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Abstract 

The aim of applying vibration-based condition monitoring in gear systems is to detect the 

initiation and development of degradation before the occurrence of failure. Eventually, 

degradation will result in a malfunction of the gearing system, which will affect the 

availability of the whole system. Early detection allows proper scheduled shutdown to 

prevent catastrophic failure and consequently results in a safer operation and higher cost 

reduction.  

The current thesis deals with crack modelling from a condition monitoring perspective and 

focuses on the early detection of cracks propagating in gear teeth using vibration signal 

analysis. The research approach is based on crack modelling and gear mesh stiffness 

calculation, dynamic modelling and simulation, and methods for fault detection by means 

of dynamic response and vibration analysis. The time-varying gear mesh stiffness has been 

studied for cracked gears, and different crack progression scenarios have been applied. 

Different gear dynamic models have been used for simulating the dynamic response of the 

studied gear system. The gyroscopic effect of the gear disc has been studied by introducing 

a 12 DOF gear dynamic model. Signal processing techniques have been used in vibration 

signal analysis for detecting any impact of the crack. Moreover, the changes in the system 

dynamic response with varying mesh stiffness have been investigated. The possibility of 

detecting cracks has then been studied using the changes in the dynamic response of the 

system due to a stiffness reduction of the cracked tooth.  

Keywords 

Tooth crack propagation, gear mesh stiffness, dynamic modelling, dynamic simulation, 

vibration analysis, crack detection analysis, gear condition monitoring. 
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Chapter 1 

Introduction 

1.1 Background 

Gears are widely used in industrial, automotive and daily-life applications for mechanical 

power transmission. Depending on the design of the gearing system, gears offer advantages 

in producing a high speed ratio, changing the rotation direction and transmitting a high load 

efficiently. Gear failure can occur due to an excessive applied load, insufficient lubrication, 

manufacturing errors or installation problems. Gear failure is an unwanted event, as it 

involves a termination of the ability of the gear to perform the required function, and can 

entail serious and costly consequences. By implementing an appropriate maintenance 

strategy, the number of failures and unplanned stoppages can be reduced and the following 

consequences can be kept to a minimum. 

The purpose of maintenance is to retain an item (e.g. a gear) in a state in which it can 

perform the required function, or to restore it to such a state (SS-EN 13306, 2010). The 

asset owner is responsible for making the right maintenance decision and choosing the right 

maintenance strategy in order to optimise the asset availability with respect to cost, profit 

and risk for the whole life cycle of the asset. The maintenance needs and maintenance 

decisions are therefore assessed based on the consequences of the failure (Kumar, 2008; 

1998).  

There are different maintenance strategies that can be considered in maintenance decision 

making. The simplest strategy is to run the system to failure and perform ‘corrective 

maintenance’. It is appropriate to implement this strategy if the consequences of failure can 

be considered small. If the consequence of failure is large and seriously affects the cost, 

profit and risk, a ‘preventive maintenance’ strategy is more suitable. The aim of preventive 

maintenance is to reduce the probability of failure or the degradation of the functioning of 

an item, e.g. a gear. According to the maintenance terminology standard SS-EN 13306 

(2010), preventive maintenance is divided into two strategies, namely ‘scheduled 
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maintenance’ and ‘condition based maintenance (CBM)’. Scheduled maintenance is carried 

out in accordance with an established time schedule, normally based on historical data like 

the failure rates of an item. Despite knowledge based on such data, the actual state of the 

item is still unknown and there still exists a possibility of failure. Moreover, there is the 

possibility that the item will be replaced before the end of its useful life, which will result in 

a greater use of spare parts and more maintenance work than necessary. 

To address this problem, a CBM strategy can be applied. The aim of CBM is to initiate 

maintenance actions based on an analysis of the actual state of an item. The state of the item 

can be determined by testing, inspection or ‘condition monitoring (CM)’ (SS-EN 13306, 

2010). The CBM strategy has been applied efficiently and has shown economic advantages 

in many industries. CBM can reduce the total use of spare parts and also allow a reduction 

in the needed maintenance work, but requires the implementation of cost-effective and 

reliable techniques that can define the state of the item (Randall, 2011; Samuel & Pines, 

2005). CM is defined as an activity, performed either manually or automatically, intended to 

measure at predetermined intervals or continuously the characteristics and parameters which 

define the actual state of an item (SS-EN 13306, 2010). The aim of CM is the early 

prediction of failures by monitoring certain critical system parameters which define the state 

of the item (Kumar, 2008). In CM the state of the item is analysed with respect to time, in 

contrast to inspection, which only examines the item for conformity. As is shown in Fig. 

1.1, the whole CBM process can be described as consisting of the following three main 

stages: data acquisition, data processing and maintenance decision making. Moreover, the 

two main aspects of the CBM process are as follows (Jardine et al., 2006). 

1. Diagnostics, which deals with:  

- fault detection: indicating whether something is going wrong in the monitored system;  

- fault isolation (localization): locating the faulty item;   

- fault identification: determining the nature of the fault when it is detected.  

2. Prognostics, which deals with fault prediction before a fault occurs. Prognostics is based 

on an estimation of how likely it is that a failure will occur which will set the item in a fault 

state, and how soon such a failure will occur. 

CM can give us information about the condition of the monitored machine and improve the 

possibility of planning for appropriate maintenance actions. CM makes it possible to 

achieve cost savings through reduction of the costs for spare part replacement, maintenance 
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work and stoppage time (Samuel & Pines, 2005). On the other hand, CM costs money, and 

the cost of applying a CM system should be balanced against the cost savings made thanks 

to CM. Therefore, in some cases it is not justifiable to apply monitoring for all the machines 

in the running system and only the critical machines may be worth monitoring. Moreover, 

CM can be continuous or periodic. With periodic monitoring it is possible to miss some 

failure indications which can happen between successive measurements. However, periodic 

monitoring can be less expensive and, if one uses enough filtered data, it can provide more 

accurate diagnosis than continuous monitoring (Jardine et al., 2006).  

CM can be applied in gear transmissions to avoid the occurrence of failure in gear teeth. 

Different condition monitoring techniques can be applied, such as vibration analysis, 

acoustic emission, lubricant analysis, infrared thermography and electrical current 

measurement. Nowadays, vibration analysis is the most widely applied technique for 

machine health monitoring (Randall, 2011).  

 

 

Fig. 1.1 Condition-Based Maintenance (CBM) process. 
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1.2 Vibration-Based Fault Detection in Gear Teeth 

The concept of fault detection in a machine implies monitoring the machine with frequent 

enough readings to detect degradation before the occurrence of failure. Vibration-based 

fault detection has been widely applied in many industries to assess machine health using 

measured vibration signals. Vibration analysis has become highly important in fault 

detection in gearing systems. The role of vibration monitoring is to detect any change in the 

vibration signal due to gear degradation and to give an early warning. Early gear fault 

detection allows a proper scheduled shutdown of the whole machine to prevent catastrophic 

failure (Parey & Tandon, 2010). Fig. 1.2 illustrates the idea of detecting changes in the 

vibration signal related to a cracked tooth when it comes into engagement. 

Fault detection in machines or any other systems involves the detection of a faulty item or 

sub-item within the system. When an item failure event has occurred and the item is in a 

fault state, the whole system can still be in operation, although functioning in a degraded 

state. Hence the whole system is not in a fault state because no system failure has occurred. 

When dealing with fault detection in gears, the gear tooth can be seen as a sub-item of the 

gear. If a tooth has a crack which reduces the designed dynamic properties below a 

predefined limit, the tooth is considered to be faulty, as a failure has occurred at some 

instant in time. The gear may still work, but with a reduced capacity.  

 
Fig. 1.2 Detecting changes in the vibration signal due to the engagement of a cracked tooth.  
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The three main stages of the vibration-based fault detection process can be explained as 

follows: 

1. data acquisition (measurement space): collecting the vibration signal data 

experimentally or obtaining it theoretically using dynamic modelling and simulation; 

2. data processing (feature space): applying signal processing methods to analyse the 

vibration signal data for feature extraction; 

3. failure pattern recognition (fault space): mapping the extracted features to assess the 

state of the machine.   

1.2.1 Data acquisition  

The dynamic response can be measured experimentally or simulated theoretically. A great 

deal of research has been conducted to analyse the experimentally measured vibration signal 

for fault detection purposes (Barszcz & Randall, 2009; Wang, 2001; Assaad et al., 2014; 

Ricci & Pennachi, 2011; Sawalhi & Randall, 2014). In the literature documenting this 

research, information can be found about experimental measurement systems used for 

collecting vibration signals from gearboxes.  

Moreover, different gear dynamic models have been studied for dynamic response 

simulation (Bartelmus, 2001; Parey & Tandon, 2003; El Badaoui et al., 2001; Parey et al., 

2006; Tian, 2004; Wu et al., 2008; Chen & Shao, 2011; Siyu et al., 2011; He et al., 2008; 

He et al., 2007; Howard et al., 2001; Zhou et al., 2012). To obtain the dynamic response for 

a gear system with a cracked tooth, the crack has to be modelled and the gear mesh stiffness 

can then be calculated. After that, the dynamic response can be simulated using a dynamic 

model. 

a. Crack modelling and gear mesh stiffness calculations 

Gear mesh stiffness can be calculated using analytical methods or the finite element method 

(FEM), which is an efficient tool for modelling and solving problems. FEM has been 

applied for calculating gear mesh stiffness by Sirichai (1999), Wang (2003), and Wang & 

Howard (2004; 2005), among others. However, FEM needs a great deal of computation, 

especially in cases which require mesh refinement, so that analytical methods can still be 

used for gear mesh stiffness calculation, as their results have shown good agreement with 

those obtained with FEM and less computation time is required.  
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Investigations of gear mesh stiffness have been carried out extensively for healthy gears, but 

for cracked gears, crack modelling and mesh stiffness evaluation are fields that are still 

currently being explored by many researchers. The reduction in the gear mesh stiffness due 

to damage or crack propagation has been examined in the studies (Choy et al., 1996; Begg 

et al., 2000; Yesilyurt et al., 2003). The reduction in the mesh stiffness due to crack 

propagation has been used for severity assessment in these studies, but they have not 

defined the crack sizes corresponding to the amounts of stiffness reduction found.     

Analytical investigations of the gear mesh stiffness using crack modelling have been 

performed by Tian (2004) and Wu (2007) through studying the effect of the crack 

propagation size on the mesh stiffness. Wu et al. (2008) studied the effect of crack 

propagation in the tooth root on the dynamic response of a gearbox. The crack levels were 

simulated from 0% to 80% of the tooth root thickness. Chaari et al. (2009) presented an 

analytical approach to calculating the reduction in the total gear mesh stiffness due to crack 

propagation, as well as a model using FEM to verify the results obtained analytically. An 

analytical method was proposed by Chaari et al. (2008) to evaluate the reduction in the gear 

mesh stiffness due to spalling and breakage. They obtained the dynamic response 

corresponding to each fault which was caused by spalling and breakage, and which was 

affected by the reduction in the mesh stiffness. A modified mathematical model of crack 

growth in the tooth root was proposed by Zhou et al. (2012) for calculating time-varying 

mesh stiffness using an improved potential energy method. Tooth profile errors were 

investigated in a study presented by Mark et al. (2007). An increasing profile error could be 

detected with an increasing crack size. The authors suggested that profile errors due to 

plastic deformation have a significant effect on the possibility of detecting a gear tooth 

crack. 

In the above-mentioned studies, the crack progression scenario of a constant or uniformly 

distributed crack depth through the whole tooth width was assumed; Fig. 1.3a depicts this 

scenario. Two additional scenarios were presented by Chen & Shao (2011). The first 

assumed a constant crack length with a varying crack depth and a parabolic distribution, as 

shown in Fig. 1.3b, while the second assumed a constant crack depth with a varying crack 

length and a parabolic distribution, see Fig. 1.3c. The authors presented an analytical 

approach to evaluating the mesh stiffness and modelling the crack propagation with a non-

uniform parabolic distribution. 
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b. Gear dynamic modelling and simulation 

Gear dynamic modelling can be considered as a fundamental problem which is still the 

subject of much on-going research, and during the past years different gear dynamic models 

have been developed and applied. The gear modelling presented by Bartelmus (2001) was 

adopted by Tian (2004), Wu (2007) and Wu et al. (2008) with both torsional and 

translational vibration. The 8 DOF gear dynamic model was applied in Tian (2004), while 

the 6 DOF model was applied in Wu (2007) and Wu et al. (2008), ignoring the inter-tooth 

friction. A different 6 DOF gear dynamic model which considered the inter-tooth friction 

was applied in Chen & Shao (2011), Siyu et al. (2011), He et al. (2008) and He et al. (2007). 

A 16 DOF gear dynamic model was developed by Howard et al. (2001) and then adopted by 

Zhou et al. (2012) for simulating the dynamic behaviour of a one-stage gear system. 

 

 

Fig. 1.3 Different crack progression scenarios illustrated with the tooth root section A-A shown in 

Fig. 2.3a. 
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1.2.2 Data processing 

A variety of signal processing methods have been developed during the past decades for 

analysing vibration signals. These methods can be categorized into the following main types 

of analysis: time domain analysis, frequency domain analysis and time-frequency domain 

analysis. 

a. Time domain analysis 

Time domain analysis is applied directly on the time signal, e.g. by extracting statistical 

features to examine any possible change in the signal due to degradation or the existence of 

a fault. The commonly applied statistical indicators are the mean, peak, peak-to-peak value, 

crest factor, root mean square, skewness and kurtosis. An explanation of the statistical 

indicators applied in the time domain can be found in Samuel & Pines (2005), Wu et al. 

(2008), and Sait & Sharaf-Eldeen (2011). Time synchronous averaging (TSA) is one of the 

most efficient techniques for extracting periodic signal contents which are synchronous with 

the rotation of the gear of interest. TSA is based on averaging the vibration signal over a 

number of revolutions (Barszcz & Randall, 2009). TSA has a significant effect on signal 

enhancement and can be applied for the detection of gear-related faults. A more detailed 

explanation of TSA is to be found in Jardine et al. (2006), Barszcz & Randall (2009), Braun, 

(2011), and Dalpiaz et al. (2000). 

b. Frequency domain analysis  

Frequency domain analysis uses a transformed version of the signal in the frequency 

domain. The Fourier transform (FT) is the widely applied transform for analyzing time 

signals in the frequency domain. Frequency domain analysis offers the possibility of 

isolating specific frequency components related to specific machine components or faults 

(Jardine et al., 2006). Different techniques based on Fourier spectrum analysis are explained 

in more detail in Randall (2011) and Piersol & Paez (2010).   

In gear systems the vibration signal is dominated by the gear meshing vibration, which is 

accompanied by low-order modulation effects caused by load fluctuations and probable 

geometric and assembly errors. Additional impacts will be present in the signal when a 

localized gear fault occurs. Corresponding additional (amplitude and phase) modulation will 

be produced, and in the frequency domain, sidebands will spread over a wide frequency 

range (Wang, 2001; Wang & Wong, 2002). To improve the extraction of the hidden fault 
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impact, different TSA-based enhancing techniques have been developed for analysing the 

TSA signal. The two commonly used methods are as follows.   

1. Amplitude and phase demodulation: A local gear fault such as a tooth crack will 

produce additional amplitude and phase modulation effects. The demodulation method can 

be applied to extract the gear fault. The demodulated signal carries information related to 

both the amplitude and the phase modulation. McFadden (1986) recommended the use of 

phase rather than amplitude demodulation for the detection of cracks in gears. More details 

about demodulation techniques can be found in Wang (2001), Dalpiaz et al. (2000), 

McFadden (1986; 1987), McFadden & Smith (1985), Randall (1982), and Combet et al. 

(2009). 

2. Residual signal method: The additional impacts due to the existence of a fault are 

masked by the regular signal components. Thus, the idea of generating a residual signal is to 

remove the regular signal components in order to detect the fault more effectively. Different 

techniques have been applied for generating the residual signal. The first technique was 

basically proposed by Stewart (1977), who developed a number of fault detection indicators. 

The parameter FM4, which is defined as the kurtosis of the residual signal, was one of the 

powerful tools which he presented. Stewart’s enhancement technique of obtaining a residual 

signal involves the removal of the gear mesh harmonics from the spectrum and then 

conversion to the time domain (Randall, 2011). This technique was applied in Wang (2001), 

Dalpiaz et al. (2000), McFadden (1987), and Combet et al. (2009).  

A new filtering technique based on the autoregressive model (AR-model) was developed 

later on by Wang & Wong (2002). In this technique, the filtered signal which describes the 

healthy case response is subtracted from the unfiltered one to produce the AR model 

residual (prediction error) signal.  The authors presented results showing that the AR model 

is more efficient and can detect a fault earlier than the traditional technique of Stewart. 

Further explanation of the AR model can be found in Wang & Wong (2002), Assaad et al. 

(2014), Zhou et al. (2012), Endo et al. (2009), Combet & Gelman (2009), Endo & Randall 

(2007), Wang & Makis (2009), Wang (2008), Randall et al. (2011), and Elasha et al. (2014).  

More recently, Wu (2007) and Wu et al. (2008) applied another method for removing the 

regular components which involves the subtraction of the whole vibration time signal of the 

healthy case from that obtained with the existence of a fault. The rest of the signal is then 
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the residual signal which contains information supposed to be only related to the gear fault. 

This method was later on considered by Tian et al. (2012).  

Finally, a residual signal technique based on the ensemble empirical mode decomposition 

(EEMD) method was proposed by Mahgoun et al. (2012). Using this technique, the residual 

signal is obtained by removing some intrinsic mode functions (IMFs) which represent the 

meshing frequency harmonics and the other regular signal components.     

c. Time-frequency domain analysis 

Time-frequency domain analysis offers the possibility of examining the vibration signal in 

both the time and the frequency domains. Basically, the limitation of frequency domain 

analysis is its inability to investigate non-stationary signals. Thus, different techniques 

based on time-frequency analysis have been developed to handle non-stationary signals 

(Samuel & Pines, 2005; Jardine et al., 2006). The short-time Fourier transform (STFT), or 

spectrogram (the square of the STFT), the Wigner-Ville distribution and the wavelet 

transform are the widely applied techniques in time-frequency analysis. Each technique has 

its own special characteristics, and useful information on these techniques can be found in 

the literature (Wang & McFadden, 1993; 1996; Andrade et al., 1999; Peng & Chu, 2004; 

Belsak & Flasker, 2007; 2009; Zhu et al., 2007; Staszewski et al., 1997; Lokesha et al., 

2011).    

1.2.3 Failure pattern recognition 

Based on the measured and processed signal, useful information for fault diagnosis can be 

extracted. The features extracted in the data processing stage can represent the machine 

health status, which can be assessed accordingly. A predefined value of the applied feature 

is usually set as a threshold which represents a healthy system. Any trend deviation from 

this value may imply system degradation or a faulty item. The degree of deviation 

represents the severity of the degradation (Fuqing, 2011).  

Early fault diagnosis is not always possible by only checking the trend of classical statistical 

features. For some systems, these statistical features are only able to react after a relatively 

large deviation of the trend. Therefore, model-based methods have been developed to 

improve the fault diagnosis and to give a deeper insight into the system behaviour. Model-

based methods involve the building of a parametric model describing the system with input 

and output variables. These methods involve the generation of the residuals of the output 
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variables (state variables) indicating the difference between the healthy and the faulty cases 

(Isermann & Balle, 1997; Isermann, 2005). The model-based process can be divided into 

three steps (Jardine et al., 2006): 

1. residual generation  

2. residual evaluation  

3. fault diagnosis 

In vibration-based diagnostics, the measured vibration signal is the output which describes 

the state of the monitored system. In this case, the signal-model-based method can be 

applied (Isermann & Balle, 1997). The residual in this case means the residual signal which 

can be generated as explained earlier in Section 1.2.2. The statistical features can then be 

applied for residual evaluation, and their trends can be checked for fault diagnosis. 

More sophisticated methods have been developed for the improvement of fault diagnosis. In 

the literature, different techniques have been applied for gear fault diagnosis, such as 

Bayesian networks (Kang et al., 2007), neural networks (Samanta, 2004a; 2004b), fuzzy 

logic (Saravanan et al., 2009; Wu & Hsu, 2009), neural-fuzzy inference (Wu et al., 2009), 

genetic algorithms (Samanta, 2004a; 2004b; Firpi & Vachtsevanos, 2008), support vector 

machines (Samanta, 2004b; Saravanan et al., 2008; Ma et al., 2010), multivariate statistics 

(Baydar et al., 2001), and the weighted K nearest neighbour classification algorithm (Lei & 

Zuo, 2009). 
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1.3 Motivation of the Research  

In order to implement a condition-based maintenance strategy for a gear system, the 

condition of the system has to be established. To establish the condition, vibration analysis 

can be applied for gear transmission fault diagnosis. One of the most critical failures of a 

gear is tooth breakage. Gear crack detection using vibration analysis can be achieved by 

performing either experimental vibration measurements or dynamic simulations. The 

advantage of vibration measurements is that they reflect the behaviour of a real system, but 

such measurements are also associated with some issues that could restrict the possibility of 

analysing different parameters of a system in an effective way. These issues can be 

summarized as follows.  

- There can be problems in accessing the measurement nodes. 

- Experimental measurement is time-consuming, especially when performing repeated 

measurements for different crack cases. 

- Experimental measurement is cost-consuming, especially in cases which require the 

creation of different crack sizes. 

- There can be limitations in producing real cracks of the right dimensions. 

- Parameter studies can be difficult to perform, e.g. studies of the effect of changing 

inertia, stiffness or damping, etc.  

- Experimental measurement can be associated with risk.   

In many cases these issues can be handled and good enough real measurements can be 

collected. However, in many other cases it is not easy to overcome these issues. Dynamic 

modelling and simulation can overcome many of these issues and can be a good alternative 

to study the dynamic behaviour of the gear system in question in a simpler way. Dynamic 

modelling and simulation also has the advantage that it can increase the understanding of 

the system behaviour before the initiation of a measurement campaign. An important goal of 

dynamic modelling is to develop a model with a reasonable trade-off between reality and 

simplicity. 

In the literature review in Section 1.2, there are many papers dealing with gear dynamic 

modelling for fault detection purposes (Bartelmus, 2001; Parey & Tandon, 2003; El 

Badaoui et al., 2001; Parey et al., 2006; Tian, 2004; Wu et al., 2008; Chen & Shao, 2011; 

Siyu et al., 2011; He et al., 2008; He et al., 2007; Howard et al., 2001; Zhou et al., 2012). 
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However, this research area is still being subjected to continuous research by many research 

groups and more research is still needed. A number of topics have not yet been covered 

completely, e.g. issues related to crack modelling, gear mesh stiffness calculation, dynamic 

modelling, and fault detection methods.  

1.4 Research Objective  

The main objective of the current thesis is to improve gear tooth crack detection using 

dynamic modelling and simulation by developing methods and models. The thesis addresses 

the research problem of cracks in gears by analysing simulated vibration data generated 

using dynamic models. To address the research problem, different topics are covered which 

are related to crack modelling and gear mesh stiffness calculation, dynamic modelling and 

simulation, and methods for fault detection by means of dynamic response and vibration 

analysis.  

1.5 Research Questions  

Based on the literature review, the following research questions were formulated. 

RQ1. What is the effect of different crack progression scenarios on crack detection using 

conventional vibration analysis? 

RQ2. How to improve time-varying mesh stiffness calculation for a gear with one cracked 

tooth?  

RQ3. What is the appropriate DOF required for modelling a one-stage gear system in both 

the symmetric and the asymmetric disc cases?  

RQ4. How to measure the crack depth by means of analysing changes in the dynamic 

response of the system due to a stiffness reduction of the cracked tooth?   

The appended papers address the research questions, and in Table 1.1 the relationship 

between the appended papers and the research questions is presented. 
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Table 1.1: The relationship between the appended papers and the research questions.  

RQ1 RQ2 RQ3 RQ4 

Paper I X    

Paper II X    

Paper III  X   

Paper IV   X  

Paper V    X 

Paper VI    X 

1.6 Research Methodology 

‘Research’ is the art of scientific investigation, and it can be defined as a scientific and 

systematic search for relevant information on a specific branch of knowledge. All research 

activities need certain methods or techniques in studying the research problem. ‘Research 

methods’ may be understood as all those methods that are used for the pursuit of research. 

‘Research methodology’, on the other hand, is the way selected to solve the research 

problem systematically. It may be defined as the science of how to perform research 

scientifically. Thus, when we utilize the term research methodology, we do not only mean 

the methods used, but also the logic behind the methods used (Kothari, 2004). 

In the current thesis a theoretical modelling approach was chosen instead of an experimental 

approach to investigating the research problem addressed in the thesis. The theoretical 

approach is useful for developing an understanding and a theoretical knowledge of the 

problem before any field or laboratory test is considered. Furthermore, experimental 

facilities were not available in the early stage of the current research. 

In the current thesis an analytical method was considered rather than the finite element 

method (FEM), as the results of analytical methods have shown good agreement with those 

obtained by FEM and less computation time is required. It is worth mentioning that FEM 

requires the modelling and simulation of the problem of a cracked gear for each specific 

crack size at all the tooth contact positions. It is easier to extract the mesh stiffness, which 

varies with time, using the analytical approach.    
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Two sets of gear parameters were used, the first of which was adopted from previous 

publications and includes all the parameters required for the dynamic modelling of a one-

stage gear system. The second set of gear parameters was obtained from a real spur gear 

transmission. This gear transmission is a part of a machine which is used as a test-rig in the 

CBM Lab at Luleå University of Technology. The second set of gear parameters, involving 

bigger amounts of inertia and masses than those in the first set, was specifically used in 

Paper IV to study the gyroscopic effect. 

The research work involved in the current thesis consisted of a number of methods applied 

systematically to answer the raised research questions. The methods used can be described 

as follows.  

1. Literature review: A literature survey was performed to define the research frontier and 

the gaps in knowledge in the field of gear tooth crack detection analysis.  

2. Research questions: Based on the literature review, research questions were formulated 

to address the identified gaps in knowledge.  

3. Crack modelling and mesh stiffness calculation: The gear mesh stiffness was evaluated 

analytically by modelling a crack in a gear tooth. Computer codes were developed in Matlab 

to calculate the tooth stiffness for different crack cases. All the required parameters for gear 

mesh stiffness calculation could be obtained. Matlab code was developed to determine the 

(x,y) coordinates of the points forming the involute tooth profile. Furthermore, AutoCAD 

software was used to simulate the tooth action along the path of contact. 

In Paper II the gear mesh stiffness calculation was carried out for three different crack 

progression scenarios to investigate their performance from a condition monitoring 

perspective (RQ1). In Paper III three different methods were used to improve gear mesh 

stiffness evaluation. The first method was the one adopted from Chen & Shao (2011), the 

second was that used in Chaari et al. (2009), while the third was a modified method 

presented in Paper III. The resulting stiffness calculation of the three methods was then 

compared with that obtained using the finite element method (FEM), to evaluate the 

performance of each method (RQ2). The FEM model was built using NX8 software.  

4. Dynamic modelling: Dynamic modelling was used to represent the behaviour of a one-

stage gear system over time. In Paper IV four different gear dynamic models (with 6, 8, 8 

reduced to 6, and 12 DOF) were used to study the appropriate degrees of freedom required 

for modelling a one-stage gear system (RQ3).    
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5. Numerical simulation: To obtain the dynamic response, the system equations of motion 

were solved numerically using a developed Matlab code.  

6. Signal processing techniques: For fault detection analysis, signal processing methods 

were applied in the time, frequency and time-frequency domains. The current thesis, in 

addition to the ordinary time domain indicators and spectrum analysis, has used the residual 

signal, the frequency response function (FRF) and the short-time Fourier transform (STFT). 

The idea of using a residual signal is to remove the regular signal components in order to 

detect the fault more effectively. In Papers V and VI frequency response functions (FRFs) 

were used to study the changes in the system dynamic properties, while time-frequency 

domain analysis was used in Paper VI to examine the vibration signal in both the time and 

the frequency domains. The purpose of this was to investigate the possibility of studying the 

crack depth by means of analysing the changes in the dynamic response of the system due to 

a stiffness reduction of the cracked tooth (RQ4). 

The diagram in Fig. 1.4 shows the stages of the research work and illustrates which 

paper/papers mainly cover each stage.  

