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Abstract 

Due to the growing number of ageing reinforced concrete structures such as buildings 
and bridges, there is an increasing interest in condition assessment and strengthening 
methods. Deterioration processes and demands for higher loads contribute to this 
interest. If the service life of a structure can be extended by repair and/or strengthening 
instead of building a new structure, much money can be saved. A strengthening 
method that has gained increasing acceptance and popularity in recent years is 
strengthening with fiber reinforced polymer (FRP) composites. One common type of 
FRP material is carbon FRP (CFRP).  
The FRP strengthening system consists of the strengthening material, a FRP, and the 
bonding material, usually an epoxy adhesive. Strengthening with FRP can generally be 
divided in two types of techniques: externally bonded sheets/plates and near surface 
mounted reinforcement (NSMR). The technique of bonding FRP sheets/plates 
externally encompass of bonding the FRP onto a prepared surface on a structural 
member. In the NSMR technique, a longitudinal groove is cut in the surface of a 
structural element, followed by applying the bonding material into the groove and 
inserting a FRP bar. The most important characteristic of a FRP strengthening system 
is the ability to transfer loads acting on a deficient structural member to the 
strengthening material. A detrimental event for a strengthened member is failure in the 
bond region, denoted as debonding. This means failure is occurring prior to the 
designed or predicted capacity of the strengthened member and must be avoided. 
The behavior of the complete composite system with concrete, adhesive, FRP, and 
internal reinforcement is quite complex. A sophisticated alternative when studying the 
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performance of concrete structural members strengthened with FRP is the finite 
element (FE) method. To properly model the problem at hand, several considerations 
must be made in a FE analysis: solution procedures, material models, boundary 
conditions, etc. 
This thesis aims to contribute to the understanding of the behavior of FRP 
strengthened structures in general and NSMR CFRP strengthened concrete members 
in particular. Nonlinear 3D FE analysis is utilized to investigate the behavior of FRP 
strengthened slabs, with and without openings, and two different kinds of bond testing 
methods: a beam bending test and a NSMR anchorage test.  
The results from the slab tests show that slabs with openings can be strengthened with 
externally bonded CFRP sheets and the performance is even better than for 
traditionally steel reinforced slabs. The numerical evaluations show good agreement 
with the experimental results. 
The results from the beam bending tests indicate that the externally bonded sheet and 
plate have an effective bond length and that NSMR have an anchorage length larger 
than tested bond lengths. The numerical results are sensitive to the values of the 
fracture energy, the tensile strength, and the shape of the softening response for the 
concrete. 
The results in the NSMR anchorage test show that the failure behavior could be 
captured and explained only by combining the experimental observations and the FE 
analysis. The failure mode is a combined failure in the concrete and the adhesive; 
however, the maximum transferable load is obtained when a major crack at the very 
end of the bond length is developing in the concrete. 

Keywords: finite element analysis, concrete, strengthening, FRP, NSMR, bond, failure 
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Sammanfattning 

Idag finns det ett växande intresse för tillståndsbedömning och förstärkningsmetoder 
eftersom många betongkonstruktioner i vårt samhälle, som t.ex. broar och byggnader, 
blir allt äldre. Under sin livslängd kan en konstruktion vara utsatt för 
nedbrytningsangrepp eller ökade belastningar och mycket pengar kan sparas om 
konstruktionen kan repareras och/eller förstärkas istället för att bytas ut. Inom detta 
område har förstärkning med fiberkompositer blivit en allt mer accepterad och populär 
metod. Särskilt kolfiberkompositer används mycket. 
De ingående delarna i ett fiberförstärkningssystem är förstärkningsmaterialet, 
fiberkompositen, och limmet vilket vanligtvis är ett epoxilim. Det finns två typer av 
fiberförstärkningssystem: utanpåliggande och ytmonterad förstärkning (near surface 
mounted reinforcement; NSMR). En utanpåliggande fiberförstärkning utförs genom att 
limma fiberkompositen på betongytan. I NSMR-metoden sågas först ett spår upp i 
betongytan därefter fylls spåret med epoxi och avslutas med att en fiberstav trycks in i 
limmet. Den viktigaste uppgiften för ett fiberförstärkningssystem är dess förmåga att 
föra över laster från en svag konstruktionsdel till förstärkningsmaterialet. En mycket 
olycklig händelse för ett fiberförstärkt betongelement vore om det sker ett brott i 
limmet eller området kring limmet vilket gör att konstruktionen inte kan bära den last 
den är konstruerad för. 
Ett fiberförstärkt betongelement består av flera material: betong, stålarmering, lim och 
fiberkomposit. Detta gör att elementets uppträdande är mycket komplicerat och 
avancerade analysmetoder måste tillämpas för att undersöka det. Finita element (FE) 
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metoden är ett bra val för sådana undersökningar. I FE-analyser finns det många 
faktorer att ta hänsyn till t.ex. typ av lösningsalgoritm, materialmodell, randvillkor, mm. 
Målet för denna avhandling är att tillföra kunskap om hur fiberförstärkta 
betongkonstruktioner beter sig och speciellt beteendet hos NSMR-förstärkta 
betongelement. Med hjälp av FE-metoden analyseras beteendet hos dels 
kolfiberförstärkta plattor, med och utan hål, dels metoder för att prova 
förankringsbeteendet för fiberförstärkningar nämligen balkböjningstest och 
förankringstest för NSMR. 
Resultaten visar att det är möjligt att kolfiberförstärka plattor med uppsågade hål och att 
kapaciteten blir högre än för plattor utan hål. Resultatet från FE-analyser 
överensstämmer väl med de experimentella resultaten. 
Balkböjningstesterna tyder på att den utanpåliggande förstärkningen har en effektiv 
förankringslängd och att NSMR har en förankringslängd som är längre än de prövade. 
FE-analyserna visade sig känsliga för vilka värden som valts på brottenergi, 
draghållfasthet och utseende på mjuknandekurva. 
Endast genom att kombinera resultaten från experimenten och FE-analysen kunde 
brottbeteendet hos NSMR-förankringstestet identifieras och förklaras. Brottmoden är 
ett kombinerat brott i både betongen och limmet. Brottlasten erhålls emellertid när en 
större spricka uppstår i slutet av den limmade längden.  
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1
Introduction

1.1 Background and identification of the problem 
There is a growing interest in the condition of existing reinforced concrete structures, 
such as bridges and buildings. The principal reasons for this interest are accelerated 
deterioration due to environmental effects and changed service demands leading to 
higher magnitudes and frequency of loads on our concrete structures. This addresses 
the need for appropriate methods of the assessment, the maintenance, and the 
rehabilitation of concrete structures. In particular, new rehabilitation techniques are of 
interest as there are large savings to make if the service life can be extended by repair 
and/or strengthening instead of building new structures. Several strengthening 
techniques for improving the performance of concrete structures are available and 
especially one method has gained increasing acceptance and popularity in recent years; 
strengthening with fiber reinforced polymer (FRP) composites. 

FRP composites have been in commercial use for the last half century and during the 
last two decades it has shown its suitability in civil engineering applications. The 
popularity of using FRP is due to the inherent properties of the material such as high 
strength-to-weight ratio, corrosion resistance, etc. In addition, both the material and 
geometrical properties can be tailored for the application. Several materials are available 
for the fibers, e.g. glass, aramid, carbon. Consequently, a FRP with carbon fibers is 
abbreviated as CFRP. 
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A strengthening system comprises of the strengthening material and the medium for 
transferring forces from a structural member to the strengthening material. In a FRP 
strengthening system, the strengthening material is composed of FRP and the load 
transferring medium is the bonding substance. The bonding material for strengthening 
applications used in civil engineering is commonly an epoxy adhesive. The advantages 
of using FRP strengthening include simplicity and speed of application, and a minimal 
change in structural dimensions and aesthetic appearance. 
Strengthening with FRP can generally be divided in two types of techniques: 
externally bonded sheets/plates and near surface mounted reinforcement (NSMR). The 
technique of bonding FRP sheets/plates externally encompass of bonding the FRP 
onto a prepared surface on a structural member. The FRP sheet is manufactured on site 
(composite and bond are formed simultaneously) while the plate is prefabricated (often 
pultruded) and then bonded. In the NSMR technique, a longitudinal groove is cut in 
the surface of a structural element, followed by applying the bonding material into the 
groove and inserting a (prefabricated) FRP bar. After cutting the groove, NSMR 
requires minimal installation time compared to the externally bonded sheet/plate. 
Several field applications have shown the effectiveness of the NSMR strengthening 
technique, e.g. a bridge strengthening in 1999 reported in Täljsten et al. (2003). 

The most important characteristic of a FRP strengthening system is the ability to 
transfer loads acting on a deficient structural member to the strengthening material. A 
detrimental event for a strengthened member is failure in the bond region. This means 
failure is occurring prior to the theoretical (designed) or predicted capacity of the 
strengthened member. The premature failure mode is denoted as debonding. Several 
different modes of debonding can occur in a FRP strengthened structural member. For 
a flexural member this would entail debonding from the curtailment of an externally 
bonded plate or NSMR progressing towards the midspan or debonding from a flexural 
crack and progressing towards the end of the strengthening plate/bar. Debonding is 
brittle, violating the ductility requirements in the structural design, and is of course 
undesirable. If the bond strength is not properly considered in the design process, it will 
have a significant impact on the safety and the effectiveness of the strengthening system. 
Debonding also depends on the strengthening technique. For an externally bonded 
sheet/plate, debonding predominantly occurs in the concrete substrate close to the 
epoxy adhesive. Since the FRP bar in the NSMR technique is embedded in the 
concrete, the failure behavior of the system is more complex. Two of the possible 
debonding modes for NSMR, defined in De Lorenzis and Teng (2007), are cohesive 
failure in the adhesive and failure in the concrete close to the bonded area.  
The NSMR method alleviates the disadvantages associated with externally bonded 
reinforcement caused by the shear and the peeling stresses between the structural 
member and the strengthening material. Consequently, a higher utilization of the 
strengthening material is often attained by the NSMR technique. 

The behavior of the complete composite system with concrete, adhesive, FRP, and 
internal reinforcement is quite complex. Usually, analytical expressions can be derived 
that give a reasonable description of the behavior. However, due to the complicated 
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behavior more advanced tools are preferably utilized. This includes numerical methods 
and the most commonly used today is the finite element (FE) method. Customarily, FE 
analysis of concrete members strengthened with FRP is modeled by reducing the 
composite system to a 2D model. This may be sufficient for a member strengthened 
with an externally bonded plate but FE analysis of a NSMR system normally requires a 
3D representation of the geometry. 
Also, attention must be given to the quasi-brittle behavior of concrete since a large part 
of the nonlinear deformations occur close to the bonding zone. Traditionally, cracking 
in concrete is modeled either by discrete or smeared crack approach. In the former, the 
additional deformation due to cracking is concentrated into a displacement 
discontinuity (localized crack) that can be accompanied by remeshing strategies. In the 
latter approach, the deformation, represented by the cracking strain, is distributed over 
a certain material volume. The crack modeling approaches have both their strong and 
weak points. In the discrete crack approach, an accurate behavior can be obtained; 
however, the location of the cracks must be known a priori. For the smeared approach, 
this is not a concern while the stress concentrations occurring in adjoining materials at a 
location for a localized crack in the concrete may be less accurate. 

1.2 Aims
The aim of my work is to contribute to a deeper understanding of the behavior of FRP 
strengthened structures in general and NSMR CFRP strengthened concrete members 
in particular. The research work addresses the following research question: 

Can FE analysis be used to gain a deeper understanding of the FRP strengthened 
concrete element? 
If so, what type of constitutive models and solution procedures can be used to 
give a representative picture of the nonlinear behavior of these elements? 
What are the differences between externally bonded and NSMR strengthening 
systems? 
How do geometrical and material properties influence the stress distribution and 
the debonding mechanism of NSMR in the anchorage zone of a strengthened 
concrete member? 

1.3 Limitations
The concrete elements studied are slabs, with and without openings, and two different 
kinds of bond testing methods: a beam bending test and a NSMR anchorage test.  
The FE modeling of the strengthened elements has been idealized. This means that 
parameters such as poor workmanship, poor wetting and surface preparation have been 
excluded. No interface elements for modeling of slip between materials have been 
included.
In this thesis, the strengthening material is CFRP and the bonding material is an epoxy 
adhesive. Both externally bonded and near surface mounted reinforcements have been 
part of the numerical analyses.  
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The constitutive approach used for modeling the behavior of the concrete is an elasto-
plastic material model coupled with damage.  
Symmetry has been utilized in the FE analysis where possible to limit the size of the 
model. The symmetry is certainly present during elastic deformations but can be 
questionable in the nonlinear region. However, it has been assumed that the results 
have not been significantly influenced. 

1.4 Thesis outline 
Chapter 2 gives an introduction to strengthening of concrete elements with FRP. 
Chapter 3 offers an overview of the material models used in the thesis and the general 
theory of the finite element method. 
Chapter 4 presents a short summary of the appended papers and in  
Chapter 5 conclusions and suggestions for further work are given. 

Appended papers: 
PAPER A – “CFRP strengthened openings in two-way concrete slabs - An 
experimental and numerical study” by Ola Enochsson, Joakim Lundqvist, Björn 
Täljsten, Piotr Rusinowski, and Thomas Olofsson.
PAPER B – “Numerical analysis of concrete beams strengthened with CFRP - A study 
of anchorage lengths” by Joakim Lundqvist, Håkan Nordin, Björn Täljsten, and 
Thomas Olofsson.
PAPER C – “A probability study of Finite Element analysis of Near Surface Mounted 
Carbon Fiber Reinforced Polymer bonded to reinforced concrete” by Joakim 
Lundqvist, Lars Bernspång, Björn Täljsten, and Thomas Olofsson.
PAPER D – “Nonlinear finite element analysis of the failure behavior in NSMR 
anchorage test” by Joakim Lundqvist, Markus Bergström, Anders Carolin, Thomas 
Olofsson, and Björn Täljsten.
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2
Concrete structures strengthened with FRP 

Fiber reinforced polymer composites as a strengthening material in the construction 
industry has been in use for almost 20 years now, with the first applications in Japan 
and Switzerland. The first commercial use of the material in it self occurred in the mid 
50’s. The number of strengthening projects utilizing FRP around the world is 
increasing as the method becomes more accepted and design guidelines are developed, 
e.g. Täljsten (2006a). 
A FRP strengthening system’s constituents are the strengthening material and the 
bonding material. Important properties of a strengthening material are the stiffness, 
strength, and weight. The crucial property of the bonding material is its capability of 
transferring the loads of the structure to the strengthening material. 

2.1 FRP
FRP is an abbreviation of fiber reinforced polymers and is a composite of fibers and 
adhesive. The word composite is sometimes used; nonetheless, the expression FRP is 
generally employed in the civil engineering vocabulary for such applications as internal 
reinforcement and rehabilitation.  
The material FRP holds many advantages over other materials in civil engineering, 
Karbhari and Zhao (2000). It has very high stiffness-to-weight ratio and high strength-
to-weight ratio. The material exhibit excellent fatigue properties, non-magnetic 
properties, corrosion resistance, and is generally resistant to chemicals. The thermal 
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properties are controllable and both material and geometrical properties can be tailored 
for the application. 

2.1.1 Fiber reinforced polymer composite 
A fiber reinforced polymer composite consists of two components; fibers and matrix. 

Fibers

Several materials are available for the fibers, e.g. glass, aramid, carbon. Consequently, a 
FRP with carbon fibers is abbreviated as CFRP. Figure 2.1 demonstrates some typical 
response of uniaxially loaded fiber materials and steel. HM and HS are abbreviations of 
high modulus (modulus of elasticity) and high strength, respectively. Fibers have a 
linear elastic behavior until failure which is brittle. Table 2.1 compares the material 
properties of carbon fiber, concrete and steel.  

0 1 2 3 4 5
Strain [%]

0

2000

4000

6000

S
tre

ss
 [M

P
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Steel bar

Steel tendon

Glass
Aramid

Carbon
HS

Carbon
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Figure 2.1 The stress-strain relationship of different fibers and steel, Carolin (2003). 

Table 2.1 Material properties of concrete, steel, and carbon fibers, Carolin (2003). 

Material

Modulus of 
elasticity 
[GPa] 

Compressive
strength 
[MPa]

Tensile
strength 
[MPa]

Density 

[kg/m3]

Concrete 20 – 40 5 – 60 1 – 3 2400

Steel 200 – 210 240 – 690 240 – 690 7800

Carbon fiber 200 – 800 N/A 2100 – 6000 1750 - 1950 
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Matrix

The main function of the matrix is to transfer forces between the fibers and protect the 
fibers from the environment. Common matrix materials in civil engineering 
applications are polyester, vinyl ester, and epoxy, though epoxy is generally favored. 
Material properties are shown in Table 2.2. 

Table 2.2 Material properties of matrix materials, Täljsten (2006a). 

Material

Modulus of 
elasticity 
[GPa] 

Tensile
strength 
[MPa]

Ultimate
tensile strain
[%]

Density 

[kg/m3]

Polyester 2.1 – 4.1 20 – 100 1.0 – 6.5 1000 - 1450

Vinyl ester 3.2 80 – 90 4.0 – 5.0 

Epoxy 2.5 – 4.1 55 – 130 1.5 – 9.0 1100 - 1300

Composite

The composite is the fibers and the matrix combined and is a new material in itself 
with different material properties compared to its components. However, some of these 
properties can be derived from the components, knowing the volume ratio of the 
constituents. A composite is an anisotropic material, i.e. material properties have 
different characteristics in different directions. A composite with fibers in one direction 
is designated as unidirectional. If the fibers are woven or bonded in many directions, 
the composite is bi- or multidirectional. In strengthening applications, the 
unidirectional composites are predominantly used.  

2.1.2 Bonding material 
The bonding material is generally a thixotropic epoxy adhesive; however, cement 
mortar and cement based adhesives has also been investigated for strengthening 
applications, Nordin and Täljsten (2003), and Täljsten and Blanksvärd (2007). As stated 
previously, the principal function of the bonding material is the transfer of loads from 
the concrete structure to the strengthening material. The bonding material must have 
the ability to create a strong bond to both the strengthening material and the concrete, 
see Täljsten (2006b). It must have the capacity to withstand the shearing and peeling 
forces occurring between the adherents, both within the bonding material and at the 
interfaces to the adherents. A comparison of the material properties of typical epoxy 
adhesives used in civil engineering applications with concrete and mild steel is provided 
in Table 2.3. 
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Table 2.3 Material properties of epoxy adhesives, concrete, and steel, Täljsten (1994). 

Property (at 20°C) 
Cold-cured 
epoxy adhesive Concrete Mild steel 

Density [kg/m3] 1100 – 1700 2400 7800

Modulus of elasticity [GPa] 0.5 – 20 20 – 50 205

Shear modulus [GPa] 0.2 – 8 8 – 21 80

Poisson’s ratio 0.3 – 0.4 0.2 0.3

Tensile strength [MPa] 9 – 30 1 – 4 200 - 600 

Shear strength [MPa] 10 – 30 2 – 5 200 - 600 

Compressive strength [MPa] 55 – 110 25 – 150 200 - 600 

Ultimate tensile strain [%] 0.5 – 5 0.015 25

Approximate fracture energy [N/m] 200 – 1000 100 105 - 106

Coeff. of thermal expansion [10-6/°C] 25 – 35 11 – 13 10 - 15 

Water absorption: 7 days 25°C [% w/w] 0.1 – 3 5 0

Glass transition temperature [°C] 45 – 80 N/A N/A

2.2 FRP strengthening 
Rehabilitation is a generic term for three concepts; repair, strengthening, and retrofit, 
Karbhari and Zhao (2000). Repair is defined as restoring a degraded or damaged 
structure member to its original capacity, Bergström (2006). Strengthening is used to 
increase the capacity of a structural member beyond its designed performance level. 
The term retrofit is reserved for the seismic upgrade of a structure, see fib (2006). FRP 
material can be utilized for all three applications; though in this thesis, the focus is on 
strengthening. 
Most investigations so far have been carried out on FRP strengthening of flexural 
beams, although some research have been conducted on other types of structural 
members; e.g. concrete slabs with or without openings, Enochsson et al. (2007). This is 
partly due to the fact that the boundary conditions for beams, i.e. the distance to the 
free edge along the beam axis, affect the efficiency of the strengthening effort. 
Although, the macro-mechanical behavior of strengthened concrete elements has been 
established through many experimental and analytical investigations, there are still 
many issues left unanswered. For example, the majority of the FRP strengthening 
research has been done for externally bonded sheets/plates since the near surface 
mounted reinforcement technique is relatively new. 
The benefits of using FRP in strengthening operations include simplicity of handling, 
cutting and installation, small change in strengthened structural member’s dimensions, 
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and preservation of the aesthetic conditions. A FRP strengthened structural member 
will experience an increase in stiffness and load-carrying capacity. 
Strengthening with FRP is a rehabilitation method not just reserved for concrete 
structures. Successful applications have been done for steel Carolin (2003), timber 
Johnsson et al. (2007), and masonry Triantafillou (1998). Another field of application 
for FRP is prestressing of bars and plates, e.g. Nordin and Täljsten (2006). 

2.2.1 FRP strengthening systems 
The technology of FRP strengthening can be divided into two categories: externally 
bonded and near surface mounted reinforcement (NSMR). Traditionally, FRP 
strengthening is done by externally bonding sheets or plates to a concrete structural 
member. Sheets are manufactured on site by the hand-lay up method; the composite is 
built up and bonded as dry fiber fabric and matrix are systematically applied to a 
concrete surface. Plates are prefabricated and bonded to the surface with a thixotropic 
epoxy. Before FRP was a viable material in civil engineering, steel plates were used, 
Täljsten (1994). The NSMR technique is an emerging method for strengthening 
structures and has only been employed the last few years. It consists of sawing a 
longitudinal groove in a concrete member, applying a bonding material in the groove 
and inserting a FRP bar (or strip). Nonetheless, the method does have precedents as the 
first reported use of this strengthening technique occurred in the mid twentieth 
century. A bridge in Sweden was strengthened in the region of negative moments by 
cutting grooves in the concrete, filling them with cement mortar and inserting steel 
rebars, Asplund (1949).
CFRP fabric, plates, and square bars are displayed in Figure 2.2. The plates and the bars 
are manufactured by pultrusion while fabric can be woven. The plate is a peel-ply plate 
which means a surface layer of the plate is peeled off providing the underlying surface 
with superb bonding characteristics. Peel-ply is also offered for square bars. The bars 
can be manufactured with or without a sand-coating, see Figure 2.2. 
Figure 2.3 illustrates flexural strengthening with an externally bonded sheet and plate, 
and NSMR. Five varieties of NSMR configurations are demonstrated; round and 
square bars, and strips. The bar on the left is a round bar and can be found in many 
shapes and configurations; oval, spirally wound with a fiber tow, ribbed, etc. The 
round bar has previously been quite extensively utilized as internal reinforcement, for 
example replacing steel rebars in concrete structures exposed to harsh environments. 
Two different arrangements of the square bar and the strip are demonstrated in 
Figure 2.3; fully and partially immersed.  
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(a) (b) 

(c) 

Figure 2.2 (a) fabric, (b) plates, and (c) square bars. 

Concrete 

(a) (c)

Flexural 
rebar 

(b)

Stirrup

~10 mm 

Figure 2.3 FRP strengthening techniques; (a) sheet, (b) NSMR round and square bar, and 
strips, and (c) plate. Note that the width of the sheet and the plate is considerably larger than 

illustrated.
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Strengthening with NSMR has additional advantages compared to externally bonded 
reinforcement. Since only a groove has to be cut and cleaned with high pressurized 
water, minor surface preparations are needed, thus reducing the installation time. The 
NSMR is also better protected against fire, acts of vandalism, mechanical damages, and 
peeling stresses as it is embedded in the concrete. Furthermore, the NSMR may be 
anchored into an adjacent member to utilize the full strength of the FRP material. A 
higher degree of utilization of the reinforcement leads to larger deformations in the 
strengthened member at failure. In the NSMR strengthening technique, the material 
properties and cross sectional shape have influences on the choice of bar/strip type. For 
example, a high strength CFRP bar may be preferable to a GFRP bar or when the 
concrete cover is a limitation factor. 
Although there are many advantages with using FRP for strengthening a concrete 
structure, some disadvantages do exist: higher initial materials cost, lack of familiarity 
and hence, a need for comprehensive standards and design guidelines, Karbhari and 
Zhao (2000). FRP strengthened members can encounter serviceability problems in 
deformation and crack control as some of the strengthening materials, GFRP and 
AFRP, have a lower modulus of elasticity than CFRP and steel. FRP strengthened 
concrete elements may have a deficient ductility performance due to brittle failure 
caused by rupture of the FRP or premature debonding. Studies also indicate that the 
behavior of externally bonded CFRP systems may deteriorate when subjected to 
fatigue loading, Harries et al. (2006). The FRP as a material has high resistance to 
various environmental loads. On the other hand, there is a lack of knowledge of the 
performance of FRP strengthened concrete elements during freeze/thaw, wet/dry, and 
temperature cycles. Some investigations indicate that environmental loads can affect the 
bond, Buyukozturk et al. (2004). Also, if care is not observed in the design stage of 
FRP strengthening of concrete structures, the failure may change to an undesirable 
mode.
The possibility of a brittle failure mode, i.e. debonding, is probably the main 
disadvantage of FRP strengthening of concrete structures. If the debonding is not 
properly considered in the design, it will significantly decrease the strengthening effect 
and the safety margin of the strengthened structure. 

