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Introduction 

In this licentiate thesis we present three papers on efficient implementations of some algorithmic 
and practical problems. The first paper optimizes the memory requirements of the theoretically 
best selection algorithm in the theoretical model. In the second paper we apply algorithmic 
techniques to a symbolic support set manipulation problem. Our straight forward implementa-
tion is up to 20 times faster than the previous solution to the problem. We take the algorithmic 
engineering approach a step further in the last paper, where we not only develop a new data 
structure for compression state lookup but also put considerable effort in engineering an efficient 
implementation of the solution that takes hardware properties of the machine into account. We 
are planning to use the data structure for compression state lookup in future versions of the 
NetBSD and  Solaris  operating systems. 

These results are presented in the following papers: 

Paper 1: S. Carlsson and M.  Sundström,  Linear-time In-place Selection in Less than 3n Com-
parisons, In Proceedings of the 6th International Symposium on Algorithms and Compu-
tation (ISAAC'95), pages 244-253, 1995. 

Paper 2:  P.  Lindgren and M.  Sundström,  Improved Algorithms for Efficient Symbolic Sup-
port set Manipulation, In International Workshop on Logic and Architecture Synthesis, 
pages 38-44, 1995. 

Paper 3: M.  Sundström  and  B. Nordgren,  Fast Compression State Lookup of IPv6 Packet 
Headers, work in progress. 

1. Algorithmic Engineering 

Algorithmic Engineering could be described as the process of designing an efficient algorithm, 
for solving a concrete programming problem, and to implement the solution to achieve an 
efficient computer program. This is not as easy as one might believe. The first task for the 
algorithmic engineer is to achieve a good understanding of the problem, which typically requires 
a theoretical modelling of the problem. In some cases, there already exists a theoretical solution 
that solves the problem in question. If not, it is necessary to use all available algorithmic tools 
to solve the problem in the theoretical model. Hence, it is crucial for the algorithmic engineer 
to have a solid algorithmic theoretical foundation to rest on. 

The next step is to implement the theoretical solution as a computer program. During the 
implementation, several problems usually occur, mainly due to the fact that the theoretical 
model is too coarse to model the reality. The last phase is to use all our knowledge of how 
the computer works, and all our programming skills to achieve an implementation being as fast 
and efficient as we can. Hence, it is important for the algorithmic engineer to also have a solid 
practical foundation to rest on. 
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In short, the process of Algorithmic Engineering can be described by the following steps: 

1. Define the problem. 

2. Construct a theoretical model. 

3. Solve the problem in the theoretical model. 

4. Implement the solution on a computer. 

5. Evaluate the performance of the implementation and try to improve it using the informa-
tion that was lost in the construction of the theoretical model. 

6. If the theoretical model did not capture the behavior of the reality, then refine the model 
and repeat the process from 3. 

2. An Example of Algorithmic Engineering 

As an example of the Algorithmic Engineering process we consider a simple membership query 
problem. 

The Problem Definition 

Write a  C  function to search a sorted array of 16 unsigned integers for a given query value. 

The Theoretical Model 

Let A = (ao, 	, an) be an array of 16 distinct elements drawn from a totally ordered 
universe. Moreover, let the elements A be sorted in non-decreasing order. That is, for any 
0  <i  < 15, a.„1  < ai. The problem we want to solve is the following: Given a query element  
x,  is there an  i,  0  <i  < 15, such that  x  = 64, or equivalently, is  x  a member of the set formed 
by the elements in A. We try to minimize the number of element comparisons since this seems 
to be critical operation. 

The Theoretical Solution 

A straight forward solution to the problem is to perform a linear search. We start with ao 
and then repeatedly compare  x  to the elements of A in increasing order. The algorithm stops 
either when  x  is found (a, =  x)  or after  x  has been compared to all elements in A. If  x  is not a 
member of A, linear search will always perform 16 comparisons since each of the 16 elements are 
compared to  x  and non of them is equal to  x.  Let  c,  be the number of comparisons performed 
in the linear search when  x  = a,. Clearly,  c,  =  i  + 1 comparisons since  x  is compared to all 
elements between ao and  aj  before finding that  x  = a. We can now compute the average number 
of comparisons for linear search, assuming that all elements are equally likely to be matched 
with  x,  as the mean of the cis. We get an average of 

 	E!o(i+ 1)  -i-8 
16 	 16 	2  

comparisons. 
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A better idea would be to take advantage of the fact that A is sorted and perform a 
binary search. We start by comparing  x  to the median element (a7), and if  x  < a7, we know 
immediately that  x  can not be found among as,  ag,  , a15. Similarly, if  x  > a7, no a, where  
i  < 7 can be equal to  x.  Hence, by performing a single comparison, we can discard half of 
the elements from consideration and recursively search  x  among the remaining elements. The 
algorithm reduces the number of candidates as follows: 

16 candidates 
1st cmp. 

8 candidates 
2n d cmp. 

4 candidates 
3rd  cmp. 

2 candidates 

In three comparisons, the 16 candidates are reduced to only 2. These are both compared to  x  to 
determine if  x  is present or not. For binary search, the worst and average case cost is the same, 
namely 5 comparisons. It is also easy to show that this is the best possible solution counting 
only comparisons. 

In the theoretical model, it is clear that binary search with an average cost of 5 comparisons 
is more efficient, for this particular problem, than linear search which costs 8.5 comparisons in 
the average case. 

The Implementation 

We now take theory to practice by implementing our theoretical solutions in the  C  Programming 
Language, followed by running the programs on a 200 MHz Pentium Pro machine. In the 
practical model, we account for the average number of CPU cycles used for solving the problem, 
since this is a very good measurement of the efficiency of the implementations. 

The sorted array A is represented by a array of unsigned integers a and is passed as one of 
the arguments to the search functions. The other argument  x  is the unsigned integer  x  we are 
searching for. The functions returns zero if the search is unsuccessful and non-zero otherwise 
(real  C  programmers does not use the type  bool).  

The implementations of the linear search and binary search algorithms are called LSearch16 
and BSearch16, respectively. Both are implemented in a straight forward manner.  

inline uint LSearch16(uint *a, uint x) { 
uint i; 

for  (i  = 0;  i  < 16;  i++)  
if  (x == a[i]) return 1; 

return 0; 
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inline  uint BSearch16(uint  *a,  uint x) { 
uint ib =  0,  je  =  15,  im;  

while  (ib != ie)  
im  = (ib +  je)  /  2;  
if  (x  <=  a  [im)  ) {  

je  =  im;  
}  else  -( 

ib =  im  +  1; 
3. 

3. 
return x == a[im]  I I  x == a Lim 	i];  

3. 

The Evaluation and Optimization 

In order to measure efficiency we have used an assembler instruction to count the number of 
CPU cycles spent for 65536 successful membership queries (in the ith query  x  = ai mod 16)•  

The results from running the experiments on our target machine, under the NetBSD operating 
system, are summarized in the table below. 

Algorithm Average number of CPU cycles 
LSearch16 44.9 
BSearch16 57.7 

In the theoretical model, linear search was about 70 % slower than binary search, but, in 
practice, it is turns out that the binary search is about 30 % slower. Does this mean that the 
theory is about 100 % wrong? No, not at all! It means that it is time for some algorithmic 
engineering. 

Strong in our belief that binary search is more efficient than linear search, even for small 
inputs, we will put some effort in optimizing the BSearch16 code. However, we must first 
try to understand why it is slower than LSearch16. For each round of the while loop of 
BSearch16, two comparisons are performed, one between the indices of the first and last element 
of the sub-array in consideration, and one between  x  and the element in the middle of the 
interval. Corresponding comparisons are also performed in each round of the for loop of 
LSearch16. Since the average number of rounds in BSearch16 is less than the number of rounds 
in LSearch16 (follows from the theoretical analysis of the cost), the binary search should be 
slightly faster for these operations. However, the body of the while loop in BSearch16 also 
contains an assignment which involves an addition and a division. Moreover, the if statement 
of BSearch16 is more complicated than in LSearch16. 

To speed-up the binary search, we will remove the loop altogether. We will also remove the 
if statement since branch instructions have a negative effect on the pipelining of instructions. 

For each comparison performed, we know that the size of the sub-array in consideration 
is cut in half. If we update a according to the outcome of the comparison, we do not need 
to record the indices of the first and last elements of the sub-array in consideration. By the 
following statement, we perform the comparison between  x  and the middle element in an array 
a of the size 2-i+1  and update a to the correct half to continue the search in. 

a += (x >= a[l << j]) << j; 
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We then get the following new version of BSearch16, optimistically called QSearch16.  

inline uint QSearch16(uint *a, uint x) { 
a += (x >= a[8]) << 3; 
a += (x >= a[4] ) << 2; 
a += (x >= a[2]) « 1; 
return x == a[0] 11 x == a[1]; 

By also including QSearch16 in the test suite and running the same experiments again we 
obtain the following benchmarks. 

Algorithm Average number of CPU cycles 
QSearch16 18.8 
LSearch16 44.9 
BSearch16 57.7 

By carefully optimizing the binary search implementation, we achieve a speed-up of more than 
a factor of 3. In addition, we are more than twice as fast as the linear search implementation. 
Of course, we could use similar techniques to make the linear search a little bit faster. However, 
it is possible to prove that we can never beat QSearch16. 

Refinement 

Since the theoretical model proved to be good enough for this example, there is no need for 
refinement. 

3. Overview of Results 

In the first paper Linear-time In-place Selection in Less than 3n Comparisons we work in a 
theoretical model where the space used for the computation is heavily restricted. We consider 
the problem of finding the median among  n  elements stored in array. This important theoretical 
problem that has been studied for a long time. The main concern has been to minimize 
the number of comparisons. Some attempts has also been made to minimize the memory 
consumption of the algorithm while, at the same time, running the algorithm in linear time 
using as few comparisons as possible. These attempts have not been motivated by the cost of 
memory in general, but rather by the limited size of fast memory in contemporary computers. 

Our main results of the first paper are: 

• We can find the median in-place using only 3.75n comparisons and 9n element moves. 
This is twice as good as the best previous attempt for in-place selection. 

• Our in-place algorithm gets arbitrarily close to the best number of comparisons known 
for the problem without space restrictions. For any  e  > 0 we can achieve as few as 
(2.942 +  e)  •  n  comparisons and linear time. 

In the second paper Improved Algorithms for Efficient Symbolic Support Set Manipulation 
we apply theoretical techniques to a practical problem from the field of Computer Engineering. 
It is common in hardware design that complex boolean functions are not completely specified, 
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i.e. for some combinations of input signals we do not care if the output is 0 or 1. This means 
that there are several functions that satisfies the original function. We would like to find the 
best of these satisfying functions with respect to some optimization criteria. 

Our main results of the second paper are: 

• We suggest a completely new approach to the support set minimization problem. 

• A data base of the best function, for each possible support set optimization criteria, can 
be built up to 20 times faster than when using the previous algorithm. 

The third paper Fast Compression State Lookup of IPv6 Packet Headers displays a full 
algorithmic engineering approach to a Computer Networking problem. In the Internet, packets 
carrying data are sent between hosts. In addition, each packet carries control information in 
a header. The packets can be grouped into a number of flows with almost identical headers. 
Instead of transmitting the full header it is, therefore, sufficient to transmit a small identifier 
of the flow, a so called Compression identifier (CID). In this paper we consider the problem of 
associating a header with its CID. 

Our main results in the third paper are: 

• A new data structure to perform efficient lookups among few but very large keys. 

• The data structure adapts to the recent traffic pattern in an on-line fashion. 

• We have engineered an efficient implementation of the table lookup for the NetBSD Header 
compressor. 
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Paper 1 

Linear-time In-place Selection in 
Less than 3n Comparisons 
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An extended abstract of this paper was published as: S. Carlsson and M.  Sundström,  Linear-
time In-place Selection in Less than 3n Comparisons, In Proceedings of the 6th International 
Symposium on Algorithms and Computation (ISAAC'95), pages 244-253, 1995. 
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Linear-time In-place Selection in Less than 3n Comparisons  

Svante Carlsson*  and  Mikael Sundström *  

Abstract 

By developing and exploiting new in-place techniques, we show that finding the element 
with the median value out of  n  elements stored in an array can be performed in-place in 
(2.95 + On (for any  e  > 0) comparisons and in linear time. This is arbitrarily close to the 
upper bound for the same problem without space-restrictions. 

To make the algorithm competitive we also try to minimise the number of element moves 
performed by the algorithm since this is the other critical operation. This has resulted in a 
trade-off between the number of comparisons and the number of moves. By minimizing the 
sum of the critical operations we achieve an algorithm that uses at most 3.75n comparisons 
and 9n moves for finding the median in-place. This is, in principle, twice as good as earlier 
attempts on implicit selection. 

1 Introduction 

The problem of selecting the element with a given rank in a set of  n  elements was shown to 
be solvable in e(n) time by Blum et al. in 1973 [2]. This was a surprise to the research 
community since it was believed that the general selection problem was as hard as sorting. 
They showed that the number of comparisons needed for the problem of median finding is at 
most 5.43n + o(n). This result was improved in 1976 by  Schonhage,  Paterson, and Pippenger 
[7] to 3n + o(n) comparisons. It was first in 1994 anyone could improve the 3n upper bound 
despite many attempts from researchers all over the world. By modification, of the algorithm 
by  Schonhage  et al., Dor and Zwick achieved an upper bound of 2.95n + 0 (n) comparisons 
[4, 5]. They were also able to slightly improve Bent and John's 2n - 0 (n) lower bound from 
1985 [1], to (2 + 2-4°) •  n  - 0 (n) comparisons [4]. There is still, however, a gap between the 
upper bound and the lower bound for selection. 

By in-place, or implicit, selection we mean that we are only allowed to use a constant amount 
of additional space, apart from the array storing the elements. The Implicit Selection Problem is 
interesting both from a theoretical and from a practical point of view. A theoretically interesting 
question is how much of the information gathered by the algorithm can be implicitly stored 
in the in-place ordering of the elements and how much information needs to be recomputed 
or stored explicitly. From a practical point of view we would also like to minimize the extra 
storage used. One reason is that by limiting the extra storage we will be able to keep a larger 
part of the data set in faster memory, which will result in a faster algorithm. Moreover, by 
using an implicit data structure, we are also able to take advantage of localities of memory 
accesses; when we are using pointer representations we can never be sure where elements that 
are going to be accessed close in time are going to be stored, which will lead to several page 
faults that will slow the algorithm down. 

*Division of Computer Science,  Luleå  University of Technology, S-971 87  LULEÅ,  Sweden. E-mail:  
{Svante  . Carlsson, Mikael.Sundstrom)esm.luth. se  
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In this paper, we show that this space restriction has only a marginal effect on the number 
of comparisons for finding the median and still only using linear time for the algorithm. We 
can get arbitrarily close to Dor and Zwick's upper bound on 2.95n comparisons. The best 
algorithm, in the sum of the number of comparisons and moves, that we have found takes 3.75n 
comparisons and 9n moves, which is about twice as good as the previously best result of slightly 
less than 7n comparisons and 19n moves by Lai and Wood [6]. 

2 Preliminaries 

In this section we describe the basic selection algorithm by  Schonhage  et al. [7]. We show how 
a simple mass production algorithm, or factory, can be employed by the basic algorithm to 
achieve a selection algorithm using at most 5n + o  (n)  comparisons for finding the median. The 
algorithm is then improved in several ways, as to demonstrate the techniques used by Dor and 
Zwick [4, 5] to achieve their 2.942n + o  (n)  upper bound. 

2.1 The Basic Algorithm 

The basic selection algorithm by  Schonhage  et al. [7] accepts as input  n  median candidates 
drawn from a totally ordered universe. The algorithm finds the median by repeatedly eliminat-
ing elements from the set of median candidates based upon the information gathered from the 
outcomes of the comparisons made. It relies heavily upon a spider factory, which is a compar-
ison algorithm used for mass production of  k-spiders. A  k-spider is a partial order consisting 
of 2k + 1 elements. It has a special element  c  called the center,  k  elements smaller  c,  and  k  
elements larger than  c  (see Figure 1). The  k-spiders produced are inserted into a double ended  

k  

Figure 1: A  k-spider with the center shown as a larger dot. 

priority queue (priority deque) of centers. Schönhage et al. [7], observed that whenever the 
priority deque contains sufficiently many  k-spiders, compared to the current number of median 
candidates, the smallest and largest center are too small and too large respectively to be the 
median. The smallest (largest)  k-spider is deleted from the priority deque and the elements 
larger (smaller) than the center are returned to the factory as raw material; the center and 
the smaller (larger) elements need no longer be considered as median candidates. By repeating 
this production-insertion-deletion-destruction cycle, the number of median candidates can be 
reduced to o  (n)  so that the median among the remaining elements can be found using any 
linear time selection algorithm. 

A  k-spider factory is characterized by three parameters Ik, Uk, and  Rk,  where Ik  is the 
initial cost for setting up the factory, Uk  is the unit cost per  k-spider produced, and  Rk  is the 
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Pruning 

 

    

A H, hyperpair Contains a 7-spider 	 Recyclable smaller hyperpairs 

Figure 2: A H6 = P011010 hyperpair pruned into a 7-spider by cutting off a collection of smaller 
His not related to the center. 

residual or the number of elements left in the factory when lack of input elements causes the 
production to halt.  Schonhage  et al. shows that 

Lemma 1 By using a spider factory with characteristics Uk =  Ak  + o(k) , Ik  E  0 (k2) and  
Rk  E  0 (k2), the median among  n  elements can be found in An + o  (n)  comparisons. 

Hence, the performance of the basic selection algorithm depends solely upon the character-
istics of the spider factory used. 

2.2 A Simple Spider Factory 

The core of the spiders factories used by  Schonhage  et al., and Dor and Zwick are partial orders 
called hyperpairs. 

Definition 1 A hyperpair Pw, where w is a binary string, is a partial order with a distinguished 
element called the center. It is recursively defined by  (i)  P>,  where A is the empty string, is a 
single element, and (ii) Pwo (Pi) is constructed from a pair of disjoint Pw s by comparing their 
centers and taking the smaller (larger) of these as the new center. 

