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Abstract

In this thesis, different optical methods were combined for studies of combustion
processes in gases and transient wave propagation in plates and water. Pulsed TV 
holography was used in all these projects. In three of the five appended papers, the pulsed 
TV holography technique was compared and combined with the schlieren or the Laser 
Doppler Vibrometry (LDV) technique. 

Three investigations of combustion processes were performed. A turbulent propane-air jet 
diffusion flame was investigated using pulsed TV holography and schlieren. From Large 
Eddy Simulations (LES) of a model describing the flame dynamics, a refractive index 
field of the process was calculated. The actual experiment was simulated by ray-tracing
through the numerically calculated refractive index field. Comparing this result to the 
corresponding experimental data allowed the model to be validated. Further, the ignition
of pre-mixed propane gas was studied with pulsed TV holography. The ignition of the gas 
was initiated by a focused laser pulse from the same laser used for the recording of the
digital holograms. The position of the flame front at different time instants could be 
determined. In addition, differences in refractive index between a flowing gas and ambient
air could be determined in situ. Finally, the propagation of a high-speed turbulent flame jet
of a stoichiometric air-hydrogen gas mixture inside a rig was studied using schlieren and 
pulsed TV holography. The latter method was used to calibrate the schlieren images for 
quantitative measurements.

A theory that takes tensile forces into account for anisotropic plates subjected to an 
impulsive load was expanded to include paper sheets subjected to tensile forces as in real 
papermaking machines. Matching this solution to experimentally obtained interferograms
using pulsed TV holography showed that material parameters of the paper sheets, such as
stiffness and anisotropy in various directions, could be determined from the recorded 
bending waves. Studies of propagating bending waves in an impact-loaded aluminium
plate of water-filled box and acoustic waves in the water were performed using pulsed TV 
holography and LDV. The results indicate that both methods are supplementary in wave
propagation measurements, since pulsed TV holography provides high spatial resolution 
and LDV gives high temporal resolution.

In conclusion: To investigate complex processes, e.g. combustion, different methods are 
required. Numerical models must be validated by experiments for reliability, often with a 
combination of supplementary methods. An iterative process between experiments and 
numerical modelling will result in an increased understanding of the physical phenomena
involved.
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1 Introduction

Transient events occur in everyday life, such as the ignition of a flame and the starting or
ending of a note. Transient events in physical and mechanical processes are studied to 
develop an increased knowledge of the specific process that might possibly lead to both 
economical and environmental savings. Therefore, a strong interest exists from both 
industry and research for such studies. Other reasons are to test and develop measurement
techniques.

Numerical models are often used today to describe real processes. They are analysed by
high quality computer-based simulations. This raises the question: Is it necessary to 
perform experiments when rapid computational evolution provides tools to calculate and
optimise any given product? The answer is definitely yes, since the model needs to be
appropriate and accurate enough for the application – which is impossible to know without 
verification. Hence, experimental measurements are of great importance to validate,
develop and improve models and to determine material parameters.

Over the years, several measurement methods have been developed to study physical and 
mechanical processes, though many only provide information in one point and use probes
or sensors that influence or disturb the measurements. Optical methods are most often
field methods that are non-contacting and non-intrusive. Recent improvements in light 
sources, such as high performance lasers, CCD-detectors and computer capacity, have 
been incorporated in traditional optical methods, making them more and more feasible. An 
example of this is pulsed TV holography [1-2], which is a modern, all-electronic version 
of pulsed holographic interferometry [3-4]. It is a full field method suitable to “freeze”
transient and dynamic events in, e.g. combustion, fluid mechanics and energy engineering, 
where changes in the optical path of the probing light ray are present. For example,
deformation fields of solid objects or the refractive index change along the light path can 
be measured.

An interferometric method provides a direct measurement of the change in optical path 
length. However, for a transparent object, this result is integrated along the light path and 
other quantities, such as temperature, pressure, etc., can therefore only be measured
indirectly. To extract more information of certain quantities of transparent 
objects/processes, combining interferometic methods with other optical methods is 
necessary. Both non-spectroscopic and spectroscopic methods are of interest for this 
purpose. In this work, the pulsed TV holography technique was combined, compared to
and complemented with either the schlieren [5-7] or the Laser Doppler Vibrometry (LDV) 
[8] technique.

This thesis concentrates on the characterization of transient processes using optical 
measurement techniques. Three studies of the combustion processes of gases and two 
studies of transient wave propagation are presented. The thesis comprises a survey and 
five appended papers. The introduction in the survey is followed by an overview of the
problem setting involved in the type of transient events studied. Thereafter, the methods
used are presented with examples of applications. Other optical methods not used in this 
work, but often utilised for combustion diagnostics are comprehensively described after 
that. Conclusions and future work and a summary of the appended papers are provided at 
the end of the survey. 
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2 Transient events in combustion an mechanics

2.1 Combustion of gaseous fuels 

Combustion of a gaseous fuel is in general a complex process. It involves a wide range of 
coupled problems in fluid dynamics, chemical reactions and thermodynamics. Combustion
of a gaseous fuel takes place by first bringing the fuel in contact with an oxidant (e.g. air). 
The reactants are then mixed at the molecular level and heated up to the ignition
temperature at which chemical energy is released and products are formed. Of these steps
(in a combustion process), especially the ignition is a transient event. When energy is 
released the temperature increases and the combustion products expand. For the 
combustion of gases, two types of flames are notable: 

- Premixed flame, the fuel and oxidizer are perfectly mixed before chemical
reaction.

- Non-premixed flame, the fuel and oxidizer, supplied separately, diffuse into each 
other during chemical reaction.

Depending on the flow, the structure of the flame is either laminar or turbulent. The flow
velocity of laminar and turbulent flames and acoustic waves generated by the flame front 
are matters of importance in combustion science.

Many flows encountered in technical applications and nature are turbulent, i.e. almost
random in structure. When attempting to study turbulent combustion, experimentally,
theoretically or using numerical simulation models, a fundamental understanding of the
processes involved and the interaction between them is necessary. This is not always easy. 
For example, chemical reaction mechanisms are often very complex and can involve
hundreds of reaction steps and almost the same number of species. Therefore, it can be 
very difficult to state the reaction mechanisms for practical fuels. Further, turbulence
affects the rate of chemical reaction and the release of heat influences turbulence.
Although turbulent combustion is a large field of research, several issues in developing 
our understanding have yet to be solved.

The governing equations used to describe reactive flows are the Navier-Stokes Equations 
(NSE) [9]. These equations are non-linear and are therefore commonly insolvable with 
analytical methods. Instead, numerical solutions of NSE have become a useful tool in 
diagnosing phenomena in fluid mechanics. Computational Fluid Dynamics (CFD) [10] 
simulations are used for this purpose. To simulate turbulent combustion, the NSE need to 
be completed with chemical reaction mechanisms and a thermodynamical model. This 
involves dealing with a wide range of length and time scales. The largest scales are related 
to geometry, whereas the smallest are associated with the dissipation of turbulence
through viscosity.

Direct Numerical Simulation (DNS) [10-12], where the spectrum of scales of turbulent 
flow and combustion chemistry can be completely resolved, is not yet possible. Sub-grid 
models are therefore needed to describe the physical process that takes place on scales 
smaller than can be properly resolved in a numerical simulation. Reynolds Average Navier 
Stokes (RANS) [10-12] models, where the average of the flow is modelled and the
influence of turbulence is parameterised, are often used for practical applications. An
alternative to this is Large Eddy Simulations LES [10-13], where large eddies are 
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simulated and only the small scale turbulence is modelled. LES is superior to RANS 
concerning accuracy and in reproducing different observed phenomenon, but more costly 
(considering time and computer capacity consumption) to apply. The rapid development
of computational capacity makes it possible to perform more and more advanced 
simulations. However, simulations of turbulent combustion are successful only if the basic 
elementary properties of the fluid dynamics and the flame front are correctly implemented.
At FOI Grindsjön, Stockholm, Sweden, LES models are developed for non-reacting and 
reacting flows, [14-15]. Experimental studies providing high-quality experimental data are 
needed to validate, develop and improve such models.

Three experimental studies (papers B, C and D) of combustion of gases using pulsed TV 
holography and schlieren are presented in this work. A turbulent propane-air jet diffusion 
flame, the ignition of pre-mixed propane gas and the propagation of a high speed turbulent 
flame jet of an air-hydrogen gas mixture were studied.

2.2 Bending waves and acoustic waves

We are exposed daily to different kinds of waves propagating in our surroundings. These 
waves can, for instance, be used to generate sweet music or disturbing noise. Waves are
also important information carriers of the materials in which they propagate. A promising
field of research on wave propagation is non-destructive testing (NDT). By exciting and 
measuring transient wave propagation in a test object, it is possible to determine its
material properties and detect defects. The measured data is matched to theoretical or 
numerical models to extract the desired information. In many cases the excited waves are 
dispersive, i.e. they move with different speed depending on the wavelength. This is the 
case for bending waves in structures such as plates. NDT employs several techniques, e.g. 
ultrasonic methods, thermography, vibration measurements and optical methods. Of these, 
certain optical methods have the advantage of being able to cover a large surface area of 
the test object in one measurement.

Theoretical work on bending wave propagation was presented 1971 by Chow [16]. Chow 
derived differential equations for orthotropic laminated plates from the concepts of 
Timoshenko’s plate theory. In Ref. 17 these equations were enlarged to cover anisotropic 
plates as well. Several studies of transient wave propagation in plates using optical 
interferometrical methods have been published. In [18-20], hologram interferometry with 
a ruby laser as the light source was used to study the propagation of transient bending 
waves in plates of different materials for determination of material properties. In [21-23], 
mechanical properties e.g. anisotropy and stiffness of paper and paper corrugated board, 
were measured from recordings of propagating bending waves using pulsed holographic 
interferometry. In the referred studies above, the test objects were surrounded by air. 
However, in many technical applications concerning a plate/shell-shaped object, there is a 
different medium on each side of it, e.g. packages and boats. How waves propagate in 
such an object, for this type of situation, is of interest for further investigations, since it
would permit long duration tests of how the mechanical properties of a plate change over
time. When a structure is impacted by mechanical or optical means, acoustic waves that 
propagate into the ambient medium are also generated. Acoustical wave propagation in 
different media is presented in [24]. A review of optical methods, including pulsed TV 
holography and LDV, for visualising sound fields in musical acoustics is presented in 
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[25]. In [26], pulsed TV holography was used to study transient acoustic fields. In [27-28], 
an LDV was used for underwater acoustic measurements.

The interest in NDT testing of products in the manufacturing industry, e.g. papermaking
industry, is increasing and especially methods performing on-line control are desired. 
Paper manufacturers wish for instance, to be able to adjust the paper machine settings
during operation to increase and control the quality of the product and to reduce
interruptions in the manufacturing process. The mechanical strength and stiffness
properties of paper cannot be measured on-line in the papermaking machine today.
Samples have to be gathered during the process whenever possible and the time intervals
between these occasions are usually long. Full automation would reduce the test and
analysis time and allow adjustments of material parameters during production.

Two studies (papers A and E) of transient wave propagation using pulsed TV holography 
and LDV are presented in this thesis. Bending waves propagating in tensile loaded paper 
sheets and a thin aluminium wall of a water-filled box were studied. Further, acoustic 
waves propagating in the water inside the box were also studied.
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3 Optical methods and examples of applications 

This chapter presents the principles of the three optical methods used in this work, viz. 
pulsed TV holography, Laser Doppler Vibrometry (LDV) and schlieren. Examples of 
applications are also included. The main focus is put on pulsed TV holography, since it 
was used in all the studies in this thesis.

3.1 Pulsed TV holography 

Pulsed TV holography is an optical, all-electronic, non-contacting and full field method
suitable for recording transient and dynamic events in solids and fluids. By the use of 
pulsed lasers with short pulse duration, it is possible to “freeze” rapid events, e.g. impacts
on structures, electrical discharges, explosions and combustion at various time instants. 
Digital image-plane holograms of the test object are recorded directly onto a CCD-
detector, transferred to and further analysed in a computer. This method is attractive in 
that practical measurements can be simplified, speeded up and automated. The pulsed TV 
holography method measures the difference in optical path length between two recordings. 
This change is related to physical quantities such as displacement, rotation, bending
moment, temperature, pressure and mass concentration [3]. In one experiment, two 
different states of an object are recorded at different time instants. Thereafter, the phase
difference, (x,y), between the two object light fields is calculated using the Fourier
transform method [29] and visualised as a phase map. Deformation fields of a solid object 
with a diffusely reflecting surface or the refractive index changes in a transparent object
along the light path can for example be measured. A pulsed TV-holography system was
developed and tested on solids and fluids in [26, 30]. In [26], the technique was used to 
study transient acoustic fields. Combined with digital speckle photography (DSP) [31], the
interference phase can be restored when the object is subjected to comparatively large in-
plane translations or rotations. In-plane displacements of the order of thousand greater 
than the out-of-plane deformation to be measured are possible to compensate for [32]. 

The expression for the phase difference  is:

 = (2 L)/  (1) 

where  is the laser wavelength and L is the difference in optical path length. If the phase 
change is a result of the deformation of a solid object, then L= n x, where n is the 
refractive index of the medium and x is the geometrical path length difference. In this 
case a constant phase represents contours of equal deformation. For a transparent object,

L is the integrated 2D projection of the change in refractive index of the object along the 
light path, i.e. 

2

1
0 )dsnz(s))y(s),(n(x(s),L

s

s

 (2) 

where n0 is the refractive index of the object in the initial state and n(x(s),y(s),z(s)) is the 
refractive index in the deformed state of the object along the path of the object light, s. 
Thus, a constant phase represents contours of equal change of the integrated refractive
index along the light path.
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The simplest case to solve the refractive index field n(x(s),y(s),z(s)) from equation (2) is if 
it is constant along the light path. In the case the refractive index field is assumed to be 
rotationally symmetric the Abel transformation method [3] is used. Considering the 
refractive index field to be asymmetric, it can be solved using tomographic methods
described in [4, 33]. The integrated refractive index field (the 2D phase map) then has to 
be recorded in several different projections to reconstruct the 3D refractive index field.

A change in density will change the refractive index distribution in a transparent medium.
For gases, the refractive index is related to the density  by the Gladstone-Dale equation: 

1)/K(n  (3) 

where K is the Gladstone-Dale constant. It is thus possible to interpret the recorded phase
map in terms of the integrated density distribution. For example, decreased phase values 
imply a decrease in integrated density along the light path.

3.1.2 Description and performance of a pulsed TV holography system 

Figure 1 shows a pulsed TV holography system that can be used to measure deformation
fields on solid objects (with diffusely reflecting surfaces) or changes in the refractive 
index of transparent objects. The system consists of a pulsed laser, a CCD-camera and 
some optical and mechanical components. Two pulsed solid-state lasers are available at 
the Division of Experimental mechanics, LTU; one double-pulsed ruby laser (Lumonics
HLS3) and one injection seeded, twin cavity double pulsed Nd:YAG laser (Spectron 
SL804T) [30, 34-35]. 

Pulsed
laser

BS1

M

BS2

NL1
CL

CCD

NL2CA

O

LS
A

M

R

Solid
object

Transparent
object

L

MM

M
L

BS4

BS3

Figure 1. Top view of a pulsed TV holography set-up. Legend: A: Rectangular aperture, BS1-4:
Beam-splitters, CA: Circular aperture, CCD: CCD-detector, CL: Collimation lens, L: Lenses, LS: 
Lens system, M: Mirrors, NL1-2: Negative lenses, O: Object light and R: Reference light. The
blue coloured components are additional components used for igniting a gas or impacting a solid 
object by a laser pulse.
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Most of the laser light emitted by the pulsed laser is expanded by the plano-concave lens 
NL1 and then collimated by lens CL for object illumination. The object is imaged onto the 
CCD-detector by the lens system LS via the beam-splitter BS1, which allows illumination
and observation along the same direction. The object can be opaque, for instance a plate, 
or transparent and placed in front of a rigid fixed screen with a rough surface. A very stiff 
white-painted, flat steel plate is normally used as the rigid screen. By adding the blue 
coloured components to the set-up a laser beam can be focused onto the object surface to 
either create a small impact on a solid object or to start ignition of a gas-mixture. For this 
case, the first recording is performed just when the focused pulse reaches the object
(undisturbed state). When the second pulse arrives, the state of the object is changed due 
to the introduced disturbance caused by the first focused pulse. By replacing the rigid 
screen with a diffuser and placing the optics behind the diffuser, the object light probes 
through the phase object only once. The fringe density is then reduced to the half. This is
an advantage in cases when the phase change is large. A rectangular aperture A in the 
imaging system reduces the spatial frequencies to be resolved by the detector. A small
portion of light is reflected at the plane surface of NL1 and used as a reference beam R. 
The reference beam is slightly off-axis and passes the negative lens NL2 to spread the
light uniformly on the detector surface. The object beam O and the reference beam 
interfere on the CCD-detector. NL2 is adjusted so that the interference term between the 
object and reference beam and the self-interference term, of the light passing the aperture
A, are separated in the Fourier domain. Two different states of the object are recorded and 
thereafter the phase difference  between them is calculated.

The calculated phase maps obtained from the recordings are wrapped, i.e. all phase values 
lie between -  and . To get a continuous phase map, an unwrapping procedure must be 
performed [36]. In its simplest form this means that a value of 2  should be added or 
subtracted at each jump in the wrapped phase map. With the present CCD-detector (PCO 
Sensicam double shutter with a detector containing 1024x1280 pixels of size 6.7 x 6.7 
μm), a maximum density of about 80 fringes can be counted over the field of view. For 
successful automated unwrapping the phase map should contain little noise and the fringes 
should not be too dense (<50 fringes over the field of view). Using the Nd:YAG laser 
operating with green light ( =532 nm), this corresponds to a maximum out-of-plane
displacement of about 10 μm for a solid object (amplitude object). The minimum
deformation that is possible to measure is about 1/10 of a fringe, corresponding to an out-
of-plane displacement of about 30 nm.

Figure 2 shows a schematic time diagram for a double-pulsed experiment with the set-up 
in figure 1. The firing of the two laser pulses and the recording with the CCD-camera must
be synchronised to the event. The light pulses must be emitted so that they appear on 
either side of the frame transfer of the CCD-camera. If the first recording is to represent
the object in its undisturbed condition, the event must occur between the two pulses (a 
certain time t before the second pulse). An external delay unit can be used for this 
purpose. The parameters controlling the sequence are the delay of the laser, the start of 
reading images and the separation between the first and second pulse. When an 
experiment is started from a trigger unit, delayed signals are sent to start both the laser and
the CCD-camera at the appropriate instants of time.
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Time

Trig signal from 
a trigger unit

1:st laser
pulse

Impact or
ignition start 

2:nd laser
pulse

Camera ready for recording
the 1:st laser pulse

Camera ready for recording
the 2:nd laser pulse

Δt

Figure 2. A time diagram for a typical transient experiment using a pulsed TV holography system.
The evaluated phase difference between the two recorded images show the state at the instant of 
time t after start of the event.

3.2 The schlieren technique 

The schlieren technique [5-7] is used to measure the deflection of light due to variations of 
the refraction index in a transparent object. The schlieren technique is a useful tool to 
achieve qualitative information and to visualise phenomena in, e.g., heat and mass
transfer, flame propagation and fluid flows. However, by calibrating schlieren 
measurements with interferometery more quantitative results can be obtained. One 
advantage with the schlieren method is that most set-ups can be arranged rather easily 
since they are usually of low complexity.

Several variations of the schlieren method exist. Figure 3 shows a typical schlieren set-up 
(a dual field-lens schlieren arrangement). Due to the optical properties of lenses the 
schlieren set-up acts as a spatial Fourier optical system. The aperture and the filter planes, 
and the object and image planes are pairs of conjugate optical planes.

Y

X

Z

aperture

image planefilter
 object plane

inhomogenities

light source

collimation and 
condenser lenses

δ

f1 f2 f2
filtered image 
of the 
inhomogenities

field lens 1 field lens 2

Figure 3. Schematic of a typical schlieren set-up. The displacement  is exaggerated.
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In the set-up in figure 3, the light emitted by a small white light source is passed through 
an aperture, then collimated by the first field lens and focused by the second field lens. If a 
phase object, with refractive index gradients, is present between the field lenses the
(collimated) light will deflect. A beam that propagates through the inhomogeneity is 
focused to a point other than the focal point in the back focal plane of the second field lens 
and displaced a distance . By placing a proper filter in the back focal plane of the second
field lens that blocks away the deflected light in one direction, the inhomogeneities are 
seen as a dark area in the image plane. Effects of small changes can be detected with a 
CCD camera and the intensity variations on the image correspond to the degree of the
deflection. A slit aperture and a razor (knife) edge are simple types of commonly used 
filters. Consequently, if the inhomogeneities cause some light to pass through the filter 
that would have otherwise been blocked away, a bright area appears in the image. By 
performing two recordings with the system (one with and without the phase object 
present) using a knife-edge as a filter oriented in, e.g. the x-direction, the angular
deflection of the light perpendicular to the knife (y-direction) can be measured. This 
measurable quantity, termed the angular deflection or more correctly the direction cosine 
for the deflected light, depends on the spatial derivatives of the refraction index in the
phase object.

3.3 Laser Doppler Vibrometry

Laser Doppler Vibrometry (LDV) [8] is an optical, non-contacting and temporal point 
measurement method. Its principle of operation is based on detecting the Doppler 
frequency shift caused when coherent light is scattered from an object. LDV is normally
used to measure the velocity of a vibrating surface. The available LDV system used in 
paper E is a Polytec Scanning Laser Vibrometer, PSV 300 F/H. It is basically a heterodyne
interferometer using a continuous wave He-Ne laser with a wavelength of 632.8 nm. A 
sketch of this system is shown in figure 4, which was presented in ref. 37 and is 
reproduced here with permission from the author.

