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Abstracts 

Paper A: The problem of estimating the error in numerical flow simulations is very 
important. One case where this is particularly true is in the assessment of turbulence models, 
where the numerical errors must be known in order to separate them from model errors. In this 
paper, the three-dimensional steady turbulent flow in a curved rectangular duct has been 
examined. The Reynolds number was 224000 based on the channel width. At the inlet the 
flow pattern was already complicated, with a pair of vortices inside the top-wall boundary 
layer. The results from this case has already been presented  (Bergström,  1996) but the 
numerical accuracy and turbulence modelling has not been studied in detail until now. The 
measurements for the curved channel case were extensive and well suited for checking the 
turbulence model. The numerical accuracy concerning iterative and grid-convergence was 
controlled by a grid- and iterative error, respectively. The grid error gives a way to report the 
number of grid cells needed for a virtually grid-independent solution. A secondary result of 
the error estimation is that a better approximation to the exact solution is obtained. A 



Reynolds stress model was used to model the turbulence. The model was seen to be able to 
capture the most important flow phenomena in the channel. 

Paper  B:  This paper presents preliminary results from calculations of the flow field in a 
simplified model of a Francis runner. The model is intended to give the same average 
influence on the flow as the real runner in a simulation of a complete hydro power turbine. In 
the model, body forces replaced the runner blades. The model was compared to a simulation 
between two runner blades in a rotating coordinate system. The results from the simulations 
showed that the model gave a realistic velocity field in the runner but an improved 
approximation is necessary in order to get the correct pressure drop. 

Paper  C:  The potential for overall efficiency improvements of modern hydro power turbines 
is of the order a few percent. A significant parts of the losses occur is in the draft tube. To 
improve the efficiency by analysing the flow in the draft tube, it is therefore necessary to do 
this accurately, i.e. one must know how large iterative and grid errors are. This was done by 
comparing some methods to estimate errors. Four grids (122976 to 4592 cells) and two 
numerical schemes (hybrid differencing and CCCT) were used in the comparison. To assess 
the iterative error, the convergence history and the final value of the residuals were used. The 
grid error estimates were based on Richardson extrapolation and least square curve fitting. 
Using these methods we could, apart from estimate the error, also calculate the apparent order 
of the numerical schemes. The effects of using double or single precision and changing the 
under relaxation factors were also investigated. To check the grid error the pressure recovery 
factor was used. The iterative error based on the pressure recovery factor was very small for 
all grids (of the order 104% for the CCCT scheme and 10-m% for the hybrid scheme). The 
grid error was about 10% for the finest grid and the apparent order of the numerical schemes 
were 1.6 for CCCT (formally second order) and 1.4 for hybrid differencing (formally first 
order). The conclusion is that there are several methods available that can be used in practical 
simulations to estimate numerical errors and that in this particular case, the errors were too 
large. The methods for estimating the errors also allowed us to compute the necessary grid 
size for a target value of the grid error. For a target value of 1%, the necessary grid size for 
this case was computed to 2000000 cells. 
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ABSTRACT 

The problem of estimating the error in 
numerical flow simulations is very important. One 
case where this is particularly true is in the 
assessment of turbulence models, where the 
numerical errors must be known in order to 
separate them from model errors. In this paper, the 
three-dimensional steady turbulent flow in a 
curved rectangular duct has been examined. The 
Reynolds number was 224000 based on the 
channel width. At the inlet the flow pattern was 
already complicated, with a pair of vortices inside 
the top-wall boundary layer. The results from this 
case has already been presented  (Bergström,  1996) 
but the numerical accuracy and turbulence 
modelling has not been studied in detail until now. 
The measurements for the curved channel case 
were extensive and well suited for checking the 
turbulence model. The numerical accuracy 
concerning iterative and grid-convergence was 
controlled by a grid- and iterative error, 
respectively. The grid error gives a way to report 
the number of grid cells needed for a virtually 
grid-independent solution. A secondary result of 
the error estimation is that a better approximation  

to the exact solution is obtained. A Reynolds stress 
model was used to model the turbulence. The 
model was seen to be able to capture the most 
important flow phenomena in the channel. 

INTRODUCTION 

The errors in numerical flow simulations can 
be divided in two parts, iterative- and grid 
convergence error. The iterative error is the 
difference between the current and the exact 
solution on the same grid. The grid convergence 
error is the difference between the converged 
solution on a fixed grid and the exact solution. 
Most important is that the solution should be as 
close to grid independence as possible. It is of 
course impossible to achieve a perfectly grid-
independent solution (it would require an infinite 
number of grid nodes), but it is possible to be 
close. Moreover, it is possible to estimate the grid 
error with Richardson extrapolation but the 
requirements for the use of Richardson 
extrapolation were not fulfilled in the case 
presented in this paper. Therefore another method 
based on the asymptotic behaviour of the 

Copyright @ 1996 by ASME 



discretisation equations was used to estimate the 
grid error. 

These considerations will be applied to the 
simulation of the flow field in a curved channel. 
The case in question was one of the test cases in 
the 5th ERCOFTACTIAHR Workshop on Refined 
Flow Modelling  (Bergström,  1996). This workshop 
concentrated mostly on the quality of the different 
turbulence models used for the curved channel 
flow. Measurements by Kim and Patel (1994) were 
used for comparison. 

The turbulence model used is a Reynolds stress 
model (Daly and Harlow, 1970), (Rotta, 1972), 
(Naot et al, 1970), where equations for the 
individual Reynolds stresses is derived and 
modelled. This model is similar to the more well 
known Launder-Reece-Rodi model (Wilcox, 
1993). The difference between the model in this 
paper and the Launder-Reece-Rodi model are 
different expressions for the turbulent diffusion 
and the pressure strain. A Reynolds stress model 
was chosen because the curved channel flow can 
be classified as a complex flow situation, i.e. flow 
with curvature, secondary flow motion and three-
dimensionality. In these types of flows simpler 
models fail to predict the flow field correct, and a 
Reynolds stress model should be employed 
(Lakshminarayana, 1986). The Reynolds stress 
models naturally include such effects of streamline 
curvature, secondary motions, etc., (Wilcox, 
1993). Of course, because the model consists of 
seven additional equations compared to two 
additional equations for a two-equation model, the 
computational time increases and it might also be 
more difficult to achieve a converged solution 
(although not in this case). But with the computers 
of today the advantages surpass the disadvantages. 

THEORY 

Numerical method 

The CFD cede used for solving the curved 
channel flow is the commercial code CFX-F3D 
(CFX 4.1 Flow Solver User Guide, 1995). It is a 
finite-volume based code using a structured non-
staggered multi-block grid. To avoid chequerboard 
oscillations in pressure and velocities, the Rhie-
Chow (1983) interpolation method is used. The  

data transfer between blocks are done by the 
introduction of dummy cells outside the boundary 
of each block. This will make each block overlap a 
neighbour block. The interior values in one block 
will become the boundary conditions for the 
neighbour block and vice versa (CFX 4.1 Flow 
Solver User Guide, 1995). 

All terms in all equations are discretised using 
second-order centred differencing apart from the 
convective terms. The convective terms are 
discretised using CCCT (Alderton and Wilkes, 
1988), a second-order method. 

The SIMEPLEC (Van Doormal and Raithby, 
1984) algorithm is used for the pressure-velocity 
coupling. This method differs from the SIMPLE 
(Patankar, 1980) method by a different expression 
for the velocity correction and different 
coefficients in the pressure correction equation. 
This makes it unnecessary to under relax the 
pressure correction. It also makes the SIMPLEC 
algorithm more economic than the SIMPLE 
algorithm and less sensitive to selection and 
amount of under relaxation. 

Numerical Accuracy 

Iterative convergence error  

The iterative convergence was controlled by 
the residuals of the equations. The residual for the 
pressure correction equation is defined as the sum 
of the absolute values of the net mass flux into or 
out of every cell in the flow. The iterative 
convergence error was defmed as 

MSR 
e 

TMF  

where MSR is the mass source residual (the 
residual for the pressure correction equation) and 
TMF is the total mass flux into the domain. This is 
of course not enough for the solution to be 
converged. The residuals for the momentum and 
turbulence equations were also monitored. The 
reduction by 3 or more orders of magnitude was 
taken as a sign of convergence. Figure 1 shows the 
residual versus iteration step for grid 1. The grids 
are listed in table 1. 

(1) 
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Grid 
	

Number of grid cells 
1 
	

160370 
2 
	

111750 
3 
	

69342 
4 
	

43956 
5 
	

14430 

Table 1. Grid sizes. 

