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ABSTRACT 

Pulsed Holographic Interferometry (HI) , is used to record propagating 
transient bending waves in plates and shells. These waves are generated 
mechanically by impact of a small steel sphere or optically by focusing a 
high energy laser pulse at the surface of the tested object. Bending waves 
propagate wi th different speeds in different directions if the object material 
is anisotropic. The wave pattern is also affected by thickness and density 
variations as well as by defects present in the material. These phenomena 
are used in non destructive testing of products. 

In part one of this thesis, pulsed H I is applied for the study of mechanical 
properties of sheets of paper and corrugated board. This method can be used 
to detect anisotropy, to determine principle directions, and to examine local 
variations and defects in paper. The local dynamic behaviour of the board is 
different from what can be expected from static testing. Mechanical defects 
in board can be identified. A new impact method is developed, where 
transient bending waves are generated and recorded by the same pulsed 
laser. The proposed method can be developed into a commercial measuring 
device of mechanical properties of paper. 

In part two, H I is applied to wave propagation in tubes and rings. These are 
made out of steel, aluminium and fibre reinforced epoxy. A conical mirror 
is placed axially inside the tube. Axial illumination and axial observation 
directions make it possible to view the circumference of the tube w i t h a 
high and constant sensitivity to radial deformation. The resulting 
interferograms, which have an unusual perspective, are captured w i t h a 
CCD-camera connected to a computer. The images are thereafter 
numerically transformed into an unwrapped strip of the tube wal l and 
displayed as a 3D-displacement map. This makes the interpretation of the 
interferograms simple. The method can be used in non-destructive testing 
of tubes. 

In part three, the impact f rom a laser pulse on a plate, is studied more 
closely. A high energy laser pulse focused at a steel plate is transferring both 
mechanical impulse and local thermal energy to the plate. The mechanical 
impulse creates propagating bending waves in the plate. The heated spot at 
the plate surface creates thermal stresses which give rise to an out-of-plane 
deformation of the plate. These deformations are superimposed. The effects 
are studied using H I to record the deformation. The possibility of creating 
mechanical waves optically has many advantages. The method is of non-
contact character, the laser produces an impulse wi th short duration and 
the technique can be applied on-line in the production control. 
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1. INTRODUCTION 

The interest in non destructive testing of products in the manufacturing 

industry is increasing. Methods performing on-line quality control are needed. 

Optical measuring techniques have the advantage of not being in mechanical 

contact w i th the object and of being able to cover a large surface area of the 

object in one measurement. 

Non destructive testing of products using holographic interferometry [1] is in 

use in the manufacturing industry. For instance, tyres for airplanes are tested 

wi th such methods. Heat, pressure, electromagnetic forces, vibrations or other 

disturbances are used to stress or deform the object. Holographic 

interferometry is used to make a record of this deformation which then is used 

to detect defects or to determine material parameters etc. 

In this thesis non destructive testing of an object is performed by sending 

propagating transient bending waves across the object. By recording these 

waves and looking for the normal and abnormal behaviour, i t should be 

possible to determine material parameters and deviations caused, for instance 

by, defects. The bending waves can be excited mechanically by impacting the 

object wi th a pendulum or optically by fir ing a short and concentrated high 

energy laser pulse onto the object. Fast moving bending waves can be 

holographically recorded by using a double pulsed laser that has a very short 

exposure time. The object deformation is monitored by comparing two states of 

the tested sample exposed at different instants. 

Paper manufacturers are interested in measuring mechanical properties of 

paper, preferably on-line in the paper machine. Papers A l and A2 describe a 

technique that might be possible to use in such a way and that is shown to be 

able to monitor the anisotropy of the paper. Paper A3 develops this technique 

to include quantitative evaluation and an optical impact of the paper. 
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Holographic interferograms of curved objects such as tubes are diff icul t to 

interpret since the holographic sensitivity vector, Vest [1], varies over the object 

surface. This can be avoided if the tube is illuminated and observed at right 

angles to the object surface via a conical mirror. Paper B l describes such an 

experiment, which might have applications in nuclear power plants to test 

their tubes without destroying them. Paper B2 develops this technique so that 

it is possible to evaluate the interferograms quantitatively and present the 

results in a 3D-view. The technique is applied to composite tubes. 

When applying these techniques in quality control it would be preferable to 

have a non-mechanical excitation of the bending waves. It is also advantageous 

if the impact has short duration compared to the wave propagation times 

which are studied. A way to create such an impact is proposed in paper C I . A 

concentrated high energy laser pulse wi th short duration is focused onto the 

test object. Bending waves are thereby created in the sample. Paper C2 also 

describes the heat wave, which is created in the test object by the high energy 

pulse. It is also described how to avoid damage to the sample and how to 

create bending waves wi th large amplitudes. 
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2. HOLOGRAPHIC INTERFEROMETRY 

Holographic interferometry of diffusely scattering objects was introduced by 

Powell and Stetson [2,3] in 1965. Three main techniques evolved: a time-

average method, a double exposure method and a real-time method. 

Holographic Interferometry by Vest [1] from 1979 gives a unified and self-

contained treatment of the theory, practice and applications of this optical 

measuring method. 

2.1 Double exposure technique 

Holographic interferometry, when used as a double exposure technique 

measures the difference of two states of a diffusely scattering object. In the 

reconstructed double exposed hologram (the interferogram), the object can be 

seen in an undeformed state and in a deformed state presented at the same 

time. These two virtual images interfere wi th each other forming interference 

fringes. Equation 1 describes the irradiance of a reconstructed object 

modulated by a fringe pattern seen in an interferogram. 

I(x,y) = 2a2(x,y){ 1 + cos( A<j>(x,y))} (1) 

I(x,y) is the irradiance wi th coordinates x and y, a(x,y) is the amplitude of the 

light wave and A<j>(x,y) is the phase difference between the two states. A phase 

difference can be obtained by deforming the object between exposures. The 

phase difference is defined in equation 2 and 3. 

A<)) = K-d (2) 

K = Y(k2-k!) (3) 

ki is the illumination vector and ki is the observation vector both of unit 

length. X is the laser wavelength and d is the displacement vector. K is the 

holographic sensitivity vector (see figure 1). 

3 



k , 

i K 

?' 
4 

\ w 
p 

Figure 1 A n object point is moved f rom P to P' w i t h a 

displacement d. The two states are recorded wi th double exposure 

holographic interferometry. The holographic sensitivity vector is K. 

k\ is the illumination vector and k2 is the observation vector. 

2J2 Two reference beam holographic interferometry 

Quantitative automatic evaluation of interferograms are looked for. A method 

that is suitable for this is two reference beam holographic interferometry [4]. 

With this method the two states of the object are recorded wi th two different 

reference beams, thus it is possible to reconstruct the images separately. If the 

two reference beams are used simultaneously at the reconstruction of the 

hologram, the two states of the object interferes giving fringes, like in the case 

wi th single reference beam holographic interferometry. An additional phase 

difference a can be introduced in the interferograms by changing the mutual 

phase difference between the two reconstructing reference beams. Equation 4 

describes the irradiance of an object modulated by a fringe pattern seen in a 

two reference beam interferogram. 

I(x,y)=Io(x,y){ l+m(x,y)cos(A^(x,y) + a)} (4) 

Io(x,y) denotes the local mean intensity, m(x,y) the fringe contrast and A<p(x,y) 

the interference phase difference defined in equation 2. The deformation of the 

object can be evaluated if the phase difference A$(x,y) in equation 4 is 

determined. The coupling between the phase difference and the deformation of 
4 



the object is found in equation 3. A 3D displacement figure of the measured 

object can be constructed by the help of a phase stepping technique [5] and an 

unwrapping technique [6]. In phase stepping the interferograms are recorded 

(for instance by a CCD camera) three or more times wi th well known phase 

shifts a introduced between the recordings. In this way the three unknown 

quantities A<p(x,y), m(x,y) and Io(x,y) are determined. There exists a number of 

phase stepping and phase unwrapping algorithms. Reference [5] contains a 

survey of some of these techniques. A four-frame technique is used throughout 

this thesis. The irradiance I(x,y) is recorded four times and ais increased in 

steps ofn/2 between each recording. 

2.3 Experimental arrangements 

The experimental arrangements used throughout in this thesis are double 

exposure holographic interferometry arrangements [1], either w i th a single 

reference beam [1] or double reference beams [4]. The measurements are 

performed on two different geometries, plates and tubes. Bending waves in the 

object are created either by impacting the sample by a pendulum or by 

focusing a high energy laser pulse wi th short duration at the surface of the 

measured object. 

When measuring out-of-plane displacements on plates, it is important to have 

the illumination and the observation vector (see figure 1) arranged in a way so 

that the sensitivity vector K, equation 3, is well known. One way to obtain this 

is to illuminate and observe along the normal of the plate and make the 

illumination and the observation vector as parallel as possible. This gives a 

high and constant sensitivity for the out-of-plane deformation component. 

Measuring the out-of-plane displacement for a tube is more complicated due to 

the curved surface of the object. The sensitivity vector K should be directed 

along the radius of the tube for each surface point in order to measure radial 

displacements wi th equal sensitivity. Paper B l suggests an experimental 

arrangement where this is accomplished using a conical mirror. This mirror 

can be placed either inside the tube or as a collar around the tube. 

5 



3. BENDING WAVE PROPAGATION 

Propagating bending waves have been used to study mechanical properties of 

plates. In 1988 Doyle [7] performed in situ testing of transversely impacted 

composite panels. He used strain gauges and analysed the results wi th an FFT 

algorithm. 1989 Fällström et. al. [8,9] used holographic interferometry to study 

transient bending wave propagation in isotropic and anisotropic plates. 

3.1 Bending waves i n plates 

In order to get a comparable analytical solution to the experiments the 

Kirchhoff plate equation [10] was solved for an impacted isotropic plate. 

DV4w + p ~ = p(r,t) (4) 
atz 

Eh5 

D = 5- (5) 
lKl-v2) 

where 

D = plate stiffness (defined in equation 5) 

p = area density of the plate 

V4 = biharmonic operator with the angular dependence omitted (eq. 6) 

r - radial distance from impact centre 

t = time from the start of impact 

p(r,t) = circular symmetric load per unit area 

w = out-of-plane deflection of the plate of uniform thickness 

E = Young's modulus 

h = thickness of the plate 

v = Poisson's ratio 
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This equation has been solved analytically by Fallström et al. [8,9] for the 

cylindrically symmetric case when the plate is impacted at a point wi th a 

contact force of either infinitesimal duration or of sinusoidal shape. To solve 

the Kirchoff plate equation they used Hankel transforms with respect to the 

radius and Laplace transforms with respect to time t. Aprahamian et al. [11] 

solved the corresponding Mindlin plate equation numerically and compared 

the results wi th experiments. 

3.1.1 Solution to a point-like impact of infinitesimal duration 

For a point-like impact of infinitesimal duration the solution to the Kirchhoff 

plate equation was found to be 

xv(r,t) = 
la 

4nD 

P/4 

0 

sin x 
dx (6) 

where J is the impulse transferred to the plate during impact, ß is a similarity 

parameter 

" - i s - ( 7 ) 

and a is a plate parameter 

Aside f rom the factor Ia/D , w is seen to depend solely on the similarity 

parameter ß. The plate parameter a is thus an important factor to describe wave 

propagation in plates, ß gets small for stiff plates (with a high modulus of 

elasticity and large thickness) combined wi th a low basis weight. The out of 

plane deformation in the ideal case of a Dirac pulse impact can therefore be of 

constant value (that is a constant ß) for different combinations of r and t. 
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3.1.2 Solution to a point-like impact of half-sinusoidal shape 

For a point-like impact of half-sinusoidal shape where the force varies as half a 

period of a sine wave wi th amplitude A (during the impact time T), the 

solution for times t > T is given as 

Aa 
DT 

(* ax2 T ax2 T 
sin( — (t - 2>) cos(—y~2' J0(x) 

fax2^ 
dx 

r2 

(9) 

and for times t < T 

w(r,t) = 
Aa 

2nD 

ax2 ax2 

J 0 (x) T s m t -
nt 

(n$ fax2^ 

1 

dx (10) 

where Jq is the zero order Bessel-function. 
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3.2 Bending waves i n tubes 

Bending waves propagating in tubes compared to bending waves in plates are 

not only affected by the material but also of the curvature. It is shown in paper 

B l , when tubes made out of isotropic material are impacted that the wave 

pattern, contrary to an impacted isotropic flat plate [8], is not circular 

symmetric. This can be explained, by geometrical effects. Geromenova [12] has 

presented a geometrical theory for flexure waves in shells where the principal 

curvatures of the shell are used to describe the anisotropic behaviour. 

Free vibrations of tubes have long been studied analytically, for instance by Yu, 

1955 [13]. Most theories are based on improved versions of Love's shell theory 

[10]. Studies considering transient events like transversely impacted tubes are 

however more recent. Christoforou and Swanson [14] for example, presents an 

analytical solution for the problem of simply supported orthotropic cylindrical 

shells subject to impact loading. Their analysis is based on tin expansion of the 

loads, displacements and rotations in double Fourier series which satisfies 

boundary conditions of simple support. In reference [10] solution strategies 

regarding point impact of shells are given. The complexity of the equations 

especially when dealing wi th anisotropic tubes, suggests that a numerical 

approach to the bending wave propagation in tubes is preferable. The Finite 

Element Method could for instance be used, compare paper B l and B2. 
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4. PAPER PRODUCTS 

In paper A l , holographic interferometry is used to examine mechanical 

properties of paper. Bending wave propagation in the paper is studied, 

generated by the impact of a small pendulum. Results show that it is possible 

in this way to detect anisotropy and determine principal directions as well as 

to visualize local variations in paper. 

Paper A2 shows that conclusions about mechanical properties can be drawn 

from holographic experiments. Three experiments are performed, one which 

compares two boards of different quality, one which examines the effect of a 

defect on the wave pattern and one which examines a box of corrugated board. 

Paper A3 uses an optical arrangement where bending waves in paper are both 

generated and recorded by the same pulsed laser. The laser impact is non-

mechanical and external triggering is unnecessary. The displacement field is 

quantitatively evaluated using a phase stepping and unwrapping technique. 

This method is suitable for the development into a commercial measuring 

device of paper stiffness. A number of defects (variations in thickness, stiffness 

and density) are identified using this optical technique. 

Mechanical strength and stiffness properties of paper can not be measured on

line in the paper machine today. Samples have to be gathered whenever it is 

possible in the process. The time intervals between these occasions are long, 

around a half to one hour. The paper sample has the same width as the paper 

machine and the length is adjusted to the actual testing equipment. A length of 

30 cm is often enough. This sample of paper is tested for different properties 

such as compression strength, bursting strength, bending stiffness, tensile 

stiffness and tensile stiffness orientation. This in order to get a view of the 

quality of the paper along the width of the paper web. At this stage it would be 

convenient to apply the test methods suggested in papers A1-A3. This method 

gives the bending stiffness, the anisotropy ratio, the deviation of the maximum 

bending stiffness compared to the machine direction and at the same time a 

qualitative view of local variations in the paper. Defects in the paper sample 

are also detected. The method is non-contacting and insensitive to boundary 
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conditions, as long as the bending waves have not reached the edges of the 

paper sheet. The method gives a fu l l field view of the tested sample. 

In order to make the method better suited for the industrial environment it 

should be fu l ly automated. Full automation would reduce the test and analysis 

time down to a useful level. One step towards automation would be to 

reconstruct the holograms in the same arrangement as they are recorded. In 

order to perform that, a laser which can be both pulsed and continuous is 

searched for. One possibility is to use a frequency-doubled, Nd:YAG, twin-

cavity laser wi th injection seeder, compare reference [15]. An electronic double 

pulsed holography system [16] could be used when recording the propagating 

bending waves. The phase reconstruction times can be reduced if the direct 

phase measurement method suggested by Leidenbach [17] is used. He used a 

method where the reference phase is spatially shifted from one pixel in the 

image to the next by a known amount. 

A commercial on-line measuring device of mechanical properties of paper 

could be developed using some of the methods described above. 
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5. TUBES 

In paper B l , a method to investigate transient bending wave propagation in 

tubes and rings, is presented. A conical mirror is placed axially inside a tube. 

This makes it possible to illuminate and observe the object surface along the 

normal of the object surface and it is possible to follow the propagation of the 

waves around the tube in one picture. This makes it easy to detect, and gives a 

high sensitivity to, radial displacements of the tube walls. The interferograms 

are then spatially transformed, in order to simplify the interpretation, using 

image processing software. 

Experiments wi th one impacted steel tube and one aluminium ring are studied. 

The transient bending wave propagation in the tube wall is compared to 

calculations. Thickness variations and a defect in the ring give a detectable 

change in the wave pattern recorded in the interferograms. 

In paper B2, interferograms of transient bending waves in composite tubes, 

viewed trough a conical mirror, are numerically evaluated using a phase 

stepping and unwrapping technique. A method is proposed where the 

propagation of extremes of the bending wave are studied in order to 

investigate mechanical properties of composite tubes. The proposed method is 

suitable for the study of the dynamic material parameters of fibre reinforced 

epoxy tubes. 

Cylindrical objects are common building elements in the manufacturing 

industry. It is therefore of general interest to perform non-destructive-testing 

upon such geometries, either as a quality control during manufacturing or as a 

test of wear in an existing construction. The methods suggested in papers B l 

and B2 can be useful tools when performing such tests. The measurements give 

the radial displacement of tubes for both static and transient loads. Laser 

generation of bending waves as in paper A3 can be used, which simplifies the 

triggering of the experiment. 
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6. LASER GENERATED BENDING WAVES 

A new way to excite bending waves by focusing a short laser pulse onto the 

surface of the tested object is investigated. A rapid expansion of vaporised 

material produces an effect similar to a blast or explosion wave. As a 

consequence, a wave propagates and absorbs within the material [18,19,20]. 

