
LICENTIATE T H E S I S

Department of Applied Physics and Mechanical Engineering
Division of Fluid Mechanics The Effect of Flowing Water 

on Turbine Rotor Vibrations

Ida Jansson

ISSN: 1402-1757  ISBN 978-91-7439-137-4

Luleå University of Technology 2010

Ida Jansson   Flow
ing  T

he E
ffect of Flow

ing W
ater on Turbine R

otor V
ibrations

ISSN: 1402-1757  ISBN 978-91-7439-XXX-X     Se i listan och fyll i siffror där kryssen är





The Effect of Flowing Water
on Turbine Rotor Vibrations

Ida Jansson

Division of Fluid Mechanics

Department of Applied Physics and Mechanical Engineering

Lule̊a University of Technology



Printed by Universitetstryckeriet, Luleå 2010

ISSN: 1402-1757  
ISBN 978-91-7439-137-4

Luleå 2010

www.ltu.se

Cover picture: A hydropower machine. Watercolour painting. Ida Jansson. 2007

First page picture: Cyclic motion. Watercolour painting. Ida Jansson. 2009  



To Porjus. A place to love without limits.

Vattnet söker sig fram genom sprickor i berget. Svettas fram ur marken.

Knuffas med småsten och hoppar över spr̊ang. Jorden flämtar och

förlossar en flod.

Navets tappar vecklar ut sina blad. Perforerade av ett grenverk med

tr̊adar. Fästade i hud av darrande membran. I sin rörelse f̊angar huden

vattnets dans och dess rytm rusar upp genom stammen.
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Jag vill ocks̊a tacka Amir Jourak för ett värdefullt samarbete i
Porjus och för alla goda skratt. Sist, men inte minst i universitetets
värld vill jag nämna Allan Holmgren. Hans bidrag till mitt arbete
i Porjus är mycket viktigt. Förutom hans tekniska hjälp har hans
mentalt stöd varit viktigt för mig.

Utan alla mina kollegor p̊a strömningslära, TFM och andra de-
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Abstract

There is a lack of standardized rules on how the fluid in the turbine

should be included in rotor models of hydraulic machinery. This thesis

is an attempt to shed some light on this issue. We approach the problem

from two viewpoints, situated at place at a hydropower plant and by

mathematical analysis.

One goal of the thesis is to develop a measurement system that monitors

the instantaneous pressure at several locations of a runner blade on a

10 MW Kaplan prototype in Porjus along Lule river. Paper A outlines

the development of the measurement system and the instrumentation of

the runner blade. Miniature piezo-resisitive pressure transducers were

mounted flush to the surface. If instrumentation is successful, the pres-

sure field of the runner blade could be measured simultaneously as the

loads and displacements of the guide bearings and the generator.

The second objective is concerned with how the motion-induced fluid

force affects the dynamic behaviour of the rotor. Inertia and angular

momentum of the fluid and shrouding are expected to influence the dy-

namic behaviour of the turbine. Paper B scrutinizes this assumption

by presenting a simple fluid-rotor model that captures the effects of in-

ertia and angular momentum of the fluid on the motion of a confined

cylinder. The simplicity of the model allows for powerful analytical so-

lution methods. The results show that fluid inertia, angular momentum

and shrouding of hydraulic turbines could have substantial effects on

lateral rotor vibrations. This calls for further investigation with a more

complex fluid-rotor model that accounts for flexural bending modes.
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Thesis

This licenciate thesis includes an introduction to the subject and
the following papers:

Paper A: I. Jansson, M. Cervantes and J-O. Aidanpää, A mon-
itoring system to estimate the pressure field of a Kaplan runner
blade prototype. 24th IAHR Symposium on Hydraulic Machinery
and systems, Brazil, 2008

Paper B: I. Jansson, H.O. Åkerstedt, J-O. Aidanpää and T. S.
Lundström, Fluid inertia and swirl effects on the motion of a con-
fined cylinder. manuscript
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Part I

Summary





Introduction

1.1 Background

We experience it in our lives as rain drops on our heads, as water
on our skin taking a swim in the river and as snow under our feet
skating on the slopes. The cycle of the water at earth contains vast
amount of energy. By the energy from the sun, water is in constant
motion on earth. As evaporation from the sea, from the trees and
from the ground water takes off into the sky. Pulled by gravity
the water gains momentum again, in free fall as rain drops and by
slipping between rocks in rapids on the way back in to the oceans.
Hydropower is a technical innovation that makes use of the energy
carried by the water travelling down along the river. The flow of
the potential energy of the water into human society as electricity
is regulated by means of a built reservoir. A hydraulic turbine
converts hydraulic power to electrical power by means of a rotating
shaft. The driving torque of the flowing water is counteracted by
the opposing torque of the generator. The shaft transmits a large
amount of power which may result in unwelcome vibrations that
decrease efficiency, increase wear and may in the worst case lead to
severe damage.

During the last decade, dynamic problems in hydraulic turbines
have become an increasingly area of interest of scientists and engi-
neers. The increase of dynamic problems of hydropower units could
be explained by the following reasons:
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4 CHAPTER 1. INTRODUCTION

• Manufacturers use lighter and less stiff material to reduce the cost.

• An objective of the designer is to increase the speed and flow rate

and reduce the size. This means high stresses on the material.

• The units are regulated more often. Transient conditions and

operation at off-design points incease wear.

Resonance phenomena and self-excited vibrations of the rotor of a
hydropower machines are not considered as a major problem dur-
ing normal operation conditions. Nevertheless, in development and
research it is not sufficient to rely on earlier experience. A proper
dynamic analysis of the rotor is necessary in new design and also in
diagnosis of faulty behaviour during operation. Vibrations of the
rotor can be manifested as lateral, torsional and axial vibrations.
The rotor comprises a turbine and generator coupled by a middle
shaft and constrained by bearings. It must be modelled as one sin-
gle unit. This thesis deals with the effect of the fluid in the turbine
on rotor vibrations.

Unsteady phenomena in the turbine are investigated in detail with
today’s prevailing advanced measurements and powerful compu-
tational numerical methods. Pressure fluctuations could result in
large unsteady loads on the machinery. A considerable amount of
work exists on the dynamic response on structural components and
the hydraulic system. However, the dynamic response of the rotor
to an unsteady hydraulic load has not received the same amount of
attention. Another uncertainty regards the effect of the fluid in the
turbine on the transient response of the rotor. The present study
is an attempt to shed some lights on those questions.

1.2 Aim of the thesis

The aim of this study is to examine th effect of flowing water on
turbine rotor vibrations. We approach the problem from two view-
points, situated at place at a hydropower station and by mathe-
matical analysis. The interaction of the fluid with the rotor takes
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place partly at the surface of the blades of the runner. If we can
capture the pressure field on those surfaces, we could deduce the
tangential and axial force the fluid imparts to the runner. One of
the goals of the thesis is to develop a measurement system that
monitors the pressure field of a runner blade on a 10 MW Kaplan
prototype in Porjus along Lule river. The second goal is to make a
mathematical analysis of the dynamic behaviour of a rigid cylinder
enclosed by a fluid annulus. There is no theoretical method that
could cover all the origins of the complete force acting on the run-
ner. The theoretical analysis deals only with the part of the force
that originates from a perturbation of the position of the turbine in
a lateral direction. We discuss this force based on the results from
the mathematical model.

1.3 Plan of the thesis

The first part of the book introduces the reader to the subject.
Chapter 2 outlines the basics principles of fluid flow in a turbine
and how the angular momentum of the fluid is distributed. Chapter
3 gives an introduction to the field of Rotordynamics. Chapter 4
discusses fluid-induced self-excited vibrations. Chapter 5 gives a
review of earlier research on the field of self-excited vibrations of
fluid-handling rotating machinery and fluid-related vibrations of
hydraulic turbines. The second part of the book comprises Paper
A and Paper B. Those two papers present the conducted studies
of the thesis.
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Fluid flow in turbines

The fluid flow in a turbine is time-dependent, three dimensional
and turbulent. The complete nonlinear equations of motions of a
fluid governing such a fluid flow do not have an exact solution.
Computational Fluid Dynamics (CFD) has tremendously changed
the limits of the prediction of fluid flow in complex geometries. CFD
is an invaluable tool in optimization of turbine design. It is also
of great aim in resolving unsteady flow phenomena arising due to
instabilities and transient conditions. Despite this fact, simplified
theories are still useful to outline the basics of the steady fluid
motion in reaction turbines. In this section we point out the main
features of the flow field in a reaction turbine and how the energy
is distributed in the fluid.

2.1 Basic principles

A hydraulic turbine converts the potential energy of a fluid into
electrical energy. The fluid applies a torque to the runner that is
counteracted by a torque in the opposite direction by the generator.
It is the angular momentum of the fluid that transmits the power to
the runner. A relationship between the angular momentum of the
fluid and the torque applied to the hydraulic machine was stated
by the well-known mathematician Leonard Euler (1756). The Euler
Turbine Equation states that the applied torque to the runner of
a hydraulic machine is equal to the rate of change of the angular
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8 CHAPTER 2. FLUID FLOW IN TURBINES

momentum of the fluid passing through the runner according to

T =
dL

dt
= ρQ (r1C1θ − r2C2θ) . (2.1)

The subscripts 1 and 2 indicate the inlet and the outlet of the
runner, respectively. A common assumption of simplified theories
in turbine design is that the angular momentum of the runner is
assumed to be zero (Round, 2004). The mechanical power Pm of
the runner is then

Pm = TΩ = ΩρQr1C1θ (2.2)

This power must be equal to the effective hydraulic power Ph which
is a function of the effective head H and the flow rate Q of the
machine according to

P = TΩ = ΩρQrC1θ = ρQgH (2.3)

This relationship yields an expression of the angular velocity of the
fluid entering the runner

C1θ =
gH

rΩ
(2.4)

The tangential velocity distribution is inversely proportional to the
radius and the angular momentum is thus constant in the radial
direction.

The flow in a turbine can be visualized by developing a meridional
axisymmetric stream surface (Brennen, 1994). The surface may be
envisaged by taking the path traced by a fluid particle and letting
it rotate about the axis of symmetry. In purely axial flow, this
generates a cylindrical surface (see figure 2.1). A meridional plane
is useful to sketch the velocity vectors of the fluid entering the
runner blade at the leading edge and exiting at the trailing edge.
The angle of attack is the parameter that determines the lift force
on the blade. It is the angle of the relative velocity vector at the
leading edge and the line between the leading edge and the trailing
edge, the chord line.
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Figure 2.1: Velocity vectors at leading and trailing edge
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2.2 Distribution of angular momentum

The relative velocity vector, W1 at the inlet of the runner is de-
termined by subtracting the velocity vector of the runner blades
from the absolute velocity vector. The axial velocity vector, Ca is
given by the cross-sectional area at the inlet of the runner and the
flow rate. The tangential velocity component of the fluid entering
the runner is thus always less than the angular velocity of the run-
ner. The difference increases with radius since the velocity of the
runner is proportional to r. The hub must then also rotate with a
speed that is larger than the tangential velocity of the fluid adjacent
to the hub. This discrepancy in velocity generates vorticity at the
boundary. If it is spread in the lateral direction, the radial profile of
the tangential velocity component changes. This is equally true at
the hub cone. In this area, the discrepancy is expected to be larger
since ideally the fluid leaving the runner blades has transmitted its
angular momentum to the shaft.