Grid convergence error  

The grid convergence error is defined as (Celik 
and Zhang, 1995):  

e, — 

where (t)exact  is the exact value and 4)h  is the value 
from a grid having grid cell size  h.  Because the 
exact value is not known one can use an 
extrapolated value as an approximation, and define 
an  approximative  relative error.  

eextrapolated — 

4)  extrapolated 

By using Richardson extrapolation or a similar 
method it is possible to obtain such an 
approximation. The extrapolated value is obtained 
as follows (Celik and Zhang, 1995). The error can 
be expressed as: 

E h  =4),,„,et 	+a2h2  +a,h3+... (4) 

where  h  is the grid cell size and ai are coefficients 

which can be functions of the coordinates but do 
not depend on  h  in the asymptotic range. For 
sufficiently small  h  this can be written as: 

(5) 

where a is the grid refinement factor,  p  is the order 
of the method and  C  is a coefficient that can be a 
function of the coordinates. By using eq.(5) for 
three different grid refinement factors, al (=1 in 

most cases), a2  and a3, the following three  

equations for  p,  the extrapolated value and  C  can 
be derived (Celik and Zhang, 1995): 

4)ct2h 	 a - a 
ea,h 4x2h 	ot'2) -af 

al2'eh ect2h 

— 1 

4)  extrapolated —  h 
C  — 	  

By first using eq.(6) to check that the order  p  
of the method is correct and then eq.(7) 
(Richardson extrapolation) to get an approximation 
of the exact value, this will finally, by the use of 
eq.(3), estimate the grid convergence error. 
However, if 4) is zero, this error estimator becomes 
singular and it is probably necessary to choose 
another variable for 4). For the present case this is 
not a problem because the pressure loss which is 
non-zero is used as the variable 4). 

Turbulence model  

The  turbulence  model  used  is a  Reynolds  stress 
model,  (Daly  and  Harlow,  1970),  (Rotta,  1972),  
(Naot  et al, 1970).  It uses individual equations  for 
the  Reynolds  stresses and one  equation  for the  
dissipation.  The  exact  form  of  the  incompressible  
Reynolds  stress  equation  is  (Wilcox,  1993): 

at. 

	

at ,1 	au 	DU, 
v  + U ' ---T — --T 

at 	k  ax, 	ik  ax 	ik axk  k 

+E,,  —l1 , -I- a  (v at')  +C.,)  
ü ,  ax,   

(9)  

(10)  

a.. art, 
ax
; 	 (11) 

Cif, pui  uk  + pit; 	+ pu 	(12) 
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e, — (3)  

extr-apolated 

a au ri,  
ax  

u. 



C2 	6 e 
1.92 cs/0.16  

where eq.(10) represents the pressure-strain 
redistribution, eq.(11) is the dissipation tensor and 
eq.(12) is turbulent diffusion. The second term in 
eq.(9) is advection and the first two terms on the 
right side is the production of turbulent stress by 
the mean flow. 

is omitted in the present turbulence model (CFX 
4.1 Flow Solver User Guide, 1995). 

For the dissipation tensor it is assumed that the 
turbulence is locally isotropic (Wilcox, 1993), such 
that 

The turbulent diffusion is modelled using a 
gradient-type model (Daly and Harlow, 1970). 

(19) 

Cs  

C;ik  cs p!---uku, ruiui)= 

k 	a'ci;  
p e  la  ax,  

The pressure strain is written as the sum of 
three terms 

•• = Oif.1 	,2  

ya 

	sI  ___23p105
) 

where  

au, 	au, 
a
xk 
	jk 

axic 
 

(17) 

and 

Finally an expression for  E  is needed. The 
quantity  E  is the same that appears in the turbulent 
kinetic energy equation and therefore a modelled  
E-equation is used. 

-j  93e)+--a-zw,U,c)=  C,  iP —C2 p f \ 	a ( 	E 	E 2  

(20) 

	

a (s,  k 	ac 
+ 	— — 

aX j 	s 	axf ) 

The constants in the model are:  

d s  C25 	c   
0.22 	1.8 	0.6 	1.44 

Table 2. Values of turbulence model constants. 

Model assumptions  

When the iterative and grid convergence errors 
have been checked the remaining errors must come 
from the wall treatment and/or the turbulence 
model itself. 

Turbulence model  

(13) 

1 
P =—P 

2 Id̀  
(18) 

In the model there are three parts to consider: 

is the production of Reynolds stress by the mean 
flow. 

Eq.(15) is the return to isotropy term (Rotta, 
1972) and eq.(16) is the return to isotropy of 
production term (Naot et al., 1970). The last wall 
reflection term (pi, (Gibson and Launder, 1978),  

1. pressure-strain redistribution  H j  
2. dissipation tensor Eii 

3. turbulent diffusion Ciik 

In the model assumptions there are effects that are 
not considered. For the dissipation tensor it is the 
anisotropy effects (Wilcox, 1993). The turbulent 
diffusion is modelled using a simple gradient-type 
model (Daly and Harlow, 1970). This approach is 
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still used in more modern RSM models (Wilcox, 
1993), although it could be modelled using more 
recent models (Wilcox, 1993). The pressure-strain 
term is more important because it is of the same 
order as production,  P.  Therefore it plays an 

important role in engineering flows. Second, 
because it consists of unmeasureable correlations, 
the pressure-strain term is difficult to model 
(Wilcox, 1993). Finally, the wall reflection term 
for the pressure strain is omitted (CFX 4.1 Flow 
Solver User Guide, 1995). 

Wail treatment 

The near wall region was modelled using wall 
functions (CFX 4.1 Flow Solver Guide, 1995) for 
the three mean velocity components and 
dissipation, and the remaining six Reynolds stress 
components were calculated by linear extrapolation 
from values in control volumes interior to the flow 
(Clarke and Wilkes, 1989). In order to get a grid 
independent solution  y+  should be between 30-100  
(Hallbäck  et al., 1996) at the last node close to the 
wall. The value for the different grids was 
approximately y+=50, (table 3). 

Number of grid cells Mean  y+  value 
160370 45.89 
111750 49.02 
69342 45.28 
43956 49.28 
14430 51.64 

Table 3. Mean  y+  value for all grids. 

In order to use a correct  y+  value at the wall, 
the wall shear stress and the distance to the wall 
must be known  

y  + 	Y 	Ylc,  Y 
 li
fi7 

v v  p  

Because it is not possible to know the shear 
stress in advance an  y+  value can not be predicted. 
One has to make a guess and then adjust the grid to 
get a reasonable mean  y+-value. 

RESULTS 

Iterative convergence error  

Using eq. (1) for the grids resulted in the 
iterative convergence error listed in table 4. 

Grid Grid cells MSR (kg/s)  ei  

1 160370 1.09E-3 0.0451% 
2 111750 1.90E-3 0.0786% 
3 69342 2.63E-3 0.1087% 
4 43956 2.75E-3 0.1137% 
5 14430 1.12E-2 0.4631% 

Table 4. Iterative convergence error  ei.  MSR is the 

mass source residual. 

It does seem to be a connection between the 
iterative convergence error and the number of grid 
cells. A coarser grid gives a larger iterative error. 
The total mass flux used for calculating  ei  was 

2.4185 kg/s. 

Grid convergence error  

To check the grid convergence error, the static 
pressure loss in the channel was used as the 
variable. The pressure loss for the grids are listed 
in table 5 and shown against cell size in figure 2. 

Grid Grid cells Pressure loss (Pa) 
1 160370 81.55202 
2 111750 81.64278 
3 69342 82.31980 
4 43956 82.53710 
5 14430 84.31686 

Table 5. Total pressure loss for grids 1-5. 

Because the discretisation schemes are second 
order for all terms, eq. (6) should render a  p  equal 
to about 2. However, eq. (6) is meaningful only 
when the solutions converge monotonically as the 
grid is refined and when the two values from the 
finest grids are in the asymptotic range. As can be 
seen from table 5 and figure 2, this might be 
possible. But when using eq. (6) for grids 1,2 and 3 
this gives p=11.94, i.e. not the expected value of 
about 2. There is also a possibility that the solution 
does not converge monotonically but in a 

(21) 
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oscillatory way as the grid is refined. Then 
Richardson extrapolation will not work (Celik and 
Zhang, 1995). 

Instead a least square curve fitting method was 
tested. This method tries to fit functions to discrete 
data by minimising the sum of the squares error. 
Grid 5 was assumed to be too coarse as is 
suspected when studying table 5. Therefore it was 
not used in the curve fitting. The discretisation 
schemes were second order accurate. Therefore the 
pressure losses for grid 1-4 were fitted to a second 
order function 

Ap(h)= 	+ Ch2 	 (22) 

where  h  is the cell size. This resulted in 

A Pexact4extrapoiated=80.762 Pa and by using eq.  
(3) a grid convergence error of er=0.98% was 

obtained. In figure 2 the curve obtained from eq. 
(22) can be seen. 