 

 

Fig. 1.4 The research framework. 
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1.7 Scope and Limitations 

The research work included in this thesis is based on evaluation of the reduction in the time-

varying gear mesh stiffness due to the existence of a crack in one spur gear tooth. Three 

different crack progression scenarios were studied and the gear mesh stiffness was 

calculated analytically. Different gear dynamic models were used with different degrees of 

freedom (DOF) to simulate the dynamic response of a one-stage spur gear system. The 

obtained dynamic response was then subjected to signal processing methods, which were 

used for fault detection analysis. 

The effect of tooth plastic deformation and that of crack flapping (the effect of the crack 

opening and closing) were not considered in this thesis. Moreover, the number of studied 

crack progression scenarios was limited to three likely scenarios. The gear dynamic models 

used in this thesis were limited to 6, 8 and 12 DOF, which do not describe all the real 

movements of the system.  

1.8 Thesis Organization  

The current thesis consists of two parts. In the first part, the thesis chapters are arranged to 

explain the research work, covering the different stages of gear crack detection analysis. The 

chapters of the first part can be outlined as follows. 

- Chapter 1: Introduction 

This chapter introduces the research background and presents a literature survey 

explaining the different methods used for vibration-based fault detection analysis. 

Chapter 1 also includes the motivation of the research, research objective, research 

questions, research methodology, and scope and limitations, as well as outlining the 

thesis organization.   

- Chapter 2: Crack Modelling and Gear Mesh Stiffness Calculations 

This chapter presents the crack modelling with different crack progression scenarios. An 

explanation is given of the method utilized for gear mesh stiffness evaluation with the 

presence of a crack in the gear tooth root. This method is used to obtain the time-varying 

gear mesh stiffness, which can be introduced in gear dynamic models.   
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- Chapter 3: Gear Dynamic Modelling and Simulation 

Different gear dynamic models with different DOF are explained in this chapter. The 

gear parameters used for these models are presented. An explanation is given of the 

dynamic simulation used for modelling and solving the equations of motion to obtain the 

dynamic response.  

- Chapter 4: Signal Processing and Fault Detection Analysis 

The applied signal processing techniques are explained in this chapter. Moreover, a brief 

description to residual signal generation is included.  

- Chapter 5: Experimental Work 

This chapter deals with the experimental tests carried out using a gearbox test rig.    

- Chapter 6: Results and Discussion 

This chapter presents the results and findings of the appended papers and discusses them.  

- Chapter 7: Conclusions, Contributions and Further Research 

The conclusions are summarized and the importance of the findings is highlighted in this 

chapter. Further research is proposed for future work. 

- Chapter 8: Summary of the Appended Papers 

The papers appended in the second part of this thesis are summarized in this chapter. The 

purpose of each paper, as well as the work distribution is explained.  

The references are listed in alphabetical order, after which the appended papers are included 

in the second part of the thesis.  
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Chapter 2 

Crack Modelling and Gear Mesh 

Stiffness Calculations 

Gear transmissions are affected by operation conditions like excessive applied loads, 

insufficient lubrication, manufacturing errors or installation problems. An extreme stress 

concentration can be produced in the engaged gear teeth, and then a crack may initiate and 

start propagating during operation. The dynamic behaviour of a gear system is affected by 

the status of the engaged gear teeth. For condition monitoring purposes, the status of the 

tooth damage can be evaluated mainly by using the reduction in the time-varying gear mesh 

stiffness (Chen & Shao, 2011; Chaari et al., 2009; Chaari et al., 2008). This reduction in the 

mesh stiffness affects the gear’s dynamic behaviour and consequently the generated 

vibration (Chaari et al., 2008).  

2.1  Crack Progression Scenarios 

Different crack progression scenarios were explained in Section 1.2.1. A different crack 

progression scenario was proposed in Paper I which assumes that a crack propagates in the 

tooth root in both the crack depth direction and the width direction simultaneously, see Fig. 

2.1. This scenario is more realistic for non-uniform load distribution cases than the other 

presented scenarios. 

In reality there are many different crack progression scenarios. The difference between these 

scenarios regarding the possibility of detecting faults had not been investigated in previous 

research. Therefore, Paper II presented a comparative study of the performance of two 

statistical indicators, the RMS and kurtosis, for three crack progression scenarios. The first 

scenario, depicted in Fig. 1.3a, assumes a constant or uniformly distributed crack depth 

through the whole tooth width. This scenario had previously been applied in Tian (2004), 

Wu (2007), Wu et al. (2008), Zhou et al. (2012), and Chaari et al. (2009). The second 

scenario, depicted in Fig. 1.3b, assumes a constant crack length and a varying crack depth 
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with a parabolic distribution. This scenario was adopted from Chen & Shao (2011). The 

third scenario, depicted in Fig. 2.1, was the one presented in Paper I. More details about the 

studied crack progression scenarios can be found in Paper II. 

2.2 Gear Mesh Stiffness Evaluation 

In the current thesis an analytical approach is applied which was previously presented by 

Chen & Shao (2011) for evaluating the time-varying gear mesh stiffness. Moreover, in 

Paper III the gear mesh stiffness was evaluated using FEM and three other methods. The 

first method was the one adopted from Chen & Shao (2011), the second was that used in 

Chaari et al. (2009), while the third was a modified method presented in Paper III. In the 

modified method, a parabolic curve is used, as shown in Fig. 2.2b, instead of resorting to a 

straight line, according to the first method, as a limiting line for reducing the tooth 

thickness, as shown in Fig. 2.2a. This kind of curve is applied until a straight line is 

achieved when the crack tip is vertically below the tooth profile tip, see Fig. 2.2c. For larger 

crack sizes the parabolic curve is again applied between the crack tip and the tooth profile 

tip, see Fig. 2.2d. 

The crack modelling required for stiffness calculations is illustrated in Fig. 2.3. The 

reduction in the time-varying gear mesh stiffness due to the existence of a crack in one gear 

tooth is shown in Fig. 2.4. Depending on the crack size and the method used for mesh 

stiffness evaluation, different degrees of reduction in the time-varying gear mesh stiffness 

are produced. More details about the methods of mesh stiffness calculation can be found in 

Paper III.  
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Fig. 2.1 The crack progression scenario proposed in Paper I, illustrated with the tooth root section 

A-A shown in Fig. 2.3a. 

 

 

 

Fig. 2.2 Limiting lines for reducing the tooth thickness: (a) straight line according to the first 

method for mesh stiffness evaluation, (b) parabolic curve assumed for small sizes, (c) straight line 

for the size when the crack tip is vertically below the tooth profile tip, (d) parabolic curve for large 

sizes.  
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Fig. 2.3 Modelling of a gear tooth crack: (a) modelling of a cracked tooth, (b) modelling of one 

slice of width dW, (c) crack depth distribution along the tooth width, and (d) tooth notation. 

  

Fig. 2.4 The reduction in the time-varying gear mesh stiffness due to the existence of a crack in one 

gear tooth. 
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Chapter 3 

Gear Dynamic Modelling and 

Simulation 

3.1 Gear Dynamic Modelling  

The current thesis concerns the modelling of a one-stage reduction gear system. Two sets of 

gear parameters have been used, the first of which was adopted from Chen & Shao (2011) 

and Chaari et al. (2009) and can be seen in Table 3.1, while the second was obtained from a 

real spur gear transmission and is presented in Table 3.2. This gear transmission is a part of 

a machine which is used as a test rig in the CBM Lab at Luleå University of Technology. 

The second set of gear parameters, involving bigger amounts of inertia and masses than 

those in the first set, was specifically used in Paper IV to study the gyroscopic effect. 

Four different gear dynamic models (with 6, 8, 8 reduced to 6, and 12 DOF) were used in 

Paper IV to study the appropriate degrees of freedom required for modelling a one-stage 

gear system. For simplicity the gear system can be modelled using the 6 DOF model, 

ignoring the motor and load. A schematic diagram of the 6 DOF model, which has 3 DOF 

(one rotational and two translational) for each gear disc, is shown in Fig. 3.1. For more 

reality the gear system can be modelled using the 8 DOF model, taking the motor and load 

into consideration, see Fig. 3.2. The 8 DOF model can be used with the friction effect 

ignored. Accordingly, the xp and xg displacements are then excluded. The 8 DOF are then 

reduced to 6 DOF, and this model is referred to as having ‘‘8 reduced to 6 DOF’’. A 12 

DOF gear dynamic model, illustrated in Fig. 3.3, was developed in Paper IV for describing 

the gyroscopic DOF and to examine, from a fault detection perspective, if it is necessary to 

consider the disc asymmetry effect for the studied system. The 12 DOF model and the other 

models were used to simulate the same gear system for different crack sizes. All the above-

mentioned gear models are explained in detail in Paper IV. 
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Table 3.1: First set of gear parameters used (Chen & Shao, 2011; Chaari et al., 2009). 

Parameter Pinion Gear 

Mass (kg) 0.3083 0.4439 

Number of teeth 25 30 

Module (mm) 2 

Teeth width (mm) 20 

Pressure angle (degree) 20 

Contact ratio 1.63 

Gear ratio 1.2 

Young’s modulus, E (N/mm2) 2 105 

Poisson’s ratio 0.3 

Table 3.2: Second set of gear parameters used. 

Parameter Pinion Gear 

Mass (kg) 0.289 1.789 

Number of teeth 36 90 

Module (mm) 1.5 

Teeth width (mm) 15 

Pressure angle (degree) 20 

Contact ratio 1.76 

Gear ratio 2.5 

Young’s modulus, E (N/mm2) 2 105 

Poisson’s ratio 0.3 
 

The term ‘pinion’ refers here to the smaller gear, which is a driver gear connected to the 
input shaft, and the term ‘gear’ refers to the larger gear, which is a driven gear connected to 
the output shaft. The following notation is used: 

mp /mg: mass of the pinion/gear; 
Ip /Ig: mass moment of inertia of the pinion/gear; 
Kxp /Kyp: radial stiffness in the x/y directions of the pinion; 
Kxg /Kyg: radial stiffness in the x/y directions of the gear; 
Cxp /Cyp: radial damping in the x/y directions of the pinion; 
Cxg /Cyg: radial damping in the x/y directions of the gear; 
Km: equivalent mesh stiffness; 
Cm: mesh damping coefficient;  
Tp /Tg: torque applied on the pinion/gear; 
Tm /Tb: torque applied on the motor/load; 

gp /ww : constant speed of the pinion/gear. 
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Fig. 3.1 Dynamic model of a reduction gear system with 6 DOF. 

  

Fig. 3.2 Dynamic model of a reduction gear system with 8 DOF. 
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Fig. 3.3 Dynamic model of a reduction gear system with 12 DOF. 

 

3.2 Dynamic Simulation to Obtain the Dynamic Response  

A dynamic simulation was performed for the healthy case, after which the simulation was 

repeated for all the studied crack cases. To introduce the tooth crack in dynamic simulation, 

the gear mesh stiffness corresponding to the crack sizes can be input into the dynamic 

model. A Matlab code using the ODE45 function was built to model and solve the equations 

of motion. A dynamic simulation was performed to obtain the vibrational signals of all the 

studied cases.  

Normally distributed noise was added to include the influence of measurement noise. In 

reality a random manufacturing error or any other contribution which is synchronous with 

the rotational speed will add energies in the spectra at multiple integers of the rotational 

speed. These signal types are theoretically removed from future signal content by the 

residual signal process. This work was carried out by studying the pinion’s y-displacement 

(yp), which was the most sensitive movement for crack propagation in the pinion tooth root. 
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Chapter 4 

Signal Processing and Fault Detection 

Analysis 

For the purpose of fault detection analysis, it is usually required that the vibration signal 

should be subjected to signal processing techniques to highlight the fault impact embedded 

in the signal. A variety of signal processing methods have been reviewed in Section 1.2.2. 

The current thesis, in addition to the ordinary time domain indicators and spectrum analysis, 

has used the residual signal, the frequency response function (FRF) and the short-time 

Fourier transform (STFT). These techniques were used to study the dynamic response of the 

gear system and to analyse the vibration signal obtained from dynamic simulation.  

4.1 Residual Signal Generation 

As explained in Section 1.2.2, in the previous literature there are different techniques for 

generating a residual signal. To perform signal subtraction in the time domain, both the 

healthy and the faulty signals must start at exactly the same point of the same tooth to 

ensure the coincidence of the time signals. In experimental laboratory work, which usually 

involves replacing a healthy gear with a faulty one, a phase shift can be produced between 

the measured healthy signal and the faulty one, as it is difficult to set the angular position so 

that it is exactly the same. Moreover, replacing a healthy gear with a faulty one can result in 

a different modulation effect, which can appear due to an imperfection in the re-assembly 

process and/or a manufacturing error. Accordingly, signal subtraction in the time domain is 

difficult to apply, and therefore removing the gear mesh harmonics from the spectrum is 

commonly applied in this case.  

However, in real-life operation, all the measurements for healthy and faulty cases are 

obtained by measuring the same gear at different times of operation. Using the tachometer 

signal and synchronizing it with the measured time signal, the phase can be set. The time 

signal is locked to the pulse of the tachometer signal that comes every one revolution. By 
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taking a number of measurements at different times with different crack levels, different 

faulty signals can be collected with the fault being located at the same location relative to 

the pulse of the tachometer signal. A further discussion about the coincidence of time 

signals is included in Chapter 5. 

On the other hand, using dynamic modelling to simulate the system response offers exactly 

coincident time signals. The healthy signal and the faulty one start at exactly the same point 

on the same tooth. In this case, signal subtraction in the time domain can be performed to 

remove the regular signal components.   

In the current thesis, dynamic simulation was applied to obtain the vibration signal. For 

residual signal generation, the residual technique which involves signal subtraction in the 

time domain was used. This residual technique is easier to implement and was adopted 

because coincidence of time signals exists. 

Three different residual techniques were tested to verify the residual technique used in this 

thesis. A faulty signal was obtained from dynamic simulation for the case of a 1 mm crack 

depth, as well as a healthy signal, see Fig. 4.1. The three techniques, namely subtraction in 

the time domain, the comb filter, and the AR model, were applied using the healthy and the 

faulty signals, and their results can be seen in Fig. 4.2.  

 
Fig. 4.1 Original signals obtained from dynamic simulation: (a) healthy case, (b) crack case with a 1 

mm crack depth. 
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Fig. 4.2 Residual signal generated using three different techniques: (a) subtraction in the time 

domain, (b) removing the gear mesh harmonics using the comb filter, (c) AR model using the Burg 

method with the order 400. 
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4.2 Frequency Response Function (FRF) 

The frequency response function (FRF) is a transfer function represented in the frequency 

domain. It describes the structural response to an applied force as a function of the 

frequency. The system’s natural frequencies can be investigated using FRFs.  

In Papers V and VI the changes in the FRFs due to mesh stiffness variation were 

demonstrated. Furthermore, the FRFs were obtained with different crack sizes in the tooth 

root in order to study the change in the dynamic response due to the existence of a crack. 

There is a specific FRF for a certain mesh stiffness value, and with variation of the mesh 

stiffness, many FRFs can be extracted during tooth engagement. Two groups of FRFs can 

be recognized, see Fig. 4.3. One group represents the mesh stiffness in the segment with a 

double pair of teeth in contact, while the other represents that for the segment with only a 

single pair in contact. The mesh stiffness within the same segment varies, see Fig. 2.4, 

which results in a number of adjacent FRFs, each of which corresponds to a certain mesh 

stiffness value. More details about the changes in the FRFs due to the mesh stiffness 

variation and due to the stiffness reduction caused by the existence of a crack can be found 

in Papers V and VI. 

 

Fig. 4.3 Calculated FRFs for selected values of gear mesh stiffness. 
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4.3 Short-Time Fourier Transform (STFT) 

Time-frequency domain analysis offers the possibility of examining the vibration signal in 

both the time and the frequency domains. The short-time Fourier transform (STFT), or the 

spectrogram (the square of the STFT), is one of the commonly applied techniques for 

analysing the vibration signal in the time-frequency domain. This technique involves 

dividing the non-stationary signal into a number of blocks using a window function. Each 

block is regarded as stationary and the Fourier transform is obtained. Thereafter, the 

frequency information over time can be represented.        

In Paper VI, a modified method involving the application of a short-time Fourier transform 

(STFT) was implemented by taking the fast Fourier transform (FFT) of successive blocks 

with different sizes corresponding to the time segments of the varying gear mesh stiffness. 

This method was proposed as a means of representing the change in the frequency content 

of each signal block corresponding to a mesh stiffness segment. Thus, the change in the 

frequency content indicates a reduction in the mesh stiffness due to the existence of a crack. 

The crack propagation scenario, proposed in Paper I, was studied further in Paper VI to 

improve the performance of early detection by applying the modified fault detection method 

based on the STFT. This method using an STFT was applied for all the studied crack cases 

to investigate if there is any change within the blocks of the faulty tooth. A crack case is 

shown in Fig. 4.4 with the corresponding FRFs, and one can recognize the crack location in 

the STFT plot. More details can be found in Paper VI. 
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Fig. 4.4 Frequency change according to the FRFs for one revolution of the pinion for crack case 11 

(Paper VI): (a) FRFs calculated by inputting different mesh stiffness values, (b) time signal, (c) 

STFT for one revolution of the pinion. 
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Chapter 5 

Experimental Work 

Experimental work was carried out to investigate the validity of the residual technique 

involving signal subtraction in the time domain. Fig. 5.1 shows the test rig used for the 

experimental measurements. A one-stage gearbox of the spur gear type was used with a 

wheel gear consisting of 100 teeth and a pinion consisting of 36 teeth. The following two 

cases were examined. 

5.1 Replacing a Healthy Gear with a Faulty One (Case 1) 

In this case, the signal subtraction could not be verified to be valid for generating a residual 

signal. Two drawbacks were encountered and can be stated as follows. 

1. Replacing a healthy gear with another gear with a cracked tooth can result in a different 

modulation effect, which can appear due to an imperfection in the re-assembly process 

and/or a manufacturing error. However, if a crack is produced in the same gear, the 

problem of a modulation effect due to manufacturing error could be overcome. 

2. A phase shift can be produced between the measured healthy and faulty signals, since it 

is difficult to set the angular position so that it is exactly the same. 

5.2 Collecting Data from the Same Gear at Different Times of Operation   

(Case 2) 

In real life, measurements are taken frequently from the same machine in order to monitor if 

there is any change compared to healthy operation. To simulate real-life measurements, time 

signals were collected from the same running gear at different times of operation. Because it 

takes time for a healthy gear in operation to develop a cracked tooth, for simplicity the 

signals were measured at two different times from a healthy gear. The idea was to 

investigate the possibility of getting two signals measured at different times to coincide 

using the tachometer signal. Fig. 5.2 illustrates the two signals measured at different starting 

times. 
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 In this case, the two drawbacks stated for Case 1 were dealt with. The first drawback was 

removed by using the same gear with the same mounting. The second drawback was 

overcome by using the tachometer signal, since the time signal was locked to the pulse of 

the tachometer signal that came every one revolution. A tachometer signal was measured 

from the shaft of the smaller gear, which is the gear of interest. A time signal was also 

measured using an accelerometer placed on the bearing’s housing, in the direction of the 

pressure line of the teeth engagement.  

The two signals measured at different times were processed identically. Angular resampling 

was applied to ensure the same sampling points for all the revolutions, and 3,600 sampling 

points were used for each revolution. Then time synchronous averaging (TSA) was applied 

for each signal with 51 pinion revolutions to enhance the synchronous harmonics of the 

rotation frequency of the pinion. The two resultant TSA signals were subtracted to examine 

the coincidence of their points, and Fig. 5.3 shows the two TSA signals and the residual 

signal resulting from their subtraction.    

 

Fig. 5.1 Test rig used for experimental measurements.  
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Fig. 5.2 The two signals measured at different times: (a) the first signal, (b) the second signal. 
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Fig. 5.3 The two TSA signals and the residual signal resulting from their subtraction: (a) the first 

TSA signal, (b) the second TSA signal, (c) the residual signal. 

 

  



39 
 

Chapter 6 

Results and Discussion 

The research work included in this thesis addresses the research questions raised in   

Chapter 1. The relationship between the appended papers and the research questions has 

been presented in Table 1.1. This chapter explains the way in which each research question 

is answered based on the results and outcomes of the related appended papers. 

6.1 Research Question 1 

RQ1. What is the effect of different crack progression scenarios on crack detection using 

conventional vibration analysis? 

This research question was answered in Paper II. In real life there are many crack 

progression scenarios, as can be expected. In Paper II three different crack progression 

scenarios were studied and compared from a fault detection point of view. The first 

scenario, depicted in Fig. 1.3a, assumes a constant or uniformly distributed crack depth 

through the whole tooth width. This scenario had previously been applied in Tian (2004), 

Wu (2007), Wu et al. (2008), Zhou et al. (2012), and Chaari et al. (2009). The second 

scenario, depicted in Fig. 1.3b, assumes a constant crack length and a varying crack depth 

with a parabolic distribution. This scenario was adopted from Chen & Shao (2011). The 

third scenario, depicted in Fig. 2.1, assumes that a crack propagates in the tooth root in both 

the crack depth direction and the width direction simultaneously. This scenario, which was 

presented in Paper I, is more realistic for non-uniform load distribution cases than the other 

presented scenarios. For each studied scenario the time-varying mesh stiffness was 

calculated and dynamic simulation was then performed for different crack sizes. Time 

domain indicators (the RMS and kurtosis) were applied to the residual signal for fault 

detection analysis. 

It is clear from Figs. 6.1 and 6.2 that in the case of the first scenario the statistical indicators 

increase considerably, implying a dramatic decrease in the gear mesh stiffness, and this 

scenario can be considered as the scenario for which crack detection is most easily 
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performed. The second scenario results in the smallest increase in the statistical indicators, 

and this scenario can therefore be considered as the hardest scenario for detecting crack 

propagation. The third scenario results in a moderate behaviour of the statistical indicators 

in comparison with the other scenarios. The statistical indicators show a slight change at the 

beginning of the crack propagation, after which they increase at a considerable rate. The 

crack detection for the third scenario is critical in that it is difficult to perform an early 

detection with very slight initial changes in the statistical indicators, after which these 

indicators show an obvious change when the crack goes deeper, implying a serious crack 

propagation condition.   

The spectra for all the studied cases were also obtained. Fig. 6.3 shows the change in the 

peak value of the sidebands for the three crack progression scenarios. It is clear that the 

sidebands’ amplitude for the first scenario increases considerably and shows the highest 

level. The corresponding amplitude for the second scenario is lower than that for the first 

one and shows the overall lowest increase rate. The sidebands’ amplitude for the third 

scenario shows a very slight increment at the beginning of the crack propagation, with a 

lower rate than that for the second one, until a crack level around 20%, when the sidebands’ 

amplitude starts to exceed that for the second scenario with a considerable increment. More 

details and figures can be found in Paper II. 

 

Fig. 6.1 RMS change for three crack progression scenarios. 
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Fig. 6.2 Kurtosis change for three crack progression scenarios. 

 
Fig. 6.3 The change in the peak value of the sidebands for the three crack progression scenarios. 
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6.2 Research Question 2 

RQ2. How to improve time-varying mesh stiffness calculation for a gear with one cracked 

tooth?   

This research question was answered in Paper III. The gear mesh stiffness was evaluated 

using FEM and three other methods. The first method was the one adopted from Chen & 

Shao (2011), the second was that used in Chaari et al. (2009), while the third was a modified 

method presented in Paper III. The results for the selected crack cases A, B, C and D, which 

are explained in Paper III, are presented for these three methods in Fig. 6.4, 6.5 and 6.6. 

The first method (see Fig. 6.4) shows good agreement with the FEM results for crack levels 

less than 30% based on the studied model, but does not give a good fit for crack levels 

greater than 30%. This method assumes a reduction in the effective tooth thickness with a 

straight line as the crack goes deeper, see Fig. 2.2a. The method works for small crack sizes, 

for which it provides an approximate fit to FEM results, but for larger sizes the straight line 

starts to remove an effective area which should be included for the stiffness evaluation. This 

straight line does not demarcate exactly the assumed dead area that should be excluded. 

The second method (see Fig. 6.5) only shows acceptable results for crack levels as small as 

around 16%. This method assumes that the reduction in the tooth thickness concerns the 

cracked root part only, as illustrated in Fig. 4 in Paper III. The second method depends 

merely on the inclination of the crack angle and with this approach there will be no 

reduction in the case of a zero crack angle. 

The third method (see Fig. 6.6) shows good agreement for crack levels greater than 30%, as 

the percentage difference from the FEM result for crack case D is obviously reduced. 

However, the first method seems to be slightly better for crack levels less than 30%. The 

third method, which uses a parabolic curve as the limiting line, reduces the tooth thickness 

better than the first method for crack levels greater than 30%, based on the studied model. 

Moreover, time domain statistical indicators (the RMS, kurtosis and the crest factor) were 

applied to the residual signal for all the crack cases, with evaluation of the mesh stiffness 

using both the first and the third methods. The indicators show that the first method 

performs more sensitively, as it indicates a greater stiffness reduction than the third method, 

see Fig. 6.7. More details and figures can be found in Paper III. 
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Fig. 6.4 Time-varying mesh stiffness according to the first method. 

                                 

Fig. 6.5 Time-varying mesh stiffness according to the second method. 
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Fig. 6.6 Time-varying mesh stiffness according to the third method.  
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Fig. 6.7 The statistical indicators applied on the residual signals obtained using both the first and the 

third methods for stiffness evaluation.  
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6.3 Research Question 3 

RQ3. What is the appropriate DOF required for modelling a one-stage gear system in both 

the symmetric and the asymmetric disc cases? 

This research question was answered in Paper IV. Four different gear dynamic models (with 

6, 8, 8 reduced to 6, and 12 DOF) were used in Paper IV for modelling a one-stage gear 

system.  Both the symmetric and the asymmetric disc cases were studied using the 12 DOF 

model which was developed in Paper IV. The time-varying mesh stiffness was calculated, 

and dynamic simulation was then performed for different crack sizes. Time domain 

statistical indicators (the RMS, kurtosis and the crest factor) were applied to the residual 

signal for fault detection analysis, see Fig. 6.8. 

The results of the first model (with 6 DOF) show a visible difference from those of the other 

studied models, which were made more realistic by including two more DOF to describe the 

motor and load.  

In the case of disc symmetry, the results obtained from the fourth model (with 12 DOF) are 

close to those obtained from both the second (with 8 DOF) and the third (with 8 reduced to 

6 DOF), because the coupling terms which affect the obtained response yp are zero when the 

lengths a and b, illustrated in Fig. A1 in Paper IV, are equal. The slight difference between 

their results is due to a re-generation of the random signal accompanying the obtained 

simulated signal. Moreover, the second model showed a slight influence from inter-tooth 

friction. 

In the case of disc asymmetry, the results deviate from those obtained in the symmetric 

case, as the coupling terms start to contribute to the obtained dynamic response. More 

details and figures can be found in Paper IV. 
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Fig. 6.8 The statistical indicators applied on the residual signals obtained from the studied models. 
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6.4 Research Question 4 

RQ4. How to measure the crack depth by means of analysing changes in the dynamic 

response of the system due to a stiffness reduction of the cracked tooth?  

This research question was answered in Papers V and VI. The system’s natural frequencies 

can be investigated by calculating the frequency response functions (FRFs). The changes in 

the frequency response functions (FRFs) due to mesh stiffness variation were demonstrated 

in Papers V and VI. Furthermore, the FRFs were obtained with different crack sizes in the 

tooth root in order to study the change in the dynamic response due to the existence of a 

crack. For low contact ratio gears, the mesh stiffness cycle for tooth engagement includes 

three segments depending on whether one or two teeth in contact, see Fig. 6.9. The FRFs 

were calculated for two selected values of mesh stiffness from each segment; one value was 

the maximum and the other was the minimum. Many other FRFs are expected to lie 

between these two FRFs. The points selected from the three segments for both the healthy 

and the faulty cases are shown in Fig. 6.9. Their corresponding FRFs can be seen in Fig. 

6.10. 

The main focus of Paper V was the shifting of the FRF due to mesh stiffness reduction. In 

the case where a crack exists, the FRF results show that it is possible to recognize a shifting 

in the third peak more clearly than one in the other peaks, see Fig. 6.10. The third peak 

includes the sixth mode of the system, which involves a considerable influence of the mesh 

stiffness. As the crack goes deeper, a greater reduction is shown in the mesh stiffness, and 

then a greater shifting is observed from the healthy case. More details and figures can be 

found in Paper V.  

