a
sensor point of view, there are two ways of tackling this prob-
lem. The first way is to use only one sensor, such as vision,
see e.g., [14–17] and the second way is to fuse measurements
from several sensors. This work considers the latter. The
FastSLAM algorithm introduced in [18] has proved to be an
enabling technology for such applications. FastSLAM can be
seen as a special case of RBPF/MPF, where the map state mt,
containing the positions for all landmarks used in the map-
ping, can be interpreted as a linear Gaussian state. The main
difference is that the map vector is a constant parameter with
a dimension increasing over time, rather than a time-varying
state with a dynamic evolution over time. The derivation is
completely analogous to (1), and makes use of the following
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factorization

p(x1:t,mt|y1:t) = p(mt|x1:t, y1:t)p(x1:t|y1:t). (2)

The FastSLAM algorithm was originally devised to solve the
SLAM problem for mobile robots, where the dimension of the
state vector is small, typically consisting of three states (2D
position and a heading angle) [13]. This implies that all plat-
form states can be estimated by the PF.

Paralleling the evolution of PF applications to high dimen-
sional state vectors, the aim of this contribution is to build
on our earlier work [19] which unify the ideas presented
in [9, 20]. This is done in order to extend the FastSLAM [18]
algorithm to be able to cope with high dimensional state vec-
tors as well. Basically, the main result follows from

p(xp
1:t,x

k
t ,mt|y1:t)
= p(mt|xk

t , x
p
1:t, y1:t)p(x

k
t |xp

1:t, y1:t)p(x
p
1:t|y1:t).

(3)

The derived algorithm is applied to experimental data from an
autonomous aerial vehicle using the RMAX helicopter plat-
form (Figure 1). The main navigation sensor unit, consists
of three accelerometers, three gyros, a pressure sensor, and a
camera. GPS is used only for evaluation purposes.

In Section 2 the problem under consideration is formulated in
more detail. The proposed algorithm is given and explained
in Section 3. This algorithm is then applied to an application
example in Section 4. Finally, the conclusions are given in
Section 5.

2. PROBLEM FORMULATION

The aim of this work is to solve the SLAM problem when
the state dimension of the platform (UAV) is too large to be
estimated by the PF. This section provides a more precise
problem formulation and introduces the necessary notation.

The total state vector to be estimated at time t is

xt =
(
(xp

t )T (xk
t )T mT

t

)T
, (4)

where xp
t denotes the states of the platform that are estimated

by the particle filter, and xk
t denotes the states of the platform

that are linear-Gaussian given information about xp
t . These

states together with the map (landmarks) mt are estimated
using Kalman filters. The map statesmt consists of the entire
map at time t, i.e.,

mt =
(
mT

1,t . . . mT
Mt,t

)T
, (5)

where mj,t denotes the position of the jth map entry and Mt

denotes the number of entries in the map at time t.

The aim of this work can be formalized as trying to estimate
the following filtering probability density function (PDF),

p(xp
t , x

k
t ,mt|y1:t). (6)

In other words, we are trying to solve the nonlinear filtering
problem, providing an estimate of (6). The key factorization,
which allows us to solve this problem successfully is

p(xp
1:t, x

k
t ,mt|y1:t)

=
Mt∏
j=1

p(mj,t|xp
1:t, x

k
t , y1:t)p(x

k
t |xp

1:t, y1:t)︸ ︷︷ ︸
(extended) Kalman filter

p(xp
1:t|y1:t)︸ ︷︷ ︸

particle filter

(7)

In order to devise an estimator for (6) a system model and
a measurement model are needed. The former describes the
dynamic behavior of the platform, that is how the state xt

evolves over time. The measurement model describes the sen-
sors, i.e., it consists of equations relating the measurements yt

to the state xt. We want a general algorithm, which is appli-
cable to many different platforms (aircraft, helicopters, cars,
etc.). Hence, the model structure should be as general as pos-
sible,

xp
t+1 = fp

t (xp
t ) +Ap

t (x
p
t )x

k
t +Gp

t (x
p
t )w

p
t , (8a)

xk
t+1 = fk

t (xp
t ) +Ak

t (xp
t )x

k
t +Gk

t (xp
t )w

k
t , (8b)

mj,t+1 = mj,t, (8c)

y1,t = h1,t(x
p
t ) + Ct(x

p
t )x

k
t + e1,t, (8d)

y
(j)
2,t = h2,t(x

p
t ) +Hj,t(x

p
t )mj,t + e

(j)
2,t , (8e)

where j = 1, . . . ,Mt and the noise for the platform states is
assumed white and Gaussian distributed with

wt =
(
wp

t

wk
t

)
∼ N (0, Qt), Qt =

(
Qp

t Qpk
t

(Qpk
t )T Qk

t

)
.

(8f)

To simplify the notation in the rest of the paper, denote
fp

t (xp
t ) with fp

t ,Ap
t (x

p
t ) withAp

t and so on. The measurement
noise is assumed white and Gaussian distributed according to

e1,t ∼ N (0, R1,t), (8g)

e
(j)
2,t ∼ N (0, Rj

2,t), j = 1, . . . ,Mt. (8h)

Finally, xk
0 is Gaussian,

xk
0 ∼ N (x̄0, P̄0), (8i)

and the density for xp
0 can be arbitrary, but it is assumed

known.

There are two different measurement models, (8d) and (8e),
where the former only measures quantities related to the plat-
form, whereas the latter will also involve the map states. Sec-
tion 4 describes a detailed application example using exper-
imental data, where (8d) is used to model inertial sensors
and (8e) is used to model a camera.

3. PARTICLE FILTER FOR SLAM UTILIZING
STRUCTURE

This section is devoted to explaining the proposed SLAM al-
gorithm on a rather detailed level. However, whenever we
make use of standard results we just provide the necessary
references.
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Algorithm

The algorithm presented in this paper draws on several rather
well known algorithms. It is based on the RBPF/MPF method,
[4–9]. The FastSLAM algorithm [18] is extended by not only
including the map states, but also the states corresponding to
a linear Gaussian sub-structure present in the model for the
platform. Assuming that the platform is modeled in the form
given in (8), the SLAM-method utilizing structure is given in
Algorithm 1.

Algorithm 1: Particle filter for SLAM utilizing structure

1. Initialize the particles

x
p,(i)
1|0 ∼ p(xp

1|0),

x
k,(i)
1|0 = x̄k

1|0,

P
k,(i)
1|0 = P̄1|0, i = 1, . . . , N,

where N denotes the number of particles.

2. If there are new map related measurements available com-
pute the necessary correspondences to the existing states, oth-
erwise proceed to step 3.

3. Compute the importance weights according to

γ
(i)
t = p(yt|xp,(i)

1:t , y1:t−1), i = 1, . . . , N,

and normalize γ̃(i)
t = γ

(i)
t /

∑N
j=1 γ

(j)
t .

4. Draw N new particles with replacement (resampling) ac-
cording to, for each i = 1, . . . , N

Pr(x(i)
t|t = x

(j)
t|t ) = γ̃

(j)
t , j = 1, . . . , N.

5. If there is a new map related measurement, perform map
estimation and management (detailed below), otherwise pro-
ceed to step 6.

6. Particle filter prediction and Kalman filter (for each parti-
cle i = 1, . . . , N )

(a) Kalman filter measurement update,

p(xk
t |xp

1:t, y1:t) = N (xk
t |x̂k,(i)

t|t , P
(i)
t|t ),

where x̂k,(i)
t|t and P (i)

t|t are given in (11).

(b) Time update for the nonlinear particles,

x
p,(i)
t+1|t ∼ p(xt+1|xp,(i)

1:t , y1:t).

(c) Kalman filter time update,

p(xk
t+1|xp

1:t+1, y1:t)

= N (xk
t+1|t|x̂k,(i)

t+1|t, P
(i)
t+1|t),

where x̂k,(i)
t+1|t and P (i)

t+1|t are given by (12).

7. Set t := t+ 1 and iterate from step 2.

Note that yt denotes the measurements present at time t. The
following theorem will give all the details for how to com-
pute the Kalman filtering quantities. It is important to stress
that all embellishments available for the particle filter can be
used together with Algorithm 1. To give one example, the
so-called FastSLAM 2.0 makes use of an improved proposal
distribution in step 6b [21].

Theorem 1: Using the model given by (8), the conditional
probability density functions for xk

t and xk
t+1 are given by

p(xk
t |xp

1:t, y1:t) = N (x̂k
t|t, Pt|t), (10a)

p(xk
t+1|xp

1:t+1, y1:t) = N (x̂k
t+1|t, Pt+1|t), (10b)

where

x̂k
t|t = x̂k

t|t−1 +Kt(y1,t − h1,t − Ctx̂
k
t|t−1), (11a)

Pt|t = Pt|t−1 −KtS1,tK
T
t , (11b)

S1,t = CtPt|t−1C
T
t +R1,t, (11c)

Kt = Pt|t−1C
T
t S

−1
1,t , (11d)

and

x̂k
t+1|t = Āk

t x̂
k
t|t +Gk

t (Qkp
t )T (Gp

tQ
p
t )
−1zt

+ fk
t + Lt(zt −Ap

t x̂
k
t|t), (12a)

Pt+1|t = Āk
tPt|t(Āk

t )T +Gk
t Q̄

k
t (Gk

t )T − LtS2,tL
T
t , (12b)

S2,t = Ap
tPt|t(A

p
t )

T +Gp
tQ

p
t (G

p
t )

T , (12c)

Lt = Āk
tPt|t(A

p
t )

TS−1
2,t , (12d)

where

zt = xp
t+1 − fp

t , (13a)

Āk
t = Ak

t −Gk
t (Qkp

t )T (Gp
tQ

p
t )
−1Ap

t , (13b)

Q̄k
t = Qk

t − (Qkp
t )T (Qp

t )
−1Qkp

t . (13c)

Proof: The derivation was done in [9] for the case
without map features, but with linear Gaussian dynamics as a
sub-structure. However, the extension by including the linear
Gaussian map sub-structure falls within the same framework.

Likelihood Computation

In order to compute the importance weights {γ(i)
t }Ni=1 in Al-

gorithm 1, the following likelihoods have to be evaluated

γ
(i)
t = p(yt|xp,(i)

1:t , y1:t−1), i = 1, . . . , N. (14)

The standard way of performing this type of computation
is simply to marginalize the Kalman filter variables xk

t and
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{mj,t}Mt
j=1,

p(yt|xp,(i)
1:t , y1:t−1) =

∫
p(yt, x

k
t ,mt|xp,(i)

1:t , y1:t−1)dxk
t dmt,

(15)

where

p(yt, x
k
t ,mt|xp,(i)

1:t , y1:t−1) = p(yt|xk
t ,mt, x

p,(i)
t )×

p(xk
t |xp,(i)

1:t , y1:t−1)
Mt∏
j=1

p(mj,t|xp,(i)
1:t , y1:t−1).

(16)

Let us consider the case where both y1,t and y2,t are present,
i.e., yt =

(
yT
1,t yT

2,t

)T
. Note that the cases where either y1,t

or y2,t are present are obviously special cases. First of all, the
measurements are conditionally independent given the state,
implying that

p(yt|xk
t ,mt, x

p,(i)
t ) = p(y1,t|xk

t , x
p,(i)
t )

Mt∏
j=1

p(y(j)
2,t |xp,(i)

t ,mj,t).

(17)

Now, inserting (17) into (16) gives

p(yt, x
k
t ,mt|xp,(i)

1:t , y1:t−1) =

p(y1,t|xk
t , x

p,(i)
t )p(xk

t |xp,(i)
1:t , y1:t−1)×

Mt∏
j=1

p(mj,t|xp,(i)
1:t , y1:t−1)p(y

(j)
2,t |xp,(i)

t ,mj,t), (18)

which inserted in (15) finally results in

p(yt|xp,(i)
1:t , y1:t−1) =

∫
p(y1,t|xk

t , x
p,(i)
t )p(xk

t |xp,(i)
1:t , y1:t−1)dxk

t

×
Mt∏
j=1

∫
p(y

(j)
2,t |xp,(i)

t , mj,t)p(mj,t|xp,(i)
1:t , y1:t−1)dm1,t · · · dmMt,t.

(19)

All the densities present in (19) are known according to

p(xk
t |xp

1:t, y1:t−1) = N (xk
t |x̂k

t|t−1, Pt|t−1), (20a)

p(mj,t|xp
1:t, y1:t−1) = N (mt|m̂j,t−1,Σt−1), (20b)

p(y1,t|xk
t , x

p
t ) = N (y1,t|h1,t + Ctx

k
t , R1), (20c)

p(y(j)
2,t |xp

t ,mj,t) = N (y(j)
2,t |h2,t +Hj,tmj,t, R

j
2). (20d)

Here it is important to note that the standard FastSLAM ap-
proximation has been invoked in order to obtain (20d). That
is, the measurement equation often has to be linearized with
respect to the map states mj,t in order to be written as (8e).
The reason for this approximation is that we for computa-
tional reasons want to use a model suitable for the RBPF/MPF,
otherwise the dimension will be much too large for the parti-
cle filter to handle. Using (20), the integrals in (19) can now

be solved, resulting in

p(yt|xp,(i)
1:t , y1:t−1) =

N (y1,t − h1,t − Ctx̂
k,(i)
t|t−1, CtP

(i)
t|t−1C

T
t )

×
Mt∏
j=1

N (y(j)
2,t−h2,t−Hj,tm̂j,t−1,Hj,tΣj,t−1(Hj,t)T +Rj

2).

(21)

Map Estimation and Map Management

A simple map consists of a collection of map point entries
{mj,t}Mt

j=1, each consisting of:

• m̂j,t – estimate of the position (three dimensions).

• Σj,t – covariance for the position estimate.

Note that this is a very simple map parametrization. Each
particle has an entire map estimate associated to it. Step 5
of Algorithm 1 consists of updating these map estimates in
accordance with the new map-related measurements that are
available. First of all, if a measurement has been success-
fully associated to a certain map entry, it is updated using the
standard Kalman filter measurement update according to

mj,t = mj,t−1 +Kj,t

(
y
(j)
2,t − h2,t

)
, (22a)

Σj,t =
(
I −Kj,tH

T
j,t

)
Σj,t−1, (22b)

Kj,t = Σj,t−1H
T
j,t

(
Hj,tΣj,t−1H

T
j,t +R2

)−1
. (22c)

If an existing map entry is not observed, the corresponding
map estimate is simply propagated according to its dynamics,
i.e., it is unchanged

mj,t = mj,t−1, (23a)
Σj,t = Σj,t−1. (23b)

Finally, initialization of new map entries have to be handled.
If h2,t(x

p
t ,mj,t) is bijective with respect to the map mj,t this

can be used to directly initialize the position from the mea-
surement y2,t. However, this is typically not the case, im-
plying that we cannot uniquely initialize the position of the
corresponding map entry. This can be handled in different
ways. In Section 4 the vision sensor and different techniques
are briefly discussed.

4. APPLICATION EXAMPLE

In this section we provide a description of the SLAM applica-
tion, where Algorithm 1 is used to fuse measurements from a
camera, three accelerometers, three gyros and an air-pressure
sensor. The sensors are mounted to the RMAX helicopter.
The main objective is to find the position and orientation of
the sensor from sensor data only, despite problems such as bi-
ases in the measurements. The vision system can extract and
tracks features that are used in SLAM to reduce the inertial
drift and bias in the IMU sensor.
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Model

The basic part of the state vector consists of position pt ∈ R3,
velocity vt ∈ R3, and acceleration at ∈ R3, all described in
an earth-fixed reference frame. Furthermore, the state vector
is extended with bias states for acceleration ba,t ∈ R3, and
angular velocity bω,t ∈ R3 in order to account for sensor im-
perfections. The state vector also contains the angular veloc-
ity ωt and a unit quaternion qt, which is used to parametrize
the orientation.

In order to put the model in the RBPF/MPF framework,
the state vector is split into two parts, one estimated using
Kalman filters xk

t and one estimated using the particle filter
xp

t . Hence, define

xk
t =

(
vT

t aT
t (bω,t)T (ba,t)T ωT

t

)T
, (24a)

xp
t =

(
pT

t qT
t

)T
, (24b)

which means xk
t ∈ R15 and xp

t ∈ R7. In inertial estimation it
is essential to clearly state which coordinate system any entity
is expressed in. Here the notation is simplified by suppressing
the coordinate system for the earth-fixed states, which means
that

pt = pe
t , vt = ve

t , at = ae
t , (25a)

ωt = ωb
t , bω,t = bbω,t, ba,t = bba,t. (25b)

Likewise, the unit quaternions represent the rotation from the
earth-fixed system to the body (IMU) system, since the IMU is
rigidly attached to the body (strap-down),

qt = qbe
t =

(
qt,0 qt,1 qt,2 qt,3

)T
. (26)

The quaternion estimates are normalized, to make sure that
they still parametrize an orientation. Further details regarding
orientation and coordinate systems are given in Appendix A.

Dynamic Model—The dynamic model describes how the plat-
form and the map evolve over time. These equations are given
below, in the form (8a) – (8d), suitable for direct use in Algo-
rithm 1.

vt+1

at+1

bω,t+1

ba,t+1

ωt+1


︸ ︷︷ ︸

xk
t+1

=


I TI 0 0 0
0 I 0 0 0
0 0 I 0 0
0 0 0 I 0
0 0 0 0 I


︸ ︷︷ ︸

Ak
t


vt

at

bω,t

ba,t

ωt


︸ ︷︷ ︸

xk
t

+


T 2

2 0 0 0
TI 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I


︸ ︷︷ ︸

Gk
t

w1,t

w2,t

w3,t

w4,t


︸ ︷︷ ︸

wk
t

(27a)

(
pt+1

qt+1

)
︸ ︷︷ ︸

xp
t+1

=
(
pt

qt

)
︸ ︷︷ ︸
fp

t (xp
t )

+
(
TI T 2

2 I 03×9

04×3 04×9 −T
2 S̃(qt)

)
︸ ︷︷ ︸

Ap
t (xp

t )


vt

at

bω,t

ba,t

ωt


︸ ︷︷ ︸

xk
t

+
(

T 3

6 w1,t

04×1

)
, (27b)

mj,t+1 = mj,t, j = 1, . . . ,Mt, (27c)

where

S̃(q) =

−q1 −q2 −q3
q0 −q3 q2
q3 q0 −q1
−q2 q1 q0

 , (28)

and where I denotes the 3 × 3 unit matrix and 0 denotes the
3× 3 zero matrix, unless otherwise stated. The process noise
wk

t is assumed to be independent and Gaussian, with covari-
ance Qk

t = diag(Qa, Qbω
, Qba

, Qω).

Measurement Model – Inertial and Air Pressure Sensors—
The IMU consists of accelerometers measuring accelerations
ya,t in all three dimensions, a gyroscope measuring angular
velocities yω,t in three dimensions and a magnetometer mea-
suring the direction to the magnetic north pole. Due to the
magnetic environment it is just the accelerometers and gyro-
scopes that are used for positioning. There is also a barometer
available yp,t, measuring the altitude via the air pressure. The
measurements from these sensors are anti-alias filtered and
down-sampled to 20 Hz. For further details on inertial sen-
sors, see for instance [22–24]. The measurements are related
to the states according to,

y1,t =

yp,t

yω,t

ya,t

 =

 p3,t

0
−R(qt)ge


︸ ︷︷ ︸

h(xp
t )

+

 01×15

0 0 I 0 I
0 R(qt) 0 I 0


︸ ︷︷ ︸

C(xp
t )


vt

at

bω,t

ba,t

ωt


︸ ︷︷ ︸

xk
t

+

e1,t

e2,t

e3,t


︸ ︷︷ ︸

et

, (29)

which obviously is in the form required by (8). The mea-
surement noise et is assumed Gaussian with covarianceRt =
diag(Rω, Ra).

Measurement Model – Camera—Before the camera images
are used they are adjusted according to the calibration. This
allows us to model the camera using the pinhole model with
focal length f = 1, according to [25, 26],

y2,t = ymj ,t =
1
zc
t

(
xc

t

yc
t

)
︸ ︷︷ ︸

hc(mj,t,pt,qt)

+ e3,t, (30)
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where

mc
j,t =

xc
t

yc
t

zc
t

 = R(qcb
t )R(qbe

t )(mj,t − pt) + rc. (31)

Here, rc is a fixed vector representing the translation between
the camera and the IMU (body) and qcb

t is the unit quaternion
describing the rotation from the IMU to the camera. The co-
variance for the measurement noise is denoted Rc.

This particular sensor is equipped with an internal camera,
which is synchronized in time with the inertial measurements.
This provides a good setup for fusing vision information with
the inertial information. Images are available at 4 Hz in a
resolution of 384× 288 pixels. In order to use vision for fea-
ture extraction and estimation we have made use of standard
camera calibration techniques, see e.g., [27].

The features are not exactly in the form suitable for the RBPF
Hence, we are forced to use an approximation in order to ob-
tain a practical algorithm. The standard approximation [13]
is in this case simply to linearize the camera measurement
equations according to,

ymj,t
= hc(mj,t, pt, qt) + e3,t (32a)

≈ hc
j(m̂j,t|t−1, pt, qt)−Hj,tm̂j,t|t−1︸ ︷︷ ︸

h(xp
t )

+Hj,tmj,t + e3,t, j = 1, . . . ,Mt, (32b)

where the Jacobian matrix Hj,t is straightforwardly com-
puted using the chain rule, i.e.,

Hj,t =
∂hc

∂mj
=

∂hc

∂mc
j

∂mc
j

∂mj
, (33)

The two partial derivatives in (33) are given by

∂hc

∂mc
j

=

(
1
zc 0 − xc

(zc)2

0 1
zc − yc

(zc)2

)
, (34a)

∂mc
j

∂mj
= R(qcb

t )R(qbe
t ). (34b)

“Computing Vision Measurements”— In order to receive a
camera measurement on the form (30), interest points or fea-
tures has to be identified in the image. This is step 2 in Algo-
rithm 1. In this application example, features are found using
the Harris detector [28], which basically extracts well-defined
corners in an image. These feature points are then searched
for in the next images according to Algorithm 2.

Algorithm 2: Vision Algorithm

1. Initialization. Search the whole image for features with
the Harris detector. Save an 11-by-11 pixel patch around each
corner.

2. Predict positions of features detected in old images. Match
saved patches in small search regions around the predicted
positions. Also, apply a weighted criterion to the matching
procedure so that a match close to the prediction is more
likely.

3. Outlier rejection. If a matched feature is far from the pre-
dicted position compared to other features, the measurement
is discarded.

4. In areas of the image without features, search for new fea-
tures with the Harris detector. Around each detected corner
an 11-by-11 pixel patch is extracted and stored.

5. Initialize the detected features in the map.

The feature detection in Algorithm 2 is done in the 2-D im-
age plane. However, found features have to be initialized into
the filter 3-D map. In this application, the features are known
to be close to the ground and we have a good estimate of
the altitude thanks to the air pressure sensor. The features
are therefore initialized on the estimated ground level and ad-
justment are made by implicit triangulization in the particle
filter. In a more general case, where the depth of the features
are unknown, there are several methods available for intial-
ization. For example, the initialization can be delayed a few
time steps until the feature has been seen from several angles
and its depth can be achieved by triangulization. Another al-
ternative is to use an inverse depth parametrization for some
time as in [29]. Also, using a Kalman filter on information
form could solve the problem of representing no information
(infinte covariance) about the feature depth.

This algorithm has shown to work reliably on our flight data.
However, improvements can be achieved in both computa-
tional speed and detection reliability. There are more elabo-
rate detectors available, for example the scale-invariant fea-
ture transform (SIFT) [30], the speeded up robust features
(SURF) [31] or the fast corner detector [32,33]. It is also pos-
sible to refine the feature detection process even further by es-
timating the slope of an image plane [14]. From a computer
vision perspective the current environment is rather simple,
hence fast and simple corner detectors can be successfully
applied.

UAV Platform

The algorithm proposed has been tested using flight-test data
collected from an autonomous UAV helicopter developed dur-
ing the WITAS Project [34]. The helicopter is based on a
commercial Yamaha RMAX UAV helicopter (Figure. 1). The
total helicopter length is 3.6 m (including main rotor), it is
powered by a 21 hp two-stroke engine and it has a maximum
take-off weight of 95 kg.

The avionics developed during the WITAS Project is inte-
grated with the RMAX platform and it is based on three com-
puters and a number of sensors. The platform developed is
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Table 1. Available characteristics of the sensor used in the
navigation algorithm.

Sensor Output Rate Resolution Bias
Accelerometers 66 Hz 1 mG 13 mG

Gyros 200 Hz 0.1◦/s < 0.1◦/s
Barometer 40 Hz 0.1 m -

Vision 4 Hz 384x288 pixels -

capable of fully autonomous flight from take-off to landing.

The sensors used for the navigation algorithm described in
this paper consist of an inertial measurement unit (three ac-
celerometers and three gyros) which provides helicopter’s ac-
celeration and angular rate along the three body axes, a baro-
metric altitude sensor and a monocular CCD video camera
mounted on a pan/tilt unit. GPS position information is not
used in the navigation filter described here.

The primary flight computer is a PC104 PentiumIII 700MHz.
It implements the low-level control system which includes
the control modes (take-off, hovering, path following, land-
ing, etc...), sensor data acquisition and the communication
with the helicopter platform. The second computer is also
a PC104 PentiumIII 700MHz, it implements the image pro-
cessing functionalities and controls the camera pan-tilt unit.
The third computer is a PC104 Pentium-M 1.4GHz and im-
plements high-level functionalities like path-planning, task-
planning, etc.

Experiment Setup

The flight data were collected during a flight-test campaign
in a training area in south of Sweden. Sensor data and on-
board video were recorded during an autonomous flight. The
helicopter flew autonomously a pre-planned path using a path
following functionality implemented in the software architec-
ture [35]. The helicopter altitude was 60 m above the ground
and the flight speed 3 m/s. The video camera was looking
downwards and fixed with the helicopter body. The video was
recorded on-board and synchronized with the sensor data.
The synchronization is performed by automatically turning
on a light diode when the sensor data start to be recorded.
The light diode is visible in the camera frame. The video is
recorded on tape using an on-board video recorder and the
synchronization with the sensor data is done manually off-
line. This procedure allows for synchronization accuracy of
about 40 ms. The video sequence is recorded at 25 Hz frame
rate. For the experiment described here the video frames were
sampled at 4 Hz. The on-board sensor data are recorded at
different sample rate. Table 1 provides the characteristics of
the sensors used in the experiment.

Experimental Results

In Figure 2 the landmarks/map are depicted using the particle
clouds on an image taken from the vision sensor.

In Figure 3 (a) the Cartesian 2D position is depicted for the
RBPF SLAM method, and compared against a GPS based so-

t=156

Figure 2. The scenario seen from the on-board vision sensor,
together with particle clouds representing the landmarks/map
features.

lution. Since the SLAM method, without closing the loop, is
a dead-reckoning solution it is expected to have some drift.
Here, the drift has been greatly reduced if compared to dead-
reckoning of the inertial sensors alone. In Figure 3 (b) the alti-
tude (relative to the starting height) is depicted for the SLAM
method and compared against the GPS based reference and
measured air pressure.

The estimation of the altitude using only vision and IMU is
problematic, since the vision measurement model will not get
sufficient amount of information in this direction. Hence, in
order to reduce or remove a substantial drift in altitude a pres-
sure sensor is used.

Another thing to note with the particle filter implementation
of SLAM is the degeneration of the map over time. The re-
sampling causes the map associated with the most probable
features to be copied and the others to be discarded. For
mapped features that have been out of sight for a while the
map will then be the same for all particles after some time.
This is not a problem in our example, but would be in the
case of a loop-closure. The cross correlation between the
mapped features would in such an event correct even out-of-
sight features. This capability would be limited here since the
cross correlation among features lies in the diversity of maps
among the particles. This has been noted in, e.g., [36].

5. CONCLUSION

In this paper a FastSLAM algorithm incorporating a UAV plat-
form with many state variables is presented. Traditionally,
FastSLAM factorizes the problem in such a way that a particle
filter solves the dynamics of the own platform and a Kalman
filter bank handles the landmarks (map). Here, this is ex-
tended to also include linear Gaussian substructure in the state
dynamics.
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Figure 3. Position and altitude of the RMAX helicopter.

The UAV application consists of an RMAX helicopter,
equipped with an IMU sensor (accelerometer and gyro), a
pressure sensor, and a vision sensor. An on-board GPS sen-
sor is used for evaluation only. In an experiment the pro-
posed sensor fusion particle filter based SLAM algorithm was
successfully evaluated. Without the SLAM method the poor
IMU performance is not sufficient for navigation, whereas the
SLAM technique reduces the drift introduced by the dead-
reckoning sensor.
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APPENDICES

A. COORDINATE SYSTEMS

The following convention is used to rotate a vector from a
coordinate system A to a coordinate system B,

xB = RBAxA.

whereRBA is used to denote the rotation matrix describing the
rotation from A to B. Hence, we can get from system A to C,
via B according to

RCA = RCBRBA.

This can also be expressed using unit quaternions qA,

uB = q̄A � uA � qA,

where uA is the quaternion extension of the vector xA, i.e.,
uA = (0 xT

A )T and � represents quaternion multiplica-
tion. Furthermore, ū denotes the quaternion conjugate. See
e.g., [37,38] for an introduction to unit quaternions and other
rotation parameterizations.

It is straightforward to convert a given quaternion into the
corresponding rotation matrix,

R(q) =
(

(q2
0 + q2

1 − q2
2 − q2

3) 2(q1q2 − q0q3) 2(q1q3 + q0q2)
2(q1q2 + q0q3) (q2

0 − q2
1 + q2

2 − q2
3) 2(q2q3 − q0q1)

2(q1q3 − q0q2) 2(q2q3 + q0q1) (q2
0 − q2

1 − q2
2 + q2

3)

)
.

The following coordinate systems are used in this paper. An
earth-fixed (denoted with e), body or inertial sensor system
(denoted with b), and camera system (denoted c).
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versity, since 2005. He received the
M.Sc. degree in electrical engineering
1988 and the Ph.D. degree in Automatic
Control, 1992, both from Linköping
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Abstract

A model of a series hybrid electric vehicle (HEV) is presented and some prop-
erties of its dynamics are investigated. Before proposing a feedback control of
the system a set of specifications are listed that the series HEV including its
control has to fulfill. The specifications concern fuel consumption, emissions,
noise and expected customer demands. A simple feedback control is evaluated
and some conclusions are drawn about the system’s stability. Based on the spec-
ifications, a feedforward mechanism is proposed to further reduce the vehicle’s
fuel consumption.

1 Introduction

Hybrid electric vehicles (HEVs) have the potential to reduce fuel consumption
significantly. The general idea is to reuse brake energy otherwise lost as heat,
and to shift the combustion engine’s operation point to an area with high ef-
ficiency. Regeneration of brake energy is achieved by a mechanical connection
between the drive axle and an electrical machine, working as a generator when
braking. During acceleration and cruising the same electrical machine can sup-
ply power thus shifting the operation point of the combustion engine. If the
electrical machine and the combustion engine are mechanically connected the
vehicle is a parallel HEV. If there is no such connection the vehicle is a series
HEV. In the latter case the vehicle is propelled solely by the electrical machine,
i.e., the propulsion motor, with the combustion engine supplying electrical en-
ergy to the system. A HEV must be equipped with an energy storage (as, e.g.,
a flywheel, battery or supercapacitor) with enough capacity to absorb brake
energy and supply the propulsion motor with power during acceleration. A
schematic picture of powertrain configurations is shown in Figure 1. This paper
concerns control strategies for and modelling of series hybrid electric vehicles
equipped with supercapacitors.1

The issue of optimizing the control strategy in series hybrid vehicles has
been addressed in several publications. One approach is to use methods from
optimal control theory [2, 3]. These methods are interesting for benchmark-
ing sub-optimal control strategies but generally require information about the
power load or velocity profile of the vehicle’s duty cycle, which is not realis-
tic in a commercial vehicle. Others have a more pragmatic approach resulting
in rule-based strategies [4-6] independent of a priori information about driving
conditions.

This paper describes a basic model of a series hybrid powertrain. Some
conclusions are drawn about system properties and a controller is proposed
based on this.

1A vehicle of this type has been developed by Scania and is described in detail in [1].
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Figure 1: A schematic picture of powertrain configurations. Dashed line is not
present in parallel HEVs. Dash-dotted line is not present in series HEVs.

Furthermore, a set of specifications is stated that a control strategy has to
fulfill in order to be successful, taking into account not only low fuel consumption
but also commercial optimization targets. These specifications can serve as a
framework and guidance when developing a control strategy. In this work they
are used to propose further developments of a controller.

2 Modelling the system

A series HEV can be described by the model proposed in Figure 2. The gener-
ator and propulsion motor are connected electrically and the propulsion motor
interacts with the vehicle dynamics. The electrical component, here denoted
DC-grid, also contains the supercapacitors. The model is based on a power
balance between all of these components.

If the propulsion motor torque is denoted τPM a model of the vehicle dy-
namics is

mv̇ =
j
r
τPM − ρCDA

2
v2 − CRRmg

1000
. (1)

where m and v are the vehicle mass and velocity, j and r final gear ratio and
wheel radius, ρ, CD and A air density, air resistance coefficient and frontal
area of the vehicle, and, finally, CRR and g are rolling resistance coefficient
and acceleration of gravity. This model neglects wheel slip and has no velocity
dependence of the rolling resistance.

Combustion
engine Generator

RSCAP

VDC

VSCAP

Motor Vehicle
dynamics

Figure 2: A model of a series hybrid vehicle. An electrical grid connects the
generator and the propulsion motor.
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The dynamics of the supercapacitors is given by

CSCAPV̇SCAP = −VSCAP

RSCAP
+

VDC

RSCAP
(2)

where CSCAP and RSCAP are the capacitance and resistance of the superca-
pacitors. VSCAP and VDC denote supercapacitor voltage and the voltage of the
DC-grid connecting the components. The DC-grid voltage change is then given
by

CDCV̇DC =
VSCAP

RSCAP
− VDC

RSCAP
− jτPMv

rVDC
+
PGEN

VDC
, (3)

which summarizes the currents to the different components. CDC is the capac-
itance of the DC-grid and PGEN is the generator power. The complete system
is thus described by eqs. 1, 2 and 3.

At this stage no dynamics of the combustion engine is modelled. For the
purpose of this work it can be assumed that the combustion engine supplies the
generator with desired power.

2.1 A state space model

If the state vector is defined as x = [x1, x2, x3]T = [v, VSCAP , VDC ]T the state
space model of the system can be written

ẋ1 = −ρCDA
2m x2

1 − CRRg
1000 + j

rmu1

ẋ2 = 1
CSCAPRSCAP

(x3 − x2)
ẋ3 = −1

CDCRSCAP
(x3 − x2)− ju1x1

rCDCx3
+ u2

CDCx3

(4)

where the inputs to the system are u1 = τPM and u2 = PGEN . This system
has the structure shown in Figure 3. Naturally, the Vehicle dynamics subsystem
is affected by the propulsion motor torque and contains the vehicle velocity as
state. The DC-grid subsystem is affected by both inputs and contains all three
states.

Vehicle
dynamics

DC-grid

u1 = τPM x1 = v

u2 =PGEN x2 = VSCAP , x3 = VDC

Figure 3: The structure of the system.

To design a controller for the system, the dynamics of the DC-grid subsystem
is of principal interest. This is because τPM is determined by driver behaviour
and is to be considered as a disturbance. The input to the system that can be
controlled is thus PGEN . To get an idea about the dynamics, simulations of eq.
4 are performed. Step responses of DC-grid are shown in Figure 4 where VSCAP

is measured when increasing τpm and PGEN stepwise. The system is initially at
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(a) Response of VSCAP when τPM is in-
creased stepwise.

0 5 10
time [s]

V
S

C
A

P
 [V

]

(b) Response of VSCAP when PGEN is in-
creased stepwise.

Figure 4: Step responses of system DC-grid at velocities 5 km/h (solid), 20
km/h (dashed) and 50 km/h (dash-dotted).

rest at the equilibrium point for a given v∗ = x∗1 and

u∗1 = ρCDA/2x∗1
2+CRRmg/1000
j/r

u∗2 = ρCDA
2 x∗1

3 + CRRmg
1000 x∗1

(5)

with x∗2 and x∗3 free and equal to the nominal voltage.
The step responses are in accordance with intuition since increasing the

propulsion motor torque while keeping the generator power constant should
consume stored energy. Similarly, the amount of energy stored increases when
the generator power is increased and the propulsion motor torque is kept con-
stant.

A possible way of introducing feedback in the system is thus by measuring
VSCAP and calculating a desired PGEN based on the reading. Before studying
such a controller, a set of specifications on the behaviour of the system is listed
in the next section.

3 Specifications on a control strategy

For the series HEV to function properly in real life operation a number of
specifications can be stated. These can serve as a guideline when designing a
controller for the system.

For the vehicle to be accepted and commercially viable it must behave ac-
cording to the driver’s demand. A control strategy thus must not degrade
performance measures such as acceleration and gradeability, and it must not,
naturally, put safety at risk. This is summarized in the specification:

1. Brake and acceleration power according to driver’s demand.

Furthermore, the control strategy must ensure that as much braking as pos-
sible is done electrically to exploit the fuel saving potential. Thus:

2. Brake electrically whenever possible.

An important, but often neglected, specification on the control strategy is
that the power supplied by the combustion engine must never exceed the power
consumed by the propulsion motor under normal circumstances. An exception
can be when the energy storage is at risk of becoming depleted or damaged.
This is because the efficiency when going from generator to propulsion motor
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via the energy storage is less than the efficiency when going directly from the
combustion engine to the propulsion motor. Also, but less obvious, the possible
decrease in efficiency when changing operation point of the combustion engine
is less than the decrease in total powertrain efficiency when over-producing
energy and cycling the energy storage. But still thermostat strategies are sug-
gested where the engine works in an on-off manner between the energy storage
maximum and minimum state of charge limits [5,7,8]. This reasoning also ex-
cludes strategies suggesting constant operation points since they will not avoid
over-producing energy. This leads to another specification:

3. Power from generator must not exceed power consumed by propulsion
motor.

Since the combustion engine can be operated independently of the propulsion
motor, an optimal operation curve for the engine is defined in the torque-speed
phase space. This curve must be a compromise between engine emissions and
fuel consumption since it is desirable to keep both as low as possible but de-
creasing one sometimes increases the other. Thus, for a given power request
there is one point on the curve that gives the best compromise between engine
efficiency and emissions. This gives:

4. Operate combustion energy on optimal operation curve giving the best
compromise between efficiency and emissions.

Besides improving the efficiency of the powertrain while maintaining perfor-
mance and keeping emissions on a low level, special care has to be taken to keep
noise on an acceptable level. This is done mainly by limiting engine speed and
engine acceleration at low velocities. Thus:

5. Low engine speed and acceleration at low vehicle velocities.

4 A controller for the system

As mentioned previously, a reasonable way of controlling the system is by intro-
ducing a controller calculating PGEN , i.e., u2, based on the measured VSCAP .
This gives the system in Figure 5.

Vehicle
dynamics

DC-grid

u1 = τPM x1 = v

u2 =PGEN x2 = VSCAP

F
VSCAP↪ref

-

Figure 5: The system with feedback.
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(a) Response of VSCAP when τPM is in-
creased stepwise.
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(b) Response of VSCAP when VSCAP,ref

is increased stepwise.

Figure 6: Step responses of the feedback system with different gains at a certain
velocity. VSCAP,ref is dashed and VSCAP is solid.

As a first approach a P-controller is evaluated. If F = K the system behaves
as shown in Figure 6 for different values of the gain K when the inputs are
changed stepwise. It can be seen that increasing the gain of the feedback system
gives no overshoot in VSCAP and that the system is inherently stable. In order
to gain a thorough understanding of this, the system should be linearized and
analyzed using linear methods.

Among the specifications stated above, number 1. 3. and 5. are affected by
this feedback. Specification 2. must be targeted by a vehicle’s brake system, and
specification 4. is another optimization problem which is further discussed below.
For the driver to get desired acceleration, the power input to the system can be
less than the power output only as long as the energy storage can compensate
for this. The size of the energy storage is in this way related to the maximum lag
of the control system. Thus, if the feedback system reacts to slow to increased
energy drain it can deteriorate performance.

Specification 5. must also be targeted by the control system to ensure smooth
operation of the combustion engine, but it is not handled within the framework
presented here. Specification 3. also puts demands on the maximum lag of
the control system. In particular, when the energy drain stops and changes
direction, i.e., when switching from acceleration to braking, the input power
from the generator must approach zero quickly not to violate the specification.
To achieve this it is reasonable to use information about the energy drain and
feedforward to the generator power demand. This is further discussed below.

4.1 A feedforward proposal

For the system to behave according to specification 3. above, it is reasonable to
feedforward the propulsion motor torque to the demanded generator power. In
this way over-producing energy input from the generator can be avoided. The
structure of the system then becomes as shown in Figure 7. The feedforward
transfer function G must be chosen carefully. If G = jx1r−1 the variations
in VSCAP and VDC are eliminated completely and the energy storage is not
used during acceleration, and consequently less fuel is saved. If the feedback
loop is fast enough to handle accelerations, i.e. it increases the input power
fast enough not to deteriorate performance, the feedforward can be put to zero
during acceleration. In this way the supercapacitors will provide power during
acceleration.

When braking, u1 will be negative. A possible feedforward can be G =
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γ(x)jx1r−1, since this will have the desired effect and decrease PGEN when
braking. Here γ(x) > 0 depends on the state and can be tuned to give the
system the desired behaviour. This gives the following proposal for a feedforward
mechanism:

G =
{

0, τPM ≥ 0
γ(x)jx1r−1, τPM < 0 (6)

Naturally, it must be evaluated how such a feedforward affects vehicle behaviour
and control, both in simulations and measurements. Introducing a switch of this
kind possibly results in undesired behaviour.

Vehicle
dynamics

DC-grid

u1 = τPM x1 = v

u2 PGEN x2 = VSCAP

F
VSCAP↪ref

-

G

+

Figure 7: The system with feedback and a feedforward mechanism.

5 Discussion and future work

A simple model of a series HEV has been presented and its dynamics has been
studied. A control for this system was presented along with a set of specification
that the control has to fulfill. Being a first proposal for a control of the system
it is not based on rigorous analysis and must be further investigated. The spec-
ifications proved useful since they provoked the introduction of a feedforward
mechanism in the system. The impact of this on fuel consumption has to be
evaluated as well as its possible consequences for vehicle performance.

Optimal control theory should be applied to the problem and the controller
suggested here should be benchmarked against these results. The optimization
problem in focus here is min

∫ T

0
PGENdt s.t. {system dynamics, τPM = f(t)}

and this should be studied in detail. The problem is thus: given a certain trans-
port task (a driver demanded torque), how should the system be controlled to
minimize the energy input from the generator? In this optimal control problem
T is fixed and τPM (t) can correspond to a bus route or similar. It is interesting
to see how the optimal control varies between different transport tasks. In this
way characteristics of a transport task that are essential for the system to be-
have optimally can be isolated, and thus the set of necessary a priori knowledge
about the transport task defined. This information can for example be an input
from the customer when purchasing a vehicle. The feedforward mechanism pro-
posed in this work can also be a parameter to be optimized and be adapted to
a particular transport task, or adjusted to give the vehicle other performance.

Another optimization problem is min
∫ T

0
Φ + Ψdt s.t. {system dynamics,

PGEN = f(t)}, where Φ is the fuel flow and Ψ is the flow of emissions. That
is, given a power demand, how should the combustion engine be controlled to
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deliver the power while minimizing fuel consumption and emissions? This is the
essence of specification 4. above, and should also be studied in detail in order
to exploit all possibilities for saving fuel.

