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Abstract

When constructing large borehole heat exchanger (BHE) systems, bedrock and borehole 
thermal properties are vital for a good design. Today’s design programs presume conductive 
heat transfer in both borehole and bedrock. In groundwater-filled boreholes, however, 
convective flow will be induced in the groundwater due to the occurring temperature 
gradients. The resulting more efficient heat transfer lowers the borehole thermal resistance.  

A 3 m long borehole was numerically studied to investigate the effect of heat injection on 
natural convection in a groundwater-filled borehole heat exchanger in impermeable bedrock. 
A convective flow with rising water close to the U-pipe and descending water at the borehole 
wall was induced. The flow rates in the groundwater are determined by the temperature 
gradient in the borehole. A higher injection rate results in a larger convective heat transfer, 
lowering the borehole thermal resistance.  

An equivalent radius model was also constructed in order to examine possible model 
simplifications. Using an annulus instead of a more complex U-pipe geometry may radically 
decrease the required computer capacity and calculation time. The result shows that for a solid 
bedrock model, borehole mean heat transfer patterns are similar for both models. Therefore, it 
may be possible to use the simpler equivalent radius model to simulate the convective heat 
transfer in borehole heat exchangers. 

Thermal response tests in boreholes were also conducted to investigate the effect of different 
power and temperature levels on convective heat transfer. A decrease in borehole thermal 
resistance is seen for higher fluid temperatures. A cold injection test was also performed. The 
resulting lower temperatures in the borehole increase the borehole thermal resistance, and 
leading to the formation of ice in the borehole. These tests indicate the importance of using 
different borehole thermal resistances in BHE design calculations, if the system should 
operate under several power levels.

Thermal response test while drilling was investigated as an alternative method to the standard 
thermal response test. With this new method, bedrock conductivity would be continuously 
determined along the borehole. Therefore, bedrock anomalies such as fractures may be 
detected. The method is investigated for water driven down-the-hole hammers. A numerical 
model was developed to investigate the thermal response to heat release during drilling. The 



results show that by providing measurements of high accuracy and precision, occurring small 
changes in conductivity may be detectable.  

This licentiate thesis is the first part of a PhD thesis. It summarises the results of the study on 
the effect of natural convection on BHEs, as well as theoretical investigation of a new thermal 
response test method. To fulfil the PhD, the influence of groundwater movement on thermal 
response tests will be further studied with numerical models and field tests. The goal is to 
implement the result in BHE design calculation programs and TRT analysis. This licentiate 
thesis includes two submitted journal articles and one conference paper. 
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Nomenclature

g Gravitation constant   g = 9.81   m/s2

I Hydraulic gradient     m/m 
K  Hydraulic conductivity    m3/s,m2

k Bedrock permeability    m2

Qcv  Internal energy     J 
q' Heat rate per meter borehole   W/m 
Rb Borehole thermal resistance    m,K/W 
Rg Ground thermal resistance    m,K/W 
Tb Borehole wall temperature    ºC or K 
Tf Mean fluid temperature  (Ti+To)/2  ºC or K 
Tf3  Mean fluid temperature during third day   ºC or K 
Tg Undisturbed ground temperature   ºC or K 
Ti  Temperature at inlet channel    ºC or K 
To  Temperature at outlet channel   ºC or K 
T0 Operating temperature    K 
vD Darcy velocity    m/s 
w1 Injected energy    J 
w2  Energy leaving the system    J 
w3  Energy transferred to the formation   J 

Tf  Fluid temperature difference  To-Ti  ºC or K 

Greek Symbols 
e Effective ground conductivity   W/m,K 
  Fluid viscosity     kg/m,s 
  Density     kg/m3

Abbreviation
BHE Borehole heat exchanger 
TRT Thermal Response Test 
TEDhc New Swedish TRT equipment with both heat and cold mode 
TRTWD  Thermal Response Test While Drilling 
LTU Luleå University of Technology 
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1. Introduction 

1.1 Borehole Heat Exchanger Systems 
Borehole heat exchanger (BHE) systems use the ground as an energy source or sink for space 
heating or cooling. A heat pump or cooling machine is often connected to the borehole to 
change the temperature to the required temperature level of the building’s energy distribution 
system, see Figure 1. A more efficient system is free cooling or heating, where extracted 
energy is transferred directly to the user. Each kWh of heating or cooling delivered by the 
BHE system requires 0.22-0.35 kWh of electricity to drive the heat pump [1]. The 
corresponding driving energy (for the circulation pump) in free cooling/heating systems is 
0.02-0.1 kWh. For storage system and combined heating and cooling systems the range is 
commonly 0.1-0.3 kWh [2]. 

A BHE generally consists of a 0.09-0.15 m borehole with a depth of 50-200 m. A collector is 
placed in the borehole where the heat carrier fluid, usually water or an antifreeze fluid, is 
circulated. Different collector configurations, single or multiple U-pipe and coaxial pipes, are 
used, see Figure 1 b,c. The collector arrangements offer good heat transfer and simple, 
inexpensive installation. To enhance heat transfer between the circulating fluid and bedrock, 
filling material is used in the borehole i.e. groundwater or back-filling (grouting) such as 
concrete or bentonite. Current work is based on groundwater-filled single U-pipe borehole 
heat exchangers.  

Figure 1. Schematics of a) borehole heat exchanger system, b) single U-pipe c) coaxial 
pipe.

a) b) c)
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In a BHE system, the injected or extracted power rate depends on fluid temperatures, depth 
and diameter of the borehole, bedrock properties, collector type and configuration, heat carrier 
fluid and borehole filling material. Figure 2 shows the radial heat transfer for heat injection. 
The borehole thermal resistance, Rb, is the resistance between the heat carrier fluid and 
borehole wall. This resistance is affected by system design and should be minimized. Overall 
system heat transfer also depends on bedrock thermal properties, ground temperature and 
groundwater flow in bedrock fissures. In most systems an average rate of 50-100 W per meter 
borehole is common [2]. 

Figure 2. Heat transfer and temperature distribution for heat injection in a BHE system. 

Borehole heat exchangers generally deliver low temperature energy. The undisturbed 
temperature in the bedrock is similar to the mean air temperature throughout the year. In areas 
with abundant snow this temperature is often a few degrees higher than the mean air 
temperature due to the snow’s insulating effect. During the year, changes in power injection, 
extraction or both result in different temperature levels in the heat carrier fluid. The 
temperature interval for the circulating fluid is often designed to range from -10 to 15°C. The 
heat pump then delivers extracted heat at the required building temperature. The temperature 
level in storage applications depends on the storage purpose and ranges from approximately 
10°C for cold storage to 80°C for heat storage [2].  

In Sweden, the most common BHE system is heat extraction from one borehole for heating of 
a single family house. There are about 200.000 single borehole systems in Sweden today, 
even though the statistics are slightly uncertain, as well as a couple of hundred larger systems 
with a several up to a few hundred boreholes per system. Larger systems are often combined 
systems with both heat and cold extraction or thermal energy storage. In 2003, approximately 
33.000 borehole and groundwater heat exchanger systems [3] were installed in Sweden.  

The design of BHE systems requires information of ground properties and the building energy 
demand. For small BHE systems, standard values based on building type and location are 
used. For larger systems a good design requires more thorough information of site-specific 
thermal properties together with the building’s power and energy demand during the year. 
Section 1.2 describes the thermal response test, i.e. a method for in-situ determination of 
ground thermal conductivity and borehole thermal resistance. Section 1.3 discusses the 
influence of groundwater on BHE systems with some important key points from recent 
research.
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1.2 Thermal Response Test 
Mobile thermal response test (TRT) equipment, Figure 3, was independently developed 
between 1995-96 at LTU, Sweden and Oklahoma State University, USA [4, 5], and is now in 
use in many countries to determine design parameters for larger BHE systems. There are two 
main advantages of using TRT instead of laboratory testing of bedrock core samples. The first 
is that the influence of groundwater on the heat transfer is included in the estimated effective 
ground conductivity, e, instead of only conductive heat transfer as in laboratory tests on core 
samples. The other advantage is that an estimation of the borehole thermal resistance, Rb, is 
made onsite. TRT equipment, measurements and evaluation have been reported upon in 
several papers: see e.g. Gehlin, 2002 [6].

In a TRT measurement, a constant power is injected to or extracted from the borehole by 
circulating a heated or chilled fluid through the collector. The difference in fluid temperatures 
between inlet and outlet channels depends on the heat transfer in and around the borehole. 
These measurements are often presented in the form of mean fluid temperature, Tf, versus 
measurement time. In the heat injection mode, the mean fluid temperature initially rises until 
heat transfer to and from the borehole has reached steady-state, Figure 4. In Sweden, this test 
is commonly performed for approximately 72 hours. From the recorded measurements, 
borehole thermal resistance and effective thermal conductivity of the bedrock are evaluated. 

Figure 4. Mean fluid temperatures during a heat injection TRT. 

Figure 3. Schematics of a thermal response test equipment with both cold and heat injection 
possibilities.

Water tank
Circulation
Pump Heat pump

HeaterInlet

Outlet

Collector

Borehole
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There are several methods to calculate the borehole thermal resistance, Rb, and bedrock 
conductivity, e. Here, a least square approximation between measurement data and a 2D 
numerical model [7] is used. In the least square approximation, both variables e and Rb are 
calculated as pairs in each iteration. Their mutual dependence results in uncertainties if 
abnormality exists at the site, e.g. high groundwater influence. Since the calculated values are 
the result of the thermal response, they can be used in designs with the same power level as in 
the test. Systems with varying power and temperature levels require, however, an extra 
careful design.

Most TRT equipment use heat injection during the tests. LTU has recently built a new test rig, 
TEDhc, that enables both heat and cold injection. This apparatus and the performed thermal 
response test measurements are described in Section 2.  

1.3 Groundwater Influence on Borehole Heat Exchangers 

Ground thermal conditions at the site determine the design of the borehole heat exchanger 
(BHE) system. In bedrock formation heat is transferred by conduction through rock and by 
convection in groundwater. The convective flow is usually not included in most BHE heat 
transfer calculations, e.g. TRT evaluation. Several investigations, however, conclude that 
groundwater flow may noticeable influence the system’s working performance under certain 
geohydrological conditions. In general, for both cold and heat injection, groundwater 
movements are favorable due to the recharging effect of the flows on the ground temperature. 
However, there will be an increased energy leakage for storage application, making it less 
efficient.

A bedrock formation is more or less fractured. The size and orientation of these fractures and 
the hydraulic gradient affect the groundwater flow. Heat injection or extraction in a BHE 
changes the temperature of the ground and groundwater close to the borehole. Due to the 
occurring temperature gradient natural convection will be induced into the groundwater. This 
temperature - density driven movement will increase the heat transfer in and around the BHE.

Bedrock permeability depends on fractures and pores in the rock. In crystalline rock, such as 
granite and gneiss, micro-fractures are found between bedrock crystals and macro-fractures 
between layers and blocks. In hydrological calculations, the bedrock is often considered as a 
porous medium. The groundwater flow may then be described for laminar conditions with 
Darcy’s equation, 

IKvD ,     (3) 

which states that the groundwater flow depends on hydraulic conductivity and hydraulic 
gradient. Where the hydraulic conductivity is determined by fluid parameters and bedrock 
permeability, 

gkK .     (4)

The hydraulic conductivity for normal fractured crystalline bedrock ranges from 10-9 to 10-5

m/s. Large, single fractures or fracture zones are usually more important for the groundwater 
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flow than bedrock permeability. The hydraulic gradient in crystalline bedrock usually ranges 
from 0.001-0.01 or less [8]. 

Claesson and Hellström [9] conducted an analytical study of groundwater flow influence on 
BHE systems performance, in 2000. For a hydraulic gradient, I, of 0.01 m/m and a hydraulic 
conductivity, K, in the range of 0 – 10-4 m/s, it was demonstrated that for a typical single-
family BHE the required borehole length changed from 110 m (K = 0 m/s) to 80 m (K = 10-4

m/s). A hydraulic gradient of 0.01 m/m and a hydraulic conductivity of 10-4 are quite high for 
crystalline bedrock: see previous paragraph. With a porosity of 0.25 these values yield a 
Darcy flow of 126 m/year. Using instead K = 10-5 m/s (Darcy flow 12.6 m/year), the required 
borehole length changes to ~105 m. A Darcy flow of 12.6 m/year is still regarded as quite 
high groundwater flow in Swedish bedrock. Other studies [8, 10] have shown similar results; 
therefore, normal groundwater flows in crystalline bedrock are not considered to affect BHE 
systems. 

However, several thermal response test (TRT) measurements have resulted in higher thermal 
bedrock conductivity than expected, which is assumed to be due to groundwater influence. In 
2001, Witte [11] investigated the effect of a known controlled groundwater flow. Two TRT 
measurements were made, with and without forced groundwater flow. Water was extracted at 
a rate of 2.89 m3/h in a borehole 5 m away from the tested grouted BHE, to achieve a 
groundwater flow. Without groundwater flow, the thermal conductivity was estimated to 2.34 
±0.007 W/m,K and 3.22 ±0.018 W/m,K with the induced groundwater flow. A model based 
on this experiment showed that already small flow rates, Darcy flow < 3.5 m/year, resulted in 
a 6% higher estimation of the thermal conductivity.    

This clearly shows that this approach of modelling fractures as a continuous porous medium, 
together with Darcy’s equation, cannot always be used in the case of groundwater influence 
on BHEs. The continuous approach is a good approximation for large enough volumes with 
high fracture density and regular distribution. If these criteria are not fulfilled, a discrete 
approach is needed where individual fractures or fracture zones are studied [12]. In 2003, 
Gehlin and Hellström [13] simulated groundwater flow in hard rock and its influence on TRT 
measurements. They used three different modelling approaches - continuous model, fracture 
zone and single fracture close to the BHE - with differing results between the three. The result 
indicates that fracture may give a significant increase in the heat transfer even though the 
continuous approach suggest otherwise.

In 1999, Kjellsson and Hellström [14] investigated the effect of different temperatures and 
heat power injections on borehole thermal resistance, Rb. Experimental equipment was built 
with a 3 m long BHE in an impermeable bedrock formation, i.e. without fractures and thus no 
groundwater flows in the bedrock. It was shown that natural convection in the water-filled 
borehole influenced the heat transfer. The thermal resistance of the borehole decreased with 
higher fluid temperatures and heat injection rates. For stagnant water, independent of 
temperature and effect, Rb = 0.138 K,m/W. As for a single U-pipe DN32PN6, with an 
injection rate of 50 W/m and a average fluid temperature of 24°C, Rb = 0.071 K,m/W. The 
denotation DN32PN6 stands for a polyethylene pipe with a diameter of 0.032 m that holds for 
a pressure of 6 Bar, which is equal to a wall thickness of 0.0024 m. Higher temperatures gave 
a further decrease in borehole thermal resistance.  

In 2003, Gehlin et al. [15] studied this effect in fractured rock by simulating a BHE with a 
connecting fracture at the top and bottom of the borehole. As the borehole water was heated 
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its volume expansion caused an overflow into the top fracture. The occurring pressure 
difference between borehole water and undisturbed groundwater forced undisturbed colder 
water to enter the borehole in the bottom fracture, causing a vertical flow in the borehole with 
cold water entering the borehole at the bottom and warmer water leaving the borehole at the 
top. This thermosiphon effect was shown to have a considerable effect on the borehole heat 
transfer.

Studies to date have concluded that groundwater movements influence the heat transfer in 
BHE systems. Since groundwater flow and fracture patterns are site-specific, a general 
solution will not be sought. Preliminary investigations of groundwater influence on thermal 
response tests have started at LTU and are presented in Sections 2 and 3. Continued research 
is discussed in Section 5.
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2. Thermal Response Test Measurements 

Thermal response test (TRT) measurements have been performed in many countries since the 
mid-nineties. Today, it is an established method to determine design parameters, borehole 
thermal resistance and ground conductivity for borehole heat exchanger (BHE) systems. Most 
commonly, these tests are performed with heat injection, using the same assumed power level 
as the planned BHE system. For a description of TRT measurement, see Section 1.2.  

In Sweden, groundwater-filled boreholes are used where convective heat transfer results in 
reduced borehole thermal resistance when compared to stagnant water. The induced 
convective flow depends on the temperature levels that are an effect of the injected or 
extracted power. Therefore, to properly design a combined BHE system with both heat and 
cold injection different values of the design parameters are needed for the two modes.  

2.1 TEDhc Equipment 
In 2004, a new TRT equipment was built at LTU, TEDhc, which may both inject and extract 
heat (heat and cold mode). Convective flow in and around BHEs will depend on temperature 
levels, fractures and borehole heat exchanger dimensions. The convectional heat transfer may 
be studied by performing several injection tests in the same borehole, with different power 
rates. Preliminary tests were conducted at LTU with this new apparatus to investigate the 
influence of groundwater flows. 

In TEDhc, the heat and cold injection systems are separate. In the heat mode a 3 – 12 kW 
stepwise adjustable electrical heater supplies the injection energy. A 3 kW variable pump 
circulates a heat carrier fluid through the test equipment and borehole collector. Ambient air 
temperature, ingoing and outgoing fluid temperatures, rig reference temperature, flow velocity 
and electrical power demand are measured and recorded during the test. For the cold mode a 
fluid-to-air heat pump connected to a buffer tank supplies the circulating heat carrier with 
constant cold power.

A TEDhc test is conducted by injecting constant power for approximately 72 h with the 
thermal response recorded every 5 – 10 minutes. The undisturbed ground temperature as well 
as BHE details such as active length, borehole and collector diameter and heat carrier fluid 
properties are required for the evaluation. The active borehole length is the groundwater-filled 
part of the borehole. Manual logging or evaluating from running the test for 20 minutes 
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without heating or cooling determines the undisturbed ground temperature. A numerically 
calculated thermal response is then least squared approximated with the measured response to 
get the effective ground conductivity, e, and the borehole thermal resistance, Rb.

Figure 5. Photo of the new Swedish TRT equipment, TEDhc

2.2 Heat and cold injection test 
An initial heat and cold injection test with TEDhc was conducted in Övertorneå, Sweden. The 
test was performed on a water-filled, single U-pipe borehole with an active borehole length of 
162 m. The test was separated into three parts: 5 days with 12 kW heat injection, 7 days stop, 
and finally, 6 days of a 7.3 kW cold injection: see Figure 6. The power levels are given as 
mean values over time, since an absolute constant power is hard to achieve. Natural power 
fluctuations in the electrical grid and two power failures with small regulation problems in the 
equipment occurred during this cold injection test. 

Figure 6. Mean fluid temperature, Tf,  during response test in Övertorneå, Sweden 

Higher groundwater temperatures during the heat injection result in a larger convective heat 
transfer than for the cold injection. Borehole thermal resistance, Rb, thus differs between the 
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two modes. The groundwater’s influence on the effective ground conductivity, e, depends on 
site-specific fractures and hydraulic gradient. This must therefore be investigated for each 
new measurement location. A conventional method is to analyse the measurement data by 
including more and more data, i.e. least square approximation over longer and longer 
measurement times. If the ground conductivity does not change with time, groundwater 
influence may be disregarded.

In Table 1, groundwater influence on the conductivity was investigated for the heat mode. 
Evaluations of measurement data were done from 15-60h up to 15-110h. The first 15 hours, 
when the temperature in the ground is rapidly increasing, are often disregarded. As seen in the 
table, there is no indication of groundwater influence in the effective conductivity, e since the 
thermal conductivity is stable with increasing time.  

Table 1. Estimations of effective ground conductivity, e, for different measurement times. 
The time is given as number of hours since start. 
Time [h] 60 70 80 90 100 110 

e [W/m,K] 4.2 4.1 4.0 4.0 4.0 4.0 

During cold injection, the heat carrier temperatures decrease below the water’s freezing 
temperature. Assuming liquid water in the borehole, i.e. no ice, results in a partly non-
matching calculated response, see Figure 7. This indicates that the borehole thermal resistance 
changes during the test and this is most probably due to ice formation in the borehole.  

Figure 7. Measured and calculated thermal response in mean fluid temperature for the cold 
mode. In the numerical model the borehole is assumed to contain only water.

Calculated parameters are therefore estimated by assuming ice in the borehole after hour 340. 
Since groundwater was assumed to not influence the ground conductivity, e is considered 
constant during the whole test. Evaluated design parameters become:  = 4.2 W/m,K, Rb1 = 
0.066 m,K/W, Rb2 = 0.094 m,K/W and Rb3 = 0.075 m,K/W. Here, Rb1 is the borehole thermal 
resistance during heat injection, Rb2 is the borehole resistance during cold injection while the 
borehole still contains fluid water and Rb3 is when the borehole contains ice. The assumption 
of a momentary transition from water to ice, as in the calculations, is not realistic. Instead, 
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there should be a time period with an ice-water mixture. Included this in the model, would 
mean no abrupt change in calculated curve at hour 340, as seen in Figure 7. 

