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Summary 

Usually, finite elements in commercial finite element programs are based on formulations de-

rived from the principle of minimum potential energy which implies the assumption of a dis-

placement field within the element. The assumed displacement field must preserve continuity 

of displacements between adjacent elements. This has proved to be a serious obstacle in the de-

velopment of accurate and robust plate and shell elements. The use of multi-field variational 

principles like the Reissner principle and the Hu-Washizu principle has gained increased inter-

est during the last decade, because these principles provide increased freedom to approximate 

the field variables in solid mechanics. One of the most popular formulations is the so-called hy-

brid mixed model derived from a modified version of Reissner's variational principle. 

The objective of the present study has been to investigate the numerical performance of recently 

developed hybrid mixed formulations by means of the so-called eigenvalue test as well as by 

carefully selected elasticity problems. The eigenvalue test demonstrates that a number of fac-

tors of vital importance for the numerical accuracy can be extracted from the eigenvalues. 

Particular attention has been given to the application of the hybrid mixed models to two dimen-

sional elasticity problems. 

Different schemes for constraining the assumed stress field in hybrid mixed elements have been 

described. From these considerations two different plane quadrilateral elements have been pro-

grammed and studied. The elements have four nodal points and two translational degrees of 

freedom per node. A number of other quadrilateral elements have also been included in the 

present investigation. These include one hybrid stress element, one compatible displacement el-

ement, two incompatible displacement elements and one element based on the so-called free-

formulation. 

From the extensive numerical testing carried out in the present report it is concluded that these 

two hybrid mixed elements are highly accurate, robust and computational efficient. It is be-

lieved that these elements are the best performers among the presently available four node 

quadrilateral elements with eight degrees of freedom. 



iv 



Table of contents 	 v 

Table of contents 	 page 

Acknowledgment 	 i  
Summary 	 iii 
Table of contents 	 v 

1 Introduction 	 7 
2 	Hybrid formulations and corresponding variational principles 	9 

2.1 	Field equations in solid mechanics 	 9 
2.2 	The principle of minimum complementary energy 	 13 

2.2.1 	Classical formulation 	 13 
2.2.2 	Relaxed interelement continuity requirements 	 16 
2.2.3 	Hybrid stress model 	 18 

2.3 	Reissner's variational principle 	 21 
2.3.1 	Classical formulation 	 21 
2.3.2 	Modified Reissner principle 	 23 
2.3.3 	Relaxed equilibrium requirements 	 28 
2.3.4 	Vanishing of virtual work due to higher order stresses 	 32 

2.4 	Plane quadrilateral hybrid mixed elements 	 39 
2.4.1 	Element geometry 	 39 
2.4.2 Quadrilateral element based on relaxed equilibrium equations 	40 
2.4.3 The hybrid mixed element 5131 	 45 
2.4.4 The hybrid mixed element 5011 	 47 

3 	Performance tests of finite elements 	 49 
3.1 Introduction 	 49 
3.2 	Trace of the element stiffness matrix 	 51 
3.3 	Eigenvalues of the element stiffness matrix 	 57 
3.4 	Numerical studies 	 63 

3.4.1 	Cantilever beam 	 63 
3.4.2 	Cantilever beam, effect of irregular element mesh 	 67 
3.4.3 	Cook's problem 	 69 
3.4.4 	Plane ring 	 73 
3.4.5 Plane wedge 	 74 
3.4.6 	Computational efficiency 	 75 

4 	Concluding remarks 	 77 
5 References 	 79 

Appendix A: The  R-matrix 	 83 
Appendix  B:  Analytical Integration of  H-  and  G-  matrices 	85 
Appendix  C:  Trace of element stiffness matrices 	 91 
Appendix  D:  Eigenvalues and corresponding deformation modes 97 



vi 	 Table of contents 



Introduction 	 7 

I. Introduction 

The process of developing new finite elements continues, but do the new element formulations 

provide any particular advantages over existing formulations? Are the derived elements safe to 

use, i.e., are they reliable, or will they give excellent results for a limited set of problems and 

total unpredictable results for others? How easy will it be to implement the new ideas into ex-

isting finite element programs and what about the computational effort? Are the new formula-

tions too complex? These questions, and others, are often being asked when new element 

formulations are presented. 

The objective of this thesis is to measure and compare the performance of recently developed 

finite elements based on Reissner's variational principle, see Refs. 17 and 18, with existing 

compatible and incompatible elements derived from the principle of minimum potential energy, 

see Ref. 10. The investigation is limited to elements for solving two-dimensional elasticity 

problems. It is attempted to evaluate each element's performance based on the trace and the ei-

genvalues of the element stiffness matrix. Comparisons of numerical accuracy has been carried 

out using several benchmark test in the form of selected two-dimensional elasticity problems. 

Usually, finite elements in commercial programs are based on element formulations derived 

from the principle of minimum potential energy which implies the assumption of a displace-

ment filed within the element. The assumed displacement field must preserve continuity of dis-

placements between adjacent elements. This has proved to be a serious obstacle in the 

development of accurate and reliable plate and shell elements. However, elements based on the 

minimum potential energy principle .are not the only possible choice. 

As early as in the first half of the 1960's it was realized that the finite element method has a 

basis in variational calculus and that element formulations could be derived from the alternative 

variational principles of solid mechanics. With these new tools researchers has sucessfully con-

tinued the process of finding improved and more satisfactory finite elements. Two of the most 

popular alternative finite element models are the so-called hybrid stress model, derived from a 

modified version of the principle of minimum complementary energy and the hybrid mixed 

model which is derived from a special version of Reissner's variational principle. The use of 

multi- field principles like the Reissner principle and the Hu-Washizu principle has assumed in-

creasing interest in the last decade. One of the reasons for this, is the associated increased free-

dom in choosing functions to approximate the field variables (displacements,stresses,strains). 
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Chapter 2 of this thesis contains a complete derivation of the hybrid stress model and the hybrid 

mixed model together with a recently developed finite element formulation based on the latter 

model, see Refs. 17, 18. In Chapter 3, numerical performance of these new elements are com-

pared with existing, well-established finite elements and analytical solutions. 
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2 Hybrid formulations and corresponding variational 
principles 

2.1 Field equations in solid mechanics 

 

y,v  

   

Figure 2.1 General two-dimensional body subjected to prescribed body forces  i  and 
surface tractions . 

In solid mechanics, the general elasticity problem is to solve three sets of field equations with 

prescribed boundary conditions. Figure 2.1 illustrates a general two-dimensional body with 

area A and thickness  h.  The boundary S of the body can be divided into two parts from the view-

point of boundary conditions: the part So  where boundary conditions are prescribed in terms of 

external forces (fractions) and the part Su  where boundary conditions are prescribed in terms 

of displacements Ft. Obviously S =  Sa  + S.. 

The Cartesian components of the prescribed boundary forces T.  and body forces F are 

T = [tx  1.2] 	 (2-1) 
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= [Px  Pyj 
T 	

(2-2) 

The corresponding index notation is, Ti  and Pi  (i  = 1,2), respectively. The bar, "-", over the 

characters indicates that they are prescribed quantities. 

The displacement vector is denoted by 

U = [u 
	

(2-3) 

where u and v are displacements in the  x-  and  y-direction, respectively. In index notation the 

displacements are written as  ui.  

In matrix form, the Cartesian components of stress a and strain  E  are given by 

(2-4) 

e=re   [.x   E y 
y  XL 

The three sets of governing field equations for the two-dimensional body in Figure 2.1 are given 

by: 

1. Strain-displacement relations 

a 
ax 

0 

0 

a 
ay 

a 	D  
ax 

[U

] 

 = u  

V 
(2-5) 

1  
E  . = — ( U • • -I- U • .) 

or  

(2-6) 
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The direction cosines of the unit outward surface normal are given by 

nx = 	
= 

dy 	 dx 
n 

d
—
s  ds  

(2-17) 

Thus, eq. (2-16) may be rewritten in matrix notation as 

T = N 	 (2-18) 

where  

N = 
[n

x 
0 n 

Y 
0 n n 

Y 

In tensor notation, eq. (2-18) can be written as 

T 	= a ..n • 
lJ J 

(2-20) 

The geometrical boundary conditions are defined by the prescribed displacements  —ui  along the 

boundary S„, i.e.,  

ui  = ui  on  S (2-21) 

Similarly, the prescribed surface tractions Ti on S, represent the mechanical boundary condi-
tions, 

T  = fi  on Sa 	 (2-22) 

The general two-dimensional elasticity problem consists of solving the three sets of field equa-

tions, with prescribed boundary conditions, within the general body in Figure 2.1. 

2.2 The principle of minimum complementary energy 

2.2.1 Classical formulation 

The equilibrium conditions of the body in Figure 2.1, can be stated by the principle of comple-

mentary virtual work, Washizu [21], i.e., 

(2-19) 
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.•Scs dV — uiST idS = 0 
	

(2-23) 
s. 

where the virtual quantities Scr and 67', must satisfy the equilibrium conditions eq. (2-9) and 

the mechanical boundary condition eq. (2-22). 

Assuming the existence of a complementary strain energy function tic  () , 

U„ 
= •. or  SU  = 

Da 

makes it possible to transform eq. (2-23) into the principle of minimum complementary energy. 

For linear elastic material properties, the function U, (a) is expressed by 

1 
U = —D 	, c  (2-25) 

The principle of virtual work eq. (2-23) can now be rewritten as 

81Ic =  (2-26) 

where the total complementary energy is defined by 

rI 	= f ifc  (aii) dV — f T 	 (2-27) 
s„ 

The principle of minimum complementary energy can now be stated as: Among all the sets of 
admissible stress ;which satisfy the equations of equilibrium and the prescribed mechanical 
boundary condition on So, the set of actual stress components makes the total complementary 
energy l, eq. (2-27), .an absolute minimum, Washizu [21]. 

Mathematical formulation of the two-dimensional elasticity problem is usually made by means 

of differential equations. Field variables, such as displacement, stress and strain are assumed to 

be continuous functions of the space coordinates xi, 1=1,2. 

Except for a limited number of simple, idealized elasticity problems, it is difficult or impossible 

to obtain analytical solutions for these continuous functions. Instead, numerical discretization 

procedures such as the finite element method are usually employed. In the finite element meth- 

(2-24) 
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od,  the continuous body is replaced by a mathematical model which consists of a finite number 

of discrete elements as illustrated in Figure 2.3. The continuous functions for the field variables 

are now replaced by approximate functions which are continuous within each element, but not 

necessarily continuous across the boundaries between adjacent elements. The actual interele-

ment continuity requirements depend on the particular variational principle under considera-

tion. 

 

y,v  

   

 

X,11 

Figure 2.3 Finite element discretization of two-dimensional body. 

Provided that the stresses are continuous between adjacent elements the complementary energy 

of the finite element assemblage can be defined as the sum of contributions from each individ-

ual element, i.e., 

I f  
1 

Hc  = E 	f TdS 
n {V. 

(2-28) 

where V, is the volume of the n'th element and S
u. 

 is the portion of the surface of this element 

where displacements are prescribed. 
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The finite element model associated with the principle of minimum complementary energy is 

called the equilibrium model or stress model. The assumed stresses must satisfy the equilibrium 

conditions, eq. (2-9), and the mechanical boundary conditions, eq. (2-22). These requirements 

turn out to be a serious obstacle in deriving finite element formulations based on the principle 

of minimum complementary energy. To overcome this problem, methods for relaxing these 

continuity requirements have been developed, see Refs. 1-4. 

2.2.2 Relaxed interelement continuity requirements 

y,v 

   

 

X,U  

Figure 2.4 Adjacent elements "a" and  "b"  with surface tractions. 

Consider two neighbouring elements "a" and  "b"  as illustrated in Figure 2.4. The components 

of the tractions along the common boundary AB are denoted ez) , 7.  for element "a" and 

T (b) for element  "b".  The interelement continuity of these boundary tractions can be   re- 

laxed by considering the equilibrium condition at the interelement boundary, i.e., 

T(0)  +7°)  =o 

T
(a) 

+T '> =--• 0 Y 	Y 

(2-29) 
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If the assumed stresses within each element satisfy eq. (2-9), the above equations automatically 

ensure the continuity of stresses between adjacent elements. In tensor notation eqs. (2-29) take 

the form 

= 0 
	

(2-30) 

The interelement continuity can now be relaxed by allowing discontinuous stresses along the 

interelement boundaries and treating eq. (2-30) as a condition of constraint. This condition is 

introduced into the functional (2-28) by means of Lagrangian multipliers, which is a very useful 

and systematic tool for introducing conditions of constraint in variational principles. The La-

grangian multiplier terms corresponding to eq. (2-30) are 

AB  

(7' cg)  -f- T  i(b)  ) ds = 	1 (2)  I ds + 
AB

i(b) 1 2ds  
AB 	1   

2  

E fTikidS 
n =  IS. 

(2-31) 

The Lagrangian multipliers  X,  are to be treated as additional variables in the variational princi-

ple. When all interelement boundaries have been considered the modified energy functional be-

comes 

r  i , 
nmci  = E 2 —Jim 1.1 	crijakidV — j.  TiiiidS — IT.iX.dS i  

n  

where  Sn  is the interelement boundary of the n'th element. 

Carrying out the variations of II 	with respect to cr.. and  X.,  it can be shown, see Ref. 21, 
me' 

that the Lagrangian multipliers  X,  coincide with the displacements  ui  along the interelement 
boundary, i.e., 

Xi  ui  on Su.  and  Sn 	 (2-33) 

The mechanical boundary conditions, eq. (2-22), constitute the second set of subsidiary condi-

tions in the complementary energy principle. This implies that the assumed stresses crij  must 
satisfy 

T = a  ..n.  = fi  on S3
J 	 . 
	 (2-34) 

(2-32) 
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where S is the portion of the boundary of the n'th element where tractions are prescribed. 

Applying the method of Lagrangian multipliers makes it possible to treat eq. (2-34) as another 

condition of constraint to be introduced into the functional Ilmci  . Again, observing that the as-

sociated Lagrangian multipliers are interpreted as the boundary displacements up the augment-

ed functional can be expressed as 

1 = 	r — D••"a„(7,,,dV— f 	— iTiuidS— f (Ti —T7  ) uidS} nic2 	 2  ij,-• 
n 17. 	 S.. 	 So  

The Lagrangian multipliers now occur on the entire boundary  av  ,z  where 

= S;+S,« +S, 	 (2-36) 

These multipliers, which are defined only at the element boundary must be continuous between 

adjacent elements and are to be treated as additional variables in the variational principle. Writ-

ing  i  for the boundary displacements, the variational functional can be rewritten as 

1 
fl.

c2 
 = 	

r  E 	Dijklau f:YladV— fTidS + f fiüidS  
n  V. 	 ay. 

(2-37) 

The above functional is a result of modifications of the classical complementary energy princi-

ple eq. (2-27). The modifications consist of relaxing the interelement continuity requirements 

and the mechanical boundary conditions. These conditions are then introduced into the varia-

tional principle by means of Lagrangian multipliers. As a result, interelement continuity is 

achieved in an integral sense only and not pointwise along the element boundary. Thus, com-

plete continuity is achieved in the limit when the element size approaches zero. The resulting 

modified complementary energy principle has two independent field variables. These are inte-

rior stresses aif , satisfying the equilibrium conditions, and continuous displacements üi  along 

the element boundary. 

