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Abstract

In this paper, we design a fast algorithm for ranking the k maximum
sum subsequences. Given a sequence of real numbers 〈x1, x2, · · · , xn〉 and
an integer parameter k, the problem is to compute k subsequences of
consecutive elements with the sums of their elements being the largest,
second largest, . . . , and the kth largest among all possible range sums.

For any value of k, 1 ≤ k ≤ n(n + 1)/2, our algorithm takes
O(n + k log n) time in the worst case to rank all such subsequences. Our
algorithm is optimal for k ≤ n.





1 Introduction

Given a sequence X of real numbers X = 〈x1, x2, · · · , xn〉 and an integer k,
1 ≤ k ≤ 1

2
n(n + 1)/2 , the problem of ranking k maximum sum subsequences is

to select k pairs of indices

{(iℓ, jℓ) : 1 ≤ iℓ ≤ jℓ ≤ n, ℓ = 1, 2, · · · , k}

such that the (range) sums

jℓ
∑

p=iℓ

xp, ℓ = 1, 2, · · · , k,

is the lth largest values among all the possible sums

j
∑

ℓ=i

xℓ, 1 ≤ i ≤ j ≤ n .

The problem for fixed k = 1, is also known as the maximum sum subsequences

problem [Ben84a] has received much attention and can be solved in linear time
[Ben84b, Gri82].

For arbitrary values of the parameter k, the problem has been investigated if
the resulting range sums may not be sorted [BT04, BC04]. The fastest algorithm
known runs in O(min{k + n log2 n, n

√
k) in the worst case [BC04].

In this paper, we propose an algorithm for ranking k maximum sum sub-
sequences. Our algorithm runs in O(n + k log n) time in the worst case and is
optimal for k ≤ n. The result also improves over the algorithms for finding the
k maximum sum subsequences.

In the next section we will prove a lower bound for the small values of the
parameter k. After that an O(n + k log n)-time algorithm is presented. Some
remarks and further improvements are proposed in section 4. Notice that algo-
rithms presented in this paper compute only the range sums without pointing
out the corresponding subsequences explicitly; extending the algorithms to out-
put the subsequences computed as well is straightforward.

2 Lower Bounds

We will present some lower bounds for the problem of ranking k maximum sum
subsequences. For a given sequence of length n and an integer k, one trivial
lower bound is Ω(n + k). For small values of the parameter k, we have

Theorem 1. Let X = 〈x1, . . . , xn〉 be a sequence of real numbers and integer

k ≤ n. The problem of ranking k maximum sum subsequences requires at least

Ω(n + k log k) time in the worst case.

Proof. For the given sequence X , let s = −∑n

l=1 |xl| − 1. Construct a new
sequence Y of length 2n: 〈x1, 2s, x2, 2s, . . . , xn, 2s〉. Then, any subsequence
of consecutive elements of Y of length at least 2 has the sum of its elements
less than x, where x = min1<l≤n{xl}. In fact, for any given i, 1 ≤ i ≤ n,
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xi + s = xi −
∑n

l=1 |xl| − 1 ≤ −|x| − 1 < −|x|. Hence, for any subsequence
yi, yi+1, . . . , yj (1 ≤ i ≤ j ≤ 2n), the sum

j
∑

l=i

yl < −
⌈

j − i

2

⌉

|x| < −|x| ≤ x .

Therefore, the problem of ranking maximum sum subsequences of Y becomes
the problem of selecting k largest elements in 〈x1, . . . , xn〉 in sorted order. It is
known that the latter problem needs at least Ω(k log k) time in the worst case.
The result follows.

In the next section, we will present an algorithm for ranking k maximum
sum subsequences, which matches this lower bound.

3 Ranking k Maximum Sums

In this section, we will design an algorithm for ranking the k maximum sum
subsequences. The approach is to augment a binary tree with information about
prefix sums, suffix sums, sums, and rankings among subsequences of two phases:
Preprocessing and query. During the query phase, each query returns the next
largest subsequence sum, and updates the information stored. The input data
is, conceptually, divided into equally sized blocks, recursively. The approach
is based on one observation: The subsequence sum either comes from the left
branch, the right branch or the subsequence sum spans the border between the
left and the right sub blocks. The problem is recursively solved for each of theses
three possibilities, with different values of the parameter k and the (recursive)
sub solutions are computed as needed by the query on demand.

3.1 The Algorithm

Given an input sequence, X = 〈x1, x2, . . . , xn〉, of length n, we divide X into two
sequences, Xleft and Xright, for the left and right half of X , respectively. We do
this division recursively until X has length 1. This recursive subdivision forms
a complete binary tree with height O(log n). Each node in this tree corresponds
to some subsequence of consecutive elements of X .

