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ABSTRACT 

A promising way to increase the suppression of vibration in mechanical systems is to 
apply active damping instead of passive damping, which is most widespread today. An 
active damper system consists of an actuator, a controller and at least one sensor, usually 
an accelerometer. The sensor measures the vibration and sends the measurements further 
to the controller in order to calculate the necessary damping force to be fed back to the 
mechanical system. 

A number of questions arises regarding active damper design, namely how to construct 
the active damper, what kind of sensors to use and where to place them, how to model 
the vibration and the mechanical system itself, and, last but not least, how to design the 
controller. 

This licentiate thesis deals with the controller design issue. The most widely used 
controller in active vibration control is the Filtered-X  Least Mean Square Controller 
and it is briefly reviewed in this thesis. The main focus of the thesis is however on 
another structure, the External Model Controller (EMC). The EMC has much more 
degrees of freedom than the Filtered-X  Controller but lacks performance and robust 
stability analysis as well reliable design methods. The four papers included in the thesis 
contribute to bridging this gap. 

In Paper A, the EMC is implemented and tested on an experimental setup. Some 
design alternatives are pointed out. It is shown that the vibration can be decreased as 
much as by 72% by means of the EMC. 

The vibration can be described by different mathematical models. Due to the Internal 
Model Principle, any controller perfectly attenuating a disturbance has to include a model 
of it. Therefore, the choice of disturbance model is significant to the controller properties. 

In Paper A, the vibration is assumed to resemble a sine wave. Thus both the distur-
bance frequency and signal form are specified. The assumption on the vibration signal 
form can be relaxed by introducing a repetitive disturbance model where only the period 
of the vibration is known. 

In Paper  B,  the EMC is derived with the repetitive model and shown to have poor 
robustness against uncertainty in the period of the disturbance. Therefore, the repetitive 
model is ruled out in the sequel as a candidate for active vibration control design. 

An EMC-controller often includes a deadbeat observer. In Paper  C,  an investigation 
into robustness of the deadbeat observers against measurement disturbances is carried 
out. Furthermore, a special case of deadbeat state estimation of a harmonic oscillator is 
considered. Observer existence conditions and its simplified forms are given. 

In Paper  D,  a case study of the EMC for a simple first-order process with a single-tone 
harmonic disturbance is undertaken. Sensitivity functions and stability margins for the 
closed-loop system are derived. 
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PREFACE 

Two different possibilities are available when considering control structures for vibration 
suppression in flexible structures, feedforward and feedback control, where, the feedfor-
ward control approach is almost always used in practice. In both of these approaches 
a model of the disturbance is incorporated explicitly or implicitly into the controller 
depending on the choice of algorithm used. In this particular contribution a feedback 
control algorithm called External model controller is investigated. This controller was 
introduced at the beginning of the 1990s by Tomizuka and has since also been used by 
Hillerström and Medvedev with good results when considering the ideal case. The lack 
of indepth performance and robust stability analysis as well as the existence of a reliable 
design method was the motivation to perform research on this particular algorithm. 

This licentiate summarize the research I have done so far at the Control Engineering 
Group at  Luleå  University of Technology in Sweden on the subject, External Model 
Controller for active vibration isolation. The project is supervised by Professor Alexander 
Medvedev. 

Funding was provided by Volvo Research Foundation and Swedish Research Council 
for Engineering Sciences. 

This thesis contains two parts, first, an introduction which motivates, relates and 
summarizes the research published so far in this project, and secondly, a collection of three 
published papers which were presented at international conferences plus one unpublished 
paper. 

Included Papers 

Paper 1. M.P. Bask and A. Medvedev, "External Model Controller for active vibra-
tion isolation," in Proceedings of the 4th International Conference on Motion and 
Vibration Control, MOVIC'98, Zürich, Switzerland, pp. 565-570, 1998. 

Paper 2. M.P. Bask and A. Medvedev, "External Model Repetitive Controller for Active 
Vibration Isolation," in Proceedings of 1999 International Symposium on Active 
Control of Sound and Vibration, ACTIVE'99, Fort Lauderdale, Florida, USA, pp. 
177-189, 1999. 

Paper 3. M.P. Bask and A. Medvedev, "Analysis of Least-squares State Estimators 
for a Harmonic Oscillator," in Proceedings of IEEE Conference on Decision and 
Control, CDC'2000, Sydney, Australia, pp. 1800-1804, 2000. 
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Paper 4. M.P. Bask and A. Medvedev, "Stability analysis of the External Model Con-
troller," currently unpublished. 

Other Papers 

Paper 5. M.P. Bask and A. Medvedev, "External Model Repetitive Controller is not 
Robust," presented at 2000 First Annual Conference on Computer Science and 
Electrical Engineering, CSEE'2000,  Luleå,  Sweden, 2000. 

Paper 6. M.P. Bask and A. Medvedev, "Robustness properties of an external model 
repetitive controller," presented at  Reglermöte  2000, Lund, Sweden, 2000. 
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Thesis Introduction 

1 Background 

An important and challenging research area is to increase the damping and isolation of 
noise and vibration in engineering systems. There is the potential for improved perfor-
mance by replacing the passive damping systems which are generally used and, instead, 
use active damping systems. Paul  Lueg,  [1, 2], originally had the idea of using active 
methods instead of passive in sound cancellation problems already in the 1930s. It was 
not until the 1950s that the idea was revisited, this time by Olsen, [3, 4]. The research 
area has since then increased exponentially, there existed around 240 publications be-
fore the 1970s, during the 1970s these increased to 850 and to about 2200 during the 
1980s. Today publication rates continue to increase and there are now several specialized 
magazines and conferences on the subject. 

Improved methods for noise and vibration suppression problems continue to receive 
this attention because of stricter safety requirements in the work environment and in-
creasing demands on comfort. 

Noise and vibration problems can be uncorrelated but often, when both exist, these 
are usually related to each other with one of them being the problem and the other a 
secondary effect. Take for example a car, vibrations can be caused by road roughness or 
by a rotating imbalance in the engine. The noise in a car can come from many sources, 
e.g. the engine, from the tires and the air flow around the car. In the cases where the 
noise is caused by the tires and the air flow, then there is no direct connection between the 
vibration and noise problem. On the other hand, the vibration caused by the imbalance 
in the engine and the noise from the engine is correlated. A second example is a roller in 
a paper machine, the vibration depends on the imbalance on the roller and causes noise. 
Here the noise and vibration problems are very closely related. If the noise is controlled 
the vibration problem still exists but if instead the vibration is controlled the vibration 
as well as the noise will be canceled which is an advantage. 

In both of these examples noise and vibration have an effect on the operation. Firstly, 
the comfort in a car is decreased and the working environment in a paper making company 
is worsened. Secondly, the mechanical wearing is increased by the vibration and the risk 
for failure due to fatigue is increased with possibly great financial losses. 

Improved damping of the vibration in the car will result in better comfort. The wear 
of the car will also be decreased and it will become more reliable. 

Better vibration cancellation in a paper machine lowers the wearing which reduces 
the number of maintenance stops of the machine and therefore increases the profit of the 
company. It also results in a decrease in the noise level around the machine producing 
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6 	 THESIS INTRODUCTION 

better working conditions. 
Vibration level can be decreased in many different ways. One way is to increase the 

manufacturing precision, which is very expensive. Another is to construct better damping 
systems. 

2 Dampers 

Three different types of dampers can be used to suppress and isolate vibrations, passive, 
semi-active and active dampers. 

2.1 Passive dampers 

The passive damper is currently the most widespread damper. It absorbs kinetic energy 
generated by the vibration and therefore reduces the amplitude of the vibration. It is 
often made of some sort of rubber. A picture of a passive damper is shown in Figure 1. A 
passive damper produces excellent performance if the disturbing vibration is composed 
of one constant frequency, see [5, 6]. The disadvantage with this damper is that it can 
not adjust its properties according to the changes in the working conditions or if the 
disturbance contains several frequencies which are far from each other. 

nglne side 

SuPPOrlIng 
sfructue side 

Figure 1: A passive damper. 

2.2 Semi-active dampers 

The semi-active damper was introduced by Karnopp, see [7, 8], and is closely related to 
the passive damper. It also absorbs the kinetic energy of the vibration but is a passive 
damper which can adjust its parameters when the working conditions change. The semi-
active damper is shown in Figure 2. Different types of semi-active dampers are, adjustable 
friction dampers, see [9], fluid dampers and hydraulic dampers, see [10]. 
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The semi-active damper has problems when disturbance vibration is composed of 
several frequencies in a broad band or if the vibration is of low frequency. When used 
for time varying vibration the change in working condition has to be known so that the 
adjustment of the damper can be built into its design. 

Engine side 

Sensor  seds  unveiling 
Ifie operaling ceretenE 

     

  

conks Unit 

  

     

     

SupPoilln9 	EE seucture  ede  
Adiustmeni 
signal 

Figure 2: A semi-active damper. 

2.3 Active damper 

The third kind of damper which can be used is an active damper. The difference be-
tween an active damper and the two already reviewed is that it can effect the system by 
introducing a force. The active part is often combined with a passive damper such that 
the passive damper suppresses the high frequency content of the vibration and the active 
part handles the low frequency content. An active damper is shown in Figure 3. One 
drawback is when the vibration is vigorous, then a large amount of energy is needed to 
create the force necessary in the active damper to suppress the vibration. Another draw-
back with the active damper is that the force which shall be generated by the damper 
has to be known. Interestingly, that is also its advantage as the damper can eliminate 
disturbances of several frequencies and of any signal form. 

3 Process description 

Vibration can, as was mentioned in section 1, occur due to different causes, a common 
reason is rotating imbalances in machines. This is the particular case studied in this 
thesis. In the experimental setup used, see Figure 4, the vibration occurs due to a 
rotating imbalance mounted on an electrical engine. The vibration is measured by an 
accelerometer which is mounted on the chassis. The exciter acting as the actuator of 
the active damper puts a control force on the motor bracket though a piston which is 
mounted on a passive damper that is fastened to the chassis. 



Su 
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Figure 3: An active damper. 

Rotation 
Direction 

Figure 4: The experimental setup. 

To be able to design an active controller, to cancel the vibration, a mathematical 
description of the process has to be obtained. This model describes how a control force 
will effect the process. 

A vibration disturbance model should also be obtained. Different disturbance models 
are described in next section. 

4 Disturbance model 

If either a semi-active or active damper is used a control algorithm is needed to adjust 
the damper characteristics to cancel the disturbance. There are several control strategies 
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which can be used, some will be presented in the section 6. In these strategies a vibration 
disturbance model is needed. Two different models which can be used are the sine wave 
model and the repetitive model. 

4.1 Sine wave model 

If a sine wave model is used then only disturbances which resemble a sine wave can be 
expressed by the disturbance model. Another restriction is that the disturbance frequency 
ci.) has to be known. 

It should be noted that an error in the modeled disturbance frequency cv will only 
effect the values of the model parameters and not any structural changes in the model. 

4.2 Repetitive model 

A second type of model that is often used to model vibrations is the repetitive model. 
The repetitive model recorders one or several periods of the disturbance. This means 
that no signal form of the disturbance has to be decided with the only restriction being 
that the period of the disturbance has to be known. The model has to represent an 
integer number of periods of the disturbance. To get this to work in discrete time these 
two have to coincide with an integer number of sampling intervals. 

An error in the period used in the disturbance repetitive model will lead to structural 
changes in the disturbance model which greatly effects robustness of the active control 
scheme. 

5 Disturbance observer 

Some controllers use only the output signal of the process e.g. the PID-controller and 
the Filtered-X  Least Mean Square controller which is presented in section 6.3. For the 
External Model Controller, presented in section 6.2, the states of the process are needed. 
Often it is not possible to measure the states of the process and they have to be estimated 
using an observer. There are many different types of observers which can be used with the 
most popular being the Luenberger observer, see [11, 12, 13]. Another popular observer is 
the deadbeat observer, see [13] for a discrete time representation and [14] for a continuous 
deadbeat observer. The continuous deadbeat observer has been investigated with respect 
to robustness in the active vibration control problem [15]. 

The observer to be used in here with the external model controller, contains both a 
Luenberger and a deadbeat observer, see [16, 17]. The Luenberger observer models the 
process and the deadbeat observer estimates the disturbance. 

The input to the deadbeat observer will be the difference between the measured signal 
and the output of the Luenberger observer which is, in the ideal case, the disturbance 
signal filtered by the process. 

The deadbeat observer is designed to depend on  pseudodifferential  operators (P.)(A; t) 
which depend on the parameters A  e  A. Three different  pseudodifferential  operators have 
been used in the literature so far, the differential, time delay and sliding-window operator. 
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The deadbeat observer is built on a bank of FIR-filters determined by the chosen 
operator. The degrees of freedom will depend on the choice of operator and the number 
of FIR-filters. The observer is then designed by the choice of parameters in the operators. 

The differential operator is the classical one, see [18]. The time delay operator, see 
[19, 20], is a more practical choice as it has been used in some implementations, see 
[16, 17]. The third operator, sliding-window convolution operator, has incorporated 
another degree of freedom in the design of the observer by including a second design 
parameter, [21, 22]. 

The oo- and the 2-norm for these three operators have been evaluated, see [23] with 
these results being used when the best choice of operator with respect to a bounded 
measurement noise was investigated in [15]. This investigation showed that the most 
suitable choice was the sliding-window operator. 