2.23 Hybrid stress model 

The hybrid stress model derived from the modified principle of minimum complementary en-

ergy was first suggested and formulated by Pian [1] as early as 1964. The evolution behind the 

hybrid stress model was dictated by the problem to find continuous interpolation polynomials 

for the displacements in conjunction with plate and shell elements. The formal basis in the form 

of the associated variational principle was published by Pian and Tong [4] in 1969. 

(2-35) 
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Consider the subsidiary conditions in the modified principle of minimum complementary ener-

gy, that is, the equilibrium conditions 

Vra + = 0 in V 
	

(2-38) 

and the mechanical boundary condition 

T  = Na = 	on  So 	 (2-39) 

From a mathematical point of view, the subsidiary conditions given by eq. (2-38) is a set of first 

order partial differential equations with a homogenous and a particular solution. In order to sat-

isfy eq. (2-38) the assumed stresses a are divided into two parts. The first part, which contains 

a finite number of undetermined parameters ß, should satisfy the homogeneous equilibrium 

equations, 

vTa  0 	 (2-40) 

The second part is a particular solution of the equilibrium equations (2-38) with prescribed 

body forces 	In matrix notation, the stresses can be expressed as 

= Pf5-F PFI3F, 	 (2-41) 

where ß is unknown and PFF  is determined from the particular solution. Because of eq. (2-

40) there will be a coupling between the columns in the matrix  P.  

To make the finite element solution independent of the choice of particular solution, the stress 

modes must be so chosen that the polynomials in the homogeneous solution Pß are complete 

polynomials at least of the same order as the polynomials in the particular solution  P  

For simplicity, the particular solution in eq. (2-41) is neglected and the distributed volume forc-

es in eq. (2-38) are replaced by lumped nodal forces. These forces are inconsistent according to 

the variational principle, but computationally more efficient than the corresponding consistent 

approach. This modification must be done anyway in the case of shell elements, where the vol-

ume force distribution is complex and it is very difficult to find simple polynomials representing 

the particular solution. Tong and Pian [5] showed that neglecting the particular solution, does 

not affect the element stiffness matrix and this is another justification for this simplified ap-

proach. Thus, the stress assumption takes the form 
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a = Pß 	 (2-42) 

The boundary displacements it are interpolated on the basis of a set of nodal displacements v. 

In matrix notation, this can be written as 

ii = Lv 	 (2-43) 

where Lis a matrix consisting of the boundary interpolation functions, applied only on each 

individual element segment. It should also be noted that L must preserve compatibility between 

neighbouring elements. 

Substituting the stresses defined by eq. (2-42) and the boundary displacements, eq. (2-43), into 

the energy functional, eq. (2-37), yields 

rim, = E {1 flTio - ßTäv - VTer} 
2 	n 

where  

H  =  i  PT  DP dV 
v.  

ä.  = .1 (NP)T  LdS 
ay. 

--th, = - f eids 	 (2-47) 
so  

• 

Since the [3—parameters are local for each element, the stationary condition of the functional, 

eq. (2-44), with respect to [3 can be carried out independently for each element. Thereby results, 

	

Hß — Öv = 0 	 (2-48) 

The unknown ß-parameters can then be expressed in terms of nodal displacements, 

	

ß = irlä.  v 	 (2-49) 

Introducing this expression into the variational functional eq. (2-44), leads to 

(2-44) 

(2-45) 

(2-46) 
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{-1vTkv- VTJT} 
mc2  n  

where 

- 	-  
k  =  G

T 
 H —  G  

Taking the variation of eq. (2-50) with respect to v gives 

{ kv —  -(1.}  =  0 	 (2-52)  
n 

It is obvious, since v represents the displacement vector, that  k  must be the element stiffness 

matrix and -07- the consistent element load vector. 

2.3 Reissner's variational principle 

2.3.1 Classical formulation 

Finite element formulations based on multi-field variational principles have received increased 

interest from researchers in the last decades. This is due to the problems of developing defect-

free plate and shell elements from element models based on the principle of minimum potential 

energy. 

In Reissner 's principle the energy functional is expressed in terms of both displacements  ui  and 

stresses aJ.J.  The functional to be made stationary is 

nR = rf [- u, (Gii) + j 	+ 
n 

f TiuidS — f Ti (ui — Lid dS 
S0

) 
. 	so.  

where U, (aii) is the complementary energy density. It should be noted that eq. (2-53) is not a 

minimum principle. 

The classical form of this principle requires that either the boundary tractions T or the assumed 

displacements u must be continuous between adjacent elements. Rewriting the functional 

in matrix form gives 

(2-50) 

(2-51) 

(2-53) 
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nR  = I (1 [-  il  arDa +  ar  (V u) — uTildV  
n  V .  

— .1 UTTZ — ITT  (El —  ii)dS  
sa 	s. 

Let us assume that the displacements u are continuous and can expressed in terms of nodal dis-

placements, 

u = 4w 	 (2-55) 

where 4) is a matrix of interpolation functions and v a vector defining the nodal displacements. 

Assuming that u = ii on Su., which makes the last boundary integral in the functional (2-

54) vanish. 

The stresses, which need not satisfy the equilibrium conditions, can now be expressed as 

a = Pß 	 (2-56) 

within an individual element. Substituting eqs. (2-55) and (2-56) into eq. (2-54), yields 

H
R 
 = E  {_ I ßTaß  + 137,G v  _ vrei, _ vTe-

F
} 

n 

H = .{ PTDPc1V 
v. 

G = f P7  . (‘ 7 4))dV 
v.  

UT  = f eT idS 
So  

UF  = f OTF di)  
V. 

(2-54) 

where  

and  

(2-57) 

(2-58) 

(2-59) 

(2-60) 

(2-61) 
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The functional (2-57) contains both stresses and displacements as field variables. Since the dis-

placements are continuous across the interelement boundaries, the stresses a are local for each 

element. The associated polynomial coefficients ß can therefore be eliminated by taking the sta-

tionary condition of the functional (2-57) with respect to ß for each element at the time. Thereby 

results, 

f3 = H-1Gv 	 (2-62)  

Substituting eq. (2-62) into eq. (2-57) yields 

1 T 	T I-  1R  =  
n 	z' 

(2-63)  

where the element stiffness matrix  k  is defined by 

k = GTH-1G 	 (2-64) 

and the consistent load vector 	representing the prescribed volume and surface forces, 

= UT+ep  (2-65) 

The application of Reissner's principle in this form is not used very much, because it does not 

provide any particular advantage over the compatible model since interelement compatibility 

is still required. 

2.3.2 Modified Reissner principle 

In the classical mixed formulation, either displacements or stresses must be continuous between 

adjacent elements. The continuous displacements can be relaxed using a jump term of the same 

form as eq. (2-31), except that in this case the Lagrangian multipliers coincide with the bound-

ary tractions, i.e., 

2.i  = T  i  on Sci.  and S. 	 (2-66) 

Hence, the Lagrangian multiplier term to be introduced into the functional (2-57) has the form 

TiuidS 
	

(2-67) 
s. 
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and the augmented functional becomes 

rimR 	u (a ) +—a..(u• .+ u• .) U (a1 ) 2  j 	j, 	I  

— 5 T u1dS — T i (ui — üi) dS — fT iuidS  

This element formulation is usually referred to as hybrid mixed model I, Horrigmoe [9]. 

A more powerful formulation is obtained when separating the displacements into interior dis-

placements  ui  and displacements üi  defined only on the element boundary. The boundary dis-

placements are continuous and also satisfy the geometrical boundary condition 

= iii 	on Su. 	 (2-69) 

The compatibility mismatch between the interior displacements and the boundary displacement 

is treated as a condition of constraint, by adding the term 

ay. 
f i (ui — 	 (2-70) 

where avn  is the total boundary of the n'th element, i.e., 

avu  + Su 	 (2-71) 

The boundary displacements üi  as well as the Lagrangian multipliers are defined on al/a  

only. 	can be eliminated by computing these forces from the interior stress field (this is an 

approximation), 

= Ti  = cy..n1  on 	Wu 	 (2-72) 

The functional (2-68) then takes the form 

(2-68) 
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1  n 	= E f-- T  —13 10 +13TGv — vTeT— Tv  -6,F, _ fITÄi vi 
mR, 	2 

n 

H = SPTDPdV 
v. 

G  = f PT  (V 4)) dV 
v. 

if = f (NP) T  (0 — L) dS 
ay.  

e p = f erf di/  
V a  

er  =  f  enS 
Sa  

Carrying out the variation 811.R2  with respect to 13 for each element gives 

ß = H-1  (G  — if) v 	 (2-84) 

Substituting this equation into the variational functional (2-78), yields 

1 T 

11mR2 =  ‘-‘ 2 
n  

where  k  is the element stiffness matrix, 

k = 	(G — il)T  H-1  (G — iff) 	 (2-86) 

and 

Q =eF-heT  (2-87) 

where  

and 

(2-78) 

(2-79) 

(2-80) 

(2-81) 

(2-82) 

(2-83) 

(2-85)  
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1 = 	[—U (a,) +  
n  V .  

— 	idS — Ti (ui — i4 i )dS 
se 	ay. 

The functional mR  contains three independent field variables air  ui  and  i.  This element 

formulation is labelled hybrid mixed model //, Horrigmoe [9]. In matrix form, the above func-

tional can be rewritten as 

il.R  2 = 	[- -1  arDa+  ar  u) uTf]dV 
v  2 

— 	iiTTc/S — TT  (u —)d5 
ay. 

The assumed stresses are again expressed in terms of a set of fl-parameters, 

a = Pß 

In contrast with the hybrid stress model, the stresses do not have to satisfy the equilibrium equa-

tions, eq. (2-38). Consequently, it is not necessary to define any particular solution. Also, there 

will be no coupling between the columns in the matrix  P  as was the case with the hybrid stress 

model. 

The assumed displacements are written as 

u = cpv 	in 17n 	 (2-76) 

and 

= Lv on avn 	 (2-77) 

where u are the interior displacements that may be compatible or incompatible and u-  are the 

boundary displacements which must be compatible between adjacent elements. 

The functional (2-74) then takes the form 

(2-73) 

(2-74) 

(2-75) 
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is the consistent load vector. It is seen that this formulation degenerates to the classical mixed 

model described in Section 2.3.1 when 

u ii on avn M = 0 	 (2-88) 

Another form of the functional 1-I 	is obtained by integrating eq. (2-73) by parts, i.e., 

II:
Rz  = I — f 1 	[II', (aii) + (a 11-Fi)1411dV— 5 i'iiiidS—  J.  TiüidS 	(2-89) 

This functional is closely related to the hybrid stress model. If the stresses 	satisfy the equi- 
librium equations (2-9), 11.

R2 
 reduces to 	see eq. (2-37). 

Rewriting the functional rIR  in matrix form, yields 

	

nrn_.° R2  E -S [-1 6
7.
Da+ (Vra) Tu+uTi]cIV— f 	 TildS 2 n 	v 	 S

o» 
	DV.  

Substituting eq. (2-75), eq. (2-76) and eq. (2-77) into the functional above, leads to the follow-

ing expression, 

1 

= 	{-
e•  

2 [3' 	r3TYv - vTüF 137-6. + RTä Vl 
n 

(2-91)  

where  

Y = 5 (VTa) Tec/V 	 (2-92) 
v. 

All the remaining terms in eq. (2-91) have been previously defined. 

The stationary condition with respect to ß, gives 

ß =  jr' (Ö  —  Y)  v 	 (2-93) 

Substituting this relation back into the functional, leads to 

(2-90) 
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1 T 
If =  

MR2  !...1 2  (2-94)  
n  

where the element stiffness matrix is given by 

k  = (Ü-Y)11-1  (ä—Y) 	 (2-95) 

and the load vector by 

=e,±f2-T 	 (2-96) 

Again, it is observed when a satisfies the equilibrium equations, VT6 = 0, the element stiff-

ness matrix,  k,  is identical to that of the standard hybrid stress formulation, see eq. (2-52). 

2.3.3 Relaxed equilibrium requirements 

A scheme for relaxing the equilibrium requirements, stated by eq. (2-9), in the hybrid mixed 

formulation has been derived by Pian and co-workers [12,13]. The intention was to establish a 

procedure for formulating incompatible elements for solid continua and for plate bending prob-

lems by the Reissner principle. It was also realized in Ref. 12 that the resulting procedure was 

equivalent to that suggested by Tong [11] for constructing hybrid stress elements. The key step 

in this formulation is to expand the assumed stresses as complete and uncoupled polynomials 

in the natural coordinates of the element. The equilibrium conditions, eq. (2-9), are not satisfied 

a priori but are introduced into the variational principle as subsidiary conditions through the use 

of additional internal displacement parameters serving as Lagrange multipliers. Hence, the 

equilibrium condition is imposed by the variational process. 

Consider the functional 1-1.
R2

, eq. (2-74), with incompatible displacements u and with bound-

ary displacements ii, 

rinz„.E(s[— arba + crT  (V u) — uri]dV 

(2-97) 

— f iiTidS — f Tr  (u — ii) dS ) 

The basic step in this formulation is to separate the element displacements u into two parts: one 

compatible part, us„ expressed in terms of nodal displacements, v, and a second part, ux, ex-

pressed in terms of internal displacement parameters,  X,  i.e., 
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U = U v  +U 
	

(2-98) 

Since u, is compatible, we must require that it, z- ii on avn. 

Introducing the displacements defined by eq. (2-98) into the functional, eq. (2-97), yields 

remR, 1, (s [- —1  aTDa + (V + V ux) — uTF1dV =: 	 2 
n V. 

(2-99) 

— 	— 	TT  (u — uv)dS) 
so.• 	DV. 

The third term of the volume integral in the above functional can be integrated by parts, 

f crT (V u x)dV = — f (VTo-) Tu x4V + 5 TT  ugIS 	 (2-100) 

where, by definition, 

= u — u,, 	on avn 	 (2-101) 

Substituting eq. (2-100) into the functional (2-99) the last surface integral vanishes. Hence, the 

functional is reduced to 

H
mR 
p =  E r  [_  a  TD  + aTv  uv _  (vTcy) Tul_uTildV — uTids , 	2 

(2-102) 

The term (VTa) Tux  actually introduces the equilibrium condition VTG = 0 as a subsidiary 

condition with the internal displacements serving as Lagrange multipliers. Hence, the equilib-

rium condition will be satisfied in the variational sense and not pointwise. 

The assumed stresses are expressed as 

a = PI3 
	

(2-103) 

where  P  is a matrix of complete and uncoupled polynomials in natural coordinates. 

The compatible displacements are interpolated in terms of nodal displacements v, i.e., 
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uv  = ev  v 	 (2-104)  

where 4), is a matrix containing compatible interpolation polynomials in natural coordinates. 

These functions must preserve the continuity of displacements between adjacent elements. 

The additional incompatible displacements ux  are expressed in terms of a set of parameters A., 

ux  = 4a, 	 (2-105) 

where the matrix 4¼ contains interpolation functions which can be incompatible or bubble func-

tions. 

The displacement gradients are readily obtained as 

Vu . (ye) v 	 (2-106) 

and, similarly, for the gradients of stress, 

vTa  ,.. (vTp)  fs 	 (2-107) 

We now assume that the distribution of the volume forces can be replaced by equivalent nodal 
forces eF. The functional IIP.