An analytical analysis of the model proposed here is critical. Important
information can be obtained from linearizations of the system that is vital in
the control design.

A major future task is to validate the model using a more comprehensive
model or measurement data. Real life testing of control strategies should also
be done.
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Abstract—The work in this paper describes the development
of a tool for automatic generation of simplified vehicle models
where the dynamics describing transient behavior is replaced by
static relations. The basic idea is to simulate the dynamic model
at each one of a set of gridded values until steady state is reached.
The static relation is then stored as a map.

The simplified models are to be used in generation of optimal
control strategies for hybrid vehicle driveline where simulation
time needs to be reduced. When fuel consumption is regarded
steady state conditions are dominant and transients occur once
in a while. This motivates the use of a static map in optimization
routines.

The tool is designed in that way that the user specifies which
states should be replaced by static relations, and which should
be kept as states in the model. Typically, all states describing
transients when demanded torque is changed are removed, and
slow varying states, such as the state of charge of the battery
and the chosen gear, are kept.

Part of the work was to decrease the simulation time needed
for the map generation. Properties and bottlenecks of the tool
and the solution it produces are investigated.

Index Terms—model simplification, static map, transients,
CAPSim, powertrain, optimal control

I. INTRODUCTION

Testing new ideas and products in industry is usually costly,
time consuming and sometimes practically impossible. For this
reason automobile industry, among other industries, attempts
to create realistic vehicle models to readdress real-life test
scenarios into simulation environment. In order to meet the
behavior of the real-life systems, the simulation models are
being constantly extended and upgraded resulting in quite
complex models which require longer time for running a
simulation. Such vehicle models are included in CAPSim [1],
an interactive tool for forward simulation of fuel consumption
and performance of conventional and hybrid vehicles over
known driving cycle including road topology.

While CAPSim has many assets, it requires ample time for
running a simulation and depending on the driving cycle this
can take up to several minutes. Even though this time is not
very long for a stand-alone simulation, in optimization routines
where many simulations are to be repeated the required time
is much bigger and most often optimization cannot be applied
in practice at all.

The work in this paper proposes techniques for automatic
generation of simplified vehicle models which require much
smaller time (milliseconds) for running a simulation. The main
goal is to develop a tool which is going to be incorporated in
CAPSim, but can be applied on any vehicle model in general.

The simplified model is represented as a static map, generated
from the dynamic CAPSim models under steady state condi-
tions. The map is generated automatically by simulating the
CAPSim model at each one of a set of gridded values until
steady state is reached. The user only needs to select which
signals come as input and which states are stored.

The rest of the paper is outlined as follows: in Section
II the Center for Automotive Propulsion System and the
interactive simulation tool CAPSim is introduced; Section III
establishes the strongest attributes of the simplified vehicle
model and motivates the use of the static map; generation
of 1-dimensional static map is treated in Section IV; in
Section V N-dimensional map is investigated by using an
example of a 3-dimensional map. Techniques are discussed for
mimicking the dynamics of the complex models so that the
simulation performance is not significantly lost; in Section VI
improvements are proposed which can considerably decrease
the map generation time; the map performance and accuracy
is inspected in Section VII; the properties and bottlenecks of
the static map are concluded in Section VIII.

II. CAPSIM

The Center for Automotive Propulsion Simulation (CAP-
Sim) is financed from the Swedish government with purpose
to create a solid ground for the Swedish automotive industry
to cope with the future demands on less pollutant and energy
consuming vehicles. One of its objectives is to collect results
generated in projects dealing with issues related to fuel cells
and hybrid electric vehicles, in terms of mathematical models,
measurement and documentation as well as offering compe-
tence and knowledge within the area of vehicle simulation, for
both conventional and alternative powertrains [1]. CAPSim
was being considered as virtual center located on internet
(http://www.capsim.se) to enable easier exchange of models,
measurement data and ideas between researchers located at
different places within Sweden, see Figure 1.

As part of the CAPSim center, an interactive simulation
tool is developed also simply called CAPSim. The tool is
built in Matlab/Simulink and is based on forward facing
simulation with a tight integration of model files, datasets and
model documentation. It includes today’s concept models for
conventional vehicles, fuel cell vehicles and hybrid electric
vehicles with serial, parallel and power split configuration.
New concept models can easily be created from a set of
predefined template models. CAPSim can be used for simula-
tion of fuel consumption and performance of conventional and



Fig. 1: CAPSim collaboration with other research projects [1].

hybrid vehicles and parameter studies and analyses of different
vehicle components. Simulation in CAPSim involves vehicle
model, driver model and environment (driving cycle), Figure
2. The models and the data are accessed through a graphical
user interface (GUI), Figure 3..

Fig. 2: Simulation in CAPSim.

Fig. 3: CAPSim GUI.

III. LOOKUP MAPS

The main objective of this paper is development of simpli-
fied vehicle model which will require much shorter simu-
lation time compared to the complex dynamic models. The
time needed for model generation was also considered, but
was given lower priority. Strategies for decreasing the vehicle

model generation time are widely discussed by Schreiber and
Isermann [3].

The simplified model should be able to quickly give the
steady value of the desired output state under any combi-
nation of the known input signals and slow-varying states
by discarding the system dynamics. Such a straight forward
model representation is a static map, Figure 5. The map
is represented as N-dimensional array where the number of
dimensions is given by the number of input signals and slow-
varying states chosen by the user. The steady state output value
is then read by interpolation/extrapolation. For computational
simplicity each map cell holds only one value resulting in
separate static maps with the same dimensions for each output
state.

Another asset of the static map is that its simulation is
not strongly tied to the platform where the map is created.
For example, having the CAPSim vehicle model developed in
Matlab/Simulink constraints the map generation under Matlab,
but once the map is created it can be easily carried out for
evaluation (optimization) in any other development platform
based on C, C++, C#, Java etc.

An example of a 1-dimensional and a 3-dimensional static
map is given in Figure 4 and Figure 5 respectively. The 1-
dimensional static map produces the vehicle fuel-flow directly
from the reference velocity, while the 3-dimensional map
additionally requires traction power demand and selected gear.
The bigger the number of dimensions, the more accurate the
map is, the more memory it allocates and the more time it
requires for its generation. There is always a tradeoff between
these attributes and the number of dimensions depends on the
application.

Fig. 4: 1-dimensional static map.

Fig. 5: 3-dimensional static map.

There are four properties that ought to be provided before
the map is generated:

• A set of input signals which define the map dimensions.
• Step size (resolution) of each input signal. Note: gear has

fixed resolution of 1 unit.
• Simulated time needed for reaching steady state for any

step change in the input signal.



• A set of output states that will be stored in the map.

IV. GENERATION OF AN ONE-DIMENSIONAL STATIC MAP

The following example illustrates the generation of a plain
1-dimensional map with vehicle velocity as input, and fuel-
flow as output, Figure 4. A conventional CAPSim vehi-
cle model is considered with velocity range of [0:180]km/h
([0:50]m/s) and step size of 3.6km/h (1m/s). Two approaches
for the map generation are investigated:

• The CAPSim model is restarted after each step change
in the reference velocity, meaning that the vehicle always
starts from stand-still position (flowchart illustration of
the map generation is given in Figure 6).

• A driving cycle is generated containing gridded values of
the reference velocity (a stair function) and the CAPSim
model is simulated for all the gridded values at once,
Figure 7.

Fig. 6: The vehicle model is restarted after each change in reference
velocity.

Fig. 7: The static map is generated with only one simulation.

The following work in this paper uses only the second
approach for map generation. The first approach is worse
in the sense that the vehicle model requires much longer
simulation time for reaching steady state per velocity step
change, especially when high velocity values are simulated.
The situation is depicted in Figure 8. Defining the simulated
time for reaching steady state as a function of the reference
velocity, fSS(v), the minimum simulated time needed for
generating the map with velocity range of [0:50]m/s and
velocity resolution of 1m/s is estimated as:

Trestarts =
∫ 50

0

fSS(v)dv ≈
50∑
0

fSS(v) = 2076.8[s] (1)

Note: the simulated time corresponds to the time of the
driving cycle (400s for the driving cycle in Figure 10), while
the simulation time stands for the time the computer needs
to simulate the driving cycle (3.95s for the driving cycle
in Figure 10, see the results in Table I). The goal is to
shorten the simulation time, which corresponds to shortening
the simulated time.

The second approach generates the static map by only one
simulation. The vehicle model starts from stand-still position

only at the beginning of the simulation and then tries to follow
a stair-like reference velocity, Figure 9. This example uses
fixed simulated time of 10s per velocity step size of 1m/s
which is just enough for reaching steady fuel-flow for all
velocities. Then the fuel-flow is measured at the end of each
step, Figure 9. The overall simulated time needed for the map
generation is not optimal, T = 50× 10 = 500s but still much
shorter than the simulated time needed when the first approach
was used, Equation 1.

Fig. 8: Simulated time for reaching steady state when the vehicle
model starts from stand-still after each change in reference velocity.

Fig. 9: Stair-like reference velocity (the left vertical axis) and the ve-
hicle fuel-flow response (right axis). The stars indicate the simulated
time when the steady fuel-flow is measured.

In Figure 10 the fuel-flow response is given over the Extra
Urban driving cycle from both, the vehicle model and the static
map when generated with velocity resolution of 1, 2 and 5m/s.
Denoting the actual fuel consumption from the vehicle model
as fa and the estimated fuel consumption from the static map
as fe the relative error can be expressed as:

δ =
|fa − fe|
|fa| × 100[%] (2)

The relative error for velocity resolution of v = [1, 2, 5]m/s
was estimated as δ = [12, 14.87, 27.15]% respectively. There
are several points that can be concluded from these results:

• The higher the resolution of the input signals, the better
the fit between the model and the static map outputs.



• Discrepancies still exist under steady state conditions no
matter how fine the resolution of the input signal is.

The second point is depicted in the shaded regions of Figure
10. One reason that can cause this problem is that the gear
selector chooses different gear for the same reference velocity
depending on whether the vehicle accelerates or decelerates.
When the 1-dimensional map is built, the stair function
(dashed line in Figure 9) is generated in only one direction,
i.e. the vehicle accelerates step-wise from 0 to 50m/s, causing
the map to act as exactly one gear corresponds to one velocity
value. The problem could be solved by introducing gear as
second dimension in a 2-dimensional map.

Fig. 10: Fuel-flow response from the vehicle model and the static
map with resolution of 1, 2 and 5m/s. The shaded regions show
discrepancies between the map and the vehicle model in steady state
conditions.

V. GENERATION OF AN N-DIMENSIONAL STATIC MAP

The accuracy of the static map can significantly be improved
by increasing its dimensionality. The map is then stored as N-
dimensional array and an example of a 3-dimensional (3D)
map is given in Figure 5. The time needed for the map
generation is now becoming an issue, because of the vast
number of combinations between the map inputs that need
to be investigated. In fact, the total number of combinations
for N dimensions can be computed as:

CN =
N∏

i=1

(
simax

− simin

∆si
+ 1) (3)

where simax
, simin

stand for the boundaries in which the
input signal si varies and ∆si is the step size (resolution)
of the input signal. Then, the total simulated time for the map
generation can be computed as:

TN =
N∑

j=1

(Cj∆tj) (4)

where Cj is defined in Equation 3 and ∆tj stands for the sim-
ulated time needed for reaching steady state per step change
of the sj input signal. The following example illustrates the
generation of a 3D static map with gear, velocity and power
demand as input signals and fuel-flow as output, Figure 5.

The gridded input signals used for generating the map are
given in Figure 11. The step size (resolution) for the input
signals, gear, velocity and power demand is 1, 1m/s and 500W
respectively. The longitudinal dynamics of a road vehicle are
described through the following elementary equation [2]:

Ptraction = (mv̇ + Fa(t) + Fr(t) + Fg(t) + Fd(t))v (5)

Fg = mg sin(α) (6)

where m is the vehicle mass, v the vehicle speed, Fa the
aerodynamic friction, Fr the rolling friction, Fg the gravity
force, α the slope of the road and Fd the disturbance force
that summarizes all other not yet specified effects. During
the map generation, the retarding forces Fa and Fr and the
disturbance force Fd are disconnected and under stationary
conditions the term mv̇ disappears giving the opportunity to
pass on the demanding traction power as a function of the
road slope α. The reference gear is set by the manual gear
selector. Note: an interaction with the vehicle model may be
needed for removing constraining thresholds which can stop
the simulation, for example high vehicle velocities in first gear,
maximum engine torque limit, etc. Vehicle mass reduction as a
result of the consumed fuel should be excluded and the vehicle
should never get out of fuel while the simulation is running.
The map is validated according to the concept model given in

Fig. 11: Gridded input signals used for generating a 3D map.

Figure 12. If the demanded power and gear are not explicitly
given in the driving cycle they can be computed as a function
of the vehicle velocity and the road topology (the dashed
lines in Figure 12). However, depending on the problem in
which the map is used, one can feed back the actual traction
power and gear change in the static map, once found from the
vehicle model over given driving cycle, thus mimicking some
transient information. For example this approach can be used
for obtaining optimal torque split strategies in hybrid electric
vehicles where the gear selection and the cumulative traction
power are almost not affected when the control strategy is
altered.

VI. IMPROVING THE MAP GENERATION TIME

For the sake of simplicity, the static map is saved as an
N-dimensional array, Figure 5. This enables much easier
manipulation in many mathematical operations. However, not
all cells in the map are visited during the map simulation,



Fig. 12: Simulation of the static map with mimicked powertrain
dynamics.

so there is no need of including them in the map generation
at all. The situation is depicted in Figure 13. Consider
2-dimensional map with gear and velocity chosen as map
dimensions. According to the gear selector in the CAPSim
conventional vehicle a gear is switched on when the vehicle
velocity goes over predefined threshold and it is switched off
when the velocity decreases beneath other threshold value.
The vertical lines in Figure 13 correspond to the possible
velocities per selected gear. All other values in the shaded
area in Figure 13 can never occur, resulting in more than 80%
speedup (for this specific example) in the map generation. The

Fig. 13: Maximum and minimum velocity per gear. The shadowed
areas are not are not visited during map simulations.

map generation time can be further improved by introducing
variable time for reaching steady state. Consider the example
stated in Section IV where 1-dimensional map is discussed
with vehicle velocity as input. The example used step size of
3.6km/h and fixed simulated time for reaching steady state, and
it was stated that 10s is just enough for any velocity value.
It can be noticed in Figure 14 that low velocities require
much shorter time for reaching steady state and knowing
this information a priory could significantly improve the map
generation time. The simulated time for reaching steady state
per vehicle velocity is stored in a lookup table and it is later
used for the map generation. Moreover, the time for reaching
steady state is shorter for smaller velocity step sizes and
this supplements the map accuracy. An ad hoc solution for
detection of steady state is given in Figure 15. The vehicle
model is first simulated with a velocity stair function (the
dashed line in Figure 15). Then, a window is defined Ws

which starts at each time when the step begins and then glides
through the fuel-flow response ff until the following condition

Fig. 14: Simulated time for reaching steady state per velocity.
Different velocity step sizes are considered.

is satisfied:
1
s

s∑
0

|Ws(τ)|dτ < ε (7)

where s is the windows size, ε is a very small number and:

Ws(τ) =

{
ff (τ)− µs if t− s < τ ≤ t,
0 otherwise

(8)

where t is the simulated time and µs is the mean of ff in the
interval (t − s, t]. The values for s and ε are found by trial
and error and those used for finding the steady state in Figure
15 are s = 0.1s simulated time and ε = 0.1mg of fuel.

Fig. 15: Variable simulated time for reaching steady state.

VII. RESULTS

Running the static map in a simulation is simply doing
N-dimensional interpolation. The simulation time, as one of
the major assets of the static map depends mainly on the
interpolation routine and certainly on the chosen driving cycle.
In this work interpolation procedures from Matlab are used
such as interp1 for 1-dimensional maps and interpn for higher
dimensions. As can be seen in Table I there is evident gain
in simulation time between the CAPSim vehicle model and
the static map. In contrary to the CAPSim simulation where
the sampling interval must be kept relatively small to avoid
singularity in the solution, the static map sampling interval
can be increased 10-100 times without significant loss in map



accuracy resulting in much faster simulation. For example, the
map simulation over the New European Driving Cycle with
sampling interval of ∆t = 0.5s needed approximately 0.019s
which is 800 times faster than the CAPSim vehicle model. The
overall simulation time of the map can be further increased
by incorporating custom, faster routines for interpolation. The
map accuracy is investigated according to Equation 2 via
the procedure given in Figure 12. The results are given
in Table I, while the fuel-flow response is given in Figure
16. It can be noticed (Table I) that the 3-dimensional map
is significantly more accurate than the 1-dimensional map.
However this is not surprising since the same power demand
and gear selection from the vehicle model are also used for
the map validation, Figure 12.. Nevertheless it is interesting
to note that the map does not lose much in accuracy even
when 100 times bigger sampling interval than CAPSim’s is
used. The discrepancies shaded in Figure 16 originated from
the bad clutch operation in CAPSim which caused unrealistic
peaks in the vehicle traction power, Figure 17. Fixing the
CAPSim clutch operation will result in more accurate static
maps.

Driving cycle EUDC NEDC

Sampling interval t = 0.005s:

Simulation time (CAPSim) 3.95s 15.2s
Simulation time (map) 0.28s 0.5s
Relative error 0.33% 0.36%

Sampling interval t = 0.5s:

Simulation time (map) 0.016s 0.019s
Relative error 0.52% 0.75%

TABLE I: Simulation time and accuracy of the static map compared
to the CAPSim vehicle model over the Extra Urban Driving Cycle
(EUDC) and New European Driving Cycle (NEDC).

VIII. CONCLUSION AND FUTURE WORK

The idea behind the static map generation is driven by
one big requirement, much faster vehicle simulation. Indeed,
the results in this paper show that there is very big gain in
simulation time which acquits to some extent the usage of
the static map. Another advantage of the static map is that
it is not strongly tied to the development platform in which
the map is generated giving the opportunity to carry out the
map simulation in some faster or more desirable programming
language.

Implementing a tool for automatic map simplification is
seen as an intermediate step for allowing optimization on the
complex dynamic models. The generality of the tool is based
on the ability of implementing it on many vehicle models.
However, the map generation requires very close interaction
with the dynamic vehicle model, meaning that the model
should be subject to modifications so that the simulation
does not crushes/stops while the map is being generated. The
tool may also suffer modifications when applied on different
vehicle models and this disagrees with its generality. Another

Fig. 16: Fuel-flow response from the vehicle model and a static map
with sampling interval of 0.005 and 0.5s.The shaded regions show
discrepancies originated from clutch operation problems in CAPSim;
a) Extra Urban Driving Cycle; b) New European Driving Cycle.

Fig. 17: Unrealistic peaks in traction power generated from the
CAPSim vehicle model; a) Extra Urban Driving Cycle; b) New
European Driving Cycle.

problem arises when slow varying states are being used as
map inputs. In this case the state should be kept fixed while
the other inputs are varied. This cannot be easily accomplished
in many situations, or it is application dependent thus making



the automatic model simplification cumbersome.
Without vehicle dynamics, utilizing the map in simulations

is quite peculiar. Depending on the simulation/optimization
problem, mimicking of the vehicle dynamics can be used as
was presented in Figure 12 which will result in rather accurate
maps. However in most of the applications the map will
produce impractical response without partially implementing
vehicle dynamics or constraining the signals by some means.
For example, if gear selection over a driving cycle is being
optimized, the map may result in a number of gear changes
in unrealistically short time. The problem could be solved by
either introducing vehicle dynamics or with constraints which
punish the rapid gear changes. The improvement originated
from the optimal control strategy produced by a static map
may be much smaller than the improvement attained when
the same strategy is implemented on the actual vehicle model.
Nevertheless the outcome is justifiable as long as it produces
better results.

Extending the map to quasi-static vehicle model by includ-
ing transient information under accelerating/decelerating con-
ditions [4] will result in more accurate simulations. Alternative
methods for creating simplified vehicle models which preserve
the simulation performance are considered by Fröberg and
Nielsen [5] and Fröberg [6]. Their original idea is based on in-
verse dynamic simulation which combines the fast simulation
time of the quasi-static simulation with the ability of including
transient dynamics from the highly accurate forward dynamics
simulation. Hayat, Lebrun and Domingues [7] on the other
hand simplify vehicle models by applying order reduction
algorithm. There is big expectation in these methods and are
considered as a topic of future investigation.
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Gearbox systems mathematical modelling and computer simulation for fault detection
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Abstract
The paper deals with mathematical modelling and computer simulation of gearbox driving 
systems with a signal and double stage cylindrical, and planetary gearbox with torsional and 
torsional and lateral vibration   Mathematical modelling and computer simulations are used 
for supporting diagnostic inference. Vibration is thought as a signal of gear condition. It is 
stressed that to vibration generated by  the gear have influence many factors. These factors are 
divided into four groups: design, production technology, operational, condition change. The 
condition change of a gearbox is given by gear faults that are divided as local faults as a tooth 
crack or breakage or distributed faults as pitting, scuffing, erosion. The faults are modelled in 
the case of a crack as a change of tooth stiffness in the case of distributed faults is given 
multi-parameter function. Simulated signals are undertaken the signal analysis by spectrum, 
cepstrum, time-frequency spectrogram, demodulation and load yielding characteristic. It has 
been shown by computer simulation that local and distributed faults are identified by 
cepstrum. For explicit  fault identification time-frequency  spectrogram has to be additionally 
used. The computer simulation results are confirmed by  analysis of measured vibration 
signals received from a gearbox housing. Some of the mentioned issues are going be shown 
during the paper presentation and are not included into the paper. 

1. Introduction 

The paper gives the description of gearbox models, which may  be used after mathematical 
formulation of equations of motion and computer coding for the simulation of faults. The 
models shows the complete systems. There is considered the system with one stage 
cylindrical gearbox in which a driving motor, damping coupling and driven machine is taking 
into consideration. To the complete systems are separately included a one stage, double stage 
gearbox, one stage or two stage planetary gearbox.  

2. One stage gearbox physical and mathematical model

Fig.1 shows models of the system with one stage gearbox, where the model Fig.1a) is 
equivalent for torsional vibration description and Fig.1b)  torsional and lateral vibration are 
taken into consideration. 
a)                                                                    b)



Fig.1a) System with one-stage gearbox for modelling torsional vibration 
Fig.1b) Gearbox system, with eight degrees of freedom modelling torsional and lateral 
vibration 

Details for modelling and computer simulation for a system with one stage gearbox are given 
in [1] to [3].

3. System with two stage gearbox modelling

For the models equation of motion can be written. More detail description is given for the 
system with a two stage gearbox, which is given in Fig.2, in which torsional vibration is 
considered.

Fig. 2. Two-stage gearing system with six torsional degrees of freedom, electric motor 

moment Ms( 1) and external load moment Mr; system consists of: rotor inertia Is, first stage 

gear inertias I1p, I2p, second stage gear inertias I3p, I4p, driven machine inertia Im, gearing 
stiffness kz1, kz2 and damping Cz1, Cz12, gearing stiffness forces F1, F2 and damping forces F1t, 
F2t, first shaft internal moments M1; M1t (M1t coupling damping moment), shaft stiffness k1, 
k2, k3 and second and third shaft internal moments M2 and M3.

If the model shown in Fig. 2 is to be used for computer simulations, it needs to be written as 
equations of motion [4]. The physical motion quantities shown in Fig. 2, expressing design 
and operation factors, are included in the equations. The design and operation factors are 



represented by  electric motor moment Ms( 1) and external load moment Mr. The system 

consists of: rotor inertia Is, first  stage gear inertias I1p, I2p, second stage gear inertias I3p, I4p, 
driven machine inertia Im, gearing stiffnesses kz1, kz2 and dampings Cz1, Cz12, internal forces 
F1, F2, and damping internal forces F1t, F2t, first shaft internal moments M1; M1t (M1t – a 
coupling damping moment), shaft stiffnesses k1, k2, k3 and second and third shaft  internal 
moments M2 and M3  The design and operation factors are described by expressions  (1) - (5).
F1 =kz1(aux1,g1)(max(r1 2-r2 3-lu1+E(aux1,a,e,ra,re),

min(r1 2- r2 3 +lu+E(aux1,a,e,ra,rb),0)))               (1)

F2 =kz2(aux2,g2)(max(r2 4-r4 5-lu2+E(aux2,a,e,rare),

min(r2 4 – r4 5 +lu+E(aux2,a,e,ra,re),0)))             (2)

aux1=frac( 2z1/(2π))                                               (3) 

aux2=frac( 4z3/(2π))                                               (4)                                        

In expressions (1) and (2), functions kz1(aux1,g1) and kz2(aux2,g2) have different g values. 
Stiffness functions kz1(aux1,g1) and kz2(aux2,g2) and error functions E(aux1,a,e,ra,re,) and 
E(aux2,a,e,ra,re) have different values of parameters a, e, ra,re. Using the parameters one can 
describe imperfections in the form of dimension and shape deviations. The functions can also 
be used to describe distributed faults. Taking into account wheel eccentricities (shape 
deviations), error function E(aux,a,e,ra,re) should be replaced by
Eb1=E(aux,a,e,ra,re)+b1sin( 2)+b2sin( 3)             (5)

Eb2 = E(aux,a,e, ,ra,re) + b1sin( 4) + b2sin( 5)

where:
 b1, b2, b3, b4,wheel eccentricities [m],
  2, 3,, 4, 5, rotation angles [rad],

 lu1, lu2, intertooth backlash.
Functions max and min in (1) and (2) are defined as follows
min(a,b) for which  if a<b then min=a else min=b                
max(a,b) for which if a>b then max=a else min=b.

The angle corresponding to the meshing period is
p=2ππ/z1                                                                (6) 

where:
p – an angle corresponding to one meshing period, rad;

z1 or z3 – the number of driving gear teeth.
The place of contact in terms of relative length (0-1) is defined as
frac(φφ/ p)=aux                                                        (7)
where:
 frac – the fraction part of ratio φφ/ p,
 aux –  a variable in a range of 0-1 (the relative place of tooth contact),
 φφ–  the wheel’s complete angle of rotation [radians].
The damping forces are defined as follows

F1t = Cz (r1 2 - r2 3)                                      (8)



F2t = Cz (r1 4 - r2 5)

Damping coefficient Cz describes the lubricating oil’s damping properties.

In general, , ,  stand respectively  for rotation angle, angular velocity  and angular 

acceleration; Ms( ) is the electric motor driving moment characteristic; M1, M2, M3 – internal 

moments transmitted by the shaft stiffness, depending on the operation factors; Is, Im – 
moments of inertia for the electric motor and the driven machine, depending on the design 
factors. The other design and operation factors are as follows: M1t – the coupling’s damping 
moment; C1 – the coupling’s damping coefficient; F1, F1t, F2, F2t – respectively stiffness and 
damping intertooth forces; k1, k2, k3 – shaft stiffnesses; Mzt11, Mzt12 Mzt21, Mzt22 – intertooth 
moments of friction, Mzt11 = T1 11; Mzt12 = T1 12, Mzt21 = T2 21; Mzt22 = T2 22, where T1, 

T2 are intertooth friction forces, determines the place of action of the friction forces along 

the line of action; r1, r2, r3, r4 – gear base radii. For a given pair of teeth the value of the error 
is random and it can be expressed as

e(random) = [1- re(1 - li)]e                                   (9)
where:
 e – the maximum error value;
 re – an error scope coefficient, range (0 - 1);
 li – a random value, range (0 - 1).
Hence the value of e in error characteristic (error mode) E(a,e,re) is replaced by e(random). 
The value of a has a range of (0 - 1), and it  indicates the position of the maximum error value 
on the line of action. It can also be randomised by the equation
a(random) = [1- ra(1 - li)]a                                 (10)
where:
a –  the relative place of the maximum error, range (0 –1);
 ra – a relative place scope coefficient, range (0 - 1);
 li – a random value, range (0 - 1).
Hence the value of a in error characteristic (error mode) E(a,e,ra) is replaced by a(random).
The above background to gearbox modelling gives one an idea of the influence of the 
different design and operation factors on the vibration generated by gearboxes.

4. Systems with one stage and two stage planetary gearbox modelling

First step to planetary gearbox dynamic modelling is given for the system presented in Fig.3. 
The system consists of an electric motor/engine with a rotor inertia Is[Nm2] and a damping 
coupling with its inertia parts Isp1 and Isp2 and stiffness and damping properties ks[Nm/rad] 
Cs[Nms/rad]. The joining shafts have stiffness: k1, k2, k3[Nm/rad]. A planetary  gearbox 
consists of 3 gears with radiuses r1, r2, r3[m]. The planetary gearbox has 3 satellites presented 
in Fig.3.  More details are given in Fig.3 and 4. The rotation and lateral motion is considered 
and is described by rotation motion by  variables 1 to 9[rad] and lateral motion by variables 

x10 ,y11[m].



Fig.3 Planetary gearbox system

Fig.4 Planetary gearbox system cross-section view
 
To describe the dynamic motion of the system given in Fig.3 and 4 equations of motion 
according to the second Newton’s law should be written and all additional the design and 
operation, change of condition factors should be included as it is given for the system with a 
two stage gearbox  
Two stage planetary gearbox is given in Fig.5. Cross section of the first planetary gearbox is 
given as in Fig.4, for the second planetary gearbox  in Fig.6.

Fig.5 System with two planetary gearboxes 



Fig.6  Cross section of second stage

5. Some results of computer simulations

The results of computer simulations were compared with the results obtained from laboratory 
tests [8]. The results obtained by Rettig [8] are shown in Fig.7.

Fig.7. Inter-tooth force measurements at over resonance, under resonance and resonance, F(t) 
– current inter-tooth force value, F – constant rated inter-tooth force value, according to [8].

A dynamic factor is presented as ratio Kd  =  F(t)/F, in % of length, along the line of action, 
where F(t) – current inter-tooth force, F – constant, rated inter-tooth force. A gear system may 
run under resonance, at resonance and over resonance. The gear system operates at resonance 
when the gearing’s meshing frequency is equal to its natural frequency. One can easily notice 
similarities between the measurements and the computer simulation results for the under-
resonance run more is given in [3]. 

                



Fig.8 a) Plot of Kd for error mode E(0.5, 12, 0.3), damping coefficient C1 = 0
b) Plot of Kd for error mode E(0.5, 15, 0.3), damping coefficient C1 = 0
c) Plot of Kd for error mode E(0.5, 15, 0.3), damping coefficient C1 = 1000
d) Plot of Kd for error mode E(0.5, 20, 0.3), damping coefficient C1 = 1000
e) Plot of Kd for error mode E(0.5, 20, 0.15), damping  coefficient C1 = 1000
f) Plot of Kd for error mode E(0.1, 20, 0.3), damping coefficient C1 = 1000 [3]

Fig.8a) shows period (1) in which gear rotation increases from 0 to 107rad/s. No 
external load is applied to the gearbox system; the gearbox system is loaded only  by the 
system’s inertia forces. In period (2) the gearbox system runs without any  load. In period (3) 
the external load increases from 0 to the rated load. In period (4) the gearbox system runs 
under an external stable rated load. In the present paper, period (4) of the gearbox system run 
is the focus of attention. In conditions when the error mode is given by E(0.5, 12, 0.3) and C1 
= 0. If the error mode is changed to E(0.5, 15, 0.3) and C1 = 0 the running of the gearbox 
system will be unstable, as shown in Fig.8b, for a constant rated speed and a constant external 
load. Bearing in mind that the coupling damping coefficient has an influence on the gearbox 
system’s dynamics, the plot of Kd for a run at  E(0.5, 15, 0.3) and Cs = 1000 Nms will be like 
that shown in Fig. 8c. The plots for gearing conditions described by E(0.5, 20, 0.3), E(0.5, 20, 
0.15) and C1 = 1000Nms are shown in Fig.6d and e. The gearbox system runs then with slight 
instability: Kd = 2.4 and 2.3. If parameter a is decreased from 0.5 to 0.1 at error mode E(0.1, 
20, 0.3) and C1 = 1000Nms, the plot  of factor Kd is like that shown in Fig.8f, where dynamic 
factor Kd = 4.7. If parameter e is increased further, the value of the dynamic factor does not 
change.

Conclusions

In the paper are given physical models of systems in which gearboxes are included. For the 
system which includes a double stage gearbox more detailed analysis is presented, which 
shows principles of gearbox systems modelling. The presented results shows that gearboxes 
should be modelled when they are incorporated into whole diving system, which includes an 
electric motor, damping couple, driven machine.
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Physics-based Modeling and Control of
HCCI Engines

Anders Widd∗, Per Tunestål, and Rolf Johansson

Abstract
Due to the possibility of increased efficiency and reduced emissions,

Homogeneous Charge Compression Ignition (HCCI) is a promising al-
ternative to conventional internal combustion engines. Since ignition
timing in HCCI is highly sensitive to operating conditions and lacks di-
rect actuation, it is a challenging subject for closed-loop control. This
paper presents results on model-based control of ignition timing and
work output using a cycle-resolved physical model incorporating cylinder
wall temperature dynamics. The model is based on first principles and
empirical relationships. The model was used to design model predictive
controllers able to simultaneously control the indicated mean effective
pressure and the combustion phasing. The control signals were inlet
valve closing and intake temperature.

Homogeneous Charge Compression Ignition (HCCI) is a promising alter-
native to conventional internal combustion engines due to the possibility of
increased efficiency and reduced emissions. A great challenge with HCCI is
controlling the combustion phasing, mainly due to the lack of direct actua-
tion. Ignition timing in HCCI engines is determined by several factors; the
auto-ignition properties of the air-fuel mixture, the intake temperature, the
amount of residual gases in the cylinder, etc. Several possible control signals
have been evaluated [2], such as variable valve timing, intake temperature,
and the amount of residuals trapped in the cylinder to name a few. Heat
transfer effects between the in-cylinder charge and the cylinder walls is an
important effect for explaining HCCI cycle-to-cycle behaviour [3]. However,
many modeling approaches for control only consider heat transfer from the
gases to the walls and assume a fixed cylinder wall temperature [2].

The model used in this work is an extension of the model in [4] since
it uses the same basic formulation with the addition of cylinder wall tem-
perature dynamics and a few modifications. The outputs were chosen to be
Indicated Mean Effective Pressure (IM EPn) and the crank angle of 50%
burnt (θ50). This choice is motivated by the fact that IM EPn relates to the
work output of the engine and that θ50 has been shown to be a robust in-
dicator of combustion phasing [1]. The inputs are the intake temperature
(Tin) and the crank angle of inlet valve closing (θ IV C).

∗Corresponding author. anders.widd@control.lth.se
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Model predictive controllers have been designed based on a linearized
version of the model and evaluated in simulation. Figure 1 shows the re-
sponse to a series of step changes in the set points. The controller manages
to follow the reference trajectory for both outputs. There are some transients
in θ50 during the step changes in IM EPn. This can reduced by further tun-
ing of the controller, but also through the use of a linear parameter varying
model representation.

The intake temperature is used as control signal. However, the temper-
ature can not be altered arbitrarily fast. This is evident in Figure 2, which
shows the response to a change in the desired intake temperature. Also
shown is the first-order system used to approximate the dynamics of the
heater. The performance of the nominal controller deteriorates drastically
when the heater dynamics are included. An extended model formulation is
introduced to design controllers that compensate for this. Figure 3 shows
the response using controllers based on the extended model and controllers
based on the nominal model. In order to obtain reasonable tracking of θ50
using controllers based on the nominal model, the penalty on tracking error
of IM EPn had to be reduced, which yields a very slow response.
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Figure 1: Simulated IM EPn, θ50, and control signals for the nominal model
predictive controller.
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Figure 2: Measured and simulated response to a step change in the desired
intake temperature. Measurement data by courtesy of M. Karlsson.
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Figure 3: Simulated IM EPn, θ50, and control signals for the nominal model
predictive controller and the controller based on the extended model.
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On the Design of Cooperative Road
Infrastructure Systems

Wolfgang Birk†? and Evgeny Osipov†

Abstract— This paper discusses the design of cooperative road
infrastructure systems for infrastructure-based driving support
functions. The background of such systems is mapped out and it
is shown that there is a need for a cross disciplinary approach.
Using an example of a support function, namely the overtaking
support, it is shown that such a system is feasible. The different
challenges and technological problems that are identified are
given and the future work is indicated.

I. INTRODUCTION

Fatality in road traffic is the dominating cause for non-
natural human death in our societies, [1]. These accidents are
the main cause of death in the under 45 age group and cause
more deaths than heart disease or cancer in that group. There,
an annual cost to society by all traffic accidents is estimated
to exceed 160 billion Euro a year, which corresponds to 2%
of EU GNP, [1]. Adding cost for general traffic problems in
the EU, i.e. traffic jams, yields a cost to society of 3% of the
EU GNP. Similar figures for the USA can be derived from,
[2].

Hence sustainable and safe transport solutions, which do
not interfere with our need of being mobile, are needed. Intel-
ligent Transport Systems (ITS) are a technological response
to the problem and traditionally, there are two approaches:
Infrastructure-centric and vehicle-centric. The infrastructure-
centric approach focuses on traffic management and safer
roads, while the vehicles centric view focuses on more con-
venient vehicles with increased passenger safety, security and
protection. Clearly, those two approaches go hand in hand.

Thus, a recent trend is to develop an integrated ITS approach
where the road users, i.e. vehicles and the road infrastructure
cooperate. There are many initiatives of the European Com-
mission that focus around e-Safety, e.g. ongoing European
research projects are [3], [4], [5]. Beside these efforts there
is still an open question: Where to put the intelligence and
why?

Current research efforts indicate that there is a need for road
side units and vehicles that have long range communication,
advanced sensing and high processing capabilities. Usually
this comes with high energy consumption and large investment
costs for both infrastructure and vehicles owners.

In this paper we suggest and discuss a different approach
which we call cooperative road infrastructure system (CRIS).
Recent advances in wireless sensor networks, [6], [7] and low
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power highly integrated electronics [8], [9] enable the design
of small autonomous units that create a collective alongside the
infrastructure. These units have sensing, processing and wire-
less communication capabilities and do not rely on an external
power supply. We conjecture that this approach yields high
precision sensing, redundancy, robustness and autonomous
functionalities.

Moreover, we advocate the need for cross disciplinary re-
search on the intersection of automatic control, communication
architecture and network protocols, and hardware and software
for embedded systems.

The paper is organised as follows. First a CRIS is described
with its components, followed by an illustrative example
of a support function implemented as a CRIS. After the
assessment of the example, the identified research challenges
and technological problems are discussed. We conclude with
a summary.

II. COOPERATIVE ROAD INFRASTRUCTURE SYSTEM

As the term already indicates there are intelligent elements
deployed in the road infrastructure. Schematically, the CRIS
architecture is shown in Fig. 1 and Fig. 2. The intelligent
elements, further on referred to as road marking units (RMU),
are integrated in road marking of next generation1. The
schematic and the major scale characteristics of new markings
[11] are also shown in the figure. The CRIS RMU, therefore
is a combination of the next generatio road marking and
electronics with associated software implementing the CRIS
functionality. The architecture of the CRIS is illustrated by the
hatched square in Figure 1. It consists of the following blocks:
sensors, actuators, processing module, radio communication
module and energy supply block. Thus, CRIS architecture may
sense environmental information communicate to other RMU
and distributively implement different applications.

In this article, we focus on a CRIS that communicate
information on both low and high level. Low level information
can be real-time sensor measurements like acceleration or
temperature, and high level information can be collected
sensor measurement, estimated information and decisions. The
latter is very application oriented and depends on the purpose
of the CRIS. The Intelligent Road MArking project (IRMA)
at Luleå University of Technology develops an architecture for
infrastructure based driving support functions.

It is important to note that the technological filling to the
functional blocks of CRIS architecture is already available

1Here we refer to recent developments in road marking technology. In
particular, according to studies of the economical efficiency of the marking
process performed by GEVEKO [10] it is cheaper to use pre-fabricated
thermally applicable polymeric plates instead of painting with colors.
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Fig. 1. Principal architecture for a CRIS. Broken arrows indicate radio communication and block arrows indicate internal data communication

Fig. 2. Principal architecture for a CRIS. Broken arrows indicate radio
communication and block arrows indicate internal data communication

as separate pieces on the market. In order to understand
the design challenges and the boundary performance of the
CRIS application in the following subsections we outline a
possible technical content of the CRIS blocks selected from
the available off-the-shelf products.

A. Microcontrollers

Along the recent development lines 8-bit and 16-bit micro-
controllers show the best performance with respect to energy
efficiency to processing power ratio. The available on the
market low power sensor platforms are based on two types of
microprocessors: the 8-bit ATmega128L [9] micro controller
from ATMEL and the 16-bit MSP430 family [21] from Texas
Instruments. The first microprocessor is equipped with 128 kB
flash code memory, 4 kB EEPROM data memory and 4 kB
RAM. The MSP430 processor has 48 kB flash code memory,
256 bytes flash data memory and 10 kB RAM. An important
note to make here is the scarcity of computational resources
that implies hard requirements on the complexity of software
developed for those low power devices. Amongst the most
popular low-power microcontrollers MSP430 offers the best
power consumption to computation capabilities ratio.

B. Sensors and actuators

In CRIS applications we are mainly interested in detecting
a vehicle presence on the road, lane changing events and
road friction condition. These phenomena can be captured
by light, temperature, relative humidity, acceleration, and
vibration sensors supplying their measurements for further
processing in either digital or analog (via an analog-to-digital

converter) form. The actuators used in the RMU are low
power LEDs of different colors [11]. Sensors and actuators
themselves do not consume much energy while in the active
mode, however starting them up and computing the results
contribute to various system delays.

C. Communication unit

Most of the existing wireless sensor nodes use single chip
transceivers. The two most popular radio chip families are
CC1000 [6] and CC2420 [7] both from Texas Instruments.
The first class of radio transceivers operate in 433 MHz or 868
MHz band while CC2420 radios implement 2.4 GHz ZigBee
standard. The ZigBee compliant CC2420 devices transmit data
with 250 kbit/s data rate while CC1000 chips allow data rates
in the range 38.4 to 76.8 kbit/s depending on the encoding
scheme on the physical level. We have to point out that
operating in this bandwidth the transceivers have to be placed
on the line-of-sight. Communications are extremely sensitive
to radio interferences.

D. Energy supplies

CRIS RMUs use a combined energy source consisting of
thin plate with solar cells and a Polymer Lithium rechargeable
battery from VARTA with capacity up to 1000 mAh. It is
important to note that being deployed on the road surface CRIS
RMUs are subjects to natural soiling by mud, snow, water
etc. This implies that RMUs should operate only on batteries
for long periods of time. The energy efficient CRIS operation
when sensing, processing and communicating information is
therefore a serious design issue.

III. EXAMPLE: OVERTAKING SUPPORT

In order to get a better understanding of the requirements
and boundary conditions for a CRIS, we will use an example
for a potential driving support function.

Overtaking of slower vehicles on single-lane highways,
rural roads or occasions where a multi-lane highways merges
to fewer lanes creates a potential hazard for the passengers
when there is oncoming traffic or a hinder. The consequence
could be a head-on collision or a collision with a fixed
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Fig. 3. Typical overtaking scenario on rural roads and one lane highways.
Vehicle V1 overtakes vehicle V2 while there is an oncoming vehicle V3. LC-1
and LC-2 indicate the two lane change phases, O represents the overtaking
phase and WB indicates the warning boundary.

object. Preventive safety function for passenger vehicles that
address these types of accidents are already proposed and are
under development, see [12], [13] and [14]. Despite their low
occurrence rate compared to other accidents, these accidents
have a high risk for a fatal outcome, [2].

Moreover, the overtaking scenario puts high performance
requirements on the support function. This is simply due to
the high relative velocities that occur in the scenario which
are associated with the necessity for long range sensing
capabilities.