This approach was extended more in Paper VI. A modified method involving a short-time 

Fourier transform (STFT) was presented and applied. A fast Fourier transform (FFT) was 

calculated for successive blocks with different sizes corresponding to the time segments of 

the varying gear mesh stiffness. The relationship between the different crack sizes and the 

mesh-stiffness-dependent eigenfrequencies was studied in order to detect the tooth cracks 

and to estimate their size. This method using an STFT was applied for all the studied crack 

cases to investigate if there is any change within the blocks of the faulty tooth. In Fig. 6.11 

three different crack cases are shown, and it is possible to recognize the difference at the 

crack location.  
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The modified method using an STFT was also applied on the obtained residual signal, see 

Fig. 6.12. Cracks in an early stage, which are undetectable using the conventional indicators 

(the RMS and kurtosis), can be detected using this method. More details and figures can be 

found in Paper VI. 

 

Fig. 6.9 Gear mesh stiffness cycle of a healthy case and crack case 11 (Paper VI). 

 
Fig. 6.10 FRFs of different mesh stiffness values: (a) healthy case, (b) crack case 11 (Paper VI).  



50 
 

 

Fig. 6.11 Frequency changes according to the FRFs for one revolution of the pinion: (a), (b) and (c) 
are crack cases 6, 9, and 11, respectively (Paper VI). 
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Fig. 6.12 Frequency changes obtained by analysing the residual signal for one revolution of the 
pinion for three different crack cases (Paper VI). 

(a) Residual signal of crack case 6, (b) STFT applied on residual signal of crack case 6, 

(c) Residual signal of crack case 7, (d) STFT applied on residual signal of crack case 7, 

(e) Residual signal of crack case 9, (f) STFT applied on residual signal of crack case 9. 
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Chapter 7 

Conclusions, Contributions and 

Further Research 

In this chapter the conclusions are summarized and the importance of the findings is 

highlighted. Further research is also proposed for future work. 

7.1 Conclusions 

The following conclusions have been reached.  

 In the first crack progression scenario, which assumes a constant or uniformly distributed 

crack depth through the whole tooth width, the cracks are most easily detectable. In this 

scenario there is a change in the indicators implying a dramatic decrease in the gear mesh 

stiffness. In the second scenario, which assumes a constant crack length and a varying 

crack depth with a parabolic distribution, the crack detection is not so easy, as the crack 

propagates with no significant reflection in the mesh stiffness loss. In the third scenario, 

which is presented in Paper I and assumes that a crack propagates in the tooth root in 

both the crack depth direction and the width direction simultaneously, a critical issue is 

that it is difficult to perform an early detection with very slight initial changes in the 

statistical indicators, after which these indicators show an obvious change when the crack 

goes deeper, implying a serious crack propagation condition. However, the third scenario 

should receive more attention in research, because it could occur in reality in the case of a 

non-uniform load distribution (Paper II).  

 The first method of stiffness evaluation, which was adopted from Chen & Shao (2011), 

has proven to be a good approach for cracked gears with crack levels less than 30% based 

on the studied model. On the other hand, the second method, which was used in Chaari et 

al. (2009), shows limited potential applicability compared to FEM. The third method, 

which is a modified method that was presented in Paper III, shows good agreement for 
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crack levels greater than 30% and can be considered as an alternative to the first method. 

However, FEM is still considered the most reliable method for stiffness evaluation for 

higher crack levels (Paper III).  

 The third model (with 8 reduced to 6 DOF) can be considered adequate for dynamic 

simulation in the case of the symmetric disc, whereas the fourth model (with 12 DOF) 

can be considered for more accurate modelling in the case of the asymmetric disc    

(Paper IV).  

 The FRF changes through the tooth meshing segments as the mesh stiffness varies. The 

FRF is affected by the reduction in the gear mesh stiffness, and by introducing different 

crack levels, the change in the FRF can be recognized. The investigation of FRFs can be 

used to study the change in the dynamic response due to the existence of a crack.       

(Papers V and VI).  

 The method proposed in Paper VI, which is based on the STFT, can be used for analysing 

the dynamic response change due to the mesh stiffness reduction. Cracks in an early 

stage, which are undetectable using conventional statistical indicators, can be detected 

using the proposed method based on the studied model. The crack size can also be 

measured indirectly by relating the frequency shift to the stiffness reduction for a certain 

crack size (Paper VI).  
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7.2 Research Contributions 

 A crack progression scenario has been presented which is more realistic for non-uniform 

load distribution cases than the other presented scenarios. 

 A comparative study has been performed which explains the effect of different crack 

progression scenarios on the possibility of detecting a gear tooth crack as early as 

possible.  

 Mesh stiffness evaluation for gears with a cracked tooth has been improved by 

investigating the previously applied methods for mesh stiffness calculation, and then 

developing an alternative method which can be used especially for large crack cases. 

 A one-stage gear dynamic model (with 12 DOF) has been developed and the equations of 

motion have been derived. This developed model can be applied for gear dynamic 

simulation for more accurate modelling in the case of the asymmetric disc.   

 The dynamic response change due to the stiffness reduction of a cracked tooth has been 

investigated. Frequency response functions (FRFs) were used to represent this change. 

 A method involving a short-time Fourier transform (STFT) has been developed which 

can be useful for representing the frequency change due to stiffness variation and due to 

the stiffness reduction caused by the existence of a crack.  

7.3 Further Research  

The following tasks are proposed for future work:  

 investigating mesh stiffness evaluation for other gear types (e.g. helical gears), and then 

studying the possibility of detecting cracks in the teeth of those gear types; 

 diagnosing multiple cracked teeth; 

 studying the effects of adding tooth plastic deformation and crack flapping (the effect of 

the crack opening and closing); 

 experimental verification of the crack-dependent frequency shift in the FRFs. 
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Chapter 8 

Summary of the Appended Papers 

The papers appended in the second part of this thesis can be summarized as follows. 

8.1 Summary of Paper I 

Mohammed, O.D., Rantatalo, M., Kumar, U. 2012, "Analytical crack propagation scenario 

for gear teeth and time-varying gear mesh stiffness", World Academy of Science, 

Engineering and Technology, vol. 6, no. 8, pp. 1106-1111. Presented at The International 

Conference on Applied Mechanics, August 22-23, 2012, Paris, France.  

http://waset.org/publications/8013/analytical-crack-propagation-scenario-for-gear-teeth-and-time-

varying-gear-mesh-stiffness  

a. Purpose 

The purpose of this paper was to propose a different crack propagation scenario which 

assumes that a crack propagates in the tooth root in both the crack depth direction and the 

width direction simultaneously, and which is more realistic for non-uniform load 

distribution cases than the other presented scenarios. This paper prepared the way for Paper 

II, which presents a comparative study of three different crack progression scenarios.  

b. Work distribution  

The main idea was developed by Omar D. Mohammed in discussion with Matti Rantatalo. 

The literature review and building the Matlab code for stiffness calculations were performed 

by Omar D. Mohammed. The first manuscript version was written by Omar D. Mohammed 

and reviewed by Matti Rantatalo and Uday Kumar. 
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8.2 Summary of Paper II 

Mohammed, O.D.,  Rantatalo, M., Aidanpää, J.-O., Kumar, U. 2013, "Vibration signal 

analysis for gear fault diagnosis with various crack progression scenarios", Mechanical 

Systems and Signal Processing, vol. 41, pp. 176-195. 

http://dx.doi.org/10.1016/j.ymssp.2013.06.040  

a. Purpose 

The purpose of this paper was to present an investigation of the performance of two time 

domain indicators (the RMS and kurtosis) for three different crack progression scenarios, to 

compare these scenarios from a fault detection perspective. The research documented in this 

paper was designed and carried out to answer RQ1. 

b. Work distribution  

The main idea was developed by Omar D. Mohammed in discussion with Matti Rantatalo. 

The literature review and building the Matlab code for stiffness calculations of the three 

studied crack progression scenarios were performed by Omar D. Mohammed. Building the 

Matlab code for the gear dynamic model was performed by Omar D. Mohammed with the 

help of Matti Rantatalo. All the work was discussed with Jan-Olov Aidanpää, especially the 

dynamic modelling part. The first manuscript version was written by Omar D. Mohammed 

and reviewed by Matti Rantatalo, Jan-Olov Aidanpää and Uday Kumar. 
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8.3 Summary of Paper III 

Mohammed, O.D.,  Rantatalo, M., Aidanpää, J.-O. 2013, "Improving mesh stiffness 

calculation of cracked gears for the purpose of vibration-based fault analysis", Engineering 

Failure Analysis, vol. 34, pp. 235-251. 

http://dx.doi.org/10.1016/j.engfailanal.2013.08.008 

a. Purpose 

The purpose of this paper was to present a modified method for improving gear mesh 

stiffness calculation with the presence of a cracked tooth. The influence of the gear mesh 

stiffness on the time domain indicators (the RMS, kurtosis and the crest factor) was 

investigated. The research for this paper was designed and carried out to answer RQ2. 

b. Work distribution  

The main idea was developed by Omar D. Mohammed in discussion with Matti Rantatalo. 

The literature review, stiffness calculations using FEM and the other studied methods, and 

dynamic simulations were performed by Omar D. Mohammed. The modelling, fault 

detection analysis and results were discussed with Matti Rantatalo and Jan-Olov Aidanpää. 

The first manuscript version was written by Omar D. Mohammed and reviewed by the other 

authors. 
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8.4 Summary of Paper IV 

Mohammed, O.D.,  Rantatalo, M., Aidanpää, J.-O. 2015, "Dynamic modelling of a one-

stage spur gear system and vibration-based tooth crack detection analysis", Mechanical 

Systems and Signal Processing, vol. 54-55, pp. 293-305. 

http://dx.doi.org/10.1016/j.ymssp.2014.09.001 

a. Purpose 

The purpose of this paper was to study, from a fault detection perspective, the appropriate 

degrees of freedom required for modelling a one-stage gear system in both the symmetric 

and the asymmetric disc cases. A 12 DOF gear dynamic model including a gyroscopic 

effect was developed in this paper and the equations of motion were derived. A one-stage 

reduction gear was modelled using three different dynamic models (with 6, 8 and 8 reduced 

to 6 DOF), as well as the developed model (with 12 DOF). The research for this paper was 

designed and carried out to answer RQ3. 

b. Work distribution  

Omar D. Mohammed developed the main idea and discussed it with Matti Rantatalo. Omar 

D. Mohammed derived the equations of motion of the new 12 DOF gear dynamic model. 

Moreover, he built the Matlab code for the three studied gear dynamic models. The 

literature review, stiffness calculations and dynamic simulations were performed by Omar 

D. Mohammed. All the work was discussed with Matti Rantatalo and Jan-Olov Aidanpää 

for further improvement of the work. The first manuscript version was written by Omar D. 

Mohammed and reviewed by the other authors. 
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8.5 Summary of Paper V 

Mohammed, O.D.,  Rantatalo, M. 2013, "Gear tooth crack detection using dynamic 

response analysis", Insight: Non-Destructive Testing and Condition Monitoring 

(Northampton), vol. 55, no. 8, pp. 417-421. 

http://dx.doi.org/10.1784/insi.2012.55.8.417 

a. Purpose 

The purpose of this paper was to investigate the natural frequencies of the studied gear 

system for crack detection purposes. The frequency response functions (FRFs) for healthy 

and faulty gears were calculated to study the possibility of detecting cracks using the 

changes in the dynamic response of the system due to a stiffness reduction of the cracked 

tooth. The research for this paper was designed and carried out to answer RQ4. 

b. Work distribution  

The main idea was developed by Omar D. Mohammed and Matti Rantatalo. The literature 

review, stiffness calculations and dynamic modelling were performed by Omar D. 

Mohammed. The FRFs were calculated with the help of Matti Rantatalo. The first 

manuscript version was written by Omar D. Mohammed and reviewed by Matti Rantatalo. 
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8.6 Summary of Paper VI 

Mohammed, O.D.,  Rantatalo, M., "Dynamic response and time-frequency analysis for gear 

tooth crack detection", Mechanical Systems and Signal Processing, Submitted on May 3, 

2014. 

a. Purpose 

The purpose of this paper was to implement a modified method involving the application of 

a short-time Fourier transform (STFT) by taking the FFT of successive blocks with different 

sizes corresponding to the time segments of the varying gear mesh stiffness. This method 

was proposed as a means of representing the change in the frequency content of each signal 

block corresponding to a mesh stiffness segment. Thus, the change in the frequency content 

indicates a reduction in the mesh stiffness due to the existence of a crack. The crack 

propagation scenario, proposed in Paper I, was studied further in Paper VI to improve the 

performance of early detection by applying the modified fault detection method based on 

the STFT. The research for this paper was designed and carried out to answer RQ4. 

b. Work distribution  

The main idea was developed by Omar D. Mohammed and Matti Rantatalo. The literature 

review, stiffness calculations and dynamic modelling were performed by Omar D. 

Mohammed. The time-frequency analysis was performed with the help of Matti Rantatalo. 

The first manuscript version was written by Omar D. Mohammed and reviewed by Matti 

Rantatalo. 
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Abstract—In this paper an analytical crack propagation scenario
is proposed which assumes that a crack propagates in the tooth root in
both the crack depth direction and the tooth width direction, and
which is more reasonable and realistic for non-uniform load
distribution cases than the other presented scenarios. An analytical
approach is used for quantifying the loss of time-varying gear mesh
stiffness with the presence of crack propagation in the gear tooth root.
The proposed crack propagation scenario can be applied for crack
propagation modelling and monitoring simulation, but further
research is required for comparison and evaluation of all the
presented crack propagation scenarios from the condition monitoring
point of view.

Keywords—Crack propagation, Gear tooth crack, Time varying
gear mesh stiffness.

I. INTRODUCTION
HE dynamic behaviour of gear transmissions is sensitive
to operation conditions like excessive applied load,

insufficient lubrication, manufacturing errors or installation
problems [1]. When an extreme stress concentration is
generated in the gear tooth root, a crack may initiate and start
propagating during operation. Therefore, for condition
monitoring purposes, the status of the tooth damage can be
quantified by the reduction in the time-varying gear mesh
stiffness [1]-[3]. This reduction in the gear mesh stiffness
affects the generated vibration, with the gear’s dynamic
response being dependent on the mesh stiffness of two mating
gears [3].

Many studies have been performed to develop analytical
methods for investigating the mesh stiffness of uncracked
gears [4]-[8]. These methods are still in use today as their
results have shown a good agreement with those obtained with
FEM which is a more recent method used for this purpose.
FEM is an efficient tool for calculating the mesh stiffness [9]-
[11]. It is worth mentioning, however, that FEM needs a great
deal of computation time, especially in cases which require
mesh refinement, so that analytical methods can still be
considered as an appropriate alternative option for this
purpose.
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Investigations of gear mesh stiffness have been carried out
extensively for uncracked healthy gears, but for faulty gears,
crack modelling and mesh stiffness evaluation are fields that
are still currently being explored by many researchers [3].

A great deal of research work has been conducted to study
the crack propagation path and the effect of the rim thickness
on the crack direction [12]-[14]. It has been found that the
path of the crack propagation is dependent on the “backup
ratio”, which may be defined as the ratio of the rim thickness
to the tooth height. In gears with high backup ratio, the
direction of the crack path in the tooth root will be through the
tooth. In gears with a low backup ratio, the crack path will be
through the rim. The initial crack angle also affects the crack
propagation path in such a way that, when the initial angle is
low, the path of the crack may go through the rim, even in the
case of a high backup ratio. Investigations of the reduction in
the mesh stiffness due to damage or crack propagation have
been carried out [15]-[17]. The fact that the mesh stiffness
changes proportionally with the crack status could be used for
severity assessment, but these investigations do not define the
crack sizes which correspond to the amounts of stiffness
reduction found. Calculation of the total gear mesh stiffness
using crack modelling has been introduced. The effect of the
crack propagation size on the mesh stiffness has been treated
in [18], [19]. A crack model was presented by S. Zouari, M.
Maatar, T. Fakhfakh, and H. Haddar [20], and they studied
how the mesh stiffness and transmission error are affected by
the position, direction, and depth of the crack using FEA
(Ansys code). F. Chaari, T. Fakhfakh, and M. Haddar [1]
presented an analytical approach to calculating the reduction
in the total gear mesh stiffness due to crack depth propagation,
as well as a model using FEM to verify the results obtained
analytically. In all the above-mentioned works that have dealt
with analytical stiffness modelling and calculation, the crack is
assumed to extend through the whole tooth width with a
uniform crack depth distribution along the tooth width. Z.
Chen, and Y. Shao [2] presented an analytical approach to
modelling the crack propagation along the tooth width with a
non-uniform parabolic distribution, and then, studied the effect
of this propagation on the time-varying gear mesh stiffness
and the dynamic response. Based on the above-mentioned
research, one can conclude that more than one scenario have
been assumed when applying analytical methods to the
investigation of crack propagation in the tooth root. The
scenario of a constant or uniformly distributed crack depth
through the whole tooth width was assumed first, after, which
two more scenarios were presented by Chen, and Y. Shao [2].
The first assumed a constant crack depth with a varying crack
length and a parabolic distribution along the tooth width,
while the second assumed a constant crack length with a
varying crack depth and a parabolic distribution.
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In all the previous research, no crack model has assumed 
that the crack propagates in both the crack depth direction and 
the tooth width direction.  

The present paper uses a previously presented [2] analytical 
approach for evaluating the time-varying gear mesh stiffness 
by assuming that the crack propagates in the tooth root in both 
the crack depth direction and the tooth width direction, which 
is a more reasonable and realistic assumption for non-uniform 
load distribution cases.  

II. GEAR MESH STIFFNESS MODELLING WITH A CRACK IN THE 
TOOTH ROOT

  Gear mesh stiffness can be explained as a factor describing 
the stiffness produced between two engaged gears due to the 
stiffness of the meshing teeth of both gears. Gear mesh 
stiffness is a time varying factor during the operation of gears 
and is dependent on the number of engaged teeth, the applied 
load position and direction, the tooth geometry, the gear 
material specifications, and the profile errors and/or faults in 
the gear tooth [1]. 

An important observation was reported by D. Lewicki [12], 
namely that the paths of the crack depth propagation are 
smooth, continuous, and tend to be straight with a slight 
curvature. Therefore, the crack propagation path is assumed to 
be a straight line in the crack depth direction in [1], [2], [19]. 
In the crack modelling of the current study, the crack depth is 
simulated as propagating in a straight line.   

A calculation model for gear mesh stiffness using a
parabolic distribution of the tooth crack propagation is 
presented in [2] and can be described as consisting of two 
parts: firstly, determination of the mesh stiffness with a 
constant crack depth for a thin slice along the tooth width, and 
secondly, determination of the mesh stiffness for all the slices 
along the tooth width which have a non-uniform crack depth. 
Moreover, the effects of fillet foundation deflection and 
Hertzian contact are taken into account, as explained in 
Sections (II-C) and (II-D). 

A. The Mesh Stiffness with a Constant Crack Depth for a 
Slice along the Tooth Width

The stiffness of one tooth is a combination of the bending, 
shear, and axial compressive stiffnesses, with all of them 
acting in the direction of the applied load.  

  By considering the tooth as a non-uniform cantilever beam 
with an effective length of ‘d’, see Fig. 1-d, the deflections 
under the action of the force can be determined, and then the 
stiffness can be calculated. Note that, in this part of the 
stiffness calculations, the crack is assumed to have a constant 
crack depth q(z) for each slice dW along the tooth width, as 
explained in Figs. 1-a,b. 

Based on the calculation of the potential energy stored in a 
meshing gear tooth, it is feasible to obtain the bending, shear, 
and axial compressive stiffnesses as follows [2]: 
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E.I

h.sinx.cos
K
1

0 x

2
11

b
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d
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where the following notations are used: 
bK : Bending stiffness. 

sK : Shear stiffness. 

aK : Axial compressive stiffness.                                                                  
h, hc, hx, x, dx, d, and 1 are illustrated in Fig. 1-d. Note 
that 1 varies with the gear tooth position. 
E: Young’s modulus. 

G: Shear modulus, ( )υ+
=

12
EG

υ : Poisson ratio. 
Ix: Area moment of inertia, 

 Ix = 
( )
( ) >+

≤+

qx
3

qx

qx
3

xx

hh      dW,)h(h 121
hh      dW,)h(h 121

Ax: Area of the section of distance ‘x’ measured from the load 
application point,  

Ax = 
>+
≤+

qxqx

qxxx

hh      dW, )h(h
hh      dW, )h(h

hq = hc- q(z). sin( c ) 
q(z), and c  are the crack depth and crack angle respectively, 
as shown in Fig.1- b. 

At a certain position z through the tooth width, we can find 
the stiffness of one slice resulting from the effect of all the 
stiffnesses calculated previously as follows:   

(4)                                             
K
1

K
1

K
11K(z)

asb
++=

Fig. 1 Modelling of gear tooth crack. (a) Modelling of cracked tooth, 
(b) Modelling of one slice of width dW, (c) Crack depth distribution 

along the tooth width, and (d) Tooth notation [2] 
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B. The Mesh Stiffness for All the Slices along the Tooth 
Width 

The mesh stiffness model presented in [2] divides the tooth 
width into thin slices to represent the crack propagation 
through the tooth width, as shown in   Fig. 1-a. Consequently, 
for a small dW the crack depth is assumed to be a constant 
through the width for each slice, see Fig. 1-b. By integrating 
the stiffness of all the slices along the width, the stiffness of 
the entire tooth can be evaluated as follows: 

(5)                                                                        K(z)K
W

0
tp =

In [2] it is assumed that the distribution of the crack depth 
follows a parabolic function along the tooth width, as shown 
in Fig. 1-c for the crack section A-A, which can be recognized 
in Fig. 1-a. 

When the crack length is less than the whole tooth width, 

[ ]

[ ] (7)                                                         W-Wz , 0q(z)

(6)                                           W- 0z ,
W

zWqq(z)

c

c
c

c
o

∈=

∈−=

where Wc is the crack length, W is the whole tooth width, and 
qo is the max. crack depth, see Fig. 1-c. 

When the crack length extends through the whole tooth 
width, 

(8)                                                       
W

qqq(z) 2
2

2
2

2
o qz +

−
=

where q2 is shown in Fig. 1-c. 

C. The effect of Fillet Foundation Deflection on the Mesh 
Stiffness 

P. Sainsot, P. Valex, and O. Duverger [21] studied the 
effect of fillet foundation deflection on the gear mesh 
stiffness, derived this deflection, and applied it for a gear 
body. The fillet foundation deflection can be calculated as 
follows  [21]: 

( )

( )( )}m
2

f

f
2

f

fm
2

f

tanQ1P  

S
uM

S
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W.E
cos F.

∗∗

∗∗

++

+=
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where the following notations are used: 
m is the pressure angle. 

uf, and Sf are illustrated in Fig. 2. 
∗∗∗∗ Q and ,P,M,L can be approximated using polynomial 

functions as follows [21]: 
( )

 FhE
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2
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2
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++
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               (10) 

∗
iX represents the coefficients ∗∗∗∗ Q and ,P,M,L . 

intffi rrh = .  

fintf  and,r,r are illustrated in Fig. 2. 

The coefficients iiiiii F and E,D,C,B,A are given in Table I.  

TABLE I 
VALUES OF THE COEFFICIENTS OF EQ.(10) 

 Ai (×10-5) Bi (×10-3) Ci (×10-4) Di (×10-3) Ei Fi

L* (hfi, f ) -5.574 -1.9986 -2.3015 4.7702 0.0271 6.8045

M*(hfi, f ) 60.111 28.100 -83.431 -9.9256 0.1624 0.9086

P*(hfi, f ) -50.952 185.50 0.0538 53.300 0.2895 0.9236

Q*(hfi, f ) -6.2042 9.0889 -4.0964 7.8297 -0.1472 0.6904

Then the stiffness due to fillet foundation deflection can be 
obtained as: 

     (11)                                                                                                 
FK

1 f

f
=

 For a pinion it could be denoted as Kfp. 

Fig. 2 Geometrical parameters for fillet foundation deflection [1] 

D. The effect of Hertzian Contact on the Mesh Stiffness 
D. C. H. Yang, and Z. S. Sun [22] ascertained that the 

stiffness of the Hertzian contact of two gears in mesh is 
constant during the whole contact period, and therefore has the 
same value at all the contact positions along the path of 
contact. The Hertzian contact stiffness Kh can be calculated as: 

( )    (12)                                                                  
.E.W
14

K
1 2

h

−=

III. ANALYTICAL CRACK PROPAGATION SCENARIO
To study the reduction in the mesh stiffness due to crack 

propagation in the gear tooth root, several analytical crack 
propagation scenarios have been proposed. First, the scenario 
of a constant or uniformly distributed crack depth through the 
whole tooth width was assumed, which is considered as a 
correct assumption for uniform load distribution cases. After 
that, two more scenarios with a non-uniform parabolic crack 
distribution were presented in [2], the first of which assumed a 
constant crack depth with a varying crack length and a 
parabolic distribution along the tooth width, and the second 
assumed a constant crack length with a varying crack depth 
and a parabolic distribution.  

World Academy of Science, Engineering and Technology
Vol:6 2012-08-24 

1108International Scholarly and Scientific Research & Innovation 6(8) 2012

In
te

rn
at

io
na

l S
ci

en
ce

 In
de

x 
V

ol
:6

, N
o:

8,
 2

01
2 

w
as

et
.o

rg
/P

ub
lic

at
io

n/
80

13



In the former crack propagation scenarios then, it is 
assumed either that the crack propagates in the crack depth 
direction only with a constant crack length extending through 
the tooth width, or that the crack length propagates through the 
tooth width with the crack depth kept unchanged.  

Practical experience shows that the load distribution along 
the tooth width is usually non-uniform [23], [24], see Fig. 3, 
with a number of factors causing the deviation from the ideal 
uniform load distribution, e.g. manufacturing errors, gear shaft 
misalignment, and deformations in the bearing and/or housing. 
Experimental tests of a one-sided load distribution have shown 
that the fatigue crack propagates in two directions; crack 
length, and crack depth [23].  It is more reasonable and 
realistic for non-uniform load distribution cases to assume the 
crack is propagating through both the crack depth direction 
and the crack length direction together.  

As it is difficult to define analytically the exact crack length 
corresponding to a certain crack depth, and because the study 
of crack growth with time is out of the scope of this work, we 
have assumed propagation cases which are explained in Fig. 4 
to study the effect of this propagation scenario on the 
reduction in the gear mesh stiffness. The propagation cases 
that have been assumed with this scenario are shown in Table 
II. 

The values of q2 in Table II have been obtained from the 
intersection of the parabolic lines with the vertical axis at 
points A,B,C, and D which are illustrated in Fig. 4, the section 
A-A can be recognized in Fig. 1-a. A high backup ratio with a 
crack angle of 70 is considered here.   

TABLE II 
DATA FOR THE PROPAGATION CASES OF THE PROPOSED SCENARIO

Case qo(mm) Wc (mm) q2 (mm) 

70=cα

1 0 0 0 
2 0.2 5 0 
3 0.4 10 0 
4 0.6 15 0 
5 0.8 20 0 
6 1.0 20 0.45 
7 1.2 20 0.7 
8 1.4 20 0.925 
9 1.6 20 1.14

Fig. 3 Illustration of different load distribution cases. (a) Uniform 
load distribution, (b) Uniform load distribution represented 

analytically, (c) Non-uniform or one-sided load distribution, and        
(d) Non-uniform load distribution represented analytically 

Fig. 4 Crack section A-A shows the crack propagation according to 
the proposed scenario 

IV. TOTAL MESH STIFFNESS
After calculating the stiffness of a cracked pinion tooth, 

Ktp, due to bending, shear, and axial compression, and then 
calculating the stiffness due to the fillet foundation deflection, 
Kfp, we can perform the same calculations for an uncracked 
mating gear tooth to find Ktg and Kfg. Thus, the total mesh 
stiffness for one meshing tooth pair is: 

(13)                 K

K
1

K
1

K
1

K
1

K
1

1K e1

hfgtgfptp

t =
++++

=

where Ke1 is the total mesh stiffness for the first tooth pair. 
In cases where there are two tooth pairs in contact, the same 

calculations are repeated for the second tooth pair to find Ke2. 
Then we can obtain the equivalent stiffness for meshing as 
follows:  

Ke=Ke1+Ke2                                                                  (14) 
In the mesh stiffness calculation, one needs to know the 

load position relative to the teeth in contact along the path of 
contact. Note that the faulty tooth position should be changed 
through the entire contact length for investigating the time-
varying mesh stiffness. To obtain the locations of contact 
points along the path of contact, the contact zones can be 
determined from the contact ratio and the base circular pitch 
[25]. 