The relationship between observer sensitivity and parameter modeling error can be 
used to choose the design parameters in an optimal way. This can be determined by 
using the so-called Fr&het derivative, which is described in [24]. 

6 Control algorithms 

There are two main types of control structures conventionally used for active vibration 
control; feedforward and feedback, [25]. The active vibration control problem can be 
interpreted as a disturbance rejection (or decoupling) problem. Two distinct cases of 
disturbance rejection arise depending on whether or not a model of the disturbance is 
available. 

If a particular disturbance model is not assumed, then one ends up with a controller 
design method based on the Geometric Approach, see [26]. Under sometimes very re-
strictive assumptions, it is possible to design a feedback controller which decouples any 
kind of disturbance entering the plant at some specified point. However, practical appli-
cability of the Geometric Approach is basically limited to the plants where disturbances 
are measurable. 

To circumvent the limitations implied by the generality of the geometric methods, a 
priori information on the disturbance dynamics can be taken advantage of in order to 
devise a disturbance model for a subsequent use in a model-based controller. In this way, 
the class of the disturbances to be decoupled from the plant output is restricted to the 
signals described by the adopted disturbance model. 

The disturbance model can be incorporated into the controller in different ways. It is 
very common to use variations of the Internal Model Principle (IMP) based controller, 
[27]. There are different opinions about what the IMP means. Here the definition of the 
IMP is that, if a model of the process is included in or used to design the controller then 
it is based on the IMP. The controller which is most commonly regarded as a IMP based 
controller is the Internal Model Controller (IMC), see [28, 13]. If the definition above is 
applied then the controller suggested by Tomizuka in [29], termed the External Model 
Controller (EMC) is an IMP based controller and can be considered a variant of the IMC. 
A third type of controller which is the most common in the area of controlling systems 
with periodic disturbances is the filtered-X  Least Mean Square controller, see [30, 25]. 
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One common area for these three control strategies is that they minimize the output at 
the sampling points. A fourth control strategy which minimizes the output with respect 
to the continuous disturbance is the optimal sampled-data control algorithm, see [41]. 
An overview of the four control algorithms is presented. 

6.1 Internal Model Controller 
Assume that the process is described by the transfer function Go  and the model of the 
process as  G.  The objective is to decouple the output signal from the disturbances, then 
use the difference between the output of the process and the process model,  e  =  y  —  Gu  
in the control signal which can be expressed as 

u = Q(r — e)  

where  Q  is the controller. A block diagram of the control structure is shown in Figure 5. 
Many different algorithms can be described as being of the IMC type, one design method 
is described in [28] another in [13]. In [13] the IMC controller is designed in a pole-
placement fashion. These strategies assume that  G  is stable, but for unstable processes a 
parameterization called Youla-KuC'era parameterization or  Q-parameterization needs to 
be used, see [13]. 

       

+  

    

G  

 

      

 

 

 

       

Figure 5: The system with an Internal Model Controller. 

6.2 External Model Controller 
If the process model has an autonomous part which can not be described as a transfer 
function, then the External Model Controller can be used. The process without the 



+  
G.  

Y 
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autonomous part is expressed as Go  and its model is called  G.  The autonomous part of 
the process is called Gdo and the model of this part is Gd. The control scheme for the 
external model controller is shown in Figure 6. 

    

G 
cl 0 

    

     

     

Figure 6: The system with an External Model Controller. 

The EMC was introduced by Tomizuka et al. in the beginning of the nineties, [29]. 
The aim is to achieve perfect decoupling between the output signal and the contribution 
from the autonomous part. Since the disturbance is an autonomous system the compen-
sation signal fed back cannot enter this system and therefore it does not result in any 
additional control loop. 

If the EMC can be constructed as a state feedback of the process and disturbance 
states, then perfect disturbance rejection can be achieved under certain algebraic condi-
tions stated in [17, 16, 31]. 

Different disturbance models, see section 4, can be used when calculating the control 
gain. A discussion on robustness of the EMC algorithm when using the repetitive model 
is presented in the subsection 6.2.1. 

Analysis of the closed-loop system when using the External Model Controller together 
with a combined Luenberger and deadbeat observer is presented in the subsection 6.2.2 

6.2.1 Robustness analysis of the External Model Controller with a Repeti-
tive disturbance model 

The repetitive disturbance model presented in the section 4.2 has been commonly used 
in control schemes for active vibration control. It has previously been used together with 
the IMC-scheme and the robustness properties of this controller have been investigated 
in [32, 33] and shown to be quite poor. Robustified versions of these algorithms have 
been designed, see [34, 35]. Robustness properties of the combination of an EMC and the 
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repetitive model are investigated in [31]. It is shown that an unbounded signal can be 
created if there is an additional disturbance that excites all frequencies, as measurement 
noise. It does not matter how small the error in the model of the disturbance period is. 

It can be concluded that the external model controller with a repetitive disturbance 
model is not very suitable for active control of vibrations. 

6.2.2 Stability analysis of the EMC closed-loop system 

The following structure is often used in an External Model Controller, [17, 16, 31]. First, 
a pure plant model or a Luenberger observer is used to estimate the process output 
without disturbance so that a signal that describs the process filtered disturbance signal 
can be found. Secondly, this filtered disturbance signal is used in a least-squares deadbeat 
observer to estimate the states of a disturbance model. Finally, this knowledge about 
the disturbance states is used in a state feedback controller to generate a control signal 
canceling the disturbance signal contribution to the plant output. 

The effects of different disturbances and modeling errors can be analyzed by using 
the transfer, sensitivity and complementary sensitivity function which are derived in the 
general case in the last article in this thesis. What is even more important is how large 
an error can be without causing instability in the closed-loop system. 

A stability analysis is carried out under the conditions that the time delay operator 
is used in the deadbeat observer. The delays used are the shortest possible, no time 
delay, one sampling interval delay and two sampling intervals delay. The disturbance 
model used is a sine wave model as presented in subsection 4.1 and the process is of 
first-order and suffers from a gain modeling error. The stability margins are derived and 
proven in the last article. It appears that the stability margins are independent of the 
process poles. Some further calculations are needed to investigate if this is the case for 
higher-order processes. 

The sensitivity and complementary sensitivity function are also derived for the first-
order system and plotted and analyzed for a special process in the last article. 

6.3 Filtered-X  Least Mean Square algorithm 

The mostly used control algorithm in active vibration control is a modification of the regu-
lar Least Mean Square,(LMS) algorithm called Filtered-X  Least Mean Square (FXLMS). 
Initially, a description of the LMS algorithm is presented together with the Gradient 
descent algorithm which is used in the LMS algorithm. The LMS algorithm is then 
modified to become FXLMS and finally presented as a transfer function. 

6.3.1 Gradient descent algorithm 

In the control algorithm a model of the disturbance is needed, that can be created by 
using different types of filters. Here the Finite Impulse Response (FIR) filter will be 
used. More complicated filters that can be used include the Infinite Impulse Response  
(IR)  filter and also the artificial neural network, see [36]. 

The discrete FIR filter can be expressed as 
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H(z) =  wo  + wiz + w2z2 	+ w„zn 
	

(1) 

where  wo,  wi, wz, • •• wn are unknown filter coefficients which have to be estimated. 
The Gradient descent algorithm (GDA) is generally used to adaptively estimate these 
coefficients. We start by defining the error of the disturbance model as 

e(k) =- d(k)— y(k) 

where y(k) and d(k) are the outputs of the FIR filter and the actual disturbance respec-
tively, see Figure 7. 

r(k)  

 

d(k) 

e(lt  
FIR 

   

Figure 7: The error between the FIR filter output and the actual disturbance output. 

The error can be used to correct the coefficients of the FIR filter. The gradient descent 
algorithm can be described as 

w(k —1) = w(k)— µAw(k) 	 (2) 

where Aw(k) is the gradient of a error surface f(e(k)) and u is the convergence 
coefficient. Recommendations on how to choose the convergence coefficient can be found 
in [36, 30, 25]. The error surface depends on which criterion the filter coefficients are 
chosen to minimize. 

6.3.2 Least Mean Square algorithm 

In the Least Mean Square (LMS) algorithm the error function is defined as the expected 
value of the squared error 

4 = E{e2(k)} = El(d(k)— y(k))2} = El(d(k)— wT (k)r(k))21 	 (3) 

In the gradient descent algorithm the gradient of the error surface can be calculated 
as 

8e2(k)  
w(k) 	 — 2e(k)r(k) 

Ow(k)  
(4) 
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The coefficient update, equation (2), can thus be rewritten as 

w(k + 1) = w(k) + 2µe(k)r(k) 
	

(5) 

This can be used in a control algorithm and this is shown in Figure 8. Some modifi-
cations have been presented to improve the regular LMS-algorithm. That is to include 
a secondary-path effect according to Figure 9. The transfer function Pll(z) is the path 
between the entering point of the control source and the output and .131(z) is the path 
between the disturbance and the entering point of the control source 

P(z) = (z)P" (z) 

where P(z) is the control source together with the process and 

Pd(z) = M(z)P"(z) 

is the path from the entering point of the disturbance and the output. 

) 

W(z) 	 

LMS 	 

Figure 8: A control algorithm that uses the regular Least Mean Square error. 

Figure 9: A modification of the regular LMS control algorithm. 

In [371 it is shown that using the LMS control algorithm with a secondary path 
transfer function included will generally be unstable. This is because the secondary path 
will introduce a delay in the error so the error and the reference will not be synchronized 
in time. One way to deal with this is to introduce a filter on the reference signal, this 
is called the Filtered  X  Least Mean Square (FXLMS) algorithm and is presented in the 
next subsection. 



16 	 THESIS INTRODUCTION 

6.3.3 Filtered-X  Least Mean Square algorithm 

A standard modification to a Least Mean Square algorithm with a secondary path effect 
is to introduce a model of the path from the input of the control source to the summing 
junction. This model is introduced on the reference signal so the LMS algorithm has a 
filtered reference signal as input. The filtered reference signal and the error signal are 
now synchronized. The control scheme is shown in Figure 10. 

Figure 10: The Filtered-X  Least Mean Square control algorithm. 

The error is e(k) = d(k) — y(k) and the update of the filter parameters is w(k + 
1) = w  (k)  — ttAw(k) as presented earlier. The gradient, equation (4), is modified to 
be Aw(k) = —2e(k) f  (k)  where 1(k) is the filtered reference signal through the process 
model F(z) --= 15(z)R(z). Finally the control signal y'(k) is calculated as 

N-1 
yi(k) -= E wi(k)r (k — i) 

j=o  

where  N  is the number of filter weight coefficients in the FIR-filter. This algorithm 
can be rewritten as a transfer function when the disturbance to control is periodic. 

6.3.4 FXLMS in a transfer function representation 

The update of the filter coefficients w(k+1) can be written as w(k+1) = w(k)-1-µe(k)f  (k).  
Since the disturbance is a periodic signal the reference signal can be represented as  

ri  (k)  = r cos(cof  kT + Oi) 

where r is the amplitude, 0, is the phase shift, w f  is the frequency of the disturbance 
and T is the sampling period. The filtered reference signal is 

f(k) = rc cos(cekT + 0,) 

and 0, = Oi  + 0,  c  is the process amplification and 0 the process phase shift at the 
frequency W.f. 
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By using the complex expression for the cosine function the Z-transform of the i:th 
filter coefficients can be written as 

W(z) fircA(z)(ei°'E(ze-2wf T )+ e-34"E(zeiwf T ) 	 (6) 

where A(z) = A. The i:th filter output can now be expressed as 

Y,(z) = Z(w,(k)r,(k)) = (Wz (ze-2wf Te3°  +W-2 (zeluiTe-3°) 

and the total output is the sum of all filter outputs as 

N-1 	Nyer2 
Y(z) = E Yi (z) = {  2   E(z)[e2°A(ze-iwf T )+ e-3°A(zei'f T )]} + 

i=o 

per2 	 N-1 
{—(A(ze'fT)E(ze-22wfT) E  

	

2 	 i=o  

E e_;(20,±0)(zei,,T)). A(zeiwf T)E(zei2wf T )  

The first term in equation (8) is a linear, time invariant expression but the second 
term is non-linear and frequency shifted. The second term can be neglected under two 
conditions 

1. If the number of tabs,  N,  in the filter is large enough, see [38]. 

2. If synchronized sampling is used, Nw f T =- n180° and w fT n180°, where  n  is an 
integer, see [39, 40]. 

6.4 Optimal sampled-data control algorithm 
The processes where oscillating disturbance occur are often continuous time though the 
controllers which are used are in discrete time. This means that if a controller is said to 
give perfect disturbance rejection this means that the output of the process is completely 
decoupled from the disturbance at the time of sampling but not necessarily in between. 
This is illustrated in Figure 11 where the process has an disturbance of 161  rad/s  and a 
Filtered-X  Least Mean Square Controller is used. The controller is turned on after 0.1 
s (20 sampling intervals) and the output is zero at the occasion of sampling but not in 
between. A measure of the intersample error can be defined as 

Nh 
J -= lim sup —

1 	
(t)Z(t)dt 

N->00 Nh o  (9) 

where z(t) is the continuous output signal and  h  is the sampling interval. 

(7)  

(8)  
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When applying this measure of the error on the signal shown in Figure 11 it gives a 
value of 2.52. 

005 	0:1 	0.15 	0:2 	025 	0:3 	0.35 	0.4 	0.45 	OS 

Figure 11: The output signal from a system controlled by a FXLMS controller. 