LASERLASER

Modulator
Mirror

Reference beam

Object beam

Detector

Beam splitter

Beam splitterBeam splitter

Vibrating object
v(t)

Figure 4. Schematic of the laser vibrometer head for the Polytec Scanning Laser Vibrometer, PSV
300 F/H.
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The emitted laser light is separated into an object and a reference beam by the first beam-
splitter. If the object is moving, a Doppler shift is added to the reflected object light. The
other beam, the reference beam, passes through a modulator (a Bragg cell) that introduces 
a frequency shift of 40 MHz before it is lead to the detector. The object and the reference 
beams interfere on the detector, which records the light intensity. The time history of the 
out-of-plane velocity in a single point can be measured with this system. To obtain a field
measurement the vibrometer has to scan the laser beam over the object’s surface.
According to the manufacturer’s manual, the LDV system is capable of measuring
vibrations with frequencies up to 1 MHz.

The LDV system measures the rate of change of the optical path length. The expression 
for the rate of change of the optical path length for a solid object is 

xnL  (4) 

where  is the rate of change in optical path length, n is the refractive index of the

ambient medium and  is the rate of change in the geometrical path length. It is also 
possible to perform measurements of transparent objects with the LDV system. This is
done by replacing the vibrating solid object in figure 4 by a rigid reflector and placing a
phase object in front of the reflector. The expression for the rate of change of the optical 
path length for a transparent object is

L

x

dt

t)ds)z(s),y(s),(n(x(s),d(
L

s2

s1 (5)

where n(x(s),y(s),z(s)) is the refractive index in the “deformed” state of the object along 
the path of the object light, s. This gives the possibility with to measure and visualise
sound fields [37-39]. In [27-28] underwater pressure fields measured by LDV are 
reported.

10



3.4 Examples of applications 

Some results from the studies performed in this work (using the methods in chapter 3.1-
3.3) are presented below. Figure 5 shows experimental and simulated images of a 
turbulent propane-air jet diffusion flame (see more about this in paper B). An LES model
describing the dynamics of the turbulent jet flame was simulated by ray-tracing [40] for 
comparison with experimentally obtained schlieren contrast images and interferometric
phase maps. The gas flowed out from a cylindrical shaped nozzle (inner diameter = 4 mm)
at a velocity of 9.3 m/s (Re-number = 10,000). The nozzle is placed at the origin. An 
experimental schlieren contrast image of the flame is seen in 5a and a simulated one in 5b. 
The image 5c is a phase map of the integrated refractive index change caused by the 
flame, recorded with pulsed TV holography, with a corresponding simulated image to its 
right, 5d.

a b

c d

Figure 5. Experimental and LES simulated images of a turbulent propane-air jet diffusion flame,
Re=10,000. a: Experimental schlieren image, b: Simulated schlieren image, c: Experimental phase 
map and d: Simulated phase map. Axis labels: D-nozzle diameter (=4mm), r-radial distance (mm)
and x-vertical distance (mm).
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The results in figure 5 show (by comparing a with b and c with d) that the LES model 
qualitatively can capture the overall behaviour of the flame quite well. This concerns
geometrical aspects, such as the width of the flame and its structure. Since the gas is not 
pre-mixed, the core of the jet with a turbulent structure is non-burning. The turbulent 
structure of the core is seen in all images. The outer zone of the gas has a laminar structure 
and is burning. Therefore, the temperature and viscosity are larger in the outer zone than 
in the core. The laminar structure can be seen in c and d as smooth fringes in the outer 
zone. A greater number of fringes are visible in the edges in d compared to c. The gas 
starts burning closer to the nozzle in the simulated compared to the experimental images.
The experimental results can therefore give guidance for improving the modelling of the 
rather complicated boundary conditions near the nozzle. 

Figure 6a shows a phase map (unwrapped) of bending waves at 21 μs of propagation in a
thin impacted aluminium plate (impact point x=0, y=0), recorded with pulsed TV 
holography. The plate is one side of a water-filled box, (see paper E). The fastest waves 
travel at a speed of about 1900 m/s. The central part of the image is blurry because the 
amplitude of the central peak is too large to be resolved. However, the region outside the 
central peak can be used to determine the displacement in the plate. In figure 6b, the out-
of-plane displacement in the plate obtained from the pulsed TV holography system (solid 
line), along the x-axis when y=0, together with corresponding results from the LDV 
system (star signs) are shown. As seen in figure 6b, the LDV system handles to measure
“large” displacements behind the impact point.
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Figure 6. a) Unwrapped phase map showing the bending waves at 21 μs of propagation in the 
plate. b) The out-of-plane displacement in the plate along the x-axis (solid lines = pulsed TV 
holography data, star signs = LDV data). The velocity of the pendulum at impact was 0.82 m/s.

Figure 7a shows a map of the optical path length change in the water inside the box, 25 μs 
after impact start, recorded with pulsed TV holography. The front of the acoustic wave 
moves with an approximate speed of 1500 m/s. Figure 7b shows a profile of the map in 7a 
(solid line), along the x-axis with y=0, together with corresponding LDV data (star signs). 
The results in figure 7b are similar concerning amplitude and position in time. If the
acoustic waves in the phase map in 7a are considered to be rotationally symmetric around 
the x-axis, the pressure change in the water can be calculated. Figure 7c shows pressure 
profiles (calculated from the map in 7a) in the water, where the solid profile represents
data from a plane placed 15 mm behind the plate, and the dashed profile represents data 
from a plane placed 29 mm behind the plate. To calculate the corresponding pressure 
changes in the water from data with the LDV system, a field with high spatial resolution 
needs to be recorded, which is impractical with this method.
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Figure 7. a) A map of the optical path length change in the water 25 μs after impact start. b)
Profiles of the optical path length change along the x-axis (solid line = pulsed TV holography data, 
star signs = LDV data). c) Profiles of the pressure change in the water (calculated from pulsed TV 
holography measurement), the solid profile represents data in a plane 15 mm from the plate, and 
the dashed profile represents data in a plane 29 mm from the plate. The velocity of the pendulum
at impact was 2.1 m/s.
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4 Other optical methods

A lot of quantities in a burning gas flow changes during the combustion. Fast variations in 
both space and time of, for example, species concentration, temperature and pressure 
influence the optical properties of the gas flow. To extract more information from 
combustion processes the methods presented in the previous chapter can be combined with 
and complemented by other methods. This chapter comprehensively describes some
optical non-spectroscopic and spectroscopic laser-based methods that might be suitable for 
this purpose.

4.1 Non-spectroscopic methods 

Non-spectroscopic methods are, regarding studies of transparent objects in gas or liquid 
form, used to measure changes in the refractive index or displacements of seeding 
particles added into the fluid. These particles must be small enough to follow the fluid 
flow and large enough to scatter sufficient light. The general advantages of these methods
are that they are non-contacting, non-intrusive and provide high spatial or temporal 
resolution. A common disadvantage is the need for rather expensive equipments.

Particle Image Velocimetry (PIV) 

PIV [7, 41-42] is a spatial field method used to measure the velocity distribution in 
flowing media. Such measurements are useful to increase and develop the knowledge of 
the dynamic structures of streaming media. PIV is an indirect method, since the
displacements of small tracer particles added into the flow are measured. Examples of 
tracing particles used in the combustion of gases are TiO2, Al2O3 and ZrO2 particles. In a 
typical PIV experiment, a pulsed laser is used to illuminate the tracer particles in a plane
of the flow, with at least two pulses in a short time interval. The light intensity scattered
from the tracer particles in the two exposures are recorded with a camera and the resulting
displacements are then calculated by a cross correlation technique (DSP). Because the 
time between the laser pulses is known, an instantaneous velocity field in the measuring
plane of the flow can be determined.

Laser Doppler Anemometry (LDA) and Phase-Doppler Anemometry (PDA) 

LDA [7, 43-44] is a point method used to measure local velocities instantaneous in fluid
flows (or more correctly of tracer particles in the flow). A continuous wave laser is via 
optical devices used to create an intersection of two focused coherent laser beams in the 
flow field. The intersection region between the two beams constitutes the measuring
volume. The beams of equal intensity interfere and a fringe pattern is formed. Since one of 
the laser beams is frequency shifted (usually by a Bragg cell), this pattern travels with a
constant velocity. A seeding particle appearing in the measuring volume scatters the light
proportionally to the local light intensity. The scattered light recorded with a detector 
contains a Doppler shift (the Doppler frequency). If the Doppler frequency does not equal 
the frequency shift added to one of the laser beams, the seeding particle moves. A Doppler 
frequency larger than the frequency shift yields a positive flow direction and vice versa.
The Doppler frequency is proportional to the velocity component perpendicular to the 
bisector of the laser beams and the fringe distance. It is also possible to measure two or
three velocity components simultaneously with this technique. For each extra velocity
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component to be measured, a new pair of intersecting laser beams in a plane perpendicular 
to the first beams must be added. The wavelengths between these sets of beam-pairs must 
differ and an additional detector is needed for each new set.

An extension of LDA is PDA [7, 44], which is used to measure the velocity as well as the
size of particles/droplets. A measuring volume generated by an LDA system is studied 
using, at least, two detectors with different observation directions. Comparing the phase of 
the signals from the detectors allows the size of spherical particle/droplet to be determined
based on Mie scattering (see below) theory.

4.2 Spectroscopic methods 
Spectroscopic methods study radiation either absorbed or emitted, and are normally used 
to measure the concentrations of species and temperatures. Spectroscopic techniques are 
usually divided into elastic and inelastic scattering techniques. In an elastic scattering
process, no permanent energy exchange exists between the incident light and the matter,
and therefore no change in wavelength between the incident and the transmitted light. In 
an inelastic scattering process, the energy of the target matter is increased or decreased by 
interaction with the incident light and the wavelength of the incident and transmitted light 
differs.

Elastic scattering techniques 

Rayleigh Scattering and Mie Scattering 

Rayleigh scattering [45-47] is the scattering of light caused by molecules or particles
smaller than the wavelength of the illuminating light. Scattering from larger particles is
called Mie-scattering [45-46]. The signal from a Rayleigh scattering process is quite 
strong, though not species specific. The scattering intensity is proportional to the total 
molecular density. By comparing the intensities of incident laser light and transmitted 
light, the flame temperature can be determined by using the ideal gas law. The Rayleigh 
scattering method is limited for use in clean combustion environments without 
interference from stray light and Mie scattering caused by, e.g. soot particles and droplets. 
With Mie scattering no molecular information can be obtained, though it is useful to 
visualise flow fields. Both techniques are incoherent techniques. Common to incoherent 
techniques are that one laser beam is used to traverse a flame and that the scattering occurs 
in all directions. Simultaneous measurements at several points can be performed rather
unproblematic with these techniques. Furthermore, these techniques are linear optical 
techniques, simplifying spectral interpretation. However, one drawback is that background 
radiation may interfere with the measured signal.

Inelastic scattering techniques 

Laser Induced Fluorescence (LIF) 

The LIF [7, 45-46] technique is used to measure the concentration of single species (atoms
or molecules) and temperature. LIF is an incoherent technique. In a typical set-up, a laser 
pulse from a tuneable laser is expanded by a cylindrical lens to illuminate a sheet of a 
flame. The high-energy laser pulse, of short duration, excites the preferred species (by 
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absorption of the laser pulse) to a higher energy level. After a short time period (lifetime),
the excited species spontaneously de-excites, in one or several steps, to a lower energy 
level and light is emitted. This emitted light, the fluorescence (spectrum), has a 
wavelength larger than the exciting wavelength. The fluorescence radiation passes through 
an interference filter before it reaches the detector, thereby selecting an appropriate 
fluorescence transition for the species of interest. The recorded intensity is then used to 
determine the concentration distribution of the species of interest. By probing the
population on different energy levels, e.g. by scanning the wavelength of the tuneable 
laser, the temperature can be obtained using Boltzmann’s equation. Practical
considerations are that the emission spectrum of the reaction products and the lifetime of 
the different transitions taking place must be known. Due to collision processes of gas 
molecules and other types of molecular interactions the intensity of the emitted light is 
reduced. This has to be considered when evaluating the results.

Raman Scattering 

Raman scattering [7, 45-47] techniques are concerning flame studies mostly used to 
measure the concentrations and temperatures of major species (molecules). They are 
incoherent techniques. A typical light source used in Raman spectroscopy is an Ar-ion 
laser. A small amount of the radiation scattered by a flame has an increased or decreased 
wavelength, called the Raman effect. If this part of the scattered radiation has a decreased 
wavelength, it is called anti-Stokes Raman scattering, whereas for an increased
wavelength, it is called Stokes Raman scattering. A disadvantage is that Raman scattering 
is a weak process. However, the Raman effect can be amplified with stimulated Raman
scattering, where the experiment takes place in an etalon.

Coherent anti-Stokes Raman Scattering (CARS) 

The CARS [45-47] technique is mostly used for major species detection and temperature
measurements. Compared to Raman scattering, a stronger signal more robust to 
disturbances occurring in combustion environments is used. CARS is a coherent technique 
(a coherent technique use at least two laser beams). In a CARS set-up three laser beams
are focused and crossed in the flame under study. A pump (e.g. Nd:Yag laser) and a dye 
laser are often combined and used as light sources. The molecules in the measuring
volume are then excited to a higher energy level by two of these beams, adjusted so their 
frequency difference corresponds to the difference between the energy levels of the 
Raman process. When the third laser beam is incident the anti-Stokes Raman scattering 
takes place and a new laser beam is created. This is advantageous, since it allows 
disturbing background radiation to be reduced. However, since coherent techniques are 
non-linear optical techniques, the spectral interpretation is often quite complex.
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5 Conclusions and future work 

This thesis presents studies of the combustion processes of gases and transient propagating 
mechanical waves using optical methods. The pulsed TV holography technique used in all 
the studies is a full field method suitable to study transient and dynamic events where 
changes in optical path of the probing light are present. To extract more information from
a process of interest the pulsed TV holography method can be combined, compared to or 
supplemented with other methods. In this work, the schlieren and the Laser Doppler 
Vibrometry (LDV) technique have been used for this purpose. Schlieren is a qualitative
method that measures spatial gradients of the refractive index of transparent objects and is 
commonly used to visualise fluid flow fields. Therefore, small gradients in, e.g. a gas 
flow, that may not be seen in an interferometic phase map can be detected with the 
schlieren technique. The schlieren method can be calibrated by pulsed TV holography, as 
done in this research of a high-speed jet flame, to render quantitative results. LDV is a 
temporal point measurement technique. LDV and pulsed TV holography were used here 
for comparative studies of transient propagating bending waves in an aluminium plate and
acoustic waves in water. The main purpose was to compare the methods and investigate 
their qualities. The out-of-plane displacements in the plate and the change in optical path 
length in the water obtained from the measurements with both methods were shown to be 
consistent. The LDV system handles to resolve larger deformation gradients than the 
pulsed TV holography system. Since the pulsed TV holography technique provides high 
spatial and LDV high temporal resolution they supplement each other. 

The interest in combustion studies is increasing. The aim is to reduce fuel consumption,
minimise undesired environmental effects and test new or alternative types of fuels. The
fast development of computer capacity and computer-based techniques has permitted
advanced numerical calculations and simulations of real processes in, e.g. fluid mechanics
and solid mechanics. Therefore, computations of complex phenomenon such as 
combustion can be accomplished. To further develop these methods and get a deeper 
understanding of different physical phenomena, experimental validations of numerical
models are crucial. A simulation of a numerical model of, e.g. a turbulent process, gives a 
3D data field of information. For an effective comparison between simulations and 
experiments, 3D experimental data is desirable. However, tomographical methods
requiring complex experimental set-ups are needed to obtain 3D fields of the process 
studied from experimentally obtained 2D-projections (the more projections used, the 
better the field resolution). A way to circumvent this problem is to calculate 2D-
projections from the theoretical predictions and compare them with measured 2D 
projections. This approach was used in this research to validate a Large Eddy Simulation
(LES) model describing the flame dynamics of a turbulent propane-air jet diffusion flame.
The actual experiment was simulated by ray-tracing through the LES data. Experimental
schlieren images and interferometric phase maps were compared to corresponding 
simulated data. It was found that qualitatively the overall behaviour of the flame was well 
predicted by the LES model. However, quantitatively some deviations were found 
revealing some incompleteness in the model.

To obtain more information from combustion processes, optical non-spectroscopic and 
spectroscopic methods are of interest for combination with pulsed TV holography. For 
instance, by combining pulsed TV holography with particle image velocimetry (PIV) the 
flow velocity of flames would be possible to determine. A combination with spectroscopic
methods would provide direct and quantitative data of the species concentration and 
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temperature. Usage of this information can, for instance, lead to improved models that 
describe combustion chemistry.

With a new and promising optical technique based on defocused digital speckle 
photography [48] combined with pulsed TV holography, quantitative data about transient 
phase objects have been possible to obtain. By performing two recordings of a laser 
speckle field, one without and one with the phase object present, the speckle 
displacements introduced by the phase object can be measured in the detector plane using 
a cross-correlation technique [49]. A theory developed in [48] shows that the speckle 
displacement field in the detector plane is related to the phase gradients in the phase
object. By using a numerical refocusing technique, speckle patterns reconstructed from the 
holograms can be transferred to different imaging planes and thus obtain multiple images 
from one recording. Studies of a weak lens and flowing He-gas were performed with the 
combined technique, showing that it was possible to determine their positions, optical
phase gradients and focal length (of the lens). However, this technique is today limited to 
thin phase objects and should therefore be further developed to make it applicable to more
complex objects, such as a turbulent flame.

The interest in non-destructive testing of products in the manufacturing industry, e.g. the 
papermaking industry, is increasing and especially methods performing on-line control are 
desired. In this work the pulsed TV holography technique was used for non-destructive 
testing of paper sheets. The propagation of transient bending waves in paper sheets 
subjected to tensile forces was studied. A theory that considers tensile forces for 
anisotropic plates subjected to an impulsive load was extended to include tensile forces, as 
in real papermaking machines. Matching this solution to experimentally obtained 
interferograms showed that material parameters of the paper sheets, such as stiffness and 
anisotropy in various directions, could be determined from the recorded bending waves. 
Usage of this non-destructive technique together with DSP makes it in principle possible 
to measure these types of mechanical properties on-line in a papermaking machine. The
papermaking machine can then be adjusted during operation to improve the quality of the 
product and reduce interruptions in the manufacturing process. Before this technique can 
be implemented in the papermaking industry the influence of disturbances, e.g. the 
fluttering of the paper and other disturbances occurring in the production environment,
must be dealt with.

Complex systems require different investigation methods, and put requirements on the 
equipment and an extensive competence; therefore, co-operation with other research
groups is necessary.
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6 Summary of appended papers 

Table 1, below, lists the appended papers according to their content, followed by a short 
summary, conclusions and the division of work of each paper. 

Paper A B C D E
Pulsed TV holography X X X X X
Schlieren X X
Laser Doppler Vibrometry X
Measurements of transparent objects X X X X
Measurements of solid objects X X

Table 1. Appended papers. 

Paper A:
Determination of paper stiffness and anisotropy from recorded bending waves in 
paper subjected to tensile forces 

By: K.-E. Fällström, P. Gren and R. Mattsson

Summary:
This article presents studies of bending wave propagation in paper sheets subjected to 
tensile forces. The measurements were performed with a pulsed TV holography system. 
Short duration laser pulses were used to generate transient bending waves in the paper 
sheets. A theory that considers tensile forces for anisotropic plates being subjected to a 
transversal impulsive load was enlarged to include paper sheets subjected to tensile forces
as in real papermaking machines. The theoretical solution was matched to the
experimental data (interferograms) to determine material properties of the paper sheets.

Conclusions:
The results show the bending wave pattern to be strongly influenced by tensile forces. By 
matching the theoretical solution to the experimentally obtained interferograms, material
properties of a paper, such as stiffness and anisotropy in various directions, could be 
determined from the recorded bending waves. Usage of this method with DSP will permit
the paper stiffness and the anisotropy to be measured on-line during the manufacturing
process in a papermaking machine. The papermaking machine can then be adjusted during 
operation to improve the quality of the product and to reduce interruptions in the
manufacturing process. 

Division of work:
Gren and Mattsson performed the experiments. Fällström developed the enlarged theory 
and matched it to the measured interferograms of the bending wave propagation in the 
paper sheets. Fällström wrote the theory included in the article and made the construction
for fixation and loading of the paper. Gren and Mattsson wrote the rest of the article.

Paper B:
Pulsed TV holography and schlieren studies, and large eddy simulations of a 
turbulent jet diffusion flame 

By: R. Mattsson, M. Kupiainen, P. Gren , A. Wåhlin, T. Carlsson and C. Fureby

19



Summary:
A turbulent propane-air jet diffusion flame was studied to develop knowledge of the 
dynamics of the process. The jet flame was investigated at normal atmospheric conditions 
using pulsed TV holography and schlieren. A Large Eddy Simulation (LES) model 
describing the flame dynamics of the turbulent jet flame was used to simulate the actual 
experiment by ray-tracing. The LES model was validated by comparing calculated 2D 
projections of the theoretical predictions to experimentally obtained projections.

Conclusions:
We have shown that it is possible to compare results from LES with measurements using 
the pulsed TV holography technique. By numerically ray-tracing through the output data 
from the simulation, a projection of the refractive index field can be obtained in the same
way as the light probing through the burning flame is performed in a real experiment. This
is one possible way to validate numerical simulations where refractive index changes in 
flames are studied. Similarly, experimental schlieren images of the jet flame were also 
compared to predicted schlieren images. It could be concluded that the LES model
captured the overall behaviour of the flame successfully, though some quantitative 
deviations revealed certain imperfections in the numerical model.