  Basically,
bP

PTHC.R =                                                (15)   

where C.R is the contact ratio, PTH is the path of contact, and 
Pb is the base circular pitch. 

In low contact ratio gearing, the load is transmitted by a 
single pair of teeth for a part of the engagement period, and by 
two pairs of teeth during the rest of the period. At the 
beginning of contact there are two pairs in contact continuing 
to mesh for a specified period, and then one pair go out of 
contact, while the other pair continue to mesh alone, until a 
new pair come into action [26].  
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Fig. 5 Contact zones along the path of contact. (a) Contact zones for a 
contact ratio of 1.6, (b) Contact zones for low contact ratio gears 

For example, a contact ratio of (1.6) means that the path of 
contact is equal to 1.6 times the base circular pitch. The path 
of contact is divided into three zones, as shown in Fig. 5-a, 
and at the beginning of the path of contact, there are two pairs 
continuing to mesh for 60% of the base circular pitch along 
the path of contact. Then one pair go out of contact and the 
other pair continue to mesh alone for the remaining 40% of the 
base circular pitch, after which another new pair come into 
contact for a further 60% of the base circular pitch. In general, 
the contact zones along the line of action for a low contact 
ratio can be found as described in Fig. 5-b. 

V. ONE-STAGE GEAR MODELLING
A single-stage spur gear model has been adopted in the 

present research work for simulations performed to investigate 
the time-varying gear mesh stiffness of two mating gears. The 
main gear modelling parameters that are used in this paper 
have been taken from [1], and can be seen in Table III. Here 
the term ‘pinion’ refers to the smaller gear which is a driven 
gear in our case, and the term ‘gear’ refers to the larger gear, 
which is a driver gear in our case.  

TABLE III 
PARAMETERS OF GEAR-PINION SET [1] 

Parameter Gear Pinion 

Number of teeth  30 25 

Module (mm) 2 2 

Teeth width (mm) 20 20 

Contact ratio 1.63 1.63 

Rotational speed (rpm) 2000 2400 

Pressure angle (deg.) 20 20 

Young’s modulus, E (N/mm2) 2 × 105 2 × 105

Poisson’s ratio 0.3 0.3 

VI. PROGRAMMING AND COMPUTER SIMULATION
The mesh stiffness calculations have been programmed 

using Matlab code to investigate the time-varying gear mesh 
stiffness. In this code the crack propagation can be modelled 
with the crack propagation scenario that has been proposed in 
this paper, and according to the mesh stiffness calculations 
that have been explained in Section II. To find the varying 
load positions relative to the teeth in contact, AutoCAD 
software has been used for teeth simulation relative to the path 
of contact. 

VII. RESULTS AND DISCUSSION
The time-varying gear mesh stiffness for all the studied 

cases is shown in Fig.6. It is obvious in the figure that the 
mesh stiffness decreases as the crack propagates; in the figure, 
the direction of the arrow shows the sequence of the crack 
propagation cases of the proposed scenario. We can observe 
that the loss of mesh stiffness is much higher on the left-hand 
side than on the right-hand side of the figure, and that is 
because the pinion, which has a cracked tooth is considered as 
the driven gear in the studied model. Therefore, if we reverse 
the direction of the gear rotation and consider the pinion as the 
driver, then the time-varying mesh stiffness plots will be 
reversed as well.  
Since the proposed crack propagation scenario is more 
realistic for non-uniform load distribution cases and can be 
applied for crack propagation modelling and monitoring 
simulation, further research should be conducted to analyze 
the effect of this scenario and the other scenarios on the 
possibility of performing fault diagnosis. When crack 
propagation is present, it is not feasible to extract the fault 
from the generated vibration all the time, and the possibility of 
extracting the fault depends on how much the mesh stiffness 
parameter is decreased. When the amount of mesh stiffness 
loss due to crack propagation affects the dynamic behaviour of 
the system, it is possible to detect the fault by monitoring and 
analyzing the dynamic response.         

VIII. CONCLUSIONS
In this paper an analytical approach has been used for 

investigating the time varying gear mesh stiffness with the 
presence of crack propagation in the gear tooth root. The 
proposed crack propagation scenario is more reasonable and 
realistic for non-uniform load distribution cases and can be 
applied for crack propagation modelling and monitoring 
simulation. Nevertheless, further research is required for 
comparison and evaluation of all the presented crack 
propagation scenarios from the condition monitoring point of 
view. 
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Fig. 6 Reduction in time varying mesh stiffness according to the 
proposed scenario 
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a b s t r a c t

There are different analytical scenarios assumed for crack propagation in the gear tooth
root. This paper presents an investigation of the performance of statistical fault detection
indicators (the RMS and kurtosis) for three different series of crack propagation scenarios,
to compare these scenarios from a fault diagnostics point of view. These scenarios imply
different forms of cracks with propagation by a certain step of crack depth. The first
scenario assumes a crack being extended through the whole tooth width with a uniform
crack depth distribution, while the second scenario assumes the crack being extended
through the whole tooth width with a parabolic crack depth distribution, and finally in the
third scenario the crack is assumed to be propagating in both the depth and the length
directions simultaneously. The time-varying gear mesh stiffness has been investigated
using the programme code developed in the present research, and the crack propagation
can be modelled with any of the presented crack propagation scenarios. Dynamic
simulation has been performed to obtain the residual signals of all the studied cases for
each crack propagation scenario. The comparison of the statistical indicators applied to
the residual signals shows that in the first scenario the faults are most easily detectable,
since in this scenario there is a change in the indicators implying a dramatic decrease in
the gear mesh stiffness. The fault detection in the 2nd scenario is more difficult, as the
crack propagates with no significant reflection on the mesh stiffness loss. The 3rd
proposed scenario should receive more attention in research because it could occur in
reality in case of non-uniform load distribution. However, with this scenario it is difficult
to perform early fault detection, since there is a very slight change in the statistical
indicators at the beginning of the crack propagation. After which, these indicators show a
significant change when the crack grows deeper which implies a serious crack propaga-
tion condition.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Fault diagnosis using vibration analysis is considered as an efficient tool for detecting the faults or damages existing in
gears and then giving a warning as early as possible. The role of vibration health monitoring is to detect the deterioration
due to faults propagation before the occurrence of sudden breakage. This deterioration results in a malfunction of the

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/ymssp

Mechanical Systems and Signal Processing

0888-3270/$ - see front matter & 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.ymssp.2013.06.040

n Corresponding author at: Division of Operation, Maintenance and Acoustics, Lulea University of Technology, Sweden. Tel.: þ46 920 49 1840; fax: þ46
920 49 2818.

E-mail addresses: omar.mohammed@ltu.se, omar.mohammed@uomosul.edu.iq (O.D. Mohammed).

Mechanical Systems and Signal Processing 41 (2013) 176–195



gearing system and then affects the availability of the whole system. Early detection allows proper scheduled shutdown to
prevent catastrophic failure and consequently results in a safer operation and higher cost savings [1,2].

The dynamic behaviour of gear transmissions is affected by operation conditions like excessive applied load, insufficient
lubrication, manufacturing errors or installation problems [3]. When an extreme stress concentration is produced in the
engaged tooth, a crack may initiate and start propagating during operation. Therefore, for condition monitoring purposes,
the status of the tooth damage can be evaluated by the reduction in the time-varying gear mesh stiffness [3–5]. This
reduction in the mesh stiffness affects the gear′s dynamic behaviour and then the generated vibration [5]. In a study
presented by Mark et al. [6] the tooth profile error of a gear was investigated. An increasing profile error could be detected
with an increasing crack size. The authors suggested that profile errors due to plastic deformation have a more significant
effect on the possibility to detect a gear tooth crack than the effect of stiffness reduction. The effect of adding plastic
deformation to dynamic simulations is still to be investigated.

Many research studies have been performed to develop analytical methods for investigating the mesh stiffness of healthy
gears [7–11]. These methods are still in use today as their results have shown good agreement with those obtained with
FEM, which is a more recent method used for this purpose. FEM is an efficient tool for calculating mesh stiffness [12–14]. It is
worth mentioning, however, that FEM needs a great deal of computations, especially in cases which require mesh
refinement, so that analytical methods can still be considered as an alternative option for this purpose.

Investigations of gear mesh stiffness have been carried out extensively for uncracked healthy gears, but for faulty gears,
crack modelling and mesh stiffness evaluation are fields that are still currently being explored by many researchers [5]. A
great deal of research work has been conducted to study the crack propagation path and the effect of the rim thickness on
the crack direction [15–17]. It has been found that the path of the crack propagation is dependent on the ‘backup ratio’,
which may be defined as the ratio of the rim thickness to the tooth height. In gears with a high backup ratio, the direction of
the crack path in the tooth root will be through the tooth. In gears with a low backup ratio, the crack path will be through
the rim. The initial crack angle also affects the crack propagation path in such a way that, when the initial angle is low, the
path of the crack may go through the rim, even in the case of a high backup ratio. Investigations of the reduction in the mesh
stiffness due to damage or crack propagation have been carried out [18–20]. The fact that the mesh stiffness changes
proportionally with the crack status could be used for severity assessment, but these investigations do not define the crack
sizes which correspond to the amounts of stiffness reduction found.

Calculation of the total gear mesh stiffness using crack modelling has been introduced through studying the effect of the
crack propagation size on the mesh stiffness [21,22]. Wu et al. [22] studied the effect of crack propagation in the tooth root
on the dynamic response of a gearbox. The crack levels were simulated from 0% to 80% of the theoretical through-tooth
crack size. The resulting vibration signals were analysed by applying several statistical indicators. By comparing the
performance of the calculated indicators, the authors concluded that using the residual signal obtained by removing the
regular signal of the healthy case from the signal of the faulty case is more sensitive for fault detection. The RMS is the best
indicator when using this method of generating the residual signal, and kurtosis is the robust indicator for all the kinds of
signals used. Chaari et al. [3] presented an analytical approach for calculating the reduction in the total gear mesh stiffness
due to crack depth propagation, as well as a model using FEM to verify the results obtained analytically. An analytical
method was proposed by Chaari et al. [5] to evaluate the reduction of the gear mesh stiffness due to spalling and breakage.
They obtained the dynamic response corresponding to each fault which was caused by spalling and breaking and which was
affected by the reduction of mesh stiffness. The performance of the statistical indicators (the RMS and kurtosis) in
combination with application of the discrete wavelet transform (DWT) was studied in [23], with a view of improving the
fault detection sensitivity. A modified mathematical model of crack growth in the tooth root was proposed in [24] for
calculating time-varying mesh stiffness using an improved potential energy method. This study was carried out using a 16
DOF dynamic model and showed good performance for the applied signal processing technique.

The empirical mode decomposition (EMD) method has been applied in many research studies [25–28]. This technique
performs well and is based on decomposing the complicated signal into a set of elementary signals called intrinsic mode
functions (IMFs). A technique of differential diagnosis was presented by Endo et al. [29] for diagnosing and recognising two
types of gear faults: spalling and cracking. They studied the effects of spalls and cracks on the dynamic response and
presented observations for diagnosing the fault type.

In the above-mentioned studies that have dealt with analytical stiffness modelling and calculation, the crack is assumed
to extend through the whole tooth width with a uniform crack depth distribution along the tooth width.

Chen and Shao [4] presented an analytical approach for modelling crack propagation with a non-uniform parabolic
distribution and then studied the effect of this propagation on the time-varying gear mesh stiffness and the dynamic
response. They studied the effect of the size of a crack propagating along the tooth width and the crack depth on the
statistical indicators (the RMS and kurtosis). An analytical crack propagation scenario is proposed in [30] which assumes
that a crack propagates in the tooth root in both the crack depth direction and the tooth width direction simultaneously, and
which is more reasonable and realistic for non-uniform load distribution cases than the other presented scenarios.

Based on the above-mentioned research, one can conclude that more than one scenario have been assumed when
applying analytical methods to the investigation of crack propagation in the tooth root. The scenario of a constant or
uniformly distributed crack depth through the whole tooth width was assumed first in many research studies [3,21,22,24],
after which two more scenarios were presented by Chen and Shao [4]. The first assumed a constant crack depth with a
varying crack length and a parabolic distribution along the tooth width, while the second assumed a constant crack length
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with a varying crack depth and a parabolic distribution. Ref. [30] assumed that a crack propagates in the tooth root in both
the crack depth direction and the tooth width direction simultaneously. Then the authors directed their attention to the
possibility of conducting further required research to compare and evaluate all the presented crack propagation scenarios
from the condition monitoring point of view.

In reality there are many different crack propagation scenarios. The difference between these scenarios regarding the
fault detection possibility has not been investigated in the previous research. The current paper therefore presents a
comparative study of the performance of the statistical indicators (the RMS and kurtosis) for three crack propagation
scenarios when performing vibration-based fault detection. This paper uses a previously presented analytical approach [4]
for evaluating the time-varying gear mesh stiffness required for obtaining the dynamic response of three series of crack
propagation scenarios. However, the crack model used is a strong simplification of a real crack and will overestimate the
influence on the stiffness. But, it is essential to use the simplified model to evaluate the analysis method against earlier
studies.

2. Gear mesh stiffness modelling with a crack in the tooth root

Gear mesh stiffness can be explained as a factor describing the stiffness produced between two engaged gears due to the
stiffness of the meshing teeth of both the gears. Gear mesh stiffness is a time-varying factor during the operation of gears
and is dependent on the number of engaged teeth, the applied load′s position and direction, the tooth geometry, the gear′s
material specifications, and the profile errors and/or faults in the gear tooth [3].

An important observation was reported by Lewicki [15], namely that the paths of the crack depth propagation are
smooth, continuous, and tend to be straight with a slight curvature. Therefore, the crack propagation path is assumed to be a
straight line in the crack depth direction in [3,4,22]. In the crack modelling of the current study, the crack depth is simulated
as propagating in a straight line.

A calculation model for gear mesh stiffness using a parabolic distribution of the tooth crack propagation is presented in
[4] and can be described as consisting of two parts: determination of the mesh stiffness with a constant crack depth for a
thin slice along the tooth width and determination of the mesh stiffness for all the slices along the tooth width which have a
non-uniform crack depth. Moreover, the effects of fillet foundation deflection and Hertzian contact are taken into account,
as explained in Sections 2.3 and 2.4.

2.1. The mesh stiffness with a constant crack depth for a slice along the tooth width

By considering the tooth as a non-uniform cantilever beam with an effective length of ‘d’, see Fig. 1d, the deflections
under the action of the force can be determined, and then the stiffness can be calculated. Note that, in this part of the
stiffness calculations, the crack is assumed to have a constant crack depth, q(z), for each slice, dW, along the tooth width, as
explained in Fig. 1a and b.

Based on the calculation of the potential energy stored in a meshing gear tooth, it is feasible to obtain the bending, shear,
and axial compressive stiffnesses as follows [4]:

1
Kb

¼
Z d

0

ðx cos ðα1Þ�h sin ðα1ÞÞ2
EIx

dx ð1Þ

1
Ks

¼
Z d

0

1:2 cos 2ðα1Þ
GAx

dx ð2Þ

1
Ka

¼
Z d

0

sin 2ðα1Þ
EAx

dx ð3Þ

where the following notation is used:

Kb: Bending stiffness.
Ks: Shear stiffness.
Ka: Axial compressive stiffness.
h, hc, hx, x, dx, d, and α1 are illustrated in Fig. 1d. Note that α1 varies with the gear tooth position.
E: Young′s modulus.
G: Shear modulus,

G¼ E
2ð1þυÞ

υ: Poisson ratio.
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Ix: Area moment of inertia,

Ix ¼
ð1=12ÞðhxþhxÞ3 dW ; hxrhq
ð1=12ÞðhxþhqÞ3 dW ; hx4hq

(

Ax: Area of the section of distance ‘x’ measured from the load application point,

Ax ¼
ðhxþhxÞ dW ; hxrhq
ðhxþhqÞ dW ; hx4hq

(

hq¼hc � q(z) sin(αc), hq represents the reduced dimension of the tooth thickness when a crack is existing.
Chen and Shao [4] and Tian [21] used this reduced dimension for calculating Ix and Ax. They used hq instead of hx in case
of hx4hq.
q(z) and αc are the crack depth and crack angle, respectively, as shown in Fig. 1b.

At a certain position, ‘z’, through the tooth width, we can find the stiffness of one slice resulting from the effect of all the
stiffnesses calculated previously as follows:

KðzÞ ¼ 1=
1
Kb

þ 1
Ks

þ 1
Ka

� �
ð4Þ

Fig. 1. Modelling of gear tooth crack. (a) Modelling of cracked tooth, (b) modelling of one slice of width dW, (c) crack depth distribution along the tooth
width, and (d) tooth notation [4].
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2.2. The mesh stiffness for all the slices along the tooth width

The mesh stiffness model presented in [4] divides the tooth width into thin slices to represent the crack propagation
through the tooth width, as shown in Fig. 1a. Consequently, for a small dW the crack depth is assumed to be a constant
through the width for each slice, see Fig. 1b.

By integrating the stiffness of all the slices along the width, the stiffness of the entire tooth can be evaluated as follows:

Ktp ¼
Z W

0
KðzÞ ð5Þ

In [4] it is assumed that the distribution of the crack depth follows a parabolic function along the tooth width, as shown in
Fig. 1c for the crack section A-A, which can be recognised in Fig. 1a.

When the crack length is less than the whole tooth width:

qðzÞ ¼ qo

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Wc�z
Wc

s
; zA 0�Wc½ � ð6Þ

qðzÞ ¼ 0; zA ½Wc�W � ð7Þ
where Wc is the crack length, W is the whole tooth width, and qo is the maximum crack depth, see Fig. 1c.

When the crack length extends through the whole tooth width:

qðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2o�q22
W

zþq22

s
ð8Þ

where q2 is shown in Fig. 1c.

2.3. The effect of fillet foundation deflection on the mesh stiffness

Sainsot et al. [31] studied the effect of fillet foundation deflection on the gear mesh stiffness, derived this deflection, and
applied it for a gear body. The fillet foundation deflection can be calculated as follows [31]:

δf ¼
F U cos 2ðαmÞ

W UE
Ln

uf

Sf

� �2

þMn
uf

Sf

� �
þPnð1þQn tan 2ðαmÞÞ

( )
ð9Þ

where the following notation is used:

αm is the pressure angle.
uf and Sf are illustrated in Fig. 2.
Ln; Mn; Pn; and Qn can be approximated using polynomial functions as follows [31]:

Xn

i ðhf i; θf Þ ¼ Ai=θ
2
f þBih

2
f iþCihf i=θf þDi=θf þEihf iþFi ð10Þ

Xn

i represents the coefficients Ln; Mn; Pn; and Qn.
hf i ¼ rf =rint.
rf ; rint; and θf are illustrated in Fig. 2.

Fig. 2. Geometrical parameters for the fillet foundation deflection [3].
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The coefficients Ai; Bi; Ci; Di; Ei and Fi are given in Table 1.

Then the stiffness due to fillet foundation deflection can be obtained as follows:

1
Kf

¼ δf
F

ð11Þ

For a pinion it could be denoted as Kfp.

2.4. The effect of Hertzian contact on the mesh stiffness

Yang and Sun [32] ascertained that the stiffness of the Hertzian contact of two gears in mesh is constant during the
whole contact period, and therefore, has the same value at all the contact positions along the path of contact. The Hertzian
contact stiffness Kh can be calculated as follows:

1
Kh

¼ 4ð1�ν2Þ
π UEUW

ð12Þ

3. Total mesh stiffness

After calculating the stiffness of a cracked pinion tooth, Ktp, due to bending, shear, and axial compression and then
calculating the stiffness due to the fillet foundation deflection, Kfp, we can perform the same calculations for an uncracked
mating gear tooth to find Ktg and Kfg. Thus, the total mesh stiffness for one meshing tooth pair is as follows:

Kt ¼ 1
1
Ktp

þ 1
Kfp

þ 1
Ktg

þ 1
Kfg

þ 1
Kh

¼ Km1 ð13Þ

where Km1 is the total mesh stiffness for the first tooth pair.
In cases where there are two tooth pairs in contact, the same calculations are repeated for the second tooth pair to find

Km2. Then we can obtain the equivalent mesh stiffness as follows:

Km ¼ Km1þKm2 ð14Þ

In the mesh stiffness calculation, one needs to know the load position relative to the teeth in contact along the path of
contact. Note that the faulty tooth position should be changed through the entire contact length for investigating the time-
varying mesh stiffness. To obtain the locations of the contact points along the path of contact, the contact zones can be
determined from the contact ratio and the base circular pitch [33].

Basically,

C:R:¼ PTH
Pb

ð15Þ

where C.R. is the contact ratio, PTH is the path of contact, and Pb is the base circular pitch.
The load transmitted by low contact ratio gearing is transmitted by a single pair of teeth for a part of the engagement

period and by two pairs of teeth during the rest of the period. At the beginning of contact there are two pairs in contact
continuing to mesh for a specified period, and then one pair go out of contact, while the other pair continue to mesh alone,
until a new pair come into action [34]. As an example, a contact ratio of (1.6) means that the path of contact is equal to 1.6
times the base circular pitch. The path of contact is divided into three zones, as shown in Fig. 3a, and at the beginning of the
path of contact, there are two pairs continuing to mesh for 60% of the base circular pitch along the path of contact. Then one
pair go out of contact and the other pair continue to mesh alone for the remaining 40% of the base circular pitch, after which
another new pair come into contact for a further 60% of the base circular pitch. In general, the contact zones along the line of
action for a low contact ratio can be found as described in Fig. 3b [35].

Table 1
Values of the coefficients of Eq. (10).

Ai (�10�5) Bi (�10�3) Ci (�10�4) Di (�10�3) Ei Fi

Ln (hfi,θf) �5.574 �1.9986 �2.3015 4.7702 0.0271 6.8045
Mn (hfi,θf) 60.111 28.100 �83.431 �9.9256 0.1624 0.9086
Pn (hfi,θf) �50.952 185.50 0.0538 53.300 0.2895 0.9236
Qn (hfi,θf) �6.2042 9.0889 �4.0964 7.8297 �0.1472 0.6904
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4. One-stage gear modelling

A single-stage spur gear model has been adopted in the present research work for simulations performed to investigate
the time-varying gear mesh stiffness of two mating gears. The main gear modelling parameters that are used in this paper
have been taken from [3] and can be seen in Table 2. Here the term pinion refers to the smaller gear, which is a driver gear in
this study, and the term gear refers to the larger gear, which is a driven gear in this study.

5. Computer simulation of time-varying gear mesh stiffness

A programme has been made using Matlab code to determine the (x,y) coordinates of the points forming the involute
tooth profile which are required in the mesh stiffness calculation. These tooth profile coordinates can be obtained for
different gear dimensions, and also there is the possibility of finding the profile coordinates for a modified long addendum
gear tooth.

AutoCAD software has been used to simulate the tooth action along the path of contact. Thus, all the required parameters
for mesh stiffness calculation can be obtained.

A programme has been developed using Matlab code to investigate the time-varying mesh stiffness for two gears in
contact. The mesh stiffness has been calculated point by point during the time of teeth engagement. The stiffness of a

Fig. 3. Contact zones along the path of contact. (a) Contact zones for a contact ratio of 1.6 and (b) contact zones for the low contact ratio gears.

Table 2
Parameters of gear–pinion set [3].

Parameter Pinion Gear

Number of teeth 25 30
Module (mm) 2
Teeth width (mm) 20
Contact ratio 1.63
Pressure angle (deg.) 20
Young′s modulus, E (N/mm2) 2�105

Poisson′s ratio 0.3
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cracked tooth with a parabolic crack distribution can be investigated according to the stiffness calculation that is explained
in Section 2. With the programme code the crack propagation can be modelled for any one of the presented crack
propagation scenarios.

5.1. Programme code validation

To verify the programme code developed in this research study for time-varying gear mesh stiffness, the results obtained
with this code have been compared with the results for the studied cases presented in [3], which were obtained using FEM.
The parameters used for this comparison (which are also used for gear modelling in this paper) are shown in Table 2 [3]. It is
worth mentioning that to fit the comparison of the model used for this comparison considers the larger gear as a driver and
the smaller one as a driven gear which is the opposite of the model studied in this paper.

We can explain the cases studied for comparison as follows [3]:

1. Healthy case: no crack.
2. Crack no. 1: pc¼0.3 mm, αc ¼ 331 (here we let qo¼q2¼0.3 mm and αc ¼ 331 to represent this crack case).
3. Crack no. 2: pc¼0.66 mm, αc ¼ 701 (here we let qo¼q2¼0.66 mm and αc ¼ 701 to represent this crack case).

If we compare the values of the two result columns in Table 3, we find that they are quite close to each other, and the
percentage difference is explained in the last column. Fig. 4 shows the varying mesh stiffness obtained in [3] and that
obtained using the programme code developed in the present research work. The comparisons explained in Table 3 and
Fig. 4 show good agreement and validate the programme code developed in the present study.

6. Analytical crack propagation scenarios

To study the reduction in the mesh stiffness due to crack propagation in the gear tooth root, several analytical crack
propagation scenarios have been proposed. First, the scenario of a constant or uniformly distributed crack depth through the
whole tooth width was assumed in many research studies [3,21,22,24], and this assumption is considered to be correct for
uniform load distribution cases. After that, two more scenarios with a non-uniform parabolic crack distribution were
presented in [4], the first of which assumed a constant crack depth with a varying crack length and a parabolic distribution
along the tooth width, and the second assumed a constant crack length with a varying crack depth and a parabolic
distribution. A different analytical crack propagation scenario is proposed in [30] which assumes that a crack propagates in
the tooth root in both the crack depth direction and the tooth width direction simultaneously, and which is more reasonable
and realistic for non-uniform load distribution cases than the other presented scenarios.

The crack level (CL) can be described as a percentage of the total tooth thickness measured at the crack initiation point in
the tooth root, which is 3.72 mm in our model. In the present study, three different crack propagation scenarios have been
studied and they can be explained as follows:

1. Crack extended through the whole tooth width with a uniform crack depth distribution.
This scenario is considered by [3,21,22,24] and in other research studies mentioned in Section 1. The propagation case
data of this scenario are shown in Table 4.
Fig. 5a explains the propagation cases of this scenario, and the time-varying mesh stiffnesses for all the studied cases are
shown in Fig. 5b.

2. Crack extended through the whole tooth width with a parabolic crack depth distribution.
This scenario is presented in [4]. The propagation case data of this scenario are shown in Table 5.
Fig. 6a explains the propagation cases of this scenario, and the time-varying mesh stiffnesses for all the studied cases are
shown in Fig. 6b.

3. Crack propagating in both the depth and the length directions together.

This scenario is presented in [30]. Practical experience shows that the load distribution along the tooth width is usually
non-uniform [36,37], see Fig. 7, with a number of factors causing the deviation from the ideal uniform load distribution, e.g.
manufacturing errors, gear shaft misalignment, and deformations in the bearing and/or housing. Experimental tests using a
one-sided load distribution have shown that the fatigue crack propagates in two directions: the crack length and the crack

Table 3
Single tooth mesh stiffness comparison.

Crack case FEM result from [3] Result from the programme used in this research study Difference (%)

Healthy case 1.58 �108 1.57�108 0.63
Crack no. 1 1.53�108 1.52�108 0.65
Crack no. 2 1.42�108 1.38�108 2.8
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depth directions [36]. It is more reasonable and realistic for non-uniform load distribution cases to assume that the crack
propagates in both the crack depth direction and the crack length direction together. As it is difficult to define analytically
the exact crack length corresponding to a certain crack depth, and because the study of crack growth with time is out of the
scope of the present research study, we have considered the propagation cases proposed in [30]. The propagation cases
utilised for the study of this scenario are shown in Table 6. The values of q2 have been obtained from the intersections of the
parabolic lines with the vertical axis at points a–j, as illustrated in Fig. 8a, the section A-A can be recognised in Fig. 1a, and
the time-varying mesh stiffnesses for all the studied cases are shown in Fig. 8b. A high backup ratio with a crack angle of 701
is considered here.

Fig. 4. Time-varying gear-mesh stiffness of the model used for programme code validation. (a) Using the programme developed in this research study and
(b) using FEM from [3].

Table 4
Propagation case data of the 1st scenario.