Instead of using a continuous or discrete time controller a sampled-data controller 
can be used. This controller does not optimize the output at the occasions of sampling 
but optimizes with respect to the continuous output signal instead. Using the same 
conditions as above gives an output as shown in Figure 12. The error measure, equation 
(9), for this output signal is 0.284. Experimental results and Figures are borrowed from 
[41]. 

eq411  

0.05 	0:1 	0.15 	0:2 	0.25 	0.3 	0.35 
	

0.45 	05 

Figure 12: The output signal from a system controlled by a sampled-data controller. 

It shall be noted that the continuous output when using the sampled-data controller 
is nearly ten times better then the FXLMS controller. 
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Abstr act 

This article presents an application of the so-called External Model Controller (EMC) 
to the problem of active vibration damping. The control algorithm is based on a deadbeat 
disturbance signal estimation and the subsequent use of the estimate in order to decouple 
the vibration source from the system output. An experimental setup emulating a regular 
motor bracket is constructed to test active vibration control strategies. An experiment 
performed for a constant disturbance frequency proves that the EMC presents a viable 
way of designing active vibration control systems and it can be, in a straightforward 
manner, generalized to the case of time-varying vibration frequencies. 

1 Introduction 

Many vibration problems of today come from a rotating unbalance. To achieve a perfect 
vibration isolation of two bodies, any interaction between them has to be eliminated. 

In motor bracket vibration damping, one should, as a rule, choose among passive, 
semi-active, and active damping methods. For the time being, the passive dampers 
are most widespread. A passive damper absorbs the kinetic energy generated by the 
vibrations. However, it cannot vary its properties in order to follow altering operating 
conditions. A semi-active damper usually includes a component whose properties can 
be controlled in a feedforward manner. Still, the damper adjustment is limited and 
independent of the vibration. Introduction of a vibration sensor (e.g. accelerometer) and 
feedback controller yields an active vibration isolation system. 

As formulated above, the active vibration control problem can be interpreted as a 
disturbance rejection (or decoupling) problem introduced by Wonham and Morse [1]. 
Two distinct cases of disturbance rejection arise depending on whether or not a model 
of the disturbance is available. 

Not assuming any particular disturbance model, one ends up with a controller design 
method stemmed from the Geometric Approach (cf. [21). Then, under sometimes very 
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restrictive assumptions, it is possible to design a feedback controller decoupling any kind 
of disturbance entering the plant at some specified point. However, practical applicability 
of the Geometric Approach is basically limited to the plants where disturbances are 
measurable. 

To circumvent the limitations implied by the generality of the geometric methods, a 
priori information on the disturbance dynamics can be taken advantage of in order to 
devise a disturbance model for a subsequent use in a model-based controller. In this way, 
the class of the disturbances to be decoupled from the plant output is restricted to the 
signals described by the adopted disturbance model. 

Even fairly coarse models might provide a significant performance improvement. A 
large group of controller design techniques, known as repetitive controllers, lends itself 
to periodic disturbance rejection and periodic setpoint following, [3]. A general model 
of a periodic signal with known period comprises a pure time—delay with a positive 
memoryless feedback around it. The controller solutions resulting from this model are 
variations of the Internal Model Principle (IMP) based controller, [4]. Naturally, since no 
other limitations than periodicity are imposed on the disturbance signal, the repetitive 
controllers suffer robustness problems when a high frequency component appears in the 
periodic disturbance. A robustness recovery can be achieved by introducing filtering,  
i.  e.  limiting the frequency span of the disturbance signal. Logically, it hints to the 
conclusion that a more detailed disturbance modeling is needed to obtain a functional 
vibration controller. 

In [5], an interesting variant of the IMP controller termed as the External Model 
Controller (EMC) is suggested. There, a dynamic disturbance model is introduced out-
side of the main control loop in such manner that the model output completely cancels 
the disturbance signal. Apparently, the disturbance model is employed to estimate the 
unmeasurable disturbance signal out of the plant input and output signals. Sometimes, 
the EMC is called the pseudo-feedforward controller to emphasize the fact that the com-
pensation does not result in any additional control loop because the signal being fed back 
cannot enter the source of the disturbance. 

The present study is based on a combination of the Continuous Least-Squares Obser-
vation technique [6] and the External Model Controller as described in [7]. The former 
makes it possible to reconstruct the state variables of a dynamic systems with zero es-
timation error. The latter is closely related to the EMC by Tomizuka in the sense that 
both methods use "feedforward" canceling of the unmeasurable disturbance. 

The paper is composed as follows. First, the experimental setup is described. Then, 
the active vibration control problem applied to the designed hardware is formulated and 
process modeling and identification aspects are discussed. Furthermore, a brief summary 
of the control and estimation techniques used in the EMC is given. Finally, the results 
of simulations and experiments with an active vibration controller based on proposed 
structure are reported. 
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2 Experimental setup 

The experimental consists of five major parts (Figure 13):  DC-motor  with an unbalance, 
accelerometer, computer, actuator (exciter), and chassis. 

To generate a disturbance which is a one dimensional periodic sinus-shaped signal, 
an electrical motor with a rotating unbalance is used. The vibration is measured by a 
small accelerometer placed on the top lid of the chassis. To collect the measurements and 
calculate the control signal, a computer is used. An exciter transforms a control signal 
to a manipulated force and is used as an actuator. A chassis is designed to keep all the 
components together and it possesses a sufficient stiffness. 

As can be seen in Figure 13, the electrical motor is fastened in a motor bracket. 
The bracket is mounted on a passive rubber damper. The rubber damper prevents high 
frequency vibrations from spreading to the chassis and releases the exciter from the static 
force created by the motor weight. 

The low frequency components of the vibration are controlled by the exciter so that 
the motor vibrates independently of the chassis despite that it is still fastened to the 
chassis. To achieve this, the exciter has to compress and extend the passive damper at the 
same frequency, phase shift and magnitude as the engine vibrates. Then, a control force 
is generated, e.g. a counter force of the same magnitude than the vibration generating 
force, but of opposite direction. The control force acts on the chassis through the passive 
damper. 

Since the exciter shaft is attached to the same place as the passive damper, the sum 
of the forces in the chassis is zero and, then, no vibrations in the chassis occur. 

Rotation 
Direction 

Figure 13: Experimental setup 
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3 Problem statement 

The process under consideration is subject to an one dimensional periodic disturbance 
force which generates vibrations in the surrounding. Measurements of the vibration are 
available via an accelerometer and the frequency of the exogenous excitation is known 
or measurable (  e. g.  by means of a tachometer). The process output is assigned to the 
output signal of the accelerometer. The active vibration control problem is then formu-
lated as to find a control signal that decouples the process output from the disturbance 
source. 

4 The process model 

A physical mathematical model of the process can be represented by either a second order 
or a fourth order model, depending on the stiffness of the chassis. In this study, a second 
order model is used to approximate the process dynamics. The mathematical physical 
model describes how the rotating unbalance force acting on the motor bracket create 
one-dimensional vibrations in the surrounding area. The forces acting in the process are 
shown in Figure 14. 

c(dx/dt) kx  

Figure 14: Forces acting on the vibrating mass 

Since control action is available just in one (vertical) direction, only the vertical 
components of the forces acting on the vibration mass are summarized and evaluated. 
The mathematical model in continuous-time reads as 

mth +  cd  + kx = Fr  = rrirrwi.2  sin(cort) 	 (10) 

where m is the mass,  k  is the spring stiffness,  c  is the damping coefficient,  mr  is the 
unbalance mass, r is the distance between the center of rotation and center of gravity 
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of the unbalance mass, and  c,.),  is the angular velocity. The corresponding system of 
differential equations in the state-space form is 

&'1 	= [ 	—1c ] x 1+1 
,n 	2 

It is hard to calculate the stiffness, damping and vibration mass by physical relations. 
Therefore, a dynamic model is identified by a subspace method using Kautz-functions, 
see [8]. The matrices of the identified model are 

[ 

	

A = 	
—0.2020 0.3480 1 
—1.0096 0.0315  j  

[ 

	

B 	—0.0184 
0.2422 

C  = [ —2.5943 0.6071 

To investigate whether the identified model (12) is plausible from a physical point 
of view, the ratios and 7;-, are evaluated for the estimated process model. Comparing 
the eigenvalues for the A matrix in (11) and in the identified model (12), the following 
quantities are obtained  

—
k 	

1.3 • 105. —
c 	

212 
rn. 	m 

5 External model controller 

Consider  a  multivariable  linear system 

4(t) = 	xp  (t)  B„  u(t) Eiw(t) 
y(t) =  Cp  xp(t) E2  (<0 	 (13) 

where x(t)  E  13, is the state vector, u(t)  e Rm  is the control vector, y(t)  E  Re  is the 
observation vector, the eigenvalues of .47, are a(A) = 	... ,,u„}. The disturbance 
vector w(t)  E  RT  is a solution to the differential equation 

i(t) = Fw(t) 	 (14)  

Ap,  Bp,  Cp,  F, E1, E2  are real matrices of appropriate dimensions. Provided the  eigen-
values of F are purely imaginary, (13) is a plausible model of a linear mechanical system 
vibrating due to an external periodic excitation. 

(12)  



30 	 PAPER A 

The problem of active vibration control can then be formulated as decoupling of the 
disturbance signal w from the plant output  y.  An External Model Controller (EMC) [7] 
is employed in the sequel to achieve this. The main idea behind the EMC is, first, to 
estimate the disturbance signal out of the available measurements of the plant input and 
output signals, and, then, use the acquired estimate in order to generate a control signal 
canceling the disturbance signal contribution to the plant output. 

Let the operator (P.)(A;t), depending on parameter A  E  A be defined via the Laplace 
inversion integral 

1 jc-1-00 
(Pv)(A;t) — 	p(A,$)V(s)est  ds 	 (15) 

27rj  c-.  

where V(s) =-- (ev)(s) and  c  is a suitable real constant and A is a nonempty real set. 
Depending on the operator in question, A can either be integer and mean operator 

multiplicity or just a real parameter. Three examples of  pseudodifferential  operators 
used in the literature for designing state estimators are given in Table 1. The use of the 
differential operator Pd is classical (e.g. [9], while the time delay operator Pr  is a more 
practical choice [10, 11]. More recently, it has been shown how disturbance attenuation 
in the least squares state estimation can be improved by employing the sliding-window 
convolution operator Pc, [12, 13]. 

Table 1: Operators Used in Least Squares State Estimation. 

Operator mapping symbol 

(Pdv)(A; t) „ ', I'd  ev  
--*  ,Tir  sÄ  

(P,-v) (A; t) v -->Pr V (t — )) e—As 

(13,11)(Ä, 7; t) 7) —>Pc  f _1.  eA('')v(0) dO  

Suppose that p(A, s) is analytic everywhere inside any finite nonempty domain V, 
except perhaps for the points of removable singularities. Moreover, let the following two 
conditions hold. 

Assumption 1 There exist real constants  c,  r > 0 such that the inequality 

114A, c Re)< e-(e+Rc.54,-. 71 < < 27r 
2 — (19  — 3 

holds for any large enough  R>  0. 
Assumption 2 For any given A  E  A and pi  E  Cr Op), it holds that  

(i) P(A) 	P(1-13) if  Mi  
(ii) 11E21  I 	0 for every eigenvalue  mi  with height of the Jordan block greater than 1.  ds  

Consider now the following observer 

(t)  = Ap (t) Bu(t) ± L(y(t) — CAt)) 

ed(t) =  V-1  E  p(Ai, Ar)cTP(y -  cp-±)(xi;  t)  
.x,EA  

(17) 

(16) 
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[ 	ed x+ 
ed= 

[(1 
, 	= x7, — 

Wd Wd  

where  
V  = E  p(A„ A)T  CT  Cp(A,, A) 

.x, EA 

Regarding observer (17), Assumption 1 specifies what kind of operators  P  can be used 
for the least-squares state estimation while Assumption 2 relates the design parameters 
A,  E  A used in it to the spectral structure of the plant model o-(4). 

When Assumption 1,2 are fulfilled, observer (17) possesses a deadbeat performance, in 
the sense that e(t) =- x(t) — X(t) 0; t > T for any initial function 00  = (y(0), u(0)), 0 = 
[—r,0]. Furthermore, one can show that the minimal number of A,  E  A for which the 
observer always exists is equal to  n  + r. 

Theorem 1 Let  G E Rm x  r  be, for some T  E  Rnxr, a solution to the system of matrix 
equations 

CRT = E2  

—ART + 13,G + TF = —E1 	 (18)  

Then, under the feedback control law 

u(t) = Kd X(t) 	 (19) 

Kd — [  K G  ] 

the closed—loop system (13), (17), (19) is asymptotically stable if 	—  LCD)  and (AR  + 
BR IO are Hurwitz matrices. Moreover, the system output  y  is completely decoupled from 
the disturbance cv for all t > T. 

Proof: The results of the theorem can be proven by a straightforward application of 
Theorem 5 in [7] using the general form of the least-squares observer given in Theorem 1 
in [6].3 

System of matrix equations (19) is known as restricted Sylvester equation and fre-
quenly appears in different types of decoupling problems in  e. g.  fault detection, design of 
functional observers and such [14, 15, 16]. Since the solutions to the restricted Sylvester 
equation are known to parameterize the invariant subspaces considered in the Geometric 
Approach [2], these two methods are, in fact, equivalent. 