A. Function description

In Fig. 3 an overtaking scenario is depicted. The overtaking
itself consists of four phases. First, the driver is taking the
decision that he or she wants to overtake the lead vehicle V2

and that it should be possible without putting other road users
at risk. Second, the first lane change occurs, denoted LC-1.
Third, the vehicle V1 passes the lead vehicle V2 on the opposite
lane, denoted O. Fourth, the overtaking is completed by the
second lane change back into the original lane of the vehicle,
denoted LC-2.

Before a driver starts to overtake he or she assesses the
forward environment on risks, like oncoming traffic. This
assessment has to consider the future behavior of three vehicles
in relation to each other, i.e. range, relative velocity and
acceleration of the pairs (V1, V2) and (V1, V3). In many cases
this assessment is very difficult due to weather conditions and
the associated forward visibility, as well as the estimation of
distance and speed of the oncoming traffic. Not to mention,
road curvatures and truck size that reduce the field of view
and introduce shadowed areas.

A support function for this scenario has the aim to reduce
the risk for collisions. Thus, it can be described as follows: A
driver shall be warned prior to or during the first lane change, if
it is likely that the vehicle V1 can not complete the overtaking
well before the range between V3 and V2 reduces to zero.

This gives rise to several design parameters:
• Time gap between V1 and V2 before the first lane change

occurs.
• Point in time when the warning has to occur at the latest,

denoted warning boundary WB.
• Range between V1 and V2 at which the lane change

occurs at the latest.
• Range between V2 and V1 at which the second lane

change occurs at the earliest.
• Range between V1 and V3 at which the second lane

change is completed at the latest.
• False warning rate.
• Missed warning rate.
Clearly, settings for the first five parameters effect how far

ahead the vehicle V3 has to be detected with its properties and
how much time there is between the detection of the first lane
change and the signaling of a warning. The last two parameters
effect the requirements on the sensing quality and prediction
capabilities of the function itself.

All these parameters have a direct effect on system cost
(design and implementation), system reliability and acceptance
by users, which has to be assessed.

B. Assessment of functional feasibility

A more exact description of the scenario dynamics is needed
to assess performance and reliability requirements for the
function. For the modeling of the dynamics, some assumptions
are made:

• Only the longitudinal motion along the road shape is
considered.

• The average acceleration of each vehicle during the over-
taking scenario is zero, thus a constant velocity motion
model can be used.

• The increase in traveled distance due to lateral motion
can be neglected.

Consequently, a one-dimensional constant velocity motion
model can be used to determine the dynamics. We judge
that more complex models are needed for the design of a
support function, but for the derivation of the requirements on
hardware and software this is not needed.

Now, a condition for a safe overtaking maneuver is given
by

tovertake ≤ tapproach − tSM (1)

where tovertake denotes the total time which is needed for the
overtaking and the right hand side is the time tapproach for
vehicle V3 to reach vehicle V2 minus a certain time tSM as a
safety margin.

Given that the position of the front end x and the current
speed ẋ of each vehicle can be observed, it is straightforward
to derive tovertake and tapproach. This is done in terms of
ranges R and relative speeds Ṙ. For example the range
or distance between two vehicles is denoted RV 2,V 1 and
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computed as xV 2 − xV 1. A similar notation and computation
is applied for relative speeds.

tovertake =
RV 2,V 1 + lV 1 + lSM

−ṘV 2,V 1

(2)

with lV 1 and lSM being the vehicle length of vehicle V1 and
a predefined safety margin, respectively.

tapproach =
RV 3,V 2

−ṘV 3,V 2

(3)

Thus, a decision can be taken if the overtaking is safe or
not. From a system design perspective it is necessary to know
how far ahead the vehicle V3 has to be detected. Solving (3)
for RV 3,V 2 and adding RV 2,V 1 yields the detection range

Rdetect = RV 2,V 1 − tSM ṘV 3,V 2

+
−(RV 2,V 1 + lV 1 + lSM )ṘV 3,V 2

−ṘV 2,V 1

(4)

Obviously, the detection distance for vehicle V3 is a function
of the range and relative velocities, besides the additional
tuning parameter tSM , lV 1 and lSM . Assuming that the speed
of vehicle V3 is bound by the speed limit on the current
road type, the detection distance can be approximated from
properties of vehicles V1 and V2 alone.

Additionally, there are timing constraints. Since the infor-
mation on vehicle V3 has to be gathered via the WSN and
a warning has to be issued before the warning boundary is
reached, it is necessary to consider the transmission delays in
the system design.

To get a feeling for the distance that has to be looked ahead
a worst case scenario is assessed: On a Swedish highway a
passenger car will overtake a long heavy truck with a length of
lV 2 = 30 m while complying to legal regulations. The speed
limits for passenger vehicles is 110km/h and for heavy trucks
90km/h. For the safety margins tSM and lSM some typical
values are 3 sec and lV 1, respectively. The average vehicle
length lV 1 is set to 5 m. Additionally, it is assumed that the
driver of the passenger vehicle is taking the decision at a time
gap tgap = 3 sec to the vehicle V2.

For this case, the detection distance becomes approximately
780 m.

C. Assessment of feasibility of communication architecture

In order to assess the feasibility of the overtaking assistance
application, let us now design a somewhat simplified commu-
nication architecture and estimate its performance.

We assume a rather idealized radio communication medium
with very low bit error rate so that reliable communications
are possible without packet retransmission on any layer. Since
the road marking units are autonomous and battery powered
the obvious design objective for the communication part is
to prolong system’s life time as much as possible. It is well
known that most of the energy is drawn by a node’s radio in
the listening mode. Therefore, a typical design choice for such
communication systems is a duty-cycled wireless networking.
Following this concept all nodes are put in a suspended mode
most of the time waking up periodically to perform certain
actions.

Fig. 4. X-MAC medium access control protocol.

A simplified overtaking assistance protocol is as follows:
1) The protocol starts when a lane change is detected by

the vibration-based accelerometer sensors.
2) All wireless road marking units along both sides of

the road in detection range calculated in the previous
subsection are activated using a special MAC protocol
as described below. The protocol uses geographic coor-
dinates as addresses;

3) The units remain active for a maximum on-coming car
detection time;

4) As soon as the unit is activated the accelerometer based
movement detection sensors on the opposite direction
lane are started and sample the environment in order to
detect a meeting car.

5) If a car is detected the the signal to activate red LEDs
is sent unicast along the lane in the direction of the
overtaking car.

We take the X-MAC protocol [15] as the most efficient
representative of medium access control schemes for duty
cycled WSNs. Figure 4 summarizes functionality of the pro-
tocol. When a node wants to communicate to another node
it issues a train of short sized frames indicating the address
of the target node (strobed preamble). Upon waking up the
target node intercepts one of the preamble frames signals
the ready-to-receive acknowledgement back to the sender by
this establishing the communication channel. The duration of
sleep, listen times and their relation to the number and duration
of wake up preambles is carefully chosen in order to minimize
the per hop latency.

In the previous subsection the on-coming car detection
range is approximated to 780 m. Assuming that we use a
communication unit based on CC2430 radio chip (see Section
II) the communication range for a 2.4 GHz transceiver placed
at the ground level is around 25 m. Hence in the detection
range we can fit 32 devices forming a 31 hops long chain-type
topology. Assume a wake up signal message is one byte long,
since the address information is transmitted in the preamble
train there is no need for an extra header in the signal message.
The wakeup time of the whole chain in the detection range
is Tactivate = N · Dh, where N is the number of hops and
Dh is the per hop latency. Due to the very fast start-up time,
CC2420 can remain in power down mode until a transmission
session is requested. We can also neglect the transmission and
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propagation time for one byte of data at 250kb/s which is in
the order of 30 microseconds. Therefore, using the calculation
for the average per hop delay for the XMAC protocol in [15]:

Tactivate = N
TPream

TX (TListen + TSleep)
TListen − TPream

TX

(5)

In (5) TPream
TX is the time to transmit the preamble train,

TListen is the duration of the listen interval and TSleep is
the duration of the sleep interval. Taking TPream

TX = 10 ms,
TListen = 50 ms and TSleep = 100 ms the activation time for
a chain is Tactivate ≤ 1.5s.

As for the backwards propagation of the warning symbol,
assuming already active nodes, collision free communications
and the maximum size packets (128 B for 250 kb/s CC2420
chip), TSignal

TX = N · 4ms = 128ms. As it is visible for
the simplistic analysis above the most time consuming part
is the node activation sequence. All in all we showed that
communications in our CRIS applications may happen within
the critical time margin of three seconds.

IV. RESEARCH CHALLENGES AND TECHNOLOGICAL
PROBLEMS

As it has been seen, the design of a support function is
feasible, but numerous challenges have to be addressed on the
way. These challenges are directly connected to the conceptual
layout of a CRIS.

A. Function development

The car industry has a long history in the integration of
many parts into a vehicle with verifiable performance and
quality. Since the entry of vehicle networks, like CAN, the
information flow between units has increased tremendously
and opened up for new opportunities and also challenges. The
main opportunity is the possibility to re-use information within
a car and also to access information in an inexpensive way.

The flip-side of this coin is the distributed nature of
functions and their specification. Even though there are rigid
implementation processes available, these processes produce
long development cycles when these function need to be fully
verified. An Approach by the car industry that try to solve this
problem is the AutoSAR [16] initiative.

Similar problems occur during the CRIS design. Since the
functions are depending on information that is distributed
within the road marking network, the function itself is com-
posed by the cooperation of several unit. Additionally, these
units along the roads are autonomous in the sense that the
same decisions can be made in any node and that they operate
independently. Still, a function is not created by one node
alone.

This is quite obvious from the example, as information
ahead of the vehicle is needed and that the decision making
that is made will move alongside the road with the travel-
ing vehicle. One of the challenges is therefore, to create a
framework from design and specification to implemented and
verified function in the units.

Another challenge is the estimation of properties, like
distance between vehicles which can not be estimated by one
unit alone. Beside the estimation at a requested quality, it has
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Fig. 5. Probability of 31 hops chain activation failure as a function of packet
loss probability

to be understood which information has to be computed at
all times and which only on request from another unit. The
same counts for communication of the information, which is
provided at all times and which is provided on request.

B. Communication aspects

In Section III-C we assessed general feasibility of CRIS
overtaking application from the communication point of view.
It is important to note, however, that this assessment is based
on several critical assumptions solving which places serious
technological and scientific challenges. In the first place we
point out the instability of radio communication medium. In
comparison to reliable wireline communication links, radio
links suffer from very high bit error rates. This in addition to
multihop communication nature makes the task of designing
reliable on the one hand and high performance and energy
efficient protocols on the other very difficult. Figure 5 shows
that as soon as packet loss approaches 50% the chain activation
failure probability is close to 100%. There is obviously a non-
zero chain failure probability for even close to zero packet
loss rates.

The probability of bit errors and associated packet loss
rate per link depends mainly on the characteristics of radio
environment (type of multipath propagation), type of antennae
(directionality) and cross link interferences (induced by cross
traffic). The radio propagation issues are particularly critical
since the nodes will be placed on the zero level above
the ground, this certainly makes it difficult to ensure stable
communications and reduces the degree of freedom when
designing antenna shapes.

In our message propagation time computations we also did
not account for the time to detect the car presence and the
event of lane change. A communication protocol for efficient
and fast distributed car localization is needed to be developed.
One of the main questions here is the number of sensors that
are needed for reliable car localization and the complexity of
the localization protocol.

A general design objective for CRIS communication part
is energy efficient and provably reliable performance. As
we discuss in the next section creating a methodology to
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systematically design an architecture with target performance
parameters is one of the key scientific challenges.

There are also numbers of problems in the adjacent to
communication networks scientific areas that should contribute
to the acceptance of CRIS applications given that technical
challenges are addressed. Security of involved communication
protocols is one of the most critical problem areas.

C. Performance prediction and system composition toolbox

In the previous section we discussed the research and
development challenges associated with the design of CRIS
overtaking assistance application. It is obvious that in order
for such a life critical application to be accepted by road
authorities and be trusted by drivers the performance of the
system should provably be within the identified boundaries.

The major difficulty here is unavailability of methods and
tools for network deployment planning, which would yield
cost- and time- efficient system development cycle suitable for
a variety of installation sites. The current WSN development
cycle illustrated in Figure 6 consists of: a) A vague assessment
of performance requirements; b) A rather ad-hoc selection of
the functional content of the communication stack; c) A test
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installation of the application and d) Tuning the system config-
uration depending on the performance of the test installation. It
is important to note that the initial system configuration is done
manly based on the experience and familiarity of a particular
developer with a specific set of protocols. This may lead to
a situation when at the last development step a complete re-
engineering of the system is needed.

We advocate that in order to design provably robust and re-
liable WSN based life critical applications the design approach
illustrated by Figure 7 should be adopted by the developers.
The two central elements in the figure are the performance
prediction and system composition framework and an accu-
rate functionality and performance validation framework. The
input to system composition toolbox is formed by on-site
measurements of environmental boundaries obtained for a par-
ticular installation site, modularized communication primitives
along with identified performance variables and the results of
validating trials. In the following subsection we identify the
functionality of the system composition toolbox and highlight
the necessity of developing an accurate validation tool in a
form of combined simulation environment.

1) Performance driven design test loop: From a control
theoretical perspective a WSN as it is displayed in Figure 8,
is a complex interconnected dynamic system. Each node is
equipped with a control mechanism that should enable high
performance of the WSN. All components including specific
protocols of the communication stack, physical parameters of
the links constitute a decentralized and sparse control mech-
anism. Thus, each control mechanism pursues one control
objective, e.g. achieve a desired data flow rate between the
sensor nodes and in-time delivery of signal to the vehicle. It
is a well known fact that decentralized control mechanisms in
complex dynamic systems only yield suboptimal performance.
In the worst case, oscillations and instabilities can arise.
Moreover, the performance is affected by a) structure of the
WSN level control mechanism, i.e. the selection of the pairs
(control objective, node); b) structure of the node level control
mechanism, i.e. selection of the components that make up
the protocol stack; c) tuning of the control mechanism, i.e.
tuning of the parameters within the selected protocol stack
components. A good summary in the analysis and controller
design of multivariable systems (complex systems) is given in
[17].
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2) Combined simulation environment: The performance of
CRIS-based applications is hard if not impossible at all to
capture analytically. The major difficulty here comes from
the heterogeneity and complexity of interconnected processes.
Consider for example modeling of the communication proto-
cols over multihop wireless links isolated from other CRIS
components. While there exist a well established analytic
framework for the analysis of individual protocols in the
wireline Internet, the cross-layer dependencies introduced by
the dynamically changing radio communication environment
dramatically reduce their usability for the performance anal-
ysis in wireless networks. Network simulators, therefore, re-
main virtually the only means to assess the performance of
communication protocols over wireless communication links.

Simulators, in general, are popular in nearly every field
of engineering, like vehicle dynamics, electronics, only to
mention some. It is common practice to re-use simulation
models developed for a specific scientific area with their
assumptions and simplifications in an other scientific area.
Thus, the majority of network simulators use extremely sim-
plified motion and mobility models. On the other hand the
traffic or vehicle dynamics simulators in many cases make
use of unrealistic radio channel models and neglect the effect
introduced by communication protocols.

Clearly, when it comes to simulate the behavior of a
CRIS application, several ”conventionally unrelated´´ fields
of science suddenly overlap which calls for an simulation
environment modeling jointly the road environment, vehicle
dynamics, driver behavior and wireless data communications.
We call this tool a combined simulation environment (CSE).

We conjecture that the CSE has at least the following
features:

• Simulation of network traffic within a dynamic physi-
cal environment, with disturbances like packet loss or
reduced bandwidth.

• Dynamic vehicle motion simulation
• Vehicle to vehicle (V2V) and vehicle to infrastructure

(V2I) communication.
• Simulation of vulnerable road users and their motion.
• Visualization of the ITS in at least 2D.
• Sensor and actuator models both on vehicles and on

infrastructure nodes
• Driver models and route planning

V. SUMMARY

In this article we considered technological and scientific
challenges associated with design and development of an
architecture for Cooperative Road Infrastructure System. The
key functional elements of the CRIS architecture are miniature
solar powered sensor devices embedded in the next generation
road marking units. The sensors nodes are able to commu-
nicate between each other and with passing by vehicles via
an extremely low power radio. The internetworking wireless
sensor nodes installed with a high density in critical parts of a
road create means to communicate the essential for vehicle’s
safety ground truth information (i.e. true coordinates, true road
conditions etc.). While the application of wireless sensors in
traffic safety scenarios has been addressed in many research
projects the actuality of the findings presented in this paper

comes from the fact that infrastructure based ITS still do not
exist in reality despite the availability of all technological
pieces.

On an example of designing an infrastructure cooperated
overtaking assistant we showed that the strict boundary per-
formance requirements of this life critical applications can
only be fulfilled by following a systematic performance driven
design-test loop. We advocate that only joint efforts on the
intersection of automated control and communication systems
research areas should enable creation of the performance
prediction and system composition toolbox described in this
article and the overall acceptance of CRIS based systems on
public roads.

REFERENCES

[1] European Commission, European Transport policy for 2010: Time to
decide. Office For Official Publications Of The European Communities,
2001.

[2] National Highway Traffic Safety Administration, Traffic Safety Facts
2006. US Department of Transportation, 2007, available at: http://www-
nrd.nhtsa.dot.gov/Pubs/TSF2006FE.PDF; accessed 2008-05-09.

[3] COOPERS, “Co-operative systems for intelligent road safety,”
http://www.coopers-ip.eu/, 2008, accessed 2008-04-29.

[4] SAFESPOT Integrated Project, “Co-operative systems for road safety:
Smart vehicles on smart roads,” http://www.safespot-eu.org/, 2008, ac-
cessed 2008-04-29.

[5] CVIS, “Cooperative vehicle infrastructure systems,”
http://www.cvisproject.org/, 2008, accessed 2008-04-29.

[6] Texas Instruments Inc., “Single-chip very low power rf transceiver,”
http://wwws.ti.com/sc/ds/cc1000.pdf, 2005, accessed 2008-04-29.

[7] ——, “Single-chip 2.4 ghz ieee 802.15.4 compliant and zigbee(tm) ready
rf transceiver,” http://www-s.ti.com/sc/ds/cc2420.pdf, 2005, accessed
2008-04-29.

[8] ——, “Msp430 family of ultra-lowpower 16-bit risc processors,”
http://www-s.ti.com/sc/ds/msp430f1611.pdf, 2005, accessed 2008-04-
29.

[9] ATMEL Corporation, “Atmega128(l) - 8-bit avr microcon-
troller with 128k bytes in-system programmable flash,”
http://www.atmel.com/dyn/resources/prod documents/doc2467.pdf,
2006, accessed 2008-04-29.

[10] GEVEKO, “Company web site,” http://www.geveko.se/, 2006, accessed
2008-04-29.

[11] T. Laustsen, “A road marking device,” EU Patent EP1706541, 2006,
accessed 2008-04-29.

[12] G. Hegerman, R. van der Horst, K. A. Brookhuis, and S. P. Hoogen-
doorn, “Functioning and acceptance of overtaking assistant design tested
in driving simulator experiment,” Transportation Research Record, vol.
2018, pp. 45 – 52, August 2007.

[13] J. Pohl, W. Birk, and L. Westervall, “A driver distraction based lane
keeping assistance system,” Journal of Systems and Control Engineering
(Proc. of IMechE Part I), vol. 221, no. 4, pp. 541–552, 2007.

[14] A. Eidehall, J. Pohl, F. Gustafsson, and J. Ekmark, “Towards au-
tonomous collision avoidance by steering,” IEEE Transactions on In-
telligent Transport Systems, vol. 8, no. 1, pp. 84 – 95, March 2007.

[15] M. Buettner, G. Yee, E. Anderson, and R. Han, “X-mac: A short
preamble mac protocol for duty-cycled wireless sensor networks,” in
Proceedings of the IEEE SENSYS 2006, Colorado, USA, November 1-3,
2006.

[16] AUTOSAR, “Automotive open system architecture,”
http://www.autosar.org/, 2008, accessed 2008-05-14.
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Abstract— In this paper periodic smoothing splines are
used by mobile robots to recover the contour of encountered
obstacles in the environment. The splines are generated
through minimizing a cost function subject to constraints
imposed by a linear control system and accuracy is im-
proved iteratively using a recursive spline algorithm. The
filtering effect of the smoothing splines allows for usage
of noisy sensor data and the method is robust to odometry
drift. Experimental evaluation is performed for contour
reconstruction using a SICK laser scanner mounted on a
PowerBot from ActivMedia Robotics.

I. INTRODUCTION

Today robots are expected to operate in at least par-
tially unknown, open-ended environments, detecting
and moving around obstacles, building maps of the
environment and localizing their position. The area of
SLAM has during the past few years matured and there
has been a significant amount of work reported using
both visual and laser sensors, [19] - [25]. However,
most SLAM methods are still concerned with detecting
and maintaining a dense set of discrete features of
the environment that are suitable for navigation and
localization without retrieving any specific knowledge
about the detailed shape of the encountered objects.

In this paper, we consider the problem of estimating
representations of objects using continuously shaped
contours. Our approach can be used for mapping
purposes where the measurements are first collected
and then used to estimate the contours of the object
using recursive smoothing splines. It is well known
that interpolating splines from noisy measurement data
will give a poor result, as the resulting curve will go
through every measurement point. Data smoothing has
been a classical problem in system and control history
[1], [2]. It has been further shown in [8] that control
theoretic smoothing splines, where the curve is found
through minimizing a cost function, act as a filter and
are better suited for noisy measurements. It is also
noted in [16] that smoothing splines are in some sense
band limited so that small changes in one data point
will mainly affect the spline in a neighborhood of that
point.

In the work presented here, periodic smoothing
splines are derived from noisy data by solving an
optimal control problem for a linear system. We discuss
two approaches to curve estimation using smoothing

splines, one closed form and one recursive method.
The idea of the latter is to use several data sets taken
from the same continuous feature and compute splines
iteratively to refine the estimate stepwise.

While we have previously modeled and evaluated
the algorithms in simulation, [7], in this paper we
use a real robot platform equipped with SICK laser
sensors. The main contributions of this paper is the
derivation of an implementable discrete version of the
smoothing spline problem both for the closed form and
the recursive approach, a spline based algorithm for
handling odometry drift and a series of experiments
that validate convergence of the recursive approach
and the applicability of the methods in practice.

The paper is organized as follows. In Section II
the contour estimation problem is formulated. In Sec-
tion III we derive a discretized version of the optimiza-
tion problem, suitable for implementation. Section IV
is dedicated to a smoothing spline based algorithm for
reconstructing datasets contaminated with a drifting
odometry error. This algorithm is used to pre process
the data collected by the SICK scanner before perform-
ing the actual contour estimation. Finally experimental
results are presented in Section V and a discussion
concludes the paper in Section VI.

II. PROBLEM FORMULATION AND MOTIVATION

We consider one or several mobile agents placed in a
planar environment and equipped with range sensors
and encoders. The task is to build a map of the envi-
ronment by making continuous curve representations
of the contours of objects in the environment, based
on noisy input from range sensors and encoders. In
this framework, polar coordinates are used for contour
reconstruction, thus the only requirement on the objects
is that the contours are well defined in polar coordi-
nates. Our problem can be formulated as follows:

We are given a data set D = {(ti,zi) : i = 1, ...,N}, where
t1 = 0 rad, . . . , tN = T = 2π rad is the polar coordinate
angle and zi is the radius in polar coordinates. The data
in D are noise contaminated measurements from a closed
continuous curve. How to find the curve y(t) that best
represents the data in some sense?

The solution is found by solving the following polar
second derivative L2 smoothing problem:



Problem 2.1:

min
u,x0

J =
1
2

xT
0 P−1

0 x0 +
1
2

∫ T

0
u(t)T Q−1u(t)dt+

N

∑
i=1

(ti− ti−1)(zi−Cx(ti))T R−1
0 (zi−Cx(ti)) (1)

ẋ = Ax+Bu
x0 = x(0) = x(T ). (2)

The constraints (2) consist of an n-dimensional ODE
with relative degree n and periodic boundary condi-
tion. The resulting smoothing spline is given by y(t) =
Cx(t). We refer to the system

ẋ = Ax+Bu
y = Cx

(3)

as the spline generator of (1). For the purpose of find-
ing a curve in R2 it suffices to choose a 2-dimensional
spline generator. The matrices used in our setup are
thus

A =
[

0 1
0 0

]

, B =
[

0
1

]

, P−1
0 =

[

δ1 0
0 δ2

]

,

C =
[

1 0
]

, Q = 1, R0 = 1/ε2,

(4)

where ε > 0 determines how much emphasis to put
on measurement data. A large value brings the spline
close to the data points while a small value yields a
smoother spline. As the data is noise contaminated, the
resulting spline from one data set D will give a poor
contour estimation. If one robot servoes several times
around the same obstacle, or a group of robots servo
in formation and combine their collected measurements
(see Fig. 1), several sets of data can be used recursively
to update and refine the spline. We introduce a re-
cursive smoothing spline method, where the optimal
solution (xk−1(t),uk−1(t)) from the previous iteration is
used in iteration k together with the new data zk

i .
Problem 2.2:

min
uk,xk

0

Jk =
1
2 (xk

0− xk−1
0 )T P−1

0 (xk
0− xk−1

0 )+

1
2

∫ T

0
(uk(t)−uk−1(t))T Q−1(uk(t)−uk−1(t))dt+

N

∑
i=1

(ti− ti−1)(zk
i −Cxk(ti))T R−1

0 (zk
i −Cxk(ti)) (5)

ẋk = Axk +Buk

xk
0 = xk(0) = xk(T ).

(6)

Using a recursive method has the advantage of get-
ting a better spline approximation for each iteration,
improving the map stepwise so that the previous map
can be used for path planning in each iteration. Also,
if for some reason new data is obtained only for one
part of the curve, we can modify that part of the spline

separately by performing the next recursion using new
data for that part of the curve and old data for the
rest. Problem 2.1 is a continuous time problem with
discrete data and periodic boundary conditions. Such
problems, without the periodic constraint, have been
widely studied in the literature, see for example the
books by Bryson and Ho [1] and Jazwinski [2]. For
a proof of convergence of the optimization for the
periodic case we refer to [7].

Due to the recursive nature, the Riccati equations for
Problem 2.2 become rather complex and convergence
has, to the extent of our knowledge, yet to be shown
analytically. Simulation results in [7] do however
suggest quadratic convergence rate. In this paper the
algorithm is evaluated on real experimental data from
test runs with a PowerBot from ActivMedia Robotics,
using a SICK laser scanner.

In the next section we perform a discretization of the
smoothing spline problem, yielding a simple quadratic
minimization problem without boundary constraints,
suitable for implementation.

Fig. 1. A team of mobile robots servoing an unknown contour.

III. IMPLEMENTATION

We start by stating Problem 2.1 for the R2 case, using
the the matrices defined in Equation (4):

min
x,u

J(r) = δ 2
1 x1(0)2 +δ 2

2 x2(0)2+∫ T

0
u(t)2dt + ε2

N

∑
i=1

(ti− ti−1)(x1(ti)− zi)2 (7)

ẋ1 = x2
ẋ2 = u

x1(0) = x1(T )
x2(0) = x2(T )

(8)

For a polar coordinate spline r(θ ), the interpretation of
the state variables and data points is as follows:

x1(t) = y(t) = r(θ )
x2(t) = ẋ1(t) = r′(θ )
ẋ2(t) = r′′(θ ) = u(θ )

zi = radius of measurement point
ti = angle of measurement point
T = 2π
wi = ti− ti−1.



Expressing Equations (7) and (8) using the polar nota-
tion yields

min
r

J(r) = δ 2
1 r(0)2 +δ 2

2 r′(0)2+∫ 2π

0
r′′(θ )2dθ + ε2

N

∑
i=1

wi(r(ti)− zi)2 (9)

r(0) = r(2π)
r′(0) = r′(2π) (10)

Note that Equations (9) and (10) together constitute a
minimization over only one variable, r, and with the
dynamic constraints of Equation (3) built in.

A. Discretization
Let the vector r̂ = {r̂m} be the discretization of the

wanted curve r(θ ), and let θ̂ = {θ̂m} be the corre-
sponding discretization of θ . Here m = 1, ...,M and
we define the sampling rate h so that (M + 1)h = 2π .
We emphasize that (r̂m, θ̂m) are equidistant samplings
from the spline (r,θ ) while (zi, ti), i = 1, . . . ,N are noisy
measurement data from the true curve. Note that when
the continuous function r(θ ) is expressed in discretized
form as a vector (r̂, θ̂ ), the periodicity constraint trans-
lates to (r̂1, θ̂1) = (r̂M+1, θ̂M+1), where M+1 indicates the
point after the last point of the vector. All terms of J(r)
can be approximately expressed as functions of r̂, using
numerical differentiation formulas:

r̂′m =
1

2h
(r̂m−1− r̂m+1)

r̂′′m =
1
h2 (r̂m−1−2r̂m + r̂m+1).

(11)

Construct the matrix Φ:
Φm,m−1 = Φm,m+1 = 1/h2

Φ1,M = ΦM,1 = 1/h2

Φm,m = −2/h2

Φ j,l = 0 else.

(12)

Then r̂′′ = Φr̂. Note that the periodicity of r(θ ) is
implicitly expressed in Φ through Equation (12). The
discretization of the integral is∫ 2π

0
r′′(θ )2dθ ≈ hr̂T ΦT Φr̂. (13)

For the term δ 2
2 r′(0)2 we construct a vector q:

qm =
{

1/(2h) if m = 2 or m = M
0 else.

(14)

⇒ δ 2
2 r′(0)2 ≈ δ 2

2 r̂T qqT r̂. (15)

For δ 2
1 r(0)2 we introduce the vector p:

pm =
{

1 if m = 2
0 else.

(16)

⇒ δ 2
1 r(0)2 ≈ δ 2

1 r̂T ppT r̂. (17)

The last term, the sum, involves measurement data
(ti,zi) and the wanted spline r(θ ) evaluated at the
measured angles ti:

ε2
N

∑
i=1

wi(r(ti)− zi)2 = ε2
N

∑
i=1

wir(ti)2+

ε2
N

∑
i=1

wiz
2
i − ε2

N

∑
i=1

2wir(ti)zi. (18)

Since we are minimizing over r we need not consider
the constant second term. For the first term we con-
struct the M×M matrix W :

Wm,m =
{

wi if θ̂m = ti for some i
0 else

Wj,l = 0 for j 6= l

(19)

Similarly, for the last term we construct the M-vector s:

sm =
{

2wizi if θ̂m = ti for some i
0 else.

(20)

We get

ε2
N

∑
i=1

wi(r(ti)− zi)2 ≈ ε2r̂TWr̂ + ε2
N

∑
i=1

wiz
2
i − ε2sT r̂ (21)

All in all, the discretized problem is

min
r̂

J(r̂) = 1
2 r̂T Hr̂ + cT r̂ (22)

where
H = hΦT Φ+δ 2

2 qqT +δ 2
1 ppT + ε2W

c = −ε2s.
(23)

Equation (22) is a quadratic unconstrained minimiza-
tion problem whose solution is found by solving

Hr̂ + c = 0. (24)

B. Recursive Version
The polar coordinate formulation of Problem 2.2 is

simplified by defining

z̃k
i = zk

i − rk−1(tk
i )

r̃k = rk(θ )− rk−1(θ )
(25)

where (zk
i , t

k
i ) are the data points from iteration k,

rk−1(tk
i ) is the resulting spline of iteration k− 1 eval-

uated at the angle measurements of the new data set
and rk(θ ) is the spline output of iteration k. Then
Problem 2.2 becomes

min
r̃k

J(r̃k) = δ 2
1 r̃k(0)2 +δ 2

2 r̃k ′(0)2+∫ 2π

0
r̃k ′′(θ )2dθ + ε2

N

∑
i=1

wi(r̃k(tk
i )− z̃k

i )
2 (26)

r̃k(0) = r̃k(2π)
r̃k ′(0) = r̃k′(2π),

(27)



and the spline found in iteration k is

rk(θ ) = r̃k + rk−1(θ ). (28)

Note that Equations (26) and (27) are identical to
Equations (9) and (10) except for the new variable
names r̃k and z̃k. Hence the discretization and solution
methods for Problem 2.1 and Problem 2.2 are identical
except that the input to the latter is z̃k at iteration
k. To summarize, the recursive algorithm, after an
initialization step, is carried out in three steps:

Algorithm III.1 The recursive smoothing spline algo-
rithm

0) Initialization. For k = 0, input the first data set
(z0

i , t
0
i ) into Problem 2.1 and compute the first

spline r0(θ ).
1) Put k = k + 1, construct (z̃k

i , ti) from the data set
(zk

i , t
k
i ) and the spline rk−1(θ ).

2) Input (z̃k
i , ti) into Problem 2.2 and compute the

spline r̃k(θ ).
3) Construct the spline rk(θ ) = r̃k + rk−1(θ ). Go to

(1).

IV. DATA SET RECONSTRUCTION

The reconstruction algorithm is described for a plat-
form using odometry for localization. Data points are
generated by combining drifting odometry data with
range measurements, which have a white noise error
but no drift.

We call the robot state (x,y,φ). The agent is equipped
with a range sensor located at a distance L from (x,y) as
shown in Figure IV. Then a point (xw,yw) on the target

φ

L

y

x

heading

SICK sensor

platform

Fig. 2. Robot platform, sensor position and parameters..

object is obtained as follows:

xw = x+Lcosφ +Si cos(φ + vi) (29)
yw = y+Lsinφ +Si sin(φ + vi). (30)

Here vi ∈ [−π/2,π/2] is the angle of the sensor ray and
Si is the range measurement associated with it. Due
to the drifting odometry error the set (xw,yw) yields a
skew representation of the environment, see Figure 4.

To determine and compensate for the odometry drift
we utilize two consecutive data sets, D̂1 and D̂2. The

problem to address is to find the right transform be-
tween the two sets. We should take the following facts
into consideration when developing a method for this:

• We want to determine the drift in every time step
as well as the transform between D̂1 and D̂2.

• We assume no knowledge of the true contour of
the object.

• We cannot compare the sets pointwise since point
number j of D̂1 might not correspond to point
number j of D̂2. We might even have sets of
different size.

Our method can be sketched as follows.

Algorithm IV.1 The recursive smoothing spline algo-
rithm

1) Translate D̂1 and D̂2 so that their respective mass
centers coincide with the origin to prepare for a
closed spline computation.

2) Transform the sets to polar coordinates in the new
frame.

3) Compute smoothing splines r1(θ ), r2(θ ) for the
sets respectively.

4) Construct complex representations of the splines:
z1(θ ) = r1(θ )eθ i, z2(θ ) = r2(θ )eθ i.

5) Translate D̂1 and D̂2 and the splines z1(θ ) and
z2(θ ) back to the original positions of the sets.

6) Find the transform between D̂1 and D̂2 by obtain-
ing the least square solution to z1 = az2 + b for
complex scalars a and b.

7) Denote by Nk the number of data points in D̂k,
k = 1,2. Transform each point in both sets by
reversing the pointwise drift:

zk(θ )→
(

1− (1−a)θ
Nk

)

zk(θ )+
(θ −1)b

Nk
(31)

We call the transformed sets D1 and D2.
8) The sets D1 and D2 quite accurately represent the

true shape, but they differ by a translation and
rotation. This transform is found again by using
the same method:

z2 → az2 +b. (32)

In the next section results for this method are pre-
sented, as well as convergence results for the recursive
contour estimation algorithm.

V. EXPERIMENTS

We use the PowerBot from ActivMedia Robotics. It
has unicycle dynamics and uses odometry data for
localization. The robot is provided with two SICK laser
scanners mounted one in front and one on the left side
of the chassis as shown in Figure 3. The scanners give
range measurements on the interval [−π/2,π/2] rad
from the center of the scanner and with a resolution
of 0.5o, or 361 measurements each time step. We



Fig. 3. The PowerBot platform equipped with two SICK sensors.

let the robot servo around the test objects, collecting
measurements. After pre processing the data sets with
Algorithm IV.1 we apply Algorithm III.1 and study
the error convergence. In the following subsections
results are shown for the data set reconstruction and
the contour approximation, respectively.

A. Data Set Reconstruction
In Figure 4 - Figure 6 we show some results of

Algorithm IV.1 for experimental data sets from a square
object. Figure 4 shows the two raw data sets. The
drifting odometry error causes the two consecutive sets
to be rotated with respect to each other, and also give
a skew representation of the true shape (a square with
side 1 m).

Figure 5 shows the result after steps 1 through 7 in
the reconstruction algorithm. Finally, Figure 6 shows
the result after the final step.
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Fig. 4. Odometry drift: The resulting data D̂1 and D̂2 from two
consecutive revolutions along a circular path around a square object
with sidelength 1 m.

B. Recursive Contour Approximation
The relative error between the spline generated by

Algorithm III.1 at iteration k and the true curve is
defined as

ek = |rk− rtrue|/|rtrue| (33)
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Fig. 5. Odometry drift: The two data sets have been pointwise
transformed to compensate for the drift during one revolution.
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Fig. 6. Odometry drift: The second data set D2 is finally transformed
to coincide with the first set D1.

where rk is the smoothing spline output and rtrue is the
true curve in polar coordinates.

We illustrate the performance of the algorithm with
three example contours with simulated data (Figures 7 -
9 ) and two with experimental data (Figures 10 - 11 ).

For each of the investigated contours we plot the
error at each iteration, together with the true contour
(dashed) and the spline approximation. For simulated
data we run 100 iterations to investigate the error
convergence trend, while for the experimental data we
use 15 sets to give a flavor of total error decrease
for a manageable set of cooporating agents. For
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Fig. 7. Simulated contour 1, e1 = 0.12, e100 = 0.07, e100/e1 = 0.64.

contours with sharp edges and narrow corners, the
overall error depends highly on whether you get good
measurements close to those difficult areas or not. This
might explain why the over all initial and final errors
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Fig. 8. Simulated contour 2, e1 = 0.09, e100 = 0.04, e100/e1 = 0.43.
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Fig. 9. Simulated contour 3, e1 = 0.12, e100 = 0.06, e100/e1 = 0.52.

are larger for the more complex ”shamrock” contour
(Figure 11) than for the square (Figure 10). However,
all tested contours follow roughly the expected conver-
gence rate of 1/

√
k for a least square problem like (1).

Complete simulation results for 25 test contours can be
found at http://www.math.kth.se/ karasalo/spline.
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Fig. 10. Experiment contour 1, e1 = 0.075, e15 = 0.045, e15/e1 = 0.60.
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Fig. 11. Experiment contour 2, e1 = 0.22, e15 = 0.13, e15/e1 = 0.59.

VI. CONCLUSIONS

In this paper we investigated a recursive smooth-
ing spline approach for contour reconstruction. We
derived periodic smoothing splines recursively from
noisy data by solving an optimal control problem for
a linear system. The methods discussed in this paper
have previously been mathematically analyzed, see for
instance [7]. The main contributions of this paper is
the derivation of a discrete version of the smoothing
spline problem both for the closed form and recursive
approach and a spline based algorithm for handeling
drifting noise. Simulations and experiments show the
convergence of the recursive approach and the appli-
cability of the scheme in practice.

Ongoing research includes a convergence analysis
for the recursive method and possibly convergence
criteria. We see many possible extensions and future
directions for this work, for instance combining sensors
in a grid to construct surface estimations or integrating
the smoothing spline approach in existing SLAM algo-
rithms to manage path planning using sparse data sets.
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Adaptive Tracking Control with Application to a Flexible Tr ansmission
System

Magnus Nilsson and Bo Egardt

Abstract— This contribution examines the performance of
a two-degrees-of-freedom controller with limited adaptive fea-
tures when applied to a benchmark problem for robust control.
A general design procedure is explained and exemplified before
simulations are carried out. Simulations indicate that the
controller has potential to perform well if applied on the real-
world system. However, if the reference-response bandwidth
is increased, sudden load changes may lead to unacceptable
transients for the output.

I. BACKGROUND AND PURPOSE
Design for traditional adaptive controllers makes little use

of a priori knowledge about the plant to be controlled. Often,
the only a priori knowledge assumed for control design
is the plant’s high-frequency gain, pole excess, order, and
that the plant is minimum phase [6]. As a result, much
“responsibility” is put on the adaptive controller and thismay
lead to presumptuous objectives. Also, it is well known from
the intense research on robustness for adaptive controllers
during the 1980s that traditional adaptive controllers canface
serious problems if they are applied without care to real-
world systems.

Observations like the above have made some research
within adaptive control shift to an approach where the adap-
tive features are more restricted. This contribution adopts
that idea by restricting adaptation to the feedforward partof
a two-degrees-of-freedom (2DOF) controller. This is not a
novel idea; contributions with this approach can be found
scattered throughout the literature. A possible limitation for
most such schemes, however, is that they rely on a strictly-
positive-real (SPR) condition for the closed-loop system.The
authors have recently developed an alternative scheme in [4]
where no such SPR condition appears. This paper can be
seen as a continued investigation of that scheme within a
discrete-time framework.

The purpose of this contribution is to examine how the
2DOF adaptive control scheme developed in [4] performs
when applied to the benchmark problem for robust control
found in [3]. Less effort is put into theoretical investigation to
emphazise pragmatic ideas of the design procedure and show
simulation results. The investigated 2DOF control structure
may be useful in applications where a high reference-
response bandwidth is desired but hard to achieve due to
e.g. time-delays or nonminimum phase properties.
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The control structure from [4] is described briefly in
Section III before the benchmark problem is described in
Section IV. A general design procedure is then outlined in
Section V before it is exemplified in Section VI when being
applied to the benchmark problem. Simulation results are
then displayed in Section VII before the design procedure is
repeated for a case with higher bandwidth in Section VIII.
Some conclusions are finally mentioned in Section IX.

II. NOTATION
The symbolz is used for the forward-shift operator and

s is used for the Laplace operator. These arguments are
often omitted for convenience (e.g., we writePr instead
of P (z)r(k)). Also for convenience, only two significant
digits are shown in most formulas and equations. In actual
simulations, higher numerical precision was used.

III. CONTROL STRUCTURE
The control scheme developed in [4] is depicted in Fig-

ure 1. The plantP (s) with input u(t) and outputy(t) is
a linear and time-invariant system controlled by a 2DOF
controller consisting of a robustfixed feedback controller
C(s) and an adaptive feedforward controllerQ(θ). The
filter Wm(s) with input r(t) and outputym(t) acts as a
reference model for the closed-loop system. A natural way to
utilize the respective freedoms in the 2DOF controller is to
design the feedback partC(s) to suppress disturbances and
design the feedforward partQ to follow servo specifications.
The desired feedforward filter isQ(s) = Wm(s)/P (s),
but because the feedforward path is essentially open loop,
adaptation is needed when plant knowlegde is uncertain.
This idea for modest adaptation is natural since a fixed
feedback loop can guarantee robustness to instability, while
an adaptive feedforward part still allows for perfect model
following in a disturbance-free environment.

The original scheme suggests to identify parameters in
the plant based on the signalsu andy; this contribution will
later present an alternative idea. While the control scheme
described in this section was developed for a continuous-
time framework, it will here be modified to fit a discrete-
time formulation. Adjustments for the estimation algorithm
and changes to handle nonminimum phase zeros (that often
occur in sampled systems) are discussed in Sections V and
VI.

IV. BENCHMARK PROBLEM
The benchmark problem used to exemplify a design pro-

cedure and test the performance of the adaptive controller
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Fig. 1. Block structure of the adaptive controller

is described in [3]. For the reader’s convenience, a brief
description of the system and the problem specification now
follows.

A. The plant

A schematic picture of the plant is shown in Figure 2. It is
a transmission system consisting of three horizontal pulleys
connected by elastic belts. The first pulley is controlled by
an electric motor with local feedback, using the reference for
the first pulley as its input. The goal is to control the position
of the third pulley. A PC is used to control the system.
Small weights can be applied to the third pulley to realize
different load cases. In the original problem formulation,
three different load cases are considered.