Division of work:
Mattson, Gren and Wåhlin performed the experiments. Kupianen (LES), Fureby (LES) 
and Carlsson (ray-tracing) developed the model and made the simulations. All authors 
contributed to the writing of the article.

Paper C:
Laser ignition of pre-mixed gases studied by pulsed TV holography 

By: R. Mattsson, P. Gren and A. Wåhlin 

Summary:
In an initial experiment with the pulsed TV holography system, laminar flowing propane 
gas was compared to undisturbed air to determine the change in refractive index. 
Thereafter, the ignition of pre-mixed propane gas was studied. The pre-mixed propane gas 
was ignited by a focused laser pulse from the same laser that was used for the recording of 
the digital holograms. The state of the pre-mixture was studied at different times after the 
firing of the igniting laser pulse.

Conclusions:
The position of the flame front of the pre-mixed propane gas, at different time instants 
after ignition start, was determined. In addition, the difference in refractive index between 
a laminar flowing gas and ambient air was possible to determine in situ. Usage of this
information combined with the Gladstone-Dale equation makes it possible to determine
the proportion of propane in pre-mixed propane-air gas.

Division of work:
Gren, Wåhlin and Mattsson performed the experiments and wrote the article. Mattson
orally presented the paper at the SPIE conference, Speckle Metrology, in Trondheim, 
Norway, June 20, 2003. 
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Paper D:
Combination of Schlieren and pulsed TV holography in the study of a high-speed 
flame jet

By: T. Carlsson, R. Mattsson, P. Gren, M. Elfsberg and J. Tegner 

Summary:
The propagation of a high-speed turbulent flame jet of an air-hydrogen gas mixture inside 
a rig was studied using schlieren and pulsed TV holography. To capture the evolution of 
the flame, the gas-mixture inside the rig was recorded at different time instants after the
ignition start. The methods were combined, i.e. the schlieren images were calibrated by 
interferometric phase maps and compared. Abel inversion was used to attain information
about the refractive index distributions of the process. Evaluation, calibration and Abel 
inversion algorithms are described with the experimental results.

Conclusions:
The results obtained from both methods were found to be similar. This concerns 
qualitative aspects such as the structure of the flame and quantitative aspects such as the 
refractive index change. The results also show the differences between the methods. With
the schlieren set-up, the effects of small gradients of the refractive index can be visualised. 
The pulsed TV holography system handles to detect small changes of the optical path 
length. We have shown that the pulsed TV holography and schlieren methods are useful 
for validation of numerical models describing the combustion process. 

Division of work:
Carlsson, Mattsson, Gren and Elfsberg performed the experiments with the pulsed TV 
holography system at FOI-Grindsjön, Stockholm. Carlsson and Elfsberg carried out the 
experiments with the schlieren set-up. Tegner used numerical computations to test and 
workout the specifications of the rig. Carlsson wrote most of the article.

Paper E:
Bending and acoustic waves in a water-filled box studied by pulsed TV holography
and LDV 

By: R. Mattsson 

Summary:
This article presents comparative studies of transient propagating bending waves in an 
impact-loaded thin aluminium wall that is one side of a box, and acoustic waves generated 
in the water inside the box using pulsed TV holography and Laser Doppler Vibrometry
(LDV). Out-of-plane displacements in the plate were measured with and without water in 
the box. Optical path length changes in the water inside the box caused by pressure waves
were also measured. Further, from the pulsed TV holography measurements, transient 
pressure fields in the water were computed using Abel inversion and physical 
relationships.

Conclusions:
In each case, the results obtained with the two methods showed strong similarities
concerning amplitude and position in time. Most LDV data are within the uncertainty
limits of the corresponding data from the pulsed TV holography system. The results 
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illustrate certain qualities of the two methods. The pulsed TV holography method is used
to “freeze” a field of an object at a particular moment of an event. The superior spatial 
resolution obtained with pulsed TV holography enables pressure changes to be calculated 
at a certain time in the water from one experiment. The LDV method measures the time
history of a single point during an event; therefore, the scanning option has to be used for 
field measurements. With the LDV system large deformation gradients at neighbouring 
positions can be measured, which may not be possible with pulsed TV holography system
due to the limited pixel resolution. The pulsed TV holography method provides high 
spatial resolution, whereas LDV gives high temporal resolution.

Division of work:
Mattsson conceived the ideas for the experiments together with Per Gren and Anders 
Wåhlin. Mattsson performed the experiments, extracted and analysed the data, and wrote 
the article. During the work, Gren and Wåhlin contributed with good advice to solve 
different practical problems, proofreading and introduced Mattsson to the LDV system.
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Abstract

Experiments and theory for bending wave propagation of paper sheets in tension are presented. An all-electronic pulsed TV holography

technique is used to record the bending wave field initiated by a laser pulse. A theory for bending wave propagation in tensile-loaded paper is

developed. The bending waves are influenced by mechanical properties such as density, thickness, bending stiffness, anisotropy and also by

tensile forces in the paper. The paper stiffnesses are determined by matching the measured deformation field with the calculated theoretical

field. The results show that the bending wave pattern is strongly influenced by the tensile force. For a non-destructive on-line measurement

of, e.g. stiffnesses and anisotropy in the paper machine the tensile force must be considered.q 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Paper stiffness; Pulsed TV holography; Holographic interferometry; Non-destructive testing; Mechanical properties of paper

1. Introduction

Knowledge and control of mechanical properties of

paper are important to the paper industry. Today, testing and

measurements collect such information, most often after

that the paper has left the paper machine. Paper stiffness

measurements are normally performed using commercially

available mechanical devices like, for example, a bending

stiffness tester.1 A test piece is cut out and a load cell is

applied to the free end of the test piece, which is then bent to

a pre-programmed angle. Another technique is to measure

ultrasonic wave velocities, which relate directly to the

elastic constants of the material [1,2]. It is also possible to

measure mechanical properties of paper and paper corru-

gated board by studying bending wave propagation using

pulsed holographic interferometry [3–5]. This is a whole-

field, non-contacting optical method suitable for the study of

transient events [6,7]. Propagating transient waves in, for

instance, papers, plates, shells and fluids can be recorded

and reconstructed using this technique [8,9]. The waves are

generated mechanically by impact of a pendulum or

optically by focusing a short duration laser pulse at the

surface of the tested object. The anisotropy and the effect of

stiffness variation are clearly detected from the

interferograms.

Pulsed TV holography [10,11] is an all-electronic version

of pulsed holographic interferometry. Quantitative data is

obtained without traditional time-consuming hologram wet

processing and reconstruction. Thus, practical measure-

ments can be simplified, speeded up and automated,

something that is necessary for industrial applications.

Up to now, mechanical properties of paper like, for

example, fibre orientation, bending stiffness, etc. are

measured by cutting out samples from the produced paper

rolls. Fine adjustments on the paper machine on these

parameters are thus not yet possible. Consequently, an on-

line sensor for feed-back control in the production is

desirable. There are, however, several technical problems to

be solved before such a system can be installed in a

production line. An interferometric point-measuring sensor

for time history recording of transient waves for on-line

measurements is proposed in Ref. [12]. The wave is

generated by a laser pulse and recorded by a scanning

mirror Mach–Zender interferometer. More about this

technique is described in Ref. [13]. However, contrary to

this approach holographic interferometry is a whole-field

method that gives a map of the deformation at a time instant

and thus provides information of the anisotropy in all

directions simultaneously. The fact that the paper web is

moving has to be considered in order to achieve a proper

map of the bending waves. This can be digitally mastered in
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the analysis of the recorded pulsed TV holography images

[14]. Therefore, no scanning mirror is necessary. Moreover,

the paper in the paper machine is stretched and subjected to

tensile forces and such effects were not included in the early

investigations. Tensile forces influence the bending wave

propagation in paper and if bending wave propagation will

be used as a mean to measure mechanical properties in

paper ‘on-line’, these forces must be taken into account.

In this paper a method to determine material parameters

in paper is described. A theoretical model of wave

propagation in paper that takes the tensile forces into

account is developed and validated by experiments.

2. Experimental set-up and procedures

The experimental set-up is shown in Fig. 1, where the

objects to be studied are different paper sheets. The selected

paper sheet is fixed in a wood construction and tensile forces

are applied in the y-direction by means of different weights,

see Fig. 2.

Laser light with a wavelength of 694 nm is emitted by the

double-pulsed Ruby laser, RL. The duration of the pulse is

about 30 ns. The object light is guided through beam splitter

BS1, a negative lens NL1 and a second beam splitter BS2 to

illuminate the paper sheet P on the front side. The reflected

light is imaged by lens system L2 onto the CCD-detector,

via the beam splitters BS2 and BS3. The reference light is

formed by the small part of light that is reflected at the plane

surface of NL1 and is further guided via mirrors M4–M7.

The negative lens NL2 spreads the reference light onto the

CCD-detector. The beam used for impacting the paper is

formed by the part of the light that is reflected at BS1. It is

further guided via mirrors M1–M3 and finally focused on

the backside of the paper sheet by the positive lens L1. In

case the pulse energy is too large and the cross-sectional

area of the laser beam is too small the paper will be

damaged. It is possible to balance these parameters in order

to achieve enough power to generate the bending waves

with less influence on the paper at the impact point. A

method to increase the impulse on the paper is to apply a

small amount of carbon powder at the impact point. The

object beam and the tilted reference beam are added

coherently on the CCD-detector. An aperture A is used to

limit the spatial frequencies of the interference to be

resolved by the detector. Such an image-plane hologram

holds information about the interference between the object-

and the reference light and hence contains information of

the phase difference between the object- and reference light.

By performing two recordings with the paper sheet in two

different states of deformation it is possible to determine the

phase difference between the object lights, caused by

deformation of the object. This resulting phase difference

(phase map) is related to the deformation of the object

through a constant scaling factor given by the optical set-up.

The experimental set-up in Fig. 1 is sensitive to out-of-plane

deformations. A detailed description of the technique is

found in Refs. [10,11]. Finally, the measured deformation is

used to evaluate paper stiffness parameters using the

theoretical model given in Section 3.

3. Theory of propagating bending waves in an

anisotropic plate

The method to determine material parameters in, for

example, paper is built upon the idea that the experimental

results are compared with theoretical ones. The complete

anisotropic theory described in Section 3.1, will give an

equation that must be solved numerically. Consequently, the

method is iterative. To get good starting values in this

process, the solution can be simplified by excluding

transverse shear and rotary inertia and assume the paper to

be isotropic in different directions. With these assumptions,

a closed form solution can be found, Section 3.2. By

measuring the extrema (max and min) of the bending waves

from the experiments, the moduli can approximately be

Fig. 1. Experimental set-up, view from above. RL: Ruby laser, M1–7:

mirrors, NL1–2: negative lenses, BS1–3: beamsplitters, L1: positive lens,

L2: lens system, A: aperture, P: paper sheet, CCD: CCD-camera.

Fig. 2. Wood construction for fixation and loading of paper.
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calculated in different directions with the isotropic theory.

This simplified theory will describe the propagating bending

waves quite well closed to the impact point but further

out it will differ substantially. One reason for this is that

the solution will give infinite velocities of the bending

waves [8,9].

3.1. Assumptions and the solution

In 1971, Chow [15] derived differential equations for

orthotropic laminated plates from the concepts of

Timoshenko’s plate theory. The equations include the

effects of transverse shear and rotary inertia. In Ref. [9]

these equations are enlarged to encompass also anisotropic

plates, i.e. the solution will contain also the D16 and D26

terms. In this paper the equations are extended to be valid

also if the plate is subjected to static tensile forces applied at

the edges of the plate. The solution is based on an infinite

anisotropic plate loaded under a lateral concentrated impact.

The plate is loaded with a finite transient transverse

impulse ðIÞ and static tensile forces Nx; Ny and Nxy: The
theory is based on the fact that the transverse pulse can be

regarded as a Dirac pulse both in space and time, that is the

pulse has a very short duration and the radius of the impact

point is very small. Fällström et al. [16,17] have shown that

a short focused laser pulse aimed at the plate can be

regarded as a good approximation of a Dirac pulse both in

time and space.

The total out-of-plane displacement is wðx; y; tÞ ¼
wb þ ws where wb and ws are the bending and shear

components, respectively. The equations of flexural motion

of an anisotropic plate subjected to static normal forces are

L1wb þ L2ws ¼ f
›2

›t2
72wb;

L2ws þ pþ L3wb ¼ rh
›2

›t2
ðwb þ wsÞ

ð1Þ

L1, L2 and L3 are operators defined as

L1 ¼ D11

›4

›x4
þ 4D16

›4

›x3›y
þ 2ðD12 þ 2D66Þ ›4

›x2›y2

þ 4D26

›4

›x›y3
þ D22

›4

›y4
ð2Þ

L2 ¼ D55

›2

›x2
þ D44

›2

›y2

L3 ¼ Nx

›2

›x2
þ 2Nxy

›2

›x›y
þ Ny

›2

›y2

where Dij is the flexural moduli; r the mean volume density

of the plate; h the thickness of the plate; p ¼ pðx; y; tÞ the
transient load per unit area; f ¼ rh3=12; 72 the two-

dimensional Laplace operator and t is the time.

The differential equations are solved using the same

method as in Ref. [15]. For a thin plate the influence of ws on

the total displacement w is very small and therefore only wb

is considered.

The solution to Eq. (1) in polar co-ordinates is

wbðr; u; tÞ

¼ I

4p2rh

ð2p

0

ð1

0

s

c

�
 
sinðg1tÞ

g1
2

sinðg2tÞ
g2

!
cosðsr cosðw2 uÞÞds dw ð3Þ

where I is the impulse transferred to the plate;

g21 ¼ 6s2

rh3
ða2 cÞ; g22 ¼ 6s2

rh3
ðaþ cÞ;

a ¼ s2 h2

12
þ s1

s2

 !
þ 1; b ¼ h2

12
s4 s1

s2
þ s2 s3

s2

� �
;

c ¼
ffiffiffiffiffiffiffiffiffiffi
a2 2 4b

p
s1 ¼ D11 cos

4wþ 4D16 cos
3ðwÞ sinðwÞ

þ 2ðD12 þ 2D66Þ cos2ðwÞ sin2ðwÞ

þ 4D26 cosðwÞ sin3ðwÞ þ D22 sin
4w

s2 ¼ D55 cos
2ðwÞ þ D44 sin

2ðwÞ

s3 ¼ Nx cos
2ðwÞ þ 2Nxy sinðwÞ cosðwÞ þ Ny sin

2ðwÞ
and u is the angle measured from the x-axis.

3.2. A method to get approximate values of the flexural

moduli

The disadvantage with the solution (Eq. (3)) is that

numerical integration must be used to get the results.

Therefore, it is necessary to have approximate values of the

parameters Dij: To get these quickly a simplified theory can

be used. This theory is based upon the theory for an isotropic

plate in which the transverse shear (D44 and D55) and rotary

inertia are neglected (Section 3.3).

For an isotropic plate D11 ¼ D22 ¼ D12 þ 2D66 ¼ D:
Furthermore D16 ¼ D26 ¼ 0:
The plate is assumed to be of uniform thickness and

composed of linearly elastic and isotropic material. Thus the

dependence of u can be omitted. If no consideration of

tensile forces is taken and the transverse shear and rotary

inertia are neglected then Eq. (3) can be written as

wðr; tÞ ¼ I

4p2rh

ð2p

0

ð1

0
s
sinðgtÞ

g
cosðsrrÞds dr ð4Þ

where g2 ¼ ðs4DÞ=rh:This solution can be converted to a
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more convenient form [18]

wðr; tÞ ¼ Ia

4pD

p

2
2
ðb2=4

0

sinðxÞ
x

dx

 !
ð5Þ

where

a ¼
ffiffiffiffiffi
D

rh

s
ð6Þ

b ¼ rffiffiffi
at

p ð7Þ

One method to find the flexural moduli from an interfero-

gram is to look at the maxima or the minima of the

experimental curve. Differentiation of Eq. (5) with respect

to r gives

›w

›r
¼ 2

2 sin
r2

4at

 !
r

ð8Þ

To find the maxima and minima, ›w=›r ¼ 0; and their

positions are given by

r2 ¼ n4pat ð9Þ
where n is an odd number for minima and even for maxima.

The bending stiffness D can then be expressed as

D ¼ rhr4

16p2n2t2
ð10Þ

3.3. Estimation of material parameters for an orthotropic

plate

For an orthotropic plate D16 ¼ D26 ¼ 0: From an

interferogram showing the propagating bending wave it is

quite easy to determine where a maximum or minimum is

situated [8]. The distances from the impact point to these

extreme values are easily measured. When solving Eq. (3)

we notice that the wave propagation in the x-direction will

depend almost entirely upon D11 near the impact point. A

change of ^10% of D22 or D12 þ 2D66 will change the

wave propagation in the x-direction so little that the

influence of these parameters can be neglected in the first

approximation. The same conditions apply also in the

y-direction, that is, the wave propagation will depend almost

only upon D22.

Using the isotropic theory it is possible to get

approximate values of D11, D22 and D12 þ 2D66, which

then can be used as input values in Eq. (3). Measuring the

distance from the impact point to the first minimum or

maximum one can get an approximate value upon D11 using

Eq. (10) if the density, thickness and the time after the

impact take place are known. In the same way it is also

possible to estimate an approximate value upon D22 in the

y-direction. To get a value of D12 þ 2D66, then a

transformation must be used [19]. Measuring the distance

in an arbitrary direction, let us say 458 from the x-axis, and

then use the transformation formula

Du ¼ D11 cos
4ðuÞ þ 4D16 cos

3ðuÞ sinðuÞ

þ 2ðD12 þ 2D66Þ cos2ðuÞ sin2ðuÞ

þ 4D26 cosðuÞ sin3ðuÞ þ D22 sin
4ðuÞ

where Du is calculated from Eq. (10) it is a simple task to

calculate D12 þ 2D66 as D16 ¼ D26 ¼ 0 for an orthotropic

plate.

It is not possible to estimate bending stiffnesses

responsible for the transversal shear (D44 and D55) using

the isotropic theory. These parameters will have an

influence almost only on the outer parts of the waves. It is

an iterative process to find these two parameters using

Eq. (3). D55 has effect on the wave propagation only in the

x-direction and D44 only in the y-direction. That is, we have

to adjust these parameters in Eq. (3) so that the wave

information obtained from the interferogram will agree with

the theoretical solution. The conclusion is that one can find

values of D11, D22 and D12 þ 2D66 using the inner parts of

the wave propagation and D44 and D55 for the outer parts.

From Eq. (3) a value of D12 þ 2D66 can be found. If, for

example, D66 is of interest one has to know Poisson’s ratio

nij first. Then D12 can be calculated using the relationship

D12 ¼ n21D11 ¼ n12D22 and then D66 can be estimated. Up

to now this method is not automated and need to be done by

hand.

For an orthotropic plate it is also valid that D11=D22 ¼
ða=bÞ4 in the area near the impact point, where a is the

distance from the impact point to, for example, the first

maximum in the x-direction and b is the distance from the

impact point to the same extreme value in the y-direction.

Mostly the flexural moduli are determined, that is D11,

D22, D12, D66, D44 and D55. The relations between Young’s

moduli, shear moduli and the flexural moduli are

D11 ¼ E1h
3

12ð12 n12n21Þ
ðplate stiffness in the main directionÞ

D22 ¼ E2h
3

12ð12 n12n21Þ
ðplate stiffness in the cross directionÞ

D66 ¼ G12h
3

12

D12 ¼ n21D11 ¼ n12D22

D55 ¼ k21hG31

D44 ¼ k22hG23

where Ei is the Young’s modulus; Gij the shear modulus; nij
the Poisson’s ratio and k1 and k2 are the shear coefficients,
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introduced to account for the thickness–shear variation

through the thickness.

4. Results

4.1. Bending stiffness evaluation from interferograms

Two paper sheets have been tested. They have the same

basis weight (80 g/m2) but different thicknesses. Paper 1 has

a thickness of 97.7 mm and paper 2 has a thickness of

77.6 mm. Eq. (3) describes the deflection for a certain time

after an impulse impact and angular direction in an

anisotropic plate. The parameters in this equation are

chosen in such a way that the solution will match the

experimentally obtained deflection.

The two lower images of Fig. 3 show interferograms of

paper 1 in x- and y-direction (MD and CD) 200 ms after the
laser-induced impact. They are so called wrapped phase

maps (between 0 and 2p). To get a continuous phase map an

unwrapping algorithm is needed [20]. However, in this case

the maxima and the minima at the outer region away from

the origin have amplitudes corresponding to a phase change

less than 2p. Thus, the waves are seen as a continuous grey

scale between dark and bright ðx . 25 mm; y . 20 mmÞ:
Bright is a hill and dark is a valley. The top part of Fig. 3

shows the matched theoretical curves. The parameters in

Eq. (3) have been adjusted so that the theoretical and

experimental maxima and minima coincide. To clarify, the

minima are connected by dashed vertical lines in Fig. 3.

4.2. Tensile force influence on bending wave propagation

In this experiment paper 2 was examined. First, a tensile

force of 6.4 N ðNy ¼ 30:6 N=mÞ was applied in the

y-direction, Fig. 4(a). In the next experiment the load was

increased to 45.6 N ðNy ¼ 218 N=mÞ; Fig. 4(b). In Fig. 4 the
phase maps are unwrapped and the grey scale is pro-

portional to the deformation of the paper 400 ms after

impact. Bright regions indicate a hill and dark a valley.