Case qo¼q2 (mm) CL % Case qo¼q2 (mm) CL %

1 0 0 11 0.9 24.19

Wc¼Wαc ¼ 701

2 0.05 1.34 12 1.0 26.88
3 0.1 2.68 13 1.1 29.56
4 0.2 5.37 14 1.2 32.25
5 0.3 8.06 15 1.3 34.94
6 0.4 10.75 16 1.4 37.63
7 0.5 13.44 17 1.5 40.32
8 0.6 16.12 18 1.6 43.01
9 0.7 18.81 19 1.7 45.69

10 0.8 21.50 20 1.8 48.38
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7. Dynamic modelling

The dynamic response of a gear system can be extracted using dynamic lumped parameters modelling to study the effect
of tooth crack propagation on the obtained vibration response from a fault detection point of view. A dynamic simulation of
a six DOF model has been performed based on the time-varying mesh stiffness model which was explained earlier. Fig. 9
shows the dynamic model which was used in the present research study and which was adopted in [4,38,39]. This model
represents six DOF and is explained in the equations below by introducing the friction force caused by sliding between the
mating teeth. The parameters of the dynamic model are explained in Table 7. The gear system works under a torque of
60 N m applied on the driven gear. It is assumed that the radial stiffness and damping in the bearings of the pinion and
gear have the same values as those given in Table 7.

The equations of motion in the ‘y’ direction for the pinion and gear are as follows:

mp €yp ¼�N�kyp yp�cyp _yp ð16Þ

mg €yg ¼ N�kyg yg�cyg _yg ð17Þ

Table 5
Propagation case data of the 2nd scenario.

Case qo (mm) CL % Case qo (mm) CL %

1 0 0 11 0.9 24.19

Wc¼Wq2¼0αc ¼ 701

2 0.05 1.34 12 1.0 26.88
3 0.1 2.68 13 1.1 29.56
4 0.2 5.37 14 1.2 32.25
5 0.3 8.06 15 1.3 34.94
6 0.4 10.75 16 1.4 37.63
7 0.5 13.44 17 1.5 40.32
8 0.6 16.12 18 1.6 43.01
9 0.7 18.81 19 1.7 45.69

10 0.8 21.50 20 1.8 48.38

Fig. 5. Crack propagation and time-varying gear mesh stiffness with the 1st scenario. (a) Crack section A-A shows the crack propagation and (b) time-
varying gear mesh stiffness.
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Fig. 6. Crack propagation and time-varying gear mesh stiffness with the 2nd scenario. (a) Crack section A-A shows the crack propagation and (b) time-
varying gear mesh stiffness.

Fig. 7. Illustration of different load distribution cases. (a) Uniform load distribution, (b) uniform load distribution represented analytically, (c) non-uniform
or one-sided load distribution and (d) non-uniform load distribution represented analytically.

Table 6
Data for the propagation cases of the proposed scenario.

Case qo (mm) CL % Wc (mm) q2 (mm) Case qo (mm) CL % Wc (mm) q2 (mm)

1 0 0 0 0 11 0.9 24.19 20.0 0.23

αc ¼ 701

2 0.05 1.34 1.25 0 12 1.0 26.88 20.0 0.45
3 0.1 2.68 2.5 0 13 1.1 29.56 20.0 0.575
4 0.2 5.37 5.0 0 14 1.2 32.25 20.0 0.7
5 0.3 8.06 7.5 0 15 1.3 34.94 20.0 0.8125
6 0.4 10.75 10.0 0 16 1.4 37.63 20.0 0.925
7 0.5 13.44 12.5 0 17 1.5 40.32 20.0 1.0325
8 0.6 16.12 15.0 0 18 1.6 43.01 20.0 1.14
9 0.7 18.81 17.5 0 19 1.7 45.69 20.0 1.2475

10 0.8 21.50 20.0 0 20 1.8 48.38 20.0 1.355
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The equations of motion in the rotary ‘θ’ direction for the pinion and gear are as follows:

Ip €θp ¼ rpNþTpþMp ð18Þ

Fig. 9. Dynamic model of a reduction gear system with six DOF.

Fig. 8. Crack propagation and time-varying gear mesh stiffness with the proposed 3rd scenario. (a) Crack section A-A shows the crack propagation and (b)
time-varying gear mesh stiffness.
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Ig €θg ¼�rgN�TgþMg ð19Þ
The equations of motion in the ‘x’ direction for the pinion and gear are as follows:

mp €xp ¼�kxpxp�cxp _xpþFp ð20Þ

mg €xg ¼�kxgxg�cxg _xgþFg ð21Þ
where

N¼ km½ðyp�ygÞ�ðrpθp�rgθgÞ�þcm½ð_yp�_ygÞ�ðrp _θp�rg _θgÞ�N¼N1þN2⋯ Nn

where n is the number of teeth in contact

Fp ¼ Fp1þFp2⋯ FnFp1 ¼ μN1 and Fp2 ¼�μN2 Fg ¼ Fg1þFg2⋯FnFg1 ¼�μN1 and Fg2 ¼ μN2

We can obtain the moments due to the friction force Mp and Mg by multiplying Fp and Fg; respectively, by their arms at
the point of contact, see Fig. 10. The points of contact A and B can be measured from points X and Y to obtain these arms.

The following notation is used in the dynamic model equations:

mp/mg: Mass of the pinion/gear.
Ip/Ig: Mass moment of inertia of the pinion/gear.
kpx/kpy: Radial stiffness in the x/y directions of the pinion.
kgx/kgy: Radial stiffness in the x/y directions of the gear.
cpx/cpy: Radial damping in the x/y directions of the pinion.
cgx/cgy: Radial damping in the x/y directions of the gear.
km: Equivalent mesh stiffness.
cm: Mesh damping coefficient.
Tp/Tg: Torque applied on the pinion/gear.
rbp/rbg: Base circle radius of the pinion/gear.

Fig. 10. Friction forces in meshed teeth.

Table 7
Parameters of gear–pinion dynamic model [4].

Parameter Pinion Gear

Mass (kg) 0.3083 0.4439
Mass moment of inertia (kg m2) 0.96e�4 2e�4
Radial stiffness of the bearing in x, y directions (N/m) 6.56e8 6.56e8
Radial damping of the bearing in x, y directions (N s/m) 1.8e3 1.8e3
Rotational speed (rpm) 2400 2000
Gear mesh frequency (Hz) 1000
Coefficient of friction 0.06
Total damping between meshing teeth (N s/m) 67
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A Matlab computer simulation using the ODE45 function was used for modelling the equations of motion with a
sampling frequency of 200 kHz to prevent aliasing of the highest detectable harmonics at 20 kHz. The dynamic simulation
was performed for the healthy case, after which the simulation was repeated for the faulty cases corresponding to the crack

Fig. 11. Selected original signals and their residual signals for the 3rd scenario with the RMS and kurtosis values specified.
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sizes. In the present research study, three crack propagation scenarios were studied, with 20 cases studied for each scenario,
as explained in Section 6. This means that, to complete the investigation, 60 cases were simulated to extract the dynamic
behaviour.

8. Statistical fault diagnosis indicators

To assess the fault condition, statistical indicators are commonly applied to the obtained signal that describes the system′
s dynamic behaviour. These indicators permit efficient fault detection, which is necessary to prevent a sudden breakage in
the machinery system.

Wu et al. [22] studied the performance of some of the statistical indicators which are applied to different kinds of signals.
The conclusion drawn from their study was that the RMS indicator shows the best performance when the 2nd proposed
method of generating the residual signal is applied. Kurtosis is the most robust indicator for all the signals used. The 2nd
method which they recommended for generating the residual signal involves removing the whole original signal of the
healthy case from the original signal of the faulty cases. The original signal which is obtained when there is no crack in the
gear teeth is considered as a regular signal representing the healthy case. By removing this regular signal from the faulty
one, the influence of regular vibration can be removed and then the signal components generated due to crack propagation
can be highlighted. The above-explained method for generating the residual signal has been applied in the present
research study.

The RMS is considered as one of the basic statistical indicators that measure the energy level of a signal. The RMS can be
defined as follows [1]:

RMS¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

∑
N

n ¼ 1
ðxðnÞÞ2

s
ð22Þ

Fig. 12. RMS change for three crack propagation scenarios.

Fig. 13. Kurtosis change for three crack propagation scenarios.
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Fig. 14. The change of the spectra for selected original signals and their residual signals for the 3rd scenario. (a) Crack depth¼0.0 mm and CL¼0%, (b) crack
depth¼0.8 mm and CL¼21.5%, (c) crack depth¼1.2 mm and CL¼32.25% and (d) crack depth¼1.8 mm and CL¼48.38%.
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In the case where the mean value of the signal is not zero, the RMS indicator can be obtained as follows [22]:

RMS¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

∑
N

n ¼ 1
ðxðnÞ�xÞ2

s
ð23Þ

where x¼ ð1=NÞ∑N
n ¼ 1xðnÞ.

Kurtosis is an indicator which measures the degree of peakiness of a distribution and describes the signal shape as
compared to the normal distribution. The kurtosis value depends on the distribution tail length; so that the kurtosis value of
the residual signal is much higher than that of the original signal, see Fig. 11. The kurtosis indicator can be defined as follows
[1,22]:

kurtosis¼ 1
N
∑N

n ¼ 1
ðxðnÞ�xÞ4h

1
N∑

N
n ¼ 1ðxðnÞ�xÞ2

i2 ð24Þ

9. Results and discussion

In the mesh stiffness calculation, the assumption of using a reduced dimension when calculating Ix and Ax needs to be
investigated further in order to establish which method is the most accurate when calculating the mesh stiffness analytically
for gears with a cracked tooth. The stiffness will become lower with the used model and therefore the signal will show to
strong influence of the crack. However, it is essential to evaluate the difference between different crack propagation
scenarios against earlier studies by using the same model.

Dynamic simulation with time domain analysis has been performed to obtain the residual signals of all the studied cases
for each crack propagation scenario. This work was carried out by studying the pinion′s y-displacement, which is the most
sensitive movement for crack propagation in the pinion tooth root.

Normally distributed noise is added with a SNR value of 20 dB to include the influence of measurements noise. In reality
random manufacturing error or any other contribution which is synchronous with the rotational speed will add energies in
the spectra at multiple integers of the rotational speed. This signal type will theoretically be removed from future signal
content by the residual signal process. Furthermore any non-synchronous contribution can be removed or reduced by time
signal averaging.

In this simulation study, a random measurement noise is applied which adds energies at all frequencies of the spectra
including the integer multiples of the rotational speed. Any pseudorandom noise or signal synchronous with the rotational
speed is removed in the residual signal process and therefore not considered in this simulation.

However, any constant amount of pseudorandom noise or noise with continuous spectra will only add a constant effect
to the indicators RMS and kurtosis. Therefore both the measurement noise and the pseudorandom noise will have the same
effect on the indicators and the comparison between the studied crack scenarios.

Fig. 11 shows the original signal of the healthy case and of the three selected faulty cases with their residual signals
according to the 3rd crack propagation scenario. This figure illustrates clearly the importance of performing the fault
detection analysis based on the residual signal. The statistical indicators are more sensitive to the crack size when the
residual signal is utilised.

Figs. 12 and 13 show the changes in the statistical indicators for the three studied crack propagation scenarios. It is clear
that the statistical indicators for the 1st scenario increase significantly, implying a dramatic decrease in the gear mesh
stiffness, and this scenario can be considered as the scenario for which fault detection is most easily performed. The 2nd
scenario shows the smallest increase in the statistical indicators, and this scenario can therefore be considered as the

Fig. 15. Zoomed part of the spectra in Fig. 14 case (d) showing the multiple integers of the rotational speed 40 Hz.
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hardest scenario for detecting crack propagation. The 3rd scenario shows a moderate behaviour in comparison with the
other scenarios. The statistical indicators start with a slight change at the beginning of crack propagation, after which they
increase at a significant rate. The fault detection for the 3rd scenario is critical as it is difficult to perform an early detection
with very slight initial changes in the statistical indicators, after which these indicators show a significant change when the
crack goes deeper, implying a serious crack propagation condition.

In the healthy condition the sidebands generated in the frequency spectrum are approximately constant with time.
When the fault starts propagation, the number and amplitude of the sidebands start changing and increase with the crack
size [40]. Therefore, the sidebands can be utilised as a good indication for fault detection. In the present research study, the
spectra were obtained for all the studied cases. Fig. 14 shows a part of the spectrum of the healthy case and of the three
selected faulty cases, with the spectrum of their residual signals according to the 3rd scenario. Each spectrum was created
using four simulated revolutions where the first revolution including the transient response was excluded. Fig. 11 is showing

Fig. 16. (a) Frequency response functions (receptance of pinion centre) of healthy gear with four different values of mesh stiffness and (b) spectrum of
original signal of healthy gear.

Fig. 17. (a) Frequency response functions (receptance of pinion centre) of faulty gear with six different values of mesh stiffness and (b) spectrum of residual
signal of faulty signal.
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one of the three revolutions used for calculating the spectra. The full record of 15,000 (5000 samples/revolution) was used
to create the spectra without reducing the spectral resolution in the Matlab FFT command. In the figure the mesh frequency
at 1 kHz and its multiples can be seen. Increasing amplitudes of the sidebands can also be seen with increasing crack depth.
In Fig. 14a, a continuous spectrum can be seen due to the presence of the simulated measurement noise. In Fig. 14b–d, the
contribution of the faulty gear tooth repeated for each revolution can be seen as peaks at multiple integers of the rotational
speed 40 Hz. These multiple integers are illustrated in Fig. 15.

Fig.16a shows the frequency response functions (receptance at pinion centre) of a healthy gear for four different values of
gear mesh stiffness (3.55, 3.68, 1.99 and 2.02�108 N/m, see Fig. 8b). Fig. 16b shows the corresponding spectrum of the
original signal. Fig. 17 illustrates the same as Fig. 16 but for a faulty gear case (48.38% crack level). For the faulty case the
receptance is plotted for six different gear mesh stiffnesses (3.57, 3.31, 1.77, 1.56, 3.12 and 2.87�108 N/m, see Fig. 8b). The
spectra shown in both the figures represent the signal produced by the dynamic system with varying gear mesh stiffness.
The gear mesh frequency and its multiples are filtered through the dynamic system of each case, amplifying or attenuating
the peaks according to the resonances of the dynamic system. This effect can be seen in Fig. 16 where the gear mesh peaks in
graph (b) can be compared to the system resonances described by the receptance in graph (a).

Fig. 18 shows the change in the sidebands′ peak amplitude for the three crack propagation scenarios. It is clear that the
sidebands′ amplitude for the 1st scenario increases significantly and shows the highest level. The corresponding amplitude
for the 2nd scenario is lower than that for the 1st one and shows the overall lowest increase rate. The sidebands′ amplitude
for the 3rd scenario shows a very slight increment at the beginning of crack propagation, with a lower rate than that for the
2nd one, until a crack level around 20% when the sidebands′ amplitude starts to exceed that for the 2nd scenario with a
significant increment.

10. Conclusions

This study has investigated the performance of the statistical fault detection indicators (the RMS and kurtosis) in each
proposed crack propagation scenario to compare these scenarios from a fault diagnostics point of view. Dynamic simulation
has been performed to obtain the residual signals of all the studied cases for each crack propagation scenario. The
comparison of the statistical indicators applied to the residual signals shows that in the 1st scenario, which has already been
treated in many previous studies, the faults are most easily detectable, since in this scenario there is a change in the
indicators implying a dramatic decrease in the gear mesh stiffness. The fault detection in the 2nd scenario is not so easy, as
the crack propagates with no significant reflection on the mesh stiffness loss. The 3rd proposed scenario should receive
more attention in research because it could occur in reality in case of non-uniform load distribution. However, the 3rd
scenario shows a critical behaviour and it is difficult to perform early detection, since there is a very slight change in the
statistical indicators at the beginning of the crack propagation, after which these indicators show a significant change when
the crack goes deeper, which implies a serious crack propagation condition.
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a b s t r a c t

For the purpose of vibration-based condition monitoring and to prevent occurrence of cat-
astrophic gear failures it is important to improve the simulated dynamic response of the
studied gear model. The time-varying gear mesh stiffness will contribute to the dynamic
response of a geared system. Some previously applied methods for stiffness calculation,
described in the literature, show good agreement with the results obtained with FEM sim-
ulation for smaller crack sizes. However, when larger crack sizes are reached, these meth-
ods show an increasing deviation from FEM simulation results. A reduction in the gear
mesh stiffness can be considered to assess the status of tooth damage and, therefore, by
increasing the accuracy of the calculated mesh stiffness, dynamic simulations of a gear
can be improved. In this paper a new method is presented for calculating the gear mesh
stiffness for a propagating crack in the tooth root. The influence of gear mesh stiffness
on the vibration-based fault detection indicators, the RMS, kurtosis and the crest factor,
is investigated. Different crack sizes are examined by using this new method for sizes up
to around 50% of the total tooth root thickness. When compared to FEM simulations, the
presented method shows more accurate results for calculations of the gear mesh stiffness
(for the studied model) than the previously suggested methods.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Investigation of the time-varying gear mesh stiffness has received significant attention from researchers in their endeav-
our to improve the design and performance of gears for load transmission. The time-varying gear mesh stiffness provides an
indication of different factors affecting the condition of gear tooth engagement, and one of these factors is the existence of
faults in gear teeth. When an extreme stress concentration is produced in the engaged tooth, a crack may initiate and start
propagating during operation, and then the mesh stiffness value will be reduced. For faulty gears, the mesh stiffness param-
eter is considered to be an important factor reflecting the fault status and affecting the output dynamic response. Therefore,
for condition monitoring purposes, the status of the tooth damage can be evaluated mainly by calculating the reduction in
the time-varying gear mesh stiffness. The research studies [1–6] have considered this stiffness reduction for fault detection
purpose. The role of vibration health monitoring is to detect the deterioration due to fault propagation before the occurrence
of sudden breakage. Early detection allows proper scheduled shutdown to prevent catastrophic failure and consequently
results in a safer operation and higher cost savings [7,8].
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Many research studies have been performed to develop analytical methods for investigating the mesh stiffness of healthy
gears [9–13]. These methods are still in use today, as their results have shown good agreement with those obtained with
FEM, which is a more recent method used for this purpose. FEM is an efficient tool for calculating mesh stiffness [14–16].
It is worth mentioning, however, that FEM usually needs special capabilities for modelling and simulating problems con-
nected with gear teeth with propagating cracks; and it is not so easy to extract the mesh stiffness, which varies with time.
Consequently, analytical methods can still be considered as an alternative option for this purpose.

Investigation of gear mesh stiffness has been carried out extensively for uncracked healthy gears, but for faulty gears,
crack modelling and mesh stiffness evaluation are fields that are still currently being explored by many researchers [2]. A
great deal of research work has been conducted to study the crack propagation path and the effect of the rim thickness
on the crack direction [17–19]. It has been found that the path of the crack propagation is dependent on the ‘‘backup ratio’’,
which may be defined as the ratio of the rim thickness to the tooth height. In gears with a high backup ratio, the direction of
the crack path in the tooth root will be through the tooth. In gears with a low backup ratio, the crack path will be through the
rim. The initial crack angle also affects the crack propagation path in such a way that, when the initial angle is low, the path
of the crack may go through the rim, even in the case of a high backup ratio. Investigations of the reduction in the mesh
stiffness due to damage or crack propagation have been carried out [20–22]. The fact that the mesh stiffness changes pro-
portionally with the crack status has been used for severity assessment, but these investigations do not define the crack sizes
which correspond to the amounts of stiffness reduction found.

A crack model was presented by Zouari et al. [23], who studied how the mesh stiffness and transmission error are affected
by the position, direction, and depth of the crack using FEA (with ANSYS code). Calculation of the total gear mesh stiffness
using crack modelling was introduced analytically by Tian [24] by refining the model proposed by Yang and Lin [13], and
then studying the effect of the crack propagation size on the mesh stiffness. Basically, the same analytical method that
was considered by Tian [24] was considered in [25] for evaluating the mesh stiffness. Wu et al. [25] studied the effect of crack
propagation in the tooth root on the dynamic response of a gearbox. The crack levels were simulated from 0% to around 80%
of the theoretical total crack depth. The resulting vibration signals were analysed by applying several statistical indicators.
By comparing the performance of the calculated indicators, the authors concluded that using the residual signal obtained by
removing the regular signal of the healthy case from the signal of the faulty case is more sensitive for fault detection. The
RMS is the best indicator when using this method of generating the residual signal, and kurtosis is the robust indicator
for all the kinds of signals used.

Many researchers have followed the same concept as that applied in the method presented in [24], i.e. the concept of tak-
ing into account the reduction in the tooth thickness on the cracked side, considering the amount of the reduction to cor-
respond to the studied crack size. Accordingly, Chen and Shao [3] presented an analytical approach to modelling crack
propagation with a non-uniform parabolic distribution, and then studied the effect of this propagation on the time-varying
gear mesh stiffness and the dynamic response. They studied the effect of the size of a crack propagating along the tooth
width and the crack depth on the statistical indicators (the RMS and kurtosis). The performance of the statistical indicators
(the RMS and kurtosis) in combination with application of the discrete wavelet transform (DWT) was studied in [26] with a
view to improving the fault detection sensitivity. A modified mathematical model of crack growth in the tooth root was pro-
posed in [27] for calculating the time-varying mesh stiffness using an improved potential energy method. This study was
carried out using a 16 DOF dynamic model and showed good performance for the applied signal processing technique.

Chaari et al. [1] presented an analytical approach to calculating the reduction in the total gear mesh stiffness due to crack
depth propagation, as well as a model using FEM to verify the results obtained analytically. The authors assumed that the
reduction in the tooth thickness concerned the cracked root part only.

In the above-mentioned studies on analytical stiffness modelling and calculation, the methods utilised for mesh stiffness
calculation were not applied for large crack sizes. In this paper the reduction in the gear mesh stiffness is considered to assess
the status of the tooth damage. It should be noted that the effect of profile modification due to plastic deformation is not
considered in this study. Therefore, in order to improve the performance of vibration-based condition monitoring, analytical
evaluations of the mesh stiffness should be more accurate for different crack sizes. Hence, the method utilised in [3], which
takes into account the progressive reduction in the tooth thickness as the crack goes deeper, was modified in the present
research study by assuming parabolic curves instead of straight lines to deal with the tooth thickness reduction. In this study,
the crack sizes have been examined with both the presented method and the previous methods, up to a crack size of around
50% of the total tooth root thickness. The aim of the current paper is to study and improve gear mesh stiffness evaluation for
different crack sizes to achieve more accurate results than those obtained using FEM.

2. Evaluation of gear mesh stiffness with a cracked tooth

Gear mesh stiffness can be defined as the stiffness produced between two engaged gears due to the stiffness of the mesh-
ing teeth of both gears. Gear mesh stiffness is a time-varying factor during the operation of gears and is dependent on the
number of engaged teeth, the applied load’s position and direction, the tooth geometry, the gear’s material specifications,
and the profile errors and/or faults in the gear tooth [1].

An important observation was reported by Lewicki [17], namely that the paths of the crack depth propagation are smooth,
continuous, and tend to be straight with a slight curvature. Therefore, the crack propagation path was assumed to be a
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straight line in the crack depth direction in [1,3,25]. In the crack modelling of the current study, the crack depth was sim-
ulated as propagating in a straight line.

This section deals with the methods used for evaluation of the gear mesh stiffness with a crack propagating in the tooth
root. In the current study, in order to simplify the studied model, the crack was assumed to extend along the whole tooth
width with a uniform crack depth distribution. Both the previous methods and the modified method were applied on our
model, with the aim of comparing the results to obtain a clear picture of how each method works and to determine which
method provides the best fit. Since FEM is considered to be a reliable method, the other methods were compared with it.
Therefore, mesh stiffness evaluation using FEM will be explained first, after which the other presented methods will be ex-
plained. Here it should be noted that the term ‘pinion’ refers to the smaller gear, which is a driver gear in our case, and that
the term ‘gear’ refers to the wheel or larger gear, which is a driven gear in our case.

2.1. Mesh stiffness evaluation using FEM

Simulation using FEM is extensively applied, as FEM is considered an efficient and reliable tool for modelling and solving
problems. In order to simplify the real problem and to reduce the running time of the FEM program, the studied problem can
be simulated as a 2-D problem (plane stress problem) with good agreement. The conditions for this assumption are firstly
that the load is considered to be in the plane of the gear body and uniformly distributed along the tooth width, and secondly
that no load is applied in the axial direction and the stress is negligible. In the current study these conditions were fulfilled
and, to investigate the time-varying mesh stiffness, both the pinion and the wheel were simulated in 2D with 6-node trian-
gular elements. NX8 software was used for linear FE modelling and the studied FE model for the pinion is shown in Fig. 1a;
the internal diameter of both the pinion and the wheel was restricted. Cracks of different sizes were modelled in the FE mod-
el and Fig. 1b shows a 1.2 mm crack created in the tooth root. Considering only one tooth in the FE model of a normal-con-
tact-ratio gear is an accepted and widely applied practice [1,16]. The contact element between two engaged teeth was not
considered. Moreover, to obtain the individual stiffness of one tooth, the displacement required for finding the stiffness was
taken on the centre line of the tooth to maintain an adequate distance from the influence of applying a concentrated force, F,
on the displacement of the load point. The displacement in the direction of the path of action, d, was calculated from the two
displacements dx and dy, which were taken from the FE model as follows (the displacement components and the force direc-
tion are explained in Fig. 1b and c):

d ¼ dx cosða1Þ þ dy sinða1Þ ð1Þ
where a1 varies with the gear tooth position.

The individual stiffness of one tooth was obtained by:

K ¼ F
d

ð2Þ

where, K is Kp for the pinion tooth and Kg for the wheel tooth.
To add the influence of Hertzian contact, Kh was taken into consideration. The value of Kh was constant during the whole

contact period and was calculated according to the formula presented by Yang and Sun [28] as follows:

1
Kh

¼ 4ð1� m2Þ
pEW

ð3Þ

Fig. 1. FE modelling: (a) FE gear model with one tooth, (b) crack modelling in the tooth root, and (c) displacement components.
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where E is the Young’s modulus, m is the Poisson’s ratio and W is the tooth width.
The total stiffness of one tooth pair Kt could be calculated as follows:

Kt ¼ 1
1
Kp

þ 1
Kg

þ 1
Kh

¼ Km1 ð4Þ

In cases where there were two pairs in contact, the same procedure was repeated for the second tooth pair to find Km2.Then
we could calculate the equivalent mesh stiffness Km for the two pairs in contact as follows:

Km ¼ Km1 þ Km2 ð5Þ

2.2. Mesh stiffness evaluation using method 1

In this sub-section the approach presented in [3] is explained, as it is a more comprehensive approach and offers the pos-
sibility of simulating a parabolic crack distribution, see Fig. 2. This approach can be described as consisting of two parts:
firstly, determination of the mesh stiffness with a constant crack depth for a thin slice along the tooth width, and secondly,
determination of the mesh stiffness for all the slices along the tooth width which have a non-uniform crack depth. Moreover,
the effects of fillet foundation deflection and Hertzian contact are taken into account, as explained in Sections 2.2.3 and 2.2.4.

2.2.1. The mesh stiffness with a constant crack depth for a slice along the tooth width
The stiffness of one tooth is a combination of the bending, shear, and axial compressive stiffnesses, with all of them acting

in the direction of the applied load.
By considering the tooth as a non-uniform cantilever beam with an effective length of d, see Fig. 2d, the deflections under

the action of the force can be determined, and then the stiffness can be calculated. Note that, in this part of the stiffness cal-
culations, the crack is assumed to have a constant crack depth, q(z), for each slice of width dW along the tooth width, as ex-
plained in Fig. 2a and b.