Comparison to experimental data  

In the channel several variables were measured 
at different locations. It is not possible to show all 
the measurements compared to CFD data, it would 
require too much space. The comparisons will 
therefore be made at selected locations, at  UI  
(where the calculation domain starts and the inlet 
boundary conditions are set), U2, 45 and D2 as 
shown in figure 3. Also the pressure at the walls at 
half the channel height was measured as well as 
some of the Reynolds stress components and the 
turbulent kinetic energy. 

Only half the channel was simulated and 
measured (Kim and Patel, 1994). Therefore a 
symmetry boundary condition was used in the 
centre of the channel. The figures (fig. 4-11) are 
non-dimensionallsed in the  y-  and z-coordinates by 
the channel width  H.  The height of the cross 
section views (fig 4-11) are less than half the 
channel height 3H. The real cross section in the 
channel has an aspect ratio of 6 as shown in figure 
3. The velocities are non-dimensionalised by the 
free stream velocity at  Ui,  U0=16  m/s.  The convex 

inner wall of the bend has a radius of 3 channel 
widths and the outer convex wall 4 channel widths. 

Description of measurements  

The description of the results below are for 
only half the channel. 

At the inlet, cross section  Ui,  the main feature 
of the flow field is a pair of vortices in the 
boundary layer of the bottom wall (fig. 8, 
Experiments). These were created by the 
contraction of the wind tunnel used in the 
experiment (Kim and Patel 1994). These vortices 
can still be seen in section U2 (fig 9, experiments) 
just before the bend. At section 45 (fig. 10, 
Experiments) the two inlet vortices has been 
smeared out because of the new vortex formed. 
This new vortex is created by the curvature-
induced pressure gradients which drives fluid from 
the concave to the convex wall. The vortex has 
moved towards the centre of the channel in section 
D2 (fig. 11, Experiments). 

The mean U-velocity (normal to cross section) 
field at cross section Ul (fig. 4, Experiments) is 
also affected by the vortex pair in the bottom wall 
boundary layer. At section U2 (fig. 5, 
Experiments) the effect from the vortices is still 
present and the influence from the bend can be 
seen from the increased velocity near the convex 
wall induced by the favourable pressure gradient 
along the wall. The increased velocity at the inner 
wall is clearly seen in cross section 45 (fig. 6, 
Experiments). At cross section D2 (fig. 7, 
Experiments) the mean velocity is influenced by 
the vortex in figure 11 and the velocity profile is 
much fuller near the outer wall. The fuller velocity 
profile is consistent with the effect of concave 
curvature, which acts to increase turbulent mixing 
and leads to increased velocity close to the outer 
concave wall (Kim and Patel 1994). 

Mean Velocity comparison  

Section  Ui  (fig. 4) is where the boundary 
conditions are set and the calculation domain 
starts. These two contour plots (fig. 4) of the mean 
U-velocity (normal to the cross section) should 
therefore be exactly the same. However, this is not 
the case. This can depend on the grid distribution 
in the cross section and the interpolation of 
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measurement onto the grid. Section U2 (fig. 5) is 
just before the bend. The bend seems to have some 
upstream effect in this area. This is not predicted 
by the numerical simulation. Section 45 (fig. 6) is 
in the middle of the bend. Here the acceleration of 
the fluid at the inside wall is well predicted. 
Section D2 (fig. 7) is after the bend. The shape of 
the U-velocity profile is well predicted but an area 
of high velocity to the right for the numerical 
simulation cannot be seen in the experiments. 

Secondary flow comparison  

Section  Ui  (fig. 8) is where the boundary 
conditions are set and the calculation domain 
starts. The plots are almost identical, as they 
should be. Section U2 (fig. 9) is just before the 
bend. The experiments shows two vortices in this 
area. This is not predicted well enough by the 
numerics but there is at least a tendency for the 
vortices to appear in the simulation. Section 45 
(fig. 10) shows the middle of the bend. The 
magnitude of the secondary velocities seems to be 
too high and the centre of the vortex is too far 
away from the wall. Section D2 (fig. 11) is after 
the bend. The centre of the vortex has moved and 
that is also the case in the simulation result. 
However, the simulation does not predict the 
centre location exactly. 

Pressure and shear stress comparison  

The wall shear stress had an error scaled by the 
measured values of about 30% when comparing 
measurements and simulations at the walls (fig. 3) 
of the cross sections  (Bergström,  1996). 

The pressure was measured along the walls in 
the centre of the channel. The pressure difference 
at the inside and outside wall between a point a 
small distance from the inlet and a point far 
upstream after the bend was compared (table 6). 

Ap  Outer wall  
443 Pa 
573 Pa 

Table 6. Pressure difference comparison between 
measurements and simulation. 

This gives an error scaled by the measured 
pressure difference of about 30% for the inner and 
outer wall. 

DISCUSSION 

The flow field in a curved channel has been 
simulated by using the numerical code CFX-F3D 
and a Reynolds stress turbulence model (Daly and 
Harlow, 1970), (Rotta, 1972), (Naot et al, 1970). 
The grid error was estimated to about 1% and the 
iterative error was satisfactory low, about 0.05-
0.46%, depending on the grid size. In this case 
even finer grids should have been used in order to 
estimate the grid convergence error by the use of 
Richardson extrapolation. An attempt was done to 
estimate the grid error by curve fitting to the 
formal truncation error of the numerical method 
(2nd order). The result seemed reasonable and it is 
concluded that this method can be used as an 
alternative to Richardson extrapolation. 

The turbulence model used, (Daly and Harlow, 
1970), (Rotta, 1972), (Naot et al, 1970), behaved 
well and all the main flow phenomena were 
captured qualitatively. 

The simulation result for the U-velocity in the 
middle of the bend was predicted well. Upstream 
of the bend the acceleration effects was not 
captured by the model. Downstream of the bend 
the model captured the mean U-velocity good, 
except for a too high velocity near the concave 
wall. The main features of the secondary velocities 
were simulated well upstream of the bend but the 
location and strengths of the vortices could have 
been more precisely predicted. In the middle and 
downstream of the bend the new vortex formed 
was captured by the simulation but the strength and 
the location was not predicted exactly. 

Even if the mean velocities and secondary flow 
was simulated well, a comparison between 
measurements and simulation for the pressure 
difference and the wall shear stress yielded an error 
of 30%. The simulation resulted in a too large wall 
shear stress compared to measurements. This 
should result in a too large predicted pressure 
gradient. As shown in the comparison, this is the 

Experiment 
Simulation  

Ap Inner wall  
43.7 Pa 
57.4 Pa  
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case. The dynamics of the flow field are captured 
well in the channel but not at the walls and the 
numerical error is small (1% grid error and 0.05-
0.46% iterative error). The remaining error 
therefore must come from the wall treatment, i.e. 
the wall function approach. 

The conclusion of the above must be that the 
wall treatment is not good enough. Before making 
any changes to the turbulence model itself, the 
treatment of the depending variables in the near-
wall region must be improved. 
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Fig. 1. Typical residual plot for the curved channel 
(grid 1, 160370 cells). The yellow curve is the 
mass source residual on which the iterative error is 
based. The high residual value for the dissipation is 
present for all grids. For all grids the iterative 
procedure has been stopped when the residuals has 
levelled out to a constant value as can be seen in 
the figure. 

Fig. 3. Geometry of the curved channel and 
measurement locations. Comparison between 
experimental and CFD data will be made at 
sections  Ui  (where the calculation domain starts 
and the inlet boundary conditions are set), U2 
before the bend, 45 in the middle of the bend and 
D2 after the bend. The calculation domain is 
limited by the shadowed area in the section view. 

0 	0,3 	0,6 	0,9 	1,2 	1,5 	1,8 	2,1 	2,4 
Cal size 

Fig. 2. Pressure loss versus cell size. Cell 
size-4160370/No. of cells)1/3. The pressure loss 
from grid 5 is not shown in this figure. The 
pressure loss unit is Pascal. 

Fig. 4. This is section  Ui  showing the U-velocity. 
The outside wall is to the right in figures 4-7. This 
is where the boundary conditions are set and the 
calculation domain starts. These two contour plots 
should therefore be exactly the same. However, 
this is not the case. This can depend on the grid 
distribution in the cross section and the 
interpolation method used. 
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Fig. 5. This is section U2 showing the U-velocity 
Just before the bend. The bend seems to have some 
upstream effect in this area. This is not predicted 
by the numerical simulation. 

Fig. 6. This is Section 45 showing the U-velocity 
in the middle of the bend. Here the acceleration of 
the fluid at the inside wall is well predicted. 
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Fig. 7. This is section D2 after the bend. The shape 
of the U-velocity profile is well predicted but an 
area of high velocity to the right for the numerical 
simulation cannot be seen in the experiments. 