R,  then takes the form 

where  

n
m
P

R2 — 
- E  I-  1 

— ßT1-113 + 13T Gv-13T RX— vreT— vT eF} 2 n 
(2-108)  

H  = f PTDPdV 	 (2-109) 
v.  

G  = f PT  (V 4) dV 	 (2-110) 
v.  

R  = f (VTP)T  OxdV 	 (2-111) 
v„ 

and 
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-67. = f 0,,T i'dS 
so.  

Carrying out the variation of 11.R2  with respect to 13 and  Ä  results in 

(2-112) 

13  =  H-1  (Gv-Rk) 	 (2-113)  

and 

RT(3 = 0 	 (2-114) 

The last equation implies that  R  = 0 

Substituting the value for 13 into eq. (2-108) gives 

where  

I  IIP  =  T.'  { -1 v7,
k  v-  -1 2t.T  k  v-  -v

T 
 k X+ -

1
XTk X- vTi2-} 

mR2 ‘-•d  2  vv  2  kv  2  vx  2  XX  ri 
(2-115) 

	

= GTIFI G 	 (2-116) 

	

kx, = RTH-1R 	 (2-117) 

	

kvx  = GTIFIR 	 (2-118) 

and 

	

kxx  = RTH-1R 	 (2-119) 

Carrying out the variation of eq. (2-115) with respect to  k,  leads to  

X.  = kilkx,v 	 (2-120) 

The functional (2-115) can then be expressed as 

(2-121) 
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where  

k =.  kw —  kvxk, 	 (2-122) 

is the element stiffness matrix and  e-  is the load vector. 

The merits of this approach is that the assumed stresses are expressed in natural coordinates 

which leads to element formulations invariant of the coordinate system and less sensitive to ge-

ometrical distortion. Note that if the gradient of the stresses a are orthogonal to the internal dis-

placements ux  the  R-matrix, eq. (2-111), becomes a zero matrix, see also eq. (2-115). Hence, 

the element stiffness matrix in eq. (2-122) is simplified to  

k = k,,, 	 (2-123)  

which significantly increases the computational efficiency of the formulation as compared to 

eq. (2-122). It should also be noted that the components of the  H-  and  G-matrices, eqs. (2-109) 

and (2-110), consist of simple polynomial expressions which can be integrated analytically. 

This fact will further improve the computational efficiency. This formulation was used by Nan 

and Sumihara [14] to develop a four node quadrilateral element, see also Section 2.4.2. 

2.3.4 Vanishing of virtual work due to higher order stresses 

Recently, Pian and Wu [17, 181 have suggested further improvements of the hybrid mixed for-

mulation. These improvements are mainly concerned with the development of systematic pro-

cedures for establishing the interior stress field. Again, the formulation is based on an 

introduction of incompatible displacements of the same form as defined by eq. (2-98). 

When the assumed displacements are not compatible the element formulation can normally be 

derived using the modified Reissner principle, eq. (2-74), 

 

— f iiTidS — f TT  (u — ii)dS ) 
s6. 	ay. 

(2-124) 

For simplicity, the body force term has been omitted. Observing that ii = u, on ay  n,  the 

above functional reduces to 
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linil„.. 1, (f [--1  criba+ aT  (V u)]dV 
n v  2 

—  j.  uyTic/S — f TTuxdS ) 
SO. 	DV„  

(2-125) 

An apparently contradictionary effect exists in the procedure of relaxing the equilibrium con-

ditions, see Section 2.4.2. The original purpose of the last boundary integral in eq. (2-124) is to 

enforce the compatibility condition u —  ri  = 0. On the other hand the scheme of relaxing the 

equilibrium conditions is based on the introduction of incompatible displacements ul  = u—ii. 

The objective in Refs. [17] and [18], however, was to find a condition under which the classical 

Reissner functional eq. (2-126), with neglected loading terms, is applicable even when incom-

patible displacements are added, 

riR  . 1, 1 f [- -,1, arDa + ar (v .) ]dV} 	 (2-126)  

When the displacements u are divided into u,, and ul,the vanishing of STIR  is simply 

SIIR  = E { f [—  &TT  (Da — V u) + ar  (V  &iv)  + al.  (V SuO]dV} 
n V. 

= 0 

(2-127) 

The last two terms of the volume integral in eq. (2-127) are now transformed using integration 

by parts, 

i  aT  (V  Sug)  dV = —  i  (Via) TSuAV + 5 Tr  Suv dS 	 (2-128) 
v„ 	 v„ 	 DV. 

and  

5 aT  (V Su?) dV = — 5 (VT  cs)T 8uxdV + 5 TröuldS 	 (2129) 

Substituting eqs. (2-128) and (2-129) into eq. (2-127), yields 
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sn,  .  E  (f [SaT  (Da — V u) + (Vra) T 8u] dV 

+ f TrötivelS+ f TTSu xdS)= 0 
ay. 	ay. 

(2-130) 

It is seen from the first terms that the arbitrariness of  Sa,  Su, and Sul  yields the governing equa-

tions defined in Section 2.1, i.e. the strain-displacement relations and the stress equilibrium 

equations. Also, note that since 

u, = ii on aVn 	 (2-131) 

the arbritrariness of Su, = 0. 

Because of the presence of the last integral in eq. (2-130) the functional IIR  can only be station-

ary provided that the condition 

f Tri3u xdS = f aTNTöri xdS = 0 	 (2-132) 
av„ 	 av, 

is satisfied. Unfortunately, this approach results in a coupling between constant and higher or-

der stress terms and the resulting element will not pass the patch test. To avoid this problem, 

Nan and Wu [18] separated a into constant terms lac  and higher order terms  ah,  i.e., 

CS = CSc -I- CSh 
	 (2-133) 

The last integral in the functional 1-1R, eq. (2-130), becomes 

f acTNTSuxdS +  i  ari NTSuxdS 	 (2-134) 
al f,, 	 DV. 

The constraining condition for the stresses is now instead taken as 

f aTiNT5uxdS = 0 
ay. 

(2-135) 

which can be interpreted as the vanishing of virtual work due to higher order stresses. This con-

straint leads to the first alternative for constructing assumed stresses in the hybrid mixed model. 

The modified version of the functional (2-125) takes the form 
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— 	(s r_ —1  a*TDa*  + a*TV + a*TV' ulldV L  2 
n V.  

(2-136) 

— f urv i'dS — arcArTu xdS 

In the above expression, an asterix (*) has been introduced to distinguish the stresses con-

strained by eq. (2-135) from the general stress assumption, as defined by eq. (2-133). 

Observing that VTac 	0, we have 

f aTNTuos = r ,a,TV u kdV 

and substituting this relation into the functional (2-136), yields 

(2-137) 

111 mR, =  n 	v. 

T— 1 
 G 

*TDC5 *  +  a* 	uv 	Cfh"  TV  ux 	r idV— 	uvTdS 
so.  

(2-138) 

In a formulation based on the above functional, the internal displacement parameters 2t, must be 

eliminated by static condensation. To avoid such a procedure, the present formulation can be 

interpreted in an alternative way. In the energy functional, eq. (2-138), the term ul  is of higher 

polynomial order than u, and  ah*  are also higher order terms. Consequently, the expression 

f a*TV u dV h 	X 
V. 

(2-139) 

will make only small, higher order contributions to the functional (2-138). Neglecting this term 

the following expression is obtained 

ni 
mR2 	

E [- a*TDa + a*TV u„]dV— 5 udS1. 2 n 	 so  
(2-140) 

This alternative interpretation does not require static condensation of internal parameters and 

should therefore be computationally more efficient. 

A second alternative for constraining the assumed stresses, eq. (2-133), can be obtained by also 

requiring that the internal incompatible displacements ux  are so chosen that 
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acTNTuxdS = 0 	 (2-141) 
aV„ 

It is easily recognized that this constraint is the necessary condition for an incompatible dis-

placement element to pass the constant strain patch test. A procedure for obtaining incompati-

ble displacements ux  which satisfy eq. (2-141) has been given in Ref. 15. The corresponding 

functional is constructed by combining eq. (2-136) and eq. (2-141), i.e., 

reR2  =  If  
n 	V.  

[ 	
1 	*T 	Tre 	+ 	*Tv —
2
a Da+ * v a 	u 	a v 	h 

* ux ]dV— r u,TdS (2-142) 

The two functionals defined by eq. (2-138) and eq. (2-142) differ only in the assumption of in-

terior displacements, where ux  do not satisfy eq. (2-141), whilst u*x, fulfil this condition of con-

straint. If the term 

f
a*TVu* dV  h 	I  

v. 

is neglected in the same way as eq. (2-139), the functional (2-142) reduces to 

(2-143) 

„,R2 = Elf[- l  a*Tpa + a*TV uvidV — rivTi'dS} 	(2-144) 

The two forms, IlloiR2  and Ilim/R,  are identical except for the constrained stresses. In the first al-

ternative, the stresses are constrained using an interior displacement field which do not satisfy 

eq. (2-141), whereas the second alternative uses interior displacements which fulfils this re-

quirement. 

In the finite element formulation, displacements are expressed as 

u = u , +u = 	 (2-145) 

and the general stress assumption can be written as 

a = 	c +  a 	ft +  fP1 

 

= pß 	 (2-146) 
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in which the number of elements in the vector ßll  is the same as the number of parameters in 

the vector  X.  

It can now be observed that 

where  

J arhNT  zi xdS = f isIN a hdS = 2%.,TMI3h  

DV. 	 ay. 

(2-147) 

ig = [MI mu} = f 4,IN [P1 
ay. 

PH] dS 	 (2-148) 

The condition of constraint for the higher order stresses as defined by eq. (2-135) can now be 

expressed as 

SITilißh  = 0 	 (2-149) 

Since 8XT  is arbitrary, we must require that 

ß; 
Mßh = [M1 MI1] R 

LII 

= 0 	 (2-150) 

Provided that Mu  is regular, i.e. !MIA 0, it is possible to eliminate the Pm  parameters, by solv-

ing the above equation with respect to f3H, i.e., 

ßll = —31-1-11MA 
	

(2-151) 

Substituting this equation back into eq. (2-146), the resulting stress terms becomes 

 

. 	. a 	= ac  -i-  csh = 13c + P*01  = [1 = P*  (3s 	 (2-152) 

where 

  

= P1 —  PIIMi
i
r MI 
	 (2-153) 
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Introducing eq. (2-145) and eq. (2-152) into the functional (2-144) yields 

rill  .,... 'r {_ _ .1 (.4 Twi ß* + 13. TG p  _ vTo-T}  mR2 	.4-d 	2 P  n 

where  

H  = 5  P*  7.  DP*  dV 
v.  

G = jp*T(ve)dv 
v. 

and 

= .1.  udS 
s«.  

(2-154) 

(2-155) 

(2-156) 

(2-157) 

Based on the above functional, the element stiffness matrix takes the standard hybrid mixed 

form,  

k = GT  If iG 	 (2-158)  

When the nodal displacements v have been computed, the stresses are obtained as 

a*  = P*  13.*  = P*  IF I Gv 	 (2-159) 

Pian and Wu [18] used this formulation to develop two quadrilateral elements for plane stress 

analysis. Both elements, which have four nodes and a total of eight degrees of freedom are de-

rived in the following section. Note, that the components of the  H-  and  G-matrices consist of 

simple polynomials, which can be integrated analytically. The avoidance of numerical integra-

tion increases the computational efficiency of the present formulation. 
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2.4 Plane quadrilateral hybrid mixed elements 

2.4.1 Element geometry  

x  

Figure 2.5 Quadrilateral element. 

The element defined in the Cartesian coordinate system (x,y), see Figure 2.5, is mapped onto a 

natural coordinate system spanned by (,T1). The geometry is interpolated using a bilinear pol-

ynomial in and r, i.e.,  

•e-, 1 
X  

-] 	4 

-= 	- ( 1 4' 	
(1)IXiI  

y 	
i=  1

41 Yi 

(2-160) 

where .; and  y,  (i  = 1,2,3,4) are the Cartesian coordinates of nodal point no.  i,  see Figure 2.5. 

Differentiation of a general function f(x,y) with respect to natural coordinates and  ri  follows 

directly from the chain rule, 



where  

a 
_ 

a 
_ 

= J  (2-162) 

J11 J12 

J21 J22  

-ax ay 

ax ay 
[

. 	al  + airi  b  1  + bin 
J =  

a3  + 	63 + bA. 
(2-163) 
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af _af  ax  af  ay 
jig+ j); 

af_ajax  af  ay 
74 - rx 

(2-161) 

Hence, the following relation hold between the differential operators, 

is the Jacobian matrix where the following notation has been adopted 

- - 
al b1 1 -1 	1 1 -1- x 1 y1 
a2 b2 = a 1-i 1-1 
a3 b3 .:-1-1 1 	1 x4  _ y 4  _ 

(2-164) 

2.4.2 Quadrilateral element based on relaxed equilibrium equations 

Nan and Sumihara [14] used the functional 1-1P.
R2

, eq. (2-102), to develop a quadrilateral mem-

brane element with four nodes and two translational degrees of freedom in each node, see Fig-

ure 2.5. The interior stress field is initially assumed as complete and uncoupled first order 

polynomials in  E  and r, i.e., 



yy  

ax 	 T1000006 
= 0001 r1000 

00000011 

-131 
: = Pß 	 (2-165) 

139 

CY = 

Hybrid formulations and corresponding variational principles 	 41 

The displacement field, eq. (2-98), is given by 

U  = Uv  14x,  (2-166) 

where the compatible displacements u, are taken as the standard bilinear interpolation polyno-

mials based on the nodal values v, i.e,  

uv =  
4  

U v  = 	 (1  + 	[u]  = evv  
i=1 
	 vi  

(2-167) 

  

The selected incompatible displacements ux  are the same as those employed by Wilson et. al. 
[10] for constructing the QM6 element, 

       

UX = 
Ux 

v .  

 

	

1 - 	1 -112  0 	0 

	

0 	0 	1 42 1_112 

 

X4 

(2-168) 

      

       

In functional (2-102), the third term of the volume integral, 

(Cga)TuldV  (2-169) 

introduces the equilibrium condition VT  G  = 0 as a subsidiary condition. Substituting eqs. (2-

165) and (2-168) into eq. (2-169) and integrating, yields 

T 	 aa at 	 DT 
I (V1 a) ukdV = 	+ —xY)u dV + 5 	+ ')v dV (—xY  

ax  Dy x 	ax -a3-;  x  v. 	 v. 

= (63132  — b113 3  — a313 8  + ai b9 ) (X i  + X 2 ) + 

+ (b3f38  — b1139  — a3(35  + al%) (X3  + k4) =0 

(2-170) 



( 	+A 3'24-Y3 +Ay) 
x2 +X3 

2 2  2 

%  

(x2,Y2) 

F--- 
xi  + x4 	yl .+y4  

( 	2 
ex, 2 Ay) 
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This represents two independent equations for constraining the stresses, i.e., 

b3132  — b1133  — a3138 + a1/4 = 0 	
(2-171) 

b3138 —b1139 — a3f35 +ai ll6  = 0 

This result is the same as the use of only one  k  term each for uk  and vx  and, hence, it is only 

possible to reduce the number of independent stress parameters fl from nine to seven. 

yt 

Figure 2.6 Quadrilateral element with small geometric perturbation. 