6 Experiments 
The above described experimental setup is used to test EMC (19) in practice. The version 
of the EMC with time delay operators Pd  (i.e. p(A, s) = exp(—As) ) is implemented. 

The identified process model (11) is used for the controller design. The disturbance 
part of the model (exogenous excitation) is chosen to be co(t) = 1.24 sin(161t). The 
disturbance frequency is defined by the steady-state angular velocity of the motor's rotor. 

= 
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The constant coefficient in front of the sinus function corresponds to the amplitude of 
the disturbance and, theoretically, can be chosen arbitrarily since its correct value is 
estimated by the observer as initial conditions for disturbance generating system (14). 

The matrices of the extended process in continuous time (process plus disturbance) 
are 

—175.4 205.57 0 	0 
—596.4 —37.46 0 	200 

0 	0 	0 —25921 
0 0 1 0 _  

—34.319 - 
33.812 

0 
0  

C  = [ —2.5943 0.6071 0 0 

The first observer, the Luenberger observer, is implemented with feedback gain equal 
to zero. The process itself is very fast and, therefore, no feedback of the states in the 
Luenberger observer is needed. A set of time delays A,  E  A has to be chosen to achieve 
deadbeat observation and fulfill the condition that V is nonsingular. The set A is chosen 
to be 

A = {0,0.005,0.01,0.015,0.02,0.025, 

0.03,0.035, 0.04, 0.045,0.05} 

To calculate the feedback gain  G  for the estimates of the disturbance generating system 
states, restricted Sylvester equation (18) is solved yielding  

G  =[ —0.305 18.444 

In this implementation, the disturbance states are fed back, but there is no feedback of 
the process states,  (i.  e. K  = 0). 

The software Regsim [17] is used both for simulation and real-time control. The 
results of a test run are shown in Figure 15. The controller is off until after 1000 sample 
( 5 seconds). Then a significant decrease in the vibration amplitude can be observed. 
Sample variance is 4.4239 • 10-4  for the uncontrolled process and 1.2437 • 10-4  when the 
controller is on. 

The modeled disturbance frequency is 161  rad/s.  Figure 16 depicts the frequency 
spectra of the accelerometer output signal. Figure 16 a shows the frequency spectrum 
of the uncontrolled process and Figure 16  b  visualizes the frequency contents of the 
controlled process output. 

A= 

B=  
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Figure 15: A test an excitation at 161  rad/s  affects the process. The controller is on after 1000 
samples. 

A more detailed comparison between the spectra of the uncontrolled and controlled 
plant outputs is given in Figure 17. There, the frequencies eliminated by the controller 
appear as positive values, and the ones introduced by the controller are seen as negative 
values. The vibration at the modeled frequency is apparently completely canceled. 
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Figure 16: Frequency spectra of the plant output signal, a - uncontrolled process,  b,  controlled 
process. 
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Figure 17: Difference between the frequency plots of the controlled and the uncontrolled process. 

7 Conclusions 

A model based active vibration controller is discussed and tested on a experimental 
setup that is designed to emulate a motor bracket. The External Model Controller is 
demonstrated to perform well in an active vibration control system when the vibration 
frequency is known, despite uncertainties in the process description. 
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Abstract 

This paper deals with the External Model Repetitive Controller, a structure that 
combines the classical repetitive disturbance model (in the form of a time delay with 
a unit feedback) with a feedback of a disturbance estimate. The latter is often termed 
the External Model Controller and has a broad spectrum of technical applications,  e. g.  
active vibration control. By analyzing the controller performance under the assumption 
of a disturbance period modeling error, it is shown that an unacceptable performance 
degradation might occur even for very small values of the modeling error. 

1 Introduction 

In many constructions comprising rotating parts, the vibrations due to unbalances cause 
problems for the user. Typical examples of such constructions are boats, cars, aircraft, 
paper machines, lifts or fans. The vibrations occur because it is practically impossible 
to manufacture anything so there will be no unbalance at all. It is, therefore, very 
important to develop new and better ways to suppress and isolate the vibrations for 
two main reasons: firstly, to reduce the mechanical wear, which always occurs when 
something is vibrating, and consequently extend the lifetime of the construction, and, 
secondly, to increase the comfort for the user  i.  e.  drivers, passengers, operators etc. 

To suppress or isolate the vibrations, a damper is needed. When dealing with rotating 
unbalances, it is in many cases possible to measure or accurately estimate the frequency 
of the rotation and therefore the vibration frequency can be assumed to be known. At 
the same time, the vibration frequency is very likely to change in time along with the 
altering working conditions. Thus, applying an active vibration damper [1] in order to 
reduce vibrations due to unbalance is a promising way of solving the problem. 

There are two main types of control structures conventionally used for active vibration 
control: feedforward and feedback, [1]. Since vibration control basically constitutes a 
disturbance rejection problem, a disturbance model has to be included in the resulting 
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controller. This is simply a consequence of the Internal Model Principle (IMP) by Francis 
and Wonham, [2]. However, the disturbance model can be expressed in different forms 
and incorporated into the controller in different ways. 

Disturbance models 

In many applications, the vibration is almost a sine-wave. Thus very detailed information 
about the disturbance signal form is readily available and can be taken advantage of in 
the controller design. Naturally, a controller based on the sine-wave model does not 
necessarily perform well for other, even quite simple  (e. g.  square wave), signal forms. 
In other, more difficult cases, the vibration has a complicated, uncertain or even slow 
time-varying form. Then, one can only rely on the periodicity of the signal. A model of 
a periodic signal with unknown signal form is a time delay with a unit feedback around 
it which is sometimes called the repetitive model. Theoretically, a controller based on 
such a model can suppress any type of vibration provided it is periodic with a known 
constant period. 

Feedback controller structures 

Among the disturbance rejection feedback controllers, two structures appear to draw 
most attention. In one of them, the Internal Model Controller, the disturbance model 
is explicitly included in the feedback and excited by the control error signal. Combined 
with the repetitive disturbance or setpoint model, this structure gives rise to the Repet-
itive Controller, see [3, 4]. When the disturbance can be modeled as an autonomous 
dynamic system, another approach termed the External Model Controller (EMC) (or, 
alternatively, the pseudofeedforward controller) is a plausible alternative. Since the dis-
turbance model does not have an input and is observable from the plant output, all the 
states of the model can be reconstructed and, via a state feedback, fed back to the plant. 

The notion of external model has first been introduced in [5] and applied to the 
repetitive control problem in the framework of polynomial design. A continuous state-
space interpretation of the EMC and a discussion on the relation between the IMP and 
the EMC can be found in [6]. 

It is well known that the original version of the internal model repetitive controller 
has rather poor robustness properties, see e.g. [7, 8]. Some effort has been put into 
robustification of the controller, see e.g. [4, 9]. 

The EMCs have not been much theoretically studied. Besides the seminal publication 
by Tomizuka, Chew and Yang [5], the idea of exploiting an EMC controller together with 
the sine-wave disturbance model for active vibration control as well as for angular velocity 
stabilization has been tested in [10, 6] with satisfactory results. However, all attempts to 
implement the EMC with a repetitive model in the controllers for the same applications 
as above have failed at least for these authors. The present paper offers a theoretical 
explanation to the phenomena observed in the experiments. 

The article is composed as follows. The next section formulates the problem at hand 
as a disturbance rejection problem. Then a solution of the problem by means of the 
repetitive EMC is provided. Further, the effect of a mismatch in the period between the 
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actual disturbance and its model is studied. A numerical example illustrates the main 
result of the paper. 

2 Problem statement 

Consider a discrete  multivariable  linear system 

xp(k + 1) = 	x,(k) + u(k) + Eiw  (k)  
y(k) =  C,  xp(k) + E2 w(k) 	 (20) 

where x(k)  E  RTh, u(k)  E Rm  and y(k)  E fe  are, respectively, the state, control and 
observation vector at time  k.  The disturbance vector w(k)  E  Rr is a solution to the 
system of difference equations 

w(k +1) = Fw(k) 	 (21) 

All matrices  Ap,  Bp,  Cp,  F, E1, E2 of the two systems are real and of appropriate dimen-
sions. The system (21) is an external signal source that acts on the plant (20). To ensure 
disturbance persistency, the eigenvalues of F are all placed on the unit circle. For the 
repetitive disturbance model (Figure 18), the following structure of matrix F can be 
chosen 

(22) 

Figure 18: Periodic signal generator. 

Then the system (21) can generate any periodic disturbance with a period of r samples 
whose signal form is defined by the initial conditions in (21). 

The Perfect Disturbance Rejection Problem (PDRP) can be expressed as to construct 
a control signal u(k) that decouples the disturbance w(k) from the output signal y(k). 

The systems (20,21) can be described in an augmented form (Figure 19) 

x(k + 1) = Ax(k) + Bu(k) 

y(k) = Cx(k) 	 (23) 
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y( )  

Figure 19: The Process without controller. 

where  

A = [ AP -
o

LC
P 

El -

F

LE2 

'  B  = [ Bp  0  ,C  = [CoP 

3 External Model Controller 

The main idea of the EMC is, first, to deadbeatly (exactly) estimate the state vector of 
the disturbance generating system out of the plant input and output measurements and 
then use the estimate to create a control signal that decouples the disturbance from the 
system output. 

Decoupling feedback gain 

Suppose that the state vector w(k) is deadbeatly estimated or readily measurable. Then, 
a linear control law that completely decouples the process output from the disturbance 
source can be determined. Though, under the decoupling feedback, the system output 
still depends on the disturbance initial condition. The theorem below is a discrete version 
of the corresponding result in [6] obtained for continuous systems. 

Theorem 2 Let  G E  .1?'"7  be, for a specific non-zero T  E  RI", a solution to the 
restricted Sylvester equation 

CRT  =  E2 
—ART  + BRG +  TF  (24) 

Then, under the control law 

u(k) = Gw(k) 	 (25) 

the output signal of (20) is completely decoupled from the disturbance w and depends only 
on the augmented system initial conditions, xp(0) =- xpo and w(0) =  wo,  i.e. 

y(k) = C,A(xpo  + Two) 
	

(26) 
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Proof: See the Appendix. 
In all practically important cases, a direct measurement of  c.,)  is not available. There- 

fore, the use of an observer becomes necessary. 

Observer 

In principle, any plausible type of state reconstruction device can be used in the EMC. 
However, a combination of an ordinary Luenberger observer and a least-squares deadbeat 
estimator appears to be especially promising. Indeed, the Luenberger observer enables 
effective filtering of the measured signals and the deadbeat observer yields a fast con-
verging estimation error. Apparently, this particular observer combination has been first 
introduced in [11] and then subsequently generalized and applied to active vibration 
control in a continuous time framework in [10]. 

Here, the classical discrete variant of the least-squares observer is utilized. Pure time 
delays are used in order to simplify system analysis though more sophisticated designs 
are available [12]. Nevertheless, for the purpose of this investigation even the most 
elementary type of observer will suffice. 

For the augmented system (23) and a set of discrete time delays A, the combined 
observer is  

.±.(k  + 1) = A(k) + 13u(k) + L(y(k) — C(k)) 	 (27) 

ed(k) = V-1  E  (A-A.)TcT(y(k - Ai) - 	- Al)) 
),EA 

{± 	 [ed  
ed —  

where Ai  E  A, Ai  > 0 is a discrete time delay, the matrix L is the Luenberger observer 
gain matrix and V is the gramian matrix 

V =  E  (A-Ä,)TcTcA-Ä. 
)4CA 

The observer (27) has a deadbeat performance,  i.  e.  the estimation error 2(k) = 
x(k) —  "&(k)  0;  k  > A = max A  Ai. Naturally, the number of At  E  A should be at least  
(n  + r) to guarantee that the observer exist. 

Closed loop performance 

If only the disturbance estimate is fed back, the closed loop system (20),(27), (25) is 
always stable whenever the plant dynamics and the Luenberger observer estimation error 
are stable. A more exact and general formulation of the stability conditions is given by 
the following theorem. 

Theorem 3 Let the process and observer be described as in (20) and (27). Then, under 
the feedback law 
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u(k) = KAk) 

Kd = [K G]  

the closed loop system is asymptotic stable if and only if the matrices (A,+ 137,K) and 
(A, — LC„) are Hurwitz matrices. 

Proof: Along the lines of Theorem 1 in [10]. 
Notice that for a perfect model, the stability conditions are independent of the dis-

turbance model. Moreover, in continuous time and for the sine-wave disturbance model, 
no error in the disturbance frequency can compromise the closed loop stability provided 
the process dynamics is exactly modeled. In the next section it is shown that using the 
repetitive model in discrete time leads to a quite different situation. 

4 Controller analysis 

A popular way of handling periodic disturbances and setpoints is the repetitive IMC. The 
robustness properties of this controller has been investigated, see [7, 8]. Robustification 
schemes for the repetitive IMC have been reported in [4, 9]. 

Robustness properties of the repetitive controller based on the external model struc-
ture have not been studied yet. In this section an attempt to shed some light on the 
problem is made. 

First of all, some auxiliary results necessary in the sequel are stated. 
The system matrix of the repetitive disturbance model (21) is Toeplitz and does not 

include any parameters. In view of the fact, the resolvent matrix of F can be written 
explicitly. 