2.2.2 Failure modes 
The failure modes of concrete flexural elements strengthened with FRP in flexure are; 
concrete crushing and shear failure, fiber rupture, and debonding. Concrete crushing 
and shear failure are the conventional failure modes in reinforced concrete beams. The 
failure by fiber rupture implies a high utilization of the material but the failure itself is 
undesirable brittle. Debonding is initiated in regions where high stress concentrations 
occur; at material discontinuities and cracks. It is a premature failure mode that gives an 
inefficient utilization of the FRP material and prevents a strengthened member from 
reaching its full capacity. The term debonding comprises of several different failure 
modes. Debonding can occur in the FRP or the bonding material, the concrete 
substrate or in the interfaces between the constituents, see Figure 2.4 and 2.5. 
Furthermore, debonding can be initiated in several ways, see Figure 2.6. 
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Possible debonding failures for externally bonded plates are shown in Figure 2.4. 
However, debonding in the concrete substrate is by far the most occurring failure 
mode. The failure in the adhesive/concrete interface can be avoided by careful 
preparation of the concrete surface, i.e. removal of concrete laitance and cleaning. 
Failure in the adhesive layer can be omitted by the selection of appropriate material 
properties in the design. Likewise can the failure in the adhesive/FRP interface be 
evaded by providing a proper bonding surface on the FRP. FRP delamination has 
rarely been reported in the literature. The failure in the concrete/flexural rebar layer 
happens predominantly in the plate end (PE) region, see also Figure 2.6.  

concrete/flexural rebar layer 

adhesive/concrete interface 
adhesive/FRP interface 

concrete substrate 
adhesive layer 

FRP delamination 

Figure 2.4 Possible locations for debonding in concrete members strengthened with externally 
bonded plates. 

The potential debonding failure modes for a NSMR square bar are illustrated in 
Figure 2.5. This figure is adapted from De Lorenzis and Teng (2007) where debonding 
was described for a round bar immersed in the bonding material. Their paper reviews 
the current knowledge of strengthening with the NSMR technique. Debonding in the 
adhesive/concrete interface has only happened for preformed grooves, i.e. the groove 
was created while casting the concrete specimen. The cohesive shear failure in the 
concrete has been observed in beams subjected to flexure. The debonding at the 
adhesive/FRP interface may occur for bars with smooth or lightly sand-blasted 
surfaces, and the failure in the adhesive occurs for bars with a roughened surface. 
Fracture in the concrete along inclined planes depends on the tensile strength of the 
concrete. Also, the location and inclination of the fracture planes are yet to be 
established. 
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adhesive/concrete interface 

adhesive/FRP interface 

cohesive shear failure in the concrete 

adhesive layer 

fracture in the concrete 
along inclined planes 

Figure 2.5 Possible locations for debonding in concrete members strengthened with NSMR. 

The generic debonding mechanisms that have been identified in flexural tests of 
concrete beams strengthened with FRP are, see also Oehlers (2006) and Figure 2.6: 

Intermediate crack (IC) is debonding due to flexural cracks in the beam. 
Distinctions are made between the debonding at the anchorage zone due to a 
flexural/shear crack (a), the succession of flexural and flexural/shear cracks (b), 
and a major flexural crack (c).  
The critical diagonal crack (CDC) debonding is due to rigid body shear 
deformations, (d).  
Plate end (PE) debonding is due to the curvature of the beam, (e).  

All these debonding mechanisms have different names in different parts of the world. 
The ones given here are Australian names. The European equivalences are; (a) peeling 
off in uncracked anchorage, (b) and (c) peeling off at flexural crack, (d) peeling off 
caused by shear cracks, and (e) concrete rip-off. 

IC CDC PE

(a) (b) (c) 
(d)

(e) Rebars 

Concrete beam 

plate 

Cracked Uncracked 

Figure 2.6 Debonding mechanisms. 

2.3 Bond behavior 
Since the essential characteristic for a FRP strengthening technique is the ability to 
transfer loads from a deficient concrete member to the strengthening material, the 
research have focused on investigating the bond behavior between the FRP and the 
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concrete substrate. So far, most of the research has been conducted on externally 
bonded sheets/plates as the NSMR technique is relatively new. 
A review of the existing research on debonding problems in FRP strengthened 
concrete structural elements is given in Buyukozturk et al. (2004). 

2.3.1 Bond testing methods 
To investigate the bond properties of the interface between externally bonded FRP 
and concrete, several test methods have been developed. The common aspect for these 
methods is that the bonding area is subjected to shear forces. Figure 2.7 show two 
examples of these shear bond tests; single-lap and bending bond test. The bonded part 
may begin some distance from the concrete edge as illustrated in Figure 2.7a. The 
following quantities are usually measured: loads, displacements at the loaded and the 
free end, and strains along the FRP. 
In Ueda and Dai (2005), a summary of bond test methods for externally bonded FRP is 
presented. They also identified a number of parameters affecting the bond behavior: 
bond length, bond width, stiffness of FRP, concrete strength, surface treatment of 
concrete, properties of bond layer, and interface defects. 

Bond length 

Load 

Concrete 

FRP 

Concrete 

FRP 

FRP 

Bond length 

Load

Notch 

(a) (b) 

Load

Figure 2.7 Shear bond tests for externally bonded sheet/plate; (a) single lap and (b) bending type. 

Similar bond test methods have been proposed for the NSMR technology, two of 
which are utilized in this thesis; a beam bending test and an anchorage test, see Figure 
2.8 and Figure 2.9, respectively. They are described in more detail in paper Lundqvist 
et al. (2005) and Lundqvist et al. (2007a). The beam bending test was also used to 
investigate the bond behavior of sheets and plates. In Lundqvist et al. (2007a), an 
additional measurement technique was used for capturing the failure behavior of the 
anchorage test; digital speckle photography for measuring the strain field. A more 
detailed description of the method can be found in Carolin et al. (2004). 
De Lorenzis and Teng (2007) discussed the influence of the following parameters on 
the bond performance of NSMR: groove and bar/strip dimensions, tensile and shear 
strength of the concrete and the bonding material, cross sectional shape of the bar/strip, 
surface configuration, and degree of roughness of the groove surface. 
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Figure 2.8 Beam bending test, Lundqvist et al. (2005). 

Concrete beam
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Figure 2.9 Pullout test, Lundqvist et al. (2007a). 

The beam bending test has a number practical shortcomings compared to the simple 
anchorage/shear test: large specimen size, difficult to run the test in deformation 
control mode, and it is complicated to visually inspect the bonded area during loading. 
However, the beam bending test gives a better representation of the stress state in a 
strengthened beam compared to the anchorage/shear test. 
A fundamental difference between the two FRP strengthening techniques is that the 
externally bonded sheet/plate has an effective bond length while NSMR has a 
development length. Intuitively, increasing the bond length of the strengthening 
material should results in an increase in the maximum transferable load; however, for 
the externally bonded sheet/plate there exist a limit. Extending the bond length 
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beyond a certain limit does not affect the maximum transferable load. The behavior of 
a NSMR strengthening system more resembles that of an internal reinforcement’s 
development length. Here, the full capacity of the reinforcement can be utilized using 
an adequately long bonding length, i.e. the maximum transferable load will increase 
with increasing bond length until the tensile strength of the NSMR is reached. This 
has been obtained for beams strengthened with NSMR in Carolin et al. (2005). The 
corresponding bond length is the development length. 

2.4 Bond modeling 
The bond test provides the researcher data that can be transferred into to a local bond 
behavior. From the load, displacement at the loaded and free end, and the strain 
distribution in the FRP, the bond performance can be evaluated in terms of: average 
shear strength, effective bond length, maximum shear bond stress, and interfacial 
fracture energy accompanied by a local bond stress-slip relationship. 
The following derivations of the average bond strength, the local bond stress, local slip, 
local bond stress-slip relationships and the differential equation governing the bond 
behavior are only performed for a NSMR square bar. 

2.4.1 Average bond stress 
Average bond stress, avg, is calculated from the force in the FRP bar (along with the 
bonded area). The basic assumption is that the bond stress is constant along the bonded 
length of the bar. This is probably an incorrect assumption as the distribution of the 
bond stress is highly nonlinear for NSMR, even at the maximum transferable load; e.g. 
De Lorenzis and Nanni (2002). Nevertheless, the average bond stress for the NSMR 
square bar in Figure 2.5, evaluated at the adhesive/FRP interface, is 

bb

b
avg lt

P
3

 (2.1) 

lb is the bonded length of the FRP bar, tb the thickness of the square bar, and Pb the 
force in the bar. The average bond stress gives an approximate value of the bond stress 
and may only be applicable for very short bond lengths. 

2.4.2 Local bond stress 
The shear stress distribution along an interface can be approximated by using the 
measured strain distributions from the experiments. The result is a distribution of mean 
shear stress between each strain gauge. Figure 2.10 illustrates the force in the bar and 
the bond (shear) stress, (x), acting on a square bar bonded to an adhesive. By using 
Hooke’s law and force equilibrium in the horizontal direction, the equation for the 
bond stress along a square bar can be established. x is the coordinate along the bonded 
length, where x = 0 is at the free end and x = lb is at the loaded end of the FRP bar. 
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Equation (2.2) and (2.3) give 

x
dx
dtEx b

b
b 3

 (2.4) 

where Eb is the modulus of elasticity of the bar and b(x) is the strain distribution in the 
bar.

Pb

(x) 

2.10 Bar force and bond stress at the adhesive/FRP interface. 

The strain measurements at discrete locations along the bonded length of the FRP bar 
can now be employed to obtain the approximate bond stress between two consecutive 
strain gage positions, xi and xj. Equation (2.4) now reads 

2
;

3
ji

k
ij

bibjb
bk

xx
x

xx
tEx  (2.5) 

2.4.3 Local slip 
The definition of slip, s(x), is the relative displacement between the reinforcement and 
the host material. Since, the relationship between strain and displacement, for both the 
reinforcement and the adhesive, is 

dx
dub

b  and 
dx
dua

a  (2.6) 
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the change in slip can be written as 

xx
dx

xds
ab  (2.7) 

Assuming the adhesive strain, a(x), to be negligible in comparison with the strain in the 
reinforcement

x
dx

xds
b  (2.8) 

Integrating equation (2.8) 

 (2.9) 
x

b dxxsxs
0

0

Equation (2.9) can be written in a similar form as equation (2.5) 

 (2.10) 
n

k
bkkkk xxsxs

1
10

2.4.4 Local bond stress-slip behavior 
The local bond-slip behavior can now be established by using either the average bond 
stress or the local bond stress distribution: 

The average bond stress is calculated for a certain number of load levels. At these 
load levels, the displacement at the loaded end (or free end, or an average of the 
two) is also recorded. The relationship between the average bond stress and the 
displacement is taken as the local bond stress-slip behavior. 
The local bond stress and slip distributions are determined for a number of load 
levels. When combining these two parameters, the local bond stress-slip 
relationship can be established. 

Also, by using Equation (2.4) and (2.8), the differential equation governing bond can 
be established 

0)(
3

2

2

xs
Et

xs
dx
d

bb

 (2.11) 

Numerous local bond stress-slip relationships have been proposed over the years for 
externally bonded sheets/plates. Figure 2.11 illustrates a simplified bilinear local bond 
stress-slip model, e.g. Niu and Wu (2005). The area under the curve is defined as the 
interfacial fracture energy, . The behavior in every material point in the interface is 

elastic until the local bond strength, 

b
fG

m, is attained. sm denotes the corresponding slip. In 
the post failure region, the interface experiences micro-cracking until the occurrence of 
macro-debonding. After the slip sf., no stress transfers are possible across the interface.  
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A method for determining the local bond–slip curve of an externally bonded sheet 
bonded to concrete from FE analysis was proposed by Lu et al. (2005). 

b
fG

m

sf

elastic micro-cracking 
macro-
debonding 

ssm

Figure 2.11 Simplified bilinear local bond stress-slip model for externally bonded sheets/plates. 

The local bond stress-slip behavior is different for NSMR systems. Here it is difficult to 
establish a sf. Instead, the post failure region after the local bond strength is 
characterized by a softening behavior until a local residual bond strength, res, has been 
reached, see Figure 2.12. However, the definite behavior in the post failure region has 
not yet been established. It may be that there exists a sf, albeit very large then. 
In De Lorenzis (2004) and Sena Cruz and Barros (2004), the ascending branch and the 
descending branch, curve (a) in Figure 2.12, was modeled by adapting the relationship 
introduced by Eligehausen et al. (1983) for internal steel reinforcement. A good 
agreement was made with the debonding occurring in the adhesive/FRP interface and 
adhesive/concrete interface. The local residual strength relationship originates from the 
frictional interaction or the aggregate interlock. The relationship with the residual bond 
strength, curve (b), was employed by De Lorenzis (2004) for the debonding of ribbed 
bars and sand-blasted bars. The behavior after the local bond strength has been attained 
is more brittle and the local residual strength is lower than in the previous case. 

m

s

res 

(s)

sm

(a)
(b)

Figure 2.12 Local bond stress-slip models for NSMR. 
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The local bond strength is identified as the strength of the chemical bond at the 
interfaces, adhesive strength, or concrete strength depending on the debonding mode. 

20



3
Computational modeling 

A number of factors need to be considered when trying to model the behavior of 
reinforced concrete structures strengthened with CFRP such as the nonlinearity of 
materials, the boundary conditions, the interaction between the structure’s constituents, 
etc. Analytical methods are the traditional technique of modeling a structure’s behavior. 
Often the influences from constituent materials and boundary conditions in composites 
structures are too complex to be simplified to a degree that a reasonable analytical 
expression can be derived. Therefore, a numerical approach must be selected to capture 
behavior of the structure. The foremost numerical tool today is the finite element 
method. If a strengthened concrete structure is properly defined, a careful finite 
element analysis, linear elastic or nonlinear, can give new insights and explanations to 
sparse and sometimes contradicting results from physical experiments. This chapter 
gives an overview of the material models used in the thesis and the general theory of 
the finite element method. 

3.1 Plasticity
The theory of plasticity concerns the behavior of a material when deformed beyond its 
elastic limit. A plastic material exhibit irreversible deformation when unloaded from a 
state beyond its elastic limit and the irreversible strains are the plastic strains. It is 
assumed that the material response is time-independent, i.e. the loading rate does not 
affect the behavior of the material. 
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Assuming small strains, the total strain vector  can be divided in an elastic part e and a 
plastic part p

pe  (3.1) 

For the elastic part, the stress-strain law is 

eeD  (3.2) 

where  is the stress vector, and De is the elastic stiffness matrix. 
The fundamental assumptions in the theory of plasticity are: the existence of a yield 
surface, a flow rule, and a hardening law. They can be written as 

0qf  (3.3) 

g
p  (3.4) 

 (3.5) ,k

The variables q are functions of the hardening variables 

hq  (3.6) 

f is the yield function and  is the rate of the plastic multiplier. g is a plastic potential 
describing the direction of the plastic flow. If g is equal to the yield function f, the 
plastic material model is said to have an associated flow rule. Non-associated flow, 
where , is often utilized for describing frictional material such as concrete. The 
dot in the equations represents differentiation with respect to time (rate). The elasto-
plastic tangential stiffness matrix D

fg

ep can be derived as 

gfh

fg

e

e

eep

D

D
IDD  (3.7) 

where h is the plastic modulus and defined as 

kh
q
fh  (3.8) 

Hardening is defined as ideal, isotropic, kinematic, or mixed. Ideal plasticity means the 
yield surface is fixed in the stress space. In isotropic hardening, the position and shape 
of the yield surface remain unchanged while the size of the yield surface changes with 
plastic deformation. For kinematic hardening, the size and the shape remain unchanged 
as the position changes. Mixed hardening is a combination of isotropic and kinematic 
where the shape is fixed when the size and the position changes. 
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A more comprehensive description of the theory of plasticity can be found for example 
in Ottosen and Ristinmaa (1999). 

3.2 Damage
The theory of plasticity assumes that the elastic stiffness of a material remains constant. 
This is not true for many materials, concrete included, which experience an irreversible 
development where the stiffness moduli undergo a progressive degradation described as 
damage. The theory of continuum damage was initiated by Kachanov (1958). The 
physical course of events in a material is the progressive loss of material integrity due to 
the propagation and coalescence of microcracks and similar defects. 
The stress-strain law in continuum damage mechanics is written as 

D  (3.9) 

D  is the secant damage stiffness matrix, defined as

eDD  (3.10) 

where  holds the damage parameters. However, this formulation leads to an 
undesirable nonsymmetric secant damage stiffness matrix. A common remedy is to 
apply the principle of energy equivalence presented by Cordebois and Sidoroff (1982) 

 (3.11) T
eMDMD 1

This assures symmetry irrespective of the choice of M ( ).

3.2.1 Isotropic damage 
The isotropic damage model is the simplest possible in continuum damage mechanics. 
The damage is modeled by using a single scalar parameter. This means the stiffness 
degradation is isotropic, i.e. independent of the loading direction the elastic stiffness 
matrix decreases proportionally in all directions. Thus, the stresses are calculated as 

eD1  (3.12) 

where  is the damage parameter. Equation (3.12) can be written as 

eD  (3.13) 

Here,  is the effective stress vector and relates to the stress vector as 

1  (3.14) 

In the same manner, as the hardening is associated with the evolution law in theory of 
plasticity, an evolution law for the damage parameter needs to be established 

~  (3.15) 
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~  is the equivalent strain, i.e. a scalar measure of the strain level, which can be 
expressed as 

~~  (3.16) 

The evolution of the damage parameter then becomes 

~~

~  (3.17) 

A loading function, f, is also introduced 

~,f  (3.18) 

This function determines when damage should be activated and the parameter 
controls the evolution of the elastic domain. 

3.3 Fracture mechanics 
Cracking arise when the tensile strength of a material is attained. Fracture mechanics is 
the study of the conditions around and in front of a crack tip. Early models are linear 
elastic fracture mechanics models, which assume elastic behavior everywhere in the 
material except at the tip of a crack. A stress singularity occurs at the crack tip and 
energy is dissipated. Inspired by the Dugdale-Barrenblatt zone model, described in 
Lawn and Wilshaw (1975), Hillerborg et al. (1976) introduced the fictitious crack 
model, where a traction-separation law governs the progressive loss of cohesion across 
the crack line. This model takes into account the fracture process zone preceding an 
open crack, see Figure 3.1. The open crack is considered as stress free and the cohesive 
stress, c, in the fracture process zone decreases gradually from the tensile strength of 
the material, ft, to zero at the tip of the macrocrack.  is the crack opening 
displacement and c is the crack opening at the beginning of the macrocrack. The area 
under the stress-displacement curve is the fracture energy for failure mode I (tension), 
denoted as GI

f, which has to be dissipated in order to form a macrocrack after the 
tensile strength is reached. 
The response of concrete in uniaxial tension is shown in Figure 3.2, see also Elfgren 
(1989). The curve in Figure 3.2b is the tension softening and approximations of the 
softening response can be seen in Figure 3.3; linear, bilinear, and exponential 
relationships. The bilinear and the exponential function are according to Hillerborg 
(1985) and Cornelissen et al. (1986), respectively. 
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Figure 3.1 The stress free macrocrack and the fracture process zone. 

c

fct

I
fG

I

c

fct 

(a) (b)

Figure 3.2 (a) the response of concrete in uniaxial tension and (b) the tension softening. 
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Figure 3.3 Three approximations of the softening response in concrete; (a) linear, (b) bilinear, and 
(c) exponential function. 

25



The empirically derived softening relationship in Figure 3.3c is 

c
cct

ff
f

 (3.19) 

where f( ) is a displacement function 

c

c

c

ecf
2

3

11  (3.20) 

c1 and c2 are material constants and for normal density concrete equal to 3.0 and 6.93, 
respectively.

3.4 The finite element method 
The beginnings of the finite element method surfaced in the early 1940s but it was not 
until the 1960s it became a concept. What began as means to solve linear elastic 
structural analysis problems in civil and aeronautical engineering is now spanning over 
other engineering disciplines, e.g. electromagnetism and fluid dynamics. In addition, 
the evolution of the finite element method is closely connected with the appearance of 
the computer in the mid 20th century due to the many calculation operations needed. 
Nowadays, the finite element method is the most accepted technique for numerical 
analysis in structural mechanics (or of civil engineering structures). The finite element 
method is essentially a means to finding an approximate solution to partial differential 
equations. These equations are solved over a domain, e.g. a slab or a beam. The 
domain is divided into several sub-domains, i.e. a mesh discretization is performed. The 
sub-domains are denominated as elements and are connected to each other in nodes 
which are located on the boundaries of the elements. Also, in solving the equations 
great care must be taken to ensure that the procedure is numerically stable, i.e. as errors 
are an inevitable part of any numerical solution, appearing both in the input data and 
during the calculation procedure, they must be taken into account and minimized. 

3.4.1 General finite element formulation 
The differential equation governing the motion of a material point is 

iijij ub,  (3.21) 

where ij is the Cauchy stress tensor,  is the density,  is the acceleration, and biu i is 
the body force. The equation of motion is multiplied by an arbitrary vector, vi, which 
is more commonly known as the weight vector, and integrated over the volume of a 
body. Moreover, by applying the divergence theorem of Gauss, using the symmetry of 
the stress tensor, and defining a quantity  which is related to the weight vector in the 

same manner as the strain tensor, 

v
ij

ij, is related to the displacement vector, ui, the weak 
formulation of equations of motion (or the principle of virtual work) can be stated as 
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ijji
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ij vv ,,2

1
 (3.23) 

ijij tn    on S (3.24) 

ti is the surface traction, nj is the unit outward normal to the boundary surface, and S is 
the total boundary of the body. The total boundary is defined as ut SSS  and on 
each boundary, the boundary conditions are 

   along Stit t (3.25) 

   along Suiu u (3.26) 

t is the given surface traction and u is the displacement boundary condition. 
The weak formulation in matrix notation is 

 (3.27) 0
V S

TT

V

Tv

V

T dSdVdVdV tvbvuv

The finite element method is based on that the displacement vector can be 
approximated by 

 (3.28) Nau

N denotes the global shape functions and a contains all the nodal displacements of the 
body. As N only depend on the position, it follows that 

 (3.29) aNu

Also, as the strains are the derivatives of the displacements, the following can be stated 

Ba  (3.30) 

where B is the strain interpolation matrix (shape function derivatives). 
The choice of the weight vector is done in accordance with Galerkin’s method. This 
means that it is approximated in a similar manner as the displacement vector. Hence 

 (3.31) Ncv

where c is an arbitrary vector. Furthermore 

 (3.32) Bcv

Combining equations (3.29), (3.31), and (3.32) in (3.27) yields 
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 (3.33) 0
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As equation (3.33) holds for any arbitrary vector c, it can be concluded that 

 (3.34) fBaM
V

T dV

where

 (3.35) 
V

T dVNNM

and

 (3.36) 
V S

TT dSdV tNbNf

M is the mass matrix and f contains the external forces. Equation (3.34) is derived 
exclusively from the equations of motion and as such does not so far include 
constitutive relationships. In this form, it holds for any constitutive relationship. 

3.4.2 Static finite element formulation 
For static conditions, when the acceleration is zero equation (3.34) can be written as 

 (3.37) fB
V

T dV

Linear elasticity 

In continuum mechanics, the stresses are a function of the strains, ( ). In the simplest 
case of linear elasticity, Hooke’s law can be applied 

klijklij D  (3.38) 

or expressed in matrix form 

eD  (3.39) 

where De is the elastic stiffness matrix. Using equation (3.39) and (3.30) in (3.37) gives 
the finite element method under static conditions as 

 (3.40) faK e

where

 (3.41) 
V

e
T

e dVBDBK
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Ke is the elastic stiffness matrix of the volume considered. Equation (3.40) is a linear 
system of equations and thus can be solved directly. 