Close to the impact point the phase maps are too noisy for

successful unwrapping. Therefore some ‘dark’ regions at

the hill in Fig. 4(a) are present. Note that the bending wave

propagation in the x-direction is the same in both figures but

in the y-direction, that is, in the direction of the applied

tensile force, the waves have moved further out from the

impact point. From Fig. 4(a) and (b) the out-of-plane

deformation along the y-direction is extracted, Fig. 5(a) and

(b), respectively (the solid curves). The theoretically

predicted deformations are also plotted in the same figures

(the dotted lines). Observe the good agreement between the

theoretical and experimental curves away from the impact

point ðy . 20 mmÞ: The causes for the rather bad agreement

near the impact point has to be further investigated. The

results in paper stiffnesses, etc. for papers 1 and 2 are

Fig. 3. Laser impact generated bending waves in paper 1, 200 ms after

impact start, (a) propagating in the x-direction, (b) propagating in the

y-direction. The upper parts of (a) and (b) are theoretical deflections and the

lower parts are phase maps showing the bending waves.
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summarised in Table 1. They are determined from the

minimal force case ðNy ¼ 30:6 N=mÞ:

4.3. The influence on bending waves for different papers

The influence on the bending waves for different

thickness of the papers (papers 1 and 2) was examined

theoretically. Both papers have the same basis weight

(80 g/m2). The tensile force was 45.6 N. In Fig. 6 the solid

curve represent paper 2 and the dotted line paper 1. Note

that the amplitude is higher for the thinner paper and that the

first highest maximum and the inflexions point coincide. As

the bending stiffness ðD22Þ is higher for paper 1 than for

paper 2 it is reasonable that the bending wave propagates

faster in paper 1 than in paper 2.

4.4. Comparison with the theory of transverse waves on a

string

Another way to look at this problem is to neglect the

influence of both the flexural moduli ðDijÞ and the rotary

inertia and only consider the tensile forces ðNiÞ: The theory
will give the same result as the theory for the speed of a

Fig. 4. Phase maps showing bending wave propagation in paper 2, 400 ms

after impact start. (a) Tensile force Ny ¼ 30:6 N=m; (b) Tensile force Ny ¼
218 N=m:

Fig. 5. Out-of-plane deformation of paper 2 extracted in the y-direction. The

solid curves are experimental (extracted along lines in Fig. 4) and the dotted

curves are theoretical. (a) Tensile force Ny ¼ 30:6 N=m; (b) tensile force

Ny ¼ 218 N=m:

Table 1

Summary of data obtained for papers 1 and 2

Test sample Paper 1 Paper 2

Basis weight [rh ] (g/m2) 80 80

Thickness [h ] (mm) 97.7 77.6

D11 ( £ 1023 Nm) 0.69 0.39

D22 ( £ 1023 Nm) 0.27 0.18

D12 þ 2D66 ( £ 1023 Nm) 0.44 0.215

D44 ( £ 1024 N/m) 0.34/h 2 0.27/h 2

D55 ( £ 1024 N/m) 0.44/h 2 0.38/h 2

Size [length £ width] (m £ m) 0.297 £ 0.209 0.297 £ 0.209
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transverse wave on a string. Fig. 7 shows experiments with a

30 mm wide strip from paper 2. The upper part shows a

phase map of the strip subjected to a tensile force of F ¼
6:4 N and the lower part a tensile force of F ¼ 14:1 N; both
recorded 400 ms after impact. The wave velocity of a

transverse wave on a string is given by v ¼ ffiffiffiffiffiffi
F=m

p
where F

is the load and m is the mass per unit length. For the upper

part of Fig. 7 the result will be v ¼ 51:6 m=s and for the

lower one v ¼ 76:6 m=s: The position of the wave

calculated by the ‘string theory’ is indicated with a cross

(white for upper part and black for the lower part). An

interpretation of the phase maps show maxima of defor-

mation at same position as the crosses. Thus the wave speed

of the maximum of the plateau is similar to the wave speed

on a string. Further out from the plateau the wave

propagation is mainly influenced by the stiffness of the

paper.

5. Conclusions

Bending wave propagation in paper has been studied

using an all-electronic version of pulsed holographic

interferometry, called pulsed TV holography. The waves

are generated by a short duration laser pulse and

consequently the whole technique is non-contact. A theory

including tensile forces has been developed for an

anisotropic plate subjected to an impulsive load at a point

and is applied to paper. By matching the solution to the

experimentally obtained data, material properties in various

directions of a paper can be determined. We can conclude

that the experimental results and the theoretical predictions

Fig. 7. Phase maps of a 30 mm wide strip from paper 2. The strip was loaded with a tensile force of 6.4 N (the upper part of the figure) and 14.1 N (the lower

part of the figure). The impact point is at the origin.

Fig. 6. A comparison between two papers with the same basis weight but

different thickness. The solid curve represents a thinner paper (paper 2) than

the dotted curve (paper 1). Both papers are loaded with the same tensile

force.
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agree quite well. We have, however, in this investigation not

been able to verify our numerical results using the same

paper samples with other methods.

Up to now, mechanical properties of paper like, for

example, fibre orientation, bending stiffnesses, etc. are

measured by cutting out samples from the produced paper

rolls. Fine adjustments on the paper machine on these

parameters are thus not yet possible. An on-line sensor for

feed-back control in the production is desirable. There are,

however, several technical problems to be solved before

such a system can be installed in a production line. An

obvious problem is that the paper in a paper machine is

moving at a speed of about 10–20 m/s which results in

lost interference between the two recorded images. This

can be handled by shifting one of the images digitally

corresponding to the movement of the speckles in the

image plane [14]. The experiments are performed in a

laboratory in Northern Sweden with a quite low relative air

humidity. To go further the effect of humidity on paper

stiffness must be exploited.
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Abstract

In the search for an improved understanding of jet-flame dynamics we here compare predictions from large-
eddy simulations (LES) and measurements using schlieren and holographic interferometry of a round turbulent
jet diffusion flame. The studies concern a turbulent propane–air (C3H8–O2/N2) diffusion flame under ambient
conditions at a Reynolds number of Re = 104. The interferometric measurements were performed with an all-
electronic method, pulsed TV holography, using a pulsed laser and a fast charge coupled device (CCD) camera.
The LES calculations use the probability density function (PDF) flamelet approach with a beta function as the
probability density function, whereas the subgrid turbulence is modeled with a one-equation eddy viscosity model.
In order to validate the LES model quantitative comparisons of first-order statistical moments of the velocity were
first made with available data for nonreactive jets. The LES model captures the statistics well. The next step in the
validation process concerns comparing the jet-flame development between LES and the schlieren and pulsed TV
holography data. To this end the results of the LES calculations were used to simulate instantaneous interference
patterns using ray tracing. The LES model describes the overall behavior of the flame successfully.
© 2004 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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flame; Diffusion flame; Turbulent combustion
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1. Introduction

Many combustion systems operate with unmixed
or partially mixed fuel injection, e.g., diesel engines,
turbojet engines, gas turbines, and ram- and scramjet
engines. In such systems combustion occurs only if
fuel and oxidizer are properly mixed at the molecu-
lar level. After entrainment of fuel and oxidizer in the
unsteady coherent structures, micromixing, acting at
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smaller scales, brings fuel and oxidizer in contact with
each other on the microscopic level within the reac-
tion zone where products are formed and exothermic-
ity occurs. Although turbulent mixing is responsible
for stirring the reactants at large scales, it contributes
to the molecular mixing only indirectly by increasing
the scalar variance. Molecular mixing, on the other
hand, essentially occurs at the smallest scales by ex-
pulsion of the scalar variance. The rate of molecular
mixing is therefore represented by the scalar dissipa-
tion rate—being the most important parameter in the
description of nonpremixed combustion, providing a
measure of the peak reaction rate.

Numerical prediction methods for nonpremixed
flames can be divided into direct numerical simu-
lations (DNS) in which all scales are resolved [1],
large eddy simulations (LES), in which only the large
scales are resolved and subgrid models [2,3] are used
to represent the effects of the small scales upon the
large resolved scales, and Reynolds average Navier
Stokes (RANS) models [4,5], in which all scales are
modeled.

DNS, LES, and RANS can be considered as com-
plementary methods, providing different levels of in-
formation and accuracy, and finding different areas of
application. The description of chemical kinetics and
molecular diffusion is complicated and moreover, ki-
netics and species diffusion influence each other and
occur mainly on subgrid scales together with effects
due to countergradient diffusion, flame-generated tur-
bulence, and flame instability. In order to validate
these models and to further investigate the physical
properties of the jet flame and the associated mix-
ing processes it is becoming increasingly important
to use nonintrusive measurement techniques, such as
LDV, PIV, and CARS [6], and to develop and exam-
ine more recent measurement methods, such as pulsed
TV holography [7], digital speckle photography [8],
and defocused digital speckle photography [9]. From
such novel experimental methods, information can be
obtained for the dynamics of the flame and how it in-
teracts with the flow. In terms of validating LES we
are interested in comparing not only the mean veloc-
ity, species, and temperature distributions, but also the
dynamics of the flow field and the evolution of the
flame.

There are a number of papers where objects such
as flames have been studied by optical speckle meth-
ods that make it possible to determine the refractive
index field of the specific object. This field can then
be related to other physical quantities such as tem-
perature and density fields. Optical speckle methods
and related techniques applied to fluid mechanics are
presented in the textbook [10] by Fomin. Asseban
et al. [11] used multiprojection speckle photography
and tomography to reconstruct the three-dimensional

(3D) temperature distribution above the combustion
zone of a multijet flame. Turbulent flows were veri-
fied by numerically simulated phantom distributions
of the refractive index. Xiao et al. [12], used holo-
graphic interferometry to accurately determine refrac-
tive index and from that calculate the temperature
distribution in flames. Two-dimensional (2D) flames
of partially premixed methane–air were studied and
compared to chemiluminescence measurements. Al-
bers and Agrawal [13] studied the flow structure of
a flickering hydrogen gas-jet diffusion flame with the
rainbow schlieren deflectometry method. The temper-
ature distribution in the flame was determined using
the Abel transformation. Results also reveal global os-
cillation in the flow field of the flame.

The aim of this investigation is to compare predic-
tions from LES calculations with experimental data.
Therefore we have studied whether, and in what way,
LES predictions can be confirmed using schlieren [14,
15] and pulsed TV holography in combination with
ray tracing. Both methods are completely nonintru-
sive full-field methods of which the former gives qual-
itative and the latter quantitative results concerning
the density distribution in the object studied. Thus,
more information is obtained using the pulsed TV
holography method. However, the result obtained is
integrated along the path of light. Thus, the method
suffers from an inversion problem in that starting from
the integrated experimental result resolves the local
magnitude of the measured quantities. Tomographic
methods can be used to overcome these difficulties,
but the experimental system needed demands a wide
angle of view and a complex and expensive experi-
mental construction. A way to circumvent these diffi-
culties is to implement the results obtained from the
numerical model to be tested and calculate the ex-
perimental result expected and compare with the real
experimental results. Ray tracing is one method suit-
able for comparison between numerical model and
experimental results obtained from integrating tech-
niques such as holographic interferometry. Input data
are taken from simulation of the process to be studied
and the resulting refractive index fields are calculated.
The actual holographic interferometry experiment can
be simulated by ray tracing through the numerically
calculated refractive index field. The result is then
compared to the result from the real experiment.

2. The large eddy simulation model

The governing equations of reactive flows are the
Navier-Stokes equations (NSE) for balance of mass,
momentum, and energy. Simulation of turbulent re-
acting flows encompasses dealing with a wide range
of length and time scales. The largest scales are re-
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lated to the geometry while the smallest are associ-
ated with the dissipation of turbulence through vis-
cosity. Chemical reactions have their own spectrum
of scales, and a variety of interactions between chem-
istry and turbulence are possible depending on the
overlap of scales. In order to handle this broad spec-
trum of scales the NSE are low-pass filtered in LES
to remove the scales below the characteristic filter
width �. Following [16,17], the application of the
low-pass filtering to the reactive NSE yields

(1)∂t (ρ) + ∇ · (ρṽ) = 0,

(2)∂t (ρṽ) + ∇ · (ρṽ ⊗ ṽ) = −∇p + ∇ · (S − B),

∂t (ρh̃) + ∇ · (ρṽh̃)

(3)= ∂t (p) + S · D̃ + ρε + ∇ · (h − bh),

(4)∂t (ρỸi) + ∇ · (ρṽỸi ) = ∇ · (ji − bi ) + ẇi ,

where ρ is the density, v the velocity, p the pressure,
S the viscous stress tensor, h the mixture enthalpy,
S · D the viscous work, h the heat flux vector, Yi

the species mass fraction, ji the species mass flux
vector, and ẇi the reaction rate for species i. More-
over, B = ρ(˜v ⊗ v − ṽ ⊗ ṽ), b = ρ(ṽh − ṽh̃), and
bi = ρ(ṽYi − ṽỸi ) are the subgrid flux terms and
ρε = S · D − S · D̃ is the subgrid dissipation. Over-
bars and tildes denote filtering and density-weighted
Favré filtering, respectively. The constitutive and ther-
modynamic relations usually employed are

(5)ji = Di∇Yi ≈ Di∇Ỹi ,

(6)p = ρRT
∑
i

Yi

Mi
≈ ρRT̃

∑
i

Ỹi

Mi
,

(7)S =
(

λ + 2

3
μ

)(
tr(D)I

) + 2μDD ≈ 2μD̃D,

(8)

h̃ =
∑
i

(
Ỹih

0
f,i

) +
∑
i

(
Ỹi

T̃∫
T0

CP,i(T
′) dT ′

)

≈
∑
i

(
Ỹih

0
f,i

) +
∑
i

(
Ỹi C̃

∗
P,i(T̃ − T0)

)
,

(9)h = κ∇T ≈ κ∇T̃ ,

where Di is the dissipation rate for specie i, R is
the universal gas constant, μ is the viscosity, λ is
the second viscosity, D̃D is D − 1

3 tr(D)I, h0
f,i is the

standard heat of formation per unit mass for specie i

at temperature T0 = 298 K, CP,i(T
′) is the specific

heats at constant pressure for specie i as a function
of temperature T ′, C∗

P,i
is a constant approximation

of CP,i(T
′), and κ is the thermal conductivity. In

Eqs. (5)–(9) the exact expressions are first given but
due to the inherent nonlinearities, the approximate ex-
pressions are used in the LES computations. To close

Eqs. (1)–(4) the subgrid stress and flux terms B, bi ,
and bh together with the subgrid dissipation require
modeling. These terms are not unique to reacting
flows and therefore models developed for compress-
ible flows may be used. For example, here we use the
one-equation eddy viscosity model (OEEVM) [18],

(10)

⎧⎪⎨⎪⎩
B = 2

3 ρkI − 2μkD̃D,

bi = − μk
ScT

∇Ỹi ,

bh = − μk
PrT

∇h̃,

where ScT = 0.7 is the turbulent Schmidt number,
PrT = 0.9 is the turbulent Prandtl number, and μk =
ρk1/2� is the subgrid viscosity, where k = 1

2 tr(B) is
the subgrid turbulent kinetic energy being the solution
to the modeled balance equation,

∂t (ρk) + ∇ · (ρkṽ)

(11)= −B · D̃ + ∇ · ((μ + μk)∇k
) − ρε,

where ε = cεk
3/2/� is the dissipation. Note that

when the subgrid turbulence is in equilibrium we
recover the well-known Smagorinsky model (SMG)
[19].

The main problem when attempting to solve the
reactive LES equations Eqs. (1)–(4) and Eqs. (5)–(9)
is that in order to describe the chemistry a detailed
reaction mechanism is required, whereby the number
of equations becomes large. This further implies that
we need to resolve the spatio-temporal distribution
of the species—requiring a very fine computational
mesh and very short time steps. Moreover, as the re-
action rate ẇi is nonlinear, the low-pass-filtered reac-
tion rate ẇi cannot easily be expressed as a function
of the low-pass-filtered fields. These difficulties mo-
tivate modeling both the chemistry and the turbulent
transport.

For nonpremixed combustion the set of equations
[Eqs. (1)–(11)] can be simplified by assuming that the
chemical reaction rates are fast compared to the rate
at which the reactants are mixed. By using this as-
sumption we consider a global reaction mechanism
and employ a conserved scalar formalism, e.g., [20].
By virtue of Eqs. (5)–(9) we have that p = p(z),
T = T (z), and h = h(z) or ρ = ρ(z) where z is the
mixture fraction

z = YF − rYO + r

1 + r
, r = MF |νF |

MO |νO | .

Here YF and YO are the mass fractions of fuel and
oxidizer in the stream, MF and MO are the molar
masses of fuel and oxidizer and νF and νO are the
stoichiometric coefficients. The mass-fraction equa-
tions in Eq. (4) can be replaced by a single conserva-
tion equation for z. In the LES framework we thus
have, the continuity and momentum equations [(1)
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and (2)] and the k equation (11) together with

(12)∂t (ρz̃) + ∇ · (ρṽz̃) = ∇ · (jz − bz),

where, in addition to the previously defined quantities
appearing in Eqs. (5)–(9), jz ≈ D∇z̃ is the resolvable
mixture fraction flux and bz = ρ(ṽz − ṽz̃) is the sub-
grid mixture fraction flux. In analogy with Eq. (10)
we close Eq. (12) with

(13)bz = − μk

ScT
∇z̃.

In order to account for the effects of subgrid tur-
bulence on the mass fractions, using (5) and (8), an
assumed subgrid scale (density or Favré weighted)
probability density function (PDF) is employed, fol-
lowing [21,22]. Accordingly, Ỹi is related to Yi by
means of

(14)Ỹi =
1∫

0

∞∫
0

Yi(z)P(z,χ)dzdχ,

where P is the subgrid PDF and χ is the scalar dissi-
pation rate of z. In the integrand of Eq. (14) the first
term represents the intrinsic flame structure, whereas
P relates to the subgrid mixing. In Eq. (14) the depen-
dence of Ỹi on z reflects the nonequilibrium effects in
a finite-rate laminar flamelet model [21]. The choice
of P is not easy. In more advanced models a transport
equation can be formulated for P [22], but at present
this methodology is considered too expensive for use
in LES. Here we assume that z and χ are independent
so that the PDF can be decomposed into two parts,
i.e., P(z,χ) = Pz(z)Pχ (χ), and next we assume that
the effects of the subgrid fluctuations in χ can be ne-
glected so that P(z,χ) = P(z)δ(χ − χ̃), where δ is
the Heavyside function. We finally assume a Beta dis-
tribution for z, which is parameterized by z̃ and z̃′′2,

P(z) = Pβ(z) = za−1(1 − z)b−1∫ 1
0 za−1(1 − z)b−1 dz

,

(15)where a = z̃
z̃(1 − z̃)

z̃′′2 , b = a
1 − z̃

z̃
.

The main advantage of the beta distribution is that
it contains only two parameters but can assume a wide
variety of shapes observed in experiments and DNS of
scalar mixing and chemical reactions.

Another useful property of the beta distribution is
that if the state equations [Eqs. (5)–(9)] can be ex-
pressed in terms of polynomial functions of degree m,
i.e., Yi = ∑m

i=1 αiz
i−1, the filtered species mass frac-

tions can therefore be expressed analytically as

(16)Ỹi =
m∑

i=1

αi
Γ (a + i − 1)Γ (b)

Γ (a + i + b − 1)

/
Γ (a)Γ (b)

Γ (a + b)
,

where Γ is the gamma function.

Key parameters in this model is the modeling of
z̃′′2 and χ , which are important in determining the
shape of the beta distribution. To this end we use
a subgrid transport equation model for z̃′′2, inspired
by [23],

∂t

(
ρz̃′′2) + ∇ · (ρṽz̃′′2)
= ∇ · ((μk + μ)∇z̃′′2) + 2μk

∣∣∇z̃′′2∣∣2 − 2ρψ,

(17)

where ψ = (ce

√
k/�)z̃′′2 which is modeled in com-

plete analogy with that of the subgrid turbulent kinetic
energy k in Eq. (11).

3. Numerical methods

Here we use the finite volume (FV) method [24],
in which the solution satisfies the integral form of the
equations, in an arbitrary control volume B∫
B

∂t (ρΨ )dV +
∫
B

∇ · (ρΨ v) dV

(18)=
∫
B

∇ · (D∇Ψ )dV +
∫
B

s(Ψ )dV,

where Ψ denotes an arbitrary dependent variable, and
D its diffusivity. We partition the domain D into non-
overlapping cells ΩP and by using the Gauss theorem
and the fact that B is arbitrary (we choose B to be
ΩP ) we reformulate Eq. (18) as

∂t (ρΨ V )P +
∑
f

(ρv)f Ψf · dAf

(19)−
∑
f

(D∇Ψ )f · dAf − sP (Ψ )VP = 0,

where dAf is the area element of face f , and VP is
the volume of cell P . Integrating Eq. (19) over time
using a multistep method, e.g., [24], yields

m∑
i=0

(
αi(ρΨ )n+1

P
+ βi�t

δVP

[∑
f

(ρv)f ΨF · dAf

−
∑
f

(D∇Ψ )f · dAf − sP (Ψ )VP

]n+1
)

= 0,

(20)

where m, αi , and βi are parameters of the scheme and
�t the time step. Typically, the second-order accurate
backward differencing scheme is chosen, for which
m = 2, α0 = 1

2 , α1 = −2, α2 = 3
2 , β0 = β1 = 0, and

β2 = 1.
In order to obtain an algebraic set of equations in

the points P we need to reconstruct the convective
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and diffusive fluxes. The functional reconstruction of
the convective fluxes is carried out using linear in-
terpolation for velocity and nonlinear interpolation
for scalars in order to enforce local monotonicity,
positivity (when appropriate), and causality, resulting
in a formally second-order accurate centered scheme
for velocity and in a second-order accurate bounded
scheme for scalars. Following the discretization prac-
tice outlined, each of the governing equations can be
compactly expressed in the form

(21)aP Ψ n+1
P

+
∑
N

(
aNΨ n+1

N

) = y(Ψ ).