Based on a calculation of the potential energy stored in a meshing gear tooth, it is feasible to obtain the bending, shear,
and axial compressive stiffnesses as follows [3]:

1
Kb

¼
Z d

0

ðy:cosða1Þ � h:sinða1ÞÞ2
E:Ix

dy ð6Þ

1
Ks

¼
Z d

0

1:2cos2ða1Þ
G:Ax

dy ð7Þ

Fig. 2. Modelling of a gear tooth crack: (a) modelling of a cracked tooth, (b) modelling of one slice of width dW, (c) crack depth distribution along the tooth
width, and (d) tooth notation [3].
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1
Ka

¼
Z d

0

sin2ða1Þ
E:Ax

dy ð8Þ

Kb is the bending stiffness, Ks is the shear stiffness and Ka is the axial compressive stiffness.
h, hq, hc, hx, y, dy, d, and a1 are illustrated in Fig. 2d. Note that a1 varies with the gear tooth position.
Also, the following notation is used:
G shear modulus, G ¼ E

2ð1þtÞ
Ix area moment of inertia,

Ix ¼
ð1=12Þðhx þ hxÞ3dW; hx 6 hq

ð1=12Þðhx þ hqÞ3dW; hx > hq

(

Ax area of the section of distance ’y’ measured from the load application point,

Ax ¼
ðhx þ hxÞdW; hx 6 hq

ðhx þ hqÞdW; hx > hq

�

hq = hc � q(z). sin(ac), see Fig. 2d.
q(z) and ac are the crack depth and crack angle, respectively, as shown in Fig. 2b.
At a certain position, z, through the tooth width, we can find the stiffness of one slice resulting from the effect of all the

stiffnesses calculated previously as follows:

KðzÞ ¼ 1
1
Kb

þ 1
Ks

þ 1
Ka

� ��
ð9Þ

2.2.2. The mesh stiffness for all slices along the tooth width
The mesh stiffness model presented in [3] divides the tooth width into thin slices to represent the crack propagation

through the tooth width, as shown in Fig. 2a. Consequently, for a small dW the crack depth is assumed to be a constant
through the width for each slice, see Fig. 2b. By integrating the stiffness of all the slices along the width, the stiffness of
the entire tooth can be evaluated as follows:

Ktp ¼
Z W

0
KðzÞ ð10Þ

In [3] it is assumed that the distribution of the crack depth can follow a parabolic function along the tooth width, as shown in
Fig. 2c for the crack section A–A, which can be recognized in Fig. 2a.

When the crack length is less than the whole tooth width,

qðzÞ ¼ qo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Wc � z
Wc

s
; z 2 ½0�Wc� ð11Þ

qðzÞ ¼ 0; z 2 ½Wc �W� ð12Þ
where Wc is the crack length, W is the whole tooth width, and qo is the maximum crack depth, see Fig. 2c.

When the crack length extends through the whole tooth width,

qðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2
o � q2

2

W
zþ q2

2

r
ð13Þ

where q2 is shown in Fig. 2c.
It was mentioned above that, in order to simplify the studied model, the crack is assumed to extend along the whole tooth

width with a uniform crack depth distribution. Therefore, to apply method 1 on our model, qo will be equal to q2, which
means that qz is constant and equal to qo.

2.2.3. The effect of fillet foundation deflection on the mesh stiffness
Sainsot et al. [29] studied the effect of fillet foundation deflection on the gear mesh stiffness, derived this deflection, and

applied it for a gear body. The fillet foundation deflection can be calculated as follows [29]:

df ¼ F: cos2ðamÞ
W:E

L�
uf

Sf

� �2

þM� uf

Sf

� �
þ P�ð1þ Q � tan2ðamÞÞ

( )
ð14Þ

where the following notation is used: am is the pressure angle, uf and Sf are illustrated in Fig. 3, L⁄, M⁄, P⁄, and Q⁄ can be
approximated using polynomial functions as follows [29]:

X�
i ðhfi; hf Þ ¼ Ai=h

2
f þ Bih

2
fi þ Cihfi=hf þ Di=hf þ Eihf þ Fi ð15Þ
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X�
i represents the coefficients L⁄, M⁄, P⁄, and Q⁄.

hfi ¼ rf =rint:

rf, rint, and hf are illustrated in Fig. 3.
The coefficients Ai, Bi, Ci, Di, Ei and Fi are given in Table 1.
Then the stiffness due to fillet foundation deflection can be obtained as:

1
Kf

¼ df
F

For a pinion it can be denoted byKfp: ð16Þ

2.2.4. The effect of Hertzian contact on the mesh stiffness
Yang and Sun [28] ascertained that the stiffness of the Hertzian contact of two gears in mesh is constant during the whole

contact period, and therefore has the same value at all the contact positions along the path of contact. The Hertzian contact
stiffness Kh can be calculated as stated in Eq. (3).

2.2.5. Total mesh stiffness
After calculating the stiffness of a cracked pinion tooth, Ktp, due to bending, shear, and axial compression, and then cal-

culating the stiffness due to the fillet foundation deflection, Kfp, the same calculations can be performed for an uncracked
mating gear tooth to find Ktg and Kfg. Thus, the total mesh stiffness for one meshing tooth pair is:

Kt ¼ 1
1
Ktp

þ 1
Kfp

þ 1
Ktg

þ 1
Kfg

þ 1
Kh

¼ Km1 ð17Þ

where Km1 is the total mesh stiffness for the first tooth pair.
In cases where there are two tooth pairs in contact, the same calculations are repeated for the second tooth pair to find

Km2. Then we can obtain the equivalent stiffness for meshing as follows:

Km ¼ Km1 þ Km2 ð18Þ

2.3. Mesh stiffness evaluation using method 2

Chaari et al. [1] presented an analytical approach to calculating the reduction in the total gear mesh stiffness due to crack
depth propagation, as well as a model using FEM to verify the results obtained analytically. In stiffness calculations the

Fig. 3. Geometrical parameters for fillet foundation deflection [1].

Table 1
Values of the coefficients of Eq. (15).

Ai (�10�5) Bi (�10�3) Ci (�10�4) Di (�10�3) Ei Fi

L* (hfi,hf) �5.574 �1.9986 �2.3015 4.7702 0.0271 6.8045
M* (hfi, hf) 60.111 28.100 �83.431 �9.9256 0.1624 0.9086
P* (hfi, hf) �50.952 185.50 0.0538 53.300 0.2895 0.9236
Q* (hfi, hf) �6.2042 9.0889 �4.0964 7.8297 �0.1472 0.6904
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Fig. 4. Tooth thickness changing according to method 2 [3].

Fig. 5. Cracked tooth stress distribution: (a) 0.6 mm crack size, (b) 1.2 mm crack size, and (c) 1.8 mm crack size.
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authors assumed that the reduction in the tooth thickness concerned the cracked root part only, as shown in Fig. 4. In order
to provide a clear comparison of the effects of changing the method for tooth thickness reduction, the same approach as that
utilised in method 1 is applied again in method 2, but with the assumption that the reduction in the tooth thickness only
concerns the cracked root part.

2.4. Mesh stiffness evaluation using method 3

As the crack propagates in the tooth root, the cracked side of the tooth shows relatively low stresses distributed in the
area bounded by the tooth flank, see Fig. 5a–c. This means that this area is not strained mechanically enough under the ac-
tion of the applied load due to the existence of a crack. Therefore, this area is assumed to be a dead zone, as it does not have a
strong effect on the tooth stiffness during engagement. This zone becomes larger as the crack goes deeper, and the resultant
mesh stiffness is reduced. In order to take this effect into account in stiffness calculations, the effective tooth thickness can be
changed according to the crack size to suit the real affected tooth part and to give a proper reflection of this effect on the
resultant mesh stiffness.

The amount of the reduction in the tooth thickness in method 1 is different from that in method 2. Actually, investigating
the dead zone to estimate the reduction in the tooth thickness is tricky, but can be performed approximately by following the
gradient of the stress distribution in the gear tooth and by trying to fit the results obtained using FEM.

In method 3 the approach utilised in method 1 is modified, and instead of resorting to a straight line as a limiting line for
reducing the tooth thickness, as shown in Fig. 6a, a parabolic curve is applied which resembles the tooth profile, as shown in
Fig. 6b. This kind of curve is applied until a straight line is achieved when the crack tip is vertically below the tooth profile tip,
see Fig. 6c. The crack size in this case will be called the ‘size of fluctuation’, as the parabolic curve is opposite before and after
this size, see Fig. 6b and d. For larger crack sizes the parabolic curve is again applied between the crack tip and the tooth
profile tip, see Fig. 6d. Actually, the contact point is moving during gear operation but the same assumed parabolic curve
for each crack size is kept considered for determining the dead zone.

3. One-stage gear modelling

A single-stage reduction spur gear model was adopted for simulations performed to investigate the time-varying gear
mesh stiffness using all the methods presented in Section 2. The main gear modelling parameters were taken from [1]
and can be seen in Table 2.

Fig. 6. Limiting lines for reducing the tooth thickness: (a) straight line according to method 1, (b) parabolic curve assumed for small sizes, (c) straight line at
the size of fluctuation, and (d) parabolic curve for large sizes.
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4. Model of a crack propagating in the tooth root

The crack level (CL) can be described as the crack depth percentage of the total tooth root thickness measured at the crack
initiation point, which is 3.72 mm in the studied model. The crack size of fluctuation for the studied gear model is around
1.1 mm, corresponding to a crack level of approximately 30%. To compare the mesh stiffness results obtained using the dif-
ferent methods applied, four cases, each of which concerns a different crack size, were selected and studied with each meth-
od used for the stiffness calculation. The selected cases studied and their crack sizes are as follows: case 1, which is the
healthy case; case 8, with a crack size of 0.6 mm, which represents cracks smaller than the size of fluctuation; case 14, with
a crack size of 1.2 mm, which is close to the size of fluctuation; and finally case 20, with a crack size of 1.8 mm, which is quite
a deep crack and was included to reflect the situation for all sizes greater than the size of fluctuation. These four cases se-
lected for stiffness comparison are in the following referred to as A, B, C and D, respectively (see Table 3).

Different crack propagation scenarios were discussed in [30], where their performances from a condition monitoring
point of view were compared to each other. However, as the current study focuses on improving the stiffness calculation
method, in order to simplify the studied model, the crack is assumed to extend along the whole tooth width with a uniform
crack depth distribution. This scenario is considered by [1,24,25,27]. The crack propagation case data of the considered sce-
nario are shown in Table 3.

5. Computer simulation of time-varying gear mesh stiffness

A program was written using Matlab code to determine the (x,y) coordinates of the points forming the involute tooth pro-
file, which are required in the mesh stiffness calculation. These tooth profile coordinates can be obtained for different gear
dimensions, and there is also the possibility of finding the profile coordinates for a gear tooth with a modified long
addendum.

AutoCAD software was used to simulate the tooth action along the path of contact. Thus, all the required parameters for
mesh stiffness calculation could be obtained.

Three programs were developed using Matlab code to investigate the time-varying mesh stiffness with the three applied
methods, which are explained in Sections 2.2, 2.3 and 2.4. By inputting the crack dimension, the resultant mesh stiffness
could be calculated in these programs. The mesh stiffness was calculated point by point during the time of teeth
engagement.

In order to provide a clear picture of how each method works, and to determine which one gives the results which show
the best agreement with those obtained using FEM, the resultant plots for the time-varying mesh stiffness are shown in
Figs. 7–9 for methods 1–3, respectively. In Fig. 7 we can observe that the results for method 1 are quite close to the FEM
results for crack cases A and B, with the difference being almost within an acceptable limit. Likewise, crack case C shows
some difference between the result for method 1 and the FEM result, but the difference is still small, as shown in Table 4.

Table 2
Parameters of the gear-pinion set [1].

Parameter Gear Pinion

Number of teeth 30 25
Module (mm) 2 2
Teeth width (mm) 20 20
Contact ratio 1.63 1.63
Rotational speed (rpm) 2000 2400
Pressure angle (deg.) 20 20
Young’s modulus, E (N/mm2) 2 � 105 2 � 105

Poisson’s ratio 0.3 0.3

Table 3
Crack propagation case data of the modelled scenario.

Crack case qo = q2 (mm) CL% Crack case qo = q2 (mm) CL%

1 A 0 0 11 0.9 24.19
2 0.05 1.34 12 1.0 26.88
3 0.1 2.68 13 1.1 29.56
4 0.2 5.37 14 C 1.2 32.25 Wc =W
5 0.3 8.06 15 1.3 34.94 ac = 70�
6 0.4 10.75 16 1.4 37.63
7 0.5 13.44 17 1.5 40.32
8 B 0.6 16.12 18 1.6 43.01
9 0.7 18.81 19 1.7 45.69
10 0.8 21.50 20D 1.8 48.38
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Fig. 7. Time-varying mesh stiffness according to method 1.

Fig. 8. Time-varying mesh stiffness according to method 2.
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However, this could be considered as the start of the significant difference found for the larger crack size, as shown in the
results for crack case D. It is clear that in crack case D there is a significant difference between the result obtained using
method 1 and that obtained using FEM. Basically, method 1 involves reducing the effective tooth thickness with a straight
line and an effective part of the tooth thickness may be removed by using this approach for large crack sizes. Method 1 shows
good results for crack levels less than 30%, but does not provide a good fit for crack sizes corresponding to crack levels greater
than 30%.

Fig. 8 shows the differences between method 2 and FEM for crack cases A–D. The differences are almost acceptable for
crack cases A and B, but can actually be considered large for crack cases C and D. This approach shows acceptable results
for small crack sizes, up to a crack level of around 16%.

Fig. 9 shows clearly that there is good agreement between the stiffness plot resulting from method 3 and that obtained
using FEM. The difference in crack case D is significantly reduced using method 3, as we can observe in Table 4.

Table 4 lists the percentage differences between the mesh stiffness obtained using methods 1–3 and that obtained using
FEM. The last points in the mesh stiffness plots were selected for comparison in Table 4, as the last point usually shows the
maximum difference compared to the rest of the points in the stiffness plot.

6. Dynamic modelling and fault detection indicators

Dynamic simulation was applied to simulate the effect of using method 3, which is the new method proposed in this pa-
per in preference to method 1, which is the basic approach for analytical mesh stiffness evaluation for gears with a cracked
tooth.

The dynamic response of a gear system can be extracted using dynamic lumped parameter modelling, to study the effect
of tooth crack propagation on the obtained vibration response from a fault detection point of view. A dynamic simulation of a

Fig. 9. Time-varying mesh stiffness according to method 3.

Table 4
Percentage differences from the FEM results for the last points in the mesh stiffness plots.

Crack case A (CL = 0%) Crack case B (CL = 16.12%) Crack case C (CL = 32.25%) Crack case D (CL = 48.38%)

Method 1 �1.16% �0.29% �1.83% �5.69%
Method 2 �1.16% +3.10% +9.53% +18.29%
Method 3 �1.16% �0.29% �1.18% �0.44%
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6 DOF model was performed based on the time-varying mesh stiffness model explained above. The dynamic model used is
shown in Fig. 10; it is the same as the model adopted in [3,31,32]. The model represents 6 DOF and is explained in the equa-
tions below, through which the friction force caused by sliding between the mating teeth is introduced. The parameters of
the dynamic model are given in Table 5. The gear system works under a torque, Tg, of 60 N m applied on the driven gear. It is
assumed that the radial stiffness and damping in the bearings of the pinion and gear have the same values as those given in
Table 5.

The moments can be obtained due to the friction force Mp and Mg by multiplying Fp and Fg respectively, by the distance
from the point of contact measured perpendicularly to the centre of each disc, see Fig. 11. The points of contact A and B can
be measured from points X and Y to obtain these distances. Moreover, friction forces and their moments are also considered
and explained in [33].

The equations of motion in the ‘y’ direction for the pinion and gear are:

mpyp ¼ �N � Kypyp � Cyp _yp ð19Þ

mgyg ¼ N � Kygyg � Cyg _yg ð20Þ
The equations of motion in the rotary ‘h’ direction for the pinion and gear are:

Iphp ¼ rpN þ Tp þMp ð21Þ

Ighg ¼ �rgN � Tg þMg ð22Þ
The equations of motion in the ‘x’ direction for the pinion and gear are:

mpxp ¼ �Kxpxp � Cxp _xp þ Fp ð23Þ

Fig. 10. Dynamic model of a reduction gear system with 6 DOF.

Table 5
Parameters of the gear-pinion dynamic model [3].

Parameter Pinion Gear

Mass (kg) 0.3083 0.4439
Mass moment of inertia (kg m2) 0.96e�4 2e�4
Radial stiffness of the bearing in the x,y direction (N/m) 6.56e8 6.56e8
Radial damping of the bearing in the x,y direction (N s/m) 1.8e3 1.8e3
Coefficient of friction 0.06
Total damping between meshing teeth (N s/m) 67
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mgxg ¼ �Kxgxg � Cxg _xg þ Fg ð24Þ

where:

N ¼ Km½ðyp � ygÞ � ðrphp � rghgÞ� þ Cm½ð _yp � _ygÞ � ðrp _hp � rg _hgÞ�
N ¼ N1 þ N2 . . .Nn ðn is the number of teeth in contactÞ
Fp ¼ Fp1 þ Fp2 . . . ::Fn

Fp1 ¼ lN1andFp2 ¼ �lN2

Fg ¼ Fg1 þ Fg2 . . . ::Fn

Fg1 ¼ �lN1andFg2 ¼ lN2

The following notation is used in the dynamic model equations:
� mp/mg mass of the pinion/gear.
� Ip/Ig mass moment of inertia of the pinion/gear.
� Kxp/Kyp radial stiffness in the x/y directions of the pinion.
� Kxg/Kyg radial stiffness in the x/y directions of the gear.
� Cxp/Cyp radial damping in the x/y directions of the pinion.
� Cxg/Cyg radial damping in the x/y directions of the gear.
� Km equivalent mesh stiffness.
� Cm mesh damping coefficient.
� Tp/Tg torque applied on the pinion/gear.
� rbp/rbg base circle radius of the pinion/gear.

To demonstrate the difference of using method 3 for mesh stiffness evaluation, a Matlab computer simulation was carried
out using the ODE45 function for modelling the equations of motion. The dynamic simulation was performed for the 20 crack
cases listed in Table 3 using the mesh stiffness obtained with method 1, after which the simulation was repeated using the
mesh stiffness obtained with method 3. Fig. 12 shows the residual signals using these two methods for crack case D (or
CL = 48.38%). In this figure we can clearly observe the difference in the obtained time signal due to a change of the applied
approach for stiffness evaluation.

Fig. 11. Friction forces in meshed teeth.

Fig. 12. Residual signals obtained for crack case D: (a) method 1 and (b) method 3.
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In order to see the difference between residual signals more clearly, statistical indicators that describe the system’s dy-
namic behaviour can be applied to the obtained signals for assessment of the fault condition. These indicators permit effi-
cient fault detection, which is necessary to prevent a sudden breakage in the machinery system.

Fig. 13. Performance of the indicators applied to the residual signals obtained using method 1 and 3.
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Normally distributed noise can be added with an SNR value of 20 dB to include the influence of measurement noise. In
reality a random manufacturing error or any other contribution which is synchronous with the rotational speed will add
energies in the spectra at multiple integers of the rotational speed. These signal types will theoretically be removed from
future signal content by the residual signal process. Furthermore, any non-synchronous contribution can be removed or re-
duced by time signal averaging.

Wu et al. [25] studied the performance of some of the statistical indicators which are applied to different kinds of signals.
The conclusion drawn from their study was that the RMS indicator shows the best performance when their recommended
method for generating the residual signal is applied. Kurtosis is the most robust indicator for all the signals used. The method
which they recommended for generating the residual signal involves removing the whole original signal of the healthy case
from the original signal of the faulty cases. The original signal which is obtained when there is no crack in the gear teeth is
considered as a regular signal representing the healthy case. By removing this regular signal from the faulty one, the influ-
ence of regular vibration can be removed and then the signal components generated due to crack propagation can be high-
lighted. The above-explained method for generating the residual signal was applied in the present research study, after
which the RMS, kurtosis and the crest factor were applied as statistical indicators to the residual signal. These indicators
can be explained as follows:

1. The RMS is considered as one of the basic statistical indicators that measure the energy level of a signal. The RMS can be
defined as follows [7]:

RMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

XN
n¼1

ðxðnÞÞ2
vuut ð25Þ

In the case where the mean value of the signal is not zero, the RMS indicator can be obtained as follows [25]:

RMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

XN
n¼1

ðxðnÞ � �xÞ0032
vuut ;where�x ¼ 1

N

XN
n¼1

xðnÞ ð26Þ

2. Kurtosis is an indicator which measures the degree of peakiness of a distribution and describes the signal shape as com-
pared to the normal distribution. The kurtosis value depends on the distribution tail length, so that the kurtosis value of
the residual signal is much higher than that of the original signal. The kurtosis indicator can be defined as follows [7,25]:

Kurtosis ¼
ð1=NÞ

XN
n¼1

ðxðnÞ � �xÞ4

½ð1=NÞ
XN
n¼1

ðxðnÞ � �xÞ2�
2 ð27Þ

3. The crest factor is the ratio between the maximum absolute value reached by the signal and the RMS of the signal. This
indicator gives one an idea as to whether any impacting can exist in the signal [7].

CF ¼ max jxðnÞj
RMS

ð28Þ

The performance of these indicators can be shown in Fig. 13, where one can detect a difference in the performance of the
RMS and kurtosis. The percentage differences between the statistical indicator values for method 1 and 3 are shown in
Table 6 for crack case D (or CL = 48.38%).

7. Discussion

With reference to Fig. 7, Method 1 shows good agreement with the FEM results for crack levels less than 30%, but does not
give a good fit for crack levels greater than 30%. This method assumes reduction of the effective tooth thickness with a
straight line; it works for small crack sizes, for which it provides an approximate fit, but for larger sizes the straight line starts

Table 6
Percentage differences obtained using the applied indicators for crack case D.

Method 1 Method 3 Percentage difference%

RMS 2.16 � 10�7 2.00 � 10�7 8.00
Kurtosis 34.32 31.3 9.64
Crest factor 10.22 9.76 4.71
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removing an effective area which should be included for the stiffness evaluation. Moreover, this straight line does not demar-
cate exactly the assumed dead area that should be excluded.

Method 2, see Fig. 8, only shows acceptable results for crack levels as small as around 16%. Basically, when applying this
method, one assumes that the reduction in the tooth thickness concerns the cracked root part only, as shown in Fig. 4, and
depends merely on the inclination of the crack angle. Consequently, we can see in Table 4 that the percentage difference
from the FEM result for method 2 for crack case D is 18.29%, which is a significant difference. The amount of the tooth thick-
ness reduction is so small that the stiffness reduction for crack levels larger than 16% could not be described, and with this
approach there will be no reduction in the case of a zero crack angle.

Method 3, see Fig. 9, shows good agreement for crack levels greater than 30%, with the percentage difference from the
FEM result for crack case D being significantly reduced. There is a difference of the results obtained using method 1 and
3, and we can recognize this difference in the obtained signals shown in Fig. 12. Although there is a slight difference for crack
levels less than this percentage, the difference is still acceptable. However, method 1 seems better for crack levels less than
30%. Method 3, which uses a parabolic curve as a limiting line, reduces the tooth thickness better than method 1 for crack
levels greater than 30%. For the studied gear model the crack level of 30% could be set as a limit for the effective application
of method 1, but this limit cannot be regarded as generally applicable to all gear models.

8. Conclusions

Method 2 shows limited potential applicability compared to FEM. On the other hand, method 1 proved to be a good ap-
proach for stiffness evaluation for cracked gears with crack levels less than 30% in our model. Method 3 can be considered as
an alternative to method 1 for larger crack sizes. However, FEM is still considered the more reliable method for stiffness eval-
uation for higher crack levels.

Method 1 results in a larger reduction of the gear tooth stiffness for crack depths larger than 30% compared to the FEM
simulation. This results in a more optimistic prediction of the possibility of detecting cracks deeper than 30% compared to
FEM simulations. The proposed new method (method 3) shows a better agreement with the FEM simulations and will there-
fore result in a less optimistic prediction of the possibility of detecting cracks deeper than 30%.
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a b s t r a c t

For the purpose of simulation and vibration-based condition monitoring of a geared
system, it is important to model the system with an appropriate number of degrees of
freedom (DOF). In earlier papers several models were suggested and it is therefore of
interest to evaluate their limitations. In the present study a 12 DOF gear dynamic model
including a gyroscopic effect was developed and the equations of motions were derived.
A one-stage reduction gear was modelled using three different dynamic models (with 6, 8
and 8 reduced to 6 DOF), as well as the developed model (with 12 DOF), which is referred
as the fourth model in this paper. The time-varying mesh stiffness was calculated, and
dynamic simulation was then performed for different crack sizes. Time domain scalar
indicators (the RMS, kurtosis and the crest factor) were applied for fault detection
analysis. The results of the first model show a clearly visible difference from those of
the other studied models, which were made more realistic by including two more DOF to
describe the motor and load. Both the symmetric and the asymmetric disc cases were
studied using the fourth model. In the case of disc symmetry, the results of the obtained
response are close to those obtained from both the second and third models. Furthermore,
the second model showed a slight influence from inter-tooth friction, and therefore the
third model is adequate for simulating the pinion's y-displacement in the case of the
symmetric disc. In the case of the asymmetric disc, the results deviate from those
obtained in the symmetric case. Therefore, for simulating the pinion's y-displacement, the
fourth model can be considered for more accurate modelling in the case of the
asymmetric disc.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The vibration-based condition monitoring technique has gained a great deal of importance in the maintenance
engineering of industrial gear transmissions. The role of this technique is to detect deterioration, on the basis of the
obtained vibration signal, before the occurrence of sudden breakage. Any undetected fault can result in a malfunction and
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then affect the availability of the whole system. Therefore, early fault detection is required to allow proper scheduled
maintenance to prevent catastrophic failure and consequently provide safer operation and higher cost savings. Vibration
response can be measured experimentally or modelled theoretically. The experimental approach is usually associated with
higher costs and problems in accessing the measurement nodes, and is often time-consuming. Furthermore, experimental
work is usually restricted in terms of producing enough real faults of desired dimensions. In many cases, therefore, dynamic
lumped-parameters modelling can provide us with a clear understanding of the dynamic behaviour of the studied gear
system.

Gear modelling can be considered as a fundamental problem which is still the object of much on-going research. A great
deal of research has been conducted to study different dynamic models of gear systems [1,2]. Different mathematical gear
models were examined in [2], and gear modelling with both torsional and translational vibration was adopted in [3,4].
The one-stage 8 DOF gear dynamic model was applied in [3], while the 6 DOF model was investigated in [4], ignoring the
inter-tooth friction. A different 6 DOF gear dynamic model was applied in [5–10]; in this model the friction was considered
by simulating 3 DOF for each disc (one torsional and two translational degrees). A one-stage 16 DOF gear dynamic model
was developed in [11] and then adopted in [12] for simulating the system dynamic behaviour.

Among the above-mentioned research studies, different dynamic models have been presented for different gear systems.
However, there is no study that has examined the influence of adding more DOF to describe the gyroscopic effect of the gear
disc. In the present study, a one-stage 12 DOF spur gear model was developed for describing the gyroscopic DOF.
This developed model was used to simulate the studied gear system to examine, from a fault detection perspective, if it is
necessary to consider the disc asymmetry effect for the studied system. This presented model and three other models were
used to simulate the same gear system for different crack sizes. In addition, the present paper explains gear mesh stiffness
calculation with a cracked tooth and presents the results of fault detection analysis applied on the dynamic response of the
four studied models.

2. Gear dynamic modelling

The modelling of a one-stage reduction gear system is presented in this paper. The main gear parameters were obtained
from a real spur gear transmission and are explained in Table 1. This gear transmission is a part of a machine which is used
as a test-rig in the Condition Based Maintenance (CBM) Laboratory at Lulea University of Technology. To perform the
dynamic simulation, some more parameters need to be introduced in the studied dynamic models, and these parameters
are explained in Table 2.

The term ‘pinion’ refers here to the smaller gear, which is a driver gear connected to the input shaft, and the term ‘gear’
refers to the larger gear, which is a driven gear connected to the output shaft. The following notation is used:

mp/mg: mass of the pinion/gear;

Table 1
Parameters of the gear–pinion set.

Parameter Pinion Gear

Mass (kg) 0.289 1.789
Number of teeth 36 90
Module (mm) 1.5
Teeth width (mm) 15
Pressure angle (deg) 20
Contact ratio 1.76
Gear ratio 2.5
Young's modulus, E (N/mm2) 2�105

Poisson's ratio 0.3

Table 2
Parameters of the dynamic modelling.

Parameter Input
shaft

Output
shaft

Radial stiffness of the bearings in x and y direction (N/m) 6.0�108 6.0�108

Radial damping of the bearings in x and y direction (N s/m) 1.8�103 1.8�103

Applied torque (N m) 50 125
Torsional stiffness (N m/rad) 1�104 1�104

Torsional damping (N m s/rad) 10 10
Rotational speed (Hz) 55.55 22.22
Gear mesh frequency (Hz) 2000
Coefficient of friction 0.06
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Ip/Ig: mass moment of inertia of the pinion/gear;
Kxp/Kyp: radial stiffness in the x/y directions of the pinion;
Kxg/Kyg: radial stiffness in the x/y directions of the gear;
Cxp/Cyp: radial damping in the x/y directions of the pinion;
Cxg/Cyg: radial damping in the x/y directions of the gear;
Km: equivalent mesh stiffness;
Cm: mesh damping coefficient;
rbp/rbg: base circle radius of the pinion/gear;
Tp/Tg: torque applied on the pinion/gear;
Tm/Tb: torque applied on the motor/load;
kt/ct: torsional stiffness/damping of the input and output shaft; and
wp/wg: constant speed of the pinion/gear.