Nonlinear

For nonlinear problems, the current stresses cannot directly be expressed in terms of the 
current strains. Only the incremental relation between the stress rate and the strain rate 
is known. The relation for elasto-plastic problems is given by 

epD  (3.42) 

The current stresses are obtained by the integration of equation (3.42) along the actual 
loading history. Differentiating equation (3.37) with respect to time gives 

 (3.43) fB
V

T dV

The difference between equation (3.37) and equation (3.43) is that the former 
represents the total equilibrium of the body and the latter the incremental equilibrium 
condition of the body. Equation (3.42) can now be written as 

aBDt  (3.44) 

Dt is equal to De for elastic behavior and Dep for plastically behavior. Equation (3.37) 
must now be written in incremental form 

 (3.45) faK t

The incremental response of the body is determined by solving the global system of 
equations in equation (3.45). Kt is the tangential stiffness matrix given by 

 (3.46) 
V

t
T

t dVBDBK

In equation (3.45), the external load is increased in small steps and this yields the 
corresponding change in the nodal displacements. The solution procedure is carried out 
in a stepwise manner using an incremental solution procedure. 
First, the global nonlinear equations in equation (3.45) must be solved, ensuring that 
the equilibrium is satisfied in equation (3.37). Secondly, in order to use equation (3.37), 
the current stress state must be known. This requires an integration of the constitutive 
relationships in equation (3.44) at each point in the material space along the loading 
path.
The incremental solution procedure has to include an iterative scheme in order to solve 
the equations of equilibrium in equation (3.37). Many iterative schemes have been 
presented over the years, though one well known scheme is the Newton-Raphson 
scheme. The convergence in the solution is assured when the residual forces are 
sufficiently small compared to the incremental forces. In a similar manner, a 
displacement or energy criteria can also be applied. 
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3.4.3 Dynamic finite element formulation 
In the solution procedure of the equations of motion in equation (3.34), different time 
integration schemes are available. They are usually categorized in two schemas: explicit 
and implicit time integration scheme. Here, the explicit scheme is especially interesting 
since it also can be applied for solving static problems, known as a quasi-static solution 
scheme. The explicit finite element method can be a cumbersome and time consuming 
solution procedure though at times it may hold prominent advantages over an ordinary 
nonlinear static procedure. As have been stated above, the solution procedure of an 
incremental-iterative scheme includes many error controls and convergence statements. 
The outcome is a reliable and stable solution. But this solving technique can have 
convergence problems in models that have a large degree of non-linearity. Apart from 
the constitutive models that are nonlinear, some of the boundary conditions may have 
to be modeled with contact interactions. This adds complexity to the system that the 
incremental-iterative scheme is not able solve. An optional solution technique for these 
kinds of problems is the explicit time integration scheme. Particularly, it is an efficient 
solver of contact problems. As the explicit finite element method is not an incremental-
iterative procedure, it will always produce a solution.  

Explicit time integration 

The treatment of the deformation in an explicit finite element simulation is quasi-static, 
since the equation of motion is fulfilled only at discrete time intervals (time steps), t.
At each discrete time interval, a static equilibrium is obtained and static tools are 
available for calculating the new configuration. The explicit procedure requires no 
iteration and no tangent stiffness matrix. Efficiency is achieved when diagonal element 
mass matrices are used, so called lumped mass matrices, yielding a trivial inversion of 
the mass matrix. Rearranging equation (3.34) gives 

 (3.47) 
V
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The central difference approximation, a special case in the Newmark time integration 
scheme, is used to integrate the equations of motion. In the scheme, tn is the current 
time, where all quantities have been determined, and the quantities at tn+1 are to be 
calculated. n is the current time step and t = tn+1 - tn. The acceleration is expressed as 

112
2

1
nnnt
aaaa  (3.48) 

Inserting equation (3.48) into equation (3.47) yields 

 (3.49) 
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Since all terms on the right hand side is known the nodal displacements at time step 
n+1 can be calculated. 
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Since the explicit time integration is conditionally stable, a certain limit must be 
imposed on the time step. It can be shown that stability is ensured for time steps less 
than

d

el
cr C

Ltt  (3.50) 

The critical time step, tcr, is proportional to the shortest length of an edge in the finite 
element mesh, Lel, divided by the dilatational wave speed of the material, Cd. If the 
time step does not conform to this criterion, displacements and velocities grow without 
limit giving an unstable solution. In practice, the time step has to be very small, usually 
in the order of 10-6, giving a large number of time steps to reach a solution, implying 
that a large amount of computer time must be spent. A remedy to the excessive 
computer time is to artificially increase the density of the materials. A higher density 
decreases the value of Cd, resulting in a larger critical time step, thus reducing the 
computer time. However, caution must be taken when increasing the density; a too 
large density will introduce dynamic effects into the solution. The inertia effects can be 
appraised by comparing the kinetic energy with the strain energy during the solution 
procedure. If the kinetic energy is negligible compared to the strain energy a reliable 
solution will be obtained. 

3.5 Material models 

3.5.1 Concrete
With the formation and opening of microcracks, the concrete progressively deteriorates 
giving volumetric dilatancy and induced anisotropy. The translation of this mechanical 
response into the frame work of plasticity, damage, and fracture mechanics theories is 
by considering the behavior as irreversible plastic deformation, so called strain 
softening, the degradation of material stiffness, and the nucleation, growth, and 
interaction of defects. The amount of research in modeling the constitutive behavior of 
concrete has been extensive and many different theories have been proposed. 
Traditionally, concrete is modeled either by the discrete approach or the smeared 
approach. In the former, the additional deformation due to cracking is concentrated 
into a displacement discontinuity (localized crack) that can be accompanied by 
remeshing strategies. A constitutive law for the crack stress-displacement opening is 
often applied, e.g. Hillerborg et al. (1976). In the latter approach, the deformation, 
represented by the cracking strain, is distributed over a certain material volume. The 
crack modeling approaches have both their strong and weak points. Embedded crack 
models make use of the advantages of both methods as the displacement discontinuities 
are embedded in standard finite elements, e.g. the inner softening band method in 
Tano (2001). Another more sophisticated technique of modeling localized inelastic 
deformations is the extended finite element method (XFEM), Moës et al. (1999). Both 
methods comprise of enrichment of the standard shape functions by special 
discontinuous functions. 
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Restricting the modeling of the concrete behavior to approaches concerning only the 
constitutive relationship, i.e. excluding methods pertaining to various modification of 
the finite element structure, the choice falls on a constitutive model where damage and 
plasticity are coupled. Consider the three uniaxial stress-strain diagrams in Figure 3.4. 
The unloading path (dotted line) of each of the cases differs; where (c) bear the closest 
resemblance to the physical response of concrete. 

Figure 3.4  The uniaxial stress-strain diagram of a (a) elastic-plastic material, (b) elastic-plastic 
material with elastic damage, and (c) elastic-plastic material with coupled plastic damage. 

Damage plasticity coupled model 

The constitutive approach used for modeling the behavior of the concrete in this thesis 
is an elasto-plastic material model coupled with damage. The original work can be 
found in Lubliner et al. (1989) and Lee and Fenves (1998) and is implemented in the 
finite element program ABAQUS (2006). It is a continuum model where 
discontinuities are distributed over elements. A brief description of the model is 
outlined here. 
For the coupled damage plasticity model, the stress-strain relationship is 

peD1  (3.51) 

Since the damage is isotropic, only a single scalar stiffness degradation parameter is 
needed. It takes values from zero (undamaged material) to one (fully damaged 
material). Observe though, the damage parameter here is divided into two parameters; 
denoted as t. and c, separating the degradation in tension and compression 
respectively. The effective stress is now 

peD  (3.52) 

The evolution of the hardening variables is given by 

;
pc

pt
p ~

~
~

ppp
~~ h  (3.53) 

32



with the two hardening variables, pt
~  and pc

~ , equivalent plastic strains in tension and 

compression and characterize the damaged states in tension and compression, 
respectively. Supplementing equation (3.52) and (3.53) with the yield function and the 
flow rule 

g
f

p

p 0~

 (3.54) 

and the elastic-plastic response of the coupled damage plasticity model is now described 
in terms of effective stress and hardening variables. 
From Lee and Fenves (1998), the equivalent plastic strain rates are defined as 
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~̂ˆ~ rpt ; min

~̂ˆ1~ rpc  (3.55) 

where the maximum and minimum eigenvalues of the plastic strain rate vector are 

denoted by  and , respectively. Also, max
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is a stress weight function. i
ˆ  is the principal stress tensor. The Macauley bracket 

function  represents xxx
2
1

.

The evolution equation for general multiaxial stress conditions is 
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Under cyclic loading conditions, the damage parameter is altered according to 
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tcct ss 111 ; ts0 , 1cs  (3.60) 

st and sc are functions of the stress state, introduced to represent stiffness recovery effects 
associated with stress reversals. They are expressed as 

10;ˆ11

10;ˆ1

ccc

ttt

wrws

wrws
 (3.61) 

wt and wc are weight factors (and material properties) which control the recovery of the 
tensile and compressive stiffness upon load reversal. An illustrative explanation of the 
behavior of concrete during a uniaxial load cycle (tension-compression-tension) is 
given in Figure 3.5. Note that the compression side of the figure is heavily reduced for 
clarity. For most quasi-brittle materials, such as concrete, the compressive stiffness is 
recovered when a crack has closed as the load changes from tension to compression. In 
contrast, the tensile stiffness is not recovered as the load changes from compression to 
tension due to the formation of microcracks during crushing. Providing this behavior, 
the weight factors are wt = 0 and wc = 1. 

t

fct 

E

(1- t)E

wc=1 
wc=0

wt=1

E

wt=0

(1- c)E (1- t)(1- c)E

Figure 3.5 Uniaxial load cycle of concrete. 

The yield function is expressed as 

0~ˆˆ~3
1

1~, maxmax
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c
plpl pqf  (3.62) 
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 and  are dimensionless material constants. Also, the effective hydrostatic pressure p ,
the von Mises equivalent effective stress q , and the effective deviatoric stress vector s ,
are expressed as 

3
1p ; ss

2
3q ; Is p  (3.63) 

max
ˆ  is the algebraically maximum eigenvalue of the effective stress vector. The 

function  is given as pl~

11~

~
~

pl
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pl
ccpl  (3.64) 

where t  and c  are the effective tensile and compressive cohesion stresses, 
respectively.  is determined from the equibiaxial and uniaxial compressive yield stress, 

b0 and c0 as 

00

00

2 cb

cb  (3.65) 

Typical experimental values of the ratio b0/ c0 for concrete are in the range of 1.10 to 
1.16.

 enters the yield function only for stress states of triaxial compression, 0ˆ
max . It is 

evaluated as 

12

13

c

c

K
K

 (3.66) 

A typical value of the material parameter Kc is 2/3 for concrete. Figure 3.6 depicts the 
yield surface for plane stress conditions. Experimental results from biaxial tests can be 
found for example in Kupfer et al. (1969). 
A nonassociated flow rule is assumed for the constitutive relationship. The plastic 
potential g is the Drucker-Prager hyperbolic function 

tantan 22

0 pqeg t  (3.67) 

 is the dilation angle measured in the p – q plane at high confining pressures. t0 is the 
uniaxial tensile stress at failure. e is an eccentricity parameter. It defines the rate at 
which the function approaches the asymptote. The plastic potential tends to a straight 
line as the eccentricity tends to zero. 
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Figure 3.6 The yield surface in plane stress conditions. 

3.5.2 von Mises 
The von Mises yield criterion is among the simplest criteria and is generally employed 
for metals, e.g. steel. The yield criterion is only dependent on the deviatoric stresses 
and can be written as 

00yq  (3.68) 

where y0 is the initial yield stress and q is the von Mises equivalent stress, defined as 

ss
2

3q  (3.69) 

s are the deviatoric stresses. 

36



4
Summary of appended papers 

In this chapter, a short summary, conclusions, and my contribution to each paper are 
given for the appended papers. 

Paper A CFRP strengthened openings in two-way concrete slabs – An experimental 
and numerical study 

By Enochsson, O., Lundqvist, J., Täljsten, B., Rusinowski, P and Olofsson, T 

Summary The research work is focused on examining the structural behavior of 
two-way RC slabs subjected to uniformly distributed loads. The slabs 
are strengthened with CFRP due to a sawn-up opening, Numerical 
and experimental methods are used to analyze the ability of the CFRP 
reinforcement to take up the additional section forces caused by sawn-
up openings in reinforced concrete slabs. 

Conclusions The results from the tests show that slabs with openings can be 
strengthened with externally bonded CFRP sheets. The performance 
is even better than for traditionally steel reinforced slabs. The 
numerical and analytical evaluations show good agreement with the 
experimental results. 

Contribution Lundqvist and Rusinowski performed the FE analyses. Lundqvist 
wrote the numerical analysis chapter and parts of the results, 
comparison, and conclusions. 
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Paper B Numerical analysis of concrete beams strengthened with CFRP – A study of 
anchorage lengths 

By Lundqvist, J., Nordin, H., Täljsten, B. and Olofsson, T. 

Summary The main aim of this paper is to determine the anchorage length for 
three types of strengthening methods: sheets, plates and NSMR. This 
is done both experimentally and numerically in a beam bending test. 
Three bond lengths have been studied: 100, 200, and 500 mm. 

Conclusions The results indicate that the externally bonded sheet and plate have an 
effective bond length and that the NSMR have an anchorage length 
larger than tested bond lengths. The numerical results are sensitive to 
the values of the fracture energy, the tensile strength, and the shape of 
the softening response for the concrete. 

Contribution Lundqvist performed the FE analyses and summarized the main part 
of the results and conclusions. Lundqvist wrote the paper and 
presented it at the symposium. 

Paper C A probability study of finite element analyses of near surface mounted carbon 
fiber reinforced polymer bonded to reinforced concrete 

By Lundqvist, J., Bernspång, L., Täljsten, B. and Olofsson, T. 

Summary In this paper, the pullout of a rectangular NSMR CFRP bar bonded 
to reinforced concrete is studied by a finite element analysis in the 
linear elastic domain. Also, a Monte Carlo simulation, with the FE 
model incorporated, is carried out with the purpose of determining 
which geometrical and material parameters that are the most 
important for where the tensile strength is attained; in the adhesive or 
the concrete.  

Conclusions The maximum CFRP force is heavily influenced by the tensile 
strength of the concrete. The location of the first crack in the 
concrete is dependent on the difference between the adhesive 
thicknesses below and on the side of the CFRP.  

Contribution Lundqvist performed all the work for the paper, except the program 
for reshaping the geometric domains part, and will present the paper 
at the symposium. 
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Paper D Nonlinear finite element analysis of the failure behavior in NSMR anchorage 
test

By Lundqvist, J., Bergström, M., Carolin, A., Olofsson, T. and Täljsten, B. 

Summary This paper presents an evaluation of an anchorage test intended for 
square NSMR CFRP bonded to reinforced concrete. The influences 
both geometrical and material parameters have on the failure behavior 
are investigated. A nonlinear 3D FE analysis is performed and 
compared with the experimental results. 

Conclusions The results show that the failure behavior could be captured and 
explained only by combining the experimental observations and the 
FE analysis. The failure mode is a combined failure in the concrete 
and the adhesive; however, the maximum transferable load is obtained 
when a major crack at the very end of the bond length is developing 
in the concrete. 

Contribution Lundqvist performed the FE analyses and summarized the main part 
of the results, analysis, and conclusions. Lundqvist wrote the paper. 
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5
Conclusions and further research 

In this chapter, the main conclusions of the thesis are stated. The conclusions are 
presented as answers to my research questions in chapter 1. Also, suggestions for further 
research are given. 

5.1 Conclusions
Can FE analysis be used to gain a deeper understanding of the FRP strengthened concrete 
element?

Yes, this is shown in the papers in this thesis, especially Paper A and D demonstrate 
clearly that the behavior of an FRP strengthened concrete element can be simulated by 
a FE model. This is proven for both the global and the local behavior. The global 
evaluation is done for the load-displacement relation and the cracking pattern. In both 
papers, the load-displacement relation from the experiments is reproduced by the FE 
analysis. The crack pattern is not as clearly reproduced in the FE analysis; nonetheless, 
it is satisfactorily accurate. The local appraisal usually involves strain measurements in 
the FRP and the steel reinforcement if applicable. Both Paper A and D show a good 
agreement between the experimental results and the FE analysis. To a certain extent, 
this also holds for Paper B, although convergence problems made it not possible to 
follow the full behavior up to the failure load for the longer bond lengths. 
In Paper D, the bending behavior at the loaded end of the adhesive could only be 
deduced in the FE analysis. In hindsight, it may have been possible to detect from the 
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strain distribution on the CFRP bar if we had known what to look for. Also, the 
failure mode is a combined failure; cracking in the concrete and a supposed cohesive 
failure in the adhesive. This could only be observed in the FE analysis. 
The discovery that the test setup in Paper A did not have as stiff supports as expected 
was done in the FE analysis. 

If so, what type of constitutive models and solution procedures can be used to give a 
representative picture of the nonlinear behavior of these elements? 

A two part question, where I begin to answer what type of constitutive model is 
suitable for FRP strengthened concrete elements. The constitutive model used in 
Paper A, B, and D is a model where the discontinuities are distributed over the 
elements in the mesh. It has also an isotropic damage formulation and therefore not 
quite able to emulate the anisotropic behavior associated with cracks. Even though the 
material model is not able to model the crack localization pattern in detail, the accuracy 
of the solution is sufficient to explain the observed behavior in the non-linear region. 
For example, in Paper D it was discovered that the stress redistribution caused crack 
closure and deformations out of the groove near the loaded end. Also, considering the 
large amount of cracking that occurred, the model behaved numerically very well. 
Regarding the quite coarse mesh used in the slab in Paper A, the material model for 
the concrete was able to reproduce the results found in the experiments. Although the 
cracks were distributed over a larger zone in the analysis compared to the physical slabs, 
the main cracking zones were reproduced quite well. The convergence problems 
encountered in Paper B were probably due to the instability of the whole system. The 
experiments demonstrated an uncontrollable behavior at failure, since the deformation 
rate could not be controlled by using a closed loop system. Compared to the anchorage 
test in Paper D, the failure in the beam bending test was more brittle. This instability 
was also noticed in the static solution procedure especially for the FE analysis of the 
beam bending test where convergence problems occurred even before the failure load 
was obtained. An explicit solution procedure may have been used to make the solution 
procedure more stable, however this was not a practical option. The small element size 
would have induced a very small time step resulting in a considerable time to reach the 
solution.
The smeared crack approaches usually show a stiffer response for cracking in concrete 
members compared to damage plasticity models and are frequently employed for 2D 
models. An attempt of using a smeared crack model for the concrete in Paper D 
resulted in convergence problems quite early in the simulation. This is probably a result 
of extensive cracking close to the bonded zone. The problems in the calculations are 
probably due to stress interlocking effects causing opening and closing of cracks during 
the iteration process. This behavior has been noticed for example by Tano (2001). 
Also, 3D FE analysis using smeared crack approaches complicates the numerical model 
even further. 
Using a discrete crack approach for the anchorage test in Paper D would have been 
very cumbersome as the localized cracks have to be represented by planes. Not only 
crack planes originating from the surface of the concrete beam, but also planes 
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representing the cracks which are developing below the CFRP bar and within the 
concrete. Also, the number of cracks and identifying the locations of the cracks makes 
the discrete crack approach not a realistic alternative.  
The material model for the adhesive in Paper D was assumed to be a von Mises model 
mostly due to the lack of information of material properties. Even though the model is 
simple, the performance is satisfactory.  
Two solution procedures have been used: a general static and an explicit dynamic 
solution procedure. The test setup in Paper A is a characteristic problem where the 
explicit solution procedure is more efficient and may even be the only possible choice. 
This is because of the boundary conditions. The slab must be able to lift from the 
support by using a contact formulation. This is more ably done in conjunction with an 
explicit formulation. Also, taking into account the amount of cracking the slab is 
experiencing, the explicit solution procedure always guarantees a solution. 
As stated before, using an explicit solution procedure in Paper B would have been 
quite impractical due to the size of the elements. This is also true for Paper D. The size 
of the elements that has to be used considering the size of the groove made it unfeasible 
to use an explicit solution algorithm. In retrospect, it may have been better to use an 
explicit solution procedure in Paper B if more time had been available for performing 
the analyses. 

What are the differences between externally bonded and NSMR strengthening systems? 

The difference in modeling the externally bonded sheet/plate and the NSMR is the 
part of the concrete in the vicinity of the groove. Apart from a more complex 
geometry, a more complicated cracking pattern is occurring for NSMR. This has 
implication on the modeling strategy. Externally bonded structures can be modeled 
without considering the adhesive layer. Also, interface elements can be applied using 
simple bond-slip models. This is not the case for NSMR systems. Here we need to 
develop more advanced bond-slip models, from, e.g. 3D FE analysis, that also takes the 
geometrical effects into consideration. 

How do geometrical and material properties influence the stress distribution and the 
debonding mechanism of NSMR in the anchorage zone of a strengthened concrete 
member?

Paper C investigates the stress distribution in the NSMR by using a linear elastic FE 
analysis, i.e. the paper studies NSMR only until the tensile strength of either the 
concrete or the adhesive is attained. It is concluded that the cracking is induced first in 
the concrete if the epoxy is an ordinary epoxy. The location of the first crack depends 
on the depth and the width of the groove. For a groove size giving a uniform thickness 
of the adhesive layer, the first crack appears at the top of the groove. If the groove is 
shallow and wide, the crack will be induced first in the bottom of the groove. The 
stress distribution in the linear elastic region is also illustrated in Paper C. 
In Paper D, the nonlinear behavior of the NSMR anchorage test is depicted until the 
maximum transferable load is achieved. Debonding is found to occur both in the 
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concrete close to the bonded length and in the adhesive; however, the maximum 
transferable load is attained when the major cracks at the free end of the adhesive 
develops. For the investigated bond lengths, the maximum failure load increases with 
longer bond length as expected. However, the CFRP bar had only a maximum degree 
of utilization of 50 % in the tests, indicating that longer bond lengths have to be 
examined. The influence of the modulus of elasticity (CFRP and adhesive) had 
negligible effects on the failure load. No definite conclusion could be drawn from the 
lower concrete strength; although, the FE analysis indicated a lower failure load. The 
FE analysis also indicated that the maximum transferable load increases with a larger 
groove size. However, as the groove size is increasing, the likelihood of failure in the 
adhesive close to the bar will increase. 

5.2 Scientific and practical contribution 
The main scientific contributions are: 

A description of the debonding behavior of NSMR system in general and 
anchorage test in particular. 
Verification of the observed behavior in tests of externally bonded CFRP 
strengthened concrete elements using nonlinear FE analysis. 

The practical contributions are: 
Guidelines for FE analysis of NSMR strengthening systems (use of constitutive 
model, numerical solution procedures, etc). 
Tools for analysis, design, and development of future design guidelines of 
NSMR strengthening system. 

5.3 Further research 
The NSMR strengthening technique is difficult to model. A 3D representation of the 
system is needed. As much of the nonlinear deformations occur in the concrete, it is 
essential to have an accurate constitutive model in the FE analysis. Today, several more 
sophisticated concrete models are present; although, these are still in the developing 
stage and are usually employed for 2D models. More research is needed to reduce the 
problem to a lower degree; providing access to more refined constitutive models 
present in 2D and for the development of practical design guidelines. 

In addition, the following propositions for further research, given in Paper D, are: 

The digital speckle photography (DSP) strain measurements provided very good 
results for the concrete surface in Paper D. Unfortunately, it was not possible to 
capture the strain in the CFRP bar or the adhesive layer accurately with the 
applied speckle pattern. This is regrettable since the location of the failure in the 
adhesive is still uncertain. Is it initiated in the adhesive or at the interface 
between adhesive/CFRP bar or adhesive/concrete? Some of the test specimens 
show a mixed mode of failure in the adhesive; at one end of the bar a failure 
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close to the bar and at the other end close to concrete. However, this is a 
secondary (and tertiary) failure after the main failure in the concrete and can very 
well be attributed to the sudden course of events after the maximum transferable 
load was attained. A very fine speckle pattern for the DSP over a small area in 
the adhesive close to the loaded end of the bar would be helpful in clarifying the 
location of the failure in the adhesive. 
A better test setup for determining the behavior of the adhesive close to the bar 
would be to use a steel member with a slot. Steel is much stiffer than concrete 
giving the opportunity to isolate the behavior of the adhesive close to the bar. 
The natural continuation of the FE model would be to implement an interface 
element with a local bond stress-slip relationship. This would simulate the 
behavior of the failure which occurs close to the CFRP bar. However, it has to 
be derived in a proper manner from experimental results. Still, determining the 
behavior of the epoxy adhesive in several stress states and deriving a more 
suitable constitutive relationship than the von Mises model would be a more 
proper course of action. This will avoid the need for interface elements. 
A usual methodology is to combine the bond stress and the slip distribution to 
construct a local bond stress-slip relationship. This local bond stress-slip 
relationship represents the behavior of every material point in the 
adhesive/CFRP interface. Both the bond stress and slip distributions are derived 
from the strain distribution of the bar. However, noticing the shear stress 
behavior for the first 50 mm (approximately), it can be concluded that this 
method cannot be utilized (due to the bending of the bar); at least, not for high 
load levels. A remedy to the bending problem would be to place the strain 
gauges at the neutral axis of the CFRP bar. Also, as the free end crack starts to 
open close to the maximum transferable load, one of the assumptions for the 
calculation of the slip is violated since the strain in the concrete is not negligible 
compared to the strain in the bar. This means that the local bond stress-slip 
values from loads close to the maximum transferable load cannot be used. Even 
if we discard these values, the local bond stress-slip relationship can be hard to 
define from the remaining scatter of points. 
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Abstract

Rehabilitation and strengthening of concrete structures with externally bonded fibre reinforced polymers (FRPs) has been a viable
technique for at least a decade. An interesting and useful application is strengthening of slabs or walls where openings are introduced.
In these situations, FRP sheets are very suitable; not only because of their strength, but also due to that they are easy to apply in com-
parison to traditional steel girders or other lintel systems. Even though many benefits have been shown by strengthening openings with
FRPs not much research have been presented in the literature.