Fig. 8. Section  Ui,  secondary flow. The outside 
wall is to the right in figures 8-11. This is where 
the boundary conditions are set and the calculation 
domain starts. The plots are almost identical, as 
they should be. 
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Fig. 9. Section U2, secondary flow. This is just 
before the bend. The experiments shows two 
vortices in this area. This is not predicted well 
enough by the numerics but there is at least a 
tendency for the vortices to appear in the 
simulation. 
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Fig. 10. Section 45, secondary flow. This is in the 
middle of the bend. The magnitude of the 
secondary velocities seems to be too high and the 
centre of the vortex is too far away from the wall. 
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the bend. The centre of the vortex has moved and 
the simulation does not predict the centre location 
exactly. 
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An approximate CFD method for the interaction between 
stationary and rotating parts in hydraulic turbines  

J.  BERGSTRÖM  and  R.  GEBART,  Division of Fluid Mechanics,  Luleå  University of 
Technology, SE-97187  Luleå,  Sweden. 

Abstract 

This paper presents preliminary results from calculations of the flow field in a simplified 
model of a Francis runner. The model is intended to give the same average influence on the 
flow as the real runner in a simulation of a complete hydro power turbine. In the model, 
body forces replaced the runner blades. The model was compared to a simulation between 
two runner blades in a rotating coordinate system. The results from the simulations showed 
that the model gave a realistic velocity field in the runner but an improved approximation is 
necessary in order to get the correct pressure drop. 

1 Introduction 

A hydro power turbine consists of several geometrically complex parts. The water flows 
through the penstock, spiral casing, stay vanes, guide vanes, runner and finally through the 
draft tube (see fig.1). This configuration will be called the complete turbine. The complete 
turbine has a very complex geometry and it is a formidable task to simulate the flow field 
accurately. It includes several types of complicated flow phenomena, e.g. curved pipe flow, 
swirling flow, etc. The flow is of course turbulent as well, and this requires a turbulence 
model that can cope with all phenomena in the turbine. 

The simulation of the flow field in the complete turbine requires a very fine grid. For 
reliable and accurate computations, about 106  control volumes are needed in each part in 
the complete turbine [1]. This means that about 107  control volumes would be necessary to 
resolve all the flow features in a complete hydro power turbine. If the simulation also 
should include a time dependent sliding grid for the runner and the use of high order 
numerical schemes, this would consume an awesome amount of computer power, even 
with the fastest parallel computers of today. 

In this paper we present preliminary results from calculations with a simplified two-
dimensional model of a Francis runner that makes it possible to solve for the flow in all 
parts simultaneously. The model smoothes out the runner blades and takes only into 
account the average influence of the runner. The model can easily be extended to three 
dimensions as well. This model decreases the number of control volumes that are necessary 
to represent the runner and therefore reduces the total amount of work to simulate the 
complete turbine. Another application is in optimisation, since the geometry of the runner 
blades can be changed without changing the computational mesh. 

The work will be presented as follows. The boundary conditions for the runner were 
calculated in the normal way by using velocity triangles [2]. Then the runner model was 
simulated in a stationary coordinate system. The model was then compared to a second 
simulation of the flow field between two runner blades in a rotating coordinate system. The 
blades were selected from the NACA family of profiles [3] with the conditions that the 



blade angle at the outer radius should be equal to the flow angle obtained from the velocity 
triangles and that the outflow from the runner should be purely radial. Finally, the pressure 
drop, flow angles and streamline shapes in each case were compared to check the validity 
of the runner model. 

2 Theory 

2.1 Selection of geometry 

The turbine chosen for this model is a two-dimensional simplification of the U8 Francis 
turbine at the Hydro Power Centre in Porjus, Sweden, cf. fig. 2. It is an 11  MW  turbine 
with a flow rate of 20 m3/s and a specific speed of ri5--,293, corresponding to n=428.6 rpm. 
The turbine has 20 guide vanes and a runner with 15 blades and a diameter of 1.135 m. 

2.2 Boundary conditions 

The velocity boundary conditions and the outlet blade angle were calculated as described in 
Daugherty [2]. This is done by only taking into account the flow rate, the runner blade 
angle at the inlet, the rotational speed of the runner and the inner and outer radius of the 
turbine. 

By using velocity triangles that describe the flow field at the inlet and outlet of a runner 
having an infinite number of runner blades, the relative and absolute velocities, runner 
blade and guide vane angles can be calculated. In figure 3 the notation used is explained. 
The calculated quantities are presented in table I. 

Li V, V v a ß r 
Inlet 25.47 rn/s 12.14  ri/s  26.30  m/s  12.33  mis  27.49° 100° 0.5675 m 
Outlet 15.82  m/s  19.55  m/s  19.55  m/s  25.25  m/s  90° 128.99° 0.3525 m 

Table 1. Inlet and outlet quantities. u is the tangential velocity of the runner, V, is the radial 
velocity, V is the absolute velocity, v is the relative velocity, a is the flow angle, 13  is the 
blade angle and r is the radius. 

In a real runner, however, the number of runner blades are finite and have a thickness 
variation. Because this is not acknowledged in the velocity triangle method, it is expected 
that a simulation having the geometry and boundary conditions as predicted by e.g. table 1, 
would not yield exactly the expected flow field and flow angles. For example, the location 
of the stagnation point close to the leading edge of the runner blades can not be predicted 
by the velocity triangles, because the thickness variation is not included in the calculations. 
Another example is the velocity variation in the azimuthal direction which can not be 
predicted by the velocity triangles. Therefore it is possible that the boundary conditions 
must be adjusted, in order to get the desired flow field in a simulation were the number of 
blades and their thickness variation are taken into account. 

2.3 Periodic geometry section 

Using a periodic section is the traditional way to analyse the flow field in a runner [4]. For 
the periodic section, the runner blades, NACA 25006 [3], were chosen because it was 
possible to adjust the mean line, NACA 250, to have exactly the pre-set inlet angle of 100° 



and very close to the calculated outlet angle of 129°. The thickness form, NACA 0006, was 
chosen because it results in a blade shape very similar to real Francis turbine blades [5]. 

2.4 Approximate model of runner 

2.4.1 Time-phase averaging 

Passage averaging is a powerful technique that is used to derive quasi three-dimensional 
conservation equations for turbomachinery analysis [6]. A similar idea is employed in local 
volume averaging which is used to derive equations for flow in porous media [7]. In this 
paper we try to combine the essence of both these techniques to form a "time-phase 
average" of the conservation equations for the flow and thereby obtain a simpler problem 
to solve. 

The time-phase average of an arbitrary variable (denoted by  p  below) at a point  P  (cf. 
Figure 4) is defined as: 

1  i"  
(p)  = —T  f X(Z t)4,t)it 	 (1) 

where T is the length of the averaging interval and  X  denotes the so called phase function 
which is defined as: 

1 	x is in the fluid 
X(X 	

.
, t 	. — . . 

0 	if  x is in the solid 
(2) 

Note that the time-phase average is defined at a point fixed in space. The phase function 
can be defined in terms of the moving surfaces of the suction side and the pressure side of 
the blades. The flow is assumed to be periodic with the period defined by the time between 
two blade passages. With this assumption it is only necessary to integrate in time over this 
period. 

Before a formal phase average can be taken of the conservation equations it is necessary to 
define the blade surfaces. Start by considering the equation for the blade at a reference 
position (see fig.4). Then define two scalar functions that are zero on the surface of a 
moving blade: 

gp(r,Ø,z,t) = — cot — f p(r,z) 

gs (r,O, z,t) = f,(r,z) + cot —8 

where the coordinates of the blade surfaces are given by  fp  and fs. It is now possible to 
define the phase function  X  as: 

X(x,t) = 2— H(gp  (x, t))— 1-1(g,(X,t)) 

(3)  

(4)  

(5)  



where H(x) is the Heaviside function which is zero for arguments less than zero and unity 
for arguments larger than zero. It is now possible to apply time-phase averaging directly to 
all terms the momentum and continuity equations. We will exemplify the procedure with 
the time-phase average of the pressure gradient which is easiest to derive by taking first the 
gradient of the time-phase average of the pressure (eq. (1)) and then solving for the average 
of the gradient: 

+T 	 +T  V(p) = —1 if[VX(Z t)pcx-  ,t)+X(7c,t)Vpcx-  , t)ilt = 	+ —1  fVXCx.  ,t)p(X,t)it 	(6) 

	

T 	 T 

The second term in the last right hand side of eq. (6) can be rewritten since the explicit 
form of  X  is known from eq. (5). The resulting expression for the time-phase average of 
the pressure gradient then becomes: 

	

I 	 — \ 	— \ 	 I \ PP 	- (Vp)=V(p)+— öv p(x,t)Fgp +Sgs (x,t)Fgs k(7x,t)clt =Vvoi+-1--
p

ep  +--e,  (7) 
T 

where L and L are suitable normalisation factors. Similar expressions can be derived for 
all other terms in the governing equations so that a set of equations can be derived for the 
time-phase average of all variables:  

P 

 

- - 
a t ±le(u)  = -V (p) + µV' (7-t) +-F- (8) 

     

where 7 denotes all extra terms, e.g. those in the right hand side of eq. (6), that are 
produced by the time-phase averaging technique. The "virtual volume force" term 7 will 
in the rest of this paper be approximated by the extra terms in eq. (7): 

	

pp — p5- 	—  
P 	 e 	e 

P  Ls  s 	" (9) 

where  C.  is a still unspecified factor (see below) and  j„  is the surface normal to the mid-
surface of the blade. 