The plant for the three modes of operation is described in
discrete time as

P noload =
0.28(z + 1.8)

(z2 + 0.18z + 0.93)(z2 − 1.6z + 0.95)
(1)

P halfload =
0.1(z + 1.8)

(z2 − 0.17z + 0.92)(z2 − 1.8z + 0.97)
(2)

P fullload =
0.064(z + 1.6)

(z2 − 0.24z + 0.92)(z2 − 1.9z + 0.95)
(3)

using the sampling timeTs = 1/20 s. These transfer func-
tions will here be assumed to describe the true behaviour
of the plant. The plant has a pure time delay of 2 samples.
The bode magnitude plots of the three cases are shown in
Figure 3.

Fig. 2. Schematic picture of the transmission system.
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Fig. 3. Bode magnitude plots for the three plant cases. (The higher load,
the “lower” amplitude plots.) .

B. The specifications

The original specifications in [3] require the controller to
be on RST form. This is not taken into consideration. Other
than that, the specifications are

1) Rise time (0–90% of final value) of less than 1 s for
all loads for a reference step response.

2) Overshoot less than 10% for a reference step response.

3)–8) Various disturbance-response specifications; see[3].
With the 2DOF structure used in this paper, the feedback
design can focus completely on the disturbance-response
specifications 3)–8), while the design of the adaptive feedfor-
ward part focuses on specifications 1)–2). We remark that the
adaptive controller will not be able to fulfil all specifications
at initial stages of adaptation, such as after sudden load
changes.

V. DESIGN METHOD
A proposed control-design procedure is now outlined.

This design procedure assumes that an offline estimate of
the plantP with uncertainty is availablea priori (e.g., as
in the benchmark problem considered here) in contrast to
assumptions used in traditional adaptive control design.

A. Summary of design procedure

1) Design a robust feedback controllerC based on
disturbance-response specifications anda priori plant
knowledge.

2) Determine a desired bandwidth from reference to
output, and choose thereafter a suitable preliminary
reference modelWm.

3) Model the plant into the slow partPLF (to be esti-
mated online) and the fast part̂PHF based on offline
estimates and the desired bandwidth.

4) EstimatePLF online by using the signalŝPHF u or
P̂HF uff andy.

5) Implement the feedforward controlleruff =
Wm/(P̂LF P̂HF ) r.

6) If necessary, augment the preliminary reference model
to include nonminimum-phase zeros and the time-
delay of the plant.1

1The last two steps of the design procedure can be suitably modified as
Section VI and VIII will show.



VI. DESIGN METHOD APPLIED TO THE
BENCHMARK PROBLEM

The steps of the procedure in Section V will now be
explained in more detail by applying them to the benchmark
problem in Section IV.

A. Step 1. Feedback design

The feedback may be designed using any appropriate
design method, taking only the disturbance-response spec-
ifications into consideration. While this step is an important
part of the procedure, it is not the main focus of this message.
Therefore, we use the feedback part from the controller in
[5], which was the winning contribution to the benchmark
problem. Its design was based on Quantitative Feedback
Theory.

B. Step 2. The reference model

From specifications 1)–2) a preliminary continuous-time
reference model that seems suitable is

Wm(s) =
ω2

s2 + 2ζωs + ω2
(4)

with ω = 3 rad/s andζ = 0.66. Discretizing this with
zero-order hold and getting rid of time-delays lead to the
preliminary reference model

Wm(z) =
0.011z(z + 0.94)

(z2 − 1.8z + 0.82)
. (5)

Its step response can be seen in the upper plot of Figure 8
(dotted line) and its bode magnitude plot is seen in Figure 4.

C. Step 3. Divide the plantP into PLF and PHF

The main reason for this frequency separation is that the
estimator has a better chance of successful estimation if the
number of unknown parameters is kept small. Therefore, let
the estimator only be responsible for estimating parameters
that have a significant effect on the servo performance when
they change.

As mentioned in Section III, the ideal feedforward filter
is Q = Wm/P . However, if P is estimated with some
model error, the response from reference to output will not be
affected much if this model error is small and only is present
for frequencies significantly higher than the bandwidth of
Wm. This motivates the separation ofP into a low-frequency
part PLF that needs to be estimated online and a high-
frequency partPHF that only needs an approximate offline
estimate.

In Figure 4 the bode magnitude plot of the reference
model is shown together with one plant case. When the
plant case is filtered through the reference model, the peak
magnitude of the higher resonance becomes approximately
−30 dB ≈ 0.03. Small errors in the estimate of position and
magnitude of the higher resonance will therefore not affect
the reference-response significantly. A suggested separation
of the plant intoPLF and PHF is displayed by the dotted
line in Figure 4. This separation is viewed in the complex
plane together with a pole-zero map in Figure 5. It is in this

way made clear what poles and zeros that should be included
in PLF andPHF .

From the pole-zero plot in Figure 5, it is proposed to model
PLF with one pair of complex poles, whilePHF includes
the higher pair of complex poles and the nonminimum-phase
zero.

The low-ordera priori estimates for the three cases (1)–(3)
become

P noload
LF =

0.37z2

(z2 − 1.6z + 0.95)
(6)

P halfload
LF =

0.16z2

(z2 − 1.8z + 0.97)
(7)

P fullload
LF =

0.1z2

(z2 − 1.9z + 0.95)
(8)

while the high-order estimates become

P noload
HF =

0.76(z + 1.8)
z2(z2 + 0.18z + 0.93)

(9)

P halfload
HF =

0.63(z + 1.8)
z2(z2 − 0.17z + 0.92)

(10)

P fullload
HF =

0.64(z + 1.6)
z2(z2 − 0.24z + 0.92)

. (11)
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Fig. 4. Bode magnitude plot of preliminary reference model and one of
the plant cases. It is sufficient to only estimate the slower resonance online
since the fast resonance filtered by the reference model becomes very small
in magnitude.
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Fig. 5. By inspecting the pole-zero map it is seen what zeros and poles
should be included inPLF . The dotted line corresponds to the dotted line
in Figure 4 that separates lower and higer frequencies.

D. Step 4. EstimatePLF online

As for any adaptive controller, the choice of estimator
structure is important for successful performance of the
feedforward controller. Due to the discrete-time formulation,



it is natural to apply a simple recursive least squares (RLS)or
extended RLS algorithm to estimate the parameters inPLF .
It is then important to choose reasonable values for the initial
parameter estimatesθ(0), forgetting factorλ, and initial
covariance matrixC(0). These values were in simulations
chosen asλ = 0.99, C(0) = I, andθ(0) was chosen as the
mean values of the parameter intervals in Table I. Covariance
resetting in the RLS algorithm was not used in simulations.

The offline estimate of the faster dynamics was chosen as
P̂HF = P halfload

HF . Note that all delay in the original plant is
modeled inP̂HF (to be used in the final reference model).

a) Input signals for the estimator:The control structure
depicted in Figure 1 suggests that the estimator should
estimate a model of the plant based on the inputu. Due to
the frequency separation in Step 2, this suggests that̂PHF u
should be used. In simulations it was observed that this does
not work well if a persistent step disturbance acts on the
system output. The reason for this is that the estimator tries
to identify PLF based on the model

y = PLF P̂HF u (12)

when the output in fact is governed by

y = PLF PHF u + v , (13)

where v is the disturbance signal. The estimator will thus
identify a static gain which is different from the plant’s static
gain. The performance of the estimator based on (12) is not
acceptable since the resulting controller does not fulfil the
problem specifications even after adaptation.

One way to modify the estimator that greatly improves
control performance under persistent step disturbances is
based on the idea that the feedback suppresses the distur-
bance. Expanding (13) leads to

y = Puff + Pufb + v︸ ︷︷ ︸
≈0

=
PC + P̂LF P̂HF

P

PC + 1
Puff + Sv (14)

whereS is the output sensitivity function. IfSv is small—
which it should be if the feedback is well designed—it can
be seen that an estimator forPLF based on the model

y = PLF P̂HF uff (15)

is reasonable to try. Such an estimator was used in simula-
tions in Section VII and VIII-G.

b) Applying projection based ona priori information: A
priori information about parameters may be used in the RLS
algorithm to keep the estimate within reasonable bounds.
Projection like this can serve as an important guarantee for
boundedness of signals in the system. The projection may
be implemented by “backtracking” to take a shorter update
step in the RLS algorithm when a violation of the bounds
is detected. Table I displays the known bounds from (6)–
(8) for the parameters inPLF that are to be estimated for a
simple RLS algorithm. In simulations it was noted that the
convergence rate for the RLS algorithm with this simple way
to project parameters could get significantly slowed down
when projection became active.

The a priori interval for the parameters may depend on
what parameterization that is used. For example, the static
gain is determined differently in theδ domain compared to
the forward-shift domain. A projection scheme based on the
δ domain was implemented. It did not, however, lead to any
significant differences in signal properties compared to the
projection scheme based on the shift domain.

B A
[0.1004, 0.3733]z2 z2 + [−1.8525,−1.6017]z + [0.9484, 0.9722]

TABLE I
THE LOWER AND UPPER VALUES USED AS A BASIS FOR PARAMETER

PROJECTION IN THERLS ESTIMATOR.

E. Step 5. The feedforward controller

The feedforward controller should implement a delay-free
approximate inverse of the true plant; a natural choice isQ =
Wm/(P̂LF P̂HF ). BecausePHF is nonminimum phase for
this example (see Section VI-D), the feedforward is instead
implemented as a realization ofuff = Wm/P̂LF r, where
P̂LF is time varying. One could let the poles of̂PHF be
included as zeros in the feedforward function, but for this
example this does not make much difference to the end result.

F. Step 6. The final reference model

The reason why we includêPHF in the reference model
is that we simply do not want the feedback to do perform
any unnecessary control action. One could as well include
P̂HF in the feedforward controller if it were not for the
nonminimum phase zero and time-delay in this example.

The final reference model becomesWmP̂HF . Its step
response can be seen in Figure 8. Note that this choice of
reference model does not give much room for error if the
specifications should be met. We could just as well have
chosen a reference model with slightly higher bandwidth and
less overshoot. The control scheme is depicted in Figure 6

WmP̂HF PLF PHFC

Wm/P̂LF Estim.

r ym e ufb

uff

v
y

θ

+ −

+

+

Fig. 6. The final scheme for this particular design. In general, nonminimum
phase zeros within the desired bandwidth may be included in anadaptive
final reference model as indicated by the design procedure in Section V.

VII. SIMULATION EXAMPLES
Simulations were carried out in Simulink for the three

load cases controlled by the 2DOF controller. The reference
was a square wave that changed value between 0 and 1 every
10 s. Att = 50 s, a unit output step-disturbance was added to
the system and remained constant throughout the simulation.
The estimator was based on (15). The output was subject to



band-limited white noise with noise power3 · 10−6. The
simulation started with the full-load case, and then switched
to the half-load and no-load cases att = 100 s andt = 200 s
respectively.

Figure 7 shows the output for the whole time period. It
can be seen that the transients at load changes are reasonably
small. Figure 8 shows step responses att = 40 s, t = 140 s,
and t = 240 s. The output follows the reference model
closely and the specifications are fulfilled for steps made at
these points in time. A typical input signal at a step change
is shown in Figure 9.

Control error

t [s]
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Fig. 7. Output (upper) and control error (lower plot) throughout the
simulation. The controller has trouble keeping the error small for a few
periods after the step disturbance is introduced. Note thatthe control error
is larger than what the plot can display at some periods of time.
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Fig. 8. The upper plot shows step responses for the preliminary reference
modelWm (dotted) and final reference model̂PHF Wm (solid). The only
significant difference between the responses is a time delay of two samples.
If the output is able to follow the final reference model closely, the reference
specifications will be fulfilled. The lower plot shows step responses for
the three loads for the examined structure. The steps are fromt = 40 s,
t = 140 s, andt = 240 s. At these instances, the specifications are fulfilled.
The specifications for rise time and overshoot are outlined bydotted lines.
Compare this figure with Figure 7.

input signalu
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Fig. 9. The input for a typical step change. The reason why theinput is so
noisy is because the additive output noise is amplified much by the feedback
controller taken from [5]. The level of the input starts near−1 since the
output step disturbance is acting on the system for this time period.
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Fig. 10. Parameter estimates and their true values throughoutthe simu-
lation. The parameters were in this case allowed much freedom to reward
parameter convergence; see Section VI-D.0.b.

VIII. CONTROLLER REDESIGN FOR HIGHER
BANDWIDTH

As mentioned in the introduction, adapting the feedfor-
ward part may be of interest in applications where high
bandwidth from the reference is desired but hard to achieve
by feedback only. Since the plant has a pure time-delay
Td = 0.1 s, the rough estimateωb < 1/Td (see e.g. [1]) gives
ωb = 10 rad/s as an upper limit of the highest bandwidth that
can be achieved using feedback only. To make things more
challenging for the 2DOF control structure, the bandwidth of
the reference model was therefore changed toωb = 10 rad/s,
which corresponds to a rise time of0.4 s including the time
delay. The design procedure will now be repeated for this
case.

A. Step 1. Feedback design

The feedback used in simulations is the same as in
Section VI-A.

B. Step 2. Reference model

A second order model on the same form as (4) withω =
10 rad/s andζ = 0.66 translated to discrete time leads to
W fast

m = 0.099z(z+0.8)
(z2−1.3z+0.52) . It has a step response corresponding

to the dotted line in the upper plot in Figure 12.



C. Step 3. Divide the plantP into PLF and PHF

The higher peak resonance ofP noload when filtered
through the fast reference modelW fast

m becomes approx-
imately −10 dB ≈ 0.3. Therefore, both resonances needs
to be modeled in the feedforward path for acceptable per-
formance. Modeling of the nonminimum phase zero could
be omitted but is included for the purpose of showing that
the final reference model can include time-varying elements.
This means that̂PHF = 1/z2 for this case.

D. Step 4. EstimatePLF online

This step is similar to the previous case, only more pa-
rameters needs to be estimated for the faster case. Projection
can be used based on information from (1)–(3).

E. Step 5. Feedforward controller

The online estimate is divided intôPLF = B̂+/Â, where
B̂+ denotes the non-Hurwitz denominator. The feedforward
function is thereafter implemented as a realization ofuff =
W fast

m Â/b̂+0r, whereb̂+0 is the static coefficient of̂B+.

F. Step 6. Final reference model.

The final reference model becomeŝB+Wm/b̂+0 P̂HF .
Division by b̂+0 is necessary to maintain unity static gain for
the reference model. Since projection is used, the locationof
the estimated nonminimum-phase zero is guaranteed to stay
within an interval that does not affect the reference-response
significantly. The step response of the final reference model
is seen in Figure 12.

G. Simulation results

The same simulation setup as for the previous case in
Section VII was used. Again, the estimator was based on the
model (15) to achieve better performance under disturbances.
The simulated output signal is shown in Figure 11. It should
be noted that the scheme now exhibits transients at load
changes that the real-world system may not be able to handle.
However, after only a few steps the controller adapts to a nice
response very close to the reference output, as indicated in
Figure 12. The input signal during a step change is seen in
Figure 13.

When a high bandwidth is desired and significant time de-
lays are present, there may not be any way to handle sudden
load changes well. This can be understood by realizing that
after a sudden load change, it will take time before this can
be noted at the output. During this time delay the feedforward
controller may induce large transients in the system. In fact,
when a constant feedforward controller adjusted for one of
the plant cases was used in simulations, the error at other
load cases was in the same order of magnitude as transient
errors experienced by the adaptive controller.

IX. CONCLUSIONS
A design procedure for adaptive tracking control has been

outlined and exemplified. As most adaptive schemes, the
controller faces difficulties to handle sudden load changes,
but performs well after adaptation. The adaptive controller
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Fig. 11. Output signal (upper plot) and control error (lowerplot) for the
system with higher bandwidth. Note that the control error islarger than the
plot diplays at some periods of time.
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Fig. 12. Step responses for the reference model (upper plot) and the output
(lower plot) att = 40 s, t = 140 s, andt = 240 s. See also Figure 11.

also performs well under output disturbances when the
estimator is based on the feedforward input signaluff . To try
the scheme with a high bandwidth on the real-world system
likely requires a more elaborate scheme to handle sudden
load changes. Ideas from [2] may be of interest if this would
be pursued.
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Abstract: A benchmark problem for robust feedback control of a manipulator is presented.
The system to be controlled is an uncertain nonlinear two link manipulator with elastic gear
transmissions. The gear transmission is described by nonlinear friction and elasticity. The system
is uncertain according to a parametric uncertainty description and due to uncertain disturbances
affecting both the motors and the tool. The system should be controlled by a discrete-time
controller that optimizes performance for given robustness requirements. The control problem
concerns only disturbance rejection. The proposed model is validated by experiments on a real
industrial manipulator.

Keywords: Robust control, control, benchmark examples, manipulators, disturbance rejection,
flexible arms, robotics

1. INTRODUCTION

There exists a gap between control theory and control
practise, i.e., many control methods suggested by re-
searchers are seldom implemented in real systems and,
on the other hand, many important industrial control
problems are not studied in the academic research. This
is recognized in, e.g. Åström (1994) where the need for a
balance between theory and practise is expressed. From
Bernstein (1999) we quote ”I personally believe that the
gap on the whole is large and warrants serious introspec-
tion by the research community”. The same article also
points out that the control practitioners must articulate
their needs to the research community, and that motivat-
ing the researchers with problems from real applications
”can have a significant impact on increasing the relevance
of academic research to engineering practise”.

This paper presents an industrial benchmark problem
with the intention to stimulate research in the area of
robust control of flexible industrial manipulators and thus
bridging the gap between control theory and practice.
The MIMO benchmark problem presented in this article
is an extension of a similar SISO problem presented in
Moberg and Öhr (2005). The SISO benchmark model is
experimentally validated and further described together
with an analysis of some suggested solutions in Moberg
et al. (2007). In summary, the SISO problem can be solved
with a PID controller and it is in fact hard to improve the
performance further no matter which controller is used.
This is quite a surprising result and now the investigation
continues. The main difference of the new problem is
that the realism is increased one step further, not only
by making the problem multivariable, but also by adding
some nonlinearities ignored in the previous benchmark.

Fig. 1. IRB6600 from ABB equipped with a spot welding
gun

The paper is organized as follows. Section 2 presents
the control problem, and Section 3 presents the nonlin-
ear manipulator model. Section 4 describes the complete
benchmark system, and the proposed model structure is
validated by experiments on a real industrial manipulator
in Section 5. Finally, the control design task is presented
in Section 6.

2. PROBLEM DESCRIPTION

The most common type of industrial manipulator has six
serially mounted links, all controlled by electrical motors
via gears. An example of a serial industrial manipulator
is shown in Figure 1. The dynamics of the manipulator
change rapidly when the robot links move fast within
the manipulator workspace, and the dynamic couplings
between the links are in general strong. Moreover, the
structure is elastic and the gears have nonlinearities such



as hysteresis, backlash, friction and nonlinear elasticity.
From a control engineering perspective a manipulator
can be described as a nonlinear multivariable dynamical
system having the six motor currents as the inputs and
the six motor angles as measurable outputs. The main
objective of the motion control is, however, to control the
orientation and the position of the tool when moving the
tool along a certain desired path.

The benchmark problem described in this paper concerns
only the so-called regulator problem, where a feedback
controller should be designed such that the tool position
is close to the desired reference, in the presence of motor
torque disturbances, e.g., motor torque ripple, and force
disturbances acting on the tool, e.g., during material pro-
cessing. Only the second and third links of the manipulator
will be included in the benchmark model. These links
are chosen in order to get a strong dynamic coupling.
The model will include the nonlinear rigid body dynamics
associated with the change of configuration (link posi-
tions) as well as gravity, centripetal and Coriolis torques.
Moreover, the nonlinear elasticity and friction of the gear
transmissions will be included in the model.

The rationale behind the different choices in the problem
design is that a benchmark problem should be sufficiently
realistic and complete to act as a substitute for real control
experiments. However, the number of researchers who will
have time and resources to take on the problem and
propose solutions and methods, will certainly decrease
with increased problem complexity. If reference tracking
was included in the problem specification and/or if all links
of an industrial manipulator were included in the model,
both the realism and the complexity of the problem would
increase. The suggested benchmark problem is hopefully a
good trade-off.

3. THE MANIPULATOR MODEL

The two link manipulator is a model of link 2 and 3 for a
typical large industrial robot, see Figure 1. The model is
planar, i.e., all movements are constrained to the x,z plane.
The model is illustrated in Figure 2. In the following, the
links are denoted as link 1 and link 2. Each link has the
following rigid body attributes:

• mass m1 and m2

• link length l1 and l2
• center of mass ξ1 and ξ2 (distances from the centers

of rotation)
• inertia w.r.t. center of mass j1 and j2

The links are actuated by electrical motors, connected to
the links via elastic joints. The joints (gear transmissions)
are described by the nonlinear spring torque τs(q), the
linear damping matrix D, the friction torque f(q̇), and
the gear ratios (n1 and n2). The motors are described
by their inertias jm1 and jm2. There are two degrees
of freedom (DOF) for each axis described by the motor
angular positions qm1, qm2 and link angular positions qa1,
qa2. The control signals are the motor torques um1 and
um2, which are subject to saturation. The motor torque
control is modeled as a gain uncertainty γ and a time
delay Td1. The only measured output signals are the motor
angular positions, and these are subject to measurement
noise and a time delay Td2. This time delay is motivated by
the computational and communication delay. Two sources
of disturbance are acting on the system. A force F is
applied at the tool center point (TCP) at angle φF and a

Fig. 2. A two link robot model

motor torque disturbance is applied as input disturbance
signals ud1 and ud2. The angular positions and the model
inputs are described by

q =







qa1

qa2

qm1/n1

qm2/n2






, u =







ua1

ua2

(um1 + ud1)n1

(um2 + ud2)n2






. (1)

The manipulator is described by its dynamics
u = M(q)q̈ + C(q, q̇) +G(q) +Dq̇ + τs(q) + f(q̇). (2)

The inertial coupling between the motor and link rotation
is neglected due to the high gear ratio, see e.g. Spong
(1987). The inertia matrix M , gravity vector G and vector
of speed dependent torques (Coriolis and centripetal) C
can then easily be derived as (see e.g. Sciavicco and
Siciliano (2000))

M(q) =







J11(q) J12(q) 0 0
J21(q) J22(q) 0 0

0 0 jm1n
2
1 0

0 0 0 jm2n
2
2






, (3a)

J11(q) = j1 +m1ξ
2
1 + j2 +m2(l21 + ξ

2
2 − 2l1ξ2 sin qa2),

(3b)
J12(q) = J21(q) = j2 +m2(ξ22 − l1ξ2 sin qa2), (3c)
J22(q) = j2 +m2ξ

2
2 , (3d)

G(q) = [g1(q) g2(q) 0 0]T , (3e)
g1(q) = −g(m1ξ1 sin(qa1)+

m2(l1 sin(qa1) + ξ2 cos(qa1 + qa2))), (3f)
g2(q) = −m2ξ2g cos(qa1 + qa2), (3g)

C(q, q̇) =







−m2l1ξ2 cos(qa2)(2q̇a1q̇a2 + q̇
2
a2))

m2l1ξ2 cos(qa2)q̇2a1
0
0






, (3h)

where g is the gravitational constant. The nonlinear spring
torque is given by

τs(q) =







τs1(∆q1)
τs2(∆q2)
τs1(−∆q1)
τs2(−∆q2)






, (4a)

∆qi = qai − qmi/ni, i = 1 . . . 2. (4b)
with
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τsi = ki1∆qi + ki3∆3
qi, |∆qi| ≤ ψi, (5a)

τsi = sign(∆qi)(mi0 +mi1(|∆qi| − ψi)), |∆qi| > ψi,

(5b)
ki1 = k

low

i , (5c)

ki3 = (khigh

i
− k

low

i )/(3ψ2
i ), (5d)

mi0 = ki1ψi + ki3ψ
3
i , (5e)

mi1 = k
high

i
. (5f)

The nonlinear stiffness (elasticity) is then specified by the
lowest stiffness klow

i
, the highest stiffness khigh

i
, and the

breakpoint deflection ψi, see Figure 3. The linear damping
matrix is

D =







d1 0 −d1 0
0 d2 0 −d2

−d1 0 d1 0
0 −d2 0 d2






. (6)

The nonlinear friction torque, see Figure 4, is approxi-
mated as acting on the motor only and is given by the
following equation

f(q̇) = [0 0 f1(q̇) f2(q̇)]
T
, (7)

where
fi(q̇) = ni(fdiq̇mi + fci(µki + (1 − µki)

cosh−1(βiq̇mi)) tanh(αiq̇mi)), i = 1 . . . 2. (8)
This smooth friction model is suggested in Feeny and
Moon (1994) and avoids discontinuities to simplify numer-
ical integration. The TCP position X is described by the
kinematics

X = Γ(q) =
[

x(q)
z(q)

]

=
[

l1 sin(qa1) + l2 cos(qa1 + qa2)
l1 cos(qa1) − l2 sin(qa1 + qa2)

]

.

(9)
The relation between the disturbance force F and joint
torques ua is given by the velocity Jacobian J(qa) as

ua = J
T (qa)F, ua =

[

ua1

ua2

]

, F =
[

F cos(φF )
F sin(φF )

]

, (10)

Fig. 5. A block diagram of the benchmark system

J(qa) =
[

∂Γ(qa)
∂qa

]

=
[

l1 cos(qa1) − l2 sin(qa1 + qa2) −l2 sin(qa1 + qa2)
−l1 sin(qa1) − l2 cos(qa1 + qa2) −l2 cos(qa1 + qa2)

]

.

(11)

4. THE BENCHMARK SYSTEM

The benchmark system consists of the manipulator model
P described in Section 3 and a feedback controller G as
illustrated in Figure 5. The model uncertainty description
is parametric and expressed as uncertainty in some of
the physical parameters. The friction and stiffness uncer-
tainties are motivated by modeling errors and differences
between the gearbox individuals. The mass uncertainty is
due to errors in the definition of the user loads attached to
the manipulator and the gain error reflects to the accuracy
of the torque control.

The discrete-time controller G is implemented with sample
time Ts, time delay Td and a control signal limitation
u

max
m . The time delay includes both the delay of the torque

control and the computational and communication delay
described in Section 3, i.e., Td = Td1 + Td2. The DA and
AD conversions are modeled by a 12 bit quantization of
the output torque and a 16 bit quantization of the motor
position.

The system is influenced by the following uncertain distur-
bances: a measurement noise n with power Pn, a distur-
bance force F in direction φF applied at t1 and released
at t2 and finally a motor torque disturbance ud applied
from t3 to t4. F can be applied in any direction and
the torque disturbance ud is a chirp with amplitude Ac,
start frequency fcs and end frequency fce. The motor
torque disturbance is motivated by internally generated
ripple disturbances due to the design of the motors and
the gear boxes. These disturbances have frequency com-
ponents proportional to the motor speed and can cause
significant position errors in some frequency regions. The
force disturbance is motivated by various externally gener-
ated disturbances, e.g., the release of a load, forces due to
material processing, or forces due to the impact at spot-
welding. The force disturbance pulse serves as a gener-
alization of all real application-specific disturbances. The
manipulator model parameters, the controller parameters,
the disturbance parameters, and the uncertainty descrip-
tions are listed in Table 1. The parameters with no axis
index are the same for both axes although the uncertainty
is independent for each parameter. The parameter values
and the uncertainties are known (by experience) to be
realistic, although the exact combination of parameters
used do not correspond to a specific industrial robot.



Table 1. Nominal and Uncertain Parameters

Parameter Value Unit Uncertainty

jm1 0.004 kg ·m2

jm2 0.001 kg ·m2

j1 5 kg ·m2

j2 50 kg ·m2

m1 50 kg ±10 %
m2 150 kg ±10 %
l1 1.0 m
l2 1.5 m
ξ1 0.5 m
ξ2 0.8 m
n 200

khigh
1

0.5 · 106 Nm/rad ±20 %

klow
1

1.5 · 106 Nm/rad ±20 %
ψ1 2 arcmin ±20 %

khigh
2

0.2 · 106 Nm/rad ±20 %

klow
2

0.6 · 106 Nm/rad ±20 %
ψ2 3 arcmin ±20 %
d1 600 Nm · s/rad ±20 %
d2 200 Nm · s/rad ±20 %
fv1 0.006 Nm · s/rad ±80 %
fc1 1.5 Nm ±80 %
fv2 0.003 Nm · s/rad ±80 %
fc2 1.0 Nm ±80 %
µ 0.5 ±50 %
β 0.4 ±50 %
α 5
g 9.81 m/s2

γ 1 ±10 %
Pn 3 · 10−12

F 500 N
φF π rad ±π
t1 10 s
t2 10.5 s
Ac1 1 Nm
Ac2 −1 Nm
t3 0.5 s ±0.5 s
t4 8 s
fcs 0 or 15 Hz random choice
fce 0 or 15 Hz random choice
Ts 0.25 · 10−3 s
Td 0.25 · 10−3 s
umax

m1
35 Nm

umax
m2

20 Nm
K1

p 45

K1

i
30

K1

d
1.5

K2
p 15

K2

i
10

K2

d
0.5

zp 0.95

The benchmark system, available for download, has a
discrete-time diagonal PID controller with derivative filter
described by the transfer function

Gpid(z) =
[

g11(z) 0
0 g22(z)

]

, (12)

where

gii(z) = K
i

p +K
i

d

z − 1
Tsz

(1 − z
i
p)z

z − zi
p

+
K

i
i
Tsz

z − 1
. (13)

The PID controller should only be seen as an example of a
controller yielding a stable system and does not represent
an optimal design.

5. MODEL VALIDATION

In this section the model proposed in Section 3 is validated
by experiments made on the second and third links of
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Fig. 6. The tool position error for a tool step force
disturbance.

an industrial robot from ABB, using an experimental
controller. All model parameters, except the α parameters
of the friction model (8) and the damping D in (6), were
known with sufficient accuracy. The configuration of the
wrist, i.e., axis 4 - 6, was chosen to minimize the coupling
between the modeled links and the wrist. The robot links
were controlled with a diagonal PID controller of the same
type as the default controller of the benchmark system.

In the first experiment a tool load was instantaneous
released, i.e., a step disturbance force was applied. The tool
response was measured using a laser measurement system
LTD600 described in Leica (2007). The elasticity of the
model was then tuned w.r.t. the transient response. The
resulting elasticity was somewhat lower than the known
elasticity of the gear boxes. This was expected since a
modern industrial robot cannot be fully modeled by the
so-called flexible joint approach, see, e.g., Moberg and
Hanssen (2007). The damping was set to a reasonable
value, in fact, the response of the controlled system is quite
insensitive to the damping. The remaining unknown model
parameter, α, was tuned w.r.t. the measured response.
Note that the factor tanh(αq̇m) in (8) approximates the
discontinuous friction behavior at zero speed and cannot
be directly measured. The result is shown in Figure 6. The
experiment was repeated for a number of controller tunings
with good correspondence between simulation model and
real robot.

In the second experiment, a chirp torque disturbance ud

was added to the control signal while the manipulator was
moving at a low speed. This is motivated by the fact that
internally generated torque disturbances are present only
when the robot is moving and that the nonlinear friction
at zero speed otherwise would reduce the effect of the
disturbance, e.g., no movement would be generated if the
disturbance level was below the Coulomb friction level.
Moving the manipulator at a low speed thus linearizes
the system w.r.t. friction and the robot response can
thus be compared with the model response when the
nonlinear friction, fc, is set to zero. This comparison is
shown in Figure 7 and the correspondence is good. In the
benchmark problem, the chirp disturbance is applied at
zero speed. This choice was made to avoid introduction
of a reference signal and is justified by the fact that the
relative disturbance rejection at zero speed also reflects the
disturbance rejection when moving.

The third validation experiment concerned the stability
margin of the model. The loop gain of the robot system
was increased for one channel at a time until the stability
limit was reached. The experimentally determined ampli-
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Fig. 7. The tool position error for a motor torque distur-
bance of chirp type.

tude margin was in good agreement with the one of the
simulated system.

6. THE DESIGN TASK: PERFORMANCE
SPECIFICATION AND COST FUNCTION

Design a discrete-time controller to control the manip-
ulator in the entire manipulator workspace defined by
qa1 ∈ [−90◦ . . . 180◦] and qa2 ∈ [−180◦ . . . 80◦]. The con-
troller can be of any kind, e.g., linear or non-linear, diag-
onal or full-matrix, time-invariant or gain scheduled. The
controller inputs are the measured motor positions and
constant motor position references. The motor position
references qref

m and the initial gravity torques may be used
for initializing the controller. The motor position given as
reference represents a steady-state solution at the desired
link position, i.e., the differences between the motor and
link initial state is equal to the gravity deflection.

The designed controller should replace the default PID
controller but the system described in Section 4 must
otherwise be unchanged. For all configurations inside the
workspace, for all systems and disturbances in the uncer-
tainty description, the following requirements concerning
stability must be fulfilled:

• A1: The system must remain stable for a loop gain
increase of a factor of 2.5 (one channel at a time).

• A2: The system must remain stable for a delay
increase of 1.5 ms (one channel at a time).

• A3: Maximum limit cycle peak amplitude in TCP
position must be lower than 10µm for all test cases
including the stability tests A1 and A2.

The following requirements are to be regarded as target
values for the design:

• B1: Maximum motor torque due to measurement
noise axis 1: 0.7 Nm

• B2: Maximum motor torque due to measurement
noise axis 2: 0.4 Nm

• B3: Maximum motor torque axis 1: 35 Nm
• B4: Maximum motor torque axis 2: 20 Nm
• B5: Max TCP position error due to force disturbance:

7 mm
• B6: Max TCP settling time, i.e., error < 0.1 mm,

after end of force disturbance pulse: 3 s
• B7: Max TCP position error due to motor torque

disturbance: 0.5 mm

Note that the dynamics of the manipulator varies with
the tool position and also due to the uncertainty of the
manipulator model. Furthermore, the disturbances are
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Fig. 8. Target for disturbance rejection w.r.t. tool force
disturbance. TCP shall always be inside the large
circle, and be inside the small circle after target
settling time. Note that the small circle in this figure
is enlarged for illustration purposes. The actual radius
is 0.1 mm

also uncertain, the force can have any direction and the
motor torque ripple can also change direction.

At each configuration Qk = [qa1 qa2]
T , the following cost

function is defined

Vk =
7

∑

i=1

wi max
P,D

(bi), (14)

where P is a set containing all manipulator models ob-
tained from the uncertainty description and D is the corre-
sponding set for the disturbances. The relative fulfillment
of specification Bi is denoted bi, e.g. a settling time of 2 s
gives b6 = 2/3. The weights wi are [3 3 2 2 25 40 25],
i.e., a controller which fulfils all requirements exactly,
has a cost function V = 100. The design should aim at
minimizing the average cost function

V =
1
NQ

NQ
∑

k=1

Vk, (15)

where the performance is evaluated for a suitable grid of
NQ configurations in the manipulator work space. The
problem of computing the average (w.r.t. workspace) worst
case (w.r.t. uncertainty) performance for a non-linear sys-
tem might seem hard from a theoretical point of view.
However, a wisely chosen grid of configurations and a set
of assumed worst case uncertainties in combination with
some random uncertainties yields a reasonable approxima-
tion of the average worst case performance.

The simulation model including the default PID controller
is available for download at Moberg (2007) where some
additional information about this benchmark problem
also can be found. The simulation model is implemented
in MatlabTM and SimulinkTM. The approximate average
worst case performance for the proposed controller is com-
puted by the model. This computation is based on a prede-
fined set of uncertainties and configurations. Solutions to
the problem can be sent to one of the authors for further
evaluation. Our plan is that the proposed solutions shall
be presented and discussed at, e.g., an invited session at
some appropriate future conference.

The target requirements due to force disturbances are
illustrated in Figure 8. In Figure 9 - 10, the TCP posi-
tion errors are shown for the nominal manipulator model
controlled by the default PID controller when one example
disturbance is applied. The result for 20 uncertain systems,
i.e., 20 sets of model and disturbance uncertainties, in one
specific position, is shown in Figure 11 - 12.
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Fig. 9. Example of TCP position error due to force
disturbance.
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Fig. 10. Example of TCP position error due to motor
torque disturbance.

Fig. 11. Example of TCP position error for uncertain
system due to force disturbance.

Fig. 12. Example of TCP position error for uncertain
system due to motor torque disturbance.

As an example of computation of the average worst case
performance, the benchmark system, controlled by the
default PID controller, was simulated over a grid of 18
configurations. At each configuration, 3 uncertain systems
were evaluated. The target values concerning disturbance
rejection, B5 - B7, are in general not fulfilled. The perfor-
mance is summarized in Table 2.

Table 2. Average worst case performance of
default PID controller

Item Result for PID Desired Value

B1 0.17 0.7
B2 0.06 0.4
B3 9.6 35

B4 9.1 20

B5 10.2 7

B6 3.5 3

B7 1.1 0.5
V 141 100

7. SUMMARY

A benchmark problem treating disturbance rejection for
a nonlinear flexible two-link manipulator has been pre-
sented. The system is uncertain due to a parametric un-
certainty description and uncertain disturbances affecting
both the motors and the tool. The proposed model was
validated on a real industrial manipulator. The system
should be controlled by a discrete-time controller that
optimizes performance for given robustness requirements.
Our ambition and hope is that some researchers will be
stimulated to work with this benchmark problem using
their favorite controller design method. The proposed so-
lutions will be presented at some appropriate future event.
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Abstract— In the field of robotics the energy spent for
actuation is always an issue. It is often the case that some
desired motions cannot be achieved by the robot due to the
saturation of actuators. This constraint rises the question of
how to modify the mechanical design in order to achieve
better performance. In this paper the use of springs is studied
as additional actuation help in concert with a comparably
weak DC motor. An underactuated planar two-link robot, the
so-called Pendubot, is used for demonstration. The virtual
holonomic constraint approach serves as tool to generate and
stabilize desired periodic motions. The primary objective is to
show how, by the use of this approach and additional spring
actuation, it is possible to achieve desired periodic motions by
reducing the control efforts of the DC motor.

Index Terms— Motion Planning, Underactuated Mechanical

Systems, Virtual Holonomic Constraints, Springs

I. INTRODUCTION

Motion planning and feedback controller design are key

issues in robotics. This becomes nontrivial especially for

underactuated mechanical systems, where the number of

control inputs is less than number of generalized coordi-

nates. Naturally, the achievable performance of feedback

controlled robots depends very much on the power of avail-

able actuators. However, the actuators are normally chosen

according to constraints in the construction, such as limited

space, minimal mass, power consumption, etc. Therefore,

it is reasonable to investigate a conceptional change in the

mechanical design that improves the actuation in terms of

achievable desired motions of the original robot dynamics.

This paper shows how springs can be used in concert with

a comparably weak DC motor to generate periodic motions

of an underactutated planar two-link robot, the so-called

Pendubot. Here, the main objective is to reduce the con-

trol efforts with contributive spring torques. The Pendubot

and the mentioned spring assembly are depicted in Fig. 1.

Corresponding system dynamics as well as properties of the

spring assembly are presented in Section II and Section III.

How to generate periodic motions for the Pendubot is dis-

cussed in Section IV and Section V. The procedure is based

on the virtual holonomic constraints approach, recently

developed in [4], in order to describe a class of periodic

This work has been partly supported by the Kempe Foundation and the

Swedish Research Council (under the grant 2005-4182).
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Fig. 1. Pendubot with spring assembly designed by A. Sandberg and

S. Elmå from Umeå University.

motions and to stabilize them by feedback. The underlying

theory has been already presented in [1] with the Pendubot.

However, in this paper the focus lies on the contribution of

springs which plays a role in the motion planning as well

as in the feedback control action. Experimental results for a

particular periodic motion are finally shown in Section VI

and conclusions about the promised reduction of control

efforts are drawn in Section VII.

II. PENDUBOT DYNAMICS

The dynamics of the Pendubot can be described by the

controlled Euler-Lagrange system

d

dt

[
∂L(q, q̇)

∂q̇

]
− ∂L(q, q̇)

∂q
= B(q)u ,

with the Lagrangian given by

L(q, q̇) =
1
2
q̇T M(q)q̇ − V (q) .



The vector q = [q1, q2]T represents the generalized coordi-
nates (see Fig. 2) and B(q)u forms the vector of controlled

������

������

Fig. 2. Schematic of the Pendubot.

input torques. Hence, the equation of motion for the planar

two-link manipulating robot with actuation only on q1 is

given by [6]

M(q)
[

q̈1

q̈2

]
+ C(q, q̇)

[
q̇1

q̇2

]
+ G(q) =

[
τ
0

]
(1)

with the inertia matrix

M(q) =
[

p1 + p2 + 2p3 cos(q2) p2 + p3 cos(q2)
p2 + p3 cos(q2) p2

]
,

the matrix corresponding to Coriolis and centrifugal torques

C(q, q̇) =
[ −p3 sin(q2)q̇2 −p3 sin(q2)(q̇1 + q̇2)

p3 sin(q2)q̇1 0

]
,

and the gravitational torque vector

G(q) =
[

p4 cos(q1) + p5 cos(q1 + q2)
p5 cos(q1 + q2)

]
.

The physical model parameters, given in Table I, are com-

bined to

p1 = m1r
2
1 + m2l

2
1 + Jc1 = 0.0319 kgm2

p2 = m2r
2
2 + Jc2 = 0.0092 kgm2

p3 = m2l1r2 = 0.01 kgm2

p4 = (m1r1 + m2l1)g = 1.2954Nm
p5 = m2r2g = 0.3915Nm .

Lengths, masses, and distances to the respective centers

of mass are measured, while corresponding inertias are

identified experimentally.

TABLE I

PHYSICAL PARAMETERS OF THE SETUP

Parameter First Link Second Link

Length l1 = 0.25m l2 = 0.25m
Mass m1 = 0.374 kg m2 = 0.232 kg
Distance to CoM r1 = 0.198m r2 = 0.172m
Inertia about CoM Jc1 = 0.0027 kgm2 Jc2 = 0.0023 kgm2

Gravitational constant g = 9.81m/s2

Spring assembly r1 = r4 = 0.045m , r2 = r3 = 0.03m
L0 = 0.055m

The mounted actuator is comparably weak. So, we have

complemented it with springs as described in the following

section.

III. SPRING ASSEMBLY

Numerous compression springs can be installed in the

spring assembly as shown in Fig. 3. The torque about

��� ��� �������
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Fig. 3. Front view at the spring assembly.

the first link joint that is delivered by the individual

springs on the bottom {c1B , c2B , c3B , c4B} and on the top
{c1T , c2T , c3T , c4T } is computed as follows

τc(ϕ) =

⎧⎪⎪⎨⎪⎪⎩
τc1T

(ϕ) + τc2T
(ϕ)

+τc3B
(ϕ) + τc4B

(ϕ)

}
for ϕ < 0

−τc1B
(ϕ)− τc2B

(ϕ)
−τc3T

(ϕ)− τc4T
(ϕ)

}
for ϕ > 0 ,

(2)

where for i = 1..4

τci{B,T}(ϕ) = Fi{B,T} cos
(
|ϕ|+ arccos

(
L0−sin(|ϕ|)ri

si{B,T}

))
ri

Fi{B,T}(ϕ) = ci{B,T}(L0 − si{B,T})
siB(ϕ) =

√
(L0 − sin(|ϕ|)ri)2 + (ri(1− cos(ϕ)))2

{s1T = s4B , s2T = s3B , s3T = s2B , s4T = s1B} .

In the coordinate system of the Pendubot, the angle ϕ is

given by

ϕ = π/2 + q1 .