In Figure 8, the calculated values are least square approximated to both the heat and cold 
mode. The approximation therefore works with four free variables, e and three Rb. If 
approximation is only on the heat mode, the estimated design parameters are  = 4.0 W/m,K 
and Rb1 = 0.063 m,K/W. For the cold mode approximation, the estimated values are  = 4.2 
W/m,K, Rb2 = 0.095 m,K/W and Rb3 = 0.076 m,K/W, assuming  ice after hour 340.  

The small changes in ground conductivity from 4.0 (heat) to 4.2 (cold) for the evaluations, 
confirm the assumption of little or no groundwater influence.  

Figure 8. Measured and calculated thermal response in mean fluid temperature with 
assumption of a constant ground conductivity for the whole measurement. Borehole thermal 
resistance is divided into Rb1 for heat injection and Rb2 and Rb3 for cold injection, with ice in 

the borehole for Rb3.

Recent cold mode TRThc measurements have resulted in equipment control problems, where 
the cold injection rate has fluctuated between 2 – 5 kW. More cold injections investigations 
will be conducted at LTU after these problems with the measurement equipment have been 
resolved.

2.3 Heat injection tests 
Four different heat injection tests were performed in a borehole at LTU. The borehole is 150 
m deep and has two DN40PN6 U-pipe installed; one 75 m deep and one 150 m deep. Heat 
injection thermal response test measurements were performed on the 75 m U-pipe. In Table 2, 
each measurement’s heat power is accounted for with the measurement time for each power 



Thermal response test – numerical simulations and analyses 

15

level. Some periods (first day of a new power level) had only the circulation pump running 
during the tests. The electrical power (driving energy of the pump) is then approximately 0.5 
kW, of which some is heating the circulating heat carrier fluid. This was done to calculate the 
undisturbed ground temperature and to estimate equipment heat losses.  

Table 2. Heat powers in performed thermal response test 
Measurement Mean power load [kW] Time [h] 
M1 6 70 
M2 Circulation pump 

3
6

26
98
99

M3 Circulation pump 
6
3

23
72
96

M4 Circulation pump 
6
Circulation pump 
3
Circulation pump 
3

27
116
53
120
23
307

Investigations of groundwater influence by adding more measurement data, just as previously 
described, indicate little or no groundwater influence on the effective ground conductivity. 
Despite this, least square approximations were made with a -Rb-pair for each new power 
level. In the last measurement, M4, the two 3 kW parts were calculated by a common  but 
separate Rb values. Table 3 shows the evaluated design parameters for the measurements. 

Table 3. Evaluated parameters,  and Rb, for the conducted measurements. 
Measurement Mean power load [W/m,K]  [W/m,K] Rb [m,K/W] 
M1 6 3.4 0.065 
M2 3 

6
3.6
3.5

0.076
0.065

M3 6 
3

3.5
3.5

0.067
0.077

M4 6 
3
3

3.3
3.6
3.6

0.066
0.082
0.084

Convective heat flow in the groundwater will depend on temperatures in the borehole. In 
Figure 9, borehole resistance, Rb, is plotted against the mean fluid temperature during the 
third day for each power level, Tf3. A higher temperature results in a lower borehole resistance 
due to a higher flow rate in the groundwater. This is due to the larger density difference for 
water between the temperatures of 22 and 23ºC than for 15 and 16ºC ( CC 2322

0.22
kg/m3 while 

CC 1615
 0.16 kg/m3). An even higher temperature will result in a greater 

difference and thus larger convectional heat transfer, thereby further reducing the borehole 
resistance.

Heat injection measurements are scheduled at LTU during the spring of 2006. Different 
power level tests, 3-12 kW, will be conducted in the 150 m deep U-pipe at LTU. A wider 
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range of fluid temperatures than those of the already performed measurements will then be 
achieved.

Figure 9. Borehole thermal resistance, Rb [m,K/W], plotted against mean fluid temperature 
during the third day, Tf3 [ºC], of each power level. 
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3. Numerical Model of Natural Convection 

A numerical model was built in the commercial software Fluent 6.2.16 [16] to investigate the 
natural convection in borehole heat exchangers in impermeable bedrock. Convection is 
induced when heat is injected into the single U-pipe BHE. This temperature-density driven 
flow will differ for different power and temperature levels in the borehole. The model is 
investigated for different power rates common for a BHE and a temperature interval from 10 - 
45ºC.

The 3D steady-state model consists of a 3 m long single U-pipe BHE section with 1 m of 
solid bedrock outside the borehole, Figure 10. The geometry is constructed so that the 
midpoint at the bottom is located at Cartesian coordinates (0,0,0) and the top midpoint is at 
(0,3,0). The flow inside the collectors is not included, instead is a constant heat flow injected 
at the U-pipe wall. At the outer bedrock boundary, temperature is held constant, Tbrw=C1. Top 
and bottom of the cylindrical geometry are isolated (q'bottom = q'top = 0 W/m). The bedrock is 
solid with no fractures with material parameters, br = 2360 kg/m3, cp,br=775 J/kg,K, br= 3 
W/m,K.  

Figure 10. Outline of geometry [m] and boundary conditions 
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In Fluent, steady-state convective flow uses the Boussinesq approximation for density. In this 
approximation all properties of water are held constant in all solved equations, except for the 
density in the momentum equation, which is given as a linear relationship, T10 .
The buoyancy term in the momentum equation is then approximated by 

gTTg 000 . In all simulations the operating temperature, T0, is set to the 
presumed temperature level of the pipe wall. Water properties are taken for that temperature 
from a standard parameters table [17]. 

The simulated results are compared with measurements performed in 1999 by Kjellsson and 
Hellström [14]. Their laboratory equipment was a 3 m high steel cylinder, with an inner 
diameter of 0.4 m, containing a concentric plastic pipe representing the borehole. The annular 
ground region was filled with a mixture of sand and water-antifreeze fluid. Among other, a 
single U-pipe collector DN40PN6 where tested in the borehole. The outer ground wall (the 
steel cylinder wall) was held at a constant temperature, Tc, and heat was injected into the U-
pipe at three different power levels. Table 4 shows the boundary conditions for the 12 
different tests.

Table 4. Boundary conditions for the laboratory measurement.
 E1 E2 E3 E4 E5 E6 
q [W/m] 50.19 75.83 100.70 49.91 75.55 101.39 
Tc [ºC] 0.79 1 1.22 10.64 10.87 10.95 
 E7 E8 E9 E10 E11 E12 
q [W/m] 49.61 75.27 101.08 49.52 75.09 100.94 
Tc [ºC] 20.48 20.68 20.79 25.5 25.64 25.79 

Table 5. Boundary conditions and operating parameters for the model calculations.
 M1 M2 M3 M4 M5 M6 
q [W/m] 50 75 100 50 75 100 
Tbrw [ºC] 1 1 1 11 11 11 
T0 [ºC] 10 12 18 20 24 28 

0 [kg/m3] 999.7 1000 998.8 998.4 997.6 996.6 
 [1/K] 8.69·10-5  1.14·10-4 1.85·10-4 2.06·10-4 2.47·10-4 2.85·10-4

 [m2/s] 1.3·10-6  1.23·10-6 1.06·10-6 1.01·10-6 9.20·10-7 8.41·10-7

 M7 M8 M9 M10 M11 M12 
q [W/m] 50 75 100 50 75 100 
Tbrw [ºC] 21 21 21 25 25 25 
T0 [ºC] 29 34 38 33 38 42 

0 [kg/m3] 996.2 994.23 992.65 994.63 992.7 991.08 
 [1/K] 2.94·10-4 3.37·10-4 3.70·10-4 3.29·10-4 3.70·10-4 4.00·10-4

 [m2/s] 8.24·10-7 7.74·10-7 6.87·10-7 7.58·10-7 6.87·10-7 6.37·10-7

The numerical simulations were performed in a similar way as the experiments. Table 5 
shows the boundary conditions and operating parameters for the model calculations. In the 
numerical model, the pipe wall does not have a thickness; hence, the heat transfer through the 
collector pipe is not included. To compare the experimental and numerical calculated 
borehole thermal resistances, the conductive heat transfer through the pipe is added. In the 
numerical model, the fluid temperature is then calculated as a mean value of the U-pipe inner 
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wall. For the experiment, fluid temperature is calculated as a mean value of inlet and outlet 
temperature, resulting in a small temperature difference between the two methods. In Figure 
11, numerically calculated values for borehole thermal resistance, M, are shown together with 
experimental values, E.  

Figure 11. Borehole thermal resistance, Rb, from experiment, E, and model calculations, M. 

As expected, an increase in water temperature decreases the borehole thermal resistance. The 
difference in borehole thermal resistance between the model and experimental results for 
higher temperatures could be due to several reasons, i.e. measurements errors and model 
simplifications. This should be investigated further in future work.  

Figure 12. Velocity profile at the middle of the borehole between the two U-pipe legs. The 
Cartesian coordinates where the velocity profile is plotted is (x, y, z) = (0, 1.5, ]-0.0518, 

0.0518[). 

A higher temperature results in larger density difference, which in turn results in higher flow 
velocities, see Figure 12. The velocity profile in the middle of the borehole is shown for three 
different temperature levels. The velocities are plotted in the middle between the two U-pipe 
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legs for Cartesian coordinates (x, y, z) = (0, 1.5, ]-0.0518, 0.0518[). Operating temperatures, 
T0, for the simulations were 12ºC (case M2), 24ºC (M5) and 38ºC (M11).

3.1 Equivalent radius model 
The unsymmetrical geometry of a U-pipe BHE requires a rather cell-dense mesh to solve the 
flow pattern. To simulate a full-length borehole (up to 200 m), a model simplification would 
be desirable to decrease the calculation time and required computer capacity. Numerical 
simulations were performed to investigate if an equivalent radius model, Mer, could be used 
instead of the U-pipe model, Mu, to simulate the heat transfer inside the borehole.

The equivalent radius model consists of an annulus inside the bedrock instead of the U-pipe 
configuration, Figure 13. Heat is injected at a constant rate at the inner pipe wall, q'pw = C2,
and the temperature at the outer bedrock wall is held constant, Tbrw = C1. The radius of the 
pipe wall is chosen to give the same heat flux over the wall as for the U-pipe model. The 
borehole length in this model is also 3 m.  

Figure 13. Schematics of the equivalent radius model [m]. 

Results from simulations with an equivalent radius model, Mer, and a U-pipe model, Mu, are 
shown in Table 6. Thermal resistance values between outer pipe wall and borehole wall differ 
± 3.3% between the two models. This indicates that the equivalent radius model may be used 
in future simulations. 

Table 6. Results for simulations with Mu and Mer models 
Heat injection rate Tbrw Tpw Mu  / Rb* Mer / Rb*
W/m K K Km/W Km/W 
50 274 283.2 0.0262 0.027 
100 274 291.6 0.0183 0.0188 
75 284 297.2 0.0179 0.0183 
50 294 302.85 0.0184 0.0190 
50 298 306.81 0.0178 0.0182 
100 298 315.2 0.0144 0.0144 

In full-length borehole simulations the convective flow may break up into a multicellular 
convective flow. Also, the introduction of fractures in the bedrock would alter the flow 
pattern. The equivalent radius model has to be further investigated for these new conditions. If 
similar results are reached with these new model conditions, the convective flow may be 
introduced in BHE calculation models and thermal response test analyses.  

0.04

1
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4. Thermal Response Test While Drilling 

4.1 Theory 
An alternative method to conduct thermal response test measurements (TRT), thermal 
response test while drilling (TRTWD), has been investigated in recent years at LTU. With this 
new method, investigation of the ground conductivity may be done simultaneously while 
drilling of the borehole. This method is time-saving and gives a continuous thermal 
conductivity value along the borehole of all drilled holes, instead of a mean value for the 
boreholes tested by TRT.

The TRTWD uses the heat released from drilling to perform a TRT similar to the standard 
method. The conducted work on this method is theoretical and based on the water-driven 
down-the-hole (DTH) hammer. For this drilling equipment, the hammer tool is located at the 
bottom of the borehole. Pressurized fluid, usually air or water, supplies the drilling energy that 
due to, for example, internal leakage and friction, will dissipate into heat in the hammer tool. 
Heat not leaving the system with the drilling fluid is conducted into the bedrock.

Figure 14. Energy flow through a control volume during drilling. W1 is injected energy, W2 is 
energy leaving the borehole, and W3 is energy transferred to the formation. Qcv represents 

the internal energy of the control volume. [Paper III] 

Heat is released in the hammer tool that moves downwards as the drilling proceeds. Since the 
heat is released at the bottom of the borehole the heat source will always be in thermally 
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undisturbed ground, whereas the area above the hammer tool gradually becomes warmer. To 
investigate the system’s energy flow, inlet and outlet temperatures should be known as in the 
standard TRT method. The outlet temperature would depend on inlet temperature, flow 
velocity, and drilling heat release and heat transfer in water and bedrock. By measuring 
drilling parameters and inlet and outlet temperatures, estimation of bedrock thermal 
conductivity may be done. The borehole thermal resistance cannot be determined as in the 
standard TRT, instead standard values for different configurations may be used.   

The bedrock thermal conductivity is estimated as a mean value for the current borehole depth. 
As the borehole becomes deeper, any occurring changes in bedrock conductivity will be 
imbedded in the measurement data, i.e. the thermal conductivity will be continuously 
determined along the borehole. Assuming high accuracy in the measurement equipment, 
bedrock anomalies such as fractures and lithological boundaries could be detected. The 
additional information on all drilled boreholes is useful for system design, but could also give 
valuable data to the national geological information centre.  

4.2 Numerical Models 
Two numerical models were made to examine this new TRT method. In Paper III, a 2D 
axisymmetric model, made in Fluent 6.1.18 [16], is used to investigate the basic principles of 
the TRTWD method. For the method to be commercially acceptable a quick, simple and 
stable analysis method had to be developed: Paper I, describes a possible 2D axisymmetric 
numerical model and the calculated results. In Appendix I, the second model made in 
MathCAD 2001i Professional [18] is described in detail.

In both models water flows downwards in the inner circular channel and upwards in the outer 
annulus channel. Drilling heat is released in the hammer tool located at the bottom of the 
borehole. The borehole thermal resistance in the Fluent model is calculated by program 
standard turbulence models, whereas in the MathCAD model is approximated to stagnant 
water layers at the walls. The thermal resistances will differ depending on the thickness of 
these stagnant water layers. Since the values of these resistances are not available, no 
thorough comparison has been done between the two models. This remains until 
measurements have been undertaken.  

4.3 Results and Discussion 
Initial studies indicate that thermal response test while drilling could be a good estimation 
method for bedrock thermal conductivity. There are nevertheless numerous practical 
difficulties that have to be solved in the future. In Figure 15, the fluid temperature variation, 

Tf, during drilling in two different bedrocks, 1=2 W/m,K and 2=3 W/m,K is shown for a 
100 m deep continuous drilling. These calculations are made with the MathCad model. The 
temperature difference between the two curves is 0.374°C at 100 m drilling depth. To 
distinguish the difference in results, high accuracy measurement instruments are required. 
Machine vibration and particles in drilling fluid are examples of other concerns that have to 
be addressed before measurements can be performed. 

If high accuracy measurements are done during drilling, the measurement data can be 
compared with the result from the numerical model described in Papers I and Appendix I. 
Bedrock thermal conductivity may then be evaluated by least square approximation of the two 
data sets. This is a similar procedure to the standard TRT analysis. The differences in output 
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data for the two methods are that for TRTWD, thermal conductivity is evaluated continuously 
along the borehole instead of as a mean value and that the borehole thermal resistance can be 
evaluated only from standard TRT measurements.  

Figure 15. Fluid temperature variation, Tf, during a 100 m deep drilling with bedrock 
thermal conductivities 2 and 3 W/m,K.

Figure 16 shows simulation results of TRTWD measurements for layered and uniform 
bedrock. The uniform bedrock has a thermal conductivity of 2 W/m,K, and the layered 
bedrock consists of three layers with different thermal conductivity. The upper 20 m of 
bedrock has 1=2 W/m,K, the next 5 m consists of a layer with higher conductivity 2=4
W/m,K and further down 3=2 W/m,K. This could represent, for example, a fracture zone 
with groundwater flow. The difference in fluid temperature between the two curves is 
0.0365°C at 40 m drilling depth.  

Figure 16. Fluid temperature variation, Tf,  with drilling dept for two bedrocks; “one 
layer” has =2 W/m,K and “layers” have 1=2 W/m,K, 2=4 W/m,K and 3=2 W/m,K. 

By examining the fluid temperature gradient with drilling depth, d( Tf)/dz, changes in 
bedrock thermal conductivity may be more noticeable. Figure 17 shows the temperature 
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gradient for the layered bedrock described above. The disturbance between depth 20 and 25 m 
can easily be detected as a temperature anomaly in the bedrock.  

Figure 17. Temperature gradient with drilling depth for a layered bedrock with 1=2
W/m,K, 2=4 W/m,K and 3=2 W/m,K. 

By comparing data for larger intervals than 1 m, the temperature resolution required for these 
measurements may be decreased. In Figure 18, the same measurement as in Figure 17 is 
shown with the temperature calculated for every 5 m. Even though the section with different 
bedrock conductivity is only five meter deep, the change in bedrock conductivity is still 
visible, even though it is smeared out. The required resolution in the temperature 
measurements is favourable lower.  

Thermal response test while drilling may well be a good alternative to standard TRT, 
provided there are high accuracy measurements. The work with drilling measurements will 
start at LTU in 2006. A suitable measurement device and measurement procedure will be 
developed and evaluated. 

Figure 18. Temperature gradient with drilling depth measured for 5 m steps. Layered 
bedrock with 1=2 W/m,K, 2=4 W/m,K and 3=2 W/m,K. 
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5. Future work and conclusions 

In this thesis, convection in groundwater-filled boreholes was investigated to enable for a 
more thorough heat transfer calculation for borehole heat exchanger (BHE) calculations and 
thermal response test (TRT) analyses in the future. A new method for thermal response test 
where the test is performed during the drilling of the hole, was also theoretically investigated.  

During operation of a BHE, temperature gradients are induced in and around the borehole, 
resulting in a temperature-density driven flow that increases the heat transfer into the 
borehole. The occurring flow will depend on power and temperature levels in the BHE. A 
higher temperature decreases the borehole thermal resistance. In the model simulation with a 
temperature interval of 10-45ºC, heat transfer was 6-10 times more efficient compared to 
stagnant water. This makes water an inexpensive and competitive filling material in borehole 
heat exchangers compared to other commercial back-filling materials, with regards on heat 
transfer properties.  

Bedrock fractures often connect to the borehole, which may result in groundwater flows that 
are vertical, horizontal or both. The groundwater will flow into these fractures, thereby 
increasing the heat transfer even further. This will be investigated during the next couple of 
years via model simulations and thermal response test measurements. During the summer 
2006, forced groundwater thermal response tests are planned at LTU. Both vertical and 
horizontal flow will be induced by pumping water through a borehole heat exchanger. High 
temperature response tests will also be performed to examine flow patterns for different 
power and temperature levels.  

Further, numerical simulations will be performed to investigate the groundwater flow in the 
borehole. The equivalent radius model will be further examined and used to simplify the 
model calculations. Vertical and horizontal groundwater flows will be investigated both by 
the U-pipe and equivalent radius model. A full-length model should be designed after suitable 
model simplifications have been found.      

Thermal response tests during drilling would be a time-saving method to determine effective 
borehole conductivity. Numerical modelling indicates that continuous evaluation of the 
bedrock along the borehole is possible if high accuracy and precision measurements may be 
performed. It still remains to be investigated whether this is practicable.  
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Abstract

Thermal response test while drilling was investigated as an alternative method to the 
standard thermal response test. With this new method ground thermal conductivity is 
continuously given along the borehole. A numerical model was used to estimate the 
thermal response to heat released during drilling with a water-driven down-the-hole 
hammer. Changes in bedrock thermal properties are detected by analysing the return 
temperature of the drilling fluid. The results show that even small changes in 
conductivity are detectable. The method requires usage of high accuracy measurements 
and may detect fracture zones and lithological boundaries. 

Keywords: Thermal response test; Measurements while drilling; continuous evaluation; 
numerical model; bedrock conductivity; Borehole heat exchangers 
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Introduction 

Borehole heat exchanger (BHE) systems use the ground as a source of heat or cold for 
air conditioning in buildings. Proper design of such systems requires reliable 
information of site-specific thermal properties, depending on bedrock composition, 
fractures and groundwater flow. Standard values are most commonly used for smaller 
borehole systems, up to a few boreholes. For a larger BHE system, a more thorough 
ground investigation should be done, e.g. laboratory core sample test or in-situ thermal 
response test (TRT). 

Laboratory investigations of core samples yield bedrock composition and thermal 
properties. Heat transfer in the ground is also affected by the convective groundwater 
flow, which cannot be determined in laboratory testing. In-situ testing of ground 
thermal properties, however, captures the conductive and convective heat transfer, so-
called effective (apparent) thermal conductivity. In 1983, Mogensen [1] suggested this 
method for in-situ measuring of effective thermal conductivity and borehole thermal 
resistance. Test equipment for the thermal response test method was independently 
developed in Sweden and the USA in 1995 [2,3]. Today, TRT is an established method 
to determine bedrock and borehole thermal properties. 