2.4.2 Approximate model 

For the preliminary model, we use the approximation according to eq. (9) for the direction 
and magnitude of the "virtual mass force" that will replace the runner blades. This was 
done by a penalty method in the following way. The flow was assumed to be tangential to 
the blades everywhere. This means that the velocity is perpendicular to  -i,.  The target 

- 
velocity u can then be expressed as: 

u = 	x (u x e n ) = u -e„(u • e,) 	 (10) 



where u is the current iteration value of the velocity. The velocity is forced towards the 
target velocity with a "penalty" force F defined by: 

If the coefficient  C  is large  (C  about 106  was used) there will be a large force that will 

redirect —u*  towards u where necessary. This model was implemented in the code to get the 
desired flow field. The resulting velocity field will be approximately tangential to the 
blades everywhere. The approximation can be made better by increasing the value of  C  if 
desired. 

3 Computational details and approach for validation of the 
approximate model 

The commercial code AEA-CFX [8] was used for solving the Navier-Stokes and mass 
conservation equations. It is a finite-volume code using a structured non-staggered (Rhie-
Chow interpolation) multi-block grid. The data transfer between blocks are done by the 
introduction of dummy cells outside the boundary of each block. This makes each block 
overlap a neighbouring block. The interior values in one block becomes the boundary 
conditions for the neighbour block and vice versa. 

All terms in all equations were discretised using second-order centred differencing apart 
from the convective terms that were discretised using the MUSCL scheme with the Min-
Mod flux limiter [8]. Preliminary attempts to use high order upwind differencing (HUW) 
gave rise to numerical instabilities. It is believed that the source of the instabilities is the 
discontinuity in the volume force at the boundary of the runner volume that can give rise to 
spurious overshoots with the HUW scheme. No instabilities were observed with the 
MUSCL scheme but the convergence was relatively slow. 

3.1 Validation 

In order to validate the approximate model, the flow field and pressure field was 
investigated. Comparisons of basic quantities between the two simulations were also made. 
The streamline shapes in the approximate model were plotted to visually check that the 
flow field exited the runner radially. This was also checked by the a-angle. Finally, the 
pressure drops between the inlet and outlet of the runner in each case were compared. 

3.2 Rotating coordinates model 

The equations for the flow field between one pair of runner blades, cf. figure 5, were 
solved in a rotating coordinate system with n=428.6 rpm. The grid size was 43 cells in the 
radial direction and 50 in the circumferential direction. The inlet boundary conditions were 
set according to table 1 and the outlet boundary condition was constant pressure equal to 
zero. On the blades a slip boundary condition was set. On the azimuthal boundary before 
and after the blades a periodic boundary condition was enforced. 



3.3 Stationary coordinates model 

In this model, the calculation was done for the whole volume between the inner and outer 
radius in a stationary coordinate system. This volume includes an outer section for the area 
between the guide vanes and the runner blades and an inner section for the outlet of the 
turbine, cf. figure 5. The grid size was 29 cells in the radial direction and 240 cells in the 
circumferential direction. The inlet boundary conditions were set according to table 1 and 
the outlet boundary condition was constant pressure equal to zero. 

4 Results 

The radial pressure drop, flow angles and streamline shapes in each model were compared 
to check if the approximate model was valid and if it was possible to replace the runner by 
this model. 

4.1 Rotating coordinates model 

In this case there was a stagnation point at the pressure side quite far away from the leading 
edge. Therefore the inlet flow angle was adjusted to move this point closer to the leading 
edge (and the boundary conditions for the body force model were changed accordingly). 
This increased the inlet flow angle from 27.5° to 30.9°. This is probably necessary because 
the velocity triangles does not take into account the thickness variation of the runner blades 
(cf. Chapter 2.2). The result from this calculation is shown in figure 6 where the pressure 
distribution between the blades is shown. The overall pressure drop was 167063 Pa 
(243688 Pa before the change in boundary conditions). As expected, the velocity profile 
was almost parallel to the runner blades. The mean outlet a-angle (cf. Fig 3) was 76.7° 
(varying between 75° and 82°), which is more than 13° away from the desired a-angle of 
90°. The calculated power in this calculation changed from 11.7  MW  to 8.2  MW  because 
of the change in the boundary conditions. 

4.2 Stationary coordinates model 

The streamlines from the body force model is shown in figure 7. The shape of the absolute 
velocity profile was as expected with the velocity in the radial direction at the outlet. The 
pressure field was only varying in the radial direction. The pressure drop was 495813 Pa 
(521366 Pa before the change in boundary conditions), i.e. much larger than in the periodic 
case. The mean outlet a-angle (cf. Fig 3) was 87.0° (having a small variation .-- -.±0.05°), 

which is close to the desired a-angle of 90°. The calculated power in this calculation 
changed from 11.4  MW  to 10.0  MW  because of the change in the boundary conditions. 

5 Conclusions 

The fact that the calculated flow angle at the outlet was different in the two models means 
that more shaft work was extracted in the new volume force model. This also explains 
partly the difference in overall pressure drop between the two models. 



It is clear from the comparison that the assumption about a flow that everywhere is parallel 
to the mid surface of a real blade must be considered as a crude approximation. Real blades 
are imperfect and the flow deflection is less than the curvature of the blade. However, the 
blade used in the simulations is not a real turbine blade. It is likely that the flow deflection 
is more efficient with an optimised blade from a real turbine. This would lead to a better 
agreement between the two models. We therefore believe that the new model can be used 
for optimisation of the rest of the turbine when a partially optimised runner geometry is 
available. The optimisation of the parts beside the runner will as a side effect yield new 
boundary conditions for the runner that can be used in a second optimisation of the runner. 

In the derivation of the volume force model only the influence from the pressure gradient 
was included. It is not yet clear how important the neglected terms are but ongoing work 
aims at answering this question. 

Overall, the qualitative behaviour of the flow in the new time-phase averaged model is as 
expected. The advantage of the new model compared to periodic geometry simulations is 
that it can cope with the asymmetrical inlet conditions into the runner. This will yield 
qualitatively the correct velocity distribution at the outlet of the runner. This will be 
important for a correct simulation of the flow in the draft tube. It is also possible to extend 
the model to three dimensions, making it suitable for 3D simulations in a complete turbine. 
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Fig 1. Typical geometry (in Sweden) of 
a complete hydro turbine. The water 
passes through the penstock tube, spiral 
casing, stay vanes, guide vanes, runner, 
draft tube and into the tail race tunnel. 

Fig 2. Sketch of the two-dimensional 
Francis turbine used in the simulations. 
The outer radius is 567.5 mm and the 
inner radius 352.5 mm. The blade angle 
is 100 degrees at the inlet and 129 
degrees at the outlet. Each of the 15 
hydrofoil sections is a NACA 25006. 
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Fig 3. The velocity triangle for the inlet 
of the turbine, al  is the flow angle, ßi  is 
the runner blade angle, u1  is the 
peripheral velocity of the runner, V1  is 
the absolute velocity of the water and v1  
is the relative velocity of the water. 

Fig 4. Definition sketch for time-phase 
average averaging in the runner. The 
averaging is done at the stationary point  
P  which is traversed by the runner 
blades in the clockwise direction. 