The coefficients aP and aN include contributions
from terms corresponding to Ψ n+1

P
, and neighboring

points while y includes all terms that can be evaluated
without knowing Ψ n+1

P . A particular problem oc-
curs when considering the combined momentum and
continuity equations describing the pressure-velocity
coupling. Here we have adapted the PISO procedure
of Issa [25]. The pressure solution step and the ex-
plicit velocity correction step are iterated over until a
predefined tolerance or number of iterations is met.

4. The computational jet configuration and ray
tracing

4.1. Nonreacting jet

Nonreactive jet studies have been performed both
theoretically, experimentally, and computationally for
a long time, cf. [26–30]. Much of the computational
work done hitherto has been devoted to validating
DNS, LES, and RANS models with respect to exper-
imental data and theoretical models, but during the

last 5 to 10 years more computational studies have
emerged that are devoted to turbulent jet-flow physics,
e.g., [27]. The computational domain is a cylinder
with an overall length of 60D, where D is the nozzle
diameter, and a radius of 10D. For the computations
a grid consisting of 195 × 75 × 90 cells in the axial,
radial, and tangential directions has been used. The
grid is refined around the jet-shear layers and around
the nozzle, and stretched in other regions of the flow.
The simulated jet is initialized with a thin vortex sheet
and uniform momentum thickness Θ , and a coflow-
ing air stream of U∞ = 0.01Uj is supplied in the
axial direction of the jet. Based on Uj , D, and the
molecular viscosity ν, the Reynolds number of the jet
is Re = 2 × 104. Inflow and outflow conditions are
imposed at the open boundaries in the streamwise di-
rection, whereas the radial boundary of the domain is
treated as an absorbing boundary.

The jet visualizations in Fig. 1 involve instanta-
neous iso-surfaces of pressure superimposed on ve-
locity gray scale (top) and vortex cores superimposed
on vorticity magnitude gray scale (bottom). In con-
trast to the plane free mixing layer where primary
two-dimensional spanwise vortex rollers are contin-
uously supported downstream by the imposed shear,
the jet velocity decreases toward the end of the po-
tential core; see Fig. 2a, thus attenuating the shear
supporting vortex rings in the jet. The jet develop-
ment is controlled by the dynamics of interacting vor-
tex rings and braid vortices, including deformation
of virtually circular initial vortex rings due to Biot-
Savart self-induction, braid-vortices aligned with the
jet-axis forming in the initial jet shear layer due to
vorticity redistribution and stretching, and strong in-
teractions between ring and hairpin vortices leading
to their breakdown as they become more contorted
and incoherent farther downstream. Far downstream,

Fig. 1. Side view of the nonreactive jet. The top figure shows an iso-surface of the pressure superimposed on a gray scale (dark,
max; light, min) of the axial velocity whereas the bottom figure shows vortex cores superimposed on gray scale (dark, max;
light, min) of the vorticity magnitude.
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Fig. 2. Profiles of the normalized jet velocity in comparison with experimental data at various Re numbers.

three dimensionality is the most inherent feature of
jets with moderate-to-high Re. The streamwise vor-
ticity has the crucial role in entraining fluid from
the surroundings, and large-scale vortices other than
vortex rings dominate the jet dynamics further down-
stream. The natural instability of the initial laminar
shear layer formed at the nozzle produces an array of
vortex rings. As these vortex rings move downstream,
they interact and generally coalesce with neighbor-
ing rings so that the scale and separation of the rings
increase with distance from the nozzle. The rings de-
form and break up as a result of the vortex–vortex in-
teractions eventually producing “worm” vortices and
virtually isotropic turbulence. The details of the inter-
action mechanism are fairly well understood in non-
reacting jets cf. [27], but not in reacting jets.

Fig. 2 shows axial and radial profiles of the time-
averaged axial velocity component, 〈v̄x 〉, respec-
tively. Comparison is made with several experimental
data sets at different Re numbers, since the theory
suggests that due to self-similarity the profiles will
collapse. Concerning the axial profile of 〈v̄x 〉 we note
that the LES calculations result in a somewhat shorter
potential core than most experimental data sets show.
One contributing factor that has not yet been fully
investigated is the lack of proper inlet turbulence
(cf. [31]) and also the jet-velocity profile supplied
as boundary condition is lacking information about
the (large-scale) turbulence in the jet prior to exit-
ing from the nozzle. No experimental information
about this is available, and to address the problem
properly the simulation must be extended far down-
stream into the pipe or synthetic turbulence models
must be developed [31]. The length of the poten-
tial core is estimated to be about 3.7D in the LES
whereas the experimental data suggest it to be be-
tween 3.5D and 4.5D long. Otherwise the axial 〈v̄x 〉
profile shows the same decay rate as the experimen-
tal data. In particular we note that downstream of the
potential core the slope of 〈v̄x 〉 is virtually constant,

Fig. 3. Energy spectra E(|k|) for the velocity magnitude for
nonreacting LES of the round jet in comparison with the
Kolmogorov inertial subrange spectrum.

satisfying the equation (v̄x −U∞)/Uj = αD(x−x0),
with x0 defining the virtual origin. From our results
we find that α ≈ 5.6 and x0/D ≈ 3.3, which is to
be compared with the empirical values of α ≈ 5.8
and x0/D ≈ 4 [32]. In Fig. 2b we show radial pro-
files of 〈v̄x 〉 at x/D = 5, 10, 20, 30, and 40. Ex-
perimental data are not available within the poten-
tial core, but the agreement with data at x/D = 30
is good. The spreading rate S = dr1/2/dx satisfies
r1/2 = S(x − x0), where r1/2 is the half-width. From
the LES we find that S ≈ 0.102, and from experi-
ments [32], S is known to vary between 0.094 and
0.105.

Spectral analysis is carried out to make quantita-
tive statements on the trends of the population of the
structures in the more disorganized downstream por-
tion of the jets, and is used to compare the small-scale
jet behavior captured by the simulations. The analy-
sis is performed based on instantaneous velocity data
along the jet centerline, and Fig. 3 shows the energy
spectra E(|k|) for the velocity magnitude. Both spec-
tra show an inertial range characterizing the vortical
motions consistent with the k−5/3 (inviscid) subrange
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of the Kolmogorov K41 theory. This inertial range
is typically followed by faster decay of the ampli-
tudes due to the effect of the subgrid dissipation. For
the applied subgrid model to be valid it is implicitly
required that the cutoff wave number should be con-
tained within the inertial subrange—as verified by the
results presented in Fig. 3. The largest wavenumber
for which spectral amplitudes are plotted in Fig. 3 cor-
responds to a wavelength of about D.

4.2. Reactive jet

The computational domain consists of a circular
cylinder with radius 10D and length 60D. A domain
of 195×75×90 cells is used in the simulations, being
refined in the streamwise direction toward the noz-
zle and in the radial direction toward the initial shear
layers of the jet. Inflow and outflow conditions are
imposed at the open boundaries in the streamwise di-
rection, whereas the radial boundary of the domain is
treated as a far-field boundary. The outlet boundary
is modeled using wave-transmissive conditions [33],
in order to allow pressure and enthalpy waves to exit
the domain without creating reflective waves. The up-
stream boundary conditions consist of prescribing the
jet-velocity profile and the coflowing air stream. To
model the jet from the laboratory experiment the sim-
ulated jet is initialized with a thin vortex sheet and
uniform momentum thickness Θ . A coflowing air
stream of U∞ = 0.01Uj is supplied in the axial di-
rection of the jet to emulate the flow in the laboratory
experiments. Based on Uj , D, and ν, the jet Reynolds

number is Re = 104. First, nonreactive simulations
are carried out in which the jet emerge into a qui-
escent background U∞, T = 298 K, p = 1.015 atm,
oxidizer-filled domain. In these simulations, the mix-
ture fraction z̃ is equivalent to a passive scalar being
convected with the flow. The reacting simulations are
started from the fully evolved nonreacting flow field.
These simulations are ignited by converting the pas-
sive scalar z̃ to Ỹi and T̃ , recognizing that high T̃ is
associated with high levels of ỸP , i.e., mass fraction
of products. Grid refinement does not show significant
differences in the statistics, merely more details of the
flow and the flame dynamics, and we thus conclude
that the present grid is sufficient for the purposes of
the present investigation.

4.3. Ray tracing

When a light ray is transmitted through an in-
homogeneous media with a varying index of refrac-
tion its optical path length will vary and it becomes
deflected. In schlieren imaging the deflection is de-
tected, while in holographic interferometry the inter-
ference pattern is decided by the differences in optical

pathway between two or more recordings. The exper-
imental setups are described in Section 5. The total
optical path length, L along a path S is

(22)L =
∫
S

n
(
x(s)

)
ds,

where n = n(x(s)) is the refraction index along the
path and x(s) is the path in parametric form, where
s is the parameter. For mixtures of gaseous and fluid
media n can be estimated by the Lorentz-Lorenz for-
mula,

(23)
∑
i

ỸiAi = M

ρ

n2 − 1

n2 + 2
,

where M is the mean molar mass and Ai is the molar
refractivity for specie i. These relations are sufficient
in most cases; however, for large temperature varia-
tions, the variation of the refractivity with temperature
may be taken into account, as well as possible effects
of ionization.

For slight variations of n the light path can be ap-
proximated as a straight line. However, the true path
in an inhomogeneous medium is curved; i.e., the ray
will follow a nonstraight path. To simulate the light
path for these cases the true path must be evaluated
by ray tracing.

Given the flow field from the LES calculations,
n can be obtained from the Lorentz-Lorenz formula,
which, in turn, is used to calculate the optical path us-
ing Fermat’s principle, which states that the light will
propagate along a stationary path [34],

(24)δL = δ

∫
S

n
(
x(s)

)
ds = 0.

This equation may be expressed as a system of dif-
ferential equations,

(25)
d

ds

(
n

dx(s)

ds

)
− ∇n = 0.

This equation is here solved numerically using a
Runge-Kutta based integration scheme implemented
in Matlab’s ode45 routine [35].

The schlieren image is achieved by using a knife
edge or a slit in the focal plane of the imaging mirror
that cuts off light that is perpendicularly deviated in
relation to the edge direction.

Suppose that the light propagates in the z direction
along a length Lz. Suppose further that the schlieren
instrument is made to be sensitive for deviations in
the y direction. For small deviations and thin objects,
the intensity variations �I(x, y) in the image can be
approximated by

(26)�I(x, y) = C1

Lz∫
0

∂

∂y
n(x) dz,
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where C1 is a proportional constant which depends
on how the schlieren instrument has been configured.

For media with larger variations in refraction in-
dex, a more thorough analysis is needed. The deflec-
tions of the light beam along the light path are given
by the direction cosines

(27)(cos α, cos β, cos γ ) = dx(s)

ds

which can be calculated using ray tracing. The inten-
sity variation in the schlieren image is proportional
to the direction cosine in the sensitivity direction, in,
e.g., the y direction, �I(x, y) = C2 cos β , where C2
is a proportional constant.

To simulate the resulting interferogram from the
pulsed TV holography recordings the difference in
optical path length �L between two passings is cal-
culated,

(28)�L =
∫
S2

n2
(
x(s)

)
ds −

∫
S1

n1
(
x(s)

)
ds,

where S1 and S2 are the light paths of the first and
second passing.

5. Experimental setups

Experimental studies of a turbulent propane–air
(C3H8–O2/N2) diffusion flame were performed at
ambient conditions (T = 293.8 K and p = 0.1028
MPa) for a jet velocity of v0 = 9.3 m/s using schlieren
[14,15], and an all-electronic version of holographic
interferometry called pulsed TV holography de-
scribed in detail in [7].

5.1. Schlieren

Schlieren is a standard technique to detect the de-
flection of a light beam due to index of refraction

variations. The setup that has been used in our exper-
iments is shown in Fig. 4.

White light emitted from a point source is spread
onto a concave mirror (with a focal length of 3 m),
making the light parallel, and is then further guided
through the test object (the jet flame). Thereafter, the
light is focused by a second concave mirror (similar
to the first one) onto an adjustable razor edge that
is placed in the back focal plane of the mirror. The
object is then imaged onto the detector of the CCD
camera (PCO Sensicam, resolution 1280 × 1024 pix-
els). Deflected light in one direction is blocked away
and hence effects of small changes can be detected
by the CCD camera. Intensity variations on the image
correspond to the degree of the deflection.

5.2. Pulsed TV holography

The principal components of the system used,
Fig. 5, are a twin-cavity pulsed injection seeded
Nd:YAG laser and a CCD camera (PCO Sensicam,
resolution 1280 × 1024 pixels). The laser system can
provide pulses with time separation from zero up to
any time. The CCD camera is used to record image
plane holograms at different states of the object.

Light from the Nd:YAG laser with a wavelength
of 532 nm is expanded by the plano-concave lens
(NL1) and collimated by the lens (L1). Part of this
light probes through the phase object (the gas volume
above a cylindrical shaped nozzle (N), inner diame-
ter D = 4.0 mm, and height h = 108.0 mm) and is
imaged on a diffuser (D) by the lens L2. This lens is
used to improve the speckle correlation and to con-
trol the magnification on the diffuser. The diffuser is
imaged onto the CCD detector via the lens system
L3–L5 and a beam splitter (BS). A small portion of
light is reflected at the plane surface of NL1 and is
used as the reference beam (R). The object beam (O)
and the reference beam interfere at the CCD detec-
tor. A rectangular aperture (A) in the imaging system

Fig. 4. Schematic of the setup used for the schlieren image recordings. M, concave mirror; Object, test object; R, razor edge;
CCD, CCD camera.
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Fig. 5. Schematic of the pulsed TV holography setup. Legend: Nd:YAG, twin-pulsed injection seeded Nd:YAG laser; M1–M2,
mirrors; NL1-2, negative lenses; L1, collimation lens; L2, lens; L3–L5, lens system for imaging; D, diffuser; CCD, CCD camera;
BS, beam-splitter; O, object beam; R, reference beam; N, nozzle; GC, gas cylinder; A, aperture; CA, circular aperture.

Fig. 6. Side view of the reactive jet. The top figure shows the temperature distribution together with a white line at z = z∗,
whereas the bottom figure shows vortex cores superimposed on gray scale of the axial velocity.

reduces the spatial frequencies to be resolved by the
detector. The Fourier-transform method is used to cal-
culate the phase difference between the object states.
The result is presented as a phase map [7,36].

The system enables us to compare nonburning gas
with air and burning gas with air or burning gas at
different short time intervals. In one set of experi-
ments burning gas was compared with undisturbed
air. One laser pulse was fired before the gas was let out
giving a recording of undisturbed air in the measur-
ing volume. The next laser pulse was fired when the
propane–air mixture was burning. Those two record-
ings were then compared interferometrically and a
wrapped phase map was calculated showing the phase
difference between the two object states, i.e., the in-
tegrated changes of the index of refraction caused by
the flame. In case the flame is stationary and lami-
nar, quantitative comparisons with LES can be made
by counting interference fringes. In another experi-
ment differential measurements of burning gas were
made; i.e., two recordings with short time intervals
were taken of the flame. The changes of the flow field
during this time could then be manifested. Here also
comparisons in the turbulent jet can be made in the
time scale of microseconds.

6. Results

6.1. Reactive jet results

Fig. 6 presents some typical computational results.
The top figure shows snapshots of the temperature,
where the iso-surface z̃ = z∗ (where z∗ is the mixture
fraction under stoichiometric conditions) is shown in
white. In the bottom figure the flow field is visual-
ized as a gray scale of the axial velocity superim-
posed with vorticity cores. Burning occurs primarily
at the outer edges of the jet shear layer (at z̃ = z∗) in
the convoluted interface between reactants and prod-
ucts, where most of the diffusive mixing takes place.
The initially pulsating behavior becomes gradually
smoother, as the highly vortical flow develops with
downstream distance from the nozzle. The temper-
ature distribution appears rather diffusive as an ef-
fect of the increase in molecular viscosity due to the
heat release. The cold fuel jet is clearly evident be-
tween the hot shear layers that anchor the flame, and
pockets of partially burnt fuel can be observed mov-
ing along the jet. Within the shear layers the primary
(large-scale) entrainment and mixing takes place to-
gether with the birth of vortex rings due to the nat-
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Fig. 7. Schlieren images, from experiment (a) and simulated (b) for a C3H8/air diffusion flame.

ural instability of the shear layer. The shear layers
themselves develop into a sequence of large coherent
structures forming three-dimensional wedges moving
downstream. The jet velocity is observed to be irreg-
ular, being strongly affected by the shear layer dy-
namics and the heat release taking place within the
coherent structures forming the shear layer. Its radial
component increases with distance from the nozzle
due to an almost linear growth of orderly wave defor-
mation of the coherent structures. From comparison
with the nonreacting case (Fig. 1) it can be seen that
the effects of exothermicity are mainly to delay the
formation of the coherent structures and to reduce
their subsequent growth. Moreover, we observe that
the primary vortices in the reacting case are thicker
than in the nonreacting case. This is consistent with
the higher viscosity of the entrained fluid, and the
unfavorable density ratio between the fluids on ei-
ther sides of the shear layer of the reacting jet. The
formation and pairing of vortex ring leads to engulf-
ment and entrainment of external fluid into the jet
and spreading of the combustion region. The vorticity
contained in the rings decreases due to diffusion, in-
crease of mass of the fluid, and dilatation due to heat
release. The rings become unstable relatively to az-
imuthal perturbations and break up into longitudinal
vortices. Furthermore, a low-frequency instability is
observed in the reacting simulations, which develops
in the region between the burnt products and the outer
edge of the flame and the surrounding jet. In lami-
nar jet diffusion flames this instability gives rise to

coherent vortices that usually pass outside of the edge
of the flame causing “flickering,” whereas in turbulent
jet diffusion flames this mechanism can be interpreted
as flame-generated turbulence. Another source of tur-
bulence is the natural instability of the jet of unburned
gas which, for reasons of stoichiometry, is virtually
confined by the flame. These results suggest that the
instability is confined to the shear layer where it gives
rise to a high-frequency system of vortices, similar to
those found in shear layers.

6.2. Comparison between experiments and large
eddy simulations

In Fig. 7 and Table 1 a comparison is made be-
tween the measured (a) and the predicted (b) schlieren
images, the latter is obtained by ray tracing of the LES
data. The flame boundary, observed as a darker re-
gion in Figs. 7a and 7b, is found at approximately
the same position for both experiments and simula-
tions (see also Table 1). This further corresponds to
the location of z = z∗ (cf. Fig. 6). The core of the ex-
perimental flame consists of a characteristic pattern
of trailing fronts. In the simulated flame a similar, but
less obvious, pattern can be recognized. These fronts
are believed to be caused by the baroclinic torque, i.e.,
∇ρ×∇p, but will also be influenced by the variations
in molecular viscosity due to the temperature changes
across the flame. Even if the grid used in the LES
model was not dense enough to fully resolve the struc-
tures of the central part of the flame, especially higher
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Table 1
Geometrical properties achieved from experimental and simulated schlieren images

Height above
nozzle (mm)

Flame width,
experiment (mm)

Flame width,
simulated (mm)

Difference

20 16.5 17.2 −0.7
40 23.2 22.1 1.1
60 26.9 28.7 −1.8
80 31.9 31.2 0.7

100 39.0 38.7 0.3

Fig. 8. Normalized intensity profiles along the jet axis. Note that the experimental data are shifted in the vertical direction.

up in the flame, it shows a qualitative good agreement
with the experiment. The geometrical properties are
compared in Table 1, where the outer diameters have
been measured at different heights. The difference in
diameter between experiment and simulation is less
than 7%, which is a good agreement. From the values
in Table 1 the flame-spread angle can be estimated to
16◦ in the experiments and 15◦ in the simulations.

Figs. 8 and 9 show normalized intensity profiles
along the jet axis (Fig. 8) and across the flame at
three locations downstream of the nozzle (Fig. 9). The
bumps seen on the horizontal experimental profiles to
left and right of the flame are due to disturbances in
the ray path. In order to clarify the comparison with
the finite-resolution LES results we also show filtered
experimental data. The selection of filter width is cho-
sen ad hoc to be the nozzle-diameter D, since the
integration due to ray tracing will induce another fil-
tering, besides the LES filtering. These profiles are all
based on instantaneous experimental and simulated
data, and therefore local details of the profiles cannot
be expected to correlate. Note also that, in order to
simplify the comparison between the curves, the ex-
perimental data are shifted in the vertical direction in
all subfigures and that the filtered experimental data
are shifted in the vertical direction. We first note that
the predicted levels of the intensity agree reasonably
well with the experimental data, and that the overall
shape of the profiles are correctly simulated. Highest
intensities are found closer to the nozzle, and around
the jet shear layer, and around regions with z = z∗.

However, as expected, the LES computations cannot
resolve all details of the intensity profiles due to the
finite resolution grid. For the horizontal cross sections
in particular we find better agreement between the fil-
tered experimental data and the LES prediction than
the raw data. Far downstream, where the spatial reso-
lution is coarser, less accurate agreement can also be
observed in the amplitude variations (cf. Fig. 9c). This
finding shows that the present resolution is sufficient
to capture the large-scale features of the flame, and
that the small-scale features are of less importance for
the overall behavior, and thus can be represented by a
subgrid model.