The compression of the springs si is depicted in Fig. 4a w.r.t.

the angle |ϕ| of the first link. The generated torque is shown
in Fig. 4b exemplified for a configuration c1B = c4B =
471N/m and c2B = c3B = 471N/m, respectively. Note that
installing the same springs at the top of the spring assembly

instead of the bottom results in the same torque function.

It is clear that the dynamics of our original system

(1) changes by installing some springs acting on the first

link. It is basically the same as introducing an additional

potential torque, i.e. the gravitational torque vector changes

accordingly to

Gc(q) = G(q)−
[

τc(q1)
0

]
. (3)

This fact does not influence the motion planning procedure,

presented in the next section, but it necessarily plays some

role in the feedback control action.
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Fig. 4. Torque generated by the spring assembly.

IV. MOTION PLANNING

A. Concept of Virtual Holonomic Constraints

The main idea of the virtual holonomic constraints ap-

proach is to find a relation between the generalized coordi-

nates in order to impose them eventually by feedback control

action. Suppose there exists a control law u∗ for the given
underactuated Euler-Lagrange system (1) that imposes the

virtual holonomic constraint

{q1 = φ1(θ), q2 = φ2(θ)} ,

then the resulting closed-loop dynamics can be represented

by the following scalar second order differential equation

[5]

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 , (4)

describing the evolution of the new independent variable

θ(t). This reduced-order dynamics is always integrable,
provided α(θ) �= 0. Specifically, the integral function

I(θ, θ̇, θ0, θ̇0) = θ̇2 − exp

{
−2

∫ θ

θ0

β(τ)
α(τ)

dτ

}
θ̇2
0

+

θ∫
θ0

exp

{
−2

∫ θ

s

β(τ)
α(τ)

dτ

}
2 γ(s)
α(s)

ds

(5)

preserves its zero value along a solution θ(t) of (4), initiated
at (θ(0), θ̇(0)) = (θ0, θ̇0) [5]. Note that (5) can serve as a
measure of distance to a desired trajectory.

As independent variable θ one has to choose a scalar
function of coordinates (for instance path length) or possibly

one coordinate itself that is monotonic along the motion with

respect to time. All degrees of freedom will be geometrically

related to it, i.e. the whole motion is parameterized by the

chosen configuration variable. Once θ is defined and the
virtual holonomic constraint

Φ(θ) =
[

q1

q2

]
=

[
φ1(θ)
φ2(θ)

]
(6)

together with their component-wise derivatives Φ′(θ) and
Φ′′(θ) with respect to θ are found, the smooth scalar func-
tions α(θ), β(θ), and γ(θ) of the reduced dynamics (4) can
be computed as follows from [4, Prop. 2]:

α(θ) = B⊥M (Φ(θ)) Φ′(θ) ,

β(θ) = B⊥
[
C (Φ(θ),Φ′(θ)) Φ′(θ) + M (Φ(θ)) Φ′′(θ)

]
,

γ(θ) = B⊥G (Φ (θ)) ,

where

B⊥ =
[

0 1
]

corresponds to the non-actuated coordinate of the given

system (1).

Remarks: Eventually, the motion planning problem for

the robot can be divided into

• finding appropriate virtual holonomic constraints for
synchronization among the generalized coordinates (an-

alytically or by observation), and

• choosing motions consistent with those.
Keeping the virtual constraints invariant by feedback control

allows to reduce the closed-loop dynamics to just one scalar

second order differential equation (4). Solutions of that

virtually constrained system define achievable motions with

given precise synchronization.

Let us take a particular virtual holonomic constraint to find

periodic motions of the Pendubot.

B. Periodic Motions of the Pendubot

At first one has to find the virtual holonomic constraints

(6). Choosing a linear relation between the coordinates q1

and q2 gives us

Φ(θ) =
[

q1

q2

]
=

[
q10 + k(θ − q20)

θ

]
. (7)

For such a choice, existence of small periodic orbits of (4)

around a chosen equilibrium (q10, q20) has been proven [5]
provided that

ω2 =
γ′(θ0)
α(θ0)

> 0.

This inequality defines a range of feasible constants k.
Note that k = 0 represents a fixed desired position of the
actuated link. A detailed discussion for the main equilibria

(
{
q10 = −π

2 , q10 = π
2

}
, {q20 = 0, q20 = π}) can be found

in [1].



Let us focus on periodic motions about the downward-

downward equilibrium of the Pendubot, i.e.(
q10 = −π

2
, q20 = 0

)
. (8)

Choosing

k = 0.4 (9)

for the linear relation in the constraint function (7) gives

closed trajectories for the reduced dynamics (4) around the

equilibrium (8) shown in Fig. 5a. All these periodic orbits
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Fig. 5. Virtually constrained periodic motions of the Pendubot about the

downward-downward equilibrium with (q10 = −π
2
, q20 = 0) and k = 0.4.

The bold line represents the desired motion.

represent achievable motions of the Pendubot, i.e. we can

select any of them as desired trajectory depending on desired

amplitude and period.

It is also clear that one can compute the required input

torque of the actuated first link given any solution of (4) by

simply substituting the constraint function (7) and its time

derivatives into the actuated equation of motion (1). Corre-

sponding torques to solutions in the phase portrait for the

downward-downward equilibrium are shown in Fig. 5b with

respect to the actuated angle q1. Considering the necessary

torques for achievable motions requires also a closer look at

the available actuation power. In our setup (see Fig. 1) there

is a saturation level for the maximum torque of the motor

τmax = 0.22Nm ,

i.e. not all motions depicted in Fig. 5 are feasible. Let

us choose the following time periodic solution of (4) with

virtual holonomic constraints (7)–(9)

θ∗(t) :
{

(θ∗(0), θ̇∗(0)) = (0.65 rad, 0 rad/s) ,
T = 1.1336 s

(10)

that can be still performed within the available actuation

power (see bold line in Fig. 5). However, the main ques-

tion now is whether introducing additional spring actuators

contributes to the required torque such that the control effort

on the original actuator gets reduced.

C. Contribution of Springs to the Required Torque

A qualitative plot of torques generated by standard com-

pression springs is already shown in Fig. 4. There are various

configurations for the spring assembly and we have to select

one that gives a reasonable curve close to the required torque

τ∗ for the desired periodic motion given by (10). Choosing
the standard springs

c1B = c4B = 471N/m (11)

gives such function τc in the interval of q1 relevant for the

motion. Since the springs become part of the control input

to the first link, the motor will only have to give a reduced

torque

τred = τ∗ − τc . (12)

In Fig. 6a it can be seen that the reduced motor torque

is much less than the required torque for the motion by

introducing the springs as additional actuator. Looking at the

absolute mechanical power (see Fig. 6b) that was used over

one period it becomes even more obvious that there has been

a remarkable reduction of energy expenditure to

PN
red,T

=

∫ T

t=0
|τred q̇1∗| dt∫ T

t=0
|τ∗ q̇1∗| dt

= 26% .

V. CONTROLLER DESIGN

The design step following the motion planning is the

synthesis of a feedback controller with an objective to

diminish effects of disturbances on the system behavior, such

as uncertainties in modeling, errors in parameter estimates,

etc. The procedure that is shown here aims on a transverse

linearization of the closed-loop system along a desired solu-

tion of the reduced dynamics (4).

Let us introduce new coordinates for the system:

y = q1 − φ1(θ) , (13)

where zero value of y corresponds to the virtual holo-

nomic constraints defined in (6) and (7) as example for the

downward-downward equilibrium of the Pendubot.

Taking time derivatives of y, one obtains

ẏ = q̇1 − d

dt
φ1(θ), ÿ = q̈1 − d2

dt2
φ1(θ) = v (14)

where the last equation defines the feedback transformation

from τ to the new control variable v:

τ = fc(q, q̇, v). (15)
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Fig. 6. Reduction of torque and mechanical power for the desired motion

by introducing additional spring actuators.

Recall that the dynamics of the Pendubot (1) has changed in

terms of (3) by installing some springs acting on the first link.

Hence, the spring torque τc(q1) will show up in the function
fc(q, q̇, v) for the control action (15). Nevertheless, we will
keep the original dynamics of (1) for the computation of the

feedback transformation and simply subtract the contributed

spring torque as already suggested by (12):

τ̃ = f(q, q̇, v)− τc(q1). (16)

In the new coordinates the dynamics of the Pendubot (1)

is given in partly linear form:

α(θ)θ̈ + β(θ)θ̇2 + γ(θ) = gy(θ, y)y
+gẏ(θ, θ̇, ẏ)ẏ
+gv(θ)v

ÿ = v ,

(17)

where the left-hand side of the upper equation corresponds

to the one for the virtually constrained system (4), while

the right-hand side is rewritten in the new coordinates (13)

and (14). By differentiating the integral function (5) along

the trajectories of (17), one obtains dynamics transversal to

solutions θ(t) of the reduced dynamics (4) [4], [3]

d
dtI(·) = 2θ̇

α(θ) [gy(·)y + gẏ(·)ẏ + gv(·)v − β(θ)I(·)]
ÿ = v .

(18)

Eventually, the controller design can be based on the

linerarization of the closed-loop system (18) along a desired

solution θ∗(t) – the so-called transverse linerarization [3]
– given in the following state space form (auxiliary LTV

system [4])

d
dtζ = A(θ∗(t), θ̇∗(t))ζ + b(θ∗(t), θ̇∗(t))v

ζ = [δI, δy, δẏ]T
(19)

with the time-variant periodic matrix functions

A(θ(t), θ̇(t)) =

⎡⎣ a11(θ, θ̇) a12(θ, θ̇) a13(θ, θ̇)
0 1 0
0 0 0

⎤⎦ ,

bT (θ(t), θ̇(t)) =
[

b1(θ, θ̇) 0 1
]

,

a11(θ, θ̇) = − 2θ̇β(θ)
α(θ) , a12(θ, θ̇) = 2θ̇gy(θ,0)

α(θ) ,

a13(θ, θ̇) = 2θ̇gẏ(θ,θ̇,0)
α(θ) , b1(θ, θ̇) = 2θ̇gv(θ)

α(θ) .

Exponential orbital feedback stabilization will be achieved

using a solution of the continuous time-periodic dynamic

Riccati equation

Ṙ(t)+A(t)T R(t)+R(t)A(t)+Q = R(t)B(t)Γ−1B(t)T R(t)

with appropriately chosen weighting matrices Q ≥ 0 and
Γ > 0. In order to use such stabilizing solution R(t) for
any θ(t) close to the desired trajectory θ∗(t), we have to
introduce an operator Pt that is projecting points of the phase

plane (θ, θ̇) onto a curve C∗ defined by (θ∗, θ̇∗) of the reduced
system:

Pt : [θ, θ̇] → C∗
C∗ =

{
[θ∗(t), θ̇∗(t)], t ∈ [0, T ]

}
.

Another operator

T∗ : C∗ → [0, T ]

gives the corresponding time instants from [0, T ] for the point
of the curve C∗. Finally, the feedback control law

v(t) = −Γ−1 b(θ, θ̇)T R
(
T∗

(
Pt([θ, θ̇])

)) ⎡⎣ I
y
ẏ

⎤⎦ (20)

guarantees convergence for the nonlinear system within a

vicinity of the desired trajectory [4], [3].

VI. EXPERIMENTAL RESULTS

The experiment is carried out with a real-time platform

of the type dSPACE 1104. The angular positions q1 and q2

of the two links are measured by encoders with resolutions

of 4096 and 3600 pulses per revolution, respectively. The

angular velocities are estimated as ˆ̇q1 and
ˆ̇q2 based on second

order high-gain linear observers [2]. In order to apply the

feedback control law (20) for our desired periodic motion

(10), one has to find a stabilizing solution of the dynamic

Riccati equation. Such R(t) was found for the weighting
matrices

Q =

⎡⎣ 1 0 0
0 1 0
0 0 0.1

⎤⎦ , Γ = 1 .



Since there are frictional torques present in the real setup,

one has to apply a friction compensation scheme. While there

is significant friction in the first link joint, mostly induced

by the motor, the friction in the second link joint is assumed

to be negligible. In our case we use a a static map with

estimated Coulomb and viscous properties:

τF = FCsign(ˆ̇q1) + FV
ˆ̇q1,

where the levels of Coulomb friction is different for positive

and negative velocity

FC =
{

FCp for ˆ̇q1 > 0
FCn for ˆ̇q1 < 0

.

The following values were identified in experiments:

FCp = 0.021Nm , FCn = 0.014Nm , FV = 0.002Nms .

In Fig. 7 the experimental results are shown. The controller

was able to stabilize the desired virtually constrained motion

(10) utilizing the springs (11) as additional actuator. The

applied motor torque shows a hysteresis behavior around

the ideally reduced torque which is due to the presence of

friction, model uncertainties, delay, etc. However, the springs

reduce the motor torque significantly. In fact, the desired

motion could not even be achieved in praxi without springs

because of the saturation levels of the motor.

VII. CONCLUSIONS

In this paper we demonstrated how springs can be used in

concert with a comparably weak DC motor to generate peri-

odic motions of an underactutated planar two-link robot. The

main objective of reducing the control efforts with contribu-

tive spring torques was shown. Here, motion planning and

feedback controller design are based on the virtual holonomic

constraints approach and a transverse linearization along a

desired trajectory, respectively. During the motion planning

process one can realize what is a feasible performance range

within given saturation levels of the actuators. By installing a

suitable configuration of springs that gives approximately the

required torque for the desired motion, it is possible to reduce

the control effort and consequently the power consumption

of the original actuator significantly. This claim was verified

in experiments for a particular periodic motion.
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Abstract: This paper considers identification of unknown parameters in elastic dynamic models
of industrial robots. Identifying such models is a challenging task since an industrial robot
is a multivariable, nonlinear, resonant, and unstable system. Unknown parameters (mainly
spring-damper pairs) in a physically parameterized nonlinear dynamic model are identified
in the frequency domain, using estimates of the nonparametric frequency response function
(FRF) in different operating points. The nonlinear parametric robot model is linearized
in the same operating points and the optimal parameters are obtained by minimizing the
discrepancy between the nonparametric FRFs and the parametric FRFs (the FRFs of the
linearized parametric robot model). In order to accurately estimate the nonparametric FRFs,
the experiments must be carefully designed. The selection of optimal operating points for
the experiments is also part of the design. Different parameter estimators are compared and
experimental results show the usefulness of the proposed identification procedure. The weighted
logarithmic least squares estimator achieves the best result and the identified model gives a
good global description of the dynamics in the frequency range of interest.

Keywords: System identification, multivariable systems, nonlinear systems, closed-loop
identification, frequency response methods, industrial robots

1. INTRODUCTION

Accurate dynamic models of industrial robots are needed
for mechanical design, performance simulation, control, su-
pervision, diagnosis, and so on. The industrial robot poses
a challenging modeling problem both due to the system
complexity and the required model accuracy. Usually a
robot has six joints (also called axes), see Fig. 1, with
coupled dynamics, giving a truly multivariable system.
The dynamics is nonlinear, both with respect to the rigid
body dynamics and other things such as non-ideal motors
and sensors, and a transmission with friction, backlash,
hysteresis, and nonlinear stiffness. The system is resonant
due to elastic effects and, in addition, experimental data
must usually be collected while the robot controller is
operating in closed loop since the system is unstable.

Historically, the dynamic models used for control are
either entirely rigid (An et al., 1988), or only flexible
joint models are considered, i.e., elastic gear transmission
and rigid links (Spong, 1987; Albu-Schäffer and Hirzinger,
2000). The trend in industrial robots is toward lightweight
robot structures with a reduced mass but with preserved
payload capabilities. This is motivated by cost reduction
as well as safety issues, but results in lower mechanical
resonance frequencies inside the controller bandwidth.
The sources of elasticity in such a manipulator are, e.g.,
gearboxes, bearings, elastic foundations, elastic payloads,
as well as bending and torsion of the links. In Öhr

? This work was supported by ABB AB – Robotics and the VIN-
NOVA Center of Excellence ISIS at Linköping University.

Fig. 1. The ABB manipulator IRB6600.

et al. (2006) it is shown that there are cases when these
other sources of flexibilities can be of the same order as
the gearbox flexibilities for a modern industrial robot.
Accurate dynamic models that also describe these elastic
effects are therefore needed to obtain high performance.

In this paper, we will consider the extended flexible joint
model (Moberg and Hanssen, 2007). A general serial link
industrial robot, as in Fig. 1, is then modeled by a
kinematic chain of rigid bodies, where each rigid body is
connected to the preceding body by three torsional spring-
damper pairs, giving three degrees-of-freedom (DOF) to
each rigid body. At most one of these DOFs can be
actuated, corresponding to a connection of the two rigid
bodies by a motor and a gearbox. In this representation,
a robot link (always actuated) can consist of one or more



rigid bodies. The model equations, described in Moberg
and Hanssen (2007), can be written as a nonlinear gray-
box model

ẋ(t) = f(x(t), u(t), θ), (1a)
y(t) = h(x(t), u(t), θ), (1b)

with state vector x(t), input vector u(t), output vector
y(t), parameter vector θ, and nonlinear functions f(·) and
h(·) that describe the dynamics. This extended flexible
joint model is global, i.e., valid throughout the whole
workspace, as well as elastic, which here means that
resonances due to elastic effects are captured by the
model through a lumped parameter approach (Khalil and
Gautier, 2000).

To be noted is that even though these extended models
have the potential to give a more accurate description
of the robot dynamics, they are very difficult to use for
robot control where, e.g., the feedforward control problem
involves solving a DAE. However, the control performance
will be improved by using such models, compared to using
the flexible joint model. (Moberg and Hanssen, 2007)

2. PROBLEM DESCRIPTION

The main problem considered in this paper is identification
of unknown physical parameters in nonlinear dynamic
robot models, such as (1). The rigid body parameters
of the model are usually assumed to be known from a
CAD model or prior rigid body identification. The main
objective is identification of elasticity parameters (spring-
damper pairs) but other parameters can be added, such as
the location in the robot structure of the spring-damper
pairs and a few unknown rigid body parameters. It is
also possible to include nonlinear descriptions of selected
quantities (e.g., the gearbox stiffness) and identify those
by a linearization for each operating point. An additional
constraint in the paper is that no extra sensors are used for
the identification. This means that only measurements of
motor angular positions and motor torques (actually the
reference signals to the torque controllers) will be used as
output y and input u, respectively. This constraint is used
both to limit the complexity and to see how much that
can be achieved using only the standard sensors.

The real challenge for system identification methods is that
the industrial robot is multivariable, nonlinear, unstable,
and resonant at the same time. Usually, in the literature, at
least one of the first three topics is left out. Identification
of such a complex system is therefore a huge task, both in
finding suitable model structures and efficient identifica-
tion methods.

One solution could be to apply a nonlinear prediction
error method (Ljung, 1999, pp. 146–147), where measured
input-output data are fed to the model and the predicted
output from the model is compared with the measured
output. This has been treated in Wernholt and Gunnars-
son (2006a) for axis one of the industrial robot, which
means a stable scalar system (axis one is not affected
by gravity). Extending these results to a multivariable
and unstable system would involve, for example: finding a
stable predictor, numerical problems, and handling large
data sets. The last two problems stem from the fact that
the system is resonant and numerically stiff, as well as
large in dimension both with respect to the number of
states and parameters. In addition comes also the choice of

model structure (parameters) and handling local minima
in the optimization. Apart from all these problems, such
a solution would really tackle our main problem.

Due to the complexity of the industrial robot, it is common
practice to estimate approximate models for various pur-
poses. By, for example, using a low-frequency excitation,
elastic effects have a minor influence and a nonlinear model
of the rigid body dynamics can be estimated using least
squares techniques. This is a much studied problem in
the literature, see, e.g., Kozlowski (1998) for an overview.
Taking elastic effects into account makes the identification
problem much harder. The main reason is that only a
subset of the state variables now are measured such that
linear regression cannot be used. One option could be
to add sensors during the data collection to measure all
states, even though accurate measurements of all states
are not at all easy to obtain (if even possible) and such
sensors are very expensive (e.g., laser trackers) and makes
the data collection more involved.

It is common to study the local dynamic behavior around
certain operating points (x0, u0) (also called positions in
the paper) and there estimate parametric or nonparamet-
ric linear models (see, e.g., Behi and Tesar, 1991; Johans-
son et al., 2000; Albu-Schäffer and Hirzinger, 2001; Öhr
et al., 2006). One application area for these linear models
is control design, where a global controller is achieved
through gain scheduling. The linear models can also be
used for the tuning of elastic parameters in a global non-
linear robot model, which is the adopted solution in this
paper :

• The local behavior is considered by estimating the
nonparametric frequency response function (FRF),
Ĝ(i)(ωk), with frequencies ωk, k = 1, . . . , Nf ,
of the system in a number of operating points,
(x(i)

0 , u
(i)
0 ), i = 1, . . . , Q.

• Next, the nonlinear parametric robot model (1) is
linearized in each of these operating points, resulting
in Q parametric FRFs, G(i)(ωk, θ), i = 1, . . . , Q.

• Finally, the optimal parameter vector θ̂ is obtained by
minimizing the discrepancy between the parametric
FRF, G(i)(ωk, θ), and the estimated nonparametric
FRF, Ĝ(i)(ωk), for all the Nf frequencies and Q
operating points.

This identification procedure, first suggested in Öhr et al.
(2006), will here be described in more detail. Various
aspects of the procedure are also treated in Wernholt and
Gunnarsson (2006b), Wernholt and Löfberg (2007), Wern-
holt and Gunnarsson (2007) and Wernholt and Moberg
(2007). Using an FRF-based procedure allows for data
compression, unstable systems are handled without prob-
lems, it is easy to validate the model such that all im-
portant resonances are captured, and model requirements
in the frequency domain are also easily handled. The
proposed procedure also has some possible problems. The
choice of model structure (parameters) and handling local
minima in the optimization are problems here as well. In
addition comes some difficulties with biased nonparamet-
ric FRF estimates due to closed-loop data and nonlinear-
ities. There are also cases when even a small perturbation
around an operating point can give large variations due
to the nonlinearities, which makes a linear approximation



inaccurate, e.g., passing through Coulomb friction, back-
lash, or different parts of a nonlinear stiffness. This can be
partly handled by the choice of excitation (e.g., avoid zero
velocity to reduce Coulomb friction).

The procedure will now be described, starting with the
nonparametric FRF estimation and the parameter estima-
tion in Sections 3 and 4, respectively. Section 5 presents
experimental results and, finally, a concluding discussion
is given in Section 6.

3. FRF ESTIMATION

As a first step toward the parameter identification, esti-
mates of the nonparametric FRF in a number of operat-
ing points are needed. These are obtained by performing
experiments where the robot is moved into a position and
a speed reference signal is fed to the robot controller. The
resulting motor torques (actually the torque reference to
the torque controller) and angular positions are sampled
and stored. The measured angular positions are then fil-
tered and differentiated to obtain estimates of the motor
angular speeds, which are here considered as the output
signals.

The open-loop system to be identified is unstable, which
makes it necessary to collect data in closed loop. Consider
therefore the setup in Fig. 2, where the controller takes
as input the difference between the reference signal r
and the measured and sampled output y, and u is the
input. The disturbance v contains various sources of noise
and disturbances. An experimental control system is used,
which enables the use of off-line computed reference signals
for each motor controller.

ControllerΣ+ Robot
u

Σ
−

r y

v

Fig. 2. Closed-loop measurement setup.

To avoid leakage effects in the discrete Fourier transform
(DFT), which is used by the estimation method, the
excitation signal, r, is assumed to be periodic, with NP

samples in each period, and an integer number of periods of
the steady state response are collected. The nonparametric
FRF estimate Ĝ(ωk) ∈ Cn×n (assuming n inputs and
outputs) is calculated from a block of n experiments like
(Pintelon and Schoukens, 2001, p. 61)

Ĝ(ωk) = Y(ωk)U−1(ωk), (2)
where the n columns of Y(ωk) and U(ωk) contain the
DFT of the sampled data from the n experiments. See
also, e.g., Wernholt and Gunnarsson (2007) for other FRF
estimators for multivariable systems.

As excitation, an orthogonal random phase multisine sig-
nal (Dobrowiecki and Schoukens, 2007) is used, which
here gives R(ωk) = Rdiag(ωk)T, where Rdiag(ωk) =
diag {R1(ωk), . . . , Rn(ωk)} and T is an orthogonal matrix,
Til = e

2πj
n (i−1)(l−1), with TTH = nI. Each Rl(ωk) is the

DFT of a random phase multisine signal, which in the time
domain can be written as

r(t) =
Nf∑

k=1

Ak cos(ωkt+ φk), (3)

with amplitudes Ak, frequencies ωk chosen from the grid
{ωk = 2πk

NP Ts
, k = 1, . . . , Np

2 − 1, (NP even)} with Ts

the sampling period, and random phases φk uniformly
distributed on the interval [0, 2π). Using the orthogonal
multisine signal in closed loop corresponds to an optimal
experiment design given output amplitude constraints.

The selection of frequencies as well as the amplitude spec-
trum will affect the parameter estimation in the next step.
Using too many frequencies will give a low signal-to-noise
ratio, which increases both the bias and the variance in the
nonparametric FRF estimate. The amplitude spectrum
should also reflect the sensitivity for the unknown param-
eters (cf. Ψ(i)

0 (k) in (5)), at least such that the unknown
parameters influence the parametric FRF for the selected
frequencies.

The nonparametric FRF estimate can be improved by
averaging over multiple blocks and/or periods. The covari-
ance matrix can then also be estimated. For a linear sys-
tem, averaging over different periods is sufficient, whereas
for a nonlinear system, it is essential to average over blocks
where Rdiag in each block should have different realizations
of the random phases. The reason is that nonlinearities
otherwise will distort the estimate and give a too low
uncertainty estimate, see Pintelon and Schoukens (2001,
Chap. 3) and Schoukens et al. (2005).

For the industrial robot, the nonlinearities cause large
distortions and averaging over multiple blocks is there-
fore important (Wernholt and Gunnarsson, 2006b). For
the same reason, one should only excite odd frequencies
(only odd k in the grid ωk = (2πk)/(NPTs) in (3)), see
Schoukens et al. (2005).

4. PARAMETER ESTIMATION

When the FRFs have been estimated from data, the
next step is to linearize the nonlinear model (1) in the
same operating points and calculate the parametric FRFs,
G(i)(ωk, θ), i = 1, . . . , Q. A cost function V (θ) is then
formed, measuring the (weighted) discrepancy between the
parametric FRF and the estimated nonparametric FRF
for all the Q operating points. This cost function is finally
minimized to identify the unknown parameters.

First, two different parameter estimators will be analyzed
and compared. Next, the selection of optimal operating
points for the experiments is treated, and finally, the
solution of the optimization problem is discussed.
Remark 1. Note that the parametric FRF, G(i)(ωk, θ), is
a function of the nonlinear gray-box model (1) such that
for each parameter vector θ during the minimization, (1)
is linearized in (x(i)

0 , u
(i)
0 ) before calculating the FRF.

4.1 Estimators

Weighted Nonlinear Least Squares (NLS) Estimator The
NLS estimator is given by



θ̂NLS
Nf

= arg min
θ∈Θ

V NLS
Nf

(θ), (4a)

V NLS
Nf

(θ) =
Q∑

i=1

Nf∑
k=1

[E(i)(k, θ)]H [Λ(i)(k)]−1E(i)(k, θ), (4b)

E(i)(k, θ) = vec(Ĝ(i)(ωk))− vec(G(i)(ωk, θ)), (4c)

with Λ(i)(k) a Hermitian (Λ = ΛH) weighting matrix, and
(·)H denoting complex conjugate transpose. The asymp-
totic properties (Nf →∞) of this estimator will be derived
in the following theorem.
Theorem 2. Consider the NLS estimator (4) and assume
that:

(1) Ĝ(i)(ωk) = G(i)(ωk, θ0)+η(i)(ωk) with vec(η(i)(ωk)) a
zero mean circular complex random vector, indepen-
dent over i and ωk, with covariance matrix Λ(i)

0 (ωk).
(2) Θ is a compact set where V NLS

Nf
(θ) and its first- and

second-order derivatives are continuous for any value
of Nf .

(3) For Nf large enough, the expected value of V NLS
Nf

(θ)
has a unique global minimum θ0 in Θ.

The estimator θ̂NLS
Nf

will then converge to θ0 as Nf → ∞
and

√
Nf (θ̂NLS

Nf
− θ0) is asymptotically Normal distributed

with covariance matrix Pθ,

Pθ =
1
2

 1
Nf

Q∑
i=1

Nf∑
k=1

<
{

Ψ(i)
0 (k)Ξ(i)(k)[Ψ(i)

0 (k)]T
}−1

×
 1
Nf

Q∑
i=1

Nf∑
k=1

<
{

Ψ(i)
0 (k)Σ(i)(k)[Ψ(i)

0 (k)]T
}

×
 1
Nf

Q∑
i=1

Nf∑
k=1

<
{

Ψ(i)
0 (k)Ξ(i)(k)[Ψ(i)

0 (k)]T
}−1

, (5)

with the Jacobian matrix [Ψ(i)
0 (k)]T = ∂ vec(G(i)(ωk,θ))

∂θ

∣∣∣
θ=θ0

,

(·) denoting complex conjugate, and

Ξ(i)(k) = [Λ(i)(ωk)]−1,

Σ(i)(k) = [Λ(i)(ωk)]−1Λ(i)
0 (ωk)[Λ(i)(ωk)]−1.

The covariance is minimized by using the optimal weights

Λ(i)(ωk) = Λ(i)
0 (ωk), (6)

which also simplifies (5) to

Pθ =
1
2

 1
Nf

Q∑
i=1

Nf∑
k=1

<
{

Ψ(i)
0 (k)[Λ(i)(ωk)]−1[Ψ(i)

0 (k)]T
}−1

.

Proof. Follows from fairly straightforward calculations
using Theorem 7.21 in Pintelon and Schoukens (2001).

Note that in addition to the mentioned assumptions, there
are some technical details for the asymptotic normality
that η(i)(ωk) has uniformly bounded absolute moments of
order 4 + ε with ε > 0. See Pintelon and Schoukens (2001,
Theorem 7.21) for details.

Weighted Logarithmic Least Squares (LLS) Estimator
For systems with a large dynamic range, the NLS estima-
tor may become ill-conditioned. The weighted logarithmic

least squares (LLS) estimator has been suggested as an
alternative (Pintelon and Schoukens, 2001, pp. 206–207)

θ̂LLS
Nf

= arg min
θ
V LLS

Nf
(θ), (7a)

V LLS
Nf

(θ) =
Q∑

i=1

Nf∑
k=1

[E(i)(k, θ)]H [Λ(i)(k)]−1E(i)(k, θ), (7b)

E(i)(k, θ) = log vec(Ĝ(i)(ωk))− log vec(G(i)(ωk, θ)), (7c)
where logG = log |G| + j argG. This estimator has
improved numerical stability and is particularly robust
to outliers in the measurements. However, from a the-
oretical point of view, the estimator is inconsistent
(limNf→∞ θ̂LLS

Nf
6= θ0). The bias can be neglected if the

signal-to-noise ratio (vec(Ĝ) vs.
√

diag {Λ0}) is large
enough (at least 10 dB according to Pintelon and Schoukens,
2001, p. 207).

Similarly to Theorem 2, one can show that the covariance
matrix, using the LLS estimator (7) and neglecting the
bias, is approximately given by (5) with

Ξ(i)(k) =
[
G

(i)
d (ωk, θ0)Λ(i)(ωk)[G(i)

d (ωk, θ0)]H
]−1

,

Σ(i)(k) = Ξ(i)(k)Λ(i)
0 (ωk)Ξ(i)(k),

and G
(i)
d (ωk, θ0) = diag

{
vec(G(i)(ωk, θ0))

}
. Using the

optimal weights

Λ(i)(ωk) =
[
G

(i)
d (ωk, θ0)

]−1

Λ(i)
0 (ωk)

[
G

(i)
d (ωk, θ0)

]−H

,

(8)
gives approximately the same covariance as for the NLS
estimator.

Selection of Weights Even if the covariance is minimized
by using the optimal weights, the choice of weights will
in general deviate from the optimal ones for a number
of reasons. Firstly, the true covariance matrix Λ(i)

0 (ωk) is
usually not known so the user must instead be content
with an estimated covariance matrix Λ̂(i)

0 (ωk). Secondly,
the weights also reflect where the user requires the best
model fit. This is important in case the model is unable
to describe every detail in the measurements. The bias-
inclination will then be small for frequencies, elements,
and positions where the weights [Λ(i)(ωk)]−1 are large.

For a resonant system, it is often easier to use the LLS
estimator in the way that even constant weights will make
sure that both resonances and anti-resonances are matched
by the model. This is due to the fact that the logarithm
in the LLS estimator inherently gives the relative error,
compared to the absolute error when using the NLS
estimator. With the NLS estimator, the anti-resonances
are easily missed if not choosing large weights at those
frequencies.

4.2 Optimal Positions

Given a nonlinear gray-box model (1), the information
about the unknown parameters will differ between non-
parametric FRF estimates in different positions. There-
fore, given a limited total measurement time, one should
perform experiments in the position(s) that contribute the
most to the information about the unknown parameters.
In Wernholt and Löfberg (2007), this problem is formu-
lated as follows: Assume a set of Qc candidate positions.



Determine the number of experiments to be performed in
each position (mi experiments in position i) such that
the parameter uncertainty is minimized, given a total
of M =

∑Qc

i=1mi experiments. Determining the values
mi, i = 1, . . . , Qc, is a combinatorial experiment design
problem which relatively quickly will become intractable
whenQc is large. IfM is not too small, a good approximate
solution can be found by relaxing the constraint that each
mi should be an integer. This relaxed problem is convex,
which enables the global optimum to be found. In the
paper Wernholt and Löfberg (2007), it is also shown that
the experiment design is efficiently solved by considering
the dual problem. The candidate positions are obtained
by griding the workspace. Given thousands of candidate
positions, only a few positions typically have a nonzero
mi in the optimum. See Wernholt and Löfberg (2007) for
details and examples.

4.3 Solving the Optimization Problem

The minimization problem to be solved, (4) or (7), is
unfortunately non-convex. Here, the problem is solved
using fminunc in Matlab, which is a gradient-based
method which only returns a local optimum. Due to
the existence of local minima, a good initial parameter
vector, θinit , is important. The problem can be solved
for a number of random perturbations around θinit in
order to avoid local minima. Or, alternatively stated, to
obtain a local minimum which is good enough for the
purpose of the model. The quality of the resulting model,
as well as problems with local minima and identifiability
properties, depend on the choices of estimator, weights,
and position(s) for the experiments. This will be illustrated
in the next section.

5. EXPERIMENTAL RESULTS

The identification procedure, described in the previous
sections, will here be used for the identification of an
industrial robot from the ABB IRB6600 series. A nonlinear
gray-box model with 26 unknown parameters is used.
The nonparametric FRFs are estimated in the 15 optimal
positions from Wernholt and Löfberg (2007) by using an
odd orthogonal random phase multisine signal with a flat
amplitude spectrum as excitation and averaging over a
number of blocks. The parameters are then estimated
using the following estimators:

LLSM15U: LLS estimator, Q = 15, only magnitude
(log |G|), user-defined weights.
LLS15U: LLS estimator, Q = 15 , user-defined weights.
LLS15O: LLS estimator, Q = 15, optimal weights.
NLS15U: NLS estimator, Q = 15, user-defined weights.
NLS15O: NLS estimator, Q = 15, optimal weights.
LLS1U: LLS estimator, Q = 1, user-defined weights.

For simplicity only diagonal weights [Λ(i)(ωk)]−1 are con-
sidered. The user-defined weights are constant for each
element in the FRF, the same for all positions, zero for low
frequencies where the nonparametric FRF is uncertain,
and lower for the non-diagonal elements in the FRF. The
optimal weights are calculated from (6) and (8), using the
estimated covariance Λ̂(i)

0 (ωk) and G(i)(ωk, θ0) ≈ Ĝ(i)(ωk).
The optimal weights often turn out to be small at the reso-
nances and anti-resonances due to a larger relative error in
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Fig. 3. Normalized LLS cost with user-defined weights for
all initial parameters and all estimators.
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Fig. 4. Normalized LLS cost with optimal weights for all
initial parameters and all estimators.

the nonparametric FRF estimate at those frequencies. For
the LLS1U estimator, the single position with the smallest
theoretical parameter covariance is used.

To assess the sensitivity to the initial parameter vector,
θinit , 100 optimizations are performed for each of the 6
estimators, using randomly perturbed initial parameters,
θ
[l]
init , l = 1, . . . , 100 (the same for all estimators). Each ele-

ment in θ[l]init is obtained by multiplying the corresponding
element in θinit by 10ϕ, where ϕ is a random number from
a uniform distribution on the interval [−1, 1].

To evaluate the resulting 600 models, the same cost
function is used for all models. The LLS cost, V LLS(θ),
is calculated with user-defined and optimal weights, which
can be seen in Figs. 3 and 4, respectively. The cost varies
quite much between the different estimators. What is more
important is the trend over the different optimizations.
The first three estimators tend to be much more robust to
varying initial parameters.
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Fig. 8. Parametric FRF G(i)(ωk, θ), element (4,4), in one
of the positions. Thick gray line: best LLS15U model
(cf. Fig. 9), black lines: the 31 best LLS15U models.

To compare the number of reasonable models, some mea-
sure is needed. Since the optimal weights are small at
the resonances and anti-resonances, Fig. 4 is not so well
suited for judging if resonances (and anti-resonances) are
accurately modeled or not. Consider therefore Fig. 3.
When comparing the FRFs of the parametric models with
the estimated nonparametric FRFs, the models usually
miss important resonances when the normalized cost in
Fig. 3 exceeds approximately 1.5. That gives the following
percentage of reasonable models (out of the 100 models):
LLS15U, 80 %, LLSM15U, 64 %, LLS15O, 35 %, NLS15U, 3 %,
LLS1U, 2 %, and NLS15O, 0%. These numbers are only
approximate since the same cost can be achieved if one
resonance is missed completely but all others are accurate,
and if many resonances are only modeled with moderate
accuracy. The latter is often the case for the LLS15O
estimator since the exact location of the resonances, as
well as their damping, are not so important when using
the optimal weights.

To further evaluate the estimated models, the parameter
variation is studied. The spring parameters of the gear-
boxes and the arm structure as a function of the sorted
optimizations can be seen in Figs. 5 and 6, respectively.
These parameters are normalized by the best LLS15U
model. One immediately notes that the arm structure
springs are harder to estimate, in particular one of them.
This parameter does not influence the FRF that much in
the selected frequency interval and is therefore hard to es-
timate. Considering the number of optimizations with es-
timated parameters inside the interval [0.5, 2] (black lines
in the figures) gives the following percentage of reasonable
models (out of the 100 models): LLS15U, 62 %, LLSM15U,
43 %, LLS15O, 21%, NLS15U, 2%, LLS1U, 2 %, and NLS15O,
0 %. One arm structure parameter is excluded in these
numbers, but the LLS15U estimator actually manages to
accurately estimate the 12 spring parameters in 12% of
the optimizations. The dampers are unfortunately much
harder to accurately estimate, as can be seen in Fig. 7.
Some of the damping parameters fluctuate quite much
even among the best models. These variations can also
be seen in the parametric FRF in Fig. 8.

Table 1. Statistics for the LLS15U estimator,
where the first five columns are obtained using
the 31 best parameter sets in Fig. 3, and the
last column is calculated for the best parame-

ter set, using (5).

θi min median max mean std stdth

k1 0.97 1.01 1.05 1.01 0.020 0.0069

k2 0.99 1.02 1.04 1.02 0.012 0.0081

k3 0.061 1.00 3.67 1.10 0.66 0.103

k4 0.72 0.99 1.26 0.97 0.13 0.042

c1 0.84 0.99 1.45 1.00 0.12 0.037

c2 0.24 1.04 1.51 0.99 0.30 0.056

c3 0.16 0.55 7.05 1.57 1.93 0.865

c4 0.048 0.44 34.1 2.27 6.14 0.186

The LLS15U estimator is further analyzed by computing
the theoretical parameter uncertainty from (5) for the
model with the lowest V LLS cost, as well as the statistics
for the best 31 models, i.e., all models with a cost less than
1.05 in Fig. 3. Statistics for 8 representative springs ki and
dampers di are shown in Table 1, where the parameters
with both the smallest and the largest uncertainties are
included. The conclusions are that the springs are more
accurately estimated than the dampers and that the
theoretical uncertainty gives a good indication of the
variations of the estimated parameters.

Fig. 9 finally shows the magnitude of the estimated non-
parametric FRF and the best parametric model for one of
the positions. The identified model gives a good global
description of the dynamics in the frequency range of
interest.

6. CONCLUDING DISCUSSION

This paper has dealt with the problem of estimating un-
known elasticity parameters in a nonlinear gray-box model
of an industrial robot. An identification procedure has
been proposed where the parameters are identified in the
frequency domain, using estimates of the nonparametric
FRFs for a number of robot configurations/positions. Two
different parameter estimators (NLS and LLS), as well
as the selection of weights in the estimators, have been
evaluated in an experimental study with the following
result:

• the LLS estimator is superior to the NLS estimator
for this type of system,

• more than one position is needed in order to get a
reasonable estimate,

• using phase information improves the estimate,
• rough user-defined weights work much better than the

theoretically optimal weights,
• gearbox parameters are easier to estimate than arm

structure parameters,
• spring parameters are easier to identify than damping

parameters, and
• the theoretical uncertainties for the estimated param-

eters in Table 1 give a good indication of the quality
of the estimated parameters.

The uncertainties in the dampers and in some of the
springs in the best identified model are quite large, but
the resulting global model should anyway be useful for
many purposes.
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Fig. 5. Normalized spring parameters of the gearboxes for the 6 different estimators, sorted according to Fig. 3.
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Fig. 6. Normalized spring parameters of the arm structure for the 6 different estimators, sorted according to Fig. 3.
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Fig. 7. Normalized damping parameters of the gearboxes (first row) and the arm structure (second row) for the estimators
LLSM15U, LLS15U and LLS15O, sorted according to Fig. 3.

An explanation to the fourth point is that the assumptions
in Theorem 2 are violated since the nonparametric FRF
estimate has bias errors due to nonlinearities and closed-
loop data, and the model is unable to describe every detail
of the true system. The weights should, for such a case,
primarily be selected to distribute the bias, not to get
minimum variance. The theoretically optimal weights are
low at the resonance and anti-resonance frequencies (due
to uncertainties in the FRF), which in turn gives large
model errors there.

The fifth point comes as no surprise. The model structure,
where all elastic effects in the arm structure are lumped
into a few spring-damper pairs, can of course be modified
and refined. Both regarding the location of these spring-
damper pairs, as well as how many that are needed in
order to properly model the system. Identifiability of these
added parameters can also be discussed. Maybe additional
sensors are needed, e.g., accelerometers attached to the
structure, as is the case in experimental modal analysis
(Behi and Tesar, 1991; Verboven, 2002).

The main reasons for the large uncertainties in the damp-
ing parameters probably are that the system is poorly
damped and that the nonparametric FRFs contain errors
at the resonances and anti-resonances such that unique
damping parameters are hard to find.

A number of areas are still subject to future work. The se-
lection of weights can certainly be improved by combining
the user choices and the estimated FRF uncertainty. The
selection of frequencies, as well as the amplitude spectrum
for the nonparametric FRF estimation can be further
improved. An experimental verification of the optimal

positions for identification is still interesting to perform.
The parameter accuracy and problems with local minima,
versus measurement time and excitation energy are also
interesting problems to study. Using a frequency-domain
method for identification of a nonlinear system has some
problems, as was pointed out in Section 2. Therefore,
it would be interesting to apply time-domain prediction
error methods as a comparison, even though that involves
a number of hard problems to tackle, also mentioned
in Section 2. A simulation-based study, using a realistic
nonlinear model, could also be enlightening.