The simplest factory works by constructing a hyperpair H2k  = Pw, where lw I = 2h and w 
is a prefix of 01 (10)' . It is easily shown that, for any  k G  2h, such a hyperpair contains a  
k-spider. The hyperpair is then pruned into a 2k + 1 elements partial order that contains a  
k-spider. By pruning, we mean to remove all elements not related to the center (see Figure 2). 

The elements removed are recycled as smaller His and used, together with 2k +1 additional 
singleton elements (raw material), to construct a new H2k  to repeat the process. 

Except for the first  k-spider produced, which is expensive since the H2k  is built from scratch, 
the cost for producing a  k-spider is 2h comparisons for the center and 2.5 comparisons for each 
of the remaining elements. By choosing  k  = 2h  — 1, we obtain a factory with  'k,  Rk  = 0 (22h) = 
0(k2) and Uk  = 2.5 .2k +19 (1g  k)  = 5k + o  (k)  . By Lemma 1, we then get a selection algorithm 
using at most 5n + o  (n)  comparisons. 
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2.3 Green Factories 

To achieve the 3n + o  (n)  upper bound, Schönhage et al. constructed a factory that balances the 
cost for producing a  k-spider with the value (as raw material) of the elements recycled to the 
spider factory when the  k-spider is ultimately deleted from the priority deque and destroyed. 
As an example, let us apply this idea to the basic factory in the previous section. Clearly, 
some of the elements on the same side of the center are related. In fact, there is a Pcp with 
all elements larger than the center and a Pr  smaller than the center, for each bit set (= 1) 
in the binary representation of  k.  The factory accepts only singletons as raw material. Hence, 
all these of these Po.s or Prs must be broken down into singleton elements when a  k-spider is 
ultimately destroyed. However, since Po = P1  = Hi and Poo = Poi = H2 (only the choice of 
the center is different), the factory can easily be fed with  Hos,  His, and H2s, instead of only  
Hos.  When destroying the smallest and largest  k-spider, after deletion, the Po.s of the smallest  
k-spider need only be broken down into H2s, saving 0.75k comparisons. The Pr s from the 
largest  k-spider are broken down into His, saving 0.5k comparisons. 

This idea was further developed by Dor and Zwick [5]. They construct green spider factories 
that can be fed larger relations from destroyed spiders. Besides Ik and  Rk,  which are defined 
as above, a green factory is characterized by the lower- and upper elimination costs uo and  ui,  
which are the amortized costs for eliminating a too small and a too large element, respectively. 

Lemma 2 For 0 < < a green spider factory with Ik,  Hk E  0 (k2) , and, lower and upper 
element costs uo and  ?L I ,  can be used to find the &nth element in (alto + (1 — a) •  ui)  •  n  + o  (n)  
comparisons. 

In the example above, we have improved the basic factory, of the previous section, to a 
green factory with uo =- 4.25 and  ui  = 4.5. By Lemma 2, we then get a selection algorithm 
using at most 

(
1 
- • 4.25 + 	—1 • 4.5) • n + o (n) = 4. 375n + o (n)  

comparisons. 
For a median finding algorithm, it is better to have equal lower and upper elimination costs. 

Let 2p and 4q be the number of elements smaller and larger than the center, respectively, of a  
k-spider produced by using the simple factory. In the previous algorithm, 2p = 4q =  k;  however, 
as this is not required by Lemma 2, we will try to equalize the elimination costs by allowing 
the spiders produced to be skew, which means the center is not necessarily the median of the  
k-spider's elements. We call such spiders relaxed  k-spiders. The production cost is 2.5. (4q + 2p) 
comparisons. If the center of the  k-spider is found to be too small to be the median, 2p elements 
will be eliminated while saving 3 comparisons per H2 recycled. Otherwise, 4q elements will be 
eliminated and 1 comparison per recycled pair is saved. Hence, the elimination costs are given 
by 

e  • (4q +  2p) — 3q 1 7q + 5p 
2L0= 

2p 	2 p 

and  
• (4q+ 2p) —  p  I 5q + 2p 

= 	  
4q 	2 	q  

To obtain equal lower and upper elimination costs, we simply solve the equation uo =  ui  to 
obtain 
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p  = 

We then get a lower and upper elimination cost of 

5 1 
uo =u1  = -

2 
+ -

2 	
4. 3708, 

and, hence, a minor improvement of the algorithm to 4.371n + o  (n)  comparisons. 
We can also obtain equal lower and upper elimination costs by using two sub-factories. 

The first sub-factory constructs a H2h  and accepts singletons, ordered pairs, and H2s as raw 
material, while the other sub-factory constructs the inverse hyperpair  H  2h = P10(01)h -1 . Since 

= P112 = H2, the second sub-factory can, besides singletons and pairs, also be fed with 
H2s. This means that the Fps from the largest  k-spider can be recycled as quartets instead 
of pairs. Consequently, the upper elimination cost  uj  is reduced to 4.25 without affecting the 
lower elimination cost uo = 4.25. By Lemma 2, we then get a 4.25n + o  (n)  selection algorithm. 

As observed by Dor and Zwick the best result of 3n + o  (n)  comparisons, by  Schonhage  et 
al., is, in fact, obtained by using a green factory with uo, u1  = 3. Dor and Zwick were able to 
improve upon this result by constructing a factory with uo, u1  = 2.942, to obtain a 2.942n+o  (n)  
upper bound for the problem. 

2.4 Grafting 

'When a  k-spider, or relaxed  k-spider, is produced, the center of the hyperpair will always be 
used as the center of the spider. However, obtaining all of the remaining smaller and larger 
elements by pruning the hyperpair is quite expensive. Nevertheless, the fact that these elements 
can be obtained serves as an insurance for the factory's ability to complete the production. This 
means that we can use non-deterministic, but efficient grafting, algorithms to build a large part 
of the spider, and, still, be able to complete the spider, by pruning, no matter how the grafting 
turns out. 

The simplest grafting algorithm repeatedly compares singleton elements to the center of the 
hyperpair. In the basic factory, we can, instead of pruning 2k elements, compare, or graft,  k  
singleton elements to the center. Independently of the outcomes from these comparisons, only  
k  elements need to be pruned to complete the  k-spider. Since the grafted elements are obtained 
at a cost of one comparison each, the unit production cost is reduced to  k  + 2.5k + o  (k)  = 
3.5k + o  (k),  yielding, by Lemma 1, a 3.5n + 0 (n) comparisons selection algorithm. Even tough 
this is the best known factory for producing  k  -spiders, it does not yield the best selection 
algorithm. If we try to incorporate singleton grafting with a green factory, any adversary 
would make sure that nothing but singletons, obtained by grafting, can be recycled. Hence, a 
green factory requires more sophisticated grafting algorithms. 

2.5 The Greenest Factory? 

The best known green factory was constructed by Dor and Zwick. By using 13 different sub-
factories, each accepting different kinds of partial orders as input, and extremely involved 
grafting algorithms, their factory achieves a lower- and upper elimination cost of 2.942 com-
parisons. For a detailed description of their factories, please refer to [4, pp. 31-86]. In what 
follows, we will discuss the overall structure of their factories, and, especially, the differences 
between these and the factories described above. 
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They extend the notion of hyperpairs to hyperproducts. Let I be a partial order with an 
element dedicated as center. The I sub-factory accepts /s, but also other partial orders, as raw 
material. It uses these /s to build a hyperproduct Pt, o I, which is a  Pu,  hyperpair in which 
each element is also the center of an I. For the  P„„.  o I, built by the I sub-factory, Iw I =  i  and 
w is a prefix of an infinite binary string W (I). As with the H2hs, W (/) is chosen such that 
the Pw, o I contains a center  c,  and enough elements guaranteed to be smaller and larger than  
c,  respectively. To achieve this, the binary string W (I), used by I sub-factory, is obtained by 
concatenating an infinite number of copies of strings from the set 101,101 . It is then sufficient 
to let wi  be of length 2h for the  P,„,  o I constructed to contain a (2" — 1)-spider. 

After building the hyperproduct, the production continues by using grafting. Each sub-
factory has its own grafting algorithm that is especially designed to achieve an efficient com-
bination of grafting outcomes and pruned constructs. The grafting algorithm repeatedly con-
sumes various partial orders and compares elements from these to the center. Depending on 
the outcomes from these comparisons, partial orders used and elements to compare are adap-
tively chosen and combined to achieve the best trade-off between cost and recycling value. The 
grafting terminates when enough constructs are related to  c.  

The production is completed by downward- or upward pruning some of the sub-hyperproducts 
o I, Pw2  o I , , Pw2h-1 0/, related to  c.  Downward pruning means to prune a hyperproduct 
o I into a Pr  o /1, where /1  (/0) is an I with the elements larger (smaller) than the center 

removed. By upward pruning, a Pw, 0 I is pruned into a Poi o I. Of course, P„,,o Is with center 
smaller than  c  are downward pruned while Pt,„ 0/s with center larger than  c  are upward pruned. 
Most pruned off constructs are all smaller  P,„  o /s and are directly recycled to the sub-factory. 

The best factory by  Schonhage  et al. uses a H2h hyperpair and a simple pairs grafting 
algorithm to produce  k-spiders consisting of the center  c,  and s singletons and  p  pairs, sH-2p =  k,  
on each side of the center. In Dor and Zwick's algorithm, outcomes from various grafting 
algorithms are combined and large constructs are obtained from hyperproducts. As a result, 
the outputs from their factories are relaxed  k-spiders where between  k  and 2k elements are 
smaller than the center and between  k  and 2k elements are larger than the center. 

3 Implicit Selection 

Our implicit selection algorithm accepts as input array A = ao, al, , an_i  of distinct elements. 
However, we show, in Section 5, how to use three-way comparisons to perform selection in a 
multi set at no extra cost. 

Besides the space needed to store A we are allowed to use a constant number of fast registers 
for storing input elements and 1-1g  ni-bits counters. 

We account for comparisons but also for moves which is the other critical operation. To 
move an element, some element has to be stored temporarily in one of the registers. The costs 
for accessing registers are assumed to be negligible. Therefore, we count one read from A and 
one write to A as one move. Hence, a swap is counted as two moves. 

To make the selection algorithm implicit there are two problems needed to be solved; namely, 
how to construct an efficient spider factory in-place and how to implement the priority deque 
while limiting the number of moves. The number of comparisons performed by Dor and Zwick's 
algorithm is 2.95n-Fo  (n)  . We will refer to these as element comparisons. Our implicit algorithm 
performs exactly the same number of element comparisons as the algorithm by Dor and Zwick. 
However, we have a slight overhead in comparisons, referred to as bit comparisons, which we 
pay for making the algorithm implicit. To prove our main theorem, we will show that, for any 
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e  > 0, is suffices to perform  e  bit comparisons and a constant number of moves per element 
comparison. Our main theorem then follows. 

Theorem 1 For any  e  > 0, selection, in-place, can be performed in (2.95 +  e)  •  n  + 0(n) 
comparisons and linear time. 

In Section 3.1, we describe our production scheme, which is a little bit different compared to 
Dor and Zwick's. We continue, in Section 3.2, 3.3, 3.4, and 3.5, by discussing how to represent 
and operate the sub-factories in-place, and how to efficiently manage the different kinds of 
constructs used by the algorithm in-place. In Section 3.6, we describe the in-place version of 
the spider chain (priority deque) used by Dor and Zwick. We restrict the size of the spiders, 
carefully examine their representation, and combine various in-place techniques to obtain a 
negligible cost for managing spiders in a implicit double ended priority queue. In Section 3.7, 
we put the parts together to obtain or main theorem. 

3.1 The Production Scheme 

The first step towards an implicit algorithm is to deviate from the production scheme used by 
Schönhage et al. and Dor and Zwick. Let 1=',„oI denote a Pw oI with lwl =  i.  Instead of 
producing a Pw?, o I when enough raw material is available, we let the I sub-factory consist of 
a  Pu,„  01 hyperproduct, where  k  = 2h — 1. When a relaxed  k-spider is produced, constructs are 
removed from the factory, which must be reconstructed, or renovated, in order to again produce 
a relaxed  k-spider. Therefore, we do not start production until there is enough raw material 
available for the following reconstruction. In particular, the I sub-factory remains idle when 
less than [(4k + 1) /  im  copies of I is available. 

To produce a relaxed  k-spider, the Pw2h  o / of the I sub-factory is decomposed into its center  
c,  III-1 singletons, and a disjoint set of hyperproducts _Rua  ol , al,Pw1 	, PW2h-1o  I. The center 
is then added to the relaxed  k-spider in production, the  I/I  — 1 singletons are recycled as raw 
material, and a new copy of I is then moved into the factory as a replacement. The production 
continues by invoking the sub-factory's grafting algorithm as described by Dor and Zwick. 
When the grafting is completed, some additional constructs are usually needed to complete the 
relaxed  k-spider. 

To complete the relaxed  k-spider, some additional elements must be obtained from the 
hyperproducts in the factory. In the in-place version, these can not be obtained by using 
pruning because we can not afford to move around and keep track of the cut off hyperproducts. 
The key to solving the problem is that the size of the constructs eventually recycled (when the 
relaxed  k-spider is destroyed) from a Poi o/0  or a Pp  o/i  is bounded by a constant. Hence, these 
can be broken down during the production of the relaxed  k-spider without giving any extra 
costs for the algorithm. We can easily process a small 13.,„ o I by using a custom algorithm to 
extract the P0,. o /0  or Pp °1i,  add it to the relaxed  k-spider in production, replace the removed 
elements, and reconstruct the Pt,„ o I, at the same cost as for pruning. 

Moreover, since the size of the  Pu„  o I is bounded by a constant, we can move the whole 
o I to external registers to perform the processing there, and then move the reconstructed 

hyperproduct back to A. For larger hyperproducts we use a recursive procedure. To process a 
Pe.„+, o I , it is decomposed into two  P,,,‘  o /s. Extraction is then applied, recursively, to one or 
possibly both of these. As the recursion rolls up, a new  P„,+,  al is built. By using this method, 
instead of pruning, we can manage constructs of constant size, one at a time. Moreover, only 
the constructs added to the spider need to be moved (with some overhead for the base case). 
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As a result from our representation of hyperproducts, it is even possible to perform extraction 
without recursion in the implicit algorithm. 

Since reconstruction is incorporated in the processing, we have, at this point, a collection 
of hyperproducts 2  x  Py,0  o I, and  P.,  0 I, • " • PW2h-1  C>  I, which can easily be composed into a 
new P.2, o I. The I sub-factory is then ready to produce a new relaxed  k-spider when enough 
raw material is again available. 

3.2 Implicit Sub-Factories 

In this section we describe how to represent the hyperproducts to achieve an efficient imple-
mentation of the production scheme of Section 3.1. 

To represent a hyperproduct 	0 I implicitly, we store the elements in a sub-array of 
size 2i+1  • 1]. The center is stored in the first (leftmost) location, one Pwi o I sub-hyperproduct 
stored, recursively, in the 22 • 1/1 first locations, and the second in the last 2i  • 1/1 locations. 
When a hyperproduct 	o I is built in the implicit representation, the first and second  
Py„  o I sub-hyperproducts are first built recursively. Their centers are then compared, and, 
depending on the outcome, the elements of the first and second  Py„.  o I may need to be swapped 
at a cost 2i+1  • 1/1 moves to store the center of the P.H., o / in the first location. The advantage 
of this representation is that we can produce relaxed  k-spiders at exactly the same cost as in [5]. 
However, an enormous number of moves will be performed. Hence, the implicit representation 
can be used only for representing small hyperproducts that can fit into the external registers 
where moves are for free. 

Large hyperproducts are also stored with the center in the first location. However, instead 
of swapping the whole sub-hyperproducts, when building a large P. o I, we swap only the 
centers. Since the production of relaxed  k-spiders requires that a hyperproduct can be properly 
decomposed and the sub-hyperproducts restored, it is necessary to keep track of whether the 
centers have been swapped or not. This is achieved by using a bit array  B  =  (bi),  where the 
information is recorded in the bit with the same index as the first element of the second sub-
hyperproduct. This swap representation is not implicit since a linear number of extra bits are 
used. However, a pair of adjacent elements in A can be used to emulate a bit. To encode 0 these 
are placed in ascending order whereas descending order represents 1. This standard technique 
for encoding bits in-place results in one comparison for each bit examined, and two moves (one 
swap) for each bit flip. We will refer to comparisons used for examining bits as bit comparisons. 
To achieve a trade-off between moves and bit comparisons, we use the implicit representation 
for hyperproducts of size up to  P..  0 /, for some constant  x.  For larger hyperproducts, the swap 
representation will be used. 

Besides the initial construction of the  P„,,,  o I hyperproduct, performed when the I sub-
factory is setup, the procedures decompose, compose, and extract, will be applied to hyper-
products during the production of relaxed  k-spiders, as described in Section 3.1. All of these 
operations are performed by using two basic operations on hyperproducts, called pair and 
unpair. In both our representations, a  Py,  o I hyperproduct stored at position  j  within the I 
sub-factory (the position of the center is  j),  can be identified by a pair  (i, j).  The pair operation 
is used to build a hyperproduct  (i  + 1,  j)  from two P„ „o Is,  (i,  ji) and  (i,  j2) . However, we can 
not take any two P,,,o /s. First of all, these must be adjacent, meaning that Iii — j21 = 2i  • 1/1 . 
Moreover, two  Py„  o Is from one location are never used to build a larger hyperproduct at 
another location, i.e., min(ji, j2) =  j.  The last requirements is that the position of  j  of the  
(i  ± 1,  j)  satisfies  j ss  0 (mod 2i+1  • 1/1). In the following formal description of the pair oper-
ation, we let vi+1  denote the ith bit of W (I) and  aj  the element at location  j  within the I 

16 



sub-factory. 
pair  (i  +1,  j) = 

if aj <a+2i  xor vi+1  = lthen 
if i  +1  > xthen  

Flip  bi±2i  
end  

else 
if i+l< xthen 

Swap (i,j) and  j  + 2i) 
else 

Swap  aj  and ai+2i 
end 

end 

The unpair operation reverses the previous call to pair by performing a proper decomposi-
tion of the hyperproduct  (i  + 1,  j)  . Moreover, it returns a pair of locations (ii,  j)  where ji is 
the location of the center after decomposition. 

unpair  (i  +1,  j)  = 
if  i  +1 > xthen 

if b5±2i = 0 then 
Flip bi+2i 
return (j,j +2i) 

else 
Swap  aj  and ai+2i 
return  (j  +  j)  

end 
else 

return (j,j +22) 
end 

Observe that a hyperproduct stored in the swap representation can be decomposed only when 
it is not currently a sub-hyperproduct of a larger hyperproduct. 