The effect depends on, among other things, pulse energy, peak power, 

reflectivity, melting/boiling point of the material and specific heat capacity. 

The vapour leaves the surface at a very high velocity according to the high 

temperature created. This transfers a mechanical impulse to the target causing 

it to "recoil", similar to an impact of very short duration. 

In paper C I , this non-mechanical impact method of plates is suggested, where 

the impulse is transferred by focusing a laser pulse on to the surface of the 

tested object. It is shown that the resulting bending waves in the plate, 

compare well wi th an analytical solution where the impact is modelled as a 

Dirac-pulse in space and time. The transferred impulse also has a suitable 

magnitude when impacting paper wi th a basis weight of 400 g/m^. The fringes 

in the interferograms are clearly resolvable. 

Paper C2, shows that impacting a steel plate by a laser gives a bending wave 

but also a heat wave. The wave pattern, resulting f rom local heating of the 

plate surface is superimposed upon the transient bending wave. A piece of 

gelatine applied at the impact point suppresses the heat wave and increases the 

transferred impact impulse significantly. 

Bending waves created by pulsed lasers can be useful i n experimental 

mechanics. Especially if the impact method described in paper A3 is used, 

where bending waves in the tested sample are both generated and recorded by 

the same pulsed laser, that is all optical. This makes external triggering of the 

pulsed laser unnecessary. This method is suitable for the development of 

automatic non destructive material testing, for example in a paper machine. 

13 



7. CONCLUSIONS 

This thesis comprises seven papers where bending waves are created and 

studied in the tested samples. Three of them, A1-A3, deal w i th testing of 

mechanical properties of paper and corrugated board. Two of them, B l and B2, 

suggests a method where radial displacements in tubes can be investigated 

holographically. The measurements are applied to a number of isotropic and 

anisotropic tubes. Papers C I and C2, look closer at the method of impacting 

objects by focusing a pulsed laser at the surface of the test specimen. 

The paper testing method gives both a quantitative measure of the mechanical 

properties and a qualitative view of the local variations and defects in the 

paper at the same time. This non-contacting method is insensitive to the 

boundary conditions and give a f u l l field view of the tested sample. The 

method is suitable for the development of a commercial on-line measuring 

device of mechanical properties of paper. 

The test method on cylindrically shaped objects have a high sensitivity to 

radial displacements and gives a 360°-view of the object. It is shown that 

bending waves propagating in tubes are affected both by the material of the 

tube and of the geometry. It is shown in paper B l , that when impacting tubes 

wi th an isotropic material, the wave pattern is not circular symmetric as the 

case is wi th an isotropic, impacted flat plate. Paper B2 shows that the dynamic 

stiffness in the cross fibre direction of composite tubes, is much higher than 

what would have been expected in the static case. 

A high energy laser pulse focused at a steel plate transfers both mechanical 

impulse and local thermal energy to the plate. The mechanical impulse creates 

propagating bending waves in the plate. The local heated spot at the plate 

surface creates thermal stresses which give rise to an out-of-plane deformation 

of the plate. These deformations are superimposed. A piece of gelatine applied 

at the impact point suppresses the heat wave and increases the transferred 

impact impulse. 
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Optical techniques like holographic interferometry are non-contacting and 

non-destructive methods and give a fu l l field view of the measured object. 

They can often be applied quickly and are automatically evaluated connected 

to a computer wi th a suitable software. Optical methods wi l l in the near future 

be used more often in the industry than they are today. They give better 

understanding of new materials and give new methods for performing quality 

control. 
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8. FUTURE WORK 

In order to test the method to perform on-line in the paper machine, some 

additional tests should be made. First, an investigation of how the bending 

wave propagation is affected by in-plane stresses of high magnitudes should 

be performed. Secondly, a dynamic test wi th a paper sheet having a constant 

in-plane velocity during the holographic recording should be tested, since this 

is the case in the paper machine. Other measurements that should be 

performed are to check if mechanical properties of paper are changed after 

converting and printing. 

The theoretical analysis of impacted plates should also be further developed. 

Instead of using the method of effective stiffness as in reference [9], an 

analytical solution to the plate impact problem of a fu l ly anisotropic plate 

should be searched for. An alternative would be to perform a number of 

numerical simulations where different material parameters are varied each 

time. A numerical approach could also be used when investigating different 

type of defects in plates. For instance the Finite Element Method could be used 

to make a map of how different defects affect the bending wave propagation. 

This map could then be used to identify different type of defects. 

An instrument for time-resolved holographic interferometry which allows 

electronic holography to be applied both for fast transients and periodic events, 

should be developed. 
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Paper Properties 

A new method to detect anisotropy 
and local variations in paper 
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ABSTRACT The mechanical properties of paper were studied using KEYWORDS 
holographic interferometry. Bending wave propagation in paper was Analysis 
generated by the impact of a small pendulum. Holograms were produced at Paper properties 
various times elapsed after impact with the use of a double-pulsed ruby laser. Tensile strength 
Results show that this method can be used to detect anisotropy, to determine Testing 
principle directions (machine and cross-machine), and to examine local 
variations in paper. 

Measures of strength and stiffness in 
different directions of the paper are 
critical quality indicators for paper 
manufacturers. The industry is cur
rently seeking optical and other 
noncontact, nondestructive, prefera
bly on-line methods for measuring 
these qualities. Holographic interfe
rometry (J), with a double-pulsed 
ruby laser light source, has proven to 
be a competitive tool for the study of 
transient events like the propagation 
of bending waves in plates and shells 
(2-5). This method may be applied to 
the study of paper properties because 
paper behaves as a plate during and 
shortly after impact. Indeed, hologra
phic interferometry experiments with 
paper are surprisingly easy to per
form. 

We studied wave propagation in 
plates and paper using holographic 
interferometry. Results are compared 
here with those obtained through 
ultrasonic measurements. 

B e n d i n g wave propagation i n 
plates 

Using the arrangement illustrated in 
Fig. 1, bending waves are created by 
the impact of a small steel sphere of 

a ballistic pendulum released from an 
electromagnet The steel sphere (5 
mm in diameter) passes through the 
light beam of a HeNe-laser aimed at 
the photodiode. This interruption of 
the light beam triggers the ruby laser 
to send its first laser pulse onto the 
object plate (the paper sheet), produc
ing the first exposure of a double-
exposed hologram. Thus, the first 
exposure occurs before the pendulum 
hits the plate. 

Soon thereafter, the pendulum 
impacts the plate and creates tran
sient waves. The next laser pulse is 
deliberately delayed with respect to 
the first pulse for 1-800 MS. In this 
manner, a series of holograms can be 
recorded by repeating the experiment 
with increasing time delays. 

An electric tape at the impact 
center is part of an electric circuit 
containing the pendulum. Pulses from 
this circuit and from the ruby laser 
are traced by a two-beam memory 
oscilloscope. The variable T is as
signed as the impact time, or the 
length of time the sphere is in contact 
with the plate (which is measured to 
be 80 (is for aluminum plates and 1.5 
ms for paper). The variable t is 
assigned as the time from the start of 

impact to the second laser pulse. The 
pulse length of the ruby laser, or the 
exposure time, is as short as 25 ns, so 
even propagating bending waves are 
recorded "frozen" in the hologram. 

In the reconstructed image of this 
double-exposed hologram, the object 
plate is covered with a set of cosinu-
soidal fringes. These interference 
fringes display contours of equal, out-
of-plane displacements of the plate. 

In Fig. 2, examples are shown of 
double-exposed interferograms of an 
impacted aluminum plate obtained 
with the setup in Fig. 1. The interfer
ence rings (fringes) in the figure can 
be viewed as lines connecting points 
of equal amplitude, like the iso-curves 
on a contour map showing hills and 
valleys. Broad rings either indicate a 
"hill" or a "valley," since the sign of 
the rings is ambiguous. The sign of a 
ring has to be determined from the 
way the experiments are performed 
(from the experiment we know the 
direction of the impulse), based on the 
assumption of a continuous wave 
pattern. From the broad rings in the 
impact center (the smooth top of the 
hill), the ring density increases out
wardly, giving the downhill slope. 
Further out, the rings broaden again, 
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corresponding to a valiey or a moat. 
Thereafter, the ring density increases 
and decreases again, corresponding to 
a ridge. This pattern continues until 
the wave flattens out into zero ampli
tude. Two consecutive rings have a 
difference in amplitude of about half 
the wavelength (that is, 694.3 nm 
divided by 2). The smallest detectable 
amplitude in this setup is about 100 
nm. High-frequency components with 
smaller amplitudes may exist but are 
not recorded. Note that the ring 
pattern is circular for this isotropic 
plate. In Fig. 3, the transverse dis
placement of the same impacted 
aluminum plate at 100 M is illustrated 
together with one half of the corres
ponding interferogram made in the 
setup in Fig. 1. This is the way an 
interferogram is interpreted. 

During the impact, the pulse is 
growing in the center and propagat
ing outwards. After the impact time 
T and until the waves have reached 
the edge of the plate, the deflection in 
the center is constant and the wave is 
moving outwards as if there were no 
rim, which implies an initial value 
problem (compare Fig. 2 at 100 /is). 
Later, waves start to reflect from the 
edges then interfere with outgoing 
ones to create a pattern resembling a 
standing wave, which suggests a 
boundary value problem (see Fig. 2 at 
300 and 600 Ms). 

To formulate an analytical descrip
tion comparable with the measure
ments presented in Figs 2. and 3, we 
need to solve the Kirchhoff plate 
equation for an isotropic plate. The 
Kirchhoff equation is: 

D**w + p<S™ = p(r,f) (1) 

where 

D = plate stiffness (defined in Eq. 7) 

p - area density 

A* = biharmonic operator 

r = radial distance from impact 
center 

t = time from the start of impact 

p(r,t)= circular symmetrical load per 
unit area 

w - out-of-plane deflection of the 
plate of uniform thickness. 

This equation has been solved analyt
ically by Fallstrom et al. (3, i) when 
the plate is impacted at one point by 
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1 Experimental arrangement used to record interferograms of propagating transverse waves 
in plates. The electromagnet in a pendulum arrangement holds the impacting sphere which 
hits the object plate from behind. 
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2. Interferograms showing bending wave propagation in an aluminum plate at t • 5,100, 300, 
and 600 >is atter the start of impact (Impact time * 80 ps.) 
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3. Transverse displacement wir) vs. radial distance from impact center, r, for an aluminum 
plate at t » 100 /is. (Impact time = 80 /is.) 

300us 600us 

4. Out-of-plane displacement vs. radial distance at 100 /is after the start of impact The solid 
line is based on the experimental values from Fig. 3. The dashed line represents a theoretical, 
point-like contact of inftnitesimally short duration where 7 = O (as tor Eq. 2). The dashed and 
dotted line is also theoretical, where 7= 80 us (as for Eq. 5). 
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a contact force of infinitesimal dura
tion or by a force of half-sinusoidal 
duration on the plate. Aprahamian et 
al. (2) numerically solved the corres
ponding Mindlin plate equation to 
accommodate both rotary inertia and 
shear deformations, then they com
pared their mathematical results with 
empirical data. Fallstrom et al. solved 
the Kirchoff plate equation using 
Hankel transforms with respect to the 
radius-and using Laplace transforms 
with respect to time (. 

Case A. For a point-like impact of 
infinitesimal duration, the solution of 
E q . 1 was found to be 

la. I JL f sin x • 1 
W W ) = 4 l r n (_ 2 J x J (2) 

where 

/ = impulse transferred to the plate 
during impact by the pendulum. 

The variable ß is a similarity variable 
defined as: 

ß = r/(at)ia (3) 

Thus, the out of plane deformation 
uir,t) in Eq. 2 is actually a function 
of ß alone, which simplifies the inter
pretation. The variable a is a plate 
parameter defined as: 

a = (D/P)
m (4) 

The graph of E q . 2 for a 3-mm-thick 
aluminum plate at t = 100 /is is shown 
in Fig. 4 as a dashed line. In Fig. 4 
the variable r (only in this case), can 
be replaced by the similarity parame
ter ß, as we know the plate parameter 
a for the aluminum plate and the time 
t = 100 /is. With this description, we 
get the displacement w, for all times 
t and distances r. The pulse is disper
sive; it changes shape with time. The 
broad main peak at constant height in 
the center is surrounded by ripples 
with decreasing amplitude and in
creasing wavelength. High-frequency 
components travel faster than low-
frequency ones. 

Case B. For a point-like impact of 
half-sinusoidal duration, where the 
force varies as half a period of a sinus 
wave with amplitude A (during the 
impact time T), the equation for t> T 
is (3): 
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5. These interferograms show bending wave propagation in two 400-g/m2 paper samples. The time elapsed from the start of impact increases 
for each photograph from left to right Each of the two series of holograms reveals that the rings expand much like the concentric circles 
on the surface of a pond when someone throws a rock in the water, but here the wave pattern is not circular. 

: i r s t sample > 

JS*V< '• . *M 
H.« '<*\ ' ..... ~Zi 

110(18 250(18 380(18 

Second sample > 

- « 

S V f f e 1 . ..rSj 
»*• >;.• >,% 51-'. > ..• • . ^ K a 

100ms 265(18 380(18 

DT J x 

o 

sin[axVr^(t-r/2)]cos[(az7^XT ,/2)] rfr  

(5) [(rfff-»M'<] 
where 

Jo = the zero-order Besse! function. 

When T— 0, the same result as 
described by Eq. 2 is obtained. A 
solution for times t< T is also given 
by Fallstrom et al. (S). A graph of Eq. 
5, obtained from the same aluminum 
plate parameters as before with ( = 
100 MS and T = 80 ps, is represented 
as a dashed-and-dotted line in Fig. 4. 
The results are very close to the 
experimental solid line obtained from 
the lOO-^s picture in Fig. 3, interpret
ed as in Fig. 2. Anisotropic materials 
like fiberglass-reinforced plates have 
also been studied using the same 
technique, as have defects in wood {4, 
5). 
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Comparison of results obtained from the interferograms and ultrasound measurements 

First 
sample 

Seconcf 
sample 

Velocity ratios 
From interferograms 1/max/rmini* 2.00 2.36 

Ultrasonically measured (Vmax/V™,)2 2.40 2.96 

Directional angles,0 

From interferograms 
Machine direction 8 0 
Cross-machine direction «CD 6 0 

Ultrasonically measured 
Machine direction 9.1 -1.5 

Cross-machine direction <i>CD 8.3 -1.5 

'Anisotropic directions, measured in degrei äs relative to the machine direction. 



E x p e r i m e n t s -with paper 

Experiments were performed with 
paper using the same method and 
setup as illustrated in Fig. 1. The 
paper used in these experiments was 
unbleached linerboard with a basis 
weight of 400 g/m2 produced on the 
same fourdrinier paper machine on 
different occasions. 

Two samples were cut to the size of 
220 x 260 mm, with the longer side 
parallel to the machine direction 
(MD). The main difference between 
the samples was the principle direc
tion of anisotropy. The paper was 
attached to a simple rectangular 
frame of Plexiglas to keep the paper 
in a fixed position. The dimensions of 
the frame are 250 x 310 mm on the 
outside and 170 * 230 mm on the 
inside. The frame was painted black 
to avoid light reflections. A small 
piece of aluminum foil (1 * 1 cm, 0.018 
mm thick) was glued at the impact 
point as part of an electric circuit used 
to measure the impact time T. 

Figure 5 shows three interfero
grams of each paper. At the top are 
three pictures taken for three differ
ent impacts of the first sample at the 
elapsed times t after impact start, as 
given. Impacts were gentle, and no 
damage to the sample can be ob
served. At the bottom are pictures of 
the second sample. The impact time 
T in both experiments was about 1.5 
ms. 

The interferograms in Fig. 5 are 
recorded at times less than the impact 
time (i.e., t< T). The pendulum is still 
in contact with the paper and is still 
transferring energy and momentum 
to it. The central peak is thus growing 
in amplitude, while the outermost 
rings are primarily the result of the 
early part of the impact. Ripples are 
developing in increasing numbers 
around the central peak. The ring 
pattern in both papers is nonsymmet
rical. The wave pattern has different 
velocities in different directions, 
indicating anisotropy. In the first 
paper sample, the main directions are 
inclined relative to the frame; in the 
second sample, they are nearly paral
lel to the frame. At this point, the ring 
pattern has not yet been influenced by 
reflections from the the sample frame. 
Therefore, the shape of the pattern is 
due only to the nonuniformity of the 
specimen. 

Minor local variations in the prop
agating wave pattern can also be seen 

in the interferograms, as a distur
bance in the elliptical pattern. These 
variations result mainly from local 
variations in the plate parameter, 
which incorporates local parameters 
of the paper such as density, thickness, 
modulus of elasticity, and the Poisson 
ratio. All of these factors change the 
wave impedance of the paper. Some 
of the local variations seem to be 
repetitive, indicating that there is 
some kind of ordered structure in the 
paper. A series of new experiments on 
papers with known local variations or 
defects should reveal some of the 
causes of these local variations. 

Fallstrom et aL (4) proposed the use 
of the ß parameter for anisotropic 
plates (Eq. 3) to derive an expression 
for the quotient between the effective 
plate stiffness in the maximum and 
minimum directions. They showed it 
to be proportional to the quotient 
between the two radii of anisotropy 
raised to the power of four. The 
impact is, however, modeled as a 
Dirac pulse (a function with infinite
simal duration in time where the 
time-integral equals a constant) in 
space and time (Case A above, which 
is not the case in our present 
experiments). 

•Dmu/Dmin = (r^Tum,)* (6) 

D is the plate stiffness defined as: 

D=Ety[W(t-v*)] (7) 

T m , = radius of maximum anisotropy of 
the ring 

r„» = radius of minimum anisotropy of 
the same ring 

E = effective Young's modulus in a 
specific direction 

k - thickness of the plate 

v = the Poisson ratio. 