Finally, to conclude this paper: Identification of industrial
robots is a challenging task. Using a general purpose
method by pressing a button will almost surely fail.
The problem instead requires a combination of tailored
identification methods, experiment design, and a skilled
user, using all available knowledge about the system.
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Automatic Kinematic Calibration of a Robot Using Vision

Isolde Dressler, Carl Olsson, KarlÅström, Anders Robertsson and Rolf Johansson

Abstract— A fully automated method for kinematic cali-
bration of a robot using vision is presented and tested in
experiments on a Gantry-Tau parallel robot. A tool chooses
appropriate measurement poses for the robot given a kinematic
model with roughly estimated parameters. The calibration ex-
periment is then performed automatically with a PC managing
the communication between cameras and robot controller. A
pattern detection algorithm determines the robot poses from the
pictures and then the parameter calibration is carried out. An
estimate for the positioning error resulting from measurement
and modeling errors is given. In an experiment with a Gantry-
Tau parallel robot the method is shown to give good results.
The method can in principle be applied to any kind of robot
and makes kinematic calibration carried out by non-experts
possible. This research opens up for new possibilities in robot
control with vision feedback or dynamical pose estimation of
robots.

I. I NTRODUCTION

Vision is being used in robotics for various applications
like vision feedback in control or kinematic calibration using
vision. In previous work kinematic calibration of robots using
vision has been performed by determining the location of
a pattern plate [1] mounted on the robot or observing the
robot’s legs [2]. The vision algorithms used in robotics are
mostly well known and have been implemented in toolboxes
like [3], [4] or [5].

To the author’s knowledge previously presented kinematic
calibration methods using vision always involve manual
interaction of calibration experts. Appropriate measurement
poses have to be chosen, an optimal camera pose has
to be found and localizing a known pattern on a picture
may need cumbersome manual intervention [3], but also
fully automatic detection tools exist [5]. A partly automated
method was presented in [6]. A fully automatic calibration
method simplifies kinematic calibration and makes it possible
for non-expert technicians to perform robot calibration.

The Gantry-Tau parallel kinematic manipulator (PKM) [7]
shown in Fig. 1 is an interesting, relatively new robot based
on an ABB patent [8]. Its framework can be constructed in a
modular way thus allowing for reconfigurations of the robot
geometry. Each reconfiguration requires a succeeding recal-
ibration of the robot, so the Gantry-Tau PKM appears as an
ideal candidate for testing automatic kinematic calibration.

This work has been funded by the European Comission’s Sixth Frame-
work Programme under grant no.011838 as part of the IntegratedProject
SMErobotTM .

Isolde Dressler, Anders Robertsson and Rolf Johansson are with De-
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Carl Olsson and Karl̊Aström are with Center for Mathematical Sciences,
LTH, Lund University, SE-221 00 Lund, Sweden

cameras

Fig. 1. Gantry-Tau PKM prototype (in the left of the picture)

The Gantry-Tau robot’s modularity makes it also suitable
for small and medium size enterprises (SMEs). Those en-
terprises need robots flexible enough to adapt to constantly
changing tasks and small lot sizes. However, every recon-
figuration requires a succeeding recalibration. In general,
SME staff don’t have the knowledge to perform such a
calibration manually, so an automated calibration method for
reconfigurable robots is needed.

In this article, a method for fully automatic kinematic
calibration of a robot using two cameras is presented. This
method includes calculation of appropriate measurement
points, automatic experiment execution, automatic pattern
detection and localization to determine the robot pose and
optimization of the kinematic model. An estimation of the
kinematic model’s positioning error resulting from measure-
ment and modeling errors is given. Furthermore, the method
has been successfully tested on a Gantry-Tau parallel robot.

This article is organized as follows: In Sec. II, the Gantry-
Tau robot and its kinematic model is shortly described,
in Sec. III, the automatic kinematic calibration method is
presented, Sec. IV explains how to detect and localize the
calibration pattern, Sec. V summarizes results from a cali-
bration experiment and Sec. VI concludes with a discussion.

II. T HE GANTRY-TAU ROBOT

The Gantry-Tau PKM (Fig. 2) consists of three kine-
matic chains. Each chain includes a linear actuator which
is connected to the end-effector plate via a link cluster. The
actuators are implemented as carts moving on tracks. The
altogether six links are distributed to the clusters in a 3-
2-1 configuration and connected to carts and end-effector
plate by spherical joints. The placement of the passive joints
on plate and carts is such, that the links belonging to the
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Fig. 2. Schematic Gantry-Tau PKM with parameter and variable notation
exemplified on track 1; all coordinates are given in the globalframe except
for the joint position(d1,x,d1,y,d1,z) on the end-effector plate, which is given
in TCP coordinates

same cluster form parallelograms, which leads to a constant
end-effector orientation. The robot has therefore three purely
translational degrees of freedom (DOF).

The kinematics problem, i.e. how to calculate the tool pose
knowing the actuator positions and vice versa, is solved in
[7] for parallel actuator axes and in [14] for actuator axes
with arbitrary orientation. As the 3 DOF robot has constant
orientation, it is sufficient to consider only one link for
each of the 3 clusters. Figure 2 illustrates the kinematic
parameters used. The closure equation for the kinematic
chain i considering orientation errors of the tracks is then:

L2
i − (∆X2

i +∆Y 2
i +∆Z2

i ) = 0, (1)

where(∆Xi,∆Yi,∆Zi)T is the vector along linki:

∆Xi = X +di,x −Xi

∆Yi = Y +di,y −Yi (2)
∆Zi = Z +di,z −Zi

With arbitrary track orientation,(Xi,Yi,Zi) can be ex-
pressed as: Xi

Yi

Zi

 =

 X0
i

Y 0
i

Z0
i

+

 ci,x

ci,y

ci,z

 qi, (3)

where(ci,x,ci,y,ci,z) is the unit vector along tracki in positive
qi direction.

The inverse kinematic problem, i.e., calculate the actuator
positions knowing the tool pose, can be solved independently
for each kinematic chain. The articulate coordinateqi is
obtained by solving the quadratic equation (1) forqi. The
solution is not cited here for space reasons.

The direct kinematics problem, i.e., the calculation of
the tool pose given the actuator positions, can be solved
according to the stepwise solution in [7]. To obtain the tool
center point (TCP) position, the intersection of two links is
first calculated and the resulting circle is then intersected
with the third link.

The equations show that the kinematics can be expressed
by 7 parameters per kinematic chain: the link lengthLi, the
vector in track direction(ci,x,ci,y,ci,z)T and an offset inx, y
and z direction (Xi,offset,Yi,offset,Zi,offset)T , which accumulates
offsets of the joints on tracks and end-effector plate:

Xi,offset = X0
i −di,x

Yi,offset = Y 0
i −di,y (4)

Zi,offset = Z0
i −di,z

III. A UTOMATIC K INEMATIC CALIBRATION

In the following section, the automatic calibration method
for the Gantry-Tau kinematics is presented. The aim of
a kinematic calibration is to determine the altogether 21
parameters in (1). For that, measurements in different con-
figurations of the robot are taken. Knowing articulate and
TCP coordinates, the parameters can be determined by
optimization methods.

The automated calibration procedure presented can be
divided into four steps (Fig. 3). The first step is to choose
appropriate measurement points before the second step, the
experiment, can be carried out. In the third step, TCP poses
are computed from the images taken in the experiment. Fi-
nally the fourth step, the optimization, outputs the kinematic
model. All steps are carried out fully automatically, so that
the calibration can be performed even by non-experienced
personnel.

A tool like the one described in [6] determines an appro-
priate series of measurement points. The robot’s kinematic
workspace is calculated using a priori knowledge about the
kinematic model. Taking into account obstacles and the space
measurable by the camera, measurement points are equally
distributed in the resulting space. As safety zones are taken
into account when calculating the measurement points, the
a priori parameters do not need to be very accurate and can
originate from manual measurements or as an output of the
robot reconfiguration.

The experiment is then carried out. The robot is prepared
for that by mounting a pattern plate (Fig. 7) for localizing the
TCP position on the images taken. The management of the
communication between robot controller and cameras is done
by a program executed in Matlab. The program assures that
the robot is moved to the measurement positions determined
and that in each position an image is taken and saved.

The images taken are then processed by an algorithm
(Sec. IV) to determine the TCP positions for the measure-
ment configurations. In each configuration, two pictures from
different angles are taken. For each picture, the midpoint
of the calibration pattern is detected. The 3-dimensional
room coordinate of the pattern midpoint is then calculated
intersecting the two different views of the pattern plate.

Knowing the measured TCP positions, an optimization
algorithm identifies the kinematic model. The kinematic
parameters are determined in the following way. Given
articulate coordinatesqi and TCP measurements(X ,Y,Z),
the cost function
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Fig. 3. Automatic kinematic calibration algorithm

Ci =
N

∑
j=1

(L2
i − (∆X2

i, j +∆Y 2
i, j +∆Z2

i, j))
2 (5)

is minimized using the Matlab functionfminunc. Each
kinematic chain can be treated independently. As the mea-
surement values are given in the camera frame, the parameter
start values have to be transformed to this coordinate frame
as well.

IV. D ETECTION AND LOCALIZATION OF THE
CALIBRATION PATTERN

In this section we describe a simple automatic system
for reconstructing the TCP positions from image data. Two
synchronized cameras with firewire connection are placed
in front of the tool of the robot. These are placed and
oriented as to get wide enough baseline to ensure stable 3D
estimation of the pattern in the work space selected, while
keeping the affine deformation to a minimum. The precision
of localization can be increased by having decreased angle
of view, at the cost of a smaller working region of the tool.

A special calibration pattern is placed in the robot hand,
with a planar surface on which is placed a white paper with
a small checkerboard pattern (Fig. 5).

A. Detection Algorithms

The automatic detection of the pattern is based on a
sequence of algorithms with increased computational com-
plexity working on decreased portions of the image.

Fig. 4. Median images used for background estimation. (omittedone image
to keep file size down)

Fig. 5. Calibration pattern and the filter output.

Foreground Detection: The first step in locating the cal-
ibration pattern is to make a foreground estimation. This
effectively reduces the amount of data needed to process in
the more demanding steps of the algorithm. Since the lighting
conditions are relatively constant we use a simple median
image as our background estimation. We use 10 images
throughout the entire sequence to construct the median
images (Fig. 4). The foreground is then determined to be
the pixels with a deviation from the median of more than a
threshold.

Coarse Detection of Black Squares: Next, a simple black
square detector is constructed by

• Forming smoothed spatial derivatives, by convolving the
image f with derivatives of Gaussians.

• Taking the positive and negative values of the deriva-
tives, thereby capturing the left/right and top/bottom
edges.

• Translating and smoothing the results of these four
channels so that they coincide roughly in the middle
of the square.

• Adding the channels and finding local maxima above a
certain threshold, corresponding to potential centers of
black squares.

The result is typically that roughly 500 such square can-
didates are found in an image. Figure 5 shows calibration
pattern and the filter output around the calibration pattern.

Square Validation: These square candidates are then val-
idated by finding the edge positions and normals both to



the right, the left, to the top and the bottom of the square.
We have tried with 4 line searches in each direction. If
sufficiently many (above 10) are found, lines are fitted to
each of the four sides. A check is then made to see if the
top/bottom and the left/right sides are sufficiently parallel.
The result is typically that roughly 10 such squares remain
after validation. Figure 6 shows the local maxima of the
filter output. A yellow x means that the local maxima failed
the square validation, green x means that a square has been
detected.

Fig. 6. The local maxima from the filter output. Yellow x means square
validation failed, green x means square validation is ok.

Pattern Detection: Each of the squares is then used to
hypothesize calibration pattern position. A validation based
on searching for all 20 sides of the 5 dark squares is made.
Again, if sufficiently many edge points are found the position
of the pattern is saved. The result is typically that the position
is uniquely determined after this process. Figure 7 shows the
detected pattern.

The estimation of edge position at the 20 positions as dis-
cussed above is done with sub-pixel edge detection, cf. [9].
The method gives both position and estimation of position
covariance. These 20 edge positions (and their covariance)
are then used to estimate the grid position and orientation.
The mapping of the grid from its nominal position to that
in the image is a plane to plane homography, which has
8 degrees of freedom. The estimated homography is the
one that minimizes the squared residuals weighted by the
inverse of the variance. Small errors are assumed so that the

Fig. 7. The detected chessboard pattern.

linearized model can be used to estimate the covariance in the
estimated homography matrix. This is then used to estimate
the position of the mid-point of the calibration pattern and
its uncertainty (in form of the covariance matrix of this
estimated position).

For one of the calibration runs, 3920 such edge positions
were estimated. Figure 8 shows an example of the estimated
pattern. To the the right we plotted the residual errors (solid
curve) and± the estimated standard deviations (dashed
curves). We see that the residual errors are slightly larger
than the estimated standard deviations. For the whole set of
images the estimated standard deviations were of the order
0.05-0.1 pixels (median 0.07), whereas the residuals when
fitting the eight parameters to 20 residuals had an empirically
estimated standard deviation of 0.16 pixels. Note here that
the small squares that are 4 cm wide are approximately 20
pixels wide in an image. So a pixel error of the order of 0.1
pixels correspond to a distance of 0.2 mm in the working
volume. The estimate of the midpoint uncertainty was for
this experiment of the order of 0.1 pixels.

0 5 10 15 20

−0.4

−0.2

0

0.2

0.4

0.6

Fig. 8. Upper: The estimated homography and 20 estimated edge positions.
Lower: The 20 residual errors (solid curve) and± the estimated standard
deviations (dashed curves).

B. Camera Calibration Algorithms

Relative Orientation: Each corner point of the calibration
pattern as seen in both views for each position of the robot
hand is used to estimate the relative orientation of the camera.
Standard algorithms for finding initial estimates based on five
[10], six [11] or eight points [12] have been tried. Bundle
adjustment, cf. [13], is then used to estimate the parameters
with minimal reprojection error. It is assumed that the local
optima that we find are the global one.



2.5

3

3.5

4

4.5

5

5.5

−3

−2.5

−2

−1.5

−1

−0.5

0

0

2

4

−1
0

1
2

3
4

−3.5−3−2.5−2−1.5−1−0.500.51
−0.5

0

0.5

1

1.5

2

2.5

X−axis
Y−axis

Z
−

ax
is

(a) (b)
Fig. 9. The resulting reconstruction (a) and measurement points for
calibration (black) in comparison to robot workspace (yellow) (b)

For the same experimental run as above, the residuals
from this bundle adjustment had a standard deviation of
0.12 pixels. When accounting for the number of degrees of
freedom in the estimated parameters this gives an estimate
of the mid point uncertainty of 0.5 pixels.

C. Calibration Pattern

Once the relative orientation is set, the center point of
the calibration pattern is estimated together with an estimate
of its uncertainty, for each position of the robot hand by
intersection, cf. [13]. Figure 9 shows the resulting reconstruc-
tion of the scene. The arrows represent the camera positions
and orientations, the blue stars are the reconstructed TCP
positions, and the red lines represent the movement of the
robot tool.

V. CALIBRATION RESULTS

The following section summarizes the results of automatic
kinematic calibration performed on the Gantry-Tau robot.

In the first calibration step, 112 measurement points were
computed. Figure 9 shows the measurement points in com-
parison to the computed robot workspace. To assure safety
in spite of the a priori parameters’ uncertainty, the range of
the measured TCP points is considerably smaller than the
calculated robot workspace.

The experiment setup consists of the Gantry-Tau proto-
type, two cameras, an ABB industrial robot controller and a
PC for communication between cameras and robot controller.
The robot and the cameras can be seen in Fig. 1.

In the third calibration step, room coordinates for 98 of
the 112 measurements could be extracted accurately.

Table I shows the results of the parameter optimization.
First, initial guesses for the parameters were obtained, then
the optimization was carried out with every second mea-
surement and last the remaining measurements were used to
validate the kinematic model.

As the room coordinates extracted from the pictures are
given in the camera’s own coordinate system, the coordinate
system transformation from base to camera frame has to
be determined to obtain initial values for the parameter
optimization. The camera frame also involves a scaling
factor, which can be seen regarding the norms of theci

vectors in Table I. They have slightly different values because
each kinematic chain was calibrated independently. The
optimal transition is obtained by minimizing the distance
between corresponding measurement points and the points

TABLE I
K INEMATIC PARAMETERS OF THEGANTRY-TAU PKM IN PKM FRAME

WITH CAMERA SCALE FACTOR, PARAMETERS IN [M ] ARE OBTAINED BY

DIVIDING THE GIVEN PARAMETERS BY |ci|, E.G. L1 = 2.0769M .

i 1 2 3
Li 0.8642 0.7508 0.7725
Xi,offset 0.0118 0.1416 0
Yi,offset -0.0002 -0.5300 0
Zi,offset 0.6196 0.6163 0

ci

 0.4160
−0.0087
−0.0026

  0.4244
0.0007
−0.0093

  0.4155
0
0


|ci| 0.4161 0.4245 0.4155
Ci 1.2563·10−5 1.2653·10−5 1.6191·10−5
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Fig. 10. Absolute positioning error (solid) for measurementsnot used for
calibration together with uncertainty of the pattern detection and localization
algorithm (dashed)

calculated with the manually measured model parameters and
transformed to the camera frame.

The kinematic parameters were then obtained minimizing
the cost function (5). Table I shows the resulting costs for
the 3 kinematic chains which lie in the range of 10−5 for
the given camera frame scaling. That corresponds to a mean
error of approximately 1 mm per measurement point.

The resulting kinematic model was then evaluated using
the remaining 48 measurement points. Figure 10 shows
the absolute positioning error when comparing the direct
kinematic model output with the measured TCP position.
As can be seen is the error attains 4.2 mm one time and is
mostly below 2 mm, the mean positioning error is 1.2 mm.
A further examination of the error shows that it is larger in
one direction which seems to correspond to the depth of the
camera system.

VI. D ISCUSSION ANDCONCLUSION

In this work, an automatic kinematic calibration method
has been developed and tested in experiments on a Gantry-
Tau PKM. To the authors’ knowledge this is the first fully
automatic kinematic calibration method. This method makes
it possible to perform kinematic calibration without cum-
bersome manual intervention, e.g., to choose robot config-



urations for measuring or to extract TCP coordinates from
images taken. With this method also non-experts are able to
perform kinematic calibration.

A situation where this can be helpful is e.g. reconfigura-
tion of modular robots. Modular robots are interesting for
small and medium size enterprises (SMEs). Their flexibility
allows for adaption to constantly changing tasks, caused by
smaller lot sizes compared to large enterprises. However,
each reconfiguration requires a kinematic calibration. Using
the method presented, SME staff can perform kinematic
calibration without needing expert knowledge.

In principle, the method presented can be applied to any
robot kinematics. For that, only the kinematic model used in
step 1 to determine appropriator measurement points and the
cost function for optimization in step 4 have to be changed.

The resulting positioning error was shown to be around
1.2 mm with single peaks up to 3-4 mm. These values
accumulate both measurement and modeling error. Compared
to the uncertainty for the pattern detection and localization
algorithm, which was around 0.2 mm, the positioning error
is rather large.

However, earlier studies indicate that a very small mod-
eling error can be obtained for the kinematic model and
robot used. In [14], a positioning error around 0.5 mm was
obtained measuring 779 positions with a laser tracker. As
laser trackers have a very high accuracy [15], the resulting
0.5 mm can be considered as modeling error. Even if fewer
measuring points were used and the modeling error may be
somewhat larger in this work, this value indicates the size of
the modeling error.

In [6], kinematic calibration of the Gantry-Tau robot was
performed using the same measurement points but only one
camera. A mean positioning error of 2.28 mm with errors
mostly below 3 mm was obtained. This indicates a major
improvement of the measurement method used here.

Other parts of the measurement procedure constituting the
positioning error found can be errors in the camera model.

In this work, camera vision was used for automatic esti-
mation of the TCP position. Next steps can be to test this
estimation algorithm for dynamic tracking and control.
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Abstract: This paper reports on the commissioning of nonlinear model predictive 
controllers (NMPC) to the reactors in Borealis new polypropylene plant in Burghausen, 
Germany. The polypropylene is processed in three continuous reactors in series, to allow 
various product qualities. The NMPC controllers use 1st principle models to predict the 
future behaviour of the plant and utilizes a SQP optimization algorithm to find optimal 
input values. Dynamic simulations show the closed-loop response of the process during a 
grade change. The real closed-loop tests will be started in March 2008. 
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1. INTRODUCTION 

 
Plastics are all around us. Our everyday life depends 
on products made of plastics. Today, plastics are used 
in more and more applications, to decrease weight, 
thus also to decrease the environmental load and to 
increase flexibility in production. Polypropylene is 
used for plastic bottles, food containers, 
medical equipment and various packaging 
materials. If you see this symbol, then you 
know it is made of polypropylene.  
 
This paper will describe the commissioning of the 
advanced process control system (APC) at the new 
Borealis polypropylene (PP) plant in Burghausen, 
Germany. In this case, the APC is built around three 
nonlinear model predictive controllers (NMPC), one 
for each polymerization reactor. Borealis was the first 
company in the world to implement NMPC for 
polymerization control, see Hillestad and Andersen 
(1994). Today, it is practice in Borealis to implement 
this technology on all new polymer plants. Currently, 
there are 12 plants running NMPC in closed loop, that 
is, 70 % of the total number of plants. 
 
The introduction of model predictive control (MPC) 
in the chemical industry has been very successful, see 
for example Qin and Badgwell (2003). Various MPC 

systems have been applied to solve many industrial 
control problems with great success. One of the main 
reasons for the success is that the MPC systems are 
able to handle constraints on both input and output 
variables and resolves the problem with time delays, 
inverse response and coupling between variables in a 
natural way. Perhaps the most important factor of its 
success is the fact that MPC is a unified way of doing 
control - constraints, delays, inverse response etc. 
Nonlinear MPC is a more recent development, due to 
the computational complexity when solving non-
convex optimization problems. In polymerization 
control, the process nonlinearities when changing 
product grades require the use of nonlinear models to 
achieve acceptable performance.  
 
The paper is organized as follows. Section 2 contains 
a process description of the Borstar technology 
developed for polyethylene and polypropylene 
production. Section 3 defines the operational and 
control objectives associated with the production. 
Section 4 presents the control structure and the 
control algorithm used. Section 5 discusses the 
different steps in commissioning the NMPC in the 
newly built plant. Section 6 presents closed-loop 
simulations of the system, as the full-scale tests will 
start first in March. The paper ends with some 
conclusions in Section 7. 



     

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Simplified flow scheme of the Borstar 
propylene technology. The three reactors allow a 
very flexible product range.  

 
2. PROCESS DESCRIPTION 

 
This paper is focusing on the PP6 plant in 
Burghausen, Germany. It is a polypropylene plant 
based on Borealis proprietary process technology 
Borstar. The main components in the plant are the 
three reactors connected in series, see Figure 1. The 
monomer (the raw feed), here propylene, is fed first 
to a loop reactor, where the polymerization occurs in 
a mix of liquid propylene and solid PP particles, 
called slurry. The catalyst feed is pre-processed in a 
small prepolymerization reactor before it is fed into 
the loop reactor. The second reactor is a gas-phase 
fluidized-bed reactor (GPR), where the bed of catalyst 
and solid particles is fluidized from below by 
propylene gas to produce more polypropylene. The 
last reactor is also a gas-phase reactor, but it is only 
used for some specific polymer grades. One example 
is block co-polymers, Instead of forming the polymer 
chains with propylene molecules only, co-polymers 
consist of two different monomers, propylene and 
ethylene in the same polymer chain. The purpose is to 
improve the thermal and mechanical properties of the 
product. When ethylene is added, this can be viewed 
as adding rubber into the plastics. This means that the 
plastics will become less brittle and will not break as 
easily. One application of this product is for example 
car bumpers. When producing block co-polymer, 
ethylene is fed to all three reactors, but most of that 
feed goes to the third reactor to increase the ethylene 
content. 
 
The main advantage with the Borstar technology is 
that with these three reactors, it is possible to very 
precisely compose different polymer grades. Each 
reactor will produce polymer chains with its own 
unique property and by combining the three reactors 
and varying the reaction rate in each reactor, 
polymers with various properties can be produced. 
One example is the molecular weight of the polymer. 
High molecular weight gives strong physical 
properties, but low molecular weight simplifies the 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
moulding of the plastic components. Traditionally, 
the polymerization occurs in one single reactor, and 
the molecular weight distribution has a classic bell-
shaped form, see Figure 2. With the Borstar 
technology, the molecular weights from the first two 
reactors lead to a so-called bimodal distribution, 
giving both good physical properties and simple 
processing during the moulding phase. Each product 
grade is a detailed recipe on exactly what properties 
the polymer in each reactor should have and what 
relation there should be between the reactors. To 
follow this recipe, there is a strong need for advanced 
process control, to ensure consistent quality with 
maximum production rate.  
 

 
Figure 2: Molecular weight distribution for 
unimodal and bimodal polymer products. From 
van Brempt (2003). 

 
 

3. PROCESS AND CONTROL OBJECTIVES 
 
The main objective is to produce polymer with 
desired quality. A second objective is to maximize the 
production rate or minimize the cost of production. 
There are two main quality variables, the Melt Flow 
Index, which is a measure of the molecular weight, 
and the ethylene content in the polymer. Therefore, 
these two variables are used as controlled variables 
(CV) for all three reactors. The Melt Flow Index is 
difficult to calculate and lab measurements are only 
available every few hours, hence the hydrogen 
concentration may be used as alternative controlled 
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variable. The production rate is also an important CV 
for all three reactors. In particular, the fraction of 
each reactor’s rate of the total rate is very important 
as it directly affects the properties of the end product. 
Finally, the weight concentration of polymers is also 
a controlled variable in the loop reactor.  
 
The operators provide the NMPC system with 
setpoints to these controlled variables.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: The shaded area represents the 
controller consisting of an estimator, a nonlinear 
process model and an optimization algorithm. 

 
There is a NMPC controller for each reactor, to 
simplify the calculations and to allow for increased 
flexibility. Each controller downstream has access to 
the values of the manipulated variables of the 
controllers upstream, to enable feed-forward control 
actions. In addition, there are numerous measured 
disturbances included in the model so their effect on 
the CVs can be compensated for. 
 
 

4. CONTROL STRUCTURE AND DESIGN 
 
The manipulated variables of the NMPC controller 
are implemented as setpoints to the DCS system. This 
cascade structure allows the plant to be operated in 
DCS mode without the NMPC being on-line. 
 
The NMPC controller has been entirely developed 
within Borealis and is called OnSpot. It includes an 
estimator, a process model and a control algorithm, 
see Figure 3. The estimator uses measurements to 
update the states and adapt model parameters to 
compensate for plant/model mismatch, thus achieving 
integral action. The process model is based on 1st 
principles, for example mass and chemical balances. 

The optimization in the control algorithm is solved 
using sequential quadratic programming (SQP), see 
e.g. Gill et al (2005). The following cost function is 
used  
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where yi is the controlled variable, yref,i is the desired 
setpoint, Δuj is the control action and wi and pj are the 
weighting factors. There are hard rate and absolute 
constraints on the manipulated variables. Constraints 
on other process variables are implemented as soft 
constraints.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The process is sampled every minute. The prediction 
horizon may range from 1 to 6 hours. To reduce the 
computational complexity, blocking factors are used 
in the control trajectories and the prediction horizon. 
The model contains approximately 30 – 70 states. The 
computational time on an average PC is around 0.1 – 
5 seconds.   
 

5. COMMISSIONING 
 
The first part of the design phase is to gather 
information about the new plant to construct a 
physical model describing the necessary gains and 
dynamics. The modelling is non-trivial, especially the 
reaction kinetics are hard to capture satisfactorily to 
achieve acceptable closed-loop performance.  
 
It is also important to determine what to include in the 
model and what to exclude. There may exist very 
detailed models for various components, but as long 
as they cannot be verified with on-line measurements, 
they should be used with caution. Defining, testing 
and verifying the model represent the main work load 
during the commissioning.  
 
After the modelling, the NMPC is integrated with the 
DCS system and process database of the plant, for 
example by setting appropriate tag names and writing 
application specific routines for communication. 
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During the first weeks of operation, the plant runs in 
DCS mode to tune all basic control loops and to test 
all process equipment. Meanwhile, the physical 
model is verified with recorded process data to 
improve the accuracy of the model. When the model 
can predict the process behaviour close enough, the 
first test of the NMPC in closed loop control begins. 
 
Another very important part of the commissioning is 
to educate the operators and plant engineers, and to 
make them comfortable working with the APC 
system. It is really important that they understand the 
logics and behaviour of the APC system. To maintain 
the benefits with the APC system, it is essential that 
the operators are supported on a regular basis by local 
APC engineers.  
 

6. CLOSED-LOOP SIMULATIONS  
 
The closed-loop tests with the NMPC controllers will 
begin in March 2008. Therefore, the closed-loop 
behaviour is estimated and presented by dynamic 
simulations. Figures 4 -7 show a grade change from 
homo-polymer (only propylene is used as monomer) 
to random co-polymer (both propylene and ethylene 
are used to construct the polymer chains). The figures 
show the CVs and MVs in the first reactor, the loop 
reactor. The main difference between the two 
polymer grades is the ethylene content in the polymer 
increasing from the scaled value 1.0 to 13.2. The 
hydrogen concentration, which governs the molecular 
weight, is increased from the scaled value 1.00 to 
1.22. The production rate and the solids concentration 
are to remain constant at the scaled value 1 and 50%, 
respectively. 
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Figure 4: Grade transition in loop reactor. More 
ethylene is fed to the reactor to increase the 
amount of ethylene in the polymer chains. 
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Figure 5: Grade transition in loop reactor. 
Hydrogen concentration is increased from 1.0 to 
1.22 to decrease molecular weight. 
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Figure 6: Grade transition in loop reactor. More 
ethylene gives increased reaction rate, thus to keep 
the rate constant the catalyst feed rate has to be 
decreased. 
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Figure 7: Grade transition in loop reactor. The 
small transient in production rate leads to small 
transients in the solids concentration. 

With the physical model, the NMPC controller 
manages to control the process between the two 
different grade qualities, despite process 
nonlinearities. The simulations show the cross-
couplings between the input/output variables, which 
the controller handles very well. There are also some 
slow process dynamics between the catalyst feed rate 
and the production rate, as all catalyst feed rate has to 



     

go through the prepolymerization reactor before 
entering the loop reactor.   
 
 

7. CONCLUSIONS 
 
In this paper, a brief report on the commissioning of 
NMPC controllers to a polypropylene plant has been 
presented. The three reactors in the Borstar process 
technology allow a very large range of product 
qualities. Each reactor is controlled using a NMPC 
controller based on 1st principles models and a SQP 
optimization algorithm. The advanced process control 
leads to consistently high product quality, while 
operating the plant at maximum production rate. The 
simulations showed a grade transition between two 
different polymer grades. The test of the closed-loop 
system on the real plant will begin in March. 
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Förslag 1. Regleroptimering i kraftvärmeanläggningar: projektformer, reglerbristkostna-
der, reglerstrategier, modeller och simulering 

Föreläsare.  Jonas Öhr och Urban Holmdahl  

I föredraget ges diverse exempel ur Optimation’s omfattande regleroptimeringsverksamhet 
inom kraftvärmebranschen. Framförallt hämtas exempel från Fortums anläggningar för för-
bränning och fjärrvärmedistribution i Högdalen, Hammarby och Brista Arlanda stad. Vi disku-
terar bl.a. projektens form och omfattning, reglerbrister och reglerbristkostnader, reglerstrate-
gier, modeller och simulering, samt utbildning. Ger även exempel på hur man med hjälp av 
goda maskin/processkunskaper bygger bra nivå 2-reglering med omfattande framkopplingar 
och relativt enkla återkopplingar. Olinjär reglering berörs också 
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 Lämplig LKAB:are, typ Janne Björkman eller Mats-Ola Finn (ej vidtalade)  
 Eventuellt lämplig ABB:are, typ Rikard Hansson (ej vidtalad) 

Komplexa dynamiska simulatorer för process och styrsystem byggs för närvarande för LKAB:s 
nya förädlingsverk i Kiruna (KA3/KK4) och Svappavaara (SA). Tidigare har motsvarande si-
mulator även byggts för nya kulsinterverket i Malmberget (MK3). Särskilt simulatorn för 
KA3/KK4 är förmodligen bland de mest komplexa i landet, och det finns så klart mängder av 
intressanta aspekter att ta upp. Exakt vad får avgöras när konferensen närmar sig och vi ser hur 
långt de pågående projekten hunnit. Med andra ord utlovas rykande färska resultat. 

Men redan nu kan nämnas en intressant aspekt som kommer att tas upp, nämligen hur man ef-
fektivt bygger upp simulatorer för en process med 20.000 signaler. Bara att skriva in tagnam-
nen för dessa skulle ta uppskattningsvis 1500 timmar om det ska göras manuellt för hand. Så 
för att kunderna ska få valuta för pengarna måste man vara listigare än så. Vidare kommer att 
belysas hur simulatorn kan användas för (i) processdesign till stöd för konstruktion eller modi-
fiering, (ii) operatörsträning från en operatörsmiljö som är identisk med den skarpa, (iii) test av 
styrsystemkod och reglerdesign/reglertrimning redan på utvecklingsstadiet, alltså före drifttag-
ning i fabrik, istället för som brukligt under drifttagning.  

Förslag 3.  Modellbaserad simulering och regleroptimering av ångsystem 

Föreläsare.  Magnus Aråker  

I föredraget redogörs för olika simulerings- och optimeringsaspekter kring Optimations kon-
cept för reglering av ångsystem i massa- och pappersindustrin. Fokus läggs på resultat och er-
farenheter från dom implementationer som gjorts i bland annat Billerud Karlsborg, Billerud 
Skärblacka, SCA Munksund, med flera ställen.  
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Förslag 4.  Dynamisk visualisering av industriella flödesprocesser 

Föreläsare.  Stefan Rönnbäck  

I föredraget demonstreras hur dynamisk visualisering (animering) medelst enkla grafiska ob-
jekt kan nyttjas som ett kraftfullt verktyg i samband med realtidssimulering av komplexa in-
dustriella flödesprocesser. Demonstrationsexemplen är hämtade från regleroptimeringsuppdrag 
vid LKAB:s sovrings- och kulsinterverk, med processmodeller som i vissa fall består av flera 
10.000-tals tillståndsvariabler. Det kommer bl.a. att demonstreras hur grafiken kan nyttjas för 
dynamisk visualisering av materialflöden, samt av hur materialegenskaperna förändras vid pas-
sage av olika enhetsoperationer typ krossar, siktar och separatorer. Det kommer också att ex-
emplifieras hur man med visualisering kan tydliggöra förreglingsmissar och allvarliga följdef-
fekter nedströms av till synes oförargliga flödesvariationer uppströms. Ytterligare en viktig 
aspekt som demonstreras är möjligheten till, och värdet av, att kunna interagera med simula-
torn under pågående simulering. 
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Abstract: This article presents an example of experimental system identification based
modeling and control carried out in an electro-hydraulic actuated crane. This development
formulates an experimental approach to achieve distributed feedback control aiming at the
automation of different tasks for hydraulic actuated machines. The particular setup used in
this case is a crane of the type used on forestry vehicles known as forwarders, which travel off-
road collecting logs cut by the harvesters. Different nonlinear dynamics are identified and used
later for closed loop control. The control technique to be presented is able to asymptotically
track a reference trajectory despite model uncertainties in the mechanics and hydraulic system
dynamics. The performance is experimentally verified.

Keywords: Robotics in Agriculture and Forestry, Hydraulic Manipulator, System
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1. INTRODUCTION

The Swedish forest industry has a long-term goal of devel-
oping autonomous and semi-autonomous forestry vehicles
[3], [4].

There are mainly two types of off-road vehicle used in the
forestry industry: the harvester, which fells and delimbs
the trees, and cuts the trunk into logs of a predetermined
size, and the forwarder (see Fig. 1), which collects the logs
in a tray and carries them to the nearest road for collection.

These two types of vehicle have similar on-board hydraulic
manipulators (cranes). An important stage towards au-
tomation of forestry vehicles is establishing accurate dy-
namical models of these manipulators, and designing high-
performance low-level control systems. These can then
be used in concert with high-level motion planners and
teleoperation systems, e.g. [5].

Related recent publications include [7, 8, 9, 10]. Of partic-
ular interest is the work of Münzer [11], which considers
many of the same issues on a crane with similar configu-
ration to the one in our lab.

Unlike these methods, e.g [11], our objective is to study
an experimental approach to achieve the automation of
such a machine. Our foundation comes from the fact that
modeling and control of a hydraulic system is far from
� This work is supported by the Center of Intelligent Off-road
Vehicles (IFOR) at the Institute of Technology of Ume̊a University,
Komatsu Forest AB, Skogforsk, Sveaskog and the Kempe Founda-
tion.

Fig. 1. A forwarder: the Komatsu 860.1.

trivial due to the highly nonlinear nature of the hydraulic
system. As example, parameters such as bulk modulus
change drastically with oil temperature. The mechanical
construction is highly nonlinear itself, since parameters of
the mechanical linkages may vary drastically and are usu-
ally unknown (e.g. external payload, inertias). Moreover,
significant uncertain nonlinearities such as external distur-
bances, leakages and friction are unknown and cannot be
modeled accurately [14], and might change from season to
season, structural condition and age of the machine. These
factors result in significant difficulties to accurately model
and control a hydraulic system.



In this paper we present some experimental results working
towards this goal. In order to be concrete with this
presentation, we will concentrate on the rotator of the
gripper mounted at the boom tip (see Fig 4(b)). The
task of the gripper is to position itself according to the
orientation of the logs to pick them up, and move to the
tray according to a predefined path without hitting the
tray’s sides in accordance to the tips motion.

We emphasize the modeling and control of the end effector
since it presents indirectly one more difficulty in contrast
to the rest of the links, angular position sensing is not fea-
sible with encoders. The manufacturing of this particular
hydraulic motor does not allow to directly couple an en-
coder in it. On the other hand, for an outdoor application,
having an encoder mounted would not be the most robust
way to sense its position, due to the rough environment
this type of machines have to work on. Hitting the ground,
trees, etc, would easily make an encoder to malfunction.
For these reasons the solution adopted for this sensing will
be shortly described.

Even though results for only one link will be presented,
the steps to be shown are applied to each link composing
the hydraulic manipulator.

The structure of the paper is as follows: in Section 2, the
problem formulation is posted defining some objectives;
in Section 3, the experimental setup at Ume̊a University
is described in detail; in Section 4 steps on identification
of nonlinearities in the system is presented; in Section 5,
we describe the method of friction compensation used;
experimental identification of parameters of the mechani-
cal setup as well as hydraulic system dynamics plants are
investigated in Sections 6 and 7; exemplified control design
techniques for position feedback, torque feedback and a
combination as cascade control are presented in Sections 8,
9 and 10; some brief conclusions and discussions of future
directions are given in Section 11.

2. PROBLEM FORMULATION AND
PRELIMINARIES

Equation of motion for any particular mechanical system
can be formulated by the Newton’s second law

J · θ̈ = τ (1)

where J is the inertia of the mechanical link, θ is the ro-
tational motion expressed in radians and τ can informally
be thought of as the total external ”rotational forces” or
”angular forces”. The external torque τ consists of various
components which can be modeled as

τ = τhyd.dynamics − τfriction − τdisturbance (2)

where τhyd.dynamics is the hydraulic input torque that
causes a change in rotational motion, τfriction and
τdisturbance represent the friction and external distur-
bances respectively.

If (2) is substituted into (1), it is obtained that dynamics
for a particular link can be modelled by

J · θ̈ = τhydraulics − τfriction − τdisturbance (3)

The friction torque τfriction is a nonlinear unknown map-
ping acting in opposite direction to the angular velocity of

Fig. 2. Double acting piston-type actuating cylinder.

the link. It is often the case that the nature and the precise
form of that mapping is not needed, but its approximation,
which can be used for (partly) compensating friction, is of
interest. The classical approximation of the force of friction
between two solid surfaces is known as Coulomb friction
named after Charles-Augustin de Coulomb. According to
Coulomb the frictional torque on each surface is exerted in
the direction opposite to its motion relative to the other
surface. On the other hand, Reynolds (1866) developed
expressions for the friction force caused by the viscosity
of lubricants. The term viscous friction is used for this
friction phenomenon. A friction model appears that is
commonly used in engineering [13]: the Coulomb plus
viscous friction model. The friction torque can then be
modeled as

τfriction = b · θ̇ + τCoulomb · sign(θ̇) (4)

where b is the viscous friction and τCoulomb represents the
Coulomb part of the friction. Assuming that the system is
free of disturbances (e.g. noise), by substituting (4) into
(3) it can be shown that

J · θ̈ = τhydraulics − b · θ̇ − τCoulomb · sign(θ̇) (5)

Assuming that τhydraulics has a direct relation with the
input current u, this expression could be rewritten in terms
of the input current u instead of the hydraulic torque

Ĵ · θ̈ = u− b̂ · θ̇ − τ̂Coulomb · sign(θ̇) (6)

where Ĵ , b̂ and τ̂Coulomb will have a proportional relation
to the real parameters J , b and τCoulomb. This differential
equation models the dynamics of a single link mechanical
structure actuated by a hydraulic actuator. This expres-
sion is valid under some assumptions. These assumptions
come mainly from the fact that the hydraulic functions
have complex nonlinear dynamics making τhydraulics being
not exactly proportional to the input current u, but rather
a dynamical response to it.

Since modeling the hydraulic force or torque from first
principles is far from trivial, due to the very large number
of parameters and nonlinearities, in this work it is shown
how to approximate the hydraulic torque response into a
linear form, relating the input current (to the four-way
valve) with the output force produced by the hydraulic
actuator.

Let us consider a linear actuator for this purpose. Dis-
regarding internal disturbances, nonlinearities caused by
friction, etc, the applied force produced by a linear hy-
draulic actuator, as shown in Fig. 2, is given by [15]



F = AApA −ABpB (7)

where AA and AB are the areas at each respective cham-
ber, pA and pB are the pressures measured at each cham-
ber. The relations governing the dynamics of the pressures
are [15]:

ṗA = β
VA

[−CempA −AAẋp + qA]
ṗB = β

VB
[−CempB + ABẋp − qB ].

(8)

where VA and VB are the chambers volumes, Cem is the
cylinder internal leakage, xp is the pistons displacement,
qA and qB are the input and out flow to and from the
cylinder chambers. The linearized version of the hydraulic
flow for qA and qB is [15]:

qA = 2Kqxs − 2Kc(pA − ps/2)
qB = 2Kqxs + 2Kc(pB − ps/2) (9)

where Kq and Kc are the valves coefficients and ps is the
supplied pump pressure and xs represents the motion of
the four-way valve spool displacement.

The relation between the four-way valve spool position xs

and the input current u can be written as [16]

xs(s) =
ω2

n

s2 + 2ξωn + ω2
n

u(s) (10)

where ξ and ωn represent the damping ratio and natural
frequency characteristics of the servo valve.

By combining equations (7) to (10) and by considering
that the system parameters represent some numerical
values, we obtain a linear model, in which parameters
have been collected and substituted to simplify notation,
defined by the transfer function:

Fcyl = AA·cω2
n(s+f)+AB ·hω2

n(s+a)
(s+a)(s+f)(s2+2ξωn+ω2

n) · u(s)

+−AA·b(s+f)−AB ·g(s+a)
(s+a)(s+f) ẋp

+AAe(s+f)−ABm(s+a)
(s+a)(s+f)

(11)

Based on this analysis, it is shown that dynamics of the
hydraulic force/torque can be represented by a fourth
order linear time invariant system, i.e 11.