By considering a small perturbation of the element geometry, as illustrated in Figure 2.6, it is 

possible to reduce the number of stress parameters further. Denoting the midside point of the 

edges 2-3 and 1-4 by "node" number 5 and 6, respectively, these two "nodal" points are dis-

placed a small distance A along the -axis. The  x  and  y  components of this perturbation are ±A, 

and -±A as shown. Using the isoparametric representation of the element with two additional  
Y  

"nodes" 5 and 6, the Jacobian matrix becomes 
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J 
+airt+Ax (1 —112) 	1-b211-HAy  (1 —i2) 

a3  + a2  —  
(2-172) 

   

It can also be observed that 

Ay 

	

=  b 
	(— + Y2 + Y3 y4)  

	

al 	(— + x2 + x3 — x4 ) 

The first part of the integral in eq. (2-170), now becomes 

, Da, at 
(-,- + ä-;Y  ) nxdV = 
" 1 

= Is  [ (b3  132  —  bi  133  — a3  ß8  + a /  [39) + (b2 32 — a28) +  

(2-173) 

(2-174) 

+ (— b2f33  + a2f19) + 2 (— 	+ AA) + 

+ (Ax139  — A)33) (1 — n2) ] [11  (1 — 2) + ?.2 (1— n2)]ddri  

where  h  is thickness of the element. Integrating and setting the coefficients for  X,  and  X  equal 

to zero, the following two independent equations result 

b3132. —b1133 —a3138 ."1139 = 

and 

Axi39 Ay133  

Recalling eq. (2-173), this can be written as 

(2-175) 

(2-176) 

b3  f32  — a3138  = 0 	 (2-177) 

and 
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a1139  - b1133  = 0 	 (2-178) 

Similarly, by considering the second part of eq. (2-170), 

.{ (—x'  + —') v dV 
ax ay 1  y.  

the following independent equations are obtained, 

(2-179) 

b1139-a1136 = 0 	 (2-180) 

and 

b3138-a3135 = 0 	 (2-181) 

Hence, it is possible to obtain four equations with six stress parameters 132433, 135,136,138 and 139 
of which only two are independent. Let 133  and 135  be the independent stress parameters and ex-

press the other 13 coefficients in terms of 133  and 135,  this can be written as  

bi 	 2  
R9 = —a1

133 	ß6  = 

(bi 

---a ) ß3  1 
„ a3 	...3  

138 = j135 	ß2 = (rj

2 

 ß5 

(2-182) 

The resulting stress field can now be reduced from nine to five independent stress parameters. 

In matrix form, the reduced stress assumption can be expressed as 

_ 
(Yx 
cr  

Y  
'I xy_  

1 0 0 aiT1  ci 

= 0 1 0 btl b 
0 0 1 ai bi rl a3bA 
- 	 - 

   

-13 

 

135 

 

(2-183) 

   

   

Hence, the  H-matrix, eq. (2-109), will be reduced from a 9x9 to a 5x5 matrix which reduces the 

number of operations and increases the computational efficiency of the formulation. 
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Note, that the satisfaction of eq. (2-170) ensures that the gradient of the stresses are orthogonal 

to the incompatible displacements. Hence, the  R-matrix, eq. (2-111), will be equal to the null 

matrix, see Appendix A, and the calculation of the element stiffness matrix is simplified to  

k  =  k„=  GTH-1G 	 (2-184) 

Where the matrices  k„,., G  and Hare defined in Section 2.3.3. 

2.43 The hybrid mixed element 513k  

The hybrid mixed element 501, described by Nan and Wu [17, 18] employs the same displace-

ments, eqs. (2-166) and (2-167), as the element developed by Nan and Sumihara [14]. Note, 

that the incompatible part fix  of the displacements, 
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does not satisfy eq. (2-141). 

The assumed stresses in the 5131-element are also identical to those defined by eq. (2-165). How-

ever, in this case it is convenient to introduce the following partitioning:  

 

-1 00 
0 1 0 
0 0 1 

    

11 0  
0 
00 

  

ßll  

(2-186) 

  

    

Here, I3, are the constant terms and the higher order terms are split into two parts, ß/  and 13  with 

associated matrices PI  and  P„,  respectively. The number of 13-parameters associated with P1  and

P„ are two and four, respectively. 

In the 5ßr-element the stresses are not constrained by the geometrical perturbation technique 

described in Section 2.4.2. Instead, the condition of constraint for the higher order stresses  ah,  
eq. (2-149), is invoked 
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M = [M1  Mu] =  j•  ev[P1  PH ] dS 	 (2-187)  
av„  

Substituting for  P,  and Pll  from eq. (2-186) and integrating yields 

_ 	 -  
—b1 	0 0 0 	0 	al  

M= 
8 
3 

	

0 	0 

	

0 	0 

b3  0 —a3  0 

0 al 	0 —b1  
(2-188) 

-
0 —a3  0 0 b3 	0_ 

It is seen that !Mill *0 unless a, or  b,  vanishes. The number of 3-parameters are reduced to five 

by expressing ßll  in terms of f3/, see eq. (2-151), and the resulting stresses are given by 

2 

1 0 
(22) 

_ 
0  11  b3 

r31 

a* = 0 1 0 
 (1±1 \i2

ri 
 

(2-189) 
.al ) 

ß 
0 0 

1  (-2-b  )rt 	((23-) 

These stress distribution is equivalent to that given by eq. (2-183) for the Pian-Sumihara ele-

ment. Hence, the 5ßrelement is equivalent to the element suggested by Pian and Sumihara [14]. 

However, it is to be noted that in the 5ßrelement it is not necessary to perform any geometrical 

perturbation to reduce the number of stress parameters from nine to five. Instead, this is 

achieved by a general and mathematically more stringent procedure through the use of eq. (2-

135). It can also be shown that eq. (2-139) is equal to zero in this formulation. Hence, it is per-

fectly legitimate to use 11/mR2, eq. (2-140), in this formulation. 

Note that the  H  and  G  matrices defined by eqs. (2-155) and (2-156) consist of simple polyno-

mial expressions which can be integrated analytical, see Appendix  B.  
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2.4.4 The hybrid mixed element 513il  

This element which also was developed by Pian and Wu [17, 18], employs the same initial 

stress field, eq. (2-186), and compatible displacements, eq. (2-167), as the 5131-element de-

scribed in the previous section. 

The only difference between the 53-  and 5-element is that in the 5f311-element the incompat-

ible displacement field ul satisfies the condition of constraint imposed by eq. (2-141). The as-

sociated displacement field has been given by Pian et al. [15], 

where  

2 ai b2 -bia2  

V3  - 3 a3b1  -b3ai  

2 a2b3 b2a3 
—  3 a3 b i  - b3 a i  

The corresponding  M-matrix,  eq. (2-148), becomes 

-wi b2 -bi  0 -y3b2  0 1V3a2 1V1a2 + a l  

M = 
V1 b2  0 lif3b2  + b3  0 -11f3a2 -- a3 -I111a2 

0 V3a2  0 W1a2 + at -14,3b2 -1111/22 - b1 
0 

- - NI3a2  - a3  0 -Nr1a2 W3b2 + b3 Ili1b2 	_ 

(2-191) 

(2-192) 

The number of 13-parameters is again reduced from nine to five using the procedure defined by 

eq. (2-151). It can also be shown that when the element has the shape of a parallelogram the 

two elements 5131  and 5E3u  are identical. Further investigation and numerical comparison with 

other quadrilateral elements where carried out by  Sundin  and Horrigmoe [20]. These results are 

restated in Section 3.4 together with additional tests of element performance. Note that some 

minor corrections of the results reported in Ref. 20 have been done in the present report. 
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3 	Performance tests of finite elements 

3.1 Introduction 

There is no single universal method objectively measuring the performance of various ele-

ments. Most commonly, the numerical performance of finite elements is checked by analysing 

a set of selected problems and comparing the calculated results with analytical solutions or oth-

er available solutions. In some areas of applications standardized test examples, often referred 

to as benchmark tests, are in common use. However, in some cases, the selected test problems 

do not represent a thorough check of the merits and demerits of the elements under considera-

tion. Often, elements with serious shortcomings have been recommended for general use based 

on such inadequate numerical testing. 

The "patch test" will not be covered in this thesis, but it would be inappropriate not to mention 

one of the most fundamental methods for testing finite elements. The patch test developed by 

Bruce Irons [23] is used to check the convergence of incompatible elements for which conver-

gence cannot be mathematically proved. The test is carried out by subjecting a patch of ele-

ments to a set of external loads corresponding to a state of uniform stress within the patch of 

elements. The numerical solution should then be in accordance with this state. Satisfaction of 

the patch test should be considered as a minimum requirement for any element. Recently, there 

has been a debate on the validity of the patch test and whether it is a necessary and also a suf-

ficient condition for an element to converge, se Refs. 35 and 36 and their references. Some au-

thors have questioned the validity of the patch test because it appears to disqualify elements that 

perform quite well. The reason for this may be traced back to the classical form of the patch 

test, which requires the element to satisfy the test exactly, which apparently is too restrictive. A 

method for relaxing this requirement, called "fractal patch test", has been proposed by Belyt-

schko and Lasry [37]. 

The patch test can only be applied after the element has been developed and programmed. To 

circumvent this problem,  Bergan  and Hanssen [28] introduced the so-called "individual ele-

ment test", which may be considered as a generalization of the patch test and it is applied to a 

single element. The individual element test can be introduced as a requirement when develop-

ing new elements which will then automatically satisfy this test. Based on this test a new ele-

ment formulation called the "free formulation" was developed by  Bergan  and co-workers [28, 

29]. This formulation has sucessfully been used to derive membrane and shell elements, se 

Refs. 30 and 31. 
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Another approach is the so-called eigenvalue test of finite elements by which the performance 

of the element is being judged from the eigenvalues of the element stiffness matrix. A prede-

cessor of the eigenvalue test was the use of the trace of the element stiffness matrix as a basis 

for comparing elements. The element whose stiffness matrix had the lower trace was suggested 

to be the best performer. 

Use of the eigenvalues of the element stiffness matrix to assess the relative performance was 

described by Irons [24] and later discussed by Irons and Ahmad [25]. The basic idea is that the 

eigenvalues themselves are direct measures of the stiffness of the element when deformed ac-

cording to the associated eigenmodes. A discussion of the eigenvalue test was also presented 

by Cook [26] who pointed out the role of rigid body motions, constant strain modes and higher 

order modes in relation to eigenvalues of the element. Further treatment of the subject was giv-

en by Horrigmoe [27]. 

The present study is devoted to testing of the numerical performance of quadrilateral hybrid 

mixed elements for two-dimensional analysis. Detailed studies of the eigenvalues of the ele-

ment stiffness matrix for different geometrical shapes have been carried out. In addition, a se-

ries of carefully selected numerical examples, or benchmark tests, have been included in the 

present investigation. An important aspect of this study has been to compare the capabilities of 

the hybrid mixed elements with other, well-established quadrilateral finite elements. For this 

reason, a number of plane, four node elements have been coded and implemented in a computer 

program developed by the author. The selected elements are: 

• Two hybrid mixed elements denoted by 5 ßi  and 5 fin  and described in Sec- 

tion 2.4.3 and Section 2.4.4, respectively. These elements which are derived 

from a modified version of Reissner's variational principle, were originally 

developed by Pian and Wu [17, 18]. 

• The standard compatible isoparametric element Q4 based on bilinear interpo-

lation functions is also included in the present investigation. The stiffness ma-

trix is calculated using 2x2 Gauss integration. 

• The bending response of the Q4 element can be improved by adding incom-

patible functions to the bilinear displacement field as suggested by Wilson et 

al in 1973, se Ref. 6. This modified element is usually called the Q6 element 

and it has a severe deficiency causing the element to pass the patch test for 

parallelogram shape only. An effort was made by Taylor et al. [10] to 'repair' 

this defect using another integration scheme for the incompatible displace-

ment functions and in the process the QM6 element was developed. This ele- 
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ment  has established itself as a very good performer. The stresses produced 

by these two elements are calculated using the total displacement functions, 

i.e. both the compatible and incompatible part, whilst the results given in Ref. 

10 are based the compatible displacements only. 

• A classical hybrid stress quadrilateral element (HSE) is also included in the 

present study. In this element, the assumed stress field satisfies the equilibri-

um equations. The variational basis is a modified form of the complementary 

energy principle in which the interelement continuity requirement for surface 

tractions has been relaxed, see Section 2.2.3. The element has been described 

by Horrigmoe [9, 19]. 

• For comparison, a free formulation element called FFQ (Free Formulation 

Quadrilateral) has also been used, se Ref. 31. The FFQ element distinguishes 

itself from all the other elements employed in this thesis, because it contains 

an extra degree of freedom (a drilling rotation) per nodal point. Hence, the to-

tal number of degrees of freedom for the FFQ element is always 50% larger 

than for the other elements. The element is used only in the numerical com-

parisons, see Section 3.4, since it is known to be a good performer. The Ferris 

program [32] was used to obtain results with the FFQ element for the different 

numerical examples. 

3.2 Trace of the element stiffness matrix 

The numerical values of the diagonal elements  ku  of the element stiffness matrix can be used 

as a measure of the stiffness of the element. Thus, the trace of the stiffness matrix, 

trace (k) = Ekii 	 (3-1)  

will provide some indication of the overall stiffness of a finite element. This method was intro-

duced by Melosh [33] as early as in 1963. The element whose stiffness matrix had the lower 

trace was suggested to be the best performer. The method has a clear computational advantage 

since the trace of the stiffness matrix is computed by merely summing the diagonal elements. 

Further refinements of the method was given by Khanna [34]. The trace of the element stiffness 

matrix has been computed for the elements described in the previous section, except for the free 

formulation element FFQ. All elements have the same number and type of degrees of freedom 

(d.o.f.), i.e., four nodal points and two translational d.o.f. at each. 
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Trace of the element stiffness matrbr 
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1.0 	_  

Figure 3.1 Element geometry and elasticity constants. 

For the square element shown in Figure 3.1 all diagonal coefficients of the stiffness matrix are 

identical. The values of kü  (i  = 1, 2,..., 8) are tabulated in Table 3.1 for the isoparametric element 

Q4, the incompatible elements Q6, QM6, the hybrid stress element HSE and the hybrid mixed 

elements 53, and 513E. From the stiffness coefficients it is seen that the HSE element is less stiff 

than Q4, but both are inferior to the incompatible and the hybrid mixed elements, which pro-

duces identical values of the diagonal components. It is difficult, if not impossible, to transform 

those results into a reliable prediction of the actual numerical performance of the various ele-

ments. However, it seems reasonable to expect that the incompatible and hybrid mixed ele-

ments will be better performers than the Q4 and HSE elements. 

Q4  Q6 QM6 HSE 511i 515n 

lcii  0.49999 0.45833 0.45833 0.46875 0.45833 0.45833 

% 100.0 91.7 91.7 93.8 91.7 91.7 

Table 3.1 Diagonal elements kii  of the element stiffness matrices. 

The results given in Table 3.1 merely give an indication of the numerical performance for 

square shaped elements. In real analyses, elements are generally distorted and it is well known 

that accuracy deteriorates when the element shape is distorted from regular to irregular form. 

To measure the influence of such distortions, five examples have been selected, se Figure 3.2. 