In this paper, laboratory tests on 11 slabs with openings, loaded with a distributed load are presented together with analytical and
numerical evaluations. Six slabs with openings have been strengthened with carbon fibre reinforced polymers (CFRPs) sheets. These
slabs are compared with traditionally steel reinforced slabs, both with (four slabs) and without openings (one slab). The slabs are qua-
dratic with a side length of 2.6 m and a thickness of 100 mm. Two different sizes of openings are used, 0.85 · 0.85 m and 1.2 · 1.2 m.

The results from the tests show that slabs with openings can be strengthened with externally bonded CFRP sheets. The performance is
even better than for traditionally steel reinforced slabs. The numerical and analytical evaluations show good agreement with the exper-
imental results.
� 2006 Elsevier Ltd. All rights reserved.

Keywords: Carbon fibre; Concrete; Design; Numerical analysis; Opening; Slab; Strengthening

1. Introduction

Floor and wall structures are some of the most com-
monly existing structural elements in buildings. Nowadays,
rebuilding of existing structures has becoming quite com-
mon due to structural and/or functional requirements from
the users. The functional requirements entail often that
staircases, elevators, escalators, windows, doors and even
electrical, heating or ventilation systems, have to be
installed. Thus, there exists a great need to introduce sec-

tional openings in floor as well as in wall structures. The
structural effect of small openings is often not considered
due to the ability of the structure to redistribute stresses.
However, for larger openings the static system may be
altered when considerable amounts of concrete and rein-
forcing steel have to be removed. This leads to a decreased
ability of the structure to resist the imposed loads and the
structure needs therefore to be strengthened.

The traditional strengthening methods, such as addition
of a girder-column system, or construction of load-bearing
walls along the edges, take up useful space and may not be
aesthetically convenient. On the other hand, advanced
composites as externally bonded reinforcement has been
extensively tested as related to its use for strengthening of
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beams and girders in flexure, shear and even for some
extent in torsion [1–12]. This strengthening technique has
been successfully used in several repair and strengthening
projects in Sweden and elsewhere [13].

Today, the use of carbon fibre reinforced polymers
(CFRPs) to strengthen existing slabs and walls due to
openings is becoming more popular, partly due to ease
of installation and partly due to space saving. In these sit-
uations, CFRP sheets are applied to the slab or wall
before the opening is made, see Fig. 1. The required sec-
tional area of CFRP is often calculated by simply convert-
ing the area of steel reinforcement according to existing
design codes, e.g. the Swedish code, BBK 04 [14]. Even
though CFRP is used for strengthening of openings, very
few studies on the structural behaviour of slabs with open-
ings have been carried out. The flexural behaviour of
CFRP strengthened one-way slabs with cut-outs, sub-
jected to point loads have been studied by Vasques and
Karbhari [15]. The purpose was to investigate the effec-
tiveness of externally bonded fibre reinforced polymers
(FRPs) composite strips at strengthening of slabs with cut-
outs. The failure mechanism and post-debonding response
were also studied. The outcome of the study was that
externally bonded FRP strips can be used to restore the
original load carrying capacity of slabs weakened by cut-
outs. In addition, they observed a more desirable crack
pattern for the CFRP strengthened slabs than for the
non-strengthened slabs. However, the used method to
decide the anchorage length for the FRP, seems not to
be appropriate in areas of high curvature and initiated
more or less always peeling followed by debonding before
the final failure. Another study has been carried out by
Mosallam and Mosalam [16], where the flexural behaviour
of FRP strengthened two-way slabs without openings sub-
jected to uniformly distributed loads was investigated.
Both repaired and retrofitted specimens were considered.
The study shows that FRP systems can successfully be
used to strengthen or upgrade the structural capacity of

both two-way reinforced and un-reinforced concrete slabs.
In addition, a significant increase in the load carrying
capacity for the CFRP strengthened slabs was observed.
However, the loading system with high-pressure water
bags limited the maximum deflection during the test due
to the bag’s thickness and bedding ability.

It is clear that more studies on the structural behaviour
of strengthened slabs are needed, and particularly with
openings. This to obtain a better understanding of the fail-
ure mechanism, to verify current design methods and to
develop new efficient strengthening methods. This will lead
to a more stringent use of the CFRP strengthening tech-
nique and more cost effective design solutions.

In this paper, two-way simply supported reinforced con-
crete (RC) slabs subjected to a uniformly distributed load
are studied. Slabs with strengthened and non-strengthened
openings have been investigated. CFRP sheets have been
used for the strengthening. In addition, the size of the
opening is numerically and experimentally analysed and
discussed.

2. Aim and scope

The research work is focused on examining the struc-
tural behaviour of two-way RC slabs strengthened with
CFRP due to a sawn-up opening, subjected to uniformly
distributed loads. Numerical and experimental methods
are used to analyse the ability of the CFRP reinforcement
to take up the additional section forces caused by sawn-up
openings in reinforced concrete slabs. The research work
can be summarized as follows:

� The method to calculate the amount of CFRP for
strengthening used today is verified, this to give a
load-capacity equivalent to a slab without an opening.

� The mechanical behaviour of the strengthened structural
system is analysed by numerical methods.

� The numerical calculations are verified by experimental
tests.

The outcome of the work can also be used for cast and
made openings in one-way concrete slabs and in concrete
walls, i.e. both for additional steel reinforced and CFRP
strengthened slabs or walls due to openings.

3. Experimental program

3.1. General

The experimental program consisted of two-way RC
slabs loaded to failure using a uniformly distributed load.
The objective was to compare the result between different
slab configurations:

� Without an opening (homogeneous slab).
� With a cast opening, strengthened with additional steel
reinforcement according to Swedish design codes.

Fig. 1. Strengthening with CFRP sheets before making an opening for a
ventilation duct in an existing slab due to change functional requirements.
Photo: Björn Täljsten (2000).
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� With sawn-up openings: (a) without additional strength-
ening (weakened) and (b) strengthened with CFRP,
designed to reach the same load carrying capacity as tra-
ditionally steel reinforced slabs without openings.

The slabs are quadratic with a side length of 2.6 m and a
thickness of 100 mm. Two different sizes of openings are
used, 0.85 · 0.85 m and 1.2 · 1.2 m.

3.2. Test setup

To provide a uniformly distributed load on the slab, a
new unique test rig had to be developed, see Fig. 2. The
load is applied using a system of airbags, embedded by
an exterior and interior structure, see Fig. 3. The use of air-
bags to produce a distributed load is well tested at Luleå
University of Technology, and has been used for a long
time to test the load carrying capacity of roof sheeting pro-
files. The specimens are simply supported along four edges.
The loading area is 2.4 · 2.4 m, i.e. somewhat smaller than

the total area of the slabs. For the slabs with openings, the
loading area is decreased due to the area of the opening.

The distributed load is calculated from the reaction
forces in each corner measured by four load cells. Since
the slab is loaded ‘‘upside-down’’, springs are mounted in
each corner to eliminate the weight of the support struc-
ture. Both deflections and strains are measured according
to a system of location lines defined over the slab surface.
Fig. 4 shows the location of the measuring points at defined
lines for the different slab configurations. The deflections
are measured with linear voltage displacement transducers
(LVDTs). The strains are measured with strain gauges
(SGs); on the concrete using 50 mm glued SGs, on the rein-
forcement using 10 mm welded SGs, and on the CFRP
using 10 mm glued SGs, see Fig. 5. A typical setup of the
instrumentation for a slab with an opening is shown in
Fig. 6.

3.3. Test specimens

A total number of 11 slabs were manufactured in four
batches with a designed 28 days characteristic compressive
strength of fcck = 40 MPa. Nine cubes (150 · 150 ·
150 mm) were cast for each batch to measure the compres-
sive strength at 28 days, and the compressive and splitting
strength at the time of testing. The concrete surfaces of the
slabs to be strengthened with CFRP were sandblasted and
cleaned properly with compressed air before bonding.

All slabs are reinforced with welded steel fabric, Nps 50
B 5 – s 150, using a concrete cover of 20 mm. Two rein-
forcement bars with the same nominal characteristic yield

Fig. 2. Test setup with slab placed on the bottom structure with airbags.
Line support structure placed on top of the slab. The support structure is
connected to the bottom structure through a load cell in each corner.

Fig. 3. System of airbags inside the embedding structure. An ordinary air
compressor is used to fill up one of the airbags. The air can then circulate
freely in the system through valves connecting the airbags (one of the
airbags is removed in the figure).

Displacement
transducers

Strain gauges 
on concrete 

Strain gauges 
on steel bars 

Strain gauges 
on CFRP 

Fig. 4. Instrumentation of the slabs depending on size of openings (no,
small or large). The numbers designate the location lines and the letter the
direction of action in the slab’s plane.
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strength fyk = 510 MPa, are added in the slabs with cast
openings placed in 45� angle as shown in Fig. 7a. A sample
set of three individual steel bars from the welded fabric
have been tested to evaluate the tensile strength at the
0.2%-limit f0.2, as is normal for cold worked steel.

The homogeneous reference slab is designed using char-
acteristic material properties according to the Swedish con-
crete code, BBK 04 (2004), for a uniformly distributed load
of 15 kN/m2.

The required amount of steel reinforcement is calculated
from design moments according to the standard method
[17], see also next section. The other test specimens are
designed to be comparable with the homogeneous slab.
In case of CFRP strengthened slabs, the amount of applied
CFRP is calculated from the required steel reinforcement
according to a simplified method. Minimum amount of

steel reinforcement for cracking due to shrinkage and tem-
perature changes is omitted in the design. The complete test
program is given in Table 1 and Fig. 8.

Fig. 5. Measurement gauges: (a) LVDT, (b) glued 50 mm SG for concrete,
(c) glued 10 mm SG for CFRP, and (d) welded 10 mm SG for steel
reinforcement.

Fig. 6. A typical setup of the instrumentation for testing a slab with an
opening (photo is from an earlier pilot study).

c-90,45c-90c-45 

s-90,45s-90s-45 

b

a

Fig. 7. Three different arrangements to strengthen a slab with (a)
additional steel reinforcement due to a cast opening, or (b) CFRP due
to a sawn-up opening.

Table 1
Designation and description of the specimens

Designation Description

H Homogeneous slab: Reference slab traditionally reinforced
Sw Slab weakened by a sawn-up small opening (0.85 · 0.85 m)
Ss-90 Slab with a steel strengthened small opening: Cast with a

small opening traditionally steel reinforced along the
opening (investigated only numerically)

Ss-45 Slab with a small opening strengthened in corners with
steel reinforcement: Reference slab with a cast small
opening, steel reinforced in corners with 45�

Sc-90 Slab with a CFRP strengthened small opening: Slab with a
sawn-up small opening strengthened with CFRP sheets
along the opening

Sc-45 Slab with a small opening strengthened in corners with
CFRP: Slab with a sawn-up small opening strengthened
with CFRP sheets at the opening’s corners with 45�

Sc-45, 90 Slab with a CFRP strengthened small opening: Slab with a
sawn-up small opening strengthened with CFRP sheets
both at the opening’s corners and along its edges

Lw Slab weakened by a sawn-up large opening (1.20 · 1.20 m)
Ls-45 Slab with a large opening strengthened in corners with

steel reinforcement: Reference slab with a cast large
opening, steel reinforced in corners with 45�

Lc-90 Slab with a CFRP strengthened large opening: Slab with a
sawn-up large opening strengthened with CFRP sheets
along the opening

Lc-45 Slab with a large opening strengthened in corners with
CFRP: Slab with a sawn-up large opening strengthened
with CFRP sheets at the opening’s corners with 45�

Lc-45, 90 Slab with a CFRP strengthened small opening: Slab with a
sawn-up large opening strengthened with CFRP sheets
both at the opening’s corners and along its edges

H = homogeneous slab, S = small opening (0.85 · 0.85 m), L = large
opening (1.20 · 1.20 m), w = weakened, s = steel reinforced, c = CFRP
strengthened, 45 = strengthening applied in corners with 45�,
90 = strengthening applied in 2-directions orthogonally along the opening,
and 45, 90 = a combination of the both former configurations of
strengthening, see also Figs. 7 and 8.
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Square openings of two different sizes (0.85 · 0.85 and
1.2 · 1.2 m) were sawn-up in centre of each slab using a
mobile concrete wet saw. In order to avoid initiation of
cracks in the corners during the tests, a hole (B 70) was first
drilled out at each corner as a guide prior to the sawing.
The sizes of the openings were chosen to be slightly larger

and larger than the limit defined in BBK 04 for a small
opening (1/3 · 2.4 = 0.8 m < 0.85 and 1.2 m) in order to
investigate their affect, see next section.

The concrete splitting and compressive strengths, shown
in Table 2, are the mean values of three test cubes. The ten-
sile strength was evaluated from the splitting strength

Small Without Large

Homogeneous (without opening). 
Designation H 

Weakened by a sawn up opening. 
Designation S/Lw 

Strengthened with steel bars in corners with 45˚.
Designation S/Ls-45 

Strengthened with CFRP sheets in corners with 45˚.
Designation S/Lc-45 

Strengthened with CFRP sheets along edges. 
Designation S/Lc-90 

Strengthened with CFRP sheets along edges and in corners.
Designation S/Lc-45,90 

S L

S L

S L

S L

S L

Fig. 8. Experimental program and designation of specimens. An opening drawn with solid lines is cast, and one with dashed lines is sawn-up.

Table 2
Average concrete strengths from splitting and compressive tests of three cubes and surface shear strength from six torque tests

Slab Cast batch Date for
casting

Date for
cube test

Splitting
strength (kN)

Tensile strength
(MPa)

Compressive
strength (MPa)

Shear strength
(MPa)

H, Sw 1 22/09/2003 20/10/2004 3.95 3.16 46.5 –
S/Ls-45 2 06/10/2003 15/06/2004 3.90a 3.12a 55.3a 6.2
S/Lc-45, S/Lc-90 3 14/10/2003 02/07/2004 4.70a 3.76a 56.3a 5.4
Lw 4 24/10/2003 21/11/2003 – – 50.6 7.2
S/Lc-45, 90 5 04/11/2003 14/12/2004 4.54a 3.63a 59.0a 8.0

a Performed close to time for experimental test.
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according to BBK 04 (0.8 of the splitting strength). In addi-
tion, torque tests were conducted on sawn-out slab parts
from every batch that included any specimen to be
strengthened with CFRP, this to evaluate the surface shear
strength of the concrete.

The slabs with a sawn-up opening are strengthened
using StoFRP sheet, of two different types: 200 g/m2 and
300 g/m2. Table 3 gives the nominal material properties
of the CFRP sheets, and the length and width of the
applied CFRP are shown in Table 4. A typical setup of
the CFRP sheets applied along an opening is shown in
Fig. 9, and the material properties of the used primer and
adhesive are shown in Table 5.

3.4. Test procedure

The airbag was carefully arranged to give a well-distrib-
uted uniform load during the whole test. A thin protective
layer of polyester fabric was placed between the airbag and
the concrete surface to protect the airbag at slab failure.
Special attention to the contact surfaces to achieve an even
distribution of the reaction forces along the supports was
given. An air compressor was used to fill the airbag with
air at an approximate loading rate of 40 N/s (417 Pa/min
for the homogeneous reference slab). The load, displace-
ment and strains were continuously measured and recorded
by a computerized acquisition system until failure
occurred. Both the crack propagation and the crack distri-
bution were observed and registered throughout the test.

4. Design and analytical methods

4.1. Background to the Swedish design methods

Classical analytical methods are based on the theory of
elasticity, see [18]. Concrete slabs have a capacity to redis-
tribute high moment concentrations by cracking and by
local yielding of the reinforcement. This is taken advantage
of in the yield line theory, see e.g. [19–21]. The yield line
theory gives an upper bound to the load bearing capacity
and may over estimate it, if a too simple or optimistic yield
line pattern is assumed. A lower bound to the capacity can
be found with the strip method, see e.g. [22]. In Sweden, a
standard method has been developed for slab design [17].
The method is originally based on the theory of elasticity,
but to get a more economical design of steel reinforcement
the method has been modified to take into account the
yield line theory. The method gives the maximum moment
m as a simple formula m = aqb2, where q is the distributed
load and a is a tabulated coefficient depending on the sup-
port conditions and the ratio between the length a and the
width b of the slab.

4.2. Design method

In Sweden, a floor structure, in case of any opening, is
designed in two different ways depending on the size of
the opening in relation to the geometry of the slab. Entry
holes for electrical or pipe installations are normally not
defined as an opening. In slabs, subjected to a uniformly
distributed load, a sectional opening with a length of max-
imally 1/3 of the shortest slab span is defined as small in

Table 3
Nominal material properties of CFRP sheet

Product Sheet
thickness
(mm)

Young’s
modulus
(GPa)

Tensile
strength
(MPa)

Rupture
strain
(%)

300Sa 0.17 228 3600 1.5
200Sa 0.11 228 3600 1.5

a Number denotes the mass per cross-sectional area (g/m2) and S
qualifies high strength.

Table 4
Location, width and length of the applied CFRP sheets

Slab Length of
opening
(m)

Type
of sheet

Location in
relation to
edges of
opening

Width
(mm)

Length
(m)

Sc-45 0.85 200S In corner (45�) 195 0.85
Sc-90 0.85 300S Along (0/90�) 185 2.30
Sc-45, 90 0.85 200S In corner (45�) 195 0.85

300S Along (0/90�) 185 2.30

Lc-45 1.20 200S In corner (45�) 195 1.20
Lc-90 1.20 300S Along (0/90�) 240 2.30
Lc-45, 90 1.20 200S In corner (45�) 195 1.20

300S Along (0/90�) 240 2.30

Fig. 9. Slab strengthened with CFRP sheets applied along a sawn-up
small opening.

Table 5
Nominal material properties of primer and adhesive

Product Adhesitivity
to concrete
(MPa)

Young’s
modulus
(GPa)

Tensile
strength
(MPa)

Shear
strength
(MPa)

Primer 17 – – –
Adhesive – 2 50 17.6
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BBK 04, otherwise as a large opening. In the latter case, the
edges of the large opening are considered as free edges, i.e.
the moments acting in the same direction as the edge are
redistributed to be more concentrated closer to the open-
ing. In the former case, the slab is first designed as a slab
without an opening, i.e. the moments and shear forces
are calculated as the opening does not exist. The moment
and shear forces that would pass each half of the edge of
the opening is added to existing moment and shear forces,
along the closest edge of the opening within a band, that is
maximum 3 times wider than the slab thickness. The rein-
forcement is given at least the same length, as it would have
had if the opening had not existed. In Fig. 10, two arrange-
ments of additional reinforcement due to a small opening
are illustrated, one according to BBK 04 and one according
to a configuration tested in this study.

4.3. Simplified method

A simplified method to estimate the necessary amount of
CFRP for a structure is to calculate the required steel rein-
forcement designed with traditional methods and convert it
to CFRP. The calculation is made by accounting for the
difference in the stiffness between the cross-sectional areas
of the CFRP and the steel. A more theoretically correct
method, especially for slabs with openings, is to account
also for the differences in the lever arms and the effective
widths of the compression zone, see Fig. 11.

BBK 04 design 

Tested design 

Introduced opening  
in a slab 

+½ ½

½½ +

Fig. 10. Corresponding methods to reinforce a slab due to a cast small
opening according to BBK 04 (2004) and a tested configuration in the
study.
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 Cross section of a RC slab manufactured with additional reinforcement bars As2 near an opening.
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Fig. 11. Relationships between strain, stresses and internal forces in a cross-section of a RC slab near an opening strengthened with (a) additional steel
reinforcement or (b) CFRP. Effective width of compression zone is denoted b, subscripts s2 and f denote additional steel reinforcement and CFRP,
respectively.
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The strengthening effect should be equal between the
cross-section with the additional steel reinforcement and
the CFRP strengthened cross-section. Hence, the moment
capacity must also be equal:

M f ¼ M s ð1Þ
where Mf is the moment capacity for the slab with CFRP
and Ms is the moment capacity for the slab with additional
steel reinforcement. To calculate the necessary sectional
area of CFRP Af, Eq. (1) is expressed as the product of
the sectional force F and the lever arm:

F s2ðd � xÞ ¼ F fðh� xÞ ð2Þ
where the subscript s2 is the part of the steel reinforcement
bars that will be replaced with the CFRP reinforcement
(subscript f). Expressing forces as products of stresses
and sectional areas yield:

rs2As2ðd � xÞ ¼ rfAfðh� xÞ ð3Þ
Applying Hooke’s law gives the sectional area of the fibre
as

Af ¼ Es2esðd � xÞ
Efefðh� xÞ As2 ð4Þ

The relation between the strain in the steel and CFRP can
be evaluated using Bernoulli’s hypothesis in Fig. 11, as

ef ¼ h� x
d � x

es ð5Þ

If perfect bond between the concrete and the reinforcement
is assumed, the expression for the sectional area of CFRP
becomes only dependent on the level arms and the elastic
modulus of the steel and the CFRP reinforcement:

Af ¼ Es2

Ef

h� u� x
h� x

� �2

As2 ð6Þ

where d = h � u is the effective height and u is the distance
from the bottom tensile side to the centre of gravity of the
additional steel bars.

The differences in the effective width of the compression
zone b between the CFRP and the substituted additional
steel reinforcement can be iteratively determined. In the
first step, the width of the contributing compression zone
in the CFRP design bf0 is set equal to bs2 and a new value
of bf is calculated. The iteration continues until the two val-
ues coincide. However, if Ef P Es2, bf = bs2 can be used
directly in the design since it is on the safe side.

5. Numerical analysis

5.1. General

Numerical analysis of the behaviour of two-way con-
crete slabs includes several nonlinear considerations, i.e.
material, boundary conditions and geometry. Various con-
cepts for describing the quasi-brittle mechanisms in rein-
forced concrete have been introduced in the FEM. These

are well known concepts such as discrete crack and
smeared crack approaches, or less used models such as
inner softening bands [23]. In this paper, a damaged plas-
ticity model is used for the concrete. The steel reinforce-
ment is modelled as ideal-elastoplastic and the CFRP as
linear elastic material until failure. Equally important in
the numerical analysis are the boundary conditions. This
is especially true in this study since the support conditions
for the concrete slab cannot be prescribed. The analysis
must include contact interactions to allow separation
between the slab and the support.

Numerical analysis of reinforced concrete structures is
customarily performed by static implicit FE solvers where
the integration scheme is for example full Newton–Raph-
son. The solution is obtained from equilibrium iterations
minimizing the error of the solution. The outcome is a reli-
able and stable solution. But this solving technique can
have convergence problems in models that have a large
degree of non-linearity, such as the two-way slabs in this
paper. Apart from the constitutive models that are nonlin-
ear, the support conditions must be handled by contact
interactions. This adds complexity to the system that the
implicit scheme is not able to take care of. An optional sol-
ver for these kinds of problems is a FE-program with an
explicit time integration scheme. It is normally used for
dynamic problems but can also be applied in static prob-
lems. Particularly, it is an efficient solver of contact
problems.

Numerical simulations by using the FEM with explicit
time integration can be very costly in terms of computer
time if not certain adjustments are made. This comprises
of either decreasing the simulation time or increasing the
density of the material. These two remedies perform essen-
tially the same thing; reducing the number of time steps in
the global time integration. The number of time steps in the
integration is set by the inherent critical time step, which is
usually governed by element dimensions, the density and
the dilatational wave speed of the material. The critical
time step is normally very small, inducing a great number
of time steps to be completed. Since the number of time
steps is almost directly proportional to the computer time,
it is desirable to decrease this number. Reducing the num-
ber of time steps must be done very carefully, otherwise the
simulation becomes unstable and the solution is not reli-
able. Care must also be taken in order to ensure that the
inertia effects are kept within acceptable limits. For this
model, an increase in the material density by a factor of
100, which means a decrease of computer time by approx-
imately 10, does not have an apparent effect on the
response of the model.