To minimize the cost for basic operations on hyperproducts stored in the swap representa-
tion, we let 1 be the default value of a bit. This means that a call to pair or unpair, involving 
a large hyperproduct, requires either a swap between centers or a bit flip. Since all operations 
on implicitly stored hyperproducts will take place in the registers we get the following 

Lemma 3  (i)  For  i  <  x,  unpair  (i, j)  is for free, while the cost for calling pair  (i, j)  is 1 
element comparison. (ii) For  i  >  x,  the cost for calling unpair  (i, j)  is one bit comparison and 
two moves, while the cost for calling pair  (i, j)  is one element comparison and two moves. 

Proof. When  i  <  x,  unpair  (i, j)  simply returns (j,j + 2) without performing any compar-
isons or moves. The cost for pair is at least one element comparison, independently of the 
size of the hyperproducts involved, while the cost for unpair is one bit comparison only if the 
hyperproduct is stored in the swap representation. If  i  >  x  we get an additional cost of two 
moves for pair and unpair, respectively. These moves are used either for swapping the centers 
or for flipping the bit. 

The hyperproduct of the / sub-factory consists of 22h  •  I/I  = 8 (k2) elements. For each 
element of the hyperproduct, at most two elements (one bit) are needed for the bit array 
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representation. Thus, the whole I sub-factory can be represented by a sub-array of size  e  (k2). 
Whenever 1(4k + 1) / In copies of I and enough elements for grafting are available, the I sub-
factory will start the production of a relaxed  k-spider. This means that less than k2  elements 
of raw material must be available for the sub-factory to stop production. Hence, the implicit I 
sub-factory satisfies  Rk  = 0 (k2) as required by Lemma 2. 

To setup the factory we first build the 22h —xp  o/s  represented implicitly. To build one such 
hyperproduct, 2z •  I/I  elements stored in consecutive locations are moved to the registers, followed 
by building the  P„,.  o I and then moving the elements back to the input array. Nevertheless 
how this construction is performed, the cost is bounded by a constant since  x,  III = 0 (1) . To 
complete the setup, we first set all bits to the default value of 1, at a cost of  e  (k2) comparisons 
and moves. Starting with step  x+  1, we then repeatedly construct larger and larger hyperpairs, 
in the swap representation, until a  P,„„  oj  is built. In the  i  +  ist  step, 22h—(i+1)  P 	o /s are 
built from 22h—i 	o /s. Constructing one  P„„+,  o I from two  Pu„  o Is requires one call to pair 
at a cost of one element comparison and two moves, by Lemma 3. Hence, the total cost for 
setting up the I sub-factory is 

2h 
22h—x 	(1) 	E 22h-(i+1)  0 (1)  

i=z+i 

0 	. 22h-(-±i)  - -1) = 0 (k2) 
2  

Since the number of sub-factories used is bounded by a constant, and all sub-factories are 
represented implicitly, we get the following lemma. 

Lemma 4 The spider factory by Dor and Zwick can be represented and setup, in-place, still 
satisfying Ik,  Rk  = 0 (k2) 

It remains to make the implicit factory produce relaxed  k-spiders efficiently, i.e., achieving 
uo, u1  = 2.942 +  e,  for any  e  > 0, and still run the algorithm in linear time. 

3.3 Decomposition and Composition 

When there is enough raw material available, the I sub-factory starts to produce a relaxed  
k-spider by decomposing the Pw2, oI into its center  c, 	— 1 singletons, and a disjoint set of 
hyperproducts  P„,„  o I, Pu,1  o 	Pw 	a I. The  P,„„  o I, which is identified by (2h, 0) , is 
decomposed by calling  j,  <— decompose (2h, 0) , defined as 

decompose(i,  j)  = 
repeat  

(j,*)  4-- unpair(i,  j) 
i 	i  — 1 

until  i  < 1 
return  j  

Before decomposition, the center  c  occupies location 0. The center  c  will, however, be moved 
during the decomposition. It is important to let decomposition procedure compute (and return) 
the new location  j,.  This makes it easy to move the  c  to the spider, recycle the III —1 singletons 
(stored next to  c)  and replace these by a new copy of I. Moreover, the position of all the 
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other hyperproducts are completely and directly dependent on jc. In fact, for the hyperproduct 
identified by  (i, j)  we have that 

2h-1  
j  = 2i7-74 + E 2q • Mq, 

q=i+1  

where 17 = 1, T = 0, and miHi  mimo  is the binary representation of jc. 
The production is completed by using grafting and extraction. Grafting does not affect 

the hyperproducts constituting the factory and reconstruction is incorporated in extraction. 
Hence, completing the production will leave the factory in a state similar to that just after 
decomposition. That is, we have a collection of disjoint hyperproducts 2 • Pv,0  o / and P.1  o  

o j,.,  Fou,21 _1  or, where one of the /:'„ o Is is stored at position jc. Restoring the factory 
into a P.„,2, o / is performed by calling compose (0,  je)  , defined by the following. 

compose(i,  j)  = 
repeat 

if  j ss  0(mod2i+1  •  I/I)  then  
(i, j) 	pair(i +1,  j, j  +2i) 

else  
j) 	pair(i +1, j — j) 

end  
i i  1 

until  i  = 2h 

Both decomposition and composition are performed in 2h steps. In each step either pair or 
unpair is called once. Since  e (h)  =  e  (1g  k)  = o  (k)  , we get 

Lemma 5 Decomposing the I sub-factory and putting it back together, again, (composition) is 
performed in o  (k)  comparisons and moves. 

3.4 Grafting and Stockpiling 

When the sub-factory has been decomposed, the grafting algorithm is invoked. A fraction of the 
relaxed  k-spider's elements is obtained by grafting while the remaining elements are obtained 
by extraction (see the next section). During grafting, only element comparisons are performed. 
However, it is important, both for grafting and extraction, that the number of moves (time) 
performed is proportional to the number of elements added to the relaxed  k-spider. 

Grafting a partial order  R  onto  c  is achieved by getting a copy of  R  from a stockpile used to 
store the constructs, currently available as raw material. The grafting algorithm then performs 
a number of comparisons and, depending on the outcomes from these, some parts of  R  are 
added to the relaxed  k-spider, while some parts might be recycled as raw material. 

Due to the tight memory requirements, it is necessary to have the stockpile of raw materials, 
as well as the collection of constructs being parts of relaxed  k-spiders, well organized. In fact, 
the problem of managing various kinds of raw material is nearly identical to the problem of 
managing various constructs of a relaxed  k-spider. Moreover, in order to run the grafting (and 
extraction) in linear time, the number of moves performed for getting/adding a copy of  R  
from/to a stockpile must be 61 (IRI) . 

In the remainder of this section, we describe stockpiling techniques that can be used both 
for managing raw material and for representing relaxed  k-spiders. An implicit representation 
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of a partial order  R  is easily obtained by imposing a bijective mapping between its elements 
and {0,1, 	,R  — 1} , and then store the elements in a sub-array of size RI.I 	It is also easy to 
represent a stockpile of one kind of partial order by using an external counter r and a sub-array 
of length r • IRI . To add a new copy of  R,  we simply extend the sub-array for the stockpile by 
IRI locations, move the new  R  to the newly freed locations, and increase r. When a copy of  
R  is needed (e.g. by the factory), we simply pick one at the end of the sub-array, move it to 
the locations where it is needed (reversing the add operation). The key here is that the order 
between the partial orders in the stockpile is irrelevant. When a copy of  R  is needed, any copy 
of  R  will do. 

However, it is insufficient to store only one kind of partial orders in the stockpile. Instead, 
we need several sub-stockpiles, holding partial orders of kinds R1, R2,... ,  Rm.  The elements of 
the partial orders in the stockpile will be stored in a sub-array of size mm = Eimi n • !Rd , 
and an external counter  ri  for each  Ri  will be used. This can be achieved without violating the 
memory requirements, since M is bounded by a constant. 

Let the elements of the partial orders in the  Ri-sub-stockpile, or  Ri-stockpile for short, 
occupy locations  mi.  —  ri  • IRi l 	— 1. Moreover, for the location  j  of the first element of 
any partial order in the  Ri-stockpile, we require that  j  0 (mod Ru).I 	This means that one 
partial order of the  g-stockpile might be stored with the last RulI 	—  q,  where  q  = ra j  mod Rul ,I 
elements in the left end of the sub-stockpile and the first  q  elements in the right end (the 
sub-array for each sub-stockpile is circular). 

Each sub-stockpile can be moved in time proportional to the distance by moving elements 
from one end of the stockpile to the other end, e.g. by repeatedly moving the first element to 
the first location after the last element. This will not violate the restriction on the location of 
the first elements of the partial orders in the sub-stockpile. 

When putting a new copy of  Ri  into the  Ri-stockpile, the sub-array for the  g  stockpile 
and also the sub-array for the whole stockpile must grow by !Hi ' locations. We will therefore 
assume that the  g  to be inserted is stored at the IN locations beyond the right end of the  
Rm-stockpile's sub-array. 

The first step of the insertion is to move the elements of the  Ri  to be inserted to external 
registers to free space for the stockpile to grow (it is also possible to do the insertion  element-
by-element without moving the  g  to registers). Let  q  be defined as above and continue the 
insertion by moving stockpiles to the right to free space for the  R,  to be inserted. Stockpiles 
for 	,  Rm  are moved  Ri  I steps, while the  g  stockpile is moved only IR,I —  q  steps. To 
complete the insertion, the last I  Ril  —  q  elements of the  Ri  to be inserted (all elements if  q  = 0) 
are moved to the freed locations to the left of the  Ri-stockpile. If  q  > 0, we also have to move 
the first  q  elements of the  g  to the  q  free locations after the  Ri-stockpile. 

The number of moves performed during the insertion is one for each stockpile to the right 
of the Ri_I-stockpile and element of the  g.  Also accounting for the moves performed on the  
Ri  inserted yields a total of IRul • 	i)  + IRul  E  0  (M 'Rd) moves. Since M is bounded by 
a constant, the number of moves for inserting a copy of  g  is proportional to the size of the  Ri.  

By using these stockpiling techniques, both for managing the raw material to the spider 
factory, and for managing the constructs within each relaxed  k-spider, we obtain the following 
lemma. 

Lemma 6 For any piece of raw material  R,  used by the algorithm, the following can be per-
formed in 8  ORD  moves: 

• Getting a copy of  R  from the stockpile (during production), or from a relaxed  k-spider 
(during destruction), and 
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• Adding a copy of  R  to the stockpile (during recycling), or to a relaxed  k-spider (during 
production) 

The size of each construct used for grafting is 0 (1) and grafting any construct  R  requires 
at least one element comparisons. Hence, 

Lemma 7 Each element comparison performed during grafting results no bit comparisons and 
0(1) moves. 

3.5 Extraction 

When the grafting algorithm halts, some additional constructs must be obtained, from the 
PW0  o j , PW1  o j>  • • PW2h-1 oI hyperproducts, to complete the relaxed  k-spider. This is achieved 
by picking out a set of victims among these. For each victim, the center and either all elements 
smaller than the center or all elements larger than the center are extracted and moved to the 
relaxed  k-spider in production. The elements added to the spider are simultaneously replaced 
with raw material and the hyperproduct is reconstructed as the recursion rolls up. 

For simplicity, we first give a recursive description of the extraction procedure used by the I 
sub-factory. The extraction procedure takes three parameters where the first two are the  i  and  
j  identifying the victim hyperproduct, and the third is a bit  d  indicating whether the center of 
the hyperproduct is the largest among the extracted elements or not. Hence, extraction with  
d  =1  (d  = 0) is applied on hyperproducts with centers smaller (larger) than the spider's center  
c.  In the recursive extraction procedure below,  vi  denotes the ith bit in W (I). 

extract(i,  j,  d)  = 
if  i  <  x  then 

Use a custom algorithm. 
else 

unpair(i,  j)  
extract  (i—  1,  j'  ,  d)  
if  vi  =  d  then 

extract  (i—  1,  j",  d)  
end 
pair(i,  j)  

end 

Hyperproducts  P,,,  01, where  i  < x,  are stored implicitly. This makes it easy to extract the 
wanted Pd. 0 Id  since we know the location of all its elements among the remaining elements 
of the 13,„‘  o I. The custom algorithm referred to in the procedure above, moves all elements 
of such a hyperproduct to the external registers to perform the extraction there, followed by 
moving the reconstructed hyperproduct back to A. An 1 is simply decomposed into an Id, 
which is moved to the spider, and some other constructs, which are recycled. This is followed 
by replacing the elements removed by raw material in the form of a new copy of I. Since an I is 
also a  P.°  o./ we have just described the base case for the custom algorithm. For Pu  „o /s, where 
0  <i  < X,  the same algorithm as when  i  >  x  is used. However, since the hyperproduct is stored 
implicitly and the extraction takes place in the registers, we do not perform any bit comparisons 
or moves when calling unpair. As for the reconstruction, naive calls to pair might require a lot 
of register-to-register  moves. Even if we do not account for these, we should mention that most 
register-to-register  moves can be avoided. For each call to pair we can record the outcome of the 
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element comparison in a bit, as in the swap representation. When the extraction is completed, 
we can look at these bits to determine exactly how to move elements back to A, i.e. where to 
write each element. Since bits stored in external registers are not emulated by pairs of elements, 
no bit comparisons are required for this. Moreover, since all moves for pairing are postponed 
until the extraction is completed, no register-to-register  moves are performed. In fact, besides 
the  IP,„  o /I moves at the beginning and end of the extraction, we need only account for moves 
performed when the extraction is applied on an I. That is, the number of moves for adding each 
Id to the spider, recycling the remaining constructs from the /, and replacing these elements 
by a new copy of I. 

Lemma 8 For each element comparison performed during extraction, at most 16 - 2—i bit 

comparisons and 0 (2i) moves, are performed. 

Proof. Let fc  (i)  , fb  (i)  , and fm  (i)  be the number of element comparisons, bit comparisons, 
and moves, respectively, performed when processing a Pt°, o / hyperproduct. For comparisons, 
we have the base cases fb  (0) = 0 and  Ib  (x)  = 0. To process a Pw. o I hyperproduct, we move 
2z • III elements to registers and back, at a cost of 0 (2x) moves. The cost for moving extracted 
elements and raw material is, by Lemma 6, proportional to the number of extracted elements. 
Hence, the base case for moves is fm  (x)  = 0 (2x). 

At each level in the recursion, unpair is called once, at a cost of one bit comparison and 
two moves, when  i  >  x,  and pair is called once, at a cost of one element comparison, for all  i,  
and two moves, when  i  >  x.  The choice of W (/) = {01,10}' , guarantees that the recursion 
branches exactly two times for every four levels. Therefore, we compute the recurrences four 
levels at a time. 

If we postpone the branching as much as possible, we get the following 

f(i) = l+fb (i-1)= 1 +1+fc (i-2)=1+1+1+2fb (i— 3) 

= 1+1+1+2 -(1+2.2i—e= 5+ 4.fo(i -4)=Yo+ 4fb(i -4) 

By performing a similar computation for the case when the recursion branches as early as 
possible, we get the same result, except for that yo -= 11. Hence, we can use the yzs, where 
5 < p2  < 11, perform our computations without worrying at which levels the branching takes 
place. We have 

f(  i) = Yo + 4fb  (i  — 4) 
= 4) • Yo + 4  (Yi + 4.fb  (i  — 4 • 2)) 

= 4°  • Yo + 41  • + 42  • fc (i— 4 • 2) 
q-1 

=  E  4r •  y  + 4q - f  b  (i  — 4g) 
r=0 

> 	E  4r •  yr  ± 4 Li] fc  (0) 

r=0 

L11-1  
E 4r  •  yr,  
r=0 
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and similarly 

f& (i) =  

q-1  

E  4'  • y, +  4q  • fb (i —  4q) 
r=0  

re1-1 E  4'  • y, + 4P—zel•fb(x)  
r=0  

E 4'  • yr.  
r=0 

The number of bit comparisons per element comparison can then be computed as follows.  

Ib (i) 
f(  i) 

Lit 	— 1 
16 • 2— e as  i  --> co. 

For moves, the cost is four per level in the recursion. No matter how the yis are chosen, we get 

q-1 
fin  (i)  = 4 •  E  4' •  y,  + 4q • fr,(i — 4q) 

r=0 

1-17.e-1-1  
> 4.  E  4r  • + 4re .f.  (x)  

r=0 

o (2). 

Hence,  

	

(i) 	( 	 2e  _o 	_0(12•2i)=0(2i), 

	

f(z) 	

)
1 
3 

and the lemma is proved. 
In the discussion above, we have only considered the recursive extraction procedure. In 

order to make the algorithm truly implicit, that recursion must be removed since the space 
consumed by the stack is not constant. We conclude this section by describing how perform 
extraction without violating the space restrictions. 

As above, we let i,j, and  d  be the parameters to extract. The core of the procedure is a 
repeat-until loop. Each round in the loop represents a step in the extraction. To ensure that 
the appropriate action is taken in each step, we use the parameters  i  and  j  to encode the state 
of the extraction process. We distinguish between the following states: 

Do state. Encoded as  j  7.=-  0 (mod 22. 	, and means that the  (i, j)  hyperproduct should be 
processed. The sub-hyperproducts are unpaired and, depending on result from unpair 
and the value of  vi  and  d,  we process either the first or second sub-hyperproduct. 
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Almost-done state. Encoded as  j  _=z.  —1 (mod 2i+1  • III) , and means that the sub-hyperproducts  
(i, j  + 1 — 27:14  • 1/1) and  (i, j  + 1 — 2i  • I/1) have been processed, and it remains to call 
pair to complete the processing of the larger  (i  + 1,  j  + 1 — 22+1  • III) hyperproduct. 