In each example, the relative distortion of the element from its original square shape is defined 

by a single parameter  y.  It should be noted that the larger values of  y  represents element shapes 
not suitable for practical analyses. 
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Example 5 was included merely to verify that the stiffness of the quadrilateral elements does 

not depend of the size of the element but only of its shape, se Figure 3.3. This result is confirmed 

by inspecting the detailed expressions for the stiffness coefficients ki;  of the element stiffness 

matrix  k.  

a 	Aa  

Example I 
Aa  

Relative  distortion  y  = — ;  0  <  y< 10 
a 

Example 2 
aX 

AL 
Relative distortion  y  = 	0 <  y  < 10  

Id 	I 

Example 3 
aX 

Aa  
Relative  distortion  y  = —;  0  < <  10 

a  

Example 4 
aX  

Aa  
Relative  distortion  y  = —;  0  <  y  <  0.5 

a  

 

äa 

a 

      

       

       

       

       

Example 5 

     

Aa  
Relative  distortion  y  

a  

        

        

fm_a_ef4  

Figure 3.2 Five different examples of element distortion used to evaluate the trace of el-
ement stiffness matrices. E=1.0, V4.3, h=1.0. 
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The trace of the element stiffness matrix is plotted in Figures 3.4-3.6 for Examples 1-3. It can 

be observed from these diagrams that the overall stiffness of the element is strongly influenced 

by geometrical distortion. This is in contrast with the results obtained in Example 4, Figure 3.7, 

where deviation from the original square shape seems to have only minor effect on trace  (k).  

This is true even in the case where the quadrilateral is deformed into a triangle. Hence, it may 

be concluded that the ratio between the longest and the smallest element side can be an impor-

tant parameter in defining proper distortions of the quadrilateral element, i.e., geometrical 

shapes that will not lead to significant deterioration of the accuracy. 

Observe that the elements produce nearly identical results in some cases, and that this causes 

corresponding curves in the diagrams to almost coincide and appear as a single curve. It is seen 

from Figures 3.4-3.7 that trace(k) of the Q4 element is greater than for the other elements. It is 

also evident that geometric distortion affects the isoparametric element Q4 more than the other 

elements. The best performer appears to be the Q6 element, while the QM6 element and the 

hybrid mixed elements produce almost identical results for all examples. The HSE element pro-

duces a stiffness which is slightly higher than these elements. All the diagrams together with 

corresponding tables are reprinted in Appendix  C.  

Relative distortion  y  

Figure 3.3 Variation of trace(k) for example 5. 
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Relative distortion  y  

Figure 3.4 Variation of trace(k) for example 1. 
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Figure 3.5 Variation of trace(k) for example 2. 
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Figure 3.6 Variation of trace(k) for example 3. 
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Figure 3.7 Variation of trace(k) for example 4. 
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3.3 Eigenvalues of the element stiffness matrix 

The computation of eigenvalues and eigenvectors plays an important role in the field of linear 

algebra. The range of applications of these parameters is impressive, from economy to engi-

neering applications and much more, see Strang [22]. Eigenvalues and eigenvectors can also be 

used in a more thoroughly investigation of the element stiffness matrix as described in Refs. 26 

and 27. 

The standard algebraic eigenvalue problem is by definition a system of  n  homogeneous equa-

tions in  n  unknowns xi  (i=1,2„n) having the special from 

All 	A l2 

A21 	Ar  — A.  

_ Ant 	An2 	 Ann  X  

6 
0 	 (3-2) 

0 

or 

(A — Ä,r)  x  = 0 	 (3-3)  

Nontrivial solution requires that 

det (A — 2d) = 0 	 (3-4)  

This is the characteristic equation and each solution of this equation is an eigenvalue of A. Each 

solution A, also has a corresponding eigenvector  x,.  For a matrix A of dimension  n  it exists  n  

eigenvalues and eigenvectors, hence equ. (3-4) may be restated as 

(A — 	xi  = 0 	; i=1,2,...,n 	 (3-5) 

; i=1,2,...,n 	 (3-6) 

When the element is deformed corresponding to the nodal displacements v, its elastic strain en-

ergy is 

or  

Ax = 
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1 T U  =  -
2

v  kv  (3-7) 

In general, the element stiffness matrix  k  will be real, symmetric and positive semi-definite. 

The associated eigenvalue problem is defined by 

(k — XI) x = 0 	 (3-8) 

Or  

kx = Ax 	 (3-9) 

Here,  X.  is the eigenvalue and  x  the associated eigenvector of the stiffness matrix  k.  The strain 

energy corresponding to a state of deformation defined by eigenmode  x  is 

1 T 	1 U = -
2

x kx = —
2

x
7-  

Xx = —
2 

x'x 

If the eigenvector is normalized so that its Euclidean norm is equal to unity, i.e., 

1 

11.02 = (xT  x) 2  = 

then, we simply have 

= 2U 	 (3-12) 

Hence, the eigenvalue A is a direct measure of the strain energy corresponding to the eigenmode  

x.  

Rigid body motions produce no strain energy and consequently the associated eigenvalues must 

be zero. Thus, the element stiffness matrix must have as many zero eigenvalues as there are rig-

id body motions. For a two-dimensional problem, three possible rigid body motions exists: two 

translations and one rotation. Also, kinematical modes correspond to zero strain energy so that 

possible rank deficiency of the stiffness matrix may be detected by computing the eigenvalues 

of  k.  

A comparison of different elements based on the eigenvalues of the stiffness matrix must be 

restricted to elements having the same nodal point configuration and the same type and number 

of degrees of freedom per node. Elements belonging to this set must be equally stiff in their con- 

(3-10) 

(3-11) 
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stant strain modes, i.e., the eigenvalues associated with constant strain modes must be the same 

for all such elements. Valid elements must have a proper representation of all rigid body mo-

tions and constant strain deformation states. Consequently, these elements will only differ in 

the eigenvalues corresponding to higher order modes. 

For compatible elements the eigenvalues 2t, associated with the higher order modes, represent 

upper bounds on the correct stiffness. Consider two elements with the same number and type 

of degrees of freedom. If, for the first element, all eigenvalues are larger than those obtained 

from the second element, then the second element can never be stiffer than the first element. 

Hence, the higher eigenvalue the higher stiffness will be for that particular eigenmode. The 

least stiff element will be the element with the smallest eigenvalues associated with the higher 

order modes. This argument fails if the higher order modes do not yield upper bounds for the 

correct stiffness. This is the case for incompatible elements which may be too soft in some sit-

uations. 

The eigenvalue test provides valuable information on the stiffness of the element. However, this 

simple test alone is not sufficient for a complete evaluation of element performance. For in-

stance, the eigenvalues can not predict the accuracy of the stresses produced by a given ele-

ment. Consequently, the use of benchmark tests can not be suspended in evaluation of finite 

elements.  

Figure 3.8 Four noded membrane element with eight degrees 
of freedom. 

Consider a two-dimensional element with four nodes and a total of eight degrees of freedom, 

see Figure 3.8. The element possesses eight basic deformation modes. These modes of defor-

mation are illustrated in Figure 3.9, three of the modes corresponds to rigid body motions (two 
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translations and one rotation). A valid element should therefore have five nonzero eigenvalues, 

three of them corresponding to constant strain modes and two related to higher order modes 

(bending). 

The computation of eigenvalues and corresponding deformations modes is based on the same 

examples and elements as described in Sections 3.1 and 3.2, except for example 5, see Figure 

3.2. The values and variations of the eigenvalues are traced for each example and deformation 

mode. A complete set of diagrams and corresponding tables from these calculations can be 

found in Appendix  D.  Here, only a selected set of these diagrams are included and discussed. 

mode 1 
	

mode 2 
	

mode 3 	 mode 4 

         

        

        

        

Uniform expansion 
(or compression) 

 

pinching 

 

bending about x-axis 

Rigid body 
motions. 

Figure 3.9 Basic deformation modes for a membrane element with four nodal points and a total of eight 
degrees of freedom. 

All elements produce a valid number of eigenvalues and associated deformation modes corre-

sponding to those given in Figure 3.9. In example 1, the geometrical shape is rectangular, with 

vary aspect ratio. Hence, all elements yield identical eigenvalues for the constant strain modes 

and the behaviour only differs in the higher order modes. The least bending stiffness is obtained 
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for the incompatible elements Q6 and QM6 and the hybrid mixed elements 5131  and 51311, which 

all have identical eigenvalues. The hybrid stress element HSE is stiffer than these elements, but 

still more flexible than the Q4 element. 

Examples 2 and 3 represent tests of the effect of irregular  geomeny  on the stiffness of the var-

ious elements. These examples also lead to a considerable variation in element behaviour. This 

is illustrated in Figures 3.10 an 3.11 which show the variation of the eigenvalue associated with 

deformation mode3 (shearing) for example 2 and example 3, respectively. It is observed that 

the stiffness of the Q4 element increases with increasing geometrical distortion. This behaviour 

is in contrast with the results obtained with the remaining five elements in this study. 

The same tendency can be observed from Figures 3.12 and 3.13 which show the eigenvalues 

associated with bending for example 2 and example 3, respectively. In particular, the excessive 

stiffness of the Q4 element for example2 (Figure 3.12) should be noted. 

Figure 3.10 Variation of eigenvalues as a function of the relative distortion  y  for 
example 2, deformation mode 3 (shearing). 

The incompatible and hybrid mixed elements exhibit nearly identical results in this eigenvalue 

test except for example 2 and 3 where the Q6 element produce considerably lower eigenvalues 

for the constant strain modes. This erroneous behaviour is an indication of the inability of the 

Q6 element to pass the patch test for irregular element shapes. The eigenvalues obtained from 
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the HSE element are close to those given by the incompatible and hybrid mixed elements ex-

cept for the bending modes where the HSE element is somewhat stiffer. 

5.00 

4.00 	6.00 
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0.00 
0.00 
	

2.00 

Figure 3.11 Variation of eigenvalues as a function of the relative distortion  y  for 
example 3, deformation mode 3 (shearing). 

Relative distortion  y  

Figure 3.12 Variation of eigenvalues as a function of the relative distortion  y  for 
example 2, deformation mode 4 (bending about x-axis). 



63 Performance tests of finite elements 

0.00 2.00 4.00 	6.00 

Relative distortion  y  

+ Q4 

HSE  

o 513/  

o 513n  

A Q6 

•  QM6 

0.00 

6.00 

8.00 10.00 

Figure 3.13 Variation of eigenvalues as a function of the relative distortion  y  for 
example 3, deformation mode 5 (bending about y-axis). 

From the eigenvalue test, it can be concluded that the incompatible element QM6 and the hy-

brid mixed elements 513i, 513n are the best performers, followed by the HSE element and there-

after the Q4 element. However, in order to be able to assess the accuracy of these elements in 

real situations, a number of carefully selected benchmark tests with known analytical solutions 

must be carried out. 

3.4 Numerical studies 

3.4.1 Cantilever beam 

A problem often used to reveal the ability of finite elements to represent bending deformation 

is the cantilever beam illustrated in Figure 3.1. The cantilever is subjected to transverse shear 

loading with parabolic distribution at the free end. This problem provides a good test of the el-

ements ability to represent linear strain fields. The beam was analysed using four different reg-

ular meshes, three of them are illustrated in Figure 3.15. 

A theoretical value of the vertical tip deflection derived from two-dimensional theory of elas-

ticity is 
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5 — PL3  (4 + 5v) PL + 	 
EhH 	

— 0.34133 + 0.146667 = 0.356 
3E1  

(3-13) 

where I is the second area moment, L is the length and  H  is the height of the cantilever. The 
remaining parameters are defined in Figure 3.14. In this case shear deformation accounts for 
4.1% of the total deflection.  

t 

P =40 

  

x  
48  

Figure 3.14 Shear loaded cantilever beam. Young's modulus  E  = 30000, Poisson's ratio V = 
0.3, thickness  h  = 1.0, total shear load  P  = 40. 
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Figure 3.15 Three of the regular mxn meshes used in the present analysis. 

The eigenvalue test predicts less stiffness for the bending modes for the incompatible elements, 

the hybrid mixed elements and the hybrid stress element HSE than for the isoparametric ele-

ment Q4. This is not surprising since the Q4 element is known to be excessively stiff for prob-

lems involving bending modes. This effect is due to the parasitic shear deformation produced 

by the isoparametric quadrilateral in pure bending, see Ref. 8. Calculated values for the tip de- 



+ HSE 

53,  
x 5[3. 
0Q4 
0Q6 _ 
o QM6 

FFQ 

120.00 
	

240.00 	360.00 
	

480.00 
	

600.00 

Degrees of freedom 

0.40  

E 0.27 

czt 

'E 0.13 

. 	. 	: 	•. 
i----i-----i-----i- 

: 
-i 	-i -  

. 

	

4. 	+.  

	

4- 	' 

• • . 

1. 	
.1 

ri-7..24:  

• 
4 	 jr  

--  
.., 

. 	 
13  ...- 

-  1: 	--. 

	

.1. 	1. 
t 	:  

,.. 	 . : 

' 	 

. 

- . ,,Tt .... n .... ...' __....-... 

; 

; 

: 

... _.i. .......  1....1..  

• i 	.1.,  

..... 

. 

.. ........  .1....  

: 

: 

••+ . 
i 

. : 

i 
	 . 	+ 

• i 

: 

. 
' 0.00 

0.00 

Performance tests of finite elements 	 65 

flection also support these conclusions, see Table 3.2 and Figure 3.16. It is seen that the accu-

racy of the incompatible elements, the hybrid mixed elements and the FFQ element is 

considerably better than that of the isoparametric element. The bad performance of the hybrid 

stress element HSE for the two finer element meshes comes as a surprise. Apparently, this ele-

ment produces ill-conditioned equation systems. This behaviour was not predicted by the ei-

genvalue test. The excellent accuracy of the hybrid mixed elements and the incompatible 

elements for the coarse mesh (1x4) is worth noting. 

Figure 3.16 Vertical displacement v at point A as a function of the total number of degrees of 
freedom for the cantilever beam in Figure 3.14. 

Mesh Q4 Q6 QM6 HSE 5131  5f3u FFQ 

1x4 0.2404 0.3499 0.3499 0.3087 0.3499 0.3499 0.3280 
2x4 0.3149 0.3514 0.3514 0.3433 0.3514 03514 0.3561 
4x16 0.3444 0.3546 0.3546 0.2914 0.3547 0.3547 0.3556 
8x32 0.3532 0.3551 0.3551 0.2400 0.3559 0.3557 

Analytical solution 0.356 

Table 3.2 Vertical displacement at point A (48,6) of shear loaded cantilever beam, see 
Figure 3.14. 
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The almost identical results produced by these four elements (the difference in the fourth dec-

imal position is purely a numerical effect) confirm the results given by the eigenvalue test, 

namely that the elements produce identical stiffness matrices for rectangular shapes. The dif-

ference between the incompatible elements and the hybrid mixed elements will only occur in 

the computation of stresses. 

The normal stress ax  at point  B  (Figure 3.14) has been computed for the meshes in Figure 3.15. 

The results are listed in Table 3.3, see also Figure 3.17. The values obtained with Q4 are more 

accurate than those produced by HSE, which again shows the deficiency of the latter element. 

The bending stress is exactly represented by these two hybrid mixed elements 513/  and 513g. For 

rectangular shapes the two elements degenerate to the same element which explains why the 

listed stress values in Table 3.3 are identical for 513/  and 5. Note, that the incompatible ele-

ments Q6, QM6 and the free formulation element FFQ converge toward a value of the stresses 

that is slightly higher than that obtained from beam theory 

0.00 
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Figure 3.17 Stress Cy, at point B(12,12) as a function of the total number of degrees of freedom for 
the cantilever beam in Figure 3.14. 