Fig 5. Computational domain for the 
periodic geometry case. 
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Fig 6. Pressure distribution in the 
periodic geometry case. Notice that the 
pressure gradient has a relatively large 
component in the radial direction. 
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Fig 7. Streamlines in the volume force 
model of the runner. Notice that the 
results must be transformed to a rotating 
coordinate system before they can be 
compared to the periodic geometry case. 
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Abstract 

The potential for overall efficiency improvements of modem hydro power turbines is of 
the order a few percent. A significant parts of the losses occur is in the draft tube. To 
improve the efficiency by analysing the flow in the draft tube, it is therefore necessary 
to do this accurately, i.e. one must know how large iterative and grid errors are. This 
was done by comparing some methods to estimate errors. Four grids (122976 to 4592 
cells) and two numerical schemes (hybrid differencing and CCCT) were used in the 
comparison. To assess the iterative error, the convergence history and the final value of 
the residuals were used. The grid error estimates were based on Richardson 
extrapolation and least square curve fitting. Using these methods we could, apart from 
estimate the error, also calculate the apparent order of the numerical schemes. The 
effects of using double or single precision and changing the under relaxation factors 
were also investigated. To check the grid error the pressure recovery factor was used. 
The iterative error based on the pressure recovery factor was very small for all grids (of 
the order 104% for the CCCT scheme and 10-m% for the hybrid scheme). The grid error 
was about 10% for the finest grid and the apparent order of the numerical schemes were 
1.6 for CCCT (formally second order) and 1.4 for hybrid differencing (formally first 
order). The conclusion is that there are several methods available that can be used in 
practical simulations to estimate numerical errors and that in this particular case, the 
errors were too large. The methods for estimating the errors also allowed us to compute 
the necessary grid size for a target value of the grid error. For a target value of 1%, the 
necessary grid size for this case was computed to 2000000 cells. 

Introduction 

Proper runner design is the single most important step in the design of low head 
hydraulic turbines. The current design methods for the runner have reached a high level 
of refinement and make it possible to accurately predict the performance of the runner 
[1]. In the quest for better efficiency the attention is therefore today shifted towards the 
performance of other parts of the turbine system that are in contact with the water. One 
of the most important of these is the draft tube which is the curved diffuser that starts 
immediately after the runner and ends in the "tailrace" tunnel downstream of the power 
plant. In the draft tube a significant fraction of the total losses of the turbine system 
occur [2]. The purpose of the draft tube (fig. 1) is to convert some of the kinetic energy 



of the flow from the runner into pressure energy and thereby increase the efficiency of 
the turbine. It also guides the vertical flow immediately after the runner to a horizontal 
flow that can continue downstream. The flow into the draft tube has very little swirl, or 
streamwise vorticity, when the turbine is operating at best efficiency. However, it is not 
uncommon for the turbine to operate at other conditions than at its best efficiency point 
and in this case the flow will have a significant swirl. 

The efficiency of a well designed turbine system is often as high as or higher than 93% 
[3] which means that the potential for improvement of the overall efficiency is of the 
order of a few percent. This in its  tum  means that in order for a computer simulation to 
be useful it must be accurate to within a few percent, at least for quantitative 
predictions. For qualitative studies of the relative performance of different design 
options it may be acceptable with larger errors, as long as the trends are captured 
correctly. To achieve the necessary accuracy in a numerical prediction one must a) have 
an accurate mathematical model for the turbulent flow, i.e. the Reynolds stresses and  b)  
be able to estimate the numerical errors in computations with this model. The present 
paper presents an assessment of some methods to estimate errors in draft tube 
simulations objectively. The error estimates are also used to estimate the grid size that is 
necessary for accurate simulations of draft tube flows. The accuracy of turbulence 
models for the swirling flow in draft tubes will be the subject of a future paper. 

The geometry of the draft tube was taken from the model turbine at the IIMHEF 
laboratory at EPFL [1]. The flow in this draft tube has been analysed by several groups 
[1] but none of them have done a formal error estimation. 

Proposals for error estimation in complex flows are given by several authors 
[4,5,6,7,8,9,10,11,12]. In particular, the use of Richardson extrapolation [4,11,12] opens 
up the possibility of both estimating errors and improving the results. However, there 
are situations in which Richardson extrapolation fails, e.g. when the reduction of the 
error due to grid refinement is non-monotonous or when the mesh is so coarse that the 
numerical errors do not decrease with decreasing mesh size in the way predicted by 
asymptotic analysis. Celik & Karatekin [12] proposed a practical method for handling of 
cases with non-monotonous convergence. However, this method has only been applied 
to the case of a backward facing step and remains to prove that the method is valid in a 
general case. In the cases when Richardson extrapolation fails it is still useful as a 
warning that the solution needs further inspection before it can be trusted [4]. 

The use of Richardson extrapolation has been thoroughly investigated for laminar flow 
[11] and has been found to give accurate results if the grid is sufficiently fine. It has also 
been applied to the two-dimensional flow over a backward facing step [12] where the 
method also gave an accurate extrapolation. However, this does not automatically imply 
that the method is useful for 3D turbulent flow with swirl in complex geometry. It is 
therefore the purpose of this paper to improve the confidence in the proposed methods 
for engineering type calculations by systematically investigating the flow in the draft 
tube geometry. 

The use of wall function boundary conditions, which we have used in all computations 
presented below, give rise to specific problems. One difficulty is that the grid 
refinement cannot be done all the way to the wall since the grid point closest to the wall 
has to be in the logarithmic region at  y+  > 30. However, if the near wall grid points are 
kept at a constant distance from the wall it is expected that Richardson extrapolation can 
still be used [4]. The advantage with wall functions is that the number of grid points can 



be reduced while the resolution of the internal flow is the same as with low Reynolds 
number versions of the turbulence models. An additional advantage with wall functions 
is that the convergence is better than with low Reynolds number modifications of the 
turbulence equations [13]. The drawback is that the near wall behaviour of real flows 
sometimes do not conform to the law of the wall which is the basis for wall functions. 
However, whether the law of the wall is valid or not for draft tube flows is the subject of 
an ongoing study in our group and will be presented in a future paper. 

The paper is organised with a summary of computational details in the next section 
followed by a discussion of iterative convergence and grid convergence. Finally, 
conclusions about the proper way to estimate errors are drawn based on the present 
results. 

Computational details 

A commercial code (AEA-CFX) was used for solving the draft tube flow [14]. It is a 
finite-volume based code using a structured non-staggered multi-block grid. The data 
transfer between blocks are done by the introduction of dummy cells outside the 
boundary of each block. This makes each block overlap a neighbouring block. The 
interior values in one block becomes the boundary conditions for the neighbour block 
and vice versa [14]. 

All terms in all equations were discretised using second-order centred differencing 
(CDS) apart from the convective terms. The convective terms in the momentum 
equations were discretised using higher-order upwind differencing (HUW) [14], which 
is a second-order method. 

For the  k  and  e  equations two different differencing schemes were tested, either hybrid 
differencing (HDS) or curvature compensated convective transport (CCCT). Hybrid 
differencing is formally only a first order scheme but it is widely used for engineering 
calculations due to its positive impact on convergence. It is therefore of interest to see 
what the penalty for the use of this method in the  k  and  e  equations is. For the 
comparison we chose CCCT because it is second order and boundedness preserving 
[15]. 

For the pressure correction equation the formally second order accurate central 
differencing scheme (CDS) was used. 

The expected overall behaviour of the numerical scheme is second order when CCCT is 
used in the  k  and  e  equations. When hybrid differencing is used the expected overall 
behaviour is somewhere between first and second order. 

The turbulence was modelled using the standard  k-e  model and wall function boundary 
conditions although it is well known that this model is unable to represent all details of 
the flow accurately [16]. The argument for the use of this simple model in the present 
paper was that the main interest was to investigate methods for error estimation and that 
the  k-e  model was believed to be sufficiently complex to give rise to similar numerical 
difficulties as a more complex model would do. 



Six equations had to be solved: u, v and w-velocity, pressure correction, turbulent 
kinetic energy  k  and turbulent dissipation  e.  The SIMPLEC algorithm was used for the 
pressure-velocity coupling [17]. Different equation solvers, under-relaxation factors and 
differencing schemes were used depending on the equation (see Table 1). The under-
relaxation factors used are the default values for AEA-CFX [14] and these are believed 
to be sufficiently large to avoid unconverged solutions that appear to be converged due 
to heavy under-relaxation (more about this below). 

Equation Differencing scheme Under relax. factor Linear solver 
u velocity HUW 0.65 BLST 
v velocity HUW 0.65 BLST 
w velocity HUW 0.65 BLST 
pressure CDS 1.00 ICCG  
k  HDS, CCCT 0.70 LRLX  
E  HDS, CCCT 0.70 LRLX 

Table 1. Differencing schemes, under-relaxation factors and solver methods for the 
linearised equations used in the computations. (BLST = block stone, ICCG = 
preconditioned conjugate gradients and LRLX = line relaxation.) 