The radius of anisotropy for each of 
the two samples of Fig. 5 was mea
sured from the impact point to the 
outermost possible ring at 380 >is. The 
directional angles (0) are also mea
sured for both samples with the 
Plexiglas frame as a reference line. 
Results are given in Table I . The 
ratios between the maximum and 
minimum radii raised to the power of 
4 are presented, since this measure 
(for a Dirac pulse impact) is equal to 
the ratios between the Young's modu

li, assuming that the Poisson ratios are 
small. 

Ultrasonic measurements 

The samples were analyzed on com
mercially available equipment that 
operates on ultrasonic principles. 
Basically, this equipment measures 
the sound velocity in the paper which 
is proportional to the square root of 
Young's modulus (6). The measure
ment is made in the ultrasonic range. 
Measurements of the sound velocity 
over a distance of 150 mm are repeat
ed for a number of directions covering 
the MD-CD plane of the paper. The 
angle of rotation between each mea
surement is 10°. The velocity ratio 
VnijVmm is computed, and the angle 
between the maximum sound velocity 
and the machine direction is found 
(Fig. 6). 

In Table I, the calculated ratio of the 
Young's modulus using the ultrasonic 
test method is presented for both 
samples. The velocity ratio t w / v ™ is 
squared to get the ratio for the 
Young's modulus. Directions of aniso
tropy <t> are also given in the table. 

The ultrasonic values (vauJvam)
2 

presented in Table I are about 25% 
higher than the values of (rndr^Y. 
The directions of anisotropy derived 
ultrasonically (<<>) compare quite well 
with the directions obtained from the 
interferograms (0). 

Discuss ion 

Interferograms of propagating bend
ing waves in paper show different 
propagation speeds in different direc
tions. The main directions may be 
inclined with respect to the machine 
direction of the paper. The pattern 
shows the anisotropy of the paper. The 
pictures also show deviations in the 
wave pattern that are probably 
caused by local variations in the 
paper, either in material, geometry, 
or both. This finding suggests that the 
method may be used to study local 
variations. Products of paper like 
corrugated board or paperboard may 
also be studied using the same me
thod. 

Measurements of the wave speeds 
in the interferograms give a measure 
of the quotient between plate (or 
sample) parameters, indicating the 
effective sample stiffness in the two 
main directions of the paper. Howev-
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er, these values cannot be compared 
directly to the ultrasonically mea
sured values for wave speeds for two 
main reasons. First, the assumption is 
invalid that the holographic measure

ments are made far away from the 
impact center both in space and time. 
In fact, the impact is still going on at 
the time represented by the compar
ative values in Table I, which is far 
from being a Dirac pulse. 

Second, the Poisson ratios of the 
paper in both main directions are 
unknown but are needed in evaluating 
both the interferograms and the 
ultrasonic measurements, if the quo
tients of Young's modulus are to be 
compared. 

Castagnede et al. (7) also reported 
that there is a significant difference 
between results of mechanical and 
acoustical measurements of paper. 
Interestingly, he reported deviations 
similar to those in Table I. 

An analytical solution to the im
pacted anisotropic plate problem 
similar to the solutions of Cases A and 
B does not exist, as far as we know. 
However, numerical solutions to the 
same problem can be obtained to give 
improved estimates of the material 
parameters. These solutions can be 
compared to our experimental results. 
This approach could be rewarding 
since there are programs available 
commercially that allow computers to 
make such calculations. 

The findings of this preliminary 
report demonstrate that the proposed 
method can be used to examine ani
sotropy as well as local variations in 
paper. D 
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Corrugated Board Mechanical Properties 

Mechanical properties of corrugated board 
as studied by holographic interferometry 
Kenneth Olofsson, Ni ls -Erik Molin, and Anders Kyosti 

ABSTRACT: Pulsed holographic interferometry was used to examine 
the mechanicalproperties of paper and corrugated board. For 
determinations using bending wave propagation, the wave was 
generated by the impact ofa smallpendulum. The wave propagation 
pattern and the disturbances of the pattern were analyzed to detect 
anisotropy, principal directions, and local variations and defects in 
paper and corrugated board Experiments show that the heal 
dynamic behavior of the corrugated board is differentfrom what can 
be expected based on static tests. It is also possible to identify 
mechanical defects. A box of corrugated board received impact, and 
the wave propagation was visualized The support of interconnecting 
sides ofthe box acts like a pinnedjoint. 

KEYWORDS: Anisotropy, chemical analysis, chemical tests, cross 
direction, holography interferometry, machine direction, measure
ment, optical measurement, paper, variations. 

R ecently, we proposed a new 
method to detect anisotropy and 

local variations in paper (1). Holo
graphic interferometry with a double-
pulsed ruby laser as the light source (2) 
was used to study bending wave propa
gation in paper, as others have done 
with plates and shells (3-7). The paper 
behaves as a plate during and shortly 
after impact Such experiments with 
paper and paper products are quite 
easy to perform, and conclusions about 
themechanical properties can be drawn 
from the results. Here, the results are 
compared with those obtained through 
traditional methods and with the re
sults obtained through an analytical 

solution to the isotropic Kirchoff plate 
equation. 

Holographic interferometry and 

bending wave propagation 

In the experiments, the bending waves 
are created with the impact of a small 
steel sphere of a ballistic pendulum, as 
illustrated in the first figure of our 
earlier paper in this journal (1). The 
pendulum is now equipped with apiezo 
electric accelerometer. As described 
in more detail there, a ruby laser is 
used to record double-exposed holo
grams that display contours, of equal 
out-of-plane displacements. 

The out-of-plane deformation, w, of 
an isotropic pkterecerdngimpart from 
an ideal Dirac pulse in space and time 
(the limiting special case) is a function 
of only the parameter ß (that is, wXß)), 
where ß is defined as Ü, 5): 

In E q . 1, a is a plate parameter defined 
as 

where 

D = plate stiffness 

p = mass per unit area of the plate 
(basis weight) 

f = time after start of impact 

r = distance from the center of impact 
to the point of interest. 

The plate parameter a is thus an 
important factor in describing wave 
propagation in plates. The value of ß 
gets small for stiff plates (with a high 
modulus of elasticity and large thick
ness) combined with alow basis weight 
The out-of-plane deformation in the 
ideal case of a Dirac pulse impact can 
therefore be of constant value (that is, 
a constant ß) for different combina
tions of r and i. A more detailed de-
scriptionofnolographicinterferometry 
and bending wave propagation is given 
elsewhere (1, 2, i, 5). 

Experiments with paper 

Experiments with two different pa
pers were reported in full earlier (1). 
The samples were made of unbleached 
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1. These interferograms show bending wave propagation in two samples of 400-g/m2 paper. [In our earlier article ((), the fifth figure shows the 
same photographs with additional photos at 250 us and 265 us.] 

110 us Paper, sample 1 380 \is 

100 us Paper, sample 2 380 us 

linerboard with a basis weight of400 g/ 
m 2 produced on a fourdrinier machine. 

Figure 1 shows two interferograms 
of each paper from the earlier work (1). 
In the upper part are two interfero
grams of the first sample taken at 110 
us and 380 (is after the start of impact. 
In the lower part are pictures of the 
second sample in which the times 
elapsed after the startofimpact are 100 
(is and 380 us. 

Impact times in both experiments 
are about 1.5 ms—that is, all interfero
grams are recorded while the impact is 
still going on. The wave is already being 

propagated as the pendulum is in con
tact with the paper, still transferring 
energy to the paper. The central peak 
is thus growing in amplitude, while the 
outermost fringes are more the result 
of the early part of impact. 

More ripples around the central peak 
are developing with time. The fringes 
near the center are so closely spaced 
that it is not possible to resolve them. 
The fringe patterns in both papers are 
nearly elliptical—that is, the wave pat
tern has different speeds in different 
directions, indicating anisotropy in the 
paper. 

The interferograms also show that 
there are minor local variations in the 
developingwavepatterns.These varia
tions result from local variations in the 
parameter a, which accounts for local 
parameters of the paper such as den
sity, thickness, modulus of elasticity, 
and the Poisson ratio—all factors that 
change the wave impedance of the pa
per. Some of the local variations seem 
to be repetitive, indicating that there is 
some kind of ordered structure in the 
paper. 
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3. Bending wave propagation in corrugated board is shown in these interferograms. The sample is delaminated along one rib of the fluting. The 
location of the delamination is marked with arrows. 

Experiments with 

corrugated board 

Corrugated board 

In the first experiment, we studied two 
rectangular samples of corrugated 
board. Table I presents the physical 
parameters. One sample was consid
ered to be of "good" quality. In the 
second sample the corners had a ten
dency to lift, instead of the sample 
staying flat when placed on a desk. For 
both, the contour was B-flute. 

Figure 2 shows three interfero

grams for each corrugated board 
sample. The times after the start of 
impact were 120,140, and 280 us. The 
impact time can be as long as 1 ms, 
which means that the impact is still 
going on, delivering energy and mo
mentum to the board. 

The wave pattern of the standard 
sample, Sample 1, is more circular than 
for Sample 2. The valleys in the cross 
direction in Sample 2 are more concen
trated and deeper than in Sample 1. 

Corrugated board delaminated 

on one side 

In the second experiment, a corru
gated board cut from the samesheetas 
SamplelwasdeHberatelydelarninated 
along one rib of the medium to simu
late a defect No damage can be seen 
on the surface of the sample. 

In Fig. 3, four interferograms of the 
board are shown. The times after the 
start of impact were 160,212,245, and 
365 us. The location of the defect is 
marked with arrows. When the wave 
reaches the delamination, one part of it 
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325 us 430 us 

is reflected and one part is transmit
ted. On this side, the wave pattern is 
disturbed compared with the undis
turbed wave pattern on the left side of 
the sample. 

Corrugated board box 

Third, we examined a box of corru
gated board. The geometry of the box 
was 255 x 150 x 255 mm. A handle was 
cut out at tiie txm of the box The handle 
had a length of 95 mm and a width of 20 
mm with circular ends. 

F igure 4 shows four interferograms 
of the impacted box. The times after 

the start of impact were 100,179,325, 
and 430 us. The pendulum arrange
ment can be seen in front of the box. 
The interferograms in Fig. 4 show that 
the bending wave travels slowly around 
the handle. 

Actually, two sides of the box were 
studied simultaneously. Only the front 
side is shown in Fig. 4. In Fig. 5, a 
mirror is used to illuminate and ob
serve the left side of the box (at right 
angle to the one seen in the interfero
grams in Fig. 4). 

In the rrurror view, we see that only 
a very small part of the bending wave 

is transferred around the 90° corner, 
meaning that the corner acts like a 
pinned joint. 

Comparison with an analytical 

solution to the Kirchoff 

plate equation 

Figure 6 shows a typical signal from 
the accelerometer of the impacting 
sphere plotted against time, from the 
same experiment as in Fig. 2. The im
pulse lasts for about 1 ms. The inter
ferograms shown in Fig. 2 have a 
maximum wave propagation time of 
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I . Parameters for the two samples of corru
gated board 

Sample 
1 2 

Dimensions, mm 
MD 239 239 
CD 189 189 

Thickness,3 mm 2.99 3.06 

Bending stiffness, Nm 
MD 6.75 8.72 

CD 2.98 

Edgewise crush 
test,0 kN/m 7.95 8.29 

Basis wt, g/m 2 

Linerboard 179.4 195.0 
Linerboard 179.4 195.6 
Medium 108.4 115.0 

Total 467.2 505.6 

Density, kg/m 3 156.25 165.23 

'Average of 5. 
6 Average of 4. 

280 us, so the impact is still transfer
ring momentum to the plate as the 
wave propagates. 

Fallstrom et al U) have given an 
analytical solution for the impact of 
isotropic plates, where the impact time 
T is larger than the wave propagation 
time t. The force during contact is as
sumed to be as given in Eq. 3: 

Fftl=Asin — for0</< 7 
r 

(3) 
F(th0 fxTit 

The out-of-plane displacement wir, t) 
can then be described by Eq. 4. 
where 
r = distance from the point of impact to 

the point of interest 

a = plate parameter, from Eq. 2 

J„ = zero-order Bessel function 

D = bending stiffness of the plate. 

We adjusted a sine curve to fit the 
impact presented in Fig. 6. The mass of 
the pendulum is 5 g, which gives, to
gether with the acceleration in Fig. 6, 
the force acting on the board. The out-
of-plane displacement ivir, t) was cal
culated from E q . 4 for Sample 1 at t = 
120 us in the machine direction (MD) 
and cross-machine direction (CD), 
where the bending stiffness D in Eq. 4 
was substituted by DMD and D C D (Table 
I). In other words, as a simple approxi
mation, we assume that the plate can 
be described as if it is isotropic along 
both main axes of the anisotropy (5). 

Since we do not have an analytical 
solution forthe anisotropic case, Fig. 7 
shows the displacement vir) plotted 
against distance r, comparing experi
mental data with data from E q . 4. The 

experimental data in Fig. 7 are taken 
from Sample 1 in Fig. 2 at 120 us. 

The calculated curves were scaled 
to fit the experimental amplitude at r 
= 0. The calculated wave pattern is 
propagating slightly faster in the ma
chine direction than in the cross direc
tion. However, this is not what we 
observed in the experiments. Instead, 
it is the wave propagating in the cross-
machine direction that is moving 
slightly faster. Thus, the material re
sponds differently to an overall static 
load than to a local dynamic load. 

Static vs. dynamic tests 

Measures oftenclingstiffness obtained 
in a static four-point bending test do 
not lead us to expect the behavior we 
observe in the impacted corrugated 
board—that is, in a highly dynamic 
situation. In the static test, the plate 
stiffness is about twice as high in the 
machine direction as across the board. 
If this were true in the dynamic test, 
we would expect elliptical fringes with 
a major axis in the machine direction— 
that is, the wave should travel at higher 
speed in the direction with a higher 
modulus of elasticity. 

Instead, we see a more or less circu-
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6. The acceleration of the 5-g pendulum plotted against time. The 7. The out-pf-plane displacement w in Sample 1 at 120 us afterthe start 
impact duration is 1 ms. of impact 

0.5 1.0 

TIME, ms 

- CD, experimental (o) 

MD, 

experimental (+) 
10 20 30 40 St 

RADIUS r, mm 

lar fringe pattern. There are also small 
deviations in the wave pattern between 
the ridges of a mainly circular fringe, 
as if the wave traveling in the space 
between the ridges is delayed as com
pared to its speed at the ridges. The 
dynamic stiffness seems to be about 
equal in both main directions since the 
wave pattern is close to circular. 

How can this deviation be explained? 
To begin with, the out-of-plane dis

placements of a plate are related to the 
transverse forces (shear forces) trav-
elingin the plate. Along and across the 
ridges, we have two different situa
tions. Any section taken across the 
ridges of the plate shows the same 
situation. However, along the ridges, 
the situation is different. At different 
places between two ridges, the rib of 
the corrugated board appears at dif
ferent heights. Shear forces must be 
transferred from the top paper sheet 
to the bottom paper sheet and back 
again via the rib. The rib is in contact 
with the top and bottom sheets only at 
those places where it is glued to one or 
the other. The length of a rib measured 
along the curved rib is about 1.45 times 
the distance between the ridges mea
sured along the flat top sheet. 

This means that a shear wave trav

eling along the rib will be delayed, in 
comparison to the same signal in the 
top paper sheet. The stiffness of an 
individual paper sheet is also less than 
that of the total corrugated board. The 
thickness of the corrugated board be
tween the ridges also can get smaller 
than the nominal thickness—that is, 
its bending stiffness can be less. Thus, 
itis tobe expected thattransientwaves 
traveling across the ridges will be de
layed and that there should be a differ
ence in the bending stiffness results 
between the static and dynamic tests. 

These results are in correspondence 
with results from McKee etat (Ä),who 
compared the three-point and four-
point measurements of the bending 
stiffness of board. The three-point 
bending stiffnessmeasuredwithashort 
span tends to be stronger in the cross 
direction than in the machine direc
tion. 

For the ability of the corrugated 
board to resist impact from small size 
objects, we can therefore conclude that 
shear forces are important. Further
more, one has to be careful when com
paring the static behavior and the 
dynamic behavior of corrugated board. 

The interferograms of the impacted 
board shows the dynamic behavior and 

could be a valuable tool in comparing 
different boards with respect to im
pact strength. 

Discussion 

Interferograms of propagating bend
ing waves in paper show different 
propagation speeds in different direc
tions. This difference is caused by the 
anisotropy of the paper. The interfero
grams also show disturbances in the 
wave pattern, revealing local deviation 
in either material or geometry, orboth. 
The results show good correspondance 
with other methods, such as ultrasonic 
testing, in deterrnining the anisotropy 
of the paper. 

The same type of experiments ap
plied to samples of corrugated board 
show some rather interesting results. 
We observed a difference in the wave 
patterns for the samples. One of these 
samples represented a normal, or 
"good," piece of board, and the other 
board had a tendency to warp around 
the diagonal of the sample. The sample 
of normal quality showed a more even 
wave pattern in both the machine and 
cross-machine directions than did the 
second sample. For the second sample, 
the wave travels faster in the cross 
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direction and creates a strange wave 
pattern. Theout-of-planedeformations 
show a picture in which the leading 
edge in the cross-machine direction is 
out of phase with the leading edge in 
the machine direction. 

It is also interesting to compare the 
anisotropy predicted by studying the 
out-of-plane deformation with the re
sults of a four-point bending stiffness 
test The correspondence is poor, which 
can be explained by the fact that shear 
deformation is important for impacts 
that take place over areas that are the 
same size or smaller than the wave
length of the corrugated media. A pure 
bending model will not explain the de
formation pattern, and shear deforma
tion must be included. 

When a sample of corrugated board 
has a defect, such as a missing glue 
joint, the wave pattern in the interfero
grams is disturbed and is possible to 
localize by a simple visual inspection. 