Mesh Q4 Q6  QM6 HSE31 5f3rt  FFQ 

1x4 -44.4 -65.93 -65.93 -49.5 -60.00 -60.00 -59.8 
2x4 -56.2 -63.48 -63.48 -56.1 -60.06 -60.06 -60.71 
4x16 -59.4 -61.52 -61.52 -48.32 -60.02 -60.02 -60.70 
8x32 -60.32 -60.65 -60.65 -38.82 -60.00 -60.00 

Analytical solution -60.00 
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Table 3.3 Normal stresses a. at point  B  (12,12) of shear-loaded cantilever beam, 
see Figure 1. 

3.4.2 Cantilever beam, effect of irregular element mesh 

Test examples based exclusively on regular element meshes are insufficient for a complete eval-

uation of the performance and robustness of the elements. It is well known that the accuracy of 

finite element calculations deteriorates when elements are distorted from regular geometrical 

shape, e.g. rectangular shape. From a practical point of view, this is a very important issue since 

most real analyses require some form of irregular mesh. 

150,1 (2.1 	
CD 

1000 	t 150 

t 150 

2
1 

C 	 A 
10 1000 

(D 
(2)  

-B  1000 	t 150 

t 150 

C 	 A 10  1000  

Figure 3.18 Five-element cantilever beam with two loading conditions a) square elements  b)  
elements of general shape. (E=1500,V425, h=1.0). The stresses are calculated 
at points B(1,2) and C(3,0) and the vertical displacement at point A(10,0). 

To study this effect a cantilever beam with one regular and one irregular mesh was selected, see 

Figure 3.lä. This example which was introduced by Cook [7], contains two different loading 
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situations: Load casel corresponds to pure bending while load case 2 consists of a transverse 

force similar to that studied in the previous example. The results for the vertical deflection VA 

at point A and bending stresses axis  and a.e  at point  B  and Care listed in Tables 3.4 and 33 for 

the two load cases. 

Element Load shape VA cte  axc  

Q4  1 square 68.18 -2182 2182 
Q6 1 square 99.99 -3200 3200 
QM6 1 square 99.99 -3200 3200 
HSE 1 square 85.71 -2428 2431 
513, 1 square 100.00 -3000 3000 
5f3a  1 square 100.00 -3000 3000 
FFQ 1 square 93.8 --3000 3000 

Q4 1 general 45.52 -1762 946 
Q6 1 general 97.62 -2660 3178 
QM6 1 general 94.98 -2690 3168 
HSE 1 general 61.91 -2536 1613 
VI  1 general 96.19 -3014 2994 
5clu  1 general 96.73 -3001 2974 
FFQ 1 general 94.9 -2624 2611 

Beam theory 100.00 -3000 3000 

Table 3.4 Stresses and displacements. For cantilever beam (Figure 3.18); 
Load case 1. 

For the regular mesh the two hybrid mixed elements produce identical results for the vertical 

tip deflection v, and the bending stresses axB  and axe. These values coincide with beam theory, 

except for load case 2 where the calculated values deviate from beam theory by 1%. It should 

be noted that the 5[3/  and 51311  elements retain their good performance when the mesh is distort-

ed. This is particularly true for the accuracy of the stresses. For load case 1 the bending stresses 

obtained with the hybrid mixed elements are practically the same for regular and irregular 

meshes. The maximum error occurs for the stress axe  in the 5f3, element and is only 0.9%. Sim-

ilar behaviour is observed for load case 2 where the two hybrid mixed elements produce a 2.1% 

error in the stress an. A slightly inferior result was obtained for the stress axe  where the error 

for 513/  and 5511  was 9.8% and 9.0%, respectively. Note that the QM6 element yields only 6.3% 

error in axe  for irregular mesh, which is even better than the corresponding value for regular 

mesh. It is also seen from Tables 3.4 and 3.5 that the 5131  and 51311  elements in this example per-

form better than the FFQ element which has one additional degree of freedom per nodal point. 
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Element Load shape vA  cre cixc 

Q4  2 square 70.0 -2946 2291 
Q6 2 square 101.5 -4319 3360 
QM6 2 square 101.5 -4319 3360 
HSE 2 square 86.9 -3266 2540 
5131  2 square 101.5 -4050 3150 
5f3n  2 square 101.5 -4050 3150 
FFQ 2 square 95.3 -4050 3150 

Q4  2 general 50.7 -2448 947 
Q6 2 general 100.4 -3682 2939 
QM6 2 general 98.12 -3689 2952 
HSE 2 general 68.3 -3468 1612 
5131  2 general 97.9 -4138 2842 
5f10  2 general 98.6 -4136 2868 
FFQ 2 general 98.3 -3665 2984 

Beam theory 102.6 -4050 3150 

Table 3.5 Stresses and displacements. For cantilever beam (Figure 3.18); 
Load case 2 

3.4.3 Cook's problem 

i-i 	 48  

 

16  p= 1  

  

Figure 3.19 Cook's problem: 2x2 mesh (F = 1.0,  h  = 1.0, v =  Iß).  

A commonly used example in the literature for testing two-dimensional elements is the trape-

zoidal cantilever subjected to uniformly distributed end loading, see Figure 3.19. The problem 

is known as Cook's problem [7]. This problem provides a good test for quadrilateral elements 
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since these are no longer parallelograms. In the present investigation, the trapezoidal cantilever 

was analysed using 2x2, 4x4, 8x8, 16x16 and 32x32 element subdivisions. No analytical solu-

tion is known for this problem. The best numerical solution is probably that given by  Nygärd  

[31] corresponding to a 32x32 mesh. 

Computed values for the vertical displacement of point  C  at the center of the loaded edge are 

listed in Table 3.6. Again, It is seen that the incompatible element QM6 and the two hybrid 

mixed elements 513, and 513n  are superior to the standard isoparametric element Q4. The differ-

ence is particularly evident for the coarse meshes. It should be noted that the Q6 element which 

does not pass the patch test for general quadrilateral from, produces the most accurate results 

in this case. The hybrid stress element HSE leads to ill-conditioning of the system stiffness ma-

trix in this case too, as can be seen from Figure 3.20. For 2x2 and 4x4 meshes the free formu-

lation element FFQ is slightly more accurate than the QM6, gh and 513„ elements. 
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Figure 3.20 Vertical displacement v of point  C  for Cook's problem (Figure 3.19), as 
a function of the total number of degrees of freedom. 

In Tables 3.7 and 3.8, the minimum and maximum principal stresses at point A and  B,  respec-

tively, are listed. It should be noted that these computations include both principal directions 

and principal stresses. Hence, all three Cartesian components of stress a„ ay  and txy are in-

volved. The isoparametric element Q4 produce bad results for the coarse mesh, but converge 

rapidly when the element mesh is refined. The hybrid stress element HSE does not converge 
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Mesh Q4 Q6 QM6 }{SE 5[31  513n  FFQ 

2x2 11.85 22.94 21.05 14.31 21.13 20.96 21.66 
4x4 
8x8 

18.30 
22.08 

23.48 23.02 20.27 23.02 23.01 23.11 

23.43 
23.82 

23.81 
23.91 
23.95 

23.69 
23.88 
23.94 

-
16x16 -
32x32 

22.13 
20.50 

- 

23.69 
23.88 
23.94 

23.68 
23.88 
23.94 23.94 

No analytical solution 

Table 3.6 Vertical displacement of point  C  for Cook's problem (Figure 3.19). 

and the two hybrid mixed elements produce principal stresses that are almost identical and they 

are in very good agreement with the FFQ element and the incompatible elements Q6 and QM6. 

The rate of convergence of the principal stresses is illustrated in Figure 3.21 and Figure 3.22. 
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Figure 3.21 Minimum principal stress at point A for Cook's problem (Figure 3.19), as a 
function of the total number of degrees of freedom. 
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Figure 3.22 Maximum principal stress at point  B  for Cook's problem (Figure 3.19), as a 
function of the total number of degrees of freedom. 

Mesh Q4 Q6 QM6 HSE 5[3/  5(311 FFQ 

2x2 -0.0916 -0.2263 -0.1944 -0.1012 -0.1564 -0.1565 -0.191 
4x4 -0.1510 -0.2192 -02138 -0.1644 -0.1856 -0.1856 -0.202 
8x8 -0.1866 -0.2092 -0.2082 -0.186 -0.1986 -0.1986 -0.203 
16x16 -0.2002 -0.2066 -0.2063 -0.1701 -0.2025 -0.2025 
32x32 -0.2034 -0.2050 -0.2050 - -0.2032 -0.2032 -0.204 

No analytical solution 

Table 3.7 Minimum principal stresses at point A for Cook's problem (Figure 3.19. 

Mesh Q4 Q6 QM6 HSE 513/  5f3n  FFQ 

2x2 0.1280 0.1966 0.1920 0.1065 0.1856 0.1856 0.199 
4x4 0.1906 0.2348 0.2326 0.1770 0.2240 0.2240 0.240 
8x8 0.2251 0.2432 0.2428 0.2043 0.2344 0.2344 0.238 
16x16 02358 0.2410 0.2409 0.1940 0.2364 0.2364 
32x32 02378 0.2390 0.2390 - 0.2367 0.2368 0.237 

No analytical solution 

Table 3.8 Maximum principal stresses at point  B  for Cook's problem (Figure 3.19. 
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3.4.4 Plane ring 

T/2 

Figure 3.23 Plane ring subjected to torque  (E  = 1000, V = 0.3, 'T = 1). 

The next example has been selected to test the ability of the element to represent a state of pure 

shear. The problem is shown in Figure 3.23 and consists of a circular ring of unit thickness con-

strained along the inner radius and subjected to uniformly distributed tangential shear stress 

along the outer radius. The total torque produced by the shear stresses is M. 

One quarter of the ring was analysed using a total of eight quadrilateral elements. The calculat-

ed results for the tangential displacement ue  at point A and  B  and the shear stress  te  at point  B, 

C  and  D  are listed in Table 3.9. 

Elem. 
eA rc48 rote  

Q4 19.06 10.56 46.20 67.76 33.42 
Q6 19.35 10.73 46.92 68.81 33.94 
QM6 19.34 10.74 46.84 68.87 33.75 
HSE 19.02 10.55 58.05 75.54 36.39 
5f3, 19.35 10.75 50.75 67.66 33.83 
5f3, 19.63 10.92 43.75 63.40 31.87 
FFQ 18.44 10.22 42.41 64.70 32.20 

Theory 19.50 10.83 44.44 64.00 32.65 

Table 3.9 Plane ring under circumferential torque. All values are scaled by a 
factor 10-6  M/27t. 
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Elem. u u Tie re,  

Q4  97.7 102.6 104.0 105.9 102.4 
Q6 992 99.1 105.6 107.5 104.0 
QM6 99.2 99.2 105.4 107.6 103.4 
HSE 97.5 97.4 130.6 118.0 111.5 
5(3, 99.2 99.3 1142 105.7 103.6 
513, 100.7 100.8 98.4 99.1 98.6 
FFQ 94.6 94.4 95.4 101.1 98.6 

Theory 100.0 100.0 100.0 100.0 100.0 

Table 3.10 Plane ring under circumferential torque. All values are given as 
a percentage of the theoretical solution. 

The same results are given in Table 3.9 as a percentage of the theoretical solution. The incom-

patible and the hybrid mixed elements produce very accurate results on the tangential displace-

ment Tr., with an error less than 1%. Also, the isoparametric element Q4 and the hybrid stress 

element HSE produce accurate results (error < 3%), slightly better than those produced by the 

FFQ element. The stresses 'Iro predicted by the FFQ element are very close to those obtained 

by the hybrid mixed element 51311. In general the 51311  is the best performer in this particular ex-

ample. 

The 5[3-element produces stresses that are slightly worse than those produced by the incompat-

ible elements Q6, QM6. It is also interesting to note the excellent performance of the standard 

isoparametric element in this test example. This behaviour can be traced back to the bilinear 

displacement functions and their ability to represent pure shear deformation. 

3.4.5 Plane wedge 

Figure 3.24 shows a plane wedge of unit thickness subjected to a uniformly distributed trans-

verse loading at the upper boundary. The finite element mesh adopted in the present study is 

also shown in Figure 3.24. A theoretical solution of this problem is given by Timoshenko and 

Goodier [38]. 

Table 3.11 contains results for the stresses az  and T, along the circle with radius r = 40. The 

most striking feature is the relatively poor performance of the free formulation element FFQ 

and the hybrid mixed element 51311  for this test example. The hybrid mixed element 5131  and the 

incompatible elements Q6 and QM6 produce results which are in very good agreement with the 

analytical solution for all five points considered. 
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Figure 3.24 Plane wedge subjected to uniformly distributed load 
(E=1000, V = 0.3). 

Elem. axl txyl cra a,3 CY
O 

ax4  c  

Q4 -3.56 2.68 -1.71 0.21 2.35 4.82 
Q6 -3.82 2.82 -1.85 0.19 2.55 5.18 
QM6 -3.77 2.79 -1.81 0.17 2.49 5.12 
HSE -3.68 3.27 -1.56 0.42 2.58 4.2 
5ß, -3.56 2.92 -1.84 0.16 2.47 4.98 
51in  - 2.62 2.59 -1.52 -0.05 296 4.28 
FFQ -6.13 0.45 -3.34 -0.49 2.36 5.07 

Theory -3.49 2.93 -1.83 0.20 2.50 4.95 

Table 3.11 Plane wedge under uniformly distributed load. 

3.4.6 Computational efficiency 

A check of the computational efficiency can be obtained by studying the time required to form 

the element stiffness matrix. For this purpose, the geometry and material properties defined in 

Figure 3.25 were chosen. Table 3.12 lists the computational times required to form 1000 ele-

ment stiffness matrices of the various elements. Also given in Table 3.12 are the relative times 

where Q4 is selected as the reference element. The test was run on a Sun 3/60 with a MC68881 

co-processor. Due to the fact that computing time does not only depend on the algorithm itself 
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1.0 

E=1.0 

v=03 

h=1.0 

   

1.0  

Figure 3.25 Element geometry 

but also on the way it is implemented, care should be exercised when comparing computational 

times for different elements. However, Table 3.12 clearly indicates that the hybrid mixed ele-

ments are at least as efficient as the simple isoparametric element Q4. This may be somewhat 

surprising but can be explained by the use of analytical integration in establishing the element 

stiffness matrix, see Section 2.4 and Appendix  B.  Results for the free formulation element FFQ 

and the incompatible elements Q6 and QM6 are missing in Table 3.12. 

Element time(s) rel. time 

Q4 22.94 1.0 
HSE 37.18 1.62 
en  19.92 0.87 
513i  19.88 0.87 

Table 3.12 Computing time required to form 1000 element stiff-
ness matrices. 
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4 Concluding remarks 

The objective of the present study has been to investigate the numerical accuracy and stability 

of hybrid mixed finite element formulations recently developed by Pian and Wu [17,18]. Also, 

it has been attempted to achieve a more unified presentation of the variational basis of hybrid 

and mixed finite element models. The present investigation focuses attention on application of 

these models to two-dimensional elasticity problems. 