In TRT measurements, energy is injected to or extracted from a borehole by circulating 
a heated or chilled fluid, usually in a closed pipe system. The thermal response is 
measured as the change of fluid temperature over time. Borehole mean values of 
effective ground conductivity and borehole thermal resistance, i.e. thermal resistance 
between fluid and borehole wall, are evaluated from this data. The Swedish test is 
usually performed on one or two boreholes for approximately 72 hours. Because of the 
heat released during drilling the test should be performed a few days after the drilling to 
ensure thermally undisturbed ground.  

Both core sample testing and TRT are rather time consuming and costly. In 2003, 
Tuomas et al [4] suggested a method for TRT measurements while drilling (TRTWD) 
that would simplify the evaluation of ground properties. A major advantage is that this 
new method would give continuous thermal conductivity along the borehole instead of a 
mean value for the whole borehole. The method is also less time consuming. Unlike 
TRT, TRTWD cannot give a value for borehole thermal resistance, though today it is 
fairly well determined for given borehole configurations. For a single u-pipe in a ground 
water-filled borehole, the borehole thermal resistance is usually in the range of 0.07-
0.08 K,m/W for heat injection.  

Thermal response test while drilling 

Thermal response test while drilling (TRTWD) uses the same basic principle as 
standard TRT measurement. A constant heat power is injected into the borehole and the 
thermal response of circulating fluid is measured. Instead of heating the circulating 
fluid, energy is in the form of heat dissipation from drilling work, i.e. from pressurised 
fluid, mechanical torque and mechanical force-feed. Part of this heat leaves with the 
drilling fluid, but the rest is transferred into the bedrock. The energy flow depends on 
the circulating drilling fluid, drilling process and bedrock properties. This article 
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considers TRTWD with water driven down-the-hole (DTH) hammer. The hammer tool 
and drilling process are described in detail in [5]. 

In DTH drilling, the hammer tool is located at the bottom of the borehole. Drilling 
energy is supplied through the drill string by pressurized fluid, either air or water. Air is 
today most common, but the advantages of using water as a drilling fluid are 
“unlimited” drilling depth, greater penetration rate and lower energy consumption. 
Water is also more environmentally friendly, because, for example, dust is eliminated. 
The disadvantage is the need of large volumes of preferable high quality water.

During drilling, energy will dissipate into heat in the hammer tool through internal 
leakage, friction etc. The heat source moves downwards in the ground at a certain 
velocity and will therefore always be in thermally undisturbed ground. The ground 
surrounding the borehole above the hammer tool will gradually become warmer, since 
heat from the circulating water will be transferred into the bedrock.

The water temperature at the outlet of the drill string depends on inlet water 
temperature, flow velocity, heat release in the hammer, and heat transfer in the water 
and bedrock. Thermal conductivity along the borehole can be estimated by measuring 
flow velocity, inlet temperature and outlet temperature, while drilling the bedrock. As 
the borehole deepens, changes in ground conductivity will affect the measured return 
fluid temperatures. This information could be useful in detecting, e.g. fracture zones or 
different bedrock layers.

In DTH drilling, 3 m long drill strings are often used. During the connecting time of a 
new string the pump is turned off, resulting in no new energy being supplied to the 
system. The heat transfer continues, however, from the borehole to the surrounding 
ground. The outlet fluid temperature would probably not be lowered much during a 
shorter drill stop, since the heat transfer depends on the borehole wall temperature. This 
temperature will not drastically change during a short stop, though for longer breaks it 
should be noticeable in the measured data.  

Model description 

The model used in this article is a 2D numerical model made in MathCAD 2001i 
Professional [7]. Figure 1 outlines the model when the drill has reached depth z = zd.
The fluid is flowing downwards in the inner circular channel, i.e. inside the drill string, 
and changes direction at the bottom and flows upwards in the annulus outside the drill 
string in direct contact with the bedrock wall.

Temperatures along the inner channel are T'(z), and T(z) for the outer channel, 
dzz0 , and the adjacent rock surface has a temperature f(z). These temperature 

distributions are given for each numerical cell at the considered time step. The inlet 
temperature is T'(0) = Tin. The outlet temperature, T(0) = Tout, is calculated with help of 
the heat transfer between the inner and outer channels, Q', and the heat transfer between 
outer channel and bedrock, Q. Drilling heat, Qd [W], is released at zd, where the water 
temperature is increased by a prescribed amount, Td, as it passes the hammer tool:  
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Here, f [kg/m3] is the fluid density, cf [J/kg,K] the fluid heat capacity and qf [m3/s] the 
fluid flow rate. 

Figure 1: Outline of numerical model 

When considering the heat balance in the borehole at any particular time, heat is 
transferred from outer to inner channel and between outer channel and bedrock. A 
thermal conductance between water of the inner and outer channels exists, K' [W/m,K], 
as well as a thermal conductance between outer channel and rock boundary, K 
[W/m,K]. These are obtained from suitable equivalent layers of stagnant waters with 
thickness deq1, deq2 and deq3. 

Figure 2: Thermal conductance between water in the inner and outer channels, K' 
[W/m,K] and between outer channel and rock boundary, K [W/m,K] 

The heat balance equations for the two water flow channels are: 
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Introducing the difference in temperature of outer and inner channels 
)()()( zTzTzT , fff qcKk  and fff qcKk  the convective-

conductive heat balance equations can be written 

deq1
deq2

deq3

K’
K

Qd

)(zT )(zT

qf qf

)(zf

zd
z

r

Q
Q



5

d

( )
0 .

( ) ( ) ( )

dT k T z
dz z z
dT k T z T z f z
dz

   (3) 

The boundary conditions at the top and bottom of the borehole are 

in d d(0) , ( ) .T T T z T     (4) 

The solution to equations 3 and 4 will be obtained by superposing three cases. Case 0 
deals with the inlet temperature. The remaining problem has a zero inlet temperature 
and f(z)-Tin as a boundary temperature of the bedrock. Case I concerns the temperature 
increase of the drill. The temperature of the adjacent ground is set to zero. Case II has a 
zero inlet temperature, zero temperature increase at the drill and temperature f(z)-Tin at 
the boundary to the adjacent ground. 

Case 0: indin TfzTTT ,0)(,)0(
Case I: 0,)(,0)0( fTzTT dd    (5) 
Case II: ind TzffzTT )(,0)(,0)0(

The temperature in the adjacent ground is given by a numerical solution of the heat flow 
problem in the ground, coupled to the counterflow thermal processes in the borehole. In 
the ground, heat is only transferred in the radial direction. The boundary temperature 
function, f(z), is piece-wise constant along z with a value, fi, for each numerical cell 
along the borehole. The piece-wise constant temperature may be written as a sum of 
steps. In the model, a Heaviside’s step function is used 

d

in 1
1

( ) ( 1) .
I

i i
i

f z T f f H z i z

0 in

1 0
( ) .

0 0,
z

H z f T
z

    (6) 

The model can simulate any sequence of layers in the bedrock. Different thermal 
properties in the layers will change the heat transfer into the ground, and cause changes 
in the outlet fluid temperature. For a more detailed description of the model see [6]. 

Values used in simulations 

Values used in the simulations are given in Table 1, if not stated elsewhere in the text. 
The inlet temperature, Tin, and the initial ground temperature, Tinit, are assumed to be 
same, 10°C, since drilling water is taken from the ground. The drill moves downwards 
with a penetration rate of 0.5 m/min and the fluid flow rate is 300 l/s. The injected 
power of the water driven DTH hammer ranges from 100-150 kW [4]. 
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Table 1:  Constants used in the model 
rb 0.0575 m  3 W/m,K 
rinner 0.0382 m Cg 2.2 MJ/m3,K
Qd 150 kW deq1 0.003 m 

f 0.6 W/m,K deq2 0.001 m 
f 1000 kg/m3 deq3 0.001 m 

cf 4200 J/kg,K 

Result and discussion 

Calculated temperatures in the borehole after 160 m of drilling are shown in Figure 3. 
The water temperatures along the inner and outer channels can be seen together with the 
outside ground temperature. Injected heat raises the temperature 7.14°C at the bottom of 
the borehole. Water flowing upwards in the annulus transfers heat to the inner channel 
and bedrock. At this drilling depth, the annulus temperature in the top 80 m is lower 
than that of the borehole wall. The ground thus warms the drilling fluid, since heat has 
been accumulating in the ground during the whole drilling process, making it warmer 
for each meter of drilling. As can be seen in Figure 3, heat is not transferred very deep 
into the bedrock during the 5 h 20 min of drilling. At a radial distance of 0.23 m from 
the borehole wall the temperature has barely changed from undisturbed ground 
temperature of 10°C.   

Temperatures along the borehole
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Figure 3: Temperatures inside the borehole and outside in the bedrock after 160 m 
drilling.

In standard TRT measurements the ground thermal conductivity can be evaluated from 
the mean fluid temperature difference between the inlet and outlet. This temperature 
change from inlet to outlet, inoutf TTT , for different bedrock conductivities is 
shown in Figure 4. A higher conductivity value gives a steeper curve caused by higher 
heat transfer to the ground, thereby resulting in a lower outlet temperature. The ground 
thermal conductivity may be evaluated by comparing measured drilling data with 
simulations.  
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Tf variation during drilling for different ground 
conductivities
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Figure 4: Variation of the fluid temperature difference between drill string inlet and 
outlet, Tf during drilling for different ground conductivity values, =1, 2, 3, 4, 5 

W/m,K.

Different layers in the ground with different thermal properties may be detected by 
analysing the change in temperature difference between the inlet and outlet of the drill 
string, Tf, in measured data. A greater conductivity difference between bedrock layers 
will result in a corresponding difference in the temperature curve, Tf. Figure 5 shows 
how Tf changes with drilling depth in a bedrock with three layers; top 20 m have 

1=3.5 W/m,K, the next 20 m have 2=3 W/m,K and  the remaining 20 m have 3=3.5
W/m,K. By comparison, the same calculations have been done with one layer of =3.5 
W/m,K.  

Tf variation with drilling dept
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Figure 5: Variation of Tf with drilling depth for two different bedrocks; three layers 
( =3.5; 3; 3.5 W/m,K) and one layer ( =3.5 W/m,K). 

Distinguishing the temperature difference between the two curves is difficult, but by 
looking at the time derivative or drilling depth derivative of the temperature change 
between drill string inlet and outlet, df dzTd )( , in Figure 6, the layers are easily 
detected. At a drilling depth of 20 m the first shift in temperature is detected when the 
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first layer, 1=3.5 W/m,K, is passed and the drill enters the second layer, 2=3 W/m,K. 
At a 40 m drilling depth, the next shift occur when the third layer, 3=3.5 W/m,K, is 
entered. The first temperature shift is 322

1 108.11058.21076.2Ts and
the second temperature shift is 322

2 106.11059.21043.2Ts .

Change in Tf with drilling depth, d( Tf)/dzd
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Figure 6: The change in temperature difference between drill string inlet and outlet 
with drilling depth, df dzTd )( is shown over the three bedrock layers ( =3.5; 3; 3.5 

W/m,K). 

In Figure 7, the temperature shift, Ts, in d( Tf)/dzd at different bedrock layer 
boundaries is shown. Simulations are made for a bedrock formation with two layers. 
The top layer has a depth of 20 m and the thermal conductivity has been varied for 
different simulations, 1=1, 2, 3 and 4 W/m,K. The second layer has a difference in 
conductivity from the top layer, 21 , in the range of -2 to 2, see Table 2.  

Table 2: Layer thermal conductivities used in simulations 
Top layer

1 [W/m,K] 
Second layer

2 [W/m,K] 
Simulation 1 

Second layer
2 [W/m,K] 

Simulation 2 

Second layer
2 [W/m,K] 

Simulation 3 

Second layer
2 [W/m,K] 

Simulation 4 
1  2 3 - - 
2 1 3 4 - 
3 1 2 4 5 
4 2 3 5 6 

The size of the temperature shift does not only depend on the change in 
conductivity, 21 , but also on the conductivity of the top layer, 1. A higher top layer 
value results in a smaller temperature shift, since the inclination differs less for higher 
conductivity values, see Figure 4. 
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Temperature shift at layer boundary
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Figure 7: Temperature shift at layer boundary with different bedrock conductivities. 

The temperature shift, Ts, also depends on the thickness of the top layer. Table 3 
presents the simulation results with the top layer having a thermal conductivity 1 = 2 
W/m,K and next layer having 2 = 3 W/m,K. The depths of the top layer are 20, 50, 90 
and 140 m for the different simulations. Comparing these results with Figure 7, 
conductivity change 21 = 1, the difference in temperature shift due to top layer 
depth is not as important as the difference in temperature shift due to top layer 
conductivity.

Table 3: Temperature shift, Ts, for different boundary layer depths 
Depth [m] Temperature shift, Ts [°C]

20 31070.4
50 31070.4
90 31050.4
140 31010.4

Abrupt changes in Tf could also depend on stops during drilling, e.g. during connection 
of a new drill string. Figure 8 shows how Tf changes with drill depth for 3 different 
drillings with 0, 2 and 10 min stops every 3 meters of drilling. As soon as the drill starts 
moving again after a stop, Tf rises to the same level as for continuous drilling. The heat 
transfer in the bedrock is a relatively slow process and even though the borehole wall 
temperature changes during the stop, the change in the surrounding bedrock temperature 
is minor.    
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Figure 8: Changes in Tf with drilling depth for drilling stops of 0, 2 and 10 min. 

Figure 9 shows the bedrock temperatures along the borehole for two 60 m drillings, i.e. 
continuous without any stops and with 10 min stops every third meter. Temperatures are 
given at the borehole wall, 0.01 m from the wall and approximately 0.06 m from the 
wall for both cases just before the drill is about to start drilling again. The borehole wall 
temperature is 2°C lower after the 10 min break. The temperature change 0.01 m into 
the bedrock is almost 1°C and at most 0.5°C when 0.06 m from the wall. The small 
penetration depth indicates no greater differences in Tf for shorter stops in the drilling. 
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Figure 9: Comparisons of temperatures in ground for drilling 60 m with 0 and 10 min 
drilling stops every third meter. 
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Conclusion and future work 

Thermal response test while drilling (TRTWD) may be an alternative to standard TRT 
measurements in determining ground thermal properties for borehole heat exchanger 
systems. Besides being a less time-consuming method, TRTWD gives the continuous 
ground conductivity along the borehole. All boreholes are evaluated instead of one or 
two, as in the standard TRT. However, the method requires high accuracy temperature 
measurements to distinguish between the different thermal responses of bedrocks.   

By analysing the varying differences in fluid temperatures between drill string inlet and 
outlet with drilling depth, bedrock anomalies can be distinguished. A change in ground 
thermal properties is reflected by a corresponding change in the temperature difference. 
Such anomalies, e.g. fracture zones, can be of importance in designing BHE systems.  

TRTWD measurements with water-driven down-the-hole hammer will start at LTU in 
2006. Several practical difficulties with such measurements exist, e.g. the rather small 
difference in fluid temperature requires measurements of high accuracy and resolution, 
as well as measurement difficulties due to machine vibrations and particles in drilling 
fluid during the test. 
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Abstract

The performance of borehole heat exchangers is important for the design of ground-source heating and 
cooling systems using vertical boreholes. In Scandinavia, boreholes are usually not grouted but left 
with groundwater to fill the space between heat exchanger pipes and the borehole wall. The common 
U-pipe arrangement in a groundwater-filled borehole heat exchanger in impermeable bedrock has been 
studied by a three-dimensional CFD model assembled in the commercial software Fluent. The model 
consists of a 3 m long vertical borehole containing a single U-pipe with surrounding bedrock. A 
constant heat flux is imposed on the U-pipe wall, thereby inducing a convective flow in the 
groundwater-filled borehole. The numerical model agrees fairly well with theoretical studies and 
laboratory experiments of annular pipe arrangements. The temperature gradient in the borehole 
determines the flow rates, with a higher heat flux resulting in larger convective heat transfer, lowering 
the borehole thermal resistance. An equivalent radius model was also investigated to examine the 
possibilities of model simplifications. Using an annulus instead of the more complex U-pipe geometry 
would radically decrease the required computing power and execution time. For a solid bedrock model, 
such as the one used in this paper, borehole mean heat transfer patterns are similar for the equivalent 
radius model and U-pipe model. The convective heat transfer through the groundwater between the U-
pipe and an impermeable bedrock may therefore be modelled as a concentric pipe with equivalent 
radius. 

Keywords: Natural convection, borehole heat exchanger, buoyant flow, numerical model, groundwater 
filled borehole, U-pipe 
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Nomenclature 

A Aspect ratio = L/(r1-r0)
cp Specific heat  J/kg,K 
g Gravitational constant m/s2

L Borehole length m 
Nhf Heat flux number = 01 qq
Nu Nusselt number 

Nu* Estimated Nusselt number = cbncb RR ,,

Pr Prandtl number 
q  Heat flow W/m 
q  Heat flux W/m2

r Radius m
R Radius ratio = rbhw/rpw

Ra* Modified Rayleigh number = krrqg 4
010

Rb Borehole thermal resistance Km/W 
Rb* Thermal resistance between outer pipe wall and borehole wall Km/W 
T Temperature ºC or K 
T0 Operating temperature ºC or K 
Tc Cryostat temperature ºC or K 

Greek symbols 
 Thermal diffusivity =  / ( ·cp) m2/s

 Thermal expansion coefficient 1/K 
 Thermal conductivity  W/m,K 
 Kinematic viscosity m2/s

 Density kg/m3

0 Constant density of the flow kg/m3

Subscripts
bhw Borehole wall 
br Bedrock 
brw Bedrock wall 
c Convective  
f Heat carrier fluid 
nc Non-convective 
p Pipe 
pw Pipe wall 



3

1. Introduction 

Borehole heat exchanger (BHE) systems use the ground as a heat source or a sink for space 
conditioning in residential and commercial buildings. This paper covers heat injection in a 
groundwater-filled BHE with a single U-pipe as collector, Figure 1. In cooling mode, a heated fluid is 
circulated inside the U-pipe, whereby it is chilled as heat is transferred to the ground. The fluid 
temperatures entering the BHE are in the range of 17-20ºC for typical cooling applications. This heat 
injection will create a temperature gradient extending from the circulating fluid outwards through the 
surrounding rock to the undisturbed ground temperature, which in Sweden is approximately 2-10ºC.  

Figure 1. Single U-pipe borehole heat exchanger  

Most BHE calculation models are 1D or 2D with conductive heat transfer in the radial direction [1, 2]. 
The thermal process is usually divided into two separate regions, the solid bedrock outside the borehole 
and the region inside the borehole. Since the aspect ratio is quite small, transient heat transfer in the 
bedrock is often modeled according to the 1D line-source or the cylindrical-source theory. Regarding 
long-term responses for the BHE, the dynamic temperature changes inside the borehole are small 
compared to those in the ground. Therefore, the thermal process inside the borehole is commonly 
treated as steady-state heat transfer and described by a borehole thermal resistance, Rb [K,m/W]. This 
includes heat transfer from the bulk heat carrier fluid through both the collector pipe and the filling 
material in the borehole.  

qRTT bbf  1 

The cooling capacity of the borehole supplied to the building depends on bedrock and the borehole’s 
thermal properties. From a system perspective a small borehole thermal resistance is especially 
important for free cooling systems (without use of mechanical refrigeration). Water has a thermal 
conductivity of approximately 0.6 W/m,K, which would result in a rather high resistance of Rb~0.15-
0.2 Km/W in a common single U-pipe borehole heat exchanger. However, the temperature gradient 
developing inside the borehole will induce natural convection. This increases the heat transfer and most 
measurements in the groundwater-filled single U-pipe BHE will give a borehole thermal resistance 
around Rb~0.06-0.08 Km/W during heat injection.  

The temperature-dependent natural convection in the groundwater is not modeled in current simulation 
tools and commercial software for BHE systems. Instead the borehole’s thermal resistance is usually 
measured during a thermal response test (TRT) or a representative value for the given loading 
conditions (heat transfer rate and temperature level) is used. This study concerns the influence of 
natural convection on the borehole’s thermal resistance for different power and temperature levels in 
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solid bedrock without fractures. Two different model geometries are compared to develop a less 
complicated and faster algorithm.  

2. Simulation model 

A 3D, steady-state model was built and simulated in the CFD-software Fluent, which uses a finite 
volume method to convert the governing equations to numerically solvable algebraic equations [3].  

Figure 2. Outline of model geometry [m] and boundary conditions.  

The model consists of a 3 m long and vertical groundwater-filled borehole containing a single U-pipe 
collector, Figure 2. The midpoint at the bottom is located at Cartesian coordinates (0,0,0) and the top 
midpoint is at (0,3,0). The cylindrical region outside the borehole consists of solid bedrock with 
material parameters similar to granite ( br=2360 kg/m3; cp,br=775 J/kg,K; br= 3 W/m,K) extending to a 
radius of 1 m. The heat carrier fluid flow inside the collectors is not considered, instead is a constant 
and uniform heat rate, qpw [W/m], given at the pipe wall. For the other boundary conditions, the outer 
bedrock wall is set to a constant temperature, Tbrw [ºC], and the bottom and top boundaries are insulated 
(qbottom = 0 W/m, qtop = 0 W/m).  