Lemma 1. The resolvent matrix of the matrix F in (21) is a Toeplitz matrix of the 
following structure 

1  
(I z — F)-1-    [q22] Zr — 1  

(30) 

and 

when  i  <  j  
= 	zr+( j-i)  when  i  >  j  

Proof: See the Appendix. 
The only type of uncertainty occurring in the repetitive model is that related to 

period alteration. While frequency shift is a parametric perturbation in the sine-wave 
model, it implies a structural change for the repetitive model. Indeed, suppose the actual 
disturbance obeys the model (21) and a different model 

cD(k +1) = F(k) 

(28)  

(29)  



fi(z) = 

h(z) _ 

h(z) =  (33) when  e  < 0 
when  E  > 0 
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where cD(z)  E  RT+€,  is used for the controller design. The integer  E  is the disturbance 
frequency modeling error;  e  > 0 if the modeled period is larger then the actual disturbance 
period and  e  < 0 if the modeled period is shorter. The difference between the modeled 
and actual disturbance signal is 

A = Eiw - 

Due to the modeling error, the process output is no longer decoupled from the distur-
bance. 

Assume now that there is no direct contribution of the disturbance signal to the 
system output,  i.  e.  E2 = 0. 

The output of the system is caused by a combination of two input signals: the con-
trol signal u(z) and the disturbance vector w(z). Furthermore, the term related to the 
disturbance vector can be written as comprising the modeled disturbance 4.7)(z) and an 
unmodeled part A.  

y  (z) =  C  (zI - A)-1(Bu(z) + Eiw(z)) =  C  (zI - A)-1(Bu(z) + Ei (z) + A) 	(31) 

Introduce a constant vector Cvo  E  Ri€1  describing the initial conditions for the part of 
the disturbance model that constitutes the difference between the states of the actual 
disturbance coo  and the model c74). 

Lemma 2 Consider a system composed of the process (20) subject to a disturbance signal 
generated by (21) and the controller 

U = r + 

where r  E Rm  is the reference signal and the controller gain 0-  is a solution to the 
restricted Sylvester equation  

cp  T  =  0 

-ARP  + BG +  PP  =  -£1 1  

Then, the output signal is given by 

Y(z) = C(Iz - 	(Br(z) + fi(z)Eicp(z) - f2(z)fs(z)j-20) 
	

(32) 

where 

Proof: See the Appendix. 



)1 =  f2 (d  
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The functions fi  (z), f 2(z), f3(z) describe the system output when there is a modeling 
error in the disturbance period. Equation (32) shows that the output signal consists of a 
contribution from the reference signal, the modeled disturbance signal passed through fi  
and a term related to the difference in the initial conditions. For c7;(1  0, the last term in 
(32) produces a periodic signal of the same frequency as the actual disturbance. Notice 
also that the disturbance is canceled at the output whenever  E  = 0. 

Clearly, the gain of fi  drastically affects the overall system performance. One can 
say that fi  acts like a non-causal marginally stable filter placed between the disturbance 
signal  cl.)  and the process dynamics. Notice that the filer is implementable since the input 
signal to it is periodic and therefore can be shifted. 

Lemma 3 The following upper and lower bounds are valid 

1de —11 

d —r  + 1
<  Ifi(dej9)1 < 	

d  +1 

— —  
d€  
	 < 1.f2(deni 5- d-r 1 — 	 1— d  

Proof: Consider the absolute value of fi  at z = deg° 

(34)  

(35)  

I fi (de219) I =  
1— 2dE cos(e0) +d2  

1 — 2d-r cos(r0) + d-2r 
(36) 

Apparently, I  fi (deO)I is a periodic function in 0 with a period of 27r/r, where 7 is the 
least common multiple of  e  and r. Therefore, it is sufficient to study its behavior on the 
interval of one period. The inequalities (34) follow immediately since —1 < cos(.) < 1. 
In a similar manner, for f2(de3°) 

 

dc 
(37) 

  

Ji — 2d-r cos(rO) + d-2r 

which directly implies (35). 
Introduce the oo-norm as 

7839 
zED±  

where  D+  : s  E C, Isl  > 1 

Corollary 1 MfM  is unbounded for  all e  {0, —r} and II  f211 is always unbounded. . 

Proof: First, one can notice that Ifi  is analytic in  D.  . Indeed, the denominator in (36) 
has the roots at cos(719) ±  il  sin(r0)1, i.e. on the unit circle. 

For  E  > 0, it is easy to see that  

fil 	, d >> 1 

and  fil  rises boundlessly as  d  —› oo. 

(38) 
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For  E  < 0, large values of IN appear only at certain points, namely, at those where 
cos(r0) = 1 and cos(e0) 	1. Since  d  > 1 can be chosen arbitrarily close to the unit 
circle, there is no upper bound to IA I, for negative  e  either. Of course, for some 0,  e. g.  

-= 0, 
cos(r0) = cos(c0) = 1 

and a zero-pole cancellation occurs 

	

I 1 — del 	I cI  
lim  

	

d\l 11—  d-r1 	r 	
(39) 

At the same time, due to the physical meaning of negative  e,  it becomes obvious that 
I  cl  <r and all poles in (36) cannot be canceled by corresponding zeros. Thus, Ifi (dele)I 
will increase infinitely at least at some points where cos(r0) = 1. 

Two values of the modeling error produce finite oo-norm of fi.  When  e  = 0  (i.  e.  no 
modeling error at all), In a 0 and thus II fill. = 0. Furthermore, when  e  = —r (no 
model is used for the disturbance), filI 	1 and thus !IL 1100 = 1. 

For fi  one can, once again, observe that for €> 0 and 

f21•;•••_.- d€;d » 1 

Since there are no zeros in (37), every pole in I  hl  creates a peak whose height is unlimited 
as  d  \l. 

The result of Corollary 1 is rather discouraging. Indeed, a signal  g  with a finite 
2-norm,  i.  e.  

119112 = (txp  92(k)) < cxi  
k=0 

being passed through the filter fi,  might produce an output with an infinite 2-norm. 
Moreover, this kind of behavior might occur even for small values of the modeling error,  
e. g. e  -= 1. Interestingly enough, in discrete time, the risk of acquiring a period 
modeling error increases when the sampling time decreases because the same uncertainty 
in continuous time corresponds to more discrete steps when the sampling rate is higher. 
From (38) one can conclude that the disturbance amplification grows exponentially with 
respect to  c.  

Another important observation is that despite its poor overall disturbance attenua-
tion performance, fi  has very low amplification at certain frequencies. For  e  < 0, at 
uncancelled poles of I fi  I the gain is, as already mentioned, infinite. However, at the 
points of zero/pole cancellations, the gain is kl/r, (see Eqn. 39). When there is, for 
some reason, no excitation in the "dangerous" frequency regions, the disturbance can be 
dampened in a satisfactory manner. Of course, this demands a very accurate modeling 
of the process. 

Figure 20 describes the gain of the filter fi  (z) at the modeled disturbance frequency. 
When the number of states in the modeled disturbance is the same as in the actual 
disturbance, then fi  a- 0. When the number of states in the model is r —  e  = where  i  
is a positive integer, the input signal is dampened by the filter. Otherwise, the filter has 
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a unit gain. 
While fi  explains in what way the disturbance signal appears in the system output, 

f2  describes the effect of initial conditions mismatch on the controller performance. In 
the matter of fact, the setup considered in Lemma 2 is artificial and assumes availability 
of the initial conditions for the disturbance generating system. In practice, an observer (  
e. g.  (27)) is used to estimate the state vector which fact makes all the analysis related 
to 12  less important. One can though notice that if the disturbance actual period is 
underestimated, the missing states in the disturbance model can cause a large response 
signal at the system output. 

The notion of robust performance usually is that robust stability of the closed-loop 
system and a certain guaranteed level of a performance criterion hold for a defined class 
of plant perturbations. 

Define the output signal of the undisturbed plant (20),  i.  e.  w 0, as  y*.  Then, the 
disturbance decoupling controller performance can be assessed by means of !kilo°  where  
e  =  y  —  y*.  The following theorem formulates the main result of the present paper. 

Theorem 4 The External Repetitive Model Controller (25) with the gain matrix  G  sat-
isfying the restricted Sylvester equation (24) for the repetitive model (21,22) does not pos-
sess robust performance with respect to Hell o°  in the class of modeling errors  e  ct {0, —r} 

Proof: From (20) and (31), the control error is  

e  =- C(/z — A)-1  (fi (z)EicD(z) — f2(z)f3(z)&o) 

Evaluating oo-norm of the left-hand side gives 

11611. 5 IIC(Lz — A)'ll.(11.A.(z)11.11EicD(z)11.+ Ilfi(z)f3(z)(Doll.) 

and, due to Corollary 1, no bound for Ile& can be obtained in terms of 11G)11 and Po li o°  

5 Numerical example 

A numerical example has been simulated to illustrate the results of the previous section. 
The simulation is intended to show that a discrepancy in period between the disturbance 
model and the actual disturbance indeed creates points of infinite amplification in the 
controller which might be excited by other disturbances or process uncertainties. 

For this particular simulation, the actual disturbance is assumed to be described by 
an F-matrix of dimension r = 6 and the difference between the period of the actual 
disturbance and that of the model  e  = —2. 

The Bode plot of the corresponding filter fi is shown in Figure 21. The upper plot 
in Figure 22 depicts the signal fl (z)EcT.)(z). Apparently, the output signal is bounded. 
Adding an extra excitation signal  e  at a frequency of 33.3Hz to the filter input, so that 
the output is given by fi(z) (ECo(z) + e(z)) results, as expected, in a diverging process, 
see the lower plot in Figure 22. Thus, any, even otherwise negligible, disturbance at 
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Figure 20: Transfer function gain of the filter h (z) at the nominal frequency. 
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either of the resonance frequencies (see Figure 21) might create a boundlessly increasing 
control signal in the repetitive EMC. 

i �I -H)O 

�I 
i 

_,., 

,o
' 

BodeOiagrems 

,o' ,o• 

Frequenc:y (1ed/HC) 

Figure 21: This is a bode plot of the function fi. 

A similar behavior can be demonstrated for positive E, too. 
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Figure 22: The upper picture shows the output of the filter fi when only the modelled distur-
bance is used as input. The lower picture shows the output when the input is composed of two 
sources, the modelled disturbance and an extra sinusiodal disturbance at 33.3 Hz. 

6 Conclusion 

The External Model Controller with a repetitive disturbance model is studied and shown 
to be inherently non-robust with respect to the disturbance period modeling error. Con-
sequently, this type of controller is not suitable for active vibration control. 
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A Appendix 

Proof of Theorem 2: System (20) controlled by (25) can be rewritten as 

[A
0
„ BpG 

F
+ ]x(k)  x(k +1) = 

y(k) = [ C, E2 x(k) 

driven by the initial conditions 

x(0) =-  
wo  

Applying a nonsingular transformation to the state vector of the augmented system 

v 
	IT 

01 	w 

and evaluating the system output yields 

y(k) = CpApkx,(0) CpApkTW(0) 
k--1  

+cp  E  A (-APT  TF  + E1  ± B,G)Fk-i-140) 
i=o 
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Now, taking into account (24) results in 

y(k) C2,1111;(xp0  + Two) 

which completes the proof. 

Proof of Lemma I: The resolvent matrix (/z - F)-1  and can be written as the inverse 
of a block matrix 

-1 0 . . 0 - 
z -1 

(Iz - F)-1  = 
-1 

o 	. 

0 . . 	
[ All A22 

A21 A22 

	

0 . 	. -1 

	

-1 0 	. . 0 z _ 

where  

__= 

z-1 

Ai-il  + AAux-lAnAiil  
-X-1A21A1-11  

{ 

0 	. 	. 	0 	- - 

—41,412x-1  
x-1  

I (40)  

Z 	-1 

A11= 
. 0 

 . 	0 Al2 
(41)  

0 	0 	. 	• 	0 	Z -1 
A21 = [ -1 	0 	. 	0  j 	A22 = Z 

and 

X= A22 - A21A1-11Al2 (42)  

The matrix AIT can be calculated by solving the system of equations in A11A 1  = I. 
That gives 

z-1 0 	 0 
Z-2  z 1  0 

A1-11  -= 

Z-r  

The matrix (/z - F) can now be obtained from (40), (42), (41) and (43). 

(43) 
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Z Z2  . 	Zr-1 

Zr-1  1 z 

(Iz - F)-1  = 	 
zr -1 

1 

Proof of Lemma 2: 

The output of the system is 

y(z) = C(/z - A)-1(Eic.(z) B(r(z)+ GLD(z))) 

= C(Iz - A)-1Br(z)+ C(Iz - A)-1(Eiw(z) + BGc7)(z)) 

where the terms with a bar are related to the disturbance model. Using the second term 
of the equation above together with the second equation in (24) gives 

y(z) = C(/z - A)-1(Eiw(z) - Ei J4)(z) -  (TF  - AT)Ca(z)) 

C(Iz - A)-1(Eiw(z) - Eli.D(z) - (-T(Iz - F) + (Iz - A)T)c7)(z)) 

C(Iz - A)-1(Eico(z)- EirD(z))+ C(Iz - A)-1T(Iz - F)Cv(z)- CTCD(2)45) 

The disturbance model assumed for the controller design is 

= (Iz -  i')-1c7.)0 	 (46) 

Combining (46) with the second term of (45) reduces the latter to C(/z-A)-li'LD0  which 
will decay exponentially in time. 