The slab is modelled by eight-node brick elements with
reduced integration, the reinforcement in the concrete is
represented by discrete truss elements, steel support plates
are modelled by shell elements with reduced integration,
and the CFRP sheets as membrane elements with no stiff-
ness perpendicular to the fibres. The test rig is not a part
of the FE model, i.e. the deformations in the test rig are
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not taken into account. The FE model of the slab strength-
ened with CFRP along a sawn-up opening is shown in
Fig. 12. Similar meshes are used for the other models.

Quasi-brittle materials, e.g. concrete, usually experience
a sudden drop in the load carrying capacity during crack-
ing and it generally leads to increases in the kinetic energy
content of the response. In the explicit solution of the load–
displacement response, oscillations will appear due to these
inertia effects after the concrete has cracked significantly.
Curve smoothing is used to average the outcome of the
FE analysis.

5.2. Material models

5.2.1. Concrete

Typical behaviour of concrete during the growth of
micro-cracks comprises of strain softening, progressive
deterioration, volumetric dilatancy, and induced anisot-
ropy. This complex response must be translated into phe-
nomena, which can be described by continuum
mechanics. It can be considered as a combination of unre-
coverable plastic deformation, degradation of material
stiffness, and the initiation, development, and interaction
of defects. The plastic deformation and strain softening
can be described by using classical plasticity theory. Con-
tinuum damage mechanics is used to model the stiffness
degradation. Essentially, this means that the cracking of
the concrete reduces the stiffness, e.g. the modulus of elas-
ticity. The crack opening and closure is determined by frac-
ture mechanics and plasticity.

The constitutive model used in this paper for the con-
crete is the damaged plasticity model included in ABAQUS
[24]. It is based on the work by Lubliner et al. [25] and Lee
and Fenves [26]. The evolution of the yield surface is con-
trolled by two hardening variables, one in tension and one
in compression. Non-associated flow is assumed where the
flow potential g is the Drucker–Prager hyperbolic function.
For these functions, a couple of parameters must be
defined; the dilation angle w and the eccentricity e for the
flow potential are set to w = 12� and e = 0.1. For the yield
function, the ratio of initial equibiaxial compressive
strength to uniaxial compressive strength rb0/rc0, and the

ratio of the second stress invariant on the tensile meridian
to that on the compressive meridian at initial yield for any
given value of the first stress invariant such that the maxi-
mum principal stress is negative Kc the default values in
ABAQUS are used, i.e. 1.16 and 2/3, respectively.

The concrete behaviour in tension is linear elastic until
cracking is initiated and a strain softening response is
assumed in the post-failure region. The post-failure behav-
iour is specified in terms of the stress–displacement
response in order to minimize mesh sensitivity. It defines
the tension softening behaviour and is described here by
a bi-linear curve, see Fig. 13. Similarly, the tensile damage
is specified by an assumed linear relationship between the
tension damage variable dt and the crack opening d. The
maximum value of the damage variable dt0 is set to 0.9,
and the maximum crack opening d0 is set to 0.115 mm,
see Fig. 13. The facture energy Gf for mode I is the area
under the softening curve and is estimated to 100 N/m.

In compression, the concrete behaviour is linear elastic
until initial yield stress rc0 is reached. The material enters
the plastic regime with a strain hardening before the ulti-
mate compressive stress (strength) rcu, followed by strain
softening. The initial yield stress for the concrete in this
paper is assumed to be 60% of the ultimate stress and the
typical plastic strain at ultimate stress is 0.2%. In this anal-
ysis, the nonlinear part of the constitutive model in com-
pression is somewhat unnecessary since the initial
compressive yield stress will not be exceeded. The damage
evaluation in compression is omitted since crushing does
not occur.

5.2.2. Steel

The constitutive model for steel is assumed to be ideal
elasto-plastic. Full bond between steel and concrete is
assumed and the tension stiffening effect due to reinforce-
ment is not accounted for in the solution.

The steel support plates are considered to behave in a
linearly elastic manner.

5.2.3. Carbon fibre reinforced polymer, CFRP

The CFRP-material is considered as linear elastic until
failure. The interaction between the concrete slab and the

Fig. 12. FE model used to analyse the CFRP strengthened slab, Sc-90.

Fig. 13. Tension softening modelled by a bi-linear relationship and
relationship between the tension damage variable, dt and the crack
opening, d.
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CFRP is modelled without considering debonding. The
dominating failure of the strengthened slabs in the experi-
mental tests is rupture of the CFRP, see e.g. Fig. 17, i.e.
the bond does not have to be explicitly modelled in the
numerical analysis.

5.3. Boundary conditions

Apparent symmetry in the model has been utilized
resulting in a FE-model using only a quarter of the struc-
ture. Although, the behaviour after the first crack in the
concrete dissolves this symmetry, it has been assumed that
a quarter is adequate to give the response of the whole
structure with sufficient accuracy.

The supports for the concrete slab cannot be modelled
by using simple prescribed boundary conditions. This fol-
lows from the uplift of the corners of the slab. The support-
ing steel plates are included in the model and boundary
conditions are prescribed for these. Contact interaction is
introduced between the slab and the supports and the for-
mulation is penalty based. The contact interaction is
defined by the tangential behaviour, which in this case is
set to be rough. This means an infinite coefficient of friction
and no slip between the slab and the support plates.

In establishing correct boundary conditions in the
numerical analysis, the geometrical imperfections of the
specimens and the supporting frame recognised in the
experiments needed to be investigated. Uneven concrete
surface was smoothed by means of a plaster layer and
remaining gaps were shimmed with thin steel plates, see
Fig. 14. However, this solved the problem only partially.
The best contact between a specimen and the supporting
structure was always reached in the corners. Although plas-
ter and shims provided some support along the slab edges,
it still allowed deformations. It can be assumed that the
specimen was supported stiffly in the corners and elastically
along the edges. This can be modelled as a set of discrete
springs, proposed by Rusinowski [27], or continually by
applying simply supported deformable plates along slab
edges. The latter method is used here and in Fig. 15 the
experimental deflection curves for a slab strengthened with

CFRP along the opening (Sc-90) is compared with the
numerical analyses using stiff and elastic supports. The
analysis with elastic supports shows good agreement with
the experiment in the elastic region but introduces dynamic
instability in the explicit solution later on. This instability
can cause inaccuracies and introduce ‘‘numerical’’ damage
in the concrete model. Therefore, only the model with the
stiff line supports is used.

6. Experimental results

The general response during all tests is similar. As the
load is increased, the better contact between the support
and the slab is developed until a load of approximately
8 kN/m2 is reached, where after a sudden jump appears,
see Fig. 16. This jump is believed to depend on the adap-
tion of the bolted joints in the test rig during the loading.
After this occurrence, the first crack was observed. For
the homogeneous slab, the cracking started in the middle
of the slab, in contrast to the other slabs where the first
crack appeared diagonally near a corner due to the open-
ings. The load levels at the first observed crack are shown
in Table 6. However, the point where the first cracks are
normally observed in the load–deflection relationships for
beams, does not occur for two-way concrete slabs. This
depends probably on the existing membrane effect in two-
way RC slabs.

The crack propagation and crack size continued to
increase with the increase of loading. For the CFRP
strengthened slabs, the cracks were narrower and more
widely spread in comparison to the cracks in the steel rein-
forced slabs.

In Fig. 16, the load–deflection relationships until failure,
i.e. collapse for all experimentally tested slabs are shown.
All slabs strengthened due to openings show, indepen-
dently of the size of the opening, a considerably higher load
carrying capacity than the homogeneous slab (H) especially
for the slabs strengthened with CFRP (Sc and Lc). ThisFig. 14. Example of support conditions indicating an uneven line support.
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Fig. 15. Load–deflection relationships from the experiment and the two
analysed FE models, one with elastic supports and one with stiff supports.
The results are compared at the midpoint close to the opening. Slab
strengthened with CFRP along a small opening, Sc-90. The results for the
FE-analyses are truncated at 55 mm.
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depends mainly on the existing openings, and accordingly a
decreased total available loading area gives a lower total
load. A similar result is seen for the slabs strengthened only
with additional steel reinforcement in the corners (Ss-45
and Ls-45). The slab strengthened with additional steel
reinforcement due to a sawn-up large opening (Ls-45) show
higher load carrying capacity and lower deflection at fail-
ure than the homogeneous slab (H). A probable reason
for this is the larger lever arm for the reinforcement placed
in the corners.

The slabs weakened by a sawn-up opening (Sw and Lw)
show surprisingly a similar load–deflection behaviour as
the homogeneous slab, except that the deflection at failure
is lower.
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Fig. 16. Load–deflection relationships at the midpoint close to the opening, for slabs with (a) a small opening and (b) a large opening. The load capacities
of the tested slabs are compared with the design load of 15 kN/m2 for a slab without an opening (H).

Table 6
Crack and failure load compared to the design load (15 kN/m2)

Slab qcrack (kN/m2) qfailure (kN/m2) qcrack
qdesign

qfailure
qdesign

H 7 36.1 0.5 2.41

Sw 20 35.6 1.3 2.37
Ss-45 18 41.2 1.2 2.75
Sc-45 27 44.2 1.8 2.95
Sc-90 34 48.3 2.2 3.22
Sc-45, 90 30 51.1 2.0 3.41

Lw 26 34.2 1.7 2.28
Ls-45 18 48.0 1.2 3.20
Lc-45 32 51.1 2.1 3.41
Lc-90 41 57.4 2.7 3.83
Lc-45, 90 41 76.8 2.7 5.12

Fig. 17. Crack patterns in a corner of a slab at failure for different configurations of CFRP sheets: (a) along a small opening (Sc-90), (b) in corners of a
small opening (Sc-45), (c) along and in the corners of a small opening (Sc-45, 90), (d) along a large opening (Lc-90), (e) in corners of a large opening (Lc-
45), and (f) along and in the corners of a large opening (Lc-45, 90). The propagation of cracks is governed by the configuration of CFRP sheets.
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All the slabs with openings strengthened with CFRP
shows similar load–deflection behaviour up to failure.
However, the failure mode differs in comparison with the
traditional steel reinforced slabs. The steel reinforced slabs
show a more ductile response meanwhile the failure mode
for the CFRP strengthened slabs where somewhat more
brittle. The mode of failure is also different, whereas yield-
ing followed by large deflections was the dominating failure
for the steel reinforced slabs, the mode of failure for the
CFRP strengthened slabs is rupture in the CFRP.
However, the rupture is preceded by steel yielding. The
load carrying capacity at failure is considerable larger for
the CFRP strengthened slabs.

The load–deflection relationship for the CFRP strength-
ened slabs needs an explanation. S/Lc-45 are strengthened
with CFRP sheets only in the corners at 45�. S/Lc-90 are
strengthened with CFRP sheets along the edges of the
opening. Finally, S/Lc-45, 90 are strengthened both in
the corners and along the edges, see also Fig. 8 and Table
1. Even though all CFRP strengthened slabs failed by fibre
rupture, the load carrying capacity and the deflections at

failure varied considerable between the different slabs.
The most probable reason for this is the configurations
of the fibre sheets. The highest load carrying capacity is
observed for S/Lc-45, 90 where the crack propagation is
hindered by three layers of CFRP sheets. This is illustrated
in Fig. 17.

There is a noticeable difference of the load carrying
capacity between the CFRP strengthened small and large
opening where the latter slab configurations carried 20–
50% higher loads. The main reason for this is most likely
that the behaviour of the slabs with a large opening is clo-
ser to a system of beams than a slab.

7. Comparison

The result from the numerical analysis is compared with
the outcome from the experiments in Figs. 18–24. The com-
parison of deflections in Fig. 18 and the development of
steel strains show that the global behaviour of the three
analysed slabs in the numeric analysis can reproduce the
experimental results. The main difference between the
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Fig. 18. Comparison of load–deflection relationships between results from (a) the experiment and (b) the FE-analyses at the midpoint close to the opening.
Slabs with a small opening. The results for the FE-analyses, Sc-90 and the tested, H are truncated at 55 mm.
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O. Enochsson et al. / Construction and Building Materials 21 (2007) 810–826 821



observed behaviour and the numerical analysis is found in
the elastic region and at the beginning of the nonlinear
behaviour. This difference is believed to be a consequence
of the boundary conditions and the models inability to
model the crack propagation in a proper way. Isotropic
damage models are known to give a more brittle behaviour
compared to other softening constitutive models, due to
the stiffness’ degradation in all directions [23]. The brittle-
ness is manifested in the sudden drop directly after the
onset of the nonlinear behaviour for the three slabs that
are not strengthened with CFRP, see Fig. 18b. This drop
is not present in the modelled slab strengthened with
CFRP, or in the reality.

Figs. 19 and 20 show that the strain development in the
CFRP sheet was captured by the numerical model. Still,
the failure of the CFRP could not be reproduced in the
numerical analysis. The theoretical strain limit of the
CFRP sheet was never reached in the FE analysis. This
could be an effect of the biaxial state of stress that the
CFRP is exposed to reducing the strain limit of the sheet.
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Fig. 20. Load–strain relationships in the CFRP from (a) the experiment and (b) the FE-analysis. The strains are compared along the opening at three
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a sawn-up small opening, Sc-90. The results from the FE-analysis are truncated to make the comparison clearer.
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However, since the strain in the sheet is concentrated to
where the cracks are localised it is difficult to measure the
ultimate failure strain. The strain gauge must be located
exactly over the area where the failure occurs.

Fig. 21 shows the development of the strain distribution
along one of the CFRP sheet. The strain distribution indi-
rectly shows the development of bond shear stress along
the sheet. Normally, the rule of thumb states that the bond
development length for CFRP reinforcement needs not to
be greater than 0.2 m [28]. This is clearly the case in the
numerical model and the proof can be found from the fact
that the failure is in rupture of the CFRP sheet and not in
debonding.

The strain distribution over the cross-section is shown in
Figs. 22–24. The Bernoulli hypothesis is clearly valid. The

strains measured in the tests are larger than the strains
from the numerical analysis. This is especially apparent
in the non-strengthened slab. This is believed to be a con-
sequence of the difference in crack localisation between
the experiments and the numerical analyses. In the experi-
ments, a few localised cracks appear in contrast to the
numerical analyses where a region of cracks is produced.
In the CFRP strengthened slab, the cracks are more evenly
distributed resulting in a smoother strain field due to the
CFRP. Therefore, a better correspondence is found
between the numerical analysis and the experimental result.
This is somewhat reflected in the numerical analysis of the
strain localisation, see Figs. 25–27. The figures show the
distribution of the plastic strains at the final load step for
the three analysed slabs, in comparison to the crack pat-
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Fig. 24. Strain distribution ex through the slab thickness in a corner of the
opening, for the FE-analysis of a slab strengthened with additional
reinforcement along a cast small opening, Ss-90. The strains are measured
at three selected stages as discrete values in the concrete on the
compression side, in the steel and in the concrete on the tension side,
respectively.

Fig. 25. Comparison between (a) the maximum principal strain achieved
in the FE analysis and (b) the final propagation of cracks in the
experiment. Results are shown for a quarter of a slab weakened by a sawn-
up small opening, Sw.
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terns at experiments. In Fig. 28, the slab strengthened with
CFRP along the opening (Sc-90) is shown at final failure,
and Fig. 29 shows the crack pattern in a corner of the
weakened slab (Sw) and the strengthened slab (Sc-90).
The plastic region in CFRP strengthened slab is more
widely spread compared with the other analysed slabs,
which coincide with the results of the tested slabs.

In Table 6, the load carrying capacity at failure and the
crack load of the tested slabs are compared to the design
load of the homogeneous slab. The results show that the
final load carrying capacity for all slab configurations are
from approximately 1.4 to 4.1 times higher than the
intended capacity of 15 kN/m2. Particularly, the strength-
ening system with CFRP sheets applied along the openings
(S/Lc-90) gives a final load carrying capacity that is 1.34
and 1.59 times higher than the final load carrying capacity
for the homogeneous slab, respectively. Note that the load
carrying capacities for these slabs are 2.22 and 2.83 times
higher than the intended capacity, respectively.

8. Discussion

The CFRP strengthened slab in the experiment shows a
stiffer behaviour compared to the reference slabs (H, S/Lw)
and especially after the point where yield lines are devel-
oped. All strengthened slabs have a higher final load carry-
ing capacity than the homogeneous reference slab.

The test results clearly show that the investigated
strengthening system can be used to strengthen existing
slabs with made openings, and even that the load carrying
capacity can be increased when compared to the homoge-
neous slab (H). For the CFRP strengthened slabs, the load
carrying capacity was increased with 24–125% in compari-
son to respective weakened slab (S/Lw), and with 22–110%
in comparison to the homogeneous slab.

The general result of the experimental investigation is
that the method to design the required amount of steel rein-
forcement due to an opening gives a load carrying capacity
on the safe side. The slabs with the larger openings have a
noticeable higher load carrying capacity than the slabs with
the smaller openings and a stiffer load–deflection response.
This in contradiction to the idea behind the design method.
The reason for this can be that the slabs with the large
openings behave closer to a system of four beams than a
slab.

The FE analyses show a more brittle behaviour com-
pared with experiments. Especially for the non-strength-
ened slab where a tendency of snap-back behaviour can
be noticed when the yield limit is reached in the steel rein-
forcement. This is probably one of the reasons why the
implicit solution strategy failed. A more correct material

Fig. 26. Maximum principal strain achieved in the FE-analysis at the final
load step 29.7 kN/m2. Results are shown for a quarter of a slab
strengthened with additional steel reinforcements due to a cast small
opening, Ss-90.

Fig. 27. Comparison between (a) the maximum principal strain achieved
in the FE-analysis and (b) the final propagation of cracks in the
experiment. Results are shown for a quarter of the slab strengthened
with CFRP due to a sawn-up small opening, Sc-90.

Fig. 28. The final failure of the slab strengthened with CFRP due to a
sawn-up small opening, Sc-90.

Fig. 29. Typical crack patterns in corners at failure of (a) the slab
weakened by a sawn-up small opening, Sw (line 2) and (b) the slab
strengthened with CFRP due to a sawn-up small opening, Sc-90 (line 6).
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model of the reinforcement including the stiffening effect of
the surrounding concrete will probably give better result.
Also, it is always difficult to compare analytical and exper-
imental strain readings since the level of strain is highly
dependent of the crack localisation in quasi-brittle materi-
als like concrete. Apart from these observations, the expli-
cit FE analysis is showing a good agreement with the test
and is giving more insight to the strengthening effect of
the CFRP reinforcement. It is also giving more confidence
to the future utilization of the FE analysis in order to eval-
uate larger slabs with different opening configurations.

9. Conclusion

The work presented in this paper shows that CFRP
sheets can be used to maintain and even increase the origi-
nal load-capacity of two-way concrete slabs with openings.
The test results clearly show that the investigated strength-
ening system can be used to strengthen existing slabs with
made openings, and even that the load carrying capacity
can be increased when compared to the homogeneous slab
(H). For the CFRP strengthened slabs, the load carrying
capacity was increased with 24–125% in comparison to
respective weakened slab (S/Lw), and with 22–110% in
comparison to the homogeneous slab.

The general result of the experimental investigation is
that the method to design the required amount of steel rein-
forcement due to an opening gives a load carrying capacity
on the safe side. The slabs with the larger openings have a
noticeable higher load carrying capacity and a stiffer
load–deflection response than the slabs with the smaller
openings. This is in contradiction to the proposed design
method. The reason for this can be that the slabs with the
large openings behave closer to a system of four beams than
a slab. Furthermore, the study shows in particular that:

� The traditional way to reinforce additionally with steel
bars along an opening gives a higher load capacity than
a slab without an opening.

� The assumptions made in the simplified method for cal-
culating the amount of CFRP are found to be valid.

� The numerical analysis showed good agreement with the
experimental result, especially for the CFRP strength-
ened slab.

Finally, more advanced design methods should lead to a
more efficient use of the CFRP sheets in strengthening
design, especially if the goal is to achieve a load carrying
capacity equal to, or slightly larger than the load action.

10. Further research

FE analysis will be used to study different configurations
of openings in larger slabs. This can also be used to inves-
tigate how the design of CFRP strengthening should be
made to avoid bond failure. The difference between the
experimental and the numerical strains in the CFRP sheet

needs also to be investigated more thoroughly since it gov-
erns the ultimate failure of the slab. Is the difference a result
of inadequate ability to model the crack localisation or do
the biaxial strain field lower the theoretical rupture strain
in the CFRP sheets? From these types of analyses, better
analytical design methods can be derived.
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ABSTRACT 
The advantages of Fibre Reinforced Polymer (FRP) strengthening have been shown time and again during the 
last decade. All over the world several thousand structures have been retrofitted using FRP. Buildings and civil 
structures usually have a very long life and it is not uncommon that the demands on the structure change with 
time. The structures may have to carry larger loads at a later date or fulfil new standards. In extreme cases, a 
structure may need repair due to an accident, or due to errors made during the design or construction phase. To 
guarantee the function of the strengthening properties, anchorage of the FRP is essential. Without sufficient 
anchorage lengths, full utilization of the strengthening material cannot be achieved, leading to possible 
premature failure. In this paper, experimental work and numerical analyses of three different Carbon Fibre 
Reinforced Polymer (CFRP) strengthening techniques have been carried out. The techniques are externally 
bonded plates, sheets and the use of Near Surface Mounted Reinforcement (NSMR). The aim is to find a critical 
anchorage length, where a longer anchorage length does not contribute to the load bearing capacity. Three 
different anchorage lengths have been investigated; 100, 200 and 500 mm. The finite element program 
ABAQUS has been used for the numerical study. The results show that a critical anchorage length exists for 
plates and sheets as well as for NSMR. However, the present study also shows that an exact critical anchorage 
length may be difficult to estimate, at least with the present test set-up. Further tests and investigations of the 
constitutive model for the concrete are needed. 

KEYWORDS

FRP, concrete, strengthening, plates, sheets, NSMR, anchorage length, finite element. 

INTRODUCTION  

All over the world there are structures intended for living and transportation. The structures are of varying 
quality and function, but they are all ageing and deteriorating over time. Some of these structures are in such a 
bad condition that they need to be replaced. There is also a need for upgrading existing structures. Errors can 
have been made during the design or construction phase so that the structure needs to be strengthened before it 
can be fully utilized. New and increased demands from the transportation sector or change of use can also be 
reasons for upgrading existing structures. A strengthening method that has been increasingly used during the last 
decade is Plate Bonding with FRP materials. A composite plate or sheet of relatively small thickness is bonded 
with an epoxy adhesive to, in most cases, a concrete structure to improve its structural behaviour and strength. 
In this paper, bonding of NSMR is also included in the plate bonding method. Extensive research and laboratory 
testing all over the world shows strengthening with FRP is very effective and that a considerable effect can be 
achieved if the strengthening process is carried out accurately. There is no doubt that of the potential and 
considerably economical advantages in FRP strengthening. However, if the technique is to be used effectively, it 
requires a sound understanding of both the short- and long-term behaviour of the bonding system used. It also 
requires reliable information concerning the adhesion between concrete and composite. Consequently, proper 
understanding of the anchorage behaviour is essential. 

The anchorage lengths of the strengthening material bonded to the concrete play an important role for the full 
utilization of the strengthening inset and avoidance of premature failure due to bond failure. Several 
investigations of anchorage lengths to efficiently transfer the force between the strengthening material and 
concrete have been carried out. The most extensive research has been done with plates, Täljsten (1994, 1997), 
Bizindavyi and Neale (1999) and Chen and Teng (2001), but research with sheets, Aiello and Pecce (2001), and 
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NSMR rods, De Lorenzis and Nanni (2002) and De Lorenzis et al. (2002), have also been carried out. There are 
many factors that can affect the anchorage length of a bonded strengthening material. It is important to 
investigate and understand what anchorage length is needed to create a secure bond. It is also important to gain 
knowledge and understanding of the factors that affect the anchorage length, such as surface treatment prior to 
bonding, surface irregularities, temperature, humidity and workmanship. The most common methods for 
pretreating are sand blasting and grinding of the concrete surface. Both methods have been used and both can 
provide a surface for a sufficient bond. Surface irregularities that cannot be sand blasted or grinded away is 
another factor. With the irregularities the bond strength will change, but how much? In some cases there can be 
cavities in the concrete that will be filled with different kinds of material to achieve full bond. This area might 
be weaker than the rest of the concrete affecting the bond strength. Temperature and humidity, those parameters 
can easily be controlled. If skilled workers are carrying out the strengthening work, then no major workmanship 
problems should be expected. The quality of the concrete is also an important aspect, a high quality concrete 
will probably bond better to the strengthening material compared to a low quality concrete – but is there a major 
difference? Depending on strengthening method used, plates, sheets or NSMR, is there different critical 
anchorage lengths? In Figure 1, typical strengthening schemes with plates, sheets and NSMR are shown. 

a b c
Figure 1 Schematic sketch of a) plate, b) NSMR and c) sheets. 