In Fluent, a steady-state convective flow requires a Boussinesq approximation, which treats density as a 
constant value in all solved equations, except for the buoyancy term in the momentum equation. It is 

valid for 10TT . In this model, ~O(10-4), T~O(1) giving 1)10(~ 4
0 OTT ; hence, 

the Boussinesq approximation, T10 , may be used. The buoyancy term in the momentum 
equation is then approximated to: 
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The numerical mesh consists of hexahedron and wedge-shaped volume elements in the borehole. The 
cell size is ~0.002-0.003 m in the radial direction and 0.05 m in the vertical. For the bedrock, an radial 
expanding hexahedral mesh is used with a first cell length of 0.01 m and a total of 15 cells in the radial 
direction. Figure 3 shows the mesh in a cross-section of the borehole and part of the bedrock.  

Figure 3. Numerical mesh in a cross-section of the borehole.  

A second model that describes a cylindrical collector instead of a U-pipe was also developed. There are 
two versions of this second model (Figure 4a, b). The first version is a water-filled annulus used to 
validate the model with results from two published studies, Section 3. The second version, consisting of 
solid bedrock outside the water-filled annulus, was used to investigate if an equivalent radius model 
may result in the same heat transfer pattern as the U-pipe model, Section 4.  

Figure 4: Outline of geometry [m] for a) validation model b) equivalent radius model 
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3. Validation of numerical model 

In 1983, Keyhani et al. [4] investigated free convection in a vertical cylinder, through the use of an 
annulus-shaped experimental configuration with radius ratio R=4.33 and aspect ratio A=27.6. The 
boundaries had constant heat fluxes over the inner radius and isothermal conditions on the outer radius. 
Two gases were used, air (Pr = 0.71 at 300 K) and helium (Pr = 0.68 at 300 K). The experimental 
results were fitted with a power-law dependence of aspect and radius ratios, and gave the following 
Nusselt number correlation: 

.1021.4*108.1,*291.0 74442.0238.0244.0 RaRARaNu  3 

In 1986, Littlefield and Desai [5] examined buoyant laminar convection in a vertical cylindrical 
annulus. The numerical model had a constant heat flux on the inner radius and either isothermal 
conditions or constant heat flux on the outer radius. The model was valid for 

810*and,5.0,5010,55.1,10Pr RaNAR hf . They suggested the following relationship of 
Nusselt’s number for a) isothermal boundary condition and b) constant heat flux. The stated 
relationship for constant heat flux concerns a negative heat flux ratio, Nhf. Heat flux into the domain is 
calculated as positive, with flux leaving the system as negative.  

840005.0/057.0266.033.0038.0255.0

8009.0233.044.0245.0

10*10,*488.0b)

10*,*443.0a)

RaRaeRANu

RaRaRANu
RRNRN

R

hfhf  4 

A 1 m long validation model was assembled with an aspect ratio A=31.45 and radius ratio R=2.59, 
Figure 4a. The inner surface was given a constant heat flow and the outer surface a constant 
temperature. The annulus was filled with water at a temperature of approximately 281 K, giving a 
Prandtl number, Pr, of 9.97. The model was built to match the conditions of Littlefield and Desai’s 
numerical model. The same outer radius was chosen as for the borehole model, rbhw=0.0518 m. The 
steady-state models require the same heat flow rate, q  [W/m], over both inner and outer surfaces. The 

inner radius was therefore chosen to satisfy the condition 5.0386.0hfN , whereby rpw=0.02 m.  

Five different heat flow rates were used (25, 50, 75, 100 and 125 W/m) on the inner radius in the 
simulations. At the outer boundary, temperatures were held constant at T1 = 280 K. Standard material 
parameters for water were used with a temperature of T=281 K [6.]. The estimated Nusselt number, 
Nu*, was calculated as a quota between the borehole thermal resistances, including the convection, 

cbR , , and excluding the convection, ncbR , .

cbncb RRNu ,, /  5 

The borehole thermal resistance for non-convective heat transfer is calculated as conductive heat 
transfer in an annulus. 

ncbinnerouter R
T

rr
Tq

,ln
2

 6 
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In Figure 5, Nusselt number correlations according to equations 3, 4a and 5 are shown as a function of 
the modified Rayleigh number. The agreement between the Fluent validation model and the reference 
Nusselt correlations is quite good, especially in relation to Littlefield and Desai’s numerical model.   
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Figure 5. Nusselt number as a function of modified Rayleigh number for equations (3, 4a and 5). 

4. Comparison with laboratory measurement 

In 1999, Kjellsson and Hellström [7,8] conducted a laboratory study of heat transfer in a water-filled 
borehole with different collector arrangements. The test equipment consisted of an outer 3 m high steel 
cylinder with an inner diameter of 0.4 m. A cryostat-controlled circulating fluid maintained the cylinder 
at a certain temperature, Tc. An inner, concentric plastic pipe with an inner diameter of 0.1036 m 
represented the borehole wall. The annular ground region between the borehole and the steel cylinder 
was filled with a mixture of fine sand and a water-antifreeze fluid. Several collector types were tested. 
The single U-pipe DN40PN6 measurements will be compared to the Fluent U-pipe model. The test was 
performed for four different cryostat temperatures and three different heat injections rates, Table 1.  

Table 1. Boundary conditions for the laboratory measurement 
E1 E2 E3 E4 E5 E6 E7 E8 E9 E10 E11 E12 

q [W/m] 50.19 75.83 100.70 49.91 75.55 101.39 49.61 75.27 101.08 49.52 75.09 100.94

Tc [ºC] 0.79 1 1.22 10.64 10.87 10.95 20.48 20.68 20.79 25.5 25.64 25.79 

The numerical U-pipe model described in Section 2 and Figure 2 was used to investigate the heat 
transfer in the water-filled, single U-pipe borehole. Boundary conditions were given as constant 
temperatures at the outer bedrock wall, Tbrw, and constant heat flow rate at the U-pipe wall, pwq .
Operating temperature, T0, was chosen to assumed pipe wall temperature, Tpw. Water material 
parameters were taken from a standard water parameter table [6] for the operating temperature level. In 
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Table 2, model boundary conditions and operating parameters are presented for the different 
simulations.  

Table 2. Boundary conditions and operating parameters for the model calculations.  
M1 M2 M3 M4 M5 M6 

q [W/m] 50 75 100 50 75 100 
Tbrw [ºC] 1 1 1 11 11 11 
T0 [ºC] 10 12 18 20 24 28 

0 [kg/m3] 999.7 1000 998.8 998.4 997.6 996.6 
 [1/K] 8.69·10-5  1.14·10-4 1.85·10-4 2.06·10-4 2.47·10-4 2.85·10-4

 [m2/s] 1.3·10-6  1.23·10-6 1.06·10-6 1.01·10-6 9.20·10-7 8.41·10-7

M7 M8 M9 M10 M11 M12 
q [W/m] 50 75 100 50 75 100 
Tbrw [ºC] 21 21 21 25 25 25 
T0 [ºC] 29 34 38 33 38 42 

0 [kg/m3] 996.2 994.23 992.65 994.63 992.7 991.08 
 [1/K] 2.94·10-4 3.37·10-4 3.70·10-4 3.29·10-4 3.70·10-4 4.00·10-4

 [m2/s] 8.24·10-7 7.74·10-7 6.87·10-7 7.58·10-7 6.87·10-7 6.37·10-7

The heat transfer through the collector pipes is not included in the numerical model. To compare 
experimental and numerical values, the conductive heat flow through the U-pipes must be added. This 
is done via the conductive heat transfer equation (6), where router = rpw, rinner = rinner pw,  = p and T = 
Tpw – Tinner pw. A U-pipe DN40PN6 has an outer radius of 0.02 m and an inner radius of 0.0176 m. 
Thermal conductivity for the pipe is p = 0.42 W/m,K. Tinner pw is calculated for the different 
simulations and then compared to the experimental values. In the experiment, the mean fluid 
temperature, Tf, is calculated as a mean value of the collector inlet and outlet temperatures. The 
difference between Tf and Tinner pw will result in a small difference between the calculated and measured 
result. Borehole thermal resistances for the experiment and numerical model are given as a function of 
fluid temperature, see Figure 6.  

Calculations from the experiment and the model show a lower thermal resistance for higher fluid 
temperatures. This is expected because a higher temperature should result in higher flow rates and thus 
larger convective heat transfer. However, the measurements have higher temperature dependence than 
the numerical model, which may be due to, e.g. measurements errors or model simplifications. Other 
performed measurements on borehole heat exchangers rarely exceed 25ºC. Therefore, performing high 
temperature measurements on boreholes would be valuable, to investigate the borehole thermal 
resistances temperature dependence.  

The results from the numerical model show some fluctuations in the calculated values, seen in Figure 6. 
This may be due to the chosen simulation algorithms in Fluent. In future studies the numerical models 
will be constructed to allow more options in the choice of assumptions and calculation models.     
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Figure 6. Borehole thermal resistance, Rb, from experiment, E, and model calculations, M. 

In the borehole, temperatures are highest in the middle close to the U-pipe and lowest at the borehole 
wall when heat is injected, resulting in an upward flow between the U-pipes and a downward flow at 
the borehole walls. Between these flows, regions with almost stagnant water will appear; see the dark-
shaded areas in Figure 7. The figure shows the cross-section area of the borehole at the vertical level 
1.5 m for simulation M5. The lengths of the arrows in 7b indicate the rate of velocity. Towards the ends 
of the borehole, the speed is decelerated and the transition from inner to outer flow occurs. For longer 
boreholes the flow may break into a multicellular pattern.   

Figure 7. a) Velocity plot [m/s] and b) velocity vectors for a borehole cross-section at the vertical level 
1.5 m  

In Figure 8, vertical velocities are shown over a line crossing the borehole between the two U-pipe legs 
for simulations M2, M5 and M11. The coordinates for the line are (x, y, z) = (0, 1.5, ]-0.0518, 0.0518[). 
For lower temperatures, as in the M2 simulation, the difference in density is rather small, leading to 
more modest velocities in the groundwater. For higher temperatures the convective flow is thus higher, 
resulting in greater convective heat transfer in the borehole.  
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Figure 8. Profile of the velocities in the vertical direction at a horizontal line crossing the borehole 
between the two U-pipe legs. Line coordinates are (x, y, z) = (0, 1.5, ]-0.0518, 0.0518[). 

5. Equivalent radius model 

To investigate full-length boreholes (100-200 m), a model with larger cells is necessary due to 
computer memory constraints. Approximating the U-pipe arrangement in the borehole with a single 
concentric pipe allows for possible reduction of the calculation time, since with this simplification 
simulations may be performed in 2D cylindrical coordinates. To investigate this simulations in Fluent 
have been performed with an equivalent radius model, Figure 4b. A pipe wall radius rpw = 0.04 has 
been used to receive the same heat flux over the inner surface as in the U-pipe model, Mu. Table 3 
shows the results from the two models.  

Table 3. Simulation results for the U-pipe model, Mu, and equivalent radius model, Mer. The 
simulations are made for different heat injection rates and undisturbed temperatures in the bedrock, i.e. 
temperatures at the outer bedrock wall, Tbrw.
Heat injection rate Undisturbed 

ground temp. 
Tpw U-pipe model 

Rb*
Mer rpw=0.04 
Rb*

W/m K K Km/W Km/W 
50 274 283.2 0.0262 0.027 
100 274 291.6 0.0183 0.0188 
75 284 297.2 0.0179 0.0183 
50 294 302.85 0.0184 0.0190 
50 298 306.81 0.0178 0.0182 
100 298 315.2 0.0144 0.0144 

The calculated Rb* is the thermal resistance from outside the pipe wall to the borehole wall. Comparing 
this resistance to the thermal resistance for stagnant water according to Eq. (5) gives the increase in 
heat transfer due to convection. Figure 9 shows the estimated Nusselt number, Nu*, as a function of 
pipe wall temperature. At 10ºC, the heat transfer increases 6 times, and almost 10 times for 40ºC 
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compared to non-convective heat transfer. As can be seen, the equivalent radius model approximates 
the U-pipe model well if the same heat flux ratio is chosen at the inner surface.  
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Figure 9. Nusselt number as a function of temperature at the pipe wall for the U-pipe model, Mu, and 
equivalent radius model, Mer.

Figure 10 displays velocity vectors for the Mu and Mer models at the cross-section of the borehole at the 
vertical level 1.5 m. In both models, heat injection results in a higher temperature around the pipe 
walls. The heated, less dense, water will rise to the top where it turns and starts to sink along the 
borehole wall as the temperature decreases. In the U-pipe model, the highest velocities occur between 
the two pipes, capturing more heat in the middle of the borehole.  

Figure 10. Velocity vectors in a cross-section of the borehole at borehole vertical level 1.5 m for the Mu
and Mer models. 

Figure 11 shows node temperatures at the pipe and borehole walls for model Mer and Mu for a heat 
injection of 75 W/m and an undisturbed bedrock temperature of 284 K. In a cross-section for the U-
pipe model, temperatures around the pipe wall will differ since heat is accumulated in the middle of the 
borehole. This may be seen in the figure where the U-pipe model shows a span in temperatures at the 
same borehole vertical level. The same is true for the borehole wall due to different distances to the u-
pipes from the wall. The top and bottom boundary disturbances extend approximately 0.5 m vertically 
for the equivalent radius model, Mer. For the U-pipe model, the temperatures are more evenly 
distributed over the borehole vertical level. The velocity distribution for the two models will therefore 
differ. 
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Figure 11. Temperatures at the pipe, Tpw, and borehole walls, Tbhw, for Mer and Mu models.  

Figure 12 shows the vertical velocity component over a vertical line along the borehole length, between 
the pipe wall and borehole wall, (x, y, z) = (0.03, ]0, 3[, 0.03). The midpoint in the x-z plane is at 
Cartesian coordinates (x, z) = (0, 0) m. Velocities for the Mer model are fairly even in the middle 
section from 0.5-2.5 m, whereas the Mu model has a non-acceleration part in the middle at ~1.5-1.7 m. 
In both models, there is an increase in velocity at a distance of ~0.1 m closest to the top and the bottom. 
The velocities are also lower in the Mu model than the Mer along the considered line. This is due to the 
Mu model temperatures being highest between the two pipes; hence that region has the highest 
velocities. Velocities outside close to the borehole wall are relatively small, see Figure 10.    
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Figure 12. Vertical velocity component for Mu and Mer models on the vertical line with Cartesian 
coordinates (x, y, z) = (0.03, ]0-3[, 0.03). The midpoint in the BHE is at (x, y, z) = (0, 1.5, 0).    



13 

6. Conclusions and future work 

In this study, a 3D steady-state model of a groundwater-filled single U-pipe borehole heat exchanger 
(BHE) is presented. Surrounding the BHE is solid bedrock with a constant temperature applied at the 
outer boundary. At the U-pipe walls, a constant heat flow is injected at rates per meter borehole in the 
range of ordinary BHE system applications.  

In a groundwater-filled borehole heat exchanger, convective flow will be induced due to the occurring 
temperature gradients. This increase the heat transfer 6-10 times compared to stagnant water in the 
temperature interval of 10-45ºC. This makes water a in-expensive and competitive filling material in 
borehole heat exchangers compared to other commercial back-filling materials with regards to heat 
transfer properties. However, it should be noted that back-filling, or grouting, may be required when 
hydraulic sealing of the borehole is necessary. 

It is unusual that perfectly solid and impermeable rock surrounds the borehole heat exchanger. 
Fractures of different sizes and extensions containing groundwater are often present. In fractured 
bedrock, the temperature change of the borehole water may create differences in hydraulic pressures in 
relation to the groundwater in the surrounding rock, thus causing groundwater to stream in or out the 
borehole at levels where there are suitable connecting fractures. The ensuing vertical groundwater flow 
will not only enhance convective heat transfer in the borehole but also further an energy exchange with 
the surroundings. Such vertical flows may also occur without thermal influence when the borehole 
opens a flow path between fractures or zones with different hydrostatic pressure levels. Regional 
groundwater flows depend on bedrock hydraulic conductivity and hydraulic gradient. This mainly 
horizontal flow has fairly small impact on borehole heat exchanger performance under normal 
conditions [9]. Future studies will investigate how these flow conditions will affect convective flow 
inside the borehole heat exchanger.  

A simplified model of the borehole heat exchanger would be desirable to decrease the computational 
effort. Simulations have been performed on an equivalent radius model with annular shaped geometry. 
Results show a heat transfer similar to the U-pipe model when the heat flux rate is the same over the 
pipe walls, i.e. when the heat transferring surface is the same for the U-pipes two shanks as for the 
concentric inner pipe in the annulus. Future work will investigate if this is still valid for fractured 
bedrock. The present study was limited to a borehole length of 3 m due to computational constraints. 
The behaviour of a longer borehole has to be dealt with in future models, since a BHE for ground-
source heat pump applications is 100-200 m long. A longer borehole will have a larger temperature 
difference between and along the two U-pipe shanks due to a larger accumulated heat loss in the 
circulating fluid. The flow velocities are likely to be larger than in the 3 m long borehole and may 
cause multicellular convective flow patterns.  
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Abstract: In this paper a new method for evaluating ground thermal conductivity is suggested. The principle 
is based on ordinary drilling where energy is injected into the borehole in the form of pressurised fluid, 
mechanical torque, and mechanical feed force, which all dissipate into heat. Part of the heat leaves the 
borehole with the fluid while the rest is mainly transferred into the formation. By determining the energy 
flows, ground thermal conductivity can be estimated. This new measurement method would have many 
advantages. Ground conductivity values would be continuously estimated along the borehole, meaning that 
values are obtained through the formation. This quality could, for example, be used during production 
drilling in a mine to instantly detect lithological boundaries, resulting in increased ore extraction efficiency. 
Energy storage systems could be dynamically designed since the system capacity could be recognized and 
verified during drilling. Presented simulation results, where realistic drilling parameters were used, show that 
the method has the potential to be practically applied.  

Keywords: Ground; Conductivity; Drilling; Borehole; Energy; Thermal response test  

1. INTRODUCTION 
Knowledge of ground thermal conductivity is 

important in many different contexts. For example, 
with Borehole Thermal Energy Storage (BTES) 
systems, ground thermal conductivity is directly 
related to the system capacity and characteristics. 
BTES-systems are mainly used in buildings for 
purposes of heating or cooling or both, i.e. 
extraction of heat or cold from the ground. Such 
systems vary from a single borehole up to several 
hundred boreholes. The first system was built in 
Luleå in 1982, and consisted of 120 boreholes 
(Nordell, 1994). Further, a system in Stockton, 
USA consisting of 400 boreholes was constructed 
(Stiles et al., 1998), and at present, a 600-borehole 
system is being constructed in Oslo, Norway. The 
larger the system, the more important it is to know 
the thermal conductivity value of the ground, 
thereby avoiding improper dimensioning. Today, 
conductivity data is usually obtained by either 
laboratory analysis of ground samples (rock cores) 
or in-situ measurement with a thermal response test 
system (Fig. 1). During a thermal response test, 
heat is injected or extracted to or from a borehole 
and the resulting temperature response is used to 
evaluate the ground thermal conductivity and 
thermal resistance of the Borehole Heat Exchanger 

(BHE). A low thermal conductivity is, e.g., 
indicated by a more rapid temperature change of 
the heat carrier fluid. Mogensen (1983) originally 
proposed this method. He suggested that a chilled 
heat carrier fluid should be circulated through a 
BHE at a constant heat extraction rate, while the 
outlet fluid temperature was continuously recorded. 
Later on, the method was developed with a heater 
instead of a chiller; e.g. Gehlin (2002). This 
equipment was made mobile to simplify in-situ 
measurements at different construction sites.  
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Figure 1. Outline of thermal response test set-up. 
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Since this method is used in completed boreholes, 
the resulting thermal properties represent mean 
values along the borehole. The determined thermal 
conductivity value also includes the effects of both 
conductive and convective heat transfers, i.e. an 
effective (apparent) mean thermal conductivity 
value is obtained of the ground surrounding the 
borehole. This value is always higher than the 
thermal conductivity obtained from a laboratory 
test of a representative rock sample. 

2. THERMAL RESPONSE TEST 
INTEGRATED TO DRILLING 

A new way to carry out a thermal response test 
during drilling is proposed and described in this 
paper. Here, the energy released during drilling 
corresponds to the energy injected in a 
conventional thermal response test. In most drilling 
methods, energy comes in the form of pressurised 
fluid, mechanical torque, and a mechanical feed 
force. All these energies dissipate into heat. Part of 
the heat leaves the borehole with the circulating 
drilling fluid, while the rest is mainly transferred 
into the formation (Fig. 2). By determining the 
energy flows, the formation’s thermal conductivity 
can be evaluated.