In Fig. 10 a comparison is made between a phase
map achieved experimentally with pulsed TV holog-
raphy and the simulated phase map. These phase
maps are wrapped modulo 2π , and span the range
from bright to dark indicating an increase in inte-
grated optical path in units of wavelength, 532 nm.
The phase map shows the difference in path length
compared to air (i.e., no flame). As already alluded to,
we can clearly identify the flame boundary (around
z̃ = z∗) and an inner (more turbulent) part of the
flame. The overall structure with a turbulent cen-
tral core and a laminar outer shield is the same in
Figs. 10a and 10b, thus showing qualitative agreement
between the experimental recording and the LES sim-
ulation. The width of the turbulent zones is also about
the same in these two cases, respectively. Since pulsed
TV holography gives an instantaneous picture of the
flow field, a small-scale agreement of the turbulent
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Fig. 9. Normalized intensity profiles across the flame at (a) 0.625D, (b) 2.5D, and (c) 11.25D from nozzle. Note that the
experimental data are shifted in the vertical direction.

flow, which is changing rapidly, cannot be expected
between the experimental and the simulated record-
ing. However, the overall structure is similar. The
thickness of the laminar shield in the experimental
recording and the LES simulation agree qualitatively.
The number of fringes increase for increasing dis-
tance from the nozzle along the flame in both the
experiment and the simulation in the same proportion.
The number of fringes are, however, more numer-
ous in the LES simulation than in the experimental
recording. The difference is about 60%. This means
that the LES model predicts a larger density variation
and thus a larger temperature variation than what the
experiment shows. Possible explanations for this may
be that the thermal radiation effects are neglected in
the LES model.

Double pulse recordings were also carried out
where the time separation between the two pulses
varied in steps from 2.5 to 50 µs. Phase maps show-
ing the change of the integrated refractive index field

due to changes of the flow field during the time be-
tween the two pulses were calculated. Fig. 11 shows
a direct comparison between measured (a) and pre-
dicted (b) phase map with a pulse separation of 10 µs.
In the experimental recording, Fig. 11a, small phase
changes (less than 2π ) can be observed only in the re-
gion corresponding to the turbulent zone in Fig. 10a.
From that it can be concluded that eventual changes
in the laminar zone are slow. In the LES simulation,
Fig. 11b, however, the extension of the region with
phase changes is as wide as in Fig. 10b, i.e., the width
of the whole flame (including the laminar part). The
differential phase map in the LES simulation indicates
turbulent density variations also in the zone where
the phase map in Fig. 10b shows a laminar pattern.
The phase changes due to these turbulent variations
are lying within 2π . One cause of error may be that
the details of the nozzle are not properly modeled
(a top-hat-shaped velocity inlet profile with given mo-
mentum thickness is used). It is known [31] that not
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Fig. 10. Comparison between phase maps of a C3H8/air diffusion flame. Experimental (a) and simulated (b).

only the geometry but also the large-scale turbulence
dynamics strongly affect the evolution of the flow.
Another possible source of error may be the possi-
bly insufficient modeling of strain-rate response and
quenching.

The schlieren and the pulsed TV-holography ex-
periments, i.e., Figs. 7a and 10a, can also be com-
pared qualitatively. The schlieren image shows gra-
dient changes while the image from the pulsed
TV-holography experiment shows the optical phase
change. The outer burning laminar region in Fig. 10a
corresponds to the uniform gray area in Fig. 7a, which
indicates that the gradient is quite constant. It can be
concluded that the main structures resulting from the
two experimental methods agree quite reasonably.

7. Conclusions

In this study we have focused on combining in-
formation from novel experimental methods, such as
pulsed TV holography, and LES computations of the
same jet flame to examine the jet-flame dynamics.
Pulsed TV-holography experiments and reactive jet
simulations, using LES, have been carried out for an
air jet flame at Re = 104. The comparison is made at
an intermediate stage by examining schlieren images,
interferograms, and phase maps constructed from the

LES and experimental databases, respectively. This
provides a novel approach for comparing simula-
tions and experiments. Reasonable good agreement
between measured and predicted flame characteristics
and properties was found, although the details near
the nozzle are not modeled in sufficient accuracy. It
is found that the burning occurs primarily at the outer
edges of the jet shear layer (at z̃ = z∗) in the convo-
luted interface between reactants and products where
most of the diffusive mixing takes place.

Close to the nozzle (x < 3D) the fuel and air
streams mix on the macroscopic level without exo-
thermal effects. This causes the near-nozzle region of
the jet flame to be dominated by vortex rings. The
temperature distribution appears rather diffusive as
an effect of the increase in heat conductivity (and
molecular viscosity) due to the heat release. Within
the shear layers the primary (large-scale) entrainment
and mixing take place together with the birth of vor-
tex rings due to the natural instability of the shear
layer. The shear layers themselves develop into a se-
quence of large coherent structures forming three-
dimensional wedges moving downstream. From com-
parison with a nonreacting case it can be seen that the
effects of exothermicity are mainly to delay the for-
mation of the coherent structures and to reduce their
subsequent growth. Moreover, we observe that the
primary vortices in the reacting case are thicker than
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Fig. 11. Comparison between phase maps of a C3H8/air diffusion flame, with 10 µs between the recordings. Experimental (a)
and simulated (b).

in the nonreacting case. This is consistent with the
higher viscosity of the entrained fluid and the unfa-
vorable density ratio between the fluids on either sides
of the shear layer of the reacting jet. The formation
and pairing of vortex rings lead to engulfment and en-
trainment of external fluid into the jet and spreading
of the combustion region. The vorticity contained in
the rings decreases due to diffusion, increase of mass
of the fluid, and dilatation due to heat release.

With the method of pulsed TV holography not
only qualitative but also quantitative comparisons can
be done. Qualitatively the results from the LES sim-
ulation agree with those of the experimental results
in that the geometrical form of the flame is the same
apart from that the flame does not start at the nozzle
in the real experiments as it does in the simulation.
The width of the turbulent core and the laminar shield
are the same in both cases. Since instantaneous states
of the flame are compared it is not to be expected
that the details in the turbulent zone will agree in the
experimental and simulated recording, as this pattern
changes rapidly but the overall structure is the same.

Quantitative information of density variations can
be obtained for the laminar shield by counting inter-
ference fringes in the phase maps. The pulsed TV-

holography recordings show fewer fringes than the
LES simulation (see Figs. 10a and 10b), thus showing
an incorrectness in the LES model. Possible reasons
for this are the lack of a heat radiation model and a
too simple reaction kinetic model.

The changes of the flame during a 10-µs inter-
val are also different in the TV-holography record-
ings and the LES simulation; see Fig. 11. The dif-
ferential phase map calculated by ray tracing from
the LES simulation shows a turbulent pattern of den-
sity changes even in the laminar region of the flame.
The TV-holography recording on the other hand only
shows density changes in the central, turbulent core
and no changes at all in the laminar shield.

Pulsed TV holography is a nonintrusive full field
method suitable for studying flow fields in general and
for validation of LES modeling of a reactive jet. In
some parts the model is confirmed, in other defective-
nesses show up, in which they constitute and also give
a quantitative measure of the discrepancy.

The pulsed TV-holography method for validation
can be developed further to gain more quantitative in-
formation by combination with other methods, e.g.,
PIV. Another promising method is to combine pulsed
TV holography with the new method of defocused
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speckle photography [37], which is a method to obtain
quantitative data about phase objects such as flames
with nonuniform refractive index and thus density dis-
tributions.
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Abstract
Pulsed TV holography is an all-electronic version of pulsed holographic interferometry. Such a system was used to
study ignition of pre-mixed flammable gases. The object was recorded in its undisturbed and disturbed state followed 
by an evaluation of the changes in refractive index field between those two states. The essential components of the set-
up are an injection seeded, twin cavity double pulsed Nd:YAG laser and a CCD camera. A focussed laser pulse from
the same laser that was used for the recording of the digital hologram initiated the ignition of the pre-mixed gas. Results
from the recordings show the ignition process. From the experimental phase maps the refractive index of the gas
mixture could be determined. This method makes it possible to determine the proportion of components in a pre-mixed
flammable gas in situ.

Keywords: Pulsed TV holography; Holographic interferometry; Combustion; Ignition

1. Introduction
Holographic interferometry is an optical non-contacting, whole-field method where two or more wave fields from the
same object are compared interferometrically 1, 2. With this technique it is possible to measure optical path length
differences that may be caused by deformation of a solid object or refractive index change in a phase object along the 
light path. Traditionally, the recording media is photographic film, which needs chemical wet processing and optical
reconstruction. By using an electronic recording medium instead, these time consuming procedures are avoided, which
is a necessity for the technique to be accepted for industrial applications. Image-plane holograms are recorded directly 
on a CCD-detector. The reference beam is slightly off-axis and the interference phase difference between two
recordings of the object states is calculated using the Fourier transform method 3. This all-electronic technique is called 
Pulsed TV holography or Pulsed digital holography 4, 5 and has many applications. In ref. 6 a number of projections of a 
transient acoustic field has been recorded followed by a tomographic reconstruction. In combination with Digital
speckle photography (DSP), the interference phase can be restored in cases where the object is subjected to 
comparatively large in-plane translations or rotations. In-plane displacements of the order of thousand greater than the 
out-of-plane deformation to be measured are possible to compensate for 7.

The fast development of the computer capacity has made it possible to model complex processes, such as combustion
processes, with powerful numerical methods. Rapid (transient) changes in concentration, density, temperature etc in a 
combustion process can be expressed as changes in the refractive index, which can be measured with pulsed TV
holography technique. Models can therefore be validated by experiments using this technique. In this paper a versatile
laser system will be described and results from experiments on propane gas–air and pre-mixed propane gas – air are 
presented.

2. Injection-Seeded, twin Q-switched Nd:YAG laser
The laser used, Nd:YAG 8, is the most common solid state laser and it is suitable for scientific research applications as
well as for material processing, cutting etc. in industries. The laser is normally flash-lamp pumped and repetitively
pulsed. The fundamental wavelength of the laser emission is 1064 nm, but with the use of frequency conversion in non-
linear crystals, other wavelengths like 532 nm (frequency doubling), 355 nm (frequency tripling) etc. are possible.

If a double-pulse from one single Nd:YAG laser is emitted during a flash lamp cycle, the time separation between the
pulses is limited to about couple of hundreds of microseconds. An approach to avoid this limitation is to use two
independent Nd: YAG lasers which can be fired at any time separation. This solution is quite common in PIV (Particle
Image Velocimetry), where particles following the flow are imaged at two time instants. The displacement of the
particles is determined by a cross-correlation technique and hence the velocity by dividing with the time separation
between the pulses. To apply this attractive approach in holographic interferometry necessitates that the two lasers are

1
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mutually coherent. This is achieved by injection seeding both laser cavities through the rear semi-transparent mirrors
using a single longitudinal mode diode-pumped continuous Nd:YAG laser.
Our laser system is a twin model Spectron SL804T, see Fig. 1. Each laser channel comprising a single oscillator
(cavity) with a single power amplifier in series (O1, O2 and A1, A2 in Fig.1). The oscillators are configured with a
telescopic resonator with intracavity mode-controlling aperture. This gives rise to a true TEMoo spatial profile for 
spatial uniformity and coherence. Both oscillators can be either single pulsed or double pulsed and are injection seeded
through the semi-transparent rear mirrors (R1 and R2) using a 10mW CW diode pumped Nd:YAG ring laser (S). The
1064nm fundamental output from each laser is normally combined (in the beam combining cube (BC)), then frequency
doubled to 532nm (in the second harmonic generator (SHG)). Alternatively, each 1064nm beam can first be frequency
doubled and then the two green beams are combined. This approach allows flexible access to 532nm output beams with 
either the same or orthogonal polarisation, which in turn allows the coding of each beam spatially. As well as a green
output at 532nm, the laser can also be frequency tripled to 355nm (in the third harmonic generator (THG)). The 
maximum pulse energy is 200 mJ/pulse at 10 Hz for the green. The energy is stable from pulse to pulse and can be
controlled by changing the amplifier voltage and the Q-switch sync relative to the flash lamp sync. The pulse duration
is about 13 ns. The two lasers are optimised at 10 Hz each but can be operated between 5 Hz and 25 Hz. The time
separation between the two lasers can be set from zero to any time. Each laser can be double pulsed with time
separations ranging from 40 s to 200 s. For reliable seeding, it is necessary that the oscillators run repetitively. Stable 
single shot operation is not possible. Instead, fast solenoid-activated beam dump shutters allow access to a single,
stable, single-frequency pulse. By connecting a divider unit to the shutters, the repetition frequency of the emitted
pulses can be divided by 2, 4, 6 or 8. This enables recordings of repetitive double pulses at different rates.

Figure 1. Photo of the pulsed Nd:YAG laser. S: Nd:YAG seeding laser, R1-2: rear mirrors, O1-2: oscillators, A1-2: amplifiers, BC:
beam combining cube, SHG: second harmonic generator for frequency doubling (532nm), THG: third harmonic generator for
frequency tripling (355nm), BA: beam output apertures.

2.1 The CCD camera used for pulsed TV holography
The CCD camera is a PCO Sensicam double shutter with a detector containing 1024 x 1280 pixels of size 6.7 x 6.7 m.
The detector is Peltier-cooled to -12°C and the dynamic range is 12 bits, which enables the camera to be used at quite
low light levels. The camera is controlled from a computer via a fibre optic cable, which is insensitive to
electromagnetic transients. The camera is externally triggered and two images can be captured with 200 ns time
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separation. The exposure time for the first image is controlled by the user via the trigger signal duration and the second
is set by the read out time for the first (125 ms). If the laboratory is kept dark however, the exposure of the CCD
detector will be due to the laser pulses only. The camera is synchronised to the beam dump shutters of the laser via a
Stanford delay unit.

3. Experimental set-up and procedure 
The experimental set-up is shown in figure 2. Its principal components are an injection seeded, twin cavity double
pulsed Nd:YAG laser and a CCD camera. The laser system can provide pulses with time separation from zero up to any
time, and the CCD camera is used to record image plane holograms at different states of the object (the gas volume
above the nozzle (N)).

Light from the Nd:YAG laser is expanded by the plano-concave lens NL1 and collimated by the lens L1. The lens L3
images the phase object on the diffuser D, thus reducing the speckle motion caused by the deflection of light rays due to
changes of the refractive index gradient. This lens is also used to control the magnification of the object on the diffuser.
The diffuser is imaged on the detector by the lenses L4-L6. A rectangular aperture A in the imaging system reduces the
spatial frequencies to be resolved by the detector. A small portion of light is reflected at the plane surface of NL1 and is
used as the reference beam (R). The object beam (O) and the reference beam interfere on the CCD-detector. The part of 
the laser light (I) that is reflected by the beam-splitter BS in front of the laser is guided via mirrors and is focussed by
the lens L2 just above the nozzle thereby initiating the ignition of the pre-mixed gas.

The system enables us to compare non-burning gas flow with undisturbed air and burning gas with undisturbed air or 
burning gas at different short time intervals. In two different sets of experiments propane gas respective pre-mixed
propane gas were studied. One laser pulse was fired before the gas was let out giving a recording of undisturbed air in
the measuring volume. The next laser pulse was fired when the gas was flowing out from the nozzle. Recordings of two
different states of the object were compared interferometrically and a phase map was calculated showing the integrated
phase difference of the object light between the two states of the object. The expression for the phase difference is: 

= (2 / )* n dS (1)

where
 = the phase difference between the object light from two different states of the object

n = the change in refractive index between two states of the object 
S = the path of the object light

The Fourier transform method was used to calculate the phase difference and to display it as a phase map. The 
procedure is described in 4,6.

Figure 2. Experimental set-up. Nd:YAG: twin cavity-pulsed injection seeded Nd:YAG laser, M: mirror, NL1-2: negative lenses, L1:
collimation lens, L2-L3: positive lenses, L4-L6: lens system for imaging, D: diffuser, CCD: CCD camera, BS: beam-splitter, O:
object beam, R: reference beam, I: ignition beam, N: nozzle, GC: gas cylinder , A: aperture, CA: circular aperture.
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4. Results 
An initial experiment with propane gas was performed. Flowing non-burning propane gas (Re 2300) was compared to 
undisturbed air (nair=1.000279) and the value of the difference between their refractive indices in the volume close to 
the orifice of the nozzle was calculated. In that area the propane gas is almost not mixed with air and its refractive index
can be regarded as constant across the jet. The integral in (1) will then be equal to the inner diameter of the nozzle (4.0
mm) times the difference between the refractive indices of the propane gas and the air. Figure 3a shows a wrapped
phase map, modulo 2  of flowing propane gas compared with undisturbed air. The nozzle is placed in the middle of the 
lower part of the figure. By unwrapping, a continuous phase map can be obtained. Figure 3b shows a plot of the
unwrapped phase difference 1.6 mm above the nozzle. From the maximal phase difference (36.6 radians) the refractive
index difference was calculated to be 7.75*10-4. This gives a refractive index of the propane gas npropane=1.001054.
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Figure 3. (a) Wrapped phase map showing the difference between flowing propane gas (Re 2300) and undisturbed air. (b)
Plot of the unwrapped phase map of fig. 3a, 1.6 mm above the nozzle.

The gas is set on fire, now at a Re=10 000, thus the jet is turbulent, see figure 4. The gas starts burning about 15 mm
above the orifice of the nozzle. Observe the smooth fringes outside the core, indicating a laminar zone, with increased
temperature. Because the gas is not pre-mixed the central core of the jet is not burning. In ref. 9 Large Eddy Simulations
(LES) are used to simulate interference patterns using ray-tracing10. By comparison to experimentally obtained phase
maps validation of the LES-model can be carried through.

Figure 4. Wrapped phase map showing a turbulent propane–
air jet diffusion flame (Re=10 000) compared to undisturbed
air.
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In another set of experiments pre-mixed propane gas was studied. A nozzle with an inner diameter of 10.6 mm was used 
to generate the pre-mixture. Figure 5a shows a phase map of non-burning gas. The flow direction is about 35 degrees to
the horizontal. Figure 5b shows a phase map 1ms after the ignition pulse. The ignition process has just started in an
irregular manner. In figure 5c (2ms after the ignition) the gas is burning from the outlet of the nozzle. The unwrapped
phase maps of the flowing gas (fig. 5a) and the burning gas (fig. 5c) are shown in figure 6a and 6b respectively. The
phase is increased in the jet in fig. 6a since the density of the pre-mixed propane is lager than the density of air. When
the pre-mixture is burning the phase is decreased due to the rise in temperature, see figure 6b.
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Figure 5. Wrapped phase maps of (a) flowing pre-mixed propane gas
compared to undisturbed air, (b) ignition of the pre-mixture compared
to undisturbed air 1ms after the ignition pulse was fired and (c) 
burning pre-mixture compared to undisturbed air 2ms after the 
ignition pulse was fired. The ignition pulse was focussed 15 mm from
the nozzle.
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Figure 6. (a) Plot of the unwrapped phase map of fig. 5a, 0.35 mm from the nozzle. (b) Plot of the unwrapped phase map of fig. 5c,
0.35 mm from the nozzle.
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If a gas is pre-mixed it is possible to determine the proportion of the gas respective the air in the mixture if their
refractive indices and densities are known or can be measured. For a specific gas (index i) the Gladstone-Dale constant2
is:

i

i
g

nC
i

1
  (2)

where ni=the refractive index of gas i and i= the density of the gas i

The corresponding relation for a mixture of gases11, 1 is found to be:

k

i
ii
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gii
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Md

CMd
C

i

1

1  (3)

where di=the molar proportion of gas i, Mi=the molecular weight of gas i, and k=the total number of gases in the
mixture.

The n between the pre-mixed propane gas and undisturbed air can be calculated via (1) in the same manner as in the
experiment with propane gas. By combining this result with (2), (3), using the calculated npropane, the proportion of the 
propane gas in the pre-mixed state can be determined. The proportion was found to be 5%, which is close to the
stoichiometric condition.

5. Conclusions 
From phase maps, differences in refractive index between a laminar flowing gas and ambient air can be determined in
situ. The proportion of propane in pre-mixed propane-air gas was also possible to determine using the same method
combined with the Gladstone-Dale equation. With the technique of pulsed holographic interferometry transient events
such as ignition was studied.
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Abstract

This paper presents studies of the propagation of a high-speed turbulent flame jet of an air/

hydrogen gas mixture. The experimental results are recorded with the schlieren and the pulsed

TV holography method. These methods are compared and combined to benefit from the

advantages of each of them. Abel inversion has been used to achieve three-dimensional

information i.e. refractive index distributions. Evaluation, calibration and Abel inversion

algorithms are described together with experimental results. The results obtained from the

different techniques show remarkable similarities concerning both qualitative and quantitative

aspects.

r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Diagnostics of flows encountered in combustion and fluid mechanics is a
challenging problem. Over the years, almost innumerable sensors and experimental
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techniques have been developed for this purpose [1]. Since it is almost impossible to
use a sensor that needs to be in some kind of contact with a reacting flow without
disturbing it, non-intrusive (mainly optical) techniques presents an attractive
alternative.

The majority of the optical methods which are used for combustion diagnostics
were initially demonstrated 30 years ago or more. However, due to recent
development of more and more advanced light sources, sensors and computer-
based techniques for evaluation of optical measurements, the methods becomes more
and more feasible. The methods can be classified into

� Light deflection techniques, e.g. shadow and schlieren imaging [2,3],
� Interferometrical techniques, e.g. LDV—Laser Doppler Velocimetry, Twyman-

Green and similar interferometers, holographic and speckle interferometry [4,5],
� Correlation techniques, e.g. PIV—Particle Image Velocimetry, ESP—Electronic

Speckle Photography [6] and
� Spectroscopical techniques, e.g. LIF—Laser Induced Fluorescence, Raman and

Rayleigh scattering, CARS—Coherent anti-Stokes Raman Scattering, etc. [7].

All of these techniques have their merits and special application areas. The
deflection, speckle and interferometrical techniques (besides LDV) are sensitive to
changes of index of refraction which is closely related to density changes, LDV and
PIV are velocity measurement techniques while spectroscopical techniques are
mainly used for concentration and temperature measurements.