The objectives to be covered along this paper can be
summarized as follows,

• experimental procedure for friction identification,
• proposing a friction compensation strategy for this

type of setup,
• parameter estimation based on the current-position

dynamics represented by (6),
• parameter estimation based on the current-hydraulic

torque-position dynamics represented by (11)-(5),
• designing of a closed loop strategy based on position

measurements only with current being the input
signal,

• designing of a closed loop strategy based on pressure
and position measurements considering the current
being the input signal to the hydraulic system and
this one to the mechanical system (cascade control),

• a comparison of the performance of these two con-
trollers.

3. EXPERIMENTAL SETUP

Experimentations and tests are carried out at the Smart
Crane Lab located at Ume̊a University. The Labora-
tory is equipped with an electro-hydraulic actuated crane
CRANAB model 370RCR (see Fig. 3), a forwarder crane
which is somewhat smaller than most cranes on production
forwarders, but similar in configuration and dynamics.

Fig. 3. Crane installed at the Department of Applied
Physics and Electronics, Ume̊a University.

The hydraulic hardware in the Smart Crane Lab consists
of:

• hydraulic cylinders manufactured by Valmet,
• hydraulic motor for the rotator at the gripper manu-

factured by Valmet,
• a unit containing six servo-valves from Sauer-Danfoss

model L90LS,
• the power supply for this system consists of an

electrical motor driving a hydraulic pump (type H4-
010214-132) set to provide a constant supply pressure
of 180 bars for the whole system operation.

In addition, the associated sensing equipment includes:

• encoders of 4000 pulses/turn, present to measure the
various links angular positions,

• pressure transducers (HD 3403-10-C3.39) capable of
sensing in a range of [0, 200] bar.

The crane can be directly manipulated by a chair, same
as the ones mounted in the cabin of real forwarders. This
chair contains buttons and joysticks that allow the drivers
to have full control over the whole machine operation
and the crane. Signals from this chair are handled by the
processing unit.

For the control of the crane as well as the implementation
of algorithms a dSPACE Prototyping Hardware is used.
The processing unit applied in this particular case is
the MicroAutoBox (MABX), which directly controls the
available I/O features, such as the Electronic Control
Unit, the AD and DA converter units, the digital I/O and
CAN subsystems. The control models are implemented as
executable code on the PPC.

In order to provide a sufficient range of current to drive the
servo valves a RapidPro unit is installed. The RapidPro
contains a so-called Power Unit (PU) which transforms
the low voltages generated by the MABX to appropriate



currents for the valve solenoids. The current in each circuit
can be measured. Furthermore, there is a so-called Signal
Conditioning Unit (SCU) which can handle the incoming
measurement signals to voltage levels needed to be fed to
the MABX. Finally, a Dell PC is present to monitor and
serve as an on-line user interface through the use of Control
Desk.

3.1 Gripper’s rotator sensing device

This is shortly the solution adopted for the sensing of
the rotator’s angular position. A metallic disk is attached
at the rotator as shown in Fig. 4(b). Along the disk a
total of thirty-six magnets are located to have a resolution
of ten degrees as seen in Fig. 4(a). A magnetic sensor
manufactured by IFM electronics is used to sense these
magnets. The signals coming from the magnetic sensors
are read and converted to position values by the processing
unit.

 

 

(a) (b)
Fig. 4. (a) CAD model of the disk designed for the rotator’s

angular position sensing; (b) Frontal view of the
installation of such a device.

4. IDENTIFICATION OF NONLINEARITIES

Forestry machines are constructed in a robust way to
handle different terrains and climates. For control purposes
this type of system becomes a highly complicated nonlin-
ear system with different uncertain nonlinear parameters
that need to be identified throughout designed tests.

For instance, the valve has a significant dead-zone due to
overlap on the spool in order to avoid leakages. Saturation
to its maximum actuation level is also present. Moreover,
in such heavy duty machine, friction occurs in the mechan-
ical structure as well as in the hydraulic components and
actuators, these effects have to be taken into account.

In order to have a reliable compensation for nonlinearities
many tests were performed in order to extract all the
possible information.

4.1 Identification of friction

A lumped model representing the total friction (4) present
in the mechanical construction, hydraulic components and
actuators, was identified. The friction is modeled by a
static map as a function of current values with respect to
link velocity [13]. The expression “pseudo-friction” is used,
since it represents the valve current required to overcome
friction, rather than actual forces or torques.

The experiments were conducted as follows: a step current
is generated in the valve which eventually results in a
change of position of the corresponding actuator provided
that the signal level lies above the stiction values. After
some transient effect the velocity reaches a constant steady
state and it can be matched to the applied valve current.
The magnitude of the steps in the valve current are
increased stepwise in order to produce a range of constant
velocities beginning from zero.

As example in Fig. 5 the resulting static friction maps for
the gripper’s rotator is shown. The static frictional effects
are mainly caused by coulomb and viscous friction, but
can also have some contribution from dead zones in the
hydraulic valves. The identified maps can be used for com-
pensation purposes in control design in a straightforward
way since they are in terms of the input current to the
four-way valve.
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Fig. 5. Static pseudo-friction map for the first link.

5. FRICTION COMPENSATION

In order to have high accuracy in the position control of
the crane links, some undesired effects mainly caused by
friction need to be removed.

The classical approach is to use a feed forward term added
to the control signal using an estimate of the friction
identified previously, derived from an estimate of the
link velocity. In Fig. 6 such a compensation scheme is
illustrated as block diagram.

e i theta2

est. i_f

est.
omega2

theta2*

position

reference

control action

est. velocity

velocity
estimation

velocity pseudo-friction

static map
pseudo-friction

reference
(desired position)

current position

real crane - 1st link
Scope

error control action

PID Controller

Fig. 6. Friction Compensation block diagram as example
for first link.

However, if there is very large component of Coulomb
friction, as in our case, then noisy estimates of link velocity
around zero can lead to a “chattering” effect [13]. A further
problem is that, if the link is stationary and a small control



input has been applied, the friction compensator will apply
any compensation signal, since the link velocity is zero.

To overcome these difficulties, we apply a modification in
the classical friction compensation approach, which in our
particular case gives good results in the practical sense.
The velocity-estimate used in the compensation signal is
calculated like so:

ˆ̇
θ = (1− α(ṙ))θ̇ + ṙα(ṙ) + μ sign(i). (12)

Here, θ̇ is the velocity estimated from a simple differ-
entiator and low-pass filter arrangement, and ṙ is the
derivative of the reference signal, which is known exactly.
The function α(ṙ) is a bell-shaped function which is equal
to one at ṙ = 0, and smoothly drops to zero outside the
range [−0.1, 0.1] rad/s. The motivation is that, around
zero, assuming reasonably good tracking, the reference
velocity is smoother and more reliable measure of velocity
than a noisy estimate of the link velocity.

The term μ sign(i) is added to overcome the second prob-
lem described above. If the link is stationary, then the
direction of the valve current i is used to decide to which
direction the friction compensation force should be ap-
plied. The constant μ is chosen to be a small value, such
as 0.001.

6. MECHANICAL PLANT MODEL PARAMETER
ESTIMATION

Applying the friction compensation proposed, to compen-
sate Coulomb friction only, that is

u = v + τ̂Coulomb · sign(θ̇),
where v is the nominal input signal, removes strong
nonlinearity in the system. Relations given by (6) and (4)
can be written as

Ĵ · θ̈ =
(
v + τ̂Coulomb · sign(θ̇)

)
− b̂ · θ̇ − τ̂Coulomb · sign(θ̇)

= v − b̂ · θ̇ + e(t), (13)

where parameters Ĵ , b̂ are to be identified, and e(t) can be
interpreted as the modeling error.

The system (13) is unstable in respect to the position θ(t)
(the rotator moves in horizontal plane and its potential
energy is constant). It is suggested

• to introduce a feedback action to stabilize the system;
• to use a reference signal to the closed loop signal of a

particular band-pass characteristic.

The simplest choice of a stabilizing controller for (13) is
the proportional feedback

v(t) = Kp ·
(
r(t)− θ(t)

)
where r(t) is the reference and Kp the proportional gain.
With such a choice the system (13) becomes

Ĵ · θ̈ + b̂ · θ̇ + Kp · θ = Kp · r(t) + e(t). (14)

and is stable provided that Kp > 0. By analyzing the
Laplace Transform of (14) as

Ĵ · s2θ(s) + b̂ · sθ(s) + Kp · θ(s) = Kp · r(s) + e(s). (15)

a second order transfer function given by

θ(s)
r(s)

=
Kp/Ĵ

s2 + b̂/Ĵs + Kp/Ĵ
, (16)

relates the reference signal r(t) with the angular position
θ(t). This transfer function opens the possibility to identify
a parametric model described by

Ĝ(s) =
b1s + b0

s2 + a1s + a0
, (17)

having b1 ≈ 0, b0 ≈ Kp/Ĵ , a1 ≈ b̂/Ĵ , a0 ≈ Kp/Ĵ .

Various experiments varying Kp were performed and the
references r(t) were built with sinusoids varying within the
frequency range [2, 6] rad/sec. For the case when the gain
Kp is chosen to be 0.04, it is obtained that

Ĝ(s)Kp=0.04 =
0.001262s + 2.526
s2 + 4.589s + 3.543

, (18)

and for the case when Kp = 0.16,

Ĝ(s)Kp=0.16 =
0.01319s + 26.42

s2 + 10.05s + 25.24
, (19)

Fig. 7 shows the recorded signals and the validation tests
for these two cases. The averaged values taken from this
estimation gives

¯̂
J = 0.0085, ¯̂

b = 0.0554.
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(d)
Fig. 7. Identification data for two particular values of

the gain Kp: (a) Recorded reference signal r(t) and
angular position θ(t) as functions of time for the case
when Kp = 0.04; (b) identified plant validation plot
for the case when Kp = 0.04; (c) recorded reference
signal r(t) and angular position θ(t) as functions of
time for the case when Kp = 0.16; (d) identified plant
validation plot for the case when Kp = 0.16.

7. HYDRAULIC PLANT MODEL IDENTIFICATION

According to the analysis presented in section 2, the
hydraulic force/torque can be modeled by a fourth order
transfer function

τhydraulics =
b3s

3 + b2s
2 + b1s + b0

a4s4 + a3s3 + a2s2 + a1s + a0
(20)



The input signal in this case consists of a step signal with
additional random disturbances to induce the hydraulics
to reveal the valve dynamics (see Fig 8(a)). An analysis
of the spectral density (see Fig 8(b)) reveals the second
order properties of the valve given by (10). Different
identification methods were applied (see Fig 8(c)), among
of the best results are the predictive error method (PEM)
and the output error method (OE). The transfer function
obtained is

20.79s3 − 1696s2 + 8.005e004s + 1.139e005
s4 + 35.68s3 + 1428s2 + 1.972e004s + 2.783e004

(21)

which indirectly implies that the valve operates around a
frequency of approximately 32 rad/sec (see Fig 8(d)), and
the damping of the system is rather small. The damping
is a very important factor to know in advance, since in
other links it would represent how the hydraulic dynamics
would induce oscillations in the mechanical construction
reducing the performance of trajectory tracking at high
velocities.
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Fig. 8. Identification data: (a) Recorded input signal

u(t) and normalized differential of pressure response
(torque); (b) spectral density analysis of data; (c)
results of different identification methods; (d) Bode
diagram and spectral density superimposed.

8. ANGULAR POSITION CONTROL DESIGN

Despite a large volume of published work on advanced
control strategies, modern industrial robots typically em-
ploy control systems that are independent for each joint
and thus treat each joint and its associated drive as a
simple servo mechanism. These joint servos conventionally
use PID (Proportional, Integral and Derivative) control
which regards the complicated effects of changing iner-
tia, centripetal and Coriolis terms, gravity and frictional
torques as disturbances and makes no attempt to explicitly
compensate for them. As a result optimum performance
is frequently not achieved [2]. As an alternative to PID,
there are two basic control techniques which attempt to
reduce the undesirable effects of coupled torques/forces
and changing inertia. These are Model Reference Control
(MRC) (see e.g. [1]), which uses a mathematical model
of the robot to explicitly compensate for dynamic terms,

Fig. 9. Block Diagram of the model reference control
(MRC) structure

and adaptive control (see e.g. [14]) which automatically
tunes the parameters in the control system on the basis of
observations of the robot behavior.

Each control technique has advantages and disadvantages,
MRC is relatively easy to implement and gives good results
when tested in simulation. However it can be difficult to
obtain precise dynamic models of real robots, particularly
when significant Coulomb or slip/stick Coulomb friction
exists.

The majority of published work on robot control systems
has been based on either theoretical study of control sys-
tem behavior or numerical experiments conducted through
computer simulation. It is unfortunately the case that
MRC is not well suited to investigation through simula-
tion. The MRC controller requires a mathematical model
of the system dynamics. Similarly, the simulation requires
a model of the system dynamics. It is clear that the use of
the same model in both the controller and the simulation
can result in apparently perfect controller performance. It
is the present authors’ belief that the benefits of MRC can
only be properly demonstrated by controlling a physical
system, rather than a simulation. In the following lines the
use of this method based on identified models described
above will be exploited for position control.

The proposed closed loop scheme that will be used is
shown in Fig. 9. The PID gains can be tuned by different
methods, e.g Ziegler Nichols, optimization based, etc. It is
seen from Fig. 9 that the PID named as A will be driven
by the process error. This particular solution enables the
controllers A and B to interact among each other for effects
produced by the system disturbance z. The model applied
for such a controller was experimentally found as explained
in section 6; with a similar analysis it is possible to find
a reference model for each link. Friction compensation is
applied as presented in section 4.

A plot showing the performance of this controller together
with a feed-forward friction compensation is shown in
Fig. 10. Fig. 10(b) shows the response of the hydraulic
system (not controlled at this stage yet) to this particular
control scheme. Although the tracking to the reference
signal shows to be somewhat accurate, taking into account
that a resolution of ten degrees is achieved by the magnetic
sensor, the hydraulic torque shows an oscillatory behavior.
For the case of the gripper such hydraulic oscillations are
not dramatic, but in the case of the rest of the links it is
understood that they could induce mechanical oscillations



provoking a lose of efficiency while tracking reference
signals.
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Fig. 10. (a) Reference signal and gripper position super-

imposed; (b) The resulting normalized torque.

9. PRESSURE CONTROL DESIGN

Having a SISO linear system represented by (21) opens
the possibility to apply linear control theory to accurately
control the hydraulic torque. This control is based on the
fact that hydraulic functions are not decoupled, and so
distributed position control of each link would not give an
optimum performance when moving at high velocities. By
hydraulic torque/force control, smoothness during trajec-
tory tracking is planed to be achieved.

A rather simple PID with friction compensation was
implemented. The PID gains are found in this case by
optimization procedure. The optimization criteria applied
is based on integrating the square of the system error
(IAE) over a fixed interval of time. Parameters found by
applying this optimization procedure are

Kphyd = 0.2, Kihyd = 5.6, Kdhyd = 0.02.

Fig. 11 shows the tracking of the hydraulic torque ac-
cording to some reference signal which is composed by a
summatory of sinusoidal signals of different frequencies. It
can be seen that accurate torque control can be achieved
by applying feedback control designed with the arguments
presented in Section 7. In Fig. 12 the input signal gener-
ated from the controller is shown. What is important to
notice is how the friction compensation behaves along the
tracking.
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Fig. 12. Input current to the four way valve

10. CASCADE CONTROL ALGORITHM

It is expected that by an appropriate control of the hy-
draulic force/torque, it is possible to counteract oscilla-
tions much more directly than via measurements of angu-
lar positions. In order to combine the design techniques
presented in Sections 8 and 9 a cascade control as shown
in Fig. 13 is thought to be implemented. The idea of this
cascade control scheme, is to use pressure measurements
to compute the actual acting force/torque generated by
each actuator, and reduce oscillations while stabilizing the
desired force and motion.

Hydraulic

Actuator

Mechanical

Device

Position

Reference
Position

Position

Controller

Torque

Controller

Current Torque

Fig. 13. Two stages cascade control.

The control problem in this sense is split into two stages.
The outer loop controller calculates the reference piston
forces Fref needed to drive the manipulator along the
predefined joint space θref . The inner loop controller takes
this force reference Fref and computes the servo-valve
input current u needed to make the true piston forces F
asymptotically track Fref . Since F asymptotically tracks
Fref , which is itself an asymptotically stabilizing control
for the manipulator motion around θref , the overall cas-
cade system is asymptotically stable around the trajectory
reference θref . The same idea is applied in the angular case
for the rotator and slewing.

In Fig. 14 a plot showing a reference position trajectory
and the recorded angular position from the rotator is
presented. Tracking this particular trajectory is of better
quality as in Fig. 10(a). Unlike the case of Fig. 10(b), the
torque acting under cascade control (see Fig. 14(b)) allows
us to properly control it during the path tracking, and so it
is expected that the angular position will behave smoother
when pressure oscillations are diminished.
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11. CONCLUSIONS AND FUTURE WORK

The primary target of this project is to increase produc-
tion efficiency of forestry machines by means of intelli-
gent control techniques. Essential to any autonomous or
semi-autonomous forestry crane is good low-level system
identification and control. In this paper we have presented
examples of results along these lines. The main problems
to overcome were related to friction identification and
compensation, system modeling based on experimental
identification, and control design of different levels.

There is much that can be done to continue this project. At
present the cascade-control structure, which showed very
promising results in damping of oscillations, has only been
implemented on some links of the crane. Extending this to
all links is a natural evolution of the current work, and it
is expected that this will allow much smoother trajectory
tracking to be achieved.

A fully experimental approach for modeling the mechan-
ical system as well as the hydraulic dynamics was pre-
sented. A question that arises in an industrial point of
view is if it would be possible to control the crane by only
pressure sensing. This cannot be answered yet, but an idea
of using different techniques of observer based controllers
according to identified plants and sensor fusion is being
study at the moment.

The identification procedure presented opens the possibil-
ity to apply different type of control design approaches. It
is indirectly the aim of the project to achieve transporta-
bility of the design technique to cranes of different scales.

Other related work includes using the proposed low-
level in concert with higher-level control schemes, such
as semi-autonomous tele-operation systems (see, e.g., [5]),
and fully-autonomous systems based on optimized motion
planning.
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[13] H. Olsson, K. J. Åström, C. Canudas de Wit,
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1 INTRODUKTION 

Vid Södra Cell Mörrum tillverkas sulfatmassa för 
vidare transport till olika pappersbruk. Massa-
tillverkningsprocessens olika steg är stora 
konsumenter av ånga och av varmvatten. För att 
tillgodose dessa behov tillverkas ånga av högt tryck 
i processens sodapanna men även vid behov i en 
extra ångpanna som kan eldas med överbliven bark 
från massatillverkningen eller med olja. 

Den bildade högtrycksångan reduceras till önskat 
tryck genom turbiner, ventiler eller en ång-
ackumulator. Förbrukarna av ånga är placerade 
direkt på respektive ångledningar medan 
förbrukarna av hetvatten är förbundna med 
ångnätet via kondensorer och bufferttankar. 
Eventuellt överskott av ånga i processen blåses ut, 
se Figur 1 för en principskiss av ångnätet. 

Historiskt sett har ångprocessen styrts av en 
försiktighetsprincip. De av styrsystemet reglerbara 
förbrukarnas ångkonsumtion samt ångproduktionen 
i ångpannan har ställts till konstanta nivåer 
motsvarande medelvärdet för övriga förbrukares 
ångkonsumtion Detta arbetssätt har inneburit att el-
produktionen och fjärrvärmeproduktionen inte har 
optimerats. Dessutom har processen i övergångs-
perioder till lägre medelkonsumtion körts med ett 
ångöverskott. Med mål att öka ekonomin i 
processen genom att minska ångöverskottet, öka 
elproduktionen samt optimera fjärrvärme-, het- och 
varmvattenproduktionen har en överordnad 
optimerande reglering tagits fram och 
implementerats med goda resultat. 

2 METOD 

Den överordnade optimerande regleringen har 
tagits fram i ett antal olika steg med hjälp av 

modeller och simuleringar av olika komplexitets-
grad. 

 

Figur 1 Skiss över ångnätet 

2.1 Ångnätsreglering 
En förutsättning för att få en väl fungerande 
ekonomisk optimeringsstrategi för processen krävs 
att underliggande reglering är pålitlig. I det här 
fallet var det ångnätsregleringen som behövde en 
översyn. En modell framtagen ur fysikaliska 
principer simulerades därför i Dymola och 
verifierades med prov på verkliga processavsnitt. 
Utifrån denna i Dymola implementerade 
ångnätsmodell togs sedan en ny ångnätsreglering 
fram och trimmades in. 

Denna nya reglering programmerades också in i 
befintligt styrsystem och långtidstestades för att 
verifiera att trycken i de olika ångnäten hölls 
konstanta under olika driftsförändringar.   

 



     

2.2 Utförlig processmodell 
I nästa steg utökades ångnätsmodellen med 
modeller av samtliga kringsystem såsom ångpanna, 
kondensorer och fjärrvärmeackumulator utifrån 
fysikaliska samband. Även dessa modeller 
simulerades i Dymola och verifierades mot 
processen. 

Till den fullständiga modellen kopplades också 
förväntade störningar. För de ångkonsumenter som 
har störst variationer i sitt ånguttag finns prognoser. 
En liknande prognos togs också fram för förväntat 
behov av fjärrvärme.  

De därpå följande simuleringarna av den utförliga 
processmodellen tillsammans med tillgängliga 
prognoser gav goda insikter i processens dynamik i 
olika driftsfall. Utifrån erfarenheterna från dessa 
simuleringar drogs riktlinjerna för den överordnade 
optimerande regleringen upp. 

2.3 Framtagande av reglerstrategi 
Den verkliga processen har väldigt långsam 
dynamik och kräver prover under lång tid för att 
effekterna av förändringar ska kunna studeras. För 
att ge möjlighet och tid till att utvärdera nya 
styrstrategier krävdes därför en modell med hög 
beräkningshastighet. För detta ändamål togs därför 
en starkt förenklad modell fram. 

Den förenklade modellen bygger på första 
ordningens modeller av samtliga system. Dessa 
modeller anpassades till mätningar från 
stegsvarsexperiment på den verkliga anläggningen. 
I den förenklade modellen har dessutom 
ångnätsregleringen antagits vara helt ideal och 
trycken i ångnäten därmed vara konstanta. 

Den slutgiltiga regleringen gavs namnet 
överordnad optimerande reglering och utvärderades 
för olika driftsfall i simuleringar med den 
förenklade modellen. Den verifierades därefter mot 
den utförliga processen och ångnätsregleringen. 

2.4 Operatörssimulator 
Den nya överordnade regleringen ska fungera som 
ett verktyg och hjälpmedel för operatörerna. Det 
var därför viktigt att de fick kunskap om det nya 
systemet och även möjlighet att prova det i olika 
situationer. För att säkerställa detta gavs samtliga 
operatörer en utbildning i den nya styrningen. Som 
medel i denna utbildning användes en operatörs-
simulator. 

Operatörsimulatorn är baserad på den utförliga 
modellen tillsammans med ångnätsregleringen och 
den överordnade optimerande regleringen. Till 
processmodellen kopplades ett operatörsgränssnitt 
med fem olika skärmbilder. Tre av dessa bilder var 
helt nya för operatörerna och kopplade till den 
överordnade regleringen medan två bilder var 
baserade på befintliga skärmbilder. 

Under en dag fick operatörerna utbildning på det 
nya systemet. Teori varvades med praktiska 
simuleringsövningar där varje kursdeltagare fick 
prova systemet på en egen simulator.  

2.5 Drifttagning 
När den överordnade optimerande regleringen 
utvärderats av operatörerna under utbildningen 
påbörjades drifttagningen. Koden programmerades 
in i en nyinköpt beräkningsmodul med stöd för 
strukturerad text och kontrollerades ytterligare en 
gång.  

Den överordnade optimerande regleringen tilläts 
slutligen ta över styrningen av processen. 

3 RESULTAT 

Den överordnade optimerande regleringen av 
ångnätet vid Södra Cell Mörrum har utvärderats 
under en längre tid och har visat sig fungera väl. 
Ångöverskottet har minskat och elproduktionen har 
ökat som ett resultat av de nya styrstrategierna. 

Den operatörssimulator som togs fram för 
utbildning av personal ägs av Södra Cell Mörrum. 
Den kommer att användas för utbildning och kan 
även användas för simuleringar inför process-
förändringar. 

4 SLUTSATSER 

Arbetet med den överordnade optimerande 
regleringen av ångnätet vid Södra Cell Mörrum har 
utgått från två modeller med olika komplexitets-
grad. Detta förfaringssätt har varit både 
tidsbesparande och gett bättre utvärderings-
möjligheter. Den förenklade modellen har gett tid 
och möjlighet till fler simuleringar av olika 
driftssituationer, scenarier och styrstrategier medan 
den utförliga modellen har använts för verifiering 
av slutgiltig lösning. 

Operatörssimulatorn har varit ett mycket bra 
verktyg under arbetets gång. Med hjälp av 
simulatorn har personalen fått lära känna systemet i 
förväg och har också fått möjlighet att ge 
synpunkter på utformning såväl av reglering som 
av användargränssnitt. 
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Abstract 
A model structure for a TMP production line, including all 
the internal interconnections, has been derived. Simulation 
results show that the model structure reflects the 
characteristics of the interconnected process and that the 
nature of the disturbance pattern arises from the fact that so 
many internal interconnections are present. The model can 
deliver insight into how modifications of the plant design 
would affect the production performance. Besides 
performance, the internal interconnections also influence the 
process operability, which demonstrates the importance of 
considering control aspects at the process design stage. 

INTRODUCTION 
Internal interconnections are common in the process 
industry as a result of the chosen process design. In 
separation and reaction processes, material recycling is 
often introduced with the aim to increase process yield. This 
positive effect can be achieved in some processes, but the 
complexity of the interconnected process increases the 
demands on the control system. In pressurized processes, 
like thermomechanical pulp (TMP) production lines, the 
auxiliary equipment around the machines is designed to 
facilitate steam clearance between the different process 
units. This arrangement sometimes causes internal 
interconnections built into the process, which have the 
disadvantage of behaving like a closed-loop system which 
cannot be broken. As a result, the specific dynamics of the 
open-loop system cannot be isolated and estimating its 
dynamics using standard identification techniques from 
sampled input-output data is not straightforward (1). 

The general input-output process description can be 
extended to incorporate the internal interconnections in an 
appropriate way. In this work, an extended process 
description of this kind is presented for a production line 
consisting of two serially-linked twin-disc refiners. The 
main characteristic of the twin-disc refiner is that it has two 
refining zones, in which the mechanical treatment of wood, 
or pulp, material is simultaneously conducted. This allows 
for a higher production level in the same machine, 
compared with the single-disc refiners which have one 
refining zone. However, the twin-disc refiner configuration 
also increases the complexity of the process, as the 
treatment in the two refining zones cannot be individually 
controlled using current technology. The refining process is 
known as a Multi Input Multi Output (MIMO) system with 

complex dynamics and an intricate disturbance pattern, 
which may sometimes completely overshadow the intended 
responses to input changes. 

The fact that process interconnections can give rise to 
complex dynamics, which impose heavy demands on the 
control system, has been recognized in the literature. A 
classification of interconnections and a description of their 
effects on plant dynamics are presented by Morud and 
Skogestad (2). Also included in their work is a literature 
survey of the area, where the systems concerned are referred 
to as integrated plants. Closely related to this is the work by 
Jacobsen (3) on changes in plant dynamics imposed by 
material recycle. An interconnected heating system is 
analyzed by Trierweiler et al. (4) and the results show that 
the risk of the system becoming unstable was eliminated if a 
bypass for water flow was closed. Another example is found 
in the work by Femat et al.  (5), where it is shown that 
interconnecting a biological reactor with recycle streams 
through a heat exchanger introduces temperature 
oscillations, which would not be present if the process units 
were not interconnected. This indicates the need to focus on 
an approach which integrates both instrumentation and 
process design and takes account of these integration 
aspects early in the design procedure (6). 

In this paper, a model for a TMP production line, 
consisting of two serially linked refiners and auxiliary 
equipment, is derived. The TMP production line includes 
several internal interconnections which have a significant 
impact on the process operability and must therefore be 
considered in the modeling procedure. 

MODELING APPROACH 
The characteristics of the twin-disc refiner and the TMP 
refiner production line have been described by Eriksson (7). 
In a traditional system configuration the inputs to the 
primary refiner (indicated by a superscript (1)) are the wood 
chip feed rate, )1(

1u , the hydraulic pressures applied to the 
two stators, )1(

2u , and the dilution water flow rate to each 
refining zone, )1(

3u . The assumed inputs to the secondary 
refiner (indicated by a superscript (2)) are the pulp feed rate, 

)2(
1u , the hydraulic pressures, )2(

2u , and the dilution water 
flow rates, )2(

3u . Substantial disturbances also affect the 
process performance and measuring the flow of dry pulp to 
each refiner is not straightforward. As outputs from the 
refiner, the temperature vectors ( )1(

1y , )2(
1y ), the consistencies 

( )1(
2y , )2(

2y ) and the blow line pressures ( )1(
3y , )2(

3y ) are possible 
candidates. It is assumed that a linear model will be 
sufficient when describing the internal interconnections and 
in order to focus on the impact of these interconnections, 
simple linear transfer function matrices will be used also 
when describing the conditions inside the refiners. The 
transfer function matrices are labeled )1(G  for the primary 
refiner and )2(G  for the secondary refiner. 

Internal interconnection in the refiner system must be 
described when designing a suitable control strategy. This 
introduces the need to extend the traditional system 
modeling approach. In addition to the internal 
interconnection in the primary refiner, as described by 
Rosenqvist et al. (8), the introduction of the secondary 
refiner in the modeling approach is necessary as internal 
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interconnections exist also between the refiners according to 
Eriksson et al. (9).  

The representation given in Figure 1 illustrates the high 
level of interconnection in the present process 
configuration. The interconnections generate feedback in 
the system and this can impose rigorous demands on the 
control system. At present, the control system is designed to 
comply with specified reference values for dilution water 
flow rates and blow line pressures. The control system treats 
these objectives separately in that it does not explicitly 
account for the phenomena which arise from the internal 
interconnections. 

 

 
Figure 1: Internal interconnections in a TMP 
production line. The objects within the dotted square 
represent the design of the complete production line. 
The primary and secondary refiners are labeled )1(G  and 

)2(G . The transfer functions of the internal 
interconnections are labeled vkg for k=1,2,3,4 
 

Control of a MIMO system like this can be significantly 
simplified if it is possible to decouple the inputs and 
outputs. Among the output candidates are refining zone 
temperatures if such measurements are available.   Taking 
the decoupling possibilities into account, Berg and 
Karlström (10) showed that a good candidate is the 
temperature measurement near the pressure peak. The 
decoupling possibilities were also examined by Eriksson (7) 
using the tool of Relative Gain Array and it was shown that 
the choice of process outputs is essential if a decentralized 
control strategy is considered. Analysis of refining zone 
temperature measurements have shown that the responses to 
a change in any of the inputs are related to location (7, 10). 
The temperature vector provides therefore a range of signals 
which are interesting to consider as outputs in future control 
strategies for refining processes. 

PRESENT CONTROL SYSTEM 
The model structure presented in Figure 1 was derived by 
Eriksson (7). It includes the major internal interconnections 
present in a TMP production line.  It reflects only the 
process design and not the control system.  

To study the effects of the internal interconnections 
observed under continuous process operation, the model 
structure in Figure 1 is extended to include the present 
control loop configuration for dilution water and pressure 
valves. These valves control the amounts of water and 
steam in the machines and cannot, for safety reasons, be 
disconnected when conducting experiments. This 
introduces, in each refiner, two loops at the refiner inlet 
from a dilution water reference to the resulting flows fed 
into the two refining zones, as well as one loop on the 
refiner outlet controlling the pressure in that area. Transfer 
functions for dilution water and pressure valves in a primary 
refiner have been estimated by Berg (11), where relevant 
control structures for these loops were presented. These 
transfer functions were used in the work by Rosenqvist et 
al. (8). For the primary refiner, the transfer functions in this 
case are labeled as follows; )1(

1H  and )1(
2H , for dilution water 

valves; )1(
1F  and )1(

2F , for dilution water valve controllers; 
)1(

3H  and )1(
3F , for valve and controller in the pressure loop 

respectively. For the secondary refiner, the superscript (2) is 
used. 

Figure 2 shows the dilution water feed system to a twin-
disc refiner and how the dilution water flows (i.e. )(

3
i
FSu  and 

)(
3

i
DSu ), via elements in the refiner transfer function matrix, 

produce a contribution to the outlet pressure )(
3
iy , labeled 

)(i
bpy  (8). The signal )(i

dr  represents the reference value for the 
dilution water flows. 

 

 
Figure 2: Dilution water control system on the primary 
refiner and its contribution, )(i

bpy , to the outlet pressure, 
)(

3
iy . The objects within the dotted square represent the 

inside of the refining zone for these variables 
 

The dilution water flow rates are influenced by the 
internal interconnections of the system. This means that, for 
the primary refiner, a disturbance )1(

31 ygv  is added to )1(
3FSu  and 

)1(
3DSu . In the case of the secondary refiner, the corresponding 

disturbance signal is )1(
33 ygv , see Figure 1. 

When control loops are introduced into the model, as 
presented in Figure 1, the structure becomes even more 
complex. In order to focus on the pressure-dilution water 
interaction, which includes most interconnections, a 
modified representation can be used. Let, for i=1,2, 
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where )(

33
i

FSg  and )(
33
i

DSg  are elements in the transfer function 
matrix )(iG . Define the transfer functions 
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In Figure 3, the system is presented from setpoints in 
pressure, )(i

pr , and dilution water flow, )(i
dr , to the output 

pressures, )(
3
iy . Using this approach the interactions between 

the two refiners become clearly visible, i.e. through the 
transfer functions )(iΓ , which describe how the outlet 
pressure in one refiner influences the outlet pressure in the 
other one. Transfer functions from the dilution water 
setpoints, )(iN , are also introduced. In Figure 3 it is shown 
how the impact from these setpoints enters as process 
disturbances to the pressure control loops. The controller 
transfer functions of the pressure loops remain as before in 
this representation, but the process transfer functions (i.e. 
previously just the pressure valves) are modified into )(i

pG . 

 
Figure 3: The pressure control systems for the two 
refiners. The interconnections between the two control 
loops have now been condensed into the transfer 
functions )(iΓ  
 

If the pressure loop in the primary refiner is taken into 
account, the output pressure can be expressed as 

 
 )2(

3
)1()1()1()1()1()1(

3 yrNuGy dpp Γ++=  (9) 
 
The representation given in Figure 3 is suitable when 

analyzing the ability of the system to compensate for 
disturbances which depends on the nature of the subsystems 
involved. The analysis of transfer functions is facilitated if 

the linear model is scaled with respect to the largest 
expected change in disturbance, the largest permitted input 
change and the largest permitted control error (12). The fact 
that the disturbances considered here are measurable makes 
it possible to determine such scaling factors.  In terms of 
scaled variables requirements like  

 
 1)1()1( −Γ>pG  at frequencies where 1)1( >Γ   (10) 

 
can be analyzed.  If this condition is fulfilled, 1)1(

3
)1( <− yrp

 is 

assured and this can be an acceptable performance 
considering the complex disturbance pattern present in the 
system. Similar requirements can also be formulated for the 
impact of the dilution water flow and, in addition, 
corresponding expressions can be formulated for the 
analysis of the pressure control loop in the secondary refiner 
blow line. 

A SIMULATION MODEL 
The features of the derived model structure can be analyzed 
in a simulation model. It is assumed that parametric models 
obtained from data, like the time series presented in Figure 
4, can be used to obtain estimates of the elements in  )(iG  
that are sufficient to produce a model reflecting the 
characteristic behavior of the interconnected system. To 
focus on the phenomena introduced by the interconnections, 
parametric model structures of lowest possible orders are 
used. The transfer functions of the internal interconnections 
are modeled using first-order systems with time delays 
when necessary. Parameters suitable for use in the 
simulations can be estimated using knowledge of the 
process design and behavior. 

 
Figure 4: Normalized data from step-response 
experiments. The left column shows primary refiner 
data and the right column secondary refiner data. Both 
columns are arranged as follows, top: inputs; middle: 
maximum temperature; bottom: blow line pressure 
 

To create a reliable simulation model, a combination of 
the structures presented in Figure 1 and Figure 3 is required. 
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In other words, it includes all the internal interconnections 
identified in the production line, see Figure 1, plus the 
present control configuration, as described in Figure 3. The 
simulation model is constructed using SIMULINK (13). 

With the model, simulations can be carried out using 
process inputs measured from step-response experiments. 
The outputs delivered by the simulation model can then be 
compared with measured outputs and validated to some 
extent. In Figure 5, simulated outputs are shown, together 
with temperature measurements from sensors near the 
temperature profiles maxima and measured motor loads for 
both a primary and a secondary refiner. 

 
Figure 5: Validation of the simulation model using data 
from step response experiments. Upper plot: primary 
refiner; lower plot: secondary refiner. Both plots show 
normalized data, solid: simulated output; dotted: 
maximum temperature of refining zone temperature 
profile; dashed: motor load 
 

The validation results as presented in these figures show 
that fairly good agreement can be obtained even from 
simple models like the one used in these simulations. There 
is a potential for improvement (which can be quantified 
using residuals between simulated and measured output), by 
introducing some appropriate time constants in the transfer 
functions inside the refiner blocks in the simulation model, 
for example.  

The interaction between blow line pressure and dilution 
water flows is central. These signals are sometimes found to 
oscillate with a phase shift of about 180° (8, 9). A study of 
the experimental data considered here revealed that this 
kind of oscillation was also present in this case, see upper 
plot of Figure 6. Simulations using the interconnected 
model reveals that this behavior is reflected by the model, 
see lower plot of Figure 6. 

Comparing the data presented in the two plots of Figure 
6, reveals that the simulation model produces signals which, 

in this specific frequency region, have the same amplitude 
as the variations observed in measured process data. The 
variables studied in these figures can be characterized as 
internal states when considering the simulation model. As 
such, and also considering the simplicity of the transfer 
functions of the different blocks in the interconnected 
model, direct comparisons between simulated and measured 
data are not possible. Instead, the validity of the model can 
be discussed in this context from signal frequency content 
and the ability to reproduce the characteristic behavior 
observed in the actual process and associated with the 
internal interconnections. 

 

 
Figure 6: Upper plot: Normalized process data from a 
primary refiner. Lower plot: Normalized, simulated 
primary refiner data. In both plots, the solid line is the 
blow line pressure and the dotted lines are the two 
dilution water flow rates 

PLANT MODIFICATIONS 
Using the simulation model, the consequences of plant 
modifications can be studied. As the process dynamics are 
so clearly affected by the internal interconnections, it is 
interesting to study how the plant is likely to behave if one 
or several of these interconnections are modified. If the 
internal interconnection in the primary refiner is broken, i.e. 

1vg is set at zero, the simulation model produces the result 
presented in Figure 7, where it can be seen that the 
fluctuations in dilution water flow rate are significantly 
lower compared with the fluctuations shown in Figure 6. 
However, the oscillatory behavior of the pressure appears to 
be unaffected. An examination of the different pressure 
contributions accounted for in the simulation model reveals 
that the main dynamic behavior in this time frame arises 
from the poorly tuned pressure control loop located in the 
refiner blow line. 
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Figure 7: Normalized, simulated process data when the 
primary refiner internal interconnection is broken, i.e. 

01 =vg . Black and solid: blow-line pressure; Dotted lines: 
dilution water flow rates 
 

When the interconnection between the primary refiner 
outlet and inlet is eliminated, the other outputs, in addition 
to the blow line pressure, are also affected. This is 
illustrated using Figure 8, where measured and simulated 
data from the primary refiner consistency are shown. It can 
be seen that the disturbances affecting the primary refiner 
consistency are reduced when the process is modified. 

 

 
Figure 8: Normalized consistency data from the primary 
refiner. Dotted: measured consistency; dashed: 
simulated consistency using the original model; solid: 
modified, simulated consistency when 01 =vg  
 

In the secondary refiner, as in the primary refiner, the 
internal interconnections of the plant have a significant 
impact on the dilution water flow rates. The effect of a 
weaker interconnection between the two refiners in the 
production line can be simulated by setting 03 =vg , see 
Figure 9. It is not possible completely to eliminate this 
interconnection, but the results indicate what can be 
achieved by a combination of improved process design and 
control. 

A comparison of the changes in the simulated dilution 
water flow rate in Figure 9 reveals that the time constant for 
fluctuations is lowered as a result of the plant modification. 
Variations in the dilution water flow rate cause variations in 
the refining zone conditions, which can be registered by 
temperature sensors, for example. The increased time 
constants for variations creates the opportunity to control 
the refining zone temperature, possibly to a specified shape 
and level of the temperature profile, by changes in hydraulic 
pressure or dilution water flow rate, for example. 

 
Figure 9: Normalized, simulated dilution water flow to 
one of the refining zones in the secondary refiner. 
Dotted: dilution water flow using the original model; 
solid: dilution water flow when 03 =vg  

CONCLUSIONS 
A complex model structure for a complete TMP production 
line, including all the internal interconnections in the 
system, is derived. This model is linear, as it is believed that 
the aspects of the internal interconnections can be modeled 
using linear blocks even though the refiner model itself is 
strongly nonlinear. The behavior of the internally 
interconnected model has been verified using process data 
in combination with simulations. The model structure 
reflects the characteristics of the interconnected process and 
it is found that the nature of the disturbance pattern arises 
from the fact that so many internal interconnections are 
present. A model description appropriate for studying the 
ability of the present process design to handle this intricate 
disturbance pattern is therefore derived. 

The system described here, i.e. the TMP production line, 
has several distinct internal interconnections which 
influence the production performance, as well as system 
controllability. The results that have been obtained therefore 
demonstrate the importance of considering control aspects 
at the process design stage. 

The internally interconnected model structure serves as a 
framework which enhances the ability to model the complex 
process behavior. The simple transfer function matrices, 
representing the two refiners in this work, can be replaced 
by more detailed models, such as the entropy-based first-
principles model derived by Eriksson (7). 

The extensive model derived can be used for several 
purposes. Firstly, it can, by simulations, give directions on 
how the process design should be modified, i.e. how the 
process should be rebuilt, in order to reduce the problems 
that are brought about by the internal interconnections. 
Secondly, from the supplier’s perspective, the model can be 
used to demonstrate to the customer how the production line 
should not be built. This is important since with the purpose 
of cost reduction, piping must often stand aside. In the case 
of the TMP process, and as shown in this paper, this can 
result in severe problems related to operability. 
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Modelling for Feedback Control of Weld
Penetration

- applied to Gas Tungsten Arc Welding
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Abstract: This paper addresses an approach for modelling of fusion welding to be used in model-based
controller design with the design criterion to obtain full penetration despite disturbances. A part-goal is
to obtain a low order model of the relation between the control signal, which is the weld current, and the
measured output, which is a moving spot temperature measurement, and both experimental work and
finite element simulations are performed. The experimentalsetup is robotised gas tungsten arc welding
(bead-on-plate), and the temperature is measured by an infrared pyrometer. Measurements have been
performed and evaluated together with corresponding simulation results. The low order model obtained
from parametric system identification was successfully used for controller design. An evaluation of the
closed-loop simulation showed improved weld penetration compared to an open-loop situation. The
approach is generic in that it opens up for use for any weld power source and any suitable output
measurement.