This new technology would have several 
advantages compared to the old method. Ground 
conductivity values would be continuously 
estimated along the borehole, i.e. values are 
obtained through the formation. This quality could, 
e.g., be used during production drilling in a mine to 
instantly detect lithological boundaries, resulting in 
increased ore extraction efficiency. Borehole 
Thermal Energy Storage (BTES) systems could be 
dynamically designed to optimize the required 
number or length of the boreholes while drilling. 
This would increase the quality of the system since 
the energy storage capacity would be recognized 
and verified. The new integrated method would 
also give data for all boreholes, while only a few 
boreholes are evaluated in conventional thermal 
response tests. Another advantage is that 
measurements would be performed in thermally 
undisturbed formations, while existing thermal 
response tests are done in boreholes previously 
influenced by heat from drill work. 

2.1 Energy flow 
For a control volume that represents a borehole 

with a drill string (Fig. 2), the energy balance 
equation is written as 

0)( 321 cvQdtWWW
 (1) 

where W1 represents the injected energy flow, W2
is energy flowing from the control volume, W3
represents energy flow in the form of heat going 
into the formation, t represents time, and Qcv is 
the change of internal energy inside the control 
volume.  

W21W

3W

Qcv

Figure 2. Energy flow through a control volume 
during drilling. Here, W1 represents the 
injected energy, W2 is energy leaving 
the borehole, and W3 is energy 
transferred to the formation. Qcv
represents the internal energy inside the 
control volume. 

The energy flow W1 represents ordinary drilling 
with an incompressible drilling fluid, and is defined 
as:

111111 TcqFvMqpW v

 (2) 

where p1 is the inlet fluid pressure, q1 is the inlet 
volume fluid flow rate, M is the mechanical torque 
acting on the drill string, is the drill string’s 
angular velocity, F is the feed force, v is the 
penetration speed, 1 is the inlet fluid density, cv is 
the heat capacity, and T1 is the liquid’s inlet 
temperature. Parameter W2 (in eq. 1) represents the 
energy flowing from the control volume (besides 
W3). W2 is here defined as 
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where p2 is the outlet fluid pressure, q2 is the outlet 
volume fluid flow rate, 2 is the outlet fluid 
density, cv is the heat capacity, T2 is the liquid’s 
outlet temperature, and WC is the energy flow due 
to vertical heat conduction in the drill string. 
Parameter W3 in eq. 1 is defined as the energy flow 
into the formation. By integrating W3 with time, 
the energy that has reached the formation may be 
written as 

dVTcdVTcdtWQ vv 033

 (4) 

where  is the rock density, cv is the rock’s heat 
capacity, T is the rock temperature, T0 is the initial 
undisturbed rock temperature, and V is the affected 
volume. The last parameter, Qcv in eq. 1, 
represents the change of internal energy within the 
control volume. 

3. SIMULATION RESULTS AND 
DISCUSSION 

The presented method to determine the ground 
thermal conductivity was modelled and simulated 
using the CFD-analysis software Fluent. 
Parameters from real water driven down-the-hole 
(DTH) drilling were used to find realistic values of 
the calculated data. A detailed description of the 
hammer tool’s function is given by Tuomas 
(2003)1.

Primary interest was in the drill water’s outlet 
temperature since this reveals the energy flow into 
the formation. Continuous drilling of a 115-mm 
borehole from 0 to 160 m deep was simulated, 
while the inlet fluid (water) was assumed to have 
the same temperature as the undisturbed ground 
(10ºC). The heat transfer (150 kW) into the fluid 
was distributed over the DTH-hammer length (~1 
meter) at the end of the drill string (borehole 
bottom) because energy dissipation into heat starts 
in the hammer through internal leakages, friction, 
etc. Water losses and changes of the properties of 
water due to an increased amount of solids were 
not considered, (Tuomas 2003)2. The formation 
was assumed to be an isotropic homogenous 
material, without cracks or ground water flow. The 
simulation model is an axi-symmetric model of 
Fig. 2 and assumes an unsteady, incompressible 
flow. Table 1 summarises the input data and results 
are presented in Figures 3 to 7. 

Table 1. Parameters used in simulations. 

Drilling type 
Water driven DTH 
hammer drilling 
(Wassara)

Borehole depth 

0 meter at time t=0. 
Simulation stops at 
160 meter (t=320 
min).

Penetration speed 0.5 m/min  
(continuous) 

Borehole diameter 115 mm 
Released energy 150 kW 

Position of energy 
release 

Uniformly distributed 
along 0-1 meter of the 
drill string at the 
borehole bottom 
(moving position rel. 
to the ground) 

Drilling fluid Water 
Drilling fluid flow 300 litres/min 
Drilling fluid inlet 
temp. 10ºC 

Undisturbed ground 
temp. 10ºC (at time t=0) 

Ground geothermal 
temperature gradient 

0 (except for analysis 
presented in fig. 7) 

Ground thermal 
conductivity 

=1 W/(m·K)  
(e.g. sandstone*).
=3 W/(m·K)  

(e.g. granite*). 
=5 W/(m·K)  

(e.g. magnetite*).
(see figures) 

Ground density 2630 kg/m3

Ground specific heat 775 J/(kg·K) 
Drill pipe outer 
diameter 89 mm 

Drill pipe thickness 6.3 mm 
Drill pipe material Steel 
Borehole surface 
smoothness 3 mm (profile height) 

*See Sundberg (1988) and Hofmeister (2001). 

The temperature development of the circulating 
fluid is presented in Figure 3. Here, the energy 
release near the bottom of the borehole, heats up 
the circulating fluid to a higher temperature than 
the surrounding formation. This is obvious since 
the inlet fluid has the same temperature as the 
undisturbed ground (10ºC). When the fluid flows 
upwards, heat will be transferred to both the inlet 
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fluid in the centre of the drill string (see Fig. 2) and 
to the formation, explaining the temperature 
decrease of the upwards-flowing fluid.  

Figure 3. Mean water temperatures at different 
depths in the inlet and outlet channels. 
The values are taken at time t=320 min 
(drilling at 160 meters depth) and the 
ground thermal conductivity is =3 
W/(m·K).

Figure 4. Isothermal curves showing the position 
where the formation’s temperature has 
increased by 1ºC (to 11ºC) at t=320 min 
(drilling at 160 meters depth). The 
different curves represent formations 
with thermal conductivity =1, =3 and 
=5 W/(m·K). 

During drilling, the point of energy release is 
mainly at the front of the borehole, thereby 

continuously moving deeper into the ground. Thus, 
during continuous drilling, the front of this moving 
heat source is always at approximately the same 
thermal conditions, even as the ground surrounding 
the upper parts of the borehole is becoming 
warmer. The thermal situation along the borehole 
will thereby develop, as the borehole becomes 
deeper with time while the ground temperature 
around the borehole increases. The highest ground 
temperature occurs at the wall near the bottom of 
the borehole, though the heating does not reach this 
far into the formation. The ambient air temperature 
will influence the temperature close to the ground 
surface. This leads to the conclusion that the heat 
flow to the formation is greatest at the bottom of 
the hole, i.e. where the heat is generated. Figure 4 
shows isothermal curves at the position where the 
formation’s temperature has increased by 1ºC (to 
11ºC) at time t=320 min, corresponding to drilling 
at 160 meters depth. The different curves represent 
formations with thermal conductivity =1, =3, and 
=5 W/(m·K).

Figure 5. Temperature difference between the 
outlet and inlet water during drilling in 
formations with thermal conductivity 
=1, =3, and =5 W/(m·K). 

The expected outlet water temperature during 
drilling at different depths is presented in Figures 5 
and 6. Initially, the temperature difference between 
the inlet and outlet water may be estimated with the 
equation vcmWT , where W is the power 
generated during drilling, m  is the mass flow of 
water, and cv is the specific heat of the water. In 
this simulation, the highest possible temperature 
difference is ~7.2ºC, which can be determined from 
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Figures 5 and 6. As the drill starts to penetrate the 
rock, thereby exposing the borehole wall to the 
fluid, heat will be transferred into the formation. It 
can be seen from Figure 5 how the temperature 
varies during drilling at different depths and for 
different values on the ground thermal 
conductivity. The values =1, =3, and =5 can be 
related to sandstone, granite, and magnetite, see 
Sundberg (1988) and Hofmeister (2001). The 
temperature difference between the inlet and outlet 
water diminishes as the ground thermal 
conductivity increases. The formation will then 
transfer the heat more effectively, resulting in a 
lower borehole surface temperature. This lower 
borehole surface temperature will create a larger 
heat flow between the upwards-flowing water and 
the formation, i.e. a lower outlet water temperature.  

Figure 6. Temperature difference between the 
outlet and inlet water during drilling in 
two different formations. The 
formations have piecewise constant 
thermal conductivity, which changes at 
depths 60 m and 100 m.  

Another characteristic of the proposed method 
is that variations in ground thermal conductivity 
may be detected by a change in the outlet water’s 
temperature gradient, presented in Figure 6 for two 
different formations, each with two different values 
on the thermal conductivity. Using formation B as 
an example, the thermal conductivity changes from 
=3 to =5 at 60 meters depth, which is identified 

by the discontinuity in the curve’s gradient. This 
means that an iron ore deposit could be revealed 
and mapped in an environment of granite, simply 
by ordinary drilling and analysis, according to this 

paper. Formation A changes from =3 to =1 at 60 
meters depth, which could be of interest, for 
example, in the construction and design of BTES-
systems. 

Figure 7. Temperature difference between the 
outlet and inlet water during drilling at 
different depths in formations with 
thermal conductivity =3 W/(m·K) and 
varying geothermal temperature 
gradient.

The geothermal temperature gradient was not 
considered in the calculations presented above. To 
determine its effect on the outlet water temperature, 
four different formations with geothermal 
gradients, from 0ºC/m to 0.03ºC/m were analysed. 
Figure 7 shows that the fluid temperature increases 
with increases in borehole length and geothermal 
gradient.

4. CONCLUSION 
A new method to evaluate the ground’s thermal 

conductivity is suggested. The idea is to use 
energies released during ordinary rock drilling for 
determination of thermal conductivity data. 
Relevant equations are presented and simulated 
results are shown for a 115-mm diameter vertical 
borehole drilling. The power of 150 kW was 
injected near the bottom of the borehole to a 300 
l/min drill water flow.  Numerical results show, 
e.g., that the temperature difference between out- 
and in flowing water is 5.8 degrees after drilling a 
160-metre borehole, when the formations thermal 
conductivity is 1 W/(m·K). The temperature 
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difference decreases to 4.7 degrees when the 
conductivity is 5 W/(m·K). Here, the ground’s 
temperature was initially equal with the inlet 
water’s temperature (10ºC) and the geothermal 
temperature gradient was zero. Results also 
indicate that changes in the ground’s thermal 
conductivity value can be detected by changes in 
the outlet water’s temperature gradient. Curves that 
show the effect from different geothermal 
temperature gradients are also presented. 

The new method has the potential to become an 
alternative to the conventional thermal response 
test method. The advantages would primarily be 
continuous thermal conductivity data along the 
borehole, without influence from collectors and 
borehole filling materials. Other usage areas such 
as detection of lithological boundaries during 
production drilling in mines may also prove 
valuable. For this method to be successful, the 
inverse problem must however be analysed, i.e. an 
unknown thermal conductivity must be determined 
from energy flows in the system. This problem was 
not analysed in this work and needs further 
attention.
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Nomenclature

cf  Heat capacity        J/kg,K 
Cg  Volumetric heat capacity      J/m3,K
Cj  Heat capacity        J/K 
deq1-3  Equivalent layers of stagnant water     m 
f  Temperature at adjacent rock surface     ºC 
H  Heaviside’s step function        
K  Conductance between outer channel and rock boundary  W/m,K 
K´  Conductance between inner and outer channel   W/m,K 
Kbcell  Conductance in 1st bedrock cell     W/m,K 
Keff  Conductance from outer channel to 1st cell in bedrock  W/m,K 
Krj  Radial conductance in bedrock     W/m,K 
L  Layer depth, measured from the surface    m 
q  Heat flow        W/m 
Q  Heat rate        W 
Qbi  Heat rate at borehole wall      W 
Qd  Heat input from drilling      W 
qf  Fluid flow rate        m3/s
Qrj  Heat rate for cell (i,j)       W 
rb  Borehole radius       m 
rinner  Inner channel radius       m 
rj  Radial nodes      
T  Temperature at outer channel      ºC 
T´  Temperature in inner channel      ºC 
T´´  Temperature difference between outer and inner channel  ºC 
Td  Temperature increase at the drill     ºC 
Tin  Inlet temperature       ºC 
Tinit  Initial temperature       ºC 
Tout  Outlet temperature       ºC 
vd  Drill penetration rate       m/s 
zd  Drill depth        m 
zi  Vertical nodes        m 

Greek Letters 

  Expansion coefficient 
r  Radial cell size       m 
t  Time step        s 
z  Vertical cell size       m 
  Bedrock conductivity       W/m,K 
f  Fluid conductivity       W/m,K 
gm  Bedrock conductivity for layer m     W/m,K 
f  Fluid density        kg/m3
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1. Thermal Response Test while drilling 

Thermal response test (TRT) is a method to determine ground thermal conductivity and 
borehole thermal resistance. These are the dimensioning parameters for borehole heat 
exchanger (BHE) systems. In-situ equipment was developed in 1995-96 [1] and TRT is today 
an established method for site investigation of borehole thermal properties.  

In these tests a heated or chilled fluid is circulated in the borehole. With a certain flow rate 
and power injection or extraction the change in fluid temperature with time will be 
determined by the thermal resistances in the borehole and ground. The test and evaluation will 
take about 1-1½ week from drilling and requires a special measurement device. Tuomas et al. 
[2] presented in 2003 an alternative method, TRT while drilling, where heat released during 
drilling is used to conduct a thermal response test.  

In this report a numerical model of the heat transfer during a drilling with a water-driven 
down-the-hole (DTH) hammer is described. By analyzing the heat transport and the resulting 
temperature changes the ground thermal conductivity may be estimated in a way similar to the 
conventional TRT. Using thermal response test while drilling (TRTWD) instead of standard 
TRT would result in time savings, a continuous thermal conductivity along the borehole 
instead of a mean value for the whole borehole and examination of all drilled boreholes 
instead of one or two. However, the method requires high accuracy and resolution in 
measurements equipment and borehole thermal resistance cannot be evaluated.  

2. Heat transfer in the model 

Consider the heat balance in and around the borehole at any particular time. The drill has 
reached the depth dz z  (d=drill) at the considered time. The water temperature in the outer 
annular channel with upward water flow is d( ), 0 ,T z z z  and the temperature in the inner 
circular channel with downward flow is ( )T z . The temperature at the adjacent rock surface 
is d( ), 0f z z z . This temperature distribution will be given by values for each numerical 
cell adjacent to the borehole at the considered time step. The boundary function ( )f z  will be 
piece-wise constant.

The outlet temperature, T(0) = Tout(t), is determined by the inlet temperature, the emitted 
drilling heat and the thermal heat transfer in and around the borehole. The inlet temperature is 
held constant during the whole drilling (0)T  = inT . For down-the-hole hammer heat input 
from drilling, dQ  [W], is released in the hammer tool down in the bottom of the borehole; see 
Figure 2.1. 



4

Figure 2.1. Outline of numerical model 

In the model the water temperature is increased by a prescribed amount as it passes the drill. 
The temperature increase dT  as the fluid passes the drill from downward to upward flow at 

dz z  becomes 

d
d

f f f

.QT
c q  (2.1) 

Here, the water or fluid density is f [kg/m3], the heat capacity is fc [J/kg,K] and the fluid 
flow rate is fq  [m3/s]. The boundary conditions for this heat transfer are: 

in d d d(0) , ( ) ( ) .T T T z T z T  (2.2) 

The temperature in the adjacent ground is given by a numerical solution of the heat flow 
problem in the ground, coupled to the counterflow thermal processes in the borehole. There is 
only heat transfer in the radial direction in the ground. In Section 3, the counter-flow heat 
exchange in the borehole is described. Section 4 describes the numerical model for the heat 
transfer in the ground, and in Section 5 a model with layered ground is given.  

3. Counter-flow heat exchange in the borehole 

In this section formulas for temperatures distributions ( )T z  and ( )T z  along the borehole for 
any inT , dT  and piece-wise constant rock boundary temperatures ( )f z  are derived.

3.1 Basic heat balance equations 
Let K  [W/m,K] denote the thermal conductance between water in the inner and outer 
channel per meter. The corresponding thermal conductance between the outer channel and 
rock boundary with the temperature ( )f z  is K  [W/m,K]. The equations for the convective-
conductive heat balance are: 

Qd

)(zT )(zT

qf qf

)(zf

zd
z

r

Q
Q

Tin Tout
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f f f

d

f f f

( ) ( ) ( ) ( ) ( )
0 .

( ) ( )

dTc q K T z T z K f z T z
dz z z

dTc q K T z T z
dz

 (3.1) 

These equations may also be written as: 

f f f f f f
d

f f f

( ) ( ) ( ) ( )
0 .

( ) ( )

dT K KT z T z T z f z
dz c q c q

z z
dT K T z T z
dz c q

 (3.2) 

3.2 Equations for the borehole temperatures 
Introducing the notations 

f f f f f f

, .K Kk k
c q c q

 (3.3) 

The inverse 1/k [m] is a length associated with the convective-conductive heat transfer from 
outer channel to rock or ground. The corresponding length for the interaction between inner 
and outer water channel is 1/ k [m]. The equations (3.2) then read 

d

( ) ( ) ( ) ( )
0 .

( ) ( )

dT k T z T z k T z f z
dz z z
dT k T z T z
dz

 (3.4) 

The two boundary conditions are given by (2.2). Furthermore, the difference ( )T z  between 
the outer and inner temperature is  

( ) ( ) ( ).T z T z T z  (3.5) 

The differential equation for ( )T z is given by the difference between the upper and lower 
equation in (3.4): 

( ) ( ) .dT k T z f z
dz

 (3.6) 

The equations for ( )T z  and ( )T z  become from (3.4), (3.5) and (3.6) 

d

( )
0 .

( ) ( ) ( )

dT k T z
dz z z
dT k T z T z f z
dz

 (3.7) 
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The boundary conditions are from (2.2) 

in d d(0) , ( ) .T T T z T  (3.8) 

Below solutions to equations (3.7) and (3.8) are derived. The solution for outer channel ( )T z
is obtained from the sum )()()( zTzTzT , (3.5).

3.3 Superposition 
The solution to (3.7) and (3.8) will be obtained by superposing three cases. Case 0 takes care 
of the inlet temperature level inT . The remaining problem has zero inlet temperature, 

(0) 0T , and in( )f z T  as temperature in the adjacent ground. Case I takes care of the 
temperature increase at the drill. The temperature at the adjacent ground is here put to zero. 
Case II has zero inlet temperature, zero temperature increase at the drill, and the temperature 

in( )f z T  at the adjacent ground. The three cases are: 

).(),(),()(,0)(,0)0(:IICase
);(),(),(0,)(,0)0(:ICase

;0)(,)()(,0)(,)0(:0Case 000

zTzTzTTzffzTT
zTzTzTfTzTT

zTTzTzTTfzTTT

IIIIIIind

IIIdd

inindin

 (3.9)  

The sum of these three cases gives the total solution: 

in

in

( ) ( ) ( ),
( ) ( ) ( ),
( ) 0 ( ) ( ).

I II

I II

I II

T z T T z T z
T z T T z T z
T z T z T z

 (3.10) 

The temperature in the adjacent ground will be given by the numerical solution of the heat 
flow problem in the ground coupled to the counter-flow thermal processes in the borehole. At 
the boundary, temperatures are given as a piece-wise constant function 

d( ) , ( 1) , 1,..., .if z f i z z i z i I  (3.11) 

Figure 3.1. Temperature at the adjacent rock surface 

zdz

f(z)

f1
f2

f3

fId

z
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Here, z  is the height of the cells in the numerical calculation. There are dI  cells vertically 
along the borehole. The drill is then at the depth 

d d .z I z  (3.12) 

The piece-wise constant temperature at the boundary, f(z), may be written as a sum of steps: 

d

in 1
1

( ) ( 1) .
I

i i
i

f z T f f H z i z  (3.13) 

Here, f0 = Tin, and ( )H z denotes Heaviside’s step function: 

0 in

1 0
( ) .

0 0,
z

H z f T
z

 (3.14) 

The value of (3.13) become for the first three intervals: 

in 1 in

in 1 in 2 1 2 in

in 1 in 2 1 3 2 3 in

0 : ( ) ,
2 : ( ) ,

2 3 : ( ) ,
etc.

z z f z T f T
z z z f z T f T f f f T

z z z f z T f T f f f f f T
 (3.15) 

3.4 Solution accounting for drilling heat, Case I 

3.4.1 Mathematical equations  
The solution in case I shall satisfy equations (3.7) with zero inlet temperature and zero 
temperature in the adjacent ground ( 0f ) in accordance with (3.9).  

d

( )
0 .