Figure 2.2: Normalized tangential mean velocity as a function of
the normalized radius at a section downstream the runner. LDA-
measurements by Mulu (2009)
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We make use of LDA-measurements by Mulu (2009) on a model
of a Kaplan runner in the draft tube to gain some understand-
ing of what happens to the angular momentum of the fluid while
passing through the runner and entering the draft tube. The LDA-
measurements were performed at three sections downstream the
runner at three different loads. At the best efficiency point, the
tangential velocity profile shows that the fluid leaving the runner
still contains some angular momentum. In the cross-sectional area
where r is larger than the radius of the hub, the tangential veloc-
ity increases linearly in the radial direction which indicates that
the absolute velocity of the fluid at the trailing edge of the runner
blades has a component in the rotational direction of the runner.
In the cross-sectional area where r is less the radius of the hub,
the tangential velocity increases towards the center. The increase
of angular momentum towards the center must originate from the
vorticity generated at the hub cone. A tangential velocity distri-
bution that increases towards the center may be unstable. The
stability of angular momentum depends on the distribution of an-
gular momentum in the radial direction. If the angular momen-
tum increases with r, the flow field is inherently stable according
to Rayleigh’s inviscid stability criterium (Chandrasekhar, 1981).
An unstable velocity distribution results in transition to other flow
regimes such as vortex flow and turbulent motion with unsteady
features.
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Rotordynamics

3.1 A brief history

Rotating machinery is a fundamental part of society today. It is
an invaluable tool in organizing and developing society to meet our
needs. The progress of the design of steam turbines in the late 19th

century initiated research of dynamic problems of rotating machin-
ery. This gave rise to the scientific field of Rotordynamics. The ro-
tational motion makes the dynamic analysis of rotating machinery
different than for inert structures. A shaft always has some amount
of mass unbalance which could excite the shaft into resonance if the
rotational speed coincides with one of the eigenfrequencies of the
shaft. The rotational speed that coincides with the lowest eigenfre-
queny is referred to as the critical speed of the shaft. In 1869 Rank-
ine made a first attempt to explain this phenomenon theoretically
in his paper On the centrifugal force on rotating shafts. Accord-
ing to Rankine’s theory, operation above the critical speed would
yield increasingly amplified vibrations. However, counterevidence
was given by De Laval and his design of a cream separator and
a steam turbine which operated smoothly at supercritical speed.
Another feature of dynamics of rotating systems is the dependence
on the rotational speed of the eigenfrequencies.To make a proper
prediction of the eigenfrequencies one must also take into account
the angular momentum of the shaft. Design and operation of rotat-
ing machinery hence demand its own tools to predict and analyse
the dynamic behaviour. In the early days, the ears and the eyes

13
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were the only diagnostic tools an engineer had at her/his disposal
to surveil operation. Machines were adjusted by listening to the
sound of them. The units comprised only a few mechanical com-
ponents and there simple models were often sufficient to predict
the dynamic behaviour during the design process. The develop-
ment has gone towards designing more complex rotating systems
that consist of several mechanical units demanding more intrinsic
models.

3.2 Models

The dynamics of a rotating systems is in general governed by non-
linear forces. If the rotor has a stationary operation point, the
dynamic equations governing the motion may be linearized on the
assumption of small displacements and velocities. The radial static
loads on the rotor determine its equilibrium position. One difficulty
of analysis of vertical hydraulic turbines is concerned with the static
radial loads. Ideally, there are no radial loads on a vertical rotor.
Still, an off-centred generator, misaligned bearings and an asym-
metric fluid flow in the turbine are possible sources of static radial
loads. If large time-dependent forces acts on the rotor, the rotor
does not have a stationary operation point. The dynamic analysis
of the rotor during transient conditions must then include nonlinear
forces.

Suppose now that the time-dependent forces are negligible and the
rotor has a defined equilibrium position. The equilibrium position
does not necessarily have to be a stationary operation point. It
depends on the stability of the equilibrium position. The linearized
model ceases to be valid, if the equilibrium position is not stable.
An equilibrium position of a nonlinear system is unstable if a small
perturbation tends to move away the system from its initial posi-
tion. It is stable, if the system responds to a small perturbation by
returning to its initial position. The stability of rotating machinery
may be threatened by internal damping and fluids part of the sys-
tem. Subsequently, a dynamic analysis of rotating machinery must
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include also the fluids in contact with the rotor.

If the rotor has a stationary equilibrium position, the linear force of
fluid due to a small perturbation of the position of rotor could be
decomposed into components yielding fluid-induced rotordynamic
coefficients. Those coefficients add to the regular mass, damping
and stiffness matrix of the dynamic equations governing the motion
of the rotor. If the equilibrium position is not stable, the linear
approximation is not valid and nonlinear forces must be taken into
account.

The load carrying fluid in hydrodynamic bearings, leakage flow in
seals and the fluid enclosing the turbine or impeller are examples
of fluids that are part of rotating machinery. The fluidfilm in hy-
drodynamic bearings exerts a restoring radial force on the rotor
and provides essential damping. The viscous fluid will also damp
vibrations. As we will see in the next chapter, fluids in seals and
turbines or impellers could also affect the dynamic behaviour of the
rotor.
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Fluid-induced vibrations

4.1 Classification of fluid forces

The force the fluid imparts to the runner could be classified into
those four categories

• Steady forces

• External unsteady forces

• Rotor-stator interaction forces

• Motion-induced forces

Bad design of the spiral casing, operation at off-design points and
an off-centered position of the runner could result in a static radial
force on the runner. Unsteady flow phenomena may lead to a rotat-
ing force, a unidirectional periodic force or a random force acting
as an external excitation force on the runner. The unsteady force
is time-dependent and results from transient conditions and insta-
bilities in the fluid. Interaction between static and rotating parts
could lead to a periodic force. The fluctuations of those forces
depend on the size of the wakes behind the guide vanes, the dis-
tance to the runner and head of the turbine. The motion-induced
force has no explicit time-dependence. It is the reaction force due
to a perturbation of the runner from its equilibrium position. This
force depends on the geometry and the motion of the fluid and may
threaten the stability of the equilibrium position of the rotor. The
force constitutes a part of the homogeneous equations of motion

17
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since it is proportional to the acceleration, velocity and displace-
ment of the rotor. The linear part of the force is commonly referred
to as fluid-added rotordynamic coefficients in the literature. A full
rotordynamic analysis also requires knowledge about the moments
acting on the rotor. Those moments add to both the equations of
motions governing the lateral and the torsional motions. The trans-
lational and pitching motion of a rotor are coupled by the force and
moment induced by a change in the direction of the axis of rota-
tion, the gyroscopic effect. The above stated forces are different
examples of how the flowing water influence rotor vibrations.

4.2 Self-excited vibrations

Free vibrations of structures can never survive for a longer period
of time if there is no source of energy feeding the vibrations. Some
amount of damping is always present that dissipates the energy of
the vibration. However, a rotating system has an internal source
of energy, the kinetic energy of the rotational motion. The in-
ternal energy of a rotating system may feed vibrations without any
external excitation, a phenomenon referred to as self-excited or self-
sustained vibrations. In rotating machinery, internal damping and
fluids part of the system are possible sources of self-sustained vi-
brations. Forced vibrations are driven by an external excitation
force that is independent of a small perturbation of the system. In
self-excited vibrations, a perturbation of the system yields a force
that is opposed to the damping force, thus tending to encourage
the motion.

It was recognized at an early stage that hydrodynamic bearings
could cause excessive rotor vibrations by Newkirk and Taylor in
1925, according to Muszynska (2005). The vibrations were encoun-
tered at a rotational speed about twice the critical speed and could
not be traced back to an external excitation force. The vibrations
were referred to as oil whip . Hydrodynamic bearings were also iden-
tified as the cause of oil-whirl, subsynchronous vibrations occurring
below the critical speed. Other nonsynchronous vibration patterns
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in fluid-handling machines were found that could not be explained
by fluid-rotor interaction in bearings. It was shown that the self-
excited vibrations could take place in other rotor-surrounding fluids
such as seals, shrouded surfaces and blade-tip clearances. Several
attempts were made to give a theoretical explanation of different
aspects of the phenomenon. In the next section we explain how
fluid-induced self-excited vibrations occur by referring to the B/M
fluid force model.

4.3 The B/M fluid force model

In 1986 Muszynska presented her fluid-force model known as the
Bently/Muszynska model. She argued that her model is applicable
to all kinds of rotor-stator clearances, both radial and axial. In
her model, the fluid and the rotor are considered as a single sys-
tem. The major improvement of her model is the introduction of
the fluid circumferential average velocity ratio, λ, as a nonlinear
function of the eccentricity of the rotor in the clearance. The ratio
is defined as the fluid average angular velocity normalized by the
rotational speed of the rotor. The average angular velocity of the
fluid is thus λΩ, where Ω is the rotational speed of the rotor. In her
paper, she claims that ”The results obtained are in perfect agree-
ment with the observed dynamic phenomena of the rotor/bearing
system.” (Muszynska, 1986) In fact, her model was at the first in-
stance identified experimentally, using modal perturbation testing
techniques. Muszynska argues that fluid-whirl and fluid-whip are
varieties of the same phenomenon related to the fluid circumferen-
tial average velocity ratio.

She describes the two phenomena based on the dynamic behaviour
of a horizontal flexible isotropic rotor supported by a laterally rigid,
pivoting bearing at the inboard end and by a plain full-oil-lubricated
cylindrical bearing at the outboard. The rotor operates in a con-
centric position of the bearings. At a certain rotational speed, the
threshold of instability, which is usually lower than the first balance-
related resonance speed (usually referred to as critical speed), the
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rotor deviates out from its concentric position of the rotor which is
no longer a stable equilibrium position. The rotor starts to whirl
in a circular orbit that is limited by nonlinear forces. This new
forward circular orbit of the rotor is a stable limit cycle. The mode
of the vibration is conical. In fact, Muszynska’s model shows that
the frequency of vibration, λΩ, where Ω is the rotational speed, is
very close to the natural frequency of the rotor/fluid system. This
natural frequency is fluid-related. When the rotational speed ap-
proaches the first-resonance frequency, the unbalance force pushes
the rotor to an eccentric position in the bearings which limits the
circumferential average velocity. The limit cycle is no longer a sta-
ble regime and the rotor vibrates at its first-resonance frequency.
The self-excited vibrations reoccur at the second threshold of in-
stability when the rotational speed is further increased. This mode
is similar to the first self-excited vibration. When the rotational
speed reaches a value about twice the first balance resonance fre-
quency fluid-whip occurs. The self-excited vibrations cease to be
proportional to the rotational speed. The rotor vibrates at its first
bending mode natural frequency. The hydrodynamic bearing now
acts as if it was a rigid bearing. The phenomena can be explained
by the tangential flow in the bearings generated at the boundaries
of the rotor. Due to the rotating character of the flow, an additional
force arises in the direction of the motion of the rotor yielding the
static equilibrium position of the rotor unstable.

The fluid model could equally well be modelled by an elastic solid
rotating body. The approach is to include the fluid as stiffness, K0

damping, D, and inertia, Mf that rotates at an average rotational
fluid velocity λΩ. The complex number zr = xr + iyr represents a
rotating coordinate frame with axes xr and yr with the rotational
speed λΩ. zr(t) describes the lateral motion of the rotor in the
rotating coordinate frame. The rotating coordinate frame could be
transformed to a fixed coordinate frame by the relationship zr =
ze−iλΩt. The fluid force in the fixed coordinate frame is hence

Ff =
(
K0 − λ2Ω2Mf − iλΩD

)
z + (D − 2iλΩMf ) ż +Mf z̈ (4.1)

Muszynska also includes nonlinear damping and stiffness functions



4.3. THE B/M FLUID FORCE MODEL 21

that are functions of the rotor radial displacement |z|. Those terms
were left out in this representation. λ is also a nonlinear function
of |z|. The nonlinear terms must be taken into account if the equi-
librium position of the rotor is not stable. The rotating damping
yields an additional cross-coupled stiffness term. If the rotor moves
in a circular orbit, the velocity vector and displacement vector are
perpendicular to each other. The cross-coupled stiffness term yields
a force in the opposite direction of the damping. The rotating fluid
inertia yields two additional terms. Muszynska refers to the cross-
coupled damping term as the Coriolis inertia force. She attributes
the centripetal force to the inertia effect tending to cancel out the
radial stiffness. The inertial effect of the fluid is that identical to
an additional mass, Mf rotating with an angular velocity λΩ.