It has been shown how the interelement continuity requirements of surface tractions and dis-

placements can be relaxed by application of the Lagrangian multiplier technique. The associat-

ed modifications of the principle of minimum complementary energy and of Reissner's 

variational principle have been described in detail. Hybrid finite element models derived from 

these modified principles have been presented and similarities and differences between the var-

ious models have been pointed out. 

The derivation of the hybrid mixed finite element model resulting from the modified Reissner 

variational principle has been carried out in detail. The parameters associated with the interior 

stress field are eliminated at the element level and the resulting matrix equations are expressed 

in terms of nodal displacements only. Hence, the formulation is a standard displacement meth-

od. Different schemes for constraining stress fields in hybrid mixed elements have been de-

scribed. From these considerations, two different quadrilateral elements emerge. These 

elements are labelled 5131  and 5i3n  respectively, and they differ only in the way the assumed 

stress field is constrained. The variational basis of these elements and their relations to the patch 

test have been presented. 

The two quadrilateral hybrid mixed elements 513/  and 513n  have been programmed. Comparison 

with other quadrilateral elements has been carried out by means of the so-called eigenvalue test 

and by carefully selected two-dimensional elasticity problems with known analytical solutions. 

From the extensive numerical testing accomplished in the present report it is concluded that 

these two hybrid mixed elements are highly accurate, robust and computationally efficient. It is 

believed that these elements are the best performers among presently available four node quad-

rilateral elements with eight degrees of freedom. 

In Refs. 17 and 18 it is claimed that the 513n-element is more accurate than the 5N-element. 

However, this claim has not been substantiated in the present investigation. The benchmark test 

carried out herein support the conclusion that the performance of the 5f-element is, at least, as 

good as that of the somewhat more elaborate 5N-element. 
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It is well known that element stiffness is strongly influenced by geometrical distortion of the 

element shape. However, unique measures of "acceptable" distortions of quadrilateral elements 

are lacking. The extensive eigenvalue tests described in Section 3.3 indicate that the ratio be-

tween the longest and the shortest side of the element may be an important parameter in defin-

ing geometrical element shapes that will not lead to significant deterioration of the accuracy. 

Further investigations are required to check this supposition. 

Four node quadrilateral elements play an important role in practical finite element analyses. 

Hence, the search for accurate and robust quadrilateral elements is likely to continue. The hy-

brid mixed formulation provides a basis for deriving computationally efficient elements with 

excellent accuracy. Further benchmark testing of the 5(3,- and 5[311-element should be carried 

out. Possible refinements and improvements of these elements should be explored. 

The eigenvalue test yields valuable information of element performance, despite its simplicity. 

This test should be further developed so that it can be included as a standard test when new fi-

nite elements are being proposed. 

The potential of the hybrid mixed formulation for plate and shell elements should be explored. 

The application of hybrid mixed elements in analysis of problems involving material nonline-

arities and large displacements seems promising. Elasto-plasticity is one area where the excel-

lent stress predictions of the hybrid mixed elements may be particularly advantageous 
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Appendix A: The  R-matrix 

According to eq. (2-111) the  R-matrix is defined by  

R = (VTP) T1::o xdV = h f5 (VTP) T dd ehyl 
v. 

(A-1) 

where h is the thickness,  P  and are defined by eqs. (2-183) and (2-168), respectively. More-

over III is the determinant of the Jacobi matrix, eq. (2-163). 

It follows from eq. (2-114) that the condition  R  = 0 will be enforced through the stationary con-

dition of the modified Reissner variational functional, eq. (2-108), For the Pian-Sumihara ele-

ment described in eq. 2.4.2 it is easy to show that  R  is actually equal to the null matrix. For this 

particular element, the gradient of the matrix  P,  eq. (2-183), is given by 

pip = 1000K1 (A-2)  
1.7 0 0 0 K3  K4  

where  

— J12a21 	 k2 = '122ai —J21a3b3 
(A-3)  

=J b 2 —J a b 3 	11 	1 	12 	1 	1 	1C4 	—J21g 	J22a3b3 

Here, Jx, are the components of the 2x2 Jacobian matrix, eq. (2-163). The parameters al , a3,  b,,  
b3  depend on the nodal coordinates, see eq. (2-164). 

Carrying out the multiplications of the integrand in eq. (A-1), leads to the following expression, 

o o 
o 0 

o 
0 

0 
0 

(vrp)  T
ex 

 0 	0 0 0 (A-4) 
yii (1 _2)  Yirl (1  112) 7211 (1  721 ( 1  —12) 

113g (1 — )l'3g (1  T12) 1(4 (1  — 42) (1  T12) 

where the coefficients  y,  72,  h,  and 74  are defined by 
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Yi = a1b1a2-  a2tb2 

13  = a32b2  — a2a3b3  

y2  = a2b-  a  i b  l b  2  

14  = a3b2b3  - a2b3  
(A-5) 

Inspection of eq. (A-4) reveals that the integration over the element area in eq. (A-1) only in-

volves four different integrals, 

1 1  
I  1  = jj  T1  (  1  — v)d4ctri  

-1-1 
1 1 

/2  =  f  j  TI (1 -12) c471  
-t-t  
1 1 

/3  =  5  j.  ( i —  2)  d4d11  
-1-1 
1 1 

14  = I  f  (i -1-1 2)ddri  
-1-1 

(A-6) 

It is easily shown that all these integrals vanish. Hence,  

R= O 	 (A-7) 

or, alternatively, 

.{ (VT  a) T  u xdV = 0 
v. 

The physical interpretation of this equation is that the stress gradients VG and the incompat-

ible displacements ux  are orthogonal in the weak sense. 

(A-8) 
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Appendix  B:  Analytical Integration of  H-  and  G-
matrices 

One of the advantages of the hybrid mixed finite element model is that the element stiffness ma-

trix can be computed by analytical integration, thereby avoiding more time-consuming numer-

ical integration formulas. In general, the element stiffness matrix  k  of a hybrid mixed element 

is defined by  

k = GT  G 	 (B-1) 

In the following, it will be shown how explicit expressions for the matrices  H  and  G  can be ob-

tained for the 513x-element using analytical integration. 

B.1 H-matrix 

For the 5131-element, the generalised flexibility matrix  H  is given by eq. (2-155),  

H  = f  P*  T  DP*  dV =  j.  P*  T  DP*  1J1dV 
	

(B-2) 

where  h  is the thickness of the element,  D  is the strain-stress matrix and IA the determinant of 

the Jacobi matrix, eq. (2-163). Moreover, The matrix I)*  contains interpolation functions for 

the assumed stresses a which are constrained according to eq. (2-189). 

The constitutive relations are expressed by  

e = Da 	 (B-3) 

For plane stress conditions and linear elastic, isotropic materials, the matrix  D  is given by  

 

D11-  D12 ° 	1 
D21 D22 ° 
0 0 D33  

  

D= 

-
1 —v 	0 

—v 1 	0 
0 	0 2 (1 +v) 

(B-4) 

   

where  E  is Young's modulus and v is Poisson's ratio. 
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The result of the matrix multiplication P*TDP*  in eq. (B-2) produces can be written as 

p*  TDp  *  

-D11 D12 0  Y111  Y2C 

D22 0 131  14  
D33 151 Y6  

symm. 	17112  Y811 

19 2  

(B-5) 

where  

b1)2  
11= D11+ D12(j

i 
 

bi 2 	 a3 2 
13 = D21 +D22 () —

al 
	14 = D 21 (—h ) +D22 -3  

bl  
y5  =D."---  al  

a3  
Y6 =D33 

 
(B-6) 

b i 	bi  
y7  =Du  + (D 12  + D21  +D33) 	+ D22   

bi)2)(a3) 
+D

2 	(1 
+D

2 	(b1)(a3) 

b
-

3 	
1)— 

	

78 = D12 ± (D11 +D21 (7 	 22 	33 

	

1 	 1 	1 	3 

4 a3 
2 

Y9 = D22 + (D12 +D21 +D33) () + D11 (7)1 
3 	3 

Inspection of eqs. (B-2) and (B-5) reveals that the computation of  H  involves the following 

integrals over the element area, 



al a2 a3 CC4 0 0 0 

0 0 0 0 a5  a6  a7  
TB*  p*  

a5 a6 as a l a2 C(3 

91 92 93 94 95 96 97 

99 910 911 912 913 914 915 

0 

as  

a4 

98 

916 

(B-15) 
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where the following symbols have been introduced,  

bi 	 b i  
(P i = ((:( i + a  s (—a 1 ))11 	( P 2 = (C(2 + C(6 (1)11 	(P3 = (C(3 4-  C(7 (bi))  ))11 

al 	 1  

	

b bi 	
9 
 (bi ) 

94 = (a4 + as (a--
i  
1))11 	

_ 
95 — 91

()
a—

i 
	 96 = 2 al  

_ 	 _ (bi 	 (a3 "1  

(P7  - (P3 	) 	 (Ps  - (P4) 
 

ai 
	 99 = 913 b3  

a3  ) 	 a3) 
(Pio = 914 (b3 	 (Pli = 915 (13 	 (P12 = 916 (ba3 ) 3 

a 
P13 = (C(5 ± al (1.32)) 	(P14 = (a6 + C(2 (-2-ha  )) _3 	915 = (a7 + cx3 (b3 )) 

16 =  (C(8 + C(4 (ab-33
)) 

(B-16) 

It is observed from eqs. (B-10) and (B-13) that the determinant IX of the Jacobian matrix van-

ishes and the integrals for evaluating  G  are, 

5 aiAcin 

--1-1 

5 aiV4c1r1 

aAdri 
-1-1  

(i  = 1, 2, ...., 8) 	 (B-17)  

where according to eq. (B-14), the parameters a, are functions of the natural coordinates and 

11. 
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Carrying out the 24 integrals in eq. (B-17), it can be shown that the matrix  G  can be written as 

 

B1  B2  -B1  -B2  0 0 0 0 

0 0 0 0 -Al -A2 Al A2 
G = h -A1  -A2  A1  A2  B1  B2  -B1  -B2  

P1 P2 -P2 -131 P5 P6 —P6 —P5 

P7 -P P8 -P8 P3 -P3 P4 -P4 _ 

(B-18) 

where  

 

A1 = (al  -  a3) 	 A2 = (al  +  a3) 

B1 = (b1  -  b3) 	 B2=  (bl +  b3) 

P2  =  3- (u2 ,..  -  u3  -  (22 - a3)  -
ji. 

 
b1  h )  

P1  =  j  (b2 + b3  - (a2  + a3) cz.  
bi  )  1 

P3  = -3  (ai  + a2  - (bi  + b2) czi, ) u3  
1  

P4 =  j  (ai  - a2  - (bi  - b2) -b-
3

. 
a3  ) 1 

(B-19) 

	

bi 	 bi  

	

P5 =  Pia--; 	 P6 = P2  i  

	

a3 	 a3  
P8 = P4F P7= P3F 

	

3 	 3 

It follows from the above expressions that  G  only depends on the element thickness  h  and the 

nodal coordinates of the element. 
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27.00 
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8.0 

Relative distortion  y  

Figure C.3 Trace(k) for example 2. 

y HSE 501  51311  Q4 Q6 QM6 

0 3.7268 3.6337 3.6337 3.9560 3.6337 3.6337 
0.1 3.7404 3.6476 3.6474 3.9794 3.6397 3.6478 
0.2 3.7760 3.6842 3.6828 4.0398 3.6550 3.6843 
0.5 3.9638 3.8800 3.8697 4.3586 3.7332 3.8756 
1.0 4.4136 4.3510 4.3229 5.1249 3.9248 4.3377 
5.0 9.4921 9.4940 9.4740 13.2901 6.2515 9.5177 
10.0 16.6500 16.6559 16.6497 24.2285 9.6943 16.6857 

Table C.2 Numerical values of trace(k) for example 2. 

10.0  
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Example 3 
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Figure C.4 Trace(k) plotted for example 3. 

y HSE 5Ii 5l Q4  Q6 QM6 

0.0 3.7268 3.6337 3.6337 3.9560 3.6337 3.6337 
0.1 3.7377 3.6424 3.6424 3.9685 3.6382 3.6427 
0.2 3.7665 3.6669 3.6664 4.0030 3.6494 3.6674 
0.5 3.9317 3.8104 3.8043 4.2100 3.7008 3.8098 
1.0 4.3499 4.1952 4.1624 4.7929 3.8090 4.1795 
2.0 5.3729 5.2037 5.0945 6.4735 4.1236 5.1324 
5.0 8.9605 8.8460 8.6816 13.2787 5.5561 8.7314 
10.0 15.7654 15.6819 15.5825 26.5961 8.6282 15.6218 

Table C.3 Numerical values of trace(k) for example 3. 

• IISE 
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Example 4 

example4.trace  

27.00 
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9.00 

0.00 
0.0 	0.1 	0.2 	0.3 

Relative distortion  y  

Figure C.5 Trace(k) plotted for example 4. 

HSE 513/ 513/1  04 Q6 QM6 

0.0 3.7268 3.6337 3.6337 3.9560 3.6337 3.6337 
0.1 3.7442 3.6509 3.6513 3.9864 3.6421 3.6520 
0.2 3.8072 3.7115 3.7156 4.1002 3.6755 3.7194 
0.3 3.9399 3.8337 3.8529 4.3573 3.7539 3.8644 
0.4 4.1838 4.0456 4.1094 4.9078 3.9161 4.1395 
0.45 4.3694 4.2003 4.3073 5.4210 4.0498 4.3550 
0.5 4.6161 4.4080 4.5737 6.3049 4.2369 4.6505 

Table C.4 Numerical values on trace(k) for example 4. 
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example5.trace  

Relative distortion  y  

Figure C.6 Trace(k) for example 5. 

I HSE 5[31  5ßu Q4  Q6 QM6  
0 3.7268 3.6337 3.6337 3.9560 3.6337 3.6337 
0.5 3.7268 3.6337 3.6337 3.9560 3.6337 3.6337 
1 3.7268 3.6337 3.6337 3.9560 3.6337 3.6337 
2 3.7268 3.6337 3.6337 3.9560 3.6337 3.6337 
4 3.7268 3.6337 3.6337 3.9560 3.6337 3.6337 
9 3.7268 3.6337 3.6337 3.9560 3.6337 3.6337 
10 3.7268 3.6337 3.6337 3.9560 3.6337 3.6337 

Table C.5 Numerical values on trace(k) for example 5. 
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Appendix  D:  Eigenvalues and corresponding 
deformation modes 

All eigenvalues and corresponding deformation patterns has been computed for the examples 

shown in Figure C.1 except for example 5 which is excluded because the eigenvalues remain 

unaffected when element size increases, as in the case of the trace of an element stiffness matrix 

mode 1 
	

mode 2 
	

mode 3 	 mode 4 

Uniform expansion 	pinching 	 shearing 	 bending 
(or compression) 

Rigid body 
motions. 

Figure  DA  Basic deformation modes for a membrane element with four nodal points and eight 
degrees of freedom. 

The basic deformation modes for membrane elements, with four nodal points and two d.o.f. in 

each node, are illustrated in Figure D.1. The influence on each of the five eigenvalues, related 

to constant and higher order modes, when the element distortion increases, are given in the di-

agrams and corresponding tables below. Observe that in some cases the results from the differ-

ent elements are nearly identical, this causes the results from each element to be merged and 

appear as a single curve in the diagram even though this line really consists of several curves. 