Done state. Encoded as  j  =7_, —1 (mod 2i  • III) , and means that the  (i, j  + 1— 2i  • III) hyper-
product (the first sub-hyperproduct) have been processed. Depending on the values of 
vi+1  and  d,  we then either process or skip the second sub-hyperproduct. 

As in the recursive procedure, we use a custom algorithm to process small  (i  <  x)  hyper-
products. The pseudocode for the iterative extraction procedure is as follows. 

extract  (i,  j,d) = 
done 4--  i  
repeat 

if  i  <  x  and  j  -z.• 0 (mod 2i  • III) then 
Use a custom algorithm.  
j  4— j — 1+ 2i  •  I/I  

elsif  j  === 0 (mod 2i  •  I/I)  then 
(j,j'') 4-- unpair  (i, j) 
i  4-  i  - 1 
if vi+i = dthen  

j  4- min  (j, j")  
end 

elsif  j  es —1 (mod 2i+1  •  I/I)  then  
i  4-  + 1 
pair  (i, j  +1— 22 • II  ,j  +1 — 2' •  I/I)  

elsif vi+1 = dthen  
j  4—  j  + 1 

else  
j  4-  + 2i  •  I/I  

end 
until  i  = done 

The work (comparisons and moves) performed by the iterative extraction procedure is exactly 
the same as by the recursive extraction. Hence, our representation of hyperproducts makes it 
possible to perform extraction without extra space and costs 

3.6 The Priority Deque 

As described in Section 2.1 the relaxed  k-spiders are inserted into a double ended priority queue 
of centers. Any implicit priority deque that supports insertion, extract-min and extract-max in 
0(1g t) time, where t is the number of centers in the deque, can be used. We have chosen the 
deap as our priority deque [3]. 

Relaxed  k-spiders will be represented (logically) by sub-arrays in our algorithm. Moreover, 
since the deap is an implicit data structure it is convenient to have spiders of fixed size. There-
fore, we define restricted relaxed  k-spider to be any partial order consisting of 3k + 1 elements, 
having a special element called the center, m,  k  < m < 2k, elements smaller than the center, 
and 3k — m elements larger than the center. Note that any such spider have between  k  and 
2k elements on each side of the center. Also observe that our factories can easily be used to 
produce such spiders without affecting the lower and upper elimination costs. 
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We store the spider in two parts, called head and tail, where the elements of each part are 
stored in a sub-array. The head consist of the center and rig  ni  additional pairs of elements of 
the spider while the remaining elements constitutes the tail. By using the same technique for 
encoding bits, as used in the spider factory, we encode the binary representation of the first 
location of the tail among the  Ilg ni  pairs of the head. In this way, the head is provided with 
enough intelligence to find its own tail. Moreover, since the size of the head is 8 (1g m) and the 
number of spiders is bounded by  n,  we can manage a deap of heads and then perform the deap 
operations insert, extract-min, and extract-max in ê (1g2  n)  time per deleted spider. 

When a spider is produced, pieces of raw material are consumed from the stockpiles and 
partial orders are added to the spider. Since the  netto  number of elements consumed from the 
stockpiles equals the number of elements added to the spider, the shrinking of the stockpiles 
equals the growth of the spider. We can say that the spider consumes space from the stockpiles. 

After a spider has been deleted from the deap it is destroyed. Some of its elements are 
recycled to the stockpiles as raw material, while the remaining elements are eliminated from the 
algorithm. The eliminated elements can not be left where they are since the mess, resulting from 
having eliminated elements scattered among the median candidates, would be unmanageable 
(at least in this implicit algorithm). We will therefore move these also to the stockpiles, or 
more precisely, to a special stockpile of eliminated singleton elements. If we want to keep track 
of which elements that are smaller and larger than the median, respectively, we can have two 
special stockpiles. 

All of this is easily managed by having the deap and stockpiles adjacent and by producing 
new spiders between these. That is, the elements of a spider in production are placed at the end 
of the stockpiles of raw material and eliminated elements (the spider grows into the stockpiles). 
We also require that a deleted spider is moved to the 3k +1 locations adjacent to the stockpiles 
before destruction. 

The deap space is organized sub-arrays called head- and tail sites that contains heads and 
a tails of spiders, respectively. The head and tail of a newly produced spider are adjacent. 
Moreover, only the elements of the head will be moved into the deap, while the tail elements 
stays. Therefore, it is natural to have the sites in the deap organized such that a tail site follows 
a head site and vice versa, except for the last tail site, which is adjacent to the stockpiles. Since 
we require that all the elements from a deleted spider are moved next to the stockpiles prior 
to destruction, the tail of that spider must be swapped with the tail occupying the last tail 
location. When a tail is moved as just described, the pointer stored in its head must be updated. 
This, in turn, requires that the location of the head is recorded in the tail by using the same 
technique as described above. Moreover, each time a head is moved, as a result of a deap 
operation, the pointer stored in its tail must be updated. The deap operations can still be 
performed in 0 (1g2) time since the cost for updating a pointer is 0 (1g  n)  comparisons and 
moves. 

Restricted relaxed  k-spiders are built up from various partial orders. As mentioned in 
Section 3.4, these can be managed (during production) by using the same techniques as for 
managing stockpiles of raw material. We use external registers for recording the state of the 
stockpiles within the spider. However, storing such information about all spiders in the deap 
would violate the space requirements. Therefore, we use the same technique as for encoding 
pointers; since there number of kinds of constructs is bounded by a constant, 0 (1g  n)  pairs of 
elements are sufficient to encode the state of the stockpiles within the spider itself. We then 
obtain a very intelligent spider that, besides being able to find its tail, also know everything 
about its anatomy. 

For each spider, 01 (1g2  n)  comparisons and moves are used for insertion. For deletion, the 
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cost is also  e  (1g2  n)  comparisons but 8  (k)  moves, since we need to swap the elements of two 
spider tails. In order to perform recycling and elimination, the stockpile counters encoded in 
the spider are decoded, at a cost of (3 (1g  n)  comparisons and moves. Some of the elements 
to be recycled might have been used for representing pointers and counters. Even if we use 
bubble sort, we can afford to sort these elements at a cost of 13 (1g2  n)  comparisons and moves, 
and thereafter recycle them as any kinds of raw material. Recycling and elimination can, by 
Lemma 6, be performed in ID  (k)  moves, by moving all elements of the spider to the appropriate 
stockpiles of raw material and eliminated elements. The number of elements eliminated is CI  (k)  

for each spider deleted. By choosing  k E (ni)  the number of comparisons required for all of 

this becomes negligible. We get 

Lemma 9 The total cost for elimination and recycling, and the priority deque, in the in-place 
algorithm, is o(n) comparisons and et  (n)  moves. 

3.7 Proof of Theorem 1 

By Lemma 9, the total number of comparisons for insertion, deletion and destruction, of spiders, 
throughout the algorithm, is negligible with respect to  n,  while the number of moves is B(n) . 
Moreover, the choice of  k  guarantees that the number of elements left when elimination can 
not proceed is o  (n)  [4, 5, 7]. 

We have shown how to represent and setup the spider factory as to satisfy Ik,  Rk  E  0 (k2) . 
Furthermore, by Lemma 5, the cost for decomposition and composition, of the factory, is o  (k)  

per spider, or o  (n)  in total for the algorithm. 
The remaining 2.95n element comparisons to account for is used for grafting and processing. 

By Lemma 7, no bit comparisons are used for grafting, while the number of moves is proportional 
to the number of element comparisons. Hence, we may assume that all of the 2.95n element 
comparisons are used for extraction. By Lemma 8, at most 16 • 2—  bit comparisons and 

0 (2i) moves are performed for each element comparison. Hence, the cost for the algorithm is 

(2.95 + 16 • 2-1) •n+o  (n)  comparisons and 0 (2' •  n)  moves. The non-negative integer  x  can be 

chosen arbitrarily large to make the overhead of en = 16 • 21 •  n  comparisons, arbitrarily small. 
Moreover, for any  e  > 0, 2' is bounded by a constant, which implies that 0 (2' •  n)  = 8  (n).  
Theorem 1 immediately follows. 

4 Trading Comparisons for Moves 

So far we have put all efforts in obtaining an implicit selection algorithm using less than 3n 
comparisons and linear time. However, it is quite clear that the implicit version of Dor and 
Zwick's algorithm has a fairly large constant for moves. In this section, we develop a slightly 
more practical implicit selection algorithm. Our algorithm is based on the 3n+o  (n)  comparisons 
selection algorithm by  Schonhage  et al.. 

Lemma 10 For any non-negative integer  x,  implicit selection can be performed in  (i)  (3 + 3 • 2')•  
n  + o(n) comparisons and (ii) (2s + 2 + 12 • 2') •  n  + o(n) moves. 

For any realistic computer model, the cost for reading an element from the input array and 
writing it to a register is strictly less than the cost for writing an element to the input array. 
A comparison consists of two reads from A and one comparison between elements stored in 
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registers. A move consists of one read from A and one write to A. Hence, it is reasonable to 
assume that the cost for a move also bounds the cost for a comparison. By choosing  x  = 2 in 
we get, not only our best upper bound for moves, but also the best sum of comparisons and 
moves. 

Theorem 2 In-place selection can be performed in 3.75n + o(n) comparisons and 9n + o(n) 
moves. 

This result improves the previously best bounds for implicit selection of 6.7756n + o(n) 
comparisons and 18.6873n + o(n) moves by Lai and Wood [6]. 

4.1 	Overview of the Algorithm 

As described in Section 2, the algorithm produces  k-spiders (not relaxed  k-spiders) and manages 
these in a priority deque. The spider factory consists of a H2h hyperpair, where 2" -2 =  k,  and 
utilizes a pairs grafting algorithm. As a result, the  k-spiders produced have s singletons and  
p  pairs, where s + 2p =  k,  on each side of the center. For each  k-spider produced, values of s 
and  p  are set by an adversary and must therefore be encoded in the  k-spider itself by using the 
techniques from Section 3.6. In the same section, we have developed techniques for managing the 
priority deque at a negligible cost for the algorithm. Moreover, since hyperpairs are special kinds 
of hyperproducts, the implicit H2h-factory satisfies Ik,  Rk  E  0 (k2) , as described in Section 3.2. 
Hence, to obtain Lemma 10, it is sufficient to show that the cost for production and destruction 
of each  k-spider is (3 + 3 • 2-9 •  k  + o(k) comparisons and (2' + 2 + 12 • 2-') •  k  + o(k) moves. 

In the factory, we use the implicit representation for sub-hyperpairs up to size 22', i.e. H2rs, 
while the swap representation is used for larger hyperpairs. The factory accepts only pairs as 
raw material. Thus, the input elements must refined into pairs before the spider production 
begins. The cost for moving a pair of raw material into the factory is part of the extraction 
cost. By postponing the actual pairing and instead build pairs "on the fly", we get a cost of 
0.5n comparisons no moves for the refining. 

The algorithm performs selection in two phases, the propagation phase and the elimination 
phase. In the propagation phase,  k-spiders are produced from scratch until all pairs of available 
raw material are used. When the propagation phase ends, all (except 0  (k))  elements of the 
input are either parts of the spider factory or parts of  k  -spiders that are stored in the priority 
deque, and the algorithm proceeds to the elimination phase. In the elimination phase, the  
k-spiders with smallest and largest centers are repeatedly deleted from the priority deque. 
From these, 2k + 1 elements are eliminated, while the remaining 2k + 1 elements are used 
as raw material in the production of the next  k-spider. By charging the dominating costs for 
elimination and recycling, of the two deleted  k-spiders, to the one being produced, we obtain an 
accounting scheme where all costs are production costs. The algorithm proceeds in this fashion 
until no more elements can be eliminated. At that point, only o  (n)  median candidates remains. 
The median among the remaining candidates is the median of the original set of candidates, 
and can easily be found by using any implicit linear time selection algorithm. 

As described in Section 3.3, production is performed by decomposing the factory into its 
center  c  and a disjoint set of hyperpairs. The center is then moved to the center location of 
the designated spider site. By Lemma 5, the cost for the decomposition and the following 
composition is negligible. Hence, to obtain Lemma 10, it suffices to show that the  k-spider can 
be completed, by grafting and extraction, at a cost of (2.5 + 3 • 2-') •  k  + o(k) comparisons and 
(2' + 2 + 12 • 2-') •  k  + o(k) moves. 
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We will explicitly compute the number of element comparisons, bit comparisons, and moves 
performed instead of bounding the number of bit comparisons and moves with respect to the 
number of element comparisons. If we are only interested in the number of comparisons, we can 
store arbitrarily large hyperpairs in the implicit representation  (x  = co) to obtain an alternative 
analysis of the algorithm by Schönhage et al.. 

4.2 	Organization of the Input Array 

A small part (0 (k2) elements/locations) of the input array is designated as factory space. The 
factory consists of both the elements of the hyperpair and the elements used to emulate the bit 
array used for representing large hyperpairs in the swap representation. The elements of the 
hyperpair are repeatedly moved both within and out of the factory, as  k-spiders are produced, 
while the same elements used to emulate the bit array throughout the algorithm. The rest of 
the input array is used as priority deque space and is organized in spider sites. A spider site 
is 2k + 1 locations, within the input array, that are used to store the elements of one  k-spider. 
Even though a spider site consists of two parts, the head site and the tail site, it can logically 
be treated as a sub-array. The first location of a spider site (the first location of the head) is 
designated as center location, whereas the remaining locations are referred to as smaller pair 
locations and larger pair locations. We refer to a spider site that contains the elements of a  
k-spider as being in use. The center  c  of the  k-spider is stored in the center location. If we 
do not use grafting,  e  pairs with both elements smaller than  c  are stored in the smaller pair 
locations, while the larger pair locations contains pairs with both elements larger than  c.  
When a spider site is not in use, it either contains raw material (pairs), eliminated elements, or 
both. A spider site in which all elements are eliminated is referred to as an eliminated spider 
site. 

4.3 Grafting with Pairs 

Whenever there is a spider site that is neither in use nor eliminated, there will be raw material 
available for producing a  k-spider. In particular, there will be  e  smaller pair locations and  e  
larger pair locations, all of which contains pairs of raw material. As  Schonhage  et al., we will 
use pairs for grafting. In order to minimize the number of moves performed, the  e  smaller pair 
candidates stored in the smaller pair locations and the  e  larger pair candidates stored in the 
larger pair locations, will constitute the raw material for the grafting process. 

Grafting the pair v <w, to the center  c,  yields one of three outcomes. We either have  (i)  
v <w  <c,  (ii)  c  < v  <tv,  or (iii) v  <c  <w. Three counters, po,pi, and s, are used to record 
the number of occurrences of outcomes  (i),  (ii), and (iii), respectively. The grafting proceeds 
according to the following description until s + 2 max(po,pi) >  k  — 1. If po > pi, let v < w 
be the Po  +  ist  smaller pair candidate and compare  tv  to  c,  and if iv >  c,  compare v, also, to  
c.  Otherwise, let v <  tv  be the pi +  ist  larger pair candidate and compare v to  c,  and then 
compare w and  c,  also, if v turns out to be smaller than  c.  If outcome  (i)  occurs when Po <Pi 
or outcome (ii) occurs when po <pi, the po +1st smaller pair candidate and the pi +1st larger 
pair candidate are swapped. When outcome (iii) occurs, the grafted pair is swapped with the 

— ith smaller pair candidate if s is even, or swapped with the —Li th larger pair candidate 
if s is odd. 

When the grafting terminates, the pairs from outcome  (i)  and (ii) occupy the first poth 
smaller pair locations and the first pith larger pair locations, respectively. At the same time, 
the singletons resulting from outcome (iii) occupy the last [V smaller pair locations and the 
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Ill last larger pair locations. If po <pi  (pi  <PO),  when the grafting terminates, there will be 
Pi — Po (Po — Pi) pairs of raw material, stored in smaller (larger) pair locations, that have not 
been compared to  c.  To complete the  k-spider, these ordered pairs will be used as raw material 
in the extraction of pi  — po smaller kr(,,0  — pi  larger) pairs from the hyperproducts (see the next 
section). 

The number of moves performed by the grafting process during the propagation phase is 
not the same as during the elimination phase. For comparisons, however, the grafting cost 
throughout the algorithm is given by the following lemma. 

Lemma 11 The cost for grafting is 2 min(po, Pi) + po + pi + 2.5s + 0(1) comparisons. 

Proof. We claim that the number of comparisons required for reaching any state during the 
grafting process is 2 min(po, pi) + po + pi + 2s + 0(1). Consider a state of the grafting process 
such that IPo —  Pil  < 1. Exactly 2po + 2pi  + 2s elements are obtained at this stage. For every 
comparison at least one element is obtained, and, hence, at most 2po + 2p1  + 2s comparisons 
have been performed. Since [po  — pil  < 1, Po + pi  = 2min (po,p1) + 0 (1) and the claim 
obviously holds for this particular state. Now consider a transition from this state to a state 
such that IPo — 2311 > 1. Also assume that min(po,p1) is unchanged during this transition. From 
the grafting procedure we observe that max(po, pi) is increased by one at a cost of a single 
comparison. Hence, the cost for the transition is max(po,p1) — min(po, pi ) +0(1) comparisons, 
and it follows that the cost for reaching any state is 

4 min(po, pi  ) + 2s + max (po , pi ) — min(po,h) ± 0(1) 

= 	2 min(po, pi  ) + max(Po,Pi)  + min(Po,Pi) + 2.9 + 0(1) 

= 	2  min(Po, Pi ) + Po +pi +2s + OW, 

and the claim is proved. 
When a  k-spider is destroyed we want to recycle all elements as pairs. For every two occur-

rences of outcome (iii) we must, therefore, perform one extra comparison to build a pair from 
two singletons. These comparisons are charged to the grafting process, yielding an additional 
0.5s comparisons, and the lemma follows. 	 0 

In the propagation phase, we graft with pairs exactly the way just described. When a new 
pair is needed, the singletons occupying the appropriate pair location are compared. The cost 
for this comparison is part of the refinement cost and has been paid in advance. Then, the 
smaller or larger of them is compared to the center as described above. If the selected pair, 
which is not necessarily stored in sorted order, occupies a smaller pair location and outcome  (i)  
occurs, or it occupies a larger pair location and outcome (ii) occurs, then it might be necessary 
to swap the elements to store them in sorted order. Otherwise, the elements are moved to 
another pair location and can be swapped at no extra cost. 