It is the rotational energy in the tangential velocity that yields the
destabilizing forces. In clearances of hydrodynamic bearings and
seals, the tangential velocity originates from the rotational energy of
the rotor. In a hydraulic turbine, the fluid has angular momentum
entering the runner. In a pump, the fluid that exits the impeller
has angular momentum.
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Earlier research

5.1 Fluid-handling machines

During the last century, extensive research has been undertaken
to determine the fluid-induced rotordynamic coefficients and their
effects on the dynamic behaviour of the rotor. There is a vast
literature that covers the effect of hydrodynamic bearings of the
dynamic behaviour of rotors. A review of this subject is beyond
the scope of this thesis. Hydrodynamic bearings exert a restoring
radial force at the rotor. Experiments revealed that seals also could
have a stiffening effect of shafts. According to Childs (1993), 1958
Lomakin gave a first theoretical explanation of a restoring radial
force originating from the seals in pumps, the so called Lomakin
effect. For example, the Lomakin effect in seals stiffens the rotor
of multistage pumps. Apart from increasing the critical speeds,
it was found that seals could induce similar self-sustained vibra-
tions encountered in bearing configurations. The laminar fluid flow
in bearing configurations is dominated by viscous effects and iner-
tia may in most cases be neglected. For annular flow with larger
gaps as in seals, inertia effects increase and the laminar Couette
flow regime becomes unstable. The onset of instability in a viscid
fluid contained between rotating cylinders was theoretically deter-
mined by G. I Taylor (1923). As the Reynold’s number increase,
the flow goes through different regimes that finally results in turbu-
lent flow. Fritz (1970) studied the effects of annular flow in vortex
and turbulent regime on vibrations of a long rotor. Hirs (1973)

23
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developed a bulk-flow model to estimate dynamic coefficients in
turbulent annular seals. Black (1969) and Childs (1993) used sim-
ilar theoretical models and perturbation methods to approximate
the rotordynamic coefficients in seals of centrifugal pumps. At that
time, rotordynamists also started to show an interest in effects on
the dynamics of the rotor arising from interaction of the impeller
with the volute and guide vanes of centrifugal pumps. Black (1974)
included the dynamic effect of interaction between the impeller and
its guide vanes in a theoretical stability analysis of a simple rotor
model. Earlier work had focused on the steady radial force on a
centred centrifugal impeller arising at off-design conditions. Ex-
perimental findings of Iversen et al. (1960) had revealed a direct
relation between an uneven pressure distribution in the volute and
the radial force on a centrifugal pump impeller. The measured
pressure distribution also had a qualitative agreement with the ra-
dial force predicted by a moment of momentum balance equation
of the flow field in the volute. Csadany (1962) used potential flow
theory to show the recoiling effect of the volute on the impeller
due to the missmatch of the geometry of the volute and the flow
entering from the impeller. Colding-Jörgensen extended Csadany’s
model to account for a circular orbit of the impeller. In his first
model Colding-Jörgensen (1980), the impeller was modelled by a
single point vortex and source, but it was improved to account
for a more complex geometry (Fongang et al., 1998). A similar
approach was used by Shoji & Ohashi (1980) who calculated the
forces by potential flow theory that arose on a whirling radial im-
peller in an unbounded fluid. Adkins & Brennen (1988) developed
a theoretical model of impeller/volute interaction. The fluid flow
was modelled by the unsteady Bernoulli equation and the volute by
a bulkflow model. Their model was presented together with exper-
imental results from a Rotor Force Test Facility at the California
institute of technology. The installation of the test facility was
initiated by NASA due to unexplained nonsynchronous vibrations
in high-speed turbopumps of space shuttle main engine. The test
facility was designed to approximate the rotordynamic coefficients
of different impeller geometries by forcing the rotor to move in a
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circular orbit and simultaneously measuring the exerted force of
the working fluid on the impeller (Brennen & Acosta, 2006). The
experiments could also reveal a contribution to the exerted force
due to the discharge-to-suction leakage flow apart from the effect
of impeller/volute interaction which brought Childs to extend his
model of annular flows to account for leakage flow in shrouded im-
pellers. Unshrouded axial inducers and the influence on cavitation
were also subjected to investigation at the Rotor Force Test Fa-
cility in a thesis by Bhattacharyya (1994). The measured force
due to a circular orbit of the rotor was highly nonlinear and no
rotordynamic coefficients could be approximated. At certain flow
coefficients, the force became positive in the direction of the whirl
orbit. Cavitation was also found to have a strong influence on the
force. According to Agostinelli (1960) the effect of cavitation on
self-sustained vibrations was recognized in experiments as early as
1965 by Rosenmann. Agostinelli (1960) continued the experimental
work carried out by Bhattarcharayya. He studied the dynamic re-
sponse of the bubbles of the whirling motion in the cavitating flow
through the inducer. The nonlinear character of the force could be
explained by resonance phenomena in the two-phase flow.

Earlier research on radial forces on unshrouded impellers can be
dated back to 1958 when Thomas presented his paper Instabile
Eigenschwingung von Turbinlaufen, Angefacht durch die Spaltstrom-
nungen in Stopfbuchen und Beschauchflug on forces arising in blade-
tip clearances due to an eccentric position of axial steam turbines
which today are referred to by many as Alford forces after Alford
who presented a similar analysis 1965 of the same phenomenon of
axial gas turbines. Thomas and Alford explained the radial force
by an asymmetric circumferential distribution of the torque. The
leakage flow is proportional to the blade-tip clearance and hence
the flow yielding the torque applied to the blades varies with the
blade-tip clearance. The uneven work extraction mechanism behind
Alford forces were also experimentally examined of a few indepen-
dent researchers. Colding-Jorgensen (1992) extended the theoreti-
cal analysis using the actuator-disc analysis by Horlock & Greitzer
(1983) applied to an axial compressor. His model did include the
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dependence of the direction of the circular orbit of the induced force.
Storace et al. (2001) presented experimental results on Alford force
from several compressor configurations. Those results could be used
to evaluate three analytical models. Yuan et al. (2007) developed
an analytical expression of the fluid force on a shrouded turbine
accounting for a pitching motion of the rotor. The model included
effects of uneven work extraction mechanism, the classical Alford
mechanism, and the non-uniform seal pressure mechanism arising
in both the axial and radial clearances.

A number of studies examined the fluid moment acting on a cen-
trifugal impeller due to a precessional motion. Yoshida et al. (1999)
measured the fluid moment on an open-type centrifugal compressor
impeller in precessional motion. Tsujimoto et al. (1997) confirmed
that the bulk-flow model is appropriate to estimate the fluid mo-
ment on a precessing rotor. The authors state that viscous effects
can be neglected in the flow field induced by the motion. A similar
paper appears ten years later applied to a Francis runner (Song
et al., 2010). Song et al. (2010) refers to a study that date back to
1958 of excessive vibrations of a Francis turbine. Surprisingly, the
same results of the experimental tests and the theoretical analysis
could be found in the earlier paper (Tsujimoto et al., 1997). There
is neither no discussion about the rotordynamic implications of the
Francis hydropower machine.

5.2 Hydraulic turbines

The literature is scarce on rotordynamic issues of hydraulic tur-
bines. According to Feng & Chu (2001), the first rotor models
of hydraulic machinery date back to the seventies. Some exam-
ples could be found of dynamic analyses of rotors of hydraulic ma-
chinery by Bettig & Han (1998); Feng & Chu (2001); Rodriguez
et al. (2007). Bettig & Han (1998) turbine model includes Alford
forces. At Lule̊a University of Technology, actors in the Swedish
hydropower industry initiated research on development of rotordy-
namic models specific for hydraulic machinery. The company had
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experienced several examples of hydropower units suffering from se-
vere vibrations. Field measurements and modelling of the influence
on bearings and nonlinear magnetic forces are some covered topics
by Gustavsson & Aidanpää (2006) and Nässelqvist et al. (2008).
Karlsson et al. (2009) treated the influence of the turbine by esti-
mating the torsional dynamic coefficients of a Kaplan turbine with
the use of CFD-analysis.

Moreover, condition monitoring of hydraulic machinery have be-
come important in detecting faulty behaviour. Several authors re-
port about rotor vibrations related to unsteady forces acting on
the runner. Unsteady phenomena are extensively treated by sev-
eral scientists and engineers. Two unsteady phenomena treated in
numerous papers are the occurrence of an oscillating vortex rope
in the draft tube and interaction of the guide vanes with the run-
ner blades. However, the dynamic response of the fluctuating hy-
draulic load has focused mainly on structural components such as
the runner and guide vanes and the hydraulic system. Blommeart
studied the dynamic response of the hydraulic system excited by
an oscillating vortex rope in the draft tube. Sick et al. (2009) dis-
cusses structural dynamic analysis coupled with CFD-analysis of
Francis and Pelton runners. The natural frequencies of a Francis
runner were estimated in numerical simulation which included the
effects of the surrounding water. The surrounding water reduced
the frequencies of a factor between 0.4 and 0.9 for each mode. The
natural frequencies were not affected of any damping of the fluid.
Rodriguez et al. (2006) and Liang et al. (2007) conducted a similar
analysis of a Francis runner. A coupled simulation of both the run-
ner and the surrounding fluid was compared with an experimental
dynamic analysis of the runner in still water. (Münch et al., 2008)
also performed a coupled fluid-structure simulation of an oscillating
2D-hydrofoil.

According to Rodriguez et al. (2006) Rotordynamics of hydropower
machines is of little concern. They state that ”hydraulic turbines
have rigid shafts and the first natural frequency of the rotor is
beyond the rotating frequency.” In a text book on the design of
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turbomachines, two reasons are stated why the critical speeds are
beyond the rotational speed. The mass of the runner creates a
large gyroscopic effect and the bearings are large, long and rigid.
However, the gyroscopic effect depends on the ratio of the polar
moment of inertia and the translational moment of inertia and not
the mass. At the critical speed, a mass unbalance yields an external
excitation force with a frequency equal to one of the rotor’s natural
frequencies. However, other excitation forces must also be taken
into account. At operation at off-design points, the runner may
experience periodic loads of large amplitudes.

5.3 Discussion

In view of the earlier work, a few questions arise about fluid-induced
rotor vibrations of hydraulic turbines.

• How does the guide vanes and the volute influence the motion-
induced fluid force on the runner?
Could we expect a similar recoiling effect in turbines as in
centrifugal pumps? If so, how is the phenomenon manifested
in axial opposed to radial turbines?

• In shrouded Francis runners, could shroud forces have a sig-
nificant effect of the dynamic behaviour of the rotor?

• Could the uneven work extraction mechanism (Alford forces)
lead to a change in the dynamic behaviour of hydraulic tur-
bines? Is the effect more significant in Kaplan runners than
in Francis runners?

• What is the effect of cavitation? Could a whirling motion of
the runner induce resonance phenomena in a cavitating flow?

• Could self-excited vibrations occur in hydraulic turbines sim-
ilar to fluid-whirl and fluid-whip or does the low rotational
speed ensures a stable operation point?



Summary of papers

This thesis deals with the effects of the flowing water on rotor vi-
brations of hydraulic units. There are no standardised rules among
engineers how fluid-induced effects should be included in a turbine
model of a hydraulic unit. An extensive amount of work exists on
experimental and theoretical analysis of unsteady flow phenomena
in hydraulic turbines. However, the dynamic response of the rotor
to an unsteady hydraulic load has not received the same amount of
attention. Another uncertainty regards the effect of the fluid in the
turbine on the transient response of the runner. This thesis is an
attempt to shed some light on those questions. We approach the
problem from two viewpoints, situated at place at a hydropower
plant and by mathematical analysis.

The interaction of the fluid with the rotor takes place partly at the
surface of the blades of the runner. If we can capture the pres-
sure field on those surfaces, we could deduce the tangential and
axial force the fluid imparts to the runner. One of the goals of
the thesis is to develop a measurement system that monitors the
instantaneous pressure at several locations of a runner blade on a
10 MW Kaplan prototype situated in Porjus along Lule river. Pa-
per A outlines the development of the measurement system and
the instrumentation of the runner blade. Miniature piezo-resisitive
pressure transducers were mounted flush to the surface. If instru-
mentation is successful, the pressure field of the runner blade could
be measured simultaneously as the loads and displacements of the
guide bearings and the generator. An experimental dynamic anal-
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ysis of a hydraulic unit is an invaluable tool not only to validate
rotor model, but also to understand some of the mechanisms at
work.

The second objective is concerned with how the motion-induced
fluid force affects the dynamic behaviour of the rotor. Inertia and
angular momentum of the fluid and shrouding are expected to in-
fluence the dynamic behaviour of the turbine. Paper B scrutinizes
this assumption by presenting a simple fluid-rotor model that cap-
tures the effects of inertia and angular momentum of the fluid on the
motion of a confined cylinder. The simplicity of the model allows
for powerful analytical solution methods. The linearized equation
of motion of a cylinder in annular flow is solved for by one sin-
gle complex equation. The constrained cylinder has two degrees of
freedom in the plane perpendicular to its axis. By the assumption
of irrotational cyclic flow, the fluid motion is described by a com-
plex potential function. The motion of the cylinder is described by
three parameters. Two surfaces are defined that splits the param-
eter space into regions with different qualitative behaviour. One
surface defines the limit of stability whereas the other defines a
limit when the eigenvalues have opposite signs or are both positive.
The response to an external periodic rotating force is visualized by
the magnitude of the inverse of the complex dynamic stiffness. The
results show that fluid inertia, angular momentum and shrouding
of hydraulic turbines could have substantial effects on lateral rotor
vibrations. This calls for further investigation with a more complex
fluid-rotor model that accounts for flexural bending modes.



Final discussion

This thesis deals with the effect of the fluid in the turbine on ro-
tor vibrations. An extensive amount of research exists on fluid-
structure interaction. The effect of fluid inertia on vibrations of
objects immersed in fluids is well-documented. Fluid-induced self-
excited vibrations of fluid-handling rotating machinery have re-
ceived quit a lot of attention. Rotordynamists report that the
turbine possess one of the greatest uncertainties in rotor models
(Vance, 1988). Research and development of hydraulic machin-
ery is a growing area today. Despite the fact that conventional
hydropower units under normal operation are unlikely to experi-
ence rotordynamic problems, it is essential to raise the awareness
of Rotordynamics of hydraulic machinery. This is important dur-
ing refurbishment projects and analysis of faulty behaviour during
operation. In a long-term perspective, the awareness of dynamic
issues of rotating machinery is important in conception of new en-
ergy systems. It is not sufficient to rely on earlier experience in
new design. In the past, technical innovations were often based
on a short-sighted assumption of a constant supply of electricity.
Rather, issues of energy conversion should be central in good techni-
cal design. The existing knowledge of rotating machinery as energy
converters is thus indispensable and demands further research.