15.00 

10.00 

5.00 

0.00 
1.00 	2.80 	4.60 	6.40 	8.20 	10.00 

+ Q4 

x HSE  

o 5(3: 
o g13:: 
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• QM6 

-t :  

-t- 

--+ 

-4- 

y Q4 HSE 5ß1  5Nr  Q6 QM6 

0 1.4286 1.4286 1.4286 1.4286 1.4286 1.4286 
0.5 1.7547 1.7547 1.7547 1.7547 1.7547 1.7547 
1 2.2613 2.2613 2.2613 2.2613 2.2613 2.2613 
2 3.3333 3.3333 3.3333 3.3333 3.3333 3.3333 
4 5.5150 5.5150 5.5150 5.5150 5.5150 5.5150 
9 10.999 10.999 10.999 10.999 10.999 10.999 
10 12.097 12.097 12.097 12.097 12.097 12.097 
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Example 1 

Relative distortion  y  

Figure D.2 Variation of eigenvalues as a function of the relative distortion  y  for 
example 1, deformation mode 1 (Uniform expansion).  

Table D.1 Eigenvalues for example 1, deformation mode 1. 



'y 	Q4 	HSE 	5131 	5ßll 	Q6 	QM6 

0.0 1.4286 1.4286 1.4286 1.4286 1.4286 1.4286 
0.1 1.4579 1.4565 1.4560 1.4560 1.448 1.456 
0.2 1.5611 1.5491 1.5461 1.5460 1.515 1.546 
0.3 1.7719 1.7183 1.7075 1.705 1.638 1.708 
0.4 2.1802 1.9827 1.9546 1.942 1.828 1.956 
0.45 2.5430 2.1623 2.1196 2.093 1.954 2.123 
0.5 3.1597 2.3841 2.3214 2.272 2.108 2.329 
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Figure D.5 Variation of eigenvalues as a function of the relative distortion  y  for 
example 4, deformation mode 1 (Uniform expansion).  

Table D.4 Eigenvalues for example 4, deformation mode 1. 
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Figure D.6 Variation of eigenvalues as a function of the relative distortion  y  
for example 1, deformation mode 2 (Pinching).  

Y Q4 HSE 513/  5ßll  Q6 QM6 

0 0.7692 0.7692 0.7692 0.7692 0.7692 0.7692 
0.5 0.6263 0.6263 0.6263 0.6263 0.6263 0.6263 
1 0.4860 0.4860 0.4860 0.4860 0.4860 0.4860 
2 0.3297 0.3297 0.3297 0.3297 0.3297 0.3297 
4 0.1993 0.1993 0.1993 0.1993 0.1993 0.1993 
9 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 
10 0.091 0.091 0.091 0.091 0.091 0.091 

Table D.5 Eigenvalues for example 1, deformation mode 2. 
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Figure D.7 Variation of eigenvalues as a function of the relative distortion  y  for 
example 2, deformation mode 2 (Pinching).  

Y Q4  HSE 5131  51311 Q6 QM6 

0.0 0.7692 0.7692 0.7692 0.7692 0.7692 0.7692 
0.1 0.7757 0.7740 0.7736 0.7736 0.7736 0.7736 
0.2 0.7923 0.7855 0.7844 0.7844 0.7844 0.7844 
0.5 0.8779 0.8409 0.8376 0.8376 0.831 0.8376 
1.0 1.0742 0.9688 0.9646 0.9646 0.920 0.9646 
5.0 2.3008 2.3725 2.3718 2.3719 1.608 2.3719 
10.0 4.2265 4.2658 4.2657 4.2661 2.510 4.2661 

Table D.6 Eigenvalues for example 2, deformation mode 2. 
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Figure D.8 Variation of eigenvalues as a function of the relative distortion  y  for 
example 3, deformation mode 2 (Pinching).  

Y Q4 HSE 513, 51311  Q6 QM6 

0.0 0.7692 0.7692 0.7692 0.7692 0.7692 0.7692 
0.1 0.7727 0.7716 0.7716 0.7716 0.7716 0.7716 
0.2 0.7821 0.7819 0.7780 0.7780 0.7780 0.7780 
0.5 0.8374 0.8327 0.8130 0.8129 0.812 0.8129 
1.0 0.9852 0.9493 0.9079 0.907 0.888 0.9079 
2.0 1.091 1.2024 1.1883 1.181 1.035 1.191 
5.0 2.400 2.1533 2.1973 2.200 1.433 2.205 
10.0 4.936 3.9763 4.0190 4.028 2.234 4.026 

Table D.7 Eigenvalues for example 3, deformation mode 2. 
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Figure D.9 Variation of eigenvalues as a function of the relative distortion)' for 
example 4, deformation mode 2 (Pinching).  

y Q4 HSE 5i3/  512en  Q6 QM6 

0.0 0.7692 0.7692 0.7692 0.7692 0.7692 0.7692 
0.1 0.7776 0.7763 0.7759 0.7759 0.7759 0.7759 
0.2 0.8088 0.8045 0.8038 0.8036 0.803 0.804 
0.3 0.8779 0.8685 0.8720 0.873 0.867 0.874 
0.4 1.0219 0.9878 1.0106 1.0110 0.992 1.020 
0.45 1.1534 1.0765 1.1196 1.116 1.088 1.139 
0.5 1.3771 1.1912 1.2663 1.253 1.215 1.302 

Table D.8 eigenvalues for example 4, deformation mode 2. 
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Figure D.10 The variation of eigenvalues as a function of the relative distortion  y  
for example 1, deformation mode 3 (Shearing).  

Y Q4  HSE 5131  513u  Q6 QM6 
0 0.7692 0.7692 0.7692 0.7692 0.7692 0.7692 
0.5 0.8333 0.8333 0.8333 0.8333 0.8333 0.8333 
1 0.9615 0.9615 0.9615 0.9615 0.9615 0.9615 
2 1.2821 1.2821 1.2821 1.2821 1.2821 1.2821 
4 2.0000 2.0000 2.0000 2.0000 2.0000 2.0000 
9 3.885 3.885 3.885 3.885 3.885 3.885 
10 4.266 4.266 4.266 4.266 4.266 4.266 

Table D.9 Eigenvalues for example 1, deformation mode 3. 
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Figure D.11 Variation of eigenvalues as a function of the relative distortion  y  for 
example 2, deformation mode 3 (Shearing).  

Y Q4 HSE 513i 5N/  Q6 QM6 

0.0 0.7692 0.7692 0.7692 0.7692 0.7692 0.7692 
0.1 0.7613 0.7602 0.7598 0.7598 0.7598 0.7598 
0.2 0.7437 0.7404 0.7394 0.7394 0.740 0.7394 
0.5 0.6894 0.6821 0.6841 0.6833 0.687 0.685 
1.0 0.6621 0.6262 0.6477 0.648 0.654 0.656 
5.0 1.1901 0.3204 0.3807 0.384 0.420 0.422 
10.0 2.0848 0.1855 0.2315 0.233 0.265 0.266 

Table D.10 Eigenvalues for example 2, deformation mode 3. 
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Figure D.12 Variation of eigenvalues as a function of the relative distortion ?for 
example 3, deformation mode 3 (Shearing).  

y Q4 HSE 513/  513/1  Q6 QM6 

0.0 0.7692 0.7692 0.7692 0.7692 0.7692 0.7692 
0.1 0.7649 0.7647 0.7641 0.7641 0.7641 0.7641 
0.2 0.7541 0.7501 0.7510 0.7510 0.7510 0.7510 
0.5 0.7113 0.6929 0.7005 0.7005 0.701 0.701 
1.0 0.6341 0.6408 0.6708 0.670 0.680 0.680 
2.0 0.6721 0.6554 0.6345 0.680 0.689 0.662 
5.0 1.0924 0.5219 0.4151 0.515 0.506 0.454 
10.0 1.9877 0.3258 0.2449 0.310 0.307 0.275 

Table D.11 Eigenvalues for examplee 3, deformation mode 3. 
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Figure D.13 Variation of eigenvalues as a function of the relative distortion  y  for 
example 4, deformation mode 3 (Shearing).  

Y Q4  HSE 513e 5f31/  Q6 QM6 

0.0 0.7692 0.7692 0.7692 0.7692 0.7692 0.7692 
0.1 0.7590 0.7569 0.7565 0.7565 0.756 0.757 
0.2 0.7294 0.7181 0.7167 0.7167 0.712 0.717 
0.3 0.7023 0.6566 0.6541 0.6539 0.638 0.654 
0.4 0.5405 0.5796 0.5761 0.5756 0.545 0.576 
0.45 0.5071 0.5372 0.5333 0.5310 0.495 0.534 
0.5 0.4682 0.4928 0.4886 0.486 0.443 0.489 

Table D.12 Eigenvalues for example 4, deformation mode 3. 
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Figure D.14 Variation of eigenvalues as a function of the relative distortion  y  for 
example 1, deformation mode 4 (Bending about x-axis).  

y Q4 HSE 513, 513u  Q6 QM6 

0 0.4945 0.3799 0.3333 0.3333 0.3333 0.3333 
0.5 0.4365 0.3472 0.2222 0.2222 0.2222 0.2222 
1 0.4396 0.3684 0.1667 0.1667 0.1667 0.1667 
2 0.5067 0.4571 0.1111 0.1111 0.1111 0.1111 
4 0.7143 0.6838 0.0667 0.0667 0.0667 0.0667 
9 1.319 1.303 0.033 0.033 0.033 0.033 
10 1.444 1.430 0.030 0.030 0.030 0.030 

Table D.13 Eigenvalues for example 1, deformation mode 4. 
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Figure D.15 Variation of eigenvalues as a function of the relative distortion  y  for 
example 2, deformation mode 4 (Bending about x-axis).  

y Q4 HSE 5f3, 5f3u  Q6 QM6 

0.0 0.4945 0.3799 0.3333 0.3333 0.3333 0.3333 
0.1 0.5190 0.3946 0.3625 0.3621 0.3625 0.363 
0.2 0.5447 0.4021 0.3827 0.381 0.382 0.383 
0.5 0.6291 0.3881 0.3926 0.3909 0.393 0.395 
1.0 0.7902 0.3160 0.3278 0.328 0.332 0.332 
5.0 3.0694 0.0967 0.1030 0.1030 0.106 0.106 
10.0 5.7563 0.0502 0.0541 0.0541 0.056 0.056 

Table D.14 Eigenvalues for example 2, deformation mode 4. 
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Figure D.16 Variation of eigenvalues as a function of the relative distortion  'y  for 
example 3, deformation mode 4 (Bending about x-axis).  

Y Q4  HSE 5i3i  en  Q6 QM6 
0.0 0.4945 0.3799 0.3333 0.3333 0.3333 0.3333 
0.1 0.4784 0.3676 0.3103 0.3102 0.310 0.310 
0.2 0.4637 0.3562 0.2884 0.290 0.288 0.289 
0.5 0.4252 0.3261 0.2305 0.237 0.228 0.231 
1.0 0.3690 0.2835 0.1578 0.177 0.154 0.159 
2.0 0.2722 0.2160 0.0750 0.113 0.073 0.077 
5.0 0.1339 0.1159 0.0124 0.046 0.013 0.013 
10.0 0.0687 0.0639 0.0020 0.016 0.002 0.002 

Table D.15 Eigenvalues for example 3, deformation mode 4. 
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Figure D.17 Variation of eigenvalues as a function of the relative distortion  y  for 
example 4, deformation mode 4 (Bending about x-axis).  

'Y Q4  HSE 5f3i  ell  Q6 QM6 
0.0 0.4945 0.3799 0.3333 0.3333 0.3333 0.3333 
0.1 0.5205 0.3964 0.3667 0.3670 0.367 0.367 
0.2 0.5503 0.4056 0.3963 0.399 0.397 0.399 
0.3 0.5715 0.4007 0.4139 0.417 0.416 0.421 
0.4 0.7401 0.3767 0.4105 0.4111 0.419 0.423 
0.45 0.7907 0.3572 0.3997 0.397 0.413 0.416 
0.5 0.8639 0.3332 0.3829 0.375 0.401 0.402 

Table D.16 Eigenvalues for example 4, deformation mode 4. 
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Figure D.18 Variation of eigenvalues as a function of the relative distortion  y  for 
example 1, deformation mode 5 (Bending y-axis).  

y Q4 HSE 513i  513n  Q6 QM6 

0 0.4945 0.3799 0.3333 0.3333 0.3333 0.3333 
0.5 0.6349 0.5051 0.5000 0.5000 0.5000 0.5000 
1 0.7967 0.6677 0.6667 0.6667 0.6667 0.6667 
2 1.1416 1.0298 1.0000 1.0000 1.0000 1.0000 
4 1.8571 1.7778 1.6667 1.6667 1.6667 1.6667 
9 3.676 3.633 3.333 3.333 3.333 3.333 
10 4.041 4.002 3.667 3.667 3.667 3.667 

Table D.17 Eigenvalues for example 1, deformation mode 5. 
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Figure D.19 Variation of eigenvalues as a function of the relative distortion  y  for 
example 2, deformation mode 5 (Bending about y-axis).  

y Q4 HSE 5E2.1  51311 Q6 QM6 

0.0 0.4945 0.3799 0.3333 0.3333 0.3333 0.3333 
0.1 0.4725 0.3611 0.3009 0.302 0.3009 0.3009 
0.2 0.4533 0.3425 0.2709 0.274 0.271 0.272 
0.5 0.4043 0.2950 0.1977 0.210 0.199 0.200 
1.0 0.3345 0.2391 0.1190 0.146 0.125 0.121 
5.0 0.1185 0.0921 0.0079 0.024 0.012 0.012 
10.0 0.0634 0.0514 0.0014 0.006 0.003 0.001 

Table D.18 Eigenvalues for example 2, deformation mode 5. 
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Figure D.20 Variation of eigenvalues as a function of the relative distortion  y  for 
example 3, deformation mode 5 (Bending about y-axis).  

y Q4 HSE 5131  51311  Q6 QM6 
0.0 0.4945 0.3799 0.3333 0.3333 0.3333 0.3333 
0.1 0.5119 0.3926 0.3563 0.3563 0.3563 0.3563 
0.2 0.5305 0.4047 0.3774 0.3774 0.377 0.378 
0.5 0.5911 0.4337 0.4214 0.422 0.421 0.426 
1.0 0.7524 0.4406 0.4009 0.414 0.398 0.408 
2.0 1.384 0.3663 0.2710 0.297 0.263 0.277 
5.0 2.873 0.2288 0.1176 0.134 0.115 0.121 
10.0 5.562 0.1410 0.0585 0.064 0.058 0.060 

Table D.19 Eigenvalues for example 3, deformation mode 5. 
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Figure D.21 Variation of eigenvalues as a function of the relative distortion  y  for 
example 4, deformation mode 5 (Bending about y-axis).  

Y Q4  HSE 513i  5Rn Q6  QM6 

0.0 0.4945 0.3799 0.3333 0.3333 0.3333 03333 
0.1 0.4715 0.3581 0.2962 0.2945 0.295 0.296 
0.2 0.4507 0.3298 0.2527 0.246 0.249 0.254 
0.3 0.4338 0.2958 0.2054 0.185 0.194 0.208 
0.4 0.4251 0.2570 0.1577 0.107 0.132 0.164 
0.45 0.4268 0.2362 0.1352 0.063 0.101 0.144 
0.5 0.4361 0.2148 0.114 0.021 0.070 0.128 

Table D.20 Eigenvalues for example 4, deformation mode 5. 
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