Interferometry and schlieren techniques were the first optical techniques used in
the study of fluids. Both of these methods have their advantages and disadvantages.
Interferometry gives best quantitative values. However, the result is usually given as
phase maps, i.e. wrapped mod(2p), which presents an often unsolvable inversion
problem, the so-called ‘‘unwrapping problem’’. Another problem is the ‘‘speckle
noise’’ due to the coherent light source. Schlieren can be made more sensitive and is
superior as regards detection of small, dense variations (i.e. first derivatives) which
can be hard to distinguish in an interferogram. One major problem with schlieren
systems is the difficulty to quantify the results. The evaluation is based on
measurement of contrast values over the images, which usually are influenced by
noise, detector nonlinearities, diffraction and shadowing effects. A common
disadvantage for both methods is that they give integrated results. To evaluate the
true 3D refraction distribution, tomographic methods have to be used, except for
some special situations. One is for very thin objects; another is for axially symmetric
objects where Abels integral equation can be used.

One way to circumvent this problem is to calculate 2D-projections from
theoretical predictions and compare with measured 2D-projections. In [8] Large
Eddy Simulations (LES) were used to simulate interference patterns and schlieren
images of the flame dynamics of turbulent propane-air jet flames using ray-tracing.
By comparison to experimental schlieren images and phase maps obtained from
pulsed TV holography, quantitative and qualitative (by counting fringes) validation
of the LES-model could be carried through.
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Quantified measurement of temperature and other properties of gases have been
done with schlieren by introduction of Ronchi gratings, threads or other filters in the
optical path [9]. One example is the rainbow schlieren system used by Agrawal et al.
[10] where a continuously graded spectral filter is used to create colour schlieren
images. To achieve 3D-resolution, Abel inversion has been used [11]. Similar
approaches (i.e. Abel inversion of measured data) have also been used for
shadowgraphy [12], speckle photography [13] and shearing interferometry [14].
More examples can be found in Refs. [2–6].

An example on combination of different techniques is given by Kafki et al. [15],
who used a basic telescopic setup, modified to perform comparisons and combined
operation of a moire deflectometer, a Fizeau interferometer and a schlieren device.
The methods were then combined to benefit from the advantages of each method.

In this paper it will be demonstrated how schlieren and interferometry can be
combined in order to utilize each techniques advantage. Evaluation, calibration and
Abel inversion algorithms for this purpose will be described. By comparing the
techniques, their shortcomings and benefits also become evident.

The evaluation techniques have been tested on an experiment performed where a
high-speed turbulent flame jet was studied. In this case the jet flame was formed
when the combustible mixture (hydrogen/air) inside a cylindrical cavity was ignited
and the hot gases therein were expanded out through the orifice. The speed of the jet
flame can be varied by modifying the size of the orifice, and the purpose of this
device is to ignite the mixture in the region outside of the cavity. Compared to
ordinary spark plugs this device has several advantages, e.g, it makes it possible to
obtain leaner combustion and thereby reducing the emissions of NOx. Furthermore,
since it has been shown that high-speed combustion product jet flames can be used to
initiate detonations in media which are otherwise hard to detonate [16] this device is
also of direct interest for use in the pulse detonation engine [17]. In this context it can
be used in several different ways, and the evaluation techniques that have been tested
can be used to determine an ‘‘optimal’’ design of the ignitor for use in the pulse
detonation engine, e.g. the relationship between the volume of the cavity and the
area of the orifice that produces the fastest burning of the media external to the
ignitor.

2. Theory

In Fig. 1 a typical schlieren system is shown. Collimated white light from a slit
aperture, is deflected by optical inhomogenities introduced in the light path. The
schlieren effect is produced by a knife-edge placed in the back focal plane of the
second schlieren lens. Compared to an undisturbed light path, some of the light that
was blocked away will now pass the edge and vice versa.

Schlieren imaging is sensitive for deviations taking place perpendicular to the knife
edge orientation. Suppose that the edge is oriented in the x-direction, and that the
light propagates in the z-direction, see Fig. 1. (For reasons of simplicity, in the
following all derivations are limited to deviations in the y-direction. Extensions to
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the x-direction are trivial). The deviation in the y-direction �y due to changes of the
refraction index n � 1, can be estimated to [2,3,6]

�yðyÞ ¼
1

n0

Z L

0

qnðy; zÞ
qy

dz, (1)

where L is the total optical path length and n0 is the ambient refraction index. The
deviation is proportional to the image contrast C according to [3]

CðyÞ ¼ EðyÞ � E0ðyÞ
E0ðyÞ

¼ f 2
h
�yðyÞ, (2)

where E and E0 are the illuminances for images with and without the inhomogenity
present, f 2 is the focal length of the second schlieren lens and h is the height of the
illuminated focal area which is not blocked away by the edge.

In interferometry, the difference in optical pathlength DL along the y-direction is
measured according to [4,5]

DLðyÞ ¼ l
2p

fðyÞ ¼
Z L

0

ðnðy; zÞ � n0Þdz, (3)

where f is the phase and l is the wavelength of the light.
The relation between the interferometric and schlieren measurement can be found

by integrating Eq. (1) along the y-direction and changing the integration order and
combining it to Eq. (3),

Z y

0

�yðyÞdy ¼ 1

n0

Z y

0

Z L

0

qnðy; zÞ
qy

dzdy ¼ 1

n0

Z L

0

Z y

0

qnðy; zÞ
qy

dz dy

¼ 1

n0

Z L

0

ðnðy; zÞ � n0Þdz ¼
1

n0

l
2p

fðyÞ, ð4Þ

that is

n0

Z y

0

�yðyÞdy ¼ l
2p

fðyÞ, (5)
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Fig. 1. Schlieren system, the deflection angles are very exaggerated.
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which can be used to calibrate the schlieren measurements if the phase change is
measured using interferometry.

In the case of axial symmetry the Abel transform [18] can be used to evaluate the
3D-refraction index field. If Eqs. (1) and (3) are transformed to cylindrical
coordinates, then

�yðyÞ ¼
2

n0

Z R

y

qnðrÞ
qr

rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � y2

p dr (6)

and

DLðyÞ ¼ l
2p

fðyÞ ¼ 2

Z R

y

ðnðrÞ � n0Þ
rffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 � y2
p dr. (7)

These equations have inversions,

nðrÞ � n0

n0
¼ � 1

p

Z R

r

�yðyÞ
dyffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � r2

p (8)

and

nðrÞ � n0 ¼ � l
2p2

Z R

r

dfðyÞ
dy

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � r2

p . (9)

These functions have to be numerically calculated. The evaluation involves two
main difficulties: the singularity for y ¼ r and the differentiation of noisy empirical
data. A comparison of different numerical methods for calculating the Abel
transform and other one-dimensional tomographic methods can be found in [19]. A
common method is based on making a parabolic approximation of the empirical
function f(y) [4,20]. Another approach is to use a fast Fourier transform based
inversion technique [21]. However, here this is done by a variant of the ‘‘three-point
Abel deconvolution’’ [19], by dividing the integral into partial sums,

Z R

r

f0ðyÞ dyffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � r2

p ¼
XR
ri¼r

Z riþ1

ri

f0ðyÞ dyffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � r2

p , (10)

where f0ðyÞ ¼ dfðyÞ=dy and riþ1 ¼ ri þ Dr. The singularity is avoided by Taylor
expanding and integrating the partial sumsZ riþ1

ri

f0ðyÞ dyffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � r2

p � ~f
0ðriþ1=2Þ ln yþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � r2

p� �h iriþ1

ri
, (11)

where ~f
0ðriþ1=2Þ is an estimate of the derivative around riþ1=2 ¼ ri þ Dr=2, and

f0ð0Þ ¼ 0 by definition since the Abel transform is an even function.
The estimate of the derivative is found using the Savitzky–Golay technique of

simplified least squares [22,23], which is based on performing a least squares linear
regression fit of f(y) to a polynomial of degree p4k over at least pþ 1 data points
around each point to smooth the data. The derivative of order k is then estimated as
the kth derivative of the fitted polynomial at each point (for k ¼ 0 a smoothed curve
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is achieved). In the case of interferometry the first derivative is estimated, in the case
of schlieren, the ‘‘zeroth’’ derivative is estimated.

One disadvantage for interferometry is that the phase change is usually achieved
mod(2p), i.e. wrapped, which has to be unwrapped. Suppose that the real phase
change is fðyÞ. The wrapped phase ~fðyÞ is

~fðx; yÞ ¼ fðx; yÞ þm2p, (12)

where m is an integer. The goal for the unwrapping is to find out which m should be
added to different parts of the phase map. However, to find the Abel transform, the
phase map does not have to be unwrapped. This is achieved by writing the derivative
of expðifÞ in two different ways [24],

dðeifÞ
dy

¼ i
df
dy

eif ¼ d

dy
ðcos fþ i sin fÞ

) df
dy

¼ ðdðcos fÞ=dyÞ þ iðdðsin fÞÞdy
� sin fþ i cos f

¼ cos f
dðsin fÞ

dy
� sin f

dðcos fÞ
dy

. ð13Þ

Now, even if ~faf, cos ~f ¼ cos f and sin ~f ¼ sin f, i.e.

df
dy

¼ cos ~f
dðsin ~fÞ

dy
� sin ~f

dðcos ~fÞ
dy

(14)

and

d2f
dy2

¼ cos ~f
d2ðsin ~fÞ

dy2
� sin ~f

d2ðcos ~fÞ
dy2

. (15)

That is, if the sine and the cosine of the wrapped phase map are Savitzky–Golay
filtered, Eqs. (14) and (15) can be used to find out the derivatives, which in turn can
bee used to calculate the Abel transform or directly integrated to unwrap the phase.

In the schlieren experiments, one reference (background) image B0 is recorded
before ignition (but after the filling of gases), and a second image B at varied times
after ignition. Using image processing, an estimate of the contrast image is then
calculated to

~C ¼ B� B0

B0
. (16)

Using Eq. (2) and knowing the focal length and edge area, quantitative values for the
deviation could now be calculated which in turn could be integrated to find out the
integrated refraction index according to Eq. (5). However, the recording process is
far from ideal, nonlinearities and other influences will make quantification difficult.
As is well known, when integrating experimental data, even small influences will
deteriorate the result. In our case, due to the boundary conditions, the total phase
change when integrating cross the jet flame should equal zero (since the integral goes
from and back to an undisturbed background). The standard method for
considering this is to subtract the mean value from the integral, but this is not
applicable here, since we have a contrast image where the zero level is quite certain
(i.e. ~C ¼ 03C ¼ 0). The following model can be used, which fulfills the conditions.
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Suppose that the effect of the influences can be modeled by

CðyÞ � a1 ~CðyÞ þ a2j ~CðyÞj, (17)

where |..| denotes the absolute value.
The mean value of C across the jet flame should be zero, i.e.

C̄ � a1 ~C þ a2j ~Cj ) a2

a1
¼ �

~̄C

j ~̄Cj
, (18)

where the top bars denote average values across the y-direction. By combining Eqs.
(2) and (18), the result becomes

�y ¼
h

f 2
CðyÞ � k ~CðyÞ þ a2

a1
j ~CðyÞj

� �
, (19)

where the constant k ¼ a1h=f 2 has to be found out by calibration e.g. with
interferometrical data.

The variation of refraction index depends on the gases involved, pressure and
temperature. For gaseous media the index of refraction is mainly decided by the
density according to [2,4–6]

ðn� 1Þ=r ¼ K , (20)

where n is the index of refraction, r is the density and K is the Gladstone-Dale
constant, which depends on the type of gas and the wavelength of the light. For a gas
mixture, the Gladstone-Dale constant

K ¼
Xk
i¼1

YiKi, (21)

where Yi is the mass concentration and Ki is the Gladstone-Dale constant for gas i.

3. Experimental set-up

The combustion rig used (see Fig. 2) is made of stainless steel with a quadratic
cross section (60� 60mm2). It is modularly designed, where each module is 210mm
long. All modules are prepared with inputs, which can e.g. be used for gas inlets and
outlets, spark plugs to ignite combustion, and to attach pressure gauges and other
sensors. One module is prepared for optical measurements, having circular
observation windows on each side, where the transparent part has a 40mm
diameter. In the experiment described here, one of the windows is replaced by a
spark plug socket. The spark plug is mounted in a cylindrical cavity with a small
exhaust hole, see Fig. 3. Three pressure gauges are used. One measures the pressure
inside the cylindrical cavity (gauge 1), while the other two (gauges 2–3), measures the
pressure outside the cavity.

The rig is filled with a stoichiometric air/hydrogen gas mixture. After ignition an
overpressure is built up in the cylindrical cavity, giving rise to a jet flame which
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Fig. 2. The combustion rig is composed of two standard modules (2 parts at left) and one measuring

module (at right) with observation windows. In the configuration shown in the figure, pressure gauges and

a spark plug is attached.
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Fig. 3. Ignition cavity.
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propagates through the exhaust hole. The jet flame is studied using schlieren and
holographic interferometry. The time interval between start of ignition and image
recording was varied in a series of tests. In Fig. 4 a typical pressure registration is
shown.

The reaction is described by

2H2 þO2 þ 3:74N2 þ 0:04Ar ! 2H2Oþ 3:74N2 þ 0:04Ar;

where the mass fractions (Y) for the original mixture are

YH2
� 2:8%;YAir � 97:2%ðYO2

� 22:4%;YN2
� 73:6%;YAr � 1:1%Þ

and for the reaction products

YH2O � 25:3%;YN2
� 73:6%;YAr � 1:1%:

Using Eq. (21), the mixing properties become according to Table 1.
The schlieren system, see Fig. 1, has two identical aspherical lenses with diameter

110mm and focal lengths f 2 ¼ 800mm. The light source is a Xenon flash lamp that
emits light pulses of 100mJ during 3 ms. A red filter is placed in front of the light
source to avoid chromatic aberration. The images were recorded by an electronic
digital camera with resolution 2000� 1312 pixels, giving an image resolution of
45 mm/pixel.
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The interferometrical measurements were performed using an all-electronic
version of holographic interferometry called pulsed TV holography [25,26]. The
experimental set-up that has been used is shown in Fig. 5. Its principal components
are a double-pulsed Q-switched ruby laser which can provide double pulses with time
separation from 1 ms up to 800 ms and a CCD camera (PCO Sensicam, 1024� 1280
pixels, each of size 6.7� 6.7 mm2 giving an image resolution of 37 mm/pixel) used to
record image plane holograms at different states of the object (the jet flame). The set-
up enables us to compare burning gas with undisturbed air or gas, burning gas at
different short time intervals and non-burning gas flow with undisturbed air.

Laser light with a wavelength of 694 nm is emitted by the double-pulsed ruby laser,
RL. The duration of the pulse is about 30 ns. The main part of the emitted laser light
is expanded by the plano-concave lens NL1, collimated by the lens CL and thereafter
propagated through the phase object inside the rig, RI, and constitutes the object
light, O. The lens PL images the phase object onto the diffuser D, thus reducing the
speckle motion caused by the deflection of light rays due to changes of the refractive
index gradient. This lens is also used to control the magnification of the object on the
diffuser. The diffuser is imaged onto the CCD detector by the lens system LS. A
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Table 1

Properties of involved gas mixtures

Mixture Gladstone-Dale

constant (m3kg)

Density (kg/m3) Refraction index

NTP,(n�1)

Original (H2/air) 2.60� 10�4 0.94 2.44� 10�4

Reaction products (H20/N2) 2.37� 10�4 1.10 2.60� 10�4

CL

M

NL1

RI

M

CCD

M

M

RLD
PL

BS

R

O

A

LS

NL2

CA

Fig. 5. Experimental set-up, view from above. A: Rectangular aperture, B: Beam-splitter, CA: Circular

aperture, CCD: CCD-detector, CL: Collimation lens, D: Diffuser, LS: Lens system, M: Mirror, NL1-2:

Negative lenses, O: Object beam, P: Positive lens, R: Reference beam, RI: Rig, RL: Double-pulsed ruby

laser.
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small portion of light is reflected at the plane surface of NL1 and is used as the
reference light R. The object light and the tilted reference light interfere at the CCD-
detector. A rectangular aperture A in the imaging system reduces the spatial
frequencies to be resolved by the detector.

ARTICLE IN PRESS

Fig. 6. Schlieren image (left) and interferometric phase map (right) 700ms after ignition start.

Fig. 7. Schlieren image (left) and interferometric phase map (right) 800ms after ignition start.
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Two different states of the object are compared interferometrically and a phase
map [25,27] is calculated, by using the Fourier transform method [28], representing
the integrated phase difference in optical path length mod(l), where l ¼ 694 nm is
the laser wavelength.
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Fig. 8. Schlieren image (left) and interferometric phase map (right) 900ms after ignition start.

Fig. 9. Schlieren image (left) and interferometric phase map (right) 1000ms after ignition start.
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4. Experimental results

In Figs. 6–9 some experimental results are shown, showing schlieren contrast
images and wrapped interferometric phase maps recorded at equal times
(700–1000 ms) after start of ignition. Even if the combustion process is not fully
reproducible, the images show striking similarities. The pressures inside the
cylindrical cavity at the times of recording are given in Table 2.
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Table 2

Measured pressures inside the cylindrical cavity at the times of recording

Time (ms) Pressure schlieren (kPa) Pressure interferogram (kPa)

700 125 123

800 146 155

900 166 157

1000 159 159

cross section (mm)
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Fig. 10. Resulting profiles after calibration.
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Figs. 6–9 show the jet flame propagation at different instants. A white spot is
clearly seen in the phase map in Fig. 6 which is probably a projection of a vortex ring
(a so-called smoke ring). In the schlieren image it is not obvious that it is a ‘‘smoke
ring’’ that appears, while the edges of the jet flame, which are invisible in the
interferogram, are clearly distinguishable. This demonstrates the advantages and
disadvantages of the methods, i.e. the ability of schlieren to detect small gradients
and of interferometry to detect small differences in pathlength. In Fig. 7 a jet flame is
visible in both the schlieren image and the phase map. The jet flame has started to
ignite the surrounding gas mixture. The ignited area shows a turbulent structure.
There is a gap in the lower section of the jet flame in the phase map that is not seen in
the schlieren image. The ‘‘smoke ring’’ is still visible and has propagated further. In
Fig. 8 the ignited area is expanded and has reached the top of the observation
window and its upper section is burning in a turbulent manner. The ‘‘smoke ring’’ is
no longer visible. In Fig. 9 the burning area has grown even further and the turbulent
structure is intensified. A plume is seen at the top of this region that might be caused
by reflections inside the rig. The jet flame is shorter and wider.

The schlieren images were calibrated according to Eqs. (5) and (19) by comparing
the refraction index difference in the unwrapped phase map with the integrated
schlieren images for the lower 4mm part in the jet flame (i.e. below the turbulent
part) after 900 ms. The maximum values of the pathlength differences along the jet
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Fig. 11. Integrated schlieren image (left) and unwrapped phase map (right) 700 ms after ignition start. The

colorbar shows the pathlength difference in meter.
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flame were least-square fitted to each other. The relative spread of the calibration
was 3.8% (one standard deviation). Fig. 10 shows the calibrated profiles. In
Figs. 11–14, the integrated schlieren images and unwrapped phase maps are shown.
The colorbars should be interpreted as reduction of refraction index. If the
integrated schlieren and unwrapped phase maps are compared, the results are similar
both as regards magnitude of path differences and jet flame shape. In Fig. 11 e.g. the
white spot is now clearly seen in the integrated schlieren image as well as in the
unwrapped phase map.

Using these results, the radial profile of the refraction index for the lower (axially
symmetric) part of the jet flame was evaluated using Abel inversion according to
Eqs. (8)–(11). Fig. 15 shows the mean values of the radial refractive index between
0–10mm up to 4mm above the outlet of the jet flame calculated from the schlieren
and pulsed TV holography results 800 and 900 ms after ignition start. Even here the
results are similar for both schlieren and interferometric measurements. However,
the schlieren measurement gives less change in refraction index, the lower peaks seem
to be topped off. This cannot be explained by the small difference in image
resolution, but is probably due to the better ability of interferometry to resolve small
changes in optical pathlength.
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Fig. 12. Integrated schlieren image (left) and unwrapped phase map (right) 800 ms after ignition start. The

colorbar shows the pathlength difference in meter.
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The densities can now be calculated using Eq. (20) and Table 1, if it is presumed
that the gas inside the flame is fully combusted,

r ¼ n� 1

K
¼ Dnþ nH2=Air � 1

KH2O=N2

¼ Dnþ 2:44� 10�4

2:4� 10�4
. (22)

If constant pressure is assumed across the jet flame, the corresponding
temperatures can be estimated from the ideal gas law,

T ¼ r0
r
T0 ¼

2:61� 10�4

ðDnþ 2:44� 10�4ÞT0, (23)

where T0 ¼ 293K is the ambient temperature. The uncertainty of the temperature
estimate uT becomes very sensitive to the measurement uncertainty uDn of the index
of refraction change according to

uT � dT

dðDnÞ

����
����uDn ¼ 2:61� 10�4T0

ðDnþ 2:44� 10�4Þ2 uDn. (24)

In Fig. 16 the relation between temperature and refraction index change, including
limits for 5% uncertainty of refraction index change is shown. As can be seen, for
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Fig. 13. Integrated schlieren image (left) and unwrapped phase map (right) 900 ms after ignition start. The

colorbar shows the pathlength difference in meter.
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Fig. 14. Integrated schlieren image (left) and unwrapped phase map (right) 1000ms after ignition start.

The colorbar shows the pathlength difference in meter.
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Fig. 15. Cross sections of the refractive index fields, calculated from the schlieren and pulsed TV

holography results using the Abeltransformation. The profiles are obtained from data 800 ms (left figure)
respectively 900ms (right figure) after the ignition start.
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high temperatures even small uncertainties give rise to large temperature estimation
uncertainties. In the centre of the flame, the measurements give a Dn � 2:0� 10�4

resulting in a temperature of approximately 1700K. A typical uncertainty for
interferometrical measurements is around �5%, resulting in a temperature
uncertainty between 1400 and 2000K according to the figure.