( ) ( )

dT k T z
dz z z
dT k T z T z
dz

 (3.16) 

d d(0) 0, ( ) .T T z T  (3.17) 

3.4.2 Eigenvalues and eigensolutions  

General solutions to (3.16) are obtained by assuming exponential in z:

 ( ) , ( ) .z zT z A e T z A e  (3.18) 

Insertion of the expressions in (3.16), with exponentials in z cancelled, gives:
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0
( )

A k A k A A
A k A A k k A A

 (3.19) 

Non-zero solutions are obtained if the constant  is chosen so that the appropriate 
determinant is zero. The eigenvalue equation is: 

20
0 0.

k
k kk

k k
 (3.20) 

There are two solutions for the eigenvalue equation:  

2r r
1 2 r, , 4 .

2 2
k k k kk k k k kk  (3.21) 

The eigenvalues satisfy the relations 

1 2 1 2 1 2 r, , .k k k k k kk k k k  (3.22) 

Equation (3.20) also gives 

2 2
1 1 2 2( ), ( ).k k k k k k k k  (3.23) 

The eigenvalues have different signs due to the counter flow in the two channels; see Figure 
3.2. The two eigenvalues, satisfy the inequalities: 

1 20 .k k k k  (3.24) 

Figure 3.2. Roots to equation (3.20) 

The first eigenvalue inserted in (3.19) gives 

.,

eq.)(top
0

111

11

AkAAkA

AkAk
A
A

k
A
A

kk
k

 (3.25) 

The corresponding eigensolution to (3.16) is: 

2-k

k1k2

kk'
k/2
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1 1
1 1 1( ) , ( ) .k z k zT z A k e T z A k e  (3.26) 

There is a corresponding solution for the other eigenvalue 2k . The general solution to the 
equations (3.16) (with 0f ) is now: 

1 2

1 2

1 2

1 1 2 2

( )

( ) .

k z k z

k z k z

T z A k e A k e
T z A k e A k e

 (3.27) 

Here, 1A  and 2A  are any constants.

3.4.3 Solution for Case I 
For case I, the solution shall satisfy the boundary conditions (3.17) which account for the 
drilling heat. The constants in (3.27) shall therefore satisfy: 

1 d 2 d
1 2 d d 1 1 2 2(0) 0 1 1, ( ) .k z k zT A k A k T z T A k e A k e  (3.28) 

The solution is then given as: 

1 2 1 2

1 d 2 d 1 d 2 d

1 2
d d

1 2 1 2

( ) , ( )
k z k z k z k z

k z k z k z k z

k e e k e k eT z T T z T
k e k e k e k e

. (3.29) 

It is easy to see that this solution is of the type (3.27) and that it satisfies the boundary 
conditions (3.17). The temperature in the outer channel becomes 

1 2

1 d 2 d

2 2
d1 2

1 2

( ) ( ) ( ) .
k z k z

k z k z
Tk e k eT z T z T z

k e k e k
 (3.30) 

Here, equations (3.23) are used. 

The following auxiliary functions are introduced: 

r
r r

2 2
1 2

0 1 1 2 2( ) (1 ), ( ) , ( ) .
k z

k z k z k k ee z k e e z k k e e z
k

 (3.31) 

From (3.23) the following relationship may be deduced. 

0 1 2( ) ( ) ( ).e z e z e z  (3.32) 

The solution for case I may then be written: 



10

1

1

1

( )2
d

1 d

( )0
d

1 d

( )1
d

1 d

( )( )
( )
( )( )
( )
( )( ) .
( )

d

d

d

k z z
I

k z z
I

k z z
I

e zT z T e
e z
e zT z T e
e z
e zT z T e
e z

 (3.33) 

Here, the exponents are rewritten so that they all become negative. The constant 2k  is 
replaced by 1 rk k , (3.23). This is done to avoid potential numerical overflow and obtain a 
solution without complication for large exponentials. 

3.5 Solution accounting for the ground temperatures ( )f z , Case II 

3.5.1 Solution for a step ( )H z z
The temperature at the adjacent ground is in Case II given by (3.13). The problem is started 
with solving for any single term in the sum. Consider a step for the adjacent ground 
temperature that starts at any point z z :

d

0 0
( ) ( )

1
z z

f z H z z
z z z

. (3.34) 

The solution to the following equations is sought

d

( )
0 .

( ) ( ) ( )

dT k T z
dz z z
dT k T z T z H z z
dz

 (3.35) 

Here, z  is any value in the interval d0 z z . The boundary conditions are 

d(0) 0, ( ) 0.T T z  (3.36) 

In the left-hand interval 0 z z , the ground temperature ( )f z  is zero. The general solution 
(3.27) may therefore be used. The left-hand boundary condition (0) 0T  gives 1 2 0A A .
Choosing

 ,, 11
21

zkzk eAAeAA  (3.37) 

gives

1 1 2 1 1 2
1 2( ) , ( ) ,k z k z k z k z k z k zT z A e k e e T z A e k e k e

or with the notations (3.31) 
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1

1

( )
0

( )
1

( ) ( )
0 .

( ) ( )

k z z

k z z

T z A e z e
z z

T z A e z e
 (3.38) 

Here, the exponents in the equations are written so that they are negative.  

In the right-hand interval dz z z , the ground temperature ( )f z  is equal to one, (3.34): 

d

( )
.

( ) ( ) 1

dT k T z
dz z z z
dT k T z T z
dz

 (3.39) 

Rewriting the equations for ( ) 1T z  and ( )T z  instead gives 

d

( 1) ( )
.

( ) 1 ( )

d T k T z
dz z z z

dT k T z T z
dz

 (3.40) 

These equations are of the type (3.16). The solutions (3.27) may again be used: 

1 2 r 2

1 2 r 2

1 2 1 2

1 1 2 2 1 1 2 2

( ) 1 ( ) ,

( ) ( ) .

k z k z k z k z

k z k z k z k z

T z A k e A k e k A e A e
T z A k e A k e A k e A k e

 (3.41) 

Here, 1k  is replaced by r 2k k  in the exponents, (3.22), to ensure stable solutions. The 
boundary condition d( ) 0T z , (3.36), gives 

r
d 1 1 2 2( ) 0 : 0.dk zT z A k e A k  (3.42) 

In order to get negative exponents, the following expressions are used. 

r 2 2
1 2

1 2

, .dk z k z k zA k A kA e e A e
k k

 (3.43) 

This will give the solution: 

r r2 2

r r2 2

( ) ( )( ) ( )
1 2

1 2

( ) ( )( ) ( )

1 1( ) 1 1 ,

( ) 1 1 ,

d d

d d

k z z k z zk z z k z z

k z z k z zk z z k z z

T z A kk e e A k k e e
k k

T z A k e e A k e e

or with the notations (3.31) 
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2

2

( )
1 d

d( )
0 d

( ) 1 ( )
.

( ) ( )

k z z

k z z

T z A e z z e
z z zA kT z e z z e

k

 (3.44) 

The constants A  and A  are determined from the condition that the two temperatures are 
continuous at z z . Equations (3.38) and (3.44) will give: 

0 1

1 0

( ) 1 ( )
( ) ( )

d

d

A e z A e z z
A k e z A k e z z

. (3.45) 

The solution for A  and A  becomes 

0 d1 ( )( ) , .k e z zk e zA A
N N

 (3.46) 

Here, the denominator N  is

r rr r

1 1 0 0

( ) ( )
1 2 1 2 1 2

( ) ( ) ( ) ( )

1 1 .d d

d d

k z z k z zk z k z

N k e z e z z k e z e z z

k k k e k k e k k e e
 (3.47) 

The denominator N  may be simplified in the following way: 

r rr ( )2 2
1 1 2 1 2 1 2 1 2 1 2 2 1 21 ( ) ( ) ( ) ( ),d dk z z k zk zN k k k e k k k k e k k k k e k k k

k

or
r

r 1 2 r 1( ) ( ).dk z
dN k k k k e k k e z  (3.48) 

The two coefficients, which depend on z , are now

0 d1

r 1 r 1

( )( )1 , .
( ) ( )d d

e z ze z kA A
k e z k k e z

 (3.49) 

The solution for a step function ( )H z z at the ground is now from (3.38) and (3.44): 

1

2

( )
0

( )
1 d d

( ) 0 ,
( , )

1 ( ) .

k z z

H k z z

A e z e z z
T z z

A e z z e z z z
 (3.50) 

1

2

( )
1

( )
0 d d

( ) 0 ,
( , )

( ) .

k z z

H k z z

A e z e z z
T z z A k e z z e z z z

k
 (3.51) 
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The sum of these two solutions gives ( )HT z , HHH TTT (3.5). Using this together with 
equation (3.32) gives: 

1

2

( )
2

( )
1 d 0 d d

( ) 0 ,
( , )

1 ( ) ( ) .

k z z

H k z z

A e z e z z
T z z kA e z z e z z e z z z

k
 (3.52) 

Here, from (3.31) 

r d( )
1 d 0 d 1 2( ) ( ) ( ) .k z zke z z e z z k k k k e

k
 (3.53) 

3.6 Solution for piece-wise constant ( )f z , Case II 
The solution for case II is now with the superposition (3.13) and ( 1)z i z :

d

d

d

1
1

1
1

1
1

( ) , ( 1) ,

( ) , ( 1) ,

( ) , ( 1) .

I

II i i H
i
I

II i i H
i
I

II i i H
i

T z f f T z i z

T z f f T z i z

T z f f T z i z

 (3.54) 

3.7 Complete solution 
The complete solution for the sum from cases 0, I and II is given by (3.10), (3.33) and (3.54), 

d
1 ( )2

in d 1
11 d

( )( ) , ( 1) .
( )

d

I
k z z

i i H
i

e zT z T T e f f T z i z
e z

 (3.55) 

d
1 ( )0

in d 1
11 d

( )( ) , ( 1) .
( )

d

I
k z z

i i H
i

e zT z T T e f f T z i z
e z

 (3.56) 

d
1 ( )1

d 1
11 d

( )( ) , ( 1) .
( )

d

I
k z z

i i H
i

e zT z T e f f T z i z
e z

 (3.57) 

Using equations (3.50), (3.51) and (3.49), the functions with subscript H become: 

1

2

( )0 d 0

r 1

( )1 1 d
d

r 1

( ) ( ) 0 ,
( )

( , )
( ) ( )11 .

( )

k z z

d
H

k z z

d

e z z e zk e z z
k k e z

T z z
e z e z z e z z z

k e z

 (3.58) 
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1

2

( )0 d 1

r 1

( )1 0 d
d

r 1

( ) ( ) 0 ,
( )

( , )
( ) ( ) .

( )

k z z

d
H

k z z

d

e z z e zk e z z
k k e z

T z z
e z e z zk e z z z

k k e z

 (3.59) 

d( , ) ( , ) ( , ), 0 .H H HT z z T z z T z z z z  (3.60) 

4. Numerical model 

4.1 Thermal conductance in borehole and bedrock 
In this model, heat is transferred between outer and inner channel and between outer channel 
and bedrock. Inside the borehole, the thermal conductance’s between fluid walls are chosen as 
suitable equivalent layers of stagnant water with thickness deq1, deq2 and deq3. The conductance 
between outer and inner channel, K´, and the conductance between outer channel and 
bedrock, K, are calculated as: 

.2,2
132 eq

f
b

eqeq

f
inner d

rK
dd

rK  (4.1) 

Here, f [W/m,K] is fluid thermal conductance, rinner [m] is the radius of the inner channel and 
rb [m] is the borehole radius; see Figure 4.1.  

Figure 4.1. Schematics of thermal conductance in the borehole and outside in the bedrock 

The radial heat transport in the ground is calculated with the equation for conductive heat 
transfer for an annular region.

1 22 , ln( )
2 2

dT q dr qq r r r r dT d r
dr r

 (4.2)  

or

K12

deq1

K’
K

deq3

deq2

rb

rinner
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2
1 1 2 2 1 2

1

( ) , ( ) : ln
2

rqT r T T r T T T
r

 (4.3) 

Figure 4.2. Heat flow over an annular bedrock region, Eq. (4.3). 

Equation (4.3) may then be rewritten for the heat flow q [W/m] as: 

12 1 2 12
2 1 12

2 1, .
ln /

q K T T K
r r R

 (4.4) 

Here, R12 [W/m,K] is the thermal resistance of the annular bedrock region.

4.2 Discretization
In the radial direction an expansive mesh is used with expansion coefficient (=1.2); see 
Figure 4.3.

Figure 4.3. Expansive mesh in the radial direction 

There are J cells in the radial direction with nodal points j chosen as midpoint in the cell. The 
outer bedrock radius is given by 21 JJJ rrr  and the nodal points are:

.5.0

,5.0
,05.0

,

11

2112

101

0

jjjj

b

rrrr

rrrr
rrr

rr

 (4.5) 

In the vertical direction, z, the height of the cell is z; see Figure 4.4. There are Id cells in the 
z-direction, (3.12).

r1r2 q
T2T1

rb r1 r2 rJ

1 2 J

r1 · r1
J-1· r1

r2

rJ+1
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Figure 4.4. Outline of numerical mesh.  

The temperature matrix in the bedrock is with this notation: 

JIdIdId

J

J

TTT

TTT
TTT

,2,1,

,22,21,2

,12,11,1

. (4.6) 

By assigning desired vales in the Tinit matrix, any initial ground temperature, Tinit, may be 
prescribed along the radial and vertical direction.

The temperature development in the ground is coupled to the heat transfer in the borehole 
according to equations (3.56)-(3.61). The conductance to the first cell from the outer channel, 
Keff is 

b

b
bcell r

rrK 2/ln2 ,

bcell

eff

KK
K 11

1 . (4.7) 

This gives the notations:

ffff
ff

eff qcK
K
Kk

K
K

k   where,, .  (4.8)  

The radial conductance between cell (i,j) and cell (i,j+1) is: 

r1 r2 rJ r,j

z,i (Id,1)

(1,1)
(2,1)

(2,2)

zd
(Id,J)

Inlet Outlet

BedrockBorehole

z
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z

rj
r

Kr
j

j
1ln

2  (4.9) 

The radial conductance in the last cell is set to zero: KrJ=0. The heat transfer in longitudinal z-
direction is neglected in the bedrock.

Heat capacity for cell (i,j) is 

CgzrrC jjj 2 . (4.10) 

The heat flux from cell (i,j) to cell (i,j+1) may now be written as, Figure 4.5. 

jjijij KrTTQr )( 1,, . (4.11) 

Figure 4.5. Heat fluxes for cell (i,j) 

In the model, heat is injected at a constant rate at the bottom of the borehole at z=zd. The 
temperature in the ground will increase during drilling. The temperature solution becomes 
time-dependent. A time step t is used. The criterion for stable time step is given in Section 
4.3. The new temperature after a time step is calculated according to:

t
C

QrQr
TT

tQrQrCTT

j

jj
ji

new
ji

jjjji
new
ji

1
,,

1,, or,)(
. (4.12) 

At the borehole wall the heat balance depends on the inner heat transfer inside the borehole. 
The heat flow rate at the borehole wall, Qri,0 = Qbi, will depend on temperature levels inside in 
the borehole.  

Figure 4.6. Heat balance for cell (i,1) and the two channels inside in the borehole 

The boundary flux Qbi are balanced by the convective vertical fluxes in the borehole. This 
gives, Figure 4.6:

11 iiiifffbi TTTTqcQ . (4.13) 

i,j-1 i,j i,j+1

Qri-1 Qri

i,1
Qbi

Ti-1T´i-1

TiT´i

z=(i-1) z

z=i z
z
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With the definition (3.5), iii TTT , equation (4.13) may be simplified to 

1iifbi TTKQ . (4.14) 

4.3 Time step 
To achieve a stable iteration the time step has to be smaller than 

jj

j

Jj KrKr
C

t
1

1
min . (4.15) 

In the model, with the chosen mesh and water as fluid this is approximately 212.5 s. The time 
step is chosen to be 60 s in all calculations.  

The drill penetrates the ground at a rate of 0.5 m/min. It will therefore take 2 min to drill 1 
cell in the z-direction, since z=1. In the model, all calculations are therefore done for two 
time steps at a time, i.e. one step in z-direction.

5. Counter-flow heat exchange. Layered ground 

The model can simulate any sequence of layers in the bedrock. Figure 5.1 shows a bedrock 
formation with three different bedrock layers. First layer have thermal conductivity 1
[W/m,K], volumetric heat capacity Cg1 [J/m3,K] and layer depth L1 [m]. Next layer has 
thermal properties 2 and Cg2 and ends at a depth of L2 from the surface. This will give the 
layer a depth of L2-L1 and so on. The equations for mg layers are: 

1

0

( ) , ( ) , ,
1,.. ; 0, .

m m m m

mg

z g Cg z Cg L z L
m mg L L

 (5.1) 

 Figure 5.1. Bedrock formation with three layers of different bedrock  

5.1 Basic equations in a layer 
The following section gives the equations for any layer m: 

Layer 1 

Layer 2 

Layer 3 

L1

L2-L1

L3-L2

1, Cg1

2, Cg2

3, Cg3
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1 : , .m m mL z L k k k  (5.2) 

21 , 2 , 4 .
2 2

m m m m
m m m m m

k kr k krk k kr k k k  (5.3) 

The constants 1mk  are positive, and the constants 2mk  are negative. 

The general solution to equations (3.16) with 0f  in the considered layer is now from 
(3.27):

1 2
1 2

11 2
1 2

( )
.

( ) 1 2

m m

m m

k z k z

m mk z k z
m m

T z A k e A k e
L z L

T z A k e A k e
 (5.4) 

The general solution may be used for constant f-value in the layer, 0( )f z f . In accordance 
with (3.41) this may be written as 

1 2
0 1 2

11 2
1 2

( )
.

( ) 1 2

m m

m m

k z k z

m mk z k z
m m

T z f A k e A k e
L z L

T z A k e A k e
 (5.5) 

Here, 1A  and 2A  are any constants. In matrix form the equations (5.4) may be written 

1
1

12
2

( ) 0
, .

1 2( ) 0

m

m

k z

m mk z
m m

k k AT z e
L z L

k k AT z e
 (5.6) 

This matrix involves a conductance matrix 

mm kk
kk
21mMk , (5.7) 

and a matrix for the exponentials 

1

2

0
( ) .

0
E

m

m

k z

m k z

e
z

e
 (5.8) 

The diagonal matrix ( )Em z  has the properties 

1(0) , ( ) ( ) ( ), ( ) ( ).E 1 E E E E Em m a m b m a b m mz z z z z z  (5.9) 

Equation (5.6) may now be written 

1 11 1 1
1

12 2

( )( )
( ) , ( ) .

( )( )
Mk E E Mk m

m m m m m
m

T LA AT z
z L

T LA AT z
 (5.10) 
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Here, A1 and A2 have been determined from the boundary values at Lm-1. Using the right-hand 
and middle relation in (5.9) this may be written: 

11
1 1

1

( )( )
( ) , .

( )( )
Mk E Mk m

m m m m m m
m

T LT z
z L L z L

T LT z
 (5.11) 

The product of matrices is denoted: 

1 1 0
( ) ( ) , (0) .

0 1
M Mk E Mk Mm m m m mz z  (5.12) 

The inverse of the Mm(z) matrix is: 

11 1 1( ) ( ) ( ) ( ).M Mk E Mk Mk E Mk Mm m m m m mz z z z  (5.13) 

Here, the general rule that the inverse of a product of matrices is the product of the inverse 
matrices, taken in reversed order, is used. A general formula for the variation of the 
temperature vector in layer m is then:  

1
1 1

1

( )( )
( ) , .

( )( )
m

m m m m
m

T LT z
z L L z L

T LT z
M  (5.14) 

Starting calculations from the other side, z=Lm, equation (5.14) will be 

1

( )( )
( ) , .

( )( )
m

m m m m
m

T LT z
z L L z L

T LT z
M  (5.15) 

Here, the argument of Mm  is negative. In particular, the temperatures at the boundaries are 
related by the equations: 

1
1

1

( ) ( )
( ) .

( ) ( )
Mm m

m m m
m m

T L T L
L L

T L T L
 (5.16) 

1
1

1

( ) ( )
( ) .

( ) ( )
Mm m

m m m
m m

T L T L
L L

T L T L
 (5.17) 

5.2 Basic equations for several layers 
Equations from Section 5.1 will be applied in this section for a sequence of layers. For this the 
solution starting from 0z  is needed. There is also need of the solution for decreasing z-
value starting from the largest value dz z .
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5.2.1 Solution for increasing z-values  
Let’s consider the relations between the temperature vectors for two and more layers. For the 
first layer 1m  this may be written as: 

0 1 1

( ) (0)
0 : ( ) .

( ) (0)
M

T z T
L z L z

T z T
 (5.18) 

In the second layer the equations are: 

1
2 1 2 1 1 1 1 2

1

( )( ) (0)
( ) ( ) ( ) , .

( )( ) (0)
M M M

T LT z T
z L z L L L z L

T LT z T
 (5.19) 

In general this may be written  

( ) (0)
( ) , 0.