Lemma 12 For  k-spiders produced during the propagation phase, we have a grafting cost of 

6 min (po, pi) + ;s +  k  + 0 (1) 

moves. 

Proof. For every two occurrences of outcome (iii), we charge 3 moves to the grafting process. 
These are used for building one pair, and for moving one eliminated element. In a similar way 
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as for comparisons, we consider a state of the grafting process such that IPo — pi < 1. Exactly 
2s + 2p0  + 27)1  elements are obtained at this stage. For each element obtained, at most 2 moves 
are performed. Hence, the number of moves required to reach this state is 

2 • (25 + 2p0  + 2pi  ) + —
3

s 4po + 4pi  + —
11

5. 
2 	 2 

Since Ipo  — Pil  < 1 implies that 

4p0  + 4pi  = 6 min(po, pi) + 2 max(po, ) + 0 (1) , 

the lemma holds for this particular state. As for comparisons, we now consider a transition 
from this state to a state such that IA  — pi I > 1. Each time max (p0,pi) is increased by one, the 
compared pair already occupies the appropriate pair location. However, it might be necessary 
to swap its elements to store them in sorted order. Thus, the cost for the state transition is 
2 (max (pi ,Po) — min (Po, Pi)),and it follows that the cost for reaching any state is 

11 
8  min (P0,Pi) + 2  (max (Pi,Po) — min (Po,P1)) + s 0 (1) 

= 	6 min (po, pi) + + 2 max (pi, po) + s + 0 (1) 

moves. Since , 2 max (po,pi) + s <  k,  by the halting condition of the grafting process, the cost 
for grafting during the propagation phase is bounded by 

6 min (po, pi) + +  k  + 0 (1) , 

and the lemma follows. 

Now we turn our attention to the grafting during the elimination phase. When the  k-spiders 
with smallest and largest centers have been deleted from the priority deque, the singletons, 
resulting from grafting during the production of these  k-spiders, must be recycled. One com-
parison and two moves have been paid in advance for each two occurrences of outcome (iii). 
Hence, we may assume, at this point, that the larger pair locations of the smallest  k-spider's 
site (the smallest site) and the smaller pair locations of the largest  k-spider's site (the largest 
site) contains pairs of available raw material. As described above, the pairs occupying smaller 
pair locations are designated as smaller pair candidates, while the pairs occupying larger pair 
locations are designated to be larger pair candidates. 

The key to saving moves is to postpone the choice of the spider site used for storing the 
elements of the next  k-spider produced. After having decomposed the factory, to obtain the 
center, the above grafting algorithm is invoked. When the grafting terminates, the Po  pairs 
from outcome  (i)  occupies the first poth smaller pair locations, the pi  pairs from outcome (ii) 
occupies the pith larger pair locations, and the singletons from outcome (iii) occupies the last 

smaller pair locations and the Li] last larger pair locations. The spider site where most 
grafted pairs resides is designated as spider site, and the production continues by swapping the 
2 min(po, pi) + s grafted elements from the other spider site with 2 min(Po,h)  + s elements 
that needs to be eliminated from the designated spider site. The  k-spider will be completed 
by extracting the remaining 2k — 2s — 2p0  — 2pi  elements from the factory. Moving pairs of 
raw material to the factory and extracted elements to the designated spider site is part of the 
extraction cost. However, we must also account for moving 2k — 2s — 2po — 2pi  eliminated 
elements from the designated spider site to the other spider site. We simply charge these moves 
to the grafting process and obtain the following. 
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Lemma 13 For  k-spiders produced in the elimination phase, we have a grafting cost of 

12 min (po, pi ) + —
15

s + 2k - 2s - 2po - 2pi + 0 (1) 
2 

moves. 

Proof. As in the previous proof of Lemma 12, we have that the cost for reaching a state such 
that lpo -  pil  < 1 is 

11 	 , 11 
4p0 + 4pi + 	= 8 min (po, pi) + -2-s + 0 (1) . 

Since the pairs grafted during the elimination phase really are stored in sorted order, there is 
no cost for increasing max (750, pi) • Hence, the cost for reaching any state is 

, 	11 
8min (Po,Pi) + —2

s + 0(1). 

When the grafting halts, it remains to swap 2 min(po, pi) + s grafted elements with the same 
number of eliminated elements, at a cost of 2 • (2 min(po,pi) + s) moves. Adding the cost of 
2k - 2s - 2p0  - 2p1  moves for completing the elimination, during the following extraction, gives 
a total cost of 

11 
8 min (P0,191) + —2 s + 2 (2 min(Po, Pi) + s) + 2k - 2s - 2po - 2pi + 0 (1) 

15 
= 12 min (po,P1) + —2

s + 2k - 2s - 2po - 2p1 + 0 (1) 

moves. Thus, the lemma holds. 

We conclude the grafting cost analysis by comparing two costs from Lemmas 12 and 13, to 
obtain the following upper bound on the number of moves required for grafting throughout the 
algorithm. 

Lemma 14 The number of moves used by the grafting process, during the production of each  
k-spider, is bounded by 

15 
12 min (p0, pi) + —

2
s + 2k - 2s - 2p0  - 2pi + 0 (1) . 

Proof. We will show that the cost for grafting during the propagation phase is bounded by 
the corresponding cost during the elimination phase. By observing that  k  - 2 max (po, pi) > 0, 
we get 

9 
6min (po,pi) + s  +k  + 0(1) 

12 min (po,pi) - 2 min (po,pi) + ;s+k+k- 2 max (po,pi) + 3s - 2s + 0 (1) 

15 
12 min (po, ) + -is + 2k - 2 min (po, ) - 2 max (po, 	- 2s + 0 (1) 

15 
12 min (Po, Pi) + —s + 2k - 2s - 2po - 2p1+ 0 (1), 2 

which is exactly the cost obtained in Lemma 13. Hence, the lemma holds. 	 G  
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a 	 b  

Figure 3: The pairs obtained when extraction, with  d  = 1 and  d  = 0, respectively, are applied 
on a H2. 

4.4 Extracting Pairs 

Since hyperpairs are special cases of hyperproducts, we can use the same techniques as in 
Section 3.2, to implicitly represent and setup the H2h factory, satisfying .1k,  Rk  E  0 (k2) . 
Hyperpairs up to size 22', i.e.  Hus,  are represented implicitly, while the swap representation 
is used for larger hyperpairs. 

When enough raw material (pairs) is available, the H2h  is decomposed into its center  c  
and a disjoint set of hyperpairs Ho, H1, 	H2h_i. By the definition of Hi hyperpairs (see 
Section 2, the centers of H1, H2, .114, -6, • • • 	are smaller than  c  and the centers of 
Ho, H3, H5, H7,. H2(h_1).+.1  are larger than  c.  By Lemma 5, the cost for the decomposition 
and the following composition is negligible. Thus, we only need to consider the costs for grafting 
and extraction. Depending on whether the algorithm is in the propagation phase or elimination 
phase, the appropriate grafting algorithm is invoked as described in the previous section. When 
the grafting terminates, additional elements usually needs to be extracted from the factory to 
complete the  k-spider. As mentioned in Section 3.5, this is achieved by applying the extraction 
procedure with  d  = 0 to hyperpairs with center larger than  c,  or with  d  = 1 to hyperpairs with 
centers smaller than  c.  For small H<2x  hyperpairs, we use a custom algorithm that extracts 
elements as pairs. 

Lemma 15  (i)  By applying the extraction procedure with  d  = 1 on one of the H2i hyperpairs, 
or with  d  =- 0 on one of the H2i±i hyperpairs, 2' elements that are smaller or larger than  c,  
respectively, are obtained to the  k-spider. (ii) Given pairs as raw material, the cost for the 
extraction is bounded by 2 element comparisons, 3 • 2 —' bit comparisons, and 2' + 1 + 12 • 2' 
moves per extracted element. 

Proof. Let  fei  (i)  and feo  (i)  be the number of elements obtained by applying the extraction 
with  d  = 1 and  d  = 0 on a H22  and H2i±i hyperpair, respectively. From a H2  we can extract 2 
elements as a pair (see Figure 3), no matter if  d  = 0 or 1. A H3 is composed of two H2s, where 
the larger of the centers, of these, is taken as the center. Hence, processing such a hyperpair 
with  d  = 0 will still only give 2 elements. It follows that  fei  (1) =  fe  o (1) = 2. For  i  > 1, the 
recursion branches every second level. Hence,  

fei  (i)  = feo  (i)  =  (i)  = 2fe  (i  -  1)  
= 	2  •  2 fe  (i  -  2)  = 	=  2g  (i  -  q)  
= 	2'1  fe  (i  -  (i  -  1))  =  2'  •  2  =  21, 

and  (i)  is proved. 
Now let fc  (i)  be the number of element comparisons for extracting 2i  elements. For  i  > 1, 

the number of element comparisons performed is given by the recurrence f(i) = 2 + 2 f(i  - 1), 
since pair is called once at each level in the recursion and the recursion branches every second 
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level. For the base case, we consider extraction with  d  = 1 and  d  = 0 applied to a H2, el < 
e2  <  e,  el  < e4. In the former case, two singletons e3  and e4  are left after the pair el  < e2 
has been extracted (see Figure 3 a), while, in the latter case, the pair e2  <e3 is extracted (see 
Figure 3  b),  leaving the pair el  < e4. It follows that the cost for building a new H2 from the 
elements left and a new pair from the spider site is 2 element comparisons when  d  = 1 and 1 
element comparison when  d  = 0. Applying extraction with  d  = 0 to a H3 requires an additional 
element comparison for pairing two H2s, yielding the base case fc(1) = 2. We get a slightly 
higher cost for processing a H2+1 with  d  = 0 than for processing a H2z  with  d  = 1 (2' elements 
are obtained in both cases) since the H2x-Fi  must be unpaired before the H2x  can be processed 
by using the custom algorithm. It follows that the cost for obtaining elements that are larger 
than  c  is slightly higher than the cost for smaller elements. 

Therefore, we let fb(i) be the number of bit comparisons and fm(i)  be the number of moves 
required for extracting 2' elements larger than  c  from a 1-12i+1. For bit comparisons, the base 
case is fb(s) = 1, since unpair must be called once, at a cost of one bit comparison, by Lemma 3, 
before the custom algorithm can be used. For moves, we first consider the processing of a  H.  
The 22' elements are moved from A to the external registers, exactly 2 of these elements are 
extracted and swapped with elements of raw material as the hyperpair is processed. The new 
hyperpair is then moved from the registers to the input array. Since, the extracted elements 
are swapped with pairs from larger pair locations, no additional moves are required. We get a 
total of 22' + 2' moves for processing a H2x. For a H2+1  We must also account for one call to 
unpair and one call to pair, at a cost of 2 moves each, by Lemma 3. Hence, the base case for 
moves is fm(x) = 4+ 22x 4_ 2X As mentioned above, the recursion branches every second level. 
Hence, fb(i) = 2 + 2fb(i — 1) and fm(i) = 8 + 2f77,(i — 1). 

The recurrences for A, fb, and fm  are all special cases of the recurrence 

et  
,i  > a 

which satisfies 

+ 2f  (i  — 1) 

= -y+2(-y+2f(i-2)) 
= 22f  (i  2) + (2°  + 21) 

= 	j)+y2 

-= 	f(i—j) + -y (2j 1) 

= 2i—af (a) + -y (2i—a  — 1.) 

= 22—a0 'y (2i—a  —1) 

< 2j—aß 

•,3+ -r  — 2' 	. 
2a  

Therefore, f(i) = 2 • 2, fb(i) < 2i • 3 • 2 	and fm(i) < 2(2s + 1 + 12 • 	. By  (i),  2' 
elements are extracted when a H22:+i is processed. Hence, the number of element comparisons, 
bit comparisons and moves, per extracted element, is 2, 1 2', and 2"'+i+l2.2, respectively, 
and (ii) follows. 	 C  
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4.5 Proof of Lemma 10 

For each  k-spider produced, exactly 2s +2po +2791  elements are obtained by grafting, while the 
remaining 2k - 2s - 2po - 2pi elements must be extracted from the factory to complete the  
k-spider. The cost for grafting is 2 min(po, pi) +po +pi +2.5s +0(1) comparisons by Lemma 11. 
For extraction we have by Lemma 15 a cost of 

u, = u  (x)  = 2 + 3 • 2' 

comparisons per extracted element. Hence, the cost for producing a  k-spider is 

(2k - 2s - 27/0  - 27/1) • u, + 2 min(po, pi) + po + + 2.5s + o(k) 

2uck - (2uc  - -
5

) • s - (2uc  -1) • po -(2uc  -1) • pi + 2 min(po, ) + o(k) 
2 

comparisons. For all  x  > 0, 2 <2uc  -1 and uc  - <2uc  - It follows that the cost is bounded 
by 

2uck - (2uc  - ;) • s - (2uc - 1) (Po + Pi - min(Po,P1)) + o(k) 

5 	 1 
2uck - (2u, - 7  ) • s - 2 . (uc  - ) • max (po , ) + o(k) 

2uck - 	- • + 2 max(Po, Pi)) + o(k). 

By the halting condition of the grafting process, .s + 2 max(po,p1) <  k.  Hence, at most 

1, 
2uck - (ue  - 	• (s + 2 max(po, )) + o(k) 

< 2uck -(u- -
1

) • k + o(k) 
2 

(uc  +)• k + o(k) 

= (2.5 + 3 • 2-')•k+o(k)  

comparisons are needed for producing each  k-spider, when ordered pairs are available as raw 
material. The number of  k-spider produced during the algorithm is bounded by  ,Lic  since  k  
elements are eliminated for each  k-spider. Hence, the cost for the initial refinement is 0.5k 
comparisons per  k-spider and, since 

0.5k + (2.5 + 3 • 2-') • k + o(k) = (3 + 3 • 2-') • k + o(k), 

Lemma 10  (i)  is proved. 
By Lemma 14, we have a grafting cost (including destruction cost) of 

12 min (p0, pi) + —
15

8 + 2k - 2s - 2p0  - 2p1  + 0 (1) 
2 

moves per  k-spider produced. Moreover, for each of the 2k - 2po - 2p1  - 2s element extracted, 
we have a cost of 

Um = 2' + 1 + 12 • 
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moves. Hence, the cost for each  k-spider is 

(2k - 2s - 2po - 2pi) • urn  + 12 min (po, Pi) + -115s + 2k - 2s - 2/30  - 2p1  + 0(k) 

11 
= 	(2k - 2s - 2po - 2p1) • u-„, + 12 min (po, ) + —

2
s + 2k - 2po 2pi + o  (k)  

2 	n,  • (u + 1) •  k  - (2u„ + L1) • s — 2 • (um  + 1) • po - 
2 

-2 • (un, + 1) • pi + 12 min (porN) + o  (k)  

moves. For all  x  > 0, 12 <2 • (un, + 1); the cost is, thus, bounded by 

11 
2 • (uin  + 1) -  k  - (2u, + —

2
) • s - 2 • (u.,„, + 1) • po - 

-2 • (urn  + 1) • pl. + 2 • (urn  + 1) • min (po,P1) + o  (k)  
11 

2 • (um  + 1) •  k  - (2u,n + —
2

) • s - 2 • (um + 1) • (130 +Pi - min (po,P1)) + o  (k)  

11 
2 • (un, + 1) •  k  - (2u„ + —

2
) • s - 2 • (urn + 1) • max (po, pi) + o  (k)  . 

Observing that  uni  + 1 <2U,,, - v., for all  x  > 0, and that s + 2 max(po, pi) <  k,  by the halting 
condition of the grafting process, we get the final bound of 

2 • (urn  + 1) •  k  (um  +1) • s - 2 • (u,n  + 1) • max (po, Pi) + o  (k)  

2 •  (uni  + 1) •  k  - (u„ +1) • (s - 2 max (Po, pi)) + o  (k)  

< 	2 (urn  + 1) •  k  - (um  + 1) •  k  + o  (k)  

(u, + 1) •  k  + o  (k)  = (2' + 2 + 12 • 2-1 •  k  + o(k) 

moves per  k-spider. Thus, Lemma 10 (ii) holds. 

5 Implicit Selection in Multi Sets 

In both our in-place selection algorithms, we need to use pairs of elements to emulate bits. 
Such bits are used both to represent the structure of the spider factory and the spiders, and 
to encode pointers. If there are duplicate elements in the input, it might not be possible to 
create all of the bits needed by the algorithm. In this section, we show how to use three-way 
comparisons to perform selection in multi sets without extra costs. 

5.1 Super Spiders 

When a new spider has been produced and about to be inserted into the priority deque, the 
algorithm needs to record z  E e  (1g  n)  bits of information within the spider, as described in 
Section 3.6. However, if the spider consists of many duplicate elements, it might not be possible 
to create z bits. 

Lemma 16 For any spider produced, we can either create z bits within the spider, or all except 
z - 1 elements of the spider are equal to its center. 

35 



Proof. For each spider produced, the number of elements on one side of the center  c  is at most 
twice the number off elements on the other side. For each element  e c  of the spider, there is 
at least one element on the opposite side of the center that is not equal to  e.  Hence, these two 
elements can be used to emulate one bit. Thus, we can only fail to create z bits if all elements, 
except z — 1, are equal to  c. 	 E  

If there are only a constant number of spiders, in which the algorithm fails to create enough 
bits, the information regarding these can be stored in external registers without violating the 
space restrictions. In particular, we can store the information regarding one such super spider 
externally. By super spider, we mean a spider in which all elements are identical. Moreover, a 
super spider can grow and shrink during the course of the algorithm. 