According to the first equation in (24) CT = Ë2 = 0. Thus, after all decaying terms 
have died out, the output signal is 

y(z) = C(/z - A)-1(Eiw(z) - Eic.7.(z)) 	 (47) 

Due to (46), Lemma (1) and the structure of E1, Z. , the difference between the actual 
and modeled disturbance in equation (47) can be written as  

Ei  (Iz - F)'wo  - Ei  (Iz - F)o =  
1 	 1  

= 	[  1 z  ... zr-1  1Wo 	[  i  Z  .. . Zr+-1  Po = 
Zr —  1 	 zr+E -  1  

zr(z -  1) 	 1  
(Zr - 1)(zr-he -  1)  [ 

 1 z  ... zr+c-1  Po 	g(z) 0  -= 
Zr -  1  

zr(zE -  1)  - 	1  
	Ei (z) 	 

Zr -  1 	Zr - 1
g(z)cDo 	(48)  

(44) 



g(z) 

The functions fi (z), f2 (z), f3(z) can readily be identified from (48,49). 

r+'-1  when € > 0 

{ [zr+,1 ... zrli  i 	 13 - 	when  E G  
_ [zr .  z   (49) 
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Abstr act  

The concept of least-squares observer is revisited. Robustness properties of this class 
of observers with respect to norm-bounded measurement noise are investigated and shown 
to be very much dependent on the operator chosen for the observer implementation. For 
the case of a harmonic oscillator, an explicit observer parameterization in terms of the 
implementation operator and the oscillator frequency is obtained, observer's existence 
conditions are proven and analyzed. 

1 Introduction 

A very common topic today is vibration and noise. Vibrations and noise arise in all types 
of constructions and therefore often worsen our working environment and/or reduce the 
standard of living. 

A very common reason for vibration is a rotating unbalance. This kind of disturbances 
is special since it is often possible to measure or estimate the angular velocity with high 
accuracy. Then the measurement or estimate of the frequency can be used as a parameter 
in a controller to cancel or isolate the vibration. 

The two disturbance problems, vibration and noise, are closely related to each other 
and can be termed as periodic disturbances. However, the period of a disturbance is very 
likely to change in time due to altering working conditions. In such a case, using active 
methods to control the vibration [1, 2] is a promising way to deal with the problem. 

When not only the period but as well the signal form of the disturbance is known, a 
regular sinus function (or a number of those) can be utilized to model the disturbance. 
Thich leads to a harmonic oscillator. 

Two control structures for disturbance rejection have been drawing most attention, 
the Internal Model Controller (IMC) and the External Model Controller (EMC). The 
difference between the control structures is that the IMC has the model of the distur-
bance included in the feedback loop and is therefore excited by the control error signal. 
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The EMC treats the disturbance as an autonomous system which has no input. This 
naturally assumes that the disturbance can be described as an autonomous system. If 
the disturbance is observable from the output, all the states of the model can be re-
constructed and, via a state feedback, fed back to the plant. It was first introduced by 
Tomizuka, [3] and has been generalized to a MIMO-case in [4, 5]. 

Together with the EMC in [4, 5, 6], a Least-Squares Deadbeat Observer is used. In its 
general form, this state estimator has been given in [7]. Compared to a usual FIR-filter, 
it contains a bank of  pseudodifferential  operators whose parameters can be chosen  e. g.  
to enhance observer's robustness against plant parameters variation and/or measurement 
noise. 

The purpose of this paper is to shed more light on the design aspects of least-squares 
state estimation, particularly for the practically important case of the harmonic oscillator, 
keeping in mind its perspective application in active vibration or noise control systems. 

The article proceeds as follows. First, a brief introduction to least-squares state 
estimation is provided. Then, the issue of observer robustness against measurement 
disturbances is discussed. Next, new parameterizations of the least-squares observer 
for the harmonic oscillator are presented and analyzed. It follows by a line of action 
for determining the design parameters in the least-squares observer for the harmonic 
oscillator. A evaluation of Frechet derivative and a simulation example illustrates the 
observer's robustness with respect to a structured parameter perturbation. 

2 Least-squares state estimator 

Consider the autonomous system 

±(t)= Fx(t) 
y(t) = Cx(t) (50) 

where x(t)  E R'  is the state vector with the initial condition x(0) = xo, y(t)  E  le is 
the output vector, the eigenvalues of F are o-(F) = {pi, • • • 

Let the operator (13.)(A;t), depending on parameter A  E  A be defined via the Laplace 
inversion integral 

(Pv)(A; t) —1  f c+cc  p(A, s)V (s)est  ds 	 (51) 
27rj 

where V(s) = (Lv)(s) and  c  is a suitable real constant and A is a nonempty real set of 
cardinality  k.  

Suppose that p(A, s) is analytic everywhere inside any finite nonempty domain, ex-
cept perhaps for the points of removable singularities. Moreover, let the following two 
conditions hold. 

Assumption 1 There exist real constants  c,  r> 0 such that the inequality 

p(Ä, 	Rei,P) I < e-(c+Rcos(p),. < < 27r 
2 	3 

(52) 
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holds for any large enough  R>  0. 
Assumption 2 For any given A  E  A and /..t,  E  a(F), it holds that  

(i) P(ui) 	p(i13) if 
(ii) e  is=, 0 for every eigenvalue t.ti  with height of the Jordan block greater than 1. 

Consider now the following observer 

"i(t) =-- 	E  p(Ai, FT)CT P(y)(Ai; t) 	 (53) 
),,CA 

where 
=  E  p(Ai, F)T  CT  Cp(A,, F) 

A, CA 

As demonstrated in [8], there is always a state-space realization of (50) such that the 
gramian matrix V is equal to a unit matrix. In the sequel, the system equations are 
assumed to be in a V-balanced realization, if not stated otherwise. 

Regarding observer (53), Assumption 1 specifies what kind of operators  P  can be used 
for the least-squares state estimation while Assumption 2 relates the design parameters 
A,  E  A used in it to the spectral structure of the plant model o-(F). 

When assumptions 1,2 are fulfilled, observer (53) possesses a deadbeat performance, 
in the sense that e(t) = x(t) — "(t) 	0; t > 7-  for any xo. Furthermore, the minimal 
number of A.  E  A for which the observer always exists is equal to  n,  [8]. 

Depending on the operator in question,  Ä  can either be integer and mean operator 
multiplicity or just a real parameter. Three examples of  pseudodifferential  operators 
used in the literature for designing state estimators are given in Table 2. The use of 
the differential operator Pd  is classical (e.g. [9]), while the time delay operator  P,  is a 
more practical choice [10, 117. More recently, it has been shown how measurement dis-
turbance attenuation in the least-squares state estimation can be improved by employing 
the sliding-window convolution operator Pc, [8, 12]. 

Table 2: Operators Used in Least-Squares State Estimation. 

Operator mapping symbol 

(Pdv)(A; t) Pd  ev  7.) —> ,T1- sA  

(Pry)  (X;  t)  P,-  
' V —› 1  J  (t — A)  

(Pcv)(A, 7; t) 'V —>Pc  fit  „. eA(t-e)v(0) de A  -

A 

 »- 1—e 	' 
s

( 

3 Robustness against measurement disturbance 

Assume now that the output signal in (50) is corrupted by a bounded disturbance v  E  
2.  e.  

y(t) = Cfc(t)+ v(t) 
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The state estimation error of observer (53) is 

e(t) 	x(t) — (t) 

=- x(t) —  E  p(Ai, FT)CT  P  (y)(Ai; t) 
)4 EA. 

X(t) -  E  p(X„ FT)Cr  (C P  (x)(Ä,;t) +  P  (v)(Ä,;t)) 
A,EA 

From [7], it is known that  
P (x)  (Ai; t) = p7', F)x(t) 

Thus, the observer estimation error can be written as 

e(t) = —  E  p(Xi, FT  )CT  P  (v)(Ai; t) 
A  i  CA 

or, in a more concise form 
e(t) = 	Ek (t) 

CP(Ai, F) 

Cp(4,  

The form of (54) implies two possibilities of minimizing the observer estimation error, 
either by exploiting geometric properties of Wk or by changing the parameter set A. 

The vector  Ek  can be completely defined by its orthogonal projections onto  Ker  WI 
and onto  Im  Wk which are respectively given by 

11KerEk =  (i  - (Wn+Wn  Ek  

ilImEk = (WIT)+WIT  Ek  

where (•)± denotes  pseudoinverse.  
Clearly, __TTKerEk has no effect on the estimation error and, therefore, Wk should be 

constructed so that ILTKet—Ell  is maximized. Unfortunately, for an unstructured distur-
bance v, there is no other way to pursue this approach but increasing the cardinality of 
A. Whenever observer (53) exists, dim  Ker  WI =  kl?  —  n  and, then, using more opera-
tors P(•)(Ai; t),  i  = 1,. . . ,  k  enlarges the subspace  Ker  WIT and improves the chances for 
better accommodation of the disturbance signal in it. 

The second disturbance component, Ilhr,Ek, has to be dealt with via filtering proper-
ties of the operators PO (A,; t). 

Let xi  E  L2,  i  = 1, • • •  ‚ n  form a vector  x  = [xi, • • • , xii ]T  . Using the conventional 
notation for the signal norms 

= ess  sup  Ix  I; 11x11. = max 

14112 -= (ro 
 xT (t)x(t) dt)12. 

where 

Wk = 

(54) 

P  (v) (Ai; t) 

P(v)(Ak; t) _ 



3. ROBUSTNESS AGAINST MEASUREMENT DISTURBANCE 	 61 

and 1 • 12,1 • 1c.,,1  • i  for the usual matrix norms, the following upper bounds on the 
estimation error  e  can be derived. 

Theorem 5 Suppose Assumption 1 and Assumption 2 are satisfied. Then, with respect 
to (54), the following inequalities hold 

Ile(t)112 5 (tHIP(Ä,, )I) Ilv(t)112 

Ile(t)1100 	1Wkli t irrxk liP(A2,$)11211v(t)112 

Proof: Partition  Ej,  (t) in the following way 

El k - 
Ek(t) -= 	;  Ei  ,k  =— (1911)(4 t) [  

E k ,k  _ 

Direct evaluation of 2-norm of the state estimation error gives 

11e(t)g = IQ: 4 (t)WkWIT Ek (t)  dt  

IWk 14112  1:47, (t)Ek (t)  dt  

Since the system realization is V-balanced, the columns of Wk are orthogonal and nor-
malized vectors in Rkt and then 

IWkWj12 = maxke iti2  (WkWi) 
=1 , ,  

where  gi(•)  denotes an eigenvalue of the matrix. 
Proceeding with the inequality above  

k 

Ile(t)112 ilEk(t)112 =  

2c,o)

2  
11V112 

In the last step, a well known system gain [13] is used 

IIP()i, '5)111,1142 

along with the fact that 11P(•)(Ai; t)11,,, =11p(Ai, s)11„, This completes the proof for (55). 
In order to prove (56), consider c>o-norm of (54) 

Ile(t)1100 	IWn.11Ek(t)11.0 = IWklillEk(t)1100 

(55)  

(56)  
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Utilizing another ( II • 112  to • 110,0  ) system gain [13] gives 

11E2,kiico 5 II(P.)(4t)11211v(t)112 = Ilp(Xi,$)11211v(t)112 

The equality is due to Parseval's theorem. Combining two inequalities above yields (56). 

Taking advantage of the results obtained in Theorem 5, one can carry out a compar-
ison of disturbance rejection properties among the operators in Table 2. All necessary 
operator norms are evaluated in [14] and shown in Table 3. 

Noteworthy, the differential operator PG, has infinite 2- and oo-norms which makes 
it possible for  e  to rise indefinitely. Therefore, pure differentiation should be avoided in 
state estimation. 

Turning to the delay operator Pr, one notices that its oo-norm is finite (actually, 
11P,11,„ = 1), whilst 2-norm is yet infinite. Logically, in this case, a 2-norm bounded 
disturbance must produce a 2-norm bounded response in the estimation error. Unfortu-
nately, this does not always guarantee a good design. For example, in such a design, a 
Dirac delta like disturbance would cause a Dirac delta like response in the state estimates, 
which is an undesirable feature for an observer to have. 

From Theorem 5, it becomes evident that an appropriate, for observer implementa-
tion, operator has to possess both finite oo- and 2-norms. All these properties have been 
proven for the operator Pc. 

Table 3: Operator norms. 