Several numerical analyses of reinforced concrete strengthened with CFRP have been carried out in recent years 
and the preferable tool for these analyses is the finite element (FE) method. These concern primarily studies of 
plate bonding but there are also studies of bonding of NSMR. There are two strategies when modelling the 
behaviour of CFRP strengthened concrete structures; with or without the adhesive layer. Since the predominant 
failure of the bonding occurs in the concrete, most FE calculations are performed without considering the 
adhesive layer. Consequently, this implies that the constitutive model for the reinforced concrete is an important 
part of the numerical analysis. 2D FE analyses are performed in e.g. Rahimi and Hutchinson (2001) where 
concrete beams were strengthened with externally bonded FRP plates and a damage model handled the concrete, 
Teng et al. (2002) made an elastic parametric study of the interfacial stresses in plated RC beams, Yang et al.
(2003) studied the concrete cover separation failure in FRP plated RC beams and used a discrete crack model 
for the concrete, Wu and Yin (2003) have investigated the fracture energy in both the concrete (mode I) and the 
adhesive (mode II) and the interactions between those through a parametric study (a smeared crack model was 
used for the concrete), Neto et al.(2004) studied fracture energy mode II for the adhesive and used a discrete 
crack model for the adhesive, Perera et al. (2004) made an adherence analysis of CFRP strengthened RC beams 
with a damage model for the concrete, Camata et al. (2004) investigated end peeling and mid-span debonding 
on RC beams and used a combined smeared and discrete crack model for the concrete, Lu et al. (2005) studied 
the debonding process in pull tests using a meso-mechanical model for the concrete. 3D FE analyses have been 
conducted by e.g. Hassan and Rizkalla (2003) who studied NSMR strips in RC beams. 

The main aim of this paper is to determine the critical anchorage length for three types of strengthening methods; 
sheets, plates and NSMR. This is done both experimentally and numerically. Three anchorage lengths have been 
studied; 100, 200 and 500 mm. In this paper, consideration to different pre-treatment or repair materials, such as 
use of putties, before strengthening have not been taken into consideration. Nor have different concrete qualities 
been investigated. However, this has partly been investigated by Andersson and Spett (2002). In the numerical 
analysis, the nonlinear finite element method is used and the suitability of the constitutive model of the 
reinforced concrete, damaged plasticity, is evaluated. 

EXPERIMENTAL WORK 

A specially designed four-point bending test equipment was developed to test the bond strength, see figure 2. 
This test beam consisted of three main parts; part A of steel, part B of concrete, and one part C, that was bolted 
to part A. The part C was tailor-made to the strengthening method investigated, i.e. it had different configuration 
for plates, sheets and NSMR respectively. The purpose with this set-up was to make the testing more efficient.. 
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The concrete parts (part B) were prefabricated and delivered to the laboratory. In the laboratory testing, two 
different surface treatments were investigated, grinding and sandblasting, at the same time irregularities and 
different substrates to repair the concrete surface before strengthening were investigated, see Andersson and 
Spett (2002). The CFRP was bonded to the steel plate, part C, which was then bolted to part A. The concrete and 
steel parts were during handling fixed together to avoid bending of the beam. The adhesive and the CFRP in the 
tests have been delivered by Sto Scandinavia AB. The material and geometrical data for the CFRP is listed in 
Table 1. 

200 2001730

600
F/2 F/2

Part A Part B

Part C

Figure 2 Experimental test set-up. 

Table 1 Material parameters for the carbon fibre materials. 

Type Modulus of elasticity
[GPa] 

Tensile strength 
[MPa] 

Dimension 
[mm] 

StoFRP Bar E 10 C Rod 140 3200 10x10 

StoFRP Plate S 50 C Plate 160 2800 1.5x49 

StoFRP Sheet S300 C200 Sheet 234 4500 0.11x150 

Two different bonding agents were used, Sto BPE Lim 417 (Part A+B) for the sheets and Sto BPE Lim 465 
(Part A+B) for the plates and NSMR. For the tests presented in this paper, sandblasting was used both on 
concrete and steel surfaces. The steel surfaces were immediately protected with a steel primer to avoid corrosion 
on the steel. The sandblasted surfaces were treated according to the material supplier’s recommendation, i.e. 
vacuum cleaning and surface treatment with a primer, Sto BPE Primer 50 Super. 24 hours after the primer was 
applied the concrete specimens were strengthened. For the sheets, the adhesive was applied on the steel and 
concrete parts, B and C at the same time, three layers of sheets were applied and the fabric was wetted according 
to the manufactures recommendations. The procedure for the plates was somewhat different, here the adhesive 
was applied on the plates and the substrates were the mounted together, a constant adhesive thickness of 2 mm 
was obtained by distance holders. For the square NSMR rods, the adhesive was applied in the pre-sawed groove 
in the concrete part, part B, and in the slot in the steel, part C. The thickness of the adhesive was estimated to 2.5 
mm for the NSMR bar around its perimeter. The thickness for the sheets was estimated to 0.5 mm. This was also 
checked after testing and the deviation from the estimation was minor. All bonding was carried out indoors in a 
controlled environment at 20 ± 2 °C and 55 % RH. Electrical strain gauges were used to measure the tensile 
strain in several points along the CFRP. Figure 3 shows the positions of gauges for the plate with an anchorage 
length of 500 mm. 

Table 2 Material parameters for the bonding materials. 

Type Modulus of elasticity
[GPa] 

Tensile strength 
[MPa] 

Viscosity 
[Pa s] 

Sto BPE Primer 50 Super 

Sto BPE Lim 417 

Epoxy 

Epoxy 

--- 

2

--- 

50

0.8  

Tixotropic 

Sto BPE Lim 465 Epoxy 7 31 Tixotropic 
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Figure 3 Positions of the strain gauges for an anchorage length of 500 mm. 

In this study 8 specimens were tested and compared with the result from FE analysis; plates and NSMR with an 
anchorage length of 100, 200 and 500 mm and sheets with 100, 200 and 500 mm. However, due to failure in the 
measurement equipment the experimental results for the 100 mm sheets could not be extracted. 

NUMERICAL ANALYSIS 

General

The numerical analysis is a full 3D nonlinear finite element analysis of the experimental set-up using the 
commercial FE program ABAQUS/Standard. Two symmetry lines in the test set-up have been utilized when 
building the FE models. The symmetry lines are the apparent symmetry line along the middle of the concrete 
beam and the “symmetry” line at the hinge. In the latter case, the symmetry is certainly present during elastic 
deformations but can be questionable in the nonlinear region. It has been assumed that this irregularity does not 
have a significant influence on the results. The concrete and the steel in the beam are modelled by eight-node 
linear brick elements with reduced integration. The reinforcement is represented by linear truss elements. The 
NSMR and the adhesive are modelled by eight-node linear brick elements with reduced integration and the 
sheet/plate by four-node shell elements with reduced integration. Typical FE models for the three strengthening 
techniques are shown in Figure 4. Full bond is assumed in the NSMR case, i.e. there is full transfer of load 
between CFRP and adhesive and between adhesive and concrete. The bonding of the plate/sheet to the concrete 
is also modelled by assuming full bond to concrete without considering the adhesive layer. Full bond between 
the steel reinforcement and the concrete is assumed. The boundary conditions for the model are set for the 
support, along the middle of the beam, in the hinge and at the CFRP. 

SHEET

PLATE 

NSMR

Figure 4 Typical FE model and enlargement of the strengthening techniques used. 
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Material models 

Many concepts for describing the quasi-brittle behaviour of reinforced concrete are present today, e.g. discrete 
crack, smeared crack, inner softening band (Tano 2001). In this paper, a damaged plasticity model has been used 
for the concrete. It is a constitutive model included in ABAQUS (Hibbitt et al. 2005, Lubliner et al. 1989, Lee 
and Fenves 1998) and has been successfully used by the authors in numerical analyses of CFRP strengthened 
concrete slabs with openings (Enochsson et al. 2005). The evolution of the yield surface is controlled by two 
hardening variables, one in tension and one in compression. Non-associated flow is assumed where the flow 
potential g is the Drucker-Prager hyperbolic function. The crack propagation is modelled by using continuum 
damage mechanics, i.e. stiffness degradation. This means that the modulus of elasticity is reduced in the 
concrete where cracking occur. A prominent advantage of the damaged plasticity model is that the calculations 
actually converge. This in comparison to the smeared crack model where often stress locking or other numerical 
problems appear causing the solution to degrade or not to converge. 

The concrete behaviour in tension is linear elastic until cracking is initiated and a strain softening response is 
assumed in the post failure region. The post failure behaviour is specified in terms of the stress-displacement 
response in order to minimize mesh sensitivity. It defines the tension softening behaviour and is described here 
by a bi-linear curve, see Figure 5. The fracture energy for mode I, Gf, is the area under the softening curve and is 
estimated to 100 N/m. The tensile damage is specified by an assumed linear relationship between the tension 
damage variable dt and the crack opening . The maximum value of the damage variable dt0 is set to 0.9, and the 
maximum crack opening 0 is calculated from the fracture energy, see Figure 5. The tensile strengths of the 
concrete, fct, are estimated from the splitting tests as 80 % of the splitting strengths, see Table 3. In compression, 
the concrete behaviour is linear elastic until initial yield stress c0 is reached. The material enters the plastic 
regime with a strain hardening before the ultimate compressive stress cu, followed by strain softening. The 
ultimate compressive stress is obtained experimentally from compressive tests, see Table 3. The initial yield 
stress for the concrete is assumed to be 60 % of the ultimate stress and the typical strain at ultimate stress is 0.2 
%. In this analysis, the nonlinear part of the constitutive model in compression is somewhat unnecessary since 
the initial compressive yield stress will not be exceeded. The damage evaluation in compression is omitted since 
crushing does not occur. By following the Swedish concrete code BBK 04 (2004), the modulus of elasticity is 
estimated from the compressive strength and Poisson’s ratio is assumed to be 0.2. 

Figure 5 The concrete tension softening curve and the relationship between the tension damage variable, dt and 
the crack opening, .

Table 3 Material parameters for the concrete. 

Anchorage 
length 
[mm] 

Compressive 
strength
[MPa] 

Modulus 
of

elasticity 
[GPa] 

Splitting 
strength
[MPa] 

Tensile 
strength
[MPa] 

Sheet 100, 200 57.3 35 4.73 3.78 
Sheet 500 48.7 33 4.18 3.34 
Plate 100, 200, 500 44.6 33 3.81 3.05 
NSMR 100, 200, 500 50.8 34 3.95 3.16 

The stress levels in the steel plate, the steel reinforcement and the CFRP for these tests are always in the elastic 
region, i.e. it is sufficient to model the steel and CFRP as linear elastic materials. The modulus of elasticity for 
steel is assumed to be 210 GPa. The CFRP is modelled as an isotropic material due to the loading conditions in 
the test set-up. The adhesive is linear elastic until failure and the post-failure relationship is assumed to be ideal-
elastoplastic for simplicity. Poisson’s ratio for the steel, CFRP and adhesive is set to 0.3.  
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RESULTS

Failure load 

Table 4 shows the failure loads of the experimental work and the numerical analysis. The failure load for the 
numerical analysis is defined as the load level at which the simulation fails to converge. A large difference is 
noted when changing the anchorage length from 100 to 200 mm in both the plate and NSMR cases. The failure 
load is approximately doubled in the experimental results. In the experimental results for the plate, there is no 
significant difference in the failure load for the anchorage lengths of 200 and 500 mm. For the NSMR, the 
failure load is increasing when going from an anchorage length of 200 to 500 mm but not nearly as much as 
between 100 and 200 mm. For the sheets, it can be noted that though there seems to be a small difference 
between 200 and 500 mm it could be greater since the concrete strength for the anchorage lengths are not the 
same. The numerical analyses are predicting lower failure loads than the experimental results except in the case 
of NSMR for an anchorage length of 100 mm. The difference in results can be a consequence of 
underestimating the concrete’s failure energy. Also the isotropic damaged plasticity model is weakening the 
concrete too much when extensive cracking is occurring. For the sheets, the numerical failure loads are not 
significantly different from each other. When studying the stress states at failure for the different anchorage 
lengths it seems that the calculations cannot continue with the cracking past 100 mm. The calculations have 
convergence problems. This is also noted for NSMR but then at an anchorage length of approximately 250 mm. 
There is a similar pattern for the plate but then at approximately 300 mm. 

Table 4 Failure loads of the test set-up. 
Failure loads 

Strengthening Anchorage length 
[mm] Experimental 

[kN] 
Numerical

[kN] 
100 - 28.5 
200 52.5 28.5 Sheet
500 56.1 30.2 
100 21.6 16.9 
200 41.2 25.4 Plate
500 40.4 30.3 
100 27.0 28.5 
200 60.9 42.2 NSMR 
500 85.6 42.2 

Strain distributions 

Figures 6 – 8 show the strain distribution along the middle of the CFRP. The experimental strains are 
represented by discrete points (Exp.) and the numerical results by continuous lines (FE). The strain distribution 
of the sheet and the plate with an anchorage length of 500 mm shows that after 250 mm the strains in the CFRP 
are negligible. The strains in the NSMR show a similar behaviour; the strains are a little larger at 250 mm. For 
all strengthening cases, the strain distribution for an anchorage length of 500 mm shows an increase at 50 mm 
for higher load levels. This is believed to be the result of a localized crack. A sharp corner is formed at this 
location and the CFRP is forced to bend over it hence an increase in strain.  

The strain distributions in the plate and the NSMR in the numerical results correspond well with the 
experimental results. This is not the case for the sheet where there is a noticeable difference in strain distribution. 
This could be explained by uncertainties in using the correct cross sectional area of the sheet in the simulations. 
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Figure 6 The strain distribution along the middle of the sheet. 
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Figure 7 The strain distribution along the middle of the plate. 
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Figure 8 The strain distribution along the middle of the NSMR. 

DISCUSSION 

The results for the plate investigated in the test show that at an anchorage length of approximately 200 mm the 
bonded CFRP cannot sustain any more load even if the anchorage length is increased to 500 mm, i.e. the critical 
anchorage length for the plate is approximately 200 mm. This is supported by the strain distribution in the plate. 
At approximately 250 mm, the strains in the CFRP are negligible. In the NSMR case, there is not an apparent 
critical anchorage length. The failure load is increasing with the anchorage length between 200 and 500 mm 
though not as much as between 100 and 200 mm. The strain distribution show that the strains have decreased at 
250 mm but not as much as in the plate case. A suggestion is here to carry out additional laboratory tests. Since 
the sheet only have experimental results for 200 and 500 mm, a critical anchorage length could not be 
established but based on these two lengths it can be assumed the critical length is less than 200 mm. The strain 
distribution for the sheet is similar to the plate. As can be seen in the comparison between the numerical and the 
experimental results for the failure loads, the numerical analyses underestimates the failure load. Firstly, the FE 
analysis has convergence problems. The correct response would be a continued cracking for larger anchorage 
lengths. Secondly, the progressing cracking zone is weakening the concrete too much. This is believed to be the 
result of the isotropic damaged plasticity model. The damage affects the stiffness in all directions yielding a too 
soft response. A cracked zone is formed with equal damage in all direction due to the constitutive model, not as 
in reality where discontinuities appears and have an anisotropic behaviour. The fracture energy, the tensile 
strength and the shape of the softening response for concrete are quite important parameters for the constitutive 
model in finite element calculations. These are well known facts and a slight variance in these parameters can 
significantly reduce the accuracy of the solution. 

CONCLUSIONS 

Three anchorage lengths for three strengthening techniques, sheets, plates and NSMR, have been investigated 
both experimentally and numerically. The purpose of the study is to possibly establish critical anchorage lengths 
for the three strengthening methods. The critical anchorage length for the sheet can not clearly be established, 
however, there is a tendency that the critical anchorage length is less than 200 mm. At an anchorage length of 
200 mm for the plate, the results show that a critical anchorage length is attained. Increasing the anchorage 
length adds safety to the structure but does not increase the load carrying capacity. The NSMR strengthening 
method does not show a clear result regarding the critical anchorage length. However, it is obvious that a critical 
anchorage length must exist at a length exceeding the tested 200 mm. The numerical results are sensitive to the 
values of the fracture energy, the tensile strength and the shape of the softening response for the concrete. 
Accurate methods of determining these material parameters are essential for the finite element analysis. Also, 
since the crack paths in the analysed test was complex including both mode I and II behaviour the damaged 
plasticity model used here may not be suitable. It can also be mentioned that, when the material properties of the 
constituents or geometry are changed, most likely the critical anchorage lengths will also change. 
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1 INTRODUCTION 

A structure is typically designed for a long life and it is probable that the demands on it change 
over time, e.g. carry larger loads or fulfill new standards. The structure might also have been exposed 
to a harsh environment leading to a degradation of its structural capacity. These reasons, and more, 
may lead to a need for strengthening the structure. Strengthening of reinforced concrete structures 
with carbon fiber reinforced polymers (CFRP) has been shown to be a very effective and 
advantageous retrofitting technique. The weight-to-strength ratio and resistance to corrosion are some 
of the advantages. Several different strengthening systems are available with CFRP and a relatively 
new technique is the near surface mounted reinforcement (NSMR) method. As opposed to externally 
mounted strengthening systems, NSMR is composed of sawing a groove in a concrete member, 
applying an adhesive in the groove and inserting a CFRP bar. Although the idea of embedding 
reinforcing tendons in existing structures has been present for several decades [1], acceptance of the 
method has only been possible with the emergence of the FRP material. As NSMR comprise of the 
properties and advantages of an ordinary FRP strengthening system, e.g. plates, it also has the 
benefit of being embedded in the concrete. This means better protection against impact, fire, abrasion 
and a natural resistance to peeling stresses. 

Strengthening of concrete members with NSMR have been reported by e.g. [2], [3], [4], and [5].
For NSMR, or indeed for most FRP strengthening techniques, the bond between the concrete and the 
strengthening material is the most important issue. This is where the transfer of stresses takes place 
to realize full composite action. The behavior of strengthened reinforced concrete is quite complex and 
an approach to investigate this is to utilize the finite element (FE) method. Many numerical analyses of 
reinforced concrete strengthened with CFRP using the FE method have been carried out in recent 
years. These concern primarily studies of plate bonding though there are a few studies of bonding of 
NSMR. In [6], concrete beams are strengthened with plates and the analytical shear and peeling 
stresses are compared with a linear finite element (FE) analysis. Several authors, e.g. [7], have 
emphasized that sufficiently small elements must be used in a FE analysis to accurately describe 
stress distributions, particularly at the end of a bonded plate. Teng et al, [8], make further refinement 
of the FE mesh and examine the interfacial stresses in reinforced concrete beams bonded with a soffit 
plate. A concern for the element size where stress singularities occur was also raised. Nonlinear FE 
analyses of reinforced concrete strengthened with NSMR are performed in [3], [4], [5], and [9].

The common failure mode of a strengthening system with plates is in the outermost concrete layer 
close to the adhesive. This has been reported in many papers, e.g. [9]. The failure mode for NSMR is 
more complex. It spans from being a failure in the adhesive close to the FRP bar, i.e. pure pullout, to 
the concrete layer close to the adhesive, as for FRP plates but with the difference that more concrete 
is dislodged. In between, a mixed mode of failure is present with cracks in both the adhesive and the 
concrete. Where the failure occurs is determined by geometrical and material parameters. The 
thickness of the adhesive, the position of the bar in the adhesive, and the bonding length are possible 
geometrical parameters. Material parameters are the modulus of elasticity and Poisson’s ratio of the 
concrete, adhesive and the FRP, and of course the tensile strength of the concrete and adhesive. 
Also, the configuration and the properties of the internal reinforcement may determine the failure 
mode.

To study the bond behavior of reinforced concrete strengthened with NSMR, a test for CFRP bar 
pullout was devised. This is illustrated in Figure 1 and is reported in [10]. The concrete beam has a 
minimum amount of reinforcing steel not shown in the drawing.  
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Fig. 1 The pullout setup. 

In this paper, the pullout of a rectangular NSMR CFRP bar bonded to reinforced concrete is 
studied by a finite element analysis in the linear elastic domain. Also, a Monte Carlo simulation, with 
the FE model incorporated, is carried out with the purpose of determining which geometrical and 
material parameters that are the most important for where the tensile strength is attained; in the 
adhesive or the concrete. The following simplifications have been made in this study; all materials are 
considered as isotropic and linear elastic, and the FE model utilizes symmetry. 

2 FINITE ELEMENT ANALYSIS 

2.1 General 
The 3D FE analysis of the pullout setup is performed in the linear elastic domain using the 

commercial program ABAQUS/Standard, [15]. The FE model is a symmetry model, see Figure 2. A 
part of the concrete block has also been omitted as it will not have any influence on the results; only 
make the computations more strenuous. This makes the length of the concrete block 400 mm and the 
bonded length, in this paper 200 mm, is located in the middle. The concrete, adhesive, and CFRP are 
modeled by eight-node linear brick elements and the reinforcement is represented by linear truss 
elements embedded in the concrete elements with full interaction. Full bond is assumed for the 
NSMR, i.e. there is full transfer of load between CFRP and adhesive and between adhesive and 
concrete. This is fully acceptable since no failure criteria are introduced in the model. The simple 
boundary conditions are recognized in Figure 1. 

2
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F

Fig. 2 The FE model of the pullout test with an enlargement of the adhesive layer. A force F acts on 
the CFRP bar. 

2.2 Material models 
The material models for the concrete, adhesive and CFRP are set to behave linearly elastic until 

the tensile strength is achieved. The CFRP bar is simplified to have an isotropic material model. The 
material parameters considered for the concrete and the adhesive are the modulus of elasticity, 
Poisson’s ratio and tensile strength. For the CFRP, the tensile strength is far from attained in the 
pullout test and only the modulus of elasticity and the Poisson’s ratio are included in the analysis. The 
materials are presented in Table 1 and 2. 

Table 1 The materials in the pullout test. 

Material Denomination Material parameters 

Concrete C40/50 Stochastic, see Table 2 
Adhesive Sto BPE Lim 465 Stochastic, see Table 2 
CFRP StoFRP Bar  Stochastic, see Table 2 
Steel reinforcement Es = 200 GPa, s = 0.3 

2.3 Finite element mesh 
An important part of the FE procedure is to ensure whether the model is satisfactorily accurate. A 

first step is to assure that the elements are sufficiently small. Although, this does not always mean that 
the smallest elements give accurate results. This is particularly true in a linear elastic analysis of a 
structure consisting of regions with different properties. Close to the boundary between two regions, 
and especially if a free surface is present, high concentration of stresses are expected to occur, i.e. a 
stress singularity. In a linear elastic FE analysis, using, hypothetically, infinitely small elements in this 
area will produce infinitely high stresses. This is comparable with the presence of a concentrated force 
in a linear elastic FE analysis. On the other hand, satisfactorily small elements must be used so that 
the model will yield correct stress levels and distribution. The resulting FE mesh is presented in Figure 
3. Also, when comparing solutions from FE analyses with different input parameters it is desirable that 
the FE mesh is constant, at least in important areas of the model. This means that the dimensions of 
the elements where the maximum tensile stresses occur in the adhesive and the concrete are 
irrespective of the input parameters. In Figure 3a, the curve denoted with * demonstrate where the 
maximum tensile principal stress will occur in the adhesive, i.e. close to the CFRP bar at the beginning 
of the adhesive. Figure 3b illustrate where the maximum tensile principal stress will occur in the 
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concrete, either at the top or the bottom of the groove. The location depends on the thickness of the 
adhesive. Figure 3c shows that the radius of the CFRP bar is accounted for since unreasonably high 
stress concentrations occur when a sharp corner is used. 

a) adhesive & concrete

b) concrete

c)

*

*

*

Fig. 3 The FE mesh; a) a close up of the adhesive mesh, b) the concrete mesh beneath the 
adhesive, and c) enlargement of the element configuration close to the groove. * denotes three

locations where the tensile strength may be achieved first; in the adhesive or the concrete.

2.4 Reshaping geometric domains
An algorithm was devised to alter the groove geometry automatically while maintaining the

dimensions of the elements of interest in the FE mesh, i.e. at locations denoted with * in Figure 3. To
achieve that, the concept of mapping from isoparametric element formulation is used in the vicinity of 
the groove. Eight nodes are selected to define a super element. For any node d inside the super
element, the coordinates ( , ) are found from an iterative procedure illustrated in figure 4. Three
points, p1, p2, and p3 with known -coordinates are chosen and the xy-coordinates are calculated
using standard shape functions. Two planes are defined by the three x-values and the three y-values
from these points. The planes have the correct values along lines, dashed for x and dotted for y, in
figure 4a, and the two lines will meet in point p4, Figure 4b. This new point can now be used instead of 
one of the previous points, preferably the one farthest from d. The procedure is repeated until
convergence is satisfactorily.