5. Conclusions

The propagation of a high-speed turbulent flame jet of an air/hydrogen gas
mixture has been studied with the schlieren and the pulsed TV holography method.
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The methods have been compared and combined. These techniques have still a great
potential of development although they have been used during a long period of time.
This is mainly due to the development of improved equipment such as electronically
detectors and light sources and the access to high performance computer-based
evaluations.

One advantage with the schlieren method compared to the pulsed TV holography
method is that obtained gradients are smoother and contains less speckle noise.
However, the schlieren results can be calibrated using interferograms generated by
pulsed TV holography. In spite of these facts we have shown that a lot of
information can be extracted from the measurements. At different time instants after
ignition schlieren contrast images and integrated schlieren images are compared to
wrapped respectively unwrapped interferometric phase maps. The schlieren images
have been calibrated by the interferometric phase maps. Results from comparisons
between profiles of refractive index fields, achieved from the two different methods
using the Abel inversion, are also outlined.

Although the combustion process is not fully reproducible the results obtained
from the two different methods show striking similarities and the results are expected
to be useful for validation of numerical models describing the combustion process.
Hence our intention is to continue this project with further combustion experiments
as well as development and evaluation of CFD-models, using ray-tracing, to describe
the combustion process. The experimental methods used for validation can be
developed further to get more quantitative information from combustion processes
and ignition events by combining with other methods. A promising method is to
combine pulsed TV holography with the new method of defocused speckle
photography [29], which is a method to obtain quantitative data about phase
objects such as flames with non-uniform refractive index and thus density
distributions.
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Abstract

Pulsed TV holography and laser Doppler vibrometry (LDV) are non-destructive and non-

contacting methods useful in the testing of mechanical properties in a wall separating two

media. This paper presents comparative studies of transient, propagating bending waves in an

impact-loaded thin aluminium wall of a box, and acoustic waves generated in the water inside

the box using the two mentioned methods. Besides being evaluated and compared, the results

were used to investigate qualities of the methods for the specific applications. The measured

wave propagations obtained from the two methods are consistent regarding both amplitude

and phase. Further, transient pressure fields in the water have been computed from the pulsed

TV holography measurements. Since none of the two methods are capable of providing both

temporal and spatial information simultaneously, they complement each other.

r 2005 Elsevier Ltd. All rights reserved.

Keywords: Pulsed TV holography; Laser Doppler vibrometry; Bending waves; Acoustic waves; Abel

inversion; Pressure fields

1. Introduction

Mechanical energy transferred to different media is of general interest to study
experimentally. This paper presents experimental studies of mechanical energy
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transferred to an aluminium plate and the medium surrounding it. The plate was
impacted by a pendulum and, thereby, initiating bending waves in the plate and
acoustic waves in the ambient medium. To obtain quantitative and relevant
measurement data from the wave propagations caused by the impact, non-
contacting and non-intrusive methods with high spatial and temporal resolution
are preferable. Today, two optical methods are available for recording this type of
transient event. One of these methods is pulsed TV holography [1,2] which is a
spatial field method used to record snap shots of an event. The other method, laser
Doppler vibrometry (LDV) [3] is a temporal point measurement method. Its
principle of operation is based on detecting the Doppler frequency shift caused when
coherent light is scattered from an object.

In most published studies of transient bending wave propagation in plates and
shells, air has been on both sides of the plate/shell. In Ref. [4–6], hologram
interferometry with a ruby laser (RL) as light source was used to study the
propagation of transient bending waves in plates of different materials surrounded
by air. A review of optical methods, including LDV and pulsed TV holography for
visualising sound fields in musical acoustics is presented in Ref. [7]. Acoustical wave
propagation in different media is presented in Ref. [8]. In Ref. [9] an LDV was used
for underwater acoustic measurements. It was demonstrated that LDV offers an
alternative to traditional techniques to measure underwater acoustic pressure and
the motion of a thin vibrating surface. In the references above it is clearly shown that
these techniques are suitable for measuring transient events in solids, fluids and
gases. However, they do not give full information in space and time, simultaneously.
More refined techniques are therefore needed.

The purpose of this work is to present studies of transient bending waves in an
impacted thin aluminium plate, that is one side of a box, and acoustic waves in the
water inside the box using pulsed TV holography and LDV. These waves were
recorded at different short times of propagation when no reflections from the
boundaries were present. The results obtained from the two methods have been
evaluated and compared in each case and also used to investigate the qualities of the
methods. Out-of-plane displacements in the plate were measured when the box
contained air and water separately. Optical path length changes caused by the
impact-induced pressure waves in the water inside the box were also measured. It is
reasonable to assume that the acoustic waves in the water are rotationally symmetric
around a line normal to the plate. Thus, Abel inversion [10] was used to calculate the
3D refractive index change and, hence, the pressure field in the water.

2. Experimental set-up and procedures

Fig. 1 shows the box used in this work. Its internal dimension is cubic (edge size of
25 cm) and it contained air or deionised water. One of its sides constitutes a thin
isotropic aluminium plate (0.7-mm-thick), whereas the other sides are made by glass
(4-mm-thick). The bending waves in the plate and the acoustic waves in the water
inside the box were generated by impacting the centre of the plate with a pendulum.
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The impact was shown to be repeatable which is necessary for the experiments in this
work. An accelerometer (Brüel & Kjaer, model 4393) was attached on the pendulum
(total mass 5.6 g) to register the impact start on the plate. The release of the
pendulum was controlled by an electromagnet, and the velocity of the pendulum was
measured just before it impacted the plate by measuring (with an oscilloscope) the
time for a thin strip attached to the pendulum to pass an He–Ne beam.

2.1. Pulsed TV holography set-up

The pulsed TV holography set-ups are shown in Fig. 2. The set-up in Fig. 2a is
used to record bending waves in the plate, while that in Fig. 2b records acoustic
waves in the water. The medium in the box was: (a) air or water, (b) water.
The origin of the coordinate system is attached to the impact point on the plate in
each case.

Laser light with a wavelength of 694 nm is emitted by the double-pulsed RL. The
pulse duration is about 30 ns. Most of this light is expanded by the plano-concave
lens NL1 and collimated by the lens L1. The light is then scattered either at the
aluminium plate of the box (a) or at the retro-reflected painted screen S (b). The lens
system L2 images the object onto the CCD-detector (PCO Sensicam double shutter,
1280� 1024 pixels, each of size 6.7� 6.7 mm2), connected to a PC via a framegrabber
card, through two beam splitters. This light is customary denoted the object light O.
A small portion of light is reflected at the plane surface of NL1 as the reference light
R. The object light and the tilted reference light interfere at the CCD-detector and
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Fig. 1. Photograph showing the box and the pendulum arrangement. The outward side of the aluminium

plate of the box is painted white.
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are recorded as a digital image plane hologram. This hologram is then transferred to
and further analysed in a computer. A rectangular aperture A (2.0� 7.0mm) in the
imaging system reduces the spatial frequencies to be resolved by the detector.

In one experiment, two states of the object recorded at different time instants are
compared. The phase difference between the two object light fields is then calculated
using the Fourier transform method [11] and displayed as a phase map. The
expression for the phase difference Df is

Df ¼ 2p
l

DL, (1)

where l is the laser wavelength and DL is the change in optical path length. If the
phase change is a result of a deformation of a solid object, then DL ¼ nDx, where n is
the refractive index of the medium and Dx is the geometrical path length difference
(in our case, two times the out-of-plane displacement). Here, a constant phase
represents contours of equal deformation amplitude. For a transparent object

DL ¼
Z s2

s1

ðnðxðsÞ; yðsÞ; zðsÞÞ � noÞds, (2)

where no is the refractive index of the object in the initial state and nðxðsÞ; yðsÞ; zðsÞÞ is
the refractive index in the deformed state of the object along the path of the object
light, s. Thus, a constant phase represents contours of equal change of the integrated
refractive index along the light path.

For successful automated unwrapping of a phase map it should contain little noise
and the fringes should not be too dense (o50 fringes over the field of view for the
present detector). When using the double-pulsed ruby laser, this corresponds to a
maximum out-of-plane displacement of about 20 mm for a solid object (amplitude
object). The minimum deformation that can be determined is about 71/10 of a
fringe, corresponding to an out-of-plane displacement of approximately 735 nm.
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Fig. 2. Top view of the pulsed TV holography set-ups. The set-up in (a) is used for recording bending

waves in the aluminium plate of the box, while the set-up in (b) is used to record acoustic waves

propagating in the water inside the box. Legend: A—aperture, B—box, BS1-2—beam splitters, CA—

circular aperture, CCD—CCD-camera, L1—collimation lens, L2—lens system, M—mirror, NL1-2—

negative lenses, O—object light, P—aluminium plate, PH—impacting pendulum head, R—reference light,

RL—ruby laser and S—screen.
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2.2. LDV set-up

The LDV system used is a Polytec Scanning Laser Vibrometer, PSV 300 F/H. It is
basically a heterodyne interferometer that uses a continuous wave He–Ne laser
(wavelength 632.8 nm) and a frequency shift of 40MHz. The system measures the
rate of change of the optical path length caused by disturbances in the object. It can
be operated in the time domain mode, as in this work, or the FFT mode. Hence, the
time history of the rate of change of the optical path length from an experiment was
recorded. The LDV was trigged by the sharp flank of the accelerometer signal caused
by the impact of the plate. Since LDV is a point measuring method and a field
measurement is most often desired, the vibrometer has to scan the laser beam over
the area of interest. To initiate a scanning, a set of measurement points on the object
is chosen. The impact is repeated until the LDV has performed a measurement in
each of the selected points. According to the manufacturer’s manual, the LDV
system is capable of measuring vibrations with frequencies up to 1MHz, necessary to
capture short rise times of acoustic waves moving at a speed of about 1500m/s.

The expression for the rate of change of the optical path length ðdðDLÞ=dtÞ for a
solid object is

dðDLÞ
dt

¼ n
d

dt
ðDxÞ. (3)

The expression for the rate of change of the optical path length for a transparent
object is

dðDLÞ
dt

¼ dðR s2

s1 ðnðxðsÞ; yðsÞ; zðsÞ; tÞdsÞ
dt

. (4)

The two set-ups used are illustrated in Fig. 3. The origin of the coordinate system is
attached to the impact point on the plate in each case. In the Fig. 3a set-up, the laser
light traverses the medium (air or water) in the box and reflects from the inside of the
aluminium plate when its outside is impacted. Measurements at points along the y-
axis were performed. The out-of-plane displacements were determined by integrating
the velocity signals from the vibrometer. In the other set-up, Fig. 3b, the laser beam
probes through the water inside the box and reflects at a rigid reflector (retro-
reflected screen) outside of it. Measurements at points along the x-axis were carried
out. The optical path length changes in the water, caused by the pressure-induced
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Fig. 3. Top view of the LDV set-ups. (a) Set-up used to record bending waves in the aluminium plate of

the box. (b) Set-up used to record acoustic waves in the water inside the box. Legend: B—box, LDV—laser

Doppler vibrometer, P—aluminium plate, PH—impacting pendulum head and R—rigid reflector.
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refractive index changes of the water, were then determined by integrating the
vibrometer signals. The distance between the optical head of the LDV and the object
was about 1m in both set-ups.

3. Results and discussion

3.1. Evaluation of bending waves propagating in the aluminium plate

Fig. 4 presents an example of the results obtained with the pulsed TV holography
system. It shows a wrapped phase map that is the field of the bending wave
propagation in the plate, 43 ms after impact start. To reduce the noise the data was
smoothed, using a convolution kernel of 9� 9 pixels on the cosine and sine parts,
respectively, prior to the phase calculation. The size of the field is 78� 96mm,
yielding an image resolution of about 75 mm per pixel. The box was filled with water
and the velocity of the pendulum just before impact was 0.29m/s. The waves that
have reached the edges of the image travel at a speed of about 1200m/s. The spatial
resolution is insufficient to resolve the dense fringe pattern in the area around the
central peak (positioned at y ¼ 0, z ¼ 0). However, the information outside this
region can be resolved and utilised to achieve the out-of-plane displacement.
Obstacles causing disturbances are present in the phase map. The two lines seen in
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Fig. 4. Wrapped phase map showing the bending wave propagation in the aluminium plate, 43 ms after
impact start. The box was filled with water and the velocity of the pendulum at impact was 0.29m/s.
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the upper part of Fig. 4 are the pendulum arms, and the middle spot in the lower
section is caused by reflections of the laser light in lens surfaces.

Fig. 5 presents results of the out-of-plane displacement in the plate along the
y-axis. The velocity of the pendulum at impact was 0.82m/s. The solid lines are data
obtained with the pulsed TV holography system whilst the star signs (�) represent
data from the LDV system. The medium in the box was air (a) and water (b), with
the times of propagation being 20 ms for air and 21 ms for water. As seen in Figs. 5a
and 5b, it was possible to determine the displacement in the region close to the
impact point with the LDV system. However, this was not possible with the pulsed
TV holography system, due to insufficient spatial resolution. Further away from the
impact point, the displacement data extracted from the two methods behave
the same regarding amplitude and position in time. The left part of the data outside
the impact point from Figs. 5a and 5b is shown in Figs. 5c and 5d, respectively. Error
bars for the results from the pulsed TV holography system are included in
these figures that represent the uncertainty of the measurements with this method,
i.e. 71/10 of a fringe that corresponds to 735 nm. The majority of LDV data in

ARTICLE IN PRESS

-50 -40 -30 -20 -10 0 10 20 30 40 50
-2

0

2

4

6

8

10
x 10-6 x 10-6

x 10-7
x 10-7

y (mm)

O
ut

-o
f-

pl
an

e 
di

sp
la

ce
m

en
t (

m
)

-50 -40 -30 -20 -10 0 10 20 30 40 50
-2

0

2

4

6

8

10

y (mm)

O
ut

-o
f-

pl
an

e 
di

sp
la

ce
m

en
t (

m
)

-45 -40 -35 -30 -25 -20 -15 -10
-8

-6

-4

-2

0

2

4

y (mm)

O
ut

-o
f-

pl
an

e 
di

sp
la

ce
m

en
t (

m
)

-45 -40 -35 -30 -25 -20 -15 -10
-4

-3

-2

-1

0

1

2

3

y (mm)

O
ut

-o
f-

pl
an

e 
di

sp
la

ce
m

en
t (

m
)

(b)(a)

(c) (d)

Fig. 5. Out-of-plane displacement in the plate along the y-axis. Solid lines—data from the pulsed TV

holography system. Star signs—data from the LDV system. (a) Air inside the box, time of

propagation ¼ 20ms. (b) Water filled box, time of propagation ¼ 21 ms. The left part of the graph in

Fig. 5a and 5b are shown in Fig. 5c and 5d, respectively. The error bars represent the uncertainty of the

pulsed TV holography data, which is 735 nm in this case.

R. Mattsson / Optics and Lasers in Engineering ] (]]]]) ]]]–]]] 7



these figures are inside the range of the data from the pulsed TV holography system.
A comparison of the wave speed in Figs. 5a and 5b indicates that the water inside the
box slows down the bending waves. From the position of the first local maximum
outside the central peak, the speed reduction is estimated to about 20%.

Discrepancies between the results are due to errors introduced from the processing
of measurement data. Integration errors were introduced in the treatment of data
from the LDV system, but since the time of integration was limited to a few tens of
microseconds, these errors were considered negligible. Further, the measurements
were performed on different occasions with the two methods.

3.2. Evaluation of acoustic waves propagating in water

In these experiments the box was completely filled with water, and the pendulum
impacted the aluminium plate with a velocity of 2.1m/s. Since the wavelengths of the
lasers in the two systems differ, it is feasible to compare the measured optical path
length change. An example of the results obtained with the pulsed TV holography
system is presented in Fig. 6, which shows a grey-scale map of the optical path length
change in the water 25 ms after the impact start. The results were in this case
smoothed using a convolution kernel of 32� 32 pixels prior to the phase calculation.
The front of the acoustic wave is propagating at an approximate speed of 1500m/s.
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Fig. 6. Map (obtained with the pulsed TV holography system) showing the optical path length change in

the water inside the box 25 ms after impact start.
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The solid curve in Fig. 7b shows a profile of the map in Fig. 6 (along the positive x-
axis when z ¼ 0).

LDV measurements were made at ten points along the x-axis. The optical path
length changes obtained from the two methods were compared at various
propagation times along this axis; see Fig. 7. The star signs (�) represent the data
obtained with the LDV system, while the solid curves represent data recorded with
the pulsed TV holography system. The time after impact start was 17 (a), 25 (b) and
40 ms (c). The error bars represent the uncertainty (71/10 of a fringe) of the data
from the pulsed TV holography system.

The pulsed TV holography system gives a field with a reasonably good spatial
resolution of a transient event at a specific moment, whereas the LDV system
measures a time signal at a specific point. Although the measurement principles
differ for the two systems, the results in Fig. 7 are similar, i.e. the amplitude and
position in time for most of the data.

3.3. Evaluation of pressure change fields in the water

The data recorded with the pulsed TV holography system in Section 3.2 was used
to compute pressure changes in the water inside the box. This procedure requires low
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Fig. 7. Optical path length changes in the water inside the box along the x-axis. Time of propagation after

impact start: 17ms (a), 25ms (b) and 40 ms (c). The solid curves are data from the pulsed TV holography

system and the stars signs (�) are data from the LDV system. The error bars represent the uncertainty of

the pulsed TV holography data, which is 735 nm in this case.
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noise 2D data. It is also possible to use LDV to determine the underwater pressure,
but this is not feasible in practice since hundreds of closely spaced points need to be
measured. By assuming that the recorded acoustic waves are rotationally symmetric
around the x-axis, 3D fields of the refractive index change can be calculated using
Abel inversion [10]. According to Ref. [12] the refractive index of water at a
temperature of 201C is related to the density as

n2 � 1

n2 þ 2
¼ 0:20471r0:88768, (5)

where n is the refractive index and r is the density. Eq. (5) is an empirical
modification of the well-known Lorentz–Lorenz formula. Knowing the density, the
pressure change can be calculated by interpolation of the pressure–density relation,
tabled in [13].

Pressure profiles from planes parallel to the impacted plate are plotted in Fig. 8.
Each profile is extracted from the centre of symmetry in the actual plane. The time
after impact start was 17 (a), 25 (b) and 40 ms (c). The solid profiles in Fig. 8 are
extracted from planes 15mm from the plate. The dashed profiles are obtained from
planes placed at 22 (a), 29 (b) and 49mm (c) from the plate. The amplitude of the
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Fig. 8. Profiles of pressure changes in the water (calculated from measurements with the pulsed TV

holography system) when the acoustic waves had propagated 17 ms (a), 25 ms (b) and 40 ms (c) after impact

start. Solid profiles—pressure in planes at 15mm from the plate. Dashed profiles—pressure in planes at

22mm (a), 29mm (b) and 49mm (c) from the plate.

R. Mattsson / Optics and Lasers in Engineering ] (]]]]) ]]]–]]]10



solid and dashed profiles decreases as the wavefront propagates in the water and the
profiles flatten out. The outer ridges of the profiles seen in Fig. 8 are the pressures at
the wavefronts. For example, the ridges are seen at rE728mm for the dashed curve
in Fig. 8c. The amplitude of the pressure decreases proportionally to 1/r.

4. Conclusions

Studies of the propagation of transient bending waves in an impacted thin
aluminium plate that is one side of a box and transient acoustic waves in the water
inside this box, using pulsed TV holography and laser vibrometry, are presented in
this paper. One purpose of this study has been to evaluate and compare the results
from the two methods and to investigate their qualities in these two cases. Another
purpose was to study wave propagation in the plate when different media (air and
water) were on its two sides, and to calculate pressure changes in the water inside the
box.

Out-of-plane displacements in the plate were measured when the box contained air
and water separately. Optical path length changes in the water inside the box caused
by acoustic pressure waves were also measured. In each case the results from the two
methods agree. This is valid for the amplitude and position in time. Most LDV data
are within the uncertainty limits of the corresponding data from the pulsed TV
holography system. Pressure changes in the water were calculated from recordings
with the pulsed TV holography system by using Abel inversion and physical
relationships.

The measurements show that none of the two methods can provide the desired
resolution in both space and time of the events simultaneously. Therefore, these
methods complement each other. The pulsed TV holography method is used to
‘‘freeze’’ the field of an object at a particular moment of an event. To obtain a field
with good spatial resolution the gradients of the phase changes must not be too large
to be resolved. The superior spatial resolution provided with pulsed TV holography
enables 3D pressure distributions to be calculated through Abel inversion. The LDV
method measures the time history of a single point during an event and the scanning
option must, therefore, be used for field measurements. To achieve a field with a high
spatial resolution the measurements need to be conducted at closely spaced points,
and the experiment must be repeatable. In practice, this means that 3D pressure
calculations through Abel inversion is impractical with this technique. With the LDV
system, larger deformation gradients can be measured compared to the pulsed TV
holography system.

Acknowledgements

The LDV system has been financed by the Kempe foundations. The author would
like to thank Per Gren and Anders Wåhlin at the division of Experimental
Mechanics, Luleå University of Technology, for assistance and advice.

ARTICLE IN PRESS

R. Mattsson / Optics and Lasers in Engineering ] (]]]]) ]]]–]]] 11



References

[1] Schedin S, Gren P. Phase evaluation and speckle averaging in pulsed television holography. Appl Opt

1997;36:3941–7.

[2] Pedrini G, Tiziani HJ, Zou Y. Digital double pulse-TV-holography. Opt Laser Eng 1997;26:199–219.

[3] Williams DC, editor. Optical methods in engineering metrology. London: Chapman & Hall; 1993.

[4] Aprahamian R, Evenson DA, Mixson JS, Jacoby JL. Holograpic study of propagating transverse

waves in plates. Exp Mech 1971;11:357–62.
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