In the present work, four dynamic models were used to simulate the dynamic response. Inter-tooth friction was
introduced in three of the studied models, and the effect of ignoring it was examined, as stated in Section 2.3.

2.1. First model (6 DOF)

For simplicity the one-stage gear system can be modelled without considering the motor and load. This model consists of
6 DOF, is currently applied and was adopted in [5–10]. A schematic diagram of the 6 DOF model, which has 3 DOF (one
rotational and two translational) for each gear disc, is shown in Fig. 1. The equations of motion for this model can be
explained as follows.

The equations of motion in the ‘x’ direction for the pinion and gear are

mp €xp ¼ �Kxpxp�Cxp _xpþFp ð1Þ

mg €xg ¼ �Kxgxg�Cxg _xgþFg ð2Þ

The equations of motion in the ‘y’ direction for the pinion and gear are

mp €yp ¼ �N�Kypyp�Cyp _yp ð3Þ

mg €yg ¼N�Kygyg�Cyg _yg ð4Þ

The equations of motion in the ‘θ’ direction for the pinion and gear are

Ip €θp ¼ rpNþTpþMp ð5Þ

Ig €θg ¼ �rgN�TgþMg ð6Þ

Fig. 1. Dynamic model of a reduction gear system with 6 DOF.
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In these equations,

N¼ Km yp�yg
� �

� rpθp�rgθg
	 
h i

þCm _yp� _yg
� �

� rp _θp�rg _θg

� �h i
N¼N1þN2…Nn (n is the number of teeth in contact) Mp/Mg: the moments due to the friction forces Fp/Fg

Fp ¼ Fp1þFp2…Fn; Fp1 ¼ m N1 and Fp2 ¼ �m N2 Fg ¼ Fg1þFg2…Fn; Fg1 ¼ �m N1 and Fg2 ¼ m N2

2.2. Second model (8 DOF)

For more reality the one-stage gear system can be modelled taking the motor and load into consideration. This model
consists of 8 DOF and was applied in [2,3]; it has 3 DOF (one rotational and two translational) for each gear disc, as well as 1
DOF for each motor disc and load disc to describe the rotation. A schematic diagram of the 8 DOF model is shown in Fig. 2.
The equations of motion for this model can be explained as follows.

The equations of motion in the ‘x’ direction for the pinion and gear are

mp €xp ¼ �Kxpxp�Cxp _xpþFp ð7Þ

mg €xg ¼ �Kxgxg�Cxg _xgþFg ð8Þ

The equations of motion in the ‘y’ direction for the pinion and gear are

mp €yp ¼ �N�Kypyp�Cyp _yp ð9Þ

mg €yg ¼N�Kygyg�Cyg _yg ð10Þ

The equations of motion in the ‘θ’ direction for the pinion and gear are

Ip €θp ¼ rp NþMp�ktðθp�θmÞ�ctð _θp� _θmÞ ð11Þ

Ig €θg ¼ �rgNþMg�ktðθg�θbÞ�ctð _θg� _θbÞ ð12Þ

The equations of motion in the ‘θ’ direction for the motor and load are

Im €θm ¼ �ktðθm�θpÞ�ctð _θm� _θpÞþTm ð13Þ

Ib €θb ¼ �ktðθb�θgÞ�ctð _θb� _θgÞ�Tb ð14Þ

Fig. 2. Dynamic model of a reduction gear system with 8 DOF.
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2.3. Third model (8 DOF reduced to 6 DOF)

To examine the effect of including inter-tooth friction, the second model (with 8 DOF) can be used with the friction effect
ignored. Accordingly, the xp and xg displacements are then excluded. The 8 DOF are then reduced to 6 DOF, and this model is
referred to as having ‘8 DOF reduced to 6 DOF’. This model (with 6 DOF) was used previously in [2,4].

2.4. Fourth model (12 DOF), ‘the developed model’

A one-stage gear dynamic model including a gyroscopic effect has been developed in this study. This model consists of 12
DOF and has 5 DOF (three rotational and two translational) for each gear disc, as well as 1 DOF for each motor disc and load
disc to describe the rotation. A schematic diagram of the 12 DOF model is shown in Fig. 3. The equations of motion for this
model can be explained as follows.

The equations of motion in the ‘x’ direction for the pinion and gear are

mp €xp ¼ �KxpT xp�CxpT _xpþFp�KxpC ψp�CxpC _ψp ð15Þ

mg €xg ¼ �KxgT xg�CxgT _xgþFg�KxgC ψ g�CxgC _ψ g ð16Þ

The equations of motion in the ‘y’ direction for the pinion and gear are

mp €yp ¼ �KypT yp�CypT _yp�NþKypC φpþCypC _φp ð17Þ

mg €yg ¼ �KygT yg�CygT _ygþNþKygC φgþCygC _φg ð18Þ

The equations of motion in the ‘θ’ direction for the pinion and gear are

Ip €θp ¼ rp NþMp�kt θp�θm
	 
�ct _θp� _θm

� �
ð19Þ

Ig €θg ¼ �rg NþMg�kt θg�θb
	 
�ct _θg� _θb

� �
ð20Þ

The equations of motion in the ‘φ’ direction for the pinion and gear are

Idp €φp ¼ Ipwp _ψpþKypC yp�KypR φpþCypC _yp�CypR _φp ð21Þ

Idg €φg ¼ � Igwg _ψ gþKygC yg�KygR φgþCygC _yg�CygR _φg ð22Þ

The equations of motion in the ‘ψ ’ direction for the pinion and gear are

Idp €ψp ¼ � Ipwp _φp�KxpC xp�KxpR ψp�CxpC _xp�CxpR _ψp ð23Þ

Idg €ψ g ¼ Igwg _φg�KxgC xg�KxgR ψ g�CxgC _xg�CxgR _ψ g ð24Þ

The equations of motion in the ‘θ’ direction for the motor and load are

Im €θm ¼ �kt θm�θp
	 
�ct _θm� _θp

� �
þTm ð25Þ

Fig. 3. Dynamic model of a reduction gear system with 12 DOF.
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Ib €θb ¼ �kt θb�θg
	 
�ct _θb� _θg

� �
�Tb ð26Þ

The subscript T in the stiffness and damping terms is used to distinguish the radial or translational terms from the other
rotational terms, which are denoted by R, and the coupling terms, which are denoted by C. These terms are explained in
Appendix A.

3. Vibration-based tooth fault detection

For gear fault detection purposes, the status of the tooth deterioration can be evaluated mainly by introducing the
reduction in the time-varying gear mesh stiffness. Several research studies [3–5,9–13] have introduced this stiffness
reduction in dynamic modelling for fault detection purposes. In the present paper, the mesh stiffness parameter is
considered to assess the fault status, as the mesh stiffness affects the output dynamic response.

3.1. Modelling of gear mesh stiffness with a crack in one tooth

To describe how deep a crack in the tooth root is, the crack level (CL) can be defined as the crack depth percentage of the
total tooth root thickness measured at the crack initiation point, which is 2.96 mm in the studied model. Different crack
propagation scenarios were discussed in [5,9], where their performances, from a fault detection perspective, were
compared. However, for simplicity the crack is assumed in the present study to extend along the whole tooth width with
a uniform crack depth distribution. Thirteen crack cases of different crack depths were introduced, with a step size of
0.1 mm, as stated in Table 3.

The mesh stiffness calculation presented in [5] was adopted in [9], as it is a more comprehensive approach and offers the
possibility of simulating a parabolic crack distribution. A modified method for stiffness evaluation was discussed in [10].
One conclusion drawn was that the method presented in [5] had been proved valid for stiffness evaluation for crack levels
less than 30% based on the studied model. Another conclusion was that the modified method could be considered as an
alternative for large crack sizes, and, based on the studied model, a better result agreement has been shown with the
modified method for crack sizes larger than 30%. In the present study the mesh stiffness evaluation was investigated using
both methods, and, based on the present studied model, the difference was found to be insignificant (less than 2%) for the
largest studied crack size, which can be shown in Table 3. Therefore, the method presented in [5] was applied in the present
study and the equivalent mesh stiffness could be obtained as explained in the following sub-sections.

3.1.1. Tooth stiffness with a constant crack depth along the tooth width
The deflections under the action of the force can be determined, and then the stiffness can be calculated by considering

the tooth as a non-uniform cantilever beam with an effective length of d, see Fig. 4a and b. The bending, shear, and axial
compressive stiffnesses act in the direction of the applied load and can be obtained as follows [5]:

1
Kb

¼
Z d

0

y cos α1ð Þ�h sin α1ð Þð Þ2
EIx

dy ð27Þ

1
Ks

¼
Z d

0

1:2 cos 2 α1ð Þ
GAx

dy ð28Þ

1
Ka

¼
Z d

0

sin 2 α1ð Þ
EAx

dy ð29Þ

Kb is the bending stiffness, Ks is the shear stiffness and Ka is the axial compressive stiffness.
h, hq, hc, hx, y, dy, d, and α1 are illustrated in Fig. 4b. α1 varies with the gear tooth position.

Table 3
Crack propagation case data.

Crack case qo (mm) CL (%) Crack case qo (mm) CL (%)

1 0 0.00 8 0.7 23.64
2 0.1 3.37 9 0.8 27.02
3 0.2 6.75 10 0.9 30.40
4 0.3 10.13 11 1.0 33.78
5 0.4 13.51 12 1.1 37.16
6 0.5 16.89 13 1.2 40.54
7 0.6 20.27
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Moreover, the following notation is used: G: shear modulus, G¼ ðE=2ð1þυÞÞ; Ix: area moment of inertia,

Ix ¼
ð1=12ÞðhxþhxÞ3W ; hxrhq

1=12ÞðhxþhqÞ3W ; hx4hq

(

Ax: area of the section of distance ‘y’ measured from the load application point,

Ax ¼
ðhxþhxÞW ; hxrhq
ðhxþhqÞW ; hx4hq

(

hq¼hc�q0 sin(αc); and q0 and αc are the crack depth and crack angle, respectively, (see Fig. 4b). The crack angle αc is
considered to be 703.

The total tooth stiffness resulting from the effect of all the stiffnesses calculated previously can be obtained as follows:

Ktp ¼ 1=
1
Kb

þ 1
Ks

þ 1
Ka

� �
ð30Þ

3.1.2. The effect of the fillet foundation deflection on the mesh stiffness
The fillet foundation deflection can be calculated as follows [14]:

δf ¼
F cos 2 αmð Þ

WE
Ln

uf

Sf

� �2

þMn
uf

Sf

� �(
þPnð1þQn tan 2ðαmÞÞ

)
ð31Þ

αm is the pressure angle, and uf and Sf are illustrated in Fig. 5.
Ln; Mn; Pn; and Qn can be approximated using polynomial functions as follows [14]:

Xn

i hf i;θf
	 
¼ Ai=θ

2
f þBih

2
f iþCihf i=θf þDi=θf þEihf iþFi ð32Þ

Xn

i represents the coefficients Ln; Mn; Pn; and Qn. The coefficients Ai; Bi; Ci; Di; Ei and Fi are given in Table 4.
hf i ¼ rf =rint; rf ; rint; and θf are illustrated in Fig. 5.
Then the stiffness due to the fillet foundation deflection can be obtained as

1
Kf

¼ δf
F

ð33Þ

For a pinion it can be denoted by Kfp.

Fig. 4. Modelling of a gear tooth crack: (a) modelling of a cracked tooth, (b) tooth notation, and (c) uniform crack distribution.
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3.1.3. The effect of Hertzian contact on the mesh stiffness
The Hertzian contact stiffness Kh can be calculated as stated in [15] as follows:

1
Kh

¼ 4ð1�ν2Þ
π E W

ð34Þ

3.1.4. Total mesh stiffness
After calculating the stiffness of a cracked pinion tooth, Ktp, due to bending, shear, and axial compression, and then

calculating the stiffness due to the fillet foundation deflection, Kfp, the same calculations can be performed for an uncracked
mating gear tooth to find Ktg and Kfg. Thus, the total mesh stiffness for one meshing tooth pair is

Kt ¼
1

1=Ktp
	 
þ 1=Kfp

	 
þ 1=Ktg
	 
þ 1=Kfg

	 
þ 1=Kh
	 
¼ Km1 ð35Þ

where Km1 is the total mesh stiffness for the first tooth pair.
In cases where there are two tooth pairs in contact, the same calculations are repeated for the second tooth pair to find

Km2. Then we can obtain the equivalent mesh stiffness as follows:

Km ¼ Km1þKm2 ð36Þ
Fig. 6 shows the varying mesh stiffness Km obtained for the studied crack sizes. Actually, the damping between meshing

teeth is proportional to the equivalent mesh stiffness Km, and can be evaluated approximately using the following equation [16]:

Cm ¼ 2ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Km

1=mpþ1=mg

s
ð37Þ

In this study the mesh damping value Cm is considered to be 1147 N s/m for the case of two teeth in contact, and 869 N s/m
for the case of one tooth in contact.

3.2. Dynamic simulation using the three studied dynamic models

A dynamic simulation was performed for the healthy case, after which the simulation was repeated for the faulty cases.
To introduce the tooth fault in dynamic simulation, the equivalent mesh stiffness corresponding to the crack sizes can be
input in the studied dynamic model. Four gear dynamic models were studied, and the simulation was repeated for the
thirteen studied crack cases for each model.

Fig. 5. Geometrical parameters for fillet foundation deflection [14].

Table 4
Values of the coefficients of Eq. (32).

Ai (�10�5) Bi (�10�3) Ci (�10�4) Di (�10�3) Ei Fi

Ln (hfi,θf) �5.574 �1.9986 �2.3015 4.7702 0.0271 6.8045
Mn(hfi,θf) 60.111 28.100 �83.431 �9.9256 0.1624 0.9086
Pn(hfi,θf) �50.952 185.50 0.0538 53.300 0.2895 0.9236
Qn(hfi,θf) �6.2042 9.0889 �4.0964 7.8297 �0.1472 0.6904
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A Matlab computer simulation using the ODE45 function was carried out to model the equations of motion with a
sampling frequency of 200 kHz to prevent aliasing of the highest detectable harmonics around 20 kHz. A dynamic
simulation with time domain analysis was performed to obtain the vibrational signals of all the studied cases. Normally
distributed noise was added with an SNR value of 30 dB to include the influence of measurement noise. In reality a random
manufacturing error or any other contribution which is synchronous with the rotational speed will add energies in the
spectra at multiple integers of the rotational speed. These signal types are theoretically removed from future signal content
by the residual signal process. This work was carried out by studying the pinion’s y-displacement, which was the most
sensitive movement for crack propagation in the pinion tooth root.

3.3. Residual signal and time domain statistical indicators

The performance of some of the statistical indicators was studied in [4]. When the second proposed method of generating
the residual signal is applied, the RMS indicator shows the best performance. Kurtosis is the most robust indicator for all the
signals used. The second method recommended by Wu et al. [4] for generating the residual signal involves removing the
whole original signal of the healthy case from the original signal of the faulty cases. The original signal obtained for the healthy
case is considered as a regular signal, and by removing this regular signal from the original signal of the faulty case, the
influence of regular vibration can be removed and then the signal components generated due to crack propagation can be
highlighted. This method for generating the residual signal was applied in the present study, after which the RMS, kurtosis and
the crest factor were applied to the obtained residual signal. These indicators can be explained as follows.

The RMS is considered as one of the basic statistical indicators that measure the energy level of a signal. The RMS can be
defined as follows [4]:

RMS¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

∑
N

n ¼ 1
xðnÞ�xð Þ2

s
; where x¼ 1

N
∑
N

n ¼ 1
xðnÞ ð38Þ

Kurtosis is an indicator which measures the degree of peakiness of a distribution and describes the signal shape as
compared to the normal distribution. The kurtosis value depends on the distribution tail length, so that the kurtosis value of
the residual signal is much higher than that of the original signal. The kurtosis indicator can be defined as follows [4,17]:

Kurtosis¼ ð1=NÞ∑N
n ¼ 1

ðxðnÞ�xÞ4

ð1=NÞ∑N
n ¼ 1ðxðnÞ�xÞ2�2

h ð39Þ

The crest factor is the ratio between the maximum absolute value reached by the signal and the RMS of the signal. This
indicator gives one an idea as to whether any impacting can exist in the signal [17].

CF ¼max xðnÞ
�� ��

RMS
ð40Þ

Fig. 6. Gear mesh stiffness cycle with different crack sizes.
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4. Results and discussion

Dynamic simulations were performed for the four gear dynamic models studied. The fourth model (with 12 DOF) was
applied to the symmetric disc case in addition to the asymmetric disc case, which was simulated to study the disc
asymmetry effect on the obtained dynamic response. The response of the pinion's y-displacement was analysed, because it
was the most sensitive movement for crack propagation in the pinion tooth root. Some of the time signals obtained using
the fourth model with the disc symmetry case are shown in Fig. 7. Moreover, Fig. 8 shows the percentage change in the
performance of the statistical indicators applied on the time signals obtained from the different dynamic models used in
this study.

The results of the first model (with 6 DOF) show a clearly visible difference from those of the other studied models. It can
be observed in Fig. 8 that, with the higher studied crack level, the RMS change obtained from the first model was about 160%
higher than the RMS change obtained from the other models. In the first model the input and output torques were applied
directly on the gear and pinion, and therefore the displacement response shows a higher sensitive response than the
response obtained from the other models, which were made more realistic by including two more DOF to describe the
motor and load. The results of the third model (8 DOF reduced to 6 DOF), where inter-tooth friction is ignored, are very close
to those obtained from the second model (with 8 DOF), and it is shown that friction exerts a very slight influence. Moreover,
the fourth model applied to the symmetric disc shows a response that is very close to the responses obtained from the
second and third models, because the coupling terms which affect the obtained response yp are zero when the lengths a and
b are equal. The slight difference between their results is due to a re-generation of the random signal accompanying the
obtained simulated signal.

There is a difference between the results for the 12 DOF model applied to the asymmetric disc case and the results for the
symmetric disc case, since the coupling terms start to contribute to the obtained dynamic response. These coupling terms
describe the influence of the gyroscopic DOF on the dynamic response. For fault detection purposes, the disc asymmetry
effect is important to include, as the obtained response yp was affected by the asymmetry of the gear disc.

To demonstrate the gyroscopic effect, a Campbell diagram of the fourth model with the symmetric disc case was
obtained for constant average mesh stiffness, see Fig. 9. Despite the small inertia values of the studied gear system, the
influence of the gyroscopic effect can be seen as the fifth eigenfrequency varies with the running speed. This eigenfrequency
is much greater than the operating speed, but it is useful to examine the influence of the gyroscopic effect on the system's
eigenfrequencies.

Fig. 7. Original and residual signals of three selected crack cases obtained using the 12 DOF model with the disc symmetry case.
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Fig. 8. Performance of the statistical indicators applied on the residual signals obtained from the studied models.

Fig. 9. Campbell diagram of the 12 DOF model with the symmetric disc case.
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5. Conclusions

In this paper, a gear dynamic model (with 12 DOF) including a gyroscopic effect was developed and the equations of
motions were derived. The studied gear system was modelled using three different dynamic models (with 6, 8 and 8
reduced to 6 DOF), as well as the developed model (with 12 DOF), which is referred as the fourth model in this paper.
Dynamic simulation was performed for different crack sizes, and the pinion's y-displacement was analysed as it is the most
sensitive movement for crack propagation in the pinion tooth root. Time domain scalar indicators (the RMS, kurtosis and the
crest factor) were applied for fault detection analysis.

The results of the first model show a clearly visible difference from those of the other studied models, which were made
more realistic by including two more DOF to describe the motor and load.

Both the symmetric and the asymmetric disc cases were studied using the fourth model. In the case of disc symmetry,
the results for the obtained response yp are close to those obtained from both the second and third models. Furthermore, the
second model showed a slight influence from inter-tooth friction, and therefore the third model is adequate for simulating
the pinion's y-displacement in the case of the symmetric disc.

In the case of the asymmetric disc using the fourth model, the results deviate from those obtained in the symmetric case.
Therefore, for simulating the pinion's y-displacement, this model (with 12 DOF) can be considered for more accurate
modelling in the case of the asymmetric disc.

Appendix A. Terms used in the derived equations of motion

In the equations of motion derived in Section 2, the subscript T in the stiffness and damping terms is used to distinguish
the radial or translational terms from the other rotational terms, which are denoted by R, and the coupling terms, which are
denoted by C. These terms are explained as follows, see Fig. A1.

The translational terms represent the total effect of the supports on both sides.

KxpT ¼ K1xpþK2xp ; KypT ¼ K1ypþK2yp; KxgT ¼ K1xgþK2xg ; KygT ¼ K1ygþK2yg

CxpT ¼ C1xpþC2xp; CypT ¼ C1ypþC2yp ; CxgT ¼ C1xgþC2xg ; CygT ¼ C1ygþC2yg

The rotational terms are affected by the disc symmetry and then by the parameters a and b. In this study, for the
symmetric disc case the gear shaft lengths are a¼b¼0.05 m, and for the asymmetric case a¼0.07 m and b¼0.03 m.

KxpR ¼ a2 K1xpþb2 K2xp; KypR ¼ a2 K1ypþb2 K2yp; KxgR ¼ a2 K1xgþb2 K2xg ; KygR ¼ a2 K1ygþb2 K2yg

CxpR ¼ a2 C1xpþb2 C2xp; CypR ¼ a2 C1ypþb2 C2yp; CxgR ¼ a2 C1xgþb2 C2xg ; CygR ¼ a2 C1ygþb2 C2yg

The coupling terms are also affected by the parameters a and b; note that these terms are zero in the case of the symmetric
disc.

KxpC ¼ a K1xp�b K2xp; KypC ¼ a K1yp�b K2yp; KxgC ¼ � a K1xgþb K2xg ; KygC ¼ � a K1ygþb K2yg

CxpC ¼ a C1xp�b C2xp; CypC ¼ a C1yp�b C2yp; CxgC ¼ � a C1xgþb C2xg ; CygC ¼ � a C1ygþb C2yg

Fig. A1. Definition of dynamic model terms .
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VIBRATION ANALYSIS

1. Introduction
Faults can occur in gear teeth due to an excessive transmitted 
load, operation under improper conditions or merely the end of the 
fatigue life. When a crack is propagating, the mesh stiffness and 
then the vibration characteristics will be altered[1]. Vibration health 
monitoring is a non-destructive technique that can be applied 

of vibration health monitoring is to detect deterioration due to 

deterioration results in a malfunction of the gearing system and then 
affects the availability of the whole system. Early detection allows 
proper scheduled shutdown to prevent catastrophic failure and 
consequently results in safer operation and higher cost savings[2,3]. 

A great amount of research work has been performed to analyse 
the vibration signal obtained and to study the change occurring in 
the signal due to the existence of faults in gear teeth[4,5,6,7]. A variety 
of signal processing techniques have been applied for improving 
gear tooth fault detection so that it can be accomplished as early 
as possible.

 Experimental investigations on wear fault severity assessment 
were conducted in[1,8]. In these studies, single gear tooth stiffness 
was modelled analytically, and the stiffness reduction due to tooth 
damage was assessed experimentally based on modal analysis. 
Natural frequencies and mode shapes were evaluated for different 
mesh stiffness values over a wide range of time-averaged mesh 
stiffness in[9,10]. However, fault modelling was not included.

Gear mesh stiffness is a time-varying parameter, as the number 

of engaged teeth varies according to the contact ratio. Furthermore, 
due to the changing position and direction of the load applied on the 
tooth during the tooth meshing period, the mesh stiffness changes 
continuously. Gear mesh stiffness is one of the basic parameters 
in the gear dynamic model, and excitation due to changes in the 
mesh stiffness is the main source of vibration in a gearing system. 
Moreover, any change in the gear mesh stiffness will affect the 
vibration characteristics of the system.

In the present study, the time-varying mesh stiffness has been 
obtained analytically and dynamic simulation has been performed, 
after which the system’s natural frequencies have been investigated 

in the FRFs due to mesh stiffness variation is demonstrated. 
Furthermore, the FRFs have been obtained with different crack 
sizes in the tooth root in order to investigate the possibility of fault 
detection using the FRFs. 

2. Gear mesh stiffness modelling with a crack 
in the tooth root 

Different crack propagation scenarios were studied in[11], where it 
was found that the crack model of a constant crack depth along the 
whole tooth width resulted in the largest effect on the RMS and 
kurtosis, used as indicators. Accordingly, to study how the FRFs 
change with mesh stiffness reduction due to crack propagation, it is 

the current study, the calculation model presented in[5] was applied 
under the assumption that the crack extended through the whole 
tooth width with a constant crack depth, as explained in Figure 1.

Gear tooth crack detection using dynamic response 
analysis

O D Mohammed and M Rantatalo

Paper presented at CM 2013 & MFPT 2013, The Tenth International Conference on Condition Monitoring and 
Machinery Failure Prevention Technologies, Kraków, Poland, June 2013

Figure 1. Modelling of gear tooth crack: (a) modelling of cracked 
tooth; (b) tooth notation; (c) uniform crack distribution
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2.1 The mesh stiffness with a constant crack depth along 
the tooth width

By considering the tooth as a non-uniform cantilever beam with an 

action of the force can be determined and then the stiffness can be 
calculated. Note that, in this part of the stiffness calculations, the 
crack is assumed to have a constant crack depth, 

0
, along the tooth 

width, W, as explained in Figures 1(a) and 1(c).
Based on a calculation of the potential energy stored in a 

meshing gear tooth, it is feasible to obtain the bending, shear and 
axial compressive stiffnesses as follows[5]:

                   1
Kb

=
xcos 1( ) hsin 1( )( )2

E  Ix0

d

dx  ....................(1)

                             1
Ks

=
1.2cos2 1( )
G  Ax0

d

dx  ............................(2)

                                1
Ka

=
sin2 1( )
E  Ax0

d

dx ...............................(3)

where:
K  is the bending stiffness, K  is the shear stiffness and K  is the 
axial compressive stiffness. 
h, , hx, x, ,  and 

1
 are illustrated in Figure 1(b) (

1
 varies with 

the gear tooth position). 
E is the Young’s modulus and  is the Poisson ratio. 

G is the shear modulus, G = E
2 1+( ) .

x
 is the area moment of inertia, Ix =

1/12( ) hx + hx( )3 .W , hx hq

1/12( ) hx + hq( )3 .W , hx > hq
.

x
 is the area of the section of distance ‘x’ measured from the load 

application point, Ax =
hx + hx( ).W , hx hq
hx + hq( ).W , hx > hq

.

h  = h  – ( ) sin( ); h  represents the reduced dimension of the 
tooth thickness when a crack exists.

0
 and are the crack depth and crack angle, respectively, as 

shown in Figure 1(b).
We can find the tooth stiffness resulting from the effect of all the 

stiffnesses calculated previously as follows: 

                         Ktp = 1
1
Kb

+ 1
Ks

+ 1
Ka

...........................(4)

stiffness
Sainsot [12]

follows[12]:

 
f =
F.cos2 m( )
W .E

L
u f
S f

2

+ M
u f
S f

+ P 1+Q tan2 m( )( )  ...(5)

), 
f
 and 

f
 are illustrated in Figure 2.

L*, M*, P* and Q* can be approximated using polynomial 
functions, as follows[12]:

    Xi hfi , f( ) = Ai f
2 + Bihfi

2 +Cihfi f + Di f + Eihfi + Fi ...(6)

where:
Xi *, M*, P* and Q*.
h  = 

f
 / . 

f
 ,  and 

f
 are illustrated in Figure 2.