Impact testing applied to a side of a 
box of corrugated board revealed that 
the sides of the box are connected to 
each other like pinned joints. Bending 
moment is transferred around the cor
ner only in very small amounts. [This 
edge condition was used by McKee et 
al (9).] Furthermore, the deformation 
gets very high at the free edge of a 
handle. The wave has a high amplitude 
and is clearly delayed around the 
handle, compared with the wavepropa-
gating in undisturbed areas. 

From the different experiments 
performed with this holographic 
method, our conclusionisthatthis tech
nique is a valuable tool for studies of 
mechanical material parameters and 
geometries in optimizing the usage of 
the material. It may also be useful 
when personnel in quality control are 
looking for defects. 

Adevelopmentoftheimpactmethod 
is also in progress in our laboratory. In 
this work, the mechanical impact de
vice is being replaced by a focused 
pulsed laser, which produces a purely 
optical impact (10). HI 
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ABSTRACT 

Stiffness in paper is measured by holographic interferometry. The 

displacement field is numerically evaluated using a phase stepping and 

unwrapping reconstruction technique. Transient bending waves in the 

paper sample are generated and recorded by the same pulsed laser. The 

proposed method can be developed into a commercial on-line measuring 

device of paper stiffness. A number of defects (variations in thickness, 

stiffness or density) are identified using this technique. 

INTRODUCTION 

Measures of strength and stiffness in paper are critical quality indicators for 

paper makers. In packages for example, the in-plane stiffnesses can be 

related to the loading capability. The industry is currently seeking optical 

and other noncontact, nondestructive, preferably on-line methods for 

measuring these qualities. Holographic interferometry [1], with a double-

pulsed laser as light source, has proven to be a valuable tool for the study of 

transient events like the propagation of bending waves in plates and shells 



2 

[2-5]. Fällström et. al. [3-4] showed that it was possible to determine Young's 

modulus, based on the results from these plate impact experiments. They 

used a pendulum to impact aluminium and composite plates and they 

studied the bending wave propagation with pulsed holographic 

interferometry. An important advantage is that these experiments can be 

performed not only on free plates but on plates with any boundary 

condition because only the initial part of the propagation is studied, i.e., the 

bending waves have not reached the boundaries for the time periods which 

are investigated. In reference [6], Olofsson et. al. used this technique to 

examine anisotropy and local variations in paper. 

A disadvantage of using a pendulum to impact the paper is that the impact 

duration often is longer than the bending wave propagation time across the 

paper. Another disadvantage is that the amplitude often becomes too large 

to be evaluated with holographic interferometry. The fringes wi l l be so 

closely spaced that they cannot be resolved. A pendulum impact is also 

difficult to apply in an on-line measuring device. In this study we therefore 

introduce a new impact technique on paper where the bending waves are 

generated and also recorded by the same pulsed laser. This simplifies the 

experiments considerably and produces a suitable impulse giving a 

detectable amplitude. 

A problem with traditional holographic interferometry is that 

interferograms can hardly be evaluated by persons without good knowledge 

of the measuring technique. For the method to be easy-to-use, the 

interferograms should be directly translated into a 3D-displacement map. 

This problem has been solved amongst others by Crawforth et. al. [7] who 

used a double-pulsed dual-reference holographic measurement technique. 
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Leidenbach [8] used another method where the reference phase is spatially 

shifted from one pixel in the image to the next by a known amount. 

In this paper the interferograms are translated into a 3D-displacement map 

by using two-reference beam holographic interferometry [9] combined with 

a phase stepping technique [10]. A number of defects in kraftliner are also 

studied. 

EXPERIMENTAL SETUP AND PROCEDURES 

Using the experimental arrangement illustrated in figure 1, bending waves 

are created by focusing a small part of the Ruby laser (Ruby) beam at the 

back of the plate (P) (the paper sheet). At a small point (less than 0.5 mm in 

diameter) a small amount of material is evaporated by the short laser pulse 

(25 ns long). Momentum is transferred to the paper by this eruption. At the 

same time 70 % of the light is reflected by the (30/70) beamsplitter (BS), 

passing two mirrors (M) and a negative lens (L-). This part of the laser beam 

illuminates the plate, and produces the first exposure of a double exposed 

hologram (interferogram). The divergent light beam from the negative lens 

(L-) is used to form an object wave (Obj) and a reference wave (Ref) which 

are recorded by photographic fi lm as a hologram (H). The paper sheet is 

recorded in an undeformed state, since the plate is impacted by the Ruby 

laser pulse almost simultaneously with the first exposure. The next laser 

pulse is deliberately delayed with respect to the first pulse in between 1 and 

800 us. The rotating mirror (RM) has during that time shifted the reference 

wave (Ref) by about 0.01°. The second pulse records the plate in a deformed 

state caused by the first laser beam impact but with this slightly shifted 

reference beam. The pulse length or the exposure time is as short as 25 ns, 

so even propagating bending waves are recorded frozen in the hologram. In 
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this manner, a series of two-reference-beam holograms can be recorded by 

repeating the experiment with increasing time delays. 

INTERFEROGRAM PROCESSING 

In the reconstructed image of this two-reference-beam interferogram [9], the 

paper is covered with a set of cosinusoidal fringes. These interference 

fringes display contours of equal, out-of-plane displacement. The 

reconstruction setup is shown in figure 2. A Helium Neon laser (HeNe) 

illuminates a Michelson interferometer (M, BS, PZT) to produce two 

similar beams of light as output. A mirror (PZT) can be moved by a piezo 

electric crystal to shift the phase in one beam relative to the other. The 

mirror (M) is adjusted to give an angular difference between reference wave 

1 (Refl) and reference wave 2 (Ref2) equal to the one used in the 

experimental arrangement in figure 1. Reference wave 1 (Refl) and 

reference wave 2 (Ref2) illuminates the hologram fi lm plate (H) and 

reconstructs the object in its undeformed and deformed state 

simultaneously. The undeformed and the deformed object interferes giving 

the cosinusoidal fringes. These fringes can now be controlled by moving the 

(PZT) mirror. 

To determine the phase in the reconstructed interferogram, a phase 

stepping technique is used [10]. The interferogram is reconstructed and 

recorded by a CCD-camera (CCD) four times. The mutual phase difference of 

the two reference beams is changed each time between two reconstructions 

by a phase-shift introduced by the piezo mounted mirror (PZT). The local 

intensities Ijx(x,y) in the interferogram of the reconstructions k= 0, 1, 2, 3 are 

given by the four equations 

I k( x ' y ) = a ( x 'Y ){ l+m(x,y)cos( <)>(x,y) + k-Tt/2)} 1 
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where a(x,y) denotes the local mean intensity, m(x,y) the fringe contrast and 

<)>(x,y) the interference phase. The phase <|)(x7y) at each point in the detector 

plane then is 

The phase at each point, given by equation 2, is evaluated by a computer 

(PC) program. To remove the 2n phase ambiguities a noise-immune phase 

unwrapping algorithm [11] is used. The out-of-plane displacement w of the 

impacted plate can be calculated from the phase of the interferogram 

where X is the Ruby laser wavelength and yis an angle defined in figure 1. 

Figure 3 shows the 3D-displacement field of an impacted isotropic paper 

where the techniques described above was used. 

BENDING WAVE PROPAGATION 

In order to get an analytical solution comparable to the measurements 

presented in figure 3 we need to solve the Kirchhoff plate equation for an 

isotropic plate. If the sample is anisotropic an extended equation of motion 

should be used [12]. The Kirchhoff equation for a plate with constant 

thickness is 

2 

w = 
<l>(x,y) 

2TC 2cos(y) 
3 

d2W 
DV 4 w + p 

3t2 
= P(r.t) 4 

where 



6 

D = plate stiffness (defined in equation 5) 

= basis weight P 

V4 = biharmonic operator 

= radial distance from impact centre 

= time after impact start 

= circular symmetric load per unit area 

= out-of-plane deflection of the plate. 

r 

t 

P(r,t) 

w 

Eh 3 

D = 
12(l-v2) 

5 

E Young's modulus 

thickness of the plate h 

v = the Poisson ratio. 

Equation 4 has been solved analytically by Fällström et al. [3,4] for the 

cylindrically symmetric case when the plate is impacted in one point with a 

contact force of either infinitesimal duration or of sinusoidal shape. 

Aprahamian et al. [2] numerically solved the corresponding Mindlin plate 

equation, where both rotary inertia and shear deformations are taken into 

account, and compared the results with experiments. To solve the Kirchoff 

plate equation Fällström et al. used Hankel transforms with respect to the 

radius and Laplace transforms with respect to time t. 

For a point-like impact of infinitesimal duration the solution of equation 4 

was found to be 

w(r,t) = 
l a Jt 

4TCD 2 

s i n x 
x 

d x 6 



7 

where I is the impulse transferred to the plate during impact by the 

pendulum, ß is a similarity variable 

7 

and a is a plate parameter 

- V F 
The value of the parameter a gets large for stiff plates (with high modulus 

of elasticity and large thickness) combined with a low basis weight. The 

variable ß is affected by the plate parameter a. See equation 7. An 

irregularity where the ß-parameter is different compared to the 

surrounding material wil l cause a disturbed wave propagation. The out-of-

plane displacement w in equation 6, depends only upon the similarity 

variable ß, aside from the amplitude factor Ia/D. This means that the 

location of the maxima and minima of the curve depend on the plate 

parameter a and the time t. If equation 6 is solved for the first minima, we 

get 

r 2 = 3.544912 a t 9 

If equation 9 is solved for the modulus of elasticity E, we get 

p ( l - v 2 ) r 4 
E = 0.07599 P ^ h 3 t 2

; 

Experiments with isotropic plates give a circular wave pattern, since the 

waves are travelling with the same speeds in all directions. Because of the 
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dispersive nature of bending waves, high-frequency components travels 

faster than low frequency ones, compare equation 6. 

In the anisotropic case, the wave pattern is not circular due to different 

stiffness in different directions. A typical machine-made paper has shown to 

give an elliptical type of wave pattern [6]. If the stiffnesses of an anisotropic 

sample is searched for, one can either solve the anisotropic plate equation 

[12] numerically or use the method of effective stiffnesses as suggested in 

reference [4]. More details about holographic interferometry and bending 

wave propagation can be found in the literature [1,2,3,4,6]. 

EXPERIMENTS WITH PAPER 

Experiments were performed with paper using the method and setup as 

illustrated in figure 1 and 2. The 3D-displacement map of a sheet of paper 

impacted by a ruby laser is shown in figure 3. The figure shows the sample 

100 us after impact and the energy of the first laser pulse is 20 mj. The paper 

used in this experiment was laboratory sheet formed and has a basis weight 

of 150 g / m 2 and a thickness of 203 urn. The modulus of elasticity, measured 

mechanically, is 7.2 GPa in all directions (an isotropic sample, test method 

SCAN P38:80, number of samples reduced to 4). This gives a bending 

stiffness of D = 5-10~3 Nm and a plate parameter of a = 0.18 m 2s~l, assuming 

the Poisson ratio to be small. The moisture and temperature at the 

mechanical and optical experiments were 30 ± 3 % RH and 24 ± 1°C, giving 

similar environmental conditions. The data from the mechanical tests were 

implemented in equation 6 and the result is shown in figure 4 as a dashed 

line. The time t after impact start was set to 100 us. Data obtained from the 

displacement map in figure 3, along one diameter in the x-y plane, is shown 

in figure 4 as a solid line. The impulse I in equation 6 is given by matching 

the amplitude of the theoretical curve to the experimental curve. The 
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impulse I = 2.23-10"^ Ns in figure 4. The theoretical curve and the 

experimental curve follow each other closely until the first minima next to 

the central peak. After that the maxima and minima of the theoretical 

curve have a higher in-plane speed compared to the maxima and minima 

of the experimental curve. This can be explained by a limitation of the 

Kirchhoff plate model which allows phase and group speeds to be arbitrarily 

large [12]. The situation is similar for beams where the Timoshenko theory 

produces finite phase speeds for bending waves, in contrast to the 

Bernoulli-Euler theory. 

DETECTION OF IRREGULARITIES IN KRAFTLINER 

Defects were deliberately introduced in samples of kraftliner in order to 

study the effect on the wave propagation patterns. The experimental setup 

is shown in figure 1, with the exception that the rotating mirror RM was 

replaced by a fixed mirror. This gives a traditional holographic setup 

sensitive to out-of-plane displacements. Two consecutive fringes have a 

difference in amplitude of half the ruby laser wavelength used (347 nm). 

The kraftliner in figure 5 is machine made and has a basis weight of 290 

g / m 2 and a thickness of 420 urn. The interferogram shows the sample 300 

us after impact and the energy of the first laser pulse is 74 mj . The paper has 

a 30 mm long slit on the right side. Elliptical fringes in the interferogram 

show that the bending wave propagates with a higher speed in one 

direction of the paper. The fringes would have been circular in an isotropic 

material. The slit on the right side acts like a discontinuity, with zero 

bending stiffness, to the bending wave. The slit is an obstacle the wave has 

to pass. The wave pattern is also disturbed between the centre and the slit. 

This is caused by reflected waves from the defect. 



The kraftliner in figure 6 is machine made and has a basis weight of 285 

g / m 2 and a thickness of 435 urn. The interferogram shows the sample 275 

us after impact with an energy of the first laser pulse of 61 mj . The paper has 

an area with higher moisture content in a diameter of 20 mm on the right 

side. It can clearly be seen that the bending wave is disturbed passing the 

moisture defect. The humidity causes the stiffness in the paper to drop. This 

effect disappears quickly when the moisture evaporates. 

The kraftliner in figure 7 is laboratory sheet formed and has a basis weight 

of 190 g / m 2 and a thickness of 390 urn. The interferogram shows the sample 

140 us after impact and the energy of the first laser pulse is 35 mj. The paper 

has a small hole (2 mm in diameter) on its right side. The wave pattern is 

disturbed around the defect. Reflected waves from the hole interfere with 

the outgoing ones and the transmitted waves are diffracted by the defect. 

The wave pattern look different, compared to the undisturbed side, with 

small circles overlayed on the base pattern, caused by the secondary waves. 

The kraftliner in figure 8 is laboratory sheet formed with a basis 

weight of 190 g / m 2 and a thickness of 345 urn. The interferogram 

shows the sample 160 us after impact and the energy of the first 

laser pulse is 31 mj. The paper has three areas with smaller 

thickness (15 % higher density, each with a diameter of 35 mm) on 

the right side. The modulus of elasticity is about 20 % higher at the 

defects. (A pure density disturbance could be difficult to 

manufacture. The thickness and stiffness in the paper wi l l also be 

affected.) This increases the ß-variable with 5% at the high density 

areas. It can be seen that the wave pattern on the left side is 

smoother than on the side with defects. This is probably caused by 

reflections in the boundary between the normal area and the defect. 
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The kraftliner in figure 9 is laboratory sheet formed and has a basis weight 

of 190 g / m 2 and a thickness of 335 urn. The interferogram shows the sample 

160 us after impact and the energy of the first laser pulse is 32 mj . On the 

right side, the paper has an area, 20 mm in diameter, with higher basis 

weight (20 %). In this case it is only the thickness that is affected and this 

wi l l decrease the ß-variable with 10 % at the thicker area. If. the 

interferogram is examined carefully one can see that the wave pattern is 

disturbed at the defect. It is interesting to note that the defect is more visible 

for the density defects in figure 8 compared to the basis weight defect in 

figure 9, even though the change in the ß-variable indicates the opposite. 

However the density defects are larger (35 mm in diameter) than the basis 

weight defect (20 mm in diameter). This makes the density defects easier to 

detect because of the large wavelengths of the bending waves. 

DISCUSSION AND CONCLUSIONS 

By using pulsed holographic interferometry it is possible to study 

the complete out-of-plane displacement field in all points of a paper 

simultaneously. The two-reference beam technique combined with 

the phase-stepping and phase unwrapping technique, displays the 

results as a 3D-displacement map. These data are easy to study and 

handle since they are accessible by computer. 

This new laser pulse excitation technique gives pulse impacts with 

very short impact duration with no mechanical contact which is an 

improvement compared to earlier reported impact methods [3,4,6]. 

It is now possible to calculate the response of the paper, when the 

pulse is modelled as an approximation of a Dirac pulse, i . e. to be 

very narrow in time and space. With this impact model it is 



possible to determine the plate stiffness. Another advantage is the 

simple experimental technique. It is not necessary any longer to use 

advanced triggering of the impact and the recording laser pulses 

since the bending wave is both generated and recorded by the same 

laser pulse. The impulse can be adjusted so that the fringes in the 

interferograms are resolvable. One disadvantage is that the 

transferred impulse must be estimated by curve fitting of the 

amplitude. The impulse is however not necessary to know when 

the value of the stiffness is searched for. 

Interferograms of propagating bending waves in paper with 

irregularities show disturbances in the wave patterns. These 

disturbances are in this paper caused by deliberately introduced 

defects in the samples, that is, defects that cause variations in 

thickness, stiffness or density. The defects were in all cases possible 

to detect by visual inspection of the wave pattern, by comparison 

with the undisturbed part of the sample. The experiments show 

that the ß-variable is important to give an understanding of the 

disturbed wave pattern at a defect. If the ß-variable at the defect 

differs by more than 5 % compared to the rest of the plate, the 

disturbances of the wave pattern are visible, compare figure 8. It is 

also possible to apply this technique to other paper samples like 

corrugated board as was shown in reference [13]. 