Keywords: Modelling, System identification, Finite element analysis, Model reduction, Control system
design

1. INTRODUCTION

Gas tungsten arc welding (GTAW) is an important manufac-
turing process commonly used for precise joining of metals.
It is known to be a stable method giving good joint qual-
ity [Connon, 1991]. Like all fusion welding processes it can
experience problems such as residual geometrical deformations
and stress and defective weld joint quality like burn-through
or incomplete weld penetration. These deficiencies often result
in costly restoration actions to assure a quality that fulfils the
manufacturing specification. A way to mitigate these effects
is to apply sensors for feedback control that will keep the
specific thermal energy input needed for melting the metals
at a minimum while a weld with full penetration is main-
tained [Lindgren, 2007]. Current situation in general indus-
trial welding reveals a limited use of feedback control of arc
welding processes [Bolmsjö and Olsson, 2005]. The reasons
are most likely the nature of this kind of processes that in-
cludes a number of complicated physical phenomena like the
high-pressure arc physics, the fluid flow in the weld pool, and
strongly non-linear heat transfer in the weld structure. All these
phenomena constitute a complicated system where different
physics interact and also experience disturbances of stochastic
character. Weld related process disturbances can be variations
in joint gap, non-homogenous material properties, changesin
shield gas flow or composition and also weld path inclination.
There are also perturbations due to the shape and nature of the
welded structure, e.g. the influence of heat sinks like fixtures,
temporary buckling restraints, chill blocks or abrupt changes
in symmetry of the geometry causing changes in the thermal
and mechanical boundary conditions. All these problems make
feedback control a challenge that still generates questions for
research. Another complication is that arc welding processes
are a hostile environment for sophisticated sensor equipment

due to heat radiation and convective heat flux, electric fieldand
magnetic flux and even evaporations of material. Nevertheless,
there are a number of examples of successful use of feedback
control applied in welding industry. Worth mentioning are seam
tracking applications [Bae et al., 2002] and weld power source
control [Naidu et al., 2003]. But in the case of feedback control
of quantities like weld penetration, which usually is not possible
to measure directly, there is a salient lack of reported successful
implementations.

This paper describes an approach for modelling for feedback
control that involves a comparison between a model obtained
from a calibrated and validated finite element (FE) represen-
tation of the weld process and a model obtained from weld
experiments. The model is intended to be used for design of
a real time controller controlling the weld penetration depth.
The control input is the weld current and the measured output
is temperature detected on the top side of the work piece. The
weld process evaluated is GTAW that uses an electrical arc be-
tween a non consumable tungsten electrode (cathode) mounted
in a weld torch and a metallic work piece (anode). The effect of
this arc is a local heating of the base metal creating a weld pool
that makes a joining by fusion of different members of the work
piece possible. It is common practise to apply filler metal when
using GTAW, but no filler metal is added in this work in order to
simplify the modelling. To protect the heated metals in the work
piece and electrode from chemical reactions, a shielding gas
is fed through the weld torch nozzle to the area where the arc
will be established. The arc is produced by current conducted
through ionized shielding gas from the electrode tip to the work
piece. GTAW is in this work used with argon as shielding gas.
Some major advantages with GTAW is that it is a stable method
giving good properties in terms of joint quality and also that the
weld equipment cost is comparatively low. Important process



variables are arc current that controls weld penetration, arc
voltage that controls the arc length which in turn affects the
width of the weld pool, and the travel speed that influences
both the width and penetration of the weld, and finally the
shielding gas that influences e.g. penetration depth [Connon,
1991]. FE-simulations of the GTAW-process have been per-
formed in COMSOL Multiphysics from COMSOL AB. For
model based controller design a linearized state-space represen-
tation of the FE-model was then exported to MATLAB from
MathWorksTM. Model order reduction (MOR) was computed
in MATLAB to find a low order representation of the dynamic
relation between actuator and sensor. This low order model was
then used to synthesise a model based controller. This controller
in turn was implemented in COMSOL Multiphysics so that the
closed-loop behaviour could be simulated and analysed. MAT-
LAB was also used to calibrate and validate the FE-model by
way of comparing available experimental data and simulation
results. The result from this computing is a control law thatcan
be used for implementation in the physical weld system.

This paper is organised as follows; In Section 2 the partial dif-
ferential equation (PDE) used for FE-simulations is described
together with the assumptions behind the modelling; Section 3
explains the model reduction technique applied; Section 4 gives
results from the model reduction and from simulated feedback
control; Section 5 gives conclusions and a discussion of validity
and threats against the methods.

2. MODELLING WORK

The basic idea for weld penetration control is that the geometry
of the fusion zone (FZ), which is the zone that has been melted
during the process, can be influenced by variations in the weld
current and that change in the temperature on the topside of the
work piece indicates changes in the FZ. The effect of increased
weld current is mainly higher heat input and consequently a
deeper weld penetration [Connon, 1991]. By configuring one
or more sensors that move together with the weld torch and
fixed relative the centre of the weld pool it is possible to detect
changes in the temperature caused by disturbances or perturba-
tions experienced by the process. The task is to establish the
dynamic relation between the actuating weld current signaland
the temperature sensor readings. By knowing this relation it is
possible to design a model based controller that will mitigate
the effect of the disturbances and maintain a full penetration
weld with a specific thermal energy input that is just enough
to perform a high quality weld. In order to understand how the
temperature is influenced by perturbations in the process con-
sider the following: Suppose that there is a moving heat source
with a nominal heat flux and weld velocity like a moving weld
arc along a predefined weld path. If the work piece geometry
around that path is symmetric then the thermal boundary con-
dition also is symmetric and a quasi-stationary thermal state is
attained after a settling time. During this situation the isotherms
are stationary and move together with the heat source. If on the
other hand the boundary condition changes due to variationsin
joint gap, weld path inclination or asymmetry in the geometry
this will have an effect on the isotherms, a change that can be
utilised for control purposes. Fig. 1 shows simulated isotherms
with symmetric or asymmetric boundary conditions in the weld
path. Two temperature sensors are modelled symmetrically lo-
cated on either side of the weld pool. In the asymmetric case
there is a significant thickening of the geometry at the left root
side of the work piece relative to the weld path. The sensors
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Fig. 1. Simulated isotherms for symmetric (left) and assymetric
(right) boundary conditions. Red curves show isotherms at
melting temperature. Blue dots represent sensor locations.
The grey square in right figure indicates a thickening in
the plate.

reading in the symmetric case is equal for both whereas for
the asymmetric case the sensor over the thicker region reads
significantly lesser than the sensor in the asymmetric case.

The aim of this work is to simulate and analyse the weld pro-
cess sufficiently accurate for control purposes. An assumption
is therefore that only heat transfer modelling is needed and
therefore consequently no weld pool fluid flow or weld arc
physics is included in the model. The physics of heat generation
is here simplified to a heat source model with prescribed heat
distribution. One prerequisite in this approximation is that this
heat source is calibrated with respect to experiments [Lindgren,
2007]. In this paper it is assumed that the weld process model
is available a priori and that it is calibrated and validatedac-
cording to the methods described in the paper by Sikström
et al. [2007]. Other assumptions are that current is the only
control variable while the weld voltage, weld travel speed and
the shielding gas flow and composition are constant. A PDE is
used to describe the heat transfer in the work piece geometry
and the interaction with its surroundings. A major intention
with this work is to be able to evaluate weld situations for work
pieces with complex geometry. This is a reason for using a
three dimensional model since this makes it possible to capture
the transient heat transfer when there are abrupt geometrical
changes in the weld path. In the experimental work behind this
modelling a simple geometry is used. The work piece is a plain
plate with dimensions200× 50× 4 mm. It is fixed in a fixture
with small contact surfaces in order to minimise the thermal
influence on the heat transfer in the work piece.

2.1 Heat transfer

The nonlinear heat conduction equation with temperature de-
pendent coefficients is defined in a Lagrangian reference
frame [Lindgren, 2007]:

ρCeff
∂T

∂t
+∇(−λ∇T ) = 0 (1)

where T [K] is the dependent variable denoting temper-
ature. The coefficients are densityρ(T ) [Kgm−3], effec-
tive heat capacityCeff(T ) [Jg−1K−1] and heat conductivity
λ(T ) [Wm−1K−1]. The base metal of austenitic steel, Fe-316,
defines the thermal properties which have been determined by
experiments and are reported in [Mills, 2002]. The heat con-
ductivity coefficient is increased by a factor of 10 when the
temperature exceeds the melting temperatureTliq [Lindgren,
2007]. The reason for this is to emulate the stirring in the molten



weld pool. The initial temperatureT0 is set to a homogeneous
room temperature of 300 K and the phase transition between
solid and melted states is defined byTliq and the solidification
temperatureTsol. Effective heat capacity with the latent heat
component∆L [Jg−1] included is defined as:

Ceff(T ) =


C(T ) T < Tsol

C(T ) +
∆L

Tliq − Tsol
Tsol ≤ T ≤ Tliq

C(T ) T > Tliq

(2)

whereC(T ) is heat capacity.

Boundary conditions define how heat is transferred from the
work piece to its surrounding air and shielding gas flow and
also to the fixture. Natural boundary conditions are commonly
described as:

qin + λ
∂T

∂n
+ h(T − Tenv) + ǫσ(T 4 − T 4

env) = 0 (3)

The first source termqin [ W
m2 ] represents the weld heat source

model. The coefficientλ in the second conductive term is the
same heat conductivity coefficient as in (1) and∂T

∂n is the nor-
mal derivative of temperature, i.e. the derivative in the outward
normal direction to the surface. The third term is defined by the
material dependent convection heat transfer coefficienth [ W

m2K ]
(it is assumed to be constant during the welding), and the fourth
radiation term is defined by the product of a temperature inde-
pendent total hemispherical emissivityǫ and Stefan-Boltzmann
constantσ [ W

m2K4 ]. Tenv is the environmental temperature that is
set to room temperature, i.e.300 K. There are separate sections
of the work piece surface where different terms in the boundary
conditions are dominating. Some small sections of the surface
are in contact with the steel fixture and these boundaries are
assumed to be governed by pure conduction only, since the
work piece is clamped with a large force. This assumption
for these small sections makes the source-, convection- and
radiation terms in (3) equal to zero. The root side and sides
of the work piece are assumed to be defined by natural con-
vection and radiation only, since no significant shield gas flow
influences these surfaces. This assumption makes the source-
and conduction terms equal to zero. The top side of the work
piece, i.e. the welded surface is assumed to be defined by forced
convection, radiation and the heat source term. The convection
is due to the shield gas flow from the weld torch nozzle. The
radiation here is due to the heat source which makes the work
piece reach weld temperature. This assumption makes only the
conduction term equal zero.

2.2 Heat source model

The heat source in continuous welding is moving along a
predefined path on the work piece surface where the process
should accomplish a joining of base metal members. There
are several proposals in literature for weld heat source models
and Goldak and Akhlaghi [2005] give a comprehensive survey
of different models and their applications. The one called
Pavelic’s surface source with an area specific Gaussian normal
distributional shaped heat flow density is chosen here and is
defined by:

qin =
αrq

π
e−αrr2

q = ηUI (4a)

r2 = (x− xq)2 + (y − yq)2 (4b)

whereαr [m−2] is a concentration factor that defines the width
of the distribution curve,I(t) [A] is the time varying weld
current,U [V] is the weld voltage that is approximated as a
fixed quantity and finallyη, the efficiency factor which includes
thermal losses due to radiation and convection and electrical
losses that occur due to resistive losses in the electrical conduc-
tors of the weld current. The assumption behind this choice of
heat source model is based on the fact that the thickness of the
base metal used is relatively small (4 mm) compared to the FZ.
This implies that a surface source model is sufficient in compe-
tition with a volumetric heat source (defined in the subdomain
of the work piece) that can perform better when thicker base
metal is used. This choice also reduces the number of model
parameters to be calibrated. This model is simply defined by its
maximum peak valueq(t) [W] and the concentration factorαr.
The movement of the heat source is defined by(xq(t), yq(t))
which denotes a moving coordinate in the top side surface of
the work piece. The globalx-, y-, andz-coordinates are defined
in the weld direction, the direction perpendicular to the weld
direction and in the direction of the thickness of the work piece
respectively.

2.3 Sensor model

The model for the radiation pyrometerTsensor is a boundary
integration variable on the top side surfaceδΩ of the work
piece. It is a Gaussian distributional weighted average function
giving the largest weight to temperature values in the centre of
the measured spot. The sensor is described by:

Tsensor =

∫
δΩ≤r2 Te

−r2

r2
0∫

δΩ≤r2 e
− r2

r2
0

(5a)

r2 = (x − xs)2 + (y − ys)2 (5b)
The adjustable parameters arer0 defining the concentration
factor (size) of the sensor spot and(xs(t), ys(t)) which denotes
a moving coordinate associated with the sensor model. The
sensor is moving together with the heat source with the same
speed. The sensor position is guided by suggestions from other
research in this area [Wikle III et al., 2001, 1999, Fan et al.,
2003] where requirements on sensor sensibility and response
time are considered. The sensor is located with its centre point
at an offset of6.0 mm in they-direction and−0.5 mm in the
x-direction relative to the weld pool centre, i.e. somewhat aside
and behind the weld torch position. This corresponds to a loca-
tion outside the melted FZ. The temperature reading from this
sensor is adjusted with a proportional constant corresponding
to a specific surface emissivity. This emissivity is assumedto
be constant.

2.4 Finite element representation

A planar symmetric geometrical computer aided design (CAD)
model of half of the work piece was meshed into a 3D FE-
model. A tetrahedral quadratic isoparametric Lagrange element
was used. The mesh consists of 9339 elements corresponding
to 17553 degrees of freedom (DOF). The mesh density is
highest along the weld path at the symmetry edge and at the
line defining the path of the sensor in order to resolve a more
accurate solution in the region close to the weld pool and the
sensor spot.



3. MODEL ORDER REDUCTION (MOR)

The design and implementation of a model based controller re-
quire a process model that is a sufficient approximation ableto
capture the most significant properties for control purposes. The
controller design in this work should mainly address the regu-
lator problem implying that a relatively crude process model is
enough. In general it is also necessary to limit the DOF of such
model to implement the design in a hardware system. Accurate
FE-representations of a physical process usually entail a dense
mesh resulting in a model parameterisation with very high DOF
as indicated in Section 2.4. In controller design based on FE-
models there is accordingly a need to find methods for MOR
that produce representations suitable for implementation. This
is the reason for an investigation and evaluation of paramet-
ric system identification. There is of cause a number of other
approaches for MOR where for example frequency weighted
model reduction could be mentioned [Varga and Anderson,
2003]. The low order model of particular interest here describe
the single-input single-output (SISO) dynamics between pro-
cess input and output.

Parametric system identification

Parametric system identification is about building mathematical
models of dynamic systems based on experimental data from
the systems [Ljung, 1999]. In this work both the physical weld
process and the large nonlinear FE-model of the process is
viewed as systems subjected to parametric system identifica-
tion. An assumption is that these systems can be approximated
as linear time invariant (LTI) systems in the close region of
the equilibrium point, here corresponding to the desired quasi-
stationary weld situation. This assumption holds since theal-
tering in the weld current is applied as a superimposed signal
around the nominal level. The range of this superimposed signal
is limited due to physical constraints for the weld equipment.

A general form of model structure is a linear system with
additive disturbance:

y(t) = G(p, θ)u(t) + H(p, θ)e(t) (6)
E{e(t)e(s)T } = Λ(θ)δt,s

wherey(t) is the output signal,u(t) is the input signal ande(t)
is additive random disturbances modelled as white noise with
zero mean and varianceΛ. θ is the models parameter vector and
p is a shift operator. Modifications within this structure anda
number of different parameter sets should be tested and the best
model is obtained in accordance with the following criteria: The
choice of model should fall upon the one with lowest number
of free parameters but still explaining data well as said by the
parsimony principle [Söderström and Stoica, 1989]. A wayto
check this for a certain model is to calculate a fit variable:

f = 100
(

1− ‖y − ym‖
‖y − 1

N

∑N
i=1 yi‖

)
(7)

The variablef is the percentage of the simulated output vari-
ation that is explained by the model and quantifies the relative
difference between the output from the original systemy(t) and
the output from an identified modelym(t). The model should
also pass statistical tests on the residual that is the prediction
error associated with the estimated modelθ̂N :

ε(t, θ̂N ) = H−1(p, θ̂N)[y(t)−G(p, θ̂N )u(t)] (8)
There should not be a significant correlation between the model
residual and the input signal and the residual in itself should
be white. The correlation between the model residual and the
input signal can be investigated by studying the estimate ofthe
covariance between residuals and past inputs:

r̂εu(τ) =
1
N

N∑
t=1

ε(t)u(t− τ) (9)

If there is no significant correlation (the values inr̂εu(τ) ∀τ
are small) this indicates that the identified model describes the
system well and there is no dynamics that could show up in the
residual. The whiteness of the residual can be investigatedby
studying the estimate of the covariance of the residuals:

r̂ε(τ) =
1
N

N∑
t=1

ε(t)ε(t− τ) (10)

If there is no significant values in̂rε(τ) for τ 6= 0 it indicates a
good model approximation.

To facilitate a sufficient model it is natural to search for models
that will generate residuals that are as small as possible. Thus
the problem of identifying a system could be to minimise pre-
diction errors. In order to control what regions of the dynamic
spectra where the model will be more accurate it is possible
to pre-filter both the input and output signal. This is a way to
emphasize the requirement for a good fit in accordance with
the intended use of the model. There are for instance different
requirements for a model intended for simulation than for one
intended for prediction. The result of such filtering is a filtered
prediction error (L(p) indicates the filter):

εF (t, θ) = L(p)ε(t, θ) (11)
The norm or loss function to be minimised in order to min-
imise (11) is the following:

VN (θ) =
1
N

N∑
t=1

ε2
F (t, θ)) (12)

This minimisation can be done by several algorithms [Ljung,
1999]. The algorithms used in this work are included as features
in the MATLAB System Identification ToolboxTM 7.1.

4. RESULTS FROM MODELLING AND SIMULATED
CLOSED-LOOP CONTROL

The intention with the modelling is to evaluate and compare low
order models obtained from both FE-simulations and experi-
mental data. Four independent physical weld experiments were
performed on four different work pieces in an identical setup.
The sampling period of 0.05 s was used during the experiments
and a time vector with the same period was used in the simula-
tions. The input signal for identification had to be persistently
exciting meaning that it has to have enough frequency content
to be able to excite all dynamics of the process. Therefore
was the weld current altered 20 A as a pseudo random binary
sequence (PRBS) around a fixed nominal value of 120 A in
both the experiment and simulation. The clock period of this
PRBS-signal was estimated from experimental transient anal-
ysis and set to 0.4 s. A number of different model structures
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Fig. 2. Comparison of model outputs. Black curve is measured
temperature data, red curve is output from the weld experi-
ment model, green curve is output the from FE-simulation
model.

with different sets of parameters were systematically evaluated
according to the criteria mentioned in Section 3. The model
was first estimated from one set of experimental data. It was
then validated from another independent data set and finally
compared with both experimental data and simulated data.

Modelling result

The chosen model structure from this identification is a ARX-
model (AR refers to auto-regressive and X to an extra input)
with the following structure [Ljung, 1999]:

y(t) + a1y(t− 1) + · · ·+ anay(t− na) = (13)
b1u(t− nk) + · · ·+ bnbu(t− nk − nb + 1) + e(t)

where the order of poles isna, the number of zeros isnb − 1
and the number of samples dead time isnk. The model that
was accepted as a good final candidate has 6 poles, 5 zeros and
no dead time. Fig. 2 shows a comparison of the temperature
response from the weld experiment, the response from the
model obtained from experiment and the response from the
model obtained from simulation. This result is also quantified
by the fit variablef . The value off for the model estimated
from experiment is 82% andf for the simulation model is 78%.
A statistical test has been performed on the model estimated
from experiments. An independence test ofr̂εu(τ) is shown in
Fig. 3. This shows that all values are within a 99% confidence
interval meaning that there is no correlation between the input
and the residual. A whiteness test ofr̂ε(τ) showed that there
are significant correlation values outsideτ 6= 0 indicating
non modelled dynamics. The reason for this deficiency is that
the filter L(p) in (11) was chosen to give more accuracy to
a simulation model. A way to investigate the impact of this
deficiency is to look at the frequency response of the model
error model:

ε(t) = Gε(p)u(t) (14)
This model is obtained as an estimated ARX-model of the
dynamics from the input signalu(t) and the residualε(t). An
investigation of the frequency response of (14) showed that
the influence of the deficiency in the chosen model is very
small in all the frequency range except from the region close
to the Nyquist frequency. This is not considered as a major
problem since the frequency response of the system model
is well damped in that region, i.e. the deficiency is actually
negligible.
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Fig. 3. Normalised covariance function between the residuals
and past inputs. The dash dotted lines is a 99% confidence
intervall.

Fig. 4. Weld geometry with two thicker profiles on the root
side. The geometry is planar symmetric and the simulation
shows the result in the weld path at the symmetry edge.

Results from simulated closed-loop control

A way to demonstrate an application for this modelling is to
perform simulated feedback control with a design based on the
obtained model. A controller has been calculated accordingto
modern PID-design [Kristiansson and Lennartson, 2006] where
an optimisation of a combined criterion was performed. The cri-
teria demanded closed-loop stability and emphasised regulator
performance. The work piece in the closed-loop demonstration
is a geometry shaped as a 4 mm thick plate but with two differ-
ent perpendicular profiles on the root side in the weld direction.
See Fig. 4 for an illustration. The profiles influence the heat
transfer in the work piece because they work as heat sinks
in the weld path. Consequently this thermal perturbation also
influences the weld penetration. The resulting simulated closed-
loop performance is shown in Fig. 5 together with the response
from open-loop simulation. The temperature dips heavily inthe
heat sinks areas when the weld current is kept constant. On
the other hand, there is a significantly improved temperature
response during closed-loop simulation where the set-point for
the temperature is 650 K. It is most apparent that a temperature
variation due to the perturbations is well attenuated when the
closed-loop controller is used. Fig. 6 shows the corresponding
simulated weld penetration results in the region of the biggest
profile. Open loop simulation results in an unsatisfying shallow
penetration in this area whereas closed-loop simulations show
a significantly deeper penetration a penetration that is close to
the penetration in the nominal plate thickness.

5. CONCLUSION AND DISCUSSION

In this paper about modelling for feedback control of weld pen-
etration it has successfully been shown that parametric system
identification is a useful tool to find a low order model of the
dynamics between an the weld current signal and the pyrom-
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Fig. 5. Simulated temperature and current signal. Red and black
curves show current and temperature respectively in the
case of open-loop welding. Green and blue curves show
the equivalent in the case of closed-loop welding.

Fig. 6. Simulated penetration depth in the case of open-loop
welding (left) and in the case of close-loop welding (right).

eter temperature signal. This identification was performedon
the physical weld process as well as on the FE-representation
of the process and both cases resulted in sufficiently accurate
models that were to a high degree equivalent. The latter caseis
especially interesting since this makes it possible to reduce the
number of physical experiments that usually has to be carried
out for controller design. The identified model was in a next
step used for controller design, a design that in turn could be
used for hardware implementation of real time controlled weld
processes like GTAW. The most important finding in this work
is that the approach which starts with an accurate FE-model
also can result in a suitable model for control purposes. This
discovery is very promising since there is a great potentialin
methods that successfully can address the problem with au-
tomatic weld penetration control. Even though these findings
are interesting in the situation described it has to be further
investigated to clarify the method’s validity for a varietyof weld
parameter settings and weld geometries. Further work should
also include an evaluation of a hardware implementation of a
controller obtained in the way described.
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Sammanfattning: Till LKAB:s nya förädlingsverk i Kiruna och Svappavaara utvecklas 
dynamiska simulatorer för process och styrsystem. Simulatorernas användningsområden är 
processdesign till stöd för konstruktion eller modifiering, operatörsträning från en 
operatörsmiljö som är identisk med den skarpa och test av styrsystemskod och 
reglerdesign/reglertrimning redan på utvecklingsstadiet. Detta alltså före drifttagning i fabrik, 
istället för som brukligt under drifttagning. I Svappavaara har en simulator för flotationen 
använts för att testa ut kod samt utbildning av operatörer. Redan i början av drifttagningen 
visade det sig att simulatorn sparat in mycket tid.  

1 Bakgrund 
Inom försvarsindustrin och kärnkraftverk har man länge använt simulatorer dels vid 
utveckling men även för operatörsträning. Vem vill låta en ny operatör styra ett kärnkraftverk 
utan att ha tränat eller vilken pilot vill inte prova simulatorn före den första flygningen? 
  
Modellbaserad simulering kan användas vid: 

• Utvärdering av reglerstrategier 
• Trimning av reglerkretsar 
• Test av förreglingskedjor 
• Utveckling av start och stoppsekvenser  
• Utveckling av styrsystemsprogram 
• Utveckling av operatörsbilder 
• Vidareutveckling 

 
LKAB ville därför utveckla en simulator för flotationen i Svappavaara och en simulator för 
anrikningsverket och kulsinterverket i Kiruna det vill säga hela vägen från malning av rågods 
till färdig pellets.  
Simulatorerna ska främst användas till att testa ut styrsystemskoden för att korta ner tiden för 
själva drifttagningen och träna operatörerna inför drifttagning. Framledes kan sedan 
simulatorn användas för fortsatt utbildning. Den kan även användas vid ny processdesign då 
det gjorts förbättringar eller ändringar på grund av systembyte. 

2 Simulatorn 

Simulatorn är uppbyggd av en del som simulerar styrsystemet kallad ITS , Industrial Training 
Simulation, och en del som simulerar själva fabriken. ITS är en integrerad enhet i 
styrsystemet ABB 800xA och en nästan exakt kopia av operatörernas arbetsplats se bild 1. 
Styrsystemskoden vilket är samma som i fabriken laddas ned i ITS. Den dynamiska  modellen 
som motsvarar den verkliga processen är utvecklad i Dymola. Dymola är ett 



modelleringsverktyg baserat på objektorienterade språket modelica.  Kommunikation mellan 
modell och ITS sker via OPC av en client. För att styra både ITS:en och modellen används en 
meny via modelldatorn. Utbildningshandledaren kan via menyn starta/stoppa/pausa en 
simulering samt spara ned tillstånd som sedan kan laddas. På så sätt kan handlaren köra olika 
scenarion vid utbildning. Typiska scenarion kan vara uppstart och nedtagning men även att en 
pump stannar och operatören får utföra åtgärder. Resultatet av operatörsingrepp i långsamma 
processteg kan studeras genom att ”snabba” upp tiden i simulatorn. 

 
Bild 1. Simulatorns uppbyggnad 

 
Simulatorn för förädlingverket i Kiruna är förmodligen en av de mest omfattande i landet med 
20.000 signaler. Bara att skriva in alla signalerna för hand vid modelleringen skulle ta en hel 
del tid. Därför behöver man vara listig vid utvecklingen för att för att spara tid, hålla ordning 
och göra det enkelt vid uppdateringar. Värden på signaler för förreglingar som ej ändras vid 
normal drift, till exempel status på nödstopp automatgenereras och sätts från styrsystemets 
lista över in och utsignaler. Ändras styrsystemet genereras en ny lista och signalernas status 
sätts automatiskt. Dessa signaler kan ändras från handledarens meny. För varje objekt som 
motorer, ventiler, pumpar mm genereras dess signaler i modellen utifrån dess namn för att 
minimera risken för felskrivningar. 

3 Resultat 
I projektet i Svappavaara utvecklades en simulator för flotationen parallellt med utveckling av 
styrsystemet till den nya fabriken. Styrsystemkoden testades ut i simulatorn innan 
drifttagningen. Vid simuleringen kunde flera fel rättas och tiden för drifttagningen i fabrik 
reduceras avsevärt. Utbildning för den nya flotationen fick operatörerna träna på simulatorn 
vilket ger en ökad trygghet inför driftstart. Utbildningen minskar antal fel som leder till 
driftstopp och ökar produktion i och med tränade operatörer. Det hittades även detaljer att 
finslipa både i modell och i styrsystem. Fortsättningsvis kan tester utföras mot simulatorn 
innan test i verklig miljö.  

Modell i Dymola 

Handledar- 
GUI &  
OPC Client 

Verklig process 

ITS Operatörsbild 



Modellbaserad simulering och regleroptimering av 
ångsystem 

 
Magnus Aråker 

 
Optimation AB 

Djupviksgatan 20, 94121 Piteå 
Tel: 0920-224480 

magnus.araker@optimation.se 

 

Sammanfattning 
I artikeln redogörs för olika simulerings- och optimeringsaspekter kring 
Optimations koncept för reglering av ångsystem i massa- och 
pappersindustrin. För att presentera konceptet och resultatet av det 
används installationen vid Korsnäs Frövi som exempel. Genom ett för 
Frövi helt nytt koncept som utarbetats och förfinats i simulator har 
prestanda förbättrats avsevärt. Ett komplext system med 29 interagerande 
regulatorer har förenklats och ersatts med 4 konventionella PI-regulatorer. 
Förutom detta har simulatorn bidragit till högre kvalitet på underlag, 
utbildning och FAT* och därmed en avsevärt förkortad drifttagningstid. 

Inledning 
Flera av processerna på ett massa- och pappersbruk är beroende av ånga av olika tryck. Denna 
produceras vanligen genom förbränning av restavfall. För att pannornas förbränning ska gå så 
bra som möjligt krävs en jämn ångproduktion och för att processerna som konsumerar ångan 
skall fungera väl krävs ett jämnt ångtryck. En varierande förbrukning gör dessa två krav 
motstridiga, varför de flesta ångsystem har en ångackumulator som möjliggör lagring av ånga 
vid underkonsumtion och tillskott vid överkonsumtion. 
 
Många ångsystem är utrustade med en ångturbin. Med dagens skatteregler är det ekonomiskt 
fördelaktigt att låta så mycket som möjligt av biobränsle producerad ånga passera genom 
denna för att tillverka el.  
 
Ett reglersystem bör alltså se till att nyttja turbin och ackumulator så mycket det bara går. 
 

Processbeskrivning 
Ångsystemet som valts för att presentera reglerkonceptet är det vid Korsnäs Frövi. Det är 
förhållandevis enkelt konstruerat och kan anses representativt. Systemet har två producenter 
av ånga. En sodapanna, som ingår i återvinningscykeln för kokkemikalier och en barkpanna 
för destruktion av bark. Barkpannan är produktionsreglerande, d.v.s. dess effekt styrs för att 

                                                 
* Factory Acceptance Test. Godkännande före leverans av produkt. 
 



möta ångbehovet hos förbrukarna. Den har dessutom möjlighet att stödeldas med olja 
parallellt med barken vid ökat ångbehov.  
 
Förbrukningen av ånga varierar kraftigt, främst av den anledningen att massabruket är utrustat 
med ett s.k. batchkokeri, 
där kokningen av massa 
sker satsvis ungefär 
varannan timme. 
Variationerna detta orsakar 
är av betydande amplitud. 
Utöver batchkokeriet finns 
främst en stor förbrukare av 
ånga; kartongmaskinen. 
Denna förbrukar under drift 
en relativt konstant mängd 
ånga, men startas och 
stoppar utan större 
förvarning. Processen är 
således utsatt för både 
periodiskt återkommande 
likväl som slumpmässigt förekommande stegformade störningar. För att kunna svara mot 
detta är systemet utrustat med en ångackumulator. Denna är tänkt att hantera de högfrekventa 
delarna av störningarna i processen så att produktionsregleringen skall kunna inrikta sig på de 
lågfrekventa.  
 
För att utvinna elektrisk energi ur ångan finns en ångturbin i systemet. Denna fungerar som en 
tryckreducering mellan högtrycksnätet och förbrukarnäten. Turbinen är dimensionerad så att 
den under normal drift ensam försörjer lågtrycksnätet med ånga. Minsta ökning gör dock att 
ytterligare ånga krävs och en direktreduceringsventil måste öppna. Genom att hålla 
variationerna låga kan mer ånga passera genom turbinen vilket skulle ge en direkt och enkelt 
mätbar vinst i ökad elgenerering. 
 

Mål med regleringen 
Reglersystemets primära uppgift är att hålla trycken på de tre ångnäten på rätt nivåer med 
acceptabla variationer. Sekundär målsättning är att göra detta så kostnadseffektivt som möjligt 
genom följande åtgärder: 
 

• Jämn produktion för att skapa förutsättningar till en bra förbränning i barkpannan 
vilket resulterar i minskade utsläpp av framförallt kväveoxider, NOx. 

• Minskade variationer på högtrycksnätet ger ökat nyttjande av ångturbinen och en 
direkt vinst i form av ökad elgenerering. 

• Undvikande av friblåsningar. Vid större överproduktion än vad ackumulatorn klarar 
att lagra tvingas reglersystemet att släppa ut ånga över tak vilket resulterar i en direkt 
förlust av energi. 

• Minskade variationer i barkpannans produktionsreglering leder till minskat behov av 
stödeldning med olja.  

 
För att åstadkomma detta krävs att reglersystemet nyttjar ackumulatorn på bästa möjliga sätt. 
En tredje aspekt att beakta är komplexiteten i systemet. Om systemet är alldeles för 

Figur 1. Översiktsbild av ångsystemet i Frövi 

Turbin  Turbin  

Soda-
panna
Soda-
panna

Bark-
panna
Bark-
panna

AckumulatorAckumulator



oöversiktligt är det omöjligt för operatören att förutse reaktioner vilket påverkar kvaliteten 
negativt. 
 

Tidigare reglerstrategi 
Den ursprungliga designen på reglersystemet såg ut som den gör på många andra bruk. En 
klassisk lösning där varje förbrukare av ånga har en regulator som försöker hålla trycket på 
det nät den är kopplad till. För att undvika interaktion mellan dessa börvärdesskiljs dom åt. 
Dessutom finns ett antal regulatorer, s.k. begränsingsregulatorer, som via max- och 
mingrindar skall tvinga upp eller igen förbrukare då systemet närmar sig ändlägen eller då 
andra tänkbara scenarion uppstår. I denna process rörde det sig om 29 stycken regulatorer av 
PI-typ som tillsammans försökte reglera 4 tryck. Att trimma ett så stort antal kopplade 
regulatorer, av vilka flera är designade för driftlägen som inte kan återskapas utan att kraftigt 
störa produktionen, är väldigt svårt. 
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Figur 2. Ursprunglig reglerstruktur 
 

Produktionsregleringen, tillika högtrycksnätsregleringen, fungerade så att trycket på 
högtrycksnätet påverkades genom att förändra lasten på barkpannan. Problematiken med ett 
sådant upplägg ligger i att högtrycksnätet har en tidskonstant i storleksordningen 10 sekunder 
samtidigt som tidskonstanten på pannan rör sig om flera minuter. En sådan reglering blir 
följaktligen inte bra. Resultatet blir onödigt stora variationer på högtrycksnätet tillsammans 
med snabba förändringar i styrsignalen till pannan vilket leder till dålig förbränning och 
ekonomiskt likväl som miljömässigt kostsamma utsläpp. 



Ny strategi 
Den nya strategin syftar framförallt till att förenkla och renodla. De tjugonio regulatorerna 
städas bort och ersätts med fyra, en per nät samt ackumulator. Regulatorerna använder sig i 
sin tur av förbrukarna i strikt prioritetsordning via ett fördelningsprogram som ser till att det 
av regulatorn begärda ångflödet fördelas mellan tillgängliga ställdon. Detta innebär dessutom 
en framkoppling av störningar mellan ställdonen. Vid en snabb nedlastning av exempelvis 
turbinen flyttas omedelbart ångmängden över till direktreduceringsventilerna utan nämnvärd 
påverkan av trycket på vare sig högtrycksnätet eller lågtrycksnätet. Reglersystemets 
funktionalitet kan åskådliggöras i form av en tabell, figur 3, med regulatorerna i övre raden 
och deras ställdon i fallande prioritet i kolumnerna. På detta sätt presenteras även 
reglersystemet för operatörerna, där det dessutom grafiskt framgår vilka ställdon som är 
tillgängliga och vilket som är för tillfället aktivt. 
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Figur 3. Reglersystemet åskådliggjort på tabellform. Regulatorerna överst med 
respektive ställdon i fallande prioritetsordning i kolumnerna. 

 
Lågtrycksnätets regulator ökar trycket genom att i första hand stänga friblåsningen och 
därefter öppna inloppet på turbinen. När turbinen är fullt utstyrd öppnas reducör 3, 4 och 5 i 
den ordningen. Om trycket fortfarande faller kan nätet som sista åtgärd ladda ur 
ackumulatorn. Mellantrycksnätet använder sig först av avtappningsånga från turbinen. När 
denna inte räcker till finns två direktreduceringsventiler tillgängliga.  
 
När högtrycksnätet vill höja trycket ser regulatorn först till att friblåsningen är stängd. 
Därefter stänger den laddningen till ackumulatorn. Om trycket trots detta är lågt laddas 
ackumulatorn ur, vilket får följden att trycket på lågtrycksnätet stiger varpå det minskar sitt 
uttag från högtrycksnätet. 
 
Trycket i ackumulatorn regleras genom att öka eller minska produktionen i barkpannan. En 
överproduktion innebär att högtrycksnätets regulator öppnar laddningsventilen till 
ackumulatorn och en underproduktion att den öppnar urladdningen. På detta sätt får 



barkpannan jobba mot att hålla ett tryck som har en tidskonstant som är betydligt längre än 
högtrycksnätet. Regulatorn kan trimmas defensivt och styrsignalen blir mycket med minskade 
miljöutsläpp som resultat. 

Simulering 
För att projektet skall löpa så smidigt som möjligt och att det slutliga resultatet skall bli enligt 
vad som är utlovat används omfattande simulering under hela projektets gång. Det första 
arbete som utförs efter projektstart är utvecklingen av en simulator. I denna implementeras 
reglersystemet och processen så som det är tänkt att fungera. Tillsammans med kunden utsätts 
sedan simulatorn under någon vecka för alla möjliga och omöjliga driftfall som kan tänkas 
uppstå. Från detta fås en lista med restpunkter att komplettera den ursprungliga reglerstrategin 
med. När detta är genomfört kan vi som leverantör vara överens med kunden om förväntad 
prestanda. 
 
Simulatorn används efter 
fastställd funktion som 
”facit” vid upprättande av 
programmeringsunderlag 
och efterföljande FAT på 
utförd programmering. 
Innan det nya 
reglersystemet tas i drift 
körs en utbildningsomgång 
med operatörerna och även 
där används simulatorn som 
verktyg.  
 
Genom att trimma 
simulatorn beräknas 
reglerparametrar som ligger 
nära sanningen och kan 
användas direkt vid drifttagningen. Detta sammantaget gör att antalet fel kan minimeras innan 
systemet testas i skarpt läge. I fallet Frövi innebar det en drifttagningstid på totalt fyra timmar 
och att allting fungerade direkt. 

Figur 4. Simulatorns GUI 



Resultat 

Högtrycksnätet 

Högtrycksnätets tryckvariationer har minskat avsevärt som synes i figur 5. Detta tack vare att 
regulatorns styrmedel bytts från något väldigt långsamt, barkpannan, till något väldigt snabbt, 
laddningsventilerna till ackumulatorn. Att trycket blev mycket jämnare innebär bl.a. att 
medeltrycket kan ökas, utan att maxtrycket blir högre än tidigare. Ett sådant experiment har 
också utförts, där medeltrycket under en period höjdes från 6.1 MPa till 6.3 MPa. Se figur 6. 
Den ökning detta gav av ångflödet genom turbinen ökade dess medeleffekt med 0.7 MW. 
Under antagande om 90 % tillgänglighet ger detta drygt 5 500 MWh/år 

 
 
 

 

Max 6,3 MPa 
Min 5,7 MPa 

Stdavv 0,13 MPa 
 

Max 6,2 MPa 
Min 6,0 MPa 

Stdavv <0,02 MPa 
 

Figur 5. Trycket på högtrycksnätet före och efter införandet av den nya regleringen 

Figur 6.  Vid försök med tryckhöjning från 6.1 MPa till 6.3 MPa ökade turbinens 
medelffekt 0.7 MW 

Högtrycksnätet före modifiering & trimning, Mintryck 5.7 MPa, Maxtryck 6.3 MPa, Std.avv. 130 kPa 

Högtrycksnätet efter modifiering & trimning, Mintryck 6.0 MPa, Maxtryck 6.2 MPa, Std.avv. <20 kPa 

Förhöjt medeltryck 6.3 
Normalt medeltryck 6.1 

Turbinens medeleffekt 26.4 
Turbinens medeleffekt 25.7 

Medelflöde HT-ånga till turbin 58.3 Medelflöde HT-ånga till turbin 57.5 
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Förbrukarnäten 

Den stora förbättringen på förbrukarnäten syns framförallt på mellantrycksnätet, det nät som 
är kopplat mot batchkokeriet och är utsatt för dom största störningarna. Störningarna som 
förut slog direkt på trycket i mellantrycksnätet flyttas nu till ackumulatorn.  

 

Produktionsreglering 

Produktionsregleringen har fått ett ordentligt lyft som synes i figur 7. En start av 
batchkokeriets ångförbrukning som tidigare gav störningar på ~ 4 bar på högtrycksnätet 
drunknar nu i bruset. Ackumulatorn som tidigare låg full nästan jämt används nu istället till 
att kompensera störningen och eftersom pannan nu styr på ackumulatortrycket istället för 
trycket på högtrycksnätet är styrsignalen till den mycket lugnare. 
 

 

Max 460 kPa 
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Stdavv 2,3 kPa 
 

Max 1,1 MPa 
Min 1,03 MPa 
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Max 455 kPa 
Min 435 kPa 
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Figur 6. Trycket på låg- och mellantrycksnät före och efter införandet av den nya 
regleringen 
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Figur 7. Batchkokeriet förbrukar ånga  före och efter införandet av ny reglerstrategi. 
(1) är trycket i ackumulatorn, (2) är trycket på högtrycksnätet, (3) styrsignal till 
barkpannan och (4) är ånga till batchkokeriet. 



Regleroptimering i kraftvärmeanläggningar

Urban Holmdahl och Jonas Öhr
Optimation AB

1 Bakgrund
Kraftvärmeanläggningar består av flera processavsnitt vars tillgänglighet, verkningsgrad och 
kondition i stor utsträckning beror av hur intilliggande processavsnitt fungerar. Exempelvis så 
är ångturbinernas effektfaktor i stor grad beroende av fjärrvärmenätens 
framledningstemperatur, och temperaturen hos tillförd ånga. Om temperaturen hos tillförd 
ånga blir alltför låg, så trippar (stannar) turbinen.
På grund av bristande prestanda hos reglersystemen avviker ofta processvariabler från 
önskade börvärden, vilket leder till sämre tillgänglighet, sämre verkningsgrad och kortare 
livslängd.

2 Arbetssätt
Reglerbrister bekämpas ofta genom en arbetsgång som innefattar bland annat framtagande av 
simulatorer baserade på dynamiska modeller av komplexa processavsnitt. Simulatorerna 
används för dimensionering av processutrustning, verifiering av reglerkoncept och 
styrstrategier samt för operatörsträning. 
En bra trimningsmetod och ett väl fungerande datorbaserat stöd för trimning och 
dokumentation av modeller och parametrar, är viktiga verktyg vid regleroptimering. 
Utbildning av underhållspersonal i lamda-trimning är vanligt i samband med 
regleroptimeringsarbetet.

3 Reglerstrategier
Vår erfarenhet är att i praktiken fungerar det ofta bäst att basera en reglerstrategi på 
erforderligt avancerad framkoppling och enkla PI(D) regulatorer som komponenter för 
återkoppling. Multiplikativa styringrepp kan ge stora fördelar i vissa loopar.
Faktum är att nyttjandet av kvotstyrning och möjligheten att styra multiplikativt ofta är 
försummat. I stället används ibland parameterstyrning vilket dels kräver en mer omfattande 
trimningsprocedur, och dels inte alltid stöds på ett bra sätt av styrsystemet.

4 Modeller / Simulatorer
I komplexa processer/processavsnitt är följderna av vissa styringrepp svåra att intuitivt 
överblicka, då de kan inverka på flera andra processer med ibland katastrofala följder. I en 
tillräckligt detaljerad simulator kan felaktiga styringrepp avsiktligt göras för att få en 
överblick av hur kringliggande processavsnitt kommer att störas. 
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