We will deal with duplicate elements by maintaining at most one super spider at a time. 
Since the size of a super spider changes during the algorithm, it is convenient to store the 
elements of its tail at one end of the input array. Moreover, the head of the super spider is 
easily identified within the priority deque, since all of its elements are identical. 

Let  e  and  K  be the element and the size, respectively, of the super spider, and consider a 
newly produced spider in which z bits could not be created. By Lemma 16, all except z — 1 
elements of that spider is equal to the center  c.  Now, if  K  > z and  c e,  we can easily take 
z elements from the super spider to create the z bits needed. On the other hand, if  K  < z 
and  c  =  e,  the elements of the super spider and the elements different from  c  of the produced 
spider can be recycled at a negligible cost. The remaining elements of the produced spider will 
then constitute a new super spider. For the case  c  =  e,  all ca of the produced spider are simply 
added to the existing super spider. 

Whenever the head of the super spider is deleted from the priority deque, many elements 
can be eliminated. However, since a super spider might be consumed by other spiders, we can 
not count on this. It is, therefore, crucial that the cost for growing a super spider is sufficiently 
low. 

5.2 Creating Bits for the Spider Factory 

The first problem is to create  e  (k2) bits for representing bit array used by the spider factory, as 
described in Section 3.2. Recall that A -= ao, ai, , an_i  denotes the input array, and consider 
the following procedure for creating a bit array of size t. 

create (t) =  
i 	0  
j 	n  — 1 
while  i  < t and  j  > 2i do 

if a2i  aj  then 
swap a2i+1  and  aj  
i i  1  
j  ‹— min  (j  + 1,  n  — 1) 

else  
j 	j — 1 

end 
end 

Since three-way comparisons are used, we can easily replace the if statement by a case 
statement, to make the procedure also set all bits created at no extra cost. When the procedure 
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completes, we have either created a bit array of size t or gathered an immense amount of 
information about the input elements. 

Lemma 17 When the create procedure halts, the elements stored at positions  j, j  + 1,  j  
2,.. . ,  n  — 1 are identical. 

Proof. Before the first bit has been created, the element at position  j  =  n  - 1 is identical to 
itself. We now make the inductive hypothesis that all elements stored at locations  j, j  + 1,  j  + 
2, ...  ,n-i  are identical just after the ith bit has been created. The create procedure increases  i  
and, repeatedly, compares a2i to  aj  and decreases  j,  until a2i  aj.  Since  aj  = aj±i = • • • = an-i,  
before the first of these comparisons, by the assumption, and all compared elements, except 
the last, turned out to be equal to  aj,  we obviously have that aj+i = 	= an_i after the last 
comparison. We then increase  j  to obtain  aj  = aj+i = 	-=- ari-1 also after the  i  +  ist  bit has 
been created. Thus, the lemma holds. 	 D  

The create procedure can be used in both our algorithms to create the bit array needed 
for the spider factory. If the procedure fails to create t =  e  (k2) bits, there are  n  - 0 (k2) 
copies of some element  e  among the input elements. It is then easy to complete the selection by 
sorting whole input array at a total cost of strictly less than 2.9n comparisons and 9n moves. 
Otherwise, we may have, as a bonus, a super spider consisting of  n  -  j  copies of some element  
e.  The cost for producing the super spider is  n  -  j  +  e  (k2) comparisons and 2 •  (n  -  j)  + ê (k2) 
moves. Hence, 

Lemma 18 The cost for growing a super spider while setting up the spider factory is 1 com-
parison and 2 moves per element. 

5.3 Creating Bits for the Spiders 

The number of bits z needed for recording information within each spider is o  (k)  . Hence, we 
can afford to pay some extra comparisons and moves, for obtaining these elements to the spider, 
without affecting the lower and upper elimination costs. We develop a new grafting technique, 
suitable for both our in-place algorithms. It is invoked before the usual grafting and proceeds 
until enough bits have been created. Moreover, if the algorithm fails to create enough bits, it 
will, instead, produce an extremely cheap spider. Our key observation is the following. 

Lemma 19 Whenever a constructs  R,  which is not a singleton, is grafted onto the center  c,  
and the element compared is equal to  c,  at least one comparison is saved. 

Proof. Let  e  be the element, of  R,  compared to  c.  Since  R  is not a singleton, there is at least 
one other element  e',  in  R,  that is related to  e.  Assume, without loss of generality, that  e' <e.  
Since  e  =  c,  we can decide to place  e  above the center. Moreover,  c  =  e  and  e'  <  e  implies that  
e' <c.  Hence,  e'  can directly be placed below the center, and one comparison is saved. 	3 

The new grafting algorithm is a modification of the pairs grafting algorithm described in 
Section 4.3. In addition to the outcomes  (i),  (ii), and (iii), we consider two new outcomes that 
could not occur before but are now possible since there are duplicate elements in the input. 
The new outcomes occurs when a pair v < w is grafted to the center  c,  and the first element 
compared is equal to the center. We let (iv) and (v) denote the outcomes when v and w is the 
first element compared, respectively, and use two new counters so and  si  to count the number 
of occurrences of these. Observe that (iv) and (v) are both special cases of outcome (iii) since 
we can choose to place the elements involved on opposite sides of the center. Moreover, by 
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Lemma 19, one comparison is saved for each occurrence of these new outcomes. As for the 
other outcomes, these can be combined with extracted elements to create at least one bit each. 
While s +po +pi < z and 2 • (s + Po  + pi  + so + Si) <3k (2k) the grafting proceeds as follows. 
If so  <  si  compare v to  c  and if v <  c  compare also w to  c.  Otherwise, w is compared to  c  
followed by comparing also v to  c  if w >  c.  

Since the values of po and pi  are not considered when we are deciding which to compare first, 
outcomes  (i)  and (ii) might be more expensive than when using the grafting from Section 4.3. 
However, since these outcomes yields bits, the extra cost is negligible. Moreover, since outcome 
(v) and (iv) are impossible when so <  si  and  si  > so respectively, the difference between so  
and  si,  when the grafting terminates, is at most 1. 

The grafting may terminate in two ways. We either have that s +po +pi = z, which means 
that we have successfully created enough bits, or, that the grafting accidentally produces the 
whole spider. 

Lemma 20 The cost for the attempt to create bits, by using the described grafting process, is 
bounded by so +  si  + o  (k)  comparisons. 

Proof. The cost for each occurrence of outcome  (i),  (ii), and (iii) is two comparisons, hence, a 
total of 2z  E  o  (k)  . Each occurrence of outcome (iv) or (v) costs only one comparison. 	C  

If z bits are successfully created by the grafting, the spider can easily be completed by using 
the usual production scheme, as described in Section 3.1, to obtain an additional 3k — so  — 
Si — o  (k)  elements and complete the spider. Since each occurrence of (iv) or (v) yields one 
element on each side of the center, at a cost of a single comparison, these occurrences actually 
reduces the lower and upper elimination cost. Moreover, the cost for extracting elements from 
the factory is considerable, both for comparisons and moves. Hence, outcomes (iv) and (v) 
reduces the overall cost for both our algorithms. 

Now consider the case when z bits could not be created by the grafting. For each occurrence 
of outcome (iv), there is a free element above the center that has not been compared to  c.  
Similarly, for each occurrence of outcome (v), there is a free element below the center that 
has not been compared. Since Iso —  si  < 1, there must be at least so — 1 free elements below 
and above the center. Let eo and  ei  be two free elements below and above  c  respectively. If 
eo < el , these elements can obviously be used to emulate a bit. Otherwise, i.e. if eo = el, we 
can immediately conclude that both of these elements are also equal to  c.  Hence, if each free 
element below and above  c  is compared to exactly one free element, on the opposite side of the 
center, we are guaranteed to either obtain a spider where all, except at most z — 1, elements are 
equal to the center, or successfully create z bits. Moreover, the elements of the spider, which 
is balanced, are obtained at an amortized cost of 0.75 comparisons each. Even if we forget 
that the spider consists of identical elements, i.e. if we recycle half of its elements when it is 
destroyed, we get a lower and upper elimination cost of 1.5 comparisons. Hence, we can afford 
to add the spider to the one super spider or borrow elements from the same, as described in 
Section 5.1. 

We have shown that both our in-place algorithms can deal with duplicate elements in the 
input at no extra cost. Hence, Theorems 1 and 2 hold also for selection in multi sets. 

6 Conclusion 

We have shown that making the median finding procedure implicit (in-place) only gives a slight 
overhead in the number of comparisons performed, and a little bit more in the number of moves. 
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We need to use several techniques and methods to reduce the space complexity while keeping 
the low number of comparisons. To reduce the number of moves we have made some important 
observations that was possible to incorporate with the techniques used. These techniques can 
also be used for the general selection problem. In this paper we show that we are only  E  away 
from the best upper bound without space restriction. The important question in selection is to 
close the gap between the lower and the upper bound. It is very hard to believe that any of the 
two bounds are optimal. Any improvement, using some new ideas, would be of great interest. 

7 Acknowledgment 

We would like to thank Dr. Jingsen Chen for valuable discussions on the problem and for 
constructive comments on the presentation of these results. 

References 

[1] S. W. Bent and  J.  W. John. Finding the median requires 2n comparisons. In Proceedings 
of the 17th Annual Symposium on Theory of Computing, pages 213-216, 1985. 

[2] M. Blum,  R.  W. Floyd, V. Pratt,  R.  L.  Rivest,  and  R. E.  Tarjan. Time bounds for selection. 
Journal of Computer and System Sciences, 7:448-461, 1973. 

[3] S. Carlsson. The deap - a double-ended heap to implement double ended priority queues. 
Information Processing Letters, 26(1):33-36, 1987. 

[4] D.  Dor. Selection Algorithms. PhD thesis, School of Mathematical Sciences, Tel-Aviv 
University, Tel Aviv 69978, Israel, 1995. 

[5] D.  Dor and U. Zwick. Selecting the median. In Proceedings of the 6th ACM-SIAM Sympo-
sium on Discrete Algorithms (SODA '95), pages 28-37, 1995. 

[6] T. W. Lai and  D.  Wood. Implicit selection. In Proceedings of the  Ist  Scandinavian Workshop 
on Algorithm Theory (SWAT'88), pages 14-23, 1988. 

[7] A.  Schonhage,  M. Paterson, and  N.  Pippenger. Finding the median. Journal of Computer 
and System Sciences, 13:184-199, 1976. 

39 



Pap er 2  

Improved Algorithms for Efficient 
Symbolic Support set Manipulation 

41 



This paper was published as:  P.  Lindgren and M.  Sundström,  Improved Algorithms for Effi-
cient Symbolic Support set Manipulation, In International Workshop on Logic and Architecture 
Synthesis, pages 38-44, 1995. 

42 



Improved Algorithms for Efficient Symbolic Support Set 
Manipulation 

Per Lindgren*and Mikael Sundströmt  

Abstract 

We propose an improved algorithm for computing support sets for incompletely specified 
boolean functions. The problem to compute a compatible function with minimal support 
set, with respect to various criteria, arises in many applications for example FPGA synthesis. 
By incorporating new lookup techniques together with lazy evaluation, we are able to prune 
the search space for possible mappings of the don't care set. We also suggest a completely 
new approach to the problem of support set minimi7ation. The new algorithm computes 
the least specified compatible functions for all possible support sets up to 20 times faster 
than previous algorithms. 

1 Introduction 

Any incompletely specified boolean function f can be canonically represented by an interval  
(g, h),  where  g  is the complete function retrieved by assigning the don't care (DC) set of f 
to the OFF set, and  h  corresponds to assignment of the DC to the ON set. A function f' 
is said to be compatible with f if  g  < f' <  h.  The problem of finding compatible functions 
with specific properties arises in many applications, for example in FPGA synthesis, where 
finding the compatible function with the smallest support set is crucial. The basic algorithm 
for deriving the minimum support set by computing characteristic function is given by Lin [3]. 
In this paper we suggest a number of improvements to Lin's algorithm. 

We also consider the problem of not only computing the characteristic function, but also the 
least specified compatible functions for each sufficient support set, .i.e., a set of input variables 
that is contained in the characteristic function. Lin gives an algorithm for deriving the least 
specified function for a single support set, and by traversing the characteristic function and 
computing a compatible function at each node, the problem can be solved. We introduce a new 
algorithm pcf that computes the characteristic function and at the same time solves the above 
problem, up to 20 times faster than Lin's algorithms (support and derive). 

2 Preliminaries 

In the following sections we represent completely specified functions as ordered binary decision 
diagrams (OBDDs). An OBDD is a binary directed acyclic graph  (DAG)  with terminals zero  

E and one  E,  and internal nodes (x,left,right), where  x  is the input variable, left and 
right are OBDDs corresponding to  x  = 0 and  x  = 1 respectively. A total order between the 
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input variables is imposed. The OBDDs are built recursively with the smallest variable at 
the top node. In this canonical representation we can test OBDD-equality in constant time. 
Furthermore, we assume that the features of an efficient OBDD package [1] are used. 

To represent incompletely specified functions in a single diagram we use the abbreviated 
form Kleenean strong Ordered Ternary Decision Diagram (OTDD) [2]. An OTDD is actually 
a MVDD having terminals zero 0, one  E  and don't care  ri,  where evaluation is performed 
under Kleenean strong ternary logic. 

The co-factors with respect to input variable  x  of a boolean function f are denoted by fs=0  
and f=1,  and the set sup f = Ix I f.--.0 fx—il is called the support set off. By assigning the 
don't care set of an incompletely specified function f we obtain a compatible function f' with 
sup f  C  sup f. If sup f  c  sup f, the variables in  X  = sup f — sup f' have, by the assignment 
of don't cares, been excluded from sup f and we say that a satisfying assignment exists. 

3 Computing the characteristic function 

The support algorithm proposed in [3] takes an incompletely specified boolean function f repre-
sented as an interval  (g, h),  and computes a characteristic function called the support consistency 
function, which implicitly encodes the support sets of all functions that are compatible with f. 
The functions  (g, h)  are represented by OBDDs. 

The following algorithm for computing an OBDD representation of the support consistency 
function was proposed by Lin [3]. 

OBDD support  (g, h)  
if  g  =  E  or  h  =  E  then 	 1 

return 13 	 2 
if  P  is in the result table under  (g, h) 	3 

return  P 	 4 
if  (g h)  * 1 	 5 

return Es) — 	 6 
let  x  be the top variable 	 7 
let q5 be the corresponding selection variable 	8 

Pi <— support (gx=0, h=o) * support  (gi,  h=1) 9 
Po 4-  support  (gro  + 9,1, 11.=0 * hi) 	10 

11 
insert  P  in the result table under  (g, h) 	12 
return  P 	 13 

Child right of node  x  (in the resulting OBDD) corresponds to including variable  x  in the 
support set. Terminal  E  corresponds to an insufficient support set and terminal  E  indicates 
a sufficient support set. 

The controlling case (1-2) checks if further support variables are needed to satisfy  g 	h  . 
By using a computed table, evaluating each unique support(g,  h)  is done only once, if lookup is 
successful the result is returned (3, 4). If  g  =  h  is not a tautology, the interval constituted by  
(g, h)  is degenerated, which means that the support set is insufficient and we return  E  (5,6). 
To decide whether the selection of  g  and  h,  including the top variable, satisfies  (g h)  is done 
by computing the intersection Pibetween the characteristic function  P  of (go,  hz=0), and  P  
of (gx=i , hs=1) (9), if  E  we have reached an impossible assignment of the DC set, such that  
(g 	h)  1 . To derive the characteristic function of  (g, h)  with variable  x  excluded from the 
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support set, is done by computing the characteristic function Po Of (gx=0 -{- gx=i, ho * 
(10). Excluding  x  from the support set of  (g, h  narrows the interval, see Theorem 2. In some 
cases the interval degenerates yielding Po =--  E 

 
0 , indicating an insufficient support set. When 

both P1  and Po are computed, we derive the characteristic function  P  of  (g, h)  with respect 
to top node  x, (P  = c/),'Po,Pi) (11). The resulting  P  is inserted in the computed table and 
returned (12-13). 

A brief complexity analysis: When incorporating the features presented in the preliminaries 
the controlling case (1,2) and lookup (3,4) can be done in constant time. Checking for degen- 
eracy is performed by computing  g 	h,  (or equivalently  -g  +  h)  in 0 (22 ) time, where  i  is the 
maximum depth of  g  and  h.  Computing Pliny°lves two co-factorizations at the top node (con-
stant time), an and operation, which takes 0 (22) time, and two recursive calls. To compute Po 
we perform two co-factorizations (again constant time), an and- and an  ar-operation in 0 (22) 
time, and one recursive call. 

The initial depth of  g  and  h  is bounded by  n,  which is the initial level in the recursion. The 
cost at level  i  is bounded by 22, and in each of the three recursive calls, the level is decreased 
by one. The asymptotic cost is thus bounded by the recurrence 

1 	 ifi=1  
(i  =2 + 3T  (i  — 1) , otherwise 

which has the solution T  (i)  = T (0) 32 + 2  x  3i  —2  x  22 . Hence, support runs in 0 (3n) time. We 
should mention that, despite the pessimistic analysis, the algorithm is, in practice, very fast. 

4 Pruning the Search Space 

We propose a number of improvements to the original algorithm presented in [3], that allows 
pruning the search space. Let  X  be the set of excluded variables, each time we find that 
sup f —  X  is an insufficient support set, we can insert  X,  in a fail table. We can prune the 
search space by checking if the fail table contains a set  X' C X.  In that case,  X  can not be 
sufficient, by Theorem 2, and we return  E  directly. We can further improve the algorithm by 
incorporating lazy evaluation. When controlling cases are found for P1  and Po we can return  

E directly, and avoid further computations. 