From the experiments above it can be seen that paper stiffness can 

be measured by using a two-reference-beam holographic setup 

combined with a phase stepping and unwrapping reconstruction 

technique. A commercial on-line measuring device of paper 

stiffness could be developed using laser generated waves and an 



electronic double pulsed holography system [14] combined with 

either a phase stepped dual-reference recording method [7] or a 

direct phase measurement technique [8]. 
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Experimental arrangement used to record two-reference-beam 

interferograms of propagating transverse waves in plates. Ruby 

= double-pulsed ruby laser, BS = beamsplitter, M = mirrors, 

L+, L- = positive, negative lens, P = paper sample, 2y = angle 

between the illumination and viewing directions, RM = 

rotating mirror, Obj, Ref = holographic object wave, reference 

wave, H = hologram film holder. 

Setup used to reconstruct and phase step interferograms. HeNe 

= Helium-Neon laser, BS = beamsplitter, M = tilted mirror, PZT 

= piezo mounted mirror, Refl, Ref2 = holographic reference 

waves, H = hologram film holder. CCD = CCD-camera, PC = 

computer. 

Out-of-plane displacement of a sheet of isotropic paper 

impacted by a ruby laser reconstructed using the setup in figure 

2. The time after impact is 100 us. 

Out-of-plane displacement along one diameter of a sheet of 

isotropic paper impacted by a ruby laser, compare figure 3. The 

time after impact is 100 us. The solid line is experimental, the 

dashed line is theoretical, see equation 6. 

Interferogram showing the bending wave in a sample of 

kraftliner 300 us after impact. The paper has a 30 mm long slit 

on the right side deliberately introduced as a defect. 



Interferogram showing the bending wave in a sample of 

kraftliner 275 us after impact. The paper has an area with 

higher moisture content with a diameter of 20 mm on the 

right side. 

Interferogram showing the bending wave in a sample of 

kraftliner 140 us after impact. The paper has a small hole (2 

mm in diameter) on its right side. 

Interferogram showing the bending wave in a sample of 

kraftliner 160 us after impact. The paper has three areas with 

higher density (each with a diameter of 35 mm) on the right 

side of the kraftliner. 

Interferogram showing the bending wave in a sample of 

kraftliner 160 us after impact. The paper has an area, 20 mm in 

diameter, with higher basis weight on its right side. 
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Holographie Interferometry Measurements of 
Transient Bending Waves in Tubes and Rings 

by K. Olofsson and L E . Lindgren 

ABSTRACT—Propagat ing bending waves are studied in a 
tube of steel and in a ring of aluminum. The waves are 
generated by the impact of a ballistic pendulum. Holo
graphic interferometry, with a double-pulsed ruby laser as 
light source, is used to record the waves. A conical mirror 
is placed axially inside the tube. Axial illumination and axial 
observation directions, make it possible to view all s ides of 
the tube simultaneously with a high sensitivity to radial 
deformation. The interferograms, which have an unusual 
perspective, are captured with a C C D - c a m e r a and then 
spatially transformed into an unwrapped strip of the tube 
wall. This makes the interpretation of the measurements 
simpler. The geometry of the tube c a u s e s the wave pattern 
to propagate with different speed and amplitude along and 
across the tube, even when the material itself is isotropic. 
A finite-element simulation of the impact is compared to the 
corresponding experiment. An impact on a ring with a 
defect is performed in order to study the effect on the wave 
partem. The proposed method could be used in nonde
structive testing of pipes. 

Introduction 

Transient bending wave propagation in plates, using 
pulsed holographic interferometry, has successfully been 
studied for example by Aprahamian et al.' and Fallström 

et al.2. It is also possible to detect defects in plates studying 
bending waves, Ref. 3. In weakly curved shells, such as in 
musical instruments this method has been used by Mol in 
et al.*-5 

When the curvature of the object increases, two difficul
ties arise in the experiments. Firstly, it wi l l be difficult to 
get an even illumination of the object and, secondly, it wil l 
be difficult to interpret the holograms (interferograms). 
Compare to Ostrovsky et al. 6 The difficulties occur be
cause the normal vector of the object surface and the 
illumination and observation directions wil l vary in direc-

K. Olofsson is Postgrauate Student. Division of Experimental Mechanics, 
and LE. Lindgren is Associate Professor, Divison of Computer Aided 
Design, Luleå University of Technology, S-97187 Luleå. Sweden. 

Original manuscript submitted: November 25, 1991. Final manuscript 
received: February 25, 1993. 

tion relative to each other over the object surface. That is, 
the holographic sensitivity vector (Ref. 7) of the measure

ments wil l vary over the object surface. 

In this paper, a method to investigate transient bending 
wave propagation in tubes and rings, is presented. A coni

cal mirror is axially placed inside a tube. Thereby it is 
possible to illuminate and observe the object surface along 

the normal of the curved object surface. Th is makes it easy 
to detect, and gives a high sensitivity to radial displace
ments of the tube walls. However, the interferograms must 
be spatially transformed in order to simplify the interpre
tation. This is no problem when using image-processing 

software. 

The proposed experimental technique is applied to two 
different problems in this paper. Experiments with one 
impacted tube and one ring are studied. The transient 
bending wave propagation in the tube wall are compared 
with calculations. Thickness variations and a defect in the 
ring give a detectable change in the wave partem recorded 

in the interferograms. 

Experimental Setup and Procedures 

T h e tube tested was a thin-walled steel pipe with an inner 
diameter of 150 mm, a wall thickness of 2.5 mm and a 
length of 300 mm. The right angle conical mirror used has 
a base radius of 50 mm and a height of 50 mm. The optical 
setup is shown in F ig . 1. The tube (Tu) is axially aligned 

via a beamsplitter ( B S ) to the beam of a double-pulsed ruby 
laser ( R U B Y ) . The beamsplitter makes it possible to illu
minate and observe the tube in axial direction. T h e diver

gent lightbeam from the negative lens ( L ) , mirrors (M) and 
the ruby laser are used to form an object wave (O) and a 
reference wave ( R ) which are recorded by photographic 
film as a hologram (H). The distance from the laser to the 
tube is much greater than the diameter of the tube which 
makes the illumination approximately parallel to the tube 

axis. 
A conical mirror ( C M ) is placed axially inside the tube, 

see F ig . 1(b). The purpose of the mirror is to make a full 
view of a strip of the inner surface of the tube, both for 
illumination and observation. 
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Fig. 1—<a) Schematic diagram of the optical setup, 
and (b) light paths from laser to hologram. Notations 
are explained in the text 

Fig. 2—(a) Reference image, (b), (c), and (d) Interferograms 
conical mirror. Wave propagation times after impact start are 
30 us 

A n experimental sequence starts by releasing a pendu

lum (P). Close to the tube, the pendulum crosses a thin laser 

beam (HeNe-D) . This gives a pulse from the photodiode 

(D) which triggers the ruby laser. The first ruby pulse 

records the stationary object as a first exposure of the 

hologram. The second pulse is launched at a preset time 

(variable from 1-800 u.s) after the first one. A s the pendu

lum hits the tube at the time interval between the first and 

the second laser pulse, the latter gives a second exposure 

to the hologram which records the transient propagating 

bending waves on the tube created by the impact. The 

duration of the laser pulse is only about 25 ns which is short 

enough to 'freeze' the fast moving bending waves during 

the exposure. 

The impact duration (7) and the time from initiation of 

the impact to the second laser pulse (r) is measured in the 

following way. The pendulum, the tube and a battery is 

part of an electrical circuit. The signal from the circuit 

(when the pendulum is in contact with the tube) and the 

signal from the ruby laser are tracked using a two-beam 

memory oscilloscope. The time (7) is given by the time the 

pendulum is in contact with the tube and (r) is the time 

difference between the start of the impulse and the second 

laser pulse. The interferograms are recorded using A G F A 

10E75 Holotest 35-mm film. The interferograms are re

constructed in HeNe laser light and grabbed to a P C / A T 

of bending wave propagation in a steel tube as seen via the 
26 us, 49 us and 110 us, respectively. Impact duration T= 
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Fig. 3—Transformation of the images in Fig. 
2(a)-(d) into an unwrapped slit of the inner 
wall of the tube 

computer, from a Philips C C D video camera ( C ) , where 
the digital image processing is performed. 

Since the illumination and the observation are collinear, 
see F ig . 1(b), the maximum sensitivity for displacements 
is directed radially in the tube, see Ref. 7. The fringes in 

the interferograms are interpreted as isoamplitude lines of 
the radial displacement w of the tube. T w o consecutive 
fringes have a difference in amplitude of half the ruby-laser 

wavelength X/2 = 347 nm. 
The moment of inertia of the pendulum is known. The 

initial angle is determined from the experimental setup. 
The maximum rebound angle of the pendulum after impact 
is measured with a high-speed video (Kodak EktaPro 1000 

motion analyzer) which had a rate of 250 frames /second. 
Th is information is used to calculate the impact force and 
momentum transferred to the tube, by assuming that en
ergy and momentum are conserved during impact 

T h e image of the inside of the tube seen from the conical 
mirror, have an unusual perspective. A spatial transforma
tion of the picture is therefore convenient. In F ig . 2, four 

Fig. 4—Interferograms of bending wave propaga
tion in a steel tube illuminated and photographed 
from the outside 

images are shown: a reference picture [Fig. 2(a)] used to 
calibrate the transformation and the three other interfero

grams [2(b), 2(c) and 2(d)] which are experimental results, 

recorded 26 u,s, 49 us and 110 p.s after impact start. The 
pictures are captured with a C C D - c a m e r a with 256*256 

squared pixels and each pixel have a gray scale of one byte 
(256). The images of F ig . 2 are unwrapped, that is trans

formed into a polar coordinate system, see F ig . 3. The 
pattern is transformed to look like the inner surface of the 
tube as it is viewed from the axis of symmetry of the tube. 
T h e center of the images in F i g . 2, the top of the cone, were 

searched for manually. The transformation maps a circle 
around the center into a straight line [(compare F ig . 2(a) to 
F i g . 3(a)]. Th is fact is used in the iterative process when 

the center of the image is searched for. I f the circular edge 
of the conical mirror does not become a straight line, the 
transformation has to be redone. When the center of the 

image is found, the gray level of the transformed image is 
fetched from the nearest pixel in polar coordinates of the 
original image. The left part of the unwrapped pictures 
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Fig. 5—Interferogram of bending wave propagation in an aluminum ring with a circular defect, as seen 
in the conical mirror and transformed to look like an unwrapped strip of the ring wall 

corresponds to the top of the conical mirror. The images 
in F ig . 3 contain the sampled information of95*361 pixels. 

Three interferograms of the outside of the tube, without 
a conical mirror, were also taken [see Figs. 4(a)-(c)]. The 
same momentum as used in F ig . 2 is transferred. The 
pendulum arrangement is seen in the foreground. The 

wave propagation times are 50 us , 72 us and 100 | ls . The 

impact duration is T = 30 us . These interferograms have a 
measuring sensitivity only to displacements in the viewing 
direction and not in the radial direction of the tube as 
before, that is, the sensitivity will vary over the object 
surface. These interferograms were taken for comparison 

with corresponding computational results. 

The second object tested was an aluminum ring with an 
inner diameter of 104 mm, a wall thickness of 3 mm and 
a length of 40 mm. The standard deviation of the thickness 

is 30 urn. T o simulate a defect, a cylindrical hole with a 
diameter of 9 m m was countersunk to half the thickness of 

the ring wall from the outside. The optical setup is shown 
in F ig . 1, where the steel tube (Tu) is replaced by the 
aluminum ring. Figure 5 shows interferograms of the 

aluminum ring recorded 18 us , 55 |is and 60 us after 
impact start. T h e right part of the unwrapped pictures 
corresponds to the top of the conical mirror. In F ig . 5(a), 
the location of the defect is marked with a circle in the 
transformed image. It can be seen that the pendulum hits 

the ring a little bit off center. In F ig . 5(c), it can be seen 
that the wavefront travels slightly faster downwards in the 
undamaged section measured from the impact point. It can 

also be seen that the thickness variation gives slight distur
bances in the otherwise symmetrical wave pattern. 

Finite-element Simulation 

The finite-element method was used to simulate the 
wave propagation in the steel tube due to impact of a 

pendulum. The explicit finite-element code D Y N A 3 D 8 is 

used in the simulations. The pipe is modeled by 6600 

four-node shell elements and 6700 nodes. The impact is 

modeled as a point load orthogonal to the pipe. It varies as 

a half sine-wave with an amplitude of 65 N and a duration 

of 30 us. This loading was estimated from the experiment 

by considering the change in angular momentum of the 

pendulum. The material properties were taken as E = 210 

G P a , v = 0.3 and p = 7800 kg/m. 3 The geometry is the same 

as the steel tube in the experiments. 

Figure 6 shows contour maps of the computed displace

ments in the viewing direction at times t = 49.5 | i s , 71.9 us 

and 99.6 us. The results correspond to the interferograms 

in F ig . 4. Figure 7 shows a view from the inside at the times 

t = 27.0 us, 49.5 us and 109.5 us . Compare with the 

interferograms in F igs. 2 and 3. The perspective gives a 

distorted grid where the distance between two horizontal 

lines is 4.54 mm and between two vertical lines 4.71 mm. 

Figure 8 shows the displacement of the impacted node as 

a function of time in the simulation as a solid line. Data 

from the experiments are plotted as dots. There is some 

averaging in the postprocessing of the finite-element re

sults before displaying the contour maps. Therefore, the 

contour maps are somewhat smoothed compared to the 

computed results. Th is difference can be seen by compar

ing the displacements of the point of impact in F i g . 7 with 

the time-displacement diagram of the impacted node in 

F ig . 8. 

Results 

Figures 2(b), (c) and (d) show a sequence of interfero
grams of the inside of the tube taken at increasing times 
after impact start. Figure 2(a) is a test pattern. Figures 

3(b)-(d) show the transformed images of the pictures in 
F ig . 2 where the inside of the tube is presented as a flat slit 
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A - -1 74 nm 
B - 174nm 
C - 521 nm 
D - 866 nm 

49.5 ns 

71.9ns 

99.6 ns 

Fig. 6—Finite-element simulation of transient bending 
wave propagation in a steel tube seen from the outside 

Fig. 7—Finite-element simulation of transient bending 
wave propagation in a steel tube seen from the inside 

of the inner wall. Note that the resolution in the image is 
degraded close to the top of the conical mirror, which in 
the unwrapped images corresponds to a line to the left in 
the strip. 

2000 

0 10 2 0 3 0 4 0 S O M 7 0 I 0 9 0 100 

time lilt) 
Fig. 8—Comparison of experimental data with calcu
lated displacement of the impacted tube 

Figures 4(a)-4(c) show a sequence when the tube is 
impacted, illuminated and observed from the outside, that 
is no conical mirror is used. In this case the angle between 
the radius vector from the center line of the tube to different 
points on the tube wall, have different angles relative the 
observation and illuminations directions. This means that 
the measuring sensitivity will change from point to point 
of the curved tube surface. Fringes in the interferogram 
will connect points on the object surface where the radial 
deformation projected onto the observation and illumina
tion direction have a constant value. This makes such 
pictures harder to evaluate numerically. 

At least three interesting observations can be made in 
this sequence. The wave pattern is not circular symmetric 
as it should have been with an isotropic, impacted flat 
plate. See Fällström et al.2 This obviously can be ex
plained, by geometrical effects. Geromenova9 has a geo
metrical theory for flexure waves in shells where the 
principal curvatures of a shell are responsible for the 
anisotropic behavior. Secondly the wave partem at 50 us 
in Fig. 4(a) can be compared with Fig. 3(c), the unwrapped 
interferogram of the inside tube wall at approximately the 
same instant and equal impact conditions. Such a compari
son can be found by counting fringes and looking at the 
shape to support what was said earlier about the sensitivity 
of the two measurements. The sequence also has one 
maximum of deformation at the impact point in the start. 
Later on, two and even three such extremal points occur. 

Conclusions and Comments 

With a conical mirror placed inside the impacted tube, 
inspection of the whole circumference of a strip of the pipe 
can be performed. This can be applied in nondestructive 
testing of pipes. Pulsed holographic interferometry is used 
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to make a record of transient bending waves that travels 
along and around the pipe walls. The sensitivity of radial 
displacement of the tube wall is high. 

Even when we have pipes made out of an isotropic 
material, geometrical effects cause the bending waves to 
travel with different speeds along and around the pipe. It 
is not as simple as for an isotropic plate where the wave 
pattern has circular symmetry. A FE-simulation of tran
sient bending waves in a pipe wall is compared to the 
experimental results. The calculated pattern corresponds 
very well in shape with the measured pattern, see Fig. 8. 
But calculated values of the radial amplitude are about 
15-percent smaller than measured values. This might be 
explained by the fact that the force equation F(t) in the 
calculations was assumed to be half-sinusoidal. This is an 
approximation compared to the real impact. When estimat
ing the amplitude of the force, the pendulum was assumed 
to move as a rigid body. However, after impact, elastic 
waves propagate in the pendulum. The effect these waves 
have on the renounce velocity of the pendulum was as
sumed to be small. Furthermore the finite-element model 
is stiffer than the real pipe. This is more pronounced at 
shorter times when the deformation is localized to a few 
elements. 

With the present setup, closely spaced fringes are diffi
cult to read. This can be improved with a higher resolution 
C C D camera and with contrast increasing digital image 
processing. When measuring on tubes with a very small 
radius or when it is difficult to reach the inside of a 
cylinder, a conical shaped collar can be attached on the 
outside of the specimen. 

The main conclusion in this paper is that this method is 
a feasible tool for investigating radial displacements of 
cylinders, caused by transient events. 
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Abstract 

Propagating bending waves are studied in three different composite tubes by 

holographic interferometry. A conical mirror is placed axially inside the 

tubes. Axial illumination and observation directions, makes it possible to 

view the circumference of the tube, with a high sensitivity to radial 

deformation. It is shown how the deformation field can be numerically 

evaluated using a phase stepping and unwrapping technique. Transient 

bending waves in the tubes are both generated and recorded by the same 

pulsed laser which makes the experiments easy to perform. Finite-element 

simulations of the impacted tubes are compared to corresponding 

experiments. Both the geometry and the material properties of the tubes 

affect the wave propagation. For unidirectional composite tubes, the 0° and 

90° directions have different dynamic behaviour. The proposed method 

could be used in non-destructive testing of tubes. 
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Introduction 

Holographic interferometry [1] , with a double pulsed laser as light source, 

has proven to be a valuable tool for the study of transient events like the 

propagation of bending waves in plates and shells [2-7]. The cylindrical 

geometry is important in many engineering applications, therefore there is 

an interest to apply optical non destructive techniques for testing of tubes. 