To modify the mesh with a given b and h, the coordinates of the nodes defining the super
element are altered as seen in Figure 4c. A care is taken for preserving the size of certain elements in
a mesh. An example is shown in Figure 4d for a simple mesh with an unchanged size in the y-
direction. The original mesh has solid lines and the modified has dashed lines. The nodes of the
elements in the top row are vertically adjusted h.

4
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Fig. 4 a) a super element with the node d to be moved and the points p1, p2, and p3 for the first 
iteration, b) the first new point established in the iterative process and an original point is removed, c) 

the modification of the nodes in the super element, and d) an example of a modified mesh. 

3 MONTE CARLO SIMULATION 

3.1 General 
In this paper, there is a difference between a standard Monte Carlo simulation and the simulation 

performed here. A standard Monte Carlo simulation is based on a failure function. Here, the FE model 
is used for calculating the resistance side of the failure function. No assumptions are made for the 
loading. A possible negative consequence of this is the loss of utilizing the sensitivity factor, , as a 
means to determine the influence on the failure function for each stochastic parameter. 

3.2 Stochastic parameters 
The stochastic parameters in this probability study comprises of, see also Table 2; 
 the adhesive thicknesses; below and on the side of the CFRP bar, see Figure 2, 
 tensile strength, modulus of elasticity and Poisson’s ratio for the adhesive and concrete, 
 and the modulus of elasticity and Poisson’s ratio for the CFRP bar. 

The following parameters are considered to be deterministic; 
 the bonded length of the CFRP bar, 
 eccentricity, cross sectional area and length of the CFRP bar, 
 material parameters and configuration of the steel reinforcement, 
 and the width, height, and length of the concrete block. 

The thicknesses of the adhesive are assumed to have a triangular probability distribution. This to 
ensure cutoff values, i.e. the width of the sawed groove varies between 11 and 17 mm and the depth 
between 10.5 and 13.5 mm. The adhesive thicknesses have a mean value of 2 mm and histograms of 
the random generated values, the probability density function (PDF), is plotted in Figure 5. In all the 
PDF plots, the interval between the minimum and maximum value of the stochastic parameter is 
divided in 50 smaller intervals. The vertical axis shows the frequency. Other geometric parameters 
have been deemed to be deterministic in this investigation. Also, as the pullout setup is considered to 
be symmetric in this paper, the eccentricity of the CFRP bar cannot be included. 

The probability distributions of the material properties are assumed to follow log-normal 
distributions. The concrete quality is C40/50 where the mean value of the modulus of elasticity is 
extracted from [11] and the tensile strength is taken from [10]. The coefficients of variation (CoV) for 
the modulus of elasticity and the tensile strength are obtained from [12]. For the Poisson’s ratio of 
concrete, the mean value is found in [13]. The mean values of the modulus of elasticity and the tensile 
strength for the adhesive are according to the manufacturers’ specification. The CoV are assumed to 
be the same as for concrete. The mean value of the modulus of elasticity for the CFRP is according to 
the manufacturers’ specification and the CoV is established in [14]. The mean values of the Poisson’s 
ratio for the adhesive and the CFRP are assumed. The CoV of the Poisson’s ratio for all three 
materials are assumed. Many have investigated the Poisson’s ratio for concrete and the results are 
ranging from 0.15 to 0.25. Based on this, the CoV for the concrete is assumed to be 0.05 and this 
value is also set for the adhesive and the CFRP. 

5
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3.3 Simulation procedure 
For each of the stochastic parameters, 10000 random values are generated using MATLAB, [16].

These values are the ones used for carrying out the Monte Carlo simulation. The output of the 
simulation is the required force in the CFRP for achieving the tensile strength of the concrete or the 
adhesive. This will give a probability distribution of the force. 

The complete analysis consists of a loop repeated 10000 times with several steps inside a loop. 
The first step in a loop is to insert the current parameters into the FE input file. This includes altering 
the geometry of the model. After that, the linear elastic analysis is performed by ABAQUS. An output 
file is generated containing the maximum tensile principal stress in the concrete and the adhesive 
along with the corresponding element numbers, i.e. where the maximum tensile principal stress 
occurs, and of course with the force in the CFRP bar. In the last step, the force in the CFRP bar 
required for attaining the tensile strength of the concrete (or if applicable the adhesive) is calculated by 
comparing the maximum tensile principal stress and the tensile strength, and scaling the force in the 
CFRP correspondingly.  

Table 2 The probability distribution, mean value, and coefficient of variation for the stochastic 
parameters. 

Stochastic parameter, X Distribution Mean value Coefficient of 
Variation

Unit

Adhesive thickness on the side of the CFRP bar, b Triangular 2 0.3 mm
Adhesive thickness below the CFRP bar, h Triangular 2 0.3 mm
Elasticity of modulus (concrete), Ec Log-Normal 35 0.15 GPa
Poisson’s ratio (concrete), c Log-Normal 0.19 0.05
Elasticity of modulus (adhesive), Ea Log-Normal 7 0.15 GPa
Poisson’s ratio (adhesive), a Log-Normal 0.3 0.05
Elasticity of modulus (CFRP), Ef Log-Normal 140 0.02 GPa
Poisson’s ratio (CFRP), f Log-Normal 0.3 0.05
Tensile strength (concrete), fct Log-Normal 3.0 0.3 MPa
Tensile strength (adhesive), fat Log-Normal 31 0.3 MPa

6
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Fig. 5 Probability density functions (PDF) of the stochastic parameters b (m), h (m), Ec (Pa), c, Ea
(Pa), a, Ef  (Pa), f, fct (Pa), and fat (Pa). 

7



FRPRCS-  University of Patras, Patras, Greece, July 16-18, 2007 8

4 RESULTS 

4.1 Stress distributions 
Figure 6 demonstrate the distributions of the first principal stress in the linear elastic domain using 

the mean values of the stochastic parameters. The thick curves in Figure 6a amplify the rapid increase 
in the stress close to the end of the adhesive at the loaded side of the CFRP bar. Figure 6b illustrates 
the distribution in the adhesive close to the concrete and the distribution along Path A with the location 
of the maximum principal stress, 1a,max. Figure 6c shows the distribution in the concrete. Figure 6d is 
also for the concrete but with a thin adhesive layer in the bottom (b = 3.5 mm and h = 0.5 mm). 

a) b)

Path A

1a,max 

0

2

4

6

8

10

12

14

Path A
Fi

rs
t p

rin
ci

pa
l s

tre
ss

 (M
Pa

) 1a,max 

c)

adhesive 

d)

adhesive 

Fig. 6 The distributions of the first principal stress; a) in the adhesive adjacent to the CFRP bar, b) in 
the adhesive close to concrete and along Path A, c) in the concrete, and d) in the concrete (b = 3.5 

mm and h = 0.5 mm). 

4.2 Probability results 
Figure 7 illustrates the resulting histogram for the CFRP force required for attaining the tensile 

strength in either the concrete or the adhesive. The mean value is 2087 N and the CoV is 0.33. The 
tensile strength of the adhesive was the deciding strength parameter for very low tensile strengths of 
the adhesive, fat < 17 MPa, combined with a moderately high tensile strength in the concrete, 3.5 – 5 
MPa. This also happened when tensile strength of the adhesive was moderately low, 17 - 25 MPa, 
combined with a very high tensile strength in the concrete, fct > 5 MPa. Otherwise, 99 % of the 
calculations show that the tensile strength in the concrete is the critical strength parameter. 

Large adhesive thicknesses will reduce the stress in the concrete, thus increasing the force that 
the CFRP bar can carry, as long as the tensile strength in the adhesive is not exceeded. 
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As shown in Figure 6, the cracking in the concrete can be initialized in one of two locations in the 
groove; at the top or in the bottom. The calculations show primarily that where the cracking is 
initialized depends on the relative thicknesses of the adhesive. An absolute difference between the 
thicknesses, t = b - h, in the span of 0.5 – 3.0 mm may give an initialization of the crack in the bottom 
of the groove, i.e. a thin adhesive layer below the CFRP bar. For a t between 0.5 and 1.8 mm, both 
locations can be possible. The location depends here mainly on the values of h or b and secondly on 
the modulus of elasticity for the adhesive. If t = 0.5 mm, h close to 0.5 mm (very thin), and Ea < 5 
GPa, a crack will be initiated in the bottom of the groove. A larger h or Ea induces the crack at the top 
instead. If t = 1.8 mm, b close to 3.5 mm (maximum thickness), and Ea > 8 MPa, it will be at the top 
of the groove. A lower b or Ea induces the crack in the bottom instead. A t between -3.0 and 0.5 mm 
will yield the maximum tensile stress at the top of the groove. Close to 93 % of the calculations show 
that the first crack is initiated at the top of the groove. 

Fig. 7 The resulting histogram for the CFRP force required for attaining the tensile strength in either 
the concrete or the adhesive (N). 

5 DISCUSSION 

In a standard Monte Carlo simulation of a failure function, the influence which every stochastic 
parameter has on the result is a part of the solution procedure. Using a FE analysis instead of an 
equation, makes it more difficult to evaluate the importance of each parameter. Still, some general 
conclusions have been possible to formulate. The pullout test in the linear elastic domain is heavily 
influenced by the tensile strength of the concrete. This is true for the type of adhesive used in this 
paper. An adhesive with a lower tensile strength will probably give that the tensile strength is more 
prone to be breached in the adhesive. 

The difference between the thicknesses of the adhesive below and on the side of the CFRP is the 
most influential parameter for where the first crack in the concrete will appear; in the bottom or at the 
top of the groove. The location of the first crack will not change at b = h since the top of the groove 
have a free surface, thus higher stresses. A smaller h than b is required for the first crack to appear in 
the bottom of the groove. 

6 CONCLUSIONS 

The following conclusions are deduced from the linear elastic finite element analysis of the near 
surface mounted carbon fiber reinforced polymer bar pullout test: 

 The maximum CFRP force in the linear elastic domain is heavily influenced by the tensile 
strength of the concrete, at least considering the material properties of the adhesive used in 
this paper. A lower tensile strength in the adhesive will increase the probability of that the 
allowable stress in the adhesive is attained first. 

 The location of the first crack in the concrete is dependent on the difference between the 
adhesive thicknesses below and on the side of the CFRP. A thin adhesive layer below the 
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CFRP bar compared to thickness beside the bar implies that the first crack in the concrete will 
appear in the bottom of the groove. 
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Abstract
Strengthening of reinforced concrete structures with carbon fiber reinforced polymer (CFRP) 
composites have been a viable method for several years now. A FRP strengthening technique that 
has shown promising properties and behavior is the near surface mounted reinforcement (NSMR) 
method. The most important feature of the NSMR system is the bonding behavior. This paper 
presents an evaluation of an anchorage test intended for NSMR CFRP bars bonded to reinforced 
concrete. The anchorage test is monitored by strain gauges and digital speckle photography. A 
nonlinear 3D finite element (FE) analysis is performed on the anchorage test as well. The results 
show that the failure behavior could be captured and explained only by combining the experimental 
observations and the FE analysis. The failure mode is a combined failure in the concrete and the 
adhesive; however, the maximum transferable load is obtained when a major crack at the very end 
of the bond length is developing in the concrete. 
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Introduction
A concrete structure is designed to fulfill specific requirements for a certain period of time. For 
economical and environmental reasons, it is often desirable to keep the structure in service, with 
satisfactory safety, even after this time. In addition, the demands on a structure are likely to change 
as society evolves. For example, the loads become larger and more frequent compared to what 
structures were originally designed for. Concrete structures also deteriorate, sometimes faster than 
anticipated due to environmental loads. Increasing demands and unexpected deterioration both 
addresses the need for suitable methods for rehabilitation of existing infrastructure in our society. 
For concrete structures, several methods exist to improve structural bearing capacity. One method 
that has gained acceptance and popularity in recent years is externally bonded plates or sheets with 
carbon fiber reinforced polymers (CFRP). A related technique is the near surface mounted 
reinforcement (NSMR) method where the strengthening material is placed in cut grooves in the 
concrete cover. The method dates back to the 40’s when Asplund (1949) strengthened a bridge in 
the negative moment region by bonding steel bars by grout in cut grooves. When NSMR is used 
today for strengthening of reinforced concrete members, CFRP is almost exclusively used and the 
reinforcement bars are bonded to the concrete by an epoxy adhesive. The combination provides a 
durable improvement of the bearing capacity in a cost effective way with a minimum change of the 
aesthetics. Strengthening with NSMR CFRP has proven to be successful in laboratory beam tests as 
well as in full scale applications, Täljsten et al. (2003). One advantage with CFRP is that it can be 
produced with almost any shape of cross-section. Normally, the grooves where the bars are placed 
have rectangular geometry and therefore the bar should have a rectangular cross-section to give 
uniform adhesive thickness. In full-scale applications, it has been found that a quadratic bar cross-
section of 10 mm by 10 mm are suitable dimensions. This size of bar can be mounted in most 
concrete covers with a minimal effect on the internal reinforcement. With this configuration it has 
been shown in laboratory tests of beams, Carolin et al. (2005), that the ultimate fiber capacity 
causing bar tensile breakage can be obtained. As NSMR comprise of the properties and advantages 
of an ordinary FRP strengthening system, e.g. externally bonded plate, it also has the benefit of 
being embedded in the concrete, giving better protection against impact, fire, abrasion, vandalism, 
and a natural resistance to peeling stresses. 

The anchorage of quadratic NSMR has not been studied to the same extent as for traditional plate 
bonding, mainly since it has been considered to have the same or better anchorage properties. 
However, the full effective use of NSMR bonded to reinforced concrete (or other materials such as 
wood and masonry) is not feasible as long as there is a lack in the fundamental understanding of the 
mechanics and the failure mechanisms of the strengthening system. For NSMR, or indeed for most 
FRP strengthening techniques, the bond between the concrete and the strengthening material is of 
outmost importance. This is where the transfer of stresses takes place to realize full composite 
action. The behavior of strengthened reinforced concrete is quite complex and one approach to 
study the composite action is to utilize the finite element (FE) method. The majority of numerical 
analyses of reinforced concrete strengthened with CFRP carried out in recent years have been 
studies of externally bonded sheets/plates and only a few FE studies of NSMR. One major 
difference in modeling the two strengthening techniques is that FE analysis of NSMR requires a 
3D-model, whilst modeling of traditional sheet/plate bonding gives accurate results when reduced 
into a 2D-model.  

Linear elastic 2D FE analysis of the NSMR strengthening technique has been performed by Hassan 
and Rizkalla (2004) on circular bars whilst Lundqvist et al. (2007) studied quadratic bars in 3D. 
Linear elastic models are relatively straight forward to use and can provide useful information on 
for example stress distributions but cannot serve as a tool for a thorough understanding of the 
complete behavior of the system. A nonlinear description is necessary for accurate FE analyses of 
the strengthening technique.
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NSMR has in the past been investigated in Hassan and Rizkalla (2003, 2004), De Lorenzis et al.
(2004), Sena Cruz et al. (2006), and Lundqvist et al. (2005), using nonlinear FE analyses. Hassan 
and Rizkalla (2003) have a 3D FE analysis of reinforced concrete beams strengthened with NSMR 
CFRP strips and the concrete was modeled with a smeared crack model. Hassan and Rizkalla 
(2004) considered round bars and inserted a criterion for debonding at the epoxy/concrete interface. 
De Lorenzis et al. (2004) contains a 3D FE analysis of a NSMR pullout test setup (round bars). In 
the paper, an interface model, originally developed for internal reinforcement by Lundgren and 
Gylltoft (2000), was adapted to describe the behavior of the bar/epoxy interface. The 
epoxy/concrete interface was modeled with a Coulomb frictional model. For the concrete and the 
epoxy, a rotating smeared crack model was used. A comparison was made between the results from 
the test and the FE analysis. The FE model was able to capture the two considered failure modes 
and showed a reasonable agreement in the global behavior (load vs slip). Sena Cruz et al. (2006) 
performed 2D FE analysis on NSMR strips in a beam bending test and made observations on the 
cracking pattern in the adhesive. They used a multifixed smeared crack model to describe the 
adhesive behavior. In addition, interface elements were used to model the behavior of the 
adhesive/strip interface. In the test, the CFRP strips were placed in deep and narrow grooves in a 
steel fiber reinforced concrete beam. The steel fibers were provided to minimize the risk of shear 
failure in the beam. A possible consequence of using fiber reinforced concrete instead of ordinary 
concrete could have been that the substantial cracking occurring in the concrete was avoided, thus 
the notable failure in the adhesive. Lundqvist et al. (2005) made 3D FE analyzes of sheets, plates, 
and quadratic NSMR in beam bending tests. It was found that the NSMR strengthening method was 
favorable to the externally bonded reinforcement as it had a higher degree of utilization of the FRP. 
The FE analysis was also sensitive to the material properties of the concrete hence implying a 
dependency of the concrete characteristics. 

A difference in behavior exists between externally bonded plates and internal reinforcing bars. For 
the latter, a satisfactorily long development length of the reinforcement can always be obtained to 
provide yielding in the steel rebars, Tepfers (1973). Ignoring the rupture failure in the FRP, the load 
carrying capacity of a bonded FRP sheet/plate increases as the bonding length increases but only to 
a certain point, Täljsten (1994). There exists an effective bond length, i.e. an increase of this bond 
length does not increase the maximum transferable load. Tests by Carolin et al. (2005) show that 
NSMR presents a mix between the behavior of the externally bonded plate/sheet and the internal 
reinforcing bar. Failure modes of NSMR have similarities to other external systems such as 
externally bonded plates/sheets with the exception that debonding governed by peeling stresses is 
less probable to take place.

For beams strengthened with NSMR, the possible failure modes are (excluding ordinary failures 
such as shear and concrete crushing): fiber rupture and debonding, Carolin et al. (2005) and 
De Lorenzis and Teng (2007). Fiber rupture gives the optimum utilization of the strengthening 
capacity. Such a strengthened member will in many cases show large deformations prior to failure 
and is therefore often desired in design. Debonding is a generic term for several possible failure 
modes close to the bonded bar: adhesive failure, adhesive/bar or adhesive/concrete interface failure, 
or failure in the concrete zone close to the adhesive.

For a fully functioning strengthening system that has been applied correctly, the debonding failures 
need to be avoided. Therefore it is necessary to understand the debonding phenomenon, as it has to 
be considered in the design of a strengthening system. The location of the debonding is determined 
by geometrical and material parameters. The thickness of the adhesive, the position of the bar in the 
adhesive, and the bonded length are important geometrical parameters. Material parameters are the 
modulus of elasticity of the concrete, adhesive and the FRP, as well as the tensile strengths of the 
concrete and adhesive. Also, the configuration and the properties of the internal steel reinforcement 
may affect the failure mode. 



This paper presents an evaluation of an anchorage test intended for square NSMR CFRP bonded to 
reinforced concrete. An experimental series was devised with a total of 15 specimens which were 
loaded to failure. The influences both geometrical and material parameters have on the failure 
behavior are investigated: bond length, concrete strength, modulus of elasticity of the CFRP and the 
adhesive, and groove dimensions. A nonlinear 3D FE analysis is performed and compared with the 
experimental results. The study comprises of the global behavior (load-displacement relation and 
maximum transferable load), failure mode, and the local behavior (strain in the CFRP bar and the 
concrete beam, and shear stress at the adhesive/CFRP layer) of the anchorage test. The strain 
distribution of the concrete beam measured by digital speckle photography is compared with the 
outcome of the FE analysis. 

Experimental program 
To study the failure behavior of a CFRP bar bonded to reinforced concrete with an epoxy adhesive, 
i.e. NSMR, an anchorage test setup was designed. Concrete beams were cast and prepared 
according to best practice for the NSMR strengthening technique. A schematic of the anchorage test 
setup is illustrated in Figure 1. A horizontal support is located in front of the concrete beam while a 
force is applied to the CFRP bar through a wedge lock by a hydraulic actuator. A vertical support at 
the other end of the beam prevented a possible uplift. The actuator was controlled to give a constant 
deformation pace of 0.002 mm/s.  

The bonded zone begins 100 mm into the sawed groove to reduce the effect of the horizontal 
support in terms of concrete confinement. For convenience, the end of the adhesive layer near the 
loading is designated as the loaded end and the other end is designated as the free end in this paper. 
Special attention was given to align specimens, especially the bar and the actuator. Between the 
wedge lock and the actuator a spherical bearing was placed to minimize induce of bending. The 
wedge lock, developed at Luleå University of Technology in a previous not reported test, has 
proven to develop satisfactory anchorage to obtain fiber rupture in the bar during tensile tests of bar 
specimens. The complete scheme of the anchorage test is thoroughly described in Bergström et al.
(2007).
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Figure 1  The anchorage test setup. 
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Test matrix 
All tests are presented in Table 1 where the reference specimen with a bond length of 200 mm is 
denoted B200. The test series is designed to isolate the influences that different parameters have on 
the failure behavior of the anchorage test. The following parameters are varied: bond length, 
concrete strength, FRP stiffness, adhesive stiffness, and groove size. Three different bond lengths, 
two concrete strengths, two modules of elasticity of the CFRP bar, two adhesives with different 
modulus of elasticity, and three groove sizes were used. The concrete beams used in the tests were 
produced from four meter long reinforced concrete beams with a sawed groove along one side. The 
beam was cut into one meter long pieces to produce the test specimens. The beams have a square 
cross section of 200 mm and a minimum amount of reinforcing steel, see Figure 2. The dimensions 
of the groove are the width b and depth d. The groove reaches across the full length of the specimen 
although the entire groove is not utilized for bonding. This was done for practical convenience and 
is not considered to interfere with the test results. The denotations of the specimens are as follows: 
the bond length is given, in mm, after the letter B, a lower concrete strength is denoted Con, a 
higher fiber stiffness Frp, a small groove size Sg, a larger groove size Lg, and a higher modulus of 
elasticity in the adhesive Adh compared to the reference specimen. For each configuration, except 
B200Adh, two specimens were tested giving a total of 15 tests.  

1000

200

200

b

d
16 mm 10 mm

100

Figure 2 The concrete beam.  

Table 1 Test matrix and material properties. 

Concrete CFRP Adhesive

Specimen 

Bond
length
[mm]

Ec

[GPa] 
 fccd/fct

[MPa]
Gf

[N/m]
Ef

[GPa]
fft

[MPa]
Ea

[GPa] 
fat

[MPa]

Groove
b d

[mm]
B100 100
B200 200
B350 350

35 50.0/3.0 207

B200Con 34 41.6/2.6 182

156 2225

B200Frp 273 2588

14 13

B200Sg 12 11
B200Lg

7 31

16 15
B200Adh

200
35 50.0/3.0 207

156 2225

10 27 14 13

Material properties 
The material properties for the concrete, the adhesives, and the CFRP bars are presented in Table 1.
Material properties for steel, CFRP, and adhesive are supplied by the manufacturer. The 
compressive and tensile strengths of the concrete are determined from tests on 150 mm cubes. The 
two concrete qualities were intended to have a compressive strength, fccd, of 20 MPa and 45 MPa 
respectively, but it was found from compression tests that the capacity was higher than expected as 
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seen in Table 1. The tensile strength of concrete, fct, was determined by splitting test. The tensile 
strength was taken as 80 % of the splitting strength. The modulus of elasticity, Ec, was estimated 
from the compressive strength according to the Swedish concrete code BBK 04 (2004) and the 
Poisson’s ratio was assumed to be 0.2. The fracture energy, Gf, was determined according to the 
specifications in RILEM (1985). Four specimens were manufactured and tested, but only for the 
higher concrete strength. The fracture energy for the test specimens with a lower concrete strength 
was derived by using a simple linear relationship between the fracture energy and the compressive 
strength of the concrete. The cross section of the CFRP bars was 10 10 mm. Two CFRP bars with 
different modulus of elasticity, Ef, and tensile strength, fft, were used, namely StoFRP Bar E10C and 
StoFRP Bar M10C. The latter has a higher modulus of elasticity and tensile strength. Two epoxy 
adhesives were investigated: StoBPE Lim 465 (A+B) and StoPox SK 41 (A+B). The second 
adhesive has a higher modulus of elasticity, Ea, though marginally lower tensile strength, fat. The 
Poisson’s ratio for the CFRP and the adhesive was assumed to be 0.3. For the steel reinforcement, 
quality Ks500 with a mean yield strength of 515 MPa was used. The arrangement of the steel 
reinforcement is shown in Figure 2.