, B , C , , E  and 

obtained as:

                                      
1
K f

= f

F
........................................(7)

For a pinion it can be denoted as K .
[12]

 
(×10–5)

B  
(×10–3)

C  
(×10–4)

 
(×10–3)

E

L* (h , ) –5.574 –1.9986 –2.3015 4.7702 0.0271 6.8045

M* (h , ) 60.111 28.100 –83.431 –9.9256 0.1624 0.9086

P* (h , ) –50.952 185.50 0.0538 53.300 0.2895 0.9236

Q* (h , ) –6.2042 9.0889 –4.0964 7.8297 –0.1472 0.6904

2.3 The effect of Hertzian contact on the mesh stiffness
Yang and Sun[14] ascertained that the stiffness of the Hertzian 
contact of two gears in mesh is constant during the whole contact 
period and, therefore, has the same value at all the contact positions 

K
h
, can be 

calculated as:

                                   1
Kh

=
4 1 v2( )
.E.W

..................................(8)

2.4 Total mesh stiffness
After calculating the stiffness of a cracked pinion tooth, K , due 
to bending, shear and axial compression, and then calculating the 

K , we can perform 
K  

and K

              
Kt =

1
1
Ktp

+ 1
K fp

+ 1
Ktg

+ 1
K fg

+ 1
Kh

= Km1 ................(9)

where K
1

In cases where there are two tooth pairs in contact, the same 
calculations are repeated for the second tooth pair to find K

2

we can obtain the equivalent stiffness for meshing, as follows: 

                                 Km = Km1 + Km2  ..................................(10)

[13]
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3. Analytical crack propagation model

percentage of the tooth root thickness. A program was developed 
using Matlab™ to investigate the time-varying mesh stiffness for 

crack distribution could be investigated as illustrated in Figure 3. It 

the crack size increases.

Table 2. Case data of the crack propagation scenario applied

0
 = 

2
 (mm)

W  =  
W  = 70º 

1 0 0

2 0.3 8.06

3 0.6 16.12

4 0.9 24.19

5 1.2 32.25

6 1.5 40.32

7 1.8 48.38

4. Gear dynamic modelling
A single-stage spur gear model was adopted in the present research 
work for simulations performed to investigate the time-varying 

parameters that were used in the study were taken from[5,13] and can 

A dynamic simulation of a 6 DOF model was performed based 
on the time-varying mesh stiffness model which was explained 
earlier. Figure 4 shows the dynamic model that was used in the 
present research study and which was adopted in[5,15,16]. A Matlab™ 
computer simulation using the ODE45 function was used for 

performed for the healthy case, after which the simulation was 
repeated to extract the dynamic behaviour for the faulty cases, 
corresponding to the crack sizes.

free modes

due to mesh stiffness variation was demonstrated. Furthermore, 
the FRFs were obtained with different crack sizes in the tooth root 
in order to investigate the possibility of fault detection using the 
FRFs. 

with variation of the mesh stiffness many FRFs can be extracted 
during tooth engagement. For low contact ratio gears (contact 
ratio is less than 2), the mesh stiffness cycle for tooth engagement 
includes three segments (see Figure 5): a double pair in contact, a 
single pair in contact and then a repeat of the first segment with 

Figure 3. The resultant time-varying gear mesh stiffness 

Figure 5. Three segments of mesh stiffness cycle for tooth 
engagement 

Table 3. Parameters of gear-pinion set[5,13]

Parameter Gear Pinion Parameter Gear Pinion

Number of teeth 30 25 Mass (kg) 0.3083 0.4439

Module (mm) 2 2 Mass moment of inertia (kg.m2) 0.96 × 10–4 2×10–4

20 20 Radial stiffness of the bearing in x,y direction (N/m) 6.56 × 108 6.56 × 108

1.63 1.63 Radial damping of the bearing in x,y direction (N/m) 1.8 × 103 1.8 × 103

Rotational speed (r/min) 2000 2400 0.06 0.06

Pressure angle (deg) 20 20 67 67

Young’s modulus, E (N/mm2) 2 × 105 2 × 105 Poisson’s ratio 0.3 0.3



a double pair in contact. For a healthy gear, the FRFs calculated 
for the third segment are exactly the same as those of the first 

selected values for each mesh stiffness segment: one value was the 
maximum and the other was the minimum. Many other FRFs are 
expected to lie between these two FRFs. Based on the above, it is 
concluded that it is sufficient to present only four FRFs to describe 
the case of the healthy gear, as the third segment is the same as 
the first one in this case, see Figure 6(a). However, in the case of 
a faulty gear, the reduction in the varying mesh stiffness can be 
shown, and the third segment is different from the first one (see 

stiffness variation for each faulty case, see Figures 6(b) to (g).

In the studied dynamic model, 6 DOF have been included. 
However, only three peaks in the FRFs can be seen due to the 
closeness of some of the eigenfrequencies. In Figure 6(a), the FRFs 
are presented for a healthy gear and, mainly, two kinds of FRF 

segment with a double pair of teeth in contact, and the other is 

for the segment with only a single pair in contact. A small change 
can be seen in each FRF due to the varying mesh stiffness in each 
segment. 

In Figures 6 (a) to (g), the FRFs can be seen for the different 

change in the FRF peaks due to the continuous variation of the mesh 

one can observe that the change in the third peak can be recognised 

the sixth mode of the system, which involves a considerable 
influence of the mesh stiffness. In this mode, the simulated teeth 

this mode is more sensitive to the mesh stiffness value. As the crack 
goes deeper, a greater reduction is shown in the mesh stiffness, and 
then the range of the changing third peak of the FRFs is wider. 
Moreover, in the third peak a considerable FRF deviation, from the 
original position for the healthy case, can be seen in Figure 6 by 

mesh stiffness plot is the point that is affected the most by the tooth 

(6th mode) and is illustrated in Figure 7. 

7. Conclusions 

stiffness varies. By simulating different cases of tooth cracking, the 

a more clear change than the other peaks, as this peak includes the 

of the mesh stiffness. Moreover, in the third peak a considerable 
FRF deviation, from the original position in the healthy case, can 
be seen.
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Abstract: 

Vibration health monitoring is a non-destructive technique which can be applied to detect cracks 
propagating in gear teeth. This paper studies gear tooth crack detection by investigating the 
natural frequencies and by performing time-frequency analysis of a 6 DOF dynamic gear model. 
The gear mesh stiffness used in the model was calculated analytically for different cases of crack 
sizes. The frequency response functions (FRFs) of the model were derived for healthy and faulty 
cases and dynamic simulation was performed to obtain the time signal responses. A new approach 
involving a short-time Fourier transform (STFT) was applied where a fast Fourier transform 
(FFT) was calculated for successive blocks with different sizes corresponding to the time 
segments of the varying gear mesh stiffness. The relationship between the different crack sizes 
and the mesh-stiffness-dependent eigenfrequencies was studied in order to detect the tooth crack 
and to estimate its size. 

Keywords: Crack detection, Gear dynamics, Dynamic response, Time-frequency analysis. 

1. Introduction 

Cracks in gear teeth can occur due to an excessive load or operation under improper conditions, or 
simply because the end of the fatigue life has been reached. When a crack is propagating, the 
mesh stiffness and then the vibration characteristics will change. Various techniques for vibration 
analysis and signal processing have been applied for improving gear teeth fault detection in an 
early stage. In this field, dynamic modelling of a gear system with simulated faults has an 
important role in fault detection analysis. By modelling the gear system, different kinds of faults 
can be studied and the dynamic response can be simulated. The meshing action is the main source 
of vibration in gearing systems, and the mesh stiffness is one of the basic parameters in gear 
dynamic modelling. Moreover, any reduction in the gear mesh stiffness due to the presence of a 
fault will affect the dynamic behaviour and the vibration characteristics of the system.  
Mode shapes and natural frequencies were investigated in [1,2] for different mesh stiffness values 
over a wide range of time-averaged mesh stiffness. However, fault modelling was not considered. 
The quantification of wear in a gear tooth based on stiffness reduction was presented in [3]. 
Analytical calculations and experimental modal analysis were conducted to investigate the change 
in the vibration characteristics when the tooth damage is propagating. The dynamic response and 
frequency response functions (FRFs) were investigated for a gear dynamic model with different 
crack sizes in [4]. The conclusion in this study was that a change in the FRF could be detected 
with increasing crack size.      
In the present study a new approach involving a short-time Fourier transform (STFT) was applied 
by taking the fast Fourier transform (FFT) of successive blocks with different sizes corresponding 



2 
 

to the time segments of the varying gear mesh stiffness. The block size was set according to the 
number of teeth in contact. With the aim of detecting cracks in an early stage and estimating their 
size, the effect of the different crack sizes on the change in the dynamic response and the natural 
frequencies related to the gear mesh stiffness was studied. 

2. Modelling of a tooth crack and gear mesh stiffness calculation  

Gear mesh stiffness is a time-varying parameter, as the number of engaged teeth varies according 
to the contact ratio. Furthermore, due to the changing position and direction of the load applied on 
the tooth during the tooth meshing period, the mesh stiffness is continuously changing. In the 
presence of a fault in a gear tooth, the mesh stiffness will show a reduction according to the fault 
size during the engagement period of the faulty tooth. For gear fault detection purposes, the status 
of the tooth deterioration can be evaluated mainly by introducing the reduction in the varying gear 
mesh stiffness. Several research studies [4-11] have introduced this stiffness reduction in dynamic 
modelling for fault detection purposes. In the present paper, the mesh stiffness parameter is 
considered to assess the fault status, as the mesh stiffness affects the output dynamic response. 

2.1 Modelling of a crack in a gear tooth 

Three crack propagation scenarios were studied in [8], where it was found that by considering the 
3rd scenario, which involves the crack propagating in both the depth and the length directions 
simultaneously, it was difficult to perform early crack detection, because the statistical indicators 
only showed a slight change at the beginning of the crack propagation period. Accordingly, in the 
current study this crack propagation scenario was studied further to improve the performance of 
early detection by applying a new fault detection technique based on the STFT. The crack 
propagation cases used in this study are shown in Table 1. The crack level (CL) can be defined as 
the crack depth percentage of the total tooth root thickness measured at the crack initiation point, 
which was 3.72 mm in the current model. The maximum crack depth qo did not exceed 1.0 mm, as 
the detection analysis was mainly focused on the early stage. In this study, the crack angle c  was 

considered to be 70 , see Fig. 1.  

Table 1 
Data for the crack propagation cases of the studied scenario 

Case qo(mm) CL % Wc (mm) q2 (mm) 

1 0 0 0 0 

2 0.1 2.68 2.5 0 

3 0.2 5.37 5.0 0 

4 0.3 8.06 7.5 0 

5 0.4   10.75 10.0 0 

6 0.5 13.44 12.5 0 

7 0.6 16.12 15.0 0 

8 0.7 18.81 17.5 0 

9 0.8 21.50 20.0 0 

10 0.9 24.19 20.0 0.23 

11 1.0 26.88 20.0 0.45 
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Figure 1 Modelling of a gear tooth crack. (a) Modelling of a cracked tooth, (b) Modelling of one slice of 

width dW, (c) Crack depth distribution along the tooth width, and (d) Tooth notation. 

2.2 Modelling of gear mesh stiffness with a crack in the tooth root 

The mesh stiffness calculation presented in [7] was adopted in [8], as it is a more 
comprehensive approach and offers the possibility of simulating a parabolic crack distribution. A 
new modified method for stiffness evaluation was discussed in [9]. One conclusion drawn was 
that the method presented in [7] had been proved valid for stiffness evaluation for CLs less than 
30% based on the studied model. Another conclusion was that the modified method could be 
considered as an alternative for large crack sizes, and, based on the studied model, a better result 
agreement has been shown with the modified method for crack sizes larger than 30%. 

In the present study the same gear model was used, and because the studied crack cases 
concern crack levels less than 30%, the calculation model presented in [7] was applied and can be 
described as consisting of two parts: firstly, determination of the mesh stiffness with a constant 
crack depth for a thin slice along the tooth width, and secondly, determination of the mesh 
stiffness for all the slices along the tooth width which have a non-uniform crack depth. Moreover, 
the effects of fillet foundation deflection and Hertzian contact are taken into account, as explained 
in Sections 2.2.3 and 2.2.4 

2.2.1 The mesh stiffness with a constant crack depth for a slice along the tooth width  

In this part of the stiffness calculations, the crack is assumed to have a constant crack depth, 
q(z), for each slice, dW, along the tooth width, as explained in Figs. 1a and b. Based on a 
calculation of the potential energy stored in a meshing gear tooth, it is feasible to obtain the 
bending, shear, and axial compressive stiffnesses as follows [7]: 



4 
 

1                                                                                           dx         
I E

sin h cosx 
K
1

0 x

2
11

b

d

 

2                                                                                                              dx        
A G

cos 2.1
K
1

0 x

1
2

s

d

3                                                                                                                    dx        
A E

sin 
K
1

0 x

1
2

a

d

Note that 1 varies with the gear tooth position. bK is the bending stiffness, sK  is the shear 

stiffness and aK  is the axial compressive stiffness.  h, hq, hc, hx, y, dy, d, and 1 are illustrated in 
Fig. 1d. Moreover, the following notation is used: 

G: shear modulus,
12
EG  

: Poisson ratio. 

Ix: area moment of inertia, Ix = 
qx

3
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3
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Ax: area of the section of distance ‘x’ measured from the load application point,  

Ax = 
qxqx
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hq = hc - q(z) sin( c ), and q(z) and c  are the crack depth and crack angle, respectively, as 
shown in Fig. 1b. 
At a certain position, ‘z’, through the tooth width, we can find the stiffness of one slice resulting 
from the effect of all the stiffnesses calculated previously as follows:   

(4)                                                                                                             
K
1

K
1

K
11K(z)

asb

 

2.2.2 The mesh stiffness for all the slices along the tooth width 

The mesh stiffness model presented in [7] divides the tooth width into thin slices to represent the 
crack propagation through the tooth width, as shown in Fig. 1a. Consequently, for a small dW the 
crack depth is assumed to be a constant through the width for each slice, see Fig. 1b. 
By integrating the stiffness of all the slices along the width, the stiffness of the entire tooth can be 
evaluated as follows: 

(5)                                                                                                                                     K(z)K
W

0
tp

In [7] it is assumed that the distribution of the crack depth follows a parabolic function along the 
tooth width, as shown in Fig. 1c for the crack section A-A, which can be recognized in Fig. 1a. 
When the crack length is less than the whole tooth width, 

(7)                                                                                                                      W-Wz , 0q(z)

(6)                                                                                                        W- 0z ,
W

zWqq(z)

c

c
c

c
o
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where Wc is the crack length, W is the whole tooth width, and qo is the maximum crack depth, see 
Fig. 1c. 
When the crack length extends through the whole tooth width, 

(8)                                                                                                                   qz
W

qqq(z) 2
2

2
2

2
o  

where q2 is as shown in Fig. 1c. 

2.2.3 The effect of fillet foundation deflection on the mesh stiffness 

The effect of fillet foundation deflection on the gear mesh stiffness was studied in [12], and can be 
calculated as follows: 

(9)                                                        tanQ1P  
S
uM

S
uL

W.E
cos F.

m
2

f

f

2

f

fm
2

f

m is the pressure angle, and uf and Sf are illustrated in Fig. 2. 

Q and ,P,M,L can be approximated using polynomial functions as follows [12]: 
(10)                                                            FhEDhChBA,hX ifiififfii

2
fii

2
fiffii  

iX represents the coefficients P,M,L and Q . 

intffi rrh ; fintf  and r,r  are illustrated in Fig. 2. 

The coefficients  E,D,C,B,A iiiii and iF  are given in Table 2. Then the stiffness due to fillet 
foundation deflection can be obtained as: 

     (11)                                                                                                                                        
FK

1 f

f

 For a pinion it could be denoted as Kfp. 

 

 

Figure 2 Geometrical parameters for fillet foundation deflection [13]. 
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Table 2 
Values of the coefficients of eq. (10) 

 Ai (×10-5) Bi (×10-3) Ci (×10-4) Di (×10-3) Ei Fi 

L* (hfi, ) -5.574 -1.9986 -2.3015 4.7702 0.0271 6.8045 

M*(hfi, ) 60.111 28.100 -83.431 -9.9256 0.1624 0.9086 

P*(hfi, ) -50.952 185.50 0.0538 53.300 0.2895 0.9236 

Q*(hfi, ) -6.2042 9.0889 -4.0964 7.8297 -0.1472 0.6904 
 

2.2.4 The effect of Hertzian contact on the mesh stiffness 

The Hertzian contact stiffness Kh can be calculated as stated in [14] as follows: 

 (12)                                                                                                                             1 4
K
1 2

h

 

2.2.5 Total mesh stiffness 

After calculating the stiffness of a cracked pinion tooth, Ktp, due to bending, shear, and axial 
compression, and then calculating the stiffness due to the fillet foundation deflection, Kfp, we can 
perform the same calculations for an uncracked mating gear tooth to find Ktg and Kfg. Thus, the 
total mesh stiffness for one meshing tooth pair is: 

(13)                                                                                        K

K
1

K
1

K
1

K
1

K
1

1K m1

hfgtgfptp

t  

where Km1 is the total mesh stiffness for the first tooth pair. 
 In cases where there are two tooth pairs in contact, the same calculations are repeated for the 
second tooth pair to find Km2. Then we can obtain the equivalent mesh stiffness as follows:  
Km=Km1+Km2                                                                                                                                (14)   
 

3. Modelling of gear system 

A single-stage spur gear model was adopted in the present research work. The main gear 
modelling parameters that were used in this study were considered previously in [7,13], and can 
be seen in Table 3. The varying mesh stiffness obtained for all the studied crack sizes is shown in 
Fig. 3. Here the term ‘pinion’ refers to the smaller gear, which is a driver gear in this study, and 
the term ‘gear’ refers to the larger gear, which is a driven gear in this study.  
 
 
 
 
 
 
 
 

f

f

f

f
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Table 3 
Parameters of gear-pinion set  

Parameter Gear Pinion Parameter Gear Pinion 

Number of teeth 30 25 Mass (kg) 0.4439 0.3083 

Module (mm) 2 2 Mass moment of inertia 
(kg.m2) 

2 10-4 0.96 10-4 

Teeth width (mm) 20 20 Radial stiffness of the bearing 
in x,y   direction (N/m) 

6.56 108 6.56 108 

Contact ratio 1.63 1.63 Radial damping of the bearing 
in x,y direction (N/m) 

1.8 103 1.8 103 

Rotational speed (rpm) 2000 2400 Coefficient of friction 0.06 0.06 

Pressure angle (deg.) 20 20 Total damping between 
meshing teeth (N.s/m) 

67 67 

Young’s modulus, E 
(N/mm2) 

2 105 2 105 Poisson’s ratio 0.3 0.3 

 
Figure 3 Time-varying gear mesh stiffness for different crack sizes. 

 

The dynamic response of a gear system can be extracted using dynamic lumped parameters 
modelling. A dynamic simulation was performed based on the time-varying mesh stiffness model 
which was explained earlier. Fig. 4a shows the 8 DOF dynamic model which was presented in 
[5,15]. In the current study, the studied gear model implies small inertia values of the motor, Im, 
and braking load, Ib. The dynamic response does not show a big difference when considering 
these small inertia values for Im and Ib. Therefore, these two inertia values were ignored, and a 
reduced model with 6 DOF was used, see Fig. 4b.     
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The equations of motion in the ‘y’ direction for the pinion and gear are: 
p ypp yppp yCyKNy m                                                                                                  (15) 

g ygg yggg yCyKNy m                                                                                                     (16) 
The equations of motion in the ‘ ’ direction for the pinion and gear are: 

ppppp MTN r I                                                                                                             (17) 

ggggg MTN r I                                                                                                           (18) 
The equations of motion in the ‘x’ direction for the pinion and gear are: 

pp xppxppp FxCx Kx m                                                                                                 (19) 

gg xggxggg FxCx Kx m                                                                                                  (20) 
where: 
     gbgpbpgp mgbgpbpgpm  r ryyC r ryy KN  
     n21 ..N…N+N=N                    (n is the number of teeth in contact) 

np2p1p ..F…F+F=F  

2p21p1 N -=   Fand   N =F   

     ng2g1g ..F…F+F=F  
2g21g1 N =   Fand   N -=F  

 
The following notation is used in the dynamic model equations: 
mp /mg: mass of the pinion/gear. 
Ip/Ig: mass moment of inertia of the pinion/gear. 
Kxp/Kyp: radial stiffness in the x/y directions of the pinion. 
Kxg/Kyg: radial stiffness in the x/y directions of the gear. 
Cxp/Cyp: radial damping in the x/y directions of the pinion. 
Cxg/Cyg: radial damping in the x/y directions of the gear. 
Km: equivalent mesh stiffness. 
Cm: mesh damping coefficient.  
Tp/Tg: torque applied on the pinion/gear. 
rbp/ rbg: base circle radius of the pinion/gear. 

wp/ wg: constant rotational speed of the pinion/gear. 
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Figure 4 Dynamic modelling of a one-stage reduction gear system, (a) with 8 DOF, (b) with 6 DOF. 

4. Dynamic response and simulation 

To introduce the tooth fault in the dynamic simulation, the reductions in the mesh stiffness 
corresponding to the crack sizes were input through the time-varying mesh stiffness parameter 
Km. The system’s natural frequencies were investigated by calculating the frequency response 
functions (FRFs). Mainly, two kinds of FRFs can be recognized. One of them represents the mesh 
stiffness in the segment with a double pair of teeth in contact, while the other represents that for 
the segment with only a single pair in contact. The changes in the FRFs due to the mesh stiffness 
variation were studied and discussed in [4]. Furthermore, the FRFs were obtained with different 
crack sizes in the tooth root in order to investigate the possibility of fault detection using the 
FRFs. For each mesh stiffness value there is a specific FRF, and with variation of the mesh 
stiffness, numerous FRFs can be calculated during the tooth engagement. For low contact ratio 
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gears, the mesh stiffness cycle for tooth engagement includes three segments, see Fig. 5. In the 
current study the FRFs were calculated for two selected values for each mesh stiffness segment; 
one value was the maximum and the other was the minimum. Many other FRFs are expected to lie 
between these two FRFs. These selected points are shown in Fig. 5 and the corresponding FRFs 
can be seen in Fig. 6 for both the healthy and the faulty cases. For the healthy case the shifting of 
the third peak can be seen in Fig. 6a, and the amount of shifting depends on the number of teeth in 
contact and the teeth contact positions. However, in the case of a faulty gear, the effect of the 
reduction in the mesh stiffness can be seen in Fig. 6b as new shifted FRFs which were produced 
according to the crack size.  
A dynamic simulation using the ODE45 function in Matlab was performed to achieve the time 
simulation of the model with a sampling frequency of 200 kHz, to be really sure that aliasing of 
the highest detectable harmonics around 20 kHz would be avoided. The dynamic response in the 
time domain was simulated to obtain the vibrational signals of all the studied cases. Normally 
distributed noise was added with an SNR value of 20 dB to simulate the influence of measurement 
noise. The pinion’s y-displacement was then analysed for different crack sizes.  
 

 
Figure 5 Gear mesh stiffness cycle of a healthy and a faulty tooth. 

 

5. Fault detection analysis 

The FRFs change according to the varying mesh stiffness, and the effect of the reduction in the 
mesh stiffness due to a certain crack will result in a shift in one of the eigenfrequencies in the 
FRF. Based on this, a new approach involving the application of a short-time Fourier transform 
(STFT) was implemented by taking the FFT of successive blocks with different sizes 
corresponding to the time segments of the varying gear mesh stiffness. For the healthy case the 
shifting of the frequency peaks during one revolution of the pinion can be seen in Fig. 7c. This 
shifting corresponds to the change in the number of teeth in contact. The corresponding FRFs are 
shown in Fig. 7a, which explains the presence of the frequency peaks in the STFT analysis. No 
overlapping was applied when calculating the STFT.   
This approach was applied for all the studied crack cases explained in Table 1 to investigate if 
there is any change within the blocks of the faulty tooth. In Fig. 8 crack cases 6, 7 and 9 are 
shown, and it is possible to recognize the difference at the fault position. Crack case 11 is also 
shown in Fig. 9 with the corresponding FRFs, and one can clearly recognize the faulty tooth. The 
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shifting of the frequency for the crack cases can be seen in Fig. 10. This figure illustrates how the 
third peak frequency value shifts with an increasing crack size.    
The proposed approach based on the STFT was also applied to the residual signal which is 
extracted by removing the whole time signal of the healthy case from that of each faulty case [6]. 
By doing so, the frequency content produced by all the healthy teeth is removed, and the analysis 
only results in any possible changes corresponding to the faulty tooth. Fig. 11 shows the 
frequency changes obtained by analysing the residual signal for crack cases 6, 7 and 9, and it is 
possible to recognize the change in the frequency content at the fault position. 
To verify the effectiveness of the proposed approach, it is useful to apply two statistical 
indicators, the RMS and kurtosis, to compare their performance with that of the proposed 
approach. The fault detection was performed again for all the studied crack cases by applying the 
RMS and kurtosis on the residual signal. The performance of the two indicators can be observed 
in Fig. 12.  
 

 
Figure 6 FRFs calculated by inputting different mesh stiffness values. (a) Healthy case, (b) Crack case 11.  
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Figure 7 Frequency change according to the FRFs for one revolution of the pinion in a healthy case. (a) 
FRFs calculated by inputting different mesh stiffness values, (b) Time signal, (c) STFT for one revolution 

of the pinion.  
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Figure 8 Frequency change according to the FRFs for one revolution of the pinion. (a) Crack case 6, (b) Crack case 7, 
(c) Crack case 9. 
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Figure 9 Frequency change according to the FRFs for one revolution of the pinion for crack case 11. (a) 
FRFs calculated by inputting different mesh stiffness values, (b) Time signal, (c) STFT for one revolution 

of the pinion.  

 

 
 

Figure 10 Shifting of the third peak frequency value with increasing crack size. 
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Figure 11 Frequency changes obtained by analysing the residual signal for one revolution of the pinion. 
(a) Residual signal of crack case 6, (b) STFT of crack case 6 applied on residual signal, 
(c) Residual signal of crack case 7, (d) STFT of crack case 7 applied on residual signal, 
(e) Residual signal of crack case 9, (f) STFT of crack case 9 applied on residual signal. 
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Figure 12 Performance of the RMS and kurtosis applied on the residual signal. 

6. Discussion 

The gear dynamic simulation shows three peaks of the FRFs because of the closeness of some of 
the eigenfrequencies. The third peak includes the sixth mode of the system, which is clearly 
affected by the mesh stiffness, see Fig. 6b. Therefore, as the crack grows larger, a greater mesh 
stiffness reduction will lead to a larger shift of the third peak in the FRF.  
In the current study the time-frequency analysis involves applying the STFT by dividing the time 
signal into successive blocks with different sizes corresponding to the time segments of the 
varying gear mesh stiffness. In order to find a clear change across the blocks, it is important to 
have a signal of dominant mesh frequency harmonics. However, by calculating the FFT of a small 
block size with very short time duration, the frequency resolution will be low. For fault detection 
purposes, and to investigate the frequency peaks which are close to the natural frequencies of the 
system, it is important to check if the interesting frequencies are described within the frequency 
resolution which was set by the time length of each block. In the current study, the interesting 
frequency peaks can be recognized within the frequency resolution.  
Figs. 7, 8 and 9 explain the possibility of detecting the fault by investigating the change in the 
frequency content of the blocks of the faulty tooth. Fig. 10 shows how the frequency changes with 
an increasing crack size. The change is moderate up to crack case 5, and after this case an 
increasing change can be seen. The frequency change shows a non-linear behaviour which is 
consistent with the non-linear reduction in the mesh stiffness produced by the increasing crack 
size, see Fig. 3. Based on the simulation result shown in Fig. 10, it is therefore possible to detect 
all the crack cases. The change in frequency is, however, relatively small (2Hz) for the first crack 
cases, up to case 5, compared to the later crack cases (50Hz). The possibility of detecting 
experimentally the stiffness reduction of a tooth due to cracks is dependent on the ability of the 
used measurement system to measure small differences in frequency shifts within short periods of 
time. This study also shows that it is possible to recognize the change in the frequency content by 
applying the proposed approach on the residual signal, as can be seen in Fig. 11.  
Using the two statistical indicators, whose results are shown in Fig. 12, it is difficult to detect 
cracks with a size smaller than that in crack case 8. Kurtosis shows a more responsive 
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performance than the RMS, but for the studied model the proposed approach showed an earlier 
detection.   

7. Conclusions     

The deterioration due to fault propagation can be detected before the occurrence of sudden 
breakage. This deterioration can result in a malfunction of the gear system and then affect the 
availability of the entire system.  The FRF is affected by any change in the gear mesh stiffness, 
and by simulating different cases of tooth cracks, the changes in the FRF can be recognized 
clearly. In this research study a new approach involving a short-time Fourier transform (STFT) 
was applied by taking the FFT of successive blocks with different sizes corresponding to the time 
segments of the varying gear mesh stiffness. The main conclusion of this study is that cracks in an 
early stage, which are undetectable using conventional statistical indicators, can be detected using 
the proposed method. The crack size could also be measured indirectly by relating the frequency 
shift to the stiffness reduction for a certain crack size. The proposed method shows promising 
results for the purposes of gear crack detection and size estimation.    
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