The two conducted studies in this thesis are based on two different
approaches. The experimental study deals with instrumentation
of an existing hydropower unit. It is part of an attempt to cap-
ture a detailed picture of the dynamic behaviour of the rotor. So
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far, no outcome of any experimental data exist. The experience
reveals some of the difficulties with field experiments. Even though
available experimental techniques possess unforeseen opportunities,
with an increasing level of complexity, the risk of unforeseen diffi-
culties comes along.

The theoretical analysis is on the other hand based on simplified
assumptions. It is an attempt to bring forward classical analytical
methods. The presented model does not include any new methods
or does not explain any new phenomena. It is rather an inquiry
about how classical tools could be used today. In research and
development, we need both complex detailed models and simple
models. The simple model provides a clear picture on some of the
fundamental phenomena arising in a vibrating rotor surrounded by
a fluid annulus of large gap.
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ABSTRACT 

The technical development of hydraulic machinery has gone towards lighter components and 
higher power concentration levels. A deregulation of the power market world-wide means 
that the machines experience more transient loads and are sometimes operated at off-design 
points. Those facts demand a more precise dynamic analysis at the design level of hydraulic 
machinery than what was formerly customary. Mechanical engineering needs enhanced tools 
for this purpose. Prediction models need to be validated against experimental data. There are 
limited possibilities to perform experimental investigations of hydropower prototypes.     

Fundamental in an experimental dynamic analysis is to determine the forces acting on the 
machine. This paper is concerned with a monitoring system to estimate the angular resolved 
pressure field on the suction- and pressure side of a prototype Kaplan runner blade. By 
measuring the pressure at different positions on the runner blade, we have a tool to determine 
the hydraulic load acting on the runner. This is part of an experimental dynamic analysis of 
the behavior of 10 MW prototype of a low-head Kaplan prototype lodged in an old machine 
hall inaugurated 1914 situated above the polar circle in Porjus, Sweden.   
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 INTRODUCTION 

Hydropower was introduced as an electrical energy source in Sweden at the beginning of 
the 20th century. Along the rivers that meander down the slopes into the Baltic Sea 
hydroelectric power stations were constructed throughout the 20th century. Hydroelectric 
power supplies 19 % of the total electricity production world-wide and 50 % of the Swedish 
production.   

The technical development of hydropower machines goes towards lighter components 
and higher output power concentration levels which results in less stiff structures and 
increasing stress levels [1]. Due to the deregulation of the power market, machines suffer 
from transient and off-design conditions. In the past, vibrations were handled by simple over 
design of the relevant components. Currently the new conditions demand a precise dynamical 
analysis at the design level of machinery. Machine dynamics requires knowledge in several 
areas. Apart from the properties of the rotating components and its support bearings, the 
hydraulic load acting on the runner together with the electromagnetic load acting on the rotor 
of the generator must be known to correctly predict the dynamic behavior of the machine.       

The field of applied Mechanics was developed as a tool in technical development in the 
19th century. The equations of motions that describe the dynamics of continuous system are 
not analytically solvable without doing simplifying assumptions. Still, mechanical engineers 
have to rely on simplified models at the design stage. During the last decades analytical 
methods have been accompanied by computational methods to make an analysis of more 
complex systems. In turbine design, physical models in a reduced scale are used to perform 
tests. Similarity laws allow the tested parameters to be scaled to the prototype scale. Common 
to those methods are that they allow us to optimize design without doing costly tests on a 
prototype scale. However, these methods have limitations. Prediction models have to be 
validated against experimental data. Testing on a prototype level is thus still necessary to a 
certain extent. There are limited possibilities to perform experimental investigations of 
hydropower prototypes. There is a lack of available experimental data of dynamic 
measurements on prototypes which are needed in further development of analytical, 
computational and physical models of hydraulic machinery.  

Monitoring during operation and diagnosis of faulty behavior is common practice in 
Hydraulic machinery. Advanced instrumentation detects malfunctions and is a part of the 
security system. Diagnosis of faulty behavior demands further instrumentation to make a 
correct analysis. Certain companies are specialized in this area. Norconsult, a Norwegian 
company has a long experience in analysis of vibrations of hydropower machines and they 
have developed measurement techniques to diagnose faulty machine behavior [2]. Another 
example is measurements techniques developed in Brazil to perform a full machine diagnosis 
on prototype to optimize the operation scheme of the machine [3].  

Commonly, on prototypes, there are limitations of the availability of the machine for 
experiments and only measurements during the common operational scheme are possible. 
There are only a limited number of permanent test facilities of Hydraulic machinery available 
world-wide. In the Northern part of Sweden above the polar circle in Porjus, a low-head 
Kaplan prototype, the U9-unit, is available for research and development purposes. This 
machine is the scope of an experimental dynamic analysis in a joint project started at Luleå 
Technical University which comprises the research areas Rotordynamics, Tribology, Fluid 
Mechanics and Electromagnetics [4].  
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Gathering information about the dynamic behavior requires the set-up of a new 
measurement system on the U9-unit. Several considerations were necessary before choosing 
the components of the measurement system. The new instrumentation has a different purpose 
than a conventional monitoring system of an operating machine or a measurement system for 
machine diagnosis. To make a diagnosis of faulty behavior, an analysis of the frequency 
content of only a few sensors on different parts may be enough to detect the malfunctions. 
The measurement system must also function during several measurement campaigns.  

The hydraulic load acting on the runner is fundamental to make a detailed dynamic 
analysis of the machine. In this paper, we will present a method to estimate the pressure field 
on one of the blades of the runner of the U9-unit. By instrumenting the blade with 40 
miniature piezo-resisitive transducers on the suction and pressure side, we have a tool to 
estimate the torque and the axial force acting on the runner.  

 

FEATURES OF THE U9 KAPLAN UNIT 

In 1914, the first power station along Lule Älv was inaugurated. In 1997 and 1998, two 
new 10 MW units were installed in the old machine hall that today functions as a museum. 
The installation of the U8- and the U9-unit was the result of a collaboration between a number 
of companies in the hydroelectric power field and the local municipality of Jokkmokk.. The 
U8-unit was designated for education and training and the U9-unit for research and 
development. The unit was equipped with a measurement system that collects data during the 
operation of the machine continuously. Several variables such as flow rate, load, frequency, 
blade angle, rotational speed, headwater, tail-water and electrical parameters are measured. 
Average values over one minute are automatically sampled and saved. The flow rate is 
measured with an ultrasonic flow meter installed in the penstock. The U9-unit was a change 
to test new designs on a prototype level. ABB Generation (now ALSTOM) supplied the 
machine with the first power former generator, a high voltage generator that does not demand 
any transformation. The runner hub was the first installed operating oil-free hub and supplied 
by Kvaerner Turbin AB (today GE Hydro) [5].     

Traditionally runner hubs of Kaplan turbines are oilfilled. The oil in the hub lubricates 
the blade bearings and drives the piston rod that regulates the angle of the blades. The 
operating mechanism in the hub of the U9-unit is supplied with permanently lubricated 
bearings. Both the axial and radial bearing of the blade trunnion and the link mechanism 
operate without oil. The hub is filled wit de-aerated water that lubricates the operating 
mechanism. The servomotor works however with oil. Another feature of the U9-runner is that 
the periphery gap is adjustable since the levers which are a part of the axial bearings are 
installed to the blade trunnions with shrink fits. An oil tube goes through the bore shaft of the 
machine and this tube is supplied with an extra tube for cable bushing so signals may be 
acquired on top of the machine. This tube was previously used for cable bushing of strain 
gage measurements in the link mechanism in the runner hub to evaluate the friction of 
different bearing materials. The signals were transmitted through a slip ring on top of the 
machine. 
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AIMS OF THE MEASUREMENTS

The purpose of the experimental method presented in this paper is threefold: 
  
1. Comparison with results from numerical and physical models. The experimental results are 
necessary for validation of CFD-analysis. Similar experiments will also be performed on the 
model of the U9-unit. Scale-up formulas will be evaluated and eventually further developed.   
 
2. Comparison with simultaneous measurements on the shaft of the torque, bending moment 
and the axial force. Those signals are acquired from strain gages mounted on the middle shaft 
of the machine.  
 
3. Analysis of the angular resolved pressure field. By studying the frequency content we can 
distinguish between different hydraulic phenomena that cause the perturbations. Unsteady 
forces may be caused by rotor-stator interactions of the guide and stay vanes, vortex rope and 
a whirling motion of the runner.    
     

EMPLACEMENT OF THE SENSORS 

To reproduce a continuous pressure field of the blade out from pressure measurements in 
single points the positions of the sensors must be chosen with care. The pressure will be 
measured in 40 points on the surface of the blade, equally distributed between the pressure 
and the suction side. To obtain the force acting on the blade, the pressure field should be 
integrated over the blade surface. If the estimation is done by a linear interpolation, positions 
of the sensors should be chosen where there is a change of the gradient of the pressure field. 
Where are those points suspected to be found? The results of a course CFD simulation 
provided by GE Canada were used for this purpose. The simulation was performed with the 
software Ansys-CFX. The geometry contained a water volume that surrounds one guide vane, 
one runner blade and a part of the hub cone. No tip clearance was included in the analysis. 
The pressure field of the surface of the blade was analysed, see diagram 1. This surface had 
1363 nodes each on the suction and pressure side of the blade. On the leading and trailing 
edges, the grid was finer. The results should not be taken as a correct picture of the pressure 
field, but good enough to guide the chose of the positions of the sensors. By assuming that the 
shape of the pressure field on the blade from the simulation is correct, the positions of the 
sensors were chosen as local maxima and minima points and terrace points. From the 
obtained measured values of the pressure field on the blade we can then estimate a continuous 
field by a linear interpolation. Besides, at least three positions were chosen on each leading 
and trailing edge of the both sides of the blade since hydraulic oscillations are more likely to 
occur in those areas.  

INSTRUMENTATION 

Previously, onboard pressure measurements with flush mounted sensors were conducted 
on both prototype and model of a low-head Francis runner in 2001 by ALSTOM Power 
Hydro in Grenoble, France, in collaboration with the Swiss Federal Institute of Technology 
(LMH-EPFL) in Lausanne, Switzerland [6]. In the model experiments at EPFL piezo-resistive 
transducers were directly incorporated into the blade by Unisensor. ALSTOM Power Hydro 
has also developed a method to instrument model runner blades during the manufacturing 
phase [7].  
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Diagram 1 - Pressure field as a function of the geometry of the blade projected in the plane perpendicular 
to the rotational axis. The results are obtained from a CFD-analyis of the blade. 

 

The instrumentation was done by dismantling the turbine and the blade from the hub so 
the sensors could be flush-mounted on the blade to avoid any perturbation of the fluid. At the 
same time, there was a demand to keep the machining of the blade to a minimum. The data 
acquisition system was decided to be put on top of the shaft. This position would make it easy 
to access the DAQ-system and the environment is dry compared to the runner hub cone which 
was the other alternative. A prolongation of the shaft was manufactured where the DAQ-
system would be installed together with a router for wireless transmission of the signals. By 
positioning the units practically in line with the axis of rotation, the centrifugal forces would 
be minimized.   
Sensor properties 

The Swiss company Unisensor was engaged to deliver the same kind miniature piezo-
resisitive sensors that were previously used by the group at EPFL. Metal casings of the 
sensors were manufactured at the workshop in LTU and sent to Unisensor that installed the 
sensors in the casings. Their properties make them very suitable for dynamic measurements. 
The miniature size gives a precise measurement of the pressure. To make dynamic 
measurements, the natural frequency of the sensing element must be at least five times as high 
as the measured frequency for as system that is not damped [8]. Due to the high stiffness and 
low mass of the silicone diaphragm, the natural frequency of a PRT is very high. Practically 
no damping is present which means that no phase shift occurs. PRT’s are also resistive to 
mechanical vibrations. However, the frequency of the vibrations should not be higher than 30 
% of the natural frequency of the sensor since this might excite the natural frequency of the 
sensor. The pressure chips are mounted in metal casings that are manufactured to fit on the 
blade flush to the surface. The properties of the pressure chips are specified in table 1.  No 
temperature compensation is used since the water temperature of the river does not change 
over shorter time periods. The sensors will be recalibrated during each measurement 
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campaign by adjusting the height of the water pillar in the inlet tube. An accurate reference 
pressure sensor will be used in the pre-made holes in the runner chamber.    

Table 1 Specifications of the pressure chips. 