Monitoring 
A quite extensive monitoring program was adopted to capture the rather brittle failure. The global 
behavior of the anchorage test as well as the local behavior of the CFRP bar and the surrounding 
concrete were monitored. The global displacement of the bar was monitored using Linear Voltage 
Displacement Transducers (LVDT) at both the loaded and the free end as shown in Figure 3. The 
LVDT at the loaded end of the bar is located 100 mm from the bonded length. The LVDT at the 
free end is placed just outside the bonded length. The force applied to the CFRP bar was measured 
by a load cell.

Two test series were devised. In test series 1, the strains in the CFRP bar were measured using 
traditional electrical strain gauges located along the bar, see Figure 3. Ten strain gauges were placed 
on the first 40 mm of the bonded area, followed by a number of gauges along the remaining bond 
length. For the test series 2, the strains were measured using digital speckle photography (DSP). 
The DSP measurements covered the width of the concrete beam along the bonded length of the 
CFRP bar. To improve the contrast of the speckle pattern, the specimens were first painted black 
and then sprayed with white paint. The images were taken using a 13 Mpixel digital camera. The 
sub-picture size was chosen to 64 64 pixels, which gave sufficient precision and correlation in the 
analysis. Only strain distributions for the concrete surface were obtained in the tests. 

LVDT free end LVDT loaded end Strain gauge

100

200

350

10x4

50

40607080 2020

Figure 3 Location of LVDTs and strain gauges.  
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Finite element analysis 
General
The FE analysis (FEA) conducted is a 3D nonlinear simulation of the experimental set-up using the 
commercial FE program ABAQUS/Standard, ABAQUS (2006). A symmetry line in the test set-up 
has been utilized when building the FE models and it is the apparent symmetry line along the 
middle of the concrete specimen. The symmetry is certainly present during elastic deformations but 
can be questionable in the nonlinear region. However, it has been assumed that the results have not 
been significantly influenced.

The FE mesh of the experimental setup is an assembly of three parts: the concrete, the adhesive 
layer and the CFRP bar. 

Concrete: The length of the concrete beam in the FE model is shorter than the physical 
beam. If the bonding length is 200 mm, then the length of the concrete beam in the FE 
model was set to 400 mm, i.e. the part of the beam beyond the adhesive is 100 mm. Larger 
elements were utilized in the FE mesh where cracking does not occur. Close to the bonded 
area and in the concrete, a principally uniform mesh is defined where the size of the element 
sides are approximately 3.3 mm to capture the cracking behavior of the concrete

Adhesive: An even finer mesh is used to model the adhesive part, due to the thinness of the 
layer and the cracking in the concrete close to the groove. 

CFRP bar: A radius of 1.5 mm is applied in the corner of the immersed CFRP bar in the 
adhesive. This prevented excessively high stresses from occurring in the corner. In a cross 
section of the CFRP bar, a fine mesh is located in the radius which progresses to a coarser 
mesh in the rest of the bar. In the direction of the bar, a coarse mesh is defined.  

Figure 4 shows the FE mesh employed for the reference specimen and similar meshes are used for 
the other test specimens. The boundary conditions are fixed along the symmetry surfaces and on the 
back of the concrete beam. The interfaces between the CFRP bar and the adhesive layer, and the 
concrete beam and the adhesive layer are considered to behave fully bonded. This means the failure 
which occurs in the concrete close to the adhesive layer and in the adhesive adjacent to the CFRP 
bar, takes place solely in these materials and not in an interface layer defined between the materials. 
The concrete specimen, the adhesive layer, and the CFRP bar are modeled by eight-node linear 
brick elements and the steel reinforcement is represented by linear truss elements embedded in the 
concrete elements with full interaction. The specimens are loaded by displacement control, i.e. a 
prescribed displacement is defined at the loaded end of the CFRP bar in the longitudinal direction of 
the bar. The loading is assumed to be applied in a perfectly horizontal manner. The iterative 
solution procedure is handled by the standard Newton-Raphson scheme with a force and 
displacement convergence control.



Figure 4 The FE model for specimen B200.

Constitutive behavior 
Various concepts for describing the quasi-brittle mechanisms in reinforced concrete have been 
introduced in the FE method. For concrete in tension, these concepts are well known theories such 
as the discrete crack and the smeared crack approach, or more sophisticated models, for example 
the inner softening band method, Tano (2001). The material model for the concrete in this paper is a 
coupling of isotropic damage and plasticity. It is a constitutive model included in ABAQUS, 
Lubliner et al. (1989) and Lee and Fenves (1998), and has been successfully used by the authors in 
numerical analyses of CFRP strengthened concrete slabs with openings, Enochsson et al. (2007). 
The evolution of the yield surface is controlled by two hardening variables, one in tension and one 
in compression. Non-associated flow is assumed and the flow potential g is the Drucker-Prager 
hyperbolic function. In these functions, a couple of parameters must be defined. The dilation angle 

 and the eccentricity e for the flow potential are set to  = 30º, Plos (2004) and Malm (2006), and 
e = 0.1. For the material parameters b0/ ccu (ratio of initial equibiaxial compressive strength to 
uniaxial compressive strength) and Kc (ratio of the second stress invariant on the tensile meridian to 
that on the compressive meridian at initial yield for any given value of the first stress invariant such 
that the maximum principal stress is negative), the default values in ABAQUS are used, i.e. 1.16 
and 2/3, respectively.

The concrete behavior in tension is linear elastic until cracking is initiated and a strain softening 
response is assumed in the post failure region. The post failure behavior is specified in terms of a 
stress-displacement response in order to minimize mesh sensitivity. The softening response is 
approximated by the relationship empirically derived by Cornelissen et al. (1986), see Figure 5b.

c
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where f( ) is a displacement function 
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c1 and c2 are material constants and for normal density concrete equal to 3.0 and 6.93, respectively. 
is the crack width and c is the crack width where stress can no longer be transferred. c is defined 

as
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The fracture energy, Gf, is the area under the curve for the stress–crack width relationship and fct is 
the concrete tensile strength. The tensile damage is specified by an assumed linear relationship 
between the tension damage parameter, dt, and the crack opening, , see Figure 5c.

In compression, the concrete behavior is linear elastic until the initial yield strength is reached. The 
material enters the plastic regime with a strain hardening before the ultimate compressive strength, 
fccd, is reached which followed by a strain softening. The initial yield strength for the concrete is 
assumed to be 60 % of the ultimate strength and the typical strain at ultimate strength is 0.2 %, as 
defined in BBK 04 (2004), see Figure 5a. In this analysis, the nonlinear part of the constitutive 
model in compression is somewhat unnecessary since the initial compressive yield strength will not 
be exceeded. The damage evaluation in compression is omitted since crushing of the concrete does 
not occur.

(a) (b) (c) 

c

ctf

fG

ccdf

ccdf6.0

002.0

td

c

9.0

Figure 5 The material behavior of concrete; (a) compression, (b) tension softening, and (c) 
tension damage. 

The constitutive model for steel is ideal elasto-plastic and with the assumption of full bond between 
the rebar and the concrete. For the CFRP, the tensile strength is far from attained in the anchorage 
test and only the modulus of elasticity and the Poisson’s ratio are included in the analysis, i.e. 
rupture of the CFRP is not considered. The unidirectional CFRP bar is treated as an isotropic 
material. The behavior of the adhesive has in this paper been deemed to perform in the simplest 
possible manner, i.e. the constitutive model of the adhesive has been assumed to be a von Mises 
model with ideal elasto-plastic behavior. 

Results 
Maximum transferable load 
The maximum transferable load from the experimental tests and the FE analyses are presented in 
Table 2. For specimen B350 in test series 1, the utilized capacity of the CFRP bar is approximately 
50 %. 
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Table 2  The maximum transferable load (experimental and FEA).  

Experimental 

Specimen 
test series 1 

[kN] 
test series 2

[kN] 

FE
analysis 

[kN] 

B100 44.7 57.1 44.1

B200 72.6 72.6 73.2

B350 114.7 103.2 115.5

B200Frp 63 90.2 74.5

B200Adh 65.2 - 72

B200Con 76.1 88.1 56.7

B200Sg 82.1 94.3 69.7

B200Lg 63.1 83.3 83.7

Load-displacement relation 
The global behavior of NSMR CFRP bonded to concrete is shown in Figure 6 and 7. Three 
specimens from test series 1 are considered: B100, B200, and B350. The FE analyses are terminated 
after the maximum transferable load has been attained. The brittle behavior of the failure in the 
anchorage test made it impossible to capture the behavior after the maximum transferable load even 
though the test was displacement controlled. The linear elastic behavior of the specimen exists only 
up to a load of approximately 3 kN and the tensile strength of the adhesive is attained at 
approximately 9 kN (specimen B200).

Figure 6 shows load and displacement at the loaded end (100 mm from the adhesive). Good 
agreement is found between the experimental results and the FEA. The initial behavior of all 
specimens is similar; the load-displacement relationships are approximately equal at low load 
levels. Depending on the bond length, the curves start to diverge at some point. A similar behavior 
was found for all specimens, except for specimen B200Frp which has a higher modulus of elasticity 
(giving a steeper slope). 

Figure 7 depicts the relation between load and displacement at the free end and good agreement is 
found between the experimental results and the FEA. The displacement is approximately zero until 
quite close to the failure load. Similar curves were found for the other specimens.  
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Figure 6 The load-displacement relation at the loaded end. 
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Figure 7 The load-displacement relation at the free end. 

Strain distribution on the CFRP bar 
The strain distribution on the CFRP bar at different load levels is presented for specimens B100,
B200, and B350 in Figure 8, 9, and 10 (test series 1), respectively. The figures show the 
development of the strain in the bar as the load increases. The agreement between the experimental 
results and the FEA is good, however a slight deviation can be seen for specimen B350 at load 
levels > 70 % of the failure load. 
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Figure 8 The strain distribution on the CFRP bar along the bond length, B100.
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Figure 9 The strain distribution on the CFRP bar along the bond length, B200.
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Figure 10 The strain distribution on the CFRP bar along the bond length, B350.

Shear stress distribution for the adhesive/CFRP interface
The shear stress distribution for the adhesive/bar interface, specimen B350 test series 1, is 
demonstrated in Figure 11 and 12 for the experimental results and the FEA, respectively. The 
experimental shear stress is calculated from the strain distribution on the bar, thus giving a shear 
stress distribution at the adhesive/bar interface. The shear stress in the FEA is taken in the adhesive 
close to the bar, at the same position as the neutral axis of the bar. A large difference between the 
experimental results and the FEA is obvious. Notice the peak shear stress in the experimental results 
which is proceeding towards the free end as the load increases. The trend is especially visible at 
higher load levels and is best observed for the specimen B350. For the FEA, an increasingly larger 
plateau is formed at the loaded end as the loading is increasing. 
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Figure 11 The experimental shear stress distribution at the adhesive/CFRP interface along the 
bond length, B350.
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Figure 12 The shear stress distribution in the adhesive close to the CFRP bar along the bond 
length from FEA, B350.

Digital speckle photography 
The DSP results are shown in 

Figure 14 for specimen B200 at four load levels: (1) 40 kN, (2) 60 kN, (3) just before the failure 
load, and (4) at the failure load, see also Figure 13. Similar behavior was observed for all specimens 
monitored with DSP. The force is applied on the left in the image. The images are supplemented 
with contour plots from the FEA. Both contour plots show the first principal strain, 1, and 
illustrates how the cracking progresses in the concrete as load increases. A high tensile strain is 
dark, where black corresponds to 1 > 2 % in tension, and a compressive strain is grey ( 1 < -0.5 %). 
The FEA also shows the strain distribution in the bottom of the groove.  

The DSP results reveal that the maximum strain in the concrete occurs initially close to the loaded 
end of the CFRP bar. As the load increases, the location of maximum strain progresses towards the 
free end. The strain localization in the middle of the image is from an existing crack. Notice that 
this crack closes up as the maximum strain position passes this point. The formation of the crack at 
the free end corresponds to the failure load of the specimen. This free end crack was seen on all 
specimens where DSP was utilized. The herringbone pattern observed in other papers, e.g. 
Oehlers (2006), is also detected in the DSP contour plots. 

The crack at the free end at the maximum transferable load is visible both in the DSP and the FEA. 
What is also noticeable from the FEA is that the cracking is proceeding in the bottom of the groove 
before the top surface is cracking; see load level 3 in 

Figure 14. In addition, the extent of the cracking is quite limited to a small area close to the bonded 
length, except for the crack at the failure load which extends all the way to the side.  

14



0 0.5 1 1.5
Displacement at loaded end [mm]

0

20

40

60

80

Lo
ad

 [k
N

]

1

2

3 4

Figure 13 Four load levels, B200.
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Figure 14 First principal strain (from both DSP and FEA) on the concrete surface for specimen 
B200 at four load levels. 
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Failure mode 
The visual appearance of the failure in the anchorage test was that all specimens failed in the 
adhesive very close to the CFRP bar. However, four specimens retained concrete partially bonded 
to the CFRP bar after the test was finished which suggests that the failure was also in the concrete. 
After scrutinizing the results from the strain gauges, the DSP, and the FEA, it can be concluded that 
the failure occurs in the concrete as the maximum transferable load is attained. A secondary failure 
occurs in the adhesive close to the CFRP bar.

Figure 15 presents the deformation progress in y-direction (FEA) of specimen B200 for six load 
levels. For moderate load levels, 20 and 40 kN, the displacement in the y-direction is limited and 
occurring only at the loaded end of the adhesive. For higher load levels (>55 kN), the displacement 
in the y-direction is significantly growing as the cracking in the concrete along the bond length is 
progressing. Here, the previously open cracks at the loaded end are closing as cracks are appearing 
in the concrete further along the bond length. Notice that the bar is also undergoing bending as the 
concrete is displacing in the y-direction. This phenomenon can also be discerned in the strain 
distributions in Figure 9 but not as visibly as in Figure 15. Stress contour plots from the FEA also 
confirm that at higher load levels the concrete at the loaded end is experiencing compressive 
stresses.

20 kN 40 kN

55 kN 60 kN

70 kN max load

y

x

z

Figure 15  The deformation (FEA) in y-direction for six load levels, B200. Magnification factor 50. 
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Analysis
Maximum transferable load 
As expected, the maximum transferable load increases when the bonded length increases (both 
experimental and FEA). There is generally a good agreement between the experimental and the 
FEA results. However, the higher values in some of the tests are due to longer bonding length than 
the target value. These specimens were: B100 in test series 2 (123 mm), B200Sg test series 1 
(250 mm) and test series 2 (306 mm), and B200Con test series 2 (245 mm). Also, the depth of the 
groove varied slightly between the specimens and in specimen B200Lg test series 1, the groove was 
considerably shallower than expected, 11 mm compared with the target of 15 mm. The maximum 
transfer load for this specimen was lower than anticipated. It can also be noted that to reach the 
capacity of the CFRP bar, the bond length has to be increased beyond 350 mm.  

The modulus of elasticity for the CFRP bar has a negligible effect on the maximum transferable 
load. This behavior can also be seen for the adhesive with a higher modulus of elasticity.  

The maximum transferable load for the concrete with lower strength from the FEA is not in 
agreement with the test results even though the high value in B200Con, test series 2 comes from a 
longer bond length than anticipated. In the FEA, the failure load of B200Con is lower than B200, as 
expected. However, since the difference in concrete strengths is not significant, the result from the 
tests can be somewhat uncertain. 

In the case of different groove sizes, it can be noticed that the results from the tests and the FEA are 
contradictory. The results from the FEA show that the maximum transferable load is increasing 
with the size of the groove as anticipated. The results in test series 1 and 2 for B200Sg are too high 
due to a different bond length than planned. Also, the groove depth for specimen B200Lg, test 
series 1, is shallower than anticipated. Therefore, no definite conclusions can be drawn regarding 
the influence of groove depth on the maximum transferable load. 

Load-displacement relation 
As can be seen in Figure 6, the initial behavior of all specimens is similar; the load-displacement 
relationships are approximately equal at low load levels. The point of divergence between the 
specimens takes place when the crack at the free end initiates, see Figure 14. This behavior is even 
more pronounced in Figure 7, where the free end displacement is presented. The displacement of 
the free end is negligible until the free end crack initiates. 

No specific point in the resulting curves where the nonlinear behavior starts can be identified. The 
load-displacement curve gradually diverges from a linear relationship. 

Strain distribution on the CFRP bar 
A good agreement between the experimental and the FEA results is found for the strain 
distributions in the CFRP bar. However, at high load levels for B350 (>70 % of failure load), the 
distributions in the FEA and test deviates. The explanation for the dissimilarity is that the adhesive 
is modeled in a simplified manner.  

Shear stress distribution for the adhesive/CFRP interface 
Studying the shear stresses at the adhesive/CFRP interface, the difference between the experimental 
results and the FEA is even more pronounced. In Figure 11, the location of the maximum shear 
stress is proceeding towards the free end as the load increases (especially noticeable at high load 
levels). This peak is where the bond strength is attained. After the bond strength has been breached, 
a residual strength remains. The residual depends on the frictional characteristics between the bar 
and the remaining adhesive. The shear stress distribution in Figure 12 is the result from the material 
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model of the adhesive. After the tensile strength has been reached, the residual is too high since the 
material model is assumed to have an ideal elasto-plastic behavior. In reality this would mean that 
the shear capacity of the adhesive reaches a maximum value at a certain slip, and keeps this 
capacity no matter how much the slip increases. In contrast to the modeled behavior, the real 
adhesive reaches a maximum capacity at a certain slip but looses this capacity when the slip 
continues to increase (softening behavior).

The dramatic changes in shear stress can be attributed to bending. This behavior is manifested in 
Figure 10 as a bump in the strain distribution along the first 50 mm of the bonded CFRP bar. The 
bending behavior can also be seen in the deformation plots from the FEA, see Figure 15. 

Digital speckle photography 
The crack distribution is more localized in the tests compared to the FEA results. For higher load 
levels, the FEA shows that cracks propagate faster in the bottom of the groove before the top 
surface is cracking, implying that the depth of the groove is an important parameter. However, more 
tests are needed to verify this behavior. 

Failure mode 
The failure in the anchorage tests is a combined failure in the concrete and the adhesive. In the 
beginning (at fairly low load levels), the failure is predominately occurring in the concrete, i.e. 
cracking. The cracking of the concrete begins at the loaded end of the CFRP bar and as the loading 
increases, the cracking progresses along the bonded length in the concrete (similar to a herringbone 
pattern). At a certain load level, the tensile strength in the adhesive is reached. From hereon, the 
failure occurs in both the concrete (cracking) and the adhesive (cohesive). As more cracks develop 
closer to the free end, a compression zone builds up at the loaded end closing previously formed 
cracks. As the load increases, the section near to the loaded end starts to deform out from the groove 
as it is inhibited to move in the load direction by the concrete in front of the bonded part. This will 
also cause a bending action in the CFRP bar. The maximum transferable load is attained when a 
crack located at the free end starts to propagate in the concrete. As it opens, the load-displacement 
curve reaches a plateau. The post failure behavior in the anchorage test was too brittle to capture. A 
tentative secondary failure was also registered in the adhesive, but this failure could also have been 
induced by the actuator during the uncontrolled part of the experiment. 

Discussion
Crack propagation is difficult to monitor using only strain gauges. With DSP, the locations and the 
propagation of cracks are possible to record with sufficient accuracy. The combination of DSP and 
FEA makes it possible to study the failure process in much more detail. Even though the FEA is not 
able to fully recreate the localized crack pattern, due to the coupled damage plasticity model, it 
illustrates quite clearly where the main cracks will appear. Also, the progress of the cracking in the 
FEA gives more information of the underlying mechanism. This in conjunction with the results 
from the DSP, the strain gauges, and LVDTs give a very comprehensive picture of the failure 
process.

The comparison of different groove sizes in FEA show that the maximum transferable load will 
increase as the dimensions of the groove increases and the corresponding failure is the free end 
crack. However, this behavior will not be true for all groove sizes. Increasing the groove size 
induces a larger stress in the adhesive close to the bar and at some point the definitive failure will 
occur in the adhesive before the free end crack starts to propagate. 

The initial increase in the strain distribution close to the loaded end has been noticed in previous 
beam bending tests of NSMR anchorage but no accurate explanation has been given, Lundqvist 
et al. (2005). This peculiarity can now be explained as the FE results show the build up of 
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compressive stresses in the concrete at the loaded end of the bar. The CFRP bar is experiencing 
bending as the cracked concrete at the loaded end is forced to move out of the groove. 

The placement of the strain gauges on the CFRP bar is not optimal. A better location would be on 
the side of the bar, at the neutral axis, to remove the strain contributions from bending. Embedded 
fiber optical strain sensors in the CFRP bar would be a possible remedy to this problem. 

Blaschko (2003) measured the transversal deformations in tests of NSMR strips bonded to concrete 
beams and included the effect in a local bond stress-slip relationship. The transversal deformations 
in this study are the result of the compressive stresses at the loaded end captured by the FEA. 

The DSP measurements provided very good results for the concrete surface. Unfortunately, it was 
not possible to capture the strain in the CFRP bar or the adhesive layer accurately with the applied 
speckle pattern. This is regrettable since the location of the failure in the adhesive is still uncertain. 
Is it initiated in the adhesive or at the interface between adhesive/CFRP bar or adhesive/concrete? 
Some of the test specimens show a mixed mode of failure in the adhesive; at one end of the bar a 
failure close to the bar and at the other end close to concrete. However, this is a secondary (and 
tertiary) failure after the main failure in the concrete and can very well be attributed to the sudden 
course of events after the maximum transferable load was attained. A very fine speckle pattern for 
the DSP over a small area in the adhesive close to the loaded end of the bar would be helpful in 
clarifying the location of the failure in the adhesive. 

A better test setup for determining the behavior of the adhesive close to the bar would be to use a 
steel member with a slot. Steel is much stiffer than concrete giving the opportunity to isolate the 
behavior of the adhesive close to the bar. 

The natural continuation of the FE model would be to implement an interface element with a local 
bond stress-slip relationship. This would simulate the behavior of the failure which occurs close to 
the CFRP bar. However, it has to be derived in a proper manner from experimental results. Still, 
determining the behavior of the epoxy adhesive in several stress states and deriving a more suitable 
constitutive relationship than the von Mises model would be a more proper course of action. This 
will avoid the need for interface elements. 

A usual methodology is to combine the bond stress and the slip distribution to construct a local 
bond stress-slip relationship. This local bond stress-slip relationship represents the behavior of 
every material point in the adhesive/CFRP interface. Both the bond stress and slip distributions are 
derived from the strain distribution of the bar. However, noticing the shear stress behavior for the 
first 50 mm (approximately), it can be concluded that this method cannot be utilized (due to the 
bending of the bar); at least, not for high load levels. A remedy to the bending problem would be to 
place the strain gauges at the neutral axis of the CFRP bar. Also, as the free end crack starts to open 
close to the maximum transferable load, one of the assumptions for the calculation of the slip is 
violated since the strain in the concrete is not negligible compared to the strain in the bar. This 
means that the local bond stress-slip values from loads close to the maximum transferable load 
cannot be used. Even if we discard these values, the local bond stress-slip relationship can be hard 
to define from the remaining scatter of points. 
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Conclusions
The general conclusion of this paper is that a deep understanding of the failure in the anchorage test 
could be identified by combining the results from the strain gauge measurements, the DSP 
measurements, and the FE analyses. Particular conclusions that are deduced in this paper are: 

The maximum transferable load was obtained when a major crack at the very end of the 
bond length was initiated in the concrete. 

The failure mode is a combined failure; cracking in the concrete and a supposed cohesive 
failure in the adhesive.

The modulus of elasticity of the CFRP and the adhesive has only a marginal effect on the 
maximum transferable load. 

No definite conclusions can be drawn from the difference in concrete strengths. FEA show a 
decrease in maximum transferable load. 

The maximum transferable load increases with a larger groove size. However, as the groove 
size is increasing, the likelihood of failure in the adhesive close to the bar will increase. 

The DSP measurements capture the crack patterns in the concrete very well. 

A good agreement was found between the experimental results and the FEA. 

Although the material model for the adhesive in the FEA is quite simple, a sufficiently 
accurate solution could be generated. The chosen material model for the concrete did not 
represent the localization of cracks. However, the model gave satisfactory representation of 
the overall behavior of the concrete. 

Placing the strain gauges on the top of the CFRP bar is not optimal. The CFRP bar 
experiences bending at the loaded end as the load increases, thus making the strain 
measurements inappropriate for deriving the shear stress at the adhesive/CFRP interface. 

The free end crack influences the strain in the bar making the assumptions invalid for 
deriving a local bond stress-slip relationship (in particular the slip calculations are affected). 

The FEA gives satisfactory results that can be used for further understanding and 
development of design models of NSMR development length. 

The extensive measurement program was necessary to verify the behavior of the FE model. On the 
other hand, the FE model has been a vital tool to fully understand the rapid and brittle failure 
mechanism in the anchorage zone of an epoxy bonded NSMR CFRP. 
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