Operator II 	' 	II 2 II 	• 	II 00  
(P  dv)(Ä; t) 00 00 

(Prv)(X;t) 00 1  

(P  cv) (A , T ; t) I  e"
2
;:l  e j'"

)
-1 \ 

Regarding the operator Pc, it is worth to notice that A and 7 in it can be evaluated 
in terms of lipc11 2  and 1113c11„o 

21IPH 	e2 IIP1100 	( 211/3112 	IIII00  
e2  — 1 	21IPH e2 I1P1109) 
e2  — 1 

Since 7" has to be positive, one of the two following inequalities should hold 

0 < lIII 

(„2 

2733 

A= 
21IPH 	e2 11/31100 
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4 Least-squares state estimator for a harmonic oscil-
lator 

Consider now a harmonic oscillator,  i.  e.  autonomous dynamic system (50) whose 
matrices are the following ones 

0  w2 1 
F 

—1 0 

C --=  [i  1 (57) 

Theorem 6 Assume that for any A  E  A, the operator PO(A;t) satisfies Assumption 1. 
Then, the observer 	

"(t) 	

-d 	
p(jw, X)P(y)(A; t) 1 

teA 	p( —iw, 	(Y)(A; t) 
	 (58) 

where  

1-iw 1+.iw . 
1 	1 

1-gto 1+3w 

	

P2UW 	P(jw, A)P( —iw, A) 
V F 	E  pow, mpc-iw, 	p2(-iw, A) ÄEA 

yields the estimate "X(t) x(t),t > T if and only if there is no  c E C  such that 

p(jca,A) = cp(—jw, A), VA  E  A 	 (59) 

Proof: For the values of the system parameters given in (57), p(F, A) can be evaluated 
as the following integral over a contour enclosing ±jui 

p(F, A) -= 
1  
u;:ip(s, A)(s/ — F)-1-  ds  

A direct application of the Residue Theorem results in 

	

p(F, A) = 	pll P12 
2

[ 
P21 rill 

where 

Pll =  P(jW A) + 	A) 

P12 	(P(jW I A) P( — jW I A)) 

P21 = 
1

(19( —iw  A) P(iw, A)) 
3w 

Further 
Cp(F, A) = [ p(3w, A) p( —  , A) U 



=  E  P2(3w,ME /32(-3ü0) 
AEA 	 AEA 

2  

(E  P(jW, A)/3(—jw, A)) 

det VF  

AEA 
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Were 

1 

Substituting the expression for Cp(F, A) into (53) renders (58). 
It is easy to see that for the case in hand 

V = U-TVFU-1  

The matrix U is always nonsingular since 

det(U 1) = 23(w + ) 

Cauchy's inequality for p(jw, A) and p(—jw, A) reads 

(
E  P(./w, A)p(—iw, A)) 5_  E  p2 ow, A)  E  p2(—iw, A) 
AEA 	 AEA 	 AEA 

where equality occurs if (59). Noticing that  

U_1= 1 
— 

1 — 1  
.7w 

[ 1 -3w 
2 1+ -1  3w 1 + jw 

2  

completes the proof. 

In practice, mostly the time delay operator is used for the least-squares observer 
implementation. Thus, this simple case deserves special consideration. 

Corollary 2 For p(s, A) = e-8Ä, A = {A1, 	,  Ak},  observer (58) takes the form 

"(t) = -V1+ w2V-1  E  V(A)y(t — A) 
	

(60) 
AEA 

where a = arctan w and 

V(A)= [w
e
s
o
i
s
n

(

tA ++ 
ce
a

)

) 

1+ 2  [ Vii V12 I V — 	 
Z 	V12 V22  

(

k  —  E  cos(2wx + 2a)) 
AEA 

V12  = —
1  E  sin(2wA + 2a) 

AEA 

vil 
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2,22  = k + 	cos(2,). +  2a)  
ASA  

Proof: The proof is straightforward by evaluation of the matrix exponential of F 

cos(wA) —(h)sin(wA) 
exp(—FA) — 

sin(wA) 	cos(w) 

and the corresponding matrices exp(—FT)CT, V. • 
When the time delays in A are taken to be commensurate  i.  e.  A, = pT,  p  = 1, ..,  k  

for some T > 0, the elements of matrix V in (58) have simpler form  

vil 	—
1 (

k + 
sin wkT 

sin (wT(k + 1) — 73)) 
Lil2 	sinwT  
sin wkT 
	cos (wT(k -1- 1) — (3) V12 	

sin wT 
sin wkT 

V22 	k 	sin (wT(k +1) — (3) 
sin wT  

(61) 

where )(3 = arctan 	The determinant of V is also easy to derive  

det V = 
(1 + w2)2 1

k2 
 sin2wkT 

zlw2 	sin2  

For each value of  k,  there is a condition on wT that guarantees  det  V 0. For instance, 
choosing T so that sin (.4.;T 0 does the trick for the case of two A. It is easy to see that 
the following inequality holds for all  k  

k2  > sin2 wkT 
sin2 wT 

Indeed, denote 
sin wkT 

Ink = sin wT 
Apparently, for  k  = 1 the inequality above holds and w1  = 1. Further, wk  obeys a simple 
recursion 

wk+i = cos wTwk + cos wkT 

Then 
wic+i  < (k +1)2 

5 Observer sensitivity to frequency variation 

Most of the properties of observer (53) are defined by the symbol of the  pseudodifferential  
operator used for implementation. To investigate observer sensitivity to changes in the 
model parameters, it is reasonable to take advantage of so-called Frechet derivative. For 
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p(F, A) = exp(—FA), it leads to the following expression 

S(Z)  =  lim 
 exp (—(F  + 6Z)A) — exp (—FA) 

where the derivative is taken at Z 

The special structure of Z is due to the fact that only w can change in (57). 
A straightforward calculation shows that 

I 
(1 — wA) cos(wA)

I + sin(wA)I, IS(Z)Il „,o  = max (I 
w2 

I A sin (w A) + IwA cos(w A) + sin (w A) I ) 

By choosing A minimizing the value of IIS(Z)II,,, minimum sensitivity of the matrix 
exponential, and therefore for the whole observer, with respect to oscillator frequency 
variations is achieved. 

Two observers with different choices of A are designed, one with good (w. r. t. 
the value of IIS(Z)110°) choices of A, A = {0.001,0.013} and one with bad choices,A = 
{0.043, 0.044}. The estimation error for each of the observers is plotted in Figure (23). 
There, it can be seen that an appropriate choice of the design parameters decreases the 
estimation error due to frequency mismatch. 

6 Simulation example 

The process is oscillator (50) with w = 100. The purpose of simulation is to investigate 
the observer robustness against variation of w when utilizing  P,-  and  P.  Both observers 
use only two operators P(.)(A; t). For Pd, the design parameters are chosen as A = 
{0.001, 0.013}, A = {0.043, 0.044} , while for Pe, the time constants are A = {-30, —35} 
and r = 0.01. 

In Figure 23, a comparison of the estimation error norm  lek  for observer (60), and a 
one of the form (58) is presented. It can be clearly seen that the observer implemented by 
means of the finite-memory convolution operator performs better both in the transient 
response and in the steady-state. 

Since the estimation error is periodic, after the transient time is expired, the following 
quadratic performance criterion is introduced 

lIehT 
 1 T  
-= —T  f eT (t)e(t)  dt  

where the integral is taken over an estimation error signal period T. Figure 24 gives an 
idea why very large values of  k  are needed in applications in order to achieve reasonably 
low observer sensitivity when the time delay operator is used (the usual FIR-filter). 
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Figure 23: le12  for the observer with Pd and good A (dashed line), bad A (dashdotted line) and for 
the observer with Pc  (solid line). Upper figure - no perturbation and lower figure - perturbation 

w 10%. 

Notice that a logarithmic scale is used to make the figure informative. 

4 	 e 	 8 
The  amt...., 	 pea. 

Figure 24: Melly,  for the observer with Pd (dotted line) and for the observer with 1), (solid line) 
w. r. t. the frequency perturbation in percent. 

7 Conclusion 

For a broad class of least-squares observers, upper bounds on the estimation error for 
measurements subject to L2-disturbance are derived. It is demonstrated that the choice 
of the implementation operator plays a crucial role in the observer design. A practically 
important case of state estimation of a harmonic oscillator is investigated, new param-
eterizations of the least-squares observer in terms of the oscillator's frequency together 
with observer existence conditions are presented and proven. A simulation example il-
lustrates that observer robustness properties against a structured uncertainty are closely 
connected with the choice of the parameterization operator. 
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Abstract 

Stability properties and degrees of freedom of the External Model Controller are inves-
tigated in a discrete-time framework. Existence conditions for the discrete least-squares 
observer are proven. A number of operators suitable for the observer implementation 
are suggested. The closed-loop transfer function, the sensitivity and complementary sen-
sitivity function are derived for a general case. The special case of a first order plant 
subject to a single-tone harmonic disturbance is highlighted. The stability margins under 
steady-state gain modeling error are derived for this simple case. 

1 Introduction 

An important application of disturbance rejection control systems is active control of 
vibration and noise in cars, boats, paper machines, fans etc. 

There are two main reasons why effective damping of vibration is sought. First, 
it causes inconvenience when handling vibrating machinery. Second, it speeds up the 
mechanical wear of the machine resulting in financial loss due to excessive maintenance 
and repair as well as decreased production. 

Noise and vibration problems are quite often caused by rotating imbalance. Then, 
reliable information about the disturbance frequency and signal shape can be gathered 
and used in active or passive damper design. The disadvantage of the passive damper is 
that it cannot adjust its parameters when the rotation speed changes. The semi-active 
damper, on the other hand, has this possibility but its design becomes complicated when 
the disturbance has a broad frequency band. An appealing way of going about it is to 
use active damping methods, [1, 2, 3]. Clearly, a disturbance rejection problem has to be 
solved in order to obtain the controller in an active vibration or noise damping system. 

Two control structures for disturbance rejection have been drawing most attention, 
the Internal Model Controller (IMC) and the External Model Controller (EMC). The 
main difference between these two is that the IMC includes a model of the disturbance 
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excited by the control error signal included in the feedback loop. The EMC treats the 
disturbance as an autonomous system augmenting the plant dynamics. The controller 
design objective is then rather to decouple the states of the disturbance generating system 
from the plant output. 

The EMC has been first introduced by Tomizuka, [4] and generalized to a MIMO-
case in [5, 6]. The main idea behind the EMC is, first, to estimate the process output 
without disturbance by using a pure plant model or a Luenberger observer to single out 
the disturbance signal filtered through the plant dynamics. Then, this signal is used by 
a least-squares deadbeat observer to estimate the states of a disturbance model. Finally, 
the disturbance state estimate is used in a feedback controller to generate a control signal 
canceling the disturbance signal contribution to the plant output. An appealing feature 
of the EMC is that the feedback does not influence the system stability when the plant 
dynamics is perfectly modeled and neither do the disturbance properties. 

In a general setup, though for continuous time, the least-squares state estimator has 
been treated in [7]. Such an observer contains a bank of  pseudodifferential  operators 
whose parameters can be chosen  e. g.  to enhance observer's robustness against plant 
parameters variation and/or measurement noise. Some ideas regarding design aspects of 
the continuous least-squares observers are addressed in [8]. Naturally, it takes infinite 
dimensional dynamics to achieve deadbeat performance in continuous systems which 
leads to complications in stability and robustness analysis. A discrete time framework 
makes these problems more viable. 

The article proceeds as follows. First, the problem of disturbance rejection by means 
of the External Model Controller is formulated in discrete time followed by a derivation 
of the least-squares deadbeat observer. Then, the transfer and sensitivity functions of 
the closed loop system with the EMC is evaluated. Further, the stability margins of a 
first-order plant subject to a single-tone harmonic disturbance with a steady-state gain 
mismatch are derived. Finally, a numerical example with simulations is provided to 
illustrate the obtained analytical results. 

2 External Model Controller 

The active vibration control problem can be formulated as to find a control signal that 
decouples the process output from the disturbance source. 

Consider a discrete  multivariable  time-invariant linear system 

x,(k +1) -= A,x,(k) + B,u(t) + Eiw(k) 
y(k) -= C,x,(k) + E2w(k) 	 (62) 

where  x, E  Rn  is the state vector, u  E  117' is the control vector,  y E  111  is the observation 
vector and the distinct eigenvalues of A comprise its spectrum a(A) = 	, µrd. 
The disturbance dynamics obey the linear autonomous system 

w(k + 1) = Fw(k) 	 (63) 
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where w(k)  E  RT  is the state vector of the disturbance generating system.  Ap,  Bp,  cp,  F, E1, E2 
are real matrices of appropriate dimensions. 

In the case of active vibration control, (62) is a stable system describing the vibrating 
plant and (63) is the vibration model with all eigenvalues of F on the unit circle. 

The plant model can be augmented with the disturbance model so that the resulting 
state vector is x(k) = [ x(k) w(k)i. This yields 

x(k +1) 	= 	Ax(k) + Bu(k) 

y(k) 	= 	Cx(k) (64)  

where  

A = [Ad, 	E
Fi 

 B  [B
op 

 

C = [c 	oj  (65)  

In continuous time, the existing theory of least-square state estimation based on the 
notion of  pseudodifferential  operator [7] can be exploited, as described in [5, 6]. Three 
particular operators have been treated so far. The differential operator is the classical 
one, see [9]. The time delay operator is though a more reasonable choice since it can be 
implemented in practice, see [10, 11]. The special case of state estimation in a harmonic 
oscillator is analyzed in [8]. The third operator, sliding-window convolution operator, 
has been found to possess some beneficial properties when it comes to disturbance atten-
uation, [12, 13]. Corresponding analysis of the least-squares estimator in discrete time is 
not readily available. 

In a discrete time framework, the issue of least-squares state estimation is much sim-
pler because it does not include infinite dimensional systems. Indeed, infinite dimensional 
dynamics have to be used in continuous time in order to obtain a finite memory of the 
observer. In discrete time, it suffice to consider operators that can be written as a finite 
polynomial of the discrete delay operator. The following result is a discrete time version 
of Lemma 1 in [7]. 

Proposition 1 Consider a discrete vector sequence x(k)  E R', k  = 0, , oo 

x(k) =  

xo  = x(0) 

(66)  

and a scalar transfer function p(z) analytic on 
Let i(k)  E  Rn,  k  = 0, , oo be a sequence whose Z -transform is 

X(z) = p(z)X(z) 

Then the following relationship holds 

i(k) p(A)x(k) 
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Proof: 
The Z-transform of the sequence  x  is 

X(z) = z(z/ — A) iz°  

Taking the inverse Z-transform of  X.  (z) = p(z)X(z) gives  

i  
Y(k) = 1 f pcoe(ei — A)dex. = 

=- f (A)Ak  xo  = f (A)x(k)  

Notably, in discrete time, there is no restriction on how fast Ip(z)I decays at infin-
ity, compared to the continuous time case. Otherwise, all the results obtained in [7] 
for the continuous least-squares observers are still valid in discrete time. They can be 
summarized for the purpose of this paper in the following manner. 