Absolute piezo-resistive pressure chip

Parameter 
Units Value 

Dimensions of the sensing element (D x L x H) mm 1 x 1 x 0.6 
Pressure range Bar 0-7 
Excitation voltage VDC 12 
Input impedance k� 5 
Output impedance k� 5 
Full scale output (FSO) mV 240±60 
Zero Offset mV ±96 
Temperature coefficient of Sensitivity %FSO/ºC -0.20 
 
Mounting of the sensors on the blade 

The blade was machined with housings and channels to fit the sensors and the cables 
flush to the surface, see figures 1 and 2. Unlike a common Kaplan runner, the blade and the 
trunnion consist of one solid part. A cylindrical hole was machined in the trunnion to lead out 
the cables. The machining of the blade should be kept to a minimum so the mechanical 
properties remain unaltered. Broken sensors should also be replaceable without dismantling 
the turbine since this is not an easy task. The design was developed to compromise between 
two requirements: minimizing the machining of the blade and enabling broken sensors to be 
replaced. An epoxy resin was used to fill out the recessed areas and to seal the metal casings. 
The casings are attached to the blade by two screws. Instead of filling the channels with resin 
directly onto the cables, PTFE-lines are enclosed in the channels with the resin. The cables 
can then be led freely trough the tubes. 

 

 
Figure 1 - Machining of the blade. 
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Figure 2 - Sensors in metal casings and epoxy covered channels. 

 

New channels through the machine 

The data acquisition units and the voltage supply are positioned at the top of the shaft and 
the sensors on the blade. To lead the cables down to the runner hub cone the oil tube was 
used. The tube has a length of 12 m and diameter of the tube for the cable is only 18 mm. 
Separate cables were used for each signal. The cables from the tube and the sensors were 
joined in a connection box positioned in line with the axis of rotation to minimize the 
centrifugal forces on the wires. The box was fixed onto the oil tube by a screw cap. The box 
was equipped with membranes to avoid condensation inside the box. The cable bushing 
through the hub demanded some modifications of the hub body. See figure 3 and 4. A hole 
was drilled in the hub body to lead out the plastic lines with the cables from the end of the 
trunnion. The play between the trunnion and the piston is only a few mm and a part of bronze 
was placed between the trunnion and the hub body to keep the cables in place and protect 
them from the moving piston. A tube of brass holds the plastic lines and directs them to the 
sealing on the hub bottom.   
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Figure 3 - Mounting of the blade in the hub and cable drawing. 

 
Figure 4 - Illustration of the cable drawing. 

Data acquisition system  

The Data acquisition units consist of three NI9205 modules with 16 analogue differential 
channels each. Those modules are used for amplification and digital conversion of the signals. 
The digital conversion has a resolution of 16 bits and the total sampling rate of each module is 
250 kS/s. A cRio9005 real time controller processes the sampled data. The acquisition units, 
the cRio-unit and the voltage supply are mounted in a chassis. The total measurement system 
consists of 5 cRio-units “the slaves” that are controlled by the main computer called “the 
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master”. The sampling of the signals is synchronized by an optical pulse gauge that measures 
the angular position of the runner. The cRio-units on the rotating parts communicate with the 
stationary main computer via a router with a wireless network.  

To minimize the risk of damaging the units on the rotating parts due to the acceleration 
of the centrifugal force, a prolongation of the shaft was manufactured called “the 
moonlander”. The moonlander rotates with the shaft and has a cylindrical shell which holds 
the chassis and the router. A slip ring delivers the electrical supply.        

FINAL CONSIDERATIONS 

In this paper, we presented a monitoring system to estimate the pressure field of a 
prototype Kaplan runner for research and development purposes. Coupled with further 
instrumentation of the machine this enables an analysis of the dynamic behaviour of the 
machine rotor. The angular resolved pressure field will allow an estimation of the time-
dependent axial force and torque, which will be compared to the torque, bending moment and 
axial force measured in the middle of the shaft obtained by strain gage measurements. The 
experimental data is valuable in the development of analytical and numerical methods for 
hydropower applications. An accurate rotordynamical model of a hydropower machine 
requires data of the added dynamical coefficients of the runner. The time-dependent part of 
the hydrodynamic force matrix acting on the runner can be decomposed into parts of an added 
mass, damping and stiffness matrix depending on if it is in phase with the position, velocity or 
acceleration vector of the runner. Since we lack a complete picture of the motion of the 
turbine with the present instrumentation those added hydrodynamic effects cannot be fully 
analysed. A further development of the instrumentation of the runner could be placing 
accelerometers in the hub to obtain the acceleration in the radial direction. Another possibility 
is to emplace inductive displacement sensors in pre-made holes in the runner chamber to 
measure the periphery gap of the blades.    
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Abstract

An extensive amount of work exists on experimental

and theoretical analysis of unsteady flow phenomena in hy-

draulic turbines. Still, resonance phenomena and self-excited

vibrations of the rotor of hydropower machines are not con-

sidered as a major problem during normal operation condi-

tions. Nevertheless, in development and research it is not

sufficient to rely on earlier experience. An accurate pre-

dictive rotor model is crucial during design and during op-

eration in analysis of faulty behaviour. There is a lack of

agreement among engineers upon how fluid inertia of the

turbine should be included in rotor models. This paper dis-

cusses the effects of fluid inertia, angular momentum and

shrouding of a hydraulic turbine on lateral transversal rotor

vibrations. A fluid-rotor model is presented that captures

those three fundamental conservative effects. The simplicity

of the model allows for powerful analytical solution meth-

ods. The linearized equation of motion of a cylinder in an-

nular flow is solved for by one single complex equation. The

constrained cylinder has two degrees of freedom in the plane

perpendicular to its axis. By the assumption of irrotational

cyclic flow, the fluid motion is described by a complex po-

tential function. The motion of the cylinder is described by
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three parameters. Two surfaces are defined that splits the

parameter space into regions with different qualitative be-

haviour. One surface defines the limit of stability whereas

the other defines a limit when the eigenvalues have opposite

signs or are both positive. The response to an external pe-

riodic rotating force is visualized by the magnitude of the

inverse of the complex dynamic stiffness. The results show

that fluid inertia, angular momentum and shrouding of hy-

draulic turbines could have substantial effects on lateral ro-

tor vibrations. This calls for further investigation with a

more complex fluid-rotor model that accounts for flexural

bending modes.

1 Introduction

In design of hydraulic turbines, the trend has gone towards smaller
units and lighter material that transfer the same amount of torque.
Today, the operational schemes of hydraulic turbines reflect not
only technical aspects. The engineer must take into account the
fluctuations of prices at the power market sometimes having to
overlook the health of the machine. More starts and stops and
operation at off-design points imply that vibrations during opera-
tion of hydraulic machinery are more likely to occur. During the
last decade, hydraulic turbine manufacturers and operating compa-
nies have put attention on dynamic loads of hydraulic origin. An
extensive amount of work exists on experimental and theoretical
analysis of unsteady flow phenomena in hydraulic turbines. The
dynamic response of an unsteady hydraulic load on the hydraulic
system and rotating and static parts of the turbine were investi-
gated by several scientists and engineers (Sick et al., 2009; Blom-
maert, 2000). Rodriguez et al. (2007) conducted experiments on
the effect of the surrounding fluid on the natural frequencies and
mode shapes of a Francis runner that was compared with numeri-
cal simulations (Liang et al., 2007).Münch et al. (2008) estimated
the fluid-induced force on a 2D-hydrofoil in pitching motion. Still,
resonance phenomena and self-excited vibrations of the rotor of a
hydropower machines are not considered as a major problem during
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normal operation conditions. The literature is scarce on rotordy-
namic issues of hydraulic turbines. Nevertheless, a proper dynamic
analysis of the rotor is necessary in new design and also in diagnosis
of faulty behaviour during operation.

The dynamics of rotating machinery depends largely on physi-
cal phenomena taking place in fluids surrounding the rotating shaft.
Fluid-induced self-excited vibrations have been encountered in dif-
ferent kinds of rotating machinery. Nonsynchronous vibrations in-
duced by hydrodynamic bearings were treated in numerous pa-
pers. Similar phenomena may take place in seals and impellers
of fluid-handling machines. Destabilizing forces could arise in tur-
bines/impellers due to the following mechanisms:

• Uneven work extraction mechanism

• Impeller/turbine - volute/guide vanes interaction

• Shroud forces in axial and radial clearances

Subsynchronous vibrations encountered in the main shuttle space
engine in the United States brought NASA to initiate research on
instabilities induced by the process fluid of high-speed turbopumps
(Brennen & Acosta, 2006). Experiments were conducted at a Ro-
tor Force Test Facility to estimate the fluid-induced rotordynamic
coefficients on several pump impellers. Adkins & Brennen (1988)
and Fongang et al. (1998) performed theoretical analyses of inter-
action between the volute and the impeller. In view of the earlier
research on pump impellers, it is of interest to investigate if similar
phenomena could take place in hydraulic machinery. It is common
practice to include fluid inertia of the turbine in rotor models of hy-
draulic machinery, but there is a lack of agreement on a standard
procedure. Recently, a CFD-analysis was conducted to include the
effects of the surrounding fluid on torsional vibrations of a Kaplan
turbine (Karlsson et al., 2009).

This paper is a first attempt to study how the surrounding fluid
affects lateral rotor vibrations of hydraulic turbines. Fluid inertia,
angular momentum and shrouding are expected to influence lateral
vibrations of axial hydraulic turbines. This paper scrutinizes this
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assumption by presenting a simple fluid-rotor model that allows
for powerful analytical solution of the problem. The fluid-rotor
model consists of a rigid cylinder surrounded by a fluid annulus
in cyclic irrotational motion. The motion of the inner cylinder is
constrained by springs and its equilibrium point is in the center of
the outer cylinder. The fluid flow is assumed to be two-dimensional
and inviscid. The motion of the fluid is solved by unsteady potential
flow theory. We solve the linearized equations of motion of the inner
cylinder around its equilibrium point due to a small perturbation
of its position. We study the free whirling of the cylinder and
the forced response to an arbitrary external periodic force. The
discussion follows on the effect of flowing water on rotor vibrations
of Kaplan turbines based on the results from the model.

2 Assumptions of the fluid-rotor model

The aim of the fluid-rotor model is to capture the effects of the
inertia and the angular momentum of the fluid on the dynamic be-
haviour of an axial runner in the lateral direction. We limit our
attention to lateral vibrations of the shaft neglecting torsional and
bending motions. The resistance of the blades to a movement in
the lateral direction is mainly limited to the area of the tip facing
the schroud. A nonsymmetric clearance between the tip and the
schroud may generate destabilizing forces, which are commonly re-
ferred to as Alford forces. This mechanism was intitially studied
by Thomas in 1958 who investigated those forces of steam turbines.
The width of the clearance determines the leakage flow. An eccen-
tric position of the runner hence yields a destabilizing force in the
direction of rotation of the rotor. The hub and the hub cone are
the main areas of the runner perpendicular to the lateral direction.
It thus seem reasonable that some of the phenomena at work may
be captured by a fluid model of an annulus even though the uneven
work extraction mechanism and threedimensional effects are left
uninvestigated in such a model. The geometry of the fluid model
consists of a fluid contained between an inner cylinder and an outer
cylinder. The energy of the fluid in the turbine is contained in the
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angular momentum. This should then be a feature of the flow field
of the annulus.

The rotor model should be consistent with the fluid model. Even
though an overhung rotor model would be more similar to a run-
ner constrained by bearings, the model is not consistent with an
annulus. A fluid model that is consistent with the overhung rotor
model has to take three dimensional effects into account. The over-
hung rotor has four degrees of freedom and the fluid model should
then also have the same number of degrees of freedom. Therefore,
we have chosen a rotor model of rigid cylinder with the mass M

constrained by bearings having the overall stiffness K. The model
has only two degrees of freedom in the plane perpendicular to the
rotational axis and describes the flexural behaviour of a rotor. Such
a model may be called an undamped Jeffcott rotor. Equally well,
we may use Muscynska’s lateral isotropic rotor model, with the dif-
ference that the mass and the stiffness are referred to in the modal
sense.

The result is thus a simple fluid-rotor model allowing us to use
powerful solution methods. The model captures the effects of some
of the main features of a the fluid flow in an axial hydropower tur-
bine. The purpose of the model is to grasp some of the phenomena
arising rather than to provide a model to use for detailed calcula-
tions. The model should explain the fundamental forces that arise
and how those depend on the parameters in the model.