Boundary conditions 

The velocity and turbulent quantities were set at the inlet, the pressure and normal 
derivatives at the outlet and wall functions were used at the wall. The wall cell was for 

all mesh sizes chosen so that the outer control volume boundary was at y+----15, to 
improve the accuracy of the wall function [7]. The implementation of wall functions in 
AEA-CFX is done by solving the equation for the turbulent kinetic energy in the control 
volume immediately adjacent to the wall. The dissipation can then be calculated using 
wall functions. The velocity is finally obtained from the law of the wall by calculating 
the wall shear stress Ts, and the wall coordinate  y.  The tangential and normal velocities 
(Fig. 2) were set according to measured values along one radius [1] assuming 
axisymmetry at the inlet [1]. To apply these values to grid nodes at the inlet, linear 
interpolation was performed to the nodes. The turbulence quantities  k  and were set to 
constant values [14] at the inlet calculated from the formulas  

k, =cpiu = 0.01230 	 (1) 

k 312  
ern, —  c  p2D —0.01131 
	

(2) 

where um, is the mean inlet velocity, co  and co  are empirical constants [14] with values 
0.002 and 0.3 respectively, and  D  is the outlet diameter of the runner. This means that a 
turbulent length scale of  

C 	= 0.025.  D  
/I ern! 

k" 	
(3) 



or 2.5% of the runner outlet diameter and a turbulence intensity of 

lkird, — 6.3% 
—
2 

u”, 

are assumed. 

(4) 

At the outlet the pressure was set to a constant value and for all other variables a zero 
value of the first order derivatives at the outlet was adopted. The flow was therefore 
supposed to be fully developed at the outlet. 

Computational grids 

The draft tube calculations were performed on 4 different grids: A fine grid (grid 1), an 
intermediate grid (grid 3) having twice the grid cell size, a coarse grid (grid 4) having 
three times the grid cell size compared to the finest grid, and finally a grid between the 
fine and the intermediate (grid 2). The relevant numbers are listed in table 2. 

Grid No. No. of grid points Cell size eq. (18) 
1 122976 1 
2 79079 1.16 
3 15372 2 
4 4592 2.99 

Table 2. Grid and relative cell sizes. 

The grids were constructed with 40 blocks to properly resolve the sharp corners in the 
bend of the IMHEF [1] model draft tube (see fig.1). The circular cross sections were 
subdivided into 5 regions, with a central quadratic region, to avoid the degenerated 
control volumes at the outer circumference that appear when a mesh with only one 
region is used for a circular surface. 

Iterative convergence 

The iterative convergence error can be defined as the difference between the current and 
the exact solution to the discretised equations on the same grid [6]. This error is difficult 
to define with a single global value. A common method to estimate the error is to utilise 
the residuals when the current solution is substituted into the discrete equations. One 
then often sums the absolute values of the residuals in all cells (the  LI  norm) [11] to get 
a global measure on the error. This value is called the absolute residual source sum or, 
colloquially, the residual. 

A number of methods are available for estimating the iterative convergence error [11]. 
They are all based on the assumption that a non-linear system of equations have an 
almost linear behaviour close to the converged solution. The task is then to estimate the 
spectral radius of the iteration matrix from the solution at different iteration levels. The 
underpinning mathematics of the method is flawless but the implementation in practice 
involves fine tuning of a few algorithmic parameters. We have therefore chosen to take 



a different route (described below) that involves no fine tuning but which involves more 
iterations. 

The absolute residual source sum in the pressure correction equation can be physically 
interpreted as an artificial mass source. A small mass source corresponds to a solution 
that satisfies the continuity equation well. The mass source residual can be normalised 
with the total mass flow into the computational domain so that an objective measure of 
the relative error can be obtained. 

For the other equations it is difficult to define an objective normalisation factor. Hence 
it is difficult to determine whether the solution has converged for all equations by 
reference only to the value of the absolute residual source sums. We have therefore 
adopted the procedure to inspect the whole convergence history in addition to the level 
of the residual source sum. Figure 3 shows a typical residual plot for a computation of 
the draft tube in Fig. 1. 

We have chosen to take the "knee" (indicated with an arrow in Fig.3) as a sign of 
convergence if at the same time the value of the residual source sum has dropped several 
orders of magnitude compared to its value after the second iteration. It is believed that 
the final value of the residual source sum depends on the discretisation scheme, the 
amount of under relaxation and on the machine precision. This assumption is made 
more credible by the observation that a change from double to single precision leads to 
an increased value of the mass residuals from 3.95*104  to 6.51*10-1  for grid 2 and the 
CCCT scheme (all other computations were done in double precision). A reduction of 
under relaxation factor in all equations with 10% for grid 2 and the CCCT scheme leads 
to a reduction of the mass residual from 3.95-104  to 3.40-10-5. It is also shown below 
how a change of differencing scheme affects the final level of the residuals (see table 3). 

Grid Absolute mass source 
residual 

Normalised mass 
source residual 

Residual reduction 
factor 

1 HDS 1.28*10-9  3.4490 '9  % 1.6*1013  
2 HDS 1.25*10-9  3.36*1049  % 1.4*1013  
3 HDS 1.24*10-9  3.33904°  % 5.8*101' 
4 HDS 1.38*10-9  3.71*10-19 % 5.8*1011  
1 CCCT 2.16*104  5.81*10-5 % 9.2*106  
2 CCCT 3.95*10-4  1.06*104  % 4.5*106  
3 CCCT 7.08*104  1.90*104  % 1.0*106  
4 CCCT 1.87*10 3  5.03*104  % 4.3*105  

Table 3. Mass source residuals for the four different grids using hybrid differencing or 
CCCT. The total mass flux into the draft tube was 372 kg/s. The residual reduction 
factor is the ratio of the residuals after the first and the last iteration. 

However, even if the "knee" criterion is satisfied convergence is not guaranteed (but 
very likely). To avoid "false convergence" we also monitored the values of all variables 
at a monitor point where the solution was believed to have strong gradients. When these 
monitor values stayed constant in at least six digits for several iterations at the same 
time as the previous convergence criterion was satisfied we considered the solution to 
be fully converged. 



The resulting mass source residual when all rules above have been followed is 
summarised for the four computational grids in table 3. Notice that the normalised mass 
source residual is typically less than 10-9  for HDS. For the CCCT scheme the mass 
source residual after convergence is significantly higher. However, the continuity error 
is still negligible in comparison to the total flow into the computational domain. 

The underlying reason for the differences in the final residuals between HDS and CCCT 
is outside the scope of the present paper. However, the numerical experiments described 
above indicate that the final level of the residuals are due to round off and cancellation 
errors. It is therefore likely that the difference is due to the detailed differences in the 
floating point operations that yields the converged (within the machine precision) 
solution. 

Grid convergence 

In this section four different error estimation methods are described. They will later be 
applied to the computational results. 

Richardson extrapolation 

Richardson extrapolation seems to be the most widely used method to estimate the grid 
convergence error. For example Ferziger [5],  Demuren  and Wilson [6], Wilcox [7], 
Zingg [8] and Roache [9], Ferziger & Peric [11] all use Richardson extrapolation to 
estimate the error in the solution. One interesting approach is proposed by Roache [9] 
who introduces the Grid Convergence Index (GCI), which is based on Richardson 
extrapolation, to report grid refinement studies in CFD. The idea behind GCI is to relate 
the error for any grid refinement using any order of the method, to that for a grid 
doubling using a second order method, i.e. Roache [9] suggests that grid doubling and 
second order methods should be the "standard" method to compare with. To use the GCI 
one has to perform two calculations, one on a fine grid and one on a coarse grid. The 
GCI is defined as [9]: 

I  GCI— *  
r,, —1 

f2-  ii  
E - 	

i; 

r----h:
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	 (7) 

where r is the grid cell ratio between coarse (112) and fine grid  (h,), p  is the order of the 
method used,  h  is the cell size,  E  is the relative difference between the grids and f, and f2, 
the solutions from the fine and coarse grid, respectively. One interesting thing about the 
GCI, because it is based on Richardson Extrapolation, is that it is applicable not only to 
grid values but also to solution functionals like efficiency and to plotted curves. A 
problem with GCI is that it becomes singular if the value f, is zero. 

(5)  

(6)  



Another approach is presented by Celik and Zhang [4]. The exact relative grid 
convergence error is defined as:  

e,. — (8) 

   

where 	is the exact value and Oh  is the value from a grid having grid cell size  h.  
Because the exact value is not known one can use an extrapolated value as an 
approximation [4], and define an approximate relative error.  

extrapoloied Oh  

extrapolated 

By using Richardson extrapolation or a similar method it is possible to obtain such an 
approximation. The extrapolated value is obtained as follows [4]. The error can, if the 
mesh is sufficiently fine, be expressed as: 

Eh ="" exact Oh = aih+a2h2 +a311 3  +... 	 (10) 

where  h  is the grid cell size and a, are coefficients which can be functions of the 
coordinates (depending on the numerical scheme some of them might be zero) but do 
not depend on  h  in the asymptotic range. For sufficiently small  h  only the leading term 
matters: 

ec, = exact  —Oa,= C(ah) 	 (11) 

where a is the grid refinement factor (the grid cell ratio between the finest grid and the 
present grid),  p  is the order of the method and  C  is a coefficient that can be a function of 
the coordinates. By using eq.(11) for three different grid refinement factors a1(=1 in 

most cases), a2  and a3,  the following three equations for  p,  the extrapolated value and  C  

can be derived: 
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By first using eq.(12) to check that the order  p  of the method is close to the expected 
value and then eq.(13) (Richardson extrapolation) to get an approximation of the exact 
value, this will finally, by the use of eq.(9), give an estimate of the grid convergence 
error. 

e,. (9) 
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A third method to estimate the grid error is to use equation (10) to derive another 
relative grid convergence error [4]:  

e  — ( Oh  — Oce )  (15)  
h 	011( aP  — 1) 

This is done by using eq.(10) for h=h and h=ah and then subtracting the results. 