Proposition 2 Consider an autonomous discrete system 

x(k +1) = Ax(t) 

y(t) = Cx(t) 

where  x E  Rn is the state vector,  y  ER1  is the output vector and (A,  C)  is an observable 
pair. Let a scalar transfer function p(A,z) be analytic on i(A) for all A  E  A. Suppose 
that for any given A  E  A and 1j  E  a(A)  

(i):  p(mi) 	p(it.i) 	mi  
(Jo: d4:1 Is=,,,, 0 for every eigenvalue pj with height of the Jordan block greater than 

1. Then the least-squares observer is given by the expression 

= v-i E p(A„AT)CTP(Ä,y)  
Ai EA 

where 
V =  E p(),„  AT  )CT  Cp(A„ A) 

and P(X,.) -= Z-1{p(A,•)} 

In the literature, the most common discrete operator used for the least-squares ob-
server parameterization is the the time-delay operator pd(A, z) = z—A. Thus pd(A, A) = 
A—A  and A has to be non-singular. 

Another popular discrete operator is the 6-operator, [14, 15]  

på 
	

z) 
	z 1  ) 
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where is a constant. 6-operator can be interpreted as a discrete time approximation 
of the continuous time derivative clj. • The corresponding matrix function is  dt   

(A — I 
) 

An operator with integrating behavior is the finite-memory convolution operator (slid-
ing window), [13, 12, 7]. In discrete time it amounts to 

1 — AT z-T 
r; z) = 

Then 

Pc() 7; A) = (I — VA-T)(A — Al) -' 

where once again non-singularity of A is necessary. Notice also that after a zero-pole 
cancellation, pc  is simply a polynomial in z-1  of highest power T which fact guarantees 
its finite impulse response. 

Along the lines of [5] and taking into account Proposition 2, the following discrete  
EMC is suggested 

z— \  

;(k+  1)  = 

ed(k) = 

u(k) = 

where  

Ap;(k) Bu(k) + L(y(k) Cp-±p(k)) 

VJ 1  E p(Ai, AT)CT  P(y — C) (A; k) 
A,EA 

Kd'i(k)  

Cd 
 , ed  — [ 	Xp 

wd 	 Wd 

(67) 

Vk =- E p(Ai, AT)CT  Cp(Ai, A) 
A,CA 

In (67), the Luenberger observer is used to single out the signal characterizing the 
effect of the disturbance on the plant and the least-squares observer to estimate the 
disturbance model state vector. 

The decoupling feedback controller Kd 

Kd =-  K G 	 (68) 

is calculated by solving the restricted Sylvester equation 

CT = E2 

—ApT + BpG + T F = — 	 (69) 
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where  G E Rm",  for some T  E  R"r. 
This equation frequently appears in different types of decoupling problems in e.g. 

fault detection, design of functional observers and such [16, 17, 18]. It is also closely 
related to the Geometric Approach [19] since the solutions to the restricted Sylvester 
equation are known to parameterize invariant subspaces. 

The closed-loop system (62), (67) is asymptotically stable if 	- LC,) and (A, + 
Bpi() are Hurwitz matrices. This can be proven by a straightforward application of The-
orem 5 in [5] using the general form of the discrete least-square observer in Proposition 2. 

3 Closed-loop transfer functions 

The stability conditions discussed in Chapter 2 assume that the process model is per-
fect. Therefore, it is important to investigate how process uncertainty and disturbances 
affect the control system. This can be done by analyzing the transfer, sensitivity and 
complementary sensitivity functions of the closed-loop system. 

The process can be described as the actual process transfer function,  G,  and the 
process model,  G,  which allows for modelling error. The feedback gain matrix together 
with the deadbeat observer comprise  G.  In Figure 25, a block diagram of the closed-
loop system with the EMC is shown. There, r,  d  and  ns  are reference signal, process 
disturbance and measurement disturbance respectively. 

Since the disturbance signal w in (62) contributes directly to the state vector of the 
plant, the disturbance  d  should be written as 

d(z)= C(Iz - A,)-1E1w(z) 

to agree with the state-space model. 

Figure 25: Block diagram of the closed-loop system with EMC 

The closed-loop dynamics is described by the following relationships.  

y  =- Gp(u + r)+  d  
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Gmu + Gmr 
e =-- y—ü+n,  
U  = Ge  (70) 

In terms of the closed-loop transfer function Gd, the sensitivity function S and the 
complementary sensitivity function T, (70) can be rewritten as 

y 	Gdr + Tns  + Sd 	 (71) 

were  

Gd 
1 + (Gm  — G,)G, 

1+ GmG, S = 

	

	  
1+ (Gm  — G,)G, 

G,G, 
T= 

	

	  
1+ (Gm  — G,)G,  

From (71), by substituting for  G,,  Gm  and Gc, an explicit expression for the charac-
teristic polynomial can be obtained and used for stability analysis. 

The sensitivity functions S and T are instrumental in robustness analysis of the EMC. 
Apparently, minimizing a norm of  C.  is one way of achieving low closed-loop sensitivity 
to the measurement noise and the vibration. In [13] it is shown that, in continuous time, 
the traditional choice of the time-delay operator for deadbeat observer parameterization 
might lead to high sensitivity of the closed-loop system. Alternative parameterization 
operators have to be considered to alleviate the phenomenon. 

4 Stability analysis of a first order process 

The closed-loop dynamics of control systems with the EMC are quite complicated, not 
least due to the presence of two observer structures, a Luenberger observer and a least-
squares one. Besides, as shown in Section 2, different operators  p(.)  can be used for 
implementing the least-squares state estimator. In the sequel, a very simple, but non-
trivial, case of a first-order system with a single-tone harmonic disturbance is treated. 
This is to keep the system order down and make it possible to obtain exact analytical 
expressions for stability margins and such. 

In active vibration control, process models are usually estimated by means of system 
identification, either in time or frequency domain. The resulting mathematical models 
often suffer from poor static gain accuracy due to insufficient excitation. Therefore, it is 
interesting to consider stability of the EMC under uncertainty in the process steady-state 
gain. 

Assume that the plant is a first-order stable system and 

G,  
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Cp  
z  —  a 
1 

z — a 

where  K  is constant and characterizes the model uncertainty. 
The disturbance dynamics are modeled as a sampled version of a harmonic oscillator 

w(k 
+ 1)= [ 2 coswTs) —10 w(k) 	

(73) 

and the coupling between the disturbance generating system and the plant is 

= [ sin(wTs) 0 

For (72), the system matrices are  Ap  = a, Bp  = 1,  Cp  = 1. The plant model augmented 
with the disturbance dynamics then yields 

x(k + 1) 	= x(k) + 0 
[1 

u(k) 
0 

y(k) 	=  [i 	0 	0 ]  x (k) 	 ( 74 ) 

where  
a sin(uiTs) 	0 

A= 0 
[ 0 

2 cos(w71) 	—1 
1 	0 	

1 

The simplest way to implement the least-squares estimator is to employ the discrete 
time delay operator,  i.  e.  to choose p(z, A) 	Taking into account the dynamic 
order of (74), it takes at least three distinct A to estimate the whole state vector. To 
bring down the phase shift in the feedback, it is feasible to choose A = {0, 1, 2}. The 
resulting observer has the following transfer function 

2 
•(.z) = 	E A-icTz-i 

i=0 

where  
2 

V = E A-iTcTcA-i 

The gramian matrix V is always non-singular if sin(wTs) 0 which provides the existence 
condition for the observer. For the purpose of disturbance rejection, it suffices to feed 
back only the estimates corresponding to the states of (73). 

1 — K 

(72) 
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The feedback gain  G  is evaluated by solving the restricted Sylvester equation (69). 
In this particular case, the solution is T = 0,  G  = 

Calculating the transfer function of a least-squares estimator analytically is a tedious 
task and is normally done by means of some suitable software for symbolic computations. 

Combining the feedback gain  G  with the observer transfer function leads to the fol-
lowing controller  

G,  = —(1 — az-1)(2 cos(wTs) — z-1) 

As expected,  G,  has a finite impulse response, inherited from the least-squares observer, 
and includes a factor supposed to cancel the plant pole. 

The closed-loop transfer function and sensitivity functions for the system in question 
can be now easily evaluated according to (71) as 

(1 + K)z2  
(z — a)(z2  — 2 cos(wTs)K z +  K)  

z2  — 2 cos(wTs)z + 1 	 
S(z) 

	

	 (75) 
(z — a)(z2  — 2 cos(wTs)Kz +  K)  

(1 + K)z2  
T(z) 

(z — a)(z2  — 2 cos(wTs)Kz +  K)  

The stability margins on the modeling error can be determined by analyzing the 
characteristic polynomial of Gd. 

Proposition 3 The closed-loop transfer system (71) with Gd,S and T given by (75) is 
stable if and only if the plant is stable, i.e. lap < 1 and the steady-state gain uncertainty  
K  satisfies the following bounds 

1 + 2 cos(wTs) 
< K  < i,  for cos(col's) > 0 

1 
< K <1, for cos(wTs) < 0 

Proof: The characteristic polynomial of the closed loop system is 

(z — a)(z2  — 2 cos(wTOK z +  K)  

and it is assumed that the plant is internally stable, al < 1. Therefore, the second 
term (z2  — 2 cos(wTs)Kz +  K)  defines the system stability. The Jury's test gives that 
—1  < K  < 1 a necessary condition. The roots of the second factor in Gd are 

,2  = cos(wTs)K ± (cos2  (wTs) K2  — 

Two cases arise depending on whether the roots are real or complex. 
Consider first the case of real roots. Since IK1 < 1, the roots are real whenever 

1 

2 cos(wTs) — 1 
(76) 
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—1  <K  < 0. Furthermore, the roots have different signs because 

\, I K2  cos2(wTs) —  K> IK  cos(w Ts) I 

To guarantee system stability, either of two inequalities have to be fulfilled  

K  cos(wTs) — I K2  cos2  (wTs) —  K>  —1 for cos(wTs) > 0  

K  cos(wTs) I K2  cos2  (cal) —  K  < 1 for cos(wTs) <0 

Solving the inequalities above yields (76). 
Now, for the case of complex roots, i.e. 0 <  K  < 1 

= cos(wTs)K j(cos2  (wTs) K2  —  K)  

and I  z1,21 =  K.  Thus the stability region obtained for the real roots is still valid. MI 

5 Simulations of stability and sensitivity 

A numerical example is considered to illustrate the analytical results of the previous 
sections. The parameter values are a = —0.5, w = 100, Ts  = 0.002 which gives the 
control law 

u(k) = [ 0 —0.1987 0 ib(k) 

The least-squares observer uses the time delay operator with the delays [ 0 0.002 0.004 
Figure 26 and Figure 27 show, respectively, the sensitivity function and the complemen-
tary sensitivity function of the closed-loop system. 

Figure 26: Sensitivity function S 
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Grp•ne  

0.000e 0.0001 

Figure 27: Complementary sensitivity function T 

In Figure 26, it can be clearly seen that perfect disturbance suppression is achieved at 
100 rad/sec. Besides, the system has better disturbance attenuation for lower frequencies 
than for higher frequencies. This is expected since a pure FIR-structure is chosen for the 
observer. This can also be explained by examining the phase plot where at frequencies 
less then 100 rad/sec the phase shift is negligible while at frequencies above 100 rad/sec 
it becomes quite large. 

Regarding the complementary sensitivity function, it can be noted that there is no 
integral action in this controller when the time delay operator is used, therefore the 
increasing gain at frequencies above 100 rad/sec. 

Some simulations are provided to demonstrate closed-system performance under steady-
state gain mismatch. Results of four simulations are depicted in Figure 28 and Figure 29.  

Y 2  

'0 	PO 	40 	00 	00 	100 	120 	 100 	100 

100 	100 	1;0 	100 

Figure 28: Simulated output of the closed-loop system. The plant gain is smaller then the lower 
stability bound (upper plot). The plant gain is larger then the lower stability bound (lower plot). 

The upper plot in Figure 28 shows a simulation of the closed-loop system with the 
plant gain 5% lower then the lower bound. This causes instability. If the gain is set 5% 
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100 	 130 	100 	100 

100 	110 	130 	180 	180 

Figure 29: Simulated output of the closed-loop system. The plant gain is smaller then the upper 
stability bound (upper plot). The plant gain is larger then the upper stability bound (lower plot). 

higher then the lower bound, then the system is stable, as demonstrated in the lower 
plot. 

The upper plot in Figure 29 shows that the system output is stable when the plant 
gain is 5% less then the upper bound, but the system becomes unstable with a 5% larger 
gain then the bound, as in the lower plot. 

6 Conclusion 

The paradigm of least-squares observer is generalized to a discrete-time framework and 
applied to the problem of disturbance rejection by means of the External Model Con-
troller. The closed-loop transfer and sensitivity functions of the resulting system are 
derived. A simple special case of a first order process subject to a single-tone harmonic 
disturbance is analyzed in depth. The system stability margins for this case are also de-
rived under steady-state gain modeling error. Simulations illustrating the stability limits 
are presented. 
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