3 The fluid model

3.1 Features of the steady flow field

The fluid model consists of a twodimensional annular flow field of
an incompressible uniform fluid. The fluid is contained between two
concentric infinitely long rotating cylinders. The steady motion of
the fluid is set up by the rotation of the cylinders. The width of
the annulus and the radius of the inner cylinders are of the same
order of magnitude. The solution of the Laplace equation govern-
ing an inviscid irrotational fluid yields the no-slip condition of the
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tangential fluid velocity at the boundaries unnecessary. Their could
be no steady boundary layer where the gradient of the tangential
velocity is large in the normal direction, since the radial diffusion
of the vorticity generated in the boundary layer cannot be coun-
terbalanced by convection in the axial direction. The derivation of
the steady motion of circular streamlines between two concentric
rotating cylinders may be found in various textbooks, see for ex-
ample (Batchelor, 1967). This flow field does only depend on the
rotational speed of the cylinders and their radius according to

v(r) = Ar +
B

r

with

A =
Ω1 − Ω2

r−21 − r−22

, B =
Ω1r

2

1
− Ω2r

2

2

r2
1
− r2

2

If the velocity of the outer cylinder is set to zero, the fluid flow is
unstable for all values of Ω1, according to Rayleigh’s inviscid sta-
bility criterion. However, viscous forces stabilize the fluid flow and
G. I. Taylor (1923) could in his ground-breaking work deduce a
stability criterion based on the viscosity of the fluid. In his work
he determined theoretically the conditions of fluid stability from
the Navier-Stokes equations which agreed with his experimental
observations. At a critical rotational speed the fluid go through
a transition to a new stable three-dimensional flow regime called
Taylor-Couette flow with vortices in the meridional plane. Taylor-
Couette flow still draws attention to researchers and is treated in
countless works. However, the aim of this work is no to contribute
to research in this field. Rather, the aim is to examine the effects of
an irrotational fluid of constant angular momentum on the dynamic
behaviour of the inner cylinder. To override the stability problem
the rotational speeds of the outer and the inner cylinders are cho-
sen so the velocity field becomes irrotational, which is a neutral
stable flow field according to the inviscid stability criterion. The
unperturbed flow field is then given by

v(r) =
r2
1
Ω1

r
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Figure 1: Long rotating cylinder surrounded by a fluid annulus

3.2 Features of the unsteady flow field

The unsteady motion of the fluid field is induced by a perturba-
tion of the position and velocity of the inner cylinder in the radial
direction. By adopting the theory of oscillatory boundary layer
stated by Batchelor (1967), we conclude that if the perturbation
is a purely period motion the generation of vorticity is alternately
negative and positive. The net generation of vorticity during one
cycle is thus zero.

The boundary layer hypothesis is only valid if separation does
not occur. But since the perturbation is small and backflow does
not occur until the cylinder has moved about a third of its length
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separation is unlikely to happen.

3.3 Geometry

Let rc denote the position of the center of the cylinder. The angle
θc and the radial distance εc together determine the position rc. In
vector form, the position is

rc = εc cos θci+ εc sin θcj. (1)

This is equal to the complex number

rc = εce
iθc (2)

where the real part and the imaginary part correspond to the x-axis
and y-axis.

To specify the boundary conditions, we need an expression of a
complex number pointing in the direction normal to the boundaries
of the circles. Let za = rae

iθ be a point on the boundary of the inner
circle. The complex number

na =
za − rc

a
(3)

points in the direction normal to the boundary of the circle and has
the length of unity. If we assume that εc � a, the distance to a
point p at the boundary of the inner cylinder as a function of angle
θ and the complex number rc is

ra = f(θ, rc) = a +
1

2

(
rce

−iθ + rce
iθ
)

(4)

The second term corresponds to the scalar product of the complex
number of unit length eiθ and position of the cylinder rc. The
following three different representations of the scalar product of
two complex numbers will be used in the calculations

(z1, z2) = �{z1z2} =
1

2
(z1z2 + z1z2) (5)
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The complex number normal to the outer circle is simply

nb =
zb

b
(6)

where zb represents a point on the boundary of the circle of radius
b.
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Figure 2: Notation

3.4 The complex potential function

The flow motion is predicted by unsteady potential flow theory.
A unique solution of the Laplace equation exists if the boundary
conditions and the constant circulation is specified of an inviscid
fluid in a doubly-connected region (see any textbook on the matter,
for example Milne-Thomson (1968)). The steady fluid motion is
fully determined by the constant circulation. The unsteady fluid
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motion is induced by a small perturbation of the cylinder. We
consider the effect of a perturbation of the equilibrium position
of the cylinder. Correspondingly, the analysis is limited to linear
effects. The fluid motion is two-dimensional. The complex potential
function of fluid is then on the form

w = f(z) = φ+ iψ, (7)

where w is holomorphic function of the complex variable z = x +
iy. The real and imaginary part of any holomorphic function are
harmonic functions that satisfy the Laplace equation. Let u and v

denote the fluid velocities in the x and y direction. The complex
velocity is defined as (same notation as Milne-Thomson (1968))

υ = u− iv = −
dw

dz
. (8)

The complex velocity is the reflection of the actual velocity of the
line through the point considered parallel to x-axis. The complex
velocity υ0 of the unperturbed velocity field is

υ0 =
iκ

z
(9)

and its complex potential

w0 = f0(z) = −iκ ln(z). (10)

The position of the center of the cylinder as

rc = xc + iyc (11)

its velocity ṙc. The complex potential resulting of the perturbation
of the cylinder could now be uniquely determined by position and
the velocity of the cylinder and the constant κ. We decompose the
complex potential into the following parts

υ = υ0 + υ̃, (12)

where υ0 is the steady part and υ̃ the unsteady part.
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The fluid velocity due to the constant circulation must be tan-
gential to the boundaries. To facilitate the calculations, the un-
steady part υ̃ could be decomposed as

υ1 = υ̃κ + υ̃ṙc (13)

according to their dependence on the velocity of the cylinder ṙc or
the constant circulation. The magnitude of the velocity induced by
the circulation |υ̃κ| must be independent of |ṙc|, but the magnitude
of the velocity induced by the velocity of the cylinder |υṙc| does de-
pend on the magnitude of the eccentricity, |rc|. However since |ṙc|
is of one order of magnitude less than |rc||ṙc|, a first order approx-
imation of υ̃ṙc is independent of rc. A first order approximation of
the magnitude of the velocity υ̃ due to the perturbation does only
have a linear dependence of rc and ṙc.

The problem now consists in determining the complex potentials
w̃κ and w̃ṙc due to the perturbation of the inner cylinder related to
the complex velocity υ by

υ̃κ = −
dw̃κ

dz
, υ̃ṙc = −

dw̃ṙc

dz
(14)

The boundary conditions yield that the velocity of the fluid must
be zero normal to the fixed boundary and equal to the velocity of
the cylinder ṙc on the inner boundary. Using the notations defined
in 3.3, the conditions are

(
na, υ

∣
∣
∣
z=za

)
= (na, ṙc) ,

(
nb, υ

∣
∣
∣
z=zb

)
= 0 (15)

where na and nb denote the normal vector at the boundaries of
the inner and outer cylinder respectively. We break the boundary
conditions into the following parts.

(
na,

(
υ0 + υ̃κ

)∣∣∣
z=za

)
= 0,

(
nb,

(
υ0 + υ̃κ

)∣∣∣
z=zb

)
= 0 (16)

and the boundary conditions of the complex velocity υ̃ṙc is
(
na, υ̃ṙc

∣
∣
∣
z=za

)
= (na, ṙc) ,

(
nbυ̃ṙc

∣
∣
∣
z=zb

)
= 0 (17)



3.4 The complex potential function 67

The complex potentials w̃κ and w̃ṙc could then be determined
separately. We start by the function w̃ṙc . Since w̃ṙc is a first order
approximation and does not depend on rc, the position of the inner
cylinder is assumed to be at the origin in its equilibrium position.
The complex potential must then be

w̃ṙc(z) = w̃1(z) + w̃1

(
b2

z

)
(18)

with

w̃1(z) =
Aṙc

z
(19)

corresponding to a doublet at the origin. A is a real constant coef-
ficient that depends on the position of the concentric circles. The
relationship (18) ensures by the circle theorem (see Milne-Thomson
(1968)) that the outer boundary condition is fulfilled. The value of
the streamfunction is equal to zero at the outer boundary and no
motion normal to the boundary is possible.

We procede to determine the real constant coefficient A. The
complex velocity υ̃ṙc is

υ̃ṙc
ṙc

= −
1

ṙc

dwṙc

dz
= A

(
1

z2
−

|ṙc|
2

ṙc
2b2

)
,

which inserted in the boundary condition on the inner cylinder
yields

�

{
naυ̃ṙc

∣
∣∣
z=za

}
= A�

{(
1

z2a
−

|ṙc|
2

ṙc
2b2

)
naṙc

}
= �{naṙc}

The normal vector is approximated as

na ≈
za

a
.

which yields

�

{
naυ̃ṙc

∣
∣∣
z=za

}
= A�

{
naṙc

a2
−

ṙcna

b2

}

A

(
1

a2
−

1

b2

)
�{naṙc} = �{naṙc} .
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The coefficient A is then

A =
a2

1− a2

b2

,

and inserted in the complex potential

w̃ṙc(z) =
a2

1− a2

b2

(
ṙc

z
+

ṙcz

b2

)
. (20)

The complex velocity is

υ̃ṙc =
a2

1− a2

b2

(
ṙc

z2
−

ṙc

b2

)
. (21)

We now continue to determine the complex potential w̃κ. An
exact solution of the problem may be found in Milne-Thomson. A
linear approximation could be derived in the following way. The
solution has the form

w̃rc = i
BΓ

2π

(
rc

z
+

rcz

b2

)
.

The streamline with the value zero coincides with the outer bound-
ary and fulfillment of the outer boundary condition is guaranteed.
The complex potential w0 is tangential to the outer boundary. At
the inner cylinder, the boundary condition is equal to

�

{
na (υ0 + υ̃rc)

∣
∣
∣
z=za

}
= 0

The complex velocity υ0 is of O(1) while the complex velocity υ̃rc
is O(|rc|). Therefore, the product between the normal vector and
the complex velocity υ̃rc is approximated as

�

{
naυ̃rc

∣
∣
∣
z=za

}
= −

BΓ

2π
�

{
iza

a

((
rc

z2
−

rc

b2

))∣
∣
∣
z=za

}
+ O(|rc|

2).

which yields

�

{
i

a

(
1−

rc

z

)∣∣∣
z=za

}
= −�

{
irc

az

∣
∣∣
z=za

}

= −B

(
1−

a2

b2

)
�

{
irc

az

∣
∣
∣
z=za

}
.
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The coefficient B is equal to

B =
1

1− a2

b2

(22)

The complex potential w̃κ is

w̃κ = i
Γ

2π

1

1− a2

b2

(
rc

z
+

rcz

b2

)
(23)

and its complex velocity

υ̃κ = i
Γ

2π

1

1− a2

b2

(
rcz

2

|z|4
−

rc

b2

)
(24)

A first order approximation of the total complex potential of
the flow field due to a perturbation of the inner cylinder is

w(z) = −i
Γ

2π

(

ln(z)−
1

1− a2

b2

(
rc

z
+

rcz

b2

))

+
a2

1− a2

b2

(
ṙc

z
+

ṙcz

b2

) (25)

and its complex velocity

υ(z) = i
Γ

2π

(
z

|z|2
+

1

1− a2

b2

(
rcz

2

|z|4
−

rc

b2

))

+
a2

1− a2

b2

(
ṙcz

2

|z|4
−

ṙc

b2

) (26)

The magnitude of the velocity is

υυ = (υ0 + υ̃1)
(
υ0 + υ̃1

)

= υ0υ0 + 2�
{
υ0υ̃1

}
+ υ̃1υ̃1

A first order approximation is

υυ =≈ υ0υ0 + 2�
{
υ0υ̃1

}
(27)
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3.5 Force on the cylinder

To deduce an expression of the fluid force from the above derived
complex potential, we may use unsteady Bernoulli’s equation to
relate the pressure to the complex potential and the magnitude of
thee velocity of the flow field. The pressure is

p

ρ
= c−

1

2
v2 −

∂φ

∂t

Following the notation in Milne-Thomson, the force on the mov-
ing cylinder is

dX = −p dy, dY = p dx

d(X − iY ) = −ip dz
(28)

Integration around the boundary of the cylinder Ca yields

X − iY = iρ
1

2

∫

Ca

dw

dz

dw

dz
dz + iρ

∫

Ca

∂φ

∂t
dz

The problem of determining the integral due to the magnitude of
the velocity may be decomposed into two parts. Inserting the mag-
nitude of the velocity according to (27), the integral becomes

iρ
1

2

∫

Ca

dw

dz

dw

dz
dz = iρ

1

2

∫

Ca

(
|υ0|

2 + 2�
{
υ0υ̃κ

})
dz

+iρ
1

2

∫

Ca

2�
{
υ0υ̃ṙc

}
dz

The two force terms are

F rc = iρ
1

2

∫

Ca

(
|υ0|

2 + 2�
{
υ0υ̃κ

})
dz

= F ṙc = iρ
1

2

∫

Ca

2�
{
υ0υ̃ṙc

}
dz

Since the force term F rc is independent of the velocity of the cylin-
der, this integral may be converted by Blasius theorem. The in-
tegral is equivalent to the force on the body due to the complex
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potential wκ = w0+ w̃κ. The boundary is a streamline, and Blasius
theorem then states