( ) (0)
Mp

T z T
z z

T z T
 (5.20) 

The matrix product ( )Mp z  in equation (5.20) is given by 

1 1

2 1 1 1 1 2

3 2 2 2 1 1 1 2 3

( ) 0 ,
( ) ( ) ,

( )
( ) ( ) ( ) ,

M
M M

Mp
M M M

z z L
z L L L z L

z
z L L L L L z L

 (5.21) 

or, in a more compact form, 

1 1 1
1

1 1
1

( ), 0 , 1,
( )

( ) ( ) , 2
mz

mz mz mz m mz m mz m
m

z L z L mz
z

z L L L mz

M
Mp

M M
 (5.22) 

Here, 1, ,mz mg  is the layer in which z lies. It should be noted that the above solution 
involves increasing exponents. To ensure a stable solution a formulation of the equation in an 
alternative way, where the highest positive exponent occurs as a separate factor, will be done.  
The exponential matrix (5.8) may be written 

1 0
( ) ( ) exp 1 , ( ) .

0
E E1 E1

mm m m m kr zz z k z z
e

 (5.23) 

Here, the relation 1 2m m mk kr k is used. The matrix (5.12) for layer m  may be written 

1( ) ( ) exp 1 , ( ) ( ) .mM M1 M1 Mk E1 Mkm m m m m mz z k z z z  (5.24) 

The product of matrices (5.21) is now: 
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Ik1( )( ) ( ) .Mp M1p zz z e  (5.25) 

1 1

2 1 1 1 1 2

3 2 2 2 1 1 1 2 3

( ) 0 ,
( ) ( ) ,

( )
( ) ( ) ( ) ,

M1
M1 M1

M1p
M1 M1 M1

z z L
z L L L z L

z
z L L L L L z L

 (5.26) 

The exponent Ik1( )z  becomes  

1 1

1 1 2 1 1 2

1 1 2 2 1 3 2 2 3

1 0 ,
1 1 ( ) ,

Ik1( )
1 1 ( ) 1 ( ) ,

k z z L
k L k z L L z L

z
k L k L L k z L L z L

 (5.27) 

This is actually the integral of 1( )k z :

1 1

2 1 2

0

1

1 0 ,
1 ,

Ik1( ) 1( ) , 1( )

1 .

z

mg mg

k z L
k L z L

z k z dz k z

k z L

 (5.28) 

An alternative to (5.20) is now  

Ik1( )( ) (0)
( ) , 0.

( ) (0)
M1p zT z T

z e z
T z T

 (5.29) 

All exponents in the matrices of this formula are negative.   

5.2.2 Solution for decreasing z-values

In the above solution, the calculations were started from 0z . There is also need of the 
solution with starting point at dz z . Let m mz  be the layer in which z  lies, and m md
the layer in which dz  lies: 

1 1 d, , 1 .mz mz md mdL z L L z L mz md mg  (5.30) 

The solution involves the layers from m md  up to m mz .  In accordance with (5.17), the 
solution for mz md may be written 

d
d 1 d

d

( )( )
( ) , , .

( )( )
Mmd md md

T zT z
z z L z z L mz md

T zT z
 (5.31) 

For 1mz md , two layers are involved. Therefore the solution is: 
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.1,

,
)(
)(

111

12
1

1
11

mdmz
zT
zT

zLLz

LzL
LT
LT

Lz
zT
zT

d

d
dmdmdmdmd

mdmd
md

md
mdmd

MM

M
 (5.32) 

In general this can be written

d
d d

d

( )( )
( , ) , 0 .

( )( )
Md

T zT z
z z z z

T zT z
 (5.33) 

The matrix product ( )Md z  is given by 

d

1 1 1 d
d

2 2 1 2 1 1 d

( ) ,
( ) ( ) 1,

( , )
( ) ( ) ( ) 2,

M
M M

Md
M M M

md

md md md md

md md md md md md md

z z mz md
z L L z mz md

z z
z L L L L z mz md

 (5.34) 

Once again, the above solution (5.33) involves increasing exponents. Formulating the 
equation in an alternative way, where the highest positive exponent occurs as a separate 
factor, will increase the stability. The exponential matrix (5.8) may be written 

0
( ) ( ) exp 2 , ( ) .

0 1
E E2 E2

mkr z

m m m m
e

z z k z z  (5.35) 

Here, the relation 1 2m m mk k kr  is used. The argument z  is now always negative (or zero). 
The exponent 2mk z  is then positive, since 2mk  is negative. The matrix (5.12) for layer m
may be written 

1( ) ( ) exp 2 , ( ) ( ) .mM M2 M2 Mk E2 Mkm m m m m mz z k z z z  (5.36) 

The product of matrices (5.34) may now be written: 

d d( , ) ( , ) exp .Md M2dz z z z B  (5.37) 

Here, as in (5.34)
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d

d 1 d

1 d

1

1
1

( ) ,
( , ) ( ) ( ) 1,

( ) ( ) 2,

( ), 2.

M2
M2d M2 M2

M2 Pr M2

Pr M2

md

mz mz md md

mz mz md md

md mz

mz m mz m mz m
m

z z mz md
z z z L L z mz md

z L L z mz md

L L mz md

 (5.38) 

The exponent B  becomes  

d 1 d

1 1 1 d 2 1

2 ( ) ,
2 ( ) 2 ( ) ,

m md md

md md md md md md

k z z L z z L
B k z L k L z L z L  (5.39) 

The integral of 2( )k z is:

1 1

2 1 2

0

1

2 0 ,
2 ,

Ik2( ) 2( ) , 2( )

2 .

z

mg mg

k z L
k L z L

z k z dz k z

k z L

 (5.40) 

The exponent B  becomes 

d

2( ) .
z

z

B k z dz  (5.41) 

The general expression is now 

d
d d d

d

( )( )
( , ) exp Ik2( ) Ik2( ) , 0 .

( )( )
M2d

T zT z
z z z z z z

T zT z
 (5.42) 

5.3 Solution accounting for the drilling heat 
Consider the boundary conditions for case I: 

d d(0) 0, ( ) ; ( ) 0.T T z T f z  (5.43) 

The temperature vector is then, using (5.29) and the condition (0) 0T ,

Ik1( )( ) 0
( ) , 0 .

( ) (0)
M1p z

d

T z
z e z z

T z T
 (5.44) 

   For dz z the equation becomes 
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d
d d

d

( ) 0
( ) exp Ik1( ) .

(0)
T z

z z
T T

M1p  (5.45) 

The lower relation gives

d d d d
d 2,2

1(0) 1 exp Ik1( ) , 1 .
( )

T T z
zM1p

 (5.46) 

Inserting (5.46) in (5.44), the final expression for the solution for the drilling heat is: 

I
d d

dI

0( )
( ) exp Ik1( ) Ik1( ) , 0 .

1( )
M1p

d

T z
z z z z z

TT z
 (5.47) 

It should be noted that all exponents in the formula are negative (or zero). 

5.4 Solution accounting for the ground temperatures ( )f z

5.4.1 Solution for a step ( )H z z
Consider the case 

d

0 0
( ) ( )

1
z z

f z H z z
z z z

 (5.48) 

d(0) 0, ( ) 0.T T z  (5.49) 

Here, z  is any point in the interval from 0 to dz . For 0 z z , the temperature of the 
adjacent rock is zero: ( ) 0f z . The solution in Section 5.2 is applicable. From (5.29) 
following relationship may be derived: 

Ik1( )( ) 0
( ) , 0 .

( ) (0)
M1p zT z

z e z z
T z T

 (5.50) 

At z z  this will become: 

Ik1( )( ) 0
( ) .

( ) (0)
zT z

z e
T z T

M1p  (5.51) 

The solution (5.5) is applicable for dz z z , where ( )f z  is equal to one. The solutions in 
Sections 5.1-2 are applicable for ( ) 1T z  and ( )T z . Equations (5.42) and (5.49) gives 

d
d d d

( ) 1 ( ) 1
( , ) exp Ik2( ) Ik2( ) , .

( ) 0
M2d

T z T z
z z z z z z z

T z
 (5.52) 
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For z z this may be written as 

d
d d

( ) 1 ( ) 1
( , ) exp Ik2( ) Ik2( ) .

( ) 0 0
M2d

T z T z
z z z z

T z
 (5.53) 

Combining (5.53) and (5.51), a matrix equation that determines (0)T  and d( )T z is obtained: 

dIk1( )
d d

0 1 ( ) 1
( ) ( , ) exp Ik2( ) Ik2( ) .

(0) 0 0
M1p M2dz T z

z e z z z z
T

 (5.54) 

Different approaches to determine (0)T  and d( )T z will be used. The matrix equation (5.54) 
may be written 

1 Ik1( )
d

1 d
d d

0
( , ) ( )

(0)

1 ( ) 1
( , ) exp Ik2( ) Ik2( ) .

0 0

M2d M1p

M2d

zz z z e
T

T z
z z z z

 (5.55) 

The lower relation gives 

1 1Ik1( )
d d

2,2 2,1
( , ) ( ) (0) ( , ) 0.zz z z T e z zM2d M1p M2d  (5.56) 

This becomes 

1
d

2,1Ik1( )
1

d
2,2

( , )
(0) 1 , 1 .

( , ) ( )

M2d

M2d M1p
z

z z
T e

z z z
 (5.57) 

    An alternative way to write (5.54) is 

1Ik1( )

1 d
d d

0 1
( )

(0) 0

( ) 1
( ) ( , ) exp Ik2( ) Ik2( ) .

0

M1p

M1p M2d

ze z
T

T z
z z z z z

 (5.58) 

The upper relation gives

1

1,1

1
d d d

1,1

0 ( )

( ) ( , ) ( ( ) 1) exp Ik2( ) Ik2( ) .

z

z z z T z z z

M1p

M1p M2d
 (5.59) 

This may be rewritten as: 
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d d

1

1,1
1

d
1,1

( ) 1 2 exp Ik2( ) Ik2( ) ,

( )
2 .

( ) ( , )

T z z z

z

z z z

M1p

M1p M2d

 (5.60) 

The complete solution is now from equations (5.50), (5.52), (5.57) and (5.60) 

Ik1( ) Ik1( )( ) 0
( ) , 0 .

( ) 1
M1pH z z

H

T z
z e z z

T z
 (5.61) 

d d

( ) 1 2
( , ) exp Ik2( ) Ik2( ) , .

( ) 0 0
M2dH

H

T z
z z z z z z z

T z
 (5.62) 

The constants 1 and 2  are given by 

1 1
d

2,1 1,1
1 1

d d
2,2 1,1

( , ) ( )
1 , 2 .

( , ) ( ) ( ) ( , )

z z z

z z z z z z

M2d M1p

M2d M1p M1p M2d
 (5.63) 

5.5 Complete solution 
The complete solution is now 

d

in I 1
1

( ) ( ) , ( 1) ,
I

i i H
i

T z T T z f f T z i z  (5.64) 

d

1
1

( ) ( ) , ( 1) ,
I

I i i H
i

T z T z f f T z i z  (5.65) 

d( ) ( ) ( ), 0 .T z T z T z z z  (5.66) 

Here, I ( )T z  and ( )IT z  are given by (5.47), and the functions ,HT z z  and ,HT z z  by 
(5.61) and (5.62). 

6. Simulations

The numerical models are made in MathCad 2001i Professional; one for heat transfer in and 
around the borehole, one including layered ground and one including drill stops, Appendix 
III-V. In Table 6.1 simulation values are given for the standard case. If other values have been 
used this is stated directly in the text. Inlet temperature is assumed to be Tin = 10°C, the same 
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as the initial ground temperature, Tinit, since drilling fluid is taken from the groundwater. The 
penetration rate is 0.5 m/min for the drill and drilling fluid flow is 300 l/s.

Table 6.1.  Constants used in the model 
rb 0.0575 m  3 W/m,K 
rinner 0.0382 m Cg 2.2 MJ/m3,K
Qd 150 kW deq1 0.003 m 

f 0.6 W/m,K deq2 0.001 m 
f 1000 kg/m3 deq3 0.001 m 

cf 4200 J/kg,K 

7. Results

Outlet temperature, Tout, of drill string will depend on inlet temperature, Tin, drilling heat, Qd,
and heat transfer in and around the borehole, Figure 2.1. Drilling energy is released in the 
hammer tool down in the bottom of the borehole. When circulating drilling fluid passes the 
hammer tool, the water temperature is raised a certain amount, Td, depending on the amount 
of injected energy and drilling fluid properties. During the upward flow in the outer annular 
channel, the warmer water will transfer heat to the inner circular channel and bedrock.

Figure 7.1 shows the calculated temperatures in and around the borehole after 160 m of 
drilling. Water temperatures along the inner and outer channels are shown together with the 
temperature outside in the ground. The temperature is raised 7.14°C at the bottom of the 
borehole due to the injected heat. Heat is transferred from the outer channel to inner channel 
and bedrock. Notice that the temperature in outer channel during the top 80 m is lower than 
that of the borehole wall. The ground thus warms the drilling fluid. This is caused by 
accumulated heat in the ground during the whole drilling process. Heat transfer in the ground 
is a rather slow process, as may be seen in the figure. Drilling 160 m will only influence the 
bedrock approximately 0.3 m from the borehole wall.  
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Figure 7.1. Temperatures inside the borehole and outside in the bedrock after 160 m drilling.
In the bedrock they are given at a distance of 0.01 m, and approximately 0.06 m and 0.23 m 
from the borehole wall.
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The outlet temperature of the drill string will depend on heat transfer to bedrock. By analysing 
the temperature difference, inoutf TTT , estimation of bedrock conductivity may be done. 
A higher conductivity value results in a lower outlet temperature and thereby a larger 
inclination in the Tf curve, figure 7.2.  
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Figure 7.2. Temperature difference between inlet and outlet of drill string, Tf, for different 
bedrock conductivities, =1,2,3,4,5 W/m,K.

Different layers in the ground with different thermal properties may be detected by analysing 
the change in temperature difference between inlet and outlet of drill string, Tf, in measured 
data. A greater conductivity difference between bedrock layers will result in a corresponding 
difference in the temperature curve, Tf. Figure 7.3 shows how Tf changes with drilling 
depth in a bedrock with three layers; top 20 m have 1=2 W/m,K, the next 5 m have 2=3 
W/m,K and  the rest have 3=2 W/m,K. As comparison the same calculations have been done 
with one layer of =2 W/m,K.  
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Figure 7.3. Change in the temperature difference between inlet and outlet with drilling depth, 
Tf, for two bedrocks; three layers 1 =2, 2 = 3, 3 = 2 W/m,K and one layer  = 2 W/m,K 
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It is difficult to distinguish the temperature difference between the two curves, but by looking 
at the derivative with respect to drilling depth of the temperature change, between drill string 
inlet and outlet, df dzTd )( , the layers are more easily detected; see Figure 7.4. At a drilling 
depth of 20 m, the first shift in temperature is seen when first layer, 1=2 W/m,K, is passed 
and the drill is entering the second layer, 2=3 W/m,K. At 25 m drilling depth, the next shift 
occurs when the third layer, 3=2 W/m,K, is entered. The first temperature shift is 
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1 107.41065.21018.2Ts  and the second temperature shift is 
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Figure 7.4. The change in temperature difference between drill string inlet and outlet with 
drilling depth, df dzTd )( is shown over the three bedrock layers ( =2; 3; 2 W/m,K). 

In Figure 7.5 the temperature shift, Ts, in d( Tf)/dzd at different bedrock layer boundaries are 
shown. Simulations are made for a bedrock formation with two layers. Top layer has a depth 
of 20 m and the thermal conductivity has been varied for different simulations, 1=1, 2, 3 and 
4 W/m,K. The second layer has a difference in conductivity from the top layer, 21 , in the 
range of -2 to 2, see table 7.1.

Table 7.1. Layer thermal conductivities used in simulations 
Top layer

1 [W/m,K] 
Second layer

2 [W/m,K] 
Simulations 1-4 

Second layer
2 [W/m,K] 

Simulations 5-8 

Second layer
2 [W/m,K] 

Simulations 9-11 

Second layer
2 [W/m,K] 

Simulations 12-13 
1  2 3 - - 
2 1 3 4 - 
3 1 2 4 5 
4 2 3 5 6 

The size of the temperature shift does not only depend on the change in conductivity, 21 ,
it also depends on the conductivity of the top layer, 1. A higher value of the top layer results 
in a smaller temperature shift since the inclination differs less for higher conductivity values; 
see Figure 7.2. In the figure, absolute values of the temperature shift are shown. 
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Figure 7.5. Absolute values of the temperature shift at layer boundary with different bedrock 
conductivities.

The temperature shift, Ts, will also depend on the thickness of the top layer. In Table 7.2 
results are presented from simulation with top layer having thermal conductivity 1 = 2 
W/m,K and next layer having 2 = 3 W/m,K. The depth of the top layer is 20, 50, 90 and 140 
m for the different simulations. Comparing this result with Figure 7.5, conductivity change 

21 = 1, the difference in temperature shift due to top layer depth is not as important as the 
difference in temperature shift due to top layer conductivity.

Table 7.2. Temperature shift, Ts, for different depths of the top layer 
Depth [m] Temperature shift, Ts [°C]
20 31070.4
50 31070.4
90 31050.4
140 31010.4

Abrupt changes in Tf could also depend on stops during drilling e.g. during connection of a 
new drill string. Figure 7.6 shows how Tf changes with drilling depth for three different 
drillings with 0, 2 and 10 min stops every third meter of drilling. As soon as the drill starts 
moving again after a stop Tf rises to the same level as for continuous drilling. The heat 
transfer in the bedrock is a relatively slow process and even though the borehole wall 
temperature changes during the stop the surrounding bedrock does not change much.    
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Figure 7.6. Changes in Tf with drilling depth for drilling stops of 0, 2 and 10 min. 

Figure 7.12 shows the bedrock temperatures along the borehole for two 60 m drillings, one 
continuous without any stops and one with 10 min stops, every third meter. Temperatures are 
given at the borehole wall, 0.01 m from the wall and approximately 0.06 m from the wall for 
both cases just before the drill is about to start drilling again. The borehole wall temperature is 
2°C lower after the 10 min break. 0.01 m into the bedrock the temperature change is almost 
1°C and 0.06 m from the wall the difference is at most 0.5°C. The small penetration depth 
indicates that there will not be any greater differences in Tf for shorter stops in the drilling. 
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Figure7.12. Comparisons of temperatures in ground for drilling 60 m with 0 and 10 min 
drilling stops every third meter.  
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z 20f z( ) Tin

1

J

j

fdj H z j 1( ) zfdj1 fvj1 fvj1 1j1 1 J

Eq. 3.13

H z( ) 0 z 0if

1 z 0if

fv0 Tinz
zd

J
J length fv( ) 1

e2 z( )
k1

2 k2
2 e

kr z

k
e1 z( ) k1 k2 e

kr z
e0 z( ) k' 1 e
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Auxilliary functions, Eq. 3.31 and data:

1
k2

49.3
1
k1
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k2
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k kr

2
kr k2 4 k k'

Eigenvalues, Eq. 3.21:

fv

0

1.5

1

1.5

2

1

Tin 4Td 5zd 100k' 0.034k 0.03

Input data, where the values in fv is arbitrary choosen:

In this model the equations for the counterflow heat exchanger are tested, i.e section 3 in the 
report. The solution is valid for any Tin, Td and piece-wise constant f(z). 

Counterflow heat exchange. Solution for any Tin, Td
and f(z)  piece-wise constant.

Appendix I:
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Solution, Eqs. 3.55-3.59: 

T' z( ) Tin Td
e0 z( )

e1 zd
e

k1 zd z

1

J

j

fdj z' j 1( ) z

k
k' kr
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e

k1 z z'( )
z z'if

1
1
kr
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e1 zd
e
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z z'if

T'' z( ) Td
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e1 zd
e

k1 zd z

1

J

j

fdj z' j 1( ) z

k
k' kr

e0 zd z' e1 z( )

e1 zd
e
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k
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e1 z'( ) e0 zd z

e1 zd
e
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Calculated functions T(z), T'(z) and T''(z) are plotted together with given boundary function f(z). 
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0 20 40 60 80 100
1

0.5

0

0.5

1

Eq1 z( ) 1011

z

Eq3 z1( ) 0Eq2 z1( ) 1.73 10 14Eq1 z1( ) 5.43 10 14z1 0.99 zd

Eq3 z1( ) 0Eq2 z1( ) 4.42 10 15Eq1 z1( ) 2.6 10 15z1 0.5 zd

Eq3 z1( ) 0Eq2 z1( ) 0Eq1 z1( ) 0z1 0.1 zd

Control tests for the depths 10%, 50% och 99% of the drilling depth and a graph for a drilling to 
100m.

Eq3 z( ) T z( ) T' z( ) T'' z( )

Eq2 z( )
z

T' z( )d
d

k' T z( ) T' z( )( )

Eq1 z( )
z

T z( )d
d

k' T z( ) T' z( )( ) k T z( ) f z( )( )

Control of solution for the basic heat transfer equations 3.4-3.5. Eq1, Eq2 and Eq3 should be 
equal to zero for a god solution.:
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Four layers in this model. First layer stops at a depth of 20m, second at depth 40m, third at 
depth 60m and thereafter layer 4 

L1 20 L2 40 L3 60

fv

0

1.5

1

2

1

fv0 Tin

Parameters

J length fv( ) 1 j1 1 J fdj1 fvj1 fvj1 1

J 4z
zd

J
H z( ) 0 z 0if

1 z 0if

f z( ) Tin

1

J

j

fdj H z j 1( ) z

z 25

Kf f cf qf K' 2 rinner
f

deq2 deq3
k'

K'
Kf k' 0.003

m 1 mg km
1
Kf

1
deq1

2 rb f

1
2 gm

ln
rb 0.5 r1

rb
Td

Qd

Kf

Td 4.762

Appendix II:

Counterflow heat exchange. Solution for mg layers
for any Tin, Td and f(z)  piece-wise constant.