In the following, all names are local to the node. Data items of the left
and right children of a node are referred to with the superscript left and right,
respectively. The following information is stored in each node:

• The sum, w, of the elements of its corresponding subsequence.

• The i largest prefix sums, P = 〈p1, p2, . . . , pn〉, of the elements in the node.

• The j largest suffix sums, S = 〈s1, s2, . . . , sn〉, of the elements in the node.

• The l largest elements, M = 〈m1, m2, . . . , mn〉, of Sleft + P right.

• The k′ largest subsequence sums, K = 〈k1, k2, . . . , kn〉, of the elements in
the node.
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• The information needed for the computation of the maximum sums of
Sleft + P right, where Sleft + P right denotes the Cartesian sum of Sleft

and P right. That is, Sleft + P right = {x + y|x ∈ Sleftandy ∈ P right}.
During the computation, the algorithm first enumerates the k maximum sum
subsequences by determining which part of the root node’s elements the next
maximum sum subsequence comes from. Then, the recursive process is per-
formed on the corresponding child of the current node (which is now the root
of the tree).

3.2 Initialization

We preprocess the tree by computing, w, and ensuring that all of i, j, l, and k′

are 1. This can efficiently be performed by considering the base case and the
recursive case as follows:

Initialize

• Base case (n = 1): Let w = x1, P = 〈x1〉, S = 〈x1〉, and K = 〈x1〉. Let
i = j = l = k′ = 1.

• Recursion case (n > 1):

1. Let i = j = l = k′ = 1.

2. Let w = wleft + wright.

3. Let pi = max
{

pleft

ileft , w
left + pright

iright

}

.

4. Let sj = max
{

sleft

jleft + wright, sright

jright

}

.

5. Let ml = sleft

jleft + pright

iright

6. Let kk′ = max
{

kleft

k′left , k
right

k′right , m1

}

The computation above can be performed in a bottom-up fashion in Θ(n) time.
After that, we have the maximum sum subsequence computed in the root node.
Now, we are now ready to perform queries to our data structure. Each query
returns the next largest subsequence sum of X .

3.3 Queries

On computing the next largest sum subsequence of the sequence corresponding
to the current tree node, one needs to decide if the recursion should be done on
the left subtree, the right subtree, or the subsequence crossing the the left and
the right boundary. During the computation, it can happen that, at some stage,
it is not possible to compute more subsequences of the desired type, because all
subsequences are already computed at the specific node. In such case, no more
subsequences from the specific tree branch are used.

Each query examines the subsequence computed from the last query and
does the following according to the examination. Let v be the current tree and
node and kk′ be the k′th computed maximum subsequence on the subsequence
corresponding to v.

Query(v, kk′)
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1. If the subsequence just computed, that is, kk′ = kleft

k′left then call
Query(vleft, kk′)

2. If kk′ = kright

k′right then call Query(vright, kk′).

3. If kk′ = ml then call NextMiddle.

4. Let kk′ = max
{

kleft

k′left , k
right

k′right , ml

}

On performing the query above, one may need to compute the next largest
sum subsequence that cross the border between vleft and vright. We will show
in the next subsection how to perform such a computation in O(log n) time in
the worst case, with a preprocessing time of O(n).

NextPrefix

1. If pi = pleft

ileft (pi comes from the left branch) then call NextPrefix on the

left branch. Otherwise, if pi = wleft + pright

iright (pi comes from the right
branch) then call NextPrefix on the right branch.

2. Let pi+1 = max
{

pleft

ileft , w
left + pright

iright

}

and let i← i + 1.

NextSuffix

• Define Symmetric with NextPrefix.

3.4 Subsequences Crossing the Middle

When computing the subsequence sums of the current node, v, that begins in
the sequence vleft and ends in the sequence vright, we need to solve the following
problem:

Consider two sorted sequences A = 〈a1, a2, . . . , an〉 and B = 〈b1, b2, . . . , bn〉.
We wish to compute, in order, the k maximum sums, of A + B. That is, we
would like to compute the k largest elements a + b, where a ∈ A and b ∈ B.
This can be done by selecting the kth largest element of A + B [FJ84, FJ82],
and then scanning A and B for elements in A + B larger than the kth largest
elements, where after we can sort the output.

However, this is not a suitable method in our problem setting, because the
value of k is a priori unknown and we do not want to compute more elements
than needed from the sequences A and B. Moreover, the elements of A and B
may not be present (of course, they will be computed during the process).

Here, we present a method to solve this problem. Our solution is as efficient
as the method using selection.

Our algorithm will scan the elements from the sets A and B in the order
a1, a2, . . . and b1, b2, . . ., respectively. This means that the elements of A and
B, in turn, can be computed as needed by some other means.