Although eq (5),(9) and (15) are derived in different ways, they are very similar. By 
rewriting eq.(5) and (9) as: 
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Eq.(9) 	e,. —  Oh — (bah  

a° Oh - 0,, 
(17) 

   

it is obvious that all three error estimates are normalised differences between the 
solutions on the two finest grids. The best estimate of the actual grid convergence error 
is probably obtained with eq.(17). The GCI eq.(16) is more conservative by having a 
"factor of safety" while equation (15) is somewhere in between the other two methods. 
Notice the difference between r and a where r is the ratio between two adjacent grids in 
a sequence, whereas a is always referred to the finest grid in the sequence. 

The cell size ratio indicator ( a or r, cf. eqs. (16) and (17)) was calculated using  

C=  
7  N \I/3  1 

\N2 i 
(18) 

where  N,  is the number of control volumes for the fine grid and  N,  for the coarse grid 
(cf. table 2). This definition was chosen to make it possible to characterise the cell size 
with a single parameter so that eq.(17) could be used. However, for this to be justified it 
is important that the distribution of grid points is geometrically similar (or almost) for 
all grids. The error estimator used (eq.(17)) also requires (because of the assumptions 
connected to Richardson extrapolation [9]) that the solutions are in the asymptotic 
range, i.e. the error must have the same variation between the grids as predicted by a 
Taylor-series analysis of the numerical scheme. Hence, a separate check should always 
be done that this is the case. 

Curve Fitting 

Least square curve fitting was also used to estimate the error in the numerical solution. 
The function used for the curve fitting was assumed to depend on the cell size in the 
same way as indicated by an asymptotic analysis of the discretisation scheme: 

0  = extrapolated + bhP 
	

(19) 



where  p  is the order of the numerical scheme (for a second order scheme  p  = 2). The 
values from several computational grids are used together with a least squares fit to 
obtain values of the constants in eq.19. The resulting kurawat , from the curve fitting was 
used in eq.(9) to estimate the grid convergence error. 

Grid convergence: Results 

The pressure recovery factor was used to check grid convergence. It is defined as [18], 

Pout — rn  

C  — 1 	2 	2 ) — 	+ w 
(20) 

where  P.  is the outlet static pressure (the outlet boundary condition was constant 
pressure),  p  is the density, um .m  is the mean inlet velocity and wm  ,„ is the mean inlet swirl 
velocity. The mean inlet static pressure,  P,„,  is a direct result of the whole field solution 
for all variables. The pressure recovery factor indicates the degree of conversion of 
kinetic energy into static pressure [18] where a higher value means higher efficiency for 
the draft tube. The exact value of the pressure recovery factor depends on the whole 
field solution and can be seen as an integral property of the solution. 

The pressure recovery factor differed greatly between grid 4 and the other grids, 
indicating that grid 4 is too coarse. Indeed, detailed inspection of the whole field 
solution (see fig.4) revealed qualitative differences between the solution on grid 4 and 
the other solutions. Notice, the absence of pressure  extrema  at the corners of the outer 
edge of the elbow in fig.4 for the coarsest grid. The pressure recovery factor for the 
various grids and two different schemes (hybrid and CCCT) is shown in table 4. 

Grid No. Cpr/hybrid Cpr/CCCT 
1 0.4051 0.4044 
2 0.4155 0.4146 
3 0.4808 0.4832 
4 0.5609 0.5621 

Table 4. Pressure recovery factor for grid 1-4. 

Notice that the difference between the results in Table 4 with the two differencing 
schemes is in the third significant digit. However, a calculation of the apparent order of 
the numerical scheme from eq.8 shows that the CCCT scheme has an order of about 1.6 
while the hybrid scheme has an apparent order of 1.4 (see Table 5). A calculation based 
on the coarsest grid yields a much lower order for both schemes which indicates that the 
coarse grid results cannot be used for Richardson extrapolation. 



Grid combination Order p/hybrid Order p/CCCT 
1,2,3 1.44 1.63 
1,3,4 1.12 1.02 
2,3,4 1.08 0.95 

Table 5. Apparent order from eq. (12) of the numerical scheme for different grid 
combinations. 

The expected apparent order of the CCCT scheme is 2 (compared to the calculated value 
of 1.63 for the finest three grids), hence, it is likely that the grids are still slightly too 
coarse to yield an error that scales with the mesh size in the asymptotic way. An error 
estimate can still be computed but must be regarded as an approximation only. The 
computed error estimates for the pressure recovery factor (eq.16) are shown in Table 6. 

Method Estimate 1, eq. Estimate 2, Estimate 3, eq. Estimate 4, 
(9,12,13) GCI eq. (5) (15) eq. (9,19), grid 

1,2,3, using p=2 
Fine grid/hybrid 0.12 0.33 -0.11 0.063 
Fine grid/CCCT 0.10 0.28 -0.093 0.067 

Table 6. Estimated relative error in the pressure recovery factor with four different error 
estimation methods. 

Based on estimate 1 in Table 6 it appears that the relative error in the computed value of 
the pressure recovery factor with the finest grid is about 10%. This is a surprisingly 
large error since the finest grid had 122976 cells. However, it should be kept in mind 
that the flow in the elbow draft tube takes place in a very complicated geometry (sharp 
corners in the bend) and exhibits a very complex behaviour (swirl, streamline curvature 
and separation). The complete resolution of all small scale features of the mean flow 
will require a very large number of grid points. 

Having seen that 122976 cells are too few to resolve all features of the flow one may 
ask how fine the mesh should be to yield an acceptably small error. If the error is set to a 
target value, of 1%, eq. (19) can be used to estimate the necessary grid refinement to 
about 2000000 cells. This grid size was too fine to allow us to compute the flow with 
our available computer resources. However, ongoing work on a more powerful parallel 
computer will allow us to check this in the near future. 

Conclusions 

This paper presents an assessment of methods to estimate numerical errors in complex 
3-dimensional flows. The methods can be divided into two parts, estimates of iterative 
convergence error and estimates of grid convergence errors. 

Iterative convergence error was estimated by inspection of plots of the absolute residual 
source sums for all equations (see fig.3). As a sign of convergence it was required that 
the residual curves should exhibit an initial significant decrease by several orders of 
magnitude followed by a relatively constant level of the residual sums. Numerical 
experiments with variations of solution parameters and differencing scheme indicate 
that the resulting solution is converged within machine precision. 



The proposed iterative convergence error estimate is more conservative than the 
methods based on estimates of the spectral radius of the iteration matrix [11]. The 
present method is also much easier to implement but the price for the convenience is 
that extra work has to be spent to get to a converged solution. 

The grid convergence error was estimated using Richardson extrapolation and curve 
fitting. To use Richardson extrapolation as an error estimator at least three grids are 
necessary so that a reliable test of whether the solutions are in the asymptotic range can 
be made. Applied to the pressure recovery factor this resulted in a grid error of about 
10% for the finest grid. The apparent order of the scheme was in this case 1.6 instead of 
the expected value of 2.0. This indicates that the sequence of grids was too coarse to be 
considered as being in the asymptotic region where the grid error is proportional to the 
mesh size to some power only. An estimate of the number of cells that would give an 
error of less than 1% in the pressure recovery factor shows that the grid should have at 
least 2000000 cells. 

Although the computations appears to have been done with a mesh that was too coarse 
to be ideally suited for the Richardson extrapolation based error estimators it appears 
that the methods are useful in practical situations. If the apparent order of the scheme is 
not close to the theoretical value one should regard the error estimate with caution. 
However, the results can still be used to compute the necessary grid refinement that 
would give an acceptable error. 
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Figure 1. Draft tube geometry. 
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Figure  2.  Inlet  swirling  velocity  distribution.  
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Figure 3. Residual plot for all equations for grid 1 (HDS, 122976 cells). The arrow 
indicates the "knee" that is used as a sign of convergence. Notice that more than 5000 
iterations are necessary to reach convergence with this grid. 



Figure 4. Pressure contours in the symmetry plane for all grids. Notice the lack of local 
pressure  extrema  at the outer edge of the elbow for the coarsest grid. 
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