Gilbert et al. [8] describes a Panoramic Imaging System where different 

optical techniques inside cylinders, can be applied. When using holographic 

interferometry in this panoramic system, the measuring sensitivity is 

varying with the viewing direction. Reference [9] describes a way to avoid 

this problem using a holographic interferometry arrangement which is 

sensitive to the out-of-plane displacements of a cylinder. A conical mirror 

was axially placed inside a tube. Thereby it was possible to illuminate and 

observe the object circumference with a high sensitivity to radial 

displacements. In [9] this technique was used to study transient bending 

waves in isotropic tubes and rings. The bending waves were excited using a 

pendulum. 

A disadvantage of using a pendulum as impactor is the need for 

mechanical contact which gives quite long contact times. It is also a problem 

that the pendulum has to trigger the double pulsed laser. An optical 

method to generate bending waves was proposed in [10]. A focused laser 

pulse transferred energy and momentum to a plate. This created a non 

mechanical impact of the plate. The same double pulsed laser was also used 

both to generate and to record the bending waves. Thereby no triggering 

problems arised and the impact could be regarded almost as a Dirac pulse 

both in space and time. 

A problem with the use of traditional holographic interferometry is 

that interferograms can hardly be evaluated by persons without good 

knowledge of the measuring technique. One way to circumvent this, is to 
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automatically translate the interferograms into 3D-displacement maps. This 

problem has been solved amongst others by Crawforth et. al. [11] who used a 

double-pulsed dual-reference holographic measurement technique. 

Leidenbach [12] used another method where the reference phase is spatially 

shifted from one pixel in the image to the next by a known amount. 

In this paper it is shown how interferograms in a conical mirror can 

be translated into a 3D-displacement map by using two-reference-beam 

holographic interferometry [13] combined with a phase stepping technique 

[14]. 

The proposed experimental technique is applied to the study of 

bending wave propagation in anisotropic tubes. The cylinders are made of 

fibre-reinforced epoxy with different stacking sequences. 

Specimen description 

Three tubes were fabricated as 4-layer fibre-reinforced epoxy laminates, two 

from E-Glass TEX 2400 and one from carbonfibre T700s. Two tubes are uni

directional composites and one has the stacking sequence [ 45/-45/-45/45 ]. 

Throughout this paper a local coordinate system is used to describe the 

material in the tubes, Fig. 1. Direction 1 is perpendicular to the axial 

direction of the tube, direction 2 is in the axial direction and direction 3 is in 

the radial direction of the tube. All tubes have a length of 500 mm and an 

inner diameter of 149 mm. The three tubes are denoted A, B and C and have 

specifications as shown in table la-c. 



For a specially orthotopic material, the strain stress relations are 

given by 

CTn °22 °33 

Ojj CT22 O33 
£ 2 2 = - v 3 2 ^ + ^ - V 3 2 ^ (1.2) 

^ = - v 3 3 ^ - v 2 3 ^ + 1 ^ (1.3) 

Ti 2 

r i 2 = G ^ a-*) 

r23 = c t ( L 5 ) 

ri3 = G ^ (i-«) 

£, a and E are the strains, stresses and Young's modulus respectively in 

direction 1, 2 and 3. y, t , v and G are the corresponding shear strains, shear 

stresses, Poisson's ratios and shear moduli. 

From the values in tables la-c the mechanical properties of each layer 

are calculated using the Halpin-Tsai equations [15]. In-plane properties for 

tube A and B are directly given by the Halpin-Tsai equations, while out-of -

plane properties are evaluated with the assumption of transversely isotropic 

material [16] , which gives the following approximations: 



E 3 3 = £ 2 2 (2.1) 

G13 = G U (2.2) 

v13 = v12 (2.3) 

v32 = v23 (2.4) 

G,, = — (2.5) 
2 3 2(l+v 2 3 ) 

v23 for tube A and B are given by the tube manufacturer, see table 2. The 

values of v 2 1 and v 3 3 are given by eqs (3.1) and (3.2). 

£ 3 3 
v31 = v13%: ( 3 - 2 ) 

The flexural modulus in direction one for unidirectional composites [15] is 

given by eq (4). 

D 7 7 = U (4) 
1 1 12(1 ~v12v21) 

The in plane properties of tube C are calculated using lamination theory [15]. 

Tube C is not transversely isotropic, therefore the assumptions in eqs (2.1-

2.5) are not valid. The material properties of the three tubes are assembled 

in table 2. 
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Experimental arrangement and procedures. 

Two experimental techniques were used in this study, traditional 

holographic interferometry [1] and two-reference-beam-holographic 

interferometry [13]. 

The experimental arrangement is shown in Fig. 2 (a). The rube (TU) is 

axially aligned via two beamsplitters (BS1, BS2) and a mirror (M), to the 

beam of a double pulsed Ruby laser (RUBY). The beamsplitter (BS2) makes 

it possible to illuminate and observe the tube in axial direction. A conical 

mirror (CM) is axially placed inside the tube. It has a base radius of 50 mm 

and a height of 50 mm. The purpose of this mirror is to give a ful l view of a 

strip of the inner surface of the tube, both for illumination and observation. 

Since the illumination and the observation are collinear, maximum 

sensitivity (using holographic interferometry) is directed radially in the tube 

[!]• 

Bending waves are created by focusing a small part (30%) of the Ruby 

laser (Ruby) beam at the outside of the tube (TU). A piece of gelatine is 

placed at the focal point. The gelatine is evaporated by the short laser pulse 

(25 ns long). The vapour leaves the surface at a very high velocity according 

to the high temperature created. This transfers a mechanical impulse to the 

tube (experiments show that if no gelatine is used the impulse is so small 

that the displacements are not large enough to be detected). The rest of the 

light (70 %) is reflected by the (30/70) beamsplitter (BS1), passing a mirror 

(M) and a negative lens (L-). This part of the laser beam illuminates a strip 

of the inner surface of the tube via the conical mirror (CM) and produces 

the first exposure of a double exposed hologram (interferogram). The 

divergent light beam from the negative lens (L-) is used to form an object 

wave (Obj) and a reference wave (Ref) which are recorded by photographic 

f i lm as a hologram (H). The tube is first recorded in an undeformed state, 



since it is impacted by the Ruby laser pulse almost simultaneously with the 

first exposure. 

The next laser pulse is deliberately delayed with respect to the first 

pulse in between 1 and 800 us. The second pulse records the tube in a 

deformed state caused by the first laser pulse impact. The pulse length or the 

exposure time is as short as 25 ns, so even propagating bending waves are 

recorded frozen in the hologram. In this manner, a series of interferograms 

can be recorded by repeating the experiment with increasing time delays. 

Triggering of the impact is not needed since the bending waves are both 

generated and recorded by the same pulsed laser. 

The reconstruction of the interferograms are made by using a HeNe-

laser. The fringes in a traditional interferogram, described above, are 

interpreted as iso-amplitude lines of the radial displacement w of the tube. 

Two consecutive fringes have a difference in amplitude of half the ruby-

laser wavelength A /2 = 347 nm. Figure 3 (a) shows an interferogram of tube 

A, as seen trough the conical mirror. The time after impact is 50 us. The 

location of the laser impact is seen as a small bright area, since the tube is 

slightly transparent. The tubes have a thin layer of white paint in order to 

have better fringe visibility in the interferograms. 

The image of the inside of the tube seen from the conical mirror, 

have an unusual perspective. A spatial transformation of the picture is 

therefore convenient. The reconstructed interferogram [1] is recorded by a 

CCD-camera with 512*512 squared pixels and each pixel has a gray-scale of 

one byte (256). The image of Fig. 3 (a) is unwrapped, that is transformed into 

a polar coordinate system, see Fig. 3 (b). The pattern is transformed to look 

like the inner surface of the tube as it is viewed from the axis of symmetry 

of the tube. Figure 3 (b) have an area of 77*721 pixels (50*468 mm 2 ) . 

When recording two-reference-beam interferograms [13] in this set

up, the reference wave (Ref) is shifted between the recordings by rotating the 
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mirror (RM) about 0.01°. In this way the undeformed and the deformed 

state of the tube, are recorded with two different reference beams. 

Interferogram processing 

In the reconstructed image of a two-reference-beam interferogram [13], the 

tube is covered with a set of cosinusoidal fringes. These interference fringes 

display contours of equal, radial displacement w of the tube. The 

reconstruction set-up is shown in Fig. 2 (b). A Helium Neon laser (HeNe) 

illuminates a Michelson interferometer (M, BS, PZT) to produce two 

similar beams of light as output. A mirror (PZT) can be moved by a piezo 

electric crystal to shift the phase in one beam relative to the other. The 

mirror (M) is adjusted to give an angular difference between reference wave 

1 (REF1) and reference wave 2 (REF2) equal to the one used in the 

experimental arrangement in Fig. 2 (a). Reference wave 1 (REF1) and 

reference wave 2 (REF2) both illuminate the hologram film plate (H) and 

reconstruct the object in its undeformed and deformed state 

simultaneously. The undeformed and the deformed object interfere to give 

the cosinusoidal fringes. These fringes can now be controlled by moving the 

(PZT) mirror. 

To determine the phase in the reconstructed interferogram, a phase 

stepping technique is used [14]. The interferogram is reconstructed and 

recorded by a CCD-camera (CCD) four times. The mutual phase difference of 

the two reference beams is changed each time between two reconstructions 

by a phase-shift introduced by the piezo mounted mirror (PZT). The local 

intensities I]e(x,y) in the interferogram of the reconstructions k = 0,1, 2, 3 

are given by the four equations 

l]r(x,y)=a(x,y){ l+m(x,y)cos( <j)(x,y) + hn/2)} (5) 



where a(x,y) denotes the local mean intensity, m(x,y) the fringe contrast and 

<tKx,y) the interference phase. The phase <p(x,y) at each point in the detector 

plane then is 

The phase at each point, given by eq (6), is evaluated by a computer (PC) 

program. To remove the 2n phase ambiguities a noise-immune phase 

unwrapping algorithm [17] is used. The out-of-plane displacement w of the 

impacted tube can be calculated from the phase of the interferogram 

where Å is the Ruby laser wavelength. Figure 4 (a) shows the displacement 

map of tube A where the technique described above is used. The time after 

impact is 50 us. The gray-scale in the image corresponds to the amplitude of 

the radial displacement seen through the conical mirror. A dark colour 

indicates a "valley" and a light colour indicates a "hill". 

The displacement map in Fig. 4 (a) is transformed into an unwrapped 

strip of the tube wall, using the same procedure as when unwrapping Fig. 3 

(a) into Fig. 3 (b). The image in Fig. 4 (b) is the transform of Fig. 4 (a). Figure 

5 shows the corresponding 3D-displacement map of the middle part of Fig. 4 

Outside view 

The interferograms of the inside of the tube are suitable to study wave 

propagation along the circumference of the tube (direction 1). In order to 

follow the bending waves in direction two, interferograms of the outside of 

(6) 

~2« ' 2 
(7) 

(b). 



tubes A, B and C, were made. Traditional holographic interferometry [1] is 

used. Three such images are shown in Fig. 6 (a-c). These interferograms 

have a measuring sensitivity for displacements in the viewing direction 

and not in the radial direction of the tube as before, that is, the sensitivity 

wil l vary over the object surface. The ruler in the interferograms has a 

spacing between the scale marks of 2 cm. 

Finite element model 

The explicit finite element code DYNA3D, Whirley [18], is used in order to 

simulate the wave propagation in tube A and B, due to the laser impact. The 

tube is modelled by 30080 four-node shell elements and 30268 nodes. The 

impact is modelled as a point load orthogonal to the surface of the tube. It 

varies as a half sine-wave in time. In order to investigate how the impact 

model affects the wave propagation, a series of numerical simulations were 

performed. At first the impact duration was varied from 1 to 30 us. The force 

amplitude was held constant at 65 N. Secondly the force amplitude was 

varied from 1 to 500 N and the impact duration held constant at 30 us (The 

bending wave was studied 50 us after impact start). This simulation shows 

that only the amplitudes of the maxima and minima were changed but not 

the location of them. In the continued numerical simulations, the impact 

amplitude was chosen to 65 N and the impact time to 30 us. The material 

properties used in the simulation are given in table 2. The midplane 

diameter of the tubes was set to 150 mm, and the length to 400 mm. The 

thicknesses used are given in table la. 

Figure 7 show two contour maps of the computed displacements in 

the viewing direction at time t= 70 u s. These results correspond to the 

interferograms in Fig. 6 (a) and 6 (b). 



Results and comments 

Figure 3 (b), (c) and (d) shows unwrapped interferograms of tube A at 50, 60 

and 90 us after impact. It can be seen that the bending wave propagates along 

the circumference of the tube. Figure 3 (e) shows an unwrapped 

interferogram of tube B, 90 us after impact. The distance from impact centre 

to the first minimum (seen from the inside of the tube) of the propagating 

wave in direction 1, is marked with white arrows, in Fig. 3 (d) and 3 (e). 

Tube B has a higher flexural modulus (Dn = 145 Nm, eq (4)) in direction 

one, compared to tube A (Dn = 64 Nm, eq (4)). The distance to the first 

minimum is larger for tube B (compare Fig. 3 (d) and 3 (e)). This indicates 

that higher bending stiffness gives faster propagating bending waves. Figure 

3 (b-d) also shows two maxima centered around the impact point. These 

two maxima propagate in direction 2. Figure 5 shows a 3D view of these two 

maxima 50 us after impact. The first minima in direction 1, can also be seen 

here, on each side of the large twin peak. 

Figure 6, shows outside views of tube A, B and C, 70 us after impact. 

The twin peak in direction 2 is most visible in tube A. This twin peak can 

also be seen in an isotropic tube [9], but not in an isotropic plate [4]. This 

indicates that it has to be an effect introduced by the circular geometry of the 

tube and not by the material. The distance from impact centre to the first 

minimum of the propagating wave in direction 2, is marked with arrows. If 

these distances are compared in the three tubes, it can be seen that they are 

almost equal for tube A and C, whereas the minimum in tube B have 

propagated a shorter distance. The simulations in Fig. 7 agree well in shape 

with the interferograms in Fig. 6 (a) and 6 (b). The amplitude differs between 

the simulation and the experiments because the impulse magnitude in the 

experiments is not known. 

In reference [19] a finite element simulation was performed to 

determine which material parameters that have a large influence on the 



propagating bending waves, in the 1 and 2 directions. It was found that the 

radius from impact centre to the first minimum in direction one, and in 

direction two, r 2 , for unidirectional composite tubes, could be expressed as 

functions of 

r1=f(En,G13,p,h,t) (8) 

and 

r2=f(E22,p,h,t). (9) 

where E 7 1 and E22 are Young's moduli in direction 1 and 2. G13 is the shear 

modulus between direction 1 and 3 which is equal to the in-plane shear 

modulus Gj2 for a transversely isotropic material, p is the density and h is 

the thickness of the tube wall and t is the time after impact. An increase in 

density, gave a decreasing distance r whereas an increase in any of the other 

parameters E J J , G J J , E 2 2 , h and f gave an increasing distance r. These 

results indicate that Young's modulus, density and thickness is important to 

describe wave propagation in both directions. In direction 1 the shear 

modulus also is important, most probably because the bending wave travels 

in a curved structure. 

Figure 8 and 9 show the propagation distances of the first minima in 

direction 1 and 2 for tube A and B. The experimental results are compared to 

finite element simulations. The experiments and the simulations agree well 

in direction 1, whereas there is a systematic difference in direction 2. In 

order to minimize the difference between the experiments and the 

simulation, i t would be necessary to raise the modulus of elasticity E 2 2 by a 

factor of about 1.5 for tube A and 2.5 for tube B. This is most probably a 

dynamic effect. Note that the elastic constants in table 2 , which are used in 



the finite element simulations, are the static ones. In direction 2 for 

unidirectional composites (with the fibre direction in direction 1) the 

influence of the epoxy determines largely the composite behaviour, 

especially with such low fibre content as in tube B. This effect was also 

observed by Daniel et. al. [20] when testing unidirectional composite 

laminates at high strain rates. 

An interesting observation was made in the experiments. A sound 

wave could be seen. Figure 10 shows an outside view of tube A, 110 us after 

impact. The circular interference fringe is visible in front of the ruler. This 

indicates that it is not a bending wave in the tube but a change in the 

refraction index (in the air surrounding the tube), that causes this phase 

difference. The bending wave is barely visible in this image. The sound 

wave is most visible when the bending wave has a low amplitude, that is 

when only a little gelatine was used at the impact point, but the effect can 

also be seen in other interferograms, for example Fig. 6 (b). If the central area 

is studied carefully one can see that the fringes of the bending wave are 

slightly distorted as if one is looking through a magnifying glass. Thus the 

phase difference is resulted by both the bending wave and the sound wave. 

This effect is seen within the radius r = vi, where v is the speed of sound 

and f is the time after impact. Outside this radius it is only the bending 

wave that causes the phase difference. The interferograms with an internal 

view do not show any sound wave. 

Conclusions 

This paper shows an experimentally convenient way to study propagating 

bending waves in tubes. The generating and recording of the bending waves 

by the same pulsed laser makes external triggering of the laser unnecessary. 