For the computation, we use a heap to keep track of the order among the
elements extracted from A and B, but not yet accepted as an output element
of the algorithm. The following information is be considered the state of the
computation:

• The i largest (first) elements of A = 〈a1, a2, . . . , an〉.
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• The j largest (first) elements of B = 〈b1, b2, . . . , bn〉.

• A heap, H , containing elements from A + B, but not selected for largest
elements output.

Initially, i = j = 1. The largest element is, of course, a1 + b1. The
computation of new element, m, is then performed as follows:

NextLargest

1. Assume m = aα + bβ is the last computed element, and aα and bβ are the
components of the last computed element.

2. If α = 1, then insert aα+1 + bβ and aα + bβ+1 in the heap, H . If i < α +1
or j < β + 1, call NextElement(A) and NextElement(B) appropriately
before the computation.

3. If α > 1, then insert aα+1 + bβ and in the heap, H . If i < α + 1 or j <
β + 1, call NextElement(A) and NextElement(B) appropriately before
the computation.

4. Let m be the largest element on the heap. Delete the largest element on
the heap. Return m.

For each invocation of NextLargest we extract one element from the heap
and insert two elements into the heap. The size of the heap will be at most
2k, since we compute a total of k elements and add two elements to the heap
each time. Thus, the time required for the heap operations is O(log k). If we
compute a total of k elements the total time required for the computation will
be O(k log k). We can conclude the following:

Theorem 2. Given sorted sequences A and B in non-increasing order, we can

compute the k largest sums of A+B in O(k log k) time with O(n) preprocessing

time.

Now, we can compute the maximum sum subsequences crossing the border
between the two sequences as follows:

NextMiddle

1. Call NextLargest. Let ml be the computed element. Let l ← l + 1. Let
NextElement(A)=NextSuffix and NextElement(B)=NextPrefix dur-
ing the execution of NextLargest.

In the next section, the time commplexity of our result will be analysed.

3.5 Time Complexity

We analyse the different parts of the algorithm separately and conclude with
the total complexity of the algorithm.

3.5.1 NextPrefix and NextSuffix

These procedures traverse down the tree by making exactly one recursive call,
to itself. The height of the tree is O(log n) and the work performed for each
node is O(1). This gives a total time of O(log n).
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3.5.2 NextMiddle

This procedure calls NextLargest which requires O(log k) time plus the
time required for NextElement(A) and NextElement(B). In this context,
NextElement(A) and NextElement(B) are realized by NextSuffix and
NextPrefix, respectively. They require O(log n) time. Since k ≤ n2 and
log n2 = O(logn), the total time required is O(log n).

3.5.3 Query

This procedure will either traverse down the tree by making one call to itself or
by making one call to NextMiddle. Consider the first case; The height of the
tree is O(log n) and the work performed for each node is O(1), which implies
that the time required is O(log n). Now, consider the second case (where it
calls NextMiddle); Upon the call to NextMiddle, some part of the tree will
already have been traversed. This requires at most O(log n) time. The call to
NextMiddle also requires O(log n) time. Both cases requires O(log n) time, so
this is the total time required for the procedure.

3.5.4 Preprocessing

Now, consider preprocessing time. The preprocessing is performed bottom-up
and no calls are made to other procedures. Work performed for each node is
O(1), which makes the total time for preprocessing O(n), since there are O(n)
nodes in the tree.

3.5.5 Total time requirement

The computation of k maximum sum subsequences using this procedure requires
O(n + k log n) time. The subsequence sums computed will also be sorted. We
have showed the following:

Theorem 3. The k maximum sum subsequences of a given sequence can be

computed, one value at a time, in O(log n) time per value after a preprocessing

time of O(n). The total time for the sorted k maximum sum subsequences is

then O(n + k log n).

Moreover, our algorithm is optimal for small values of the parameter k.
Indeed,

Corollary 1. For any integer k, n + k log n = O(n + k log k).

Proof. The claim is obviously true for k = Ω(n). It holds as well for k = Ω( n
log n

)

since n+k log k = Ω(n+k log n
log n

) = Ω(n+k log n−k log log n) = Ω(n+k log n).

Finally, for the case when k = o( n
log n

) we know that n+k log n = O(n+o( n
log n

)×
log n) = O(n) and n + k log k = Ω(n).

By combining Theorem 1, Theorem 3, and Corollary 1, we can conclude that

Corollary 2. Our algorithm is optimal for k ≤ n.
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4 Conclusions

We have presented a simple and efficient algorithm for the problem of ranking
k maximum sum subsequences and prove its optimality for small values of the
parameter k. Our algorithm provides a better result for the problem of com-
puting the k maximum sum subsequences as well. Notice that our algorithm
also works when the input elements are chosen from an abstract semi group.
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