Incorporating these improvements in the algorithm by Lin gives the following. 
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function support'  (g, h, X)  
if  X  is in the fail table 	 1 

return El 	 2 
if  g  =  E  or  h  = El then 	 3 

return  E 	 4 
if  P  is in the result table under  (g, h) 	 5 

return  P 	 6 
if (-§ +  h)  * 	 7 

insert  X  in the fail table 	 8 
return  E 	 9 

let  x  be the top variable 	 10 
let (¢ be the corresponding selection variable 	 11  
P].  <— support' (9..0, 12,2=),  X) 	 12 

if (Pi 0 El) 	 13 

Pl 4— * support' (g,i, hz=i,  X) 	 14 

if (P1 0  ED 	 15 

Po <— support' (9x=o + 	* h1, {95} U  X)  16  
P 	(0, PO, Pl) 	 18 

else 	 19 
20 

else 	 21 
22 

insert  P  in the result table under  (g, h) 	 23 
return  P 	 24 

The new features of the algorithm are the fail table lookup and maintenance (1-2, 8) and 
the lazy evaluation (12-22). 

We represent the set of excluded variables  X  and the fail table as OBDDs. Testing if  X  is in 
the fail table is done by performing an and operation  (X  * f ail_table), (1). Including  X  in the 
fail table (8) is done by an or operation (faiLtable f ail _table ±  X).  Excluding the variable  
x,  ({0} U  X)  (16) requires an and operation,  (X  * 0). All of these operations takes 0(2i) time. 
The cost of testing the new controlling cases (13, 15) is constant giving 0 (3") time bound also 
for the improved support'. However, since the pruning will "get at" the dominating cost and the 
overhead for lazy evaluation is negligible, the improved support is faster in practice. There will 
be a trade-off between the effort of maintaining the fail table and the gain by further pruning 
the search space. Note that the set of excluded variables  X,  will be represented by an OBDD 
having a single path, (one  minterm).  Therefore, both  (X  * f ail _table) (1) and  (X  * 0) (16) can 
be computed in 0(IXI) time. 

5 Computing Compatible Functions 

In this section we present a new algorithm for computing the characteristic function of an 
incompletely specified function. The outstanding feature of our algorithm is that it operates by 
computing the best' compatible function for each support set for which a compatible function 

'Best in the sense that it is the most flexible compatible function. 
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exists. The computed compatible functions are remembered and stored in the characteristic 
function itself, making subsequent calls to derive (see [3]) for computing compatible functions 
unnecessary. The characteristic function of f is represented by a data structure which supports 
retrieval of the most flexible, or simply the best, compatible function with support set sup f —  X  
(if one exists) in 0 (IX I) time. 

We introduce three algorithms and a data structure in this section. The main algorithm 
is called pcf and is used to build the characteristic function, which is represented as a data 
structure called PCF. The algorithm, unify, takes two functions f and fl ,  and attempts to find 
a function f ll  that is compatible with both f and f.  It is, in combination with co-factorization, 
heavily used in the main algorithm pc f where we attempt to exclude variables. We will also 
use a sub-routine called prune. As the name suggests, used to prune the PCF as to avoid 
unnecessary computation. 

In the remainder of this section, we will assume that incompletely specified functions are 
represented by a single OTDD [2], instead of, as in the previous sections, by a pair of OBDDs. 
We feel that the OTDD representation simplifies the description of the algorithms and reflects 
their inner workings to a fuller extent. Furthermore, we will assume an OTDD representation 
where each internal node contains a flag which indicates the presence of  E  terminals in the 
OTDD rooted at that node. We can then test whether a function f is incompletely specified  
(c  (f) = false) or not  (c  (f) = true), in constant time. 

Given an incompletely specified function f we say that we can exclude the variable  x  from 
f (actually from sup f) if there exist a compatible function f' that is independent of  x.  To test 
if a variable  x  can be excluded f we will attempt to unify the corresponding co-factors fx=0 
and fx=i, which means to find an assignment of the don't care set of fr=0  that yields a function 
compatible with  fr=i  . The unification fails if no such assignment exists yielding a special tree 
T f ail as result. Unification test is performed by calling the following recursive procedure, where 
the arguments f and f' are the functions we attempt to unify. 

function unify (f, f l ) 
if f = f' or f =  E 	1 

return f' 	 2 
if f' =pi 	 3 

return f 	 4 
if f f' and c(f) and c(f) 5 

return Tf azi 	 6 
let  x  be the top variable 	7 
<— unify (f=0, g=0) 	8 

if lTfai1 	 9 
r 4-- unify  (fr=i,  i;=.1) 	10 
if r T f ail 	 11 

return ite(x,l,r) 	12 
return T f ail 	 13 

The procedure works as follows. If the input trees are equal we simply return one of them 
(1-2). A terminal El input is unifiable with any function so in that case we simply return the 
other input function (1-4). In the case where the inputs are non-equal and neither of them is 
incompletely specified, we return T fail since unification is impossible (5-6). In (8) we recursively 
attempt to unify the left co-factors (corresponding to  x  = 0). In case of success, we also attempt 
to unify the right co-factors (corresponding to  x  = 1) (10). The input functions are unifiable 

47 



if neither of the unifications of the co-factors fails. In case of failure, we simply return  Tf  au 

(13) whereas a node is built and returned in case of success (12). In our OTDD package, this 
procedure is implemented in apply [1]. 

Lemma 1 The procedure  uni  fy  returns the best compatible function if a satisfying assignment 
exists, and, otherwise, returns  T f  ail • 

Proof. By induction. 	 C  
Using the same terminology as above, we say that a set  X  of variables can be excluded from 

an incompletely specified function f if there exist a compatible function f' that is independent 
of all variables in  X.  

We make two important observations. The first observation concerns the order in which 
variables are excluded. 

Theorem 1 If the set  X  can be excluded from f, the order in which the variables in  X  is 
excluded is irrelevant, meaning that the best compatible function is yielded no matter in which 
order the variables are excluded. 

Proof. We can exclude  X  from f by repeated co-factorizations and calls to unify, where we 
exclude one variable in each step. By Lemma 1, the best compatible function is computed 
in each step. By canonicity, there can be only one best compatible function, and, thus, the 
theorem holds. 

The second observation is crucial to our method of avoiding unnecessary exclusion tests. 

Theorem 2 If  X'  is a subset of  X  and  X'  can not be excluded from f then  X  can not be 
excluded from f. 

Proof. We claim that  X  can be excluded from f if any subset of  X  can be excluded from 
f. Assume that  X  can be excluded from f, let f' be the corresponding compatible function and  
X'  an arbitrarily chosen subset of  X.  Since f' is independent of all variables in  X  it is, in 
particular, independent of all variables in  X'.  Hence,  X'  can be excluded from f. Since  X'  was 
arbitrarily chosen, all subsets of  X'  can be excluded from f.  If any subset of  X  can be excluded 
from f then, in particular,  X  itself can be excluded from f = f. This proves our claim, and 
the theorem follows. 

As indicated in the proof of Theorem 1, testing whether a set  X k  = {x1, X2, . xk} can 
be excluded from f can be performed in steps. In the ith step, we compute f' 	fi  
uni  fy 	g„).  If, in any step, Tf aii is returned, the exclusion fails, by Theorem 2. If all 
steps succeeds,  X  can be excluded from f and fk  is, by Lemma 1, the best compatible function 
with support set  C  sup f —  X k.  Moreover, for all  i  = 1, 2, ... ,  k  — 1, we get, as a bonus, the best 
compatible function with support set  C  sup f —  X.  To compute the characteristic function of 
f we will compute, for all subsets  X  of sup f, the best compatible function with support set  
C  sup f —  X,  and store it under  X.  

Definition 1 Let f be an incompletely specified function, fk  = unify (f.,=0, fxk=1) , and Xk = 

fx1, x2, 	Xkl . The partial characteristic function PCF (f, Xk) , off with respect to Xke is 
recursively defined by 

nil 	 e  if f = Tfaii 
PCF (f, Xk) = 

	

	 ,ifXk=Xo=ø 
(PCF (f, Xk —i) PCF (fk, Xk—i)) , otherwise. 
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The characteristic function of a function f is, by Definition 1, given by PCF (f, sup f). In 
the computation of partial characteristic functions, the dominating cost is test for exclusions, 
by co-factorizations and calls to unify. However, PCF (fk,Xk_i) is, by Theorem 2, struc-
turally isomorphic to a sub-tree of PCF (f,Xk_i), and we can therefore avoid unnecessary 
tests for exclusions by pruning PCF (fk, Xk_t) before actually computing it. Before comput-
ing PCF (f,  X,),  every exclusion is possible, as far as we know, and we will therefore represent 
PCF (f, Xk) by a full tree structure. Information is gathered as the computation proceeds, 
which means that the tree structure is pruned whenever an exclusion is impossible and the best 
compatible functions are stored in the nodes representing possible exclusions. The following 
function is used to compute PCF (f,Xk). The level stored in the node, which is a non-negative 
integer, will be used to reduce the pruning cost, and is initially set to 0, in all nodes. We will 
maintain the invariant that the level field in a node is not smaller than the level fields in 
any of its children. Sub-tree fields left and right represent the a'priori knowledge about the 
tree structure of PCF (f,Xk_i) and PCF (fk,Xk_i), respectively. We will also use a global 
variable LEVEL initially equal to 0. 

function pcf (f,Xk, (level,left,right)) 
if  k=  0 1 

return (f) 2 
left 4--  pcf (f,  X k-j,  le ft) 3 
if right = nil 4 

return (max (level,le ft.level) ,le ft,nil) 5 
fk 	unifY (hk=0, fxk.-.1) 6 
if fk =  Tf  ail 7 

LEVEL 	LEVEL +1 8 
return (LEVEL,left,nil) 9 

elsif fk  = f 10 
return (max (level,le ft.level) ,le ft,le ft) 11 

else 12 
right 4-  pcf (fk,  X  k-1, Prune (right,le ft)) 13 
return (right.level,left,right) 14 

For the base case (1-2) a node containing f is simply returned, and the left sub-tree is, 
otherwise, recursively computed (3). In (4-5) the right sub-tree has been totally pruned and we 
are done. To compute fk  we perform co-factorizations and call unify (6). If the exclusion fails 
(7), we increase the global variable LEVEL (8), which is actually a fail counter, and then return 
a node containing the new value of LEVEL, the computed PCF (f,  Xk) and nil in the right 
sub-tree field. If f is independent of xk  (10), fk =  f and  PCF (A, xk_i) equals PCF (f, Xk-i) 
which is already computed and stored in left. Both sub-tree fields in the resulting node contains 
PCF (f, Xk-i) (11). When entering pcf, the right tree is always isomorphic to a sub-tree of 
left (can be proved by induction with the base case that we start with a full tree). During the 
computation of left, in (3), some exclusions might have failed, possibly resulting in a violation 
of that isomorphism. As each failure is given an unique number and these numbers, in some 
sense, reflect the time at which the failure occurred. Therefore, a failure in the computation of 
left will result in that le ft.level is larger than right.level. Calling the prune sub-routine will 
ensure that right is isomorphic to a sub-tree of left, before recursively computing right (13), 
and also that le ft.level < right.level. Since right.level = level when entering pfc, right.level 
will be the level of the resulting node (14). 

The pseudocode for prune is as follows. 
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function prune (t, t') 
if t and t' are leaves or t.level > t'  devel  1 

return t 2 
elsif t.right 	nil and t' _right 	nil 3 

return (t' level, prune (t.le ft,t' deft) ,prune (t.right,t' .right)) 4 
else 5 

return (ti  devel,  prune (t.le f t,t' deft) ‚nil) 6 

If the level field of the t is larger or equal to the level field of t', the isomorphism is valid and 
we are done (1-2). If both right fields are non nil, we recursively prune the left and right fields 
(3-4); and if either right field is nil, the right field in the resulting node is nil. In either case, 
the level field of the resulting node is the maximum of the level fields of the two arguments. 

For the time complexity of pcf we perform 0 (2k) work at the top node of PCF (f,  X)  
by computing co-factorizations and calling unify. In the pruning of the right sub-tree, we will 
perform constant work in each node. The number of nodes is bounded by 2k  E  0 (2). The left 
and right trees are computed recursively, yielding the recurrence T  (n)  =  C  • 2' + 2T  (n  — 1), 
which has the solution T  (n)  =  C (n  + 1)2' — C2', for some constant  C.  Hence, pcf runs in 
o ((2 + On) time, for any  e  > 0. This is to be compared with Lin's support, which rims in 
0 (3') time. Taking into account also the fact that the best compatible function is computed 
for every support set for which a compatible function exists, makes pcf superior to previous 
algorithms when we not only want to compute the characteristic function but also the best 
compatible function for each possible exclusion. 

A compact representation of the PCF data structure is obtained by storing f and level, 
together with PCF 	X0) , PCF ( f2, Xi) , . . . , PCF (fk, Xk_i) , in fields t1, t2, 	, tk, in the 
root node of PCF (f,  Xk) . In this representation, the recursive computation in (3 of pcf) is 
performed by computing PCF (fi,X0) , PCF (f2, X1) • - • PCF (fk—i, Xk-2) . The root node 
together with the computed sub-trees is then taken as left in the pruning of the right tree 
structure of PCF (fk, Xk_i) , which is the computed. 

Let  X k  = {xi, x2, , Xk} be a subset of sup f. We conclude this section by giving the, self 
describing, procedure for looking up the best compatible function with support set sup f — Xk 
in the PCF (f, sup f), represented in the compact representation. 

procedure lookup ((.f ,level,t1, t2, 	,t,,) , Xx) 
if  k  = 0 	 1 

return f 	 2 
elsif tk  = nil 	 3 

return Tfaii 	 4 
else 	 5  

return lookup (tk, Xk—i) 	 6 

6 Benchmarks 

In order to evaluate the improved algorithms we have performed a number of experiments on 
the incompletely specified functions found in the LGSynth93 standard benchmarks. Since the 
number of incompletely specified pia functions are quite limited we obtain pla* functions by 
interpreting don't care outputs as OFF and vice versa. The two leftmost columns in the table 
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below show the time needed for building each multiple output function. The next two columns 
show the time needed to perform the original support algorithm plus deriving the compatible 
functions corresponding to all possible sets of excluded variables, and computing the same result 
with our proposed pcf algorithm respectively. The rightmost columns show relative execution 
times and the platform used for each experiment. 

Function Tbuild Tbutld ± Tim]. Tbedd + Tpcf TLyniTpcf Computer 
bw 1.0 2.3 2.3 1.00 Sparc10 32Mb 
bw* 4.7 2.9 1.95 Sparc10 32Mb 
inc 1.6 4.3 3.8 1.23 Sparc10 32Mb 
inc* 16.2 6.5 2.98 Sparer° 32Mb 
ex1010 148.6 208.2 196.3 1.25 Sparc10 32Mb 
ex1010* 204.0 196.0 1.17 Sparc10 32Mb 
misex3c 199.0 644.1 531.7 1.34 Sparc10 32Mb 
misex3c* 2711.1 968.2 3.27 Sparc10 32Mb 
spla 200.6 626.9 223.2 18.86 Sparc20 128Mb 
spla* 27898.0 3359.0 8.77 Sparc20 128Mb 
pdc 316.3 4387.2 1690.4 2.96 Sparc20 128Mb 
pdc* 1546.5 413.0 12.72 Sparc20 128Mb 

7 Conclusions 

Any incompletely specified function f can be canonically represented by interval  (g, h),  where  g  
and  h  are represented as OBDDs. We propose a number of improvements to the basic, interval 
based support set algorithm, featuring new controlling cases and pruning of the search space 
by using a fail table. Furthermore, we suggest a new approach to support set manipulation, 
where we use a new algorithm pc f that operates on a single Ordered Ternary Decision Diagrams 
(OTDDs) representation of incompletely specified functions. In the resulting data structure, 
we can retrieve the least specified compatible function for any sufficient support set in linear 
time. We give an 0 (2') upper bound for the new algorithm to be compared with the 0 (3') 
upper bound for the original support. Experiments on LGSynth93 standard benchmarks show 
the benefit of pcf. In all cases pcf outperforms the basic algorithm (support derive) and is 
almost 20 times faster in some cases. Moreover, the relative speed-up appears to grow with the 
problem size. Therefore, we conjecture that the speed-up is more than a constant factor. 
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Fast Compression State Lookup of IPv6 Packet Headers  

Björn Nordgren*and  Mikael  Sundströmt  

Abstract 

The focus of this paper is on efficient table lookup for IPv6 header compression. We in-
troduce a new data structure, similar to Patricia Trees, with favorable properties for this 
particular application. Considerable effort have been devoted to an efficient implementa-
tion in the  C  Programming Language, and the incorporation of the data structure with an 
existing IPv6 header compression implementation for the NetBSD operating system. Ex-
periments performed on a 200 MHz Pentium Pro marhine running NetBSD 1.1 show that 
the data structure gives extremely fast compression state lookup. Our results indicate that 
we can perform lookup on approximately 100,000 headers per second. Assuming an average 
packet size of 125 bytes, this translates into 100 Mbits per second. 

1 Introduction 

In today's Internet, a widely used method for increasing the bandwidth utilization over low 
speed links is header compression. The header compression algorithm groups packets into flows 
where the headers of packets within a flow are almost identical. It is therefore sufficient to 
send only a small identifier of the flow, a so called Compression identifier (CID), instead of 
the whole header. When many flows are managed by the compressor, the efficiency of the 
table lookup algorithm used for computing the header-to-CID mapping becomes crucial for the 
overall performance. 

There are a number of factors which make the table lookup for header compression a some-
what unusual and challenging problem. First off all, the query keys are extremely large. The 
smallest possible key, resulting from TCP/IPv4 streams, is 100 bits. For IPv6, query keys can 
be an order of magnitude larger. Moreover, the keys are not fixed in size, nor in format. In 
fact each IF header must be parsed in order to determine how it is composed and how large it 
is. Furthermore, the traffic patterns at the links where header compression will be used varies 
between such extremes as almost perfect round robin and traffic dominated by one or very few 
bursty flows. 

The focus of this paper is on efficient table lookup for IPv6 Header Compression [1]. We 
introduce a new data structure, similar to Patricia Trees, with favorable properties for this 
particular application. Considerable effort have been devoted to an efficient implementation in 
the  C  Programming Language, and the incorporation of the data structure with an existing IPv6 
Header Compression implementation for the NetBSD operating system. Experiments performed 
on a 200 MHz Pentium Pro machine running NetBSD 1.1 show that the data structure gives 
extremely fast compression state lookup. Our results indicate that we can perform lookup on 
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approximately 100,000 headers per second. Assuming an average packet size of 125 bytes, this 
translates into 100 Mbits per second. 