F rc = iρ
1

2

∫

Ca

(
dwκ

dz

)2

dz ≈ iρ

∫

Ca

(
1

2
υ2

0 + υ0υ̃κ

)
dz

= −iρ
Γ2

4π2

∫

Ca

(
1

z2
+

1

1− a2

b2

(
rc

z3
−

rc

zb2

))

dz

The integrated function is holomorphic except at the singular point
z = 0. Cauchy’s formula then yields

F rc = −2π × iρ
rc

b2 − a2

(
iΓ

2π

)2

=
ρΓ2rc

2π (b2 − a2)

We continue with the force due to the motion of the cylinder, F ṙc .
Blasius theorem is not valid since the inner cylinder is not fixed.
However, the problem is equivalent to a fixed inner cylinder and
an outer cylinder moving at constant velocity −ṙc since the rela-
tive velocity is not changed. Equally, the ingegral of F ṙc may be
evaulated by using polar coordinates according to

z = rpe
−iθ = ae−iθ +

1

2

(
rce

−i2θ + rc
)

dz = −i
(
ae−iθ + rce

i2θ
)
dθ

Inserting those terms yields

F ṙc = iρ
1

2

∫

Ca

(
υ0υ̃ṙc + υ0υ̃ṙc

)
dz

= iρ
1

2

iΓa2

2π
(
1− a2

b2

) (−i) 2πṙc

(
1

b2
+

1

a2

)
=

1

2

(
1 + a2

b2

)

(
1− a2

b2

) iρΓṙc

The complex potential does not have an explicit dependence of
time, however, since the speed and the position of the cylinder is a
function of t. The terms containing the position and speed of the
cylinder are wṙc and wrc and since the potential function is the real
part of the complex potential the time dependent part is equal to

F t = iρ
∂

∂t

∫
�{wṙc + wrc} dz
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iρ
∂

∂t

∫
�{wṙc} dz = iρC

∂

∂t

∫

C

�

{(
a2ṙc

z
+

a2

b2
zṙc

)}
dz

≈ iρC
∂

∂t

∫

C

�

{(
a2ṙce

−iθ

a
+

a2

b2
aeiθ ṙc

)}
dz =

−i(−i)ρC

(
1 +

a2

b2

)
∂

∂t

∫

C

1

2

(
ṙce

−iθ + ṙce
iθ
)
e−iθdθ

And the complex potential wrc yields

iρ

∫
�{wrc} dz = −iρ

Γ

2π
C

∂

∂t

∫

C

�

{(
irc

z
+

1

b2
zirc

)}
dz =

−i(−i)ρ
Γ

2π
C

(
1 +

a2

b2

)∫
2π

0

�
{
irce

−iθ
}
e−iθdθ =

−ρ
Γ

2π
C

(
1 +

a2

b2

)
1

2
iṙc2π

The total fluid force is hence

−Ffluid =
1 + γ2

1− γ2
ρwa

2πr̈c − i
1 + γ2

1− γ2
ρwΓṙc −

ρwΓ
2

2π (b2 − a2)
rc

per unit length of the cylinder. γ = a
b
denotes the radius ratio of

the cylinders.
The first term is the regular hydrodynamic mass of a cylinder in

an inviscid fluid annulus. The same result was obtained by Brennen
(1976) and Chen et al. (1974). The second term is perpendicular to
the velocity vector. This force tends to sustain a circular orbit of
the cylinder acting in the direction towards the center. This term
could be interpreted as gyroscopic force. It could be compared to
the lift force on a cylinder in an unbounded irrotational cyclic flow
field. The last term yields a destabilizing force. This effect was
equally found by Brennen (1976), who refers to it as the Bernoulli
effect. Milne-Thomson (1968) used conformal mapping to deduce
an expression of the exact nonlinear force due to the Bernoulli effect.

4 Dynamic behaviour of the cylinder

The rotor model is equivalent to a rotating rigid cylinder con-
strained by isotropic bearings. Following the notation by Muszyn-
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ska (2005), the equation of motion governing the lowest complex
mode of a isotropic rotor is

Mz̈ +Kz = Fe(iωt+δ) (29)

The coefficients M and K are modal mass and stiffness of the first
lateral mode.

If the fluid force is added to the equation of motion of the lateral
isotropic rotor model, the following equation is obtained:

(
M +

1 + γ2

1− γ2
ρwa

2πL

)
z̈ − i

1 + γ2

1− γ2
ρwLΓż

+

(
K − ρw

LΓ2

2πa2
γ2

1− γ2

)
z = Fei(ωt+δ)

(30)

where γ = a
b
defines the ratio of the inner and outer cylinder.

To discuss the effect of the fluid force we identify some parame-
ters. First of all, the eigenfrequency of the Jeffcott rotor neglecting
the fluid force is

ωn =

√
K

M

Another frequency is identified by neglecting the wall effects and
putting the stiffness and mass of the cylinder equal to zero. Then
(30) reduces to the equation of motion of an unrestrained massless
cylinder in an unbounded fluid with density ρw

ρwa
2πLz̈ − iρwLΓż = 0 (31)

The solution of (31) may be found in Milne-Thomson (1968)

z(t) = Aei(
Γ

πa2
t+B) + C = Aei(ΩΓt+B) + C,

where A and B are real and C complex constant coefficients. The
cylinder hence whirls in a circular orbit with the frequency

ωΓ =
Γ

πa2
.
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Ac represents the volume of the cylinder per unit length. Let us
now identify the ratio

αρ =
πa2Lρw

M
=

Md

M
.

To relate the eigenfrequency ωn to this ratio, we define a frequency
based on the displaced mass of the fluid, Md = V0ρw. The frequency
is ω2

f = K
Md

. We may now introduce a ratio of this frequency and
the eigenfrequency of the cylinder, αρ, according to

αρ =
ω2

n

ω2

f

.

The ratio of the the frequency ωΓ and ωn is defined as

β =
ω2

n

ω2

Γ

.

The equation of motion is

z̈ − i
αρ (1 + γ2)

(1− γ2 + αρ (1 + γ2))
ωΓż

+
1

1− γ2 + αρ (1 + γ2)
ω2

Γ

(
ω2

n

ω2

Γ

(
1− γ2

)
−

1

2

ω2

n

ω2

f

γ2

)

z

=
1− γ2

1− γ2 + (1 + γ2)αρ

(
F

M
ei(ωt+δ)

)

(32)

4.1 Rotor free response

If the right-hand side of (32) is equal to zero, the characteristic
equation of (32) is

s2 − i
αρ (1 + γ2)

(1− γ2 + αρ (1 + γ2))
ωΓs + ω2

Γ

β (1− γ2)− γ2 1

2
αρ

1− γ2 + αρ (1 + γ2)
= 0

(33)
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which has the roots

s1,2 = i
1

2

αρ (1 + γ2)

(1− γ2 + αρ (1 + γ2))
ωΓ

± ωΓi

√
1

4

(
αρ (1 + γ2)

(1− γ2 + αρ (1 + γ2))

)2

+
β (1− γ2)− γ2 1

2
αρ

1− γ2 + αρ (1 + γ2)

(34)

The total homogeneous solution is

z(t) = Aes1t + Bes2t (35)

The solution of the eigenvalue problem depends on three parame-
ters. The behaviour of the cylinder could be divided into different
regions in the parameter space. How do the family of the solutions
(35) look like dependent on the values of the parameters? The
Bernoulli effect yields a negative restoring force in the direction of
the displacement. This force destabilizes the cylinder motion. If the
expression in the square root becomes negative, one of the eigen-
values have a positive real part and hence the equilibrium point of
the cylinder is unstable. We define a surface F that divides the
parameter space into an unstable and stable area according to

α2

ρ + αρ

(
4β − 2

γ2

1 + γ2

)
+ 4β

1− γ2

1 + γ2
= 0

The surface could be expressed as a function β = F (αρ, γ):

β = F (αρ, γ) =
1

4

αρ (2γ
2 − αρ (1 + γ2))

αρ (1 + γ2) + 1− γ2

If 1 � β, the stability does not depend on the circulation Γ. The
solution is thus inherently stable independent of the values of αρ

and γ. The Bernoulli effect does not have any effect on the solution.
If there is no restoring stiffness force β � 1. The γ−α-plane, when
β is equal to zero, could be divided into a stable and an unstable
area by the line defined by the equation

αρ

(
1 + γ2

)
− 2γ2 = 0
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Figure 3: Limit of stability defined by the surface F

that is plotted in Figure 4.
The stable area may be divided into regions in the parameter

space depending on the behaviour of the free response of the cylin-
der. We define three limiting cases when the Bernoulli effect and
the gyroscopic effect do not have any effect on the eigenvalues. The
eigenvalues then appear as pure imaginary complex conjugates. If
the displaced mass of the fluid is much smaller than the mass of
the cylinder, i. e ωf � ωn, the force that stems from the fluid
model is negligible, even though the tangential fluid velocity is not
equal to zero. The eigenvalues reduce to the eigenfrequencies of the
isotropic lateral rotor model

s1,2 = ±iωn. (36)

If the wall effect, i. e. if γ tends to zero, the eigenvalues become

s1,2 = ±i
1

√
1 + αρ

ωn. (37)
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Figure 4: Unconditionally stable

or simply expressed in terms of masses

s1,2 = ±i

√
K

Md +M
. (38)

The only contribution from the fluid model is the hydrodynamic
mass of a cylinder in an unbounded fluid. The hydrodynamic mass
is in this case equal to the displaced mass of the fluid.

If ωΓ is equal to zero, there is no gyroscopic effect or Bernoulli ef-
fect. In the three-dimensional parameter space, this happens when
β tends to infinity. The eigenvalues become

s1,2 = ±i

√
1− γ2

√
1− γ2 + αρ (1 + γ2)

ωn. (39)

Notice that the first limiting case are independent of the values
of the other parameters. If αρ tends to zero the eigenvalues do not
depend on the values of the other parameters. The second case does
depend on αρ. It reduces to the first case if αρ tends to zero. The
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third case depends on both αρ and γ. If γ tends to zero the third
case reduces to the second case and if αρ tends to zero, it reduces
to the first case.

Let us now consider how the gyroscopic effect and the Bernoulli
effect enter into the solution. If none of the parameters tends to
infinity, the eigenvalues depend on the steady tangential fluid ve-
locity. If the eigenvalues are normalized with respect to ωn, the
roots of the characteristic equation are

s1,2

ωn

= i
1

2

αρ (1 + γ2)

(1− γ2 + αρ (1 + γ2))

1
√
β

± i

√
1

β

1

4

(
αρ (1 + γ2)

(1− γ2 + αρ (1 + γ2))

)2

+
β (1− γ2)− γ2 1

2
αρ

β (1− γ2 + αρ (1 + γ2))

(40)

As the value of β increases the eigenvalues do not remain as pure
imaginary complex conjugates. For large values of β, the eigenval-
ues have opposite signs. The value in the square root depends on
three effects, the restoring stiffness force, the destabilizing Bernoulli
effect and the gyroscopic effect. The destabilizing Bernoulli effect
decreases the value in the square root while the other two terms
have an opposite effect. We define a surface G in the parameter
space when one of the eigenvalues becomes zero. This happens
when the second term in the square root bracket is equal to zero.
The equation of the surface is

β = G(γ, αρ) =
1

2
αρ

γ2

1− γ2
(41)

Depending on the values of γ and αρ, the surface lies in the
unstable region.In the area above this surface, the eigenvalues ap-
pear as one positive and one negative imaginary number. In the
area below the surface both eigenvalues are positive and imaginary.
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Figure 5: The surfaces F (lower) and G (upper)

When β is equal to zero, the eigenvalues attain the values

s1,2 = i
1

2

αρ (1 + γ2)

(1− γ2 + αρ (1 + γ2))
ωΓ

± ωΓi

√
1

4

(
αρ (1 + γ2)

(1− γ2 + αρ (1 + γ2))

)2

−
1

2

γ2αρ

1 + αρ (1 + γ2)

(42)

The total solution is the sum of two vectors, each vector rotating
with the same frequency as the eigenvalues. The complex constant
coefficients of the vectors are determined from the initial conditions
according to

rc(t = 0) = rc0 = A+ B

ṙc(t = 0) = s1A+ s2B
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and

B =
ṙc0 − rc0s1

s2 − s1
=

rxω1 − vy

ω2 − ω1

+ i
ryω1 + vx

ω2 − ω1

A = rc0 −
ṙc0 − rc0s1

s2 − s1
= rx −

rxω1 − vy

ω2 − ω1

+ i

(
ry −

ryω1 + vx

ω2 − ω1

)

In the stable area, the eigenvalues appear as

1. Imaginary numbers of equal magnitude and opposite signs

2. Imaginary numbers of different magnitude and opposite signs

3. One zero root and one positive imaginary number

4. Positive imaginary numbers of different magnitudes

If one of the complex constants is equal to zero, the cylinder
whirls in a circular orbit, this is also the behaviour of case 3. In case
1. the vectors rotate in opposite directions but with the same speed.
The length of the vectors determines the orbit of the cylinder. If the
complex constants A and B are of different magnitude, the cylinder
whirls in an elliptical orbit. If |A| = |B|, the cylinder vibrates back
and forth along a straight line.