In this model the counterflow heat exchanger is tested for several layers (mg layers) for any Tin, Td
and piece-wise constant f(z), section 5 in the report. 

Input data:

rb 0.0575 rinner 0.0382 mg 4 Qd 105 zd 100

f 0.6 f 1000 cf 4200 qf
0.3
60

Lmg 106 L0 0

deq1 0.001 deq2 0.001 deq3 0.001 r1 0.02 Tin 4

g1 1 g2 2 g3 3 g4 4
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Eq. 5.3

krm km
2 4 km k' k1m

km krm
2
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2

Layer depths, thermal conductivity for different layers and a plot of f(z)
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Functions and matrices
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Eq. 5.27

Ik2 z( ) mz mL z( )

k21 z mz 1=if

1

mz 1

m

k2m Lm Lm 1 k2mz z Lmz 1 mz 2if

Eq. 5.39
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Matrices 5.7, 5.23, 5.24:

Mk m( )
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k'

k2m Mkinv m( )
k'
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e
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Matrix 5.26:
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Equations 5.46, 5.35 and 5.36:
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Equations 5.38, 5.57 and 5.60:
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0 0
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Solutions from equations 5.61, 5.62, 5.47, 5.64, 5.65, 5.66: 

T'H z z'( ) M1p z( )0 1 1 z'( ) eIk1 z( ) Ik1 z'( ) 0 z z'if
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Calculated functions T(z), T'(z) and T''(z) are plotted together with prescribed function f(z).
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Control of solution for the basic heat transfer equations 3.4. Eq1 and Eq2 should be equal to zero 
for a god solution.:

Eq1 z( )
z

T z( )d
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1.2

Parameters from equations 4.1, 4.7 and 4.8: 

K 2 rb
f

deq1
K' 2 rinner
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2

ln
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fv0 Tin Td 7.1429

Eigenvalues from equations 3.21:
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Auxilliary functions, Eq. 3.31:
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Appendix III:

Counterflow heat exchange. Numerical solution. Basic case.

In this model the numerical solution for the basic case is calculated, sections 3-4. 

Input data:

rb 0.0575 rinner 0.0382 Tinit 10 Tin 10 vd
0.5
60

Qd 1.5 105

f 0.6 f 1000 cf 4200 qf
0.3
60

3 Cg 2.2 106

deq1 0.003 deq2 0.001 deq3 0.001

I 201 J 15 z 1 r1 0.02
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Temperature solution for borehole heat exchanger, where TT i1,1 = T'(z), TTi1,2 = T''(z) 
and TTi1,0 = T(z). The result from Tsol(fv) is T(z) = T'(z) + T''(z), (3.5). Eqs. used in Tsol 
is 3.55 -3.60
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!!!!!N1 2z 1vd t 0.5vd 60 0.5

Number of step to to move the drill z. The drilling penetration rate is 0.5 m/min. : 

!!!!!!t 60

Choice of time step 

Dtstab 212.4819Dtstab min Dtc( )

Stability time step and computational time step. The chosen time step should be smaller than the 
calculated Dtstab:

j 1 J Dtc0 99 Dtc1Dtcj

Cj

Krj 1 Krj

Intrinsic stability time steps of the computational cells, Eq 4.15: 

Cj 2 rj rj z Cgj 1 J

Cell heat capacity, Eq. 4.10:

Krj
2

ln
rj 1

rj

zj 1 J 1KrJ 0

Thermal conductances, Eq. 4.4:
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Basic iterativ loop to calculate the temperature field after N1 time steps
starting with an inital temperature field T and bore position Id. Here, 
equations 4.14, 4.11, 4.12 are used:

Tit1 T Id( ) T1 T

fvi T1i 1 Tin

i 1 Idfor

T'' Tsol fv( ) 2

Qbi Kf T''i T''i 1

i 1 Idfor

Qr0 Qbi

Qrj Krj T1i j T1i j 1

T1i j T1i j

Qrj 1 Qrj

Cj
t

j 1 Jfor

i 1 Idfor

n 1 N1for

T1

Loop for N1xN2 time steps, i.e. number of z steps.

Tit2 T Id N2( ) T1 T

Id Id 1

T1 Tit1 T1 Id( )

n 1 N2for

T1

Increase for t: N1xN2x t

Increase for Id: N2
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Calculation of temperature difference, Tf = Tout - Tin:

Id 0 t 0

Tf N2 fv( )

T Tit2 T Id n( )

Id Id n

fvi Ti 1 Tin

i 1 Idfor

T1 Tsol fv( )

Tf 0 n T10 0 T10 1

n 1 N2for

Tf

Calculations of  the temperature difference for a 60 m drilling. At the x-axis, time in minutes are 
shown:

N2 60 Id Id N2 t t N1 N2 t tm
t

60
tm 120

Tf1 Tf N2 fv( ) i 1 Id

0 20 40 60 80 100 120
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Tf10 i

i N1
t

60
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Calculations of temperature difference variations during drilling, d( Tf)/dz. This is plotted for the 60 
m drilling. On the x-axis is the borehole depth shown.  

dTf1

dTf10 i

Tf10 i Tf10 i 1

i z i 1( ) z

i 2 Idfor

dTf1

i1 2 Id

0 10 20 30 40 50 60
0.032

0.0295

0.027

0.0245

0.022

dTf10 i1

i1
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Tbi

Tb'i

Ti1 1

Ti1 2

Ti1 3

Ti1 4

i z i z i1 0.5( ) z i1 0.5( ) z i1 0.5( ) z i1 0.5( ) z

Tb'0 0 10Tb0 0 15.6085i1 1 Idi 0 Id

Tb' Out 1Tb Out 0Out Tsol fv( )fvi Ti 1 Tini 1 Id

t
60

120Id 60

t t N1 N2 tId Id N2T Tit2 T Id N2( )N2 60

t 0Id 0

Successive calculations and prints. In the graph Tb i = T(z), Tb'i = T'(z), Ti1,1 = borehole wall 
temperature,  Ti1,2 = 1st node, at 0.01m from the borehole wall, Ti1,3 = 2nd node, at r = 0.0895m, 
and Ti1,4 = 3d node, at r = 0.1159m. 
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mg 4

L1 20 L2 40 L3 60 Lmg 106 L0 0

I 201 J 15 r1 0.02 1.2 z 1 fv0 Tin

Parameters, equations 4.1, 4.7, 4.8, 5.3:

Kf f cf qf K' 2 rinner
f

deq2 deq3
k'

K'
Kf

1
k'

291.6452

m 1 mg km
1
Kf

1
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2 rb f
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ln
rb 0.5 r1

rb
Td

Qd

Kf

Td 7.1429

krm km
2 4 km k' k1m

km krm
2

k2m

km krm
2

Appendix IV:

Counterflow heat exchange. Numerical solution. Layered ground.

In this model the numerical solution for layered ground is calculated, sections 4-5. 

Input data:

rb 0.0575 rinner 0.0382 Tinit 10 Tin 10 vd
0.5
60

Qd 1.5 105

f 0.6 f 1000 cf 4200 qf
0.3
60

deq1 0.003 deq2 0.001 deq3 0.001

g1 2 g2 3 g3 4 g4 1

Cg1 2 106 Cg2 2.1 106 Cg3 2.2 106 Cg4 2.3 106
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M2 z m( ) Mk m( ) e
krm z

0

0

1
Mkinv m( )1d zd

1
M1p zd 1 1

Equations 5.46, 5.35 and 5.36:

M1p z( ) mz mL z( )

M1 z 1( ) mz 1=if

M1 z Lmz 1 mz

1

mz 1

m

M1 Lmz m Lmz m 1 mz m mz 2if

Matrix 5.26:

M1 z m( ) Mk m( )
1

0

0

e
z krm

Mkinv m( )Mkinv m( )
k'

k1m

k'

k2m

1

Mk m( )
k'

k1m

k'

k2m

Matrices 5.7, 5.23, 5.24:

Eq. 5.39

Ik2 z( ) mz mL z( )

k21 z mz 1=if

1

mz 1

m

k2m Lm Lm 1 k2mz z Lmz 1 mz 2if

Eq. 5.27

Ik1 z( ) mz mL z( )

k11 z mz 1=if

1

mz 1

m

k1m Lm Lm 1 k1mz z Lmz 1 mz 2if

g

0

2

3

4

1

L

0

20

40

60

1 106

mL z( ) mL 1

mL mL 1 z LmLif

m 1 mg 1for

mL

Functions and matrices
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Equations 5.38, 5.57 and 5.60:

M2d z zd mz mL z( )

md mL zd

M2 z zd md mz md=if

M2 z Lmz mz M2 Lmd 1 zd md md mz 1=if

Pr

1

md mz 1

m

M2 Lmz m 1 Lmz m mz m md mz 2if

M2 z Lmz mz Pr M2 Lmd 1 zd md md mz 2if

2 z' zd
M1p z'( )( ) 1

0 0

M1p z'( )( ) 1 M2d z' zd 0 0

1 z' zd

M2d z' zd
1

1 0

M2d z' zd
1 M1p z'( )

1 1

Equations 5.61, 5.62:

T'H z z' zd M1p z( )0 1 1 z' zd eIk1 z( ) Ik1 z'( ) 0 z z'if

1 M2d z zd 0 0 2 z' zd eIk2 z( ) Ik2 z'( ) z' z zdif

T''H z z' zd M1p z( )1 1 1 z' zd eIk1 z( ) Ik1 z'( ) 0 z z'if

M2d z zd 1 0 2 z' zd eIk2 z( ) Ik2 z'( ) z' z zdif
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Kri j
2 gmL i 0.5( ) z[ ]

ln
rj 1

rj

zj 1 J 1Kri J 0i 1 I

Thermal conductances, Eq. 4.4:

Ci j 2 rj rj z CgmL i 0.5( ) z[ ]j 1 Ji 1 I

Cell heat capacity, Eq. 4.10:

rJ 1 rJ 0.5 rJTi j Tiniti 0 I 1j 0 J 1

rj rj 1 0.5 rj 1 rjrj r1
j 1

j 1 Jr0 0r0 rb

Radial cell width and midpoint radius

Tsol fv( ) Id length fv( ) 1

zd z Id

z i1 z

TTi1 1 Tin M1p z( )0 1 1d zd Td e
Ik1 z( ) Ik1 zd

TTi1 1 TTi1 1
1

Id

j

fvj fvj 1 T'H z j 1( ) z zd

TTi1 2 M1p z( )1 1 1d zd Td e
Ik1 z( ) Ik1 zd

TTi1 2 TTi1 2
1

Id

j

fvj fvj 1 T''H z j 1( ) z zd

TTi1 0 TTi1 1 TTi1 2

i1 0 Idfor

TT

Temperature solution for borehole heat exchanger, where TT i1,1 = T'(z), TTi1,2 = T''(z) 
and TTi1,0 = T(z). The result from Tsol(fv) is T(z) = T'(z) + T''(z), (3.5).
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Tit1 T Id( ) T1 T

fvi T1i 1 Tin

i 1 Idfor

T'' Tsol fv( ) 2

Qbi Kf T''i T''i 1

i 1 Idfor

Qr0 Qbi

Qrj Kri j T1i j T1i j 1

T1i j T1i j

Qrj 1 Qrj

Ci j
t

j 1 Jfor

i 1 Idfor

n 1 N1for

T1

Basic iterativ loop to calculate the temperature field after N1 time steps
starting with an inital temperature field T and bore position Id.  Here, 
equations 4.14, 4.11, 4.12 are used::

!!!!!N1 2z 1vd t 0.5vd 60 0.5

Number of step to to move the drill z: 

!!!!!!t 60

Choice of time step 

Dtstab 209.4315Dtstab min submatrix Dtc 1 I 1 J( )( )

Dtci j

Ci j

Krj j 1 Kri j
j 1 Ji 1 I

Intrinsic stability time steps of the computational cells, Eq 4.15. Stability time step and 
computational time step. The chosen time step should be smaller than the calculated Dtstab:
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Loop for N1xN2 time steps, i.e. number of z steps.

Tit2 T Id N2( ) T1 T

Id Id 1

T1 Tit1 T1 Id( )

n 1 N2for

T1

Increase for t: N1xN2x t

Increase for Id: N2

Calculation of temperature difference, Tf = Tout - Tin:

Id 0 t 0

Tf N2 fv( )

T Tit2 T Id n( )

Id Id n

fvi Ti 1 Tin

i 1 Idfor

T Tsol fv( )

Tf 0 n T0 0 T0 1

n 1 N2for

Tf
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Calculations of  the temperature difference for a 60 m drilling. At the x-axis, time in minutes are 
shown:

N2 60 Id Id N2 t t N1 N2 t tm
t

60
tm 120

Tf1 Tf N2 fv( ) i 1 Id

0 20 40 60 80 100 120
5.5

6

6.5

7

7.5

Tf10 i

i N1
t

60
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Calculations of temperature difference variations during drilling, d( Tf)/dz. This is plotted for the 
60 m drilling. On the x-axis is the borehole depth shown.  

dTf1

dTf10 i

Tf10 i Tf10 i 1

i i 1( )

i 2 Idfor

dTf1

i1 2 Id

0 10 20 30 40 50 60
0.028

0.026

0.024

0.022

0.02

dTf10 i1

i1
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0 10 20 30 40 50 60
4

6.29

8.57

10.86

13.14

15.43

17.71

20

Tbi

Tb'i

Ti1 1

Ti1 2

Ti1 3

Ti1 4

i z i z i1 0.5( ) z i1 0.5( ) z i1 0.5( ) z i1 0.5( ) z

i1 1 Idi 0 Id

Tb' Out 1Tb Out 0Out Tsol fv( )fvi Ti 1 Tini 1 Id

t
60

120Id 60

t t N1 N2 tId Id N2T Tit2 T Id N2( )N2 60

t 0Id 0

Successive calculations and prints. In the graph Tb i = T(z), Tb'i = T'(z), Ti1,1 = borehole wall 
temperature,  Ti1,2 = 1st node, at 0.01m from the borehole wall, Ti1,3 = 2nd node, at r = 
0.0895m, and Ti1,4 = 3d node, at r = 0.1159m. 
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Parameters from equations 4.1, 4.7 and 4.8: 

K 2 rb
f

deq1
K' 2 rinner

f

deq2 deq3
Kf f cf qf

Kbcell
2

ln
rb 0.5 r1

rb

Keff
1

1
K

1
Kbcell

k
Keff
Kf

k'
K'
Kf

K 72.2566 K' 72.0053 Kf 2.1 104 Kbcell 117.558 Keff 44.7507

k 2.131 10 3 k' 3.4288 10 3
Td

Qd

Kf
Td 7.1429 fv0 Tin

Eigenvalues from equations 3.21:

kr k2 4 k k' k1
k kr

2
k2

k kr

2
1
k1

251.8248
1

k2
543.4699

Appendix V:

Counterflow heat exchange. Numerical solution. 
6 steps (three z) + 2 steps without drilling.

In this model the numerical solution for one layer is calculated including stop in drilling every third 
meter, sections 3-4. This is done during drilling to connect more drill string.

Input data:

rb 0.0575 rinner 0.0382 Tinit 10 Tin 10 vd
0.5
60

Qd 1.5 105

f 0.6 f 1000 cf 4200 qf
0.3
60

3 Cg 2.2 106

deq1 0.003 deq2 0.001 deq3 0.001

I 201 J 15 z 1 r1 0.02 1.2
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Auxilliary functions, Eq. 3.31:

e0 z( ) k' 1 e
kr z

e1 z( ) k1 k2 e
kr z

e2 z( )
k1

2 k2
2 e

kr z

k
Temperature solution for borehole heat exchanger, where TT i1,1 = T'(z), TTi1,2 = T''(z) 
and TTi1,0 = T(z). The result from Tsol(fv) is T(z) = T'(z) + T''(z), (3.5).

Tsol fv( ) Id length fv( ) 1

zd z Id

z i1 z

TTi1 1
1

Id

j

fvj fvj 1 z' j 1( ) z

k
k' kr

e0 zd z' e0 z( )

e1 zd
e

k1 z z'( )
z z'if

1
1
kr

e1 z'( ) e1 zd z

e1 zd
e

k2 z z'( )
z z'if

TTi1 1 TTi1 1 Tin Td
e0 z( )

e1 zd
e

k1 zd z

TTi1 2
1

Id

j

fvj fvj 1 z' j 1( ) z

k
k' kr

e0 zd z' e1 z( )

e1 zd
e

k1 z z'( )
z z'if

k
k' kr

e1 z'( ) e0 zd z

e1 zd
e

k2 z z'( )
z z'if

TTi1 2 TTi1 2 Td
e1 z( )

e1 zd
e

k1 zd z

TTi1 0 TTi1 1 TTi1 2

i1 0 Idfor

TT

Radial cell width and midpoint radius

r0 rb r0 0 j 1 J rj r1
j 1

rj rj 1 0.5 rj 1 rj

j 0 J 1 i 0 I 1 Ti j Tinit rJ 1 rJ 0.5 rJ
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!!!!!N1 2z 1vd t 0.5vd 60 0.5

Number of step to to move the drill z: 

!!!!!!t 60

Choice of time step 

Dtstab 212.4819Dtstab min Dtc( )

Dtc0 99 Dtc1Dtcj

Cj

Krj 1 Krj
j 1 J

Intrinsic stability time steps of the computational cells, Eq 4.15. Stability time step and 
computational time step. The chosen time step should be smaller than the calculated Dtstab:

Cj 2 rj rj z Cgj 1 JKrj
2

ln
rj 1

rj

zj 1 J 1KrJ 0

Thermal conductances, Eq. 4.4, and cell heat capacity, Eq. 4.10:
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Basic iterativ loop to calculate the temperature field after N1 time steps
starting with an inital temperature field T and bore position Id. Here, 
equations 4.14, 4.11, 4.12 are used::

Tit1 T Id( ) T1 T

fvi T1i 1 Tin

i 1 Idfor

T'' Tsol fv( ) 2

Qbi Kf T''i T''i 1

i 1 Idfor

Qr0 Qbi

Qrj Krj T1i j T1i j 1

T1i j T1i j

Qrj 1 Qrj

Cj
t

j 1 Jfor

i 1 Idfor

n 1 N1for

T1

The iterative loop for the drill stop is Tit0(T,Id). Here, no drilling energy is injected. But the 
heat transfer in the radial direction in the bedrock is continuously calculated.

Tit0 T Id( ) T1 T

Qbi 0

i 1 Idfor

Qr0 Qbi

Qrj Krj T1i j T1i j 1

T1i j T1i j

Qrj 1 Qrj

Cj
t

j 1 Jfor

i 1 Idfor

n 1 N1for

T1

Observe: Qbi = 0
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Loop for calculations of 3 m drilling plus 2 minutes standstill.  And a second loop to calculate 
N31 times of 3m drilling plus 2 minutes standstill. 

Id 0

Tit31 T Id( ) T1 T

Id Id 1

T1 Tit1 T1 Id( )

n 1 3for

T1 Tit0 T1 Id( )

T1

Tit T Id N31( ) T1 T

Id 0

T1 Tit31 T1 Id( )

Id 3 Id

n 1 N31for

T1

Calculation of temperature difference, Tf = Tout - Tin:

Id 0 t 0

Tf N31 fv( )

T Tit T Id n( )

Id Id n 3

fvi Ti 1 Tin

i 1 Idfor

T Tsol fv( )

Tf 0 n T0 0 T0 1

n 1 N31for

Tf
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Calculations of  the temperature difference for a 60 m drilling. At the x-axis is drilling depth shown.

N31 20 t N31 8 t t tm
t

60
tm 160

Tf1 Tf N31 fv( )

Id 3 N31 Id Id 60 i 1 Id

0 10 20 30 40 50 60
5.5

6

6.5

7

7.5

Tf10 i

i 3 z
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0 10 20 30 40 50 60

5

10

15

20

Ti1 1

Ti1 2

Ti1 3

Ti1 4

Tbi

Tb'i

i1 0.5( ) z i1 0.5( ) z i1 0.5( ) z i1 0.5( ) z i z i z

Tb'0 0 10Tb0 0 15.5232

i1 1 Idi 0 Id

Tb' Out 1Tb Out 0Out Tsol fv( )fvi Ti 1 Tini 1 Id

t
60

160Id 60

t t N31 8 tId N31 3 IdT Tit T Id N31( )N31 20

t 0Id 0

Successive calculations and prints. In the graph Tb i = T(z), Tb'i = T'(z), Ti1,1 = borehole wall 
temperature,  Ti1,2 = 1st node, at 0.01m from the borehole wall, Ti1,3 = 2nd node, at r = 0.0895m, 
and Ti1,4 = 3d node, at r = 0.1159m. 
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