2 Header Compression 

In this section we will describe those parts of IPv6 header compression that are relevant for 
understanding the lookup problem. For a detailed description of IPv6 header compression, 
please refer to [1]. 

2.1 Functional Description 

Header compression was first described and implemented by Van Jacobson [2]. He observed 
that  IP  traffic can be grouped into a number of flows or packet streams. Within such a flow 
most of the header fields of consecutive packets are identical or change in a very predictable 
manner. With this in mind he designed his header compression scheme, which basically works 
as follows: The compressor (sender) detects new flows and associates each separate flow with a 
small compression identifier (CID). Headers and the associated CIDs are then stored in a table 
(such a table entry is referred to as a compression state). Assuming that the decompressor 
(receiver) have made the same association between header fields and CID, the compressor will, 
for all subsequent packet headers in a flow, substitute a number of voluminous header fields 
with the relatively small CID. The CIDs are then used by the decompressor to retrieve the 
correct compression state and reinstall the header fields. 

The compressor is capable of emitting three kinds of headers: regular, full and compressed. 
Regular headers are sent when, for some reason, the header could not be compressed. A full 
header, which is a regular header augmented with a CID, is sent to inform the decompressor 
about the association between CID and flow. A compressed header is a header in which a 
number of fields have been taken out and replaced with the CID. 

The compressor inspects each incoming header in order to determine how to send it. This 
operation is somewhat complicated. A header must first be parsed to find out how it is com-
posed. Depending on its composition, some fields are inspected, while other fields are not. The 
values from the fields inspected are used for defining the packet stream, and forms the query 
key used for the subsequent compression state lookup to determine which CID to use when 
compressing the header. 

If, and only if, a matching compression state is found, a compressed header carrying the 
associated CID is sent. Otherwise the packet is presumably the first in a new packet stream'. 
It will thus be installed as a new compression state and thereby associated with a CID (the 
compression state previously assigned to that CID is deleted2). A full header is then sent to 
notify the decompressor of the new compression state associated with that CID. 

The operation of the decompressor is simple. If it receives a regular header, no action is 
taken. A compressed header received is decompressed using the compression state indicated by 
the CID it carries. When a full header is received it is installed as the new compression state 
associated with the CID it carries. The lookup performed by the decompressor is straightfor- 

l An incoming header could also, for a number of different reasons, be deemed unsuitable for compression. 
When this happens no further processing is done and a regular header is sent regardless of the outcome of the 
lookup. 

2 Since there is no sure way of telling when a flow has ended the obvious solution, and the one used by us, is 
to reuse the least recently used CID. 
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ward — the CID, which is currently an 8-bit integer, is used for direct addressing in an array 
to obtain a pointer to the full header. 

2.2 Header Composition 

A header is a chain of sub-headers starting with either an IPv4 or an IPv6 header. The sub-
headers considered for compression includes UDP headers, TOP headers, IPv4 headers, and 
IPv6 base and extension headers. 

For each incoming header, the chain of sub-headers is parsed by the compressor. Parsing 
starts by inspecting the first four bits to determine if the chain begins with an IPv4 header or 
an IPv6 base header. Every sub-header that can be followed by an other sub-header contains 
an 8 bit Next Header field, that indicates the type of the following sub-header. In addition, 
all headers of variable length also contains a Header Length field. For each kind of sub-header, 
there are certain fields that contributes to the definition of the packet stream (DEF fields). 
The number of bits of DEF fields inspected usually varies between different packet streams. 
This means that the keys used for the subsequent table lookup are variable length. However, 
this problem is not as severe as it might seem at first since the inclusion of next header fields 
guarantees that the keys are prefix free, i.e. no key is a proper prefix of another key. 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 2526 27 28 29 30 31 

Version Reserved 	 Flow label 
Payload length 	 Next header 	 Hop limit 

Source address 

Destination address 

Version IHL 	Type of service Total length 
Identification Flags Fragment offset 

Time to live 	1 	Protocol Header Checksum 
Source address 

Destination address 
Options Padding 

Source port Destination port 
Length Checksum 

1-13v6 
40 bytes 

112v4 
20 bytes 

IJDP 
8 bytes 

Figure 1: An UDP/IPv4 header encapsulated within an IPv6 header. 

Figure 1 is an example of an UDP/IPv4 header encapsulated, or tunnelled, within an IPv6 
header. The shaded parts are the DEF fields which will make up our key. The parser will 
start by inspecting the first version field to determine that the header begins with an IPv6 base 
header. It will then proceed to inspect the flow label, next header field, source address and 
destination address. The next header field will inform the parser that an IPv4 header is coming 
up next. Hence, the parser proceeds by inspecting the IF version (which, by all means, should 
be 4) and the protocol, which identifies the next header as an UDP header. The last two fields 
in the IPv4 header to be inspected are source and destination address. Finally, the source and 
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destination ports of the UDP header are inspected. In this example, the key defining the packet 
stream is approximately 400 bits. 

3 Problem Description 

Choosing the number of CIDs is a trade-off between bandwidth utilization on one hand and 
processing cost and memory consumption on the other hand. If the number of available CIDs 
is less then the number of active flows then active flows will be forced out of the table. The 
following header from such a flow will then be regarded as new thus causing a full header to 
be sent. This kind of thrashing will of course drastically reduce the compression. On the other 
hand, using too many CIDs makes the lookup table larger and is likely to slow down the lookup. 

The original IPv4 header compression scheme was targeted for IPv4/TCP over dial-up links 
running at speeds of up to 9600 kbit per second. Bandwidth limitation guaranteed that there 
would only be a small number of flows simultaneously active. Van Jacobson [2] reported never 
seeing any thrashing using 16 CIDs. With such a small table the algorithm used in the lookup 
have very little impact on overall performance. However, for IPv6 header compression, which 
deals with larger and more complicated headers and is a likely candidate for wireless links in 
the megabit area, the lookup algorithm becomes crucial. 

Our goal is to engineer a work efficient header compressor. The cost for the actual com-
pression, after having performed the compression table lookup, is independent of the number 
of active packet streams. Hence, efficient compression table lookup, where both parsing and 
table lookup are optimized and carefully incorporated with each other, is the key to obtain an 
efficient header compressor. 

By Compression State Lookup, we mean the operations performed by the compressor in 
order to decide whether an incoming packet should be sent with a regular, full, or compressed 
header. If the decision is to sent a compressed header, also to find the correct CID to be carried 
in that header. 

4 Modelling the Problem 

Let t, t' etc. denote keys (compression states) stored in the table which we denote by T, and 
let  q  denote the query key (incoming header). The keys are modelled as a bit arrays with bit 
indices starting from 0. Moreover, we will assume that the size Iti of a key t can be inferred 
at no cost. We denote by t[i] the  i  +  ist  bit of t; t[i...  j]  denotes the sub-array of t formed 
by the bits t[i], t[i + 1], 	, t[j —1], t[j]. Hence, t = t[0 	— 1)]. A pair of keys  q  and t are 
considered equal if and only if 	= it] and q[i] = t[i] for all  i  = 0, 1, 	,It — 1. 

We can now model the compression state lookup problem as follows: for a given query key  
q,  determine if there is a key t stored in T such that  q  = t. 

Before trying to construct an efficient representation of T in the theoretical model, we must 
define what we mean by efficient. That is, we must try to identify some critical operations to 
obtain an optimization criteria. 

One approach is to use the number of key comparisons as optimization criteria. However, 
the keys are far too large to fit into a machine word on a typical computer of today. This means 
that the time spent for comparing two keys can not be regarded as constant. Hence, counting 
key comparisons is not likely to give a good estimate of the real costs. 

A better approach would be to count the number of bit comparisons or bit inspections since 
these are performed in constant time on any computer. However, the cost for comparing q[i] to 
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t[i] not cheaper than the cost of comparing  q  [jW 	+ 1)W — 1] to t [jW ...  (j  + 1)W — 1] , 
where jW <  i  <  (j  +1)W — 1 and W is the size of a machine word. Hence, an even better 
approach is to minimize the number of machine words inspected and compared and that is 
what we choose as our optimization criteria. 

5 Solving the Problem in the Theoretical Model 

The straight forward approach is to represent the T by a Move-to-front list (MTF list). Despite 
the linear search involved, that solution works well in practice. When Header Compression is 
used over a low-speed link, we can expect only a few (possibly only one) packet streams to be 
active simultaneously. Their respective compression states will be found near the front end of 
the list so that only a few key comparisons are required for the lookup. Moreover, since packet 
streams usually bursts, it is likely that consecutive packets arriving to the compressor are from 
the same stream. The table lookup is then reduced to a single key comparison. 

By our optimization criteria, we want to minimize the number of machine word inspections 
and comparisons. A data structure which allow us to perform the table lookup in time pro-
portional to the size of the query key should hence be used. In Section 5.1 we describe such a 
data structure, the Patricia tree. A Patricia tree is likely to perform well if the lookup pattern 
is completely random. However, it does not take advantage of the high locality of accesses 
and will not perform as well as a move-to-front list when only a few packet streams are active. 
To capture the best of both worlds, we derive, in Section 5.2, a new data structure called the 
Move-to-root Patricia tree. It is based upon the Patricia tree but slightly modified to take 
advantage of the high locality of accesses in the same fashion as the MTF list. 

5.1 The Patricia Tree 

A Patricia Tree, is a binary tree that treats query keys as bit arrays, and uses a bit index in 
each internal node to direct the branching [3]. Searching is accomplished by traversing the tree 
from the root to a leaf. When visiting an internal node with bit index  i,  bit  i  of the query key 
is inspected to determine whether to continue the search in the left (if the bit is 0) or right 
sub-tree. The traversal stops when arriving at a leaf. To determine if the query key is present 
in the table or not, the query key is then compared to the key stored in that leaf. If the two 
keys are equal, the search is successful. 

In Figure 2 we give an example of an unsuccessful search for the query key 001111 in a 
Patricia Tree containing six keys. Bits no. 0, 2, and 3 are inspected during the traversal, which 
ends at the leaf with key 011101. As the query and leaf keys are compared, a mismatch is 
detected in bit no. 1. 

With respect to the bit indices stored in the internal nodes, a Patricia Tree is heap ordered. 
That is, any internal node, except the root, has a bit index greater than the bit index of its 
parent. It follows that all keys stored in a sub-tree rooted at a node with bit index  i  are identical 
up to, and including, bit  i  — 1. 

Insertion is accomplished by first performing an unsuccessful search, and recording the index  
i  of the first mismatching bit in the comparison of the query and leaf key. Two new nodes are 
then created, a new internal node with index  i  and a leaf node for the query key. Depending 
on whether the ith bit of the query key is 0 or 1, the leaf is stored as the left or right sub-tree, 
respectively, of the internal node. By using the other sub-tree field as link field, the internal 
node is then inserted directly above the node with smallest bit index larger than  i  in the path 
traversed from the root to the leaf. 
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001111 
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mismatch at bit no. 1 

001111 1011 

BB  

New internal node 
with bit index 1 

1110 

0101001 01011 0110 

BB  

BB  

0 

BB 

Figure 2: Unsuccessful search in a Patricia Tree of size 6. 

In Figure 3, we show the Patricia Tree resulting from inserting the query key from the 
unsuccessful search of the previous example (Figure 2). A new internal node with bit index 1 
is created, and inserted between the nodes with bit indices 0 and 2, in the path traversed from 
the root. 

Figure 3: Insertion of the query key 001111, in the Patricia Tree of the previous example. 

5.2 The Move-to-root Patricia Tree 

In its original form, a Patricia tree is always traversed from the root to a leaf even if the same 
query key is looked up repeatedly. The cost for the bit inspection carried out in each internal 
node is at least as high as the cost for a machine word inspection. In this particular case, a 
Patricia tree will perform much worse than a MTF list with respect to our optimization criteria. 
If we want to improve the Patricia tree to accommodate for these kinds of bursts, we could 
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simply keep track of the most recently looked up key and begin the search by comparing it to 
the query key. In fact, this is basically the technique we use in the Move-to-root Patricia tree 
(MTR Patricia tree), but we will use it in a recursive way. 

A MTR Patricia Tree is a Patricia tree where each internal node has an additional field that 
contains a reference (pointer) to the leaf, in the sub-tree below, containing the most recently 
looked up (or inserted) key. 

To perform a lookup, we start by comparing the query key  q  to the key t stored in the 
leaf referenced from the root node. If  q  = t, we have performed a successful search without 
traversing the tree at all. We can simply jump directly to the leaf referenced to retrieve the 
information associated with the key t. On the other hand, if  q  t, we find the index  i  of the 
first mismatching bit in the comparison. More formally, we determine the index  i  satisfying 
q[0 ...  (i  — 1)] = t[0...  (i  — 1)] and q[i] t[i]. We then traverse the tree towards the leaf where 
t is stored until we either reach a node with index  i  or, if no such node exists on the path, can 
conclude that  q  is not present in the table. If we can find a node with index  i  along the path, 
we move one step further down the tree from that node as directed by q[il. By using the same 
technique, recursively, we then compare  q  to the next key t' stored in the leaf referenced from 
that node. The comparison can start from bit  i  + 1 since we know that q[0  i]  = t'[0  i].  

When a successful lookup is completed, the path from the current internal node towards 
the root is updated by recording the reference to the leaf where  q  is found at each node. If the 
lookup is unsuccessful the query key can be inserted by using the same procedure as for the 
original Patricia tree, followed by updating the path to the root by recording the reference to 
the new leaf created. 

'V vs 
010101 010110 0110 	011101 	1011  111000 

ist  test, mismatch at bit no. 0--> 

2nd test, 	 bit 	4 mismatch at 	no. 

010110 

01011 Ii  

010110 4- 3rd test, match 

Figure 4: Searching a MTR Patricia tree of size 6 for the query key 010110. 

In Figure 4, we give an example of a successful search for query key 010110 in a MTR Patricia 
tree of size 6. Initially, the leaf pointer stored (in the middle field) of the root is followed to 
retrieve and test the query key against the leaf key 111000 stored in the rightmost leaf. Since a 
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mismatch is encountered at bit 0, and the bit index of the root is 0, the search continues in the 
left sub-tree of the root and a new attempt is made with the most recently looked up key 010101 
of that sub-tree. As the second test is performed, starting with the comparison of bits 1, the 
next mismatching bit is found to be bit no. 4. The tree is then traversed further, by inspecting 
bits 2 and 4 of the query key, before arriving at the matching leaf. After accessing the leaf, the 
leaf pointers, at each internal node on the path traversed, are updated. The resulting tree is 
shown in Figure 5. 

Figure 5: The tree after the path from the accessed leaf 010110 to the root have been updated. 

Since we can compare W bits in parallel and find the first mismatch quickly, we can show 
that the number of machine word comparisons for performing lookup is at most 

—1q1 + <height of the tree> 
W 

both for ordinary and MTR Patricia trees. If the lookup pattern is bursty, the second term will 
be reduced drastically when using a MTR Patricia tree. 

6 Experiments 

The MTR Patricia tree data structure together with a customized parser have been implemented 
in the  C  Programming Language. We have successfully optimized the code to achieve the same 
performance as a MTF list when packets from the same packet stream arrives in bursts, without 
affecting the search cost in the average and worst case. The previous implementation of the 
header compression algorithm, using a MTF list for compression state lookup, by Degermark 
et al. have been slightly modified to accommodate for the integration with the MTR Patricia 
tree compression state lookup implementation. As a result, we have obtained a new header 
compressor, using the MTR Patricia tree, that is currently part of our experimental version of 
the NetBSD Operating System Kernel. 

We have performed a series of experiments with the MTF list implementation and the MTR 
Patricia tree implementation. The costs (times) are measured in the number of CPU cycles 
spent for the compression state lookup. 
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Figure 6: Histogram of the lookup costs for the MTR Patricia implementation when running 
255 UDP/IPv4 flows scheduled in a Round Robin manner. 

No. flows MTR Patricia MTF List 
average 10% median 90% average 10% median 90% 

16 1172 434 796 2272 1082 408 576 1927 
64 1429 448 1571 2320 2291 437 2148 3884 

Table 1: TCP/IPv4. 

In Table 1 we show the benchmarks obtained when running 16 and 64 TCP/IPv4 flows. As 
one could expect, the lookup times for the MTR Patricia tree show less variation than for the 
MTF list; it is also about 35 % faster for 64 flows. Apart from that, the MTF list behaves better 
than expected. In order to explain this behavior, we measured the average depth traversed into 
the list, when running 16 flows, and found it to be only 5.3. 

Table 2 shows the benchmarks obtained when running 1, 4, 16, and 255 UDP/IPv4 flows 
scheduled in a perfect Round Robin manner (the worst case for both implementations). The 
linear behavior of the MTF list strategy is apparent in these figures. Also observe how well the 
MTR Patricia algorithm scales. In fact, the lookup cost is nearly independent of the number of 
flows when running more than 16 simultaneously active flows. Figure 6 depicts the histogram 
of the lookup costs for 255 flows (Round Robin) when using the MTR Patricia compression 
state lookup implementation. The high concentration around 2000 CPU cycles indicates that 
we can expect a search time of about 10  ps  in the worst case when using the MTF Patricia 
implementation for compressing for UDP/IPv4 packets. 
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No. flows MTR Patricia MTF List 
average 10% median 90% average 10% median 90% 

1 512 375 464 758 511 439 486 1055 
4 1301 1098 1248 1560 1132 866 1024 1271 

16 1692 1299 1622 2150 2529 1925 2143 2641 
255 1941 1499 1917 2383 25237 24687 25419 27400 

Table 2: TJDP/IPv4 Perfect round robin. 

7 Conclusions 

We have given an efficient implementation of the IPv6 compression state lookup by using our 
new MTR-Patricia tree. It has proven to be faster that the MTF list implementation if the 
number of flows is more than 16. The difference grows dramatically with an increasing number 
of flows, i.e. the MTR Patricia tree lookup algorithm scales very well. 
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