In case 2. the vectors rotate at opposite directions, but do
not have the same speed any more. If |A| = |B| the total solution
behaves similar to a polar rose with the polar equation r = a sin kθ.
The number of petals increase as the ratio between the speed of the
vectors increase. The time it takes for the cylinder to return to its
original position is

tp =
n2π

s1
=

m2π

s2

where s1 is the positive root and s2 the negative root. m and n

denote two integers of which n > m. tp denotes the total period
of the cylinder motion. The fastest vector completes n laps during
one period.

In case 4, the vectors rotate in the same direction, but do not
have the same speed. The shape of the path does now look a bit
different. The petals of the flower differ in shape.
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Figure 6: |A| = |B| and rc(0) = 0.5 + i 0.5

4.2 Response to an external rotating force

Let us now consider the response to external forces. The external
force is expressed as two rotating vectors in opposite directions.
The forced solution has the form

z(t) = Bei(ωt+χ)
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Substituting this expression in the equation of motion yields

KB =
F

CDS
ei(δ−χ)

where the complex dynamic stiffness is

CDS =

[

1 + F

(
αρ (1 + γ2)

√
β

ω

ωn

−
αργ

2

2β

)
− E

(
ω

ωn

)2
]

E =
1− γ2 + αρ (1 + γ2)

1− γ2

F =
1

1− γ2

(43)

Since there is no damping the vector of the response motion has
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Figure 7: Normalized frequency response, α = 0.5, γ = 0.8

the same direction as the external force vector or is directed in the
opposite direction depending on the sign of the dynamic stiffness
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which in our case is always real since damping is neglected. The
magnitude of the response motion as a function of the frequency of
the external rotating force.

B =
F

K

1

CDS

When the complex dynamic stiffness approaches zero, the magni-
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Figure 8: Normalized frequency response, α = 0.5, β = 1

tude of the response motion goes to infinity. When the frequency of
the external rotating force attains the value of one of the eigenfre-
quencies, the complex dynamic stiffness is equal to zero. Let us now
return to discussion about the eigenfrequencies appearance in the
parameter space. For values of γ, αρ and β in the parameter space
that are adjacent to the surface that defines the limit when one
of the eigenvalues is zero, the cylinder has a resonance frequency
close to zero. A rotating force at a low frequency may thus excite
a whirling motion of the cylinder of high amplitude and the linear
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model is no longer valid. The direction of the rotor motion lags the
rotating force with 180◦ if the frequency of the external rotating
force pass the value of the highest eigenfrequency. Otherwise, they
have the same phase. In Figure 7, 8 and 9, the magnitude of the
response motion is plotted as a function of the frequency of the
rotating external force.

ω
ωn

αρ

|K
B
F
|

-2 -1 0 1 2
0

0.5

1

0
1

Figure 9: Normalized frequency response, γ = 0.8, β = 1

5 Kaplan turbines and fluid inertia

There is no doubt that fluid inertia does affect the dynamic be-
haviour of hydraulic turbines. Nevertheless, there exists no stan-
dardized rules of the estimation of added fluid inertia in rotordy-
namic models of hydraulic turbines. Previous attempts to estimate
the added fluid inertia based on results of propellers risk to be
misleading since a propeller has no casing. This fluid-rotor model
shows how both fluid inertia, angular momentum and confinement
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influence the dynamic behaviour of a cylinder with two degrees of
freedom. In this section, we discuss to what extent those three
parameters influence the dynamic behaviour of a Kaplan turbine,
based on the results from the model. The full-hydrodynamic mass
matrix is a 6×6−matrix. Our model only takes motion in the plane
perpendicular to the axis of rotation. The two diagonal elements
in this plane corresponds to the hydrodynamic mass of the fluid
model

Mf =
1 + γ2

1− γ2
ρwa

2πL (44)

where L denotes the length and a the radius of the cylinder. The
hydrodynamic mass may be normalized by the mass of the cylinder
which yields

Mf

M
=

1 + γ2

1− γ2
αρ. (45)

αρ is the ratio of the displaced mass of the fluid and the mass of
the cylinder. γ is the ratio of the radius of the fixed cylinder and
the inner cylinder.

The rotor of a hydropower machine comprises the generator, the
bearings, interconnecting shafts and the runner. The shaft is com-
paratively rigid since there are no flexible couplings. Consequently,
the rotor must be modelled as one single unit. Lateral vibrations
of rotating systems do not only depend on translational motion. In
most cases, one must also take into account two additional degrees
of freedom, rotation about the axes that span the plane perpendic-
ular to the axis of rotation. In a rotor that is constrained only at
one end, an overhung rotor, the rotational motions and the trans-
lational motions are always coupled. In a rotor equally constrained
at both ends with the center of mass at midspan, the motions are
uncoupled. Our choice of a rotor model with two degrees of free-
dom was based on the fact that we do not have a fluid model that
includes the moments of the fluid induced by a rotational motion
of the shaft. We now take an example of a 10 MW Kaplan turbine,
located in Porjus along Lule älv in Northern Sweden. The shaft
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is approximately 12 meters long. The generator is constrained by
an upper and a lower bearing and the runner is constrained by one
bearing. We now assume that the rotational and translational mo-
tions are uncoupled. The ratio of the displaced fluid mass and the
total mass of the shaft is then corresponds to αρ. Some estimates
are based on results from a FEM-model according to

ωn =
√

K
M

≈ 300 [r/s] The lowest eigenfrequency at standstill

K ≈ 5 · 108 [N/m] Total stiffness of the shaft at midspan
Md Displaced fluid mass
αρ =

Md

M
≈ 0.1

The displaced mass is based on a cylinder with the dimensions
L = 1.1 m and the radius Rh = 0.4 m. The shrouding of the
turbine increases the effect of fluid inertia. The above example has
a hub-to-shroud ratio of approximately 0.5. If we neglect three-
dimensional effects, the added fluid inertia thus increases by a factor
1.67. We conclude that fluid inertia has an effect on the dynamics
of the shaft. However, three dimensional effects decrease the fluid
force due to acceleration of the shaft in a lateral direction. This
approximation is thus an overestimation. The hydrodynamic mass
increases the eigenfrequencies of the shaft. The fluid surrounding
the turbine decreases the critical speed of the machine if we do not
take into account the effect of a swirling motion of the fluid.

The effect of the angular momentum of the fluid of the vibra-
tions of the rotor in the model depends on the nondimensional
parameter β. If 1 � β, the effect may be neglected. The circu-
lation of the fluid entering the runner may be approximated using
the Euler turbine equation. The azimuthal velocity may be defined
as a function of the head of the turbine if all of the angular momen-
tum of the fluid is transmitted to the runner. Equating the velocity
profile defined by a constant circulation and the velocity profile as
a function of the head of the turbine, the circulation constant Γ is

Γ =
2πgH

Ω
(46)

This is based on the approximation that the tangential speed of
the fluid equals the speed of the rotating hub cone. It is slightly
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lower, otherwise there would be no lift force acting on the blades.
Dividing Γ by the cross-sectional area of the hub yields

(ωΓ)Runner =
Γ

πR2

h

=
2gH

ΩR2

h

(47)

The parameter β compares the frequency ωn defined by the mass
and the stiffness of the runner with the frequency ωΓ.

β =

(
ω2

n

ω2

Γ

)

Runner

=

(
ΩR2

h

2gH

√
K

M

)2

(48)

Kaplan turbines with a relatively high head and small radius would
then be more sensitive to changes in the dynamic behaviour due to
the angular momentum of the fluid.

If we continue with the example of the 10 MW Kaplan turbine,
the following numbers give us an indication of if the Bernoulli effect
or the gyroscopic effect change the dynamic behaviour of the shaft.

Ω The rotational speed of the runner
Rh The radius of the hub
H The effective head of the turbine

ωn =
√

K
M

The lowest eigenfrequency at standstill

with the numbers

Rh 0.41 m
H 60 m
Ω 20π
ωn 300 [r/s]

β =

(
π0.412

60

)2

ω2

n ≈ 6

The length is not included in the definition of β. Therefore,
we cannot draw any conclusions from this approximation. Ideally,
the fluid looses its angular momentum while passing the runner
blades. The reaction force due to the circulation should then be
located to the area of the hub before the runner blades. This area
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depends on the construction of the specific runner and of the angle
of the blades. The tangential velocity profile downstream the run-
ner blades depends on how much angular momentum the fluid has
exiting the blades and how much vorticity that is diffused radially
out from the boundaries at the hub cone.

6 Discussion and conclusions

In this paper a lateral fluid-rotor model was presented that captures
the effects of fluid inertia, fluid angular momentum and shrouding
on transversal lateral rotor vibrations. The fluid model consists of
an annulus with cyclic irrotational flow. The steady flow field is set
up by rotation of the inner and outer cylinder. The angular mo-
mentum distribution is constant in the fluid. The fluid is assumed
to be inviscid. A perturbation of the equilibrium position of the
inner cylinder induces the linearized force

−Ffluid = Mf r̈c − iGṙc −Kfrc (49)

As expected, the hydrodynamic mass is greater in a bounded fluid
than in an unbounded fluid. The second term G is perpendicular
to the velocity vector. This force tends to sustain a circular orbit of
the cylinder acting in the direction towards the center. It could be
compared to the lift force on a cylinder in an unbounded irrotational
cyclic flow field. But as the cylinder deviates from its equilibrium
position, the circular stream lines are squeezed together. The effect
of those forces on transversal vibrations of a constrained cylinder
was evaluated using a lateral isotropic rotor model by Muszynska
(2005). The free response motion and the response motion to an
external harmonic excitation force were studied. Three nondimen-
sional parameters were defined that governs the behaviour of the
cylinder motion. A surface was defined that cuts the parameter
space into a stability and an instability region. The gyroscopic
force stabilizes the solution while the negative stiffness has an op-
posite effect. The stability region was split into two regions by a
surface where the solution of the homogeneous equation has a zero
root. In one of the regions, both eigenvalues are positive while in
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the other region the eigenvalues have opposite signs. If the fluid is
at rest, depending on the initial conditions, the cylinder may oscil-
late along one path, but as the tangential fluid velocity increases
the orbit of the cylinder becomes more circular. The response mo-
tion of an external harmonic force was determined by the complex
dynamic stiffness vector. It was shown that a rotating force at low
frequency may excite the cylinder into resonance in areas in the pa-
rameter space adjacent to the surface when one of the eigenvalues
is equal to zero.

The results show that motion-induced forces of the surrounding
fluid in a hydraulic turbine could have substantial effects on lateral
rotor vibrations of Kaplan turbines. If wall effects are included and
the hub is approximated as two dimensional, the hydrodynamic
mass becomes greater than the industrial rule of thumb of 25% of
the runner mass. The angular momentum of the fluid that gener-
ates the driving torque of the turbine could induce a force at the
area of the upper part of the hub due to a eccentric position or a
whirling motion. The rotational energy of the hub which spreads
out radially in the fluid as angular momentum could have a sim-
ilar effect. The angular momentum is however unlikely to cause
a centered position of the runner to be unstable. The restoring
force of the turbine guide bearing is greater than the outward di-
rected force due to the Bernoulli effect. If the runner operates at
an eccentric position, the Bernoulli effect induces a static force at
the runner. This could change the operational point of the turbine
guide bearing. If the runner whirls in a circular orbit, the Bernoulli
effect yields a rotating force at the same frequency as the rotational
speed. We conclude that a precise dynamic analysis of lateral shaft
vibrations of Kaplan runners should take into account the effects
of interaction of the runner with the fluid. Numerical simulations
could be a valuable tool in estimating the linear forces arising due
to a perturbation of the runner’s initial position during design of
hydropower machines. However, simulations of fluid-structure in-
eraction are time-consuming.

We should also mention some other phenomena that were not
discussed in this paper, but with possible implications for the dy-
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namic properties of Kaplan runners. A pitching and a yawing mo-
tion of the runner also results in fluid-induced forces. In such an
analysis, the blades should dominate the effect of the runner. The
results should yield elements in the added mass matrix that change
the torsional and bending moments of the runner. An asymmetric
distribution of the clearance between the blade tips and the shroud
could induce Alford forces. If cavitation occurs, the properties of
the fluid change dramatically. The vapor bubbles decrease the den-
sity of the fluid and the fluid-induced forces hence becomes smaller.
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