The use of a piece of gelatine at the impact point makes the laser pulse 

produce bending waves with amplitudes large enough to be detected 



without destroying the tube surface. One drawback is that the magnitude of 

the impulse is difficult to estimate. This is no problem however since the 

propagation velocity of the maxima and nünima is not affected. It is only 

the amplitude of the bending wave that varies with different impulse 

magnitude. It is shown how interferograms illuminated and photographed 

through a conical mirror, can be translated into a 3D-displacement map, 

which makes the interpretation of the interferograms easy. 

It is also shown how material properties of the tube affects the 

propagation of the bending waves. Tubes with higher bending stiffness 

gives faster propagating bending waves. A dynamic effect could also be seen. 

The dynamic moduli in direction two for tube A and B are higher than 

what would have been expected in the static case. 

The experimental techniques described could be used in non 

destructive testing of composite tubes. The tubes are tested with transient 

loads which gives a possibility to study the dynamic behaviour of the 

samples. It would of course be convenient if an analytical solution to the 

bending wave propagation in anisotropic tubes were found. 
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Tables 

fibre fibre volume 

fraction vf 

thickness h 

(mm) 

fibre stacking 

sequence 

Tube A E-Glass 0.658 2.5 unidirectional 

[O4] 

Tube B Carbon-fibre 0.539 2.4 unidirectional 

[O4] 

Tube C E-glass 0.554 2.7 [45/45/45/45] 

Table la Specifications of each individual tube. 

Fibre 

properties 

EL(MPa) E T (MPa) G #(MPa) 

E-Glass/TEX 

2400 

72 000 72 000 30 000 0.20 

Carbon-

fibre/T700s 

230 000 13 800 8 960 0.20 

Table lb Material properties of the fibres. E L Longitudinal Young's 

modulus, E T Transverse Young's modulus, G # Shear modulus 

and v f Poisson's ratio 

Resin property Em(MPa) Gm(MPa) v m 

Epoxy 3100 1148 0.35 

Table lc Material properties of the resin. E m Young's modulus, G m Shear 

modulus and v m Poisson's ratio. 
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Tube Ell % 3 G 1 2 G23 G 1 3 
v12 v 1 3 v 2 3 P 

( G P a ) ( G P a ) ( G P a ) ( G P a ) ( G P a ) ( G P a ) (Kg/m3) 

A 48.4 15.9 15.9 4.7 6.0 4.7 0.25 0.25 0.32 2071 

B 125.4 6.9 6.9 2.8 2.7 2.8 0.27 0.27 0.25 1520 

C 11.6 11.6 - 12.0 - - 0.62 - - 1929 

Table 2 Material properties of the tubes obtained using lamination 

theory and the Halpin Tsai equations. 



Figure captions 

Figure 1 Coordinate system used in the text. 1-circumferential direction, 

2-axial direction and 3-radial direction. 

Figure 2 (a) Schematic diagram of the holographic recording and impact 

generating arrangement, and (b) schematic diagram of the reconstruction 

arrangement. Notations are explained in the text. 

Figure 3 Laser impacted tubes, (a) Interferogram showing a bending 

wave in tube A as seen via a conical mirror. (b,c,d) Images of the same tube 

A at three different times after laser impact, transformed into an unwrapped 

slit of the inner wall of the tube, (e) Transformed image of tube B. 

Figure 4 Displacement map of tube A, 50 us after laser impact, (a) As 

seen via a conical mirror, (b) transformed into an unwrapped slit of the 

inner wall of the tube. 

Figure 5 3D -plot of the bending wave in Fig. 4 (b). 

Figure 6 Interferograms of bending waves in three different composite 

tubes, illuminated and photographed from the outside. The ruler in the 

interferograms have a spacing between the scale marks of 2 cm. 

Figure 7 Finite element simulation of bending waves at 70 us after 

impact start in tube A and B seen from the outside. 

Figure 8 The propagation distance from impact centre to the first 

minimum in direction 1 as function of time for bending waves in tube A 

and B. Experimental data are shown as dots, simulations as lines. 



Figure 9 The propagation distance from impact centre to the first 

minimum in direction 2 as function of time for bending waves in tube A 

and B. Experimental data are shown as dots, simulations as lines. 

Figure 10 Interferogram showing a circular sound wave in air caused by 

the laser impacting a piece of gelatin.The view is from the outside of tube A. 

The ruler in the interferograms have a spacing between the scale marks of 2 

cm. 
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S-951 87 Luleå, Sweden 

Abstract 

A short pulse from a Nd:YAG-laser is via an optic fibre focused on the back 

surface of an isotropic steel plate causing a nearly instantaneous surface 

evaporation. The rapid expansion of the vaporized material produces an effect 

similar to a blast. Double pulsed holographic interferometry with a ruby laser 

as light source is used to record the out of plane deformation of the front 

surface of the plate at increasing times after the "impact". Experimental results 

show that bending waves are generated by the short Nd:YAG-laser pulse. The 

bending wave pattern is found to be similar to that predicted by the Kirchhoff 

plate equation with the starting conditions modelled as a point impact of 

infinitesimally short duration thus indicating that a short Nd.YAG-laser pulse 

may be considered as a Dirac-pulse in space and time. 

Introduction 

Holographic techniques [1] are well established in many laboratories and 

research centers. In non destructive testing it is a very useful tool [23]- The 

techniques provide means to interferometrically register changes in surface 

topography of objects of arbitrary shape over a finite field of view. 

In two papers from 1971, Aprahamian et. al.[4,5] demonstrated the use of 

holographic interferometry to measure axisymmetric transverse propagation 

of bending waves in plates and beams. Schwieger and Streubel [6] studied the 

dynamic response of isotropic plates. In 1989, Fällström et. al.[7,8] used 
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holographic interferometry to study the propagation of transient bending 

waves in isotropic and anisotropic plates. The waves are generated by an 

impacting pendulum. In the last two papers a closed solution to the Kirchhoff 

plate equation is given. Two different starting conditions are considered. In the 

first model the impact is considered as a Dirac-pulse in space and time. In the 

second one the contact force is assumed to vary sinusoidally during the finite 

impact time. This model is found to agree fairly well with experimental results 

when an impacting pendulum is used for generation of bending waves. 

Impacts caused by mechanical devices like bullets or pendulums often give a 

duration of the contact forces between impactor and object of more than say 50 

us. During that time high speed waves in a material (often as high as 3000 m/s) 

have reached a distance of 150 mm before the impact has ended. Shorter 

impact times are therefore looked for. One such idea demonstrated in this 

paper is to generate bending waves by a focused, high energy, short laser pulse 

of a Q-switched Nd:YAG-laser. Non-mechanical impact and recording by 

pulsed lasers may have applications in on-line production quality control. 

Theory of bending wave propagation in plates 

The Kirchhoffs theory of propagating bending waves will be treated briefly. A 

more detailed description is given in Ref. [7,8]. 

An isotropic plate is assumed to have a uniform thickness and to be composed 

of a linearly elastic material. To describe the deflection of the plate, a cylindrical 

co-ordinate system (r,3>) is used. The load is assumed to be circular symmetric 

so that the ^-dependence can be omitted. The out of plane deflection, w(r,t), of 

the plate is then governed by the isotropic plate equation 

3 2w 

DV4w + po-^2-=p(r, t) (1) 

where D is the plate stiffness, p 0 the mass per unit area of the plate, p(r,t) the 

load per unit area and the biharmonic operator given by 
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*'-FS(4(FJH4))) ( 2 ) 

The plate stiffness is given in terms of modulus of elasticity (E), the plate 

thickness (h) and Poisson's ratio (V) as 

D , - ^ i - (3, 
12(1 - v 2) 

If the impact force is modelled as a Dirac pulse in space and time, the solution 

to eq (1) is, see Ref. [7]: 

la 
w(r, t)=w(ß)= — 

4nD 

f ß 2 /4 ^ 

i : C sin x , 

V 0 J 
(4) 

where 

I = impulse of impact 

r = distance from point of impact to the point of interest 

t = time after initiation of impact 

a = plate parameter 

ß = similarity parameter 

a and ß can be expressed as 

/ D 
a = A / - (5) 

\ Po 

ß = -7=- (6) 
Vat 

Aside from the factor Ia/D, the out of plane amplitude w is seen to depend 

only upon ß which thus is a similarity variable, ß is a major parameter in the 

description of wave propagation in plates, and appears solely when the impact 

is modelled as a Dirac pulse in space and time. 

If eq (4) is solved for zero amplitude w(r,t) = 0 we get 
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r 
2 =4 a 

DA 

Po 

1/2 
t (7) 

where 

a = 1.9265 for the first, 4.8938 for the second, 7.9727 for the third and 11.084 for 

the fourth zero crossing. 

A number of interesting conclusions can be drawn from the theory of impact 

by a Dirac-pulse presented above: 

1. The wave pattern for an isotropic plate is cylindrically symmetric, that is, the 

iso-amplitudes are concentric circles. 

2. The expansion of eq (1) for large values of ß gives 

w - ÄKD^TTT- (8) 

la cos ß 2 / 4 

ß 2 /4 

which shows that for large r-values the amplitude decays as 1/r2 and that the 

wavelength of the bending waves decreases with increasing r. 

3. All plate parameters are described by one parameter a. Combining equations 

(3) and (7) give zero crossings at 

r 2 = 4 a h l _ " - | 1 / 2 t (9) 
U p ( l - v 2 ) 

where p is the volume density. 

4. Eq (4) shows that deflection at the origin is constant. This value will also be 

approached for all r as t -» <*>, indicating that an infinite, free, plate is displaced 

as a rigid body by the distance Ia/8D. 

The case with the force during contact assumed to be half-sinusoidal, is treated 

in Ref. [7] 

Experiments 

Interaction of submicrosecond laser pulses with material 

If a short laser pulse, typically of 50 ns duration, is focused on the surface of a 

material, a small amount of this material wil l be evaporated. The laser pulse 
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causes a nearly instantaneous surface evaporation, so that the rapid expansion 

of the vaporized material produces an effect similar to a blast or explosion 

wave [9]. As a consequence, a shock wave propagates and absorbs within the 

material [10]. In the case of a massive, three-dimensional metastable alloy, 

phase transformations and increase in dislocation density by the absorption of 

such a wave have been demonstrated [11]. The effects are depending on pulse 

energy, peak power and power density in the focused spot, the reflectivity and 

absorption coefficient of the material at the given wavelength, the density and 

the melting/boiling point of the material etc. 

In our case, a Q-switched Nd:YAG laser is used to generate pulses of 50 ns 

duration and energy of 50-100 mj . Thus, the peak power of the pulses is in 

order of 1-2 MW. Focused to a spot of typically 0,4 mm in diameter, the power 

density is in order of 108 -109 W cm" 2, and the energy density is 10-100 Jem'2 . 

Most material wi l l melt/evaporate under such an intense irradiation. The 

vapour wil l leave the surface at a very high velocity according to the high 

temperature rise created, this transferring a mechanical impulse to the target 

causing it to "recoil", similar to an impact of very short duration. 

By Finite Difference Method (FDM) the maximum surface temperature and 

surface pressure are calculated to be in the order of 104 K and 5-8000 MPa 

respectively [12]. This is in good agreement with observations; a very sharp 

"noise" like a micro-explosion can be heard when focusing the laser pulse onto 

a target. If the target is a thin stainless foil (0,05-0,10 mm) the generated "blast" 

will create a hole in that material. If the target is a sheet of finite thickness, 

besides the above in-depth effects, bending waves can be generated by the 

"impact". These bending waves can be detected by double-exposure 

holography, i.e. interferometry, with a double pulsed ruby laser. The 

experimental procedures for the registration of these bending waves, generated 

by short, Q-switched Nd:YAG-laser pulses wil l be described below. 
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Experimental set-up and procedure 

The holographic set-up is a standard one (Ref [1], p57-64), arranged to be most 

sensitive to the out of plane motion of the object, see Fig. 1. The object (O) is a 

steel plate, 400 mm square and 0,24 mm thick. The plate is held vertically using 

a pair of clamps at each of the vertical edges. The light from the double pulsed 

laser becomes divergent after passing the negative lens (L). Part of the light will 

be reflected from the object towards the hologram film holder (H), thus 

forming the object beam which interferes with the reference beam reaching the 

hologram film via the two mirrors (M). From a Nd:YAG-laser, a Q-switched 

laser pulse is transmitted via an optic cable and focused on the back of the 

object. The energy of this pulse is about 30 m j and its duration 50 ns and the 

pulse causes vaporisation of material from a small spot less than 0.4 mm in 

diameter. Thereby matter is thrown out backwards causing an impulse onto 

the back of the object plate. The ruby laser and the YAG-laser are triggered 

electronically in such a way that the first ruby pulse is fired before the YAG-

pulse, thus recording the stationary object as a first exposure of the hologram. 

The launching of the second ruby-pulse can be preset to occur a desired time 

after the YAG-pulse thus recording the propagating bending waves created by 

the "impacting" YAG-laser pulse. The duration of the ruby-pulses is about 25 

ns which is short enough to "freeze" the bending waves. A sequence of 

holograms are recorded, using AGFA 10E-75 Holotest 35 mm film, with 

increasing time delay between the YAG-pulse and the second ruby-pulse. The 

holograms are reconstructed with He-Ne-laser light and photographed. 

Results and discussion 

The interferograms in Fig. 2 show the bending waves at 30, 60, 100 and 150 us 

after the YAG-laser pulse "impact". It can be seen that the wave pattern is 

circular symmetric due to the isotropic character of the plate as predicted in 

point 1 in the theory section. 
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The amplitudes of the bending waves are quite low. Outside the central peak 

the amplitudes are only in the order of X/4, (obtained by the evaluation 

method described in Ref [4,5]), which is the limit of resolution of the 

measuring method used. Thus it is not possible to check the amplitude 

dependence on the radial distance (point 2). 

The theory for a Dirac pulse predicts that bending waves of small amplitude 

should be visible far outside the impact center, i.e. for large r, and in the 

interferograms in Fig. 2 such waves can also be seen. 

For a time extended impact, the amplitude of the bending waves wil l decrease 

quite rapid with increasing r ( se Fig 9 Ref [7]). This can also be seen in Fig. 3, 

which illustrates bending waves generated by an impacting pendulum ( Fig. 

3a) and by a YAG-laser pulse (Fig. 3b) 125 us after the impact start. It can be seen 

that the bending waves fade out in a shorter radial distance with the time 

extended pendulum excitation than with a YAG-laser pulse. Nevertheless the 

pendulum impact transferee larger impulse to the plate than the YAG-laser 

pulse, something which can be noted from the fact that fringe density in this 

case is much larger in the central part of the interferogram. In Fig. 4 the out of 

plane amplitude caused by a Dirac pulse "impact" (calculated from eq (4) ) is 

compared to the deflection for a time extended pendulum impact (calculated 

from eq (22), Ref [7] ) 125 us after the impact start. The same starting conditions 

are used in the theoretical calculations as in the corresponding experiments 

illustrated in Fig. 3a and 3b. Note the correspondence between Fig. 3 and Fig. 4 

and also the large difference in amplitude at the center. 

To interpret the interferograms, i.e. to identify maxima, minima and zero 

crossings, an experiment was performed in which a reference phase is added in 

the holographic recording. The deflection of the plate can then be mapped 

from the corresponding interferogram using a method described in Ref. [7]. 

However, during the closed conditions for the YAG-laser pockels cell, the light 

leakage is not negligible, as can be seen from the lower trace in Fig. 5, where it 
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shows up as a small bump prior to the sharp Q-switched pulse. This light 

leakage causes a certain deformation of the plate due to local heating and the 

bending waves cannot at the moment be separated from those caused by the Q-

switched YAG-laser pulse. This phenomenon is studied separately and 

sometimes appears as one broad fringe in the interferograms, indicating a 

deflection of about X/4 , and sometimes is not observable at all. Therefore, 

from a single interferogram it is not possible to conclude if there is a deflection 

of that origin present (and in that case how the deflection will be distributed 

over the plate surface) superimposed the bending waves from the Q-switched 

YAG-laser pulse. Thus, quantitative comparisons between theoretically 

calculated deflections based on a Dirac-pulse impact and experimentally 

determined deflections are not possible to perform from one single 

interferogram. This wil l demand a laser with higher pulse energy than was 

available for these experiments and with a negligible light leakage. 

There is, however, another way to compare experimental and theoretical 

results which is based on the positions of the zero crossings of the bending 

waves. Eq (9) gives a theoretical relation between radial distance (r) to a certain 

zero crossing as function of time (t) (with different values of a for different 

zero crossings). The equation prescribes a linear relation between 

r 2 and t. From the interpretation of the interferograms the positions of the first, 

the second and the third zero crossing of the bending waves could be localized 

for several different times. In Fig. 6 the experimentally determined values of r 2 

for the zero crossings are plotted versus t. It can be seen that the correlation to a 

straight line predicted by eq (9) is quite good. Notable also is that when the 

lines are extrapolated they all pass through the origin. 

Since there is no direct connection between the dispersive bending waves and 

the light leakage deflection, the latter wi l l influence the bending waves, 

registrated at different times, in a random way. By including measured 

positions for zero crossings for several different times after the YAG-laser 
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"impact" the influence of the light leakage deflection can be expected to be 

levelled out. Thus a comparison between experimental and theoretical results 

based on this method wil l be more reliable. 

Another fact that strengthen the Dirac-pulse interpretation of a Q-switched 

laser pulse is that it can be noted that the deflection at the origin is almost 

constant at all times. This behaviour is predicted by the theory for a Dirac pulse 

in space and time (see point 4 in the theoretical section) in contrast to an 

impact pulse extended in time. In this latter case impulse is transferred to the 

plate during the whole impact time thus building up the deflection at the 

impact center gradually, see Ref. [7] 

Preliminary experiments have also been performed on a sheet of liner board 

paper, 400 g/m 2 . The interferogram in Fig. 7 shows the bending waves 260 us 

after a YAG-laser pulse "impact". Note the elliptical shape of the fringes 

exposing the anisotropic character of linear board. 

Conclusions 

We have presented a method to generate bending waves in a plate by focusing 

a Q-switched Nd:YAG-laser pulse on its surface. These waves are recorded by 

double pulsed hologram interferometry. Evaluation of the interferograms 

show that the bending wave pattern is very similar to what is predicted by the 

Kirchhoff plate equation assuming a point impact of infinitesimally short 

duration. This indicates that a short Nd:YAG-laser pulse may be considered as 

a Dirac pulse in space and time. Future investigations wil l be performed with a 

more powerful and "cleaner" laser to get a higher energy and impulse transfer 

to the plate thus giving bending waves of larger amplitude. Promising 

preliminary experiments have also begun using a double pulsed ruby laser 

both for generating and recording of bending waves. 
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Figure Captions 

Figure 1. Experimental setup. Ruby: Ruby laser, L: Diverging lens, 

M: Mirror, O: Object, H: Hologram film holder, OF: Optic fiber, F: Focussing 

unit, Nd:YAG: Nd:YAG-laser. 

Figure 2. Set of interferograms showing circular propagating transverse 

waves in a 0,24 mm thick steel plate at 30, 60, 100 and 150 us after the 

Nd:YAG-laser pulse "impact". 

Figure 3. Bending wave propagation at 125 us after impact from 

a) a steel ball, 5 mm in diameter b) a Nd:YAG-laser pulse. 

Figure 4. Calculated transverse deflection w(r) versus the radius r for 

125 us after impact start. Point contact of infinitesiually short duration, solid 

curve. Point contact of sinusoidal duration (1,5 ms), dashed curve. 

Figure 5. Oscilloscope reading of the photodiode energy monitors from the 

double pulsed ruby laser (upper trace, 0,2 J/div) and the Nd:YAG-laser 

(lower trace 0,1 J/div). Horisontal scale: 200 (is/division. 

Figure 6. r 2 plotted versus t, compare eq (11), for the first three zero 

crossings of the bending wave, r is the radial distance to a zero crossing and t 

is the time from the Nd:YAG laser pulse "impact" to the recording. 

Figure 7. Interferogram showing propagating bending waves 260us after a 

YAG-laser pulse "impact" on a sheet of linearboard, 400g/m 2. 
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ABSTRACT 

A high energy laser pulse focused at a steel plate is transferring both 

mechanical impulse and local thermal energy to the plate. The mechanical 

impulse creates propagating bending waves in the plate. The local heated spot 

at the plate surface creates thermal stresses which gives rise to an out-of-plane 

deformation of the plate. These deformations add up. These effects are studied 

in experiments using holographic interferometry to record the deformation. 

Experimental results are compared to a numerical analysis of the phenomena. 

Keywords: Laser generated impulse in plates, heat wave, bending waves 

transient holographic interferometry. 
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INTRODUCTION 

Double pulsed holographic interferometry [1] has advantages as a method for 

non-destructive testing. It offers a non-contact, full-field-of view technique that 

allows both a qualitative study and a quantitative analysis from the 

interferogram of the test piece. It can be used to make a spatial record of very 

fast events which makes it a useful tool for the study of mechanical transient 

phenomena e.g. for studying transient bending waves in beams, plates, tubes 

and rings [2 -12]. Recorded bending wave patterns can be used to determine 

material parameters in isotropic and anisotropic materials and also be used to 

detect different defects [8]. 

Usually a pendulum or an other kinds of mechanical impactors are used to 

excite the transient bending waves. A disadvantage with such an impactor is 

the need for mechanical contact. Another method to generate bending waves 

was proposed in [7]. An external high energy focused laser pulse transferred 

energy and momentum to the plate. This will create a non mechanical impact of 

the plate. However, the same double pulsed laser can be used both to generate 

and to record the bending waves. Thereby no trigging problems arise and we 

have an impact which can be regarded almost as a Dirac pulse both in space 

and time. 

When the propagating bending waves are excited by a focused laser pulse on a 

plate another problem will arise. The material will be locally heated in the 

"impact" point and thermal stresses are thereby created in the material close to 

this point. Local stresses introduce a plate deformation which is add to the 

propagating bending waves. In this paper this problem is analysed. We also 

propose a method to circumvent this problem and furthermore a way to 

increase the impulse to the plate considerably. 

In the following the experiments are described and interpreted. A closed 

solution of an impacted plate and a FE-calculation of the deformation caused 



by a heated hot spot on the plate surface are compared to experiments followed 

by a discussion. 

EXPERIMENTS 

The holographic set- up is a standard one (Ref [1], p 57-64), arranged to be most 

sensitive to the out of plane motion of the object. A beamsplitter divides the 

pulses from the ruby laser into two beams, see Fig. 1. One beam is used for 

creating the bending waves and the other for recording the bending waves. 

About 60 % of the laser pulse energy is used to creating the bending waves. 

The object is a steel plate, 250 mm square and 0.6 mm thick. The plate is held 

vertically using a clamp at one edge. The light used for recording the hologram 

is deflected via two mirrors and becomes divergent after passing a negative 

lens. Part of the light will be reflected from the object towards the hologram 

film holder, thus forming the object beam. This beam interferes with the 

reference beam reaching the film holder via a mirror. With this set-up it is 

possible to get only qualitative data in form of a fringe pattern. The evaluation 

of an interferogram is done in the same way as described by Fällström et al. [4], 

and is schematically shown in Fig. 2,90 us after the laser pulse "impacts" the 

steel plate . The fringes can be looked upon as curves connecting points of 

equal amplitude, like iso-curves on a map with hills and valleys. Two 

consecutive fringes have a difference in amplitude of about half the laser 

wavelength used, i.e. 694,3/2 nm. Waves with amplitude less than X/A are not 

detected. This method of evaluation is applicable as long as the apparent wave 

has not reached the boundary. 

A difficulty when an interferogram is evaluated is that one cannot determine 

from the interferogram if there is a valley or a hill. The event has an 180° 

-ambiguity. With phase shifting interferometry techniques, this inconvenience 

can be resolved and quantitative data can be generated. The mirror which 

deflects the reference beam in Fig. 1 is rotated a small angle between the two 

exposures of the object thereby each exposure in the double exposed hologram 
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is recorded with slightly different reference beam. The deflection of the plate 

can then be mapped from the corresponding interferogram using a method 

described in [13]. In the reconstruction, phase stepping between the two 

reconstruction beams are introduced in four recordings with a phase shift of 

7t/2. Fig. 3 shows the propagating bending waves in the steel plate obtained 100 

us after the "impact". The technique with phase-stepping and two reference 

waves has been used. These figures are an experimentally confirmation of the 

theoretical prediction of a pit. 

CREATING THE BENDING WAVES 

A pulsed ruby laser is used to excite the bending waves (see Fig. 1). The laser 

pulses are of 30 ns duration and have an energy of 0.4 - 0.6 J. The laser beam is 

deflected via a mirror to a positive lens, which focus the beam onto the surface 

of the plate. The focused spot is of typically 0.4 mm in diameter, and the power 

density will thus be in order of 109 -10 1 0 W cm - 2. Most material wil l melt under 

such intense irradiation. 

As the melt becomes rapidly heated by the laser, a strong thermal gradient are 

set up close to the molten metal pool. This thermal gradient is also associated 

with a surface tension gradient. A rapid expansion of vaporised material 

produces an effect similar to a blast or explosion wave. As a consequence, a 

wave propagates and absorbs within the material [14 -16]. The effects depends 

on, among other things, pulse energy, peak power , reflectivety, 

melting/boiling point of the material, specific heat capacity. The vapour leaves 

the surface at a very high velocity according to the high temperature created. 

This transfers a mechanical impulse to the target causing it to "recoil", similar to 

an impact of very short duration. The surface temperature is in the order of 104  

K and the surface pressure are in order of 5 - 8000 MPa respectively. A sharp 

bang can be heard and the generated " blast" will create a dent, about 0,5 mm in 

diameter, in the steel plate surface. 



THEORY OF BENDING WAVE PROPAGATION IN PLATES 

The theory of propagating bending waves will be treated briefly. A more 

detailed description is given in ref. [4,5]. 

An isotropic plate is assumed to have a uniform thickness and is composed of a 

linearly elastic material. To describe the deflection of the plate, a cylindrical co

ordinate system (r,0) is used. The load is assumed to be circular symmetric so 

that the ^-dependence can be omitted. The deflection, w(r,t), of the plate is then 

governed by the isotropic plate equation 

D - V 4 w + P o . - ^ f =p(r,t) (1) 

where D is the plate stiffness, pQ the mass per unit area of the plate, p(r,t) the 

load per unit area and V4 the biharmonic operator given by 

„ . i a ( d (Id ( d ... 

dr { dt [r dt { dr 

The plate stiffness is given in terms of modulus of elasticity (E), the plate 

thickness (h) and Poisson's ratio (V) as 

Eh3 

If the impact force is modelled as a Dirac pulse in space and time, the solution 

to equation (1) is, see ref [4]: 

w(r,t) = w(ß) = 
la 

4itD 

( P2/4 ^ 
7t f s inx , 
i - J " i r d x  

. 0 ; 

(4) 

where 
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I = impulse of impact 

r = distance from point of impact to the point of interest 

t = üme after initiation of impact 

a = plate parameter 

ß = similarity parameter 

a and ß can be expressed as 

Aside from the factor Ia/D, w is seen to depend only upon ß which is thus a 

similarity variable. This is a major parameter in the description of wave 

propagation in plates. However, this variable appears solely when the impact is 

modelled as a Dirac pulse in space and time. Still it gives some valuable 

physical insight. For times long compared to the impact time and for points far 

from the impact point this relationship can be used to estimate the parameters 

contained in a. This is straightforward to do from the interferograms, since both 

radius r and time t are known quantities. 

FINITE ELEMENT CALCULUS 

The plate is modelled as a through-thickness plane model described by 397 8-

node shell elements and 1760 nodes. For the thermal analysis only the corner 

nodes of each element were used. The laser pulse was simulated by assigning 

two temperature functions to a selection of nodes. The functions describes a 

linear increase over 0.005 us from 20 °C to 1500 °C and 300 °C respectively, and 

then kept at those temperatures for 0.095 us. The first function is used in an 

(5) 

(6) 
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inner area of the heated spot and the other in the outer area. In the area of 

interest, e.g. the centre of the plate where the laser pulse is simulated, a finer 

mesh is used. This is a quite rough model as the real temperature in the heated 

point is unknown as the temperature gradient in the spot. The calculations wil l 

however give an understanding of the shape of the heat wave. 

RESULTS AND DISCUSSIONS 

Fig. 4a and 5a show the interferograms of the propagating bending waves both 

recorded at 50 us after the laser pulse hits the steel plate. In Fig. 4a, however, a 

piece of gelatine (water and gelatine powder) was placed at the "impact" centre 

of the plate but in Fig. 5a the laser pulse was focused directly onto the pure 

steel plate surface. The laser pulse energy was the same in the two cases. Fig. 

4b and 5b show the interpretation of the interferograms. Theoretical curves 

(from equation (4)) have been added as a comparison with the experimental 

ones (the dotted curves). 

The following observations can be made if we compare Fig. 4 and Fig. 5. 

1/ The amplitude of the bending waves are much higher in Fig 4a, that is, it is 

possible to increase the amplitude if we put gelatine at the impact point. One 

reason for this is that water has much lower melting/vaporising point than 

steel and therefore more of the laser pulse energy is used for evaporating, thus 

causing greater recoil to the plate. In the area around the impact centre the 

amplitude of the propagating bending waves is so high that it is very hard to 

resolve the fringes. 

2/ The theoretical curve (eq. (4)) in Fig 4b describes the experimental results 

very well. That is, we can approximate the "impact" as a Dirac pulse in time and 

space (the conditions for eq (4)) when we have some kind of material at the 

plate surface so that the evaporating process can take place outside the 

examined structure and only the impulse is transferred to the structure. The 

amplitude of the theoretical curve is estimated from the amplitude of the two 



8 

extremes outside the central peak of the experimental curve . Therefore it is not 

sure that the height of the central peak will be absolutely correct, as we have 

only estimated the number of fringes in this area. It is most interesting however 

that the locations of the extreme values (maximum and minimum values) 

coincide in the experimental and the theoretical curves. 

3/ Fig 5 show a deep valley in the neighbourhood of the impact point, a valley 

which is missing in Fig. 4. That is, when one "shoots" at the pure metal, the 

surroundings of the point of impact tend to move in opposite direction to the 

direction of the impulse. The explanation of this is that the local high 

temperature spot will give rise to local surface tensions which forces the plate 

to deform. 

4/ In Fig. 5b we can see that the theoretical curve differs from the experimental 

curve in an area inside the outer part of the wave (from about the third 

maximum). That is, the thermal deformation will add to the bending waves in 

the neighbourhood of the "impact" point. Another conclusion is that the 

propagation speed of this thermal deformation is much slower than for the 

bending waves. As the heat waves will not disturb the bending waves at points 

"far away" from the "impact" point, it is possible to adjust the theoretical curve 

to that part of the experimental curve. 

When a focused laser pulse hits the pure steel plate, a very small volume of the 

plate surface will be heated to a high temperature (in order of 104 K) during a 

very short time. This will create local stresses in the neighbourhood of the 

"impact" point. A stress wave wil l propagate in the plate. Fig. 6 shows 

interferograms recorded at 10 us and 100 us after that the first laser pulse "has 

impacted the pure steel plate. The dotted curves in Fig 7 are measured from the 

interferograms at respectively times and the solid curves the theoretical 

representation (eq. (4)). From this evaluation it can be seen that in the outer part 

of the figure only the minima values of the bending waves can be detected. This 

is probably an effect of pressure variations in the air surrounding the object 



caused by the bending waves. When double exposure or time average 

hologram interferometry experiments are interpreted, the influence of pressure 

variations in the air surrounding the object are normally neglected. When fast 

events, like transient bending waves in plates are studied, it is found that the 

influence of these spatial variations in the surrounding air cannot always be 

neglected. Fast moving bending waves (supersonic waves) produce a sound 

pressure field localised quite close to the object surface. The probing laser light 

in the holographic recording is affected by changes in the optical path length 

(which is the integrated product of the index of refraction and the geometrical 

path length) in the air as well as of changes which are introduced by object 

deformation or object motion itself. This effect is treated in [12]. When the 

theoretical curves have been drawn, we have taken into consideration this 

effect. Therefore the theoretical curve is adjusted a bit in relation to the r-axis. 

The amplitude of this curve have been estimated from the outer extremes of the 

experimental curve. Therefor the amplitude in the neighbourhood of the 

"impact" point is uncertain. 

A finite element analysis was performed to determine the effect of the thermal 

expansion alone if a very small spot at a steel plate is heated with a laser pulse 

to a temperature above the vaporisation temperature. 

The solid curves in Fig. 8 show the computed deformations due to the heating 

at times 10 us, 50 us and 100 (is after the absorption of the laser pulse energy 

and the dashed-dotted curves show the differences between the theoretical and 

the experimental curves from Fig. 5 b and Fig. 7. Fig. 4 shows that if the plate is 

not heated by the laser pulse, the theoretical curve wil l describe the 

propagating bending waves very well. Therefore the difference between the 

theoretical curve and the experimental curve in Fig. 5 and 8 is a measure of 

effects that disturb the propagating bending waves if one "shoots" at the pure 

plate. The main effect in this case is the heat wave. Both curves have 



uncertainties but we can see that the shape of the curves are the same and for 

example the first zero crossing is almost the same in both cases. 

CONCLUSIONS 

It is shown that it is possible to generate and record bending waves using one 

double pulsed laser. A pulse with an energy of about 0.5 J can generate waves 

(if we have gelatine at the "impact" point), with enough amplitude for 

evaluation, in e.g. a steel plate with a thickness of 2 mm. Other experiments 

have shown that this energy also can produce detectable bending waves in a 5 

mm thick composite plate (glass fibre reinforce epoxy). It is also shown that if 

one "shoots" directly at the plate with a laser pulse one gets a much lower 

amplitude of the bending waves and furthermore one gets heat waves which 

disturb the bending waves, which make it difficult to evaluate the experiment. 
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FIGURE CAPTURES 

Figure 1. 

Experimental arrangement used to generate transient bending waves and to 

record interferograms of the propagating transverse waves in plates. 

Figure 2. 

Evaluation of an interferogram of a steel plate 2 mm thick 50 us after impact. 

The transverse displacement, w, measured in laser wavelength X (693.4 nm) is 

plotted versus the distance from the centre of "impact". 

Figure 3. 

Bending waves 100 us after "impact" in a 2 mm thick steel plate obtained from 

the experiment with the use of a shifted reference beam. The left figure shows a 

crosscut of the bending waves and the right picture is a 3 - D representation. 

Figure 4. 

a) Bending waves in a 2 mm thick steel plate 50 us after the "impact". A spot of 

gelatine has been put at the "impact" point. 

b) Evaluation of the interferogram (the dotted curve). In the figure the 

theoretical curve (solid curve) has been added as a comparison. 

Figure 5. 

a) Bending waves in a 2 mm thick steel plate 50 us after the "impact" without 

gelatine at the "impact" point. 

b) Evaluation of the interferogram (the dotted curve). In the figure the 

theoretical curve (solid curve) has been added as a comparison. 

Figure 6. 

Bending waves in a 2 mm thick steel plate 10 us and 100 us after the "impact". 

No gelatine at the "impact" point. 

Figure 7. 

Evaluation of the interferograms in figure 6 (the dotted curves). In the figure 

the theoretical curves (solid curve) have been added. 



Figure 8. 

A comparison between the heat waves obtained experimentally and with finite 

element calculus. The experimental curves (the dashed-dotted curves) are the 

differences between the theoretical and the experimental curves in figures 5b 

and 7 respectively. 
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